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Abstract

Noise or interference is often assumed to be a random process. Conventional linear filtering, control or prediction tech-
niques are used to cancel or reduce the noise. However, some noise processes have been shown to be nonlinear and
deterministic. These nonlinear deterministic noise processes appear to be random when analysed with second order
statistics. As nonlinear processes are widespread in nature it may be beneficial to exploit the coherence of the nonlinear
deterministic noise with nonlinear filtering techniques.

The nonlinear deterministic noise processes used in this thesis are generated from nonlinear difference or differential
equations which are derived from real world scenarios. Analysis tools from the theory of nonlinear dynamics are used to
determine an appropriate sampling rate of the nonlinear deterministic noise processes and their embedding dimensions.
Nonlinear models, such as the Volterra series filter and the radial basis function network are trained to model or predict
the nonlinear deterministic noise process in order to reduce the noise in a system. The nonlinear models exploit the
structure and determinism and, therefore, perform better than conventional linear techniques.

These nonlinear techniques are applied to cancel broadband nonlinear deterministic noise which corrupts a narrowband
signal. An existing filter method is investigated and compared with standard linear techniques. A new filter method is
devised to overcome the restrictions of the existing filter method. This method combines standard signal processing con-
cepts (filterbanks and multirate sampling) with linear and nonlinear modelling techniques. It overcomes the restrictions
associated with linear techniques and hence produces better performance. Other schemes for cancelling broadband noise
are devised and investigated using quantisers and cascaded radial basis function networks. Finally, a scheme is devised
which enables the detection of a signal of interest buried in heavy chaotic noise.

Active noise control is another application where the acoustic noise may be assumed to be a nonlinear deterministic
process. One of the problems in active noise control is the inversion process of the transfer function of the loudspeaker.
This transfer function may be nonminimum phase. Linear controllers only perform sub-optimally in modelling the non-
causal inverse transfer function. To overcome this problem in conjunction with the assumption that the acoustic noise
is nonlinear and deterministic a combined linear and nonlinear controller is devised. A mathematical expression for the
combined controller is derived which consists of a linear system identification part and a nonlinear prediction part. The
traditional filtered-x least mean squares scheme in active noise control does not allow the implementation of a nonlinear
controller. Therefore, a control scheme is devised to allow a nonlinear controller in conjunction with an adaptive block
least squares algorithm. Simulations demonstrate that the combined linear and nonlinear controller outperforms the

conventional linear controller.
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Chapter 1

Introduction

1.1 Motivation

Noise or interference is regarded generally as a nuisance in real life applications such as in systems and signal
processing. Every day one experiences the negative effects of noise or interference, e.g. as background noise
on a telephone line, blurred TV images, acoustic noise from engines or ventilation systems, speckle in ultra
sound images, co-channel or intersymbol interference in mobile communications, sea clutter in radar signals
etc. In some cases the noise or interference is so severe that it completely masks the signal of interest and may
cause complete failure of an application. To cancel or to reduce noise or interference and, hence, to detect or to

recover a signal of interest or to generate an acoustical noise-free zone are the two major objectives in this thesis.

The conventional approach for reducing noise or interference is based on linear signal processing techniques.
Noise or interference in the past has been regarded as random processes. Usually these random processes are
assumed to be white Gaussian or coloured. Linear techniques are then applied to average the white noise out,
predict the signal of interest or use filtering techniques in the frequency domain. Filtering techniques are most
straightforward and employ bandpass or lowpass filters to capture the bandlimited signal of interest. However,

the linear filtering technique is not able to reduce the noise in the bandwidth of interest.

During the last three decades it has emerged that nonlinear deterministic systems can generate time series
which have many properties of classical noise. This is not really surprising as most processes in nature are
nonlinear. However, if the noise or interference is nonlinear and deterministic then it should be modelled as a
nonlinear deterministic or even chaotic process rather than a stochastic one. Linear models exploit the inco-
herence of stochastic noise but are not able to exploit the coherence of nonlinear deterministic noise. Nonlinear
models on the other hand, such as Volterra series (VS), radial basis function (RBF) networks or neural nets

(NN), have been shown to be rather successful in modelling and predicting nonlinear deterministic time series.

A lot of research has been carried out (especially in NN) in devising fast, robust, stable and reliable learn-

ing methods and in different efficent network configurations. Although this is still an ongoing research topic,
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there already exist a few efficent and straightforward nonlinear models which are easy to implement (i.e. VS

filters and RBF networks).

Nonlinear models are usually far more complex and computational expensive than linear models. However,
digital signal processors (DSP) are becoming much more faster and specialised (e.g. fuzzy or RBF chips), so
that in the near future the implementation of nonlinear models will not cause major problems. For these reasons,
it is beneficial to investigate the capabilities of nonlinear models to model or to predict nonlinear determin-
istic noise. It is very likely that nonlinear models will overcome a variety of problems which are encountered in

linear filtering techniques (e.g. remaining noise in the bandwidth of interest or ill-conditioned inverse problems).

Two different applications are examined. These applications share the common theme that the noise which
is corrupting a system or a signal of interest is nonlinear and deterministic. One application is the cancellation
or reduction of noise or interference corrupting a narrowband signal of interest. The other one is cancelling

acoustic noise actively from a fan or engine in a duct.

1.2 Contributions of this Dissertation

The work in this thesis deals with the cancellation or reduction of nonlinear deterministic noise or interference.
Two different applications are investigated in conjunction with a variety of devised schemes to achieve nonlinear

noise cancellation.

The first one is a filter method of Broomhead et al. [1] for cancelling nonlinear deterministic noise from a
narrowband signal. This filter method is investigated and compared with conventional linear techniques. It is
shown that the restrictions of the filter method are so severe that it will be impractical to implement. Further
it is shown that if the same restrictive assumptions are fulfilled linear filtering techniques which are less com-

putational expensive have the same or even better performance than the filter method.

To overcome those restrictions and limitations a new filter method is devised. The orthogonality property
of the finite impulse response (FIR) filter which is the main restriction of [1] is removed. To compensate for
the loss of the orthogonality property of the FIR filter filterbanks, decimators and an additional linear adaptive
filter are implemented into the new filter method. The new filter method shows an improvement in performance

(signal to noise ratio (SNR)) compared to linear filtering techniques.

A different filter method which uses cascaded RBF networks is designed and investigated. The initial idea
of using cascaded RBF networks is shown. Unfortunately, simulations show that it is rather difficult to train
the RBF networks in series. The whole scheme only performes sub-optimally and did not show any great im-

provement in performance compared with linear filtering techniques.

Another filter method to overcome the restrictions and limitations of Broomhead’s filter method is devised.
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It uses filterbanks, a quantiser and a nonlinear model. Simulations show that the quantiser successfully masks
the signal of interest and the nonlinear model is not able to detect and try to model it. However, the additional
quantisation noise makes it very difficult for the nonlinear model to estimate the nonlinear deterministic noise

accurately. Therefore, this scheme performs only sub-optimally compared with linear filtering techniques.

Finally a filter method is devised which recovers and detects signals of interest in strong nonlinear determin-

istic noise. The filter method shows great improvement in performance compared with linear filtering techniques.

The second application is active noise control (ANC) in a duct. One of the problems in ANC is that the
controller has to model the inverse of the loudspeaker. This loudspeaker may be nonminimum phase and,
therefore, causes problems for a linear controller. To overcome this problem a combined linear and nonlinear
controller is devised and implemented into an ANC scheme. It is shown that the traditional filtered-x LMS
scheme is not valid with a nonlinear controller. Other alternative schemes are investigated in order to use a
nonlinear controller. A new scheme is designed which enables the controller to be adapted by a block least
squares technique. This scheme is also more efficient in the number of additional models than the presented
alternative schemes. A mathematical model is derived for the combined linear and nonlinear controller and is
verified in a variety of different simulations. The combined linear and nonlinear controller shows a great increase

in performance in comparison with nonlinear or linear models.

1.3 Overview of the Thesis

Chapter 2 follows this introduction which provides some background information on nonlinear dynamics and
chaos. Firstly, it is explained what it is meant when a process is nonlinear and deterministic. The ability of
chaotic processes to masquerade as random processes when analysed with second order statistics is highlighted.
Different measures which are invariant to initial conditions and determine the nonlinear dynamics are shown.
As this thesis is dealing with time series observations of noisy signals in general the emphasis is put on the
estimation of the sampling rate and the embedding dimension. The sampling rate and the embedding dimension
are two important quantities which enable nonlinear models to exploit the structure and determinism in an ef-
ficient way. The average mutual information is used to determine the sampling rate. The embedding dimension

is determined by singular system analysis.

In Chapter 3 nonlinear models are introduced. The main emphasis is on VS filters and on RBF networks.
The topology of a VS filter and its training methods are described. The configurations of a normalised and
an ordinary RBF network are shown. Different techniques for estimating the location and the bandwidths of
the kernels are presented. A variety of simulations are carried out to determine a fast and reliable clustering

procedure. Finally least squares techniques are discussed to train up the linear weights in the RBF network.

The investigation into Broomhead’s filter method is presented in Chapter 4. The scenario is a narrowband

signal in a communication channel corrupted by broadband noise. The noise is assumed to be nonlinear and
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deterministic. Three different experiments are carried out and compared with two different linear filtering tech-
niques. The restrictions and limitations of the filter method are shown. Finally conclusions are drawn from the

results.

In Chapter 5 are variety of schemes to circumvent the restrictions of Broomhead’s filter method are presented.
The first one is the new filter method. It is explained in detail and simulation results for different input SNR and
linear and nonlinear filters are shown. The next one uses cascaded RBF networks. This method is explained and
simulation results are presented at the end. A linear filtering technique compares the performance of this filter
method. Another filter method which makes use of a quantiser is presented next. The underlying idea and the
design of the quantiser are shown. Simulation results are presented at the end. Finally a filter method for re-
covering and detecting signals of interest in heavy nonlinear deterministic noise is presented. The scheme of the

filter method is depicted and simulation results are shown. A comparison with linear techniques is also presented.

Nonlinear active noise control is presented in Chapter 6. A brief introduction is given into ANC. A back-
ground section provides the state of the art of ANC in ducts. Conventional linear control techniques are
reviewed and simulated. Alternative control strategies which allow a nonlinear controller to be implemented
are investigated and simulated. A new control scheme is designed to allow an adaptive block least squares
training method in conjunction with a nonlinear controller. A mathematical expression of a combined linear
and nonlinear controller is derived and verified in simulations. Simulation results with a variety of different

controllers and noise sources are presented. A discussion of the results and a summary end this chapter.

Chapter 7 concludes this thesis. It presents a review over the work carried out in this thesis and discusses

the achieved results. Further, suggestions and comments are made on possible future work.



Chapter 2

Nonlinear Dynamics and Chaos

A dictionary definition of chaos is a ’disordered state of collection; a confused mixture’. This is an

accurate description of dynamical systems theory today - or any other lively field of research.

Morris W. Hirsch

2.1 Introduction

The last three decades have seen a flood of publications on analysing [2], detecting [3], filtering [4], con-
trolling [5], predicting [6] and modelling [7] chaos. Research into the chaos phenomena is carried out in almost
every scientific discipline. Due to the advances in computer technology complex numerical methods are readily
implemented [8,9]. Heart rate variability [10], number of sun spots [11], DC/DC buck converters [12], para-
meters in artificial neural networks [13], ocean ’ambient’ noise [14], engine noise [15], electronic circuits [16],
speech [17], sea clutter in radar signals [18] to name a few research areas have been under investigation to
determine any chaotic behaviour. A few signals, i.e. speech [17] and heart rate variability [10] have been
classified as nonchaotic signals, whereas for example sea clutter [18] or fan noise [19] have been shown to be
chaotic processes. The analysis tools used to determine chaotic behaviour require stationarity in the measured
data which is not always the case. Also, the measured signal is usually contaminated with stochastic noise,
plus the lack of sufficient long data sets have often mislead researchers. A drawback with the analysis tools in
nonlinear dynamics is that they do not provide any uncertainty limits, z.e. standard deviation. If the researcher

is not careful enough in choosing the appropriate parameters for the analysis tools misleading results are possible.

Another popular aspect of chaos is in exploiting its properties. Its broadband nature is used in masking
signal of interests (chaotic modulation schemes [20]) and its sensitivity to very small perturbations in control
techniques [21]. The determinism [22] in chaos is exploited in fractal coding [23,24] and in signal separation [25].
Chaotic processes become unpredictable in the long term, but it is possible to predict a chaotic time series in

the short term. This offers new strategies to model chaotic processes [6,26-32].
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Chaotic processes arise from nonlinear deterministic systems. Nonlinear is defined as the negation of linear.
Linearity in algebra, in terms of functions, is defined as follows : f(z 4+ y) = f(x) + f(y) and f(az) = af(x).
Whereas in geometry, linearity is referred to Euclidean objects, 7.e. lines and planes, and nonlinearity to more
complex objects, z.e. spheres.

Determinism is another important and exploitable feature of chaotic processes. It is defined as a unique con-
sequent for every state in a dynamical system. In other words, each observation is a function of the previous
observations. This means the longer one observes a system the more one can learn from it. The ability to

predict this kind of time series is the key difference to stochastic processes.

A dynamic system can be described by a set of differential equations [33-35]. The equations must be non-
linear to generate chaotic solutions, but apart from that can be remarkably simple [36]. For autonomous (not
dependent on time) systems the ordinary differential equation (ODE) has to be at least of 3-D (3 degrees of
freedom) for chaotic behaviour. Non-autonomous system of 2-D can exhibit chaos. As for discrete systems like
the logistic map, one can think of them as the Poincare maps of 2-D flows, therefore only 1-D for difference

equations is necessary to generate chaos.

One feature which characterises chaotic behaviour is that it is sensitive to initial conditions. Imagine a system
to be started twice, but from slightly different initial conditions. For nonchaotic systems this uncertainty leads
only to an error in prediction that grows linearly with time. For chaotic systems, on the other hand, the error

grows exponentially in time, so that the space of the system is essentially unknown after a very short time.

Another feature of chaotic processes is that they exhibit broadband spectra and masquerade as random time
series when analysed with linear techniques [37]. Consider for instance the two aperiodic time series in Figure

2.1(a) and (b). At first sight both time series appear to be random noise.
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Figure 2.1: Aperiodic time series : (a) Time series 1 (b) Time series 2

The power spectral densities (PSD) of the two time series are shown in Figure 2.2(a) and (b), respectively. The
two PSD plots show that the energy of both time series are equally distributed over the whole frequency range.
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This is an indication of broadband random noise.
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Figure 2.2: PSD (averaged 50 times) : (a) Time series 1 (b) Time series 2

The autocorrelations Rzz(l) of both time series in Figure 2.3(a) and (b) have only a significant peak at lag zero,

which implies that both time series are uncorrelated.
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After applying these 2nd order statistical tests to both time series, it would be quite natural to assume that

both time series are purely stochastic processes. To gain further insight into the nature of the time series higher
order statistics (HOS) [38-40] could be applied. Although HOS are able to detect nonlinearities [38,41,42], they
are at times difficult to interpret [43,44]. This is due to high variance of the estimates of the HOS [45] often

caused by the lack of large data sets. Therefore, HOS techniques tend not to be very practical. However, there

are other analysis tools from the theory of nonlinear dynamics [9] which can be readily applied. One method

is the method of delays which is described at the end of this chapter. This method is able to construct a phase

plane of a nonlinear dynamic system. The phase planes are shown in Figure 2.4(a) and (b). It is clear that the

phase plane in the Figure 2.4(b) has a low dimensional structure. This structure is called a strange attractor
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which will be explained later on. In this case it is produced by the Logistic map normalised to have zero mean.

This simple map, given by the difference equation
z(n+1) = pz(n)(1 - 2(n)), z(n) € [0,1] (2.1)

arises from the corresponding differential equation

da

= px(l —x) (2.2)

The Logistic map is nonlinear and depending on the value p exhibits equilibrium points, period doubling, bi-
furcations and chaotic behaviour [33,46-48]. To produce chaotic behaviour y is chosen to be 4.0. Figure 2.4(a)

is produced by white Gaussian noise and covers almost the whole state space.
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Figure 2.4: Phase plane : (a) Time series 1 (b) Time series 2

A useful tool for analysing the outcomes of nonlinear dynamic systems with varying parameters is the Fei-
genbaum diagram [33]. In Figure 2.5 the Feigenbaum diagram of the Logistic map is displayed. It shows the
outcomes of the Logistic map in a range of p = 2.4...4.0 in steady state. In the range pp = 2.4... ~ 3.0 the
steady state is an equilibrium point. At g ~ 3.0 a bifurcation occurs and the outcomes oscillate between two

steady states. Increasing p at this point produces chaotic behaviour, interrupted by further period doublings.



Chapter 2 : Nonlinear Dynamics and Chaos

[
|
il I
v i
|

0.8 |

X(u, n)

04 |

2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Figure 2.5: Feigenbaum diagram of the Logistic map

The attractor of the Logistic map is shown in Figure 2.6. The parameter p is chosen to be 4.0, so that the

Logistic map produces chaotic behaviour.
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Figure 2.6: Attractor of the Logistic map (x4 = 4.0)
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Another famous attractor is shown in Figure 2.7. It is the three-dimensional Lorenz attractor. It can be seen
that the initial parameters (2(0), y(0), 2(0)) lie in the basin of attraction. The trajectory is attracted to the

Lorenz attractor and stays there for an infinite time.

Figure 2.7: The Lorenz attractor

2.2 History

Henri Poincare (1854-1912) was said to be the first one who carried out mathematical research in chaos. At
the time around 1890 he was investigating the stability of the solar system. His main question was, if the
planets would continue to stay on their orbits or would eventually drift off. To find an answer (which he did
not find) he invented a new analytical method, the geometry of dynamics. This method formed the theoretical
foundations of the subject of topology. Chaotic behaviour was discovered by Poincare in the orbital motion of
three bodies which mutually exert gravitational forces on each other. Other scientists followed his path. Andrey

Kolmogorow, a mathematician, made basic advances in the irregular features of dynamics.

In the 1960’s a plan to classify all kinds of typical dynamic behaviour was proposed by Stephen Smale. Edward
Lorenz was the first one to publish a strange attractor in the Journal of the Atmospheric Sciences. Unfortu-
nately, this journal is usually not read by mathematicians or physicists and, therefore, the research on chaos
was delayed by a decade or so. Lorenz numerical work described a simplified model for convection. He studied

its implications for weather prediction.

The concept of chaos in practical applications in the 1970’s followed. For example, sudden irregular beha-

10
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viour, for no apparent reason, in smooth flowing fluids where explained by David Ruelle and Floris Takens as
chaotic behaviour. Other experimental scientists, notabily Harry Swinney, Jerry Golub and Albert Libchaber
followed the same path [49].

Up to the 1970’s experiments, e.g. periodic chemical reactions, which produced irregular patterns of processess,
hence chaos, were usually dismissed as an unsuccessful experiment. That has changed rather dramatically in
the light of the chaos theory. The word 'chaos’ was coined by James A. Yorke and Tien-Yien Liin 1975, whereas
the phrase ’strange attractor’ was created by D. Ruelle and F. Takens in 1971.

2.3 Invariants of the Dynamics

To classify different physical systems it is necessary to obtain invariant quantities [50]. Invariant quantities are
independent from the set of initial conditions of a dynamical system. There are three different approaches for

the purpose of defining invariant measures on the attractor :

e Density estimation
e Dimension

e Lyapunov Exponents

The invariant measure from density estimation is defined as the natural density of points in the state space. It
describes where the orbit has been, and counts how many points within a volume in the state space there are.
A detailed definition may be found in [51]. The more widely used invariant quantities dimension and Lyapunov

exponents are described in more detail in the following sections.

2.3.1 Dimension

Attractor dimension [52] is an invariant quantity and a classifier for dynamical systems. The simplest concept of
dimension is the number (integer) of coordinates needed to specify the state space. Chaotic attractors generally
have a noninteger dimension as well as a complex geometry, and are therefore called strange attractors. The
Cantor set in Figure 2.8 illustrates the concept of having non-integer dimensions. The procedure goes as follows.
Remove every middle third of a line segment and repeat infinitly. In contrast to a line with its infinite number
of points and finite length, the Cantor set has infinite number of points but zero length. Therefore its dimension

has to be between 0 and 1 (dc., = log2/log3).

