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Abstract

We consider fitting data by linear and nonlinear models. The specific problems that we aim
at, although they encompass classic formulations, have as common ground the fact that we
attack a special situation: the ill-posed problems.

In the linear case, we consider the total least squares problem. There exist special
methods to approach the so-called nongeneric cases, but we propose extensions for the
more commonly encountered close-to-nongeneric problems.Several methods of introduc-
ing regularization in the context of total least squares areanalyzed. They are based on trun-
cation methods or on penalty optimization. The obtained problems might not have closed
form solutions. We discuss numerical linear algebra and local optimization methods.

Data fitting by nonlinear or nonparametric models is the second subject of the thesis.
We extend the nonlinear regression theory to the case when wehave to deal with supple-
mentary regularization constraints, and to a semiparametric context, where only part of the
model is known and we have to take into account a component with unknown formulation.
We apply the developed theory to the biomedical applicationof quantifying metabolite
concentrations in the human brain from nuclear magnetic resonance spectroscopic signals.
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Notation

Sets of numbers

R the set of real numbers
C the set of complex numbers
N the set of natural numbers{1,2, . . .}

Matrix operations

A⊤ transpose of a matrix
A−1 inverse
A† pseudoinverse
diag(v), v∈ R

n the diagonal matrix diag(v1, . . . ,vn)
TrA trace of the matrixA, ∑aii

⊗ Kronecker productA⊗B := [ai j B]
⊙ element-wise (Hadamard) productA⊙B := [ai j bi j ]

Norms and extreme eigenvalues / singular values

‖x‖ or ‖x‖2, x∈ R
n 2-norm of a vector

√
∑n

i=1x2
i

‖A‖, A∈ R
m×n induced 2-norm min‖x‖=1‖Ax‖

‖A‖F, A∈ R
m×n Frobenius norm

√
Tr(AA⊤)

λmin(A), λmax(A) minimum, maximum eigenvalue of a symmetric matrixA
σmin(A), σmax(A) minimum, maximum singular value of a matrixA

Probability and statistics

E expectation operator
ε ∼ N (µ ,Q) the vectorε is normally distributed with meanµ and covarianceQ

Miscellaneous symbols

L loss function that measures the error between a model and a data set
θ̂ an estimate computed from available data for an unknown model parameterθ
∂F
∂x partial derivative
∇F gradient or Jacobian of a multivariable (vectorial) function F
∇2F Hessian of a multivariable scalar functionF
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Abbreviations

AIC Akaike information criterion
AQSES accurate quantification of short echo-time MRS signals
CV cross validation
EIV errors-in-variables
GCV generalized cross validation
GIC generalized information criterion
GSVD generalized singular value decomposition
GUI graphical user interface
LS least squares
MRS magnetic resonance spectroscopy
NLS nonlinear least squares
NMR nuclear magnetic resonance
QEP quadratic eigenvalue problem
RHS right-hand side
RLS regularized least squares
RTLS regularized total least squares
ScTLS scaled total least squares
SVD singular value decomposition
VARPRO variable projection method
TLS total least squares
TSVD truncated singular value decomposition
TTLS truncated total least squares



Contents

1 Introduction 1
1.1 Estimation problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Estimation in linear problems . . . . . . . . . . . . . . . 2
1.1.2 Estimation in nonlinear problems . . . . . . . . . . . . . 3
1.1.3 When ill-posed problems arise . . . . . . . . . . . . . . . 3

1.2 Regularization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.1 Goals of regularization . . . . . . . . . . . . . . . . . . . 5
1.2.2 General penalty-type regularization . . . . . . . . . . . . 7
1.2.3 Truncation methods . . . . . . . . . . . . . . . . . . . . 8
1.2.4 Deterministic and statistical regularization . . . . .. . . 8
1.2.5 Newer trends in regularization methods . . . . . . . . . . 9

1.3 Model selection techniques . . . . . . . . . . . . . . . . . . . . . . . 10
1.3.1 The discrepancy principle . . . . . . . . . . . . . . . . . 10
1.3.2 The L-curve . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3.3 Cross validation and generalized cross validation . .. . . 12
1.3.4 Information criteria . . . . . . . . . . . . . . . . . . . . 13
1.3.5 Other model selection criteria . . . . . . . . . . . . . . . 14

1.4 Contributions in the thesis . . . . . . . . . . . . . . . . . . . . . . . .15
1.5 Chapter-by-chapter overview . . . . . . . . . . . . . . . . . . . . . .16

I Regularization for linear problems 21

2 Truncation methods for core linear systems 23
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2 Truncation methods for linear ill-posed problems . . . . .. . . . . . . 24

2.2.1 Linear ill-posed problems . . . . . . . . . . . . . . . . . 24
2.2.2 Truncation methods for linear estimation . . . . . . . . . 25

2.3 Core reduction with embedded truncation . . . . . . . . . . . . .. . . 27
2.3.1 The scaled total least squares formulation . . . . . . . . .27
2.3.2 Short description of the core problem withinAx≈ b . . . 29
2.3.3 Extension to multiple right-hand sides and to the nullspace

formulation . . . . . . . . . . . . . . . . . . . . . . . . . 31

xiii



xiv Contents

2.3.4 Computing optimal solutions and corrections from a core
problem . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.4 Implementation and numerical examples . . . . . . . . . . . . . .. . 39
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3 Regularized total least squares 43
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.2 Quadratically constrained problem formulations . . . . .. . . . . . . 44

3.2.1 RTLS method of Golub, Hansen and O’Leary: two pa-
rameters formulation . . . . . . . . . . . . . . . . . . . . 45

3.2.2 RTLS method of Sima, Van Huffel and Golub: iterative
update of the solution vector, using quadratic eigenvalue
problems . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.3 RTLS method of Renaut and Guo: alternating iteration
on a scalar and the solution vector . . . . . . . . . . . . . 52

3.2.4 RTLS method of Beck, Ben-Tal and Teboulle: one scalar
optimization . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Quadratic penalty formulations . . . . . . . . . . . . . . . . . . . .. 55
3.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.4.1 Test problems description . . . . . . . . . . . . . . . . . 56
3.4.2 Comparison between regularization solvers . . . . . . . .57
3.4.3 Comparison with newer RTLS methods . . . . . . . . . . 60
3.4.4 Comparison with optimization solvers . . . . . . . . . . 61
3.4.5 Importance of the starting vector . . . . . . . . . . . . . 62

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Model selection for regularized errors-in-variables systems 65
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2 Loss function for errors-in-variables linear models . .. . . . . . . . . 66

4.2.1 Prediction error vs. generalization error . . . . . . . . .. 66
4.2.2 Model selection based on prediction or generalization error 67
4.2.3 Optimal regularization parameter . . . . . . . . . . . . . 68

4.3 Consistent cross validation . . . . . . . . . . . . . . . . . . . . . . .68
4.3.1 Consistency theorem . . . . . . . . . . . . . . . . . . . . 68
4.3.2 Computational properties . . . . . . . . . . . . . . . . . 72
4.3.3 Numerical illustration of the consistent cross validation . 72

4.4 Methods for choosing truncation levels . . . . . . . . . . . . . .. . . 73
4.5 Methods for choosing the regularization parameter in RTLS . . . . . . 78

4.5.1 Numerical results for RTLS . . . . . . . . . . . . . . . . 81
4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

II Regularization for nonlinear problems 83

5 Nonparametric regression using template splines 85
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85



Contents xv

5.2 Template splines on reproducing kernel Hilbert spaces .. . . . . . . . 86
5.2.1 Reproducing kernel Hilbert spaces . . . . . . . . . . . . 86
5.2.2 Unconstrained smoothing . . . . . . . . . . . . . . . . . 87
5.2.3 Constrained smoothing and template splines . . . . . . . 87

5.3 Computing template splines . . . . . . . . . . . . . . . . . . . . . . . 88
5.3.1 Transformation to a linear least squares problem . . . .. 88
5.3.2 Data driven spline fitting using generalized cross validation 90

5.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.4.1 Smoothing, regression and penalized splines as template

splines . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.4.2 Other applications of template splines . . . . . . . . . . . 94

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6 Regularized semiparametric modeling 97
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.2 Semiparametric model with smoothness constraint . . . . .. . . . . . 98

6.2.1 Model formulation . . . . . . . . . . . . . . . . . . . . . 98
6.2.2 Spline fitting for the nonparametric part . . . . . . . . . . 99
6.2.3 Computationally efficient method using the Levenberg-

Marquardt algorithm . . . . . . . . . . . . . . . . . . . . 100
6.2.4 Efficient computation of function and Jacobian values. . 100
6.2.5 Choice of regularization parameter . . . . . . . . . . . . 101
6.2.6 Efficient computation of the GCV function value . . . . . 105

6.3 Asymptotic properties of semiparametric regression . .. . . . . . . . 106
6.3.1 Asymptotic normality . . . . . . . . . . . . . . . . . . . 106
6.3.2 Asymptotic confidence intervals . . . . . . . . . . . . . . 108

6.4 Discussion on identifiability, redundancy and uniqueness . . . . . . . 110
6.5 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.5.1 Description of simulation examples and results . . . . .. 111
6.5.2 Comparison between classical confidence intervals and

specialized confidence intervals . . . . . . . . . . . . . . 113
6.5.3 Illustration of identifiability problems . . . . . . . . . .. 114

6.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7 MRS data quantification and the AQSES software 117
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.1.1 MRS data quantification with unknown macromolecular
baseline . . . . . . . . . . . . . . . . . . . . . . . . . . 117

7.1.2 Software for MRS quantification . . . . . . . . . . . . . 120
7.2 Mathematical formulation . . . . . . . . . . . . . . . . . . . . . . . . 122

7.2.1 A semiparametric model for MRS signals . . . . . . . . . 122
7.2.2 Using a filter . . . . . . . . . . . . . . . . . . . . . . . . 123

7.3 The software package AQSES . . . . . . . . . . . . . . . . . . . . . . 124
7.3.1 The AQSES GUI framework . . . . . . . . . . . . . . . 124
7.3.2 Implementation details . . . . . . . . . . . . . . . . . . . 125

7.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128



xvi Contents

7.4.1 Simulated signals . . . . . . . . . . . . . . . . . . . . . 128
7.4.2 Results on simulated data . . . . . . . . . . . . . . . . . 129
7.4.3 Experiments with real data . . . . . . . . . . . . . . . . . 131

7.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

8 Constrained variable projection implementation 135
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
8.2 Separable least squares with constraints on nonlinear variables . . . . 137

8.2.1 MRS data model without baseline . . . . . . . . . . . . . 138
8.2.2 MRS data model with baseline . . . . . . . . . . . . . . 140

8.3 Separable least squares with constraints on linear variables . . . . . . 141
8.3.1 Motivation: MRS data quantification with equal phases

and non-negativity constraint for the amplitudes . . . . . 141
8.3.2 MRS data model without baseline . . . . . . . . . . . . . 142
8.3.3 MRS data model with baseline . . . . . . . . . . . . . . 146

8.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . 147
8.4.1 Properties of the pseudo-Jacobian . . . . . . . . . . . . . 147
8.4.2 Improvements of equal phases compared to the non-equal

phases version . . . . . . . . . . . . . . . . . . . . . . . 150
8.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

9 Conclusions and open problems 153
9.1 General conclusions of the thesis . . . . . . . . . . . . . . . . . . .. 153

9.1.1 Regularization for linear problems . . . . . . . . . . . . 153
9.1.2 Regularization for nonlinear problems . . . . . . . . . . 154

9.2 Future work and open problems . . . . . . . . . . . . . . . . . . . . . 154

A More theory on model selection 157
A.1 Derivation of generalized cross validation . . . . . . . . . .. . . . . . 157

A.1.1 From leave-one-out to generalized cross validation .. . . 157
A.1.2 Computation of the influence matrix . . . . . . . . . . . 158

A.2 Derivation of information criteria . . . . . . . . . . . . . . . . .. . . 159

B Fortran implementation of AQSES 163

Bibliography 167



Chapter 1

Introduction

This thesis explores the topic of solving ill-posed problems by using regularization. In the
beginning of the 1900’s, Jacques Hadamard defined a problem as “ill-posed” if the solution
of the problem is not unique, or if it is not a continuous function of the data. He believed
that such problems are abstract formulations and that in nature only “well-posed” problems
arise. In truth, ill-posed problems arise in many practicalsituations. Such problems are
extremely sensitive to noise in the data; that is, small perturbations can lead to very large
changes in the solution.

In this chapter we introduce the estimation problems that will be encountered in the
thesis. They encompass linear and nonlinear regression problems, as well as parametric,
nonparametric or semiparametric models. We discuss and exemplify the situations when
ill-posed problems arise. In Section 1.2 we briefly survey the theory of regularization for
ill-posed problems, while in Section 1.3 we discuss model selection techniques that can be
used in the context of regularization methods.

This chapter ends with an overview of the original contributions and a summary of
the other chapters.

1.1 Estimation problems
We discuss first some classical parametrized model formulations and corresponding esti-
mation techniques that range from linear regression through errors-in-variables regression
to nonlinear regression.

The parameter estimation problems are customarily dividedinto linear and nonlinear
estimation, depending on whether the parameter of interestappears linearly or nonlinearly
into the considered model formulation.

We shall adhere to the classical formulation in which a parametrized model approxi-
mates in a certain sensemeasured outputs. Our general model is written as:

F(x) ≈ y, x∈ R
n, y∈ R

m. (1.1)

1



2 Chapter 1. Introduction

1.1.1 Estimation in linear problems

In linear problems, the parametric model islinear in the parameters, thus it can be expressed
as a matrix-vector product of the typeAx, whereA is anm×n matrix; we shall consider
throughout thatm≥ n.

Linear regression: least squares

The classical least squares (LS) technique approaches the problem of estimatingx in the
systemAx≈ b in the following way:

min
x∈Rn

‖Ax−b‖2.

Statistically, the least squares solutionxLS is themaximum likelihoodsolution in the case
when the data in the matrixA and the vectorb come from atrue model Axtrue = b+ b̃,
whereb̃ is normally distributed with zero mean and covariance matrix Q, and the norm‖·‖
is the weighted Euclidean norm‖ · ‖Q−1 (i.e., ‖v‖2

Q−1 = v⊤Q−1v).

Computationally, the least squares solution admits the closed-form expressionxLS =
A†b, whereA† is the Moore-Penrose pseudoinverse,A† = (A⊤A)−1A. The least squares
solution can also be expressed in terms of the singular valuedecomposition (SVD) [50]
of the matrixA. Numerical methods for computingxLS are ranging from direct methods
(based on SVD or the QR factorization) to iterative methods appropriate for large, sparse
or structured problems [10].

Errors-in-variables: total least squares

The total least squares (TLS) method [49, 132] explicitly allows correction on the matrixA
as well as on the right-hand-sideb. It minimizes the criterion:

min
x∈Rn,∆A∈Rm×n,∆b∈Rm

∥∥[
∆A ∆b

]∥∥2
F subject to(A+∆A)x = (b+∆b) , (1.2)

where the norm‖ · ‖F is the Frobenius norm of a matrix,i.e., the square root of the sum of
squares of all the elements in the matrix.

The solutionxTLS of the TLS problem is the maximum likelihood solution in the
case when the data in the matrixA and the vectorb come from a true model (anerrors-in-
variablesmodel)(A+ Ã)xtrue = b+ b̃, where all elements iñA andb̃ are independent and
identically distributed with zero mean and equal variance.

Efficient and reliable numerical methods to compute the TLS solution were devel-
oped in the literature [49, 132], and they are based on the singular value decomposition.
The TLS problem (1.2) admits unique solution (under the condition that the smallest sin-
gular valueσn+1 of

[
A b

]
is strictly smaller than the smallest singular valueσ ′

n of A) and
the solution has a closed-form expression:xTLS = (A⊤A−σ2

n+1I)−1A⊤b.
As extensions of the TLS problem, we mention that methods aredeveloped for the

problem when only some of the columns of the matrixA are contaminated by noise and
the rest are noise-free [44, 132]. For other noise statistics, there exist specialized weighted
versions of the total least squares problem, for which we refer to [85, Chapter 3] and the
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references therein. An important special class of problemsthat appear in practice involves
structureddata matrices (Toeplitz, Hankel, etc). The structured total least squares problem
has the same formulation as the TLS problem (1.2), with the additional constraint that[
∆A ∆b

]
has the same structure as

[
A b

]
[22, 77, 78].

1.1.2 Estimation in nonlinear problems

When observed variables exhibit nonlinear relations among each other, estimation methods
are provided by the nonlinear regression theory. Nonlinearleast squares, maximum like-
lihood, quasi likelihood, or Bayesian estimation methods are typical techniques that can
be defined as well in a nonlinear setting, similarly to the case of linear regression [111].
However, in nonlinear regression, problems related to identifiability, ill-conditioning, con-
vergence of numerical algorithms, design of confidence intervals, etc., are much harder to
solve than in the linear case.

Under regularity assumptions [111, Chapter 12], nonlinearregression has also de-
sirable (asymptotic) properties. The result in the following paragraph, adapted from [111,
Chapter 1], is related to the nonlinear least squares estimation in the Gaussian noise case:

Givenm observations(t i ,yi) ∈ R
q×R, i = 1,2, . . . ,m, from a nonlinear model with

known functional relationshipF : R
q×R

n → R,

yi = F(t i ,x
⋆)+ εi (i = 1,2, . . . ,m),

whereεi ∼ N (0,σ2) andx⋆ denotes the true value of the unknown parameterx∈ R
n, then

the least squares estimate ofx⋆, i.e., the global minimizer ˆx of

R(x) :=
m

∑
i=1

(yi −F(t i ,x))
2

overx∈ R
n, satisfies:

1. x̂ is a consistent estimate ofx⋆ with x̂− x⋆ ∼ N (0,σ2(A ⊤A )−1) whereA :=[
∂F
∂x (t,x⋆)

]
;

2. s2 := R(x̂)/(m−n) is a consistent estimate of the varianceσ2.

Normality ofε is not required to prove the consistency of ˆx; the zero mean condition
E (ε) = 0 is sufficient. This result gives, thus, the necessary justification of using nonlinear
least squares when fitting nonlinear models – under zero-mean noise assumption.

1.1.3 When ill-posed problems arise

When we formulate the general model (1.1), we implicitly define aninverse problem. The
established terminology is: the evaluation ofF(x) from a givenx is called theforward
problem; computingx back from measuredy is the inverse problem. In ill-posed inverse
problems, there exists a well-definedforward operator, such that, in general, the forward
problem of evaluating the left hand side (F(x)) is well-conditioned, but the mapF is either
noninvertible, or, if the inverse exists, the computation of F−1(y) is very badly conditioned.
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This means that any small perturbation ony implies large changes in the estimated solution
F−1(y).

The particular method used for estimation is not in itself the cause for uncertainties
in the solution: inverse problems have an intrinsic uncertainty that depends crucially on the
forward operator and on the distribution of the possible observational errors.

In the case of linear ill-posed problems, least squares, total least squares or other clas-
sical methods for solving an (overdetermined) linear system Ax≈ b, when the coefficient
matrix A is ill-conditioned, might provide a solution that is physically meaningless for the
given problem. This happens whenA is (nearly) rank-deficient with no significant gap in
the singular values. Typical examples are encountered whenthe system is a discretization
of a continuous ill-posed problem [58].

Examples of linear ill-posed problems

Example 1.1 (First kind integral equation with a smooth kernel) We introduce the lin-
ear ill-posed problems with a classical example: the solution of linear equations (or linear
least squares) that arise from discretizations of integralequations of the first kind [134].
This example gives us the chance to mention the(discrete) Picard condition, a test that ap-
plies to linear ill-posed problems and gives an indication about the existence of acceptable
regularized solutions.

A first kind integral equation in one dimension,
∫ 1

0
K(s, t) f (t)dt = g(s), 0≤ s≤ 1,

gives rise, through discretization, to a (possibly slightly incompatible, due to approxi-
mations during numerical discretization) linear system ofequationsAx≈ b. WhenK is
a smooth kernel, then any rough, even discontinuous, functionf is transformed into a
smoothg. The inverse problem of estimatingf from givenK andg is, therefore, ill-posed.

If K is a square integrable kernel (
∫ 1

0

∫ 1
0 K(s, t)dtds< ∞), then it admits an (infinite)

expansionK(s, t) = ∑∞
i=1 λiφi(s)ψi(t), whereλi are scalars and{φi}i≥1, {ψi}i≥1 are fami-

lies of orthonormal functions. The smoothness of the operator K is related to the decay rate
towards zero of its “singular values”λi . (Clearly, they must converge to zero wheneverK
is square integrable.) If theλi ’s decrease exponentially, the kernel is very smooth and the
estimation problem is severely ill-posed. In the case of a polynomial decay, a moderately
or mildly ill-posed problem is obtained.

The Picard condition says that a square integrablef can be recovered fromK and
g only if ∑∞

i=1(βi/λi)
2 is finite, whereβi denotes the scalar coefficient ofφi when g is

expanded in theφi basis:g(s) = ∑∞
i=1 βiφi(s).

The link between the expansion ofK and the singular value decomposition ofA is
not straightforward (note thatA can be obtained from a variety of discretization schemes).
However, the ill-posedness of the original continuous problem is inherited by its discretized
version. The degree of ill-posedness ofAx≈ b can also be quantified in terms of the decay
rate of the singular values ofA. Moreover, there exists adiscrete Picard conditionsaying
that a reasonable solutionx can be obtained only if the singular values ofA decay slower
than the coefficientsβi , which in this case are the linear combination coefficients whenb is
expanded in the basis of the left singular vectors ofA.
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Example 1.2 (Differentiation, nonsmooth kernels and ill-posed discretizations.)In the
previous example we emphasized that when an integral problem with smooth kernel is ill-
posed, then its discretizations are also ill-posed discrete problems. Now we illustrate the
situation when a problem is well-posed in the continuous domain, but it becomes ill-posed
through a (possibly inappropriate) discretization scheme.

If f : [0,1] → R is a given differentiable function, then the computation ofits deriva-
tive(s) is well-posed. However, iff is only given through a few discrete points on its graph,
then the numerical estimation of its derivative might become an ill-posed problem. Dif-
ferentiation can be seen as an integral equation withnonsmooth kernel. Indeed, the first
derivative functiong = f ′ satisfies a first kind integral equation:

∫ s
0 g(t)dt = f (s)− f (0),

or, equivalently, ∫ 1

0
h(s− t)g(t)dt = f (s)− f (0), (1.3)

whereh is the unit step function. Higher order differential operators can also be expressed
as integral equations with nonsmooth kernels. Discretization of such a kernel might yield
(mildly) ill-posed discrete problems.

Another source of ill-posedness appears inboundary value differential equations, if
they are discretized on inappropriate grids. Equispaced grid points combined with polyno-
mial interpolation yield catastrophically unstable results, while unevenly spaced grid points
that cluster near the boundaries (e.g., Chebyshev points) combined with spectral methods
[126] provide much more accurate tools.

Ill-posed problems in applications

Many application areas give rise to ill-posed problems. Unstructured ill-posed problems
can arise from discretizations of integral or differentialoperators, in applications from med-
ical imaging (electrical impedance tomography, X-ray tomography, optical tomography),
bioelectrical inversion problems (inverse electrocardiography, magnetocardiography, elec-
troencephalography [113]), geophysical applications (seismology, radar or sonar imaging
[24], atmospheric sciences [62], oceanography), and many others. Regularization can be
required for structured problems as well: deconvolution problems in image deblurring [98],
in medical applications (renography) [87] and in signal restoration [138].

1.2 Regularization
1.2.1 Goals of regularization: between stabilization and

meaningful information

Instead of attempting a rigorous definition, we introduceregularizationas any technique
of modifying the original ill-posed estimation problem with the goals ofstabilizing the
solutionand/or obtaining ameaningful solution. We have thus divided the principles of
regularization into two categories.

1. Stabilization. A goal for the modified regularized problem is that it has a unique so-
lution and a much lower sensitivity than the original ill-posed problem. Various clas-
sical regularization methods achieve stabilization by rather simple numerical tricks,
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without special concern about the problem at hand. Among these general purpose
regularization techniques, we mentiontruncation methodsandTikhonov-type meth-
ods.

Truncation is used in combination with a certaindecompositionor expansionof the
original problem; “high frequency” components (i.e., terms that are more oscilla-
tory and prone to numerical instabilities) are cut out of theoriginal problem, in the
hope that the remaining part of the problem is well-conditioned. Various forms of
truncation are often used in,e.g., signal processing, as a method for “denoising.”

Tikhonov regularization adds a penalty term, such as the norm of the x variable.
In this way, a trade-off is obtained between the actual modelfitting (e.g., in the least
squares case, measured by the misfit‖F(x)−y‖2

2), and the variations in the solutionx
(measured by the Euclidean norm‖x‖2 or another (semi)norm‖Lx‖2).

The simple formulation of the Tikhonov regularization problem in the linear least
squares case,

min
x

‖Ax−y‖2
2 +λ‖x‖2

2,

has the closed-form solutionxTik(λ ) =
(
A⊤A+λ I

)−1
A⊤y. The ill-conditioning of

the original least squares formulation, whose solution hasthe closed-form expression

xLS = A†y =
(
A⊤A

)−1
A⊤y, is caused by numerical problems when trying to implic-

itly invert A⊤A. This is avoided in the Tikhonov solution for an appropriately chosen
value ofλ > 0 that yields a well-conditioned matrixA⊤A+λ I .

2. Meaningful solution. Although in many cases reasonable solutions can be obtained
by stabilizing the numerical computations with simple regularization methods, there
are still numerous problems that need (or at least that wouldbenefit from) more
dedicated regularization techniques. These methods can only be designed if there
exist additional pieces of information or a certainprior knowledgecoming from the
physical significance of the solution.

Varah [134] has observed that without prior knowledge we canonly infer whether
the computed solution isreasonableor not by checking the magnitude of the resid-
ual. Any regularized solution that gives a residual of aboutthe same magnitude as a
prescribed “noise level” can be considered a reasonable solution. However, this does
not mean that the regularized solutions are close to the “true solution” (as was shown
in the simulations of [134]).

Some forms of prior knowledge can be expressed in such a way that simple penalties
(e.g., Tikhonov-type) can be helpful enough. Here are some examples:

• If the solutionx should have elements as small as possible, a penalty of the
form ‖x‖2 could be used.

• If x should be a sparse solution vector, the penalty on thel1-norm could be
used:‖x‖1 := ∑i |xi |.

• If the vectorx is actually a discretization of a functionf , and the functionf
should have a certain degree of smoothness, penalties of theform ‖Lx‖2 can
be used, whereL denotes a discretized differential operator;e.g., the first order
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derivative operator is approximated with the matrixL1 =

[−1 1 0
...

...
0 −1 1

]
, the

discrete second-order differential operator isL2 =

[−1 2 −1 0
...

...
...

0 −1 2 −1

]
, and so

on.

1.2.2 General penalty-type regularization

We define a generalpenalty-type regularizationas the optimization problem

min
x

L (F(x),y)+λR(x), (1.4)

whereL is a non-negatively valuedloss functionthat measures the distance between the
datay and the modelF(x), R is a non-negatively valued penalty function that reflects
desirable constraints on the solutionx, and the scalarλ > 0 is the factor that controls the
trade-off between the two objectives.

Depending on the context, the scalarλ is known in the literature as thepenalty pa-
rameter, theregularization parameter, or thesmoothing parameter.

Remark 1 The penalized problem (1.4) can be seen as a particular scalarization of the
double objective (Pareto) minimization minx(L (F(x),y),R(x)) [13, §6.3.1]. An arbitrary
choice ofλ in (1.4) gives a Pareto optimal solution for the bi-criterion optimization. In
fact, by varyingλ over(0,∞), all Pareto-optimal solutions are obtained.

When more than one restriction needs to be imposed onx, several regularization
parameters will be needed as well; the total penalty term will have the form∑p

k=1 λkRk(x).

Tikhonov regularization for regularized least squares

The most commonly used regularization method for regularized least squares is due to
Tikhonov [123, 124]. It amounts to solving the problem:

min
x

‖Ax−b‖2
2 +λ‖Lx‖2

2, (1.5)

whereλ > 0 is a fixed, properly chosen regularization parameter that controls the allowed
“size” of the solution vectorx, andL is a matrix that defines a (semi)norm on the solution
through which the “size” is measured.

Consider the singular value decomposition of the coefficient matrixA: A=U ′Σ′V ′⊤ =

∑r
i=1 σ ′

i u
′
iv
′
i
⊤ (r = rank(A)). Then, the (unstable) least squares solution is given by

xLS =
r

∑
i=1

u′i
⊤b

σ ′
i

v′i . (1.6)

Tikhonov regularization in the form (1.5) withL = In (calledstandard form) provides a
solution

xTik(λ ) =
r

∑
i=1

σ ′
i
2

σ ′
i
2 +λ

u′i
⊤b

σ ′
i

v′i . (1.7)
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Remark 2 Formula (1.7) illustrates a more general characteristic ofregularized solutions;
many regularization methods compute solutions of the form:

xFF =
r

∑
i=1

fi
u′i

⊤b
σ ′

i
v′i , (1.8)

where the filter factorsfi (0≤ fi ≤ 1) are meant to “filter out” the contribution of the noise.

For Tikhonov regularization, these factors are computed asfi(λ ) =
σ ′

i
2

σ ′
i
2+λ

. See [15] for a

regularization method based on a filter function of Gaussiantype.

1.2.3 Truncation methods

Truncation methods are applicable in the case when anexpansionof the solution, or at least
of the forward operator, is computable. Components corresponding to unwanted subspaces
are then completely ignored when computing a solution to a truncated problem.

In linear problems, truncation methods (truncated SVD, truncated generalized SVD,
truncated TLS, [33, 57]) involve computing the SVD of a certain matrix and using only
the information corresponding to several of the largest singular values. For instance, the
truncated SVD solution is obtained taking the sum of the firstk < r terms in (1.6). This
corresponds to setting filter factors in (1.8) to either 0 or 1, depending on whether their
indices are larger or smaller thank, respectively.

Similarly, the truncated total least squares (TTLS) solution is computed as the or-
dinary TLS solution [132], but a lower valuek is used instead of the numerical rankr of[
A b

]
. Experiments in [33] show that in some cases TTLS outperforms other regulariza-

tion methods such as Tikhonov regularization, truncated SVD or the LSQR method [93].
Note that the truncation levelk is not obvious when dealing with a discrete ill-posed

problem, because the singular values decay smoothly towards zero;k can be considered as
the unknown regularization parameter.

1.2.4 Deterministic and statistical regularization

Deterministic regularization methods refer to the methods that are designed form a nu-
merical algebra point of view, without explicit underlyingstatistics. The main streams
of methods can, however, be recognised as appearing in both deterministic and statistical
settings.

To give a flavour of the deterministic regularization methods’ extent, we remind here
the different points of view that can be linked to regularization in the linear problems case.

• One role of regularization is numerical stabilization. In the example of “standard
form” Tikhonov regularization, this amounts to solving thebetter conditioned reg-
ularized system

(
A⊤A+λ I

)
x = A⊤b, instead of the original ill-conditioned normal

system of equationsA⊤Ax= A⊤b.

• A second role of regularization is to filter out the components corresponding to small
singular values. Many regularization techniques for linear ill-posed problems can be
written in the form of an expansion where filter factors are present.
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• The third interpretation of penalty-type regularization is related to multi-objective
optimization.

Statistical interpretations of regularization include:

• On one hand, the use of appropriate probability distributions models for the possible
disturbance components (measurement noise);

• On the other hand, imposing appropriate prior constraints on the unknown variables.

In statistics, shrinkage estimators for linear regression(James-Stein type [66]) were de-
signed in order to obtain a better mean square error than the ordinary linear regression.
In fact, the shrinkage estimators are related to Tikhonov regularization in standard form,
where a prescribed value ofλ depending on the (assumed known) error variance is used:

λ =
(n−2)σ2

‖xLS‖2
2

.

Another term with statistical connotations isBayesian regularization. The Bayesian
technique of maximuma posteriori(MAP) estimation can be seen, in the linear regression
case, as a Tikhonov regularization method, as well. As a simple example, assume that one
has a prior distribution for the regression vectorx from the modelAx≈ b: x∼ N (µ ,C).
Then, under the extra assumption that the noise onb is white Gaussian, the MAP estimate
of x is: x̂ = (A⊤A+C−1)−1(A⊤b+C−1µ). Note that the inverse of the covariance matrix
takes the role of a regularization matrix. (WhenC = ∞, we get the least squares solution; it
corresponds to the case when no prior aboutx is imposed.)

Applying Bayes rule to optimize regularization parametersis studied in [81]. Bayesian
regularization is also coined in the neural networks literature [34] as a method for nonlinear
regression, solved iteratively with a Levenberg-Marquardt [90] type of algorithm. The idea
is that the Levenberg-Marquardt regularization parameterthat is used in every iteration to
solve a Gauss-Newton system is optimized by examining a posterior distribution, as in [81].

Bayesian regularization seems a powerful tool in what concerns theinference, from
given data, of optimal (i.e., most probable) parameter values of a model, and then ranking
the models within a family of models, based on data.

An even more challenging task to undertake is the choice of the regularization models
themselves. Recently, supervised learning was employed for regularization problems [54].
The paper [54] focuses on nonlinear inverse problems, solved with penalty regularization.
The choice of a specific penalty is performed through an optimization problem involving a
training data set.

1.2.5 Newer trends in regularization methods

Classical methods of regularization involve least squaresproblems and Euclidean norm
penalties. Over the years, various problem formulations arose, modifying these elements
in order to cope with different goals for the solution.

Specifically, the Euclidean norm in the penalty is replaced by the 1-norm in the
method called thelasso[122]; in the case of linear ill-posed problems, the lasso becomes:

min
x

‖Ax−b‖2
2 +λ‖x‖1,
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and its merits are that asparsesolution (anx with many zero elements) is favored.
More general formulations have been analyzed. Consider, for instance, the problem

treated (from theoretical and computational points of view) in [20]:

min
x

‖Ax−b‖p +λ‖x‖s
s,

wherep ands can have any value≥ 1. General norms‖Ax−b‖p (with p < 2) are useful
when robustness against outliers in the data is an issue.

Unlike regularization methods that are used forsmoothingin, e.g., curve fitting, the
field of image processinggave rise to regularization techniques that take into account the
idea that they must not smoothen some rough features that areimportant in the image.
In this category, we mention the work in [17] aimed at preserving edges in images: this
constraint can be imposed by using special nonquadratic penalty functions.

Another popular method in image denoising/deblurring is total variation (TV) reg-
ularization, originating in [104]. This technique was developed for continuous ill-posed
problems, defined by partial differential equations. The TVfunction is defined as:

TV( f ) =

∫

Ω
|∇ f (t)|dt,

and its goal, as a penalty function, is to measure an overall variation in the derivatives of
(the image)f , allowing, however, discontinuities.

1.3 Model selection techniques
In this section, we discuss a few aspects related to the field of model selection, since model
selection techniques will help us tackling the appropriatesolutions of the studied ill-posed
problems.

We saw in §1.2.4 that regularization can be viewed in deterministic settings as meth-
ods for getting rid of ill-conditioning or for adding constraints through penalties. However,
solid theoretical techniques for model selection that can be used in regularization for choos-
ing the trade-off between model fitting and stability of solution (via penalties or truncation),
are intrinsicallystatistic in nature. Model selection is a very delicate task, because most of
the time model selection is combined with estimation of model parameters from the same
available data. The aim is to establish reasonable trade-offs between goodness-of-fit and
complexity of the model, and between bias and variance.

Statistical model selection methods are often imported in problems with unknown
statistical assumptions, but their optimality is no longerguaranteed. Other methods for
deterministic regularization are based on heuristic ideas.

1.3.1 The discrepancy principle

Thediscrepancy principle [91] is a method that selects from a family of possible models
a model giving a residual that best corresponds to certainknownstatistical properties of
the noise. The simplest case is the linear model with white Gaussian measurement noise.
Thus, if Ax≈ b originates from a systemAxexact= bexact, with b = bexact+ ε, whereε is
white noise with known varianceσ2, andxreg

1 , . . . ,xreg
q are candidate regularized solutions,
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Figure 1.1. A typical example of an L-curve for a linear ill-posed problem. The norm
of the regularized solution‖xTik(λ )‖2 is plotted against the norm of the residual error∥∥AxTik(λ )−b

∥∥
2 in log-log scale. The optimal regularization parameter is the λ corre-

sponding to thecornerof the L-curve.

then the discrepancy principle chooses a solution that gives a residual error that minimizes
the quantity:

∣∣‖Axreg
i −b‖2

2−mσ2
∣∣ .

1.3.2 The L-curve

TheL-Curve is a criterion developed for Tikhonov regularization of linear ill-posed prob-
lems [56, 60, 58], but suited for other penalty-type regularization methods, as well. It
chooses a good trade-off between minimizing the residual norm (i.e., ‖AxTik(λ )−b‖2

2 in
the linear case) and minimizing the value of the penalty (i.e., the (semi)norm of the solution
for Tikhonov regularization‖LxTik(λ )‖2

2). These two quantities are computed for a range of
possible regularized models (corresponding to several values ofλ ) and then plotted against
each other in log-log scale. In many cases, the typical L-shaped plot, as shown in Figure 1.1
for a linear ill-posed system and the Tikhonov method, is obtained. The model (i.e., theλ )
corresponding to thecornerof the obtained L-curve is chosen as optimum.

This intuitive strategy can be transformed into a minimization problem by using Re-
ginska’s modification [102] that rotates the L-curve, such that locating the corner becomes
minimizing a function. Another strategy used by Hansen [60]is the maximum curvature
criterion. The curvature of the L-curve has a certain computable formula; the corner of the
L-curve corresponds to the point of maximum curvature. These methods are developed for
Tikhonov regularization (where, in particular, the regularization parameter is continuous),
but they can be easily adapted to the choice of a discrete truncation levelk.
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1.3.3 Cross validation and generalized cross validation

Another family of methods widely used in model selection involves cross validation tech-
niques. Cross validation, in its various forms, ranges fromparameter selection to probabil-
ity density estimation, from classification to stopping criteria in training neural networks.
These techniques can also be used in the context of choosing agood regularized model from
a set of competing models (in particular, selecting the value of a regularization parameter
or a truncation level).

Cross validation relies on repeatedly splitting the available data into estimation and
validation parts, computing several models based on the estimation parts, and picking the
model that minimizes a certain criterion applied on the validation parts.

In a simplified framework, let{D1, . . . ,Dm} denote given data that comes from an
unknown modelM true, which is parameterized by an unknown parameterθ true. Let {I1,
I2, . . .,Ic} be a partition of the set of indices{1,2, . . . ,m}. For a fixed parameterθ and
each setI j , a “partial” modelM−I j (θ) can be estimated using only a subset of data from
{D1, . . . ,Dm}, which excludes data with indices inI j . Then the performance of the partial
model is estimated under a certain error functionL , and the cross validation function is
defined as

CV(θ) :=
1
c

c

∑
j=1

L (M−I j (θ),DI j ). (1.9)

The non-negatively valued functionL must measure the error of assuming that the par-
tial modelM−I j (θ) describes also the samplesDI j (which are not used in the process of
constructingM−I j (θ)).

Remark 3 (on notation) Intentionally we use the notationL for the error measure as
for the loss function defined in (1.4). We use it whenever we want to designate a (non-
specified) error measure between a (parametrized) model anda data set.

The value ofθ that minimizesCV is selected as the cross validation parameter and it is
used to construct the cross validated modelM (θ).

Example 1.3 (Cross validation for regularized least squares) In Tikhonov-type regular-
ized least squares (see (1.5)), the regularized solution with regularization parameterλ is
xTik(λ ) = (A⊤A+ λL⊤L)−1A⊤b. Using the formalism introduced before, theDi variables
are the rows

[
Ai bi

]
of the data matrix

[
A b

]
and the modelM (λ ) is parameterized by

the solutionxTik(λ ). Similarly, the partial modelsM−I j (λ ) are one-to-one with the partial
solutionsx−I j (λ ) = (A⊤

−I j
A−I j + λL⊤L)−1A⊤

−I j
b−I j . (Here,AI j , bI j denote the rows ofA,

elements ofb, respectively, with indices inI j , andA−I j , b−I j denote the rows ofA, elements
of b, respectively, with indices in{1,2, . . . ,m}\I j .) The error function is the quadratic loss
function

L (x,
[
AI j bI j

]
) = ‖AI j x−bI j‖2

2, (1.10)

and the classical cross validation function for regularized least squares is:

CVRLS(λ ) =
1
c

c

∑
j=1

‖AI j x−I j (λ )−bI j‖2
2. (1.11)
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Remark 4 (Leave-one-out and generalized cross validation)The cross validation func-
tion (1.11) can be simplified in theleave-one-outcase to

CVRLS(λ ) =
1
m

∥∥diag{(1−Aii (λ ))−1}m
i=1 (I −A(λ ))b

∥∥2
2 , (1.12)

where the matrixA(λ ) := A(A⊤A+λL⊤L)−1A⊤ satisfiesAxTik(λ ) = A(λ )b.
This equivalent formulation is the core of defining the generalized cross validation

(GCV) criterion [43] as a weighted modification of (1.12), which is invariant under rota-
tions of the coordinate system (i.e., orthogonal transformations ofA):

GCVRLS(λ ) =
1
m‖(I −A(λ ))b‖2

2[
1
mTr(I −A(λ ))

]2 .

Remark 5 (The influence matrix and the effective number of parameters) The matrix
A(λ ) defined asA(A⊤A+ λL⊤L)−1A⊤ for Tikhonov regularized least squares bears the
name ofinfluence matrix(or, depending on the context,smoother matrix, hat matrix).
The influence matrix (or influence function, in nonlinear models) can be defined for other
more general regularization methods, and it is an importantconcept in model selection
techniques. In short, an influence matrix/functionA(λ ) is a transformation that projects
observed data into datapredictedby a regularized model with regularization parameterλ .

The trace of the influence matrix is an important quantity in several model selection
methods; it bears the name of theeffective number of parameters. We shall denote it with
peff.

We refer to Appendix A.1 for the proof that the cross validation function simplifies
to a formulation of the type (1.12) and for a complete derivation of GCV, in a general
nonlinear setting.

1.3.4 Information criteria

In this category, the model selection methods are heavily based on statistical frameworks.
Selecting between competing models is interpreted as choosing between probabilistic dis-
tributions that can approximately explain given data. Statistical measures, such as the
Kullback-Leibler distance between a “true” probability distribution and an arbitrary prob-
ability distribution, are of central importance. Information criteria aim at quantifying the
loss of information that occurs when an approximate model isused instead of the unknown
truth.

In a general form, an information criterion is the minimization of

GIC(M ,D) = L (M ,D)+B(M ,D)

where the loss functionL is (in classical information criteria) the negative log likelihood
of the data using the modelM , when the model parameters are replaced by their maximum
likelihood estimates (over the available dataD). The second term represents a bias estimate
that should correct for the fact that anaveragedmaximized log-likelihood is used instead
of theexpectedmaximized log-likelihood.
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The first crude asymptotic approximation was found by Akaike[1]: bias = number of
model parameters. In the bias, a term involving also the dimensions of the data sample is
included in the Bayesian information criterion of Schwarz [110]: bias = (number of model
parameters)× logm. Finally, in quite general circumstances, the bias formulainvolves the
number of effective parameters peff instead of the number of model parametersp (which
equals the dimension of the parameter vectorθ , describing each model).

We show here a common formula of an information criterion, simplified for the linear
regression case when the loss function becomes the residualsum of squares, and for the
case when the model choice lies in the choice of a regularization parameter.

Example 1.4 (Information criterion for regularized least squares) Consider an ill posed
regression problemAx= b+ε, whereε ∼N (0,σ2I) with unknown varianceσ2. Assume
that a method ‘reg’ of regularization that depends on a regularization parameterλ is used,
and that this method can be seen as aprojection: breg(λ ) := Axreg(λ ) = A(λ )b. (For the
standard Tikhonov regularization,A(λ ) = A(A⊤A+λ I)−1A⊤.) Then the negative log like-
lihood function becomes

L (xreg(λ );A,b) = − log
m

∏
i=1

(
1

σ̂
√

2π
exp

(
− (Axreg(λ )−b)2

i

2σ̂2

))

=
m
2

log2πσ̂2 +
‖Axreg(λ )−b‖2

2σ̂2 ,

which simplifies, when̂σ2 is the maximum likelihood estimate‖Axreg(λ )−b‖2/m, to

L (xreg(λ );A,b) =
m
2

log
2π
m

+
m
2

log‖Axreg(λ )−b‖2 +
m
2

.

On the other hand, the bias correction term becomes (cf. Appendix A.2)

B(λ ;A,b) = peff(λ ) = TrA(λ ).

Putting things together and ignoring the terms that do not depend onλ , we get the following
generalized Akaike information criterion function for linear regression:

GIC(λ ) = mlog‖Axreg(λ )−b‖+TrA(λ ).

We point to Appendix A.2 for the derivation details of several information criteria, in
a general model selection setting.

1.3.5 Other model selection criteria

Finally, we shortly enumerate other model selection criteria that can be used in the context
of choosing a regularized model (i.e., a regularization parameter).

Mallows’ Cp [82, 83] is a statistic similar to AIC and GCV, which chooses atrade-
off between the model’s fit and the number of model parameters. It can be considered as
a bias-corrected information criterion for the white Gaussian noise case (with varianceσ2)
with a correctly specified model:

minCp =
L (M ;D)

σ2 −m+2p,
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wherem is the number of data samples andp is the number of parameters describing the
modelM . (p can be replaced by the effective number of parameterspeff when needed.)

