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Abstract

This work deals with the problem of calculating tBeamér-Rao lower bounds (CRLBs) for
bistatic radar channels. To this purpose we exgiothe relation between the Ambiguity
Function (AF) and the CRLB. The bistatic CRLBs amealyzed and compared to the
monostatic counterparts as a function of the besggometric parameters. In the bistatic case
both geometry factors and transmitted waveformg plaimportant role in the shape of the
AF, and therefore in the estimation accuracy ofténget range and velocity. In particular, the
CRLBs depend on the target direction of arrivad ltiistatic baseline length, and the distance
between the target and the receiver. The CRLBshareused to select the “optimum” bistatic
channel (or set of channels) for the tracking o&dar target moving along a trajectory in a
multistatic scenario and for design weighting cogdhts for the multistatic detection process.
This work also deals with the calculation of thestedor Cramér-Rao Lower Bound
(PCRLB) for sequential target state estimatorsafdmistatic tracking problem. In the context
of tracking, the PCRLB provides a powerful toolabling one to determine a lower bound on
the optimal achievable accuracy of target statenasibn. The bistatic PCRLBs are analyzed
and compared to the monostatic counterparts foixed ftarget trajectory. Two different
kinematic models are analyzed: constant velocity aonstant acceleration. The derived
bounds are also valid when the target trajectogheracterized by the combination of these

two motions.
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Introduction

A bistatic radar is a system in which transmittied aeceiver are at separate locations. In the
last years, as proved by the numerous experimeystems being built and the results
reported in the literature, there is a great irseire these systems.

Bistatic radars are very interesting because thay aperate with their own dedicated
transmitters, designed for bistatic operation, @hwransmitters of opportunity, which are
designed for other purposes but suitable for bistaderation.

In radar system a known waveform is transmitted thiedsignal reflected from the target of
interest is used to estimate the target parameters.

Typically, the received signal is a scaled, delaysdl Doppler-shifted version of the
transmitted signal. In monostatic configuratiortjireation of the time-delay and Doppler shift
directly provides information on target range aetbuity.

This information can be retrieved also in a bistaidar configuration, even if the relation
between measured (or estimated) time delay and IBofmequency and target distance and
velocity, respectively, is not linear [Tsa97].

To measure the possible global resolution and larger properties of the target parameters
estimates, the Ambiguity Function (AF) is often diséoth in monostatic and multistatic
scenarios [Tsa97], [Dad86], [Bra07], [Derl0], [G&]0 [Kel61l], [Pap05]. In fact, the AF
directly determines the capability of a system @solve two targets that exist at different
ranges from the radar and have different radiabarBés. When the receiver target signals
have similar energy, the resolution is assumecdetedual to the half-power-width of the AF
mainlobe. The AF is also related to the accuracytlen estimation of target range and
velocity. In [Van71] a relationship between the &ulity function and the Fisher information
matrix (FIM) was derived, based on the observati@t the FIM is derived by the received
data log-likelihood function (LLF) and the AF isetH.LF excluding the effect of signal
attenuation and noise.

The inverse of the Fisher information is the CrafRao lower bound (CRLB), which bounds
the error variance of the estimates obtained frbm radar measurements. This is useful
because it gives an indication of the best achievabrformance, independent of the filtering

algorithm. In particular, in [Van71] it is shownahwhen the signal-to-noise power ratio



(SNR) is high, the CRLB is dependent on both th&2d the second derivatives of the AF,
that is, the sharpness of the AF mainlobe.

The novel contribution of this work is the compidatof the CRLB on the estimation of
range and velocity of a radar target in a bistatienario.

Both the Active and the Passive bistatic system aralyzed. In the Active case, the
transmitted waveform is a burst of Linear FrequeRmdulated (LFM) pulses while in the
Passive case the transmitted waveform is a Sinalsbréquency Modulated (SFM) pulse. In
both the cases, the target signal is received eddukeih white Gaussian noise.

These results are obtained after calculating te&atic ambiguity function of the transmitted
signal and exploiting the relation between the AH the FIM.

The results show that the estimation accuracyerbiktatic scenario depends not only on the
transmitted waveform but also on the bistatic geoynéhat is, the position of the target with
respect to the receiver and the transmitter. Is thork, we compare as well the bistatic
CRLBs with its monostatic counterparts as a fumctsd number of integrated pulses, target
direction of arrival (DOA) and bistatic baselinedgh (BBL).

The information gained through the calculation bé thistatic CRLBs can be used in a
multistatic radar system for the performance eu&naof each channel of a multistatic radar
system. As known, multistatic radar utilises mudtifransmitter and receiver sites to provide
several different monostatic and bistatic chanoélsbservation, leading to an increase in the
information on a particular area of surveillanc&¢g8].

The performance of each bistatic channel heavipedds upon the geometry of the scenario
and the position of the target with respect to eackiver and transmitter.

We approach the problem of optimally selectingtth@smitter-receiver (TX-RX) pair based
upon the bistatic CRLB for each TX-RX pair. The topair is defined as that exhibiting the
lowest bistatic CRLB for the target velocity or gan

These results can be used for the dynamical seteofithe TX-RX signals for the tracking of
a radar target moving along a trajectory in a mtatic scenario.

This work also deals with the design and perforrean@luation of a multistatic radar system
where target detection is performed by jointly cammy the signals arising from multiple
spatially dispersed transmitters and receivers.

The proposed receiver exploits the CRLBs to comphte rules for selecting the best
weighting coefficients for fusing the signals framultiple receivers in order to improve the

detection performance and the estimation accurattyekinematic parameters of the target.



Moreover, in this work, exploiting the general nwthprovided by Tichavsky et al. [Tic98],
we derive the Posterior CRLB (PCRLB) of targetesfat bistatic radar tracking.

The definitions of CRLB and PCRLB are similar.

The CRLB is defined to be the inverse of the FishBarmation matrix and provides a mean
square error bound on the performance of any uedliastimator of an unknown parameter
vector. The bound is referred to as the PCRLB i$ fparameter vector is also subject to

random fluctuations.



1 The Ambiguity Function

1.1 Introduction

Classically, the properties of radar waveforms amalysed and presented in terms of the
Complex Ambiguity Function, originated by Woodwandhe 1950s [Wod80].

The Complex Ambiguity Function (CAF) is well knowm the context of radar as a key tool
for determining target resolution capability, asdaiconsequence of the nature of the optimal
detector, which involves decision-making basedhendutput of a matched filter determined
from the transmitted waveform [Tsa97]. As a matifdiact, the CAF is the auto-correlation of
the complex envelope of the waveform with a copifteth in time and frequency, and
presents the point target response of the wavefsrantwo-dimensional function of range and
Doppler, showing the resolution, sidelobe structamd ambiguities in the delay and Doppler
domains. The CAF is intuitively appealing and hasrbvery widely used — indeed, it is no
exaggeration to say that every serious radar eagme the planet will have encountered and
used the Woodward ambiguity function.

The mathematical definition of the Complex Ambigurunction is [Tsa97]:

+

X(Th, 0V V,) = j_: u(t-r,)u (t-7,) €2k g (1.1)

whereu(t) is the complex envelope of the transmitted signandv, are the actual delay and
Doppler frequency of the radar target respectiasiyizy andvy are the hypothesized delay
and frequency.

The Ambiguity Function (AF) is defined as the albgelvalue of the Complex Ambiguity
Function and is clearly maximum faf = 7, andvy = va. The CAF in (1.1) and the AF can
can be also expressed as a functionaridv, wherer =ty - 7; andv = vy - va. In this case the

definition of the Ambiguity Function is:

X (z.v) :Uj: u(u (t-7)exp(- j2wt) dt‘ (1.2)

Three properties of the AF are of particular inséf®an71].



If the waveform has enerdy; then

|X(7,v)| <| X(0,0) = E (1.3)

Thus, when the filter is matched both in delay Bragpler the response attains the maximum.
If the filter is not matched then the response m&sua value lower than the maximum. The
second property states that the total area undermnbiguity function is constant and it is

given by

TT|X(T,V)|2 drdv= B (1.4)

—00 —00

This conservation of energy statement implies timthe design of waveforms, one cannot
remove energy from one portion of the ambiguityfae without placing it somewhere else;
it can only be moved around on the ambiguity safac

The third property is a symmetry relation

X(r,v)= X(-1,-V) (1.5)

Moreover, if we consider the CAF fo=0, we obtain the autocorrelation function ugf),
similarly, if we consider the CAF fa=0, we obtain the Fourier transform |u(t)|2.

It is reasonable to ask how an ideal ambiguity fiemc should be. The answer varies
depending on the aim of the system design, butrantan goal is the thumbtack shape, which
features a single central peak, with the remairgngrgy spread uniformly throughout the
delay-Doppler plane. The lack of any secondary pegiies that there will be no delay or
Doppler ambiguities. The uniform plateau suggests &nd uniform side lobes, minimizing
target masking effects. All of these features amedficial for a system designed to make high

resolution measurement of targets in delay and [2oppr to perform radar imaging.



1.2 Ambiguity Function of a Rectangular Pulse

As a first example of an AF, let consider the umwitanergy rectangular pulse with time

durationT given by the following:

u(t) = \/l_? rect(t _'IT/ 2) (1.6)

Applying eq. (1.2) for > 0 we get

]
X (7, V) :j%exp(— j 27vt) dt=

_ exp(—j ZnT) - ex{— | 2wr)

jomT ) .7
= j2717vT exp(-jm(r +T)){ ex jrv(T 7)) - exgp- jnv(T—r))}
The ambiguity function for > 0 is the absolute value of (1.7), therefore:
|X(r,v)|:|Sin(ﬂv(T_T))| for 0s7<T (1.8)
T

Repeating the derivation faer< 0 , the result is similar but with the quan(fy 7) replaced by

(T + 7). The AF of the rectangular pulse is therefore

_‘sin(nv(T—|r|))‘

|X(7,v)| —‘ for -T<r<T (1.9)
T ‘

and zero elsewhere.
The AF of eq. (1.9) is plotted in Figure 1.1 inhaee-dimensional surface plot and in Figure

1.2 as a contour plot. These Figures have beemeldtady choosing=0.1 sec
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Figure 1.1 —Ambiguity function of a rectangular pulse, 3D-plot.
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It is of particular interest to calculate the AF t&0 orv =0. In the first case we obtain the
zero-delaycut | X (0,v)| which represents the output of the matched fidtehe expected peak

time z=0. Usingz=0 in (1.9) immediately gives

sin(7vT)

|X(0,v) = P

(1.10)

In the second case we obtain ttero-Dopplercut |X(r,0)| which represents the matched

filter output when there is no Doppler mismatchtti8g v =0 in eq. (1.9) and using

L’Hopital’s rule to solve the indeterminate forrhjs easy to verify that

i

|X(r,0)|=1—? for -T<r<T (1.11)

Equations (1.10) and (1.11) are the expesiad andtriangle functions. They are illustrated
in Figures 1.3 and 1.4.
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Figure 1.3 —Ambiguity functionof a rectangular pulse, zero-delay cut.
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Figure 1.4 -Ambiguity functionof a rectangular pulse, zero-Doppler cut.

Recalling that the definition of the Rayleigh regan is the peak-to-first null distance, by
inspection of Figures 1.3 and 1.4, it is clear thas the delay resolution while TLis the
Doppler resolution. As known, for a monostatic rasigstem, that is when the transmitter is
collocated with the receiver, there is a lineaatiehship between the delay and the range and
between the Doppler and the radial velocity. Iis tase, when the transmitted waveform is a
rectangular pulse, the range resolutionTi®, wherec is the speed of light, while the velocity
resolution iscv/2fc, wherefc is the carrier frequency. For typical pulse lengthsse are fairly

large values. As an example,Te=1 i sec pulse would exhibit a range resolution of 160
and a Doppler resolution of MHz. Considering an X-band radaf{= @GBz) and the

velocity resolution in velocity is of 15000/sec.
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1.3 Ambiguity Function of a LFM pulse

A simple pulse has only two parameters, its amgéditd and its durationT. The range
resolution is directly proportional f better resolution requires a shorter pulse. Muostlern
radars operate with the transmitter in saturatibhat is, any time the pulse is on, its
amplitude is kept at the maximum value A&f amplitude modulation, other than on/off
switching, is not used. The energy in the pulsaésnA”T. This mode of operation maximizes
the pulse energy, which is then also directly propoal to T. This means that increasing
pulse energy improves detection performances. Tiggoving resolution requires a shorter
pulse, while improving detection performances rezgia longer pulse.

As well known, pulse compression waveforms decoughergy and resolution. Pulse
compression waveforms are obtained by adding fmecueor phase modulation to a
rectangular pulse. There are many coded wavefonntisel literature, as an example, in this
section the Linear Frequency Modulated (LFM) puls€HIRP will be described.

The LFM pulse is defined as

u(t) = % ek’ rec(t _:/ 2) (1.12)

where kT?=BT is the effective time-bandwidth product of thensigandB is the total
frequency deviation.
Instead of computing the Ambiguity Function for thEM pulse, we use an interesting

property for arbitrary signd(t). In particular, if the Complex Ambiguity Functiaf fy(t) is
X,(7,v), that is:

f,(t) O B X, (7,V) (1.13)
then

f,(t)2 f,(t)e™ OO X,(1, V)= X(, v k) (1.14)

This result follows directly from the definition i{1.2). Clearly, similar relation holds for the
Ambiguity Function. Thus, a linear frequency swesbpars the ambiguity diagram parallel to
thev-axis.

