Dissertation Title: Z1v-Zakai Bound for Target

Non-linear Parameters Estimation

Submitted to: Graduate School of Zhejiang University
Author: Zongyu Zhang
Advisor: Prof. Zhiguo Shi
Diploma Date: Dec. 2023

Dissertation Defense Committee Members:

Prof. Guisheng Liao, Advisory Chair, Xidian University
Prof. Hai Lin, Zhejiang University

Prof. Lingling Sun, Hangzhou Dianzi University

Prof. Jianlong Li, Zhejiang University

Prof. Junwei Li, Zhejiang University



©
Copyright
2023

by

Zongyu Zhang

All Rights Reserved



Abstract

Nonlinear parameter estimation for targets is one of the fundamental problem in statistical
signal processing, and has attracted a lot of research interest in the past few decades, where
higher estimation accuracy is one of the key objectives. Since there is no general closed-form
expression on minimum mean-squared error (MSE), the lower bounds on MSE becomes the
benchmark on performance evaluation for estimation algorithms. In the past half century, re-
searches are devoted to find a lower bound with global tightness, strong physical interpretabil-
ity, and ease of use in specific estimation scenarios. Therein, Ziv-Zakai bound (ZZB) has been
proven as one of the globally tightest lower bounds. It establishes the intuitive relationship be-
tween the estimation error and the probability of error of a hypodissertation testing problem,
which provides better physical interpretability compared with other lower bounds. However,
it still remains challenging for ZZB in specific estimation scenarios with respect to the ease of
use.

To this end, this dissertation provides a detailed literature review on the lower bounds on
MSE for target nonlinear parameter estimation, focuses on the research on the ZZB for typi-
cal target nonlinear parameter estimation problems (e.g., distance and angle), and derives the
explicit/closed-form and easy-to-use ZZB expressions for specific parameter estimation prob-

lems. The main contents of this dissertation are shown as follows:

1. An explicit ZZB for compressive time delay estimation is derived. This dissertation in-
corporates the ZZB derivation into the general compressive time delay estimation model,
and breaks through the restriction of white Gaussian noise and specific random sensing
kernel on the ZZB derivation, from which the derived ZZB is appropriate for arbitrary
compressive sensing (CS) kernel and the arbitrary Gaussian colored noises. Thus, com-
pared with the previous work, the derived ZZB shows better applicability to actual es-
timation scenario. According to the commonly used model such as deterministic model
and Gaussian stochastic model, the derived ZZB is formulates as the function of CS ker-

nel and the noise covariance matrix. The derived ZZB provides the global tight bound



and accurately predicts the threshold signal-to-noise ratio (SNR) entering the asymptotic

region for the minimum mean squared error estimator

. The closed-form ZZB for one-dimensional (1D) multi-source direction-of-arrival (DOA)
estimation is derived, which reveals the relationship between the MSE convergence in the
a priori performance region and the number of sources. According to the coherence/in-
coherence hybrid multi-source signal model, this dissertation formulates the ZZB as the
function of the coherence coefficients among different sources, and introduces the order
statistics to analyze the effect brought by the ordering process on the MSE convergence
in the a priori performance region. The derived ZZB provides a unified expression for

both the underdetermined and overdetermined multi-source DOA estimation.

. The closed-form ZZB for two-dimensional (2D) multi-source DOA estimation is derived.
This dissertation considers the partially correlated signal model and incorporates the cor-
related coefficient matrix into the ZZB derivation, such that the derived ZZB is formu-
lated as the function of the correlated coefficient matrix. This dissertation discusses the
substantial difference of the matching process between the estimated and the true DOAs
in 2D multi-source DOA estimation and that in 1D multi-source DOA estimation, and
demonstrate that, in 2D multi-source DOA estimation, the minimum Euclidean distance
criterion is required to realize the matching process rather than an ordering process only
along azimuth or elevation, which need the stochastic Euclidean bipartite matching prob-
lem to analyze the effect of the minimum Euclidean distance criterion on the MSE con-
vergence in the a priori performance region. Meanwhile, this dissertation also provides

the closed-form ZZB for azimuth/elevation estimation under 2D DOA signal model.
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CHAPTER 1. INTRODUCTION

Chapter 1. Introduction

Nonlinear parameter estimation has broad and important applications in many fields, such
as communication, radar, sonar, remote sensing, loT, autonomous driving, etc. For example,
in wireless communication systems, communication base stations and user terminals ensure
high-quality, low-latency communication with accurate localization. In radar systems, accurate
estimation for target parameters, such as distance, angle, and speed, enables precise positioning
and tracking. In sonar systems, target distance is determined by estimating the echo delay,
facilitating underwater environment detection. In IoT systems, target positioning is achieved by
estimating the time of arrival/time difference of arrival of signals, enabling real-time target states
sensing. In autonomous driving systems, various methods such as LIDAR and millimeter-wave
radar are used to scan road conditions, surrounding vehicles, and the road environment, and to
estimate and perceive environmental parameters, thereby ensuring driving safety. Therefore,
accurate nonlinear parameter estimation is critical for precise sensing in the real world. Over
the past few decades, there are extensive studies on nonlinear parameter estimation in different
scenarios, where higher estimation accuracy is always an important goal in theoretical algorithm
design.

Mathematically, there is a fundamental difference between linear parameter estimation and
nonlinear estimation. Specifically, based on a linear model between the parameters to be es-
timated and the received signals, the derivative of the received signal w.r.t. the parameters is
independent of the parameters. Therefore, it is convenient to find the global optimal solution to
minimize the estimation error. However, in nonlinear parameter estimation, the derivative of
the received signal w.r.t. the parameters is still a function of the parameters due to the nonlinear
model. Therefore, it is difficult to obtain the global optimal solution to minimize the estimation
error in general[1]. In other words, in nonlinear parameter estimation, it is difficult to prove that
an estimator always has the minimum estimation error in general. Obviously, this phenomenon
also makes it difficult for estimator designers to understand the potential accuracy improvement

of the proposed estimator under various conditions, thereby hindering how to further enhance
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the estimator for better accuracy.

In the face of these challenges, performance bounds on estimation errors provide a pow-
erful tool for performance evaluation [2], [3]. The performance bounds on estimation errors
theoretically provide the accuracy limits for nonlinear parameter estimation problems, indepen-
dent of specific algorithms. These bounds serve as a “yardstick” for evaluating the accuracy of
nonlinear parameter estimation algorithms. For a given nonlinear parameter estimation prob-
lem, specifying its performance bounds on estimation errors means that the estimation accuracy
of any algorithm cannot be better than the results given by the performance bounds. Therefore,
the performance bounds on estimation errors for a given nonlinear parameter estimation prob-
lem are algorithm-independent and general.

Over the past half-century, extensive and in-depth research has been conducted on the per-
formance bounds on estimation errors for nonlinear parameter estimation problems. However,
the bounds derived through different methods exhibit significant differences in terms of the
bound trends, effective ranges, computational burdens, and tightness. The concept of tightness
of these bounds can be compared to the concepts of lower bounds and infimum in mathematics.
For example, for the set of numbers {0, 1,2, 3}, 2 is a lower bound, 1 is a tighter lower bound
compared to 2, and 0 is the infimum (i.e., the tightest lower bound). Obviously, there are in-
finitely many lower bounds, but an overly loose lower bound cannot provide valuable assistance
to algorithm researchers and may even mislead the performance evaluation. Additionally, as a
performance evaluation tool, the simplicity and ease of use of the bound expression are crucial
for algorithm researchers.

Therefore, for a given nonlinear parameter estimation problem, a “good” performance

bound on estimation errors typically means:

* It provides tight estimation error bound for parameter estimation for as many scenarios
as possible, such as under non-ideal observation conditions like low SNR and limited

number of snapshots.

« It has explicit expression or even closed-form solution for specific parameter estimation

problem, such that it is easy-to-use in performance evaluation.
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However, these two requirements are somewhat conflicting. On one hand, providing tight
performance bound means getting closer to the global optimal solution of the theoretical es-
timation error minimization problem, making it more difficult to derive. On the other hand,
a easy-to-use and closed-form bound implies approximation and relaxation, which affects the
tightness of the bound. Among the various performance bounds, the ZZB offers a tight perfor-
mance bound derivation framework across the entire SNR range. The ZZB intuitively explains
the actual parameter estimation behavior of the system, making it possible to achieve a closed-
form expression of tight performance bounds across the entire SNR range.

Currently, although the basic ZZB derivation framework has been established, deriving
explicit expressions or closed-form solutions for specific nonlinear parameter estimation prob-
lems remains challenging. Examples include deriving the ZZB under complex scenarios such
as non-Gaussian noise, obtaining closed-form expressions of the ZZB for vector parameter es-
timation under multiple sources, and deriving closed-form expressions of the ZZB for joint
estimation of multi-dimensional parameters under multiple sources. Therefore, it is of great
significance to conduct research on explicit/closed-form ZZB expression for typical nonlinear
parameter estimation problems such as distance and angle estimation, addressing the aforemen-

tioned challenges.

1.1 Literature review

Common estimation errors include the mean absolute error and the MSE. Compared to
the mean absolute error, cost functions defined by the MSE are smooth and differentiable ev-
erywhere, making them more widely applicable in nonlinear parameter estimation problems.
Consequently, since the 1940s, research on the performance bounds on MSE in nonlinear pa-
rameter estimation has been abundant.

Early research on the performance bounds on MSE primarily focused on fundamental
mathematical theories. Generally, depending on the type of parameters to be estimated, the per-
formance bounds on MSE can be divided into non-Bayesian performance bounds and Bayesian

performance bounds.
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1.1.1 Non-Bayesian bounds

In non-Bayesian bounds, the parameters to be estimated are considered as deterministic but
unknown quantities. Therefore, these resulting bounds are related to the specific values of the
parameters, effectively reflecting estimation performance on specific parameter values. Non-
Bayesian bounds mainly include the CRB, the Bhattacharyya bound, and the Barankin bound

(including its generalized forms).

1.1.1.1 CRB

As early as the 1940s, the CRB presented in [4], [5] evaluated the MSE lower bound for
any unbiased estimator. It constructs the performance bound by solving the inverse of Fisher
information and has been proven to asymptotically converge with the ML estimation under
ideal observation conditions, thereby achieving a tight bound expression in the asymptotic re-
gion. Due to its straightforward derivation, CRB has been the most widely used bound over the
past few decades. For example, in the 1980s and 1990s, [6], [7] first provided closed-form ex-
pressions of the CRB for DOA estimation problem for both deterministic and stochastic signal
models. [6] has been cited thousands of times by researchers in the field over the past thirty
years and received the IEEE Signal Processing Society Sustained Impact Paper Award in 2023.
Subsequently, [8], [9] also provided expressions of the CRB for the underdetermined DOA es-
timation problem, successfully addressing the challenge where the rank deficiency of the FIM
prevented the derivation of the CRB.

In practical applications, there are often mismatches between the assumed signal model and
the actual received signal, even the actual received signal cannot be accurately modeled using
analytical expressions. To address this issue, [10] first considered the problem of model mis-
match, and provided a modified CRB for scalar parameter estimation problems. Subsequently,
[11] extended the modified CRB for scalar parameter estimation to vector parameter estimation.
Then, Fortunati et al further discussed the specific applications of the modified CRB in different
parameter estimation problems under noise model mismatches [12]-[14]. [15] first considered

the issue of non-analytical modeling of signal models in data-driven parameter estimation prob-
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lems, and proposed a generative CRB as an approximate lower bound expression.

In recent years, the CRB has also been applied in research related to integrated radar and
communication systems. In [16], a beamformer design method for integrated radar and com-
munication systems was proposed with the minimization of the CRB as the objective function,
providing a new perspective on the application of the CRB in the field of optimizer design.
In [17], a joint design method for waveforms and discrete phase shifts in intelligent reflecting
surface-assisted integrated sensing and communication systems was discussed, using the CRB
for DOA estimation as a constraint.

Although the CRB is widely applied in various fields, its asymptotic optimality also in-
dicates that under non-ideal observation conditions (e.g., low SNR, limited number of sam-
ples, etc.), the sporadic large estimation errors make the CRB unable to meet the conditions for
asymptotic optimality. Hence, CRB becomes relaxed or even invalid in such scenario, which
is so-called local performance bound for evaluating small estimation errors [3]. Specifically,
the local performance bound refers to an estimation error performance bound that can only
effectively reflect the performance limits of small estimation errors under ideal observation
conditions. In contrast, a global performance bound refers to an estimation error performance
bound that can effectively reflect the performance limits of both small estimation errors and

large estimation errors.

1.1.1.2 Bhattacharyya bound

In the 1940s, Bhattacharyya first introduced the Bhattacharyya bound [18], which achieves
better tightness compared to the CRB under low SNR conditions by utilizing the Bhattacharyya
inequality [19]. Subsequently, [20] provided a convergence analysis of the Bhattacharyya
bound. In [21], Tanaka et al theoretically discussed a series of signal statistical distribution
families that can achieve the Bhattacharyya bound. [22] reviewed related research on the Bhat-
tacharyya bound under the inverse Gaussian distribution and presented a series of results.

Similarly, in the context of model mismatch, [23] first provided a generalized expression of
the Bhattacharyya bound. Subsequently, [24] derived the Bhattacharyya bound for time delay

estimation problems. Compared to the traditional CRB, the Bhattacharyya bound can maintain
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good tightness under low SNR conditions, but it still cannot effectively evaluate performance
in scenarios with large estimation errors and also relies on the regularity conditions of the likeli-
hood function. Additionally, the derivation of the Bhattacharyya bound depends on higher-order
derivatives of the likelihood function and the function of the parameters to be estimated [19],
such that it suffers from heavy computational burden and makes it difficult to be applied in

specific nonlinear parameter estimation problems.

1.1.1.3 Barankin bound

Similarly, in the 1940s, Barankin introduced the Barankin bound based on the assump-
tion of uniform unbiasedness in the parameter space [25]. Compared to the CRB and the Bhat-
tacharyya bound, the Barankin bound is currently the tightest non-Bayesian performance bound
for evaluating the MSE of uniformly unbiased estimators [19]. However, its theoretically tight
characteristic makes it computationally infeasible in many practical scenarios, existing only
as a theoretical expression. Consequently, numerous approximate expressions based on the
Barankin bound have been proposed, such as the Hammersley-Chapman-Robbins bound [26],
the McAulay-Seidman bound [27], the McAulay-Hofstetter bound [28], and the Abel bound
[29]. [30] identified common features among the CRB, the Bhattacharyya bound, and the afore-
mentioned Barankin bound, namely that these performance bounds are all based on the Taylor
expansion of the likelihood function and the function of the parameters to be estimated, thereby
achieving unification of these performance bounds. Based on this, [30] proposed a more com-
putationally feasible and tighter expression of the Barankin bound. Marzetta et a/ proposed a
method for computing the Barankin bound based on solving an unconstrained quadratic opti-
mization problem [31] .

Then, the Barankin bound has been applied in specific parameter estimation problems.
[32] discussed the Barankin bound for variance estimation in generalized Gaussian random
processes. [33] applied the Barankin bound to source localization parameter estimation in shal-
low water environments. Later, [34] further explored the application of the Barankin bound in
source localization parameter estimation problems in uncertain ocean environments. [35] first

provided the Barankin bound for target localization parameter estimation in multi-input multi-
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output (MIMO) radar systems. In the same year, [36] presented the Barankin bound for target
range and Doppler shift parameter estimation based on orthogonal transmission signals. Li et
al in [37] provided the Barankin bound for target localization and direction finding in acoustic
array systems.

From the existing work, although non-Bayesian performance bounds have made some
progress in pursuing globally tight expressions, they treat the parameters to be estimated as
deterministic but unknown quantities. Therefore, they cannot directly utilize the information
provided by the a priori distribution of the parameters to be estimated. It presents limitations in
further pursuing globally tight expressions for non-Bayesian performance bounds. The reason
is that, under low SNR or limited observations, the behavior of the estimator tends to converge
according to the a priori variance (covariance) of the parameters, and this a priori information

is not considered by non-Bayesian performance bounds.

1.1.2 Bayesian bounds

In Bayesian bounds, the parameters to be estimated are treated as random variables with a
certain a priori distribution. As such, under low SNR conditions, Bayesian bounds can effec-
tively reflect the convergence characteristics of the estimator based on the a priori distribution
of the parameters, thereby providing a tighter estimation error performance bound even in low
SNR a priori regions. Bayesian performance bounds are mainly divided into two categories:

the WWB and the ZZB.

1.1.2.1 WWB

The WWB was initially proposed by Weiss and Weinstein in [38]. In recent years, Renaux
and Todros et al pointed out in [39], [40] that, some Bayesian performance bounds derived from
non-Bayesian performance bounds all belong to the generalized WWB based on covariance
inequalities, such as the BCRB [41], the Bayesian Bhattacharyya bound [41], and the BAB [42],
the Borovsky-Mayer-Wolf-Zakai bound [43], the BZB [44], and the RMB (i.e., the Barankin

bound extended under the Bayesian framework) [45],
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In specific parameter estimation problems, [46] provided the WWB for target direction
estimation using a 2D antenna array. Subsequently, Xu et al/ derived the WWB for matched
field parameter estimation problems [47]. Vu et al presented the WWB for three-dimensional
source localization parameter estimation under deterministic signal models [48] and the WWB
for DOA estimation using polarized arrays [49], along with threshold SNR predictions. Then,
[50] discussed the application of the WWB in array signal processing for both deterministic
and non-deterministic models and provided relevant results. [51] derived the WWB for carrier
frequency estimation problems with data assistance. [52] discussed the application of the WWB
in colocated linear array MIMO radar structure parameter estimation and predicted the threshold
SNR. [53] provided the WWB for multiple change-point estimation problems in non-stationary
signals.

However, the WWB and its extensions are mostly derived based on various covariance
inequalities. Although WWB can achieve tight expressions theoretically, it has the following

issues:

* The tightness of the WWB is related to the order of derivatives involved. Specifically,

pursuing tighter bounds requires higher-order derivative operations.

* The derivation of the WWB requires to solve non-convex optimization problems related
to the dimension of the parameter space and relies on empirical rules for selecting test

points, which makes the resulted WWB difficult to be analyzable [3]'.

* The covariance inequalities relied upon by the WWB makes it difficult to establish an
intuitive connection with the actual behavior of system parameter estimation [39]. Thus,

the WWB cannot directly reflect the behavior of system estimation.

1.1.2.2727B

Unlike the WWB, the ZZB establishes an intuitive connection between the lower bound

on MSE and the minimum error probability of a binary hypothesis testing problem through the

IThe selection method of different test points can affect the final result of the WWB. Therefore, the reliance on empirical
rules for test point selection directly impacts the reliability of the WWB results.
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MSE identity. Therefore, compared to the WWB, the ZZB can intuitively explain the behavior
of system parameter estimation. For example, at extremely low SNR, the binary hypothesis
testing problem tends to make random decisions between the two hypotheses based on the a
priori distribution of the parameters, with this decision process being almost unaffected by the
observed data. Consequently, the MSE value indicated by the ZZB converges based on the
a priori variance (covariance) of the parameters, which well explains the behavior of actual
systems making random estimates based on the a priori distribution at extremely low SNR.
Additionally, the derivation of the ZZB does not involve the empirical selection of test points,
thus providing better solid results. Furthermore, the global tightness of the ZZB does not rely
on higher-order derivative, making it potentially applicable to a wider range of signal models.

77B was first proposed and refined in the 1960s and 1970s [54]-[56]. Unlike other per-
formance bounds that start from abstract mathematical derivations, the ZZB originated from the
specific problem of single-target signal time delay parameter estimation. In the 1990s, Bell et
al in [57] first extended the ZZB from scalar parameter estimation problems to vector parameter
estimation problems, i.e., BZZB. In [58], they provided a closed-form solution for the ZZB in
the single-source 2D DOA estimation problem.

In the problem of time delay estimation, Sadler et a/ conducted a series of studies on the
Z7B in scenarios such as ultra-wideband signals [59], frequency-selective fading channel chirp
signals [60], and unknown convolutional random channel signals [61]. Decarli et al first intro-
duced the generalized LRT to study the ZZB for time delay estimation of unknown deterministic
signals [62]. Ramasamy et al discussed the ZZB for time delay estimation under the framework
of CS, considering random CS kernels and Gaussian white noise constraints [63]. Subsequently,
[64], [65] extended the ZZB for the problem of compressed sensing time delay estimation to
arbitrary compressed sensing kernels and arbitrary colored Gaussian noise (Chapter 3 of this
dissertation), and further discussed the exact solution of the ZZB for time delay estimation un-
der the zero-mean Gaussian random signal model [66] (Chapter 4 of this dissertation). [67]
combined the ZZB with cognitive radar, providing an expression for the ZZB for time delay
estimation in cognitive radar.

In DOA estimation, Gu et al proposed an improved ZZB in the 1990s and explored its
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applications in DOA estimation and other related problems [68]. [69] provided the ZZB for
single-source DOA estimation using sparse linear arrays. [70] derived the ZZB for wideband
signal DOA estimation considering mutual coupling between array elements. In [71], the ZZB
was applied to the effective aperture design of sparse subarray millimeter-wave systems, high-
lighting the limitation that previous ZZBs for DOA estimation were only applicable to single
source scenarios. Subsequently, [72] provided a closed-form ZZB expression for multi-source
DOA estimation based on linear arrays and revealed the relationship between the ZZB and the
number of sources in the a priori performance region (Chapter 5 of this dissertation).

In other nonlinear parameter estimation problems for target localization, Dardari et al pro-
vided the ZZB expression for time-of-arrival (TOA) estimation under the condition that the
ultra-wideband receiver has known channel statistics [73]. Gifford et al used the ZZB to discuss
the impact of multipath information on TOA estimation performance. Wang et al analyzed the
impact of inter-cell interference on localization accuracy in cellular network applications using
the ZZB [74]. [75] analyzed the ZZB for TOA estimation in Orthogonal Frequency-Division
Multiplexing (OFDM) systems.

Additionally, the ZZB is also applied in fields such as quantum, optics, and image pro-
cessing. [76]-[78] discusses the ZZB in quantum parameter estimation problems and its per-
formance analysis. [79] applied the ZZB to synchronous visible light positioning systems, pro-
viding the corresponding performance bounds. [80] applied the ZZB in image processing to
evaluate the alignment accuracy between images.

In other analyses and applications of the ZZB, [81] used the ZZB to evaluate the trade-off
between localization performance and communication performance in millimeter-wave com-
munication and sensing systems. [82] optimized the ZZB to achieve SNR adaptive ranging
waveform design. [83] analyzed the convergence performance of the ZZB in the a priori per-

formance region.

10
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1.2 Motivation and Contributions

Based on the literature review, it is evident that compared to non-Bayesian performance
bounds, Bayesian performance bounds are much more easier to characterize the performance
trend of parameter estimators under low SNR by utilizing the a priori distribution of parameters.
Compared to the WWB, the ZZB has the advantage of intuitively explaining the behavior of
system parameter estimation and does not rely on factors such as empirical test point selection
that affect the reliability of the bound. In summary, among the various parameter estimation

performance bounds, the ZZB has the following advantages:

* AsaBayesian performance bound, the ZZB eftectively utilizes a priori information about

parameters, making it easier to achieve globally tight expression.

* The fundamental principles and basic analytical framework of the ZZB can intuitively

reflect the behavior of system parameter estimation, providing good interpretability.
* The fundamental principles of the ZZB exhibit good completeness and reliability.

Therefore, this dissertation selects the ZZB as the main research subject and conducts research
on its application in nonlinear parameter estimation problems for target localization.

