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ABSTRACT

GNSS Localization and Attitude Determination via Optimization
Techniques on Riemannian Manifolds

Xing Liu

Global Navigation Satellite Systems (GNSS)-based localization and attitude
determination are essential for many navigation and control systems widely used
in aircrafts, spacecrafts, vessels, automobiles, and other dynamic platforms. A
GNSS receiver can generate pseudo-range and carrier-phase observations based on
the signals transmitted from the navigation satellites. Since the accuracy of the
carrier phase is two orders of magnitude higher than that of the pseudo-range,
it is crucial to employ the precise GNSS data, the carrier phase, to perform a
high-accuracy position or/and attitude estimate. The main challenge to fully
utilizing carrier-phase observations is to successfully resolve the unknown integer
parts (number of whole cycles), a process usually referred to as integer ambiguity
resolution. Many methods have been developed to resolve integer ambiguities
with different performance offerings. Under challenging environments with in-
sufficient tracked satellites, significant multipath interference, and severe atmo-
spheric effects, the existing methods might not be up to par regarding reliability
and efficiency.

First, we study the GNSS attitude determination problem in this thesis. A
GNSS attitude model with nonlinear constraints about antenna-array geometry
is used to incorporate a priori information rigorously. Given the characteristics of
the employed nonlinear constraints, we formulate GNSS attitude determination as
an optimization problem on a manifold. We propose three different attitude deter-

mination methods: the array-aided attitude determination based on an oriented
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sphere manifold, the Riemannian-manifold-based orthonormality-constrained at-
titude determination (RieMOCAD), and the constrained wrapped least squares
(C-WLS) method.

We also propose a joint solution for real-time kinematic positioning and at-
titude determination. Although without common parameters in the localization
and attitude determination problems, the GNSS data of the two issues are cor-
related. We consider this correlation and treat GNSS localization and attitude
determination as a joint problem instead of two independent issues, allowing us to
leverage the prior information rigorously. Again, Riemannian optimization is ap-
plied to improve the performance of RTK positioning and attitude determination

regarding the accuracy and ambiguity resolution.
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Chapter 1

Introduction

1.1 Global Navigation Satellite System

Global navigation satellite system (GNSS) encompasses a group of satellite navi-
gation systems with global coverage, which allows the users to obtain their geospa-
tial position using signals transmitted from satellites. Available GNSS constella-
tions include Global Positioning System (GPS), GLONASS, BeiDou, Galileo, and
so on. All of these constellations broadcast signals on multiple (dual or triple)
frequencies. A comparison of these constellations is shown in TABLE 1.1.

GNSS consists of three segments, namely, space segment (satellites), control
segment (ground stations), and user segment (rovers/receivers). The first GNSS
constellation, GPS, developed by the United States government, became fully
operational in 1995 [2]. After that, many researchers devoted their careers to
enhancing the system’s reliability, availability, and precision. The popular GNSS
research areas involve atmospheric (ionospheric and tropospheric) delay mod-
eling, multipath effect mitigating, satellite receiver and clocks synchronization,
ambiguity resolution, etc.

Although millions of devices in the market have localization capabilities,

GNSS remains one of the dominating techniques for absolute position estimation

Table 1.1: GNSS comparison

GPS GLONASS Galileo BeiDou
Altitude 20,180 km 19,130 km 23,222 km 21,150 km
Period 11 h 58 min 11 h 16 min 14 h 5 min 12 h 38 min
Satellites 31 24 30 (24 active + 6 spares) 30
1575.42 MHz (L1) | 1602.00 MHz (L1) 1575.42 MHz (E1) 1561.098 MHz (BI)
Frequencies | 1227.60 MHz (L2) | 1246.00 MHz (L2) | 1176.45/1207.14 MHz (E5a/b) | 1207.14 MHz (B2)
1176.45 MHz (L5) | 1202.025 MHz (L3) 1278.75 MHz (E6) 1268.52 MHz (B3)
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and is expected to play a critical role in various navigation and control systems.
GNSS has been widely used for offering precise position and attitude information
required by many types of applications like autonomous driving [3, 4, 5, 6], preci-
sion agriculture [7, 8], port automation [9], unmanned vehicles [10, 11, 12, 13, 14],
etc. With the advent of next-generation GNSS [15, 16, 17, 18, 19], more potential

applications are expected to emerge.

1.2 GNSS Positioning and Attitude Determination

Precise GNSS positioning techniques are widely used to achieve sub-meter local-
ization accuracy [20, 21]. Real-time kinematic (RTK) is a popular precise GNSS
positioning technique that estimates the receiver position with up to centimeter-
level accuracy using pseudo-range and carrier-phase observations as well as real-
time corrections from the reference station [22, 23]. The carrier-phase measure-
ments have millimeter precision, but the ambiguities are unknown. The high pre-
cision of RTK positioning is dominated by the carrier-phase observations, which
serve as ultraprecise pseudo-ranges after reliable ambiguity resolution. With the
development of GNSS constellations and receivers, it is possible to resolve carrier-
phase ambiguities with high probability, i.e., success rate [24, 25]. However, it is
still a hot topic to improve the reliability of ambiguity resolution in some chal-
lenging scenarios, such as an urban canyon where only a small number of satellites
are visible [26, 27, 28].

Nowadays, it is a common setup that a vehicle is equipped with more than
one GNSS antenna, which enables GNSS-based attitude determination as an
essential alternative to traditional techniques based on inertial navigation systems
[29, 30, 31]. The goal of GNSS attitude determination is to estimate a vehicle’s
orientation with respect to a reference coordinate [32, 33], utilizing multiple GNSS
antennas /receivers rigidly mounted on the body frame. Compared with the other
sensors applied in attitude determination, such as gyroscopes or star-trackers, a

GNSS receiver offers several advantages, including the driftless characteristic, low
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power consumption, and minor maintenance requirements [34, 35]. Nowadays,
GNSS localization and attitude determination have been ubiquitously explored
in numerous land, airborne, and maritime scenarios [36, 37, 38, 39, 40, 33, 41,
42,43, 44, 45, 46]. Furthermore, recent developments and interest in autonomous
systems have resulted in even more attention drawn to this research area [47, 48,
49, 50].

The observations of GNSS receivers include pseudo-range and carrier phase.
Depending on the assumptions on the system, GNSS observations can be pre-
processed in numerous ways. In particular, GNSS measurements are processed
as phase single, double, or even triple differences [51]. The single difference is
defined as the difference between the simultaneous observations (from the same
satellite) at two different antennas. The purpose of single difference is to elimi-
nate the satellite clock bias. However, such approach would not solve the problem
of receiver clock bias which still needs to be estimated. With common receiver
clock technology, single-difference models can be used to simplify the complexity
and reduce the influence of uncorrelated noise [52, 53]. The double difference
refers to the instantaneous difference between the single-difference observations
of two different satellites. By applying double-difference, the clock errors, in-
strumental delays, atmospheric parameters, and other unknown error sources are
significantly mitigated or even removed [2]. As a result, many existing GNSS
localization and attitude determination methods use the phase double-difference
model to carry out baseline settlement. Finally, the triple difference is defined
as the difference between the double-difference observations from two successive
epochs [51]. Assuming that the integer ambiguity remains unchanged during the
time interval between epochs, the use of triple-difference allows the total removal
of the carrier phase integer ambiguity.

Although both kinds of measurements can be utilized for localization and at-
titude estimation, the high precision of GNSS solutions mainly derives from the

accurate carrier phase measurements. Indeed, the noise level of the carrier phase
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measurements is a couple of orders of magnitude lower than that of pseudo-range
measurements[54]. On the downside, the primary challenge in GNSS localiza-
tion and attitude determination stems from the fact that the phase observables
are ambiguous by an unknown integer number of cycles ambiguity that needs to
be resolved. Standard GNSS localization provided by mass-market devices uses
only pseudo-range data, and its accuracy is 3-5 meters. Precise GNSS positioning
techniques take advantage of both pseudo-range and carrier phase observations
to achieve decimeter or even centimeter localization accuracy. The vehicle’s atti-
tude is determined by the relative position between the multiple GNSS antennas
mounted on it. Since the distance between these antennas is usually small, a
high-quality attitude (orientation) estimation can only be expected with a precise
relative position given by high-precision observations, i.e., carrier phase. Hence,
carrier phase ambiguity resolution, i.e., the process of resolving these unknown

integer values, is a crucial step for GNSS positioning and attitude determination.

1.3 Related Works

A number of carrier phase ambiguity resolution methods have been proposed over
the years, most of which belong to one of the following two classes: motion-based
methods [55, 56, 57, 58] and search-based methods [59, 60, 61, 41, 62, 63, 64, 65].
Motion-based methods incorporate information about the dynamics of the vehicle
into the estimation process and resolve the carrier phase ambiguities by exploiting
the change in the receiver-satellite geometry with time [66, 56, 67]. These methods
take advantage of multiple epochs of observations collected over a given period of
time assuming that the integer ambiguities remain unchanged during this period.
As a consequence of their design, these methods are not well-suited for real-time
applications [68].

On the other hand, search-based methods, as their name suggests, search for
the optimal solution in different domains. Indeed, the search-based methods are

more diverse than the motion-based ones thanks to the use of various cost func-
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tions and different information provided by the system. For example, there are
search-based methods based on carrier phase only or carrier phase combined with
pseudo-range, single frequency versus multi-frequency methods, with or without
aid knowledge. As a result of their diversity, these methods differ widely in their
efficiency depending on the adopted objective function and the search strategies
[60, 69, 70, 62]. For instance, in [69], a constraint equation is used, and the search
is carried out in the antenna positions domain. In contrast, the authors in [70]
solve the ambiguity using an artificial neural network. For a limited number of
GNSS observables, a search algorithm based on Gram-Schmidt orthonormaliza-
tion (GSO) is developed in [62]. With only four GNSS observables, the algorithm
constraints the search space to two dimensions so as to significantly improve the
estimation efficiency.

While motion-based methods are not designed for real-time applications, their
search-based counterparts are independent of the platform’s motion, making them
good candidates for instantaneous attitude determination. Among the search-
based methods, the least-squares ambiguity decorrelation adjustment (LAMBDA)
method [71, 72] and its modified versions [73, 63] received considerable attention
in the literature. The main advantage of these methods is that the ambiguity reso-
lution search is performed directly in the integer domain. The LAMBDA method
solves an integer least squares problem through an ambiguity transformation that
allows for an efficient search for the optimal estimates over a hyper-ellipsoidal re-
gion [71, 72].

The LAMBDA method has become the standard approach for GNSS ambi-
guity resolution with unconstrained or linearly constrained models [74, 54, 75].
For unconstrained or linearly constrained models, LAMBDA solutions are opti-
mal in terms of the ambiguity resolution success rate, i.e., it offers the highest
probability of resolving the ambiguities correctly [76].

The LAMBDA method is not designed for attitude determination and fails

to take advantage of a priori knowledge of antenna geometry, which introduces
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nonlinear (orthonormality) constraints to the optimization problem. The con-
strained LAMBDA (C-LAMBDA) [68] and multivariate constrained LAMBDA
(MC-LAMBDA) methods [77] were proposed to leverage the priori knowledge
about the antenna relative positions for single- and multi-baseline attitude mod-
els, respectively. The literature shows that these two techniques can significantly
improve the success-rate performance compared to the LAMBDA method [68, 75].
Resolving the unknown carrier-phase ambiguities correctly allows for accurate
attitude determination, whereas the orthonormality constraints facilitate high
ambiguity resolution success rates and reliable attitude estimation [74]. Incorpo-
rating the nonlinear constraints into the optimization problem results in a more
complex search space that is not ellipsoidal anymore, increasing the complexity of
the search process significantly [78, 75]. The performance of the C-LAMBDA or
MC-LAMBDA approaches relies upon the quality of the (initial) float solutions,
that is, the least-squares estimations with the integer constraint of ambiguities
ignored.

Based on a specific relaxation of the nonlinear constraints pertaining to the
known antenna-array geometry, the affine-constrained attitude model (AC-AM)
has been proposed as a compromise between the unconstrained LAMBDA and
MC-LAMBDA methods [74, 54]. The AC-AM relaxes the orthonormality con-
straints to linear ones through an affine transformation. Therefore, if the number
of baselines is greater than the dimension of their span, the AC-AM provides a
better float solution compared to the unconstrained model such that it outper-
forms the standard LAMBDA in the terms of the ambiguity resolution success
rate[74]. On the other hand, the AC-AM is less robust than the orthonormality-
constrained attitude model (OC-AM) used in the MC-LAMBDA method; thus,

high computational efficiency but lower success rates followed.
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Figure 1.1: The Navigation Gap [1].
1.4 Challenge and Motivation

Carrier-phase-based GNSS techniques can provide seamless positioning solutions
under good satellite visibility conditions, but their performance is limited in de-
graded environments. In urban areas, the performance is insufficient for the
autonomous vehicle application as a consequence of blocked signals, multipath
and non-line-of-sight (NLOS) signal reception [79]. A GNSS receiver can collect
both the original and reflected signals, or worse, receiving only the reflected sig-
nals. Signal reflection introduces an extra propagation distance, leading to a huge
positioning error. For a vehicle in deep urban areas, the localization errors can be
as high as 50 meters or even higher because of multipath and NLOS effects. In
these environments, GNSS alone cannot satisfy the rigorous requirements on con-
tinuity, accuracy, and reliability of positioning. The navigation gap distribution
is shown in Fig. 1.1.

In addition to these general challenges on GNSS positioning, there are specific
problems for RTK. One drawback of RTK is that the validity of the correction
message provided by the reference station decreases rapidly when the user-to-
reference separation is over 20 km. Multiple local reference stations and commu-

nications link are needed all around an urban area. Vehicles in regions equipped
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with the required infrastructures would receive local corrections through cellular
links to achieve high accuracy location information. However, accuracy degrades
near edges of the local reference station network. When multiple reference sta-
tions are used, the individual local reference station may produce significantly
different corrections, resulting in severe ionospheric and tropospheric decorrela-
tion [80]. Depending on the distance between the rovers/receivers and reference
station, the quality of the correction streams coming from the reference stations,
the number of tracked satellites, and the environment surrounding the vehicle, it
may take a few minutes to 30 minutes to achieve the reliable ambiguities. Fast
convergence is still a big challenge for precise GNSS localization.

For GNSS attitude determination, the existing methods can provide excellent
solutions in ideal environments, with the ambiguities resolved instantaneously
with high success rate. However, these methods are faced with some challenges
under satellite-deprived environments such as urban canyons. For example, the
computational efficiency of the C-LAMBDA and MC-LAMBDA methods might
be inadequate in challenging environments with significant multipath effects or
an adverse view of satellites, such as in urban canyon scenarios [81]. Given a
large number of baselines, the AC-AM can generally provide high success rate,
allowing it to be a fast alternative to the MC-LAMBDA method [54]. However,
with a limited number of baselines, there is still much room for success rate

improvement.

1.5 Contributions

We propose several novel methods to solve the remaining challenging issues for
GNSS applications. These contributions are summarized in the following:

1. We propose a novel 3-D GNSS attitude determination method based on
Riemannian optimization techniques. The proposed method first exploits the
antenna geometry and baseline lengths to reformulate the 3-D GNSS attitude

determination problem as an optimization over a non-convex set. A particular
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receiver configuration leads to a simple solution for the ambiguity resolution.
Since the solution set is a manifold, in this manuscript we formulate the problem
as an optimization over a Riemannian manifold. The study of the geometry of
the manifold allows the design of efficient first and second order Riemannian
algorithms to solve the 3-D GNSS attitude determination problem. Despite the
non-convexity of the problem, the proposed algorithms are guaranteed to globally
converge to a critical point of the optimization problem.

2. We present an ambiguity resolution method for Global Navigation Satellite
System (GNSS)-based attitude determination. A GNSS attitude model with non-
linear constraints is used to rigorously incorporate a priori information. Given the
characteristics of the employed nonlinear constraints, we formulate GNSS atti-
tude determination as an optimization problem on a manifold. Then, Riemannian
manifold optimization algorithms are utilized to aid ambiguity resolution based
on a proposed decomposition of the objective function. The application of man-
ifold geometry enables high-quality float solutions that are critical to reinforcing
search-based integer ambiguity resolution in terms of efficiency, availability, and
reliability. The proposed approach is characterized by a low computational com-
plexity and a high probability of resolving the ambiguities correctly.

3. We develop a constrained wrapped least-squares (C-WLS) method for
high-accuracy attitude determination. This approach is built on an optimization
model that leverages prior information related to the antenna array and the in-
teger nature of the carrier-phase ambiguities in an innovative way. The proposed
approach adopts an efficient search strategy to estimate the vehicle’s attitude pa-
rameters using ambiguous carrier-phase observations directly, without requiring
prior carrier-phase ambiguity fixing.

4. We propose a joint solution for GNSS localization and attitude determi-
nation. Although without common parameters in the localization and attitude
determination problems, the GNSS data of the two issues are correlated. We

consider this correlation and treat GNSS localization and attitude determination
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as a joint problem instead of two independent issues, allowing us to leverage the
prior information rigorously. Again, Riemannian optimization is applied to aid
the process of ambiguity resolution, which improves the accuracy and accelerates

the convergence of the positioning and attitude solution.

1.6 Thesis Outline

The following chapter describes the GNSS observation models and the related
work in the literature. In Chapter 3, an overview of Riemannian optimization
methods over matrix manifolds is presented. Chapter 4 introduces the proposed
oriented spheres manifold and applies it to precise attitude determination with
carrier-phase ambiguities resolved based on a designed antenna geometry. In
chapter 5, Riemannian manifold optimization algorithms are utilized to aid am-
biguity resolution for attitude determination based on a proposed decomposition
of the objective function, which works on an arbitrary antenna array. In chap-
ter 6, a constrained wrapped least squares method is presented to determine a
vehicle’s attitude through a search procedure in the solution space (manifolds).
Chapter 7 addressed a joint solution for GNSS localization and attitude deter-
mination, which uses an unscented Kalman filter on the Riemannian manifold
to improve the accuracy and accelerate the convergence of the positioning and
attitude solution. In the last chapter, some potential future research directions

are proposed.



Chapter 2

GNSS Observation Model and Existing Methods

2.1 Observation Model

For the GNSS antenna a that tracks S + 1 satellites, the original observations

from the s-th satellite’s signal (s =0,1,2,--- ,S) can be modelled as

C

V=Pl +n. — i+ 710+ —(0t, — 0t°) + 1,

) A (2.1)
P =P+ +71)+ X(éta —0t%) 4 €,

with

S 1 S
P =5 lx" =l (2.2)

a

Without loss of generality, we assume that the observations and all distances are
measured in units of wavelength. The variables in (2.1)—(2.2) are defined as fol-
lows: 12 and p? are the carrier-phase and pseudo-range observables (respectively),
P? denotes the distance between the s-th satellite and the a-th antenna, n;, is the
carrier-phase ambiguity, 7; is the ionospheric delay, 7 is the tropospheric delay,
A represents the wavelength for the given frequency, ¢ is the speed of light, dt,
denotes the receiver clock bias, dt° is the satellite clock bias, x° is the satellite
location, x, is the antenna position, 1] and € account for unmodelled errors and
noise, and 1 <K e5.

For a configuration with multiple antennas, let us denote the baseline direction
vector between antenna a and antenna b represented in the reference coordinate
by x4 € R3. To eliminate the satellite clock biases, we calculate the difference

of observations at antenna a and antenna b, with the latter being the reference
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antenna. This operation is usually denoted as single difference (SD), and it results

in the the observation model

-S S C S
ab = Vo — Wy = Py +ngy, — igy, + Ty + thab + Naps
(2.3)
S S S S -S S c S
Pab = Po — Py = Py + gy + Top + X&ab + €

Since the baseline length is far smaller than the distance from the satellite to

the antennas, PS5, can be represented as [82]

S S S ]' S
s — PP — P = 3 (h*)" x4, (2.4)

where h® € R3 is the unit line-of-sight vector between the receiver and satellite
s, and T denotes the matrix transpose.

Another difference operation is carried out on the SD observations over pairs
of satellites to cancel out the receiver clock bias. By designating satellite 0 as
a reference, the difference process results in the so-called double-difference (DD)
model, which is given by

s0 E 0 Lo 0\ T s0 _ +s0 0 s0
ab = VYab — VYab = X(h —h%) " xgp 0l — i + 7+ 0,

(2.5)

s0O s 0 _ S o\ T -s0 s0 s0
Pab = Pab — Pab = (h —h ) Xab T+ Lab + Tab + Eab-

>| =

The DD operation eliminates both the receiver and satellites clock errors. If
the distance between the antennas is small, the atmospheric delays are highly
correlated such that £ and 75 can be ignored. As the baseline length rise, one
needs to consider the effects of the ionospheric and the tropospheric delays, that
is, 759 and 75 should be treated as unknowns together with the other parameters.

For the baseline x,,, we can arrange the double-difference observations from

various satellites in the vectors

T T
%b:{ 0. 5}91 , pab:|:pL1£ pfg} . (2.6)
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By arranging the other parameters in (2.5) in a vector or a matrix to match (2.6),

the standard double-difference model is given by the following linear observation

equations:
'l/)ab = Hxgp + Nop — iab + Tab + Nabs
(2.7)
Pab = Hx,p + iab + Tab + €ab,
with the design (non-singular) matrix
(h! — 9" h;
1
H=_— . = : , 2.8
X . : (2.8)
(hS —n%)" hs

where ng;, € Z° is the unknown integer ambiguity vector, 44, € RS consists of the
DD ionospheric delays, 7., € RS denotes the DD tropospheric delay vector, and
Nab, € € RS are the unmodeled error and noise vectors.

Let ya = [t paTb]T, the compact form of (2.7) is given by

Yar = Axab + Bnab +c® iab + ]-2 & Tap + €ap (29)
with
H I —1 Nab
A= 7B = ° , C = y €ab = )
H (@) 1 €ab

where I is an identity matrix of size S, and 1, is a 2-dimensional all-one vector.
Assume that the pseudo-range and carrier-phase are uncorrelated. The co-

variance matrices of ¥4, and p,, are given by
Q%b%b = cov(YPa) = E[(¢ab—E(¢ab))(¢ab—E(¢ab))T] )

Qpabpab = COV(pab) = E[(pab_E<pab))(pab_E(pab))T} )

where E(+) denotes the expectation operator, and cov(-) produces the covariance
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Figure 2.1: RTK System Structure and Observation Model.

matrix. Then, the covariance matrix of y,;, is expressed as

@)

YabPab

O Qpabpab

anbyab = Cov(yab) =

2.2 Real-time Kinematic Positioning

In RTK positioning, the fixed reference station transmits its pseudo-range and
carrier phase data to the vehicle via a suitable communication link [83]. The
simultaneous measurements of both the reference station and the vehicle are
then linearly combined using the DD operation to remove symmetrical errors
and processed in real-time manner [33].

Considering only a single vehicle and a single reference station as shown in

Fig. 2.1, the RTK problem can be expressed using the DD model as

Yor = Axvr +Bn,, +¢c® iv’r + ]-2 & Tyr + €ur, (210)

where the subscripts v and r represent the vehicle and the reference station,
respectively.

The validity of the above model hinges on the distance between the vehicle
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and reference station, i.e., the baseline length. Generally, for short baselines,
the atmospheric delay terms are considerably reduced and can be basically ig-
nored. So the unknowns are only relative position and integer ambiguities. For
short baselines, the model is highly accurate; Whereas for long baselines, the
atmospheric delay terms can be considerably different resulting in residual errors
which be modeled and estimated as parameters [84].

The carrier-phase ambiguities are constant values over time, as long as there
are no cycle slips. A cycle slip will lead to a jump of ambiguity, which can
be detected based on the standard hypothesis testing theory [85]. If a cycle
slip occurs, one needs to adjust the corresponding ambiguity so that the time
constancy is no longer violated.

One usually needs a long observation time to estimate position and ambigui-
ties accurately. The multi-epoch observations can be processed using a Kalman
type filter, ignoring the integer constraint of ambiguities. Once the float solutions
are precise enough, the integer ambiguities can be resolved correctly using ambi-
guity resolution methods, where the LAMBDA method is the standard approach.
Then, the vehicle’s relative position with respect to the reference station, x,,., can
be accurately. Note that the position of the reference station should be precisely
known; that is, the RTK technique can offer the accurate absolute position of the

vehicle.

2.3 GNSS Attitude Determination Methods

In this section, we describe the various GNSS attitude models and the related

work in the literature.