The Ambiguity Function of the LFM pulse is theredaiven by the following:

13



_ ‘sin[n(v ~kr) (T —|r|)J‘

X (7,v) _‘ (=) ‘ (1.15)

The AF of the LFM pulse is showed in Figure 1.@ithree-dimensional surface plot and in
Figure 1.6 as a contour plot. Figures 1.7 and h®vsthe zero-delay and the zero-Doppler
cuts, respectively. These Figures have been olotdipehoosing=0.1 sec an@=5/T.

From eq. (1.12) it is clear tha)* is a rectangular pulse of length T. Recalling thatzero-
delay section represents the absolute value oFtheier transform ofu[t)f’, the response in
Figure 1.7 is aincfunction with first null atv=1/T . The Doppler resolution is therefore the
same as a rectangular pulse of lengtion the other hand, it is apparent from Figurethai
the range resolution is almosBl/Therefore, the effect of the matched filter isctompress
the long pulse at the input of the receiver intsharter pulse at the output of the processor,

with an accompanying increase in range measureacentacy.
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Figure 1.5 —Ambiguity function of a LFM pulse, 3D-plot.
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Figure 1.6 -Ambiguity function of a LFM pulse, contour plot.
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Figure 1.8 -Ambiguity function of a LFM pulse, zero-Doppler cut

1.4 Ambiguity Function of a SFM pulse

In this Section we will derive the Complex AmbiguFunction (CAF) of the unitary energy
Sinusoidal Frequency Modulated (SFM) pulse. Thia reew contribution not present in the

open literature. The SMP is defined as:

u(t) = % gifsin( 2t +9) rec(%j (1.16)

that is a pulse which instantaneous frequénsya sinusoidal oscillation. In particuldr,is
the observation timej is the modulation index andfdis the period of the instantaneous

frequency.

! The instantaneous frequency is the derivativehef instantaneous phase divided by B eq. (1.16) the
instantaneous  phase is J(t) =,6’sin(2m‘0t+¢), therefore  the instantaneous frequency is

¢(t) =dd(t)/dt/2rr= f,Bcoq 2rft+¢). The peak frequency deviation is defined/s= max{|Z(tj} , in our
caseAf = Sf,.

16



As will be clear in the following Chapter, for prapvalues off andfy, this pulse can be used
to approximate the signal transmitted by a FM conemaéradio station in a PCL (Passive
Coherent Location) system.

From eq. (1.2), it is easy to verify that the CAFaa@eneric puls&(t), can be considered as

Xx(r,v)zT XX (t-r)e”™ di= F{ X X t7)} (1.17)

where FT{}l is the Fourier Transform operator.

In particular, if the signai(t) is the product of two signals

X(0) = x(9%(9 (1.18)

it is possible to write

X, (r.v) = FT{x(9 () £ (1) % (+1)} =

. ) (1.19)
= FT{xl(t)X1 (t—r)} 0 FT{ %( ) % ( t—r)} =X (r., O X (7, ¥
where [ is the convolution along the frequency domain
In particular, the signal(t) in eq. (1.16) can be written as the product efglgnals
y(t) = = rect(lj (1.20)
VT AT '
z(t) = gPein(zrid =) (1.21)

therefore, the CAF ofi(t) is given by the convolution along the frequenoynain between
the CAF ofy(t) and the CAF of(t).

After straightforward manipulation and using theuiés showed in Section 1.2, it is easy to
verify that the CAF function of(t) is given by

X, (r,v) = € Sin(mﬂE/TT_|r|)) rec(z—TTj (1.22)

17



The CAF of thez(t) can be written as

X,(r.v)=FT{ay z2(t)f = F{ ¢} 0 F{ L +0)}= £ )0 €™ "§- ) (1.23)

where

Z(v)=[ Ay dis[ &) @ g (1.24)

is the Fourier Transform aft).

It apparent that(t) is al/ f, -periodic signal, therefore its Fourier Transfoswiven by

Z(v)=>z,0(v-nf) (1.25)

n

where 5([)] is the Dirac Delta function and, are the Fourier coefficients given by

21, ing 7T
7 = f gpsin(ata+g) gizmig qp & 7 Apsin(a)na) b e 1.26
’ O—J/'Efo 21 —'[r n](lg) ( )

and J, () is the Bessel function of the first kind and order

Therefore, it is possible to write

Z(V):Zn:én¢ 3(B)o( v nf) (1.27)
z(t)=> & 3 (B) & (1.28)

n

Carrying out the convolution alongas in eq. (1.23), it is easy to verify that

X, (r,v)=>>" an’ke*"z”kf“é'(v—( - 8 J) (1.29)
where

a,, =" J(8) 3(8B) (1.30)

% The signalz(t) could be approximated by considering only thenelets from N to N in the infinite sums in
(1.13) and cutting off all the other elements. GlingN=int(5+1), the power of the approximated signal is 98%
of the power of(t).

18



Using eq. (1.19), we have

Xu(r,v)=zzk: g €7 X (1, (- B ) (1.31)

that is

sin(ﬂ(v—(n— k) fo)(T_|T|))
-(n—=Kk) §,

X, (r,v)= gk glandor girlv=(n=Kk) b)r
(1) =23 " 3(8) 4(6) (R T

rect(%) (1.32)

Figures 9-40 show the absolute value of the CAHRdftiferent values ofl, ¢ andg. All the
results have been obtained settfgrfl5kHZ and choosing=k/fo. Figures are divided into
eight cases, each of which is composed by fourdgu

Figure 9-12 show the AF obtained settikagl andf=0. In this case the analyzed pulse is a
unitary energy rectangular pulse of time duratidig=D.0667msec. In this case the CAF is
the same as that obtained for a rectangular peigare 13-15 shows the AF obtained setting
k=1, =5 and¢= n/2. The obtained AF is a distorted and rotated igaref the AF of a
rectangular pulse. Observing the results in Figl®<l0, it is apparent that increasing the
value ofk the 0-Doppler cut is characterized by the presehsecondary lobes. Considering
k[ON, the number of secondary lobes i&-2]. The presence of secondary lobes is due to
the periodicity of the analyzed pulse. Moreover,k1, the AF has d-periodic behaviour
along the delay axis. Moreover, it is apparent it value off influences the Doppler
spread of the AF, while by modifying the valuegothe AF rotates.

As previously shown, the 0-Delay cut is the absokdlue of the Fourier transform of the
squared amplitude of the analyzed pulse. The squamglitude of the analyzed pulse is a
rectangular pulse of time duratidi therefore, the 0-Delay cut is always the absokalee

of asincfunction.

% As will be clear in next Chapter, if we are inttesl in modelling the signal emitted by a FM conuizradio
stationf, must belong to the range of audible frequencies [@0Hz, 20kHz]).
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Figure 1.10- AF of SFM pulse, contour-plot=1/f, fo=15kHz,5=0, p=n/2
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Figure 1.12- AF of SFM pulse, 0-Doppler Cut=1/y, fop=15kHz,5=0, p=n/2
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Figure 1.14- AF of SFM pulse, contour-plot=1Ao, fo=15kHz,£=5, p=n/2
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Figure 1.16- AF of SFM pulse, 0-Doppler Cut=1/o, fo=15kHz,5=5, p=n/2
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Figure 1.18- AF of SFM pulse, contour-plot=2fo, fo;=15kHz,£=5, p=n/2

24



1 g T T ﬁ T g T
g9k ........... .......... | RERERTRS ........... .......... .......... i

gk ........... ......... ......... .......... .......... .......... 4
OF ko ......... ......... .......... ........... .......... 4
Y SN U _________ | — - S S ]
e A S _________ | __________ S S ]
A S — S | - ___________ S S ]

O3k e ........... ......... ......... ........... .......... .......... _

- |
-2 -1.5 -1 0.5 ] 05 1 15 2
v [HZ] 5

DQ- .............. ........................... .............. ............. J
DB- .............. .............. ............. ............. i
D7k .............. ............ ............. ............. i

DEE. .............. ............ : ............. ............. i

T [sec] w10
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Figure 1.24- AF of SFM pulse, 0-Doppler Cut=2/, fo=15kHz,5=5, ¢=0 (p=n)
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Figure 1.26- AF of SFM puilse, contour-plot=2/fo, fo=15kHz,=5, p=-n/2
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Figure 1.28- AF of SFM pulse, 0-Doppler Cut=2f, fo=15kHz,5=5, p=-n/2
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Figure 1.30- AF of SFM pulse, contour-plot=5£,, fo=15kHz,5=5, p=n/2
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Figure 1.32- AF of SFM pulse, 0-Doppler Cut=5/y, fo=15kHz,5=5, p=n/2
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Figure 1.33- AF of SFM pulse, 3D-grapf=2/f, fo=15kHz,=3, p=n/2
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Figure 1.34- AF of SFM pulse, contour-plot=2fo, fo=15kHz,£=3, p=n/2
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Figure 1.36- AF of SFM pulse, 0-Doppler Cut=2f, fo=15kHz,5=3, p=n/2
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Figure 1.37- AF of SFM pulse, 3D-grapf=2/f, fo=15kHz,5=7, p=n/2
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Figure 1.38- AF of SFM pulse, contour-plot=2f, fo=15kHz,=7, p=n/2

34



1 g T T ﬁ T g T
g9k ........... .......... | RERERTRS ........... .......... .......... i

gk ........... ......... ......... .......... .......... .......... 4
OF ko ......... ......... .......... ........... .......... 4
Y SN U _________ | — - S S ]
e A S _________ | __________ S S ]
A S — S | - ___________ S S ]

O3k e ........... ......... ......... ........... .......... .......... _

- |
-2 -1.5 -1 0.5 ] 05 1 15 2
v [HZ] 5

Figure 1.39- AF of SFM pulse, 0-Delay Cut=2ff, fo=15kHz,5=7, p=n/2

.00

T [sec] w10

Figure 1.40- AF of SFM pulse, 0-Doppler Cut=2f, fo=15kHz,=7, p=n/2
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1.5 Ambiguity Function of a burst of pulses

In a typical radar system, during th@ne on Targe(ToT), the receiver collects a set Nf
echoes scattered by the same target. Then, inséaon, we evaluate the AF of unitary

energy coherent burst of pulses. The pulse burgéfwem is defined as

u(t) =%N2jup(t— nT) (1.33)

whereu (t) is a unitary energy pulse of time duratibnN is the number of coherent pulses

while andTg s the pulse repetition interval (PRI).

Using eq. (1.2), it is possible to write the CAFugf) as a function of CAF ofi (t) [Ric05]:

K=t 3 (g Yol m -2y I AN

N~ sin(7vTy)

(1.34)

Recalling thatX , (7, V) is zero for|r| > T , if T, > 2T, which is always the case, the replica of

X, (7,v) in (1.34) will not overlap, and the magnitude loé tsum of the terms will be equal

to the sum of the magnitude of the individual teriftse ambiguity function of the pulse burst

can then be written as

5 | X, (7= T, %Sin(:i\;((liv_g) TR)‘ for T,>2T  (1.35)

1.6 Ambiguity Function of a burst of rectangular pulses

As a first example, let consider a burst of rectaagpulses. The ambiguity function of this
waveform is plotted in Figure 1.41 in a 3D plot andFigure 1.42 in a contour plot. In

particular we set=0.1 secTr=4T andN =5.
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To understand this AF, it is convenient to lookts zero-delay and zero-Doppler sections.
The zero-Doppler section is obtained by settinge 0 in eq. (1.35) and recalling that
‘Xp(r,O)‘ =1-|7| /T, then

(YL, [T T _
|X(7,0) = n:_(ZN_l)(l NJ[ﬁl T FonTl<T (1.36)

0 elsewhere

This function is showed in Figure 1.44. The locahks that appear evefyseconds represent
range ambiguities. This phenomenon is a charatiteaéa pulse burst waveforms. It is not
readily apparent if a peak at the matched filtapouis due to a target at the apparent range,
or that range plus or minus a multiplecd2 meters.

The zero-delay section is obtained by setting O in eq. (1.35) and recalling that
‘Xp(O,V)‘=‘Sin(7'[VT)/(7TVT)‘.

1singwT) IsinGvNT,)|

|><(O'v)|=N| T | sin(nv'l;)‘

(1.37)

The response issncfunction with first zero a =1/ NT, , repeated with a periodTH . This

basic behavior is weighted by a more slowly varysinge function with its first zero at T/

This structure is evident in Figure 1.43 which se@portion of the zero-delay section.
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From Figures 1.41-1.44, it is clear how the variouaveform parameters determine the
resolution and ambiguities in range and Dopplete ifdividual pulse lengti is chosen to
achieve the desired delay resolution while the gouépetition intervallg sets the ambiguity
interval in both delay and Doppler TLhertz). Finally, once the pulse repetition interisal

chosen, the number of pulses in the burst detesriireeDoppler resolution (47 hertz).

