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Abstract

We consider fitting data by linear and nonlinear models. Peeiic problems that we aim
at, although they encompass classic formulations, haveramon ground the fact that we
attack a special situation: the ill-posed problems.

In the linear case, we consider the total least squaresgobThere exist special
methods to approach the so-called nongeneric cases, butopese extensions for the
more commonly encountered close-to-nongeneric probl&mageral methods of introduc-
ing regularization in the context of total least squaressadyzed. They are based on trun-
cation methods or on penalty optimization. The obtainedblgrms might not have closed
form solutions. We discuss numerical linear algebra andlloptimization methods.

Data fitting by nonlinear or nonparametric models is the sdcubject of the thesis.
We extend the nonlinear regression theory to the case whdraweto deal with supple-
mentary regularization constraints, and to a semiparacrezintext, where only part of the
model is known and we have to take into account a componehtumitnown formulation.
We apply the developed theory to the biomedical applicatibquantifying metabolite
concentrations in the human brain from nuclear magnetmnasce spectroscopic signals.






Notation

Sets of numbers

R the set of real numbers
C the set of complex numbers
N the set of natural numbefdl, 2, ...}

Matrix operations

AT transpose of a matrix

Al inverse

AT pseudoinverse

diagv),ve R" the diagonal matrix diaga, ..., Vn)

TrA trace of the matrid, 3 &;

® Kronecker producA® B := [a;; B]

® element-wise (Hadamard) produet B := [a;jhyj]

Norms and extreme eigenvalues / singular values

|| or [[X]|l2, x€R" 2-norm of a vectok /S, X2

[|A]l, Ae R™N induced 2-norm migy 1 [|AX]|

|Allg, AeR™N Frobenius norm/Tr(AAT)

Amin(A), Amax(A) minimum, maximum eigenvalue of a symmetric maix
Omin(A), Omax(A) minimum, maximum singular value of a matix

Probability and statistics

& expectation operator
&~ AN (u,Q) the vectore is normally distributed with meap and covarianc€

Miscellaneous symbols

4 loss function that measures the error between a model anth sela

0 an estimate computed from available data for an unknown hpztameteid
98 partial derivative
OF gradient or Jacobian of a multivariable (vectorial) fuonti

[02F Hessian of a multivariable scalar functién

Xi
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Abbreviations

AIC Akaike information criterion
AQSES accurate quantification of short echo-time MRS signal
Ccv cross validation

EIV errors-in-variables

GCV generalized cross validation

GIC generalized information criterion
GSVD generalized singular value decomposition
GUI graphical user interface

LS least squares

MRS magnetic resonance spectroscopy
NLS nonlinear least squares

NMR nuclear magnetic resonance

QEP guadratic eigenvalue problem

RHS right-hand side

RLS regularized least squares

RTLS regularized total least squares

ScTLS scaled total least squares

SVvD singular value decomposition

VARPRO variable projection method

TLS total least squares

TSVD truncated singular value decomposition

TTLS truncated total least squares
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Chapter 1
Introduction

This thesis explores the topic of solving ill-posed probddmy using regularization. In the
beginning of the 1900’s, Jacques Hadamard defined a protdéiti-posed” if the solution
of the problem is not unique, or if it is not a continuous fuoistof the data. He believed
that such problems are abstract formulations and that ir@anly “well-posed” problems
arise. In truth, ill-posed problems arise in many practgilations. Such problems are
extremely sensitive to noise in the data; that is, smallyskations can lead to very large
changes in the solution.

In this chapter we introduce the estimation problems thith&iencountered in the
thesis. They encompass linear and nonlinear regressidiepns, as well as parametric,
nonparametric or semiparametric models. We discuss andmifg the situations when
ill-posed problems arise. In Section 1.2 we briefly surveyttieory of regularization for
ill-posed problems, while in Section 1.3 we discuss modielction techniques that can be
used in the context of regularization methods.

This chapter ends with an overview of the original contiidms$ and a summary of
the other chapters.

1.1 Estimation problems

We discuss first some classical parametrized model foriongaind corresponding esti-
mation techniques that range from linear regression thr@ugprs-in-variables regression
to nonlinear regression.

The parameter estimation problems are customarily divikdiedinear and nonlinear
estimation, depending on whether the parameter of intapgstars linearly or nonlinearly
into the considered model formulation.

We shall adhere to the classical formulation in which a pataized model approxi-
mates in a certain senggeasured outputOur general model is written as:

F(x)~y, xeR", yeR™ (1.1)
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1.1.1 Estimation in linear problems

In linear problems, the parametric modédliiear in the parameters, thus it can be expressed
as a matrix-vector product of the type, whereA is anm x n matrix; we shall consider
throughout tham > n.

Linear regression: least squares

The classical least squares (LS) technique approachesdbhéem of estimating in the
systemAx~ b in the following way:

min || Ax— b]|2.
XERN

Statistically, the least squares solutidt? is themaximum likelihoodolution in the case
when the data in the matri& and the vectob come from atrue model AX'® = b+ b,
whereb is normally distributed with zero mean and covariance m&iand the nornj - ||
is the weighted Euclidean norfn [|o-1 (i.e., ||v||é,1 =v'Qlv).

Computationally, the least squares solution admits theecldorm expressioxtS =
ATb, whereA' is the Moore-Penrose pseudoinversé= (AT A)~1A. The least squares
solution can also be expressed in terms of the singular \@dg@gemposition (SVD) [50]
of the matrixA. Numerical methods for computingS are ranging from direct methods
(based on SVD or the QR factorization) to iterative methquzapriate for large, sparse
or structured problems [10].

Errors-in-variables: total least squares

The total least squares (TLS) method [49, 132] explicitlgpwas correction on the matrig
as well as on the right-hand-site It minimizes the criterion:

XeRn’AAErEmeERmH [AA Ab]|c subject to(A+AA)x = (b+Ab), 1.2)

where the nornj - || is the Frobenius norm of a matrixe., the square root of the sum of
squares of all the elements in the matrix.

The solutionx™sS of the TLS problem is the maximum likelihood solution in the
case when the data in the matfAxand the vectob come from a true model (agrrors-in-
variablesmodel) (A+ A)x® = b+ b, where all elements iA andb are independent and
identically distributed with zero mean and equal variance.

Efficient and reliable numerical methods to compute the Tal8ton were devel-
oped in the literature [49, 132], and they are based on tlgukin value decomposition.
The TLS problem (1.2) admits unique solution (under the ¢amdthat the smallest sin-
gular valueon1 of [A  b] is strictly smaller than the smallest singular vaifeof A) and
the solution has a closed-form expressight> = (ATA— 02, ;1) 1ATb.

As extensions of the TLS problem, we mention that methodsleveloped for the
problem when only some of the columns of the matiare contaminated by noise and
the rest are noise-free [44, 132]. For other noise stadidiirere exist specialized weighted
versions of the total least squares problem, for which werref [85, Chapter 3] and the
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references therein. An important special class of problgaisappear in practice involves
structureddata matrices (Toeplitz, Hankel, etc). The structured tetest squares problem
has the same formulation as the TLS problem (1.2), with thditiadal constraint that

[AA  Ab| has the same structure B&  b| [22, 77, 78].

1.1.2 Estimation in nonlinear problems

When observed variables exhibit nonlinear relations amaig ether, estimation methods
are provided by the nonlinear regression theory. Nonliteast squares, maximum like-
lihood, quasi likelihood, or Bayesian estimation methodstgpical techniques that can
be defined as well in a nonlinear setting, similarly to theecaklinear regression [111].
However, in nonlinear regression, problems related totifiebility, ill-conditioning, con-
vergence of numerical algorithms, design of confidencevmats, etc., are much harder to
solve than in the linear case.

Under regularity assumptions [111, Chapter 12], nonlirregression has also de-
sirable (asymptotic) properties. The result in the follogvparagraph, adapted from [111,
Chapter 1], is related to the nonlinear least squares etsimia the Gaussian noise case:

Givenm observationgt;,y;) € R9x R, i =1,2,...,m, from a nonlinear model with
known functional relationshif : R9 x R" — R,

Vi =F(ti,X")+ & (i=1,2,...,m),
whereg; ~ .4 (0,02) andx* denotes the true value of the unknown parameteR", then

the least squares estimatexdfi.e., the global minimizex of

m

RO9:= 3 (1= F(t0)°

overx € R", satisfies:
1. X is a consistent estimate af with R —x* ~ #(0,0%(«/ " .«/)~) where .o :=
[%F((LX*)};
2. & :=R(R)/(m—n) is a consistent estimate of the variarce

Normality of € is not required to prove the consistencyxpthie zero mean condition
&(g) = 01is sufficient. This result gives, thus, the necessaryfjaation of using nonlinear
least squares when fitting nonlinear models — under zergrmeiae assumption.

1.1.3 When ill-posed problems arise

When we formulate the general model (1.1), we implicitly defaminverse problemThe
established terminology is: the evaluationFofx) from a givenx is called theforward
problem computingx back from measured is theinverse problem In ill-posed inverse
problems, there exists a well-definftward operator such that, in general, the forward
problem of evaluating the left hand side(§)) is well-conditioned, but the mdp is either
noninvertible, or, if the inverse exists, the computatiéf o' (y) is very badly conditioned.
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This means that any small perturbationyamplies large changes in the estimated solution
F(y).

The particular method used for estimation is not in itsedf tlause for uncertainties
in the solution: inverse problems have an intrinsic unéetyahat depends crucially on the
forward operator and on the distribution of the possiblesotetional errors.

In the case of linear ill-posed problems, least squared, lesst squares or other clas-
sical methods for solving an (overdetermined) linear syst& ~ b, when the coefficient
matrix A is ill-conditioned, might provide a solution that is phyaliy meaningless for the
given problem. This happens whéns (nearly) rank-deficient with no significant gap in
the singular values. Typical examples are encountered Wieesystem is a discretization
of a continuous ill-posed problem [58].

Examples of linear ill-posed problems

Example 1.1 (First kind integral equation with a smooth kerrel) We introduce the lin-
ear ill-posed problems with a classical example: the swhudif linear equations (or linear
least squares) that arise from discretizations of integgalations of the first kind [134].
This example gives us the chance to mention(thigcrete) Picard conditiona test that ap-
plies to linear ill-posed problems and gives an indicatibaut the existence of acceptable
regularized solutions.

A first kind integral equation in one dimension,

/OlK(s,t)f(t)dt —g(s), O0<s<1,

gives rise, through discretization, to a (possibly slighticompatible, due to approxi-
mations during numerical discretization) linear systenegfiationsAx~ b. WhenK is

a smooth kernelthen any rough, even discontinuous, functibrs transformed into a
smoothg. The inverse problem of estimatirfgfrom givenK andg is, therefore, ill-posed.

If K is a square integrable kerngff; K (s t)dtds< ), then it admits an (infinite)
expansiorK(s,t) = 521 Ai@(s)¢i(t), whereA; are scalars anfig }i>1, { ¢ }i>1 are fami-
lies of orthonormal functions. The smoothness of the opefais related to the decay rate
towards zero of its “singular valuegi. (Clearly, they must converge to zero wheneker
is square integrable.) If thg's decrease exponentially, the kernel is very smooth and the
estimation problem is severely ill-posed. In the case oflgnmmial decay, a moderately
or mildly ill-posed problem is obtained.

The Picard condition says that a square integrdbtan be recovered froid and
g only if S ,(Bi/Ai)? is finite, wheref; denotes the scalar coefficient @f wheng is
expanded in the basis:g(s) = 52, ia(9).

The link between the expansion kfand the singular value decompositionAfs
not straightforward (note th& can be obtained from a variety of discretization schemes).
However, the ill-posedness of the original continuous faalis inherited by its discretized
version. The degree of ill-posednessfof~ b can also be quantified in terms of the decay
rate of the singular values @& Moreover, there existsdiscrete Picard conditiosaying
that a reasonable solutioncan be obtained only if the singular valuesfofiecay slower
than the coefficientg;, which in this case are the linear combination coefficiertienb is
expanded in the basis of the left singular vectors.of
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Example 1.2 (Differentiation, nonsmooth kernels and ill-psed discretizations.)In the
previous example we emphasized that when an integral probiéh smooth kernel is ill-
posed, then its discretizations are also ill-posed disgoetblems. Now we illustrate the
situation when a problem is well-posed in the continuousalarbut it becomes ill-posed
through a (possibly inappropriate) discretization scheme

If f:[0,1] — Ris a given differentiable function, then the computatiofit®fieriva-
tive(s) is well-posed. However, ifis only given through a few discrete points on its graph,
then the numerical estimation of its derivative might beecan ill-posed problem. Dif-
ferentiation can be seen as an integral equation mathsmooth kernellndeed, the first
derivative functiong = f’ satisfies a first kind integral equatioifyg(t)dt = f(s) — f(0),
or, equivalently,

/Olh(sft)g(t)dt — f(s)— 1(0), (1.3)

whereh is the unit step function. Higher order differential operatcan also be expressed
as integral equations with nonsmooth kernels. Discratinaif such a kernel might yield
(mildly) ill-posed discrete problems.

Another source of ill-posedness appearbaundary value differential equationi$
they are discretized on inappropriate grids. Equispaceedogints combined with polyno-
mial interpolation yield catastrophically unstable résulvhile unevenly spaced grid points
that cluster near the boundariesd, Chebyshev points) combined with spectral methods
[126] provide much more accurate tools.

lll-posed problems in applications

Many application areas give rise to ill-posed problems. ttsured ill-posed problems

can arise from discretizations of integral or differentiperators, in applications from med-
ical imaging (electrical impedance tomography, X-ray tgnaphy, optical tomography),

bioelectrical inversion problems (inverse electrocagdiphy, magnetocardiography, elec-
troencephalography [113]), geophysical applicationgsiselogy, radar or sonar imaging
[24], atmospheric sciences [62], oceanography), and mémwr& Regularization can be
required for structured problems as well: deconvolutiarbfgms in image deblurring [98],

in medical applications (renography) [87] and in signatoesion [138].

1.2 Regularization

1.2.1 Goals of regularization: between stabilization and
meaningful information

Instead of attempting a rigorous definition, we introduegularizationas any technique
of modifying the original ill-posed estimation problem tvithe goals ofstabilizing the
solutionand/or obtaining aneaningful solution We have thus divided the principles of
regularization into two categories.

1. Stabilization A goal for the modified regularized problem is that it has &ue so-
lution and a much lower sensitivity than the original illgeal problem. Various clas-
sical regularization methods achieve stabilization bigeasimple numerical tricks,
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without special concern about the problem at hand. Amongetlyeneral purpose
regularization techniques, we mentitsancation methodand Tikhonov-type meth-
ods

Truncation is used in combination with a certaiecompositioror expansiorof the
original problem; “high frequency” componentise(, terms that are more oscilla-
tory and prone to numerical instabilities) are cut out of dhiginal problem, in the
hope that the remaining part of the problem is well-condiid. Various forms of
truncation are often used ia,g, signal processing, as a method for “denoising.”

Tikhonov regularization adds a penalty term, such as thenrmfrthe x variable.
In this way, a trade-off is obtained between the actual mbtliglg (e.g, in the least
squares case, measured by the migfitx) — y||3), and the variations in the solution
(measured by the Euclidean nofxi|2 or another (semi)normiLx||2).

The simple formulation of the Tikhonov regularization perh in the linear least
squares case,
; 2 2
min [ Ax— I3+ A X3,

has the closed-form solutiod™®(A) = (ATA+ A1) *ATy. The ill-conditioning of
the original least squares formulation, whose solutiorthaslosed-form expression
XS = Aty = (ATA)flATy, is caused by numerical problems when trying to implic-
itly invert ATA. This is avoided in the Tikhonov solution for an appropiiatéhosen
value ofA > 0 that yields a well-conditioned matrix" A+ Al.

. Meaningful solution Although in many cases reasonable solutions can be obtaine
by stabilizing the numerical computations with simple legzation methods, there
are still numerous problems that need (or at least that wbatltefit from) more
dedicated regularization techniques. These methods dgrberdesigned if there
exist additional pieces of information or a certairmor knowledgecoming from the
physical significance of the solution.

Varah [134] has observed that without prior knowledge we aaly infer whether
the computed solution iasonableor not by checking the magnitude of the resid-
ual. Any regularized solution that gives a residual of alibatsame magnitude as a
prescribed “noise level” can be considered a reasonahlé@ol However, this does
not mean that the regularized solutions are close to the %olution” (as was shown
in the simulations of [134]).

Some forms of prior knowledge can be expressed in such a vaagithple penalties
(e.g, Tikhonov-type) can be helpful enough. Here are some exasnpl

e If the solutionx should have elements as small as possible, a penalty of the
form ||x||2 could be used.

e If x should be a sparse solution vector, the penalty ontirerm could be
used:||x||1 == 3 [x.

¢ If the vectorx is actually a discretization of a functiohy and the functionf
should have a certain degree of smoothness, penalties @driine|Lx||> can
be used, wherk denotes a discretized differential operatag, the first order
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-1 1 0
derivative operator is approximated with the matiix= ] the
0 -11
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discrete second-order differential operatotjs= [ RN ] and so
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on.

1.2.2 General penalty-type regularization

We define a generglenalty-type regularizatioas the optimization problem
mxinf(F(x),y)Jr)\%’(xL (1.4)

where.Z is a non-negatively valueldss functionthat measures the distance between the
datay and the modeF (x), Z is a non-negatively valued penalty function that reflects
desirable constraints on the solutimnand the scalak > 0 is the factor that controls the
trade-off between the two objectives.

Depending on the context, the scalais known in the literature as thgenalty pa-
rameter theregularization parameteror thesmoothing parameter

Remark 1 The penalized problem (1.4) can be seen as a particularrigedian of the
double objective (Pareto) minimization mit? (F (x),y),Z(x)) [13, §6.3.1]. An arbitrary
choice ofA in (1.4) gives a Pareto optimal solution for the bi-criterioptimization. In
fact, by varyingA over (0, »), all Pareto-optimal solutions are obtained.

When more than one restriction needs to be imposed, @everal regularization
parameters will be needed as well; the total penalty terrnhaile the formzlle)\k%k(x).

Tikhonov regularization for regularized least squares

The most commonly used regularization method for reguddrileast squares is due to
Tikhonov [123, 124]. It amounts to solving the problem:

min||Ax— b5 +A L], (1.5)

whereA > 0 is a fixed, properly chosen regularization parameter thiatrols the allowed
“size” of the solution vectog, andL is a matrix that defines a (semi)norm on the solution
through which the “size” is measured.

Consider the singular value decomposition of the coefftaigatrix A: A=U’s'V' " =
Y1 o{u{v{T (r =rank(A)). Then, the (unstable) least squares solution is given by

rooT
XS — Z u b, (1.6)

/
G

Tikhonov regularization in the form (1.5) with = I, (called standard forn) provides a
solution ) .
- T d° U'b
x™(A) = 2oia a v (L.7)
S0°+A G
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Remark 2 Formula (1.7) illustrates a more general characteristiegiilarized solutions;
many regularization methods compute solutions of the form:

rou'b
XFF = fi I—/\/|> (18)
=Y
where the filter factorg; (0 < f; < 1) are meant to “filter out” the contribution of the noise.
12
For Tikhonov regularization, these factors are computefj(@g = Uf’Z‘M . See [15] for a
i

regularization method based on a filter function of Gaussipe.

1.2.3 Truncation methods

Truncation methods are applicable in the case whesxpansiorof the solution, or at least
of the forward operator, is computable. Components coomgdipg to unwanted subspaces
are then completely ignored when computing a solution torcated problem.

In linear problems, truncation methods (truncated SVneated generalized SVD,
truncated TLS, [33, 57]) involve computing the SVD of a certanatrix and using only
the information corresponding to several of the largesjdar values. For instance, the
truncated SVD solution is obtained taking the sum of the kirstr terms in (1.6). This
corresponds to setting filter factors in (1.8) to either O pdédpending on whether their
indices are larger or smaller thaprespectively.

Similarly, the truncated total least squares (TTLS) sohtis computed as the or-
dinary TLS solution [132], but a lower valdeis used instead of the numerical ranlkf
[A b]. Experiments in [33] show that in some cases TTLS outperasther regulariza-
tion methods such as Tikhonov regularization, truncate® $¥the LSQR method [93].

Note that the truncation levélis not obvious when dealing with a discrete ill-posed
problem, because the singular values decay smoothly tewand;k can be considered as
the unknown regularization parameter.

1.2.4 Deterministic and statistical regularization

Deterministic regularization methods refer to the methods that are dediform a nu-
merical algebra point of view, without explicit underlyirggatistics. The main streams
of methods can, however, be recognised as appearing in kttimanistic and statistical
settings.

To give a flavour of the deterministic regularization metsiagktent, we remind here
the different points of view that can be linked to regulatimain the linear problems case.

e One role of regularization is numerical stabilization. hetexample of “standard
form” Tikhonov regularization, this amounts to solving thetter conditioned reg-
ularized system{ATA+ A1) x = A'b, instead of the original ill-conditioned normal
system of equationa” Ax= A"b.

e A second role of regularization is to filter out the composearrresponding to small
singular values. Many regularization techniques for lirikgosed problems can be
written in the form of an expansion where filter factors aresent.
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e The third interpretation of penalty-type regularizatienrélated to multi-objective
optimization.

Statistical interpretations of regularization include:

e On one hand, the use of appropriate probability distrimgimodels for the possible
disturbance components (measurement noise);

e On the other hand, imposing appropriate prior constrainthie unknown variables.

In statistics, shrinkage estimators for linear regresgitmmes-Stein type [66]) were de-
signed in order to obtain a better mean square error thanrtlieaoy linear regression.
In fact, the shrinkage estimators are related to Tikhongulegization in standard form,
where a prescribed value #fdepending on the (assumed known) error variance is used:

(n—2)a?
IX-S[5

Another term with statistical connotationsBayesian regularizationThe Bayesian
technique of maximurna posteriori(MAP) estimation can be seen, in the linear regression
case, as a Tikhonov regularization method, as well. As alsieample, assume that one
has a prior distribution for the regression vectdrom the modelAx~ b: x ~ .4 (u,C).
Then, under the extra assumption that the noisb isnwhite Gaussian, the MAP estimate
of xis: X = (ATA+C1)~1(ATb+C ). Note that the inverse of the covariance matrix
takes the role of a regularization matrix. (Whee= o, we get the least squares solution; it
corresponds to the case when no prior abastimposed.)

Applying Bayes rule to optimize regularization parameigstudied in [81]. Bayesian
regularization is also coined in the neural networks litem@[34] as a method for nonlinear
regression, solved iteratively with a Levenberg-Marqufdd] type of algorithm. The idea
is that the Levenberg-Marquardt regularization parantétgris used in every iteration to
solve a Gauss-Newton system is optimized by examining @&postistribution, as in [81].

Bayesian regularization seems a powerful tool in what corsctheinference from
given data, of optimalife., most probable) parameter values of a model, and then rgnkin
the models within a family of models, based on data.

An even more challenging task to undertake is the choicesofeularization models
themselves. Recently, supervised learning was employaedalarization problems [54].
The paper [54] focuses on nonlinear inverse problems, dolith penalty regularization.
The choice of a specific penalty is performed through an dpétion problem involving a
training data set.

1.2.5 Newer trends in regularization methods

Classical methods of regularization involve least squareblems and Euclidean norm
penalties. Over the years, various problem formulationse&rmodifying these elements
in order to cope with different goals for the solution.

Specifically, the Euclidean norm in the penalty is replacgdh® 1-norm in the
method called théasso[122]; in the case of linear ill-posed problems, the lasstob®es:

min|[AX—b{3-+ A [x]s,
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and its merits are thatgparsesolution (arx with many zero elements) is favored.
More general formulations have been analyzed. Considem$tance, the problem
treated (from theoretical and computational points of yiew20]:

min||AX—bl|p +A[|X][3,

wherep ands can have any valug 1. General normg§Ax— b, (with p < 2) are useful
when robustness against outliers in the data is an issue.

Unlike regularization methods that are useddoroothingn, e.g, curve fitting, the
field of image processingave rise to regularization techniques that take into aucthe
idea that they must not smoothen some rough features thamacgtant in the image.
In this category, we mention the work in [17] aimed at presgyr\edges in images: this
constraint can be imposed by using special nonquadratigfyeunctions.

Another popular method in image denoising/deblurring taltgariation (TV) reg-
ularization, originating in [104]. This technique was deped for continuous ill-posed
problems, defined by partial differential equations. Theflikction is defined as:

TV(f):/me(t)\dt,

and its goal, as a penalty function, is to measure an oveaigfition in the derivatives of
(the image)f, allowing, however, discontinuities.

1.3 Model selection techniques

In this section, we discuss a few aspects related to the figftbdel selection, since model
selection techniques will help us tackling the appropraatieitions of the studied ill-posed
problems.

We saw in §1.2.4 that regularization can be viewed in det@gti¢ settings as meth-
ods for getting rid of ill-conditioning or for adding conaints through penalties. However,
solid theoretical techniques for model selection that Gaunded in regularization for choos-
ing the trade-off between model fitting and stability of s@n (via penalties or truncation),
are intrinsicallystatistic in nature Model selection is a very delicate task, because most of
the time model selection is combined with estimation of nigpdeameters from the same
available data. The aim is to establish reasonable trafdebefween goodness-of-fit and
complexity of the model, and between bias and variance.

Statistical model selection methods are often importedrablems with unknown
statistical assumptions, but their optimality is no longearanteed. Other methods for
deterministic regularization are based on heuristic ideas

1.3.1 The discrepancy principle

Thediscrepancy principle [91] is a method that selects from a family of possible models
a model giving a residual that best corresponds to cekia@mwnstatistical properties of
the noise. The simplest case is the linear model with whitesGian measurement noise.
Thus, if Ax~ b originates from a systerAx*@t= pexact with b = bty g, wheree is

white noise with known variance?, andx;’”,..., Xy ° are candidate regularized solutions,
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Figure 1.1. A typical example of an L-curve for a linear ill-posed prafle The norm
of the regularized solutiof{x™™(A)||» is plotted against the norm of the residual error
|AX(A) —b||, in log-log scale. The optimal regularization parameter i@\ corre-
sponding to theornerof the L-curve.

then the discrepancy principle chooses a solution thasgivesidual error that minimizes
the quantity:

||AX®9—Db]|5 — mo?|.

1.3.2 The L-curve

TheL-Curve is a criterion developed for Tikhonov regularization ofear ill-posed prob-
lems [56, 60, 58], but suited for other penalty-type rega&tion methods, as well. It
chooses a good trade-off between minimizing the residuanr(oe., ||AX™(A) —bj|3 in
the linear case) and minimizing the value of the penalgy, the (semi)norm of the solution
for Tikhonov regularizatiofLx™ (A )||3). These two quantities are computed for a range of
possible regularized models (corresponding to severakgadfA ) and then plotted against
each other in log-log scale. In many cases, the typical [psti@lot, as shown in Figure 1.1
for a linear ill-posed system and the Tikhonov method, isiolgtd. The modelig., theA)
corresponding to theornerof the obtained L-curve is chosen as optimum.

This intuitive strategy can be transformed into a minim@aproblem by using Re-
ginska’s modification [102] that rotates the L-curve, suwdt tocating the corner becomes
minimizing a function. Another strategy used by Hansen j§Ghe maximum curvature
criterion. The curvature of the L-curve has a certain coralplgtformula; the corner of the
L-curve corresponds to the point of maximum curvature. €hasthods are developed for
Tikhonov regularization (where, in particular, the regidation parameter is continuous),
but they can be easily adapted to the choice of a discretedtiom levelk.
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1.3.3 Cross validation and generalized cross validation

Another family of methods widely used in model selectiorimes cross validation tech-
nigues. Cross validation, in its various forms, ranges fparameter selection to probabil-
ity density estimation, from classification to stoppingeria in training neural networks.
These techniques can also be used in the context of choogowgaegularized model from
a set of competing models (in particular, selecting theevalua regularization parameter
or a truncation level).

Cross validation relies on repeatedly splitting the avddalata into estimation and
validation parts, computing several models based on tlhmaa&sbn parts, and picking the
model that minimizes a certain criterion applied on thedation parts.

In a simplified framework, le{Dy,...,Dy} denote given data that comes from an
unknown model#"®, which is parameterized by an unknown paramétét. Let {l,,
l2,...Ic} be a partition of the set of indicefdl,2,...,m}. For a fixed paramete and
each setj, a “partial” model.#_;;(6) can be estimated using only a subset of data from
{D1,...,Dm}, which excludes data with indices in Then the performance of the partial
model is estimated under a certain error functigh and the cross validation function is
defined as

CV(0) =

Ol

Mo

$(<ﬁflj(e)7D|j)' (19)
]
The non-negatively valued functio® must measure the error of assuming that the par-
tial model.Z_;(6) describes also the samplBs, (which are not used in the process of
constructing#-,(8)).

Remark 3 (on notation) Intentionally we use the notatio®’ for the error measure as
for the loss function defined in (1.4). We use it whenever watvia designate a (non-
specified) error measure between a (parametrized) model dath set.

The value off that minimizesCV is selected as the cross validation parameter and it is
used to construct the cross validated modé(0).

Example 1.3 (Cross validation for regularized least squarg) In Tikhonov-type regular-
ized least squares (see (1.5)), the regularized solutitin negularization parameter is
X" (A) = (ATA+ALTL)~*ATb. Using the formalism introduced before, tBgvariables
are the rowgA;  bj] of the data matri¥A b| and the model#(A) is parameterized by
the solutionx™ (A ). Similarly, the partial models7Z_;(A) are one-to-one with the partial
solutionsx_; (A) = (Af,jA,“. +)\LTL)*1Aij,|j. (Here,Aj;, by, denote the rows oA,
elements ob, respectively, with indices iy, andA_;, b_; denote the rows oA, elements
of b, respectively, with indices if1,2,...,m}\l;.) The error function is the quadratic loss
function

L(x [A; b)) = A x—by3, (1.10)

and the classical cross validation function for regulatileast squares is:

CVris(A

Oll—‘

Z 1A X1 (A) = by ][5 (1.11)
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Remark 4 (Leave-one-out and generalized cross validationT he cross validation func-
tion (1.11) can be simplified in tHeave-one-outase to

Cvhs(A) = - [[diagf (1~ Ai(A)) )y (1~ A )b, (112)

where the matriA(A ) := A(ATA+ALTL) AT satisfiesAx™ (1) = A(A)b.

This equivalent formulation is the core of defining the gatized cross validation
(GCV) criterion [43] as a weighted modification of (1.12), ialinis invariant under rota-
tions of the coordinate systerng, orthogonal transformations &f:

L0 -AQX)b|3
GC\kis(A) = Bl 7A()\))]2.

Remark 5 (The influence matrix and the effective number of paameters) The matrix
A(M) defined asA(ATA+ALTL)~IAT for Tikhonov regularized least squares bears the
name ofinfluence matrix(or, depending on the contexdmoother matrixhat matrix.
The influence matrix (or influence function, in nonlinear rals) can be defined for other
more general regularization methods, and it is an importantept in model selection
techniques. In short, an influence matrix/functidf? ) is a transformation that projects
observed data into dapaedictedby a regularized model with regularization parameter
The trace of the influence matrix is an important quantityawesal model selection

methods; it bears the name of tefective number of parameterd/e shall denote it with
peff_

We refer to Appendix A.1 for the proof that the cross validatfunction simplifies
to a formulation of the type (1.12) and for a complete derraof GCV, in a general
nonlinear setting.

