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Preface

In some sense, this thesis is living proof that any plan igvahtil it is confronted
with reality. After following a crash course in radio telege integration and testing
by Jaap Bregman during my internship at the Netherlandiutesfor Radio Astron-
omy (ASTRON), | decided to apply for a job as research asgistith ASTRON in-
stead of pursuing a Ph.D. | thus started working on systetimtesf the early LOFAR
(Low Frequency Array) prototypes THETA (Ten Heterogendelesnent Test Array)
and ITS (Initial Test Station). During this period, | spemer more hours in Jaap's
of ce to learn the tricks of the trade. The main goal of thesetptypes was a per-
formance evaluation of an antenna array in the eld. Thisrelty led to an in depth
study of in situ calibration of antenna arrays, on which |gavstatus update dur-
ing a calibration workshop on May 31, 2005. Alle-Jan van deetvwas one of the
attendees to that meeting and invited me for further disonsa Delft. This led to
a new series of fruitful discussions introducing me to theldof signal processing
and ultimately to this thesis. | would therefore like to eags my deepest gratitude to
both Jaap and Alle-Jan for all their guidance, support anitad

Working on a big project like LOFAR implies that this resdamas not done in
splendid isolation. | would therefore like to thank my calipies at ASTRON for all
inspiring conversations, their support on the hardwaresafisivare needed to do the
measurements and for creating a pleasant environment tio iwofTaking the risk
of regretful omissions, | would like to thank a few personsrenspeci cally. This
research was, to a considerable extent, driven by the ‘ffiesitdound in the data
obtained from the prototype stations. These measurementklwot have been so
successful without the hardware support by Yde Koopmars, &hoonderbeek, An-
dre Gunst and Menno Norden and the software support by KlaadA/ierenga and
Chris Broekema. ITS required a focused one-week debugosessalign hardware
and on-line and off-line software together with Michiel Btgns, who was always
available to re ect on new ideas and challenges as well. & mare than just con-
venient to have Albert-Jan Boonstra, who graduated ungmrsision of Alle-Jan in
2005, sitting in the same building to discuss signal praogssoncepts and issues.
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This research also bene tted from the insights of Ger de Brughan Hamaker, Wim
Brouw and Jan Noordam, who shared their lifelong experievite the calibration
and imaging challenges of the Westerbork Synthesis Radasdepe (WSRT) and
from discussions with Ronald Nijboer. The latter, togethéh Albert-Jan, Jan and
Jaap, also provided the personal support to start thisstipesject in the rst place.

Although there has been considerable synergy betweengskaneh presented in
this thesis and the demands from the LOFAR project, writinggys and especially
writing a thesis forms a major distraction from project wotkvould therefore like
to thank Arnold van Ardenne, former director of the R&D ddpsnt, Marco de
Vos, former LOFAR project manager and successor of Arnaid,@ion Kant, group
leader of the system design and integration group, for stimgamy thesis work by
allowing me to spend time on this. Especially in the last ydas has been a great
help in getting things nished.

Finally, I would like to thank the committee members, JamBiad, Michel Ver-
haegen, Ger de Bruyn, Wim Brouw, Marc Moonen and Mats Vib&gthe time
invested in thoroughly reviewing my thesis. This has beereatdelp in improving
the quality and readability of this thesis.

Stefan Wijnholds
Dwingeloo, The Netherlands, January 31, 2010









Chapter 1

Introduction

Astronomers study the physical phenomena outside the 'Eatthosphere by ob-
serving cosmic particles and electromagnetic waves imtiole the Earth. Each type
of observation provides another perspective on the urevbereby unraveling some
mysteries while raising new questions. Over the yearspasiny has become a
truly multi-wavelength science. A nice demonstration isyided in Fig. 1.1. In
this image, the neutral hydrogen gas observed with the \Weste Synthesis Radio
Telescope (WSRT) exhibits a warped structure that is comlylenvisible in the op-
tical image from the Sloan digital sky survey [106]. The madbservations therefore
provide a radically different view on the dynamics of thidayg.

Images like Fig. 1.1 are only possible if the instrumentduseobserve differ-
ent parts of the electromagnetic spectrum provide a simésolution. This poses
quite a challenge since the resolution of any telescopetermiéed by the ratio of
wavelength and telescope diameter. Consequently, théuapaf radio telescopes
has to be 5 to 6 orders of magnitude larger than that of analggtescope to pro-
vide comparable resolution, i.e. radio telescopes shoag lan aperture of several
hundred kilometers. Although it is not feasible to make & dikthis size, it is possi-
ble to synthesize an aperture by building an interferoméeger an array of receiving
elements.

An interferometer measures the correlation between sigeakived by two an-
tennas spaced at a certain distance from each other. Iynitis¢d to study a sin-
gle source passing over the sky, the principle was used icad@stronomy in the
Michelson stellar interferometer (1890, 1920); the rstlimobservations using two
dipoles were done by Ryle and Vonberg in 1946 [96,97]. Exaspf subsequent in-
struments were the Cambridge One Mile Telescope, the 3 kmMWiSR/esterbork,
The Netherlands (1970, 14 dishes with 25 m diameter), then3&dey Large Array
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2 Introduction

Figure 1.1: Image of the spiral galaxy NGC 5055, showing thecture of the neutral
hydrogen gas observed with the Westerbork Synthesis Ratiésdope (blue) super-
imposed on an optical image of the same galaxy from the Sl@tadsky survey
(white) [40].

(VLA) in Socorro, New Mexico, USA (1980, 27 movable 25-m dish and the 25
km Giant Meter-wave Radio Telescope (GMRT) in Pune, Ind&8gl 30 dishes with
45 m diameter). These telescopes use Earth rotation tonobtseéquence of corre-
lations for varying antenna baseline geometries w.r.totheerved sources, resulting
in high-resolution images via synthesis mapping. Evenegiabgselines (up to a few
thousand kilometers) were obtained by combining theseumstnts into a single in-
strument using a technique called very long baseline iatemetry (VLBI), where
the telescope outputs are time-stamped and post-prodegsedrelation at a central
location. An extensive historical overview is presentefllib6].

The radio astronomical community is currently building @vdloping several
new radio telescopes for observations below 300 MHz, su¢heakow Frequency
Array (LOFAR) [15, 127], the Murchison Wide eld Array (MWA}72, 73] and the
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Figure 1.2: Photograph of the LOFAR antennas near the 108leadope in Effels-
berg.

Long Wavelength Array (LWA) [33,57]. LOFAR, designed to ogie from 10 to 90
MHz and from 110 to 240 MHz, is under construction in the Nd#dreds with ex-
tensions throughout Europe. The MWA is being deployed invilestern Australian
Desert and covers the frequency range from 80 to 300 MHz lIfjtize LWA is being
developed in the United States to observe between 20 and 88 &fhphasizing the
world wide interest in low frequency radio astronomy. Edétsed observations of
extraterrestrial radio waves at the lowest frequencieB@étectromagnetic spectrum
are hampered by the ionosphere, which becomes effectiyeyue at frequencies
below 10 MHz. Several studies have therefore investigdteddasibility of a radio
astronomical facility on the Moon [35, 62, 154] or in spaceg4]. The sensitivity,
resolution and spectral exibility of these new instrumeniill provide an unprece-
dented view at the low frequency universe.

1.1 Phased array technology

These instruments look vastly different from current radlescopes as nicely demon-
strated by a picture of the LOFAR eld near the 100-m telescivpEffelsberg shown
in Fig. 1.2. These instruments use phased array technaldngh is new to the radio
astronomical community. A phased array radio telescopsistmof a large number
of small antennas instead of a small number of large dishash Bf these antennas
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geometrical
delay,
1 N
L

Figure 1.3: Schematic comparison between focusing of wiwees a speci c direc-
tion by a classical radio telescope (left) and a phased #&etagcope (right).

has a very large eld-of-view (FOV), which means that thegeie signals from all

over the sky simultaneously. The array is focused on theasighinterest by com-

bining the signals from many antennas after correctiontfergeometrical delay over
the array. This is schematically compared to focusing ohaniing wave by a dish
in Fig. 1.3.

Beam forming is the process of spatial Itering of the reeghsignals to select
the signal of interest. Beam forming may be implementedgusither analog or
digital electronics and aims to maximize the sensitivitytted array in the direction
of interest while minimizing its sensitivity in other digans. Different optimization
schemes have been developed for distinct constraints alesiieed sensitivity pattern
[23,69, 122, 126] or to suppress radio frequency interfeggiiRFI) [14, 19]. The
sensitivity pattern of the array is called the array beartepaior simply array beam.
In a similar way, the sensitivity pattern of an antenna igmefd to as antenna beam
pattern or antenna beam.

We can map out the celestial sphere by scanning over the sky aseam for-
mer. Another option is to correlate the signals from the mmds with each other.
The correlation between the signals from a pair of antenmasges information on
the spatial coherency of the incoming electromagnetic @htthe spatial frequency
corresponding to the baseline between the two antennas.e@gumng these correla-
tions, or visibilities, for all possible antenna pairs viitthe array, we thus sample the
spatial coherency in an aperture described by all baseéotors. These visibilities
are the Fourier transform of the brightness distributiortloe sky weighted by the
antenna beam pattern [59,116] and can therefore be usedstract an image of the
sky. This process is called imaging. While a beam former ¢dy apply one delay
and one gain to each antenna at a time, an imaging routineager, can assign one
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delay and one gain to each visibility, i.e. to each anteniraaad is therefore much
more exible. An imager can also optimize for all directiosisnultaneously which

allows an imager to disentangle the source structure freninstrumental response,
an operation called deconvolution.

The combination of antennas with a wide FOV and an electioegen former or a
correlator provides phased array telescopes with unpested capabilities. Depend-
ing on the system design, available bandwidth and availadmeputing power, it is
possible to form multiple beams simultaneously. This caexpgoited to increase the
instantaneous FOV of the telescope. If the signals fromralranas are correlated,
an imager can produce snapshotimages of their entire FQivhatkely, the telescope
can be used as an all-sky monitor. Practical limitation$ geherally reduce either
the bandwidth or the FOV or both. This will limit the all-skyamitoring capabilities
which are attractive for the study of transient phenomematuRately, if there is an
appropriate transient detection scheme, a beam of a phassdtelescope can be
steered to a detected transient within seconds or eveneshone scales. This re-
sponse time is much faster than the few minutes required kasaical dish telescope
to slew to another part of the sky. Phased arrays are thergfitentially powerful
instruments for the study of transient phenomena and ginpravide a much larger
instantaneous FOV than current radio telescopes.

This exibility comes, of course, at a price. The sensiyvidf a radio tele-
scope is directly proportional to its collecting area. Thgu&e Kilometre Array
(SKA) [31, 44], the telescope of the future, is envisagededwo orders of magni-
tude more sensitive than current radio telescopes. In apfiimased array designs,
the collecting area per antenna roughly scales with wagétesguared. This implies
that the number of antenna elements, which is closely tlat¢he number of sig-
nal paths, increases with frequency squared. This makesegdlarays prohibitively
expensive at frequencies higher than about 1500 MHz. A@ihdbe exact turnover
frequency may increase as hardware costs decrease dué¢hter fadvances in inte-
grated circuit manufacturing, this sets the limit on theg@of applicability of phased
arrays for SKA. This is re ected in the speci cations of théeEtronic Multi-beam
Radio Astronomy Concept (EMBRACE) [1, 2, 84] prototype whaperates between
400 and 1550 MHz.

1.2 LOFAR

The author has been deeply involved in the development amdation of LOFAR,

which is a nice example of a distributed phased array tefescloOFAR is designed
to operate between 10 and 240 MHz [127]. It was originallycsved as a survey
telescope for frequencies below 100 MHz. A survey telestopptimized to map out
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large fractions of the sky ef ciently. Its key gure of meii its survey speed, which
is proportional to the product of instantaneous FOV anditeits squared. At these
frequencies, phased array technology provides the mostéfestive way to create
the large effective area and the large FOV needed to getsitdaarder of magnitude
improvement in survey speed over existing radio telescfifgs The driving force
behind the sensitivity requirement was the need to cabitties distortions of the in-
coming radio waves by the ionosphere. Calibratability eftitlescope has therefore
been the key argument in the design of the LOFAR lay-out [48, 155, 159]. The
emphasis put on the calibration of the telescope is alsocteain the fact that the
calibration studies have resulted in three Ph.D. thesess thksis concentrates on
station level signal processing, i.e. processing of theaggfrom individual receivers
within a station. The other two, written by Sebastiaan variloé[121] and Huib In-
tema [51], concentrate on (ionospheric) calibration aalevel, i.e. between stations
(groups of antennas).

During early discussions on the LOFAR concept, people zedlthat an exten-
sion of this telescope to the 110 — 240 MHz frequency rangddwneate an instru-
ment that should be able to detect the very weak signals fneriEpoch of Reioniza-
tion (EoR). During this era, the rst objects formed in theiugrse after the birth of
the universe itself. These objects reionized the neutiddgen in their surroundings.
With LOFAR, we should be able to detect this process by logkar a transition in
the intensity of the 21 cm neutral hydrogen line at redsluftabout 10. Detection
of these signals will put strict constraints on cosmolobicadels describing how the
structures we observe in the universe today were formed. [€tito the introduction
of an additional type of antenna to cover this frequency band

An attractive feature of phased array telescopes is that theeiving elements
are, in principle, omni-directional, which makes it possjtn principle, to build
an all-sky monitor. This makes them very suitable instruraea search for tran-
sient phenomena and to study variable sources. A partifararof transient, which
also led to LOFAR's rst scienti c result by the LOFAR Protgpe Station (LOPES)
in Karlsruhe [34], are the radio ashes produced by ultrgkhénergy cosmic rays
(UHECR) when colliding with particles in the Earth's atmbsgpe or the surface of
the Moon. These UHECRs consist of particles gphotons at energies ovéf?®
eV. Such particles cannot be produced by particle acceleran Earth and may thus
provide a new view on the most energetic processes in ouersay

The four science cases alluded to above (survey, EoOR, émaresnd cosmic rays)
led to a set of speci cations that de ned a very versatildgiasient. LOFAR exploits
two types of antennas, low band antennas (LBA) operatingds 10 and 90 MHz
and high band antennas (HBA) covering the 110 — 240 MHz frequeange. These
antennas are grouped in stations. The antennas within ¢aibbnsare connected
by coaxial cables to an on-site station backend contairengiver units (RCU) and
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mode | input connector frequency band (MHz) ADC clock (MHz)
1 LBA-1 10-90 200
2 LBA-1 30-90 200
3 LBA-2 10-90 200
4 LBA-2 30-90 200
5 HBA 110-190 200
6 HBA 170-230 160
7 HBA 210-240 200

Table 1.1: Observing modes supported by the RCUs.

digital processing boards. The RCUs are equipped with fimm& connectors, two
for a single polarization from an LBA and one for a single piziation from a HBA
tile, several analog band pass lters and a 12-bit ADC thatai¢her run at 160 MHz
or at 200 MHz. A complete overview of supported observing ews provided
in Table 1.1. The digitized antenna signals are process#uefun dedicated FPGA-
based remote station processing (RSP) boards. In the sthordeessing pipeline the
signals are split into 512 subbands, which are either 15®6kHz wide depending
on the ADC clock frequency, using a polyphase lIter bank.ekfsubband selection,
48 MHz total bandwidth is beam formed towards the directibmterest before the
beam formed signal is sent over a 2 Gbit/s Ethernet link tocdrgral processing
facility (CEP) located in Groningen. At CEP each subbandaligs split into 256
channels and correlated with the corresponding signals ther stations. This
produces the raw visibility data for the LOFAR array whiclsHas time resolution
and 1 kHz frequency resolution.

The Dutch LOFAR stations have 96 LBAs, 48 HBA tiles and 96 RCWstile
is a compound element in which the signals from a 4 array of 16 HBAs are
combined using an analog beam former. During standard wésens, 48 LBAs
or 48 HBA tiles will be selected by choosing the appropriateuit channel of each
RCU. The HBA tiles on the stations in the inner 1.5 km, the @rem, are arranged
in two subarrays of 24 HBA tiles instead of a single array ofHRBA tiles. This
allows each core station to emulate two 24-tile stationtears of a single 48-tile
station. This increases the number of unique baseline ieetnd thereby the amount
of instantaneously available spatial frequency inforovatconsiderably. Figure 1.4
shows an aerial photograph of a core station. The Dutch LOB#Rons support
baselines up to 150 km. Collaboration with foreign inségubas led to extensions of
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Figure 1.4: Aerial photograph of a LOFAR core station.

LOFAR throughout Europe with stations in Germany, the Uhiéngdom, France
and Sweden. This is nicely illustrated by Fig. 1.2 showing tBBA station in front
of the 100-m telescope in Effelsberg. These stations wilelg6 LBAs and 96 HBA
tiles. They will also have a backend that supports 192 sigatiis, which allows all
96 LBAs or all 96 HBA tiles to be used at the same time.

The RSP boards can also produce a number of statistics ohtieening data.
The real-time station correlator can correlate all inpwratels for a single subband.
This data is used by the on-line station calibration protieaswill be discussed in
Sec. 2.3. The correlated data can also be stored on the lmegbtunit (LCU) for
further off-line processing. This option has been usednsitely to obtain data for
validation of the calibration and imaging approaches dised in this thesis. The
RSP boards can also provide real-time autocorrelationtigpe€ all input channels
and the beam former output, which is very helpful for systezalth monitoring.

1.3 Hierarchical system architecture
The Dutch LOFAR system is envisaged to consist of at leasta&8®as. This implies

that the full system consists of 3500LBAs and 28000HBAs. It is too costly
to sample and process the signal from every individual ar@#edi. OFAR therefore
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array beam

array level view
station.beam

station level view
' : antenna
compound beam
beam

= —=
tile level view

Figure 1.5:(Center column)rhe beam forming hierarchy with the array beam pro-
duced by an array of stations at the top and the antenna betdu® labttom. Subse-
guent levels in the hierarchy have beams that are narrovéemane sensitive(Left
column)the corresponding concept layout of LOFAR [70], a LOFAR loand an-
tenna station (photograph by Menno Norden) and an MWA [1&] (Right column)

a concept for SKA consisting of an array of stations, each wihall dishes [105],

a concept for the SKA core station [105], and a SKA demonmstitde consisting of
Vivaldi antennas [4].

has a hierarchical system architecture that reduces théewwfi signal paths at each
level to order 100: 96 single polarization antenna or tilgnais are combined to
produce the dual polarized station output and the resutindual polarization station
signals are processed further at CEP. The signals from 16sH8& combined by an
analog beam former in a tile, because the cost per unit ¢iviearea would become
unacceptably high if each HBA would be directly connectedridRCU. This would
require 16 times as many RCUs in the LOFAR system with a cpording increase
in other components like cables, power supplies and digitadessing boards.

This system design leads to a hierarchy of beams with inicrglgssmaller FOV
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but higher sensitivity. This hierarchy starts with the auntebeam pattern. The analog
tile beam former than forms a tile beam, the station beamdomombines the signals
from all tiles within a station to form a station beam, whosépait is combined with
the beam formed signals from other stations to form the apegm of the entire
LOFAR array. This is an important conceptual differencehwdtirrent telescopes
using dishes. Those instruments normally have only two Isedne primary beam,
i.e. the beam of a single dish, and the array beam. The sta¢iam can be regarded
as the single dish beam of classical radio telescopes, fartisore exible because
it is not the base of the beam forming hierarchy. This beammiiog hierarchy is
illustrated in Fig. 1.5 with examples from LOFAR, MWA and SKA

1.4 Scope of this thesis

The main question of this thesis 8Vhat are the possibilities and limitations of
imaging with a phased array station if one has access to tbwidual elements and
how can this be optimized?”There are two ways to look at the rst part of this
guestion. From a fundamental perspective, one may conaigerfectly calibrated
phased array and ask how well such an instrument would bet@lbliscern sources
spatially. Ideally, the station should achieve high- dglinoise limited imaging at
diffraction limited resolution. Although the theoretidahaging performance may
not be achieved in practice, imagining such an instrument pravide insight in
the way a phased array works and how one could optimize it lsjgde From a
practical perspective, one may ask how the station shoutiligrated and how the
calibration errors affect the station beam pattern andetheits ability to discern
sources spatially.

Calibration and imaging are the key aspects. Both of thene pesv challenges
due to the large FOV of the individual elements. The half pdveam width (HPBW)
of such an element is about 60 degrees and it can easily detextes close to the
horizon. Observing with a station can therefore be aptliedalsh-eye observing.
This has a number of important consequences from a cabbratrspective. First
of all, even initial calibration should be done using ansi{- source model that may
contain very complicated source structures like the exdrdiffuse emission from
our own Galaxy, since the antennas cannot be steered to le siagorator. Sec-
ondly, the propagation conditions may vary over the FOV raudirection depen-
dent perturbations of the source model. This naturallyde¢adhe following research
questions regardincplibration:

How can we describe the calibration problem mathematicaily what is an
appropriate parameterization?
How can we solve this problem in a computationally ef cieray®
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What is the numerical complexity of this algorithm?

What is the theoretical accuracy of the calibration paramedtimates?

Can we achieve this accuracy in practice?

What is the impact of calibration errors on the beam formingraging capa-
bilities of the station?

In many imaging routines it is assumed that the FOV is suhtismall to ap-
proximate the part of the celestial sphere within the FOV plaae. This assumption
is made to reduce the numerical complexity of the imagingutlgm, but it obviously
does not hold for sh-eye observations. The fact that thé@icbeam pattern varies
over the FOV of the individual elements, over time and ovegérency and that the
propagation conditions may vary as well, implies that thagimg routine has to re-
construct the source structure while the direction depetgiEn towards each source
is varying over time, frequency and direction. We therefoeged to answer the fol-
lowing research questions regardintaging

How can we reconstruct the source structure exploiting kedge of the prop-
agation conditions and the instrument over time, frequearay space from,
e.g., the calibration?

What is the maximum achievable dynamic range in such an ithage

What is the numerical complexity of the algorithm?

How close can we get to the theoretical limits in practice?

The phrase “if one has access to the individual receivingeigs” was added to
the main research question to emphasize that the resutigedpn this thesis were
obtained under this assumption. Although most of this werkirectly applicable
to stations of compound elements, such as LOFAR's HBA tilais, analysis lacks a
proper calibration strategy for the individual antennathimithe compound element.
Knowledge of this strategy is required to compute the catibn errors on the in-
dividual elements which ultimately affect the station beasnwell. However, once
these errors are determined, the framework developeddnttasis can be applied to
stations of compound elements as well. This implies thatthaysis in this thesis
can also be applied to higher levels in the beam forming hibsa

1.5 Outline and summary of main results

The research presented in this thesis has been done in dibalkoration with the

LOFAR team. This interaction provided the background for mesearch questions
and the unique opportunity to apply and validate the resuidtactual LOFAR data.
Chapter 2 starts with a presentation of a few important hicabmilestones. | de-
scribe how the calibration algorithm described in Ch. 5 waisgrated in the on-line
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LOFAR station calibration process and demonstrate thaaldarithm still nds rea-
sonable solutions for the instrumental parameters undedittons of strong iono-
spheric scintillation. Chapter 2 also provides a numbenwging examples includ-
ing time and frequency synthesis imaging to demonstratéutheange of situations
to which the results from Ch. 6 may be applied. One of the img@gxperiments
also demonstrates that the proposed algorithm is able ¢b tha Cramer-Rao bound
on actual data. The Cramer-Rao bound is a lower bound on taleveriance of the
estimated parameters when using an unbiased estimator.

These results can only be obtained using a proper model @rtteana signals.
The output signals of the receiving elements are the reétitteoactual electromag-
netic eld incident on the array, the instrumental respooftne individual antennas
and noise. Chapter 3 starts with an electromagnetic deiseripf an antenna array
to derive a general data model or measurement equation fapearure array radio
telescope. This model is compared to models commonly epldi the array signal
processing literature to demonstrate that many resultsdriterature are applicable
to aperture array radio telescopes as well. This chaptéralgib demonstrate how
the data model can be extended to synthesis observatiortgéh wiultiple snapshot
observations are combined to improve the calibration aratjing results.

The Cramer-Rao bound puts a fundamental limit on the paemestimation
accuracy. Itis therefore used to assess the statisticailegicy of the algorithms pro-
posed in this thesis. Chapter 4 derives all the results reddior this assessment in
other chapters. The results con rm two properties of theesion process that can
be intuitively understood but had not been explicitly ded\earlier in the literature.
The rst result is the impact of the boundary condition impdgo provide a phase
reference on the variance of the phases of the directiorpemtent receiver path
gains. The variance of the phase reference is added to tiamwarf phase estimates
for the individual receiver paths. Therefore a phase refsgdased on the average
phase of all receiver paths provides a lower total variahaa bne based on a single
element [151]. The second result is that the variance on itleetibn independent
gain estimates is the same regardless whether a partiautgra the array covari-
ance matrix is affected by an additive nuisance parame&ihitis to be included in
the estimation process or it is simply ignored [119]. Thisulecan be understood
intuitively by regarding the matrix equation describing ttata model as a set of lin-
ear equations. This provides a convenient tool to mark speatries of the array
covariance matrix as bad data in a Cramer-Rao bound analygisan estimation
problem.

Source modeling for calibration of aperture array radiegebpes is complicated
by the complex source structure on the sky, which consists\ry large number
of bright discrete sources and extended diffuse emissmm fsur own Galaxy. The
single source array calibration method proposed in [14jésdfore extended to han-
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dle multiple sources in Ch. 5. It is demonstrated that thishoe is asymptotically
statistically ef cient by comparing the results from Mor@arlo simulations with the
Cramer-Rao bound, while the numerical complexity is simitathat for less statis-
tically ef cient algorithms in the literature [149]. Using weighted alternating least
squares approach, this calibration method is extendedndléairection dependent
effects such as apparent variations in the calibrationceopowers and small shifts
in their positions [165] as well as correlated noise [164]ththese extensions, the
algorithm can handle modest ionospheric scintillation erténded emission from
large scale source structures like the Galactic plane,iwtrioves to be a necessity in
the analysis of data from a LOFAR LBA station as demonstratéth. 2.

In Ch. 6 an analytic expression describing the relation betwthe true bright-
ness distribution on the sky and the correlations betweenebeived signals is used
to derive an expression for the covariance of the image salue to propagated cali-
bration errors. Together with the source confusion and digerin the measurements,
this contributes to the effective noise in the image [161thdugh these results are
derived for snapshot observations, the framework is sléifalp an analysis of synthe-
sis observations as well, since the data model for a systbeservation has the same
mathematical form as demonstrated in Ch. 3. One of the fuedéahchallenges of
synthesis imaging with an array of aperture array statisrthat the station beams
will change considerably more than the primary beams ofeturradio telescopes
during an observation. The analytic least squares solutiche imaging problem
handles this naturally, as will be mathematically demaistt in Ch. 6.

In Ch. 7 the results are summarized and linked to the resegaestions presented
in Sec. 1.4. The main contribution of this study, howeveryrha that it consis-
tently uses methods from the array signal processing fitezandependent from the
algorithms in todays radio astronomical data reductiorkpges. This is a funda-
mentally new way of looking at the data that gradually atsanore attention from
people working in the eld and should provide the basis fag tiext generation of
self-calibration and imaging routines. However, the reiducof data from synthesis
observations still requires answers to many fundamenthpaactical questions. This
provides room for further research, which will be discusise@h. 7 as well.

Three appendices have been added to this thesis for coneendé the reader.
Appendix A provides a list of used acronyms while App. B ekpdathe notational
conventions used in equations throughout this thesis. Eheations often exploit
properties of special matrix products, such as the elemwéed-or Hadamard product,
the Kronecker product and the Khatri-Rao or column-wiseneker product, that
may not be familiar to most readers. These properties aegllia App. C.
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Chapter 2

Calibration and imaging with
LOFAR

This thesis is the result of strong interaction with the L&Ffeam. The work on
system integration, validation and design has led to insighhe calibration and
imaging issues that LOFAR had to face and that needed to blveelsto get this new
radio telescope operational. On the other hand the matieahfsamework provided
by the signal processing community helped to make an inkdapalysis of these
issues and to nd solutions to a number of challenging protgle This interplay led
to a number of interesting results. This chapter providesstotical overview of

some major project milestones achieved with early protgyn which | have been
involved, such as LOFAR's rst all-sky survey [145] and thecsessful detection of
ultra-high energy cosmic rays [34]. This chapter also destrates the applicability
of the ideas and methods developed in later chapters tolddDAR data. These
demonstrations include successful calibration of a LOFA®Ri@n during a period
of strong ionospheric turbulence and statistically efrdiémaging performance on
actual data [162].

After an introduction of the coordinate systems used togethe results, a few
successes from early LOFAR prototypes are presented. Tibeatgn approach de-
scribed in Ch. 5 is the most noticeable contribution of thissis project to LOFAR,
since it has been implemented on the LCU to perform the unsigeel station cal-
ibration. This pipeline is discussed in detail in Sec. 2.BeTeast squares imaging
approach discussed in Ch. 6 is well suited for an all-sky meomiith either a LOFAR
station or the central core.

17
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en (zenith) e

em (North)
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Figure 2.1: Coordinate systems to describe the directi@mrofal along the unit vec-
torse|, em, ande, or using the anglesand and polarization of the electromagnetic
waves incident on the antenna array in components alongiihgactorse;, e and

e .

2.1 Coordinate systems

2.1.1 Direction of arrival

Sky catalogs, like the third Cambridge catalog of radio sesf8], or 3C catalog for
short, generally specify the positions of astronomicateesieither in right ascension
and declination, a system of longitude and latitude using the ecliptic as&mrial
plane, or in Galactic longitude and latitude, a system whisks the Galactic plane
as equatorial plane. These coordinates need to be converézimuthaz and ele-
vation el at the location of the telescope at the time of observatioziméith is the
azimuthal angle running from North (Pthrough East (90 along the horizon while

the elevation is measured from the horizon)(Positive towards the zenith (90
The literature on antenna design and engineering uses acdlmordinate sys-
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tem xed to the antenna. The direction from which radiatisméceived or in which

radiation is transmitted is speci ed in terms of an azimlitmagle and the angle

from bore sight, the point straight in front of the antenna,For a phased array
placed on a horizontal surface, bore sight correspondsetaehith. It is then only

a minor step to x the azimuthal angle to the quarters of thmpass, as depicted
in Fig. 2.1. It follows directly from these de nitions that¢ and are related to

azimuth and elevation by

= 90 el (2.1)
= 90 az (2.2)

The eld-of-view (FOV) of most radio telescopes is suf citiyn small to project
the observed part of the celestial sphere on a plane touthingelestial sphere in
the center of the FOV without introducing too much distartia the imaging pro-
cess. The position vectors projected on this plane are giyndenoted by pointing
towards East anch pointing to the North pole of the chosen spherical coordinat
system. Such a coordinate system consisting of directioosihes turns out to be
highly convenient for phased array telescopes, so we de ne

| = sin cos = cos(el)sin(az) (2.3)
m = sin sin = cos(el)cos@z) (2.4)
n = cos = sin(el) (2.5)
Thus, referring to Fig. 2.1, = le; + mey, + ne,. Sincen = P 1 12 m2|

andm suf ce to specify a point = [I;m;n]" on the unit sphere. These de nitions
are chosen such thhts pointing East andh is pointing North thereby following the
common practice in radio astronomy. Although this coortireystem was de ned
to conveniently express positions within small FOVs, we wéle that with appro-
priate modi cations in the underlying data reduction aitfans it can be applied to
extremely wide FOVs up to all sky observations.

2.1.2 Polarization

Figure 2.1 also shows the mutually orthogonal unit veotpre ande . These can
be used to specify the polarization of the incoming radrate is oriented parallel
to the direction of arrival, while ande lie in a plane perpendicular to the direc-
tion of arrival pointing in the direction of increasingand increasing respectively.
For a plane wave, the electromagnetic eld is always perpriar to the direction
of propagation. Therefore ande sufce to characterize the polarization of an
incoming plane wave.
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2.1.3 Antenna locations

The position of the receiving elements within a phased astatjon can be speci ed
using Cartesian coordinates= [ X;y; z]T , where the positiv&-axis is pointing East,
the positivey-axis is pointing North and the positieaxis is pointing towards the
zenith, i.e.e, e,ey ey ande, e,. Asexplainedin Sec. 1.1, the directions
of arrival of the incoming signals are estimated by meagutire phase difference
between pairs of receiving elements at a speci ¢ observiagiency. These phase
differences are measured by correlating the output sigfdlse receivers. In radio
astronomy, these correlations are called visibilitieqac8ivisibilities are related to
pairs of receiving elements, they are associated with alimjdzasellne vector point-
ing from theith element to th¢th element of the array;; = [u;v; w]

Each baseline vector describes a point in the visibilitycepaith axis denoted by,

v andw such thae, e, e, ey ande, e,.

2.2 Highlights from early prototypes

2.2.1 The Ten Heterogeneous Element Test Arrdy
System setup

The Ten Heterogeneous Element Test Array (THETA) was builind) the summer
of 2003 for veri cation of the system concept. It consistddL0 inverted V-shaped
dipoles arranged in a Y-con guration, each leg being a 4nglet non-redundant lin-
ear array. Each dipole was connected to an RCU with a 40 — 80 b&iHd pass Iter
with 60 dB stopband attenuation and 6 MHz wide transitiondsafiom 37 to 43
MHz and from 77 to 83 MHz. The ltered signals were sampled W2abit 80-MHz
ADC and transmitted over a high speed optical link to a twipuinmodule (TIM)
board in one of the backend PCs.

A TIM board [86] is a PCI card equipped with two high speed liekeivers and
2 Ghyte of RAM. Since the 12-bit ADC samples were stored abil Gumbers for
easy handling by the data acquisition PCs, each TIM boarcceyable of buffering
6.4 s of data from both its high speed link receivers. Theteazuld be processed on
a small cluster consisting of four data acquisition machized a central processing
and storage machine interconnected by 1 Gbit/s Etherrexfamaes.

1The material in this section was taken from [138]
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Figure 2.2: Full sky images taken on 28 October 2003 at 1208 &nd 15:04 (right)
local time showing a clearly detected coronal mass ejectitmee hours after the
initial detection at 12:04 local time, the intensity of thanshas decreased to about
7% of the original power of the CME.

Detection of a coronal mass ejection

During a 24-hour measurement campaign started on Octoh@028 at 9:04 local
time, a coronal mass ejection (CME) was detected by THETA ibséull operational
frequency range. The system was set up to simultaneousiyreap0 ms of data for
all antennas once every hour. The data was split into 40@@iémrecy channels using a
non-overlapping 8192-point FFT. 100 consecutive frequeha@annels were selected
in the RFI free region around 46.3 MHz. For each channel,ribgumental phases
were determined based on the rst row of the correlation imassuming that the sun
was the single dominant source in the sky and that the andemeie identical. The
more advanced calibration algorithms presented in Ch. ®wet available at that
time. Based on this rudimentary calibration, the corretatnatrix for each channel
was corrected for the instrumental gain phases. After fogain image of the sky for
each frequency channel using simple Fourier transform iingaee Ch. 6), the 100
images were added. Fig. 2.2 shows the result for the snapt&iien at 12:04 and
15:04 local time.

The image of the sun is very suitable for calibration based single point source
since the sun's diameter of abolis is small compared to the resolution of the
THETA system, which is about0 at 46.3 MHz. A lot of side lobe structure is still
visible in the image as expected from the array geometrys $itie lobe structure
is frequency dependent. It can therefore be suppressdtefury averaging over a
larger frequency range. Side lobe structure can also beveafoom the image by
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Figure 2.3: Detection of a cosmic ray event. The left panehstithe electric eld de-
tected by the individual dipoles after correcting for thstinmental and geometrical
delays towards the air shower. The right panel shows thétiregsignal after beam
forming towards the air shower. These results were orifyimaiblished in [34].

disentangling the source structure and the instrumerggbrese in a process called
deconvolution. This is done implicitly by the least squaneaging method discussed
in Ch. 6 as demonstrated by the full sky imaging results prtesein Sec. 2.4

2.2.2 The LOFAR Prototype Station

Using hardware identical to the THETA hardware, the 10-eleth OFAR Prototype
Station (LOPES) was deployed co-located with the Karlsisihewver Core and Array
Detector (KASCADE). In this experiment, the TIM boards wased as cyclic buffer
for temporary data storage until an interrupt was genetayagtle KASCADE instru-
ment. The combination of the two instruments provided difgdhat cannot only
detect the air shower of secondary particles produced bg-blgh energy cosmic
rays (UHECR) when they collide with particles in the Earthtsnosphere, but also
the radio waves produced when the charged particles in trshaiver are de ected
by the Earth's magnetic eld. Even after RFI removal, thehlsdandwidth was still
33 MHz allowing a time resolution of 30 ns, which was far bettanthe 1 s
in historic experiments. The spatial resolution was abouthich was an order of
magnitude better than previous experiments.

The rst results were presented in 2005 [34] and indicaté kha frequency ra-
dio telescopes like LOFAR have suf cient spatial and tengboesolution to provide
complementary data for experiments with particle deteatoays. A typical event
is shown in Fig. 2.3. The instrumental and geometrical delagre corrected by
shifting the time series data of the dipole followed by a freacy dependent phase
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Figure 2.4: Image of an air shower made with the LOPES arrd} [3

rotation. The result is shown in the left panel. The signallisost fully coherent at

-1.8 s, the arrival time of the shower. Thereafter, the signabisithated by radio

emission produced by the photomultipliers of the partigtedtors. This interference
is incoherent as demonstrated in the right panel of Fig. l2o8v1g the beam formed
signal from the direction of the air shower. As a result, thieriference from the

photomultipliers is strongly reduced and the detected tosay event clearly stands
out.

Although a cosmic ray event lasts for only a few nanosecahdsSNR of events
like the one shown in Fig. 2.3 is suf ciently high to image thie shower. This is
demonstrated in Fig. 2.4. This image in azimuth and elengidorth is to the top,
East to the right) was made using a near eld imager focuseuh atititude of 2000
m, i.e. with a xed radius of curvature for each pixel. The cosray event is seen as
the bright blob in the center of the image. The “noise” in thapnis mainly caused
by the side lobes of the LOPES array sensitivity pattern.rmiage deconvolution has
been applied to remove the instrumental response.
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Figure 2.5: Photo showing the ITS antennas (left) and thddy®ut (right).

2.2.3 The Initial Test Station

The initial test station (ITS), which was built in Decemb&03, was the rst full
scale prototype of a LOFAR station. It consisted of 60 skysadimited [140] in-
verted V-shaped dipoles with East-West orientation aredrig a ve-armed spiral
con guration. Figure 2.5 shows a photograph of the ITS dsaind the ITS lay-out.
ITS offered an instantaneous synthesized aperture of &0@sm diameter.