1.7 Ambiguity Function of a burst of LFM pulses

Let consider now the case that will be useful intr@hapter where the Active Bistatic Radar
systems will be analysed. Commonly, the signalsimadtied in an active system is a burs of

LFM pulses. In this case, the complex envelopéefttansmitted unitary power signal is:

[N

u(t) :%qu(t— nT) (1.38)

where

iexp(jnktz) 0<t<T

w(t) = JT (1.39)

0 elsewheri

As in the previous sectiond| is the number of pulses for each transmitted bdesis the
pulse repetition time and is the duration of each pulse, witkTg/2. Moreover KT>=BT is
the effective time-bandwidth product of the sigaadlB is the total frequency deviation.
Based upon the definition (1.34), we can calcuthee CAF for the signali(t) in (1.38) and
(1.39) as [Lev04]:

E! _ ) sin(m/(N —|n|)TR)
ﬁn:—(N—l) exp( JW(N o n) TR) sin(anR)

X(r-nT,y (1.40)

where

2T

B sin(nT(v—kr)(1—|r|/T)) rect( r j

X, (r,v)= = (1.41)

is the Complex Ambiguity Function of a single LFMIge.
If we limit the delay to the mainlobe area, nami@y|<T (n=0), the absolute value of egs.
(1.40) and (1.41) reduce to:
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o _‘sin(ﬂT(l/—kr)(1—|r|/T))“Sin(m/NTR
x( )‘_‘ 7T (v —kr) HNsin(ﬂvTR

))§ for|r|<T (1.42)

The AF of the burst of LFM pulses is showed in Fagu9.2-9.5. In these Figures we fixed
BT=20, Tr=1 s5,T=0.1 s and\=8. For a better visualization, these Figures sbaly a zoom

of the AF around its maximum. The classical strietf bed of nails is well evident.
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2 Bistatic Radar Systems and Bistatic Ambiguity Funabn

2.1 Introduction

Bistatic radar may be defined as a radar in whihttansmitter and receiver are at separate
locations. The very first radars were bistatic,ilymilsed waveforms and T/R switches were
developed. Since then interest has varied up amdhdbut is demonstrably now at a high
level, with numerous experimental systems beindgt band the results reported in the
literature. Rather fewer operational systems, thobgve been deployed.

Bistatic radars can operate with their own dedatétansmitters, which are specially designed
for bistatic operation, or with transmitters of opjunity, which are designed for other
purposes but found suitable for bistatic operatibhen the transmitter of opportunity is from
a monostatic radar the bistatic radar is oftenedal hitchhiker. When the transmitter of
opportunity is from a non-radar transmission, swh broadcast, communications or
radionavigation signal, the bistatic radar is achlRassive Coherent Location (PCL). Finally,
transmitters of opportunity in military scenaricancbe designated either cooperative or non-
cooperative, where cooperative denotes an alligfiendly transmitter and non-cooperative
denotes a hostile or neutral transmitter. Passist&tic radar operations are more restricted
when using the latter.

In this Chapter we first define the bistatic partane and the bistatic coordinate system and
then we analyze the Bistatic Ambiguity Function fosth the Active and Passive bistatic

radars.
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2.2 Bistatic Geometry

Before starting, it is necessary to describe thmrdinate system used to represent a bistatic
radar geometry. Figure 9.1 shows the coordinateesyand its parameters. The positions of
the TX, RX and of the target are generic. Considgan ordinary Cartesian grid, the TX is
located at point T, whose coordinates atg ), the RX is located at point R ing( yr) and
the target is located at point B, whose coordinates &, y). The triangle formed by the
transmitter, the receiver and the target is cahedbistatic triangle.

As shown in Figure 9.1, the sides of the bistai@ngle areRr, Rz andL, whereRy is the
range from transmitter to targd® is the range from receiver to target dnc the baseline
between the transmitter and the receiver. The nateangles of the bistatic triangle, that,
without lack of generality, are assumed to be pasitrea, f andy. In particular, the bistatic
anglep is the angle at the apex of the bistatic triangtethe vertex which represents the

target.

Figure 2.1— Bistatic geometry

Assuming that the coordinates of the transmittes, receiver and the target are known, it is
possible to calculate all the parameters of thaticstriangle.fr anddr are the look angle of
the transmitter and the look angle of the receivespectively, they are measured positive
clockwise from the vector normal to the baselinefiog towards the target.
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From Figure 9.1, we have thét = 90°—, 6g = y—90°, f = 180°a—y=61—6R, and from the
cosine law we obtainR*=R:*+L?+2RgLsindz, which gives the range from transmitter to

target Ry, as a function of the range from receiver to tafgeand the look angle of the
receiverdg. Figure 9.1 also shows the target velocity ve&fqrw is the angle between the
target velocity vector and the bistatic bisectohick is measured in a positive clockwise

direction from the bisector. In particular the bi&t bisector is represented by the vedsor,
wherel is the incenter of the bistatic triangle, whoserdmates arex(, y;).

The coordinates of the incenter can be easily nbthas

+$(4, W (%¥). @D

b5 ) R+ R

= (%)
CL+R+R %,

In the bistatic geometry, an important parametehésradial velocity,, which is the target

velocity component along the bistatic bisector.nrtbie observation of Figure 9.1, we obtain

V, =V Eﬁ/‘g‘ = ‘\7‘ cosp. Using the notatioV =V, [k+ \, [y, it is easy to verify that:

v SRy
JO6 =X +(y — )2

a

2.2)

The bistatic radar geometry can be completely §ipdcin terms of any three of the five
parametersér, g, L, RrandRy. In this chapter we will uséz, L, andRg that can be obtained

using the following equations:

L =06 =) + (¥ = ¥ (2.3)
R =/(x= )"+ (y- W)*, (2.4)
R =/(x=x)2+(y- ¥)2, (2.5)
3, = cos™ (%] —’—27. (2.6)
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2.3 Bistatic Ambiguity Function

As showed in Chapter 1, the mathematical definiibthe Ambiguity Function is:

X (14, 7,0V V)

[ Tueri (et )9 @)

whereu(t) is the complex envelope of the transmitted signandv, are the actual delay and
Doppler frequency of the radar target respectiaiyizy andvy are the hypothesized delay
and frequency. The AF in (2.7) can be also exprease function of andv, wherer =74 - 75
andv = vy - va.

As known, in the monostatic case there is a limeltionship between, andv,, and the
range positionR, and radial velocityV, of the target, more specifically, =2R,/c and
va =-2d/4fc/c. Similar relations hold fory andvy. Due to this linear relationship, the AF in the
range — velocity plane has the same behavioureobtie expressed as a functiornr @ndyv,
except for a scale factor. Therefore, in the maatastonfiguration, the information about the
target delay and the target Doppler shift diregilgvides information about the target range
and the target velocity. This is different in thistltic case, where the relation between time
delay and Doppler frequency, and target distandevatocity is not linear.

Referring to the bistatic geometry of Figure 2.4r bbtain the expression of the bistatic

ambiguity function, we must replace in (2.7) thiatiens [Tsa97]:

Ry+ R+ Z+2R, Lsing,,

C

Ty (Rei s L) = (2.8)

f 1 + Lsing
VRV By D= 225V [T+ T8t LSO (2.9)
c 2 2/R:+2+2R,Lsind,

Similar relations hold fory andvy®. It is clearly apparent from equations (2.8) a2®Y that

in the bistatic case, the Doppler shift and theaglelepends on the geometry of the bistatic
triangle and the relation between time delay angde frequency, and target distance and
velocity is not linear. Due to the non linear edquad (2.8) and (2.9), it is apparent that the

“ Note thatR, andV, are the actual range and bistatic velocity, wRil@ndVg=Vcosy are the hypothesized
range and bistatic velocity
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Bistatic Ambiguity Function depends also on thadtis geometry parameters, i.e. the target
direction of arrival, the bistatic baseline lengthd the distance between the target and the
receiver. This dependence is very strong and caappeeciated later with an illustrative
example. considering the case of a target closthdobaseline joining the transmitter and

receiver.

2.4 Active Bistatic Radar Systems: Burst of LFM pulses

In active bistatic radar systems, the transmitepecially designed for bistatic operation. For
this reason here we assume that the transmittedfaran is a sequence of linear frequency
modulated (LFM) pulses or chirps. As showed inghevious Chapter, the CAF in the delay-

Doppler plane can be expressed as:

X(r,v) :%n:i:_l)exp( jrv (N = 1+ n) TR)Sin(::]((:V__S) TR) X(r-nT,y (2.10)

where

(2.11)

2T

B sin(nT(v—kr)(1—|r|/T)) rect( r j

X (r,wv)=
(V) T (v =kr)
is the Complex Ambiguity Function of a single LFMIge.
Moreover, if we limit the delay to the mainlobe @raamely tor|<T, the AF reduces to:

o :‘sin(zTT(l/—kr)(1—|r|/T))“sin(m/NTR
x(rv) ‘ 7T (v - kr) HNsin(ﬂvTR

))% for|r|<T (2.12)

To link egs. (2.11) and (2.12) to the bistatic getm of Figure 2.1 and to obtain the
expression of the Bistatic AF (BAF), we must repldn (2.11) and (2.12) the relations
T =1H - 7o andv = vy - v4 calculated using (2.8)-(2.9).

The contour plot of the BAF is illustrated in Figu2.1 in the plan®-Vs with V; =V cosg,
V,=600m/s andR,=20Km andL=50Km. The presence of discrete peaks (nails)ideat even
in the bistatic plane, even if they are not symioally distributed. The main peak
corresponds t®&,=600m/s andR,=20Km.
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The shape of the bistatic function strongly depemdthe target angké, particularly for high
values ofBT. To highlight this phenomenon, in Figures 2.3-&& show the zero-delay and
zero-Doppler slices of the ambiguity function faffefent values obr andBT. Both cuts are
maximum for values of range and target velocityegponding to the true valu¥g=600m/s
and R,=20Km. For values oflr close to #/2 the bistatic AF presents multiple peaks.
The worst case is fafr = /2, that is, when the target is on the baselinghéf target is
between the transmitter and the receiver, the Akisand the range and velocity resolutions
are completely lost. For values &f far from -z/2 the shape of the bistatic ambiguity function
is practically the same (see, for instange= —, andér = /6 in Figs. 4-7). For increasing

values ofN the range resolution improves, but many peaksappéehe bistatic AF shape.

W (mis)

Figure 2.2 — BAF of a burst of Linear Frequency Modulated sesl BT=250, Tr=1ms,
T=25Qus, N=8, 0r=-0.47t , L=50Km, V,=600m/s R,=20Km.
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|AF]|

Figure 2.3 — BAF of a burst of Linear Frequency Modulatedsgst Zero-Doppler cut,
BT=20, Tk=1ms,T=250Qus, N=8, L=50Km, V;=600m/s R;=20Km.

1,2

Figure 2.4 — BAF of a burst of Linear Frequency Modulatedsgst Zero-delay cuBT=20,
Tr=1ms,T=250Qus, N=8, L=50Km,V,=600m/s R,=20Km.
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Figure 2.5 — BAF of a burst of Linear Frequency Modulatedsest Zero-Doppler cut,
BT=250, Tr=1ms, T=25Qus, N=8, L=50Km, V;=600m/s R,=20Km.
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Figure 2.6 — BAF of a burst of Linear Frequency Modulatedsesl Zero-delay cuBT=250,
Tr=1ms,T=250Qus, N=8, L=50Km,V,=600m/s R,=20Km.
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2.5 Passive Bistatic Radar Systems: SFM pulse

In the contest of bistatic radar system, greatr@siechas been devoted to systems making use
of illuminators of opportunity, such as broadcastommunications signals, tracking targets
by range and Doppler information. These techniduee® become known as Passive Coherent
Location (PCL), and have the advantage that theivers do not need any transmitter
hardware of their own, and are completely passarg] hence undetectable. Of all the
transmitters of opportunity available in the enwimeent, broadcast transmitters represent
some of the most attractive for surveillance pugspsowing to their high powers and
excellent coverage. Moreover, PCL systems can altmvuse of parts of the RF spectrum
(VHF and UHF) that are not usually available fodaa operation, and which may offer a
counterstealth advantage, since stealth treatntm#igned for microwave radar frequencies
may be less effective at VHF and UHF.

This Section deals whit the Bistatic Ambiguity Ftion of a Sinusoidal Frequency
Modulated Pulse, which models the signal transchitty a non co-operative Frequency
Modulated (FM) commercial radio station.

As showed in the previous Chapter, we suppose thietcomplex envelope of the signal

transmitted by the transmitter of opportunity ie tmitary power pulse given by:

u(®) =11

1 _ipsi(ertes MS% (2.13)

0 elsewhert

That is a pulse which instantaneous frequencysisasoidal oscillation. In particulaF,is the
observation timeg is the modulation index and fd/is the period of the instantaneous
frequency. In other words, we assumed that, dutiregobservation time, the modulating
signal transmitted by a radio station can be agprated by a sinusoidal oscillation.

This can be justified considering that in a typiEdM radio, the program content is speech
and/or music, which are often modelled as periothcations.

Moreover, the chosen signal is a mathematicallgtatsle model that makes it feasible to
study the analyzed scenario rigorously.

In Chapter 1 we calculated the CAF of a SFM putsthe delay-Dopper plane. In particular,

we found that:
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X(rv)=3 2" 3, (8) 4(B) € X(rv-(m k ) (2.14)
where

sin(nv(T—|r|))
wT

X, (rv)=¢e™ (2.15)

for |t|<T and O elsewhere, where we setry — 72, v =vy — va andJn(f) is then™ order Bessel
function of the first kind.

To link egs. (2.14) and (2.15) to the bistatic getm of Figure 2.1 and to obtain the
expression of the BAF, we must replace in (2.14)d a(2.15) the relations
T =1y - T andv = vy - v, calculated using (2.8)-(2.9). Figures 2.7-2.18sskiwe BAF obtained
by settingfo=15kHz, T=20/,, =5, Re=30km andvg=250m/sec.

We fixed the values df andp considering that the signal emitted by a FM conuia¢radio
station is an audible signal (speech and/or musiieyefore the frequency of the modulating
signalfy, have to belong to the range of audible frequendygse accepted standard range is
from 20Hz to 20kHz. Moreover, FM commercial radi@t®ns use bandwidth of about
150kHz, therefore, according to Carson’s tubee fixedf;=15kHz angs=5.

As previously shown, the BAF heavily depends onlthseline length and the receiver look
angle 6g. We analyzed the cade=50km, L=20km, =0 and fr=-n/2. It is interesting to
observe the case wh&<L and the receiver look anghg is —n/2. In this case the target is in
the baseline, the resulting delayLis and the radial component of the velodtyis zero, and

therefore resolution is totally lost.