Most existing work is based on ideal assumptions such as single target parameters and
Gaussian white noise. However, the ZZB in more complex parameter estimation scenarios still
requires further research. Therefore, this dissertation focuses on typical parameter estimation
problems in target localization, such as distance (time delay) and angle (DOA), and conducts
studies on ZZB in complex scenarios involving non-white noise and multi-target estimation.

The dissertation is divided into eight chapters, with the arrangement and specific research
content as follows:

Chapter 1 is the introduction. This chapter introduces the research background and sig-
nificance of performance bounds for nonlinear parameter estimation errors in target localiza-
tion. It also provides an overall review of the current research status of performance bounds for

nonlinear parameter estimation errors. Additionally, this chapter highlights the advantages and

11
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potential of the ZZB compared to other estimation error performance bounds and focuses on the
challenges it faces in existing nonlinear parameter estimation problems for target localization.
Chapter 2 covers the preliminaries. This chapter introduces the basic derivation framework of
the ZZB in scalar parameter estimation problems and vector parameter estimation problems.
Chapters 3 and 4 investigate the ZZB for time delay estimation based on CS. These chapters
apply the analytical framework of the ZZB for scalar parameter estimation to compressive time
delay estimation. Chapter 5 provides the close-form ZZB for multi-source 1D DOA estima-
tion problem with linear arrays. Chapter 6 further derives the close-form ZZB expressions for
multi-source 2D DOA estimation problem and azimuth/elevation estimation under 2D DOA
model. Chapters 7 summarizes the research content of this dissertation and highlight further re-
search directions and challenging frontier issues in the ZZB for nonlinear parameter estimation

problems in target localization.

1.3 Publications

During the Ph.D. program, the author has worked on ZZB derivation and analysis. All
journal and conference papers completed so far are listed as follows:
1.3.1 Book Chapter

1. Zongyu Zhang, Zhiguo Shi, and Arye Nehorai, “Ziv-Zakai bound for multi-source DOA
estimation,” (Chapter 14) in Information-Theoretic Radar Signal Processing (Edited by

Yujie Gu and Yimin D. Zhang), Wiley-IEEE Press, 2024 (in press).

1.3.2 Journal Papers

1. Zongyu Zhang, Zhiguo Shi, Cunqi Shao, Jiming Chen, Maria Sabrina Greco, and Fulvio
Gini, “Ziv-Zakai bound for 2D-DOAs estimation”, /IEEE Transactions on Signal Pro-
cessing, vol. 72, pp. 2483 - 2497, 2024.

2. Zongyu Zhang, Zhiguo Shi, and Yujie Gu, “Ziv-Zakai bound for DOAs estimation”,
IEEE Transactions on Signal Processing, vol. 71, pp. 136-149, 2023. (ESI Highly
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1.3.3

Cited Paper)

Zongyu Zhang, Zhiguo Shi, Chengwei Zhou, Chenggang Yan, and Yujie Gu, “Ziv-Zakai
bound for compressive time delay estimation”, IEEE Transactions on Signal Processing,

vol. 70, pp. 4006-4019, 2022.

Zongyu Zhang, Zhiguo Shi, Yujie Gu, Maria Sabrina Greco, and Fulvio Gini, “Ziv-
Zakai bound for compressive time delay estimation from zero-mean Gaussian signal”,

IEEFE Signal Processing Letters, vol. 30, pp. 1112-1116, 2023.

. Zongyu Zhang, Chengwei Zhou, Yujie Gu, Jinfang Zhou, and Zhiguo Shi, “An IDFT

approach for coprime array direction-of-arrival estimation”, Digital Signal Processing,

vol. 94, pp. 45-55, Nov. 2019.

. Yaxing Yue, Zongyu Zhang, and Zhiguo Shi, “Generalized Widely Linear Robust Adap-

tive Beamforming: A Sparse Reconstruction Perspective”, IEEE Transactions on Aerospace

and Electronic Systems, 2024, Early Access.

. Ying Liu, Zongyu Zhang, Chengwei Zhou, Chenggang Yan, and Zhiguo Shi, “Robust

variational Bayesian inference for direction-of-arrival estimation with sparse array”, IEEE

Transactions on Vehicular Technology, vol. 71, no. 8, pp. 8591-8602, Nov. 2022.

Conference Papers

. Zongyu Zhang, Yujie Gu, and Zhiguo Shi, “Explicit Ziv-Zakai bound for multiple sources

DOA estimation”, in Proceedings of IEEE International Conference on Acoustics, Speech,

and Signal Processing (ICASSP 2023), Rhodes island, Greece, June 2023.

. Zongyu Zhang, Chengwei Zhou, Chenggang Yan and Zhiguo Shi, “Deterministic Ziv-

Zakai bound for compressive time delay estimation”, in Proceedings of IEEE Radar Con-

ference (RadarConf22), New York City, NY, USA, Mar. 2022.

. Zongyu Zhang, Chengwei Zhou, Yujie Gu, and Zhiguo Shi, “Efficient DOA estimation

for coprime array via inverse discrete Fourier transform”, in Proceedings of IEEE Inter-
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1.34

national Conference on Digital Signal Processing (IEEE DSP 2018), Shanghai, China,
Nov. 2018.

Zongyu Zhang, Chengwei Zhou, Yujie Gu, and Zhiguo Shi, “FFT-based DOA estimation
for coprime MIMO radar: a hardware-friendly approach”, in Proceedings of IEEE Inter-
national Conference on Digital Signal Processing (IEEE DSP 2018), Shanghai, China,
Nov. 2018.

. Luning Lin, Zongyu Zhang, Hang Zheng, Chengwei Zhou, and Zhiguo Shi, “DOA Es-

timation for Joint Sensing and Communication with Nonorthogonal Waveform”, in Pro-
ceedings of 2022 56th Asilomar Conference on Signals, Systems, and Computers, Pacific
Grove, CA, USA, Oct. 2022.

. Yaxing Yue, Zongyu Zhang, Chengwei Zhou, Fangyuan Xing, and Zhiguo Shi, “Closed-

form two-dimensional DOA and polarization joint estimation using parallel non-collocated
sparse COLD arrays”, in Proceedings of 2022 IEEE 12th Sensor Array and Multichannel
Signal Processing Workshop (SAM), Trondheim, Norway, June 2022.

. Yaxing Yue, Zongyu Zhang, Chengwei Zhou, Yuan Wu, Fangyuan Xing, and Zhiguo Shi,

“Closed-form robust adaptive beamforming for sparse diversely polarized antenna array”,
in Proceedings of IEEE 34th Annual International Symposium on Personal, Indoor and

Mobile Radio Communications (PIMRC), Toronto, ON, Canada, Sept. 2022.

Sihan Wen, Zongyu Zhang, Chengwei Zhou, and Zhiguo Shi, “Ziv-Zakai bound for
DOAs estimation with gain-phase error”, in Proceedings of IEEE International Confer-
ence on Acoustics, Speech, and Signal Processing (ICASSP 2024), Seoul, Korea, Apr.
2024.

Issued Patents

. Zongyu Zhang, Zhiguo Shi, Chengwei Zhou, and Jiming Chen, “A coprime MIMO radar

DOA estimation approach based on different coarray of sum coarray signal fast Fourier

transform”, No. ZL 2018 1 1218661.6, China, 12-Jan-2021.
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2. Zongyu Zhang, Zhiguo Shi, Chengwei Zhou, and Jiming Chen, “A coprime MIMO radar
DOA estimation approach based on discrete Fourier transform of multi-snapshot sum

coarray signal”, No. ZL 2018 1 1218389.1, China, 11-Nov-2020.

3. Zongyu Zhang, Zhiguo Shi, Chengwei Zhou, and Jiming Chen, “A coprime array DOA
estimation approach based on discrete Fourier transform of second-order equivalent vir-

tual signal”, No. ZL 2018 1 0460228.7, China, 04-Sept-2020.

4. Zongyu Zhang, Zhiguo Shi, Chengwei Zhou, and Jiming Chen, “A coprime array DOA
estimation approach based on fast Fourier transform of multi-snapshots coprime array

received signal”, No. ZL 2018 1 0459732.5, China, 01-Sept-2020.

5. Zhiguo Shi, Zongyu Zhang, Chengwei Zhou, and Jiming Chen, “A coprime array DOA
estimation approach based on angle-frequency domain fast Fourier transform”, No. ZL

2018 1 0464602.0, China, 5-June-2020.

15



CHAPTER 2. PRELIMINARIES

Chapter 2. Preliminaries

This chapter includes the preliminaries about ZZB derivation, including basic derivation

framework for both scalar and vector parameter estimation scenarios.

2.1 Basic ZZB derivation framework for scalar parameter estimation

The original ZZB derivation framework was proposed and improved in [54]-[56], which
focus on a straightforward scalar parameter estimation problem. This section is to introduce
this ZZB derivation framework.

Consider an observation y as the non-linear function of a continuous scalar parameter 6,
i.e., y(0). Here is an identity about the MSE on estimating 6[84]

= ) 1 +o0o 5
EBZ]E{|€9| }25 Pr |€9|Z§ £d¢, (2-1)
0
where ¢y = 6 — 6 denotes the estimation error. Obviously, both £ and Pr (|69] > %) are non-

negative, such that the minimum of the MSE %, 1.e., the lower bound, is obtained by minimizing

Pr (|eg| > §). For a given &, the probability Pr (|eg| > §) can be expressed by

Pr <\69] > g) =Pr (69 > g) + Pr (69 < —g)

+00 . g
= fo(o)Pr <9>¢+§'9=90> dip

—00

+o00 (2-2)

+ fe(¢+£)Pr<é§¢+g‘9=w+£>d¢

—00

= [ Ute) + sl + 1Pl 0+ 0,

o0

where f5(¢) £ f(6)]o—, is the probability density with 6 = (. Obviously,

P.(¢, ¢ + &) = Pr(Hy)Pr (é > @+ g‘e = (p) + Pr(#,)Pr (é <o+ g‘e = +g)
(2-3)
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is the probability of error of the binary hypothesis testing problem

folp)
fo(@) + folw + &)’ (2-4)

Hi:0=p+E Pr(Hy) =1 Pr(Ho)

Ho : 0=, Pr(H,) =

under the nearest neighborhood criterion

Decide Ho : 0 = ¢ ifé§g0+§
: (2-5)
Decide H,: 0 =p+& if 6> <,0+§.
Among all the decision criteria, MAP criterion
Decide Ho if Pr(Ho)f(yle) > Pr(H1)f(yle +¢) 26)

Decide H, if Pr(Ho)f(yle) < Pr(H.)f(yle +€)

provides the minimum probability of error [1], where f(y|p) = f (y|0) |o=, is the probability

density of y with 6 = (. Thus, the minimum probability of error becomes

o)

f(yle) Pr(H.)|,
(M@+Q>Pﬂﬂw9_¢+g
(

=Pr(Ho) Pr (Lo < 7|0 = @) + Pr(H,) Pr (Lo > [0 = ¢ +€)

f(yle) Pr(H,)
(yle +&) ~ Pr(Ho)

+ Pr(#,)Pr (f

Pmin(@y 2 + 5) = Pr(Ho)Pr (f

(2-7)

= Pr(Ho) Pr (L, <) + Pr(H) Pr(Loye > 7) -

Here,

(2-8)

is the log-LRT, and

(2-9)

is a constant determined by the a priori probability of 6.

Because Pe(p, 0+ &) > P, ¢ +&) always holds, P, (¢, ¢+ &) is available to derive
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the lower bound of Pr (|eg| > g) in (2-2), and the general expression of ZZB can be derived as

. 1 +oo +oo
G235 [ ) U@+ re O PmlpprOdpde. @i10)

Furthermore, because Pr (]69| > %) is the non-increasing function of ¢, a valley filling function

can be introduced to obtain a tighter ZZB expression as

o 1 “+oo +00

It should be noted that, although the valley filling function theoretically results in tighter
Z7ZB expression, it also leads to more challenges for closed-form ZZB derivation. Also, it
has been proven that the valley filling function does not bring significant improvement on the
tightness of ZZB in many specific estimation scenarios [57]. Hence, it is usually ignored in

current ZZB derivaiton.

2.2 Basic ZZB derivation framework for scalar parameter estimation

In [57], the ZZB derivation framework for vector parameter estimation was extended,
which is introduced in this section.
Consider an observation y as the non-linear function of a K'-dimensional vector parameter

0, i.c., y(0). Then, the error correlation matrix for estimating € is defined as
R =E{cc"} =E{(6-6)(0-0)"}. (2-12)

Different from scalar parameter estimation, the estimation error for K -dimensional vector pa-
rameter € needs to be expressed with the error correlaton matrix. To give the expression of
MSE, a weighted summation on the estimation error €, i.e., w e = w?’ (é — 0) is considered,
such that the quadratic form is obtained as

1 h
w'Raw = E {|w"e[*} - 5/0 Pr (\wTe| > 5) hdh. (2-13)
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Here, w is a K -dimensional weighted vector following the unit Euclidean norm ||w|, = 1.
Similar to the scalar parameter estimation scenario, the probability Pr (|wTe‘ > %) can be ex-

pressed as

Pr (‘wTe| > g) =Pr <wTe < —g) + Pr <wTe > g)

= [ fol¢+d)Pr (wTé <w'p+w's— g‘e =@+ 5) dep (2-14)

RK

A h
+ fo()Pr (wTO >wp+ 5‘0 = cp) de,
REK

where R¥ denotes the K -dimensional real space. For a given h, the probability Pr (|w"e| > %)

can be further expressed as

Pr ("wTe} > g) :/RK fo()Pr (wTé >wlp + g'@ = go) de

+ fo(p + 0)Pr <wTé§chp+g‘0:¢+6) de  (2-15)

REK

= /RK [fo(e) + fo(p +8)] Pe(w, 0 + 0)de
if
w?'é = h. (2-16)
Here, P.(p, ¢ + ) is the probability of error of the binary hypothesis testing problem

fo(p)
fo(p) + folp +6)’ (2-17)

Hi:0=p+68, Pr(H;)=1-—Pr(Ho)

Ho: 0 = ¢, Pr(H,o) =

with the nearest neighborhood criterion

A h
Decide Hy: 0 = ¢ if w0 <w'y+ =
2 (2-18)

A h
Decide H,:0 = + 4 if wT0>wT<p+§.

Similar to the scalar parameter estimation scenario, the minimum probability of error can
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be obtained via the MAP criterion, such that the lower bound of probability of error becomes

Pr (\wTel > g) > /RK [fo(@) + fo( + 8)] Puin(p, ¢ + 8)dep. (2-19)

Accordingly, the general expression of ZZB for vector parameter estimation with the valley

filling function is

whwz [Ty { max [ [ Gals) + foleo +8)) Pasprsp+ 6>dso] } hdh. (2-20)
0 RK

S:wl'd=h

2.3 Summary

This chapter introduces the basic ZZB derivation framework for two types of parameter

estimation scenarios, and provide preliminaries for the following chapters.
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Chapter 3. ZZB for Compressive Time Delay Estimation

Compressive radar receiver can keep a good balance between sub-Nyquist sampling and
high resolution. To evaluate the performance of compressive time delay estimators, CRB has
been derived for lower bounding the MSE, which, unfortunately, is a local bound being tight in
the asymptotic region only. In this chapter, we use the ZZB methodology to develop a Bayesian
MSE bound on compressive time delay estimation by incorporating the a priori information of
the unknown time delay. Specifically, we respectively derive deterministic ZZB and stochas-
tic ZZB as functions of CS kernel, where there is no restriction on CS kernels and Gaussian
noise colors. Simulation results demonstrate that compared with BCRB, ZZB provides a bet-
ter performance prediction for MMSE estimator of compressive time delay estimation over a
wide range of SNRs, where different CS kernels, CRs, a priori distributions and Gaussian noise

colors are tested.

3.1 Introduction

Time delay estimation is a canonical nonlinear parameter estimation problem, which has
been widely used for ranging, localization, synchronization, radiolocation, geolocation and oth-
ers in many applications including radar, sonar, seismic, remote sensing, wireless communica-
tion, IoT (see, for example [61], [85]-[89], and the references therein). Waveform bandwidth is
an essential factor in determining estimation accuracy, i.e., time delay estimation accuracy can
be improved via enhanced range resolution by increasing the waveform bandwidth. Hence, in
the past decades, more and more wideband signals have been adopted to improve the estimation
performance and imaging quality.

However, it also brings significant challenges for high-rate A/D converters w.r.t. required
sampling rate, system cost, and power consumption. To mitigate the cost and power consump-
tion due to high-rate A/D converters and data handling hardware, CS [90] is a good solution
to keep a balance between sampling rate and range resolution. Unlike the classical Nyquist

sampling theory, CS theory states that signals can be acquired at sub-Nyquist sampling rates
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and then reconstructed with accuracy comparable to Nyquist sampling, given signals of interest
being sparse or compressible [91]. Due to the sparsity of radar signals in the time domain, radar
receiver can compressively sample the target echoes at a fixed A/D conversion rate lower than
the Nyquist sampling rate, which means the range resolution has been simultaneously improved
because of the wideband radar waveform. Hence, CS radar has attracted great interest in the
past decade [92]-[102], among which the investigation of compressive time delay estimation is
helpful for understanding and demonstrating fundamental concepts [97], [101].

Similarly as in the Nyquist sampling, the classical estimators including matched filter,
ML estimator, and MMSE estimator, can also be applied to estimate time delay from the com-
pressed measurements (see, for example, [63], [101], [103]). In addition, under the frame-
work of CS, the sparsity can be specifically exploited to formulate the time delay estimation
as a sparse signal reconstruction problem [89]. Besides the well known sparse reconstruction
algorithms, the more recently developed algorithms for time delay estimation include atomic
norm minimization-based algorithm [103], interpolation-based recovery algorithm [104], and
manifold-based optimization algorithm [105], etc.

Same as most nonlinear parameter estimation, there is no exact closed-form solution for
the minimum MSE of compressive time delay estimation. To this end, researchers prefer to
find the lower bound on the MSE in estimating the parameter of interest including time de-
lay. Among numerous lower bounds, CRB [5], [106], [107] is the most commonly used one,
considering that it is generally easier to evaluate than other bounds. The CRB for parameter
estimation from compressed measurements is analyzed in [108]-[110], where the parameters
are treated as deterministic. However, deterministic assumption may limit CRB utilizing the a
priori information from the parameters (e.g., the range or a priori distribution of the parame-
ters). The analysis and derivation of BCRB for compressive parameter estimation are provided
in [63], [101], in which the parameters are regarded as random variables with certain a priori
distribution, enabling the utilization of the a priori distribution of the parameter to provide a
tighter bound. However, it is well known that, either CRB or BCRB behaves as a local bound
and does not show a threshold effect. In other words, both CRB and BCRB are only tight in

the asymptotic region (say, high SNR situation). To overcome the locality of BCRB, numer-
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ous Bayesian bounds are proposed to enable better performance [3], [111], such as WWB [38],
RMB [45], BAB [42], BZB [44], etc. However, all aforementioned bounds are based on co-
variance inequalities [39], where tighter bounds rely on higher order derivative, optimization
over free variables and empirical testing point selection [3], limiting their application in specific
parameter estimation.

Different from covariance inequality based bounds, ZZB relates the MSE in the estimation
problem to the probability of error in a binary hypothesis testing problem, and provides a global
tight bound on the MSE over a wide range of SNR [3], [112]. ZZB was originally proposed for
time delay estimation [54], [56], [113], where the unknown parameter follows a uniform a priori
distribution. After that, the framework of ZZB was extended to arbitrary a priori distribution
parameter for general parameter estimation [57]. In the past few decades, ZZBs have been
widely studied in different parameter estimation problems [58]-[60], [62], [67], [114], [115].
It is worth noting that, however, all aforementioned researches assumed the Nyquist sampling
on the received signal. To the best knowledge of the authors, there is rare study of ZZB on
compressive parameter estimators. Although [63] formulates the effect of CS kernel on ZZB as
a constant penalty related to CR such that the compressive ZZB can be approximately expressed
in a Nyquist ZZB manner, the derivation there is restricted by the random CS kernel and white
Gaussian noise assumptions. Hence, it is demanding to propose a more general ZZB under the
CS framework to predict the performance of compressive parameter estimators and the locations
of the asymptotic region threshold.

In this chapter, we derive the explicit deterministic ZZB and stochastic ZZB for com-
pressive time delay estimation as functions of CS kernels, which respectively corresponds to
compressive measurement with deterministic amplitude and stochastic amplitude. Given the
basic ZZB expression proposed in [57], the required minimum probability of error in the binary
hypothesis testing problem for compressive time delay estimation can be explicitly derived as a
function of CS kernel either for deterministic signal model or for stochastic signal model. Cor-
respondingly, the ZZBs are calculated by integrals of product involving the a priori distribution
of the unknown time delay and the corresponding minimum probability of error. Considering

that there is not any restriction on CS kernels and the color of Gaussian noise, the derived ZZBs
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are applicable for arbitrary CS kernels and arbitrary Gaussian noise. In addition, for better com-
parison with the stochastic ZZB, we also generalize the stochastic BCRB for compressive time
delay estimation from [101], where the stochastic BCRB is only applicable for the zero-mean
compressive measurement model. Simulation are designed to demonstrate the advantage of the
derived ZZBs and BCRBs in a wide range of SNR under different scenarios, including different
CS kernels, CRs, a priori distribution and Gaussian noise colors. Compared with BCRBs, the
7Z7Bs derived in this chapter can provide a more accurate prediction on compressive parame-
ter estimation performance and the location of the asymptotic region threshold under different
compressive ratios.

The rest of the chapter is organized as follows. In Section 3.2, we present the CS radar
receiver model and provide deterministic and stochastic BCRBs for compressive time delay
estimation. In Section 3.3, we derive the deterministic ZZB and stochastic ZZB. In Section 3.4,
we compare the ZZBs using random CS kernels and information-theoretic CS kernels against the
MMSE estimator and the corresponding CRBs via simulations. Finally, we make conclusions

in Section 3.5.

3.2 Signal Model and CRB

Considering an active radar illuminates a far-field point source target, the target echo signal

at time ¢ can be modeled as

r(t) = ap(t — 1) + n(t), (3-1)

where « is complex-valued signal amplitude, ¥)(t — 7) is the radar waveform delayed by an
unknown time 7, and n(t) is the complex additive Gaussian noise sampled from a stationary
process. Obviously, the radar received signal is sparse in the time domain, and the sparsity
depends on the number of targets in the range of interest. According to the CS theory, it is highly
promising to estimate the unknown time delay 7 from much less samples than that required
by the Nyquist sampling theorem. In detail, by projecting the received signal r(¢) onto M
measurement kernels {¢,,(t),m = 1,2,--- M}, where M is much less than the number of

Nyquist samples, we can obtain M measurements {y,,,, . = 1,2,--- M}, among which the
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m-th measurement y,, is the inner product of ¢,,(¢) and r(¢) during [0, 7, i.e.,

Ym (r(t), ¢m(t)>te[0,T}

/0 r(t)dp, (£)dt (3-2)

L

~ A (1) ().

lI>

Here, T is the maximum duration of r(¢), which is divided into L small intervals of width A,
i.e., A =T/ L. To ensure that the discrete approximation in (3-2) is accurate, A must be much
smaller than the reciprocal of the bandwidths of ¢,,(¢) and r(¢) so that there is no significant
variation in the signals within an interval A. Hence, L is much larger than the number of

measurement M.