2.3.1 The Unconstrained Attitude Determination

Consider a vehicle equipped with 4+ 1 GNSS antennas (named as 0-th, 1-st,-- -,
and A-th antennas) that track S + 1 satellites simultaneously. The double-

difference (DD) operation is applied to cancel out the common-mode errors. The
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antenna 0 is selected as the reference one. The GNSS attitude observation equa-

tions are given by

Y = AX + BN + E, (2.11)

where

Y= [)’10 YAo}v
X: Xlo... X.AO:|’

N=1ny - nAO} ’

E: elO"' e.AO:|'

In the attitude determination problem, the baseline length is usually quite short
(meter-level or shorter) [86]. This makes the atmospheric delays for two antennas
highly correlated and can almost be eliminated by the difference operation.

The model (2.11) is called the unconstrained attitude model (UC-AM) since it
disregards the prior knowledge of the baseline matrix. Note that “unconstrained”
is only in terms of the antenna-array geometry; the integer constraints are given
full consideration. To estimate the unknown baseline coordinates and integer
ambiguities, the problem can be formulated as

min ||lvec (Y — AX — BN)

2
XGRSXA’NGZLSXA ||Q;{31( !

(2.12)

where the notation vec(-) represents the vectorization operation, ||()||?Q§%{ =

()TQyy (), and Qyy is the covariance matrix of vec(Y), that is
QYY:E[vec(Y—E(Y)) [vec(Y—E(Y))]T] .

To determine the solution of (2.12), the following orthogonal decomposition
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can be applied to simplify the problem [54]:
. 2
XeR:xx1£g1625xAHVBC(Y_AX_BN)HQI&

= HVeC(EUC)Hg;‘I{ + miinAq‘VeC(N_NUC)

NeZ

) . X ) (2.13)
Q' . +xg§1§i%\ VeC(X_XUC(N))HQfl )

NycNuc Xuc®™Xyc®,

In (2.13), E,, = Y—AX_.—BN,_ is the residual matrix of the least-squares

solution, i.e., the float solution without the integer constraints given by

A~ A

X.., N arg min Hvec(Y—AX—BN)H?Q;;, (2.14)

XcR3X% A,NGRS XA

ucrNuc—

whose covariance matrixes are Q % %
ucC

Qi 5 -and Qg . The

N Y )
uc 'uc ucC ucTuc uc 'uc

other variables in (2.13) are expressed as

vec(XUC(N)> :vec<XUC) -Q Q' . vec(NUc—l\b,

Huctue NueNue (2.15)

Q Q -Q Q!

XycM)XycM) XucXuc XucNuc NyeNye  NyucXuc

For further details, refer to [54].

The residual term is independent of the parameters. Since the UC-AM dis-
regards the constraints on X, we can let X = X (N) so that the third term on
the right-hand side of (2.13) is equal to zero, i.e., minimizing (2.13). Hence, the

original optimization in (2.12) is equivalent to the following integer least-squares

(ILS) problem

2
min
NeZSxA

(2.16)

vec (N — NU c)

—1
NycNuc

The LAMBDA method can solve (2.16) efficiently, with N being the center of
the search space (an ellipsoidal set). Once the integer ambiguities are resolved, the

recovered DD carrier phase can be utilized to estimate the baseline coordinates.

2.3.2 The Affine-constrained Attitude Determination

One can accurately measure the antenna-array geometry because the GNSS an-

tennas are firmly mounted on the vehicle. Therefore, the antenna-array coor-
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dinates in the body frame can be considered as known parameters that can be
incorporated in GNSS attitude determination. In [74, 54|, to leverage the priori
knowledge, the authors take advantage of an affine transformation, which converts

the baseline coordinates from the body frame to the reference frame through
X =RX,;, R ecR** (2.17)

where X, € R4 and ¢ = min(3,.A). Then, (2.11) and (2.17) establish the
affine-constrained attitude model (AC-AM).

Based on the affine transformation, the attitude determination problem can
be expressed as

min |lvec (Y — ARX, — BN)||?Q%1( . (2.18)

RER?’XA,NGZSXA

Similar to (2.13), the following orthogonal decomposition is used

2
ReRdxlglNeZSx |[vec(Y — ARX[]_BN)HQ—l = [|vec(E AC)HQ\_{;

o (2.19)
+ min |[||vec (N -N AC) + min VQC( R,/ ) ,
NeZSxA Q* R RcR3x%q
NacNac RAC(N)RAC(N>

where E,, = Y—AR, X,—BN,_ is the least-squares residual matrix of the

float solution given by

R,,,N,,= argmin ||Vec(Y—ARXb—BN)||?Q71 ; (2.20)
R€R3X.A’N€RS><A YY
with the covariance matrix Q_ Q. . Q. . ,and Q. The

) )
acNac RacRac NacRac RacNac’

other variables in (2.19) are given by

—1 -
ved ved N - N . vece —
(IR‘AC ) ( ) QRACNACQNACNAC Q\IAC 1V> ’

Q wn Q% 4 Q. . Q7

RAc®R, M) RacRac RacNac NueN e NacRac

(2.21)

Finally, the optimization problem in (2.18) is identical to the following minimiza-
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tion [74]
. 2
min_[vec(N-1,) 2.2
Since Qo <« the AC-AM can improve the float solution such that
AC TAC uc uc

it can provide better ambiguity estimations compared with the UC-AM [54].

2.3.3 The Orthonormality-Constrained Attitude Determi-

nation

The AC-AM does not rigorously integrate the known geometry of the GNSS
antenna configuration into the objective function. To fully leverage the nonlinear
constraints of antenna-array geometry, an orthonormal matrix R is used to link
X and X, through

X =RX;,, RecQ* (2.23)

where RTR = I, and I, represents an identity matrix of size ¢. The matrix R
indicates the orientation of the platform’s body frame relative to the reference
coordinate. The combination of (2.11) and (2.23) yields the orthonormality-
constrained attitude model (OC-AM).

The OC-AM involves two kinds of constraints, namely, the integer constraints
for the ambiguities and the orthonormality constraints for matrix R. The opti-

mization for the OC-AM can be expressed as

: 2
Re©3XIL1n711\IIleZSXA |lvec (Y — ARX, BN)||Q;“1( ) (2.24)
which can be decomposed into three terms [77, 75
peon i [vee(Y —ARX, - BN = vec(B,)dy
( o . (2.25)
+ min HveC(N—NAC> . + min Vec<R—RAC )H . :
NezseA QNACNAC Reop QRAC(N)RAC(N)

Both (2.19) and (2.25) use the same float solution. The only difference between

(2.19) and (2.25) is the solution space for the matrix R. Due to the orthonormality
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constraint, one has to take the last term of (2.25) into account. For the OC-AM,

the optimization in (2.24) is equivalent to [77]

2

Q. . Re03%4 Q= X
NacNac RACMR M)

Ng%r&JqQ‘vec(N—NAC) + min Vec<R—lf{AC(N)>H2 X ) . (2.26)
The OC-AM is more robust than the UC-AM and AC-AM. Nowadays, the MC-
LAMBDA method is the most notable approach to solve (2.26), which takes
advantage of the search-and-shrink or search-and-expand algorithms to speed up
the integer search procedures [78]. However, the search space of (2.26) is no
longer an ellipsoidal set, which leads to more complexity than that of (2.16) and
(2.22). Tt is challenging to solve the complicated non-convex optimization (2.26),
especially to satisfy the requirements of real-time applications. Therefore, it is
essential to develop a more efficient method to alleviate the high computational

burden of ambiguity resolution encountered in many practical situations.



Chapter 3

Overview of Riemannian Optimization

This chapter presents an overview of Riemannian optimization methods over ma-
trix manifolds. The first part of the section briefly introduces manifold terminol-
ogy, definitions, and notations. Afterward, the optimization techniques are pre-
sented and the Riemannian derivatives introduced. Finally, section 3.3 presents

the templates of first and second order algorithms on Riemannian manifolds.

3.1 Manifold Optimization: Definitions and Notation

Let M be a manifold of dimension d, i.e., the set M (or a smoothly overlapping
partition of the set) is in bijection with an open space of R%. In the same spirit
that functions can be locally approximated with their derivatives, at each point
X € M, the manifold M can be approximated by a d-dimensional linear space
referred to as the tangent space T M at the point x. The next section presents
a lemma for deriving the expression of such tangent space for the manifold of
interest in this paper.

Given that the tangent space Ty M is a linear space, one can endow it with
an inner product (.,.)x, also known as the Riemannian metric. Furthermore,
assuming that the manifold M is a matrix manifold, i.e., embedded in the space
of matrices, a canonical Riemannian metric is the canonical inner product of the
matrix space. Such a choice is motivated by the fact that it would greatly simplify
the expression of the Riemannian gradient and Hessian as illustrated in the next
section.

Consider a smooth function F' : £ — R from the Euclidean space £ to R.

The directional derivative of F'(X) in the direction £ € &, denoted by D(F(X))[¢],
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is defined as

F(X + t€) — F(X)
D(F(X))[¢] = lim :

t—0 t

(3.1)

For a smooth function f: M — R over a Riemannian manifold M, the direc-
tional derivative of f at the point x in the direction & is defined in a similar
fashion as in (3.1). However, only directions & in the tangent space TxM are
permitted. In fact, for a small ¢, the expression f(x+t&) is well-defined only for
tangent vectors & as the tangent space T, M linearly approximates the manifold
at X.

The operator D(f(X)) : Tx M — R which associates to each &x the direc-
tional derivative D(f(X))[¢x] is referred to as the indefinite directional derivative

of f at X.

3.2 Euclidean and Riemannian Derivatives Operators

Riemannian optimization extends unconstrained optimization methods to Rie-
mannian manifolds by approximating the curvature of the manifold at each point
by a linear space. As stated earlier, the dimension d of the tangent space corre-
sponds to the dimension of the manifold which is embedded in a Euclidean space
of higher dimension n. While the Euclidean gradient of a function is defined on
the original high-dimensional space, the Riemmanian gradient is a derivative op-
erator that is defined only on the tangent space. In other words, the Riemannian
gradient of f at the point x € M is the unique element of 7, M that is related

to the directional derivative through the following equation

(grad f(x), &x)x = D(f(x))[&]- (3.2)

Similar to the Euclidean Hessian, the Riemannian Hessian is defined as the

directional derivative of the Riemannian gradient. However, as the directional
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derivative may not be contained in the tangent space, one needs to project the
directional derivative of the Riemannian gradient onto the tangent space in order

to obtain the Riemannian Hessian, i.e.,

hess f(x)[6x] = Ix(D(grad f(x))[&]), (3-3)

where Il is the orthogonal projection from the ambient space to the tangent

space TxM.

3.3 First and Second Order Riemannian Algorithms

As stated earlier, Riemannian optimization considers the constrained optimiza-
tion problem as an unconstrained optimization over a constrained set. As such,
the optimization algorithms on Riemannian manifolds follow similar steps as the
unconstrained ones with few exceptions.

Given a point x on a manifold, the first step is to approximate the manifold
linearly around the point to obtain a Fuclidean space. This is accomplished
by deriving the expression of the tangent space 7,M and equipping it with the
Riemannian metric. Thanks to the fact that the tangent space is a linear space of
finite dimension, one can perform a step of unconstrained optimization using the
Riemannian gradient and Hessian instead of their Euclidean counterpart. After
completing the optimization step, the newly found point, although contained in
the tangent space, is not a feasible solution as it does not belong to the manifold.
Hence, the final step to obtain the updated point is to project the point from
the tangent space to the manifold by using a retraction operator Ry. The next
section provides a lemma for computing an efficient retraction for our oriented
sphere manifold.

According to the algorithm outlined above, the Riemannian version of the
gradient descent algorithms requires three ingredients, viz., the tangent space,

the Riemannian gradient, and the retraction operator. Similar to its Euclidean
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Algorithm 3.1 Gradient Descent on Riemannian Manifold
1: Initialize x € M.
2: while ||grad f(x)||x # 0 do
3:  Find the search direction & € TxM by solving

&x = —grad f(x). (3.4)

4:  Compute the step size a using backtracking.
5. Retract x = Ry(aéy).
6: end while

Algorithm 3.2 Newton’s method on Riemannian Manifold
1: while [|grad f(x)||x # 0 do
2:  Find the search direction & € TxM such that:

hess f(x)[¢x] = —grad f(x), (3.5)

3:  Compute the step size a using backtracking.
4:  Retract x = Ry(ady).
5: end while

counterpart, The Riemannian algorithm chooses the steepest descent direction
by setting the search direction to {x = —grad f(x). The steps of the Gradient
Descent on Riemannian manifolds are available in Algorithm 3.1. As stated
earlier, first-order algorithms are only guaranteed to converge to an extreme point.
To check whether the extreme point is a local minimum, one can check if the
Hessian is positive definite, i.e., (hess f(x)[{x], &x)x > 0 for a set of directions &x
forming an orthogonal basis of the embedding space.

Newton’s method on Riemannian manifolds follows a similar logic as the gra-
dient descent algorithm with the exception that the search direction is performed
while using information about the second order derivative. In order words, the

search direction & is computed by solving the following equation:

hess f(x)[6x] = —grad f(x).

After getting the search direction and computing the step size, the point is re-

tracted to the manifold as previously. The steps of Newton’s method on Rieman-
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nian manifolds can be found in Algorithm 3.2.



Chapter 4

Array-Aided Attitude Determination Based on Oriented
Sphere Manifold

In this chapter, we draw on the ambiguity resolution method proposed in [87,
88, 64] where a particular receiver configuration leads to a simple solution for the
ambiguity problem. The search space is reduced to only three candidate integer
values, guaranteeing that the search is highly efficient and performs well even
with a minimal number of satellites. A single-difference model is adopted with
all the antennas operating using a single common clock, which means that the
receiver clock bias is automatically canceled [89]. In [87, 88|, a triple-antenna
configuration is considered, and a solution for the single baseline line pointing
direction is developed. We consider a more complex configuration of five antennas
to obtain the pointing direction vectors of non-parallel baselines for more accurate
3-D attitude determination, using only the carrier phase measurements.

The main contribution of this work is to provide a highly accurate 3-D GNSS
attitude determination by rigorously solving the underlying optimization prob-
lem. As pointed out in [90], the inclusion of the information about the receiver ge-
ometry and baseline length as non-linear constraints in the optimization problem
improves the quality of the attitude estimate. While previous works, e.g., [91, 68],
use regularization to deal with the non-convexity indirectly, this paper proposes
a more direct method by solving the non-convex optimization problem using a
Riemannian optimization approach. The efficiency of the proposed scheme is
tested through extensive simulation with a particular focus on the most challeng-
ing case of GNSS attitude determination, i.e., the single-epoch single-frequency

case. In contrast with previous works that use Riemannian optimization over well-
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investigated manifolds to solve the attitude determination problem, e.g., [92, 93],
this chapter introduces a new manifold and thoroughly investigates its geome-
try. To the best of the authors’ knowledge, the proposed manifold has not been
introduced nor studied in the literature.

The rest of this chapter is organized as follows. Firstly, the ambiguity res-
olution method of [87, 88, 64] is exploited to formulate the 3-D GNSS attitude
determination problem as a non-convex optimization problem. Then the mani-
fold of interest is introduced and its geometry is derived. Furthermore, the Rie-
mannian optimization tools, along with the geometry of the manifold, allow the
design of efficient first and second-order 3-D attitude determination algorithms
that are presented. Finally, we present and discuss numerical results comparing

the proposed algorithm with non-convex generic solvers, the least squares, and

LAMBDA methods.

4.1 System Model and Problem Formulation

4.1.1 System Model

Common receiver clock technology can be realized using the multi-antenna syn-
chronized GNSS receiver. It means that these antennas share identical receiver
clock bias and initial phase offset, which can be eliminated by single difference

operation. The SD carrier phase between antenna a and b is

"Zab = I:IXab + Ny + ﬁab; (41)
where
(h)"
_ 1
(h%)"

ng, is the SD ambiguity vector, and 7y, is the SD carrier-phase noise.

Let d. be the baseline length and x be the unit direction vector of the an-



Figure 4.1: Receiver antenna configuration for ambiguity resolution.

tenna baseline, that is, X, = d,x Attitude determination can be achieved by
estimating two unit vectors (or pointing directions) using two non-collinear base-
lines. The integer ambiguity problem, i.e., the fact that the integer vector ng,
is unknown, is the main source of difficulty in applying GNSS carrier phase dif-
ference based attitude determination. This section tailors the phase difference
ambiguity resolution method for the specific antenna configuration in [64, 87, 88|
to the antenna configuration of interest herein, depicted in Fig. 4.1. Once ngy, is

resolved correctly, the genuine carrier phase differences can be modelled as

¢ab = 1/_)ab — Ngp. (43)

More details and a rigorous analysis of the integer ambiguity resolution method
presented in this section can be found in [87] and [88].

Three collinearly positioned antennas are configured such that the lengths of
the shortest two baselines are different, i.e., dis # da3. The difference between
these two baselines, A = ds3 — dj9, satisfies the criterion suggested in[88] for

ambiguity resolution. In other words, we have the following:

1

0 N < ——
<11

(4.4)

wherein ¥ € [—7, 7] is the angle of arrival (AOA) of the signal from one satellite
through the line-of-sight path, i.e., the angle between the line-of-sight and the

plane perpendicular to the antenna baselines. For the sake of simplicity, a fixed
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value is used in practice. It can readily be noted that when the AOA approaches

+7, the above inequality simplifies to the following

0<|A|< (4.5)

N | —

Given the above antenna configuration, there are only three candidate values
for the unwrapped phase difference [87]. These candidate phase differences are

related to the difference of two carrier phase observables as follows:

d12

= Z(&QS,S - 17212,8 + k)a k= _17 07 17 (46)

¢12,5 (k)

where ¢g s and &ab,s denote the s-th elements of ¢, and )y, respectively. It is
demonstrated in [87] that the desired unwrapped phase difference is the unique
one that satisfies ¢12 s(k) € [—di2, d12]. Furthermore, according to the results of
[64] and given the unique candidate phase difference, the unique solution of the
phase unwrapping problem is the candidate with minimum absolute value, i.e.,

¢612,5 = ¢12,5(/A~c) for k satisfying

k = arg min|dys(k)|. (4.7)
ke{-1,0,1}

Finally, due to the impact of noise, the recovered integer ambiguity and the

unwrapped phase difference can be refined in practice using

ﬁ12,s = round (1/7112,8 - ¢12,s> )

D12,s = Vra,s — Mrzys, (4.8)

with round(+) being a special rounding function that works exactly like a standard

rounding function except that for N € Z, round(N + 0.5) = N.
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4.1.2 Problem Formulation

This subsection formulates the 3-D GNSS attitude determination problem. The
first part describes the single baseline pointing vector estimation approach. This
is done by adapting the least squares approach proposed in [64] for the configura-
tion of interest in this paper. Afterward, a second non-collinear baseline pointing

vector is considered to obtain precise 3-D GNSS attitude estimation.

Single Baseline Pointing Vector Estimation

This part concerns in determining the single baseline pointing vector which is
a unit vector that indicates the pointing direction of the baseline in a reference
coordinate system. Given the ambiguity resolution process and the system equa-
tions described previously, the single baseline pointing vector determination can

be expressed as the following minimization problem
min H(&12 - dlgHX“g, (49)
x€R3
which has the least squares (LS) solution
%= —(HH)'H ¢y, (4.10)

It can be noted from (4.10) that under the same phase noise, the longer the
baseline is, the more precise the pointing vector is. In other words, the accuracy
of the pointing vector estimation is proportional to the length of the antenna
baseline. Hence, the longest baseline, dy3 herein, should be exploited to acquire a

more precise pointing vector which can be realized using the upcoming operations

N3 = round (¢13 — d13HX) ,
P13 = P13 — N3,

%= —HH) 'H ¢,3. (4.11)



Figure 4.2: Receiver antenna configuration for 3-D attitude determination.

Two Baselines Attitude Determination

Single pointing vector estimation is the first step in 3-D attitude measurement.
Indeed, in order to obtain 3-D attitude information, one needs at least another
baseline which is not parallel to the first one. A natural extension of the config-
uration in Fig. 4.1 that can tackle the 3-D attitude determination and ambiguity
resolution is shown in Fig. 4.2. One antenna is shared by the two baselines so
as to reduce the number of required antennas. As a consequence, only 5 anten-
nas are required instead of 6. The angle between the two baseline directions is
denoted by ©. Similar to the first baseline direction, the difference between the
two shorter baselines of the antenna configuration of antenna 1, 4, and 5 satisfies

the criterion
, 1
0< | A | = |d45 — d14| < 5, (412)

In a similar fashion as for (4.9)-(4.11), the carrier phase difference vectors
<£14 and g515, the integer ambiguity vector ny, and 5, and the corresponding
pointing vector ¥ can be estimated. In other words, the two baseline pointing
vectors are estimated independently by solving the minimization problem (4.9)
for each of the two baselines separately. Once the two baseline vectors have

been estimated, two non-parallel pointing vectors are known in the reference
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coordinate and the 3-D attitude of platform can be calculated by transferring
these two pointing vectors to an attitude matrix in a straightforward manner.
However, the described method does not take the antenna geometry and baseline
length into consideration which can greatly reduce the precision of the estimation.
We suggest instead to use two baselines jointly to incorporate all the available
information. After recovering the unambiguous phase differences, the 3-D GNSS

attitude determination problem can be formulated as

Xglé% |12 — dioBx][5 + [|p1a — disHyl[; (4.13a)
st %[5 =1 (4.13b)
Iylls =1 (4.13¢)
(x,y) = cos(0). (4.13d)

This is a non-convex optimization problem as indicated by the three quadratic
equality constraints. More generally, let a and b be two m-dimensional vectors,
let A and B be two m x n matrices and consider a scalar —1 < ¢ < 1. This work

focuses on solving the following optimization problem:

min ||la — Ax|[3 + ||b — Byl (4.14a)
x,y ER™

st ||x|)5 =1 (4.14b)

lyll5 =1 (4.14c)

(x,y) =c, (4.14d)

wherein constraint (4.14b) underlines the fact that x is a unit norm vector and
constraint (4.14c) corresponds to the fact that y is also a unit norm vector.
Finally, constraint (4.14d) insists that the cosine of the angle between x and y
is ¢. Notice that the strict inequalities in —1 < ¢ < 1 comes without loss of
generality. Indeed, if we set ¢ = 1, then x = y which allows to reformulate the

optimization problem in a convex, single-variable program. The same is valid for
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¢ = —1 for which x = —y.
Despite the convexity of the objective function (4.14a), the optimization prob-
lem in (4.14) is not convex due to the coupling of variables in constraint (4.14d).

However, the set M of potential solutions given by
M={(xy) € R | xTx=yTy =1,xTy = c} (4.15)

forms a compact, i.e., closed and bounded, manifold embedded in the Euclidean
space (R”)2 = R™ x R™. Therefore, one can takes advantage of Riemannian opti-
mization algorithms over manifolds to efficiently solve the above problem. Indeed,
thanks to the compactness of the manifold M and the convexity of the objec-
tive function (4.14a), first-order Riemannian methods are guaranteed to converge
to a critical point of the optimization problem [94], i.e., a saddle point, local
minimum or local maximum. However, it has been observed in the literature
that first-order methods converge to a local minimum unless the initialization
is specifically crafted, e.g., see [94]. Furthermore, second-order methods are al-
ways guaranteed to converge to a local minimum due to the instability of saddle
points and local maxima for these methods. This paper solves the non-convex
optimization problem (4.14) by designing both first and second order Riemannian

algorithms over M, called herein the oriented spheres manifold.

4.2 Optimization Over the Set of Unit Norm Oriented

Vectors

This section describes the geometry of the oriented spheres manifold M defined
in (4.15) in order to design efficient Riemannian optimization algorithms. The
first part of this section derives the expression of the tangent bundle and endows
it with a Riemannian metric to turn M into a Riemannian manifold. The rest
of the section derive expressions of the Riemannian gradient and Hessian and

designs a computationally efficient retraction. Section 4.3 uses the geometry of
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the oriented spheres manifold M to derive efficient algorithms for the 3-D GNSS

attitude determination problem of interest.

4.2.1 Manifold Geometry and Tangent Bundle

Recall that the tangent space T(xy)M at the point (x,y) € M is a linear space
that approximates M around (x,y). The tangent space can be computed using

the following lemma [94].

Lemma 4.1. Let M be an embedded manifold with a Euclidean ambient space
E. Assume that M is the level-set of a constant-rank function F : &€ — E£" with

&' being a linear space, then we have
Ker(D(F(X))) = Tx M. (4.16)
Using the result of this lemma, the following theorem derives the expression

of the tangent bundle 7 M of the oriented spheres manifold M.

Theorem 4.1. The tangent space Txy)M at the point (x,y) € M is given by

the following (2n — 3)-dimensional Euclidean space

Ty M = {(éx, ny) € (R") | x"& =y"ny = 0,x"ny +y"éc = 0}. (4.17)

Proof. Let 8™ be the set of n x n symmetric matrices and consider the function

F: (R")?* — S? given by

x'x xTy

Feey) = |~ (4.18)
yxyy.