1.3.4 Information criteria

In this category, the model selection methods are heavidgdhan statistical frameworks.
Selecting between competing models is interpreted as ofgpbstween probabilistic dis-
tributions that can approximately explain given data. iStiaal measures, such as the
Kullback-Leibler distance between a “true” probabilityttibution and an arbitrary prob-
ability distribution, are of central importance. Infornwat criteria aim at quantifying the
loss of information that occurs when an approximate modesésl instead of the unknown
truth.
In a general form, an information criterion is the minimipatof

GIC(.#,D) = £ (.M D)+ B (M ,D)

where the loss functior¥? is (in classical information criteria) the negative logeliihood

of the data using the mode#/, when the model parameters are replaced by their maximum
likelihood estimates (over the available dBa The second term represents a bias estimate
that should correct for the fact that ameragedmaximized log-likelihood is used instead
of theexpectednaximized log-likelihood.
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The first crude asymptotic approximation was found by Ak§liebias = number of
model parameters. In the bias, a term involving also the dgioas of the data sample is
included in the Bayesian information criterion of Schwakz(]: bias = (number of model
parametersx logm. Finally, in quite general circumstances, the bias fornmalves the
number of effective parameter§fnstead of the number of model parametprévhich
equals the dimension of the parameter veéatescribing each model).

We show here a common formula of an information criteriomsified for the linear
regression case when the loss function becomes the residombf squares, and for the
case when the model choice lies in the choice of a regulasizaarameter.

Example 1.4 (Information criterion for regularized least squares) Consider an ill posed
regression problemAx= b+ ¢, wheree ~ .#(0, 02l ) with unknown variancer?. Assume
that a method ‘reg’ of regularization that depends on a ee@dtion parametex is used,
and that this method can be seen ge@ection b™9(A) := AX®Y(A) = A(A)b. (For the
standard Tikhonov regularizatioA(A) = A(ATA+A1)~1AT.) Then the negative log like-
lihood function becomes

ZL(X®9(A);Ab) = —log ﬁ(a\}ﬁexp(— (Axregégl_b)?))

_m ~2 , [IAX9(A) —b||?
=5 log 2r6“ + 252 ,

which simplifies, wherg? is the maximum likelihood estimatgAx®9(A ) — b||?/m, to
m, _ 2m m m
reg . _ = o eg _ 2,0
Z(X9(A);Ab) 2Iog = + 2IogHAxr (A)—=b||“+ >
On the other hand, the bias correction term becomes (cf. Agipe\.2)
BA;A D) =p™M(A)=TrA(A).

Putting things together and ignoring the terms that do npédd om , we get the following
generalized Akaike information criterion function fordiar regression:

GIC(A) = mlog||AX®9(A) —b|| + TrA(A).

We point to Appendix A.2 for the derivation details of sevéngormation criteria, in
a general model selection setting.

1.3.5 Other model selection criteria

Finally, we shortly enumerate other model selection dettrat can be used in the context
of choosing a regularized modélg, a regularization parameter).

Mallows’ C,, [82, 83] is a statistic similar to AIC and GCV, which chooseisaaie-
off between the model’s fit and the number of model parameteizan be considered as
a bias-corrected information criterion for the white Gaaissoise case (with variance)
with a correctly specified model:

minCp = %ZD) —m+2p,
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wherem s the number of data samples apds the number of parameters describing the
model.# . (p can be replaced by the effective number of paramgigysvhen needed.)

Generalized maximum likelihood(GML) criterion is another related method, which
has a better explanation in a probabilistic (Bayesian)regttSuppose that we aim at se-
lecting a single regularization paramedeof a regularization method that is characterized
by an influence matribA(A). This means that the dayeis linked to the regularized pre-
dictedy) by y, = A(A)y. In the assumption thatis a noisy version of ag®*@satisfying
y~ N(y®@% g?1), the maximum likelihood estimate @fis found by minimizing the GML
function [136] .

oMLy = Y L=ADY
det™ (1 —A(A))T

where det denotes the product of positive eigenvalues of a matrix, raiscthe rank of
I —AA).

A recent comparative study @f, and GML is presented in [27], where emphasis is
put on the finite-sample nonasymptotic behavior of the twthods for smoothing scatter
data problems.

1.4 Contributions in the thesis

In thefirst part of the thesis (Chapters 2—4), we study regularization ntsthothe context
of the total least squares problem formulation. Truncatiod penalty-type methods are
discussed, and model selection techniques are adaptesiregihlarized errors-in-variables
regression.

The contributions on these topics are:

1. recasting the truncated total least squares problenraseated:ore problemwhere
the term of “core problem,” originating in [95], refers toeduced, but essential part
of a linear system, which can be computed from the SVD or arodithogonal
decomposition, such as bidiagonalization;

2. extensions of the core problem concept and of the conmpuo#techniques to mul-
tiple right-hand sides problems;

3. complete survey of the regularized total least squarellgm, with special focus
on numerical optimization methods; an original method basesolving iteratively
quadratic eigenvalue problems is explained into detatl nbore recently published
algorithms for the regularized total least squares prolaesralso presented;

4. development of a consistent cross validation methogofog ill-posed errors-in-
variables models;

5. analysis of methods for choosing the truncation levelhia truncated total least
squares framework and choosing the regularization pasrmethe regularized total
least squares problem, by adapting several classical aiefbomodel selection.

Thesecond partof the thesis is devoted to modeling data that is intrinsicadnlin-
ear. We explore nonparametric and semiparametric modelsgell as related optimiza-
tion methods from the nonlinear least squares family. Ia figld, ill-posedness appears
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in the form of having to decide a trade-off between a good fthefdata and some model
requirements, such as parsimony or (in the case of curvagfitimoothness. A biomedical
application, namely thguantification of metabolite concentrations from short@time
in vivo nuclear magnetic resonance spectroscopy (MRS) sigmaldescribed. This ap-
plication has been the motivation for the theory developethe whole second part of
the thesis, since it gave rise to an interesting model foatiar, as well as to challenging
implementation situations.
Below, we list some of the contributions within this part.

6. Theoretical formulation of a gener@mplatespline family that encompasses clas-
sical spline families, such as smoothing splines, regvassplines and penalized
splines;

7. statistical and computational analysis of a semipanaomabdeling problem, where
the parametric part of the model is a given nonlinear fumcéind the additive non-
parametric part is modeled with template (or penalizedhepl!

8. outline of an algorithm for regularized semiparametegression, incorporating a
generalized cross validation choice of the regularizatiarameter that controls the
importance of the nonparametric part;

9. application of the semiparametric modeling theory torttetabolite quantification
problem;

10. implementation of the AQSESoftware package for the metabolite quantification
problem and presentation of results with AQSES on simuilatand real data;

11. a theoretical analysis of constrained variable prmaabptimization for separable
nonlinear least squares, with particular emphasis on thdehformulation and the
specific inequality bound constraints appearing in the AQ 8&plementation.

1.5 Chapter-by-chapter overview
Chapter 2

We study truncation methods for the regularization of limgiacrete ill-posed problems.
Among the linear models that are typically obtained in digerill-posed problems, we
focus on the following: the classical regression mod{ack ~ b"°isY and the errors-
in-variables modelA"S¥x ~ b"isY: their multiple right-hand sides (RHS) counterparts
ASXACH ~, BNOISY and ATOISYX ~ BNOSY: the nullspace representatiGA”SYY ~ 0. Truncation

is one of the simplest amongst the methods of regularizdiancan be used for approx-
imating discrete ill-posed problems [58]. However, a lrettederstanding of truncation
methods (such as truncated singular value decomposit®W D) and truncated total least
squares (TTLS)) is possible in view of the recent resultsom problemf linear sys-
tems [95]. The core reduction of an incompatible linearesysis a tool that is able to avoid

1AQSES stands fordccuratequantification ofshort echo-time MRSsignals.” It is a method implemented as
a FORTRAN 77 module of the AQSES GUI software package develaphin BioMed at ESAT, K.U. Leuven.
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nonunique and nongeneric solutions of the total least egyanoblem (and variations). We
propose the use afuncated core problemis order to avoid close-to-nongenericity in ill-
posed linear approximation problems.

We deviate for a while from the regularization path with tlealgof generalizing the
core problem formulations to multidimensionak(, multiple right-hand sides) problems.
In the single right-hand side case, a core matrix has the(gizel) x p, wherep is the
number of distinct singular values of the matfxcorresponding to left singular subspaces
that are not orthogonal to the right-hand side vector; thie omatrix has as singular values
a subset of the distinct nonzero singular valueé.ofn the multiple right-hand sides case
(with, say,d right-hand sides), the core matrix has sipe+ d) x p, and exhibits similar
properties. The core subproblem does not suffer from n@uamiess or nongenericity
issues.

For the single right-hand side case, practical computaifaancore problem can be
done with (direct or Lanczos) bidiagonalization; for mpik right-hand sides, we give a
detailedband Lanczosliagonalization method.

Finally, we discuss the computation of solutions for thgioial approximation prob-
lem, using the truncated core problem, and we present a Msolfware package for com-
puting core reductions, while monitoring a truncation leve

Chapter 3

We investigate penalty regularization in the context ofttital least squares problem. We
focus on two formulations: one is a quadratically consediiptal least squares problem,
and the second is a quadratically penalized total leasteguaoblem. We refer to them as
regularized total least squares (RTLS). As opposed to tmsidal regularization methods
in the least squares context, the formulations for RTLS ddawe closed-form solutions.
Therefore, iterative optimization methods are neededcideahem. Several computational
approaches for solving RTLS are surveyed. We start with tiggnal RTLS algorithm of
Golub, Hansen and O’Leary [42], we continue with our owndte quadratic eigenvalue
problem solver [117], which we analyze in more detail. Thea give an overview of more
recent algorithms from the literature.

Chapter 4

We focus on techniques for regularization parameter setefdr ill-posed problems in the
context of linear errors-in-variables models. There ismapdrtant difference between reg-
ularization for ordinary linear regression models anddinerrors-in-variables models. For
the former, a valid error measure is ghediction error, i.e., the residual norm between the
vector of given noisy regression outpld®'sY and its predicted counterpart, given a cer-
tain regularization schemé&'®9. For errors-in-variables models, this error measure is not
appropriate, because tliedata matrix is also noisy, and it @rrectedby the regularized
regression method. Thereforegeneralization erroiis defined to take into account correc-
tions on bothA andb. This generalization error measure can then be used inusanodel
selection techniques and for various regularization nmétt{truncation, penalty-based) for
ill-posed errors-in-variables models.
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Chapter 5

We begin by studying the role of regularization in the cohtaxcurve fitting of nonlin-
ear data, with the problem of nonparametric modeling. I8 tuntext, regularization is
generally synonym temoothing A common frame otemplate splineshat unifies the
definitions of various spline families, such as smoothingep, regression splines or pe-
nalized splines, is introduced. This extension allows &y éacorporation of additional
constraints apart from smoothness, such as symmetriegtoroaity, convexity, which is
generally not possible in the context of classical splimeili@s.

The nonlinear nonparametric regression problem that defirestemplate splines can
be reduced, for a large class of Hilbert spaces, to a parazedeaegularized linear least
squares problem, which leads to an important computateshantage.

Good statistical properties that hold for smoothing sgjrseich as the optimality of
model selection via generalized cross validation, stildllior the template spline extension.

Chapter 6

In this chapter, we formulate and solve a semiparametiiiedifiroblem with regularization
constraints. The model that we focus on is composed of a mdrEmmonlinear part and
a nonparametric part that can be reconstructed using téengdines. Regularization is
employed in order to impose additional properties, suchaestain degree of smoothness,
on the nonparametric part.

Semiparametric regression is presented in this chaptegarexalization of nonlin-
ear regression, and all important differences that arise fthe statistical and computa-
tional points of view are highlighted. As in nonlinear regg®mn, we can infer asymptotic
properties of the semiparametric regression estimatedet)J@aussian noise assumption,
normality of the estimates is recovered; however, becatifieeaegularization term, the
computed parameters will be biased from the “true” values.déelop detailed bias and
covariance formulas, which allow derivation of other stfdially relevant information, such
as confidence intervals.

We give an algorithmic outline of regularized semiparametgression, with em-
phasis on efficient computation. One of the main issues édbintext is the choice of the
regularization parametethat controls the trade-off between nonlinear misfit miziation
and effective regularization. We propose an automatedtier selection method that is
based on the classical generalized cross validationiotitef he method is data-driven and
does not need prior estimates for the noise statistics.

Chapter 7

In this chapter, we pursue the problem of quantifying meigbooncentrations from short
echo-timein vivo magnetic resonance spectroscopic (MRS) measurementsgoehef
this application is to compute the parameters of a certaidainfunction, which give in-
formation about the concentrations of chemical substaimcasegion of the brain. Along
with the contributions of the most relevant metaboliteshia brain, the MRS signal also
contains anacromolecular baseline for which no model function is available — that must
be taken into account in automated quantification methodsthis reason, the semipara-
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metric modeling framework developed in Chapter 6 is employe

We discuss some general background on the MRS quantificptmviem, we in-
troduce its mathematical formulation, and then we devoteespages on describing its
software implementation in the AQSES module, and the resildtained using this soft-
ware.

Chapter 8

More computational aspects of the AQSES implementatiorcantparisons between sev-
eral of its variants are included in this last chapter.

One important optimization tool implemented in the AQSE8vsare is a special-
ized variable projection (VARPRO) algorithm for solvingoseable nonlinear least squares
problems. The standard VARPRO implementation (describgdi, 48]) is designed for
unconstrained separable nonlinear least squares. The RBRMAplementation in AQSES
differs from the standard VARPRO because it allows imposame constraints on the
nonlinear, as well as on the linear model parameters. If dmynonlinear variables are
subject to constraints, then the Gauss-Newton or Leverdargjuardt minimization algo-
rithm on which VARPRO is classically based should be reglaggh a version that can
incorporate those constraints. If some of the linear véeghre also constrained, then they
cannot be projected out in closed-form expression as focldssical VARPRO technique.
We show how quadratic programming problems can be solvéeddsand we provide de-
tails on efficient function and approximate Jacobian evana for the inequality bound
constrained VARPRO method.

In terms of the AQSES method, we present two versions: ong as8&\RPRO al-
gorithm with lower and upper bounds on the nonlinear vaegldf the MRS parametric
model part, and the second has extra nonnegativity conttran some of the linear pa-
rameters. These two versions have a physical motivaticering of the metabolite signals:
they correspond to, on one hand, haviap-equal phase®r all metabolite signals in the
MRS model, and, on the other hand, imposatgial phasefor all the metabolites.
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Chapter 2

Truncation methods for
core linear systems

In this chapter, we study one of the simplest types of re@dtion methods that can be
applied to linear discrete ill-posed problems: the truincatnethods. These techniques
are based on SVD-type expansions of the linear system’s@ojiand can be applied to a
range of estimation methods belonging to the least squarktotal least squares families.

Our study views truncation methods as reductions to somengakinformation
about the system; from this perspective, we link truncatthe concept otore prob-
lemsin linear algebraic systems. The chapter also includessixias of the core reduction
to linear approximation problems with multiple right-hasides.

2.1 Introduction

As discussed in the introduction, ill-posed problems aobf@ms where the solution does
not depend continuously on the input data, where arbigranilall perturbations in the input
data produce arbitrarily large changes in the solution. Agnthe linear models that are
typically obtained frome.g, discretizations and approximations of integral or déferal
models, we shall focus on the following:

e the classical regression mod&¥ack ~ b9y and the errors-in-variables model
Anoisyx ~ bnoisy.

e their multiple right-hand sides (RHS) counterpaf2°X ~ B"%'sY and
Anoisyx ~ Bnoisy;

o the nullspace representatiGA%sYY ~ 0.

The considered systems will be square or overdeterminea g¥@lude the underdeter-
mined systems because in that case extra information weuhgtbded in order to discrim-
inate a useful solution within the infinite set of possibl&sons).

Extensive characterizations of discrete ill-posed pnoislef the typeAx = b exist
in the literature (see the book [58] and the references iteré is known, for instance,
that the properties of such a system can be understood frersitigular value decom-
position of A. In an ill-posed system, there is no clear gap in the decahefingular

23
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values ofA. This makes it difficult to decide the best value that can le=lws numerical
rank. Moreover, it usually happens that the singular vectorresponding to smaller and
smaller singular values have increasing complexity (megiiat they contain more and
more features, oscillations). If the least squares or tetdt squares solution 8k~ b is
computed, then these oscillations are emphasized in thé@oby the noise in the data or
by the effects of working in finite precision arithmetic.

Among the numerous methods of regularization that can be feapproaching
discrete ill-posed problems, we revisit in this chapter ohthe simplest: truncation. The
aims of our study encompass:

e a better understanding of truncation methods (such asatedcsingular value de-
composition (TSVD) and truncated total least squares (T LtBview of the recent
results orcorereductions of linear systems [95];

e extensions to multidimensional problems;

e analysis of methods for choosing the truncation level, bgpéidg several classical
methods for model selection.

2.2 Truncation methods for linear ill-posed problems

2.2.1 Linear ill-posed problems

We illustrate with an example the fact that it is not advisabluse any of the classical esti-
mation methods (least squares, total least squares)Igicecan ill-posed linear problem.

Example 2.1 A matrix Ag and a vectorby with real valued elements and dimensions
m = 200, n = 30, are simulated using the exampleapl ace from the Regularization
Tools [57]. This example that originally comes from [134hstructsAg as a discretization
of the inverse Laplace transform, using Gauss-Laguerrdrqtizre for the discretization of
the inverse Laplace integral operator. In [134] and in Haisstwolbox [57], the sampling
points where the integral equation is evaluated were as @silye quadrature points, thus
yielding a square discretized system. We slightly modifg 8etting in order to construct
rectangular systems, by allowing more sampling points thadrature points.

Figure 2.1 shows the singular values[bt) Ao], as they decay without noticeable
gap towards machine-precision zero.

In this simulation Apx = bg has a certain exact solution vecigr satisfying the equa-
tion AgXp = bp. We construct an incompatible noisy exampbe~ b, by adding Gaussian
white noise with a standard deviation of 1e-5 to all elemehi andbg. For comparison,
Figure 2.2 shows also the decaying singular values of tmzyr{bi A] and it is notice-
able that the smallest singular values stagnate at a céatah determined by the standard
deviation of the added noise.

The conditioning of the matriA (about 2e+5) is much better than thatAef (about
3e+17), but this is a misleading improvement. In fact, theealdnoise has a disastrous
effect on the problem of estimatingusing,e.g, the TLS method.

Figure 2.3 shows the true solutisg together with the TLS solution computed from
the datalb  AJ.
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Figure 2.1. Singular values ofby A¢] decaying without gap towards zero, where the data
[bo Ag] comes from a discrete ill-posed problem.
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Figure 2.2. Singular values ofbg Ag] together with the singular values of the noisy data
b A.

2.2.2 Truncation methods for linear estimation

Truncation methods are an effective way of eliminating umwe subspaces (such as the
noise subspace) from given data sets, using the singulae d&composition [50] or other
factorizations. For instance, if for a certain applicatibe noise level is priori known,
then itis reasonable to eliminate all information that ihethe noise level. It may happen
that useful information from the problem is also embeddatat noise; this is an intuitive
explanation whytruncation methodsnight be too drastic, and thus they are not always
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True and TLS solutions

: T
—@— true solution
6r — TLS solution

. 1 ! .
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Figure 2.3. The true solution xis chosen to be the discretization of a smooth function.
However, the TLS solution x computed from the noisy flaf§ is influenced by the noise
and it is far from being a reasonable approximation of the enging true solution ¥.

the most appropriate methods for some problem settings. richetheory and practice
of regularization has much more examples of techniquesatieabetter suited for various
situations.

Algorithms 2.1 and 2.2 outline the simple procedures ofdation in the LS and,
respectively, TLS settings.

Algorithm 2.1 Truncated SVD.

1: Compute the SVD oh=U’s'V'", whereU’ismxn,V’isnxnandU’'U’ =V’ "V’ =
VT =1, ands’ isannx n diagonal matrix with the singular valueg > o} > ... >
o}, > 0 on the diagonal;

2: Choose an appropriate truncation leket n;

3: Compute the truncated SVD solution

xrsvok =V'Z U b, with 3 = diag{0],...,0},0,...,0}.
’ ——
n—k

These methods are well-defined in the multiple right-hadé siase, as well. We
need only to replack with them x d matrix B.

In the next example, we aim to illustrate that truncated T¢.8 good regularization
method for the type of problem described in Example 2.1.

Example 2.2 We used the SVD of the noisjpb A] and we computed truncated TLS
solution &rrLsk) for all possible values ok, from 1 ton = 30. We plot in Figure 2.4
several reconstructed solutions, together with the exacome facts are to be noted:

o the “nontruncated” solutiomrr s is identical to the TLS solution, and the trun-
cated solutions with largk indices are also very much influenced by the noise and
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Algorithm 2.2 Truncated TLS.

1: Compute the SVD ofb A =UZVT, whereU ismx (n+1),Vis (n+1) x (n+1)
andU'U =V'V =VV' =l,,1, andZ is an(n+ 1) x (n+ 1) diagonal matrix with
the singular values1 > 0> > ... > 0, > 0p1 > 0 on the diagonal,

2: Choose an appropriate truncation lekef n.

3: Build [be  Ax] :=UZV', whereZ is  with the smallesh — k singular values set to
zero,% = diag{ o1, ..., Ok, Ok+1,0,...,0};

4: Solve in the TLS sense the truncated problam ~ by and obtain the truncated TLS
solutionxris k.

resemble the TLS solution;

e the truncated solutions with very sméllevel are too simplistic to capture the char-
acteristics of the true solutio;

e there are several values kfsuch ak = 10 in Figure 2.4, for which the truncated
TLS solutionxrr s is a very good reconstruction of the true solutign

The aim of regularization by truncation is thus to apprdetiaidentify a good truncation
level, and to construct a truncated solution that can cephe essential features of the un-
known true solution, without explicit knowledge about theet solution, and even without
a priori knowledge about the magnitude of the noise in the data.

2.3 Core reduction with embedded truncation
2.3.1 The scaled total least squares formulation

In [94, 95], the notion and properties of core problems irdinalgebraic systems are intro-
duced and thoroughly analyzed. The context is solving aterchined nearly compatible
linear systems of equations, written in matrix notationAas~ b, whereA € R™" and

b € RMare given (h > n), andx is an unknown vector. In [94, 95], the classical methods of
least squares, total least squares and data least squa®sdi2 treated in a unified man-
ner, under the more generstaled total least squares (ScTU8Jmulation. The ScTLS
solution is the optimax that solves the minimization

. 2 . -
x,ﬂ,@b“ [ Ab AA ]I, subjectto (A+AA)xy = yb+Ab. (2.1)

Here,y is a positive scaling parameter that allows the correct@nthe matrixA to have
a different magnitude compared to the correctiondohe extreme cases whgrgoes
to zero or to infinity correspond to the least squares andldatt squares problemise(
correctionsonly on b or only on A, respectively), while the particular choige= 1 gives
the total least squares problem [132].

Unique and minimum norm solution

For finite and nonzerg, problem (2.1) becomes the nearest approximation of a xnatri
with a lower rank matrix, and can be solved using the SVD ofrttadrix [yb A} . In the
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Figure 2.4. Several truncated TLS solutiong xogether with the true solutionyxfor the
simulation data described in Example 2.1.

usual (generic) case, only the singular vector correspagnigi the smallest nonzero singu-
lar value is needed, if this last singular value is uniqueth& smallest nonzero singular
value of [yb A] is multiple, then the minimization (2.1) does not have a uaigolu-
tion either; then, a convenient and conventional choice isick from the corresponding
singular subspace a vector that will give thenimum nornsolution forx [132].
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Nongeneric and close-to-nongeneric cases

Another cumbersome case happens when problem (2.1) doesves finite optimal so-
lution at all. Examples can be found in [95] or [132], where ttorrectionsAA and Ab
can get infinitesimally small in magnitude, while the copmsding solutiorx has some
elements that go to infinity. Such a situation is possiblenylfier instance, the right-hand
side vectotb is orthogonal to the subspace corresponding to the smabeztero singular
value ofA. This pathological case is a nongeneric case {t appears in random data with
zero probability). However, the interest in these case®isonly theoretical; in realis-
tic ill-posed problems we encountelose-to-nongeneriproblems, which need specialized
methods. The understanding of the nongeneric case prothiddsackground for solving
close-to-nongeneric practical problems.

The core problem advertised in [95] avoids the nonuniqueaaed nongenericity is-
sues, by transforming the original datadmndb to reduced version&;; andb;, which can
be smaller in size, but are essential for the approximatioblpm at hand. All redundant
and not useful information that was present in the datandb is eliminated through the
reduction toA;; andb;.

2.3.2 Short description of the core problem within Ax=~Db
The suggestion of Paige and Strakos [95] is to find orthogBraaddQ such that

by || Ax 0 ]

P" [b AQ]=[ 00 Ay 2.2)

and [bl All] has minimal dimension; then, to solvgx; ~ b; with the appropriate
ScTLS algorithm and to set the final solution as

—ol ™
=0 % |.
where the zero part comes from setting to zero the solutidheo$ystenPyoxe = 0.

SVD form of the core decomposition

A core problemA;1x; ~ by can be obtained from the SVD &f= u’sV'". Indeed, using
Householder rotations and some permutations, it is pastiktransform

U'[b A/ ] into

where all elements af are nonzerog) contains only distinct nonzero singular values (say
p), while X} contains the othem— p singular values, including possible multiples and all
the zero singular values, if any. The scalds zero wherAx= b is compatible and nonzero
otherwise.
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Bidiagonal form of the core decomposition

For computational efficiency reasons, a bidiagonal redactian be used instead of the
SVD,i.e,

B | o1
B az
PP[b AQ |=[b Au = Lo
Bp  ap
(Bp+1)
wherea;f; # 0 andfp1 is zero only for compatible systems.

We can use direct bidiagonalization (with Householdertioms) for small to mod-
erate problem dimensions, or the Lanczos bidiagonalizativitable for large scale prob-
lems [45]. Note tha#\y, need not be bidiagonalized. Thus, the bidiagonalizatigardhm
is run until a (humerically) zera; or 3 is reached.

Paige and Strakos [95] proved that in exact arithmetic td@bbnal reduction leads
to a minimally dimensioned\; 1, whereA;1 has only distinct and nonzero singular values.
Moreover, solving the reduced bidiagonal probl&mx; ~ by with the ScTLS algorithm
and transforming back to the full solution= Q1x; actually gives the ScTLS solution (or
the minimum norm ScTLS solution in cases of nonuniquenesheotypical solution to a
constrained ScTLS problem in nongeneric caseg)ot b, thus, the same solution that is
proposed in [132] can be obtained in a possibly more effigigariner.

As mentioned, in well-posed problems, the bidiagonalarafprocess should stop
when a zero value is encountered, either on the main diagooaksponding to a compat-
ible linear system), or on the superdiagonal (incompaskitem). This stopping criterion
is not suitable in the ill-posed problems case, where anteeaao on the (super)diagonal
will never be possible, and thus the bidiagonalization \@auin up to the end. In Chap-
ter 4, we analyze several different rules for deciding wieestop the bidiagonalization of
A. In all cases, we express the truncation rule as a mininoizgiroblem over the trun-
cation levelk (wherek is the number of columns of the bidiagonally reduded), and,
moreover, we aim at being able to evaluate the value of thiéteeia using only the partial
bidiagonal reduction obtained aftkisteps. We summarize the whole procedure of using
the core reduction for truncation in Algorithm 2.3.

Algorithm 2.3 Algorithm for reduction to a core problem, while monitoriagruncation
criterion
1: k=0
2: repeat
3 k=k+1
4. compute the™ bidiagonalization step of yb A | using either the Householder
or the Lanczos bidiagonalization method
compute value of truncation criterionlat
until (k= n+1) or truncation criterion cost function starts increasing

Remark 6 It is interesting to note that the bidiagonalization [ob A ] followed by
truncation, was proposed also in [33], a paper that studliedrtincated total least squares



2.3. Core reduction with embedded truncation 31

problem. At that time, the link with the core formulation athé special properties of this
reduction in general were not yet put forward.

Remark 7 Another remark concerning bidiagonalization and trurcats related to the

partial least squares (PLS) method, which is quite populaapplication areas such as
chemometrics and chemical engineering. PLS is an altem&i principal component

regression (= truncated SVD) that projects observed datm afower dimensional sub-

space; it is designed to handle multicollinearities. On@atational algorithm designed
for PLS is in fact equivalent to the Lanczos bidiagonal@atinethod, as discussed in [29].
The properties of PLS can thus be explained in view of thetfaatt the bidiagonalization

reduction of the data leads to a core problem.

The motivation of stopping prematurely the bidiagonal@aprocess (as opposed to
stopping when a zero diagonal or superdiagonal elementcisuertered, as it happens in
the reduction to a core problem) is explained by the follanfact. Bidiagonalization of a
matrix can be used in large scale problems in order to obt@iwer rank approximation of
the original matrix. If one stops the bidiagonalizationgess at steg, then a suboptimal
lower rank approximation of rank can be computed from this partial bidiagonalization.
As well known, the best rankapproximation of a matrix in Frobenius norm or 2-norm can
be expressed in terms of its SVD (the Eckart-Young-Mirslgotilem [50, 132]); ideally, the
partial SVDinvolving the largesk singular values and associated singular vectors are the
only required elements that can set up the best keagkproximation.

In the family of direct methods, an algorithm for partial SYIB0] was developed
in order to compute efficiently a group of extreme singulduss/vectors. However, this
method needs to compute first the entire matrix bidiagoatitim and it spares computa-
tions only at the stage of reducing the bidiagonal matrixitganal.

In the family of iterative methods, the Arnoldi/Lanczos mads based on Krylov
subspaces are used in the last decades for computing a fevin@ut) singular values of
large (sparse or structured) matrices. The Lanczos bidagation is a central scheme
in this field. The singular values of the partial bidiagopatduced matrix ‘converge’ to
the dominant singular values of the original matrix. Howetee computation of singular
vectors is generally not accurate in finite precision ariélim and needs to be stabilized
using reorthogonalization methods.

In exactarithmetic, the direct bidiagonalization method based onde¢holder trans-
formations and the Lanczos bidiagonalization algorithen eguivalent, as they both give
identical (partial) decompositions [45]. More precisdlye reduction of[b A] using
Householder reflections corresponds to the Lanczos bidagation of A with starting
vectorb.

In [118], a priori anda posterioriapproximation error bounds are presented for the
lower rank approximation computed using the Lanczos bahadjzation in finite precision,
assuming that a reasonable reorthogonalization procésiateo applied.

2.3.3 Extension to multiple right-hand sides and to the
nullspace formulation

The ScTLS problem can be extended to the multiple right-rsidds problemAX ~ B
(whereAismxn, Xisnxd, Bismx d, and, for conveniencen > n+d), and can be used
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in cases when one knows that the correction8and onA should be scaled at a given
ratio with respect to each other:

. 2 . .
XﬁrAnArABH [ AB DA IE, subjectto (A+AA)xy =yB-+AB. (2.3)

This type of problems can be solved using direct (linearlaigie) methods, such as the
SVD. One of the most general TLS-related formulations thatstill be solved with SVD-
type computations is thgeneralized TLEL31]. It allows the corrections within each row of
[B A] to be differently scaled, but requires that the error on eaghis independent from
and identically distributed as the error on the other rohis;¢orresponds to a general (pos-
itive semidefinite) covariance matrix — known up to a contsfactor — for the errors in each
row of [B A] Other more general scalings of the corrections requirenigetion-based
methods instead of numerical linear algebra techniqueg, e instance, the methods
proposed for element-wise weighted total least squareJBapter 3].

