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Abstra
t

Broadband 
ommuni
ations over the lo
al telephone loop has be
ome feasible

nowadays by means of Digital Subs
riber Line (DSL) te
hnologies. Asymmetri


DSL and one proposal for Very high bit rate DSL adopt Dis
rete Multitone

(DMT) as modulation s
heme. In this thesis we develop new equalization and

e
ho 
an
ellation stru
tures for DMT-based re
eivers. Our main motivation is

the appli
ation to DMT-based DSL-modems.

In literature, a DMT-based re
eiver 
ontaining a multitap time domain equal-

izer (TEQ) and a 1-taps frequen
y domain equalizer per tone, has been pre-

sented. The TEQ is usually initialized by means of the so-
alled 
hannel short-

ening algorithm. This does however not 
orrespond to bit rate optimization,

whi
h is a major disadvantage. In part I, we aim at improving upon the 
hannel

shortening algorithm. In a �rst attempt, we maintain the re
eiver stru
ture

and only 
hange the TEQ-initialization algorithm. In a se
ond attempt, we


hange the re
eiver stru
ture su
h that ea
h tone has its own multitap equal-

izer (per tone equalization). The latter stru
ture is shown to enable bit rate

optimization.

In part II, we study e
ho 
an
ellation. With (partly) overlapping up- and

downstream bands, e
ho 
an
ellation may allow to a
hieve a higher overall bit

rate. E
ho 
an
ellation may also be employed in a frequen
y division duplexing

set-up as an alternative to highly sele
tive �lters. We investigate the 
ombi-

nation of an e
ho 
an
eller presented in literature, with TEQ and per tone

equalization. We further propose a new e
ho 
an
ellation stru
ture based on

an e
ho �lter for ea
h tone separately (per tone e
ho 
an
ellation).

iii
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Korte inhoud

Breedband
ommuni
atie over de lokale telefoonlijn wordt verwezenlijkt door

digitale lijnen naar de abonnee (Digital Subs
riber Lines of xDSL). Asym-

metris
he DSL en �e�en voorstel voor zeer-hoge-snelheids DSL passen dis
rete

multitoon-modulatie (Dis
rete Multitone of DMT) toe. In dit proefs
hrift

ontwikkelen we nieuwe egalisatie- en e
ho-onderdrukkingste
hnieken voor ont-

vangers gebaseerd op DMT, waarbij de toepassing in DSL-modems onze voor-

naamste doelstelling is.

Een op DMT gebaseerde ontvanger met multitap tijdsdomein egalisator en 1-

taps frequentiedomein egalisator per toon, is bes
hreven in de literatuur. De

tijdsdomein egalisator wordt meestal ge��nitialiseerd door middel van het zo-

genaamde kanaalverkortingsalgoritme. Dit komt e
hter niet overeen met bit-

snelheidsoptimalisatie, wat een belangrijk nadeel is. In deel I ontwikkelen we

een egalisatiete
hniek die beter is dan TEQ-ontwerp gebaseerd op kanaalver-

korting. In eerste instantie behouden we de ontvangerstru
tuur en veranderen

we enkel het TEQ-initialisatie-algoritme. In tweede instantie, veranderen we

ook de ontvangerstru
tuur. Elke toon heeft dan zijn eigen multitap egalisator

(egalisatie per toon), wat bitsnelheidsoptimalisatie mogelijk maakt.

In deel II behandelen we e
ho-onderdrukking. Bij (gedeeltelijk) overlappende

up- en downstream frequentiebanden kan e
ho-onderdrukking een hogere bit-

snelheid mogelijk maken. E
ho-onderdrukking kan ook aangewend worden in

een stru
tuur met frequentiegebaseerde tweevoudige toegang (Frequen
y Divi-

sion Duplexing of FDD) als alternatief voor zeer sele
tieve �lters. We bestu-

deren de 
ombinatie van een in de literatuur voorgestelde e
ho-onderdrukker

met TEQ en egalisatie per toon. Verder stellen we een nieuwe e
ho-onderdrukker

voor gebaseerd op een e
ho�lter voor elke gebruikte toon afzonderlijk (e
ho-

onderdrukking per toon).
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Glossary

Mathemati
al notation

a ve
tor a

�
a ve
tor a with its elements in reverse order

jjajj

2

2-norm of ve
tor a

A matrix A

A

T

transpose of matrix A

A

H

Hermitian transpose of matrix A

A

�


omplex 
onjugate of matrix A

A

�1

inverse of matrix A

A

1=2

Cholesky fa
tor of matrix A

diag(a) square matrix with the elements of ve
tor a on the main

diagonal

diag(A) row ve
tor formed from the diagonal elements of matrix A

diag(A;B;C) blo
k diagonal matrix with matri
es A;B and C on the

main diagonal

A(m;n) element on the mth row and the nth 
olumn of matrix A

A(:;m : n) 
olumns m up to n of matrix A

A(m : n; :) rows m up to n of matrix A

A(m : l : n; :) rows m;m+ l; : : :m+ x:l of matrix A with x = b

n�m

l




A�B 
omponentwise multipli
ation of matri
es A and B

(also known as the Hadamard or S
hur produ
t)

0 zero ve
tor

0

1�n

zero row ve
tor of length n

O zero matrix

O

m�n

m� n zero matrix

I

N

N �N identity matrix

F

N

N �N DFT matrix

I

N

N �N IDFT matrix

Efag expe
tation of random variable a

jaj absolute value of a 2 IR; modulus of a 2 C

vii



viii Glossary

ba
 largest integer smaller than or equal to a 2 IR

dae smallest integer larger than or equal to a 2 IR

mod(a=b) remainder after division of a by b with a; b 2 IR

IR set of real numbers

C set of 
omplex numbers

X

(k)

i


omplex DMT subsymbol for tone i at symbol period k

Abbreviations

ADSL Asymmetri
 Digital Subs
riber Line

AM Amplitude Modulation

ANSI Ameri
an National Standards Institute

AWG Ameri
an Wire Gauge

CAP Carrierless Amplitude/Phase modulation

CIR Channel Impulse Response

CO Central OÆ
e

CP Cy
li
 Pre�x

CS Cy
li
 SuÆx

DFT Dis
rete Fourier Transform

DMT Dis
rete MultiTone

DWMT Dis
rete Wavelet MultiTone

EC E
ho Can
ellation

ETSI European Tele
ommuni
ations Standards Institute

FBLMS Frequen
y domain Blo
ked Least Mean Squares

FDD Frequen
y Division Duplexing

FDI Feeder Distribution Interfa
e

FEQ Frequen
y domain EQualization

FEXT Far End Crosstalk

FFT Fast Fourier Transform

FIR Finite Impulse Response

FMT Filtered MultiTone

HDSL High bit rate Digital Subs
riber Line

HIPERLAN HIgh PErforman
e Radio Lo
al Area Network

HPNA Home Phoneline Networking Allian
e

ICI InterCarrier Interferen
e

IDFT Inverse Dis
rete Fourier Transform

IFFT Inverse Fast Fourier Transform

ISDN Integrated Servi
es Digital Network

ISI InterSymbol Interferen
e

LMS Least Mean Squares

LS Least Squares

MIMO Multiple-Input/Multiple-Output

MMSE Minimum Mean Square Error

NEXT Near End Crosstalk



Glossary ix

OFDM Orthogonal Frequen
y Division Multiplexing

POTS Plain Old Telephone Servi
e

PSD Power Spe
tral Density

PT-EC Per Tone E
ho Can
ellation

PT-EQ Per Tone EQualization

PTF Per Tone Filter

QAM Quadrature Amplitude Modulation

RFI Radio Frequen
y Interferen
e

RLS Re
ursive Least Squares

RT Remote Terminal

SFG Signal Flow Graph

SIMO Single-Input/Multiple-Output

SISO Single-Input/Single-Output

SNR Signal-to-Noise Ratio

SRC-RLS Square-Root Covarian
e Re
ursive Least Squares

SSNR Shortening Signal-to-Noise Ratio

SVD Singular Value De
omposition

TDD Time Division Duplexing

TEC Time domain E
ho Can
ellation

TEQ Time domain EQualization

TIR Target Impulse Response

TLS Total Least Squares

VDSL Very high bit rate Digital Subs
riber Line

WLAN Wireless Lo
al Area Network

xDSL generi
 name for Digital Subs
riber Line te
hniques
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Egalisatie en

e
ho-onderdrukking voor

DMT-gebaseerde

DSL-modems

Nederlandse samenvatting

Hoofdstuk 1. Inleiding

Sinds de uitvinding van de telefoon ontstond een wereldwijd telefoonnetwerk.

Dit netwerk, dat oorspronkelijk ontworpen werd voor traditionele telefoondien-

sten (Plain Old Telephone Servi
es of POTS), wordt nu meer en meer gebruikt

voor breedband
ommuni
atie. Deze evolutie wordt verklaard door de zoek-

to
ht naar e
onomis
he oplossingen voor het aanbieden van breedbanddien-

sten. Hierbij gaat men bestaande media, zoals de telefoonlijn als ook de kabel,

hergebruiken.

De re
ent ontwikkelde digitale te
hnieken voor hoge-snelheids
ommuni
atie

over de telefoonlijn worden digitale lijnen naar de abonnee (Digital Subs
riber

Lines of xDSL) genoemd. Twee van deze te
hnieken zijn van bijzonder belang

in dit proefs
hrift, meer bepaald asymmetris
he DSL (Asymmetri
 Digital Sub-

s
riber Line of ADSL) en zeer-hoge-snelheids DSL (Very high bit rate Digital

Subs
riber Line of VDSL), omwille van het toegepaste modulaties
hema. Het

standaard modulaties
hema voor ADSL is dis
rete multitoon-modulatie (Dis-


rete Multitone of DMT). DMT verdeelt de bandbreedte in meerdere smalle

banden en moduleert een drager in elke band: de modulatie is dus gebaseerd

op meerdere dragers (multi
arrier). Voor VDSL is er nog geen standaard mo-

dulaties
hema bepaald. Er zijn momenteel twee kandidaten, enerzijds DMT en

anderzijds modulaties
hema's gebaseerd op �e�en drager (single 
arrier). In dit

xvii
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proefs
hrift ontwerpen we egalisatie- en e
ho-onderdrukkingste
hnieken voor

DMT-gebaseerde systemen, waarbij de toepassing op DSL-modems de voor-

naamste doelstelling is.

Multidrager-modulatie

De eerste multidrager-modulaties
hema's hadden �lters en os
illatoren nodig

om de vers
hillende dragers te moduleren. In de jaren '70, ontdekte men e
h-

ter dat de Dis
rete Fourier Transformatie (DFT) kan aangewend worden om

deze modulatie digitaal uit te voeren [137℄. Het grote voordeel van de DFT is

de bijhorende eÆ
i

�

ente implementatie door middel van de Fast Fourier Trans-

formatie (FFT). Een DFT verdeelt de frequentieband in overlappende, maar

wiskundig orthogonale, deelbanden met sin
-vorm.

Multidrager-modulatie wordt zowel toegepast in bedrade als in draadloze 
om-

muni
atiesystemen. Een populair DFT-gebaseerde modulaties
hema met vele

draadloze toepassingen, is orthogonale frequentiegebaseerde meervoudige mo-

dulatie (Orthogonal Frequen
y Division Multiplexing of OFDM) [16, 41℄. OFDM

is de Europese standaard voor digitale audio en video uitzending. Bovendien is

OFDM opgenomen in het ontwerp voor de standaard van draadloze lokale net-

werken (Wireless Lo
al Area Networks of WLAN) [43, 126, 127℄. De 
apa
iteit

van multidrager-modulatie kan worden vergroot door zogenaamde adaptieve

bit-toekenning (adaptive bit loading) [29, 32, 77, 78℄. Elke deelband krijgt

dan een hoeveelheid energie en een aantal bits toegekend afhankelijk van zijn

signaal-ruis-verhouding. Dit prin
ipe wordt getoond in �guur 1.1. Merk op

dat adaptieve bit-toekenning alleen mogelijk is bij teruggekoppeling van de

ontvanger naar de zender. Wanneer OFDM ge
ombineerd wordt met adap-

tieve bit-toekenning, spreekt men, in het domein van de DSL-modems, over

DMT.

Tweevoudige toegang

In een DSL-systeem zijn er twee 
ommuni
atieri
htingen mogelijk: van de 
en-

trale (Central OÆ
e of CO) naar de afgelegen modem bij de abonnee (Remote

Terminal of RT) wordt stroomafwaarts (downstream) genoemd en de omge-

keerde ri
hting, van RT naar CO, is stroomopwaarts (upstream). Wanneer de


ommuni
atie in beide ri
htingen verloopt over dezelfde telefoonlijn, worden

zender en ontvanger aan elk uiteinde gekoppeld aan de lijn door middel van

een hybride [21, 74℄. Een perfe
t uitgebalan
eerd hybride verhindert dat het

verzonden signaal e
ho veroorzaakt in het ontvangen signaal. Omwille van de

grote vers
heidenheid in lijnkarakteristieken, zal een vast hybride niet perfe
t

gebalan
eerd kunnen zijn voor alle lijnen en zal e
ho ontstaan.

Om up- en downstream signalen van elkaar te s
heiden, maakt men gebruik van

een te
hniek om tweevoudige toegang te bieden (duplexing) [74℄, zie �guur 1.2.

In tijds- en frequentiegebaseerde tweevoudige toegang (Time resp. Frequen
y

Division Duplexing of TDD en FDD) kent men aan elke 
ommuni
atieri
h-

ting respe
tievelijk ges
heiden tijds- en frequentiekanalen toe. Indien dezelfde
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frequentieband gelijktijdig in beide ri
htingen gebruikt wordt, zal een e
ho-

onderdrukker toegevoegd worden aan de modem om de e
ho te verminderen

die het hybride niet kan tegenhouden.

Digitale lijnen naar de abonnee

xDSL-modems kunnen veel hogere bitsnelheden bieden dan traditionele spraak-

band modems (voi
e band modems) [89℄, omdat ze een grotere bandbreedte

van de lokale telefoonlijn benutten. Traditionele modems maken een verbin-

ding over het volledige telefoonnetwerk dat ontworpen is voor spraaksignalen

met 4kHz bandbreedte, en gebruiken enkel de POTS-band (300 tot 3400Hz).

xDSL maakt gebruik van spe
iaal ontworpen modems aan beide uiteinden van

de lokale lijn en kan op die manier een veel grotere bandbreedte benutten. In

hoofdstuk 1 wordt een overzi
ht van xDSL te
hnologie

�

en gegeven [16, 21, 91℄.

Opeenvolgende systemen bieden een steeds hogere bitsnelheid aan over een

groeiende bandbreedte.

ADSL [10, 22, 66, 72, 79℄ kan, afhankelijk van de ruis- en kanaalkarakteristieken,

een up- en downstream bitsnelheid aanbieden tot respe
tievelijk 640kbit/s en

6Mbit/s in 1.104MHz bandbreedte over een 4km lange lijn. Deze bandbreedte

wordt door het DMT-s
hema opgedeeld in 256 tonen. De verdeling van de

tonen over up- and downstream is weergegeven in �guur 1.3. De hoogste tonen

worden volgens de standaard aan downstream toegekend. De laagste tonen wor-

den aan upstream toegekend of kunnen in beide ri
htingen gebruikt worden. In

het eerste geval kunnen beide 
ommuni
atieri
htingen ges
heiden worden door

�lters (FDD) en in het tweede geval is een e
ho-onderdrukker noodzakelijk.

De asymmetrie van ADSL is bijzonder ges
hikt voor toepassingen als inter-

nettoegang en video-op-aanvraag (video-on-demand). ADSL en POTS moeten

tegelijkertijd over dezelfde telefoonlijn bes
hikbaar zijn. Daarom zal ADSL

geen data verzenden over de laagste tonen, zie ook �guur 1.3, en wordt er een

zo genaamde POTS-splitter toegevoegd aan beide lijnuiteinden, zie �guur 1.4.

De opvolger van ADSL is VDSL [11, 35, 42, 103℄. De benutte bandbreedte

is tien keer hoger dan voor ADSL. VDSL is bedoeld om zeer hoge bitsnelhe-

den te bieden over korte lijnen. De downstream bitsnelheid kan bijvoorbeeld

tot 52Mbit/s reiken over 300m. Zowel symmetris
he als asymmetris
he ver-

delingen van de bitsnelheid over up- and downstream worden in de standaard

voorzien. Omwille van het zeer korte bereik van VDSL, zal deze te
hnolo-

gie gebruikt worden in een gemengde 
on�guratie van glasvezel en koperdraad.

VDSL verbindt dan de abonnee via zijn telefoonlijn met het kastje in de straat.

Van daaruit loopt de aansluiting verder over glasvezel naar de CO, ook wel

�ber-to-the-
abinet genoemd. Op dit moment zijn er twee kandidaat-modulatie

s
hema's voor VDSL, namelijk DMT en modulaties
hema's gebaseerd op �e�en

drager. Voor DMT-gebaseerde VDSL is Zipper re
ent voorgesteld als nieuwe

duplexing-te
hniek [61, 62, 81, 104, 107℄. Zipper bes
houwt elke toon als een

onafhankelijk frequentiekanaal dat aan up- of downstream kan toegekend wor-

den, zoals getoond in �guur 1.5. In tegenstelling tot klassieke FFD s
hema's,
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waar frequentiekanalen volledig ges
heiden zijn in frequentie, overlappen de to-

nen omwille van hun sin
-vorm. De tonen worden e
hter wiskundig orthogonaal

gehouden zonder de invoering van vaste FDD-�lters. Dit resulteert in een zeer


exibel systeem, waarbij de tonen op enorm veel manieren kunnen verdeeld

worden tussen up- en downstream, zelfs tijdens modem-gebruik.

Stoorbronnen in het telefoonnetwerk

Vervolgens geven we in hoofdstuk 1 een overzi
ht van de opbouw van het te-

lefoonnetwerk met zijn voornaamste stoorbronnen [35, 37, 49, 99, 138℄ die de

performantie van xDSL be

�

�nvloeden [13, 30, 69, 70, 101℄. Een telefoonlijn be-

staat uit koperparen: namelijk twee rond elkaar gedraaide koperdraden (twisted

pair). Deze paren zijn gegroepeerd in kabels en het aantal paren in een kabel

neemt af van CO naar RT, zie �guur 1.6. De lengte, de diameter en het type

draaiing van de koperdraden be

�

�nvloeden de 
apa
iteit. Verder kunnen er ook

vertakkingen (bridged taps) [134℄ voorkomen. Dit zijn ongebruikte stukken

koperpaar, verbonden in parallel met de telefoonlijn. Ter hoogte van een ver-

takking wordt het signaal in twee gesplitst. Het ene deel wordt aan het open

einde van de vertakking weerkaatst en voegt zi
h dan opnieuw bij het andere

deel. Als tweemaal de lengte van de vertakking gelijk is aan een oneven aantal

keer de gol
engte, interfereren beide 
omponenten destru
tief. Dit betekent

dat de overdra
htsfun
tie een grote verzwakking vertoond op de overeenkom-

stige frequenties. Standaardisatieverenigingen, zoals ETSI en ANSI, hebben

testlijnen gede�nieerd die bestaan uit se
ties van vers
hillende lengte en dia-

meter met en zonder vertakkingen om de performantie van ADSL en VDSL te

evalueren.

Omdat de koperparen gebundeld zijn, zal ongewenste ele
tromagnetis
he kop-

peling tussen vers
hillende paren voorkomen. Deze koppeling is gekend als

overspraak (
rosstalk), zie �guur 1.8. Er wordt een onders
heid gemaakt tussen

overspraak veroorzaakt door een nabije zender, dit is aan dezelfde zijde van de

lijn als de bes
houwde modem, (Near End Crosstalk of NEXT), en overspraak

veroorzaakt door een zender aan de andere kant van de lijn (Far End Cross-

talk of FEXT). Beide types overspraak vergroten in fun
tie van de frequentie.

Overspraak wordt soms ook ingedeeld in zelf-overspraak (self-
rosstalk), afkom-

stig van een zelfde type xDSL dienst, en vreemde overspraak (alien 
rosstalk),

afkomstig van een vers
hillend type. Een zelfde type xDSL kan enkel NEXT

en e
ho veroorzaken als up- en downstream tegelijkertijd verzonden worden

in dezelfde frequentieband. FEXT komt altijd voor tussen diensten van het-

zelfde type in dezelfde bundel. Een andere stoorbron is radio frequentie inter-

ferentie (RFI) [12, 105, 106, 109℄, afkomstig van AM en amateurradio. RFI

is vooral belangrijk voor VDSL. De gespe
i�eerde amateurradiobanden liggen

boven 1.8MHz en vallen dus enkel samen met de VDSL frequentieband. De

AM banden vallen ook gedeeltelijk samen met de ADSL band. Zowel de inter-

ferentie veroorzaakt door een radiozender in xDSL (ingress) als de interferentie

door xDSL in een radio-ontvanger (egress) zijn belangrijk. Verder wordt de
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performantie be

�

�nvloed door thermis
he ruis en impulsruis [86℄.

Probleemformulering en bijdragen

Tenslotte formuleren we de problemen die in dit proefs
hrift aan bod komen

en geven we een overzi
ht van de bijdragen. Het proefs
hrift omvat twee delen.

In deel I behandelen we egalisatie. DMT-gebaseerde systemen verdelen de

bandbreedte in parallelle tonen. De inkomende seri

�

ele bitstroom wordt dan

verdeeld in parallelle bitstromen die de vers
hillende tonen QAM-moduleren

(Quadrature Amplitude Modulation) door middel van een inverse FFT. Na mo-

dulatie wordt een zogenaamde 
y
lis
he pre�x aan elk symbool toegevoegd.

Indien de impulsresponsie kort genoeg is -dit is korter dan de 
y
lis
he pre�x

lengte plus �e�en- kan de ontvanger eenvoudig opgebouwd worden uit een de-

modulerende FFT-operatie en een 1-taps frequentiedomein egalisator (FEQ)

voor elke gebruikte toon. In ADSL is de impulsresponsie e
hter veel langer dan

de 
y
lis
he pre�x (bijvoorbeeld 250 versus 32 taps aan 2.208MHz) en bijge-

volg zullen interferenties ontstaan tussen vers
hillende symbolen en tonen die

de performantie negatief be

�

�nvloeden. Een bestaande oplossing hiervoor is het

invoegen van een tijdsdomein egalisator (TEQ) in de ontvanger v�o�or de demo-

dulatie, om de impulsresponsie van het kanaal te verkorten. In de literatuur

zijn vers
heidene initialisatie-algoritmen voor de TEQ gepresenteerd die geba-

seerd zijn op dit prin
ipe. Ze hebben e
hter een aantal duidelijke nadelen. Ten

eerste heeft de resulterende kwadratis
he kostfun
tie geen dire
t verband met

de bitsnelheid. Ten tweede kan de bitsnelheid vrij sterk vari

�

eren in fun
tie van

de beslissingsvertraging (de
ision delay), zodat het beslissingsogenblik kritis
h

is. In hoofdstuk 3 bekijken we deze algoritmen in detail.

Ons doel is een egalisatiete
hniek te ontwikkelen die beter is dan TEQ-ontwerp

gebaseerd op kanaalverkorting. In een eerste poging behouden we de ontvan-

gerstru
tuur en veranderen we enkel de TEQ-initialisatie pro
edure. Het TEQ-

initialisatie algoritme is een eigen bijdrage en wordt bes
hreven in hoofdstuk 3.

In een tweede poging veranderen we ook de ontvangerstru
tuur zodat elke toon

zijn eigen optimale en 
omplexe TEQ heeft, e
hter na demodulatie en dus in

het frequentiedomein. Deze egalisatie per toon is optimaal in de zin dat we de

signaal-ruis-verhouding (Signal-to-Noise Ratio of SNR) per toon kunnen maxi-

maliseren. Deze nieuwe egalisatiestru
tuur en bijhorende initialisatie is een

eigen bijdrage die wordt bes
hreven in de hoofdstukken 4 en 5.

In deel II bestuderen we e
ho-onderdrukking. E
ho-onderdrukking is nood-

zakelijk wanneer up- en downstream (gedeeltelijk) overlappende frequentieban-

den toegewezen krijgen om zo hogere bitsnelheden mogelijk te maken. E
ho-

onderdrukking kan ook gebruikt worden in een FDD stru
tuur als alternatief

voor hoge �lterordes van zeer sele
tieve �lters. We bekijken eerst een bestaande

e
ho-onderdrukking, meer bepaald tijds- en frequentiedomein e
ho-onderdruk-

king, en bes
hrijven hoe deze met egalisatie per toon kan ge
ombineerd worden.

De 
ombinatie van tijds- en frequentie domein e
ho-onderdrukking en egalisa-

tie per toon is een eigen bijdrage en wordt bes
hreven in hoofdstuk 6. Vervol-
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gens ontwikkelen we een nieuwe e
ho-onderdrukking gebaseerd op het per-toon-

prin
ipe dat we ook in deel I toegepast hebben. Met e
ho-onderdrukking per

toon zijn we in staat om, voor gegeven egalisatie- en e
ho�lterlengtes, de SNR

per toon te maximaliseren. E
ho-onderdrukking per toon is een eigen bijdrage

die wordt bes
hreven in hoofdstuk 7.

Hoofdstuk 2. Con
epten

Multitoon-modulatie

De DMT-gebaseerde zender en ontvanger worden voorgesteld in de �guren 2.1

en 2.2 [15, 28℄. We bes
hrijven op een wiskundige manier het prin
ipe van

de DMT-modulatie. Indien de lengte van de impulsresponsie van het kanaal

korter is dan (of gelijk aan) de 
y
lis
he pre�xlengte plus �e�en, dan is de lineaire


onvolutie van de ingangssequentie met de impulsresponsie equivalent met een


ir
ulaire 
onvolutie. Of, uitgedrukt in het frequentiedomein, een subsymbool

voor toon i (i = 1 : : : N), X

i

, wordt vermenigvuldigd met de i-de 
omponent

van de N -punts FFT van de impulsresponsie, H

i

. Bijgevolg verdeelt DMT

het kanaal in N parallelle, onafhankelijke subkanalen en is een 1-taps FEQ

voldoende om de amplitude en de fase van het kanaal te 
ompenseren.

Wanneer de impulsresponsie e
hter langer is, interfereren andere subsymbo-

len met het bes
houwde subsymbool [94, 102℄. De vers
hillende interferenties

worden voorgesteld in �guur 2.4. Een subsymbool verzonden tijdens de sym-

boolperiode k, maar op een andere toon i

2

, X

(k)

i

2

, veroorzaakt Inter
arrier In-

terferentie van type 1 (ICI1) in subsymbool X

(k)

i

1

. Een subsymbool verzonden

tijdens een andere (vorige of volgende) symboolperiode, op dezelfde toon, X

(k

0

)

i

1

veroorzaakt Intersymbool Interferentie (ISI) in subsymbool X

(k)

i

1

. Een subsym-

bool verzonden tijdens een andere symboolperiode, op een andere toon, X

(k

0

)

i

2

,

veroorzaakt Inter
arrier Interferentie van type 2 (ICI2) in subsymbool X

(k)

i

1

.

In ADSL wordt dan een T -taps TEQ ingevoegd om het kanaal te verkorten

en zo de interferenties te onderdrukken. Het TEQ-initialisatie-algoritme ge-

baseerd op kanaalverkorting, heeft enkele belangrijke nadelen: de resulterende

kwadratis
he kostfun
tie heeft geen re
htstreeks verband met de bitsnelheid en

de bitsnelheid kan sterk vari

�

eren in fun
tie van de beslissingsvertraging. Hier-

naast heeft de TEQ-stru
tuur op zi
h nog een bijkomend nadeel: alle tonen

worden ge

�

egaliseerd met hetzelfde �lter en op die manier beperkt de TEQ de


apa
iteit van het systeem.

Naast de TEQ zijn er in de literatuur ook egalisatiestru
turen in het frequen-

tiedomein voorgesteld zoals multiple-input/multiple-output (MIMO) en single-

input/multiple-output (SIMO) [93℄. In hoofdstuk 4 stellen we egalisatie per

toon voor als een nieuwe alternatieve egalisatiestru
tuur in het frequentiedo-

mein.
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Capa
iteit

Vervolgens worden de formules van Shannon voor de theoretis
he 
apa
iteit en

voor de werkelijk bitsnelheid besproken. De tweede formule wordt gebruikt in

simulaties.

DMT-gebaseerde VDSL

De DMT-gebaseerde zender en ontvanger voor VDSL, met Zipper als duplexing-

te
hniek, worden voorgesteld in de �guren 2.8 en 2.11. In tegenstelling tot

ADSL, maakt VDSL ook gebruik van een 
y
lis
he suÆx: een bijkomende


y
lis
he extensie op het einde van een symbool [104℄. Verder is er een pulsvor-

mingsoperatie (pulse shaping) in de zender en een vensterfun
tie (windowing)

in de ontvanger, zie �guur 2.9 [64℄. De VDSL-ontvanger bevat geen TEQ. De

orthogonaliteit tussen de tonen wordt bewaard door beide 
y
lis
he extensies.

De suÆxlengte is in het ideale geval gelijk aan de grootste vertraging die voor-

komt in de bes
houwde bundel van telefoonlijnen. De bedoeling is dat de FFT

(in de ontvanger) werkt op N monsters (samples) van hetzelfde symbool, en

dit geldt zowel voor het nuttig signaal als voor het e
hosignaal (en alle andere

DMT-signalen die in de ontvanger tere
htkomen). Indien de modems aan beide

uiteinden van alle lijnen in �e�en bundel gesyn
hroniseerd zijn, worden e
ho en

NEXT vermeden. De orthogonaliteit tussen up- en downstream tonen is in

dat geval immers gegarandeerd. In realiteit e
hter, zal een hoeveelheid e
ho

en NEXT voorkomen omdat de 
y
lis
he extensies niet voldoende lang zijn

en omdat de syn
hronisatie niet perfe
t is. Om deze residuele e
ho en NEXT

te beperken, is de pulsvormingsoperatie toegevoegd aan de zender. Voor ver-

zending worden symbolen vermenigvuldigd met een niet-re
hthoekig venster

(meestal met 
osinus-vorm aan begin en einde, de zogenaamde raised 
osine

shape) zodat de zijlobben van de sin
-vormige tonen (in het frequentiedomein)

verlagen, zie �guur 2.10. Daarna laat men opeenvolgende symbolen overlappen

in het interval met 
osinus-vorm (roll-o� region).

In de DMT-gebaseerde VDSL-ontvanger, wordt sle
hts een gedeelte van de


y
lis
he extensies verwaarloosd. De overblijvende delen worden gebruikt in

de vensterfun
tie [109℄. Een vensterfun
tie verhindert dat Radio Frequentie

Interferentie (RFI) te veel buurtonen aantast door de zijlobben in de ontvanger

te verlagen. Na vermenigvuldiging met een niet-re
hthoekig venster wordt het

overblijvende gedeelte van de 
y
lis
he pre�x teruggeplooid op het einde van

het symbool en het overblijvende gedeelte van de 
y
lis
he suÆx op het begin

van het symbool, zie �guur 2.12, om ISI- en ICI-introdu
tie te vermijden. Het

resulterende symbool wordt gedemoduleerd.

Datamodellen

In het tweede deel van dit hoofdstuk bes
hrijven we een aantal datamodellen

voor het ontvangen signaal. We beginnen met het basismodel waarbij we de

IFFT (in de zender) en de FFT (in de ontvanger) van dezelfde grootte ver-

onderstellen. In het tweede datamodel wordt het e
hosignaal expli
iet als een
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DMT-signaal bes
hreven in plaats van een gedeelte van de additieve ruis. Dit

heeft als voordeel dat fase-informatie over het e
hosignaal aanwezig is in het

datamodel. Het basisdatamodel wordt vervolgens uitgebreid voor een twee-

maal hogere bemonsterfrequentie in de ontvanger, een gede
imeerd en een

ge

�

�nterpoleerd DMT-signaal. Al deze datamodellen zijn ges
hikt om ADSL

signalen te modelleren. Als laatste, geven we nog een VDSL datamodel dat

naast een 
y
lis
he pre�x ook een suÆx, een pulsvormingsoperatie en een ven-

sterfun
tie bevat.

Deel I. Egalisatie

Hoofdstuk 3. Tijdsdomein egalisatie

Kanaalverkorting

In dit hoofdstuk bestuderen we grondig een aantal initialisatiepro
edures voor

de TEQ. De kanaalverkorting is een welgekende en in de literatuur veelbe-

sproken pro
edure [4, 7, 28, 75, 80, 84, 123℄. Het prin
ipe is weergegeven in

�guur 3.1. Voor een gegeven impulsresponsie van het kanaal h met additieve

ruis n

l

, TEQ-lengte T en 
y
lis
he pre�xlengte �, zoeken we een T -taps TEQ

w, een (� +1)-taps doelimpulsresponsie b (target impulse response of TIR) en

een waarde voor de beslissingsvertraging Æ

tot

zodat de verwa
hte waarde van

de kwadratis
he fout minimaal is (Minimum Mean Square Error of MMSE).

Dit wordt uitgedrukt in vergelijking (3.1). Het resultaat is een kwadratis
he

kostfun
tie met uniek globaal minimum, wat leidt tot eenvoudige algoritmen,

e
hter zonder re
htstreeks verband met de resulterende bitsnelheid. Om de

triviale nuloplossing te vermijden, legt men een beperking op. Dit kan een een-

heids
o

�

eÆ
i

�

ent-, een eenheidsnorm- of een eenheidsenergiebeperking zijn op de

TIR b of op de TEQ w. De eenheidsenergiebeperkingen komen respe
tievelijk

overeen met 
onstante energie in het ontvangen nuttig signaal, b

T

R

xx

b = 1,

en in het totaal ontvangen signaal, w

T

R

yy

w = 1. De beperkingen hebben

eveneens geen verband met de bitsnelheid, en daarom is het moeilijk de `juiste'

beperking te kiezen.

Verder tonen we aan dat de oplossing voor eenheidsenergiebeperking op de

TIR b en/of op de TEQ w gerelateerd zijn. De oplossingen voor de TIR en

de TEQ bepalen (in de drie gevallen) de prin
ipale ve
toren in de deelruimten

respe
tievelijk van het verzonden signaal x en het ontvangen signaal y, die

overeenstemmen met de minimale prin
ipale hoek tussen beide deelruimten. De


osinussen van de prin
ipale hoeken tussen beide deelruimten worden gevonden

als de veralgemeende eigenwaarden van een bepaalde matrix, of de singuliere

waarden van een bijhorende matrix, zie vergelijkingen (3.23) en (3.84). Indien

de grootste singuliere waarde stri
t groter is dan de daaropvolgende singuliere

waarden, zijn de oplossingen voor de TEQ en de TIR in de drie bes
houwde
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gevallen op een s
haalfa
tor na gelijk.

De frequentiedomein-aanpak [27, 135℄ van MMSE-gebaseerde kanaalverkorting

wordt kort besproken. Deze benadering geeft een verklaring voor de vreemde

TEQ-oplossingen van MMSE-gebaseerde kanaalverkorting in een FDD-stru
-

tuur, indien de eenheidsnorm op de TEQ opgelegd wordt [125℄. De TEQ

krijgt dan een grote versterking in de stopband en een zeer kleine verster-

king in de doorlaatband. Ruis in de stopband zal dus versterkt worden door

de TEQ. Omdat de demodulerende FFT zi
h gedraagd als een �lterbank van

sin
-�lters met aanzienlijke zijlobben, lekt de versterkte stopbandruis in de

doorlaatband en daalt de SNR van de gebruikte tonen. Een 
ontrole van de

TEQ-overdra
htsfun
tie is dan ook belangrijk. In [125℄ is virtuele ruis voorge-

steld om een grote stopbandversterking voor de TEQ te vermijden. De methode

komt neer op het toevoegen van wiskundige (niet werkelijk aanwezige) ruis in

de stopband in het initialisatie-algoritme.

Gewogen kanaalverkorting

Om de performantie van de MMSE-gebaseerde kanaalverkorting te verbeteren,

hebben we zowel de kostfun
tie als de beperking veranderd. In tegenstelling

tot de voorgaande algoritmen, negeert ons algoritme expli
iet de niet-gebruikte

tonen in kostfun
tie en beperking, door middel van gewi
htsmatri
es, om tri-

viale oplossingen in de doorlaatband te vermijden. In de berekening van de


orrelatiematrix van het verzonden signaal, maken we e
hter een aantal ver-

eenvoudigingen om de 
omplexiteit van het algoritme te verlagen. Uiteindelijk

veronderstellen we dat het verzonden signaal wit is, maar optimaliseren we al-

leen over de gebruikte tonen. Simulaties tonen aan dat het algoritme resulteert

in een signi�
ante perfomantieverbetering in upstream in vergelijking met de

oorspronkelijk MMSE-gebaseerde kanaalverkorting. We merken e
hter op dat

de gewogen kostfun
tie nog steeds niet equivalent is met bitsnelheidsoptimali-

satie.

Andere TEQ-initialisatie-algoritmen

Naast MMSE-gebaseerde kanaalverkorting zijn er in de literatuur nog andere

TEQ-initialisatie-algoritmen voorgesteld. De geometris
he SNR [8℄ optima-

liseert de bitsnelheid wat leidt tot een niet-lineair optimalisatieprobleem met

beperkingen. De verkortings-SNR [80℄ geeft de verhouding weer van de grootste

energie in � +1 opeenvolgende monsters in de verkorte impulsresponsie tot de

energie in de overige monsters. De TEQ-oplossing wordt dan gegeven door

een eigenwaardeprobleem. De verkortings-SNR houdt geen rekening met de

kanaalruis en is niet equivalent met bitsnelheidsoptimalisatie.
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Hoofdstuk 4. Egalisatie per toon

De belangrijkste bijdrage in dit proefs
hrift is het per-toon-
on
ept voor DMT-

gebaseerde DSL-modems. In hoofdstuk 4, introdu
eren we egalisatie per toon

van DMT-signalen. Hiervoor passen we de gekende DMT-ontvanger (met TEQ)

aan zodat elke gebruikte toon een eigen T -taps egalisator heeft. De opeenvol-

ging van TEQ en FFT kan immers, voor elke toon, bes
houwd worden als een


onvolutie van twee �lters. Het eerste �lter, nl. de TEQ, is hetzelfde voor

alle tonen vermits de TEQ-operatie v�o�or demodulatie uitgevoerd wordt. Het

tweede �lter is afhankelijk van de toonindex i en komt overeen met de i-de

rij van de DFT-matrix. Omdat beide �lters mogen omgewisseld worden (de


onvolutie is 
ommutatief), stellen we voor om eerst de FFT-operatie uit te

voeren en dan pas de TEQ. Dit betekent dat elke toon nu zijn eigen TEQ

heeft, geplaatst na demodulatie. Het produ
t van de TEQ met de 1-taps FEQ

(uit de oorspronkelijke DMT-ontvanger) wordt vervolgens bes
houwd als een


omplexe T -taps Egalisator Per Toon (Per Tone EQualizer of PT-EQ) w

i

, die

kan geoptimaliseerd worden voor elke toon afzonderlijk. De overeenkomstige

DMT-ontvanger is weergegeven in �guur 4.1.

Complexiteit tijdens datatransmissie

Op het eerste zi
ht, lijkt de PT-EQ duurder dan de TEQ. De ontvanger met

TEQ heeft sle
hts �e�en FFT-operatie nodig per DMT-symbool omdat de fre-

quentiedomeinegalisatie bestaat uit 1-taps �lters. De ontvanger met PT-EQ

daarentegen heeft T -taps �lters in het frequentiedomein en heeft dus T opeen-

volgende FFT-operaties per DMT-symbool nodig. We kunnen e
hter handig

gebruik maken van een eigens
hap van opeenvolgende FFT's (sliding FFT).

Voor elke toon i, kunnen de nodige FFT-uitgangen ook berekend worden als

(
omplexe) lineaire 
ombinaties van �e�en FFT-uitgang en T�1 re

�

ele vers
hilter-

men, zoals weergegeven in vergelijking (4.4). Deze lineaire 
ombinaties kunnen

opgenomen worden in de PT-EQw

i

zodat de uiteindelijke PT-EQ v

i

als ingan-

gen �e�en FFT en T�1 vers
hiltermen heeft. Deze DMT-ontvanger is voorgesteld

in �guur 4.2. We hebben aangetoond dat ontvangers met respe
tievelijk T -taps

PT-EQ (ge

�

�mplementeerd d.m.v. v

i

) of met T -taps TEQ een vergelijkbare 
om-

plexiteit hebben tijdens datatransmissie. Een bijkomende 
omplexiteitswinst

kan bekomen worden door het aantal �lter
o

�

eÆ
i

�

enten per toon te optimali-

seren. Het nadeel van PT-EQ ten opzi
hte van TEQ, is het grotere geheugen

nodig om alle �lter
o

�

eÆ
i

�

enten te bewaren.

Optimale PT-EQ 
o

�

eÆ
i

�

enten

Het grote voordeel van de nieuwe stru
tuur is dat de SNR, en dus de bitsnelheid,

kan geoptimaliseerd worden door de verwa
hte waarde van de kwadratis
he fout

voor elke toon te minimaliseren (MMSE per toon), zie vergelijking (4.8). Indien

de impulsresponsie van het kanaal en de signaal- en ruis
ovariantiematri
es

gekend zijn, kunnen de optimale PT-EQ's re
htstreeks berekend worden als de

oplossing van een kleinste kwadraten probleem per toon. Omdat de PT-EQ kan
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bes
houwd worden als een 
omplexe TEQ per toon, vormt de bitsnelheid van

de optimale T -taps PT-EQ een bovengrens voor de bitsnelheid van de T -taps

TEQ, wat bevestigd wordt in de simulatieresultaten. Verder besluiten we uit

de simulaties dat de grootste 
apa
iteitswinst wordt bekomen in upstream en

dat de bitsnelheid, in beide 
ommuni
atieri
htingen, een zeer vlakke fun
tie is

van de beslissingsvertraging.

Combinatie van PT-EQ en vensterfun
tie

Vervolgens bestuderen we de 
ombinatie van PT-EQ en een vensterfun
tie

(ge

�

�mplementeerd in het tijdsdomein). Na een vensterfun
tie kunnen opeen-

volgende FFT's niet meer op een eenvoudige wijze ges
hreven worden als een

(
omplexe) lineaire 
ombinatie van �e�en FFT en T � 1 vers
hiltermen. Dus, als

we PT-EQ willen 
ombineren met een (tijdsdomein-) vensterfun
tie, moeten we

de T opeenvolgende FFT's expli
iet berekenen, wat duur is. We tonen e
hter

aan dat een vensterfun
tie over N+� elementen in het tijdsdomein, equivalent

is met een bepaalde set van (�+1)-taps PT-EQ's g

i

. Deze PT-EQ's g

i

kunnen

dan ge
ombineerd worden met de oorspronkelijke T -taps PT-EQ's w

i

. Het

resultaat is een set van (T +�)-taps PT-EQ's die wel met behulp van �e�en FFT

en T + �� 1 vers
hiltermen ge

�

�mplementeerd kunnen worden. Door de totale

PT-EQ te optimaliseren, zijn we dan in staat om impli
iet de vensterfun
tie

per toon te optimaliseren. De resulterende SNR vormt een bovengrens voor de

SNR bekomen met T -taps PT-EQ's en een vaste (tijdsdomein-) vensterfun
tie.

SIMO-egalisatie

Daarna vergelijken we de performantie van PT-EQ en SIMO-egalisatie (Single

Input Multiple Output of een systeem met �e�en ingang en meerdere uitgan-

gen) [93℄. In SIMO-egalisatie wordt de 
onvolutie van de demodulerende FFT

en de PT-EQ bes
houwd als �e�en �lter (voor elke gebruikte toon), dat kan ge-

optimaliseerd worden voor elke toon afzonderlijk. Het ontvangen signaal is

dan re
htstreeks de ingang van deze SIMO-egalisatoren. De simulatieresulta-

ten tonen sle
hts een geringe perfomantieverbetering voor SIMO-egalisatie. De


omplexiteit van SIMO-egalisatie is e
hter beduidend hoger.

Hoofdstuk 5. Initialisatie van egalisatoren per

toon

De optimale PT-EQ's kunnen berekend worden door, per toon, een MMSE-

probleem op te lossen, zoals uitgelegd in het vorige hoofdstuk. Het nadeel

van deze re
htstreekse initialisatie is de hoge 
omplexiteit. In dit hoofdstuk,

ontwikkelen we een eÆ
i

�

ent re
ursief initialisaties
hema, i.e. gebaseerd op

trainingssymbolen.
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Re
ursieve initialisatie

De kostfun
tie is weergeven in vergelijking (5.1). In plaats van de verwa
hte

waarde van de kwadratis
he fout te minimaliseren, zoals in het vorige hoofd-

stuk, zoeken we het minimum van de som van kwadratis
he fouten over de

trainingssequentie. Dit kleinste kwadraten probleem kan re
ursief opgelost wor-

den: voor elk ontvangen trainingsymbool worden de �lter
o

�

eÆ
i

�

enten opnieuw

aangepast.

LMS-gebaseerde s
hema's (Least Mean Squares [50℄) hebben een lage 
omplexi-

teit per trainingssymbool (O(T ) met T de �lterlengte). Hun 
onvergentiesnel-

heid wordt bepaald door de eigenwaardenspreiding van de auto
orrelatiematrix

van het ingangssignaal. Deze spreiding is enorm groot voor het ingangssignaal

van de PT-EQ's. De 
onvergentie is dan ook zeer traag.

Omwille van het sle
hte 
onvergentiegedrag van LMS-gebaseerde initialisatie,

s
hakelen we over op RLS-gebaseerde s
hema's (Re
ursive Least Squares [50℄).

De 
omplexiteit per trainingssymbool voor RLS (O(T

2

)) is hoger dan voor

LMS maar de 
onvergentie-eigens
happen zijn optimaal. In plaats van de in-

gangsve
tor dire
t te gebruiken om de �lter
o

�

eÆ
i

�

enten aan te passen (zoals bij

LMS), wordt deze ve
tor eerst getransformeerd met de inverse van de auto
or-

relatiematrix. De resulterende zogenaamde kalmanve
tor wordt dan gebruikt

in de �lteraanpassing. De matrix die de 
onvergentie van RLS bepaalt heeft

T dezelfde eigenwaarden, de eigenwaardenspreiding is dus gelijk aan nul en

daarom is de 
onvergentie optimaal.

RLS-algoritme met inverse updating

We passen het RLS-algoritme met inverse updating [90℄ toe op de PT-EQ's.

Dit algoritme wordt voorgesteld in �guur 5.2. In het benedendriehoekig ge-

deelte van de s
hematis
he voorstelling van het algoritme, worden operaties

op de ingangsve
tor uitgevoerd. De T � T benedendriehoeksmatrix L staat in

verband met de auto
orrelatiematrix van de ingangsve
tor. Wanneer we RLS

met inverse updating 
ombineren met PT-EQ, bekomen we �guur 5.3. Hoe-

wel de 
omplexiteit van RLS kwadratis
h is in het aantal �lter
o

�

eÆ
i

�

enten,

kan de 
omplexiteit beperkt blijven. We kiezen de volgorde van de �lteringan-

gen namelijk zodanig dat de (re

�

ele) vers
hiltermen eerst worden verwerkt en

dan pas de (
omplexe) FFT-uitgang. Op deze manier heeft het resulterende

initialisatie-algoritme sle
hts �e�en (T � 1)� (T � 1) driehoekig (re

�

eel) gedeelte

dat gemeens
happelijk is voor alle gebruikte tonen. Elke gebruikte toon heeft

daarnaast nog een individueel (
omplex) gedeelte dat bestaat uit de laatste, i.e.

de T -de, rij van L en de �lteraanpassing zelf. Bijgevolg heeft het (
omplex)

gedeelte per toon een lineaire 
omplexiteit.

Toongroepering

Om de initialisatie
omplexiteit verder te verlagen, introdu
eren we toongroepe-

ring. We verdelen de tonen in groepen en berekenen de optimale PT-EQ alleen

voor de middelste toon van elke groep met dire
te of re
ursieve initialisatie.
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Daarna hergebruiken we deze PT-EQ voor de andere tonen in dezelfde groep.

Men moet e
hter rekening houden met het volgende.

Ten eerste egaliseert een egalisator van het type v

i

niet alleen het kanaal,

maar bevat die egalisator ook de sliding FFT voor toon i. Daarom kan men

een egalisator v

i

als zodanig, niet gebruiken voor een andere toon in dezelfde

groep. Met behulp van het verband tussen w

i

en v

i

, gegeven in formule (4.6),

berekenen we dan eerst de overeenkomstige egalisator van het type w

i

die enkel

de egalisatie van het kanaal bevat, en hergebruiken deze voor de andere tonen

i

0

in dezelfde groep, i.e. w

i

0

= w

i

. Daarna berekenen we v

i

0

voor toon i

0

uitgaande van w

i

0

.

Ten tweede heeft de impulsresponsie van het kanaal een toonafhankelijke am-

plitude en fase. De optimale PT-EQ v

i

, en dus ook w

i

, bevat een s
haalfa
tor

en rotatie overeenkomstig de amplitude en fase van toon i. Deze is niet nood-

zakelijk optimaal voor de andere tonen i

0

in dezelfde groep. We voegen daarom

een extra 1-taps FEQ toe aan elke toon die geen middelste toon van een groep

is. Als besluit kunnen we stellen dat toongroepering tussenliggende oplossingen

biedt met de TEQ en de PT-EQ als bijzondere gevallen.

Initialisatie-
omplexiteit

Vervolgens berekenen we de 
omplexiteit van het RLS-algoritme met inverse

updating, toegepast op PT-EQ. We besluiten dat, wanneer het aantal �l-

ter
o

�

eÆ
i

�

enten kleiner is dan het aantal gebruikte tonen (zoals in downstream

ADSL), de 
omplexiteit van het kwadratis
he gedeelte sle
ht een kleine fra
-

tie is van de 
omplexiteit van het lineaire gedeelte. Wanneer we bovendien

toongroepering toepassen, wordt de initialisatie-
omplexiteit vergelijkbaar met

de 
omplexiteit tijdens datatransmissie voor downstream ADSL. In upstream

ADSL daarentegen, is de 
omplexiteit van het kwadratis
he gedeelte belang-

rijker omwille van het kleiner aantal gebruikte tonen en het groter aantal �l-

ter
o

�

eÆ
i

�

enten.

Performantie

Uit de simulaties volgt dat het groeperen van tonen in groepen van 11 geen

signi�
ante invloed heeft op de performantie in downstream ADSL. In upstream

ADSL heeft toongroepering een iets grotere invloed maar de bitsnelheid blijft

nog steeds veel hoger dan de TEQ-bitsnelheid, bijvoorbeeld voor groepgrootte

5 en 7. Daarnaast simuleren we het RLS-algoritme met inverse updating met en

zonder toongroepering. We besluiten dat RLS een goed performantie bereikt

voor een aanvaardbaar aantal trainingssymbolen.
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Deel II. E
ho-onderdrukking

Hoofdstuk 6. Tijds- en frequentiedomein e
ho-

onderdrukking en egalisatie

In dit hoofdstuk bestuderen we de 
ombinatie van tijds- en frequentiedomein

e
ho-onderdrukking (t/f domein e
ho-onderdrukking) met tijdsdomein egali-

satie (TEQ) en vervolgens met egalisatie per toon (PT-EQ). Als vertrekpunt

geven we eerst een overzi
ht van t/f domein e
ho-onderdrukking.