The set of symmetric matrices S™ is a linear set as mandated by the conditions of

Lemma 4.1. Furthermore, from the definition of the function F, it is clear that the

c
oriented spheres manifold M is the level set of C = by the continuous
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and smooth function F. Indeed, the manifold can be expressed as M = F~!(C).

In order to show that the map F' is a constant-rank function, it is sufficient to

show that C is a regular value of F, i.e., the rank of each (x,y) € F~}(C) = M

is equal to Dim(8?%) = @ = 3. In other words, we need to show that the

indefinite directional derivative of F' is a surjective map.

The directional derivative of F at (x,y) in the direction (&,7y) € (R™)? is

given by
2xT¢, xTny + yTéx
DIFxy)&ml = | . . (4.19)
X Ny +Y & 2y" ny.
Si1 Si2 ] ' o
Let S = € 8™ be an arbitrary 2 x 2 symmetric matrix, i.e., Sg; = Sys.
Sa1 Sa

Finding (&, 7ny) such that D(F(x,y))[éx, ny] = S can be reduced to solving the

following linear system of equations

oxT 0 Si1
Ex Ex
A =1 0o 297 = 1Sy |- (4.20)
Ny Uns
yT xT Si2

With the obvious assumption that n > 2, the linear system has a fat matrix A
with dimension 3 x 2n. Furthermore, the matrix A is full-row rank. Indeed,
assume that some linear combination of the rows with the scalars «, 3, and 7,
respectively, gives a zero vector. In other words, we have the following system of

equations:

20x’ + 4yt =07, (4.21)

28y" +4xT =0T, (4.22)

Multiplying each equation in the above system of equations by x and y, and
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rearranging the expressions yields

2 0 ¢ 0
(6%
2¢c 0 1 0
| = (4.23)
0 2 ¢ 0
Y
0 2¢ 1 0

To attest that the matrix above has trivial Null space, one can notice that the
determinant of the first 3 x 3 block is 4¢? — 4 which does not have solutions
for ¢ € (—1,1). Therefore, we conclude that the matrix A is full-row rank and
thus the map D(F'(x,y)) is surjective which concludes that F' is a rank-constant
function.

Exploiting the result of Lemma 4.1, the tangent space of M can be expressed
as the set of directions that annihilate the directional derivative of the function

F. In other words, we obtain the following characterization of the tangent space

Txy)M = Ker(D(F(x,y)))
= {(6my) € @) | D(F(x,y))lxmy] = 0} (4.24)

= {(fx,ny) e (R"? | x"6=y"ny =0,x"ny +y& = 0}.

Finally, assuming n > 2 and using the submersion theorem of Riemannian mani-
fold [94], we conclude that M = F~!(C) is a manifold of dimension Dim((R")*)—
Dim(S8?) = 2n — 3. The dimension of the manifold can also be concluded from

the expression of the tangent space derived above. O

Let the embedding space (]R”)2 be equipped with the Frobenius inner product,
defined as ((x,y), (x,y’)) = x'x' + y'y’ for all vectors (x,y) and (x',y’) in
((R™)?). This paper considers that the embedded manifold inherits the inner

product of the embedding space. In other words, the induced inner product
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(-, -)(x,y) on the tangent space Tixy)M for (x,y) € M is given by

for all tangent vectors (&x,7ny) and (£, ;) in Tixy) M.

X

4.2.2 Riemannian Gradient and Hessian Computation

This part computes the Riemannian gradient and Hessian for the introduced
oriented spheres manifold M. Let f : M — R be a smooth function defined
on the Riemannian manifold M. As stated before, the Riemannian gradient of
[ at the point (x,y) € M is the unique element of T(xy)M that relates to the

directional derivative through the following equation

(grad f(x,¥), (& My))xy) = DU (%, ¥))[x; ny)- (4.26)

Recall that the paper considers the induced inner product from the ambient
space (R”)Z. Therefore, the expression of the Riemannian metric simplifies to
grad f(x,y) = Hxy)(Grad f(x,y)) with Iy : (R")* — TixyyM being the
orthogonal projection from the ambient space to the tangent one [95]. In the
rest of this section, the first and second components of the Riemannian gradient
are denoted by grad, f(x,y) and grad, f(x,y), respectively. The same notation
is used for the Euclidean gradient, i.e., Gradyf(x,y) and Grady f(x,y) for the
derivative with respect to x and y, respectively. The following theorem relates the
expression of the Riemannian gradient grad f(x,y) = Ilxy)(Grad f(x,y)) to its
Euclidean counterpart Grad f(x,y) by providing the expression of the orthogonal

projection Ilx ).

Theorem 4.2. The orthogonal projection Iy yy from the ambient space (R")2 to
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the tangent space T(xy)M is given by

1
u— - (ax+7y)
Mixy(u,v) = 20-¢) : (4.27)
1

vV — m@x + By)

where the scalars o, B, and v are given by the following equations

(6% (2 — C2)XTU + C2yTV _ C(XTV + yTu)
/6 = (2 — C2)yTV + CQXTU o C(yTu + XTV) ) (428)
gl x'(v—cu)+yT(u—cv)

Proof. In order to derive the expression of the Riemannian gradient, one needs
to compute the orthogonal projection from the ambient space to the tangent
bundle. Such orthogonal projection is obtained by first expressing the orthogonal

complement of the tangent space in the below lemma.

Lemma 4.2. The orthogonal complement ofﬁi )M of the tangent space Txy)M

at (x,y) € M is given by

7Ei,y)-/\/l = {(Cm¢y) S (Rn)2 | & = ax + 1y, Yy =yx+0y,a,B,7 € R}-
(4.29)

Proof. The proof of this lemma is obtained by double inclusion of the orthogonal
complement of the tangent space and the proposed set in the lemma. The first
inclusion is asserted by direct computation of the inner product between the
tangent space and its orthogonal complement. A dimension counting argument
concludes the proof.

Recall that the tangent vector (&, 1y) € Tixy)/M satisfies the following equal-
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ity

XTSX = YT77y = 07

x'n, +y'é = 0. (4.30)

Now, consider the vector ((x, ¢y ) satisfying (x = ax + vy and ¢y = yx + Sy for

some real numbers «, 3, and 7. The inner product can be expressed as

<(€X7 77y)7 (CXa ¢y)>(x,y) = éffx + U;@Dy (431)
= &1 (ax +yy) +ny(yx + Sy)

= 7(&y +1yx) =0.
Therefore, we obtain the inclusion

TapM S {(Gaty) € RV | 6= ax+7y, vy = 7x + By, 0, 8,7 € R}.
(4.32)

Now notice that the dimension of the ambient space is 2n and the dimension of
the tangent space is 2n — 3 which concludes that 7&3,)/\/1 is of dimension 3 which
matches the dimension of the set in the left-hand side of (4.29). Therefore, we

conclude the equality of both sets. O]

With the characterization of the orthogonal complement of the tangent space
in the previous lemma, we now compute the orthogonal projection from the am-
bient space to the tangent one. Consider a vector (u,v) € (R")? in the ambient
space. Such vector can be decomposed into a tangent and an orthogonal compo-

nent as follows:
(11, V) = 1_[(x,y) (117 V) + 1—[(lx,y) (11, V)7 (433)

where TT-

x y)(u, v) is the projection onto the orthogonal complement of the tan-
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gent space that can be expressed as

ax +
M (u,v) = I (4.34)

(x,y)
VX + By

for some real numbers o, 8, and . Recall that the tangent vector Il y)(u, V)

satisfies the following three equations

(Mxy) (0, v), (%,0))xy) = 0 (4.35)
<H(X7Y)(u7 v), (0, y>>(X,y) =0

(Mxy) (1, v), (¥, %)) (xy) = 0.

Combining the equations in (4.33) with the tangent space characterization in
(4.35) and using the expression of the orthogonal projection in (4.27), we obtain

the following three equations

x'(ax +vy) = x"u (4.36)
y (vx+By)=y'v (4.37)
y (ax +7y) +x"(7x+ fy) =x"v+y'u (4.38)

Now using the manifold equations, the above equations can be simplified to the

following linear system in the variables «, 3, and 7.

1 0 ¢ a xTu
o1 c|lsl=] yv | (4.39)
Y

c ¢ 2
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Finally, noticing that

-1

1 0 ¢ X 2—-c2 2 —c
=— 2 —2 - 4.40
01 ¢ 21— @) c 2—-c cl- ( )
c c 2 —c —c 1
and rearranging the terms concludes the proof. O]

The fact that the manifold M is an embedded manifold in a Euclidean ambient
space allows us to simplify the expression of the Riemannian Hessian. Indeed, as
stated earlier, the expression of the Riemannian Hessian can be simplified to a

directional derivative followed by an orthogonal projection, i.e.,

hess f(x,y)[&x, 1y] = iy (D(grad f(x,y))[x, my])

Ty, D(grad, f(x,y))[&x, ny] | (4.41)

D(grad, f(x,y))[& my]
Using the above characterization of the Riemannian Hessian, the next proposi-
tion establishes the relation between the Riemannian Hessian and its Euclidean

Hessian counterpart.

Proposition 4.1. The Riemannian Hessian (denoted by hess f(x,y)[éx, ny]) of
the function f at the point (x,y) € M and in the direction [(x, ny| is given by the

following expression

hessx f (x, Ay
hess f(x,y) = fox.y) = Hxy) : (4.42)

hessy f(x,y) Zy
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where the components of the vector are given by

. 1
Ax = Ax - ) (ax + afx + ’Yy + ’Y'f]y) ) (443>

2(1—¢?

_ 1 .
Ay = Ay - =) <7X + 76+ By + /377y> : (4.44)

The scalars o, 3, and v are given by

a xI' Grad, f(x,y)
gl=A yT Grad, f(x,y) : (4.45)
gl x' Grady f(x,y) + y* Gradx f (x,y)
2—c2 2 —c
where A is the constant matrix c? 2 _c2 —c | and the derivatives ¢, B,
—c —c 1

Grady f(x,y)
& 7 o7 xT oF
. Grady f(x,y)
Gl=Alo" 47 oF yT R , (4.46)
g o &y X )
Ay

with the Buclidean Hessian Ax = Hessy f(X,¥)[éx, ny] and Ay = Hess, f(x,y)[Ex, Ny]

being the directional derivative of the Fuclidean gradient components. In other

words,

Ay = Hessy [ (X,¥)[6x ny] = D(Grady f(X,y))[£x, ny]

Ay = Hessy f(x,¥)[éx, ny] = D(Grady f(x,y))[Ex, ny]-

Proof. The proof of this proposition is omitted herein as it follows directly from

the expression of the Riemannian gradient and the definition of the Riemannian
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Hessian for a manifold M embedded in a Euclidean space endowed with the
induced canonical inner product, i.e., the Riemannian Hessian characterization

in (4.41) and the Riemannian gradient expression in Theorem 4.2. [

4.2.3 Retraction of Tangent Vectors

This subsection designs a computationally efficient retraction R(xy) on the tan-
gent space 7(xy)M of the manifold M by exploiting the vector space structure
of the embedding space (R”)Z. Given a Euclidean ambient space, the following

lemma [94] provides a way to construct a retraction.

Lemma 4.3. Let M be an embedded manifold of the Fuclidean space £ and let
N be an abstract manifold such that dim(M) + dim(N') = dim(€). Assume that

there is a diffeomorphism

G MxN — &

(F,G) — 6(F,G) (4.47)

where £ is an open subset of £, with an element I € N satisfying ¢p(F,I) =

F, VF € M. Under the above assumption, the mapping

inTxM—>M

Ex — RBx(6x) = m(¢™ (X + &x)), (4.48)

where 1 : M x N — M : (F,G) — F is the projection onto the first
component, defines a retraction on the manifold M for all X € M and tangent

vector £x € Tx M.

Recall that the dimension of the manifold coincides with the dimension of
its tangent space. Therefore, from the expression of the tangent space in Theo-
rem 4.1, one can conclude that the manifold M has a dimension equal to (2n—3).

Let N/ =R, X R, x R be a manifold of dimension 3. Therefore, we have dim(M)



o6
+ dim(N) = dim((R")?). Now consider the mapping ¢ defined by

o MxN — £ C (R

!
X ax + vy
x| g8|— ! : (4.49)
y 7x+ By
Y

with £* = (R”)” representing the open subset of (R")* containing only non-zero
vectors in each of the two components. Note that the function ¢ is a continuous
and differentiable function for all input parameters. Furthermore, for any input

parameters (x,y) € M, notice that

1
X X
¢ 1] = : (4.50)
y y
0

In other words, the element | 1 | € A is a neutral element for ¢ as mandated

0
by Lemma 4.3. Finally, the following theorem provides the expression of the

proposed retraction.

Theorem 4.3. The mapping R : TM — M whose restriction Rxy) to Tixy)M

1S given by

Rixy)(&x:my) = (v, W), (4.51)

with the vector (v, w) being expressed as

v] cos(€)I, —sin(0)I, e (452)

w cos(p)I,  sin(p)I, e
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where the angles 6 and p, the basis vectors e; and ez, and the constants ¢y, cs,

and c3 are given by

=cos () — ¢

. (01\/1 —c2 4+ Cg)

p = tan
Ccy +c1e
c1 = |[x + &2
X + &x

e =

&1

o= (y+ Uy)Tel

cs = ||(y +1y) — c2e1|2

(y +1y) — co€1
C3 '

€y —

Proof. This theorem is demonstrated by applying the result of Lemma 4.3 to the
mapping ¢. Given the preliminary results above, the expression of the retraction
is proven by showing that ¢ is a diffeomorphism and by computing its inverse.
In other words, the retraction is derived by showing that ¢ is a bijection from
M x N to & = (M, N) and by obtaining the expression of the inverse.

Let (v,w) with v # 0 and w # 0 be a vector in £*. It can readily be seen
that, up to the permutation of (x,y) and («, ), there exists a unique (x,y) € M

and unique reals «, 3, and v such that

o}
X v
0] | B = . (4.53)
y w
v

The rest of the proof derives a closed form expression of the inverse map ¢1.

First, using the Gram-Schmidt basis orthogonalization theorem, the family (v, w)
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can be expressed as

A% c1€e1 ClIn OIn (S3]
= = (4.54)
w Co€1 + C3€2 CQIn CgIn (SD)
with ¢1,c3 > 0 and ||ei]]> = ||es|]» = 1 and el'e; = 0. The expression of these

basis vectors and constants obtained from the Gram-Schmidt basis orthogonal-

ization theorem are given by

a = |[v][2
A%

el = —
C1

Cy = WTe1

C3 — HW — 02e1H2
W — €1

€ = ——.

C3

cos(0)L, —sin(0)1,
Now, let O = be an 2n x 2n matrix for some angles

cos(p)L, sin(p)I,
0 and . Consider the non-isometric transformation of the basis vectors

-0 . (4.55)

Notice that thanks to the structure of the matrix O, the constraint x’x = y’y =
1. Indeed, we have x"x = cos(#)? + sin(#)? = 1. The constraint x’y = ¢ implies

the following

cos(0) cos(p) — sin(f) sin(p) = ¢ = cos(f + ¢) = c.
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Now, combining (4.55) and (4.54) gives the following change of basis

v cal, 0L, 1 sin(¢)L,  sin(9)L, X

det O

w eI, 31, —cos(p)I,, cos(0)I, y

Multiplying the above matrices an insisting that the component along y of
the first vector matches the component along x of the second vector, i.e., the

scalar «y is the same in (4.54), generate the following equality:

c18in(f) = o sin(p) — ¢3 cos(y)

" sin(6) o sin(¢) .
cos(p) " cos(e) ’
a1 sin(0) = ¢y tan(yp) — cs. (4.56)

Recall that § = cos™!(c) — ¢. Therefore, we have
sin(f) = sin(cos ™ (c) — ¢) = V1 — c2cos(p) — csin(yp). (4.57)

Substituting the previous equality in (4.56) and rearranging the terms gives

c1(V1 — ¢ —ctan(p)) = ca tan(p) — ¢3 and allows to conclude that

Cl\/1—02+03

Cco + ciC

tan(yp) = (4.58)

The scalars «, [, and v can be obtained by expanding (4.55). However, it is
omitted herein as the retraction is only interested in the first component of the
inverse map ¢~ !.

Finally, the retraction is obtained by applying the above algorithm to the

vector (x + &x,y + ny). In other words, the retraction is given by the following
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expression:

+ &
Ricy) (&xrtly) =1 | 67 : : (4.59)

Yy +ny
O

Remark 4.1. Note that the arc-tangent function tan=' in Theorem 4.3 is defined
from [0, 7) instead of the usual [—7/2,7/2) in order to obtain a positive scalar c,

1.e., a positive sine.

4.3 3-D GNSS Attitude Determination Using Rieman-

nian Optimization

4.3.1 Proposed 3-D GNSS Attitude Determination Algo-

rithm

This section describes the proposed method for 3-D GNSS attitude determina-
tion using the above derived first and second order Riemannian optimization
algorithms. First, the ambiguity resolution method presented in (4.6) and (4.7)
of Section 4.1 is applied to resolve the integer ambiguities. It should be noted
that the antenna configuration shown in Fig. 4.2 is utilized instead of the one
in Fig. 4.1. The estimations of the phase differences qglg and q314 are recovered.
These phase differences can be used directly to obtain an estimate of the desired
attitude. However, as pointed in [64], the unambiguous phase estimates usually
suffer in terms of accuracy due to the accumulation of phase error. In addi-
tion, it is not guaranteed that the correct integer value is recovered by (4.7), i.e.,
the ambiguity resolution may actually fail. Therefore, these factors dictate that
some processing should be performed before these phase estimates can be used
for attitude determination.

Since the processes of ambiguity resolution for two baselines are independent,

the geometry information of the antenna configuration is not respected. The
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Algorithm 4.1 Proposed 3-D GNSS Attitude Determination Algorithm

1: Recover (ﬁlg and (£14 independently using (4.6)—(4.8).
2: Estimate the pointing vectors x and y using (ﬁlg and QZ)M by the least squares
solution (4.10).
while [XTy — cos(©)| > € do
Adjust the integer ambiguities to the closest integer.
Re-compute (ﬁlg and (£14 using the adjusted integer ambiguities.
Re-compute X and y based on (4.10).
end while
Estimate the pointing vectors X and ¥ using the RieOpt method initialized
using x and y.
9: Compute ¢y3 and ¢5 from % and § using (4.11).
10: Re-compute X and y using (ﬁlg and (;515 through the RieOpt method described
in Section 4.2.

prior knowledge of the angle between the two baselines can act as a constraint
to judge the resolved integer ambiguities. If the angle condition isn’t satisfied, a
correction is performed to the resulting integer ambiguities by changing them to
the closest integer until reaching a reasonable result. For a short baseline case,
the bias of wrong integer ambiguity is usually very small.

Now, we are in a position to precisely estimate the pointing vectors using
Riemannian Optimization (RieOpt method) developed in Section 4.2. The opti-
mization problem in (4.14) is solved by the proposed RieOpt method initializing
% and § with the LS solutions %X and y as computed in (4.10). As mentioned
before, the constraints in (4.14) strictly integrate the antennas geometry and
baseline lengths into the cost function. Thus, as the optimization problem is
ensured to converge to a critical point of the objective function, it is guaranteed
that the geometry and the angles are satisfied.

In order to further improve the results, the phase difference between the
longest baselines should be exploited. This can be done by applying the correction
operation as in (4.11), and the step of integer ambiguity check and correction can
be repeated again. Finally, the RieOpt method is carried out again for the largest
baselines to refine the results of attitude determination. The integral process of

the proposed method can be found in Algorithm 4.1.



62
4.3.2 Complexity Analysis and Rate of Convergence

The proposed Riemannian steepest descent method in Algorithm 3.1 requires the
computation of the Riemannian gradient and the retraction at each step. As
shown previously, the Riemannian gradient is obtained by simply projecting the
Euclidean gradient. Given that the derived orthogonal projection in Theorem 4.2
only involves inner products, its complexity is linear in the dimension of the
system. Likewise, from the expression of the retraction in Theorem 4.3, the most
expensive step is the matrix multiplication in (4.52) which is quadratic in n.
However, given the tri-diagonal structure of the matrix, the multiplication can be
done in linear time which results in a retraction with linear complexity. Finally, it
can be concluded that the per iteration complexity of the proposed Riemannian
steepest descent method is linear in the dimension of the problem. Furthermore,
thanks to the compactness of the manifold, first-order Riemannian methods are
shown to exhibit a linear convergence rate [94].

The complexity analysis of the proposed Riemannian Newton’s method follows
similar steps as for the steepest descent. Indeed, from Algorithm 3.2, it can easily
be seen that the most complex step is to compute the Hessian and solve for the
search direction. From the expression of the Hessian in Proposition 4.1, it can
easily be seen that it can be computed in O(n) steps. However, solving for the
search direction & that satisfies hess f(x)[¢x] = —grad f(x) requires solving a
system of n linear equations which can be done is n®. However, the use of iterative
methods can reduce the complexity to n? resulting in an algorithm with quadratic
complexity. Thanks to the use of second-order derivatives, the proposed Newton’s

method exhibits a convergence rate that is at least quadratic [94].

4.4 Simulation Setup And Results

This section presents the simulation results in order to evaluate the performance of
the proposed approach under a noise-controlled environment. The first part of the

section presents an overview of the simulation environment and parameters. The
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second part plots the performance of the proposed method against benchmarks
methods in the literature, namely, the least squares, LAMBDA method [60],
and generic non-convex solvers. The LAMBDA method is the standard method
for attitude determination and has found success in different attitude scenarios.
The LS method resolves the integer ambiguity and estimates the attitude using
the (4.6)—(4.11) for each baseline separately. Its objective function has similar
formulation with (4.9)) for both baselines. The proposed RieOpt method applies
the procedure summarised in Algorithm 3. The objective function is formulated
as (4.14). While the LS and the proposed approach utilizes only carrier phase, the
LAMBDA method takes advantage of both the carrier phase and pseudo-range.
Besides, the LAMBDA method does not consider the priori knowledge about

antenna array. So the comparison with the LAMBDA method is not exactly fair.

4.4.1 Simulation Setup

The simulations are implemented using Matlab and the libraries of the visual
simulation software [96]. The basic parameters are produced based on the li-
braries of this software using the receiver location or antenna baseline and real
GPS constellation information. Furthermore, the MATLAB version 3.0 of the
LAMBDA software [97] is used.

The presence of trees, buildings and other high rising structures, natural or
artificial, around the receivers may hamper the view of the satellites. GNSS
observations below 15 degrees are usually disturbed by multi-path and other
problems, e.g., cycle slips, and low signal to noise ratio [51]. The elevation mask
allows us to set an elevation angle such that we can discard the data below that
angle. This parameter has a great influence on dilution of precision (DOP), so it
needs to be chosen carefully. In our simulations, an elevation mask of 15 degrees
is applied.

The proposed method can be easily modified and extended to multi-epoch and

multi-frequency cases. However, in our simulations, only the challenging single-
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epoch, single-frequency case is considered using the GPS L1 frequency, which has
a wavelength equal to 19cm approximately. The antenna configuration is similar
to Fig. 4.2 with A = A’ = 8 cm and different values of the angle © between
the two baselines are considered. According to this setup, both conditions (4.5)
and (4.12) are satisfied. This contribution takes advantage of a specific antenna
array. We apply this configuration for this sep-up for all the methods. It should
be noted that the setting will simplify the process of integer ambiguity resolution,
but this is not necessary for other algorithms. Besides, the proposed Riemannian
manifold optimization can also combine with other integer ambiguity resolution
methods.

To demonstrate the performance of the proposed method in multiple possible
scenarios, simulations are carried out over different GPS weeks, noise levels and
number of satellites. For each simulation setup, the tests are repeated 10° times
with random Gaussian noise and random baseline pointing vectors. For the car-
rier phase observables, the Gaussian noise has zero mean and standard deviation
04, ranging from 1 mm to 7 mm. Unlike other non-convex methods, the pro-
posed Riemannian method is guarenteed to always reach an extreme point of the
problem. Furthermore, for moderate to high noise variance, non-convex solvers
return different results due to the existence of multiple local minima. Typical
GPS phase measurements have phase standard deviation in the range of 1-3 mm
[98].For GPS, the pseudo-range and phase variance ratio is around 10* [74], i.e.,

2
—’2) = 10%. For pseudo-range measurements, according to the above radio, the

o
G(;ussian noises with zero mean and standard deviation o, are used.

To test the performance of the proposed approach, we evaluate the success
rate and root mean square error (RMSE) of the baseline pointing direction. Suc-
cess rate is defined as the percentage of occurrences that the integer vectors are
correctly fixed over 10° simulation trials. The baseline pointing vector error refers

to the deviation of the resulting direction vector from the true pointing direction.