® The Carson's bandwidth is the approximate bantivagtia frequency (or phase) modulated signal. Gesso
bandwidth rule is expressed by the relatin= Z(Af + B) whereAf is the peak frequency deviation, aBids

the bandwidth of the modulating signal. In our céisis easy to demonstrate thBf = 25 f,. Carson's rule does
not apply well when the modulating signal contalisontinuities, such as a square wave.
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Figure 2.7— BAF of a SFM pulse, contour plat=50km, 6z=0.
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Figure 2.8— BAF of a SFM pulse, 0-Doppler Cut50km, 6g=0.
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Figure 2.9— BAF of a SFM pulse, 0-Delay cuitz=50km,6gz=0.
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Figure 2.10— BAF of a SFM pulse, contour pldat=20km,6g=0.
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Figure 2.11— BAF of a SFM pulse, 0-Doppler Clitz20km, 8z=0.
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Figure 2.12— BAF of a SFM pulse, 0-Delay cutz20km,6z=0.
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Figure 2.13— BAF of a SFM pulse, contour plat=50km,fg=-1/2.
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Figure 2.14— BAF of a SFM pulse, 0-Doppler Clts50km, Og=-n/2.
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Figure 2.15— BAF of a SFM pulse, 0-Delay cutz50km, Og=-n/2.
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Figure 2.16— BAF of a SFM pulse, contour plat=20km, Og=-1/2.
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Figure 2.17— BAF of a SFM pulse, 0-Doppler Clitz20km, Or=-1/2.
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Figure 2.18— BAF of a SFM pulse, 0-Delay cutz20km, Og=-n/2.
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3 Channel Performance Evaluation in a Bistatic RadaiSystem

3.1 Bistatic Cramér-Rao Lower Bounds

The AF directly determines the capability of a systto resolve two targets that exist at
different ranges from the radar and have differadtal velocities. When the receiver signals
from the target have similar energy, the resoluitoaqual to the half power width of the AF
mainlobe. The AF is also related to the accurady wihich the range and the velocity of a
given target can be estimated. When the Signal dseNpower Ratio§NR is high, the
CRLBs on estimation accuracy are dependent on thetSNRand the second derivatives of
the AF, that is, the sharpness of the AF mainldibelike the ambiguity function which
provides information on the global resolution, tBBLBs are a local measure of estimation
accuracy. Anyway, both can be used to asses themoperties of the estimates of the signal
parameters. In [Van71] the author derived a retastigp between CRLB and ambiguity
function, which has been successfully used in thalysis of passive and active arrays
[Dog01]. In the monostatic configuration, [Van71hims that for the Fisher Information
Matrix (FIM) the following relationship holds (fonore details see Appendix A):

0’0(r,v) o9%(rv)

or? 0V
J, (7,v)=-25N =-2 SNR 3.1
u (V) 0’°0(r,v) o9%(rv) Mr 31
T av?  lopo

where ©(7,v) :‘X (r,v)‘2 andSNRis the signal-to-noise power ratio at the receildie AF

is the heart of this expression since it is thelibglihood function excluding the effect of
signal attenuation and clutter. In Appendix A weart the proof of relation (3.1). The
property in (3.1) does not depend on the choicthefparameters of the ambiguity function,

then it holds for both monostatic and bistatic caBeom (3.1) the CRLBs follow:

CRLB(7,)=[J,, (r,.v.)],; and CRLB(,)=[J,, (r,.v,)],,- In the bistatic configuration we
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should write the ambiguity function in terms of thistaticz(Rg,0r,L) andv(Rg, Vs,0r,L) and
derive it with respect to the useful paramefsindVs. Then

19°0(R,,V,) 9°0(R, V)|
_ OR, 0ROV,
Js (R Ve) = 2SNF202®(RR,VB) 70(R, ) (3.2)
OV,0R, OV,2

JRe=R. =Y,
For the calculation of the CRLBs in the bistatierdon we can partially use the results of the

monostatic domain. Following the “chain rule” (s&gpendix D for details) of the derivative

we can prove that:

9°0(R,V,) or \ ar dv v Y
TRRZ_[JM”]M(EJ +2[JMn]1,2ﬁﬁ?+[JMn]z,z(a_RJ

(3.3)
00(r,v) a’r  00(r,v) 0%
+ +
or 0R;S ov  0R?
2 2 2
TORVe) 1y 1 [ 9) 4gfy, 7 200V r5 9 [V
oV, nal gV, dizgy, ey, LM d22 gy, (3.4)

00(r,v) a’r  00(r,v) 0%
+ +
GRS VA [ VA

0°0(R;,Vy) _ 0°0O(Rs, VB)=[JM] ££+[JM] or v +6@(r,v) 0°T

OV, 0R, IRIV, 119\, 0 R, 2ORON 0T IR N o
ar av v av  9(rv) v
(] 23, ] 22
h2gy 9R, L MJ229R0V, ov 0V R
From equations (2.8)-(2.9) we have:
v _ Ty, L coS 6, (3.6)
22 = ey : .
Mo 2 (R4 r+2R Lsing,)"" [t+_FatLsinG
2 2RZ+ 12+ 2R, Lsind,
av _2f, |1 R, + Lsingy
- = — 4+
v, c 2 2412 i 37
5 2R + 12+ 2R, Lsind,
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or _1 R; + Lsing,

——==|1+ (3.8)
0R, ¢ R+ ?+2R,Lsind,
0V _10v (3.9)
0ROV, V,0R, '
0°r _ L? cos 6, (3.10)

ORS  o(R+ L+2R Lsing,)"”

% _ —[6(R§+ |_2+2RRLsingR)]/2( R+ LsirHR)+( R+ E+ 2R, Lsi® ;+ (3 R+ Lsifl )zz}
a2, cosy) (Rie U R.Lsio)"| (R £+ 2R Lsif | *+( Ry Lsid )Tz
(3.11)

or _ 0°T :azr:azv
0V, ORIV, 0V 0V

=0 (3.12)

If the derivative of the modulus of the ambiguityn€tion is continuous with respect#@nd

00(r,v) ~0 and 00(r,v)

3 3 =0 in their maximum. Therefore, taking into account
r %

v, then

also eq. (3.12) we can write

9°0(R,,V,) or \ ar dv ov Y
TRRZ_[JM"]M(EJ +2[JMn]1,zﬁﬁ?+[JMn]z,z(a_RJ (3.13)

0°0(Ry, Vi) _ v Y
OVBZ _[JMn]z,z(aVBj (3.14)
0’0 (R., Vs) _9°0(R. VB):[J } ﬂa_qu[J } ov oV
OV, 0R, ORI\, “nh2g ROV, - 220 RO (3.15)
Or, in the more compact form:
Js(Re Vg) =PI (z,V) P (3.16)

where
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or v

0 0

p=| 0% 0% (3.17)
or ov
oV, 0V,

The relationship showed in eq. (3.16) is very irdBng because the two effects that describe
the Bistatic FIM are separated. In particular, tegrix P takes into account only the effect of
the bistatic geometry whild,, (r,v) takes into account only the effect of the trantadit
waveform.

The Cramér-Rao lower bounds are given by the invefse Fisher Information Matrix,

therefore

[JB]Z,Z (3 18)
[JB]l,l[JB]Z,Z_[J 8]21,2 |

['JB]l,l
[JB]l,l[JB]Z,Z_[J B]i,z

CRLB(R,) =

CRLB(V,) =

(3.19)

From the last equation it is clearly apparent thatlocal accuracy in the bistatic case depends
not only on the transmitted waveform but also anlilstatic geometry [Rih69], [Tsa97].
It is important to observe that the SNR at the ikereakes into account the energy loss due

to propagation:

1

SNRO
RR

(3.20)

whereR. = \/ RS+ X +2 R, Lsing, is the range from transmitter to target.

It is clear that forL=0 the transmitter and the receiver are co-locaed, from the last
equations, it is clear that in this case the histM coincides with the monostatic FIM.

The results derived in this Chapter can be useddffining a tool for evaluate the
performance of a given monostatic or bistatic cledohthe multistatic system and for design
multistatic weighting coefficients for the detectiprocess that will be described in the next

Chapter.
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3.2 Bistatic Cramér-Rao Lower Bounds for a burst of LFM pulses

Using equations (3.2) and the results showed iti@et.7, after some algebra, it is possible
to verify that, in the monostatic configurationetRIM of a burst of LFM pulses is given by
[Far09]

_KT? krr*T?
3, (r.v)=-25N 3 3 (3.21)
k’T?  m’T? N TTZ(1- N?)
3 3 3
Inverting (3.21), the monostatic CRLBs for the gedad the Doppler are given by:
3 TY 1
CRLB(T)=————|1+| = | —— 3.22
2 ZﬁTszSN{ ( ;L'j l\i—l] ( )
and
3
CRLB() = (3.23)

2P°TZSNR N -1)

These results are in agreement with those obtamfdag07].

Using this result, combined with (3.16), it is pbss to compare the monostatic and the
bistatic Root Cramér-Rao Lower Bounds (RCRLBs).urég 3.1-3.3 show the RCRLBs of
range and velocity, both in the monostatic andahistcase, obtained selectiig25Qusec,
Tr= lmsecB= 1MHz, fc=10GHz and\ = 8. In particular, Figure 3.1 shows the RCRLBsas
function of the receiver to target rangg when6g =0. While Figure 3.2 shows the results
obtained choosingr = -0.4%. Figure 3.3 shows the RCRLBs as a function ofrdwiver
look anglefr, both in the case dRr<L and Rz>L. All these figures have been obtained
choosingVe=250 m/secl.=50km and holding constant the SNR to 0dB. It islent that, for

all the parameter values we tested, the bistatiRIEE3S are always higher than the monostatic
RCRLBs. Anyway when the distance from receiverhi® target increases, the bistatic system
behaves more and more as the monostatic one. Agagprom Figure 3.2, the effects of
geometry are prominent where the target approaitieebaseline, that is whd®k <L andér
approachesnf2. When the target is on the baseline, the RCREBd to infinity.
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In this case, the resulting delayli&c and the radial velocity is zero, therefore resotuis
totally lost and the RCRLBs tend to infinity. Thiarcbe appreciated by realizing that the
echo arrives at the receiver at the same instatiteadirect signal, independent of the target
location, and the Doppler shift of a target crogdime bistatic baseline must be zero, because
the transmitter-to-target range changes in an eguulopposite way to the target-to-receiver
range, independent of the magnitude and directidheotarget velocity. However, the effects
of the bistatic geometry are less prominent whendistance to the target increases; in this

case the bistatic system behaves more and morenas@static system.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

60 -D—D—D—EI—D—D—EI—EI—D—D—D—D—D—D 3'—'8”—'819=B=ﬁ'

50 1
20 40 R (K] 60 80 100
2 T
== Bistatic GR:O)
g —{ == Monostatic
N :
£ |
- ‘
E 1 :O’Y)X) ”””””””””””””””””””””””””””””””””””” -
x 09 | ... ... ¥ B i e e S TP IRt
d 08 | T %—Q —————————————————————————————————
07 —D—D—D—D—D—D—D—D—D—D—D—D:ﬁﬁ:@ﬂﬁﬁﬁ#
0,6 | | 1 |
20 40 R [Km] 60 80 100

Figure 3.1 -RCRLB of Range and Velocity as a function of reeeito target rangBg, 9r=0;
L=50km, SNR=0dB. The transmitted signal is a burdtFe¥ pulses.
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Figure 3.2 -RCRLB of Range and Velocity as a function of reeeito target rangBg, 0r= -
0.49r; L=50km, SNR=0dB. The transmitted signal is a burdtFe¥ pulses.
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3.3 Bistatic Cramér-Rao Lower Bounds for a SFM pulse

Exploiting the relation between the Ambiguity Fupoatiof a SFM pulse derived in Section
1.4 and the FIM in equation (3.2), it is possildeverify that the elements of the monostatic
FIM are given by (see Appendix C for more details):

[JM]M:ZSNI@[Zﬂgﬂ sin( 27 § 1) co$ 2)] (3.24)
[Iy ] —2SNRg (3.25)
Zﬁsm

[Ju],,=[Iu],,= 2SNR———= [n f Teogr §7) - si(m § 7] (3.26)

In the caseT=K/f, (kON) and considering that’k’/3>>sirf(p), the Root-CRLBs are
approximated by

_ 11

RCRLB(r)=/CRLB({ PSRRI, (3.27)
1 43

RCRLB({)=+/CRLBY o (3.28)

whereB.= 2fy is the Carson’s Bandwidth ai(t). It is interesting to observe that, as of the
burst of LFM pulses, RCRLBY is inversely proportional to the time durationtioé¢ reference
signal, while RCRLBX{) is inversely proportional to its bandwidth. Fraims result it is
interesting to observe that the best performanobtained with modulating signals with high
spectral content, such as rock music, and pooerbrmance is obtained with slow varying
modulating signals, such as speech modulation.

As in the previous section, Figures 3.4 and 3.hligbt the differences between monostatic
and bistatic RCRLBs. In this case the RCRLBs aottgdl as a function of the baseline length
L and the anglér.
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4 Multistatic Radar Systems

4.1 Introduction

Multistatic radars utilize multiple transmittersdareceivers. Such systems differ from typical
modern active radars since they consist of sefi@rent monostatic and bistatic channels
of observation. Due to this spatial diversity, thesystems present challenges in managing
their operation as well as in usefully combining ttata from multiple sources of information
on a particular area of surveillance. The informatgain, obtained through this spatial
diversity, combined with some level of data fusioan give rise to a number of advantages
over both the individual monostatic and bistatisesafor typical radar functions, such as
detection, parameter estimation, tracking and itleation. As showed in the previous
Chapters, the performance of each channel of tHastatic system heavily depends on the
transmitted waveform and on the geometry of theage, that is, the position of receivers
and transmitters with respect to the position efttrget.