Tijds- en frequentiedomein e
ho-onderdrukking

T/f domein e
ho-onderdrukking wordt in de literatuur voorgesteld als een

eÆ
i

�

ent algoritme om de e
ho in DMT-gebaseerde systemen te onderdruk-

ken [54, 55℄. De e
ho-onderdrukker is weergegeven in �guur 6.1 voor de ver-

eenvoudigde ar
hite
tuur van een symmetris
he modem (IFFT en FFT heb-

ben dezelfde grootte) met gesyn
hroniseerde verzonden en ontvangen symbo-

len. De e
ho wordt gedeeltelijk in tijds- en frequentiedomein gemodelleerd

en wegge�lterd. Het tijdsdomein gedeelte maakt de nodige 
orre
tie op de

ontvangen e
ho zodat de residuele e
ho periodis
h lijkt en een (
omplex) 1-

taps e
ho�lter per toon voldoende is in het frequentiedomein gedeelte van de

e
ho-onderdrukker. De aanpassing van de �lter
o

�

eÆ
i

�

enten gebeurt in het fre-

quentiedomein met een 1-taps LMS algoritme per toon en heeft een zeer lage


omplexiteit. De totale 
omplexiteit wordt gedomineerd door het tijdsdomein

gedeelte van de e
ho-modellering. In vergelijking met een volledige tijdsdomein

e
ho-modellering, wint men een fa
tor twee in 
omplexiteit. Uitbreidingen naar

asymmetris
he modems (met fa
tor 
 tussen IFFT- en FFT- grootte) worden

afgeleid in [54, 55℄ en resulteren in een extra 
omplexiteitswinst met fa
tor


 in de tijdsdomein e
ho-modellering. Door het toepassen van een alternatief

alignement van verzonden en ontvangen symbolen kan een extra fa
tor twee ge-

wonnen worden [67, 140℄. Omwille van de propagatievertraging van het kanaal

kan het alignement van de symbolen sle
hts aan �e�en zijde van de telefoonlijn

gekozen worden. Het alignement aan de andere zijde ligt dan automatis
h vast

en zal in het algemeen asyn
hroon zijn. In [54, 55℄ worden aanpassingen aan

het oorspronkelijke s
hema voorgesteld voor een asyn
hrone werkingsmode.

Volgorde van TEQ en t/f domein e
ho-onderdrukking

Vervolgens bestuderen we de 
ombinatie van t/f domein e
ho-onderdrukking

en TEQ. Meestal wordt de TEQ uitgevoerd v�o�or de e
ho-onderdrukking, i.e.

`eerst-TEQ-daarna-e
ho', om de zogenaamde gezamelijke verkorting van de ka-

naalimpulsresponsie en de e
ho-impulsresponsie [3, 80℄ mogelijk te maken zodat

men een korter e
ho�lter kan gebruiken. De MMSE-gebaseerde, gezamelijke

verkorting, voorgesteld in �guur 6.11, heeft e
hter geen verband met de re-

sulterende bitsnelheid, analoog aan de MMSE-gebaseerde kanaalverkorting in
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hoofdstuk 3. De 
ombinatie van kanaal- en e
ho-impulsresponsieverkorting kan

dan ook aanleiding geven tot een sle
htere kanaalimpulsresponsieverkorting wat

de bitsnelheid kan verlagen. Anderzijds zal de TEQ de e
ho-impulsresponsie

in het algemeen verlengen wanneer de TEQ ontworpen wordt om alleen de ka-

naalimpulsresponsie te verkorten. We tonen aan dat de volgorde van de TEQ

en de t/f domein e
ho-onderdrukking veranderd kan worden om de verlen-

ging van de e
ho-impulsresponsie te vermijden, i.e. `eerst-e
ho-daarna-TEQ',

weergegeven in �guur 6.12. Dit veroorzaakt e
hter een 
omplexiteitsstijging in

de tijdsdomein e
homodellering. Complexiteitsberekeningen tonen aan dat de


on�guraties `eerst-TEQ-daarna-e
ho' en `eerst-e
ho-daarna-TEQ' een verge-

lijkbare 
omplexiteit hebben indien de verlenging van de e
ho-impulsresponsie

in de eerste 
on�guratie in rekening gebra
ht wordt. De 
onvergentie van de

�lteradaptatie in de `eerst-e
ho-daarna-TEQ' 
on�guratie is niet eenvoudig te

bewijzen. Ons doel is e
hter aan te tonen hoe de volgorde van TEQ en e
ho-

onderdrukking veranderd kan worden om uiteindelijk PT-EQ te kunnen toe-

passen in plaats van TEQ. We bes
houwen de `eerst-e
ho-daarna-TEQ' 
on�-

guratie dan ook eerder als een tussenresultaat.

Combinatie van t/f domein e
ho-onderdrukking en PT-EQ

Het voordeel van de toepassing van PT-EQ na t/f domein e
ho-onderdrukking

is dat PT-EQ de bitsnelheid per toon optimaliseert voor een gegeven e
ho-

onderdrukker. De 
ombinatie van t/f domein e
ho-onderdrukking en PT-EQ

is voorgesteld in �guur 6.14. Uit hoofdstuk 4 weten we dat de ingang van

de PT-EQ bestaat uit �e�en FFT-uitgang en T � 1 (re

�

ele) vers
hiltermen van

het ontvangen signaal. Na het tijdsdomein gedeelte van de e
ho-onderdrukker,

is de residuele e
ho periodis
h met de symboolperiode. Wanneer we dus na

de tijdsdomein e
ho-onderdrukking, vers
hiltermen maken van ontvangen sig-

naalmonsters die pre
ies �e�en symboolperiode vers
hillen in tijdsindex, zullen

de vers
hiltermen zelf geen residuele e
ho meer bevatten. Bijgevolg zal het

frequentiedomein gedeelte van de e
ho-onderdrukker geen e
ho-onderdrukking

meer uitvoeren op de vers
hiltermen. De FFT-uitgang zelf bevat e
hter wel

nog residuele e
ho die door de frequentiedomein e
ho-onderdrukker wordt on-

derdrukt. We tonen aan dat de bijhorende e
ho�lteraanpassing kan herleid wor-

den tot de oorspronkelijke �lteraanpassing waarvoor 
onvergentie bewezen werd

in [54, 55℄. Het is verder eenvoudig in te zien dat de `eerst-TEQ-daarna-e
ho'

en de `eerst-e
ho-daarna-PT-EQ' 
on�guraties een vergelijkbare 
omplexiteit

hebben indien de verlenging van de e
ho-impulsresponsie in rekening wordt

gebra
ht in de eerste 
on�guratie.

Hoofdstuk 7. E
ho-onderdrukking per toon

We passen het per-toon-
on
ept, dat ge

�

�ntrodu
eerd werd in hoofdstuk 4 voor

de egalisatie van DMT-signalen, toe op e
ho-onderdrukking. Het resultaat is
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een DMT-modem die volledig per toon georganiseerd is met zowel egalisatie per

toon (PT-EQ) als e
ho-onderdrukking per toon (PT-EC). In tegenstelling tot

t/f domein e
ho-onderdrukking, laat de nieuwe stru
tuur toe de SNR voor elke

toon afzonderlijk te maximaliseren voor gegeven �lterlengtes van de PT-EQ en

PT-EC door middel van een kwadratis
he kostfun
tie per toon.

Egalisatie en 1-taps e
ho-onderdrukking per toon

Als vertrekpunt bespreken we het vereenvoudigde s
hema, weergegeven in �-

guur 7.1, met T -taps PT-EQ en 1-taps PT-EC. Er is nu geen tijdsdomein

gedeelte in de e
ho-onderdrukking aanwezig. De PT-EQ wordt e
hter uitge-

voerd v�o�or de 1-taps PT-EC. Dit betekent dat de PT-EQ de kanaal- en e
ho-

impulsresponsie gezamelijk kan egaliseren of `verkorten'. Een 1-taps PT-EC is

dan voldoende om de residuele e
ho te onderdrukken indien de lengte van de

`verkorte' e
ho-impulsresponsie kleiner is of gelijk aan de 
y
lis
he pre�xlengte

vermeerderd met 1 en indien de verzonden en ontvangen symbolen gesyn
hro-

niseerd zijn. Wanneer aan deze voorwaarden voldaan wordt, ondervinden enkel

de tonen die in beide 
ommuni
atieri
htingen gebruikt worden, e
ho van het

overeenkomstig verzonden subsymbool, i.e. het ontvangen en ge

�

egaliseerde

subsymbool Z

(k)

i

bevat e
ho van het verzonden subsymbool U

(k)

i

. Een toon die

sle
hts aan �e�en 
ommuni
atieri
hting toegewezen wordt, ondervindt geen e
ho

omdat het overeenkomstige subsymbool U

(k)

i

nul is. De optimale T -taps PT-

EQ en 1-taps PT-EC zijn de oplossing van een (uitgebreid) MMSE probleem

per toon, zie formule (7.6). Deze kostfun
tie maximaliseert de SNR per toon

en omvat dus optimale gezamelijke verkorting per toon.

Egalisatie en e
ho-onderdrukking per toon

Indien de `verkorte' e
ho-impulsresponsie langer is dan de pre�xlengte plus 1 of

indien verzonden en ontvangen symbolen niet gesyn
hroniseerd zijn, ontstaan

er interferenties in het e
hosignaal, gelijkaardig aan de interferenties in het

nuttig signaal wanneer de kanaalimpulsresponsie langer is dan de pre�xlengte

plus 1, i.e. ICI1, ICI2 en ISI. Een ontvangen en ge

�

egaliseerd subsymbool Z

(k)

i

bevat dus niet alleen e
ho afkomstig van U

(k)

i

maar ook van U

(k

0

)

i

0

. Om deze

e
ho te onderdrukken, introdu
eren we een PT-EC met meerdere taps. De

volledig per toon gebaseerde stru
tuur wordt afgeleid van de stru
tuur met T -

taps TEQ en T

E

-taps tijdsdomein e
ho-onderdrukking (TEC), weergegeven in

�guur 7.2. De volgorde van TEC en FFT mag veranderd worden op dezelfde

wijze als de volgorde van TEQ en FFT. Het produ
t van de TEQ en de TEC

met de oorspronkelijke 1-taps FEQ resulteert dan respe
tievelijk in een T -

taps PT-EQ en een T

E

-taps PT-EC, die kunnen geoptimaliseerd worden voor

elke toon afzonderlijk. De per-toon-stru
tuur is voorgesteld in �guur 7.4 en

bestaat uit twee zogenaamde per-toon-�lterblokken (PTF) die elk �e�en FFT en

respe
tievelijk T - en T

E

-taps �lters per toon bevatten. Naast de FFT-uitgang

hebben de �lters per toon respe
tievelijk T �1 en T

E

�1 (re

�

ele) vers
hiltermen

als ingang.
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Indien verzonden en ontvangen symbolen syn
hroon zijn, zal de FFT in de

e
hotak het verzonden e
hosymbool reprodu
eren. Bijgevolg wordt de FFT

in de e
hotak dan overbodig. Bovendien tonen we ook aan dat de eerste �

vers
hiltermen (met � de pre�xlengte) in dat geval nul zijn.

Daarnaast bestuderen we de performantie van een ontvanger met tweemaal ho-

gere bemonsterfrequentie. De TEQ en dus ook de PT-EQ kan dan hers
hreven

worden met behulp van de polyfase 
omponenten, resulterend in een even en

en oneven �lter aan de originele bemonsterfrequentie zoals in �guur 7.5.

Om de even en oneven PT-EQ en de PT-EC gezamelijk te initialiseren, los-

sen we een (uitgebreid) MMSE-probleem op, gegeven in formule (7.13). Deze

kostfun
tie bevat optimale gezamelijke verkorting per toon voor de algemene

stru
tuur met T -taps PT-EQ en T

E

-taps PT-EC. De gezamelijke verkorting per

toon is beter dan de oorspronkelijk gezamelijke verkorting door een TEQ [3, 80℄,

omdat met de nieuwe kostfun
tie de SNR per toon wordt gemaximaliseerd.

Vervolgens leiden we aangepaste PT-EC stru
turen af voor asymmetris
he mo-

dems (met fa
tor 
 tussen IFFT- en FFT-grootte). Deze resulteren in een 
om-

plexiteitswinst met (ongeveer) fa
tor 
 in de �lteroperaties. Daarenboven kan

de N -punts FFT in de e
hotak vervangen worden door een N=
-punts FFT in

een ge

�

�nterpoleerde stru
tuur en 
 N=
-punts FFT's in een gede
imeerde stru
-

tuur. Verder vergelijken we de 
omplexiteit van de �lteroperatie van PT-EC

met t/f domein e
ho-onderdrukking en tijdsdomein e
ho-onderdrukking. We

besluiten dat, voor gegeven �lterlengtes, t/f domein e
ho-onderdrukking de

laagste 
omplexiteit heeft. De 
omplexiteitswinst van PT-EC ten opzi
hte van

TEC is het gevolg van de sele
tie van de gebruikte tonen. Anderzijds, maakt

PT-EC ge
ombineerd met PT-EQ, het mogelijk de bitsnelheid te optimaliseren

voor gegeven �lterlengtes. Omdat de PT-EQ bovendien v�o�or de PT-EC komt,

is optimale gezamelijke verkorting per toon vervat in de kostfun
tie en kunnen

bij de PT-EC kortere �lterlengtes aangewend worden voor een gelijkaardige

performantie.

Hoofdstuk 8. Besluiten en verder onderzoek

Besluiten

In deel I van dit proefs
hrift hebben we egalisatie in DMT-gebaseerde DSL-

modems behandeld. We hebben eerst de bestaande stru
tuur met TEQ en het

gekende kanaalverkortingsalgoritme besproken. Dit algoritme komt neer op de

minimalisatie van een kwadratis
he kostfun
tie met een beperking, e
hter zon-

der re
htstreeks verband met de bitsnelheid. De beperking is een eenheidsnorm,

eenheids
o

�

eÆ
i

�

ent of eenheidsenergie en wordt opgelegd om de nuloplossing te

vermijden. We hebben aangetoond dat een eenheidsenergiebeperking op de

doelimpulsresponsie en/of op de TEQ tot dezelfde oplossing leiden voor de

doelimpulsresponsie en de TEQ op een s
haalfa
tor na en dus resulteren in
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dezelfde bitsnelheid.

Omdat het kanaalverkortingsalgoritme een aantal duidelijke nadelen vertoont,

hebben we een alternatief TEQ-initialisatie-algoritme ontwikkeld. Door het

invoegen van gewi
htsmatri
es in de kostfun
tie en in de beperking, kunnen

we de ongebruikte tonen expli
iet negeren. Dit resulteert in een gevoelige per-

formantieverbetering in upstream. We merken e
hter op dat het voorgestelde

algoritme nog steeds niet overeenkomt met bitsnelheidsoptimalisatie.

Vervolgens hebben we de ontvangerstru
tuur zelf gewijzigd. Deze nieuwe stru
-

tuur bevat geen klassieke TEQ meer (i.e. een re

�

eel �lter in het tijdsdomein).

Maar elke gebruikte toon heeft zijn eigen (
omplex) �lter na demodulatie (ega-

lisatie per toon). Door het minimaliseren van een kwadratis
he kostfun
tie per

toon (MMSE), zijn we in staat om de bitsnelheid per toon te optimaliseren.

Zowel in up- als downstream bekomen we een verbeterde performantie. We

hebben aangetoond dat de 
omplexiteit tijdens datatransmissie (voor gegeven

�lterlengte) vergelijkbaar is voor PT-EQ en TEQ wanneer alle tonen gebruikt

worden. Bovendien laat PT-EQ toe om de �lterlengte per toon te optimali-

seren. Het nadeel van PT-EQ ten opzi
hte van TEQ is het grotere geheugen,

nodig om alle �lter
o

�

eÆ
i

�

enten te bewaren.

We hebben de 
ombinatie van PT-EQ en een vensterfun
tie (in het tijdsdomein)

bestudeerd. De eÆ
i

�

ente implementatie van PT-EQ kan niet ge
ombineerd

worden met een vensterfun
tie. Een vensterfun
tie is e
hter wel equivalent

met een bepaalde set van PT-EQ's. Hieruit volgt dat een vensterfun
tie kan

ge

�

�mplementeerd worden na demodulatie als een deel van de globale PT-EQ's

en dus ook kan geoptimaliseerd worden per toon.

Als bovengrens voor de PT-EQ hebben we SIMO-egalisatie gesimuleerd. We

hebben aangetoond dat SIMO-egalisatie sle
hts aanleiding geeft tot een kleine

performantieverbetering voor een grote 
omplexiteitsstijging.

Dire
te initialisatie, door middel van het minimaliseren van de MMSE per toon,

heeft een hoge 
omplexiteit. We hebben daarom re
ursieve initialisatie geba-

seerd op trainingssymbolen bestudeerd. Omdat de auto
orrelatiematrix van

de �lteringang een zeer grote eigenwaardenspreiding heeft, is LMS-gebaseerde

initialisatie zeer traag. RLS-gebaseerde initialisatie bereikt wel een goede per-

formantie met een aanvaardbaar aantal trainingsymbolen. We hebben, meer

bepaald, het RLS-algoritme met inverse updating toegepast op de PT-EQ's.

Door de gemeens
happelijke ingangen van de PT-EQ's, i.e. de re

�

ele vers
hil-

termen, eerst te verwerken, kan een behoorlijke 
omplexiteitswinst bekomen

worden.

Om de 
omplexiteit tijdens initialisatie verder te verlagen, hebben we toon-

groepering voorgesteld. De optimale PT-EQ worden alleen berekend voor de

middelste tonen van elke groep met dire
te of re
ursieve initialisatie. Deze

egalisatoren worden vervolgens hergebruikt voor de andere tonen in dezelfde

groep. Met een goed gekozen groepgrootte daalt de bitsnelheid sle
hts weinig
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terwijl de initialisatie
omplexiteit die afhankelijk is van het aantal gebruikte

tonen, wordt gedeeld door de groepgrootte.

In deel II hebben we e
ho-onderdrukking voor DMT-gebaseerde DSL-modems

bestudeerd. Na een bespreking van de in de literatuur voorgestelde t/f do-

mein e
ho-onderdrukking, hebben we de 
ombinatie met egalisatie bestudeerd.

Meestal wordt de TEQ v�o�or de e
ho-onderdrukking toegepast om gezamelijke

kanaalverkorting mogelijk te maken, wat kortere e
ho�lters mogelijk maakt.

Gezamelijke kanaalverkorting vertoont e
hter dezelfde nadelen als kanaalver-

korting op zi
h: er is geen re
htstreeks verband met de bitsnelheid.

Wanneer de TEQ wordt ontworpen om alleen het far end kanaal te verkorten,

wordt de e
ho-impulsresponsie in het algemeen verlengd. Om de verlenging te

voorkomen, hebben we aangetoond dat de TEQ en e
ho-onderdrukking mogen

omgewisseld worden. Deze stru
tuur wordt eerder als een overgangss
hema

bes
houwd om uiteindelijk eerst t/f domein e
ho-onderdrukking en dan PT-

EQ toe te passen. Met de laatst genoemde stru
tuur zijn we in staat om de

bitsnelheid te optimaliseren voor een gegeven e
ho�lter. We hebben aange-

toond dat de 
omplexiteit van `eerst-TEQ-daarna-e
ho' vergelijkbaar is met

`eerst-e
ho-daarna-PT-EQ'.

Vervolgens hebben we e
ho-onderdrukking per toon voorgesteld als een alterna-

tief voor e
ho-onderdrukking in DMT-gebaseerde systemen. Zoals we de TEQ

na de FFT geplaatst hebben, hebben we ook de tijdsdomein e
ho-onderdrukker

na de FFT geplaatst. Het voordeel van deze stru
tuur is dat de SNR per toon

kan geoptimaliseerd worden door een (uitgebreide) kostfun
tie per toon. Aan-

gepaste en eÆ
i

�

entere s
hema's voor asymmetris
he modems werden afgeleid.

We hebben de 
omplexiteit van de �lteroperatie van PT-EC vergeleken met t/f

domein e
ho-onderdrukking. Voor gegeven �lterlengte, heeft t/f domein e
ho-

onderdrukking de laagste 
omplexiteit. Maar omdat PT-EC de bitsnelheid

optimaliseert, kunnen kortere �lterlengtes gebruikt worden voor vergelijkbare

performantie.

Verder onderzoek

Dire
te gezamelijke initialisatie van de PT-EC en PT-EQ is eerder 
omplex om-

dat een uitgebreid MMSE-probleem per toon opgelost moet worden. Het zou

dan ook nuttig zijn om re
ursieve initialisatie te bestuderen voor PT-EC ge-


ombineerd met PT-EQ. In eerste instantie, zou men het RLS s
hema met

inverse updating kunnen uitbreiden. In vergelijking met t/f domein e
ho-

onderdrukking, dat sle
hts een 1-taps LMS algoritme per toon nodig heeft,

is er voor PT-EC nood aan een eenvoudiger initialisatie-algoritme.

Met eÆ
i

�

ente e
ho-onderdrukkingsalgoritmen wordt het mogelijk de modem-

stru
tuur te herorganiseren om hogere bitsnelheden mogelijk te maken. Men

kan de tonen opnieuw toewijzen aan up- en downstream, zodat beide banden

(gedeeltelijk) overlappen of aan elkaar grenzen. Het is ook noodzakelijk de

analoge en digitale zend- en ontvangst�lters te herontwerpen. Bovendien zal
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het e
hosignaal het dynamis
h bereik van het ontvangen signaal vergroten wat

invloed heeft op het aantal bits in de A/D 
onverter van de ontvanger.

Interfererende up- en downstream signalen veroorzaken niet alleen een e
ho-

probleem maar ook een NEXT-probleem. NEXT-onderdrukking kan vereen-

voudigd worden indien de ontvanger bes
hikt over referentiesignalen. In dat

geval is NEXT-onderdrukking gelijkaardig aan e
ho-onderdrukking. In de CO

kunnen dergelijke signalen aanwezig zijn en gebruikt worden in bijvoorbeeld

het ontwerp van een NEXT-onderdrukker per toon. Wanneer geen referentie-

signalen bes
hikbaar zijn, zoals in RT, wordt het NEXT-probleem moeilijker.

Het ontwerp van NEXT-onderdrukkingsalgoritmen is een interessant onderwerp

voor verder onderzoek.

Een tweede overspraakprobleem is FEXT. FEXT bestaat altijd tussen diensten

van hetzelfde type in dezelfde kabelbundel. In het huidige VDSL-ontwerp wordt

NEXT vermeden door FDD, pulsvorming en syn
hronisatie. FEXT blijkt e
h-

ter een belangrijke stoorbron te zijn. EÆ
i

�

ente FEXT-onderdrukkingsalgorit-

men vormen een nuttig onderwerp voor verder onderzoek.

Naast overspraak afkomstig van gelijkaardige diensten, bestaat er ook over-

spraak van andere diensten. Voor VDSL blijken lokale netwerken gebaseerd

op Home Phoneline Networking Allian
e (HPNA) een belangrijke overspraak-

bron te zijn [40℄. HPNA gebruikt de bestaande telefoondraden bij de abonnee

om een lokaal netwerk te voorzien. De aangewende frequentieband ligt in het

VDSL-spe
trum. Bij HPNA-installatie wordt er geen isolatie voorzien tussen

de telefoonbedrading in het huis van de abonnee en het toegangsnetwerk naar

de abonnee. Bijgevolg kunnen de HPNA-signalen in het toegangsnetwerk te-

re
htkomen waar ze in een bundel van telefoondraden overspraak veroorzaken

in de VDSL-signalen van naburige abonnees. Huidige HPNA-onderdrukkings-

algoritmen zijn eerder 
omplex. Er is dan ook nood aan eÆ
i

�

entere algoritmen.

Een ander interessant onderwerp is de toepassing en vergelijking van TEQ en

PT-EQ in andere domeinen zoals HIgh PErforman
e Radio Lo
al Area Network

type 2 (HIPERLAN/2) [43℄. HIPERLAN/2 gebruikt OFDM als modulatiete
h-

niek. Wanneer de impulsresponsie van het kanaal langer is dan de 
y
lis
he

pre�x, ontstaan interferenties tussen de vers
hillende dragers en kan egalisatie

een hogere bitsnelheid mogelijk maken.



Chapter 1

Introdu
tion

Sin
e the invention of the telephone, a worldwide telephone network has been

developed. Although originally designed for ordinary telephone servi
es (Plain

Old Telephone Servi
e or POTS), the existing telephone network is nowadays

in
reasingly used for broadband 
ommuni
ations. This evolution is motivated

by the sear
h for e
onomi
al solutions to provide broadband appli
ations, su
h

as tele
onferen
ing and fast internet a

ess, over existing media.

During the last de
ades, a number of new digital te
hniques for high-speed

data transmission over the telephone loop, have been designed or are still being

designed. These solutions are generi
ally referred to as Digital Subs
riber Lines

(xDSL). Two of these, more spe
i�
ally Asymmetri
 Digital Subs
riber Line

(ADSL) and Very high bit rate Digital Subs
riber Line (VDSL), are of parti
ular

interest in this thesis. The standard modulation s
heme for ADSL is the so-


alled Dis
rete Multitone (DMT) te
hnique, whi
h is a multi
arrier te
hnique

similar to Orthogonal Frequen
y Division Multiplexing (OFDM). For VDSL,

DMT is one of the two modulation 
andidates in standardization.

This thesis deals with the design of equalization and e
ho 
an
ellation stru
-

tures for DMT-based re
eivers. Our main motivation is the appli
ation to

DMT-based digital subs
riber lines.

1.1 Media for broadband 
ommuni
ation

Three important media for wired broadband 
ommuni
ation to and from the


ustomer premises are: the subs
riber telephone loop (made from twisted pair


opper wires), the 
oaxial 
able and the opti
al �ber. Besides wireless 
ommu-

ni
ation is a fourth option for high-speed 
ommuni
ation.

Opti
al �ber allows the highest bit rates. However, nowadays it is e
onomi
ally

1
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infeasible to bring the �ber to the home of every 
ustomer. Therefore �ber is

usually adopted in hybrid 
on�gurations where it is brought into the neighbor-

hood of the 
ustomers. To allow a fast and e
onomi
 installation of broadband


onne
tions, one re-uses existing networks to bridge the last leg. This 
an be

the telephone or the 
able network. Both networks have an inherently di�erent

stru
ture.

The telephone loops are installed for bidire
tional 
ommuni
ation originally in-

tended for POTS. Ea
h 
ustomer has his own telephone line to the 
entral oÆ
e.

Coaxial 
able, on the other hand, is originally installed for unidire
tional trans-

mission of television signals (broad
asting), but is in
reasingly being adapted

for bidire
tional 
ommuni
ation. This medium is shared by several 
ustomers

in the same region and as a result, the available bandwidth of the 
oaxial 
able

is shared among these 
ustomers.

In this thesis, we 
onsider broadband 
ommuni
ation over the subs
riber tele-

phone loop. ADSL makes a broadband 
onne
tion over the subs
riber tele-

phone loop from the 
ustomer premises to the 
entral oÆ
e. VDSL, on the

other hand, allows even higher bit rates than ADSL but over a shorter dis-

tan
e. Therefore VDSL makes a broadband 
onne
tion over the subs
riber

telephone loop from the 
ustomer premises to an opti
al network unit lo
ated

in a street 
abinet. The 
abinet is 
onne
ted to the 
entral oÆ
e by opti
al

�ber.

An overview of xDSL te
hniques and a 
omparison with the traditional voi
e

band modem are given in se
tion 1.4.

1.2 Multi
arrier modulation

Multi
arrier modulation [15, 16℄ is a general name for modulation s
hemes that

partition the available bandwidth into parallel, independent and orthogonal

sub
hannels. By exploiting orthogonality between the sub
hannels, data 
an

be sent in parallel without intersymbol interferen
e by modulating a sub
arrier

in ea
h band. Multi
arrier modulation has appli
ations in wired as well as

wireless 
ommuni
ation systems.

The �rst multi
arrier systems arose from Frequen
y Division Multiplexing

(FDM): the subbands are 
ompletely separated in frequen
y. However, in the

late 60's, it was proven that the subbands 
an have spe
tral overlap with neigh-

boring bands without resulting inter
arrier and intersymbol interferen
es after

re
eption [19, 51, 95℄.

The early multi
arrier systems needed �lters and os
illators to QAM modulate

a 
arrier in ea
h band. In 1971, the use of a Dis
rete Fourier Transform (DFT)

to digitally implement the modulation and demodulation was proposed, by

Weinstein [137, 52, 53℄. Its main advantage is a 
ost-e�e
tive implementation
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Figure 1.1: Ea
h sub
hannel 
arries a number of bits a

ording to its SNR

when adaptive bit loading 
an be applied.

by means of a Fast Fourier transform (FFT). A DFT divides the frequen
y

band into overlapping, but mathemati
ally orthogonal, sub
hannels with sin
-

shaped spe
tra.

A popular DFT-based multi
arrier te
hnique is Orthogonal Frequen
y Division

Multiplexing (OFDM) [1, 16, 41℄ whi
h has many wireless appli
ations. OFDM

is standardized in Europe for digital audio and video broad
asting. More re-


ently, OFDM is adopted in drafted standards for Wireless Lo
al Area Networks

(WLAN) [43, 126, 127℄. The outdoor and the indoor 
hannel are 
hara
terized

by multi path propagation and so have a large delay spread (similar to a long

impulse response). When the symbol period is small with respe
t to the delay

spread, intersymbol interferen
e arises. This is seen in the frequen
y domain

as frequen
y-sele
tivity. OFDM enables to divide the bandwidth in multiple

frequen
y-
at sub
hannels without intersymbol interferen
e. In 
hapter 2 we

will explain how this is a
tually done.

To improve the 
apa
ity of a multi
arrier system, one may apply so-
alled

adaptive bit loading [16, 29, 32, 68, 77, 78℄. Ea
h sub
hannel is allo
ated an

amount of energy and a number of bits a

ording to its Signal-to-Noise Ratio

(SNR), as shown in Fig. 1.1. However, adaptive bit loading is only feasible

when there is a feedba
k 
hannel from the re
eiving end of the 
ommuni
ation

link to the transmitting end. In broad
asting, there is no su
h feedba
k 
hannel

and a �xed number of bits is assigned to the 
arriers. For WLAN, adaptive bit

loading is proposed as a means to improve 
apa
ity [124℄. When applied in the

latest DSL systems, OFDM 
ombined with adaptive bit loading is known as

Dis
rete Multitone (DMT). The term `sub
arrier' is equivalent to `tone'. DMT-

based ADSL requires equalization to keep the tones orthogonal be
ause the


hannel impulse response is rather `long', see [16, 28, 30, 32, 93℄ and 
hapters 2

and 3.

Other multi
arrier modulation te
hniques have been presented, e.g. based on

wavelets (Dis
rete Wavelet Multitone, DWMT) [2, 97℄, and based on �lter-

banks (Filtered Multitone, FMT) [24, 25℄. Wavelets and �lter-banks have
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a mu
h better spe
tral 
ontainment and thus less spe
tral overlap than sin


fun
tions, asso
iated with a DFT-based modulation. When the orthogonality

between sub
arriers 
an not be maintained be
ause of severe 
hannel distortion

and insuÆ
ient equalization, sin
 fun
tions result in more intersymbol and in-

ter
arrier interferen
e (ISI and ICI) than the presented alternatives. Be
ause

of the sin
 sidelobes, DMT is also less robust to narrowband interferen
e (see

se
tion 1.5).

1.3 Duplexing

In a DSL system, two dire
tions of 
ommuni
ation are possible: 
ommuni
ation

from the Central OÆ
e (CO) to the Remote terminal (RT), lo
ated in the


ustomer premises, is 
alled downstream 
ommuni
ation, while 
ommuni
ation

from RT to CO is 
alled upstream 
ommuni
ation. If transmission in both

dire
tions takes pla
e over the same loop, the transmitter and re
eiver at one

end are 
oupled to the loop by a hybrid [21, 74℄. A perfe
tly balan
ed hybrid

prevents leakage of transmitted signals into the re
eiver. However, due to large

variations in the subs
riber loops, a �xed hybrid 
an not be exa
tly balan
ed

for all loops and hen
e leakage o

urs.

A duplexing te
hnique [74℄ is adopted to separate up- and downstream signals.

In a Time Division Duplexing (TDD) system, both dire
tions of 
ommuni
ation

are separated in time. In a Frequen
y Division Duplexing (FDD) system, they

are separated in frequen
y. Another option is to use the same frequen
y band

simultaneously in both dire
tions. The transmitted signal will then 
ause e
ho

in the re
eived signal and an e
ho 
an
eller [83℄ is needed to redu
e the e
ho

that leaks through the hybrid. E
ho 
an
ellation (EC) te
hniques for single


arrier modulation have been developed in [31, 56, 58, 132℄. More re
ently, a

number of e
ho 
an
ellation te
hniques suited for multi
arrier modulation have

been presented in literature [3, 17, 18, 33, 34, 54, 55, 67, 139, 141℄.

These duplexing te
hniques are represented in a time-frequen
y plane in Fig. 1.2.

The term `full-duplex' is often used to refer to a simultaneous 
ommuni
ation

in both dire
tions. If a full-duplex system operates on a single medium, FDD

or e
ho 
an
ellation is required.

1.4 Digital subs
riber lines

A traditional voi
e band modem [74, 89℄ transmits data over the subs
riber

telephone loop in the frequen
y band 300-3400Hz (POTS band). The reason

for this small bandwidth is that this type of modem makes an end to end


onne
tion a
ross the publi
 swit
hed telephone network whi
h is designed for

spee
h signals with 4kHz bandwidth.
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Figure 1.2: Duplexing te
hniques: time division duplexing, frequen
y division

duplexing and e
ho 
an
ellation

However, the subs
riber telephone loop itself (i.e. the lo
al loop between RT

and CO only) 
onsists of twisted pair 
opper wire whi
h has a mu
h larger

bandwidth. A digital subs
riber line makes use of this bandwidth by means

of spe
ially designed modems at both ends of the loop. For instan
e, ADSL

uses a frequen
y band up to 1.104MHz and 
an o�er downstream bit rates

around 6Mbits/s depending on the loop length. In the following, we give a

brief overview of xDSL te
hniques [16, 20, 21, 91℄. Their evolution is towards

wider bandwidth in order to a
hieve in
reasing bit rates.

The �rst DSL system is basi
 rate Integrated Servi
es Digital Network (ISDN).

It provides a symmetri
 bit rate (i.e. the same bit rate in both dire
tions) of

160kbits/s in a bandwidth of 40kHz. ISDN, as standardized in North Ameri
a,

is a full-duplex system applying e
ho 
an
ellation. A di�erent ISDN system,

using TDD, also exists in Japan [85℄.

The next generation DSL is High bit rate Digital Subs
riber Line (HDSL) [23,

28, 73℄ whi
h provides a symmetri
 rate of 1.536Mbits/s over two wire pairs in

200kHz bandwidth (USA) or 2.048Mbits/s over two or three pairs (Europe).

The wire pairs operate in full-duplex mode with e
ho 
an
ellation. HDSL


an provide symmetri
 high-speed data links and is also used for multiplexing

multiple voi
e band 
hannels in one twisted pair.

Asymmetri
 Digital Subs
riber Line (ADSL) [10, 22, 66, 72, 75, 79℄ provides a

large downstream and a smaller upstream bit rate. The asymmetry of ADSL is

spe
ially suited for appli
ations su
h as internet a

ess and video-on-demand.

ADSL is approximately 150 times faster than the fastest voi
e band modem.

The a
tual supported rate depends, among other things, on the loop length.

Target bit rates are 6Mbit/s and 640kbits/s in down- and upstream respe
-

tively within a range of 4km from the Central OÆ
e (CO). The bandwidth of

1.104MHz is divided by the (dis
rete) modulation s
heme into multiple 
arriers
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Figure 1.3: In the left set-up the lowest tones are used in upstream as well as

in downstream and e
ho 
an
ellation is required. In the right set-up di�erent

tones are assigned to up- and downstream, both frequen
y bands are separated

by �lters (FDD). The lowest tones are only used in upstream.

or tones, hen
e the name Dis
rete Multitone (DMT). A subset of tones may

be used in both dire
tions of 
ommuni
ation, whi
h however ne
essitates e
ho


an
ellation, or one may apply FDD and assign a di�erent subset of tones to

both dire
tions, as shown in Fig. 1.3.

ADSL has to 
oexist with servi
es like POTS or ISDN on the same twisted

pair. The spe
tral 
ompatibility is a
hieved by not assigning any bits to the

lowest tones (frequen
y division multiplexing) and by the insertion of a POTS

(or ISDN) splitter at both ends of the subs
riber line. The POTS (or ISDN)

splitter 
ombines and separates the ADSL signal and the POTS (or ISDN)

signal for joint transmission over the twisted pair. Hen
e, POTS (or ISDN)

and ADSL servi
es 
an be used simultaneously. The ADSL modems and POTS

splitters at both ends of the loop are s
hemati
ly represented in Fig. 1.4.

A fast deployment of ADSL is expe
ted to be obstru
ted by the amount of

time needed to install a splitter in all 
ustomer houses. This has motivated

the design of splitterless ADSL, also known as the G.Lite spe
i�
ation [71℄.

Although POTS and splitterless ADSL are separated in frequen
y, there 
an

be interferen
e between both servi
es due to nonlinearities in the POTS devi
es

and the DSL modem. To avoid interferen
e from splitterless ADSL into POTS,

the splitterless ADSL modem dete
ts 
hanging states of POTS devi
es. As soon

as a POTS devi
e goes o�-hook, the splitterless ADSL is interrupted and a fast-
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Figure 1.4: A POTS splitter is inserted between the ADSL modem and the

subs
riber loop to provide 
oexisten
e of ADSL with POTS.

retrain algorithm 
omputes a lower bit rate with lower power 
onsumption.

During POTS o

urren
e, splitterless ADSL operates at this lower bit rate.

When the POTS devi
e goes on-hook, splitterless ADSL 
ontinuous operating

at its initial bit rate.

The su

essor of ADSL is Very high bit rate Digital Subs
riber Line (VDSL)

[11, 35, 36, 42, 98, 103℄. Coexisten
e with POTS or ISDN on the same line

is also required. To provide even larger bit rates, its bandwidth is 10 times

higher than for ADSL. It 
an provide symmetri
 as well as asymmetri
 (with

down/up =8/1) bit rates and is intended to work over short loops. VDSL

a
hieves 52Mbits/s downstream 
ombined with 6.4Mbits/s upstream or a sym-

metri
 rate of 26Mbits/s over 300m. The largest target range is 1.5km for

whi
h an asymmetri
 rate of 13Mbits/s 
ombined with 1.6Mbits/s is sup-

ported. Be
ause of these short ranges, VDSL will often be used in hybrid

�ber/
opper 
on�gurations where it will bridge the last 
opper drop [133℄.

The digital subs
riber loop then 
onne
ts the subs
riber to an opti
al net-

work unit, lo
ated in a street 
abinet, whi
h is in its turn 
onne
ted by �ber

to the CO. This 
on�guration is known as �ber-to-the-
abinet. Today, there

is not yet a standardized modulation s
heme for VDSL. The two 
andidates

are on the one hand single 
arrier modulation in
luding Quadrature Ampli-

tude Modulation (QAM) [38℄ and Carrierless Amplitude/Phase modulation

(CAP) [59, 87, 100℄ (related to QAM) and on the other hand DMT. A 
om-

parison between single 
arrier and multi
arrier modulation is given in [96℄. A

re
ently proposed duplexing te
hnique for DMT-based VDSL is the so-
alled

Zipper [14, 60, 61, 62, 63, 64, 65, 81, 88, 104, 107℄. Zipper 
an be thought of

as an FDD system, where ea
h frequen
y band is just one tone, see Fig. 1.5.

However, in 
lassi
al FDD, frequen
y bands are 
ompletely separated in fre-

quen
y, whereas the tones in a DMT-based system are not. But be
ause the

tones are kept mathemati
ally orthogonal, they 
an be used as a means of

`orthogonal duplexing'. The tones 
an be partitioned between up- and down-

stream in a huge number of ways, even at run-time. Therefore Zipper results

in a very 
exible system.
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...
= upstream

= downstream

f 

Figure 1.5: In a Zipper system ea
h tone 
an be used in a di�erent dire
tion

of 
ommuni
ation.

central office

distribution
cable

feeder

distribution
interface

feeder cable
drop wire

Figure 1.6: Telephone a

ess network of twisted pairs.

1.5 Twisted pair network impairments

In this se
tion, we give a brief overview of the topology of the telephone net-

work in order to understand its major impairments [35, 37, 49, 85, 99, 138℄,

in
uen
ing the performan
e of xDSL systems [13, 30, 69, 70, 101℄.

A twisted pair 
ontains two insulated 
opper wires twisted around ea
h other.

The pairs are grouped into 
ables and the number of pairs in a 
able de
reases

from the CO to RT. An overview of the telephone a

ess network is given in

Fig. 1.6. Starting from CO, the twisted pairs are �rst 
olle
ted into binder

groups 
ontaining tens of pairs. Up to 50 binder groups are 
olle
ted themselves

into large feeder 
ables. The feeder 
able links the CO to a feeder distribution
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Figure 1.7: ADSL downstream transfer fun
tions for di�erent loop lengths

(in
luding transmit and re
eive �lters, 26 AWG).

interfa
e (FDI) where the pairs are 
ross-
onne
ted to pairs in distribution


ables (
ontaining tens of pairs). Finally a drop wire 
onne
ts the twisted pair

in a distribution 
able to a 
ustomers house.

The total loop length, gauge and type of twisting are all important properties.

A longer loop results in a larger attenuation, see Fig. 1.7. The gauge of a

wire, often expressed in Ameri
an Wire Gauge (AWG), may 
hange in an FDI.

Typi
al values are 26 to 19 AWG, 
orresponding to 0.4 to 0.91mm. Finer

gauges are generally found in the large feeder 
ables whereas further along the

loop, 
oarser gauges are used. The twist length or pit
h is varied between

neighboring pairs in a 
able to limit ele
tromagneti
 interferen
e (
rosstalk),

see below.

A bridged tap [134℄ is an unused, unterminated twisted pair se
tion 
onne
ted

in parallel to a subs
riber telephone loop. They may result from multiple


onne
tions from one pair in a feeder 
able to several pairs in distribution 
ables

for easy deleting and adding new 
ustomers. Alternatively, a bridged tap may

result from the repair of broken links where an extra twisted pair is 
onne
ted

over the fra
ture and the broken se
tions are left in the telephone network. An

in-house network of twisted pair 
opper wire also a
ts as a bridged tap. At

a bridged tap, the signal is split into two parts. One part is re
e
ted at the
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Figure 1.8: Two types of 
rosstalk may o

ur: near end 
rosstalk (NEXT) and

far end 
rosstalk (FEXT). E
ho originates from a modem's own transmitter.

open-
ir
uited end of the bridged tap and adds again to the other part. If twi
e

the length of the bridged tap equals half the wavelength of the signal (or an odd

multiple of half the wavelength), then both 
omponents interfere destru
tively.

This is seen in the attenuation 
hara
teristi
 of the loop as not
hes.

Standardization bodies like ANSI (Ameri
an National Standards Institue) and

ETSI (European Tele
ommuni
ations Standards Institute) have de�ned test

loops whi
h 
onsist of se
tions of di�erent lengths and gauges with or without

bridged taps to evaluate the ADSL/VDSL performan
e. We will use some of

these in simulations.

Be
ause twisted pairs are grouped in binders, unwanted ele
tromagneti
 
ou-

pling between di�erent pairs o

urs, known as 
rosstalk. A distin
tion is

made between Near End Crosstalk (NEXT) and Far End Crosstalk (FEXT).

In Fig. 1.8, it is seen that NEXT originates from an adja
ent transmitter on

a di�erent pair. E
ho 
an be 
onsidered as a spe
ial kind of NEXT, as e
ho is


aused by a modems own transmitter. FEXT originates from a remote trans-

mitter on a di�erent pair. Both NEXT and FEXT in
rease with frequen
y

(NEXT � f

3=2

and FEXT � f

2

). When transmitters and re
eivers at both

ends of the binder are 
o-lo
ated, NEXT is mu
h more severe than FEXT, be-


ause FEXT is attenuated by the loop transfer fun
tion. However, FEXT 
an

be a severe impairment too. A typi
al situation is shown in Fig. 1.9, where

RT's are lo
ated at di�erent distan
es from the CO (and their twisted pairs are

grouped in the same binder). The FEXT from a near RT into the upstream

signal from a far RT is destru
tive for the latter upstream signal. Power ba
k-

o� is a method to redu
e this FEXT by lowering the transmit power of the near

RT with respe
t to the far RT. A power ba
k-o� s
heme is presented in [108℄.

In general, 
rosstalk 
an arise from the same type of xDSL servi
e on a dif-
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Figure 1.9: Severe FEXT from a near RT into the upstream signal from a far

RT.

ferent pair in a binder, i.e. self-
rosstalk, or from another type, i.e. alien


rosstalk. NEXT and e
ho o

ur only if up- and downstream signals are simul-

taneously transmitted in the same bandwidth. FEXT exists always between

xDSL servi
es of the same type in a binder.

Radio Frequen
y Interferen
e (RFI) results from Amplitude Modulation (AM)

radio and amateur radio operating in the same frequen
y range as xDSL. This

impairment is espe
ially important for VDSL. All spe
i�ed amateur radio bands

are above 1.8MHz whi
h 
oin
ide only with the VDSL bandwidth. The AM

bands however partially overlap with the ADSL band too. There are two

types of interferen
e to be 
on
erned with. Ingress is interferen
e from a radio

transmitter into xDSL and egress is the radiation 
aused by xDSL into a radio

re
eiver. Drop wires and aerial wires are most vulnerable for RFI. Te
hniques

to suppress RFI ingress and egress are presented in [105, 106, 109℄ and [12℄

respe
tively.

Finally, there is also ba
kground noise from thermal noise and impulse noise [86℄.

1.6 Problem statement

DMT divides the available bandwidth into parallel tones. The in
oming serial

bitstream is divided into parallel streams, whi
h are used to QAM-modulate the

di�erent tones by means of an inverse fast Fourier operation. After modulation,

a 
y
li
 pre�x is appended to ea
h symbol. If the pre�x is longer than the


hannel impulse response, demodulation 
an be implemented by means of a fast

Fourier transform, followed by a (
omplex) 1-taps frequen
y domain equalizer

(FEQ) per tone to 
ompensate for the 
hannel amplitude and phase e�e
ts, as

will be explained in 
hapter 2. A long pre�x however results in a large overhead

with respe
t to the bit rate. On the other hand, if the pre�x is shorter than the


hannel impulse response, interferen
es between di�erent symbols and 
arriers

arise.

As an example, in ADSL the 
hannel impulse response is signi�
antly longer
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than the pre�x length. An existing solution for this problem is to insert a

(real) T -taps time domain equalizer (TEQ) before demodulation, to shorten

the 
hannel impulse response. Many TEQ initialization algorithms have been

developed in literature. The major part of these 
ompute a TEQ su
h that

the 
as
ade of the 
hannel impulse response and the TEQ forms a FIR 
hannel

with length shorter than the 
y
li
 pre�x. This 
riterion leads to a minimum

mean square error (MMSE) problem without dire
t relation to the resulting bit

rate, whi
h is a major disadvantage. Moreover, the bit rate is a non-smooth

fun
tion of the de
ision delay, see 
hapter 2, whi
h hampers optimal alignment

of the re
eiver. Equalization in DMT-based systems is studied in part I. We


onsider the TEQ-based re
eiver as well as a new re
eiver stru
ture.

Further, we look at e
ho 
an
ellation stru
tures in part II. E
ho 
an
ellers

are important in two set-ups. With (partly) overlapping up- and downstream

bands, as shown in �gure 1.3, e
ho 
an
ellation may allow to a
hieve higher

overall bit rate. Se
ond, e
ho 
an
ellation may be employed in an FDD set-up

as an alternative to the high orders of highly sele
tive transmit and re
eive

�lters. Although in the latter set-up separated tones are used in up- and down-

stream, e
ho may o

ur. In general, a 
ertain transmitted tone will not only


ause e
ho in the 
orresponding re
eived tone, but will 
ause e
ho in all re-


eived tones, due to interferen
es in the e
ho signal, similar to the interferen
es

in the far end signal.

Remark that interfering up- and downstream tones not only 
ause an e
ho

problem, but also a NEXT problem, as shown in �gure 1.8. Furthermore,

the dynami
 range of the re
eived signal will be in
reased by the e
ho signal,

whi
h in turns in
uen
es the number of ne
essitated bits in the re
eiver's A/D


onverter. In this thesis, we do not aim at optimizing the 
omplete modem

ar
hite
ture when e
ho 
an
ellation is employed. Instead, we 
ompare e
ho


an
ellation stru
tures for given 
hannel impulse responses and noise environ-

ments.

1.7 Thesis survey and 
ontributions

In this se
tion, a general overview of the thesis is given.

In 
hapter 2, we give an introdu
tion to some basi
 
on
epts, su
h as DMT

modulation, de
ision delay, time and frequen
y domain equalization. Further,

we derive the data models for di�erent DMT-based system set-ups. These data

models are used in the following 
hapters.

In part I, we study equalization for DMT-based systems in detail. We review

some TEQ design pro
edures, presented in literature, and aim at improving

upon the TEQ performan
e based on the well-known MMSE 
hannel short-

ening. In a �rst attempt, we maintain the re
eiver stru
ture, i.e. the TEQ

remains in the system and we only 
hange the TEQ initialization algorithm.
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In a se
ond attempt, we 
hange the re
eiver stru
ture. In fa
t, ea
h tone then

has its own optimal (
omplex) TEQ, but now implemented after demodula-

tion. We show that the latter stru
ture 
learly outperforms MMSE 
hannel

shortening.

In 
hapter 3, we review TEQ design based on MMSE 
hannel shortening and

introdu
e a new TEQ initialization algorithm. A signi�
ant bit rate in
rease is

obtained in upstream. The 
ost fun
tions of these algorithms are quadrati
 and

have a unique global minimum. As a result, the optimization itself is rather

simple. However, the drawba
k of these algorithms is that the 
ost fun
tion

does not 
orrespond to bit rate optimization. Finally, we review the optimal

TEQ design algorithm, 
alled geometri
 SNR, whi
h 
omes down to a nonlinear

optimization problem.

Then we develop per tone equalization in 
hapter 4. The new re
eiver stru
ture

has no TEQ anymore before demodulation, but ea
h tone now has its own

equalizer, after demodulation, whi
h optimizes the SNR per tone. In
reased

bit rate is obtained in upstream as well as in downstream. Furthermore, the bit

rate is a smooth fun
tion of the de
ision delay in 
ontrast to the TEQ bit rate.

The 
omplexity during data transmission for TEQ and per tone equalization are

shown to be similar. Moreover, the number of taps 
an be optimized per tone,

and as a result, a 
omplexity redu
tion may be obtained. Further, we study

the 
ombination of per tone equalization and windowing, whi
h is a te
hnique

to suppress RFI.

Computation of the optimal per tone equalizers, as in 
hapter 4, results in a

high 
omputational 
ost. Therefore there is need of 
omputational more ef-

�
ient initialization. In 
hapter 5, we develop an initialization s
heme based

on re
ursive least squares with inverse updating. To redu
e initialization 
om-

plexity even further, tone grouping is proposed.