The system architecture of ITS was similar to that of THETA &©OPES. Each

dipole was connected to an RCU by a coaxial cable. In the R@léssignals were
Itered by a 10 — 40 MHz band pass Iter and digitized by a 12-80-MHz ADC.
The digitized signals were transported over optical higkesplinks to the 32 TIM
boards in the 16 data acquisition PCs (2.4 GHz Intel Xeon, $t&RAM). The
data acquisition PCs could also be used for rst stage psiegf the data, such
as the application of a Fourier transform or polyphase hank to obtain spectral
information. The raw or pre-processed data could be sentaeGbit/s Ethernet
data network to a central processing and storage machia¢ ZduGHz Intel Xeon,
512 Mbyte RAM).

Being the rst full scale prototype, much practical expeige on roll-out of a sta-
tion and system testing was gained [142]. ITS also has bestrumental in shaping
our ideas on station processing, such as RFI detection arghtion, station calibra-
tion and treatment of polarized signals [142, 144]. Hereilllfacus on the single re-
sult that appeared prominently in many LOFAR presentationalmost three years:
the rst LOFAR all-sky map observed at 30 MHz. This map, shdawifrig. 2.6, was
of cially presented in [145]. The discussion below is basedthat paper.

Between September 24 and October 9, 2004 a total of 86 heerisfgh7 s snap-
shot observations were done with ITS. A non-overlapping8a8int FFT with Han-
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ning window was applied to the data to produce spectra with BHz frequency bins.
Only the channels within the pass band of the analog Itea(aiels 1050 through
3900) were correlated to reduce the computational loadnFhis data, all RFI free
channels between 29.5 and 30.5 MHz were selected for fupttoeessing using a
median lter of 51 channels around the channel tested for. BRhpshots with less
than 50 RFI free channels in this frequency range were egjdor further processing
leaving 56 snapshots.

The data were calibrated using the method described in [1iB] avsky model
consisting of four point sources: Cassiopeia A (Cas A), @ggA (Cyg A), Virgo
A (Vir A) and Taurus A (Tau A). The locations and source poweese assumed
known. The method used is based on an element-wise divi§itreaneasured co-
variance matrix by the covariance matrix predicted basethersource model. It
is therefore not as statistically optimal as the methodeguresl in Ch. 5, which was
used to calibrate later prototype stations and will be usezhtibrate the stations in
the LOFAR production system. There is always some extenaéss@n in snapshot
images of the sky above a station due to the galactic plangaladtic loops like the
north polar spur. This emission is hard to model with a digcp®int source model.
Therefore extended emission was Itered out by only usinggliaes longer than four
wavelengths during calibration.

After successful calibration of the individual frequendywaanels, the result pro-
duced by Fourier transform imaging depends on the distdbutf sources within the
eld-of-view and the array beam pattern. The latter may eacentamination of weak
sources in the eld by the side lobes of strong sources. Ifph&tion and power of
a strong source are known, it can be subtracted from the meghsisibilities. This
was used to remove the signals from Cas A and Cyg A from theithail frequency
channels before integrating over all selected channelbeféspective snapshots.
These integrated snapshot images were projected 6n ajgrid with 1 resolution
and averaged weighted by the square root of bandwidth aedration time of the
snapshot observation. The result is shown in Fig. 2.6.

The contours indicate the distribution of the square roahefproduct of total
bandwidth and integration time over all snapshots as p&agenof the maximum
value of5:7 10°. This is directly related to the sensitivity of the measueein
At the time of observation, the sources at hour angles beti8eh and 20 h were
observed during day time. Since more RFl is detected duraygtidhe than during
nighttime, the usable number of frequency channels dumydiche is smaller, which
reduces the SNR achieved in those measurements. The gradgtieleclination is
easily explained by the fact that sources at lower dectinasire observable over a
shorter period of time. This restricts the achieved integnatime for sources at low
declinations.

The extended emission from the Galactic plane and the notén ppur is clearly



2.3 Station calibration 27

visible in the image thanks to the considerable number oftd¥eselines in the ITS
con guration. A number of well-known sources is indicatde vague blob below
Virgo A is caused by the sun which appeared at a slightly difie position on the
sky w.r.t. the stars on each consecutive day during the viogpmun.

The resolution of a phased array telescope varies with gevaSince the el-
evation at transit is declination dependent, this resulta varying resolution over
an all-sky map. Most sources, however, are observed witlifactige resolution of
about4 . With such a resolution about 260 independent pointingsgadian can
be de ned. To detect individual sources separately, i.eluttered, there should be
at least 10 resolution elements per source in the image tol ®awrce confusion.
This implies that ITS is able to detect individual sourcedoag as their uxes are
above its detection limit and as long as the source densiggssthan 26 sources per
steradian. A close examination oR@ 20 region around Taurus A revealed that
the map above the0%of peak sensitivity contour is confusion limited [142].

2.2.4 Core Station 10

After completing the ITS, the project team dedicated it$elthe development of
the next prototype station that would sample the incomiggals at 200 MHz and
process these data in real-time. This prototype was buitheneld on which core
station number 10 was planned and was therefore named CSl@ iGitially con-
sisted of 48 LBAs in an exposhell con guration and an on-sital-time processing
platform with practically the same architecture as the design described in Ch. 1.
In a later stage, 30 HBAs and 4 HBA tiles were added in varyorggurations. This
station became operational in September 2007. The map shdvig. 2.6 has there-
fore been the key demonstrator of LOFAR's future abilities dlmost three years.
However, the ability of CS10 to process the incoming sighateal-time paved the
path for further experiments, some of which will be presdiitethe next sections.

2.3 Station calibration

A LOFAR station tracks a source by assigning complex valuedyhts to the an-
tenna signals in such a way that signals originating fromdihection of the source
are added coherently while unwanted signals, like RFI, appsessed. These beam
former weights should thus correct the geometrical delags the array, modify the
beam pattern as desired (e.g. lowering side lobes by tapanid nulling of RFI) and
correct for instrumental gain and phase variations betveggmal paths. As can be
calculated using the gain error propagation formulas e@erim Ch. 6, it can be shown
that for an array of 100 elements, 1% errors in the beam fomedgghts cause a rel-
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ative error in the main beam of the station sensitivity pattef -27 dB and relative
errors of -17 and -5.5 dB on -20 and -40 dB side lobes respdgt[iL48]. These
numbers clearly demonstrate the importance of choosingpipeopriate beam for-
mer weights to form a well de ned beam to facilitate furtheoppessing at central
level.

Calculation of these beam former weights requires knowdeafd150]:

the position of each receiving element;

the orientation of each receiving element;

the complex electronic gains as function of frequency;
the system noise as function of frequency;

the element beam pattern as function of frequency.

agroDdE

This should either be provided by the station calibratiobyoexploiting prior knowl-
edge. In principle, the positions of the individual recessean be derived from visi-
bility data if a good source model is available. Using ther@@aRao bound, which
is the lowest possible total variance of an unbiased estimiatcould be shown that
even if the calibration observations are done when the saygometry is most opti-
mal, the SNR of the standard station calibration measur&swah limit the position
estimation accuracy to about 30 cm, which is much higher thar2 cm RMS ac-
curacy of antenna placement during roll-out. It was theeettecided to measure the
antenna positions physically [150].

The same conclusion was drawn for the orientations. Sireeldment beam pat-
tern is very smooth, a small change in the orientation of aarara will only cause
a minor change in the direction dependent gains towardsatfiteration sources. An
attempt to estimate the orientation based on a known or ass@fement beam pat-
tern will thus result in large estimation errors, whilel RMS placement accuracy
can easily be achieved in the eld. This is suf ciently acate for station processing.

In [150] an overview is given of experiments to validate edgvoltage beam
predictions from full EM simulations on ITS against actuatal The nal conclusion
was that the prediction from the full EM simulations agreeéuitatively with the
observations within the measurement errors. It was thusledad that direction
dependent gains could con dently be derived from the eleénbeam predicted by
the EM simulations and would not have to be estimated by titeostcalibration.

The station calibration algorithm should therefore focagstimation of the com-
plex valued electronic gains of the individual signal pathd their system noise pow-
ers. Thisis acommon problemin the array signal procesiargture [12,39,79,90],
but practical experience with the LOFAR prototypes indésathat we have to deal
with a number of additional challenges that are discusseadamext section. The
resulting calibration methods are described in Ch. 5.



2.3 Station calibration 29

2.3.1 Challenges
Autonomous process

Although the LOFAR antennas are suf ciently stable to appdrrections known
from tables after initial station calibration, the calitioa routine will run continu-
ously to support system health monitoring. Furthermoris, i not a single cen-
tralized process, but a process running at each station. adunteraction is thus
impractical and undesirable. The station calibrationirmushould therefore run au-
tonomously. This implies that it should recognize unsuéadata and verify that
subtle effects, like very low power RFI, did not affect thdilmation results.

Limited computing resources

The station correlator can real-time correlate a singldaot. The shortest possible
integration time is one second. The station correlator bas $can over all 512 sub-
bands in the current observing mode in 512 seconds to praldagaset containing
the cross- and autocorrelations of all dipoles for each antib The station calibra-
tion process should keep up with this rate of data generdtithe time resolution
provided by the station correlator is to be maximally exigldi Since the station cal-
ibration software runs on the LCU, which is a single standamputer, this begs for
an ef cient algorithm that can process this data at the ddsiate using only one or
two concurrent CPUs.

Short baseline effects

A LOFAR station contains many short baselines with a lendtbry a few wave-
lengths. These baselines are very sensitive to large dcattses on the sky like the
emission from our own Galaxy as is nicely demonstrated byplireky map presented
in Fig. 2.6. This is a nuisance for calibration because th&umental response to a
mixture of large scale extended emission and point sousdeard to model.

The sensitivity pattern of a phased array provides a vaiadsolution because
the cross section of the array varies with elevation. As lasthe resolution is lower
than the structure size of the extended emission, the tota¢preceived by a beam
pointed at that structure will increase if the resolutiogréases, i.e. the main beam
gets larger. A point source has, by de nition, a size smdhan the resolution of the
instrument. If the resolution decreases, the point souiltéswithin the main beam
and therefore the power received from the source remairsatine. Extended emis-
sion and point sources thus require different modelingctvinequires two separate
sky models and is computationally demanding.
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Figure 2.7: These plots show the median amplitude of the @oeariance matrix el-
ements over frequency expressed in standard deviatiore thiei ADC clock is run-
ning at 160 MHz (left) and 200 MHz (right). The structurestie torrelations of the
rst eight RCUs at 200 MHz are not due to crosstalk but due td $nchronization
between the RSP boards, a problem that was solved shoelytafé measurement.

This computationally intensive modeling of the calibratidata only works if
we know the instrumental response. Unfortunately, thetelatagnetic coupling be-
tween closely packed antennas poses another challengeEMuimulations can
provide decent approximations to the beam patterns of aatefements in a large
regular array or those of isolated antennas. Even with tladadility of a super-
computer the intermediate situation of a randomly distedigroup of antennas with
separate small ground planes is prohibitively expensintmlate. This is the case
for the LBA station. The experiments with the 327 MHz arrayndastrate how
dif cult this modeling is [93]. The conclusion here is théiet correlations on short
baselines should be regarded unsuitable for calibratiowouild thus be convenient
if we could ignore the data on the short baselines.

Crosstalk

Flagging of speci c visibilities is also desirable in view the crosstalk found in
the station backend at CS10. This is demonstrated by thétsesiown in Fig. 2.7
obtained from measurements on 29 through 31 January 20Qfies$e experiments,
75 loads were mounted on the RCU inputs instead of antennascalie thermal
noise of these loads should be uncorrelated. The statioalator was swept over all
512 subbands integrating over 64 s for each subband. Theyswas made once with
the ADC clock running at 160 and once at 200 MHz. Figure 2.7ashihe median



2.3 Station calibration 31

amplitude of each visibility over frequency. Since the ingignals are uncorrelated,
we should obtain crosscorrelations that only contain noisefacilitate veri cation,
the color scales have therefore been expressed in starglaations. This shows that
there is some structure in the crosscorrelations that dhmtlbe there.

Additional measurements [153] indicate that the analogivec chain with Iters
and ampli ers picks up signals radiated by the backplanenectors of neighboring
RCUs in the same subrack. Since the RCUs within a Dutch LORARos are dis-
tributed over three subracks, we see three distinct graupsth plots in Fig. 2.7. The
structure within each subrack is caused by the numberingeoRICUs and the fact
that the crosstalk has a preferential direction towardsi&ighboring RCUs faced by
the analog receiver chain.

Celestial sources as calibrators

Calibration using celestial sources poses several clykenSince the LOFAR an-
tennas are mechanically xed and have a hemispheric FOY, thanot be steered
towards a single calibrator. Calibration should therefploit the sources that are
present at the time of observation. These sources will gdélgdre Cas A, Cyg A, Tau
A, Vir A and the Sun. These sources may be simultaneouslypte¥he calibration
algorithm thus has to handle multiple sources.

Although the aforementioned sources are the strongestizisources in the sky,
their power is still only 1 % of the system noise. This implies that the SNR of these
sources in a 195 kHz 1 s snapshot is less than 5 per baseliaealibration method
should therefore be able to work at low SNR and should prbfeiae statistically
ef cient to obtain as accurate gain estimates as possible.

In view of the low SNR of the celestial sources, it has beemppsed to use RFI
for calibration, especially those sources that are thelsidgminant source in their
subband. This would allow for a much simpler calibrationtioe, which exploits
a single strong calibrator. However, this method also hamaadisadvantages. Al-
though a few demonstrations on ITS data [117, 140] indidad¢ it is possible to
image astronomical sources in the presence of moderatelygsRFI, up to 60 dB
above the power of Cas A, RFI free subbands are generally suitable for astro-
nomical observations. A small glance at a typical LBA sp#ttras shown in the
left panel of Fig. 2.10 in Sec. 2.3.3 reveals that the RFI isnieely distributed over
the band and is virtually absent in the frequency range ircivkiie antennas have
their highest gains. Calibration on RFI would therefore piaivide calibration data
for the subbands that are most interesting from an astrazadmoint of view. An-
other disadvantage of RFI sources is that most transmétercated on the ground.
Most RFI is therefore located at the horizon, while most oletgons will be done
at elevations above 30 At low elevations, effects like re ections in the station-e
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Figure 2.8: Autocorrelation spectra of a few sources ddrik@m hemispheric images

without absolute ux calibration from ITS during a Jupiteunst (left) [142] and a
lightning bolt (right) [144].

vironment and shadowing of antennas will perturb the incgnsignals. The single
source calibration model that would be assumed for the RFf timarefore turn out

to be an oversimpli cation. For these reasons it was dectdagse celestial sources
as calibrators [150].

Transients

Calibration on celestial sources using a xed sky model isasionally hampered by
transient phenomena. We have already seen a very notioceedmieple: the coronal
mass ejection detected by THETA. Figure 2.8 shows two otkemgles detected in
ITS observations. The left panel shows autocorrelatiortspalerived from hemi-
spheric images over the full ITS frequency range at the ionabf the indicated
sources. Below 26 MHz there is strong sharply peaked emigsion a Jupiter out-
burst caused by the magnetic interaction between Jupitkitaumoon lo [74, 169].
The right panel shows the presence of a continuum sourceawidven steeper spec-
trum than Cas A and Cyg A. This is a typical spectrum produgeligihitning. With
the tools developed for transients like the UHECRs obsewiddLOPES it is even
possible to make a movie showing how the lightning bolt iesiits way through the
atmosphere!

In many cases, the characteristics of such transient phemaere more similar
to those of regular celestial sources than to those of RFdy Tinay therefore escape
detection by an RFI agger while they are suf ciently strotgghave a severe impact
on the calibration results. This implies that the statiolibcation pipeline should
verify that its results are reasonable. This can be achibyedssuming that the
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Figure 2.9: Overview of the station calibration pipeline.

complex valued electronic gains vary smoothly over time faaguency.

2.3.2 Station calibration pipeline

An overview of the station calibration pipeline [150, 15601167] is shown in Fig.
2.9. The calibration data are produced by a single frequen@ep of the station
correlator over all subbands with one second integratiorspbband. Before cali-
bration, the data are checked for suitability. The calibratoutine assumes a source
model consisting of celestial sources. The calibrationltesvill thus be distorted if
the subband contains RFI and will be inaccurate for subbanéde the passband of
the analog Iters. These subbands are agged before cdldmao save computing
resources.

The calibration itself is done using the modi ed weightetdahating least squares
method described in Sec. 5.5. This method exploits nuispa@neters to “ ag” the
visibilities that are prone to modeling errors, for examgie to the short baseline
effects. The validity of the calibration results is checksdassuming that the com-
plex electronic gains of the receiver paths vary smoothlgrdime and frequency.
After this detector, we will only have valid correction fac$ for a limited number
of subbands. The other subbands either contained RFI oradidroduce a correct
result, for example due to lightning as illustrated in theyious section. The correc-
tions required for those subbands can be obtained by ttibgrad pass model to the
available calibration results.

The RFI detection method used at the LOFAR stations is base¢ldeoFrobenius
norm of the array covariance matrix [156, 160]. This allowe algorithm to ex-
ploit differences in spatial as well as spectral charasties between the interfering
sources and the calibrators. It is therefore sensitive ém eery weak RFI sources
that have an apparent power similar to sources like Cas A ggd®CSince the main
purpose of this detector is to remove subbands that willylikgoduce erroneous
calibration results, this detector may be very toleramt, it may have a high false
acceptance rate to ensure a low false rejection rate. Aldétstudy based on actual
data from CS10 indicates that the test statistic has a Gaudstribution [81], which
greatly simpli es quantitative analysis of the false rdjen rate.

The data captured by the station correlator for consecstibdands is acquired
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only 1 s apart. The state of the instrument and the sourcegeoation hardly changes
over such a small time interval. The response of the systais@sexpected to vary
only slowly with frequency. The validity of the calibratioesults can thus be checked
by putting a threshold on the difference between the antéaisad complex gain
solutions for consecutive subbands [160]. Since the stataibration works au-
tonomously, the calibration results will hardly be checkgd human operator. False
acceptance of an erroneous result may thus have seriogtseffénis detector should
therefore be very strict. For LOFAR, the threshold was deteed using data from
monitoring campaigns.

2.3.3 Demonstrations

In this section | demonstrate the operation of the statidibradion pipeline using
data from two monitoring campaigns with the LBAs at CS10. Tisé run was

a three day measurement covering the 10 — 90 MHz frequengjersiarted on 18
January 2008 at 8:23:58 UTC in which the station correlass set up to sweep over
all 512 195 kHz subbands continuously with an integratioretdf 1 s per subband.
This provides good frequency coverage but each individegjufency is sampled at
a time interval that is a little larger than 8.5 minutes. A&t observation was done
with ne sampling in time but coarse sampling in frequencygdhe same hardware
settings. In this monitoring campaign, which was startedlér-ebruary 2008 at
15:31:38 UTC, each of the subbands 160, 192, 224, ..., 416neagored for 300 s
with 1 s integration per snapshot observation before switcto the next subband.
This cycle was repeated 19 times.

Detection of RFI and devious results

The left panel in Fig. 2.10 shows an autocorrelation spetfrom the rst frequency
sweep during the January campaign showing the 10 — 90 MHz passl Iter and
RFI in the low & 25 MHz) and high ¥ 88 MHz) frequency ends of the observing
band. The autocorrelation spectrum after blanking is shiawine right panel of Fig.
2.10. The data in the stop band will be ignored during cafibra

A tolerant RFI detection threshold increases the proligtitiat low power RFI
escapes detection. This is nicely demonstrated in the dfelpof Fig. 2.11 showing
the phases of the complex gain solutions. One element hasuseel as phase ref-
erence. The phase behavior shown in these plots is thertsfodifference in phase
behavior between two signal paths showing, amongst otthergffect of the antenna
resonance. The detection threshold per element was set &xianom relative error
of 20%. If at least 40 out of 48 antennas had a smaller erreddta were regarded as
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Figure 2.11: The phase of the complex gain solutions betefg &nd after (right)
blanking of erroneous results [160].

good. These data are shown in the right panel of Fig. 2.1 gtows that the outer-
most frequency points are no longer available stressingrthertance of a good band
pass description to ensure correct extrapolation to thedand upper frequencies in

the observing band.

Dealing with short baseline effects

The station calibration algorithm that is currently implemted on the LCU at each
station solves for a complex valued direction independaint ger receiver path, a
noise model that spans all baselines shorter than four eagtis and the direction
dependent gains towards the calibrators. For CS10, thiiempstimation of 48
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Figure 2.12: Calibrated hemispheric image for the arrax-dfpoles on CS10 in a
single 195 kHz subband centered at 50 MHz observed on 15 &e2008 at 1:42:07
uTC.

antenna based gains, 47 antenna based phases, the sousergtiovof the two

brightest sources and 764 real valued nuisance paramedscsiliing the additive
terms on the baselines shorter than four wavelengths fotah @b 860 real valued
parameters per polarization. Using data from a 1 s snapdfsetreation in the 195
kHz subband at 50 MHz captured on 15 February 2008 at 1:42707, Ushow that

use of such additive nuisance parameters can reduce thdeoosgpirce structure on
the sky to a simple model with only two point sources.

Figure 2.12 shows a calibrated sh-eye image for the arragdipoles. There are
two bright point sources, Cas A and Cyg A, near the northeakt@rizon. The image
also shows a lot of extended emission from the Galactic fla@&r the northwestern
horizon) and the north polar spur (near the eastern horjiZdng extended emission
is hard to model accurately, but only affects the short li@sglsince short distances
in the aperture plane of a phased array correspond to thepatiatfrequencies, that
describe the structure on large spatial scales.

This observation was calibrated using the method desciibbe®kc. 5.5. The
estimated noise model can be interpreted as an estimate @bthbined effect of
extended source structure, noise coupling and receiveemmmwers. This is nicely
demonstrated by the image of the estimated noise modelaibration shown in
the left panel of Fig. 2.13. The right panel shows the diffieebetween the all-sky
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Figure 2.13: Calibrated hemispheric image of the noise iimddaselines shorter
than four wavelengths (left) and difference between thébted sh-eye map
shown in Fig. 2.12 and the noise model indicating that theaiader can be accu-
rately modeled by only two point sources.
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Figure 2.14: Apparent source power of Cas A and Cyg A (lefj phase of the
complex valued direction independent gains (right) dusoitillating ionospheric
conditions [158].

map shown in Fig. 2.12 and the image of the noise model. Thiisates that after
subtraction of the noise model from the data, the data careberitbed by a model
consisting of only two point sources. This reduces the nabgalibration problem to
one that has been discussed extensively in the array signadssing literature.
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lonospheric scintillation

It may seem surprising that we have to estimate the appavantes powers of well-
known astronomical calibrators like Cas A and Cyg A, becatusieould be possible
to model them based on the instrumental response and thaisin power. Such an
effort is hampered by the presence of the ionosphere whichduaces a time, fre-
guency and direction dependent gain effect. This can betilted by the calibration
solutions found during the 300 s measurement started at4Z18TC on 15 Febru-
ary 2008 in a 195 kHz subband at 50 MHz. This measurementnatig reported
in [158], was affected by strong ionospheric scintillatidte left panel of Fig. 2.14
shows the apparent source powers of Cas A and Cyg A over tld€se Bidicating
that their power ratio varies by a factor 7 with a steepedtigrd of a factor 4 in just
15 s. Note that Cas A has been used as power reference, caasitiliation of Cas
A to be absorbed in the gain solutions for the receiver paths.right panel of Fig.
2.14 shows the receiver path phase solution for this ob8enyavhich remains al-
most at, as expected for a stable instrument. The stahilityhe instrument can thus
only be demonstrated if the data model allows for variapititthe source model. The
assumption that the sources are inherently stable would tesulted in a direction
independent gain solution per receiver path suggestingtayhiinstable instrument.

Impact of station calibration on telescope sensitivity

The impact of station calibration on the system performaraemost clearly be il-
lustrated by determining the gain of the station, usuallgressed as the average
effective area divided by the system temperature per dipelg, before and after
calibration. For this experiment data were used from a sifrglquency sweep started
at 8:49:58 UTC on 18 January 2008 during the rst monitoriagnpaign. The raw
visibility data for baselines longer than four wavelengtiishe x-dipoles were im-
aged in a small region around Cas A to determine the appaosvenof Cas A per
baseline. The system noise power was determined by takéngnéan of the autocor-
relations. ThéA=T ratio is directly related to the power ratio of Cas A and thetesn
noise [153]. The same ratio was determined based on theesanttnoise power es-
timates obtained during calibration. Both results aregmésd in Fig. 2.15 suggesting
almost a factor two improvement in the sensitivity of CS1@ tlucalibration.

2.4 Fish-eye imaging

The sh-eye images and the survey map shown so far were maderbputing the
direct Fourier transform (DFT) of the visibilities. Imagjrcan also be considered
an estimation problem in which the intensity of every pixetlie map needs to be
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Figure 2.15: Averag@=T per dipole measured towards Cas A before and after cal-
ibration obtained from a measurement started at 8:49:58 biT @8 January 2008.

estimated. This approach is described in Ch. 6 leading tased form expres-
sion for the least squares solution to this problem. | wiferdo this approach as
least squares imaging, mainly to signify that other optation schemes, liké;-
optimization [22, 94], are also possible. In the literafleast squares imaging with
appropriate weighting is referred to as optimal map makitigl[ 115]. In this sec-
tion, | show that least squares imaging implicitly takesecafr the deconvolution of
the true image and the array response [163] and that it appeeproduce statistically
ef cient results on actual data [162]. This chapter endhwitsurvey map based on
CS10 data that was made by combining the calibration metkedribed in Sec. 5.5
with least squares synthesis imaging. Although the remuitiap indicates that there
is room for improvement and further studies, it clearly shdhe potential of least
squares imaging for LOFAR and SKA core observations, in tvitiemplex source
structures like our Galaxy will be observed with a large FOV.

2.4.1 DFT versus least squares imaging

The attractive point of the least squares imaging technigjuiee deconvolution of
complex source structures. It can also handle arbitraailgd FOVs. It should thus
be well suited for sh-eye observations with a LOFAR stati@n 8 November 2008
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Figure 2.16: These total intensity maps were made by comfpidata from 27 156
kHz subbands evenly distributed between 45.3 and 67.3 MidzZl8rseconds of in-
tegration per channel. The left panel shows the result afiptying a direct Fourier
transform to the raw visibility data excluding the autoetations followed by sum-
mation over frequency while the right panel shows the reshthined using the least
squares imaging technique proposed in Sec. 6.3 after atibbrof the individual
frequency channels using the method described in Sec. 63.[1

between 10:21:59 and 10:26:45 UTC data were captured fre&.BAs of CS10.
The station correlator was used to correlate 27 156 kHz wibkfRe subbands
evenly distributed between 45.3 and 67.3 MHz. The integnatime per subband
was 10 s. The arrays afdipoles and/-dipoles were calibrated independently using
the weighted alternating least squares approach desdrb®edc. 5.5 using Cas A
and Cyg A as calibrators. Least squares imaging was appulititbt calibrateckx -
visibilities andyy-visibilities separately before the resulting images wadded to
form a pseudo-intensity map. The nal result is shown in Ad.6. For comparison,
a DFT was applied to the raw visibility data.

In the least squares image a number of well known sourceshieamrindicated.
The most subtle feature visible is the Galactic loop emer§iom Cyg A. This bit of
extended emission can be identi ed as loop Il in the Haslamey [49]. This shows
the improvement of the least squares image over the DFT inlaghe DFT image,
there is some extended emission emerging from Cyg A, but ieelso a large region
of extended emission near the western horizon that canregsmeiated with known
sources. In the least squares image, this emission disapph#e the emission near
Cyg A remains. We can therefore conclude that the extendéssam near the west-
ern horizon in the DFT image is actually caused by the arragarse to the Galactic
plane and the north polar spur. This demonstrates that $gastres imaging ade-
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guately removes the instrumental response thereby shawmiyghe real emission in
the nal image. This simple observation already involvesiraeresting deconvolu-
tion challenge since the image contains both strong poinices as well as extended
emission that are convolved with a frequency dependeribstheam and element
beam. With conventional imaging techniques, this wouldinegja multi-resolution
CLEAN [29]. The least squares imaging technique perforrissdbconvolution task
implicitly.

2.4.2 Statistical performance

The statistical performance of an algorithm can be assdsgsedmparing the vari-
ance of the parameter estimates in multiple realizationis thie Cramer-Rao bound
(CRB). These realizations are normally obtained by MontddCamulations, an ap-
proach that will also be exploited in Ch. 5. If the instrumeht environment and
the test signal are stable, multiple realizations may bainbtl by repeating a single
measurement over time. Browsing through the data from theitoring campaign
in February 2008, | found a 300 s observation on the 195 kHbawd at 50 MHz
consisting of 298 snapshots with 1 s integration each tlibndi seem to be affected
by ionospheric disturbances or other obvious irreguksitThese data were captured
by the station correlator at CS10 starting at 15:46:44 UTQ4Rebruary 2008.

The data for each 1 s snapshot observation were calibratiegl the method de-
scribed in Sec. 5.5. The calibration solutions were congiaer the 300 s interval
con rming that the individual snapshots could be regardedealizations of the same
measurement. The calibration results were averaged o¥epthplete interval to im-
prove their accuracy and avoid additional noise in the inthgeto varying calibration
error propagation (see Ch. 6). The calibration results wpmdied to the data during
the imaging process. The top left panel of Fig. 2.17 showsteeage image over all
298 snapshots.

The CRB was calculated using the result for source powemasittn obtained
in Ch. 4 by regarding each pixel in the image as a discretecsoulhe result is
shown in the top right panel of Fig. 2.17. Note that the CRBakaonstant over the
image. This is an important result, because it shows thaintieeplay between the
array beam pattern and the source structure in the imagihgeconvolution process
causes a non-uniform noise distribution over the map thittierefollows the source
structure nor is homogeneous over the sky. Initially this explained by the fact that
LOFAR is a sky noise dominated instrument, which implied tha source noise is
a signi cant fraction of the total system noise [60, 147].\W&ver, the more detailed
analysis presented in Ch. 6 indicates that that explanhttds for DFT imagers, but
does not necessarily hold after deconvolution.

The variance of the estimated image values was determinambioyputing the
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Figure 2.17: These plots demonstrate the excellent noi$erpgance of least squares
imaging using 298 consecutive 1 s observations in the salmgasd. The top left
panel shows the all sky map, the top right panel shows theategeariance of the
image pixels based on the Cramer-Rao bound, the bottomdeélghows the actual
variance of the image values if Earth rotation is ignored gmedbottom right panel
shows the variance of the image values if Earth rotation igltesl properly [162].

variance for every pixel in the map over the 298 snapshot® r&hult is shown in
the bottom left panel of Fig. 2.17. The variance on Cas A and Byappears to
be an order of magnitude higher than predicted by the CRBewnthi¢ values and
overall structure in the rest of the image seem to agree wate During a 5 minute
interval, the Earth rotates by 1.25which is a signi cant fraction of a 5beam.
We are therefore not measuring the variance of the imagioggss but the rate at
which Cas A and Cyg A are moving in and out of a station beanttitbtowards a
particular point in the sky. The estimation procedure fa ¥ariance was improved
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by calculating the average variance per 10 consecutivestioép This led to the
result shown in the bottom right panel of Fig. 2.17 indicgtijuantitative agreement
with the the CRB. The least squares imaging method desciib8dc. 6.3 therefore
appears to operate statistically ef cient on actual data.

2.4.3 All-sky least squares synthesis imaging

The hemispheric image shown in Fig. 2.16 demonstrateshibdéast squares imag-
ing method described in Sec. 6.3 can produce a frequenchesistimage. Math-
ematically, however, there is no difference between srapstver frequency and
shapshots over time. We should thus be able to combine reuttipservations taken
at different times into a synthesis map. After 24 hour, a LBFg#tation has seen
the entire sky visible from its geographical location anid gynthesis map should
be an all-sky image, covering up #o steradian for a station placed at the equator.
This can be demonstrated using data captured during thenostitoring campaign
with the LBAs at CS10 started on 18 January 2008 at 8:28:39 BiiClasting until
9:37:04 UTC on 21 January 2008. During this period the statiorrelator swept
continuously over all 512 195 kHz subbands with 1 s integretime per subband.

The data for the array of-dipoles were calibrated using the station calibration
pipeline discussed in Sec. 2.3.2. The standard calibratiotine was extended with
position estimation of the calibrators to reduce the immddbnospheric effects on
the antenna based gain estimates. After calibration antdesuiion of Cas A and Cyg
A, least squares imaging was used to produce the all-sky mayrsin Fig. 2.18
using all RFI free data between 40 and 70 MHz assuming arojsictelement beam
pattern. The actual element beam pattern is still an objestudly and can easily be
included as soon as an appropriate model becomes available.

Comparison with the ITS survey map shown in Fig. 2.6 cledrnlygs the impact
of the implicit deconvolution performed by least squareaging; the extended struc-
tures like the galactic plane are less smeared out, theasimiithe bright sources Vir
A and Tau A is much improved and the “empty” parts of the skyreme much darker.
In the CS10 map the sun is better localized near about 20 higintsascension and
-20 declination, since the measurements are spread over aely tlays instead of
two weeks.

The image also shows that there is room for further improvem&he ux of
Cas A and Cyg A was estimated by the calibration routine basdthselines longer
than four wavelengths. This baseline restriction shoulsbiem that the ux of the
underlying galactic plane is not attributed to these pointrees. In Fig. 2.13 one
can already see that this does not work perfectly if the gialatane is close to the
horizon. In that case, the projection of a four wavelengteliae in the direction of
the galactic plane is much shorter making the baselineicgstr less effective. This
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causes small artefacts at the locations of Cas A and Cyg A &defacts were not
visible in the ITS survey map shown in Fig. 2.6, which demmaist the least squares
imaging is far more sensitive to errors in the preparatota daduction than DFT
imaging. This is an important asset, since it implies thaé deduction errors are not
covered up by the imaging routine.

The grid of pixels was chosen such that the maximum achievasiolution to-
wards a source at a given declination is properly taken intmant. This gives rise
to a declination dependent grid spacing. The smallest sgaside ned by a source
that transits in the zenith and@s75 ¢=D whereD is the diameter of the station and

o is the minimum wavelength, in this case 4.28 m at 70 MHz. Thid gpay cause
artifacts like the horizontal feature at the declinatiothaf sun and the horizontal fea-
ture just below 3C134. Better results can probably be obthifthe grid is chosen
based on the data instead of using a prede ned grid. Thisdavalsb include a more
objective criterion for the optimal imaging resolution, iatm is now determined by
hand based on several trials using the condition numbereodi¢ftonvolution matrix
as gure of merit.

Although there is enough room for further improvement, iesagiares imaging
seems to be a promising technique for imaging with relatigehall arrays like the
LOFAR and SKA cores with a large FOV observing complex sowtcectures. As
demonstrated with the examples above and discussed in.Seits Gttractive features
are:

it can handle arbitrary direction dependent effects;

it can handle arbitrary visibility corrections;

it can handle non-sparse elds, i.e. complex source &iraes;
it appears to be statistically ef cient on actual data.

pwNPE

The results presented in this chapter demonstrate thaatiteation and imaging
methods described in Secs. 5.5 and 6.3 work well on actual dae foundations for
this success are laid in the next chapters. Chapter 3 desdtie data model based
on an accurate physical description of a phased array amt&ystem. Expressions
for the Cramer-Rao bound are derived in Ch. 4. This allowsedtiiigh assessment of
statistical performance of the proposed calibration aratjimg algorithms, which led
to several re nements over the years. This is nicely illastd by the calibration ap-
proaches applied to THETA, ITS and CS10 data mentioned sictiepter. However,
a statistically ef cient method based on an erroneous datdehwill not produce
proper results on actual data, so the next chapter is detmtad data model.
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Chapter 3

Data model

The data model, often called measurement equation in the satronomical com-
munity, is the foundation on which all calibration and inragjor, in general, all data
reduction algorithms are built. It provides a mathematioaldel of the measure-
ment system and shows the assumptions underlying the dhtetien methods. Due
to its fundamental importance all well-written literatwe (array) signal processing
starts with a description of the data model. | will thereforention only a few ref-
erences suitable for introductory reading. Thompson, Marad Swenson [116] and
Perley, Schwab and Bridle [88] provide a thorough introgucto the eld of radio
astronomy. A key contribution to the measurement equati@onecfrom Hamaker,
Bregman and Sault [45], who recognized that correct treatmiemeasurements on
polarized sources required the use of Jones matricedhé @se of a matrix equation
per antenna instead of a scalar equation per feed. Leshendaander Veen [64],
Van der Veen, Leshem and Boonstra [123] and Boonstra [143 heformulated the
measurement equation in the formalism used in the arraypkocessing literature
in which the data model for the entire array is formulated simgle matrix equation.
This paves the way for the use of results from linear algebrebbth mathemati-
cal analysis and extraction of parameters from the measiatd With the advent
of phased arrays in radio astronomy, such as ThEA [56, 140FAR [15, 127],
EMBRACE [1,2,84] and MWA [72, 73], the study of the electragnatic interaction
between the receiving elements in a tile or station arrapines increasingly impor-
tant. Lanne [61] describes a practical data model for amt@nrays including mutual
coupling.

The description in this chapter starts from antenna thebhys leads to a rather
complex data model that imposes only minor restrictiongoapplicability. Working
with this data model is rather inconvenient when focusing@peci ¢ aspect of the
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system or data reduction. The analysis in the rest of thisighill therefore be done
on simpli ed variants of the generic model presented hef@s presentation should
provide a clear view on the assumptions made in the disaussio

3.1 Physical model

The electromagnetic eld probed by the antennas in a phasest ean be described
as a superposition of electromagnetic waves coming frordiadttions at different
frequencies. Most signals relevant to radio astronomegsnaite from such vast
distances that the curvature of these waves over the arrgybmaeglected. This
allows us to describe the electromagnetic wave with wavéové&cimpinging on the

receiving element located at positiorat timet as the plane wave

E( :k;t)= Eg(k;t)e Ik 7 kiet). (3.1)

The wave vectok = 2f I=ccompletely describes the plane wave coming from
direction| at frequencyf andj is de ned as the negative square root of -1. The
plane wave spectruiiag (k;t) =[Eg ;Eo ;Eor ]T describes the complex amplitude
distribution along the three polarization directianse ande,. Since a plane wave
does not have a eld component along the direction of propagathe component
alonge; is zero and therefore it is suf cient to describe the eld dinpe by just
two components, i.eEq (k;t) =[Eo ;Eo ]T.