We consider also the (unscaled) approximation problem itspace formulation
CY ~ 0, withC € R™ ("+d) andy e R("d)xd Both approximation problemsX ~ B and
CY = 0 can benefit from a core reduction that uses partial bidialjgation, as well. Note
that AX ~ B is a special case @Y ~ 0, withC = [B A and the constraint that has
as leadingd x d block a nonsingular matrix. The nullspace formulatYi ~ 0 is more
general, since this constraint is not imposed, but it is ssm@me to impose a nontriviality
condition onY, such as the constraint théis full column rank. As a way of estimating,
we use the TLS criterion of minimizinAC||2 subject to the constraint that the corrected
system is consistenfC+AC)Y = 0, and an extra nontriviality constraint ofy for the
latter, we se¥ 'Y = lg, which does not restrict the generality.

Obviously, the SVD is a possible solution to the nullspaceidation problem, since
the problem amounts to finding the nearest low rank appraiemaf C (with a rank reduc-
tion of at least) and choosing a basis for the nullspac&of AC in order to compute’.

Using the SVD of[B  A], orC, respectively, the optimal correctiofidB  AA, re-
spectivelyAC, are obtained from the smallessingular values and corresponding singular
subspaces in these decompositions.

Unique and minimum norm solution

For both the multiple right-hand sides and the nullspacmédations, an intrinsic source
of multiple optimal solutions appears whenever the 15! smallest singular valuey, is
multiple (i.e., o, = ony1)- In this case, the optimal corrections, as well as the agtim
solutionX (orY) are nonunique.

To distinguish between aX solutions that give the same minimum residual,rfie-
imum Frobenius normsolution forX is typically chosen in the TLS literature [132]. How-
ever, the nice closed-form expression for the minimum notr8 FolutionX = (ATA—
02,,1)"tATB only holds true when the lastsingular values ofB A coincide: 0.1 =
.-+ = Op.g (see the discussion in [132, §3.3.2]).

Note also thaty is in any case nonunique, since every rotated mafis with S
orthogonal, is also an optimal solution for any optindal
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Nongeneric and close-to-nongeneric cases

The nongeneric and close-to-nongeneric cases occur féoXtre B formulation when the
singular subspace corresponding to dffesmallest singular valued, 1) is orthogonal (or
nearly orthogonal) to the columns of tBematrix.

The nongenericity concept does not exist for@yex 0 formulation, since the source
of this type of problems is precisely the partitioning of thega matrixC into A andB.

In the following, we assume that the probléX ~ B is such thaB has full column
rank.

Core problem within  AX~ B

The material in the rest of Section 2.3.3 contains very redewelopments; some work is
still in progress.

For the multiple right-hand side&X ~ B problem, we consider transformations of
the form:

By | Awz| O }7 (2.4)

P'[B AQ]:[O 0 A

with P andQ orthogonal matrices an[dB1 All} of minimal dimension. Then, the problem
AX ~ B becomes separable:

A11X1 =~ B, and ApoXo =~ O,

where the originak is recovered aX — Q[X;” X, ] . The second system has as reason-
able solution the trivial solutioX, = 0. This choice corresponds to a minimum (Frobenius
and 2-) normX solution.

We argue that a minimally dimensionéd; has, in the case wheAX =~ B is in-
compatible, the sizép+d) x p, wherep denotes the number of distinct nonzero singular
values ofA corresponding to singular subspaces on wiés not orthogonal. To this end,
we construct a reduction of the form (2.4) based on the SVB. dfet the full SVD of A
beU’s'V'", whereU’ is mx morthogonal)V’ is n x n orthogonal, and’ is mx n diagonal
matrix. ApplyingU’T from the left, we have:

u'B A]=luTB Z|=[B ]

Next, B' should be modified — using orthogonal transformations frbenléft — in a con-
trolled way that introduces zeros, such that a separablengeasition as in (2.4) is ob-
tained.

e The rectangulam x n matrix ¥’ (m > n) has a zero block below the square diag-
onal block. The part oB' corresponding to this zero block can be reduced with a
QR factorization: Bqg [%R}, whereBg is an orthogonal matrix anBg is an upper
triangulard x d matrix. The orthogonal matrix from this QR decomposition t&

incorporated into the transformations from the left, by tiplying U’ " with {{-) BOQ} .

e The first column of8’ is reduced (as in the one-dimensional case [95]) to a vector
where only one nonzero element remains for each (of thep9adistinct singular
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values in¥’ (including the zero singular value, X is rank-deficient). This can be
accomplished with a series of Householder transformataiis from the left, which
will multiply the already existing transformation on theginal dataB; these will be
applied from the right toA as well, such that the diagonal structure3bfis kept.
For convenience, a permutation of the rows can be performet that all nonzero
elements corresponding to distinct nonzero singular waddé are grouped together
in the firstp’ elements of the first column of the nei

e For the second column @' (of the newB, in fact), all butp’ + 1 elements can
be zeroed, using a Householder rotation without influentnegfirst column. The
price is that the second column will have a nonzero elemeatriaw position. This
position is chosen to correspond to a ron2dfwhere a copy of a singular value of
A resides (for example, a particular choice is the largestiptelsingular value for
which a nonzero element of the second columB/aéxists).

e The reduction of the other columns Bf such that they have at mogt+i nonzero
elements (whereis a column index) continues as long as there are still urgssed
columns inB’ and there are still multiple singular values leftify which were not
already singled out in previous steps.

e At the end, all completelyero rowsamong the firsp’ +d rows of B, together with
the corresponding rows and columnsXf will be permuted to the bottom of the
decomposition.

This procedure will compute, finally, a decomposition of tbien

) 0 [ As (2.5)

_.[Bl A1l 0]

whereBrt is upper trapezoidal witd columns and, say rows,Brisd x d upper triangular,
2/, contains nonzero singular valuesAfvith multiplicities at most, andx’, contains the
zero singular values and the remaining multiple singuliresofA.

The following properties of the decomposition (2.5) areeesial for showing that
nonuniqueness and nongenericity issues are avoided whamgsiine core problem;1X; ~
B;.

Proposition 2.3.

1. Inthe decomposition (2.5)3Adoes not have singular values with multiplicity bigger
than d.

2. The number of rows p offBequals the number of singular subspaces of A corre-
sponding to distinct singular values, on which B has nonpesfections.

Proof. The first point is obvious by construction. The second pardiéar if we look at
the particular SVD ofA given in (2.5): the projection dB onto all singular subspaces cor-
responding to distinct nonzero singular values appeaftsmir in (2.5). By construction,
each row oBt contains nonzero elements. O
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As a corollary, we have that the core probl@dmX; ~ B; has unique solution (since
nonuniqueness happens when the smallest nonzero singller wvas multiplicity larger
than the number of right-hand sides). Moreover, the prol#einX; ~ B; is generic, be-
cause in nongeneric problems the right-hand side is orthelgo the singular subspace
corresponding to the smallest nonzero singular value.

Banded approximations

The explicit partitioning in[B A} suggests that block versiorof the Lanczos algorithm
can be an appropriate tool; in such a method, the Lanczoggsads done witldl starting
vectors (thal columns ofB) at a time. However, instead of a block-Lanczos, an applinat
of band-Lanczos for the reduction to a core problem in thetiplalright-hand sides case
was proposed in recent talks by Ake Bjorck [12, 11]. We restkéhe banded decompo-
sition and the band-Lanczos method from there, but then weifynid and make it more
rigorous. We discuss afterwards the properties of the wéthilecomposition.

A band decomposition dfB  A] has the shape

P’ [B AQ]_[SIH, (2.6)

whereR s (p+d) x d upper triangular, and is (p+d) x p banded lower triangular, for
somep<n,asin:

[RIL]=

where the width of the band equalst+ 1. In this decomposition, zero elements might
appear at some point on the band.¢fit is desirable to take advantage of this in order to
identify a core subproblem. Bjorck suggests how to de#ationsteps whenever a zero
appears on the outer diagonals of the band. In that caseatttedan shrink with one, and
the procedure can be repeated until the whole band dieseawlinig to a core problem.

To be more rigorous, let us first show how the band decompaostian be obtained
with a band Lanczos iterative method, in the spirit of [L0%)enote byus,...,u, the
first n columns of the matriP, by vy, ..., v, the columns of the matriQ, and bygy, hk
the (d 4 1)-dimensional vectofsthat are obtained at the intersection of #ferow and,
respectively, column ofR L] with the band ofR  L|. Note that the vectorg, hy are
not independent, since they share the same elements onrtde)bER L}. This is more

2For k smaller thard + 1, hy has lengthk. Fork larger tham, g has lengttn —k, thus smaller than + 1.
Note that in this paragraph we Ipt="n.
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obvious when we writ¢R L] as:

<13
<
[R L= =
1
. el
i |
From (2.6), twad-term recurrence relationships can be written:
AT U = [kad ce. Vk} Ok, (2.7)
Ay = [Uk . Uk+d] hiiq- (2.8)

The first relation is well-defined for akl > 1 if we artificially consider some zero vectors
Vo,V_1,...,V_g+1. An iterative reduction method based on these recursiodsoanthe
conditions thatP and Q have orthonormal columns can be expressed with the follpwin
steps, that occur at iteratidan

a:wp —ATug— [Vied .- Vie1] ge(1:d)
b: g(d+1) « [yl

C: Vi — W /[|wy|

d: Mg (2:0) T = Ui - Ukrao1] | A
e: Wy «— Ay — [Uk uk+dfl] hk+d(l d)
f: hk+d(d+l) — HW2||

g Ukpd < Wa/[[we|

Note, however, that the steps c: and g: are not well-defineghever the norm of the
auxiliary vectorw; or, respectively, the norm of the auxiliary vectos is zero. In fact,
when this happens, we needéflation it means that a Krylov subsequence for the right
singular subspace or, respectively, for the left singuldispace, has reached a converged
vector.

In Algorithm 2.4, we take exact deflation into account. Thgoathm is more similar
to the band reductions proposed in [32, 5, 35, 4] than to theeioifl05]; it is based on
recursions that are a bit modified compared to (2.7-2.8):

AT [Ul Uk} = [Vl kaic} L(k)T, (2.9)
A [Vl . Vk—ic} = [ul ... uk] LW + [0...0Uu1 ... Ukige)s (2.10)
k—dc—ic

whereL® denoted (1:k,1:k—ic), thek x (k—i¢c) banded lower trapezoidal matrix that is
obtained up to th&" iteration. The band of ¥ has, at the beginning, a height equatito
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but, during iterations, it may shrink and it may even devieaen the main diagonal. Thus,
we introduce an integed; to denote the ‘current’ bandwidth before iteratibnand an
integeric to denote the number of zero elements between the main dihgod the band.
(See Figure 2.5). This explains why we do not work witH & of sizek x k, which would

* % % %
* % % %
O* % %

L6 —

* * % ¥
* * % *

O % % %

* % %

* %

*
*
¥ % ok
0 *
0 *

*
* 0

Figure 2.5. Example of the shape evolution of the banded lower trapatoigtrix LK
during iterations. Starting with a bandwidth. & d = 4, a first zero at(6,3) shrinks ¢
to 3; the zero is carried along tg47,4) and (8,5). A second zero g8, 8) implies that d
becomeg, and t increases fron® to 1, marking a completely zero last column.

have the lasi; columns equal to zero. The hat vectGks1, . . ., Uk,d, are candidate vectors
that are used in order to avoid having to compuger , . . ., Ux.q before thek!" iteration, as
it is the case in (2.8).

Comparing the recurrence relationship (2.10) with what asxetat stefx — 1,

A[Vl Vk—l—ic] = [Ul Uk_]_] LKD) +[0...0 U¢ ... Uk-1+q.)(2.12)
k—1—dc—i¢

we can extract the work that needs to be performed to fullkthiteration:
e First, if ||Ux|| # 0, computeu:

Lic k—de—ic < || Tic]|» Uk < Ui/ Lic k—de—ic- (2.12)

Then, compute the nonzero elements on the last ro'dfby multiplying (2.10)
and (2.11) With.l[ from the left and exploiting the orthonormality @i, ..., ug}:

Lkj-deic < U Gj,  for j=k+1,...,k+de—1.

With these values plugged in, upda@ig 1, ..., Uktq,—1 from (2.10):

Uj < Uj — Uil j—qe— forj=k+1,....k+d.— 1

ic»

Now, if vi_j, was not previously computed.g, whenic = 0), it is possible, from (2.9),
to single out:
k+de—ic—1
Vkie = AT U — Z Vj—delk j—de>
j=k+1

If ||Vk,ic|| #0, set

Lik—ic = [Vkoicll,  Vkeie = Ykeic/Lkk—ic-
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o Finally, from (2.10), we initializelq,:

Uk de ¢+ AVkic — UkLik—ic- (2.13)

As promised, Algorithm 2.4 shows how deflation is used in otdevoid any divisions by
zero that can occur in (2.12) or (2.13). Each of the two pdsdimds of deflation steps
decrease the bandwidtl by one, and the second one (for (2.13)) increasby one, as
well; this corresponds to cutting a last zero column fromrtiarix L.

Algorithm 2.4 Band Lanczos reduction @& with exact deflation
1: k—0,d. < d,ic<0
2. 2a: compute the QR factorization & B = QgRs
2b: initialize Uy, .. ., Ug with the firstd columns of the orthogonal matri@s

3: repeat
4. k—k+1
5. if ||Gk]| = O then deflate:

5a: setlLjj g, i, =0forallj>k
5b: de«—d.—1
5c:  for j=KkK,...,k+d;—1, setlj — Uj;1
5d: gotos:
6: 6a: Lk,k—dc—ic — ||GkH
6b: Uk <— ak/l-k,kfdc
6c: for j=k+1,....k+d.—1

o Lkjdeie = Ul 0 0 — Ul —deics
7:  if Vi, not computedhen setvi_;, «— AT ug
elsego to11:

8 if ||Vik_i.|| = O then deflate:
8a: setLjj i =0forallj>k
8b: ¢+ ic+landd.«+—d.—1
8c: gotoil:
9 Likeic — Vil Vic—ic < Vikic/Lick—ic
100 Ukgde < AMic — UkLick—ic
11: until k=n-+1ord. = 0.

In exact arithmetic, Algorithm 2.4 is equivalent to the bdrahczos reduction for
square symmetric matrices [35] applied simultaneoushAté and AAT, with starting
vectors the columns oA’ B and B, respectively, or one applied to the larger symmetric

AOT ’S] , with starting block|§]. For the symmetric version in [35], it is known that after
d exact deflations have occurred, then, as in the dasel, the Lanczos vectors span an
invariant subspace and all the eigenvalues of the bandeaikraed also eigenvalues of the
original matrix. In our case, this translates to the cetydinat afterd deflation steps occur,
the singular values of the partial banded matriare a subset of the singular valuesfof
and the singular values gR L] are a subset of the singular valuesBf A).

It is known that in exact arithmetic, a Krylov subspace gatest by a single starting

vector can provide only one copy of an eigenvalue. Findingfiplicities requires a block
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Krylov subspace. Each deflation step in Algorithm 2.4 cqroesls to the identification
of a singular value. This means that when the algorithm teatess, the banded reduction
has at mostl singular values with multiplicity greater than 1. Denote fimal number of
columns ofL by p. Then,P has the sizép+d) x p. If the SVD of L isU 5 V", we
conjecture that,' R does not have any completely zero rows (still to be provefibis
means that in facp is the number of singular values &fwith multiplicity smaller than

d + 1 for which the corresponding left singular subspaces arertlbogonal ontd. This
reason is an evidence that the band reduction is in fact adememposition for multiple
right-hand sides problems.

Bidiagonal approximations

Due to the fact that solving the approximation problekX¥s~ B andCY ~ 0 can be viewed

as lower rank approximation problems, we believe that tdad’ (direct or Lanczos) bidi-
agonalization of[B A} andC can still be the key to efficient computations in the case
of ill-posed problems. The reason is that there are nornmadlynultiple singular values
in discrete ill-posed problems (except maybe for the apprately equal singular values
settled at noise level). A truncated bidiagonalizationgsethe information corresponding
to the dominant singular triplets, while the (noise-cotedf) subspaces corresponding to
the smaller singular values are discarded.

2.3.4 Computing optimal solutions and corrections from a
core problem

We assume that a core reduction (or a truncated core redydioeadily computedg.g,
from an SVD-based method or from a Lanczos bi- (or banded)odialization method.
For the single right-hand side probleftxx = b, this decomposition is given in (2.2); for
the multiple right-hand side probledwx ~ B, it is given in (2.4). In order to compute a
ScTLS solution for the original problem, we first need to sdlvthe ScTLS sense the core
problem. Then, it is straightforward to arrive at the minimanorm ScTLS solution of the
original problem, projecting back the core solution to thigioal subspace.

In [95], the authors show how one can efficiently solve a cooblem in bidiagonal
form in each of the ScTLS special cases. For the multipletstigind sides case, the essen-
tial computations for solving the core problem in bandednfare the solution of a linear
system or the SVD of a matrix with banded structure. Efficeemd stable algorithms are
available (seeg.g, [46] for the SVD computation of a banded lower triangulaitning

2.4 Implementation and numerical examples

The core reduction with embedded truncation and severaleofitethods for choosing the
truncation level (see Chapter 4) are implemented in a moghalekage in Matlab, CoRe,
for regularization using truncatecbre reductions. The CoRe tool can solve least squares,
total least squares, data least squares or scaled totestpases, for a given data matéx

and a single right-hand side vectarusing the (partial) reduction to bidiagonal form. It is
possible to choose between direct bidiagonalization @usiauseholder transformations)
or Lanczos bidiagonalization (relying on the PROPACK pagekir2]).
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Some special functionalities are listed here:

e All variants of the methods can be easily specified throughfidlds of a single
“opt i ons” structure. Undefined fields will be assigned default values exam-
ple, if no specific option is given, then the TLS problem wil olved, using direct
bidiagonalization and the machine precision tolerancea@spsg rule for the core
reduction.

e Itis possible to save a (partial) bidiagonalization anchttoeuse it as input for contin-
uing the bidiagonalization, or testing other stoppingeeid, for solving the problem
with another method, or for trying another scale parameteB€TLS. The execution
will then be faster, since the partial bidiagonalizatiotl wot be performed twice.

The CoRe tool is composed of the following functions:

1. cor e: main function that solves the specified ScTLS problem usiregrequired
bidiagonalization method and the required stopping doiteof truncation.

2. updat ebi di ag: function that computes or updates a matrix bidiagonabnat
either by the direct or the Lanczos method.

3. checkt runc: function that checks whether the given bidiagonal mataitiséies
a certain specified stopping criterion; the implementegstty criteria are: fixed
tolerance level; fixed truncation levi generalized cross validation; generalized
Akaike information criterion; rotated L-curve.

4. r esi dnor m function that computes the residual norm, as well as tred tmtmber
and the number of effective parameters in an LS, TLS, DLS diLSgroblem.

5. sol vest | s: function that solves an LS, TLS, DLS, or ScTLS problem with a
(small) bidiagonal data matrix.

We tested the implementation on simulation examples, wsthgr well-conditioned
problems, or ill-posed problems created with the Regudéion Tools [57].

Here are a couple of simple examples for solving well-posetllpms with LS or
TLS methods. First, the bidiagonalization was performeil tire end was reached or until
the magnitude of some (super)diagonal element becameesrttedh machine precision.

The following comparisons between the solution obtainedgughe implemented
bidiagonalization for least squares and total least sguane the classical solvers based
on the QR factorization and the SVD, respectively, show @@Re tool is able to obtain
perfect accuracy.

Example 2.4 (Solving least squares problems with CoRe)
% Defi ne di nensi ons and generate random data

m = 100; n = 5;

A = rand(mn);

b =rand(m1l);

% Find the LS estinmate with Matlab’'s \
X_|Is = Ab;
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% Sol ve the LS problemusing a core reduct
options. neth ='ls";

options.bidiag = "direct’;

options.trunc = ’'none’;

options.tol = eps;

xc_ls = core(A b, options);

[ x_|s
0.14070553791492
0.07077648882190
0.27719471950773
0.49415402722910

-0.06076634290543

Example 2.5 (Solving TLS problems with CoRe)

xc_ls

0. 14070553791492
0.07077648882190
0.27719471950773
0.49415402722910
-0.06076634290543

on

x_Is - xc_Is ]

0. 00000000000000
0. 00000000000000
. 00000000000000

0
. 00000000000000

% Sol ve the TLS problemwith a function calling SVD
X_tls = tls(A b);

% Sol ve the TLS problem using a core reduction
options. neth ='tls’;

options.bidiag = "direct’;

options.trunc = 'none’;

options.tol = eps;

xc_tls = core(A b, options);

[ x_tls
- 0. 06043663155507
-0.76899254307091
0. 70429406916636
1.68598895989928
-0.69587007183368

For some simulated ill-posed problems such as the problesuoritbed in Exam-
ple 2.1, we have also got good results. However, not alldiqd problems provided in
the Regularization Tools were solved satisfactorily ughmg truncation methods. We ex-
plain this by the fact that not all types of ill-posednessraraovable by simple truncation,
and more complicated regularization methods should be unst#tbse cases. In general,
the studied truncation methods favor solutions of smalimgmwhich might not always be

Xc_tls
- 0. 06043663155507
-0.76899254307091
0. 70429406916636
1. 68598895989928
-0.69587007183368

the most appropriate property.

Figure 2.6 shows the rotated L-curve obtained when appl@ioRe with the TLS

method to the problem in Example 2.1.

X_tls - xc_tls ]
0. 00000000000000
- 0. 00000000000000
0. 00000000000000
- 0. 00000000000000
0. 00000000000000
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Ic function values. Optimal truncation level at k = 8.

log(lc(k))

Figure 2.6. Plot of the rotated L-curve for the problem in Example 2.1e Winimum value
of this criterion at k= 8 gives a good reconstruction of the truncated solution cargbéo
the true solution, cf. Figure 2.4.

2.5 Conclusions

We addressed the approximate linear modeling problemsgathunder the roof of the
scaled total least squares formulation, in the case wheddteeis coming from ill-posed
problems. We used truncation methods as a form of regutanizéor the ScTLS problem.
We discussed that a good first step in truncation methodsipdintial reduction to core
problem.

We extended the core problems to multiple right-hand sigetems. We showed
that in the multiple right-hand sides case (with, saiyjght-hand sides), the core matrix
Aq1 has sizg p+d) x p and the core matrid;; (and the extended core matl{iBl A11] ,
respectively) has as singular values a subset of the digtingular values ofA (and of
[B A] respectively), plus some of their multiples (if any); narig¢he singular values of
the core part has multiplicity bigger thanmoreover, the singular values&f; correspond
to left singular subspaces Afthat are not orthogonal to the right-hand-siiéNe propose
an SVD form and a banded form of the core system. We providelsetf aband Lanczos
diagonalization method.

Finally, we discuss the computation of solutions for thgioidl approximation prob-
lem, using the truncated core problem, and we present a imolliaitlab software package
for computing core reductions, while monitoring a truncatievel.



Chapter 3

Regularized total least
squares

In this chapter we investigate penalty regularization en¢bntext of the total least squares
problem. The penalties or constraints that we are focusingre based on weighted 2-
norms of the solution vector, although other type of comstsacan be envisaged.

As opposed to the classical regularization methods in thst lequares context, the
formulations in this chapter do not have closed-form sohgi Therefore, iterative opti-
mization methods will be used to tackle them.

We consider two related problem formulations: the first ana guadratically con-
strained total least squares problem, and the second isadizezhtotal least squares prob-
lem. We refer to any of them as regularized total least sgarece their common role is
to introduce regularization in the context of total leasta®@s estimation problems.

Although a closed form solution of the regularized totablesquares problem does
not exist and the iterative optimization methods that waigimeally proposed can only
guarantee local optimality, recent analysis in [7, 6] ssgg¢hat both the quadratically
constrained and the penalty-type formulations can be t@étagylobal optimization frame-
work. In fact, scalar problems with unique solution are tleg kowards equivalent for-
mulations for regularized total least squares (and othadiically constrained fractional
guadratic optimization problems).

3.1 Introduction

Throughout this chapter, the estimation of a solutioio problemAx~ b is considered
(with Ac R™", be R™ x € R"), assuming thaf and[A b] are ill-conditioned or even
rank-deficient with the singular values decreasing to zetloout significant gaps. Regular-
ization in the context of the TLS problem aims at decreadiegefffect due to the intrinsic
ill-conditioning of the problem and due to the noise in theagland stabilizing the solution.
This chapter presents several computational approacheslfong the regularized
total least squares (RTLS) problem. The first regularizéal teast squares problem formu-
lation considered in this chapter consists in imposing altaté& constraint on the solution
vectorx in the TLS problem (1.2) [42, 53]. In this manner, the elemerftthe solution
vector can be bounded, or a certain degree of smoothnes®darpbsed on the solution.

43
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This constrained problem cannot be solved with simple aedagit SVD-based methods,
as the classical TLS problem does. Therefore, differentxgational approaches based on
iterative methods are proposed. One of the methods, artbftzarge in our paper [117] is
based on iteratively solving quadratic eigenvalue proBIEQEP). The development of this
new algorithm was inspired by the fact that quadraticallpstmained least squares (also
named regularized least squares (RLS) or ridge regress@mpe solved by a quadratic
eigenvalue problem [40]. Due to the more complicated nadfithe RTLS formulation,
one QEP cannot solve the problem, but it is shown in this @rapat the solution can be
approximated in a few iterations, each consisting in sgharQEP.

Two of the main advantages exhibited by this computatioppt@ach are itsobust-
nesswith respect to the initialization of the iterative proceeland itsefficiencyin solving
large problems. Experiments showed that the global mininofithe RTLS nonconvex
optimization problem can be attained even when using rargtarting vectors. Quadratic
eigenvalue problems equivalent to the RLS formulation gH}] be solved efficiently even
for large problem sizes, as it was recently shown in [80].him RTLSQEP algorithm pre-
sented in this chapter, the same kind of QEPs appears at gemagion; therefore, the
efficient solver described in [80] can also be used for RTLSrédver, it is not necessary
to compute the whole spectrum of the QEP, since only one pajeis needed.

We present and discuss other methods proposed more reicethidyliterature for the
same problem. Among these we mention in particular:

e the method of Renaut and Guo [103], which is based on an atiagniterative
method with a scalar parameter and the solution vegtor

e the ultimate algorithm for quadratically constrained TL$do Beck, Ben-Tal and
Teboulle [7], which only needs to optimize over one scalaialde and has very
desirable optimization properties, such as unique attéenglobal solution, global
convergence and fast convergence rate.

We also shortly discuss in Section 3.3 the Tikhonov penigite TLS formulation,
and the method proposed in [6], in the same spirit as the almar@ioned method from [7].

We end the chapter with the numerical results from [117]etdasn examples from
the Regularization Tool§57].

3.2 Quadratically constrained problem formulations

Regularization is often introduced by adding a quadratitstraint to the LS or TLS opti-
mization problems [50, 8§12.1], [42]. In this section, thetiheanatical form of the problem
under study is presented. As in [42], it is important to fitsess the differences and the
connections between the regularized least squares (RLBjhenregularized total least
squares (RTLS) problems.

The RLS problem is defined as follows:

min |Ax— bl3  subjectto]|Lx|3 < &2, (3.1)

whereL € RP", p < n, andd > 0. Ford > 0 small enoughife., & < |[Lx-5|)2), an
appropriate value of a parameter> 0 can be fixed (depending in a nonlinear way on
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d), such that the solution of (3.1) coincides with the one @f Tlikhonov regularization
problem (1.5) and of the normal system of equations

(ATA+ AL L)x=A"h. (3.2)
The RTLS problem statement is

min|[[A b —[A b]|]Z  subjecttoAx=Dh, |Lx|3 < 52 (3.3)
X,Ab

It is known that the TLS objective functiom€., the Frobenius norm of the extended cor-

|Ax_blI3

rection matrix) can be replaced by the orthogonal dist e [132, §2.4.2]. Then, the
2

previous formulation can be rewritten as

2
in 1A% Dll2 subject to|Lx||5 < &2. (3.4)

X 1+ [|x][3
Remark 8 As also noted in [42] and [53], choosing the paramétemaller than the value
|Lx™S ||, implies that the quadratic constraifitx||, < & is activeat the solution for opti-
mization problems (3.3) or (3.4). For an ill-conditionedplemAx~ b, the normg|Lx-S||»
and||Lx™S|, are very big (therefore, the need for regularization); tseuanption thab is
small enough can be considered as guaranteed in practice.

In view of Remark 8, the regularization problems consideselsequently will be
equality constraineghroblems. For further reference, their formulations aatest below:

RLS problem:  mif|/Ax— b3  subject to]|Lx||3 = &2, (3.5)
||Ax—b||3 :
RTLS problem:  mi |1J): ”Xb”22 subject to]|Lx||5 = 8. (3.6)
2

The case whekh is the identity matriX, is called thestandard casand both RLS
and RTLS yield the same solution & is small enoughd < ||x-5|2 and 6 < [|x"-S||2),
and the inequality constraints are replaced by equaligigsn (3.5) and (3.6). Indeed, in
formulation (3.6) withL = I, the denominator % ||x||3 may be replaced by the constant
1+ 62 and a problem equivalent to the RLS formulation (3.5) is iieta.

In the general caseL may be rectangular and in practice it is usually chosen as an
approximation of the first or second order derivative opegain order to impose a certain
degree of smoothness on the solution. In this case, (3.5(3a6épare distinct problems.

In the following subsections, we describe in more detailrttethods for RTLS, in
the chronological order of their appearance.

3.2.1 RTLS method of Golub, Hansen and O’Leary: two
parameters formulation

In [42], the first steps towards the analysis of the RTLS mrobare made. In that paper, the
authors are not only exploring computational solutionstlfi@r optimization problem that
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they define, but they are also motivating the problem andidisng its relation to the clas-
sical regularized least squares problem. They show formtases the RTLS and the RLS
problems yield the same solutions and when are these swdugigual to the unconstrained
ordinary least squares or total least squares solutions.

Concerning the computation of the RTLS solution, an eqeivaiwo-scalar formula-
tion is employed in [42]. This formulation comes from thetfivsder optimality conditions
on the problem (3.6):

(ATA+ A+ AL TL)x=ATh, (3.7)
where I ”2
Ax—D|5 1/ +
== 2 andA =—— (b'(Ax—b)— A ). 3.8
A CUC SR (38)

Stripped-off from the details of how to make the computatiefficient (.e., to solve the
system (3.7) efficiently wheh, andA_ are fixed — for which we refer to [42]), the method
is, essentially, a grid search over possible valued pfvhenA_ is considered as regular-
ization parameter instead éf The optimal RTLS solution for a fixed, is the solution
of (3.7) for anx that corresponds to & satisfying the first relation in (3.8) and being of
minimum absolute value; this corresponds to a minimum vafuke TLS criterion.

This method does not solve the quadratically constrainddSRroblem that involves
a givend. However, it gives us the flavor of the fact that no reguldiimamethod, regard-
less its original formulation, can be complete without adjowethod for choosing a certain
hyperparameter, which in this case is theparameter.

3.2.2 RTLS method of Sima, Van Huffel and Golub: iterative
update of the solution vector, using quadratic
eigenvalue problems

In this section it is shown how the RTLS problem can be solvaderically with an itera-

tive method that requires at each iteration the solutionepiadratic eigenvalue problem.
It is known that the quadratically constrained least sqgipreblem

min||Ax - b3  subject to||x||5 = 52
can be solved via one QEP [40]:
(A2l +2AH +H?—-572gg" )y=0, (3.9)

whereH = ATA, andg=A'h.

For RTLS, the difficulty is that a single QEP cannot solve tiebpem. Therefore, an
iterative procedure to approximate the solution by sohahgach step a QEP is proposed
here. Numerically, it was observed that very few iteratiaresneeded in order to achieve a
desired accuracy of the solution.