The publi
ations related to part I are

� K. Van A
ker, G. Leus, M. Moonen, S. Claes and O. van de Wiel. An

Improved Optimization Algorithm for Time Domain Equalizer Design in

ADSL Modems. In Pro
. International Workshop on Copper Wire A

ess

Systems, pages 117-123, Budapest, Hungary, O
tober 1997.

� K. Van A
ker, G. Leus, M. Moonen, S. Claes and O. van de Wiel. Im-

proved Time Domain Equalization for ADSL. In Pro
. ProRISC Work-

shop on Cir
uits, Systems and Signal Pro
essing, pages 615-620, Mierlo,

The Netherlands, November 1997.

� K. Van A
ker, G. Leus, M. Moonen, O. van de Wiel and T. Pollet. Per

Tone Equalization for DMT Re
eivers. In Pro
. IEEE Global Tele
ommu-

ni
ations Conferen
e (GLOBECOM), pages 2311-2315, Rio de Janeiro,

Brazil, De
ember 1999.
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� K. Van A
ker, G. Leus, M. Moonen, O. van de Wiel and T. Pollet. Per

Tone Equalization for DMT-based Systems. In IEEE Transa
tions on

Communi
ations, a

epted for publi
ation.

� K. Van A
ker, T. Pollet, G. Leus, and M. Moonen. Combination of

Per Tone Equalization and Windowing in DMT-Re
eivers. In Pro
.

Fifth Bayona Workshop on Emerging Te
hnologies in Tele
ommuni
a-

tions, pages 49-53, Bayona, Spain, September 1999.

� K. Van A
ker, T. Pollet, G. Leus and M. Moonen. Combination of Per

Tone Equalization and Windowing in DMT-Re
eivers. Internal Report

99-46b, ESAT-SISTA, K.U.Leuven (Leuven, Belgium), submitted to Sig-

nal Pro
essing, 1999.

� K. Van A
ker, G. Leus, M. Moonen and T. Pollet. Frequen
y Domain

Equalization with Tone Grouping in DMT/ADSL Re
eivers. In Pro
.

Asilomar Conferen
e on Signals, Systems and Computers, pages 1067-

1070, Pa
i�
 Grove, California, O
tober 1999.

� K. Van A
ker, G. Leus, M. Moonen and T. Pollet. RLS-based Initial-

ization for Per Tone Equalizers in DMT-Re
eivers. In Pro
. European

Signal Pro
essing Conferen
e (Eusip
o), Tampere, Finland, September

2000.

� K. Van A
ker, G. Leus, M. Moonen and T. Pollet. RLS-based Initializa-

tion for Per Tone Equalizers in DMT-Re
eivers. Internal Report 00-12b,

ESAT-SISTA, K.U.Leuven (Leuven, Belgium), submitted to IEEE Trans-

a
tions on Communi
ations, 2000.

� K. Van A
ker, G. Leus, M. Moonen and O. van de Wiel. Multi
arrier

re
eiver. European patent appli
ation (EP 0 969 637).

� K. Van A
ker, G. Leus, M. Moonen, T. Pollet and O. van de Wiel. Mul-

ti
arrier re
eiver with per-
arrier RLS frequen
y domain equalization.

European patent appli
ation (EP 0 967 763).

In part II, we study e
ho 
an
ellation for DMT-based systems. We �rst

review an e
ho 
an
eller presented in literature and then develop a new e
ho


an
eller based on the `per tone' prin
iple that we also have adopted in part I.

In 
hapter 6, we review time/frequen
y domain e
ho 
an
ellation [54, 55℄.

Mostly the TEQ is applied before the e
ho 
an
ellation. We show that the

order of equalization and e
ho 
an
ellation 
an be reversed. Our aim is to

apply �nally �rst time/frequen
y domain e
ho 
an
ellation and then per tone

equalization. The advantage of the latter stru
ture is the ability to optimize

the SNR per tone given a 
ertain e
ho 
an
eller in time/frequen
y domain

implementation.
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We introdu
e per tone e
ho 
an
ellation in 
hapter 7. We start with a simpli�ed

s
heme 
ontaining a multitaps per tone equalizer and a 1-taps per tone e
ho


an
eller per tone whi
h is suÆ
ient in the spe
i�
 
ase of aligned transmit

and re
eive symbols and, of an e
ho impulse response whi
h is shorter than the


y
li
 pre�x. To approa
h the general e
ho 
an
ellation problem, we propose a

multitaps per tone e
ho 
an
eller 
ombined with a multitaps per tone equalizer.

This stru
ture enables to optimize the SNR per tone for given e
ho 
an
ellation

and equalization �lter lengths.

The publi
ations related to part II are

� K. Van A
ker, G. Leus, M. Moonen and T. Pollet. Combination of E
ho

Can
ellation and Equalization in DMT-based ADSL modems. Internal

Report 00-32, ESAT-SISTA, K.U.Leuven (Leuven, Belgium), submitted

to IEEE Transa
tions on Communi
ations, 2000.

� K. Van A
ker, M. Moonen and T. Pollet. Per Tone E
ho Can
ella-

tion for DMT-based Systems. Internal Report 00-101 , ESAT-SISTA,

K.U.Leuven (Leuven, Belgium), submitted to the International Confer-

en
e on A
ousti
s, Spee
h and Signal Pro
essing (ICASSP 2001), 2000.

� K. Van A
ker, M. Moonen and T. Pollet. Per Tone E
ho Can
ella-

tion for DMT-based Systems. Internal Report 00-119 , ESAT-SISTA,

K.U.Leuven (Leuven, Belgium), submitted to IEEE Transa
tions on Com-

muni
ations, 2000.

Finally, in 
hapter 8, we summarize the 
on
lusions and give suggestions for

further resear
h.
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Chapter 2

Con
epts

In this 
hapter we �rst explain the DMT modulation te
hnique and the mathe-

mati
s behind it. In se
tion 2.1, important 
on
epts su
h as 
y
li
 pre�x, time

domain equalization, frequen
y domain equalization, intersymbol and inter
ar-

rier interferen
e are reviewed be
ause they turn out to be important in this

thesis.

Afterwards, the well-known TEQ design pro
edure based on minimum mean

square error (MMSE) 
hannel shortening and its relation with the de
ision

delay is explained. We state the important disadvantages of MMSE 
hannel

shortening whi
h have led us to the design of improved equalization stru
tures.

Then, the 
hannel 
apa
ity derived by Shannon, the SNR gap and the formula

to 
ompute the bit rate are reviewed. A brief overview of adaptive bit loading

algorithms is given.

Data models for the re
eived DMT far end signal and e
ho signal are des
ribed

in se
tion 2.2. We start with a basi
 DMT data model of the re
eived sig-

nal, suitable for ADSL signals. We further extend the basi
 model to in
lude

the e
ho signal, oversampling, de
imation and interpolation. The VDSL data

model is slightly di�erent from the ADSL data model in that a 
y
li
 suÆx,

pulse shaping and windowing are adopted.

Finally, 
on
lusions are drawn in se
tion 2.3.

2.1 Dis
rete multitone

The DMT transmitter and re
eiver are presented in Fig. 2.1 and Fig. 2.2

respe
tively [15, 28℄. The appropriate sampling frequen
ies are noted in dashed

frames. In the transmitter, the following operations are performed.

17



18 Chapter 2. Con
epts
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Figure 2.1: DMT Transmitter

� A serial bit stream is divided into

N

2

+1 parallel bit streams. The number

of bits b

i

assigned to a parallel bit stream depends on the SNR of the


orresponding tone i = 1 : : :

N

2

+ 1. The b

i

bits are further mapped

onto a 
omplex

1

subsymbol X

i

. 2

b

i

possible 
omplex values form the


onstellation for tone i.

� An N -point IFFT is performed on the Hermitian-symmetri
 ve
tor

�

X

1

: : : X

N

�

T

=

h

X

1

: : : X

N=2+1

X

�

N=2

: : : X

�

2

i

T

(2.1)

to result in a real ve
tor of N samples [x

1

: : : x

N

℄

T

. The N sized ve
tors

are the DMT symbols in frequen
y and time domain respe
tively. We

will use the following notation to des
ribe this modulation step

2

6

4

x

1

.

.

.

x

N

3

7

5

= I

N

�

2

6

4

X

1

.

.

.

X

N

3

7

5

(2.2)

with I

N

the N �N IDFT-matrix.

� The last � samples of a time domain symbol are repeated as a so-
alled

Cy
li
 Pre�x (CP) [92℄ in front of the symbol.

� Finally, the pre�xed time domain symbol is 
onverted from parallel to

serial and from digital to analog. The 
ontinuous time signal x(t) is

sent through the 
hannel. In this model, the `
hannel' represents the


ombination of transmit �lters, physi
al 
hannel as well as re
eive �lters.

The sample rate is denoted as F

s

and so the symbol rate is

F

s

N+�

.

1

ex
ept for the tone 1 and

N

2

+ 1 whi
h have to be real
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Figure 2.2: DMT Re
eiver

In the re
eiver, basi
ally (ignoring the equalization) the reverse operations o
-


ur.

� The re
eived 
ontinuous time signal y(t) is �rst analog to digital 
on-

verted.

� The re
eived dis
rete signal y

l

is �ltered with a Finite Impulse Response

(FIR) �lter, 
alled Time domain EQualizer (TEQ) [28℄.

� The �ltered sequen
e �y

l

is 
onverted from serial to parallel.

� The � samples 
orresponding to the 
y
li
 pre�x are dis
arded.

� An FFT operation demodulates the �ltered re
eived symbol

2

6

4

Y

1

.

.

.

Y

N
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7

5

= F

N

�

2

6

4

�y

1

.

.

.

�y

N

3

7

5

(2.3)

where F

N

is the N �N DFT matrix and where the output is Hermitian-

symmetri
.

� A 1-taps Frequen
y domain EQualizer (FEQ) D

i

equalizes ea
h tone sep-

arately.

� The equalized FFT output Z

i

is de
oded to reprodu
e the transmitted

bits.

We will now explain in more detail the fun
tion of the 
y
li
 pre�x and the

equalizers [93℄. For this purpose, we adopt a dis
rete-time model of the 
hannel

impulse response h.
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A 
ru
ial aspe
t is that the 
hannel impulse response length 
an be smaller or

larger than the pre�x length. In the �rst 
ase, only frequen
y domain equal-

ization is required, while in the se
ond 
ase both frequen
y and time domain

equalization are required, as will be explained.

2.1.1 Case 1: Order of h is smaller than or equal to �

Assume that h = [h

0

: : : h

�

℄ (the following derivation holds for shorter 
hannels

too). A re
eived symbol 
an be written as the 
onvolution of a transmitted

symbol and the 
hannel impulse response plus noise
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y
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=
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0
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�
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�
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(2.4)

with n

l

the 
hannel noise. The �rst matrix in the right hand side is a Toeplitz

matrix of the 
hannel 
oeÆ
ients. The se
ond matrix extends the transmitted

symbol with the 
y
li
 pre�x. The produ
t of these two matri
es produ
es a


ir
ulant matrix. Hen
e, equation (2.4) 
an be written as
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Hen
e, the linear 
onvolution with the 
hannel impulse response is equivalent

to a 
ir
ular 
onvolution be
ause of the 
y
li
 pre�x insertion. By multiplying

both sides with F

N

and applying equation (2.2), one obtains
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(2.6)

The left hand side represents the FFT output in the re
eiver, ignoring the

TEQ. In the right hand side, one 
an apply the eigenvalue de
omposition of a
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Figure 2.3: Frequen
y domain interpretation of DMT modulation


ir
ulant matrix. The eigenve
tors of a 
ir
ulant matrix form a DFT matrix

and its eigenvalues are equal to the FFT of the �rst 
olumn of C. Hen
e
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(2.7)

In 
on
lusion, the DMT te
hnique indeed divides the 
hannel h in N parallel

(independent), 
at sub
hannels ea
h having a 
hannel gain H

i

and additive

noise N

i

. This frequen
y domain interpretation is shown in Fig. 2.3. A 1-taps

�lter D

i

per tone (FEQ) is suÆ
ient to 
ompensate for the 
hannel's amplitude

and phase e�e
ts.

2.1.2 Case 2: Order of h is larger than �

When the 
hannel impulse response is longer than the 
y
li
 pre�x, i.e. h =

[h

0

: : : h

L

℄ with L > �, interferen
es arise [94, 102℄. To des
ribe the types of

interferen
e, we 
onsider a re
eived symbol at time index k. Be
ause L > �,

the transmitted symbol at time k� 1 will 
ontribute to the re
eived symbol at

time k
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with P =

�

O I

�

I

N

�

. The Toeplitz matrix of the 
hannel impulse response is

zero padded to have 2(N + �) 
olumns. For a 
ompa
t notation, the noise is

left out for the time being. If this time domain symbol would be fed dire
tly

to the demodulating FFT, one has
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T

(k�1)

and T

(k)

are both Toeplitz matri
es. Substituting formula (2.2), the

demodulated re
eived symbol be
omes
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The produ
ts T

(k�1)

P and T

(k)

P are not 
ir
ulant. Therefore pre- and post-

multiplying with F

N

and I

N

respe
tively does not produ
e diagonal matri
es.
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Figure 2.4: Inter
arrier and intersymbol interferen
e

The unwanted 
ontributions in Y

(k)

i

from subsymbols di�erent from X

(k)

i

are

interferen
es. In Fig. 2.4 it is shown that the interferen
e 
an be split in 3

types [94℄.

1. Inter
arrier Interferen
e of type 1 (ICI1): All elements a

i

1

i

2

(i

1

6= i

2

) in

matrix A

(k)

= F

N

T

(k)

PI

N

result in interferen
e from one subsymbol

in another subsymbol transmitted on a di�erent tone during the same

symbol period. In other words, X

(k)

i

2


auses ICI1 in X

(k)

i

1

with i

2

6= i

1

.

2. Intersymbol Interferen
e (ISI): All diagonal elements a

i

1

i

1

in matrix

A

(k�1)

= F

N

T

(k�1)

PI

N

result in interferen
e from one subsymbol in an-

other subsymbol transmitted on the same tone during a di�erent symbol

period. In other words, X

(k�1)

i

1


auses ISI in X

(k)

i

1

.

3. Inter
arrier Interferen
e of type 2 (ICI2): All elements a

i

1

i

2

(i

1

6= i

2

)

in matrix A

(k�1)

= F

N

T

(k�1)

PI

N

result in interferen
e from one sub-

symbol in another subsymbol transmitted on a di�erent tone during a

di�erent symbol period. In other words, X

(k�1)

i

2


auses ICI2 in X

(k)

i

1

with

i

2

6= i

1

.

Depending on the length of the 
hannel impulse response, there may be ISI

and ICI2 from more than 1 symbol.

Downstream ADSL uses a symbol and a pre�x of length N = 512 and � = 32

respe
tively. The tone spa
ing is F

tsp

=4312.5Hz. Thus, the sample frequen
y

is F

s

= N � F

tsp

= 2:208MHz. The length of the 
hannel impulse response

is a few hundred taps at F

s

= 2:208MHz, hen
e signi�
antly longer than the

pre�x length. In upstream, one 
an use a symbol and a pre�x size of length
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N = 128 and � = 8 with the same tone spa
ing (the upstream symbol size

may be smaller be
ause there are less used tones, as 
an be seen in �gure 1.3).

It turns out that also for upstream 
ommuni
ation, the impulse response is

signi�
antly longer than the pre�x.

To 
ope with interferen
es, one 
ould lengthen the pre�x. However, a longer

pre�x represents a larger eÆ
ien
y loss (

�

N+�

). To make the eÆ
ien
y loss

smaller, one 
ould make the symbol size N larger. But then a larger symbol

size in
reases the laten
y.

Another solution is to redu
e the e�e
tive 
hannel length by means of a FIR

�lter before demodulation. This is the fun
tion of the TEQ [28℄. If a TEQ 
an

be found that e�e
tively redu
es the 
hannel length to the length of the pre�x,

the analysis of 
ase 1 basi
ally applies with the shortened 
hannel substituted

for the original 
hannel. In pra
ti
e, it turns out that designing an appropriate

TEQ is a diÆ
ult task.

2.1.3 TEQ design

The T -taps TEQ is mostly designed based on a Minimum Mean Square Error

(MMSE) 
riterion to shorten the 
hannel impulse response (CIR) to a (� +1)-

taps target impulse response (TIR). An exhaustive number of TEQ designs are

presented in literature [4, 5, 6, 7, 26, 27, 28, 75, 80, 84, 122, 123, 125, 135, 136℄.

An important parameter in TEQ design is the so-
alled de
ision delay. Assume

a given impulse response h = [h

0

: : : h

L

℄. Then, brie
y, one may shorten h to

[h

0

: : : h

�

0 : : : 0℄, where the de
ision delay is then zero, or one may shorten h to

[0 : : : 0h

Æ

: : : h

Æ+�

0 : : : 0℄, with de
ision delay Æ. Whi
h delay is 
hosen depends

on the MMSE. A

ording to Fig. 2.5, one sear
hes for a TEQ w, a TIR b and

a de
ision delay Æ su
h that J is minimized

min

w;b;Æ

J

with J = E

�

e

2

l

	

= E

(

�

�

x

l�Æ

: : : x

l���Æ

jy

l

: : : y

l�T+1

�

�

�

�b

w

��

2

)

(2.11)

subje
t to a 
ertain 
onstraint to avoid the zero solution, see 
hapter 3, with

b = [b

0

: : : b

�

℄

T

, w = [w

0

: : : w

T�1

℄

T

, x

l

and y

l

transmitted and re
eived signal

samples respe
tively with l the sample index.

TEQ pro
edures based on MMSE 
hannel shortening (su
h as those used in


urrent ADSL modems) have 
onsiderable disadvantages.

1. The MMSE is not related to the maximal a
hievable bit rate by the DMT

system.

2. The obtained bit rate is a non-smooth fun
tion of the delay whi
h ham-

pers 
hoosing the de
ision delay.
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Figure 2.5: TEQ design by MMSE 
hannel shortening

An additional disadvantage of the TEQ is that all tones are equalized with one

�lter, whi
h as su
h limits the performan
e of the DMT-system. In [8, 9℄, it is

shown that the optimal, in the sense of maximal bit rate, TEQ 
oeÆ
ients are

the solution of a highly nonlinear 
ost fun
tion, whi
h appears to be diÆ
ult

to optimize [82℄.

2.1.4 Alternative equalization stru
tures

Equalization in a DMT-system basi
ally relies on a 
y
li
 pre�x insertion and

a 1-taps frequen
y domain equalizer per tone. This prevents interferen
es (ISI

and ICI) provided that the 
y
li
 pre�x is long enough. When the order of the


hannel impulse response is larger than the pre�x length, additional equaliza-

tion te
hniques are 
alled for. One 
an apply time domain equalization (TEQ)

to shorten the 
hannel impulse response, whi
h is mostly adopted. But, alter-

natively, one 
an apply equalization in the frequen
y domain (without TEQ).

The disadvantages of the TEQ have led us to the design of an alternative

re
eiver stru
ture based on so-
alled per tone equalization (PT-EQ). PT-EQ

is applied after demodulation with the FFT. Ea
h used tone then has its own

optimal equalizer while the 
omplexity during data transmission is kept at the

same level. We develop PT-EQ in 
hapter 4.

In literature [93, 128, 129, 130℄, other forms of equalization have been pre-

sented. Multiple-input/multiple-output (MIMO) equalization is also applied

after demodulation with the FFT. MIMO 
an be 
onsidered as a more general

re
eiver stru
ture than PT-EQ sin
e it 
ombines multiple FFT outputs for the

equalization of tone i, whereas PT-EQ only 
onsiders the FFT ouput of tone i

as input to the equalizer of tone i. Single-input/single-output (SIMO) equal-

ization is an even more general stru
ture where the 
as
ade of the FFT and

the MIMO equalization is repla
ed by a bank of parallel �lters. Hen
e, SIMO

enables even higher bit rates. However, it was noted in literature that the

performan
e 
omparison was not 
onstrained by 
omplexity issues. Remark
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Figure 2.6: Signal 
ow graph building blo
ks

that, in 
ontrast with TEQ and PT-EQ, there is no 
y
li
 pre�x involved in

the MIMO and SIMO equalizers presented in [93, 128, 129, 130℄.

In 
hapter 4, we make a 
omprehensive 
omparison of PT-EQ with TEQ. Fur-

thermore, we 
ompare PT-EQ and SIMO equalization.

2.1.5 Signal 
ow graphs

DMT re
eivers based on a new equalization stru
ture (PT-EQ) will be derived

in 
hapter 4 and represented as signal 
ow graphs (SFG), building blo
ks of

whi
h are given in Fig. 2.6. The addition/subtra
tion blo
k adds/subtra
ts

the numbers a and b. A multiply-add blo
k multiplies the numbers a and b

and adds the produ
t to 
. A delay element delays the input signal over one

sample period. Finally, a downsampler with fa
tor f only sele
ts one out of f

su

essive input samples.

The (dis
rete part of the) TEQ-based re
eiver, as de�ned in �gure 2.2, 
an also

be represented by this type of SFG whi
h is shown in Fig. 2.7. The input

is the dis
rete time signal y

l

, w

T�1

= [w

0

w

1

: : : w

T�1

℄

T

is the (real) T -taps

TEQ and D

i

the (
omplex) 1-taps FEQ for tone i. The tapped delay line with

(N + �)-downsamplers is equivalent to a serial to parallel 
onversion and a

pre�x dis
ard.

2.1.6 Capa
ity and bit loading

The maximal number of bits (
apa
ity) that 
an be transmitted over a 
at

(sub)
hannel is derived by Shannon and is equal to




i

= log

2

(1 + SNR

i

) with SNR

i

=

E

i

� jH

i

j

2

�

2

i

(2.12)
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where E

i

is the symbol energy and �

2

i

is the noise varian
e on tone i. The


apa
ity of the 
hannel is the sum of the 
apa
ities of the sub
hannels, if they

are independent. In 
on
lusion, the optimal bit loading algorithm allo
ates

an amount of energy and a number of bits to ea
h tone under a total energy


onstraint

max

X

i




i

su
h that

X

E

i

= E (2.13)

This 
onstrained maximization is solved by the water-�lling solution: ea
h tone

gets an amount of energy E

i

su
h that E

i

+�

2

i

=jH j

2

i

= K =
te and

P

E

i

= E.

The solution �lls the noise-to-signal 
urve �

2

i

=jH j

2

i

with energy (equivalent to

water) up to a 
onstant level K. So, the 
apa
ity a
hieving energy distribution

depends on the 
hannel SNR jH j

2

i

=�

2

i

.

It is known that in�nite 
omplexity is required to a
hieve the theoreti
al 
han-

nel 
apa
ity. Hen
e, a realisti
 system transmits at a data rate below the theo-

reti
al 
apa
ity. The gap � measures the distan
e in SNR between theoreti
al


apa
ity and a
tual bit rate

b

i

= log

2

(1 +

SNR

i

�

) with SNR

i

=

E

i

� jH

i

j

2

�

2

i

(2.14)

The gap is a fun
tion of the bit error probability P

e

aimed at [46℄. For instan
e,

with P

e

= 10

�7

, the gap is 9:8 dB. On the one hand, by applying 
oding, the
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gap 
an be redu
ed. On the other hand, a noise margin is required to make the

system noise robust, and therefore the gap is again arti�
ially in
reased. The

total gap is then

� = 9:8� 





+ 


m

(2.15)

with 





the 
oding gain and 


m

the noise margin. In ADSL the required bit

error probability is P

e

= 10

�7

for all used tones and � is tone independent.

Formulas (2.14) and (2.15) will be adopted in simulations.

Adaptive loading algorithms 
ompute an energy distribution and a bit allo-


ation for a bit rate below 
apa
ity. A loading algorithm 
an maximize the

margin at given data rate [29℄, or 
an maximize the data rate at given mar-

gin [77, 78℄, under a total energy 
onstraint. The algorithm proposed in [77℄ is

a three-step algorithm. Firstly, one de
ides whi
h tones are turned on and o�

based on the water-�lling solution. Se
ondly, the available energy is distributed

over the used tones. Two distribution methods are proposed: 
at energy and

water-�lling. The 
at energy distribution has slightly worse performan
e than

the water-�lling solution (2% loss) but is less 
omplex. Finally, the number of

bits is 
omputed with formula (2.14). The numbers of bits have to be rounded

to an integer value and then the allo
ated energies are s
aled a

ordingly. The

transmit energy mask then gets a saw-tooth shape.

2.1.7 Pulse shaping and windowing

The duplexing s
heme for DMT-based VDSL is the Zipper te
hnique [14, 60,

61, 62, 63, 64, 65, 81, 88, 104, 107℄. Orthogonal tones 
arry signals in up- or

downstream dire
tion without applying time domain equalization. The orthog-

onality is maintained by means of the extended 
y
li
 pre�x and an additional


y
li
 extension at the end of ea
h symbol (Cy
li
 SuÆx (CS)). Ideally, the

length of this 
y
li
 suÆx is equal to the largest 
hannel delay whi
h exists in

the 
onsidered binder. When syn
hronization between all transmitters at both

ends in one binder, is perfe
t and the 
hannel impulse response are suÆ
iently

short, there is no e
ho nor NEXT in the system. Unfortunately, in reality there

will be some e
ho and NEXT due to insuÆ
ient lengths of the 
y
li
 extensions

and due to insuÆ
ient syn
hronization.

To lower the e
ho and NEXT, pulse shaping [64℄ is adopted in the DMT-based

VDSL transmitter, shown in Fig. 2.8. The number of outputs of ea
h blo
k

is indi
ated below the �gure. A symbol of size N �rst gets a 
y
li
 pre�x and

suÆx of size �+�=4. Then a non-re
tangular window (mostly with raised 
osine

shape) with a roll-o� interval of size �=2 at both sides of the symbol, is applied,

see Fig. 2.9. Su

essive symbols overlap in the �=2-roll-o� region. Therefore,

the transmitted symbols have �nally size N +2�. The e�e
t of a raised 
osine

fun
tion with respe
t to a re
tangular fun
tion is seen in Fig. 2.10. A raised


osine fun
tion lowers the sidelobes.
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Figure 2.9: A VDSL-symbol of size N having 
y
li
 extensions of size �. Pulse

shaping at the transmitter is determined by � and windowing at the re
eiver

by �.

The DMT-based VDSL re
eiver is shown in Fig. 2.11. A part of the 
y
li


pre�x and suÆx is dis
arded. The remaining parts are used for window-

ing. Windowing prevents Radio Frequen
y Interferen
e (RFI) to leak into

too many neighboring tones by lowering the sidelobes at the re
eiver [109℄. A

non-re
tangular window with a roll-o� interval of � samples at both sides of the

symbol, is applied, see also Fig. 2.9. Afterwards, the �rst �=2 samples (head)

are folded on the symbol tail, and the last �=2 samples (tail) are folded on the

symbol head, see Fig. 2.12. This operation does not introdu
e ISI nor ICI

be
ause the window has 
ertain symmetry properties. The symmetry requires

that when folding the tail on the symbol head and the head on the symbol tail,

the resulting fun
tion is re
tangular.
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2.2 Data models

In this se
tion, we des
ribe a set of data models for the re
eived DMT signal.

We start with the basi
 data model where the transmit IDFT and re
eive

DFT have the same size. This data model is further extended to in
lude the

e
ho signal, oversampling, de
imation and interpolation. All these DMT data

model are suitable for des
ribing ADSL signals be
ause they in
orporate a


y
li
 pre�x, i.e. a 
y
li
 extension in front of the symbol.

Finally a data model suitable for VDSL signals is given whi
h in
ludes a 
y
li


pre�x as well as a 
y
li
 suÆx, pulse shaping and windowing.

2.2.1 Basi
 data model

In the basi
 data model, the IDFT in the transmitter and the DFT in the

re
eiver have the same size N , a

ording to �gures 2.1 and 2.2. Hen
e, trans-

mitted and re
eived symbol size (expressed in samples) is N . At the re
eiver,

the signal is sampled at a sample rate of N+� samples per symbol, i.e. without

oversampling.

The following notation is adopted in the des
ription of the DMT system: k

is the time index of a symbol, X

(k)

i

is a 
omplex subsymbol for tone i (i =

1 : : :N) of the far end signal to be transmitted at symbol period k, Y

(k)

i

the

demodulated output for tone i (after the FFT) and Z

(k)

i

the �nal output (after

frequen
y domain equalization). Note that X

(k)

i

= X

�(k)

N�(i�2)

, i = 2 : : :

N

2

and

that similar equations hold for Y

(k)

i

. Further, � denotes the length of the 
y
li


pre�x, s = N+� the length of a symbol in
luding pre�x,

�

h = [h

L

: : : h

0

: : : h

�K

℄

the far end 
hannel impulse response in reverse order

2

, n

l

additive 
hannel noise

and y

l

the re
eived signal, with l being the sample index.

2

�

h denotes ve
tor h with its elements in reverse order.
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To des
ribe the data model, we 
onsider three su

essive symbols

3

X

(
)

1:N

to be

transmitted at 
 = k�1; k; k+1 respe
tively. The kth symbol is the symbol of

interest, the previous and the next symbol are used to in
lude interferen
es with

neighboring symbols in our model. The re
eived signal may then be spe
i�ed

as follows
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(2.16)

Here, T is the equalizer length. O

(1)

and O

(2)

are zero matri
es of size (N+

T�1)� (N+��T+1�L+�+Æ) and (N+T�1)� (N+��K�Æ) respe
tively.

The matrix 
ontaining the 
hannel impulse response is Toeplitz. Matrix P =

�

O I

�

I

N

�

adds the 
y
li
 pre�x. The I

N

matri
es are N �N IDFT matri
es

and modulate the input symbols. The zero referen
e de
ision delay 
orresponds

to the so-
alled head [h

�K

: : : h

�1

℄ and the tail [h

�+1

: : : h

L

℄ whi
h maximize

the energy in [h

0

: : : h

�

℄. The de
ision delay Æ is further 
onsidered as the

relative delay with respe
t to this referen
e delay, and is a design parameter.

2.2.2 Data model with e
ho

If e
ho is present, one 
an model the e
ho as part of the additive noise n

l

or,

one 
an model the e
ho in a similar way as the far end signal, i.e. as a DMT-

modulated signal. The latter has an advantage in that in this way phase (and

hen
e delay-) information of the e
ho-signal is in
luded in the model. This

improves the design of e
ho 
an
ellers, see 
hapter 7.

In this e
ho model, the far end and e
ho signals are assumed to have the same

symbol and pre�x size, i.e. N and �. Further, U

(k)

i

is a 
omplex subsymbol

for tone i (i = 1 : : :N) of the e
ho signal transmitted at symbol period k.

�

h

E

is the e
ho 
hannel impulse response in reverse order. The re
eived signal then

be
omes

3

Ve
tor X

(
)

1:N

denotes ve
tor [X

(
)

1

: : :X

(
)

N

℄

T

.
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O

(1)

and O

(2)

are zero matri
es of size (N+T�1)� (N+��T+1�L+�+Æ

1

)

and (N +T �1) � (N +��K�Æ

1

) respe
tively. Matrix

^

P = diag(P;P;P)

and

^

I

N

= diag(I

N

; I

N

; I

N

) are blo
k diagonal matri
es. The zero referen
e

de
ision delay of the far end signal 
orresponds to the head [h

�K

: : : h

�1

℄ and

the tail [h

�+1

: : : h

L

℄ that maximize the energy in [h

0

: : : h

�

℄. Finally, Æ

1

is the

relative de
ision delay of the far end signal. Analogous de�nitions hold for the


orresponding e
ho parameters O

(3)

, O

(4)

,

�

h

E

, L

E

, K

E

and Æ

2

.

The input to the e
ho 
an
eller (e
ho referen
e signal) is modeled by
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with T

E

the length of the e
ho 
an
ellation �lter, O

(5)

and O

(6)

zero matri
es

of size (N+T

E

�1) � (N+��T

E

+1+�+Æ

3

) and (N+T

E

�1) � (N+��Æ

3

)

respe
tively. There are three delays in the data model: Æ

1

for the far end signal,

Æ

2

for the e
ho signal and Æ

3

for the e
ho referen
e signal. Æ

2

and Æ

3

are related

to ea
h other.
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2.2.3 Two-fold oversampled re
eiver

In the 
ase of a two-fold oversampled re
eiver (re
eiver sampling rate 2F

s

), one

has a ve
tor y 
onsisting of so-
alled even (e) and odd (o) samples, i.e. there

are now 2N samples per symbol.
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The matri
esO

(:)

now have twi
e as many rows as 
ompared to equation (2.17).

The ve
tor y 
an be split into a ve
tor of even samples y

e

and a ve
tor of odd

samples y

o

, both of whi
h may be spe
i�ed by means of a formula of the

form (2.17). The 
orresponding impulse responses are

�

h

e

,

�

h

E;e

and

�

h

o

,

�

h

E;o

and the noise ve
tors are n

e

and n

o

.

It is 
lear that the models of se
tion 2.2.1 and 2.2.2 are spe
ial 
ases of this

model.

2.2.4 De
imated DMT signal

In 
ase of a de
imated signal the size of the re
eiver DFT is � times smaller

than the transmit IDFT.

In downstream, there are around 220 used tones. Adding its hermitian sym-
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metri
 part, leads to an IDFT with at least size 512, i.e. the smallest power of

2 larger than two times 220. With a tone spa
ing of 4312.5Hz, one frequen
y

domain period of the dis
rete signal o

upies a bandwidth of 2.208MHz. There

is only as small frequen
y gap between the used tones and their 
omplex 
on-

jugate tones for the roll-o� of low-pass �lters. If the frequen
y gap would be

larger, �lter orders 
ould be redu
ed. By in
reasing the IDFT size to 1024, one

basi
ally adds 512 extra zeros between the 220 used tones and their 
omplex


onjugate tones, resulting in a larger frequen
y gap. Adding zeros in frequen
y

domain 
orresponds to an impli
it interpolation per symbol. Similarly, in up-

stream, there are around 25 tones (with the same tone spa
ing). Therefore,

stri
tly spoken, an IDFT-DFT pair of size 64 would be suÆ
ient. However, one

uses an 128-point FFT. In 
on
lusion, the in
rease in IDFT-DFT size, and so


omplexity, is due to fa
ilitate �lter design.

The de
imated data model then be
omes
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(2.20)

The symbol and pre�x size (expressed in samples) at the transmitter are re-

spe
tively N and �. At the re
eiver, they are � times smaller:

N

�

and

�

�

. The


hannel impulse response is sampled at the highest rate (
orresponding to the

transmitter) and has length K+L+1. The matrix 
ontaining the 
hannel im-

pulse response is not Toeplitz anymore be
ause in ea
h row ve
tor

�

h is shifted

over � elements with respe
t to the previous row. The zero matri
es O

(1)

and

O

(2)

have respe
tively size (

N

�

+T�1)� (N+��(T�1)��L+�+(�� 1)+Æ�)

and (

N

�

+T�1)� (N+��K�Æ�). The relative de
ision delay Æ is determined

at the re
eiver, hen
e at low rate.

2.2.5 Interpolated DMT signal

In 
ase of an interpolated DMT signal the re
eiver DFT is � times larger than

the transmitter IDFT.
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Let us assume a DMT set-up with a downstream IDFT-DFT pair of size 512

and an upstream IDFT-DFT pair of size 128. When des
ribing the e
ho seen

at RT, one has a a transmit 128-point IDFT and a re
eive 512-point DFT. In

this 
ase, an interpolated DMT signal model for e
ho applies. At CO, one has

a de
imated DMT signal model for the e
ho.

The interpolated data model is
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The symbol and pre�x size (expressed in samples) at the transmitter are re-

spe
tively N and �. At the re
eiver, they are � times larger: �N and ��. The


hannel impulse response is sampled at the high rate (
orresponding to the

re
eiver) and has length K+L+1. Matrix

^

P

in

= diag(P

in

;P

in

;P

in

) is a blo
k

diagonal matrix that adds the pre�
es to the symbols and interpolates the data

with fa
tor �, hen
e P

in

=

�

e

1

e

�+1

: : : e

��s��+1

�

� P, with e

i

is the ith

basis ve
tor of size �s� 1. The zero matri
es O

(1)

and O

(2)

have respe
tively

size (�N+T�1)�(�(N+�)�T+1�L+��+Æ) and (�N+T�1)�(�(N+�)�K�Æ).

The relative de
ision delay Æ is determined at the re
eiver, hen
e at high rate.

2.2.6 Data model with pulse shaping and windowing

The VDSL data model of the re
eived signal di�ers from the ADSL model in

that an additional 
y
li
 suÆx is used and that pulse shaping at the transmitter

and windowing at the re
eiver is applied. The following notation is adopted

(see �gure 2.9). The symbol size at transmit and re
eive side are both equal to

N . The �nal 
y
li
 extensions (pre�x as well as suÆx) have size � and pulse

shaping is determined by �. The total symbol size is N + 2� +

�

2

. Su

essive

symbols are overlapped in the roll-o� interval. Hen
e, after overlapping, ea
h

symbol has �s = N + 2� samples. Windowing at the re
eiver is determined by

�. The re
eived signal (before windowing) 
an then be des
ribed as follows
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with

^

C = diag(C;C;C) where C =

2

4

O O C

1

I

N

C

2

O O

3

5

appends the pulse

shaped 
y
li
 pre�x and suÆx. C

1

and C

2

are diagonal matri
es of size

� + �=4 whi
h 
ontain the pulse shaping 
oeÆ
ients. I is an identity ma-

trix of size N + 2� + �=2. Corresponding to a �=2-overlap between su

essive

symbols, there is an overlap of �=2 rows between su

essive identity matri-


es, as indi
ated in formula (2.22). The zero matri
es O

(1)

and O

(2)

have

respe
tively size (N+T �1 +�) � (N+3��T +1�L +Æ

1

� �=2 + �=4) and

(N+T�1 +�)� (N+3��K�Æ

1

� �=2 + �=4).

In this data model, one has N + T � 1 + � samples per re
eived symbol. The

parameter T enables to study the e�e
t of T -taps equalization. The � extra

samples are required for the windowing operation to be applied at the re
eiver.

An analogous model 
an be built for the e
ho signal, and, if an oversampled

re
eiver is applied, for even and odd far end signal and e
ho signal. The total

re
eived signal is then
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The transmitted e
ho signal, i.e. the referen
e e
ho signal, is modeled by
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with the zero matri
es O

(5)

and O

(6)

respe
tively of size (N+T

E

�1) � (N+

3��T

E

+1+Æ

3

+ �=2 + �=4) and (N+T�1)� (N+3��Æ

3

� �=2 + �=4).

2.3 Con
lusions

In this 
hapter, we have reviewed DMT modulation. We have explained 
on-


epts su
h as 
y
li
 pre�x, TEQ, FEQ, intersymbol and inter
arrier interfer-

en
e.

TEQ design based on MMSE 
hannel shortening is shortly reviewed. This

design pro
edure is generally applied in ADSL but has some important disad-

vantages. The 
ost fun
tion does not 
orrespond to bit rate optimization and

the resulting bit rate is a non-smooth fun
tion of the de
ision delay. The dis-

advantages of the TEQ are the motivation for the sear
h for new equalization

stru
tures, profoundly studied in part I of the thesis.

Bit rate formulas have been given and are further adopted in simulations.

Finally, we have presented data models whi
h will be used throughout this

thesis. The �rst data models are based on a 
y
li
 pre�x and are suitable for

ADSL. Data models for far end signal with external noise, e
ho, oversampling,

de
imation and interpolation are given. Then a VDSL data model with 
y
li


pre�x as well as a 
y
li
 suÆx, pulse shaping and windowing is presented.



Part I

Equalization
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Chapter 3

Time domain equalization

Equalization is required in a DMT-system to 
ombat inter
arrier and intersym-

bol interferen
e. Basi
ally, the equalization relies on the insertion of a 
y
li


pre�x and a 1-taps frequen
y domain equalizer per tone. However, when the

order of the 
hannel impulse response is larger than the pre�x length, interfer-

en
es arise, as explained in 
hapter 2. Hen
e, additional equalization te
hniques

are 
alled for. In this 
hapter, we dis
uss time domain equalization to shorten

the 
hannel impulse response. This te
hnique is mostly adopted. However,

remark that one 
an also apply equalization in the frequen
y domain, e.g. per

tone equalization (see 
hapter 4), multiple-input/multiple-output and single-

input/multiple-output equalization [93℄.

MMSE 
hannel shortening is a well-known time domain equalizer design ap-

proa
h for DMT. The 
ost fun
tion is quadrati
 and has a unique global min-

imum whi
h leads to low-
omplexity algorithms. To avoid the trivial zero

solution, the minimization is subje
t to a 
ertain 
onstraint. Although this de-

sign pro
edure is very popular, it has some important disadvantages resulting

from the fa
t that MMSE 
hannel shortening is not equivalent with bit rate

optimization.

In se
tion 3.1, we give a 
omprehensive review of MMSE 
hannel shortening

subje
t to a unit norm, a unit tap or a unit energy 
onstraint on the equalizer

taps itself or on the so-
alled target impulse response. We show that there is a


onne
tion between the solutions for a unit energy 
onstraint on the re
eived

signal of interest, on the total re
eived signal and on both signals simultane-

ously.

To improve the performan
e of the MMSE 
hannel shortening, we propose a

new algorithm 
alled `Weighted MMSE', in se
tion 3.2. It di�ers from previ-

ously presented algorithms in that the unused tones are expli
itly disregarded

in the 
ost fun
tion as well as in the 
onstraint, by introdu
ing weight matri
es.

41
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Simulations show that weighted MMSE signi�
antly improves performan
e in

the upstream dire
tion.

The disadvantages of MMSE 
hannel shortening and in a smaller amount of

weighted MMSE are formulated in se
tion 3.3. In se
tion 3.4, we review TEQ

design based on other 
ost fun
tions (geometri
 SNR and shortening SNR).

Simulation results are given in se
tion 3.5. Performan
e of MMSE 
hannel

shortening with di�erent 
onstraints and weighted MMSE is shown. Finally,


on
lusions are drawn in se
tion 3.6.

3.1 MMSE Channel shortening

A DMT system avoids intersymbol and inter
arrier interferen
e if a 
y
li
 pre�x

with suÆ
ient length is added to ea
h transmitted symbol. The pre�x length

has to be equal to (or longer than) the order of the 
hannel impulse response

(CIR) h and results in an eÆ
ien
y loss O(h)=(N +O(h)) with N the symbol

size and O(h) the order of h. For ADSL, this eÆ
ien
y loss is una

eptably

high.

Therefore, typi
ally a T -taps time domain equalizer (TEQ) w is introdu
ed

before demodulation (e.g. in ADSL with T = 32 in downstream and T = 64

in upstream) to equalize the CIR to a shorter target impulse response (TIR)

su
h that it `�ts' into a given 
y
li
 pre�x length �. The eÆ
ien
y loss then

de
reases to �=(N + �).

Several algorithms are proposed in literature [4, 5, 6, 7, 26, 27, 28, 75, 80, 84,

122, 123, 125, 135, 136℄ that sear
h for a TIR with length � + 1 that is 
losest

to the 
onvolution of CIR and TEQ. This basi
 approa
h is shown in Fig. 3.1.

One sear
hes for a TEQ w, a TIR b and a de
ision delay Æ

tot

su
h that the

following 
ost fun
tion is minimized

J = E
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e
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l

	

= E
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l�Æ

tot

: : : x

l���Æ

tot

jy

l

: : : y

l�T+1

�

�

�

�b

w

��

2
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(3.1)

with b = [b

0

: : : b

�

℄

T

, w = [w

0

: : : w

T�1

℄

T

, x

l

and y

l

transmitted and re
eived

signal samples respe
tively with l the sample index. Remark that Æ

tot

is the

`total' de
ision delay introdu
ed by the 
hannel and is written as the sum

Æ + Æ

0

� 1. The referen
e delay Æ

0

indi
ates the �rst sample of the maximal

energy interval of length � + 1 in h and Æ denotes here the `relative' de
ision

delay, see also se
tion 2.2.1. To avoid trivial solutions (i.e. zero ve
tors w and

b), a non-triviality 
onstraint is applied whi
h is a unit norm, unit tap or unit

energy 
onstraint on either w or b.

Cost fun
tion (3.1) 
an be written in several ways. One 
an 
onsider a \data

driven"approa
h, where one uses knowledge of the data samples x

l

and y

l

, or
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δtot
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n

y

e

TEQ

TIR
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l
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delay
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Figure 3.1: TEQ design by MMSE 
hannel shortening

an \impulse response identi�
ation based"approa
h, where one in
orporates

expli
itly the 
hannel h in the 
ost fun
tion. (When the auto
orrelation of y is


omputed using the identi�ed 
hannel impulse response, both approa
hes give

exa
tly the same solution.)

In the following se
tions, MMSE, TEQ and TIR solutions are given for a 
ertain

delay Æ

tot

. To �nd the minimum value for J , the MMSE has to be 
omputed

for several delays and the minimum has to be sele
ted.

3.1.1 Data driven 
omputation

By writing the square in equation (3.1) expli
itly and taking the expe
ted value

of the data, 
ost fun
tion J 
an be written by means of auto
orrelation and


ross
orrelation matri
es of signals x and y

J =

�

�b

T

w

T

�

�

�

R

xx

R

xy

R

yx

R

yy

�

�

�

�b

w

�

= b

T

�R

xx

�b�2�w

T

�R

yx

b+w

T

�R

yy

�w

(3.2)

subje
t to a 
ertain non-triviality 
onstraint. We explore unit norm, unit tap

and unit energy 
onstraints for the MMSE 
hannel shortening approa
h. For

ea
h 
onstraint, the solution of the minimization problem is given in terms of

the 
orrelation matri
es.

Remark that, for ea
h 
onstraint, an interpretation of the solution 
an also be

given in terms of the original data matri
es of the transmitted signal x

l

and the

re
eived signal y

l

, i.e. matri
es X and Y. These data matri
es are a p� (�+1)

and a p� T Toeplitz matrix respe
tively with p � � + 1 and p � T . The 
ost

fun
tion is then rewritten as J = kYw �Xbk

2

2

. The Least Squares (LS) and

the Total Least Squares (TLS) [48℄ interpretation of a unit tap and a unit norm


onstraint respe
tively are given in [39℄. Unit energy 
onstraints are related to

prin
ipal angles between subspa
es [48℄, see below.
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Correlation matri
es

In our TEQ design simulations, we negle
t the pre�x stru
ture and assume

that all tones are used. Therefore, the transmitted signal x is assumed to be

white and R

xx

is a diagonal matrix (with on the diagonal psd

x

).

These assumptions also imply that R

xx

, R

yy

and R

xy

are time invariant.

Remark that matrix R

xy

(and R

yx

) depends on the delay Æ

tot

. This 
an be

seen by writing signal y as the 
onvolution of signal x with the 
hannel impulse

response h plus noise n as in the impulse identi�
ation based 
omputation of

se
tion 3.1.2. The 
ross
orrelation matrix R

xy

be
omes

R

xy

= E

8

>

<

>

:

2

6

4

x

l�Æ

tot

.

.

.

x

l���Æ

tot

3

7

5

�

�

y

l

: : : y

l�T+1

�

9

>

=

>

;

= E

8

>

<

>

:

2

6

4

x

l�Æ

tot

.

.

.

x

l���Æ

tot

3

7

5

�

�

x

l

: : : x

l���T+2

jn

l

: : : n

l�T+1

�

�

�

H

I

T

�

9

>

=

>

;

(3.3)

with � = length(h) and H an (�+ T � 1)� T Toeplitz matrix formed with the

impulse response h

H =

2

6

6

6

6

4

h 0 � � � 0

0 h 0 � � �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 � � � 0 h

3

7

7

7

7

5

T

(3.4)

From the se
ond line of formula (3.3) it is 
lear that the expe
ted value of

the multipli
ation of the �rst ve
tor with the se
ond ve
tor, results in a delay

dependent matrix. Furthermore, assuming that the transmitted signal x is

independent of the noise n, one 
an write

R

xy

=

�

O

(�+1)�Æ

tot

R

xx

O jO

�

�

�

H

I

T

�

(3.5)

Unit norm 
onstraint

When subje
ted to a unit norm 
onstraint, the minimization 
omes down to

an eigenvalue problem, as des
ribed in [4, 7, 44, 122, 123℄.

For the norm on b, one has

min

w;b

J su
h that kbk

2

2

= 1 (3.6)
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For a given delay Æ

tot

, the optimal w, for a given b, 
an be found by �J=�w = 0

w = R

�1

yy

�R

yx

�b (3.7)

w 
an now be eliminated in equation (3.2), whi
h leads to

min

b

J = min

b

b

T

�R

xjy

�b with R

xjy

= R

xx

�R

xy

�R

�1

yy

�R

yx

(3.8)

The minimum

1

is given by the unit norm eigenve
tor b 
orresponding to the

smallest eigenvalue of matrix R

xjy

and so min

b

J = �

min

.

Similarly, a unit norm 
onstraint on w leads to

min

w;b

J su
h that kwk

2

2

= 1 (3.9)

The gradient �J=�b = 0 gives

b = R

�1

xx

�R

xy

�w (3.10)

and substituting this in the 
ost fun
tion J results in

min

w

J = min

w

w

T

�R

yjx

�w with R

yjx

= R

yy

�R

yx

�R

�1

xx

�R

xy

(3.11)

The optimal w is then the eigenve
tor 
orresponding to the minimum eigen-

value of matrix R

yjx

.

As in [135℄, one 
an also apply a unit norm 
onstraint on the ve
tor 
ontaining

TIR and TEQ, [�b

T

w

T

℄

T

, resulting in

min

w;b

J su
h that kbk

2

2

+ kwk

2

2

= 1 (3.12)

From the 
orresponding Lagrangean, it is seen that the minimum is given by the

unit norm eigenve
tor 
orresponding to the smallest eigenvalue of the following

eigenvalue problem

�

R

xx

R

xy

R

yx

R

yy

�

�

�

�b

w

�

=

�

�b

w

�

� � (3.13)

1

The solution is equal to the minimum of the 
orresponding Lagrangean L = J + �(1 �

b

T

b) with � a Lagrange multiplier. The minimum is given by putting the gradients �L=�w,

�L=�b and �L=�� to zero.
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Unit tap 
onstraint

Alternatively, a unit tap 
onstraint may be imposed on the TEQ or the TIR,

see [4, 7, 26, 75, 76, 80, 136℄, whi
h results in a least squares problem. When

the kth tap of the TIR is 
onstrained to 1, the optimization problem be
omes

min

w;b

J su
h that e

T

k

b = 1 (3.14)

with e

k

the kth basis ve
tor of size � + 1. The solution is given by

2

w = R

�1

yy

�R

yx

�b (3.15)

b =

R

�1

xjy

� e

k

e

T

k

�R

�1

xjy

� e

k

(3.16)

The optimal b and w are found by minimizing the 
ost fun
tion for all possible

k (1 � k � � + 1).

Similarly, an unit tap 
onstraint on the TEQ leads to

min

w;b

J su
h that e

T

k

w = 1 (3.17)

with e

k

the kth basisve
tor of size T . The solution is given by

b = R

�1

xx

�R

xy

�w (3.18)

w =

R

�1

yjx

� e

k

e

T

k

�R

�1

yjx

� e

k

(3.19)

for every k (1 � k � T ).

In [75℄, it is stated that this method involves intensive 
omputation and that,

if LMS is applied as in [27℄, a signi�
ant number of iterations is required.

Therefore, a fast algorithm (with moni
 
onstraint on b) is developed in [75,

76℄. It is based on the approximation of a Toeplitz 
orrelation matrix by a


ir
ulant matrix and has near-optimal performan
e. Also in [80℄, a 
ost-e�e
tive

algorithm for 
hannel shortening with moni
 
onstraint on b is developed, 
alled

two-
hannel autoregressive modeling.