Finally, the RMSE is evaluated only for the configurations resulting in a successful
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Table 4.1: Success rates over many GPS weeks for dis = dy4 = 45 cm,
A=A =8cm, 0y =3 mm, ©=90°and m =4

Date GPS week LS RieOpt LAMBDA
X y X y X y
03-Sep-2017 941 0.960 0.960 | 0.961 0.962 | 0.973 0.974
01-Oct-2017 945 0.982 0.984 | 0.984 0.985 | 0.998 0.998
19-Nov-2017 952 0.987 0.988 | 0.988 0.989 | 0.999 0.988
28-Jan-2018 962 0.988 0.988 | 0.988 0.988 | 0.999 0.999
04-Feb-2018 963 0.985 0.987 | 0.984 0.987 | 0.999 0.999
01-Apr-2018 971 0.981 0.982 | 0.983 0.984 | 0.998 0.998
08-Apr-2018 972 0.980 0.981 | 0.983 0.984 | 0.998 0.998
22-Apr-2018 974 0.969 0.970 | 0.972 0.973 | 0.991 0.992
29-Apr-2018 975 0.982 0.983 | 0.984 0.985 | 0.999 0.999
06-May-2018 976 0.983 0.984 | 0.985 0.985 | 0.998 0.998

Table 4.2: RMSE (°) over different GPS weeks for di5 = dy4 = 45 cm,
A=A =8cm, 0y =3 mm, ©=90°and m =4

Date GPS week LS RieOpt LAMBDA
X y X y X y
03-Sep-2017 941 0.465 0.458 | 0.338 0.331 | 0.651 0.637
01-Oct-2017 945 0.338 0.367 | 0.268 0.280 | 0.478 0.519
19-Nov-2017 952 0.521 0.536 | 0.359 0.382 | 0.734 0.755
28-Jan-2018 962 0.734 0.746 | 0.489 0.498 | 1.035 1.052
04-Feb-2018 963 0.555 0.637 | 0.416 0.541 | 0.783 0.900
01-Apr-2018 971 0.349 0.343 | 0.265 0.263 | 0.491 0.483
08-Apr-2018 972 0.304 0.307 | 0.251 0.252 | 0.428 0.433
22-Apr-2018 974 0.301 0.317 | 0.253 0.256 | 0.424 0.447
29-Apr-2018 975 0.330 0.331 | 0.271 0.271 | 0.465 0.467
06-May-2018 976 0.379 0.394 | 0.284 0.287 | 0.532 0.555

estimation.

4.4.2 Numerical Results

Table 4.1 shows the success rates of the proposed and the two benchmark ap-
proaches for 10 different GPS weeks on specific days and time 00 : 00. In this
result set, the same setup is used with dis = di4 = 45 cm, A = A’ = 8 cm,
0y = 3 mm, © = 90° and number of satellites m = 4. Such a small number of
satellites is meant to provide a challenging scenario to compare the performance
of three methods. Table 4.1 indicates that all the three methods have very high

success rates. The RieOpt method and LS method have similar success rates
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Figure 4.3: Fraction of estimates with error less than e. (a) and (b) indicate the

results for GPS constellation on January 28, 2018. (c) and (d) represent the
results for GPS constellation on April 29, 2018.

since the Rieopt method is based on the unwrapped phase obtained from the LS
method. However, the success rate of the LAMBDA method is a little higher
than the other two methods, which may come from the fact that the LAMBDA
method also takes advantage of pseudo-range data. Even though the success
rates are slightly different, all the three methods offer excellent performance in
satellite-deprived environments.

Table 4.2 lists the RMSE of the three methods over the 10 GPS weeks of
Table 4.1. It is clear that the RieOpt method provides the best accuracy in
almost all simulated cases except few instances wherein the Active set method
provides better results. The RieOpt method rigorously integrates the antenna

geometry and baseline lengths to its objective function so that it produces more
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Table 4.3: Mean Running Time of the Different Algorithms.

’ Method H Alt. Int. Act.  Rie-1st Rie—2nd‘
| Time (s) || 0.1278 0.0269 0.0180 0.0054  0.0147 |

accurate results than the other methods. However, it is worth mentioning that
the LS method also outperforms the LAMBDA method.

Fig. 4.3 shows the fraction of simulation trials with RMSE below different
values on two different dates, January 28, 2018 and April 29, 2018. These plots
depict the success rates and attitude estimation accuracy of the seven methods
in a different way. These four plots show that the RieOpt method can enhance
the accuracy of the resulting pointing vectors while offering similar success rates
to those of the LS. Comparing the plots of these two GPS weeks, we can find out
that the improvement is more evident for the case in which the LS method and
LAMBDA method have less accurate results.

To test the effect of carrier phase noise on the proposed method, a set of
simulations is carried out for GPS week 975. The standard deviation of carrier
phase, o4, varies from 1 mm to 7 mm, and the standard deviation of pseudo-range
adjusted according to the ratio o7 /07 = 10*. All the other setting parameters are
kept unchanged. Fig. 4.4 plots the corresponding RMSE of the three methods
under different noise levels. Although the errors of all the methods increase as the
noises increase, the RieOpt method consistently offers the best performance in
almost all scenarios. The LS method outperforms the LAMBDA method over the
different scenarios. Besides, the larger the noise is, the more obvious the accuracy
improvement of the RieOpt method is. Fig. 4.5 shows the RMSE of all methods
when different numbers of satellites are used. As expected, the accuracy of all
the methods improves as the the number of satellites increases. The results prove
that the RieOpt method provides the best performance in almost all situations
regardless of the number of satellites. The LAMBDA method jointly utilizes

carrier phase and pseudo-range of the two co-linear baselines such that its success
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rate is a bit higher than the rest methods. However, using the short and long
baselines together leads to that its RMSEs is worse than the LS method (the
baseline length will influence the results). Otherwise, its accuracy should be
similar to the LS approach, but still poorer than the RieOpt method.

While the above mentioned simulations assume orthogonal baselines, Fig. 4.6
attest the performance of the proposed algorithm using a more general configura-
tion, i.e., with different angle values between two baselines. From the numerical
results, it appears that the angle between two baselines does not show any visible
effect on the results. Finally, considering all the aforementioned simulations, it
can be concluded that the RieOpt approach is able to significantly improve the
accuracy of attitude estimation over that offered by the LS, the LAMBDA meth-
ods, and generic non-convex solvers. Furthermore, the proposed method is faster
than its generic non-convex counterparts as shown in Table 4.3. For example,
the proposed first-order Riemannian algorithm is on average 3 times as fast as
the active set method and 5 times as fast as the interior point method. This
further emphasizes the clever exploitation of the geometry of the problem by the

proposed Riemannian methods.

4.5 Chapter Summary

This chapter proposes a novel Riemannian optimization based scheme for precise
3-D GNSS attitude determination. Given a specific antenna configuration, the
unwrapped phase difference is recovered by an efficient state-of-the-art ambigu-
ity resolution method. Subsequently, this unwrapped phase difference is used
to formulate 3-D attitude determination as a non-convex optimization problem
that incorporates all the available baseline length and angle constraints. The
non-convex problem is solved by introducing a novel Riemannian manifold and
investigating its geometry. The resulting first and second order optimization al-
gorithms are not only efficient for their clever use of the geometry of the problem,

but are also guaranteed to converge to an extreme point. The performance of the
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proposed framework is assessed through extensive numerical simulations under
various setup conditions, with particular a focus on challenging scenarios. Sim-
ulation results demonstrate that the proposed Riemannian optimization based
scheme largely outperforms the least squares and the LAMBDA benchmark ap-
proaches in all test scenarios with a lower complexity than generic non-convex

solvers.



Chapter 5

Riemannian-manifold-based Ambiguity Resolution and

Attitude Determination

For the integer search-based methods discussed in Chapter 2, ambiguity resolution
is carried out via searching around the float solution in the integer domain; that
is, the float solution acts as an intermediate to simplify the integer search. As
a consequence, the performance of ambiguity resolution profoundly relies on the
quality of the float solution. Hence, it is critical to ensure that the float solution is
of sufficient accuracy. Indeed, the more accurate the float solution, the better. To
facilitate resolving the carrier-phase ambiguities more efficiently and reliably, we
propose an approach based on optimization techniques on Riemannian manifolds
to enhance the float solution. Subsequently, we develop an efficient integer search
algorithm based on the improved float solution.

The proposed method employs the OC-AM with (2.24) being the objective
function incorporating both the orthonormality and integer constraints, which
is named as Riemannian-manifold-based orthonormality-constrained attitude de-
termination (RieMOCAD). We improve the computational efficiency of the MC-
LAMBDA method in two ways. First, we improve the float solution by enforcing
the constraints. Using the prior knowledge of the geometric constraints is ex-
pected to improve the float solution and make it closer to the true solution.
This can further enhance the integer search. Since the search strategy of the
MC-LAMBDA depends on the float solution being at the global minimum of
the unconstrained objective function, using the improved float solution requires
a modified integer search strategy. We develop such a strategy based on a new

proposed decomposition of the objective function.
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As we will see in the following sections, the float solution needs to be com-
puted not only once at the initialization stage but also repetitively as part of the
integer search routine. Hence, as a second way to improve the computational
efficiency of attitude estimation using orthonormality constraints, we employ a
more efficient solver to compute the constrained float solution. The nonlinearly
constrained least-squares problem can be solved, for example, through parame-
terization [99, 100, 101] or using the Lagrange multipliers method [102, 103]. The
solution is usually implemented using an iterative technique such as the Newton’s
or Gauss-Newton methods [102, 90]. In this paper, we apply Riemannian opti-
mization to solve the nonlinearly constrained least-squares problem. Riemannian
optimization treats the constrained optimization problem in the Euclidean space
as an unconstrained optimization on a Riemannian manifold. This simplifies
our perception of the problem and allows us to apply tools from unconstrained
optimization to solve the problem on the manifold [104]. Additionally, the trans-
formation of the constrained optimization into an unconstrained optimization on

a manifold offers the following advantages:

1. Since the iterates execute on the manifold where all the constraints are sat-
isfied, Riemannian optimization does not need to consider Lagrange multi-
pliers or penalty functions, inherently maintaining convergence properties

of unconstrained optimization algorithms [104].

2. The dimension of the manifold is smaller than or equal to that of the orig-
inal Euclidean space [105]. The (possibly) reduced dimensionality, as well
as exploiting the underlying geometric structure of the manifold, allows
Riemannian optimization algorithms to be more efficient than their (con-

strained) Euclidean counterparts [106].

3. Another benefit of Riemannian algorithms lies in their flexibility with re-
spect to changing or modifying the objective function without requiring

a substantial change in the whole algorithm. The Riemannian algorithm
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design is largely dictated by the manifold, i.e., the constraints, not the ob-

jective function. This can be particularly useful when the objective function
needs to be modified to cope with changes in the noise model or incorporate

new measurements, etc. [104].

To differentiate between the proposed method and existing methods, we have

summarized our main contributions as:

1. Enforcing the orthonormality constraints in the (initial) float solution to

improve the integer search.

2. Proposing a decomposition of the objective function that allows us to em-

ploy the constrained float solution to accelerate the search process.

3. Developing a Riemannian optimization algorithm to efficiently compute the
constrained float solution and improve the computational efficiency of the

overall attitude determination algorithm.

The rest of this chapter is structured as follows. Firstly, we present the pro-
posed attitude determination algorithm, including the problem formulation and
the proposed method to obtain the constrained float solution using Riemannian
manifold optimization. Secondly, we describe how to apply the constrained float
solution to solve the ambiguity resolution problem using a proposed objective-
function decomposition. Then, we present numerical results, comparing the per-
formance of the proposed approach and a number of benchmark methods using

different evaluation criteria. Finally, we draw the conclusion of the chapter.

5.1 The Intermediate Float Solution And Riemannian Al-

gorithm Design

In this section, we first formulate the float solution used in this work. Then,
we study and characterize the geometry of the manifolds of interest and present

Riemannian optimization algorithms employed to achieve the float solution.
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5.1.1 The Float Solution

The key principle behind the proposed method is to maintain the orthonormality
constraint R € 03¢ when pursuing the initial float solution. The motivation
here is that preserving this constraint is expected to provide a better float so-
lution (than the one obtained with the constraint ignored). Incorporating the
constrained, however, usually leads to an increased computational complexity.
To develop a computationally efficient solution, we leverage advanced tools from
manifold optimization [107, 94, 108].

Due to the orthonormality characteristics, the solution set of R is a mani-
fold, which allows us to solve the problem using efficient Riemannian algorithms.
In other words, we calculate the float solution by using Riemannian manifold

optimization, which gives us

RRM ) 1§11{1\1: argmin HVQC(Y —ARX,— BN)
Rec03%9 NcRS*xA

(5.1)

2
||Q;§1(

The incorporation of the orthonormality constraint R € @34 can improve the
estimation of R using (5.1) compared to (2.20). We can generally expect f{RM
to be more accurate than R,.. Given the convexity of the objective functions
(2.20) and (5.1) in the unconstrained ambiguities, the float solutions obtained

from these optimizations should satisfy
N, .= (B"Qy,B) BTQ;;vec(Y—ARACXb) , (5.2)

N,.,= (B"Qy,B) BTQ;;vec(Y—ARRMXb) . (5.3)

Given that R,,,, is less erroneous than R, ., we can expect N, to be of higher

RM AC) RM

quality than N aC-
Note that the LS solutions R Ao and N 1c are also required in the integer search
process (presented later). Hence, the first step is to compute the LS solution R "

and N .. which allows us to obtain ﬁRM and NRM based on R Ao and N 1o Trather

AC?
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than solving (5.1) directly. To determine the solution of (5.1), we reformulate the
objective function as a sum of several squares terms. This reformulation helps us

in exploiting Riemannian optimization with an easy-compute form.

Lemma 5.1. Let R, and N, be the LS solutions given in (2.20). Then, we

have

[vee(Y —ARX,~BN)[q1

_ 2 5 \|2 . 2 (5.4)
= [[vec(B, gy + [ vec(R-R.,.) QﬁLcﬁAc+ [vee(N-N, (R)) 0 e
with
Vec@QAC(R» =vec (NAO> _QNACRACQ;iCRACVGC@AC_Eg : (5.5)
Proof. See Appendix A. H

According to Lemma 5.1, the optimization problem in (5.1) is equivalent to

2

~

R, = arg min Vec(R—f{AC> B : (5.6)
Re0? RacRac
NRI\{ :NAC <ﬁ'RM> : (5 * 7)

That is to say, solving (5.6) is where Riemannian optimization comes into play.

5.1.2 Optimization Algorithm Design on Riemannian Man-

ifolds

As stated in Section 2.3.3, the attitude matrix R is an orthonormal matrix whose
columns are orthogonal regarding the inner product. Here, for the sake of simplic-
ity and avoiding confusion, we still utilize the symbol X to denote the point on
the manifold rather than symbol R. Then, we can use the terminologies discussed
in Section 3 and present the required elements for Riemannian algorithms.

The potential solution set M it an embedded submanifold of R3*? (¢ = 1,2, 3),



76
which is well known as the Stiefel manifold given by [104]

M={XeR™|X'X=L}. (5.8)

The dimension of the the Stiefel manifold M is

q(q+1)

dimM = dimR**? —dimSym(q) =3¢ — 5

(5.9)

where Sym(q) represents the linear space of symmetric matrices of size gq.
The tangent spaces of the the Stiefel manifold M, a subspace of R3*, is given
by

TM={V eR>|X"V+ VX =0}. (5.10)
Alternatively, one can also express the tangent vectors in an explicit form as
TM={XS+X K|S € Skew(q), K e RE-9*} (5.11)
where X and X | constitute the orthonormal basis of R3*3, and
Skew(q) = {S € R¥*7 | ST = —S} (5.12)

denotes the set of skew-symmetric matrices of size q.
At a point X on the Stiefel manifold M, the orthogonal projection to the

tangent space T, M can be formulated as

XTU + UTX
2 (5.13)
XTU - UTX '
=(I-XX"U+X—FFF—.

I (U) =U - X

Note that the orthogonal projector II, guarantees that U — I, (U) falls into the

normal space T-M of the tangent space T, M. According to (3.2) and (3.3),
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we can compute the Riemannian gradient V, f and Riemannian Hessian Vi f.
Then, we obtain

X'V, f+ (Ve f)' X

Vof=V,f-X 5 ,

(5.14)

XV, f+(Vf)'X

Vo 16 =T(V2f16:]) - & )

(5.15)

After finding a new point in 7, M using V, f and/or Vi f, retraction is
required to turn the new point into the manifold M. For the the Stiefel manifold,
multiple retraction operators exist. For instance, the Q-factor retraction is an

efficient operator to retract the updated point to the manifold [104]:
Ry (V) =Q, (5.16)

in which the QR decomposition is employed such that QR,,, = X4V with Q € M
and R,; € R??.  Here, R,; represents an upper triangular with nonnegative
diagonal entries. On the other hand, the polar retraction can also be used [104],

which is expressed as

N[

Re(V) =(X + V) (X + V)" (X +V))
1 (5.17)
=(X+V)(I,+V'V) 2,

where (-)7% represents the inverse matrix square root. For both retraction op-
erators, it readily seen that R, (0) = X. In this work, we employ the polar

retraction.
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5.2 Ambiguity Resolution Aided by the Float Solution

5.2.1 Decomposition of the Objective Function

As stated in Chapter 2, decomposing the objective function to a few more sim-
ple terms plays a crucial part in ambiguity resolution in the sense of defining
the search space and simplifying the search process. However, the orthogonal
decomposition (2.13) and (2.19) rely on an essential fact that the first-order and
high-order (higher than two) derivatives of the objective function at the LS so-
lution are zero [90]. There is no doubt that the orthogonal decomposition is not
feasible at any other point except for the point where the gradient vanishes cor-
responding to the LS solution, prompting us to develop a decomposition method
to use the float solution R,,,, and N_,,.

In order to utilize the high-quality float solution R, and N, ,, we first con-

sider decomposing (2.24) at an arbitrary point, as shown in Lemma 5.2.

Lemma 5.2. For VR € R3*? and VN € RS54, we can rewrite the objective

function of (2.24) as a sum of five terms expressed by R and N as

lvec(Y — ARX,~BN)[g1

= ||vec(E 271—1— ec(N =N 2,1 —+||vec R-R 271
e NNl ARG

+2vee(N=N) "Qg! ¢ vee(N-N,,,)

- T _ - A —
+ 2vec(R—R(N) fii N, (N7 <R—R AC(N))
with E =Y —-ARX,—BN.
Proof. See Appendix B. n

Compared with (2.25), (5.18) contains five terms on the right-hand side,
among which the first represents the squares norm of the residual correspond-
ing to R and N, the second measures the the distance from the integer matrix N

to N in the metric of Q;Il . the third weighs the distance from the orthonor-

AC"TAC

mal matrix R to R(N) in the metric of Qg , and the last two terms are

AcMN)R (M)
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related to distance from the selected points R and N to the LS solution R, and

N,.. Note that the covariance matrixes of the LS solution are used in (5.18),
and we can always compute these matrixes using a close form. If R = RAC and

N = NAC, the last two terms in (5.18) equal to zero, leading to the identical
expression as (2.25).

Figure 5.1 shows a geometric illustration of the decomposition of the objective
function. The essence of the optimization (2.24) is to seek for the solution that
minimizes d? in Figure 5.1. Decomposing d? into a few easy-evaluated terms
allows the full usage of the float solutions as an intermediate to simplify the
search process. This figure depicts one of the most simple cases and indicates the
difference between the two decomposition methods.

To simplify ambiguity resolution, we try to reformulate (5.18) as an alternative

form that is easy to be bounded and evaluate.

Lemma 5.3. For VR € R**? and YN € RS*A, the following relationship is an

alternative form of (5.18)

lvec(Y —ARX,~BN)| g1

Bl + bt =Nl | Hpee(R-Ra s )
Fovee(N-N)T Qg ¢ vee(N-R, ) [fee(R-R, ()

RAC(N)RAC(N)

Proof. See Appendix C. O]

A

Lemma 5.2 and Lemma 5.3 hold for an arbitrary point, so as to R, and

RM

N, If we replace R and N using R,,, and N, the first and last terms on the

RM?

right-hand side of (5.19) are independent of the parameters. Then we achieve the

equivalent form of (2.24) as follows

min C(N), (5.20)
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d?=di+d5+d5 d=|vec(Y— ARXp— BN)llgs Y

dy = ”VeC(EAC)”Q‘—&
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(a) Orthogonal decomposition [82]
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Figure 5.1: Geometric illustration of the decomposition of the objective
function.
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with

NT o o . 2
+2ve(:(N7NRM) QN% s Vec(NRMfNAC) + _min

ACYAC ReO3xa

vec(R -R AC(N)) ‘ ’ .
QRAC(MRAC(N)

(5.21)

Q!

NacNac

The function C(N) includes three coupled terms.
If we ignore the last two terms in (5.21), we can define a loose-form solution
of RieMOCAD (RieMOCAD-LF); that is, we calculate the closest integer esti-

mations to the float solution NM in the metric of the associated weight matrix

1

ve(N-K,,,)

RieMOCAD-LF, (5.22), only partially employs the orthonormality constraint,

2
min
NezZSxA

o (5.22)

acNac

which can be used as a low-complexity option in many practical applications. To
fully incorporate this constraint, one needs to achieve the tight-form solution of
RieMOCAD (RieMOCAD-TF), i.e., minimizing (5.20). Section 5.2.2 presents the
details to solve the optimization problem (5.20). Note that (5.20) provides only
one possible tight-form solution of the OC-AM, and (2.26) is another alternative.
In this contribution, (5.20) is applied rather than (2.26) to accelerate the process

of the integer ambiguity resolution.

5.2.2 Integer Search Strategy

To seek for the optimal integer matrix that minimizes (5.20), a search process is

required and the search space is defined as
Q(y) = {N € Z%*4|C(N) < x}. (5.23)

It requires high computational load to evaluate the integer matrix in Q(x) due
to the complex optimization caused by the presence of the orthonormality con-
straint. In other words, we need to evaluate every candidate in Q(y) by solving

the orthonormality-constrained optimization using the methods discussed in Sec-
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tion 5.1.2. Similar to the MC-LAMBDA method, the cost function C(IN) is also

bounded by two easier-to-evaluate functions, which are formulated as

) = el el 0 ) ¢ LN
N = SN N 8) Qg (S €3 (109 1)
(5.24)

with
C,(N) < C(N) < C(N) (5.25)

where #;(N) is the i-th column of R @), and Epin and &pax denote the smallest

and largest eigenvalues of Q'

A , respectively.
AC

(N)R ,(N)

Based on the lower and upper bounds of C(IN), we can define the corresponding

search space as
Q,(x) = {N € Z%4|C(N) < x},
(5.26)
Qu(x) = {N € ZZ4C(N) < x},
with

Qu(x) € Qx) € Q(x) - (5.27)

Then, two search approaches, namely the search-and-shrink and search-and-
expand strategies, can be applied to adjust the size of the search space adaptively
so as to reduce the computational complexity significantly.

The search-and-shrink strategy takes advantage of the upper bound C (IN)
and the corresponding set €2, (). Initially, a large xo > 0 is chosen to initialize
x such that Q (x) and Q(x) are nonempty. Find an integer matrix N; € Q (x)
with C,(N;) = x1 < x. Then, shrink the search space by replacing x = x; and
continue to look for an integer matrix Ny € Q (x) with C(Ny) = x2 < x. Iterate
the search procedures until there is only one integer matrix Ny in the search
space Q,(x) (assume k iterations and xy = xx). N = Ny minimizes C (N) and
X = C,(Ng). Note that N = Ny, does have to minimize C(N). Therefore, we need

to evaluate Q(y) using Riemannian optimization algorithms. Finally, we seek for
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Algorithm 5.1 RieMOCAD using the search-and-shrink strategy.

Compute R, and N, based on (2.20).
Solve (5.6) to obtain R,,, using the Riemannian algorithms.
Compute N, using (5.5) and (5.7).
Initialize k = 0 and x = xo > 0 such that Q(x) # @ and Q(x) # @.
while card{Q(x)} > 1 do
k=k+1
Find Ny € Q(x) with C,(Ny) = xx < X
X = Xk-
Update Q(x) based on (5.24) and (5.26).
end while
Establish () using the Riemannian algorithms.
: Choose N €Q(y) that minimizes C(N).

— = =
=2

N € Q(x) that minimizes C(N) as the estimation.

In contrast, the search-and-expand strategy utilizes the lower bound C,(N)
and the associated search space €2, (x). Initially, a small xo > 0 is chosen to
initialize x. If €,(x) is empty, replace x using a larger value x; and check €2 (x)
again. Iterate the search procedures (assume k steps) until Q, (x) with x = xy is

nonempty. Then, evaluate all the candidates in 2 (x) using C(N), that is

Q) ={N e Q) [C(N) <Xx}. (5.28)

If Q(x) is nonempty, we extract N € (x) that minimizes C(N) as the finial
estimation. Otherwise, let x = xx11 > X%, £ = k + 1 and repeat the search
procedures until () is nonempty.