By stacking the measurements as y = [y1, 2, -+ , Yum] ", it can be written in matrix-vector
form as

y ~ Br = B(a(r) + n), (3-3)

where the CS kernel & = [¢}, ¢35, -+, p3,]" € CM*L contains M measurement kernels with

¢ € CF denoting discrete-time representation of ¢,,,(¢), 7 € CL and () € CL are discrete-
time representations of the received echo signal and the transmitted radar waveform delayed by
7,and n € C* follows zero-mean complex Gaussian distribution CN (0, R,,,,) and is indepen-
dent of 7. The system block diagrams of the traditional radar receiver and the CS radar receiver
are compared in Fig. 3.1. Different from the traditional radar receiver that requires high-rate
A/D converter, the CS radar receiver uses analog multiplication and analog integration to reduce
the number of samples, which hence requires sub-Nyquist rate A/D converters only. Although
extra analog components and D/A converters are required in the CS radar receiver, we do not
need high-rate A/D converters to satisfy the Nyquist sampling since they may be unavailable or
too expensive to commercialize [101].

There are two commonly used models of (3-3) depending on the signal amplitude «, i.e.,
deterministic model assuming « to be an unknown deterministic quantity and stochastic model

assuming « to be a random variable. For the deterministic model, it is observed that for a given

25



CHAPTER 3. ZZB FOR COMPRESSIVE TIME DELAY ESTIMATION

r(t ioh-
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D/A kiiz====3] CSkemel @ f----------------o---

converters

(b)
Figure 3.1 Radar receiver block diagram. (a) Traditional radar receiver; (b) CS radar receiver. The
solid arrows denote the signal processed in analog domain, and the dashed arrows denote the signal
processed in digital domain. The hollow arrows denote )/ parallel processing chains.
time delay 7, the measurement vector y follows a complex Gaussian distribution CN (g, Ry,)

with the mean vector g, = a®(7) and the covariance matrix R, = ®R,,,,$". Correspond-

ingly, the conditional PDF of the measurement vector y given time delay 7 can be expressed as

1 N
—(y=9r)" Ryy (y—9r) (3-4)
— e .
T | Ryy|

fylr) =
For the stochastic model, here we assume that o follows a complex-valued Gaussian distribution
CN (o, c?). Tt is then observed that for a given 7, y follows a complex Gaussian distribution

CN(§r, Ryy-) with g, = 1P (1) and Ry, = & (o24p(7)¥"(7) + R,p) M. Thus, the

conditional PDF of y given 7 becomes

1

—(y—QT)HR_l (y—9r)
—¢ yylr (3-5)
M }Ryy|7|

flylr) =

The CRB provides a lower bound on the variance of any unbiased estimate of a determin-
istic parameter, stating that the variance of any such estimator is at least as high as the inverse
of the Fisher information. When the PDF of the time delay 7, i.e., f(7), is a priori known, the

Bayesian version of the Fisher information .Jz consists of two parts [2] as
JB:JD+JP, (3'6)

26



CHAPTER 3. ZZB FOR COMPRESSIVE TIME DELAY ESTIMATION

where Jp denotes the information due to the measurement data, and

sp =5, {2510 G

dr?

denotes the information due to the a priori knowledge.
Following a similar derivation as in [101], the Fisher information ./, for the non-zero mean

stochastic model is

-1

Jp = ET{ —202R [qu(T)qu dR;lnydew(T)

+2| a‘2 ( )@HR @d’l/)( )

yy\T dr

T dr

(3-8)
It is clear that this Fisher information contains two terms. The first one (i.e., Eq. (39)in[101]) is
the Fisher information reflecting the stochastic part in y with p,, = 0, while the second one (i.e.,
Eq. (28) in [101]) is the Fisher information reflecting the deterministic part in y with o2 = 0.
Hence, the Fisher information in (3-8) is applicable for arbitrary Gaussian model including both
zero-mean and zero-variance cases. Meanwhile, it is also observed that, the Fisher information
Jp due to the a priori knowledge degrades to zero when 7 follows a uniform distribution, which

indicates that it makes no contribution to the BCRB.

3.3 ZZB Derivation

According to basic ZZB derivation framework introduced in Section 2.1, this section derive

the ZZB with both deterministic and stochastic models.

3.3.1 Minimum Probability of Error for Deterministic Model

According to (3-4), the log-LRT is calculated as

Lr=(y—Yore) Ryp (Y —Yore) — (¥ —9,) Ry (¥ — 9, (3-9)

L

where y,, = ad(p), and thus L, is a function of unknown time delay 7 via y. To

Yr=p
calculate Pr (£, < v) and Pr (L,4¢ > ) in (2-7), it is necessary to find the distributions of £,,
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and L,,¢. Given 7 = ¢, we have

L,=(y, — g@+£)H R;z} (Yo — Ypre) — (Yp — gso)H R,

1

_ _ H _ _ _ _ _ H _
= (s~ Tore) Ry (B — Ypse) + 2R |Gy — Gpre)" Ryyn|

(3-10)

where Y, = y|,—, = @ [ap(p) + n]. Obviously, since the only random variable in £, is the

Gaussian noise n, £, follows a Gaussian distributions N (piz,,, 07 ) with

and

_ _ H _ _ _
He, = (Yo — Ype) Ryyl (Yo — Yore)

=laf? [p(p) — P(o+ &SR 1B [$(0) — Yo+ &),

©

Since n ~ CN (0, R,,,,), we have

due to

v {% [('gso - ?j<p+§)H R;ylgpn} } _ He,

N4 {('gs@ - gw+§)H R;yldsn} = (Y, — gso+§)H R;yl (Yo — Yote) -

oz, =4V {% [(?jw - gsoJrE)H joldsn] } .

(3-11)

(3-12)

(3-13)

(3-14)

Thus, the distribution of £, can be determined as N (yiz, 2, ). Similarly, given 7 = ¢ + &,

then

Love == (Up = Gpre)" Ry (G — Ypre) + 2R [(gs" ~Tpre) R;ylgﬁn}

follows N (—piz,, 24z, ). Hence, Poin (¢, ¢ 4 £) becomes

Poin (9, ¢ + &) = Pr(Ho)Q (Mﬁv — 7) +Pr(H1)Q (

A /2[15(/:
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Thus, the MSE for compressive time delay estimation with deterministic signals can be corre-

spondingly lower bounded by deterministic ZZB as

T—¢ -
s 5/ e [ 1)+ oo+ 6] [Pr(do)0 (’&‘M_ﬁ +Pr(H1)Q (%) dpdg
(3-17)

due to both ¢ and ¢ + £ located in [0, 7. It is observed that the derived ZZB is formulated
as an explicit function of the CS kernel @ via y.,. Moreover, since there is no restriction on
CS kernels, the derived deterministic ZZB can be applicable for arbitrary CS kernels rather

than random ones only [63]. Specifically, if 7 follows a uniform distribution in [0, 77, i.e

f-(p) = fr(p+€) = L, (3-16) becomes

P+ = @ (1752, G-19

and (3-17) degrades to

e2>— /5/Tf (W)dgpdf. (3-19)

With the assumption of white noise (say, C,,,, = 021}, with noise power o) and row orthonor-

malization of the sensing kernel (®®'! = I,,), (3-19) can be further simplified as

o T T-¢ 2
632%/0 5/0 Q<\/‘a| 1||€15[ P(p) — ¢(w+€)]ll§> dipde, (3-20)

where denotes the input SNR of the target signal.

In practlcal applications, when the signal amplitude « is not a priori known, it can be
assumed as a deterministic nuisance parameter that must be estimated. In such case, the log-

GLRT [1]

f(yle, &)
0, =1 : 321
" lylo + & dpre) (-21)
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is an effective approximation of the log-LRT L, for the ZZB derivation, where

. R[pM(n)S"R, y]
O T YRR, B (T

Y

),T:%g&—l—g (3-22)

is the MLE of the nuisance parameter o given 7 = @ or 7 =  + £. By performing a derivation
similar to (3-9) to (3-15), we have £, ~ N (jur,,, 2p1¢, ) and lyqe ~ N (—pie,, 2410,), respectively,

where

e, = [0pP(0) = Gpretp(p + ) SR B [a,1(0) — dpretp(p + )] (3-23)

Thus, by replacing ji, in (3-17) with py,,, the deterministic ZZB with deterministic nuisance
amplitude « 1s obtained.

Unlike gz, in (3-11), the MLEs of o under different hypothesis (say, 7 = ¢ and 7 =
¢ + §) are involved in the final expression of deterministic ZZB with fi,, in (3-23). Hence,
the estimation error of « also affects the ZZB performance. Specifically, in high SNR situation
the nuisance parameter o can be accurately estimated due to the asymptotic optimality of log-
GLRT, such that the ZZB with nuisance parameter « is still tight in high SNR situation [62].
On the contrary, in the low SNR situation, the optimality of log-GLRT can not be guaranteed

[1], such that the ZZB may suffer from the large estimation error of o and not keep tight.

3.3.2 Minimum Probability of Error for Stochastic Model

According to (3-5), the log-LRT can be calculated as

L.=c+ (y - ggo—l—E)H R;yl‘cp+§ (y - ggo—i—&) - (y - gtp)H R;ylw (y - 'ggo) ) (3-24)

| Ryy|ote ’

where ¢ = In
|R

is a constant given ¢ and ¢ + &, Yy, = p.PY(p) here due to o ~

yy\q:l

CN (e, c?). To obtain the distribution of £, we rearrange (3-24) as

L. =c+y'Xyg, (3-25)

30



Z7B FOR COMPRESSIVE TIME DELAY ESTIMATION

where
~ Y- ggoJr&
Y= B
Yy - ygﬂ
and
1
X — Ry jore Onxu
—1
Onrxnm _Ryylso

Obviously, g follows a complex Gaussian distribution CN (3, Ry, ) with

y’l’ - gcp-i—f
My = - -
Yr — y<p
and
RnyT Ryy\T
Rygr = ,
RnyT Ryy\f

where p is a function of 7 via g, = p,PY(7).

(3-26)

(3-27)

(3-28)

(3-29)

Since L is a quadratic form of general complex Gaussian vector, it is difficult to intuitively

formulate £, as a commonly used distribution. To evaluate the distribution £, we consider the

MGF
Oc. (s) — E{ertr} = B {esler )],

(3-30)

where the expectation is taken over the Gaussian random variable y. Since Ry, is a positive

semidefinite Hermitian matrix with rank M, it can be decomposed as

Ry = DTD??

where D, € C?*"*M _Now, we consider a linear transformation

g:IJ’ﬂ+D7z

31

(3-31)

(3-32)



CHAPTER 3. ZZB FOR COMPRESSIVE TIME DELAY ESTIMATION

with z € CM and z ~ CN'(0yy, I)/). By substituting (3-32) into (3-30), we have

@£ (s) = F {63[6+(“§+DTZ)HX(ug+DTz)}}

_ /es[c+(ug+DTp)HX(ﬂg+Dfp)]fz(p)dp (3-33)

p

_ esc—&-s,ngpg/LMe(pHKTppnggEP)dp’
™
p
where K, = Iy — sDEXD,, g, = sDY X g, and f.(p) = f(2)|.=p with f(2) being the

PDF of z

1 H

f(2) = o ™ (3-34)

Assuming s located in a small neighbourhood of zero, i.e., |s| — 0, K is still a nonsingular
matrix so that K ~! exists. Then, the MGF in (3-33) becomes
Or.(5) = oS (etny Xpg)+ol K g, / Lef(prilgT)HKT(prilgT)dp
T M
™

P (3-35)

K|t (et X ) ol Kt

which indicates that £, follows a generalized chi-square distribution without a simple closed-
form PDF. Hence, to make it solvable, we consider a reasonable approximation K, = I, —
sDIX D, ~ I, and |[K.|™" ~ 1 in the case of small |s|. Thus, we make an approximation

for (3-35) as

@E (S) ~ es(c+ngug)+g§g-r
-

X (3-36)
— ey Xug )+ (20 X Rygr Xug)
which corresponds to a Gaussian distribution £, ~ N (piz,, 0% ) with
pic, = ¢+ py X pg (3-37)
and
o7 =2py X" Rz X py. (3-38)
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Given 7 = ¢, we have L, ~ N(uz,, 07 ) with

He, =C + (gso - g<P+€)H R;yl‘(p—‘,—f (gw - g«p—l—&) (3'39)
and
_ _ H _ _ _ _
Jiw =2(Tp — Yore) Ry.vjlsoJrERyy‘*"Ryyllwr& (G — Ypre) - (3-40)
Similarly, given 7 = ¢ + &, we have L ¢c ~ N (pg, ., 0 €) with
peose = ¢ = (o~ Yord)" Ryy, (U — Upre) (3-41)
and
U%ws =2 (g%" B gWré) Ryy\apRyy‘@‘i‘ﬁR;;hp (gso - g<,0+£> . (3-42)
Then, P (¢, ¢ + &) in (2-7) can be explicitly expressed as
Prin (0, + €) = Pr(Ho)Q <u> + Pr(#,)Q (M> . (3-43)
gL, 0Lt

Correspondingly, stochastic ZZB for compressive time delay estimation can be derived as

o T T—¢ —
T2y [ e[ e nto s ol oo (M ) epeano (1 E40 ) g
0 0 oc, Lote
(3-44)

in which the ZZB is a function of CS kernel @ via jui,, pic,, ., 07 and a%wg. Specifically,

p+E2

when 7 follows a uniform distribution in [0, 77, (3-43) becomes

Puin(p, ¢ + &) = % [Q (M ) +9Q ( MW)] , (3-45)

oc OLWr&

and accordingly the ZZB in (3-44) is simplified as

T—-¢ _
T TR I
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Figure 3.2 The influence of different compressive sensing kernels on the minimum probability of error.
(a) Deterministic model; (b) Stochastic model.

It is worth noting that, when o, = 0, we have sz, = —yir, and 0%¢ = U%WE = 2y, since
c = 0and Ry, = Ryy,+¢c = Ry, and thus the stochastic ZZB in (3-44) degrades to the
deterministic ZZB in (3-17).

In summary, the derived ZZB either for deterministic model or for stochastic model is a
function of compressive sensing kernels @ through the minimum probability of error P, (¢, o+
€). Hence, we investigate the influence of different CRs and compression strategies on the min-
imum probability of error in Fig. 3.2. It is assumed that the SNR is fixed to 40 dB, and the
time delay 7 follows a uniform a priori distribution in [0, 0.8]us. In addition, it is assumed that
’O’j—g = 20 for the stochastic model. We fix the sampling rate of 100 MHz at the receiver, while
scale up the transmitted waveform bandwidth CR times at the transmitter. It is observed that,
Puin(p, @ + &) converges to 0.5 regardless of compression or not for both deterministic and
stochastic models when ¢ tends to zero, indicating that the binary hypothesis testing problem
(2-4) makes a decision randomly between H and H, with equal probability. With £ increasing,
Pmin(p, @ + &) decreases in all scenarios, and the more compression, the lower the minimum
probability of error. The root reason is that, compared with Nyquist sensing, compressive sens-
ing enables more transmit bandwidth, such that it has better naive resolution. Consequently, it

leads to the lower minimum probability of error, which will be subsequently reflected in ZZBs.

Moreover, the information-theoretic CS kernel [101] makes the minimum probability of error
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decrease sharper than the random Gaussian kernel, indicating that the optimized CS kernel en-
ables a lower minimum probability of error for the ZZBs. It is also observed that deterministic
Prin (¢, ¢ + &) decreases sharper than the stochastic P, (¢, ¢ + &) regardless of compression
or not, which indicates that the less the stochastic, the lower the minimum probability of error.
Furthermore, compared with random compressive sensing, information-theoretic compressive
sensing can decrease the minimum probability of error more in the deterministic scenario than
in the stochastic scenario. It is worth noting that, the derived minimum probability of error and
the corresponding ZZBs are for the first time appropriate for optimized CS kernels, which gen-
eralizes the ZZB derivation from random compressive sensing only (see, [63]) to both random

and optimized compressive sensing.

3.4 Simulation

In this section, we evaluate the derived ZZBs for the compressive time delay estimation.
We also study the effect of CRs, the a priori distributions, and the Gaussian noise colors on the
Z7ZBs especially on the asymptotic region threshold. In our simulations, we keep the A/D con-
verter operating at a fixed sampling rate of B = 100 MHz, while scale up the radar waveform
bandwidth to CR x B at the radar transmitter. As such, we can achieve CR times compression
at the radar receiver. For example, when the CRs are five and ten, the transmitted waveform
bandwidth are respectively 5 x 100 MHz = 500 MHz and 10 x 100 MHz = 1 GHz. Without
loss of generality, we adopt the widely used LFM signal as the radar waveform. It is noted that
other radar waveforms are also applicable since the derived ZZBs do not require the a priori
knowledge of the radar waveform. According to the signal model, the input SNR in the sim-

ulations is defined as SNR = 2* for deterministic signals and SNR = ® for stochastic

on

signals. The time delay is assumed between 0 us and 0.8 us, which corresponds to the range of
a target from the radar being between 0 meters and 120 meters.

We choose the RMSE of the time delay estimation as the performance metric for the derived

Z7Bs. Meanwhile, both BCRBs and MMSE estimator are also presented for a comparison. For
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Figure 3.3 RMSE comparison of deterministic ZZB, BCRB, and MMSE estimator with random Gaus-
sian CS kernel. (a) 7 ~ U0, 2]; (b) 7 ~ A’ (4—;, (%)2) .

the MMSE estimate of the time delay

F=Eayfrh = [relyar = [ D g

() G-47)

with f(y) = [ f(y|7)f(7)dr, we run K = 1,000 Monte-Carlo trials for each SNR to obtain
the RMSE. Here, the RMSE is defined as

RMSE = (3-48)

1 K
e Z (7 — 1),

k=1

where 7}, is the MMSE estimate of the true time delay 7, in the k-th Monte-Carlo trial.

3.4.1 Deterministic Model

For deterministic signals, we consider two typical distributions of time delay, i.e., a uniform
distribution 7 ~ [0, %] and a normal distribution 7 ~ N <%, (1) 2) . InFig. 3.3, we compare
the deterministic ZZB with the deterministic BCRB and the MMSE estimator, where the random
Gaussian CS kernels are applied. It is observed that the ZZB effectively lower bounds the MSE

in all regions regardless of compression or not, namely, the ZZB converges to the BCRB in

the asymptotic region and converges to the a priori variance of 7 in the low SNR situation.
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Table 3.1 Threshold points of ZZBs with different CRs.

CR \2345678910
Threshold (dB) [ 17.5 19 20.5 22 22.5 23 24 25 26

On the contrary, the BCRB cannot provide a tight bound outside the asymptotic region. The
reason is that, different from utilizing limited Fisher information in the low SNR situation, the
Z7ZB lower bounds the MSE by minimizing the probability of error via MAP detector, which
makes a decision between H, and H; by the a priori distribution f(7). Moreover, the ZZB
with 7 ~ N (%, (%)2> is lower than that with 7 ~ /[0, %] in the low SNR situation, which is
because the normal distribution provides more a priori information than the uniform distribution
and has a lower a priori variance.

From Fig. 3.3 it is also observed that, there is an intersection point between ZZBs with
different CRs, which is located between the two threshold points. On the one hand, the ZZB
converges to the a priori variance of 7 in the low SNR situation regardless of the CRs, but
with SNR increasing, higher CR makes the ZZB achieve the asymptotic region at a higher SNR
to make up the SNR loss during the compression. For example, in Fig. 3.3a the asymptotic
regions of the ZZBs with Nyquist sampling (i.e., CR = 1), compressive sampling with CR = 5
and CR = 10 start from around 14 dB, 22 dB, and 26 dB, respectively. On the other hand,
higher CR enables lower ZZB in the asymptotic region. Thus, there must be an intersection
point between two ZZBs with different CRs, which motivates us to prefer higher CR for SNR
above the intersection point to obtain a lower ZZB. On the contrast, we have to choose lower
CR to have lower ZZB when the SNR is below the intersection point.

To find the relationship between the intersection point and the corresponding thresholds,
we plot all the intersection points among ZZBs from CR = 2 to CR = 10 in Fig. 3.4. Mean-
while, according to the thresholds under different CRs listed in Table 3.1, we also plot all linear
interpolation points between different pair of thresholds in Fig. 3.4. For example, the linear in-
terpolation of thresholds between ZZBs with CR = 4 and CR = 7is 20.5 X 11 +23x ;1= ~ 22.1
dB. It is observed that, the linear interpolation can be used to approximately predict the inter-

section point of the ZZBs with different CRs. Thus, once we obtain two threshold points of
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Figure 3.4 Intersection points of ZZBs with differ- Figure 3.5 Influence of time-bandwidth product on
ent CRs. the derived ZZB.

the ZZBs under different CRs, we can approximately predict the intersection point of these
two ZZBs according to such linear interpolation, which may help us to choose proper CRs in
different SNRs.

Then, we investigate the influence of time-bandwidth product on the derived ZZB. We
compare the 1 GHz bandwidth waveform as in Fig. 3.3 with a 10 MHz bandwidth waveform
whose time delay follows a uniform distribution in [0, 8] us. Thus, the time-bandwidth product
of 1 GHz bandwidth waveform is 10 times greater than that of 10 MHz bandwidth waveform,
where both CRs are fixed to CR = 10. The comparison of ZZB, BCRB and MMSE estimator
under different time-bandwidth products are plotted in Fig. 3.5. Obviously, in the low SNR
situation, the derived ZZB effectively lower bounds the MSE of the MMSE estimator to the a
priori variance of 7, which does not depend on the actual bandwidth (say, 10 MHz or 1 GHz).
On the other hand, in the asymptotic region, the ZZB converges to the BCRB in each scenario.
More specifically, the ZZB for 10 MHz waveform bandwidth is 100 times greater than that
for 1 GHz waveform bandwidth, indicating that the ZZB in the asymptotic region is inversely
proportional to the bandwidth. Moreover, it is worth noting that, the threshold points of two
scenarios occur at the same SNR (say, 26 dB), which means that changing time-bandwidth
product will not change the threshold point of the derived ZZB for a given CR. Hence, the
derived ZZB for different time-bandwidth products can be predicted according to the a priori

variance of 7 in the low SNR situation and the waveform bandwidth in the asymptotic region.
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Figure 3.6 RMSE comparison of deterministic ZZB, HCRB, and MMSE estimator considering nui-
sance unknown o with random Gaussian CS kernel. (a) 7 ~ /[0, %]; d7r~N (%, (%)2) .

In Fig. 3.6, we investigate the effect of nuisance parameter o on the derived ZZB. For
comparison, both the MMSE estimator incorporating the MLE of « in (3-22) and the HCRB
[107] are also plotted. Other simulation parameters are same as those in Fig. 3.3. It is observed
that, the derived ZZBs in Fig. 3.6 are same as those in Fig. 3.3 in the asymptotic region, indi-
cating the asymptotic optimality of the log-GLRT [1]. In the high SNR situation, the nuisance
parameter « can be accurately estimated such that the ZZB converges to the HCRB and is tight
for lower bounding the MSE of the MMSE estimator. In the low SNR situation, affected by the
MLE in (3-22), the deterministic ZZB does not converge to the a priori variance of 7, making
the ZZB not tight as that in Fig. 3.3. However, compared with the HCRB, the ZZB still provides
a tighter bound in the low SNR situation. Moreover, it is worth noting that, compared with Fig.
3.3, the existence of nuisance parameter « does not obviously affect the threshold point location
of the derived ZZB.

Since the ZZB is a function of the CS kernel, it is reasonable to optimize the CS kernel to

lower the ZZB. In Fig. 3.7, we compare the ZZB with the information-theoretic CS kernel [97],
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Figure 3.7 RMSE comparison of deterministic ZZB, BCRB, and MMSE estimator with information-
theoretic CS kernel proposed in [101]. (a) 7 ~ 1[0, 2]; (b) 7 ~ N (4—30, (%)2).