Al-Dhahir et al [4, 7℄ have shown that a unit norm 
onstraint results in a lower

MMSE than a unit tap 
onstraint. It is also noted that the index k of the

unit tap has no 
ru
ial in
uen
e on the MMSE, but that the e�e
t of the delay

parameter is signi�
ant.

2

This 
an again be found by putting the three gradients of the Lagrangean L = J+�(1�

e

T

k

b) to zero.



3.1. MMSE Channel shortening 47

Unit energy 
onstraint

The unit norm 
onstraint may be modi�ed by applying weighting to result in

a 
onstraint of the type b

T

Wb = 1 [4, 7℄. Minimization of the quadrati
 
ost

fun
tion J in formula (3.2) 
ombined with this unit energy 
onstraint 
omes

down to a generalized eigenvalue problem.

Two unit energy 
onstraints are of parti
ular interest: a unit energy 
onstraint

on the re
eived signal of interest, b

T

R

xx

b = 1, and a unit energy 
onstraint

on the total re
eived signal, w

T

R

yy

w = 1.

Let us �rst apply both unit energy 
onstraints simultaneously. The minimiza-

tion problem then be
omes

min

w;b

J su
h that b

T

R

xx

b = 1 and w

T

R

yy

w = 1 (3.20)

Hen
e, the Lagrangean is

L(w;b; �

0

; �

00

) = J + �

0

(1� b

T

R

xx

b) + �

00

(1�w

T

R

yy

w) (3.21)

and the minimum 
orresponds to its four gradients equal to zero. This leads

to

w

T

R

yx

b = 1� �

0

= 1� �

00

= 1� � (3.22)

�

O R

yx

R

xy

O

�

�

�

w

b

�

=

�

R

yy

O

O R

xx

�

�

�

w

b

�

� (1� �) (3.23)

and the minimum of the 
ost fun
tion be
omes

min

w;b

J = 2� 2(1� �) (3.24)

Hen
e, the TEQ w and the TIR b are the solution of the generalized eigenvalue

problem (3.23), 
orresponding to the maximal eigenvalue (1��)

max

. Moreover,

the eigenvalues of this problem, (1� �), are the 
osines of the prin
ipal angles

between the spa
es

3

spanned by the re
eived signal y and the transmitted signal

x.

In appendix 3.A, it is shown that the largest eigenvalue of the generalized eigen-

value problem (3.23) is equal to the largest singular value of matrix A =

(R

�1=2

yy

)

T

� R

yx

� R

�1=2

xx

, hen
e (1 � �)

max

= 
os �

1

= �

1

, with matrix R

1=2

the Cholesky fa
tor [48℄ of matrix R and with �

1

the smallest prin
ipal angle.

3

More spe
i�
ally, formulating the 
ost fun
tion and the 
onstraints by means of the

data matri
es Y and X themselves, i.e. J = kYw � Xbk

2

2

su
h that b

T

X

T

Xb = 1 and

w

T

Y

T

Yw = 1, the eigenvalues are the 
osines of the prin
ipal angles between the 
olumn

spa
es of the data matri
es Y and X, i.e. w

T

Y

T

Xb = 1 � � = 
os �, whi
h is similar to

formula (3.22).
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Let us now 
onsider the �rst 
onstraint only. The minimization problem be-


omes

4

min

w;b

J su
h that b

T

R

xx

b = 1 (3.25)

Putting the gradient �J=�w to zero leads to formula (3.7) and substituting this

in 
ost fun
tion J leads to formula (3.8) but now 
onstrained to b

T

R

xx

b = 1.

With R

1=2

xx

the Cholesky fa
tor of R

xx

, we de�ne 
 = R

1=2

xx

b. The minimum is

then given by

w = R

�1

yy

�R

yx

�b (3.26)

b = R

�1=2

xx

� 
 (3.27)

min




J = min







T

� (R

�1=2

xx

)

T

�R

xjy

�R

�1=2

xx

� 
 su
h that k
k

2

2

= 1 (3.28)

Hen
e, the minimum is given by the unit norm eigenve
tor 
 
orresponding to

the smallest eigenvalue of (R

�1=2

xx

)

T

�R

xjy

�R

�1=2

xx

. Remark that if the transmitted

signal x is assumed to be white, this solution is the same as for the unit norm


onstraint on b (note however, that in an FDD set-up, the transmitted signal

is 
ertainly non-white.)

Similarly, one 
an apply w

T

R

yy

w = 1 and de�ne R

1=2

yy

as the Cholesky fa
tor

of R

yy

.

min

w;b

J su
h that w

T

R

yy

w = 1 (3.29)

The gradient �J=�b = 0 and the resulting 
ost fun
tion are given by formu-

las (3.10) and (3.11). With d = R

1=2

yy

w, the minimum is given by

b = R

�1

xx

�R

xy

�w (3.30)

w = R

�1=2

yy

� d (3.31)

min

d

J = min

d

d

T

� (R

�1=2

yy

)

T

�R

yjx

�R

�1=2

yy

� d su
h that kdk

2

2

= 1 (3.32)

with d the unit norm eigenve
tor 
orresponding to the smallest eigenvalue of

(R

�1=2

yy

)

T

�R

yjx

�R

�1=2

yy

.

In appendix 3.A, it is proven that the solutions for both unit energy 
onstraints

simultaneously, the �rst 
onstraint only and the se
ond 
onstraint only are re-

lated. The respe
tive TEQs w

0

, w

1

and w

2

are dominant eigenve
tors of matrix

B = R

�1

yy

R

yx

R

�1

xx

R

xy

. Simulations have shown that the largest eigenvalue ap-

pears only on
e as eigenvalue of B (algebrai
 multipli
ity is 1, although the

4

Hen
e, the Lagrangean is L = J + �(1� b

T

R

xx

b) and its minimum 
orresponds to the

three gradients equal to zero.
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both 
onstraints b

T

R

xx

b = 1 w

T

R

yy

w = 1

TEQ w

0

= R

�1=2

yy

�U(:; 1) w

1

= �

1

�w

0

w

2

= w

0

TIR b

0

= R

�1=2

xx

�V(:; 1) b

1

= b

0

b

2

= �

1

� b

0


ost fun
tion J = 2(1� �

1

) J = 1� �

2

1

J = 1� �

2

1

Table 3.1: Solutions for TEQ, TIR and 
ost fun
tion when both unit energy


onstraints are applied simultaneously and when only one unit energy 
on-

straint is applied. The symbols �

1

, U(:; 1) and V(:; 1) are the largest sin-

gular value and the �rst left and right singular ve
tor respe
tively of matrix

A = (R

�1=2

yy

)

T

�R

yx

�R

�1=2

xx

.

next eigenvalue is 
lose to the largest). Therefore, the TEQs w

0

, w

1

and w

2

are parallel and hen
e, result in the same bit rate. A similar 
on
lusion holds

for the TIRs. An overview of the solutions for TEQ, TIR and 
ost fun
tion is

given in Table 3.1.

These results 
an geometri
ally be interpreted by means of the data matri
es

Y and X as follows. The three optimization problems �nd a TEQ and a

TIR 
orresponding to the smallest prin
ipal angle between the 
olumn spa
es

of Y and X, i.e. the maximal 
osine of the prin
ipal angles, 
os �

1

= �

1

.

When both unit energy 
onstraints are applied simultaneously, the ve
tors

Yw and Xb have both unit norm and the squared distan
e between these

ve
tors is given by J = 2(1 � 
os �

1

). When only one 
onstraint is applied,

e.g. kXbk

2

2

= 1, ve
tor Xb has unit norm. It 
an be shown that ve
tor Yw is

then the orthogonal proje
tion of ve
tor Xb in the 
olumn spa
e of Y. Hen
e,

the norm of ve
tor Yw is kYwk

2

2

= 
os

2

�

1

and the squared distan
e is given

by J = 1 � 
os

2

�

1

= sin

2

�

1

. A similar 
on
lusion holds for the 
onstraint

kYwk

2

2

= 1.

3.1.2 Impulse response identi�
ation based 
omputation

TEQ design algorithms based on impulse response identi�
ation are given for

unit norm, unit tap and unit energy 
onstraints. These algorithms are used for

TEQ simulations in se
tion 3.5.

Unit norm 
onstraint

One 
an write the re
eived samples y

l

in equation (3.1) as the 
onvolution of

the transmitted samples x

l

with h plus additive 
hannel noise n

l

. The 
ost
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fun
tion J , subje
t to a unit norm 
onstraint on the TIR b, then be
omes

J = E

(

�

�

y

l:�1:l�T+1

jx

l�Æ

tot

:�1:l���Æ

tot

�

�

�

w
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)
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>

<
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x
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Æ
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H I
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7
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�

w

�b

�

1

C

C

A

2

9

>

>

=

>

>

;

(3.33)

where the subs
ript of y, and similarly the subs
ripts of x and n, are Matlab

notation and de�ned as in [y

l:�1:l�T+1

℄ = [y

l

y

l�1

: : : y

l�T+1

℄. H is a Toeplitz

matrix with the impulse response h, given in formula (3.4). Writing the square

of the error expli
itly and taking the expe
ted value of the data matri
es, J


an �nally be written as

J =
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#
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2

2

su
h that kbk

2

2

= 1

(3.34)

whereR

1=2

means the Cholesky fa
tor ofR, andR

xx

is a (�+T�1)�(�+T�1)


orrelation matrix of the transmitted signal x.

With the unit norm 
onstraint on b, the minimum of J is given by

[Q;R℄ = qr(A)

[U;S;V℄ = svd(R(T + 1 : T + � + 1; T + 1 : T + � + 1))

b

opt

= V(:; � + 1) (3.35)

w

opt

= R(1 : T; 1 : T )

�1

�R(1 : T; T + 1 : T + � + 1) � b

opt

where we adopted a Matlab notation: fun
tion `qr' 
omputes the QR de
om-

position [48℄, fun
tion `svd' 
omputes the singular value de
omposition [48℄,

R(a : b; 
 : d) equals the submatrix of R 
ontaining rows a up to b and 
olumns


 up to d and R(:; 
 : d) equals the submatrix of R 
ontaining all rows of R

and 
olumns 
 up to d.

Similarly, when 
onstraining the norm onw to one, the 
ost fun
tion J be
omes

J =
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= 1

(3.36)
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and the optimal w and b are given by

[U;S;V℄ = svd(

2

4

H(1 : Æ

tot

; :)

H(Æ

tot

+ � + 2 : � + T � 1; :)

R

1=2

nn

=psd

1=2

x

3

5

)

w

opt

= V(:; T ) (3.37)

b

opt

= H(Æ

tot

+ 1 : Æ

tot

+ � + 1; :) �w

opt

When 
onstraining the sum of the norm on b and the norm on w to one, one

minimizes

J =
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su
h that kbk

2

2

+ kwk

2

2

= 1 (3.38)

and the minimum is given by

[Q;R℄ = qr(A)

[U;S;V℄ = svd(R)

b

opt

= �V(1 : � + 1; � + T + 1) (3.39)

w

opt

= V(� + 2 : � + T + 1; � + T + 1)

Unit tap 
onstraint

Applying a unit tap 
onstraint leads to the following least squares problem

J =
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<

:

b

k

= 1 (1 � k � � + 1)

or

w

k

= 1 (1 � k � T )

(3.40)
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Unit energy 
onstraint

Optimizing J subje
t to a unit energy 
onstraint on the re
eived signal of

interest, b

T

R

xx

b = 1, leads to the minimization of J with

J =
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h that b
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R

xx

b = 1

(3.41)

By applying Cholesky fa
torization, we de�ne 
 = R

1=2

xx

b and the 
ost fun
tion

be
omes

J =
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su
h that k
k

2

2

= 1 (3.42)

whi
h may be solved analogously to formula (3.35).

The optimization subje
t to a unit energy 
onstraint on the total re
eived

signal, w

T

R

yy

w = 1, may be solved in a similar way. However, we know that

the resulting TEQ is equal up to a s
aling fa
tor and so that equal 
apa
ity is

a
hieved when one unit energy 
onstraint is applied or when both unit energy


onstraints are applied simultaneously.

3.1.3 Frequen
y domain approa
h of MMSE 
ost fun
tion

The 
ost fun
tion (3.1) 
an be written by means of 
ir
ular 
onvolution if the

training sequen
e x is periodi
 and if the 
hannel noise in y is averaged out

or negle
ted su
h that the re
eived signal y is also periodi
. After Fourier

transforming the error, one obtains for tone i

E

i

= �B

i

�X

i

+W

i

� Y

i

with i = 1 :

N

2

+ 1 (3.43)

The training algorithms for the TEQ, by Chow et al [27℄, minimize the mean

square of this frequen
y domain error for all tones. Adaptation of the TEQ and

TIR is done in the frequen
y domain. After ea
h adaptation step, a windowing

is performed in the time domain. Windowing means here sear
hing for T or �+1


onse
utive taps with highest energy in the (IDFT of the frequen
y domain)
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TEQ and TIR respe
tively. To avoid the trivial solution, the energy in the TIR

is 
onstrained.

Wang et al [135℄ 
onsider a 
ost fun
tion whi
h is a weighted sum of the fre-

quen
y domain error for all tones. The weights are introdu
ed to 
ontrol the

TEQ spe
tral response. A unit norm on the total parameter ve
tor (
ontain-

ing TEQ and TIR) again results in an eigenvalue problem. It is shown that

TEQ solutions 
orresponding to several smallest eigenvalues 
an also shorten

the CIR. In [136℄, the authors optimize the same 
ost fun
tion with a unit tap


onstraint.

3.1.4 Channel shortening with virtual noise

The odd behavior of the 
hannel shortening algorithm applied in an FDM

set-up, is des
ribed by Van Ker
khove et al in [125℄. When the TEQ w is

normed to unity, the solution of the algorithm is a TEQ with its energy mainly


on
entrated in the stop band. In a DMT re
eiver, the TEQ is followed by

an FFT whi
h a
ts like a �lter bank of sin
 �lters and these have 
onsiderable

sidelobes. The sidelobes pi
k up noise in a wide frequen
y band and adds this

noise to the narrow band signal of interest. Hen
e, stop band noise, enhan
ed

by the TEQ, will leak into the pass band and 
ause the SNR of the used tones

to drop. Therefore it is important to 
ontrol the TEQ's spe
tral response.

The 
on
entration of the TEQ energy in the stop band is seen as follows. Let

H

i

be the 
hannel transfer fun
tion on tone i. The transfer fun
tion is split in

a stop and a pass band se
tion as follows

H

1:

N

2

+1

=

�

H

stop

H

pass

�

�

�

0

H

pass

�

(3.44)

where a high pass downstream 
hannel is assumed. Zero error in equation (3.43)

is obtained for

B

i

�W

i

�H

i

(3.45)

Splitting this equation in stop and pass band, one has

�

B

stop

B

pass

�

�

�

W

stop

W

pass

�

�

�

0

H

pass

�

(3.46)

with � representing a 
omponentwise multipli
ation. From the �rst blo
k row

of formula (3.46), it follows that B

stop

� 0. It is seen that the unit norm


onstraint on w or equivalently on W

1:N

, 
an not avoid a TEQ solution with

its main energy 
on
entrated in the stop band and a minor energy in the pass

band, so W

stop

6= 0 and W

pass

� 0 and as a result B � 0 for all tones. This
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leads to the undesirable behavior where the signal of interest is blo
ked and

the stop band noise is ampli�ed by the TEQ.

Note that for a unit normed B, the TIR B 
an not be zero for all tones. From

the �rst blo
k row of formula (3.46), it follows that B

stop

� 0 and as su
h

B

pass

6= 0. But from the �rst blo
k row it also follows that W

stop

remains

un
onstrained.

To solve this problem, a modi�ed optimization 
riterion is proposed in [125℄,

to 
on
entrate the TEQ energy in the pass band. The MSE of equation (3.1)

is modi�ed by adding an additional term whi
h enables to shape the TEQ

spe
tral response. The 
onstrained MSE (in the time domain) is

J


onstr

= J +  �E

sr

(3.47)

with  the suppression fa
tor and E

sr

the energy of the TEQW over the tones

in the suppression region (the tones where one wants to suppress the energy

of the TEQ). It is demonstrated in [125℄ that the extra term is equivalent to

the insertion of a virtual (i.e. a mathemati
ally inje
ted) noise in the suppres-

sion region. The PSD of the virtual noise equals  in this region and is zero

elsewhere.

3.2 Weighted MMSE

In an attempt to improve the performan
e of the shortening algorithm, we

modify the 
ost fun
tion as well as the 
onstraint. Unlike [125℄, our algorithm

expli
itly disregards the unused tones. The non-triviality 
onstraint is imposed

only on the used tones su
h that trivial solutions in the pass band are avoided.

This is a
hieved by introdu
ing weight matri
es. The 
ost fun
tion still is

quadrati
 and has a unique global minimum.

Remark that this approa
h is not equivalent to bit rate optimization as is

performed by the geometri
 TEQ [8℄ whi
h leads to a nonlinear optimization

hen
e in general without a unique minimum.

3.2.1 Cost fun
tion

Our aim is to take into a

ount the DMT nature of the input and output sam-

ples in the 
ost fun
tion. However, remark that, for mathemati
al tra
tability

of the 
orrelation matri
es, we will make some assumptions in se
tion 3.2.2,

i.e. we negle
t the pre�x stru
ture and assume that all tones are used. In

se
tion 3.2.5, we will show how the presented 
ost fun
tion 
an be modi�ed

su
h that the pre�x and used tones are taken into a

ount.

The starting formula 
ontains a set of exa
tly N equations with N being the

symbol size. The shortening error is minimized over the 
omplete symbol



3.2. Weighted MMSE 55

length, so the 
ost fun
tion be
omes

J = E

(
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(3.48)

It is noted that the data matri
es have a Toeplitz stru
ture. This 
ost fun
tion

is then modi�ed by minimizing only over the used tones. Therefore the set of

equations is transformed to the frequen
y domain, leading to

J = E

n

kS � F

N

� (Y �w �X � b)k

2

2

o

(3.49)

F

N

is the N -point DFT-matrix, S is an N �N sele
tor matrix, i.e. a diagonal

matrix with ones on the positions 
orresponding to the used tones and its


omplex 
onjugates, and zeros elsewhere, i.e. S(i; i) = S(N � i+2; N � i+2),

i = 2 : : :

N

2

. By writing the output samples y

l

as a fun
tion of x

l

and the

additive 
hannel noise n

l

, as in equation (3.33), one obtains

J = E

8
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=
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(3.50)

with

X

ext

=

2

6

4

x

l

: : : x

l�Æ

tot

+1

.

.

.

.

.

.

.

.

.

x

l+N�1

: : :

X

: : : x

l���T+2

.

.

.

: : :

3

7

5

(3.51)

and

N =

2

6

6

6

6

4

n

l

n

l�1

: : : n

l�T+1

n

l+1

n

l

.

.

.

.

.

.

.

.

.

n

l+N�1

: : : n

l+N�T

3

7

7

7

7

5

(3.52)
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X

ext

is an N � (� � 1 + T ) Toeplitz matrix, and an `extension' of X. N is a

Toeplitz matrix of noise samples. Modi�ed data matri
es with tilde are de�ned

as

e

X = S � F

N

�X

e

X

ext

= S � F

N

�X

ext

e

N = S � F

N

�N

(3.53)

3.2.2 Correlation matri
es

To solve this least squares problem by QR de
omposition, the (Cholesky fa
tors

of the) 
orrelation matri
es of noise and transmitted signal samples are needed.

The noise 
orrelation matrix be
omes

e

R

nn

= E

n

e

N

H

�

e

N

o

= E

��

N

H

� F

H

N

� S

H

�

� (S � F

N

�N)

	

= E

�

N

H

� F

H

N

� S � F

N

�N

	

(3.54)

The S matrix sele
ts the appropriate rows and 
olumns in F

N

and F

H

N

respe
-

tively. The produ
t F

H

N

� S � F

N

forms an N � N real, symmetri
 
ir
ulant

weight matrix, see appendix 3.B for a proof. This leads to

e

R

nn

= E
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<
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.
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(3.55)

with a; b; 
::: 2 R (an expression for these elements is derived in appendix 3.B).

For white additive 
hannel noise,

e

R

nn

redu
es to a simple expression, namely

e

R

nn

=

2

6

6

6

6

4

N � a (N � 1) � b : : : (N � T + 1) � f

(N � 1) � b N � a

.

.

.

.

.

.

.

.

.

.

.

.

(N � T + 1) � f : : : N � a

3

7

7

7

7

5

� E

�

n

2

l

	

(3.56)

where the elements of the real, symmetri
 Toeplitz matrix are 
omputed by

making the sum of the diagonals of the weight matrix of equation (3.55), see

also appendix 3.B.
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For mathemati
al tra
tability, in 
al
ulating

e

R

ext

xx

, some assumptions are made

su
h that it is formed similar to

e

R

nn

. The pre�x stru
ture is negle
ted in X

ext

and it is assumed that all tones are used, therefore the input samples x

l


an

assumed to be white. As already mentioned, the optimization itself is made

over the tones that are e�e
tively used. This leads to

e

R

ext

xx

� E

n

e

X

ext;H

�

e

X

ext

o

� E

��

X

ext;H

� F

H

N

� S

H

�

�

�

S � F

N

�X

ext

�	

� T � E

�

x

2

l

	

(3.57)

T is a real symmetri
 Toeplitz matrix. It is formed similar to equation (3.56).

However its dimension is larger, namely (� � 1 + T )� (� � 1 + T ), and the

� � 1 + T �N outer o�-diagonals 
onsist of zeros

T =

2
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(3.58)

3.2.3 Constraint

The non-triviality 
onstraint

E

�










e

X � b










2

2

�

= 1 (3.59)

is 
onsidered. It 
an be written as

E

��

b

H

�X

H

� F

H

N

� S

H

�

� (S � F

N

�X � b)

	

= 1 (3.60)

In matrix X, we now expli
itly take the 
y
li
 pre�x into a

ount, be
ause this

leads to a simple expression for the 
onstraint. Matrix X 
an be 
ir
ularly

extended to an N � N 
ir
ulant matrix X


ir


. A

ordingly, ve
tor b is zero

padded. Hen
e, the 
onstraint be
omes

E

�

�

b

H

0

1�(N���1)

�

�X


ir
;H

� F

H

N

� S � F

N

�X


ir


�

�

b

0

(N���1)�1

��

= 1

(3.61)
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After insertion of an I

N

� F

N

pair between the 
ir
ulant matrix and the TIR

and applying the eigenvalue de
omposition of X


ir


, one obtains

E

�

B

H

� diag(X

H

) � S � diag(X) �B

	

= 1 (3.62)

with B = F

N

�

�

b

0

�

and X = F

N

�X


ir


(:; 1). This means

P

i=used tone

jB

i

j

2

� E

n

jX

i

j

2

o

= 1 (3.63)

So, as far as the 
onstraint is 
on
erned, the pre�x and the used tones are

taken into a

ount. It is further assumed that E

n

jX

i

j

2

o

is 
onstant for the

used tones. Pra
ti
ally, the 
onstraint is then 
omputed as follows

B

H

� S �B = 1=E

n

jX

i

j

2

o

�

b

H

0

�

� F

H

N

� S � F

N

�

�

b

0

�

=

b

H

�R

H

�Q

H

�Q �R � b =

(3.64)

where Q �R is the QR fa
torization of S � F

N

(:; 1 : � +1). With 
 = R � b, the


ost fun
tion to be minimized then be
omes

J =
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(3.65)

subje
t to 


H

� 
 = 1=E

n

jX

i

j

2

o

whi
h is a given 
onstant, say 
. This 
ost

fun
tion may be solved similar to equation (3.35). The e�e
t of 
onstant 
 is

only a s
aling of the unit norm solution for 
 by

p


 and so b and w are s
aled

by the same value. As a s
aling of the TEQ w does not alter the SNR of the

tones, and hen
e the bit rate of the DMT system, the 
onstraint 


H

� 
 
an

arbitrary be set to 1.

3.2.4 Interpretation

This 
onstraint is meaningful be
ause of the following reason. The solution of

the 
onstrained MMSE problem is equal to the solution of the un
onstrained
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MMSE problem

min

w;b

�

w

H

� b

H

�

�

"

e

R

yy

e

R

yx

e

R

xy

e

R

xx

#

�

�

w

�b

�

b

H

�

e

R

xx

� b

(3.66)

where the matri
es

e

R are 
orrelations of

e

Y = S � F

N

�Y and

e

X = S � F

N

�X.

This formula 
an be seen as a sort of 1=SNR in the subband of the used tones.

For every value of subband signal energy in the denominator, the subband

MMSE in the numerator is minimized as shown in equation (3.65), with the

subband energy taken as the sum of the energies of the used tones. Remark

that this optimization 
riterion does not yet 
orrespond to the ultimate goal,

namely SNR optimization for ea
h tone separately (see 
hapter 4).

Let us now 
onsider the 
ost fun
tion (3.49) for one parti
ular tone i

J

i

= E

n

jF

N

(i; :) � (Y �w �X � b)j

2

o

= E

(

�

�

�

�

F

N

(i; :) �Y �w �F

N

(i; :) �X


ir


� I

N

� F

N

�

�

b

0

�

�

�

�

�

2

)

= E

n

jF

N

(i; :) �Y �w�X

i

� B

i

j

2

o

(3.67)

If, in the �rst row of the pre
eding formula, the pre�x is taken into a

ount

in matrix X, this matrix 
an again be 
ir
ularly extended to matrix X


ir


, as

seen in the se
ond row. The TIR is zero padded to length N . After insertion

of an IDFT-DFT pair between the 
ir
ulant matrix and the TIR and applying

the eigenvalue de
omposition of a 
ir
ulant matrix, one obtains the third row.

We will see in 
hapter 4 that minimization of the latter formula results in the

optimal equalizer for tone i, if B

i

is set to 1, if the DMT signal stru
ture is

in
luded in matrixY and if equalizer w may be 
omplex and di�erent for every

tone. One may 
ompare the latter formula with formula (4.7) in 
hapter 4.

Also note that the minimum of J

i

(MMSE) does not exa
tly 
orrespond to the

residual ISI-ICI and external noise for tone i after equalization. This would

only be the 
ase if the transfer fun
tion from tone i at re
eiver side to tone i

at transmitter side equals exa
tly B

i

.

3.2.5 In
lusion of real DMT signal and noise

The presented algorithm may be modi�ed to in
lude the DMT signal stru
ture

and the real noise in matrixY as follows. For one tone i, the 
ost fun
tion (3.50)
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is
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The order of the DFT matrix F

N

(i; :) and the data matri
es X

ext

and N may

be 
hanged as follows

J

i

= E
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with D

(T );i

=
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T


ontaining T DFT's for tone i. Analo-

gous to the basi
 data model of equation (2.16), one 
an then write the trans-

mitted signal x as a fun
tion of the frequen
y domain symbols
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^
x is de�ned in equation (2.16) and 
ontains 3 su

essive DMT symbols,

^

P =

diag(P;P;P) and

^

I

N

= diag(I

N

; I

N

; I

N

). The identity matrix is padded with

zero 
olumns, the number of whi
h depends on the delay Æ

tot

. The 
ost fun
tion

for tone i 
an then be written as follows
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where D

(�+T�1);i

is padded with zero rows, the number of whi
h depends of

the delay Æ

tot

. Finally, W

i

is the weight matrix for tone i. The 
ost fun
tion

for all used tones then be
omes

J =
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where i

a

: : : i

b

are the used tones. The disadvantage of this method is the large

number of weight matri
es to be 
omputed for a 
ost fun
tion that still does

not 
orrespond to optimal SNR per tone.

3.3 Main disadvantages of MMSE 
hannel short-

ening

Shortening the 
hannel impulse response by means of an MMSE 
riterion (in

the time or in the frequen
y domain), has no dire
t relation to the optimal bit

rate, whi
h results in unsatisfa
tory performan
e.

A 
onstraint is ne
essary to prevent the trivial solution but this has no relation

to the bit rate, and hen
e it may be diÆ
ult to sele
t the appropriate 
onstraint.

Besides the non-optimal 
apa
ity, another aspe
t of the unsatisfa
tory behavior

of the MMSE shortening algorithm is the non-smooth behavior of resulting bit

rate as a fun
tion of the de
ision delay. Hen
e an optimal delay is not easily

sele
ted beforehand and an exhaustive sear
h over a large range of delays is

needed during modem initialization.

3.4 TEQ algorithms based on other 
ost fun
-

tions

3.4.1 Geometri
 signal-to-noise ratio

In [8℄, Al-Dhahir et al derive the optimal 
riterion to design the TEQ in a DMT

re
eiver. The total number of bits transmitted per DMT symbol is maximized
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and is given by

b =

X

i=used tone

b

i

=

X

i=used tone

log

2

�

1 +

SNR

i

�

i

�

= log

2

 

Y

i=used tone

�

1 +

SNR

i

�

i

�

!

(3.73)

with SNR

i

the signal-to-noise ratio on tone i and �

i

the SNR gap of tone

i. The SNR gap redu
es the SNR with respe
t to the theoreti
al (Shannon)


apa
ity by �

i

. The SNR gap is a fun
tion of the probability of error [46, 8℄.

It is further assumed that all the used tones have the same probability of error

and so �

i

= �.

The geometri
 SNR is de�ned as

1 +

SNR

geom

�

=

 

Y

i=used tone

�

1 +

SNR

i

�

�

!

1=N

u

(3.74)

with N

u

the number of used tones. So, the number of bits per DMT symbol

may be written as

b = N

u

� log

2

�

1 +

SNR

geom

�

�

(3.75)

Hen
e, maximizing the bit rate of the DMT system is equivalent to maximiz-

ing the SNR

geom

, assuming the transmission bandwidth is �xed. In [8℄ it is

assumed that the SNR is high enough so that that the `+1' 
an be ignored in

formula (3.74), and hen
e the dependen
e on �, whi
h results in

SNR

geom

�

 

Y

i=used tone

(SNR

i

)

!

1=N

u

(3.76)

whi
h is indeed the geometri
 mean of the SNRs of the used tones. In [8℄, the

TEQ w and TIR b are sear
hed for su
h that the geometri
 SNR of equa-

tion (3.76) is maximized. Under 
ertain assumptions, a 
ost fun
tion in b is

derived with 2 
onstraints. The result is a nonlinear 
onstrained optimization

problem in general without a unique optimum. Simulation results present im-

proved performan
e with respe
t to MMSE 
hannel shortening with unit norm


onstraint on b.
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3.4.2 Shortening signal-to-noise ratio

Perfe
tly shortening of a CIR h by a TEQ w is generally not possible. Melsa et

al [80℄ propose a measure for the amount of energy outside the interval of �+1

elements of h �w. The Shortening Signal-to-Noise Ratio (SSNR) is de�ned as

the ratio of the largest energy in �+1 
onse
utive samples to the energy in the

remaining samples. It is noted that the largest energy will not ne
essarily start

on the �rst sample of h � w and so that delay optimization is needed. With

h

win

representing a window of � + 1 
onse
utive samples of h � w and h

wall

the remaining samples, the following optimization problem is solved

min

w

h

T

wall

h

wall

su
h that h

T

win

h

win

= 1 (3.77)

The optimal TEQ settings are given by an eigenvalue problem.

The approa
h is based on shortening su
h that ISI is minimized. This 
ost

fun
tion does not take into a

ount the 
hannel noise. It is noted that the

SSNR, like (weighted) MMSE, is possibly not the best measure for TEQ design,

be
ause the ultimate goal is maximizing the SNR per tone of the DMT system.

3.5 Simulation results

To 
ompare the performan
e of di�erent equalizers, simulation results are pre-

sented for a set of ADSL 
hannels. We 
onsider 26 AWG `inline' 
hannels

with lengths (0 : 500 : 6000) m and a set of standard 
hannels [10℄: T1.601-#7,

T1.601-#9, T1.601-#13, CSA-#4, CSA-#6, CSA-#7, CSA-#8, mid-CSA. The

standard 
hannels are de�ned by standardization bodies and are given in [10℄.

The external noise 
onsists of -140dBm/Hz additive white Gaussian noise (
ol-

ored by the re
eiver front-end). An FDM set-up is adopted and the residual

e
ho is taken into a

ount. The transfer fun
tions for the di�erent 
hannels

and the noise PSDs are obtained from a simulation model from Al
atel. The


hannel transfer fun
tions in
lude the model of the 
opper wire itself as well as

the digital and analog transmit and re
eive �lters.

To 
ompute the bit rate, we 
ompute the SNR for ea
h used tone i and take

the SNR gap � = 9:8 dB, noise margin 


m

= 6 dB, 
oding gain 





= 3 dB. The

number of bits b assigned to tone i is

b

i

= blog

2

�

1 + 10

SNR

i

���


m

+





10

�


 (3.78)

The bit rate is 
omputed with the formula

rate =

 

X

i=used tone

b

i

!

�

F

s

N + �

(3.79)
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with F

s

the sample frequen
y.

Simulation parameters are given in Table 3.2. A symmetri
 rate set-up, as

given by the basi
 data model of se
tion 2.2.1, is assumed.

down up

N 512 128

� 32 8

used tones 39-256 8-30

F

s

2.208 MHz 552 kHz

psd

x

-40 dBm/Hz -38 dBm/Hz

Table 3.2: Simulation parameters

3.5.1 MMSE 
hannel shortening with di�erent 
onstraints

In the following simulations, the TEQs are trained for a white input signal x

and 
olored noise n. In the bit rate 
omputations, the used tones and the pre�x

stru
ture are taken into a

ount as well as 
olored noise.

Downstream

Fig. 3.2 shows a 
omparison of several 
onstraints for a downstream 4km 26

AWG loop with 32-taps TEQ (T = 32). In the top �gure, the bit rate is plotted

for unit tap and unit norm 
onstraints in this order: w

0

=1; : : : ; w

T�1

=1; b

0

=

1; : : : ; b

�

=1; jjwjj

2

2

=1; jjbjj

2

2

=1, for a �xed delay Æ = �8. The 
hannel shortening


ost fun
tion (3.1) 
ombined with one of these 
onstraints has no dire
t relation

to the 
apa
ity of the system. Hen
e, it is diÆ
ult to predi
t whi
h 
onstraint

will be the best for a 
ertain 
hannel and delay. It is seen in the top �gure

that the bit rate varies with the 
onstraint and that unit tap 
onstraint on b

results in the largest bit rate for this delay. For a white input signal x, the

unit norm 
onstraint on b 
orresponds to 
onstant energy of the re
eived signal

of interest, i.e. b

T

R

xx

b = 1, and so this 
onstraint has a physi
al meaning.

Although the 
hannel shortening 
ost fun
tion 
onstrained to jjbjj

2

2

= 1 does

not optimize 
apa
ity, it still results in an a

eptably large bit rate.

In the bottom �gure, the bit rate is plotted as a fun
tion of the delay for

4 
onstraints. The bit rate of the unit tap and unit norm 
onstraint on b

are 
omparable whereas the unit norm 
onstraint on w is worse. The unit

tap 
onstraint on w has a smaller delay range in whi
h maximal bit rate is
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a
hieved. Remark the non-smooth behavior of the 
apa
ity as a fun
tion of

the delay.

A similar simulation is made with an 8-taps TEQ for the same downstream


hannel in Fig. 3.3. Again, the unit tap and unit norm 
onstraint on b are


omparable whereas the unit norm 
onstraint on w is worse. The unit tap


onstraint on w results in a slightly smaller optimal delay range.

Upstream

Fig. 3.4 shows the bit rate for an upstream 4km 26 AWG loop with 64-taps

TEQ (T = 64). In the top �gure di�erent 
onstraints are 
ompared for a �xed

delay Æ = 30. The unit tap and unit norm 
onstraint on w are 
learly worse

than unit tap and unit norm 
onstraint on b. The bottom �gure shows the

bit rate as a fun
tion of the delay for 4 
onstraints. The performan
e of the

unit tap and unit norm 
onstraint on b is 
omparable. The bit rate is a very

non-smooth fun
tion of the delay, whi
h is a main disadvantage of the TEQ

pro
edure. To explain the di�erent behavior of the 
onstraints, the transfer

fun
tions of the TEQs, i.e. F

N

� [w

T

0

T

℄

T

, are plotted for delay 30 in Fig.

3.5. A 
onstraint on b results in a higher gain on the used tones (8-30) than

a 
onstraint on w. The latter 
onstraint su�ers from noise leakage (see also

se
tion 3.1.4).

Fig. 3.6 shows a similar simulation with a 16-taps TEQ (T = 16) for the same


hannel. In the top �gure, the delay is �xed at Æ = 6. In the bottom �gure,

the bit rate variation with the delay is plotted for 4 
onstraints.
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Figure 3.2: Simulations for a downstream 4km 26 AWG loop with 32-taps TEQ.

Top: Bit rate as a fun
tion of the 
onstraint (w

0

=1; : : : ; w

T�1

=1; b

0

=1; : : : ; b

�

=

1; jjwjj

2

2

=1; jjbjj

2

2

=1) for �xed delay -8. Bottom: Bit rate as a fun
tion of the

delay for 4 
onstraints.
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Figure 3.3: Simulations for a downstream 4km 26 AWG loop with 8-taps TEQ.

Top: bit rate as a fun
tion of the 
onstraint (w

0

=1; : : : ; w

T�1

=1; b

0

=1; : : : ; b

�

=

1; jjwjj

2

2

=1; jjbjj

2

2

=1) for �xed delay -8. Bottom: bit rate as a fun
tion of the

delay for 4 
onstraints.
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Figure 3.4: Simulations for an upstream 4km 26 AWG loop with 64-taps TEQ.

Top: Bit rate as a fun
tion of the 
onstraint (w

0

=1; : : : ; w

T�1

=1; b

0

=1; : : : ; b

�

=

1; jjwjj

2

2

=1; jjbjj

2

2

=1) for �xed delay 30. Bottom: Bit rate as a fun
tion of the

delay for 4 
onstraints.
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Figure 3.5: Transfer fun
tions of the 64-taps TEQ, i.e. F

N

� [w

T

0

T

℄

T

, at delay

30 for 4 
onstraints. A 
onstraint on b results in a higher gain on the tones of

interest (8-30) than a 
onstraint on w. The latter su�ers from noise leakage.
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Figure 3.6: Simulations for an upstream 4km 26 AWG loop with 16-taps TEQ.

Top: Bit rate as a fun
tion of the 
onstraint (w

0
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T�1

=1; b

0

=1; : : : ; b

�

=

1; jjwjj

2

2

=1; jjbjj

2

2

=1) for �xed delay 6. Bottom: Bit rate as a fun
tion of the

delay for 4 
onstraints.
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Figure 3.7: Comparison of weighted MMSE with 
lassi
 
hannel shortening for

a 4km 26 AWG downstream loop.

3.5.2 Weighted MMSE

Downstream

In Fig. 3.7, 2 TEQ algorithms are 
ompared for 2 TEQ lengths for a down-

stream 4km 26 AWG loop. The �rst algorithm, denoted by jjS � Bjj

2

2

= 1,

minimizes 
ost fun
tion (3.65) and takes into a

ount the used tones in the


onstraint as well as in the 
ost fun
tion (by weighting with S). The se
ond

algorithm minimizes the 
lassi
 
hannel shortening 
ost fun
tion 
onstrained

by jjbjj

2

2

= 1. The 
onsidered TEQ lengths are 8 and 32. For T = 32, the

weighted algorithm is worse than the 
lassi
 
hannel shortening and very delay

dependent. For T = 8, the weighted algorithm performs better than 
lassi



hannel shortening.

Upstream

An upstream simulation for a 4km 26 AWG upstream loop is shown in Fig. 3.8.

The weighted MMSE algorithm is 
learly better than the 
lassi
al 
hannel

shortening for T = 64 and for T = 16. Moreover for a large equalizer length,

the delay dependen
y de
reases signi�
antly. In upstream, a relatively small
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Figure 3.8: Comparison of weighted MMSE with 
lassi
 
hannel shortening for

a 4km 26 AWG upstream loop.

number of tones is used (only 8 up to 30 of the 65 tones). Probably for this

reason, the performan
e in
rease with the weighted 
riterion is more apparent

in upstream than in downstream.

3.5.3 Overview of TEQ algorithms

Downstream

An overview of the performan
e of 5 TEQ algorithms is shown in Fig. 3.9 for

downstream with T = 32 and �xed delay -8. In the top �gure, bit rates are

plotted as a fun
tion of the loop length for 26 AWG 
hannels. For short loops,

the unit tap 
onstraints a
hieve highest bit rate. For longer loops, the di�eren
e

between the algorithms is small. However, the unit norm 
onstraint on w

behaves 
learly worst. There is no improvement a
hieved with the weighted

MMSE algorithm.

The bottom �gure shows bit rates for the referen
e loops. The unit tap 
on-

straint a
hieves highest bit rate, followed by the unit norm 
onstraint on b. No

signi�
ant improvement is a
hieved by the weighted MMSE algorithm.
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Figure 3.9: Downstream bit rate as a fun
tion of the loop length (top) and

as a fun
tion of the referen
e loop number (bottom) with a 32-taps TEQ for

di�erent TEQ algorithms and �xed delay -8.
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Upstream

Similar �gures are made for upstream with T = 64 and �xed delay 30, the

results of whi
h are shown in Fig. 3.10. For all simulated loops, the weighted

MMSE algorithm a
hieves a signi�
ant improvement with respe
t to the other

algorithms. The unit norm and tap 
onstraint on b have similar performan
e.

The unit norm and tap 
onstraint on w both provide low performan
e.

3.6 Con
lusions

In this 
hapter, we have made an extensive study of TEQ design. First, an

overview of existing MMSE 
hannel shortening algorithms subje
t to di�erent


onstraints is given. These algorithms do not 
orrespond to bit rate optimiza-

tion. Hen
e, it may be diÆ
ult to sele
t the appropriate 
onstraint. We have

shown that a unit energy 
onstraint on the re
eived signal of interest or on

the total re
eived signal or on both signals simultaneously lead to the same

solution for the TEQ, up to a s
aling fa
tor and, as a result, lead to the same

bit rate. Subje
t to the latter 
onstraints, the 
hannel shortening algorithm


an be interpreted as sear
hing for the minimal prin
ipal angle between the

subspa
es de�ned by the transmitted signal x and the re
eived signal y.

Then, we have modi�ed the 
lassi
al MMSE algorithm by the introdu
tion of

weight matri
es in the 
ost fun
tion as well as in the 
onstraint, to expli
itly

disregard the unused tones. Simpli�ed formulas for the 
orrelation matri
es in


ase of white signal of interest and noise are derived. Optimizing the weighted

MMSE 
an be seen as minimizing a sort of 1/SNR over the subband of used

tones.

Further, we have reviewed TEQ design approa
hes, di�erent from MMSE-based

approa
hes. The geometri
 SNR optimizes bit rate by means of a nonlinear

optimization. Shortening SNR measures the amount of energy outside a pre�x-

length interval in the shortened 
hannel impulse response and does not 
orre-

spond to bit rate optimization.

Finally, simulation results are given. The bit rate obtained by MMSE 
hannel

shortening varies as a fun
tion of the de
ision delay and the 
onstraint. In

downstream, a unit norm 
onstraint on the TEQ behaves worst. In upstream,

unit norm and unit tap 
onstraints on the TIR are 
learly better than similar


onstraints on the TEQ. The weighted MMSE shows a signi�
ant performan
e

in
rease in upstream. However, remark that the modi�ed weighted 
ost fun
-

tion still does not 
orrespond to bit rate optimization.
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Figure 3.10: Upstream bit rate as a fun
tion of the loop length (top) and

as a fun
tion of the referen
e loop number (bottom) with a 64-taps TEQ for

di�erent TEQ algorithms and �xed delay 30.
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3.A Appendix: Unit energy 
onstraints

Property 3.A.1. The solution of the MMSE 
hannel shortening algorithm

subje
t to both unit energy 
onstraints simultaneously, is given by w = R

�1=2

yy

�

U(:; 1), b = R

�1=2

xx

� V(:; 1) and J = 2(1 � �

1

) with (U(:; 1); �

1

;V(:; 1)) the

singular triplet of matrix A = (R

�1=2

yy

)

T

� R

yx

� R

�1=2

xx


orresponding to the

largest singular value.

Proof:

By applying the Cholesky fa
torization of matri
es R

xx

and R

yy

in formu-

la (3.23), one 
an write the generalized eigenvalue problem as

"

O (R

�1=2

yy

)

T

R

yx

R

�1=2

xx

(R

�1=2

xx

)

T

R

xy

R

�1=2

yy

O

#

�

"

R

1=2

yy

w

R

1=2

xx

b

#

=

"

R

1=2

yy

w

R

1=2

xx

b

#

� (1� �)

(3.80)

By substituting

A = (R

�1=2

yy

)

T

�R

yx

�R

�1=2

xx

(3.81)

d = R

1=2

yy

�w (3.82)


 = R

1=2

xx

� b (3.83)

one obtains

�

O A

A

T

O

�

�

�

d




�

=

�

d




�

� (1� �) (3.84)

With A = U�V

T

, the singular value de
omposition (SVD) of matrix A, the

solution is given by the singular triplet of A 
orresponding to the largest sin-

gular value

d = U(:; 1) (3.85)

1� � = �

1

(3.86)


 = V(:; 1) (3.87)

Hen
e, the TEQ, TIR and minimum of the 
ost fun
tion are given by

w = R

�1=2

yy

�U(:; 1) (3.88)

b = R

�1=2

xx

�V(:; 1) (3.89)

J = 2(1� �

1

) (3.90)

2
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Property 3.A.2. The solutions of the MMSE 
hannel shortening algorithm

subje
t to both 
onstraints simultaneously or to either to b

T

R

xx

b = 1 or to

w

T

R

yy

w = 1 are related. The respe
tive TEQ solutions w

0

, w

1

and w

2

are a

dominant eigenve
tor of matrix R

�1

yy

�R

yx

�R

�1

xx

�R

xy

. Simulations have shown

that the largest eigenvalue has algebrai
 multipli
ity one (although the next

eigenvalue is 
lose to the largest). Therefore the solutions are equal up to

a s
aling fa
tor. It is shown that the norms of the solutions are related by

kw

1

k

2

2

= �

2

1

� kw

2

k

2

2

= �

2

1

� kw

0

k

2

2

. A similar property holds for the TIR

solutions.

Proof:

The solution with 
onstraint b

T

R

xx

b = 1 only, is determined by formula (3.28)

and may be written as

min




J = min







T

�

�

I� (R
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)
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�R

xy

�R

�1
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�
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= 1�max
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�
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T
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�1
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�R
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�1=2

xx

�
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= 1�max







T

�

�

A

T

A

�

� 
 su
h that k
k

2

2

= 1

(3.91)

Hen
e, the minimum is also given by the eigenve
tor 
 
orresponding to the

maximal eigenvalue of A

T

A with A given in formula (3.81). Similarly, the

solution with 
onstraint w

T

R

yy

w = 1 only, is determined by formula (3.32)

and may be written as

min

d

J = min

d

d

T

�

�

I� (R

�1=2

yy

)

T

�R
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�R
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d
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�

� d

= 1�max

d

d

T

�

�
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T

�

� d su
h that kdk

2

2

= 1

(3.92)

and the minimum is given by the eigenve
tor d 
orresponding to the maximal

eigenvalue of AA

T

. Be
ause the eigenvalues of A

T

A and AA

T

are equal (they

are equal to �

2

, the squared singular values of A), both unit energy 
onstraints

result in the same MMSE.

We further 
all w

1

and w

2

the TEQs 
orresponding to the �rst or the se
ond

unit energy 
onstraint respe
tively. Ve
tor 
 is su
h that

A

T

A � 
 = �

max

� 
 (3.93)
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xx

)

T

�R

xy

�R

�1

yy

�R

yx

�R

�1=2

xx

� 
 = �

max

� 
 (3.94)
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By multiplying ea
h side with R

�1

yy

�R

yx

�R

�1=2

xx

and applying forumulas (3.26)

and (3.27), one has

R

�1
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�1=2
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� (R
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)
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 (3.95)

R

�1

yy

�R

yx

�R

�1

xx

�R

xy

w

1

= �

max

�w

1

(3.96)

Similarly, ve
tor d is su
h that

AA

T

� d = �

max

� d (3.97)

(R

�1=2

yy

)

T

�R

yx

�R

�1

xx

�R

xy

�R

�1=2

yy

� d = �

max

� d (3.98)

with the same value for �

max

. After multiplying ea
h side with R

�1=2

yy

and

applying formula (3.31), one has

R

�1=2

yy

� (R

�1=2

yy

)

T

�R

yx

�R

�1

xx

�R

xy

�R

�1=2

yy

� d = �
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� d (3.99)
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�w
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(3.100)

When both 
onstraints are applied simultaneously, one obtains for the TEQ

w

0

, from formula (3.23), that

R

�1

yy

�R

yx

�R

�1

xx

�R

xy

�w

0

= �

2

1

�w

0

(3.101)

and from formulas (3.91) and (3.92), it is 
lear that �

max

= �

2

1

. Hen
e, it

is seen that the TEQs w

0

, w

1

and w

2

are dominant eigenve
tors of the same

matrix. Simulations have shown that the algebrai
 multipli
ity of the dominant

eigenvalue is one, therefore the three TEQs are parallel.

The s
aling fa
tor between the TEQs may be 
omputed as follows. Consider

�rst the SVD of A = U�V

T

. Then we know from formulas (3.91) and (3.92)

that 
 = V(:; 1) and d = U(:; 1). The norm of w

1

be
omes

w

T

1

w

1

= 
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2
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(3.102)
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So, the s
aling fa
tor between the TEQsw

1

and w

2

is the largest singular value

of matrix A. From formula (3.31), one obtains w

2

= R

�1=2

yy

�U(:; 1). Hen
e,

w

2

is equal to w

0

, given in formula (3.88).

A similar derivation 
an be given for the TIRs. It 
an be proven that b

0

, b

1

and b

2

are dominant eigenve
tors of matrix R

�1

xx

� R

xy

� R

�1

yy

� R

yx

and that

kb

2

k

2

2

= �

2

1

� kb

1

k

2

2

= �

2

1

� kb

0

k

2

2

. 2

Remark that the solutions for � < �

max

may result in a similar (or even better)

bit rate as the solution related to �

max

. This is be
ause the 
ost fun
tion does

not optimize the bit rate. This is also noted in [135℄.

3.B Appendix: Correlation matri
es for weigh-

ted MMSE

Property 3.B.1. Matrix F

H

N

� S � F

N

is an N � N real, symmetri
 
ir
u-

lant weight matrix, where F

N

is the N-point DFT-matrix and S is an N �N

sele
tor matrix, i.e. a diagonal matrix with ones on the positions 
orrespond-

ing to the used tones and its 
omplex 
onjugates, and zeros elsewhere, i.e.

S(i; i) = S(N � i+ 2; N � i+ 2), i = 2 : : :

N

2

.

Proof:

� F

H

N

� S � F

N

is hermitian symmetri
.

�

F

H

N

� S � F

N

�

H

= F

H

N

� S

H

� F

N

(3.103)

� F

H

N

� S � F

N

is real.

Consider the element on the mth row and the nth 
olumn

X

i

e

j2�

m(i�1)

N

� e

�j2�

(i�1)n

N

=

X

i

e

j2�

(i�1)p

N

with p = m� n

=

X

i


os

�

2�

(i� 1)p

N

�

+ j sin

�

2�

(i� 1)p

N

�

(3.104)

Be
ause of the stru
ture of matrix S, the 
omplex 
onjugate tone of every

used tone also appears in this sum. Hen
e, the sum of the se
ond terms

is zero and the elements are real.