The amount of power absorbed by tpid receiving element subject to an elec-
tromagnetic wave with wavenumblerand polarizatiodE, ;Eo |7 depends on the
sensitivity of the receiving element to radiation from tdaection at that frequency
with that polarization. Using reciprocity, this sensityvpattern can be determined
by measuring the radiation pattern of the array while apygjyan input currenity to
the pth element and leaving the terminals of all other elemen&nod his is called
the embedded open circuit loaded radiation patigyfil 28,129] and will be referred
to as the element beam pattern. The isolated loaded raujsditbern provides a rea-
sonable approximation if the array is suf ciently spars8,[#30]. The open circuit
voltage at the antenna terminals is thus given by [129]

4 j oelkio
Vocp (K; t) ikj 1o p p (K) (3.2)
where g is the distchQt which the embedded open circuit loadddtia pattern
ismeasuredand= = ,with and as the permeability and dielectric constant

of the propagation medium, is the intrinsic impedance, Wis877 for free space.
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antenna array a

receiver networkZr, G

Figure 3.1: Schematic representation of an antenna araacterized by its mutual
impedance matriZ and its receiving network characterized by its mutual input
impedance matriXr and its gain matrixG.

The open circuit voltages of dit elements of the antenna array can be stacked in
aP 1columnvectoN o = [Voc:1; Voc:2; i Voc:p ]T . The impedance of the output
terminals of the array can be described by a mutual impedaatexZ 5 . The array
is loaded by a receiver chain network, generally consisting low noise ampli er
behind every receiving element as depicted in Fig. 3.1,adtarized by its mutual
input impedance matrixr and voltage gaing, for each receiver chain which can

be stacked in & 1 column vectorg = [g1;02; ;0p ]T. The voltages at the
output of the receiver chain network can thus be describgd 28]
viki) = G()Zr(F)(Zr(F)+ Za(f) "Voc(k;t)
= G(f)Q(f)vac(k;t) (3.3)

whereG = diag(g). The matrixQ = Zg (Zr + Za) ! describes the effect of
mutual coupling between the receiving elements of the aifhg output of each el-
ement is a mixture of the response of the element itself aad¢hled and delayed
responses of the other elements in the array. The antermaaard its receiving net-
work can also be described using the scattering m&trixXhis approach is followed
in [130] and leads to a similar result, ix2.= GQV . is still an accurate description
of the mutual coupling in the antenna array. The third regmégtion is based on the
mutual admittance matriX . These representations are equivalent and if either
(andZR), SorY is known, the other two (and therefd@® can be calculated [61].
The output voltages of the receiver netwaorkt) are the result of the superposi-
tion of voltages induced by electromagnetic waves comiomfall directions at all
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frequencies. If these signals originate from celestiarses they are stochastic in
nature. Although each celestial source has its own powetigdeensity, their signal
in individual narrowband [170] frequency channels may beleied as independent
identically distributed (i.i.d.) complex Gaussian noi§éne fundamental reason for
this is provided by quantum mechanics. From quantum mechanie know that
electromagnetic radiation may not only be described as svhuealso as particles,
called photons. Each photon carries an en&gy hf whereh = 6:626 10 34 Js

is the Planck constant. This implies that photons at ragiquencies, the lowest fre-
quencies of the electromagnetic spectrum, carry very samadlunts of energy. For
example, a single photon at 178 MHz, the frequency at whieh3@ catalog was
observed [8], carrie$:18 10 2° J. According to the 3C catalog, Cyg A has a ux of
8100 Jy = 8100 10 26 Wm 2Hz 1. If this source is observed by a LOFAR high
band antenna tile with an effective area of 25 im a Nyquist sampled frequency
channel, each time sample already repres2it3 10 2% J which corresponds to
over 17000 photons. This number is suf ciently large to eeghat the Poisson dis-
tribution of a photon counting experiment closely resersll&aussian distribution.
In reality, observers integrate over even longer time sdadeause the signal-to-noise
ratio in a single sample is insuf cient to detect even a sfrastronomical source like
CygA.

Due to the stochastic nature of the signals of interestoradironomical mea-
surements are based on measuring the spatial coherencgdretmtenna signals,
the visibilities. This can either be done by rst computitgtcrosscorrelation func-
tion in time before calculating the cross power spectrumyoapplying a Fourier
transform to the antenna signals rst and then compute thsscpower spectrum by
channel-wise multiplication. A correlator architectusbd on the rst approach is
an XF-type correlator while an architecture based on therstapproach is an FX-
type correlator. It follows from the Wiener-Kinchin theanghat these approaches
are equivalent. A derivation of this theorem [83] shows tig theorem holds if
the signals are jointly stationary and have a nite coheeclength in time. Both
requirements are satis ed by celestial signals, but notly,, chirped radar signals.

Since correlation can be described by a multiplication i filequency domain,
we will assume that the narrowband condition [170] holdsisTdan be described
mathematically by assuming an in nitely narrow frequenegponse of the system
centered arounty, i.e.

Z,

v (l;fot) G(f)Q(f)voc(f; i) (f fo)df

1
G (fo) Q (fo) Voc (fo; 1;1) ; (3.4)

where (f f() denotes the Dirac delta function. For notational convereene
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will stop mentioning the frequency dependence explicithnd this point. The output
voltagesv (t) can now be obtained by integrating (3.4) over direction, i.e

z z_, z
v (t) = . GQV e (I;t)jsin jdd =  GQvV(l;t)d : (3.5)

The details ofvy (I;t) follow from (3.1) and (3.2). By splittinggo (I;t) =
eo (I;t) s(I;t) in a unit polarization vectoeg (I;t) and a source signal(l;t), we
can introduce a direction dependent gain forptieelement of the array

i dikio
aop (13) = 10 "6 (1) E, (1 (3.6)
jkj 1o
Although in this presentation, we only use direction deggmdjains to describe
the element beam patterns, additional complex valued plickitive factors may be
added to describe distortions of the incoming wave frontstdue.g., varying prop-
agation conditions or near- eld effects.

These gains can be stored iRa 1 columnvectogo (I;t) = [ go1 (I;1) ;o2 (I;1) ;
:dop (I;1)]". The phase of an incoming plane wave at ptiereceiving element
can be denoted by a phasgy(l;t) =exp j k' p | Kjct . These phasors can
be stacked in & 1 column vectora(l;t) = [a1 (I;t) ;a2 (I;t); cap (1;0)]7.
If the receiver locations are stacked in a matrix= [ ;; ,; ; pl", the array
response vecta (l;t) can be written in the convenient form

a(l;t) = p%e i ki Kjet). (3.7)

which is normalized such thim(l;t)k2 = a" (I;t)a(l;t) = 1. Equation (3.5) can
now be written as
Z

vi)=  GQ (a(lit) go(ht)s(it)d : (3.8)

The array covariance matriR = E v (t)vM (t) is a matrix containing the
expected value of the visibilities. Since the output vadtagf the receiver network
are a superposition of source signals and noise which areattyiincorrelated, the
array covariance matrix can be split in a noise term and aakigmm. The noise
term consists of a contribution from the homogenous sky ¢ramknd noise picked
up by the receiving elements and the noise power of the recehains. The noise
covariance matrix can therefore be modeled as [48]

Rn = KpTrec Bl + KpTsky B (3.9
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whereT,ec andTsy denote the receiver and sky noise temperature respectyety
1:38 10 23 J=K is the Boltzmann constar, is the observing bandwidth and is
the element pattern overlap matrix whose elements are biy¢48, 130]
Z
1 _
pp: = 55— Ep () Ep, (1)d (3.10)
2 P el

This matrix describes the overlap or correlated power veckby the array elements
integrated over the homogenous sky background. The elguaéietn overlap matrix
is normalized such that its diagonal elements are unity.

The contribution of the source signals to the array covaganatrix can be de-
rived directly from (3.5):

z z u)
Rs=E GQv « (I;t)d GQv o (I;1)d : (3.11)

If the source signals are spatially uncorrelated, i.e. tppad coming froml is not
correlated with the signal coming frol$é 1, (3.11) reduces to
z

Rs= GQ E voe(it)viL(I;t) d  QHGH: (3.12)

Using the factorization of o (I;t) introduced in (3.8) and taking expected values,
this can be written as
Z

Rs=GQ @l) go() M) gip"d Q"c"; (3.13)

where (1) = Efs(l;t)s(l;t)g.

If the signals incident on the array originate from a numbediscrete sources,
the surface integral can be replaced by a summation ove@theurce signals. In
practice, we always probe the sky with a nite resolution tlse number of resolu-
tion elements is limited. A discrete source model can tltogeshandle all practical

situations, even in the presence of extended emission. Weoa write
|

X
Rs=GQ (3 Gog) a(ag Qo))" Q"G": (3.14)
=1
Introducingtheé® Q matricesA =[a;; ay; ;aglandGo = [do1; Joz2; ;900
theQ 1lcolumnvector =[ 1; 2; Q]T andtheQ Qmatrix =diag( ),
this can be simpli ed further to

Rs=GQ (A Gy (A Go"QHacH: (3.15)
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Since the signals at the receiver network output termin@sssuperposition of
the source and noise signals received by the antennas ambifeintroduced by
the receiver path electronics, the array covariance matrikese output terminals is
described by the addition &, given by (3.9) andR s given by (3.15), i.e.

R=GQ(A Go) (A G Q"G" + kyTeyB + kpTrecBI: (3.16)

3.2 Signal processing models

Although (3.16) provides a complete description of a radioamomical phased array
based on the physics of the system, it is more complex thariregtjin most practi-
cal applications, in which simplifying assumptions careafbe made. We will thus
make a transition from the physical description in the pryasisection to the repre-
sentation of array systems commonly used in the array sigmadessing literature
by discretizing the signal in time to model the sampling byA®C and introducing
Jones matrices to describe the response of a dual polanitedra to the incoming
signals. These steps will facilitate a comparison with p#reay signal processing
models.

3.2.1 Short term covariance matrix

If the signal is sampled with perioH, thenth time sample of the array signal vector
x[n] follows from (3.5) by
Z,
x[n] = v(t) (t nT)dt=v(nT): (3.17)
1

As argued in the previous section, this signal can be modwsletl superposition of
mutually independent source and noise signals. Equati@) (8ovides an accurate
model for the source signals while the sampled noise signaisbe represented by
n (t) thereby leaving out the details of their origin for the momérhe array signal
vector can thus be described by

Z

x[n] = GQ (a(l;nT) go(I;nT))s(l;nT)d + n(nT) (3.18)

or, after discretizing the source model as demonstratdukiptevious section, by
!

x
x[n] = GQ (ag(nT)  Qoq(nT)) Sq(nT) + n(nT): (3.19)
g=1
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The Q source signals can be stacked iQa 1 source vectos(nT) = [s; (nT);

s2(nT); ;so (nT)]T. Using the matrices andG as de ned in the previous
section, we can now rewrite (3.19) as
X[nN]= GQ (A Gg)s(nT)+ n(nT): (3.20)

N samples can be stacked intBa N matrixX = [x[1];x[2];  ;X[N]], which
is a data set used for short term integration. Over this gbort integration interval,
often referred to as a snapshot, the array covariance nfatex E x[n]x" [n] is
estimated by the short term covariance matrix estimate

R = Nixx H. (3.21)

which is computed by a correlator and stored for later useexpected value based
on (3.20)is

R=GQ(A Go (A Go"Q"G"+ , (3.22)
where = E s(nT)s" (nT) istheQ Q source covariance matrix and, =
E n(nT)n" (nT) istheP P noise covariance matrix. The reader should note
that (3.22) has the same form as (3.16) with = kpTsiyB  + kpTsysBl. One
should also realize that, although it is often assumed thatd , are diagonal ma-
trices, this is not a restriction imposed by this model. Hegveparametric constraints
on these matrices are often required in practical estimgtioblems.

3.2.2 Polarimetry

Up to this point, the array system has been described by ag signal vector con-
taining the signals from every individual receiving eleminthe array. In this de-
scription each receiving element is treated the same wathelfrray has been de-
signed to fully reconstruct the polarization of the incitlelectromagnetic eld, the
array generally consists of antenna elements, each cimigsi$two (quasi-)orthogonal
feeds. Hamaker, Bregman and Sault [45, 99] recognized tiesbould consider the
behavior of these receiving element pairs to fully underdtaeasurements on po-
larized sources. We will therefore return to (3.6) to see pawing of the receiving
elements affects the array signal vector and the array @owa@ matrix.

In the Sec. 3.1 we introduced the direction dependent gaielpenentgo, (I;t)
by taking the inner product of the polarized element voltagam pattert, (1) and
the polarization of the incoming plane waeg(l;t) (see (3.6)). If we (arbitrarily) la-
bel one receiving element of thpth antenna as-element and the other gselement,
we can stack the direction dependent gains of both elemeatg i 1 column vector

Oopx  _ 4] 0€Mlo E (1) eo(l;t)

gopy W Epy (|) €0 (l,t) (323)

gop (1) =
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This can be conveniently written as

408 EL)

Ko ELQ) eo(l;t)= Jp (1) eo (I51) (3.24)

gop (1) =

where we have introduced?a 2 Jones matrix for theth antennal, (1).

It is now straightforward to construct a model analogous3td ) for the array
signal vector of an array of dual polarized antennas. De&frg = [X1x[n]; X1y [N];
Xox[N]; X2y[N]; 5 Xpx[n]; Xpy[N]]™, i.e. stack the signals from the respective
andy-elements alternatingly. Stack the direction independairts in the same way,
i.e.letg = [Oix; O1y; Uox:G2y;  ;Opx;Opy]" SO thatG = diag(g). The matrix
Q remains essentially unaltered except that it has now &ze 2P. The array
response vectaly (NT) should be replaced by2P 2 matrix A 4 (nT) with two
identical columns since the two gain factors of each rengiglement for the re-
spective components of the electromagnetic eld should ldtiplied by the same
phasor to compensate for the geometrical delay. The ogl@fiihe elements in
the columns should be the same axjn] andg. If the x-feeds andy-feeds of
all antennas are co-located, it is suf cient to know the wrrasponse vector of
the either the array ok-elementsag (NT) or the array ofy-elementsagy (nT),
since the2P 2 array response matrix for the full array can now be constdict
by Aq(nT) = ag (nT) 1, ,, wherel, , denotes & 2 matrix lled with
ones. The direction dependent gain vedgy is obtained by stackingo, (nT), i.e.
9q(nT) = I35 b T €oq (NT) = Jgeoq(nT). Note that, with some
abuse of notation, we have de ned tAE 2 matrix J4 in which we have stacked
the Jones matrices of the individual antenrgg, Finally, n (nT) also becomes a
2P 1 vector with its element arranged in the same ordet[a$ Putting all these
de nitions together, we may reformulate (3.19) as

I

X
x[n] = GQ (Ag(nT) Jg)eoq(NT)sq(nT) + n(nT): (3.25)
g=1

The signal from thegth source is measured as a series of time samples charac-
terized by their amplitudey (nT) and their polarizatioroy (nNT) = e e (nT) +
e e (nT). Since these samples originate from a stochastic processe®d to look
for their stochastic properties. Hamaker, Bregman andt$&bi| 46, 99] introduced
the concept of source coherency, which is the 2 covariance matrix of the dual
polarized source signal, i.e.

Eq=E eoq(nT)sq(nT)Sq(nT) el (nNT) = Eq el (3.26)
q q
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With this de nition, we can formulate the model for the shtatm array covari-

ance matrix as
|

0 !
R = GQ (Aq Jg)Eq(dq A" Q"GH+ (3.27)
g=1

assuming that the sources are mutually independent. Byinig the source covari-
ance matrix as th2Q  2Q block diagonal matrix = bdiag ( E4) with the source
coherencieg y on the main diagonal and stacking the array response mairice

2P 2Q matrixA =[A1;A2;  ;Ag] and the corresponding Jones matrices in a
2P 2Q matrixGo =[J1;J2; ; Jo], this can be rewritten as

R=GQ(A Go) (A Go"QlecM"+ |, (3.28)

which has exactly the same form as (3.22). Note that althdliglassumption that
the source signals are independent was introduced in ammiatiate step to improve
the readability of this derivation, the nal result can dgs$iandle correlated sources.
Each source is characterized by its coherency méigix where the superscript
has been added to emphasize that the polarization has betrized by the eld
components along ande . For celestial objects, astronomers generally use right
ascension and declination as the principal axis of the coordinate system. In that
case, the source coherencies could be denoteg asAnother important coherency
matrix isEpY,,, the coherency on the baseline from antepnto antenna;. Ignor-
ing the receiver gain, mutual coupling and geometricalyléa assuming they are
appropriately compensateB)Y, is related taE, by the Jones matrices of the two
antennas involved

— H .
EXp, = IpgEq I (3.29)

These Jones matrices describe the two voltage beam patfethestwo feeds of the
antenna.

Section 6.3 discusses least squares synthesis imagingis listapplied to po-
larized data, we have to estimate four real valued paramptarpointing direction
in the image to describe the source coherency in that dineg&tj, . SincekE, is
Hermitian, an intuitive choice for a real valued coherenegtor is

h iT
€= EqiiRe Egp jIm Egp (Eg (3.30)

The measured visibility based coherenaggs,, = vec Ep,, produced by the
gth source are related to the source coheregahrough the instrumental response
towards thegth source that can be described by a 4 beam polarization matrix
B p.p,q, Such that

eplpz = Bplpzqeq, (3.31)
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which is merely the vectorized form of (3.29).

3.2.3 Commonly used data models

For the development of the data model presented here the efdNarnick et al.
[48,128-130] and Lanne [61] was used as starting point. Mloidel was augmented
with the theory of polarimetry developed by Hamaker, Bregaad Sault [45,46,99].
This route was chosen to obtain a generalized data modeddkats all viable array
signal processing models proposed in the literature. Sug#maralized data model
is quite cumbersome to work with if one's interests lie withaticular aspect of the
system. Most studies therefore assume a simpli ed versfahe data model, for
example by ignoring mutual coupling or assuming a calilitaeay. This section
presents a brief overview of the assumptions commonly matieeiliterature.

Although mutual coupling may have signi cant impact on threagt response in
dense phased arrays, its impact on array signal processioften ignored, except
by a few authors. Svantesson and Viberg [112] and Svant§¢$&dihhave proposed
modi ed versions of commonly used algorithms like multigignal classi cation
(MUSIC) [101] and estimation of signal parameters via liotal invariance tech-
nigues (ESPRIT) [95] to handle arrays affected by mutualptiog under the as-
sumption that the array is calibrated, i@. = |. However, high resolution DOA
estimation techniques are known to be very sensitive tdilon errors. A num-
ber of recent studies therefore focuses on phased arrdyat#in and DOA estima-
tion in the presence of mutual coupling. Examples are Labié¢dnd Warnick et
al. [48,128-130].

Ignoring mutual coupling implie® = | which simpli es (3.22) to

R=G(A Go (A Go'cH+ .; (3.32)

where is commonly assumed to be diagonal &g can be a full matrix. In this
caseG can be absorbed i@ o, which then contains complex gain factors per receiv-
ing element and per source. This model is adopted by Van deddifs and Van der
Veen [120] to describe the direction dependent calibratibhOFAR. They recog-
nize that a calibration routine allowing for one complexrgéictor per station per
source has too many degrees of freedom to result in a uniquiosp They solved
this ambiguity by exploiting the spatial, spectral and tengbcontinuity of these gain
factors. Wijnholds and Van der Veen [165] studied this peabunder the constraint
that all receiving elements have the same directional resgpoan assumption also
made by Weiss and Friedlander [134]. Calibration assuntiigygcenario will be
discussed extensively in Ch. 5.

The fact that a single complex gain factor per visibility domt lead to a mean-
ingful solution because such a model will tto any data, isagnized by Cornwell
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and Fomalont [26], who describe the self-calibration agstion, which states that
all gain effects in a radio telescope system are telescogedbd his reduces the data
model to

R=GAA HG"+ ; (3.33)

where is often assumed to be diagonal. This model is not as resgiess it
may seem, since in self-calibration the source structuseriteed by and the di-
rection independent gairG are estimated simultaneously. Since the source struc-
ture is assumed unknown, effectively absorbs the direction dependent gdins
The data model described by (3.33) is commonly used in papersray calibra-
tion [12,37, 39,90, 149].

Studies on receiving element position calibration, DOAineation or imaging
parameterize the array response makriand either absorb the direction independent
gainsG in this matrix or assume that the array is calibrated. Trasgi$eto

R=A()A "()+ . (3.34)

This model is very suitable for analyzing methods based dismace techniques
[124], which include high resolution DOA estimation teciumés such as MUSIC
[101], ESPRIT [95] and weighted subspace tting (WSF) [125]his model also

lends itself well for the development and analysis of detecfor source signals
[65,91,92,131].

3.3 Noise subspace and signal subspace

Eigenvalue decomposition has proven to be a very poweidhhigue for the analysis

of array covariance matrices as illustrated by subspaazhiashniques for parameter
tting [124], high resolution DOA estimation [101, 125] asturce detection [14,91,

92]. Some of these techniques may be used to determine thieemwhsources that

has to be included in the source model used for calibratido estimate the source

positions, as suggested in Ch. 5. This section thereforgges some background on
the eigenvalues and eigenvectors on the array covarianicxma

The eigenvalue decomposition of tRe P array covariance matrix

R=VvV " (3.35)

decomposes the array covariance matrix in a set of orthcal@igenvectors stacked
in a full rankP P matrixVV and their corresponding eigenvalues »; TP

which form the main diagonal of tie P diagonal matrix . Based on the distri-
bution of eigenvalues this decomposition is often concalptsplit in eigenvectors
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associated with the source signals and eigenvectors agsdevith the noise in the
measurement, i.e.
R=Vs VH+Vv, VvH: (3.36)

The space spanned by tResignal eigenvectors stacked in tRe Q matrixV s is
called the signal subspace while its orthogonal complemesdciated with the noise
eigenvectors stacked intie (P Q) matrixV ,, is referred to as noise subspace.

In the remainder of this section, | present a number of sireplemples to illus-
trate the physical signi cance of the eigenvalues and eigetors of the array co-
variance matrix. First, consider the array covariance imé&r a single source with
power ; and array response vectay observed by a noise free perfectly calibrated
system

R= iaal': (3.37)

This model has rank 1. Sindea; k?= aT a; = 1, the eigenvector associated with
this source will ber; = a; and the corresponding eigenvalue will be= 1. All
other eigenvalues will be 0, since we assumed a noise freagoe The eigenvalue
decomposition will thus yield

R =v; vl + V,diag(0)VH: (3.38)

This simple scenario becomes a little more realistic if we eteiver gains and
mutual coupling to our model, i.e. if we expand (3.37) to

R = ;GQajal'Q"G": (3.39)

This model may actually be used to model the response of astieyg point source.
After introducingal = GQa 1, we can rewrite (3.39) as

R = afaf; (3.40)

which shows that the receiver gains and mutual coupling déncoease the rank of
the source model, although they do alter the associatedwsyes and eigenvectors,
since the norm o0& may not be equal to 1.

From these examples, one may get the impression that theveigters in the
source subspace are directly related to the array respausers of the individual
sourcesag, which may include the receiver gains and mutual couplimgl, that the
corresponding eigenvalues provide information on the@powers. Unfortunately,
this relation breaks down as soon as there are two or moreeminvolved. The
simple argument is that the array response vectors of theasare not always or-
thogonal while the eigenvectors are orthonormal by deamiti There can therefore
be no one-to-one relation between the array response ge@tal the eigenvector
spanning the signal subspace.
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The fact that there is no one-to-one correspondence betthieezigenvalue de-
composition of the signal subspace and the sources, is sty fillustrated by the
eigenvalues for a rank 2 model for which an analytic solutaists. Consider the
rank 2 model

H
R=AA H=[aja] * 2 &
21

3.41
2 (3:41)

The solution for the two non-zero eigenvalues is given by[17

1
12 = 5(14‘ ))+Re pafa;

0 \lﬂ 1
2 . .
ﬁ 1 afla, 120 12
1 4 K. (3.42)

1+ 2+2Re 123.? ax

This result shows that even if the signals are uncorrelated, 1o = 2 = 0,
the eigenvalues are not equal to the source powers ualeas = 0, i.e. unless
the two array response vectors are orthogonal. Only in ths¢,cthe eigenvector
corresponding to the largest eigenvalue will be alignet ttie array response vector
of the strongest source and the other eigenvector with tiag aesponse vector of the
other source.

Finally, we consider the impact of noise on the eigenvaluetire. Suppose we
have an array with equal but uncorrelated system noise gosrerll receivers and
that the eigenvalue decomposition of the array covariaragixmbefore addition of
the noiseisv V= i.e.

R=VvV H+ I (3.43)

Then the eigenvalue decomposition will yield
R=V( + nl)VvH: (3.44)

This shows that the eigenvectors remain the same. The porndimg eigenvalues,
however, are augmented by the addition @f. This property of the eigenvalue
decomposition follows directly from the orthonormality thfe eigenvectors; since
VV H = | itis easily seenthat ,IV " = 1. This also shows that if the sys-
tem noise varies per receiver or is correlated betweenversithe eigenvectors are
affected, since

P(Rs+ n) o P= PRSP H16 Vs VE A+ (3.45)
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Equation (3.44) suggests that it is fairly simple to disdemsignal subspace from
the noise subspace if the system noise powers of the indilidaeivers are the same
and uncorrelated. Unfortunately, the analysis above gojies to the expected value
of the array covariance matrix. In practice, the noise ordtita introduces a structure
in the estimated eigenvalues that makes it more dif cult igcdrn the eigenvalues
associated with the signal subspace from those associdtiedhe noise subspace.
Edelman [32] has made a thorough analysis of the eigenvahgsondition numbers
of real and complex valued random matrices, including roesrof the fornR = 1
for which he found that the largest and smallest eigenvalueand p, of shortterm
realizations oN samples are approximately given by

=
1P = n 1 ﬁ : (346)

This shows that the largest eigenvalue tends to be someargarithan the expected
n While the smallest eigenvalue is somewhat lower. The sympnoéthe largest and
smallest eigenvalue around the expected value suggesisaa lielation between the
P eigenvalues. Although this works reasonably well for IaMgehe actual relation is
best described by an exponential function. Quinlan et &l ¢npirically established

that thepth eigenvalue can be derived from the rst by

b= ezl (3.47)
where
1 e 2a
1 = n ]_e72aP P (348)
v s =
_ P 15 4P (P2 +2) )
a 2(P2+2) 5N (P2 1) (3.49)

3.4 Narrowband assumption

In theoretical derivations it is convenient to assume anitely small bandwidth, but
practical systems will always produce spectrally sepdrdtga with nite channel

width. Fortunately, we may still apply a single frequencydeldf the system satis es
the narrowband condition. In view of its importance, thisuaaption is discussed in
detail. This discussion provides insight in the physicévance of this assumption
and leads to a quantitative relation between the decoioelégain) loss, the array
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size, the channel width and the zenith angle of observdtiati$ useful in the design
of radio telescope systems.

The main reason for invoking the narrowband condition is tha differences in
time of arrival of the incoming signals at different recegielements, the geometrical
delays, can be modeled by a phase rotation of the complealsigre. by a complex
multiplication. The theoretical basis is provided by thétgheorem for the Fourier
transform [83]. The constraint that a signal with bandwidth should not infringe
the applicability of the shift theorem, leads to the commarded narrowband crite-
rion [116, 135]

f @ )? (3.50)

where is the time delay over which the signal should be coherehifyable, i.e. the
coherence time. The associated physical distandes called the coherence length
of the signal. This suggests that the bandwidth requireimngmbsed on the antenna
array depends on the size of the array.

This point is clearly demonstrated by an analysis of the ichjpd bandwidth
on the structure of the array covariance matrix as perforinéeljpendently by Zat-
man [170] and Boonstra [14]. Zatman de nes narrowband agegene in which
the second eigenvalue of a single source model covariantrérizalower than the
combined noise level of the source covariance matrix anddlse covariance matrix
given the SNR of the measurement. In his analysis he modelartiay covariance
matrix with two sources, each representing half the souregep at the same location
but separated in frequency. Mathematically this can be titaitad as

R = % s ajal + aall + I (3.51)

where
a = p%eicho E (3.52)
a, = 1 gitte o a; el e s (3.53)

He then derives a relation to determine when statisticdllient high resolution
DOA estimators will start to interpret this single broad Baource as two individual
sources at two different locations. Intuitively, the brbadd source modeled by these
two sources will be interpreted as two sources if the phd&erdice between the two
array signal vectors represents a vector larger than theraysoise. Equation (3.53)
shows that this will not only depend on the SNR of the measargnbut also on
the size of the array, since the inner products of receiveations with the source
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location | ¢ will produce larger values for larger arrays and therefonalter values
of f are suf cientto produce the same phase change.
This problem can also be studied by writing the data modehfsingle source as

Zf0+ f

R= > a(fya™ (fF)df + ,I; (3.54)
2 f fD f

thus by explicitly including the integration over the obsag bandwidth. Boonstra
[14] followed this approach using a second order Taylor esjn fora (f ) which is
given by

1
a(f)ag) +(f fo)ag’ + S(f fo)*ay (3.55)
with Taylor coef cients
© - gl ey,
a pﬁe c (3.56)
2
ah = i a? (3.57)
42
a? = s 1 a (3.58)

Equation (3.54) can now be approximated by the two sourggesfrequency model

R= iaial' + Laal + ,1+0 f* (3.59)
where
_ _ 1
= Py a + 5 f 25 (3.60)
a, = % fal (3.61)

such thak a; k?=k a, k?=1. Since (3.59) assumes a two source model, the signal
subspace can be described by just two eigenvectors. Thesvafuhe corresponding
eigenvalues can therefore be found using (3.42). Sicanda, can be expressed
in terms of Taylor coef cients whose phase and gain depenthernner product of
the antenna and source locatiorsg, this alternative derivation leads to the same
conclusion: the maximum allowable bandwidth to satisfyherowband condition
not only depends on the SNR but also on the size of the array.

This can be quanti ed by considering the case in which a sirgignal at fre-
guencyf o from directionlg impinges on the array. To compensate for the geometrical
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delays between time of arrival at different antennas in thayawe have to weight
the incoming signals with the conjugatewf= a (lg;fo). If we apply these weights
to a signal coming from the same direction at frequeihcy f, we nd that the
weighted sum over all array elements is

. H .
whHa = 1 eJcho lo el% lo
P
T +
_ ]_F 2fC0 | e.z(foC 0o,
1T
= —_el== (3.62)
P

instead of 1 due to the phase mismatch caused by the freqoésmatch. Assuming
that the narrowband condition holds in practical situagititus implies a gain loss at
all in-band frequencies other than the reference frequéltey gain loss at frequency
f 6 fgisgiven by

D(f)=1 w" (fo)a(f) *: (3.63)

This gain loss is often referred to as decorrelation loss.

In view of the discussion above, one would expect the delzdioe loss to depend
on the array geometry. It is therefore instructive to deaimeapproximate formula for
the decorrelation loss over a 1-D uniformly sampled arragriape, in which we can
indicate positions by the scalar In general, if the aperture is spatially weighted by
a windoww (x), the decorrelation loss can be calculated as

R e 1oy (x) dx ’

- 1
D(f)=1 R1 TORT (3.64)

where we have substituted (3.62). In the case of a uniforapetted nite aperture,
w (x) becomes a rectangular window function. Therefore

X L2 (f fq) 2
max e ]fxlodx
D(f)=1 Xoox R ™ : (3.65)

Xmax

Integrating ovex and reintroducing f = f g gives

2 flo 2 fo, 2
e c max d——= max

_c
27 flo

D( f)=1 (3.66)

2Xmax
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The difference between the two exponential functions inrthenerator can be re-
placed by the sine function. The sine function has Taylaesexpansiosin (x) =

x  x3=3!'+ ::: for small values ok, so the decorrelation loss given in (3.66) may
be approximated by

3 2
5 ]CﬂOZJ 2 CﬂOXmax % 2 Cﬂo Xﬁ]ax
D( f 1
h 2X max
I
HH 2
1 2 flg 2
=1 15 S X2
14 2 22 144 £48
=1 1 _70Xr2nax YA £ ?nax
3 c? 36 ct

2 212
437;'%;% : (3.67)

This result shows that the decorrelation loss is relatedhéowidth of the fre-
guency band, the size of the array and the DOA of the signaitefést. If the source
of interest is in the zenith, the decorrelation due to chwigth even vanishes for
a horizontal planar array since the incoming plane wavevesrat all elements si-
multaneously. The fact that decorrelation occurs for dleotpositions on the sky
can physically be attributed to a mispointing of the arraflislbecomes apparent if
we interpret the phase mismatch at fith receiving element due to the frequency
mismatch as mispointing, which can be formulated matheralitias

2 fplo_2fo, |
C C

; (3.68)
which implies that
fr o1

This shows that if ;Io =0,ie. 0 ? lo, no shift inlg occurs. For a horizontal
planar array this corresponds to the situation whgis pointing to the zenith. Since
there is a two dimensional subspace in which no mismatchrecas can reduce the
problem to a one dimensional problem by de ning a plane idtigly. For a planar
array in the(x; y)-plane, it is convenient to de ne this plane such that it irtgs
bothlgy and thez-axis, since this allows the use of simple projections. Diegahe
projection of , by  and the projection df by lo, we can restate (3.69) as
f

lo= —Io (3.70)
fo
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where , has dropped out, thus showing that the mispointing is indéeet of pro-
jected array size. This mispointing is usually called begairg. Equation (3.70) also
shows that for a horizontal planar array beam squint depéeretely on the projected
zenith distancéy = sin( ) and on the fractional bandwidth, a conclusion which was
also found in an earlier analysis [139] and in simulatiorgj 1

Regardless of the way the decorrelation loss is physicaiijained, (3.64) and
(3.67) are key relations for the design of a phased arrap tatéiscope. Since the size
of the array is determined by the desired spatial resolatnathy is xed by specifying
the desired observable part of the sky, the only way to keepd#torrelation loss
within acceptable limits is to make an appropriate choiaetie spectral resolution
of the instrument. Even the signals from broadband soureed to be treated at this
spectral resolution to avoid decorrelation losses duedgmpture integration.

3.5 Spatial Itering of source signals

3.5.1 Scalar beam forming

In section 3.4 it was already noted that the phase differdmteeen the anten-
nas due to geometrical delays for an incoming plane wave fiattionly at fre-
quencyf o can be compensated by weighting the antenna signals witbothjegate
ofw = a(lg;fo). The operation of forming a weighted sum of the antenna sgsa
called beam forming. The goal of beam forming is to add thaeaifrom a speci c
directionly at a speci ¢ frequency§y coherently while suppressing all other signals.
The decorrelation discussed in the previous section deschHow well these weights
suppress signals coming from the same direction at slighifferent frequencies.
Below we will assess the suppression of signals at the samedncy coming from
different directions.

Consider a single source with unit power= 1 and array response vectay (Is)
received by a noise free array of antennas with isotropimefd patternsGo = 1),
no coupling between the antenn&® € 1) and unit receiver gain@ = |). These
simpli cations allow us to study beam forming without corigating factors. In this
case, the voltage output of the beam former when pointégiuall be

y(t) = wH (lo) as (Is) ss (1) (3.71)

Due to the stochastic nature of the source signal, the wltagput of the beam
former is stochastic as well, so we have to consider the powfput of the beam
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n o
formerE jy (t)j2 , which is given by

E w" (lo)as (Is) ss (1) s () aZ' (Is) w (lo)
wH (lo) Rs (Is) w (lo) (3.72)

YBF

whereRs (Is) = as(ls) saf (Is) = as(ls)a” (Is). This shows that the output
power of the beam former obtained by adding the antennalsignthe voltage do-
main followed by averaging in the power domain gives the segsalt as coherent
addition of the visibilities, which is generally referrexlas imaging. The equivalence
of an image made by consecutive pointings using a beam foangban image pro-
duced by applying the same antenna based weights to thditiestwas discussed
in [140]. The key difference between imaging and beam fognérthat a beam for-
mer can only apply antenna based weights while an imager ssigraweights to
individual baselines, i.e. individual pairs of antennakjch provides far more exi-
bility.

The advantage of the beam former described by (3.72) is thedfeictively de-
scribes a direct Fourier transform, which is especiallyaattve for dense regular
arrays where the fast Fourier transform can be exploitesl.digadvantage is that
it therefore suffers from the same sampling effects as thei€otransform which
causes imperfect spatial separation between sourcesl|l &&wiemonstrated in Sec.
3.5.2. Therefore more sophisticated schemes have beeogapnposing additional
constraints to reduce the power received from other dwastthan the direction of
interest. The disadvantage of these more advanced methdldatiinformation on
the array covariance matrix is required. Examples of sutiermes are the mini-
mum variance distortionless response (MVDR) beam form&r122] and the robust
Capon beam former (RCB) [69, 126]. The use of these more adddoeam formers
has been proposed [64] and demonstrated on actual datalfll8]4n the context of
beam forming and imaging in the presence of strong intergesources.

3.5.2 Array response

The direction dependent gain of the array or array beamrpdtte a single polariza-
tion can be studied using (3.71) to obtain an array voltagerber (3.72) to obtain

an array power beam by pointing the array in a speci ¢ dim@ttvhile scanning the
sky with a probe. Consider a two-dimensional uniform regtdar array (URA), i.e.

a planar array with its equidistantly spaced elements placea rectangular grid,
consisting ofl6 16 elements with an isotropic element beam pattern. Figure 3.2
shows its power beam pattern when the array is pointed t@ggnat) = (0; 0:6)

for the frequencies at which the array0i® spaced an@:8 spaced
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Figure 3.2: Array power beam patterns fot@& 16 URA pointed towardgl; m) =
(0; 0:6)ifthe array isO:5 spaced (left) an@:8 spaced (right).

In section 3.5.1 it was noted that the basic beam former tbesca direct Fourier
transform relating the far eld array voltage response te toltage distribution of
the electromagnetic eld sampled by the receiving elemefdtSRA samples a rect-
angular area on a regular grid, so based on Fourier theory ayeexpect the array
voltage beam of such an array to have a shape described Bynthinction when
the array is homogeneously excited. Hence the array poveen éll follow a sinc-
function. This is nicely demonstrated by the left panel af..2 which shows the
array power beam for@5 spaced or Nyquist sampled array. The right panel shows
the corresponding beam foie8 spaced or undersampled array. This causes alias-
ing which leads to a grating lobe with the same sensitivitthasnain lobe appearing
in the northern part of the sky. The presence of grating lamgdies that the array
is not able to separate signals received by the grating labéshe signals received
in the main lobe because all these narrowband signals inekaly the same phase
differences in the array elements.

Antenna arrays with all their receiving elements arranged single plane will
experience a distortion in their array beam pattern duedgeption of their aperture
plane on the plane perpendicular to the direction of arri¥alis projection tends to
zero at the horizon leaving the array with no spatial seldgtat zero elevation. As a
result, the size of the main beam will grow towards lower at®ns. This distortion
is not seen in Fig. 3.2 due to the usg(him)-coordinates. These coordinates project
the celestial sphere on the plane of the local horizon, whictttly compensates the
projection effect suffered by the array. This is nicely destoated in Fig. 3.3 which
shows the same beam in @nm)-projection and with linearly increasing zenith angle
on the radii.
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Figure 3.3: Array power beam pattern forl&é 16 half wavelength spaced URA
pointed towards the zenith using tilem)-projection and polar coordinates with
linearly increasing zenith angle on the radii. The circledi¢ate zenith angles of 30,
60 and 90 degrees, the radii are equally spaced at azimetivatd of 45 degrees.