Algorithm 5.1 and Algorithm 5.2 summarize the RieMOCAD method (tight
form) using the search-and-shrink and search-and-expand strategies, respectively.
Compared with the existing methods, the major differences of the proposed ap-
proach are as follows. The RieMOCAD method requires the float solutions Least
Squares and Riemannian optimization, whereas the MC-LAMBDA method re-
quires only the Least Squares. The decomposition of the objective function is
different between the RieMOCAD and MC-LAMBDA methods, leading to differ-
ent cost functions used in the feasible set. Instead of solving the orthonormality-

constrained least-squares problem through the gradient descent techniques, the
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Algorithm 5.2 RieMOCAD using the search-and-expand strategy.

1: Compute R, and N, based on (2.20).

2: Solve (5.6) to obtain R,,, using the Riemannian algorithms.
3: Compute N, using (5.5) and (5.7).

4: Initialize x = xo > 0 and k = 0.

5. Let Q(x) = 2.
6:
7
8

9

while Q(x) = @ do
Set Q,(x) based on (5.24) and (5.26).
for all NeQ, (x) do
Calculate C(IN) using the Riemannian algorithms.

10: if C(N) < x then
11: Q(x) = Q2(x) UN.
12: end if

13:  end for
14:  if Q(x) = @ then

15: X = Xk+1 > Xk-
16: k=Fk-+1.
17:  end if

18: end while
19: Choose N €Q(y) that minimizes C(IN).

RieMOCAD method employs the optimization over the Riemannian manifold in

the search process.

5.3 Performance Evaluation

This section tests the proposed RieMOCAD method and compares it with several
benchmarks using simulations as well as experimental data. For different scenar-
ios, we analyze performance in terms of the quality of the float solution, success
rate, and computational efficiency in the single-epoch and single-frequency case,
with only GPS satellites utilized. Riemannian optimization algorithms are im-

plemented based on the Manopt toolbox [109]

5.3.1 Simulation Analysis

Simulated data is used to test different methods under error-controlled conditions.
The simulations are implemented using the assumed platform’s attitude and the
actual satellite orbit information in the GPS Yuma Almanacs file on November 7,

2021. Several scenarios are simulated with a different number of tracked satellites,
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a different number of antennas, and various measurement noises. The number of
satellites is varied from four to eight, i.e., from the satellite-deprived situations
to satellite-sufficient environments, by randomly choosing the satellites from the
visible ones. The noise level is controlled by adding a zero-mean Gaussian noise
with a specified standard deviation to the undifferenced GNSS observations. We
assume that the noise of pseudo-range data is two orders of magnitude higher than
that of the carrier phase, that is, o, = 1000,. For each simulated scenario, a set
of 10* data is generated, with a random rotation and random antenna positions in
the body frame in each trial. We let the baseline length be 1 meter and guarantee

the antenna position matrix to be full row rank.

Comparison of Different Optimization Techniques in Esti-

mating R

Note that in addition to Riemannian optimization, (5.6) can be solved using a
plethora of methods such as the solutions based on the Lagrange multipliers and
parameterization [102, 101]. Before studying the constrained float solution’s im-
pact on ambiguity resolution, we first compare the Riemannian algorithm with
the Lagrange multipliers method and a nonlinear estimation of a quaternion. The
orthonormal matrix form and its quaternion parameterization are used to formu-
late the problem, with the nonlinear constraints incorporated by the Lagrange
multiplier. Newton’s method is applied to solve the Lagrange functions. For
more details on these methods, the readers are referred to [102]. The compari-
son is performed in terms of the estimation accuracy of the orthonormal matrix,
algorithm convergence characteristics, and computational complexity based on
simulated data (R, and QRACRAC).

The estimation accuracy of different methods is evaluated using the root-

mean-square error (RMSE) to measure the average accuracy of estimating the
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Table 5.1: RMSE of Different Estimators of R Versus Observation Noise (#Sat
=6, #BL =3 and L = 1 m).

og(mm)
Methods L 2 3 4
Unconstrained Least Squares | 0.076 | 0.441 | 0.743 | 1.006
Lagrange Multiplier 0.017 | 0.179 | 0.355 | 0.458
Quaternion 0.047 | 0.293 | 0.465 | 0.523
Riemannian Optimization | 0.017 | 0.153 | 0.321 | 0.415

Table 5.2: Probability of Convergence to a Solution in The Constraints Set for
Different Methods With Various Observation Noise (#Sat = 6, #BL = 3 and L

=1m).
og(mm)
Methods L 2 s 4
Lagrange Multiplier 1.00 | 0.998 | 0.971 | 0.964
Quaternion 1.00 | 0.987 | 0.911 | 0.841
Riemannian Optimization | 1.00 | 1.00 | 1.00 | 1.00

Table 5.3: Number of Operations for Different Methods.

Method

Number of Operations

Lagrange Multiplier

LUK} +21K7 - TK))

Quaternion

5 (K3 + 15K2 + 17K, + 12K2 + 12K2K, — 24K, K, + 18K, — 24)

4773
SIKT +

Riemannian Optimization L, [

TK2+ 2K, +12L, (K2 + K,) — 2]

Table 5.4: Computational Complexity Parameters for Different Methods Based
on Simulations.

L

Parameter

L, | L, | L

19.9

Average Value

116225 | 7.39 | 2.07

Table 5.5: Total Number of Operations for Different Methods Based on

Simulations.
Method Number of Operations
Lagrange Multiplier 60128.20
Quaternion 38283.75
Riemannian Optimization 22322.23
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elements of the unknown matrix R. We define this RMSE as follows:

T

2.

RMSE(X) =\ 2 /()

T b

vec (X, — XZ>

where X; € R™*™ denotes the matrix estimate from the i-th epoch, X; represents
the ground truth, and T is the total number of epochs.

Table 5.1 presents the RMSE values of estimations of R for the Riemannian
optimization, Lagrange multipliers, and the quaternion methods. For reference,
we also include the unconstrained least squares method. The results in Table 5.1
demonstrate that the constrained estimators offer smaller RMSEs than the un-
constrained least squares. Riemannian optimization clearly outperforms the other
two constrained optimization methods. Riemannian algorithms execute the it-
erates on the manifold such that the solutions always satisfy all the constraints.
Although the Lagrange multipliers method is used to incorporate the nonlinear
constraints (the orthonormality constraint or unit norm constraint for a quater-
nion), it is not guaranteed to converge to a solution in the constraints set. Hence,
it occasionally produces substandard results.

To investigate how various constrained optimization methods fare when it
comes to satisfying the constraints, Table 5.2 evaluates the probability of each
method converging to a solution in the constraints set. These probability values
are estimated using the same setup of Table 5.1. From Table 5.2, we can infer
that the Riemannian optimization algorithm always converges to a solution in the
constraints set. The same cannot be said about the two other constrained opti-
mization methods, as they occasionally produce results that are inconsistent with
the constraints. This kind of divergence (from the constraints set) might result
in severe estimation errors, which explains the results in Table 5.1. Therefore, it
can be said that the inherent ability of Riemannian optimization to consistently
and systematically converge to solutions in the desired constraints set presents a

significant advantage compared with the other two methods.
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To evaluate the computational complexity, the number of computations for
different methods is summarized in Table 5.3. The symbols L;, L, and L, denote
the number of iterations required to reach a pre-defined precision level for the
Lagrange Multiplier, quaternion, and Riemannian optimization methods, respec-
tively. The symbol K is the number of unknown parameters for the Lagrange
multiplier method, which is the number of elements of the orthonormal matrix
and the number of Lagrange multipliers. Since R € 0% K; = 3¢+ q(q + 1) /2.
The parameter K, represents to the number of elements of a quaternion plus one
Lagrange multiplier, that is, K, = 5. The parameter K, is equal to the number
of elements of the orthonormal matrix, i.e., K,, = 3¢. The symbol L, denotes the
number of iterations required to find the search direction in the tangent space.
Table 5.4 shows the average values of L;, L,, L, and L, to solve (5.6) based
on simulated data generated using three baselines with random length (0 to 3
m), random observation noise (0 to 7 mm), and random number of satellites (4
to 8). Subsequently, we obtain the total number of operations for the Lagrange
Multiplier, quaternion, and Riemannian optimization methods as presented in Ta-
ble 5.5. According to Table 5.5, re-parameterizing the orthonormal matrix with a
quaternion estimation reduces computational complexity significantly. However,

Riemannian optimization reduces the computational complexity even more.

Attitude Determination Performance Evaluation

Firstly, we will study the quality of various float ambiguity solutions, i.e., NUC,

N,. and N, obtained by (2.14), (2.20), and (5.1), respectively. We characterize

RM
the quality of the float solution in terms of two metrics. The first metric is the
root-mean-square error (RMSE) that captures the differences between the float
ambiguity solutions and the ground truth integer ambiguities. The second metric
is defined as the success rate of the optimal integers of (2.16), (2.22), and (5.22),

which gives us an idea about how good the closest integer estimations to different

float solutions in the metric of the associated weight matrix.
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Figure 5.2: RMSE of float ambiguity estimations (a single baseline to three
baselines).

Figure 5.2 and Figure 5.3 demonstrate the RMSE of the float ambiguities in
various simulated environments. When the number of baselines (BL) is less or
equal to the dimension of the range of the baseline matrix, the UC-AM and AC-
AM have exactly the same float solution, that is, NUC =N Ao, Tesulting in the
same fixed integer solutions of (2.16) and (2.22). Hence, Figure 5.2 shows only
the LS solutions and Riemannian-manifold-based (RieM) solutions. According to
Figure 5.2, the more baselines we use, the larger the error of the LS estimation.
On the contrary, the RieM-based errors decrease as the number of baselines in-
creases. The reason why multi-baseline configuration improves the RieM-based
float solution is that the set-up benefits from more antenna-array geometry in-
formation.

As shown in Figure 5.3, when the number of baselines is greater than the
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Figure 5.3: RMSE of float ambiguity estimations (four baselines to six
baselines).

dimension of the range of the baseline matrix, the quality of the float solutions
for the UC-AM tends to converge to a stable level. However, the AC-AM demon-
strates its advantage compared with the UC-AM since the affine transformation
(linear constraint) can take advantage of the redundancy of the GNSS data. To
elaborate, we can analyze each model’s number of observations and unknowns.
For the UC-AM, there are 2AS observations and AS + 3.A unknown parameters.
The AC-AM involves the same measurements as the UC-AM, with only AS + 9
unknowns (9 < 3.A4). The RieMOCAD-LF has the same number of observables
and unknowns as the AC-AM. However, the additional nonlinear constraint ex-
plains why the RieMOCAD-LF outperforms the other two benchmarks. Unlike
the UC-AM, the performance of the AC-AM and RieMOCAD-LF improves as

the number of baselines rises.
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Table 5.6: Success rate (%) for different measurement precision oy (mm),
number of tracked satellites (#Sat), and number of baselines.
UC-AM/AC-AM
RieMOCAD-LF

Single Baseline Two Baselines Three Baselines
4500 vl g 5 3 1 7 5 3 1 7 5 3 1
0.01 0.06 0.30 6.84 0 0 0 0.75 0 0 0 0.11
4 2.74 3.76 6.00 22.53| 0.35 0.45 1.14 11.63| 0.06 0.16 0.92 18.07
0.19 054 329 61.60| O 0 0.18 4885| O 0 0.02 40.66
5 2.94 5.20 13.26 73.74| 0.22 0.75 3.84 68.75|0.19 0.20 3.11 76.01
0.83 3.90 25.07 99.11| O 0.24 9.83 99.19| O 0.02 4.45 99.50
6 5.73 13.75 43.48 99.35| 0.67 3.95 29.25 99.54| 0.26 2.38 29.92 99.96

4.13 16.70 68.34 99.98| 0.38 5.38 60.07 99.99| 0.04 1.74 56.75 100
7 13.47 33.43 79.78 99.98| 3.76 18.67 76.64 99.99| 1.85 14.77 81.03 100

13.41 46.71 94.62 100 | 3.90 33.86 94.51 100 | 1.35 26.85 94.84 100
8 29.06 63.78 96.75 100 (16.29 57.14 97.14 100 [11.60 56.91 98.03 100

Table 5.7: Success rate (%) for different measurement precision oy (mm),
number of tracked satellites (#Sat), and number of baselines.
UC-AM
AC-AM
RieMOCAD-LF

Four Baselines Five Baselines Six Baselines

ow
#Sat 7 ) 3 1 7 5 3 1 7 5 3 1

0 0 0 0.01 0 0 0 0.01 0 0 0 0
4 0 0 0.03 40.78| O 0.02 4.10 96.48| 0.03 1.68 54.60 99.89
0.03 0.17 2.82 75.91| 0.13 1.64 23.67 98.41| 1.38 13.40 73.47 99.89

0 0 0 3526 O 0 0 3096 O 0 0 2791
5 0 0.13 13.33 96.44| 0.56 14.42 81.12 99.97|15.34 74.92 97.59 100
0.33 3.54 38.26 98.72| 6.02 37.51 88.72 99.99|37.71 83.80 98.71 100

0 0.02 1.98 9947| 0 0 1.19 99.59| 0 0 0.73 99.62
6 0.72 16.78 88.09 100 |31.20 91.65 99.70 100 |91.70 99.54 99.99 100
7.22 42.51 93.96 100 |57.96 95.46 99.82 100 [95.28 99.63 99.99 100

0 0.78 51.69 100 0 0.38 49.41 100 0 0.14 46.86 100
7 17.78 80.22 99.12 100 |91.81 99.28 100 100 |99.72 99.96 100 100
43.27 89.35 99.69 100 [96.08 99.61 100 100 {99.79 99.96 100 100

0.56 23.75 94.35 100 | 0.29 20.29 94.32 100 | 0.09 17.24 94.11 100
8 73.20 97.80 99.99 100 |99.55 99.99 100 100 |99.98 100 100 100
86.13 98.84 100 100 [99.69 99.99 100 100 |99.99 100 100 100
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Table 5.8: Success rate (%) for different measurement precision oy (mm),
number of tracked satellites (#Sat), and number of baselines.
MC-LAMBDA
RieMOCAD-TF

Single Baseline Two Baselines Three Baselines

a7 5 3 1 7 5 3 1 7 5 3 1

839 14.46 28.00 81.18| 0 0 445 9791 0 0 012 5043
4 10.19 14.82 28.01 81.18| 6.39 12.88 39.32 98.39| 2.25 6.88 16.55 92.22
21.80 37.74 70.79 99.20| 1.76 11.78 79.99 100 | 0 029 20.11 100
5 21.91 37.77 70.81 99.19 |20.90 44.89 92.21 100 | 3.99 15.38 67.75 100
46.54 71.67 9541 99.98|18.44 71.96 99.85 100 | 0.88 16.79 97.36 100
6 46.55 71.67 95.42 99.98|55.56 91.77 99.85 100 |17.99 61.80 99.09 100
72.80 92.10 99.42 100 |66.12 98.72 100 100 | 16.55 84.63 100 100
7 72.80 92.10 99.42 100 |89.55 99.11 100 100 |56.31 97.01 100 100
88.19 98.00 99.92 100 |96.37 100 100 100 |73.26 100 100 100
8 88.19 98.00 99.92 100 |99.23 100 100 100 |93.11 100 100 100

#Sat

Table 5.6 and Table 5.7 list the success rate of the UC-AM, AC-AM and
RieMOCAD-LF, that is, the optimums of (2.16), (2.22), and (5.22). The success
rate of the UC-AM continuously decreases as the number of baselines increases
caused by the low-quality float solution coupled with the growth of dimension of
the integer space. Generally, the AC-AM and RieMOCAD-LF tend to achieve a
higher success rate when more baselines are considered since the improved float
solutions are offered. However, the performance in some setups may not follow
the trend. It depends on which factor, the quality of the float solution, or the
dimension of the integer space, dominates the results. As shown in Table 5.7,
the AC-AM and RieMOCAD-LF can offer acceptable results in many scenarios
(except for the extreme ones, where the tight-form solutions of the OC-AM are
required) when using a large number of baselines. Figure 5.2, Figure 5.3, Ta-
ble 5.6 and Table 5.7 indicate the significant improvement of the RieM-based
float solution compared with the LS solution.

According to Table 5.6 and Table 5.7, the estimations of the UC-AM, AC-
AM, and RieMOCAD-LF are not up to par in many challenging environments,
especially when the number of baselines is less than the dimension of the range
space of baseline matrix. Therefore, the robust model OC-AM is required to

improve the results. Both (2.26) and (5.20) are just two alternative forms of the
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Table 5.9: Number of integers in the search space for different measurement
precision oy (mm), number of tracked satellites (#Sat), and number of baselines.
MC-LAMBDA
RieMOCAD-TF

Single Baseline Two Baselines Three Baselines
7 5 3 1 7 5 3 1 7 5 3 1

4268.66 2164.82 595.79 39.13| 10000 9992.12 9990.35 3097.07 | 10000 10000 10000 9640.19
4 420.28 277.91 140.19 23.37|9960.78 9914.55 9776.32 1607.71| 10000 10000 10000 7163.28
1403.85 498.66 97.43 3.75 | 9987.01 9865.44 6726.23 12.09 | 10000 10000 9977.65 52.43
5 253.20 149.77 51.17 3.08 |9873.52 9285.21 4614.93 7.22 10000 9998.11 9314.99 30.11
496.25 137.22 17.29 2.03 | 9761.09 7260.33 415.42 2.04 10000 9915.11 3838.67  2.07
6 153.19 64.16 10.98 2.00 |8892.29 4888.82 187.58 2.00 |9971.03 9098.00 1391.81 2.01
177.78 3246  3.53 2.00 | 7238.69 1414.66 10.01 2.00 |9914.09 6567.13 34.27 2.00

47

#Sat

7 74.23 18.09 2.85 2.00 5321.99 692.21 5.90 2.00 |9158.31 3335.94 12.12 2.00
58.86 791 220 2.00 | 2679.34  82.03 2.31 2.00 | 7650.06 469.38 2.74 2.00
8 30.22 5.60 2.01 2.00|1338.81 32.24 2.07 2.00 |4607.26 116.35 2.45 2.00

optimization (2.24). Therefore, if the search space is large enough, (2.24), (2.26)
and (5.20) should achieve identical optima.

This work aims to speed up the search using the proposed intermediate so-
lution to shrink the search space required. To avoid an enormous search space
caused by the adaptive adjustment procedures discussed in Section 5.2.2, we set
up 10* integer candidates as the limit to evaluate. Table 5.8 demonstrates the
success rate for the MC-LAMBDA method and RieMOCAD-TF, i.e., (2.26) and
(5.20), under different simulated environments. Table 5.9 summarizes the corre-
sponding number of integer candidates that need to evaluate. In a single-baseline
configuration, RieMOCAD-TF and the MC-LAMBDA method have a compara-
ble success rate, except for the extremely challenging set-up with o, = 7 mm,
0, = 70 cm and 4 satellites, where RieMOCAD-TF offers a better success-rate
performance. However, the required search space of RieMOCAD-TF is smaller
than that of the MC-LAMBDA method, indicating an improvement in compu-
tational efficiency. In dual- or triple-baseline cases, it is more difficult to resolve
the integer ambiguities due to the high dimensionality of the integer space. In
such situations, the advantages of the proposed approach become more notable.
As stated above, the different success rate derives from the limit of the size of
the search space, which also verifies the low complexity of RieMOCAD-TEF. In

summary, integrating Riemannian algorithms into the process of ambiguity res-
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olution can shrink the search space in the integer domain at the expense of just

an additional nonlinear optimization.

5.3.2 Experimental Evaluation

In addition to the simulations, we evaluate the proposed method’s performance
using experimental data and compare it with other benchmarks. To estimate the
ground truth precisely, we carried out two static experiments using three ANAVS
multi-sensor modules. The receivers were arranged in an equilateral triangle with
a 0.63-meter side, as shown in Figure 5.4. The receivers were firmly mounted on
the platform, which remained stationary at positions (N22°18'34”, E39°6'16")
and (N22°18'32", E39°6'27") during the two experiments, respectively. These
receivers can collect GNSS data at a 5 Hz sampling rate. The first experiment
was performed from 18:35 to 19:03 (UTC) on 6 April 2021, with 8500 epochs
of GNSS data collected. The other experiment was carried out from 20:34 to
21:50 (UTC) on 25 May 2021 to acquire 25500 epochs of GNSS measurements.
The satellite visibility during the tests is shown in Figure 5.5, with a 10-degree
cut-off angle. We estimate the ground truth by using the data of the entire
test period and fusing data from multiple sensors, including GNSS observations
(GPS+GLONASS) and data from an inertial measurement unit (IMU).

Table 5.10 shows the success rate of ambiguity resolution for both experi-
ments. The estimations in the second experiment are much better since we fixed
the platform at a place with good satellite visibility. The location of the first ex-
periment was surrounded by obstacles, such as trees and buildings. We can also
see that the AC-AM (the same as UC-AM) shows a poor success rate. As ex-
pected, RieMOCAD-LF offers a higher success rate compared to the AC-AM. The
two tight-form implementations of the OC-AM, i.e., the MC-LAMBDA method
and RieMOCAD-TF, beat other techniques in ambiguity resolution success rate,
with RieMOCAD-TF performing the best. As aforesaid, the constrained search

space in the integer domain decides the difference in ambiguity resolution perfor-
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It expériment N ond experime\nt'
Figure 5.4: GNSS antenna set-up.

Table 5.10: Success rate (%) based on experimental data.

1st experiment | 2nd experiment
UC-AM/AC-AM 0.01 50.06
RieMOCAD-LF 5.83 86.81
MC-LAMBDA 6.75 99.28
RieMOCAD-TF 72.07 99.33

mance between RieMOCAD-TF and the MC-LAMBDA method. The size of the
search space, i.e., the number of integer candidates as summarized in Table 5.11,
reveals the low complexity of RieMOCAD-TF.

Figure 5.6 and Figure 5.7 show the cumulative errors of the attitude angles
(Euler angles). Consistent with the success-rate performance described above,
RieMOCAD-LF outperforms the AC-AM. On the other hand, RieMOCAD-TF
outperforms the corresponding benchmark, the MC-LAMBDA method. The suc-
cess rate, size of the search space, and the angle error distribution prove the

reliability and feasibility of the proposed method.
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Table 5.11: Number of integers in the search space.

1st experiment
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5.4 Chapter Summary

We proposed an ambiguity resolution method for GNSS attitude determination.
By modeling the GNSS attitude problem as an optimization on the Stiefel mani-
fold, we alleviate the difficulties to resolve the unknown carrier-phase ambiguities.
First, to replace the widely used least-squares solution, we calculate a high-quality
float solution using Riemannian manifold optimization as an improved starting
point for the integer search process. To take advantage of the improved intermedi-
ate solution, we propose decomposing the objective function at an arbitrary point
instead of the widely used orthogonal decomposition. By leveraging Riemannian
optimization, the improved float solution, and the proposed decomposition, we
are able to search for the carrier-phase ambiguities in the integer domain with high
efficiency and reliability. The presented algorithm has two variants: a loose form
and a tight form known as RieMOCAD-LF and RieMOCAD-TF, respectively.
They are compared to relevant state-of-the-art methods using both simulation
and experimental data. We evaluate performance in terms of key performance
indicators such as success rate, search space size, and attitude error distribution.

The results confirm the feasibility and effectiveness of the proposed approach.



Chapter 6

Constrained Wrapped Least-Squares Attitude

Determination

Based on the OC-AM, search-based approches in the integer domain can signifi-
cantly enhance the performance of ambiguity resolution at the cost of requiring a
more sophisticated search algorithm to meet the nonlinear constraints on the an-
tenna array geometry [110, 54]. Despite the resounding success of these LAMBDA
variants, their computational efficiency might be inadequate in challenging envi-
ronments with significant multipath effects or an adverse view of satellites, such
as in urban canyon scenarios.

To avoid the complex process of resolving the carrier-phase integer ambigu-
ities, we propose a novel optimization model to estimate the rotation matrix
directly and recover the unambiguous phase as a by-product. This model leads
to a very efficient approach to solve the attitude determination problem.

The main contribution of this work lies in developing a novel GNSS attitude
determination method based on a proposed constrained wrapped least-squares (C-
WLS) optimization criterion. The designed approach incorporates the antenna
array information, the ambiguity integer characteristics, and residual phase con-
straints into the optimization model. The proposed approach belongs to the
search-based category. The method considers the attitude parameters as the
only unknown variables and rigorously assimilates all the available constraints.
Compared with existing algorithms in the float domain [111, 112, 113], the com-
putational complexity of the proposed method is kept low by reducing the search
space to a subset that most likely contains the correct solution. This is done with-

out sacrificing any prior information or constraints. Instead of performing integer
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ambiguity resolution and attitude estimation in two separate steps, as is done in
most traditional approaches [114, 115], we use the ambiguous carrier-phase mea-
surements directly to estimate the attitude information. We demonstrate the
effectiveness of our approach in different scenarios. As shown by our simulation
and experimental results, the main benefit of the proposed method is improving
the success rate and computational complexity, especially in challenging situa-
tions with a limited number of satellites or large measurement noise.