11
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Figure 2.8: Cantor set

There are different definitions and ways to determine the fractal dimension of an attractor.

o Capacity dimension (box counting method)
This dimension measure is a basic one and is defined as follows. It depends on how many d dimensional
hypercubes are needed to cover the attractor. For example a line of length I may be covered by N line

segments with a length of €.

A square of side I in two dimensions requires N(¢) = (I/¢)? squares with width ¢ to be covered. For d

dimensions this can be generalised to

o - (O

The capacity dimension is defined in the following way

log N (¢)
cap = lim ————=

—0 log(1/e)
This measure dg,,, for an accurate result, requires the complete knowledge of the attractor. Measured
or calculated attractors represent usually only temporal sections. It also is very difficult to compute the
measure dg,, for strange attractors [49]. Therefore, for a more sophisticated practical definition the two

following dimensions include a probabilistic term.

e Information dimension
This definiton takes into account on how often a trajectory visits a particular volume element in state

space. An utilised entropy measure is defined as follows

N(e)

H(E) = —ZPZ'II]PZ'
i=1

12
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where P; is the probability that a trajectory has visited the i'* volume element. N(g) are the volume
elements with diameter ¢. Thus, the information dimension is defined as
log H(¢)

d lim ———=~
20 Tog(1/)

o Correlation dimension
This measure is the most popular one due to its ease in computation. A well know implementation of the

algorithm by Grassberger et al. may be found in [53,54]. A correlation function C(g) is given by

0 = Jim | 3 el llsi— 51D (23)

N— “
i,j=1

where s; and s; are points on the attractor and ¢() is the Heavyside step function. The definition for the

correlation dimension is given as

dCOr = Iim M
e—0 ]OgE

e Lyapunov dimension
This measure was conjectured by Kaplan et al. after a series of numerical experiments [49]. Tt is defined

as follows

diya

|ZA’“

where m is the maximum integer such that Y 7, Az > 0 and A; are the Lyapunov exponents ordered by

| Am+1

magnitude. Kaplan et al. claim that the Lyapunov dimension d,, is generally equal to the Information

dimension d,,;.

2.3.2 Lyapunov Exponents

The Lyaponov exponent [55-57] of a dynamic system is a measurement quantity for the sensitivity dependence
upon initial conditions that is characteristic of chaotic behaviour. In Figure 2.9 the first fifty samples of two
time series generated by the Logistic map (u = 4.0) are shown. The difference between the initial conditions of

0—09

the two time series is only 1 and it can be seen that the time series diverge after around 25 samples and

run on completely different trajectories.

13
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Figure 2.9: Sensitivity to initial conditions

The Lyapunov exponent A may be readily computed for a one dimensional map such as the Logistic map. If a
system is allowed to evolve from two slightly differing initial states,  and 2 + ¢, then after n iterations their

divergence may be characterized approximately as
e(n) ~ e (2.4)

where the Lyaponov exponent A gives the average rate of divergence. If A is negative, slightly separated
trajectories converge and the evolution is not chaotic. If A is positive, nearby trajectories diverge; the evolution

is sensitive to initial conditions and therefore chaotic. A one dimensional map is given as

z(n+1) = f(z(n)) (2.5)

The difference between two initially nearby states after nth steps is written as

ffe4e)—f(x) ~ ce™ (2.6)
ln[f SRt} (“")] ~ nh 2.7)
€
For small ¢, this expression becomes
1 dsm

14
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n—1
1
A= dim =S In|f(w 2.
Jim — ;:o n | f (i)l (2.9)

The Lyaponov exponent gives the stretching rate per iteration, averaged over the trajectory. For a n-dimensional
maps there are n Lyapunov exponents, since stretching can occur for each axis. The sum of Lyaponov exponents
for a dissipative system must be negative. If the system is chaotic then at least one of the exponents has to
be positive. The largest Lyapunov exponent gives an indication of how far into the future predictions can be

made.

2.4 Embedding Dimension

Usually in practice there is only a measured time series from a physical system available [58,59]. The underlying
dynamics (differential equations) are unknown to the observer. Fortunately, it is possible to extract invariant
quantities from a measured time series. This is based on Taken’s delay embedding theorem which allows to
reconstruct the attractor of a dynamical system. The following section gives a brief review on Taken’s delay
embedding theorem. Section 2.4.2 explains a technique to determine the embedding dimension and how this
technique can also be used to project the data onto a noise-reduced sub-dimensional space. Another technique,

false nearest neighbours, to determine the embedding dimension is briefly reviewed in Section 2.4.3.

2.4.1 Taken’s Delay Embedding Theorem

One of the reasons why the chaos phenomenon has been studied not only by physicists and mathematicians is
because of the delay embedding theorem from Takens [60]. It provides the theoretical foundations to obtain
quantative dynamics from experimental data in a rather simple way. The basic idea 1s to construct the state
space of a dynamical system by time series observations. If the attractor of a dynamical system is contained
within a finite dimensional manifold M, with dim M = m < oo, then an embedding of M can be constructed
from a time series using a delay register. In order to explain an embedding [61] it is necessary to give a brief

review of definitions from differential topology.

e Invertible map A map f: X — Y is one to one if no two points in X map to the same point in Y. The
map f: X — Y is onto if for every point y € Y there exists at least one point in X that is mapped to y
by f.

A map that is one to one and onto is called invertible. If f is invertible, the inverse map, f~' 1 YV — X,

1s also one to one and onto.

e Smooth map Let U C R™ be an open set. A map f: U — RP is smooth if 1t possesses continuous partial

derivatives of all orders.

15



Chapter 2 : Nonlinear Dynamics and Chaos

¢ Homomorphism Linear map between vector spaces L : X — Y. L is a homomorphism because it

preserves structural properties, like vector addition L(x1 + ®2) = Lay + Las

¢ Diffeomorphism A smooth map ¢ : X — Y is a diffeomorphism if it is invertible and if the inverse map

¢~ 1Y — X is also smooth.

e Manifold A k-dimensional manifold M is a set of points that locally resembles R*. More precisely, M is
a k-dimensional manifold if for each point 2 € M, there exists an open neighbourhood U of z such that

U is diffeomorphic to some open neighbourhood in R*.

Embedding A set U C R* is compact if it is closed and bounded. Examples of compact sets are the circle and
the sphere. For f: X — Y| the pre-image of aset Z C Y, denoted by f=1(7), is the set of all points in X that
f maps into 7, that is,

Y7 = {zeX: f(z)e 7} (2.10)

A map is proper if the pre-image of every compact set in Y is compact.

Let X and Y be two manifolds with dim(X) < dim(Y). A map f: X — Y is an immersion if its derivative
Df(z) is of full rank for every z € X.

Let X be a compact manifold. If f : X — Y is an immersion, proper, and one to one, then it is called an
embedding. An embedding f : X — Y maps X diffeomorphically onto a manifold f : X/ C Y.

The embedding described by Takens is a map Comyr : M — R?™+1 defined by

Cams1(zo) = (v(zo),v(z_1),.. ., v(22m)) (2.11)

where v(zo), v(2=1),...,v(x-2m) are a sequence of real-valued measurements v : M — Rand ..., z_1, o, &1,...

is a trajectory on the dynamical system on M.

2.4.2 Singular System Analysis

This technique is also known under the names principal component analysis (PCA), Karhunen-Loéve decom-
position and principal value decomposition [62,63]. The algorithm is a projection of the delay coordinates.
It decomposes multidimensional data into linearly independent coordinates. Therefore it eliminates linearly
dependent coordinates and artificial symmetries [2]. The set of eigenvalues, called the singular spectrum, are

derived from the following covariance matrix

cov = %Z (2(n) — 2)(x(n) — 7)7 (2.12)

n=1

with

8
ll

z /N (n) (2.13)
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where z(n) is the time series to be analysed.

This technique can also be carried out locally, where the covariance matrix is over a neighbourhood of Np
nearest neighbours [51]. In some cases singular system analysis can reduce noise. In [62] it is shown that, if
the noise is a Gaussian i.i.d. noise process the singular system analysis acts as an optimum linear coordinate
transformation.

In order to chose an appropriate embedding dimension it is necessary to determine the degrees of freedom in
the time series. Usually a measured time series is contaminated with stochastic noise. The high dimensional
stochastic noise will fill more or less uniformly any low-dimensional space and, therefore, it will obscure any low
dimensional chaotic process. The singular system analysis is also able to detect noise-dominated coordinates.
Broomhead et al. in [2] discovered that the singular spectrum decreases until it hits a plateau. The eigenvalues
in this plateau are roughly equal and are thought to be the outcomes of having Gaussian noise in the data. The
results in Figure 2.10 show the eigenvalues of the Lorenz chaos with and without Gaussian noise. It is clear in

both cases that the chaos is low-dimensional and the estimated embedding dimension is three.
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Figure 2.10: Singular System Analysis

Although the singular system analysis provides the correct embedding dimension in this scenario, it is only able
to give a ”linear hint” towards the numbers of active degrees of freedom in a time series. It is also sometimes
difficult to interpret [9]. Therefore, one should be careful when using this technique to determine the embedding

dimension.
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2.4.3 False Nearest Neighbours

This method of determining the embedding dimension dg.., comes directly from the data when projected onto a
low dimensional space. The main question is : Are all the false crossings of the trajectories with itself eliminated
which were due to the fact that the chosen embedding dimension was too low. The behaviour of near neighbours
(points on the trajectories) under changes in the embedding dimension from d — d + 1 is monitored by this
method. When the number of false nearest neighbours drops to zero, the attractor is unfolded or embedded

in RP™*  a dg,., Euclidean space. A detailed explanation and implementation of the procedure may be found

in [64,65].

2.5 Sampling Rate

The embedding theorem states that any sampling rate will be acceptable is not very useful for the purpose in
extracting invariant quantities from a measured time series. If the time lag T" between two adjacent samples is
too small, then the coordinates x(n) and x(n+T') will be so close to each other in numerical value so that it will
be difficult to distinguish them. On the other hand, if the time lag T' is too large, then z(n) and z(n 4+ T') will
be completely independent and, therefore, the projected orbit will be spanned onto two unrelated directions. A

first hint to determine the lag 7" is to use the autocorrelation function

/NN _ [e(m+ 1) — F][2(m) — 7]
1NN [2(m) — 7)?

Cr(r) = (2.14)

where

z = 1/NY xz(m) (2.15)

An appropriate value for the lag T would be the first zero crossing of the autocorrelation function Cf (7). This
procedure gives a linear hint of the independance of the coordinates. The time series which posess chaotic be-
haviour are generally nonlinear. For this reason a nonlinear notion in independence would be more appropriate.

Such a kind of measure is derived from Shannon’s information theory and is described in the following section.

2.5.1 Average Mutual Information

The sampling rate of a chaotic time series is determined in a nonlinear way by the average mutual information.
It measures the independence between two samples. The average mutual information is a kind of generalisation
to the nonlinear world from the correlation function in the linear world. Tt has been suggested [66] that the

optimum sampling rate is at the first minimum of the average mutual information (7).
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Taking a measurement a;, the amount of information in bits about another measurement by, is given by

Pap(ai,br) ]

Pa(ai)Pg(br) (2.16)

Iap(ai, by) = 1082[

where P4(a) is the probability of observing a out of the set A and Pg(b) the probability of finding b in a
measurement of B. The joint probability of the measurement a and b is Pap(a,b). Iap(ai,by) is defined as the
mutual information between two measurements. This abstract definition may be used for two samples in a time
series as follows.

The average amount of information about 2(n 4+ 7') when making the observation z(n) is

KT) = Y P(x(n),z(n+T))log, Pf(’ w(zf:;));éivz ;T%)))

n=1

(2.17)

and I(T') > 0. When the observations xz(n) and z(n + T) are completely independent then I(7') = 0. Figure
2.11 shows the average mutual information of the Lorenz data. The first minimum occurs at 7' & 0.15. The
Lorenz data is sampled with 100Hz. This means that every 15th sample is sufficient to gain independent (not

statistically) coordinates.

3.5 T T T T T T T T T

I(T)

0.5 1 1 1 1 1 1 1 1 1
01 02 03 04 05 06 07 08 09 1
Timelag T

Figure 2.11: Average Mutual Information I(7") for Lorenz data

This choice of lag T is only ”prescriptive” and cannot be generalised. For certain dynamical system there are
no minimas in the average mutual information I(7T) and, therefore, other criteria have to be used. Another
point is the choice of lag for the second, third and so on delay. The delays in this thesis are chosen to be equal

and are determined by the first minimum of I(7T") in the following chapters.
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2.6 Summary

This chapter has given a brief overview of the field of nonlinear dynamics with a focus on chaos. The ’young’
history of the research on chaos has been outlined. Invariant quantities have been described and techniques
to determine them. A brief review of Taken’s delay embedding theorem has been given, together with two
different techniques, singular system analysis and false nearest neighbours, to estimate the embedding dimen-

sion. A general method, the average mutual information, to determine an optimum sampling rate was presented.

Chaos theory is still evolving and at the moment is not yet well defined. However, it explains irregular patterns
in processess which a few decades ago were discarded as some error in an experiment. Noisy signals in signal
processing are often encountered. Noise or interference does not contain any information and contaminate other
signals of interest. The noise or interference 1s usually assumed to be a white Gausian process. However, the
disturbance with its irregular behaviour may well be a chaotic process and, hence, other nonlinear filtering or

control techniques may be more suitable.
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Nonlinear Models

3.1 Introduction

Linear filters have played a very important role in signal processing. In many scenarios, e.g. filtering a signal
corrupted with additive white Gaussian noise, equalisers for minimum phase channels, etc., linear models provide
the optimum model in the least square sense. The obvious advantage of linear filters is their inherent simplicity.
In general the computational complexity of linear models is much lower than that of nonlinear models. Design,

analysis, and implementation of linear filters are relatively straightforward tasks in many applications.

However, there are several situations in which the performance of linear filters is unacceptable. Nonlinear
processes are widespread in nature. Nonlinear models which, for example, predict nonlinear time series [67-70],
identify nonlinear systems [71,72], equalise high speed communication channels [73] or model a nonlinear func-
tion [7,74] are clearly more suited than linear models. A vast amount of nonlinear applications using artifical
neural nets [75-77], fuzzy logic [13,78] and genetic algorithms [79] have occured during the last 2 decades.
Nonlinear models are usually very complex and are trained by nonlinear optimisation techniques. These optim-
isation techniques are computationally expensive and often only perform sub optimally [80]. A different kind
of nonlinear model is the one which is linear in their parameters. This means that these models can be trained
by sophisticated least squares techniques. Two different types have been intensively used in the following sim-
ulations : The Volterra series (VS) filter [81,82] and the radial bais function (RBF) network [83-87]. The VS

filter and the RBF network can in theory [88] model a broad range of arbitrary nonlinear functions.

The nonlinear modelling and forecasting of time series data have a relatively recent history. The statistics
community has constructed stochastic nonlinear models since about 1980. Independently, the dynamical sys-
tems community, motivated by the phenomenon of chaos, has constructed deterministic nonlinear models since

1987 [50].

Section 3.2 presents the VS filter and its implementation. The RBF network and a variety of training methods

are introduced in Section 3.3. Section 3.4 summarises this chapter.
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3.2 Volterra Series Filter

A VS filter is a polynomial model of nonlinearity [89-91]. This filter is very popular in adaptive nonlinear
filtering, because of its simplicity [71,72,81,82]. Apart from the topology of the VS filter, the only unknown
parameters are the linear weights (Volterra kernels). The VS filter has a structure similar to a FIR filter. The
only difference is that the input vector x is additionally nonlinearly expanded by higher order (e.g. quadratic,
cubic, etc.) terms.

The VS filter is a feedforward filter, by definiton, whereas adaptive nonlinear filtering with feedback is still
in an early stage of development. To characterise a nonlinear filter by the system’s unit impulse response is
impossible and therefore to design a stable system with feedback is very difficult.

For an input 2(n) and output y(n) of a discrete-time and causal nonlinear system a VS expansion can be written

as

y(n) = ho+ Y hi(mi)z(n—m) (3.1)

my=0

o0 oo

+ 3737 ho(my,mo)a(n — my)z(n —my) + ...

m1=0m2=0
%) [} %)

+ Z Z Z hy(mi,ma,...,mp)x(n —mi)x(n —ms)...z(n —m,p)

my1=0ms,=0 myp=0

+...

The hp(mq, msa,...,m,) in equation (3.1), are called the p-th order Volterra kernels. Without loss of generality
it may be assumed that the Volterra kernels are symmetric, e.g. ha(mi,ms) = ha(ma, m1). In practise only

truncated Volterra series expansions are used, so that (3.2) may be written as

N-1
yin) = D h(mi)z(n—m) (3.2)
m1=0
N-1 N-1
+ Z ha(my, ma)z(n —mq)z(n —msy) + ...
mi1=0my=0
N-1 N-1 N-1
+ Z hy(mi, ma,...,mp)x(n —mi)x(n —ms)...z(n—m,p)
m1=0m2=0 mp=0

The kernel hg represents a DC-offset and is usually set to zero. A disadvantage is that the number of kernels is
0 (NP). The complexity of the filter grows rapidly with large values of N and P. The number of kernels can

be calculated as follows

no = 1
N+45-=2
nj = nj_1<++> j=1,2,...,P
P
number of kernels = an (3.3)
j=0

A VS filter of order P = 2 and degree N = 3, hence with 2 delay elements, is shown in Figure 3.1.
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Figure 3.1: Second order Volterra filter with two delay elements

As mentioned earlier the VS filter (and the RBF network) is linear in its parameters. To demonstrate this

feature (3.2) is rewritten as a vector inner product.

y(n) = hTx.,(n) (3.4)
where
xip(n) = [m(n),m(n—1),...,;13(71—N+1),...,:r(n)a:(n)...m(n),...,m(n—N+1)J;(n—N+1)...
x(n—N—}—l)]
n = [hl(O),hl(l),...,hl(N—1),...,hp(0,0,...O),...,h(N—l,N—1,...,N—1)]

For this linear in the parameter nonlinear architecture, the weight vector h can be estimated using a least

squares algorithm.

To make the VS filter adaptive is straightforward, because adaptive least squares algorithms from linear adapt-
ive models can be used. Two well known adaptive algorithms are the LMS and the RLS algorithm.
The LMS algorithm has low computational complexity and slow convergence in the least square sense and the

RLS algorithm has high computational complexity and fast convergence.
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The LMS and RLS algorithms for a second-order VS filter may be found in [89]. There, it is pointed out that the
nonlinear expansion in the input vector x, will cause the eigenvalue spread to increase, even with a white input
signal. Therefore, it is important to use algorithms whose convergence speed 1s independent of or less dependent
on the statistics of the input signal. Tt is well known that the LMS algorithm suffers in convergence speed when
the eigenvalue spread of the autocorrelation matrix is large. One approach to circumvent this dilemmais to use
the RLS algorithm at the expense of high computational complexity.

The VS filter will fail if it has to model discontinuities, for instance a saturation type of nonlinearity. This is
because the Volterra series expansion is a Taylor series expansion with memory which only fits the data well

when the functions are smooth, in the sense that they are at least once differentiable (C") [89,90].

3.3 Radial Basis Function Network

The radial basis function (RBF) network, like the multilayer perceptron (MLP) [92], is a static network [75,88].
Static networks are memoryless which means that they have no feedback path. The MLP architecture is the
most popular one in practical applications. However, it is more difficult to train than the RBF network, because
the MLP network uses nonlinear optimisation techniques. This means that the parameters of the MLP network

are often trapped in a local minima of the error function when using a gradient descent technique.

A RBF network consists of three layers. The input layer is made up of source nodes, which may be formed by
a tapped delay line representing an embedding vector of an observed time series. The hidden layer nonlinearly
expands the input signal. This nonlinear expansion is motivated by the fact, that a difficult nonlinear filtering
problem may be nonlinearly transformed into an easier linear filtering one [88]. The output layer supplies the
response of the network. The transformation from the input layer to the hidden layer is nonlinear, whereas the
transformation from the hidden layer to the output layer is linear. If the kernels of the RBF network are fixed,
then this kind of structure is sometimes referred to as linear in parameters. A block diagram of a RBF network

is shown in Figure 3.2.
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Input layer Hidden layer Output layer

Figure 3.2: The radial basis function network

A RBF network for M inputs, one output and I kernels is defined as follows.

fxum(n)) = ijuj(n) (3:5)

The most common nonlinear function for the hidden layer is a Gaussian kernel function of the form :

a2
uj(n) = exp—w j=12,...,L (3.6)
j

where u; is the output of the hidden layer, x is the input vector and c¢; is the weight vector (centre of the
Gaussian kernel). 0']2 is the scaling factor for the width of the Gaussian kernel. The type of nonlinearity is not
crucial for the performance of the RBF network [93,94].