� F

H

N

� S � F

N

is 
ir
ulant.

The eigenvalue de
omposition of this matrix is
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F

N

�

�

F

H

N

� S � F

N

�

I

N

= N � S (3.105)

The eigenve
tors are the 
olumns of I

N

, the N -point IDFT matrix, and

the eigenvalues 
orrespond to the DFT of the �rst 
olumn of F

H

N

�S � F

N

.

Hen
e, it is a 
ir
ulant matrix. 2

Property 3.B.2. The element of the real symmetri
 Toeplitz matrix in for-

mula (3.56) are formed by taking the sum of the diagonals of matrix F

H

N

�S �F

N

.

Proof:

Consider the element on the mth row and the nth 
olumn of

e

R

nn

e

R

nn

(m;n) = E
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N(:;m)
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N

� S � F

N

�N(:; n)

	

(3.106)

Suppose m < n (a similar derivation holds for m � n). Then the �rst N �

(n �m) elements of the mth 
olumn of N are equal to the last N � (n �m)

elements of the nth 
olumn be
ause N is Toeplitz. When developing (3.106),

only terms with a produ
t of white noise samples with the same index have to

be 
onsidered. These are the only terms left after taking the expe
ted value.

Now suppose the n �m + 1 
olumn of the weight matrix F

H

N

� S � F

N

starts

with the element g then

e

R

nn

(m;n) = E

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

N(:;m)

H

�

2

6

6

6

6

6

6

6

6

6

6

4

a b : : : g : : : b

b

.

.

.

.

.

.

g

.

.

.

.

.

.

.

.

.

.

.

.

g

.

.

. g

b : : :

.

.

.

a

3

7

7

7

7

7

7

7

7

7

7

5

�N(:; n)

9

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

;

= (N � (m� n)) � g � E

�

n

2

l

	

(3.107)

2



Chapter 4

Per tone equalization

In 
hapter 3, we have seen that the famous MMSE 
hannel shortening algo-

rithm to initialize the TEQ does not result in optimal bit rate and, if one

wants to optimize the bit rate for a TEQ-based DMT re
eiver, a nonlinear 
ost

fun
tion has to be minimized. In this 
hapter, we derive a new equalization

stru
ture for DMT-based re
eivers, 
alled Per Tone EQualization (PT-EQ),

whi
h allows to optimize the bit rate by means of an MMSE problem for ea
h

tone separately. The new DMT re
eiver has no TEQ anymore, but instead, has

a multitaps equalizer for ea
h tone separately. Hen
e the PT-EQ is performed

in the frequen
y domain, i.e. after the FFT. The PT-EQ for a 
ertain tone


an be 
onsidered as a 
omplex TEQ resulting in the optimal bit rate for that

parti
ular tone. As a result, the PT-EQ bit rate forms an upper bound for the

TEQ bit rate, assuming the same number of taps.

In se
tion 4.1, the PT-EQ is derived. It is seen that at �rst sight, the PT-EQ-

based re
eiver needs multiple FFTs per re
eived symbol, whi
h would result

in a large 
omplexity in
rease. However, we show that one FFT per symbol

is suÆ
ient and that the other FFTs 
an be derived by means of so-
alled

di�eren
e terms. The FFT output and the di�eren
e terms be
ome the inputs

of the modi�ed PT-EQs.

The MSE 
ost fun
tion, resulting in optimal SNR for ea
h tone, is derived in

se
tion 4.2. Complexity �gures (during data transmission) are made for both

PT-EQ and TEQ in se
tion 4.3. In se
tion 4.4, we study the 
ombination of

PT-EQ and windowing. (Time domain) windowing is developed in literature

to de
rease the DMT sensitivity for RFI. It turns out that the 
ombination of

(time domain) windowing and the eÆ
ient version of PT-EQ is not feasible.

But, we show that a (time domain) window is equivalent to a 
ertain set of

PT-EQs.

Simulation results are given in se
tion 4.5. We 
ompare the performan
e of

81
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PT-EQ and TEQ and investigate windowing and PT-EQ. SIMO equalization

is simulated as an upper bound for PT-EQ. Finally 
on
lusions are drawn in

se
tion 4.6.

4.1 Per tone equalization in a DMT modem

Di�erent DMT re
eivers will be represented as signal 
ow graphs (SFG). SFG

building blo
ks were shown in �gure 2.6. The SFG for the well-known TEQ-

based re
eiver [4, 5, 6, 7, 8, 26, 27, 28, 75, 80, 84, 122, 123, 125, 135, 136℄ was

presented in �gure 2.7 and is based on the following operation
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where Y =
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� � � y
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� � � y
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(4.2)

and w

T�1

= [w

0

w

1

: : : w

T�1

℄

T

is the (real) T -taps TEQ, F

N

an N �N DFT-

matrix, D

i

the (
omplex) 1-taps FEQ for tone i, Z

(k)

i

is the FEQ output for

tone i at symbol period k and Y an N � T Toeplitz matrix whi
h 
ontains

exa
tly the same re
eived signal samples as ve
tor y in formula (2.16). For the

sake of a 
ompa
t notation, the de
ision delay Æ is omitted in Y

1

.

Our approa
h is based on transferring the TEQ-operations to the frequen
y

domain (i.e. after the FFT-demodulation). For a single tone i, we 
an rewrite

the above operations as follows:

Z

(k)

i

= D

i

� row

i

(F

N

) � (Y �w)

= row

i

(F

N

�Y)

| {z }

T FFTs

�w �D

i

| {z }

w

i

(4.3)

By applying asso
iativity of the matrix produ
t and putting D

i

to the right,

one has w � D

i

= (w

i

)

T�1

whi
h is a (
omplex) T -taps FEQ for tone i. The

next step then is to allow ea
h tone to have its own optimal TEQ, (be it)

implemented as a T -taps FEQ w

i

. These T -taps FEQs are further 
alled Per

Tone EQualizers (PT-EQ). The 
orresponding re
eiver stru
ture is shown in

Fig. 4.1. From formula (4.3), it follows that the laten
y of the system is the

same for the TEQ-approa
h as for the per tone equalization.

1

The 
apital boldfa
e letter Y is a matrix of re
eived signal samples. The 
apital letter

Y

(k)

i

(the demodulated output for tone i at symbol period k) is a 
omplex subsymbol.
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Figure 4.1: T -taps per tone equalizers

Note that, as indi
ated in the se
ond line of formula (4.3), instead of one FFT-

operation per symbol, we now apparently need T FFT-operations (one FFT

for ea
h 
olumn of Y). Fortunately, be
ause of the Toeplitz stru
ture of Y,

these FFTs 
an be 
al
ulated eÆ
iently by means of a sliding FFT [45℄. Only

one `full' FFT has to be 
al
ulated (for the �rst 
olumn of Y) and the T � 1

remaining FFTs 
an be dedu
ed as follows, as is proven in appendix 4.A:

(F
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N�1

�

� = e

�j2�

1
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(4.4)

where m = 1 : : : T � 1. The � represents a 
omponentwise multipli
ation.

Y(:;m+1) is the (m+1)st 
olumn of Y, and y

k�s+��(m�1)

is its �rst element.

Y(:;m) is the mth 
olumn of Y, and y

k�s+s�(m�1)

is its last element. For tone

i, all relevant FFT-elements 
an thus be derived as linear 
ombinations of the

ith 
omponent of the �rst FFT (FFT of the �rst 
olumn of Y) and T � 1

di�eren
e terms y

k�s+��(m�1)

�y

k�s+s�(m�1)

for m = 1 : : : T � 1.

To redu
e 
omplexity even further, these linear 
ombinations 
an then be in
or-

porated in the PT-EQ 
oeÆ
ients su
h that the global PT-EQ for ea
h tone i

has as its inputs the ith output of the FFT and T�1 (real) di�eren
e terms, see

Fig. 4.2. The modi�ed per tone equalizers are denoted as v

i

= [v

i;0

: : : v

i;T�1

℄

T

and 
an be 
al
ulated from the original PT-EQs w

i

as follows
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(4.5)

whi
h is proven in appendix 4.B, and leads to the re
ursion formula

v

i;t+1

� �

i�1

+ w

i;t

= v

i;t

(4.6)

for tone i = 1 : : : N with t = 0 : : : T � 2, v

i;T�1

= w

i;T�1

and � = e

�j2�

1

N

(see also appendix 4.B). SFGs of the re
ursion are presented in Fig. 4.3
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i-1
α

i-1
- α

vvv
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i,0 i,1 i,2 i,T-1

i,0 i,1 i,2 i,T-1

ww ww
i,0 i,1 i,2 i,T-1

i,0 i,1 i,2 i,T-1

v

Figure 4.3: Re
ursions v

i

to w

i

and w

i

to v

i

for transformation from v

i

to w

i

and vi
e versa. These transformations are

important when grouping tones, see se
tion 5.3. The optimal PT-EQ is then

only 
omputed for the 
enter tone of a group of tones and afterwards reused by

the other tones in the same group. Be
ause the equalizer v

i

has 2 fun
tions,

it equalizes the 
hannel for tone i and in
ludes the sliding Fourier transform


orresponding to tone i, this equalizer 
an not be used as su
h for other tones

in the same group. However, the equalizer w

i


an be used as su
h for other

tones of the same group, be
ause this equalizer does not in
lude the sliding

Fourier transform for tone i.

As indi
ated in �gure 4.2, the per tone equalization stru
ture works with the

v

i

's, while the w

i

's are not 
omputed expli
itly (ex
ept when tone grouping

is used, then the w

i

's are 
omputed for the 
enter tones). The advantages of

the per tone approa
h over the usual TEQ approa
h will be demonstrated in

se
tion 4.5.

4.2 Optimal per tone equalizer taps

For ea
h of the used tones, we �nd the MMSE-based PT-EQ (for a parti
ular


hoi
e of Æ) by minimizing the following 
ost fun
tion

min

w

i

J(w

i

) = min

w

i

E

�

�

�

�

Z

(k)

i

�X

(k)

i

�

�

�
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�

= min

w

i
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>

>

<

>
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� y �X
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�

�

�
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=
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(4.7)

with
�
w

T

i

=

�

w

i;T�1

: : : w

i;0

�

2

and F

N

(i; :) the ith row of F

N

. The MMSE-

based PT-EQ optimizes the SNR for ea
h tone separately, as is proven in

property 4.2.1 on page 87.

2

�
w

i

denotes ve
tor w

i

with its elements in reverse order.
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Similarly, the modi�ed PT-EQ v

i

may be 
omputed from

min

v

i

J(v

i

) = min

v

i

E

(

�

�

�

�

�

�
v

T

i

�

�

I

T�1

O �I

T�1

O F

N

(i; :)

�

| {z }

F

i

�y �X

(k)

i

�

�

�

�

�

2

)

(4.8)

with
�
v

T

i

=

�

v

i;T�1

: : :v

i;0

�

. The �rst blo
k row in F

i

is seen to extra
t the

di�eren
e terms, while the last row 
orresponds to the single FFT.

Formula (4.8) may be 
ombined with formula (2.16) of the basi
 data model

resulting in an initialization formula whi
h is appli
able whenever a 
hannel

model is available, as well as signal and noise 
ovarian
e matri
es

3

. The 
om-

bination with other data models is similar. In the sequel, we use the follow-

ing notation: e

(k)

i

=

�

0 : : : 0 1 0 : : : 0

�

1�3N

with the non-zero entry in the

(N + i)th 
olumn, H whi
h in
ludes 
hannel 
onvolution, adding of pre�x and

modulation, see equation (2.16), R

^
x

= Ef
^
x
^
x

H

g the auto
orrelation of ve
tor
^
x

and �nally R

n

= Efnn

H

g the auto
orrelation of the noise n.

The (zero-mean) transmitted subsymbols X

(k)

i

are assumed to be 
ir
ularly

symmetri
 [74℄, i.e. Ef(X

(k)

i

)

2

g = 0. This is true if and only if the real and

imaginary part of ea
h subsymbol have the same varian
e and are indepen-

dent. Furthermore, it holds that EfX

(k)

i

�X

(k)�

i

g =psd

x

and that subsymbols

transmitted on di�erent tones or during di�erent symbol periods are indepen-

dent. These properties make R

^
x

a diagonal matrix with diagonal elements


orresponding to the used tones, equal to psd

x

and zeros otherwise.

Combining formula (4.8) with (2.16) then results in

J(v

i

) = E

�

�

�

�

�
v

T

i

F

i

(H
^
x+ n)� e

(k)

i

^
x

�

�

�

2

�

= E

(
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�
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�

^
x

H
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�
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H
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�
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�
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�
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(4.9)

3

Alternatively formula (4.8) may be used for a training sequen
e based initialization of

the per tone equalizers. EÆ
ient implementation s
hemes for su
h initialization pro
edures

will be 
onsidered in 
hapter 5.
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This least squares problem (for a parti
ular 
hoi
e of Æ) is then solved for

ea
h tone i, for instan
e by a QR de
omposition [48℄ of the 
ompound matrix

�

U d

�

. The resulting signal, ISI-ICI and noise energy for tone i 
an then be

found respe
tively as

S

i

=

�

�

�

(R

1=2

^
x

H

H

F

H

i

)

(N+i;:)

�
v

�

i

�

�

�

2

(4.10)

I

i
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^
x
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F

H

i

�
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�

i










2

� S

i

(4.11)

N

i

=










R

1=2

n

F

H

i

�
v

�

i










2

(4.12)

And the SNR of tone i be
omes SNR

i

=

S

i

I

i

+N

i

.

Property 4.2.1. The MMSE per tone equalizer, 
omputed by means of the

un
onstrained least squares set of equations in formula (4.9), optimizes the

SNR per tone.

Proof:

Let us 
onsider �rst the 
onstrained optimization problem

min

v

i













�

u

H

i

e

U

�

�
�
v

�

i

�

�

psd

1=2

x

� 1

0

�













2

2

subje
t to u

H

i

�
�
v

�

i

= psd

1=2

x

(4.13)

where u

H

i

is the (N + i)th row of matrix U, i.e. the row 
orresponding to tone

i of the symbol of interest, and

e

U is a submatrix of U 
ontaining all the other

rows. The rows in ve
tor d, de�ned in formula (4.9), are ordered a

ordingly

resulting in [psd

1=2

x

0℄

T

. Formula (4.13) optimizes the SNR for tone i be
ause

the 
onstraint 
orresponds to 
onstant re
eived signal of interest energy while

the 
ost fun
tion minimizes the sum of ISI, ICI and noise energy.

Optimization problem (4.13) is equivalent to

min

v

i
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f � u

H

i

e

U

�

�
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�

i

�

�

f � psd

1=2

x
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2

2

with f !1 (4.14)

By applying the matrix inversion lemma

4

, it 
an be shown that the solution is

given by

�
v

�

i

=

1

1 + fu

H

i

(

e

U

H

e

U)

�1

u

i

f

� (

e

U

H

e

U)

�1

� u

i

� f � psd

1=2

x

� f (4.15)

4

(A+BCD)

�1

= A

�1

�A

�1

B(C

�1

+DA

�1

B)

�1

DA

�1

, see [57℄
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Hen
e, for every value of f , the solution is parallel to (

e

U

H

e

U)

�1

� u

i

and as

su
h, results in the same bit rate. The un
onstrained optimization problem in

formula (4.9) 
orresponds to the optimization problem in formula (4.14) with

f = 1. While the solutions for all values of f are parallel, the 
onstrained (f !

1) and the un
onstrained (f = 1) optimization problem result in the same bit

rate. Hen
e, the un
onstrained optimization problem given in formula (4.9)

optimizes the SNR for tone i. 2

4.3 Complexity during data transmission

In the following 
omplexity 
omputations, the number of real multipli
ations

and real additions is 
onsidered. A multipli
ation of a real with a 
omplex

number is 
ounted as 2 real multipli
ations, a multipli
ation of 2 
omplex

numbers is 
ounted as 4 real multipli
ations. An addition of 2 
omplex numbers

is 
ounted as 2 real additions.

4.3.1 Constant equalizer length and delay

Be
ause the per tone equalizers work at a downsampled rate with respe
t to

the TEQ, the total 
omplexity of the TEQ-based stru
ture and the modi�ed

PT-EQ-based stru
ture is easily shown to be roughly equal for a parti
ular T

and N .

Complexity 
al
ulations for equalization 
onsisting of TEQ and 1-taps FEQ

per tone are presented in Table 4.1. F

s

is the sample frequen
y and

N+�

F

s

the

symbol duration. N

u

denotes the number of used tones. The last row of the

table is an approximation where the number of used tones is taken N

u

=

N

2

,

whi
h is a worst-
ase s
enario, and the symbol duration is

N

F

s

.

The 
omplexity of the PT-EQs v

i

is presented in Table 4.2. A 
artesian

representation of the 
omplex numbers is used. The di�erent terms in the

third row (PT-EQ) 
orrespond to the 
omplexities of the following operations:

produ
t of 
omplex input with 
omplex tap, T � 1 produ
ts of real input with


omplex tap, sum of T 
omplex tap outputs and 
al
ulation of T �1 di�eren
e

terms. In the last row, similar approximations are used as in table 4.1.

We 
an 
on
lude that the resulting 
omplexities are 
omparable and both of

order F

s

T .

The 
omplexity of the per tone method 
an be redu
ed even further by varying

the equalizer length per tone and setting the length to zero for non-used tones,

see subse
tion 4.3.2. One the other hand, the in
uen
e of a tone dependent

de
ision delay Æ

i

on the 
omplexity is investigated in subse
tion 4.3.3.

Example 4.3.1. To give a numeri
al example of the 
omplexity for a TEQ-

based and a PT-EQ-based DMT re
eiver, we 
onsider an equalizer length T
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# multipli
ations # additions

TEQ F

s

T F

s

(T � 1)

FFT

F

s

N+�

O(N � log

2

(N))

F

s

N+�

O(N � log

2

(N))

FEQ

Polar representation N

u

F

s

N+�

N

u

F

s

N+�

TEQ + FEQ F

s

(T +

N

u

N+�

) F

s

(T � 1 +

N

u

N+�

)

approximation F

s

(T +

1

2

) F

s

(T �

1

2

)

Table 4.1: Complexity of equalization with TEQ and 1-taps FEQ per tone

# multipli
ations # additions

TEQ

FFT

F

s

N+�

O(N � log

2

(N))

F

s

N+�

O(N � log

2

(N))

PT-EQ

F

s

N+�

N

u

[4 + 2(T � 1)℄

F

s

N+�

N

u

[2 + 2(T � 1)℄

Cartesian = 2

F

s

N+�

N

u

(T + 1) +

F

s

N+�

(T � 1)

representation =

F

s

N+�

(2N

u

T + T � 1)

approximation F

s

(T + 1) F

s

T +

F

s

N

(T � 1)

Table 4.2: Complexity of per tone equalizers

equal to 32 in downstream and 64 in upstream. We further 
onsider the pa-

rameters given in table 3.2. Hen
e, we assume there are 218 downstream and

23 upstream used tones (N

u

). A numeri
al 
omplexity 
omparison is given

in Table 4.3. Be
ause not all tones are used in downstream and upstream,

the 
omplexity of PT-EQ is lower than the 
omplexity of TEQ 
ombined with

1-taps FEQ. 2

4.3.2 Tone dependent equalizer length and 
onstant delay

The PT-EQ are s
hemati
ly represented in Fig. 4.4. T

i

is the equalizer length

for tone i. i

f

and i

l

are respe
tively the �rst and last used tone, so the number

of used tones N

u

is now i

l

� i

f

+ 1. One FFT is performed per re
eived

symbol. Every PT-EQ has one 
omplex input and T

i

� 1 real inputs whi
h
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# multipli
ations # additions

down TEQ+FEQ 71.5 69.3

down PT-EQ 58.4 56.8

up TEQ+FEQ 35.4 34.9

up PT-EQ 12.1 12.2

Table 4.3: Numeri
al example of the equalization 
omplexity (in M opera-

tions/s) of, on the one hand, T -taps TEQ and 1-taps FEQ and, on the other

hand, T -taps PT-EQ. T is 32 and 64 in downstream and upstream respe
tively.

In every 
ase, one FFT per re
eived symbol is performed.

T
o

n
e

i

Sample

i

T
i +3

T
i +2

T
i +1

.

.

.

.

.

.

T
i

T

Figure 4.4: S
hemati
 representation of per tone equalizers with tone dependent

length T

i

are di�eren
e terms of the re
eived samples. A 
artesian representation of the


omplex numbers is again used in the 
omplexity 
al
ulations in Table 4.4.

The di�erent terms in the third row (PT-EQ) 
orrespond to the 
omplexities

of the following operations: produ
t of 
omplex input with 
omplex tap, T

i

�1

produ
ts of real input with 
omplex tap, sum of T

i


omplex tap outputs and


al
ulation of T

i;max

� 1 di�eren
e terms.

Example 4.3.2. To show the 
omplexity redu
tion by adapting the number

of taps per tone, we assume a downstream set-up with 218 used tones. 40 tones

have T = 32 taps. 178 tones have T = 8 taps. Complexity numbers are given

in Table 4.5. It is seen in se
tion 4.5 that, in downstream, one 
an lower

the number of taps per tone from 32 to 8 in a large range of tones without

signi�
ant bit rate de
rease. Only around the band edges, a high number of



4.3. Complexity during data transmission 91

# multipli
ations # additions

TEQ

FFT

F

s

N+�

O(N � log

2

(N))

F

s

N+�

O(N � log

2

(N))

PT-EQ

F

s

N+�

P

i

l

i=i

f

[4 + 2(T

i

� 1)℄

F

s

N+�

P

i

l

i=i

f

[2 + 2(T

i

� 1)℄

Cartesian = 2

F

s

N+�

(N

u

+

P

i

l

i=i

f

T

i

) +

F

s

N+�

(T

max

� 1)

representation =

F

s

N+�

(2

P

i

l

i=i

f

T

i

+T

max

�1)

Table 4.4: Complexity of per tone equalizers with tone dependent equalizer

length and 
onstant delay

# multipli
ations # additions

down PT-EQ 23.7 22.1

Table 4.5: Numeri
al example of the equalization 
omplexity (in M opera-

tions/s) with variable number of taps per tone: 40 tones have 32 taps and 178

tones have 8 taps. One FFT per re
eived symbol is performed.

taps is needed. In upstream however, a lower number of taps per tone de
reases

the SNR on all tones. 2

4.3.3 Tone dependent equalizer length and delay

A s
hemati
 representation of these PT-EQ is shown in Fig. 4.5. Æ

i

is the delay

for used tone i and �

i

= Æ

i

�min

i

Æ

i

the delay di�eren
e. Still one 
omplete

FFT is performed per re
eived symbol whi
h is 
omputed on the time instant


orresponding to �

i

= 0. Be
ause of the tone dependen
y of Æ

i

, one needs to


ompute the FFT for the other used tones by means of sliding FFT. Hen
e,

�

max

= max

i

�

i

sliding FFTs are 
omputed and so the �rst �

max

di�eren
e

terms of re
eived signal samples are also 
omputed. For ea
h tone i, an extra

number of di�eren
e terms equal to max(�

i

+T

i

�1��

max

; 0) is needed. The

total number of ne
essary di�eren
e terms equals max

i

(�

i

+T

i

)�1. Complexity


al
ulations are presented in Table 4.6.

An other possibility 
ould be not to 
ompute the additional sliding FFTs but to

in
rease the equalizer length T

i

of every tone i with �

i

. This 
omes down to the

equalization s
heme of the previous subse
tion. In the 
omplexity 
al
ulations

one then repla
es T

i

by T

i

+�

i

and sets �

i

equal to zero.
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∆

∆

i

T
o
n
e

Sample

∆

+1

T
i +2

T
i +3

.

.

.

.

.

.

i
T

i+3

i+2

i+1

i
T

Figure 4.5: S
hemati
 representation of per tone equalizers with di�erent delays

�

i

and lengths T

i

# multipli
ations # additions

TEQ

FFT

F

s

N+�

[O(N � log

2

(N))

F

s

N+�

[O(N � log

2

(N))

+�

max

O(N)℄ +�

max

O(N)℄

PT-EQ

F

s

N+�

P

i

l

i=i

f

[4 + 2(T

i

� 1)℄

F

s

N+�

P

i

l

i=i

f

[2 + 2(T

i

� 1)℄

Cartesian = 2

F

s

N+�

(N

u

+

P

i

l

i=i

f

T

i

) +

F

s

N+�

(max

i

(�

i

+ T

i

)+�

max

�1)

represen- =

F

s

N+�

(2

P

i

l

i=i

f

T

i

tation +max

i

(�

i

+ T

i

) + �

max

� 1)

Table 4.6: Complexity of per tone equalizers with tone dependent equalizer

length and delay

4.4 Combination of per tone equalization and

windowing

DMT is very sensitive to narrow band interferen
e, like RFI, be
ause the FFT

�lters are sin
 shaped and hen
e, have 
onsiderable sidelobes. As a result, a

narrow band interferer will hit many tones. To improve robustness to RFI, win-

dowing [109℄ of the re
eived signal has been used. By applying a time domain

window before demodulation, the sidelobes of the sin
 �lters are signi�
antly

lowered, see �gure 2.10.

In order to guarantee orthogonality of the tones at the re
eiver, i.e. no in-
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/2 /2µµ N

head tail

ν

Figure 4.6: A non-re
tangular window lowers the DFT sin
 �lters. The head

is folded on the symbol tail end the tail is folded on the symbol head.

trodu
tion of ISI nor ICI by the windowing operation, a part of the 
y
li


extension is not dis
arded in the re
eiver but needed in the windowing opera-

tion. In [109℄, one extends the 
y
li
 pre�x with

�

2

samples and add a 
y
li


suÆx of

�

2

samples, see Fig. 4.6. At the re
eiver, the �rst � samples are

removed and a non-re
tangular window (mostly with raised 
osine shape) is

applied to the remaining �+N samples. Afterwards the �rst and the last �=2

samples, i.e. the head and the tail, are folded su
h that we end up again with

a symbol of length N . The folding operation on the (N + �)-length symbol

ensures that windowing does not introdu
e ISI nor ICI.

These window and fold operations are equivalent to the multipli
ation of ea
h

time domain symbol of length �+N with the following matrix

W

N�(�+N)

=

2

4

0 D

1

0 0 D

3

0 0 I

N��

0 0

D

4

0 0 D

2

0

3

5

(4.16)

where the (D

i

)

�

2

�

�

2

are diagonal matri
es with the windowing 
oeÆ
ients.

The modi�ed per tone algorithm is dedu
ed as follows. The output of the

frequen
y domain equalizer be
omes

Z

(k)

i

= D

i

� row

i

(F

N

) � (W �Y

(�+N)�T

�w)

= row

i

(F

N

�W

| {z }

F

win

�Y) �w

i

(4.17)

The appropriate data model for the re
eived signal y is an extension of the

basi
 data model, given in formula (2.16), in that a pre�x as well as a suf-

�x is assumed. This 
an be a
hieved by substituting P =

�

O I

�

I

N

�

by
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and adapting a

ordingly the number of zero rows in the

zero padded Toeplitz matrix with the 
hannel impulse response. Alternatively,

one 
an apply the data model with pulse shaping and windowing, given in for-

mula (2.22), to study VDSL performan
e. The 
ost fun
tion to be minimized

be
omes

min

w

i

J(w

i
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Remark that matrix W �Y is no longer Toeplitz. Therefore applying a sliding

FFT on the windowed re
eived samples is not possible. Hen
e if one wants to


ombine windowing with per tone equalization, one needs T FFTs as des
ribed

in equation (4.17), whi
h is expensive. However it will be demonstrated that a

(time domain) window is equivalent to a parti
ular set of per tone equalizers.

Hen
e with this frequen
y domain equivalent representation, we are again able

to implement the e�e
t of windowing together with the eÆ
ient version of per

tone equalization as des
ribed by equation (4.8).

Theorem 4.4.1. A (time domain) window 
an be represented by a parti
ular

set of per tone equalizers.

Proof:

The taps of the window, i.e. the non-zero elements of the matrix W, are

denoted as

�

d

��

: : : d

�1

d

0

: : : d

N���1

d

N��

: : : d

N�1

�

=

�

diag(D

4

) diag(D

1

) diag(I) diag(D

2

) diag(D

3

)

�

(4.19)

A 
ru
ial assumption is that d

n

+ d

n+N

= 1, whi
h in general holds true [109℄.

With � = e

�

j2�(i�1)

N

, we obtain
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In the se
ond line, the ith row of the DFT matrix is multiplied with matrix

W. In the third line, we apply that the 
oeÆ
ients d

0

: : : d

N��+1

are equal

to one, as is 
lear from formula (4.19) and that d

n

+ d

n+N

= 1 holds for

the other windowing 
oeÆ
ients. Finally, in the fourth line, the matrix whi
h

extra
ts the di�eren
e terms and 
omputes one FFT for tone i, is de
omposed

as a produ
t of two Toeplitz matri
es, the last of these 
ontaining �+ 1 FFT

operations for tone i. It appears that windowing of a symbol with an extra

pre�x of size � is equivalent to an (� + 1)-taps per tone equalizer g

i

for tone

i. Remark that this theorem is independent of the data model for the re
eived

signal y. 2

The overall per tone equalizer then be
omes w

i


g

i

. Su
h equalizer has T +�

taps, so it needs T + � FFTs or, a

ording to formula (4.8) the 
orresponding

modi�ed overall per tone equalizer 
an be used su
h that only one FFT and

T + �� 1 di�eren
e terms have to be 
omputed.

By optimizing the overall per tone equalizer for ea
h tone, we are now able to

impli
itly optimize the window in a per tone fashion. Thus by extending the

per tone equalizer from T to T + � taps, the resulting SNR is always better

than for a T -taps equalizer 
ombined with a �xed (time domain) window with

an extra 
y
li
 extension of � samples.

The advantage of a �xed window is improved performan
e (with respe
t to a

re
eiver without windowing) at low 
omplexity for arbitrary RFI frequen
ies

be
ause the goal of a �xed window is to lower the sidelobes of the FFT �lters.
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This is in 
ontrast with the per tone equalizers. They may be optimized for


ertain RFI frequen
ies and therefore result in optimal performan
e for these

RFI frequen
ies, but updating is ne
essary when RFI frequen
ies are 
hanging.

The (� + 1)-taps per tone equalizers are also more expensive than 1 �xed

window.

4.5 Simulation results

4.5.1 Per tone equalization versus TEQ

The performan
e of PT-EQ is 
ompared with the TEQ, based on jjbjj

2

2

= 1,

for the same set of 
hannels and parameters as in the previous 
hapter.

The bit rate gain in % for a 
ertain delay is de�ned as

gain = 100 �

rate(T -taps PT-EQ)� rate(T -taps TEQ)

rate(T -taps TEQ)

% (4.21)

Downstream

In Fig. 4.7 the bit rate as a fun
tion of the (relative) delay is given for a

downstream 4km 26 AWG loop. The solid line gives the 
apa
ity for a 32-

taps PT-EQ. This 
apa
ity is always higher and signi�
antly smoother than

the one given by the dashed-dotted line, for a 32-taps TEQ-based stru
ture


omputed with the 
hannel shortening pro
edure with unit norm TIR. Be
ause

the 
apa
ity of the TEQ for di�erent values of the delay parameter is not a

smooth 
urve, an optimal de
ision delay is not easily sele
ted beforehand. The

PT-EQ however shows a smooth behaviour. Hen
e, sele
ting an appropriate

de
ision delay is not so 
riti
al.

The dashed line shows the 
apa
ity with 8-taps PT-EQs for the used tones for

ea
h delay. It is seen that for a 
omparable performan
e, one 
an redu
e the

equalizer �lter length from 32 (for TEQ) down to 8 taps (for PT-EQ). It is worth

noting that shorter equalizers have a smaller delay range in whi
h optimum


apa
ity is a
hieved. Finally the dotted line 
orresponds to the 
apa
ity of an

8-taps TEQ. We have an average

5

bit rate gain of 7,5% for T = 32 and 8% for

T = 8.

Investigation of the SNR distribution over the used tones shows that the tra-

ditional approa
h of 
omputing TEQ taps 
auses dips in the SNR distribution

whereas the PT-EQ has a smooth SNR distribution. This is shown in the bot-

5

The gain is averaged in the delay range of optimal 
apa
ity, i.e. (-10:20) for T = 32 and

(-15:0) for T = 8.
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tom �gure where the SNR is plotted over the used tones for the delay range

[-40:10:30℄, i.e. from delay -40 to delay 30 in steps of 10.

Equalization of one tone is now independent of equalization of all the other

tones. Hen
e, the equalization e�ort may be 
on
entrated on the most a�e
ted

tones by adjusting T for ea
h tone. Comparing the SNR of 8- and 32-taps PT-

EQ, one sees that the main gain of extra taps lies in the lowest tones, i.e. near

the edges of the used band (or near the 
ut-o� frequen
y of the transmit/re
eive

�lters). Tone dependent equalizer lengths are espe
ially interesting when Radio

Frequen
y Interferen
e (RFI) is present. Longer equalizers in the neighborhood

of the interferer improve performan
e of the system without drasti
 
omplexity

in
rease.

Similar 
on
lusions may be drawn from Fig. 4.8 for the downstream standard

loop CSA-#4, whi
h has bridged taps. Remark also the odd behavior of the

TEQ in that an 8-taps TEQmay result in a higher 
apa
ity than a 32-taps TEQ

for a 
ertain delay. This is impossible with PT-EQ for whi
h a higher number

of taps always results in higher 
apa
ity for a 
ertain delay. The average bit

rate gain is 5% for T = 32 and 6% for T = 8.

Fig. 4.9 shows the bit rate and gain as a fun
tion of the loop length for 26

AWG loops for a �xed delay, Æ = �8. Hen
e no delay optimization is done.

The average (averaged over the loop length) gain is 8,3% for T = 32 and 5,5%

for T = 8. A similar simulation is done for the referen
e loops, simulation

results of whi
h are given in Fig. 4.10. The gain for loops 2 and 3 seems to

be very high, however this is due to the fa
t that delay -8 is not in the optimal

delay range for T = 8. For referen
e loop 2, the optimal delay is around -20

and for referen
e loop 3, the optimal delay is around -17. The average gain is

7.5% for T = 32 and 6% for T = 8 (loops 2 and 3 not taken into a

ount).

Upstream

Analogous simulations are performed for upstream. Fig. 4.11 shows the bit

rate as a fun
tion of the delay and 
orresponding SNRs as a fun
tion of the

tones for an upstream 4km 26 AWG loop. With 64-taps PT-EQ, the SNR is

in
reased signi�
antly over the whole tone range with respe
t to 16-taps PT-

EQ. The optimal bit rate for 64-taps TEQ is 
omparable with the bit rate for

16-taps PT-EQ. The average bit rate gain is 30% for T = 64 (in delay range

(10:40)) and 45% for T = 16 (in delay range (-5:10)). Fig. 4.12 shows the bit

rate and the SNR for upstream standard loop CSA-#4. The bit rate gain is

53% for T = 64 and 49% for T = 16. The optimal delay for T = 64 lies around

30 whereas the optimal delay for T = 16 is between 5 and 10.

In Fig. 4.13, the bit rate and the gain are plotted as a fun
tion of the loop

length for 26 AWG loops. No delay optimization is done. The delay for T = 64

is �xed at Æ = 30 and the delay for T = 16 at Æ = 6. It is seen that the bit rate

for 16-taps PT-EQ is 
omparable with 64-taps TEQ. The average (averaged
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over the loop length) gain is 35% for T = 64 and 50% for T = 16. Fig. 4.14

shows the bit rate for the referen
e loops in upstream with �xed delay (Æ = 30

and Æ = 6). The bit rate for 64-taps PT-EQ is 
learly higher than for the other

equalizers. 16-taps PT-EQ results in a 
omparable bit rate as 64-taps TEQ.

For loops 2 and 3, it turned out that Æ = 6 is not in the optimal delay range

for T = 16. The optimal delay for loop 2 is situated around Æ = �5, and for

loop 3 around Æ = 1. The average bit rate gain is 33% for T = 64 and 46% for

T = 16 (loops 2 and 3 not taken into a

ount).
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Figure 4.7: Bit rate as a fun
tion of the (relative) delay and SNR as a fun
tion

of the tones (for di�erent delay values) for a downstream 4km 26 AWG loop.
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Figure 4.8: Bit rate as a fun
tion of the (relative) delay and SNR as a fun
tion

of the tones for downstream standard loop CSA-#4.
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Figure 4.9: Bit rate and gain as a fun
tion of loop length for downstream 26

AWG loops with �xed delay -8.
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Figure 4.10: Bit rate and gain as a fun
tion of loop number for downstream

referen
e loops (T1.601-#7, T1.601-#9, T1.601-#13, CSA-#4, CSA-#6, CSA-

#7, CSA-#8, mid-CSA) with �xed delay -8.
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Figure 4.11: Bit rate as a fun
tion of the (relative) delay and SNR as a fun
tion

of the tones for an upstream 4km 26 AWG loop.
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Figure 4.12: Bit rate as a fun
tion of the (relative) delay and SNR as a fun
tion

of the tones for upstream standard loop CSA-#4.
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Figure 4.13: Bit rate and gain as a fun
tion of loop length for upstream 26

AWG loops with �xed delay 30 (for T = 64) and �xed delay 6 (for T = 16).
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Figure 4.14: Bit rate and gain as a fun
tion of loop number for upstream

referen
e loops (T1.601-#7, T1.601-#9, T1.601-#13, CSA-#4, CSA-#6, CSA-

#7, CSA-#8, mid-CSA) with �xed delay 30 (for T = 64) and �xed delay 6 (for

T = 16).
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4.5.2 Windowing

The robustness of DMT to RFI is investigated. Both windowing and per tone

equalization are simulated. The data model of se
tion 2.2.1 is adopted, but

to simulate the performan
e of windowing, we in
rease the length of the 
y
li


extension to � + �, with � the length of the 
lassi
al pre�x and � the number

of extra samples in the 
y
li
 extension for (time domain) windowing. The

following s
enarios are 
onsidered:

� T=16, pre�x of length 32, i.e. � = 32 and � = 0

� T=16, pre�x of length 32 
ombined with a (time domain) window, i.e.

� = 32 and � = 44.

� T=16+22, pre�x of length 76, i.e. � = 76 and � = 0

� T=16+44, pre�x of length 76, i.e. � = 76 and � = 0

The bitrate is given by the following formula:

rate = (

X

i=used tone

b

i

) �

F

s

N + � + �

(4.22)

Higher SNR results in more bits per symbol (�rst fa
tor). Enlarging the symbol

length results in a lower symbol rate (se
ond fa
tor).

A 4km 26 AWG downstream loop is 
onsidered. Eight RFI's are added. They

are modeled as pure sinusoids with frequen
ies 150.5, 155.5, 160.5, 163.5, 168.5,

200.5, 203.5, 210.5, ea
h multiplied with the tone spa
ing (4.3125 kHz). The

bitrate as a fun
tion of the delay and the SNR 
orresponding to the highest

bitrate are shown. The zero referen
e delay 
orresponds to the � + � samples

of the far end 
hannel with highest energy.

For same T , windowing gives rise to a 
onsiderable SNR in
rease and 
apa
ity

in
rease, even with the extra 
y
li
 extension overhead (� samples), as 
an be

seen by 
omparing dashed-dotted line and dotted line in Fig. 4.15.

However, by enlarging the per tone equalizer, one 
an also a
hieve high 
a-

pa
ity without windowing. This is be
ause the per tone equalizer e�e
tively

optimizes the SNR for ea
h tone. Hen
e, with suÆ
iently long per tone equal-

izers, the equalizer is able to model a proper window in its taps. The solid

line 
orresponds to T = 60 taps whereas the dashed-dotted line 
orresponds to

T = 16 taps with �xed window. Even with T = 38, an improved 
apa
ity with

respe
t to the �xed window, is obtained.

Note that the ratio between the bit rates of the equalizer/windowing 
ombi-

nations is loop dependent. For instan
e, for this loop, the equalizer de�ned by
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T = 16, � = 32 and � = 0 has a signi�
ant SNR loss with respe
t to the other

methods on the lowest tones. For this reason, the gap between the bit rates for

the �rst and the se
ond method is so large.

4.5.3 Single-input/multiple-output equalizer

PT-EQ is a spe
ial 
ase of the so-
alled multiple-input/multiple-output (MIMO)

equalizer [93, 128℄. A MIMO equalizer 
ombines multiple outputs of the de-

modulating FFT for the equalization of a parti
ular tone. That is, FFT outputs

of tones i

0

6= i and the FFT output of tone i itself are multiple inputs for the

equalizer of tone i, whereas the PT-EQ only 
onsiders the FFT output of tone

i as input to the equalizer of tone i. In fa
t, ea
h per tone equalizer forms a

single-input/single-output (SISO) equalizer.

Furthermore, a MIMO equalizer 
ould work at symbol rate, i.e. the demod-

ulating FFT is applied at symbol rate. Or, one 
ould 
onsider fra
tionally

spa
ed MIMO equalizers, i.e. the FFT is applied at m times the symbol rate.

In the spe
ial 
ase where m = N+�, one applies the FFT at sample rate. This

is exa
tly what happens in the PT-EQ-based re
eiver: a sliding FFT on the

re
eived sample sequen
e provides T su

essive FFTs as inputs to the PT-EQ.

Finally, an even more general re
eiver stru
ture is the so-
alled single-input/mul-

tiple-output (SIMO) equalizer where the 
as
ade of the FFT and MIMO equal-

izer is repla
ed by a set of parallel �lters (one �lter for ea
h used tone) [93,

129, 130℄. Remark that there was no 
y
li
 pre�x involved in the MIMO and

SIMO equalizers presented in [93, 128, 129, 130℄.

In Fig. 4.16, we 
ompare PT-EQ and SIMO equalization for a downstream

4km 26 AWG loop. For both methods the symbol size equals N = 512 and

the 
y
li
 pre�x is � = 32. The PT-EQs have T = 32 taps for ea
h used tone.

The SIMO equalizers have N + T � 1 = 543 taps for ea
h used tone and do

not have a demodulating FFT. The stars indi
ate the SIMO bit rates for the

simulated delays. The SIMO bit rate forms indeed an upper bound for the

PT-EQ bit rates. But then it is seen that the PT-EQ bit rate is very 
lose

to this bound, espe
ially in the optimal delay-range. Moreover, PT-EQ has a

mu
h lower 
omplexity than SIMO equalization be
ause part of the re
eiver is

�xed in the demodulating FFT and so less taps have to be initialized.



4.5. Simulation results 109

−15 −10 −5 0 5 10 15
1.9

2

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9
x 10

6

Delay

B
it
 r

a
te

 (
b
it
s
/s

)

Equalization versus windowing

T=60, nu=76       
T=38, nu=76       
T=16, nu=32, mu=44
T=16, nu=32       

0 50 100 150 200 250 300
−50

−40

−30

−20

−10

0

10

20

30

40

50

Tone

S
N

R
 (

d
B

)

Equalization versus windowing

T=60, nu=76       
T=38, nu=76       
T=16, nu=32, mu=44
T=16, nu=32       

Figure 4.15: Comparison of PT-EQ s
hemes and windowing for a 4km 26 AWG

downstream loop and 8 RFI's.



110 Chapter 4. Per tone equalization

−40 −30 −20 −10 0 10 20 30
0.5

1

1.5

2

2.5

3

3.5
x 10

6

Delay

B
it
 r

a
te

 (
b
it
s
/s

)

PT−EQ versus SIMO

32−taps PT−EQ
543−taps SIMO

Figure 4.16: Comparison of PT-EQ and SIMO for a 4km 26 AWG downstream

loop.

4.6 Con
lusions

Per tone equalization has been derived. Ea
h used tone then has its own

(
omplex) TEQ, after demodulation. The large improvement with respe
t to

the TEQ, is that we 
an optimize the bit rate in a per tone fashion by means

of an MMSE problem per tone. The PT-EQ bit rate is an upper bound for the

TEQ bit rate and is very smooth as a fun
tion of the de
ision delay, whi
h has

been shown in simulations.

The 
omplexity during data transmission has been 
omputed and 
ompared

with the 
omplexity of the TEQ. Be
ause T su

essive FFTs per symbol 
an

be 
omputed eÆ
iently by means of one FFT and T � 1 di�eren
e terms, the


omplexity of PT-EQ is 
omparable to the 
omplexity of TEQ, if all tones are

used. However, PT-EQ allows optimization of the number of taps per tone and

one 
an set the number of taps to zero for the unused tones, whi
h results in

a 
omplexity saving. The drawba
k of PT-EQ is the in
reased memory, with

respe
t to a TEQ-based re
eiver, needed for the storage of the PT-EQ taps.

The 
ombination of PT-EQ and windowing has been studied. Time domain

windowing 
an not be 
ombined with the eÆ
ient PT-EQ stru
ture. However,



4.6. Con
lusions 111

it has been shown that a time domain window is equivalent to a parti
ular set of

PT-EQs. Hen
e, the e�e
t of windowing 
an be implemented in the frequen
y

domain as a part of the eÆ
ient PT-EQs. By optimizing the overall PT-EQ,

the window is impli
itly optimized in a per tone fashion.

We have 
ompared the performan
e of PT-EQ and SIMO equalization, where

the 
onvolution of the demodulating FFT and the per tone equalizer is 
on-

sidered as one equalizer (for ea
h used tone) that 
an be optimized per tone.

SIMO equalization has been shown to perform only a slight bit rate in
rease

for a large 
omplexity in
rease with respe
t to PT-EQ.
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4.A Appendix: sliding FFT

Property 4.A.1. The FFT of su

essive 
olumns of a Toeplitz matrix 
an be


omputed as given by equation (4.4).

Proof:

Given 2 ve
tors: a = [a

0

a

1

: : : a

N�1

℄ and b = [b

0

b

1

: : : b

N�1

℄ = [
 a

0

a

1

: : : a

N�2

℄.

The FFT of a is

A

i�1

=

N�1

X

k=0

a

k

e

�j2�

(i�1)k

N

(4.23)

where i = 1 : : :N is the tone index. The FFT of b is

B

i�1

=

N�1

X

k=0

b

k

e

�j2�

(i�1)k

N

(4.24)

= 
+

N�1

X

k=1

a

k�1

e

�j2�

(i�1)k

N

(4.25)

= 
+

 

N�2

X

k=0

a

k

e

�j2�

(i�1)k

N

!

e

�j2�

(i�1)

N

(4.26)

With phase p de�ned as in equation (4.4), one obtains

p(i�1) = e

�j2�

i�1

N

(4.27)

A

i�1

� p(i�1) =

 

N�2

X

k=0

a

k

e

�j2�

(i�1)k

N

!

e

�j2�

i�1

N

+ a

N�1

(4.28)

By 
omparison of equations (4.26) and (4.28), one obtains

B

i�1

= A

i�1

� p(i�1)� a

N�1

+ 
 for i = 1 : : :N (4.29)

2
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4.B Appendix: per tone equalizers w

i

versus v

i

Property 4.B.1. The original PT-EQ w

i

and the modi�ed PT-EQ v

i

are

related by equation (4.5). An eÆ
ient re
ursion formula is given in equa-

tion (4.6).

Proof:

Without loss of generality, we take T = 3 and N = 4. Analogous to equa-

tion (4.3), we write the demodulated output for the ith tone as:

Z

(k)

i

= F

4

(i; :) �

2

6

6

4


 b a

d 
 b

e d 


f e d

3

7

7

5

�w

i

(4.30)

where the matrix 
ontains re
eived signal samples and w

i

is a 3 � 1 ve
tor.

This expression 
an be split into a 
ir
ulant part and a 
orre
tion on this part,

as follows:

Z

(k)

i

= F

4

(i; :) �

0

B

B

�

2

6

6

4


 f e

d 
 f

e d 


f e d

3

7

7

5

+

2

6

6

4

0 b� f a� e

0 0 b� f

0 0 0

0 0 0

3

7

7

5

1

C

C

A

�w

i

(4.31)

Let A

i�1

be F

4

(i; :) times the �rst 
olumn of the 
ir
ulant matrix. The F

4

(i; :)

operating on the other 
olumns, whi
h are 
ir
ular shifts of the �rst 
olumn,

gives rise to an additional phase. With � = e

�j2�

1

N

(here N = 4), the F

4

(i; :)

operating on the se
ond matrix is written as a `normal' FFT-operation

6

:

Z

(k)

i

= A

i�1

� [1 j�

i�1

j�

(T�1)(i�1)

℄ �w

i

+ [ 0 j (b�f) j (a�e)+(b�f)��

i�1

℄ �w

i

(4.32)

One 
an now write the last expression in an other form by 
onsidering A

i�1

and the di�eren
es as inputs of the modi�ed PT-EQ

Z

(k)

i

=A

i�1

� [1 j�

i�1

j�

(T�1)(i�1)

℄ �w

i

| {z }

v

i;0

+(b�f) � [0 j 1 j�

i�1

℄ �w

i

| {z }

v

i;1

+ (a�e) � [0 0 1℄ �w

i

| {z }

v

i;2

(4.33)

6

F

N

(i; :) = [ 1 j�

(i�1)�1

j : : : j�

(i�1)(N�1)

℄
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The modi�ed PT-EQ, i.e. the PT-EQ with these new inputs, is then found as

2

4

v

i;0

v

i;1

v

i;2

3

5

=

2

4

1 �

i�1

�

(T�1)(i�1)

0 1 �

i�1

0 0 1

3

5

�w

i

(4.34)

or similarly

�

v

i;0

v

i;1

v

i;2

�

= F

4

(i; :) �

2

6

6

4

w

i;0

w

i;1

w

i;2

w

i;1

w

i;2

0

w

i;2

0 0

0 0 0

3

7

7

5

(4.35)

From

2

4

1 �

i�1

�

(T�1)(i�1)

0 1 �

i�1

0 0 1

3

5

�1

=

2

4

1 ��

i�1

0

0 1 ��

i�1

0 0 1

3

5

it follows that a simple

re
ursion formula may be obtained, namely

v

i;t+1

� �

i�1

+ w

i;t

= v

i;t

(4.36)

for tone i = 1 : : :N with t = 0 : : : T � 2 and v

i;T�1

= w

i;T�1

. 2

SFGs of the re
ursion are presented in Fig. 4.3 for transformation from v

i

to

w

i

and vi
e versa.



Chapter 5

Per tone equalizer

initialization

The optimal PT-EQs are the solution of an MMSE problem per tone, as ex-

plained in the previous 
hapter. However, this dire
t PT-EQ 
omputation has

a high 
omputational 
ost. Therefore, in this 
hapter, we sear
h for a 
om-

putational eÆ
ient s
heme and derive a re
ursive initialization algorithm, i.e.

based on training symbols.

In se
tion 5.1, we state the 
ost fun
tion to be minimized by the re
ursive

initialization s
heme. Due to the large eigenvalue spread of the auto
orrela-

tion matrix of the �lter input, Least Mean Squares (LMS) based initialization

s
hemes have poor 
onvergen
e properties, whi
h is 
lear from the simulation

results in se
tion 5.5. For this reason, we develop a re
ursive initialization

s
heme based on Re
ursive Least Squares (RLS).

RLS with inverse updating [90℄ is explained and adopted to the PT-EQs in

se
tion 5.2. The 
omplexity of the RLS s
heme is quadrati
 in the �lter length.