Another advantage df; m)-coordinates is that a change in pointing of the array
causes only a shift of the array beam pattern, i.e. the paitteglf does not change.
This is readily demonstrated by the left panels of Figs. 3@ &3. This can be ex-
plained by the fact that the array beam pattern is deterntigdioe array con guration
and the amplitudes of the weights applied to its elementsmAstioned earlier, the
array beam pattern is the Fourier transform of the spatialptiag within the array
aperture. The array thus de nes a spatial window function.ifcoming plane wave
corresponds to a single spatial frequency, which can beitescwith a delta func-
tion, that gets convolved with the Fourier transform of thisdow function. If this
plane wave comes from a different direction, its delta peathe spatial spectrum
shifts and the pattern it is convolved with, will shift alang

This convolution also implies that the ability of the arraydisentangle signals
coming from two different directions only depends on theasapion of their DOAs
in (I; m)-coordinates. This is easily seen if the inner productvafl) anda(lo)
describing the array beam pattern is written down expiicitl

H
w" (a(lo) = a ()a(lo) = % et 1" et 2 L gt 0w,
(3.73)
Since the inner product is also a measure of the angle bettmeewectors, in this
case in thé? -dimensional vector space of array response vectors,giesdparation
between signals implies that the corresponding array respweectors either are or-
thogonal or are made orthogonal by application of apprograights to the array
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signal vector.

The convolution of the array beam pattern with the sourceadigas an important
consequence for polarimetric measurements with arraydesftical antennas with
co-locatedx-elements ang-elements: the polarization measured in the side lobe
response is determined by the instrumental polarizatiaghémmain lobe and the in-
trinsic polarization of the source. Stated differently ffolarization measured in the
side lobes is not determined by the instrumental polaonadit the position of the
side lobe but related to the instrumental polarization ertiain lobe [143].

3.6 From snapshots to synthesis observations

The data model described by (3.22) is only valid over a lichttene interval and fre-
quency range. The time interval is limited by the stabilifytlee instrument, which
determines the update rate for the instrumental parameisisy the angular veloc-
ity of the Earth, which enforces an update rate for the beamdoweights depending
on the size of the array. The frequency range is limited byndr@owband assump-
tion as discussed in Sec. 3.4. These constraints on thedtiagtime and bandwidth
limit the number of samples that can be combined to obtaishiogt term covariance
matrix estimate. This limits the SNR of the, generally weastronomical sources.
We therefore have to combine several snapshot observatangprove the result,
typically one or more images or source parameter estimateis. process is called
time or frequency synthesis, depending along which axisl#tte are combined. This
section describes how several snapshot observations camti#ned into a synthesis
observation.

Equation (3.22) gives a general data model for a single $rap3o emphasize
this, we introduce an additional subscniptindicating the snapshot index and rewrite
(3.22)to

Rm=GmQm(Am Gom) (Am Gom)" QRGR+ mm:  (374)
These snapshots may either be observations at a diffeneatdi at a different fre-

guency. If the snapshot observations are based on indeptimde-frequency sam-
ples, the covariance matrix for the synthesis observasigivien by

2 3
Ry O 0
Rsynzg(,) e §=bdiag(Rm) (3.75)

0 0 Rwm
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where we have introducdadiag () as a short hand notation for a block diagonal
matrix.

TheoreticallyR syn has the same role in synthesis observatiori® ahas for the
mth snapshot. For exampleyifsyn = W] ;wl; ;w], T thenwt ) Rsyn Wsyn
is the output of the scalar beam former applied to the syiglusservation just like
wH R mwp, describes its output for thath snapshot. In practice, the independence
of the individual snapshots can often be exploited to regiceessing cost and mem-
ory usage. For exampled,, RsynWsy requiresO M2P2 multiplications and
storage ofaMP  MP matrix, while mzl wHRmwp, requiresD MP 2 mul-
tiplications and storage &l P P matrices. It is therefore convenient to vectorize
(3.75) such that only the non-zero elements are retaineid.céh be done by de ning

vec(R1)
§ vec(R>) z
lsyn = : : (3.76)

vec (i?M)

Usingvec WHRpwm = (Wn wm)H vec (R ) and de ning
h T T TiT
Weyn = (W1 wi) (W2 w2) ; (Wwm w) (3.77)

the output of the scalar beam former is simw)Z'yn I'syn Which only requires the
necessaril P 2 multiplications.

In this thesis, calibration is done per snapshot to trackdniations in instrumen-
tal and, as demonstrated in Ch. 2, environmental paramdteescalibrated snapshots
are then combined to form an image using the procedure tescim Sec. 6.3. For
imaging purposes, we will exploit the fact that= diag ( ), so we can write (3.74)
as

VeCRm)= Asm Asm +vec( nm); (3.78)

where we have introducelsm = GmQm (Am  Gom) lsm - The selection matrix
Ism, Which determines whether a source is detected imitie snapshot, describes
sources moving in and out of the FOV during the synthesisrohten. Focusing
only on the overall structure, we write this as

vecRm)=Mp +np: (3.79)

For the polarized caseec (R ) can be expressed in the same form. We will
demonstrate this for an array of identical antennas wheamedsird matrix products
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can be exploited. First note that, for an array of identitatreents, (3.27) becomes

Rm = |
y !
= GmQm (Agm (1 1) IgmEqdtn (Agm (1 1) QHGH +
g=1
* mn: (3.80)

This can also be written as

>@ —0
vec(Rm) = Agn Adn Bameg+vec( mn): (3.81)
g=1

whereA gm =GmQm (Agm (1 1)) andused ym as de nedin (3.31). Taking

h i
—0 —0 .
Mm= Ay, Al Agn Al lsmbdiag (Bgm) (3.82)

im>
anddening = ef[;e}; ;ef T the full polarized data model given by (3.27)
can be expressed as (3.79).

Using the de nition forr sy, given by (3.76) and assuming that the source powers,
, are constant over the synthesis observations, we nd that

2 3
M 1 vec( n1)
§ M, z E vec( n2) z
Fsyn = : + : =M +n: (3.83)
M'M VeC(' M )

This result is used in Sec. 6.3 to derive a generic weightast lsquares solution to
the imaging problem, while (3.78) and (3.81) are used tovdespeci c expressions
for single and full polarization data, that can be appliecdttual LOFAR data as
demonstrated in Ch. 2. This shows that, although much maeeislanvolved in a
synthesis observation than in a snapshot observation, #itlkemmatical formulation
is identical. This implies that many results derived forgsteot observations can be
applied to synthesis observations as well in a straightiotmanner. The analysis
of snapshot observations presented in this thesis is threrafmajor step towards the
analysis of synthesis observations.



Chapter 4

Cramer-Rao Bound

The Cramer-Rao bound (CRB) is a lower bound on the varianea oinbiased esti-
mator. An estimator is ef cient if it is unbiased and the coaace of the estimation
error achieves the CRB. Such an estimator is a maximumifiiket! (ML) estimator.
Although it is generally not feasible to derive such an eaton for practical prob-
lems, practical estimators may be asymptotically ef cjemhich means that if the
number of sampleN tends to in nity, i.e. is suf ciently large, the estimatogends to
behave like an ML estimator. An ML estimator has a numbertwéetive properties:
it is a consistent estimator, its estimates are asymptiyticarmally distributed and
it is an asymptotically ef cient estimator. For a more d&tditreatment on estima-
tion theory, the reader is referred to the excellent texkisauritten by Kay [58] and
Moon and Stirling [75].

In this thesis, the CRB is used in two ways. In the rst platés used to evaluate
the performance of the proposed parameter estimation mgthdhis is done by
comparing the variance of the parameter estimates in Moatk Gimulations with
the CRB. The results from the Monte Carlo simulations alsticate whether the
estimates are unbiased or not. These simulations thengfovéde an indication of
the statistical ef ciency of the proposed estimators. ety the CRB is used to
compute the minimum covariance of the calibration pararmsete a starting point for
the analysis of calibration error propagation in the imgginocess in Ch. 6.

This chapter therefore provides the ground work for lateptérs. We start with
the basic de nition of the CRB and specialize to the case iictvithe data samples
have a Gaussian distribution. The resulting relation fer@RB clearly shows that
the covariance matrix describing the CRB can be partitiondtbcks associated with
speci ¢ groups of parameters. This will be exploited in S&&.in which we provide
the results used in later chapters. Section 4.3, which iedas [151], discusses the

73
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impact of the boundary condition imposed to x the gain phaskition. It is shown
that the commonly used condition that the gain phase of otteeaglements is set to
zero results in a variance on the phase estimates which @@ 2P =P 1) larger
than under the constraint that the average phase is zerothém@sult, originally
described in [119], is that the CRB on the direction indemerdjain estimates is
the same regardless whether an entry of the array covariaati is affected by
an additive nuisance parameter that has to be included ipah@meter estimation
process or it is simply ignored. The details are discuss&kmn 4.4.

4.1 De nition of the CRB

Suppose we want to estimate a parameter vectof 1; 2; ;L ]T from a series
of sample vectors
x(t)=s(t; )+ n(t) (4.1)

which are composed of a parameterized signal vextgr ) and a noise vectar (t).
Assume that the cumulative probability density functiodffp (X ; ) of the sample
vectors stacked iX =[x1;X2; ;XN ]is known. The covariance matr& of the
estimated parameter vector then satis es [58, 75]

C Ccrg =F!? (4.2)
where the elements of the Fisher information matrix (FRVare given by

@Inp(X; )
@ @;

This is the Cramer-Rao theorem a@drg is the Cramer-Rao bound.

Although the CRB provides a powerful tool for statisticabfysis of estimation
problems and proposed estimators, its de nition leads tbetacumbersome cal-
culations when applied to practical problems. Fortunatalyot of ground work
has already been done if the data samples can be describeairiplex Gaussian
noise with covarianc® ( ) = E x (t)x" (t) and mean ( ) = Efx(t)g, i.e.
X CN ( ();R()).Inthis case, the pdfis given by [58]

Fij = E (4.3)

X )= et e L ()R MO ()
P PR 277" "
(4.4)
Itis straightforward, although tedious, to derive an espien for the FIM, and there-
fore the CRB, by substitution of this pdf in (4.3). Since tlenplete derivation can
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be found in [58], we only state the result,

N0 ", @0
fi = N Q@i R0 Q@i
1 RO, 1, @R()
+Ntr R “() @, R “() @, (4.5)
wheretr ( ) denotes the trace of its argument,
2
0.() >
0:( )
e I “o
@r()
@i
and
@Ri( ) @Rz2() @Re ()
@i @i @i
() @%() @%() @@@;() _
@ & o ] a0
@Ral( ) @sz( ) @RDF'( )
@i @i @i

where the derivatives are evaluated at the true value of
If the signals can be described as i.i.d. complex Gaussi@eno= 0 such that
X CN (0;R (). Inthatcase, (4.5) simpli es to Bangs' Formula [5, 109]

Fi = Ntr Rl()@@(i)R 1()@2@(1)
_ @ecR() " -1 ) @ecR()) .
= N —o R () R () —a : (4.8)

The FIM for i.i.d. complex Gaussian signals can thus be amith compact form as

F=NJ" R ') R () J (4.9)

where we have introduced the Jacobian matrix

J= @ecR()) _ @ecR()) @ecR(). . @ecR())
@' @1 ' @> o @.

(4.10)
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Once the covariance of the parameter ve@or has been determined, the co-

variance of a derived parameter vecfor () can be obtained by standard error
propagation formulas, i.e. [10, 58]

@()". @)
@ ° e
Since the CRB is a covariance matrix, this error propagdtiomula can also be used
to derive the CRB fof from the CRB for . This property can be used to demonstrate
that the CRB calculations actually lead to very intuitiveuks. Suppose we have a
function (vec(R)) toderive fromvec (R). The CRB for estimating the elements
of R is given by

Ce = (4.11)

0 #4 " #l 1
@ec(R — 1 @ec
Crec(R) = @ 7(1 N R R ! 7@1 A
@ec(R) @ec (R)
|
1
- ¢ LR R l| (4.12)
= N .
Sincecov(R) = R R =N for a complex Gaussian signal(t) as derived in

[14,82], we immediately see th@lecr) = cov(R), i.e. that the CRB for estimating
the elements ofec (R) is simply the covariance of these elements, an expectelt.resu
The CRB for = (vec(R)) is therefore simply propagated measurement noise if

is estimated based from the measured covariance matrixaricbm the measured
samples. In practice, (R) is often only known implicitly, which makes calculation
of the CRB for from the inversion of the FIM given by (4.9) the most obvious
approach.

4.2 Analytic expressions for the CRB

4.2.1 Partitioning the FIM

Another consequence of (4.9) is that itan be partitioned in subgroups; 2;
thenJ can be partitioned in subgrou@ec (R ( )) =@1;@ecR ( )) =@1;
and therefore the FIM can be partitioned in blocks,

2 E E 3

11 1 2

F=9F,, F,, £ (4.13)
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As we will see, it is often feasible to derive an analytic $ioln for the submatrices
F ,» in which the Kronecker productin (4.9) is reduced to a KhRi@o product or
even a Hadamard product. This reduces the sizes of the emtrieolved consider-
ably thus reducing the memory requirements for their s@rddis allows us to apply
the results not only to toy examples with 10 often used in the literature, but also
to a full European LOFAR station with = 192. The analytic solutions also provide
insight in the sensitivity of the calibration measuremeatthe model parameters.

The calibration and imaging problems [146, 149, 151, 164, 165] presented in
this thesis can all be described using the data model

R=GA (L)GoG AP (L)GH + (4.14)

whereL =[l4;12;  ;lg]. Thisis a specialization of (3.22) witQ = | and diagonal
Gy. The rst constraint is merely introduced for notationaheenience since mutual
coupling can be absorbed A if the mutual coupling matrix) is known. The latter
condition implies that we assume that all receiving elemémtthe array have the
same sensitivity pattern. If the diagonal element&efare unknown, the apparent
source powers of the calibration sources are not knownreitftas implies that we
cannot exploit our knowledge, if available, of the intrmpiower of these calibrators
to model the array covariance matrix for, e.g., complexikergpath gain estimation.
We can therefore introduces = Go G ' and simplify (4.14) to

R=GA (L) A" (L)G" + ,: (4.15)

The direction independent receiver path gaihsan be written a$s =
where = diag( ) describes the gain amplitudes and= diag (exp(j )) de-
scribes the gain phases. We can now identify the followinmugs of parameters
from which different subsets will be estimated using the eladscribed by (4.15):

the amplitudes of the direction independentgains,[ 1; 2; ; pl;

the phases of the direction independent gainss [ 1; 2; ; p]. Since
phases can only be measured with respect to a phase refeseragpropriate
constraint is required to nd an unambiguous solution;

the source positiond, = [l1;l2;  ;lg]. If the phases of the direction in-
dependent gains are estimated simultaneously, a commatiorobr shift of
the source positions can be compensated by changing thetidiréndepen-
dent gain phase solutions An appropriate constraint is therefore required to
resolve this ambiguity;

the apparent source powers = diag( ) where =1 1; 2; ol If
the amplitudes of the direction dependent gains are edthrgmultaneously,
a common scalar factor applied to all elements gfcan be compensated by
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scaling the elements of by the square root of its inverse. An appropriate
boundary condition is required to resolve this;

the receiver noise powers, =diag( n) where n =[ n1; n2; ;P -
Although we have extended the calibration routines to dethl mon-diagonal
noise covariance matrices [164], this case has not yet bessssed using a
CRB analysis.

Letf=[l1;l2;  ;lg] be avector containing tHecoordinates of the sources and
letrm ande be corresponding vectors for the- andn-coordinates. If all parameters
would be estimated simultaneously, the Jacobian-matrilddee partitioned as [165]

h [

J=3 ;3 ;3 ;Jedeidesd |, (4.16)
The corresponding partitioning of the FIM is given by
2 F F F Fe¢e F m F F o, 3
H
F F F Fe F o F. F .
FH FH F Fe F u Fe F
F=8 F% F'. F'. Fep Fey Fee Fe, (4.17)
FHra FH“a FHm Fq';'m Fee Fre Fe ,
FH,3 FHB FHB F(';B Fga Fae Fe ,
FH ; FH ) FH . F";n F,"_j ; FE . F ..

Note that we only have to know the constituents in the upjngte and on the main
diagonal since the other parts of the FIM follow from its Héraity. Below we will

rst derive expressions for the components of the Jacobmattlaen demonstrate how
the results may be used to reduce the Kronecker product®). (#he similarity in
structure of the submatrices of the FIM will be suf cientliear by then to limit the
presentation to those terms that provide interesting Inisignd leave the others as an
exercise for the reader.

4.2.2 Jacobians

The Jacobian for the direction independent gains is, by itiem,

j - @xR®) @cR). . @cR) (4.18)

@1 @> @p

where we have omitted the explicit statement of the paraizate®n of R. For no-
tational convenience, we introduBg = A (L) A" (L). Focusing on the deriva-
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tive with respect to the scalar we nd that

@%i(R):vec % =vec E;j R oG" + GR, "E;
whereE; denotes the elementary matrix in which only (g )th element is non-
zero and equal to 1. An elementary matrix can be written apitbeéuct of two unit
vectors or elementary vectors, ilg; = g ejH . If i = j, then the elementary matrix
can be treated as a diagonal matrix with the correspondergesitary vector on the
main diagonal, i.eEj = diag(ej). Using (C.6), this can be exploited to rewrite
(4.19) to

: (4.19)

@ecR) _
@i

This particular form was chosen because it allows us to plat@iompact expression
forJ . Before stacking the derivatives to the gains of the indiaideceiver paths to
form the Jacobian matrix, we note tatand are diagonal matrices with complex
valued elements on their main diagonal and that their Heamiranspose can thus
be replaced by conjugation. We also note tRgt = R sinceRg is a Hermitian
matrix. The Jacobian for the direction independent gaitisasefore given by

RoG" T 1 e+ IT GRo " e (4.20)

J =GRy I+l GRy : (4.21)

Gain phases can only be determined with respect to some péfasence. This
reference can be formulated as a constraint on the data, Wenill use the simple
constraint that ; = 0. The impact of this choice will be discussed in more detail in
Sec. 4.3. The advantage of this simple constraint is thatdhee of the phase of the
rst receiver path is set, so it does not need to be estimaféeican thus determine
the Jacobian for all phases and then apply a selection niattix remove the rst
column in the computation of the CRB. Thih column of the] is given by

@aR)

F:jvec EiR oG" GRo, "E; " : (4.22)
I
Using (C.6), this can be written as
%:j GRoG |l & | GRoG & : (4.23)
i

The Jacobian matrix for the gain phases including the bayraandition ; =0 can
therefore be expressed as

J =j GRoG | | GRoG I (4.24)
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The Jacobian for the apparent source powers easily found after recognizing
that
vecR)= GA GA  +vec( n); (4.25)

where we have omitted the explicit statement of the deperalefA onL, which is
irrelevant at this point. It then follows that

%: GA GA e (4.26)

Therefore
J =GA GA: (4.27)

In the previous section, it was noted that the direction peaelent gains and the
apparent source powers share a common scaling factor. dj$ar example, be re-
solved by imposing the constraint = 1, which can be re ected in the computation
of the Jacobian by applying an appropriate selection matrix
The product rule allows us to write the derivativevetc (R) with respect td; as
I

@ecR) @ L) ,u H @) " .y
— ——*=vec G———= A" (L)G" +GA (L G
al al (L) (L) s al
(4.28)
All elements ofA (L) that do not depend oh will be zero after differentiation.
Therefore @ (L) @
——2= —a (lj)el; (4.29)

@ @l

wherea; is theith column ofA (L). An expression fora(l;t) is given by (3.7).
Here, we only need to take into account the geometrical dé&éfferentiating with
respect to thé-coordinate then gives

@i (||) @ 1 ]L | . 1 2 . [
— 7= _—p_e e — —diag ([x1;x2; ;xpl)e! i
al @.lpF P g ([x1; X2 )]
(4.30)
IntroducingG x = diag ([ X1;X2;  ;Xp]) G, we can write (4.28) as
%: jp%z—vec GLAE; A"GH GA E;A"GH : (4.31)
1
Vectorization using (C.6) gives
@ecR) _ 2 =

3 j{a% A GyA GyA GA e (4.32)
1
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which implies that

12 S
J¢:Jp$— GxA GA A GiA & (4.33)
In a similar way, we nd
12 - S
J,,,:Jp%— GyA GA GA GyA (4.34)
and 12
Ja:jp%— G,A GA GA G,A (4.35)

whereGy = diag([y1;y2; ;ye])G andG, = diag([z1;22;  ;zp]) respec-
tively.

Equations (4.33), (4.34) and (4.35) show that the entriéiseodacobian related to
derivatives with respect to the m- andn-coordinates of the sources are proportional
to thex-, y- andz-coordinates of the receiving elements respectively. Thsical
interpretation of this relation is that a plane wave propiagealong the coordinate
axis of the coordinate to be estimated provides a betterstgetl to estimate the
source location than a signal propagating perpendiculgnisaxis.

As noted in the previous section, a common rotation or sfiithe source posi-
tions can be compensated by adjusting the gain phases.rifestncations and gain
phases are estimated simultaneously, an appropriate boundndition should be
imposed on the solution. If the position of the rst sourcexsd, the impact of this
constraint on the CRB can be described by selection matrices

For the last component of the Jacobidn,, , we will consider two scenarios. In
the rst scenario, all receiving elements have possiblyedént noise powers such
that , =diag( p). Inthe second scenario, all system noise powers are assumed
equal such that , = 1. Beginning with the rst scenario, we note that

@ec(R)
@ ni

Collecting the derivatives for all values bind stacking them in a single matrix, we
obtain

=vec(Ej)= & €: (4.36)

J =1 I (4.37)

If all receiving elements have equal noise power, the sesoadario, the Jacobian is
given by

_ @ec(R) _ @ec(nl) _ :
J .= @, @. =vec(l): (4.38)
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4.2.3 Constituents of the FIM

Using the expressions for the Jacobians for the appropa@tEmeter sets derived in
the previous section, it is straightforward to compute thd Fom (4.9) and invert
the result to obtain the CRB for the problem at hand. This wadaveniently for toy
examples with? = 10, but becomes impractical for real life situations. For epéam
if we want to compute the CRB for an array with = 100 for estimation of direc-
tion independent gains and phases and receiver noise pfwer299), we need to
multiply 2299  10* matrix with a10*  10* matrix and multiply the result with
anotherl0® 299 matrix. This requires a considerable amount of memory, ithat
not available on most commonly used desktop computers. iZke of the matrices
involved are driven by the Kronecker and Khatri-Rao produEbrtunately, there are
a number of convenient relations that may be exploited tacedronecker products
to Khatri-Rao products and Khatri-Rao products to Hadarpaoducts, each reduc-
ing one matrix dimension fror®? to P. These relations are summarized in App. C.
We will illustrate this reduction by computing , F andF and leave the
other constituents of the FIM as an exercise for the reader.

The rst constituentf , follows from (4.9) as

F =N R*™ R!J: (4.39)

Substitution of (4.21) gives

F = NGR, I+l GR, " R' R

GRy I+1 GR,y : (4.40)

Using (C.10), the Kronecker product can be replaced by arkRato product. The
resultis

F = NGRy I+l GRy "

R 'GRy R U+R "I R GRy : (4.41)
The Khatri-Rao products may be reduced to Hadamard probyapplying (C.11).
This gives

F = N RyGR R, R '+ R, GR ' R GR, +

+R "™GR, R OR '+R ' R ,GR GR, :
(4.42)
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Note that the rst and last terms are each other's compleyugates as are the second
and third terms. We can therefore simplify this result fertto

F  =2NRefM1+ Mg (4.43)

where we have introduced

1

My = R oGR 'GRo (4.44)
1

R
M, = ~RoGR R GR, : (4.45)

Equation (4.24) shows that has a more complicated structure tllansince the
factors with a Khatri-Rao product are pre-multiplied by alac and post-multiplied
by a selection matrix. The submatricgs Je andJs have a similar form. The
derivation of the corresponding blocks of the FIM is therefsimilar to the derivation

forF andF . Starting with the rst, we have
F = jNGR, I+1 GR, " R' R!
GRoG | | GRG lIg: (4.46)

Reduction of the Kronecker product using (C.10) gives
— H

R 'GRoG R Y R ' R !GRG Is (4.47)

This result can be reduced further using (C.11), which tesal

' R IGR,G +

F = jN RoGR 'GRoG R ! "RoGR
+R "GRG R GR ! R ° R oGR !GR,G Iq:
(4.48)

Using the Hadamard product relations given by (C.8) and)(@@ may rewrite
this as

F :]N Wl M, +V2 M1 ls: (449)

Note that each pair of complex conjugates are now subtréeaethg only their imag-
inary parts. Therefore

F =2NImfMi+ Magl (4.50)
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Ifthe factorR © R 'in (4.9) s pre- and post-multiplied by , the Hermitian
transpose ensures that the selection matrix does not enettweén the factors with
Khatri-Rao and Kronecker products, i.e.

F = NI"GReG | | GR.G' R' R !

GRoG | | GRoG Ig: (4.51)

The Kronecker and Khatri-Rao products can therefore becestias before giving

F = NIY GRoG | | GR,G
R ‘"GRG R ! R ' R GRG I
= NIt M, M, M, + M 1 s (4.52)

The constituents of each pair of complex conjugates hasaime sign, so the result
is two times their real parts. Sinceis a real valued diagonal matrix, it can be moved
outside theRe-operator. Thereford; is given by

F  =2NIY RefM; Mygl (4.53)

The submatrice§ andJ , have the same structure &s and the structure of
Je: Jm andJp is identical to that off . The derivations of the other FIM subma-
trices are therefore similar to the ones presented here.réddder should thus nd
it straightforward to obtain expressions for those compsby following the steps
above.

4.3 Impact of gain phase constraints

4.3.1 Constraints on the gain phase solution

The problem of estimating the direction independent gathgrase characteristics of
the receiving elements requires a boundary condition tainlat unique solution. The
physical reason for this is that the phase of an elementmitte array can only be
determined with respect to some phase reference. The unaioiesl solution to this
problem will therefore produce a phase solution that célyrgeedicts the phase dif-
ferences between the elements but has an arbitrary phasg. dthis arbitrary phase
offset becomes problematic if multiple frequency chanoelswultiple subarrays are
calibrated independently, but the results are combinedateastage. Therefore an
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appropriate constraint needs to be imposed to x this offdethas become com-
mon practice in the signal processing literature to impbsecbnstraint that the rst
element of the array has zero phase, as illustrated in [33125, 39, 107]. In math-
ematical derivations, this choice can be made without lbgenerality, and in some
practical cases, this choice is required due to the negesfsd well-de ned phase
reference.

In this section, which was published earlier in [151], atialgxpressions are
derived for the CRB for the gain and phase estimation probddran calibrating
an array of identical elements on a single point source utideconstraint that the
rst element has zero phase and under the constraint thaavbiege phase of all
elements is zero. We show that under the latter constréiatCRB for the phase
estimate decreases by a facB*=(P 1) as compared to the rst constraint. It
is then shown that the proposed constraint does not only @jiesver CRB but is
actually the constraint that minimizes the CRB. We subsetiyielemonstrate that
this constraint is also optimal in the case of an arbitratyre® model and arrays of
non-identical elements. Finally, the analysis is con rmi®da simulation focusing
on the calibration problem of a phased array radio telescope

4.3.2 The constrained CRB

We consider the estimation of a real valued 1 parameter vector. Stoica and
Ng [108] have shown that if the estimdlés subject tdK continuously differentiable
constraint$ ( ) = 0, the CRB has the form

i
c =g b b U UTFU ‘UT: (4.54)

In (4.54),F denotes the FIM for the unconstrained parameter estimptigisiem and
UisanL (L K) matrix whose columns form an orthonormal basis for the null
space of th&K L gradient matrix oh ( ),

H()= @é(T): (4.55)
This implies thatH ( )U = O while UTU = |. Earlier, Gorman and Hero [43]

have found a similar expression for the CRB under parametmstraints using a
derivation based on the Barankin bound.
For our application, the complex gain estimation problemsknsor arrays can

be parameterized in terms of gain amplitudes and gain phiases
h it

= T =y el el (4.56)
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The aim of this analysis is to compare the CRB under the fatigwo parametric
constraints:

hi () 1=0 (4.57)

ha() = =

|

©

|
o

(4.58)

The gradient matrices for these constraints are

Hi( ) Of j 1,08 4 (4.59)
Ho() = Opj1h (4.60)

where0, and1, denote column vectors of size 1 lled with zeros and ones
respectively. Orthonormal bases for the null spaces ofthjesdient matrices are

2 3
A lp | Op () .
Uy = 4T (I)FF: : (4.61)
0 1,1:p5
Uy = 4 1p 4 Op yp ° (4.62)

Op (P 1)||p 1P1E:P

wherel , denotes th@ pidentity matrix and), 4 andl, 4 denotep qmatrices
lled with zeros and ones respectively. The unconstrainid for this problem can
be found by takinds = | in (4.24) and is given by

RefM1+M2g |me1+M2g

F=2N" 1m MT+MI  RefM, Mig

(4.63)

whereM 1 andM , are given by (4.44) and (4.45) respectively.

4.3.3 Single calibration source

In this section, we specialize to calibration based on alsipgint source; the case
Q > 1lis considered in Sec. 4.3.4. Without loss of generality, we assume that
the single source is positioned in the phase center of tlay amd has unit power.
This simpli es the source covariance modelRy = 1p 1},. Assume also that the
array consists of identical elements, sowe maytake I, = 1land , = ,l,
where , is the noise power of a single element. The covariance matoistel then
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simpliestoR = 1p 1{, + nl, which can be inverted using the Sherman-Morrison
formula [6],

B bb"B ?
B+bb" ‘=B ! —__— — 4.64
1+bHB 1b (4.64)
This yields
R 1= 1 | L o1 (4.65)
= - n n P pip . .
Using these simpli cations, (4.44) and (4.45) reduce to
- P 1 T
My, = . P I n+Plplp (4.66)
1
My, = —— _1,17: 4.67
T o0
The FIM is then described by
_ 2 Pl+ 2211  0p p
F= n( nt P) Op P Pl 1p 1; (468)

Note (as expected) thé&t is singular with a one-dimensional null space spanned by
the vector

_al  Op
Vo= P 1 (4.69)

Thus, a constraint to avoid this singularity is necessary.
Substitution of (4.61) and (4.68) in (4.54) gives the CRB emthe constraint
1 =0 as

2 Ip "—PlplT | Op p 3
C n(nt+P) 4 2P P 0 or 5.
2P 0 P 1 '
PP Op 1 lp 1+1p 11}
(4.70)
This implies that
n ( n + P) n P
var = ——= 1 — 471
(o) 55 > p (4.71)
for all elements and that b
+
var ( p) = % (4.72)

for all elements exceptthe rst. The variance of the phasthefrst elementis zero,
since 1 =0 by de nition.
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P
The CRB under the constraint "

p=1 p = 0 canbe found in a similar way using
(4.54), (4.62) and (4.68) as

+P) | S 0
C n( n P 2 . P Plp P P 473
2P Op P |p 1p 11P- =P ( )
This means that ( P) b
_ nln* n
var( p) = P 1 2P (4.74)

for all elements. This result is the same as the result obdaimder the constraint
1 = 0. This outcome was expected since neither constraint aftbet gain esti-
mates. For the variance of the phase estimates, the resultis
n ( n + P) 1

1 = (4.75)

var( p) = P B

which differs from the previous result by a facteiP=(P  1). If P is reasonably
large, this factor is approximately equal to 2.

In [24], De Carvalho et al. pose that among all sets of a mihimanber of in-
dependent constraintthe pseudo-inverse of the unconstrained FRY yields the
lowest value for the total variance on all estimated parasretAn eigenvalue de-
composition onF will yield r = rank( F) eigenvalues; 6 0 with correspond-
ing eigenvectors;. If V =[vy;vy;  ;ve]and =diag([ 1; 2; ; r]), the
pseudo-inverse inverse can be computed by

FY=v WT=v vipy 'vT (4.76)

which has the same form as (4.54). Therefore, to achievethestk total variance on
all estimated parameters, we need toldet V or (more in general) selett such
that the column span &f equals the column span¥f. In other words, the boundary
conditions should be selected such that their gradientixngians the orthogonal
complement oV , the range of the FIM. This complement space is describetidy t
eigenvectors corresponding to the zero-valued eigenvaitine FIM.

In the case studied here, one eigenvalug @i (4.63) is equal to zero with corre-

sponding eigenvectarg = 0F ;1] T="P. Thisis pEeciser the space spanned by
the gradient matri , ( ) in (4.60). This proves that E:l p = 0 is a constraint
that minimizes the total variance on the estimated paraete

4.3.4 Multiple calibration sources

When studying more complicated source models followingstieps outlined in the
previous section, one does not obtain a pedagogicallyastieg expression. We will
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show below, however, that, still lies in the null space of in the general case with
an arbitrary source covariance mo#gj and for arbitrary direction in(,ie endentgains
and phases, i.e. for6 | and 6 I|. This suggests that the constrainE
also minimizes the total variance on all parameters in theergeneral case.

We need to show thdvy = 0. SinceF is a positive semi-de nite matrix, it
suf ces to prove that/§ Fv o = 0. Using the structure of, this reduces to proving
that, for the(2; 2)-block of F,

1 p=0

1,Ref (M, Mi) glp =0: (4.77)

As a starting point, we note that

M, = R Ro R ! Ro =Y 2z (4.78)

where we have introduced the Hermitian matrives R ! andZ= R o M.

In a similar way, we nd that
M, =2ZY YZ: (4.79)
By inserting (4.78) and (4.79) in (4.77), we obtain

1fRef (M2 Mi) glp =
= 1JRe ZY YZ 2YZ Y 1p

. Eavaill T T
= Re diag 2ZY YZ (2YZ2)'Y 1p
n 0]
= Re tr (zvzy )" ZYzY

- 0 (4.80)

which completes the proof.

4.3.5 Application example

We will illustrate the multi-source case by an example. Fads example, we will
use the antenna con guration of LOFAR's initial test statid TS) [140], which is
shown in the right panel of Fig. 2.5. ITS consistedRof= 60 inverted V-shaped
dipoles arranged in a ve-armed spiral con guration. Wehaissume a sky model at
30 MHz consisting of the stronge® = 10 astronomical sources that were visible
in the sky above ITS on January 26, 2005 at midnight. The solacations and
power ratios were taken from the third Cambridge (3C) cataloradio sources [8].
The total power of these sources was assumed to be 1% of ttersysise power
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Figure 4.1: CRBs for multl -source complex gain estlmaigomhw =
[ 1; 2; Pl o1, 2. ; p] under the constraints; = 0 and _; =0
as well as the CRB based on the pseudo-inverse of the FIMhbatd give the low-
est total variance on the eglmated parameters. Note thdatter coincides with

the CRB under the constraint’ p=1 p=0, indicating that this boundary condition
leads to the lowest possible CRB.

of the individual antennas. The computations were donemisgjintegration over
N =156250samples.

We compare the CRBs for both boundary conditions£ 0 and 5:1 p=0)
with the lower bound given b¥Y. We take identical elements as parameter values,
i.,e. = land = I|. The results are shown in the right panel of Fig. 4.1. The
horizontal axis is the index of the individual parameterthie parameter vector in
(4.56). The vertical axis is the computed bound on the vagan

The plot shows that, as in the single source case, the cansthave no impact
on the variance of the gain estimates and that the variandbeophase estimates
decreases by approximately a factor 2. The plot also shostghe variance varies
from one element to another. This can be explained by sigrabise ratio differ-
ences between baselines. As a result, some elements hasfaerable position in
the array than others and therefore have less accuratergaphase estimates.

In the previous subsection, it was demonstrated thalies in the null space
of the FIM, suggesting that the boundary condiuoﬁrj:l p = 0 gives the same
CRB as the CRB obtained by taking the pseudo-inverse of thMe Rihich gives
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the lowest total variance on the estimated parameters. gn4rl, we also plotted
the latter GRB for the multiple source case considered h&te CRB under the
constraint E:l p = 0 coincides within the numerical accuracy of the simulation
with the CRB based on the pseudo-inverse of the FIM as exgpbetged on our earlier
analysis.

4.3.6 Concluding remarks

The CRB for estimation of the q'gection independent gaird pimases was studied
under the constraints; = 0 and E:l p = 0. It was found that for calibration
on a single point source of an array of identical elementsy#riance on the phase
estimates is larger by a fact@P=(P 1) under the rst boundary condition as
compared to the latter, which is in fact the constraint thiirmize s the total variance
on the estimated parameters. It was also shown that simdlaclasions hold for
more general cases involving arbitrary source covarianogets and arrays of non-
identical elements.

We offer the following intuition for this loss by a factor ofraost 2. Suppose
that the phase parameter vector is estimated without a ppi@se constraint. In
that case, all phases are shifted by an arbitrary offsetctratot be identi ed. An
implementation of the rst constraint would sef = 0 by subtracting ; from all
other phase estimates. This reduces the variance of thes¢stof ; to zero but adds
its original variance to the variance on the phases of athelgs, thus doubling the
variance on their phase estimates. The second boundaritioorvdould compute the
average phase and subtract it from all elements, which enlgd to a small increase
in the variance on the phase estimates. This intuition cdallmsved in many similar
cases as well, e.g. in the context of blind source separatidrequalization, where
the phase is often not uniquely identi able.

It can be shown that if the estimation problem is reformwateterms ofP 1
phase differences, the variance on thEse 1 parameters are the same under both
constraints. This indicates that if the system only usesvi@age of the phase differ-
ences between the elements, the result is not affected ghtiiee for either of the
two boundary conditions discussed in this section. An eXxaropsuch a situation is
the power output of the beam former of an array of antennas. dffference in the
variance on the phase estimates does matter, if phasetgtabthe whole system is
required. An example of such a system is an array of subamayhich the beam
formed output of the subarrays is processed further atsyketeel. If the subarrays
are constantly recalibrated independently, their phafsgerces should be as stable
as possible. In such cases, the average phase may provide @uitable reference
than the phase of a single elelf,nent. Such a system would eecprieful tracking of
the phases, since the constrainE:l p = 0 is insensitive to a phase offset that is
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an integral multiple ok =P . If the phase variations between consecutive calibra-
tion measurements are too large, the phase reference mibjtexphase jump of an
integral multiple of2 =P .