In theory, the RBF network is capable of performing any kind of nonlinear transformation. Tt has been suc-
cessfully implemented in classification [95-97], nonlinear dynamic modelling [98] and time series prediction [99]
problems.

There are two different types of Gaussian RBF networks. The un-normalised Gaussian RBF network uses the
exponential activation function, i.e. (3.6), to produce a localised bump as a function of an input vector x(n).
In Figure 3.3(a) 4 Gaussian bumps with a small bandwidth o? and in (b) with a large bandwidth o are shown.
The other type is the normalised radial basis function (NRBF) with Gaussian kernels. The NRBF network uses
the softmax [100] activation function, therefore, the outputs of all activation functions sum up to one. It is
possible to interpret the outputs as posterior probabilities. The NRBF network features either a localised re-
sponse like an un-normalised RBF network or non-localised behaviour like that of a sigmoid in a ML P network,
depending on the location of the kernel. This behaviour leads to an enhanced approximation capability [101].

The NRBF network for M inputs and one output may be mathematically described as follows.

L

foou(m) = 3 widi(n) (3.7)

i=1
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exp(— || xu(n) — ci |I* /o)

@Z(n) =

i1 exp(= || xu(n) = ¢ || /o)

(3.8)

In Figure 3.4(a) 4 normalised Gaussian kernels with a small bandwidth ¢? and in (b) with a large bandwidth

2

o are shown. The bandwidths of the kernels should be set to allow a smooth fit between the input space and

the desired network outputs. Therefore, the bandwidth should be large enough so that neighbouring kernels

overlap with their tails, but small enough to keep the response of a kernel localised. The bandwidth in Figure

3.3(a) is clearly too small, because there are regions in the input space which do not activate any of the kernels.

On the other hand, the bandwidth in Figure 3.3(b) enables every kernel to be activated over the whole input

space. This may cause problems when fitting a more complex target structure.
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Figure 3.4: 4 normalised Gaussian basis functions with 2 inputs : (a) ¢? =5 (b) ¢? = 50

The size (number of basis functions) of the RBF network is dicussed in Section 3.3.2. Unsupervised training

methods for the basis functions are introduced in Section 3.3.3. In Section 3.3.4 supervised training methods

for the linear weights are discussed. Section 3.3.5 summarises this chapter.
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3.3.1 Toplogy

This section describes procedures to combat the overfitting problem. Querfitting occurs when the nonlinear
model is too complex and fits spurious quirks (i.e. noise) in the data. In other words, the nonlinear model
does not provide a smooth mapping between the input signal and the desired signal. This means that the
model will perform well with the training data, but may fail badly with some unseen data. The goal, there-
fore, 1s to select a model which is not too complex and, hence, will fit some spurious noise on the data, but

be able to fully detect the signal in a complicated target set. Two methods from a variety [92,102] are described.

The first method is called early stopping [103] and is a regularisation method. It can be summarised for a

RBF network as follows :

e Divide the available data into three sets : training set, testing set and validation set

Use a large number of Gaussian kernels
e Compute the testing error periodically during training
e Stop training when the testing error increases

e Estimate the generalisation error of the network with the validation set

The procedure is illustrated in Figure 3.5. A large RBF network is chosen, e.g. to model or predict a time
series. The training error decreases as more training data is available. After each sample the linear weights are
updated and then run with the testing set. The testing error will also decrease at first, but at a certain point
(in Figure 3.5 at N samples) it will increase because the network is overfitting the training data. At that point

the linear weights are stored and then validated with the third set, the so-called validation set.

01 T testing error

001 + store the linear weights

MSE

trainingerror N\ T~ ______-

0.001 -

samples n

Figure 3.5: Early stopping
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This method is fast and can be applied to networks in which the number of kernels exceeds the number of
data points. Although this method seems to be rather ad hoc, it is closely related to the well-known statistical
method of ridge regression [104].

Farly stopping has been used in Chapter 4 and in various other simulations in Chapters 5 and 6.

The other method is a subset selection method, called orthogonal least squares (OLS). Tt is a supervised
training method and was introduced by Chen et al. in [94] as a forward stepwise regression technique for se-
lecting parsimonious RBF networks. The forward selection begins with zero kernels in the RBF network. At
each step the kernel is added which most decreases the error function. Tt also is possible to start off with a large
RBF network and then let the OLS algorithm determine which kernels may be discarded. An iterative OLS
algorithm can be found in [94,105]. In [106] the efficiency of the OLS algorithm for finding the smallest RBF
network is investigated. The authors conclude that the OLS algorithm will not necessarily find the optimum

configuration of kernels for a RBF network.

A brief experiment 1s carried out to compare the generalisation performance of the two techniques. The task is
to predict one step ahead in the time series generated from the Logistic map (see Chapter 2). White Gaussian
noise is added to the time series so that the resulting SNR is 20 dB. Tt should be noted that the additive
white Gaussian noise is not predictable and, hence, will not be fitted by the NRBF network. The embedding

dimension is 2 and the input space is covered with 203 kernels each with a bandwidth of ¢? = 0.28.

In Figure 3.6 the early stopping method is shown. After taking in an initial block of data the training and
the testing error are plotted for each sample. The linear weights are computed by a block least squares tech-
nique which is described in Appendix A. The linear weights which produce the best NMSE with the testing set
are stored and validated by a third set from the input data. The validation NMSE is a single value and plotted
on the y-axis. This example shows that the chosen RBF network with 203 kernels does not overfit the training
data, no matter how many training samples are used. After around 800 samples the training error stops to
decrease and, therefore, the testing error does not increase. The validation error is similar to the testing and
training error and, therefore it can be concluded that the RBF network is a good generalised model for this

specific prediction task.
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Figure 3.6: Early stopping : NMSE in dB for training, testing and validating

In Figure 3.7 the performance of the OLS algorithm is shown. As before, the same RBF network and prediction
task are used. The method starts off with all 203 kernels and lets the OLS algorithm determine which kernels
can be discarded without affecting the training error as less as possible. The NMSE in dB of the training and
testing data for each discarded kernel, selected by the OLS algorithm is depicted. The linear weights for the
best NMSE for the testing data is stored and then validated by a third set of the input data.
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Figure 3.7: OLS : NMSE in dB for training, testing and validating

Although the OLS algorithm is able to select a parsimonious model which performs still very good with only
30 kernels on the training data it fails on the validation set. It is obvious from this experiment that the OLS
algorithm produces a NRBF network which is not as robust as the early stopping method. This generalisation
problem with subset selection methods has also been encountered in linear models subset selection methods

which also do not generalise as well as regularisation methods [107].
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3.3.2 Estimation of the Basis Function Parameters

The most common technique to train the kernels in a RBF network is the k-means algorithm [108,109]. The
algorithm partitions the input space into L clusters. The centres of the kernels are positioned onto the centres of
those clusters. This is an unsupervised learning method based only on the input data. The traditional k-means
clustering algorithm provides only a local optimum which depends on the initial postions of the kernels. Kernels
may get trapped in a region of the input space where there are only a few data points. Those data points do not
need a kernel and therefore the RBF network becomes too large and may be numerically ill-conditioned [110].
An adaptive k-means algorithm has recently been proposed [111] which converges to an optimal configuration
independent of the initial positions of the kernels. This algorithm which incorporates a dynamic adjustment of

the learning rate may be summarised as follows.

e Initialization

o; = distance to nearest neighbour kernel

¢; = random subset of the data points

e Algorithm

cj(k+1) = c;(k)+ M;(x(k))[n(x(k) — c;(k))]
o )L yllx—e P < ullx—al VAL
MiG<(k)) = 0, otherwise (3:9)
vk +1) = avy(k)+ (1 = )[M;(x(k) || x — ¢ |1}
L L
H(l_)l,...,l_)L) = Z—@jln(ij) with Ej:vj/sz
j=1 =1
p o= = H( )/ ()

where M;(x) is a membership function,  the adaptive learning rate and L the number of kernels. The adaptive k-
means algorithm distributes the kernels among the clusters with equal variance. Therefore, the same bandwidth
for every kernel may be used. The bandwidth may be determined by the variance of the clusters. Another

approach is a P-nearest neighbour heuristic algorithm [95] to determine an appropriate bandwidth (J'J?.

P
1
o = 5 > e —eilf (3.10)
i=1
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where ¢; are the P-nearest neighbours of c;.
The mean square error (MSE) cost function which the k-means algorithm attempts to minimize can be expressed

as.

L
MSE(e) = > v (3.11)
ji=1
To demonstrate the performance of the k-means clustering algorithm the Logistic map in a 2-dimensional and
the Lorenz system in a 3-dimensional input space are used. In Figure 3.8(a) the initial positions of the 25 kernels
are shown. After training with 10000 samples the centres of the kernels have uniformly covered the attractor

in Figure 3.8(b).
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Figure 3.8: Logistic map (10000 training samples, a = 0.99, 25 kernels) : (a) Initialisation (b) Final kernel

locations

In Figure 3.9(a) the initial positions are chosen randomly from the input data. The final positions after training

are shown in Figure 3.9(b). Tt is more difficult to tell in the 3-d plot if the kernels are positioned with an equal

distance to each other. However, it can be seen that the kernels cover all the input data in a homogeneous way.

@

(b)

Figure 3.9: Lorenz (40000 training samples, o = 0.99, 125 kernels) :

31
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Both MSE are plotted for the 2-dimensional and 3-dimensional input spaces. The MSE in the two dimensional
input space (Logistic map) is a magnitude smaller than in the 3-dimensional input space of the Lorenz data.
This means that the centres in the 3-dimensional case have a greater centre variation. The adaptive k-means
algorithm tries to converge to equidistant spacing between the centres. For that reason each kernel has the
same bandwidth ¢?. The input data in the three dimensional space is therefore not covered uniformly by the

kernels and, hence, will decrease the performance of the RBF network.

1

Logistic map ——
Lorenz -----

MSE

0.001

0 5000 10000 15000 20000 25000 30000 35000 40000
samples n

Figure 3.10: Mean square error of the variance

The maximum likelihood (ML) solution determines the location of the means of a mixture density of component
Gaussian densities. The k-means algorithm is an approximate version of the ML solution. To find the exact
solution the EM algorithm [112] which performs far better than the k-means algorithm [113] may be used. The
EM algorithm is an iterative algorithm for a pdf estimation [114] based on a mixture of Gaussian kernels [115].
It can be used to calculate the location and the individual bandwidth of the kernels in a RBF network. The

EM algorithm may be summarised as follows.

e Initialization

. 1

PG) = 7
(J']2 = distance to nearest neighbour kernel
¢; = random subset of the data points

e Algorithm
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p(xi) = Zp(xm)P(j)

p(x:li) P)

P(jlxy) = oy
P Zivﬂ P(j|xk)xk
! Zivﬂ P(jlxz)
ol = 122\;1 P(jlxz) || xi — ¢ ||2
’ d chvﬂ P(jlxx)
P@) = %ZP(ﬂxk)

where d is the input dimension, L the number of kernels and N the number of input vectors x.

The EM algorithm is used to estimate the pdf of the Logistic map. Gaussian noise is added to the time
series, generated by the Logistic map, because the single trajectory of the Logistic map causes the individual
bandwidths of the kernels to converge to zero. The 2-dimensional input space is shown in Figure 3.11. The
initial positions of the kernel were selected randomly from the input data. The EM algorithm finds an optimum
solution after 200 iterations. Tt is noticeable that the bandwidths of the kernels are all too small. This behaviour
has been also reported in [113]. Therefore, the bandwidths are multiplied by a constant factor £ to achieve
better interpolation performance in the RBF network.
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Figure 3.11: Logistic map with AWGN~ N (0,0.025), 400 data points, 200 iterations, 25 kernels

To make sure that the EM algorithm converges, the following relative error is computed.

. new value - old value
relative error = (3.12)
old value

The relative errors of the bandwidth o2, the prior probability P(j) and the position of the kernels are plotted
in Figure 3.12. Tt can be seen that the EM algorithm has already converged after around 80 iterations.
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Figure 3.12: Logistic map with AWGN o2 = 0.025, 400 data points, 200 iterations, 25 kernels

The final positions of the kernels on the Lorenz data in a 3-dimensional input space is depicted in Figure 3.13.
The initial position are selected randomly from the input data. Even though the number of data points is 4000
there are a few input samples which are separated from the main cluster. The problem with these ”single”
data points i1s that the EM algorithm positions a kernel onto that point and drives its bandwidth to zero. This

causes ill-conditioning in the iterative algorithm and produces no useful results.

Initial positions <
Final positions +

Figure 3.13: Lorenz, 4000 data points, 600 iterations, 125 kernels

The relative errors of the bandwidth o2, the prior probability P(j) and the position of the kernels are shown in
Figure 3.14. After around 450 iterations and using 4000 data points the EM algorithm converges.
A side effect of using different bandwidths for the kernels in a NRBF is that the kernels feature multi-modal

behaviour and their maximum value is not at the centre location of the kernel. These side effects may cause a

34



Chapter 3 : Nonlinear Models

decrease in performance in a NRBF network. A further investigation of these side effects may be found in [116].
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Figure 3.14: Lorenz, 4000 data points, 600 iterations, 125 kernels

The k-means clustering and the EM algorithms perform very well in 1 or 2 dimensions. The performance in

higher dimensions depends on how much training data and training time is available.

For higher dimensions than 2 or 3 an evenly spread grid may be more appropriate. The dynamic range of the

input data is determined and a kernel is positioned onto each of the minimum and maximum values. The other

remaining kernels are distributed equally between the minimum and maximum values of the input data. The

bandwidth are all the same for the kernels and are calculated by (3.10). After spanning a n-dimensional grid

over the input data, the kernels which are not activated by any input vector are discarded. In Figure 3.15(a)

the initial kernels on a 2-dimensional grid and in (b) the final kernels which cover the input data are shown.
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Figure 3.15: Logistic map : (a) Initialisation (b) Final kernel locations

A 3-dimensional example is shown in Figure 3.16(a) and (b). The initial 3-dimensional grid is shown in Figure

3.16(a) and the final kernel configuration in 3.16(b).
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Figure 3.16: Lorenz : (a) Initialisation (b) Final kernel locations

This ad hoc technique usually provides a data matrix which is not ill-conditioned. Therefore, it is possible to
use standard least squares techniques to determine the linear weights. The technique is also fast and reliable

and is mainly used in the simulations in the following chapters.

3.3.3 Training Algorithms for the Linear Weights

Once the positions and the bandwidths for the kernels have been determined the linear weights are trained by
supervised learning methods. The linear weights w in the RBF network are usually trained by a least squares
technique. The nonlinear expansion of the input data causes an increase in the eigenvalue spread of the auto-
correlation matrix. For this reason the LMS algorithm will be very slow in convergence. The RLS algorithm is
an appropriate candidate for an adaptive solution.

If the parameters of the kernels are not estimated appropriately the data matrix is often ill-conditioned, com-
monly caused by a too small bandwidth or a kernel location in a sparse input space. This leads to numerical
problems when trying to invert the data matrix for computing the weights w in the standard least squares
solution. To avoid numerical instabilities singular value decomposition (SVD) of the datamatrix may be used.
SVD is a block least squares technique and is computationally expensive. If the data matrix is well-conditioned
an adaptive block least squares technique can be used. The Householder transformation provides an elegant

solution for this kind of adaptive block least squares. The iterative algorithm may be found in Appendix A.

3.4 Chapter Summary

In this chapter two common nonlinear models were presented. The VS filter and two versions of the RBF

network. The VS filter is a nonlinear model which is easy to implement and to train. Although, a low-order VS

36



Chapter 3 : Nonlinear Models

filter might experience difficulties in modelling complex target structures, it does provide a useful benchmark
for the RBF network.

The RBF network is trained in two stages. First an unsupervised learning method is used to estimate the
parameters (bandwidth and centre vector) of the kernels. Secondly the linear weights are trained by a least
squares technique. It was shown that the estimation of the parameters is not straightforward and, especially,
in higher input dimensions the unsupervised training algorithms have great difficulties in sampling the input
space correctly. Another point which arises in this context is, if it 1s desirable at all to position the kernels,
so that they represent the input data like a probability density function. The overall aim of the RBF network
is to minimise a cost function. The resulting error, however, might not be dependent on a correct statistical
representation of the input space via the kernels. Tt is possible to tie the estimation parameters of the kernels
into the minimisation process of a cost function. However, this has the disadvantage of being a nonlinear
optimisation technique which exhibits local minima in the cost function.

The Householder transform is a efficient adaptive block least squares algorithm in conjunction with training the

linear weights in either the VS filter or the RBF network.
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Chapter 4

Interference Cancellation:

Investigation of Broomhead’s Filter

Method

4.1 Introduction

The following two chapters examine a typical signal processing problem, which can be described as follows.
A narrowband signal of interest is corrupted by wideband noise. This is a scenario which is encountered in
numerous signal processing applications. Speech on a telephone line or a phase shift key (PSK) modulation
scheme in a communication application are typical examples which suffer in the presence of broadband noise.
An example of this scenario is shown in Figure 4.1 which shows a sketch of power spectral density (PSD) of a

narrowband signal of interest, corrupted by broadband noise or interference.

Power Spectral Density

Noise

Figure 4.1: Example for a spectrum ’noise + signal of interest’

With no a prior: knowledge about the interference or noise it is usually assumed to be a stochastic process.
Conventional linear filtering techniques are then used which exploit the incoherence of the interference or spec-

tral properties in the frequency domain. One disadvantage with these conventional techniques is that after
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filtering, the band of interest is still corrupted by the noise. Linear methods cannot relate energy from one band
to another. In other words, the energy of the noise outside the band of interest cannot be exploited to estimate
the noise inside the band of interest. Therefore the achievable signal to noise (SNR) improvement, gained
by the linear techniques, will be only sub-optimal. If the noise is purely stochastic e.g. independent identic-

ally distributed (i.i.d.), then there will be no other filtering techniques to combat the noise in the band of interest.

However, today it is known that many of these noise processes arise from nonlinear dynamical systems. Chaotic
time series are a typical example of aperiodic time series which appear to be a stochastic process when analysed

with second order statistics (see Chapter 2).

Deterministic nonlinear behaviour can arise from all kinds of different physical systems. Electronic circuits
(Chua’s circuit) [16], mechanical systems (engine noise) [15], sea clutter (fluids) [18] or ambient ocean "noise” [14]
are known to exhibit chaotic behaviour. Nonlinear processes are widespread in nature. For this reason it is
important to ask whether the noise process should be modelled as a stochastic or a nonlinear deterministic pro-
cess. If the noise is modelled as nonlinear deterministic then nonlinear methods which depend on the coherence
are more suitable to cancel nonlinear interference. In other words, nonlinear models may be used to estimate
the noise in the band of interest. Therefore, an improvement in performance in the SNR may be possible when
nonlinear filtering techniques are applied.

In linear signal processing the most straightforward technique to cancel noise from the corrupted signal of in-
terest, is to subtract the modelled noise from the corrupted signal of interest. However, if the noise is nonlinear
the technique of subtracting the noise from the corrupted signal of interest does not work. Consider the follow-

ing example shown in Figure 4.2. Firstly, define

xz(n) — noise (chaotic process)
a(n) — signal of interest
y(n) — observed signal

The terms in the chaotic process are related by the iterative map
sn+1) = fla(m) (4.1)

and since f must be nonlinear to generate chaos, in general

f(r(n) +a(m) #  fla(n) + fla(n) (4.2)

then the residual prediction error will be

o]
—~
3
~—
ll

2(n) + a(n) = friter (e(n — 1) + a(n — 1))
e(n) = flx(n—1)+a(n) = frier (2(n — 1)+ a(n — 1)) (4.3)
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x(n)

\ y(n)

a(n) y(n) y(n-1) X(n) &(n)
C/ 7 Nonli filter -

Figure 4.2: Nonlinear signal prediction

The predictor will only cancel the chaotic noise effectively, when the signal of interest a(n) is very small com-
pared to the noise z(n). A modification to circumvent this restriction would be to feedback the delayed signal
a(n — 1) to the nonlinear filter. This on the other hand causes the feedback to be unstable due to the chaotic
noise. In [117] it is shown that the error of the estimate will grow, on average, as the largest Lyapunov exponent
associated with the dynamical system, giving rise to chaotic behaviour.