In this chapter, we first present the proposed constraint wrapped least-squares
method and theoretically analyzes various aspects of the proposed approach.
Then, we describe the adopted search strategy to find the attitude solution. Sim-
ulation and experimental results are presented, demonstrating the feasibility of

the proposed approach. Finally, we draw the conclusion of this chapter.

6.1 Constrained Wrapped Least-Squares Method

To strengthen the attitude model, additional constraints (prior information) will
be exploited. Given carrier-phase observations, the unknown matrices R and N

can be estimated by applying the C-ILS optimization

min_[vecleR.N)] 41 (6.1)

Re03%a NeZS%

where £(R, N) is the residual phase error defined as

£(R,N) 2 & — HRX, — N, (6.2)

= {d,m ¢A0:| . (6.3)

Let N;; and &;;(R, N;;) be the entries in the i-th row and j-th column of N

and &(R, IN), respectively. Considering the observation error distribution, we can
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apply an upper-bound to restrict the residual phase, i.e.,
’fl](R7NZ])|<57 Z:17277$7 ]:17277-’47 (64)

where || denotes the absolute value, and § is an upper bound that can be related
to the noise level. In what follows we will state our main assumption concern-
ing this upper bound. This assumption significantly simplifies the process of

estimating the rotation matrix, as will be shown subsequently.

Assumption 6.1. Double-difference carrier-phase observation noise is confined

to an interval bounded by minus and plus a half wavelength. That is

1
‘n;8‘<§, s=1,2-.8 a=1,2--,A. (6.5)

This assumption is essential to the development of the proposed attitude de-
termination method. Therefore, we examine the validity of this assumption be-
fore proceeding further. We analyze the assumption from two points of view, as

follows.

e Measurement noise level

To analyze the double-difference observation noise level, we apply the Gaus-
sian model to the original carrier-phase measurement noise, that is, we
assume the noise of the undifferenced phase follows a Gaussian distribu-
tion A/(0,02). By the rules of error propagation, the noise of the double-
difference phase also follows a Gaussian distribution N'(0, 0%) with o = 20y.
The possibility that the double-difference carrier phase noise exceeds half

of a cycle is

P, 2@(%) | (6.6)

where Q(+) is the Q-function. As reported in [32], the carrier-phase observa-
tions can be measured to better than 0.01 wavelength. By setting oy = 0.01

and ¢ = 0.02, we find out that P% ~ (0. Thus, it is generally reasonable to
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regard P% as small enough to be ignored.

e Phase observation nature

In the context of attitude determination, only the fractional part of the
double-difference phase data is meaningful. This particular property of
phase measurements is due to the presence of integer ambiguities. Based on
(2.7), for two different observed noise vectors 7, and 1, + AN,, AN, € Z,
the double-difference phase observations 1, will have identical fractional
parts. This results in the same estimations of the rotation matrix and the
unambiguous double-difference carrier phase based on (2.24). The integer
AN, will be absorbed in the integer ambiguity estimation. Therefore, it is
impossible to distinguish whether the phase noise is 1, or n, + AN,. Given
that achieving the optimal attitude information is the real goal, we can make
an assumption about the integer part of phase noise to restrict the possible
solutions in a way that is beneficial in improving the estimation of the
rotation matrix. Hence, we can select the integer to minimize the absolute
value of phase noise, which will lead the phase noise to fall in [—-1/2,1/2];
that is, we consider only the estimations corresponding to observations with
the lowest possible noise. In other words, double-difference carrier-phase

observation noise can be assumed to be no greater than a half wavelength.

Based on Assumption 6.1, we obtain the following constraint on the residual
phase:

& (RN < 5, i=1,2,--- .8 j=1,2,--- A (6.7)

1
2 Y
Note that |¢;;(R, N;;)| = 1/2 will result in N;; having multiple solutions for the

same R. To facilitate obtaining an interesting form of the proposed method,

we introduce a minor technical trick to modify (6.7) by limiting the range of

(R, N;;) to (—1/2,1/2], that is

1
_§<§U(R7NU)< , 22172,,8, ]:1,2,,A (68)

| —
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Combining (6.1) with (6.8), we obtain the following version of the minimization

problem for attitude determination:

min ||vec[¢ R, N)] ”(3;1 ) (6.9a)

Rec03x4 NeZSxA

st — % < &,(R,N,) < % (6.9b)
i=1,2,.8 j=1,2--,A
We can rewrite (6.9a) in an alternative form as
i (oin Ivecle(R NI ) (6.10)
Given any value of R, the corresponding value of N is
N(R) = round(¥ — HRX,,). (6.11)
Using (6.11), (6.10) can be rewritten as a single optimization
Jninvec [xp ~ HRX, — N(R)} H;l . (6.12)

Based on (6.12), a more compact form of the attitude determination problem

formulated by (6.9a) and (6.9b) is given in the following lemma.

Lemma 6.1. Based on Assumption 6.1, the rotation matriz R can be estimated

by solving the minimization

min ||wrap[vec(¥ — HRX,)]|

2
min p— (6.13)

where wrap(-) is defined as

wrap(-) = (+) — round(-).
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1 Re

Figure 6.1: Illustration of the wrapped least squares concept using complex
values on the unit circle.

We refer to (6.13) as the constrained wrapped least-squares (C-WLS) prob-
lem. Here, the rotation matrix R is the only unknown. Once R is known, the
corresponding integer vector N can be determined from (6.11).

A geometric interpretation of the WLS concept is given in Fig. 6.1. The
absolute difference between a phase value ¢, which is an unwrapped version of
an element of ¥, and the corresponding value in HRX,, (¢3), can be represented
by the distance between two points /27! and e/27%2 on the unit circle. Since
eI2m™i = ¢I2™%i where 1; is the wrapped version of ¢;, the absolute difference
between ¢; and ¢, (on the unit circle) can be measured as the distance between

the complex values /2™ and /22 on the unit circle, i.e.,

[wrap (¥ — 12)| = [wrap(¢1 — é2)] - (6.14)

The caveat here is that representing phase values on the unit circle automatically
removes the effect of their integer parts. The distance of interest is always mea-
sured over the shorter (green) arc, which corresponds to respecting the half-cycle
residual constraint (6.8). Given that only the fractional part of phase data is avail-
able, we can still measure the distance (on the unit circle) between the computed

phase and the observed unwrapped phase (the observed wrapped phase plus the
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true integer value) using the fraction parts of the two phases, as emphasized by
(6.14).

Based on the above discussion, estimating unknowns using phase measure-
ments can be achieved by matching the fractional part of the phase observations
and those of the corresponding predictions. If we consider a scalar phase observa-
tion ¢, and the prediction 1y = 9 (z) for an unknown parameter z, the estimation

of  can be carried out using

min [wrap(; — ¢a)] . (6.15)

Extending the results to the vector/matrix case while considering the available
set of constraints yields the proposed C-WLS optimization in (6.13).

As compared with the C-ILS method, the C-WLS model maintains the integer
constraint on the carrier-phase ambiguities (implicitly) and adds an additional
constraint to limit the range of residual phase errors. Note that the C-WLS model
keeps only the integer ambiguities satisfying the residual constraint, instead of
the entire integer space. The effect of the residual restriction on the rotation
matrix estimations can be demonstrated by comparing the solutions of (6.1) and

(6.13), which is the subject of the following lemma.

Lemma 6.2. A sufficient and necessary condition for (6.1) and (6.13) to have the
same global optimum regarding R s that the residual phase errors corresponding

to the global minimum of (6.1) satisfy

1
<§7 i:1727"'78;j:1727“'7-/47 (616)

& (R, Nj)

where R and N are the globally optimal solutions of (6.1), and N@-j 15 the entry

in the i-th row and j-th column of N.

Proof. Suppose that R and N minimize (6.1), and they satisfy (6.16). We can



105

calculate the integer matrix based on R using
N(R) = round (¥ — HRX,). (6.17)

When the residual phase errors satisfy

1
<§7 i:1727"'78;j:1727"'7~’47 (618)

& (R, Ny)

we obtain N = N(R). If there is some residual error =1/2, N will

& (R, Ny)

have multiple possible values, and N(f{) is one of the solutions. Anyway, R and

N(R) will minimize (6.1). Hence, R will be the global optimum of (6.12), which
is equivalent to (6.13).

In contrast, we assume that R and N minimize (6.1), and R minimizes (6.13).
Given the fact that (6.12) and (6.13) are equivalent, R will also minimize (6.12).
Then, we have N = N(R) or N(R) is one of the possible values of N. Otherwise,

R cannot minimize (6.1) anymore. Therefore, R and N will satisfy (6.16). [

The structure of the weight matrix Qg is related to whether (6.16) holds or
not. Likewise, the relationship between (6.1) and (6.13) might differ for a various
weight matrix Qg. For double-difference observations, Qg is not diagonal. With
common clock technology, multiple antennas can use a synchronized clock such
that the single-difference model is applicable in attitude determination. In that

case, Qg is a diagonal matrix. We obtain Lemma 6.3 as a special case to establish

(6.16).

Lemma 6.3. A sufficient condition for (6.16) to hold, and hence for (6.1) and

(6.13) to have the same global optimum for R, is that Qg is a diagonal matriz.

Proof. In (6.1), for VR € Q3% we can figure out the optimal integer ambiguities
by minimizing

F = min |vec[¢(R,N)]

gy
NeZS*xA Q\I/

(6.19)
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The diagonal matrix Qg results in the following expression
(6.20)

where oy i, is the k-th diagonal entry of Q.

Since the sum entries are uncorrelated, we obtain the optimal by minimizing
each entry independently. It is apparent that N;; € Z satisfying |§;;(R, N;;)| <
1/2 will minimize [£;(R, Ny;)]2. Therefore, R and N, the global optimums
of (6.1), always satisfy (6.16) when Qg is a diagonal matrix. According to
Lemma 6.2, we conclude that (6.1) and (6.13) have the same global optimum
for R. O]

To precisely explain the effect of the residual constraint, the results based on
the unambiguous phase can be used as a benchmark to appreciate the difference
between (6.1) and (6.13). Assuming ® is the unambiguous double-different phase,
we define S, S; and S, as

S = @34,

1
Si={R|Re0?**¢ ¢&=®d-HRX,, |§,»j|<§, i=1,---,S; j=1,---, A},
So=8-8§;.

An oracle estimator (that has access to the correct integer ambiguities) can be

formulated as

R, = argmin ||vec(® — HRX;,)H?Q_1 . (6.21)
ReS; ¥
Contrast this with the C-WLS estimator
R, = argmin ||[wrap[vec(¥ — HRXb)]HQ 1, (6.22)

ReS
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and the C-ILS estimator

R, .. N arg min Hvec(\Il—HRXb—N)Hé; . (6.23)

ReS,NezZSxA

cILS? T VCILS

Corollary 6.1, Corollary 6.2, and Corollary 6.3 summarize the relationships be-

tween these three estimators.

Corollary 6.1. If the C-ILS estimator (6.23) and the oracle estimator (6.21)
have the same global optimum for R, the C-WLS estimator (6.22) will also have

the identical global optimum as the oracle estimator (6.21), i.e.,

R R,=R =R

CILS = or CWLS or*

Proof. We can readily see that

min ||wrap [vec(¥ — HRX,)] Hé_l
e ! (6.24)
— i _ 2
= min || vec(® — HRX}) HQ;,
and
min ||wrap [vec(¥ — HRXb)]|]2Q_1
e Y (6.25)
> i ¥ — HRX, — N)||5 -
s 0 [[vec( » —N)llgg
If (6.23) converges to the oracle estimator, i.e., R, € S; and R, = R, we
obtain
i ¥ — HRX, — N)||7,-
R€S1I,I1i11€nZSxA HVGC( b )HQ\IJ (6 26)
< i ¥ — HRX, — N)||?-
Rengrlillenzsw [vee b )“Q‘Pl ’
and
i ¥ — HRX, — N)||5,-
R681I’I§I£ZSXA’|VGC( ~ Nlag (6.27)

= min|| vec(® — HRX,) ||4 .
RESy 4
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From (6.24)-(6.27), it follows that

min || wrap [Vec(\If—HRXb)]ng
e ¥ (6.28)
: 2
< lrlnelgréﬂwrap [vec(W HRXb)]HQ‘;l .
Note that
arg min || vec(® — HRX,) ||3
w
e (6.29)

= arg min ||wrap [vec(¥ — HRX(,)]H?Q—I :
ReSy ¥

then (6.22) will also have the same global optimum as (6.21), i.e., R s €S
and R, s = Ros = R,,. Hence, R, = R, = R,,.,s = R,,, but not vice

or )

versa. N

Corollary 6.2. If the C-WLS estimator (6.22) and the oracle estimator (6.21)
have different global optimums, the global optimum (with respect to R) of the
C-ILS estimator (6.23) will also differ from that of the oracle estimator (6.21).
That is

RCWLS 7é Ror = RCILS % Ror‘

Proof. If R ,,;s # R.,, then R € Sy, and

CWLS

minerap[vec(\Il—HRXb)]Héfl
Res ¥ (6.30)
: 2
> 1rzlnelsr;||W1rap[vec(\Il HRXb)]HQ‘;l :
According to (6.25) and (6.30), we have
i T - HRX, — N)||7,-:
esmin llvec( v~ Nllqg,
< i T — HRX, — N)|[5-
res, i llvee v = Nllgy
< mi — 2 1 6.31
< min ||wrap [vec(¥ HRXb)]HQ\P (6.31)
. 2
< ‘ wrap [vec (\I' — HRor)}
Qy'

= [[vec(¥ — Hx_, — N_)

or

2
Qg
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with

N =0-— &, (6.32)

then R, # R, and N, # N, . Asaresult, R, # R,, = R« #R,,. U

Using the results of Corollary 6.1 and Corollary 6.2, the following corollary
holds.

Corollary 6.3. Compared with the C-ILS estimator (6.23), the C-WLS estimator
(6.22) is more likely to have the equivalent global optimum for R as the oracle
estimator (6.21), i.e.,

P(RCWLS =R ) = P(RCILS = R’or)’

or

where P(-) denotes the probability.

Proof. Since

RCILS = Ror = RCWLS = Ror7

RCWLS ?é Ror = RCILS ;é Ror’

it can be readily seen that P(R, R.,)>P(R,.=R.,) O

CWLS

When only carrier-phase measurements are utilized to jointly estimate the
ambiguities and attitude, there are more unknowns than the number of equations.
Corollary 6.3 illuminates the advantage of the C-WLS approach compared to
the C-ILS method. However, the pseudo-range observations are still required to

improve the solutions.

Lemma 6.4. Including both pseudo-range and carrier-phase data, the proposed

C-WLS method can be formulated as

2
wrap|vec(¥ — HRX
min vee 2 . (6.33)
ReS vec(P — HRX,) 1
Q-
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It is readily seen that (6.33) will achieve the same global minimum and optimal

solution of R as

: 2
Resgler%SXA |vec(Y — ARX, — BN)||Q;1 (6.34a)
1 1
Z:1727 787 j:1727 7A
To compare (6.33) with (2.24), we assume that
2
- ® H
R, = argmin ||vec — RX, : (6.35)
ReS) P H
Q-!
72
~ wrap|vec(¥ — HRX
R, = argmin vee 2 , (6.36)
ReS vec(P — HRX,)
Jllg—
R, . N, = argmin ”VeC(Y—ARXb—BN)Hg;l. (6.37)
RES,NEZS <A
Given the structure of Q, we have
R,, =arg min{|[vec(® —HRX,)|[q.1 + [[vec(P—HRX,)[g1}, (6.38)

RESy

CWLS ™

Ry =arg min{ || wrap[vec(¥ —HRX,)]|[q.1 + [vec(P—HRX,) |1}, (6.39)
ReS

R, N argmin { [vec(¥ ~HRX;~NJ|¢,_. + [vec(P~HRXp)[¢, 1}

ReS,NezZSxA

ciLsy Nemms ™

(6.40)
Incorporating pseudo-range will introduce the same terms (||vec(P — HRX,)|| é;)

to (6.38)-(6.40). So all the results in Corollary 6.1, Corollary 6.2, and Corollary

6.3 are still true. As a consequence, we establish the following corollary.

Corollary 6.4. For the estimators in (6.38), (6.39) and (6.40), the global opti-
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mums with respect to R satisfy the following relationships

R.,.=R,=R,..=R,,

CILS CWLS

f{'CWLS # Ror = RCILS # Ror’

= Rm‘) 2 P<R = Ror)'

CILS

Corollary 6.4 demonstrates the advantage of the C-WLS model. The proposed
method imposes a constraint on the residual errors, which shrinks the solution
space and remove spurious solutions. This results in an improvement over the
C-ILS method. To give insight into all the results discussed in this section, we

summarize the significance of various lemmas and corollaries in Remark 6.1.

Remark 6.1. The significance of various lemmas and corollaries is as follows.

Lemma 6.1 and Lemma 6.4 formulate the proposed C-WLS optimization model.
e Lemma 6.1 based on only carrier phase data.
e Lemma 6.4 based on pseudo-range and carrier phase data.

Lemma 6.2 — 6.3 discuss the conditions for the C-WLS and the C-ILS optimiza-
tion to have equivalent global optimum for R when using only carrier phase ob-

servations.
e Lemma 6.2 provides a sufficient and necessary condition.
o Lemma 6.3 proves a diagonal Qg as a sufficient condition.

Corollary 6.1 — 6.4 indicate the advantage of the C-WLS model compared with
the C-ILS model; namely, the C-WLS estimator is more likely to have the same

global optimum for R as the oracle estimator.
e Corollary 6.1 — 6.3 based on only carrier phase data.

o Corollary 6.4 based on pseudo-range and carrier phase data.
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6.2 Implementation of the Proposed C-WLS Method

In the C-WLS problem (6.33), the rotation matrix R is the only unknown. For ¢ =
3, R includes 9 elements that are uniquely determined by 3 independent variables.
The Euler angles are usually used to define R and represent the orientation of
the rigid body with respect to the three axes in reference coordinate system. The

rotation matrix R can be expressed in the following form:

cosacos S cosasinfsiny—sinacosy cosasinfcosy+sinasiny
R=|sinacos sinasinBsiny+cosacosy sinasincosy—cosasiny|

—sin cos 3 sin~y cos 3 cos y

where «, [ and ~ are the yaw, pitch, and roll angles, respectively. An optimal
of (6.33) can be found by searching over the range of the Euler angles. However,
such a 3-D search leads to a high computational complexity. Given the prior
knowledge of the antenna-array configuration and the integer characteristics of
phase ambiguities, we can efficiently reduce the search space to a few possible
estimates of R (instead of searching through the whole range of the Euler angles).
In the following subsections, we will develop the search strategies for the single-

baseline and multi-baseline cases separately.

6.2.1 Single-baseline Attitude Determination

In a single-baseline set-up, R € R3 is a unit column vector, uniquely determined
by yaw and pitch angles. To facilitate the discussion of the multi-baseline case
(presented later), we replace R with r,, which will later be used to indicate the
a-th (single) baseline in a multi-baseline configuration. The vector r, represents

the unit direction vector of a single baseline. Based on (6.33), we can write

2
wra . — d.Hr,
min p(¥ ) : (6.41)

R3 =1
rq€ 7Hr(lH2 pa — daHra )
Qo



Figure 6.2: The relationship between r, and fls.

where d, is the baseline length, and Q, is the covariance matrix. The baseline

vector in the reference frame is given by
Xy = dgly. (6.42)
According to (2.5), (2.8) and (6.42), we have
Y30 — N3 = dahar, + 150. (6.43)

As shown in Fig. 6.2, we draw the vector r, and fls starting from the origin. r, is
the unknown unit vector which makes an angle 6, with h;. Hence, the candidate
terminal points (coordinates) for r, represent a circle on the sphere centered
around the radial line of h;. If we ignore phase noise, the angle 6 satisfies

8- N

50, = ~20__ a0 (6.44)
daHhSHZ

For the s-th element of 1),, the possible integer ambiguities should be confined
to
—da||hslle < 95 — Nip < dal[hl2- (6.45)

Considering all the possible N, the candidate terminal points for r, will be on

a set of parallel circles on the spherical surface.
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Figure 6.3: Distribution of potential candidate points for r,.

Fig. 6.3 shows an example of the distribution of possible candidate points for r,
with four satellites under consideration (circles of the same color corresponding to
one double-difference phase observation). The intersections between the circles of
different colors indicate possible estimates of r,. The intersection points between

two circles exist if the following system of equations has a solution:

s0 s0 -
Va0 — Nog = dahir,,

3 (6.46)
Ym0 — N = d,h,,r,.
In the noise-free case, there is one combination of the integers
T
N, = lN;g e Ng(?} , (6.47)

whose corresponding circles have a joint intersection point, that is, (6.47) satisfies

( ~
10 10
Yoo — Ny = dohirg,

wgg - Nc%(()] = daﬁ?rav
(6.48)

S0 S0 __ N
a0 - NCLO — dahsra.



Figure 6.4: Illustration of the intersection points.

Due to the measurement noise, we may have only pairwise circle intersect, that

is, a solution of (6.48) may not exist. However, we can calculate the intersection

points for all the circle pairs of different observations. The baseline vector can be

determined by evaluating (6.41) (only) at these intersections.

Instead of solving the system of equations (6.46), we can achieve the intersec-

tions by applying the geometry relationships between two circles on the sphere.

To calculate the intersection points, we need to define some intermediate vectors,

such as the normal vector vy of the plane determined by h, and flm, and the

normal vector vy of the plane on which v; and flm lie. vi and vy are given by

flSXflm VIXBm

Vi=m=m—==———=—, Vo = ——.
[ < B[l V1 X Bl

In Fig. 6.4, the centers of the circle s and circle m are

_cos stls cos melm

Co = ————, C =
B ) A [ P

where the cosines can be computed based on (6.44).

(6.49)

(6.50)

To check whether the two circles intersect, we define the peak points (the
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closest or farthest points from the other circle) of circle m with respect to circle
s as follows

P1 = C,, — siné,,va, pa = ¢, + 8inb,,vs. (6.51)

The directed distances (positive or negative) between the peak points and circle

s plane are given by

Ay = (pl - CS)T ~—S> Ay = (pz - CS>T

(6.52)

If A1Ay <0, circle s will intersect with circle m. Otherwise, there is no inter-
section. When A; = 0, the two circles intersect at p;. Similarly, if Ay = 0,
p2 is the intersection point. When A;A, < 0, there are two intersection points
between circle s and circle m. A procedure to calculate these intersection points

is as follows. The directed distance between c,, and circle s plane is

h
As = (Cp — )" —= (6.53)
s ][
The projected point of ¢, on circle s plane is expressed as
Ash,
Pe,, = Cimp — ——>. (6.54)
]2
As shown in Fig. 6.4, h, intersects with the circle m plane at
0,, h,
pe, = — (6.55)

cos Oy, HﬁSHQ’

where 6, is the angle between fls and flm The directed distance between pe,

and circle s plane is given by

Ay = (Pe, — C) (6.56)
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Based on the basic proportionality theorem of similar triangles, we have

¢ — Cs A
Pe7Cs _ — (6.57)
Pc — Pec.,, AB
where p. is the center point on the intersection line. Therefore, we have
Asc, — AyPpe
— o3 4Por (6.58)

Pc = Ay — A,

The two intersection points can be represented as

a1 =pe — /1= [[pell3vi, a2 = pe+1/1— [pc]l3vi. (6.59)

We consider all the intersection points as candidates for being an estimate of
r,. When there is no intersection, if A; or A is close to zero, some points around
the corresponding peak point should also be selected as the potential candidates
as the lack of intersection might be due to noise. We define a threshold d5 for A,
and As. If |[A;| < da, we can select p; as a candidate; if |As| < da, we can choose
p2 as a candidate. We can create a pool (S;,) of all candidate points from the
intersections of all possible circle pair combinations. Algorithm 6.1 summarizes
the procedure to determine S,,. We keep the best K estimations of r, (coarse

solutions) using
2

wrap(v, — d,Hr,
min oY ) . (6.60)

2€Srq
Fa&or p. — d,Hr, X
Qa

To achieve a high-quality solution, a refinement of the coarse results is nec-
essary. When the unambiguous phase ¢, is available, we consider the following

optimization
2

. ¢a - daHra

min
ra€R3, [[ra =1

) , (6.61)
a aHra
p Q'

which leads to a general constraint least-squares solution. Many strategies, gen-

erally iterative schemes, can be utilized to solve the nonlinear system in (6.61).
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Algorithm 6.1 Procedure to search baseline vector candidates.
1: Sra =J
2: for all Circle pairs do

3:  Compute p1, p2, A1 and Ay using (6.49)—(6.52).
4 if A1As <0 then

5 Compute q; and gy using (6.53)—(6.59).

6: Sra = Sra U {ql; Q2}

7 else

8 When |A;] < da, Sy, =Sy, U{pP1}.

9 When |As| < da, Sy, =Sy, U{p2}.

10:  end if

11: end for

Algorithm 6.2 C-WLS Single-baseline Attitude Determination.
1: Determine S,, based on Algorithm 6.1.
2: Select the best K estimations from S, using (6.60).
3: Use the coarse results as the initial solutions.
4: Final results after refinement based on (6.61)—(6.62).