Exploiting the Monostatic and the Bistatic CraméoeRaower Bounds, it is possible to
calculate the channel performance of each TX-RX gaia function of the target kinematic
parameters. In particular, in Chapter, we expluat tesults obtained in Chapter 3 to select the
best channels of the multistatic system and to ecaenphe rules for selecting the best
weighting coefficients for fusing the signals franultiple receivers in order to improve the
detection performance and the estimation accuratlyedkinematic parameters of the target.
We also introduce an optimization methodology felesting only some channels for the
network, independent of the adopted fusion rulé.ti#d techniques described in this Chapter
depend on the Fisher Information Matrix (FIM) whighitself dependent on the SNR, the AF
and therefore on the geometry and the transmittadeform. The described technique can

serve as a guideline for future multistatic fusiale development.

4.2 Optimal channel selection in a multistatic radar sgtem

The CRLB study carried out on the bistatic geometty be applied for the selection of the
transmitter-receiver (TX-RX) pair in a multistatiadar system. We have seen that the
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performance of each bistatic channel heavily depembn the geometry of the scenario and
the position of the target with respect to eacleirea and transmitter. In this section we
investigate the problem of optimally selecting fh¥-RX pair, based on the information
provided by the CRLB for the bistatic geometry @il bistatic channel. The best pair is
defined as that exhibiting the lowest bistatic CRId8 the target velocity or range (or a
combination of the two). These results can be usethe dynamical selection of the TX-RX
signals for the tracking of a radar target movilang a trajectory in a multistatic scenario.

In our scenario we considered an area of dimerisR0km andL,=20km and we placed 5
transmitters and 4 receivers in this area. In paldr, we placed the transmitters at
coordinates

T :(xﬁ”, yf’) = (5km15kn)

T® = (X2, ) = (15km 15kn)

T =X, #?) = (10km 10k 0
T® = ( X, 3&(4)) = (5km5 kn)

TO =(x§5), y@) = (15km 5 kn)

and the receivers at coordinates

RY = (¢, ') = (5 km10 kn)
R® = ( X2, R2))
R® = ( )ﬂ(j), R3)) — (10 km5 krbl

R® = ( )é4), R4)) — (15 km10 kr-b]

(10km15kn) (4.2)

Therefore, there arBxNg=5x4=20 TX-RX pairs that we consider as independssiatic
channels. The 20 resulting pairs are listed and ewedbin Table 4.1. We assume that each
transmitter sends a burst HE8 chirp pulses with a compression ra@®=250 and a PRI of
Tr=10° sec. The carrier frequency of the systemids3-10/2z Hz, as in the previous
analysis. For each location in the analyzed areafaneach of the 20 bistatic systems we
calculated the RCRLBs of the target range and targjecity. In particular, we assumed that,
in each point of the analyzed area, the targetahaslocity vector aligned to theaxis and

with intensity of 500sec. The RCRLBs of the target range and targetitglare function
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of the range from receiver to tardes, the baseling., the look angle of the receivég, the
radial velocityV, and theSNR All these parameters depend on the configuratibthe
bistatic triangle, that is, on the coordinates loé target, the transmitter and the receiver.
Bistatic geometry also affects the received echegopbecause the path loss factor in this

case is RsRy)? [Sko01]. In particular th&NRcan be written as

SNRIf £+ E)° _snROE

S (RR)"  (RR)

(4.3)

where SNR is a constant parameter, i.e. t8BIRin a reference point of the space. We
assumed theéBNR=10dB, that is, we assumed that if both the trattemand the receiver are
located in (0, 0) and the target is located.ig (,), thenSNR=10dB.

Figures 4.1-4.4 are colour coded maps represetitn@ CRLE; of the target range and of the
target velocity in each point of the analyzed ahegarticular, Figs. 4.1 and 4.3 represent the
RCRLBg of the target range, measured in dB, for the fwstl 5th bistatic systems; while
Figures 4.2 and 4.4 represent the RCRIdBthe target velocity, in dB, for the same bistat
systems. As apparent from the results, the RCRL8ach bistatic channel is strongly related
to the bistatic geometry. It is clear that the efeof geometry factors are more prominent as
the target approaches the baseline, that is, WReniL and the receiver look anglé:
approaches#2. The effects of the bistatic geometry are ledeceable when the distance to
the target increases; in this case the bistatitesy®ehaves more and more as a monostatic
system. Therefore, the performance of each bistsygtem is strongly related to the
configuration of the bistatic triangle, that is, ttee positions of the transmitter, the receiver
and the target. It is clear that using differeahimitting and receiving systems, the target can
be seen by different bistatic configurations; tfeme knowing the coordinates of each
transmitter and each receiver of the whole sysiemm possible to calculate, for each point of
the analyzed area, which is the transmitter-recga& having the best performances, that is
the minimum CRLB.

Figures 4.5 and 4.6 show the transmitter-receia@r ywhich has the minimum RCRIgBor
each point of the analyzed area for range and iglestimation respectively. The scale of
these figures in quantized into 20 levels, eaclwbich is associated with one of the 20

bistatic systems listed in Table 1. Figures 4.7 4rglshow the minimum RCRLB of the
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target range and the target velocity, respectiviglgt is the value of the RCRLB which is
provided by the transmitter-receiver pair which tresminimum RCRLB.

It is useful to observe that the values of the CRIdBpend on the true valuesSMNR but the
choice of the best channel does not. It dependsamthe variation of th8NRas function of
the geometry. Similar conclusions can be drawnhentérget velocityg, supposed that it is
the same in each point of the considered area.

Pair1 | TO-RY | pair11 | T9-RY
Pair2 | TO-R? | pair12 | T9-R?
Pair3 | TY-R® | pair13 | T%-RY
Pair4 | TO-RY | pair14 | T-R?
Pair5 | T9-RY | pair15 | T-RY
Pair6 | T9-R® | pair16 | T“-R®
Pair7 | T9-R® | pair17 | T®-RY
Pair8 | T9-R% | pair18 | T®-R?
Pair9 | T9-RY | pair19 | TO-R®
Pair 10 | T®-R? | pair 20 | T®-R®

Table 4.1- Analyzed bistatic systems.
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Figure 4.1- Bistatic RCRLB of the target range [dBnRair 1.

Figure 4.2 - Bistatic RCRLB of the target velocity [dBm/seFfir 1.
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Figure 4.3- Bistatic RCRLB of the target Range [dBrRRir 5.
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Figure 4.4 - Bistatic RCRLB of the target velocity [dBm/seFfir 5.
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Figure 4.5- Optimum pair map for target range estimation.

Figure 4.6- Optimum pair map for target velocity estimation.
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4.3 Optimization algorithm

The optimal approach for a multistatic radar systeonld be central-level track processing,
that is, to send all observations from the sensoesfusion centre, where the observations are
jointly processed.
This approach has two major disadvantages:

1) the amount of input measurement data to therfusentre may be very high;

2) the observations from the sensors with the wacsuracy and resolution can

significantly degrade the resolution of the wholstems.

This second problem is maybe the most important.el'aeg studies that show that the best
performance of the fused estimate in a multisersystem occurs when the sensors have
similar accuracy and resolution [Azi07].
If accuracy and resolution vary widely, there isisk that the fused track performs only
marginally better, or even worse, than the tradkwhe best quality estimate.
As an example, let consider the case of a targathnil close to the baseline joining one of
the transmitter and one of the receiver of the istalic system.
In this case the range and Doppler resolution eabauly degraded, no matter what the radar
waveform is. This can be appreciated by realisirag the echo arrives at the receiver at the
same instant as the direct signal, independeriteofarget location, and the Doppler shift of a
target crossing the bistatic baseline must be zZeesause the transmitter-to-target range
changes in an equal and opposite way to the téogeteeiver range, independent of the
magnitude and direction of the target velocity.tlhis case, resolution is totally lost and
therefore the observation from this transmitteereer pair could hardly degrade the
resolution of the whole multistatic radar systenzi¥], [Gre10].
This section proposes an optimization algorithm,thata generic multistatic scenario and
independent of the adopted fusion technique, spsaifhat channels should be discarded and
what channels should be considered during theriysiocess.
Using this algorithm, only a subset of data are momicated to the fusion centre, more
specifically only from those sensors exhibiting thest performance in terms of estimation
accuracy of the target parameters.
In the most general case, the multistatic scenaribe one pictorially depicted in Figure 4.9,
where there aréM transmitter and\ receivers, co-located or not, surveying a common

coverage area. It is supposed that a set of ortlfadgwvaveform is transmitted, where
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orthogonality is assumed to be maintained for aopier-delay shift. With proper design,
transmit-receive paths can be separated, so tbatsemsor can receive echoes due the signals
generated by all the transmitters and can selectrémsmitted signal of interest. In this way,
the multistatic system can be considered as camgist NM different monostatic and bistatic
channels of observation.

The proposed optimization algorithm exploits theulssobtained in the previous Chapter to
approach the problem of optimally selecting thencleds to be used by the fusion process.
This algorithm is divided in two steps. In the fistép, each of thW receivers of the network
selects one of thé transmitters in order to obtain the best perforceanin terms of
estimation accuracy of the target range and/orcigloWhile, in the second step, after
ranking the so obtained channels from the worst to the best, where thé ibdbe one that
exhibits the lowest bistatic CRLB, only the fildt<N are selected for the fusion process.

In the following, with the help of an illustrativexample, we describe in detail how the
optimization algorithm works. In the first step tife optimization process, each receiver
selects the best transmitter on its own. In a stalic network consisting d#l transmitters
and N receivers for each receiver there afedifferent channels. In the case that the
considered receiver is colocated with one of thedmitter, there are M-1 bistatic channels

and 1 monostatic channel.

Ry Tx 3 Rx N
o L
Tx 1
O
Tx M
o
Rx 2
¢ O Tx 4=Rx4
Tx 2
o Rx 3
1 4 © Target
@ Transmitter
@ Receiver

Figure 4.9 -Generic Multistatic Scenario
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As an example, let consider a surveillance mapimedsion L=20km and L=20km where
there are seven transmitters placed at coordina®8=(13.9 km,15.9 km),
T®=(6.3 km, 3.7 km), ¥=(19 km,9.8 km), ¥=(0.7 km,8.9 km), ¥=(8.8 km, 12.9 km),
T®=(7.6 km, 14.2 km), ¥=(15.3 km, 15.1 km) and the receiver is co-locatstth the first
transmitter. In this example it is supposed thattiansmitters send orthogonal signals with
the same power and characterized by the same AKefdne, the different performances
among the channels depend only on the propagatitm lpss and the configuration of the
bistatic geometry. For each point of the analysesh,aevaluating the performance of each
bistatic channel, it is possible to select the draitter with the best performance, that is, the
one with the lowest CRLB on the target range ardoity estimation accuracy.

Figures 4.10 (a) and (b) show, in a colour codeg,rfee transmitter to be selected in order to
provide the minimum CRLB for each point of the amsed area for range and velocity
estimation, respectively. The color-map of thesergg is clustered into 7 colours, each of
which is associated with one of the 7 transmittéirss apparent, that the results are very
similar, but it is also possible to build a costdtion using a weighted combination of the two
CRLB. Figures 4.11 (a) and (b) show the minimum tRidadhe CRLB (RCRLB) of the target
range and the target velocity, respectively, teaghe value of the RCRLB which is provided
by the transmitter-receiver pair which has the mum RCRLB.

From this example, it is apparent that each recekrows, for each point of the
surveillance map, which is the transmitter to béected in order to meet the best
performance. Therefore, as pictorially shown in Fegd.12, based upon the actual estimate of
the target position, each receiver can dynamicadlgct the signal of the best transmitter and
discard the signals transmitted by the other sendooing so, onlyN of the MN possible
channels are selected for the fusion process.

Even so, from Figures 4.11 (a) and (b) it is appattest, for same points of the surveillance
map, the best performance that a receiver can\algiguld be poor. This is only due to the
geographical distribution of the sensors in the tistatic system but, for the reasons
previously described, this could be a problem lerfusion process.

This problem can be solved by selecting a subsethahnels among the N previously
obtained. In particular, in the second step ofdp&mization algorithm, th&l channels are
ranked from the worst to the best and only the Krsare selected for the fusion process. The
numberN’ could be also dynamically changed by the fusiocess in order to meet pre-

specified performance goals.
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Figure 4.12 -Optimum transmitter selection.

4.4 Optimum weighting rule for multistatic detection

This section deals with the description of a cohereultistatic system where the rule for
selecting the weighting coefficients is computegleiting the results obtained in Chapter 3.
For ease of notation, the described system is ceatpof one transmitter amdireceivers. In
the case of multiple transmitters, it is suppos$ed it is possible to separate each transmitter-
receiver path so that each receiver can seledtahemitted signal of interest. In this way, the
multistatic system is composed MN channels of observation, whelké is the number of
transmitters. The only difference with the case single transmitter is only on the number of
channels, but the algorithm remains the same. Théistatic receiver that will be
implemented refers to a centralized nomenclatureratthe data at each receiver are first
collected by a central processor and then joirdgiylsined for the detection.

In particular, the central processing of the anadlyzystem will exploit part of the results
described in Section 4.3. In particular, the optation algorithm described in Section 4.3 can
be viewed as a fusion algorithm that uses hard htieig coefficients, that is, weights that can
assume only two values: zero in the case of a badnel and 1 in the other case. On the other

hand, the weighting coefficients of the centralgessor described in this section are soft, that
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is they can assume values that belongs to the f[@ntjedepending on the information gained
by the Fisher Information Matrix as described iraGter 3.