[101], which is obtained by solving the mutual information maximization problem

max I(y;T)

st. PN =T (3-49)

where the objective function /(y; 7) denotes the Shannon mutual information between the com-
pressive measurement y and the time delay 7, and the row orthogonal constraint is used to avoid
increasing the mutual information by simply scaling up the CS kernel. By comparing Fig. 3.7
to Fig. 3.3, we can see that the BCRB has a constant decrease in all regions, but the ZZB only
decreases in the transition region and the asymptotic region. Obviously, the ZZB still can pre-
dict the estimation performance correctly in all regions, which means in the low SNR situation,
the ZZB is more tighter than the BCRB for the information-theoretic CS kernel than the ran-
dom CS kernel. In addition, we also can see that for a fixed CR (e.g., CR = 5), the ZZB using
information-theoretic CS kernels starts the asymptotic region at lower SNR (18 dB) than that
using random CS kernels (22 dB). Correspondingly, the intersection point between two ZZBs
with different CRs also occurs at lower SNR, e.g., about 21.2 dB for ZZBs with CR = 5 and
CR = 10 in Fig. 3.7a versus 24.2 dB in Fig. 3.3a. Another significant observation is that in

the transition region, the ZZB using information-theoretic CS kernel is much closer to the ZZB
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Figure 3.8 Performance comparison of deterministic ZZB and BCRB under different colored Gaussian
noises with CR = 10. (a) 1 GHz waveform bandwidth; (b) 10 MHz waveform bandwidth.

of Nyquist sampling (i.e., without compression) than the ZZB using random CS kernel. This
advantage is also verified by the MMSE performance comparison.

Since there is no restriction on the color of the Gaussian noise, we investigate the perfor-
mance of the deterministic ZZB under colored Gaussian noises in Fig. 3.8, where pink noise
(whose power spectral density is inversely proportional to the frequency) and red noise (whose
power spectral density is inversely proportional to the square of frequency) are considered!. Asa
comparison, both ZZB and BCRB with under Gaussian noise are also plotted. Other simulation
parameters are same as those in Fig. 3.5. It is observed that, in the low SNR situation, all ZZBs
converge to the a priori variance of the time delay 7, regardless of the colors of the Gaussian
noises. On the contrary, in the asymptotic region, the ZZBs under different colored noises re-
spectively converge to the corresponding BCRBs. Hence, the derived ZZB always outperforms
the corresponding BCRB regardless of the Gaussian noise colored or not. It is also observed
that compared with white noise, both red noise and pink noise can bring the lower bounds (ZZB
and BCRB) from the transition region to the asymptotic region. Correspondingly, red noise and
pink noise make their individual ZZBs achieve the asymptotic region at lower input SNR than

white noise. The reason is that, the power spectral densities of red/pink noises attenuate with

"Both the pink noise and red noise are generated by MATLAB® with in-built function dsp.ColoredNoise(-).
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Figure 3.9 Sensitivity analysis of the deterministic ZZB. (a) PDFs of time delay 7; (b) The corresponding
Z7.ZBs and BCRBs.
the frequency increasing, indicating that for the same SNR, the high-frequency components of
the red and pink noises are much smaller than those of white noise. As such, the received sig-
nals contaminated by red or pink noise have larger equivalent SNR than the received signals
contaminated by white noise, which enables a lower ZZB accordingly. Correspondingly, by
comparing Fig. 3.8a and Fig. 3.8b, we can see that the larger the waveform bandwidth, the
larger difference of ZZBs between colored Gaussian noises and white Gaussian noise.
Similarly as the BCRB, the ZZB depends on the a priori distribution of the unknown time
delay. Hence, in Fig. 3.9, we study the sensitivity of ZZB w.r.t. the a priori distribution, where
the BCRB is also plotted for the reference. Without loss of generality, a random Gaussian CS
kernel with CR = 5 is applied here. Obviously, the ZZB is sensitive to the a priori distribution
of the unknown parameter in the low SNR situation and in the transition region. By comparing
Fig. 3.9a and Fig. 3.9b, we can see that the lower variance of 7 brings the lower ZZB in the
low SNR situation and transition region, where the a priori distribution f(7) provides more
information than the observation in lower bounding the MSE. However, the effect of the a
priori distribution on the ZZB will vanish as long as the SNR increases to the asymptotic region
threshold, in which region the ZZB is limited by the radar waveform bandwidth via the CR. By
contrast, all BCRBs with different a priori distributions f(7) almost coincide, indicating that
the a priori distribution f(7) performs little effect on the BCRB, which explains the reason why

the ZZB is more tighter in the transition region.
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Figure 3.10 RMSE comparison of stochastic ZZB and stochastic BCRB with random Gaussian CS
kernel. (a) 7~ U[0, 1; () 7 ~ A (42, (19)°).

3.4.2 Stochastic Model

Now let’s take a look at the stochastic ZZB with general Gaussian signal amplitude «,
which variance o2 is assumed to be fixed to 1 in our simulations. In Fig. 3.10, we compare the
stochastic ZZB and the stochastic BCRB, where random Gaussian CS kernels are applied and
the signal amplitude « follows a Gaussian distribution CN (j1,, 02) with ‘Z—g' = 10. Similar as
the deterministic case, the stochastic ZZB is also tighter than the stochastic BCRB in the low
SNR situation and in the transition region regardless that the a priori distribution of 7 is uniform
or normal. In the asymptotic region, the stochastic ZZB converges to the stochastic BCRB as
expected. That is to say, although we introduced the approximation of the quadratic form of
complex Gaussian vector during the derivation of the stochastic ZZB, it can still effectively
lower bound the MSE over a wide range of SNR.

Finally, we investigate the influence of the stochasticity of the signals on the stochastic
77B by selecting % as the metric of the stochasticity of the signals. The stochastic ZZBs with

\

different |f;—“ are compared in Fig. 3.11, where the stochastic BCRB? is also plotted for the

2
a

reference. It is observed that the stochastic ZZB converges to the deterministic ZZB with lugl

O

2We note that, unlike the stochastic ZZB, the stochastic BCRB is not sensitive to % Hence, we only plot one stochastic

BCRB in Fig. 3.11 for the comparison rather than plotting all stochastic BCRBs of all tested ‘g—g“ cases.
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Figure 3.11 Asymptotic region threshold comparison of stochastic ZZB.

increasing and, correspondingly, has the lower asymptotic region threshold. For example, the
thresholds of ZZBs for % = 10 and 20 are respectively SNR = 26.2 dB and 26 dB. However,
it is worth mentioning that, when |Z—(§:‘| = 6, the derived stochastic ZZB cannot effectively lower
bound the MSE in the asymptotic region, since it may suffer from the approximation in (3-36).

Nevertheless, the stochastic ZZB still works reliable in the low SNR situation and is tighter than

the BCRB. More accurate stochastic ZZB for small “;—;*' remains further study.

3.5 Summary

In this chapter, we derived the deterministic ZZB and the stochastic ZZB for compressive
time delay estimation as functions of CS kernels. Because there is no restriction on the CS
kernel, the derived ZZBs are for the first time applicable for arbitrary CS kernels either random
one (e.g., Gaussian CS kernels) or optimized one (e.g., information-theoretic CS kernels [101]).
Besides white Gaussian noise, the derived ZZBs are also effective for other colored Gaussian
noises. Simulation results demonstrate that, besides consistent with the BCRB in the asymptotic
region, the derived ZZB regardless of the deterministic one or the stochastic one is tighter than
the BCRB in the low SNR situation and the transition region. Hence, it is effective to lower
bound the MSE over a wide range of SNR. Also, the relationship between the time-bandwidth
product and the derived ZZB is investigated. In the derived stochastic BCRB, an approximation

of quadratic form of complex Gaussian vector is adopted, which makes the stochastic ZZB
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inaccurate in the asymptotic region with small % Hence, we will consider to derive a more
accurate expression for the stochastic ZZB. In the future work, we will also consider some more
specific scenarios, such as multipath model, frequency selective channel, extended targets, etc.
Finally, although the ZZBs of this chapter are derived for compressive time delay estimation,

we believe that the basic conclusions are valid for compressive estimation of other nonlinear

parameters [116]-[119].
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Chapter 4. ZZB for Compressive Time Delay Estimation with
Zero-Mean Gaussian Signals

Existing stochastic ZZB for compressive time delay estimation from compressed measure-
ment relies on a Gaussian approximation, which makes it inaccurate in the asymptotic region
when the stochastic component dominates the received signals. In this chapter, we apply differ-
ent random projections on zero-mean Gaussian received signal to obtain multiple compressed
measurements, based on which the log-LRT is exactly formulated as the difference of two gen-
eralized integer Gamma variables. Accordingly, we further derive the exact expression of the
stochastic ZZB for compressive time delay estimation from zero-mean Gaussian signal. Sim-
ulation results show that the derived ZZB is globally tight to accurately predict the estimation
performance regardless of the number of compressed measurements, and it can also accurately
predict the threshold SNR for the estimator when the number of compressed measurements is

large.

4.1 Introduction

Time delay estimation is a fundamental nonlinear parameter estimation problem with nu-
merous applications in radar, sonar, seismic, remote sensing, wireless communication, indus-
trial IoT, etc [61], [85]-[88], [120]. Due to the high range resolution, wideband signals have
been widely adopted as the radar transmit waveforms in the recent years to improve the estima-
tion accuracy. Nevertheless, it also becomes challenging for radar receivers w.r.t. high-rate A/D
converters, system cost and power consumption. CS [90], [91] provides a promising solution to
use sub-Nyquist A/D converters to sample wideband signal while keeping its high resolution.
Hence, CS radar has received a lot of interest in the past decade [92], [95], [97], [98], [101],
[121], among which compressive time delay estimation is one typical application.

As a typical nonlinear parameter estimation problem, there is also no exact closed-form

expression, under the CS framework, for minimum MSE on time delay estimation. To this end,
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it has aroused interest in the derivation of tight lower bounds for the MSE of compressive time
delay estimation. Among them, CRB [5], [12]-[14], [122]-[124] is the most frequently used
one due to its easy evaluation with the closed-form expression and asymptotic tightness at high
SNR. However, the classic CRB depends on the actual value of the parameter only, and fails
to use the a priori statistical information on the parameter to obtain a tight bound in the non-
asymptotic region. Although BCRB utilizes the a priori probability density of the parameter, it
does not provide a global tight bound for compressive time delay estimation [101].

Different from CRB and BCRB, the ZZB is a global bound on the MSE tight over a wide
range of SNR [3]. It was originally proposed for time delay estimation under the assumption
of uniform a priori distribution of the time delay [54] and then was extended for arbitrary a
priori distributions [57]. Since then, the ZZB has been applied for evaluating various parameter
estimation problems, see for instance [58], [60], [62], [64], [65], [72], [115]. In particular, we
derived both deterministic ZZB and stochastic ZZB for compressive time delay estimation,
which are suitable for arbitrary CS kernels and Gaussian noise regardless of white or not [64].
However, it was observed that the Gaussian approximation during the derivation of stochastic
Z7B makes it inaccurate in the asymptotic region when the stochastic component dominates
received signals, even makes it completely invalid when the received signals are zero-mean
Gaussian.

In this chapter, we derive an explicit expression of the stochastic ZZB for compressive
time delay estimation from zero-mean Gaussian signal, without introducing any approximation.
We apply different random CS kernels on the zero-mean Gaussian received signal to obtain
multiple compressed measurements. Based on these compressed measurements, the log-LRT
can be exactly formulated as the difference of two generalized integer Gamma random variables.
Consequently, we derive the minimum probability of error of the required binary hypothesis
testing problem and the exact expression of the stochastic ZZB. Simulation results demonstrate
that the derived ZZB can accurately predict the threshold SNR of the MMSE estimator when

the number of measurements is large.
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4.2 Signal Model

For an active radar, the received signal reflected from a far-field point target at time ¢ can
be modeled as

r(t) = ap(t — 1) + n(t), 4-1)

where a € C is the signal amplitude following a zero-mean circular complex Gaussian distri-
bution CA(0,02), 1(t — 7) is the radar waveform delayed by an unknown time 7, and n(t)
is the complex-valued additive Gaussian noise. Due to the sparsity of radar signal in the time
domain, the unknown time delay 7 can be estimated from compressed measurements according
to the CS theory. By projecting the received signal r(¢) onto K different random CS kernels
{P1, Do, - ,Px}, we obtain the compressed measurement matrix ¥ = [y, Yo, - ,Yx| €
CMxK

, where

Yr = Ppr = Pp(atp(T) +n) k=1,2,-- K. (4-2)

Here, ®;, € CM*L is the k-th CS kernel (M < L) satisfying &, P} = I and &, P’ = 0,Vk #
m, (1) € CF is the discrete-time representation of the delayed radar waveform (¢ — 7), and
n € CF is the zero-mean circular complex Gaussian noise following CN'(0, C.,,, ).

For a given time delay 7, each compressed measurement y;, follows a zero-mean complex

Gaussian distribution CA/(0, C™*)

yy|-) With covariance matrix

CW =&, (o2(r)Y" (1) +Chp) B (4-3)

yylt

Accordingly, the conditional PDF of the compressed measurement matrix Y given time delay

T, 1s expressed as

1 - f y [C(k> :|7lyk
f(Y’T) _ - e K k[ TyylT . (4-4)
KM H C(k)
P! yy|T

The classical CRB is a lower bound on the variance for any unbiased estimator [2]. Dif-

ferent from the classic CRB, BCRB utilizes the a priori information of the time delay, and is
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given in (3-6), where

X« Jlc® 17
Jp =202 E.{ R |9(r)P)! [ yy'T] &, ) (4-5)
k=1

dr dr

represents the Fisher information of the measurement data derived by following the framework

given in [101], and Jp is the same as (3-7).

4.3 Z7B Derivation

According to (4-4), the log-LRT becomes

Lr=c+ Z Ui ([ yyl«p%} 7 [C!(/I;/|‘P:| 1) Yt (4-6)

where
) yleo+£ ‘ (4-7)
— c®
k=1 ’ yyle
is a constant given ¢ and &.
1
Due to y; ~ CN (O, yy)lf) we have z;, = [C;];)‘T} Ly~ CN(0,I). Thus, £, can be
formulated as a quadratic form of the complex Gaussian vector Z = [2],2],- - , 2| T e MK
as
L,=c+ 2T,z (4-8)
where
I', = block diag [, Qy, -+, Q] (4-9)
is a Hermitian block diagonal matrix with
o =lc® 1 ([e® 1" =[e® 1) [ew | (4-10)
yy|T yylo+€ yyle yylr| - )
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Then, the matrix I'; can be eigen-decomposed as

T, = UAUY, (@-11)

where U, is a unitary matrix and A, is a diagonal matrix containing eigenvalues of I' .. Now,

by substituting (4-11) into (4-8), we have

L, =c+ iHUTATUfi =c+ w'A, w, (4-12)

where w = UMz ~ CN(0, I). Hence, the log-LRT is expressed via a linear combination of

chi-square random variables as

Lr=c+ > h32c+X, (4-13)

where rank(T";) = 2K is the rank of T, !, A.; denotes the i-th non-zero eigenvalue in A, and
X4 denotes the chi-square distributed random variable with 2 degrees of freedom.

Obviously, there are both positive and negative eigenvalues contained in A since I'; is an
indefinite matrix. Then, X, results in a difference of two generalized integer Gamma distribu-

tion with the exact CDF [125]

( pt
1-GTG~ ZP;“B*”J‘%, x>0,
Fy (z) = = (4-14)
p
GtG~ ZP@_G*’”Z””, x <0,
\ (=1
where li;'_ = % and k, = % with /\;-F and \, respectively representing modulus of the j-th

positive eigenvalue and the /-th negative eigenvalue in A, p™ and p~ respectively denote the

't is easy to prove by applying the Sherman-Morrison formula on (4-10).
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number of positive and negative eigenvalues. Here,

Gt=11+ (4-15)
j=1
-
G =1 (4-16)
=1
P P 1 pt
b= - - ) 4-17
’ 4217)1—[1(/61)—/15)(/{?%-/{5)/{}“1/@+—;§j (4-17)
vt u#j
and
pt pt 1 -
o= N = 4-18
g ;%%Oﬁ—mﬁ@q+w)@g%ﬁ._@ (4-18)

Then, by respectively substituting 7 = ¢ and 7 = ¢ + £ into (4-9) and calculating (4-11)

to (4-18), we have

Pr(L, <) = Fx,(y — ¢, (4-19)
and
Pr(Lowe>v)=1-Fx_  (v—0). (4-20)
Thus, the minimum probability of error P i, (0, ¢ + ) is explicitly expressed as
Pruin (0, + &) = Pr(Ho) Fx, (v — ¢) + Pr(H1) (1 = Fx, (v —¢)) - (4-21)
and the stochastic ZZB becomes
1 +oo +oo
MSE> 5 [ ¢ [ ife)+ o+ Ol
0 —00 (4-22)

[Pr(Ho)Fx, (v —¢) +Pr(Hy) (1 — Fx, (v — ¢)) |dp d&.
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4.4 Simulation

In this section, we compare the effect of the number of CS kernels on the exact stochastic
Z7ZB for compressive time delay estimation, where the Gaussian random CS kernel is adopted.
Without loss of generality, in our simulations, we use a 1-MHz-bandwidth A/D converter to
sample 10-MHz-bandwidth radar received signal?, i.e., the compressive sampling ratio equals
to 0.1, where the radar waveform is a typical LFM signal. The dimension of the obtained com-
pressed measurement yy, is M = 16. Due to the zero-mean assumption, the SNR at the receiver
is defined as SNR = % Here, we assume the time delay 7 follows a normal distribution as
T~ N (4ps, (1,us)2) in [0, 8]us®, which means that a target locates from 0 meters to 1,200
meters away from the radar receiver. In all simulations, we perform numerical integration to

evaluate the ZZBs according to the trapezoidal rule, and run () = 1,000 Monte-Carlo trials to

obtain the BCRB (i.e., J;') and the RMSE

Q
RMSE = %Z (7 — 7o) (4-23)

q=1

of the MMSE estimator [101]

o [HORIE,

7Y 29

for each SNR point, where 7, is the MMSE estimate of the true time delay 7, in the ¢-th Monte-
Carlo trial, and f(Y') = [ f(Y|7)f(7)dr.

Due to the applicability limitation of the Gaussian-approximated stochastic ZZB [64], in
the first example, we compare it with the exact stochastic ZZB (4-22) under the single com-
pressed measurement. It is observed from Fig. 4.1 that, the Gaussian-approximated ZZB is
completely invalid for evaluating the MMSE estimator outside the a priori performance region,

because for zero-mean Gaussian received signal, P, (0, ¢ + &) in Eq. (50) of [64] degrades

The effect of waveform bandwidth on ZZB was investigated in our pervious work [64]. Hence, the simulation in this
chapter can be used to effectively predict the cases with larger waveform bandwidth.

3The derived ZZB is appropriate for arbitrary a priori distribution of 7.
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Figure 4.1 RMSE comparison of BCRB, Gaussian- Figure 4.2 RMSE comparison of BCRB, ZZB, and

approximated ZZB, ZZB, and the MMSE estima- the MMSE estimator with different number of CS

tor with single CS kernel (K = 1). kernels.

to either Pr(H,) if ¢ > v or Pr(#,) if ¢ < ~. It implies that the Gaussian-approximated ZZB
is dominated by the a priori distribution of 7 only, such that it fails to lower bound the MSE
anymore. Compared with the Gaussian-approximated ZZB, the BCRB provides a loose bound
in the transition region although it does converges to the a priori variance of the time delay 7
in the a priori performance region. On the contrast, the ZZB derived in this chapter can predict
the estimation performance of the MMSE estimator from the a priori performance region to
the asymptotic region. Meanwhile, it is also observed that the ZZB does not tend to coincide
with the BCRB in the asymptotic region. The reason is that, as a local bound, the BCRB only
captures the local small errors, and becomes loose in the presence of catastrophic errors even in
high SNR situation. By contrast, the ZZB captures both small and catastrophic errors to provide
a global tight bound.

In the second example, we compare the ZZB with the BCRB and the RMSE of the MMSE
estimator under different number of CS kernels. It is observed from Fig. 4.2 that, all the ZZBs
converge to the a priori variance of the time delay 7 regardless of the number of CS kernels, and
provide global tight bound to predict the RMSE of the MMSE estimator. Compared with the
single compressed measurement (K = 1), the ZZB tends to the corresponding BCRB with the
SNR increasing for multiple compressed measurements (e.g., K = 4), which implies that the
catastrophic errors on the RMSE in the asymptotic region can be mitigated or even eliminated by

increasing the number of CS kernels. Furthermore, the gap between the ZZB and the BCRB in
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the asymptotic region becomes smaller as the number of compressed measurements increases.
The reason is that, more random CS kernels increase the rank of I',. in (4-9) and bring more
non-zero eigenvalues accordingly, leading to a negligible P, (¢, ¢ + £) in (2-7) for large &.
Correspondingly, the effect of catastrophic errors on the RMSE is mitigated in the asymptotic
region, and finally the ZZB coincides with the BCRB (see K = 8). Moreover, unlike the BCRB
without threshold effect, the ZZBs for K’ = 4 and K = 8 accurately predict the threshold SNRs
for the MMSE estimator. Obviously, the threshold SNR predicted by the ZZB becomes lower
with more compressed measurements (30 dB for K = 4 versus 22 dB for K = 8), indicating

that the ZZB enters the asymptotic region earlier.

4.5 Summary

In this chapter, we derived the stochastic ZZB for compressive time delay estimation from
multiple random compressed measurements on zero-mean Gaussian received signal. From the
multiple compressed measurements, we derived the exact expression of the log-LRT as the dif-
ference of two generalized integer Gamma distributed variables, based on which we further de-
rived the minimum probability of error of the binary hypothesis problem and the corresponding
stochastic ZZB without any approximation. Simulation results demonstrate that the stochastic
77B derived in this chapter consistently provides a global tight bound, from the a priori per-
formance region to the asymptotic region, on evaluating the MMSE estimator for zero-mean
Gaussian signal, regardless of the number of compressed measurements. In addition, the de-
rived stochastic ZZB can also accurately predict the threshold SNR for the MMSE estimator,
provided the number of measurements is large. It is noting that, besides the ZZB, the fam-
ily of WWB also provide tight bounds for parameter estimation (see, [126] and the references
therein), which motivates us to further evaluate the WWB for compressive time delay estimation

and provides more insight for the comparison between ZZB and WWB in our future work.
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Chapter 5. ZZB for 1D DOAs Estimation

Lower bounds on MSE play an important role in evaluating the DOA estimation perfor-
mance. Among numerous bounds for DOA estimation, the local CRB is only tight asymptoti-
cally. By contrast, the existing global tight ZZB is appropriate for evaluating the single source
estimation only. In this chapter, we derive an explicit ZZB applicable for evaluating hybrid
coherent/incoherent multiple sources DOA estimation. It is first shown that, a straightforward
generalization of ZZB from single source estimation to multiple sources estimation cannot keep
the bound valid in the a priori performance region. To derive a global tight ZZB, we then in-
troduce order statistics to describe the change of the a priori distribution of DOAs caused by
ordering process during the MSE calculation. The derived ZZB is for the first time formulated
as a function of coherent coefficients between coherent sources, and reveals the relationship
between the MSE convergency in the a priori performance region and the number of sources.
Moreover, the derived ZZB also provides a unified tight bound for both overdetermined and
underdetermined DOA estimation. Simulation results demonstrate the obvious advantages of
the derived ZZB over the CRB on evaluating and predicting the estimation performance for

multiple sources DOA.