We can directly utilize the ambiguous carrier phase as long as we substitute the

following term in (6.61):

G = Yo + round(daHra - ¢a)- (662)

We use the coarse results as the initial solutions and and achieve the final esti-
mation based on (6.61)-(6.62). The entire procedures are summarized in Algo-

rithm 6.2.

6.2.2 Multi-baseline Attitude Determination

For multi-baseline configurations, we can estimate the rotation matrix by refin-
ing single-baseline solutions to avoid high complexity, rather than searching the
solution directly. Single-baseline attitude determination applies only the baseline
length constraint. To fully integrate the geometry constraints, we need to con-
sider the relative direction of different baselines. This can be realized by checking
the angle between estimations of baseline vectors.

For each baseline, we keep the best K estimations of the direction vector

based on the intersection points and potential candidates. For the a-th and k-th
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Algorithm 6.3 C-WLS Multi-baseline Attitude Determination.
1: Find the best K estimations for each baseline using step 1-2 of Algorithm 6.2.

2: Keep the estimations that satisfy the angle criteria (6.63) for every baseline
pair.

3: Combine pointing vectors to create the baseline matrix using (6.64).

4: Convert the baseline matrix to a rotation matrix using (6.66).

5: Initialize the orthogonal rotation matrix using Wahba'’s problem as in (6.67).

6: Final results after refinement via (6.70)—(6.71).

baseline, we choose the estimations that satisfy
|arccos (raTrk) — @ak| < o, (6.63)

where O, is the angle between two baselines, and dg is the threshold of angle
difference. The selected baseline vectors constitute the possible baseline matrix

in the reference coordinate, that is

X = {dﬂﬁ e d YA} ) (6.64)

A

For A = 2, we can add a column to X and X, that is

- r Xr X! X x2

X= {dlrl dor #} ,Xy= {xi X3 %} . (6.65)
[r1 X125 [ x x5l

According to the relationship between the baseline matrix in the body frame and

reference frame, the coarse solution of the rotation matrix can be calculated using

-~ S 1

R = XX; (X,X;) . (6.66)

To satisfy the antenna array constraints, we have to transform the rotation
matrix to an orthogonal matrix, that is, to solve the following optimization prob-
lem:

R = arg min
Re03x3

R—RM (6.67)
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This is the Wahba’s problem for which an analytical solution exists [116, 117].

The solution goes as follows. First, apply singular-value decomposition to the
coarse rotation matrix

R =UxV", (6.68)

where ¥ is a diagonal matrix in which the diagonal entries are the singular values
of R, and the columns of U and V are the left and right singular vectors of R,

respectively. Then a solution to (6.67) can be obtained as

10 0

R=T 0 1 0 Ve (6.69)

0 0 det(T)det(V)

It can be readily seen that R is an orthogonal matrix, i.e, it satisfies all the
required constraints. However, this is only a sub-optimal estimate of the rotation
matrix; hence, a refinement is required.

Similar to the single-baseline set-up, if the unambiguous phase ® is known,

we can consider the following optimization

2

vec(® — HRX,)
min : (6.70)

RO\ vee(P — HRX,) 1
.

Again, we directly take advantage of the ambiguous phase by using R as the

initial solution and applying the substitution
® = ¥ + round (HRX,;, — V). (6.71)

The entire process to estimate the rotation matrix and resolve the carrier-phase

ambiguity is summarized in Algorithm 6.3.
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6.3 Performance Evaluation

In this section, we first present simulation results. Next, we evaluate the per-
formance of the proposed method experimentally. Our tests focus on the most
challenging single-frequency and single-epoch scenarios, with only GPS constel-
lation utilized. To demonstrate the performance of the proposed approach, we
benchmark against the AFM-based [41] and LAMBDA-based search algorithms
(the C-LAMBDA method [68] for single-baseline set-ups and the MC-LAMBDA
method [118] in multi-baseline scenarios). A 10-degree cut-off elevation mask is
used in all cases, as is usually recommended to protect against severe multi-path

effects.

6.3.1 Simulation Results

Simulations are implemented based on the Visual software [119] using the as-
sumed antenna position and real GPS constellation information on November 7,
2021. We evaluate the performance of the proposed approach under different noise
levels by adding Gaussian noise with different standard deviations to both the
pseudo-range and carrier-phase measurements. We also examine the feasibility
of the proposed method under adverse satellite geometry conditions, namely sce-
narios with a poor position dilution of precision (PDOP) due to limited satellite
visibility. A pseudo-range to carrier-phase variance ratio ai / ai = 10* is adopted
[54]. We consider setups involving one, two, and three baselines with a 1-meter
baseline length. In the multi-baseline cases, the baselines are perpendicular to

each other, so the baseline matrices in the body frame are

1 00
1 0
X} = , Xi=1010/|- (6.72)
01
0 01

For each simulated scenario, the tests are repeated 10? times. Each time the

attitude angles are generated randomly.
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Table 6.1: Success rate (%) versus phase noise oy (mm), number of satellites
(#Sat), and number of baselines.
C-LAMBDA /MC-LAMBDA
AFM

Proposed

Single Baseline Two Baselines Three Baselines
el g 7 5 3 1 9 7 5 3 1 9 7 5 3 1

6.43 9.11 14.54 29.23 82.74| 0 0.11 1.72 2243 99.02| 0 0 0 0.25 88.52
4 333 4.01 6.23 9.37 23.78| 2.08 3.12 6.55 14.56 37.75|15.67 33.22 62.61 94.09 99.01
6.48 9.11 14.54 29.23 82.74| 3.43 8.35 19.45 54.87 98.81 |22.02 43.18 72.37 96.08 99.76
13.47 21.46 37.51 70.11 99.11| 1.22 6.95 40.27 96.09 99.97| 0 0.15 1.13 43.54 100
724 11.21 1945 39.72 83.94| 7.23 21.09 45.76 78.22 95.21|52.88 81.09 95.67 99.31 99.99
13.47 21.47 37.51 70.11 99.11(16.54 36.82 69.44 96.27 99.97(66.47 89.45 99.1 100 100
26.97 43.88 70.40 94.48 100 |16.35 50.46 93.41 99.85 100 | 0.45 4.17 43.76 100 100
6 17.97 31.71 51.74 80.59 98.83|26.55 58.77 76.33 98.31 99.23|84.12 94.36 98.59 99.92 100
26.97 43.88 70.40 94.48 100 [47.95 76.96 96.16 99.85 100 |[93.19 99.36 99.99 100 100
46.42 69.04 91.22 99.38 100 |50.59 90.13 99.59 99.99 100 | 6.18 42.16 97.87 100 100
7 37.53 57.11 79.58 95.73 99.82 | 48.87 78.59 92.67 99.89 100 |88.31 97.31 99.31 99.99 100
46.42 69.05 91.22 99.38 100 |78.16 95.12 99.59 99.99 100 |99.24 99.97 100 100 100
67.63 87.26 98.01 99.96 100 |85.51 99.16 99.96 100 100 |37.39 89.89 100 100 100
8 58.02 78.06 92.68 98.69 99.94 |85.01 91.13 98.11 99.89 100 |95.13 98.78 99.95 100 100
67.64 87.27 98.01 99.96 100 |93.29 99.16 99.96 100 100 |99.84 99.98 100 100 100

#Sat

ot

Table 6.2: Average number of integers in the search space of the C-LAMBDA or
MC-LAMBDA method versus phase noise o, (mm), number of satellites (#Sat),
and number of baselines.

Single Baseline Two Baselines Three Baselines

/ 9 7 5 3 1 9 7 5 3 1 9 7 5 3 1

4 14203.3 6619.9 2536.8 595.7 40.5/99916.2 99965.5 99675.1 95971.5 4175.6| 100000 100000 100000 100000 73607.3
5 3656.1 1483.7 492.3 94.6 3.8 |99626.3 99255.3 89286.8 25015.6 12.1 | 100000 100000 100000 95734.4 49.9
6 1239.4 463.4 127.1 16.1 2.1 |96414.6 81804.9 33112.7 599.7 2.0 |100000 100000 93842.6 9697.9 2.1
7

8

533.4 166.8 34.5 3.8 2.0 [80451.1 36197.0 2107.1 10.6 2.0 ]99839.2 93376.0 32230.0 40.9 2.0
2164 548 86 2.3 2.0 |40763.2 6298.8 76.3 2.3 2.0 193682.6 49282.2 10204 2.7 2.0

Table 6.1 reports the success rates of ambiguity resolution for the proposed
method and the benchmark methods. These results are obtained for a number
of different scenarios involving different numbers of baselines, different numbers
of satellites, and various noise levels. The success rate is calculated as the per-
centage of trials in which all the integer ambiguities are retrieved correctly. Note
that success cases can provide accurate attitude estimation, whereas failure cases
tend to produce outliers or estimates that are meaningless. This underscores the
pertinence of success rate as a performance indicator.

Based on the search-and-shrink or search-and-expand algorithm, the C-LAMBDA
and MC-LAMBDA methods can adaptively adjust the search space in the integer
domain. Theoretically, they could find the global optimum of the optimization
(2.24). However, the performance of the C-LAMBDA and MC-LAMBDA meth-
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Figure 6.5: Success rate with and without the angle constraint for dual-baseline
set-up.

ods dramatically depends on the accuracy of the float solutions. In challenging
scenarios, the inadequacy of the float solutions results in an extensive set of po-
tential integer vectors to be evaluated by these two approaches. The set can
grow even larger as the number of baselines increases and the dimensionality
of the ambiguity vectors/matrices grows. To avoid computational issues due to
prohibitively large search spaces, we force the adaptive adjustment strategies of
the C-LAMBDA and MC-LAMBDA methods to stop after a search limit of 10°
integer searches.

As shown in Table 6.1, the proposed approach and the C-LAMBDA method
have almost the same success rates in single-baseline configurations, both outper-
forming the AFM method. In the multiple baseline case, the proposed method
utilizes the angle constraint to evaluate and improve the single-baseline estimates;

hence, its performance improves as more baselines are used. This should be the
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Table 6.3: Computational Complexity of Different Algorithms.

Algorithms Complexity
Proposed O<A3@Ki>
AFM O(ASK)
C-LAMBDA 9 a2
MC-LAMBDA | OATSHEY

case, more or less, with the MC-LAMBDA method if a search limit is not im-
posed. However, without the search limit, an unacceptable computational com-
plexity results in the case of the MC-LAMBDA algorithm. As shown in Table 6.2,
the C-LAMBDA and MC-LAMBDA methods need to evaluate just a few integer
candidates in ideal scenarios. However, an enormous number of integers need to
be evaluated in many challenging setups. The application of a search limit to
the C-LAMBDA and MC-LAMBDA methods explains their low success rate in
Table 6.1, but it makes the two algorithms computationally feasible.

Fig. 6.5 demonstrates how the angle constraint affects the success rate for
a dual-baseline set-up. Table 6.1 and Fig. 6.5 demonstrate that the proposed
approach provides the highest success rate in almost all scenarios, which illus-
trates that this method is remarkably effective. In contrast with the AFM-based
methods, the C-WLS approach jointly utilizes pseudo-range and carrier-phase
measurements instead of only carrier-phase observation. Besides, we strengthen
the proposed C-WLS model by incorporating the high correlations of double-
difference observations. On the other hand, the proposed approach outperforms
the C-LAMBDA and MC-LAMBDA methods, which is attributed to the ad-
ditional constraint on the carrier-phase residual errors and the proposed search
strategy. The superiority of the proposed method is more pronounced in scenarios
with fewer satellites and higher noise levels.

Table 6.3 summarizes the computational complexity of different algorithms.
We characterize the computational complexity based on the required number of
operations. For simplicity, we count each addition, subtraction, multiplication,

division, and square root calculation as one arithmetic operation. The complexity
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of each method depends on the two parameters A and S in addition to a third
algorithm-specific parameter K. The computational complexity of the proposed
method depends on the parameter K, which represents the average number of
possible integer ambiguities for each element of ¥. For the AFM method, we as-
sume that an identical search step is applied for each Euler angle. The parameter
K, represents the number of potential attitude angles, which is practically much
greater than K. The symbol n denotes the number of Euler angles, i.e., n = 2
for a single baseline or n = 3 for multiple baselines. Since A, S, K,, < K,, the
complexity of the proposed method is much lower than that of the AFM method,
especially in multi-baseline scenarios. Note that K, and K, are proportionate
to the baseline length. Hence, the proposed approach and the AFM method are
more adequate for short-baseline set-ups (meter level). The C-LAMBDA and
MC-LAMBDA methods include three steps: shrink the search space, enumerate
the integer vectors/matrices, and minimize the objective function [120]. The first
step dominates the complexity of these methods as it accounts for at least 60% of
the total arithmetic operations [120]. The parameters K, and A2S%K; denote the
number of iterations in the shrinking process and the required operations in each
iteration, respectively. K, as shown in Table 6.2, is extremely sensitive to various
parameters, such as A, S, H, E, and IT; nevertheless, K; depends on the value
S(8-1)

of K,. In ideal environments, the product K,K; can be smaller than ATKi

such that the C-LAMBDA and MC-LAMBDA algorithms are more computation-
ally efficient than the proposed approach. However, in challenging scenarios such
as those with poor PDOP, high noise levels, and severe multi-path, K K; can be
much greater than A%SN K2 (K K; could reach 10421 K2 100425 K2
or even more), making the computational complexity of the C-LAMBDA and
MC-LAMBDA methods being far worse than that of the proposed method. For
instance, consider the antenna geometry described by X} in (6.72), i.e., A = 2,
with o = 3 mm and o, = 30 cm. For § = 6, we have K,, = 10.19, K, = 180,
K, = 10.60, and K; = 35.03, then A2S?K,K; < A*SE-U K2 < ASK?. For
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Figure 6.6: The number of tracked satellites and PDOP values.

S = 4, we have K,, = 833, K, = 180, K, = 25015.6, and K; = 14.01, then we
obtain A*EEV 2 < A287K K, < ASK?.

6.3.2 Experimental Results

In this section, we provide performance evaluation based on experimental tests.
Three ANAVS multi-sensor modules were used [121], which include a multi-GNSS
receiver, an inertial measurement unit (IMU), and a barometer. To be able
to measure the ground truth with reasonable accuracy, we consider two static
experiments performed on the campus of King Abdullah University of Science
and Technology, Thuwal, Saudi Arabia. The receivers were firmly attached to a
fixed platform and remained stationary throughout the experiments. The baseline

matrix in the body frame used in both tests is described by

0.63 0.315

0 0.545

Two datasets were collected with 5 Hz sampling on 6 April 2021 (between
18:05 and 18:35, UTC time) and 25 May 2021 (from 20:34 to 21:50, UTC time),
respectively. The first experiment collected around 9000 epochs of data within
30 minutes, and the other test collected 25500 epochs of observations. We apply

the elevation-dependent model to characterize the GNSS observation variance
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Table 6.4: Success rate (%) and RMSE (deg.) based on the experimental data.

Success rate RMSE
MC-LAMBDA AFM Proposed | « B v
Data 1 25.85 76.20 83.18 0.13 0.92 1.27
Data 2 99.28 97.64 99.33 0.03 0.42 0.45

components [122] and consider the correlation introduced by differencing oper-
ations. Note that in our comparison of various methods, we utilize only GPS
observations, with the number of tracked satellites and the corresponding PDOP
values shown in Fig. 6.6. In contrast, the ground truth is estimated by lever-
aging observations from two GNSS constellations (GPS and GLONASS), IMU
measurements, and barometer data integrated over the whole observation time.

Table 6.4 summarizes the experimental results by listing the success rate and
the root-mean-square error (RMSE) of attitude angles for the two experiments.
Only success cases are considered in calculating the RMSE to eliminate the con-
tribution of outliers. As stated earlier, the constrained search space (at most 10°
integers) in the integer domain explains the low ambiguity resolution success rate
of the MC-LAMBDA method in the first experiment. Data 1 was measured in
a particular area with trees, buildings, and other obstructions, which results in
signal blockage and multipath errors. Data 2 was collected with good satellite
visibility. Hence, the results of data 2 are remarkably better than those obtained
from Data 1. From Table 6.4, we see that the proposed method has the best
success-rate performance, and the advantage is more significant in challenging
environments, which indicates its notable reliability.

Fig. 6.7 and Fig. 6.8 shows the distribution of attitude angle estimation error
for two experiments. From the plots, it can be readily seen that the proposed
method obtains the largest fraction of Euler angle estimates with an error smaller
than a given value. This is more visible with data 1. These figures indicate that

the proposed approach can provide better attitude angle estimates compared with

the AFM-based and the MC-LAMBDA methods.
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Figure 6.7: Attitude angle error distribution for data 1.
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6.4 Chapter Summary

A constrained wrapped least-squares (C-WLS) method for attitude determination
using multiple GNSS antennas is presented. Unlike existing attitude determina-
tion methods, the proposed approach allows the attitude determination prob-
lem to be tackled directly—without initially estimating the integer ambiguities—
while respecting the antenna array constraints and the integer property of the
carrier-phase ambiguities. Given a stated assumption on the double-difference
carrier-phase noise, the proposed approach includes an additional constraint on
the residual phase to strengthen the optimization model. We solve the C-WLS
problem by searching the potential candidates on the unit sphere and obtaining
an improved solution through a refinement process. The proposed method tar-
gets the estimation of the attitude parameters but inherently returns the integer
ambiguities. Simulation and experimental results demonstrate the effectiveness

of the proposed approach.



Chapter 7

Integrated Solution for Real-time Kinematic Positioning

and Attitude Determination

RTK positioning and attitude determination are usually treated as two inde-
pendent problems. However, many dynamic systems demand not only precise
position but also attitude information, motivating an effort to develop an inte-
grated solution for RTK positioning and attitude determination. Although there
are no common parameters in both problems, committing to a joint solution is
necessary because of the correlation between the two datasets [90].

Several methods have been proposed to solve RTK positioning and attitude
determination simultaneously. It has been reported that the RTK performance
improves with the assistance of multi-antenna configuration. In [123, 124], a
sequential C-LAMBDA method is adopted to enhance the relative positioning
performance using multi-antenna setups. However, it does not manage to do
full justice to the given antenna-array information. More recently, the array-
aided precise point positioning (A-PPP) concept has been developed to enable
faster and improved positioning using the data from multiple antennas on the
platform [90], which is extended to the RTK application [125]. A-PPP concept
utilizes a decorrelating transformation to decouple the positioning and attitude
parameters so that one can first solve the attitude determination problem, whose
solution is used to enhance positioning performance subsequently. In [126], the
same objective function is used as in the A-PPP model, which is decomposed to
maintain only the terms regarding the constraints. The MC-LAMBDA method is
used to solve the simplified objective function after decomposition. The methods

discussed in the literature [90, 125, 126] can rigorously take advantage of the



132

orthonormality constraint concerning the antenna array with an integer least-
squares formulation.

The unknown parameters and observation errors are usually time-varying for
practical GNSS applications [2]. In such scenarios, it is critical to estimate the
states of the dynamic system of interest recursively. Kalman filter and its variants
are the most prominent of the various recursive techniques, which can minimize
the mean squared prediction errors [127, 128]. The main contribution of this work
is to design a Kalman-based filter suitable for the integrated RTK positioning and
attitude determination (IRTKAD).

Generally, a Kalman filter implementation produces a float solution, that is,
a solution without integer constraints, followed by ambiguity resolution. The
float solution improves as the GNSS data accumulates. Once sufficient epochs
are available, the fixed solution with the integer ambiguities resolved correctly
can be achieved. To further enhance the success rate of ambiguity resolution or
shorten the required time to fix estimations, we should strengthen the system
model so as to improve the float solution as much as possible. Given the prior
knowledge concerning the antenna geometry, one can take the orthonormality
constraint into account in the process of designing the filter. The difficulty is how
to integrate the orthonormality constraint into the filter in a rigorous manner.
Due to the presence of the attitude parameters, the state vector of the joint
model of RTK and attitude determination lives on a manifold [129, 130, 131]. It
has been reported that confining (parts of) the model to a Riemannian manifold
often provides better metrics, which benefit the statistical models. Therefore, an
unscented Kalman filter on the Riemannian manifold is applied rather than a

filter in Euclidean space.

7.1 System Model

Consider a single-antenna GNSS reference station and a rover vehicle equipped

with A4+1 GNSS antennas. All the antennas track a total of S+1 satellites simul-
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taneously. For the sake of simplicity, this contribution focuses on a short-baseline
RTK system. However, the proposed methodology can be readily extended to
long-baseline RTK positioning as well as other GNSS localization techniques.

For the k-th (k = 0,1,2,--- ,.A) antenna on the vehicle and the reference
station (symbolized as r), we can construct the standard RTK positioning model
based on a differential positioning procedure. The single-frequency double-difference

(DD) observation equation reads

Yir = Hxy, + Gnkr + €y, (71)

where yj, € R?S represents the DD observation vector consisting of DD carrier
phase and pseudo-range, X, € R? denotes the unknown relative position between
the antenna and reference station, ny,. € R® is the DD carrier-phase ambiguity
vector, H € R?$*3 and G € R?*S are the design matrices, and the DD observa-
tion noise is given by eg,.

Taking all the A + 1 GNSS antennas into account, we have the following

compact formulation

Y =HX+GN+E, (7.2)
where
Y = |:YO7"7 Yir, YAr] € RQSX(AH)?
X — |:X07“7 Xpp, e XAT‘:| c RBX(A+1)7
N — [Hon N, - HAJ c Z3x(,4+1)7
E— {607«, er. e eAr} c R2SX(A+1).

The vehicle’s orientation with respect to the reference coordinate frame, i.e., at-
titude information, can be determined using the relative position of the GNSS
antennas on the vehicle. Given that these antennas are firmly fixed on the vehi-

cle, their relative position in the body coordinate system, Xy, can be precisely
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measured in advance and used as prior knowledge. Without loss of generality, let
the antenna 0 be a reference and the others be auxiliary. Based on the known
geometry of the antenna array, we can express the auxiliary antennas’ positions
as a function of platform attitude and the position of the main antenna. The

unknown position matrix can be expressed as

X = |xp, 1T ®x0 +RXy | (7.3)

where 1, is an A-dimensional all-one column vector, ® denotes the Kronecker
product, T indicates the matrix, the orthogonal matrix R € @3*¢ represents the
rotation from the body coordinate frame to the reference coordinate frame, and
g = min(3, A).

If we assume to have the same type of antennas, the observations of various
antennas have the identical stochastic model. The DD observation covariance

matrices are formulated as

Q =Cov(yi)

(7.4)
=E| (yrr —E (y&r)) (Ykr_E(Ykr>>T] k=012 A

where E(-) represents the expectation operator, and Cov(-) produces the covari-

ance matrix. Then, we have

Qy =Cov(vec(Y)) =P ® Q, (7.5)

where vec(-) denotes the vectorization operator, and P is a square matrix of order

A + 1 that is defined as

05 1 --- 05

05 05 --- 1
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Combining (7.2)—(7.6), we can establish the integrated model for RTK posi-

tioning and attitude determination. The covariance matrix Qy shows the cor-
relation that exists between yy,., revealing the GNSS positioning and attitude
determination are not independent. This correlation has to be taken into ac-
count to rigorously estimate the unknown parameters, inclusive of xq,., R, and

N. It should be noted that the DD carrier-phase ambiguities satisfy

ng, = Ny, + Ny, k= L2 7A' (77)

When the attitude has already been estimated reliably using traditional methods
based on GNSS or other techniques, niy can be treated as known parameters if
no cycle slip occurs. As a consequence of that, the unknown variables are x,, R,
and ng, in the ensuing motions.

A Kalman filter (KF) or its variants can be used to precisely estimate the
unknowns and recursively update the solution using the GNSS data received.
The difficulty derives from the presence of the integer and orthonormality con-
straints. It is challenging to incorporate the integer constraint into the filter
directly. Therefore, the integer constraint is generally ignored to apply the fil-
ters to produce the so-called float solution, followed by the ambiguity resolution.
The fixed solution is available if the carrier-phase ambiguities are resolved to the
correct integer values.