Figures 4.13 and 4.14 show the block diagram of rhétistatic receiver that will be
described in this Section. From Figure 4.13, iagparent how the detection processing is
divided in two parts: the local processing at eesteiver and the central processing at the
central processor. Figure 4.14 shows the flow diagof the signal processing at the central
processor. As showed in Figure 4.13, the flow diagrof each receiver of the multistatic
network is the most adopted in modern coherentrragiatem where, after the classical
processing to down-shift the received signal tolthse band, the receiver performs a range —
Doppler matched filtering. In the case of multiplansmitters, the range — Doppler matched
filtering consists in a bank of filters, each ofiathis matched to the waveform emitted by
each transmitter.

As previously discussed, the performance of eadeiver depends on the transmitted
waveform but unfortunately is also heavily sensitte the geometry, that is, the position of
the receiver and the transmitter with respect éopbsition of the target. Using the results of
Chapter 3 and for a fixed geometry of the simulataehario, it is possible to derive easily the
CRLBs of each channel and therefore its performadogeover, it is clear that, each receiver
of the multistatic system has its own local geogetinat is, each receiver knows at what
range from its location there is a target and #éinget speed straight towards or away from the
receiver. The role of the central processor is floeego exploit the information gained by the
knowledge of the geometry of the network (the posiof each transmitter and each receiver)
to convert the local coordinates of the receivets global coordinates.

The information about range and radial velocity freach receiver are therefore converted
into information about the target state, thath®, teal position of the target and the velocity
components along the axes of the reference codedirsgstem. Moreover, another important
role of the central processor is to evaluate fahgaoint of the global surveillance map, that is
for each cell (x,y,\,Vy), the performance that can be gained for each @fathe multistatic
system. Therefore the role of the central processaio generate a global coordinates
detection map exploiting the information about ge@metry of the multistatic network.

Let’s describe now each block of the flow diagranfrigure 21.

The block buffer indicates that, for each scan, déetral processor stores the local range-
Doppler maps of each receiver. In particular, ebmtal map can be viewed as a two
dimensional matrix whose elements are the samplie autput of the matched filter of each

receiver.
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The central processor scans each point of the gkabakillance area, that is each value that
can be assumed by the vector (X \).

Once fixed the cell under test, that is the vetoy,V,,V,), and knowing the geometry of the
multistatic system, the role of the block range-plep selection is to selects the
corresponding range-Doppler cell of each receiver.

In particular, let indicate with

x=(x,y) (4.4)
the global coordinates of the target that is sup@ds be detected and with
v=(V,V,) (4.5)

the vector of its possible velocity components.

Indicating with
X =(%. ) (4.6)
the global coordinates of the transmitter and with
x@ =(xQ,y9) i=1..N (4.7)

the global coordinates of the i-th receiver it &se to verify that the range cell to be probed

for the i-th receiver is
RY :‘x —x‘,;)‘ (4.8)

while the Doppler cell to be probed is

(4.9)
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where

O R (410

L =[x, x| (4.11)

R =[x=x,| (4.12)

90 = cos? (RO) ;(;g)): ~(R)’ _LZT (4.13)

Using equations (4.8) and (4.9), for each poy,VyVy) of the surveillance map, the
central processor is able to select the correspgndinge-velocity cell of each receiver.
Thus, the problem of detecting a target signal fixed resolution cell of the surveillance

map can be posed in terms of the following binanydtheses test:

=0 H
{r' 6T o N (4.14)

r=n H,

where the samplg is the output of the filter matched to the normedi transmitted signal
for thei-th receiver in the range-velocity cell correspargdio the pointx,y,Vy,Vy).

Note that if the transmitted signal is a burst alisps, the samplg is the output of the filter
matched to the entire burst. In the signal mode&lgn(4.14)n; is the additive noise at theh
sensor; it is modelled as a zero-mean complex Gausariable, in shom;, ~ CN(0, ¢°). The
samples), are assumed to be independent from channel tanehand identically distributed.
The parameter; accounts for the channel propagation effect ared tdrget radar cross
section. We considered the case in which the aut@i; is a random variable. It depends on
the target bistatic RCS of tlh bistatic angle. This, together with the mengidrieatures of
the multistatic geometry, justifies the assumptitiat the o;s are mutually independent
random quantities. With regard to the marginal PDir$s a zero-mean complex Gaussian
variable whit variance;? varying from path to path ~ CN(O, 5;). In particular the Signal to

Noise power Ratio at the input of théh channel is defined as
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SNR:U_i:ﬂ (4.15)

2 (RS) F{i))z

and, as mentioned, is inversely proportional to pgah loss factor RF"Rg")? due to
propagation whereR:") and Rs" are the range from transmitter to target and thgedrom
receiver to target for thieth channel, respectively. The parametethat appears in eq. (4.14)
is a complex number whit absolute value lower tbhamequal to one which accounts for the
other effects of propagation and scattering aldregith path. The meaning af will be
discussed later on, for the moment let considec#se in whiclti=1. Under this assumption
and considering that the amplitudeand the noise; are independent, the observatmis a
zero-mean complex Gaussian variable under boththgpes. Therefore, it is possible to

write:

r ~CN(O,Ui2+02) H,
i=1,...N (4.16)
r~CN(0,0?)  H,

Hence, by exploiting the independence of individikalihoods in each channel, it is possible
to verify that the Neyman-Pearson decision testeligs into the following form
[Dad86],[Con83]:

N 5 Mo
Yoplifs A (4.17)
i=1 Hy
where
SNR
= ! 4.18
P =TSR (4.18)

Note that the weight; are non negative and are an increasing functiddNi, therefore the
central processor emphasizes those channels albioy) ¥heSNRs are the highest. Note that
the receiver to implement the given test, dependmgell under test of the surveillance map,
needs to continually update the weights, whichtheenselves dependent, throu§NR, on
the distances from the transmitter to the targdtfesm the target to the receiver.

Consider now the case in which, under Hhehypothesisgc in eq. (4.14) is a complex
random variable. This simple assumption has be&e do order to model the effects of the
bistatic geometry along theth path. In particular we generatg@s
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¢ =X(7.v) (4.19)

wherer= t4i- 74 andv; = vy - va are the delay and Doppler shift for thth path obtained
using the CAF definition in equations (1.1) andrapdom generating the estimates of the

range and velocity as

RY~N(RY, CRLBY) (4.20)

VI ~NVE, CRLBY) (4.21)

where R andV{" are the actual range and bistatic velocity ofténget, whileCRLBY and
CRLB{) are the Cramér-Rao lower bounds of range and igliocthei-th path.

By random generatinR’ andV,”, the value of; takes into account the miss-matching at

the i-th receiver, moreover, due the geometry dependent linear transformation of
equations (2.8) and (2.9), that gives the delaytheddoppler as a function of the range and
the bistatic velocity, the value oftakes also into account the effects of the disiortf the

Ambiguity Function due to the bistatic geometry.

As an example, let consider the case in wiGRLBY and CRLB{’ are low, in this case the

values assumed bR andV_" are near the actual range and velocity, therefugevalues
assumed by, andv; are almost zero, and hence the value assumeddgear the maximum

that is 1. On the other hand, for a bad bistatanggatry, the values assumed BRLBY and

") are very high, therefore there is a high pro nat alsor; andv; are high an
CRLBY high, theref h high bgbthat al d high and

hence the value assumed by them is almost zerdhendbserved signal is only noise. In
other words, by generating in this way the value; pothe signal model in eq (4.14) is now
dependent on the sharpness of the CAF around itigsmmuen and to the distortion of its
behaviour due to the bistatic geometry. It is dieapparent that it is very difficult to derive
the PDF ofc; and hence it is difficult to derive the Neyman-Reardecision test. By the way,
our approach is to use the same receiver of efjzY4ut choosing the weighpsin a different
manner. In fact, the weights in eq. (4.18) depeamrdg on the energy path loss and they do not
take into account the other effects due to theaticsgeometry. As an example, let consider

the case of a target is in the baseline betweetrainemitter and thieth receiver. When the
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distance between the transmitter anll receiver is low, the expected signal to noaeoris
high and therefore the central processor usingmbights in (4.18) tends to emphasize this
path during the detection process. As showed, is1dhse the resolution is totally lost and
therefore the observations from this path can Bagmtly degrade the performance of the
whole system. Therefore, the rule for selectingwegghting coefficients should be different.
In particular, the weights should be highlight thafannels that exhibit the best performance
in terms of estimation accuracy of the target patans instead of emphasizes those along

which theSNRs are the highest. In this work we propose thevalg weighting rule

Trace{J;( R, \é”)}_1

p = (4.22)

d y+TI’aC%\]_Bl( Ri)' \é))}—l

whereTracq .} is the trace operator andis a constant that we fixed equal to the inverfse o
the sum of the CRLBs of range and velocity in thenostatic case wheBNR=0dB. In this

way the weighting coefficients depend on BidRand the normalization constraint can be
viewed as a terms of comparison of the performandtlee bistatic channel. That is, a channel

can be considered a good channel if trag&{Js lower thany™, while a channel is bad if
trace{} '} is greater thay™. It is important to recall thaR{’ andV." are the actual range

and velocity of the target. Therefore, dependingtencell &y,Vy,Vy) under test, the central
processor can easily calculate these two valuesdon channel knowing the position of each
sensor of the multistatic system.

As apparent in eq. (4.22), the weiglgs depend on the inverse of the bistatic Fisher
Information Matrix which is dependent on the enepgyh loss througBNR, on the geometry
and also on the transmitted waveform. This is afsportant in the case of a multistatic
system where multiple transmitters are used. Utiagveights in (4.22) the central processor
emphasizes those channels that exhibit the bekirpemce in terms of estimation accuracy
and is also able to discard those channels whereetolution is totally lost. In this case the
trace of the inverse of the bistatic FIM tendsriinity and the therefore the weighttends to
zero. This is evident from Figure 4.15, where wetteld the weighting coefficient as a
function of 1/trace{d "} for different values of the normalization constitay.

The value ofy can be fixed to the inverse of the sum of the CRbBrange and velocity in
the monostatic case when SNR=0dB. In this way tkeehting coefficients depend on the

SNR and the normalization constraint can be viewsda terms of comparison of the
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performance of the bistatic channel. That is, anokacan be considered a good channel if
trace{}™} is lower thany™, while a channel is bad if tracg{3} is greater thany™.

Note that the receiver to implement the given tesboth the weighting rules, depending on

cell under test of the surveillance map, needsotdicually update the weights. Moreover,

note that the matrix in eq. (4.22) is 2x2 and tfeeethe inversion is straightforward.
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Figure 4.15 -Weighting coefficients of eq. (4.22) as a functafrthe inverse of the trace of

the inverse of the Fisher Information Matrix foffdient values of the constramt

4.5 Performance of the optimum multistatic detector

Figure 4.16 shows the multistatic scenario analyiredur simulations. The multistatic
system is composed by one transmitter and threeivess. The distance between the
transmitter and each receiver is the same and ¢gs8lkm. The transmitted signal is a burst
of Linear Frequency Modulated pulses wh&5Qusec, Tr= 1msecB= 1MHz, fc=10GHz
andN = 8 (Number of coherent pulses).

The value ofConstin eq. (4.15) is 186 dBMin this case iR= Rx= 141km the expected
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SNR is -20 dB. As showed in Figure 4.16, in ouridation we considered three cases. In the
first one we considered a target in the middle he# first baseline, that is between the
transmitter and the first receiver. In this case tdrget is moving with a speed of 250 m/sec
and direction of 135° with respect to the horizbatds. In the second case the target is in the
second baseline, 10 km far from the transmitterying with a speed of 250 m/sec and
direction of 150°. While in the third case, thegetris 15 km far from the third baseline and
20 km far from the second baseline, and it is mgwiith a speed of 250 m/sec and direction
of 180° whit respect to the horizontal axis. Tadl shows the weighting coefficients
obtained with both the methods, that is tB&R rule in eq. (4.18) and theTtace’ rule in eq.
(4.22). Note that the coefficients have been nomedlin order to satisfy the relationship
¥pi=1. As apparent from Figure 4.16, in Case 1 thgetais in the first baseline, therefore the
resolution of the first receiver is totally lossalif the SNR for this path is the highest.

As apparent from Table 4.2, the coefficient coroggfpng to the first receiver is null using the
Trace rule while it is the highest using the SNR.r&imilar considerations can be drawn for
Case 2. In the third case the target is in an @tposition for all the receiver, the main
difference from one receiver to the other is relataly to the energy path loss, therefore the
weighting coefficients obtained with both the rale almost the same.

Figure 4.17 shows the Receiver Operating Charate{ROC) of the multistatic detector in
eq. (4.17) for all the three analyzed cases. We @tstted the ROC obtained by forcing all the
coefficients to IN. As apparent from the results the ROC obtaine@ase 3 (dash-dotted
lines) are almost the same for the three weightihgs, while in Case 1 (solid lines) and Case
2 (dashed-lines) the performances obtained whitTitaee rule are the best. Moreover, in
Case 1, the performance obtained with the SNRisulewer than that obtained with all the
weights equal to N. In this case, the SNR for the first receiverhis highest but, due to bad
geometry, the resolution is totally lost. Using R rule, the central processor emphasizes
the observations from the first sensors and thisngty degrades the performance of the
multistatic detector.