RTLSQEP algorithm

Consider the RTLS problem (3.6) and write the Lagrangian

_ IAx=bij

L(x,A)= A(|[Lx||3 — 82).
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The first order optimality conditions are:
BX)x+AL Lx=d(x), ||Lx|3= 52 (3.10)

where

T _hll2 T
B0 — A Af || Ax bﬂgln, doo— A bz'
T+[xlz  (A+IxI2) 1+ Ix13

Algorithm 3.1 shows how to solve system (3.10) iterativaking a fixed-point method.
The focus at every iteration will be on solving system (3.1@subsection 3.2.2 it is shown

(3.11)

Algorithm 3.1 RTLSQEP algorithm
1: [Initializations]
Let X be a starting vector. Compu := B(xX°) anddp := d(x°) from (3.11). Set
k=0.
2: [stepk]
Find xk+1 andAy 1, which solve the system xandA:

Bix+ AL Lx=dy,  |Lx|53=0d% (3.12)

corresponding to the largest(using an equivalent quadratic eigenvalue problem).
ComputeBy, 1 := B(X*'1) anddy, 1 := d(x**1) from (3.11).

3: [stopping criterion]
If | BreaXtt 4+ A i L TLxKHE — dyy a2 < €, wheree is a specified tolerance, then
STOP; els&k — k+ 1 and go to stef.

how this can be done using a monic QEP.

Remark 9 Notice that atstep k, the solution with largesd is selected from the set of
solutions of system (3.12). This choice is needed for theegence of the algorithm (see
Lemma 3.1 and Theorem 3.3).

Quadratic eigenvalue problem derivation

Consider the system
Bx+AL'Lx=d, |Lx|3=2¢? (3.13)

with B a symmetric matrix.
Case 1: L square and invertible
If L is invertible, a change of variable= Lx, gives
L TBL Yz+Az=L""d, z'z=05% (3.14)
Therefore, one is led to a system of the form:

Wz+Az=h, z'z=2052 (3.15)



48 Chapter 3. Regularized total least squares

with symmetric matrid = L~ "BL~1, which can be solved using a QEP [40]. Indeed,
assuming > 0 large enough (such th&f + A1 is positive definite) and denoting hy=
(W +A1)~2h, one ha"u = z" z= 62; noticing thath = ?hh" u, the condition

(W+A1)2u=h
can be equivalently written as the QEP
(A%l + 2AW+W2 —5"2hh")u=0. (3.16)

This QEP is solved in order to find the largest (right-moggeevaluer and a correspond-
ing eigenvectou (scaled such thdt" u = 52).

Remark 10 It is known [125] that a QEP having a nonsingular coefficieatnm for the
second order term? (in particular, monic QEP) has a full set fifiite eigenvalues. When
all coefficient matrices are real and symmetric, the quadesgenvalues are real or come
in complex conjugate pairs; moreover, the special streadfithe QEP (3.16) will enforce
the right-most eigenvalue to lveal andpositive Therefore, expressing system (3.12) as
a monic QEP is also a guarantee that a solution corresporalithg largesf > 0 can be
found.

The solution of the original problem is recovered by setfirgi z= (W + Al )u, then
x=L"1z
Case 2: Generalization for nonsquare L

If L has more columns than rows (for example, wheg an approximation matrix of the
first or second order derivative operator), thef_ is singular. LetL'L =USU' be the
eigenvalue decomposition bf L. An equivalent form for (3.13) is

U'BUy+ASy=U"d, y'Sy=2d? (3.17)

wherey =U "x. Letr = rank(S) andS; = Siv 1. Partitioning the elements of system
(3.17) according to the rank

T | T2 « (S O 7y || ,_ (N1
vreu= | os= 3 o ue= gl =)

the system to be solved becomes:

{ Tiy1+Toy2+ASyr = di,

1S1y1 = 2. 3.18
T, y1+Tay2 = dy, Vi S (3.18)

Under the assumption thdj is invertible (otherwise its pseudoinverse may still beduse
instead of its inverse),
y2 =T, 1 (dr— T, y1) (3.19)

is substituted into the first equation of (3.18):

(=TT, T, +AS)yr = (di — ToT, Mda).
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_1 _1 1
ForW =S ?(Ts — T, 'T,))S, ? andh = S, ? (dy — T»T, 1dp), a system in the same form
1
as (3.15) for the variable= S}y is obtained; it can be solved as described before, in order

to find a solutionA , z), corresponding to the largest
The solution(ys, y») of (3.18) is given by

1
-3,
R A
T, (=T, S %2
Therefore, the solution for the original problenxis- Uy.

Convergence of the method

. . . . Ax—b|3 .
In this subsection, a convergence theorem is proven. Ttaiooff (x) := H1+—x||22 will
2

be used.

Lemma 3.1.If (A1, X"1) is a solution of system (3.12) corresponding to the largest,
then X*1 is the global minimizer of the quadratically constrainedadratic optimization
problem:

min x Bex—2d/x  subject to|Lx||3 = 52, (3.21)

if such a global minimum exists.

Proof. The proof follows the ideas in [39, Th. 1]. O

Lemma 3.2. The optimization problem (3.21) admits a global minimurmid @nly if the
vector X satisfies
. x"ATAX
min

f(X9). 3.22
xeNull(LTL),x£0 X'X (<) (3.22)

Proof. In the casé is square and nonsingular, the feasibility regién= {x| ||Lx||3 = 6°}
is a nondegenerate ellipsoid, therefore any quadratictifumattains its global minimum
on.Z. On the other hand, NulL"L) = {0}, so any vectorX satisfy (3.22).

If LTL is singular, anyx can be uniquely written ag; + X, with xlsz =0,%x €
RanggL'L), x, € Null (LTL). It is easy to see that the unboundedness of a quadratic
function ofx can only occur from the contribution of thxg part. In order to attain a global
minimum of the function in (3.21), it is required thatByx, > 0, for anyx, € Null (LTL).
From the definition formula (3.11) & = B(x¥), the relation (3.22) is readily obtained.

Theorem 3.3. For a starting vector & that satisfies (3.22) (with & 0), Algorithm 3.1
provides a sequence of vect(a[né<}k:1727_,_, for which the function f is monotonically de-
creasing:

0< f(XF Y < f(X), Vk=0,12.... (3.23)

Any limit point(A,X) of the sequenc@(Ay, x¥) }« is a solution of the system (3.10).
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Proof. For a fixed value ok, denote bygy(x) the objective function in the minimiza-
tion (3.21):
gk(X) = x' Bex— 2d, x.

Suppose, for now, that the iteraté satisfies the assumption (3.22), thus, by Lemma 3.2,
gk admits a global minimum.

Taking into account the definition formulas (3.11) By = B(x) and dy = d(x¥),
simple algebraic manipulations give

1

TAT Ky T T
= — S [ X' A'AX— f (X)X x—2b"' AXx) .
1+HX"||§( 6 )

k()
Disregarding the constant factor, the minimizatiomyg(fx) with respect tox (subject to the
quadratic constrainjtLx||3 = 6°) is equivalent to minimizing

X" ATAX— f(X)x x—2b"Ax= ||Ax—b]||3 — f(X)x'x—b'b
= (L4 [IXID(F) = F(X)) + () =bTb,  (sit.[|Lx|3 = &7).

Therefore, the following equivalent problem is derived:

min (1+ IX[13)(f(x) — f(X))  subject to|Lx||3 = 5°. (3.24)

Letg(x) := (1+]X|3)(f (x) — f(xX)). The iterated+1 is a solution for system (3.12), and,
by Lemma 3.1, it is the global minimizer of(x) under the quadratic constraifitx||3 =
52. Thereforext1 is also the optimal solution for (3.24). It implies that faryax € R",

O (1) < g (). In particular, forx := XX,

GXT) < G(X) & (LHIIXFHB) (F KT — F(X)) <0& F(XH) < £ (x).

Sincex? satisfies the assumption (3.22), all the arguments abovkfbothe casé = 0.
Therefore,f(x!) < f(x0), andx® satisfies (3.22), too. By induction, all iterateéSsatisfy
(3.22), and the proof holds for atky

The second part of the theorem is trivial: making- « for any convergent subse-
quence of{ (A, X¢) }k, the relation

Bk,lxk + /\kLT LXk =dk_1,

impliesB(X)X + ALTLX = d(X). In addition, the quadratic relatidfi.x||3 = 52 is guaran-
teed at every iteration, and it is preservedxom hereforex is a solution for (3.10).

Initial vector

Theorem 3.3 says that, whens square and nonsingular, any random vector can be used as
a starting vector in the RTLSQEP algorithm, wheredsig rectangular, the starting vector
x? should satisfy the condition (3.22). Equivalently, in thtér case, iN is a matrix whose
columns generate NUlL"L), x° should satisfy

y'NTATANy

f(x°) < @'QW = 07in(AN,N),
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where gmin(M,N) denotes the minimum generalized singular value of the maiir
(M.N).

In the common case whdnis taken as the approximation matrix of the first order
11 00

o .. o| € RPN, this condition is rewritten a$(x’) <
0 0-11
117 ATAL,, wherel, is the vector of all ones.

derivative operatoil. = [

Computational remarks

In the RTLSQEP algorithm, solving a QEP of the form (3.9) vl the most important
computation at each iteration. A thorough survey on quadesgenvalue problems, their
properties and solvers can be found in [125]. For solvinglgatéc eigenvalue problems at
every iteration, it is possible to choose between severapetational methods. In particu-
lar, one could eithelinearizethe QEP and then solve a (generalized) eigenvalue problem,
or use airect method for QEPSs.

One way to linearize the QEP (3.16) is:

[_?\N —W2+§2hhT] m _a m (3.25)

yielding a standard eigenvalue problem with nonsymmetetrixa. Another possible liniariza-

tion is: W24+ 5-2hhT 0] [u w1 Ty
{ 0 J M =2 [ | o} M (3.26)

which is a generalized eigenvalue problem with symmetritrices.

Any of these eigenvalue problem should be solved in ordemib the largest real
eigenvaluer and an associated eigenvector. An expensive approachstoirsicomput-
ing the complete eigenvalue decomposition. Such a teckngactually used by Matlab’s
functionpol yei g, which solves quadratic (or polynomial) eigenvalue proideoy lin-
earization. For efficiency, it is preferable to restrict ttemputations to finding only the
rightmost eigenvalue and an associated eigenvector. ghanost eigenvalue is not nec-
essarily the eigenvalue of largest magnitude, therefaseniot possible to apply the power
iteration method directly. Polynomial or rational precitimhing should be used in order
to transform the search for the rightmost eigenvalue inteeaich for the largest magnitude
eigenvalue.

For larger dimensions one must avoid even forming mattigand, of course\w?).
From the definition ofV (in subsection 3.2.2), it is clear that matrix-vector pretuvith
W can be executed in a fast way for particular forms of nondardgu (banded Toeplitz,
for instance). For large scale problems, it is advantagémisiveA sparse, but all tests
presented later in this chapter have deAsdJsing only matrix-vector products with the
matrix in (3.25), one can apply Arnoldi method for computthg largest real eigenvalue
and corresponding eigenvector.

Recently, a fast method for solving QEPs was proposed in [86&n be successfully
applied to monic QEPs of the forfiA 2l + AA+ B)y = 0, where matrice$\ andB satisfy
the condition that some linear combinatigA + £B is of low rank. The special form of
the QEP (3.16) allows the application of a Lanczos proceassimultaneously projects
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Table 3.1.frt| sqep andr t | sqep implementations of the RTLSQEP algorithm.

rtl sgep | RTLSQEP algorithm 3.1, where at [st&pthe system

in xandA is solved by the equivalent QEP usiliigearization (3.25)
andthe ARPACK ei gs function

frtl sgep | RTLSQEP algorithm 3.1, where at [stkpthe system

in xandA is solved by the equivalent QEP using fiast QEP solver
of Li and Ye [80]

the matrice$V andhh' into a common subspace. Aftiesteps of the Lanczos process, the
projections oW andhh' can be approximated by twox k symmetric banded matrices
with bandwidth 2. Using the reduced matrices, a lower dirugrad QEP that approximates
the original one can be solved by standard methods [[nearization and eigenvalue de-
composition). Further details are given in [80].

For the numerical tests in Section 3.4, a distinction willlbade between two im-
plementations of the RTLSQEP method. The first, which wiltéferred to as t | sgep,
uses the linearization (3.25) and computes the rightmgsingiair with the ARPACK im-
plementation [76] included in Matlab (namely the funct®ings)®. The second, referred
to asfrt | sgep, uses the fast solver described in [80], which solves loviredsional
approximations of the original QEPs. To be more clear, wersarize the content of our
two implementations in Table 3.1.

3.2.3 RTLS method of Renaut and Guo: alternating iteration
on a scalar and the solution vector

Guo and Renaut [53] had an initial method that solved a parmdependent eigenvalue
problem starting from the 2-parameter formulation of Goldlansen and O’Leary (3.7).

A shifted inverse power method was used to obtain an eiger(pah X7 71]T> for the

problem
D(AL) {Xl] =-A {Xl] ;
Wi ATA+ALTL ATb
DlA) = [ b™A —)\L52+bTb} ! (3:27)

whereA; andAp are also given by (3.8). However, this method does not alwayserge,
and the cases when convergence occurs or does not occur eteféectively analyzed.

Numerical results in Section 3.4 and in [117] compare, amotigrs, the QEP
method with the method in [53] and these comparisons shotvathlgt when the initial
starting vector for the method in [53] belongs to a very narreighborhood around the
optimal solution, the method converges successfully.

3We chose for the nonsymmetric linearization (3.25) insteathefsymmetric linearization (3.26) because
the functionei gs can only solve standard eigenvalue problefws= Ax or generalized eigenvalue problems of
the typeAx = ABx with B symmetric and positive definite. However, tBamatrix in the linearization (3.26) is
indefinite
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Renaut and Guo [103] carefully reworked their idea and edriat another iterative
method based on finding a zero of the constraint funagioh = (||Lx||%> — &%) /(||x/|?+1).
The zero-finding refers to finding a scalar value for the patenmi, (see (3.8)) such that

g(xy ) =0, where (XXL —1] Tisthe eigenvector corresponding to the smallest eigeavalu
the matrixD(AL) in (3.27). In [103] it is proven thad_ — g(x, ) is a decreasing function
of AL, and it has a unique zero.

In summary, the main iterative procedure proposed in [183jresented in Algo-
rithm 3.2 below.

Algorithm 3.2 Alternating iteration algorithm from [103]
1: [Initializations]
.
Given 62 > 0 and)\,fo) > 0, calculate eigenpai(p@l, {X<O>T _1} ) of D(/\,EO)).
Setk=0,1 =1.
2: [Stepk]
If k> 0 andg(x¥)-g(x 1)) < 0, theni =1 /2 elsel = 1,k =k+ 1.
3: [UpdateA]
k k— -
AL =AY (14 Hgxk)).
4: [Updatex]
estimate the smallest eigenvalupf]
T
{X(I@rl)T _ 1} of the matrixD(/\Ek)).
5: [Stopping criterion]
If |g(x)| < &, wheree is a specified tolerance, then STOP; éise k+ 1 and go to
stepk.

k+1)

41 and a corresponding eigenvector

3.2.4 RTLS method of Beck, Ben-Tal and Teboulle: one scalar
optimization

A more general theory for the optimization of quadraticatiystrained fractional quadratic
problems is the starting point that is taken in [7]. The atghwyove that, under reasonable
assumptions (which do not even require positive semidefiegs of the quadratic forms
involved), a quadratically constrained fractional quédraroblem can be equivalently
solved using a scalar optimization problem.

For the RTLS problem (3.4) the essential remark leading to the development in [7]
is that the following two statements are equivalent:

. || Ax—b]
1. mln{X:HLX“2§52} W <a,
2. Minygyzeae) {IAX=BI2—a(IxP+1)} <0.

Note that the second problem is a quadratically constraiuediratic minimization; al-
though it might still be a nonconvex problem, it is clear ttidg problem (for a fixed value

“Note that (3.4) is the inequality constrained RTLS. We agesthis formulation only to keep in line with [7].
The results hold for the equality constrained formulatiome$.
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of a) is much simpler than the RTLS problem. Obviously, what we laoking for is
2
o 1= MiNgy2< 52y m%' The above equivalence suggests that a search for the opti-

mal a* can be performed within the framework of the second problera aearch for a
zero of the function
a)= min Ax—bl|2—a(|x]|>+1)}.

pla) = min  {JAx-bI*—a(|x|*+1)
In fact, ¢ is clearly a decreasing function of and it is easy to find upper and lower
initial values fora such thatp(a'®") > 0 andg(a“?) < 0 (e.g, a'®" = 0 anda'P = ||b||?).
This leads to the observation that one can use a bisectioohsta a to find the unique
zero of @, and, simultaneously, an optimal solution of the RTLS peafl We provide in
Algorithm 3.3 the procedure proposed for this purpose in [7]

Algorithm 3.3 RTLSC algorithm from [7]
1: [Initializations]
Givend? > 0, a“? > 0 — an upper bound on the optimal function valeie, a tolerance
value,
setk=0,al™ =0, ay” = a“P.
2: [StepK]

2a: Qg «— %(CXLOW +a.P)
2b: Solve the subproblem

: T(AT T
min X' (A"A—ail)x—2b' Ax
{XZIILXHZSrS}{ ( ) )

and denote the optimal solution with and the optimal objective function value
with S.

2¢: fi— (X6

2d: if Bc+/b||? > ax then

low u . u
oo — ay, o’y — min{a, fi},
else
% oo, alf, o minfa, ).

)

2e: K—k+1

3: [Stopping criterion]
If a P — ol < €, then STOP;elsego to Stefk.

Some comments are in order. The subproblem in gbes another way of writ-
ing the evaluation ofp(ay), such that it is more obvious that we deal with a quadraticall
constrained (possibly indefinite) quadratic problem. Weakk the similarity between the
subproblem in stepb: and the subproblem obtained for the RTLSQEP algorithm: gea-e
tion (3.21). The computational method chosen in [7] invelgelving a secular equation
in one scalar parameter by means of a Newton method with lpiplzedratic convergence
rate, due to Melman [88].
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Theoretical analysis in [7] provides conditions for existe of finite optimal solution
to the problem in stepb.. Not surprisingly, their condition resemble our condit{@?22);
indeed, Proposition 4.2 in [7] says that the subproblem tedieed at stegk of Algo-
rithm 3.3 itemz2b: admits finite minimum if

Anmin ((NTN)=Y2(NTATAN)(NTN)2) > g,

whereAnin denotes the smallest eigenvalue of a matrix, idns, as before, a matrix whose
columns span the nullspace bf L. Since the left-hand side above is nothing else than
02;,(AN,N) from §3.2.2, it means that the existence condition from§#he same as for
RTLSQEP, with the only difference thaf, replacesf (x¥).

As for RTLSQEP (see 83.2.2), it is sufficient to have a guauhat the first sub-
problem solved at iteratiok= 0 has finite global minimum. This property is automatically
satisfied at further iterations. For RTLSQEP, this implieguarantee that the algorithm
converges to a local minimum. However, for the formulatiorihis section, this implies
also that the converged solution is a global solution as,eeltause of the fact that the
reformulationg(a) = 0 admits a unique solutioo™. Note from Algorithm 3.3 that the
choice of the firstg is replaced by the choice of upper and lower bourd®,and a'®".
We refer for more details on these choices to [7].

It is remarkable that in [7] these results are in fact prowarttie more general prob-
lem where the objective functiofis a ratio of two arbitrary quadratic forms; the RTLS
problem is only a special case.

3.3 Quadratic penalty formulations

When a Tikhonov-type quadratic penalty teffiox||? is added to the TLS objective func-
tion, we obtain a problem of the form

|AX— b3

T2+ A|Lx]3. (3.28)
1+ X3 ?

min
X
For & small enoughi(e., & < ||Lx"5||), there exists a value of the parameker- 0 such
that the solution of (3.4) coincides with the solution o).
For this quadratic penalty formulation, a complete analysirecently presented in
[6] and an optimization method is proposed there. We sharibyide an account of the
main conclusions.

¢ A sufficient condition for attainability of the minimum of (33) is given. This con-
dition is:
NTATAN NTATb

or, interms of SVDs (which are more common in the TLS litere}uomin ([AN b))
< gmin(AN). Here, as beforel is a basis for the nullspace &f L. Remark the
similarity of this condition with the condition for existea of the TLS solution:
Omin ([A b]) < Omin(A).
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A simple reformulation makes the problem more tractablds replaced with the
minimization of the one-variable function

hi2
%(a):= min {M—&—AHLXHZ}. (3.29)
x2=a-1  «

e Properties of/ include: continuity and differentiability, and, in manyggtical cases,
unimodality.

e The evaluation o involves solving a quadratically constrained quadratitrojza-
tion; it can be, thus, computed from an equivalent seculaaton.

e Lower and upper bounds far can be computed in terms of the d&tgb, L andA.
This makes the minimization & possible using a bisection search.

3.4 Numerical results

We mainly give in this section the numerical results from7jL1We comment at the end
about how RTLSQEP compares with the newer methods desdrit&312.3 and §3.2.4.

3.4.1 Test problems description

In order to test the performance of the proposed RTLSQEPadeteveral problems from
the “Regularization Tools” [57] were employed. All of themealiscretizations of contin-
uous ill-posed problems of the Fredholm integral type [34, 8onstructed by quadrature.
For completeness, we provide in Table 3.2 the elements ahtlgral equations used in
the considered examples. Further explanation about tleésprdiscretization schemes used
can be found in the manual file accompanying the Regulaoizdibols.

Table 3.2.Elements K, f and g of the Fredholm integral equatigﬁﬁK(s,t)f(t)dt =g(s)
in several examples from the Regularization Tools.

Name | baart | deriv2 | ilaplace | shaw

K(st) || exp(scost) { ts((;: i;: 2; : exp(—st) (coss+ cogt)? (%)2
f(t) sint expt 1-exp—5) | 2exg—6(t—.8)2) +exp(—2(t +.5)?)
a(s) 2sins exps+(1—e)s—1 R -
se [0, 7] [0,1] [0,00) [—m/2,m/2)
te [0, 7 [0.1] [0, 00) [—m/2,11/2]

The example functions from the Regularization Tools retbeelements of a square
systemAUeIue ~ pi'ie with matrix A€ singular or very ill-conditioned. In the classical
context {.e., without additional regularization), it is known that TLSv/gs more accu-
rate results than LS when increasing the degree of overdetation, provided entries of
[A b] are affected by independent identically distributed er@frzero mean and equal
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variance [132, 88]. For this reason, the RTLS approach stalsted for rectangular sys-
tems. Some example functions from “Regularization Toolstaveasily modified to con-
struct rectangular problems (by using a rectangular digettéon grid instead of a square
one or by “partitioning” a square system in order to form aardetermined system).

In the following, denote by exl™ie — pl'ue 3 (square or rectangular) ill-conditioned
example system and letbe a noise level. By adding white noise to the data:

A: Atrue+ GE, b _ btrue+ Ue,

with E=randn(m n),e=randn(n, 1), the problem to be solved becom&s~ b.

The matrixL € RMD*N js set to approximate the first order derivative operator.
For the simulations below, the exact solutions are knowis; straightforward to consider
as regularization condition the equalifyx||, = J := [|Lx™|,. With this strong prior
knowledge imposed, it is expected to obtain a regularizéatisa X9 of the original ill-
conditioned problem which is close to the exact solukiBit.

3.4.2 Comparison between regularization solvers

The purpose of these tests is to numerically validate theSRJEP method, but also to
compare its performance with other existing methods. Theespemployed in the tests
are described in Table 3.3. Results were obtained in Matlai & i686 PC.

Table 3.3. Solvers for regularized least squares and regularized TLS

Solver Description

ti khonov | Tikhonov regularization (from Hansen'’s “Regularizatioools” [57])
rlsgep RLS solved by a QEP (with Matlabjsol yei g)

frlsqgep RLS solved by a QEP (with fast Lanczos method [80])

ttls truncated total least squares (from Hansen'’s “Regulaoizafools”
[57])

rtlsei gl | Guo and Renaut’s eigenvalue method for RTLS [53] (randoimtistp
vector)

rtlsei g2 | Guo and Renaut’s eigenvalue method for RTLS [53] (startegjar -
thef r | sqep solution)

rtlsqgep RTLSQEP (each QEP solved by linearization, with Matlai'gs)
frtlsgep | RTLSQEP (each QEP solved with fast Lanczos method [80])

For several noise levels, relative errorg|x™9— x"'¢|| /||x"“¢|| are averaged in 200
random simulations. Table 3.4 shows results for the squaldgm (n=n = 20) and Table
3.5, results concerning the rectangular problem=(200,n = 20).

The relative errors (averaged over 200 random simulatians)illustrated also in
Figures 3.1 and 3.2 for two of the problems.

For the square problem or for small noise levels, there isgrifcant improvement
of the RTLS solutions in comparison with the ‘traditionaléthods; in the overdetermined
case and for increasing noise level, as expeateétlsgep orfrtl sqep gave the most
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Table 3.4. The relative errorg|x®d — x™€|| /||x"¢|| in several example problems, for all
methods and several noise leveissquare case, with i+ n = 20. The smallest errors for

10

-2

noise levelo

Figure 3.1. Average relative errors for exampid apl ace

10

noise levelo

each problem set are indicated in underlined bold numbers.

| iIapIace| ti khonov (f)rlsgep ttls rtlseigl rtlseig2 (f)rtlsqgep
o= le-4 | 1.8e-1 4.1e-3 7.6e-1 1.0e+0 5.8e-4 8.5e-4
o= le-3 | 3.8e-1 4.1e-2 7.7e-1 1.0e+0 5.6e-3 8.0e-3
o= le-2 | 6.5e-1 3.7e-1 8.1e-1 1.0e+0 9.0e-2 9.1e-2
o= le-1 | 9.5e-1 8.6e-1 9.0e-1 9.0e-1 7.8e-1 6.5e-1
o= l1le+0 | 9.8e-1 9.5e-1 9.7e-1 9.3e-1 9.1e-1 9.0e-1
| baart\ ti khonov (f)rlsgep ttls rtlseigl rtlseig2 (f)rtlsqgep
o= le-4 | 1.6e-2 2.1e-2 1.3e-2 1.0e+0 1.7e-2 1.6e-2
o= le-3 | 2.9e-2 2.5e-2 2.7e-2 1.0e+0 2.4e-2 2.4e-2
o= le-2 | 3.0e-1 8.1e-2 8.3e-2 1.0e+0 8.2e-2 8.2e-2
o= le-1 | 9.5e-1 2.6e-1 3.1le-1 8.1le-1 3.2e-1 3.2e-1
o= 1le+0 | 9.9e-1 7.4e-1 8.7e-1 8.0e-1 7.4e-1 7.3e-1
|shaw| ti khonov (f)rlsqgep ttls rtlseigl rtlseig2 (f)rtlsqgep
o=le-4 1.1e-2 2.3e-3 2.2e-2 1.0e+0 3.2e-3 2.3e-3
o=1e-3 1.2e-1 9.1le-3 2.2e-2 1.0e+0 7.3e-3 9.2e-3
o=le-2 3.5e-1 1l.1le-1 3.0e-2 1.0e-0 2.0e-1 2.0e-1
o=1le-1 6.2e-1 1.9e-1 1.4e-1 9.9e-1 4.1e-1 4.1e-1
o=1e+0 9.6e-1 7.5e-1 8.0e-1 8.9e-1 7.5e-1 7.2e-1
‘ deriv2| ti khonov (f)rlsqgep ttls rtlseigl rtlseig2 (f)rtlsqep
o=le-4 6.1e-4 1.5e-4 5.5e-2 3.2e-1 1.5e-4 1.5e-4
o=1e-3 1.0e-2 8.8e-4 5.6e-2 3.2e-1 8.9e-4 8.9e-4
o= le-2 | 8.1le-2 7.4e-3 8.7e-2 3.2e-1 7.0e-3 7.0e-3
o= le-1 | 9.1e-1 6.8e-2 2.6e-1 2.2e-1 6.9e-2 6.9e-2
o= 1le+0 | 9.7e-1 7.1e-1 8.8e-1 5.4e-1 6.4e-1 4.9e-1
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Figure 3.2. Average relative errors for examptier i v2

Table 3.5. The relative errorg|x™d — x™€|| /||x"“¢|| in several example problems, for all
methods and several noise levelsoverdetermined problems, with+9200, n= 20. The
smallest errors for each problem set are indicated in unded bold numbers.

| iIapIace| ti khonov (f)rlsqgep ttls rtlseigl rtlseig2 (f)rtlsqgep

o= le-4 | 2.2e-4 3.0e-6 3.9e-2 3.2e-3 3.5e-5 3.1e-6

o= le-3 | 48e4 8.3e-5 3.9e-2 3.2e-3 4.4e-5 8.1e-5

o= le-2 | 3.4e-3 2.8e-3 4.0e-2 3.3e-3 6.9e-4 1.3e-3

o= le-1 | 7.5e-2 5.6e-2 9.2e-2 3.6e-2 2.9e-2 3.0e-2

o= le+0 | 7.8e-1 7.8e-1 5.4e-1 8.5e-1 8.5e-1 4.0e-1
| baart\ ti khonov (f)rlsqgep ttls rtlseigl rtlseig2 (f)rtlsqgep

o= le-4 | 2.5e-2 2.2e-2 2.1e-2 1.0e+0 2.1e-2 2.1e-2

o= le-3 | 1.8e-1 4.8e-2 3.5e-2 1.0e+0 4.0e-2 4.0e-2

o= le-2 | 2.3e-1 1.8e-1 1.4e-1 9.9e-1 2.7e-1 2.7e-1

o= le-1 | 7.3e-1 7.1le-1 6.2e-1 6.5e-1 7.1le-1 5.3e-1

o= 1le+0 | 9.6e-1 9.5e-1 9.5e-1 8.9e-1 9.0e-1 8.1e-1
|shaw‘ ti khonov (f)rlsgep ttls rtlseigl rtlseig2 (f)rtlsqgep

o= le-4 | 1.8e-3 2.8e-3 2.0e-4 4.3e-1 3.6e-3 3.6e-3

o= le-3 | 7.9e-2 1.6e-2 4.2e-3 3.5e-1 3.9e-2 3.9e-2

o= le-2 | 1.6e-1 7.3e-2 3.9e-2 1.7e-1 1.6e-1 1.5e-1

o= le-1 | 9.3e-1 8.9e-1 9.4e-1 7.0e-1 7.4e-1 6.7e-1

o= le+0 | 9.6e-1 9.4e-1 9.6e-1 7.3e-1 7.8e-1 7.0e-1
|deriv2| ti khonov (f)rlsgep ttls rtlseigl rtlseig2 (f)rtlsqgep

o= le-4 | 1.2e-4 7.5e-5 5.5e-2 3.2e-1 8.3e-5 8.9e-5

o= le-3 | 3.2e4 3.2e-4 5.5e-2 3.2e-1 3.7e-4 3.8e-4

o= le-2 | 3.5e-3 4.4e-3 6.1e-2 3.2e-1 2.7e-3 2.7e-3

o= le-1 | 2.0e-1 5.8e-2 1.9e-1 3.2e-1 2.2e-2 2.2e-2

o= le+0 | 7.9e-1 7.6e-1 6.4e-1 2.8e-1 6.3e-1 2.3e-1
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accurate results (or as accurate as the other solvers) foy ofathe experiments. For
the iterative RTLS methodst | sei g1,rt| sqep andf rt | sgep, random starting vec-
tors were used for each one of the problems. Forthlesei g method in [53], starting
from the same random vector gave bad results (as shown irothme corresponding to
rtl sei gl); nevertheless, using the regularized least squares@olyiven byf r | sqep
as starting vector improved the results of the same solvemw(s in ther t | sei g2 col-
umn).