4.4 Dealing with missing data

4.4.1 Problem statement

The CRBs for radio astronomical calibration problems comiyassume the use of
the full array covariance matril® [12,120, 149, 165], while the existing algorithms
for estimation of instrumental and source parameterst@fidg discard the diagonal
entries ofiR [12,149,165]. This makes sense because the system noisegpofthe
receiving elements are assumed unknown and mutually wlated, which results
in a diagonal but unknown noise covariance matrix. A general formulation of
the data model applicable to all the commonly used modelslf3, 52, 140, 165] is
therefore

R=Rs( )+ n; (4.81)

whereR () is the parameterized model of the noise-free array covegiamatrix.
Existing algorithms often only estimateand simply discard the diagonal Bf. The
lower bound for the case that the diagonahois used is of course also a lower bound
for the case in which it is discarded, because discarding ciam only increase the
variance. However, the question remains whether the CRRyjfeeh if we take into
account that the data has been discarded. If so, the diagon&dins some useful
information to estimate and there might exist an algorithm that exploits that infor-
mation. In this section, whose material was publishedeani[119], we investigate
this issue using a CRB analysis.

Intuitively, we expect that it does not matter whether thegdinal ofR is dis-
carded or not if , is unknown. This intuition is based on the form of the commnyonl
used least squares cost function. If is known, the least squares estimation problem
is described by

w

W w2
b = argmin wiR (Rs( )+ n)wF
X X 2
= argmin Ri (R ( )+ nij) : (4.82)

i=1 j=1
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Forunknown , =diag( n)where , =[ n1; n2; ; npl ,this becomes
n 0 XX 2
b:p, =argmin Ri (R ( )+ i jj) : (4.83)
vono =l j=1

If n isunknown, its constituents,; only appear in one term of the sum, so we
are free to choose,; such that

Ri  (Rsii ( )+ ni) ’ =0: (4.84)

Therefore, this term is always zero and the solution fonly depends on the remain-

ing terms, i.e. X
2
b = argmin Ri Rej () : (4.85)

The availability ofi®; does not matter for the estimation oince it does not appear
in (4.85). IfR; is missing, the term in (4.84) cannot be evaluated, so it nezthe
removed from the least squares problem. The remaining @nmokd given by (4.85).
We thus conclude that in solving forusing the least squares method it does not

matter whether either,; is unknown or#?ii is unavailable or both. This suggests
that the theoretically best attainable statistical penfamce is the same for all cases.
To see whether this is true for any estimator, we will evauhe CRB for four cases
whether we consider,; as known or unknown and WhetHEn is available or not.

4.4.2 Derivation of the CRB

If the P 1 array signal vectors [n] are i.i.d. with a complex normal distribution
with zero mean and variané®, i.e.x[n] CN (0;R), the array covariance matrix
estimate

X
R= x[n]x" [n] (4.86)
n=1

will have a complex Wishart distribution with degrees of freedom, iR
CW(R;N). The probability density function of the complex Wisharstdbution
is given by [18]

N P .
p RRR = — 1 R e "(R 'R) (4.87)
e R
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wherecp.y is a normalization constant. This distribution has theciwlhg proper-
ties:

n o
ER = NR (4.88)

1
Z
Py
Py

cov R (4.89)

Note that these are the expected propertid‘% dfthe samplex [n] are simply added
instead of averaged as was done in Ch. 3.

If a parameter is estimated from sampigsxz;  ;Xn, but the estimator only
uses the samples; x2; iXN 1, I1.e. theN th sample is discarded or not available,
the calculation of the CRB requires the pdfaf x»; ;XN 1. Suppose that the pdf
of the samplegy; Xz; ;XN is known and given bp (x1; X2; ;XN ). The pdf of
the samplexy; Xz; ;XN 1 can then be found by integratin(xy; X2; IXN )
overxy from1 tol [63],i.e.

Z,
P(X1;X2; XN 1) = ) P(X1;X2;  Xn)dXn: (4.90)

From the Wishart distribution and the de nition of the FIMvgn in (4.3), one
can derive the FIM for Gaussian sources. The result is Bdfiogsiula which can
be written in the compact form given in (4.9). Now we consitler elements that
do not use the rst element of the main diagonal of the arrayadance matrix, i.e.
we consider the estimators that either discard or do not kiaweledge oﬂbn. The
FIM for theses estimators is based on the pdf of the remaitétg. Based on (4.90),
this pdf can be found by integrating the pdf of the Wishartrdisition given in (4.87)
overRy;. For convenience of notation we de o to be equal taR except for
the (1; 1)th element, which is equal to zero. We also deﬂag;l as the submatrix
obtained fromR by omitting its rst row and rst column. We can then expre$et
pdf for our problem as

N P
p RoR = % Ry Rt T
CP;NJOJ 1
R 1
exp@ tr R 'Ry + h— LA (4.91)
h o1

0 11
From this pdf, the FIM for the case in Whié?}u is unavailable but 1 is known
can be derived. The derivation is somewhat tedious and datgsravide any addi-
tional insight. We will therefore only state the result, aiican be expressed in a
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simple form; the FIM is Bangs' formula minus a penalty foraisding the data:

F =" NR* R! (N P+1)P J: (4.92)
whereP is a “penalty” matrix de ned as

vec R 1E;4R ! vec R ER M

P = : (4.93)
R 15,
h iT
If we modify the parameter vector ® = T 1 toinclude the unknown
parameter 1, the FIM is extended by one row and one column, i.e.
F F
Fee = = = nln:l : (4.94)
nl

The CRB for€ is the inverse oF .  Which can be partitioned as

2 h i hoi 3
F F
Fl=§%n °% h % o £ (4.95)
E 1 E 1
ee ee

ni nl nil

Since our interests lie with the impact on the parameterovectve will focus on the
upper left block. Using the Schur complement [75], this kloan be written as
h i 1
F.I = F F F! F : (4.96)

ee ni nl n1l ni

We thus de ne the modi ed FIM as
E =F F FL.F (4.97)

nl nil ni

The CRB for the original parameter vectorin the presence of the additional
parameter 1 is given by the inverse of the modi ed FIM. If we apply (4.99 t
either the case in whicRy; is discarded using the pdf given in (4.91) or the case
in which the full array covariance matrix is available usBangs' formula given in
(4.9), we obtain

E =" NR' R! NP J (4.98)
This shows that if 1 is unknown, the corresponding entry of the array covariance
matrix Ii?ll can be discarded without changing the bound. In other wafds,

is not known, an algorithm that does not WRe can be statistically ef cient. For
convenience of the reader, all results are summarized ile Fab.
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| n1 known n1 unknown

R, included S=0Q S=Q NP
Ry excluded S=Q (N P+1)P S=Q NP

Table 4.1: The FIM for the four different cases is givend3ySJ. The matrixQ is
1

denedasQ =N R R 1.
n1 is known,Ry; is available s
a1 is unknown R+, is not available =
n1 is known,R;; is not available 5
1 1 1 1 1 J
0 0.002 0.004 0.006 0.008 0.01 0.012

Figure 4.2: CRBs (bars) and mean square errors of the absghih of the rst
element obtained by a MLE in Monte Carlo simulations. Thekees indicate the
99% con dence intervals.

4.4.3 Discussion

This analysis also shows thatﬂ?ll has not been observed, it still matters whether
n1 IS known or not. This may seem surprising at rst glance bueeosid thought

quickly suggests that this may be related to the fact thastatistical performance

of least squares algorithms often improves if appropria@ting is applied to the

data and that the required weights often depend gnThis argument indicates that

the additional information may indeed by exploited. We haee ed this conjecture

by implementing the maximum likelihood estimator (MLE) tbree cases:

1. 1 is known andRy; is available;
2. 1 isunknown and?ll is not available;
3. 1 is known andi?ll is not available.

We have performed a Monte Carlo simulation wittf runs for each scenario with
P = 3 antennas an®l = 100 samples. The parameter vector consisted of the
absolute gains and the phases, i.es[ 1; 2; 3; 2; 3]

In Fig. 4.2 the CRB and the mean square error of the absoluteofjahe rst
element have been plotted. The gure shows that the MLE perédetter when,;
is known. The mean square error even lies slightly below tR8 CThis is possible
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because the MLE for this problem is slightly biased at srhall For largeN the
performance equals the bound, but also the differencesleetihe CRB for the case
in which 3 is known and the CRB for the scenario in which it is not knowoeg

to zero. In any practical scenario the number of samplés much larger than the
number of sensorB and then the difference becomes negligible. Apart from this
consideration, it is questionable whether there existspmagtical situation in which
one knows 1 but does not knovﬁ?ll.

The most important conclusion therefore remains that ifibise powers are un-
known, an algorithm that discards or ignores the diagon@leswhile estimating
can still be statistically ef cient since discarding theadonal ofR has no in uence
on the CRB. It also indicates that the CRB in estimation peptd in which some en-
tries of the array covariance matrix are discarded may beaded by extending the
parameter vector with additive nuisance parameters ongheogriate entries. The
intuitive rationale for this is provided by considering tt@ntribution of the individual
entries to the value of a least squares cost function.
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Chapter 5

Calibration

5.1 Introduction

The calibration of aperture array radio telescopes williegnovel approaches com-
pared to the methods currently used to operate the classid@ telescopes based
on a single receiver in the focal plane of a large parabobt tike the WSRT and
the VLA. This statement is motivated by three reasons. Bifrstl, aperture arrays
have to sample their entire collecting area while classiadio telescopes use their
parabolic dishes to focus all received power at the receMMgerture arrays therefore
require a large number of receiving elements to providedaht collecting area to
meet the desired sensitivity. Instruments like LOFAR [15/]1 MWA [72, 73] and
EMBRACE [1, 2, 84] will have 10; 000 elements, which is three orders of mag-
nitudes more than current radio telescopes like the WSRTidl#es) and the VLA
(27 dishes). The SKA [31, 44] is envisaged to hava(® elements. These numbers
enforce clever distributed signal processing schemesép Kee data streams man-
ageable and clever algorithms which can run on suitablepégformance computing
hardware.

In practice, this challenge is dealt with by adopting a higni&cal system design
as described in Sec. 1.3 and depicted in Fig. 1.5. In suchigrgeble array is sub-
divided in subarrays commonly referred to as stations. Eation consists of a
number of antennas, which may either be individual recgielements or compound
elements. These compound elements or tiles consist ofpteutiéceiving elements
whose output signals are combined in an analog beam fornpeothuce the tile out-
put. A nice example of such a system that uses all the aforéomexl aggregation
levels, is the LOFAR HBA system [127]. Sixteen dual poladit¢BAs forma4 4
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tile and 48 or 96 HBA tiles are connected on-site to digitalgessing hardware to
operate as a station. Each station sends its beam formeditdotp central process-
ing facility where all station data streams are correlategrovide the basic data
for (self-)calibration of and imaging with the full LOFAR r@y. Other systems like
EMBRACE and MWA follow a similar approach. The hierarchisgstem design
limits the number of signal paths at each level td 00thus keeping the data streams
and processing requirements manageable.

The second reason for considering novel approaches tar&iitib is the wide
eld-of-view. The receiving elements of an aperture arrgatisn have a very broad
beam. This allows us to steer the telescope electronicglinéans of changing the
beam former delays or weights instead of mechanically. fiddsices the amount of
time spent on slewing to another source to just a few secamlish opens many
new observing possibilities such as interrupting regulasensving schedule to study
transient phenomena. The intrinsically wide FOV of aperturays also makes them
attractive for the SKA at the lowest frequencies 1.5 GHz), since survey speed,
which is regarded a key gure of merit for the SKA, is direcflyoportional to the
FOV [16, 20, 55]. However, due to their large FOV, the induadireceiving elements
will detect signals from a multitude of sources all over tkg and cannot be focused
on a single source for calibration. Calibration technighased on a single point
source (see, e.g., [12]) may therefore no longer be appticabpecially not for aper-
ture array stations. Another complicating factor in larg®/s is that the propagation
conditions may vary over the FOV due to ionospheric or trgbesic disturbances.
If the array has a large physical extent or is insuf cienghasse to ignore mutual cou-
pling, the gain variations over the FOV may even differ froneageceiving element
to another.

Finally, these new instruments will have a much higher smityi than current
instruments and therefore have the ability to detect vegkvgignals. All signal pro-
cessing algorithms applied to the new radio telescopeddlhious be able to detect
these very weak sources amidst all the known strong sigihls.requires a dynamic
range of a few million to one in observations close to thergiest sources in the sky.
In practice, this requirement can be reformulated by sjatiat the signal processing
algorithms should not unnecessarily raise the noise in tre¢ data products. This
can only be judged if one knows the best possible performanmlgieh is the main
motivation for the analysis in Chapters 4 and 6 of this thesis

The calibration problems of radio telescopes can qualébtibe divided into the
following four regimes depending on the size of the FOV ofitidividual receivers
and the baselines between them [71]:

1. Allantennas and all lines of sight sample the same prdjmageath. The array
manifold is therefore not distorted. This is the regime vgthall FOVs and
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Figure 5.1: From top left to bottom right: graphical repmasgion (after [71]) of
regime 1 (small FOV, short baselines), regime 2 (small FOhIbaselines), regime
3 (large FQV, short baselines) and regime 4 (large FOV, lasglines).

short baselines as shown in the top left panel of Fig. 5.1.

2. If the FOV is small but the baselines between the receiglaments are long,
the lines of sight towards a given source may experiencereifit propagation
conditions, but all lines of sight within the FOV of a singkxeiving element
experience the same propagation path. In this regime,r@titorepresented in
the top right panel of Fig. 5.1, the different propagationditions only cause
antenna based gain effects.

3. If the FOV is large while the baselines are short, all linésight towards a
single source go through the same propagation path, b thay be consid-
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erable differences in the propagation paths towards dissiources within the
FOV. The environment thus imposes a direction dependenthat is the same
for all elements. This scenario is depicted in the bottortdahel of Fig. 5.1.

4. In large arrays consisting of elements with a large FO¥/Jites of sight from
the receiving elements towards each source within the FOY emaounter
different propagation conditions. The required gain cctioms therefore differ
per source and per element as shown in the bottom right paRéd.cb.1.

The rst two regimes can be handled under the self-calibratissumption used
in radio astronomy, which states that errors are telescapedthereby reducing the
estimation problem to a single direction independent gaotdf per telescope [26].
The problem of estimating these direction independentgjlaéised on a single cal-
ibrator source is treated in [12], while the multiple soucese has been discussed
in [149]. The problem of nding a complex gain per antenna geurce, the fourth
regime, is not tractable without further assumptions thiainato parameterize the
behavior of the gains over space, time and/or frequency][18Qhis chapter, based
on [164, 165], we will focus on the third regime, thus llinge gap in the available
literature. This should allow us to calibrate closely patgeoups of antennas such as
a LOFAR station or a subarray of the MWA, which forms a valeadibp towards cal-
ibration of the whole array. In Sec. 5.5 we will discuss a felagtations to the basic
algorithm presented in Sec. 5.3 that were required for thEARSstation application.

Although our primary interests lie with aperture array cadilescopes, the prob-
lem is stated in general terms in Sec. 5.2, since the probleys @ key role in a
range of applications ranging from underwater acousti@tenna arrays. This ex-
plains the persistent interest in on-line calibrationpaatibration or self-calibration
of sensor arrays [3, 36, 37,89, 104,120]. In most applioatithe main driver for
studies on array calibration is to improve the DOA estinratigcuracy. Many stud-
ies in this eld therefore try to solve for the DOAs and a numbgarray parameters.
In [36, 37, 103, 133] self-calibration schemes are presemgich solve for the di-
rection independent gains and the sensor positions, ieditiectional response of
the sensors is assumed to be known. Other studies assumgalledrenvironment
to calibrate the array by measuring the calibrator sourcesat a time [79, 90] or
exploit the array geometry, e.g. a uniform linear array (Jlbaving a Toeplitz ma-
trix as array covariance matrix [3, 68]. Weiss and Fried&r[d34] have presented
a technique for almost fully blind signal estimation. Theiork, however, focuses
on estimation and separation of source signals, not on ctegizing the array itself.
The problem at hand thus also forms an interesting additidine literature available
on sensor array calibration in general.
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5.2 Problem statement

The algorithms developed in Sec. 5.3 and validated usingt®@arlo simulations
in Sec. 5.4 are based on the data model given by (3.33), k@uioanalysis we will
initially adopt the array covariance model

R=GAA "G"+ .: (5.1)

Calibration then means solving f@&, and |, under the assumption that is
known or parametrically known.

This data model is commonly used in papers on sensor arrdyraiadn (see
e.g.[12,39,90,149]). Flanagan and Bell [36,37], Weissknetlander [133] and See
[103] effectively use the same model, but focus on positiglibcation of the array
elements and are therefore more explicit on the formA ofIf the source positions
and locations of the sensors within the array are known, atigiixformula for aq
like (3.7) can be used to compute the spatial signature x&ct®ased on (3.7) and

introducingL =[l1;12;  ;lg], the spatial signature matri is described by
A= p%exp j2— L (5.2)

where the exponential function is applied element-wiséstaigument. The time de-
pendence in (3.7) has dropped out due to correlation. Ineimainder of this chapter
we will specialize to a planar array haviag = 0 for convenience of presentation
but without loss of generality.

From (5.1) we observe th& and share a common scalar factor. We may
therefore impose the boundary condition= 1. Furthermore, we will take the rst
element as phase reference, i.e. we will impoge= Opto resolve the ambiguity in
the phase solution d&. In Sec. 4.3 it was shown that Szl p = 0 is the optimal
constraint for this problem. However, it turns out that theice of constraint only
matters when signals from different stations are combifddd: demonstrations and
examples in Ch. 2 were all done at station level, so this stybtlid not have impact
on the results. The choice for the constraint= 0 also simpli es our analysis in
combination with the constraints required to uniquely tifgrthe apparent source
powers and source locations. When solving for source logatia single rotation of
all DOA vectors can be compensated by the direction indegetghin phase solu-
tion. We will therefore x the position of the rst source tabve this ambiguity.

In Sec. 5.3 we will address four related sensor array cdidrgproblems based
on the data model described in (5.1). These scenarios anmatired below where
the parameter vectors adhering to the aforementioned laoyednditions are stated
explicitly.



104 Calibration

1. The sensor noise powers are the same for all elementsyi.ee 2 = =
np , Suchthat , = 1 wherel is the identity matrix. In this scenarlo the

parameter vector to be estimatedis  T; 2 ; p; 20 5 Q) n
2. The sensor noise powers are allowed to differ from one ehéno another i.e.
n =diag( n). Inthis case the parameter vectoriss  T; 2, ; p;
2, 7 Qs nly y nP
3. n = plandA = A (L), i.e. similar to the rst scenario but with un-
known source locations. In thiscase= T; 5 TPy 2; ; Qs ons
3 LT
4. ,=diag( n)andA = A(L),giving = T; 2 p; 2, i o;
. . .|T. .|T T
nl, » NPyl

Note that all scenarios assume a diagonal noise matrix. Ereanderlying physical
model described in Ch. 3 it is clear that this may not provideadistic description
of actual data. In Ch. 2 we have demonstrated that a non-d@goise covariance
matrix may also be used to model extended emission, allouwsrig do our calibration
on a point source model. Therefore an extension with a nagedtial noise covariance
matrix will be discussed in Sec. 5.5.

5.3 Algorithm development

5.3.1 Generalized least squares formulation

An asymptotically ef cient estimate of the model paramster can be obtained via
the ML formulation. Since all signals are assumed to be. iGdussian signals, the
derivation is standard and the ML parameter estimate®fandependent samples
are obtained by minimizing the negative log-likelihooddtion [82]

b=argmin InjR( )j+tr R ()R (5.3)

whereR ( ) is the model covariance matrix as a function odndR is the sample
covariance matrid XX H.

It does not seem possible to solve this minimization probleniosed form. As
discussed in [82] a weighted least squares covariance imgtahproach is known to
lead to estimates that are, for a large number of samplegjadent to ML estimates
and are therefore asymptotically ef cient and reach the CRB
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The least squares covariance model tting problem can b&eé as
b = argmin % R ( )Wi : (5.4)
Equivalently, we consider minimization of the cost funatio
(= ¥R ROW = (1) (55)

The more general weighted least squares problem is obthyniatroducing a weight-
ing matrixW and minimizing

w ()= )wf (): (5.6)
The optimal weight is known to be the inverse of the asymptotivariance of the
residualsg f ( o)f" ( o) , where g is the true value of the parameters [82]. The
optimal weight for Gaussian sources is thus

Wopt = ﬁ R ! !

=R R L (5.7)

The Kronecker structure aW o allows us to introduc#V ¢ = R 12 and write the
weighted least squares (WLS) cost function as

W Wo
w()=WWe R R() Wew_: (5.8)

As mentioned earlier, this estimator is asymptoticallyimabd and asymptotically
ef cient [82].

We propose to solve the least squares problems for the fenasios de ned in
Sec. 5.2 by alternating between least squares solutiondgets of parameters. The
subsets are chosen such that the solution is either awvailatie literature or can be
derived analytically. We will have four subsets of paramgetéhe complex direction
independent gains of the receiving elememtshe apparent source powers the
receiver noise powers, and the source locations. In the following subsections
we will develop unweighted and weighted least squaresisalsifor these subsets
before putting them together to form the alternating leqaases (ALS) or weighted
alternating least squares (WALS) method respectively.

5.3.2 Estimation of direction independent gains

The least squares problem to nd the omnidirectional g@itmsed on the weighted
cost function  ( ) can be formulated as
W W2
g=argmnw W, W, vec R n diag (vec(Ro))(T Q) W
9
(5.9)
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where we have introducedg = AA M in this subsectiomR 5 is assumed to be
known. This problem can be solved using standard techninyesgardingy andg as
independent vector parameters and alternatingly sohanghem until convergence.
In this approach, the solution fgris

W W2
b = argmnw W, W, vec R N RoGH 1 g W
g
C H—H— 1— 1 _ 4 H
= RIGRGRy, R! "RWGRo R! vechR

(5.10)

Since the result fag is simply the complex conjugate of this relation, it is suént to
apply (5.10) repeatedly until convergence. Although (WpA&nsures that the value
of the cost function decreases in each iteration, it doeguatantee convergence to
the global minimum, especially if the initial estimate isgpoThe number of iterations
required for convergence also depends strongly on theijiahthe initial estimate
to the true value. We are thus interested in nding a goodahéstimate forg.
Fuhrmann [39] has proposed to use a suboptimal closed fduti@oto initialize
the Newton iterations used to solve the ML cost function uride assumption that
n is known (or actually no noise is present). A similar problemith unknown
n and withR g a rank 1 matrix, i.e. a single calibrator source) was stuiigd?],
where a “column ratio method” was proposed. Below we geirerahd improve that
technique following and extending the discussion in [148].these techniques are
suboptimal in general in the case of multiple calibratorrses, but they can be used
to provide the starting point for iterative re nement.
The closed form solution suggested in [39] can be derivecobiswis. If the
structure inu = § g is neglected and , is known or negligible, we can solve for
u in the least squares sense by

b = diag (vec(Ro)) *vec R (5.11)

or equivalently

"= R ., R (5.12)

Note that the weights cancel because we solve for one pagafoetach entry oR.
Subsequently, use the structureufind assume that the estimategof™ obtained

in the rst step has rank 1. An eigenvalue decomposition &du® extrach as the
dominant eigenvector fror. It is clear, however, that the noise on speci c elements
of b may be increased considerably if some entrieR pthave a small value. Also,
the method is not applicable if,, is unknown.
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In [149] another approach is therefore suggested basedeoahtervation that
00« = Rk =Ro.k holds for all off-diagonal elements &, i.e. fori 6 k. This
implies that

9 _ 90 _ Rik=Roik _ RikRojk (K& i) (5.13)

g G0 Rik=Rojkx Roik Rk
This relation is similar to the closure amplitude relatinrastronomy [26, 85], which
states that in an observation orsiagle point source or, more generally, in the case
of arank 1 model, the amplitude ratios are related as inglitlhy the second equality
signin (5.13).

Since the index can be chosen freely as longla$ i;j , we can introducey
being the column vector containing the vall®g Rojx andcyj being the column
vector containing the valuéo;ix Rjx for all possible values dt & i;j . We can now
write (5.13) in the more general form

&CZ;ij = Cu;jj (5.14)
9

which has the well-known solution

I ooy e (5.15)
]

All possible gain ratios can be collected in a mathik with entriesM;; =
c‘z’;ij Cyjj - Since the model foM is M = g=g, the matrixM is expected to
be of rank 1 andy can be extracted from this matrix using an eigenvalue decemp
sition: letv; be the eigenvector corresponding to the largest eigenadlvk, then
g = Vi1, where the scaling factor needs to be determined separately since the
quotientg;=g is insensitive to modi cation by a constant scaling factppked to all
gains. This factor can be found by minimizing

W W2
b =argmin w GR ¢GH— Iwa (5.16)

for all off-diagonal elements. By introducing the vectogs= vec  GR (G" and
r=vec R ,wherevec () operates like the@ec () operator but leaves out the
elements on the main diagonal of its argument, this costifimcan be rewritten as

W W2
b = argmin Wj j’ro er (5.17)

1=2
which has least squares solutibre  rr
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Equation (5.15) extends the column ratio method in [12] teekdments of the
matrix. The column ratio method was originally introducedé¢construct the main
diagonal of a rank 1 source model, which allows to estimaterémk 1 model us-
ing an eigenvalue decomposition without distortion of theults due to unknown
receiver noise powers. In our case, this allows us to netfectinknown receiver
noise powers. The CRB analysis in Sec. 4.4 shows that it doesatter whether
one simultaneously estimates the receiver noise powertharaimnidirectional com-
plex gains exploiting all data, i.e. including the autoetations, or ignores the au-
tocorrelations and only solves for the direction indepertdemplex gains. Another
advantage of this method is, that it is easily adapted toss@@nwith a non-diagonal
noise matrix, as is demonstrated in Sec. 5.5.

The Monte Carlo simulations presented in [149] suggestti®method outlined
above provides a statistically ef cient estimatetpfthe pseudo-inverse ensures that
the noise on the entries ® does not dramatically increase due to small values in
eitherR or Ry. It also provides a modi cation of the initial estimate puxged by
Fuhrmann [39] which only nds a near optimal solution to theast squares gain
estimation problem without further optimization using .etlge Newton algorithm.
The proposed method will therefore generally save comioumalt effort. We will
use (5.15) in the simulations presented in Sec. 5.4 to detrad@ghat this method
gives statistically ef cient results without requiringditional iterations using (5.10).
Moreover, if three or more iterations are required to ensareergence using (5.10),
it also requires less computational effort as discusse@in %3.7.

Although the pseudo-inverse in (5.15) ensures robustrgasst small entries
in eitherR or R, the fact that the method relies on gain ratios may lead ta poo
performance if there are small entriesgne.g. due to failing array elements. This
risk can be mitigated by rewriting (5.14) to

C2ij O = Cujij G (5.18)
By de ning
T
Yi = zcg;il;cg:iZ; ;Cip 3
Ciii1
§ Ciii2 z
Yi = _
Cy;ip

c: = YLyl vr'
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yp

we can enumerateandj and collect all relations in a single matrix equation
C.g = Cig: (5.19)

This suggests tha can be found by searching for the null spaceCef Cq,
which has sizeP (P 1)2 P. By substituting the details af;; andcy;; in
C, C,,itis easily seen that indeed lies in the null space and that this null space
is one dimensional. However, this is only true for noise fileta. In the practical
case of noisy data, there will not be a null space gl be in the noise subspace
instead. Furthermore, nding will involve a singular value decomposition on a very
large matrix which may be computationally prohibitive.

An alternative approach follows from recognizing tlipis obtained from the
eigenvector corresponding to the eigenvalue 1 of

e ”
cic, = p ok RiRok Ri
. i« RoikRik Rojik Rjk

P o o
9T g’ iRoik i iRoj J°
L . .2 . .2, 2. -2
1917 k9" IR0k " JRojk |

: (5.20)

which is easily found by substitution of the de nition of; andc,;; and use of the
Moore-Penrose left inverse. Equation (5.20) showsgtiathe eigenvector a%C y
corresponding to eigenvalue 1 in the noise free case andathather eigenvalues
are lower than 1, i.e. we can nd the eigenvector associatitl gvby nding the
eigenvector corresponding to the largest eigenvalue. I&iions with completely
randomize® ( andg suggest that the other eigenvalues are not just lower thah 1 b
are considerably lower than 1. Since it is easily demoreiréiiat the noise on the
actual data will lower the main eigenvalue, this is an imaortresult; the contrast
between the largest and the second largest eigenvaluendessrthe susceptibility of
this method to noise on the data.

Note that these methods are still insensitive to a constating factor applied to
all gains. This ambiguity is solved by (5.17). Also note thhtmethods presented
above enumerate ovelj 6 k to avoid the diagonal entries of the array covariance
matrix which are affected by the system noise. By imposingenstringent restric-
tions oni andj, these methods can also handle cases in which the noisaarmear



110 Calibration

matrix , is non-diagonal, e.g. due to correlated noise between speirs of re-
ceiving elements, but still has suf cient zero entries ttowlthe methods above to
extract the minimal amount of information for every comtbtioa of g; andg .

5.3.3 Source power estimation

Based on the unweighted cost functiop ), b is found by

W W2
b = argminwR GAA "G" nW_
w W
= argmin wvec R n (GA) (GA)H W
w s o I
= argminwvec R GA  (GA) Ww_
= GA GA 'vec R | (5.21)
If weighting is appliedp follows from
W W2
b = agmnwW. R, W, W GAA HGHWCWF

W
argminw W. W, vec R n W.GA (W GA) ,

W2
W
F
= WGA (WGA)Y W, Wevec R, (5.22)

Using (C.10) and (C.11) to reduce the Kronecker and Khadio-Broducts and sub-
stitutingW . = R 172 we obtain

b = A'GR'GA A"GHR !GA
vecdiag AFG"R ! R R 1GA (5.23)

This result con rms the observation by Ottersten, Stoicd Roy [82] that although
the derivation involves the square root of the array covagamatrix, the nal result
only depends on the array covariance matrix itself and itsrise.

5.3.4 Estimating receiver noise powers

If » =diag( n)andnoweightingis applied to the cost function, thenis found

by solving W W
— W H~H w2
b, =argminwR GAA "G W (5.24)
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This estimation problem is the same as the sensor noiseatigtimproblem treated
in [12], so we just state the result, which is found to be

b, =vecdiag R GAA "GH : (5.25)

If = nl,asimilarderivation gives

bn:%tr R GAA "GH : (5.26)

This result is just the average of the sensor noise estinodtiéned when they are
estimated individually.

If the weighted cost functiony ( ) is used, we can follow a derivation similar
to the one that led us to the estimate bon the previous section. We rst note that

W W2
argminwW. R GR,G" W, W, W oW

n

bn

W
argminw W, W, vec R GRG" W. W. i

n

W, W' W, W, vec R GRG" : (5.27)

2

2==

F

Applying Egs. (C.10) and (C.11) once more and inserttig = R 172, we get

1

_ 1
b, = R R vecdag R ' R GR,G" R ! : (5.28)

A similar derivation for , = I gives
bn = kR k:2tr R * R GRoG" R ! : (5.29)

The true value of the array covariance mafixis not known in practical situa-
tions. The measured array covariance maR¥its therefore generally used as estimate
of R. It can be shown that this conventional approach resultsioti@eable bias in
the estimatdy,, for a nite number of sampledl . For simplicity of the argument,
we will prove this statement for the case wh&e= 1, such thaGR (G" = 0.
Inserting this in (5.29) gives

by = r R 'RR *

tr R 1 : (5.30)
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SinceR 1= !, wecanwritetR 1 = _1(1+E)where ,'E = R !
R ! represents a speci ¢ realization of the noise on the elemehR 1. After
substitution in (5.30) we obtain

w1 w2 1
by = W l0+EW *r 1(+E)

otr (1+ E)(1 + E)? 1tr(| + E)

W tr()+tr( E)+tr EP +tr EER  “(tr(1)+tr( E)):
(5.31)

SinceE represents the noise on the data, the expected vamé®Bj andtr EM s
zero. This implies that

bn a tr()+tr EER O tir(n)
2
K (5.32)
kiks + KEKg
This shows that the presence of noise systematically redheesalue of the estimate
b, by a biaskEkE =(kl ki + kEkf:). SinceR ! converges asymptotically iN to
the true valueR !, E converges to zero. This result therefore also shows that the
estimate of , asymptotically converges to the true value if the numbenaofglesN
approaches in nity.
However, this bias can be avoided by using the best availaide/ledge of the
estimated parameters, i.e. by using

R=l b A" bb'ib, (5.33)

in (5.29). In the rst iteration of an alternating least sgemalgorithm, initial esti-
mates of the parameters are used. These values are repjaiceddasingly accurate
estimated values in consecutive iterations.

5.3.5 DOA estimation

The problem of estimating is that of estimating the direction of arrival of signals in-
cident on a sensor array and has been studied extensivelgl®[101] and weighted
subspace tting (WSF) [124,125] are well-known statistiz@f cient DOA estima-
tion methods applicable to arbitrary sensor arrays. Ineeittase, the eigenvalue
decomposition oR is interpreted in terms of a noise subspace and a signal acésp
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(see Sec. 3.3), i.e.

x

R = pVpVp = Vs VE +V, Vv (5.34)

p=1

where 1 > > o> on p . The noise eigenvalues of the whitened
true array covariance matrix are all equal and the numbeowfcgs can be derived
from the distribution of the eigenvalues Bf; we will assume that the number of
sources is known. In practical situations, in which only atineate of the true array
covariance matrix is available, methods like the expoménting test [91, 92] or
information theoretic criteria [131] must be used to defestthe number of signals.

It is quite straightforward to adapt the WSF method to our et@d The data
model assumed in [125] can be described as

R=A&(L) A" L)+ 2I (5.35)

where we have usefl to avoid confusion withA as commonly used in this thesis.
To map our data model on the data model described by (5.35haddswhiten our
array covariance matrix using

Rw= ,R 2= _Y?GAA "GH 2+ (5.36)

and then sef& = 1=2GA . With these substitutions it is straightforward to imple-
ment the procedures described in [125].

5.3.6 (Weighted) alternating least squares

The ingredients of the preceding four subsections can béirwd to formulate a
(Weighted) Alternating Least Squares ((W)ALS) solutiorttie stated optimization
problems. We start by introducing an algorithm handling thetwo scenarios iden-
tied in Sec. 5.2. DOA estimation is then added in a straightfard way.

To estimatdy, b andb,, we propose the following (W)ALS algorithm:

1. Initialization Set the iteration countér= 1 and initializeb™ based on knowl-
edge of and the directional response of the sensors. For WALS, déhee
weightW . = R 122, |nitialize IP%) based on knowledge of the nominal posi-
tions of the calibrator sources.

2. Estimatepl'l by an eigenvalue decomposition of the matixwith its entries
obtained by averaging (5.13) over &l 6 i;j or by using (5.15) or by an
eigenvalue decomposition of the mat@X C ; as given by (5.20) using and
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bl ¥ as prior knowledge. In Sec. 5.4, | compare gain estimatiamgu®.13)

and (5.15) demonstrating that the latter gives statidyiedicient results. Note

that neither gain calibration approach does require kndgéeof the sensor
noise powers , and that the latter approach is advisable if some elements
may have a very low gain.

3. Estimatebﬂl using either (5.25) or (5.26) (resp. (5.28) or (5.29)) apmy
available knowledge djt’’, bl Y andA.

4. Estimateb! using (5.21) (resp. (5.23)) and knowledgepdt, bl andA .

5. If the DOAs are inaccurately known (scenarios 3 andeé)lmatelp[‘] using
WSF as described in Sec. 5.3.5 using knowledgg®fand b!! and initial
estimatebli 1,

6. Check for convergence or stop criterigih [ Y U1 1 ori>i na, stop,

otherwise increaseby 1, update the weighting matriv/ . = R 72 as pro-
posed by (5.33) and continue with step 2.

The proposed criterion for convergence is based on a meastire average relative
error in all parameters and will work even if the parametdues differ by orders of
magnitude. The extension with step 5 is referred to as therteled ALS (XALS) or

Extended WALS (xXWALS) algorithm respectively.

An algorithm that alternatingly optimizes for distinct gims of parameters can
be proven to converge if the value of the cost function desredn each iteration.
In [124,125] it is demonstrated that WSF minimizes the Isgstares cost function
w.r.t. the parameterization &f, thus providing a partial solution to the least squares
problem considered here. In step2is estimated using a method that only provides
a near optimal solution to the least squares cost functtersolution could, however,
not be discerned from the true solution in Monte Carlo sirtioites, as demonstrated
in Sec. 5.4. Optionally, step 2 could be augmented with ontvoriterations of
(5.10) to assure minimization of the least squares costtiimmc Alternatively, one
could use the proposed estimate in the rst iteration and(6sEQ) in consecutive
iterations in which a proper initial estimate is availablem the previous iteration.
The other parameters are estimated using well-known stdrstdutions for least
squares estimation problems. The value of the cost fundidimerefore reduced in
each step, thereby ensuring convergence.
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ALS B 4IP3+ PQZ+ o )
b 2P2Q +12PQ2+9Q% + o )
by 0
b 0
total 41P3+2P2Q+13PQ%+9Q3+ of )

WALS b 5%+ PQZ+ of )
b (Eq. (5.10) Nier 22P3+4P2Q+2Q?P + o )
b 2p34+2P2Q+ PQ?+ 2Q%+ o )
o P34 of )
by P3+ o )
total 3P +2P?Q+2PQ7+ 5Q°+ of ) (bn)

62P°+2P2Q+2PQ%+ 2Q%+ of ) (bn)

Table 5.1: Numerical complexity of the ALS and WALS iteratsoexpressed in terms
of the number of receiving elements in the arRythe number of source signdd
and the number of iterations required for convergence wisergy5.10) for direction
independent gain estimatide, .

5.3.7 Computational complexity

Table 5.1 summarizes the numerical complexity of diffetages of the ALS and
WALS algorithms per iteration expressed in the number of giesamultiplications.
Nier is the number of iterations required for convergence whengu.10). In
this table, the notation( ) is used to denote all the neglected lower order terms.
The complexity of the omnidirectional complex gain estiena dominated by the
eigenvalue decomposition & , which requires approximateP  multiplications
assuming use of the divide and conquer method [168]. Thiskiminates the overall
complexity as well, so it may be worthwhile to estimate thenber of iterations of
the power method [75] required to obtain suf cient accutasgpecially ifP is large.
The pseudo-inverse in (5.21) can be implemented by a singaliae decomposi-
tion, which is computationally more ef cient than directroputation of the Moore-
Penrose inverse [75]. Some intermediate results, su€fad " G" | are required
more than once. In our calculation, we assume that theses tarencomputed only
once and are stored for future use. Under this assumptiemumber of complex
multiplications required to compute the noise power reduoezero. The number
of array element® will generally be considerably larger than the number ofrseu
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signalsQ. The Q3-, PQ?- and P?Q-terms may therefore be considered negligi-
ble compared to th®3-term in most cases. These results suggest that the better
statistical performance of the WALS algorithm comparedh® ALS algorithm, as
demonstrated by the simulation results presented in thieseekon, comes with only
a minor increase in complexity.