Generalized maximum likelihood(GML) criterion is another related method, which
has a better explanation in a probabilistic (Bayesian) setting. Suppose that we aim at se-
lecting a single regularization parameterλ of a regularization method that is characterized
by an influence matrixA(λ ). This means that the datay is linked to the regularized pre-
dictedŷλ by ŷλ = A(λ )y. In the assumption thaty is a noisy version of anyexactsatisfying
y∼N(yexact,σ2I), the maximum likelihood estimate ofλ is found by minimizing the GML
function [136]

GML(λ ) =
y⊤(I −A(λ ))y

det+(I −A(λ ))
1
r

,

where det+ denotes the product of positive eigenvalues of a matrix, andr is the rank of
I −A(λ ).

A recent comparative study ofCp and GML is presented in [27], where emphasis is
put on the finite-sample nonasymptotic behavior of the two methods for smoothing scatter
data problems.

1.4 Contributions in the thesis
In thefirst part of the thesis (Chapters 2–4), we study regularization methods in the context
of the total least squares problem formulation. Truncationand penalty-type methods are
discussed, and model selection techniques are adapted to the regularized errors-in-variables
regression.

The contributions on these topics are:

1. recasting the truncated total least squares problem as a truncatedcore problem, where
the term of “core problem,” originating in [95], refers to a reduced, but essential part
of a linear system, which can be computed from the SVD or another orthogonal
decomposition, such as bidiagonalization;

2. extensions of the core problem concept and of the computational techniques to mul-
tiple right-hand sides problems;

3. complete survey of the regularized total least squares problem, with special focus
on numerical optimization methods; an original method based on solving iteratively
quadratic eigenvalue problems is explained into detail, but more recently published
algorithms for the regularized total least squares problemare also presented;

4. development of a consistent cross validation methodology for ill-posed errors-in-
variables models;

5. analysis of methods for choosing the truncation level in the truncated total least
squares framework and choosing the regularization parameter in the regularized total
least squares problem, by adapting several classical methods for model selection.

Thesecond partof the thesis is devoted to modeling data that is intrinsically nonlin-
ear. We explore nonparametric and semiparametric modeling, as well as related optimiza-
tion methods from the nonlinear least squares family. In this field, ill-posedness appears
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in the form of having to decide a trade-off between a good fit ofthe data and some model
requirements, such as parsimony or (in the case of curve fitting) smoothness. A biomedical
application, namely thequantification of metabolite concentrations from short echo-time
in vivo nuclear magnetic resonance spectroscopy (MRS) signals, is described. This ap-
plication has been the motivation for the theory developed in the whole second part of
the thesis, since it gave rise to an interesting model formulation, as well as to challenging
implementation situations.

Below, we list some of the contributions within this part.

6. Theoretical formulation of a generaltemplatespline family that encompasses clas-
sical spline families, such as smoothing splines, regression splines and penalized
splines;

7. statistical and computational analysis of a semiparametric modeling problem, where
the parametric part of the model is a given nonlinear function and the additive non-
parametric part is modeled with template (or penalized) splines;

8. outline of an algorithm for regularized semiparametric regression, incorporating a
generalized cross validation choice of the regularizationparameter that controls the
importance of the nonparametric part;

9. application of the semiparametric modeling theory to themetabolite quantification
problem;

10. implementation of the AQSES1 software package for the metabolite quantification
problem and presentation of results with AQSES on simulations and real data;

11. a theoretical analysis of constrained variable projection optimization for separable
nonlinear least squares, with particular emphasis on the model formulation and the
specific inequality bound constraints appearing in the AQSES implementation.

1.5 Chapter-by-chapter overview
Chapter 2

We study truncation methods for the regularization of linear discrete ill-posed problems.
Among the linear models that are typically obtained in discrete ill-posed problems, we
focus on the following: the classical regression modelAexactx ≈ bnoisy and the errors-
in-variables modelAnoisyx ≈ bnoisy; their multiple right-hand sides (RHS) counterparts
AexactX ≈ Bnoisy andAnoisyX ≈ Bnoisy; the nullspace representationCnoisyY ≈ 0. Truncation
is one of the simplest amongst the methods of regularizationthat can be used for approx-
imating discrete ill-posed problems [58]. However, a better understanding of truncation
methods (such as truncated singular value decomposition (TSVD) and truncated total least
squares (TTLS)) is possible in view of the recent results oncore problemsof linear sys-
tems [95]. The core reduction of an incompatible linear system is a tool that is able to avoid

1AQSES stands for “accuratequantification ofshort echo-time MRSsignals.” It is a method implemented as
a FORTRAN 77 module of the AQSES GUI software package developed within BioMed at ESAT, K.U. Leuven.
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nonunique and nongeneric solutions of the total least squares problem (and variations). We
propose the use oftruncated core problemsin order to avoid close-to-nongenericity in ill-
posed linear approximation problems.

We deviate for a while from the regularization path with the goal of generalizing the
core problem formulations to multidimensional (i.e., multiple right-hand sides) problems.
In the single right-hand side case, a core matrix has the size(p+ 1)× p, wherep is the
number of distinct singular values of the matrixA corresponding to left singular subspaces
that are not orthogonal to the right-hand side vector; the core matrix has as singular values
a subset of the distinct nonzero singular values ofA. In the multiple right-hand sides case
(with, say,d right-hand sides), the core matrix has size(p+ d)× p, and exhibits similar
properties. The core subproblem does not suffer from nonuniqueness or nongenericity
issues.

For the single right-hand side case, practical computationof a core problem can be
done with (direct or Lanczos) bidiagonalization; for multiple right-hand sides, we give a
detailedband Lanczosdiagonalization method.

Finally, we discuss the computation of solutions for the original approximation prob-
lem, using the truncated core problem, and we present a Matlab software package for com-
puting core reductions, while monitoring a truncation level.

Chapter 3

We investigate penalty regularization in the context of thetotal least squares problem. We
focus on two formulations: one is a quadratically constrained total least squares problem,
and the second is a quadratically penalized total least squares problem. We refer to them as
regularized total least squares (RTLS). As opposed to the classical regularization methods
in the least squares context, the formulations for RTLS do not have closed-form solutions.
Therefore, iterative optimization methods are needed to tackle them. Several computational
approaches for solving RTLS are surveyed. We start with the original RTLS algorithm of
Golub, Hansen and O’Leary [42], we continue with our own iterative quadratic eigenvalue
problem solver [117], which we analyze in more detail. Then,we give an overview of more
recent algorithms from the literature.

Chapter 4

We focus on techniques for regularization parameter selection for ill-posed problems in the
context of linear errors-in-variables models. There is an important difference between reg-
ularization for ordinary linear regression models and linear errors-in-variables models. For
the former, a valid error measure is theprediction error, i.e., the residual norm between the
vector of given noisy regression outputsbnoisy and its predicted counterpart, given a cer-
tain regularization scheme,breg. For errors-in-variables models, this error measure is not
appropriate, because theA data matrix is also noisy, and it iscorrectedby the regularized
regression method. Therefore, ageneralization erroris defined to take into account correc-
tions on bothA andb. This generalization error measure can then be used in various model
selection techniques and for various regularization methods (truncation, penalty-based) for
ill-posed errors-in-variables models.



18 Chapter 1. Introduction

Chapter 5

We begin by studying the role of regularization in the context of curve fitting of nonlin-
ear data, with the problem of nonparametric modeling. In this context, regularization is
generally synonym tosmoothing. A common frame oftemplate splinesthat unifies the
definitions of various spline families, such as smoothing splines, regression splines or pe-
nalized splines, is introduced. This extension allows an easy incorporation of additional
constraints apart from smoothness, such as symmetries, monotonicity, convexity, which is
generally not possible in the context of classical spline families.

The nonlinear nonparametric regression problem that defines the template splines can
be reduced, for a large class of Hilbert spaces, to a parameterized regularized linear least
squares problem, which leads to an important computationaladvantage.

Good statistical properties that hold for smoothing splines, such as the optimality of
model selection via generalized cross validation, still hold for the template spline extension.

Chapter 6

In this chapter, we formulate and solve a semiparametric fitting problem with regularization
constraints. The model that we focus on is composed of a parametric nonlinear part and
a nonparametric part that can be reconstructed using template splines. Regularization is
employed in order to impose additional properties, such as acertain degree of smoothness,
on the nonparametric part.

Semiparametric regression is presented in this chapter as ageneralization of nonlin-
ear regression, and all important differences that arise from the statistical and computa-
tional points of view are highlighted. As in nonlinear regression, we can infer asymptotic
properties of the semiparametric regression estimates. Under Gaussian noise assumption,
normality of the estimates is recovered; however, because of the regularization term, the
computed parameters will be biased from the “true” values. We develop detailed bias and
covariance formulas, which allow derivation of other statistically relevant information, such
as confidence intervals.

We give an algorithmic outline of regularized semiparametric regression, with em-
phasis on efficient computation. One of the main issues in this context is the choice of the
regularization parameterthat controls the trade-off between nonlinear misfit minimization
and effective regularization. We propose an automated iterative selection method that is
based on the classical generalized cross validation criterion. The method is data-driven and
does not need prior estimates for the noise statistics.

Chapter 7

In this chapter, we pursue the problem of quantifying metabolite concentrations from short
echo-timein vivo magnetic resonance spectroscopic (MRS) measurements. Thegoal of
this application is to compute the parameters of a certain model function, which give in-
formation about the concentrations of chemical substancesin a region of the brain. Along
with the contributions of the most relevant metabolites in the brain, the MRS signal also
contains amacromolecular baseline– for which no model function is available – that must
be taken into account in automated quantification methods. For this reason, the semipara-
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metric modeling framework developed in Chapter 6 is employed.
We discuss some general background on the MRS quantificationproblem, we in-

troduce its mathematical formulation, and then we devote some pages on describing its
software implementation in the AQSES module, and the results obtained using this soft-
ware.

Chapter 8

More computational aspects of the AQSES implementation andcomparisons between sev-
eral of its variants are included in this last chapter.

One important optimization tool implemented in the AQSES software is a special-
ized variable projection (VARPRO) algorithm for solving separable nonlinear least squares
problems. The standard VARPRO implementation (described in [47, 48]) is designed for
unconstrained separable nonlinear least squares. The VARPRO implementation in AQSES
differs from the standard VARPRO because it allows imposingsome constraints on the
nonlinear, as well as on the linear model parameters. If onlythe nonlinear variables are
subject to constraints, then the Gauss-Newton or Levenberg-Marquardt minimization algo-
rithm on which VARPRO is classically based should be replaced with a version that can
incorporate those constraints. If some of the linear variables are also constrained, then they
cannot be projected out in closed-form expression as for theclassical VARPRO technique.
We show how quadratic programming problems can be solved instead, and we provide de-
tails on efficient function and approximate Jacobian evaluations for the inequality bound
constrained VARPRO method.

In terms of the AQSES method, we present two versions: one uses a VARPRO al-
gorithm with lower and upper bounds on the nonlinear variables of the MRS parametric
model part, and the second has extra nonnegativity constraints on some of the linear pa-
rameters. These two versions have a physical motivation in terms of the metabolite signals:
they correspond to, on one hand, havingnon-equal phasesfor all metabolite signals in the
MRS model, and, on the other hand, imposingequal phasesfor all the metabolites.
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Chapter 2

Truncation methods for
core linear systems

In this chapter, we study one of the simplest types of regularization methods that can be
applied to linear discrete ill-posed problems: the truncation methods. These techniques
are based on SVD-type expansions of the linear system’s solution, and can be applied to a
range of estimation methods belonging to the least squares and total least squares families.

Our study views truncation methods as reductions to some essential information
about the system; from this perspective, we link truncationto the concept ofcore prob-
lemsin linear algebraic systems. The chapter also includes extensions of the core reduction
to linear approximation problems with multiple right-handsides.

2.1 Introduction
As discussed in the introduction, ill-posed problems are problems where the solution does
not depend continuously on the input data, where arbitrarily small perturbations in the input
data produce arbitrarily large changes in the solution. Among the linear models that are
typically obtained from,e.g., discretizations and approximations of integral or differential
models, we shall focus on the following:

• the classical regression modelAexactx≈ bnoisy and the errors-in-variables model
Anoisyx≈ bnoisy;

• their multiple right-hand sides (RHS) counterpartsAexactX ≈ Bnoisy and
AnoisyX ≈ Bnoisy;

• the nullspace representationCnoisyY ≈ 0.

The considered systems will be square or overdetermined. (We exclude the underdeter-
mined systems because in that case extra information would be needed in order to discrim-
inate a useful solution within the infinite set of possible solutions).

Extensive characterizations of discrete ill-posed problems of the typeAx≈ b exist
in the literature (see the book [58] and the references therein). It is known, for instance,
that the properties of such a system can be understood from the singular value decom-
position ofA. In an ill-posed system, there is no clear gap in the decay of the singular

23
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values ofA. This makes it difficult to decide the best value that can be used as numerical
rank. Moreover, it usually happens that the singular vectors corresponding to smaller and
smaller singular values have increasing complexity (meaning that they contain more and
more features, oscillations). If the least squares or totalleast squares solution ofAx≈ b is
computed, then these oscillations are emphasized in the solution by the noise in the data or
by the effects of working in finite precision arithmetic.

Among the numerous methods of regularization that can be used for approaching
discrete ill-posed problems, we revisit in this chapter oneof the simplest: truncation. The
aims of our study encompass:

• a better understanding of truncation methods (such as truncated singular value de-
composition (TSVD) and truncated total least squares (TTLS)) in view of the recent
results oncorereductions of linear systems [95];

• extensions to multidimensional problems;

• analysis of methods for choosing the truncation level, by adapting several classical
methods for model selection.

2.2 Truncation methods for linear ill-posed problems
2.2.1 Linear ill-posed problems

We illustrate with an example the fact that it is not advisable to use any of the classical esti-
mation methods (least squares, total least squares) directly on an ill-posed linear problem.

Example 2.1 A matrix A0 and a vectorb0 with real valued elements and dimensions
m = 200, n = 30, are simulated using the exampleilaplace from the Regularization
Tools [57]. This example that originally comes from [134] constructsA0 as a discretization
of the inverse Laplace transform, using Gauss-Laguerre quadrature for the discretization of
the inverse Laplace integral operator. In [134] and in Hansen’s toolbox [57], the sampling
points where the integral equation is evaluated were as manyas the quadrature points, thus
yielding a square discretized system. We slightly modify this setting in order to construct
rectangular systems, by allowing more sampling points thanquadrature points.

Figure 2.1 shows the singular values of
[
b0 A0

]
, as they decay without noticeable

gap towards machine-precision zero.
In this simulation,A0x≈ b0 has a certain exact solution vectorx0, satisfying the equa-

tion A0x0 = b0. We construct an incompatible noisy exampleAx≈ b, by adding Gaussian
white noise with a standard deviation of 1e-5 to all elementsof A0 andb0. For comparison,
Figure 2.2 shows also the decaying singular values of the noisy

[
b A

]
, and it is notice-

able that the smallest singular values stagnate at a certainlevel, determined by the standard
deviation of the added noise.

The conditioning of the matrixA (about 2e+5) is much better than that ofA0 (about
3e+17), but this is a misleading improvement. In fact, the added noise has a disastrous
effect on the problem of estimatingx using,e.g., the TLS method.

Figure 2.3 shows the true solutionx0 together with the TLS solution computed from
the data

[
b A

]
.
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Figure 2.1. Singular values of[b0 A0] decaying without gap towards zero, where the data
[b0 A0] comes from a discrete ill-posed problem.
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Figure 2.2. Singular values of[b0 A0] together with the singular values of the noisy data
[b A].

2.2.2 Truncation methods for linear estimation

Truncation methods are an effective way of eliminating unwanted subspaces (such as the
noise subspace) from given data sets, using the singular value decomposition [50] or other
factorizations. For instance, if for a certain applicationthe noise level isa priori known,
then it is reasonable to eliminate all information that is below the noise level. It may happen
that useful information from the problem is also embedded inthat noise; this is an intuitive
explanation whytruncation methodsmight be too drastic, and thus they are not always
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Figure 2.3. The true solution x0 is chosen to be the discretization of a smooth function.
However, the TLS solution x computed from the noisy data[b A] is influenced by the noise
and it is far from being a reasonable approximation of the underlying true solution x0.

the most appropriate methods for some problem settings. Therich theory and practice
of regularization has much more examples of techniques thatare better suited for various
situations.

Algorithms 2.1 and 2.2 outline the simple procedures of truncation in the LS and,
respectively, TLS settings.

Algorithm 2.1 Truncated SVD.

1: Compute the SVD ofA=U ′Σ′V ′⊤, whereU ′ ism×n,V ′ isn×nandU ′⊤U ′ =V ′⊤V ′ =
V ′V ′⊤ = In, andΣ′ is ann×n diagonal matrix with the singular valuesσ ′

1 ≥ σ ′
2 ≥ . . .≥

σ ′
n ≥ 0 on the diagonal;

2: Choose an appropriate truncation levelk≤ n;
3: Compute the truncated SVD solution

xTSVD,k = V ′Σ′
k
†U ′⊤b, with Σ′

k = diag{σ ′
1, . . . ,σ ′

k,0, . . . ,0︸ ︷︷ ︸
n−k

}.

These methods are well-defined in the multiple right-hand side case, as well. We
need only to replaceb with them×d matrixB.

In the next example, we aim to illustrate that truncated TLS is a good regularization
method for the type of problem described in Example 2.1.

Example 2.2 We used the SVD of the noisy
[
b A

]
and we computed truncated TLS

solution (xTTLS,k) for all possible values ofk, from 1 to n = 30. We plot in Figure 2.4
several reconstructed solutions, together with the exactx0. Some facts are to be noted:

• the “nontruncated” solutionxTTLS,n is identical to the TLS solution, and the trun-
cated solutions with largek indices are also very much influenced by the noise and
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Algorithm 2.2 Truncated TLS.

1: Compute the SVD of
[
b A

]
= UΣV⊤, whereU is m× (n+1), V is (n+1)× (n+1)

andU⊤U = V⊤V = VV⊤ = In+1, andΣ is an(n+ 1)× (n+ 1) diagonal matrix with
the singular valuesσ1 ≥ σ2 ≥ . . . ≥ σn ≥ σn+1 ≥ 0 on the diagonal;

2: Choose an appropriate truncation levelk≤ n.
3: Build

[
bk Ak

]
:= UΣkV⊤, whereΣk is Σ with the smallestn−k singular values set to

zero,Σk = diag{σ1, . . . ,σk,σk+1,0, . . . ,0};
4: Solve in the TLS sense the truncated problemAkx≈ bk and obtain the truncated TLS

solutionxTTLS,k.

resemble the TLS solution;

• the truncated solutions with very smallk level are too simplistic to capture the char-
acteristics of the true solutionx0;

• there are several values ofk, such ask = 10 in Figure 2.4, for which the truncated
TLS solutionxTTLS,k is a very good reconstruction of the true solutionx0.

The aim of regularization by truncation is thus to appropriately identify a good truncation
level, and to construct a truncated solution that can capture the essential features of the un-
known true solution, without explicit knowledge about the true solution, and even without
a priori knowledge about the magnitude of the noise in the data.

2.3 Core reduction with embedded truncation
2.3.1 The scaled total least squares formulation

In [94, 95], the notion and properties of core problems in linear algebraic systems are intro-
duced and thoroughly analyzed. The context is solving overdetermined nearly compatible
linear systems of equations, written in matrix notation asAx≈ b, whereA ∈ R

m×n and
b∈ R

m are given (m> n), andx is an unknown vector. In [94, 95], the classical methods of
least squares, total least squares and data least squares (DLS) are treated in a unified man-
ner, under the more generalscaled total least squares (ScTLS)formulation. The ScTLS
solution is the optimalx that solves the minimization

min
x,∆A,∆b

‖
[

∆b ∆A
]
‖2

F , subject to (A+∆A)xγ = γb+∆b. (2.1)

Here,γ is a positive scaling parameter that allows the correctionson the matrixA to have
a different magnitude compared to the corrections onb. The extreme cases whenγ goes
to zero or to infinity correspond to the least squares and dataleast squares problems (i.e.
correctionsonly on b or only on A, respectively), while the particular choiceγ = 1 gives
the total least squares problem [132].

Unique and minimum norm solution

For finite and nonzeroγ, problem (2.1) becomes the nearest approximation of a matrix
with a lower rank matrix, and can be solved using the SVD of thematrix

[
γb A

]
. In the
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Figure 2.4. Several truncated TLS solutions xk, together with the true solution x0, for the
simulation data described in Example 2.1.

usual (generic) case, only the singular vector corresponding to the smallest nonzero singu-
lar value is needed, if this last singular value is unique. Ifthe smallest nonzero singular
value of

[
γb A

]
is multiple, then the minimization (2.1) does not have a unique solu-

tion either; then, a convenient and conventional choice is to pick from the corresponding
singular subspace a vector that will give theminimum normsolution forx [132].
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Nongeneric and close-to-nongeneric cases

Another cumbersome case happens when problem (2.1) does nothave a finite optimal so-
lution at all. Examples can be found in [95] or [132], where the corrections∆A and∆b
can get infinitesimally small in magnitude, while the corresponding solutionx has some
elements that go to infinity. Such a situation is possible when, for instance, the right-hand
side vectorb is orthogonal to the subspace corresponding to the smallestnonzero singular
value ofA. This pathological case is a nongeneric case (i.e., it appears in random data with
zero probability). However, the interest in these cases is not only theoretical; in realis-
tic ill-posed problems we encounterclose-to-nongenericproblems, which need specialized
methods. The understanding of the nongeneric case providesthe background for solving
close-to-nongeneric practical problems.

The core problem advertised in [95] avoids the nonuniqueness and nongenericity is-
sues, by transforming the original data inA andb to reduced versionsA11 andb1, which can
be smaller in size, but are essential for the approximation problem at hand. All redundant
and not useful information that was present in the dataA andb is eliminated through the
reduction toA11 andb1.

2.3.2 Short description of the core problem within Ax≈ b

The suggestion of Paige and Strakoš [95] is to find orthogonalP andQ such that

P⊤ [
b AQ

]
=

[
b1 A11 0
0 0 A22

]
(2.2)

and
[
b1 A11

]
has minimal dimension; then, to solveA11x1 ≈ b1 with the appropriate

ScTLS algorithm and to set the final solution as

x = Q

[
x1

0

]
,

where the zero part comes from setting to zero the solution ofthe systemA22x2 ≈ 0.

SVD form of the core decomposition

A core problemA11x1 ≈ b1 can be obtained from the SVD ofA = U ′Σ′V ′⊤. Indeed, using
Householder rotations and some permutations, it is possible to transform

U ′⊤ [
b AV′ ]

into




c Σ′
1 0

δ 0 0
0 0 Σ′

2
0 0 0




p
1
n− p
m−n−1

where all elements ofc are nonzero,Σ′
1 contains only distinct nonzero singular values (say

p), while Σ′
2 contains the othern− p singular values, including possible multiples and all

the zero singular values, if any. The scalarδ is zero whenAx= b is compatible and nonzero
otherwise.
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Bidiagonal form of the core decomposition

For computational efficiency reasons, a bidiagonal reduction can be used instead of the
SVD, i.e.,

P⊤
1

[
b AQ1

]
=

[
b1 A11

]
=




β1 α1

β2 α2

· · ·
βp αp

(βp+1)




whereαiβi 6= 0 andβp+1 is zero only for compatible systems.
We can use direct bidiagonalization (with Householder rotations) for small to mod-

erate problem dimensions, or the Lanczos bidiagonalization, suitable for large scale prob-
lems [45]. Note thatA22 need not be bidiagonalized. Thus, the bidiagonalization algorithm
is run until a (numerically) zeroαi or βi is reached.

Paige and Strakoš [95] proved that in exact arithmetic the bidiagonal reduction leads
to a minimally dimensionedA11, whereA11 has only distinct and nonzero singular values.
Moreover, solving the reduced bidiagonal problemA11x1 ≈ b1 with the ScTLS algorithm
and transforming back to the full solutionx = Q1x1 actually gives the ScTLS solution (or
the minimum norm ScTLS solution in cases of nonuniqueness, or the typical solution to a
constrained ScTLS problem in nongeneric cases) ofAx≈ b, thus, the same solution that is
proposed in [132] can be obtained in a possibly more efficientmanner.

As mentioned, in well-posed problems, the bidiagonalization process should stop
when a zero value is encountered, either on the main diagonal(corresponding to a compat-
ible linear system), or on the superdiagonal (incompatiblesystem). This stopping criterion
is not suitable in the ill-posed problems case, where an exact zero on the (super)diagonal
will never be possible, and thus the bidiagonalization would run up to the end. In Chap-
ter 4, we analyze several different rules for deciding when to stop the bidiagonalization of
A. In all cases, we express the truncation rule as a minimization problem over the trun-
cation levelk (wherek is the number of columns of the bidiagonally reducedA11), and,
moreover, we aim at being able to evaluate the value of these criteria using only the partial
bidiagonal reduction obtained afterk steps. We summarize the whole procedure of using
the core reduction for truncation in Algorithm 2.3.

Algorithm 2.3 Algorithm for reduction to a core problem, while monitoringa truncation
criterion

1: k = 0
2: repeat
3: k = k+1
4: compute thekth bidiagonalization step of

[
γb A

]
using either the Householder

or the Lanczos bidiagonalization method
5: compute value of truncation criterion atk
6: until (k = n+1) or truncation criterion cost function starts increasing

Remark 6 It is interesting to note that the bidiagonalization of
[

b A
]
, followed by

truncation, was proposed also in [33], a paper that studied the truncated total least squares
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problem. At that time, the link with the core formulation andthe special properties of this
reduction in general were not yet put forward.

Remark 7 Another remark concerning bidiagonalization and truncation is related to the
partial least squares (PLS) method, which is quite popular in application areas such as
chemometrics and chemical engineering. PLS is an alternative to principal component
regression (= truncated SVD) that projects observed data onto a lower dimensional sub-
space; it is designed to handle multicollinearities. One computational algorithm designed
for PLS is in fact equivalent to the Lanczos bidiagonalization method, as discussed in [29].
The properties of PLS can thus be explained in view of the factthat the bidiagonalization
reduction of the data leads to a core problem.

The motivation of stopping prematurely the bidiagonalization process (as opposed to
stopping when a zero diagonal or superdiagonal element is encountered, as it happens in
the reduction to a core problem) is explained by the following fact. Bidiagonalization of a
matrix can be used in large scale problems in order to obtain alower rank approximation of
the original matrix. If one stops the bidiagonalization process at stepk, then a suboptimal
lower rank approximation of rankk can be computed from this partial bidiagonalization.
As well known, the best rankk approximation of a matrix in Frobenius norm or 2-norm can
be expressed in terms of its SVD (the Eckart-Young-Mirsky theorem [50, 132]); ideally, the
partial SVDinvolving the largestk singular values and associated singular vectors are the
only required elements that can set up the best rankk approximation.

In the family of direct methods, an algorithm for partial SVD[130] was developed
in order to compute efficiently a group of extreme singular values/vectors. However, this
method needs to compute first the entire matrix bidiagonalization and it spares computa-
tions only at the stage of reducing the bidiagonal matrix to diagonal.

In the family of iterative methods, the Arnoldi/Lanczos methods based on Krylov
subspaces are used in the last decades for computing a few (dominant) singular values of
large (sparse or structured) matrices. The Lanczos bidiagonalization is a central scheme
in this field. The singular values of the partial bidiagonally reduced matrix ‘converge’ to
the dominant singular values of the original matrix. However, the computation of singular
vectors is generally not accurate in finite precision arithmetic, and needs to be stabilized
using reorthogonalization methods.

In exactarithmetic, the direct bidiagonalization method based on Householder trans-
formations and the Lanczos bidiagonalization algorithm are equivalent, as they both give
identical (partial) decompositions [45]. More precisely,the reduction of

[
b A

]
using

Householder reflections corresponds to the Lanczos bidiagonalization ofA with starting
vectorb.

In [118], a priori anda posterioriapproximation error bounds are presented for the
lower rank approximation computed using the Lanczos bidiagonalization in finite precision,
assuming that a reasonable reorthogonalization procedureis also applied.

2.3.3 Extension to multiple right-hand sides and to the
nullspace formulation

The ScTLS problem can be extended to the multiple right-handsides problemAX ≈ B
(whereA is m×n, X is n×d, B is m×d, and, for convenience,m> n+d), and can be used
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in cases when one knows that the corrections onB and onA should be scaled at a given
ratio with respect to each other:

min
x,∆A,∆B

‖
[

∆B ∆A
]
‖2

F , subject to (A+∆A)xγ = γB+∆B. (2.3)

This type of problems can be solved using direct (linear algebraic) methods, such as the
SVD. One of the most general TLS-related formulations that can still be solved with SVD-
type computations is thegeneralized TLS[131]. It allows the corrections within each row of[
B A

]
to be differently scaled, but requires that the error on eachrow is independent from

and identically distributed as the error on the other rows; this corresponds to a general (pos-
itive semidefinite) covariance matrix – known up to a constant factor – for the errors in each
row of

[
B A

]
. Other more general scalings of the corrections require optimization-based

methods instead of numerical linear algebra techniques. See, for instance, the methods
proposed for element-wise weighted total least squares [85, Chapter 3].

We consider also the (unscaled) approximation problem in nullspace formulation
CY≈ 0, withC∈ R

m×(n+d) andY ∈ R
(n+d)×d. Both approximation problemsAX ≈ B and

CY≈ 0 can benefit from a core reduction that uses partial bidiagonalization, as well. Note
that AX ≈ B is a special case ofCY ≈ 0, with C =

[
B A

]
and the constraint thatY has

as leadingd×d block a nonsingular matrix. The nullspace formulationCY ≈ 0 is more
general, since this constraint is not imposed, but it is necessary to impose a nontriviality
condition onY, such as the constraint thatY is full column rank. As a way of estimatingY,
we use the TLS criterion of minimizing‖∆C‖2

F subject to the constraint that the corrected
system is consistent,(C+∆C)Y = 0, and an extra nontriviality constraint onY; for the
latter, we setY⊤Y = Id, which does not restrict the generality.

Obviously, the SVD is a possible solution to the nullspace formulation problem, since
the problem amounts to finding the nearest low rank approximation ofC (with a rank reduc-
tion of at leastd) and choosing a basis for the nullspace ofC+∆C in order to computeY.

Using the SVD of
[
B A

]
, orC, respectively, the optimal corrections

[
∆B ∆A

]
, re-

spectively,∆C, are obtained from the smallestd singular values and corresponding singular
subspaces in these decompositions.

Unique and minimum norm solution

For both the multiple right-hand sides and the nullspace formulations, an intrinsic source
of multiple optimal solutions appears whenever thed + 1st smallest singular valueσn is
multiple (i.e., σn = σn+1). In this case, the optimal corrections, as well as the optimal
solutionX (or Y) are nonunique.

To distinguish between allX solutions that give the same minimum residual, themin-
imum Frobenius normsolution forX is typically chosen in the TLS literature [132]. How-
ever, the nice closed-form expression for the minimum norm TLS solutionX̂ = (A⊤A−
σ2

n+1I)−1A⊤B only holds true when the lastd singular values of
[
B A

]
coincide:σn+1 =

· · · = σn+d (see the discussion in [132, §3.3.2]).
Note also thatY is in any case nonunique, since every rotated matrixYS, with S

orthogonal, is also an optimal solution for any optimalY.
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Nongeneric and close-to-nongeneric cases

The nongeneric and close-to-nongeneric cases occur for theAX ≈ B formulation when the
singular subspace corresponding to thedth smallest singular value (σn+1) is orthogonal (or
nearly orthogonal) to the columns of theB matrix.

The nongenericity concept does not exist for theCY≈ 0 formulation, since the source
of this type of problems is precisely the partitioning of thedata matrixC into A andB.

In the following, we assume that the problemAX ≈ B is such thatB has full column
rank.

Core problem within AX ≈ B

The material in the rest of Section 2.3.3 contains very recent developments; some work is
still in progress.

For the multiple right-hand sidesAX ≈ B problem, we consider transformations of
the form:

P⊤ [
B AQ

]
=

[
B1 A11 0
0 0 A22

]
, (2.4)

with P andQ orthogonal matrices and
[
B1 A11

]
of minimal dimension. Then, the problem

AX ≈ B becomes separable:

A11X1 ≈ B1 and A22X2 ≈ 0,

where the originalX is recovered asX = Q
[
X⊤

1 X⊤
2

]⊤
. The second system has as reason-

able solution the trivial solutionX2 = 0. This choice corresponds to a minimum (Frobenius
and 2-) normX solution.

We argue that a minimally dimensionedA11 has, in the case whenAX ≈ B is in-
compatible, the size(p+d)× p, wherep denotes the number of distinct nonzero singular
values ofA corresponding to singular subspaces on whichB is not orthogonal. To this end,
we construct a reduction of the form (2.4) based on the SVD ofA. Let the full SVD ofA
beU ′Σ′V ′⊤, whereU ′ is m×morthogonal,V ′ is n×n orthogonal, andΣ′ is m×n diagonal
matrix. ApplyingU ′⊤ from the left, we have:

U ′⊤ [
B AV′] =

[
U ′⊤B Σ′

]
=:

[
B′ Σ′] .

Next, B′ should be modified – using orthogonal transformations from the left – in a con-
trolled way that introduces zeros, such that a separable decomposition as in (2.4) is ob-
tained.

• The rectangularm× n matrix Σ′ (m > n) has a zero block below the square diag-
onal block. The part ofB′ corresponding to this zero block can be reduced with a
QR factorization:BQ

[BR
0

]
, whereBQ is an orthogonal matrix andBR is an upper

triangulard×d matrix. The orthogonal matrix from this QR decomposition can be

incorporated into the transformations from the left, by multiplying U ′⊤ with
[

I 0
0 BQ

]
.

• The first column ofB′ is reduced (as in the one-dimensional case [95]) to a vector
where only one nonzero element remains for each (of the, sayp′) distinct singular
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values inΣ′ (including the zero singular value, ifA is rank-deficient). This can be
accomplished with a series of Householder transformationsonB′ from the left, which
will multiply the already existing transformation on the original dataB; these will be
applied from the right toA as well, such that the diagonal structure ofΣ′ is kept.
For convenience, a permutation of the rows can be performed,such that all nonzero
elements corresponding to distinct nonzero singular values ofA are grouped together
in the firstp′ elements of the first column of the newB′.

• For the second column ofB′ (of the newB′, in fact), all but p′ + 1 elements can
be zeroed, using a Householder rotation without influencingthe first column. The
price is that the second column will have a nonzero element ina new position. This
position is chosen to correspond to a row ofΣ′ where a copy of a singular value of
A resides (for example, a particular choice is the largest multiple singular value for
which a nonzero element of the second column ofB′ exists).

• The reduction of the other columns ofB′ such that they have at mostp′ + i nonzero
elements (wherei is a column index) continues as long as there are still unprocessed
columns inB′ and there are still multiple singular values left inΣ′, which were not
already singled out in previous steps.

• At the end, all completelyzero rowsamong the firstp′ +d rows ofB′, together with
the corresponding rows and columns ofΣ′, will be permuted to the bottom of the
decomposition.

This procedure will compute, finally, a decomposition of theform

P⊤ [
B AQ

]
=




BT Σ′
1 0

BR 0 0
0 0 Σ′

2


 =:

[
B1 A11 0
0 0 A22

]
, (2.5)

whereBT is upper trapezoidal withd columns and, say,p rows,BR is d×d upper triangular,
Σ′

1 contains nonzero singular values ofA with multiplicities at mostd, andΣ′
2 contains the

zero singular values and the remaining multiple singular values ofA.
The following properties of the decomposition (2.5) are essential for showing that

nonuniqueness and nongenericity issues are avoided when solving the core problemA11X1≈
B1.

Proposition 2.3.

1. In the decomposition (2.5), A11 does not have singular values with multiplicity bigger
than d.

2. The number of rows p of BT equals the number of singular subspaces of A corre-
sponding to distinct singular values, on which B has nonzeroprojections.

Proof. The first point is obvious by construction. The second point is clear if we look at
the particular SVD ofA given in (2.5): the projection ofB onto all singular subspaces cor-
responding to distinct nonzero singular values appears within BT in (2.5). By construction,
each row ofBT contains nonzero elements. ¤
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As a corollary, we have that the core problemA11X1 ≈ B1 has unique solution (since
nonuniqueness happens when the smallest nonzero singular value has multiplicity larger
than the number of right-hand sides). Moreover, the problemA11X1 ≈ B1 is generic, be-
cause in nongeneric problems the right-hand side is orthogonal to the singular subspace
corresponding to the smallest nonzero singular value.

Banded approximations

The explicit partitioning in
[
B A

]
suggests that ablock versionof the Lanczos algorithm

can be an appropriate tool; in such a method, the Lanczos process is done withd starting
vectors (thed columns ofB) at a time. However, instead of a block-Lanczos, an application
of band-Lanczos for the reduction to a core problem in the multiple right-hand sides case
was proposed in recent talks by Åke Björck [12, 11]. We resketch the banded decompo-
sition and the band-Lanczos method from there, but then we modify it and make it more
rigorous. We discuss afterwards the properties of the obtained decomposition.

A band decomposition of
[
B A

]
has the shape

P⊤ [
B AQ

]
=

[
R L
0 0

]
, (2.6)

whereR is (p̃+d)×d upper triangular, andL is (p̃+d)× p̃ banded lower triangular, for
some ˜p≤ n, as in:

[
R L

]
=




∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗

∗ ∗
∗




,

where the width of the band equalsd + 1. In this decomposition, zero elements might
appear at some point on the band ofL; it is desirable to take advantage of this in order to
identify a core subproblem. Björck suggests how to usedeflationsteps whenever a zero
appears on the outer diagonals of the band. In that case, the band can shrink with one, and
the procedure can be repeated until the whole band dies out, leading to a core problem.

To be more rigorous, let us first show how the band decomposition can be obtained
with a band Lanczos iterative method, in the spirit of [105].Denote byu1, . . . ,un the
first n columns of the matrixP, by v1, . . . ,vn the columns of the matrixQ, and bygk, hk

the (d + 1)-dimensional vectors2 that are obtained at the intersection of thekth row and,
respectively, column of

[
R L

]
with the band of

[
R L

]
. Note that the vectorsgk, hk are

not independent, since they share the same elements on the band of
[
R L

]
. This is more

2For k smaller thand + 1, hk has lengthk. For k larger thann, gk has lengthn− k, thus smaller thand + 1.
Note that in this paragraph we let ˜p = n.
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obvious when we write
[
R L

]
as:

[
R L

]
=




g1

g2

.. .

gn

gn+1

...
gn+d




=




h 1 . . .
h d

h d
+

1

..
.

h n
+

d
−

1

h n
+

d




.

From (2.6), twod-term recurrence relationships can be written:

A⊤uk =
[
vk−d . . . vk

]
gk, (2.7)

Avk =
[
uk . . . uk+d

]
hk+d. (2.8)

The first relation is well-defined for allk ≥ 1 if we artificially consider some zero vectors
v0,v−1, . . . ,v−d+1. An iterative reduction method based on these recursions and on the
conditions thatP andQ have orthonormal columns can be expressed with the following
steps, that occur at iterationk:

a: w1 ← A⊤uk−
[
vk−d . . . vk−1

]
gk(1 : d)

b: gk(d+1) ←‖w1‖
c: vk ← w1/‖w1‖
d: hk+d(2 : d)⊤ =

[
uk+1 . . . uk+d−1

]⊤
Avk

e: w2 ← Avk−
[
uk . . . uk+d−1

]
hk+d(1 : d)

f: hk+d(d+1) ←‖w2‖
g: uk+d ← w2/‖w2‖

Note, however, that the steps c: and g: are not well-defined whenever the norm of the
auxiliary vectorw1 or, respectively, the norm of the auxiliary vectorw2 is zero. In fact,
when this happens, we needdeflation; it means that a Krylov subsequence for the right
singular subspace or, respectively, for the left singular subspace, has reached a converged
vector.

In Algorithm 2.4, we take exact deflation into account. This algorithm is more similar
to the band reductions proposed in [32, 5, 35, 4] than to the one in [105]; it is based on
recursions that are a bit modified compared to (2.7-2.8):

A⊤ [
u1 . . . uk

]
=

[
v1 . . . vk−ic

]
L(k)⊤, (2.9)

A
[
v1 . . . vk−ic

]
=

[
u1 . . . uk

]
L(k) +[0 . . . 0︸ ︷︷ ︸

k−dc−ic

ûk+1 . . . ûk+dc ], (2.10)

whereL(k) denotesL(1 :k,1 :k− ic), thek×(k− ic) banded lower trapezoidal matrix that is
obtained up to thekth iteration. The band ofL(k) has, at the beginning, a height equal tod,
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but, during iterations, it may shrink and it may even deviatefrom the main diagonal. Thus,
we introduce an integerdc to denote the ‘current’ bandwidth before iterationk, and an
integeric to denote the number of zero elements between the main diagonal and the band.
(See Figure 2.5). This explains why we do not work with anL(k) of sizek×k, which would

L(6) =




∗
∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

0 ∗ ∗ ∗


 , L(7) =




∗
∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

0 ∗ ∗ ∗
0 ∗ ∗ ∗


 ,

[
L(8) 0

]
=




∗
∗ ∗
∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

0 ∗ ∗ ∗
0 ∗ ∗ ∗

0 ∗ ∗ 0




Figure 2.5. Example of the shape evolution of the banded lower trapezoidal matrix L(k)

during iterations. Starting with a bandwidth dc = d = 4, a first zero at(6,3) shrinks dc
to 3; the zero is carried along to(7,4) and (8,5). A second zero at(8,8) implies that dc
becomes2, and ic increases from0 to 1, marking a completely zero last column.

have the lastic columns equal to zero. The hat vectorsûk+1, . . . , ûk+dc are candidate vectors
that are used in order to avoid having to computeuk+1, . . . ,uk+d before thekth iteration, as
it is the case in (2.8).

Comparing the recurrence relationship (2.10) with what we have at stepk−1,

A
[
v1 . . . vk−1−ic

]
=

[
u1 . . . uk−1

]
L(k−1) + [ 0 . . . 0︸ ︷︷ ︸

k−1−dc−ic

ûk . . . ûk−1+dc ](2.11)

we can extract the work that needs to be performed to fulfill thekth iteration:

• First, if ‖ûk‖ 6= 0, computeuk:

Lk,k−dc−ic ←‖ûk‖, uk ← ûk/Lk,k−dc−ic. (2.12)

• Then, compute the nonzero elements on the last row ofL(k) by multiplying (2.10)
and (2.11) withu⊤k from the left and exploiting the orthonormality of{u1, . . . ,uk}:

Lk, j−dc−ic ← u⊤k û j , for j = k+1, . . . ,k+dc−1.

• With these values plugged in, updateûk+1, . . . , ûk+dc−1 from (2.10):

û j ← û j −ukLk, j−dc−ic, for j = k+1, . . . ,k+dc−1.

• Now, if vk−ic was not previously computed (e.g., whenic = 0), it is possible, from (2.9),
to single out:

v̂k−ic = A⊤uk−
k+dc−ic−1

∑
j=k+1

v j−dcLk, j−dc,

• If ‖v̂k−ic‖ 6= 0, set

Lk,k−ic ←‖v̂k−ic‖, vk−ic ← v̂k−ic/Lk,k−ic.
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• Finally, from (2.10), we initializêuk+dc:

ûk+dc ← Avk−ic −ukLk,k−ic. (2.13)

As promised, Algorithm 2.4 shows how deflation is used in order to avoid any divisions by
zero that can occur in (2.12) or (2.13). Each of the two possible kinds of deflation steps
decrease the bandwidthdc by one, and the second one (for (2.13)) increasesic by one, as
well; this corresponds to cutting a last zero column from thematrixL.

Algorithm 2.4 Band Lanczos reduction ofA with exact deflation
1: k← 0, dc ← d, ic ← 0
2: 2a: compute the QR factorization ofB: B = QBRB

2b: initialize û1, . . . , ûd with the firstd columns of the orthogonal matrixQB

3: repeat
4: k← k+1
5: if ‖ûk‖ = 0 then deflate:

5a : setL j, j−dc−ic = 0 for all j > k
5b: dc ← dc−1
5c : for j = k, . . . ,k+dc−1, setû j ← û j+1
5d: go to5:

6: 6a : Lk,k−dc−ic ←‖ûk‖
6b: uk ← ûk/Lk,k−dc

6c : for j = k+1, . . . ,k+dc−1
Lk, j−dc−ic ← u⊤k û j , û j ← û j −ukLk, j−dc−ic,

7: if vk−ic not computedthen setv̂k−ic ← A⊤uk

elsego to11:

8: if ‖v̂k−ic‖ = 0 then deflate:

8a : setL j, j−ic = 0 for all j > k
8b: ic ← ic +1 anddc ← dc−1
8c : go to11:

9: Lk,k−ic ←‖v̂k−ic‖, vk−ic ← v̂k−ic/Lk,k−ic
10: ûk+dc ← Avk−ic −ukLk,k−ic
11: until k = n+1 ordc = 0.

In exact arithmetic, Algorithm 2.4 is equivalent to the bandLanczos reduction for
square symmetric matrices [35] applied simultaneously toA⊤A and AA⊤, with starting
vectors the columns ofA⊤B andB, respectively, or one applied to the larger symmetric[

0 A
A⊤ 0

]
, with starting block

[
B
0

]
. For the symmetric version in [35], it is known that after

d exact deflations have occurred, then, as in the cased = 1, the Lanczos vectors span an
invariant subspace and all the eigenvalues of the banded matrix are also eigenvalues of the
original matrix. In our case, this translates to the certainty that afterd deflation steps occur,
the singular values of the partial banded matrixL are a subset of the singular values ofA,
and the singular values of

[
R L

]
are a subset of the singular values of

[
B A

]
.