In Table 3.6, average timings and number of iterations foeis problem dimen-
sions are reported. Two representative examples from tigell®ézation Tools are used
for this purposebaart , which is a severely ill-posed problem, addr i v2, which is a
mildly ill-posed problem.

In order to have a fair comparison, the same starting veciotize same termination
criterion were used for all implementations. Namely, thgahvector was set to the regu-
larized least squares solution, and the convergence testjwa® — x<|| /[|X|| < le- 4.

Forrtl sei g2, each iteration involves solving anx n linear system, requiring,
in general,0'(n®) operations (o (n?), if A andL are first transformed via generalized
singular value decomposition; however, this preprocgssinf cubic complexity).

Ther t | sgep implementation solves at each iteration a quadratic eigdxem via
linearization. The total number of matrix-vector produeith matrix W in (3.25) is also
shown. This implementation is in general the fastest amavalsolving large problems. We
explain whyr t | sqep is faster tharf r t | sgep by the fact that the former uses gs,
which calls the Fortran-written ARPACK library, while thatter is entirely implemented
in Matlab code’

Results in Table 3.6 are obtained withset to then x n approximation matrix for
the first order derivative operator. In this situation, oalees advantage of the fact that the
number offlopsfor solving a system with. is linear inn. Therefore, each matrix-vector
product withw = L=TB L~ is of order&’(2mn-+ 3n) operations.

Note that for bothrt | sgep andfrtl sqep, a very small number of iterations
(under 5, which means that at most 5 quadratic eigenvaluglgars were solved) is re-
quired for each example, regardless of the fact that one jgbeaim severly ill-posed and
the other is mildly ill-posed. Moreover, for various profisizes, almost the same number
of matrix-vector products were performed (for thel sgep approach). This humber is
actually linked to the convergence of the Arnoldi method PARK'’s ei gs) and shows a
stability of the number of Arnoldi steps with respect to gesb dimensions.

3.4.3 Comparison with newer RTLS methods

In what concerns the comparison of RTLSQEP with the newehaust from [103] and [7],
described, respectively, in 83.2.3 and §3.2.4, we summaeze the results reported by the
authors of [103] and [7].

The simulations in [103] are favorable to the alternatiegdtion algorithm 3.2 when
compared to RTLSQEP. However, we note a detail in the sinamatcenario that makes
RTLSQEP to produce bias results. The quadratic constraogen for RTLSQEP was:=

5We would like to thank Ren-Cang Li and Qiang Ye for providitng tMatlab code of their fast quadratic
eigenvalue problem method.
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Table 3.6. Average timings in two example problems — one severly gkedoproblem
(baart) and one mildly ill-posed problendéri v2), for several RTLS methods, and
for various problem dimensions. ‘Iter’ = number of iteratis; ‘CPU’ = CPU time (in sec-
onds); ‘W x v’ = number of matrix-vector products (with matrix W); ‘—' detes problems
that were not solved in comparable time 80 min).

rtlseig2 rtlsqgep frtlsqgep
| baart] lter ~ CPU | lter CPU Wxv | lter CPU
m=n n=50 | 4068 062 | 40 017 135 | 40 0.5
m=2n n=50 || 241.7 041 | 41 018 140 | 41 0.7
m=n n=500 | 777.0 364.67| 40 156 135 | 40 19.00
m=2n  n=500 - - |40 314 135 | 40 1953
m=2n n=1000| - - |40 1817 135 - -
m=2n n=2500| - - |40 10821 135 - -
m=n n=5000| - - |40 13277 135 - -
m=2n  n=5000| - - |40 28527 135 - -
| deriv2| lter  CPU | lter CPU Wxv | Iter CPU
m=n n=50 359 006 | 40 014 135 | 41 0.6
m=2n n=50 230 004 | 40 015 135 | 40 0.15
m=n n=500 || 343 1918 | 40 138 135 | 40 18.30
m=2n n=500 || 346 2003 | 43 326 148 | 40 18.86
m=2n n=1000| - - |40 1503 135| - -
m=2n  n=2500| - - |40 10510 135 - -

0.9||Lx"™€||, (remember that in our simulations we chase= ||Lx"€||,, which makes it
reasonable to compare, then, the solu8fwith x"¢). The alternating iteration algorithm
was used without a strict equality constraint, and gaveebatpproximations of the true
solution.

The extensive experiments in [7] show that RTLSQEP givestidal results with the
RTLSC algorithm 3.3. This sustains the fact that RTLSQEB fitgls the global optimum,
although our theory in [117] or §3.2.2 only proves local cengence.

3.4.4 Comparison with optimization solvers

The RTLS methods discussed in §3.2 are, in fact, method®feing a quadratically con-
strained nonconvex optimization problem. Numerical ekpents confirm that classical
optimization methods seem not as suited for the RTLS problethe tailored RTLS meth-
ods described herein. For the quasi-Newton method (fumétid ncon from Matlab),
a very good initial approximation must be used in order toeheanvergence. Decreas-
ing the default tolerance values (even with a ‘good’ initiactor) has also the effect of
non-convergence (after 1@erations).

In Table 3.7, the average over 200 random simulations oftfectve function value
f(-) is reported for several examples and methods. For referéimedunctionf is also
evaluated in the exact solutiof“® (which is the exact solution of the unperturbed example
systemAUetue — pirie and not the optimal solution of the RTLS problem!). The wvect
x"U® is actually used as the initial approximation fomi ncon. Note that the solution
provided byf m ncon improves just a little bit the value at the initial approxitioa. In



62 Chapter 3. Regularized total least squares

Table 3.7. Average of the function value in 200 random simulations<@200, n = 20,
o = 0.001). f(x'""®) is given just for reference.

ilapl ace baart shaw deriv2
f(xTUe) 1.983e-4 2.005e-4 2.003e-4 2.018e-4
f(xTtTseragz) 1.932e-4 1.902-4 1.944-4 1.936e-4
f(XTTTsqep) 1.90e-4 1.902-4 1.944-4 1.932-4
f(xT M ncom) 1.961e-4 1.991e-4 1.982e-4 1.983e-4

Table 3.8. Average of the quadratic constraint violation in 200 randsimulations (m=
200, n= 20, o = 0.00)).

ilapl ace baart shaw deriv2
xtrsergz 8.51e-04 1.99e-07 6.47e-09  1.76e-04
Xrtrsgep 3.08e-13 1.58e-13  2.24e-17 4.30e-14
X' mneon 2.53e-07 2.48e-08 1.88e-08 7.46e-03

contrast, the objective function value at thet | sqep solution is the smallest, for all
examples.

Another remark on the RTLSQEP method is that the quadratistcaint||Lx||3 = 62
is preserved at each iteration (at least in exact arithinéticTable 3.8, the constraint viola-
tion |||Lx||5 — &2 is averaged in 200 simulations for the RTLS solutions comegisty three
methods (t | sei g2, frtl sgep, andf m ncon, the latter with initial approximation
x'®) - Again,f r t | sgep is much more accurate than the other two solvers. The rdsults
this section show the good numerical performances of theSRQEP algorithm as a spe-
cialized nonlinear optimization solver. In practice, hoee the merit that the constraint
is satisfied with high accuracy is not so important, becahegarameted might not be
known exactly.

3.4.5 Importance of the starting vector

The implementations of the RTLS method using either the @SP solver [80] or the
Arnoldi method for the linearized eigenvalue problem aréegrobust with respect to the
chosen starting vector. For many of the problems, there ise®sal to seek for a certain
initial vector, because random vectors satisfy the comdlitequired for convergence of the
method. To a certain extent, the convergence depends atbe pnoblem dimensions€.,
square or rectangular) and on the noise level. In Table 8@gptages of ‘good’ solutions
for the test problem | apl ace using the solvef r t | sqep are shown. The tolerances to
which the relative errors were compared are also shown.

3.5 Conclusions

From both theoretical and practical points of view, the tagred total least squares prob-
lem is a necessary extension of the regularized least sgjf@raulation. At present, there
are several proposed methods for solving the RTLS problarthi$ chapter, we surveyed
them in the chronological order of publishing. At the begmg the problem was analyzed
more from the computational point of view, and it took a fevasgeuntil it was shown that
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Table 3.9. (a) Percentage of rt| sgep solutions close to (within a given tolerance)
the exact solution in examplel apl ace with n= 30, for several noise levels and
dimensions m, in 1000 runs with different random startingg@esr and(n, 1) .

(b) Tolerances for the relative errors betwefent | sqep solutions and the exact solution.

o\m[ 1 5 10 20 [o\T] 1 5 10 20
001 | 100% 99.9% 98.5% 96.69 001 | 5e4 1led 1led 5e4§
@| 01 | 100% 99.5% 98.1% 96.8% (b)] 0.1 | 5e-4 1le-d 1led le-
1 0%  99.7% 98.8%  96.1% 1 | 1et0 5e2 5e3 5e4
2 0%  995% 99.1%  96.6% 2 | 1let0 5e2 le2 leg

what was thought to be a complicated nonconvex optimizatioblem can be equivalently
solved with optimization techniques that are guaranteeddoh the global minimum.

We spent more details to explain our own RTLSQEP method, lwimeolves solv-
ing iteratively quadratic eigenvalue problems. An advgats that either standard or fast
methods can be used for solving the specific QEPs. All opti@re numerically tested and
validated in Matlab implementations of the method. Densblems with dimensions up to
several thousands of rows and columns could be solved usingroldi method applied
to the linearized QEPs. An important remark drawn from nucaéexperiments is that the
RTLSQEP method isobust the initial vector of the iterative algorithm can be araitly
chosen in most of the cases. This remark has, in fact, a $@iretical ground, in view
of the analysis in [7]. The RTLSQEP method is equivalent todhe-scalar minimization
problem of [7] (see §3.2.4).

The drawback of most of these methods is that they requireact specification of
the constraint parametéror of the regularization parametgr In real-life problems, such
a parameter is rarelgt priori available, therefore it should be estimated from given data
using, for instance, cross validation. Discussion aroupiihtal choices of regularized
models is the topic of the next chapter, where we focus oantitin on both truncation and
penalty regularization techniques for the total least segiproblem.



64

Chapter 3. Regularized total least squares




Chapter 4

Model selection for
regularized
errors-in-variables linear
systems

In the context of errors-in-variables ill-conditionedder models, regularization techniques
where a hyperparameter is present, are often employed.idrchiapter it is shown that
the error function used by the model selection criteria flooasing a good regulariza-
tion/truncation parameter must be based ongiaeeralization erroinstead of thepredic-
tion error, which is used in ordinary linear regression. This obséradeads to new model
selection criteria that are based on orthogonal distarfeessthe case of the cross valida-
tion method, a consistency theorem is also proven. We disoeslel selection methods in
the context of choosing a truncation level for truncatedlti®ast squares and choosing a
regularization parameter for regularized total least segpidNumerical experiments sustain
the superiority of the generalization error approachesimparison with classical methods
for selecting regularization parameters.

4.1 Introduction
We consider again the slightly incompatible ill-conditgghlinear system,
Ax~ Db, AcR™" beR™ xeR"

When a certain regularization method (either truncationesraity-based) is used for this
problem, we need methods for choosing a good hyperparaiftetacation level or regu-
larization parameter, respectively). These selectiorhout should be based on the goal
that the regularized solution is an appropriate solutioméo= b, but the size of the penalty
term ||Lx||% or the complexity of the model are also kept under control.

In this chapter, new techniques for hyperparameter seledti the context of the
errors-in-variables model are proposed. They are baseteonlassical model selection
criteria. Section 4.2 highlights that classical criteraséd on grediction errorloss func-
tion are not appropriate for errors-in-variables modetstdad, modified criteria based on
ageneralization errofoss function are proposed. It is then proven that the latigzrion
can be defined based on orthogonal distances.

For the simple case of the cross validation criterion, wev@rim Section 4.3 an
important property, similar to the consistency propertyhaf total least squares solution.

65
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That is: for a growing degree of overdetermination.(mincreasingly large) this criterion
provides a consistent estimator of thest regularized solutian

Section 4.4 is devoted to discussing methods for truncddiesl selection, whereas
Section 4.5 proposes methods for choosing the regulasizgirameter in RTLS.

4.2 Loss function for errors-in-variables linear
models

In this section, it will be assumed that the linear model getireg the incompatible system
Ax ~ b is an errors-in-variables model Specifically, it is assumed that there exists an
exact linear relatiorA’” = b° and thatA andb are perturbed measurementsASfand
b0, A= A%+ A, b= b°+b; moreover, the elements o& b] are independent, identically
distributed, with zero mean.

The case of interest is wheif is ill-conditioned, and the noisy data matex(al-
though it isbetter conditionedhan A) is also ill-conditioned, with no significant gap in
the singular values.

4.2.1 Prediction error vs. generalization error

Let [A b] be noisy measured data from an errors-in-variables modakledX be an ar-
bitrary estimator ok®. In this context, it is important to make a distinction betwere-
diction andgeneralization errorsLet [C d] denote a row (or several rows) of measured
data from the same errors-in-variables model. In the comteprediction, the estimatoc

is used to computd := CX, which is a predicted value fat.

Definition 4.1. ||d — dAH% is called the prediction error.

Let Ad := d —d. Due to noise in[C d] it is probable thaCX = d is not readily
satisfied. Using\d, a compatible system is constructed:

CX=d+Ad.

Note that this system corrects only the right-hand side redsethe noisy matri€ remains
unaltered. A redundant way of definidgl is via the trivial (feasible set is a singleton)
optimization problem:

min |Ad||3  subject taCx=d+Ad.

This optimization problem is introduced for comparisonhatihe following similar prob-
lem, which is related to thgeneralizatiorerror:

min | [AC Ad]|2  subjectto(C+AC)Xx=d-+Ad. (4.1)

In words, the optimal solution of problem (4.1) consists fed smallest corrections that
must be added t{i? d} in order to make the equati@x ~ d compatible. Let[Ef: AAd}
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be the optimal solution of (4.1) and defife= C+AC andd := d +Ad. ThenCx=d is
satisfied.

Definition 4.2. || [C  d] — {6 (ﬂ |2 is called the generalization error.

4.2.2 Model selection based on prediction or generalizatio n
error

The model selection criteria in §1.3 use a certain errortfanc? in order to assess the
performance of the regularized models. Applied to the srioivariables context, two
error functions are compared in the following. They are Hasethe prediction error and
the generalization error, respectively.

Definition 4.3. The prediction error function is defined as
2PedR [C d]) = cx-d|3;
the generalization error function is

29z d))— ISl
XI5 +1

The justification of the previous definition is straightf@ma in the case ofZPred:
for 98N it is clarified by the following lemma (see also [132, ThnB]R.

Lemma 4.4.The optimal solution of the optimization problem (4.1) igegi by

— Cx—d)x" —~ CxX-—d
ao- (GXdx gy Cxmd 4.2)
XI5 +1 X5 +1
and the optimal value of the generalization error is the suiroidhogonal distances,
ICx—d|3
%13 +1

Proof. Defining the Lagrangian of (4.1) as
L(AC,Ad,v) = || [AC  Ad][|E +2v' ((C+AC)X—d —Ad)

(with v - the vector of Lagrange multipliers), the formulas (4.2 aasily derived from the
first order optimality conditions:

AC=—k', Ad=v, (CH+AC)X=d+Ad.

O
The two error functionsZP®d and_#9€N lead to different definitions of the model selec-
tion criteria introduced in §1.3. In particular, if we letdenote the regularization parameter



68 Chapter 4. Model selection for regularized errors-in-variables systems

(or truncation level) that characterizéss a regularized model depending bnthen we
can write the following two cross validation functions:

c S [|A%1,(A) by 3

pred :} 2 A —h 112 gen yy _ 1 (A X 1112

cv (A) CJ:1||AIJX—|1(A) leH2> cv (/\) Cjzl ||?7|1(A)||2+1 s
(4.3)
where, as in 81.3{l4,...,Ic} is a partition of the set of indicegl, ..., m} into c disjoint

sets, and\.j, b|j denote the rows corresponding to indicesl;jlnk.j, b,|j denote the rows
corresponding to indices i, ..., m}\Ij, andx_;(A) is a regularized solution computed
only with the dateA_;, b_;.

Note thatCVP™®d s identical to the functio€Vk, s in (1.11) on page 12.

4.2.3 Optimal regularization parameter

It should be noted at this point that, depending on the defindf a regularized modéiA )
(which meanse.g, X(A) :==x"(A) = (ATA+AL"L) AT bin the Tikhonov regularization
case), there may be several definitions of the “optimal” ledzed model (or, respectively,
optimal regularization paramet@). For the numerical experiments in 84.3.3, the optimal
A was defined as the minimizer (%(A ) — x°| 2. Another choice might be, for instance, the
minimizer of the angle betweetiA ) andx’.

Assuming that minimizingX(A ) — x°||2 is a good criterion for obtaining a meaning-
ful solution, letA°Pt be the optimal regularization parameter. (Note th2 can be com-
puted effectivelyonly in simulation examples, whedf is known.) Clearly, any method for
choosingA cannot give a better regularized solution under this ¢ater Therefore, the
aimis to find aA that gives arX(A) as close tX(A°P!) as possible.

4.3 Consistent cross validation based on the
generalization error

4.3.1 Consistency theorem

In the case of the cross validation method, we prove an istiege consistency result. It
shows that it is appropriate to use the criterion of minimizCV9e", instead ofc\VPed,
whenever the true model is an errors-in-variables modekofdm 4.9 below is closely
related to the consistency discussion for the least sqaa$otal least squares solutions
[132, Chapter 8.

Let [A  b] € R™ (™) pe noisy data from an errors-in-variables model, for which
[A b] =[A° b°]+[A b, with all elements in[A b] independent identically dis-
tributed, with zero mean and varianee, and assume there exist8 € R" such that
A%0 = 0. As before, consider a partition of the set of indi¢és. .., m} into ¢ disjoint sets
{l1,...,l¢}, each of sizep. (This implies the conditiom = pc, which is not a necessary
restriction, but it is used to simplify notation.)

Before presenting the actual theorem, we state a couplexdfeay results. For the
first auxiliary result, the definition of the cross validatitunction for an arbitrary error
function.Z must be contrasted with the definition of tbenditional riskfunction [26]:



4.3. Consistent cross validation 69

Definition 4.5.

i. The cross validation function is

CV(A) =

OlkR
o

g(?_”(/\%[A“ b|j]); (4.4)
1

J

the optimal cross validation parameter is denotediby argminCV(A).

ii. The conditional risk function is

V(A) =

Ol

Jilg[é d] [g(g(\—lj(A)y [A|OJ +C b|0j +d~} )} , (4.5)

wheredjs 5 denotes the expectation taken with respect to the commaityléumc-
tion of the elements c{f: dA] € RP*" which have the same characteristics as the
noise[A B] ; the optimal conditional risk parameter is denoteddy: arg mim7(/\ ).

Note that the two formulations differ in the fact that thesg@alidation function uses
aparticular noise realizatiofA;, by;] that is added to the true dat&, o |, whereas/
takes the expectation of any possible added noiéds uncomputable (since the exact
[AO bo] is unknown), but it is used in the proof, because of the falhgyproperty proven
(in a different context and for a different purpose, howguef26]:

Lemma 4.6.Under certain assumptions (see [26, Thm. §]),

lim V(A) =V ()| =0.

mM—o0

In other words, the cross validation paramé&t(n asymptotically optimal fov . This
will allow to replace (at the limim — oo, i.e.,, when the row dimension of the data matrix
[A b] grows to infinity) the minimization o with the minimization ofV, in order to
prove the properties of the cross validation parameter.

Another replacement that may be done in the limitds;; (A) by X(A ), wherex(A )
is computed from all thenrows of the given dataA b].

Lemma 4.7.If

. Umin(ATA) .
lim ————~ =0, Vje{l,...,c}, 4.6
o, e ) et 1 (4.6)

thenlimm e |[R(A) — %, (A)[2=0, Vje{L...,c}.

5The technical assumptions are not listed here, to save spaueng these assumptions, the most trouble-
some is that [26] allows only a finite number of models to selemtfr In the present context, this is fine for
choosing truncation levels, but for regularization pararseit implies thaA should be constrained to belong to
a discrete set.
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We show the proof in the case of Tikhonov solutions. It fokkofrom the expansion

%1;(A) = (ATA= AL A +ALTL) Y (ATb— A b))
=X(A)+ (ATAFALTL) AL (A X1 (A) —byy),

max Al

by bounding from above the norfix(A) —X_; (A )||2 with a term proportional t 002_ (<A")).

From (4.6), this ratio goes to zero asgoes to infinity. "
The last auxiliary result is:

Lemma 4.8.1fC =C%+C € RP*"and d=d°+d € RP, and all elements ofC d] are
i.i.d., have zero mean and variancg, then, for any x R",

éi¢ g [ICx—d|[3] = IC%—d°|Z + po?([|x|Z +1). (4.7)

This follows clearly:
& [ICx—d|I3] = [IC%%—d°|3+ & [IICx—dl3] = [IC%—d°|3 + po?(||x|3 +1).

The consistency theorem is:

Theorem 4.9. Let AP®d and A98N e the minimizers of the cross validation functions
CVPred and C\EeN respectively, and Iex°Pt be the optimal regularization parametée.,
the minimizer of|X(A) — x°||. If

. . Omin(ATA) .
| in(ATA) = d o lim 2 2 % 1,... 4.8
|mooam|n( ) OO’ an Imoo amax(AIj) 00, ] 6{ 9 7C}7 ( )
and
oTAo
3 lim = F e R™", (4.9)
m—oo

then, as m— oo,

a. |[X(APred) _g(AoPY |1, is asymptotically biased away from zero;

b. [|X(A9EM —x(A°PH |, — 0.

Proof. Proof of point a: From Lemma 4.6, the optimalP™d can be obtained (when
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m — o0) by minimizingVP™ed. This is written as
sypred 0
mAmVp (A) = m|n Zéa[cd [H( ' +C)%_i (A) — (b},
i L 0 02 201190 X\ (12
~min ];[ml,.xm—bljﬁpo (IxM)I3+] @10
1 0e 2 -
=min= |A%(A) — BP||5 + po?(J|R(A)||5+ 1)

AQ [
[\/m02|n] ?()\)—[ 0 ]
0

mo2

2

1 .
= —min 4.11
cm (4.11)

2

Line (4.10) follows from Lemma 4.8, but the approximatiogrsis used because ; is
replaced byX(A) (Lemma 4.7). The minimization (4.11) is a constrained leagtares
problem (the constraint being represented by the parainatien X(A)). In the uncon-
strained situationife., X(A) replaced by a free) the least squares solution is given by

xS — (A0T A0 4 ma21,)~2A% " b?, which is a biased estimator &f. It is easy to show that
the solutiork(APed) of (4.11) equals also

[\/—hl (> —X(A))

As m— oo, the second term in this function becomes dominant and iié@mghatx(A Pred)

2
argn mln

= argmin{[|4° (67 () -+ mo? [ - XA}

-1
will tend to be as close as possiblex. Note thatxtS = x0 + <A0 A 4 g2l > X0
therefore, asn— oo, AP"€dis the minimizer of
IX(A) = %62 [|2 = [K(A) =x° = (F + 0%In) x| 2
with F defined in (4.9).
On the other hand, we have thet as the solution of the minimization ¢&(A) —
x9||. It follows thatA°Pt cannot be, at the limit, equal P9 and the bias between the

prediction error model and the optimal regularized modétésefore proven.
Proof of point b:Lemmas 4.6—4.8 help writing the minimization\6¥¢"as
1[|A%%(A)

min——”2+pa — min—”AOi()\)_bOH%
Ac x5 +1 AR5+

In the unconstrained casgQ ) replaced by a free), this problem is a trivial (noiseless)
TLS problem, which yields the exact solutiah In the singular value decomposition of
[AO bo], the largesn singular values go to infinity in the limit (see (4.8)); theadhast

{fol] - This implies that the

optimal solution(A 98" should be as close as possibledto From the definition oft °P,
it follows limm_.c [|X(A 9 — X(A°PY||, = 0. O

one is 0 and corresponds to the right singular ve%?_@lr}
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4.3.2 Computational properties

In what follows, the cross validation function based ongheeralization erroyCVIeT(2 ),
will be denoted byCV(A ) and will be referred to as the “new cross validation” funistio

From a computational point of view, the minimization@f (A ) might pose problems
sometimes, such as multiple local minima or a global minimatn®. Nevertheless, our
examples show that this behavior is less frequent than ircdéise when we use criteria
based on the prediction error, such as the classical gérestaiross validation function,
applied to errors-in-variables problems.

Comparison between partitioning methods

In a statistical framework for the cross validation methbdye are several established ways
of choosing the partition. Among them: leave-one-out CVpM (or leave-many-out) CV,
Monte-Carlo CV, bootstrap CV. Here not all these methodsheilconsidered; we refer to
[26] for recent results on an unified methodology for crodlasion.

The way in which the partition is designed might be influenbgdnowledge of the
problem at hand. In general, choosing the partition inv@kiso abias-variance trade-off

In the following, two extreme partitioning cases will be dséhe leave-one-out and
the 2-fold cross validation; they will be denoted b O and2-fold partitions.

The leave-one-out cross validation is the most general ¢ssical) choice; it uses
singleton subsetd; = {j}, for any indexj. This method might be too computationally
expensive and it might suffer from over-fitting.

The other simple choice, in the other “extreme”, is to spié tata only in two parts.
For instanced; = {1,3,5,...}, 1, = {2,4,6,...} proves to be an excellent and cheap choice
when the data comes from a continuous problem.

4.3.3 Numerical illustration of the consistent cross valid ation

The numerical examples in this section are using ill-posaiblpms from the Regular-
ization Tools [57] Each test problem provides the exact dgdd b°] as well as exact
solutionx®. For several noise levets, white noise is added to the exact data as:

N [
B el

where the matrixE and the vectoe have independent normally distributed random ele-
ments with zero mean and variance 1. The regularizationixrais set to the approxima-
tion of the first order derivative operatdr,c R(™1Y*" which is a bidiagonal matrix with
-1 on the diagonal and 1 on the first superdiagonal.

The “new cross validation” method for errors-in-variabtesdels (that is, the mini-
mization ofCV9€A) from (4.3)) is compared with two of the most popular reguation
parameter selection methods: L-curve and generalized gadslation (both implemented
in the Regularization Tools [57]). The chosen regular@atnethod that we use on these
problems is Tikhonov regularization (in the least squanesthe total least squares sense).

A=A+ oE

“Some of the problems are modified in order to construct rectangiaita matrices instead of only square
ones.
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Table 4.1. Comparison of average relative errors between TikhonguHarized solutions
and exact solution%(||x™ —x°|| /[|x°||) for three methods for computing the regularization
parameter. Several problems from the Regularization Tazdsh with 100 noisy realiza-
tions (with noise levetr = 0.1), are used.

Problem m, n L-curve GCV new CV
i laplace | [100 20 | 0.089 0.420 0.058
baart [100,20] | 0.433 0.304 0.385
shaw [40, 40 1.038 0.659 0.496

phillips | [40, 40 0.120 0.408 0.197
f oxgood [40, 40 1.354 0.473 0.172
deriv2 (100 20] | 0.165 0.378 0.147
regutm [100,20) | 0.431 0.517 0.420

Note that the L-curve and GCV implementations are desigoedikhonov regulariza-
tion of the least squares problem, and they do not assumettgaalso noisy. Results
are reported in Table 4.1. It can be noted that the relativ@®obtained with the new
cross validation method are comparable with, and usualbllenthan, those for the other
methods.

Another experiment illustrates tlmnsistencyroperty of the new cross validation
criterion. Random problems of growing size are used. The matri® is generated
with the functionr egut mfrom the Regularization Tools; thus? is ill-conditioned, with
exponentially decaying singular values, and random (ledt @ght) singular vectors. The

exact solution is set &0 = ((%)2, (%)27..., (2)2) andb? is computed ag® = A%O.

White noise is added tpA°  b°] in order to obtairfA b|; 100 different noise realizations
are then used to compute average relative errors.

Figure 4.1 shows the behavior of the average relative eofatesned with three meth-
ods for computing the regularization parameter. For refegethe best possible error (ob-
tained for theA that minimizes||x"(A) —x0||2) is shown. The experiment demonstrates
that with increasingn the new cross validation estimator performs better an@&hethile
the other estimators don’t have this consistency property.

4.4 Methods for choosing truncation levels

In this section, we discuss several methods for choosingtineation level. For the trun-
cated SVD formulation, many classical model selection w@share easily adapted. Our
contribution is to specialize some of the classical mettiodsuncation parameter selec-
tion to the other classes of SCTLS problems; in particularfazus on the TLS formulation.

In the following, we denote b¥rsypk the truncated SVD solution of the problem
Ax = b with truncation levek, and byXyt_sk the truncated TLS solution with truncation
levelk. (See §2.2.2.) Thesedimensional vectors satisfy exactly the following trutech
systems:

~ Wi ~ N
AXrsvpk = by, AXrTLS K = b,
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Figure 4.1. Average relative errors between Tikhonov-regularizeditohs and exact so-
lution X2 when the regularization parameter is computed using therve; the generalized
cross validation criterion, the new cross validation for@s-in-variables and theptimal
regularization parameter. The latter is computed by mizing the Euclidean distance be-
tween the regularized solution and the exact solutinAdl values are scaled by dividing
to the corresponding minimal average relative error (thartb bar). This means that the
bars that approach the value 1 indicate nearly optimal regizied solution.

whereb], := U/U;"b (the m x k matrix U, contains the firsk left singular vectors of),
and [Bk ﬂk} is a certain rank approximation ofb  A].

Let ri be the residual error obtained for the truncation ldveThe expression afi
depends on the formulation that we use:

reS = ||b—bj|2, forthe LS case,
o= A= Al

Another variable of interest ¥ — the total number of elements [b A] that are assumed
noisy,

, forthe TLS case.

NS =m, forthe LS case,
NS =m(n+1), forthe TLS case.

Computing the residual errog is needed in all model selection methods. For the LS
case, this is straightforward. We focus now on the TLS caseesve did not yet specify
whatAy andby are.

We assume that the truncated solutigf_s k is computed using the partial reduction

to a core problem, as described in Chapter 2, Algorithm ZszT[Bk ,&k} is not nec-
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essarily the best rankapproximation of[b A] This happens in the case when some of
the largesk singular values of are multiple or wheib is orthogonal onto some of the left
singular subspaces 8f Consider the truncated core reduction (see (2.2) on page 29

ok A =Pk b AQ (4.12)

with [b AK€ RI*Dx(4D) andpk e RM<(+1) QK € R™K having orthonormal columns;
let (u”, 0”,V") be the smallest (that is, the+ 1% singular triplet of[b¥  AX;]. Then we
have [95]

b Al =[b A-PUwaVi[-1 Sns,

whereV] is the first element of the vectuaf. Itis not difficult to reformulate this expression
and to obtain the corrections in their typical formula (4a8)

(Arrisk—b) [-1 Srrisyl
|Xrriskl?+1

b AJ=[b A-
The proof involves the relation (4.12) and point (c) of thidi@ing lemma:

Lemma 4.10.The core problem yy ~ b with optimal TLS solution!x and the smallest
singular triplet of [b¥  AX,], denoted byu”, o”,v"), satisfy:

A5 — b3 :
@ Fir = O KE=4)
112

AR T Ak kK
_ u//a//\/l/ (d) 11 |§(kﬁ;):1_ 1 1) — _(0//)2(\/]{)2)(5
1112

(Alilxifblf)
X513+ 1

(©)

Moreover, the n-dimensional vectofr sk is linked to the k—dimensionaf by the relation:
Xrrisk = QXS
If the reduction in (4.12) is a partial bidiagonalizatioheh we have a way of computing

the residual norm efficiently at each bidiagonalizatiompstehe following identity can be
used:

7=l A-[B AJ[ = AE-I[Be AL+

where[b AK] = [Bier  AY] is the bidiagonal matrix obtained aftesteps. This iden-
tity is proven in [33].