Both algorithms can be augmented with source position estisnusing WSF.
In [125] it is demonstrated that WSF can be implemented @itP Q> complex
operations per Gauss-Newton type iteration of the proposedi ed variable pro-
jection algorithm once the result from the eigenvalue dguasition is available. The
cost of WSF is therefore dominated by the eigenvalue dece'rtmmonli? requiring
about4P 3 complex multiplications. This makes the computationalt afssource
location estimation comparable to the cost of estimatirgdhection independent
complex gains.

5.4 Algorithm validation

The methods proposed in the previous section were testad Msnte Carlo simu-
lations and compared with the CRB. The results presentetisrsection were pre-
sented earlier in [149] and [165]. In the rst simulation, drapare the variance of
the direction independent gain estimates obtained frodB3j5and (5.15) with the
CRB assuming that , = diag( n) is unknown. This is a simpli ed version of the
second scenario de ned in Sec. 5.2, which zooms in on theegimation problem.
I will use this case to demonstrate that (5.15) seems to geoan asymptotically
statistically ef cient solution.

For this Monte Carlo simulation we will use the ITS antenna garation in-
troduced earlier in Sec. 4.3.5. We assume a sky model at 30 ddHgisting of the
Q = 10 strongest astronomical sources which were visible in tlyeatlove ITS on
January 26, 2005 at midnight. The source locations and praties (see Table 5.2)
were taken from the third Cambridge catalog of radio souf8gswhich provides
source uxes at 178 MHz as known in the early 1960s. Althout#se values are not
physically accurate at 30 MHz in the current epoch, they dwiple typical power
ratios that can be used to make a realistic source model. atakpower of these
sources was assumed to be 1% of the system noise power offitigliral antennas.
The data were averaged oWr=512;1024 ;262144samples.

The results for the unweighted variant of the algorithm bas®(5.13) are shown
in Fig. 5.2. The plots show that the CRB not only varies Withbut also from element
to element within the array. This is a geometrical effectetference between the
source signals causes higher signal levels in some vis#lsilicompared to others,
while the noise power in all correlations is approximatély same. As a result, the
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name ux (Jy?) a? (deg) el (deg)
Cassiopeia A 11000 -21.3 26.0
Cygnus A 8100 9.0 4.1
Taurus A 1420 -111.1 42.3
Virgo A 970 110.7 30.1
Cygnus X (part) 410 4.9 3.2
Cygnus X (part) 230 4.9 8.3
3C157 210 -122.1 48.6
3C123 175 -91.5 395
3C416.2 160 2.1 4.6
Tycho's SNR 134 -25.5 34.3

a1Jy=1026Wm 2Hz !
b Starting from North through East
¢ Super nova remnant

Table 5.2: Details of the discrete source model used in teiesimulation. These val-
ues were taken from the third Cambridge catalog or radiocg&s B8], which provides
source uxes at 178 MHz.

net SNR is better for some visibilities than for others. Télso explains why two
elements show much larger variance on their gain and phéstagss.

The scaling factor limits the gain amplitudes if the SNR of the calibrator s@sc
is too low to obtain a meaningful dominant eigenvector fréwa ¢igenvalue decom-
position onM . This causes the variance of the gain estimate to be lowettiieeCRB
for smallN . The variance on the phase estimates is limited by the rahgessible
values (the intervad through2 ), as demonstrated by the asymptotic value reached
for smallN . Both gain and phase estimates do not attain the CRB. Fa Mrghe
variance on the estimates remains approximately ve tinglsuage as the minimum
variance predicted by the CRB.

If the entries oMM are computed using (5.15), the algorithm does attain the CRB
as shown in Fig. 5.3. The variance on the gain and phase déstirnfithe individ-
ual elements in the array is now far less sensitive to theatiaris of the SNR over
different baselines, which causes the large variance sahewn in Fig. 5.2. The
plots indicate that the algorithm attains the CRBNbr 32768samples when start-
ing with an instantaneous SNR of 0.01. This translates tdfacteve SNR of 2 per
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Figure 5.2: These plots show the variance on the gain (left) ghase (right) es-
timates in the Monte Carlo simulations (dots) and the CRBiddme) for the un-
weighted variant of the direction independent complex gatimation algorithm.
In these simulations, the amplitude was estimated as a diompss factor and the
phases were expressed in radians. The parameter vectbeg® plots was created
by concatenating the parameter vectors of the individuahtdCarlo simulations,
i.e. indices 1 through 60 represent the results for the istugation N = 512), 61
through 120 the results for the second simulatibin € 1024), etc. The variance
on the phase of the rst element is not plotted since this eleinis used as phase
reference causing its variance to be zero by de nition.

variance on gain estimate
variance on phase estimate

10"

0 100 200 300 400 500 600 0 100 200 300 400 500 600
parameter index parameter index

Figure 5.3: These plots show the variance on the gain (leftphase (right) estimates
in the Monte Carlo simulations (dots) and the CRB (solid)lifee the weighted vari-
ant of the direction independent gain estimation methode ddnventions used in
these plots are the same as in Fig. 5.2.
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[ m q
0.24651 -0.71637 1.00000
-0.34346  0.76883 0.88051
-0.13125 -0.31463 0.79079
-0.29941 -0.52339 0.74654
0.39290 0.58902 0.69781

a b~ WON PFP|H

Table 5.3: Source powers and source locations used in tlmdemnd third Monte
Carlo simulation.

visibility at the moment the CRB is reached.

The results in Figs. 5.2 and 5.3 suggest that an eigenvatengesition orvi
based on (5.13) does not provide a statistically ef ciedtigon to the direction in-
dependent complex gain estimation problem while the rdmged on (5.15) does.
Intuitively, this result was expected based on the choidb@fveights applied while
collecting the terms oveyj 6 k.

For the next two simulations, a ve armed array was de nedhearm being an
eight-element one wavelength spaced ULA. The rst elemdrdach arm formed
an equally spaced circular array with half wavelength spmbietween the elements.
The source model is presented in Table 5.3. This source nveglekcreated using
random number generators to demonstrate that the propppecieh indeed works
for arbitrary source models.

In the second simulation, the direction independent gdiressource powers and
the receiver noise powers were estimated assuming an afridgrdgical elements,

i.e. the parameter vector was de ned as= T D40, 2] D50 n T
corresponding to the rst scenario formulated in Sec. 5.ateDwere generated as-
suming , = 10 andN = 10°. This value for , implies an instantaneous SNR
on the strongest source of only 0.1 per array element. Suchreso, in which the
instantaneous SNR per baseline is considerably lower tharisoquite common in
radio astronomy. Figure 5.4 shows the variance of the ettil@arameters based on
1000 runs and compares these values with the CRB. As expéosed/ALS method
appears to be asymptotically statistically ef cient whilee ALS approach does not
attain the CRB and shows clear outliers.

Figure 5.5 shows the variance found for a number of repratieatparameters as
function of the number of samples and compares this with theesponding CRBs.
This plot con rms the conjecture stated in the previous gesph that the WALS
method is asymptotically statistically ef cient. This iarther corroborated by Fig.
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Figure 5.4: Variance of the parametervector [ 7; 2,  ; 40, 2, s nl"

estimates obtained in Monte Carlo simulations for the wigidland unweighted ver-
sions of the alternating least squares algorithm and coadpdese results with the
CRB.
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Figure 5.5: Variances on,. 3 and , as function of the number of samplBis,
compared to the corresponding CRBs.
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Figure 5.6: Bias on the estimated parameters for the weightel unweighted
version of the alternating least squares algorithm in thentddCarlo simulations

( =[ "2 5 40 20 q nl"). The bias is compared with the standard
deviation on the estimates derived from the CRB.

5.6, which shows the bias found in the Monte Carlo simulaiand compares this
with the statistical error of 1 for a single realization based on the CRB. This result
indicates that both methods are unbiased for all parameters

Figure 5.7 shows the difference of the parameter value aéigeof each iter-
ation and its nal value obtained from one run of the Monte IGaimulation for
a representative case, i.e. similar results were foundtfegrqparameters and other
runs. The standard deviation based on the CRB is plottedfasenee to facilitate
the interpretation of the vertical scale. The results iatidhat only one or two iter-
ations are needed to reach the CRB in this scenario. Withrddggaother scenarios,
this result suggests exponential convergence, i.e. eadtidan adds about one sig-
ni cant digit to the parameter estimate and it indicates the WALS method con-
verges more rapidly than the ALS method. In these simulatiba stop criterion was

oy 11 < 10 .

In the third simulation, the direction independent gaihs,dpparent source pow-
ers, the source locations and the receiver noise powersasgneated assuming an ar-
ray of identical elements. This corresponds to the thirdade described in Sec. 5.2.

The parameter vector to be estimatedisthus  T; 2, ; 40; 2, : 5 n;

lo;  ls;mg;  ;ms " Data were generated assuming= 10 andN = 1000.
This again implies an instantaneous SNR of only 0.1 per agltament, but in this
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Figure 5.7: The difference between the valudoht the end of each iteration and its
nal value is plotted versus the iteration number for ALS aNALS obtained in one
of the Monte Carlo simulation runs. The behavior shown is fiot is representative
for the results obtained for other parameters and other. rline standard deviation
based on the CRB is also shown to demonstrate that one betabéf two iterations
are suf cient to obtain a suf ciently accurate results.

case the SNR per receiver is only 3.2 for the strongest s@afteeintegration. Figure
5.8 shows the variance on the estimated parameters bas@@0mnuhs and compares
these results with the CRB. In these simulations, we only tise X\WALS algorithm,
since the previous simulation already demonstrated tieafttS method gives infe-
rior results compared to the WALS approach. These results ghat the variance on
the estimated parameters is close to the CRB.

Figure 5.9 shows the bias on the estimated parameters fothese Monte Carlo
simulations. These results indicate that the estimategrariased.

The convergence of a representative parameter is showg i Hi0. Again, one
but preferably two iterations are suf cient to get accuragsults. However, in this

scenario the stop criterion!” %Y 11 < 10 10 js not reached and the algorithm

stops because the maximum number of iterations (15) is eeacfhis indicates
that the algorithm tries to interpret the noise as real digimathe rst iteration, the
omnidirectional gains, apparent source powers and noigelpare estimated rst.
These values are then used in the WSF algorithm to nd theceolacations. The
source locations are then used to update the sky modelngéalan update df, b

andb, and the cycle is complete. In the second simulation, the SiéRiategration
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Figure 5.10: The difference between the valuebgfat the end of each iteration
and its nal value is plotted versus the iteration numberdaoe of the Monte Carlo
simulation runs. The behavior shown in this plot is représtire for the results
obtained for other parameters and from other runs. The atdndkviation based
on the CRB is also shown to demonstrate that one but prefetabliterations are
needed to obtain a suf ciently accurate result.

de ned asp N p= n Was a factor 10 better than in this simulation in which the SNR
per array element per source after integration is only 2220

5.5 Non-diagonal noise covariance matrix

5.5.1 Motivation

The prime goal of array calibration is to nd the directionlgpendent gains of the an-
tennas and the direction dependent gain of the array toveards calibration source.
The Monte Carlo simulations in the previous section sugtedtthe weighted alter-
nating least squares approach proposed in Sec. 5.3 praadasymptotically sta-
tistically ef cient solution and the analysis in Sec. 5.3fows that it is reasonably
computationally ef cient as well. However, the calibratiof actual arrays is gen-
erally even more challenging than the scenarios de ned in S&. For example,
the calibration may be complicated by the fact that the damaes of signals from
closely separated receiving elements are sensitive t@ oispling, as described by
the physical model in Ch. 3. In the case of a radio astrondrpltased array station
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with short baselines, the point source model may not be anramrdescription of
the received signals due to bright emission from our Galaxgreling over the entire
sky. Fortunately, this emission is spatially smooth, whiplies that it is dominant
on the short baselines. Since both effects affect only tloet dfaselines, we pro-
pose to model these effects phenomenologically by a noged& noise covariance
matrix with unknown non-zero entries on all short baseliriHse short baseline ef-
fects are thus absorbed in additive nuisance parameteissapproach was originally
proposed in [164].

Direction nding problems for calibrated arrays in the pgase of unknown cor-
related noise have been extensively studied in the 1990@sadproven that the gen-
eral problem is not tractable without imposing some appat@rconstraints on the
noise covariance matrix or exploiting differences in temgboharacteristics between
source and noise signals [110]. Radio astronomical siggaferally behave like
noise, thus temporal techniques (instrumental varialslesnot applicable. Instead,
we should rely on an appropriately constrained parameténzodel of the noise co-
variance matrix. Starting with [11], a series of papers warelished; see [42] for an
overview. ML estimators for the source and instrument patans under a general-
ized noise covariance parameterization are provided ir4Z8 whereas non-linear
least squares estimators were studied in [38,82,132]thertase, an analytic source
and instrument parameter dependent solution is deriveithéonoise model parame-
ters, which is substituted back into the cost function. Tust function then has to
be minimized using a generalized solving technique, sudtieagon iterations. This
approach works well if the number of instrument and sourcarpaters is small. For
larger problems (in Ch. 2 we have seen an example with 96 aatand source pa-
rameters and 764 noise covariance parameters), it is cmtea exploit suboptimal
but closed-form analytic solutions, at least for initialion. We therefore propose
to modify the WALS method outlined in Sec. 5.3 by replacing #stimate of the
diagonal noise covariance matrix, by a parameterized estimate of a non-diagonal
noise covariance matrix.

5.5.2 Modi cation of the WALS method
Least squares estimation of non-diagonal noise covarianeeatrix

As in [11] and subsequent papers, we will model the unknowsencovariance ma-
trix as a linear sum of known matrices. The simplest set ofices is provided by
elementary matrices; , which are zero everywhere except fora '1'in entryj ),

X
n = ij Eij . (5.37)
(ij)2s
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The setS contains the index pairs of short baselines, including ttecorrelation
entries(i;i). In the Monte Carlo simulation presented later in this secand in
the application to LOFAR data in Ch. 2, all baselines shdtian four wavelengths
were regarded as short baselines. The unknown coef cigntg care the nuisance
parameters. The noise covariance matrix is an array cowa@imatrix and should
therefore be Hermitian. This knowledge can be exploitedhitaio a real valued
parameterization by splitting the parameter vector in th@eorrelations, the real
parts of the crosscorrelations and the imaginary partseofthsscorrelations, i.e.

X ac X Re X Im ;
n = =T i (Ej + Eji)+ i J(Ej  Eji); (5.38)
i=1 (i )2s (i )28

where the sef contains the index pairs of the non-zero entries above the dia
agonal of . All unique scalar real valued parameters required to d&scry, i.e.
ac, i'fe and i'jm , can be stacked in a vector . With a representation such as given
by (5.37) or (5.38), the parameter vectaf can be related to , using a selection
matrix | ¢ such thatvec( ) = |s . By choosing the selection matrix such that it
represents (5.38), we can ensure that the estimageid Hermitian.
The weighted least squares estimbtecan now be obtained by solving
w W,
argmn WwW. R GR,G"H w., W, nWCWF
w W,

argmnw W, W, vec R GRoG" W. W I nWF;

n

by

(5.39)

whereW . = R 12 provides optimal weighting as discussed in Sec. 5.3.1. The
solution to this problem is

b, = W, W:Ils’ W, W. vec R GR,G"

_ _ 1 _
= " W W' We Wels I1H W, we"

W:. W, vec R GR,G"

1 1

R!vec R GR,GH
(5.40)

x|

— 1
= 1T R R Y1 If

Estimation of a diagonal noise covariance matrix as desdriy (5.28) is a spe-
cial case of (5.40). Inthatcask, = | | wherel istheP P identity matrix.
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This form of the selection matrix simpli es (5.40) to (5.28jter reduction of the
Kronecker and Khatri-Rao products using (C.10) and (C.11).

The modi ed WALS algorithm
The WALS algorithm formulated in Sec. 5.3.6 can now be modite

1. Initialization Set the iteration countér= 1 and initializeb!® based on knowl-
edge of and the directional response of the sensors. De ne the weigh
W, = R 122 Initialize P9 based on knowledge of the nominal position
of the calibrator sources.

2. Estimatepl'! by an eigenvalue decomposition of the matvixwith its entries
obtained from (5.15) or by an eigenvalue decomposition efrttatrixC3C ;
given by (5.20) usinA and bl U as prior knowledge. In the simulation
presented later in this section and the LOFAR examples irRChused (5.15),
which appears to be suf ciently robust and has the lowestmatational cost.
Note that neither approach requires knowledge pf

3. Estimateb, using (5.40) applying available knowledgetpt, b ! andA.
4. Estimateb!! using (5.23) and knowledge gf!, b!'! andA .

5. If the DOAs are inaccurately knowEstimateIP[” using WSF as described in
Sec. 5.3.5 using knowledge bf!, bl'! and initial estimatddli 11,

1y il

6. Check for convergence or stop criteridi b 1 ori>i max, Stop,

otherwise increase by 1, updateW . = R 172 as proposed by (5.33) and
continue with step 2.

In some cases, for example in estimating the direction iaddpnt gains, it is
possible to simply ignore the entries of the array covaganatrix corresponding to
the non-zero entries of ,. In Sec. 4.4 it was even shown that ignoring these entries
instead of including them using nuisance parameters, dtehange the CRB of the
parameters of interest. In practice, however, it may be tadévelop an algorithm
for other scenarios that ignores the corrupted entries fatsscally ef cient way.

Improving the computational ef ciency

The calculation ofb, using (5.40) forms the most expensive part of the modi ed
WALS algorithm in terms of CPU and memory usage due to the &ckar products.
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Figure 5.11: Comparison of the variance on the directioepeshdent complex gain
and source power estimates obtained in Monte Carlo sinouisiivith weighted least
squares estimate d&f, and unweighted least squares estimatb of

These Kronecker products can only be reduced to simplerrkRab or Hadamard
products in a number of special cases, such as the case @andiaoise covariance
matrix mentioned above. However, the parameterizationpthosen here implies
that each entry of the array covariance matrix with a countiim from , is af-
fected by a unique additive parameter. Intuitively, one Midherefore expect that
the weighting in (5.40) would not make much difference. Qimgtthis would reduce
the CPU and memory requirements considerably.

This idea was therefore tested in Monte Carlo simulatioos tfese simulations,
the ve armed array described earlier and the source modedgmted in Table 5.3
were used. Figure 5.11 compares the variance on the essifoatee omnidirectional
complex gains of the receiving elements and the source oalgained after 100
runs of a Monte Carlo simulation with weighted least squastinate ofb, using
(5.40) and the computationally more ef cient unweighteddiesquares estimate of
b,. The results indicate that the variance on these estimatdsisame in both
cases within the accuracy provided by the simulations. \Weeflore conclude that
it is viable to discard the weighting in (5.40). With this medtion, all 860 free
parameters in the experiment described in Ch. 2 could baartt from the actual
data using Matlab on a standard dual core 2.4 GHz CPU in odlg&conds.
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5.6 Summary of the main results

Calibration and imaging of sh-eye observations with agdike LOFAR is very
challenging due to the complex source structure, whichuihes multiple bright point
sources and extended emission from, e.g. the Galactic .plarthis chapter, a gain
calibration method was presented that can handle a multiesosky model while
ignoring short baselines. This method shows statisticaflyient performance in
Monte Carlo simulations, even with an SNR per receiving estmper calibrator
between 2.2 and 3.2, while having the saeP?® numerical complexity as other
asymptotically ef cient algorithms in the literature thadlve comparable calibration
problems.

Using a weighted alternating least squares approach, #tisod can be extended
to include estimation of apparent source powers, appaoents positions and a non-
diagonal noise covariance matrix. These extensions doneotase th®© P2 nu-
merical complexity, but more computations are requiredspep. It was also demon-
strated that the computational burden can be reduced witbstlno loss in direction
independent gain estimation accuracy by using the unweigeaist squares solution
to nd the noise covariance matrix. Even large problemse like 860-parameter
LOFAR station calibration problem described in Ch. 2, carhbredled by a single
2.4 GHz CPU in only 0.4 seconds.
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Chapter 6

Imaging

6.1 Introduction

The resolution of a telescope is determined by the ratio séobng wavelength and
diameter of the telescope aperture. Since radio waves ari@igest waves in the
electromagnetic spectrum, the resolution achievable dip talescopes consisting of
a single parabolic re ector is fairly limited. At 21-cm waleamgth, for example, even
the largest single dish radio telescopes, the 300-m dishrétiBbo and the 100-m
telescopes in Green Bank and Effelsberg, provide a resalthit is still an order of
magnitude worse than the human eye. The successful cotistrof the rst radio
interferometer by Ryle and Vonberg [96, 97] in 1946 was tfareea major break-
through, since it allowed radio astronomers to sample th&aroherence function
of the incoming signals in the aperture plane. The measyratiba$ coherencies can
be stored in an array covariance matrix. In Sec. 3.5.1 it veasahstrated how the
brightness distribution on the sky may be probed by a beamdoand that the beam
former output power can be described§ Rw . Withw = a usinga as de ned by
(3.7), the brightness distribution on the sky is simply tloeiffer transform of these
visibilities. This relation is known as the Van Cittert-Aée theorem [88, 116].

Initially, the synthesized apertures were created by mievabtennas until the
principle of Earth rotation synthesis was introduced in2ZfB]. The basic principle
here is to exploit the rotation of the Earth to move the arraytvto the sky to obtain
denser sampling of the aperture with a xed array. This lethtodevelopment and
construction of the WSRT and the VLA during the 1960s and $970

The 25-m dishes of the WSRT are placed on an East-West liris.€fisures that
during Earth rotation synthesis observations all visipiire measured in a single
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plane. This allows us to produce the dirty image in a compuriatly ef cient way
by applying a fast Fourier transform (as opposed to the tlitearier transform) after
gridding the data onto a regular grid. If the visibilitiesmiat lie on a single plane, asis
the case with the samples produced by the VLA, they shoulddjegied on a single
plane taking into account the resulting delay to allow the afsthe computationally
ef cient fast Fourier transform. This operation is call&eprojection [28, 29].

Another attractive feature of the WSRT compared to the VLAtSsequatorial
mount. This ensures that the sensitivity pattern of theedistoes not rotate w.r.t. the
sky during the observation. This implies that all pointshivitthe FOV are measured
with the same direction dependent gain during the entirerviasion and therefore
that the apparent source powers can be corrected to actuakgoowers by applying
a single direction dependent gain correction at the end.réducing VLA data, one
has to apply these direction dependent gain correctionsaiy éndividual snapshot.
These simpli cations proved to be a vital advantage givesmdkiailable computing
power during the 1970s and 1980s. With the advent of todaggotationally de-
manding imaging routines, both telescopes have been ableai@te closer to their
respective theoretical dynamic range limits.

The radio astronomical community is currently building aier of new instru-
ments for the lowest frequencies of the radio spectrum, asdbtOFAR and MWA.
Imaging with these new telescopes will be even more chaitigrifpan imaging with
the classical radio telescopes for several reasons:

Beam stabilityThese new instruments are large phased arrays in which the an
tennas are clustered in subarrays. Each subarray, onstptiints its beam to
the desired location, but these beams will vary much more thase of the
classical mechanical dishes. This will cause more and lesdiqgiable varia-
tions in the beam pattern and hence require more complestiinedependent
corrections.

Propagation condition3 he low frequency radio waves observed by these new
instruments are strongly affected by ionospheric scattdh and refraction.
These effects need to be compensated by complex directmendent correc-
tions.

Wide eld-of-viewThe next generation of radio telescopes is designed to have a
wide FOV. The celestial sphere in the region of interest bangfore no longer

be approximated by a plane without introducing unacceptdistortions. The
current strategy is to split the image in facets that aregahtly small to treat
each of them as a plane, and produce a simultaneous soletiall ffacets.

This approach is called facet imaging [87] and may becomepcationally
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expensive for very large elds, such as the all-sky FOV pdad by the LOFAR
stations as demonstrated in Ch. 2.

Large data setdVith the advent of these new instruments, the number of ele-
ments in the array will increase by two orders of magnitudagared with the
WSRT and the VLA. These instruments will therefore produdevaterabyte

of data per day. The data should be analyzed in an amount efdompara-

ble with the time used to acquire the data to ensure effeateeof telescope
time. The data should therefore be handled very ef cientlg tb restrictions

in available computing power.

This combination of complex imaging problems and procegséstrictions moti-
vates the continuous efforts to improve and expand existiggrithms and to develop
new methods. Much research is focused on nding clever stutg to reduce the
amount of processing required, such as the aforementiormwjection [28,29] and
facet imaging [87] algorithms and various variants of CLEJY, 30]. The validity
and quality of these methods is generally assessed by gabetiperience. Attempts
to do a rigorous analysis are done for some aspects and €&@549p,113,147], but
rules of thumb are used most of the time. Section 6.2 preseatsst comprehen-
sive mathematical framework capable of describing the dnmehtal limits of radio
astronomical imaging problems. This analysis was presgesdglier in [157, 161].
Although this analysis is done for snapshot observatioasyariations in time and
frequency are not considered, it is straightforward to mcttéhe analysis to synthe-
sis observations using a multi-measurement data modelsasiled in Sec. 3.6 and
in [64,120,123]. This pointis illustrated in Sec. 6.3 byidigrg closed form expres-
sions for synthesis images based on minimization of thé sspsares cost function.

6.2 Fundamental imaging limits

The resolution of the nal image, or map, is normally detemed by the size and
con guration of the array and the spatial taper function.dénthe assumption that
the sky is mainly empty, i.e., that the image contains onlgva $ources, maps with
higher resolution than predicted by the array con guratjsaperresolution) can be
made using CLEAN. The maximum entropy method (MEM) [78] ire@® a simi-
lar constraint by aiming for a solution that is as featurgles possible. In the array
processing literature, superresolution is achieved bl-nggolution DOA estimation
techniques such as MUSIC [101] and WSF [124, 125] or by h&gweiution beam
formers such as the MVDR beam former [23,122] or the RCB [88]1In all these
approaches, the goal is to disentangle the spatial respbtise array and the source
structure, a process called deconvolution. In Sec. 6.&haging is formulated as a
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least squares estimation problem, a form of model basedimgaand a closed form
expression is obtained for its solution. This allows us torfolate the deconvolu-
tion problem as a matrix inversion problem. This provide®agrful tool to assess
the tractability of the deconvolution problem and dematstthe impact of the ar-
ray con guration on the deconvolution limits and the redisition of noise in the
imaging and deconvolution process.

The next generation of radio telescopes should not onlyigea high resolution,
but also a large dynamic range. The dynamic range of an insagenierally de ned
as the power ratio between the strongest and weakest méalfeagures in the map.
In practice, the limitations of an instrument are more cometly described by the
achievable noise oor in an imaging observation since theagic range strongly
depends on the strength of the strongest source within tlieoview (FOV) and
because the noise may vary over the map. This noise oor isrsbamation of calibra-
tion errors, thermal noise and confusion noise. The terfetéfe noise"will be used
to refer to the net result of these constituents. In Sec2&@sed form expressions
are derived that describe the components of effective nioiggms of the covariance
of the image values, a concept that will be referred to as écagariance. The conse-
quences of these expressions are illustrated with a few ghesrin Sec. 6.2.3. These
examples suggest that the contribution of propagatedradiliim errors to the image
covariance is considerably smaller than the contributfadth@rmal noise, even if the
calibration is done on data with similar SNR. They also iatkcthat self-calibration
causes a higher covariance between source power estirhategure imaging does.

6.2.1 Imaging and deconvolution
Beam forming versus model based imaging

In Sec. 3.5.1 the scalar beam former was introduced. If tatas beam former is
used to probe the power coming from different directione, sburce signal will be
convolved with the array beam pattern as explained in S8 3maging is another
approach to map out the spatial distribution of source $&gridis section brie y ex-
plains the difference between imaging and beam formingdlg the presentation
in [161].

The imaging process transforms the covariances of thevetsignals, which
are referred to as visibilities in radio astronomy, to angaaf the source struc-
ture within the FOV of the receivers, while the beam formesrscthe FOV by
forming a weighted superposition of the received signatsefach distinct direc-
tion. In array processing terms this can be described assl[64]. The operation
y(t) = wHx () (see (3.71)) is called beam forming and can be regarded as-a sp
tially matched lIter. The weight vectow = a described in Sec. 3.5.1 provides the
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most basic beam former that assumes the presence of onlgla source and only
corrects the signal delays due to the array geometry. Theggts can be adapted to
correct the complex gain differences between the receriegentsy derived from
calibration measurements (see Ch. 5), nulling of intemfiggources [123] and spatial
tapering of the array [152].

The image value dtis equal to the expected output power of the beam former
when pointed into that direction and can be computed diréaiim the array covari-
ance matri® as n 0
P=E jy@®)j® = wHRw: (6.1)

Forw = a, this is known as direct Fourier transform imaging. To ceest image,
w is scanned over all relevant directidnsThe required weights can be stacked into

a single matriXw . Sincew! Rw = (W W)H vec R , we can stack all image

values in a single vect®rand write
Ber = W W Hvec R : (6.2)

If we only want to image at the source locations, we h&ve= A . A typical model
assumption is that there is a source present at every piatitm, in which case

bee = A A "vec R : (6.3)

This is the classical dirty image. Let us assume momentidyG = | and , = O,
i.e. that the gains of all receiver paths are equal and theeidatoise free. Inserting
the data model given in (3.33), sec(R)= A A ,into (6.3) gives

n o
Ebe =A A" A A

IBF

A'A ARA (6.4)

This shows that the dirty image is not equal to the true sosteeture . To

understand the physical meaning of the fa@orA  AH A, consider the product
al' aj, where the indices andj refer to the respective columns Af. Using (3.7),
this can be written explicitly as

H 1 2 2
a'a = Eexp j— 1 exp j—1

1 X 2

5 ep =01 (6.5)

p=1
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Figure 6.1: Image obtained by direct Fourier transform imggvithout deconvo-
lution as in (6.1) showing the sources and their side lobtepz (left) and image
obtained by model based imaging as in (6.12), which estisnidiie power emanat-
ing from each direction on the grid simultaneously, regglin a deconvolved image
showing only the sources without the array response.

This result matches (3.73). The physical interpretatiothefinner product between
the two spatial signature vectors is that it measures thsiteéty of the array to
signals coming from directioh while the array is steered towarldsand vice versa.
The productA M a; thus describes the array sensitivity for all directionsrdérest
stacked inL towards a source located lat It therefore provides the array voltage
response or array voltage beam pattern centered atpund

by (Ij) = Aa: (6.6)

With a de ned as in (3.7), this shows that the voltage beam pattejusi the Fourier
transform of the spatial sampling function provided by theay con guration and
the weighting of the array elements. The corresponding pts@am pattern can be
calculated as

be()=by(}) by())=A"g AW a: (6.7)

The factorA' A AM A in (6.4) can thus be interpreted as a convolution by the
Fourier transform of the spatial distribution of baselireetors, which is known as
the array beam pattern or dirty beam [116]. A more extenss&udsion on the array
beam pattern including some examples was presented in Se2. 3

The convolution is illustrated in the left panel of Fig. 6This image is the result
of a simulated observation with & 8 half wavelength spaced, i.e. spatially Nyquist
sampled, 2-D uniform rectangular array (URA). The grid o&ige values on the sky
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is taken such that the rst Nyquist zone is appropriately gld. The source model
contains four sources @t m)-grid points( 0:33; 0:6), ( 0:2; 0:6), (0:6; 0:2)
and(0:87; 0:2) respectively and =[1;0:6; 1:3; O:1]T. This source model and array
con guration will also be used in Sec. 6.2.3 unless statbéatise. This map clearly
shows the four sources (or three, if one regards the two esuma neighboring grid
points as a single extended source) being convolved withrttasy beam pattern.

Following a model based approach, the deconvolution prolsten be formulated
as a maximum likelihood (ML) estimation problem, that skibpiovide a statistically
ef cient estimate of the image parameters. Since all sigaaé assumed to be i.i.d.
Gaussian signals, the derivation is standard and the Mimastis are obtained by
minimizing the negative log-likelihood function [82], i.e

b=argmn INjR( )j+tr R *( )R (6.8)

It does not seem possible to solve this minimization probiermlosed form, but a
weighted least squares covariance matching approach grktmlead to estimates,
that are, for a large number of samples, equivalent to MLrestgs and therefore
asymptotically statistically ef cient [82]. Inserting ¢hdata model given by (3.33),
the problem can thus be reformulated as

w W,
b=argmnwwW. R, W, WGAA HGHWCWF: (6.9)

This problem is identical to the source power estimatiogulised in Sec. 5.3.3 and
the solution is given by (5.22), i.e.

b= W.GA (WGA)' W, W, vec R : (6.10)

Optimal weighting is provided byv . = R 2. Since radio astronomical
sources are generally very weak with the strongest sourtteeireld having an in-
stantaneous SNR per receiving element in the order of 0.81may introduce the
approximatiorR nl for an array of identical elements for convenience of nota-
tion. This reduces (6.10) to

b= GA GA “vec R, : (6.11)

One may argue that this requires knowledge of the sourceitmsabefore do-
ing the imaging. This is generally solved by simultaneoesl{imating the source
locations and source powers. Although the CLEAN algorittas hot yet been fully
analyzed, it can be regarded as an iterative procedure tusif6t]. It is instructive,
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however, to use (6.11) for imaging by estimating the poweewery image point
(pixel), i.e., by assuming a data model with a source preseetery pixel. We can
simplify (6.11) by replacing the pseudo-inverse by the MeBenrose left inverse to
obtain the image vector

1

b GA GA " GA GA A GA "vecR

. _ 1 _
AT 2A AM 2p A GA vec R, : (6.12)

The rst factor in this equation represents the deconvolutiperation. It is there-

fore convenient to introduce the deconvolution makix= A" 2A A" 2A =
AH 2A % This provides a powerful check on the sampling of the imdgee If
the image plane is oversampled, i.e. if too many image pai@sle ned, this matrix
will be singular. This property demonstrates that high ik&gmn imaging is only pos-
sible if a limited number of sources is present, i.e. if thenber of sources is much
smaller than the number of resolution elements within th&.A®e condition num-
ber of the deconvolution matrix, which provides a measurthefmagni cation of
measurement noise, will be discussed in more detail lateis Mostly empty eld-
of-view is commonly assumed in astronomical imaging and &ssumption is one
of the reasons why CLEAN and MEM work in practice. The rightelkeof Fig. 6.1
shows the image obtained by applying (6.12) to 8he 8 URA. Comparison with
the image obtained using (6.1) clearly shows the effecégerof the model based
imaging approach in suppressing the array beam pattern.

Noise redistribution

If imaging is done without deconvolution by using (6.3), thermal noisg gglds a
constant value to all image values. This can be illustrayegidsuming tha R =

n, i.e. by assuming that the image is completely dominatedhbgntal noise. The
expected value of the image then becomes

igr = A A Hvec( n)
= A A",
1T
= P—2”1 (6.13)

where we used the fact that all element®ohave amplitudd=P. This equation de-
scribes an image where all values are equal to the averagedheoise per baseline.
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Figure 6.2: &) Imaging with deconvolution using & 8 half wavelength spaced
array for a Nyquist sampled image assumig= 0:1l (an empty eld with only
thermal noise). i) Imaging result for a ve armed array, each arm being an eight
element half wavelength spaced ULA.

If the imaging process involves deconvolution, the resuliéscribed by (6.12).
For simplicity, we will assume that we have an array of idegitelements, so we can
setG = |. Further, to illustrate the effect, we momentarily omit dw@rection by

n in (6.12). In this case, the expected value of the image is

CH— 1 _
i = A'A A"A T A A "vec( n)
1 _
= AFA %2 TA A",
_ ava 2 Mg 6.14
- S (6.14)

In this case, the homogeneity of the thermal noise disiobutver the map depends

1
on the row sums of AHA 2 being constant. If this is true, the noise distribu-

tion in the model based image obtained from (6.12) is analsgo that in the beam
formed image obtained using (6.3). The situation in whioh ¢lolumns ofA are
orthonormal forms a special case in which this holds.

Otherwise the structure is more complex. This is illustlate Fig. 6.2 which
compares the noise distribution over the image o®he8-element URA by assum-
ing R = 0:1l with the corresponding image for a ve armed array, each aeind
an eight element half wavelength spaced uniform linearyafith_A). The impact
of the redistribution of noise can be reduced by estimatiregreceiver noise pow-
ers and subtracting these estimates from the array cocariaatrix as described by
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(6.12). In most astronomical imaging algorithms, the aotoelations are generally
ignored completely thus effectively introducing a smalyjative system noise since
the autocorrelations represent the power sum of the soigeals and the noise.

Deconvolution matrix condition number

The deconvolution matri’ not only causes a redistribution of noise over the map,
but also determines whether the deconvolution is a well timmed problem. If
the deconvolution matrix is not invertible, the problemlisppsed and additional
constraints are required to obtain a unique solution. Bgffiéchoices for these con-
straints or even the rigor with which they are applied, leadifferent imaging re-
sults for CLEAN and MEM based on the same data. This may ewhttedifferent
interpretations of the nal maps in some cases [78]. Thesblpms arise due to
over-interpretation of the data by allowing for more imagénps (parameters) than
can be justi ed by the data. In such situations, the conditiamber of the deconvo-
lution matrix will be in nitely large. Even if the deconvotion matrix is invertible,
its condition number may be unacceptably high in view of thdRSf the data: the
condition number is a measure for the magni cation of measwent noise [41]. The
condition number thus provides a powerful diagnostic to@gsess the feasibility of
the deconvolution problem at hand.

It is instructive to analyze a half wavelength spaced 1-D Uit identical el-
ements, i.e. withG = |, sampling the sky on a regular grid. In this ca8erepre-
sents a Fourier transform mapping the spatial frequenéitecsource structure on
the spatial samples describing the electromagnetic eler dfie array aperture. As
demonstrated in the previous section, these spatial frezseswill be convolved with
the Fourier transform of the array aperture taper or voltaggm pattern during the
imaging process. The voltage beam patterr for0 is easily calculated:

1p

bv (0)= AMa(0)= FT 0
Q P

(6.15)

Here,FT denotes the Fourier transform a@dis the total number of image points.
The corresponding power beam pattern is

br (0) = by (0) by (0)
_ 1 1p :
= FT 0o b 0o » : (6.16)

where~ denlgtes the circular convolution of two vectors, i.e. foctees of lengthN ,

[a~ b], = ?zol anbm nmodn . If the columns ofA are ordered such that they
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describe the array response vector for regularly spaced<xsting withl; = 0, it
is easily seen that

M=A"A AHA =circulant( bp (0)): (6.17)

i.e. that the deconvolution matrix for a 1-D ULA equidistgrdampling the image
plane is a circulant matrix. Sinclel is a circulant matrix, its eigenvalues =

[ 1 20 Q]T are given by the Fourier transformbg (0) [75], or
= FT (bp (0)
1p 1p
= FT FT ~
OQ P OQ P
1p 1p
= ~ 6.18
0o 0o » (6.18)

sinceFT ()= FT () for real symmetric functions.