5.1 Introduction

DOA estimation is a fundamental problem in many array processing applications including
radar, sonar, navigation, and wireless communications [2]. In the past decades, multiple sources
DOA estimation has attracted great research interest, the majority of which concentrated on
the algorithm design. Among them, the typical ones include MUSIC [127]-[129], ESPRIT
[130]-[132], sparse reconstruction-based algorithms [133]-[135], and machine learning-based
algorithms [136]-[138].

MSE is commonly used to evaluate the performance of estimators. However, as a typi-
cal nonlinear parameter estimation problem, there is no exact closed-form minimum MSE for

DOAs estimation, which motivates to find MSE lower bounds (see, [3] and the references
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therein). Among them, CRB [5] is the most widely used one, since it is easily derived from
the inverse of the FIM. Therein, the closed-form CRB for DOAs estimation is given in [6],
[7]. To overcome the singularity of FIM in the underdetermined estimation, nonsingular FIM
is derived in [8], [9], where the corresponding coarray CRB for underdetermined DOA estima-
tion is also provided. As a local non-Bayesian bound, it is well known that these CRBs are only
asymptotically tight in small error estimation scenario (e.g., high SNR), and cannot offer a valid
bound in evaluating estimation performance under low SNR situation. In order to overcome the
locality of these CRBs, numerous Bayesian bounds utilizing the a priori distribution of param-
eters had been proposed in past few decades [3], among which one typical class is covariance
inequality-based bounds [39] including BCRB [2], WWB [38], RMB [45], BAB [42], and BZB
[44]. However, these bounds rely on higher order derivative, optimization over free variables
and empirical testing point selection to provide a global tighter solution [3].

As another typical Bayesian bound, ZZB enables to provide a global tight bound on the
MSE over a wide range of SNR. ZZB was originally proposed in [54] (with improvement in
[55], [56]) by considering a scalar estimation problem, where the time delay is assumed to
follow a uniform a priori distribution. Since then, the ZZBs for specific scalar parameter esti-
mation problems have been widely studied [61], [62], [64], [67]-[69], [115], [139], e.g., single
source DOA estimation exploiting linear array [68], [69]. On the other hand, a unified ex-
pression of ZZB for vector parameter estimation with arbitrary a priori distribution was first
derived in [57], which provides a promising framework for the derivation of ZZB on multiple
sources DOA estimation. However, it remains challenges in deriving an explicit ZZB due to
the involved high dimensional integration and constrained optimization. Although an explicit
7.7B for two-dimensional DOA estimation was derived in [58], the involved Sherman-Morrison
formula and matrix determinant lemma make it appropriate for single source estimation only.
Furthermore, its uniform distribution assumption on sin ¢ rather than on the DOA 6 itself, is
impractical for DOA estimation, because it implies that, the source signal impinges on the array
from the boresight with the highest probability, and the probability gradually decreases with the
DOA deviating from the boresight. Hence, the existing ZZBs for single source DOA estima-

tion are difficult to be straightforwardly extended to multiple sources scenario, where the main
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challenges are:

» With the number of sources increasing, the numerical solution suffers from heavier com-

putational burden, such that an explicit ZZB is required.

» For multiple sources DOA estimation, there naturally exists permutation ambiguity dur-
ing MSE calculation. However, the ordering process for the elimination of permutation
ambiguity implicitly changes the a priori distribution of DOAs, which makes the ZZB

derived from the existing framework invalid in the a priori performance region.

* For multiple sources DOA estimation, the mutual coherence among coherent sources is
generally unavoidable due to multipath propagation (see, [140]-[142] and the references

therein), the effect of which on the ZZB is still unclear.

Due to these difficulties, some researchers had to adopt the ZZB for single source DOA es-
timation [58] to evaluate their multiple sources DOA estimation [71]. In this chapter, we derive
an explicit ZZB for hybrid coherent/incoherent multiple sources DOA estimation. By utiliz-
ing Woodbury matrix identity and Sylvester’s determinant theorem, we first follow the deriva-
tion in [58] to generalize the ZZB for single source DOA estimation to multiple sources DOA
estimation. However, such straightforward generalization does not consider the permutation
ambiguity arising in MSE calculation for multiple sources DOA estimation, which makes the
generalized ZZB invalid in the a priori performance region. To this end, we for the first time in-
troduce the order statistics to describe the effect of the elimination of permutation ambiguity on
the ZZB, such that the ZZB keeps tight for the evaluation of DOA estimators outside the asymp-
totic region. The ZZB for DOAs estimation is an explicit function of the number of sources,
the number of array sensors, the number of snapshots, the a priori distribution and SNRs of
sources, array observation data, and the coherent coefficient. Furthermore, the derived ZZB
provides a unified expression for both overdetermined DOA estimation and underdetermined
DOA estimation, and also explicitly reveals the MSE convergency in the a priori performance
region w.r.t. the number of sources and their a priori distributions. Simulations demonstrate the

validity of the ZZB to predict multiple sources DOA estimation performance, benefited from
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its obvious threshold effect. Compared with the widely used CRB, the derived ZZB provides a
tight bound over a wider range of SNR, and clearly reveals the MSE convergency in the a priori
performance region and the effect of the coherent coefficient in the transition region.

The rest of this chapter is organized as follows. We introduce a hybrid coherent/incoherent
multiple sources model, MSE and CRB in Section 5.2. Then, in Section 5.3, we derive a ZZB as
an explicit function of multiple sources, where the permutation ambiguity in DOAs estimation
is also considered. We perform simulations in Section 5.4 to demonstrate the advantages of the

Z7ZB. Finally, we make our conclusions in Section 5.5.

5.2 Signal Model, MSE and CRB

Assuming K far-field narrowband signals impinging on a linear array consisting of M
sensors located at {d;, do, - - - ,dy;} from directions @ = [0, 0y, - - - , 0x]*, where, without loss
of generality, the first L. (1 < L < K) sources are assumed to be mutually coherent, while the
left K’ — L sources are incoherent with each other and independent of the first L sources. The

array observation data are modeled as

L K
z(t) = a(b)Besi(t) + > alB)s(t) +n(t)
k=1 k=L+1 (5-1)
= A(0)s(t) +n(t),Vt=1,2,--- | T,
where A(0) = [a(6,),a(bs), - ,a(0x)] € CM*K is the steering matrix with the k-th column
.o . .o . T
a(ek) — €_Jle sm9k7 . ,e_JTdM smBk] (5_2)

denoting the steering vector of the k-th source with A representing the wavelength, s(t) =
[B%s1(t), sp41(t), -+ ,sx(t)]T € C¥ denotes the K signals with 3 = [3y,---,6.]" € CF
containing the coherent coefficient 5; between the [-th (1 < [ < L) coherent signal ;s (¢) and
the reference signal s, (t) (i.e., 31 = 1), and n(t) ~ CN (0,7, 021,) is the complex zero-mean

additive white Gaussian noise independent of the signals with o2 denoting the noise power.

Here, T denotes the number of snapshots.
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Without loss of generality, we make the following assumptions:

Assumption 5.2.1. All the incoherent signals si(t),k = 1,L + 1,--- | K are sampled from

zero-mean, stationary complex Gaussian stochastic processes.
Assumption 5.2.2. The DOAs of the signals are distinct (say, 0, # 0,V # 7).
Assumption 5.2.3. Each DOA follows a uniform distribution 0, ~ U[Vmin, Umax)-

Thus, the theoretical covariance matrix of x(t) given 6 is

R, =E{z(t)z"(t)} = A(0)SA"(0) + o214, (5-3)
where
Y=E {s(t)sH(t)} = block diag [X.,, 3] (5-4)
with
5., = B2 (5-5)

denoting the covariance matrix corresponding to the first L coherent sources, and

Yip = dlag [U%—i—l’ T ,gf(} (5-6)

denoting the power of the left K — L incoherent sources. The diagonal entries of matrix 3

denote the power of K sources, where |(;|?0% (k = 1,--- , L) denotes the power of the k-th
coherent source, o7, while o7 (k = L+ 1,---, K) denotes the power of the k-th incoherent
source.

Similar to other parameter estimation problems, the MSE defined as

1 & { . 2} 1
MSE=—S E!{ (6, -0 = —Tr{R.} (5-7)
K kzl ( k ’“) K

is a well accepted metric to evaluate the estimation accuracy of DOA estimators, where 0, is
the estimate of 6. It is worth noting that, the definition of MSE for DOA estimation implies

the following assumption:
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Assumption 5.2.4. All DOAs make the same contribution to MSE calculation, namely, they

have an equal weight.

As a widely used lower bound in evaluating the variance of DOA estimators, CRB is the

inverse of the Fisher information, where the 2)-th entry of the FIM J w.r.t. @ is given by [2]

ORj9 Rl OR9 R

89z |0 aej w@} : (5'8)

J,=TTr {

It is observed that, due to the uniform distribution, there is no a priori information of 6 con-
tributing to the Fisher information even if in BCRB [2], which makes CRB only tight in the

asymptotic region.

5.3 Derivation of ZZB for DOAs Estimation

In this section, we derive a ZZB for DOAs estimation in an explicit way, where the number
of sources, the number of array sensors, the number of snapshots, the a priori distribution and
SNRs of sources, array observation data, and the coherent coefficient are served as explicit fac-
tors. In subsection 5.3.1, we first follow the derivation framework in [58] to generalize the ZZB
for single source DOA estimation to multiple sources DOA estimation, which, unfortunately, is
invalid for lower bounding the MSE outside the asymptotic region. Considering the permuta-
tion ambiguity arising in MSE calculation for multiple sources DOA estimation, in subsection
5.3.2, we then introduce order statistics to make the ZZB global tight in evaluating the MSE for
multiple sources DOA estimation.

By ignoring the valley filling function in Eq. (2-20), the general ZZB expression here

becomes

1 o
w' Rew > 5/0 ,max [/RK (fo(®) + fole + 8)) Puin(p, ¢ + 8)dp | hdh,  (5-9)

With Assumption 5.2.4, the weight vector w in DOAs estimation becomes

g (5-10)
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Thus, (5-9) can be written as

1 1 [~
0 REK

5:1};52\/?11
(5-11)
For single source case (i.e., K = 1), the vector 8 degrades to a scalar 6, § = h, and (5-11)

becomes

R 2 o0 “+oc0
E{(G—G) }z %/ﬂ /Oo (fo(0) + fol + 1)) Puin(i0, @ + h)dphdh, (5-12)

which also has been investigated in [58]. On the contrary, for multiple sources case (i.e., K > 2),
it’s still challenging for ZZB to evaluate the performance of DOA estimators straightforwardly

due to K-dimensional integration and optimization in (5-11).

5.3.1 Generalized ZZB for Multiple Sources DOA Estimation

It is worth noting that, the utilization of Sherman-Morrison formula and matrix determinant
lemma in [58] makes it appropriate for single source case only, which, accordingly, hinders the
77B derivation in multiple sources scenario. Instead, for the hybrid coherent/incoherent multi-
ple sources considered in this chapter, we introduce Woodbury matrix identity and Sylvester’s
determinant theorem to generalize the ZZB as an explicit function of multiple sources.

For the array observation data matrix X = [x(1), -, 2(T)] € CM*T, Poin(p, + ) is
lower bounded as [143]

ot el (1 [920(p; 8
P+ 8) 2 L0 g (L PR | s iy s
2 op? .
p=3
where
n(p:8) =t [ f(Xl+ 67 f(Xlp)' PdX (5-14)

is the semi-invariant moment generating function.
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For the observation data matrix X with 7" snapshots, j(p; d) is given in [143]

p(p; 6) = T[pln |Ryjp| + (1 — p) In|Ryjpis] — In|pRyjp + (1 — p)Rw\cp-i-é”: (5-15)

A A
where R, , = Ryjo—, and Ry 6 = Ryjg—pis-

The first derivative of u(p; d) w.r.t. p is

Opu(p; 6) _
dp

T (10 |Ryjg| = [Ryfs| = T { [pRojy + (1 = p)Rugprs] " R_}|  (5-16)

by denoting R_ = R, — R;|,+s, and then the second derivative of w(p; &) wrt. pis

*u(p; 6 1 2
% — TTr { [[pRW + (1= p)Rajprs] R_] } . (5-17)
Hence, by denoting R = Ry, + Ryjprs, p1(p; 9)| = 1 and % bl respectively become
In (| Rejp|| Re 5| R
p(p; )=y =T ( '“”2 et —= (5-18)
and
0*p(p; 9) i 2
o |, 4TTr{(R+1R_) } (5-19)
pP=3
By performing the second-order Taylor series expansion of y(p; 5)|p,1 and g?;‘” el
2
around the point & = O, we have
Lor
D5 8)|p=y = —507 T4, (5-20)
and
0*u(p; 9) T
8—192 ~0 Jo. (5-21)
r=3

Thus, by substituting (5-20) and (5-21) into (5-13), P(d) is approximated as

Ps(8) = Q (%V&TJJ) , (5-22)
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Although the result is consistent with Eq. (D. 12) in [58], the derivation here is generalized to
multiple sources DOA estimation.

Since the approximation P(8) =~ Ps(d) is only appropriate for § located in a small region
A around O, we further investigate (5-13) for d outside the region A. According to Sylvester’s
determinant theorem

I, +UV| = |Ix + VU| (5-23)

for U € CM*K and V € CE*M | the determinants in (5-18) can be respectively written as

1
Rujol = 2 I + 5 A" (0) A(0)5], (5:24)
1

|Rw|ap+6| = U?LM Iy + ?AH(QO + 6)A((P + 6)2’ ) (5-25)

and

1 2M L on
-R,| =0, |Isx + — B " BD|, (5-26)
2 202
where

B =[A(p), A(p + )], (5-27)

and
D = block diag[X.,, Xin, Xeo, Zin)- (5-28)

Obviously, A" (p)A(p), A" (¢ +8)A(p+48), and BT B are related to the array beampattern,
whose null points coincide with the minima of P(d). The null points of the array beampattern
occur at

la"(0)a(0 +6)| =0 (5-29)

for single source case [58], which implies the steering vector a(f + 9) is orthogonal to a(f).

By generalizing (5-29) for multiple sources case, we propose the following approximation

A (0)A(0) ~ M I (5-30)
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by considering that multiple steering vectors are approximately orthogonal to each other, from
which we have!

BB ~ MIy. (5-31)
As such, (5-18) can be approximated as

‘IK+UMQE’

M(pﬂs)‘p—;%Tln‘I Y
ok T 57

(5-32)

4(1+ M||BlI3m) o7 Z | 4(1+ Mny,)

=TIn
(24 M| Bll5m)?

where 7, = Z—E is the SNR of the k-th source. Then, R, and R_ in (5-19) can be further written

as
R, =202I,,+ BDB", (5-33)
and
R_=BDB", (5-34)
respectively, where
E = block diag[zcoa Zina _Ecoa _E'm] (5'35)

According to Woodbury matrix identity, the inverse of R, can be approximated as

1 1
R'~_—I,—- —BDYB" (5-36)

~ 9.2 4
202 4o

with the approximation condition (5-31), where

M -1
Y = (IQK + _D) = block diag[}fCoa Yin, Yeo, Kn] (5-37)

2
207

'To obtain the minimum value of P(d), we only consider the case there is no same value in ¢ and ¢ + 4, such that the
steering vectors in A(¢) are also orthogonal to those A(¢ + 8).
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M -1
Y., (IL+2 — 5 >

M,

H
2+ M8 P

— I, —

according to Sherman-Morrison formula, and

M -1
Y, —(IKL+222)

-1 -1
 ding | (14 M) (1 M) ] |
2 2
Accordingly, we have
M M M
(R;'R)*~— (BD*B" - ZBD'YB" + __BD'Y*B")
o, o2 o,
since
D?>=D"

Then, (5-19) is approximated as

TM? M M?
~ Tr { (D2 - DY + D4Y2) }

4
on 4o}

d*u(p; 8)
op?

n

N|—=

p=

where the trace of D?, D3Y, and D*Y? are respectively expressed as

K
Tr{D?} = 2||B2071 + Z 207,

k=L+1
18I305 4o
TI- DSY _ | L | Vg S —|— —k
{ 1 2+ M||BlIzm k:zL;rl 2+ M

and
K

8”5”201 80,%
Tr{D'Y?} = + _—.
ST ORCEs
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Finally, (5-42) becomes

9?u(p; 0)

op? ~ 8T

p=3%

MBIEn ' M \?
(2+M||B||%m) > (2+Mnk> (49

k=L+1

which is a function of SNR 7, the number of array sensors M, the number of sources K and
the coherent coefficient 3. By substituting (5-32) and (5-46) into (5-13), P(4) for § outside the

region A is approximated as

2 K
4(1+M|B1311) M||BlI3m 4(1+Mny) (Mnk 2
T|1 1
{n (2+M\Iﬁ\|§n1)2+(2+M|\5H§n1 +k}£+1 " eratny? T 2+M"k>

K
(200t ) S~ ()
2+ M||B3m 2+ Mny

k=L+1

flize

(5-47)
x Q 2T

The boundary of the region A occurs at Ps(d) = P.. However, the explicit boundary is
difficult to calculate. Similar to [58], considering that Q(z) is a decreasing function w.r.t. z, the

region A can be approximately given by

T K
6tJé < lor < M||B3m )2+ Z ( My, )2 (5-48)
2~ 2+ M|B|13m o \2 M) |
which is the interior of an ellipse given in
MIBIEm ', < M\
A=<6:6"T6 <8T <—2 + — . (5-49)
{ seienn) 2 \avam
Accordingly, P(4) is expressed as
f%(é), ESIAN
P(d) =~ : (5-50)
P, d¢ A

It should be pointed out that, the Ps(d) derived here is appropriate for multiple sources
case although it has the same expression as Eq. (D. 13) in [58]. To be more specific, the

determinants of u(p;d)|,_1 in [58] are calculated using matrix determinant lemma in the Eq.

p=1
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(B. 16) in [58] and the Eq. (B. 17) in [58], from which the Ps(§) is finally derived. Considering
the fact that the use of matrix determinant lemma in [58] implies the single source assumption,
the Ps(d) derived there is naturally appropriate for single source only. On the contrary, we

perform the Taylor expansion directly on p(p; §)|,_1 and 8“—”5) |p7 , that preserves the matrix
2

3 op?

determinants to derive the Ps(d), during which the assumption about number of sources has
not been involved. Therefore, the Ps(§) derived here is appropriate for both single source and
multiple sources simultaneously. Besides, we adopt Woodbury matrix identity and Sylvester’s
determinant theorem rather than Sherman-Morrison formula and matrix determinant lemma in
[58] to derive the P, which, not only makes it work for multiple sources, but also enables us
for the first time to formulate it as an explicit function of coherent coefficients 3. Moreover, the
derived P, is also a function of the number of sources, which is approximately® same as that in

[58] when K = 1.

Since K DOAs are independent, the /X-dimensional integration in (5-11) becomes

P o
R (5-51)
H ~ 18],
k=1
where
® = {plor € [Vmin, Vmax — 04[],k =1,2,--- , K} (5-52)

is the K'-dimensional integration region, { = ¥yax — Umin denotes the range of DOAs, and |0y
is the absolute value of the k-th element in .

By substituting (5-50) into (5-51), we have

Ps(8) — B, d€A

P(8) 1 t
—= Ok Ok : 5-53
oK [T —16:D) 1:[ — [6]) . 5¢ A (5-53)

based on which the corresponding optimization problem in (5-11) can be divided into three

2Qur derivation of P, is consistent with the Eq. (C. 13) in [58]. However, an extra approximation was made in Eq. (C. 13)
in [58]. Hence, we mention “approximately” here.
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separated terms as

P(5) K K
max = ——- — max 0| max Ps(6) — P
1Ls=vEnr (& IH 94]) ~ 5:1L6=VEh C 1_[1 o) 5eA;1,T<5=\/Rh 5(0) = 11
(5-54)
K
Then, we have the following property about the maximum of CLK [T(C—|0k])-
k=1
Property 1.
1 5 ho\®
max = — 0| 1l——— . 5-55
51 6=vEh (K 1:[ ~ 1ow]) ( VK ) (5-55)
Proof. Obviously, the integration region ¢ in (5-52) brings the constraint
|5k| §C7Vk:1727 aK7 (5'56)
such that all the ¢ — |d)| must be positive. With the constraint
116 = VKh, (5-57)

the maximum of [/, (¢ — |0x|) must occur in the region Q = {5, > 0,Yk = 1,2,--- | K},
because given any d containing negative elements, there always exists a certain ¢ in the region

07" leading to a larger Hszl(C — |8k|). Thus, we have

K K
Y =10l =) ¢ =6 = K¢ — VK, (5-58)
k=1 k=1

which is a positive constant. Based on the arithmetic-geometric mean inequality, the maximum
of TTE, (¢ — |0%]) occurs if and only if 6; = \/—h[»(, Vk = 1,2,---, K, and thus Property 1 is

proved. [l

Accordingly, the first term in (5-54) becomes

1— —

5-59
VR -9

N
/\
>
~——
=

max 0|
5:1% 6= VER C H | k
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The maximum of the second term in (5-54) occurs at [58]

6—\/_h llK (5-60)

—1 ]-K
such that it becomes

VKh
max  Ps(0)=Q| ——rn . (5-61)
seA1T 6=VEh 2/ 1 J g

Correspondingly, (5-54) is further written as

P(5)
—x 5
61%%2}\%]1 CK k;l_[l | k
- 5-62)
K VEh (
%PL(l—L> N ()~ p 0<h<h,
Vi 0 h>h,

where

1

: 8T1L.J 11y ( M||B|3m )2 - ( M )2
h ~ min K 2 + NVEKC| (5-63)
K 2+ M||Bl13m k:ZLH 2+ My,

is the threshold derived by

~ K
VEL |, (28t )1 S (M_n) (5-64)

2/ TT g 2+ MIBlEm ) " S, \2+ Mo

with the constraint 0 < h <VK C.

3Since the array observation data are related to the wanted random parameters (i.e., DOAs) and other unwanted random
parameters (e.g., sources and noise power), we cannot simply calculate J~' only considering the Fisher information w.r.t. 6
[2]. In this case, the parameter vector containing all random parameters is o = [T, 0| with o = [0},03,--- ,0%,02]T
denoting the unwanted parameter vector, and the complete FIM J, can be calculated according to (5-8) or (5-94) by replacing
0 into cv. Then, J~* should be calculated as the first block with & x K elements in J *, whose explicit solution is given in the

Eq. (3.1) in [7] for overdetermined DOA estimation and the Eq. (43) in [9] for underdetermined DOA estimation, respectively.
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Then, (5-11) can be further written as

1. VE( ho\% h
—1.R1x > B / (1 — —) hdh+/
KK K - 0 VK¢ 0

where the first integration

VK¢ ho\" 1217 Ryl
v — 5-66
| (1 ﬁc) hdh = BT 1)K +2)° (-0

Q<2 VED

——— | - B| hdh,
1KJ_ 1K

(5-65)

and the second integration

g K L = Kh?
/e _VEE ) | han = [ o= w YRR,
0 2 1}2.]_11[( 0 \/27T 4\/1};J_11K (5—67)
1TJ711K
S Y () e S—
3 (i) =
Here,
1 u .
[s (@) = / e tEade (5-68)
: I'(3) Jo

is the normalized incomplete Gamma function with I'(3) = ‘/TE and

Kh?
VAL 5-69
T (5-69)

Thus, the generalized ZZB for multiple sources DOA estimation is derived as

1 12PL1TR91K - 1% J_l]_K
—1TR 1,5 > K I il A 5-70
gicBde 2 Ry O T (5-79)
where
CQ
Ry = >1Ix (5-71)

is the a priori covariance matrix of 0,
Obviously, the generalized ZZB in (5-70) lower bounds the error correlation matrix, one
special case of which is the MSE we sought. Specifically, considering that the MSE defined

in (5-7) is only related to the diagonal elements of the error correlation matrix R, (also, the
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diagonal elements in J ! [144]), the MSE of DOAs estimation can be lower bounded by the
generalized ZZB as

12PLTI'{R9} 4T TI'{J_l}

MSE = e (K + 2) s () —%

(5-72)

Obviously, only the first term of the generalized ZZB is a function of the a priori distribution

of 0 via Ry, while the second term is a function of the FIM J.