We discuss next how the model selection methods from Chapg.3, can be used
in the context of choosing a truncation level in TSVD or TTLS.



76 Chapter 4. Model selection for regularized errors-in-variables systems

The discrepancy principle

This method requires knowledge about the statistical ptigseof the noise that perturbs
the data. Specifically, let’s assume that the noise is iiith zero mean and varian@.
The norm of the residual error is computed for the candidatecation levelk and the
following criterion is monitored:

min| ri||2— %]

thus, ak is sought that provides a residual error of the same magniéisdhe noise in the
data.

The L-curve

The norm of the truncated solutidfx||2 is plotted against the residual error norgin
log-log scale for variou&’s, and thecornerin log-log scale is chosen. A version of the
rotated L-curvg102] can also be designed.

Generalized cross validation

Generalized cross validation can be written as

2

min M, (4.13)
< (N=BT)
where theeffective number of parameterﬁﬁp's the trace of the generalized information
matrix (see §1.3.3 and the Appendix A.1), which is the deirresof the reconstructed data
model with respect to the noisy data.

Inthe LS case onlybis considered noisy; therefore, the generalized influerateixn
shows how perturbations in the measured outpate reflected as perturbations in the
recomputed moded, . It becomes

S ab, UL’ T

s (k)_%_T_UkUk :
giving the obvious statement thaf = Tr(UéUliT) = k. Indeed, in a linear regression
model, the number of effective parameters is exactly thebmrraffreemodel parameters.
This is easily explained in terms of the truncated core mobés follows: in truncated
SVD, the core problem has sizk+ 1) x k; we need to solve it in least squares sense and
we obtain &-dimensional solution vecto«‘{. The final solutiorkrsypk, though of length
n, is obtained directly fronxX by multiplication with an orthogonal transformation matri
(which does not depend dn). Thus, the number of effective parameterk.is

We recover the GCV criterion as the minimization with regged of the function:

_ IAxrsvox—bl? _ [I(1 =Y bl? _ (r5)?
m—k m—k m—k’

GCVTSVD ( k)

This criterion is well-known, and implemented, for instanio the Regularization Tools [57].
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In the TLS case A andb are both considered noisy. The residual error norm in this
case is given by

”‘ ||A%rTLs K —blI3

==|o A-[5
[Krriskll+1

Due to the nonlinearity (ikrLs)) of this expression, we need to use the nonlin-
ear generalized influence matrix definition [89] (see alsm&& 5 on page 13 and Ap-
pendix A.1), which in our case becomes the Jacobian of thmastd model vefm, A]
with respect to the noisy data vz Al. Itis, thus, aimm(n+ 1) x m(n-+ 1) matrix.

We prove in Appendix A.1 that, if this direct differentiatias not easy, it is possi-
ble to compute the influence matrix using partial derivativwéth respect to some auxil-
iary model parameter, say a vector Then, the influence matrix is written &-S(k) =
JH-1J7, whereH is the Hessian of the objective functionyri.e., the loss function that
should be minimized in order to obtain optimal model parar®t andl is the derivative
of the final “model” with respect to the model parameter

In the truncated core problem with truncation lekialve solve the core systeAflym
bX in TLS sense (see §2.3.2). This means that we minimize therion: ||AX,y —b||2/
(|lyl[? + 1) with respect toy. The optimal solution foy is denoted by&. Therefore, we
choose as auxiliary variable tlikedimensional vectoy, and we evaluate the Hessian at its

minimizerx';. J is the derivative of the final mod%ﬁk ,&k} with respect toy, computed
also at. Thus,
SS(K) = JH 1T

PO 2 k -t ~
- diyvec[bk Al ’y%(dy(j?yT Hﬁll;l)llﬁblz‘yxg) %Vec[b" Akr’y:xg'

Let us first computéd:

Kk pki2 k T/ ak Kok T Ko ak ok pky T ak Kk pkp2
= 2 (AT ”An;l*bl”z e 1X1 b Xl(AnXI%*bl) Al ”Anerbl”z k).
K31 I 13+1 IX)13-+1 ¥ 3+1 (X 13+1)2

The relations given in Lemma 4.10 help simplifying this eeggion and make the compu-
tation of S'-S(k) efficient. The matrixd becomes:

H = 2042 (A, Ay = (0721 8(0" ()2 ).

In the case we used a bidiagonalization methtds a small k x K) tridiagonal plus rank-
one matrix. Its inversion is easy! Note that the inversetexisdeedA'{lTA'il— (0”2l is
positive definite, because”’ < amm(Afl) (because the truncated core problem has unique
generic solution).
Now, we compute then(n+ 1) x k matrix J:
0 ~ 7}
J= —vec[ } ’ = —vec( b Al — P 0"V [ T kTD ‘
ay el Al = gyveelle AR Py
- o ... O m
(Pku"o"v)) @ Q5| mn

k




78 Chapter 4. Model selection for regularized errors-in-variables systems

Remember that our goal was to evaluate the number of eféepavameters, which is the
trace of the influence matrixpf™ = Tr(JH-X") = Tr(3"IH-1). We note thatl"J sim-
plifies even more:

Jy= ((P{‘u”a”\/l’)T(P{(u”a”\/l’)) ® (Q'{TQ'D = (a"V{)?Iy.

Thus, the formula for the effective number of parameterkétituncated core TLS problem
becomes:

1 Ak, Ak A7
P = 5Tr ( (1;,,)211 — I+ 8(v)) X )
Finally, we are able to plug in computable formulas rf@'rs and pﬁ“ into the GCV func-
tion (4.13).

Generalized information criteria

A generalized information criterion is based on the sammetgs that we have already dis-
cussed for GCV: the residual norm and the number of effepivameters. (See again §1.3.4
and Appendix A.2.) For some forms of information criterize {estimated) noise variance
is also required. Note that an estimate for the varianceh@ncase of Gaussian noise) is
N%pﬁﬁrﬁ.
We can write GIC as
. peft
min log(ry) + == (4.14)

k N
For TSVD, the particulap™ is just the numbek of free parameters in the model, and GIC
gives a form of the classical Akaike information criterion,

. . k
min log (||b— AXrsvpk|2) + N

Concluding the model selection techniques for choosing truncatioeléewe emphasize
the fact that in both the truncated SVD and the truncated Tb8lpms we obtained closed-
forms expressions for each of the classical criteria. Fovyrhese are well-known, but
for TTLS these results are new. Their implementation in tbRE software (see §2.4) still
waits for more extensive testing.

4.5 Methods for choosing the regularization
parameter in RTLS

We consider the Tikhonov formulation of the RTLS problem:

min (M +A ||Lx§) ; for a fixed parametek. (4.15)
Xz
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The first order optimality condition for this problem reads

 hil2
ATA+A(HX||§+1)LTL—”AX27b”2I x=ATh. (4.16)
XI5 +1

As we have discussed in Chapter 3, the RTLS problem does wetdi@sed form solution.
Model selection criteria, applied to choosing the regaktion parameter in RTLS, will
not have closed form expressions, either. This means thatder to compare several
regularization parameters, we have to solve several RToBlgms.

A discrepancy principle or an L-curve criterion can be gadiésigned using the
generalization errori.€., the orthogonal distance) as residual measure. We noteathat
L-curve criterion for RTLS was already proposed and sudaégspplied in [103].

In this section, we propose a new technique that is based @wsttiyg a regulariza-
tion parameter of a regularized least squares problem assfiag towards choosing the
regularization parameter in the RTLS problem. Interesgéngugh, we believe that the
2-parameter formulation originally proposed in the firgp@aon RTLS [42] is a better for-
mulation for getting us started on discussing the regudtion parameter selection than the
other methods from Chapter 3. We remind that formulation:

(ATA+ALLTL+ A1) x=ATb, (4.17)
where we can identify the-dependent formulas df. andA; from (4.16):

_|[Ax—b|j3

A=A(X|3+1), and A= .
? X5 +1

(4.18)

Clearly, it is a requirement tha{ andA, are in such a way that the system (4.17) is well-
conditioned. For a fixed, , this implies a restriction oA;:

[Al] < Omin(ATA+ALLTL). (4.19)

Since it can be assumed thfats (nearly) rank-deficient, a sufficient simple conditionds
discard all(A.,Ar) for which |A| < AL g2, (L). We argue that due to the fact thatshould
be relatively small, we can use a criterion for chooslindn the assumption that;, = 0.
Letx(AL,Ar) be the solution of ATA-+ ALLTL — Aj1) x=ATb. For|A| < Opmin(ATA+
ALLTL), note that(ATA+ALLTL — A1) can be seen as a perturbation (with I) of the
matrix (ATA-+A_LTL). From well-known sensitivity results [50, §2.7], one caruzs that

Al
T ATAT AT — A I

[X(AL,0) = x(AL, A || < (AL,0)].

Since|A| < omin(ATA+ALLTL), and assuming a reasonable valugficiA., 0)|| (because
X(AL,0) is a solution of a regularized problem), it is clear tlkéx,0) andX(A.,A,) are
quite close to each other.

By fixing A} = 0, we obtain a simplified framework for regularization paeten se-
lection for RTLS, by using the model selection methods thataell-known for regularized
least squares (Tikhonov regularization). Only one vaeghl, is optimized.
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Algorithm 4.1 Iterative refinement for the RTLS solution.
1A= AN 0 = (ATA+APLTL) AT k— 1

AXL )2

o ket AT Bl 418y,

I

3 X = (ATA+ A ILTL 4 AR 1) TP ATD (cf. (4.17));

4: leaveAf = A1 = AMn unmodified, or updatﬁk—)\k*linxkugJrl
: L L ’ L L HXk71||%—|—l.

5: (stopping criterion) if ||(ATA+AKLTL+AK1)X<—ATb|| < € (¢ is a given tolerance),
then STOP;elsek < k+ 1; go to2:

Suppose thaA[“‘” is the optimal argument that minimizes a certain criteNdn, )
(which can be cross validation, generalized cross vabdaan information criterion, etc).
A few iterations of updating\., A, andx(A_,A;) can improve the approximation of the
RTLS solution, as shown in Algorithm 4.1. Note that an estafar the original regular-
ization parameted is A* = A /(||x*||3+ 1) (where we denote with the corresponding
converged values). In step one can choose between two methods: either Rée:p )\[“i”
unchanged, or update , by taking into account that in (4.16) the coefficient.dfL is of
the formA (x5 +1).

Algorithm 4.1 is in fact a fixed point iteration for computititge RTLS solution, when
the original regularization parametkris — more or less -a priori decided by the value of
the Tikhonov parametey™".

More freedom in the choice @f can be obtained if we use an algorithm in the spirit
of Wahba [136], who proposes the following strategy:

for nonlinear regularization problems that are solvedhiieely, the regulariza-
tion parameter is chosen at each iteration, using a cldsstection method
for the (linearized) subproblems.

Inthe case of RTLS, we propose, to this end, to modify therélyo in [6] (see §3.3).
We remind that it was based on a scalar bisection minimizadibthe function?(a)
(see (3.29) on page 56). Each evaluatioriofor a fixed o involves solving a quadrat-
ically constrained quadratic problem:

min{ | Ax— b2+ Aa|lLx|? : |X||>=a —1}.

A model selection technique can be used in order to find anogpipteA @ for this sub-
problem; then, this should be done at every function evelo& (a), for each new value
of a. The behavior of such a method, as well as efficient computatimethods are still a
matter of future investigation.



4.5. Methods for choosing the regularization parameter in RTLS 81

4.5.1 Numerical results for RTLS
Interval of interest for AL in RTLS

For relatively small values of, the noise inA andb is amplified in a similar manner as
when computing the unregularized LS solution. Exgh , 0) carries its noise amplification
into the value of the model selection criteridiiA, ). Therefore, for too smali.’s, V (AL)
reflects mainly the contribution of the random noise reélira

Figure 4.2 illustrates the shape ¥i{A_) (whenV is the 2-fold cross validation
function) for many noise realizations of thé apl ace problem from the Regularization
Tools [57], with dimensionsn= 100,n = 20. Obviously, one is interested in discarding the

— 1oo|
- .= 2-fold
10°
10"
107"
T —~
—o2b _
~ <
> > °
10° .
107
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= =" - - . 2 =t
107 107 107" 10° 10° 10° 10 10

AL
Figure 4.2. Cross validation functions2¢  Figure 4.3. Comparison betwedrOO and
fold partitioning) for many noise realiza- 2-fold partitions. In the region of interest
tions of the same problem. The right-mostA € (10-2,10%), the two functions are very
minimum occurs around,_ = 1 in all ex- similar.
periments.

effects due to the particular noise realization. Figuresti@gests that fok, large enough
all trajectories oV (AL ) are similar. In this case, the noise effect is damped, whilsinall
AL, the noise influences tremendously the shape o¥/thenction.

Moreover, the global minimum of (A_) might occur in the “unreliable”, noisy part
of the CV function. This is the case in the simulation of Fegdr2: for the majority of the
noise realizations, the global minimumfis found forA_. — 0. This is unrealistic, since
the unregularized LS solutio\( = 0) is an inappropriate and highly noise-contaminated
solution for examplé | apl ace.

These comments suggest defining the optimal regulariza@oameter away from
the part dominated by the noise effects, even if it will notessarily be at the global
minimum ofV (A_). AlthoughV might have several local minima, it can be conjectured
that the optimal value of interest is thght-most local minimum

Figure 4.3 is an illustration (on a noisy sample from the saingpl ace problem)
of the fact that, in theegion of interestthe leave-one-out ang-fold partition methods
of the cross validation criterion provide basically the sasolution, since their right-most
local minima are very close to each other.
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Iterative refinement of RTLS solution

Algorithm 4.1 is applied to the samd apl ace example problem by starting WithfJ =
AN = 0.8111 andA? = 0. The method converges in a few iterations to an approximate
RTLS solution:

Al Al iterations
no update\* | 0.8111 00055 7
updateA < 0.8846 00056 18

KeepingAL constant during the iterations seems preferable; thisabahly due to
the fact that, in this case, the regularization paramgtef the original Tikhonov RTLS
formulation (4.15) is implicitly updated at each iteratiohAlgorithm 4.1, while the case
when we iteratively updat®_ corresponds to keepingfixed at a value involving the initial
AL estimate.

Figure 4.4 shows how the absolute error of solving the RTL&ag&qgn (4.16) de-
creases.

-+- no updat
—— updateA,

11

-15

0 15 20
Iteration numbek
Figure 4.4. The absolute error in solving RTLS with Algorithm 4.1, cotepuas
[(ATA+AFLTL 4 AKX~ ATb]|3.

4.6 Conclusions

Estimating regularization parameters in the context oédinerrors-in-variables models
was discussed. The advantages of using a statisticallgatomodel selection criterion
were illustrated by studying a cross validation proced@a®el on the generalization error,
instead of the classical prediction error.

Extensions of classical model selection techniques to tmepatation of optimal
truncation levels in truncated total least squares andr@btiegularization parameter for
regularized total least squares were also proposed.
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Chapter 5

Nonparametric
regression using
template splines

We study the role of regularization in the context of curvénfig of nonlinear data and
we begin with the problem of nonparametric modeling. In ttostext, regularization is
generally synonym temoothing We define a very general conceptual familyteiplate
splinesthat unifies the definitions of various spline families, sashsmoothing splines,
regression splines or penalized splines. This extensiomwslan easy incorporation of
additional constraints apart from smoothness, such as sjri@s, monotonicity, convexity,
which is generally not possible in the context of classiptihe families.

The nonlinear nonparametric regression problem that defireetemplate splines can
be reduced, for a large class of Hilbert spaces, to a paramedeegularized linear least
squares problem, which leads to an important computateahantage.

5.1 Introduction

We consider nonlinear nonparametric models of the fgra f (t;) + &, wherey; denotes a
real-valued measured observatigns a regression abscissa from a certain given bounded
real interval.#, & is a zero-mean additive noise term, and the funcfion# — R is an
unknown nonlinearity to be determined.

The problem of estimating the unknown nonlinearfitygiven measured daté, y: ),
..., (tm,Ym), is @ nonparametric regression problem. The range of agfalits for this type
of problems is very wide: from density function estimatidassconometric predictions,
from biology to sociology. The literature on nonparametggression is also quite rich
(see the monographs [31, 52, 61, 136]). But one tool thatniwsi always mentioned in
connection with nonparametric regression problenspimes

In this chapter, we design a new and more general formulatibich encompasses
many of the commonly used types of splines. We partly magitlis work by the need to
link the family of penalized splines [28] to the smoothindjrsps family [136], whose the-
ory is much more rigorous. In a recent article [55], the arghgrove some basic statistical
properties such as consistency and give expressions far sgeered errors for penalized
splines. The extension that we propose is a super-familypdétin the smoothing splines
and for penalized splines, among others. Good statistioglguties that hold for smooth-
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ing splines, such as the optimality of model selection viasgalized cross validation, still
hold for the template spline extension. Moreover, with eseral formulation we are able
to solve not only smoothing problems, but also various cairstd smoothing problems.

In section 5.2, we define template splines by generaliziegagbproach of [136],
which embedded the smoothing splines into the theory obidyming kernel Hilbert spaces.
We allow more freedom in choosing some essential elementedémplate splines (com-
pared to the smoothing splines definition), and this fact pldy a role in widening the
splines family.

In section 5.3 we show that by allowing these generalizatiore do not overly re-
strict the computational properties, since the templatmesgsolution will also be com-
putable using a linear parameterization and solving a eegeld linear least squares prob-
lem.

Derivations of the well-known types of splines from the mgeaeral template spline
formulation and some illustrative examples are detaileskiction 5.4.

5.2 Template splines on reproducing kernel Hilbert
spaces

Given the measured daa, y1), - - -, (tm, Ym), the goal is to fit this data using a nonparamet-
ric modely; = f(t;) + &. Depending on the application, we have to define more spaltyfic
some properties to which a goddshould comply. The first step is to choose a function
space where our search for a gobdan be restricted to. A general framework for func-
tion spaces is described next; it is a framework that haadite theoretical properties,
but which also proves to be advantageous from a computipoinat of view, as it will be
shown in Section 5.3.

5.2.1 Reproducing kernel Hilbert spaces

The theory of reproducing kernel Hilbert spaces is a fumeti@nalysis tool that gives a
sound foundation to the use of splines and other conceptsue ditting, function estima-
tion, model description or model building applicationsT1.3

A reproducing kernel Hilbert space (RKHS¥ is a linear function space, with an
embedded inner produét -) ,» and an induced nort- || ». Itis a Hilbert space on some
domain.#, thus it is complete with respect to the induced distanceltmyy, but the most
important property of a RKHS is that all pointwise evalua@an be written as bounded
linear functionals. That is, for evetye .# the linear functional; defined by the relation
Lif = f(t) is bounded|(L; f || ,» < const|| f||,»). As a consequence of Riesz representation
theorem [135] (which says that every bounded linear funetidas arepresentelin the
Hilbert space), for eache .# there exists an element € 77 such that

ft)=(n.f)w, VieH.

In other words, eache .7 has a corresponding € 7 that “describes” all possible values
of the functions insZ att through the inner product o

The functionK : .# @ .# — R defined aK(s,t) := (ns, Nt) » forall s;t € .7 is there-
producing kernefor .7Z. Itis symmetric, positive definite and satisfigq(s, -),K(t,-)) » =
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K(st).

There is a one-to-one relationship between the set of repiog kernel Hilbert func-
tion spaces defined on an intervdl and the set of positive definite functions defined on
# x #. Moreover, under general circumstanceg( continuity and square-integrability),
any positive definite functioK admits an eigenfunction-eigenvalue decomposition:

K(s,it) = ia\,dbv(s)dbv(t),

whereg; > 02 > --- > 0, with 37_4 05 < oo, are the eigenvalues &f, and®y, ®,,..., an
orthonormal sequence of square-integrable functionsgZomare called the eigenfunctions
of K. @1,®, ..., form a Hilbert basis for the RKHS that corresponds to the éfn

These properties imply good news from the practical pointieiv. Choosing the
RKHS .2# can either be replaced by choosing a desired kétralby choosing a sequence
of orthonormal functions that act as a basis or a generataityfdor .77. For this reason,
in practical applications, the theoretical formulation.#f is often omitted; typically, it
is replaced by the definition of a certain sequence of gemesr&br the “splines”, such as
truncated polynomials, piecewise polynomials or B-spbases [21].

5.2.2 Unconstrained smoothing
When a space? is specified, we formulate the following least squares @obl

Problem 1 (##-smoothing) Solving the least squares problem

m

pin 3 o~ 1(6)° (5.1)

for the functionf is called thesZ-smoothing problem.

Through.#-smoothing, the measured dgta R™ is orthogonally projecte@nto the space
2 (t), which is a vector space R™ of the discretizations of all the functions i#’ at the
abscissas$,...,tm. In other words,7#-smoothing finds the function in 2# that best
approximates the data jnat given abscissas For the values df € .7 that are not among
the elements of, f can be used as predictor.

5.2.3 Constrained smoothing and template splines

To impose additional constraints such as smoothness, mwicidy, convexity, equality
or inequality relations, on the estimated functibnit is possible in some cases to revise
the definition of the spacé?’, such that any function it#Z” satisfies the extra constraints.
However, the design of# in this case can become tedious. An alternative method edbas
on the projection framework for constrained smoothing tigved by [84]; basically, the
additional constraints are imposed in a sequential mariserooth then constrain,” which
might be suboptimal.

Here, we propose a one-step solution that is feasible aruieeffifor a wide class of
constraints that can be written as (semi)norm conditions.

Let 2 denote a linear operator fros#” to 57, wheres#” is a certain normed space.
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Problem 2 (#7-constrained s#-smoothing) Solving the constrained least squares prob-
lem

m

min § (yi— f(t))%,  suchthat || 2f]|
fen &

< 0 forafixedd > 0, (5.2)

for the functionf is called theZ’-constraineds#’-smoothing problem.

The value|| Z f|| , is the measure of the quality of an arbitrafywith respect to the
desired constraints, or to the prior knowledge on propgthat good estimators should
satisfy. Sometimes, if no such prior knowledge is availablg? f| ,»» could also be a
measure of parsimony for the model

Using a Lagrange multiplier argument, we arrive at the foitfm:

Problem 3 (Template spline) The following minimization is theemplate splinemini-

mization problem:
m

1 2 2

min &3 0= 1@+ A2 11 (5.3)
This formulation is equivalent to the?-constraineds#’-smoothing problem, for a certain
relation betweerd > 0 andd > 0. The penalty formulation of the template spline prob-
lem (5.3) shows that a trade-off between closeness of theehfad the observations and
“quality” of the model — via theZ?-constraint — can be ensured by choosing an appropriate
A > 0. In Section 5.3.2 we focus on the generalized cross vaid&GCV) criterion that
can be used for choosing the so-caltgdoothing(or penaltyor regularizatior) parameter
A, given the measured data.

Remark 11 (More general formulations) Sometimes in spline literature, the function eval-
uation operator that appears in the sum of squares of prabgrh, 5.2, 5.3)t — f(t;),
is replaced by a more general bounded linear opetatore., t; — L; f. All results in this
chapter are straightforwardly generalizable to this setti

Moreover, if the zero-mean noise tegyis assumed to have a known covariance ma-
trix other than the identity matrix, the least squares teralliminimization problems (5.1,
5.2, 5.3) can be easily transformed int@ighted least squareg®rmulations, using the
inverse of the noise covariance matrix as weight matrix.

5.3 Computing template splines

5.3.1 Transformation to a linear least squares problem

The following theorem says that whe#” is a RKHS and%? has some general properties
(see below), the solution of the template problem (5.3) haspeaesentation in terms of
the reproducing kernel and/or its eigenfunctions, andritlmaeasily computed by solving
linear least squares or linear equations. In particulablem (5.1) can also be efficiently
solved as a linear least squares problem.

Let.sZ» denote the null space oP in 57 (thatis, 7 :=ker? :={f e ¢ : Zf =
0}), and assume it is finite dimensional, of dimensibrFor instance, if?? is thed™ order
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derivative operator on some spagé€ of (infinitely) continuously differentiable functions,
then kerZ” is spanned by the finite basjg,t,t2, ... t9-1}.

Assume that? preserves orthogonality relations fro#f to »#”: thus, if (f,g) ,» =
0, therl<ng7 egzg>,v[/ = 0.

Theorem 5.1 (generalized from [136], Th. 1.3.1).The solution of the template spline
problem (5.3), for a fixed > 0, has a closed-form expression given by

d m
fy:= k;ak(lkJri;biﬂi, (5.4)
where
e (,...,@ are a basis forZy, (d:=dims#,),
o 1 =K(tj, ), fori=1,...,m,

e the coefficienta.:= (ay,...,aq) " andb:= (by,...,by) " are given by

-1
a— (ATA—ATB(B2 + m/\C)‘lBA) AT (In—B(B2+mAC) 'B)y,
b= (B?+mAC) 1B(y — Aa), (5.5)

where the matrices A (md), B (mx m) and C (mx m) are computed as

B = {K(ti,t) }i,j=1,...m) = {(His L) } i j=1,....m)» (5.6)

Proof. Since the se{q,..., @} is a basis for##», any f € 5 can be written ad =
S8 a@ + fL, for someay,...,a0 € R and anf' € 5. It will be shown thatf+
can be further decomposed such that the optimal solutioheofrtinimization (5.3) has a
finite decomposition iZ. To this end, writef - = S, by + p, wherep; :=K(tj,-) and
p € 7 is orthogonal tapy, ..., @y and toyy, .. ., Un.

The least squares objective to be minimized becomes:

F(1)i= =5 0= 102+ A 121 By
10 d S b i
= — | — ti — iMj ti - ti
m2 (y kglak%( ) gl i (ti) — p( ))
d m 2
+A 9<Zak(n<+2bjuj+p>
K=1 =1 o

1
= —lly—Aa—Bb|3+Ab"Cb+A[|2p|5 .
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whereA, B andC are given in (5.6).

We used the facts that(ti) = (p,K(ti,-))» = (p, i) ,» = O from the choice op
orthogonal touy, ..., Um; that@, ..., @ are in the null space of?; and thatp being or-
thogonal toy ', bjy; in o7 implies (3L, 2y, #p) » = 0, by the “preservation of
orthogonality” property of2.

For f to be a minimizer of#, we must havdl #p|| ,,» = 0. This impliesp € ker?,
which contradicts the choice pforthogonal to the basis of ke?; thus, the only possibility
isp=0.

The normal system of equations for the linear least squacddepm that we obtained
is:

ATAa+A'Bb=ATy, (5.7)

B'Aa+(B'"B+mAC)b=B"y. '
SinceB is symmetric positive definite, the closed-form expressi{®5) are easily ob-
tained. O

The theorem gives us a simple way to express the minimizg&i®) as a problem
that is linearly parameterized by the vecta@ndb, more precisely, asr@gularized linear
least squares problem

min EHy—Aa—BbH%Jr)\bTCb. (5.8)
acRd berRm M

The matricesA, B andC defined in (5.6) are characteristic for the RKHS, the penalty
operatorZ?, and the set of given abscisdas'he columns oA are discretized versions of
the functions that span the null space®f and the columns d8 are those that contribute
in the directions outside the null space@f. For this reason, only the coefficiertisare
subject to the constraint implied by the penalty tertn’ Cb.

In practical cases where a spline basis is given insteaced®KHS.7Z, the extended
matrix [ A B ] could be replaced by a matrix whose columns are discretjétes from
the given basis set.

5.3.2 Data driven spline fitting using generalized cross
validation

The smoothing paramet@rwill usually not be knowra priori; the methods for choosing
a goodA often rely on optimizing some criterion and involves manglaations of spline
solutions (from their coefficients b), for various values ok . For this reason, it is required
to have efficient algorithms for the computation of coeffitgea and b, instead of the
expressions in (5.5).

The regularized least squares problem of minimizing

1 2 T LY [A B a
sly-a-eolgranreo— o || ¥ |- 0 B

whereD is a Cholesky factor of the symmetric positive definite me@{D "D = C), can be
efficiently solved if we compute in advance the generalizedidar value decomposition
(GSVD) [50] of the matrix paif[ A B],[ 0 D ]).

2

)

2
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Many methods for choosing an “optimal” regularization paeterA can be em-
ployed in the context of template splines. A recent simalastudy [75] compares several
parameter selection procedures in the cassrajothing splinefleave-one-out cross vali-
dation, generalized cross validation, Mallow®,, Akaike’s information criterion, and risk
estimation methods); the conclusion is that none of the atstican be overall the best.

Here we present the application of generalized cross vaidd19] to template
splines. The GCV criterion aims at minimizing the function

[y —Aa, — B, I

R ey

where(a,,b, ) denote the optimal solution vectors that are obtained frolwirsy prob-
lem (5.8) holding the regularization parameter at the fixaldeA, andH(A) is theinflu-
ence matrixor hat matrix, orsmoothematrix) defined as thenx mmatrix that makes the
equalityH (A)y = Aa, + Bb, hold. Its formula reads:
ATA ATB ][ AT
HA)=1A 8] 5A wosmc] | o)

GCV was originally introduced for problems such as ridge@sgion [43] and smoothing
splines [19], which belong to the same category of regudarinear least squares problems
as the template splines do. For these problems, it is pedsilshow that the GCV criterion
is a predictive mean squared errariterion. In the context of template splines this will
mean that, under reasonable assumptions and in the asyogitieation, the values chosen
for A by minimizing the GCV function, when the sample size growfmity, converge
to the optimalA that corresponds to the spline model that is closest tértteaunderlying
model.

For efficient computations, the GSVD of the matrix pdirA B ],[ 0 D ]) can
be used, because in this case, the matrix that must be idviertdne formula ofH(A)
becomes a diagonal matrix, and, thus, computing this ieversvery fast, for anyi.
(See [58].) Interesting techniques for making the optitiiraof the GCV function fast
for large-scale problems are described by [51], making figerandomization method to
compute the trace of a large matrix.

5.4 Examples

In this section, we exemplify the described theory, by fifstvging that some classical

spline families belong to our generalization. Afterward®, design some examples that
are atypical for the classical splines, but which can howbeessuccessfully tackled by the

template splines.

5.4.1 Smoothing, regression and penalized splines as
template splines

Smoothing splines and penalized splines start from the ddeee of using a weighted
penalty term in order to obtain a desired degree of smooshokthe reconstructed non-



92 Chapter 5. Nonparametric regression using template splines

parametric model. Regression splines rely on a differegftriigjue to obtain a smoother or
a rougher approximation: tuning the number of basis splines

Despite their similarities, the penalized splines canmedddren as a subset of smooth-
ing splines (owvice-versy, mainly because of the fact that their penalty terms aretafly
different nature.

But with template splines, we generalize these approachedidwing the operator
& to be more general than just an orthogonal projection (asrfarothing splines) and to
take value in other normed spaces (suclRador penalized splines). In the meantime, the
good properties of smoothing splines, such as the asyromiptimality of using GCV for
choosing the penalty parameter, are still kept.

Smoothing splines as template splines

Smoothing splines [136] are a subset of the template spfaredy, obtained when the
space” is the same as the spag€, and the operata#”? is an orthogonal projection.

A classical example of a smoothing spline is thetural spline The space’” is
defined as the Sobolev space,

A ={f:]0,1] - R: f,f ... 9V are absolutely continuous arféf) € %},

where f & denotes th&!" derivative and% denotes the space of square integrable func-
tions. 27 is endowed with the square seminorm:

d

115 = 3 [190)] + [ [190)] du

K=1
The corresponding reproducing kernel is

d 1
K(st):= k;(n((s)(pK(t)Jr/o Gq(s,u)Gqy(t,u)dt,

where eachy, (for k= 1,...,d) denotes the monomiagk(t) = &i;ll)l andGy is the Green

d-1
functionGq(t,u) = %, with (x); = xfor x> 0 and 0O otherwise.