For Hermitian matrices, the condition numbeis given by the ratio of the largest
and smallest eigenvalue, i.e.= max= min [75]. If the image plane is Nyquist
sampledQ =2P 1land

=[1;2, ;P LPP 1 ;21]: (6.19)
In this case, the condition numberdf is
= M = %: P; (6.20)
min

thusM is invertible. The deconvolution problem is therefore wadlsed and has a
unigue solution.

If the image plane is undersampled symmetrically ardund withQ < 2P 1
samples, then

= P Q1 1; P LPP 1, P —Q21 (6.21)
and = 2P=(2P (Q 1)). The deconvolution problem in itself is thus well-
posed and has a unique solution. However, we know from Faotlné®ry that aliasing
effects may occur due to undersampling.

If the image plane is oversampled symmetrically around0 withQ > 2P 1
samples, then

=[ ;012 P LPP 1, ;210 [ (6.22)
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Figure 6.3: This plot shows the condition number of the deolrtion matrix as
function of the image resolution for tt& 8 half wavelength spaced URA and the
ve armed array with each arm being an eight element half vength spaced ULA.

and = 1 . Inthis case, the deconvolution problem is ill-posed ang thot solvable
without introducing additional boundary conditions to stain the problem.

This analysis shows that, for a 1-D ULA, the condition numilewly increases
up to Nyquist sampling of the image plane and then jumps taity. Since a URA
is just the 2-D analog of a 1-D ULA, this behavior is also expddor the8 8
URA introduced earlier. This conjecture is con rmed in F&3 which shows the
condition number of the deconvolution matrix as functionmége resolution. This
gure also shows the corresponding result for the ve armaaaintroduced earlier
to demonstrate the impact of less regular and sparser saggdlthe array aperture.
Although the array diameter is nearly twice as large, it doatsprovide twice the
resolution due to sparser sampling of the aperture planis.plbt also demonstrates
that a less regular array also has a less strict cut-offetisea gradual transition of

the condition number from small values to in nity. For arrpyocessing problems,
this means that the user should decide which value of theitomdumber (or noise
enhancement) is still acceptable.

Regularization is commonly used to avoid uninvertibilifiyroatrices. In radio
astronomical imaging where most sources have a low SNRwhigd lead to im-
perfect deconvolution causing the weakest sources in tlteteebe drowned in the
imperfectly removed array response pattern of the straragesces. However, sev-
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eral forms of implicit regularization have been studied #mtile special cases, like
strong interference, with some impressive results [117].

6.2.2 Effective noise

Equation (6.12) shows that calibration and imaging prolsleme strongly coupled.
Knowledge of the instrumental parameters is required taiokthe proper image.
People have approached this problem in two ways. In the pgraach, calibration
and imaging are treated as separate steps, i.e. the instrpammeters are esti-
mated rst from a calibration measurement and consecuwtigpplied to the actual
measurement data. The second approach is self-calibrattioh regards the esti-
mation of instrumental and image parameters as a singlengdea estimation prob-
lem [26, 36, 37,85, 120].

In either case, the achievable dynamic range is limited leycibmbination of
estimation errors, thermal noise and confusion noise. fhegethey determine the
effective noise in the image which need not be homogeneaerstbe eld of inter-
est. In this section, a number of analytic expressions arigetbthat describe these
contributions in terms of the data model presented in Chh&. implications will be
discussed in Sec. 6.2.3.

Noise in self-calibrated images

In self-calibration, the instrumental and image paransedee estimated simultane-
ously. Self-calibration based on the data model descrilyg@133) can thus be de-
scribed as simultaneous estimation of the direction inddpet complex gains, the
apparent source powers, the source locations and the eecwiise powers, i.e. esti-
mation of the parameter vector

= 1; y Pyo2, v Py 2; y Qs ni, y NP
Io; lo;ma; ;mQT: (6.23)

This corresponds to the fourth scenario described in S8c.As before, 1, 1,11
andm; are omitted because they are set to constants to ensureadaity of the
problem. The calibration problem can be formulated as a ke@sares estimation
problem and solved using the WALS method introduced in S&c. 5

The minimum variance of an unbiased estimator is given byGR®. Closed
form expressions for the CRB are presented in Sec. 4.2 imgwddiscussion on their
implications. These expressions allow us to compute the @RBie self-calibration
problem. The variance of the estimated image values, ieentlise on the image
values due to estimation inaccuracy, is given by the dialgofnthe blockC of
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this matrix, following the partitioning of . In generalC is not a diagonal matrix.
The non-diagonal entries in this submatrix describe thagamce of the noise on the
pixels, i.e. the correlation between the noise on distinalp. This is associated with
false structures.

Propagation of calibration errors

If the instrumental parameters are extracted from sepasditeration data, the min-
imum variance on these estimated values is given by the CRBi@imstrumental
parameters in the calibration experimedt, where = g; TPl 2] Dop;

nii D onp T Thisisa simpli ed version of the second scenario desctineSec.
5.2 and is easily handled by the WALS algorithm describedda. 5.3 skipping the
apparent source power estimation. The CRB follows from #sellts presented in
Sec. 4.2, assuming that the calibration measurement agitwetiee same data model.
The propagation of the calibration errors to the image isidesd by

@ @ .
e’ © e’
We thus need to nd@=@", @=@ " and@=@ . The derivative of the image
values with respect toy is given by

@_ @y igx on”
2. " a " A GA "vecR 1) (6.25)

whereM andG depend on and thus ong. Applying the formula for the derivative
of an inverted matrix with respect to one of its elements [#i§ can be rewritten as

cov (i) = (6.24)

@ _ Mt @y mtGA ca”

@« @«
+M 'y el “ExWA GA + GA & EwA | vecR 1)
(6.26)

whereE  is the elementary matrix with all its entries set to zero pxedement
which is set to 1. Inserting the vectorized version of (3.i83)6.26) and removing
the Khatri-Rao products using (C.11) we obtain

@ _ 1 N_n H 2 ° .
@— 2 (2 kM “Re AL Ax. A A : (6.27)
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We have introduced the notatién,. = Eyx A, i.e.Ag. has only zero valued entries
except on théth row where the elements are equal to the correspondingeelsmf
A. The goal of this derivation is to obtain an expression@*@ . We will thus
have to stack the expression f@=@y for all values ofk in a single matrix. This is
facilitated by introducingy as thekth row of A and rewriting (6.27) as

@Q: 2v@2 M 'Re af A" 2aa (6.28)
k

By stacking all vector@=@j in a single matrix, we therefore get

@

a7 " 2M 'Re AT AM 2aA M @ ) (6.29)

The corresponding result f@=@y can be derived in a similar way, so we only
present the main steps.

@ _ ©@ = y

— = — A GA “vec(R
@ @ ( )
H
= Ml@gAGA GA GA
k
= M ! jelx A. GA +jel “GA A " GA GA

(6.36)

Removal of the Khatri-Rao products by reducing them to Haatanproducts using
(C.11) gives

@ n H_ [0}
P 2 2M tm A A AT 2A : (6.31)
k

Note that this has the same form as (6.27), so it can be rewriitt a similar way.
This gives

= 22M lm a] A" 2Aa f (6.32)

®le

and therefore

@—@T: 2M im AT A" ZAA M2 (6.33)
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Finally, the partial derivative of the image values withpest to x is given by

@ @ 1 =~ H
= M ! GA GA vecR
@nk @nk ( n)
= M !GA GA "vec( Ew)
H
= M ! jGAj? vecdiagEw): (6.34)
Therefore @ Ny
= M ! jGAj? 6.35
@t JGA|] (6.35)
If = nl thisreduces further to
H
Q@ _ y: iGAj % 1 (6.36)
@n

The partial derivatives as well as the CRB (see Sec. 4.2paotegrms involving
AH A often weighted by the gains of the receiving elements. Give physical
interpretation of this factor discussed in Sec. 6.2.1,2bggests that the error pattern
introduced by calibration errors follows the structureghe dirty image. This is
con rmed by the example in Sec. 6.2.3. Since the CRB is irslgngroportional ta\
which is equal to the product of bandwidth and integratioretithe image covariance
due to calibration errors decreases proportional to badhtiveind integration time.

Thermal noise

In this section we derive an expression for the covariandkefmage values due to
the thermal noise in the data. We will therefore assume thidiept knowledge of the
thermal noise power , is available to avoid confusion between the thermal noise
contribution and the contribution of propagated calitmagrrors. The covariance of
the image values is by de nition given by

H

E b i P i
n —_—
= E GA GA ’ vec R n  vecR n)

cov lp

H i ©
vec R n vecR n) A GA :

(6.37)

This shows that under the assumption of perfectly knownenmisariance matrix p,
this noise covariance matrix drops out. Furthermof@A GA ¥ can be moved
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outside the expectation operator, since it contains nmes#id values. Therefore

covh =M 'GA GA "cov R GA GA M I (6.38)
For Gaussian models

cov R =- R R (6.39)

and we nd that

1 S —
covIP:NMl A GAT"R R GA GA M 1 (6.40)
This can be rewritten using standard Kronecker and Khaanroduct relations (see

App. C) as

[

H

—M ! GA GA RGA RGA M !

N
NiM L AHGHRGA *M L (6.41)

cov IP

Finally, substituting the data model presented in (3.3&)get
1
cov P = =M PAM PAA H 2A+Af 2 A M L (6.42)

It is interesting to note that for an array of identical elentsei.e. forG = |, di-
agonalization oA " A does not only ensure a homogeneous noise distribution over
the map after the deconvolution operation as demonstratg8d¢. 6.2.1, but also di-
agonalizes the image covariance due to thermal noise, tiaigiag that the noise
on the pixels is uncorrelated. The Gram mati¥ A describes the amount of linear
independence (or orthogonality) of the direction of afdrivectors within the eld-
of-view of the array, which can be visualized as the arraynbgattern. This ob-
servation therefore suggests that an array with a low side pattern does not only
provide good spatial separation between source signdis|émensures a relatively
low covariance between image values after deconvolution.

Confusion noise

The contributions to the effective noise from calibratioroes and thermal noise scale
inversely with the number of samplék, which is equal to the product of bandwidth
and integration time. This implies that, theoreticallggh sources ofimage noise can
be reduced to arbitrarily low levels. In practice, a radim@somical array will detect
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more sources with every reduction of the noise in the maposiespoint, the number
of detected sources will become larger than the number ofutign elements in the
image, which will turn the map into one blur of sources. Theximaim density of
discernable sources is the classical confusion limit atedes to the resolution of the
image.

In terms of self-calibration, having more detectable seanwithin the eld-of-
view requires more source parameters to describe the sowdel. At some point,
the self-calibration problem will become ill-posed. We lwéfer to this as the self-
calibration confusion limit. Although the exact limit daps on the minutiae of the
array and source con guration, we can easily compute anppi on the tractable
number of sources based on the argument that the number abwnk should be
smaller than the number of equations. The data model preddelation between
the parameters and the data. Fd? &lement array, the covariance matrix contains
P2 independent real values, so the data model can be regardetl iaslependent
equations. Solving for the direction independent compkargrequireP 1 real
valued parameters, estimation of the receiver elemenerpmwers requires another
P parameters and th® sources are described BY) 3 parameters, namely the
apparent source powers relative to the rst source and twardinates per source
with an appropriate constraint to avoid a common positidft shall sources. The
self-calibration problem is therefore constrained by

P2 2P 1+P+3Q 3=3P+3Q 4 (6.43)

implying that
P2 3P +4
Q 3 :
The spatial Nyquist sampling with tf& 8-element URA allows an image grid
of 15 15 = 225image values. This resolution was con rmed by the condition
number analysis presented in Fig. 6.3. However, the uppéritased on the analysis
above for a 64 element array is 1302. The mismatch betwesnpigier limit and the
actual number of uniquely solvable image values can bdaté&d to the redundancy
in the array. Due to this redundancy, the crosscorrelatidmaany antenna pairs
provide the same spatial information instead of provididdigonal information on
the spatial distribution of signals over the sky. In termghaf argument leading to
(6.44), there is linear dependence between the equatiahtharefore the number of
equations that provide additional information on the paetars is reduced. The ve
armed array performs much better in this regerﬂrm 40, the upper limit on the
number of sources given by (6.44) is 494. Sinc#94 22, we can form an image
grid of 22 22 points, thus providing a resolution ofl = 0:09. Fig. 6.3 shows
that the condition number for this array goes numericallyntoity at | = 0:08,

(6.44)
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Figure 6.4: The logarithm (base 10) of the image covarianairdue to calibration

errors (left) and due to the measurement noise (right) orsainee color scale. The
former is almost everywhere two orders of magnitude lowedre Tour sources are
located at grid points with indices 51, 52, 103 and 137 witlvgmol, 0.6, 1.3 and 0.1
respectively.

showing that the ve armed array approaches its theoretélcalibration confusion
limit. This example illustrates that if processing powecl®ap compared to antenna
hardware, a non-redundant array should be preferred ovedundant array if the
confusion limit should be reached without introducing dfpdsed deconvolution
problem.

In this section, we addressed the classical confusion fonpure imaging prob-
lems and the self-calibration confusion limit for selfibaation problems. This type
of confusion is often called source confusion as opposeidédabe confusion, which
refers to blurring of the image by side lobe leftovers introeld in the CLEAN pro-
cess. In terms of the analysis presented here, side lob@sionfis part of the de-
convolution problem and is therefore implicitly includedthe analysis of calibration
error and thermal noise propagation and does not need todressed separately.
Source confusion does require a separate treatment, lgeitdnogolves the source
density distribution as a function of source brightness.

6.2.3 Implications
Thermal noise vs. propagated calibration errors

| compare the image covariance due to calibration errorfi@oimage covariance
due to the noise in the data in a simulation. For this simofati used the 4-source
sky model introduced in Sec. 6.2.1. | will assume that théocation parameters are
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calculated from a separate data set with the same data mudi@itegration time. |
computed the CRB for th& 8-element URA using the relations presented in Sec.
4.2 assuming simultaneous estimation of the omni-diraetioomplex gaingy, and

the system noise power, , which was assumed to be the same for all array elements.
We assumed a short term integration oMer 16384 samples. This CRB was used

in (6.24) to compute the image covariance due to calibraioors. The magnitudes

of the entries of the image covariance matov (i) are shown in the left panel of
Fig. 6.4 on a logarithmic scale.

The image covariance matrix due to the noise in the measutsmeas deter-
mined using (6.42). The result is shown in the right paneligf B.4. This shows
that the covariance of the image values due to calibratimreis more concentrated
at the source locations than the covariance due to the systésa and is generally
more than two orders of magnitude lower. These results atdithat the calibration
errors only represent a minor contribution to the total @ffe noise, even when the
calibration measurements are done on the same (short) tiabessusing sources of
similar strength as observed in the actual measuremeatsyhen the calibration
measurement is similar to the actual measurement.

Calibration observations vs. self-calibration

In the previous section, we discussed the situation in wtiieharray is calibrated in
a separate measurement. This scheme requires an extreataly instrument. In
most practical applications, the calibration is therefdome on the same data that
is also used to provide the nal image (self-calibratiort)islinteresting to see how
these scenarios compare. To this end, we used the relafsnslesented in Sec. 4.2
to compute the CRB for simultaneous estimation of the oningietional complex
gains, the apparent source powers, the source locationtharaystem noise power
forthe8 8-element URA. This corresponds to the third scenario dessrin Sec.
5.2.

Figure 6.5 compares the CRBs for these two cases. The expamtariance of
the gains and phases in the self-calibration experimeriglseh since more parame-
ters have to be estimated simultaneously. The behavioreo€RB on the phases in
the self-calibrated observation (sloped upwards for iasireg parameter index) can
be explained by the interaction between the source parasraatd the gain phases in
combination with the choice of the phase reference elemehti corner of the array.

Table 6.1 shows, for each of the two cases, the covariancecesmbf the ap-
parent source powers, i.e. the covariance of the image valuthe locations of the
sources. The scaling factor ambiguity betw&and in the self-calibration case is
resolved by putting ; = 1 to constrain the problem. Therefore, only the covariance
values of the other three sources are tabulated. For theotasseparate calibration
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Figure 6.5: The CRB for the omni-directional complex gainpditndes (parameters

1 through 64) and phases (parameters 65 through 127) forasiegepzalibration ob-
servation and the self-calibration approach.

observation, the covariance matrix was determined by the &uthe image covari-
ances due to calibration errors and system noise. The sesulie table indicate that
the variance in the source power estimates in both casesmaugacable, although the
source power estimates are slightly better when gain eaidir data is available from
a separate measurement. The covariance values found fpamgzcalibration stage
are much lower than the corresponding values for self-catiitn. This suggests that
pure imaging is more capable of separating source signats dlifferent directions
than self-calibrated imaging.

6.2.4 Conclusions

In this discussion on fundamental imaging limits, a closwdifsolution for snapshot
imaging including deconvolution was presented based oeandadel (measurement
equation) for the antenna signal covariance matrix or Wigés. The presented com-
prehensive framework is suf ciently exible to enable er&on of this analysis to
synthesis observations, since the data model for a systbbservation has the same
form as the data model for a snapshot observation presemté2i33). This was
demonstrated in Sec. 3.6. This similarity will become evenerapparent when we
derive expressions for least squares synthesis imagingdn&3. This framework
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self-calibration

index 2 3 4
2 0:266 10 # 0287 10 4 0022 10 4
3 0:287 10 4 1:237 10 4 0048 10 “
4 0:022 10 # 0:048 10 4 0:007 10 4

separate calibration

index 2 3 4
2 0:280 10 4 0:.072 104 0:006 10 *
3 0:.072 10 4 0772 104 0012 10 “
4 0:006 10 4 0012 10 4 0005 10 4

Table 6.1: Covariance of source power estimates in a sélfrated image and in an
image produced after a separate calibration step on datalvitsame source model.

allowed us to make the rst rigorous assessment of the éffeabise oor, which is
the combined effect of propagated calibration errorstfaénoise and source confu-
sion, in the image in terms of the covariance of the imageesliihe simulations for
a URA presented in Sec. 6.2.3 indicate that the effects qfagyated calibration errors
are strongly concentrated at the source locations but axgderably smaller than the
thermal noise at other image points. The results also stguesf the instrument is
suf ciently stable, a separate calibration step is to bdgsred over a self-calibrated
image since it allows better source separation in the intagincess.

The effects of deconvolution can be described by a decotigalmatrix that de-
scribes the amount of linear independence (orthogonalityl)e spatial signature vec-
tors weighted by the actual gains of the receiving eleméntiagonal deconvolution
matrix not only ensures the best possible spatial separbgbwveen the sources, but
also ensures a homogeneous noise distribution over the Tiégpbegs the question
whether this matrix can be diagonalized by array design cagplying appropriate
weights to the array elements. Since the deconvolutionixnatrelated to the array
beam pattern, the latter is equivalent to nding weightst thappress the side lobe
pattern at least in the direction of other sources, whiclyests that techniques like
robust Capon beam forming could provide the requested wie@fiL17]. The con-
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dition number of the deconvolution matrix can be used tosssfee quality of the
solution to the deconvolution problem.

Compared to a redundant array (ULA, URA), an array withoudluredant ele-
ment spacings provides much better possibilities to amprtlde maximum number
of solvable image points for a xed number of antenna elemetiitereby allowing
the system to reach the theoretical self-calibration csiofulimit.

6.3 Least squares synthesis imaging

This section presents closed form solutions for weightastlequares synthesis imag-
ing. In the context of this thesis, this demonstrates twaisoiFirst, it shows that it
is straightforward to apply the effective noise analysissented in Sec. 6.2.2 to syn-
thesis observations, although the mathematical minutiag Ibecome cumbersome.
Second, it outlines how the WALS method presented in Secc&nde extended to
handle polarized sources, which implies that the WALS apgianay be turned into
a full polarized self-calibration algorithm. This excuwsitherefore emphasizes the
fact that the applicability of the results presented in thésis is not limited to single
polarization snapshot observations. This point is alsoalestrated by the LOFAR
images presented in Sec. 2.4.

Faced with the challenges posed by the advent of the nextafere of radio
telescopes, people in academia are currently reconsgdéramentire imaging pro-
cess [7,21,64,67,76]. Although vastly different methods applied by distinct
research groups, the common denominator in all these meikdtde model based
approach and the application of signal processing teclesiqiihe least squares im-
age vector estimators derived here fall in the same categatyare formulated as ex-
plicit expressions for radio astronomical imaging. They t#erefore be regarded as
specialized versions of the optimal map making approact iseosmic microwave
background imaging, originally discussed by Texmark [114&]. It is known that; -
minimization provides better results when the data is §0f@2, 94]. Sparsity implies
that the image contains a number of discrete sources andsdyneonpty. This does
not hold for station data as is clear from the images predant€h. 2, making least
squares imaging a proper deconvolution method for imagiitig avL OFAR station,
but also for imaging of the complex source structures inisgidn, e.g., Galactic
polarization and the EoR that will be conducted by LOFAR aKAS

6.3.1 Generic formulation

As discussed in [82] the weighted least squares covariaatehing approach leads
to estimates, that are, for a large number of samples, dgquniM» maximum likeli-



154 Imaging

hood estimators and are therefore asymptotically ef ci@ie weighted least squares
cost function is

w ()= (bsyn  Toyn ( DT W2(0syn  Foyn ()= KW (byyn  Teyn ( ))KZ ;

(6.45)
wherersy, is the visibility vector for the entire synthesis obsereatas de ned in
(3.76), which is parameterized by the model parameterkethin . The opti-
mal weight is known to be the inverse of the asymptotic cararé of the residu-
als [82]. The optimal weight for Gaussian sources is theeafd = cov (rsyn ) =2,

Since the covariance of a single snapshot observatmn(vec (R ,)), is known to
be Rm Rm =N and the snapshots are assumed to be uncorrelated, the bptima
weights are given by

W =bdiag R, > R, 2 : (6.46)

In this section we will formulate the WLS estimation problemd its analytic
solution for two scenarios:

1. = T. I , Where , is the parameterization of the noise term, i.e. the

image values and the noise parameters are both unknown;

2. = ,i.e.theimage values are unknown, but the noise in the measnts
is either known or negligible.

We shall rst present the solution in a very generic form topgrasize the overall
structure, which turns out to be the same for both scenandda scalar as well as
for full polarized imaging. This presentation without diktdistracting mathematical
details also helps to highlight a few important charactiessof this method.

The WLS estimation for the rst scenario can be formulated as

fb;b,g=argmin kW (bsyn M n)KkZ; (6.47)

where the noise vectar is parameterized by, as discussed in Sec. 3.6. This least
squares problem may be solved in two ways. One may solve foas a function
of , substitute the result back in the least squares cost imetid consecutively
solve for . The second approach is to solve foand |, using an alternating least
squares approach. Here we will follow the rst approach assg thath = M, |,

T . . . .
where , = 1.5 T, T,  isthe parameterization of. The solution for
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n is

argmin KW (bsyn M ) WM , nkﬁ

(WM 1)’ W (bsyn M )
= Mn(bsyn M ) (6.48)

Substitution of this result in (6.47) shows thatan be found by

w

Wa
b argminw W WM M, (bsyn M )WF

W W2
argmin Wi bsy, WM W (6.49)

wherefv = w WM ,M . The solution to this problem is given by

WM "W by,
1
MAWHIVM MW by,
= My' o (6.50)

(o
1

whereM 4 = MH W H¥M is the deconvolution matrix andg = M " ¥ H fv Dsyn
is the dirty image.

The matrices introduced in this presentation all have a disiinct physical
meaning. The linear mapping of the noise veatoon its parameterization, is
given by the noise mode¥l ,. Depending on the noise model and the weighting
W applied to the measured visibilitieg,, , a new weighting matriV can be con-
structed which Iters the noise from the measurements. 8asgethese weights and
the instrument mode\l , a dirty image 4 can be constructed. The deconvolution
matrix M 4 describes how the ux in each pixel in the true image is disttéd over
the pixels in the dirty image during the imaging process. iflkiersion of this matrix
therefore handles the deconvolution and the primary beaneaion implicitly.

Although this description is very general, a number of int@or conclusions can
already be drawn:

The deconvolution matrix describes how the values in thy dinage are re-
lated to the values in the true image. More speci cally, edicty image value
is a weighted sum over all true image values. The weightsritbpe the overall
sensitivity pattern of the array and its behavior duringghg@re observation.
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Since the instrument model describes how the intensityiligion over the
sky maps on the visibilities for each individual snapshug, instrument model
can describe arbitrary time and frequency dependent betterms both for
the individual receivers as well as for the whole array, agylas the time
and frequency span of the individual snapshots is suf djesthort to allow a
constant model for each snapshot.

The formulation of the instrument model presented in Ch e asdirect Fourier
transform to describe the geometrical delays over the doragistinct DOAS.
It can therefore handle arbitrary array geometries ancemety wide FOVs,
up to full sky imaging.

The sizes of the deconvolution matrix and the dirty imagesalely determined
by the number of image values. If the image consist® gfoints, the decon-
volution matrix has siz€ Q and the dirty image is® 1 column vector
regardless of the amount of data stacked inMHe 2 1 visibility vector.

The inverse of the deconvolution matrix does not have to péatty known to
solve the imaging problem. This fact should be exploitedi@Tomputational
effort and ensure numerical stability. The problem can beesbusing, e.g.,
Gaussian elimination.

The deconvolution matrix is Hermitian. Sincg and are both real valued
(the physical reason for this is that their elements reprtgsavers), the decon-
volution matrix must be real valued as well and is therefgrarsetric.

If the noise is either known or negligible, as in the seconehacio, the image
values can be found by solving

b =argmin kW (bsyn  n) WM K2 : (6.51)

This has a solution similar to (6.50):
b=(WM )W (bsyn n)=M, ' 4 (6.52)

with deconvolutionmatrit g = MHPWHWM and 4= MHPWHW (bsy, n).
Since the structure of this result is the same as the steictfuthe result for the
rst scenario, the inferences made above also hold herehdméxt subsections, we
will describe the deconvolution matrix and the dirty imagemore detail for both
scenarios and for scalar as well as full polarized imaging.
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6.3.2 Scalar imaging with known or negligible noise

The results for this scenario are derived in Sec. 6.A.1 iraffygendix to this chapter.
Here, | will only state the results. The deconvolution maisigiven by

XA 2
Mg=  AGLR *Agm (6.53)

m=1

whereAgnm = GnQm (Am  Gom)lsm asintroduced in (3.78). The dirty image
is given by

__ H
q= Ry Asm Ry'Asm  (vec(Rm) vec( nm)): (6.54)

If we assume a diagonal noise covariance matrix per snapsiigmtan be simpli ed
further to

—H — 1
4= AR, AH 1 AR, AHR.Y m: (655

The following inferences can be made based on these resudiddition to the
conclusions drawn earlier:

The deconvolution matrix generally has no special strec{itock matrix,
band matrix, circulant matrix, etc.) that can be exploiededuce the numer-
ical complexity of the algorithm apart from the fact thatsta real symmetric
matrix.

A careful look at the individual terms contributing to thetgiimage vector
reveals that each entry of this vector is the result of a sutimmaontaining
pairs of values and their complex conjugate. Therefordy t&xen only contains
real valued elements. Thus, the dirty image vector is a relaled vector, as
expected based on its physical signi cance.

Both the deconvolution matrix and the dirty image vector the result of a
summation over the individual snapshots. This impliestia@full data set can
be subdivided in snapshots over time and frequency whichbeaprocessed
independently. This is the reason why the sizes of the dedotiwn matrix
and the dirty image do not depend on the amount of data. Itsilewss that
the computation of the deconvolution matrix and the dirtag® vector can be
implemented as an embarrassingly parallel algorithm.
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If the noise covariance matrix is diagonal, all Kronecked &atri-Rao prod-
ucts can be removed from the equations. This reduces theditiee matrices
involved considerably thereby saving processing powemaechory usage.

6.3.3 Scalar imaging with unknown noise

As demonstrated in Sec. 6.A.2, the deconvolution matrikhérmore general case in
which the noise is unknown and has to be estimated as wellés py

X H 1 2
Md = Astm Asm +
m=1
X AHR 1 2R 1 2

1 2,
sn’'m m Rm Asm

(6.56)

m=1

Comparison with the deconvolution matrix in the noise frasecpresented in (6.53)
shows that the rst term is just the noise free deconvoluti@trix. This implies that
the second term represents a correction for the noiseniteoperation.

The dirty image vector

2

4= ANR," AH 1 AHR 1 ?R 1 Zyecdiag R}

(6.57)
closely resembles the dirty image vector in the noise frse gaven by (6.55). The
only difference is that n, is replaced byR ,* 2vecdiag R, , which can be
interpreted as an estimate of the noise parameter vegtpr Thevecdiag () opera-
tor produces a vector containing the elements on the magod# of its argument.

Note that all the remarks on the physical interpretation@mthe attractive prop-
erties of the deconvolution matrix and the dirty image veotade for the noise free
case still hold if we have to Iter the noise from the data. Buenmation over snap-
shots is retained due to the fact that each snapshot hasrita@ge estimates, which
ensures that the snapshots are treated independentlgdharestimation process.
Equations (6.56) and (6.57) have been used to produce tstesigaares imaging re-
sults presented in Sec. 2.4.

6.3.4 Full polarized imaging with known or negligible noise

Extension of the imaging problem to the full polarized casglies that we have to
estimate four values per image point. This aspect appeegtyrif we compare the
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deconvolution matrix for polarized imaging with known reiderived in Sec. 6.A.3,

2 3
> e :
Mg = lsm g M 30192 m é I'sm (658)
m=1 : .
where
M =B AL R,A.. AY R IAO B - 6.59
3q12m — Pgm gm™m MNgm gmT™m MNgm gem> ( )

with the deconvolution matrix for the corresponding scakse given by (6.53). The
basic structure of the solution is the same, but the Hadamarduct has been re-
placed by a Kronecker product to producd a 4 submatrix per source pair and
a non-scalar gain factor has appeared in the form o#the4 matrix B 4m which
represents the transformation between real valued images/éo complex valued
components of the electromagnetic eld.

A similar observation holds for the dirty image vectar,= ef;e]; ;e{ T
in which the source cohereney for each image point is stacked (see Sec. 3.2.2 for
a more detailed discussion). The reader can verify this byparing

2 3
_ X H H AHE 1 ™ o1 ™ 1
d= lsm qu Aqum Aqm 1 Aqum Aqum nm
m=1 )
(6.60)

with the result for the scalar case given by (6.55). A deiavadf this result can be
found in Sec. 6.A.3.

The matrixB m plays a key role in ensuring a real valued deconvolutionimatr
and a real valued dirty image vector, because the repladeshthre Hadamard prod-
uct by a Kronecker product (deconvolution matrix) or a Kh&ao product (dirty
image vector) voids the warrant of real valued results. Th&imB 4m can be made
snapshot independent by a careful de nition of the Jonesioestincluded imA g .
These Jones matrices should describe the sensitivity afittemnas to radiation from
a snapshot dependent direction with its electromagnetitcemponents de ned in
a snapshot independent coordinate system. The latteremthatB o, is snapshot
independent and therefore does not have to align the patarizde nitions of the
individual snapshots. Although the mathematics involwedstightly more laborious
to work with or implement, the convenient properties of teeahvolution matrix and
dirty image vector described earlier still hold
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6.3.5 Full polarized imaging with unknown noise

The nal and most general case is full polarization imaginighwunknown noise.
Expressions for the deconvolution matrix and dirty imagetoeare derived in Sec.
6.A.4. The deconvolution matrix is given by

3
¥ o oa :

whereM 3q,¢,m IS given by (6.59) antl 44, q,m by

—H = 1 =1 1
M4Q1qu = Bglm AqlmRm Agijml Rm le
— 1—0
RnAgm Run'Agm Bgm: (6.62)
The corresponding dirty image vector is described by
2 3
X —H — 1
R |5Hm§ Bin AqmRm Agh 17+
m=1 i
H B ! 1 ! ; 1.
lscnMom R, Rp vecdiag R,," ; (6.63)
m=1
where 5 3
_ H Ao 1 ™ 1 .
MZm—§ Bam AgmRm  AgmRm z (6.64)

Comparison of these results with the corresponding exjpre$sr the noise free
case shows that, as in the scalar case, the deconvolutioix madl the dirty image
vector can be split in two terms. The rst term describes téa free imaging
process while the second term can be considered as a corréatcompensate for
the changes in the weighting matrix to Iter the noise frore thata.
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6.3.6 Treatment of more complicated noise models

The results in the previous sections were derived assurhiaigthe noise covari-
ance matrices of the individual snapshots, are diagonal. This results in a very
simple noise model witth ,,, = (I 1) m andMpy = (I (I 1)) . These
simple expressions allowed to reduce several KroneckeKaiatii-Rao products to
Hadamard products thereby reducing the sizes of the mairigslved considerably.
In many practical cases, a more complicated noise model magduired to describe
effects like noise coupling or correlator offsets. In theasesM , may no longer
have a simple description that allows to simplify the expi@ss after substitution of
the solution for , or may even require a description based on a weighted sum of
prede ned matrices as in [42,132]. If such a noise model igimeed, it may not be
pro table to follow the approach presented above, whictolags back substitution
of the solution for the noise parameters. Instead, it maydmeputationally more
ef cient to solve for noise and image parameters altermgyinntil convergence, i.e.
to follow a similar approach as introduced in Sec. 5.5.2 todi@non-diagonal noise
covariance matrices in self-calibration problems. The Mddarlo simulations pre-
sented in that section suggest that such an approach mayemearge within only
three or four iterations.

6.A Derivation of closed form least squares imaging
solutions

6.A.1 Scalar imaging with known or negligible noise

In this appendix, expressions for the deconvolution mairi® dirty image vector
are derived for scalar imaging with known or negligible moisrom the generalized
expression given by (6.52) it follows thist 4 = M H' W H WM . The optimal weights
are given by (6.46), thus

= 1=2

: o M = 1=2 -
WHW = bdiag R R, bdiag R,, R,

bdiag R, R, : (6.65)

The instrument model implied by (3.78) is
2

sl Asl
s2 AsZ
M = , : (6.66)

KSM A sM

2| 2|
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Pre-multiplication oW H W with M " gives

0 2 314
Hyps H ; 5 1 1 78 & :
MTW"™W = Bbdiag R, R, Asm Asm : (6.67)
where the second factor indicates a matrix consistirlg dflocksA s, A sy Stacked

column-wise and indexed by. The Hermitian transpose is used to invert the order
of multiplication, so we may use (C.10). This gives

H
MHwHwW = i Ry Asm R Aqn ; (6.68)

Post-multiplying withM now gives the deconvolution matrix

X

o H _
Mg = Rm Asm leAsm Asm Asm
m=1
—H — 1—
= AR Asm AN R, A
m=1
= AR, Am (6.69)
m=1

where we used the Khatri-Rao product property given by (C.This result is stated
in (6.53).

The dirty image vector implied by (6.52), = MHW"W (bsy, n), can
also be written as a sum over the snapshots using the dennitia sy, given by
(3.76). This directly leads to (6.54). Note that we have tedithe hat ofR ,, while
replacingbsyn . This is done for notational convenience. This is allowadifece in
practical situationsR 1, is used to compute the weighting matkit. This implies
thatR , in the rst factor, originating fromW may be treated as being equaRg,
in the second factor, originating frobg,, . If the snapshot noise covariance matrices
are diagonal, we can exploit the fact that

vec( nm)=vec(diag( nm))=(1 1) nm: (6.70)

Noting thatvec(Rm) = (I Rp) 1, we can reduce the Khatri-Rao products to
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Hadamard products. This leads to (6.55) in a straightfodwaay:
1 H
d = Rm Asm Rm Asm ((l Rm)l (l |) nm)

= AR, At 1 AR, ALR.Y (671

6.A.2 Scalar imaging with unknown noise

The generic solution for this scenario is given by (6.50)isTimplicitly de nes the
deconvolution matrix as
Mg=MHivH VM (6.72)

and the dirty image vector as
a= MHWH Wby, ; (6.73)

where .
w=w wMm, vMiwHwm, "MHwHwW: 6.74
n n

In our derivation we will assume that the noise covariancérimmaf the individ-
ual snapshots is diagonal with unknown elements on its magpodal, i.e. m =
diag( nm ). This implies thatM ., = Ip |p and thatM , = Iy (I 1p)
wherel , denotesth@ n identity matrix.

We will rst concentrate on nding a suitable expression fr . Since

2

bdiag R, R, 2 bdiag(lp Ip)

WM

bdiag R, > R, (Ip Ip)

bdiag R, = R, 2 ; (6.75)

where we have used (C.10) to reduce the Kronecker prodube fbllows that

Hpy H - ; B 172 12 N L= 12 1=2
MyW"WM , = bdiag R R bdiag R, R

1

bdiag R Rnl ; (6.76)

where we have used (C.11) to reduce the Khatri-Rao produatstadamard product.
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v is described by

. . 1 _ H
W=w bdiag R, R, R, R, R, R,
(6.78)

We can now nd an expression fév " W , a factor that appears in the expression
for the deconvolution matrix as well as the expression ferdinty image vector.

WHiv = whHw+
H . — 1=2 1=2 — 1 1 — 1 1

WHbdiag R, Rom R Rm Rm Rn +
bdiag R, R,' R, R R, R, W +
+bdiag R,, R,! R, Rp R, R,
bdiag R, R.22 R, Ry R, Ru!

= bdiag R,  R,! R, R,*® R, R, R, R,

(6.79)

The next step to obtain expressions for the deconvolutiotrixnand the dirty
image vector is to pre-multiply this factor with " . This gives

— H — 1
Asm Asm Rm le
MHWHW :§ X Ks;m Asm Rm le X z; (6.80)

_ 1 H
Rm le Rm le

T
|
-
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which reduces to

H i/ H —
— 1—

— 2 . R Asn Rp™Asn . g
- " A E !l AaHp 1 ®1 1 1 1 M '
Astm Astm Rm Rm Rm Rm

(6.81)
Post-multiplication witiM gives the deconvolution matrix
o 2 H
Mg = Rm Asm Rm Asm Asm Asm +
m=1
X 1
ASHmle AsHmle le le
m=1
— 1 H
Rn Rmn'  Asm A
— TR H 1
= AR Asm ARy Asm +
m=1
o 1
ASHmle ASHmle le le
m=1
1
RmAsm Rp'Asm
(6.82)

This can be simpli ed to (6.56).

In a similar way, we can nd an expression for the dirty imagetor by post-
multiplying (6.81) withbsy, , i.e.