It is known that in exact arithmetic, a Krylov subspace generated by a single starting
vector can provide only one copy of an eigenvalue. Finding multiplicities requires a block
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Krylov subspace. Each deflation step in Algorithm 2.4 corresponds to the identification
of a singular value. This means that when the algorithm terminates, the banded reduction
has at mostd singular values with multiplicity greater than 1. Denote the final number of
columns ofL by p. Then,P has the size(p+ d)× p. If the SVD of L is ULΣLV⊤

L , we
conjecture thatU⊤

L R does not have any completely zero rows (still to be proven!).This
means that in factp is the number of singular values ofA with multiplicity smaller than
d+1 for which the corresponding left singular subspaces are not orthogonal ontoB. This
reason is an evidence that the band reduction is in fact a coredecomposition for multiple
right-hand sides problems.

Bidiagonal approximations

Due to the fact that solving the approximation problemsAX≈B andCY≈ 0 can be viewed
as lower rank approximation problems, we believe that ‘standard’ (direct or Lanczos) bidi-
agonalization of

[
B A

]
andC can still be the key to efficient computations in the case

of ill-posed problems. The reason is that there are normallyno multiple singular values
in discrete ill-posed problems (except maybe for the approximately equal singular values
settled at noise level). A truncated bidiagonalization keeps the information corresponding
to the dominant singular triplets, while the (noise-corrupted) subspaces corresponding to
the smaller singular values are discarded.

2.3.4 Computing optimal solutions and corrections from a
core problem

We assume that a core reduction (or a truncated core reduction) is readily computed,e.g.,
from an SVD-based method or from a Lanczos bi- (or banded) diagonalization method.
For the single right-hand side problemAx≈ b, this decomposition is given in (2.2); for
the multiple right-hand side problemAx≈ B, it is given in (2.4). In order to compute a
ScTLS solution for the original problem, we first need to solve in the ScTLS sense the core
problem. Then, it is straightforward to arrive at the minimum norm ScTLS solution of the
original problem, projecting back the core solution to the original subspace.

In [95], the authors show how one can efficiently solve a core problem in bidiagonal
form in each of the ScTLS special cases. For the multiple right-hand sides case, the essen-
tial computations for solving the core problem in banded form are the solution of a linear
system or the SVD of a matrix with banded structure. Efficientand stable algorithms are
available (see,e.g., [46] for the SVD computation of a banded lower triangular matrix).

2.4 Implementation and numerical examples
The core reduction with embedded truncation and several of the methods for choosing the
truncation level (see Chapter 4) are implemented in a modular package in Matlab, CoRe,
for regularization using truncatedcore reductions. The CoRe tool can solve least squares,
total least squares, data least squares or scaled total least squares, for a given data matrixA
and a single right-hand side vectorb, using the (partial) reduction to bidiagonal form. It is
possible to choose between direct bidiagonalization (using Householder transformations)
or Lanczos bidiagonalization (relying on the PROPACK package [72]).
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Some special functionalities are listed here:

• All variants of the methods can be easily specified through the fields of a single
“options” structure. Undefined fields will be assigned default values. For exam-
ple, if no specific option is given, then the TLS problem will be solved, using direct
bidiagonalization and the machine precision tolerance as stopping rule for the core
reduction.

• It is possible to save a (partial) bidiagonalization and then to use it as input for contin-
uing the bidiagonalization, or testing other stopping criteria, for solving the problem
with another method, or for trying another scale parameter for ScTLS. The execution
will then be faster, since the partial bidiagonalization will not be performed twice.

The CoRe tool is composed of the following functions:

1. core: main function that solves the specified ScTLS problem usingthe required
bidiagonalization method and the required stopping criterion of truncation.

2. updatebidiag: function that computes or updates a matrix bidiagonalization,
either by the direct or the Lanczos method.

3. checktrunc: function that checks whether the given bidiagonal matrix satisfies
a certain specified stopping criterion; the implemented stopping criteria are: fixed
tolerance level; fixed truncation levelk; generalized cross validation; generalized
Akaike information criterion; rotated L-curve.

4. residnorm: function that computes the residual norm, as well as the total number
and the number of effective parameters in an LS, TLS, DLS or ScTLS problem.

5. solvestls: function that solves an LS, TLS, DLS, or ScTLS problem with a
(small) bidiagonal data matrix.

We tested the implementation on simulation examples, usingeither well-conditioned
problems, or ill-posed problems created with the Regularization Tools [57].

Here are a couple of simple examples for solving well-posed problems with LS or
TLS methods. First, the bidiagonalization was performed until the end was reached or until
the magnitude of some (super)diagonal element became smaller than machine precision.

The following comparisons between the solution obtained using the implemented
bidiagonalization for least squares and total least squares and the classical solvers based
on the QR factorization and the SVD, respectively, show thatCoRe tool is able to obtain
perfect accuracy.

Example 2.4 (Solving least squares problems with CoRe)
% Define dimensions and generate random data
m = 100; n = 5;
A = rand(m,n);
b = rand(m,1);

% Find the LS estimate with Matlab’s \
x_ls = A\b;
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% Solve the LS problem using a core reduction
options.meth = ’ls’;
options.bidiag = ’direct’;
options.trunc = ’none’;
options.tol = eps;

xc_ls = core(A,b,options);

[ x_ls xc_ls x_ls - xc_ls ]

0.14070553791492 0.14070553791492 0.00000000000000
0.07077648882190 0.07077648882190 0.00000000000000
0.27719471950773 0.27719471950773 -0.00000000000000
0.49415402722910 0.49415402722910 0
-0.06076634290543 -0.06076634290543 -0.00000000000000

Example 2.5 (Solving TLS problems with CoRe)
% Solve the TLS problem with a function calling SVD
x_tls = tls(A,b);

% Solve the TLS problem using a core reduction
options.meth = ’tls’;
options.bidiag = ’direct’;
options.trunc = ’none’;
options.tol = eps;

xc_tls = core(A,b,options);

[ x_tls xc_tls x_tls - xc_tls ]
-0.06043663155507 -0.06043663155507 0.00000000000000
-0.76899254307091 -0.76899254307091 -0.00000000000000
0.70429406916636 0.70429406916636 0.00000000000000
1.68598895989928 1.68598895989928 -0.00000000000000
-0.69587007183368 -0.69587007183368 0.00000000000000

For some simulated ill-posed problems such as the problem described in Exam-
ple 2.1, we have also got good results. However, not all ill-posed problems provided in
the Regularization Tools were solved satisfactorily usingthe truncation methods. We ex-
plain this by the fact that not all types of ill-posedness areremovable by simple truncation,
and more complicated regularization methods should be usedin those cases. In general,
the studied truncation methods favor solutions of small norms, which might not always be
the most appropriate property.

Figure 2.6 shows the rotated L-curve obtained when applyingCoRe with the TLS
method to the problem in Example 2.1.
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Figure 2.6.Plot of the rotated L-curve for the problem in Example 2.1. The minimum value
of this criterion at k= 8 gives a good reconstruction of the truncated solution compared to
the true solution, cf. Figure 2.4.

2.5 Conclusions
We addressed the approximate linear modeling problems gathered under the roof of the
scaled total least squares formulation, in the case when thedata is coming from ill-posed
problems. We used truncation methods as a form of regularization for the ScTLS problem.
We discussed that a good first step in truncation methods is the partial reduction to core
problem.

We extended the core problems to multiple right-hand sides systems. We showed
that in the multiple right-hand sides case (with, say,d right-hand sides), the core matrix
A11 has size(p+d)× p and the core matrixA11 (and the extended core matrix

[
B1 A11

]
,

respectively) has as singular values a subset of the distinct singular values ofA (and of[
B A

]
, respectively), plus some of their multiples (if any); noneof the singular values of

the core part has multiplicity bigger thand; moreover, the singular values ofA11 correspond
to left singular subspaces ofA that are not orthogonal to the right-hand-sideB. We propose
an SVD form and a banded form of the core system. We provide details of aband Lanczos
diagonalization method.

Finally, we discuss the computation of solutions for the original approximation prob-
lem, using the truncated core problem, and we present a modular Matlab software package
for computing core reductions, while monitoring a truncation level.



Chapter 3

Regularized total least
squares

In this chapter we investigate penalty regularization in the context of the total least squares
problem. The penalties or constraints that we are focusing on are based on weighted 2-
norms of the solution vector, although other type of constraints can be envisaged.

As opposed to the classical regularization methods in the least squares context, the
formulations in this chapter do not have closed-form solutions. Therefore, iterative opti-
mization methods will be used to tackle them.

We consider two related problem formulations: the first one is a quadratically con-
strained total least squares problem, and the second is a penalized total least squares prob-
lem. We refer to any of them as regularized total least squares, since their common role is
to introduce regularization in the context of total least squares estimation problems.

Although a closed form solution of the regularized total least squares problem does
not exist and the iterative optimization methods that were originally proposed can only
guarantee local optimality, recent analysis in [7, 6] suggests that both the quadratically
constrained and the penalty-type formulations can be recast in a global optimization frame-
work. In fact, scalar problems with unique solution are the key towards equivalent for-
mulations for regularized total least squares (and other quadratically constrained fractional
quadratic optimization problems).

3.1 Introduction
Throughout this chapter, the estimation of a solutionx to problemAx≈ b is considered
(with A∈ R

m×n, b∈ R
m, x∈ R

n), assuming thatA and
[
A b

]
are ill-conditioned or even

rank-deficient with the singular values decreasing to zero without significant gaps. Regular-
ization in the context of the TLS problem aims at decreasing the effect due to the intrinsic
ill-conditioning of the problem and due to the noise in the data, and stabilizing the solution.

This chapter presents several computational approaches for solving the regularized
total least squares (RTLS) problem. The first regularized total least squares problem formu-
lation considered in this chapter consists in imposing a quadratic constraint on the solution
vectorx in the TLS problem (1.2) [42, 53]. In this manner, the elements of the solution
vector can be bounded, or a certain degree of smoothness can be imposed on the solution.

43
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This constrained problem cannot be solved with simple and elegant SVD-based methods,
as the classical TLS problem does. Therefore, different computational approaches based on
iterative methods are proposed. One of the methods, analyzed at large in our paper [117] is
based on iteratively solving quadratic eigenvalue problems (QEP). The development of this
new algorithm was inspired by the fact that quadratically constrained least squares (also
named regularized least squares (RLS) or ridge regression)can be solved by a quadratic
eigenvalue problem [40]. Due to the more complicated natureof the RTLS formulation,
one QEP cannot solve the problem, but it is shown in this chapter that the solution can be
approximated in a few iterations, each consisting in solving a QEP.

Two of the main advantages exhibited by this computational approach are itsrobust-
nesswith respect to the initialization of the iterative procedure and itsefficiencyin solving
large problems. Experiments showed that the global minimumof the RTLS nonconvex
optimization problem can be attained even when using randomstarting vectors. Quadratic
eigenvalue problems equivalent to the RLS formulation [40]can be solved efficiently even
for large problem sizes, as it was recently shown in [80]. In the RTLSQEP algorithm pre-
sented in this chapter, the same kind of QEPs appears at everyiteration; therefore, the
efficient solver described in [80] can also be used for RTLS. Moreover, it is not necessary
to compute the whole spectrum of the QEP, since only one eigenpair is needed.

We present and discuss other methods proposed more recentlyin the literature for the
same problem. Among these we mention in particular:

• the method of Renaut and Guo [103], which is based on an alternating iterative
method with a scalar parameter and the solution vectorx;

• the ultimate algorithm for quadratically constrained TLS due to Beck, Ben-Tal and
Teboulle [7], which only needs to optimize over one scalar variable and has very
desirable optimization properties, such as unique attainable global solution, global
convergence and fast convergence rate.

We also shortly discuss in Section 3.3 the Tikhonov penalty-type TLS formulation,
and the method proposed in [6], in the same spirit as the above-mentioned method from [7].

We end the chapter with the numerical results from [117], based on examples from
theRegularization Tools[57].

3.2 Quadratically constrained problem formulations
Regularization is often introduced by adding a quadratic constraint to the LS or TLS opti-
mization problems [50, §12.1], [42]. In this section, the mathematical form of the problem
under study is presented. As in [42], it is important to first stress the differences and the
connections between the regularized least squares (RLS) and the regularized total least
squares (RTLS) problems.

The RLS problem is defined as follows:

min
x

‖Ax−b‖2
2 subject to‖Lx‖2

2 ≤ δ 2, (3.1)

whereL ∈ R
p×n, p ≤ n, and δ > 0. For δ > 0 small enough (i.e., δ < ‖LxLS‖2), an

appropriate value of a parameterλ > 0 can be fixed (depending in a nonlinear way on



3.2. Quadratically constrained problem formulations 45

δ ), such that the solution of (3.1) coincides with the one of the Tikhonov regularization
problem (1.5) and of the normal system of equations

(A⊤A+λL⊤L)x = A⊤b. (3.2)

The RTLS problem statement is

min
x,A,b

‖
[
A b

]
−

[
A b

]
‖2

F subject toAx= b, ‖Lx‖2
2 ≤ δ 2. (3.3)

It is known that the TLS objective function (i.e., the Frobenius norm of the extended cor-

rection matrix) can be replaced by the orthogonal distance
‖Ax−b‖2

2
1+‖x‖2

2
[132, §2.4.2]. Then, the

previous formulation can be rewritten as

min
x

‖Ax−b‖2
2

1+‖x‖2
2

subject to‖Lx‖2
2 ≤ δ 2. (3.4)

Remark 8 As also noted in [42] and [53], choosing the parameterδ smaller than the value
‖LxTLS‖2 implies that the quadratic constraint‖Lx‖2 ≤ δ is activeat the solution for opti-
mization problems (3.3) or (3.4). For an ill-conditioned problemAx≈ b, the norms‖LxLS‖2

and‖LxTLS‖2 are very big (therefore, the need for regularization); the assumption thatδ is
small enough can be considered as guaranteed in practice.

In view of Remark 8, the regularization problems consideredsubsequently will be
equality constrainedproblems. For further reference, their formulations are stated below:

RLS problem: min
x

‖Ax−b‖2
2 subject to‖Lx‖2

2 = δ 2, (3.5)

RTLS problem: min
x

‖Ax−b‖2
2

1+‖x‖2
2

subject to‖Lx‖2
2 = δ 2. (3.6)

The case whenL is the identity matrixIn is called thestandard caseand both RLS
and RTLS yield the same solution ifδ is small enough (δ < ‖xLS‖2 andδ < ‖xTLS‖2),
and the inequality constraints are replaced by equalities,as in (3.5) and (3.6). Indeed, in
formulation (3.6) withL = In, the denominator 1+ ‖x‖2

2 may be replaced by the constant
1+δ 2 and a problem equivalent to the RLS formulation (3.5) is obtained.

In thegeneral case, L may be rectangular and in practice it is usually chosen as an
approximation of the first or second order derivative operators in order to impose a certain
degree of smoothness on the solution. In this case, (3.5) and(3.6) are distinct problems.

In the following subsections, we describe in more detail themethods for RTLS, in
the chronological order of their appearance.

3.2.1 RTLS method of Golub, Hansen and O’Leary: two
parameters formulation

In [42], the first steps towards the analysis of the RTLS problem are made. In that paper, the
authors are not only exploring computational solutions forthe optimization problem that
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they define, but they are also motivating the problem and discussing its relation to the clas-
sical regularized least squares problem. They show for which cases the RTLS and the RLS
problems yield the same solutions and when are these solutions equal to the unconstrained
ordinary least squares or total least squares solutions.

Concerning the computation of the RTLS solution, an equivalent two-scalar formula-
tion is employed in [42]. This formulation comes from the first order optimality conditions
on the problem (3.6):

(A⊤A+λI In +λLL⊤L)x = A⊤b, (3.7)

where

λI = −‖Ax−b‖2
2

1+‖x‖2
2

andλL = − 1
δ 2

(
b⊤(Ax−b)−λI

)
. (3.8)

Stripped-off from the details of how to make the computations efficient (i.e., to solve the
system (3.7) efficiently whenλI andλL are fixed – for which we refer to [42]), the method
is, essentially, a grid search over possible values ofλI , whenλL is considered as regular-
ization parameter instead ofδ . The optimal RTLS solution for a fixedλL is the solution
of (3.7) for anx that corresponds to aλI satisfying the first relation in (3.8) and being of
minimum absolute value; this corresponds to a minimum valueof the TLS criterion.

This method does not solve the quadratically constrained RTLS problem that involves
a givenδ . However, it gives us the flavor of the fact that no regularization method, regard-
less its original formulation, can be complete without a good method for choosing a certain
hyperparameter, which in this case is theλL parameter.

3.2.2 RTLS method of Sima, Van Huffel and Golub: iterative
update of the solution vector, using quadratic
eigenvalue problems

In this section it is shown how the RTLS problem can be solved numerically with an itera-
tive method that requires at each iteration the solution of aquadratic eigenvalue problem.

It is known that the quadratically constrained least squares problem

min
x

‖Ax−b‖2
2 subject to‖x‖2

2 = δ 2

can be solved via one QEP [40]:

(λ 2I +2λH +H2−δ−2gg⊤)y = 0, (3.9)

whereH = A⊤A, andg = A⊤b.
For RTLS, the difficulty is that a single QEP cannot solve the problem. Therefore, an

iterative procedure to approximate the solution by solvingat each step a QEP is proposed
here. Numerically, it was observed that very few iterationsare needed in order to achieve a
desired accuracy of the solution.

RTLSQEP algorithm

Consider the RTLS problem (3.6) and write the Lagrangian

L(x,λ ) =
‖Ax−b‖2

2

1+‖x‖2
2

+λ (‖Lx‖2
2−δ 2).
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The first order optimality conditions are:

B(x)x+λL⊤Lx = d(x), ‖Lx‖2
2 = δ 2, (3.10)

where

B(x) =
A⊤A

1+‖x‖2
2

− ‖Ax−b‖2
2

(1+‖x‖2
2)

2
In, d(x) =

A⊤b

1+‖x‖2
2

. (3.11)

Algorithm 3.1 shows how to solve system (3.10) iteratively,using a fixed-point method.
The focus at every iteration will be on solving system (3.12). In subsection 3.2.2 it is shown

Algorithm 3.1 RTLSQEP algorithm
1: [Initializations]

Let x0 be a starting vector. ComputeB0 := B(x0) andd0 := d(x0) from (3.11). Set
k = 0.

2: [stepk]
Find xk+1 andλk+1, which solve the system inx andλ :

Bkx+λL⊤Lx = dk, ‖Lx‖2
2 = δ 2, (3.12)

corresponding to the largestλ (using an equivalent quadratic eigenvalue problem).
ComputeBk+1 := B(xk+1) anddk+1 := d(xk+1) from (3.11).

3: [stopping criterion]
If ‖Bk+1xk+1 + λk+1L⊤Lxk+1 − dk+1‖2 < ε, whereε is a specified tolerance, then
STOP; elsek← k+1 and go to stepk.

how this can be done using a monic QEP.

Remark 9 Notice that atstep k, the solution with largestλ is selected from the set of
solutions of system (3.12). This choice is needed for the convergence of the algorithm (see
Lemma 3.1 and Theorem 3.3).

Quadratic eigenvalue problem derivation

Consider the system
Bx+λL⊤Lx = d, ‖Lx‖2

2 = δ 2, (3.13)

with B a symmetric matrix.

Case 1: L square and invertible

If L is invertible, a change of variable,z= Lx, gives

L−TBL−1z+λz= L−Td, z⊤z= δ 2. (3.14)

Therefore, one is led to a system of the form:

Wz+λz= h, z⊤z= δ 2, (3.15)
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with symmetric matrixW = L−TBL−1, which can be solved using a QEP [40]. Indeed,
assumingλ > 0 large enough (such thatW + λ I is positive definite) and denoting byu =
(W+λ I)−2h, one hash⊤u = z⊤z= δ 2; noticing thath = δ−2hh⊤u, the condition

(W+λ I)2u = h

can be equivalently written as the QEP

(λ 2I +2λW+W2−δ−2hh⊤)u = 0. (3.16)

This QEP is solved in order to find the largest (right-most) eigenvalueλ and a correspond-
ing eigenvectoru (scaled such thath⊤u = δ 2).

Remark 10 It is known [125] that a QEP having a nonsingular coefficient matrix for the
second order termλ 2 (in particular, monic QEP) has a full set offinite eigenvalues. When
all coefficient matrices are real and symmetric, the quadratic eigenvalues are real or come
in complex conjugate pairs; moreover, the special structure of the QEP (3.16) will enforce
the right-most eigenvalue to bereal andpositive. Therefore, expressing system (3.12) as
a monic QEP is also a guarantee that a solution correspondingto the largestλ > 0 can be
found.

The solution of the original problem is recovered by settingfirst z= (W+λ I)u, then
x = L−1z.

Case 2: Generalization for nonsquare L

If L has more columns than rows (for example, whenL is an approximation matrix of the
first or second order derivative operator), thenL⊤L is singular. LetL⊤L = USU⊤ be the
eigenvalue decomposition ofL⊤L. An equivalent form for (3.13) is

U⊤BUy+λSy= U⊤d, y⊤Sy= δ 2, (3.17)

wherey = U⊤x. Let r = rank(S) andS1 = S1:r,1:r . Partitioning the elements of system
(3.17) according to the rankr:

U⊤BU =

[
T1 T2

T⊤
2 T4

]
, S=

[
S1 0
0 0

]
, U⊤d =

[
d1

d2

]
, y =

[
y1

y2

]
,

the system to be solved becomes:
{

T1y1 +T2y2 +λS1y1 = d1,
T⊤

2 y1 +T4y2 = d2,
y⊤1 S1y1 = δ 2. (3.18)

Under the assumption thatT4 is invertible (otherwise its pseudoinverse may still be used
instead of its inverse),

y2 = T−1
4 (d2−T⊤

2 y1) (3.19)

is substituted into the first equation of (3.18):

(T1−T2T−1
4 T⊤

2 +λS1)y1 = (d1−T2T−1
4 d2).
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ForW = S
− 1

2
1 (T1−T2T−1

4 T⊤
2 )S

− 1
2

1 andh = S
− 1

2
1 (d1−T2T−1

4 d2), a system in the same form

as (3.15) for the variablez= S
1
2
1 y1 is obtained; it can be solved as described before, in order

to find a solution(λ ,z), corresponding to the largestλ .
The solution(y1,y2) of (3.18) is given by

y =

[
y1

y2

]
=

[
S
− 1

2
1 z

T−1
4 (d2−T⊤

2 S
− 1

2
1 z)

]
. (3.20)

Therefore, the solution for the original problem isx = Uy.

Convergence of the method

In this subsection, a convergence theorem is proven. The notation f (x) :=
‖Ax−b‖2

2

1+‖x‖2
2

will

be used.

Lemma 3.1.If (λk+1,xk+1) is a solution of system (3.12) corresponding to the largestλk+1,
then xk+1 is the global minimizer of the quadratically constrained quadratic optimization
problem:

min
x

x⊤Bkx−2d⊤
k x subject to‖Lx‖2

2 = δ 2, (3.21)

if such a global minimum exists.

Proof. The proof follows the ideas in [39, Th. 1]. ¤

Lemma 3.2. The optimization problem (3.21) admits a global minimum if and only if the
vector xk satisfies

min
x∈Null (L⊤L),x6=0

x⊤A⊤Ax
x⊤x

≥ f (xk). (3.22)

Proof. In the caseL is square and nonsingular, the feasibility regionF = {x|‖Lx‖2
2 = δ 2}

is a nondegenerate ellipsoid, therefore any quadratic function attains its global minimum
onF . On the other hand, Null(L⊤L) = {0}, so any vectorxk satisfy (3.22).

If L⊤L is singular, anyx can be uniquely written asx1 + x2, with x⊤1 x2 = 0, x1 ∈
Range(L⊤L), x2 ∈ Null (L⊤L). It is easy to see that the unboundedness of a quadratic
function ofx can only occur from the contribution of thex2 part. In order to attain a global
minimum of the function in (3.21), it is required thatx⊤2 Bkx2 ≥ 0, for anyx2 ∈ Null (L⊤L).
From the definition formula (3.11) ofBk = B(xk), the relation (3.22) is readily obtained.¤

Theorem 3.3. For a starting vector x0 that satisfies (3.22) (with k= 0), Algorithm 3.1
provides a sequence of vectors{xk}k=1,2,..., for which the function f is monotonically de-
creasing:

0≤ f (xk+1) ≤ f (xk), ∀ k = 0,1,2, . . . . (3.23)

Any limit point(λ ,x) of the sequence{(λk,xk)}k is a solution of the system (3.10).



50 Chapter 3. Regularized total least squares

Proof. For a fixed value ofk, denote bygk(x) the objective function in the minimiza-
tion (3.21):

gk(x) = x⊤Bkx−2d⊤
k x.

Suppose, for now, that the iteratexk satisfies the assumption (3.22), thus, by Lemma 3.2,
gk admits a global minimum.

Taking into account the definition formulas (3.11) forBk = B(xk) anddk = d(xk),
simple algebraic manipulations give

gk(x) =
1

1+‖xk‖2
2

(
x⊤A⊤Ax− f (xk)x⊤x−2b⊤Ax

)
.

Disregarding the constant factor, the minimization ofgk(x) with respect tox (subject to the
quadratic constraint‖Lx‖2

2 = δ 2) is equivalent to minimizing

x⊤A⊤Ax− f (xk)x⊤x−2b⊤Ax= ‖Ax−b‖2
2− f (xk)x⊤x−b⊤b

= (1+‖x‖2
2)( f (x)− f (xk))+ f (xk)−b⊤b, (s.t.‖Lx‖2

2 = δ 2).

Therefore, the following equivalent problem is derived:

min
x

(1+‖x‖2
2)( f (x)− f (xk)) subject to‖Lx‖2

2 = δ 2. (3.24)

Let gk(x) := (1+‖x‖2
2)( f (x)− f (xk)). The iteratexk+1 is a solution for system (3.12), and,

by Lemma 3.1, it is the global minimizer ofgk(x) under the quadratic constraint‖Lx‖2
2 =

δ 2. Therefore,xk+1 is also the optimal solution for (3.24). It implies that for any x∈ R
n,

gk(x
k+1) ≤ gk(x). In particular, forx := xk,

gk(x
k+1) ≤ gk(x

k) ⇔ (1+‖xk+1‖2
2)( f (xk+1)− f (xk)) ≤ 0⇔ f (xk+1) ≤ f (xk).

Sincex0 satisfies the assumption (3.22), all the arguments above hold for the casek = 0.
Therefore,f (x1) ≤ f (x0), andx1 satisfies (3.22), too. By induction, all iteratesxk satisfy
(3.22), and the proof holds for anyk.

The second part of the theorem is trivial: makingk → ∞ for any convergent subse-
quence of{(λk,xk)}k, the relation

Bk−1xk +λkL
⊤Lxk = dk−1,

impliesB(x)x+ λL⊤Lx = d(x). In addition, the quadratic relation‖Lxk‖2
2 = δ 2 is guaran-

teed at every iteration, and it is preserved forx. Therefore,x is a solution for (3.10).

Initial vector

Theorem 3.3 says that, whenL is square and nonsingular, any random vector can be used as
a starting vector in the RTLSQEP algorithm, whereas ifL is rectangular, the starting vector
x0 should satisfy the condition (3.22). Equivalently, in the latter case, ifN is a matrix whose
columns generate Null(L⊤L), x0 should satisfy

f (x0) ≤ min
y6=0

y⊤N⊤A⊤ANy
y⊤N⊤Ny

= σ2
min(AN,N),



3.2. Quadratically constrained problem formulations 51

where σmin(M,N) denotes the minimum generalized singular value of the matrix pair
(M,N).

In the common case whenL is taken as the approximation matrix of the first order

derivative operator,L =

[−1 1 0 0

0
...

... 0
0 0 −1 1

]
∈ R

(n−1)×n, this condition is rewritten asf (x0) ≤
1
n1⊤n A⊤A1n, where1n is the vector of all ones.

Computational remarks

In the RTLSQEP algorithm, solving a QEP of the form (3.9) willbe the most important
computation at each iteration. A thorough survey on quadratic eigenvalue problems, their
properties and solvers can be found in [125]. For solving quadratic eigenvalue problems at
every iteration, it is possible to choose between several computational methods. In particu-
lar, one could eitherlinearizethe QEP and then solve a (generalized) eigenvalue problem,
or use adirect method for QEPs.

One way to linearize the QEP (3.16) is:
[
−2W −W2 +δ−2hh⊤

I 0

][
v
u

]
= λ

[
v
u

]
, (3.25)

yielding a standard eigenvalue problem with nonsymmetric matrix. Another possible liniariza-
tion is: [

−W2 +δ−2hh⊤ 0
0 I

][
u
v

]
= λ

[
2W I
I 0

][
u
v

]
, (3.26)

which is a generalized eigenvalue problem with symmetric matrices.
Any of these eigenvalue problem should be solved in order to find the largest real

eigenvalueλ and an associated eigenvector. An expensive approach consists in comput-
ing the complete eigenvalue decomposition. Such a technique is actually used by Matlab’s
functionpolyeig, which solves quadratic (or polynomial) eigenvalue problems by lin-
earization. For efficiency, it is preferable to restrict thecomputations to finding only the
rightmost eigenvalue and an associated eigenvector. The rightmost eigenvalue is not nec-
essarily the eigenvalue of largest magnitude, therefore itis not possible to apply the power
iteration method directly. Polynomial or rational preconditioning should be used in order
to transform the search for the rightmost eigenvalue into a search for the largest magnitude
eigenvalue.

For larger dimensions one must avoid even forming matrixW (and, of course,W2).
From the definition ofW (in subsection 3.2.2), it is clear that matrix-vector products with
W can be executed in a fast way for particular forms of nonsingular L (banded Toeplitz,
for instance). For large scale problems, it is advantageousto haveA sparse, but all tests
presented later in this chapter have denseA. Using only matrix-vector products with the
matrix in (3.25), one can apply Arnoldi method for computingthe largest real eigenvalue
and corresponding eigenvector.

Recently, a fast method for solving QEPs was proposed in [80]. It can be successfully
applied to monic QEPs of the form(λ 2I + λA+B)y = 0, where matricesA andB satisfy
the condition that some linear combinationζA+ ξB is of low rank. The special form of
the QEP (3.16) allows the application of a Lanczos process that simultaneously projects
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Table 3.1.frtlsqep andrtlsqep implementations of the RTLSQEP algorithm.

rtlsqep RTLSQEP algorithm 3.1, where at [stepk] the system
in x andλ is solved by the equivalent QEP usinglinearization (3.25)
andthe ARPACK eigs function

frtlsqep RTLSQEP algorithm 3.1, where at [stepk] the system
in x andλ is solved by the equivalent QEP using thefast QEP solver
of Li and Ye [80]

the matricesW andhh⊤ into a common subspace. Afterk steps of the Lanczos process, the
projections ofW andhh⊤ can be approximated by twok× k symmetric banded matrices
with bandwidth 2. Using the reduced matrices, a lower dimensional QEP that approximates
the original one can be solved by standard methods (i.e., linearization and eigenvalue de-
composition). Further details are given in [80].

For the numerical tests in Section 3.4, a distinction will bemade between two im-
plementations of the RTLSQEP method. The first, which will bereferred to asrtlsqep,
uses the linearization (3.25) and computes the rightmost eigenpair with the ARPACK im-
plementation [76] included in Matlab (namely the functioneigs)3. The second, referred
to asfrtlsqep, uses the fast solver described in [80], which solves lower dimensional
approximations of the original QEPs. To be more clear, we summarize the content of our
two implementations in Table 3.1.

3.2.3 RTLS method of Renaut and Guo: alternating iteration
on a scalar and the solution vector

Guo and Renaut [53] had an initial method that solved a parameter dependent eigenvalue
problem starting from the 2-parameter formulation of Golub, Hansen and O’Leary (3.7).

A shifted inverse power method was used to obtain an eigenpair
(
−λI , [x⊤ −1]⊤

)
for the

problem

D(λL)

[
x
−1

]
= −λI

[
x
−1

]
,

with

D(λL) =

[
A⊤A+λLL⊤L A⊤b

b⊤A −λLδ 2 +b⊤b

]
, (3.27)

whereλI andλL are also given by (3.8). However, this method does not alwaysconverge,
and the cases when convergence occurs or does not occur were not effectively analyzed.

Numerical results in Section 3.4 and in [117] compare, amongothers, the QEP
method with the method in [53] and these comparisons show that only when the initial
starting vector for the method in [53] belongs to a very narrow neighborhood around the
optimal solution, the method converges successfully.

3We chose for the nonsymmetric linearization (3.25) instead ofthe symmetric linearization (3.26) because
the functioneigs can only solve standard eigenvalue problemsAx= λx or generalized eigenvalue problems of
the typeAx= λBx with B symmetric and positive definite. However, theB matrix in the linearization (3.26) is
indefinite.
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Renaut and Guo [103] carefully reworked their idea and arrived at another iterative
method based on finding a zero of the constraint functiong(x) = (‖Lx‖2−δ 2)/(‖x‖2 +1).
The zero-finding refers to finding a scalar value for the parameterλL (see (3.8)) such that

g(xλL
) = 0, where (

[
x⊤λL

−1
]⊤

is the eigenvector corresponding to the smallest eigenvalue of
the matrixD(λL) in (3.27). In [103] it is proven thatλL 7→ g(xλL

) is a decreasing function
of λL, and it has a unique zero.

In summary, the main iterative procedure proposed in [103] is presented in Algo-
rithm 3.2 below.

Algorithm 3.2 Alternating iteration algorithm from [103]
1: [Initializations]

Given δ 2 > 0 andλ (0)
L > 0, calculate eigenpair

(
ρ(0)

n+1,
[
x(0)⊤ −1

]⊤)
of D(λ (0)

L ).

Setk = 0, ι = 1.
2: [Stepk]

If k > 0 andg(x(k)) ·g(x(k+1)) < 0, thenι = ι/2 elseι = 1, k = k+1.
3: [UpdateλL]

λ (k)
L = λ (k−1)

L

(
1+ ι

δ 2 g(x(k−1))
)

.

4: [Updatex]

estimate the smallest eigenvalueρ(k+1)
n+1 and a corresponding eigenvector

[
x(k+1)⊤ −1

]⊤
of the matrixD(λ (k)

L ).

5: [Stopping criterion]
If |g(x(k))| < ε, whereε is a specified tolerance, then STOP; elsek ← k+1 and go to
stepk.

3.2.4 RTLS method of Beck, Ben-Tal and Teboulle: one scalar
optimization

A more general theory for the optimization of quadraticallyconstrained fractional quadratic
problems is the starting point that is taken in [7]. The authors prove that, under reasonable
assumptions (which do not even require positive semidefiniteness of the quadratic forms
involved), a quadratically constrained fractional quadratic problem can be equivalently
solved using a scalar optimization problem.

For the RTLS problem (3.4)4, the essential remark leading to the development in [7]
is that the following two statements are equivalent:

1. min{x:‖Lx‖2≤δ 2}
‖Ax−b‖2

‖x‖2+1
≤ α,

2. min{x:‖Lx‖2≤δ 2}
{
‖Ax−b‖2−α(‖x‖2 +1)

}
≤ 0.

Note that the second problem is a quadratically constrainedquadratic minimization; al-
though it might still be a nonconvex problem, it is clear thatthis problem (for a fixed value

4Note that (3.4) is the inequality constrained RTLS. We consider this formulation only to keep in line with [7].
The results hold for the equality constrained formulation aswell.
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of α) is much simpler than the RTLS problem. Obviously, what we are looking for is

α⋆ := min{x:‖Lx‖2≤δ 2}
‖Ax−b‖2

‖x‖2+1
. The above equivalence suggests that a search for the opti-

mal α⋆ can be performed within the framework of the second problem as a search for a
zero of the function

φ(α) = min
{x:‖Lx‖2≤δ 2}

{‖Ax−b‖2−α(‖x‖2 +1)}.

In fact, φ is clearly a decreasing function ofα and it is easy to find upper and lower
initial values forα such thatφ(α low) ≥ 0 andφ(αup) ≤ 0 (e.g., α low = 0 andαup = ‖b‖2).
This leads to the observation that one can use a bisection search for α to find the unique
zero ofφ , and, simultaneously, an optimal solution of the RTLS problem. We provide in
Algorithm 3.3 the procedure proposed for this purpose in [7].

Algorithm 3.3 RTLSC algorithm from [7]
1: [Initializations]

Givenδ 2 > 0, αup > 0 – an upper bound on the optimal function value,ε – a tolerance
value,
setk = 0, α low

0 = 0, αup
0 = αup.

2: [Stepk]

2a: αk ← 1
2(α low

k +αup
k )

2b: Solve the subproblem

min
{x:‖Lx‖2≤δ}

{x⊤(A⊤A−αkI)x−2b⊤Ax}

and denote the optimal solution withxk and the optimal objective function value
with βk.

2c: fk ← f (xk)
2d: if βk +‖b‖2 > αk then

α low
k+1 ← αk, αup

k+1 ← min{αup
k , fk},

else
α low

k+1 ← α low
k , αup

k+1 ← min{αk, fk}.
2e: k← k+1

3: [Stopping criterion]
If αup

k −α low
k < ε, then STOP;elsego to Stepk.

Some comments are in order. The subproblem in step2b: is another way of writ-
ing the evaluation ofφ(αk), such that it is more obvious that we deal with a quadratically
constrained (possibly indefinite) quadratic problem. We remark the similarity between the
subproblem in step2b:and the subproblem obtained for the RTLSQEP algorithm: see equa-
tion (3.21). The computational method chosen in [7] involves solving a secular equation
in one scalar parameter by means of a Newton method with global quadratic convergence
rate, due to Melman [88].
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Theoretical analysis in [7] provides conditions for existence of finite optimal solution
to the problem in step2b:. Not surprisingly, their condition resemble our condition(3.22);
indeed, Proposition 4.2 in [7] says that the subproblem to besolved at stepk of Algo-
rithm 3.3 item2b: admits finite minimum if

λmin

(
(N⊤N)−1/2(N⊤A⊤AN)(N⊤N)−1/2

)
> αk,

whereλmin denotes the smallest eigenvalue of a matrix, andN is, as before, a matrix whose
columns span the nullspace ofL⊤L. Since the left-hand side above is nothing else than
σ2

min(AN,N) from §3.2.2, it means that the existence condition from [7] is the same as for
RTLSQEP, with the only difference thatαk replacesf (xk).

As for RTLSQEP (see §3.2.2), it is sufficient to have a guarantee that the first sub-
problem solved at iterationk = 0 has finite global minimum. This property is automatically
satisfied at further iterations. For RTLSQEP, this implies aguarantee that the algorithm
converges to a local minimum. However, for the formulation in this section, this implies
also that the converged solution is a global solution as well, because of the fact that the
reformulationφ(α) = 0 admits a unique solutionα⋆. Note from Algorithm 3.3 that the
choice of the firstα0 is replaced by the choice of upper and lower bounds,αup andα low.
We refer for more details on these choices to [7].

It is remarkable that in [7] these results are in fact proven for the more general prob-
lem where the objective functionf is a ratio of two arbitrary quadratic forms; the RTLS
problem is only a special case.

3.3 Quadratic penalty formulations
When a Tikhonov-type quadratic penalty term‖Lx‖2 is added to the TLS objective func-
tion, we obtain a problem of the form

min
x

‖Ax−b‖2
2

1+‖x‖2
2

+λ‖Lx‖2
2. (3.28)

For δ small enough (i.e., δ < ‖LxTLS‖2), there exists a value of the parameterλ > 0 such
that the solution of (3.4) coincides with the solution of (3.28).

For this quadratic penalty formulation, a complete analysis is recently presented in
[6] and an optimization method is proposed there. We shortlyprovide an account of the
main conclusions.

• A sufficient condition for attainability of the minimum of (3.28) is given. This con-
dition is:

λmin

([
N⊤A⊤AN N⊤A⊤b

b⊤AN b⊤b

])
< λmin(N

⊤A⊤AN),

or, in terms of SVDs (which are more common in the TLS literature): σmin
([

AN b
])

< σmin(AN). Here, as before,N is a basis for the nullspace ofL⊤L. Remark the
similarity of this condition with the condition for existence of the TLS solution:
σmin

([
A b

])
< σmin(A).
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• A simple reformulation makes the problem more tractable. Itis replaced with the
minimization of the one-variable function

G (α) := min
‖x‖2=α−1

{‖Ax−b‖2

α
+λ‖Lx‖2

}
. (3.29)

• Properties ofG include: continuity and differentiability, and, in many practical cases,
unimodality.

• The evaluation ofG involves solving a quadratically constrained quadratic optimiza-
tion; it can be, thus, computed from an equivalent secular equation.

• Lower and upper bounds forα can be computed in terms of the dataA, b, L andλ .
This makes the minimization ofG possible using a bisection search.

3.4 Numerical results
We mainly give in this section the numerical results from [117]. We comment at the end
about how RTLSQEP compares with the newer methods describedin §3.2.3 and §3.2.4.

3.4.1 Test problems description

In order to test the performance of the proposed RTLSQEP method, several problems from
the “Regularization Tools” [57] were employed. All of them are discretizations of contin-
uous ill-posed problems of the Fredholm integral type [59, §2], constructed by quadrature.
For completeness, we provide in Table 3.2 the elements of theintegral equations used in
the considered examples. Further explanation about the precise discretization schemes used
can be found in the manual file accompanying the Regularization Tools.

Table 3.2.Elements K, f and g of the Fredholm integral equations
∫ b

a K(s, t) f (t)dt = g(s)
in several examples from the Regularization Tools.

Name baart deriv2 ilaplace shaw

K(s, t) exp(scost)

{
s(t −1), s< t
t(s−1), s≥ t

exp(−st) (coss+cost)2
(

sin(π(sins+sint))
π(sins+sint)

)2

f (t) sint expt 1−exp(− t
2) 2exp(−6(t − .8)2)+exp(−2(t + .5)2)

g(s) 2sins
s exps+(1−e)s−1 1

s − 1
s+1/2 –

s∈ [0, π
2 ] [0,1] [0,∞) [−π/2,π/2]

t ∈ [0,π] [0,1] [0,∞) [−π/2,π/2]

The example functions from the Regularization Tools returnthe elements of a square
systemAtruextrue≈ btrue, with matrixAtrue singular or very ill-conditioned. In the classical
context (i.e., without additional regularization), it is known that TLS gives more accu-
rate results than LS when increasing the degree of overdetermination, provided entries of[
A b

]
are affected by independent identically distributed errors of zero mean and equal
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variance [132, §8]. For this reason, the RTLS approach is also tested for rectangular sys-
tems. Some example functions from “Regularization Tools” were easily modified to con-
struct rectangular problems (by using a rectangular discretization grid instead of a square
one or by “partitioning” a square system in order to form an overdetermined system).

In the following, denote byAtruextrue = btrue a (square or rectangular) ill-conditioned
example system and letσ be a noise level. By adding white noise to the data:

A = Atrue+σE, b = btrue+σe,

with E = randn(m,n), e= randn(n,1), the problem to be solved becomesAx≈ b.
The matrixL ∈ R

(n−1)×n is set to approximate the first order derivative operator.
For the simulations below, the exact solutions are known; itis straightforward to consider
as regularization condition the equality‖Lx‖2 = δ := ‖Lxtrue‖2. With this strong prior
knowledge imposed, it is expected to obtain a regularized solution xreg of the original ill-
conditioned problem which is close to the exact solutionxtrue.

3.4.2 Comparison between regularization solvers

The purpose of these tests is to numerically validate the RTLSQEP method, but also to
compare its performance with other existing methods. The solvers employed in the tests
are described in Table 3.3. Results were obtained in Matlab 6on an i686 PC.

Table 3.3.Solvers for regularized least squares and regularized TLS

Solver Description
tikhonov Tikhonov regularization (from Hansen’s “Regularization Tools” [57])
rlsqep RLS solved by a QEP (with Matlab’spolyeig)
frlsqep RLS solved by a QEP (with fast Lanczos method [80])
ttls truncated total least squares (from Hansen’s “Regularization Tools”

[57])
rtlseig1 Guo and Renaut’s eigenvalue method for RTLS [53] (random starting

vector)
rtlseig2 Guo and Renaut’s eigenvalue method for RTLS [53] (starting vector -

thefrlsqep solution)
rtlsqep RTLSQEP (each QEP solved by linearization, with Matlab’seigs)
frtlsqep RTLSQEP (each QEP solved with fast Lanczos method [80])

For several noise levelsσ , relative errors‖xreg− xtrue‖/‖xtrue‖ are averaged in 200
random simulations. Table 3.4 shows results for the square problem (m= n= 20) and Table
3.5, results concerning the rectangular problem (m= 200,n = 20).

The relative errors (averaged over 200 random simulations)are illustrated also in
Figures 3.1 and 3.2 for two of the problems.