Although chaotic behaviour is encountered in a variety of nonlinear systems, few researchers have addressed the
problem of cancelling nonlinear deterministic noise or interference from a signal of interest. Physicists usually
encounter a different dilemma. When observing a physical system, i.e. measuring a time series, the chaotic
signal itself i1s the signal of interest, which is corrupted by some broadband stochastic noise. Different techniques
to ’clean-up’ the chaotic signal are reviewed in [9,118,119].

A method for the cancellation of deterministic noise from discrete signals has been developed in [120]. The
method uses a predictive model with feedback to cancel the chaotic noise. It circumvents the instability prob-
lems by assuming that the signal of interest is discrete. A similar approach [121], which also uses feedback
control, assumes that the signal of interest is small compared to the noise and slowly time varying. These
assumptions severely limit its wider application. The method recently proposed by Broomhead et al. in [1],
shown in Figure 4.3, replaces the restrictions on SNR with a requirement that the signal of interest should be

extremely narrowband with respect to the noise. This filter method is investigated in this chapter.
In Section 4.2 the theory of the filter method for cancelling nonlinear deterministic noise, derived by Broomhead
et al. will be investigated. Section 4.3 contains three different experiments using the filter method. In Section

4.4 practical issues are considered and simulated. A comparison with linear techniques using the same three

experiments is presented in Section 4.5. Section 4.6 concludes this chapter.

4.2 Filter Method (Theory)

The filter method derived by Broomhead et al. [1] is a method for nonlinear signal separation. A block diagram

depicting how the signal separation may be achieved is shown in Figure 4.3.
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x(n)

AN

a(n) y(n) a(n)
> WA

\ X(n)
u(n)

FIR RB

Figure 4.3: Filter method for separating signals

This approach contains no feedback, which means it will be always stable. Another advantage is that the
magnitude of the signal of interest does not have to be small, compared with the magnitude of the chaotic
noise. This technique exploits fundamental properties of delay embedding and assumes a knowledge of the
spectral bandwidth of the signal of interest.

The task of the linear FIR filter is to cancel the signal of interest a(n) from the corrupted time series y(n)
without spoiling the dynamics of the chaotic process z(n). Since FIR filters do not have a feedback path,
these filters preserve the structure of a dynamic process [4]. Infinite impulse response (ITR) filters, for instance,
have a feedback path and it has been shown [122,123] that these filters with their own dynamics increase the
dimension of the chaotic signal. Recently, it has been suggested [124] that if certain conditions are fulfilled, an
IIR filter might also preserve the dynamical structure of a chaotic noise process. Although FIR filters do give
an embedding of the original system, the usage of a high order FIR filter may change the dynamics of a chaotic
process, as pointed out in [4].

The FIR filter is a bandstop filter, which should ideally be orthogonal to the signal of interest, i.e.

N

> h(k)a(n—k) = 0  Vn (4.4)

-1
k=0

Where h(k) are the coefficients of the FIR filter and a(n — k) is the sampled signal of interest. A delay map
FnUrin-1 can be constructed from the output u(n) of the FIR filter. ¥r4n—1 is the embedding of M using
(L + N — 1) delays using real-valued measurements of the unfiltered time series {y(n)}

Uriv-1 = [y(n),y(n—1),...,y(n—L—N+1)]" (4.5)
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M is the manifold of the dynamical system. Fy is an L x (L + N — 1) banded matrix

h(0) h(1) h(2) -+ A(N —1) 0 0 0
0 h(0) h(1) .- A(N—2) h(N-—1) 0 0
Fy = 0 0 A0 -~ A(N=3) h(N=2) A(N=1) --. 0 . (4.6)
L0 0 0 - h(0) h(1) h(2) - R(N-—1) |

Fu describes the effect that filtering has on the embedded attractor. The filtered delay map is shown in Fig-
ure 4.4

y(n) y(n-1) YN+ 1)
—o z' AL el
h = =

u(n)

u(n-1)

u(n-L+1)

Figure 4.4: Delay embedding with a filtered time series

The aim of the nonlinear filter is to reconstruct the dynamic structure of the chaotic noise. The linear map Fy
has cancelled the signal of interest and distorted the image of the chaotic attractor. An inverse F]_\,1 has to be

estimated by the nonlinear filter f‘Nl, in order to undo the distortion. Assuming that Fy cancels the signal of
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interest a(n) completely
Fyy = Fpyx (4.7
an estimate of the chaotic noise z(n) is

= Fy'(Funy) (4.8)

)

Once the estimated map f‘]_\,l has been found the message a(n) can be estimated as follows

a(n) = yn) - (Fy'(Fny) (4.9)

To fit the data in the form of points (Fn(y),y), which lie close to the ideal graph of FJ_\,l, a nonlinear model,
for instance a normalised RBF network, may be implemented.

A valid question to ask at this point would be, if it is really necessary that the inverse of the linear FIR filter
has to be nonlinear. First of all, an inverse filter to a FIR filter is an IIR filter. Since the FIR filter used in
the filter method 1s a notch filter with a zero on the unit circle, its inverse is an ill-defined TIR filter. Another
point is that a linear inverse filter is defined for every input. This is not necessary when estimating f‘J_Vl The
attractor of the dynamical system does not occupy the whole state space. This is also in strong contrast to a
stochastic process. Therefore it is only necessary to invert the points on the distorted attractor, which is only

possible with a nonlinear model.

4.3 Theory: Simulations and Results

In order to investigate and to verify the theory for the filter method described in the previous section, three
experiments have been carried out. These three experiments have been also carried out in [1] and, although, no

quantitative results are given in [1] the results can be generally confirmed.

Experiment I :

A sine wave is corrupted by broadband chaotic noise. The chaotic noise is generated from the complex Tkeda

map. It derives from Maxwell’s equations for a plane wave propagating in an optical ring cavity.

2(n+1) = 14 pz(n)e (e~ rmm) (4.10)

The real part of the complex Tkeda map x(n) = R{z} is used to generate the chaotic noise series. In order to
generate chaotic behaviour the parameters are chosen to be 4 = 0.7, « = 0.4 and 8 = 6.0. The signal of interest
a(n) is a sine wave with an amplitude of 0.2. The normalised frequency f/fs of the sine wave is 0.28125. 7500
samples were generated and split into three sets, as described in Chapter 3. A NRBF network and a VS filter
described in Chapter 3 are used to estimate the nonlinear map /F\‘J_Vl The embedding dimension is L = 4. 94

centers from a 4-dimensional grid for the NRBF network are chosen (see Chapter 3). The bandwidth of each
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center was o2 = 0.25. To create a notch filter [125] the following equation is used

H(z) = G(1-2 cos((.uo)z_1 + 2_2) (4.11)
hence

h(0) = 1.0

W) = —2ecos(2nf/],) = 0.3902

h(?) = 1.0

The amplifying factor is G = 1.0. The power spectral density (PSD) of the corrupted signal y(n) = a(n)+ z(n)
is depicted in Figure 4.5(a). The input SNR is -2.7 dB. After passing the corrupted signal y(n) through the
FIR filter the PSD changes as in Figure 4.5(b). It can be seen that the FIR filter completely removes the sine

wave.
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Figure 4.5: PSD : (a) Corrupted signal y(n) (b) Filtered signal u(n)

To demonstrate the effects of the filtering process on the chaotic time series z(n) the attractors before and after
filtering are shown in Figure 4.6(a) and (b), respectively. Although there are some additional twists and shifts

in the filtered attractor, there is still some resemblance to the original attractor.
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Figure 4.6: Phase plane : (a) Original attractor (b) Filtered attractor

After applying the filter method, the achieved output SNR is 7.5 dB for both nonlinear models. If it is possible
to train the nonlinear model without the signal of interest present, hence with only the chaotic noise, the output
SNR can be further improved by around 1 dB. This further improvement holds for both nonlinear models. The
PSD of the recovered signal of interest a(n) is shown in Figure 4.7. It can be seen that the chaotic noise around

the sine wave is attenuated and, just as important, the sine wave still has its original energy.
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Figure 4.7: PSD of recovered signal of interest

A convergence plot of the achieved normalised mean square error (NMSE) of the NRBF network can be seen

in Figure 4.8. The NMSE is computed, as follows :

2
NMSE = 10log, <%> dB (4.12)
Y

where o2 is the variance of a(n) and cr; is the variance of y(n).
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Figure 4.8: NMSE in dB for training, testing and validating

In Figure 4.8 it can be seen that the training and the testing error converge, which means that the NRBF network
is not overfitted (see Chapter 3). The validation error is similar to the testing error, which also demonstrates
the good generalisation performance of the NRBF network. The reconstructed attractor of the Tkeda map can

be seen in Figure 4.9.
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A0
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Figure 4.9: Reconstructed attractor of the Tkeda map
Although the reconstructed attractor is a bit fuzzy, it can be seen that the nonlinear model successfully coun-

teracts the distortions caused by the FIR filter. There is resemblance between the original, in Figure 4.6(a),

and the reconstructed attractor of the time series #(n) in Figure 4.9.

Experiment IT :

In this experiment a phase shift key (PSK) modulated sine wave is corrupted by chaotic noise from the Lorenz
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system [9]. The three nonlinear differential equations were solved by the Runge-Kutta method [126].

T = ot - )
W = a0=0) 4 ral) = 1) (413)
O~ o) - b2

The parameters o, r and b are set to be 10, 28 and 8/3, respectively. The phase of the sine wave is randomly
chosen at every 30th sample to be 0 or w. The sine wave’s frequency is f/fs = 0.17 and its amplitude is 0.1. A
FIR filter with a notch at f/fs = 0.17 cancelled the carrier sine wave. The PSD of the Lorenz noise z(n) and
of the signal of interest a(n) are shown in Figure 4.10. The input SNR is -23 dB.
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Figure 4.10: PSD of signal of interest and Lorenz noise

The corrupted signal y(n) can be seen in Figure 4.11(a). Tt is clear that the signal of interest a(n) cannot be

identified. Figure 4.11(b) shows the PSD after filtering the corrupted signal.
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Figure 4.11: PSD : (a) Corrupted signal y(n) (b) Filtered signal u(n)
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A NRBF network with 174 kernels, each with a bandwidth of 1.8, is trained with 2500 samples. The testing and
validation set also contained 2500 samples each. The achieved output SNR is -0.5 dB. The original modulated
sine wave, together with its recovered version and the binary signal, which is scaled down by factor 2 for

displaying purposes, can be seen in Figure 4.12(a).
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Figure 4.12: Time series : (a) Corrupted signal y(n) and recovered signal a(n) (b) Demodulated signal

Every time the phase of the sine wave changes,; a portion of the sine waves leaks through the FIR filter and
produces relatively big errors in the recovered signal. Figure 4.12(b) shows the demodulated signal of interest.
The demodulation is achieved by multiplying the recovered modulated carrier by a sine wave with the same
frequency and phase. The next step would be to lowpass filter the demodulated signal to obtain the binary
signal. The convergence performance of the achieved NMSE of the NRBF network is shown in Figure 4.13.
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Figure 4.13: NMSE in dB for training, testing and validating

In Figure 4.13 it can be seen that the training and the testing error converge, which means that the NRBF net-
work is not overfitted. The validation error is similar to the testing error, which also shows good generalisation

of the NRBF network.
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Experiment III :

Two chaotic time series are used in this experiment. The Rossler and the Lorenz chaos. Both are added
up to form the corrupted signal y(n), where the Rossler chaos is chosen to be the signal of interest. The

differential equations which generate the Rossler time series are as follows

dz(t)

W )+ =)
WO~ o)+ antt)
dz(1) _ ‘
EE = b)) - o) (4.14)

The parameters are a = 0.398, b = 2.0 and ¢ = 4.0. The input SNR is 0 dB and the achieved output SNR,
with the training sequence, is 3.1 dB. This experiment was far harder to deal with because a big portion of the
signal of interest was leaking through the FIR filter. Training the NRBF network poses problems; e.g. spikes in
the output Z(n) and generally a poor performance with the test and validating signals. The PSD of the Réssler
chaos is depicted in Figure 4.14(a). Most of its energy is located on the frequency bin f/fs = 0.08.
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Figure 4.14: PSD : (a) Rassler chaos a(n) (b) Filtered Lorenz + Réssler u(n)

Therefore, an FIR with a notch at f/fs = 0.08 is chosen to cancel most of the Rossler chaos. The resulting
PSD is shown in Figure 4.14(b).

49



Chapter 4 : Interference Cancellation: Investigation of Broomhead’s Filter Method

40 T T 40 T
(a) training — (b) ining —
g training
30 | testing —-— . 30 + testing -~ i
- validating ¢ L validating ¢
20 L 20 L 7\V\"L.\"1‘”‘,—»-——»"*‘«""’”""""\ ,,,,,,,,,,,,,,,,,,, ]
10 10 + 1
o m
2 0 2 0
t b
= -10 1 > -10 b
z =z
20 + 1 20 + <
-30 + 1 -30 + <
40 1 40 b §
50 . . . . . . 50 . . . .
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500
samples n samples n

Figure 4.15: NMSE in dB for training, testing and validating : (a) Training with the signal of interest present
(b) Training without the signal of interest present

As mentioned earlier this experiment proves more challenging. This can be noticed in Figure 4.15(a) and (b).
In Figure 4.15(a) all three sets contained the signal of interest. Only the NMSE of the training sequence is
acceptable. The NMSE of both the testing and the validation set show that the NRBF network fails to model
the nonlinear inverse of the linear FIR filter. When the signal of interest is not present, as shown in Figure
4.15(b), the training error shows good performance. The testing and the validation sets, with the signal of

interest present, produce unacceptable results.
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Figure 4.16: PSD of the recovered Rossler chaos

In Figure 4.16 the PSD of the recovered Rossler chaotic time series a(n) is shown. In comparison with the
PSD of the original Rossler chaos shown in Figure 4.14(a) it can be seen that the energy on the frequency bin
f/fs = 0.08 has been successfully recovered, but also a considerable amount of noise is still present above the

frequency f/fs = 0.08.
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4.4 Practice: Simulations and Results

In experiment TT and TIT it could be seen that the performance of the filter method decreases significantly, when
the FIR filter is not able to cancel the signal of interest completely. One clear drawback with this filter method
is, that the FIR filter has to be orthogonal to the signal of interest in order to perform well. Usually the signal

of interest is more complicated than a sine wave, which was the case in experiment I.

To demonstrate the effect of using a conventional bandstop filter experiment 1 is carried out again. This
time the sine wave f/fs = 0.28125 is cancelled by a bandstop filter with a band start frequency f/fs = 0.26
and a bandstop frequency f/fs = 0.3. Two FIR filters are designed, one with an attenuation of -6 dB with 25
coefficients and one with an attention of -50 dB with 193 coefficients. The attractors of the filtered time series

u(n) are shown in Figure 4.17 (a) using 25 coefficients and in (b) using 193 coefficients.
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Figure 4.17: Attractors with different FIR filters : (a) 25 coefficients (b) 193 coefficients

The attractors are heavily blurred. It is very difficult for a nonlinear model to undo the distortions caused by
the linear FIR filters. Although the sine wave does not seem to appear in Figure 4.17(b) the original attractor
of the Tkeda map is almost unrecognisable.

Furthermore the sine wave is still present in the input of the nonlinear model and, therefore, will also be modelled

by the nonlinear model, as shown in Figure 4.18. This decreases the output SNR.
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Figure 4.18: PSD of the filtered time series u(n) of the nonlinear model

A NRBF network with 447 centres (¢? = 0.36) is trained with 2500 samples. The FIR filter with 193 coefficients
is used to cancel the sine wave. The PSD of the output of the NRBF network is shown in Figure 4.19(a) and
the PSD of the recovered signal of interest is shown in Figure 4.19(b). It is clear that the NRBF network fails

completely in this scenario.
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Figure 4.19: PSD : (a) Output of the NRBF network (b) Recovered signal of interest

Another practical issue is, that to a certain degree stochastic noise will be present in the signal of interest. This

will also blur the attractor and cause fitting problems for any nonlinear model.

4.5 Comparison with Linear Techniques

The output SNRs in the previous section showed an improvement compared to the input SNRs in the experi-

ments T - TTT. Those positive results were achieved with nonlinear models. To gain further insight the same three
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experiments were carried out, but this time with linear filtering techniques. Nonlinear models are computation-
ally far more expensive than linear ones. For this reason it is important to re-investigate the experiments in order
to justify the use of nonlinear filters. As the signals of interest are narrowband, one obvious linear approach is
to use a bandpass filter. The bandpass filters are designed to capture the narrowband of interest. To verify the
claim that the inverse of the linear FIR filter has to be nonlinear, a linear adaptive FIR filter [127-129] is used
in the filter method instead of the nonlinear model. Both linear approaches deal with the same experiments as

in the previous section.

4.5.1 Simulations and Results

Experiment I :

A linear bandpass IIR filter is used to filter the sine wave f/fs = 0.28125. The bandpass is a 6th order
Butterworth filter with normalised startband frequency f/fs = 0.28 and stopband frequency f/fs = 0.2825.
From an input SNR of -2.7 dB the achieved output SNR is 22.9 dB. The PSD of the recovered sine wave is
depicted in Figure 4.20.
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Figure 4.20: PSD of the recovered signal of interest

To recover a single sine wave from broadband noise is a straightforward task for the IIR filter. The 6th order
Butterworth TIR filter [37] produces a very sharp bandpass filter, which leaves little chaotic noise in the band
of interest.

The other scheme uses a linear adaptive filter instead of a nonlinear model in the filter method. An adaptive
filter with 10 coefficients has been trained with 1100 samples. The PSD of the recovered sine wave is shown in

Figure 4.21(a).
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Figure 4.21: PSD : (a) Recovered signal of interest (b) Transfer function of the linear adaptive filter

The transfer function, after convergence in the least square sense, of the linear adaptive filter is shown in Figure

4.21(b). The achieved output SNR is 6.6 dB. The achieved result is almost as good as with the nonlinear model.

Experiment IT :

A linear bandpass IIR filter is used to capture the carrier sine wave f/fs = 0.17 . The 2nd order Butter-
worth filter has a start band frequency f/fs = 0.168 and stop band frequency f/fs = 0.172. The achieved
SNR is -2.3 dB. The original modulated sine wave, together with its recovered version and the binary signal,

which is scaled down by factor 2 for displaying purposes, can be seen in Figure 4.22.
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Figure 4.22: Time series

Although only a 2nd order TIR filter is used the TIR filter starts oscillating for a relatively short time period
when the phase changes, causing the output SNR to decrease.

Again, a linear adaptive filter with 10 coefficients was trained with 1100 samples. The recovered modulated
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sine wave and the original modulated sine wave are shown in Figure 4.23(a). Neither linear filter performs as

well as the filter method with the nonlinear model.
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Figure 4.23: Time series (a) Linear adaptive filter with 10 coefficients (b) Linear adaptive filter with 50 coeffi-

clents

The linear adaptive filter achieves an output SNR -11.9 dB. The filter clearly does not perform as well as the
nonlinear model in the previous section. A linear adaptive filter with 50 coefficients was trained on 5000 samples.
It achieved a better performance with an output SNR of -6.1 dB. The recovered modulated sine wave and the

original modulated sine wave are shown in Figure 4.23(b).

Experiment III :

In this experiment a 2nd order Butterworth TIR filter is used to capture the main harmonic of the Rossler
chaos. The IIR filter is a bandpass filter with a start frequency at f/fs = 0.06 and a stop frequency f/fs = 0.1.
The achieved output SNR is 4.4 dB.
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Figure 4.24: PSD of the recovered Rossler chaos using a bandpass filter
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To improve the SNR filterbanks could be used to capture the other significant harmonics of the Rossler chaos.
The other linear scheme used a linear adaptive FIR filter with 10 coefficients. It was trained with 1100 samples.

The PSD of the recovered Réssler chaos is shown in Figure 4.25(a).
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Figure 4.25: PSD of the recovered Rossler chaos (a) Linear adaptive filter with 10 coefficients (b) Linear adaptive

filter with 50 coefficients

The achieved output SNR is -4.2 dB. This linear filter used in the filter method does not improve the input
SNR of 0 dB. A linear adaptive filter with 50 coefficients was trained with 5000 samples. The PSD of the
recovered Rossler chaos is shown in Figure 4.25(b). The achieved output SNR is 1.7 dB. The filter method with
the nonlinear model achieved 3.1 dB.

Table 4.1 summarises all the results of experiments I-III.