The operatorZ is simply defined as the orthogonal projection onto the satxsp
Hp ={fen f0)=Ff1)=F0)=f1)=---=f4D0)=f0Ya)=0}.

The optimal natural spline solution solves the problem:

1o 5 i 2
in > 0= F6)7 4 [ 90] du
Thus, the natural spline reconstruction from noisy measargs aims adl-order smooth-
ness, with no boundary conditions.

The smoothing spline solution can still be obtained by sw\a regularized linear
least squares problem (details in [136, Chapter 1])..Btit= > implies that for smooth-
ing splines we can redefine the matrices that appear in owréhe5.1 and havB = C,
which gives a simpler numerical solution for the smoothipline, since a QR decomposi-
tion can be used instead of a GSVD.
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Regression splines as template splines

A regression spline [36] is a piecewise polynomial functibat is smooth at the jointure
points (knots) up to the degree of the polynomials minus hicgt polynomial functions
that are used with regression splines are truncated pola®or B-splines [21].

The space’” can be defined as the span of the considered polynomial setxam-
ple is the span of the truncated polynomials of degrespan(t,t?,...,t9, (t — )7, (t —
7)1,...,(t— )1}, wherery,..., 7y areN given knots, andx); denotes, as before,
or 0, depending whetheris nonnegative or negative. Another example is the spaneof th
B-spline basis. The widely used B-splines are defined raalyssuch that, at the given
knots 11,..., TN, each of the functions in the B-spline basis set-smes continuously
differentiable. The recursion formula reads:

_ - k—1
VB =d b ThSUSTia . g v ) (t-m) +Vi{+1 ') (Tt
I 0, otherwise T Titk-1—Ti Tivk — Tit1

(5.9)
and theg-order basis that define®” as spar{viq}, . ,v,i,qjq}, contains thusN — q func-
tions.

For fitting with regression splines, we can set the oper&taas the identically zero
mapping (and#” = {0}). Thus the penalty part disappears from the problem (5r8), a
we are left with a simple least squares problem.

Sometimes, the number of kndtsand the knot positions must be optimized before
performing regression. In the situation when we considerbygspaced knots.€., uni-
form regression splines), only the integer paramétdras to be chosen. Therefore, we
consider as hyperparameteithe number of knot#l and the generalized cross validation
(or other typical method for model order selection) can themsed in order to choose an
appropriate value foN. The parametel controls in this case the bias-variance trade-off.
A large N means that the measurgatan be modeled with more fidelity, and a smaler
means that the reconstructed spline is smooth.

Penalized splines as template splines

The simple smoothing method pknalized splinesvas introduced by [28] (and in very
similar terms, by [108]). It is based on (uniform) regressgplines, but with an added
penalty term, weighted by a certain regularization paramet An interesting detail is
found in [107], namely that the number of knots can be set taraiirary value (a num-
ber large enough, but always less than the number of regrepsints); the technique of
penalized splines controls the degree of smoothness amydh the parametey.

In formal notation, lew, ... ,v, denote a basis family of truncated polynomials or of
B-splines of degreg. Then, given the measuremenis. .., ym, a functionf can be mod-
eled as a linear combination of, ..., vy, i.e, f = Y}, CVk, by minimizing the penalized
least squares function

1 m n 2
min — <yi -3 ckvk(ti)> +AllAc)?, (5.10)
K=1

ceR"M i

whereA is a finite difference operator (of a certain chosen orded)/ais a positive scalar
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parameter that controls the degree of smoothness.

From the formulation (5.10) it is clear that the penalizetings are also a partic-
ular example of template splines. We define the sp#eas the span of the function
family {v1,...,vq}, and the space?” as then-dimensional Euclidean spa&®'. The op-
erator & can be easily set using the canonical decomposition of amesitf in .7,
as 2(f) = Z(3p_1W%) = Ac, whereA is the same approximation matrix for a finite
difference operator that is used in the penalized splinelslem (5.10).

5.4.2 Other applications of template splines
Smoothing in transformed spaces

We consider the abscissa intervél as the “time axis” (and therefore the measurements
Y1,...,Ym are given in the “time-domain”), but we are interested in @sipg smoothness
to theFourier transformof the solutionf.

Let.Z be the Fourier transform an@ —* denote the inverse Fourier transform. Con-
sider a RKHS27 of functions defined on the time-domaii. Then the image space is
H' = FH ={F(f) . f € A}. We can measure smoothness#{ with the aid of a
projection2 (see, for instance, the natural spline type of smoothingatisn 5.4.1)j.e,,
the norm|| 2g|| » (for anygin 2#”) is the measure that we use for smoothness. It is then
possible to define the mapping : 7 — 7’ by the composition

2(f) = 2(F(1)).

Solving the template spline problem (5.3) in this case iswadgent to solving

m

T . (g1 )2 2,
min, 2. 01— (F7e0)®)"+ A |26l

which is a template spline problem in the spa¢é.

Constrained smoothing

Classical smoothing splines or regression splines argadedito smooth scattered data in
order to obtain meaningful approximations. However, addél constraints are usually
hard to impose. (See for instance [71], where linear progreng methods are used for
several constrained smoothing problems.) With templatéses, constraints can be im-
posed through the penalty term. Tuning the penalty coeffi@dows to slightly break the
constraints, which is advantageous for identifying sitra when the data does not obey
the constraints.

In this paragraph, we give two numerical examples from aniegdpn where tem-
plate splines are designed for constrained smoothing @nuhl In the first example, we
show that imposing a symmetry constraint helps finding alpédi model for noisy data
that comes from a symmetric function. The second examplstitites that when using a
wrong constraint, the GCV value fdr gives a model that clearly breaks the constraint.

Example 5.2 We consider several scalar functions on an intefvat, a| that are sym-
metric with respect to the vertical axis through zero. Weegate discretizations and add
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Figure 5.1.1In all plots, the thin solid line is the simulated symmettndtion, respectively:

x2, cogx) and sin¢x); the dots are the noise corrupted data. The top row of plotssh

as thick red lines the penalized spline reconstructionslenh the bottom row these thick
red lines represent the template splines with symmetryt@ns The latter exhibit better

reconstructions of the symmetric models.

Gaussian noise. We then compute from the noisy data two moldeth based on a B-
spline basis: a penalized spline where a second order teeiaperator is used to obtain
smoothness, and a template spline where the penalty certarsecond order derivative
for smoothness, but also a term for symmetry, which is gaeby a matril —J], where

| is the identity matrix and is its mirror reflection. We choose the penalty coefficient
by GCV in both models, but we observe that using the symmemgtraint gives models
that have smaller mean squared error with respect to thaaligimulated functions, than
when no constraint is imposed. See Figure 5.1 for illusirati

Example 5.3 We consider now as original function a function that is naheyetric with
respect to the vertical axis through zeeay, the arctangent function. We compute however
a template spline with symmetry penalty. As illustrated igufe 5.2, the fit is symmetric,
but does not reflect the data, when we choose a penalty pamaknehich is quite big. On
the other hand, the GCV criterion chooses that corresponds to a spline reconstruction
that is reasonable for the given data, and ignores the iopppte symmetry constraint.
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Figure 5.2. In both plots, the thin solid line is the simulated non-synimdunction
arctar{x); the dots are the noise corrupted data. On the left, the spdarresponds to
a very large value of the penalty parameter, thus the symniestrongly imposed, yield-
ing an almost zero solution (thick red horizontal line). e right, the penalty parameter
is computed with GCV, and the symmetry constraint is comlgleinored, but the data is
reasonably fitted by the template spline (thick red line).

5.5 Conclusions

The template spline introduced in this chapter generalpese of the most used families
of splines from literature. An issue that we find importanthat, due to this common
framework, the family of penalized splines can be put in s aight beside the classical
family of smoothing splines.

Template splines solutions are quite easily computablesesa regularized linear
least squares optimization can be solved instead.

Template splines can constitute a solid basis for nonparamegression problems
where the “data acquisition space” is different from thecgpahere interesting properties
appear, or where strong or weak constraints should be indpose



Chapter 6

Regularized
semiparametric
modeling

In this chapter, we formulate and solve a semiparametiiieditiroblem with regularization
constraints. The model that we focus on is composed of a gdrEnmonlinear part and
a nonparametric part that can be reconstructed using téengdines. Regularization is
employed in order to impose additional properties, suchastain degree of smoothness,
on the nonparametric part.

Semiparametric regression is presented in this chaptegesaaalization of nonlinear
regression, and all important differences that arise frobenstatistical and computational
points of view are highlighted.

6.1 Introduction

This chapter is a survey dedicated to a semiparametricfiftioblem with regularization
constraints. We consider nonlinear models that are plgrialown, partially unknown.
From given noisy measurements, we are interested in estignagression parameters of
the known nonlinear part, as well as estimating the nuisas@nonparametric part.

Our motivation for studying this problem comes from an aggdion in nuclear mag-
netic resonance (NMR) spectroscopy, which will be thorduglescribed in Chapter 7.

In the context of semiparametric modeling, much work has laoted to partially
linear stochastic models of the form

y|:F(t|)T9+g(t|)+e, (i:1727--'7m)a

whereys,...,ym € R, as well asf-(t1),...,F(tm) € RP are measured quantities,denotes
the measurement noisé; € RP is the linear regression vector to be estimated, gnd
R — R is a nonlinear nonparametric part. Usually, the goal is td &rconsistent estimate
of 8, while considering the nonparametric pgft) as nuisance (see,g, a very recent
comprehensive study of semiparametric models presentibe inook [109]; see also [9]).
The nonlinearityy(-) is often modeled by smoothing splines [136]. Smoothinggdiare
sometimes employed together with a nonlinear model as a Wigsting if the nonlinear
model is adequate [136, Chapter 9]: an almost zero recatsttispline means that the
nonlinear model is the right one. Another example of senaipeetric modeling is presented

97
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in [16], which employs a Bayesian framework in order to disénate nonparametrically
between a deterministic regression function and a noisewéth smooth spectral density.
In [69], a very general spline framework is developed suet tlonlinear relationships are
allowed between several nonparametric functions.

The semiparametric regression problem treated in thistehapmbinesadditively
parametric nonlinear regression with nonparametric sggimoothing. It is shown that it is
adequate to solve such a semiparametric fitting problengusinlinear least squares plus
a penalty on the spline smoothness. As in nonlinear regmesgie can infer asymptotic
properties of the semiparametric regression estimatedetJ@aussian noise assumption,
normality of the estimates is recovered; however, becatifigeaegularization term, the
computed parameters will be biased from the “true” values.détvelop detailed bias and
covariance formulas, which allow derivation of other stfdially relevant information, such
as confidence intervals.

We give an algorithmic outline of regularized semiparametgression, with em-
phasis on efficient computation. One of the main issues sdbintext is the choice of the
regularization parametethat controls the trade-off between nonlinear misfit miziation
and effective regularization. We propose an automatedtiter selection method that is
based on the classical generalized cross validationioitef he method is data-driven and
does not need prior estimates for the noise statistics.

The outline of this chapter is as follows. The semipararogiroblem formulation
that we propose, its theoretical solution, as well as coatpmrtal issues are discussed in
Section 6.2.In Section 6.3, its statistical properties are developed,ia Section 6.4 we
discuss to which types of problems we can safely apply thiséwork without having to
deal with identifiability and non-uniqueness issues. Bnad Section 6.5 we show through
simulation examples the performance as well as the limitatdf the method.

6.2 Semiparametric model with smoothness
constraint

6.2.1 Model formulation

Let 27 be a Hilbert space of functions defined on an interval R, endowed with an
inner product(,) ,» and an induced norr- || ,». Let & denote an operator froo#’ to a
spaces”’ (which could bes7 itself, RY for someg € N, etc); assuming that” has a finite
dimensional null space is sufficient in general, but henesifoplicity, we assume that even
the space’ is finite dimensional.

We consider the following semiparametric model:

Vi =F(,0)+gt)+&,  (=12...m) (6.1)

wherey,...,ym are scalar measuremenis,: .# x © — R is a known nonlinear model
function, parameterized by a vectBre © C RP, 6* is thetrue but unknown value o8B,
andg* € JZ is a true but unknown nonlinearity.

Given the measuremenys, ..., ym, we are interested in finding optimal approxima-
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tion 6 of 6* and of the functiony* € .7, under the criterion:

m

eeér,]:;réfﬁi: (yi —F(t,0) —g(ti))?> suchthat ge .#?, (6.2)

where #° .= {g € 7 : | 29|l » < &}. The constraing € .7 will be referred to as
the smoothing constraintsince in generak#’® will be defined so that it contains smooth
functions. The smoothing constraint can be easily imposedddling a penalty term to
the nonlinear least squares objective function. The caim&d least squares problem (6.2)
becomes:

. 15mn . . . )
0cd 2, 1~ F 6, 8) = g(t) "+ A 20l 6.3)

6.2.2 Spline fitting for the nonparametric part

The regularized nonlinear least squares criterion (6.8)bmarewritten as a double mini-
mization

m
. . e A (112 2
min (é?';r}, (vi—F(t,0)—9g(t)) +)\||<@gll,%w> ;

thus it is possible to apply the theory of spline fitting foe thonparametric pad, in order
to solve the inner minimization problem.

We use a parameterization gfin terms of a family of generators fos#, i.e,
9= Yp ia®, Whereay,...,a, are free coefficients, angh,..., @ are basis functions
or generators that span the spa¢g assumed to be finite dimensional. Thus, the nonpara-
metric part of the model is simply reduced to a submodel, lvigdinearly parameterized
overas,...,an, and subject to a regularization constraint. For furthérence, here is the
completely parameterizédrmulation of the model (6.1):

n
YiZF(ti,e*)+ZAijaj+€i, (i=12,...,m), (6.4)
=

whereA is them x n matrix that has as elemengg(t; ), for k from 1 ton andi from 1 tom.
Using vector notation, the model in problem (6.4) is writtey :=y+ € :=F(0) + Aa+¢.
This semiparametric model will be fitted using the followiregularized nonlinear least
squares formulation:

; 1 2 T
eeg;anally—F(e)_Aan +Aa'Ca, (6.5)

with C the n x n matrix having the element§? @, @) 4, for k,I1 from 1 ton, as in
section 5.3.

For a fixed value ofA > 0, we denote b)@;\ anda, the globally optimal solution
of the minimization (6.5). Moreover, we denote with the optimal model obtained for a
fixed A, that isy, = F(6) ) + Ad,.
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6.2.3 Computationally efficient method using the
Levenberg-Marquardt algorithm

Denote byy(0) them-dimensional vector with elemenis—F (;,8), fori=1,...,m. Thus,
y(8) =y —F(8).

For a fixed value of the parametér the original nonlinear minimization (6.5) be-
comes a regularized linear least squares problem oradyiR". Its closed-form solution is
a(8,A) = (ATA+ m)\C)flATy(G). Plugging-in this formula in the original optimization
problem, we get a nonlinear least squares problem in thahlei® alone:

rergg—uy( )—Aa(B,1)]53+Aa(6,A) Ca(6,1) <
mln—H(Im A(ATA+mAC) AT ) y( H +/\HD (ATA+mAC)1ATy( H

2

; (6.6)
2

min

Im—AATA+mAC) AT
6O

VMAD(ATA+mAC) AT } y(6)

whereD denotes a Cholesky factor & i.e, D'D = C. Denote the coefficient matrix
under the normin (6.6) bB(A).

The minimization problem (6.6) can be solved using a noaliheast squares solver,
such as the Levenberg-Marquardt (LM) algorithm. We consile cases when the pa-
rameter se® is either the fullRP or it is defined by linear constraints, for which good
implementations of the (modified) LM algorithm are avai&f90, 18].

A nonlinear least squares solver requires at eachétve evaluation of the function
f(8,A) :=B(A)y(0) and of the Jacobiad(6,A) := B(A)Oy(6). Efficient computations
of these two ingredients are essential for the overall cdatjmnal time. Subsection 6.2.4
shows more details on how to use the generalized singulaed#composition [50] as a
preprocessing step and to increase the efficiency of the a@atipns in every iteration.

6.2.4 Efficient computation of function and Jacobian values

If the evaluation of the nonlinear functidn(t, 8) (as a function o) and of its gradient
(also with respect td@) are not very computationally demanding, then the evanabif

f(8,A) andJ(6,A), defined at the end of Section 6.2.3, for any values of thenpaters
6 € © andA > 0, can be achieved with linear computational complexityhi@ problem
dimensionam (number of regression pointg),(number of basis functions) aral(length

of the vectorf).

In the computation of the function and Jacobian values, tlhierse of the matrix
ATA-+mAC appears. Dealing with this inverse would be much more efftdfeA andC
were diagonal matrices, instead of full matrices: then fheersion” would only involve
a diagonal matrix, for any possible value »f Algorithm 6.1 shows the preprocessing
operations that should be executed beforehaed,the simultaneous diagonalization of
the matricesA" A andC, achieved using the generalized singular value deconipoSit

8In practical implementations, we use the “economic” genezdlgingular value decomposition, but here, for
a simplified presentation, we only give formulas using thedelfompositioni.e., with square orthogonal matrix
of generalized singular vectors.
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Algorithm 6.1 Preprocessing. complexity
Input: matricesA € R™" andC € R™",
1: Compute Cholesky decomposition®fC = D' D; n/3
2: Compute GSVD of the paifA, D); o(mrt) +o(nd)

A=U3X"1  D=VIpx1

with U € R™™MandV € R™" orthogonal X € R™" invertible,
andXp € R™" 35 € R™" positive diagonal matrices.
Output: Elements of the GSVIY,V, 2p, >p, X. total: &(mr?) 4+ 0(n%).

Algorithm 6.2 shows how to employ the preprocessing stegdieoto compute the
function and Jacobian values in a fast way, for any paramétandA. Note that the non-
linear least squares minimization (6.6) involves the 2amof f (6, A ); therefore, multipli-
cation of f (6, A) from the left with an orthogonal matrix does not change thinupation
criterion. Algorithm 6.2 exploits this fact in order to adainnecessary matrix multiplica-
tions with the orthogonal matricés andV from Algorithm 6.1, and provides orthogonally
transformed function and Jacobian values.

Algorithm 6.2 Compute function valué (6, ), and Jacobiad(6,A ). complexity

f(6,1):= B(/\)y(GT), J(6,2) == B(/\)Qy(e), .

| u 0 Im—AA"A+mAC) A
whereB(}\)_{ 0 vT }[ A D(ATA+mAC) AT |°
Input: matricedJ,V, Za, >Zp, computed fromA andC via Algorithm 6.1,

parameterd and6.
1: Evaluate nonlinear expressions

v—y(0) e R"andG « Oy(0) € R™P. depends on nonlinegr
22v—UTy G—U'G. (mn), resp.c(mnp
3: ¢1 « diag(lm— Za(ZAZa+mMAE3) 715 )) o)
4: Cp — VmAdiagZp(ZAZa+mMAZ3) 13, o(n)
5. Setf(0,A) «— { CLOV ],where@ denotes element-wise product. o(m+n)

C2OVin
6: for j=1,...,pdo
. ) CIQG:,j )
7. colj(J(6,1)) «— [ C2©Ginj } O(m+n)
8: end for
Output: f(6,A)andJ(6,A). total: > &/(mn+m-+3n), resp.> &(mnp+np-+mp)

6.2.5 Choice of regularization parameter

Although many model selection methods can be adapted toettings we concentrate
herein only on the derivation of the generalized cross sadilidh criterion.
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To explain the GCV criterion in this context, we particutarithe more general deriva-
tion from Appendix A.1. We start as in [136] from the leavesenut cross validation, which
chooses & that minimizes the function

m

v 18 (r-p (1) Aai )’

whereA is theit" row of A and wheree[ I and a[ 'l are the solution of problem (6.5),
when the data point;,y;) is omitted from(t y). ThIS formulation is inconvenient since
it involves solvingm problems of the type (6.5), one for each deleted data poine W
show that also in the nonlinear semiparametric setting ffassible, as in the classical
smoothing splines case, to simplify this formulation andndy need the solution of the
total problem (6.5) for evaluating the cross validationdtion.
Firstly, we emphasize the influence that ilemeasured outpw has on the optimal

solution of (6.5), for a fixed value of and for fixed values of the other data points in
Y1,---,Ym- We denote the direct link betwegnand the corresponding component of the

optimal modely, by a functionh such thah(y;) = (V) ); =F (ti,§A> +A3,.
Secondly, we note that the leaving-one-out lemma that wageprin the context of

smoothing splines [19] still holds trivially for our semiganetric problem. It ensures that
if the measured; was by any chance equal to the function value predicted bgdhgion

computed without thé" measurement,e., y; = (V[A N, = (t., ) +A.a I then the
vectorseA[ 1 anda& ' would be the optimal solution for the complete problem (63

can write this observation in terms of the functimash((y&_”)i) = (V[A‘i])i.
Using a similar trick as in [136] for smoothing splines and[&®] for nonlinear
nonparametric regression, we have:

yi—F (tivé\)\) —Ad,
1-Ai(A) ’

yi—F (t.,e[ ']) Aal =

_(F(B) o)~ (F (18 ) AR ") i
yi—F (1,8)") A" V-G

which holds whenevey; # (VE\ ]) Ai(A) is a divided difference for the functidm which
can be approximated with the derivativetofThis leads to the definition of the following
generalized influence (or smoother or hat) mag(x ), which agrees with the definition
given by [89] for the generalized influence matrix in a noeéincontext:

e

for which S(A)ii = Ai(A), as a first order approximation.
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The ordinary cross validation cost function can be appraxéd by
1m ~ _\2 5
VN = 55 (v =F (1:81) ~AG) /(L SAw)2

and the generalized cross validation is its “rotation-frauat” version:

60)= %3 (4-F (1.8) ~A@)/ 1500 = e

In Chapter 5, Section 5.3.2, we have seen that for spline grimgp(which is a linear
regularization problem), the influence matrixg\ ) = A(ATA+mAC) AT,
For our semiparametric model, we derive the following resul

Lemma 6.1. The generalized influence matrix for the semiparametriceh(@4) is given
by

OF(6,)TOF(8,) OF(6,) A

o~

-1 o
~ 5 OF(6,)"
SA)~ | OF(B) A } ATOF(6)) ATA+mAC [ '

e ] . (6.8)

where the approximation sign indicates that some high orelens are ignored.

Proof. We compute explicitly

. d(ay;) 0 (F (e;)erAaA) 9 (F giA(z;AaA) a(égfu)’ ©9)

Denote byE the regularized least squares objective function, but thighdependence on
the measurey explicitly marked:

E(y,0,a;A) := |ly—F(8) —Aal3+mia' Ca.

Since8,, 3, are optimal for given datg, it means thatE(y, ENEY ;A)/0(6,a) =0. On
the other hand, iy is ‘perturbed’ and the data becomes dy, the optimum also changes.
We denote the new optimal solution b§, +d06,3, +da); it satisfies

OE(y+dy, 8, +d6,3, +da;A)/d(6,a) = 0.

Using a first order Taylor approximation, it implies that

azE(y7 /G\Aa/a\-/\!A)d 02E(y7 é\)\va)\;)\)

3(6,a)0y"T 9(6,2)0(6,a)" d(6,a) ~ 0. (6.10)

It is easy to see from the formula Bfthat

e A a(F(@)jLAﬁ)T
oA =g =2 oF@) A
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and the block of the Hessian Bfcorresponding t46, a) is

92 A o
2I—A|()\): 69(9297 (,9A7a)\ A) Way’@”f’\’)\)
daﬁGT (y 9)”aA ) WE(yae)na)\;)\)
OF(63)TOF(6y)  OF(6,)"A

~2
ATOF(6)) ATA+mAC

where the approximation appears only in the (1,1) block efrtfatrixI—T(A) and is related
to ignoring a term containing the second order differertfdf (which is a tensor) and the
residual vectoy — F(6, ) — A3, . Itis customary to ignore such a difficult-to-compute term,
and thus use pseudo-Hessiarsince this approximation is made at converged solutions,
where the residual is usually small. N

Sincedy andd(8,a) represent small perturbations grand (6,,3,), we can use

~ —~ T
the relation (6.10) and set the mat#i(A)~! [ OF(6,) A } as approximation for the

differential‘wg—f“ in (6.9). The formula (6.8) 08(A ) now follows. O

The evaluation and minimization of the GCV function (6.7}risre difficult than in
classical linear spline fitting, because there is no closeah fexpression for the optimal
regularized estimat@, , which enters implicitly into the computation &fA ) through the
formula ofy, and ofS(A).

In Algorithm 6.3, a scalar minimization algorithre.@, a golden section method) is
used for minimizing the GCV function, while at each iteratia nonlinear least squares
minimization is carried out for estimating, , at the current value of. (Remember from
subsection 6.2.3 that once we have an estiméteee have a correspondirayin closed
form.) Often in applications, the GCV function is unimodhals it is natural to search
for a globally optimalA via a scalar minimization method. However, there is no proof
for such an observation. Any scalar optimization methodatte used (Algorithm 6.3
exemplifies a variant with golden section search methodjnproved combination.g,
steps of a golden section search can be alternated with agiaraearch. All methods
require one GCV function evaluation per iteration, andegpondingly, one nonlinear least
squares solution. Both the (nonlinear least squares) miremization and the outer scalar
minimization overA in Algorithm 6.3 are globally convergent; but differenttial values of
the parameters might give different converged local sohgj since we deal with nonlinear
(nonconvex) optimization.

Since at every iteration a nonlinear optimization problésnsolved, this operation
should be made as efficient as possible. For the optimizatioé (step4:), one should
use efficient function and Jacobian computations as destitbsubsection 6.2.4. For the
evaluation of the GCV criterion (step), efficient computations are described in subsec-
tion 6.2.6.

Remark 12 We have also experimented with the procedure shortly adliim §9.1 of
[136], which suggested to employ an iterative nonlinearimiration method where at
each iteration a new, optimal for the GCV of the linearized nonlinear functiortta cur-
rent iterates, is used. However, this method didn't exrabifood convergence behavior
compared to Algorithm 6.3. This suggests that applyingitrealization in early iterations,
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Algorithm 6.3 Algorithm for regularized nonlinear least squares withg@ choice of

the regularization parameter; golden section variant

Input: Measurements vector, deterministic functiorF, matrix A for spline basis and
matrixC for smoothing constraint. Initial approximati®g € © and bounds & Anin <
Amax- Convergence tolerandel. Scalary € (0,0.5), e.g, y = 0.3819 defined by the
golden section

2: repeat

3t AL Aert(1—Y) + ArightVs A2 < AleftY + Aright(1 — )

4:  compute / updaté,, and6,, as the optimal solutions of the NLS criterion (6.6), for
the fixed values\; andA,, respectively

5:  evaluate / update the GCV function valuesAaf, Arignt, A1 and Az, using for-
mula (6.7)

6: if G(A1) > G(A2) then

7: Aleft <— A1

8: else

9: Aright — A2

10: endif

11 until A2 — Ay < tol A
12: )\<—/\1,9<—&/\,5<—a(6,)\).

Output: Solution(@é) and smoothing parametﬁr

where we might be far from the optimal solution, is not appiate for highly nonlinear
functions.

6.2.6 Efficient computation of the GCV function value

The evaluation of the GCV function defined in (6.7) involvesiputing the misfit between
the datay and the current modsj,, for the numerator, and computing the trace of the
influence matrixS(A) in (6.8), for the denominator. The estimated moyglis easily
available from the nonlinear least squares step, thus therator is computed i#'(m).
Since the Jacobian materF(@A) changes at each new evaluation (together with the
current iterate§,\ = 6),), it is not possible to compute the influence matrix as effitye
as in the classical linear setting [51]. However, we progosese also the preprocessing
step described in Algorithm 6.1 in order to create an easilpgutable diagonal part in
the influence matrix formula. The ter@ := U 'OF(6,) is already available from the
nonlinear least squares function and Jacobian evaluaganstep: in Algorithm 6.2. The
influence matrix becomes (up to an orthogonal similaritpgfarmation, which leaves the
trace invariant):

GG Gz |6
SM=[6 2 ]| 515 zXZwmx\Z%} {Z/ﬂ’

whereU, Za andZp are matrices provided by Algorithm 6.1. After some manipatss
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we get:
S) = AQ) + (In—AX)G [T (In~AM)E| G (In—AR)).

where A(A) = SA(ZAZa+mAZ3) 131, Finally, using a QR decomposition ¢fy, —
A(A))Y2G = QRyields the simplified formula

TrSA) =TrAA) +TrRR'R)IRTQ" (Im—A(1))Q
=TrAA)+p-TrRR'RIRTQTAN)Q.

Note that TIS(A) is also used in the computation of confidence intervals (sbses-
tion 6.3.2), since it represents the number of effectivapeters.

6.3 Asymptotic properties of semiparametric
regression

6.3.1 Asymptotic normality

Although we do not impose additional regularization comistis on6, the smoothness
constraint that is imposed on the nonparametric gatso influences the computation of
the parameter of interes, We describe precisely what this influence is on the bias and
variance of the estimatd, in the following theorem.

Theorem 6.2. Let (t;,yi), i = 1,2,...,m, denote m observations from a semiparametric
model with partially known functional relationship,

yi=F(t,0%) +g"(t)+&,  (i=12,...,m),

whereg ~ .4 (0,0°), 11,...,tym are regression abscissas from a real intervé) 6* denotes
the true value of the unknown paramefee © C RP, and ¢ is the true ‘baseline’ function.
Assume that:

(A1). g € o7, for a certain given finite dimensional Hilbert spagg;

(A2). @n,...,@ € o is a family of generators iZ, A denotes the m n matrix that has
as elementg(t;), for k from 1 to n and i from 1 to m, and C denotes themmatrix
having the elements? @, 2 @) ,», for k| from 1 to n, whereZ? and.7#” have been
introduced in subsection 6.2.1.

Then, for any > 0, the estimates d* anda* (wherea* satisfies &" = g*) defined as the
global minimizer(6, ,a, ) of (6.5) overf € ©, ac R", satisfy, when m- c:

[}
[ ai } ~ (6.11)

([ & o] e oot (-] 5 e | JHon ).
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[ OF(6")TOF(6*) OF(6%)TA
where HA) := ATOF(6%) AALmAC |

Proof. Whenm — oo, we can use a first order approximation of the nonlinear fandt:
F(6) ~ F(6*)+0OF(6%)(6 —6%),

since we expect that at convergence the bias betWeserd 6* is not so big.
Replacingy = F(6*) 4+ Aa* + ¢ into the minimization (6.5) leads to:

min £||J9*+Aa*+£f\]9 —Aal?+2a'Ca, (6.12)
6cO,acR" M
where we used the short-hand notatibr- OF(8*). From the first order optimality con-
ditions, we get
6,1 [3 A ([0 +ha+e
a | |0 vmD 0

S P R W RO el

whereD is a Cholesky factor of, i.e, D'D =C.

The assumptions on the noise teenmply the normality of the estimator, with the
bias from the true values and the covariance matrix giveharconclusion of the theorem.

([l

Remark 13 The assumptions (A1-2) can be relaxed, at the expense of @ t@chnical
proof. More specifically, the true nonlinearity might violate (A1) by not being inv?Z,
but then we should consider an asymptotic case with respélesetnumber of spline basis
functionsn such that when goes to infinityg* should become arbitrarily close to a member
of 7. (A2) can be replaced by the condition that the null spacé@fiperator? in 7
is finite dimensional, in the case wheff itself is infinite dimensional.