For the square problem or for small noise levels, there is no significant improvement
of the RTLS solutions in comparison with the ‘traditional’ methods; in the overdetermined
case and for increasing noise level, as expected,rtlsqep or frtlsqep gave the most
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Figure 3.1. Average relative errors for exampleilaplace

Table 3.4. The relative errors‖xreg− xtrue‖/‖xtrue‖ in several example problems, for all
methods and several noise levelsσ ; square case, with m= n = 20. The smallest errors for
each problem set are indicated in underlined bold numbers.

ilaplace tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep

σ = 1e-4 1.8e-1 4.1e-3 7.6e-1 1.0e+0 5.8e-4 8.5e-4
σ = 1e-3 3.8e-1 4.1e-2 7.7e-1 1.0e+0 5.6e-3 8.0e-3
σ = 1e-2 6.5e-1 3.7e-1 8.1e-1 1.0e+0 9.0e-2 9.1e-2
σ = 1e-1 9.5e-1 8.6e-1 9.0e-1 9.0e-1 7.8e-1 6.5e-1
σ = 1e+0 9.8e-1 9.5e-1 9.7e-1 9.3e-1 9.1e-1 9.0e-1

baart tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ = 1e-4 1.6e-2 2.1e-2 1.3e-2 1.0e+0 1.7e-2 1.6e-2
σ = 1e-3 2.9e-2 2.5e-2 2.7e-2 1.0e+0 2.4e-2 2.4e-2
σ = 1e-2 3.0e-1 8.1e-2 8.3e-2 1.0e+0 8.2e-2 8.2e-2
σ = 1e-1 9.5e-1 2.6e-1 3.1e-1 8.1e-1 3.2e-1 3.2e-1
σ = 1e+0 9.9e-1 7.4e-1 8.7e-1 8.0e-1 7.4e-1 7.3e-1

shaw tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ =1e-4 1.1e-2 2.3e-3 2.2e-2 1.0e+0 3.2e-3 2.3e-3
σ =1e-3 1.2e-1 9.1e-3 2.2e-2 1.0e+0 7.3e-3 9.2e-3
σ =1e-2 3.5e-1 1.1e-1 3.0e-2 1.0e-0 2.0e-1 2.0e-1
σ =1e-1 6.2e-1 1.9e-1 1.4e-1 9.9e-1 4.1e-1 4.1e-1
σ =1e+0 9.6e-1 7.5e-1 8.0e-1 8.9e-1 7.5e-1 7.2e-1

deriv2 tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ =1e-4 6.1e-4 1.5e-4 5.5e-2 3.2e-1 1.5e-4 1.5e-4
σ =1e-3 1.0e-2 8.8e-4 5.6e-2 3.2e-1 8.9e-4 8.9e-4

σ = 1e-2 8.1e-2 7.4e-3 8.7e-2 3.2e-1 7.0e-3 7.0e-3
σ = 1e-1 9.1e-1 6.8e-2 2.6e-1 2.2e-1 6.9e-2 6.9e-2
σ = 1e+0 9.7e-1 7.1e-1 8.8e-1 5.4e-1 6.4e-1 4.9e-1
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Figure 3.2. Average relative errors for examplederiv2

Table 3.5. The relative errors‖xreg− xtrue‖/‖xtrue‖ in several example problems, for all
methods and several noise levelsσ ; overdetermined problems, with m= 200, n= 20. The
smallest errors for each problem set are indicated in underlined bold numbers.

ilaplace tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep

σ = 1e-4 2.2e-4 3.0e-6 3.9e-2 3.2e-3 3.5e-5 3.1e-6
σ = 1e-3 4.8e-4 8.3e-5 3.9e-2 3.2e-3 4.4e-5 8.1e-5
σ = 1e-2 3.4e-3 2.8e-3 4.0e-2 3.3e-3 6.9e-4 1.3e-3
σ = 1e-1 7.5e-2 5.6e-2 9.2e-2 3.6e-2 2.9e-2 3.0e-2
σ = 1e+0 7.8e-1 7.8e-1 5.4e-1 8.5e-1 8.5e-1 4.0e-1

baart tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ = 1e-4 2.5e-2 2.2e-2 2.1e-2 1.0e+0 2.1e-2 2.1e-2
σ = 1e-3 1.8e-1 4.8e-2 3.5e-2 1.0e+0 4.0e-2 4.0e-2
σ = 1e-2 2.3e-1 1.8e-1 1.4e-1 9.9e-1 2.7e-1 2.7e-1
σ = 1e-1 7.3e-1 7.1e-1 6.2e-1 6.5e-1 7.1e-1 5.3e-1
σ = 1e+0 9.6e-1 9.5e-1 9.5e-1 8.9e-1 9.0e-1 8.1e-1

shaw tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ = 1e-4 1.8e-3 2.8e-3 2.0e-4 4.3e-1 3.6e-3 3.6e-3
σ = 1e-3 7.9e-2 1.6e-2 4.2e-3 3.5e-1 3.9e-2 3.9e-2
σ = 1e-2 1.6e-1 7.3e-2 3.9e-2 1.7e-1 1.6e-1 1.5e-1
σ = 1e-1 9.3e-1 8.9e-1 9.4e-1 7.0e-1 7.4e-1 6.7e-1
σ = 1e+0 9.6e-1 9.4e-1 9.6e-1 7.3e-1 7.8e-1 7.0e-1

deriv2 tikhonov (f)rlsqep ttls rtlseig1 rtlseig2 (f)rtlsqep
σ = 1e-4 1.2e-4 7.5e-5 5.5e-2 3.2e-1 8.3e-5 8.9e-5
σ = 1e-3 3.2e-4 3.2e-4 5.5e-2 3.2e-1 3.7e-4 3.8e-4
σ = 1e-2 3.5e-3 4.4e-3 6.1e-2 3.2e-1 2.7e-3 2.7e-3
σ = 1e-1 2.0e-1 5.8e-2 1.9e-1 3.2e-1 2.2e-2 2.2e-2
σ = 1e+0 7.9e-1 7.6e-1 6.4e-1 2.8e-1 6.3e-1 2.3e-1
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accurate results (or as accurate as the other solvers) for many of the experiments. For
the iterative RTLS methodsrtlseig1, rtlsqep andfrtlsqep, random starting vec-
tors were used for each one of the problems. For thertlseig method in [53], starting
from the same random vector gave bad results (as shown in the column corresponding to
rtlseig1); nevertheless, using the regularized least squares solution given byfrlsqep
as starting vector improved the results of the same solver (shown in thertlseig2 col-
umn).

In Table 3.6, average timings and number of iterations for several problem dimen-
sions are reported. Two representative examples from the Regularization Tools are used
for this purpose:baart, which is a severely ill-posed problem, andderiv2, which is a
mildly ill-posed problem.

In order to have a fair comparison, the same starting vector and the same termination
criterion were used for all implementations. Namely, the initial vector was set to the regu-
larized least squares solution, and the convergence test was: ‖xk+1−xk‖/‖xk‖ < 1e-4.

For rtlseig2, each iteration involves solving ann× n linear system, requiring,
in general,O(n3) operations (orO(n2), if A andL are first transformed via generalized
singular value decomposition; however, this preprocessing is of cubic complexity).

Thertlsqep implementation solves at each iteration a quadratic eigenproblem via
linearization. The total number of matrix-vector productswith matrixW in (3.25) is also
shown. This implementation is in general the fastest and allows solving large problems. We
explain whyrtlsqep is faster thanfrtlsqep by the fact that the former useseigs,
which calls the Fortran-written ARPACK library, while the latter is entirely implemented
in Matlab code.5

Results in Table 3.6 are obtained withL set to then× n approximation matrix for
the first order derivative operator. In this situation, one takes advantage of the fact that the
number offlopsfor solving a system withL is linear inn. Therefore, each matrix-vector
product withW = L−TBkL−1 is of orderO(2mn+3n) operations.

Note that for bothrtlsqep andfrtlsqep, a very small number of iterations
(under 5, which means that at most 5 quadratic eigenvalue problems were solved) is re-
quired for each example, regardless of the fact that one example is severly ill-posed and
the other is mildly ill-posed. Moreover, for various problem sizes, almost the same number
of matrix-vector products were performed (for thertlsqep approach). This number is
actually linked to the convergence of the Arnoldi method (ARPACK’s eigs) and shows a
stability of the number of Arnoldi steps with respect to problem dimensions.

3.4.3 Comparison with newer RTLS methods

In what concerns the comparison of RTLSQEP with the newer methods from [103] and [7],
described, respectively, in §3.2.3 and §3.2.4, we summarize here the results reported by the
authors of [103] and [7].

The simulations in [103] are favorable to the alternating iteration algorithm 3.2 when
compared to RTLSQEP. However, we note a detail in the simulation scenario that makes
RTLSQEP to produce bias results. The quadratic constraint chosen for RTLSQEP wasδ :=

5We would like to thank Ren-Cang Li and Qiang Ye for providing the Matlab code of their fast quadratic
eigenvalue problem method.
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Table 3.6. Average timings in two example problems – one severly ill-posed problem
(baart) and one mildly ill-posed problem (deriv2), for several RTLS methods, and
for various problem dimensions. ‘Iter’ = number of iterations; ‘CPU’ = CPU time (in sec-
onds); ‘W×v’ = number of matrix-vector products (with matrix W); ‘–’ denotes problems
that were not solved in comparable time (> 30 min).

rtlseig2 rtlsqep frtlsqep

baart Iter CPU Iter CPU W×v Iter CPU
m= n n= 50 406.8 0.62 4.0 0.17 135 4.0 0.15
m= 2n n= 50 241.7 0.41 4.1 0.18 140 4.1 0.17
m= n n= 500 777.0 364.67 4.0 1.56 135 4.0 19.00
m= 2n n= 500 – – 4.0 3.14 135 4.0 19.53
m= 2n n= 1000 – – 4.0 18.17 135 – –
m= 2n n= 2500 – – 4.0 108.21 135 – –
m= n n= 5000 – – 4.0 132.77 135 – –
m= 2n n= 5000 – – 4.0 255.27 135 – –

deriv2 Iter CPU Iter CPU W×v Iter CPU
m= n n= 50 35.9 0.06 4.0 0.14 135 4.1 0.16
m= 2n n= 50 23.0 0.04 4.0 0.15 135 4.0 0.15
m= n n= 500 34.3 19.18 4.0 1.38 135 4.0 18.30
m= 2n n= 500 34.6 20.03 4.3 3.26 148 4.0 18.86
m= 2n n= 1000 – – 4.0 15.03 135 – –
m= 2n n= 2500 – – 4.0 105.10 135 – –

0.9‖Lxtrue‖2 (remember that in our simulations we choseδ := ‖Lxtrue‖2, which makes it
reasonable to compare, then, the solutionxregwith xtrue). The alternating iteration algorithm
was used without a strict equality constraint, and gave better approximations of the true
solution.

The extensive experiments in [7] show that RTLSQEP gives identical results with the
RTLSC algorithm 3.3. This sustains the fact that RTLSQEP also finds the global optimum,
although our theory in [117] or §3.2.2 only proves local convergence.

3.4.4 Comparison with optimization solvers

The RTLS methods discussed in §3.2 are, in fact, methods for solving a quadratically con-
strained nonconvex optimization problem. Numerical experiments confirm that classical
optimization methods seem not as suited for the RTLS problemas the tailored RTLS meth-
ods described herein. For the quasi-Newton method (function fmincon from Matlab),
a very good initial approximation must be used in order to have convergence. Decreas-
ing the default tolerance values (even with a ‘good’ initialvector) has also the effect of
non-convergence (after 105 iterations).

In Table 3.7, the average over 200 random simulations of the objective function value
f (·) is reported for several examples and methods. For reference, the function f is also
evaluated in the exact solutionxtrue (which is the exact solution of the unperturbed example
systemAtruextrue = btrue, and not the optimal solution of the RTLS problem!). The vector
xtrue is actually used as the initial approximation forfmincon. Note that the solution
provided byfmincon improves just a little bit the value at the initial approximation. In
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Table 3.7. Average of the function value in 200 random simulations (m= 200, n = 20,
σ = 0.001). f (xtrue) is given just for reference.

ilaplace baart shaw deriv2
f (xtrue) 1.983e-4 2.005e-4 2.003e-4 2.018e-4

f (xrtlseig2) 1.932e-4 1.902e-4 1.944e-4 1.936e-4
f (xfrtlsqep) 1.920e-4 1.902e-4 1.944e-4 1.932e-4
f (xfmincon) 1.961e-4 1.991e-4 1.982e-4 1.983e-4

Table 3.8. Average of the quadratic constraint violation in 200 randomsimulations (m=
200, n= 20, σ = 0.001).

ilaplace baart shaw deriv2
xrtlseig2 8.51e-04 1.99e-07 6.47e-09 1.76e-04
xfrtlsqep 3.08e-13 1.58e-13 2.24e-17 4.30e-14
xfmincon 2.53e-07 2.48e-08 1.88e-08 7.46e-03

contrast, the objective function value at thefrtlsqep solution is the smallest, for all
examples.

Another remark on the RTLSQEP method is that the quadratic constraint‖Lx‖2
2 = δ 2

is preserved at each iteration (at least in exact arithmetic). In Table 3.8, the constraint viola-
tion |‖Lx‖2

2−δ 2| is averaged in 200 simulations for the RTLS solutions computed by three
methods (rtlseig2, frtlsqep, andfmincon, the latter with initial approximation
xtrue). Again,frtlsqep is much more accurate than the other two solvers. The resultsin
this section show the good numerical performances of the RTLSQEP algorithm as a spe-
cialized nonlinear optimization solver. In practice, however, the merit that the constraint
is satisfied with high accuracy is not so important, because the parameterδ might not be
known exactly.

3.4.5 Importance of the starting vector
The implementations of the RTLS method using either the fastQEP solver [80] or the
Arnoldi method for the linearized eigenvalue problem are quite robust with respect to the
chosen starting vector. For many of the problems, there is noneed to seek for a certain
initial vector, because random vectors satisfy the condition required for convergence of the
method. To a certain extent, the convergence depends also onthe problem dimensions (i.e.,
square or rectangular) and on the noise level. In Table 3.9, percentages of ‘good’ solutions
for the test problemilaplace using the solverfrtlsqep are shown. The tolerances to
which the relative errors were compared are also shown.

3.5 Conclusions
From both theoretical and practical points of view, the regularized total least squares prob-
lem is a necessary extension of the regularized least squares formulation. At present, there
are several proposed methods for solving the RTLS problem. In this chapter, we surveyed
them in the chronological order of publishing. At the beginning, the problem was analyzed
more from the computational point of view, and it took a few years until it was shown that
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Table 3.9. (a) Percentage offrtlsqep solutions close to (within a given tolerance)
the exact solution in exampleilaplace with n = 30, for several noise levelsσ and
dimensions m, in 1000 runs with different random starting vectorsrand(n,1).
(b) Tolerances for the relative errors betweenfrtlsqep solutions and the exact solution.

(a)

σ \ m
n 1 5 10 20

0.01 100% 99.9% 98.5% 96.6%
0.1 100% 99.5% 98.1% 96.8%
1 0% 99.7% 98.8% 96.1%
2 0% 99.5% 99.1% 96.6%

(b)

σ \ m
n 1 5 10 20

0.01 5e-4 1e-4 1e-4 5e-5
0.1 5e-4 1e-4 1e-4 1e-4
1 1e+0 5e-2 5e-3 5e-4
2 1e+0 5e-2 1e-2 1e-3

what was thought to be a complicated nonconvex optimizationproblem can be equivalently
solved with optimization techniques that are guaranteed toreach the global minimum.

We spent more details to explain our own RTLSQEP method, which involves solv-
ing iteratively quadratic eigenvalue problems. An advantage is that either standard or fast
methods can be used for solving the specific QEPs. All optionswere numerically tested and
validated in Matlab implementations of the method. Dense problems with dimensions up to
several thousands of rows and columns could be solved using the Arnoldi method applied
to the linearized QEPs. An important remark drawn from numerical experiments is that the
RTLSQEP method isrobust: the initial vector of the iterative algorithm can be arbitrarily
chosen in most of the cases. This remark has, in fact, a solid theoretical ground, in view
of the analysis in [7]. The RTLSQEP method is equivalent to the one-scalar minimization
problem of [7] (see §3.2.4).

The drawback of most of these methods is that they require an exact specification of
the constraint parameterδ or of the regularization parameterλ . In real-life problems, such
a parameter is rarelya priori available, therefore it should be estimated from given data,
using, for instance, cross validation. Discussion around optimal choices of regularized
models is the topic of the next chapter, where we focus our attention on both truncation and
penalty regularization techniques for the total least squares problem.
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Chapter 4

Model selection for
regularized
errors-in-variables linear
systems

In the context of errors-in-variables ill-conditioned linear models, regularization techniques
where a hyperparameter is present, are often employed. In this chapter it is shown that
the error function used by the model selection criteria for choosing a good regulariza-
tion/truncation parameter must be based on thegeneralization errorinstead of thepredic-
tion error, which is used in ordinary linear regression. This observation leads to new model
selection criteria that are based on orthogonal distances.For the case of the cross valida-
tion method, a consistency theorem is also proven. We discuss model selection methods in
the context of choosing a truncation level for truncated total least squares and choosing a
regularization parameter for regularized total least squares. Numerical experiments sustain
the superiority of the generalization error approaches in comparison with classical methods
for selecting regularization parameters.

4.1 Introduction
We consider again the slightly incompatible ill-conditioned linear system,

Ax≈ b, A∈ R
m×n, b∈ R

m, x∈ R
n.

When a certain regularization method (either truncation or penalty-based) is used for this
problem, we need methods for choosing a good hyperparameter(truncation level or regu-
larization parameter, respectively). These selection methods should be based on the goal
that the regularized solution is an appropriate solution for Ax≈ b, but the size of the penalty
term‖Lx‖2 or the complexity of the model are also kept under control.

In this chapter, new techniques for hyperparameter selection in the context of the
errors-in-variables model are proposed. They are based on the classical model selection
criteria. Section 4.2 highlights that classical criteria based on aprediction errorloss func-
tion are not appropriate for errors-in-variables models. Instead, modified criteria based on
a generalization errorloss function are proposed. It is then proven that the lattercriterion
can be defined based on orthogonal distances.

For the simple case of the cross validation criterion, we prove in Section 4.3 an
important property, similar to the consistency property ofthe total least squares solution.

65
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That is: for a growing degree of overdetermination (i.e., m increasingly large) this criterion
provides a consistent estimator of thebest regularized solution.

Section 4.4 is devoted to discussing methods for truncationlevel selection, whereas
Section 4.5 proposes methods for choosing the regularization parameter in RTLS.

4.2 Loss function for errors-in-variables linear
models

In this section, it will be assumed that the linear model generating the incompatible system
Ax≈ b is an errors-in-variables model. Specifically, it is assumed that there exists an
exact linear relationA0x0 = b0 and thatA andb are perturbed measurements ofA0 and
b0, A = A0 + Ã, b = b0 + b̃; moreover, the elements of

[
Ã b̃

]
are independent, identically

distributed, with zero mean.
The case of interest is whenA0 is ill-conditioned, and the noisy data matrixA (al-

though it isbetter conditionedthanA0) is also ill-conditioned, with no significant gap in
the singular values.

4.2.1 Prediction error vs. generalization error

Let
[
A b

]
be noisy measured data from an errors-in-variables model and let x̂ be an ar-

bitrary estimator ofx0. In this context, it is important to make a distinction betweenpre-
diction andgeneralization errors. Let

[
C d

]
denote a row (or several rows) of measured

data from the same errors-in-variables model. In the context of prediction, the estimator̂x
is used to computêd := Cx̂, which is a predicted value ford.

Definition 4.1. ‖d− d̂‖2
2 is called the prediction error.

Let ∆d := d̂− d. Due to noise in
[
C d

]
it is probable thatCx̂ = d is not readily

satisfied. Using∆d, a compatible system is constructed:

Cx̂ = d+∆d.

Note that this system corrects only the right-hand side, whereas the noisy matrixC remains
unaltered. A redundant way of defining∆d is via the trivial (feasible set is a singleton)
optimization problem:

min
∆d

‖∆d‖2
2 subject toCx̂ = d+∆d.

This optimization problem is introduced for comparison with the following similar prob-
lem, which is related to thegeneralizationerror:

min
∆C,∆d

‖
[
∆C ∆d

]
‖2

F subject to(C+∆C)x̂ = d+∆d. (4.1)

In words, the optimal solution of problem (4.1) consists of the smallest corrections that

must be added to
[
C d

]
in order to make the equationCx̂≈ d compatible. Let

[
∆̂C ∆̂d

]
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be the optimal solution of (4.1) and definêC := C+ ∆̂C andd̂ := d+ ∆̂d. ThenĈx̂ = d̂ is
satisfied.

Definition 4.2. ‖
[
C d

]
−

[
Ĉ d̂

]
‖2

F is called the generalization error.

4.2.2 Model selection based on prediction or generalizatio n
error

The model selection criteria in §1.3 use a certain error function L in order to assess the
performance of the regularized models. Applied to the errors-in-variables context, two
error functions are compared in the following. They are based on the prediction error and
the generalization error, respectively.

Definition 4.3. The prediction error function is defined as

L
pred(x̂,

[
C d

]
) := ‖Cx̂−d‖2

2;

the generalization error function is

L
gen(x̂,

[
C d

]
) :=

‖Cx̂−d‖2
2

‖x̂‖2
2 +1

.

The justification of the previous definition is straightforward in the case ofL pred;
for L gen, it is clarified by the following lemma (see also [132, Thm. 6.5]):

Lemma 4.4.The optimal solution of the optimization problem (4.1) is given by

∆̂C = − (Cx̂−d)x̂⊤

‖x̂‖2
2 +1

, ∆̂d =
Cx̂−d

‖x̂‖2
2 +1

, (4.2)

and the optimal value of the generalization error is the sum of orthogonal distances,
‖Cx̂−d‖2

2

‖x̂‖2
2 +1

.

Proof. Defining the Lagrangian of (4.1) as

L(∆C,∆d,v) = ‖
[
∆C ∆d

]
‖2

F +2v⊤ ((C+∆C)x̂−d−∆d)

(with v - the vector of Lagrange multipliers), the formulas (4.2) are easily derived from the
first order optimality conditions:

∆C = −vx̂⊤, ∆d = v, (C+∆C)x̂ = d+∆d.

¤

The two error functions,L pred andL gen, lead to different definitions of the model selec-
tion criteria introduced in §1.3. In particular, if we letλ denote the regularization parameter
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(or truncation level) that characterizesx̂ as a regularized model depending onλ , then we
can write the following two cross validation functions:

CVpred(λ ) =
1
c

c

∑
j=1

‖AI j x̂−I j (λ )−bI j‖2
2, CVgen(λ ) =

1
c

c

∑
j=1

‖AI j x̂−I j (λ )−bI j‖2
2

‖x̂−I j (λ )‖2 +1
,

(4.3)
where, as in §1.3,{I1, . . . , Ic} is a partition of the set of indices{1, . . . ,m} into c disjoint
sets, andAI j , bI j denote the rows corresponding to indices inI j , A−I j , b−I j denote the rows
corresponding to indices in{1, . . . ,m}\I j , andx̂−I j (λ ) is a regularized solution computed
only with the dataA−I j , b−I j .

Note thatCVpred is identical to the functionCVRLS in (1.11) on page 12.

4.2.3 Optimal regularization parameter

It should be noted at this point that, depending on the definition of a regularized model̂x(λ )
(which means,e.g., x̂(λ ) := xTik(λ ) = (A⊤A+λL⊤L)−1A⊤b in the Tikhonov regularization
case), there may be several definitions of the “optimal” regularized model (or, respectively,
optimal regularization parameterλ ). For the numerical experiments in §4.3.3, the optimal
λ was defined as the minimizer of‖x̂(λ )−x0‖2. Another choice might be, for instance, the
minimizer of the angle between̂x(λ ) andx0.

Assuming that minimizing‖x̂(λ )−x0‖2 is a good criterion for obtaining a meaning-
ful solution, letλ opt be the optimal regularization parameter. (Note thatλ opt can be com-
puted effectivelyonly in simulation examples, whenx0 is known.) Clearly, any method for
choosingλ cannot give a better regularized solution under this criterion. Therefore, the
aim is to find aλ that gives an̂x(λ ) as close tôx(λ opt) as possible.

4.3 Consistent cross validation based on the
generalization error

4.3.1 Consistency theorem

In the case of the cross validation method, we prove an interesting consistency result. It
shows that it is appropriate to use the criterion of minimizing CVgen, instead ofCVpred,
whenever the true model is an errors-in-variables model. Theorem 4.9 below is closely
related to the consistency discussion for the least squaresand total least squares solutions
[132, Chapter 8].

Let
[
A b

]
∈ R

m×(n+1) be noisy data from an errors-in-variables model, for which[
A b

]
=

[
A0 b0

]
+

[
Ã b̃

]
, with all elements in

[
Ã b̃

]
independent identically dis-

tributed, with zero mean and varianceσ2, and assume there existsx0 ∈ R
n such that

A0x0 = b0. As before, consider a partition of the set of indices{1, . . . ,m} into c disjoint sets
{I1, . . . , Ic}, each of sizep. (This implies the conditionm= pc, which is not a necessary
restriction, but it is used to simplify notation.)

Before presenting the actual theorem, we state a couple of auxiliary results. For the
first auxiliary result, the definition of the cross validation function for an arbitrary error
functionL must be contrasted with the definition of theconditional riskfunction [26]:
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Definition 4.5.

i. The cross validation function is

CV(λ ) =
1
c

c

∑
j=1

L (x̂−I j (λ ),
[
AI j bI j

]
); (4.4)

the optimal cross validation parameter is denoted byλ̂ = argminCV(λ ).

ii. The conditional risk function is

Ṽ(λ ) =
1
c

c

∑
j=1

E[C̃ d̃ ]

[
L (x̂−I j (λ ),

[
A0

I j
+C̃ b0

I j
+ d̃

]
)
]
, (4.5)

whereE[C̃ d̃ ] denotes the expectation taken with respect to the common density func-
tion of the elements of

[
C̃ d̃

]
∈ R

p×n, which have the same characteristics as the

noise
[
Ã b̃

]
; the optimal conditional risk parameter is denoted byλ̃ = argminṼ(λ ).

Note that the two formulations differ in the fact that the cross validation function uses
a particular noise realization

[
ÃI j b̃I j

]
that is added to the true data

[
A0

I j
b0

I j

]
, whereasṼ

takes the expectation of any possible added noise.Ṽ is uncomputable (since the exact[
A0 b0

]
is unknown), but it is used in the proof, because of the following property proven

(in a different context and for a different purpose, however) in [26]:

Lemma 4.6.Under certain assumptions (see [26, Thm. 1]),6

lim
m→∞

|Ṽ(λ̃ )−Ṽ(λ̂ )| = 0.

In other words, the cross validation parameterλ̂ is asymptotically optimal for̃V. This
will allow to replace (at the limitm→ ∞, i.e., when the row dimension of the data matrix[
A b

]
grows to infinity) the minimization ofV with the minimization ofṼ, in order to

prove the properties of the cross validation parameter.
Another replacement that may be done in the limit is:x̂−I j (λ ) by x̂(λ ), wherex̂(λ )

is computed from all them rows of the given data
[
A b

]
.

Lemma 4.7. If

lim
m→∞

σmin(A⊤A)

σmax(AI j )
= ∞, ∀ j ∈ {1, . . . ,c}, (4.6)

thenlimm→∞ ‖x̂(λ )− x̂−I j (λ )‖2 = 0, ∀ j ∈ {1, . . . ,c}.
6The technical assumptions are not listed here, to save space.Among these assumptions, the most trouble-

some is that [26] allows only a finite number of models to select from. In the present context, this is fine for
choosing truncation levels, but for regularization parameters it implies thatλ should be constrained to belong to
a discrete set.
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We show the proof in the case of Tikhonov solutions. It follows from the expansion

x̂−I j (λ ) = (A⊤A−A⊤
I j

AI j +λL⊤L)−1(A⊤b−A⊤
I j

bI j )

= x̂(λ )+(A⊤A+λL⊤L)−1A⊤
I j
(AI j x̂−I j (λ )−bI j ),

by bounding from above the norm‖x̂(λ )− x̂−I j (λ )‖2 with a term proportional to
σmax(AI j )

σ2
min(A)

.

From (4.6), this ratio goes to zero asm goes to infinity.
The last auxiliary result is:

Lemma 4.8. If C = C0 +C̃ ∈ R
p×n and d= d0 + d̃ ∈ R

p, and all elements of
[
C̃ d̃

]
are

i.i.d., have zero mean and varianceσ2, then, for any x∈ R
n,

E[C̃ d̃ ]

[
‖Cx−d‖2

2

]
= ‖C0x−d0‖2

2 + pσ2(‖x‖2
2 +1). (4.7)

This follows clearly:

E
[
‖Cx−d‖2

2

]
= ‖C0x−d0‖2

2 +E
[
‖C̃x− d̃‖2

2

]
= ‖C0x−d0‖2

2 + pσ2(‖x‖2
2 +1).

The consistency theorem is:

Theorem 4.9. Let λpred and λgen be the minimizers of the cross validation functions
CVpred and CVgen, respectively, and letλ opt be the optimal regularization parameter,i.e.,
the minimizer of‖x̂(λ )−x0‖2. If

lim
m→∞

σmin(A
⊤A) = ∞, and lim

m→∞

σmin(A⊤A)

σmax(AI j )
= ∞, ∀ j ∈ {1, . . . ,c}, (4.8)

and

∃ lim
m→∞

A0⊤A0

m
=: F ∈ R

n×n, (4.9)

then, as m→ ∞,

a. ‖x̂(λpred)− x̂(λ opt)‖2 is asymptotically biased away from zero;

b. ‖x̂(λgen)− x̂(λ opt)‖2 → 0.

Proof. Proof of point a: From Lemma 4.6, the optimalλpred can be obtained (when
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m→ ∞) by minimizingṼpred. This is written as

min
λ

Ṽpred(λ ) = min
λ

1
c

c

∑
j=1

E[C̃ d̃ ]

[
‖(A0

I j
+C̃)x̂−I j (λ )− (b0

I j
+ d̃)‖2

2

]

≈ min
λ

1
c

c

∑
j=1

[
‖A0

I j
x̂(λ )−b0

I j
‖2

2 + pσ2(‖x̂(λ )‖2
2 +1)

]
(4.10)

= min
λ

1
c

∥∥A0x̂(λ )−b0
∥∥2

2 + pσ2(‖x̂(λ )‖2
2 +1)

=
1
c

min
λ

∥∥∥∥∥∥




A0
√

mσ2In
0


 x̂(λ )−




b0

0√
mσ2




∥∥∥∥∥∥

2

2

. (4.11)

Line (4.10) follows from Lemma 4.8, but the approximation sign is used becausêx−I j is
replaced bŷx(λ ) (Lemma 4.7). The minimization (4.11) is a constrained leastsquares
problem (the constraint being represented by the parameterization x̂(λ )). In the uncon-
strained situation (i.e., x̂(λ ) replaced by a freex) the least squares solution is given by

xLS
m = (A0⊤A0 +mσ2In)−1A0⊤b0, which is a biased estimator ofx0. It is easy to show that

the solution̂x(λpred) of (4.11) equals also

argmin
x̂(λ )

∥∥∥∥
[

A0
√

mσ2In

](
xLS

m − x̂(λ )
)∥∥∥∥

2

2

= argmin
x̂(λ )

{∥∥A0(
xLS

m − x̂(λ )
)∥∥2

2 +mσ2
∥∥xLS

m − x̂(λ )
∥∥2

2

}
.

As m→ ∞, the second term in this function becomes dominant and it implies thatx̂(λpred)

will tend to be as close as possible toxLS
m . Note thatxLS

m = x0 +

(
A0⊤A0

m +σ2In

)−1

x0;

therefore, asm→ ∞, λpred is the minimizer of

‖x̂(λ )−xLS
∞ ‖2 = ‖x̂(λ )−x0− (F +σ2In)

−1x0‖2

with F defined in (4.9).
On the other hand, we have thatλ opt as the solution of the minimization of‖x̂(λ )−

x0‖. It follows thatλ opt cannot be, at the limit, equal toλpred, and the bias between the
prediction error model and the optimal regularized model istherefore proven.

Proof of point b:Lemmas 4.6–4.8 help writing the minimization ofṼgenas

min
λ

1
c
‖A0x̂(λ )−b0‖2

2

‖x̂(λ )‖2
2 +1

+ pσ2 ⇐⇒ min
λ

‖A0x̂(λ )−b0‖2
2

‖x̂(λ )‖2
2 +1

.

In the unconstrained case (x̂(λ ) replaced by a freex), this problem is a trivial (noiseless)
TLS problem, which yields the exact solutionx0. In the singular value decomposition of[
A0 b0

]
, the largestn singular values go to infinity in the limit (see (4.8)); the smallest

one is 0 and corresponds to the right singular vector
[

x0

−1

]
/
∥∥∥
[

x0

−1

]∥∥∥
2
. This implies that the

optimal solution̂x(λgen) should be as close as possible tox0. From the definition ofλ opt,
it follows limm→∞ ‖x̂(λgen)− x̂(λ opt)‖2 = 0. ¤
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4.3.2 Computational properties

In what follows, the cross validation function based on thegeneralization error, CVgen(λ ),
will be denoted byCV(λ ) and will be referred to as the “new cross validation” function.

From a computational point of view, the minimization ofCV(λ ) might pose problems
sometimes, such as multiple local minima or a global minimumat 0. Nevertheless, our
examples show that this behavior is less frequent than in thecase when we use criteria
based on the prediction error, such as the classical generalized cross validation function,
applied to errors-in-variables problems.

Comparison between partitioning methods

In a statistical framework for the cross validation method,there are several established ways
of choosing the partition. Among them: leave-one-out CV, V-fold (or leave-many-out) CV,
Monte-Carlo CV, bootstrap CV. Here not all these methods will be considered; we refer to
[26] for recent results on an unified methodology for cross validation.

The way in which the partition is designed might be influencedby knowledge of the
problem at hand. In general, choosing the partition involves also abias-variance trade-off.

In the following, two extreme partitioning cases will be used: the leave-one-out and
the 2-fold cross validation; they will be denoted byLOO and2-fold partitions.

The leave-one-out cross validation is the most general (andclassical) choice; it uses
singleton subsets,I j = { j}, for any index j. This method might be too computationally
expensive and it might suffer from over-fitting.

The other simple choice, in the other “extreme”, is to split the data only in two parts.
For instanceI1 = {1,3,5, . . .}, I2 = {2,4,6, . . .} proves to be an excellent and cheap choice
when the data comes from a continuous problem.

4.3.3 Numerical illustration of the consistent cross valid ation

The numerical examples in this section are using ill-posed problems from the Regular-
ization Tools [57].7 Each test problem provides the exact data

[
A0 b0

]
as well as exact

solutionx0. For several noise levelsσ , white noise is added to the exact data as:

A = A0 +σE
‖A0‖F

‖E‖F
, b = b0 +σe

‖b0‖2

‖e‖2
,

where the matrixE and the vectore have independent normally distributed random ele-
ments with zero mean and variance 1. The regularization matrix L is set to the approxima-
tion of the first order derivative operator,L ∈ R

(n−1)×n, which is a bidiagonal matrix with
-1 on the diagonal and 1 on the first superdiagonal.

The “new cross validation” method for errors-in-variablesmodels (that is, the mini-
mization ofCVgen(λ ) from (4.3)) is compared with two of the most popular regularization
parameter selection methods: L-curve and generalized cross validation (both implemented
in the Regularization Tools [57]). The chosen regularization method that we use on these
problems is Tikhonov regularization (in the least squares,not the total least squares sense).

7Some of the problems are modified in order to construct rectangular data matrices instead of only square
ones.
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Table 4.1.Comparison of average relative errors between Tikhonov-regularized solutions
and exact solution x0 (‖xTik−x0‖/‖x0‖) for three methods for computing the regularization
parameter. Several problems from the Regularization Tools, each with 100 noisy realiza-
tions (with noise levelσ = 0.1), are used.

Problem m, n L-curve GCV new CV
ilaplace [100, 20] 0.089 0.420 0.058
baart [100, 20] 0.433 0.304 0.385
shaw [40, 40] 1.038 0.659 0.496
phillips [40, 40] 0.120 0.408 0.197
foxgood [40, 40] 1.354 0.473 0.172
deriv2 [100, 20] 0.165 0.378 0.147
regutm [100, 20] 0.431 0.517 0.420

Note that the L-curve and GCV implementations are designed for Tikhonov regulariza-
tion of the least squares problem, and they do not assume thatA is also noisy. Results
are reported in Table 4.1. It can be noted that the relative errors obtained with the new
cross validation method are comparable with, and usually smaller than, those for the other
methods.

Another experiment illustrates theconsistencyproperty of the new cross validation
criterion. Random problems of growing sizem are used. The matrixA0 is generated
with the functionregutm from the Regularization Tools; thus,A0 is ill-conditioned, with
exponentially decaying singular values, and random (left and right) singular vectors. The

exact solution is set tox0⊤ =
((

1
n

)2
,
(

2
n

)2
, . . . ,

(
n
n

)2
)

, andb0 is computed asb0 = A0x0.

White noise is added to
[
A0 b0

]
in order to obtain

[
A b

]
; 100 different noise realizations

are then used to compute average relative errors.
Figure 4.1 shows the behavior of the average relative errorsobtained with three meth-

ods for computing the regularization parameter. For reference, the best possible error (ob-
tained for theλ that minimizes‖xTik(λ )− x0‖2) is shown. The experiment demonstrates
that with increasingm the new cross validation estimator performs better and better, while
the other estimators don’t have this consistency property.

4.4 Methods for choosing truncation levels
In this section, we discuss several methods for choosing thetruncation level. For the trun-
cated SVD formulation, many classical model selection methods are easily adapted. Our
contribution is to specialize some of the classical methodsfor truncation parameter selec-
tion to the other classes of ScTLS problems; in particular, we focus on the TLS formulation.

In the following, we denote bŷxTSVD,k the truncated SVD solution of the problem
Ax≈ b with truncation levelk, and byx̂TTLS,k the truncated TLS solution with truncation
level k. (See §2.2.2.) Thesen-dimensional vectors satisfy exactly the following truncated
systems:

Ax̂TSVD,k = b̂′k, Âkx̂TTLS,k = b̂k,
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GCV

New CV

optimal

σ = 0.001σ = 0.001σ = 0.001σ = 0.001 σ = 0.01σ = 0.01σ = 0.01σ = 0.01

(m= 100,n = 20) (m= 200,n = 20) (m= 300,n = 20) (m= 400,n = 20)

Figure 4.1. Average relative errors between Tikhonov-regularized solutions and exact so-
lution x0 when the regularization parameter is computed using the L-curve, the generalized
cross validation criterion, the new cross validation for errors-in-variables and theoptimal
regularization parameter. The latter is computed by minimizing the Euclidean distance be-
tween the regularized solution and the exact solution x0. All values are scaled by dividing
to the corresponding minimal average relative error (the fourth bar). This means that the
bars that approach the value 1 indicate nearly optimal regularized solution.

whereb̂′k := U ′
kU

′
k
⊤b (the m× k matrix U ′

k contains the firstk left singular vectors ofA),

and
[
b̂k Âk

]
is a certain rankk approximation of

[
b A

]
.

Let rk be the residual error obtained for the truncation levelk. The expression ofrk

depends on the formulation that we use:

rLS
k = ‖b− b̂′k‖2, for the LS case,

rTLS
k =

∥∥∥
[
b A

]
−

[
b̂k Âk

]∥∥∥
F
, for the TLS case.

Another variable of interest isN – the total number of elements in
[
b A

]
that are assumed

noisy,

NLS = m, for the LS case,

NTLS = m(n+1), for the TLS case.

Computing the residual errorrk is needed in all model selection methods. For the LS
case, this is straightforward. We focus now on the TLS case, since we did not yet specify
whatÂk andb̂k are.

We assume that the truncated solutionx̂TTLS,k is computed using the partial reduction

to a core problem, as described in Chapter 2, Algorithm 2.3. Thus,
[
b̂k Âk

]
is not nec-
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essarily the best rankk approximation of
[
b A

]
. This happens in the case when some of

the largestk singular values ofA are multiple or whenb is orthogonal onto some of the left
singular subspaces ofA. Consider the truncated core reduction (see (2.2) on page 29)

[
bk

1 Ak
11

]
= Pk

1
⊤ [

b AQk
1

]
(4.12)

with
[
bk

1 Ak
11

]
∈R

(k+1)×(k+1) andPk
1 ∈R

m×(k+1), Qk
1∈R

n×k having orthonormal columns;
let (u′′,σ ′′,v′′) be the smallest (that is, thek+1st) singular triplet of

[
bk

1 Ak
11

]
. Then we

have [95] [
b̂k Âk

]
=

[
b A

]
−Pk

1u′′σ ′′v′′1
[
−1 x̂⊤TTLS,k

]
,

wherev′′1 is the first element of the vectorv′′. It is not difficult to reformulate this expression
and to obtain the corrections in their typical formula (4.2)as:

[
b̂k Âk

]
=

[
b A

]
−

(Ax̂TTLS,k−b)
[
−1 x̂⊤TTLS,k

]

‖x̂TTLS,k‖2 +1
.

The proof involves the relation (4.12) and point (c) of the following lemma:

Lemma 4.10.The core problem Ak11y≈ bk
1 with optimal TLS solution xk1, and the smallest

singular triplet of
[
bk

1 Ak
11

]
, denoted by(u′′,σ ′′,v′′), satisfy:

(a)
‖Ak

11x
k
1−bk

1‖2
2

‖xk
1‖2

2 +1
= (σ ′′)2 (b) ‖xk

1‖2
2 +1 = (v′′1)

−2

(c)
(Ak

11x
k
1−bk

1)

‖xk
1‖2

2 +1
= u′′σ ′′v′′1 (d)

Ak
11

⊤
(Ak

11x
k
1−bk

1)

‖xk
1‖2

2 +1
= −(σ ′′)2(v′′1)

2xk
1

Moreover, the n-dimensional vectorx̂TTLS,k is linked to the k-dimensional xk
1 by the relation:

x̂TTLS,k = Qk
1xk

1.

If the reduction in (4.12) is a partial bidiagonalization, then we have a way of computing
the residual norm efficiently at each bidiagonalization step. The following identity can be
used:

rTLS
k =

∥∥∥
[
b A

]
−

[
b̂k Âk

]∥∥∥
2

F
= ‖

[
b A

]
‖2

F −‖
[
β1e1 Ak

11

]
‖2

F +(σ ′′)2

where
[
bk

1 Ak
11

]
=

[
β1e1 Ak

11

]
is the bidiagonal matrix obtained afterk steps. This iden-

tity is proven in [33].

We discuss next how the model selection methods from Chapter1, §1.3, can be used
in the context of choosing a truncation level in TSVD or TTLS.
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The discrepancy principle

This method requires knowledge about the statistical properties of the noise that perturbs
the data. Specifically, let’s assume that the noise is i.i.d.with zero mean and varianceσ2.
The norm of the residual error is computed for the candidate truncation levelk and the
following criterion is monitored:

min
k

∣∣‖rk‖2−σ2N
∣∣ ,

thus, ak is sought that provides a residual error of the same magnitude as the noise in the
data.

The L-curve

The norm of the truncated solution‖x̂k‖2 is plotted against the residual error normrk in
log-log scale for variousk’s, and thecorner in log-log scale is chosen. A version of the
rotated L-curve[102] can also be designed.

Generalized cross validation

Generalized cross validation can be written as

min
k

‖rk‖2
F(

N− peff
k

)2 , (4.13)

where theeffective number of parameters peff
k is the trace of the generalized information

matrix (see §1.3.3 and the Appendix A.1), which is the derivative of the reconstructed data
model with respect to the noisy data.

In the LS case, onlyb is considered noisy; therefore, the generalized influence matrix
shows how perturbations in the measured outputb are reflected as perturbations in the
recomputed model̂b′k. It becomes

SLS(k) =
∂ b̂′k
∂b

=
∂U ′

kU
′
k
⊤b

∂b
= U ′

kU
′
k
⊤
,

giving the obvious statement thatpeff
k = Tr(U ′

kU
′
k
⊤) = k. Indeed, in a linear regression

model, the number of effective parameters is exactly the number offreemodel parameters.
This is easily explained in terms of the truncated core problem as follows: in truncated
SVD, the core problem has size(k+1)×k; we need to solve it in least squares sense and
we obtain ak-dimensional solution vectorxk

1. The final solution̂xTSVD,k, though of length
n, is obtained directly fromxk

1 by multiplication with an orthogonal transformation matrix
(which does not depend onb). Thus, the number of effective parameters isk.

We recover the GCV criterion as the minimization with respect to k of the function:

GCVTSVD(k) =
‖AxTSVD,k−b‖2

m−k
=

‖(I −U ′
kU

′
k
⊤)b‖2

m−k
=

(rLS
k )2

m−k
.

This criterion is well-known, and implemented, for instance, in the Regularization Tools [57].
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In the TLS case, A andb are both considered noisy. The residual error norm in this
case is given by

rTLS
k =

∥∥∥
[
b A

]
−

[
b̂k Âk

]∥∥∥
2

F
=

‖Ax̂TTLS,k−b‖2
2

‖x̂TTLS,k‖2
2 +1

.

Due to the nonlinearity (in̂xTTLS,k) of this expression, we need to use the nonlin-
ear generalized influence matrix definition [89] (see also Remark 5 on page 13 and Ap-
pendix A.1), which in our case becomes the Jacobian of the estimated model vec[ b̂k Âk ]
with respect to the noisy data vec

[
b A

]
. It is, thus, anm(n+1)×m(n+1) matrix.

We prove in Appendix A.1 that, if this direct differentiation is not easy, it is possi-
ble to compute the influence matrix using partial derivatives with respect to some auxil-
iary model parameter, say a vectory. Then, the influence matrix is written asSTLS(k) =
JH−1J⊤, whereH is the Hessian of the objective function iny (i.e., the loss function that
should be minimized in order to obtain optimal model parameters), andJ is the derivative
of the final “model” with respect to the model parametery.