Experiment SNR.
Original ~ Nonlinear [IR filter  FIR filter
1 -2.7 7.5 22.9 6.6
11 -23 -0.5 -2.3 -6.1
111 0 3.1 4.4 1.7

Table 4.1: SNR in dB for the different linear and nonlinear filters

4.6 Chapter Summary

In this chapter, Broomhead et al.’s filter method was investigated. On first inspection the filter method seems
to be a promising approach to cancel nonlinear deterministic noise from a narrowband signal of interest. The
major drawback with this method is that the FIR filter has to be orthogonal to the signal of interest. This is
only possible if the signal is a pure sine wave. If the requirement of orthogonality is not met, the performance
of the filter method decreases significantly. This is because the signal of interest leaks through the FIR filter

and is modelled by the nonlinear model as well as the chaotic noise. The signal of interest in the corrupted time
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series y(n) is reduced by the output &(n) of the nonlinear model.

On the other hand, if a high order FIR filter, with a strong attenuation in the band of interest is used,
the structure of the dynamical system becomes heavily blurred. Estimating F]_\,1 becomes very difficult and
simulations have shown that the NRBF network fails.

The comparison with linear filtering techniques in experiments I - IIT show that it is possible to get satisfactory
results using conventional linear bandpass filters. This fact is especially important, because the computational
effort of training a nonlinear model is far greater than using an IIR filter. The use of a linear adaptive filter,
instead of a nonlinear model, in the filter method showed generally a performance decrease. This confirms the
theory of the filter method that the optimum inverse map F&] has to be nonlinear.

Nevertheless, the principle of modelling nonlinear deterministic noise in the band of interest with nonlinear
models is very appealing. The following chapter contains modifications to the filter method which enables the

filter method to be used in a more practical environment.
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Chapter 5

Interference Cancellation:

Modification and Re-embedding

5.1 Introduction

In this chapter three different schemes for cancelling nonlinear deterministic noise are derived and investigated.
All three methods are based on the filter method of the previous chapter whose main conclusion was that the
filter method is not suitable to be applied in a practical environment. For this reason the filter method has

been re-examined and modified.

The first method presented in Section 5.2 is the new filter method. Tt exploits standard signal processing
techniques [130], i.e. filterbanks, multirate signal processing and linear adaptive filtering, as well as the non-
linear deterministic nature of the chaotic noise. In Section 5.3 another method is introduced which uses a
quantiser. The quantisation noise from the quantiser masks the signal of interest at the input to the nonlinear
model. The third method, discussed in Section 5.4 investigates the scenario where three sets of FIR filters
and NRBF networks are cascaded. The task of the cascaded sets is to recover three sine waves from nonlinear
deterministic noise. The main purpose of this scheme is to break up high order FIR filters into sequential sets

of very short ones. Section 5.5 concludes this chapter.

5.2 New Filter Method

In the previous chapter it was shown that the performance of the filter method of Broomhead et al. degrades
heavily when the FIR filter is not orthogonal to the signal of interest. There are two reasons for this reduction
in performance, which depend on the order (length) of the FIR filter. Firstly, if the FIR filter (not orthogonal

to the signal of interest) is of low order ! the signal of interest is not attenuated very much. Therefore, the

1 Estimate from experiments
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nonlinear model is able to estimate the signal of interest, as well as the chaotic noise. Hence, the output of the

nonlinear model also contains the signal of interest, which degrades the output SNR.

If a high order FIR filter is used, it is possible to achieve a strong attenuation in the band of interest. However,

the dynamics become heavily distorted. It becomes very difficult for the nonlinear model to estimate the non-

linear inverse of the linear FIR filter.

To circumvent this dilemma, a new filter method is proposed. To illustrate the procedure of the the new filter

method the example T, with slight changes, from the previous chapter has been used. A block diagram of the

new filter method is shown in Figure 5.1.

x(n)

&(nM-T)

a(n) /L d d(nM
+ u(n) BP1 () M\ (nM)

v(n) v(nM)

LP1 M\

Figure 5.1: Nonlinear interference cancellation

nonhkinear

y(nM-T)

+

e2(nM-T)

BP2

model

a(nM-T)

The signal of interest a(n) is a sine wave with a frequency of f/fs = 0.125. The chaotic noise is generated by

the Lorenz system as before. The PSD of the corrupted sine wave u(n) can be seen in Figure 5.2.
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Figure 5.2: Sine wave corrupted by chaotic noise derived from the Lorenz system

5.2.1 FIR Filterbanks

The task of the linear FIR lowpass filter LP1, in Figure 5.1, is to provide the nonlinear model with a reference
signal v(n). The aim is to attenuate the sine wave as much as possible, without significantly distorting the
dynamic structure of the chaotic noise. In this example a FIR filter with 25 coefficients is chosen. The PSD of
the lowpass filtered signal v(n) can be seen in Figure 5.3(a). The sine wave has been attenuated by around 15
dB. The chaotic noise is passed through the LP1 filter up to f/fs = 0.1 without attenuation.

It is not necessary for the nonlinear model to estimate the whole bandwidth of the chaotic noise since the
bandwidth of the noise in the region of the signal of interest, is sufficient. Therefore, a bandpass filter is
designed to isolate the band of interest. The bandpass filter in this example has 25 coefficients. The bandpass
filter BP1 provides the desired signal d(n) for the linear adaptive FIR filter. The PSD of the bandpass filtered
signal d(n) is depicted in Figure 5.3(b).

@ ] () °

-20
-30
-40

-50

PSD/dB
PSD/dB

-60

-70

-80

-90 -90

0O 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05
flfs flfs

Figure 5.3: PSD : (a) Lowpass filtered signal v(n) (b) Bandpass filtered signal d(n)
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5.2.2 Multirate Signal Processing

As the two signals d(n) and v(n) are now bandlimited it is possible to decimate the signals [131] by the integer
factor M effectively re-embedding the filtered chaotic signal. Decimating the signals also makes the scheme
computationally more efficient because the nonlinear model has a smaller size, and is implemented at a lower
rate [132].

There are two ways to determine the downsampling factor M. A linear approach arises from the fact that

aliasing in the frequency domain has to be avoided [133,134]. The new sampling rate is defined as

1 1 F
F/ = —_— = — = — A
™ MT M (5-1)

Assuming a digital lowpass filter that approximates the following ideal characteristics,

L el < 25 =

Hr(e?) = M (5.2)

0, otherwise

the sampling rate reduction is then achieved by saving only every M th sample of the filtered output. The
bandpass filter BP1 is not ideal and has a start frequency at f/fs = 0.05 and a stop frequency at f/fs = 0.2.
Therefore, to avoid aliasing a suitable downsampling factor is M = 2.

In order to exploit the determinism and structure of the chaotic noise, it is important to fully unfold the chaotic
attractor [66]. To estimate an appropriate sampling rate a nonlinear approach may be used. Average mutual
information (see Chapter 2) measures the independence between adjacent samples with a varying time lag 7T
In Figure 5.4 the average mutual information 7(7') is plotted for the chaotic noise, lowpass filtered chaotic noise
and the bandpass filtered chaotic noise. It has been suggested [66] that the first minimum is a good indicator
for choosing an appropriate sampling rate. The first minimum of the Lorenz data occurs at 7" = 0.02. The
filtered versions have a slight information increase and their minimas lie at around 7' = 0.025...0.03. As the

Lorenz data is sampled at 100 Hz it is appropriate to downsample the data by factor M = 2.

12 T T T
Chaos x[n] —-—

Bandpass Chaos -+

10 Lowpass Chaos -2 |

I(T)
(2]

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
T

Figure 5.4: Average mutual information I(T)
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Both linear and nonlinear approaches indicate that a downsampling factor M = 2 is most appropriate. The

PSD of the downsampled signals v(nM) and d(nM) can be seen in Figure 5.5(a) and (b), respectively.
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Figure 5.5: PSD : (a) Downsampled signal v(nM) (b) Downsampled signal d(nM)

To restore the original frequency an interpolator, as seen in Figure 5.6, is used. The sampling rate is increased

by an integer factor L. The new sampling period, 7" is

T 1
T o= I (5.3)
Therefore, the new sampling rate F’ is
F' = LF (5.4)
a(nM a(n)
(M) L BP1

Figure 5.6: Interpolation and bandpass filtering

The interpolator inserts L — 1 zeros between each sample. In this case, M = 2, one zero is inserted between
every sample. The same bandpass BP1 can be used to cancel the images of the baseband centered at harmonics

of the original sampling frequency.

5.2.3 Adaptive Linear Filter

In general the signal of interest, a(n), will be attenuated by LP1 but not removed. Therefore, the nonlinear
model will also try to model the signal of interest as well as the chaotic noise. To avoid this, it is necessary

to remove the linear map between v(nM) and d(nM). Assuming that the attenuated signal of interest can be
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estimated by a linear model, the following approach has been devised. A linear adaptive FIR filter is trained to
model the linear map. After convergence in the least square sense the error signal e1(nM) will be orthogonal
to the input vector to the filter. This means that there is no linear map between v(nM) and e;(nM). The
PSD of the error signal e;(nM) of an adaptive linear filter with 4 coefficients and a delay of T' = 4 is depicted
in Figure 5.7. The optimum delay 7" was estimated experimentally and the number of coefficients correspond
to the embedding dimension of the nonlinear filter. The adaptive filter is trained with a recursive least squares

(RLS) [127] algorithm.
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Figure 5.7: Error signal e;(nM) of the linear adaptive FIR filter

5.2.4 Nonlinear Model

A nonlinear model is used to estimate the nonlinear mapping between the signals v(nM) and e;(nM). The
output of the nonlinear model y2(n) is the estimated nonlinear noise. Therefore, an estimate of the signal of
interest can be found by es(nM) = d(nM) — y2(nM).

The bandpass filter BP2 is necessary because the nonlinear model introduces unwanted high frequency com-

ponents outside the bandwidth of interest.

5.2.5 Simulations and Results

To compare the normalised RBF network with another nonlinear model, a VS filter was chosen. The VS
filter is a 3rd order (linear, quadratic and cubic terms) polynomial filter. A linear filtering technique, which
is a combination of bandpass BP1, decimation by factor M and followed by bandpass BP2 is provided as a

benchmark for comparison. The linear scheme can be seen in Figure 5.8.

63



Chapter 5 : Interference Cancellation: Modification and Re-embedding

x(n)

a(n) d d(nM y M
+ u(n) BP1 (n) M (nM) BP 2 a(nM)

Figure 5.8: Linear filtering

The chaotic noise, as mentioned earlier, is derived from the three nonlinear differential equations (4.14) of the
Lorenz system. The signal of interest is a sine wave with a frequency of f/fs = 0.125. The PSD of the input
signal a[n] + z[n] is shown in Figure 5.2. Figures 5.9 to 5.12 show the achieved output SNR versus the input
SNR across a range from -5 dB to 5 dB for different embedding dimensions.
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Figure 5.9: Input and output SNR in dB with an embedding dimension of 2

In Figure 5.9 the embedding dimension is 2. The NRBF network has 70..74 centres (-5dB..5dB). and was trained
with 520 samples. Testing is done with a different set of 520 samples. The Volterra filter has 9 weights and was
trained with 520 samples. Another set of 520 samples was used to test the Volterra filter. The results shown in
Figure 5.9 are from the testing samples. The linear filtering technique achieves the best results over the whole

input range.
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Figure 5.10: Input and output SNR in dB with an embedding dimension of 3

The results for an embedding dimension of 3 are shown in Figure 5.10. The NRBF network has 290..363 centres
(-5dB..5dB). Tt was trained with 1200 samples and tested with a different set of 1200 samples. The Volterra filter
has 19 weights and was trained with 520 samples. Another set of 520 samples was used to test the Volterra
filter. The achieved output SNRs of both nonlinear models are below those achieved by the linear filtering
technique. Figures 5.9 and 5.10 show that if the distorted chaotic noise is embedded in too small a dimension,
the nonlinear models will not be able to exploit the determinism in the chaotic noise and, therefore, fail to

estimate the original chaotic noise.
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Figure 5.11: Input and output SNR in dB with an embedding dimension of 4

The situation changes, when the embedding dimension is 4. The NRBF network has 786..988 centres (-
5dB..5dB). Tt was trained with 2500 samples and tested with a different set of 2500 samples. The Volterra
filter has 34 weights and it was trained with 520 samples. Another set of 520 samples was used to test the
Volterra filter. Both nonlinear models achieve a better performance compared to the linear filtering technique.

This is depicted in Figure 5.11.
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Figure 5.12: Input and output SNR in dB with an embedding dimension of 5

In Figure 5.12 the embedding dimension is 5. The NRBF network has 1508..1742 centres (-5dB..5dB). It was
trained with 4200 samples and tested with a different set of 4200 samples. The Volterra filter has 55 weights
and it was trained with 520 samples. Another set of 520 samples was used to test the Volterra filter. In this
case the NRBF network achieves the best result. The linear filtering technique, of course, does not benefit from
the right embedding dimension and performs only sub-optimally. The nonlinear models achieve up to 2 dB
improvement in the output SNR compared to the linear filtering technique.

The next step is to investigate how the new filter method copes with a narrowband signal of interest, which is
obtained by passing white Gaussian noise through an IIR filter. The IIR filter is a 6th order Butterworth filter
designed to be a bandpass with a start frequency f/fs = 0.1 and a stop frequency of f/fs = 0.15. Again, the

chaotic noise is derived from the Lorenz system.
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Figure 5.13: PSD : Corrupted narrowband signal of interest in chaotic noise

The PSD of the corrupted narrowband signal of interest in chaotic noise can be seen in Figure 5.13. The results

are obtained using an embedding dimension of 5, but with different lenghts of filterbanks (LP1 and BP1), and

66



Chapter 5 : Interference Cancellation: Modification and Re-embedding

are shown in Figure 5.14.
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Figure 5.14: Input and output SNR in dB for different FIR filter lenghts

The NRBF network does not achieve a significant improvement in the output SNR however, an interesting result
is evident. The filterbanks with 45 coefficients compared with the ones with 35 and 55 coefficients marginally
achieve the best result. This is evidence for the claim made earlier in Section 5.2, that there is a tradeoff between

low and high order FIR filters.

5.2.6 Discussion

The restrictive assumption of the previous chapter, that the FIR filter had to be orthogonal to the signal of
interest, has been removed by employing additional signal processing techniques. It could be seen that it is
possible to achieve up to 2 dB improvement in performance with the new filter method, compared to the linear
filtering technique. In order to achieve a better performance it is important to chose the right embedding
dimension. Although, better results would have perhaps been achieved with an embedding dimension of 6, the
”curse of dimensionality” prevents the design of a NRBF network that size.

However, the new filter method struggles to achieve a significant improvement in performance compared to
linear techniques, when the signal of interest is more complex. The results show that the length of the FIR

filters LP1 and BP1 affect the performance of the new filter method.

5.3 Quantisation

The previous chapter showed that if, in the filter method, the signal of interest leaks through the FIR filter,

the performance of the filter method significantly goes down. To prevent the nonlinear model estimating the

67



Chapter 5 : Interference Cancellation: Modification and Re-embedding

signal of interest as well as the chaotic noise another scheme has been devised. A quantiser is introduced
into the filter method, as shown in Figure 5.15. The lowpass LP1 and the bandpass BP1 have the same task
as in the previous section. The quantiser is located after the lowpass LP1 and the decimator. The task of
the quantiser is to mask the signal of interest with its own quantisation noise. The quantisation noise is un-

correlated with the signal of interest. Therefore, the nonlinear model is not able to estimate the signal of interest.

Section 5.3.1 gives an introduction to the quantisation scheme. In Section 5.3.2 the quantiser is designed

and Section 5.3.3 presents some simulations and results. The discussion takes place in Section 5.3.4.

x(n)

a(n) d d(inM 3 M
U gpg A M\ M) n gp2 | ™

v(n) v(nM) V' (nM)
LP1 M \ ﬁw

nonlinear] Y('M)
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Figure 5.15: Nonlinear interference cancellation using a quantiser

5.3.1 Design

To mask the signal of interest with quantisation noise the energy of the quantisation noise has to be greater
than the energy of the signal of interest. In order to estimate the energy in the signal of interest, the signal
of interest on its own is filtered by the lowpass LLP1. After that the variance of the signal is estimated. The

variance of the quantisation noise can be estimated as follows [135].
2 Lo ooar
o; = ngz (5.5)

where R is the number of bits/sample and v,,,, is the maximum value of the input signal of the quantiser. The

number of quantisation levels L is determined by
L = 2F (5.6)

Hence, to obtain the necessary quantisation levels L, given the quantisation noise 03 and the maximum value

of the input v,... (assuming zero mean and uniform quantisation) the following equation is used
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5.3.2 Simulations and Results

A sine wave with an amplitude of 0.03 and frequency f/fs = 0.125 is corrupted by chaotic noise. The chaotic
noise 1s derived from the Lorenz system, with the same parameters as in the last section. A PSD plot of the
corrupted sine wave can be seen in Figure 5.16. The input SNR is -27 dB. To compare the performance two
simulations were carried out. The first simulation relies only on the filterbanks and decimation, i.e. without a

quantiser. The second simulation utilises a quantiser to mask the attenuated signal of interest.
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Figure 5.16: PSD : Sine wave in chaotic noise

Bandpass BP1 has 25 coefficients, a start frequency at f/fs = 0.05 and a stop frequency at f/fs = 0.2. The
lowpass filter LP1 also has 25 coefficients with a cut-off frequency is at f/fs = 0.1. To mask the signal of
interest, after lowpass filtering and downsampling by M = 2, 8 quantisation levels are chosen. This results
in quantisation noise of 0'2 = 1.8 x 1073. The variance of the signal of interest after lowpass filtering is

0?2 = 1.8 x 1075, A portion of the signal v(nM) and its quantised version v'(nM) is shown in Figure 5.17.
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Figure 5.17: Time series : Signal v(nM) and quantised signal (dotted) v'(nM)
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The PSD of the signal v(rnM) and of its quantised version v'(nM) is shown in Figure 5.18. It is noticeable that

the sine wave has now been masked by the quantisation noise.
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Figure 5.18: PSD : (a) Signal v(nM) (b) Quantised signal v'(nM)

The output of the nonlinear model for both schemes is shown in Figure 5.19(a) and (b). The scheme which uses
the quantiser has successfully masked the sine wave. Therefore, the output y(nM) does not contain the signal
of interest. Without the quantiser the nonlinear model attempts to to estimate the signal of interest. The sine

wave can be clearly seen in Figure 5.19(a) on the frequency bin f/fs = 0.25.
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Figure 5.19: PSD : (a) Signal y(nM) without quantiser (b) Signal y(nM) with quantiser

A NRBF network has been trained with 6000 samples. An embedding dimension of 5 was chosen. The number
of kernels was 81 and their bandwidth was 0.9. Testing and validating the NRBF network was carried out using
further 6000 samples.

The NMSE in dB are depicted in Figure 5.20(a) and (b). The quantisation causes the NMSE to be worse by 13
dB. Although, this might appear a negative result at first sight, it also means that the nonlinear model, without

quantisation, fits the signal of interest and, therefore, causes the error to be smaller.
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Figure 5.20: NMSE in dB for training, testing and validating : (a) Without quantiser (b) With quantiser

After bandpass filtering and interpolation the recovered signal of interest a(n) is obtained. The PSD of the
recovered signal of interest, without and with quantisation, can be seen in Figure 5.21(a) and (b), respectively.
The energy of the sine wave, without the quantiser, is reduced by about 7 dB. The problem with the scheme

with the quantiser is that the quantisation noise causes an additional noise source on the signal of interest.
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Figure 5.21: PSD : (a) Recovered signal of interest a(n) without quantisation (b) Recovered signal of interest

a(n) with quantisation

The achieved output SNR without quantisation is 1.3 dB and with quantisation -7.5 dB.
Another experiment with the same signals was carried out, where the input SNR is -36 dB. The PSD of the

corrupted sine wave is shown in Figure 5.22 from which it can be seen that the sine wave cannot be identified.
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Figure 5.22: PSD : Sine wave in chaotic noise

Even without using a quantiser the output of the nonlinear model does not contain the signal of interest. The

scheme is shown in Figure 5.23.
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Figure 5.23: Nonlinear interference cancellation

The output of the nonlinear model is shown in Figure 5.24(a) and the estimated signal of interest is shown in

Figure 5.24(b).
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Figure 5.24: PSD : (a) Signal y(nM) (b) Recovered signal of interest a’'(nM)

The achieved output SNR is -2.6 dB, while linear bandpass filtering techniques such as that shown in Figure
5.8 can only achieve an output SNR of -27 dB.