However, by 
hoosing the order of the inputs su
h that the real di�eren
e terms

are applied �rst and the 
omplex FFT output is applied last to the PT-EQ,

the resulting initialization s
heme will have a real quadrati
 part in 
ommon

for all used tones. An extra 
omplex part is added for ea
h tone separately but

this part has a linear 
omplexity.

In se
tion 5.3, we introdu
e tone grouping as a means to de
rease the ini-

tialization 
omplexity. The PT-EQ is 
omputed only for the 
enter tone of

ea
h group (by dire
t or re
ursive initialization). Afterwards this 
enter tone

equalizer is re
omputed to be applied to the other tones of the same group.

In se
tion 5.4, we 
ompute the 
omplexity of RLS with inverse updating adopted

to PT-EQ with and without tone grouping.

115
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Simulation results for tone grouping, LMS and RLS are given in se
tion 5.5.

It is seen that RLS a
hieves good performan
e with an a

eptable number of

training symbols. Finally, 
on
lusions are given in se
tion 5.6.

5.1 Re
ursive initialization

Dire
t equalizer 
oeÆ
ient 
omputation, based on the knowledge of the 
hannel

impulse response as well as the signal and noise 
hara
teristi
s, see se
tion 4.2,

has an ex
essively high 
omputational 
ost. However, formula (4.8) may also

be used for a training sequen
e based initialization of the per tone equalizers.

If a training sequen
e X

(k)

1:N

, k = 1 : : :K, is transmitted, the optimal v

i

for tone

i is 
omputed as (
ompare to formula (4.8))

min

v

i

J(v

i

) = min

v

i

K

X

k=1

�

�

�

�
v

T

i

� z

(k)

i

�X

(k)

i

�

�

�

2

(5.1)

with z

(k)

i

= F

i

� y

(k)

. This least squares estimation problem may be solved

re
ursively.

LMS-based s
hemes [50℄ for the PT-EQs have a low 
omputational 
omplexity

(O(T ) per training symbol with T the �lter length). Unfortunately, they have

poor 
onvergen
e properties (due to a large eigenvalue spread of the 
orrelation

matrix of the �lter input) and have indeed been shown to require an ex
essively

large number of training symbols, as 
an be seen in se
tion 5.5. The slow LMS-

based initialization of the equalizer 
oeÆ
ients is inherent to the PT-EQ. The

speed of 
onvergen
e is largely determined by the minimum and maximum of

the power spe
tral density (psd) of the (unequalized) signals at the demodulat-

ing FFT outputs. The sliding FFT at the re
eiver 
an be seen as a �lterbank,

ea
h �lter implementing a bandpass �lter, reje
ting signal 
omponents far from

its 
entral frequen
y. Be
ause of the spe
tral 
ontainment of the demodulating

FFT �lter, LMS-based initialization is too slow.

Be
ause of this poor 
onvergen
e behavior, initialization based on a Re
ursive

Least Squares (RLS) s
heme [50℄ for ea
h tone, has been investigated. The

results are presented in the following se
tion.

5.2 RLS-based initialization

RLS s
hemes have a higher 
omputational 
omplexity per training symbol

(O(T

2

)) than LMS s
hemes but have optimal 
onvergen
e properties and hen
e

a
hieve initialization with an a

eptably small number of training symbols. In-

stead of using the input ve
tor dire
tly in the �lter update (as in LMS), the

input ve
tor is �rst transformed by the inverse of the 
orrelation matrix of the



5.2. RLS-based initialization 117

input. The resulting so-
alled kalman ve
tor k is then used in the �lter update.

It 
an be shown that the matrix determining the 
onvergen
e in the mean of

RLS, has T equal eigenvalues. Hen
e the eigenvalue spread is zero and the


onvergen
e is optimal.

More spe
i�
ally, we use RLS with so-
alled inverse updating [90℄. This s
heme

is based on storing and updating a lower triangular matrix L

(k)

i

whi
h is su
h

that L

(k)H

i

� L

(k)

i

= (R

(k)

z

i

)

�1

for all k, with R

(k)

z

i

the 
orrelation matrix of the

�lter input, R

(k)

z

i

=

P

k

j=1

z

(j)�

i

� z

(j)T

i

, together with the least squares estimate

�
v

(k)

i

at iteration k. The following formulas, with the tone index i omitted for


ompa
t notation, des
ribe the RLS algorithm:

Algorithm Inverse Updating

For ea
h used tone i

For k = 1 : : :K

Given: L

(k�1)

, new observation ve
tor z

(k)

, desired response X

(k)

Step 1. Form the matrix-ve
tor produ
t

a = �L

(k�1)

� z

(k)

�

Step 2. For j = 1; : : : ; T determine unitary transformations Q

j

so that

�

0

Æ

�

�

( Q

T

Q

T�1

: : :Q

1

�

�

a

1

�

Step 3. Update L

(k)

"

L

(k)

�Æ

�

� k

(k)

T

#

( Q

T

Q

T�1

: : :Q

1

�

�

L

(k�1)

0

�

Step 4. Update
�
v

(k)

�
v

(k)

=
�
v

(k�1)

+

�

�Æ

�

� k

(k)

T

�

H

�

 

�

X

(k)

� z

(k)

T

�
�
v

(k�1)

Æ

!

end

�
v =

�
v

(K)

end

In Step 2, Q

j

is an elementary unitary transformation

1

a
ting upon the jth

1

i.e. a transformation matrix that, whenever applied to a ve
tor, modi�es (only) two

entries of the ve
tor a

ording to

�

a

0

b

0

�

=

�


os � e

j 

sin �

�e

�j 

sin � 
os �

�

�

�

a

b

�

:

Su
h a transformation is represented by a hexagon in the SFGs.
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Figure 5.2: SFG for inverse updating RLS-based equalization.

and the last 
omponent of Q

j�1

: : :Q

1

�

�

a

T

j1

�

T

, su
h that the jth 
omponent

is zeroed. For further details, we refer to [90℄. To represent this algorithm in a

SFG, we de�ne a number of building blo
ks in Fig. 5.1. Fig. 5.2 then gives
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Figure 5.3: SFG for inverse updating RLS-based per tone equalization

the SFG for the RLS algorithm with inverse updating (for T = 4). Note that

f [:℄ is a de
ision devi
e. The output of this devi
e may be used as the so-
alled

desired response input, for further training in `de
ision-dire
ted mode', during

data transmission.

By applying this algorithm to PT-EQ, one obtains Fig. 5.3 (for T = 4). Per

re
eived symbol, one FFT and T�1 di�eren
e terms are 
omputed. Every used

tone has a T -taps PT-EQ with as inputs the FFT output for that tone and

T�1 di�eren
e terms. An important aspe
t in view of the overall 
omputational


omplexity, is that the T � 1 real inputs (the di�eren
e terms) give rise to a

real triangular part in the SFG whi
h is 
ommon to all the used tones, i.e.
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matrix L

(k)

(1:T�1;1:T�1)

. The 
omplex FFT output is taken as the T th input to

the adaptive �lter. This input makes the row L

(k)

(T;:)


omplex, and di�erent for

di�erent tones. The update of the �lter 
oeÆ
ients is also exe
uted separately

for ea
h tone. Remark that the �lter 
oeÆ
ients are updated in the following

order [v

i;1

: : : v

i;T�1

v

i;0

℄ where v

i;0

, the tap with 
omplex input signal (FFT

output), is the right-most 
oeÆ
ient in the SFG.

5.3 Tone grouping

To a
hieve optimal 
apa
ity, the minimization of equation (4.8) (for dire
t

initialization) or equation (5.1) (for re
ursive initialization) should be 
arried

out for ea
h tone. However, to redu
e initialization 
omplexity, one 
an group

tones and 
ompute an optimal per tone equalizer only for the 
enter tone of

ea
h group, i.e. one 
an 
ompute fv

i

1

g

i

1

2


where 
 is the set of 
enter tones.

Then the equalizer v

i

1

, with i

1

2 
, is reused for the tones i

2

6= i

1

belonging

to the group with 
enter tone i

1

. When grouping tones, one has to take into

a

ount the following.

First, the equalizer v

i

1

, with i

1

2 
, does not only equalize the 
hannel, but

also in
ludes the sliding Fourier transform 
orresponding to tone i

1

. Therefore

v

i

1

, with i

1

2 
, 
an not be used as su
h for other tones i

2

6= i

1

belonging to

the group with 
enter tone i

1

. The equalizer w

i

1

, with i

1

2 
, on the other

hand, 
an be used as su
h for other tones i

2

6= i

1

, belonging to the group

with 
enter tone i

1

, be
ause this equalizer does not in
lude the sliding Fourier

transform 
orresponding to tone i

1

.

Se
ond, the 
hannel impulse response has a tone dependent amplitude and

phase. The optimal equalizer v

i

1

and hen
e, w

i

1

, for tone i

1

, 
ontains a s
aling

and a rotation a

ording to the amplitude and phase of tone i

1

. These s
aling

and rotation may not be optimal for tones i

2

6= i

1

(belonging to the group

with 
enter tone i

1

). Therefore, an extra 1-taps FEQ D

i

is needed for ea
h

non-
enter tone, similar to the 1-taps FEQ in the TEQ-based DMT re
eiver.

Training of the 1-taps FEQs may be done by means of an LMS algorithm

D

(k)

i

= D

(k�1)

i

+ � � Z

(k)

i

� (X

(k)

i

� Z

(k)

i

�D

(k�1)

i

) (5.2)

where D

(k)

i

is the 1-taps FEQ for tone i at training period k, � is the step size,

Z

(k)

i

is the output of the PT-EQ and hen
e, the input of the extra 1-taps FEQ

and �nally X

(k)

i

is the desired subsymbol for tone i at period k. Note that

a 1-taps FEQ does not alter the SNR of a tone. The SNR is de�ned by the

T -taps equalizer (TEQ or PT-EQ). In 
on
lusion, grouping provides interme-

diate solutions, en
ompassing the TEQ approa
h and the per tone approa
h as

extreme 
ases.
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Per group, with 
enter tone i

1

, we therefore exe
ute the following steps:

Step 1. Compute v

i

1

.

Step 2. Compute w

i

1


orresponding to v

i

1

with the re
ursion formula

v

i

1

;t+1

� �

i

1

�1

+ w

i

1

;t

= v

i

1

;t

(5.3)

with t = 0 : : : T � 2, v

i

1

;T�1

= w

i

1

;T�1

and � = e

�j2�

1

N

, see �gure 4.3.

Step 3. For i

2

6= i

1

, belonging to the group with 
enter tone i

1

, takew

i

2

= w

i

1

.

Step 4. Compute v

i

2

from w

i

2

with the re
ursion formula

v

i

2

;t+1

� �

i

2

�1

+ w

i

2

;t

= v

i

2

;t

(5.4)

Step 5. Take v

i

2

 D

i

2

� v

i

2

, with D

i

2

an additional 1-taps FEQ for tone i

2

.

5.4 Initialization 
omplexity

In our 
omplexity 
omputations, only the number of real multipli
ations is


ounted.

5.4.1 RLS with inverse updating per tone

Initialization 
omplexity, per re
eived symbol, of RLS-based PT-EQ without

tone grouping, is given in Table 5.1. The real part of L is 
ommon for all

used tones, while the 
omplex part of L and the �lter update are performed

per tone. A real and a 
omplex rotation are 
ounted as 4 and 9 multipli
ations

respe
tively.

The real part is quadrati
 in T but shared by all used tones (
ommon), while

the 
omplex part is linear in T and exe
uted for ea
h tone separately (per

tone). The latter part will mostly dominate the total 
omplexity, e.g. for

ADSL downstream transmission, where N

u

>> T , with N

u

the total number

of used tones. The per tone part of the 
omplexity is 8.5 times higher than the


omplexity during data transmission, see table 4.2. By assuming N

u

=

N

2

and

the symbol duration

N

F

s

, we have a total 
omplexity of

F

s

N

1

2

(5T

2

+3T�8)+8:5F

s

�(T+1) real multipli
ations per se
ond, where mostly

the last term 
onstitutes the dominant part.

Example 5.4.1. Let us assume an equalizer length T equal to 32 in down-

stream and 64 in upstream and the parameters given in table 3.2. Hen
e, there

are 218 downstream and 23 upstream used tones (N

u

). The number of multi-

pli
ations in downstream are 11 and 496 M operations/s for the 
ommon and
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# multipli
ations

matrix ve
tor produ
t

(T�1)T

2


ommon real rotations [

(T�1)T

2

+ T � 1℄4

total [M operations/s℄ (2:5T

2

+ 1:5T � 4)

F

s

N+�

matrix ve
tor produ
t (T � 1)2 + 4

per tone 
omplex rotations (T + 1)9

�lter update (T � 1)2 + 4 + 4 + T4

total [M operations/s℄ 17(T + 1)N

u

F

s

N+�

Table 5.1: Initialization 
omplexity of RLS with inverse updating for PT-EQ

without tone grouping. The number of real multipli
ations per re
eived symbol

is 
ounted. The total 
omplexity is given in M operations/s

the per tone part respe
tively. In upstream we have 41 and 103 M operations/s.

In downstream, the 
ommon part has signi�
antly lower 
omplexity than the

per tone part: the 
ommon part 
omplexity is only 2% of the per tone part


omplexity. In upstream, the 
ommon part 
omplexity is 40% of the per tone


omplexity. 2

5.4.2 RLS with inverse updating and tone grouping

While performan
e is almost the same for both per tone and per M tones

equalization (for suÆ
iently small values of M , e.g. M = 11 in downstream),

see se
tion 5.5, it 
an be shown that the overall 
omplexity drops signi�
antly

when tones are grouped:

� Training of PT-EQ of 
enter tones

The per tone 
omplexity redu
es to 17(T + 1)

N

u

M

F

s

N+�

when tones are


ombined into groups of M tones. This may be approximated by

8:5

M

F

s

(T + 1) under the same assumptions as in the previous se
tion.

Example 5.4.2. Let us take N = 512 (ADSL downstream) and M =

11 (see se
tion 5.5), whi
h leads to a 
omplexity of roughly 0:8F

s

T +

0:005F

s

T

2

. It is seen that, in this 
ase, initialization 
omplexity is very


omparable to 
omplexity during data transmission, namely F

s

� T , see

se
tion 4.3. 2

Example 5.4.3. Assume M equals 11 and 5 in downstream and up-
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stream respe
tively and further assume the same parameters as in exam-

ple 5.4.1. The per tone part of the 
omplexities then be
ome 45.1 and

20.6 M operations/s respe
tively. 2

� Transformations after training (performed on
e)

1 re
ursion has T � 1 
omplex multipli
ations

2

per tone, as seen in �g-

ure 4.3.

{ For the 
enter tone of ea
h group, we perform a transformation from

v

i

1

to w

i

1

. This requires 4(T � 1) real multipli
ations.

{ For ea
h non-
enter tone, we perform a transformation from w

i

2

to

v

i

2

. This requires also 4(T � 1) real multipli
ations.

Hen
e, the total 
omplexity be
omes 4N

u

(T � 1) � 2N(T � 1) real mul-

tipli
ations.

� 1-taps FEQs for the non-
enter tones

Training by means of an LMS algorithm requires 10N

u

F

s

N+�

� 5F

s

real

multipli
ations per se
ond.

5.5 Simulation results

The parameters given in se
tion 3.5, are adopted.

5.5.1 Tone grouping

Downstream

The performan
e of tone grouping is shown for a 4km 26 AWG downstream


hannel in Fig. 5.4. We 
ompare PT-EQ without tone grouping, PT-EQ with

groups of 11 tones, PT-EQ with groups of 51 tones and TEQ (with unit norm

TIR). The �lter length is T = 32. The optimal PT-EQ, i.e. dire
t initialization

a

ording to formula (4.9), is 
omputed for the 
enter tones. The top �gure

represents the bit rate as a fun
tion of the de
ision delay. It is seen that tone

grouping with group size of 11 tones results in almost the same performan
e

as PT-EQ without tone grouping. Tone grouping with group size equal to 51,

behaves worse. Its performan
e is 
omparable to the TEQ performan
e. The

bottom �gure represents the SNR as a fun
tion of the tones for several values

of the de
ision delay, namely Æ = [�40 : 10 : 30℄. The stars indi
ate the 
enter

tones. The SNR as a fun
tion of the tones, remains smooth for tone grouping

with group size 11. With group size 51 however, dips arise in tone ranges

2

Remark that a 
omplex multipli
ation with the phase �

i�1

is just 1 real addition in

polar 
oordinates.
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between 
enter tones. The SNR 
orresponding to the TEQ also shows dips.

Fig. 5.5 shows the optimal 1-taps FEQs after tone grouping with group size

11. It is seen that an amplitude and a phase adaptation are needed after tone

grouping. Note however that the 1-taps FEQ does not 
hange the SNR.

Upstream

Similar simulations are shown for a 4km 26 AWG upstream loop in Fig. 5.5.

We 
ompare PT-EQ without tone grouping, PT-EQ with groups of 5 tones,

PT-EQ with groups of 7 tones and TEQ (with unit norm TIR). The �lter length

is T = 64. A small bit rate loss is noted for tone grouping with group size 5

and 7. However, the bit rate is still mu
h larger than the TEQ bit rate. The

SNR as a fun
tion of the tones is shown in the delay range Æ = [�10 : 10 : 40℄.

The optimal 1-taps FEQs after tone grouping with group size 5, are shown in

Fig. 5.7.
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Figure 5.4: Comparison of PT-EQ without tone grouping, with group size 11,

with group size 51 and TEQ for a 4km 26 AWG downstream loop. The stars

indi
ate the 
enter tones.



126 Chapter 5. Per tone equalizer initialization

0 50 100 150 200 250 300
−10

−5

0

5

10

Tone

a
b
s
(F

E
Q

) 
 (

d
B

)

Optimal 1−taps FEQ after tone grouping for 4km 26 AWG loop, downstream, T=32

0 50 100 150 200 250 300
−2

−1

0

1

2

3

Tone

p
h

a
s
e

(F
E

Q
) 

 (
ra

d
)

Figure 5.5: Optimal 1-taps FEQs after tone grouping with group size 11 for a

4km 26 AWG downstream loop.
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Figure 5.6: Comparison of PT-EQ without tone grouping, with group size 5,

with group size 7 and TEQ for a 4km 26 AWG upstream loop.
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Figure 5.7: Optimal 1-taps FEQs after tone grouping with group size 5 for a

4km 26 AWG upstream loop.
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5.5.2 Normalized least mean squares

In this se
tion, the slow 
onvergen
e of Normalized Least Mean Squares (NLMS)

adopted to PT-EQ, is shown. First, the eigenvalues of the auto
orrelation

matrix of the �lter input are 
omputed. This matrix is de�ned by R

z

i

=

E

n

z

(k)

i

� z

(k)H

i

o

with i the tone index and z

(k)

i

the PT-EQ input ve
tor for tone

i, z

(k)

i

= F

i

� y

(k)

. Refering to equation (4.9), the auto
orrelation matrix may

be written as

R

z

i

= F

i

�H �R

^
x

�H

H

�F

H

i

+F

i

�R

n

�F

H

i

(5.5)

where F

i

in
orporates T � 1 di�eren
e terms and 1 FFT operation when ap-

plying the modi�ed PT-EQs v

i

, or where F

i

alternatively in
orporates T FFT

operations when studying the basi
 PT-EQs w

i

.

Se
ond, simulation results of the 
onvergen
e of NLMS is shown. The (
om-

plex) updating formula for NLMS is given by

�
v

(k)

i

=
�
v

(k�1)

i

+

�

i

�

2

i

+ z

(k)

i

H

� z

(k)

i

� z

(k)

i

�

� e

(k)

i

e

(k)

i

= X

(k)

i

� z

(k)

i

T

�
�
v

(k�1)

i

(5.6)

with �

i

the step size and �

i

a small 
onstant to prevent over
ow when z

(k)

i

H

�

z

(k)

i

= 0. Note that similar formulas apply to the basi
 PT-EQsw

i

. The NLMS

algorithm is 
onvergent in the mean and in the mean square if 0 < � < 2. A

10% ex
ess MSE is obtained for � < 0:2 [50℄.

Downstream

Simulations are made for a downstream 4km 26 AWG loop. The eigenvalues


orresponding to the basi
 PT-EQsw

i

are shown for ea
h used tone in Fig. 5.8

for T = 32 and T = 8 respe
tively. The delay is �xed at -8. It is seen that

the eigenvalue spread is huge, espe
ially on the lowest tones. Hen
e, the worst


onvergen
e is expe
ted on these tones. By de
reasing the number of taps from

32 down to 8, the eigenvalue spread does not de
rease mu
h. The eigenvalues


orresponding to the modi�ed PT-EQs v

i

, are di�erent but the spread is of the

same order.

The a
hieved bit rate in fun
tion of the number of training symbols (4-QAM)

and the optimal bit rate are shown in Fig. 5.9 for 32-taps PT-EQ (without

tone grouping) at delay -8, for the same loop. The SNR for the used tones is

also shown after a 
ertain number of training symbols. � and � are set to 1

and 0 respe
tively. The initial values of the PT-EQs are set to [10 : : :0℄

T

. It is


lear that 
onvergen
e is very slow, mainly 
aused by the lowest tones.



130 Chapter 5. Per tone equalizer initialization

Upstream

For an upstream 4km 26 AWG loop similar simulations are performed. The

eigenvalues are shown in Fig. 5.10 for T = 64 at delay 30 and T = 16 at delay

6 respe
tively. The eigenvalue spread is huge on all used tones.

The behavior of NLMS is seen in Fig. 5.11 for T = 64 at delay 30. The bit

rate as a fun
tion of the number of training symbols, is 
ompared with the

optimal rate in the �rst �gure. In the se
ond �gure, the evolution of the SNR

with the number of training symbols is shown. In upstream, the 
onvergen
e

is slow on all tones.

5.5.3 Re
ursive least squares

The des
ription of the RLS algorithm with inverse updating is given in se
-

tion 5.2. The performan
e of this algorithm is demonstrated for the same loop

as used in the previous se
tion.

Downstream

32-taps PT-EQs are simulated at delay -8. The initial values of the PT-EQs

are set to v

i

= [0 : : : 010 : : :0℄

T

with `1' in the (T=2)th position and the initial

triangular matrix is L

i

= 10

5

� I

T

. PT-EQ without tone grouping (i.e. group

size 1) is 
ompared with PT-EQ with tone grouping (group size 11). Fig. 5.12

shows the bitrate as a fun
tion of the number of training symbols for per tone

(in solid line) and per 11 tones (in dashed line) equalization. Also the optimal

bitrate, 
omputed with dire
t initialization, is plotted for per tone (in dashed-

dotted line) and per 11 tones (in dotted line) equalization. The optimal bit

rates are 3.0563 Mbits/s and 3.0482 Mbits/s respe
tively. The optimal bit rates

as well as the bit rates during 
onvergen
e are almost the same for the grouped

and the ungrouped 
ase.

In Fig. 5.13 the SNR is plotted for per tone equalization (without tone group-

ing) for di�erent lengths of the training sequen
e, for the used tones. It is seen

that 
onvergen
e to optimal performan
e may be a
hieved with an a

eptably

short training sequen
e, typi
ally 
onsisting of 100 symbols.

Upstream

We simulate 64-taps PT-EQ at delay 30 for a 4km 26 AWG upstream loop.

The initial values of the PT-EQs are set to v

i

= [0 : : : 010 : : :0℄

T

with `1'

in the (T=2)th position and and the initial triangular matrix is L

i

= 10

5

�

p

10

�4

=10

�3:8

� I

T

. The extra fa
tor in L

i

, with respe
t to downstream, is



5.5. Simulation results 131

inserted to take into a

ount the di�erent signal psd adopted in upstream (see

also table 3.2).

PT-EQ without tone grouping (i.e. group size 1) is 
ompared with PT-EQ

with tone grouping (group size 5). Fig. 5.14 shows the bitrate as a fun
tion

of the number of training symbols as well as the optimal bit rate. The optimal

bit rates are 1.1243 Mbits/s and 1.1081 Mbits/s respe
tively.

In Fig. 5.15 the SNR is plotted for per tone equalization (without tone group-

ing) for di�erent lengths of the training sequen
e for the used tones. It seen that

the PT-EQs in upstream require somewhat more training symbols. However,

this is due to the fa
t that more taps have to be initialized: in our example 64

taps in upstream with respe
t to 32 taps in downstream.
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Figure 5.8: T eigenvalues are shown for ea
h used tone. The simulation is made

for a 4km 26 AWG downstream loop at delay -8.
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Figure 5.9: Convergen
e of the NLMS algorithm applied to 32-taps PT-EQ on

a 4km 26 AWG downstream loop. The �rst �gure shows the bit rate in fun
tion

of the number of training symbols as well as the optimal bit rate. In the se
ond

�gure the evolution of the SNR with the number of training symbols is shown

and 
ompared with the optimal SNR for all used tones. The slow 
onvergen
e

is mainly 
aused by the lowest tones.
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Figure 5.10: T eigenvalues are shown for ea
h used tone. The simulation is

made for a 4km 26 AWG upstream loop. The delay is �xed at 30 for T = 64

and at 6 for T = 16.
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Figure 5.11: Convergen
e of the NLMS algorithm applied to 64-taps PT-EQ on

a 4km 26 AWG upstream loop. The �rst �gure shows the bit rate in fun
tion

of the number of training symbols as well as the optimal bit rate. In the se
ond

�gure the evolution of the SNR with the number of training symbols is shown

and 
ompared with the optimal SNR for all used tones. The 
onvergen
e is

slow on all used tones.
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Figure 5.12: Bit rate in fun
tion of the number of training symbols and optimal

bit rate for 32-tap PT-EQ without and with tone grouping. The simulation is

made for a downstream 4km 26 AWG loop

0 50 100 150 200 250 300
−40

−30

−20

−10

0

10

20

30

40

50

Tone

S
N

R
 (

d
B

)

RLS per tone, T=32

10 training symbols 
40 training symbols 
100 training symbols
optimum             

Figure 5.13: Evolution of the SNR for the used tones during training of 32-taps

PT-EQ without tone grouping.
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5.6 Con
lusions

A re
ursive initialization s
heme for the PT-EQs has been proposed. The

s
heme is based on RLS with inverse updating. Although the RLS 
omplexity

is quadrati
 in the number of �lter taps, 
omplexity 
an be saved 
onsiderably.

The real di�eren
e terms are taken as the �rst �lter inputs whi
h make the

quadrati
 part of the algorithm real and 
ommon for all used tones. An addi-

tional part of the algorithm is performed for ea
h tone separately. This part is


omplex but linear in the number of �lter taps.

Tone grouping has been proposed to redu
e initialization 
omplexity. The

optimal PT-EQ is 
omputed only for the 
enter tone and then reused for the

other tones in the same group. When the group size is well 
hosen, performan
e

de
reases only slightly with respe
t to `full' PT-EQ, while the per tone part

initialization 
omplexity is divided by the group size. Tone grouping 
an be

seen as an intermediate solution between TEQ and PT-EQ.

The 
omplexity of RLS with inverse updating adopted to PT-EQ has been


omputed. It is seen that, when the number of �lter taps is smaller than the

number of used tones (e.g. for ADSL downstream), the quadrati
 part 
om-

plexity is only a small fra
tion of the linear part 
omplexity. Moreover, when

tones are grouped, initialization 
omplexity be
omes 
omparable to 
omplex-

ity during data transmission, for ADSL downstream. In ADSL upstream, the

quadrati
 part 
omplexity is more signi�
ant due to the larger number of �lter

taps and the smaller number of used tones.

Finally simulation results have been presented. The auto
orrelation matrix of

the �lter input is seen to have a huge eigenvalue spread. Hen
e, LMS-based

PT-EQ initialization is very slow. RLS, on the other hand, a
hieves good

performan
e with an a

eptable number of training symbols.
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Chapter 6

Time/frequen
y domain

e
ho 
an
ellation and

equalization

When up- and downstream signals use the same frequen
y band simultaneously,

the transmitted signal 
auses e
ho in the re
eived signal and e
ho 
an
ellation is

needed to redu
e the e
ho that leaks through the hybrid. This 
on
ept is shown

in 
hapter 1 (�gure 1.3) for a set-up with overlapping up- and downstream

tones. However, if one assumes a set-up with separated up- and downstream

tones, but with relaxed orders of the �lters separating both transmission bands,

e
ho may also o

ur due to ISI and ICI in the e
ho signal.

Several e
ho 
an
ellation stru
tures for DMT trans
eivers have been developed

in literature. The aim of this 
hapter is to investigate the 
ombination of

time/frequen
y domain e
ho 
an
ellation [54, 55℄ and equalization. Therefore,

we start in se
tion 6.1 with a review of time/frequen
y domain e
ho 
an
ella-

tion, whi
h has been proposed as a 
ost eÆ
ient algorithm to 
an
el e
ho in

DMT-based systems.

In se
tion 6.2, we study the 
ombination of time/frequen
y domain e
ho 
an-


ellation and TEQ. Mostly, the TEQ is performed before e
ho 
an
ellation to

enable so-
alled joint 
hannel shortening of the far end and the e
ho impulse

response allowing a shorter e
ho 
an
ellation �lter. However, MMSE joint


hannel shortening has no dire
t relation to the resulting 
apa
ity, similarly to

far end 
hannel shortening only. On the other hand, if the TEQ is designed

to shorten the far end impulse response only, it will in general lengthen the

e
ho path. We show that the order of TEQ and time/frequen
y domain e
ho


an
ellation 
an be 
hanged, to avoid the possible lengthening.
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Applying �rst time/frequen
y domain e
ho 
an
ellation and then TEQ is merely


onsidered as an intermediate s
heme to �nally apply �rst time/frequen
y do-

main e
ho 
an
ellation and then per tone equalization. PT-EQ allows to opti-

mize 
apa
ity, given a 
ertain e
ho 
an
eller, in 
ontrast to TEQ. We develop

the 
ombination of time/frequen
y domain e
ho 
an
ellation and then PT-EQ

in se
tion 6.3, whi
h is our main 
ontribution of this 
hapter.

In se
tion 6.4, we 
ompare the 
omplexity of the 
ombination of time/frequen
y

domain e
ho 
an
ellation and equalization for several implementations at RT

and CO. Simulation results are presented in se
tion 6.5. Finally, 
on
lusions

are given in se
tion 6.6.

6.1 T/f domain e
ho 
an
ellation

Introdu
ing e
ho 
an
ellation (EC) in an ADSL modem signi�
antly in
reases

the overall 
omplexity of the modem. The e
ho impulse response 
an be as

long as one DMT symbol, i.e. 1/4312.5 Hz = 232 �s or 512 taps at 2.208 MHz.

For 
omparison, the TEQ generally used in RT has only 32 taps working at

2.208 MHz. Hen
e, the 
omplexity of the EC �lter 
ould be as high as 16 times

the 
omplexity of the RT-TEQ. Therefore e
ho 
an
ellation resear
h is mainly

aimed at redu
ing this 
omplexity. Our starting point is the work on EC by

Ho and CioÆ [54, 55℄, where an e
ho 
an
eller is developed and studied whi
h

is implemented partly in the time domain and partly in the frequen
y domain

(t/f domain EC).

An e
ho 
an
eller performs two tasks: it emulates the e
ho (i.e. the �ltering

operation) and adapts the �lter 
oeÆ
ients. In the Ho and CioÆ approa
h

1. the e
ho emulation is implemented partly in the time domain and partly

in the frequen
y domain. The time domain part dominates the emulation


omplexity.

2. the adaptation is implemented in the frequen
y domain and, as a result,

has negligible 
omputational 
omplexity.

Brie
y, the overall 
omplexity of Ho and CioÆ's s
heme is dominated by the

time domain part of the e
ho emulation. With respe
t to a full time domain

e
ho emulation, a two fold 
omplexity redu
tion is obtained. Moreover, in a

multirate system (i.e. transmit IFFT of the e
ho signal is 
 times smaller or

larger then the re
eive FFT) an additional 
 fold 
omplexity redu
tion 
an be

obtained.

By employing a di�erent alignment between transmit and re
eive symbols an

additional two fold 
omplexity redu
tion 
an be obtained in the time domain

part of the e
ho emulation [67, 140℄. In the following subse
tions, an overview

of this approa
h will be given and the alternative alignment will be explained.



6.1. T/f domain e
ho 
an
ellation 143

6.1.1 E
ho 
an
ellation by Ho & CioÆ

E
ho emulation in a symmetri
 rate set-up

The re
eived e
ho signal is equal to the linear 
onvolution of the e
ho impulse

response with the modem's own transmitted DMT signal. This linear 
onvo-

lution 
an be written as a matrix-ve
tor multipli
ation of a Toeplitz matrix

U

k;k�1


onsisting of transmitted DMT signal samples with the e
ho impulse

response h

E

y

k

= U

k;k�1

h

E

+ n

k

(6.1)

y

k

= [y

k

1

: : : y

k

N

℄

T

is a re
eived symbol of size N �1 at symbol period k prior to

EC

1

. n

k

is an N�1 ve
tor 
ontaining the sum of the re
eived far end signal and

additive noise at symbol period k. Remark that, as a starting point, we assume

a symmetri
 rate set-up, hen
e, transmit and re
eive symbol size (in samples)

are both equal to N . h

E

is the M -taps e
ho impulse response, zero-padded to

length N . U

k;k�1

is a Toeplitz matrix 
onsisting of transmitted e
ho samples

(i.e. e
ho referen
e signal samples) at symbol periods k and k� 1. The a
tual

ordering of the e
ho samples in this matrix depends on the alignment of the

transmitted symbols with respe
t to the re
eived symbols. For instan
e, when

both symbol streams are aligned, this Toeplitz matrix 
an be written as

symbol k pre�x k symbol k � 1

U
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=
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(6.2)

with � the 
y
li
 pre�x size.

As a starting point, we assume a 
omplete time domain EC in a symmetri


rate set-up. In that 
ase, the e
ho 
an
elled re
eived symbol is des
ribed by

e

k

= y

k

�U

k;k�1

�w

k

E

(6.3)

where e

k

= [e

k

1

: : : e

k

N

℄

T

is an e
ho 
an
elled re
eived symbol of size N � 1 at

symbol period k, and w

k

E

is the M -taps estimate at symbol period k of the

e
ho impulse response h

E

, zero-padded to length N .

1

Note that, for the sake of a 
ompa
t notation, the supers
ript, indi
ating the symbol

period, is denoted as y

k

instead of y

(k)

.
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The t/f domain EC of Ho & CioÆ is based on the fa
t that any Toeplitz

matrix 
an be written as the sum of a 
ir
ulant matrix and a 
orre
tion matrix

with only a small number of non-zero elements. Adopting this property to the

previously en
ountered Toeplitz matrix, one 
an write

U

k;k�1

= C

k

+�

k;k�1

(6.4)

where C

k

is a 
ir
ulant matrix 
ontaining only e
ho samples at symbol period

k, and �

k;k�1

is an upper triangular matrix 
ontaining di�eren
e terms from

e
ho samples at k � 1 and k

C
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where �

k;k�1

has an upper triangular part of real numbers, indi
ated by stars.

The number of zeros in the �rst row is � + 1. The verti
al line is drawn after

the Mth 
olumn, the meaning of whi
h is explained in the next paragraph.

In des
ribing the EC, the following notation is adopted: F

N

is the N -point

DFT matrix, I

N

is the N -point IDFT matrix. U

k

1:N

= F

N

� [u

k

1

: : : u

k

N

℄

T

is a

frequen
y domain transmitted (e
ho) symbol of size N � 1 at symbol period

k. E

k

1:N

is a frequen
y domain e
ho 
an
elled re
eived symbol of size N � 1

at symbol period k. W

k

E;1:N

= F

N

�w

k

E

is the frequen
y domain �lter of size

N�1 at symbol period k, with w

k

E

theM -taps e
ho impulse response estimate,

zero-padded to length N . Remark that, for the sake of a 
ompa
t notation, the

subs
ript 1 : N will be omitted for the ve
tors of frequen
y domain values. Let

us 
onsider now the e
ho 
an
elled re
eived symbol in the frequen
y domain

E

k

= F

N

� e

k

= F

N

(y

k

�U

k;k�1

�w

k

E

)

= F

N

(y

k

��

k;k�1

�w

k

E

)�F

N

�C

k

�w

k

E

(6.7)
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The simpli�
ation of the e
ho emulation is two-fold. First, by inserting an

IDFT-DFT pair between the 
ir
ulant matrix and the e
ho �lter, one 
an apply

a property of 
ir
ulant matri
es, namely that the eigenve
tors of a 
ir
ulant

matrix form an DFT matrix and that its eigenvalues are the Fourier transform

of its �rst 
olumn. Hen
e, the se
ond term in formula (6.7) 
an be written as

F

N

�C

k

�w

k

E

= F

N

�C

k

� I

N

| {z }

diag(U

k

)

� F

N

�w

k

E

| {z }

W

k

E

(6.8)

whi
h 
orresponds to only one 
omplex multipli
ation per tone, namely of the

e
ho subsymbol on that tone with the e
ho �lter on that tone. Se
ond, let

us 
onsider the term �

k;k�1

� w

k

E

. Be
ause the M -taps e
ho �lter w

k

E

is zero

padded to length N , the last N�M 
olumns of matrix �

k;k�1

, i.e. the 
olumns

after the verti
al line in formula (6.6), are multiplied with zeros. Therefore, one


an substitute the stars in the last N �M 
olumns by zeros without modifying

the produ
t �

k;k�1

�w

k

E

. To denote this expli
itly, we substitute

�

k;k�1

�

M

z }| {

�

I

M

O

O O

�

�w

k

E

 � �

k;k�1

�w

k

E

(6.9)

in formula (6.7). The two part e
ho emulation of Ho & CioÆ is then des
ribed

by

E
ho emulation E

k

= F

N

(y

k

time domain EC

z }| {

��

k;k�1

Mw

k

E

)

frequen
y domain EC

z }| {

�diag(U

k

)W

k

E

(6.10)

The FFT appearing in this equation is the same as the FFT needed for demod-

ulation. The term �

k;k�1

Mw

k

E

represents the 
onvolution of the e
ho �lter

with the tail of the previous symbol, i.e. symbol k � 1, (tail e
ho estimation),

minus the 
onvolution of the e
ho �lter with the 
y
li
 extension of the present

symbol, i.e. k, (
y
li
 e
ho elimination). As a result, after the time domain

EC, the e
ho appears to be periodi
 with period N .

One sees that, if the e
ho impulse response would be shorter than the 
y
li


pre�x (M � � +1), the matrix �

k;k�1

M be
omes zero and the linear 
onvolu-

tion of the e
ho impulse response (and also the e
ho �lter) with the transmitted

DMT data be
omes a 
ir
ular 
onvolution.

Filter adaptation in symmetri
 rate set-up

The following frequen
y domain �lter adaptation is used

Filter adaptation W

k+1

E

=W

k

E

+ � diag(U

k

�

)E

k

(6.11)
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Figure 6.1: T/f domain EC for a symmetri
 rate trans
eiver [54, 55℄.

with � the step size. In this update, only the frequen
y domain part of the

�lter input is 
onsidered. In 
ontrast, the frequen
y domain blo
ked version of

LMS (FBLMS) has the update

W

k+1

E

=W

k

E

+ � (F

N

�

k;k�1

I

N

+ diag(U

k

))

H

E

k

(6.12)

where FBLMS forms the �lter update with the entire �lter input. The method

of Ho & CioÆ has a 
onsiderably lower 
omplexity per iteration than FBLMS,

but then more iterations are needed for 
onvergen
e be
ause of the simpli-

�
ation in the �lter adaptation. Furthermore, simulations have shown that


onvergen
e as a fun
tion of the total number of operations is faster for for-

mula (6.11).

The time domain e
ho �lter w

k

E

is updated by performing an IFFT onW

k

E

. To

de
rease 
omplexity, this IFFT 
ould be performed infrequently (not for every

training symbol).

A signal 
ow graph SFG of this EC is given in Fig. 6.1. TheM���1 di�eren
e

terms appearing in �

k;k�1

M, are made in the adder after the blo
k delay,

and they are equal to the last M � � � 1 elements of ve
tor [u

k�1

�+2

: : : u

k�1

N

℄ �

[u

k

2

: : : u

k

N��

℄. Ho & CioÆ proposed adaptations to this t/f domain EC to

mat
h in an asymmetri
 set-up, i.e. for an interpolated set-up in RT and a

de
imated set-up in the CO. Moreover, adaptations for frame-asyn
hronous

operation mode, i.e. without alignment of transmitted and re
eived symbols,

are given [54, 55℄.
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Interpolated e
ho 
an
ellation at RT (frame-syn
hronous)

At RT the transmit bandwidth is a fa
tor 
 smaller than the re
eive band-

width

2

. The repli
ations of the smaller bandwidth transmit signal 
ause e
ho in

the larger re
eive bandwidth be
ause of non-ideal �lter 
hara
teristi
s. There-

fore the EC needs to interpolate the transmitted data in frequen
y and time

domain. In frequen
y domain the interpolation is performed by repli
ating

the data symbol 
 times. In time domain 
 � 1 zeros are padded between


onse
utive time domain samples u. For further details we refer to [54, 55℄.

A SFG of this algorithm is given in Fig. 6.2. The 
orresponding formulas are

E
ho emulation E

k

= F


N

(y

k

��

k;k�1

Mw

k

E

)� diag(R U

k

)W

k

E

Filter adaptation W

k+1

E

=W

k

E

+ � diag(R U

k

�

)E

k

(6.13)

with w

k

E

= I


N

W

k

E

and where R = [I

N

; I

N

; : : : ; I

N

℄ 
ontains 
 identity matri-


es of size N , U

k

is an e
ho symbol of size N�1 (the subs
ript 1 : N is omitted)

and E

k

, y

k

,W

k

E

are ve
tors of size 
N�1. This is the eÆ
ient implementation

of

E
ho emulation e

k

= y

k

��

k;k�1

Mw

k

E

�C

k

w

k

E

Filter adaptation w

k+1

E

= w

k

E

+ � C

k

H

e

k

(6.14)

where �

k;k�1

and the 
ir
ulant matrix C

k

are interpolated matri
es of size


N � 
N . Remark that U

k;k�1

= �

k;k�1

+C

k

is a 
N � 
N Toeplitz matrix.

De
imated e
ho 
an
ellation at CO (frame-syn
hronous)

At CO the transmit bandwidth is 
 times larger than the re
eive bandwidth.

Due to non-ideal �lter 
hara
teristi
s, aliasing o

urs and all the symbols of the

wide band transmit signal 
an 
ause e
ho in the narrow band re
eive signal.

The EC has to take into a

ount the e�e
ts of these aliasing in frequen
y as

well as in time domain. In the frequen
y domain, this is done by blo
king the

e
ho symbol of size 
N into 
 su

essive symbols of size N and adding these

symbols. The time domain e
ho signal is de
imated by 
omputing only every


th sample. For further details we refer to [54, 55℄.

The SFG of this algorithm is given in Fig. 6.3. The 
orresponding formulas

are

E
ho emulation E

k

= F

N

(y

k

�D�

k;k�1

Mw

k

E

)�

1




R

T

diag(U

k

)W

k

E

Filter adaptation W

k+1

E

=W

k

E

+ � diag(U

k

�

)RE

k

(6.15)

2

At RT, the sample frequen
y 
an be a fa
tor 
 smaller in the transmitter than in the

re
eiver. It is assumed that the symbol rate in transmitter and re
eiver are equal. Hen
e the

transmit and re
eive 
arrier frequen
ies are the same.
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Figure 6.2: Interpolated t/f domain EC at RT [54, 55℄.

with E

k

and y

k

ve
tors of size N � 1 and W

k

E

and U

k

ve
tors of size 
N � 1.

D is an N � 
N de
imation matrix, D = I


N

(1 : 
 : 
N; :). Formula (6.15) is

the eÆ
ient implementation of

E
ho emulation e

k

= y

k

�D�

k;k�1

Mw

k

E

�D C

k

w

k

E

Filter adaptation w

k+1

E

= w

k

E

+ � (D C

k

)

H

e

k

(6.16)

where �

k;k�1

and C

k

are matri
es of size 
N � 
N whi
h are de
imated by

D

N�
N

. U

k;k�1

= �

k;k�1

+C

k

is a 
N � 
N Toeplitz matrix.

De
imated e
ho 
an
ellation at CO (frame-asyn
hronous)

In the previous se
tions, it was assumed that the RT as well as the CO are

frame-syn
hronous, i.e. the transmitted and re
eived symbols are aligned in

both modems. However, this is in general not possible in reality. Due to the

propagation delay of the 
hannel, only one modem 
an work in a syn
hronous

fashion. Only when twi
e the propagation delay is an exa
t multiple of the

DMT symbol period, both modems 
an be frame-syn
hronous.

In a frame-asyn
hronous set-up, the 
y
li
 pre�x of the transmitted signal 
an


ause e
ho anywhere in the re
eived symbol, therefore the e
ho of this 
y
li


pre�x has to be 
omputed. In a frame-syn
hronous set-up however, the e
ho


aused by the 
y
li
 pre�x is added to the 
y
li
 pre�x of the re
eived far end



6.1. T/f domain e
ho 
an
ellation 149

S/P

Nγ

Nγ

Nγ Nγ

Nγ

Nγ

Nγ

Nγ

Nγ
Nγ

γ N+γ

P/SCP

CP

Block
Delay

Block and add

N - FFT

N N

N

N
TEQ

Tail echo estimation

Cyclic echo elimination

(only compute every

ν samples

echo canceller

- IFFT

 - IFFT

ν

th output sample )γ

Frequency domain

(   N/2 complex 1 taps filters ) γ

samplesγ ν
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Figure 6.3: De
imated t/f domain EC at CO (frame-syn
hronous) [54, 55℄.

signal whi
h is dis
arded in the re
eiver.

Ho & CioÆ 
hoose to make the CO frame-asyn
hronous be
ause this turns out

to give the smallest in
rease in 
omplexity. In their approa
h, the transmitted

signal is de
oupled from the re
eived signal by subtra
ting the e
ho before

demodulating the re
eived symbol. In this way, the EC does not need any

knowledge about the misalignment of the transmitted symbols with respe
t to

the re
eived symbols.

The SFG of this algorithm is given in Fig. 6.4 and is very similar to the SFG

for a frame-syn
hronous EC at CO. The major di�eren
es are

� The e
ho of the transmitted 
y
li
 pre�x is 
omputed in the time domain

part of the e
ho emulation by extending theU

k;k�1

= �

k;k�1

+C

k

matrix

with 
� rows.

� In the frequen
y domain part of the e
ho emulation, the frequen
y domain

e
ho estimate is modulated (this is an extra IFFT I

N

) and a 
y
li
 pre�x

(CP) is added.

� The pre�x of the time domain error symbol is folded and the resulting

ve
tor demodulated (extra FFT F

N

) to form the frequen
y domain error

ve
tor.



150 Chapter 6. Time/frequen
y domain e
ho 
an
ellation and equalization

Block and add

P/S

P/S

S/P

S/P

N+ν

N+ν

N+ν

Nγ Nγ

Nγ
Nγ Nγ

Nγ

N+γ γ ν

Nγ
Nγ

Block

CP

Tail echo estimation

Delay

CPFold

N - FFT

N

N
N

N

N

N - IFFTN - FFT

TEQ

  samplesν

ν

Cyclic echo elimination

(only compute every

samples

N - IFFT

CP

Replicate

Frequency domain
echo canceller

(   N/2 complex 1 taps filters ) γ

th output sample )

γ

γ

samplesνγN - IFFTγ

 timesγ

Figure 6.4: De
imated t/f domain EC at CO (frame-asyn
hronous) [54, 55℄.

The algorithm is des
ribed by the formulas:

E
ho emulation e

k

= y

k

�D�

k;k�1

Mw

k

E

�

I

N

and CP

z }| {

P � I
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�
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diag(U
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k
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Adaptive update W
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E
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+ � diag(U

k

�

)R � F
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| {z }
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N

and CP

�e

k

(6.17)

with e

k

and y

k

ve
tors of size (� + N) � 1 and W

k

E

and U

k

ve
tors of size


N � 1. P represents the adding of the pre�x of size � to a symbol of size N .

This is the eÆ
ient implementation of

E
ho emulation e

k

= y

k

�D�

k;k�1

Mw

k

E

�D C

k

w

k

E

Filter adaptation w

k+1

E

= w

k

E

+ � (D C

k

)

H

e

k

(6.18)

with �

k;k�1

and C

k

matri
es of size 
(� +N) � 
N whi
h are de
imated by

D

(�+N)�
(�+N)

. �

k;k�1

andC

k

are su
h thatU

k;k�1

= �

k;k�1

+C

k

is Toeplitz

and 
onsists of the Toeplitz matrix of the frame-syn
hronous set-up extended

with 
� rows at the beginning 
orresponding to the 
y
li
 pre�x of symbol

period k.
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RT asyn
hronous CO

size(�) 
N � 
N 
(� +N)� 
N

�

(M�
��1)

2

2


(M�1)

2

2


asyn. 2 N -point FFTs

Table 6.1: Complexity of t/f domain EC (multipli
ations/symbol)

Remark that the adder after the blo
k delay has to 
al
ulate the last M � 1

di�eren
e terms of the ve
tor [u

k�1

2

: : : u

k�1


N

℄�[u

k


N�
�+2

: : : u

k


N

u

k

1

: : : u

k


N�
�

℄.

Complexity

Table 6.1 shows approximate 
omplexities for this approa
h. Only the 
om-

plexity of the time domain part of the e
ho emulation is given (in number of

real multipli
ations per training symbol) be
ause this part dominates 
omplex-

ity and will de
rease when applying an alternative alignment. Also the size

of the � matrix is given and the extra operations for asyn
hronous mode of

operation.

6.1.2 Alternative transmit/re
eive symbol alignment

Matrix � in the previous approa
h has a non-zero upper triangular part. By

applying an alternative symbol alignment, the number of non-zero elements

in � 
an be redu
ed and hen
e also the 
orresponding 
omplexity of the time

domain part of the e
ho emulation [140, 67℄. In this se
tion we give a matrix

interpretation of the algorithm des
ribed in [67℄ and 
orresponding SFGs whi
h

are extensions of the SFGs presented in [54, 55℄.

Optimal aligned symmetri
 set-up

The optimal alignment in a symmetri
 rate set-up is 
omputed as follows. In

Fig. 6.5 an N �N Toeplitz matrix is drawn with symbol k� 1 as the symbol

of interest. Here n 
orresponds to the number of di�erent matrix elements

from symbol period k� 2. Hen
e, N � � � n� 1 
orresponds to the number of

di�erent matrix elements from symbol period k. The alignment with minimum

number of matrix elements from symbol periods other than k� 1, 
an then be

found by minimizing the 
ost fun
tion

�

�n

�

n(n+ 1)

2

+

(N � � � n� 1)(N � � � n)

2

�

= 0 (6.19)
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Figure 6.5: Computation of the optimal alignment for an N � N Toeplitz

matrix. k� 1 is the symbol period of interest. Here n is su
h that the number

of di�erent matrix elements from symbol periods k � 2 and k is minimal.

The minimum is given by n =

N���1

2

. However this number is not an integer,

therefore we take n =

N��

2

. The Toeplitz matrixU

k;k�1;k�2

for the alternative

alignment be
omes

U

k;k�1;k�2

=
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(6.20)

whi
h has an upper triangular part 
ontaining

N��

2

samples from symbol period

k�2 and a lower triangular part 
ontaining

N���2

2

elements from symbol period

k.
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The 
ir
ulant matrix 
orresponding to this alternative Toeplitz matrix is 
ir
u-

larly shifted with respe
t to the 
ir
ulant matrix of the Ho & CioÆ approa
h,

see equation (6.5). The element in the �rst row and the �rst 
olumn is now

u

k�1

N��

2

instead of u

k

1

~

C

k�1

=

2
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(6.21)

�

k;k�1;k�2

= U

k;k�1;k�2

�

~

C

k�1

(6.22)

Frame-asyn
hronous symmetri
 set-up

In this se
tion, we assume a simpli�ed CO in that is it symmetri
 but still

frame-asyn
hronous.