In the truncated core problem with truncation levelk, we solve the core systemAk
11y≈

bk
1 in TLS sense (see §2.3.2). This means that we minimize the criterion: ‖Ak

11y−bk
1‖2/

(‖y‖2 + 1) with respect toy. The optimal solution fory is denoted byxk
1. Therefore, we

choose as auxiliary variable thek-dimensional vectory, and we evaluate the Hessian at its

minimizerxk
1. J is the derivative of the final model

[
b̂k Âk

]
with respect toy, computed

also atxk
1. Thus,

STLS(k) := JH−1J⊤

:=
∂
∂y

vec
[
b̂k Âk

]∣∣∣
y=xk

1

(
∂ 2

∂y∂y⊤
‖Ak

11y−bk
1‖2

2

‖y‖2
2 +1

∣∣∣
y=xk

1

)−1 ∂
∂y

vec
[
b̂k Âk

]⊤ ∣∣∣
y=xk

1

.

Let us first computeH:

H = 2
‖xk

1‖
2
2+1

(
Ak

11
⊤

Ak
11−

‖Ak
11xk

1−bk
1‖

2
2

‖xk
1‖

2
2+1

Ik−2
Ak

11
⊤

(Ak
11xk

1−bk
1)xk

1
⊤

‖xk
1‖

2
2+1

−2
xk
1(Ak

11xk
1−bk

1)⊤Ak
11

‖xk
1‖

2
2+1

+4
‖Ak

11xk
1−bk

1‖
2
2

(‖xk
1‖

2
2+1)2

xk
1xk

1
⊤

)
.

The relations given in Lemma 4.10 help simplifying this expression and make the compu-
tation ofSTLS(k) efficient. The matrixH becomes:

H = 2(v′′1)
2
(

Ak
11

⊤
Ak

11− (σ ′′)2Ik +8(σ ′′)2(v′′1)
2xk

1xk
1
⊤)

.

In the case we used a bidiagonalization method,H is a small (k×k) tridiagonal plus rank-

one matrix. Its inversion is easy! Note that the inverse exists: indeed,Ak
11

⊤
Ak

11− (σ ′′)2Ik is
positive definite, becauseσ ′′ < σmin(Ak

11) (because the truncated core problem has unique
generic solution).

Now, we compute them(n+1)×k matrixJ:

J =
∂
∂y

vec
[
b̂k Âk

]∣∣∣
y=xk

1

=
∂
∂y

vec
([

b A
]
−Pk

1u′′σ ′′v′′1
[
−1 y⊤Qk

1
⊤
])∣∣∣

y=xk
1

= −
[

0 . . . 0
(Pk

1u′′σ ′′v′′1)⊗Qk
1

]

︸ ︷︷ ︸
k

m
mn
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Remember that our goal was to evaluate the number of effective parameters, which is the
trace of the influence matrix:peff

k = Tr(JH−1J⊤) = Tr(J⊤JH−1). We note thatJ⊤J sim-
plifies even more:

J⊤J =
(
(Pk

1u′′σ ′′v′′1)
⊤(Pk

1u′′σ ′′v′′1)
)
⊗

(
Qk

1
⊤

Qk
1

)
= (σ ′′v′′1)

2Ik.

Thus, the formula for the effective number of parameters in the truncated core TLS problem
becomes:

peff
k =

1
2

Tr





(
Ak

11
⊤

Ak
11

(σ ′′)2 − Ik +8(v′′1)
2xk

1xk
1
⊤
)−1



 .

Finally, we are able to plug in computable formulas forrTLS
k and peff

k into the GCV func-
tion (4.13).

Generalized information criteria

A generalized information criterion is based on the same elements that we have already dis-
cussed for GCV: the residual norm and the number of effectiveparameters. (See again §1.3.4
and Appendix A.2.) For some forms of information criteria, the (estimated) noise variance
is also required. Note that an estimate for the variance (in the case of Gaussian noise) is

1
N−peff

k
r2
k.

We can write GIC as

min
k

log(rk)+
peff

k

N
. (4.14)

For TSVD, the particularpeff
k is just the numberk of free parameters in the model, and GIC

gives a form of the classical Akaike information criterion,

min
k

log
(
‖b−Ax̂TSVD,k‖2

)
+

k
N

.

Concluding the model selection techniques for choosing truncation levels, we emphasize
the fact that in both the truncated SVD and the truncated TLS problems we obtained closed-
forms expressions for each of the classical criteria. For TSVD, these are well-known, but
for TTLS these results are new. Their implementation in the CoRe software (see §2.4) still
waits for more extensive testing.

4.5 Methods for choosing the regularization
parameter in RTLS

We consider the Tikhonov formulation of the RTLS problem:

min
x

(‖Ax−b‖2
2

‖x‖2
2 +1

+λ‖Lx‖2
2

)
, for a fixed parameterλ . (4.15)
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The first order optimality condition for this problem reads

(
ATA+λ (‖x‖2

2 +1)LTL− ‖Ax−b‖2
2

‖x‖2
2 +1

I

)
x = ATb. (4.16)

As we have discussed in Chapter 3, the RTLS problem does not have closed form solution.
Model selection criteria, applied to choosing the regularization parameter in RTLS, will
not have closed form expressions, either. This means that inorder to compare several
regularization parameters, we have to solve several RTLS problems.

A discrepancy principle or an L-curve criterion can be easily designed using the
generalization error (i.e., the orthogonal distance) as residual measure. We note thatan
L-curve criterion for RTLS was already proposed and successfully applied in [103].

In this section, we propose a new technique that is based on choosing a regulariza-
tion parameter of a regularized least squares problem as first step towards choosing the
regularization parameter in the RTLS problem. Interestingenough, we believe that the
2-parameter formulation originally proposed in the first paper on RTLS [42] is a better for-
mulation for getting us started on discussing the regularization parameter selection than the
other methods from Chapter 3. We remind that formulation:

(
ATA+λLLTL+λI I

)
x = ATb, (4.17)

where we can identify thex-dependent formulas ofλL andλI from (4.16):

λL = λ (‖x‖2
2 +1), and λI = −‖Ax−b‖2

2

‖x‖2
2 +1

. (4.18)

Clearly, it is a requirement thatλL andλI are in such a way that the system (4.17) is well-
conditioned. For a fixedλL, this implies a restriction onλI :

|λI | ≪ σmin(A
TA+λLLTL). (4.19)

Since it can be assumed thatA is (nearly) rank-deficient, a sufficient simple condition isto
discard all(λL,λI ) for which |λI |≪ λL σ2

min(L). We argue that due to the fact thatλI should
be relatively small, we can use a criterion for choosingλL in the assumption thatλI = 0.

Letx(λL,λI ) be the solution of
(
ATA+λLLTL−λI I

)
x= ATb. For|λI |≪σmin(ATA+

λLLTL), note that
(
ATA+λLLTL−λI I

)
can be seen as a perturbation (with−λI I ) of the

matrix
(
ATA+λLLTL

)
. From well-known sensitivity results [50, §2.7], one concludes that

‖x(λL,0)−x(λL,λI )‖ ≤
λI

σmin(ATA+λLLTL)−λI
‖x(λL,0)‖.

Since|λI |≪ σmin(ATA+λLLTL), and assuming a reasonable value for‖x(λL,0)‖ (because
x(λL,0) is a solution of a regularized problem), it is clear thatx(λL,0) andx(λL,λI ) are
quite close to each other.

By fixing λI = 0, we obtain a simplified framework for regularization parameter se-
lection for RTLS, by using the model selection methods that are well-known for regularized
least squares (Tikhonov regularization). Only one variable,λL, is optimized.
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Algorithm 4.1 Iterative refinement for the RTLS solution.

1: λ 0
L = λ min

L , x0 =
(
ATA+λ 0

L LTL
)−1

ATb; k← 1

2: λ k−1
I = −‖Axk−1−b‖2

2

‖xk−1‖2
2 +1

(cf. (4.18));

3: xk =
(
ATA+λ k−1

L LTL+λ k−1
I I

)−1
ATb (cf. (4.17));

4: leaveλ k
L = λ k−1

L = λ min
L unmodified, or updateλ k

L = λ k−1
L

‖xk‖2
2 +1

‖xk−1‖2
2 +1

.

5: (stopping criterion) if ‖(ATA+λ k
L LTL+λ k

I I)xk−ATb‖ < ε (ε is a given tolerance),
then STOP;elsek← k+1; go to2:

Suppose thatλ min
L is the optimal argument that minimizes a certain criterionV(λL)

(which can be cross validation, generalized cross validation, an information criterion, etc).
A few iterations of updatingλL, λI andx(λL,λI ) can improve the approximation of the
RTLS solution, as shown in Algorithm 4.1. Note that an estimate for the original regular-
ization parameterλ is λ ∗ = λ ∗

L/(‖x∗‖2
2 + 1) (where we denote with∗ the corresponding

converged values). In step4:, one can choose between two methods: either keepλ k
L = λ min

L
unchanged, or updateλL, by taking into account that in (4.16) the coefficient ofLTL is of
the formλ (‖x‖2

2 +1).
Algorithm 4.1 is in fact a fixed point iteration for computingthe RTLS solution, when

the original regularization parameterλ is – more or less –a priori decided by the value of
the Tikhonov parameterλ min

L .

More freedom in the choice ofλ can be obtained if we use an algorithm in the spirit
of Wahba [136], who proposes the following strategy:

for nonlinear regularization problems that are solved iteratively, the regulariza-
tion parameter is chosen at each iteration, using a classical selection method
for the (linearized) subproblems.

In the case of RTLS, we propose, to this end, to modify the algorithm in [6] (see §3.3).
We remind that it was based on a scalar bisection minimization of the functionG (α)
(see (3.29) on page 56). Each evaluation ofG for a fixedα involves solving a quadrat-
ically constrained quadratic problem:

min
x
{‖Ax−b‖2 +λα‖Lx‖2 : ‖x‖2 = α −1}.

A model selection technique can be used in order to find an appropriateλ α for this sub-
problem; then, this should be done at every function evaluation G (α), for each new value
of α. The behavior of such a method, as well as efficient computational methods are still a
matter of future investigation.
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4.5.1 Numerical results for RTLS

Interval of interest for λL in RTLS

For relatively small values ofλL, the noise inA andb is amplified in a similar manner as
when computing the unregularized LS solution. Eachx(λL,0) carries its noise amplification
into the value of the model selection criterionV(λL). Therefore, for too smallλL’s, V(λL)
reflects mainly the contribution of the random noise realization.

Figure 4.2 illustrates the shape ofV(λL) (when V is the 2-fold cross validation
function) for many noise realizations of theilaplace problem from the Regularization
Tools [57], with dimensionsm= 100,n= 20. Obviously, one is interested in discarding the
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effects due to the particular noise realization. Figure 4.2suggests that forλL large enough
all trajectories ofV(λL) are similar. In this case, the noise effect is damped, while for small
λL, the noise influences tremendously the shape of theV function.

Moreover, the global minimum ofV(λL) might occur in the “unreliable”, noisy part
of the CV function. This is the case in the simulation of Figure 4.2: for the majority of the
noise realizations, the global minimum ofV is found forλL → 0. This is unrealistic, since
the unregularized LS solution (λL = 0) is an inappropriate and highly noise-contaminated
solution for exampleilaplace.

These comments suggest defining the optimal regularizationparameter away from
the part dominated by the noise effects, even if it will not necessarily be at the global
minimum ofV(λL). AlthoughV might have several local minima, it can be conjectured
that the optimal value of interest is theright-most local minimum.

Figure 4.3 is an illustration (on a noisy sample from the sameilaplace problem)
of the fact that, in theregion of interest, the leave-one-out and2-fold partition methods
of the cross validation criterion provide basically the same solution, since their right-most
local minima are very close to each other.
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Iterative refinement of RTLS solution

Algorithm 4.1 is applied to the sameilaplace example problem by starting withλ 0
L =

λ min
L = 0.8111 andλ 0

I = 0. The method converges in a few iterations to an approximate
RTLS solution:

λ ∗
L λ ∗

I iterations
no updateλ k

L 0.8111 0.0055 7
updateλ k

L 0.8846 0.0056 18

KeepingλL constant during the iterations seems preferable; this is probably due to
the fact that, in this case, the regularization parameterλ of the original Tikhonov RTLS
formulation (4.15) is implicitly updated at each iterationof Algorithm 4.1, while the case
when we iteratively updateλL corresponds to keepingλ fixed at a value involving the initial
λL estimate.

Figure 4.4 shows how the absolute error of solving the RTLS equation (4.16) de-
creases.
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Figure 4.4. The absolute error in solving RTLS with Algorithm 4.1, computed as
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2.

4.6 Conclusions
Estimating regularization parameters in the context of linear errors-in-variables models
was discussed. The advantages of using a statistically correct model selection criterion
were illustrated by studying a cross validation procedure based on the generalization error,
instead of the classical prediction error.

Extensions of classical model selection techniques to the computation of optimal
truncation levels in truncated total least squares and optimal regularization parameter for
regularized total least squares were also proposed.
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Chapter 5

Nonparametric
regression using
template splines

We study the role of regularization in the context of curve fitting of nonlinear data and
we begin with the problem of nonparametric modeling. In thiscontext, regularization is
generally synonym tosmoothing. We define a very general conceptual family oftemplate
splinesthat unifies the definitions of various spline families, suchas smoothing splines,
regression splines or penalized splines. This extension allows an easy incorporation of
additional constraints apart from smoothness, such as symmetries, monotonicity, convexity,
which is generally not possible in the context of classical spline families.

The nonlinear nonparametric regression problem that defines the template splines can
be reduced, for a large class of Hilbert spaces, to a parameterized regularized linear least
squares problem, which leads to an important computationaladvantage.

5.1 Introduction
We consider nonlinear nonparametric models of the formyi = f (ti)+εi , whereyi denotes a
real-valued measured observation,ti is a regression abscissa from a certain given bounded
real intervalI , εi is a zero-mean additive noise term, and the functionf : I → R is an
unknown nonlinearity to be determined.

The problem of estimating the unknown nonlinearityf , given measured data(t1,y1),
. . . , (tm,ym), is a nonparametric regression problem. The range of applications for this type
of problems is very wide: from density function estimationsto econometric predictions,
from biology to sociology. The literature on nonparametricregression is also quite rich
(see the monographs [31, 52, 61, 136]). But one tool that is almost always mentioned in
connection with nonparametric regression problems issplines.

In this chapter, we design a new and more general formulation, which encompasses
many of the commonly used types of splines. We partly motivate this work by the need to
link the family of penalized splines [28] to the smoothing splines family [136], whose the-
ory is much more rigorous. In a recent article [55], the authors prove some basic statistical
properties such as consistency and give expressions for mean squared errors for penalized
splines. The extension that we propose is a super-family forboth the smoothing splines
and for penalized splines, among others. Good statistical properties that hold for smooth-
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ing splines, such as the optimality of model selection via generalized cross validation, still
hold for the template spline extension. Moreover, with thisgeneral formulation we are able
to solve not only smoothing problems, but also various constrained smoothing problems.

In section 5.2, we define template splines by generalizing the approach of [136],
which embedded the smoothing splines into the theory of reproducing kernel Hilbert spaces.
We allow more freedom in choosing some essential elements ofthe template splines (com-
pared to the smoothing splines definition), and this fact will play a role in widening the
splines family.

In section 5.3 we show that by allowing these generalizations, we do not overly re-
strict the computational properties, since the template spline solution will also be com-
putable using a linear parameterization and solving a regularized linear least squares prob-
lem.

Derivations of the well-known types of splines from the moregeneral template spline
formulation and some illustrative examples are detailed insection 5.4.

5.2 Template splines on reproducing kernel Hilbert
spaces

Given the measured data(t1,y1), . . . ,(tm,ym), the goal is to fit this data using a nonparamet-
ric modelyi = f (ti)+εi . Depending on the application, we have to define more specifically
some properties to which a goodf should comply. The first step is to choose a function
space where our search for a goodf can be restricted to. A general framework for func-
tion spaces is described next; it is a framework that has attractive theoretical properties,
but which also proves to be advantageous from a computational point of view, as it will be
shown in Section 5.3.

5.2.1 Reproducing kernel Hilbert spaces

The theory of reproducing kernel Hilbert spaces is a functional analysis tool that gives a
sound foundation to the use of splines and other concepts in curve fitting, function estima-
tion, model description or model building applications [137].

A reproducing kernel Hilbert space (RKHS)H is a linear function space, with an
embedded inner product〈·, ·〉H and an induced norm‖ · ‖H . It is a Hilbert space on some
domainI , thus it is complete with respect to the induced distance topology, but the most
important property of a RKHS is that all pointwise evaluations can be written as bounded
linear functionals. That is, for everyt ∈ I the linear functionalLt defined by the relation
Lt f = f (t) is bounded (‖Lt f‖H ≤ constt‖ f‖H ). As a consequence of Riesz representation
theorem [135] (which says that every bounded linear functional has arepresenterin the
Hilbert space), for eacht ∈ I there exists an elementηt ∈ H such that

f (t) = 〈ηt , f 〉H , ∀ f ∈ H .

In other words, eacht ∈I has a correspondingηt ∈H that “describes” all possible values
of the functions inH at t through the inner product ofH .

The functionK : I ⊗I →R defined asK(s, t) := 〈ηs,ηt〉H for all s, t ∈I is there-
producing kernelfor H . It is symmetric, positive definite and satisfies〈K(s, ·),K(t, ·)〉H =



5.2. Template splines on reproducing kernel Hilbert spaces 87

K(s, t).
There is a one-to-one relationship between the set of reproducing kernel Hilbert func-

tion spaces defined on an intervalI and the set of positive definite functions defined on
I ×I . Moreover, under general circumstances (e.g., continuity and square-integrability),
any positive definite functionK admits an eigenfunction-eigenvalue decomposition:

K(s, t) =
∞

∑
ν=1

σν Φν(s)Φν(t),

whereσ1 ≥ σ2 ≥ ·· · ≥ 0, with ∑∞
ν=1 σ2

ν < ∞, are the eigenvalues ofK, andΦ1,Φ2, . . ., an
orthonormal sequence of square-integrable functions onI , are called the eigenfunctions
of K. Φ1,Φ2, . . . , form a Hilbert basis for the RKHS that corresponds to the kernel K.

These properties imply good news from the practical point ofview. Choosing the
RKHSH can either be replaced by choosing a desired kernelK or by choosing a sequence
of orthonormal functions that act as a basis or a generator family for H . For this reason,
in practical applications, the theoretical formulation ofH is often omitted; typically, it
is replaced by the definition of a certain sequence of generators for the “splines”, such as
truncated polynomials, piecewise polynomials or B-splinebases [21].

5.2.2 Unconstrained smoothing

When a spaceH is specified, we formulate the following least squares problem:

Problem 1 (H -smoothing) Solving the least squares problem

min
f∈H

m

∑
i=1

(yi − f (ti))
2 (5.1)

for the functionf is called theH -smoothing problem.

ThroughH -smoothing, the measured datay∈R
m is orthogonally projectedonto the space

H (t), which is a vector space inRm of the discretizations of all the functions inH at the
abscissast1, . . . , tm. In other words,H -smoothing finds the function̂f in H that best
approximates the data iny at given abscissast. For the values oft ∈ I that are not among
the elements oft, f̂ can be used as predictor.

5.2.3 Constrained smoothing and template splines

To impose additional constraints such as smoothness, monotonicity, convexity, equality
or inequality relations, on the estimated functionf , it is possible in some cases to revise
the definition of the spaceH , such that any function inH satisfies the extra constraints.
However, the design ofH in this case can become tedious. An alternative method is based
on the projection framework for constrained smoothing developed by [84]; basically, the
additional constraints are imposed in a sequential manner:“smooth then constrain,” which
might be suboptimal.

Here, we propose a one-step solution that is feasible and efficient for a wide class of
constraints that can be written as (semi)norm conditions.

Let P denote a linear operator fromH to H ′, whereH ′ is a certain normed space.
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Problem 2 (P-constrainedH -smoothing) Solving the constrained least squares prob-
lem

min
f∈H

m

∑
i=1

(yi − f (ti))
2, such that ‖P f‖H ′ ≤ δ for a fixedδ ≥ 0, (5.2)

for the functionf is called theP-constrainedH -smoothing problem.

The value‖P f‖H ′ is the measure of the quality of an arbitraryf with respect to the
desired constraints, or to the prior knowledge on properties that good estimatorsf should
satisfy. Sometimes, if no such prior knowledge is available, ‖P f‖H ′ could also be a
measure of parsimony for the modelf .

Using a Lagrange multiplier argument, we arrive at the following:

Problem 3 (Template spline) The following minimization is thetemplate splinemini-
mization problem:

min
f∈H

1
m

m

∑
i=1

(yi − f (ti))
2 +λ‖P f‖2

H ′ . (5.3)

This formulation is equivalent to theP-constrainedH -smoothing problem, for a certain
relation betweenλ ≥ 0 andδ ≥ 0. The penalty formulation of the template spline prob-
lem (5.3) shows that a trade-off between closeness of the model f to the observations and
“quality” of the model – via theP-constraint – can be ensured by choosing an appropriate
λ ≥ 0. In Section 5.3.2 we focus on the generalized cross validation (GCV) criterion that
can be used for choosing the so-calledsmoothing(or penaltyor regularization) parameter
λ , given the measured data.

Remark 11 (More general formulations) Sometimes in spline literature, the function eval-
uation operator that appears in the sum of squares of problems (5.1, 5.2, 5.3),ti → f (ti),
is replaced by a more general bounded linear operatorLi , i.e., ti → Li f . All results in this
chapter are straightforwardly generalizable to this setting.

Moreover, if the zero-mean noise termεi is assumed to have a known covariance ma-
trix other than the identity matrix, the least squares term in all minimization problems (5.1,
5.2, 5.3) can be easily transformed intoweighted least squaresformulations, using the
inverse of the noise covariance matrix as weight matrix.

5.3 Computing template splines
5.3.1 Transformation to a linear least squares problem

The following theorem says that whenH is a RKHS andP has some general properties
(see below), the solution of the template problem (5.3) has arepresentation in terms of
the reproducing kernel and/or its eigenfunctions, and it can be easily computed by solving
linear least squares or linear equations. In particular, problem (5.1) can also be efficiently
solved as a linear least squares problem.

LetHP denote the null space ofP in H (that is,HP := kerP := { f ∈H : P f =
0}), and assume it is finite dimensional, of dimensiond. For instance, ifP is thedth order
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derivative operator on some spaceH of (infinitely) continuously differentiable functions,
then kerP is spanned by the finite basis{1, t, t2, . . . , td−1}.

Assume thatP preserves orthogonality relations fromH to H ′: thus, if〈 f ,g〉H =
0, then〈P f ,Pg〉H ′ = 0.

Theorem 5.1 (generalized from [136], Th. 1.3.1).The solution of the template spline
problem (5.3), for a fixedλ ≥ 0, has a closed-form expression given by

f̂λ :=
d

∑
k=1

akφk +
m

∑
i=1

bi µi , (5.4)

where

• φ1, . . . ,φd are a basis forHP , (d := dimHP ),

• µi = K(ti , ·), for i = 1, . . . ,m,

• the coefficientsa := (a1, . . . ,ad)
⊤ andb := (b1, . . . ,bm)⊤ are given by

a =
(

A⊤A−A⊤B(B2 +mλC)−1BA
)−1

A⊤ (
Im−B(B2 +mλC)−1B

)
y,

b = (B2 +mλC)−1B(y−Aa), (5.5)

where the matrices A (m×d), B (m×m) and C (m×m) are computed as

A = {(φk(tl )}(l=1,...,m; k=1,...,d),

B = {K(ti , tk)}(i, j=1,...,m) = {〈µi ,µ j〉H }(i, j=1,...,m), (5.6)

C = {〈Pµi ,Pµ j〉H ′}(i, j=1,...,m).

Proof. Since the set{φ1, . . . ,φd} is a basis forHP , any f ∈ H can be written asf =

∑d
k=1akφk + f⊥, for somea1, . . . ,ad ∈ R and an f⊥ ∈ H ⊥

P
. It will be shown that f⊥

can be further decomposed such that the optimal solution of the minimization (5.3) has a
finite decomposition inH . To this end, writef⊥ = ∑m

i=1bi µi +ρ , whereµi := K(ti , ·) and
ρ ∈ H is orthogonal toφ1, . . . ,φd and toµ1, . . . ,µm.

The least squares objective to be minimized becomes:

F ( f ) :=
1
m

m

∑
i=1

(yi − f (ti))
2 +λ‖P f‖2

H ′

=
1
m

m

∑
i=1

(
yi −

d

∑
k=1

akφk(ti)−
m

∑
j=1

b j µ j(ti)−ρ(ti)

)2

+λ

∥∥∥∥∥P

(
d

∑
k=1

akφk +
m

∑
j=1

b j µ j +ρ

)∥∥∥∥∥

2

H ′

=
1
m
‖y−Aa−Bb‖2

2 +λb⊤Cb+λ ‖Pρ‖2
H ′ ,
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whereA, B andC are given in (5.6).
We used the facts thatρ(ti) = 〈ρ,K(ti , ·)〉H = 〈ρ,µi〉H = 0 from the choice ofρ

orthogonal toµ1, . . . ,µm; that φ1, . . . ,φd are in the null space ofP; and thatρ being or-
thogonal to∑m

j=1b j µ j in H implies 〈∑m
j=1Pµ j ,Pρ〉H ′ = 0, by the “preservation of

orthogonality” property ofP.
For f to be a minimizer ofF , we must have‖Pρ‖H ′ = 0. This impliesρ ∈ kerP,

which contradicts the choice ofρ orthogonal to the basis of kerP; thus, the only possibility
is ρ = 0.

The normal system of equations for the linear least squares problem that we obtained
is: {

A⊤Aa+A⊤Bb = A⊤y,
B⊤Aa+(B⊤B+mλC)b = B⊤y.

(5.7)

SinceB is symmetric positive definite, the closed-form expressions (5.5) are easily ob-
tained. ¤

The theorem gives us a simple way to express the minimization(5.3) as a problem
that is linearly parameterized by the vectorsa andb, more precisely, as aregularized linear
least squares problem:

min
a∈Rd,b∈Rm

1
m
‖y−Aa−Bb‖2

2 +λb⊤Cb. (5.8)

The matricesA, B andC defined in (5.6) are characteristic for the RKHSH , the penalty
operatorP, and the set of given abscissast. The columns ofA are discretized versions of
the functions that span the null space ofP, and the columns ofB are those that contribute
in the directions outside the null space ofP. For this reason, only the coefficientsb are
subject to the constraint implied by the penalty termλb⊤Cb.

In practical cases where a spline basis is given instead of the RKHSH , the extended
matrix

[
A B

]
could be replaced by a matrix whose columns are discretized splines from

the given basis set.

5.3.2 Data driven spline fitting using generalized cross
validation

The smoothing parameterλ will usually not be knowna priori; the methods for choosing
a goodλ often rely on optimizing some criterion and involves many evaluations of spline
solutions (from their coefficientsa, b), for various values ofλ . For this reason, it is required
to have efficient algorithms for the computation of coefficients a and b, instead of the
expressions in (5.5).

The regularized least squares problem of minimizing

1
m
‖y−Aa−Bb‖2

2 +λb⊤Cb =
1
m

∥∥∥∥
[

y
0

]
−

[
A B
0

√
mλD

][
a
b

]∥∥∥∥
2

2

,

whereD is a Cholesky factor of the symmetric positive definite matrix C (D⊤D =C), can be
efficiently solved if we compute in advance the generalized singular value decomposition
(GSVD) [50] of the matrix pair

([
A B

]
,
[

0 D
])

.
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Many methods for choosing an “optimal” regularization parameterλ can be em-
ployed in the context of template splines. A recent simulation study [75] compares several
parameter selection procedures in the case ofsmoothing splines(leave-one-out cross vali-
dation, generalized cross validation, Mallows’Cp, Akaike’s information criterion, and risk
estimation methods); the conclusion is that none of the methods can be overall the best.

Here we present the application of generalized cross validation [19] to template
splines. The GCV criterion aims at minimizing the function

G(λ ) :=
‖y−Aaλ −Bbλ‖2

2

[Tr(Im−H(λ ))]2
,

where(aλ ,bλ ) denote the optimal solution vectors that are obtained from solving prob-
lem (5.8) holding the regularization parameter at the fixed valueλ , andH(λ ) is theinflu-
ence matrix(or hat matrix, orsmoothermatrix) defined as them×mmatrix that makes the
equalityH(λ )y = Aaλ +Bbλ hold. Its formula reads:

H(λ ) =
[

A B
][

A⊤A A⊤B
B⊤A B⊤B+mλC

]−1[
A⊤

B⊤

]
.

GCV was originally introduced for problems such as ridge regression [43] and smoothing
splines [19], which belong to the same category of regularized linear least squares problems
as the template splines do. For these problems, it is possible to show that the GCV criterion
is a predictive mean squared errorcriterion. In the context of template splines this will
mean that, under reasonable assumptions and in the asymptotic situation, the values chosen
for λ by minimizing the GCV function, when the sample size grows toinfinity, converge
to the optimalλ that corresponds to the spline model that is closest to thetrue underlying
model.

For efficient computations, the GSVD of the matrix pair
([

A B
]
,
[

0 D
])

can
be used, because in this case, the matrix that must be inverted in the formula ofH(λ )
becomes a diagonal matrix, and, thus, computing this inverse is very fast, for anyλ .
(See [58].) Interesting techniques for making the optimization of the GCV function fast
for large-scale problems are described by [51], making use of a randomization method to
compute the trace of a large matrix.

5.4 Examples
In this section, we exemplify the described theory, by first showing that some classical
spline families belong to our generalization. Afterwards,we design some examples that
are atypical for the classical splines, but which can however be successfully tackled by the
template splines.

5.4.1 Smoothing, regression and penalized splines as
template splines

Smoothing splines and penalized splines start from the sameidea of using a weighted
penalty term in order to obtain a desired degree of smoothness of the reconstructed non-
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parametric model. Regression splines rely on a different technique to obtain a smoother or
a rougher approximation: tuning the number of basis splines.

Despite their similarities, the penalized splines cannot be seen as a subset of smooth-
ing splines (orvice-versa), mainly because of the fact that their penalty terms are of totally
different nature.

But with template splines, we generalize these approaches by allowing the operator
P to be more general than just an orthogonal projection (as forsmoothing splines) and to
take value in other normed spaces (such asR

n, for penalized splines). In the meantime, the
good properties of smoothing splines, such as the asymptotic optimality of using GCV for
choosing the penalty parameter, are still kept.

Smoothing splines as template splines

Smoothing splines [136] are a subset of the template splinesfamily, obtained when the
spaceH ′ is the same as the spaceH , and the operatorP is an orthogonal projection.

A classical example of a smoothing spline is thenatural spline. The spaceH is
defined as the Sobolev space,

H := { f : [0,1] → R : f , f ′, . . . , f (d−1) are absolutely continuous andf (d) ∈ L2},
where f (k) denotes thekth derivative andL2 denotes the space of square integrable func-
tions.H is endowed with the square seminorm:

‖ f‖2
H :=

d

∑
k=1

[
f (k)(0)

]2
+

∫ 1

0

[
f (d)(u)

]2
du.

The corresponding reproducing kernel is

K(s, t) :=
d

∑
k=1

φk(s)φk(t)+
∫ 1

0
Gd(s,u)Gd(t,u)dt,

where eachφk (for k = 1, . . . ,d) denotes the monomialφk(t) = tk−1

(k−1)! andGd is the Green

functionGd(t,u) =
(t−u)d−1

+
(d−1)! , with (x)+ = x for x≥ 0 and 0 otherwise.

The operatorP is simply defined as the orthogonal projection onto the subspace

HP := { f ∈ H : f (0) = f (1) = f ′(0) = f ′(1) = · · · = f (d−1)(0) = f (d−1)(1) = 0}.
The optimal natural spline solution solves the problem:

min
f∈H

1
m

m

∑
i=1

(yi − f (ti))
2 +λ

∫ 1

0

[
f (d)(u)

]2
du.

Thus, the natural spline reconstruction from noisy measurements aims atd-order smooth-
ness, with no boundary conditions.

The smoothing spline solution can still be obtained by solving a regularized linear
least squares problem (details in [136, Chapter 1]). ButH ′ = H implies that for smooth-
ing splines we can redefine the matrices that appear in our Theorem 5.1 and haveB = C,
which gives a simpler numerical solution for the smoothing spline, since a QR decomposi-
tion can be used instead of a GSVD.
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Regression splines as template splines

A regression spline [36] is a piecewise polynomial functionthat is smooth at the jointure
points (knots) up to the degree of the polynomials minus 1. Typical polynomial functions
that are used with regression splines are truncated polynomials or B-splines [21].

The spaceH can be defined as the span of the considered polynomial set. Anexam-
ple is the span of the truncated polynomials of degreeq, span{t, t2, . . . , tq, (t − τ1)

q
+,(t −

τ2)
q
+, . . . ,(t − τN)q

+}, whereτ1, . . . ,τN areN given knots, and(x)+ denotes, as before,x
or 0, depending whetherx is nonnegative or negative. Another example is the span of the
B-spline basis. The widely used B-splines are defined recursively such that, at the given
knots τ1, . . . ,τN, each of the functions in the B-spline basis set isq-times continuously
differentiable. The recursion formula reads:

v{1}
i (t) =

{
1, if τi ≤ t ≤ τi+1

0, otherwise,
; v{k}

i (t) =
v{k−1}

i (t) · (t − τi)

τi+k−1− τi
+

v{k−1}
i+1 (t) · (τi+k− t)

τi+k− τi+1
,

(5.9)
and theq-order basis that definesH as span{v{q}

1 , . . . ,v{q}
N−q}, contains thusN−q func-

tions.
For fitting with regression splines, we can set the operatorP as the identically zero

mapping (andH ′ = {0}). Thus the penalty part disappears from the problem (5.3), and
we are left with a simple least squares problem.

Sometimes, the number of knotsN and the knot positions must be optimized before
performing regression. In the situation when we consider equally-spaced knots (i.e., uni-
form regression splines), only the integer parameterN has to be chosen. Therefore, we
consider as hyperparameterλ the number of knotsN and the generalized cross validation
(or other typical method for model order selection) can thenbe used in order to choose an
appropriate value forN. The parameterN controls in this case the bias-variance trade-off.
A largeN means that the measuredy can be modeled with more fidelity, and a smallerN
means that the reconstructed spline is smooth.

Penalized splines as template splines

The simple smoothing method ofpenalized splineswas introduced by [28] (and in very
similar terms, by [108]). It is based on (uniform) regression splines, but with an added
penalty term, weighted by a certain regularization parameter λ . An interesting detail is
found in [107], namely that the number of knots can be set to anarbitrary value (a num-
ber large enough, but always less than the number of regression points); the technique of
penalized splines controls the degree of smoothness only through the parameterλ .

In formal notation, letv1, . . . ,vn denote a basis family of truncated polynomials or of
B-splines of degreeq. Then, given the measurementsy1, . . . ,ym, a function f can be mod-
eled as a linear combination ofv1, . . . ,vn, i.e., f = ∑n

k=1ckvk, by minimizing the penalized
least squares function

min
c∈Rn

1
m

m

∑
i=1

(
yi −

n

∑
k=1

ckvk(ti)

)2

+λ‖∆c‖2, (5.10)

where∆ is a finite difference operator (of a certain chosen order) and λ is a positive scalar
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parameter that controls the degree of smoothness.
From the formulation (5.10) it is clear that the penalized splines are also a partic-

ular example of template splines. We define the spaceH as the span of the function
family {v1, . . . ,vn}, and the spaceH ′ as then-dimensional Euclidean spaceRn. The op-
eratorP can be easily set using the canonical decomposition of any element f in H ,
asP( f ) = P (∑n

k=1ckvk) = ∆c, where∆ is the same approximation matrix for a finite
difference operator that is used in the penalized splines problem (5.10).

5.4.2 Other applications of template splines

Smoothing in transformed spaces

We consider the abscissa intervalI as the “time axis” (and therefore the measurements
y1, . . . ,ym are given in the “time-domain”), but we are interested in imposing smoothness
to theFourier transformof the solutionf .

Let F be the Fourier transform andF−1 denote the inverse Fourier transform. Con-
sider a RKHSH of functions defined on the time-domainI . Then the image space is
H ′ := FH = {F ( f ) : f ∈ H } . We can measure smoothness inH ′ with the aid of a
projectionQ (see, for instance, the natural spline type of smoothing in section 5.4.1),i.e.,
the norm‖Qg‖H ′ (for anyg in H ′) is the measure that we use for smoothness. It is then
possible to define the mappingP : H → H ′ by the composition

P( f ) = Q(F ( f )).

Solving the template spline problem (5.3) in this case is equivalent to solving

min
g∈H ′

1
m

m

∑
i=1

(
yi − (F−1◦g)(ti)

)2
+λ ‖Qg‖2

H ′ ,

which is a template spline problem in the spaceH ′.

Constrained smoothing

Classical smoothing splines or regression splines are designed to smooth scattered data in
order to obtain meaningful approximations. However, additional constraints are usually
hard to impose. (See for instance [71], where linear programming methods are used for
several constrained smoothing problems.) With templates splines, constraints can be im-
posed through the penalty term. Tuning the penalty coefficient allows to slightly break the
constraints, which is advantageous for identifying situations when the data does not obey
the constraints.

In this paragraph, we give two numerical examples from an application where tem-
plate splines are designed for constrained smoothing problems. In the first example, we
show that imposing a symmetry constraint helps finding a reliable model for noisy data
that comes from a symmetric function. The second example illustrates that when using a
wrong constraint, the GCV value forλ gives a model that clearly breaks the constraint.

Example 5.2 We consider several scalar functions on an interval[−α,α] that are sym-
metric with respect to the vertical axis through zero. We generate discretizations and add
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Figure 5.1. In all plots, the thin solid line is the simulated symmetric function, respectively:
x2, cos(x) and sinc(x); the dots are the noise corrupted data. The top row of plots shows
as thick red lines the penalized spline reconstructions, while in the bottom row these thick
red lines represent the template splines with symmetry constraint. The latter exhibit better
reconstructions of the symmetric models.

Gaussian noise. We then compute from the noisy data two models, both based on a B-
spline basis: a penalized spline where a second order derivative operator is used to obtain
smoothness, and a template spline where the penalty contains the second order derivative
for smoothness, but also a term for symmetry, which is governed by a matrix[I −J], where
I is the identity matrix andJ is its mirror reflection. We choose the penalty coefficient
by GCV in both models, but we observe that using the symmetry constraint gives models
that have smaller mean squared error with respect to the original simulated functions, than
when no constraint is imposed. See Figure 5.1 for illustration.

Example 5.3 We consider now as original function a function that is not symmetric with
respect to the vertical axis through zero,e.g., the arctangent function. We compute however
a template spline with symmetry penalty. As illustrated in Figure 5.2, the fit is symmetric,
but does not reflect the data, when we choose a penalty parameterλ which is quite big. On
the other hand, the GCV criterion chooses aλ that corresponds to a spline reconstruction
that is reasonable for the given data, and ignores the inappropriate symmetry constraint.
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Figure 5.2. In both plots, the thin solid line is the simulated non-symmetric function
arctan(x); the dots are the noise corrupted data. On the left, the spline corresponds to
a very large value of the penalty parameter, thus the symmetry is strongly imposed, yield-
ing an almost zero solution (thick red horizontal line). On the right, the penalty parameter
is computed with GCV, and the symmetry constraint is completely ignored, but the data is
reasonably fitted by the template spline (thick red line).

5.5 Conclusions
The template spline introduced in this chapter generalizessome of the most used families
of splines from literature. An issue that we find important isthat, due to this common
framework, the family of penalized splines can be put in its own right beside the classical
family of smoothing splines.

Template splines solutions are quite easily computable, since a regularized linear
least squares optimization can be solved instead.

Template splines can constitute a solid basis for nonparametric regression problems
where the “data acquisition space” is different from the space where interesting properties
appear, or where strong or weak constraints should be imposed.



Chapter 6

Regularized
semiparametric
modeling

In this chapter, we formulate and solve a semiparametric fitting problem with regularization
constraints. The model that we focus on is composed of a parametric nonlinear part and
a nonparametric part that can be reconstructed using template splines. Regularization is
employed in order to impose additional properties, such as acertain degree of smoothness,
on the nonparametric part.

Semiparametric regression is presented in this chapter as ageneralization of nonlinear
regression, and all important differences that arise from the statistical and computational
points of view are highlighted.

6.1 Introduction
This chapter is a survey dedicated to a semiparametric fitting problem with regularization
constraints. We consider nonlinear models that are partially known, partially unknown.
From given noisy measurements, we are interested in estimating regression parameters of
the known nonlinear part, as well as estimating the nuisanceas a nonparametric part.

Our motivation for studying this problem comes from an application in nuclear mag-
netic resonance (NMR) spectroscopy, which will be thoroughly described in Chapter 7.

In the context of semiparametric modeling, much work has been devoted to partially
linear stochastic models of the form

yi = F(ti)
⊤θ +g(ti)+ ε, (i = 1,2, . . . ,m),

wherey1, . . . ,ym ∈ R, as well asF(t1), . . . ,F(tm) ∈ R
p are measured quantities,εi denotes

the measurement noise;θ ∈ R
p is the linear regression vector to be estimated, andg :

R → R is a nonlinear nonparametric part. Usually, the goal is to find a consistent estimate
of θ , while considering the nonparametric partg(·) as nuisance (see,e.g., a very recent
comprehensive study of semiparametric models presented inthe book [109]; see also [9]).
The nonlinearityg(·) is often modeled by smoothing splines [136]. Smoothing splines are
sometimes employed together with a nonlinear model as a way of testing if the nonlinear
model is adequate [136, Chapter 9]: an almost zero reconstructed spline means that the
nonlinear model is the right one. Another example of semiparametric modeling is presented

97
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in [16], which employs a Bayesian framework in order to discriminate nonparametrically
between a deterministic regression function and a noise term with smooth spectral density.
In [69], a very general spline framework is developed such that nonlinear relationships are
allowed between several nonparametric functions.

The semiparametric regression problem treated in this chapter combinesadditively
parametric nonlinear regression with nonparametric spline smoothing. It is shown that it is
adequate to solve such a semiparametric fitting problem using nonlinear least squares plus
a penalty on the spline smoothness. As in nonlinear regression, we can infer asymptotic
properties of the semiparametric regression estimates. Under Gaussian noise assumption,
normality of the estimates is recovered; however, because of the regularization term, the
computed parameters will be biased from the “true” values. We develop detailed bias and
covariance formulas, which allow derivation of other statistically relevant information, such
as confidence intervals.

We give an algorithmic outline of regularized semiparametric regression, with em-
phasis on efficient computation. One of the main issues in this context is the choice of the
regularization parameterthat controls the trade-off between nonlinear misfit minimization
and effective regularization. We propose an automated iterative selection method that is
based on the classical generalized cross validation criterion. The method is data-driven and
does not need prior estimates for the noise statistics.

The outline of this chapter is as follows. The semiparametric problem formulation
that we propose, its theoretical solution, as well as computational issues are discussed in
Section 6.2.In Section 6.3, its statistical properties are developed, and in Section 6.4 we
discuss to which types of problems we can safely apply this framework without having to
deal with identifiability and non-uniqueness issues. Finally, in Section 6.5 we show through
simulation examples the performance as well as the limitations of the method.

6.2 Semiparametric model with smoothness
constraint

6.2.1 Model formulation

Let H be a Hilbert space of functions defined on an intervalI ⊂ R, endowed with an
inner product〈,〉H and an induced norm‖ · ‖H . Let P denote an operator fromH to a
spaceH ′ (which could beH itself, Rq for someq∈ N, etc); assuming thatP has a finite
dimensional null space is sufficient in general, but here, for simplicity, we assume that even
the spaceH is finite dimensional.

We consider the following semiparametric model:

yi = F(ti ,θ ⋆)+g⋆(ti)+ εi , (i = 1,2, . . . ,m), (6.1)

wherey1, . . . ,ym are scalar measurements,F : I ×Θ → R is a known nonlinear model
function, parameterized by a vectorθ ∈ Θ ⊂ R

p, θ ⋆ is the true but unknown value ofθ ,
andg⋆ ∈ H is a true but unknown nonlinearity.

Given the measurementsy1, . . . ,ym, we are interested in finding optimal approxima-
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tion θ̂ of θ ⋆ and of the functiong⋆ ∈ H , under the criterion:

min
θ∈Θ, g∈H

1
m

m

∑
i=1

(yi −F(ti ,θ)−g(ti))
2 such that g∈ H

δ , (6.2)

whereH δ := {g ∈ H : ‖Pg‖H ′ ≤ δ}. The constraintg ∈ H δ will be referred to as
thesmoothing constraint, since in generalH δ will be defined so that it contains smooth
functions. The smoothing constraint can be easily imposed by adding a penalty term to
the nonlinear least squares objective function. The constrained least squares problem (6.2)
becomes:

min
θ∈Θ, g∈H

1
m

m

∑
i=1

(yi −F(ti ,θ)−g(ti))
2 +λ‖Pg‖2

H ′ . (6.3)

6.2.2 Spline fitting for the nonparametric part

The regularized nonlinear least squares criterion (6.3) can be rewritten as a double mini-
mization

min
θ∈Θ

(
min
g∈H

m

∑
i=1

(yi −F(ti ,θ)−g(ti))
2 +λ‖Pg‖2

H ′

)
,

thus it is possible to apply the theory of spline fitting for the nonparametric partg, in order
to solve the inner minimization problem.