5.3.2 ZZB for Estimation with Permutation Ambiguity

In subsection 5.3.1, we generalized the ZZB of single source DOA estimation to multiple
sources DOA estimation, which, however, is invalid in the a priori performance region. The
reason is that, the ordering process is required by multiple sources DOA estimators for the elim-
ination of permutation ambiguity, which implicitly changes the a priori distribution of DOAs.
To better illustrate the effect of the permutation ambiguity on MSE calculation, we consider the
following example.

Example 1: Assuming there are two signals impinging on the array from 30° and 45°,

while their estimates are respectively 29° and 44°. Accordingly, the RMSE is calculated as

\/(3007290)%(4507440)2
2

= 1.00°. However, when permutation ambiguity occurs, the outputs of

DOAs estimator become 44° and 29°, leading to a wrong RMSE of \/ (300_440)2;(450_290)2 ~
15.03°.

Although permutation ambiguity is ubiquitous for DOAs estimator, its impact on the MSE
calculation is more prominent in the asymptotic region. Generally speaking, in the asymptotic
region, the estimates of DOAs are around the true values, which leads to a small estimation
error. On the contrary, the farther away from the asymptotic region, the larger the estimation
error is. Obviously, to obtain the correct MSE, the outputs of DOAs estimators 6 should not
be directly matched to the true DOAs @ during MSE calculation. To eliminate the permutation

ambiguity, both the estimated DOAs and the true DOAs are respectively sorted in ascending
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order before calculating the MSE. As such, the MSE should be calculated as

1 . 2
MSE = - > E { (%) - 9(k)> } 7 (5-73)
k=1

where é(k) and 0 are the k-th smallest order statistic in 6 and 0, respectively. Here, the sub-
script (k) enclosed in parentheses indicates the k-th order statistic of the sample.

Although the ordering process enables an accurate MSE calculation in the asymptotic re-
gion, it simultaneously has an effect on the MSE outside the asymptotic region because it im-
plicitly changes the a priori distribution of DOAs 0. Actually, different DOAs are naturally
assumed to be independent with each other, while such an ordering process introduces an extra
dependence among the DOAs. For example, in the a priori performance region, each 6, tends
to be randomly estimated according to its a priori distribution ), ~ U [0 i, Fmax), and the MSE
of 0, converges to its a priori variance agk. After the ordering process, ¢; tends to be randomly
estimated in the interval [0(;_1), O(x+1)]* rather than original [Jyin, Umax), and the MSE of 6y,
converges to its a priori variance ag(k). Obviously, with the number of sources K increasing,
the average range of ;) becomes narrower compared with that of the original 0, making the
MSE scale down in the a priori performance region due to the ordering process.

According to aforementioned discussion, the effect of ordering process on the MSE calcu-

lation 1s formulated as the ratio

Tr{R
_ Tr{Re)} (5-74)
TI‘{RQ}
between the trace of the a priori covariance matrix of the order statistics {01, -- ,0(x)}, i.e.,
K
Tr{Rig} =) Tiy (5-75)
k=1

and that of the a priori covariance matrix of the original € before the ordering process, say,

TI‘{RQ}.

“The interval becomes [Umin, 0(2)] and [0k — 1), Vmax] for 1) and 6, respectively.
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According to the a priori PDF of 0, [145, p.229]

Kl (M)k_l (1_‘9(_k)>K_k
’ ¢
|

¢
C(k— DI(K — k)

f(Ow)) =

the a priori variance of 0y is

¢
Thy = /0 (O — E {0 })” £ (0 dBxy

 CG(K+1-k)k
(K4 12K +2)

where

k¢

¢
E {0} :/0 Oy f Oy ) dO iy = ————

K+1
Thus, (5-75) becomes
K¢?

TI'{R(Q)} = m,

and correspondingly, the ratio « in (5-74) becomes

(5-76)

(5-77)

(5-78)

(5-79)

(5-80)

which is a function of the number of sources K. For single source case (i.e., K = 1), we

have x = 1, namely, there is no permutation ambiguity. Furthermore, the ratio x gets smaller

with the number of sources increasing, indicating that the MSE scales down more in the a

priori performance region after the ordering process. The reason is that, the average interval

[0(k—1, O(11)] gets narrower with the number of sources increasing.

In order to make the ZZB valid in the a priori performance region for evaluating multiple

sources DOA estimation, we incorporate the ratio « (5-80) into the first term of (5-72) to obtain

the ZZB expression as

K¢?

KK+ ¢

MSE > 2P,

(I[N

(@)~
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Obviously, same as the generalized ZZB (5-72), the derived ZZB is also an explicit function of
the number of sources, and depends on the number of snapshots, the number of array sensors, the
a priori distribution and SNRs of sources, array observation data via the FIM, and the coherent
coefficient 3.

In the a priori performance region, the ZZB converges to the APB as

lim MSE > K¢ (5-82)
1111 -
Vi—0 T(K+1)23(K+2)
since
lim 27, =1, (5-83)

Vni—0
and

lim T's (a) = 0. (5-84)

Vnr—0 2

Obviously, the estimation accuracy of DOA estimator cannot be further improved by simply
increasing the number of array sensors and/or the number of snapshots when the SNR tends to
Zero.

In the asymptotic region, the ZZB converges to the CRB as

T —1
lim MSE > ) (5-85)
V'r]k—H—oo K
since
lim 2P, =0 (5-86)
Vn—>+00
and
lim I's(a)=1. (5-87)

Vnp——+oo 2

Now it is clear that, the ZZB in (5-81) is a linear combination between the APB and the CRB,

whose coefficients are 2/, and I's (u), respectively.
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For fully incoherent sources (say, L = 1), P, (5-47) and u (5-69) respectively degrade to

T3 {ln 4(1+Mnk2)+(21»€3k )2} K M, 2
Py =e &=l Grdmom AEEHm 2T — = , 5-88
3 Q ; T M (5-88)

and p ,
@i ~ min T; (2 fl?jm) ,81}551]{ . (5-89)
When K sources have the same SNR 7, P, and @ further become
P — AT [ G (525 )] o) ( 2KT ff?fﬂ) , (5-90)
and ,
i~ min | KT (2 %\Z» ’8115511{] . (5-91)

Furthermore, when K = 1, the ZZB is simplified to

~ 2 4(1+Mn) _Mn \2
E { (9 _ 9> } > 26T[ln (2++Mn)2 +(2ﬁwn) ]Q <‘/2T2 qu\z ) Ug + F% (7:0 Jfl’ (5-92)
n

where o7 = % denotes the a priori variance of 0, and J is the scalar Fisher information. It is
worth pointing out that, the ZZB (5-92) is consistent with the Eq. (C.30) in [58], if we ignore
the implicit condition h< VK (¢ such that

2
arT (M) (5-93)
2+ Mn

and introduce the approximation in the Eq. (C.14) in [58].

In Fig. 5.1, we compare combination coefficients of the ZZB versus the SNR, where a
single source is assumed to follow a priori distribution 4/[—90°,90°] w.r.t. a ULA consisting
of M = 20 sensors. The number of snapshots is fixed to 7" = 40, and 10, 000 Monte-Carlo
trials are performed for each SNR point. It is observed that the coefficient 2/, decreases from

1 in the a priori performance region to 0 in the asymptotic region as analyzed, while the co-
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Figure 5.1 Combination coefficients versus the Figure 5.2 Combination coefficients versus the
SNR for single source. SNR for two sources with different coherent co-
efficients.

efficient I 3 () has an opposite trend. That is to say, the APB dominates the ZZB in the a
priori performance region, but sharply vanishes in the asymptotic region. On the contrary, the
CRB is ignorable in the a priori performance region, but gradually dominates the ZZB from the
transition region to the asymptotic region.

Unlike in the single source case, both combination coefficients 27, and I' 3 (w) also de-
pend on the coherent coefficient 3 under coherent multiple sources case. Hence, in Fig. 5.2,
we compare both combination coefficients versus the SNR for two coherent sources, where dif-
ferent magnitudes of the coherent coefficient (3, are considered. Meanwhile, the corresponding
combination coefficients for incoherent sources are also plotted as a reference, where the sec-
ond source with power 05 = |3,|%0? is independent of the first one. It is observed that, the
difference between coherent and incoherent combination coefficients becomes larger with |3s|
increasing. The reason is that, larger | 52| leads to larger norm || 3|/, in (5-47) and (5-63), which
makes the combination coefficients 27, and I' 3 (@) in coherent case more distinguishable from
those in incoherent case. On the other hand, with |3, increasing, 2P, and I" s (@) respectively
decreases from 1 and reaches to 1 at lower SNR, indicating that the ZZB will leave the a pri-
ori performance region to enter the asymptotic region at lower SNR. Furthermore, for the same
|Ba|, 2P, and T’ 3 (@) in coherent case respectively decreases from 1 and reaches to 1 earlier than
those in incoherent case, indicating that the coherent ZZB will leave from the APB to touch the

CRB earlier than in incoherent case.
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Remark: For underdetermined DOA estimation (say, X > M) using virtual coarray, the

1)-th entry of the coarray FIM w.r.t. @ is given by [9],

" ORLp\ 1" = IR0
J,=T |:VCC< 20, )} (ng@R:c‘g) Vec< 7, ) (5-94)

to avoid the rank defect problem. By substituting the coarray FIM into (5-81), the corresponding
coarray ZZB can be used to evaluate underdetermined DOA estimation in a wide range of SNR

from the a priori performance region to the asymptotic region.

5.4 Simulations

In this section, we evaluate the ZZB for multiple sources DOA estimation, where both the
CRB and the APB are also plotted for reference. Since ZZB requires the a priori distribution,
we assume each DOA to follow a uniform distribution #/[—60°, 60°] in our simulations. We
run £ = 10,000 Monte-Carlo trials for each SNR point to obtain the involved bounds and the

RMSE

L K
RMSE — LK Yy (e)g ) — Oo o) ) (5-95)
(=1 k=1

of DOAs estimation. Here, HA&(,{) is the estimate of 6 (1), the k-th DOA after ordering process
in the /-th Monte-Carlo trial. To keep sources resolvable, we assume a minimum interval of
10° in each @ in multiple sources case, i.e., K DOAs in each trial are sampled with at least 10°
separation. Unless otherwise specified, the number of snapshots is fixed to 7" = 40, and a ULA
with M = 20 half-wavelength inter-element spacing sensors is adopted in our simulations,
although any linear array configuration is applicable.

Considering that the ZZB in [58] is only appropriate for the single source case, we first
compare the derived ZZB (5-92) with the ZZB in [58] under the single source assumption.
Meanwhile, the MUSIC algorithm is also plotted for a reference. It is observed from Fig. 5.3
that, due to the extra approximation in [58], the explicit ZZB in [58] enters the asymptotic region
at a slightly lower input SNR than the derived ZZB, which is consistent with the numerical

integration in the Fig. 4 of [58]. Besides, both the derived ZZB and the ZZB in [58] converge to
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Figure 5.3 Comparison of bounds for single source Figure 5.4 Comparison of bounds for multiple
case (K =1). sources case (K = 5).

the APB in the a priori performance region and the CRB in the asymptotic region, respectively.
Furthermore, the ZZB provides a tighter bound than the CRB outside the asymptotic region,
and also predicts the threshold entering the asymptotic region for DOA estimation algorithms
(e.g., MUSIC). On the contrary, since no a priori information is used, the CRB provides a loose
bound outside the asymptotic region, and finally divergence exceeds the MSE of the MUSIC
algorithm in the a priori performance region.

Then, we evaluate the derived ZZB under fully incoherent multiple sources assumption,
where all K sources are assumed to have the same SNRs. It is observed from Fig. 5.4 that, both
the generalized ZZB and the ZZB enter the asymptotic region at the same SNR, then keep consis-
tent with the CRB in the asymptotic region. However, below the asymptotic region threshold,
the generalized ZZB increases faster than the ZZB before entering the a priori performance
region, and finally convergence exceeds the MSE of the MUSIC algorithm. The CRB still pro-
vides a loose bound in the transition region, and finally divergence exceeds the MSE of the
MUSIC algorithm. On the contrary, benefited from the ratio s (5-80) considering the ordering
process required in multiple sources DOA estimation, the ZZB is consistently lower than the
generalized ZZB outside the asymptotic region, and keeps valid to lower bound the MSE of
the MUSIC algorithm in the a priori performance region. As analyzed, the ZZB converges to
the APB in the a priori performance region. Hence, the ZZB provides a global lower bound
tighter than the CRB for multiple sources DOA estimation. Furthermore, the asymptotic region

threshold predicted by Fig. 5.4 appears at a lower SNR than that in Fig. 5.3, which is because
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the coefficients 2/, and F% (@) respectively reach 0 and 1 more rapidly with K increasing.

In Fig. 5.5, we investigate the effect of the number of snapshots 7" on the ZZB, where
the number of sources is fixed to K = 5. It is observed that, the ZZB converges to the APB
in the a priori performance region regardless of the number of snapshots. This is because the
MSE convergency in the a priori performance region only depends on the a priori distribution
of DOAs and the number of sources. Nevertheless, we prefer more snapshots to bring the lower
bound outside the a priori performance region, which implies the better estimation performance.
Specifically, with the increase of 7', the ZZB touches the CRB at a lower SNR, leading to a
narrower transition region. Each double snapshots brings a fixed decrease of the threshold point,
which helps to predict the asymptotic region threshold of the ZZB under different numbers of
snapshots.

We then evaluate the effect of the number of sources K on the ZZB in Fig. 5.6. It is ob-
served that, for different numbers of sources K, the ZZB always effectively lower bounds the
corresponding MSE of the MUSIC algorithm, and respectively converges to the corresponding
APB (5-82) in the a priori performance region and the CRB (5-85) in the asymptotic region.
With the number of sources K increasing, the ZZB touches the corresponding CRB at a lower
SNR, since the function I' s (@) w.rt. K increases to 1 (i.e., ZZB converges to CRB) more
rapidly. Meanwhile, the ZZB converges to a lower APB in the a priori performance region and

a higher CRB in the asymptotic region, such that the difference between the ZZB and the cor-
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responding CRB in the transition region becomes smaller. Even so, the ZZB always converges
to the APB with SNR decreasing, while the CRB becomes invalid to evaluate the estimation
performance of DOA estimator (e.g., MUSIC) in low SNR situation.

Now, we evaluate the ZZB for the hybrid coherent/incoherent multiple sources DOA es-
timation. We assume there are X' = 5 sources, where the first L = 3 sources are mutually
coherent with the coefficient 3 = [1,0.9¢7¢1, 0.8¢792], whereas the last K — L = 2 sources are
incoherent. Here, both ¢, and ¢, are random phases following a uniform distribution U [—m, 7].
In addition, we also plot the fully incoherent ZZB as a reference. For fair comparison, the SNRs
of 5 sources in the fully incoherent case are 7o = |S32|*n1, 73 = |B3|*n1, 14 = 15 = 11, respec-
tively. It is observed from Fig. 5.7 that, both coherent ZZB and incoherent ZZB converge to
the APB in the a priori performance region, which indicates that, whether coherent or not does
not affect the ZZB there. On the other hand, coherent ZZB and incoherent ZZB converge to
their corresponding CRBs in the asymptotic region. However, the coherent ZZB is lower than
the incoherent ZZB in the transition region. The reason is that, the ZZB is a linear combination
between the APB and the CRB, where the coefficient 2/, in the coherent ZZB decreases from
1 more rapidly than that in the incoherent ZZB (as shown in Fig. 5.2), making the coherent ZZB
decreases from the APB faster. Thus, the coherent ZZB is lower than the incoherent ZZB.

Then, we investigate the effect of the a priori distribution of DOAs on the ZZB for different
numbers of sources. Considering that linear array does not perform well for DOAs estimation
at directions close to the array endfires, actual array processing systems usually select a narrow
field of view. It can be explained from the perspective of performance analysis that, the FIM
J at endfire DOASs close to £290° becomes ill-conditioned, which makes the CRB invalid even
in high SNR scenario. It is observed from Fig. 5.8 that, for the same number of sources K, the
wider a priori distribution of DOAs U[—85°, 85°] leads to the larger ZZB due to the larger CRB
and APB. On the other hand, with the number of sources increasing, the gap of ZZBs between
the narrow a priori distribution of DOAs U[—60°,60°] and the wide a priori distribution of
DOAs U[—85°,85°] becomes larger in the asymptotic region. The reason is that, it is of higher
probability that more signals impinge from outside of [—60°, 60°] simultaneously, which makes

the estimation accuracy even worse due to the smaller effective array aperture.
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underdetermined DOA estimation by incorporating the coarray Fisher information (5-94). Here,
we adopt a (3, 5) pair coprime linear array (the number of array sensors M = 2x3+5—1 = 10)
[146], [147] to estimate K = 11 sources following the same a priori distribution U[—60°, 60°]
with the minimum interval of 5°. Both the coarray CRB [9] and the generalized coarray ZZB
are plotted for a comparison. All the sources are assumed to be fully incoherent with the same
SNR. It is observed from Fig. 5.9 that, the coarray ZZB converges to the coarray CRB in the
asymptotic region, and also flattens out as analyzed when the SNR gets higher. On the other
hand, the coarray ZZB converges to the APB as predicted in the a priori performance region.

Hence, the ZZB also provides a unified bound for underdetermined DOA estimation from the

In addition to the overdetermined DOA estimation, the ZZB is also appropriate for the
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Figure 5.9 ZZB for underdetermined DOA estimation.

a priori performance region to the asymptotic region.
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5.5 Summary

In this chapter, we derived an explicit ZZB for hybrid coherent/incoherent multiple sources
DOA estimation. Different from the single source DOA estimation, the ordering process for
eliminating permutation ambiguity during MSE calculation of multiple sources DOA estimation
makes the generalized ZZB invalid outside the asymptotic region. Hence, we for the first time
introduced the order statistics to describe the effect of the ordering process on the ZZB, which
kept it global tight for evaluating multiple sources DOA estimation. The derived ZZB for the
first time revealed the relationship between the MSE convergency and the number of sources,
regardless of the number of snapshots and array configuration. Simulation results demonstrate
the advantages of the ZZB over the CRB in a wide range of SNR for multiple sources DOA
estimation. It is also noted that, in the transition region, the ZZB may be affected by Fisher
information when two sources are closely located, which will be further studied in our future
work. Finally, we believe the basic conclusions observed in this chapter are valid for other
multiple sources parameter estimation problems with permutation ambiguity including range,

velocity, and so on.
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Chapter 6. ZZB for 2D DOAs Estimation

In multi-source 2D DOA estimation, the essential matching process between the estimated
and the true DOAs in the MSE calculation is often based on minimum Euclidean distance cri-
terion, which is substantially different from 1D DOA estimation that is based on simple or-
dering process. Hence, the ZZB for multi-source 2D DOA estimation is not the extension of
that for 1D DOA estimation provided in existing work. Facing this problem, we analyze the
effect of the minimum Euclidean distance criterion on the ZZB via the stochastic Euclidean
bipartite matching problem, from which we derive a globally valid ZZB with closed-form solu-
tion for multi-source 2D DOA estimation. The derived ZZB outperforms the most commonly
used CRB. In addition to the hybrid coherent/uncorrelated multi-source model, we consider the
partially correlated multi-source model into the ZZB derivation and formulate the ZZB as an
explicit function of the correlation coefficient matrix for the first time. Moreover, according
to the matching process based on minimum Euclidean distance criterion, separately estimat-
ing azimuth/elevation from 2D DOA model is a new scenario that is different from 1D DOA
estimation, such that we first derive the ZZB for azimuth/elevation estimation from 2D DOA
model by adopting different weight vectors. Simulation results demonstrate the advantages of

the derived ZZB over the widely-accepted CRB.

6.1 Introduction

2D DOA estimation is a typical problem in radar, sonar, navigation, and wireless com-
munications [2], [148]. Many estimation algorithms have been generalized from 1D to 2D
DOA estimation in the past few decades. To name a few, subspace-based algorithms like MU-
SIC[127]-[129],[149],[150] and ESPRIT [130]-[132], sparse reconstruction-based algorithms
[133]-[135], [147], [151]-[153], and machine learning-based algorithms [136]—[138].

MSE is commonly used to evaluate the estimation accuracy, which, however, does not have
an exact closed-form minimum solution. Hence, lower bound on MSE [3] is a powerful tool

that has received extensive attention over the past half-century. The CRB [5] is the most well-
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accepted one benefiting from the easy derivation and asymptotic tightness. Specifically, [6], [7]
provide the explicit CRB for both conditional and unconditional DOA estimation. However, it is
well known that, the CRB is derived from the inverse of the Fisher information that only captures
the small estimation error. Then, the conventional CRB is a local bound and does not provide
effective estimation performance evaluation in the non-asymptotic region. Considering that the
MSE convergence is related to the a priori distribution of the parameters in extremely low SNR
situation (also called a priori performance region), Bayesian bounds have been proposed in the
past few decades (see, [3] and the references therein), which successfully utilize the a priori
distribution of parameters to provide global bounds. As one typical class of Bayesian bounds,
covariance inequality-based Bayesian bounds [2], [38], [39], [42], [44], [45] incorporate the
a priori information of the estimated parameter into non-Bayesian bounds to pursue global
tightness, which, however, rely on the tradeoff between computational burden and the tightness
in the non-asymptotic region [3], i.e., tighter expressions depend on higher order derivative,
empirical test point selection in higher dimension, and the optimization over higher-dimensional
free variables.

Different from covariance inequality-based Bayesian bounds, ZZB provides a global bound
by exploiting the relationship between the lower bound on MSE and the minimum probability
of error of a binary hypothesis testing problem. A scalar ZZB for time delay estimation with
uniform a priori distribution is derived in [54]-[56]. Then, [57] extends the scalar ZZB to the
vector ZZB and proposes a general ZZB expression for vector parameter estimation problem.
According to these general derivation frameworks, ZZB have been considered in numerous
specific parameter estimation problems [58], [61], [62], [64], [66]-[69], [72], [81]-[83], [115],
[139]. Specifically, [68], [69] provide the ZZB for single source 1D DOA estimation with linear
array. [58] incorporates the vector ZZB into the 2D DOA estimation and provides an explicit
Z77B for single source 2D DOA estimation. In [72], the ZZB is extended from single source
1D DOA estimation to multi-source estimation. To analyze how the commonly used ordering
process applicable to both estimated and true DOAs in the MSE calculation affects the ZZB,
the authors first incorporated the order statistics into the ZZB derivation and provided a global

tight ZZB for 1D DOA estimation, for both overdetermined estimation and underdetermined
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estimation. Although the ordering process in 1D DOA estimation successfully eliminates the
permutation ambiguity arising in the output of the estimated DOAs, realizes the matching be-
tween the estimated and the true DOAs, and guarantees the correct MSE result in the asymptotic
region, it is inappropriate for 2D DOA estimation problem. The reason is that, in 2D DOA es-
timation, the matching process arises on 2D azimuth-elevation plane, such that the matching
process have to be performed according to the minimum Euclidean distance criterion rather
than an ordering process along the azimuth or the elevation axis. Hence, the order statistics
for analyzing the effect of the matching process on the ZZB is invalid in 2D DOA estimation
problem, indicating that the ZZB for 2D DOA estimation is not the extension of 1D DOA esti-
mation scenario. The main challenge is that how the matching process based on the minimum
Euclidean distance criterion affects the ZZB is still unclear. Moreover, in 2D DOA estimation
problem, it is a common case of evaluating the performance of azimuth/elevation estimation
separately. Even if it is a 1D DOA estimation under 2D DOA model, it is still inappropriate
to use the ZZB in [72] because we have to perform the matching process based on minimum
Euclidean distance criterion before calculating the MSE of azimuth/elevation estimation. Ob-
viously, under 2D DOA estimation, there is no valid ZZB for azimuth/elevation estimation yet.
Besides, [72] only considers a hybrid coherent/uncorrelated multi-source model, and does not
consider the existence of partially correlated sources.