For the frame-asyn
hronous EC at CO, implemented with 2 extra FFTs, a

similar optimization 
an be done. However the needed Toeplitz matrix is re
t-

angular in stead of square and has size (� + N) � N . Therefore the optimal

alignment will be di�erent. The Toeplitz matrix, leading to minimal 
omplex-

ity, has an upper triangular part 
ontaining n =

N

2

samples from symbol period

k � 2 and a lower triangular part 
ontaining n =

N�2

2

samples from symbol

period k, and thus
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(6.23)

The 
orresponding (extended) 
ir
ulant matrix

~

C

k�1

is made by substituting

all samples not from symbol period k � 1 by the 
ir
ular extension of samples

from k � 1. The (extended) � matrix equals U

k;k�1;k�2

�

~

C

k�1

.

An overview of these alignments is given in Fig. 6.6. For the alternative

alignment, the Toeplitz matrix indi
ated with `AA' has symbol k�1 as symbol

of interest. As 
an be seen, the optimal alignment for RT and CO di�er.

When the time domain �lter has a length M < N , one applies the alignment

su
h that the non-zero portion of the time domain �lter multiplies with the


enter 
olumns of U

k;k�1;k�2

. This gives rise to the submatrix of U

k;k�1;k�2

with minimum number of elements not from symbol period k � 1. The full

matrix U

k;k�1;k�2

is independent of the window length, hen
e the 
ir
ular

shift in

~

C

k�1

stays the same. In the subsequent formulas,

M =

2

4

O

(
N�M)=2

O O

O I

M

O

O O O

(
N�M)=2

3

5

.

Interpolated e
ho 
an
ellation at RT (optimal aligned)

At RT, the interpolated EC is based on an (
N �
N) � matrix with an upper

triangular part of size


N�
�

2

and a lower triangular part of size


N�
��2

2

.

The SFG of the EC at RT with alternative alignment is depi
ted in Fig. 6.7.

The main di�eren
es with respe
t to the original alignment are
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Figure 6.6: Large Toeplitz matrix with 3 symbols to 
ompare the alternative

alignment(AA) with the original alignment.

� in the time domain part

{ an extra blo
k delay to a

ount for symbol u

k�2

1:N

{ an extra adder

{ an extra time domain EC to 
ompute the e
ho 
aused by the head

of the next e
ho symbol u

k

1:N

and to subtra
t the e
ho 
aused by

the 
y
li
 extension of the symbol of interest u

k�1

1:N

� in the frequen
y domain part

{ an extra blo
k delay be
ause u

k�1

1:N

is the symbol of interest

{ a phase blo
k

Due to the 
ir
ular shift of the 
ir
ulant matrix, a phase shift is needed in the

EC. The phase shift for tone i equals

p

i

= e

�j2�

i�1


N

(
N�


N�
�

2

+1)

= e

�j2�

i�1


N


N+
�+2

2

for i = 1 : : : 
N (6.24)

whi
h 
an be proven by applying equation (4.29). One 
an implement this

phase expli
itly in the frequen
y domain as in Fig. 6.7. The formulas des
rib-

ing the EC are

E
ho emulation E

k

=F


N

(y

k

��

k;k�1;k�2

Mw

k

E

)�diag(p)diag(R U

k�1

)W

k

E

Filter adaptation W

k+1

E

=W

k

E

+ � diag(R (U

k�1

)

�

)diag(p

�

)E

k

(6.25)
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Figure 6.7: Interpolated t/f domain EC at RT with (optimal) alternative align-

ment. The square matrix � has the minimum number of non-zero elements.

with �

k;k�1;k�2

the 
orre
tion matrix 
orresponding to the alternative align-

ment, p = [p

1

: : : p


N

℄ and w

k

E

= I


N

W

k

E

.

However, this phase shift 
an also be in
luded in the frequen
y domain �lter


oeÆ
ients

~

W

k

E

= diag(p)W

k

E

. Be
ause multipli
ation with a phase shift in

the frequen
y domain is equivalent with a time domain shift, the time domain

�lter 
oeÆ
ients,
~
w

k

E

= I


N

~

W

k

E

, will be shifted over


N+
�+2

2

elements. One

needs to undo the time domain shift to obtain the right time domain part of

the e
ho estimation by shifting over �


N+
�+2

2

: w

k

E

= undo-shift(
~
w

k

E

). The

EC is then des
ribed by

E
ho emulation E
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(6.26)

The SFG of this EC is analogous to Fig. 6.7. The di�eren
es are the removal

of the phase shift in the frequen
y domain and the addition of the `undo-shift'

fun
tion after the 
N -point IFFT blo
k transforming

~

W

k

E

.

Remark that the adder before the tail e
ho estimation in Fig. 6.7 forms

N��

2

di�eren
e terms, [u

k�2

N+�+2

2

: : : u

k�2

N

℄ � [u

k�1

N��+2

2

: : : u

k�1

N��

℄, and the adder before
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the head e
ho estimation forms

N���2

2

di�eren
e terms,

[u

k

N��+1

: : : u

k

N
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1

: : : u

k

N�3��2

2

℄� [u

k�1

1

: : : u

k�1

N���2

2

℄, a

ording to the upper and

lower triangle in �.

De
imated e
ho 
an
ellation at CO (frame-asyn
hronous)

For the CO, whi
h works frame-asyn
hronously, there are two options [140, 67℄:

1. One takes the optimal alignment for minimal time domain 
onvolution

and adds the 2 extra FFTs for asyn
hronism as in the original EC for

CO [54, 55℄. An extended Toeplitz matrix U

k;k�1;k�2

of size 
(N + �)�


N is needed, similar to formula (6.23) with N and � substituted by


N and 
� respe
tively. Again a �xed phase is added in the frequen
y

domain part of the EC or an `undo-shift' fun
tion in the time domain

part. The phase is determined by the (
�+1; 1)-element of the extended

Toeplitz matrix, i.e. u

k�1
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= e
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N (6.27)

The EC is des
ribed by

E
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The SFG of the asyn
hronous EC at CO with extra FFTs is given in

Fig. 6.8. Remark that the adder before the tail estimation forms

N

2

dif-

feren
e terms, [u

k�2

N+2

2

: : : u

k�2

N

℄� [u

k�1

N�2�+2

2

: : : u

k�1

N��

℄, and the adder before

the head estimation forms
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di�eren
e terms,
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N��+1

: : : u
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N
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k
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: : : u

k

N�2��2

2

℄� [u

k�1

1

: : : u

k�1

N�2

2

℄.

2. One dis
ards the � samples of the re
eived signal �rst. Hen
e, the e
ho

on these � pre�x samples does not have to be 
omputed anymore and

the 2 extra FFTs 
an be deleted. But the EC needs the knowledge

about the misalignment of the transmitted symbols with respe
t to the

re
eived symbols, whi
h is a fun
tion of the propagation delay of the


hannel Æ and thus loop dependent. This is explained in Fig. 6.9

3

.

3

It is assumed that the e
ho �lter length M is the same at RT and CO.
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Figure 6.8: De
imated t/f domain EC at CO with (optimal) alternative align-

ment and 2 extra FFTs for frame-asyn
hronism. The re
tangular matrix � has

the minimum number of non-zero elements.

The optimal alignment of the e
ho with respe
t to the re
eived signal is

�� = 
 ��=2�M=2 samples before the symbol. If the optimal alignment

is applied at RT, then the deviation of the optimal alignment at CO is

2Æ�2�. In this set-up one works again with a Toeplitz matrixU

k;k�1;k�2

of size 
N �
N as in the RT 
ase but now U

k;k�1;k�2

is not the optimal

aligned matrix but delay dependent. Therefore also the phase or the

`undo-shift' operation is delay dependent. This EC for CO is shown in

Fig. 6.10. Again, the frequen
y domain phase shift 
an be substituted

by an `undo-shift' operation in the time domain.

E
ho emulation E

k

= F

N

(y

k

�D�

k;k�1;k�2

Mw

k

E

)�

1




R

T

diag(U

k�1

)

~

W

k

E

with w

k

E

= undo-shift(
~
w

k

E

) and
~
w

k

E

= I


N

~

W

k

E

(6.30)

Filter adaptation

~

W

k+1

E

=

~

W

k

E

+ � diag((U

k�1

)

�

)RE

k

(6.31)
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Figure 6.9: The alignment �� of RT is optimal, i.e. with minimum number

of non zero elements in �. The deviation of the optimal alignment at CO is

2Æ � 2� where Æ is the delay of the 
hannel.

Complexity

Complexities are presented in Table 6.2. The approximate 
omplexity of the

time domain part of the e
ho emulation is 
ounted in number of real multi-

pli
ations per symbol. Furthermore the size of matrix �, the extra operations

for asyn
hronism and the phase shift are given. Depending on the propagation

delay of the 
hannel, the �rst or the se
ond method for the CO is the 
heapest

one. In se
tion 6.2, this delay dependen
y of the 
omplexity is illustrated for

some values of the propagation delay.

6.2 Order of TEQ and t/f domain e
ho 
an
el-

lation

6.2.1 `First-TEQ-then-e
ho'

In the previous se
tion, it is assumed that a time domain equalizer (TEQ) is

applied before the EC, see �gures 6.1, 6.2, 6.3, 6.4, 6.7, 6.8, 6.10. Therefore,

the TEQ does not expli
itly appear in the des
ribing formulas. This approa
h

is further 
alled `First-TEQ-then-e
ho'. The TEQ is part of the e
ho path

and hen
e the model of this path, w

k

E

, will in
lude the TEQ. If the TEQ

is designed to shorten the (far end) 
hannel impulse response only, it will in
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Figure 6.10: De
imated t/f domain EC at CO with alignment dependent of the


hannel propagation delay. Phase and shape of the time domain 
orre
tion �

depend on the misalignment between transmitted and re
eived symbol be
ause

the two extra FFTs are removed and the CO works frame-asyn
hronously.

RT CO (opt. align.) CO

size(�) 
N � 
N 
(� +N)� 
N 
N � 
N

�

1

2


((

M�
�

2

)

2

+ (

M�
��2

2

)

2

)

1

2


((

M

2

)

2

+ (

M�2

2

)

2

) delay

dependent

asyn. 2 FFTs

phase �xed �xed delay

dependent

Table 6.2: Complexity of t/f domain EC with alternative alignment (multipli-


ations/symbol).

general lengthen the e
ho impulse response, thereby ne
essitating a longer e
ho

�lter. If M is the length of the required e
ho �lter without T -taps TEQ in the

e
ho path, the length of the required e
ho �lter in general be
omes M + T � 1



6.2. Order of TEQ and t/f domain e
ho 
an
ellation 161

n

h

w

b

x e
-

-

y

l

l

l

l l

h

bE
δ

δtot,1

tot,2

E
u

Figure 6.11: Joint 
hannel shortening by an MMSE approa
h [3℄.

with the TEQ in the e
ho path.

A te
hnique 
alled joint shortening enables to trade o� 
hannel impulse re-

sponse shortening for e
ho impulse response shortening [3, 80, 136℄. Joint

shortening is an extension of the shortening pro
edure des
ribed in 
hapter 3.

Fig. 6.11 presents the algorithmi
 approa
h. Compared to �gure 3.1, there

is an extra bran
h for the e
ho impulse response (EIR) h

E

and for the target

e
ho response b

E

. The following MSE 
riterion is minimized
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(6.32)

In the se
ond line, we adopted an impulse response identi�
ation based ap-

proa
h. H andH

E

are Toeplitz matri
es of the CIR h and EIR h

E

respe
tively.

R represents the 
orrelation matrix of signal x

l

, e
ho u

l

and noise samples n

l

respe
tively. This set of equations is solved under a 
ertain 
onstraint to avoid

trivial solutions. This 
an again be a unit norm, a unit tap or a unit energy


onstraint, analogous to the 
hannel impulse response shortening in 
hapter 3.
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Be
ause the MMSE 
riterion and the 
onstraints have no dire
t relation to

optimal bit rate, it may be diÆ
ult to sele
t the appropriate 
onstraint.

Knowing that 
hannel impulse response shortening only is already a diÆ
ult

problem if the 
riterion is optimal 
apa
ity, it is hard to predi
t whether joint

shortening will eventually improve the system performan
e or not. Two fea-

tures are important here, namely 
omplexity and 
apa
ity. On the one hand,

the EC 
omplexity is de
reased when the e
ho path is shortened. But then,

on the other hand, joint shortening 
an lead to a poorer 
hannel response

shortening whi
h redu
es 
apa
ity, unless the TEQ length is in
reased. This

in turn in
reases the TEQ 
omplexity. The advantage of joint shortening will

depend on the e�e
tiveness of the applied algorithm. However, when the ap-

plied 
riterion is optimal shortening of impulse responses in the time domain,

it is known that there is no dire
t 
orresponden
e with optimal resulting 
a-

pa
ity and hen
e the obtained 
apa
ity will be an unpredi
table fun
tion of the

de
ision delay, as explained in 
hapter 3.

6.2.2 `First-e
ho-then-TEQ'

To avoid the lengthening of the e
ho path by the TEQ, one 
an �rst apply e
ho


an
ellation and then equalization. This approa
h is 
alled `First-e
ho-then-

TEQ'.

We derive the formulas des
ribing the `First-e
ho-then-TEQ' set-up for the spe-


ial 
ase of a symmetri
-rate modem with alignment of transmit and re
eive

symbols as in formulas (6.10) and (6.11). Extensions to the alternative align-

ment, asymmetri
 and asyn
hronous mode 
an be made. The t/f domain EC

of Ho & CioÆ 
an be extended to this set-up as follows. The starting formula

for `First-e
ho-then-TEQ' is

E

k

= F

N

�

T

z }| {

2

6

6

4

�
w

T

0 : : :

0

.

.

.

.

.

. 0
�
w

T

3

7

7

5

�(y

k

ext

�U

k;k�1

ext

�w

k

E

) (6.33)

where w is the T -taps TEQ

4

, T is a Toeplitz matrix with the TEQ 
oeÆ
ients.

The number of rows of y

k

ext

and U

k;k�1

ext

is in
reased with respe
t to the `First-

TEQ-then-e
ho' set-up, see formula (6.3), namely to T�1+N . The T�1 extra

rows are added as �rst rows. Hen
e, one has y

k

ext

= [y

k

�T+2

: : : y

k

0

y

k

1

: : : y

k

N

℄

T

.

4

�
w denotes ve
tor w with its elements in reverse order.
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The extended Toeplitz matrix U

k;k�1

ext


an be written as

5
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=
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(6.34)

This extended Toeplitz matrix is then written as the sum of an extended 
ir-


ulant matrix and an extended 
orre
tion matrix. The �rst T � 1 rows of the

extended 
ir
ulant matrix are equal to the last T � 1 rows of that matrix.

Therefore, one 
an write analogous to formula (6.4) that

U

k;k�1

ext

= P �C

k

+�

k;k�1

ext

(6.35)

where P =

�

O I

T�1

I

N

�

repeats the last T � 1 rows of C

k

as �rst rows. The

frequen
y domain e
ho 
an
elled re
eived symbol 
an then be written as

E

k

= F

N

� T �

�

y

k

ext
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(6.36)

The matrix produ
t T �P forms a 
ir
ulant matrix with the zero-padded TEQ


oeÆ
ients. Therefore, we may now apply twi
e the property of the eigenvalue

de
omposition of a 
ir
ulant matrix in the se
ond term of formula (6.36)

F
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� T �P �C
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The e
ho emulation is then des
ribed by

E
ho emulation E

k

= F

N

T

�

y

k

ext

��

k;k�1

ext

w

k

E

�

� diag(F

N

�

w

0

�

)diag(U

k

)W

k

E

(6.38)

5

Note that if T � 1 > �, ve
tor y

k

ext

and the �rst 
olumn of U

k;k�1

ext

will also 
ontain

re
eived signal samples at symbol period k � 1.
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Figure 6.12: EC in a `First-e
ho-then-TEQ' symmetri
-rate set-up with aligned

transmit and re
eive symbols.

If only the frequen
y domain part of the �lter input is taken into a

ount in

the �lter adaptation, one has the following updating formula

Filter adaptation W

k+1

E

=W

k

E

+ � diag(U

k

�

) � diag(F

N

�

w

0

�

)

�

� E

k

(6.39)

The e
ho �lter only models the e
ho 
hannel, so without TEQ. But the TEQ

appears in the error and the �lter input and as su
h in
uen
es the adaptation.

A SFG for the symmetri
 rate set-up is given in Fig. 6.12. Remark �rstly

that the removal of the 
y
li
 pre�x is in
orporated in the tapped delay line

(of length N + T � 1) with downsamplers (from sample rate to symbol rate).

Moreover the tapped delay line allows to model the 
ase where T � 1 > �.

Se
ondly, the `TEQ' blo
k has to perform a 
onvolution for N samples per

symbol instead of N + �, be
ause the 
y
li
 pre�x is already removed. The

SFGs for the alternative alignment, asymmetri
 rate and asyn
hronous ECs


an be modi�ed to the `First-e
ho-then-TEQ' approa
h in a similar way.

Due to the extra matrix T in formula (6.38), 
onvergen
e in the mean is not

easily proven for the �lter adaptation of the `First-e
ho-then-TEQ' s
heme.

However, our goal is to show how one 
an 
hange the order of equalization and

EC in the DMT trans
eiver to apply �nally per tone equalization instead of

TEQ, see se
tion 6.3. Hen
e, the `First-e
ho-then-TEQ' is merely and interme-

diate s
heme. The `First-e
ho-then-per tone equalization' approa
h allows to

optimize 
apa
ity, given an EC in the 
ombined t/f domain implementation.
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TEQ EC (only �)

First-TEQ-then-EC F

s

T

F

s

N+�

(M���1)

2

2

First-EC-then-TEQ

F

s

N+�

(TN + 2N)

F

s

N+�

(M+T�1���1)

2

2

Table 6.3: Complexity 
omparison of `First-TEQ-then-e
ho' and `First-e
ho-

then-TEQ' in a symmetri
 rate set-up with aligned transmit and re
eive sym-

bols (multipli
ations/s).

6.2.3 Complexity 
omparison

We 
ompare the 
omplexity of the `First-TEQ-then-e
ho' and `First-e
ho-then-

TEQ' set-up for a symmetri
-rate set-up with aligned transmit and re
eive

symbols.

The number of multipli
ations is 
ounted for those 
omputations that di�er in

the two s
hemes, i.e. the TEQ operation in the time domain, the multipli
ation

with the FFT of the TEQ and the size of the time domain e
ho emulation �.

The multipli
ation with the FFT of the TEQ is 
ounted as 4N=2 operations

per symbol for Cartesian representation (there are N=2 Hermetian symmetri


frequen
y domain taps). A 
omplexity 
omparison is given in Table 6.3

6

. F

s

is the sample frequen
y.

For a given M the `First-e
ho-then-TEQ' set-up is more expensive than the

`First-TEQ-then-e
ho' set-up due to T �1 extra rows in the extended � matrix

and the multipli
ation with the FFT of the TEQ. However a fair 
omparison

takes into a

ount the possible lengthening of the e
ho path by the TEQ in

the `First-TEQ-then-e
ho' set-up. Therefore, one better 
ompares the 
om-

plexity of `First-e
ho-then-TEQ' for a given M with `First-TEQ-then-e
ho' for

M in
reased by T � 1. The 
orresponding Toeplitz matrix, des
ribing the

EC, is shown in Fig. 6.13 (for T � 1 � �). The gray part 
ontains samples

from symbol period k � 1. It is seen that adding T � 1 extra rows as in the

`First-e
ho-then-TEQ' approa
h or adding T �1 
olumns as in the `First-TEQ-

then-e
ho' approa
h, for the possible lengthening of the e
ho path by the TEQ,

adds the same number of samples from symbol period k � 1 to the extended

Toeplitz matrix. In 
on
lusion, the same number of non-zero elements is added

to the extended � matrix and the resulting 
omplexities of the time domain

e
ho emulation are equal.

A similar �gure 
an be made for the alternative alignment with a small upper

triangle and a small lower triangle in the Toeplitz matrix, the 
omplexities of

6

Remark that we assumed an upper triangular matrix � in the `First-e
ho-then-TEQ'

set-up, whi
h is exa
t for T � 1 � �. Slightly adapted formulas apply when T � 1 > �

be
ause then � has an upper trapezium part di�erent from zero.
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 ν+1

k

k-1

Figure 6.13: A N �M Toeplitz matrix extended with T � 1 rows or T � 1


olumns results in the same 
omplexity for the time domain e
ho emulation.

Here the alignment of the Toeplitz matrix is a

ording to [54, 55℄.

the � matrix given in table 6.3 then have an extra fa
tor 1/2.

6.3 T/f domain e
ho 
an
ellation and per tone

equalization

The advantage of applying �rst EC and then equalization, is that the 
ombined

t/f domain EC may subsequently also be 
ombined with per tone equalization

(PT-EQ), as an alternative to the usual TEQ s
heme. The TEQ initializa-

tion problem is a diÆ
ult problem, and 
urrent pro
edures are based on an

optimization 
riterion whi
h has no obvious link to the ultimately obtained


apa
ity. This in parti
ular makes a fair 
omparison between di�erent EC

s
hemes signi�
antly more diÆ
ult. The PT-EQs, on the other hand, have an

equalizer initialization s
heme based on a 
riterion that has an obvious link to

overall 
apa
ity, see 
hapter 4.

Per re
eived symbol, the T -taps PT-EQ for tone i has as its inputs one FFT

output for tone i and T � 1 di�eren
e terms

Z

k

i

=
�
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T

i

�

�

I

T�1

O �I

T�1

O F

N

(i; :)

�

� y

k

ext

(6.40)

where y

k

ext

is anN+T�1 ve
tor of re
eived samples from symbol period k. The

T �1 di�eren
e terms are independent of the tone index i, so they are 
ommon

for all PT-EQs. The FFT output is tone dependent.
�
v

T

i

= [v

i;T�1

: : : v

i;0

℄ is

the T -taps PT-EQ for tone i. Z

k

i

is the equalizer output for tone i at symbol

period k. A SFG of PT-EQ is given in �gure 4.2.
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The t/f domain EC in a symmetri
-rate set-up with transmit/re
eive symbol

alignment

7

may be 
ombined with PT-EQ as follows. In a `First-e
ho-then-per

tone equalization' set-up, the inputs of the PT-EQ should now 
orrespond to

re
eived samples after EC. These inputs are given by
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(6.41)

Toeplitz matrix U

k;k�1

ext

is given in formula (6.34), e

k

is a (T � 1)� 1 ve
tor of

e
ho 
an
elled di�eren
e terms and E

k

i

is the FFT output of e
ho 
an
elled re-


eived signal samples, for tone i at symbol period k. By applying formula (6.35),

one 
an write the PT-EQ input as

�

e

k

E

k

i

�

=

�

I

T�1

O �I

T�1

O F
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O �I

T�1

O F

N

(i; :)

�

PC

k

w

k

E

(6.42)

The se
ond term 
an be simpli�ed, be
ause

�

I

T�1

O �I

T�1

O F

N

(i; :)

�

�P =

�
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(6.43)

Hen
e, the se
ond term of formula (6.42) be
omes

�
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=

�

O

F

N

(i; :)

�

�C

k

� I

N

� F

N

�w

k

E

=

�

O

F

N

(i; :)C

k

I

N

�

� F

N

�w

k

E

=
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=
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(6.44)

In the �rst line, we inserted an IDFT-DFT pair, to apply the eigenvalue de
om-

position property of a 
ir
ulant matrix in the se
ond line. Finally, we substitute

this formula for the se
ond term in formula (6.42) and so, the e
ho emulation

7

Similar formulas 
an be derived for an asymmetri
-rate set-up, an asyn
hronous set-up

and alternative alignment.
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is des
ribed by

E
ho emulation

�

e

k
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k

i

�
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y domain EC
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(6.45)

Be
ause of the (T � 1) � 1 zero ve
tor in the frequen
y domain EC part, the

frequen
y domain e
ho 
an
eller does not perform any e
ho 
an
ellation on the

di�eren
e terms. This 
an be understood as follows. Consider again the se
ond

term in formula (6.42). Matrix produ
t PC

k

represents the transmitted e
ho

signal samples as if this transmitted e
ho signal stream were periodi
 with

period N . Hen
e, by making di�eren
e terms of samples that di�er exa
tly

N in sample index, these di�eren
e terms will be zero. As a result, after the

time domain e
ho 
an
eller, the re
eived samples themselves will still 
ontain

residual e
ho, to be 
an
elled by the frequen
y domain e
ho 
an
eller, but the

di�eren
e terms do not 
ontain any residual e
ho anymore.

In the 
oeÆ
ient adaptation, we take only the frequen
y domain part of the

�lter input into a

ount, analogous to [54, 55℄. The 
orresponding 
oeÆ
ient

adaptation for tone i is then des
ribed by

Filter adaptation for tone i W

k+1

E;i

=W

k

E;i

+ �

�

0

U

k

i

�

H

�

e

k

E

k

i

�

=W

k

E;i

+ � U

k

i

�

E

k

i

(6.46)

It is seen that only the last element of the error ve
tor is needed in the 
oeÆ
ient

adaptation. This element is the e
ho 
an
elled FFT output of tone i. Hen
e,

remarkably enough, the 
oeÆ
ient adaptation redu
es to the same 
oeÆ
ient

adaptation as in the original EC of Ho & CioÆ. The adaptation for all tones


an again be 
ombined into one formula

Filter adaptation W

k+1

E

=W

k

E

+ � diag(U

k

�

)E

k

(6.47)

The 
onvergen
e-in-the-mean behavior of these �lter 
oeÆ
ients is des
ribed

by a set of eigenvalues given in [54, 55℄. A SFG of this algorithm is shown

in Fig. 6.14. The `sele
t and extra
t' blo
k sele
ts N su

essive samples

as input to the FFT blo
k and extra
ts T � 1 di�eren
e terms a

ording to

formula (6.45). The `PT-EQ' blo
k 
ontains a T -taps per tone equalizer for

ea
h used tone.

Compared to `First-e
ho-then-TEQ', where the 
omplexity is determined by

the size of � and the FFT of the TEQ, `First-e
ho-then-per tone equalization'

has a lower 
omplexity. The size of � is the same but the FFT of the TEQ
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Figure 6.14: Combining t/f domain EC with per tone equalization.

does not appear in the latter SFG. Furthermore, it was shown in 
hapter 4 that

TEQ and PT-EQ have similar 
omplexity during data transmission. Therefore,

`First-e
ho-then-per tone equalization' and `First-TEQ-then-e
ho' have roughly

the same 
omplexity, if e
ho impulse response lengthening by the TEQ is taken

into a

ount.

6.4 Complexity 
omparison

We start with a systemati
 overview of possible implementations, both at

RT and CO for `First-TEQ-then-e
ho' and `First-e
ho-then-TEQ'. Afterwards,


omplexities are 
ompared by 
ounting the number of real multipli
ations per

training symbol for those 
al
ulations that di�er in the di�erent s
hemes:

� the TEQ operation in time domain

� the multipli
ation with the FFT of the TEQ

� the size of the time domain e
ho emulation �

� 2 extra FFTs for asyn
hronous operation (
ounted asN log(N) or 
N log(
N)

per FFT)

� (the phase 
orre
tion is not 
ounted for)
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Complexity 
omputations are made for a downstream IFFT and FFT of size

512 and an upstream IFFT and FFT of size 128. Hen
e, the interpolation and

de
imation fa
tor in RT respe
tively CO are 
 = 4. N equals 128 and � is 8.

6.4.1 Remote terminal (frame-syn
hronous or optimal align-

ment)

At RT, we 
ompare 
omplexity for the following 
ombinations of EC and equal-

ization:

A. `First-TEQ-then-e
ho'

1. Original EC of Ho & CioÆ, see Fig. 6.2.

size(�)=
N � 
N

2. EC with alternative alignment, see Fig. 6.7.

size(�)=
N � 
N

B. `First-e
ho-then-TEQ'

1. EC of Ho & CioÆ but with 2 extra FFTs to de
ouple e
ho 
an
el-

lation and TEQ, see Fig. 6.15.

size(�)=
(� +N)� 
N

2. EC with alternative alignment and 2 extra FFTs.

size(�)=
(� +N)� 
N

The 
orresponding SFG is similar to Fig. 6.15 ex
ept for the align-

ment of �.

3. EC with original alignment without 2 extra FFTs, but with an ad-

justed size of �, see Fig. 6.16.

size(�)=(T � 1 + 
N)� 
N

4. EC with alternative alignment, without 2 extra FFTs, but with an

adjusted size of �

size(�)=(T � 1 + 
N)� 
N

The 
orresponding SFG is similar to Fig. 6.16 ex
ept for the align-

ment of �.

Fig. 6.17 gives a 
omplexity 
omparison (in multipli
ations/symbol) for e
ho


an
ellation at RT with TEQ size T = 32. The 
omplexity is plotted as a

fun
tion of the length of the e
ho �lter M . It is 
lear that the alternative

alignment gives rise to a large 
omplexity saving for largeM . Adding two FFTs

at RT to implement the `First-e
ho-then-TEQ' approa
h is disadvantageous

be
ause of the large size of the FFTs, namely 512, and 
� extra rows in the �

matrix. For a given M the `First-e
ho-then-TEQ' set-up without extra FFTs

(B.4) is slightly more expensive than the `First-TEQ-then-e
ho' set-up due

to T � 1 extra rows in the � matrix. However a fair 
omparison takes into

a

ount the possible lengthening of the e
ho path by the TEQ, as explained in

the previous se
tion.
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e
ho-then-TEQ' set-up with 2 extra FFTs.
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Figure 6.17: Complexity 
omparison for e
ho 
an
ellation at RT with TEQ size

T = 32 (multipli
ations/symbol).

Note that the 
omplexity of the TEQ is T
(N + �) multipli
ations/symbol for

the �rst 4 s
hemes and (T+2)
N multipli
ations/symbol for the last 2 s
hemes,

whi
h is the same for the simulated parameters. Hen
e the TEQ 
omplexity is

not shown in the �gure.

6.4.2 Central oÆ
e (frame-asyn
hronous)

For the CO the situation is more 
ompli
ated be
ause the CO works asyn-


hronously. Basi
ally, there are two possibilities. Or 2 extra FFTs are added

in the SFG, but then the number of rows in the � matrix in
reases with the

pre�x length. Or matrix � remains square, but then the misalignment is de-

pendent of the 
hannel propagation delay.

C. `First-TEQ-then-e
ho'

1. Original EC of Ho & CioÆ with 2 FFTs, see Fig. 6.4.

size(�)=
(� +N)� 
N

2. EC with alternative alignment and 2 FFTs, see Fig. 6.8

size(�)=
(� +N)� 
N
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3. EC without 2 FFTs, i.e. alignment dependent of the 
hannel prop-

agation delay, see Fig. 6.10.

size(�)=
N � 
N

D. `First-e
ho-then-TEQ'

1. EC with original alignment with 2 FFTs.

size(�)=
(� +N)� 
N

The 
orresponding SFG is similar to Fig. 6.4 ex
ept for the position

of the TEQ.

2. EC with alternative alignment with 2 FFTs.

size(�)=
(� +N)� 
N

The 
orresponding s
heme is similar to Fig. 6.8 ex
ept for the po-

sition of the TEQ.

3. EC without 2 FFTs, i.e. alignment dependent of the 
hannel prop-

agation delay, but with an adjusted size of �.

size(�)=(T � 1 + 
N)� 
N

The modi�
ations to Fig. 6.10 to obtain this SFG are analogous to

Fig. 6.16.

The following s
hemes are 
ompared: `First-TEQ-then-e
ho' with 2 FFTs for

the method of Ho & CioÆ and the alternative alignment (s
hemes C.1 and C.2).

Remark that the `First-e
ho-then-TEQ' approa
hes with 2 FFTs (s
hemes D.1

and D.2) have the same 
omplexity. Finally the `First-TEQ-then-e
ho' without

FFTs (s
heme C.3) is studied. For the latter 
ase the alignment depends on

the 
hannel propagation delay Æ and the e
ho �lter length M , see �gure 6.9.

For ea
h M , the following 
omplexities are plotted: the average over all pos-

sible alignments, the best and worst alignment and the a
tual Æ. Fig. 6.18

represents simulations for Æ equal to 50 samples.

It is seen that on the average `First-TEQ-then-e
ho' with propagation delay

dependent alignment is worse than `First-TEQ-then-e
ho' with 2 FFTs. More-

over, depending on the propagation delay, the worst 
omplexity arises for an-

other M , whi
h results in a very unpredi
table behaviour. So, if N log(N) is a

realisti
 implementation 
omplexity of an FFT, it is better to 
hoose the set-up

with 2 FFTs at CO. Note that the TEQ 
omplexity is not represented in the

�gure be
ause it is the same for the simulated s
hemes.

6.5 Simulation results

6.5.1 Alignment in t/f domain e
ho 
an
ellation

We show the 
onvergen
e of t/f domain EC for di�erent alignments of trans-

mitted and re
eived signal. The frequen
y at whi
h the time domain e
ho
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Figure 6.18: Complexity 
omparison for e
ho 
an
ellation at CO for 
hannel

propagation delay Æ = 50 (multipli
ations/symbol).

�lter is updated is varied. This operation is represented in �gure 6.1 as the

`IFFT' blo
k between the frequen
y domain EC and the time domain EC. The

updating frequen
y is given by

1

�

F

s

N+�

.

In these simulations, we assume an e
ho 
hannel of 300 random taps (M = 300)

with zero mean and varian
e �

2

h

= 10

�1:5

=300. Hen
e, the expe
ted value of the

norm(h)

2

equals -15dB. The power spe
tral density of the e
ho signal (psd

u

) is

-38dBm/Hz at RT whi
h 
orresponds to the upstream psd, and -40dBm/Hz at

CO whi
h is the downstream psd. It is assumed that all tones are used during

training. Furthermore, we assume that the ba
kground noise is white with

psd equal to -140dBm/Hz and that the far end signal is silen
ed during EC

training. We use a 512-point IFFT-FFT pair in downstream and a 128-point

IFFT-FFT pair in upstream. Hen
e, the interpolation and de
imation fa
tor

in RT and CO respe
tively are both equal to 
 = 4. The step size is taken as

� =

0:2

psd

u

��

max

. In [54, 55℄, it is proven that �

max

equals 1 at RT and

N+�


N

at

CO. We have plotted the norm of the error and the di�eren
e between e
ho

�lter and e
ho 
hannel.

In Fig. 6.19 and 6.20, the results are shown for RT. The 
onvergen
e is plotted

for FBLMS, t/f domain EC with original alignment (Fig. 6.2) and alternative
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Figure 6.19: Comparison of the MSE for di�erent EC s
hemes at RT (frequen
y

domain blo
k LMS, t/f domain EC with original alignment and alternative

alignment) The updating frequen
y of the time domain �lter is given by �.

The e
ho 
hannel has 300 random taps.
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alignment (Fig. 6.7). It is seen that frequen
y domain blo
k LMS 
onverges

fastest. This is expe
ted be
ause the 
omplete �lter input is used in the �lter

update. Let us 
onsider now � = 1. It is seen that the alternative alignment

leads to faster 
onvergen
e than the original alignment [54, 55℄. This is be
ause

the time domain �lter input �, whi
h is negle
ted in the �lter update, has only

half the number of elements with respe
t to the original alignment and be
ause

of our assumption of a random e
ho 
hannel. The energy in a random e
ho


hannel is equally spread over the M taps. The 
orre
tion term (term with �)

is equally important for all taps. Hen
e, in the approximation of the �lter input

in the updating formula, less approximated samples means a smaller mistake

in the 
orre
tion term and faster 
onvergen
e.

For a real e
ho 
hannel, as shown in the next subse
tion, the speed of 
onver-

gen
e is dependent of the distribution of the energy over the taps. In the original

alignment, � has an upper triangular non-zero part. Hen
e, the M � � � 1 ap-

proximated samples 
orresponds to the tail of the e
ho �lter. In the alternative

alignment, � has one upper and one lower smaller triangular part. Thus one

has (M���1)=2 samples 
orresponding to the tail and (M���1)=2 samples


orresponding to the head of the e
ho �lter. If for instan
e, the main energy of

the e
ho impulse response is lo
ated in the head, then the original alignment

may be faster. Independent of the speed of 
onvergen
e, it is important to

note that the 
omplexity of the alternative alignment is two times lower per

iteration step. As su
h the 
onvergen
e with the alternative alignment may

still be faster as a fun
tion of 
omplexity.

Let us now 
onsider � = 21. Only on
e per 21 DMT symbols, the time domain

e
ho �lter is updated. The in
uen
e of the infrequent IFFT is 
learly visible.

The 
onvergen
e o

urs in steps and is des
ribed by the following error

8

(as

seen in the time domain)

e

k

= y

k

�

�

C

k

�

k;k�1

�

�

I

M

O

O O

� �

�

�

w

k

E;freq

w

k

E;time

�

(6.48)

When the infrequent IFFT is 
omputed, w

k

E;time

is set equal to w

k

E;freq

. In

the iteration steps in between infrequent IFFTs, w

k

E;time

is kept 
onstant and

the error 
an only de
rease by iterating on w

k

E;freq

. The 
omplexity saving in

the infrequent IFFT, leads to a poorer 
onvergen
e performan
e per iteration

step. Hen
e, there is a trade o� between 
omplexity and performan
e.

Fig. 6.21 and 6.22 show similar simulations for the frame-asyn
hronous EC

at CO with the same e
ho 
hannel of 300 random taps. The performan
e

of FBLMS, t/f domain EC with original alignment (Fig. 6.4) and alternative

alignment (Fig. 6.8) is presented. In the implementation of the asyn
hronism,

the Toeplitz matrix, 
ir
ulant matrix and � have 
� extra rows with respe
t to

8

A similar formula holds for the alternative alignment.



6.5. Simulation results 177

0 50 100 150 200 250 300 350 400 450 500
−140

−130

−120

−110

−100

−90

−80

−70

−60

−50

−40

Iteration

M
S

E
 (

d
B

)

FBLMS        

Ho, φ = 1 

Ho, φ = 21

AA, φ = 1 

AA, φ = 21

Figure 6.21: Comparison of the MSE for di�erent EC s
hemes in the asyn-


hronous CO.
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Figure 6.23: Transfer fun
tion of farend and e
ho 
hannel and PSD of the

external noise

the EC at RT. Similar 
on
lusions hold for CO. FBLMS has fastest 
onvergen
e,

followed by alternative alignment and then original alignment. When adopting

infrequent IFFT, the algorithm is slower.

6.5.2 `First-TEQ-then-e
ho' versus `First-e
ho-then-PT-

EQ'

The `First-TEQ-then-e
ho' and `First-e
ho-then-per tone equalization' approa
h

are demonstrated at RT for 
hannel T1.601-#7 with NEXT from 24 DSL dis-

turbers and -140dBm/Hz ba
kground noise, shown in Fig. 6.23. A s
enario

with overlapping up- and downstream tones is 
onsidered. The upstream tones

are tones 8 up to 30 and the downstream tones are tones 8 up to 256. All IFFT

and FFT sizes are N = 512 and the 
y
li
 pre�x has � = 32 samples. The psd

on the upstream and downstream tones are respe
tively psd

u

=-38dBm/Hz and

PSD

x

=-40dBm/Hz.

In Fig. 6.24, the 
onvergen
e of `First-TEQ-then-e
ho' is shown. A 32-taps

TEQ is �rst 
omputed under the assumption that all e
ho is 
an
elled and

that only the far end 
hannel has to be shortened. The applied 
onstraint is

unit norm TIR. The resulting e
ho 
hannel is the 
onvolution of e
ho impulse

response and TEQ. The time domain EC is assumed to have M + T � 1 =

200+32�1 non-zero taps. The 
onvergen
e of the EC is plotted for 2 di�erent

s
hemes: the original alignment and the two fold 
heaper alternative alignment.

Moreover, the frequen
y at whi
h the time domain e
ho �lter taps are updated
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is varied. The step size is � =

0:2

psd

u

�1

. During adaptation, the far end signal is

set to zero and training symbols are sent on all upstream tones (so, it is assumed

that all upstream tones are used during training of the EC). The alternative

alignment has slower 
onvergen
e than the orignal alignment due to the shape

of the e
ho impulse response.

Fig. 6.25 show similar simulations for `First-e
ho-then-per tone equalization'.

The EC is performed before per tone equalization and as su
h the equalizers

are not involved in the 
onvergen
e of the EC. The time domain EC is assumed

to have M = 200 taps.

In both set-ups, the psd of the residual e
ho is then 
omputed. For a total noise

psd 
ontaining external noise and residual e
ho, 
apa
ity is 
omputed. The

following �gures represent signal energy, ISI-ICI, external noise and residual

e
ho. The results of `First-TEQ-then-e
ho' are shown in Fig. 6.26 and 6.27.

In the �rst s
enario, there is no EC. It is 
lear that the e
ho is the dominant

impairment in the whole frequen
y range. In the se
ond s
enario, the EC of

iteration 40 with alternative alignment with � = 1 (see dashed-dotted line) is

applied. The residual e
ho is still the major impairment on the lowest tones.

The respe
tive bit rates are 0.507 Mbits/s and 1.77 Mbits/s .

The results of `First-e
ho-then-per tone equalization' are presented in Fig. 6.28

and 6.29. The 32-taps PT-EQ, whi
h optimize the SNR per tone, are 
omputed

for a total noise psd 
ontaining the external noise and residual e
ho. The �rst

simulation is made without EC. Only on the lowest tones, the e
ho is dominant.

In the se
ond simulation, the EC of iteration 40 with alternative alignment

with � = 1 (see dashed-dotted line) is applied. The residual e
ho on the lowest

tones is of the same order as the other impairments. The respe
tive bitrates

are 1.68 Mbits/s and 2.30 Mbits/s .

With per tone equalization, one 
an 
ompute the optimal bit rate given a


ertain EC. With TEQ, this would not be possible be
ause TEQ initialization

by means of 
hannel impulse response shortening has no dire
t relation with

resulting bit rate.
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Figure 6.24: Convergen
e of `First-TEQ-then-e
ho' for di�erent ECs. The 32-

taps TEQ is part of the total e
ho path.
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Figure 6.25: Convergen
e of `First-e
ho-then-per tone equalization' for di�erent

e
ho 
an
ellers. The per tone equalizers are not involved in the e
ho 
an
ella-

tion.
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Figure 6.26: Signal and noise levels for `First-TEQ-then-e
ho' without EC.
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Figure 6.27: Signal and noise levels for `First-TEQ-then-e
ho' with EC.
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Figure 6.28: Signal and noise levels for `First-e
ho-then-per tone equalization'

without EC.
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Figure 6.29: Signal and noise levels for `First-e
ho-then-per tone equalization'

with EC.
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6.6 Con
lusions

Overlapping up and downstream tones or relaxed �lter orders ne
essitate the

use of e
ho 
an
ellers in DMT trans
eivers. As a starting point, the t/f domain

e
ho 
an
eller, proposed by Ho & CioÆ has been reviewed. The fo
us of our

study has then been on the 
ombination of this e
ho 
an
eller and equalization.

First, we have studied the 
ombination of t/f domain e
ho 
an
ellation and

TEQ. Although TEQ is performed mostly before e
ho 
an
ellation to enable

joint 
hannel shortening, and hen
e, to allow a shorter e
ho 
an
ellation �lter,

this approa
h does not 
orrespond to bit rate optimization. If the TEQ is

designed to shorten the far end impulse response only, the TEQ will in general

lengthen the e
ho impulse response. To avoid the possible lengthening of the

e
ho impulse response by the TEQ, we have shown that we 
an reverse the

order of operations and apply �rst e
ho 
an
ellation and then equalization.

The main goal of reversing the order is that we 
an then apply PT-EQ instead

of TEQ after t/f domain e
ho 
an
ellation. And as a result, we 
an bene�t by

the property of PT-EQ that it optimizes 
apa
ity, given a 
ertain e
ho 
an
eller.

We have shown that, after the time domain part of the e
ho 
an
ellation, the

di�eren
e terms (whi
h are inputs to the PT-EQs) do not 
ontain any residual

e
ho anymore. As a result, the frequen
y domain e
ho 
an
eller does not

perform any e
ho 
an
ellation on the di�eren
e terms, but performs only e
ho


an
ellation on the FFT output.
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Chapter 7

Per tone e
ho 
an
ellation

We extend the per tone idea, introdu
ed for equalization in 
hapter 4, to e
ho


an
ellation. The result is a per tone-organized DMT tran
eiver with per tone

equalization as well as a per tone e
ho 
an
ellation. In 
ontrast with previously

dis
ussed e
ho 
an
ellation stru
tures, the per tone stru
ture allows to optimize

the SNR for ea
h tone separately by means of a quadrati
 
ost fun
tion for given

�lter lengths.

In se
tion 7.1, we start with a simpli�ed e
ho 
an
ellation s
heme in whi
h

ea
h used tone has only a 1-taps e
ho 
an
eller. It is seen that a 1-taps e
ho


an
eller is suÆ
ient in the parti
ular 
ase with a `short' e
ho impulse response

and with aligned transmit and re
eive symbols.

In general, these 
onditions do not hold and ISI and ICI arise in the e
ho

signal. Therefore, we introdu
e a multitaps e
ho �lter per tone in se
tion 7.2.

We derive the general stru
ture of per tone equalization 
ombined with per

tone e
ho 
an
ellation and the 
ost fun
tion for joint initialization. The 
ost

fun
tion in
orporates optimal per tone joint shortening. Further, we derive per

tone e
ho 
an
ellation stru
tures for an interpolated and a de
imated set-up

and we 
ompute the 
omplexity during data transmission.

In se
tion 7.3, we 
ompare the e
ho emulation 
omplexity of time/frequen
y

domain e
ho 
an
ellation and per tone e
ho 
an
ellation. The 
ombination of

per tone e
ho 
an
ellation with pulse shaping and windowing is explained in

se
tion 7.4. Simulations results are given in se
tion 7.5. Finally, 
on
lusions

are drawn in se
tion 7.6.

185



186 Chapter 7. Per tone e
ho 
an
ellation

7.1 Per tone equalization and 1-taps per tone

e
ho 
an
ellation

We 
onsider the set-up where we have �rst a T -taps PT-EQ followed by 1-taps

per tone e
ho 
an
ellers (PT-EC). Compared to t/f domain EC 
ombined with

per tone equalization, there is no time domain 
orre
tion matrix � involved

in this trans
eiver. However, the PT-EQ is applied �rst. This means that the

PT-EQ may `shorten' or equalize the 
hannel impulse response as well as the

e
ho impulse response in a joint fashion. A 1-taps PT-EC is then suÆ
ient to


an
el the residual e
ho on every duplexed

1

tone if the `shortened' e
ho impulse

response (whi
h is now 
omplex and di�erent for every tone) �ts in the 
y
li


pre�x and if the e
ho signal is frame-syn
hronous with the re
eived signal, i.e.

the transmitted e
ho symbol is aligned with the re
eived symbol. This 
an be

seen as follows. Let us 
onsider the `shortened' 
omplex e
ho impulse response

b

E

i

for tone i

b

E

i

= h

E

�w

i

(7.1)

with h

E

the e
ho impulse response before equalization or e
ho 
an
ellation

and w

i

the PT-EQ for tone i. Remark that in this interpretation, we impli
itly

move the PT-EQ before the FFT. This means we 
hange the order of the FFT

�lter F

N

(i; :) and the PT-EQw

i

for ea
h tone i. It is 
lear that this is only done

for the interpretation and by no means in the implementation. The re
eived

(time domain) e
ho symbol in frame-syn
hronous mode 
an then be written as
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and the re
eived e
ho subsymbol in the frequen
y domain is

F

N

(i; :) �U

k;k�1

�

�

b

E

i

0

�

(7.3)

The multipli
ation of the Toeplitz matrix and the zero-padded shortened e
ho

impulse response b

E

i

is equivalent to the multipli
ation of a 
ir
ulant matrix

1

A duplexed tone is a tone used in downstream as well as in upstream.
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and b

E

i

provided that the length of b

E

i

is shorter or equal to � + 1. In fa
t,

we apply formula (6.4)

F

N

(i; :) �C

k

�

�

b

E

i

0

�

+F

N

(i; :) �

h

0

i

z }| {

�

k;k�1

�

�

b

E

i

0

�

(7.4)

where the se
ond term vanishes. We insert an IDFT-DFT pair between the


ir
ulant matrix and the shortened e
ho impulse response and apply the eigen-

value de
omposition of a 
ir
ulant matrix

z }| {

F

N

(i; :) �C

k

� I

N

�

z }| {

F

N

�

�

b

E

i

0

�

= row

i

(diag(U

(k)

1:N

)) �B

E

i

= U

(k)

i

�B

E

i

;i

(7.5)

So, the `shortened' 
omplex e
ho path is equivalent to a 1-taps 
omplex e
ho

path per tone B

E

i

;i

. This result is similar to a far end impulse response that

�ts into the 
y
li
 pre�x, see se
tion 2.1. In 
on
lusion, a re
eived demodulated

and equalized subsymbol Z

(k)

i

will 
ontain only e
ho from U

(k)

i

.

A non-duplexed tone i will not experien
e any e
ho in frame-syn
hronous mode

if the `shortened' e
ho impulse response �ts in the pre�x, as for a non-duplexed

tone U

(k)

i

= 0. Fig. 7.1 illustrates this re
eiver stru
ture for N=2 used tones,

if all tones are duplexed.

The proposed stru
ture is the per tone generalization of the stru
ture 
onsisting

of a T -taps TEQ 
ombined with 1-taps PT-EQs for the used tones and 1-taps

PT-ECs for the duplexed tones. Finding the optimal TEQ (i.e. with maximal


apa
ity) results in a nonlinear optimization problem. Therefore, one usually

resorts to an MMSE 
hannel shortening algorithm, see 
hapter 3. However, by

applying PT-EQ instead of TEQ, one has an MMSE problem per tone in the

PT-EQ 
oeÆ
ients and the 1-taps PT-EC, whi
h optimizes 
apa
ity, and thus

leads to the optimal per tone joint shortening.

The optimal PT-EQ v

i

and 1-taps PT-EC a

i

for a duplexed tone i are the

solution of an extended MMSE problem (with respe
t to formula (4.9)). The

data model of formula (2.17) is used, in whi
h the far end and e
ho signal

are expli
itly written as a DMT signal, and an extra term to model the e
ho


an
eller is added
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For a non-duplexed tone a

i

is set to zero. The resulting signal, ISI-ICI, residual

e
ho and noise energy for tone i 
an be 
omputed respe
tively as

S
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=
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^
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and SNR

i

=

S

i

I

i

+E

i

+N

i

.