We use a parameterization ofg in terms of a family of generators forH , i.e.,
g = ∑n

k=1akφk, wherea1, . . . ,an are free coefficients, andφ1, . . . ,φn are basis functions
or generators that span the spaceH , assumed to be finite dimensional. Thus, the nonpara-
metric part of the model is simply reduced to a submodel, which is linearly parameterized
overa1, . . . ,an, and subject to a regularization constraint. For further reference, here is the
completely parameterizedformulation of the model (6.1):

yi = F(ti ,θ ⋆)+
n

∑
j=1

Ai j a j + εi , (i = 1,2, . . . ,m), (6.4)

whereA is them×n matrix that has as elementsφk(ti), for k from 1 ton andi from 1 tom.
Using vector notation, the model in problem (6.4) is writtenasy := ŷ+ε := F(θ)+Aa+ε.
This semiparametric model will be fitted using the followingregularized nonlinear least
squares formulation:

min
θ∈Θ,a∈Rn

1
m
‖y−F(θ)−Aa‖2 +λa⊤Ca, (6.5)

with C the n× n matrix having the elements〈Pφk,Pφl 〉H ′ , for k, l from 1 to n, as in
section 5.3.

For a fixed value ofλ ≥ 0, we denote bŷθλ and âλ the globally optimal solution
of the minimization (6.5). Moreover, we denote withŷλ the optimal model obtained for a
fixed λ , that isŷλ := F(θ̂λ )+Aâλ .



100 Chapter 6. Regularized semiparametric modeling

6.2.3 Computationally efficient method using the
Levenberg-Marquardt algorithm

Denote byy(θ) them-dimensional vector with elementsyi −F(ti ,θ), for i = 1, . . . ,m. Thus,
y(θ) = y−F(θ).

For a fixed value of the parameterθ , the original nonlinear minimization (6.5) be-
comes a regularized linear least squares problem only ina∈R

n. Its closed-form solution is

a(θ ,λ ) =
(
A⊤A+mλC

)−1
A⊤y(θ). Plugging-in this formula in the original optimization

problem, we get a nonlinear least squares problem in the variableθ alone:

min
θ∈Θ

1
m
‖y(θ)−Aa(θ ,λ )‖2

2 +λa(θ ,λ )⊤Ca(θ ,λ ) ⇔

min
θ∈Θ

1
m

∥∥∥
(

Im−A(A⊤A+mλC)−1A⊤
)

y(θ)
∥∥∥

2

2
+λ

∥∥∥D(A⊤A+mλC)−1A⊤y(θ)
∥∥∥

2

2
⇔

min
θ∈Θ

∥∥∥∥
[

Im−A(A⊤A+mλC)−1A⊤
√

mλ D(A⊤A+mλC)−1A⊤

]
y(θ)

∥∥∥∥
2

2

, (6.6)

whereD denotes a Cholesky factor ofC, i.e., D⊤D = C. Denote the coefficient matrix
under the norm in (6.6) byB(λ ).

The minimization problem (6.6) can be solved using a nonlinear least squares solver,
such as the Levenberg-Marquardt (LM) algorithm. We consider the cases when the pa-
rameter setΘ is either the fullRp or it is defined by linear constraints, for which good
implementations of the (modified) LM algorithm are available [90, 18].

A nonlinear least squares solver requires at each newθ the evaluation of the function
f (θ ,λ ) := B(λ )y(θ) and of the JacobianJ(θ ,λ ) := B(λ )∇y(θ). Efficient computations
of these two ingredients are essential for the overall computational time. Subsection 6.2.4
shows more details on how to use the generalized singular value decomposition [50] as a
preprocessing step and to increase the efficiency of the computations in every iteration.

6.2.4 Efficient computation of function and Jacobian values

If the evaluation of the nonlinear functionF(t,θ) (as a function ofθ ) and of its gradient
(also with respect toθ ) are not very computationally demanding, then the evaluation of
f (θ ,λ ) andJ(θ ,λ ), defined at the end of Section 6.2.3, for any values of the parameters
θ ∈ Θ andλ > 0, can be achieved with linear computational complexity in the problem
dimensionsm (number of regression points),n (number of basis functions) andp (length
of the vectorθ ).

In the computation of the function and Jacobian values, the inverse of the matrix
A⊤A+ mλC appears. Dealing with this inverse would be much more efficient if A andC
were diagonal matrices, instead of full matrices: then the “inversion” would only involve
a diagonal matrix, for any possible value ofλ . Algorithm 6.1 shows the preprocessing
operations that should be executed beforehand,i.e., the simultaneous diagonalization of
the matricesA⊤A andC, achieved using the generalized singular value decomposition.8

8In practical implementations, we use the “economic” generalized singular value decomposition, but here, for
a simplified presentation, we only give formulas using the fulldecomposition,i.e., with square orthogonal matrix
of generalized singular vectors.
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Algorithm 6.1 Preprocessing. complexity

Input: matricesA∈ R
m×n andC∈ R

n×n.
1: Compute Cholesky decomposition ofC, C = D⊤D; n3/3

2: Compute GSVD of the pair(A,D); O(mn2)+O(n3)

A = UΣAX−1, D = VΣDX−1,

with U ∈ R
m×m andV ∈ R

n×n orthogonal,X ∈ R
n×n invertible,

andΣA ∈ R
m×n, ΣD ∈ R

n×n positive diagonal matrices.
Output: Elements of the GSVDU,V,ΣA,ΣD,X. total: O(mn2)+O(n3).

Algorithm 6.2 shows how to employ the preprocessing step in order to compute the
function and Jacobian values in a fast way, for any parameters θ andλ . Note that the non-
linear least squares minimization (6.6) involves the 2-norm of f (θ ,λ ); therefore, multipli-
cation of f (θ ,λ ) from the left with an orthogonal matrix does not change the optimization
criterion. Algorithm 6.2 exploits this fact in order to avoid unnecessary matrix multiplica-
tions with the orthogonal matricesU andV from Algorithm 6.1, and provides orthogonally
transformed function and Jacobian values.

Algorithm 6.2 Compute function valuef (θ ,λ ), and JacobianJ(θ ,λ ). complexity

f (θ ,λ ) := B(λ )y(θ), J(θ ,λ ) := B(λ )∇y(θ),

whereB(λ ) =

[
U⊤ 0
0 V⊤

][
Im−A(A⊤A+mλC)−1A⊤
√

mλ D(A⊤A+mλC)−1A⊤

]
.

Input: matricesU,V,ΣA,ΣD, computed fromA andC via Algorithm 6.1,
parametersλ andθ .

1: Evaluate nonlinear expressions
v← y(θ) ∈ R

m andG← ∇y(θ) ∈ R
m×p. depends on nonlineary

2: v←U⊤v, G←U⊤G. O(mn), resp.O(mnp)

3: c1 ← diag(Im−ΣA(Σ⊤
A ΣA +mλΣ2

D)−1Σ⊤
A ) O(n)

4: c2 ←
√

mλ diagΣD(Σ⊤
A ΣA +mλΣ2

D)−1Σ⊤
A . O(n)

5: Set f (θ ,λ ) ←
[

c1⊙v
c2⊙v1:n

]
, where⊙ denotes element-wise product. O(m+n)

6: for j = 1, . . . , p do

7: col j(J(θ ,λ )) ←
[

c1⊙G:, j

c2⊙G1:n, j

]
, O(m+n)

8: end for
Output: f (θ ,λ ) andJ(θ ,λ ). total: ≥ O(mn+m+3n), resp.≥ O(mnp+np+mp)

6.2.5 Choice of regularization parameter

Although many model selection methods can be adapted to our setting, we concentrate
herein only on the derivation of the generalized cross validation criterion.
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To explain the GCV criterion in this context, we particularize the more general deriva-
tion from Appendix A.1. We start as in [136] from the leave-one-out cross validation, which
chooses aλ that minimizes the function

CV(λ ) :=
1
m

m

∑
i=1

(
yi −F

(
ti , θ̂

[−i]
λ

)
−Ai â

[−i]
λ

)2
,

whereAi is the ith row of A and whereθ̂ [−i]
λ and â[−i]

λ are the solution of problem (6.5),
when the data point(ti ,yi) is omitted from(t,y). This formulation is inconvenient since
it involves solvingm problems of the type (6.5), one for each deleted data point. We
show that also in the nonlinear semiparametric setting it ispossible, as in the classical
smoothing splines case, to simplify this formulation and toonly need the solution of the
total problem (6.5) for evaluating the cross validation function.

Firstly, we emphasize the influence that theith measured outputyi has on the optimal
solution of (6.5), for a fixed value ofλ and for fixed values of the other data points in
y1, . . . ,ym. We denote the direct link betweenyi and the corresponding component of the

optimal model̂yλ by a functionh such thath(yi) = (ŷλ )i = F
(

ti , θ̂λ

)
+Ai âλ .

Secondly, we note that the leaving-one-out lemma that was proven in the context of
smoothing splines [19] still holds trivially for our semiparametric problem. It ensures that
if the measuredyi was by any chance equal to the function value predicted by thesolution

computed without theith measurement,i.e., yi = (ŷ[−i]
λ )i := F

(
ti , θ̂

[−i]
λ

)
+Ai â

[−i]
λ , then the

vectorsθ̂ [−i]
λ andâ[−i]

λ would be the optimal solution for the complete problem (6.5). We

can write this observation in terms of the functionh ash((ŷ[−i]
λ )i) = (ŷ[−i]

λ )i .
Using a similar trick as in [136] for smoothing splines and in[69] for nonlinear

nonparametric regression, we have:

yi −F
(

ti , θ̂
[−i]
λ

)
−Ai â

[−i]
λ =

yi −F
(

ti , θ̂λ

)
−Ai âλ

1−∆i(λ )
,

where

∆i(λ ) :=

(
F

(
ti , θ̂λ

)
+Ai âλ

)
−

(
F

(
ti , θ̂

[−i]
λ

)
+Ai â

[−i]
λ

)

yi −F
(

ti , θ̂
[−i]
λ

)
−Ai â

[−i]
λ

=
h(yi)−h((ŷ[−i]

λ )i)

yi − (ŷ[−i]
λ )i

,

which holds wheneveryi 6= (ŷ[−i]
λ )i . ∆i(λ ) is a divided difference for the functionh, which

can be approximated with the derivative ofh. This leads to the definition of the following
generalized influence (or smoother or hat) matrixS(λ ), which agrees with the definition
given by [89] for the generalized influence matrix in a nonlinear context:

S(λ )i j :=
∂

(
F

(
ti , θ̂λ

)
+Ai âλ

)

∂y j
=

∂ (ŷλ )i

∂y j
,

for whichS(λ )ii ≈ ∆i(λ ), as a first order approximation.
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The ordinary cross validation cost function can be approximated by

CV(λ ) ≈ 1
m

m

∑
i=1

(
yi −F

(
ti , θ̂λ

)
−Ai âλ

)2
/(1−S(λ )ii )

2,

and the generalized cross validation is its “rotation-invariant” version:

G(λ ) =
1
m

m

∑
i=1

(
yi −F

(
ti , θ̂λ

)
−Ai âλ

)2
/

[
1
m

Tr(Im−S(λ ))

]2

=
m‖ŷλ −y‖2

2

[Tr(Im−S(λ ))]2
. (6.7)

In Chapter 5, Section 5.3.2, we have seen that for spline smoothing (which is a linear
regularization problem), the influence matrix isA(λ ) = A(A⊤A+mλC)−1A⊤.

For our semiparametric model, we derive the following result.

Lemma 6.1.The generalized influence matrix for the semiparametric model (6.4) is given
by

S(λ ) ≈
[

∇F(θ̂λ ) A
][

∇F(θ̂λ )⊤∇F(θ̂λ ) ∇F(θ̂λ )⊤A
A⊤∇F(θ̂λ ) A⊤A+mλC

]−1[
∇F(θ̂λ )⊤

A⊤

]
, (6.8)

where the approximation sign indicates that some high orderterms are ignored.

Proof. We compute explicitly

S(λ ) =
∂ (ŷλ )

∂y
=

∂
(

F
(

θ̂λ

)
+Aâλ

)

∂y
=

∂
(

F
(

θ̂λ

)
+Aâλ

)

∂ (θ ,a)

∂ (θ̂λ , âλ )

∂y
. (6.9)

Denote byE the regularized least squares objective function, but withthe dependence on
the measuredy explicitly marked:

E(y,θ ,a;λ ) := ‖y−F(θ)−Aa‖2
2 +mλa⊤Ca.

Sinceθ̂λ , âλ are optimal for given datay, it means that∂E(y, θ̂λ , âλ ;λ )/∂ (θ ,a) = 0. On
the other hand, ify is ‘perturbed’ and the data becomesy+dy, the optimum also changes.
We denote the new optimal solution by(θ̂λ +dθ , âλ +da); it satisfies

∂E(y+dy, θ̂λ +dθ , âλ +da;λ )/∂ (θ ,a) = 0.

Using a first order Taylor approximation, it implies that

∂ 2E(y, θ̂λ , âλ ;λ )

∂ (θ ,a)∂y⊤
dy+

∂ 2E(y, θ̂λ , âλ ;λ )

∂ (θ ,a)∂ (θ ,a)⊤
d(θ ,a) ≈ 0. (6.10)

It is easy to see from the formula ofE that

∂ 2E(y, θ̂λ , âλ ;λ )

∂ (θ ,a)∂y⊤
= −2

∂
(

F
(

θ̂λ

)
+Aâλ

)⊤

∂ (θ ,a)
= −2

[
∇F(θ̂λ ) A

]⊤
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and the block of the Hessian ofE corresponding to(θ ,a) is

2Ĥ(λ ) =

[
∂ 2

∂θ∂θ⊤ E(y, θ̂λ , âλ ;λ ) ∂ 2

∂θ∂a⊤ E(y, θ̂λ , âλ ;λ )
∂ 2

∂a∂θ⊤ E(y, θ̂λ , âλ ;λ ) ∂ 2

∂a∂a⊤ E(y, θ̂λ , âλ ;λ )

]

≈ 2

[
∇F(θ̂λ )⊤∇F(θ̂λ ) ∇F(θ̂λ )⊤A

A⊤∇F(θ̂λ ) A⊤A+mλC

]
,

where the approximation appears only in the (1,1) block of the matrixĤ(λ ) and is related
to ignoring a term containing the second order differentialof F (which is a tensor) and the
residual vectory−F(θ̂λ )−Aâλ . It is customary to ignore such a difficult-to-compute term,
and thus use apseudo-Hessian, since this approximation is made at converged solutions,
where the residual is usually small.

Sincedy andd(θ ,a) represent small perturbations ony and (θ̂λ , âλ ), we can use

the relation (6.10) and set the matrix̂H(λ )−1
[

∇F(θ̂λ ) A
]⊤

as approximation for the

differential ∂ (θ̂λ ,âλ )
∂y in (6.9). The formula (6.8) ofS(λ ) now follows. ¤

The evaluation and minimization of the GCV function (6.7) ismore difficult than in
classical linear spline fitting, because there is no closed form expression for the optimal
regularized estimatêθλ , which enters implicitly into the computation ofG(λ ) through the
formula of ŷλ and ofS(λ ).

In Algorithm 6.3, a scalar minimization algorithm (e.g., a golden section method) is
used for minimizing the GCV function, while at each iteration a nonlinear least squares
minimization is carried out for estimatinĝθλ , at the current value ofλ . (Remember from
subsection 6.2.3 that once we have an estimatedθ we have a correspondinga in closed
form.) Often in applications, the GCV function is unimodal thus it is natural to search
for a globally optimalλ via a scalar minimization method. However, there is no proof
for such an observation. Any scalar optimization method could be used (Algorithm 6.3
exemplifies a variant with golden section search method), orimproved combinations,e.g.,
steps of a golden section search can be alternated with a parabolic search. All methods
require one GCV function evaluation per iteration, and correspondingly, one nonlinear least
squares solution. Both the (nonlinear least squares) innerminimization and the outer scalar
minimization overλ in Algorithm 6.3 are globally convergent; but different initial values of
the parameters might give different converged local solutions, since we deal with nonlinear
(nonconvex) optimization.

Since at every iteration a nonlinear optimization problemsis solved, this operation
should be made as efficient as possible. For the optimizationon θ (step4:), one should
use efficient function and Jacobian computations as described in subsection 6.2.4. For the
evaluation of the GCV criterion (step5:), efficient computations are described in subsec-
tion 6.2.6.

Remark 12 We have also experimented with the procedure shortly outlined in §9.1 of
[136], which suggested to employ an iterative nonlinear minimization method where at
each iteration a newλ , optimal for the GCV of the linearized nonlinear function atthe cur-
rent iterates, is used. However, this method didn’t exhibita good convergence behavior
compared to Algorithm 6.3. This suggests that applying the linearization in early iterations,
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Algorithm 6.3 Algorithm for regularized nonlinear least squares with adaptive choice of
the regularization parameter; golden section variant
Input: Measurements vectory, deterministic functionF, matrix A for spline basis and

matrixC for smoothing constraint. Initial approximationθ0 ∈Θ and bounds 0≤ λmin <
λmax. Convergence tolerancetol. Scalarγ ∈ (0,0.5), e.g., γ ∼= 0.3819 defined by the
golden section

1: Initialize: θ ← θ0, λleft ← λmin, λright ← λmax

2: repeat
3: λ1 ← λleft(1− γ)+λrightγ, λ2 ← λleftγ +λright(1− γ)
4: compute / updateθλ1

andθλ2
as the optimal solutions of the NLS criterion (6.6), for

the fixed valuesλ1 andλ2, respectively
5: evaluate / update the GCV function values atλleft, λright, λ1 and λ2, using for-

mula (6.7)
6: if G(λ1) > G(λ2) then
7: λleft ← λ1

8: else
9: λright ← λ2

10: end if
11: until λ2−λ1 < tol
12: λ̂ ← λ1, θ̂ ← θλ̂ , â← a(θ̂ , λ̂ ).

Output: Solution(θ̂ , â) and smoothing parameterλ̂ .

where we might be far from the optimal solution, is not appropriate for highly nonlinear
functions.

6.2.6 Efficient computation of the GCV function value

The evaluation of the GCV function defined in (6.7) involves computing the misfit between
the datay and the current model̂yλ , for the numerator, and computing the trace of the
influence matrixS(λ ) in (6.8), for the denominator. The estimated modelŷλ is easily
available from the nonlinear least squares step, thus the numerator is computed inO(m).

Since the Jacobian matrix∇F(θ̂λ ) changes at each new evaluation (together with the
current iteratêθλ = θλk

), it is not possible to compute the influence matrix as efficiently
as in the classical linear setting [51]. However, we proposeto use also the preprocessing
step described in Algorithm 6.1 in order to create an easily computable diagonal part in
the influence matrix formula. The termG := U⊤∇F(θ̂λ ) is already available from the
nonlinear least squares function and Jacobian evaluation,see step2: in Algorithm 6.2. The
influence matrix becomes (up to an orthogonal similarity transformation, which leaves the
trace invariant):

S(λ ) =
[

G ΣA
][

G⊤G G⊤ΣA

Σ⊤
A G Σ⊤

A ΣA +mλΣ2
D

]−1[
G⊤

Σ⊤
A

]
,

whereU , ΣA andΣD are matrices provided by Algorithm 6.1. After some manipulations
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we get:

S(λ ) = A(λ ) + (Im−A(λ ))G
[
G⊤(Im−A(λ ))G

]−1
G⊤(Im−A(λ )),

where A(λ ) = ΣA(Σ⊤
A ΣA + mλΣ2

D)−1Σ⊤
A . Finally, using a QR decomposition of(Im−

A(λ ))1/2G = QRyields the simplified formula

TrS(λ ) = TrA(λ )+TrR(R⊤R)−1R⊤Q⊤(Im−A(λ ))Q

= TrA(λ )+ p−TrR(R⊤R)−1R⊤Q⊤A(λ )Q.

Note that TrS(λ ) is also used in the computation of confidence intervals (see subsec-
tion 6.3.2), since it represents the number of effective parameters.

6.3 Asymptotic properties of semiparametric
regression

6.3.1 Asymptotic normality

Although we do not impose additional regularization constraints onθ , the smoothness
constraint that is imposed on the nonparametric partg also influences the computation of
the parameter of interest,θ . We describe precisely what this influence is on the bias and
variance of the estimator̂θλ in the following theorem.

Theorem 6.2. Let (ti ,yi), i = 1,2, . . . ,m, denote m observations from a semiparametric
model with partially known functional relationship,

yi = F(ti ,θ ⋆)+g⋆(ti)+ εi , (i = 1,2, . . . ,m),

whereεi ∼N (0,σ2), t1, . . . , tm are regression abscissas from a real intervalI , θ ⋆ denotes
the true value of the unknown parameterθ ∈Θ⊂R

p, and g⋆ is the true ‘baseline’ function.
Assume that:

(A1). g⋆ ∈ H , for a certain given finite dimensional Hilbert spaceH ;

(A2). φ1, . . . ,φn ∈ H is a family of generators inH , A denotes the m×n matrix that has
as elementsφk(ti), for k from 1 to n and i from 1 to m, and C denotes the n×n matrix
having the elements〈Pφk,Pφl 〉H ′ , for k, l from 1 to n, whereP andH ′ have been
introduced in subsection 6.2.1.

Then, for anyλ ≥ 0, the estimates ofθ ⋆ anda⋆ (wherea⋆ satisfies Aa⋆ = g⋆) defined as the
global minimizer(θ̂λ , âλ ) of (6.5) overθ ∈ Θ, a∈ R

n, satisfy, when m→ ∞:

[
θ̂λ
âλ

]
∼ (6.11)

N

([
θ ⋆

a⋆

]
−H(λ )−1

[
0

mλCa⋆

]
,σ2H(λ )−1

(
H(λ )−

[
0 0
0 mλC

])
H(λ )−1

)
,
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where H(λ ) :=

[
∇F(θ ⋆)⊤∇F(θ ⋆) ∇F(θ ⋆)⊤A

A⊤∇F(θ ⋆) A⊤A+mλC

]
.

Proof. Whenm→ ∞, we can use a first order approximation of the nonlinear function F:

F(θ) ≈ F(θ ⋆)+∇F(θ ⋆)(θ −θ ⋆),

since we expect that at convergence the bias betweenθ̂ andθ ⋆ is not so big.
Replacingy = F(θ ⋆)+Aa⋆ + ε into the minimization (6.5) leads to:

min
θ∈Θ,a∈Rn

1
m
‖Jθ ⋆ +Aa⋆ + ε −Jθ −Aa‖2 +λa⊤Ca, (6.12)

where we used the short-hand notationJ := ∇F(θ ⋆). From the first order optimality con-
ditions, we get

[
θ̂λ
âλ

]
=

[
J A
0

√
mλD

]†[
Jθ ⋆ +Aa⋆ + ε

0

]

=

[
θ ⋆

a⋆

]
−H(λ )−1

[
0

mλCa⋆

]
+H(λ )−1

[
J⊤

A⊤

]
ε,

whereD is a Cholesky factor ofC, i.e., D⊤D = C.
The assumptions on the noise termε imply the normality of the estimator, with the

bias from the true values and the covariance matrix given in the conclusion of the theorem.
¤

Remark 13 The assumptions (A1-2) can be relaxed, at the expense of a more technical
proof. More specifically, the true nonlinearityg⋆ might violate (A1) by not being inH ,
but then we should consider an asymptotic case with respect to the number of spline basis
functionsn such that whenn goes to infinityg⋆ should become arbitrarily close to a member
of H . (A2) can be replaced by the condition that the null space of the operatorP in H

is finite dimensional, in the case whenH itself is infinite dimensional.

Theorem 6.2 gives, for the caseλ = 0, similar conclusions as the results on nuisance
parameter analysis of [120]: the estimator is unbiased and its covariance depends on the
nuisance term (in our case, the baseline parametera⋆). The difference in theλ 6= 0 case
is, however, that we must also incorporate the contributionof the regularization term; thus,
there will be a bias, but the covariance can be of smaller magnitude. An adequate choice
of λ should provide an optimal bias-variance trade-off. The GCVcriterion provides such a
trade-off. We observe next that the bias and covariance formulas are very much linked to the
formula of the generalized smoother matrixS(λ ) in (6.9), where instead of the estimated
(θ̂λ , âλ ) we plug in the values of the true parameters(θ ⋆,a⋆).

Denote byT the gradient
[

J A
]
, where as beforeJ = ∇F(θ ⋆). Then the smoother

matrix at the true values becomesS(λ ) = TH(λ )−1T⊤.
Whenever the linear approximationF(θ) ≈ F(θ ⋆)+J(θ −θ ⋆) holds, we have as in

the proof of the Theorem 6.2 that

ŷλ := F(θ̂λ )+Aâλ ≈ T

[
J A
0

√
mλD

]†[
y
0

]
= TH(λ )−1T⊤y = S(λ )y.
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Thus, we obtain the approximation of a classical relation,y− ŷλ ≈ (Im−S(λ ))y. This
means that the GCV criterion for the regularized nonlinear problem can be approximated by
the GCV criterion for the regularized linear problem (6.12), where the linear approximation
is plugged in. In the asymptotic linear case (see [136, §4.4]), the optimalλ given by GCV
approaches the value ofλ minimizing thepredictive mean square errorcriterion

‖Jθ ⋆ +Aa⋆ −Jθ̂λ −Aâλ‖2
2.

This implies bounds on the forward error‖θ ⋆ − θ̂λ‖2
2 +‖a⋆ − âλ‖2

2, as well.
Moreover, note that the bias in (6.11) can be rewritten as

−H(λ )−1
[

0
mλCa⋆

]
= −H(λ )−1(H(λ )−T⊤T)

[
θ ⋆

a⋆

]

= −(Ip+n−H(λ )−1T⊤T)

[
θ ⋆

a⋆

]

and the covariance matrix in (6.11) satisfies

C = σ2H(λ )−1T⊤TH(λ )−1, and T⊤
C T = σ2S(λ )2.

The magnitude of the matrixIp+n−H(λ )−1T⊤T influences the bias term. One mea-
sure of this magnitude could be the trace, and Tr(Ip+n−H(λ )−1T⊤T) = p+n−TrS(λ ).
In nonlinear or regularized models, the quantitypeff := TrS(λ ), the trace of the influence
matrix, has the meaning of theeffective number of parameters[89]; in other words, the
numberpeff replacesp+n, the number of components in the regression variableθ anda.
This quantity comes into play when we estimate the noise variance in the semiparametric
model (generalizing [136, Equation (5.1.3)]):

σ̂2 :=
‖y−F(θ̂λ )−Aâλ‖2

2

m− peff
≈ ‖(Im−S(λ ))y‖2

2

Tr(Im−S(λ ))
. (6.13)

6.3.2 Asymptotic confidence intervals

In this section, we derive practical statistical information, as corollaries of Theorem 6.2.
In essence, one is interested in finding confidence intervalsfor the parameter of interest
θ . As usual when dealing with Fisher information matrices, one cannot compute the exact
covariance matrix (since it depends on the true unknown parameter); thus, it is common to
replace the true parameters (in our case,θ ⋆ anda⋆) by their estimated values (i.e., θ̂λ and
âλ ). Due to the same reason, we can only perform an approximate bias correction, which
follows by replacingH(λ ) with Ĥ(λ ) in the following corollary.

Corollary 6.3. With the notation of Theorem 6.2, an unbiased estimate of
[
θ ⋆⊤, a⋆⊤

]⊤
is

given by
[ ̂̂θ λ

̂̂aλ

]
:=

[
θ̂λ
âλ

]
+

(
H(λ )−

[
0 0
0 mλC

])−1[
0

mλCâλ

]
.
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Proof. From Theorem 6.2, we see that
[
θ̂⊤

λ , â⊤λ

]⊤
is centered around

[
θ ⋆

a⋆

]
−H(λ )−1

[
0

mλCa⋆

]
=

(
I −H(λ )−1

[
0 0
0 mλC

])[
θ ⋆

a⋆

]
.

Thus, using the matrix inversion lemma,
(

I −H(λ )−1
[

0 0
0 mλC

])−1[
θ̂λ
âλ

]
=

(
I +

(
H(λ )−

[
0 0
0 mλC

])−1

[
0 0
0 mλC

])[
θ̂λ
âλ

]

is an unbiased estimate of
[
θ ⋆⊤, a⋆⊤

]⊤
. ¤

At this point, we are ready to give formulas for 100(1−α)% confidence intervals9

for each of the parametersθi , i = 1, . . . , p.

Corollary 6.4. An approximate100(1−α)% confidence interval for the parameterθi is
given by

(
̂̂θ λ )i ± tα/2

m−peff
· (σ̂2

Ĉ
θ
ii )1/2,

where tαk denotes theα quantile of the Student t distribution with k degrees of freedom,σ̂2

is given in (6.13), andĈ θ
ii is the ith diagonal element of the covariance matrix ofθ̂λ ,

Ĉ
θ := Ĝ

⊤
Ĝ , with Ĝ := (Im−A(λ ))∇F(θ̂λ )

(
∇F(θ̂λ )⊤(Im−A(λ ))∇F(θ̂λ )

)−1

and A(λ ) = A(A⊤A+mλC)−1A⊤.

Proof. We further simplify the covariance formula in Theorem 6.2,

C = H(λ )−1
(

H(λ )−
[

0 0
0 mλC

])
H(λ )−1 = H(λ )−1

[
∇F⊤

A⊤

][
∇F A

]
H(λ )−1,

focusing only onC θ , the upper-leftp× p block ofC , which gives the covariance informa-
tion for the parameter of interest,θ . We use a block matrix inversion formula involving the
Schur complement of the (2,2) block, and partition

H(λ )−1 =

[
∇F⊤∇F ∇F⊤A
A⊤∇F A⊤A+mλC

]−1

as

[
H11 H12

H⊤
12 ⋆

]
,

whereH11 =
(
∇F⊤(Im−A(λ ))∇F

)−1
, andH12 = −H11∇F⊤A(A⊤A+ mλC)−1. We see

that

C
θ = G

⊤
G , with G = ∇FH11+AH⊤

12 = (Im−A(λ ))∇FH11

= (Im−A(λ ))∇F
(

∇F⊤(Im−A(λ ))∇F
)−1

.

9In a straightforward manner, we can designconfidence regions(in theR
p space) instead of individual confi-

dence intervals for each parameter; see [111, Chapter 5] for more details.
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(For simplicity, we left out the argument of∇F, which in exact formulas should beθ ⋆, but
can be replaced bŷθλ , yielding the computable “hat” formulas.)

Since the estimator̂̂θ λ is unbiased and normally distributed, we plug-in the approxi-
mate estimated variance (6.13) and we get that, approximately and for largem,

(
̂̂θ λ )i −θ ⋆

i√
σ̂2Ĉ θ

ii

∼ tm−peff ,

which gives the announced confidence interval. ¤

Taking a careful look at the specialized confidence intervals that we obtained, and
observing in particular the formula of̂C θ , the covariance matrix of the estimated parame-
ter, we note the following differences from the classical confidence intervals in nonlinear
regression [111]:

• we need to use a bias-corrected estimate;

• the number of regression parametersp is replaced by the effective number of param-
eterspeff, both in the variance formula (6.13) and in the degrees of freedom of the
Studentt distribution;

• if we ignore the ‘linear smoother matrix’A(λ ) from the covariance matrix̂C θ , we
get the classical inverse of the Fisher information matrix as covariance matrix for the
estimate ofθ ; indeed:

if Ĝ = Im∇F(∇F⊤Im∇F)−1 then Ĉ
θ = Ĝ

⊤
Ĝ = (∇F⊤∇F)−1.

6.4 Discussion on identifiability, redundancy and
uniqueness

The identifiability concept involves proving or disproving that the parametersof the exact
model can be exactly recovered from noiseless measurements. Some parameters might
be redundant; this happens when the same (noisy) data can be explained by at least two
different parameter values. Even for an identifiable model,ill-conditioning and noise can
make some parameters non-uniquely determined. Otheruniquenessissues are related to the
optimization objective function (e.g., nonlinear least squares) that might not be unimodal,
thus several locally optimal solutions could be computed, depending on the starting point
of the iterative optimization algorithm.

In linear regression, the uniqueness of the least squares solution, the identifiability
and the parameter redundancy questions are all related to the rank deficiency (or nearly
rank deficiency) of the coefficient matrixX of the linear modely = Xθ + ε.

For nonlinear regression, one often translates the resultsof linear regression by using

an estimate of the matrixA =
[

∂F
∂θ (t,θ ⋆)

]
instead of the linear coefficientX. However, the

asymptotic linearization is not always appropriate, thus the problems become much more
involved. A whole detailed discussion on these issues for nonlinear regression is found in
Chapter 3 of [111].
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In this section, we focus on the combination of a nonlinear parametric part (which we
assume identifiable and not prone to non-uniqueness and parameter redundancy problems)
and the nonparametric part (the part that is actually linearly parameterizedby splines).

In order to avoid identifiability problems that come from partly modeling the nonlin-
earF with splines, one can first think of a strategy of designing anappropriate spline space
H such that it does not interfere with the nonlinear function of the parametric part. If
such anH is possible to construct, then a pure semiparametric regression setting without
any penalty term can be used. A sufficient identifiability condition would simply require
that the given nonlinear functionF(·,θ) is not in the spaceH for anyθ . This restriction
forbids the possibility that the output datay⋆ can be interpolated inH . Thus, the nonlinear
F and the nonparametric part would be completely disentangled.

In practice, when the spaceH is generated by splines, it can be quite rich. Even
if the nonlinearF is not a member ofH , it might happen that (parts of)F can be very
well approximated inH . In this situation, we would like to ensure that the problem is
still identifiable, at least for an appropriate penalty termand for an appropriate value of the
regularization parameterλ .

The semiparametric regression problem is not identifiable if the parametric part doesn’t
have at least onedistinctive featurethat can separate it from what could be considered as
background. Since we are focusing on the case when we requirethat the nonparametric
part is fitted with a certain degree of smoothness, it means that our condition for identifia-
bility requires that the nonlinearF should contain a certain non-smooth feature. This will
definitely exclude the cases whenF is a linear function or a low order polynomial.

The NMR spectroscopy data quantification problem (to be described in Chapter 7) is
a good example for applying our semiparametric modeling method because in that context
we have a parametric model containing specific Lorentzian peaks, which will not signifi-
cantly interfere with the nonparametric part – a smooth baseline. Moreover, in this appli-
cation, we have in general good convergence of the numericaloptimization, because good
starting values for the nonlinear parameters of the model are available.

Indicative information about the quality of the estimates can be obtained by looking
at the estimated confidence intervals.

6.5 Numerical examples
In this section, we illustrate with a few examples the use of Algorithm 6.3, and of the
statistical information extracted with the procedures of Sections 6.3.1 and 6.3.2.

First, we choose a simulation scenario that approaches in a simplified way the design
of the NMR spectroscopy data quantification problem, as a prelude to the application in
the next Chapter. Then, in subsection 6.5.2, we give other examples that illustrate the
identifiability issues.

6.5.1 Description of simulation examples and results

Inspired by the shape of the frequency domain transformation of metabolite signals in the
NMR experiment (i.e., Lorentzian lineshapes),we consider as a simplification the rational
function

F(t,(θ (1)
1 , . . . ,θ (K)

1 ,θ (1)
2 , . . . ,θ (K)

2 )) :=
K

∑
k=1

θ (k)
1(

t −θ (k)
2

)2
+0.1

,
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wheret represents a scalar abscissa in the intervalI = [−10,10]. We use as true values
for the parameterθ ⋆ the following data:

θ (1,...,5)
1 = [5,12,8,20,15], θ (1,...,5)

2 = [−7,−4,−3,1,5].

Note thatθ (1,...,5)
1 , which appear linearly in the model functionF , determine the ampli-

tude of the Lorentzian shapes, whileθ (1,...,5)
2 , appearing in the denominator, determine the

positions for each peak. (See middle plot in Figure 6.1.)
We consider the following simple baseline function:

g(t) := sin(t/2).

Then we simulatem= 200 measured outputsy1, . . . ,ym at equidistant abscissast1, . . . , tm in
I , by adding up the simulation function values (at fixed parameter θ ⋆), the values of the
baselineg, and Gaussian noise with given varianceσ2, which represents a noise-to-signal
ratio of approximately 30%, taking into account the magnitude of the considered simulated
function.

For computing the nonparametric part, we use penalized splines [28]. Thus, the
matrix A is formed from a B-spline basis [21] of degree 3; we set the size of A to m×n =
200×40. Moreover, instead of the regularization operatorP, we compute the matrixC as
C = D⊤D, whereD is the second order derivative matrix,i.e., the(n−2)×n tridiagonal
Toeplitz matrix, with 2 on the main diagonal and−1 on the first super- and subdiagonal.

Figure 6.1 shows the signaly obtained as described above, together with the fit re-
turned by our Matlab implementation of Algorithm 6.3.As initial values for the parameters

we choose random values with the constraint thatθ (1,...,5)
1 are positive and scaled to reflect

the magnitude of the simulated signal, andθ (1,...,5)
2 , appearing in the denominators, are

taken from non-overlapping intervals in[−10,10] that contain the true values.
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interest F, the baseline
gives a smooth trend, and
the Gaussian noise has
a noise-to-signal ratio of
30%. With a GCV choice
for λ and with reasonably
good initial values for the
nonlinear parameters of F,
we obtain excellent fit of the
model and of the baseline.

We performed a Monte Carlo simulation study to assess statistical information on
the converged estimates given by Algorithm 6.3. Table 6.1 presents averaged results after
100 simulations for several noise levels. The averaged relative errors for the regression
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Table 6.1. Monte Carlo simulation results for the example problem. Thenoise-to-signal
ratio (N/S) is varied from10% to 50%, while the problem dimensionsm = 200, n = 40
and p= 10 remain constant. Averaged values of the true and estimated noise variances,
and averaged relative errors in the regression parameterθ (i.e., ‖θ̂λ −θ ⋆‖2/‖θ ⋆‖2), in the
function fit (i.e., ‖F(θ̂λ )−F(θ ⋆)‖2/‖F(θ ⋆)‖2), and, respectively, in the fit of the baseline
(i.e., ‖Aâλ −g⋆‖2/‖g⋆‖2) are presented.

N/S true variance variance estimate error in θ error in F error in baseline
10 % 32.61 33.18 0.024 0.028 0.052
20 % 131.4 133.1 0.044 0.052 0.095
30 % 292.2 296.1 0.060 0.074 0.123
40 % 530.5 526.5 0.065 0.086 0.151
50 % 826.5 823.2 0.071 0.098 0.176

parameterθ , as well as for the reconstructed nonlinear functionF(θ) and baselineAa are
reported in the last three columns of Table 6.1. These small errors confirm that the regular-
ized nonlinear least squares algorithm, with the GCV choicefor the smoothing parameter
λ , performs well. Moreover, in the left part of Table 6.1, nextto the noise-to-signal ratio,
we have the corresponding noise variance used in the simulations, as well as the estimated
noise variance using formula (6.13). The values agree well in all experiments, thus con-
firming the validity of formula (6.13) in practice.

An illustration of the estimation results for each individual parameter inθ is shown
in Figure 6.2. The mean squared errors obtained in the Monte Carlo study are plotted to-
gether with the Cramer-Rao lower bounds computed from the Fisher information matrix
corresponding to the true parameter values of the nonlinearfunction F . Note that these
Cramer-Rao bounds ignore the incorporation of a possible baseline in the model. As a re-

sult, we see that the mean squared error for the estimate of the linear parametersθ (1,...,5)
1 are

further away from the Cramer-Rao bounds than it is the case for the nonlinear parameters

θ (1,...,5)
2 . This means that the latter group of parameters is less affected by the nuisance part

of the semiparametric model.

6.5.2 Comparison between classical confidence intervals an d
specialized confidence intervals

At the end of Section 6.3.2 we observed that the confidence intervals taking into account
the presence of the baseline term (see Corollary 6.4) are a generalization of the classical
confidence intervals from nonlinear regression. Here we compare experimentally the new
specialized confidence intervals with the classical ones.

With the same example setting as above, we use a noise-to-signal ratio of 30% and
generate 100 random simulations (i.e., 100 noise realizations); we set the required confi-
dence level to 95% and we count the number of successful outcomes for the condition: “θ ⋆

i
is inside the computed confidence interval”, for every individual parameter inθ ⋆.

Table 6.2 gives the percentages of successes for both the classical confidence inter-
vals and the new specialized confidence intervals. Note thatthe specialized method gives
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Figure 6.2. Each plot corresponds to an individual variable inθ ; the horizontal axis
corresponds to several noise levels, and the vertical axis corresponds to squared errors
in each parameter. In every plot, the full (blue) line shows the mean squared errors of
the estimated parameter to its true value, and the interrupted (red) line is the Cramer-Rao
lower bound.

Table 6.2.Percentages of confidence intervals that contain the true parameter value.

Method θ (1)
1 θ (2)

1 θ (3)
1 θ (4)

1 θ (5)
1 θ (1)

2 θ (2)
2 θ (3)

2 θ (4)
2 θ (5)

2
Classical 79% 77% 75% 76% 80% 91% 96% 91% 93% 93%
Specialized 97% 94% 93% 99% 97% 94% 99% 96% 97% 96%

percentages closer to the required confidence level of 95%, while the classical method,
which ignores some aspects of the problem, can giveas low as 75%successful counts, for
the same required level of 95%. This means that in up to 20% of the outcomes, the true
valueθ ⋆

i is inside the specialized confidence interval, but outside the classical one.
The new confidence intervals are a bit wider than the classical ones. In Figure 6.3

we plot theaveragedconfidence intervals in the 100 simulations next to the boxplots of the
computedθ parameters, for the noise level of 30%.We note that the length difference is
just between 5 to 50%, and thus the specialized confidence intervals are still tight enough
for giving useful information on the estimated parameters.

6.5.3 Illustration of identifiability problems

In this subsection we show the extents of the identifiabilityproblem for our semipara-
metric model. First, we give an example where the parametricand nonparametric parts are
not strongly disentangled, but where the baseline component is however much smoother
than the parametricF .

Let F be a sine function int, and let the unknown nonlinear parameterθ give the
amplitude and the phase of this sinusoid. We construct a truebaseline as a polynomial of
degree 5. We generate data using a discretization with 400 points in the interval [-10,10]
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Figure 6.4.With a too small value of the
smoothing parameterλ , the spline re-
construction models also part of the sine
model function.

Figure 6.5. With the value ofλ com-
puted using GCV, the spline reconstruc-
tion doesn’t interfere with the sine model
function.

and we add Gaussian noise corresponding to a 15% noise-to-signal ratio. We use a dense
space of B-splines and a penalty of the second order derivative type.

Figure 6.4 shows that when we give a very small value to the smoothing parameter,
the spline baseline tends to reconstruct part of the sine behaviour, and thus the amplitude
and phase parameters of the modeled sinusoid are clearly biased from the exact values.
However, as we see in Figure 6.5, the choice made by GCV gives excellent results. The
explanation lies in the fact that in this case GCV favours a more parsimonious model for
the baseline.

We performed also an “opposite” experiment where we considered as parametric
part a simple polynomial function and as baseline a sine function. The GCV choice in
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Figure 6.7. With the value ofλ com-
puted using GCV, the spline reconstruc-
tion is too smooth.

this unidentifiable problem didn’t give a good result; although the parametric part was
reasonably recovered, the baseline was over-smoothed, as if the sine waves were treated
as noise and smoothened out. If we manually selected a very small λ value, close to zero,
then the smoothness constraint was ignored and a good fit of both model and baseline was
obtained. (See Figures 6.6 and 6.7.)

6.6 Conclusions
In this chapter, we have presented a semiparametric problemformulation, its statistical
properties, its computational solution, and simulation examples. We reserved the room
for explaining a real life application that in fact motivated this semiparametric modeling
framework in Chapter 7.

The main points of the study in this chapter reveal that it is relatively easy to include
a nonparametric part into a nonlinear regression problem, in the case when the nonpara-
metric part can be restricted through a weighted norm (e.g., by imposing smoothness of
the baseline term). The nonparametric part can then be modeled by using a spline basis,
and thus only a linear term is actually added in the nonlinearleast squares optimization
criterion.

However, special care should be taken when statistical information is retrieved from
a regularized semiparametric regression problem, since ingeneral we obtain biased esti-
mates (but the bias can be corrected), and the classical nonlinear regression confidence
bounds that use the Fisher information matrix must be adapted to take into account the
regularization term.

The simulations from this chapter (and the application in the next chapter) use pe-
nalized splines for modeling the nonparametric part. Future work involves using in appli-
cations other types of splines from the template splines family. For example,regression
splines [36] could be used in the semiparametric modeling context and the number and
position of the knots should then be optimized instead of theregularization parameterλ .



Chapter 7

Application to MRS data
quantification and its
software implementation
in AQSES

In this chapter, we pursue the problem of quantifying metabolite concentrations from short-
echo timein vivo Magnetic Resonance Spectroscopic (MRS) measurements. Thegoal of
this application is to compute the parameters of a certain model function, which give infor-
mation about the concentrations of chemical substances in aregion of the brain. Nowadays,
the nuclear magnetic resonance scanners recordshort echo-timesignals that are richer and
richer in information because they display the responses ofsignificantly more metabolites
(chemical substances). This means that not only the most relevant metabolites in the brain,
but also amacromolecular baselinefor which no model function is available must be taken
into account in automated quantification methods. For this reason, the semiparametric
modeling framework developed in the previous chapter will be employed.

7.1 Introduction
Magnetic Resonance Spectroscopy (MRS) is a non-invasive technique that is used in a
wide range of medical applications,e.g., for brain tumors diagnosis [38, 63]. Measured
MRS proton spectra from the human brain can provide essential information about the
chemical substances present in each specified voxel (small volume) of the brain.