On the other hand, as will be stated later, one can leverage the orthonormality
constraint to strengthen the filter. Note that R lies on Riemannian manifolds, as
does the whole unknown state vector. Thus, we can integrate the Klaman-based
filter with Riemannian optimization. In this paper, a variant of the unscented
Kalman filter (UKF) on the Riemannian manifold is utilized to estimate GNSS
parameters recursively, with the solutions satisfying the orthonormality constraint

inherently.
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7.2 Classical Unscented Kalman Filter

The UKF is a non-linear version of the KF that works on the systems with non-
linear dynamics and observation models. In contrast to the extended Kalman
filter (EKF), UKF utilizes an unscented transformation instead of a linearization
of non-linear system equations. The linearization considers only the first-order
Taylor expansion with higher-order terms omitted, which degrades estimation
accuracy in highly non-linear systems. For UKF, the usage of unscented trans-
formation can avoid the drawbacks of linearization, leading to higher estimation
accuracy. Before stating the generalized UKF on Riemannian manifolds, we first
review the classical version in Euclidean space.
Consider a dynamics system with the process and measurement models given
by
X; = f (X¢-1) + 64, (7.8)

yi = h(x;) + e, (7.9)

where x; € R” and y; € R™ are the state and observation vectors at time point
t, respectively, the function f : R® — R™ and h : R® — R™ are assumed known,
and &; ~ N(0,Qs,) and g, ~ N (0, Qg,) denote independent Gaussian noise.

Let p;—1 and Qx, , be the mean and covariance of the variable x;_;. We can

define 2n + 1 sigma points as following

0152)1 = Hi-1,

o) = p1 + ( (n+¢) th1> , (7.10)

k

Uiﬁi_n):“t—l_( (n+§)th1) ’k:]-v"' , 1,
k

where (\/_) , represents the k-th column of the Cholesky decomposition of a ma-
trix, and the parameter ¢ controls the distance between the sigma points and the

mean value.
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Based on the sigma points, the state vector can be predicted using

Zw (a’t 1) (7.11)
with the covariance matrix
. ®\ -17
Zwk [ (O't 1) Xt] [f(crt_1> —Xt] +Qs,, (7.12)

where w,im) and w,(gc) denote the weights defined as

m S

O n+£7

© § 2

Wy = +(1-a"+03), 7.13
Pt -at+g) (713
m C ]‘

w,g):w,(c) k=1,---,2n,

where « represents the spread of the sigma points around the mean value, and
demonstrates the prior distribution knowledge of the state.
According to (7.10), one can use fi; and Qy, to achieve another 2n + 1 sigma
0) A1) ~(2n)

points, i.e., ,’, ,’, ---, 6, . Subsequently, the predicted observation and

the corresponding covariance are given by

2n
5= w™h (&5’”) , (7.14)
k=0

Zw n(&)-35.] |n(a (k)>_$’t]T+Qst. (7.15)

Once the real observation y, is available, the correction step can be carried

out using

xp = pr =X + Ko (yr — 3¢) (7.16)

th - th - KtothT; (717)
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where K; represents the so-called Kalman gain

K= Quy (Q) (718)

and thyt is the cross-covariance of X; and ¥;
2n T
A c ~ (k A ~ (k ~
Quy, = > wi” |1 (6) = x| [n(a) =53] (7.19)
k=0

7.3 Unscented Kalman Filter on Riemannian Manifolds

If the state and observation are on manifolds, one can treat this characteristic
as a constraint to obtain a high-quality estimation. The key to generalizing the
UKF to Riemannian manifolds is to force the estimates to fall in the corresponding
space. It is also essential to define the covariance appropriately. In this section, we
first present the structure of the generalized UKF on Riemannian manifolds [132,
133], which is named as the Riemannian manifold-based UKF (RieMUKF'). Then,
we will address the required Riemannian manifold-related terminology elements

to apply the RieMUKF to this work.

7.3.1 The Structure of RieMUKF

Assume that the process and measurement models are formulated as

x; = f(x;_1) B &y, (7.20)

y: = h(x;) Bey, (7.21)

where the state x; and observation y; are on the manifold M and M.y, respec-
tively, f : M — M and h : M — Mg are the known functions that map the
variables from a manifold to a possibly different manifold, and 8; ~ N(0, Qs,)
and ; ~ N (0, Qg,) represent independent Gaussian noise. The box-plus operator

is defined as HH : M x R* — M, which represents a generalized addition mov-
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Figure 7.1: Graphical illustration of the operators HH and B.

ing the point on M to another point on the same manifold M according to the
associated perturbation in Euclidean space. Likewise, we define the box-minus
operator as H: M x M — R”, which is a generalized subtraction measuring the
difference, expressed in Euclidean space, between to points on the manifold. The
operators H and B are illustrated in Figure 7.1, where a and b are on a manifold
(a sphere), b=aHBHv, and v=bHa.

If the mean p;—; € M and the covariance matrix Qx, , of the state x;_; are

known, we can define 2n + 1 sigma points on M as

0',5(2)1 = M1,

Jlgﬁ)l = IJ’t—lEE ( (n + 6) th—l) ) (722)

k

o-t(ﬁJlrn):Mt—lEE<_ (n+£) th—1> 7k = 17 , .
k

Based on the definition of H, all the sigma points lie on the manifold M.
The predicted state is defined as the mean value of the sigma points on the

manifold, that is

2n
A ~ . m r k
Ry = fu = arg min kE_O cu,(g ) [f (a'f_)l) ,x] , (7.23)
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with the covariance matrix

Zwkc)[ <a‘t 1) Elxt] [f(at 1) Elxt} + Qs, (7.24)

where d (-, -) denotes geodesic distance on the manifold M. Let v : [0,1] — M
be a continuously differentiable curve connecting a € M and b e M (v (0) = a

and v (1) = b). The length of 4 is formulated as

Liy)= / W (1) (D)ot (7.25)

with the Riemannian metric (., .)x at point x € M. The geodesic distance d (-, -)
refers to the infimum of the length L () for all continuous, piecewise continuously
differentiable curves ~y.

Using fi; € M and th, we can obtain another set of the sigma points, i.e.,
~(0)  ~(1) = (2n)

6, , 6, , -, 6, . The predicted observation and covariance matrix can be

calculated using

2n

§:=arg min Y w™d [E (&t(’“)) ,y} , (7.26)

yEMobs k=0

Q= Zw IGRES [h(&§k>)ayt]T+Qet. (7.27)

Similar to the UFK in Euclidean space, we can also define the cross-covariance

and the Kalman gain as following

Q= 3wl [1(60) 85 1(6®) B3], (729
k=0

-1

K= Quy (Qn) - (7.29)

The real observation is utilized to correct the estimation as follows. We cal-
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culate the correction term in Euclidean space and update the covariance
Ax, =K (y: B¥), (7.30)

th = th - KtQYtK;F7 (731)

which are use to construct a new sigma point set

7" = pBA,,,

a'zgk) = 1,1 <Axt + (n + 5) th> ) (7.32)
k

" = o, B <Axt—\/(n +£) th> k=1, n

k

Finally, we have

X; = by = arg )Ereli/\r}li;w,im)dz [f (6’@) ,X} , (7.33)
Q=3 [F(e") x| [F(5) 8% 4 s (0
k=0

7.3.2 Required Riemannian Manifold-related Terminology

In this work, the GNSS observation matrix is in Euclidean space, that is, Y &€
R25x(A+1D)  We just need to study the required Riemannian manifold-related
terminology elements for the unknown state. As discussed in Section 7.1, the
unknown parameters include x,, € R?, R € 0%*9, and N € ZS*A+1) Besides,
to accurately describe the vehicle’s motions, we can also take the velocity, accel-
eration, and change of the rotation matrix into account, with the corresponding
variables v, € R3, ap, € R3, and Q € O3*3, respectively.

Similar to the standard RTK positioning routine, we first ignore the integer
constraint to get the float solutions. Then, a search is performed around the

float solution to resolve the integer unknowns and compute the fixed solution.

However, maintaining the orthonormality constraint, forcing the state on the
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manifolds, distinguish the proposed algorithm from the existing methods. The

RieMUFK stated in Section 7.3.1 is used to process multi-epoch GNSS data to
improve the quality of the float solutions over time. Therefore, the state lies in

the following set
S =R® x R x R? x RS*MATD 5 @3*7 x 033, (7.35)

Since the Cartesian product of the manifolds yields another, the state in this
work is also a manifold, namely, a compound manifold. To deal with a compound
manifold, the definition of HH and H satisfies that if x;,y; € M7 and X5,y, € Mo,

we have

01
(X17X2) H - <X1 EE’Ml (51,X2 EE‘MQ 52> y (736)

yi Bm, xa
(}’17}’2) = (XlaXQ) = 1 ) (7-37)

y2 B, X0

where the subscripts indicate the corresponding manifolds on which to use the H
and H operators.

The operators B and H can be defined using different forms. Here we use
the retraction and inverse retraction mapping to define H and H, respectively.
At each point x € M, the manifold M locally resembles a linear space, i.e., a
Euclidean space, which is known as the tangent space 7xM. The retraction and
inverse retraction map points back and forth between the manifold M and the
tangent space TxM. The retraction operation at a point x € M maps a tangent
vector v € TxM to the point y = Ry (v) € M. The inverse retraction mapping
is expressed as v = R ' (y) € TxM. It is readily seen that the covariance

is calculated in the tangent space. The cross-covariance is measured for the

variables in two different tangent spaces.
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According to (7.36) and (7.37), we can just establish the required operators

for each single manifold component (R € 0**? and 2 € 03*3) and extend the
results to the compound manifold. If there are four or more antennas on each
platform, both R and Q are in @33, which is a three-dimensional orientation,
i.e., SO(3). However, it is not valid when the number of antennas is less than
four. To express the solution in a compact form for different number of antennas,

the potential solution set M for R and Q are in @3*3 is given by
M = {XERSXQ | XTX:Iq}7 qg=1,2,3, (7.38)

which is well known as the Stiefel manifold.
The tangent space of the the Stiefel manifold M, a subspace of R3*4, is given
by

M = {ve R |x"v+v'x=0}. (7.39)

With x € M and v € T M, the retraction mapping can be formulated as [104]

N|=

Re(v) = (x+v) (x4 )" (x4 V) 10

1
2

=(x+v)(I,+v'v) 2,

1
where (-) 2 denotes the inverse square root of matrix, and I, is an identity matrix
of size ¢. (7.40) is known as the polar retraction for the Stiefel manifold. Given

X,y € M, the inverse of the polar retraction reads

R y) =yz — x, (7.41)

X

where z is an upper triangular matrix as the solution of the following equation

2l, = (x'y)z+z" (XTy)T : (7.42)
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Based on (7.35)—(7.42), we can obtain all the necessary terminology ingre-
dients to apply the UKF on Riemannian manifolds. More detailed information

about manifolds can be found in [107, 94, 108].

7.4 Performance Evaluation

In this section, we evaluate the performance of the proposed method for different
scenarios using simulated and experimental GNSS data. Here we use the tra-
ditional RTK positioning technique with a single antenna as a benchmark. For
the multi-antenna scenarios, we solve the problem using the UKFs in Euclidean
space and on the Riemannian manifold. The former takes advantage of only the
linear constraint introduced by R € R3*9, which is defined as the loose IRTKAD
method because of partially losing the geometry information of the antenna array.
In contrast, the latter stands for the proposed IRTKAD, which can fully leverage

the orthonormality constraint.

7.4.1 Simulation

Simulations were conducted to investigate the proposed method under controlled
environments. We consider 6 GPS satellites, a single reference station, and a
rover with four antennas. These antennas are firmly mounted on the vehicle in
a configuration with three perpendicular 2-meter baselines. With dual, triple,
and quadruple antennas employed, the associated coordinates in the body frame

system can be expressed as

2 0 0
2 0

XM —2 x®= , XP =19 20
0 2

00 2

The vehicle was assumed to move at constant speed in a circular horizontal track
with a 1-kilometer radius around the base station. It took 20 minutes to make

a round of the circle. We obtained the vehicle’s position and attitude associated
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with the assumed movement. We generated the GNSS data with a 1-Hz sampling

rate, wherein additive zero mean Gaussian noise with 3-millimeter and 0.3-meter
standard deviation are added to the carrier phase and pseudo-range, respectively.
Moreover, we assume no cycle slip happened during the test such that the carrier-
phase ambiguities were constant integers. Finally, the previous state deemed to
be known that is used for initialization.

Figure 7.2 demonstrates the position errors of the float solutions versus epochs
for a different number of antennas. According to Figure 7.2, the RTK technique
and loose IRTKAD method achieve comparable positioning accuracy using dual,
triple, or quadruple antennas. In contrast to the other two approaches, the pro-
posed method can enhance the positioning accuracy by leveraging the geometry
information of the antenna array to the filtering, whose performance improves as
the number of GNSS antennas increases.

As shown in Figure 7.3, we also computed the positioning root mean square
error (RMSE) of the float and fixed solutions. The proposed method can sig-
nificantly reduce the float positioning RMSE compared with RTK and the loose
IRTKAD, indicating the function of the orthonormality constraint. With dual,
triple, and quadruple antennas applied, the positioning RMSEs of the float solu-
tions of the proposed method are 11.4 ¢cm, 7.5 cm, and 5.9 cm, respectively. On
the other hand, the fixed solutions can achieve much higher positioning accuracy
than the float solutions due to the presence of integer constraints. The RTK
technique and the loose IRTKAD method with two to four antennas obtain the
same fixed position RMSE. By contrast, the proposed method can still improve
the positioning accuracy of the fixed solutions.

In addition to position estimations, the loose IRTKAD and the tight IRTKAD
can also determine the vehicle’s attitude. In a dual-antenna configuration, we
can estimate the vehicle’s pointing direction, depicted using the yaw and pitch
angles. The complete attitude information, i.e., the three Euler angles, can be

estimated with three or more non-linear antennas. Figure 7.4 shows the Euler
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Figure 7.5: Experimental set-up.

angle RMSE of both the float and fixed estimations using a different number of
antennas. There are no apparent differences in the attitude estimation accuracy
of the loose IRTKAD method when we use two, three, or four antennas. The
proposed IRTKAD method can reduce the RMSE of the Euler angles compared
to the loose solutions, no matter the float and fixed estimations. Figure 7.4
indicates that the more antennas we use, the attitude determination performance

of the proposed method better.

7.4.2 Experiment

A static experiment was implemented to test the performance of the proposed
method with real GNSS data. As shown in Figure 7.5, a set of three ANAVS
multi-sensor modules [121] and a single base station were placed on the campus of
the King Abdullah University of Science and Technology, Thuwal, Saudi Arabia.
The GNSS antennas were on the three vertices of an equilateral triangle with
0.63-meter sides, which were around 550 meters away from the base station. The

correction information is transferred using the 4G connection as described in
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Figure 7.6: The number of tracked satellites and the corresponding position
dilution of precision.

[134]. The geometry of the antenna array is addressed by

0.63 0.315
0 0.545

We collected 1800 epochs of GNSS observations at 1 Hz on 25 May 2021
(UTC time 20:35 to 21:05). The number of tracked satellites and the associated
value of position dilution of precision are shown in Figure 7.6. The results based
on post-processing with the carrier-phase ambiguities successfully fixed are used
as ground truth. For state initialization, we made use of the first epoch data to
estimate the position, attitude, and carrier-phase ambiguities based on the integer
least-squares estimation and Riemannian optimization. In this experiment, the
ambiguities associated with attitude determination, i.e., ngy with £k = 1,2, can
be fixed successfully. Besides, there is no cycle slip. Therefore, we treated the
ng, to be the only integer unknown to be resolved.

Table 7.1 displays the percentage that the carrier-phase ambiguities are fixed
and the positioning RMSE for the fixed solutions. The fix ratios of loose IRTKAD
and IRTKAD are higher than that of the standard RTK technique, indicating the
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Table 7.1: Fix ratio (%) of ambiguity resolution and positioning RMSE (c¢m) of
the fixed solutions based on experimental data.

Fix Ratio (%) | Positioning RMSE (cm)
RTK 96.83 4.26
Loose IRTKAD 99.22 4.26
IRTKAD 99.22 2.86
=0 ‘ 2.3472 :

I | oose IRTKAD
I (RTKAD
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RMSE (°)
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Figure 7.7: Euler angle RMSE based on experimental data.

enhancement of the integrated solution concerning carrier-phase ambiguity res-
olution. The values of positioning RMSE demonstrate that the RTK and loose
IRTKAD provide the same positioning accuracy based on the employed antenna
configuration. Benefiting from leveraging the antenna-array geometry, the posi-
tioning accuracy of IRTKAD significantly outperforms the other two methods.
Figure 7.7 demonstrates the RMSE of the Euler angle estimations based on
the experimental data. We can see that the IRTKAD can remarkably reduce the
angular RMSE compared with the loose IRTKAD. The improvement of attitude
determination shows the effects of leveraging the orthonormality constraint by
forcing the state to the Riemannian manifolds. Table 7.1 and Figure 7.7 prove

the capability of the proposed IRTKAD and the RieMUKF in improving GNSS
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parameter estimates inclusive of position, attitude, and ambiguities.



Chapter 8

Conclusion

8.1 Summary

In this thesis, we study GNSS localization and attitude determination problems
based on optimization techniques on Riemannian manifolds. As the solution set of
the attitude matrix is a manifold, we formulate GNSS attitude determination as
an optimization over Riemannian manifolds. We develop three different attitude

determination methods:

e Array-aided attitude determination based on an oriented sphere

manifold

Given a specific antenna configuration, the unwrapped phase difference is
recovered by an efficient state-of-the-art ambiguity resolution method. Sub-
sequently, this unwrapped phase difference is used to formulate 3-D attitude
determination as a non-convex optimization problem that incorporates all
the available baseline length and angle constraints. The non-convex prob-
lem is solved by introducing a novel Riemannian manifold and investigating
its geometry. The resulting first and second order optimization algorithms
are not only efficient for their clever use of the geometry of the problem,
but are also guaranteed to converge to an extreme point. The performance
of the proposed framework is assessed through extensive numerical simula-
tions under various setup conditions, with particular a focus on challenging
scenarios. Simulation results demonstrate that the proposed Riemannian
optimization based scheme largely outperforms the least squares and the

LAMBDA benchmark approaches in all test scenarios with a lower com-
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plexity than generic non-convex solvers.

Riemannian-manifold-based orthonormality-constrained attitude

determination

By modeling the GNSS attitude problem as an optimization on the Stiefel
manifold, we alleviate the difficulties of resolving the unknown carrier-phase
ambiguities. First, to replace the widely used least-squares solution, we cal-
culate a constrained float solution using Riemannian manifold optimization
as an improved starting point for the integer search process. To take advan-
tage of the improved intermediate solution, we propose a new decomposition
of the objective function at an arbitrary point to replace the widely used
orthogonal decomposition appropriate for the least-squares approach. By
leveraging Riemannian optimization, the improved float solution, and the
proposed decomposition, we are able to search for the carrier-phase am-
biguities in the integer domain with high efficiency and reliability. The
presented algorithm has two variants: a loose form and a tight form ab-
breviated as RieMOCAD-LF and RieMOCAD-TF, respectively. The pro-
posed algorithms are compared to relevant state-of-the-art methods using
both simulation and experimental data. We evaluate performance in terms
of key performance indicators such as success rate, search space size, and
attitude error distribution. The results confirm the feasibility and effective-
ness of the proposed approach, especially in reducing the computational

complexity while maintaining high success rates.

Constrained wrapped least squares method

A constrained wrapped least-squares (C-WLS) method for attitude determi-
nation using multiple GNSS antennas is presented. Unlike existing attitude
determination methods, the proposed approach allows the attitude deter-
mination problem to be tackled directly—without initially estimating the

integer ambiguities—while respecting the antenna array constraints and the
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integer property of the carrier-phase ambiguities. Given a stated assump-
tion on the double-difference carrier-phase noise, the proposed approach
includes an additional constraint on the residual phase to strengthen the
optimization model. We solve the C-WLS problem by searching the po-
tential candidates on the unit sphere and obtaining an improved solution
through a refinement process. The proposed method targets the estimation

of the attitude parameters but inherently returns the integer ambiguities.

Since the GNSS data of the positioning and attitude determination problems
are correlated, we introduce an joint solution for these two problems using the

fused data from multiple GNSS antennas, that is,

e Integrated RTK positioning and attitude determination

The correlation between GNSS positioning and attitude determination prob-
lems is considered to strengthen the system model rather than treating them
independently. The known geometry of the antennas on the vehicle is uti-
lized to enhance GNSS parameter estimates, i.e., position, attitude, and
ambiguities, based on the suggested UKF on Riemannian manifolds. The
Riemannian extension of UKF and the associated terminology ingredients
are studied, fitting the joint problem of RTK positioning and attitude de-
termination well. Finally, the proposed method is numerically evaluated
and compared with the traditional techniques based on simulations and

experiments, verifying its feasibility and advantages.

8.2 Future Research Work

This section presents the future research plan that extends the current work.
Based on the techniques we have studied previously, we propose several research

directions as follows:

¢ Extend the work regarding the integrated GNSS localization and

attitude determination
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We have verified that the known geometry of the antenna array can be used
to improve RTK positioning accuracy. In the future, we will theoretically
analyze the effects of the antenna array on the positioning accuracy using

Cramér-Rao bound (CRB).

Multipath Detection and Mitigation from GNSS Observations

We consider the problem of detecting and mitigating the effect of multi-
path on GNSS observations. We can exploit the antenna-array geometry
and an attitude estimate provided by an attitude filter or an IMU to de-
velop a technique to identify the satellite observations that are contami-
nated with multipath. The antenna geometry can be leveraged to estimate
the attitude parameters for various satellite combinations rabidly. Then, a
dedicated decision-making algorithm can be utilized to identify the satel-
lite observations affected by multipath. By rejecting the multipath-affected

observations, remarkable performance gains can be expected.

Joint localization and attitude determination based on sensor fu-

sion

Our current research focuses on pure GNSS positioning or attitude deter-
mination. However, the performance of GNSS-based techniques degrades
significantly in deep urban environments. In such scenarios, buildings can
block, weaken, reflect, and diffract the GNSS signals, which may result in in-
sufficiently visible satellites and observations with severe multipath effects.
Therefore, we will extend our work to a multi-sensor navigation system to

overcome the drawbacks of GNSS.
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APPENDICES

A Proof of Lemma 5.1

We first vectorize all the unknown parameters in a single vector 8 = vec ([R NJ)

and define the objective function as

F(0) = |[vec(Y — ARX, — BN) (A.1)

2
HQ;{1 :

A~

To achieve the LS solution = vec ([f{ o N AC} ) , we let the first order derivative

equal to zero [90]

F (é) — 0, (A.2)
that is
. X P—l ® AT —1
M-§=|"" R I (Y), (A.3)
P—l ® BTQ;l
with

X,P'®ATQ;'B X,P'X[ ® ATQ,'A
P'®B"Q,'B P 'X]@B"Q;'A

1 05 --- 05

05 1 --- 05
Qv =P®Q, = - ® Qy, (A.5)
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where Qy is the covariance matrix of GNSS observations for a single baseline,
and ® indicates the Kronecker product.

Since F(0) is a quadratic form of 6, its third or higher order derivatives are



all equal to zero, i.e., F® () = FW(@) = --- = F™(Q) = 0. Then, we can

with

F (é) — M.

To rewrite the second term on the right-hand side of (A.6) as a sum of squares

terms, we define the block-triangular transformation

I o
T, = (A7)
IoBTA 1
Then we obtain
R vec| R — RA
T, (9 - 0) = ( ) C> , (A-8)
Vec(N N, (R)>
and
b 0]
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Based on the transformation, we have

F(o)=F(8)+(6 é) M (6-6)
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=#(8)+ Jree(R-Rc)
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B Proof of Lemma 5.2

Consider an arbitrary point @ = vec ([R NJ). According to (A.6), we have

F(0) =F<é>+<9—é+é—é>TM(9—é+é—é>
7 (0)+(6-0) M(9-0) +0-9"MO-0)120-0) "M(F-0) (B

—F(0)+6-0)"M(©E-8)1+20-0)"M(0-9).
Again, we define the block-triangular transformation

I (X)) ®A'B

Then we have
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and
(6-8)" M (0 - 0)

— (0-6)" TIT;"MT;'T, (0‘ - é)

. o (B.7)
—veeN-N)" Qg ¢ vee(N-N,)
— T _ - A~ —
+vee®-RN)" Qg p g vee(R-R, ().
The combination of (B.1), (B.6) and (B.7) concludes the proof.
C Proof of Lemma 5.3
According to Lemma 5.2, F(0) can be expressed as
F(0) =F (O)tfecN-Nlg  +[ec®R-RN)g
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we have

befrr)f,
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which combining with (C.1) will conclude the proof.
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