5.3.3 Discussion

Although the quantisation scheme is able to mask the signal of interest, the method fails. The problem is the
amount of quantisation noise that has to be added to the attenuated signal of interest. If a great amount of the
signal of interest leaks through the FIR filter a lot of quantisation noise is needed to mask the signal of interest.
This causes problems for the nonlinear model which has to find a smooth nonlinear map between the reference

and desired signals.

One interesting point could be gathered from the experiments. If the signal of interest is significantly smaller
than the nonlinear deterministic noise a noticeable improvement in the output SNR may be achieved. The
reason for this is that the energy of the signal of interest in the reference signal is so small that the nonlinear
model is not able to detect any correlation and, therefore, only models the nonlinear deterministic noise. This
has also been reported in [136], but with further restrictions on the signals. One method requires the signals
to be slow time varying [121], the other one assumes that the attractor of chaotic system is hyperbolic [137].
Although the non-orthogonality of the FIR filters is not required the method described here can still detect or

even recover narrowbanded signals of interest in heavy chaotic noise.
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5.4 Cascaded Normalised Radial Basis Func-
tion Networks

In this section cascaded orthogonal FIR filters and NRBF networks are implemented. Their task is to recover
three sine waves in a narrow band which is corrupted by broadband noise. The broadband noise is assumed to
be nonlinear and deterministic. Section 5.4.1 explains the scheme and in Section 5.4.2 simulations have been

carried out. Section 5.4.3 concludes this section with a discussion.

5.4.1 Description of the Scheme

Section 5.2 showed that the lengths of the FIR filters affected the performance of the nonlinear model. The
longer the filter the more the chaotic noise was distorted and the more difficult it became for the nonlinear
model to estimate the nonlinear inverse of the linear FIR filter. On the other hand, high order FIR filters are
necessary when the signal of interest is more complex and the orthogonality of the FIR filters to the signal of
interest is not possible. It is well known that high order FIR filters can be broken up into cascaded smaller
FIR filters. The idea is to take sequential sets of a very short FIR filter (3 coefficients) and a nonlinear model,
which has to estimate the nonlinear inverse of the very short linear FIR filter. To verify this scheme following
scenario was set up. Three sine waves in a narrow band with different amplitudes are corrupted by chaotic noise
(Lorenz). The task of the cascaded FIR filters and NRBF networks is to recover the sine waves. For simplicity
reasons, the FIR filters were designed to be orthogonal to one of the sine waves. A block diagram of the scheme

is shown in Figure 5.25.
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Figure 5.25: Cascaded NRBF networks for nonlinear interference cancellation

5.4.2 Simulations and Results

Three sine waves on the frequency bins f/fs = 0.1, f/fs = 0.125 and f/fs = 0.1666, with amplitudes of 0.5,
0.3 and 0.4, respectively, are corrupted by chaotic noise from the Lorenz system. The parameters of the Lorenz
system are the same as the ones in the previous sections. The amplitude of the chaotic noise was chosen to
correspond to an input SNR of 8 dB. The PSD of the three sine waves corrupted by the chaotic noise can be

seen in Figure 5.26.
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Figure 5.26: PSD : Three sine waves in chaotic noise
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In Figure 5.27(a) the PSD of the output yl(n) of the first NRBF network is shown. The first sine wave

f/fs = 0.1 has been removed and the chaotic noise restored. The signal y1(n) is fed to the other set, in order
to remove the second sine wave at f/fs = 0.125. The PSD of the signal el(n) is shown in Figure 5.27(b).
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Figure 5.27: PSD : (a) Signal y1(n) (b) Signal el(n)

The PSD of the second output y2(n) is shown in Figure 5.28(a). The second sine wave is almost removed and
the distorted chaotic noise caused by the notch filter has been recovered by the NRBF network. The PSD of
the signal €2(n) is shown in Figure 5.28(b).
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Figure 5.28: PSD : (a) Signal y2(n) (b) Signal e2(n)

The last FIR filter removes the sine wave at f/fs = 0.1666. The PSD of the output y3(n) of the NRBF network

is shown in Figure 5.29. Ideally, the PSD of y3(n) should not contain the signal of interest. However, the 3 sine

waves can be clearly identified. Therefore, the energy of the sine wave in the recovered signal a(n) is reduced

by around 2 dB each.
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Figure 5.29: PSD : (a) Signal y3(n) (b) Signal a(n)

It is noticeable, compared to the input scenario in Figure 5.26, that the energy of the chaotic noise has not
been significantly reduced in the bandwidth of interest. No noise reduction over the whole bandwidth has been

achieved.

5.4.3 Discussion

In this section cascaded sets of FIR filters and NRBF networks were used to recover 3 sine waves from chaotic
noise derived from the Lorenz system. Although orthogonal FIR filters, which cancelled the signal of interest
completely were implemented, the method failed. This is because the first NRBF network introduces an ad-
ditional amount of estimation noise, which causes further estimation problems for the second NRBF network
and so on. Another drawback, although using orthogonal FIR filters, is that the third NRBF network is able

to model the signal of interest. This also degrades the performance of this scheme.

5.5 Chapter Summary

In this chapter three different alternatives to the filter method of the previous chapter were presented.

The first one is the new filter method. It exploited additional signal processing techniques, in order to avoid
the restrictions from the filter method of the previous chapter. It could be shown that 2 dB improvement in the
output SNR was possible compared to conventional linear techniques. It also showed that there is a tradeoff

between low and high order FIR filters.

The second method used a quantiser in order to mask the attenuated signal of interest. The quantiser suc-

cessfully masked the signal of interest, hence, the NRBF network was not able to model the signal of interest.
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However, the amount of quantisation noise necessary to mask the attenuated signal of interest caused an ad-
ditional estimation problem for the NRBF network. Hence, the output of the NRBF network is rather noisy
and, therefore, degrades the performance of this scheme. If the signal of interest is significantly smaller than
the chaotic noise, it is possible to use the scheme without a quantiser. That is because the NRBF network
is not able to detect any correlations between the attenuated signal of interest in the reference signal v(nM)
and the desired signal d(nM). A significant improvement in the output SNR could be achieved compared to

conventional linear techniques.

The third method exploited the fact that high order FIR filters can be broken up into sequential sets of low order
FIR filters. The idea was to estimate the nonlinear inverse of the low order FIR filter in sequence. To make
the task easier in the simulation for the NRBF networks, orthogonal FIR filters were implemented. However,
the estimation errors of NRBF networks propagated through the cascaded system and caused the output of the
third NRBF network to be rather noisy. Hence, this method is not suitable for recovering a narrowband signal

of interest from nonlinear deterministic noise.
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Chapter 6

Nonlinear Active Noise Control

6.1 Introduction

Active noise control [138] has received a lot of attention in recent years, due to advances in digital signal pro-
cessing (DSP) and electronics. This technique has been successfully applied to many areas, including heating,
ventilating and air conditioning (HVAC) systems [139], exhaust and motor noise [140], headsets [141] and in
passenger cabins in aeroplanes [142]. ANC, in general, is based on the principle of the destructive interference
between a primary noise source and a secondary source, whose acoustic output is governed by a controller.
ANC is an intelligent method which exploits the long wavelengths of low frequency acoustic noise. Using pass-
ive sound absorbers to suppress low frequencies is not very useful, because the wavelength of a sound wave of
frequency 100 Hz, for example, will have a wavelength of about 3.4 meters in air under normal conditions. This

means that passive solutions for low frequencies are expensive in terms of weight and bulk.

The basic idea of active noise control is to generate sound fields which act as destructive interference between
the original (primary) sound source and a second sound source. The acoustic output of the second sound source
can be controlled. The second sound source, for example, a loudspeaker has to produce an acoustic wave that

is exactly out of phase with the acoustic wave produced by the primary source.

To illustrate the physical limitation [143] of only being able to actively control low frequency noise (< 1 kHz)
consider the following example shown in Figure 6.1(a) and (b). Two loudspeakers represented by a square and
a cross send out the same sound waves, but in antiphase. In Figure 6.1(a) the sound fields generated by the
two loudspeakers, when operating at low frequencies under free field (anechoic) conditions, are illustrated. The
peak of one sound wave almost coincides with a trough of the other sound wave and, therefore, destructive
interference is achieved globally. If the exciting frequency reaches a certain level, so that the wavelength of
the sound waves become comparable with the separation distance of the sources, then destructive (D) and

constructive (C) interference occurs. This situation is shown in Figure 6.1(b).



Chapter 6 : Nonlinear Active Noise Control

(b) c b cC

Figure 6.1: Sound waves from out of phase operating acoustic sources (a) Low frequency - global destructive

interference (b) High frequency - localised destructive (D) and constructive (C) interference

The localised constructive interference at high frequencies limits the broader application of ANC systems.

According to [143] there are three different acoustic objectives to achieve destructive interference.

e Power output minimisation - minimising the output power of primary and secondary sources
e Quiet zone - creating a quiet limited spatial zone around a single microphone

e Power absorption - arranging a phase relationship between loudspeaker and microphone, so that the

loudspeaker absorbs power

There are two possible control strategies.

o Feedback

o Feedforward

A generalised block diagram of a feedback control strategy [144, 145] is shown in Figure 6.2. The signal e(?) is
meassured by the monitor microphone and is fedback to the controller. The controller minimises the power of the
signal e(t) by producing an output signal y(t) to the secondary source. The controller not only has to produce a
phase shift, but also has to incorporate the transfer function of the secondary path (electroacoustic response of
the loudspeaker, acoustic path between speaker and microphone, and the microphone’s electroacoustic response).
The secondary path has a frequency response which is neither flat nor free of phase shift. This means that
the control system can become unstable. It is possible to introduce compensating filters (lead-lag networks) to

correct the phase shift [143].
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Figure 6.2: Active noise system using feedback control

In Figure 6.3 a feedforward control [146-148] scheme is depicted. In this scheme a reference signal z(t) which
is correlated to the primary disturbance is fed into the controller. The controller passes the signal y(¢) to a

secondary source in order to minmise the power of the signal e(¢) at the monitor microphone.
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Friter

Figure 6.3: Active noise system using feedforward control

The attenuation achievable by ANC systems is also dependent on the location of the secondary source. One
of the methods to determine the optimum secondary source location is presented in [149]. The following work
carried out in this chapter focuses on a feedforward control strategy in a duct. The acoustic objective is to
minimise the output power in the duct using a single detect microphone and an error microphone, and a single
loudspeaker. The concepts developed for a single input - single output (SISO) system are usually readily ex-
tended to multiple input - multiple output (MIMO) [150-153] systems.
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In this chapter a nonlinear active noise control (ANC) technique is devised. Up to now, especially in prac-
tise, only conventional linear techniques in active noise control have been used. It is shown that the traditional
filtered-x control scheme with a nonlinear controller cannot be used and a new control scheme is devised. Also,
a new combined linear and nonlinear controller is developed, which shows very good performance compared to
conventional linear techniques.

Section 6.2 describes the background and outlines the current state of the art in ANC. In Section 6.3 a combined
linear and nonlinear controller is developed and a new control scheme for ANC in ducts is derived. Simulations

and results are presented in Section 6.4 and Section 6.5 concludes this chapter.

6.2 Background

6.2.1 Active Noise Control in Ducts

A typical ANC system in a duct [154,155] is shown in Figure 6.4 and its equivalent block diagram in Figure 6.5.
The sound wave in a duct can be regarded as a one-dimensional propagating wave [156], as long its frequencies

are below the natural frequency of the first cross sectional mode in the duct.

Incident Upstream o Downstream 4 Primary
primary noise — ~—— secondary noise = secondary noise noise
[
Speakey
Detect microphone Error microphone

\\
— Cwer

Figure 6.4: Feedforward control in a duct

ANC systems in ducts are usually based on a feedforward control strategy [157-160]. The noise in Figure 6.4
from the primary source travels from left to right, as plane waves [161,162] through the duct. A microphone,
located upstream from the secondary source, detects the incident noise waves and supplies the controller with
an input signal. The controller sends a signal to the secondary source (i.e. loudspeaker) which is in antiphase
with the disturbance. A microphone, located downstream, picks up the residuals and supplies the controller
with an error signal. The controller has to be adaptive, because of changes in the enviroment, degradation of
system components (e.g. loudspeaker) and alterations of the noise source.

In some cases a reference signal from the primary noise source can be measured. The advantage is that the
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reference signal is not affected by the secondary source. Periodic tonal noise distubances are usually caused by

rotating machines. A well correlated reference signal may be obtained via a mechanical, electrical or optical

transducer, which has the same fundamental frequency as the sound emitted [143,163,164].
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+ Feedback F e
Ha
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electrical paths
RN Y
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W
A0 ANC &)
arle algorithm

Figure 6.5: Block diagram of the ANC system with conventional adaptive FIR filter and feedback cancellation

The linear adaptive FIR controller W in Figure 6.5 is usually trained by the filtered-x LMS algorithm. P(z) is

the transfer function of the duct plant between the detection microphone and the control source. Hq(z) is the

transfer function of the actuator, which also represents a driving unit and a reconstruction filter for the D/A

conversion. The acoustic path between the control source and error microphone, and the error microphone itself

is given as the transfer function H.(z). The acoustic feedback from the loudspeaker to the detection microphone

is represented by the transfer function F(z). To combat the feedback path an adaptive filter with a transfer

function F'H, is modelled off-line and is implemented as shown in Figure 6.5 [143]. The turbulence in the duct

causes an additional noise source on the microphones. These noise sources are given as v1(n) and v2(n).
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6.2.2 The Filtered-x Algorithm

The variance of the error signal e(n) in Figure 6.5 is usually minimised by a variant of an adaptive least means
squares (LMS) algorithm in the controller. As the error signal e(n) is delayed and filtered by the transfer
function Hq(z)H.(z) the standard LMS algorithm cannot be applied to this scheme. The filtered-x LMS [138]
algorithm is widely used and requires a transfer function model H, (z)ﬁe(z) It has been shown to be a robust
and reliable algorithm for linear ANC systems in [165-169]. The algorithm was first proposed by Morgan [170]
in 1980. Widrow et al. [171] implemented it in a feedforward control scheme and Burgess [172] in a ANC sytem,
both in 1981. A filtered-x least mean fourth algorithm was proposed in [173].

The controller W(z) has to model the transfer function P(z)Ha_l(z). The error path transfer function H,.(z)
does not affect the model W(z) itself, but it does destabilise the adaption process of the LMS algorithm. There-
fore, it is necessary to build in an additional model of the transfer function H,(z)H.(z) for the algorithm into
the input path xz(n). The derivation of the filtered-x algorithm is shown in Figures 6.6(a) to (¢). Shifting H.(z)
back over the summation point results in Figure 6.6(b). Asuming that the controller W(z) is linear and the
adaption process is slow [174], it is possible to shift H,(z)H.(z) over the controller W(z). Now it can be seen in
Figure 6.6(c), that an additional model of H,(z)H.(z) is necessary to filter the input z(n), before it is processed
by the LMS algorithm, hence the name filtered-x’ LMS algorithm.
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Figure 6.6: Derivation of the filtered-x LMS algorithm : (a) noise canceller; (b) combining transfer functions;

(c) adaptive structure

Assuming that the feedback path F' has been effectively cancelled, the signal e(n) can be expressed as

e(n) = hex{p*xax(n)—hy*(w,*xz(n))} (6.1)
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where % denotes convolution. Assuming that H,H. can be represented by a FIR filter of order p

h = [h(0),h(1),..., h(p)]" (6.2)
and the controller W as another FIR filter of the order g

w, = [wn(0),w,(1),..., wa()]" (6.3)
where the subscript n denotes the time at which the coefficients are updated, then (6.1) may be rewritten as

P4

o) = dn) =3 h(iwas(a(n - j - i) (6.4)

where d(n) = h, * (p * #(n)). The weights {w,} are updated by the filtered-x LMS algorithm

W) = (i) + 2pe(n) Y- h(j)a(n — j~ ) (6.5)

assuming that w,_;(i) & w,(i) the algorithm will converge in the least mean square sense. For this reason
there is no benefit to use fast least squares schemes, i.e. recursive least squares (RLS) [175,176], because the
weights {w,} change significantly from one iteration step to the next one. The results of the filtered-x LMS
and RLS are displayed in Figures 6.7 and 6.8, respectively.
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Figure 6.7: Filtered-x LMS, 20 filter coefficients, u = 0.01, 25 ensembles, z(n) ~ N(0,1.0), Hy(z) = H,(z) =
054271 Ho(z)=Ho(2) =27% P(2) =272 =0.327340.227% F(2) =0, vl(n) = v2(n) =0 : (a)
e(n) (b) NMSE / dB

The signal e(n) is shown in Figure 6.7(a) and the NMSE in dB in Figure 6.7(b). The adaptive FIR filter was
trained by the filtered-x LMS algorithm. The transfer function of H, is maximum phase and H, is a delay of
9 samples. This setup is not well suited for a linear FIR controller. Comparing the results achieved with the
filtered-x RLS algorithm in Figures 6.8(a) and (b) shows that the error signal e(n) reaches peaks almost 4 times

bigger than the error signal without control during training.
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Figure 6.8: Filtered-x RLS, 20 filter coefficients, @ = 1.0, 25 ensembles, z(n) ~ N(0,1.0), H,(z) = H,(z) =
054271 Ho(z)=Ho(2) =27% P(2) =272 =0.32734 02274 F(2) =0, vl(n) = v2(n) =0 : (a)
e(n) (b) NMSE / dB

The filtered-x RLS algorithm does not achieve faster convergence than the filtered-x LMS algorithm. In order
to exploit fast (in convergence) least squares algorithms other control schemes have to be used. These will be

discussed in the next section.

6.2.3 Alternative Linear Control Schemes

In [177] a so-called constrained filtered-x LMS algorithm has been devised. The authors defined another set of

residuals
) = d) = 3D R i = ) (6.6)

which similar to (6.4) but without the subscript —j at the weights {wy}. The weights {w, } are updated by the
constrained filtered-x LMS algorithm

i) = (i) + 2ne(n) Y hGaln = =) (6.7)

The residual ¢ is generated by using only the latest weights {w,}. This makes the weights a priori stationary.
The block diagram is shown in Figure 6.9. Tt is quite clear that this scheme is rather computationally expensive.

Three models for H, H, and (¢ + 1) controllers W have to be implemented.
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Figure 6.9: Block diagram of the ’constrained filtered-x” LMS algorithm

The same setup as in the previous simulation was again used to compare convergence speed of the LMS and RLS
algorithms. The setup is rather ill-conditioned for a linear controller and, therefore, the constrained filtered-x
LLMS in Figure 6.10 only converges marginally faster than the filtered-x LMS algorithm in Figure 6.7. The
NMSE does not oscillate as much in Figure 6.10(b) as in Figure 6.7.

The constrained filtered-x RLS algorithm in Figure 6.11 shows good convergence speed and no high peaks during

training in the error signal e(n) compared to Figure 6.8.
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Figure 6.10: Constrained filtered-x LMS, 20 filter coefficients, p = 0.01, 25 ensembles, z(n) ~ N(0,1.0), Ha(z) =
Ho(z) = 05+271, Ho(z) = H.(2) = 27° P(2) = 272=0.327340.2:7% F(2) = 0, vl(n) = v2(n) =
0: (a) e(n) (b) NMSE / dB
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Figure 6.11: Constrained filtered-x RLS, 20 filter coefficients, o = 1.0, 25 ensembles, x(n) ~ N(0,1.0), Hq(z) =
I:Ia(z) =05+ 271 He(z) = [:Ie(z) =279 P(z) = 272 - 032734 0.2:7% F(z) = 0, vl(n) =
v2(n) =0: (a) e(n) (b) NMSE / dB

The most widely used control scheme [178,179] for more sophisticated least squares algorithms, rather than
using the filtered-x LMS is shown in Figure 6.12. A fast RLS algorithm [180] and TTR controllers have been
implemented in this scheme [181-184].