7.1.1 MRS data quantification with unknown macromolecular
baseline

The nuclear magnetic resonance spectrometer outputs complex-valued time-domain sig-
nals that have a decaying pattern. Figure 7.1 shows a typicalpreprocessed time-domain
signal obtainedin vivo from a healthy selected small volume in a human brain. For visual
interpretation, the Fourier transformed signal is usuallyplotted in the frequency domain
(see Figure 7.2), because the position and magnitude of eachpeak gives information about
the chemicals present in the sample.

Each pure metabolite (chemical substance) has a peculiar time response that depends
on the number and position of hydrogen protons in the molecular structure; in theory, the
time response is a sum of complex damped exponentials, whichyield the typical Lorentzian

117



118 Chapter 7. MRS data quantification and the AQSES software

time instants

re
al

pa
rt

im
ag

in
ar

y

0

0

100

100

200

200

300

300

400

400

frequency (kHz)

re
al

pa
rt

im
ag

in
ar

y

0

0

0.75

0.75

0.80

0.80

0.85

0.85

0.90

0.90

0.95

0.95

Figure 7.1.The time domain MRS signal
measured from a selected volume in the
human brain.

Figure 7.2. The frequency domain spec-
trum measured from a selected volume in
the human brain.

peaks in the frequency domain signals. Spectra of metabolites that are known to be present
in the human brain can also be measuredin vitro. Such measurements can be grouped to-
gether in a database of metabolite signals, see Figure 7.3. An in vivosignal can be modeled
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Figure 7.3. The frequency domain spectrum profiles for several typical metabolites in the
human brain.

as a combination of metabolites in the database.In this way, the weighting coefficients
(amplitudes) in the combination yield theconcentrationsof the metabolites. Estimating
these concentrations is the main goal of the MR spectroscopydata quantification prob-
lem. However, this combination cannot simply be a linear combination;one should allow
small corrections in other spectral parameters (frequencyshifts, damping corrections, phase
shifts, etc), since these parameters may slightly vary frommeasurement to measurement
[101].

Denote by{vk, for k = 1, . . . ,K} theK given complex-valued time series of length
T, representingin vitro measured metabolites, and byw the in vivo measured MRS signal.



7.1. Introduction 119

The model that allows spectral corrections in the combination of metabolites is:

w(t) = ŵ(t)+ εt :=
K

∑
k=1

αk (ζk)
t vk(t)+ εt , t = 0, . . . ,T −1, (7.1)

whereαk,ζk ∈ C are the model parameters (their meaning will be described inSection 7.2,
where a more general model formulation will also be allowed). εt is an unknown noise
perturbation with zero mean, for allt ’s from 0 toT −1.

Figure 7.4 shows two fits: one is the best linear combination of the signals from the
metabolite database, and the second is the optimal fit with the nonlinear model (7.1) that
uses spectral corrections, of the samein vivosignal as plotted before. (In practice, we might
have up to 25 metabolites in the database, but here, for illustration, we consider only the 7
metabolites given in Figure 7.3.) It is noticeable that the residuals are highly biased from the
zero line, in both fits. This happens because the pure metabolites frequency-domain profiles
are zero outside the range of resonant frequencies, but thisis different in what concerns an
in vivo signal. The database of metabolite profiles only contains the most prominent and
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Figure 7.4. Real part of the original frequency domain spectrum from anin vivo signal,
together with the optimal reconstructed spectrum using a combination of metabolites from
the database. Left: linear combination. Right: linear combination with nonlinear spectral
corrections.

relevant metabolites, but thein vivosignal also holds information that originates from some
unknown ‘macromolecules’. This nuisance part is known as the baseline. The baseline is
a highly damped component;seen in the frequency domain, it is a smooth, broadband, low
amplitude spectrum, that gives an underlying trend to thein vivo signal. (See Figure 7.5.)
Its shape can vary and it is in general unpredictable, especially in pathological cases. In
mathematical terms, we can say that the baseline is characterized by the fact that its Fourier
transformation should be a smooth function10. For this reason, a good choice is found in
identifying it as a smooth curve using splines in the frequency domain. We denote the

10There is an abuse of terms here: actually, the Fourier transform of the unknowncontinuous-timebaseline
should be a smooth function. In practice, we work with discrete time instants and with the discrete Fourier
transform.
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Figure 7.5. The original frequency domain spectrum from anin vivo signal, together with
a baseline constructed with splines.

baseline withb(·) and the model becomes

w(t) = ŵ(t)+ εt :=
K

∑
k=1

αk (ζk)
t vk(t)+b(t)+ εt , t = 0, . . . ,T −1.

We fit the exemplified data using this semiparametric model and we apply the method
described in Section 6.2. The result is depicted in Figure 7.6 (only the real part, for more
clarity). Observe that the bias that was visible in the residual of Figure 7.4 is now removed.

Introducing the baseline term into the model proves to be an adequate solution for
fitting the given data. But does this also imply that a more reliable estimation of the pa-
rameters of interest (and, finally, of the metabolite concentrations) can be obtained? Under
the assumption that the reconstructed baseline doesn’t model the part of the data that is
characteristic for the metabolites of interest, the answeris yes. An important problem is
deciding how many features of the data could be allowed to be fitted with the baseline. The
trade-off between the parametric part of the model and the baseline can be viewed, in this
application, as a trade-off in the smoothness of the frequency domain baseline.

7.1.2 Software for MRS quantification

In Section 7.3 we shall discuss the AQSES software module forquantification of short-
echo time MRS signals. The mathematics behind AQSES are based on the semiparametric
modeling theory presented in Chapter 6. Particular detailsabout designing a semiparamet-
ric model for MRS quantification with unknown macromolecular baseline are presented
in Section 7.2. Moreover, we devote Chapter 8 to computational aspects of the AQSES
implementation and comparisons between several of its variants.

Other important contributions in the field of fitting short-echo time MRS signals in-
clude [97] and [100]. The differences and similarities between the technique implemented
in AQSES and the procedure used in LCModel [97] are:
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• AQSES performs the fitting in the time-domain, which is the data acquisition do-
main; LCModel fits the real part of the frequency domain signals;

• in both methods, the baseline is nonparametrically modeledusing penalized splines
in the frequency domain; the fact that AQSES fits in the time-domain is not a prob-
lem, because a smoothing criterion that involves an inverseFourier transformed
spline basis can be used;

• the criterion for choosing the amount of smoothing via the regularization parameter
in AQSES is based on nonlinear model selection theory, whilethe method in [97]
seems more heuristic in nature.

Comparing AQSES to the recent contribution in [100] (QUEST), we highlight the follow-
ing differences:

• a nonparametric baseline is recovered in QUEST using heuristic methods, where
several steps are involved: truncation, partial fitting, subtraction, and final fitting. Its
performance is sensitive to the choice of the number of truncated data points and the
model order for the baseline fit. The algorithm in AQSES uses only one common
optimization problem for the fitting of both the model and thebaseline. It is thus less
prone to accumulated errors.

• In reference [100], an augmented Fisher information matrix(inspired by [120]) is
used. However, it is not clear how to choose the value of the number of effective
parameters, involved in the computation of confidence bounds. In this respect, the
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discussion in Chapter 6, Section 6.3.2 (see also [115]) clarifies the way the confi-
dence bounds can be automatically estimated for the procedure in AQSES.

7.2 Mathematical formulation
For the quantification of short echo-time MRS signals, we assume that we are given a
“metabolite database”, which is a set{vk, for k = 1, . . . ,K} of complex-valued time series
of lengthm, representingin vitro measured MRS responses [38]. Anin vivo measured
MRS signaly is also a complex-valued time series of lengthm that will satisfy the model

y(t) = ŷ(t)+ εt :=
K

∑
k=1

αk (ζk)
t (ηk)

t2 vk(t)+b(t)+ εt , t = t0, . . . , tm−1, (7.2)

whereαk,ζk,ηk ∈C are unknown parameters that account for concentrations of the metabo-
lites in the database and for the necessary corrections of the database signals, due to inher-
ent differences in the data acquisition techniques [97, 101, 79]. In fact the complex am-
plitudesαk and the complexζk andηk can be written in terms of a parametrization with
real-valued variables as (withj =

√
−1):

αk = ak exp( jφk),

ζk =

{
exp(−dk + j fk), for Lorentzian and Voigt lineshapes;
exp( j fk), for Gaussian lineshapes;

ηk =

{
exp( jek), for Lorentzian lineshapes;
exp(−gk + jek), for Gaussian and Voigt lineshapes;

whereak are the real amplitudes,φk are the phase shifts,dk are damping corrections,gk are
Gaussian damping corrections,fk are frequency shifts, andek are Eddy current correction
terms [64, 86].

Moreover,b(t) represents the chemical part that is not modeled, which is the re-
sponse of the substances that are not included in the database, andεt is an unknown noise
perturbation with zero mean, for allt ’s with indices from 0 tom−1.

The identification of complex amplitudesαk, and complexζk’s and ηk’s, for k =
1, . . . ,K, can be accomplished by minimizing the least squares criterion: ∑t=t0,...,tm−1

|y(t)−
ŷ(t)|2.

7.2.1 A semiparametric model for MRS signals

A semiparametric model for MRS quantification can be designed, which takes into account
the parametric part of the model, but treats nonparametrically the baseline, with its con-
straint on smoothness [109, 97, 100, 101, 30, 115]. For the nonparametric reconstruction
of the baseline, we construct a basis of splines [21, 28] and put the discretized splines as
columns in a matrixA of sizem×n, with n smaller than the number of data pointsm. Any
nonlinear function can be approximated as a linear combination of spline functions. The
coefficients in this linear combination are the unknowns that must be identified. We de-
note these linear coefficients byc1, . . . ,cn (or byc∈ C

n, when stacked in a column vector).
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Thus the discretization of a nonlinear function approximated with splines can be written in
matrix notation asAc.

A regularization operatorD (that gives a matrixB = D⊤D) is defined to measure
the smoothness of the baseline in the frequency domain. We can takeD as the discrete

second-order differential operator,D =

[−1 2 −1 0
...

...
...

0 −1 2 −1

]
, first-order differential operator,

D =

[−1 1 0
...

...
0 −1 1

]
, zero-order differential operator, the identityD =

[
1 0

...
0 1

]
, or some

combination.
Since the goal is to reconstruct a smooth baseline in the frequency domain, while still

fitting in the time-domain, we transform the basis matrixA to the time domain, with the
discrete inverse Fourier transform. ThusA := F−1(A), where the operatorF−1 denotes
the discrete inverse Fourier transform, applied on each column of a matrix. Finally, we
consider the regularized nonlinear least squares criterion

min
α1,...,αK∈C,c∈C

n

(ζ1,...,ζK ,η1,...,ηK)∈Ω

1
m

tm−1

∑
t=t0

∣∣∣∣∣y(t)−
K

∑
k=1

αk (ζk)
t (ηk)

t2 vk(t)− (A c)(t)

∣∣∣∣∣

2

+λcHBc, (7.3)

whereΩ denotes some constrained parameter space.Ω usually involves only linear equal-
ity and inequality constraints on the real-valued parameters appearing inζk,ηk. The role
of possible equality constraints is to imposeprior knowledgerelationships between corre-
sponding parameters of related metabolites. The inequality constraints are, in fact, simple
bound constraints on the real-valued parameters. We expectthat these corrections will be
small, since all these parameters are used toslightly correctthe metabolite signals. For
instance, it is expected that the damping and frequency shifts are bounded within a small
interval around zero, since otherwise some metabolite patterns can become interchangeable
and the chemical meaning of the corrected metabolite profiles can be lost.

In (7.3), λ is a fixed regularization (penalty) parameter, and the wholetermλcHBc
is responsible for ensuring a certain degree of smoothness to the baselineb. The value that
we give toλ controls also the degree of smoothness.

Note that in (7.3) the complex amplitudesαk are free variables. This translates into
the fact that, when we look at their representation in terms of the real amplitudes and the
spectral phases,αk = ak exp( jφk), the phasesφ1, . . . ,φK are free between−π andπ, and
the amplitudesa1, . . . ,aK havepositivevalues. In fact, the real amplitudes are the most
representative parameters for the MRS model, since they arethe weights with which each
metabolite appears into the quantified signal; they yield, thus, the metabolite concentrations
in the given brain region, and these concentrations are indicative for the health status or
tumor degree in that region [92, 97].

7.2.2 Using a filter

A filter can be used to remove irrelevant information from thein vivo MRS signal. For
instance, a pass-band FIR filter can be used to select only thefrequency region of interest.
The FIR filter in AQSES is taken from the implementation of [121]; it is a maximum phase
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FIR filter that is automatically optimized in order to removethe water component from an
MRS in vivosignal.

Applying a FIR filter to a vector (a discrete signal) involvesa convolution operation.
This is however a simple and fast computation. When such an operation is applied to the
measured signal, it must also be taken into account by the fitting model. In other words, a
filtered measured signal will be fitted with a filtered model plus a filtered baseline.

The design of the filter is performed outside the actual fitting method of AQSES.
Such a filter consists of a vector of coefficients; the length of the filter and the coefficients
are optimized during the automatic filter design [121]. Leth1, . . . ,hp denote the filter coef-
ficients. Then a discrete-time signalv, i.e., a vector of lengthm, can be convolved with the
filter giving the filtered signalw (of lengthm− p+1), according to

wi =
p

∑
l=1

hl vi+l−1, i = 1, . . . ,m− p+1.

A FIR filter commutes with the sum, but this doesn’t mean that it commutes also with the
modifiedsum of metabolites, where there are shifts and corrections to the spectral param-
eters; thus we cannot apply the same methodology as for unfiltered signals, only by using
a filtered database. In AQSES minimization, we replace the original signal, the recon-
structed signal and the reconstructed baseline with their filtered versions. The changes that
are involved in the function and Jacobian evaluation are only the following three:

• the in vivosignaly is replaced throughout with its filtered version;

• each corrected metabolite signal (having the elementsαk (ζk)
ti (ηk)

ti2 vk(ti), for i =
0 to m− 1) is replaced with its filtered version whenever a new function/Jacobian
evaluation is required;

• the spline matrixA is replaced throughout with its filtered version (each column is
thus separately filtered).

7.3 The software package AQSES
7.3.1 The AQSES GUI framework

AQSES GUI is an open source Java-based graphical user interface (GUI) for processing
and displaying short-echo-time magnetic resonance spectroscopy signals [23]. Among the
tasks that AQSES GUI can perform, we enumerate:

• loading MRS signals from a multitude of file formats;

• visualizing MRS signals (time-domain or frequency-domain) in a 3D environment;

• preprocessing signals using phase or frequency corrections, filtering (HLSVD-PRO
[73]), and others;

• creating metabolite databases by grouping signals together and, possibly, applying
preprocessing steps;
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• processing signals using the AQSES method (accuratequantification ofshort echo-
time MRSsignals);

• displayingmetabolic imagesobtained from quantifying MRS signals coming from a
2D grid of voxels from a slice of the human brain (see Figure 7.11 on page 133).

Figure 7.7 shows the main window of AQSES GUI where a project with many spectro-
scopic signals is open and the options of the AQSES quantification method can be set.

More details about the various capabilities of AQSES GUI canbe found in [119] and
in the user’s manual of AQSES GUI.

7.3.2 Implementation details

Programming language and dependencies

AQSES is implemented in FORTRAN 77. The main optimization part is carried out us-
ing an extension of the Levenberg-Marquardt algorithm, which accepts linear bounds con-
straints, in the DN2GB implementation written by David M. Gay [41]. DN2GB is an
extension of the NL2SOL package of the same author [25], which deals with nonlinear
least squares minimization for real data. AQSES is performing nonlinear least squares with
a complex-valued function,i.e., a complex norm

‖ f (θ)‖2 = ‖ℜ f (θ)‖2
2 +‖ℑ f (θ)‖2

2

is minimized, wheref (θ) = ℜ f (θ)+ iℑ f (θ) ∈ C
m. Thus, instead of solving an optimiza-

tion problem with complex data, it is possible to transform all computations to real by
doubling the problem dimension.

We have chosen for a reimplementation of the Variable Projection method [47, 48],
taking the guidelines from the VARPRO implementation written in FORTRAN by John
Bolstad [127]. Our new code for nonlinear least squares withvariable projection embed-
ded in AQSES works directly with complex function computations. That is, function and
Jacobian evaluations are performed in the complex domain. The evaluated values are trans-
formed to real in order to apply the optimization module DN2GB. Note that in this way we
are able to impose linear bounds on the nonlinear parametersinvolved in the minimiza-
tion, a fact not implemented by the classical VARPRO code. Details about the VARPRO
implementation are presented in the next chapter.

AQSES uses several routines from BLAS and LAPACK [2] for somebasic linear
algebra computation with (double) real as well as (double) complex data. A few routines
from SLICOT [8] and from the FFTW package [37] are also used.

Multiple round fitting

AQSES is designed with an option of multiple round minimization: fitting a new signal
with the signals from a database can be done in one or several steps. In eachround, a
database larger than in the previous round (a superset of theprevious one) is used. The
goal of this multiple round procedure is to have good estimates of (some of) the variables
as starting values for the nonlinear optimization.



126
C

hapter
7.

M
R

S
data

quantification
and

the
A

Q
S

E
S

softw
are

Figure 7.7.Main frame of AQSES GUI. A project with many MRS signals is loaded. The settings of the AQSES quantification method can
be modified in the bottom part of the view.
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Although this heuristic approach was quite helpful in previous implementations of
AQSES (see the results in [96, Chapter 4]) that didn’t distinguish between linear and non-
linear types of variables in the model (and, thus, good starting values are needed for the
amplitudes and phases of each metabolite), it became obsolete in the latest versions, where
the VARPRO method was used. In this case, a single round of fitting, with zero start-
ing values for all nonlinear parameters, leads usually to the same convergence behavior as
multiple round fitting. A notable exception is the need for a good starting value for the
common phase correction (when equal phases for all metabolites are imposed, see Chap-
ter 8). In this case, the common phase becomes a nonlinear parameter whose initial value
in the optimization algorithm is set using a preliminary round of fitting with the non-equal
phases option. More precisely, the initial value for the phase is taken as the converged value
of the phase of the metabolite with highest concentration inthe preliminary round.

Testing the validity of databases

Two conditions are provided in the code in order to test the numerical validity of the
database and to warn if numerical sensitivity of the database might influence the correct-
ness of the fitting results. Both tests act in the same way, butthe first one is done for the
original database, while the second is done for the filtered database, in case a filter is used.

Numerical problems during the nonlinear least squares fitting procedure might occur
in the case when there exist nearly linearly dependent columns in the (filtered) database. In
this situation, the Jacobian computed for each step of the Levenberg-Marquardt minimiza-
tion algorithm gets nearly rank deficient and causes computational problems.11

Automatic baseline tuning

The generalized cross validation criterion for semiparametric models (see Chapter 6 for
the definition formula (6.7) on page 103 and for the computational remarks in §6.2.6) is
implemented as a method for choosing a good degree of smoothness for the macromolec-
ular baseline. Theλ factor that multiplies the penalty term in (7.3) is tuned in such a way
that the generalized cross validation criterion is (approximately) minimized. A large value
for λ implies a smooth frequency-domain baseline, while a smallλ allows rougher base-
lines. When the automatic method is used, several fitting problems for several values ofλ
are solved, until a penalty parameterλ that leads to a good enough trade-off between the
fitting quality and the smoothness of the baseline is found.

Error measures for the quantification

Approximate Cramer-Rao bounds are also computed at the end of the quantification pro-
cedure. These error bounds are using the confidence intervals definition that was specially
adapted for semiparametric nonlinear regression in Chapter 6, Section 6.3.2 (or [115]). The
bounds correspond to all the spectral parameters for the metabolites of interest (linear and

11It is true that Levenberg-Marquardt has guards against rank-deficient Jacobian, but this typical rank-deficiency
is usually caused in nonlinear least squares minimization by nearly compatible nonlinear equation fitting. The
case of linearly dependent columns in the database is a degenerate situation yielding rank-deficient Jacobian, and
should be avoided.



128 Chapter 7. MRS data quantification and the AQSES software

nonlinear parameters, as well). They give an indication about the uncertainty of the final
quantified parameters. If the given bounds are small enough relative to the corresponding
parameter value, then it means that the computed value is reliable. If a large bound is found
for a certain component, then the computed parameters mightbe unreliable. This might be
due to a poor signal to noise ratio, or to an incomplete database of metabolites.

7.4 Numerical results
Experiments using simulation signals, as well as realin vitro andin vivosignals have been
designed to test the AQSES software package. These experiments are presented in detail
in the paper [119]. In this section, we present an overview ofthese results, focusing on
the simulations, because these can be easily interpreted ina parameter estimation context,
while the results on real data require a deeper biomedical and chemical background that
falls outside the scope of this thesis.

7.4.1 Simulated signals

A large number of simulated signals were created for the purpose of testing the robustness
and accuracy of the optimization methods in AQSES. Each simulated signal consisted of
a linear combination of 8 spectrally perturbed metabolite profiles in the basis set (contain-
ing Myo-inositol (Myo), Creatine (Cr), Phosphorylcholine(Pch), Glutamate (Glu), NAA,
Lactate (lac), and two lipid signals (Lip1 and Lip2)).

In a first data set of 200 signals, no nuisance such as baseline, noise or water peaks,
was added to the simulated signals. The simulated parameters for amplitude, damping,
phase and frequency shifts for each simulated signal were randomly chosen, with values in
meaningful intervals. This means that the perturbations ondampings and frequencies were
small enough such that the characteristics of each metabolite signal were not lost.

For each simulated signal, the true amplitudes,ak, were compared to the ones es-
timated by AQSES (using the same 8 metabolite profiles in the basis set) by means of a
performance measure defined as

PMk = 100

√√√√∑200
l=1(a

estimated
k,l −atrue

k,l )2

∑200
l=1(a

true
k,l )2

, (7.4)

whereaestimated
k,l (resp.,atrue

k ) is the estimated amplitude (resp., the simulated amplitude) for
metabolitek in the simulation numberl . A low value of the performance measure reflects
a high accuracy, since it is a percentage measure of the difference between estimated and
true amplitudes.

Thesecondexperiment extends the results of the first one for larger databases,i.e.,
with more metabolite profiles. We took the same simulated spectra (set 1) as in the first
experiment, but three more metabolite profiles were added tothe basis set: Taurine (Tau),
Alanine (Ala) and Glucose (Glc). We chose these metabolitesbecause they are known
to be important metabolites that have no strong correlationwith the metabolites that were
already inside the basis set.
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The third experiment shows the influence of water, baseline and noise on the esti-
mated amplitudes. We used the same basis set of 8 metabolitesas in the first experiment.
Five more sets of simulated signals were constructed:

set 2 = set 1 with a pronounced water resonance added,

set 3 = set 1 with low white noise (SNR = 25),

set 4 = set 1 with high noise (SNR = 7),

set 5 = set 1 with baseline distortion

set 6 = set 1 with water, baseline and high noise.

The simulated baselines were computed as sum of Gaussians centered at specific
frequencies, as prescribed in the reference [112]. The water signal (appearing in set 2 and
set 6) has been extracted from anin vivo spectrum by means of the HLSVD PRO method
[73]. The additive noise is a circular Gaussian white noise with a standard deviationσ
defined as the ratio of a certain reference peak height and theSNR, in the frequency domain.

For illustration, we plot one signal from each of the six datasets in Figure 7.8.
The influence of water, baseline and noise was also evaluatedby means of the per-

formance measure (7.4).

7.4.2 Results on simulated data

Results of AQSES on all data sets are presented in Table 7.1 and in Figure 7.9.

Table 7.1. Performance measure values for each metabolite and each simulation set (in
percentage, cf. Eq. 7.4).

NAA Myo Cr Pch Glu Lac Lip1 Lip2
exp. 1, Set 1 0.21 3.67 1.31 1.74 0.61 6.08 2.51 0.54
exp. 2, Set 1 0.58 13.54 1.25 15.18 1.18 8.47 2.74 0.56
exp. 3, Set 2 0.50 1.39 0.42 1.56 0.82 12.09 8.56 1.67
exp. 3, Set 3 3.13 7.37 4.13 5.94 4.86 20.23 19.88 7.98
exp. 3, Set 4 5.76 11.12 6.09 9.83 8.04 23.84 34.13 15.55
exp. 3, Set 5 7.90 11.67 4.31 15.43 27.91 29.14 30.55 7.75
exp. 3, Set 6 11.09 13.77 8.01 16.84 30.83 26.43 32.33 18.52

The first row of Table 7.1 shows the results of thefirst experiment. The PM values
are relatively low, in the range of a few percentages. The biggest error of 6% pertains
to lactate. A closer inspection of the relative errors between the simulated and estimated
values for Set 1 (sorted and averaged between all metabolites and depicted as the lower line
in Figure 7.9) shows that in 80% of the cases the estimation isalmost perfect, with average
relative errors under 0.001%.

Thesecondsimulated example shows that the results are slightly affected if the num-
bers of metabolites in the basis set and in the simulated spectra are not equal. The PM is,
for the majority of metabolites, of the same order of magnitude as in the first experiment
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Figure 7.8.The upper-left plot shows the real part of the Fourier transform of an arbitrary
noiseless signal from Set 1. The other plots show the corresponding signals when different
nuisance components are added to the noiseless signal.

(second row of Table 7.1). The estimates for the amplitudes for Tau, Ala and Glc were
generally small (while their true value is zero); the standard deviations were, respectively,
39.42, 18.12 and 48.45. These values are influenced by a few outliers, which correspond
to cases when several metabolites were misfitted. In these cases, extreme values are also
present in some overlapping peaks, such as Lac and Lip1. We noticed that Lac and Lip1
were often in opposite phase, canceling each other out, in order to fit the relatively flat
signal in their frequency region. This problem will be dealtwith in the following chapter.

The third experiment investigates the robustness of AQSES against the additional
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Figure 7.9. For each of the six data sets of 200 simulated signals, the individual relative
errors between the true and estimated amplitudes for each simulation and for each metabo-
lite were sorted in increasing order and then averaged for the eight metabolites within each
set. The trend is that when the complexity of the simulation signals increases (set 1 towards
set 6) the relative errors increase as well, but they stay below1% for more than90%of the
cases.

nuisance components such as noise, baseline and water resonances. The performance mea-
sure values are reported in the last five rows of Table 7.1 for each simulation set. Inspection
of the results of the data sets 2 to 6 shows that the overall performance degrades when the
complexity of the nuisance components in the simulations increases. However, Figure 7.9
confirms that in more than 90% of the simulations, the relative errors stay below 1%.

The maximum-phase filter removes satisfactorily the water component, as illustrated
if we observe the differences between rows 1 and 3 of Table 7.1, corresponding to set 1 and
set 2. Indeed, the water resonance does not significantly affect the relative square error.

The performance measure for different noise levels confirmsthe stability of AQSES
against noise. At low noise values, the errors do not increase dramatically for any metabo-
lites, except for Lac and Lip1. At high noise, the errors of most metabolites increase by a
factor of about two, compared to the low noise level case.

The baseline affects each component but mainly Myo and Glu. These components
are wider and therefore are more likely to be fitted by the baseline. Cr seems to be less
affected. We notice that the PM of NAA and Cr remain under 12% in all cases.

7.4.3 Experiments with real data

In vitro data

In a first experiment with real data, AQSES was validated using an in vitro sample. This
means that the signal measured from a test chemical solutionwas quantified; the test so-
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lution contained metabolites in known concentrations. Thetrue and estimated proportions
of metabolites have been compared (the proportion of metabolite k being the ratio of the
concentration of metabolitek and the total concentration (all metabolites)).

The results show that the estimation errors are below an acceptable threshold of 25%,
with lower errors obtained for the metabolites that had higher concentrations (below 8%).
Figure 7.10 shows graphically the comparison between the true proportions inside thein
vitro test solution and the proportions computed with AQSES.

Figure 7.10. In vitro test sample results. True and computed metabolite proportions are in
close agreement.

In vivo data

In a second experiment with real data,in vivo MRS signals from a database containing
spectra from normal tissue, and two types of brain tumor tissues were processed. This
experiment is meant to show that AQSES can provide useful results for diagnosis and
classification of brain tumors. The detailed explanation ofthese results in [119] can be
summarized in the statement that the results were in accordance to the literature in the field,
showing for each tissue type the presence of each important metabolite in a characteristic
level of concentration with respect to the other chemicals.

An illustration of the results of AQSES onin vivo MRS signals is given in Fig-
ure 7.11. This is an example of using AQSES on a grid of MRS signals. The MR image
on the left displays a slice of brain from a patient sufferingfrom a glioblastoma tumor.
The metabolic images on the right of the figure show concentration values corresponding
to each metabolite from an 8-components database. The obtained values help the clinician
to identify the location and grade of the tumor, since some ofthe metabolites have more
elevated values and other metabolites have smaller values in the tumor region.

7.5 Conclusions
This chapter presented the MRS data quantification problem and its implementation in the
AQSES software. This practical application was, in fact, the driving motor that led to the
development of the theory in Chapters 5 and 6.
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Figure 7.11. Metabolic images obtained with AQSES GUI. MRS signals in a grid are
processed with AQSES and the resulting metabolite concentrations are plotted in colors
ranging from blue (small concentration value) to red (high concentration value). The tumor
region is clearly identified in the upper right corner, wheresome of the metabolites have
concentrations higher than normal, and others have concentrations lower than in normal
tissue.

The AQSES framework provides a flexible and easy-to-use environment for quantifi-
cation of short echo proton MRS spectra. The described experiments testify for the level of
accuracy, robustness and reliability that AQSES shows in a variety of nuisance conditions.

One important remark is that the FIR filter included in AQSES removes suitably well
the noise and the water resonances in the frequency region with no relevant metabolites,
reducing partially (almost totally, for water) the effectsof these nuisance components.

The experiments also showed a problematic situation: some metabolites that have
common resonant frequencies were often in opposite phase, cancelling each other. In the-
ory, the phase of the metabolites could be considered as equal; this change in the model is
detailed in the next chapter.
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Chapter 8

Constrained variable
projection
implementation

One important optimization tool implemented in the AQSES software for quantification of
metabolite concentrations in MRS signals is a specialized variable projection (VARPRO)
algorithm for solving separable nonlinear least squares problems. The standard VARPRO
implementation for unconstrained separable nonlinear least squares is described in [47, 48]
and implemented by John Bolstad [127]. The VARPRO implementation in AQSES is,
however, nonstandard, for two main reasons:

1. AQSES allowslower and upper boundson the nonlinear parameters and other spe-
cial constraints on the linear parameters (to be described later in this chapter).

2. AQSES’ optimization problem is a fitting problem involving complex data, while
the standard implementation of VARPRO and other nonlinear least squares solvers
are designed for real data; in AQSES, ahybrid method, which combines complex
computations of function and Jacobian evaluations with an optimization over reals,
is used.

8.1 Introduction
Separable nonlinear least squares fitting problems are minimization problems of the form

min
x,a

‖y−Φ(x)a‖2
2 , (8.1)

wherey is anm-dimensional given noisy data vector,x denotes ann-dimensional vector of
nonlinear parameters,a is ap-dimensional vector of linear parameters, andΦ is a nonlinear
function that maps a vectorx into anm× p matrix.

In the beginning of the seventies, the VARPRO method for solving separable least
squares problems appeared [47]. During the past 30 years, VARPRO received attention
from theoreticians, as well as practitioners. A recent review of VARPRO and its applica-
tions is given in the paper [48]. VARPRO uses the fact that thevariablea that appears
linearly in the model functionΦ(x)a can be optimally expressed as a linear least squares
solution depending on the variablex: als(x) = Φ(x)†y, where† denotes the Moore-Penrose

135
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pseudoinverse of a matrix. Therefore, this closed formula of a can be plugged in into the
original minimization problem, yielding the equivalent problem only inx:

min
x

‖(Im−Φ(x)Φ(x)†)y‖2
2.

This problem can be solved with classical nonlinear (least squares) optimization methods,
such as the Gauss-Newton or the Levenberg-Marquardt algorithms. These methods require
evaluation of the Jacobian with respect tox of the functional inside the norm. An essential
idea is found in [67] and bears the name of Kaufman’s simplification: it involves comput-
ing an approximate Jacobian instead of the true Jacobian, trading-off a negligible loss of
accuracy in the Jacobian for a rather important computational time saving.

An interesting extension towards constrained variable projection is the case when
separable equality constraintsappear in the problem [68]. Another important related prob-
lem deals with having two separable classes of variables, without the requirement that some
of them appear linearly [106].

In this chapter, we consider the classical linear/nonlinear variable separation and
we analyze some extensions of the separable nonlinear leastsquares problem and of the
VARPRO technique when (inequality) constraints appear within one or both classes of sep-
arable variables. These extensions are motivated by the biomedical application of quantify-
ing metabolite concentrations from magnetic resonance spectroscopic signals. The exten-
sions from the classical VARPRO presented in this chapter and needed in our application
are shortly enumerated here, in increasing degree of difficulty:

Complex data. The VARPRO technique can be extended to work with complex variables
and data. This observation helps us to address the computation of the residual and
of the approximate Jacobian explicitly in the complex domain. We transform to
real data when solving the resulting minimization problem (only in the nonlinear
variables), since all classical nonlinear minimization implementations work with real
data.

Constraints on the nonlinear variables. These constraints acting only on the nonlinear
variables do not affect the VARPRO idea of projecting out thelinear variables. Thus,
these constraints can be simply imported to the resulting minimization problem only
in x. However, the classical Gauss-Newton or Levenberg-Marquardt method that
we used in the unconstrained case must be replaced with a method that can take into
account constraints. In our application, we focus only on lower and upper bounds for
the variables; for this case, efficient methods are available (see the Netlib repository
www.netlib.org/opt/).

Constraints on the linear variables. Imposing general constraints to the linear parame-
ters takes away the possibility of projecting them out via a closed-form expres-
sion. Nevertheless, we would still like to keep the idea of solving an outer mini-
mization problem only in the nonlinear variablesx, and solve the constrained linear
least squares problem ina in an efficient manner. In our application, we have non-
negativity restrictions for some of the linear variables (but lower and upper bounds
can be treated similarly). The inner problem ina can then be efficiently solved with
a quadratic programming type of method. In any case, we expect computational ad-
vantages and possibly faster convergence rate for this typeof constrained VARPRO,
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compared to solving the initial problem (8.1) with additional constraints, using a
general nonlinear solver that does not distinguish betweenlinear and nonlinear vari-
ables.

In Chapter 7, we gave an overview of the quantification of signals in magnetic reso-
nance spectroscopy (MRS) [38, 63], and in Section 7.2 we emphasized the nonlinear least
squares optimization problems that are obtained as mathematical formulations for this ap-
plication. The VARPRO method was already used in MRS problems [129, 133]; a historical
note on the application of VARPRO to MRS data quantification can be read in Section 17
of the review paper [48]. The previous usage of VARPRO in the mentioned papers was
restricted to models of the type “sum of complex damped exponentials.” These models are
appropriate for fitting the so-calledlong echo-timeMRS signals. Nowadays, the nuclear
magnetic resonance scanners recordshort echo-timesignals that are richer in information
because they display the responses of significantly more metabolites (chemical substances).
The model given by a sum of complex exponentials no longer holds, since the response of
each metabolite is spread out over the whole spectrum. A signal measuredin vivo (from
a region in the human brain) can be modeled as a combination ofindividual metabolite
signals in the metabolite database. A baseline signal that accounts for the presence of some
non-predominant unknown macromolecules must also be addedto the model.

In Sections 8.2 and 8.3, the VARPRO extensions are presentedin relation with the
MRS application, and we summarize the studied cases in the following table:

Linear variables Nonlinear variables MRS data model Section

complex real/complex without/with baseline
unconstrained (un)constrained non-equal phases 8.2

real real/complex without baseline
constrained (un)constrained equal phases 8.3.2

real real/complex with baseline
partially constrained/ (un)constrained equal phases 8.3.3

partially unconstrained

Finally, the numerical experiments in Section 8.4 aim to illustrate that an approximate
Jacobian formula proposed for the constrained linear variables case yields accurate results
for the MRS data quantification problem with equal phases.

8.2 Separable least squares with constraints on
nonlinear variables

The motivation for the formulation in this section comes from the problem already de-
scribed in Chapter 7, namely the MRS data quantification withnon-equal phases. We show
that problem (7.3) can be easily turned into a separable nonlinear least squares problem.
The differences with respect to the classical separable problems solved by VARPRO is that
the linear parameters, as well as the residual under the norm, will be complex-valued; more-
over, simple equality or inequality constraints are allowed in the MRS data quantification
problem formulation (7.3), but they may only affect the nonlinear (real-valued) variables.

We divide the analysis into two parts: quantification with orwithout a baseline. We
start with the simple case when we ignore the baseline. This case gives us the opportu-
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nity to revisit the original ideas behind VARPRO, includingcomputational issues such as
Kaufman’s simplification for Jacobian computation.

8.2.1 MRS data model without baseline

The nonlinear least squares problem formulation (7.3) simply becomes

min
α1,...,αK∈C

(ζ1,...,ζK ,η1,...,ηK)∈Ω

1
m

tm−1

∑
t=t0

∣∣∣∣∣y(t)−
K

∑
k=1

αk (ζk)
t (ηk)

t2 vk(t)

∣∣∣∣∣

2

. (8.2)

Problem (8.2) is a separable problem, where linear parameters αk can be projected out of
the least squares problem, and only a smaller sized nonlinear least squares problem remains
to be solved for the nonlinear variablesζk, ηk. For the optimization over the (possibly
constrained) set of parameter values forζk, ηk, we choose for an iterative minimization
algorithm of the Levenberg-Marquardt type [90]. A trust-region implementation that allows
imposing bounds on the real variables is described in [41]. Without entering into the details
of such an algorithm, we continue our exposition by providing its necessary inputs: initial
starting values, as well as procedures to evaluate the function value and the corresponding
Jacobian, at each arbitrary set of parameter values.

We set all initial values for the real-valued nonlinear parameters to zero. This is a
reasonable starting point, since it means that we start the optimization withno spectral
correctionsto the signals in the database, which corresponds to an idealsituation.

Function evaluation

We rewrite (8.2) as

min
α,x∈Ω

1
m
‖y−Φ(x)α‖2

2 , (8.3)

wherey is a column vector containingy(t0), . . . ,y(tm−1), α is a complexK-dimensional
column vector containing the complex amplitudes,x is a vector formed from all nonlinear
variables (preferably, the real-valueddk, fk, gk, ek), and them×K complex-valued matrix
Φ(x) has elements of the form:

Φik = (ζk)
ti (ηk)

t2i vk(ti) (8.4)

=





exp
(
(−dk + j fk)ti + jekt2

i

)
vk(ti), for Lorentzian lineshapes;

exp
(

j fkti +(−gk + jek)t2
i

)
vk(ti), for Gaussian lineshapes;

exp
(
(−dk + j fk)ti +(−gk + jek)t2

i

)
vk(ti), for Voigt lineshapes.

As mentioned in the introduction of this chapter, the optimal linear coefficientsα ls(x), for
some fixed values of the nonlinear coefficients,x, can be plugged-in such that the residual
that we need to compute is the followingvariable projection functional

y−Φ(x)α ls(x) = (I −Φ(x)Φ(x)†)y.
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Clearly, we only need a basis for the column space of the matrix Φ(x) in order to evaluate
the projection matrixI −Φ(x)Φ(x)†. This basis can be obtained from the QR decomposi-
tion of Φ(x):

Φ(x) = QR=
[
Q1 Q2

][
R1

0

]
,

whereR1 ∈ C
K×K , Q1 ∈ C

m×K , andQ2 ∈ C
m×(m−K). Then, the residual(I −Φ(x)Φ(x)†)y

becomesQ2QH
2 y. Since only the norm of this residual is in fact needed in the optimization

algorithm, we can further simplify the definition of our residual by ignoring the multiplica-
tion with Q2 (which has orthonormal columns), and simply computeQH

2 y at each function
evaluation.

Jacobian evaluation

The gradient of the residualQH
2 y is also needed by the Levenberg-Marquardt type nonlin-

ear least squares solver. Note that in the residualQH
2 y, the nonlinear parameters appear

implicitly throughQ2.
Consider again the original variable projection functional f (x) = (I −Φ(x)Φ(x)†)y.

The Jacobian off with respect to any of the scalar variablesxk (here denoted by∇k f ) can
be derived with the following manipulations:

∇k f = −(∇kΦ)Φ†y−Φ(∇k(Φ†))y = −(∇kΦ)Φ†y−Φ∇k

((
ΦHΦ

)−1 ΦH
)

y

= −(∇kΦ)Φ†y+Φ
(
ΦHΦ

)−1
[
(∇kΦ)H Φ+ΦH (∇kΦ)

](
ΦHΦ

)−1 ΦHy

= −
(

∇kΦ− (Φ†)H (∇kΦ)H Φ−ΦΦ† (∇kΦ)
)

Φ†y.

Kaufman’s simplification [67] proposes that only the part

−
(
∇kΦ−ΦΦ†(∇kΦ)

)
Φ†y = −(I −ΦΦ†)(∇kΦ)Φ†y

should be used to compute an approximate Jacobian, yieldinga computational saving that
is more important than the loss of accuracy in the Jacobian, which is negligible.

If we take into account the definition (8.4) ofΦ for the MRS data model, the matrix
∇kΦ can be computed using the formulas:

∂Φik

∂dk
= −tiΦik,

∂Φik

∂ fk
= jt iΦik,

∂Φik

∂gk
= −t2

i Φik,
∂Φik

∂ek
= jt 2

i Φik. (8.5)

Note here that the variabledk (or fk, or gk, or ek) only appears in the columnk of Φ.
Therefore, all other columns of∇kΦ different from the columnk are identically zero:

∂Φil

∂dk
= 0,

∂Φil

∂ fk
= 0,

∂Φil

∂gk
= 0,

∂Φil

∂ek
= 0, for l 6= k.

To fix the ideas, the matrix∇kΦ, which represents the derivative of the matrixΦ with
respect to thekth variablexk (that is eitherdk, or fk, or gk, or ek), is anm×K matrix that
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has the following structure

∇kΦ =




0 0
∂Φ1k

∂xk
0 0

...
...

...
...

...

0 0
∂Φmk

∂xk
0 0




Thus, the column corresponding toxk in the approximate Jacobian equals

∇̃k f = −(I −ΦΦ†)(∇kΦ)Φ†y = −(I −ΦΦ†)




∂Φ1k

∂xk
...

∂Φmk

∂xk




α ls
k , (8.6)

where we used the fact thatα ls = Φ†y. The complete approximate Jacobian∇̃ f is obtained
by putting next to each other all columns of type (8.6), one column for each nonlinear
variable in our optimization.

For stable and efficient computation of the Jacobian, we makeuse of the QR decom-
position ofΦ, as introduced before. Thus,α ls = R−1

1 QH
1 y and I −ΦΦ† = Q2QH

2 . Since
we ignore the factorQ2 in the function evaluation, we must also do the same thing in what
concerns the Jacobian.

In the end, the approximate Jacobian using Kaufman’s simplification is:

∇̃ f = −QH
2 ∆Φ, (8.7)

where∆Φ for the MRS data model in its most general formulation, is



· α ls
k

∂Φ1k

∂dk
· · α ls

k
∂Φ1k

∂gk
· · α ls

k
∂Φ1k

∂ fk
· · α ls

k
∂Φ1k

∂ek
·

...
...

...
...

...
...

...
...

...
...

...
...

· α ls
k

∂Φmk

∂dk
· · α ls

k
∂Φmk

∂gk
· · α ls

k
∂Φmk

∂ fk
· · α ls

k
∂Φmk

∂ek
·




,

with k going from 1 toK. In cases when not all variables amongdk, gk, fk, ek, are estimated
in the model, or when we imposeprior knowledgein the form of linear equalities between
some variables of the same sort (leading to eliminations), the formula above simplifies by
deleting the not-needed columns.

8.2.2 MRS data model with baseline

Little is changed in the variable projection implementation, when we augment the optimiza-
tion criterion (8.2) to the regularized version (7.3). In fact, using the notation from (8.3),
the minimization (7.3) can be written as

min
α∈CK ,x∈Ω,c∈Cn

1
m

∥∥∥∥
[
y
0

]
−

[
Φ(x)α +A c√

mλDc

]∥∥∥∥
2

2

,
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which is also a separable nonlinear least squares problem, where the linear variables areα
andc, and the nonlinear ones arex.

For the function evaluation, we use the QR decomposition of the matrix

[
A Φ(x)√
mλD 0

]
=

[
Q1 Q2

][
R1

0

]
,

with R1 ∈ C
(n+K)×(n+K), andQ1, Q2 of appropriate sizes. The function value isQH

2

[
y
0

]
,

and the projected linear variables have the expression

[
cls

α ls

]
= R−1

1 QH
1

[
y
0

]
.

For approximate Jacobian evaluation, the only difference comes from the fact that we have
augmentedΦ(x) with some blocks thatdo notdepend on the nonlinear parameters. This
translates into the fact that the new Jacobian is also extended with zero blocks of corre-
sponding dimensions. All completely zero columns can be ignored in the implementation.

8.3 Separable least squares with constraints on
linear variables

8.3.1 Motivation: MRS data quantification with equal phases
and non-negativity constraint for the amplitudes

In this section, we are concentrating on the problems introduced by requiring equal phase
corrections for all metabolites (φ1 = . . . = φK =: φ0). Remember that the phases entered
into the problem in the previous sections through thecomplex amplitudesαk = ak exp( jφk),
which were the complex linear parameters in the VARPRO method.