In this chapter, we derive an explicit ZZB for multi-source 2D DOA estimation, where
the partially correlated sources are first considered in the signal model in addition to the hybrid
coherent/uncorrelated multiple sources. The ZZB is explicitly generalized from single source to
multi-source 2D DOA estimation, and then we analyze how the matching process between the
estimated and the true DOAs according to the minimum Euclidean distance criterion affects the
Z7ZB. We analyze this effect by resorting to a stochastic EBMP. By incorporating the minimum
of the cost function of stochastic EBMP into the ZZB methodology, we provide a global valid
Z7B for multi-source 2D DOA estimation from the non-asymptotic region to the asymptotic
region. To the best of our knowledge, the derived ZZB is formulated as an explicit function
of the correlation coefficient matrix for the first time. Moreover, the derived ZZB is a general

expression that does not depend on the specific 2D array manifold. Considering that evaluat-
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ing the performance of azimuth/elevation estimation separately from 2D DOA model is also a
common scenario, we also provide two approaches to derive the ZZB on the azimuth/elevation
estimation by adopting different weight vectors. Simulations demonstrate that the derived ZZB
provides a global bound and outperforms the CRB. Moreover, the simulation result shows that,
adopting the weight vector aiming at the azimuth/elevation estimation produces a tighter ZZB
than partitioning the ZZB for joint 2D DOAs estimation. The main contributions of this chapter

are.

* By analyzing the effect of the minimum Euclidean criterion on the ZZB with the for-
mulated stochastic EBMP, we provide the explicit ZZB solution for multi-source 2D
DOA estimation, which is a global valid bound in both the non-asymptotic region and

the asymptotic region.

* We also derive the ZZB with closed-form solution for azimuth/elevation separate estima-
tion from 2D DOA model by adopting different weight vectors, demonstrating the effect
of the weight vector selection on the resulting ZZB in azimuth/elevation estimation for

the first time.

* We incorporate the correlation coefficient matrix into the ZZB derivation framework and
formulate the ZZB as the function of the correlation coefficient matrix, revealing the

relationship between the correlation and the ZZB for the first time.

The rest of this chapter is organized as follows. We introduce a general multi-source model
with coherent, partially correlated and uncorrelated sources in Sect. 6.2, where the fundamental
of MSE and CRB are also briefly introduced. In Sect. 6.3, we derive the explicit ZZB for multi-
source 2D DOA estimation. In Sect. 6.4, simulations demonstrate the advantages of the ZZB

over the CRB. Finally, we draw our conclusions in Sect. 6.5.

6.2 Signal Model, MSE and CRB

We consider a general 2D array S with M sensors located atS = {(z1,v1), -+, (Tar, ynr) -

Assume that there are K far-field narrowband signals impinging on the array S from DOAs
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{(¢r,0k)|k = 1,2,--- , K}. Without loss of generality, the first K, sources are mutually
coherent, the next K, sources are partially correlated, and the last K, sources are uncorrelated
with each other. Hence, we have K = K., + K. + K, and assume that three sets of sources
are mutually independent of each other. Then, we make some assumptions on the DOAs as

follows.

Assumption 6.2.1. All the signals impinge on the array from different directions (say, B # 1,
¢, = ¢,and 0, = 0,).

Assumption 6.2.2. Each azimuth/elevation follows a uniform distribution ¢y, ~ U[Pmin, Prmax]

and 6y, ~ UV min, Imax], Vb = 1,2, -+ | K.

We can obtain the T-snapshots array observation data matrix Z = [z(1),--- ,z(T)] €
CM*T where
Kcoh K
ZCL ¢k,(9k Bksl + Z a ¢k76k Sk( ) + n(t)
k=1 k= Kwh“!‘l (6-1)

—A($,0)s(t) +n(t),t =1,2,--- T

is the array received signal observed from the ¢-th snapshot. Here, A(¢, 0) = [a(¢p1,601),- -,
a(dk,0k)] € CM*E i the steering matrix with ¢ = [¢1, ¢, -+, dx|T € RE and 0 =
01,04, ,0k]T € RE respectively denoting the azimuth and elevation of the K sources.
a(¢x, 0y) represents the steering vector of the k-th source whose specific expression depends
on the array manifold. s(t) = [8%s1(t), sk, ,+1(t), -+, sk (t)]* € C¥ contains K signal wave-
forms, where 3 = [3,--- , Bk.,]t € CHen denotes the K., coherent coefficients w.r.t. the
reference signal s;(¢). m(t) is the complex-valued zero-mean white Gaussian noise follow-
ing n(t) ~ CN (0, 021,) with 02 denoting the noise power. According to the widely used

unconditional model [7], we assume:

Assumption 6.2.3. All the signals s(t),k = 1,--- , K, are sampled from zero-mean, stationary

complex Gaussian stochastic processes.
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Thus, the theoretical covariance matrix of the array received signal z(t) is

R..=E{z(t)z"(t)} = A(¢.6)ZA"(¢,0) + 021, (6-2)

where

¥ =E{s(t)s"(t)} = block diag [Econ, Zcor, Zun] (6-3)

is the covariance matrix of s(¢). Here,

Ecoh = BﬁHU% (6-4)

denotes the rank-one covariance matrix corresponding to the K., coherent sources with o2

denoting the power of the first source,
S = VICV? (6-5)

is the full-rank and non-diagonal covariance matrix corresponding to the K, partially corre-

lated sources with

V = dlag [Ug(coh‘i’l’ T 7O-%(coh‘kl(cor] (6-6)

containing the power of the K, correlated sources and C' € R« e denoting the correlation

coefficient matrix, and

S = diag (0% sspr1s O] &7

represents the diagonal covariance matrix of the K, uncorrelated sources consisting of the
power of the K, sources.
As a widely used metric to evaluate the parameter estimation accuracy, MSE in 2D DOA

estimation is defined as

1 & ~ 2 . 2
MSEgzﬁZE{@k—m) +(0k—0k) }

k=1 (6-8)

1
= —T
o R,
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where gﬁk and 6, are respectively the estimates of ¢, and ;. Obviously, the MSE definition

(6-8) implies:
Assumption 6.2.4. All the parameters in & are equally weighted in MSE calculation.

The classical CRB is a well known lower bound for evaluating the asymptotic MSE perfor-
mance of any unbiased estimator. It is obtained from the inverse of the FIM. For 7" independent
and identically distributed snapshots, the (m, n)-th entry of the FIM J w.r.t. £ under zero-mean

Gaussian unconditional model is given by [2]

OR OR
Jpn =TT “R, R ;. 6-9
1"{ afm zz agn zz} ( )
Accordingly, J can be partitioned into blocks as
Jpp J
J= |7 T (6-10)
Joo  Joo

Here, the diagonal blocks Jg4 and Jgg are respectively the FIM w.r.t. the azimuth ¢ and the
elevation 0, and the off-diagonal blocks Jy¢ and Jy4 reflect the coupling between azimuth ¢

and elevation 6.

6.3 Z.ZB Derivation for 2D DOAs Estimation

In this section, we derive the ZZB for 2D DOAs estimation, where the derived ZZB is
formulated as the function of correlation coefficient matrix. In subsection 6.3.1, we extend the
77B derivation from multi-source 1D DOA estimation [72] to multi-source 2D DOA estima-
tion without considering the effect of the matching process between the estimated and the true
DOAs on the ZZB derivation. Similar to 1D DOA estimation scenario, the effect of the match-
ing process on the ZZB must be taken into account. However, in 2D DOA estimation problem,
the matching process follows the minimum Euclidean distance criterion and cannot be extended
from the 1D DOA scenario. Thus, we incorporate stochastic EBMP into ZZB derivation frame-

work and provide the ZZB with closed-form solution in subsection 6.3.2. Besides the ZZB
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for multi-source 2D DOA estimation, we also provides closed-form ZZB for azimuth/elevation
separate estimation under 2D DOA estimation scenario.
In 2D DOA estimation problem, the general ZZB expression without valley filling function

becomes

1 o0
wRw >3 [7 e [ [ (G0 4 e+ 8) Pa(w v+ 9w

According to Assumption 6.2.4, the weight vector w for 2D DOA estimation becomes

1
V2K

w =

Lok, (6-11)

and (6-11) correspondingly becomes

1
ﬁ]-QTKR612K

1 o
= 5/0 nax URM (fe() + fe(p + 8)) Puin(th, b + 8)dp | hdh.

513, 6=V2Kh

(6-12)

Different from the 1D DOA estimation in [72], the dimension of weight vector here equals the
number of estimated parameters 2K rather than the number of sources K, since there are two
parameters to be estimated simultaneously for each source.

When we estimate azimuth or elevation separately, the weight vector can be

T
w = l\/%l?(,oﬁ} (6-13)

for azimuth estimation and

1 T
w = lo}, \/—?1}} (6-14)

for elevation estimation. Correspondingly, the general ZZB expressions can be obtained by
substituting (6-13) and (6-14) into (6-11).
For single source case, the parameter vector is € = [¢, 0]T, and the corresponding ZZB

has been derived in [58]. Although the expression in (6-12) is similar to the ZZB for 1D DOA
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estimation [72], further investigation is necessary to derive explicit ZZB expression for multiple
sources 2D DOA estimation. The reason is that, we cannot straightforwardly treat the ZZB for
K-sources 2D DOA estimation as 2/ -sources 1D DOA estimation problem, although the num-
ber of estimated parameters is the same. For 1D DOA estimation, all the DOAs are independent
and homogenous, which allows us to introduce the order statistics into the ZZB derivation, to
make it tight in the a priori performance region [72]. However, in the 2D case, the azimuth
and elevation for the same source must be paired before MSE calculation, making the order

statistics in [72] for ZZB derivation infeasible.

6.3.1 ZZB derivation for independent DOAs

Different from [72], here we provide the ZZB for hybrid coherent, correlated, and uncor-
related multiple sources under 2D DOA estimation scenario.

For the observation data matrix Z, the lower bound for P, (¢, ¢ + 9) is given in [143]

1(ps6) é—azg;?” 1 [0%u(p; o
Poin(¥,1p +8) > P(§) = e[ i }Q (5 %) :;’ (6-15)
where
n(pi8) =l [ (21 + 87 1(Z|) 7z (6-16)

is the semi-invariant moment generating function, where the explicit expression has been given

in [143]

pu(p;8) = T [pIn | Rezppy| + (1 = p) In[Rezjpyy | — 0 [pRozpyy + (1= p) Rz ||, (6-17)

where R.. 3, and R.. 3, denote the covariance matrix R, under the hypothesis H, and H;,

respectively. Accordingly, given p = %, it is easy to derive that

In (‘RZZIH0|‘RZZ\H1 ’) Cln ‘&
2

p(p; )|y =T 5

] : (6-18)
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*1u(p; 9)
op?

= ATTr { (R;lR_)z} , (6-19)

where R, = R..jy, + R..jy, and R_ = R 13, — R..p»,.

By performing the second-order Taylor series expansion around the point § ~ 0y, the

9% u(p;0)

w(p; 9)| p— and 8—1)2‘ can be expressed with the FIM as

p=1

1
pu(p; 8)],—1 ~ —§5TJ6, (6-20)
and
Ou(p; &
—'lg(pi ) ~ 6 Js. (6-21)
p=3

Thus, we have P(d) =~ Ps(d) around the point § ~ 0.k by substituting (6-20) and (6-21) into
(6-15), where
1
Ps(8) = Q <§\/ dTJ6> : (6-22)

Obviously, P(8) ~ Ps(d) only occurs in a small region A around the point Oz due to the

Taylor expansion. When 9 is outside the region, (6-18) can be approximated as

(k+%ﬂ
11(p; 0)[,—1 ~ T'ln ;

Ly + %D‘ (6-23)

=T (gcoh + Geor + gun)

by adopting the Sylvester’s determinant theorem and the approximations

AT () A(h) =~ M I (6-24)
and
A" (Y)A(Y + ) ~ 0. (6-25)
Here,
D = block diag[%, X, (6-26)
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4(1+ M| B3
o — In L0 MBlEm) 627
(2+ M|Bllzm)

I, + MCV|
Jeor = In [YP=—t (6-28)
Ik, + 2CV|
and p
Gn= >, I (6-29)
k:Kcoh+Kcor+1 (2 + Mnk)
where 7, = Z—§ is the SNR of the k-th source, and
‘_/ = dlag [anoh+17 U 7anoh+Kcor] (6-30)

contains the SNRs 7y, (k = Keon + 1, -+, Keon + Keor) of the K, correlated sources.

Then, according to the approximation (6-24) and (6-25), Rjrl in (6-19) can be approxi-

mated as
1 1
-1 H
R '~ Tg%IM — EBDYB , (6-31)
where
M -1
Y = <IQK + ED) = block diag[}/::ohy l/cor; Y:m; K0h7 Kora Km] . (6'32)
Here,
MTh H
Yeoh = Leoh — 572588, (6-33)
2+ M||B5m
M_i —\"
Y., = <IKcor + 7V2CV2> (6-34)
M - Mg\ ™
Y,, = diag (1+%> 7...7<1+$) ] (6-35)
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Accordingly, (6-19) is approximated as

0*u(p; 8) TM? M M?
— 7 ~ Tr{ D?> - —D3Y + —D'Y? -
T R R G LA LA S TN
where
K
Tr{D?} = 2||8[301 + 2Tx{(CV)*} + Y 20}, (6-37)
k:Kcoh"FKcor"Fl
) 4)18180% 5 ( ) i 4o
T{D*Y} = L aTe {(CV) (2, +MCOV) ™'} + 0k
2+ M||Bll5m k:Kcoh+Kcor+12 + M
(6-38)
and
4y 2 SHBHEﬁ 4( *) 2 = 802
Te{D'Y?} = +81{(CV)! 2L, + MCV) P+ S0 0
(2+M|B|3m)" k;H (24 Mm)?
(6-39)
Thus, (6-36) becomes
u(p; 8
% ~ 8T (lcoh + lcor + lun) 3 (6-40)
p —1
P=3
where
2 2
Lo = ( MH/BHQTI; ) : (6-41)
2+ M||5||2771
leor = Tr { (MCV)* (2L, + MCV) T}, (6-42)
and .
My, ?
= ) <—) . (6-43)
k=Kcoh+Keort+1 2 + Mnk
Here, 0 1(p:9) is a function of the correlation coefficient matrix C, in addition to the SNRs

>
op L

of the K sources,2 the number of snapshots 7', the number of array elements M and the coherent

coefficient 3 that has been considered in [72]. Accordingly, by substituting (6-23) and (6-40)
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into (6-15), we have P(d) ~ P, when § is far away from the point Oox, where

PL — eT(gcoh+gcor+gu11+lc0h+lcor+lun)Q <\/2T (lcoh _|_ ZCOI‘ + lun)> . (6_44)

Accordingly, P(6) in (6-15) becomes

Ps(é), ESIAN
P(8) ~ (6-45)
P, §¢A
with
A={6:6"T6 < 8T (leoh + leor + lun) } (6-46)

denoting the region w.r.t. 4.

It should be noted that, here we introduce partially correlated signal model into the deriva-
tion, and formulate the ZZB as an explicit function of the correlation coefficient matrix. Besides,
Z7B methodology successfully establishes the relationship between the minimum probability
of error of the binary hypothesis testing problem (2-4) and the lower bound on MSE, i.e., the
bound is obtained via integrating the P,,;,(%,% + ) over the whole parameter space. Thus,
we can see from (6-45) that, the integration over the parameter space can be further partitioned

as

[ )+ s+ 8) P+ )

R(®) [ () + e+ 8, e A (6-47)
> R2% .
R U+ e+ o) e, 5¢A

Obviously, Ps(d) corresponds to the probability of error for 8 € A, where the difference be-
tween Ho and H; is small. Correspondingly, the product of Ps(8) and integration over the
whole parameter space evaluates small estimation error bound (so-called local bound). By con-
trast, P, describes the probability of error for  far away from Oy, and thus the product of
P, and integration over the whole parameter space evaluates the large estimation error bound.

Hence, the ZZB takes both the small and large errors into account, which makes it a global

bound.
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Since P(§) does not depend on 1, the integration w.r.t. ¢ in (6-11) becomes

+ P(6
%/sz (fe() + fe(d +8)) Puin(¥, 9 + 8)dyp > CK< I){/d
2K (6-48)

k=K+1

according to Assumption 6.2.2, where ¢ denotes a 2K -dimensional hyperrectangle determined

by the constraints

£min = ’(/) = €max (6'49)

and

Emin j ¢ + 0 j €max (6'50)

with gmin - [Spmin]-}[‘(w 19min1£]T: gmax - [‘pmax]-]T(y ﬁmaxlﬁ]T- C = ©max — Pmin and Y= ﬁmax -
Umin denote the length of the intervals for azimuth and elevation, respectively.

By substituting P(d) (6-45) into (6-48), we have

K 2K K 2K
P Ps((s>—PL deA
7_516)% CKLK (C_(Sk) H (7_6]6)—’_ s
k:l k K+1 R k=K+1 0 0¢A
(6-51)

such that the optimization problem in (6-11) becomes

K 2K
&nga;ih ) T (v=d») (6-52)
k::l k=K+1
K 2K
~~ k) 0 Ps(6) — P
s v VK]EC k kl}ﬂ@ k)+6€Ame>% X 5(0) — 1

In joint 2D DOAs estimation scenario, the constraint becomes 13,6 = +2Kh due to

(6-11). As such, the first term in (6-52) becomes

A T i I (<+w h )”
-9 0 — 6-53
Mgf;a)fﬁh (KoK g(( k)kzngrl(V k) = (KyK B VK ( )
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according to the Property 1 in [72]. Specifically, when the length of the intervals for the azimuth

and elevation are equal, (6-53) is further simplified as

N
5T Se3Rh 0°K QQK H (o= = ( ﬁg) ' (6-34)

Then, the second term in (6-52) becomes

max Ps(0) = Q ( VEh ) : (6-55)

deA:1T, 6=v2Kh

since the maximum occurs at the point [58]!

J o
0 =V2Kh———Fr"7— 6-56
1. J o (6-56)
Correspondingly, (6-52) becomes
K 2K
max ¢ — 6x) (v — dx)
8135 0=V2Kh CK 1£[1 k= ll_([+1
VKh . (6-57)
— P C+’V h 2K_|_ Q( 21T _J-11 — B Oghgh&
~ CKny 2 _2K 2K 2K )
0 h > hg.
Hence, the ZZB (6-12) becomes
! — 1, R1 4 /WM) S 2Khdh
2 K 2 R 2 VoK
" VEh (6-38)
n / 0 — Py | hdh.
0 \/ 2]_’2I‘KJ7112K
By solving the two integration, the ZZB for joint 2D DOAs estimation is given in
2P K C+~\"" N
— 1 Ry > I: ——— (6-59
2K TR = 0K 4 1)(2K 4 2)(KAK < 2 ) Ty () =50 (6-59)

' Although only DOASs are of interest in our problem, the calculation of J ! here needs to take unwanted parameters into
account, see [2], [7].
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where
N AR, (6-60)
3\U¢) = —=73v e Lz2dl -
: r(3) Jo
is the normalized incomplete Gamma function with I'(3) = ** and
KN}
fg = o, (6-61)
with

BE ~ min

AT1T J-11 K
2K 2K (leoh + leor + lun), A/ = (C+ )| - (6-62)
K 2

Specifically, when the length of the intervals for azimuth and elevation are the same, i.e., ( =

v £ o, the ZZB is simplified to

1 1217, Relox R L A P
— 1Y R 1, > 2K 7% T J2Ke 2K 6-63
oK KK S BRI K +2) s () =g (6-63)
where
Q2

is the a priori covariance matrix of £.

Actually, the MSE of the 2K sources can be obtained by extracting the diagonal elements
in the error correlation matrix, which is also lower bounded by the diagonal elements in the a
priori covariance matrix R and the inverse of the FIM J~'. Thus, the MSE of joint azimuth

and elevation estimation can be lower bounded by the ZZB as

12, Tr { R} T {J '}
MSE, > r - 6-65
¢Z Gr ek o) L) (6-65)
which is the linear combination between the APB
6Tr{ R,
APB; = P{Re) (6-66)

(2K +1)(2K +2)

and the CRB.
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In 2D DOA estimation, we often evaluate the MSE of azimuth estimation and elevation
estimation separately, rather than the overall MSE of joint 2D DOAs estimation. In this case,
there are different approaches to derive the corresponding ZZB. For example, when we evaluate
the ZZB for azimuth estimation?, one approach is to derive it by partitioning the ZZB for joint

estimation (6-65) as

24P, Tr{R,} L T{Jgg'}
MSE, > r e ] 6-6
SBo 2 Gk + ek +2) 12 T (6-67)
where the APB is
12TI“{R¢}
APBy, = 6-68
1T 2K + 1)(2K +2) (6-68)
with
¢ 6-69
_ 57 -
Ry TR (6-69)

denoting the a priori covariance matrix of ¢, and J, ! is obtained from the (1, 1) block of
J~1. The other approach is to derive it by adopting the weight vector (6-13) and following the
framework in [72]. To be more specific, when we only estimate the azimuth, the constraint
becomes 13,84 = v/ Kh and the 85 becomes a free variable, where 6 = [8;, 657 with &3 and
d, respectively corresponding to the azimuth ¢ and the elevation 6. Since all the parameters
in ¢ and ¢ + J obey the constraints (6-49)-(6-50) and 025 < d [57], it is easy to observe that

the maximum occurs if and only if 64 = Ox. Hence, the first term in (6-52) becomes

h K
Ny 1Trr;3xfh o | H C—0) = (1 — —\/_g) , (6-70)

which degrades to the 1D case given in the Eq. (94) in [72]. The maximum of the second term

in (6-52) occurs at the point
~1
o 1k

lTJ 1x

0y = \/_h (6-71)

2The ZZB for elevation estimation can be derived in a similar way.
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and 09 = Oy, such that

max Ps(d) = Q VER

SEATL65=vRh,5o 2, /1% J, 1k

Then, the ZZB for azimuth estimation from 2D DOA scenario can be obtained by following the

(6-72)

derivation in [72], which leads to

12P,Tr{R,} Tr{J;'}
> - - -
MSE¢_(K+1)(K+2)+F% Ug i (6-73)
where the APB correspondingly becomes
6TI'{R¢}
APByo = . 6-74
@27 (K +1)(K +2) (6-74)
Here, .
7 Khﬁ’ (6-75)
YT RITT,
with
. 8T1LJ, "1 —
h¢ A min \/K—K-d)K (lcoh + lcor + lun)7 KC . (6'76)

The reason why we can obtain two ZZB expressions here is that, according to [57], the ZZB
expression depends on specific weight vector w. That means, by adopting two different weight
vectors (6-11) and (6-13), we can obtain different ZZB expressions for azimuth estimation. It is
noted that, although these two ZZBs have similar expressions to the Eq. (32) in [72], the FIM
Jy ! involves the coupling between the azimuth and elevation from the same source, which does

not appear in 1D DOA estimation problem.