SNR TRACE

Case 1 p=[0.3495; 0.3328; 0.3177] p=[0.0000; 0.4984; 0.5016]
Case 2 p=[0.3317; 0.3366; 0.3317] p=[0.5000; 0.0000; 0.5000]
Case 3 p=[0.2735; 0.3553; 0.3712] p=[0.2939; 0.3449; 0.3612]

Table 4.2 Weigting Coefficients
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5 Posterior Cramér-Rao Lower Bounds for Bistatic Systms

5.1 Introduction

This Chapter deals with the Posterior Cramér-RawdroBound (PCRLB) for sequential
target state estimators for a bistatic trackingofgm. In the context of tracking, the PCRLB
provides a powerful tool, enabling one to deternariewer bound on the optimal achievable
accuracy of target state estimation. The bistaG&REBs are analyzed and compared to the
monostatic counterparts for a fixed target trajpct@wo different kinematic models are
analyzed: constant velocity and constant acceteraiihe derived bounds are also valid when
the target trajectory is characterized by the coioon of these two motion.

In previous Chapters, we evaluated the bistation@raRao Lower Bound (CRLB) for the
target range and velocity both for active and passystems. In particular, the performance in
estimating these two parameters, considered heteaadar measurements, strongly depends
on the bistatic geometry which clearly changes evthike target is moving along its trajectory.
In this Chapter, exploiting the general method e by Tichavsky et al. [Tic98], we derive
the Posterior CRLB (PCRLB) of target state for distradar tracking.

The definitions of CRLB and PCRLB are similar. TGRLB is defined to be the inverse of
the Fisher information matrix and provides a megunage error bound on the performance of
any unbiased estimator of an unknown parameterored¢he bound is referred to as the
PCRLB if this parameter vector is also subjectatodom fluctuations.

The bistatic bounds derived in this work are alabdvfor monostatic radar, considered as a
bistatic system where the distance from transmitiereceiver is null. The PCRLBs of both
systems are then analyzed and compared.

5.2 Analyzed Scenario

As showed in Figure 5.1, the geometry of the arlyacenario is two-dimensional where the
receiver is located at the origin while the trartseniis on the y axis at a distance from the

receiver equal to the baselibeThe target is moving with the trajectory showedigure.
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Measuring the target delay and the Doppler shif, receiver is able to evaluate the range
from the receiver to target and the bistatic véigcihat is, the component of the target

velocity in the direction of the bisector of thegnat the vertex which represents the target.
The receiver look angle is assumed known.

The basic problem is to estimate the target pas#ind velocity from noise corrupted range
and bistatic velocity data. Next we define the peob mathematically by considering two
target motion models, the constant velocity andctirestant acceleration motions.

Then, we derive the CRLB for sequential estimatdrghe target state for the zero process

noise case, that is, when the target trajectopyisly deterministic.

The PCRLB are derived assuming that the measuresssor is operating with detection
probability equal to one.

O |x
X%
AL
o1
of 3
N—" %
\_/
S
<V

Figure 5.1- Bistatic geometry and target trajectory.
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5.3 Constant velocity motion

Let’s consider first the problem of the constaribegy motion. In this case the target, located

at x, y), is assumed to move with a constant velockyY(), with a state vector defined as
x=[x, X, Y, y]". Assuming that the evolution of the state vecsopurely deterministic, it is

possible to write1=FXx, where:

(5.1)

O o o r
o o~ -
O r O O
= 1 o o

andT is the sampling time.
The available measurements at tikmare the range from receiver to target and theatist
velocity. The measurement equations can be pineridilowing vectorial form:

z, =h(x,)+w, (5.2)

where z¢ is the collection of the bistatic measurementsthe kth time instant while
h(x)=[rk, vid "=[h/(x0), hvx)]" is a non linear vector function of the state veotp The
bistatic measurements are affected by additive S€amisnoisewyx with zero mean and
covariance matriR. To give explicit expression df(xy), referring to the bistatic geometry
of Figure 5.1, it is easy to verify that

h (%)= =X+ ¥, (5.3)

h/(xk):vkzw (5_4)

where
v —; — (5 5)
% L+rk+rtkXk Ko '
9=——L—%y+ﬂ—y, (5.6)
k L+I’k+rtk k k k
rt, = x§+(yk—L)2 (5.7)
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The problem of developing the PCRLB for bistaticlaa tracking has been analyzed in
[RisO4] using different target measurements, anyway matrix Ry has been modeled
constant and independent on the bistatic geometry.

As showed in the previous Chapters, in bistatiaraystems, the performance in estimating
the range and the bistatic velocity heavily depemaghe transmitted waveform and on the
geometry of the scenario, that is, the positioneckivers and transmitters with respect to the
position of the target. In particular we showed tha Fisher Information Matrix (FIM) of the

range and the bistatic velocity & =P, J,,P.' where,Jy is constant and depends only on the

transmitted waveform, whilB, depends on the geometry. In particuRrijs redefined here

as
o, 94
| or or
P, = , (5.8)
o, 94
ov, 9V,

where ty and & are the delay and the Doppler shift of the radagdt, that, referring to
Figure 5.1, should be obtained using the geometpgddent non linear equations:

r +4r +L%+2r L sing
Tk: k \/k - IJ_ k’ (59)

‘ =2kvk\/1+ r.+Lsing, (5.10)

c 2 2/r2+L%+ 2L sing,

wherec is the speed of lighig is the carrier frequency armilis the receiver look angle.

Matrix Jy depends on the transmitted waveform.

As showed before, when the transmitted signal sequence of linear frequency modulated
(LFM) pulses, thely is given by:

2T2°SNR K /32
Jy=—>—— T , (5.11)
3 B -1-(T—Rj (Nﬁ-l)

p

® With respect to (3.17) we only changed the notatio
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whereN, is the number of pulses of the transmitted bdigis the pulse repetition time and
T, is the duration of each pulse, wilh<Tx/2. Moreover,AT,’=BT, is the signal effective
time-bandwidth product anB is the total frequency deviation. The signal-taseopower
ratio (SNR) is inversely proportional to the patkd factor - rt)> due to propagation.
Assuming that the receiver is efficient in estimgtthe range and the bistatic velocity, the

inverse of the covariance matrR is given by R,*=PJ,,P. From these results it is

apparent that, in the analyzed problem, the emwarthe measurements are not independent
and also they depend on the geometry. In [Tic98havsky et al. provided an elegant method
of computing matrixJi, in particular, for the zero process noise cdse,information matrix

can be computed recursively using the followingagiun [Tay79],[Tic98],[Ris04]:
Jea =S[FH O F+ALREA ., (5.12)
whereH, ., is the Jacobian df(x.1) evaluated at the true staggs; that is:

oh dh ah  ah
~ _ 6Xk+1 axk+1 aY|<+1 a'yk+l

H= (5.13)
oh, oh oh oh
aXk+1 a).(k+1 a yk+1 a yk+ 1
The expressions of the elementsHbf,, are given by
ﬂ - X1 , (5.14)
XK e
n _o (5.15)
0%,y
N Y (5.16)
e T
h _o (5.17)
ayk+:|_
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v Xk+l ayk+1 d +
ah/ _ 1 {Xkﬂ an+l yk+1axk+1j k+1

0%y Oy o yody, |
o (R Kerr + Vo Yoon) o
( 1 1 k+1 kl)axk

(5.18)

v Xk+1 yk+1
N . d,, +...
oh, _ 1 (Xk ldYkﬂ * ¥ 16)/k+1 o

e i o ., |
- . '_(Xk+1xk+1 yk+1 yk+1) a -
yk+1

(5.19)

7\}(2

M _ K, (5.20)
axk+l dk+1

N _ Y (5.21)
ayk+l dk+l

where d.,, =/%,,+ ¥.,. The derivatives that appear in (5.18) and (5.t@n be

straightforwardly derived and are not reported Herdack of space. From these equations it
is clear that the FIMx depends on target trajectory, sensor accuracgugirRy, which is
itself dependent on the target trajectory and an ttAnsmitted waveform), the sampling
interval T and the baseline length In particular, it is known that when the targetrossing
the baseline, resolution is totally lost and therefthe errors of the measurements tends to
infinity [Far09]. Matrix R tends to zero and hence also the second termig)(3n this
case there is no information gain collecting thrggameasurements. Moreover, it is clear that
for L=0 the bistatic PCRLBs coincide with the monost®@RLBs (the PCRLB are given by
taking the diagonal elements of the inverséf

In the monostatic case, mati of (5.8) becomes diagonal and constant, therafaerrors

on the measurements become independent of the ggor@®ncluding, the recursion in
(5.12) starts with the initial FIN that, assuming the initial distribution x§ is Gaussian, is

equal to the inverse of the covariance matrixodfTic98], [Ris04].
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5.4 Constant acceleration motion

For the constant acceleration motion the problesngery similar to the one treated in the

previous subsection. The state vector is definel=x", a']'=[x, x,V, y, X, V]', wherex

and y are the accelerations along thandy directions, which are assumed constant. Even in

this case the state equation is linear and is eefasx, ., = F X, , where

ﬁ—FGk 5.22
o : (5.22)

2x4 I 2

F is the same matrix defined in (5.1),is the 2x2 identity matrixQ,x4 iS @ matrix whose
elements are zero whilgy is a matrix which takes into account the effecacteleration. In
particular,G=04x, for the constant velocity motion, whi@=G for the constant acceleration

motion, where

(T2 T 0 o0
G { 0 0 T%2 T} (5:23)

Considering the zero process noise case, the Flifieo$tate vectox, can be obtained using

the following equation:

I =[F] IF2+ALRA .. (5.24)
where
— F' -F'G
F* { k} (5.25)
02><4 I 2

and, considering that the measurements of the ramgi¢he bistatic velocity do not depend on

the acceleration,

H., :[H " ow]. (5.26)
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In this work, we are interested on evaluating tREB of the target position and velocity.
Therefore, it is useful to write the FIM in (5.249ing the following block matrix notation:

Jpr = {Jk“ “J.]k”} , (5.27)

T
‘] k+1 k+1

where the top-left matrixi is the 4x4 information matrix of the state veciqr After

straightforward manipulation, it is easy to veltfat:

'Jk+l = I:F_lT— 'J kF_l + I:|Tk+1R T(ill:l k+11 (528)
S =-[F*] 3F76 +[F'] 3, (5.29)
3 =Gy [F*] 3,F6,-IIF G, ~GI[F'] J +J, (5.30)

The PCRLBs on target position and target velocstyneation accuracy are given by the first

four element on the principal diagonal of the irseeof J, . In particular, the top-left 4x4 sub-

matrix of the inverse o8, can be obtained as:

[j;}-l] = (‘] k+1 = k+lj Lilem 1)_1- (5.31)

14,14

With respect to (5.12), in eq. (5.31) there is mmtéhat takes into account the effects of
acceleration. Moreover, considerif®g=04xp, that is forcing the acceleration to zero, itasye

to verify that (5.31) is similar to (5.12), the grdifference is a term that takes into account
the loss of information due to the estimation c# thrget acceleration performed with the
same dataset.

Even in this case, the monostatic PCRLBs are gbseforcing the baseline=0. It is clear
that the result in (5.12) is useful only when talgét is moving with constant velocity. On the
other hand, when the target trajectory is chareedrby the combination of different target
motions, i.e. constant velocity followed by constaoceleration, the useful equation is (5.31)

obtained by switching appropriately the mat@x
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5.5 PCRLB for Monostatic and Bistatic radar systems

The PCRLBs of target position and velocity has beealuated referring to the scenario of
Figure 5.1. We considered both the monostatic drel listatic cases. In the bistatic
configuration, the baseline has been fixed to 50Khe transmitted signal is a burstiy=8
LFM pulses, wherel,=250Qsec, Tr=1msec,B=1MHz, fc=10GHz. The target trajectory if
formed of two straight lines separated by a ceeatalpacceleration motion. On the straight
lines, the target moves with constant velocity t#Q the target is inx€10L, y=L/2) moving

with constant velocity X=-100, y=0) m/sec. Att=5000sec the target crosses the baseline

while at t=5400sec it starts the manoeuvre whose duratic®6is sec. At the end of the

manoeuvre, the target starts to move with constlotity (x=-5, y=100)m/sec.

The trajectory is sampled with a sampling interw&ll=1sec. Using the results obtained in
Section 5.4, Figures 5.2-5.5 show the PCRLBs oftéinget position and target velocity for
the monostatic radar (in reld=0) and for the bistatic case (in blles50 km).

Since the magnitudes of errors, as predicted byPGRLBs, are very large in the initial
interval, the bounds are plotted f514000sec. In order to highlight the dependencehef t
performance of bistatic system on the geometrypthends have been calculated by keeping
constant th&NRat 0dB.

Initially, the performance of the monostatic systend the bistatic one are the same. When
the distance from receiver to target is one ordanagnitude greater than the baseline, the
bistatic system behaves as the monostatic one.

On the other hand, when the target approachesatbalibe, the information due to the target
measurements tends to zero and the informationig@nly due to the a priori information.