Requiring equal phase corrections is a reasonable approximation, since the phase dis-
tortions between different metabolites within anin vivo signal are negligible. Moreover, it
was noticed in experiments with the non-equal phases version presented in Section 8.2 that
in some cases (when the metabolite database contains signals with overlapping resonant
frequency regions) there is a tendency for overlapping metabolites to compensate for each
other by having opposite phases. In other words, these metabolites partially cancel each
other, and thus their amplitudes are unreliably computed, although the residual is small. As
an illustration, see the reconstructed signal, together with the database of corrected metabo-
lite profiles, in Figure 8.1. Anticipating the method in thissection, Figure 8.2 shows the
fitting results when the equal phase constraint is used. The reconstructed signals are very
similar in the two figures, but, noticeably, there are no longer artifacts from interchange-
able metabolites in Figure 8.2. All the plots show real partsof the signals in the frequency
domain.

Conceptually, imposing equal phases makes the model simpler, but practically, the
method for solving the problem becomes a bit more complicated. In the next subsection, we
shall see that the fact that we want to have equal phases implies that we can no longer use
the VARPRO technique with complex linear variables. We mustswitch to a version where
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0.511.522.533.54
ppm

 

 

original signal
reconstructed signal

Figure 8.1. Fit with non-equal phases. Upper plot shows all the corrected metabolites
spectra, which should be summed up in order to yield the reconstructed signal; bottom plot
shows the noisy spectrum and the reconstructed spectrum (the less noisy thick line).

the linear variables are only the real amplitudes, and introduce the unique phase variable
φ0 among the nonlinear variables. However, the real amplitudes must be non-negative in
order to be meaningful.

The method developed here can be easily applied in the case when other constraints
for the linear variables are imposed. One simple generalization involves lower and upper
bounds for each individual linear variable; the non-negativity condition is a particular case
thereof.

8.3.2 MRS data model without baseline

The problem formulation is a separable nonlinear least squa res with non-
negative linear variables

The nonlinear least squares problem formulation (7.3) becomes

min
a1,...,aK∈[0,∞),φ0∈(−π,π),

ζ1,...,ζK ,η1,...,ηK∈Ω

1
m

tm−1

∑
t=t0

∣∣∣∣∣y(t)−
K

∑
k=1

ak exp( jφ0) (ζk)
t (ηk)

t2 vk(t)

∣∣∣∣∣

2

. (8.8)

Problem (8.8) involves a mixture of real and complex variables. For practical optimization,
we need to transform everything to real and to optimize only with respect to real parame-



8.3. Separable least squares with constraints on linear variables 143

0.511.522.533.54
ppm

 

 

original signal
reconstructed signal

Figure 8.2. Fit with equal phases. The upper and bottom plots contain thesame elements
as in Figure 8.1. Note that the canceling effect around the value 1.3 ppm is not present, as
opposed to Figure 8.1.

ters:

min
a1,...,aK∈[0,∞),

φ0∈(−π,π),
(dk, fk,gk,ek)∈Ω

1
m

tm−1

∑
t=t0





(
real(y(t))−

K

∑
k=1

akreal
(

exp( jφ0) (ζk)
t (ηk)

t2 vk(t)
))2

+

(
imag(y(t))−

K

∑
k=1

akimag
(

exp( jφ0) (ζk)
t (ηk)

t2 vk(t)
))2



 ,

whereζk andηk will be substituted with their formulas depending ondk, fk, gk andek. The
setΩ is used to impose simple linear (in)equality constraints onthe nonlinear parameters
dk, fk, gk andek.

We rewrite the minimization problem in the following compact form, which empha-
sizes the fact that the parametersa1, . . . ,aK appear linearly in the objective function:

min
a≥0,x∈Ω

1
m
‖y−Φ(x)a‖2

2 , (8.9)

wherey is a column vector containing

real(y(t0)), imag(y(t0)), . . . , real(y(tm−1)), imag(y(tm−1)),

a is theK-dimensional column vector containing the positive amplitudesa1, . . . ,aK , x de-
notes the vector obtained from all the rest of the real parametersdk, fk, gk, ek andφ0, and
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the 2m×K matrix Φ(x) has elements of the form:

Φ(2i−1),k = real
(

exp( jφ0)(ζk)
ti (ηk)

t2i vk(ti)
)

, (8.10)

Φ(2i),k = imag
(

exp( jφ0)(ζk)
ti (ηk)

t2i vk(ti)
)

,

with exp( jφ0)(ζk)
ti (ηk)

t2i vk(ti) =



exp
(

jφ0 +(−dk + j fk)ti + jekt2
i

)
vk(ti), for Lorentzian lineshapes;

exp
(

jφ0 + j fkti +(−gk + jek)t2
i

)
vk(ti), for Gaussian lineshapes;

exp
(

jφ0 +(−dk + j fk)ti +(−gk + jek)t2
i

)
vk(ti), for Voigt lineshapes.

Note that without the non-negativity constraint ona, problem (8.9) is a separable least
squares problem, where the optimal linear coefficientsals(x), have a closed-form expres-
sionals(x) = Φ(x)†y.

However, the non-negative least squares problem (8.9), with x fixed, does not have
closed-form solution fora. An effective method for solving non-negative least squares
(NNLS) problems is given in [74, Chapter 23]. The algorithm is very much linked to
linear-quadratic programming theory and it is an iterativeactive set primal-dual method
where convergence occurs when all elements of the dual vector become negative. Starting
with a set of possible primal solutions (basis vectors), thealgorithm computes an associated
dual vector, and selects at each iteration the worst basis vector solution to be exchanged
from the basis set, corresponding to the maximum (positive)element of the dual vector.

If, in other applications, bounds or other types of simple constraints on the linear
parameters need to be imposed, then the non-negative least squares solver discussed above
must be replaced by an appropriate method for the corresponding constrained linear least
squaresproblem. For many practical cases (such as linear or quadratic inequality con-
straints), efficient methods and software implementationsare available in the literature.

We denote the optimal non-negative solution of (8.9) for a given x by annls(x). It
seems preferable to optimize (8.9) only over the variables in x, while estimatinga at ev-
ery iteration asannls(x). A conceptual advantage of this approach must be emphasized: if
problem (8.9) is solved with a nonlinear least squares solver that treatsa andx as nonlinear
variables, without distinction, then any value close-to-zero ina would cause an almost zero
column in the Jacobian of the objective function, leading topossibly unreliable numeri-
cal computations. The implementation that optimizes only on x and usesannls(x) at each
iteration does not suffer from this numerical problem.

The case of almost zero amplitudes is important in our application, since a practi-
tioner might want to use a database of metabolites that has more elements than the actual
number of chemicals significantly present in the signal to bequantified. Thus, identifying
almost zero metabolite concentrations is an important casethat should not be affected by
numerical errors.

Function and pseudo-Jacobian evaluation

The nonlinear least squares solver needs implementations for the specific objective function
and Jacobian evaluations.
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As explained before, the function evaluation is performed by computing the non-
negative least squares solution at the current value ofx, annls(x); then, the residual vector
is computed simply asy−Φ(x)annls(x).

Unfortunately, the lack of closed-form expressions forannls(x) implies that we do
not have an expression for the true Jacobian of the residual with respect tox. For compu-
tational efficiency, we propose to use an adequate pseudo-Jacobian, instead of numerical
differentiation methods.

Consider the functionf (x) = y−Φ(x)annls(x). The Jacobian off with respect to
any of the scalar variablesxk (here denoted∇k f ) has the formula:

∇k f = −(∇kΦ(x))annls(x)−Φ(x)(∇ka
nnls(x)). (8.11)

While the matrix∇kΦ(x) is easily computable, the gradient∇kannls(x) cannot be computed
explicitly. At this point, a numerical differentiation technique can be used in order to esti-
mate the matrix∇annls(x). In Section 8.4, we show experimental results that are obtained
with this approach for Jacobian computation, as well as withthe approach described next,
using another approximate Jacobian that is cheaper to compute.

Sinceannls(x) is in many cases close to the least squares solutionals(x) = Φ(x)†y,
we can approximate the gradient ofannls(x) with the one ofals(x), yielding:

∇k f ≈−(∇kΦ)annls−Φ∇k

((
Φ⊤Φ

)−1
Φ⊤

)
y

= −(∇kΦ)annls+Φ
(

Φ⊤Φ
)−1[

(∇kΦ)⊤ Φ+Φ⊤ (∇kΦ)
](

Φ⊤Φ
)−1

Φ⊤y

≈−
(

∇kΦ− (Φ†)⊤ (∇kΦ)⊤ Φ−ΦΦ† (∇kΦ)
)

annls.

Moreover, Kaufman’s simplification [67] proposes to avoid the complicated computation
of (Φ†)⊤ (∇kΦ)⊤ Φ and thus only the part

−
(
∇kΦ−ΦΦ†(∇kΦ)

)
annls = −(I −ΦΦ†)(∇kΦ)annls

can be used to compute an approximate Jacobian.
For more details on how to compute the elements of∇kΦ we refer to Section 8.2

or [116]. The only addition is that we have a new column in the Jacobian, corresponding to
the variableφ0, which is equally treated as a nonlinear parameter. The gradient with respect
to φ0 is easily computable, sinceφ0 only appears in the factor exp( jφ0).

In order to obtain the Jacobian matrix needed in the optimization process, all columns
of the type(∇kΦ)annls should first be stacked into a matrix∆Φ. To complete the Jacobian
computation, the product(I − ΦΦ†) · ∆Φ should be evaluated. For stable and efficient
computation, we make use of the QR decomposition ofΦ,

Φ = QR=
[
Q1 Q2

][
R1

0

]
,

whereR is upper triangular,Q is an orthogonal matrix,R1 ∈ R
K×K , Q1 ∈ R

2m×K , andQ2 ∈
R

2m×(2m−K). Thus,I −ΦΦ† = I −Q1Q⊤
1 = Q2Q⊤

2 , and then
(
I −ΦΦ†

)
∆Φ = Q2Q⊤

2 ∆Φ.
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8.3.3 MRS data model with baseline

The minimization problem formulation

In this case, we augment the optimization criterion (8.8) tothe regularized version that
takes into account a smooth baseline reconstructed by penalized splines:

min
a1,...,aK∈[0,∞), φ0∈(−π,π),
ζ1,...,ζK ,η1,...,ηK∈Ω, c∈C

n

1
m

tm−1

∑
t=t0

∣∣∣∣∣y(t)−
K

∑
k=1

ak exp( jφ0) (ζk)
t (ηk)

t2 vk(t)− (A c)(t)

∣∣∣∣∣

2

+λcHDHDc, (8.12)

whereA ∈C
m×n is an inverse Fourier transformed spline matrix, the vectorc∈C

n denotes
the spline coefficients,λ is a fixed regularization (penalty) parameter, and the wholepenalty
termλcHDHDc is responsible for ensuring a certain degree of smoothness to the frequency-
domain baseline.

Using the notation from (8.9) and the transformation to realof all the complex ele-
ments (subscripted here with anr), this minimization can be written as

min
a≥0,x∈Ω,cr∈R2n

1
m

∥∥∥∥
[
y
0

]
−

[
Φ(x)a+Arcr√

mλDrcr

]∥∥∥∥
2

2

, (8.13)

whereAr ∈ R
2m×2n is obtained fromA by unfolding all elements into real and imaginary

parts and shuffling them such that each odd/even row corresponds to the real/imaginary part
of an element ofy(t), and each odd/even column corresponds to the real/imaginary part of
an element of the spline coefficient vectorc, which is also unfolded into the vector of real
elementscr ∈ R

2n. The matrixDr is obtained fromD, shuffled in the same manner.
The problem (8.13) is also a separable nonlinear least squares problem, where the

linear variables area andcr , and the nonlinear ones are grouped in the vectorx. However,
the linear amplitudes ina are non-negatively constrained, while the spline parameters cr

are free. Moreover, the coefficient matrices that multiplycr are independent ofx. This
allows us to use an explicit optimal solution forcr , while still using a non-negative least
squares solver to optimizea at each newx.

Solving the optimization problem (8.13) is done using a nonlinear least squares min-
imization overx, where for each fixedx (thus, at every function evaluation), the linear
parameters are the optimal solutions of a minimization problem of the type:

min
a≥0,cr∈R2n

1
m

∥∥∥∥
[
y
0

]
−

[
Ar Φ√
mλDr 0

][
cr

a

]∥∥∥∥
2

2

. (8.14)

Using a QR factorization of the matrix
[

Ar√
mλDr

]
= ST= [S1 S2 ]

[T1
0

]
, with T1 ∈C

2n×2n, and

S1, S2 of appropriate sizes, the optimalcr is expressed as

cls
r = T†S⊤

([
y
0

]
−

[
Φ
0

]
a
)

= T−1
1 S⊤1

([
y
0

]
−

[
Φ
0

]
a
)

,
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which can be plugged in into (8.14) such that a non-negative least squares problem in the
variablea only remains to be solved:

min
a≥0

1
m

∥∥∥∥S
(
I −TT†)S⊤

([
y
0

]
−

[
Φ
0

]
a
)∥∥∥∥

2

2
⇐⇒ min

a≥0

1
m

∥∥∥∥S⊤2

([
y
0

]
−

[
Φ
0

]
a
)∥∥∥∥

2

2
,

where we used the fact that
(
I −TT†

)
ST =

[
0 0
0 I

]
S⊤ =

[
0

S⊤2

]
, and we ignored the multipli-

cation with the orthogonal matrixS(since the norm is invariant to such an operation).

Function and pseudo-Jacobian evaluation

To evaluate the residual needed in the nonlinear least squares algorithm, it is thus possible
to ignore the orthogonal matrixSand to compute instead of

f (x) =

[
y
0

]
−

[
Ar Φ(x)√
mλDr 0

][
cls

r
annls

]
,

directly the residual̃f (x) = S⊤2

([
y
0

]
−

[
Φ
0

]
annls

)
.

The Jacobian that we need to compute is

∇x f̃ = −S⊤2 ∇x

([
Φ(x)

0

]
annls(x)

)
= −S⊤2

[
∇x

(
Φ(x)annls(x)

)

0

]
.

For its approximate evaluation, we need the same tricks as inthe case when there is no
baseline. One difference is that the new Jacobian is extended with a zero block, which
comes from the fact that we augmentedΦ(x) with some blocks thatdo notdepend on the
nonlinear parameters.

8.4 Numerical experiments
8.4.1 Properties of the pseudo-Jacobian

In this subsection, we focus on illustrating the fact that the pseudo-Jacobian introduced in
Section 8.3.2 performs as good in our optimization problemsas the alternative approach
of using an approximate Jacobian with numerical differentiation. The latter Jacobian com-
bines an analytical formula with the numerical differentiation of the part that does not have
a closed-form expression; this is the part involving the vector annls(x). For numerical differ-
entiation, we choose a simple forward difference approximation, which involves computing
the NNLS solution in as many vectors (neighboring the current x) as there are elements in
the vectorx.

The computation of∇annls(x) using numerical differentiation and its use within the
analytical formula of the full Jacobian (see (8.11)) is moreefficient than using numerical
differentiation for the full Jacobian itself. However, thepseudo-Jacobian from Section 8.3.2
is much more computationally efficient, since the NNLS solution is computed only once
(atx).

We use five data sets described in more detail in Chapter 7, §7.4.1, page 128 (set 1,
3-6). We mention again the characteristics of these simulation data sets:
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• Set 1 consists of signals obtained from a metabolite database of 8 components. The
model (7.2) with random values (but extracted from meaningful intervals) for the
parameters of interest (amplitudes, damping corrections,frequency shifts, and equal
phase correctionφ0). No baseline term and no noise are added to the simulation
signals in this set.

This set corresponds to azero-residualnonlinear least squares problem.

• Set 2 from §7.4.1 is omitted as irrelevant for the comparisons herein.

• Set 3 is obtained from Set 1 by adding noise terms with a signal-to-noise ratio of 25.

• Set 4 is obtained from Set 1 by adding noise terms with a signal-to-noise ratio of 7.

• Set 5 is obtained from Set 1 by adding simulated (smooth in thefrequency domain)
baseline terms. This set corresponds to a zero-residual nonlinear least squares prob-
lem only in the case when the simulated baseline can be perfectly reconstructed by
penalized splines.

• Set 6 is obtained from Set 5 by adding also noise terms.

In Figure 8.3, we show in a condensed manner the relative errors for all the simu-
lation scenarios described above. The errors were computedwith respect to the true val-
ues used for building up the simulation sets. The relative error formula is‖Xestimated−
Xtrue‖F/‖Xtrue‖F , where we stacked in the matrixXtrue (respectively,Xestimated) all the 100
vectors of true (respectively, estimated) parameters for the 100 simulation examples in each
set. The norm‖ · ‖F is the Frobenius norm.
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Figure 8.3. Comparison of total estimation
errors for the two Jacobian variants and the
5 sets of simulations.
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Figure 8.4. Comparison of averaged rela-
tive estimation errors for the two Jacobian
variants and the 5 sets of simulations.

Moreover, Figure 8.4 views the same results under a different error measure: the aver-
aged relative error, computed as the mean (over all variables in each set of 100 simulations)
of individual relative square errors of the form

(
xestimated

k −xtrue
k

)2
/

(
xtrue

k

)2
.

Obviously, there is no loss of accuracy related to the pseudo-Jacobian approach com-
pared with the numerical differentiation scheme.
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We plot the relative errors
∣∣xestimated

k −xtrue
k

∣∣/
∣∣xtrue

k

∣∣ for two individual variables (the
amplitudea1 and the phaseφ0) in Figures 8.5 and 8.6. The scale is logarithmic and the
relative errors (in percentages) are sorted for each of the five simulation sets and the two
methods under investigation. The solid lines pertain to therelative errors obtained with
the pseudo-Jacobian, and the lines with different markers are the corresponding errors for
the numerical differentiation-based Jacobian. The two related curves for each set are very
similar. Note also that the estimation errors for the zero-residual problems in Set 1 are at
machine precision level for 95% of the simulations. The errors deteriorate when the noise
level is increased or when the baseline term is added. However, the errors stay under a
reasonable threshold of about 1−5%.

These numerical results show that the optimization approaches proposed in Sec-
tion 8.3 are performing well, and that we can safely make use of the easily computable
pseudo-Jacobian.
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Figure 8.5.Relative errors for the variable a1 in 100 simulations for each of the five testing
scenarios. The two plots contain the same information, but set 1 is removed from the plot
below. The two proposed approximate Jacobians perform equally good.
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Sorted absolute errors for the phase
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Figure 8.6. Absolute errors for the variableφ0 in 100 simulations for each of the five
testing scenarios. For Set 1, 30% of the simulations give 0 residual, and 95% give machine
precision residual. The two plots contain the same information, but set 1 is removed from
the plot below. The two proposed approximate Jacobians perform equally good.

8.4.2 Improvements of equal phases compared to the
non-equal phases version

Finally, we provide the results that were obtained on all simulation data sets, as a way of
illustrating the improvements of the equal-phases versionof AQSES compared with the
non-equal phases version, described in Chapter 7.

Table 8.1 is the equivalent of Table 7.1 on page 129. The biggest improvements
are obtained for sets 1 and 5. To have a graphical illustration, we plot in Figure 8.7 a
comparison between the relative errors in sets 1 and 5 using the non-equal and the equal
phases versions.
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Table 8.1. Performance measure values for each metabolite and each simulation set (in
percentage, cf. equation 7.4 on page 128).

NAA Myo Cr Pch Glu Lac Lip1 Lip2
exp. 1, Set 1 0.06 0.34 0.33 0.23 0.68 4.03 4.74 0.69
exp. 2, Set 1 0.80 5.32 0.63 12.92 0.75 2.23 4.97 0.67
exp. 3, Set 2 0.20 1.23 0.53 0.94 0.94 8.51 10.05 1.28
exp. 3, Set 3 2.52 5.83 2.78 4.11 4.40 15.90 20.13 7.01
exp. 3, Set 4 5.76 11.12 6.09 9.83 8.04 23.84 34.13 15.55
exp. 3, Set 5 7.13 8.83 3.17 4.40 22.72 17.42 24.43 7.45
exp. 3, Set 6 10.90 13.51 6.24 8.14 26.19 21.68 28.49 18.60

0 50 100 150 200
10

−20

10
−15

10
−10

10
−5

10
0

0 50 100 150 200
10

−3

10
−2

10
−1

10
0

10
1

 

 

non-equal phases
equal phases

Set 1 Set 5

Figure 8.7. Comparison between the non-equal and the equal phases versions for sets 1
and 5. The relative errors for the amplitudes of all metabolites are averaged between all
8 metabolites in each of the 200 simulations. The equal phases constraint gives better
estimated metabolite parameters.

8.5 Conclusions
We have described computational details related to the implementation of several variants
of non-standard variable projection algorithms for separable nonlinear least squares. The
main issues that we encountered are related to the introduction of constraints on the linear
or nonlinear variables. In order to take into account the separability of the minimization
criterion, the constrained (or unconstrained) linear subproblem must be solved efficiently
and independently at each function evaluation of the outer nonlinear (constrained or un-
constrained) minimization.

The described extensions were motivated by optimization problem formulations for
the quantification of metabolites from short echo-time magnetic resonance spectroscopic
signals. All the methods are implemented in the AQSES processing module of the AQSES
GUI software package [3].
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Chapter 9

Conclusions and open
problems

9.1 General conclusions of the thesis
9.1.1 Regularization for linear problems

In the first part of the thesis, we mainly focused on the application of truncation and penalty-
type regularization methods to the total least squares formulation. We also explored model
selection techniques for these types of regularization methods.

We encountered and solved the following issues:

• In computing truncated total least squares solutions, there is a (theoretical) danger
of ending up with a truncated problem where nonuniqueness and nongenericity of
the solution can still be present (although this is hardly probable, when the data is
noisy). However, to be on the safe side, we proposed to replace the truncated (total)
least squares problem formulation with atruncated core reductionthat can be used
as a first step when we want to compute truncated SVD, truncated total least squares
or other truncated scaled total least squares solutions.

• Regularized total least squares does not have closed-form solution as the regularized
least squares (Tikhonov regularization) solution does. Therefore, local nonlinear
optimization should be used in order to numerically computethe RTLS solution.
We surveyed all the currently available methods from the literature, comparing them
with our own method, based on iteratively solving quadraticeigenvalue problems.

• The error measures that are used in the context of model selection techniques such
as cross validation, generalized cross validation, information criteria or even the L-
curve, are not appropriate for consistently providing goodestimates of regularization
parameters or truncation levels. We define thegeneralization errorthat is an appro-
priate error measure for linear errors-in-variables models. Using this measure, we
are able to adapt the classical model selection methods to the truncated total least
squares and the regularized total least squares problems.

We also made an incursion into the generalization of the coreproblem concept to
multiple right-hand sides systems. We found that an SVD formand a band diagonal form
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for such core problems are computable. The core system that is obtained in this way has
desirable properties – uniqueness and genericity of the solution – which otherwise are a
major source of complications in the total least squares family of algorithms.

9.1.2 Regularization for nonlinear problems

In the second part of the thesis, we explored modeling nonlinear data. The main issues
connected to regularization appeared in the context of nonparametric modeling. In this
field, ill-posedness appears in the form of having to decide atrade-off between a good fit of
the data and some model requirements. For instance, the semiparametric model involved
in the biomedical application from Chapter 7 requiressmoothnessof the Fourier transform
of an additive baseline function.

We drew the following conclusions:

• The template splines family unifies several classical spline formulations. In particu-
lar, this shows that the family of penalized splines can be put in its own right beside
the classical family of smoothing splines. Template splines are, in many situations,
easily computable using regularized linear least squares.

• It is relatively easy to include a nonparametric part into a nonlinear regression prob-
lem, in the case when the nonparametric part can be restricted through a weighted
norm (as it is the case when imposing smoothness of the baseline term). The non-
parametric part can then be modeled by using a spline basis, and thus only a linear
term is actually added in the nonlinear least squares optimization criterion. How-
ever, special care should be taken when statistical information is retrieved from a
regularized semiparametric regression problem, since, ingeneral, we obtain biased
estimates (but the bias can be corrected), and the classicalnonlinear regression con-
fidence bounds that use the Fisher information matrix must beadapted to take into
account the penalty regularization term.

• We applied the semiparametric framework to the quantification problem of metabo-
lite concentration from short echo-time MRS signals.

• An analysis of constrained variable projection optimization for separable nonlinear
least squares showed that separable inequality constraints can be incorporated. How-
ever, the constraints on the linear variables must be simpleenough to make the inner
problem worth solving at each function evaluation of the outer nonlinear minimiza-
tion. To maintain computational efficiency, we propose the use of a pseudo-Jacobian
instead of an approximate Jacobian obtained through numerical differentiation.

9.2 Future work and open problems
Nonlinear regularization

As a new trend, future work should shift towards truly nonlinear regularization. What
we studied so far in the context of semiparametric nonlinearoptimization has been based,
in fact, on the assumption that the part that needs regularization (the nonparametric part)
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appearsadditivelyin the model; moreover, the regularization that we used in the template
splines context reduced everything to a linear parameterization in terms of a spline basis.
We, thus, avoided nonlinear regularization altogether.

A general regularization problem is a problem where the parameters of interest ap-
pear nonlinearly in the model and in the regularization criterion. In fact, we had a glance
at a nonlinear optimization problem when we studied regularized total least squares, since
that formulation involved the orthogonal distance‖Ax−b‖2/(‖x‖2+1) objective function.
We have categorized RTLS within the framework of regularization for linear models only
because it deals with a linear modelAx≈ b.

Multidimensional ill-posed problems

Ill-posed problems with multiple right hand sides would benefit from a further analysis. For
linear models, we discussed truncated core reductions, butwe did not have the chance yet
to thoroughly analyze how effective this kind of reduction helps in practical problems. (As
a side remark, we are in fact not aware of a benchmark of ill-posed problems with multiple
right-hand sides.)

For the regularized total least squares problem, extensions to multiple right-hand
sides have not yet been attempted. A simple idea to approach multiple right-hand sides
linear problems, regardless of the regularization formulation, is tovectorizethe problem
and, thus, transform it to a large sparse single right hand-side problem. This idea is already
in use in image deblurring regularization techniques, for instance, because in that case the
obtained large matrix has an embedded structure that can be exploited.

Bidiagonal approximation

We speculated at the end of Section 2.3.3 that for the ill-posed system with multiple right-
hand sides or for the nullspace formulation, it is also possible to use simple bidiagonaliza-
tion, instead of block or band diagonalization. This conjecture should be further analyzed.

Multiple penalties regularization

We mentioned in the introduction that it is possible to have more than one penalty term in
a penalty-type regularization criterion. The problem of estimating multiple regularization
parameters appears. Although in theory model selection techniques could be easily adapted
to this demand, further study is needed in order to make it solvable in practice, even for
quite simple problem formulations.

More validations and improvements of AQSES

For the AQSES software package, we need a more extensive testsuite for the evaluation of
the baseline reconstruction inin vivo signals. The problem is that the baseline is unknown
in real signals. We have preliminary results indicating that AQSES is more accurate in
simulations than other software packages (mentioned in §7.1.2), but onin vivo data more
experiments and comparisons should be done.
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Appendix A

More theory on model
selection

A.1 Derivation of generalized cross validation
A.1.1 From leave-one-out to generalized cross validation

Let F(t,x) ≈ y be a (possibly nonlinear) model, whereF : R×R
n → R is a known func-

tion,x is the model parameter vector andt1, . . . , tm, y1, . . . ,ym are given data from the model.
Assume that in order to estimatex we use a regularization scheme that depends on a regu-
larization parameterλ . We denotêxλ the regularized solution obtained when the regular-
ization parameter has a fixed valueλ and when allm available data instances are used for

estimation. Let alsôx[−i]
λ denote the solution vector obtained with the same regularization

method, when theith point (ti ,yi) is omitted from the data set.
The leave-one-out cross validation chooses aλ that minimizes the function

CV(λ ) :=
1
m

m

∑
i=1

(
yi −F

(
ti , x̂

[−i]
λ

))2
.

This formulation is inconvenient since it involves solvingm estimation problems, one for
each deleted data point. We show that it is possible, as in theclassical linear case, to
simplify this formulation and to require only the solution of the total problem in order to
evaluate the cross validation function.

First we emphasize the influence that theith measured outputyi has on the optimal
solution, for a fixed value ofλ and for fixed values of the other data points iny1, . . . ,ym. We
denote the direct link betweenyi and the corresponding component of the optimal model
ŷλ by a functionh such thath(yi) = (ŷλ )i = F (ti , x̂λ ).

Secondly, we discuss the leaving-one-out lemma that was proved in the context of
smoothing splines [19], which still holds trivially for ournonlinear problem. It ensures that
if the measuredyi was by any chance equal to the function value predicted by thesolution
computed without theith measurement,i.e.,

yi = (ŷ[−i]
λ )i := F

(
ti , x̂

[−i]
λ

)
,

then the vector̂x[−i]
λ would be the optimal solution for the complete regularized estimation
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problem as well. We can write this observation in terms of thefunctionh ash((ŷ[−i]
λ )i) =

(ŷ[−i]
λ )i .

Using a similar trick as in [136] for smoothing splines and in[69] for nonlinear
nonparametric regression, we have:

yi −F
(

ti , x̂
[−i]
λ

)
=

yi −F (ti , x̂λ )

1−∆i(λ )
,

where

∆i(λ ) :=
(F (ti , x̂λ ))−

(
F

(
ti , x̂

[−i]
λ

))

yi −F
(

ti , x̂
[−i]
λ

) =
h(yi)−h((ŷ[−i]

λ )i)

yi − (ŷ[−i]
λ )i

,

which holds wheneveryi 6= (ŷ[−i]
λ )i . ∆i(λ ) is a divided difference for the functionh, which

can be approximated with the derivative ofh. This leads to the definition of the following
generalized influence (or smoother or hat) matrixS(λ ), which agrees with the definition
given by [89] for the generalized influence matrix in a nonlinear context:

S(λ )i j :=
∂ (F (ti , x̂λ ))

∂y j
=

∂ (ŷλ )i

∂y j
, (A.1)

for whichS(λ )ii ≈ ∆i(λ ), as a first order approximation.
The ordinary cross validation cost function can be approximated by

CV(λ ) ≈ 1
m

m

∑
i=1

(yi −F (ti , x̂λ ))2

(1−S(λ )ii )2 ,

and the generalized cross validation is its “rotation-invariant” version:

GCV(λ ) =
1
m

m

∑
i=1

(yi −F (ti , x̂λ ))2/

[
1
m

Tr(Im−S(λ ))

]2

=
m‖ŷλ −y‖2

2

[Tr(Im−S(λ ))]2
, (A.2)

wherey is the vector[y1, . . . ,ym]⊤, andŷλ is the vector[F(t1, x̂λ ), . . . ,F(tm, x̂λ )]⊤.

A.1.2 Computation of the influence matrix

The definition formula of the generalized influence matrix (A.1) might not be computation-
ally friendly. It depends on the specific regularization scheme on howS(λ ) is computed.

Assume that the regularization estimation method involvesthe minimization of a
functionE(y;x;λ ).

We compute explicitly

S(λ ) =
∂ ŷλ
∂y

=
∂F(x̂λ )

∂y
=

∂F(x̂λ )

∂x
∂ (x̂λ )

∂y
. (A.3)

Sincex̂λ is optimal for given datay, it means that

∂E(y, x̂λ ;λ )

∂x
= 0.
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On the other hand, ify is ‘perturbed’ and the data becomesy + dy, the optimum also
changes. We denote the new optimal solution byx̂λ +dx; it satisfies

∂E(y+dy, x̂λ +dx;λ )

∂x
= 0.

Using a first order Taylor approximation, it implies that

∂ 2E(y, x̂λ ;λ )

∂x∂y⊤
dy+

∂ 2E(y, x̂λ ;λ )

∂x∂x⊤
dx≈ 0. (A.4)

Denote the block of the Hessian ofE corresponding tox by Ĥ(λ ):

Ĥ(λ ) :=
∂ 2

∂x∂x⊤
E(y, x̂λ ;λ ),

and the block∂ 2E(y,x̂λ ;λ )

∂x∂y⊤ by Ĵ(λ ).

Sincedy and dx represent small perturbations ony and x̂λ , we can use the rela-
tion (A.4) and set the matrix−Ĥ(λ )−1Ĵ(λ )⊤ as approximation for the differential∂ x̂λ

∂y
in (A.3). In conclusion, the generalized influence matrix can be computed as:

S(λ ) = −∂F(x̂λ )

∂x
Ĥ(λ )−1Ĵ(λ )⊤.

Note that in the case wheny appears in the functionE in a square error term of the form

1
2
‖y− ŷλ‖2

2,

thenĴ(λ ) becomes

Ĵ(λ ) = −∂F(x̂λ )

∂x
= −∇F(x̂λ ) ,

and, thus,S(λ ) = ∇F(x̂λ ) Ĥ(λ )−1∇F(x̂λ )⊤.

A.2 Derivation of information criteria
In this section, we consider a probabilistic setting, in thesense that what we call “the data”
is now a realization (or a set of realizations) of a random variable.

The Kullback-Leibler measure

If f denotes a density function of the “true” distribution andg the density function of
another distribution, then the Kullback-Leibler divergence is:

KL( f ,g) =
∫ ∞

−∞
f (x) log

f (x)
g(x)

dx=
∫ ∞

−∞
f (x) log f (x)dx−

∫ ∞

−∞
f (x) logg(x)dx.

Properties of KL include: nonnegativity (KL( f ,g) ≥ 0) and the equivalence KL( f ,g) = 0
if and only if f ≡ g almost everywhere. In fact, KL( f ,g) quantifies the loss when modelg
is used to approximate the “reality”f .
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Suppose one has several statistical models that try to explain a random variable/vector
whose true distribution has a density functionf ; suppose that these models are expressed
in terms of probability densities (say,g1, . . . ,gr ). Then, ideally, one could compute KL for
each of ther models and select the model that loses the least informationwith respect to
the “truth”. However, these computations require knowledge of the full reality and com-
plete description of the approximating models (not estimates plugged in for parameters, for
instance). Obviously, one cannot compute KL.

Akaike’s information criterion

Most of the information criteria are trying to approximate the KL measure in a computable
way. Akaike [1] was the first to show how KL can beestimatedfrom data, based on the
maximized empirical log-likelihood (or maximum entropy).However, his formula was
derived under some restrictive assumptions. Other authorsimproved his idea, giving rise
to new and more complicated information criteria.

Note that minimizing KL( f ,g) amounts to maximizing the term
∫ ∞

−∞
f (x) logg(x)dx= E [logg(x)],

whereE denotes expectation (with respect to the true – and unknown –statistical distribu-
tion f ).

From given data (instances ofx, denoted byz1, . . . ,zm), one can compute thelog-
likelihoodℓ := ∑m

i=1 logg(zi). To takeg out of anonymity, we assume thatg is a parametric
density function that depends on an unknownd-dimensional vector of parametersθ0. The
log-likelihood becomes, then, a function ofθ :

ℓ(θ) :=
m

∑
i=1

logg(zi ;θ).

The maximum likelihood estimate ofθ0 is consistent and asymptotically normal:

θ̂ → θ0 and
√

m(θ̂ −θ0) ∼ N (0,(F (θ0))
−1) whenm→ ∞,

whereF (θ0) :=−E

[
∂ 2

∂θ∂θ⊤ logg(x;θ0)
]

is the Fisher information matrix atθ0. Moreover,

m(θ̂ −θ0)
⊤
F (θ0)(θ̂ −θ0) ∼ χ2(d),

whereχ2(d) is the chi-square distribution withd degrees of freedom. From a second order
expansion, using the properties ofθ̂ as a maximum likelihood estimator (thus,θ̂ is also
unbiased:E [θ̂ −θ0] = 0),

E
[
mlogg(x; θ̂)−mlogg(x;θ0)

]
≈ E

[
m

1
2
(θ̂ −θ0)

⊤
F (θ0)(θ̂ −θ0)

]
=

1
2
E [χ2(d)] =

d
2
.

Remember that what we want to minimize is the KL distance, which amounts to maxi-
mizing E [logg(x;θ0)]. Sinceθ0 is not available, it can be replaced by its maximum like-
lihood estimatêθ , using the observed dataz1, . . . ,zm. The idea is to use the log-likelihood
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1
mℓ(θ̂) = 1

m ∑m
i=1 logg(zi ; θ̂) as an estimate ofE [logg(x; θ̂)]. The asymptotic expected value

of the bias between what we want to compute and what we can compute is:

bias= lim
m→∞

E

{
mE [logg(x;θ0)]−

m

∑
i=1

logg(zi ; θ̂)

}

= lim
m→∞

E

{
mE [logg(x;θ0)]−mE [logg(x; θ̂)]︸ ︷︷ ︸

→−d/2

+mE [logg(x; θ̂)]−
m

∑
i=1

logg(zi ; θ̂)

︸ ︷︷ ︸
→0 (law of large numbers)

}

This asymptotic bias correction estimate is what Akaike used to define “An Information
Criterion” (AIC) as the minimization of:

AIC = −2ℓ(θ̂)+2d

Modified Akaike’s information criterion

Akaike’s idea to correct for the bias term between theaveragedmaximized log-likelihood
and theexpectedmaximized log-likelihood is taken over by other authors whoimproved
his bias estimate. The bias provided in the classical AIC (equal to the number of free pa-
rametersd) is a crude first-order estimate of the bias, obtained in asymptotics and under the
assumptions that the unknown model parameters are estimated by themaximum likelihood
method and that the true distributionf is a member of the model distribution familyg(·,θ).

The bias can be better estimated by the formula (replacingd) [65]: bias= m(d+1)
m−d−1,

yielding the corrected AIC:

AICc = −2ℓ(θ̂)+2
m(d+1)

m−d−1
.

Bayesian information criterion

The Bayesian information criterion (BIC) introduced by Schwarz [110] gives a very similar
criterion starting from seemingly different concepts. TheBayesian framework averages the
model’s likelihood over all possibleθ , given a prior distribution forθ (that is, the likelihood
is integrated overθ , instead of being maximized). For given dataz1, . . . ,zm, we arrive at
another bias in the KL divergence computation. (For more details, see,e.g., [99].) The
Bayesian information criterion is:

BIC = −2ℓ(θ̂)+
d
2

logm.

Generalized information criterion

When no assumptions about the true model’s distribution are made, a more general in-
formation criterion can be defined [70]. In this case, the bias between the average of the
maximized log-likelihood and the expected maximized log-likelihood is approximated by
the expression

1
m

Tr(F−1
R),
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whereF is the Fisher information matrix−
[

∂ 2

∂θ∂θ⊤ logg(x; θ̂)
]

computed at the maximum

likelihood parameter̂θ , andR is the product of the log likelihood gradients, that is,R :=[
∂

∂θ logg(x; θ̂)⊤ ∂
∂θ logg(x; θ̂)

]
.

The quantity Tr(F−1R) is theeffective number of parameters peff
k that we already

encountered.
The generalized information criterion is defined as

min
k

−2ℓ(θ̂)+2peff
k . (A.5)

In linear estimation, the particular case whenE is the negative log-likelihood andpeff
k is

just the number of free parameters in the model, gives the classical AIC.
See also [14, 128] for related methods based on information complexity.

Remark 14 (Link between generalized cross validation and information criteria) We note
here that generalized cross validation, in the general formulation

min
λ

1
m‖rλ‖2

(1− peff(λ )/m)
2 .

whererλ denotes the model’s misfit measure to the dataD (e.g., the residual norm‖Axreg(λ )−
b‖), is linked to GIC, in the asymptotic situation (m → ∞). Using the approximation

1
(1−ε)2 ≈ 1+2ε, we obtain (settingε = peff/m)

1
m‖rλ‖2

(1− peff(λ )/m)
2 ≈ ‖rλ‖2

m
+2

‖rλ‖2

m
· peff(λ )

m
.

If we takeL (xreg(λ );D) := ‖rλ‖2 and, in the second term,‖rλ ‖2

m as an estimate for the
varianceσ̂2, we obtain a particular GIC criterion:

min
λ

L (xreg(λ );D)+2σ̂2peff(λ ).



Appendix B

Fortran implementation
of AQSES

In this appendix, we provide an overview of the software implementation structure inside
the FORTRAN 77 module AQSES.

Driver routine: drivervp.f

Thedrivervp.f function has the role of coordinating the main computational flow. The
steps performed bydrivervp.f are:

• initializations

• filtering, if required

• for each round, except last round

– fit signal using current database (mainround.f)

• in the last round

– fit signal using current database (mainround.f) and baseline if required
(setsplines.f andinitsvspace.f)

– optimize baseline smoothness parameter by performing previous step repeat-
edly and evaluating generalized cross validation function

• compute estimated error bounds (crerrorvp.f)

Computations for each round: mainround.f

Functionmainround.f performs the whole optimization process of a single round and
deals with both cases of considering a baseline in the fit or not). The steps follow:

1. initialize optimization parameters (inivp.f):

• put all free (nonlinear) variables in the vectoralf, in the order: dampings,
Gaussian factors, frequencies, Eddy current factors;
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• count the number of variables and setnrvar to this value;

• set corresponding linear bounds (that were given in the input variables ending
in -low and-upp, e.g., freqlow andfrequpp) for all variables into a 2×
nrvar matrix of lower and upper boundsB.

2. compute number of linear parameters, number of constraints, and some index values
for referencing different blocks within the complex workspace

3. if baseline is used, then the baseline spline coefficient matrix and the smoothness
penalty matrix should be copied to the “saved spaced”, operation done in the func-
tioninitsvspace.f. The part containing the penalty matrix

√
mλD is updated in

updsvspace.f by using the newest value of the smoothness parameterlambda.
The call toupdsvspace.f provides also the QR decomposition of the blocks con-
taining the baseline coefficient matrix and penalty matrix.This way, the QR fac-

torization of the matrix

[
A Φ(ζ ,η)√
mλD 0

]
that is needed at each function and

Jacobian evaluations will be updated only in the block column that containsΦ(ζ ,η),
thus saving computations.

4. main optimization takes place, using the (slightly modified) DN2GB module im-
plemented indn2gbvp.f. Function and Jacobian evaluations are made through
thefuncvp.f andjacovp.f functions, where all operations are performed with
complex data (e.g., evaluation of the linear parameters), but only at the end the com-
plex data is transformed to real and fed to theDN2GB optimization solver.

5. optimal nonlinear parameters stored inalf are transformed back to meaningful
spectral variablesdamp, gauss, freq, eddy, t0 in the functionupdatevp.f.

6. optimal linear parameters corresponding to the optimal nonlinear variables inalf
and computed as linear least squares solution are transformed to meaningful real
spectral parametersampl andphas, and to the baseline (if computed), in the routine
updatelin.f.

Function evaluation: funcvp.f

The following steps are taken infuncvp.f:

• The matrixΦ from (8.4) is efficiently computed, by first evaluating the complex
exponentials for each indexk, but for a fixed value ofti = 1, and then filling in each
row of Φ with appropriate values for eachti . This means that instead of computing
mK complex exponentials, we compute onlyK complex exponentials and we raise
2mK complex numbers to real powers.

The matrixΦ is stored in the arrayexpon and it is kept for possible use in the
Jacobian evaluation. We rely on the fact that there is alwaysa function evaluation
before any Jacobian evaluation at the current parameter values.

• In the case when a FIR filter is required, each column ofΦ is filtered.
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• The filtered version ofΦ is stored in the reserved block ofsvSpace, which is
either the uppernrpf × effbasis, when no baseline is used, or in the upper
right block next to the filtered spline matrixfilM, when also the baseline is used.

Thus, thesvSpace workspace contains in fact the matrix

[
A Φ(ζ ,η)√
mλD 0

]
,

but with filtered columns corresponding toA andΦ(ζ ,η), and with a partial QR
factorization in the left block column.

• The complete QR factorization ofsvSpace is computed, and a compact represen-
tation is saved in the subdiagonal part of the firstnrlinpar columns ofsvSpace,
and in the vectortau.

• The residualQHy is computed and stored in the(nrlinpar+ 1)st column of the
matrixsvSpace. Then, this complex residual is transformed to real, by unfolding
real and imaginary parts into odd and even locations of the vectorfvecf.

Jacobian evaluation: jacovp.f

∇kΦ is stored in a compact way, by keeping only nonzero columns. In other words, if a
certain column ofΦ does not depend on a certain variablexk, then the all-zero column will
not be stored.

The following steps are taken infuncvp.f:

• Linear variables are computed from the linear least squaresproblem that involves
the currentΦ. Since we already have the QR decomposition of the coefficient matrix
in the least squares problem, the complex vector of linear parameters is easily com-
puted by solving a triangular linear system of equations. (The same computation is
performed in the routineupdatelin.f, for extracting the linear parameters at the
end of the whole optimization process.)

The linear coefficients are stored in the(nrlinpar+ 1)th column ofsvSpace,
with the baseline coefficients in the firstnosplpars positions (note that when the
baseline is not required,nosplpars is zero), and the complex amplitudes in the
nexteffbasis positions.

• For each of the active nonlinear variables (dampings, Gaussian dampings, frequen-
cies, Eddy current corrections), a corresponding column isadded to the Jacobian.
The implemented formulas are found in Subsection 8.2.1.

• If a filter is required, then each stored column is also passedthrough the FIR filter,
and the columns fromnrlinpar+2 tonrlinpar+nrvar+2 ofsvSpace are
used for storage.

• A zero block corresponding to the penalty part of the optimization is added under the
∆Φ block, since the penalty term does not involve the nonlinearparameters.

• Kaufman’s simplification is used; it implies that the above mentioned columns of
svSpace are multiplied with the block−Q2 of the unitary matrixQ from the al-
ready computed QR factorization (see (8.7)). Notice thatQ2 is compactly stored in
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the lower trapezoidal part of the firstnrlinpar columns ofsvSpace and in the
vectortau, according to LAPACK’s ZGEQRF routine conventions.

• The complex approximate Jacobian is transformed to real, byunfolding real and
imaginary parts into odd and even rows of the matrixfjacf.
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