Again,; as in the constrained version, a modified residual is defined

dn) = dm) =33 h(j)wn(i)r(n —j — i) (6.8)

j=01i=0

The weights {w,} are updated by the modified filtered-x LMS algorithm

M@

wayr(i) = ) +2ue’(n) Y h(j)z(n — j— i) (6.9)

]:0
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Figure 6.12: Modified filtered-x scheme with an additional ’secondary path’ H,(z)H,(z) and controller W

The same setup for the simulations as in the previous ones was used. The modified filtered-x LMS algorithm

in Figure 6.13 has similar convergence behaviour as the constrained filtered-x LMS in Figure 6.10.
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Figure 6.13: Modified filtered-x LMS, 20 filter coefficients, g = 0.01, 25 ensembles, z(n) ~ N(0,1.0), H,(z) =
Ho(z) = 054 27" Ho(z) = Ho(2) = 27% P(2) = 272 = 03273 4 0.2:7%, F(2) = 0, vl(n) =
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The modified filtered-x RLS algorithm in Figure 6.14 shows the same rate of convergence as in Figure 6.11. The
NMSE in Figure 6.14(b) during training is not as high as in Figure 6.11(b).

A -1
In Section 6.3.2, a control scheme with only one additional model (HaHe) using a block least squares

algorithm is presented.
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Figure 6.14: Modified filtered-x RLS, 20 filter coefficients, & = 1.0, 25 ensembles, z(n) ~ N(0,1.0), Ha(z) =

)
Ha(z) = 05+ 271, Ho(z) = Ho(2) = 279, P(2) = 272 = 03272 4 0.2z7% F(z) = 0, vi(n)

v2(n) = 0: (a) e(n) (b) NMSE / dB
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6.3 Nonlinear Active Noise Control in a Duct

6.3.1 Introduction

There are several situations where a nonlinear controller may perform better than conventional linear techniques.
First of all the components of the ANC system might exhibit nonlinearities themselves. The loudspeaker, for
instance, can excite not only the frequency of interest but also its associated harmonics [185]. This scenario
has been investigated by Snyder et al. in [186] and by Wangler et al. in [79]. In [186] a neural network was
implemented as a controller and a second one for modelling the cancellation path transfer function. The authors
in [79] used a polynomial filter and a neural network, which were trained by genetic algorithms. In [187] a dy-
namic recurrent neural network was used as a controller to model the antiphase noise and to combat the effects
of the feedback path, simultaneously. A neural network was implemented in [19] to reduce the ANC system’s
physical size in a duct. The noise from the fan in the duct was shown to be chaotic and therefore it was possible
to predict the chaotic noise in the short term. Impulsive noise modelled by an alpha stable process [188] was

considered as the primary noise source in [189].

An alternative motivation for the use of a nonlinear controller is provided when the transfer function H,(z)
is nonminimum phase [165]. The FIR controller W in Figure 6.5 has to identify the cascaded systems P(z)
and H;'(z). Both systems are assumed to be linear. Tf H,(z) is minimum phase its inverse [190] is a stable
TR filter. To approximate an IIR filter a high order FIR filter may be designed. In the case that H,(z) is
nonminimum phase [165], the inverse demands a non-causal linear T1R filter. Non-causal filters are not physical
realisable, and therefore, are only poorly approximated by FIR filters. However, if the input signal z[n] is
stochastic non-Gaussian [101] or nonlinear deterministic [1] a nonlinear inverse to the transfer function H,(z)
exists and may produce an improvement in cancellation performance. This scenario is the main focus of the

following sections and will be described in detail.

Constructing a nonlinear inverse filter to a linear filter to cancel nonlinear deterministic noise has been in-
vestigated in [1]. Finding an inverse with non-Gaussian stochastic input is also encountered in numerous

channel equalisation problems, e.g. in [101].

The low-frequency noise in the duct is usually assumed to be broadband random noise or periodic tonal
noise [143]. However, today it is known that many of these noise processes arise from nonlinear dynamical
systems. Chaotic time series are a typical example of aperiodic time series which appear to be a stochastic
process when analysed with second order statistics (see Chapter 2). Deterministic nonlinear behaviour can arise

from all kinds off different physical systems as described in Chapter 4.
The filtered-x LMS algorithm is implicitly linear and hence cannot be easily applied to train a nonlinear

controller. Therefore other schemes have to be used and one of them is presented in Section 6.3.2. Section

6.3.3 describes how a nonlinear inverse to a nonminimum phase linear filter may exist and derives a mathem-
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atical expression for the controller. In Section 6.3.4 various simulations and results are presented. Section 6.3.5

discusses the results obtained by the simulations.

6.3.2 Nonlinear Control of a Linear Plant

It is clear from the simple block shifting procedure in Section 6.2.2 that the filtered-x scheme is not valid for
a nonlinear controller. To circumvent this restriction the ANC system was reconfigured to allow a nonlinear

controller. The block diagram is shown in Figure 6.15.

x(n) ] d(n)

PHL {+) Ha He
acoustic path &)
electrical paths

y(n)
Controller
-m . -m A on -1
z copy \weights z (HaH o)
y(n-m)
X(n-m) d (n-m) € (n-m)
Least Squares +

algorithm N

Figure 6.15: Block diagram of the ANC system used in simulations

This control scheme does not need as many models as the constrained or the modified control schemes presented
in Section 6.2.3. The scheme uses one additional model (ﬁaﬁe)_l to estimate a delayed desired signal. Two
similar approaches [143] were proposed by Warnaka et al. [191] in 1984 and by Poole et al. [192] in 1984.

To estimate the actual error signal e(n) it is necessary to build the transfer function (ﬁ[a(z)l':[e(z))_l into the
error path. The inverse of H4(2)H.(2) is modelled off-line, using only the loudspeaker as a white noise source.
Fortunately it is possible to use an inverse modelling delay z=™ to estimate the inverse more accurately. To
compensate for the inverse modelling delay the signals z(n) and y(n) are delayed by the same amount. The
signals y(n — m) and €’(n — m) are summed to form the desired signal d’(n — m). The delayed input signal
z(n — m) and the delayed desired signal d’(n — m) are supplied to a least squares algorithm.

Another advantage in using this scheme, is that more sophisticated least squares algorithms (e.g. Householder
transformations [193] (see Appendix A) or singular value decomposition (SVD) [127]) can be implemented,

which are especially useful for training a nonlinear controller with a coloured input z(n).
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Another possible nonlinear control scheme would be to use a nonlinear controller which consists of two parts.
The first part being a nonlinear expansion from the input vector x,, and the second part a set of linear weights.
NRBF networks and VS filter have that kind of structure. Then it would be possible to shift H,(z)H.(z)
(i.e. in Figure 6.6(b)) only over the second linear part of the controller W(z). This procedure would lead to a
nonlinear filtered-x scheme. The nonlinear control scheme mentioned above in this section appears to be more

sophisticated and, therefore, was used in the simulations.

6.3.3 Development of a Combined Linear and Nonlinear Control-

ler

If the controller is to model P(z)H !(z) when the actuator transfer function H,(z) is nonminimum phase [165],

a causal linear controller will be sub optimum since it cannot, by definition, characterise the anticausal part of

H;'(z). The derivation of expressions for the combined controller assumes that the feedback path F(z) has

been effectively cancelled by F(z)ﬁa(z) This kind of elimination of the feedback path has been reported to be

very successful in [180]. The resulting block diagram is shown in Figure 6.16. The transfer function H,(z) is
x(n) . d(n) 7 ) e(n)

=] Ha z + HaHe ———

y(n)

W

Figure 6.16: Block diagram of ANC system for derivation of the combined controller

assumed to be nonminimum phase with a noncausal inverse H; !(z). Define H,(z) as a causal approximation

to the inverse of H,(z) such that
Ho(2)Ha(z) = 27% (6.10)

where k is an integer. The quality of approximation improves as the lag k 1s increased. Thus the transfer

function H;!(z) can be approximated as

H7'(z) = 2FHu(2) (6.11)

a

The function of the controller W in Figure 6.16 is to produce a k-step ahead prediction of the output of the

causal linear system P(z)H,(z) based on the input vector xy(n). Thus

d(n) = d(n+k)= f(xn(n)) (6.12)
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with
xy(n) = [r(n), z(n—1),...,2(n— N+ 1)]T

where f(-) is some scalar function, possibly nonlinear, of the vector xyx(n). Given xx(n), the minimum mean

square error (MMSE) estimate of d(n) is obtained by the conditional expectation [194], or Bayesian estimate :
d(n) = Eld(n)xy(n)] (6.13)
Assuming that the transfer function P(z)ﬁa(z) can be approximated by a FIR filter the desired signal is given
by
N-1
dn) = > hx(n+k—1i) (6.14)
=0
where {h;} are the coefficients of the causal transfer function P(z)H,(z). Equation (6.14) can be split into two

parts as

d(n)

di(n) + da(n)

k-1 N-1
D hiw(n+k—i)+ > hix(n+k—i) (6.15)
i=0 i=k

Thus (6.13) can be rewritten as

d(n) = E[di(n) + da(n)lxn(n)]
Eldy(n)xn(n)] + Elda(n)lxy(n)] (6.16)

The second part of (6.16) is a linear system identification problem

N-1

do(n) = E[Zhiz(n+k—i)|xN] (6.17)

i=k

The optimum solution would be

N-1
dy(n) = > hx(n+k—i)

N_—l—k

= hjirx(n — j)
j=0
N-1-k

- gjz(n - j) (6.18)
j=0

Hence, without loss of generality

dy(n) = glxy(n) (6.19)
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where

gT = [go)"'JgN—l]

The first part of (6.16) requires multi-step prediction.

di(n) = E[di(n)|xy(n)]
_ E[Z hiz(n + & — i)|xx(n)
= z_: hiElx(n + k — i)|xx(n)] (6.20)

Thus Jl(n) is a linear combination of multi-step predictors of the input signal z(n). It is usually not necessary
to embed xy(n) into as many as N dimensions so for modelling, a smaller dimension M < N may be more

appropriate.

di(n) = i hiElz(n +k — i)|x5(n)] (6.21)

=0
The optimal prediction E[z(n+k —1i)|x,,(n)] may be approximated in practice with many feedforward networks

e.g. multilayer perceptrons (MLP), radial basis functions (RBF) or Volterra series (VS). Here, only the latter

two will be considered, because of their ease of training. Thus, #(n + k — ¢) can be approximated by

Ele(n4k — i)|xum(n Z i ® (6.22)

where L is the number of the nonlinear kernels {®;} and linear weights {y;;}. Therefore an estimate of d;(n)

would have the form
i k-1 L
di(n) = Y hiy pii®;(xu(n) (6.23)
i=0 j=1
Merging the two linear layers {h;} and {u;;} together, this becomes
I
di(n) = ijq>j(xM(n)) (6.24)
ji=1

This removes any requirement to identify the weights {h;} and {y;;} separately. This also removes any require-
ment for explicit knowledge of the lag k. Finally, an estimate y(n) of d(n) can be found by substituting (6.19)
and (6.24) in (6.16)

ij (xm(n)) +g xN(n) (6.25)
As in [99] this can also be written as a vector inner product

y(n) = wla(n) (6.26)
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z'(n) = {Ql,éz,...,q)L,m(n),m(n— 1),...,z2(n— N+ 1)]

g
ll

|:w1aw2a"')wL)gOagla"'agN—l]

For this linear-in-the-parameter nonlinear architecture, the weight vector w can be estimated using a least
squares algorithm. No explicit knowledge of the lag term k is required in (6.25). To evaluate the linear
combination of the nonlinear and linear parts in (6.25) a variety of different controllers are considered in Section
6.3.4.

Based on (6.25) it is possible to infer how the nature of the controller will be affected by the input signal
characteristics and the phase response of the actuator transfer function H,(z). In particular, if H.(z) is
minimum phase, no lag k is required and the inverse is purely causal. Hence a predictive component such as
(6.22) is not required and (6.25) reduces to the conventional linear controller [127,195]. If the transfer function is

nonminimum phase three conditions can be identified, which are dependent on the nature of the input sequence:

¢ z(n) is independently identically distributed (i.i.d.) - no prediction is possible and hence poor results are

to be expected.

e z(n) is correlated in time and Gaussian in which case (6.22) reduces to a linear predictor and the whole

controller of (6.25) is linear.

¢ z(n) is non-Gaussian and non-i.i.d., in which case (6.25) may produce better results than a purely linear

controller.

The linear system identification part in (6.25) requires an input signal xy(n) which is broadband. As long as
the noise excites all the frequencies necessary to identify the linear system, the linear part does not require any
assumptions about the distribution or nonlinear deterministic characteristics in the input signal xy(n).

The nonlinear prediction part, though, requires that there is some nonlinear mapping between adjacent input
samples. If the noise is nonlinear and deterministic, i.e. a chaotic time series, it i1s possible to predict the
noise in the short term [1]. As the function f in 2(n + k) = f(xum(n)) is generally nonlinear to generate
chaos, it is necessary to use a nonlinear model for the k-step prediction task. Chaotic time series which arise
from dynamical systems are clearly non-Gaussian but are also deterministic. It is possible to embed the finite
dimensional manifold # of the dynamical system with the methods of delays [1]. As the system evolves through
time the measured values of the time series in the tapped delay line describe a trajectory in an embedded state
space. This embedded attractor does not occupy the whole state space, in strong contrast to some stochastic

processes, which fill out more or less the whole state space.
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6.3.4 Simulations and Results

In the following simulations the acoustic feedback path F(z) in the duct is neglected for the two following
reasons. Firstly it is assumed that the off-line modelled filter F(z)f{[a(z) eliminates the feedback and secondly
that uni-directional microphones are used. The noise caused by turbulence in the duct on the microphones, is
assumed to be zero. The resulting block diagram is shown in Figure 6.15.

To justify the necessity of implementing a combined linear and nonlinear controller the following simulations
were carried out. The primary noise source was modelled by the Logistic map. The time series z(n) generated
by the Logistic map is delta correlated [196]. The actuator H,(z) was chosen to be maximum phase and the
other transfer functions had unit gain. The NMSE in dB can be seen in Figure 6.17. The linear FIR controller
with 10 taps is not able to attenuate the noise. The nonlinear controller, a Volterra filter with quadratic and
cubic terms, achieves slightly better performance than the combined linear and nonlinear controller. The setup
of the this simulation provides a purely nonlinear task for the controller and, therefore, it is not surprising that

the nonlinear controller achieves the best results.

2 T T T T T T T
nonlinear W ——
1F. nonlinear & linear W - .
P IR linear W -
OF -
_1% i
@
° 2 -
L ;
= 3r 7
pa

100 150 200 250 300 350 400 450 500
samples n

Figure 6.17: NMSE in dB for 3 different controllers : z(n) = 4x(n — 1)(1 — z(n — 1)), M = 3, N = 10,
Hq(z) = [:[a(z) =05+z2"', Ho= H, =1, P(z) =1, F(z) = 0, vl(n) = v2(n) = 0, m = 16, 32
PN -1
taps for (HaHe)

The next simulation is a purely linear task for the controller. The same three controllers were used, but this

time H,(z) is minimum phase. The NMSE in dB can be seen in Figure 6.18.
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Figure 6.18: NMSE in dB for 3 different controllers : z(n) = 4x(n — 1)(1 —z(n — 1)), M = 3, N = 10,
Ho(z) = Hy(2) =14 052", H, = H, =1, P(z) = 1, F(2) = 0, vl(n) = v2(n) = 0, m = 0, 32
-1

taps for (H'GHE)

The linear FIR controller and the combined one achieve the best result. From those two simulations it can be
seen that the combined linear and nonlinear controller is suitable for a broad range of control problems.
The next simulations were carried out to compare different controllers with different primary noise sources.

Seven different input noise signals 2(n) with zero mean and variance o2 = 1.0 are used :

e White Gaussian noise

e White uniform noise

e Coloured Gaussian noise
¢ Logistic chaotic noise [99]
¢ Lorenz chaotic noise [9]

¢ Duffing chaotic noise [8]

e Stochastic nonlinear noise (named ’Nonlinear’ in the tables)

The coloured Gaussian noise is the white Gaussian noise filtered by a 2nd order lowpass TIR filter with a

normalised cut-off frequency of 0.05. The coloured Gaussian noise is normalised to have zero mean and unit
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varlance.

The stochastic nonlinear dynamic process is given as

z(n) [0.8 — 0.5 exp(—(z(n — 1))))]z(n = 1) —
[0.3 +0.9exp(—(z(n — 1)))]z(n — 2) +

0.1sin(wz(n — 1)) + v(n)

Where v(n) is white Gaussian process with zero mean and a variance of 0.01. The stochastic

(6.27)

nonlinear noise 1s

normalised to have zero mean and unit variance. The two dimensional attractor is shown in Figure 6.19.

2 T T T T

15

25 L 1 1 1

Figure 6.19: Attractor of the two dimensional

15
x(n-1)

stochastic nonlinear dynamical time series

For comparison in performance five different controllers were investigated.

Linear FIR filter with N = 10 coefficients

Volterra (quadratic, cubic) filter

Combined linear (N

Combined linear (N

Lnontinear = 71)

10) and Volterra (quadratic,

NRBF network (LLogistic = 337; LLorenz = 159; LDuffing = 126; LNonlinear = 71)

cubic) filter

10) and NRBF network (Lrogistic = 337, Liorenz = 159, Lpuffing = 126,

The Tables 6.1 - 6.10 present the simulation results with different input signals 2(n) and actuators H,(z). The

input vector xy[n] has a dimension of N = 10 in Table 6.1. In Tables 6.2 - 6.5 the dimension M is 3 and in
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Tables 6.6 -6.10 M is 5. The main acoustic plant P(z) is a fourth-order FIR filter [177]:
P(z) = 272 03273402274

The controller W (z) does not depend on the error path transfer function H.(z). Therefore, only one error path

H.(z) is used:
H.(z) = 275 (6.28)

Three actuators Hq(z) with different phase characteristics were chosen to test the theory in Section 6.3.3. The

maximum phase transfer function of H,y(z) :

Huy(2) = 05+27" (6.29)
The minimum phase transfer function of Hqaa(2) :

Has(z) = 10405277 (6.30)
The nonminimum phase transfer function of H,3(z) :

Has(z) = 10415271 — 272 (6.31)

The inverses of all combinations of H,(z)H.(z) are estimated by exciting white noise through H,(z)H.(z) and
training an adaptive 32nd order FIR filter. The inverse modelling delay z=™ is m = 16 for Ha1(2)H.(z) and
Ha3(2)H.(z) and m = 5 for Hga(z)H.(2).

The least squares algorithm is a block least squares algorithm using the Householder transformation. The

normalised mean square error (NMSE) is computed, after convergence, as follows :

0.2
NMSE = 10log;, <?) dB
d

where o2 is the variance [197] of e(n) and &3 is the variance of d(n).
In the simulation where the input signal z(n) is white Gaussian, white uniform or coloured Gaussian a purely
linear controller achieves the best result. The results are provided in Table 6.1. The results for the white
noise processes are provided as a basis for comparison since no linear or nonlinear predictive component is
possible. When coloured Gaussian noise is used linear prediction improves the performance for the maximum
phase actuator H,1(z) and nonminimum phase actuator Ha3(z). The results for Hyo(z) with a coloured input
demonstrates a marked improvement in performance. At first sight, this may appear surprising. The actuator
is minimum phase and thus no predictive component is required. However this is not a straightforward system
identification task. The achievable NMSE is dependent on both the spectrum of the input signal and the transfer
function of the actuator. Therefore there is no reason to expect the elements of column 4 in Table 6.1 to be the

same as in the columns 2 and 3.

In Table 6.2 the weights in the nonlinear part of the Volterra filter converge to zero and therefore the combined

controller approximates a linear model. The Volterra filter used here with only the quadratic and cubic terms
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is inherently nonlinear and is not suited to produce a linear model. It has, therefore, the worst performance,
as shown in Table 6.4. The NRBF network benefits strongly of having an additional linear part in Table 6.3,
compared to the results in Table 6.5. From these results it can be seen that, if the noise 2(n) is an iid process,
no matter what kind of distribution it has, or if the noise z(n) is a coloured linear process, there are no benefits

in using a nonlinear controller at all.

The situation changes dramatically when the input signal 2(n) is non-Gaussian and deterministic. Both com-
bined linear and nonlinear controllers in Tables 6.9 and 6.10 achieve far better performances in conjunction
with the maximum phase actuator H,1(z) and the nonminimum phase actuator H,3(z) compared to the linear
controller in Table 6.6. The results for the input signal generated by the Duffing equation are initially surprising
especially with respect to the minimum phase actuator Hqs(z). However the architecture of (6.25) only provides
a FIR approximation to Ha_;(z). The additional terms could be provided through backward prediction using
the embedding vector xy(n). The architecture is flexible enough to provide this prediction implicitly without

interference from the user.