6.3.2 ZZB for estimation after matching process according to minimum Euclidean

distance criterion

Obviously, before we perform estimation, we do not have the a priori knowledge about the

DOA, such that we assume uniform distributions (see, Assumption 6.2.2) for the azimuth/eleva-
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Figure 6.1 Illustration of the reason why we need to adopt minimum Euclidean distance criterion for
2D matching between the estimated and the true DOAs.

tion of each source. That means, each signal impinges on the array from any azimuth/elevation
with the same probability, and the azimuth/elevation of different sources are independent of
each other. However, for multi-source DOA estimators, the estimated DOAs are output in a
disordered manner (e.g., MUSIC algorithm). Hence, we have to perform a matching process
between the estimated and the true DOAs in the MSE calculation. Unfortunately, there is no
index to directly indicate the matching relationship between the estimated and the true DOAs.
Thus, an extra criterion have to be introduced for MSE calculation. Specifically, in 1D DOA
estimation, an ordering process for both the estimated and the true DOAs is usually performed
to realize a good matching and guarantee the correct MSE result, and its effect on the ZZB has
been investigated in [72] by exploiting ordering statistics. However, in 2D DOA estimation,
such an ordering process on the azimuth or elevation does not guarantee the correct MSE result.
Here is an example.

Example I: Consider there are two signals impinging on the array from b, = [¢y, 0] =
[40°,60°] and by = [y, 65] = [45°, 30°], while two estimates are obtained by = [y, 01] =
[45°,60°] and by = [, Bo] = [40°, 30°], respectively (see Fig. 6.1). Now, we consider how to
match the estimated DOA to the corresponding true DOA for MSE calculation. If we adopt an
ordering process along the azimuth, the estimate 62 1s matched to b; while the estimate 131 is

matched to b, respectively (as shown in the dash dot lines in Fig. 6.1), such that the RMSE 1is
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calculated as

1/ . .
RMSE, = \/Z (16 = B1[13 + 161 — ba3) ~ 21.21° (6-77)

Thus, it is not a correct MSE result because the estimate 131 and 132 are close to b; and b,
respectively. In other words, the estimate b, is preferred to be matched to b; while b, is preferred

to be matched to b, to lead to a smaller RMSE

1/ « .
RMSE, = \/Z (o1 = B1[13 + 162 — ball3) ~ 3.54° (6-78)

Obviously, in 2D DOA estimation, we prefer to adopt minimum Euclidean distance criterion
to realize the matching between the estimated and the true DOAs. Then, its effect on the ZZB
cannot be analyzed with the order statistics as [72] and still remains to be investigated.
Mathematically, such a matching process with minimum Euclidean distance criterion can
be formulated as an EBMP with minimum total Euclidean distance. To be more specific, we
define an undirected complete bipartite graph G = (U,V,€) with U = {b, = [¢,,0,]]s =
l,---,K}and V = {b, = [$,,0)]]y = 1,---, K} denoting the set containing the true and
the estimated DOAs respectively, £ = {d,,[s,7 = 1,--- , K} denoting the set containing the
weighted undirected edges connecting vertices of U and V. The weight d, , here represents the

squared Euclidean distance between l;] and b,, i.e.,
diy = ”BJ - bzug- (6-79)

Thus, the matching between the estimated and the true DOAs according to the minimum Eu-
clidean distance criterion can be formulated as finding the perfect matching with minimum total

weights in the bipartite graph G. Here, matching and perfect matching are defined as:

Definition 1 (Matching). 4 matching in an undirected graph G is a set of edges without common

vertices.

Definition 2 (Perfect Matching). A perfect matching in the undirected graph G is a matching

that covers every vertex.
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Figure 6.2 Illustration of EBMP. (a) A complete bipartite graph G between the sets of the true and
the estimated DOAs. (b) The weighted matrix with the elements denoting the Euclidean distance. (c)
One of the perfect matchings of the complete bipartite graph. (d) The elements in the weighted matrix
corresponding to the perfect matching.

For better illustration, we consider an intuitive example with X' = 3 sources shown in
Fig. 6.2. The formulated undirected complete bipartite graph G and the weight of each edge
are shown in Fig. 6.2a and Fig. 6.2b respectively. One of a perfect matchings of the graph G
and the corresponding weights are shown in Fig. 6.2¢ and Fig. 6.2d. Since there are different

perfect matchings in G, we need to find the one with minimum total weight among all the perfect

matchings. The minimum total weight is expressed as [154]

K
Dype = min D(«) = min Z leaw ()3, a € Sy, (6-80)
1=1
where
€a() (Z) = I;a(l) — bl (6'81)

is the difference between the estimate lA)a(Z) and the :-th true DOA b,, a(z) denotes the ¢-th

element after the permutation « over the K elements in the set V, and Sy denotes the finite
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symmetric group consisting of all the permutations over the K elements in V. Since D,y is the
minimum total squared Euclidean distance, the optimal matching relationship between the K
estimated DOAs and true DOAs is determined from the permutation « that leads to Dqy;.

According to (6-80), the minimum Euclidean distance criterion always prefers to match the
estimated DOA with the true DOA nearby to realize overall minimum MSE result. Actually, in
the asymptotic region, such a matching process does lead to the correct MSE result. The reason
is that, only small estimation error occurs in the asymptotic region, i.e., the estimated DOA
always appears near to the corresponding true DOA. However, in the non-asymptotic region,
large estimation errors that are distributed throughout the a priori interval of the parameters [58]
start to occur. In this case, the matching process with minimum Euclidean distance criterion still
matches the estimated DOA with the true DOA nearby, which implicitly reduces the effect of
large estimation errors on the MSE result. To this end, after the matching process adopting
minimum Euclidean distance criterion, the MSE of estimators will converge to a smaller value
in the a priori performance region. Obviously, the ZZB (6-59) derived in subsection 6.3.1 does
not consider this extra effect of the matching process and is not appropriate for lower bounding
the MSE in the non-asymptotic region after the matching process.

To be more specific, the MSE convergence for multi-source 2D DOA estimation is obtained

by the expectation of D, over the parameter vector &, i.e.,

Dopt = E{Dopc}- (6-82)

On the other hand, without the effect of the matching process, the estimation error of each
azimuth/elevation naturally tends to its a priori variance in the a priori performance region,
because all the DOAs are randomly and independently estimated from the throughout a priori
interval. Since the a priori variances of the azimuth and elevation only depend on the length of
the a priori interval  and ~y in the ZZB (6-59), the effect of the matching process on the ZZB
can be formulated as the ratio between @Opt and the trace of a priori covariance matrix R, i.e.,

Dopt

= TR (6-83)

K
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According to Assumption 6.2.2, all the azimuths and elevations are random variables fol-
lowing uniform distributions. Thus, the solution of @Opt can be solved by the stochastic EBMP

[154], which is defined as

Definition 3 (Stochastic EBMP). The two sets of K elements in EBMP, i.e., U and V, are

obtained by extracting 2K points independently with a given PDF on a certain domain ().

Obviously, in the a priori performance region, all of the K estimated DOAs and K true
DOAs are random variables following uniform distributions in the domain © = [©Ymin, Pmax] X
[V min, Umax]. Unfortunately, the exact solution of Z_)opt in such a general rectangle domain is still
an open problem mathematically. Here, we only consider a special case of the square domain,
i.e., length of the a priori intervals for azimuth and elevation are the same (( = v = p). In this
case, the ZZB degrades to (6-65) and the length of the a priori intervals ¢ and ~y in (6-59) are
compactly expressed in the trace of a priori covariance matrix R (6-64).

The solution of f)opt is given by generalizing the solution [154, Eq. (26)] for unit square

Q = [0, 1] x [0, 1] with to a square 2 with edge length ¢ as

_ In K
lim Doy = 0 ( - —|—€), (6-84)

K—+o0 2

where ¢ = 0.677 is obtained from a fit procedure. However, it is unrealistic to perform such a
fit procedure to obtain the bound with numerical Monte-Carlo trials, then we ignore the second

term obtained from fit procedure and make a relaxation

_ 0’In K

Dopt = 6-85
= on ( )
Accordingly, the ratio « is lower bounded by
, ChK (6-86)
"= o Tr{Re} ]

3The edge length o means that the length of the intervals for azimuth and elevation should be equal, instead of the beginning
and the end of the interval.
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Figure 6.3 Effectiveness of the relaxation.

Here, we demonstrate the effectiveness of the relaxation (6-85) in Fig. 6.3, where the
RMSE of 2D DOA w.r.t. different number of sources K is plotted. For each K, we randomly
generate £ = 10, 000 true 2D DOAs and estimated DOAs respectively according to the uniform

distribution ¢/[0°, 90°] and calculate the numerical RMSE

L
1 ~
RMSE = | 57 ; 1€, — &2, (6-87)

where ég denotes the estimate of &, in the /-th Monte-Carlo trial after the matching process

according to minimum Euclidean distance criterion. Then, we plot the relaxed analytic RMSE

@ according to (6-85). It is noted that, the length of the interval o = 90° here means that,
both the azimuth and elevation are located within the interval with length 90°, but ¥,,;, can be
different from @;,. Obviously, (6-85) is an effective relaxation for the lower bound. When the
number of sources K increases, both the numerical results and the relaxation decreases, which
indicates that, the MSE converges to a smaller value due to the effect of the matching process.

Thus, the ZZB considering matching process with minimum Euclidean distance criterion

is obtained by incorporating the ratio x into (6-65) as

30°In K
(2K + 1)(2K + 2)

Tr{J '}
2K

MSE; > 2P, + Ty (i) (6-88)
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where the APB (6-66) becomes

30°In K
(2K +1)(2K 4+ 2)°

APB; = (6-89)

When K = 1, there is no matching process between the estimated and the true DOA, then the
Z7B given in (6-65) is valid for evaluating the MSE performance.

When we only estimate azimuth from 2D DOA model, we also need to adopt the minimum
Euclidean distance criterion to realize the matching process for MSE calculation. Thus, the ZZB

for azimuth estimation with such a matching process can be derived from (6-67) and (6-73) as

30°In K - TT{JQI}
MSE,, > 2P, r — e ] 6-90
o 2 2R e e vy T ) T (6-90)
with
30°In K
APB,, = 6-91
P17 12K + 1)(2K +2) ©-91)
and
30°In K - TY{J(ZI}
MSE,, > 2P, r e 6-92
e eV R AUy e (6-92)
with
2In K
APBy, = so'ln (6-93)

2r(K +1)(K 4+ 2)

Note that, the ZZB for azimuth estimation is different from the one for 1D DOA estimation
[72]. The reason is that, we consider the matching process with minimum Euclidean distance
criterion over a 2D plane rather than an ordering process along the azimuth. Besides, the FIM
for 2D estimation successfully captures the coupling between the azimuth and elevation of the
same source, which leads to a different CRB compared to that for 1D DOA estimation.

Finally, in our ZZB derivation, we assume that the estimates of the azimuth and elevation
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for the same source are well paired together, which, however, is not always valid for specific 2D
DOA estimation problem depending on the array configuration and the estimation algorithm.
Hence, it is promising to provide a tighter bound considering the extra estimation error brought
from the azimuth-elevation pairing. Furthermore, it remains further study to be performed for

the case when the azimuth and elevation do not share the same a priori interval.

6.4 Numerical Analysis

In this section, we evaluate the derived ZZB for multi-source 2D DOA estimation, where
a URA comprises M = Mz x My = 10 x 10 = 100 sensors with half-wavelength inter-sensor

spacing along Z, X-axes, respectively*. Thus, the steering vectors along Z, X'-axes are
aZ(ekz) _ [1’ e—jwcosek, . 7€—j(M2—1)7rc059k:| T : (6-94)

and

an(¢k7 ek) _ [1’ eI siny cosqbk, . 7€—j(MX—1)sin9k Cos¢ki|T ’ (6-95)

such that the steering vector a(¢y, 0x) in steering matrix A (¢, ) becomes
a(qbk,@k) :ag(ek)®a,y(¢k,9k),k’: 1, ,K. (6-96)

We assume that each azimuth and elevation follow a uniform distribution 2/[45°, 135°] and run
L = 500 Monte-Carlo trials for each SNR point to obtain the curves in our simulation. In each
Monte-Carlo trial, all the true azimuths and elevations for /K sources are randomly sampled
according to the assumed uniform distribution. To keep the sources resolvable, we assume that

there is a least 10° separation among different azimuths and elevations, i.e.,

’¢z - ¢]| Z ]-007 |01 - 0]| Z 100,VZ7.] € 17 e 7K7l 7é J- (6_97)

*It is worth noting that the derived ZZB is appropriate for arbitrary 2D array configuration. The URA in the simulations is
only adopted as an example.
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Figure 6.4 Comparison of bounds for single source Figure 6.5 Comparison of bounds for multi-source
2D DOA estimation. estimation (K = 3).
Unless otherwise specified, the number of snapshots is fixed to 7" = 20 in each simulation.

Considering that the ZZB for single source 2D estimation only has been given in [58]
(BZZB), we first compare the ZZB in this chapter with the existing ZZB [58] in Fig. 6.4.
Obviously, there is no matching process between the estimated and the true DOA in single
source case, such that the ZZB (6-65) can be utilized to evaluate the MSE performance. The
APB (6-66), the CRB derived from the inverse of FIM (6-10), and the RMSE of the 2D MUSIC
algorithm are plotted for reference. It is observed that, the ZZB coincides with the ZZB in [58]
from the a priori performance region to the asymptotic region, provides a tight bound for the
MUSIC algorithm, and converges to the APB in the a priori performance region and to the CRB
in the asymptotic region, respectively. Here, the APB is determined by the mean between the
a priori variances of the azimuth and elevation, which means that, the MSE converges to the
a priori variance of the parameters in the a priori performance region, as correctly predicted
by the ZZB. On the contrary, the CRB grows divergently in the non-asymptotic region when
SNR decreases. When the SNR increases, the BZZB reaches the CRB (about —17 dB) slightly
earlier than the derived ZZB (about —16 dB), because the BZZB used an extra approximation
in the Eq. (C.14) in [58].

We then plot the ZZB for multi-source 2D DOA estimation in Fig. 6.5, where K = 3
uncorrelated sources are assumed to have the same SNRs. Different from the single source
DOA estimation, it is essential to the perform matching process during the MSE calculation as

discussed in subsection 6.3.2, such that we compare the ZZB (6-88) with the APB (6-89), the
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Figure 6.6 Comparison of bounds for multi-source azimuth estimation (K = 3).

CRB, and the RMSE of the 2D MUSIC algorithm. We can observe that, similar to the single
source case, the derived ZZB converges to the APB and the CRB in the a priori performance
region and the asymptotic region, respectively, and effectively lower bounds the RMSE of 2D
MUSIC algorithm in all SNR regions. It is noted that, although the ZZB does not provide a tight
bound in the a priori performance region due to the relaxation in (6-85), it still outperforms the
CRB and provides a global bound. When the estimator works in the non-asymptotic region,
the large errors distributed throughout the whole a priori interval of the parameters gradually
dominate the estimation, which prevent the CRB providing valid lower bound. By contrast, the
77B successfully captures both vthe small estimation error and the large error, as discussed in
subsection 6.3.1. Compared with the single source case, the ZZB reaches the CRB at a lower
SNR, because the linear combination coefficients 2}, and I' 3 (@i¢) reach to 0 and 1 more rapidly,
respectively.

Also, there is a common situation where we need to just estimate azimuth/elevation from
the 2D DOA model. Hence, we further investigate the ZZB on azimuth estimation in Fig.
6.6. Here, we investigate the two ZZB expressions (6-90) and (6-92) derived from different
approaches, where the corresponding two APBs (6-91) and (6-93), the CRB and the RMSE of
the 2D MUSIC algorithm are also plotted for reference. It is observed that, each ZZB converges
to the corresponding APB in the a priori performance region and provides global valid bound
for the RMSE of the azimuth estimated by MUSIC algorithm, where the APBg 5 (6-93) is greater
than the APBg ; (6-91). On the other hand, both the two ZZBs converge to the same CRB at the
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same threshold SNR. Obviously, the ZZB derived from the weight vector specifically aiming at
azimuth estimation (6-14) is tighter than that partitioned from the joint estimation bound with
the weight vector (6-11), such that we prefer to adopt the weight vectors (6-13) and (6-14) to
derive the ZZB for azimuth estimation and elevation estimation, respectively, while adopt the
(6-11) to derive the ZZB for joint 2D DOAs estimation.

Since the derived ZZB provides an explicit expression for all the coherent, correlated,
and uncorrelated sources, we evaluate the derived ZZB considering different sources coherence
in Fig. 6.7. Here, we assume there are X' = 3 sources with the same SNR and 1) partially

correlated with the correlation coefficient matrix

1 05 025
C=105 1 05]; (6-98)

0.25 05 1

2) fully coherent with coefficient 3 = [1, e/, e*2]T; and 3) uncorrelated. \; and A, here are in-
dependent and identically distributed random phases following a uniform distribution A [—, 7].
It is observed from Fig. 6.7 that, in the a priori performance region, all the ZZBs converges to
the same APB regardless of the coherence among sources, since the APB does not depend on
neither the coherent coefficient nor the correlation coefficient matrix. When SNR increases, the
more the correlation between the sources is, the more rapidly the ZZB decreases. Thus, outside
the a priori performance region, the coherent ZZB is below the correlated ZZB and the uncor-
related ZZB. The reason is that, there is least stochasticity for the fully coherent sources among
all the three cases, which makes the fully coherent signal model closer to the deterministic sig-
nal model that leads to lower MSE bound than stochastic model. That is to say, although the
coherence among sources usually requires extra operation to avoid the decrease of estimation

accuracy, the coherence may allow to achieve higher estimation accuracy.
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Figure 6.7 Comparison of coherent, correlated and uncorrelated bounds.

6.5 Summary

In this chapter, we derived an explicit ZZB for 2D multi-source DOA estimation. Ben-
efiting from the general signal model, the ZZB is for the first time appropriate for partially
correlated sources, and does not depend on the specific 2D array manifold. Different from the
1D DOA estimation case, in 2D DOA estimation, the matching process between the estimated
and the true DOAs must be implemented according to the minimum Euclidean distance crite-
rion. Hence, we analyzed the effect of such matching process on the ZZB with the formulated
stochastic EBMP and we provided the global valid ZZB for evaluating multi-source DOA esti-
mation. In addition to the joint 2D DOAs estimation, we also provided two approaches to derive
Z7ZB for azimuth/elevation estimation by utilizing different weight vectors. The results show
that the ZZB derived by the weight vector aiming at the azimuth/elevation estimation is tighter
than that obtained by the vector for joint 2D DOAs estimation. Simulation results demonstrate
the advantage of the derived ZZB over the CRB. It is noted that, the derived ZZB provides
globally valid bound, but not tight in the non-asymptotic region, since there is only an asymp-
totic solution for stochastic EBMP under the assumption of azimuth and elevation sharing the
same a priori interval. Hence, the derivation of tighter ZZB for 2D DOA estimation under more
general conditions is still remains to be studied, such as azimuth and elevation with different a
priori distributions or different a priori interval. Besides, although the derived ZZB provides a

general expression regardless of the specific array manifold, we believe that it is also promising
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to provide improved ZZB considering the characteristic of the array configuration. Finally, we
remark that, the basic ideas of this chapter are valid for other multi-source multi-parameter es-
timation problems, including multi-source joint parameters estimation among velocity, range,

and angle.
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Chapter 7. Conclusions and Future work

7.1 Conclusions

This dissertation systematically reviews the lower bounds on the MSE for nonlinear pa-
rameter estimation problems. Based on the literature review, the ZZB is selected as the research
subject. The basic theory and analytical framework of the ZZB for scalar and vector parameter
estimation problems are introduced in detail, and a generalized expression of the ZZB for these
two types of parameter estimation problems is provided.

Subsequently, addressing the challenges posed by the limitations of existing research on
the ZZB, which is confined to simple assumptions such as Gaussian white noise and single
target scenarios, this dissertation focused on typical parameter estimation problems in target
localization, such as distance and angle. This dissertation extends to the ZZB for distance and
angle estimation in complex scenarios involving non-white noise and multiple targets.

Specifically, we investigate the ZZB for time delay estimation based on CS, discussing the
impact of arbitrary CS kernels and Gaussian colored noise under single source case. We studies
the ZZB for 1D DOA estimation with multiple sources, focusing on the ZZB for single-type
vector parameter estimation composed of 1D DOA angles, achieving a theoretical breakthrough
from single-source to multi-source. We examines the ZZB for 2D DOA estimation with multiple
sources, addressing complex vector parameter estimation problems composed of elevation and
azimuth angles, achieving a theoretical breakthrough for more generalized parameter estimation
problems under the ZZB.

For the above issues, this dissertation provides reliable and easy-to-use explicit/closed-
form expressions of the ZZB, offering better estimation error evaluation tools for these param-
eter estimation problems. The main contributions and innovations of this dissertation are as

follows:

1. This dissertation presents an explicit ZZB for time delay parameter estimation based on

CS, making the ZZB applicable to any CS kernel and any Gaussian colored noise. This
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overcomes the theoretical limitations of existing work that relies on Gaussian white noise
and random CS kernels, thereby broadening the applicability of the ZZB. Compared to
the commonly used BCRB, the ZZB provided in this dissertation offers a globally tight
performance lower bound across all SNR ranges and provides accurate predictions of the

asymptotic region threshold SNR for MMSE estimator.

2. A closed-form ZZB for multi-source 1D DOA estimation is provided, which is a unified
expression for underdetermined/overdetermined estimation. By introducing a coheren-
t/incoherent mixed multi-source DOA estimation signal model, this dissertation formu-
lates the ZZB as a function of the coherence coefficients among different sources. Be-
sides, this dissertation introduces order statistics to systematically discuss the impact of
the necessary sorting process on the MSE results in the low SNR prior region. The rela-
tionship between the convergence of the MSE in the low SNR prior region and the number

of sources is revealed.

3. A closed-form ZZB for multi-source 2D DOA estimation is derived. This dissertation
also incorporates partially correlated source signals into the ZZB analysis, resulting in a
closed-form expression of the ZZB related to the correlation coefficient matrix. This dis-
sertation introduces the random Euclidean bipartite matching problem to quantitatively
analyze the impact of this criterion on the convergence of MSE in the low SNR prior
region. Additionally, the dissertation provides ZZB expressions for only elevation/az-
imuth angle estimation under the multi-source 2D DOA estimation model and intuitively

demonstrates the tightness of the ZZB expressions brought by different weight vectors.

7.2 Future work

This dissertation conducts research on the ZZB for typical nonlinear parameter estimation
problems such as distance and angle. It is worth noting that there are remaining challenges that

require further research, such as:

1. How to provide reliable and easy-to-use expressions for the ZZB in more complex signal
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models, such as Gaussian mixture distributions.

2. How to provide closed-form ZZB expressions when the vector parameter follows a non-

uniform a priori distribution.

3. How to provide a closed-form ZZB for multi-source 2D DOA estimation when the a

priori ranges of elevation and azimuth angles are different

4. How to derive tighter closed-form ZZB that accounts for specific array manifolds.
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