For this reason, the bistatic PCRLBs around t=5600are flatter than the monostatic
PCRLBs. The discontinuity at t=5400sec is due &lbginning of the acceleration and, after
the transient state, the performance of the twtegys tend to be the same. At the beginning

of the transient, the bistatic PCRLB are lower thiair monostatic counterparts.
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Conclusions

In this work we considered a multistatic radar scenand we derived the bistatic Cramér-
Rao lower bounds on the estimation accuracy ofdtget range and velocity. To this purpose
we exploited the relation between the ambiguitycfion and the Fisher information matrix,
which shows how the FIM depends on the sharpnedgedhF mainlobe in the range-velocity
plane. In the bistatic case both geometry factodsteansmitted waveforms play an important
role in the shape of the AF, and therefore in tht@r&tion accuracy of the target range and
velocity. The CRLBs depend on the bistatic geomptagameters, i.e. the target direction of
arrival, the bistatic baseline length and the distabetween the target and the receiver. This
dependence is very strong and can be appreciatsidening the case of a target close to the
baseline joining the transmitter and receiver.his tase, the resolution is totally lost because
the target echo arrives at the receiver at the sastent as the direct signal, independent of
the target location, and the Doppler shift of ayédrcrossing the bistatic baseline must be
zero, because the transmitter-to-target range @sangan equal and opposite way to the
target-to-receiver range, independent of the madaitand direction of the target velocity.
The information gained through the calculation lé bistatic CRLBs can be used for the
choice of the optimum transmit-receive pair in atmtatic radar system. In other words, the
selection of the TX-RX pair, or set of bistatic igaican be based upon the values of the
bistatic CRLBs for the geometry under investigatidhe optimal pair was defined as that
exhibiting the lowest bistatic CRLB for the targedocity or range, and the system selects the
best channel dynamically, that is, using the kndgée of the CRLBs and the kinematic
parameters of the target estimated in the previmesintervals.

In this work we assumed that only one couple of RX-is active, basically neglecting the
interference among the other transmitters on thecwsl one. This ideal situation can be
approximately achieved selecting orthogonal wavefofor all the transmitters and matching
dynamically the selected receivers to the wavefofthe selected transmitter.

This report also dealt with the design and perfarceaevaluation of a multistatic detection
algorithm. The analyzed multistatic detector refersa centralized nomenclature where the
data at each receiver are first collected by arakptocessor and then jointly combined for
the detection. In particular, The most adopted caftetechniques refer to a fusion rule where

the weighting coefficients are an increasing funttdf the expected SNR without taking into
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account the dependence of the performance upogethmmetry. Therefore, depending on the
geometry, it is also possible that in channel vaithhigh SNR the estimation accuracy of the
target parameters is very low. In this work we @sgd an Optimized Coherent Processor
where the rule for obtain the weighting coefficeertepends on the FIM, which is itself
dependent on the SNR, the AF and therefore ongbegtry and the transmitted waveform.
From the results it is apparent that using the gsed technique it is possible to improve the
performance of the multistatic detector. The ol#dimesults can serve as a guideline for
future multistatic fusion rule development.

We also calculated the Posterior Cramér-Rao Lowarnd (PCRLB) for sequential target
state estimators for a bistatic tracking probleme halyzed and compared the bistatic
PCRLBs to the monostatic counterparts for a fixedét trajectory. In particular, we analyzed
two different kinematic models: constant velocitydaconstant acceleration. The derived
bounds are also valid when the target trajectogheracterized by the combination of these

two motion.
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APPENDIX A: Relation between CRLB and AF

In this appendix we report the proof of eq. (3Th)e complex signal received by the radar is
ri¢) =s(t,A)+wt) O<t<T (A.1)

wherew(t) is a zero mean complex Gaussian processsérl) is the received signal in
absence of noise which depends on the vektdA; A; ... Ay’ composed by the unknown,
non-random parameters that we want to estimateléfVihe observation interval [} be
long enough to completely contain the pulse.

We approach the problem by making-&oefficient approximation af(t). Assuming that

¢ ()..i=12,..K (A.2)
is a orthonormal basis, tlikecoefficient approximation af(t) is given by
K
=2 rée) (A.3)
i=1

where

=

rt)g, t)dt (A.4)

O —y

Substituting eq. (A.1) into this expression, weantot

n=s(A)+w (A.5)
where
S(A)=ES(tA)¢i(t)dt (A.6)
and
W =EW(t)¢i (t)dt (A.7)
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Therefore, the sampleas are independent, identically distributed (IID),nquex Gaussian
variables with variances,” and means(A), in short notationri~CN(s(A), ow?). The

probability density function af; is given by:

In-s ()P
p,(F,A)=—e ™ (A.8)
7O

w

In order to find the CRLB of the non-random paraanef,,, wheren=1,2,...N, the first step
is to find the likelihood function. With obvious taion, the likelihood function can be

written as

In-s (A

o o (A.9)

mw?

/\1[r|< (t)’A] = Proa (h ©.A)= D

Now, if we letK— oo, Aq[rk(t),A] is not well defined. In [Van71] it is shown thate can
divide a likelihood function by anything that dasst depend o and still have a likelihood
function. In order to avoid the convergence prohlem divide (A.9) by

‘ 2

=

i
g,

&

er(t)\Ho(rK (t)|Ho) = |:| (A.10)

1 e‘
o’

before lettingKk— . Because this function does not depend#pit is legitimate to divide
by it here. Let define the likelihood function

A [r @), A
er (t)\Ho (rK (t)|HO)

A[rc),A] = (A.11)

Substituting into this expression, cancelling comnterms and taking the logarithm, we

obtain
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Al ©.A]=-5 > ls @) -20(r's @)=

(A.12)

éqr\)| = éqr\>| i

i[IS(A)lz ~s(A)-r$(A)]

i=1

Letting K— o we have

InA[r@),A] = iz]|s(t,A)|2 dt+i2JT' F (t)s(tA )dt+—12JT' (S (A )dt  (A.13)
W 0 JW 0 UW 0

From [Kay93] the Fisher Information Matrix (FIM) ggven by

__ *InA[r®). Al _ (0% InA[re).A] oA O)A] |
oA 0A0A, 0 A0 A\
£ 0’ InAfr(t), Al e 0’InAfr¢),A]
J= 0A0A oA (A.14)
£ 0’ InAfr(t),A] B azln/\[r(t) Al
_ oA 37 o _
whereE( ) is the Expectation operator.
By differentiating eq. (A.13) with respect £q we obtain:
dInA[r(t).A] _ as(tA) L A)die 0S (tA)
— - tA dt
M Uwg on H an (A.15)
1 ¢..,..0s(tA) ds (tA)
+0'_fv£r t) ¥y dt+?jr(t) TN

that can be written as

oINA[r(t), A]

os(t,A) 0s (tA)
oA I[r(t) s(t.A)] oA dt+— I[r(t) (LA ——* oA dt(A.16)

Differentiating again with respect g, we obtain:

109



> InA[r(t),A] _ iH ds (tA)as(tA)+[ ) -sA)] azs(tA)}
0AOA,  Ti3 0A) a1
:LT as(tA)as(t,A) *$(1A) '

Taking the expectation, we obtain:

E(aZIn/\[r(t),A]j:_izjas*(t,A)as(tA)dt__lzjaS(tA JOS(A )y (a18)
0A0A, guo 0A,  0A T Olg 0A, OA

where we observed that

E(rt)-s(tA))=E(wH)=0 (A.19)
Assuming that

s(t,A)=vEUWtA) (A.20)

whereE is the energy of(t,A) andu(t,A) is a unitary energy signal, eq. (A.18) can betem
as

E(azm/\[r(t),A]j: ﬂ T (A.21)

OA0A, aAﬂ Ano

whereSNR:E/s,? is the Signal to Noise Ratio.

.
It is interesting to observe th(‘3f1]u(t,A)|2 dt is the Ambiguity Function o@(t,A) evaluated
0

.
around its maximum. Denoting(A) = I|u(t,A)|2 dt, it is possible to write
0
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Ox(A) OxA) YA ]
O O0AOA T OADA
°X(A) O°x(A)

J=-SNR 0A0A 9K = (A.22)
O°X(A) O°X(A)
[ 0A0A 0K
Or, equivalently:
NI —ZSNRM (A.23)
' 0A0A,

where ©(A) = x*(A).
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APPENDIX B: CRLBs of Doppler and Delay

When the parameters to estimate are the Detand the Doppler shift, we have:

A=[r0] (B.1)

u(t,A) = u(t-r)e*™ (B.2)

Using the results derived in Appendix A, it is pbssto derive the elements of the Fisher

Information Matrix. Using Parseval’'s theorem, thistfelement of the FIM is given by:

[3],, = 2SNR] 2ULAV U CA) g 5 g

= = dt 2 SI\_IE4772 ¥ U)f (B.3)

ou(t-r)
or

which is an approximate measure of the frequenosaspof the signal(t).
The element 2,2 of the FIM is

[],,= ZSNRT ULA) U (LA) g SNEE a7 ()t

ov ov
o . (B.4)
:23Nma,nz[j () dear] Q) dwz}
letting r - 0, results
[J]2Y2=28NR+JEO a7 ¢ () d (B.5)

which is an approximate measure of the time spoé#oe signali(t).

The elements 2,1 and 1,2 are given by
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[J]lvz:[J]szNR{TaugrA)au (LA) o aua(;A)au(tA) }

au(t I) .

—00

:ZSNH]D{ ;znj G(E7) d}:ZSNEﬂ] j a“(t D ) }11:(8.6)

= —2SNRTJ 2nj (#7) a“(t) 0(} d}
letting r —» 0, we have
[3],,=[9],,=-2SNRTD 2nf t‘at‘% ('} d} (B.7)

These results are in agreement with those obtamptan71].
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APPENDIX C: CRLBs of Doppler and Delay using a SFMpulse

Let’s consider the SFM pulse

u(t) = T g/t ) rec(%)

It is easy to verify that

M jBsin( 27ttt +9) t
P \/, jp2rmt, cod 2tff +¢)e rect(_l_j

considering that

u(t—7) _ _au(y)|
ot 0t e

the elements of the FIM are given by

[J]M-zsNRj au(t all

-T/2
=28NF@[2H§T+ sin( 27 § 1) co$ 2)]
3], =[2]., = zsweam mfrf 240 ) -

T/2
:—25NR/B47T72f° [ wof 27 §trg) di=

-T/2

ZSNR&EH f Tcog(7r § )= si(m § V]
[9],,= ZSNH]anT fuy de2 sm-’z?
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dt-ZSNR’&LJ. cod( ar ftg) ot

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)



Therefore, the CRLBs of the Delaynd the Doppler shift are given by

[,
L0, (191,

CRLE(7) =] J™] (C.7)

[,
L0090,

CRLEw) =[J7] (C.8)

As an example, let’s consider the case in whichotheervation timd is a multiple integer of
the period of the modulating signal, that is

k (c.9)

T=
f

In this case, the FIM is given by

a3 f,° ~(-1) 218 sin(¢)
J=25N . (C.10)
~(~1) 278 sin(9) T

3
then
1 k?
CRLE(7) = . (C.11)
2SNR12182f02(7723k _Sin2(¢)j
CRLB) = 1 fo’ (C.12)
" 2SNR7K? ., '
-sin’(¢)

2

Considering thatﬂzTk >>sin’(¢) and taking the square root, it is possible to axipnate

the RCRLB (Root Cramer-Rao Lower Bound) as
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1 1 1 1
RORLB) = eNR2B1, ~ V2 SNRTE, (€.19)
RCRLEY) =L Y3l _ 1 3 (C.14)

J2SNR 7k 2 SNRT

where B. =241, is the Carson’s Bandwidthof u(t). It is interesting to observe that

RCRLB() is inversely proportional to the time duration thie reference signal, while
RCRLB(r) is inversely proportional to its bandwidth. Fraims result we can observe that
the best performance is obtained with modulatigpals with high spectral content and

poorest performance is obtained with slow varyiraggdmating signals.

" The Carson's bandwidth is the approximate bantimadita frequency (or phase) modulated signal. Gesso
bandwidth rule is expressed by the relatiBn= Z(Af + B) whereAf is the peak frequency deviation, ads

the bandwidth of the modulating signal. In our cdisis easy to demonstrate thBt = 25 f,. Carson's rule does
not apply well when the modulating signal contaliseontinuities, such as a square wave.
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APPENDIX D: CRLB derivation: Change of variables

In the previous section we derived that in the Madatic case the elements of the FIM are
given by:

a ]n,m _ ZEBNR{T ou’ (t,A) du(t,A) dHTau(t,A )au (tA ) d} 0.1)

“ O0A,  OA W 0A,  O0A

for easy of notation, let assume thfat[A A)].

Let’s consider the case in which the vedtois a function of the vectds, composed by the

new set of unknown, non-random parameters that am v estimate. In this case, the FIM
Is given by

] - ZEBNR{T ou' (LA (B))du(tA(B)) CIHTau( tA(B))au (tA B)) d} 0.2

S B, 9B, S eB, B,

Using the derivative chain rule (see Appendix B9,have

ou(tA(B)) _ou(tA(B)) oA . du(tA (B)) aa,

(D.3)

0B, 0A 0B, oA 0B
ou' (tA(B)) _ou (tA(B)) an  2u (tA(B)) oA (0.4
0B, 0A 0B, 0A 0B '

therefore, it is possible to write:

B —[ ™ 0A 0 M 0A 0 " dA 9 y OAD
[J ]n,m—[J ]1’1£ﬁ+[J ]1'26_2]6_%4-[‘] Lza—%£+[g ]2 é(D.S)
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APPENDIX E: CRLB derivation: Chain rule

Suppose we need to derive with respect amd y the functiorz=f(u,v) whereu=h(x,y) and
v=g(x,y). Then for the chain rule:

0z _of 0u+0fav 0z _0f du odfov

=+, o=+ (E.1)
OX dudx 0vox o0y dudy 0voy
For the second derivatives the following relatibotd
2 2 2
a_s 9° f(a j 20 favau E(GJ +Q‘M+a_va_f (E.2)
x> ou*lo dWVAXI X 39 ow%x 0 %o
2 2 2 2
0°z _0°f(adu +20favauafav +Q‘0_u+0_va_f (E.3)
ay’ | ay owvoydy 0V owy o yo
0’z 0%z _0° fouou, 9% f fovou, o f Zu
axay 6)6x a&ayax aﬂ\ﬁy?xauﬁ y (E.4)
L 0°f ovau o*favav, af v '

auavaxay OV 0yo x 0\ R\
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