Formula (7.6) optimizes the SNR per tone given a re
eiver stru
ture 
onsisting

of a T -taps PT-EQ and a 1-taps PT-EC. However we know that if the modem

works in frame-asyn
hronousmode or if the `shortened' e
ho impulse response is

longer than �+1, a 1-taps PT-EC is not suÆ
ient to 
an
el the e
ho. Moreover,

a perfe
t shortening of the e
ho impulse response to �t in the 
y
li
 pre�x is not

feasible. The e
ho interferen
e stru
ture that arises is similar to the interferen
e

in 
ase of a far end signal with 
hannel impulse response larger than � +1, see

se
tion 2.1. A re
eived subsymbol Z

(k

1

)

i

1

on tone i

1

during symbol period k

1

,

will experien
e e
ho from subsymbols transmitted on tones i

2

6= i

1

during the

same symbol period, U

(k

1

)

i

2

, i.e. ICI of type 1, and during other symbol periods

k

2

6= k

1

, U

(k

2

)

i

2

, i.e. ICI of type 2. There will also be e
ho from subsymbols

transmitted on tone i

1

during other symbol periods, U

(k

2

)

i

1

, i.e. ISI.

Capa
ity would in
rease if one 
ould also 
an
el this ISI-ICI in the e
ho signal.

One solution is to add more EC 
oeÆ
ients as follows. One 
ould 
an
el ICI1

originating from a range of neighboring tones with taps [a

i;�R

: : : a

i;0

: : : a

i;R

℄

where a

i;0


an
els the e
ho from tone i on tone i, i.e. the a

i

previously dis-


ussed, and a

i;r


an
els the e
ho from tone (i+ r) on tone i, R is the so-
alled

ICI-range. To take into a

ount ISI and ICI2, one 
ould 
an
el these subsym-

bols for a range of symbol periods k with �S � k � S, where S is the so-
alled

ISI range. A frequen
y domain EC based on this prin
iple is proposed by

Bogu
ka et al in [18℄.

Alternatively, one 
ould also 
an
el the e
ho by an approa
h similar to per tone

equalization, i.e. with a multitaps e
ho �lter per tone. This is explained in

detail in the next se
tion.
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7.2 Per tone equalization and per tone e
ho 
an-


ellation

In general, the transmitted and re
eived signals may be frame-asyn
hronous

and the modem may have an e
ho impulse response longer than �+1. We solve

this general e
ho 
an
ellation problem by means of a trans
eiver based on a per

tone approa
h. Analogous to per tone equalization, presented in 
hapter 4, we

move the (real) time domain e
ho 
an
eller (TEC) to the frequen
y domain to

result in a (
omplex) per tone e
ho 
an
eller (PT-EC) for ea
h tone separately.

By minimizing an extended MMSE problem, with respe
t to formula (7.6),

we are able to optimize the SNR per tone by means of a linear optimization

problem, given an equalizer length T and an e
ho 
an
eller length T

E

.

7.2.1 Combination of EQ and EC in a DMT re
eiver

To des
ribe the algorithm, we use the data model of formula (2.17), whi
h

assumes a symmetri
 rate set-up, i.e. all appearing FFTs and IFFTs have size

N . The initial trans
eiver with TEQ and TEC is shown in Fig. 7.2. For ea
h

tone i, it is based on the following operation

Z

(k)

i

= D

i

� row

i

1 FFT

z }| {

(F

N

) � (Y �w �U �w

E

) (7.11)

where w = [w

0

w

1

: : : w

T�1

℄

T

is the (real) T -taps TEQ, and Y an N � T

Toeplitz matrix of re
eived samples. Similarly, w

E

is the (real) T

E

-taps TEC

and U an N�T

E

Toeplitz matrix of samples of the e
ho referen
e signal. Note

that Y and U 
ontain the same samples as ve
tor y in formula (2.17) and u

in formula (2.18) respe
tively.
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Formula (7.11) may be rewritten as follows
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By putting D

i

to the right one obtains a 
omplex T -taps PT-EQ w

i

and a


omplex T

E

-taps PT-EC w

E;i

for ea
h tone separately. As demonstrated in


hapter 4, T respe
tively T

E

su

essive FFTs 
an be 
al
ulated eÆ
iently by

means of a sliding FFT. A per tone �lter needs only one `full' FFT and the

other FFTs 
an be derived as a 
omplex linear 
ombination of this FFT and

T�1 respe
tively T

E

�1 real di�eren
e terms. The �nal modem set-up has one

FFT operation for the re
eived signal and one FFT operation for the referen
e

e
ho signal together with equalization/e
ho �lters mainly a
ting upon di�eren
e

terms. The FFTs have as their inputs the elements in the �rst 
olumn of Y

and U respe
tively. Remark that, if the modem works frame-syn
hronously,

the only FFT needed in the PT-EC, reprodu
es the transmitted e
ho symbol

U

(k)

1:N

= F

N

�U(:; 1). Hen
e, in that 
ase, the FFT in the e
ho bran
h be
omes

super
uous. Furthermore, in frame-syn
hronous mode, the �rst � +1 
olumns

of U are equal up to a rotation, so the �rst � di�eren
e terms are zero.

In Fig. 7.3 a per tone �lter (PTF) blo
k is de�ned, in
luding an N -point FFT

operation and T -taps per tone �lters v

i

for all used tones. The notation v

instead of w is adopted for the PTFs be
ause we work here with the eÆ
ient

implementation of these �lters, i.e. their inputs are one FFT-output and T �1

di�eren
e terms. A 
omplete DMT-re
eiver with PT-EQ and PT-EC is then

shown in Fig. 7.4.

We will also study the performan
e of two-fold oversampled PT-EQ 
ombined

with PT-EC. The appropriate datamodel is given in formula (2.19) where the

re
eived signal is sampled at twi
e the original sample rate. The TEQ 
an then

be rewritten by means of its polyphase 
omponents whi
h results in an even

(e) and odd (o) TEQ at the sample rate. When transforming su
h a re
eiver

stru
ture to a per tone stru
ture, one obtains the re
eiver shown in Fig. 7.5.

7.2.2 Joint initialization of PT-EQ and PT-EC

In the sequel, we immediately treat the oversampled PT-EQ, whi
h is more

general. In 
ase of sampling at the original sample rate, all `odd' parts in the

following formulas 
an be set to zero.

To initialize jointly the PTFs for ea
h tone i, one minimizes the following 
ost

fun
tion
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i
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Figure 7.5: Trans
eiver with 2 times oversampled 2T -taps PT-EQ and T

E
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PT-EC.

with F

i;T

equal to

�

I

T�1

O �I

T�1

O F

N

(i; :)

�

. v

i;e

and v

i;o

are respe
tively the

even and the odd PT-EQ for tone i. v

E;i

is the PT-EC for tone i. For-

mula (7.13) 
an be rewritten by in
orporating the oversampled data model

J(v

i;e

;v

i;o

;v

E;i

)

= E

�

�

�

�

�

�
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�
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T
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�
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�
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with R

^
x

= Ef
^
x
^
x

H

g and R

^
u

= Ef
^
u
^
u

H

g the auto
orrelation matri
es of ve
tors

^
x and

^
u respe
tively. R

n

= Efnn

H

g is the auto
orrelation of ve
tor n =

�

n

e

n

o

�

.

This set of equations has a parti
ular stru
ture. The �rst blo
k row is 
on-
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stru
ted with the far end impulse responses and the se
ond blo
k row with

the e
ho impulse responses. The third blo
k row 
onsists of noise data. The

�rst and se
ond blo
k 
olumn 
orresponds to the even and the odd PT-EQ

respe
tively. The third blo
k 
olumn 
orresponds to the PT-EC, so it 
onsists

of the e
ho referen
e signal.

It is seen that the set-up with 1-taps PT-ECs of se
tion 7.1 is a spe
ial 
ase

of the 
urrent set-up with the T

E

-taps PT-ECs. Let us 
onsider the e
ho


an
ellation for T

E

= 1 in frame-syn
hronous mode

�
v

T

E;i

�F

i;T

E

� u = a

i

� F

N

(i; :) �

2

6

4

u

k

1

.

.

.

u

k

N

3

7

5

= a

i

� U

(k)

i

(7.15)

the only FFT operation that appears, will produ
e as output symbol U

(k)

1:N

. This

is exa
tly the transmitted e
ho symbol at time k, so the only FFT be
omes

super
uous, as already mentioned.

Cost fun
tion (7.14) 
orresponds to MMSE optimal equalizer and e
ho �lter

design, and hen
e in
orporates optimal per tone joint shortening for the general


ase of a T -taps equalizer and a T

E

-taps e
ho 
an
eller. The per tone joint

shortening improves upon the original time domain joint shortening [3, 80, 136℄

be
ause it maximizes the SNR for ea
h tone separately.

7.2.3 Interpolated e
ho 
an
ellation at RT

In the previous se
tions, it is assumed that the transmit IFFT and re
eive FFT

both have size N . However, when the transmit IFFT is 
 times smaller (as is

typi
ally the 
ase in an ADSL remote terminal), one 
an show that there exist

an even more eÆ
ient implementation.

Assume an RT with

N




-point IFFT and N -point FFT. The e
ho 
an
ellation

on tone i at time k 
orresponds to the se
ond term in formula (7.12)

C

(k)

i

= row

i

(F

N

�U)

| {z }

T

E

FFTs

�w

E;i

for i = 1 : : :

N

2

+ 1 (7.16)

The

N




-point IFFT is followed by a pre�x insertion, a 
-fold upsampling and

interpolation �ltering. The �lters are part of the e
ho path, hen
e the e
ho

referen
e signal is the upsampled IFFT output signal (with pre�x) and so U is

an N � T

E

Toeplitz matrix with in ea
h 
olumn 
 � 1 zeros in between every

2 non-zero entries. This also means that 
 su

essive FFTs, i.e. 
 FFTs of

su

essive 
olumns of U, are equal up to a phase shift.

Let us �rst assume an alignment of the e
ho symbols su
h that the FFTs of the

�rst 
 
olumns in matrix U are equal up to a phase shift (the same property
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holds for the following groups of 
 
olumns). Hen
e, the FFT of all the 
olumns

of U 
an be obtained by 
omputing the FFT of a sele
tion of 
olumns, namely

U(:; 1 : 
 : end) and then multiplying these FFTs with the appropriate phase

shifts, namely � =

�

1 �

i�1

: : : �

(i�1)(
�1)

�

. If T

E

is not divisible by 
,

then the last 
olumns of U(:; 1:
 :end) will only be multiplied with a subve
tor

of �. A T

E

-taps EC 
an then be represented as shrunk into an equivalent

d

T

E




e-taps EC

C

(k)

i

= row

i

(F

N

�U(:; 1:
 :end))

| {z }

d

T

E




e FFTs

�

2

6

4

� 0 : : :

.

.

.

: : : 0 �

3

7

5

�w

E;i

| {z }

~
w

E;i

� =

�

1 �

i�1

: : : �

(i�1)(
�1)

�

(7.17)

where
~
w

E;i

is a d

T

E




e-taps PT-EC for tone i. Remark that, when T

E

is not

divisible by 
, the phase matrix has an additional diagonal element in the lower

right 
orner, whi
h is a subve
tor of �.

Se
ond, if the alignment of the e
ho symbols is su
h that only the �rst �
 
olumns

of U have their FFTs equal up to a phase shift, with �
 < 
, a formula similar

to (7.17) 
an be obtained. Depending on the alignment of the e
ho symbols,

the e
ho �lter
~
w

E;i

may have d

T

E




e + 1 taps and the phase matrix may have

additional diagonal elements in left upper and the right lower 
orner.

The N -point FFTs in formula (7.17), 
an be written as 
 times repeated

N




-

point FFTs be
ause of the zero-stru
ture in ea
h 
olumn of U. For every tone

i, the e
ho 
an
ellation is then

C

(k)

i

= row

i

0

B

�

R � F

N=


�

~

U

z }| {

U(1 : 
 : N; 1 : 
 : end)

1

C

A

�
~
w

E;i

= row

mod(

i�1

N=


)+1

�

F

N=


�

~

U

�

| {z }

d

T

E




e FFTs

�
~
w

E;i

(7.18)

with R = [I

N=


: : : I

N=


℄

T

,

~

U an

N




� d

T

E




e Toeplitz matrix with the

N




-point

IFFT output samples (with pre�x) and `mod' the remainder after division.

Note that, if �
 < 
, a similar formula 
an be obtained. A SFG of the interpo-

lated (N;T; 
)-PTF is shown in Fig. 7.6, where the notation v

i

instead of w

i

is adopted be
ause we work with the eÆ
ient implementation of these �lters.

Remark that a derivation of the interpolated PT-EC 
an also be given as a

fun
tion of the �lter v

i

.

Overall, it is seen that roughly a 
-fold 
omplexity redu
tion is obtained in the

EC part.
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Figure 7.6: An interpolated (N;T; 
)-PTF blo
k in
ludes one

N




-point FFT

operation and T -taps per tone �lters.

7.2.4 De
imated e
ho 
an
ellation at CO

In this se
tion, we 
onsider a trans
eiver with N -point IFFT and

N




-point FFT

(as is typi
ally the 
ase in an ADSL 
entral oÆ
e). Similar to equation (7.16),

on may write the e
ho 
an
ellation on tone i as

C

(k)

i

= row

i

�

F

N=


�U(1:
 :N; :)

�

| {z }

T

E

FFTs

�w

E;i

for i = 1 : : :

N

2


+ 1 (7.19)

with U an N�T

E

Toeplitz matrix. The e
ho 
an
eller has T

E

taps at high rate

but there are less tones now, whi
h will result in a similar 
-fold 
omplexity

redu
tion as in the interpolated 
ase.
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To derive the 
ost e�e
tive PT implementation, we 
onsider U(1:
 :N; :)

U(1 :
 :N; :) =

2
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: : : u

��
+1
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u

�+


u

�+
�1

: : : u

�+1

: : : u

�+
�T

E

+2

.
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where u

l

is the e
ho referen
e signal with l the sample index. The e
ho referen
e

data model is given in formula (2.18). The terms k�s and Æ

3

are omitted in the

sample index for the sake of a 
ompa
t notation. The �rst 
 
olumns of U(1:
 :

N; :) do not have any samples in 
ommon. The (
+1)st 
olumn is obtained by

downshifting the �rst 
olumn, adding a sample at the beginning and deleting

one at the end. Or stated in other words, 
olumns 1; 
 + 1; 2
 + 1; : : : form a

Toeplitz matrix, i.e. U(1 : 
 :N; 1 : 
 : end), and the same holds for matri
es

U(1 : 
 : N; 2 : 
 : end); : : : ;U(1 : 
 : N; 
 : 
 : end). If T

E

is a multiple of


, these matri
es have

T

E





olumns. Otherwise the last mod(

T

E




) 
olumns of

U(1:
 :N; :) are added to the appropriate Toeplitz matri
es.

As a result, one may mathemati
ally split the T

E

-taps PTF in 


T

E




-taps PTFs:

w

E;i

(1:
 :end); : : : ;w

E;i

(
 :
 :end) and add their outputs for ea
h tone i. The

latter �lters ea
h individually 
an be implemented 
ost e�e
tively by means of

di�eren
e terms. A SFG of the de
imated (N;T;

1




)-PTF is shown in Fig. 7.7,

where we adopt again the notation v

i

instead of w

i

be
ause we work here with

the eÆ
ient implementation of these �lters. The SFG 
onsists of 
 parallel

(

N




;

T




; 1)-PTFs whi
h 
orrespond to the so-
alled polyphase 
omponents of

w

E;i

. Roughly this again 
orresponds to a 
-fold 
omplexity redu
tion.

7.2.5 Complexity during data transmission

We 
ompute the 
omplexity during data transmission for the TEC and PT-EC

by 
ounting the number of real multipli
ations and additions. By `
omplex-

ity during data transmission', we mean the �ltering operation itself. Hen
e,

adopted to e
ho 
an
ellation, `
omplexity during data transmission' is similar

to `e
ho emulation'. We do not 
onsider the �lter adaptation here.

The 
omplexity for the two-fold oversampled TEQ and PT-EQ 
an be derived

from the 
omplexity �gures given in se
tion 4.3.

Symmetri
 rate set-up

It is shown in se
tion 4.3 that the 
omplexity during data transmission for a

T -taps TEQ is roughly the same as for

N

2

T -taps PT-EQs. When not all the
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imated (N;T;

1




)-PTF blo
k in
ludes 
 (

N




;

T




; 1)-PTF blo
ks

ea
h having one

N




-point FFT operation and

T




-taps per tone �lters.

# multipli
ations # additions

TEC F

s

T

E

F

s

(T

E

� 1)

Table 7.1: Complexity of TEC (in operations/s)

tones are used or when a smaller equalizer size is suÆ
ient for some tones,


omplexity of the PT method 
an be redu
ed even further.

The 
omplexity of the TEC 
onsists only of the T

E

taps in the time domain, as

presented in Table 7.1. There is neither an FFT nor 1-taps PT-EQs involved

in this EC.

The PT-EC has the same 
omplexity as the PT-EQ but now with the number

of taps equal to T

E

. This 
omplexity is shown in Table 7.2 where it is assumed

that the number of e
ho 
an
elled tones is

N

2

and the symbol duration

N+�

F

s

�

N

F

s

. It is seen that the number of multipli
ations and additions for PT-EC

remains more or less the same as for TEC when all tones are e
ho 
an
elled.

However in reality not all tones are e
ho 
an
elled and for these tones the

number of taps 
an be set to zero whi
h 
orresponds to an extra 
omplexity
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# multipli
ations # additions

FFT

F

s

N+�

O(N � log(N))

F

s

N+�

O(N � log(N))

PT-EC F

s

(T

E

+ 1) F

s

T

E

+

F

s

N

(T

E

� 1)

Table 7.2: Approximated 
omplexity of PT-EC (in operations/s)

# multipli
ations # additions

TEC F

s

d

T

E




e F

s

(d

T

E




e � 1)

FFT

F

s

N+�

O(

N




� log(

N




))

F

s

N+�

O(

N




� log(

N




))

PT-EC F

s

(d

T

E




e+ 1) F

s

d

T

E




e+

F

s

N

(d

T

E




e � 1)

Table 7.3: Complexity 
omparison of TEC with PT-EC (in operations/s) for

interpolated e
ho 
an
ellation (in RT with

N




-point IFFT and N -point FFT)

saving. Additional 
omplexity however is introdu
ed by the extra FFT in

the PT-EC-s
heme. This 
omplexity 
an be de
reased if the modem has an

asymmetri
 rate set-up, as shown in the next subse
tions.

Interpolated e
ho 
an
ellation at RT

The 
omplexity of TEC versus PT-EC is shown in Table 7.3. Note that F

s

is

the high rate sample frequen
y, i.e. a

ording to N . In 
omparison with the

set-up with an IFFT of size N , the number of multipli
ations and additions

for the TEC and PT-EC is roughly divided by 
, and only one

N




-point FFT

is needed in the PT implementation.

De
imated e
ho 
an
ellation at CO

The 
omplexity during data transmission 
an be found by multiplying by 
 the


omplexity of an (

N




;

T




; 1)-PTF. In the assumption that

N

2


tones are used and

that mod(

T

E




) = 0, the 
omplexity is given in Table 7.4, with F

s

the high rate

sample frequen
y. In 
omparison with the interpolated EC, one needs 


N




-

point FFTs instead of 1

N




-point FFT and 
 times more di�eren
e terms, but

in this 
ase the number of tones that have to be demodulated is signi�
antly

smaller.
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# multipli
ations # additions

TEC

F

s




T

E

F

s




(T

E

� 1)

FFT 


F

s

N+�

O(

N




� log(

N




)) 


F

s

N+�

O(

N




� log(

N




))

PT-EC 


F

s




(

T

E




+ 1) 


F

s




T

E




+ 


F

s

N

(

T

E




� 1)

Table 7.4: Complexity 
omparison of TEC with PT-EC (in operations/s) for

de
imated e
ho 
an
ellation (in CO with N -point IFFT and

N




-point FFT)

7.3 Comparison of e
ho emulation in t/f do-

main EC and PT-EC

In t/f domain EC, see 
hapter 6, a Toeplitz matrix of e
ho referen
e samples is

written as the sum of a 
ir
ulant matrix and a matrix with di�eren
e terms, i.e.

�. Only the 
ir
ulant part is transformed to the frequen
y domain, while the

di�eren
e terms form a time domain 
orre
tion. This leads to a low 
omplexity

EC whi
h uses the e
ho �lter taps in the time domain as well as their Fourier

transform in the frequen
y domain.

In PT-EC, we start from the same Toeplitz matrix (if the same alignment

applies), i.e. U in formula (7.11). We then move the TEC w

E

to the frequen
y

domain resulting in the PT-EC w

E;i

. The latter e
ho �lter is 
ost e�e
tively

implemented by means of v

E;i

. The 
ost e�e
tive implementation is derived in

appendix 4.B. In formula (4.31), the Toeplitz matrix is also written as the sum

of a 
ir
ulant matrix and a matrix with di�eren
e terms. The 
ir
ulant part

is then `transformed' to the frequen
y domain resulting in a term whi
h is the

produ
t of the FFT output for tone i times v

i;0

, the �rst tap of the modi�ed per

tone �lter v

i

. This tap is equal to the ith 
omponent of the Fourier transform

of the zero padded original per tone �lter w

i

.

v

i;0

= F

N

(i; :) �

�

w

i

0

�

(7.21)

Stated in other words, if the per tone �lter would be real and the same for

all tones, w

i

= w, then the ve
tor [v

1;0

: : : vN

2

+1;0

℄

T

would de�ne its Fourier

transform.

Let us now apply this property to the e
ho �lters. In 
ase of a TEC or a t/f

domain EC, there is only one e
ho �lter w

E

. This �lter 
an be 
onsidered

as a `PT-EC whi
h is the same for all used tones'. The FFT of w

E

is the

frequen
y domain part of the t/f domain EC and thus 
orresponds to ve
tor

[v

1;0

: : : vN

2

+1;0

℄

T

.



7.3. Comparison of e
ho emulation in t/f domain EC and PT-EC 201

In the per tone based trans
eiver, the PT-ECs are 
omplex and di�erent for

di�erent tones be
ause the e
ho path for tone i in
ludes the PT-EQ for tone

i whi
h in turn is tone dependent. Hen
e, ve
tor [v

1;0

: : : vN

2

+1;0

℄

T

does not

represent the FFT of one real e
ho �lter anymore.

The se
ond term of formula (4.31) in appendix 4.B in
ludes the upper triangular

matrix with di�eren
e terms. We 
ompute the 
omplexity of this term in

number of multipli
ations. If the modem has a real e
ho �lter whi
h is 
ommon

to all tones, then the produ
t of the upper triangular matrix and the e
ho �lter

only 
osts approximately (T � 1)

2

=2 multipli
ations. This operation is similar

to the time domain part of the t/f domain EC.

However, in the PT-EC, we have a separate 
omplex e
ho �lter per tone. The

produ
t of the upper triangular matrix with all the 
omplex per tone �lters


osts approximately 2N

u

(T � 1)

2

=2 multipli
ations. Therefore it is more eÆ-


ient to implement the per tone �lters w

E;i

with the di�eren
e terms as their

inputs and introdu
e new taps as in v

E;i

. The latter implementation 
osts

2N

u

(T � 1) multipli
ations.

Comparing 
omplexity of the e
ho emulation (in number of multipli
ations/s)

for both methods and TEC, for symmetri
 syn
hronous operation, we obtain

Table 7.5. The e
ho emulation 
omplexity is split in two 
omplexity parts.

The real input part 
orresponds to

� the time domain 
orre
tion � in the t/f domain EC,

� the full e
ho emulation in the TEC,

� and the multipli
ation with the di�eren
e terms in PT-EC.

The 
omplex input part 
orresponds to

� the frequen
y domain EC in the t/f domain EC

� and the multipli
ation with the FFT output in PT-EC

(we apply polar and 
artesian representation respe
tively). T/f domain EC

needs one FFT to transform the e
ho �lter taps from frequen
y to time do-

main, however this FFT is in fa
t part of the �lter adaptation, and therefore its


omplexity is denoted between square bra
kets. In syn
hronous mode, PT-EC

does not need an FFT and the �rst � di�eren
e terms are zero. The 
omplex-

ity 
omparison for symmetri
 asyn
hronous operation is shown in Table 7.6.

These 
omplexities 
an easily be generalized to the asymmetri
 rate set-ups.

Example 7.3.1. A numeri
al example of e
ho emulation 
omplexity in a

symmetri
 rate set-up is given for the following parameters. The symbol size

is N = 512, the pre�x length is � = 32, the e
ho �lter length is T

E

= 300

and the sample rate F

s

= 2:208 MHz. In the asymmetri
 rate set-ups we
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T/F-EC TEC PT-EC

real input

F

s

N+�

(T

E

���1)

2

2�2

F

s

N+�

NT

E

F

s

N+�

N

u

2(T

E

� � � 1)


omplex input

F

s

N+�

N

u

F

s

N+�

N

u

4

FFT

h

F

s

N+�

O(N � log(N))

i

Table 7.5: E
ho emulation 
omplexity (in multipli
ations/s) of t/f domain EC,

TEC and PT-EC for symmetri
 syn
hronous operation. The FFT 
omplexity

between square bra
kets 
orresponds to the transformation of the e
ho �lter

taps from frequen
y to time domain domain.

T/F-EC TEC PT-EC

real input

F

s

N+�

(T

E

�1)

2

2�2

F

s

N+�

NT

E

F

s

N+�

N

u

2(T

E

� 1)


omplex input

F

s

N+�

N

u

F

s

N+�

N

u

4

FFT

h

F

s

N+�

O(N � log(N))

i

F

s

N+�

O(N � log(N))

+2

F

s

N+�

O(N � log(N))

Table 7.6: E
ho emulation 
omplexity (in multipli
ations/s) of t/f domain EC,

TEC and PT-EC for symmetri
 asyn
hronous operation.

furthermore take 
 = 4 and assume that N , � and F

s

are the parameters at

the high rate side. We also assume that the RT works frame-syn
hronously

and that the number of used tones in downstream is N

u

= 218. The CO is

then frame-asyn
hronous and we have N

u

= 23 in upstream. The 
omplexity

(in multipli
ations/s) is given in Table 7.7. The number of FFTs is also

given. For a 
onstant e
ho �lter length, in the symmetri
 rate RT, t/f domain

EC has the lowest 
omplexity. The 
omplexity of PT-EC is lower than the


omplexity of TEC be
ause PT-EC is only performed for the used tones. In the

symmetri
 rate CO, PT-EC has lowest 
omplexity be
ause the small number

of used tones in upstream 
an be exploited, in 
ontrast with the other s
hemes.

In the asymmetri
, interpolated, RT, the real input part 
omplexity is basi
ally

divided by 
 for the 3 EC s
hemes. As a result, the same 
omparison holds

as for the symmetri
 RT. In the asymmetri
, de
imated CO, the real input

part 
omplexity of t/f domain EC and TEC is divided by 
. In the de
imated

PT-EC, their is no signi�
ant additional gain in the real part 
omplexity, with

respe
t to the symmetri
 rate set-up, be
ause the 
omplexity gain resulting

from less used tones, was already obtained in the symmetri
 CO. However, the
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T/F-EC TEC PT-EC

syn
hronous real input 72.3 623 472

symmetri
 
omplex input 0.88 3.54

RT FFT [1 N -point℄

asyn
hronous real input 90.7 623 55.8

symmetri
 
omplex input 0.093 0.37

CO FFT [1℄ + 2 N -point 1 N -point

syn
hronous real input 18.1 156 117

interpolated 
omplex input 0.88 3.54

RT FFT [1 N -point℄

asyn
hronous real input 22.7 156 55.2

de
imated 
omplex input 0.093 1.49

CO FFT [1 N -point℄

+ 2

N




-point 


N




-point

Table 7.7: E
ho emulation 
omplexity (in M multipli
ations/s and number of

FFT operations) with N = 512 and 
 = 4.

one N-point FFT 
an be repla
ed by 


N




-point FFTs, but at the 
ost of 


times more multipli
ations of an FFT output with the �rst tap of a PTF, as is

also 
lear from �gure 7.7.

Note that, in 
ase of an asyn
hronous interpolated RT, t/f domain EC needs

2 N -point FFTs whereas PT-EC needs only 1

N




-point FFT. 2

We 
on
lude that, for a 
ertain e
ho �lter length, t/f domain EC has the

lowest 
omplexity and that the 
omplexity gain of PT-EC with respe
t to

TEC is due to the sele
tion of the used tones. But, on the other hand, PT-

EC 
ombined with PT-EQ 
learly enables to optimize 
apa
ity for given PTF

lengths. Moreover, be
ause PT-EQ is performed �rst, optimal per tone joint

shortening is in
orporated in the 
ost fun
tion and the PT-EC may have shorter

�lter lengths for similar performan
e.
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7.4 Combination of PT-EC with pulse shaping

and windowing

VDSL relies on a 
y
li
 pre�x, a 
y
li
 suÆx and syn
hronization to maintain

tone orthogonality. Further, DMT-based VDSL has pulse shaping and window-

ing, see se
tion 2.1.7. However when transmitting over longer lines, the size of

the 
y
li
 extensions is possibly insuÆ
ient and orthogonality between tones

may be lost. The same happens when syn
hronization is not perfe
t. This, in

addition, produ
es a NEXT problem, see se
tion 1.5. In this se
tion, PT-EC

is investigated for VDSL in whi
h the tone orthogonality is lost for some rea-

son. PT-EC 
an be applied dire
tly as for ADSL to 
an
el the e
ho, be
ause

the referen
e e
ho signal is available in the modem. For NEXT 
an
ellation

however, referen
e signals are only available at the 
entral oÆ
e (CO). There

a per tone NEXT 
an
ellation, analogous to PT-EC, may be used.

The overal data model is given in se
tion 2.2.6. A s
heme of a VDSL-system

with pulse shaping, windowing and PT-EC is shown in Fig. 7.8. Remark

that the windowing operation is part of the e
ho path. Be
ause windowing

with an extra pre�x of size � is equivalent with a (� + 1)-taps PT-EQ, see

se
tion 4.4, the e
ho impulse response is lengthened by �. There is no TEQ

in VDSL, hen
e in the equivalent PT-EQs T is set to 1. Remark that if T

would be di�erent from 1 and there is windowing in the time domain, we have

to 
ompute the T su

essive FFTs expli
itly, as explained in se
tion 4.4. A

re
eived VDSL symbol with pre�x and suÆx 
ontains N + 2� samples. As a

result, the downsamplers in the PTF blo
ks in �gure 7.8, downsample the input

signal with a fa
tor N + 2�. Extension of this SFG to two-fold oversampled

PT-EQs is straightforward.

For ea
h tone i, the PT-EQ and PT-EC are initialized by minimizing the 
ost

fun
tion

J(w

i;e

;w

i;o

;v

E;i

) = E

�

�

�

�

�

�
w

T
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�
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T
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with
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=
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7
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(7.23)
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Figure 7.8: A VDSL-system with pulse shaping, windowing, PT-EQ and PT-

EC.
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where F

win;i;T

has T rows and the (D

i

)

�

2

�

�

2

are diagonal matri
es with the

windowing 
oeÆ
ients. w

i;e

and w

i;o

are respe
tively the even and the odd

PT-EQ for tone i. Remark that notation w instead of v is used here for the

PT-EQ be
ause T su

essive FFTs are 
omputed expli
itly if T > 1.

7.5 Simulation results

7.5.1 Per tone e
ho 
an
ellation in ADSL

Simulation results are presented for a 4km 26 AWG downstream and upstream


hannel with white noise of -140dBm/Hz. For downstream, the IFFT and

FFT have size N = 512. For upstream, the IFFT and FFT have size N = 128.

Hen
e, the interpolation fa
tor (in RT) and the de
imation fa
tor (in CO) are

equal to 
 = 4. The 
orresponding 
y
li
 pre�x lengths are � = 32 and �=
 = 8.

An FDM set-up for the used tones is adopted. The upstream tones are tones 8

till 30 and the downstream tones are 39 till 256. Due to relaxed transmit and

re
eive �lter order spe
i�
ations, downstream symbols experien
e e
ho from

upstream symbols and vi
e versa. Downstream and upstream PSD on the used

tones are -40dBm/Hz and -38dBm/Hz respe
tively.
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The zero referen
e delay of the far end and the e
ho impulse response is de-

termined by the interval (with length equal to the pre�x length plus one) with

highest energy in the far end and the e
ho impulse response respe
tively. Bit

rates are 
omputed for relative delays Æ

1

= 0 and Æ

2

= Æ

3

= 20 at both RT and

CO.

Fig. 7.9 shows the downstream bit rate as a fun
tion of the number of taps T

E

of the PT-EC. We 
ompare 32-taps PT-EQ (at original sample rate F

s

=2.208

MHz) with 2 times 16-taps PT-EQ (hen
e, with 2-fold oversampling). The

upper bounds are the bit rates for both set-ups when no e
ho is present. They

are 2.89 Mbits/s and 3.23 Mbits/s respe
tively. For T

E

equal to 150, the

upper bounds are rea
hed. Remark that, as far as 
omplexity is 
on
erned,

the number of EC taps 
an e�e
tively be divided by 
 = 4 (see se
tion 7.2.3).

To 
ompare these bit rates with bit rates obtained by T

E

-taps TEC, we have

simulated `ideal' TEC performan
e by zeroing T

E

su

essive elements with

highest energy in the e
ho impulse response. A 400-taps TEC is then needed

to obtain the upper bound bit rates.

Fig. 7.10 shows analogous simulation results for upstream. The upper bounds

for the bit rates are 1.12 Mbits/s for 32-taps PT-EQ and 1.11 Mbits/s for

2 times 16-taps PT-EQ. In this 
ase the the sample rate set-up has slightly

better performan
e 
ompared to the oversampled set-up. As far as 
omplexity

is 
on
erned, ea
h T

E

-taps PT-EC may e�e
tively be repla
ed by 
 = 4

T

E




-

taps PT-ECs (see se
tion 7.2.4). TEC performan
e has also been simulated by

zeroing T

E

su

essive elements in the e
ho impulse response. A 400-taps TEC

is then needed to obtain 1.10 Mbits/s with 32-taps PT-EQ and a 500-taps TEC

is needed to obtain 1.10 Mbits/s with 2 times 16-taps PT-EQ.

7.5.2 Per tone e
ho 
an
ellation in VDSL

Simulation results are presented for the standard VDSL4 line [11℄ of 500m, this

line 
ontains 2 bridged taps. All IFFTs and FFTs have size N = 4096. The


arrier spa
ing is the same as in ADSL, i.e. 4.3125kHz. The total bandwidth

is 8.832MHz, hen
e the sampling rate F

s

is 17.664MHz. The adopted spe
tral

plan for up and downstream tones is as follows:

� band 1: ADSL upstream

� band 2: ADSL downstream

� band 3: downstream: tones 255-347

� band 4: upstream: tones 348-417

� band 5: downstream: tones 464-718

� band 6: upstream: tones 719-812
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Figure 7.9: Bit rate as a fun
tion of the number of taps T

E

of the PT-EC

for a 4km 26 AWG downstream loop for 32-taps PT-EQ (at original sample

rate) and 2 times 16-taps PT-EQ (hen
e, with 2-fold oversampling). The upper

bound is 
omputed without e
ho.
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Figure 7.10: Bit rate as a fun
tion of the number of taps T

E

of the PT-EC for

a 4km 26 AWG upstream loop.
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� band 7: upstream: tones 927-1229

� band 8: downstream: tones 1230-1623

� band 9: downstream: tones 1646-2048

The 
y
li
 pre�x and suÆx are both equal to � = 160. Pulse shaping is de�ned

by � = 140 and windowing by � = 70. The zero referen
e delays 
orrespond

to � +1 su

essive samples of the impulse responses, with highest energy. The

relative delay of the far end signal is Æ

1

= 0 and the relative delay of the e
ho

signal is taken Æ

2

= Æ

3

= 200 or Æ

2

= Æ

3

= 300 to simulate misalignment of e
ho

with respe
t to far end. The external noise 
onsists of additive white gaussian

noise of -140dBm/Hz. In Fig. 7.11 the SNR is plotted as a fun
tion of the

number of e
ho 
an
eller taps T

E

for tone 340 and relative delays Æ

2

= Æ

3

= 200

and Æ

2

= Æ

3

= 300. Four trans
eiver set-ups are 
ompared

� without oversampling and with PT-EC (solid line with `+')

� with oversampling and with PT-EC (solid line with `o')

� without oversampling and no e
ho (dashed line)

� with oversampling and no e
ho (dashed-dotted line)

PT-EQ is adopted with T = 1 or T = 2 � 1 in the non-oversampled and

oversampled set-up respe
tively. Oversampling only, i.e. with T

E

= 0, does

not in
rease the SNR suÆ
iently be
ause only one tap is used for even and odd


hannel. By PT-EC, the SNR in
reases as a fun
tion of e
ho �lter length T

E

,

but the required number of e
ho 
an
eller taps is rather large. The e
ho impulse

response is about 60 taps at sample rate but the windowing lengthens the e
ho

impulse response by �. Fig. 7.12 shows the SNR for all the downstream tones

with Æ

2

= Æ

3

= 200 for the same 
hannel. Four trans
eiver set-ups are 
ompared

� without oversampling and 20-taps PT-EC (solid line)

� with oversampling and 20-taps PT-EC (dotted line)

� without oversampling and no PT-EC (dashed line)

� with oversampling and no PT-EC (dashed-dotted line)
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Figure 7.11: SNR as a fun
tion of the number of e
ho 
an
eller taps T

E

for tone

340 and relative delays Æ

2

= 200 and Æ

2

= 300 for standard 
hannel VDSL4 of

500m.
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Figure 7.12: SNR as a fun
tion of the used downstream tones with Æ
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for the same 
hannel for four di�erent set-ups.

7.6 Con
lusions

We have developed per tone e
ho 
an
ellation as an extension of per tone

equalization. The advantage, with respe
t to TEC and t/f domain EC, is that

this stru
ture allows optimization of the SNR per tone given a 
ertain number

of taps for the equalizer and the e
ho 
an
eller. Moreover, joint shortening is

in
orporated in the extended per tone 
ost fun
tion.

Slightly modi�ed per tone e
ho 
an
ellation stru
tures have been derived for

the interpolated and de
imated rate set-ups, whi
h has resulted in de
reased


omplexity `during data transmission', or, in other words `for the e
ho emula-

tion'. Further, the e
ho emulation 
omplexity has been 
ompared with the t/f

domain e
ho emulation. It has been shown that t/f domain e
ho emulation has

lowest 
omplexity for a given e
ho �lter length. But, on the other hand, be-


ause per tone e
ho 
an
ellation optimizes 
apa
ity, shorter �lter lengths may

be used for similar performan
e.



Chapter 8

Con
lusions and further

resear
h

We formulate the main 
on
lusions of this thesis in se
tion 8.1 and give some

suggestions for further resear
h in se
tion 8.2.

8.1 Con
lusions

In part I, we have studied equalization in DMT-based systems. If the 
hannel

impulse response is longer than the 
y
li
 pre�x, as is the 
ase in ADSL, a

TEQ is usually inserted before demodulation to shorten the 
hannel impulse

response. A well-known algorithm to initialize the TEQ 
oeÆ
ients is based on

MMSE 
hannel shortening. The squared error between the TEQ output and the

target impulse response output is then minimized. To avoid the zero solution,

di�erent 
onstraints (unit norm, unit tap, unit energy) 
an be imposed. We

have shown that a unit energy 
onstraint on the re
eived signal of interest

and/or on the total re
eived signal leads to the same solution for the TEQ, up

to a s
aling fa
tor, and hen
e, leads to the same bit rate.

The main disadvantage of MMSE 
hannel shortening algorithm is that the 
ost

fun
tion does not 
orrespond to bit rate optimization. Further, the obtained

bit rate is a non-smooth fun
tion of the de
ision delay. As a result, the delay

of the re
eived signal is 
riti
al. An additional disadvantage is that all tones

are equalized with the same �lter, whi
h limits the performan
e of the DMT-

system. We aimed at improving upon the 
lassi
al MMSE 
hannel shortening

algorithm.

In a �rst attempt, we have maintained the TEQ-based re
eiver stru
ture. We

have modi�ed the 
lassi
al MMSE algorithm by the introdu
tion of weight

211
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matri
es in the 
ost fun
tion as well as in the 
onstraint, to expli
itly disregard

the unused tones. Simpli�ed formulas for the 
orrelation matri
es in 
ase of

white signal of interest and noise have been derived. A signi�
ant performan
e

in
rease has been obtained in upstream. However, the proposed algorithm still

does not 
orrespond to bit rate optimization.

In a se
ond attempt, we have 
hanged the re
eiver stru
ture. Ea
h tone then

has its own (
omplex) TEQ after demodulation, i.e. per tone equalization. By

minimizing an MSE problem per tone (i.e. dire
t initialization), we are able

to optimize the bit rate per tone, whi
h is the main advantage of PT-EQ. The

PT-EQ bit rate is an upper bound for the TEQ bit rate and is a very smooth

fun
tion of the de
ision delay. An in
reased performan
e has been obtained in

upstream as well as in downstream. The bit rate `gap' between the original

MMSE 
hannel shortening (with unit norm TIR) and PT-EQ is the largest in

upstream (for a given number of equalizer taps). Therefore, it is expe
ted that

improved TEQ algorithms 
an obtain a larger bit rate gain in upstream than

in downstream.

The 
omplexity during data transmission is similar for TEQ and PT-EQ if all

tones are used. This results from the fa
t that the T FFTs (per symbol), needed

as inputs for a T -taps PT-EQ, 
an be implemented eÆ
iently by means of 1

FFT operation and T � 1 (real) di�eren
e terms. Furthermore, PT-EQ allows

optimization of the number of taps per tone, and one 
an set the number of taps

to zero for the unused tones. On the other hand, the PT-EQ-based re
eiver

needs more memory than the TEQ-based re
eiver to store more equalizer taps.

The 
ombination of PT-EQ and windowing has been studied. (Time domain)

windowing in a DMT-based re
eiver has been proposed in literature to de
rease

the sensitivity to RFI, by lowering the sidelobes asso
iated with a DFT �lter

bank. The eÆ
ient PT-EQ stru
ture, i.e. by means of di�eren
e terms, 
an

not be 
ombined with (time domain) windowing. However, it has been shown

that a (time domain) window is equivalent to a 
ertain set of PT-EQs. As

a result, windowing 
an be implemented after demodulation, as a part of the

PT-EQs. By optimizing the overall PT-EQ, the window is impli
itly optimized

per tone.

As an upper bound to per tone equalization, we have performed simulations

on SIMO equalization. In the latter stru
ture, there is no demodulating FFT,

but the re
eived signal is immediately fed to a (lengthened) equalizer per tone.

Hen
e, an (N + T � 1)-taps SIMO-equalizer repla
es the 
onvolution of the

N -point FFT �lter for a 
ertain tone with the original T -taps PT-EQ for that

tone. SIMO equalization has been shown to perform only a slight bit rate

in
rease for a large 
omplexity in
rease.

Dire
t initialization, by means of an MMSE problem per tone, has a high 
om-

putational 
ost. Therefore, re
ursive initialization based on training sequen
es

has been proposed. Be
ause the auto
orrelation matrix of the �lter input has

a large eigenvalue spread, LMS-based initialization is very slow. RLS, on the
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other hand, has optimal 
onvergen
e properties and a
hieves good performan
e

with an a

eptable number of training symbols. We have adopted RLS with

inverse updating to PT-EQ. Although the RLS 
omplexity is quadrati
 in the

number of �lter taps, 
omplexity has been saved 
onsiderably. By pro
ess-

ing �rst the real di�eren
e terms, whi
h are 
ommon for all used tones, the

quadrati
 part of the algorithm is real and 
ommon for all used tones. Then a

linear, 
omplex part of the algorithm is performed for ea
h tone separately.

To further redu
e initialization 
omplexity, tone grouping has been proposed.

The optimal PT-EQ is 
omputed only for the 
enter tones (by dire
t or re
ur-

sive initialization). Then these equalizers are reused for the other tones in the

same group. After tone grouping, a 1-taps FEQ is needed for the non-
enter

tones, similar to the 1-taps FEQ in the TEQ-based modem. Tone grouping 
an

be seen as an intermediate solution between TEQ and PT-EQ. While the TEQ-

based modem has one equalizer for all tones, tone grouping has one equalizer

per group of tones. With a well-
hosen group size, the bit rate de
reases only

slightly, while the per tone 
omplexity part of the initialization is divided by

the group size.

In part II, we have studied e
ho 
an
ellation for DMT-based systems. We have

�rst reviewed time/frequen
y domain e
ho 
an
ellation, whi
h is a 
ost eÆ
ient

algorithm to 
an
el e
ho in DMT-based systems. Mostly, the TEQ is applied

before the e
ho 
an
ellation to enable joint 
hannel shortening, whi
h in turn

may lead to a shorter e
ho 
an
ellation �lter. However, joint 
hannel shortening

has the same disadvantage as far end 
hannel shortening only, namely that there

is no 
orresponden
e to bit rate optimization.

When the TEQ is designed to shorten the far end impulse response only, it will

in general lengthen the e
ho impulse response. To avoid the lengthening of the

e
ho path by the TEQ, we have shown that we 
an apply �rst time/frequen
y

domain e
ho 
an
ellation and then TEQ. This set-up is merely 
onsidered as

an intermediate s
heme to apply �nally �rst time/frequen
y domain e
ho 
an-


ellation and then PT-EQ. The latter s
heme allows bit rate optimization for

a given e
ho 
an
ellation �lter. The 
omplexities of `First-TEQ-then-e
ho' and

`First-e
ho-then-PT-EQ' are 
omparable.

Per tone e
ho 
an
ellation has been proposed as an alternative e
ho 
an
el-

lation s
heme for DMT-based systems. In a similar way as we have moved

the TEQ after the demodulating FFT to result in a set of PT-EQs, we have

moved the TEC after the demodulating FFT to result in a set of PT-ECs. The

advantage of this s
heme is that it allows SNR optimization per tone by an

extended MMSE problem, for given �lter lengths. The extended 
ost fun
tion

in
orporates optimal per tone joint shortening.

Adapted PT-EC s
hemes have been presented for asymmetri
-rate set-ups.

This has led to de
reased 
omplexity for the e
ho emulation. The e
ho emu-

lation 
omplexity of PT-EC has been 
ompared with the e
ho emulation 
om-

plexity of time/frequen
y domain EC. For a given �lter length, time/frequen
y
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domain EC has lowest 
omplexity. But be
ause PT-EC optimizes the bit rate,

shorter �lter lengths may be used for similar performan
e.

8.2 Further resear
h

Dire
t initialization of the PT-ECs requires the solution of an extended MMSE

problem, whi
h is rather 
omplex. Note that the set of equations is larger

than for dire
t initialization of PT-EQ only. Again, 
ost eÆ
ient initialization

s
hemes are desirable. As a �rst s
heme, one 
ould extend the RLS s
heme

with inverse updating. The quadrati
 part then has T + T

E

� 2 inputs with T

and T

E

the number of equalizer and e
ho 
an
eller taps respe
tively. There are

2 
omplex inputs per tone, 1 for the equalizer and 1 for the e
ho 
an
eller (or

even 1 more if two-fold oversampling is adopted). So, the per tone initialization

part 
omplexity in
reases.

The �lter adaptation in time/frequen
y domain EC requires only a 1-taps LMS

algorithm per tone. Furthermore, while the �lter adaptation is performed in

the frequen
y domain, the 
omplexity is independent of the e
ho 
an
eller

length (in the time domain). Remark that the 1-taps LMS algorithms have to

be performed for all tones (not the used tones only) be
ause after frequen
y

domain adaptation, an FFT transforms the frequen
y domain �lter taps to the

time domain.

In 
omparison to time/frequen
y domain EC, there is need for a simpli�ed

algorithm for the joint PT-EQ and PT-EC initialization. Complexity savings


an also be obtained by smaller per tone �lter lengths be
ause PT-EC in
ludes

optimal joint shortening. Hen
e, an optimization of the required number of per

tone �lter taps is needed.

When eÆ
ient e
ho 
an
ellation algorithms are available, one 
an redesign the

modem to allow a higher overall bit rate. A �rst aspe
t is the re-allo
ation of

tones to up- and downstream. E
ho 
an
ellation makes (partly) overlapping up-

and downstream bands feasible. Or, one 
an adopt adja
ent FDD, where tones

from both transmission dire
tions are adja
ent in frequen
y, and hen
e, without

highly sele
tive transmit and re
eive �lters to separate both dire
tions. A

related aspe
t is the design of the analog and digital transmit and re
eive �lters.

Furthermore, the e
ho signal in
reases the dynami
 range of the re
eived signal

whi
h in
uen
es the number of bits needed in the re
eiver's A/D 
onverter.

Interfering up- and downstream tones not only 
ause an e
ho problem but also

a Near End Crosstalk (NEXT) problem. Note that the NEXT originating from

the same type of xDSL servi
e, is 
alled self-NEXT. NEXT 
an
ellation 
an be

simpli�ed if the re
eiver disposes of referen
e signals, be
ause then the NEXT


an
ellation problem is similar to the e
ho 
an
ellation problem. At CO, su
h

NEXT referen
e signals may be available and exploited in the design of, for

instan
e, a per tone NEXT 
an
eller, similar to a per tone e
ho 
an
eller. When
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no referen
e signals are available, as is the 
ase at RT, the NEXT 
an
ellation

be
omes more diÆ
ult. One then has to extra
t the signal of interest from the

re
eived signal that 
an be 
orrupted by several 
rosstalkers.

A se
ond 
rosstalk 
an
ellation problem is the 
an
ellation of Far End Crosstalk

(FEXT). FEXT always exists between xDSL servi
es of the same type in the

same binder, i.e. self-FEXT, be
ause signals transmitted in the same dire
tion

by similar xDSL servi
es, o

upy the same bandwidth.

VDSL promises higher bit rates than ADSL by utilizing more bandwidth. Sin
e


rosstalk in
reases with frequen
y, NEXT and FEXT are expe
ted to be more

severe for VDSL. Current VDSL proposals mitigate NEXT by an FDD set-up,

pulse shaping and syn
hronization. Pulse shaping lowers the sidelobes at the

transmitter. With suÆ
ient syn
hronization, the leakage from upstream signals

into downstream and vi
e versa 
an be alleviated. However, FEXT remains in

the system and turns out to be a major noise sour
e. Hen
e, eÆ
ient FEXT


an
ellation s
hemes are an interesting resear
h subje
t with appli
ation in

VDSL.

Crosstalk arising from another type of signals is 
alled alien 
rosstalk. Home

Phoneline Networking Allian
e (HPNA) based home LAN forms a signi�
ant

sour
e of alien 
rosstalk into VDSL [40℄. HPNA uses the existing indoor tele-

phone wiring to provide a lo
al area network for 
onne
ting PCs. The HPNA

systems o

upy high frequen
ies in the range of the VDSL spe
trum. No iso-

lation between the indoor telephone wiring and the telephone a

ess network

is foreseen in HPNA installation. As a result, HPNA signals are laun
hed to

the a

ess network where they 
ouple into neighboring pairs in the same binder

and form a severe 
rosstalk for VDSL operating on these pairs. A number of

s
hemes to mitigate HPNA have been presented, but turn out to be rather


omplex. Hen
e, there is need for eÆ
ient HPNA 
an
ellation s
hemes.

One 
an furthermore 
ompare TEQ and per tone equalization in other ap-

pli
ations su
h as the HIgh PErforman
e Radio Lo
al Area Network type 2

(HIPERLAN/2) [43℄. HIPERLAN/2 adopts OFDM as modulation te
hnique.

The symbol and 
y
li
 pre�x length are respe
tively 64 and 16 samples at

20 MHz. When the 
hannel impulse response be
omes longer than the 
y
li


pre�x, interferen
es arise and equalization 
an enable higher bit rate.
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