Actuator Linear
Ha(z) Gauss Uniform  Colour
Hu(2) =054 271 -11 -11 -43
Hao(2) =1.040.527" -41 -41 -74
Haa(z) =104 15271 — 2772 -12 -12 -45

Table 6.1: NMSE in dB using a linear controller and stochastic noise for z(n)

Actuator Linear + Volterra
Ha Gauss Uniform  Colour
Ha(z) =054+ 27" -10.9 -11.0 -43
Hux(2)=1.040.527" -41 -41 -74
Hus(2) =104+ 15271 — 272 || -11.9 -12 -45

Table 6.2: NMSE in dB using a combined linear and nonlinear controller

and stochastic noise for z(n)

Actuator Linear + NRBF
Ha Gauss  Uniform  Colour
Hu(2)=054 27" -10.5 -10.9 -43
Hao(2) = 1.040.5271 -40.8 -40.9 -74
Haa(z) =1.0 415271 — 272 || -11.6 -11.9 -45
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Actuator Volterra
Ha Gauss Uniform  Colour
Hau(2)=05+427" -3.7 -6.2 -4.5
Hao(z) = 1.0 +0.527" -1.5 -2.0 -4.7
Hus(2)=1.04+1527" =272 || -4.5 -6.5 -4

Table 6.4: NMSE in dB using a nonlinear controller and stochastic noise for x(n)

Actuator NRBF
Ha Gauss  Uniform  Colour
Hau(2)=054271 -8.7 -8.8 -32
Hao(2) = 1.040.527" -1.9 -2.0 -33
Hus(2) =104+ 15271 — 272 || -8.7 -8.7 -17.2

Table 6.5: NMSE in dB using a nonlinear controller and stochastic noise for z(n)

Actuator Linear
Ha(z) Logistic =~ Lorenz Duffing Nonlinear
Har(2) =054 27" 108 -34.6 -70 -25.3
Haz(z) = 1.0 4 0.5z -41 64.8  -99.7 -55.3
Hys(2) =1.0 415271 — 272 -12 -35.6 -66.6 -26.3

Table 6.6: NMSE in dB using a linear controller and nonlinear noise for z(n)

Actuator Volterra
Ha Logistic ~ Lorenz  Duffing Nonlinear
Hai(z) =05+ 27" -16.8  -26.2  -23.5 -14.2
Has(z) = 1.0 +0.527" -10.8  -27.9  -23.7 -13.9
Has(2) =104 152" — 272 -17 -21.8 -20.3 -13.8

Table 6.7: NMSE in dB using a nonlinear controller and nonlinear noise for z(n)

Actuator NRBF
Ha Logistic  Lorenz  Duffing Nonlinear
Hai(z) =054+ 27" -28.4 -55 -86.2 -28.2
Haz(z) =1.040.527" -10.3 -58 -91 -27.4
Hus(2) =1.0 415271 — 272 -22.7 -43.3 -59.8 -28.5

Table 6.8: NMSE in dB using a nonlinear controller and nonlinear noise for z(n)

103



Chapter 6 : Nonlinear Active Noise Control

Actuator Linear 4+ Volterra
Ha(z) Logistic =~ Lorenz Duffing Nonlinear
Hu(2)=054 27" -16.8 -50.5 -91 -28.7
Ha2(z) =1.0 4 0.527" -41 -65.1 -105 -55.3
Hus(2) =1.0 415271 — 272 -17.9 -50.5 -72.8 -29.7

Table 6.9: NMSE in dB using a combined linear and nonlinear controller and nonlinear noise for (n)

Actuator Linear + NRBF
Ha(z) Logistic =~ Lorenz Duffing Nonlinear
Hai(z) =05+ 27" 285 -55.8 -89 -28.9
Has(z) = 1.0 40527 -40.5  -65.6  -105.2 -55.3
Has(z)=1.04+1.52"" — 2772 -29.6 -53.5 -75 -29.7

Table 6.10: NMSE in dB using a combined linear and nonlinear controller and nonlinear noise for z(n)

6.3.5 Discussion

This section is a more detailed analysis of the results from the input signal z(n) generated by the Duffing
equation. The controller W has to model P(Z)Ha(z)_l. Assuming that the controller has no difficulties in
modelling P(z) the error signal can be derived from the following block diagram in Figure 6.20.

x(n) e(n)
P +

x(n) 1 e(n)

Figure 6.20: The influence of the input signal z(n), controller H,(z)~! and the nature of the actuator H,(z) on

the error signal e(n)

The PSD of the error signal can be expressed as
See(z) = {1 = Ha(2) " Ha(2)} {1 = Ha(z7") " Ha(2™")} Sza(2) (6.32)
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Hence the error achieved will be dependent on the spectral characteristics of #(n), the nature of H,(z) and its
approximate inverse.
The simulations for the Duffing equation and the Logistic map as noise source were examined more closely. The

NMSE in dB for the Duffing noise can be seen in Figure 6.21.

-10 T T T T T T T T T

-20 JW

-30 ~ nonlinear W ——
nonlinear & linear W ------

linear W
40 + 4

NMSE / dB
o
o

200 b .

_110 1 1 1 1 1 1 1 1 1
300 350 400 450 500 550 600 650 700 750 800
samples n

Figure 6.21: Duffing noise for z(n), M = 5, N = 5, Ha(z) = 1+ 0.527Y, H.(2) = z7°, m = 5, 32 taps for
. \-1
()

Using a low order FIR controller shows the major improvement of the combined controller over the FIR controller
in the NMSE. When using the Logistic noise source for z(n) in Figure 6.22 the FIR controller produces, as

expected, the best result in this linear control problem.
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Figure 6.22: Logistic noise for #(n), M = 5, N = 5, Ha(z) = 14+ 0.5z, Hoz = 275 m = 5, 32 taps for
A -1
(.11

The results from the Duffing equation become clear when the predictability of the chaotic time series is invest-
igated. Figure 6.23 demonstrates the m-step predictability of the Duffing, Lorenz and Logistic time series used
in the simulations. The predictability of the Duffing time series is extremely good and, therefore, explains the
results obtained from previous simulations. A high order FIR filter will also produce good results, as it is able
to approximate an IIR filter better. However, the delay caused by the high-order FIR filter may pose causality

problems.
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Figure 6.23: The m-step predictability of chaotic time series without feedback

6.4 Chapter Summary

This chapter gave an introduction to ANC. Two different control schemes, the feedback and the feedforward
control approach were presented. The current state of the art of ANC systems in ducts was outlined. Differ-
ent control schemes, such as the constrained and the modified filtered-x algorithms with the LMS and RLS

algorithms were simulated.

A combined linear and nonlinear model is proposed for use in a feedforward ANC system in a duct. It has been
shown that 1t is not possible to use the filtered-x LMS algorithm with a nonlinear controller, and therefore, the
ANC scheme was redesigned. A mathematical expression has been derived for the controller and simulations
have verified the theory. If the input signal z(n) is nonlinear and deterministic, the nonlinear filters estimate
P(z)H;1(z) more accurately than the traditional linear filter. This especially the case when H,(z) is nonmin-
imum or maximum phase. A variety of simulation results with different models for H,(z) and H.(z) and noise
signals have been presented and confirm the mathematical derivations of the combined linear and nonlinear

controller.
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Conclusion

7.1 Review

The work presented in this thesis is primarily concerned with nonlinear noise cancellation. The noise or inter-
ference corrupting a signal of interest or a system is treated as a nonlinear and deterministic process rather than
a stochastic process. Therefore, nonlinear filtering and control techniques are implemented in order to exploit
the nonlinear structure in the observed time series. Obviously, nonlinear models are better suited for modelling

or predicting nonlinear deterministic time series than linear models.

The nonlinear modelling capability of nonlinear models, such as RBF networks and VS filters, is exploited
in a variety of different filter schemes. These filter schemes recover a narrowband signal which is corrupted by
broadband noise. Conventional linear filtering techniques are not able to reduce the noise in the bandwidth of
interest. Therefore, an improvement in performance can be achieved by applying nonlinear models to estimate
the nonlinear deterministic noise in the bandwidth of interest. If the estimated nonlinear deterministic noise is

subtracted from the corrupted signal of interest the SNR will improve.

The capability of predicting nonlinear deterministic time series is exploited in ANC. In this application the
controller is confronted with the task of modelling a plant as well as the inverse transfer function of a loud-
speaker and its driving device. The loudspeaker may be nonminmum phase which means that the inverse
is a noncausal transfer function. Conventional linear controllers perform only sub-optimally in this scenario.
However, nonlinear models are able to predict the nonlinear deterministic noise and, therefore, overcome the

causality problem in an elegant way.

In Chapter 1 an introduction is given into the work presented in this thesis. The motivation for the research
topic Nonlinear Noise Cancellation is laid out. The contributions of this thesis are given and an overview of
the thesis ends the first chapter.

The basic concepts of nonlinear dynamics and chaos are presented in Chapter 2. Invariant measures which
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classify a nonlinear dynamical system are discussed. Analysis tools for determining an appropriate sampling
rate and embedding dimension are introduced and applied to chaotic time series. A brief review over Taken’s

delay embedding theorem is presented at the end of Chapter 2.

Nonlinear models are presented in Chapter 3. The chapter focuses on the VS filter and RBF network. These
kind of nonlinear filters are linear in their parameters and, therefore, are easier to train than MLP networks.
The topology and its training methods of the VS filter are presented. The ordinary or normalised RBF net-
work is usually trained in two stages. The first stage is an unsupervised learning algorithm for positioning
the kernels and estimating their bandwidths. The second stage is a supervised learning method which uses
a desired signal to train the linear weights in the least square sense. Different unsupervised learning meth-
ods are discussed and their applicability to estimation problems in higher dimensions. An adaptive block least

squares algorithm using the Householder transformation (see Appendix A) is used for training the linear weights.

An investigation into Broomhead’s filter method is carried out in Chapter 4. The filter method recovers a
narrowband signal from broadband noise. The filter method works well, as long as the FIR filter cancels the
signal of interest completely. If it does not, the signal of interest will be modelled by the nonlinear model and,
hence, decrease the performance. Another interesting fact is that linear filtering techniques when applied to the
same experiments and the same restrictive assumptions perform almost as good or even better as Broomhead’s
filter method. It is further shown that high-order FIR filter which are able to attenuate the signal of interest
considerably distort the structure of the low dimensional noise so much that the nonlinear model is not able to

reconstruct the nonlinear deterministic noise.

To overcome the restrictions in Broomhead’s filter method and to investigate into a more general approach
a variety of filter methods are devised in Chapter 5. The so-called new filter method combines standard signal
processing techniques to form a less restrictive filter scheme for cancelling broadband noise. The tricky part is
to derive a reference and desired signal from the corrupted time series which are not correlated with each other
from the signal of interest’s point of view. Filterbanks capture the most important signal components for the
two signals. The sampling rate is then dropped to re-embed the nonlinear deterministic time series and it also
makes the scheme more computational efficient. An adaptive linear filter cancels the remaining linear correla-
tion between the two signals and the nonlinear model is then trained to estimate the nonlinear deterministic
noise. Simulation results over a range of input SNR with different filter techniques are presented. The new
filter method improves the performance of the SNR compared to linear filtering techniques and overcomes the
restriction of Broomhead’s filter method.

Another filter method exploits the fact that a high-order FIR filter can be modelled by cascaded low-order FIR
filters. The advantage is that low-order FIR filters do not disturb the structure of the nonlinear deterministic
process too much. It is easier for the nonlinear models to undo the distorsions caused by the low-order FIR
filters. However, the nonlinear models produces only an estimate of the true nonlinear deterministic noise.
Therefore, the performance drops from one cascade (FIR filter and nonlinear model) to the other and only
performs sub-optimally overall when compared to linear filtering techniques.

The next filter method overcomes the problem of deriving a reference signal without the signal of interest

present in a different way. It uses a quantiser which produces just enough quantisation noise to mask the signal
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of interest in the reference signal. Simulations show that the nonlinear model is not able to detect the signal of
interest and, therefore, only estimates the nonlinear deterministic noise. However, the additional quantisation
noise blurrs the structure of the nonlinear deterministic noise and the nonlinear models cause a greater estima-
tion error. This greater estimation error effects the output SNR and in comparison with linear techniques this
filter method only performs sub-optimally.

The problem of having the signal of interest present in the reference signal is reduced when the amplitude of
the signal of interest is significantly smaller than the nonlinear deterministic noise. In this case only two FIR
filters are necessary to provide the desired and reference signal for the nonlinear model. Compared with linear

techniques this filter method is superior.

ANC in Chapter 6 is the other application, where the assumption is taken that the noise generated by a
fan or engine can be modelled by a nonlinear deterministic process. An introduction into the principles of ANC
and its physical limitations are presented. A background section outlines the current state-of-the-art of ANC
in ducts. The most popular ANC scheme for feedforward control is the filtered-z LMS algorithm. Its derivation
is presented and the need for an alternative control scheme for the implementation of a nonlinear controller is
shown. Existing alternative schemes are simulated and compared. A control scheme which allows an adaptive
block least squares approach is designed. A particular problem in ANC is the inversion process of the loud-
speaker in the controller. The transfer function of the loudspeaker may be nonminimum phase and, therefore,
has a noncausal inverse. This problem is overcome by using a combined linear and nonlinear model which is
able to perform a linear system identification task as well as a nonlinear prediction task. The mathematical
structure of the combined linear and nonlinear controller is derived and verified in simulations. A variety of noise
sources in conjunction with different controllers are simulated. The combined linear and nonlinear controller
shows a good improvement in performance compared to conventional controllers, when the noise is nonlinear

and deterministic and the loudspeaker is nonminimum or maximum phase.

7.2 QObservations

The filter schemes described in this thesis have actually a tough task. Tt is comparible with the blind equalisation
problem in communication channels. There is no training signal available and the equaliser has to learn from
the received data alone. The filter methods face the same dilemma, the signal of interest is unknown except
for its location in the frequency domain. The challenge is to derive a reference signal from the corrupted signal
which does not contain the signal of interest. In Broomhead’s filter method this is given by the design of the
FIR filter. The FIR filter is orthogonal to the signal of interest and completely removes it from the corrupted
signal, signal of interest plus noise. However, if the signal of interest i1s more complex it is impossible to design
such an orthogonal FIR filter.

There will be always a trade-off in the design of the FIR filters. On the one hand is desireable to have very
short FIR filters which do not distort the structure of the nonlinear dynamic process too much. On the other

hand the FIR filters have to be of a high-order to provide useful training signals for the nonlinear model.
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7.3 Future Work

The obvious next task would be to run the simulations with real data. Real data always contains some
stochastic noise and will cause problems for the nonlinear models in their estimation process. Hybrid models
(linear/nonlinear) might be the answer to that problem. The linear part responsible of removing the stochastic

noise and the nonlinear part for modelling or predicting the nonlinear determinisitc noise.

Although, there is already evidence in the literature that noise processes can be low dimensional, nonlinear
deterministic processes, it would be rather interesting to establish how valid this is over a range of different

noise sources.

Another aspect to look into is the creation of parsimonious nonlinear models for practical implementation.
The nonlinear models, because of their complexity need a lot of training data and training time compared to
linear filtering or control techniques. Although DSP are becoming more faster and powerful it will be always

an issue of finding parsimonious nonlinear models with fast training times.

The last filter scheme in Chapter 4 for recovering and detecting weak signals of interest in heavy nonlinear
deterministic noise has not been fully investigated and exploited. For instance, it will be interesting to determ-
ine a boundary maximum input SNR for this method to work effectively. Also, the investigation to determine

an optimum length for the FIR filters could gain further improvement in performance.

In the ANC scheme a nonlinear model could be incorporated into the loudspeaker model. Tt is expected
that the developed combined linear and nonlinear controller will have better performance than the traditional
linear control techniques. The hardware implementation of the combined controller in a DSP in conjunction

with a experimental setup in a laboratory would be the ultimate goal.
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Appendix A

Householder Transformation

The Householder transformation [127,193] is a rotation and reflection technique which can be used to solve the
least squares problem. The algorithm in this thesis is used in an adaptive block least squares approach. If an
additional block of new data is available the least squares solution will be updated in a computational efficient
way. Another advantage is that the algorithm is numerically robust, because it avoids estimating the inverse of
the autocorrelation matrix directly.

The cost function over k 4+ 1 data points to be minimised in the least square sense is defined as follows.
k
) = ) (A1)
n=0
The error signal e(n) is defined as
N—

e(n) = y(n)-— hiz(n — i)

= yn)—

—

o

n) (A.2)

@) -

where {z(n)} is the input sequence, {h,} the weights of a FIR filter, N the number of weights and {y(n)} is
the desired signal.

Equation (A.2) can be rewritten using matrix and vector notations.
e(lk) = yk)—X(k)h(k) (A.3)

Where X(k) is the data matrix [127] of the input sequence.
To calculate the weights {h,} an autocorrelation matrix of the input data Rz, (k) and a crosscorrelation vector

ryy(k) are formed [127].
Rea(bh(l) = ray(h (A4)

To avoid the inversion of the autocorrelation matrix following approach may be used. A matrix Q which is
orthonormal has two important properties. The first one is that the inverse can be found by a simple transpose

operation
Q' = qQ (A5)
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and the second one is

le| = |Qel (A.6)

The matrix Q reflects or rotates the vector e without changing the Euclidean length of the vector e. Therefore,

the cost function can be written as

§(k) = 1Q(k)e(k)] (A7)
Using the matrix notation for describing the error vector e yields to

Q(ke(k) = Q(k)y(k) — Q(k)X(k)h(k) (A.8)
The orthonormal transform of the data matrix X yields to an upper triangular matrix

amx = | Y (4.9)

where U(k) is an N x N upper triangular matrix. Introducing two N-element vectors u(k) and v(k) yields to

u(k)
Qk)yk) = A.10
(k)y(k) (k) (A.10)

The error vector can be now expressed as follows

Qe = | "® ‘VI(;()’“)I‘“) (A1)

The Euclidean length of the error vector will be minimised when
u(k) = U(k)h(k) (A.12)

which determines the weight vector h(k). The weights can be calculated by a simple back substitution operation,

because U(k) is an upper triangular matrix. The minimum error is directly available by
le(k)l = [v(k)] (A.13)

The unitary transformation of a data matrix into an upper triangular matrix may be achieved by using House-
holder transformations. Assume that R is a rectangular data matrix whose first columns are already in upper
triangular form. Thus R may be partioned as follows
U «
R = (A.14)
0 Rgs
where U is a square upper triangular matrix, Rg 1s a rectangular matrix and % contains terms which are not

relevant. The next step is to find an orthonormal matrix which preserves the existing upper triangular structure
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and forces one extra column of R to be upper triangular. Following matrix may be used

I 0 U * U *
— (A.15)
0 Qs 0 Rs 0 QsRg

The unitary matrix Qg converts the first column of Rg to zero elements with the exception of the first entry.

The Householder transformation to determine the unitary matrix Qs is summarised below :

e A vector u is defined
u=rq +sign(Rs(1,1))[r]1

where 1 =[1,0,0,...,0]T and Rs(1,1) is the first column and first row. The sign function is defined as
sign(z) = 1 if 2 > 0 and sign(z) = —1 otherwise.

e Use u to define a vector u for the transformation

~ _ 2u
ul?

e Apply transformation to rq

Qsr1 = ri—u

= —sign(Rg(1,1))|r1]1

The first element of Qgry is —sign(Rs(1,1))o where ¢ = /) .(Rs(7,1))?. The remaining elements are

zero by definition.

o Apply the transform to the remaining columns, r;, of R

Qsr; = 1;—(i'r))u

This algorithm can be used for finding and applying Q(k) for an adaptive block least squares solution.
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Original Publications

The work described in this thesis has been reported in the following publications:

e t P. Strauch and B. Mulgrew, ” Nonlinear Noise Cancellation using a Radial Basis Function Network”, in

Proceedings EUSIPCO’96, Trieste, Italy, vol. 111, pages 1945-1948, September, 1996.

o t P. Strauch and B. Mulgrew, ”Nonlinear Active Noise Control in a Linear Duct”, in Proceedings

ICASSP’97, Munich, Germany, vol. I, pages 395-398, April, 1997.

Paper submitted:

e P. Strauch and B. Mulgrew, ”Active Control of Nonlinear Noise Processes in a Linear Duct”, IEEE

Transactions on Signal Processing.

1 Reprinted in this appendix
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