2 L y 3
R Asm Rp'Agn
¢ = § ; AN R, AH R, 1 : zbdiag(l Rm) 1;
— 1 1 — 1 H
Rm le Rm le

(6.83)



166 Imaging

which may also be formulated as

_ X 5 1x 1 H 1 H 1
d = Rm Asm Rm Asm Astm Astm
m=1 |
_ 1
R, R,! R, Rt (I Rml
b

AR, AHR.' R, R,' vecdiagR,' ;
(6.84)

which simpli es to (6.57).

6.A.3 Full polarized imaging with known or negligible noise

Section 3.6 shows that the full polarization data model candst in the same form
as the scalar data model. The only difference is, that thbilig vector rgy, , the
image vector = e];el; ; eg and the noise vectar have four times as many
elements, since each visibility or image pointis now repnésd by four values. The
solution to the imaging problem in the case of known or néigléignoise can therefore
still be expressed as (6.52), which implicitly de nes a deawlution matrixM 4 =
M"WHWM and a dirty image vectory = MHW "W (b, n), where we
used 4 instead of 4 to indicate that we are estimating a full polarized imageamec
withM = MI;MI;  M] T where the submatricéd  are given by
(3.82), it follows that
3

MAwHwW

2 2
hdi HH —a o " 4.
; bdiag (B qm) I'sm Aqm Aqm '
. = 1 1
bdiag R,, R,
= 8 M (6.85)

where we have exploited the fact that, andbdiag (B qm) commute and we have
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introduced
2
- H 790 . o H =1 1
Mim = Bom Agm  Agm bdiag R,," Rp
2 3
—H— 1
= §Bgm AgmRm Ag*mle z: (6.86)

Post-multiplication withiM gives the deconvolution matrix

2 3
Mg = ;lsHlim; ngé
bl
= IEM 1M (6.87)
m=1
which can be written as
2
b4 9y K :
Mg = l'sm g M 3g,¢,m Z lsm; (6.88)
m=1 : .
where
-gH AaH mF 170 ™ 1 .
M3q1q2m - Bqlm AqlmRm qum AqlmRm qum BQ2m- (6.89)

which was obtained using (C.2) and (C.4).

To obtain an expression for the dirty image vectgrwe have to multiply (6.85)
with bsy,  n. Noting thatvec(Rm) = (I Rmn) 1 and assuming a diagonal noise
covariance matrix such thatc( m) = vec(diag( mm)) = (I 1) m, this
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gives
4 = ;|§m2|v|1m; (bdiag (I Rm)% bdiag(lp 1p) n)
XA —O-I; 1
= |§m§Bgm AmRn AR z1+
m=1 .
3

X M B ARl AGip 1 6.90
sm qm gm'*m gm'*m nm ( )

m=1

where we have used (C.10) to combine the Kronecker and KRawiproducts.

6.A.4 Full polarized imaging with unknown noise

The solution for imaging with unknown noise is given by (§,5®hich implicitly
de nes the deconvolution matrix &8 4 = MH v H M and the dirty image vector
as ¢ = MHWHW b, , wherev is a weighting matrix that lters the noise from
the data while providing optimal weighting to ensure stat# ef ciency. If we
assume that ,, =diag( nm), v is given by (6.79).

withM = MI;MI;  M] T where the submatricéd  are given by
(3.82), it follows that

H fy H _
M V‘NZW =,
_0. H
= i Fsm Bgm Aqm Agm ;

bdiag R,,~ R, ! +

bdag R, R,' R, R, R, R,

(6.91)
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For convenience of notation we introduce

2
- H 7O . o H =1 1
Mom = Bin Agm  Adn bdiag R, R
2 ' 3
—H = 1
= EBSm AgmRm AHR Z: (6.92)

Together withM 1, introduced in the previous section, we can now write (6.81) a

MHWwHIV =

— 1 1 H
= A8 Min Man R, Ryt R, Ryl :
(6.93)
Post-multiplication witiM gives the deconvolution matrix
Md =
ol pd . 1 H
= " M mM " Mom R,. R,! R, R,! M
m=1 m=1
bl _ 1
= IS MM 18 Mo R, RE MY T (6.94)
m=1

The rstterm is easily recognized as the deconvolution iratrthe noise free case
given by (6.88). Introducing

—H = 1 — 1 1
M4q1q2m = Bglm AqlmRm Agijml Rm le
— 1-—0
RnAgm Rn'AGm Bam (6.95)

and usingM 34, ¢,m de ned in (6.89), we can formulate the expression for theotec

volution matrix as
3

i g :
M d= lsHm g M 30102m M 4q1g2m é |sm : (696)
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Usingrsyn = bdiag (1 Rm) 1, an expression for the dirty image vector can be
derived as follows:

4 = MH‘WHngdiag(l Rm)1 3

= X H WM 1 HR 1
- I sm qu Aqum Aqum (I Rm)1+

m=1
X 1 1 _

" Mom R, Ryt R, Rn,' (I Rm)1l
m=1

I Mon R, R,' vecdiag R, ; (6.97)

m=1

where thevecdiag () operator produces a vector containing the elements of te ma
diagonal of its argument.



Chapter 7

Conclusions and suggestions for
further research

7.1 Summary of the main results

In this thesis, | have discussed the possibilities and &itiihs of imaging with an
aperture array station assuming one has access to thessfgmal the individual re-
ceiving elements. | have shown how this may be applied intm&asing data from
LOFAR (prototype) stations in several examples. A nice gxanm which the the-
oretical limits were attained, was presented in Sec. 2.4hithvthe variance of the
image values in a sh-eye observation with a LOFAR statiorreveompared with
the CRB and found to show good quantitative agreement. Sasiits can only be
obtained by choosing an appropriate data model, oftenrezgfdo as measurement
equation. A very generic model was derived in Ch. 3 based oslegtromagnetic
description of a phased array. This provides a clear viewheruhderlying assump-
tions. Commonly used data models are specializations fHmeric model tailored
to the problem at hand as discussed in 3.2.3. Chapter 3 as@ps explicit exten-
sions for modeling full polarized data and data from synthebservations to stress
that the assumed model does not restrict the methods déstirsshis thesis to sin-
gle polarization snapshot observations. This is also dsitnated by the all-sky map
based on a synthesis observation with CS10 presented ir2 Seand the derivation
of expressions for full polarization synthesis imaging et$. 6.A.3 and 6.A.4.

The CRB was used to determine the theoretical limits of thibredgion and imag-
ing problems. The required expressions were derived in Cithese expressions
were used to con rm two intuitive properties of the compleadued receiver path

171
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gain estimation problem. It was shown that for calibrationeosingle point source,

a phase reference based on the average phase solutiong¢bdecariance on the
phase estimate by a factdP=P 1) compared to a phase reference based on a
single element. The reference based on the average phdse th@constraint that
minimizes the total variance on the estimated parametesgméar conclusion holds

for more general cases involving arbitrary source covagamodels and arrays of
non-identical elements. An intuition for this result iser#éd in Sec. 4.3.6.

The second result is that the variance on the direction iexégnt gain estimates
is the same regardless whether a particular entry of thg aoeariance matrix is
affected by an additive nuisance parameter that has to heliext in the estimation
process or is simply ignored. This result was exploited in Elvhich presents a
direction independent gain estimation method that canrigparticular entries of the
array covariance matrix and that seems to be asymptotis@tistically ef cient. In-
terestingly, it was also found that, even if the entry is igrth knowledge of the value
of that entry is still valuable. This was attributed to thetfthat parameter estimates
can often be improved by applying appropriate weights toddi@. However, this
effect is so small that it will hardly affect practical sitiens.

Aperture arrays provide an extremely wide FOV. In the case bOFAR LBA
station, the FOV even spans the full hemisphere and thudesabservations that
can aptly be called sh-eye observations. Calibration amdging of such obser-
vations is very challenging due to the complex source girecon the sky, which
includes a number of bright point sources and diffuse emisfiom our Galaxy.
In chapter 5, a gain calibration method is presented thatheaale a multi-source
sky model while ignoring short baselines. This method shasisnptotically sta-
tistically ef cient performance in Monte Carlo simulatisneven with an SNR per
receiving element per calibrator between 2.2 to 3.2, whileirig the sam® P2
numerical complexity as other asymptotically ef cientaighms in the literature that
solve comparable calibration problems. Using a weightéstadting least squares
approach, this method was extended to include estimatiapmdrent source powers,
apparent source positions and a non-diagonal noise coeariaatrix. These exten-
sions do not increase tf@ P2 numerical complexity, but more computations are
required per step. It was demonstrated that the compugdtimmden can be reduced
with almost no loss in direction independent gain estimm#ocuracy by using the
unweighted least squares solution to nd the noise covagamatrix. With this mod-

i cation, the 860-parameter calibration problem with altUOFAR data presented
in Sec. 2.3.3 could be solved in only 0.4 seconds using Mattah single core of a
standard dual core 2.4 GHz CPU. Since LOFAR's station catoeproduces at most
one array covariance matrix per second, the algorithm hi&enut computational
performance to keep up with the data and is therefore wettddor application in
the station calibration pipeline described in Sec. 2.3.2.
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Chapter 6 presented a closed form solution for least squgtéwized snapshot
imaging including deconvolution based on the data modegied in Ch. 3. This
result allowed the rst rigorous assessment of the effectivise oor, which is the
combined effect of propagated calibration errors, themmoéde and source confusion
in terms of the covariance of the image values. Effectiveat a more suitable qual-
ity measure for imaging performance than dynamic rangeesihe latter strongly
depends on the ux of the strongest source in the eld and éséfore highly obser-
vation dependent. The simulations for a URA presented in&2c3 indicate that the
effects of propagated calibration errors are strongly eatrated at source locations,
but are considerably smaller than the thermal noise at atha@ge points. The con-
centration at source locations becomes evident if we asedmpact of direction
dependent gain errors on the station beam pattern. Thetiist®in the power beam
pattern are roughly proportional to the square root of tbiwgr beam pattern. For a
typical 1% error in the direction independent gains, thisses relative errors of -27
dB in the main beam, -17 dB on a -20 dB side lobe and -5.5 dB o0 dB4side lobe
corresponding to absolute error levels of -27 dB, -37 dB &%d5 dB relative to the
main beam. The results also indicate that, if the stabifithe instrument is such that
the variations in the instrumental parameters betweebrediion measurements are
comparable to or smaller than the accuracy with which theybeaestimated during
self-calibration, a separate calibration step is to begorel over a self-calibrated
image, since it allows better source separation in the ingagrocess.

The presented mathematical framework is suf ciently ebeitio enable exten-
sion to synthesis observations, since the data model fonthesis observation has
the same mathematical form as the data model for a snapssetvalion as demon-
strated in Sec. 3.6. This becomes even more clear from theatlen of the least
squares imaging expressions presented in Sec. 6.3.

The effects of deconvolution can be described by a decotigalunatrix that
describes the amount of linear independence (orthogghalithe spatial signature
vectors weighted by the actual gains of the receiving eléméndiagonal deconvolu-
tion matrix not only ensures the best possible spatial s¢iparbetween the sources,
but also ensures a homogeneous noise distribution overalpe fhe deconvolution
matrix condition number can be used to assess whether tloed®ation problem is
well-posed.

Since a diagonal deconvolution matrix seems to be pro taibis interesting to
ask whether this matrix can be diagonalized by array desidwy @pplying appro-
priate weights to the array elements. Since the deconeoimtiatrix is related to the
array beam pattern, the latter is equivalent to nding weésgihat suppress the side
lobe patterns at least in the direction of other sourceschvimplies that techniques
like robust Capon beam forming could provide the desirecghtaig [117]. The
physical interpretation of a diagonal deconvolution maisithat the array has negli-
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gibly low side lobes. An array with low side lobe levels is $ito be preferred from

an imaging perspective. A low side lobe level is most easilyieved with a dense
regular array, especially if an appropriate taper is applidowever, a regular array
is also highly redundant and the analysis in this thesis estgghat an array with-
out redundant spacings is more likely to approach the maximumber of solvable

image points for a xed number of antenna elements thereloyaig the system to

reach the theoretical self-calibration confusion limif.ptocessing power is cheap
compared to antenna hardware, a non-redundant array mapiegeattractive than a
redundant array if the observations are confusion limiettade-off between these
two aspects should thus be made based on the goals of thesyste

The imaging expressions derived in Ch. 6 were applied toah¢tOFAR data.
The examples in Sec. 2.4 nicely demonstrate that the dekdinmis handled im-
plicitly, that this imaging approach appears to be sta@dliy ef cient on actual data
and that it can straightforwardly be applied to both time tlrquency synthesis ob-
servations. These results and the derivations presentekin6.3 demonstrate a few
attractive features of least squares imaging: the comipuatdtand memory require-
ments for the deconvolution step are independent of the ahufuwlata, the method
can handle arbitrarily large elds (up té sr) and it can handle complex source
structures like the Galactic plane and the North polar sphis makes this method
very suitable for reduction of observations with the corels@FAR and SKA aimed
at full polarization imaging of the Galactic plane and déatetof the omni-present
signals from the epoch of reionization.

The latter conclusion corroborates the feeling that thennsaintribution of this
thesis may be that it consistently uses methods from thg asigaal processing liter-
ature independent from the algorithms available in todag#rastronomical data re-
duction packages. This fundamentally new approach to @&timnomical data han-
dling gradually attracts more attention from people wogkiim this eld and should
form the basis for the next generation of self-calibratiod anaging routines. How-
ever, the reduction of data from synthesis observatiohsedjuires answers to many
fundamental and practical questions, which provides rommfuirther research.

7.2 Suggestions for further research

7.2.1 Calibration

The calibration method described in Ch. 5 is based on leasireg minimization
of the difference between the measured and the modeledlitisth The increase
in station sensitivity towards Cas A due to calibration destated by Fig. 2.15
indicates that calibration improves the performance ofstadéion considerably. The
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calibration error propagation equations presented in Ghg§est that this is achieved
by increased sensitivity in the pointing direction and ioygd pointing accuracy. The
fact that calibration improves the image quality begs thiefang questions:

Is there a cost function based on some measure of imageyq@adjt contrast
or total power optimization, which can be used to calibrhtetelescope?
Does such a technique allow us to calibrate the telescopmutipproviding a
source model, possibly with the exception of a systematiatpgy offset?
Does such a technique work in general or are there limitationterms of
source structure (e.g. the presence of point sourcestdehnstrument pa-
rameters (e.g. knowledge of the antenna positions may hsreet), array con-
guration (e.g. availability of redundant baselines) ohet constraints?

Calibration techniques that do not require knowledge ofatvedlable calibrators
may be very valuable for future space based instrumentskattbe frequency range
below 10 MHz. At these frequencies, our knowledge on theamsi®& in general and
standard calibration sources in particular is fairly lietit Such instruments are cur-
rently in the phase of concept and feasibility studies [953562, 154].

One such technique already exists: redundancy calibr§ti®®]. This method
exploits redundant baselines in the array which measureahe visibility, i.e. the
same spatial frequency. This method proved to be very viddabthe highly redun-
dant WSRT [80]. The LOFAR HBA station arrays and the SKA plocegay stations
envisaged for frequencies below 1.5 GHz are highly reduteawell. The following
guestions are thus timely:

Since redundancy calibration only exploits redundant loees it does not use
all available information. How much calibration accurasyast by ignoring

this information?

Phased array receiving elements are subject to far morgateagnetic cou-
pling than the feeds in the WSRT dishes. Can redundancystiixploited for

the calibration of phased arrays?

The ability of phased arrays to detect Galactic neutral bgen was demonstrated
using the Thousand Element Array (ThEA), an SKA path ndeitthy ASTRON, in
2002 — 2003 [56, 141]. These phased array tiles were catithraging a holographic
measurement method in which the analog beam former in elgcis tuised to scan
over the sky forming different superpositions of antengaais while measuring the
complex valued voltage output of the tile using a well de meference signal [47].
Originally, these measurements were done in an anechoilwrabut this method
was demonstrated to work in the eld as well if a strong cadior is available [137].
The applicability of this method is severely limited by treguired availability of a
single dominant point source. This begs the question
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How can this tile calibration method be modi ed to allow a ttingource sky
model? This is highly desirable in view of the LOFAR HBA stats and the
envisaged SKA phased array stations.

The multi-source calibration algorithm described in Chs5iself-calibration
algorithm that assumes that the number of calibrators isoai pnown. If the uncal-
ibrated array has suf cient performance to form an intetgioée, but probably very
messy, image using a DFT imager, the number of sources atial Estimates for
their locations and powers may be extracted from the dataedan this intuition, |
pose the following questions:

If the number of available calibration sources is not a pkinown, how can the
self-calibration methods presented in this thesis be nemtlio include order
estimation of the source model?

If such an extension is possible, what are its practicaltéitrons in terms of
the SNR of the sources, the number of sources or other 1EsSe

Good candidates for estimation of the number of sourcesharexponential tting
test (EFT) [91, 92], the minimum description length (MDL)dathe Akaike infor-
mation criterion (AIC) [131]. The minimization of either¢hAIC or MDL criterion
proposed in [131] can, in principle, be extended to a combiw®tection and source
parameter estimation solution. This solution, howevanjghly non-linear and com-
putationally expensive. It may therefore be more attradiivuse the EFT or the AIC
to obtain a, probably too high, estimate of the number of sesiand then use the
consistency of the source parameter estimates in congedetiations of the WALS
approach to nd the true number of usable calibrators.

7.2.2 Imaging

In the least squares imaging method described in Sec. & aidition number of
the deconvolution matrix signi es whether the imaging peoh is well-posed. The
physical interpretation of “well-posed” is the independgaf the measured visibility
points. This is nicely illustrated by the aforementioneddasion that an irregular
array is able to get closer to the theoretical self-calibratonfusion limit than a reg-
ular, and therefore redundant, array. There are still a mumbopen issues regarding
the physical signi cance of the deconvolution matrix:

What does independency between visibilities mean? For pkamven if vis-
ibilities are strongly mutually dependent, they may stilhtribute distinct in-
formation to the image if they have suf cient SNR.

Does the deconvolution matrix also provide information ba presence of
gaps in the visibility domain, i.e. on unmeasured visitaif



7.2 Suggestions for further research 177

If so, how does it deal with it?

Based on this physical insight regarding the relation betwthe deconvolution
matrix condition number, dependency between visibiliaesl SNR, it is expected
that an optimal imaging result can only be obtained by a dapeddent image grid.
Such a grid will probably provide high resolution in regiomgh bright extended
emission or near strong point sources and low resolutiohériémpty” parts of the
image. The method as described in this thesis requires rhaptimization of the
grid by imaging the data several times while modifying thiel dgpretween iterations.
This is a rather cumbersome process, so this begs the falipgiestion:

Can the least squares imaging method be adapted in such datay deter-
mines a suitable grid automatically based on the data#self

This may be considered a search for appropriate base fasdbalescribe the image,
a problem for which several methods, like the Karhunenvieoexpansion [75], are
readily available.

Itis interesting to note that the least squares synthdsikpimap based on CS10
data shown in Fig. 2.18 was made at a resolutio@:85 (=D where g is the min-
imum wavelength. This resolution is higher than expecteskdan the diffraction
limit of a uniformly weighted aperture. As mentioned aba¥es superresolution is
possible due to the high SNR of the data. This effect is wetiin from high res-
olution DOA estimation techniques, but in this case we inthgeentire sky, i.e. not
a few distinct sources. During the experiments it was aldedthat the resolution
limit can be pushed even further by applying regularizat@mtihe deconvolution ma-
trix at the expense of a bias in source power estimation. &bbservations lead to
the following questions:

What are the theoretical and practical resolution limitéeaist squares image
estimation?

What are these limits if regularization is exploited?

Is it possible to predict and correct the bias introduceddgylarization?

From a practical perspective, we note that least squaregmgap to512 512-
pixel images is tractable, but that larger images requicessive memory and pro-
cessing resources. A full polarizati@d48 2048 pixel image, for example, would
involve a4096 4096 deconvolution matrix requiring 2.05 Pbyte of memory and
about 4.72 Z op for inversion. Fortunately, least squan@sging is particularly
suited for imaging of the complex diffuse emission that Wi examined in stud-
ies on Galactic magnetism and the epoch of reionizations difiuse emission will
typically be observed with the LOFAR and SKA cores that havevaresolution
limit. The images produced by the full LOFAR and SKA array$ typically consist
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of many discrete sources, i.e. will typically be sparse.c8ileast squares optimiza-
tion is not well-suited for sparse data, other methods avbalsly more suitable for
these images, which will have typical sizes4ff96 4096 pixels or larger. These
imaging challenges still require further study:

Can the properties and physical signi cance of the decartimh matrix be
exploited to improve the computational ef ciency of leaguares imaging?
Can these insights be used to expand the applicability ofotitechniques like
CLEAN to temporally, spatially and spectrally varying bepatterns?

What can we learn from alternative imaging techniques likadt Squares
Minimum Variance Imaging [7, 67]l1-imaging [66] and compressed sens-
ing [100]?

7.3 Towards SKA

Although this research was primarily conducted for the L&Faroject, its results
are relevant steps towards data processing for the SKA ds8¥eh is envisaged as
an array of stations that may consist of aperture arrayksedigith single pixel feeds
and dishes with phased array feeds, often referred to akdflacee arrays (FPA). This
implies that the full beam forming hierarchy depicted in.High will be present with
corresponding levels of calibration. The calibration gtsddone for LOFAR have
resulted in a thorough treatment of calibration scenarias®4 depicted in Fig. 5.1.
Scenario 3 is discussed in Ch. 5 of this thesis while scedaisadiscussed in [120]
and the Ph.D. thesis of Sebastiaan van der Tol [121]. Therdatkel described in
Ch. 3 is easily adapted to a tile-based architecture as demaded in [166] and can
therefore be applied to FPAs as well. A nice introduction RARiIgnal processing
can be found in [53]. Although there are still a number of ofssues, as men-
tioned above, we may thus conclude that considerable pssgreall aspects of SKA
calibration has been made over the last years, particulatiye framework of the
LOFAR project.

The framework describing the fundamental imaging limitCin. 6 is applica-
ble to any radio telescope, thus also to SKA. SKA is still mdesign phase. The
framework laid down in Ch. 6 can be used to analyze the caitbr&hallenges and
expected image quality of different design choices thusiging a nice addition to
the set of tools used to make and support the SKA design desisiThis analysis
also led to a study on least squares imaging, a techniquentimatprove useful for
(all-sky) imaging with the SKA stations and the SKA core.

Apart from these direct contributions to the solution of S&gflibration and imag-
ing challenges, signal processing techniques also pravigeoper framework for
gquantitative assessment of the quality of the results. W ttmas safely conclude
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that signal processing techniques have the potential wutwenize the way astro-
nomical data is handled on the path towards SKA.






Appendix A

Abbreviations and acronyms

3C
ADC
AIC
ALS
ASTRON
CEP
CLEAN
CPU
CRB
Csi0
DFT
DOA
EFT

EM
EMBRACE
ESPRIT
EoR
FFT
FIM
Fov
FPA
GMRT
HBA
HPBW
ii.d.

third Cambridge (catalog)

analog-to-digital converter
Akaike information criterion

alternating least squares

Netherlands Institute for Radio Astronomy
central processing facility

iterative beam removing technique [50,102]
central processing unit

Cramer-Rao bound

Core Station 10

direct Fourier transform

direction of arrival

exponential tting test

electromagnetic

Electronic Multi-beam Radio Astronomy Concept
estimation of signals via rotational invariancéteques
epoch of reionization

fast Fourier transform

Fisher information matrix

eld-of-view

focal plane array

Giant Meter-wave Radio Telescope

high band antenna

half power beam width

independent identically distributed
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182 Abbreviations and acronyms
ITS Initial Test Station

KASCADE Karlsruhe Shower Core and Array Detector
LBA low band antenna

LCU local control unit

LOFAR Low Frequency Array

LOPES LOFAR Prototype Station

LWA Long Wavelength Array

MDL minimum description length

MEM maximum entropy method

ML maximum likelihood

MLE maximum likelihood estimator

MUSIC multiple signal classi cation

MVDR minimum variance distortionless response
MWA Murchison Wide eld Array

PC personal computer

PCI peripheral component interconnect

pdf probability density function

psf point spread function

RAM random access memory

RCB robust Capon beam former

RCU receiver unit

RFI radio frequency interference

RMS root mean square

RSP remote station processing

SKA Square Kilometre Array

SNR signal-to-noise ratio

ThEA Thousand Element Array

THETA Ten Heterogeneous Element Test Array
TIM twin input module

UHECR ultra-high energy cosmic ray

ULA uniform linear array

URA uniform rectangular array

VLA Very Large Array

VLBI Very Long Baseline Interferometry
WALS weighted alternating least squares
WLS weighted least squares

WSF weighted subspace tting

WSRT Westerbork Synthesis Radio Telescope
XALS extended alternating least squares
XWALS extended weighted alternating least squares



Appendix B

Notation

B.1 Symbols

a, A italic lower or upper case characters denote scalars

a bold lower case characters denote column vectors

A bold upper case characters denote matrices

aj element from vectora

Ajj elemen((i;j ) from matrixA

I identity matrix of appropriate size

I n n identity matrix

ls selection matrix

Ej elementary matrix with entrfi; j ) equal to 1 and all others set
to zero

€ unit vector with entryi equal to 1 and all others set to zero

1 vector or matrix of appropriate size lled with ones

1p P 1 column vector lled with ones

1p o P Q matrix lled with ones

0 vector or matrix of appropriate size lled with zeros

Op P 1 column vector lled with zeros

Op o P Q matrix lled with zeros

ex, &y, €, unit vectors in th€x; y; z)-coordinate system

j negative square root of -1

e Euler's number2:71828::
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Notation

B.2 Operators

—

H

y
1=2

AN AN AN SN S
— N N N

el), exp()

vec()
vec ()
vecdiag()

diag()
bdiag()

[l
Ref g
Imfg
K ke
k k

i

rank( )

tr( )

FT()
circulant( )
Efg

b

cov()
argmin =~ ()
CN( ;R)
CW(R;N)

transpose

Hermitian or conjugate transpose

pseudo-inverse

symmetric matrix square root

element-wise matrix exponent

element-wise application of the exponential function
conjugation

vector formed by stacking the columns of its matrix argument
asvec() but leaving out the elements on the main diagonal
vector formed from the main diagonal of its argument
diagonal matrix with the vector argument on the main diagjona
block diagonal matrix with the matrices described by its
argument on the main diagonal

inner product of two vectors

circular convolution of two vectors

Hadamard or element-wise product of two matrices or vectors
element-wise division of two matrices or vectors

Kronecker product of two matrices or vectors

Khatri-Rao or column-wise Kronecker product of two matsice
(i;j )th element from matrix or vector argument

real part

imaginary part

Frobenius norm

Euclidian norm

absolute value of a scalar

length of a vector

determinant of a matrix

rank of a matrix

trace of a matrix

Fourier transform

circulant matrix having the vector argument as rst row
expectation operator

expected value

covariance of the elements of its vector argument

minimize the cost function () w.r.t. parameter vector

i.i.d. complex Gaussian noise with mearand covarianc&
complex Wishart distribution withN degrees of freedom and
covariancer



Appendix C

Matrix product relations

The properties of the Kronecker, Khatri-Rao and Hadamaodywts are frequently
exploited. This appendix presents an overview of the denibf these products and
lists a number of important relations.

The Kronecker product ofanN M matrixA andaP Q matrixB produces
theNP MQ matrix

2 3
AnnB  ApB Aiv B
A>1B  AxB Ao,u B
A B= _ - _ : C.1)
AN 1B AN ZB ANM B

For matricesA, B, C and E of appropriate size, the Kronecker product has the
following useful properties:

(A B)(C E) = AC BE (C.2)
(A B! = At B! (C.3)
(A B)* = aAH BH (C.4)

The Khatri-Rao productis the column-wise Kronecker product. The Khatri-Rao
productofarN M matrixA andaP M matrixB producesth& P M matrix

A B=[ar bijaz bz jaw  bwm]; (C.5)

wherea, andb, denote thenth columns ofA andB respectively. The Khatri-Rao
product can be very useful to vectorize matrix productsef@mple

vec(ADB )= BT A d: (C.6)

185



186 Matrix product relations

whereD = diag(d).
The Hadamard productis the entry-wise product of two matrices. The Hadamard
productoftwoN M matricesA andB is thus given by

2
A11B1n  ApBo A1m Bim
A21Bo1  AxBo Aom Bowm
A B= . ) . ) (C.7)
An1Bni An2Bn2 Anm Bawm

For matricesA andB and diagonal matrice3 with appropriate size, the Hadamard
product has the following properties:

(AD) B
A (BD)

A (BD) (C.8)
(A B)D (C.9)

The Kronecker and Khatri-Rao products tend to produce \agelmatrices. The
following relations, applicable to matrices of appropgiaize, may help to reduce a
Kronecker product to a Khatri-Rao product and a Khatri-Remlpct to a Hadamard
product:

(A B)(C E)
(A B)"(C E)

AC BE (C.10)
A"c BHE (C.11)
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Samenvatting

Het doen van sh-eye waarnemingen met radiotelescopen gebaerd
op phased array technologie

Sterrenkunde richt zich op het bestuderen van natuurkendigschijnselen buiten
de dampkring van de Aarde. Een van de manieren om dat te doeoidhet meten
van radiogolven uit het heelal. Deze metingen worden gedastradiotelescopen
zoals de Westerbork Synthese Radiotelescoop in Nedenteahel \éery Large Array in
Nieuw Mexico. Deze telescopen bestaan uit respectievelijgn 27 schotelantennes
met een diameter van 25 m. Beide telescopen hebben dus meerdeangende
elementen en zijn derhalve zogenaaradays Door de signalen ontvangen door de
afzonderlijke elementen binnen het array op de juiste wigzeombineren, kan een
virtuele telescoop gesynthetiseerd worden met een diarpetgroot als de afstand
tussen de verst uit elkaar staande elementen van het arangegien de resolutie
evenredig is met de diameter van de telescoop, kan met eay \@an een aantal
kleine schotels een veel hogere resolutie gehaald wordemga een enkele grote
schotel.

Op ditmomentwordt er binnen de radiosterrenkunde gewarkta ontwikkeling
en de bouw van een aantal nieuwe radiotelescopen gerichétaoln van waarne-
mingen beneden de 300 MHz. Voorbeelden hiervan zijn de Laxglency Array
(LOFAR, Nederland), de Murchison Wide eld Array (MWA, Austii¢) en de Long
Wavelength Array (LWA, VS). Daarnaast zijn er al verschitle haalbaarheidsstud-
ies gedaan naar telescopen op de Maan en in de ruimte voonevaigigen beneden
10 MHz, die niet vanaf de Aarde gedaan kunnen worden vanwegenbsfeer. Al
deze telescopen zijn zogenaanageertuur arraysen werken fundamenteel anders
dan de “klassieke” radiotelescopen met schotelantenniésechil is geschetst in
Fig. 1. Bij een schotelantenne worden de inkomende radiegajeconcentreerd in
het brandpunt van de schotel waar zich de ontvanger bevRiidten apertuur array
zijn alle ontvangers rechtstreeks op de hemel gericht. Depeangers hebben een
zeer groot zichtsveld en ontvangen dus tegelijk signalevelg verschillende richtin-

203



204 Samenvatting
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Figuur 1: Vergelijjking tussen de werking van een schotielane (links) en een aper-
tuur array (rechts).

gen. Een signaal uit €én bepaalde richting komt bij de erteamger echter eerder
aan dan bij de andere ontvanger. Door dit tijdsverschil veaggelen voordat de sig-
nalen van de verschillende ontvangers opgeteld wordergtwet gewenste signaal
versterkt en worden alle andere signalen onderdrukt.

Dit proefschrift richt zich op de vraag wat de mogelijkhederbeperkingen zijn
voor het maken van beeldeim@aging van de hemel op radiofrequenties met derge-
lijke apertuur arrays. Hierbij wordt er vanuit gegaan dasimalen van de afzon-
derlijke ontvangers beschikbaar zijn. Het maken van beetdat in twee stappen.
In de eerste stap, de calibratie, wordt de karakteristiekdatelescoop tijdens de
waarneming bepaald. Deze informatie wordt gebruikt in deeite stap, de eigenlijke
imaging. In de praktijk wordt vaak gekozen voor een aanpairbipdeze stappen
een aantal keer herhaald worden om zo een betere oplossimggcberper beeld, te
krijgen.

Waar schotelontvangers gericht kunnen worden op éékesbeon voor (initiele)
calibratie, zien de ontvangers van een apertuur array pemale hele hemel. Daar-
door ontvangen ze altijd de signalen van meerdere discretenbn en de diffuse
emissie van de Melkweg. Daarnaast kunnen de radiogolveenpldge frequenties
behoorlijk verstoord worden door de ionosfeer. Het gevagrdan is dat de rich-
tingsafhankelijke gevoeligheid van de telescoop met dé&&p variéren. In dit proef-
schrift wordt een wiskundig model opgesteld, waarmee lygiagil van de afzonder-
lijke ontvangers beschreven kan worden. Met dit model kdrcalkbratieprobleem
beschrevenworden als een schattingsprobleem. Dit problexdt vervolgens opge-
splitst in een aantal deelproblemen, waarvoor analytisghessingen gepresenteerd
worden of beschikbaar zijn in de literatuur. Op basis hiemvardt een rekenkundig
ef ciént calibratie-algorithme voorgesteld. Dit algtitime is toegepast op data van
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een LOFAR prototype station. Uit deze tests bleek o.a. daalgerithme in staat
was om 860 vrije parameters op te lossen op een enkele stdrizldaGHz core in
slechts 0.4 s en dat het algorithme nog steeds betrouwbbkrgsopmen vindt bij een
sterk verstorende ionosfeer.

Dankzij de wiskundige formulering van het probleem, is hetgelijk om de
Cramer-Rao limiet (CRL) te bepalen. De CRL is een theore#idimiet voor de
nauwkeurigheid waarmee een schatter zonder systemaéifghieingen de vrije pa-
rameters kan schatten. De nauwkeurigheid van de voordeatalibratiemethode is
middels simulaties vergeleken met de CRL. Uit deze simesdtiijkt dat de voorge-
stelde methode geen systematische afwijkingen heeft enayuakeurigheid de CRL
haalt zodra het vermogen van de bronnen een factor 3 hogan dadruis. Hiermee is
gedemonstreerd dat er geen algorithmes kunnen bestaaoatibetzelfde probleem
op basis van dezelfde data een nog hogere nauwkeurighemgRuvalen.

Gezien het feit dat de nauwkeurigheid van de calibratie dinmehteel beperkt is,
is de logische volgende vraag in hoeverre dit de kwaliteit da gemaakte beelden
beperkt. Vaak wordt hiervoor gekeken naar het dynamischeilbgan een kaart,
gede nieerd als het verschil in vermogen tussen de sterstde zwakste bron in
de kaart. Dit blijkt in het algemeen geen goede maat te zipr de kwaliteit van
een telescoop of dataverwerkingsmethode, omdat dit stedngt van het vermo-
gen van de sterkste bron in het beeldveld, hetgeen per tedeldghoorlijk kan ver-
schillen. In dit proefschrift wordt daarom de effectievésrals maat genomen. De
effectieve ruis is een maat voor de totale ruis op ieder pumein kaart, die opge-
bouwd is uit de ruis in de meting, de fouten in de kaart t.calibcatiefouten en con-
fusieruis. De laatste bijdrage is het gevolg van het feitedat telescoop bij hogere
gevoeligheid steeds meer bronnen zal detecteren tot hetdatirde afzonderlijke
bronnen niet meer uit elkaar te houden zijn omdat er op iedet jn de kaart een
bron staat. Waarnemingen doen met nog hogere gevoeligkeit than pas weer
zin als de resolutie van de telescoop verder verbeterd wavidit behulp van het
opgebouwde wiskundige formalisme, is het mogelijk om dedotpan zowel de ruis
in de metingen als de calibratiefouten op de uiteindelijgmblkaart te analyseren.
Hieruit blijkt dat calibratiefouten vooral doorwerken op plaats van de sterke bron-
nen en dat ze minder invioed hebben op de “lege” delen vandwdtlan de ruis
in de metingen. De analyse laat ook zien, dat als de teleso@pabiel is, dat de
instrumentele variaties tussen calibratiemetingen \igkgaar of kleiner zijn dan de
nauwkeurigheid waarmee het instrument tijdens de waargeaeilfigecalibreerd kan
worden, aparte calibratiemetingen de voorkeur verdiemse calibratie tijdens de
waarneming zelf.

Ook imaging kan beschouwd worden als een schattingspmobleaarbij we het
vermogen willen weten dat in ieder beeldpunt in de kaart Eét mooie van een
dergelijke, op een wiskundig model gebaseerde, aanpaktigrdte uitdagingen bij
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imaging met apertuur arrays, zoals het feit dat de gevoeiibim de richting van
elke bron in het beeldveld per frequentie en per tijdstipeasdan zijn en het ex-
treem grote beeldveld, impliciet opgelost worden. In dibgischrift worden ana-
Iytische oplossingen afgeleid voor verschillende imagingnario's. Hieruit blijkt
dat de rekenkundige complexiteit van de feitelijke imagétap slechts afhangt van
het aantal beeldpunten in de kaart en niet van de hoevedlatgad Een mooie il-
lustratie hiervan is de kaart van de hele hemel zichtbaag&xloo geproduceerd
op basis van data van een driedaagse waarneemcampagnemteéde&R proto-
type station. Met data van datzelfde station wordt tevemegwnstreerd dat deze
imaging-methodiek de Cramer-Rao limiet haalt op echte.dBtt laat tevens zien
dat het gepresenteerde wiskundige model voor de data gostliadij de werkelijk-
heid.

Hoewel de gepresenteerde benadering voor imaging nog nveedeeterd kan
worden, laten de resultaten behaald met LOFAR-data zignjaige aanpak weinig
problemen heeft met complexe bronstructuren zoals de MagjkwDit maakt deze
methode geschikt voor waarnemingen met LOFAR, en in de toskale Square
Kilometre Array (SKA), die gericht zijn op imaging van de Neleg en detectie van
de geboorte van de eerste sterren. Deze waarnemingen wgekenmerkt door een
relatief lage resolutie en een zo hoog mogelijke gevoeitybpe complexe bronstruc-
turen. Deze blik in de toekomst versterkt het gevoel dat daniggijkste bijdrage
van dit proefschrift wel eens zou kunnen liggen in het feit@laconsistent gebruik
wordt gemaakt van methoden uit de signaalverwerkingabtemr i.p.v. voort te bor-
duren op de methoden die beschikbaar zijn in de huidige datarkingspakketten
binnen de radiosterrenkunde. De op wiskundige modellemggdrde aanpak uit
de statistische signaalverwerking krijgt langzamerhaerédmaandacht binnen de ra-
diosterrenkunde en zal de basis moeten vormen van de vaggamratie calibratie-
en imaging-methoden.

Stefan J. Wijnholds
25 januari 2010
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