Theorem 6.2 gives, for the cade= 0, similar conclusions as the results on nuisance
parameter analysis of [120]: the estimator is unbiased @ncovariance depends on the
nuisance term (in our case, the baseline paranajerThe difference in thé £ 0 case
is, however, that we must also incorporate the contributicthe regularization term; thus,
there will be a bias, but the covariance can be of smaller imadg An adequate choice
of A should provide an optimal bias-variance trade-off. The Gx@itérion provides such a
trade-off. We observe next that the bias and covariancediasrare very much linked to the
formula of the generalized smoother mat8 ) in (6.9), where instead of the estimated
(§A ,a, ) we plug in the values of the true paramete#s, a*).

Denote byT the gradienf J A ], where as beforé= 0F(6*). Then the smoother
matrix at the true values becom®@\ ) = TH(A) 71T .

Whenever the linear approximatiéi{0) ~ F(6*) + J(6 — 6*) holds, we have as in
the proof of the Theorem 6.2 that

) = F(B))+ A8, ~ T { ‘(]) \/%D r{ y } —THO) Ty = S(A)y.
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Thus, we obtain the approximation of a classical relatipn,y, ~ (In—S(A))y. This
means that the GCV criterion for the regularized nonlineabfem can be approximated by
the GCV criterion for the regularized linear problem (6,Mhere the linear approximation
is plugged in. In the asymptotic linear case (see [136, %4l optimald given by GCV
approaches the value afminimizing thepredictive mean square errariterion

16" + Aa" — 36, — Ad, 3.

This implies bounds on the forward erip* — 6, |3+ [|a* — &, |2, as well.
Moreover, note that the bias in (6.11) can be rewritten as

HO | e | =Hy ey T | X

(o= HO) T 3 |

and the covariance matrix in (6.11) satisfies
€ =0’HA)ITTTHA)™L, and TT4T =0%3A)>

The magnitude of the matrig,n —H(A) 1T ' T influences the bias term. One mea-
sure of this magnitude could be the trace, andgli, —H(A) 1T 'T) = p+n—TrS(A).
In nonlinear or regularized models, the quanfity := TrS(A), the trace of the influence
matrix, has the meaning of treffective number of parametel®9]; in other words, the
numberpess replacesp+ n, the number of components in the regression vari@téada.
This quantity comes into play when we estimate the noiseamad in the semiparametric
model (generalizing [136, Equation (5.1.3)]):

52 [y =F(B) - A& 3 _ ll(lm—SA))yI3 (6.13)

M— Peff Tr(lm—S(A))

6.3.2 Asymptotic confidence intervals

In this section, we derive practical statistical informoati as corollaries of Theorem 6.2.
In essence, one is interested in finding confidence intefoalthe parameter of interest
6. As usual when dealing with Fisher information matricess oannot compute the exact
covariance matrix (since it depends on the true unknowmpeter); thus, it is common to
replace the true parameters (in our ca&eanda*) by their estimated values€., 6, and
a,). Due to the same reason, we can only perform an approxinsecbrrection, which
follows by replacingH (A) with H(A) in the following corollary.

-
Corollary 6.3. With the notation of Theorem 6.2, an unbiased estima{é)b?, a*q is

given by
BERC S NN
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~ T
Proof. From Theorem 6.2, we see th{a&;, a}] is centered around

e P e N b )

Thus, using the matrix inversion lemma,

(w3 e ]) [ )= ( (o0 [§ wie])

-
is an unbiased estimate {)@*T, ar } . a

At this point, we are ready to give formulas for 100- a)% confidence intervals
for each of the parameteés i =1,...,p.

Corollary 6.4. An approximatel00(1 — o )% confidence interval for the parametéy is
given by R
= 2 PN
(B0 + tn/ 5 - (B2 G2,
where ' denotes ther quantile of the Student t distribution with k degrees ofdmwra, 52
is given in (6.13), an@%e is the " diagonal element of the covariance matrixé;if,

79 =979, with 9 := (Im—A(}\))DF(@\)(DF(@A)T(Im—A(}\))DF(@\))_l
and AX)=AATA+mAC)IAT.

Proof. We further simplify the covariance formula in Theorem 6.2,

¢ =HQA)" (H()\)— [ 8 m;\)C DH(A)le()\)l[ DA':TT ] [OF AJHA)™,

focusing only ori6’?, the upper-lefp x p block of ¢, which gives the covariance informa-
tion for the parameter of intered?, We use a block matrix inversion formula involving the
Schur complement of the (2,2) block, and partition

-1
4 _[OFFOF OFTA Hi Hiz
H®A) _[ ATOF  ATA+mAC as H, « |

whereHy; = (OFT (Im— A(A))OF) %, andHaa = —HiOF TA(ATA+ mAC) L. We see
that

¢ =979, with 4 =0OFH11+AHL = (Im—A(A))OFH1
-1
:(|m—A(A))DF(DFT(|m—A(/\))DF) .

9n a straightforward manner, we can desigmfidence regionén the RP space) instead of individual confi-
dence intervals for each parameter; see [111, Chapter 5] fog degails.
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(For simplicity, we left out the argument aff, which in exact formulas should &, but
can be replaced b§,, yielding the computable “hat” formulas.)

Since the estimato?f)\ is unbiased and normally distributed, we plug-in the approx
mate estimated variance (6.13) and we get that, approxiyreate for largem,

(6,)i— 6

|
— "~ ltmper:
NeT

which gives the announced confidence interval. O

Taking a careful look at the specialized confidence intsrtlagt we obtained, and
observing in particular the formula &f®, the covariance matrix of the estimated parame-
ter, we note the following differences from the classicatfatence intervals in nonlinear
regression [111]:

e we need to use a bias-corrected estimate;

e the number of regression parametgiis replaced by the effective number of param-
eterspes, both in the variance formula (6.13) and in the degrees @fdioen of the
Student distribution;

o if we ignore the ‘linear smoother matriX&(A) from the covariance matri’®, we
get the classical inverse of the Fisher information matsik@variance matrix for the
estimate of; indeed:

if & =In0FOF 1,0F) Y then 4° =979 =(OF OF) L.

6.4 Discussion on identifiability, redundancy and
uniqueness

Theidentifiability concept involves proving or disproving that the parametétbe exact
model can be exactly recovered from noiseless measurem8&gpise parameters might
be redundant this happens when the same (noisy) data can be explainetllbgsa two
different parameter values. Even for an identifiable moitledpnditioning and noise can
make some parameters non-uniquely determined. @tliguenesgsues are related to the
optimization objective functione(g, nonlinear least squares) that might not be unimodal,
thus several locally optimal solutions could be computeghethding on the starting point
of the iterative optimization algorithm.

In linear regression, the uniqueness of the least squahesosn the identifiability
and the parameter redundancy questions are all relateck itk deficiency (or nearly
rank deficiency) of the coefficient matri of the linear modey = X6 + €.

For nonlinear regression, one often translates the resfitseear regression by using

an estimate of the matriz¢’ = [‘;—Z(t, 6*)} instead of the linear coefficiedt. However, the

asymptotic linearization is not always appropriate, thhesgroblems become much more
involved. A whole detailed discussion on these issues falinear regression is found in
Chapter 3 of [111].
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In this section, we focus on the combination of a nonlineaametric part (which we
assume identifiable and not prone to non-uniqueness anchparedundancy problems)
and the nonparametric part (the part that is actually liggzarameterizedby splines).

In order to avoid identifiability problems that come fromfhamodeling the nonlin-
earF with splines, one can first think of a strategy of designingppropriate spline space
2 such that it does not interfere with the nonlinear functiérihe parametric part. If
such ans# is possible to construct, then a pure semiparametric reigresetting without
any penalty term can be used. A sufficient identifiability dition would simply require
that the given nonlinear functidf(-, 8) is not in the space” for any 6. This restriction
forbids the possibility that the output datacan be interpolated ig#”. Thus, the nonlinear
F and the nonparametric part would be completely disentangle

In practice, when the spac#’ is generated by splines, it can be quite rich. Even
if the nonlinearF is not a member of7, it might happen that (parts ofj can be very
well approximated in7Z. In this situation, we would like to ensure that the problem is
still identifiable, at least for an appropriate penalty temna for an appropriate value of the
regularization paramete.

The semiparametric regression problem is not identifidifeiparametric part doesn’t
have at least ondistinctive featurghat can separate it from what could be considered as
background. Since we are focusing on the case when we rethpair¢he nonparametric
part is fitted with a certain degree of smoothness, it meaatsoilr condition for identifia-
bility requires that the nonlined should contain a certain non-smooth feature. This will
definitely exclude the cases whEris a linear function or a low order polynomial.

The NMR spectroscopy data quantification problem (to beritestt in Chapter 7) is
a good example for applying our semiparametric modelinghotbecause in that context
we have a parametric model containing specific Lorentziakgewhich will not signifi-
cantly interfere with the nonparametric part — a smooth lbeeseMoreover, in this appli-
cation, we have in general good convergence of the numenatahization, because good
starting values for the nonlinear parameters of the modeheailable.

Indicative information about the quality of the estimatas be obtained by looking
at the estimated confidence intervals.

6.5 Numerical examples

In this section, we illustrate with a few examples the use ffofithm 6.3, and of the
statistical information extracted with the procedures eétibns 6.3.1 and 6.3.2.

First, we choose a simulation scenario that approachesim@ified way the design
of the NMR spectroscopy data quantification problem, as hgeeto the application in
the next Chapter. Then, in subsection 6.5.2, we give othemeles that illustrate the
identifiability issues.

6.5.1 Description of simulation examples and results

Inspired by the shape of the frequency domain transformationetabolite signals in the
NMR experimenti(e., Lorentzian lineshapesye consider as a simplification the rational
function
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wheret represents a scalar abscissa in the intesfak [—10,10. We use as true values
for the paramete* the following data:

o\% = [5,12820,15, 6\ =[-7,-4,-3,1,5].

Note that@{l"“’5>, which appear linearly in the model functidhy determine the ampli-

tude of the Lorentzian shapes, whﬂél’“"s), appearing in the denominator, determine the
positions for each peak. (See middle plot in Figure 6.1.)
We consider the following simple baseline function:

g(t) :=sin(t/2).

Then we simulaten = 200 measured outpuys, . .., Ym at equidistant abscisshs. .. .ty in

#, by adding up the simulation function values (at fixed partamg@*), the values of the
baseliney, and Gaussian noise with given variar@& which represents a noise-to-signal
ratio of approximately 30%, taking into account the magieétof the considered simulated
function.

For computing the nonparametric part, we use penalizetheplj28]. Thus, the
matrix A is formed from a B-spline basis [21] of degree 3; we set the sfAtomx n=
200x 40. Moreover, instead of the regularization operatdr we compute the matri€ as
C =D'D, whereD is the second order derivative matrixg., the (n— 2) x n tridiagonal
Toeplitz matrix, with 2 on the main diagonal ard. on the first super- and subdiagonal.

Figure 6.1 shows the signglobtained as described above, together with the fit re-
turned by our Matlab implementation of Algorithm 6A&s initial values for the parameters
we choose random values with the constraint H}[ét"E) are positive and scaled to reflect

the magnitude of the simulated signal, a@ﬁ"“’S), appearing in the denominators, are
taken from non-overlapping intervals [ir 10, 10] that contain the true values.

A =0.39735 . .

200 __ gvensignal  Eigure 6.1. Simulated sig-
100 nal y: the bigger peaks
0 come from the function of
-1 -5 0 5 0 interest F, the baseline
200 gives a smooth trend, and
1OOM  ueF the Gaussian noise has
0 — fitted a noise-to-signal ratio of
-1 5 0 5 0 30%. With a GCV choice
200 for A and with reasonably
100 good initial values for the
o~ — —nonlinear parameters of F,
-1 5 0 5 0 | fuebaseline  \a optain excellent fit of the

model and of the baseline.

We performed a Monte Carlo simulation study to assess stafisnformation on
the converged estimates given by Algorithm 6.3. Table 6ekgnts averaged results after
100 simulations for several noise levels. The averagedivelarrors for the regression
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Table 6.1. Monte Carlo simulation results for the example problem. Mbise-to-signal
ratio (N/S) is varied froml0% to 50%, while the problem dimensioma = 200, n = 40
and p= 10remain constant. Averaged values of the true and estimatest variances,
and averaged relative errors in the regression paramétére., ||6) — 6*|2/||0%2), in the
function fit (.e, ||F(§,\) —F(6%)|l2/1IF(8%)]|2), and, respectively, in the fit of the baseline
(i.e, ||Aay —g*|l2/lg*||2) are presented.

N/S | true variance| variance estimate errorin 8 | errorin F | error in baseline
10 % 32.61 33.18 0.024 0.028 0.052
20 % 131.4 133.1 0.044 0.052 0.095
30 % 292.2 296.1 0.060 0.074 0.123
40 % 530.5 526.5 0.065 0.086 0.151
50 % 826.5 823.2 0.071 0.098 0.176

parameteB, as well as for the reconstructed nonlinear funcf@f) and baseliné\a are
reported in the last three columns of Table 6.1. These snraliseconfirm that the regular-
ized nonlinear least squares algorithm, with the GCV chfacehe smoothing parameter
A, performs well. Moreover, in the left part of Table 6.1, nexthe noise-to-signal ratio,
we have the corresponding noise variance used in the siongags well as the estimated
noise variance using formula (6.13). The values agree wallliexperiments, thus con-
firming the validity of formula (6.13) in practice.

An illustration of the estimation results for each indivedyparameter irf is shown
in Figure 6.2. The mean squared errors obtained in the Moatk Gtudy are plotted to-
gether with the Cramer-Rao lower bounds computed from teeeFiinformation matrix
corresponding to the true parameter values of the nonlifugention F. Note that these
Cramer-Rao bounds ignore the incorporation of a possitdelime in the model. As a re-

sult, we see that the mean squared error for the estimate bhear parameter@l(l""’s) are
further away from the Cramer-Rao bounds than it is the casghénonlinear parameters
92<1""’5). This means that the latter group of parameters is lesstaffday the nuisance part
of the semiparametric model.

6.5.2 Comparison between classical confidence intervals an d
specialized confidence intervals

At the end of Section 6.3.2 we observed that the confideneevais taking into account
the presence of the baseline term (see Corollary 6.4) ar@erglezation of the classical
confidence intervals from nonlinear regression. Here wepaomexperimentally the new
specialized confidence intervals with the classical ones.

With the same example setting as above, we use a noisertatsaio of 30% and
generate 100 random simulationg( 100 noise realizations); we set the required confi-
dence level to 95% and we count the number of successfulmeEor the condition: 6
is inside the computed confidence interval”, for every iidlial parameter if9*.

Table 6.2 gives the percentages of successes for both $&azlhconfidence inter-
vals and the new specialized confidence intervals. Notettieaspecialized method gives
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—MSE

30 40 S0 10 20 0 40 50 10 20 30

6% ----CR bound

noise to signal ratio

Figure 6.2. Each plot corresponds to an individual variable & the horizontal axis
corresponds to several noise levels, and the vertical asisesponds to squared errors
in each parameter. In every plot, the full (blue) line sholws mmean squared errors of
the estimated parameter to its true value, and the inteedited) line is the Cramer-Rao
lower bound.

Table 6.2. Percentages of confidence intervals that contain the truarpater value.

Method | 8 6P 6 6 6° 6V 6?2 o3 ¥ e
Classical | 79% 77% 75% 76% 80% 91% 96% 91% 93% 93%
Specialized| 97% 94% 93% 99% 97% 94% 99% 96% 97% 96%

percentages closer to the required confidence level of 959%e whe classical method,
which ignores some aspects of the problem, can ad/mw as 75%uccessful counts, for
the same required level of 95%. This means that in up to 20%ebtutcomes, the true
value8* is inside the specialized confidence interval, but outdiéectassical one.

The new confidence intervals are a bit wider than the classioes. In Figure 6.3
we plot theaveragecdconfidence intervals in the 100 simulations next to the batgpbf the
computedd parameters, for the noise level of 30%\Ve note that the length difference is
just between 5 to 50%, and thus the specialized confidenessais are still tight enough
for giving useful information on the estimated parameters.

6.5.3 lllustration of identifiability problems

In this subsection we show the extents of the identifiabdityblem for our semipara-
metric model. First, we give an example where the paramatricnonparametric parts are
not strongly disentangled, but where the baseline comgasdrowever much smoother
than the parametriE.

Let F be a sine function i, and let the unknown nonlinear paramegegive the
amplitude and the phase of this sinusoid. We construct abimgeline as a polynomial of
degree 5. We generate data using a discretization with 4Bfispa the interval [-10,10]
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(1) (2) (3) (4) 5)
6; 0; 6. 6; 0,
of 1 * v T . 18] 7
P : 14 a o T 220 1 : I . ?
M Lo L7 ¢ 16 P
6 g V! 12 ?i 8 8 o 20 8 L L
I I o Uet sil o e §
! H ] ' i ! i o ~
sl 1 & b R I o t{}-+ boxplot for 6,
L s L 4 L L L
W @ 3 @ © - 1 classical C.1.
6. 6. 6. 6. 6.
—o8——2 2 —og——2 2 2
i -39 1 i ; o
69 | sm ! o0l | 1osl | 505 ! ----a specialized C.I.
-7 8 ‘: : B ‘ ? i 3 8 :O ? : ¢ 8 ¢ ?
il b -4 8 L ‘6 i N 8 ! : 5 8 3 :
-72 l aos | o -3.1 : | oh | | 84
-73f . 1 -32| o 095 L L

Figure 6.3. Boxplots for thef parameters in 100 simulations; averaged confidence in-
tervals, where the shorter are the classical and the wider the specialized confidence
intervals. Horizontal dotted line marks the true value & garameters.
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0 8 6 4 =2 0 2 & 6 8 08 6 4 2 0 2 4 6 8 0
Figure 6.4. With a too small value of the Figure 6.5. With the value ofA com-
smoothing parameteA, the spline re- puted using GCV, the spline reconstruc-
construction models also part of the sine tion doesn't interfere with the sine model
model function. function.

and we add Gaussian noise corresponding to a 15% noisg#tatsatio. We use a dense
space of B-splines and a penalty of the second order dersviztpe.

Figure 6.4 shows that when we give a very small value to theosinmy parameter,
the spline baseline tends to reconstruct part of the sinavi@lr, and thus the amplitude
and phase parameters of the modeled sinusoid are cleadgdofaom the exact values.
However, as we see in Figure 6.5, the choice made by GCV gkadlent results. The
explanation lies in the fact that in this case GCV favours aenparsimonious model for
the baseline.

We performed also an “opposite” experiment where we constlas parametric
part a simple polynomial function and as baseline a sinetiomc The GCV choice in
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Figure 6.6. A small value of the smooth- Figure 6.7. With the value ofA com-
ing parameter\ favors the spline recon- puted using GCV, the spline reconstruc-
struction of the sinusoidal baseline. tion is too smooth.

this unidentifiable problem didn’t give a good result; aligh the parametric part was
reasonably recovered, the baseline was over-smoothetlffes sSine waves were treated
as noise and smoothened out. If we manually selected a vaaly Amalue, close to zero,
then the smoothness constraint was ignored and a good fitlohhadel and baseline was
obtained. (See Figures 6.6 and 6.7.)

6.6 Conclusions

In this chapter, we have presented a semiparametric profdemulation, its statistical
properties, its computational solution, and simulatioareples. We reserved the room
for explaining a real life application that in fact motivetéhis semiparametric modeling
framework in Chapter 7.

The main points of the study in this chapter reveal that ielatively easy to include
a nonparametric part into a nonlinear regression problarthe case when the nonpara-
metric part can be restricted through a weighted noerg,(by imposing smoothness of
the baseline term). The nonparametric part can then be edbgl using a spline basis,
and thus only a linear term is actually added in the nonlineast squares optimization
criterion.

However, special care should be taken when statisticafrimdition is retrieved from
a regularized semiparametric regression problem, singemeral we obtain biased esti-
mates (but the bias can be corrected), and the classicaheanlregression confidence
bounds that use the Fisher information matrix must be adajateéake into account the
regularization term.

The simulations from this chapter (and the application i ttlext chapter) use pe-
nalized splines for modeling the nonparametric part. Fuwork involves using in appli-
cations other types of splines from the template splineslyarfkor example regression
splines [36] could be used in the semiparametric modelingect and the number and
position of the knots should then be optimized instead ofég@larization parameté.



Chapter 7

Application to MRS data
guantification and its
software implementation
In AQSES

In this chapter, we pursue the problem of quantifying méitooncentrations from short-
echo timein vivo Magnetic Resonance Spectroscopic (MRS) measurementsgoethef
this application is to compute the parameters of a certaidaifoinction, which give infor-
mation about the concentrations of chemical substanceigian of the brain. Nowadays,
the nuclear magnetic resonance scanners restayd echo-timesignals that are richer and
richer in information because they display the responseggoificantly more metabolites
(chemical substances). This means that not only the meastarel metabolites in the brain,
but also anacromolecular baselin®r which no model function is available must be taken
into account in automated quantification methods. For théson, the semiparametric
modeling framework developed in the previous chapter véleimployed.

7.1 Introduction

Magnetic Resonance Spectroscopy (MRS) is a non-invascleigue that is used in a
wide range of medical applications,g, for brain tumors diagnosis [38, 63]. Measured
MRS proton spectra from the human brain can provide es$ent@amation about the
chemical substances present in each specified voxel (solaihe) of the brain.

7.1.1 MRS data quantification with unknown macromolecular
baseline

The nuclear magnetic resonance spectrometer outputs exmalued time-domain sig-
nals that have a decaying pattern. Figure 7.1 shows a typieprocessed time-domain
signal obtainedn vivo from a healthy selected small volume in a human brain. Faralis
interpretation, the Fourier transformed signal is usuplbtted in the frequency domain
(see Figure 7.2), because the position and magnitude ofpesdhgives information about
the chemicals present in the sample.

Each pure metabolite (chemical substance) has a pecufiarésponse that depends
on the number and position of hydrogen protons in the moéeaitucture; in theory, the
time response is a sum of complex damped exponentials, whalththe typical Lorentzian
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Figure 7.1. The time domain MRS signal Figure 7.2. The frequency domain spec-
measured from a selected volume in the trum measured from a selected volume in
human brain. the human brain.

peaks in the frequency domain signals. Spectra of metabdhiat are known to be present
in the human brain can also be measureditro. Such measurements can be grouped to-
gether in a database of metabolite signals, see Figure A.B Vivo signal can be modeled
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Figure 7.3. The frequency domain spectrum profiles for several typiethbolites in the
human brain.

as a combination of metabolites in the databasethis way, the weighting coefficients
(amplitudes) in the combination yield tlewncentrationf the metabolites. Estimating
these concentrations is the main goal of the MR spectrosdagy quantification prob-
lem. However, this combination cannot simply be a linear lom@tion; one should allow
small corrections in other spectral parameters (frequshifis, damping corrections, phase
shifts, etc), since these parameters may slightly vary freeasurement to measurement
[101].

Denote by{w, for k=1,...,K} theK given complex-valued time series of length
T, representingn vitro measured metabolites, and Wmthein vivo measured MRS signal.
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The model that allows spectral corrections in the combamadif metabolites is:
K t
w(t) =W(t)+ & = Z oy (&) wt)+&, t=0,....,T -1 (7.1)
K=1

whereay, {kx € C are the model parameters (their meaning will be describ&eation 7.2,
where a more general model formulation will also be allowes)is an unknown noise
perturbation with zero mean, for als fromO0toT — 1.

Figure 7.4 shows two fits: one is the best linear combinatidhesignals from the
metabolite database, and the second is the optimal fit wignémlinear model (7.1) that
uses spectral corrections, of the sameivosignal as plotted before. (In practice, we might
have up to 25 metabolites in the database, but here, fotralisn, we consider only the 7
metabolites given in Figure 7.3.) Itis noticeable that #sduals are highly biased from the
zero line, in both fits. This happens because the pure métdbiiequency-domain profiles
are zero outside the range of resonant frequencies, busttiifferent in what concerns an
in vivo signal. The database of metabolite profiles only contains the mashiment and

Linear fit __Nonlinear fit
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Figure 7.4. Real part of the original frequency domain spectrum fromirarivo signal,
together with the optimal reconstructed spectrum usingralmaation of metabolites from
the database. Left: linear combination. Right: linear canation with nonlinear spectral
corrections.

relevant metabolites, but thevivo signal also holds information that originates from some
unknown ‘macromolecules’. This nuisance part is known abtseline The baseline is

a highly damped componersgen in the frequency domain, it is a smooth, broadband, low
amplitude spectrum, that gives an underlying trend tarthevo signal. (See Figure 7.5.)

Its shape can vary and it is in general unpredictable, eslhean pathological cases. In
mathematical terms, we can say that the baseline is cherstidy the fact that its Fourier
transformation should be a smooth functiénFor this reason, a good choice is found in
identifying it as a smooth curve using splines in the freqyetdomain. We denote the

10There is an abuse of terms here: actually, the Fourier tremséd the unknowrcontinuous-timenaseline
should be a smooth function. In practice, we work with digerée instants and with the discrete Fourier
transform.
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Figure 7.5. The original frequency domain spectrum fromiarvivo signal, together with
a baseline constructed with splines.

baseline withh(-) and the model becomes

W(t) =W(t) +& = % o (%) vi(t)+b(t) +&, t=0,...,T—1
k=1

We fit the exemplified data using this semiparametric model &a apply the method
described in Section 6.2. The result is depicted in Figusgdnly the real part, for more
clarity). Observe that the bias that was visible in the nesidf Figure 7.4 is now removed.

Introducing the baseline term into the model proves to bedmyaate solution for
fitting the given data. But does this also imply that a moreabd¢ estimation of the pa-
rameters of interest (and, finally, of the metabolite cotragions) can be obtained? Under
the assumption that the reconstructed baseline doesn’eintioel part of the data that is
characteristic for the metabolites of interest, the andsges. An important problem is
deciding how many features of the data could be allowed tateel fivith the baseline. The
trade-off between the parametric part of the model and tkellvee can be viewed, in this
application, as a trade-off in the smoothness of the freqqudomain baseline.

7.1.2 Software for MRS quantification

In Section 7.3 we shall discuss the AQSES software moduledantification of short-
echo time MRS signals. The mathematics behind AQSES arel loasthe semiparametric
modeling theory presented in Chapter 6. Particular dethitait designing a semiparamet-
ric model for MRS quantification with unknown macromolecuteaseline are presented
in Section 7.2. Moreover, we devote Chapter 8 to computatiaspects of the AQSES
implementation and comparisons between several of itami

Other important contributions in the field of fitting shodk® time MRS signals in-
clude [97] and [100]. The differences and similarities begw the technique implemented
in AQSES and the procedure used in LCModel [97] are:
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Figure 7.6. Real part of the original frequency domain spectrum fromramivo signal,
together with the optimal reconstructed spectrum usingheéabolites from the database,
the optimal baseline constructed with penalized splinekthe entirely reconstructed sig-
nal (metabolites plus baseline).

e AQSES performs the fitting in the time-domain, which is théadacquisition do-
main; LCModel fits the real part of the frequency domain signa

¢ in both methods, the baseline is nonparametrically mode$éty penalized splines
in the frequency domain; the fact that AQSES fits in the tiroedin is not a prob-
lem, because a smoothing criterion that involves an invémrier transformed
spline basis can be used;

e the criterion for choosing the amount of smoothing via thgutarization parameter
in AQSES is based on nonlinear model selection theory, wthiéiemethod in [97]
seems more heuristic in nature.

Comparing AQSES to the recent contribution in [100] (QUESA@ highlight the follow-
ing differences:

e a nonparametric baseline is recovered in QUEST using heurethods, where
several steps are involved: truncation, partial fittindptsaction, and final fitting. Its
performance is sensitive to the choice of the number of atettdata points and the
model order for the baseline fit. The algorithm in AQSES usdyg one common
optimization problem for the fitting of both the model and Haeseline. Itis thus less
prone to accumulated errors.

¢ In reference [100], an augmented Fisher information m4trigpired by [120]) is
used. However, it is not clear how to choose the value of thebau of effective
parameters, involved in the computation of confidence bsutd this respect, the
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discussion in Chapter 6, Section 6.3.2 (see also [115])fielithe way the confi-
dence bounds can be automatically estimated for the proe@dAQSES.

7.2 Mathematical formulation

For the quantification of short echo-time MRS signals, wauassthat we are given a
“metabolite database”, which is a dek, for k=1,...,K} of complex-valued time series
of lengthm, representingn vitro measured MRS responses [38]. Anvivo measured
MRS signaly is also a complex-valued time series of lengtkhat will satisfy the model

K 2
yt) =yt +a =3 a (%) ()" W) +bt)+&, t=to,....tm1, (7.2)
k=1

whereay, {x, Nk € C are unknown parameters that account for concentratiomeahetabo-
lites in the database and for the necessary correctiong afatabase signals, due to inher-
ent differences in the data acquisition techniques [97, 01 In fact the complex am-
plitudesay and the complex and nk can be written in terms of a parametrization with
real-valued variables as (with= /—1):

ay = axexp(j @),

Ze = exp(—dx+ jfk), for Lorentzian and Voigt lineshapes;
K= exp(jfi), for Gaussian lineshapes;

| exp(jex), for Lorentzian lineshapes;
M= exp(—gk+ jex), for Gaussian and Voigt lineshapes;

whereay are the real amplitudegy are the phase shiftdy are damping correctiongy are
Gaussian damping correctionfg,are frequency shifts, angl are Eddy current correction
terms [64, 86].

Moreover, b(t) represents the chemical part that is not modeled, whicheisgh
sponse of the substances that are not included in the daetadads; is an unknown noise
perturbation with zero mean, for &l with indices from 0 tan— 1.

The identification of complex amplitudes, and complex{’s and ny’s, for k =
1,...,K, can be accomplished by minimizing the least squaresianmitef_, ¢, [¥(t) -

y(t)[>

7.2.1 A semiparametric model for MRS signals

A semiparametric model for MRS quantification can be degigmich takes into account
the parametric part of the model, but treats nonparaméyrittee baseline, with its con-
straint on smoothness [109, 97, 100, 101, 30, 115]. For thgam@ametric reconstruction
of the baseline, we construct a basis of splines [21, 28] andhe discretized splines as
columns in a matriXA of sizem x n, with n smaller than the number of data poinmsAny
nonlinear function can be approximated as a linear comioimaif spline functions. The
coefficients in this linear combination are the unknowng thast be identified. We de-
note these linear coefficients by, ..., c, (or by c € C", when stacked in a column vector).
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Thus the discretization of a nonlinear function approxidawith splines can be written in
matrix notation ag\c.
A regularization operatoD (that gives a matri8 = D' D) is defined to measure

the smoothness of the baseline in the frequency domain. Weat&D as the discrete
-12-1 "0
second-order differential operat@,= [ ] , first-order differential operator,

0 12 -1

11 0 1 0
D= ] zero-order differential operator, the identiy= l . |, or some
0 11 0o 1
combination.

Since the goal is to reconstruct a smooth baseline in theémry domain, while still
fitting in the time-domain, we transform the basis matixo the time domain, with the
discrete inverse Fourier transform. Thes:=.% ~1(A), where the operato# ~! denotes
the discrete inverse Fourier transform, applied on eacthinwolof a matrix. Finally, we
consider the regularized nonlinear least squares criterio

2
+Ac'Be, (7.3)

K

YO - 3 a (G (M) w(t) — (/) (1)
=1

tm-1

2

whereQ denotes some constrained parameter sgaaesually involves only linear equal-
ity and inequality constraints on the real-valued paramsed@pearing ir(x, nk. The role

of possible equality constraints is to impqsgor knowledgerelationships between corre-
sponding parameters of related metabolites. The ineguaitstraints are, in fact, simple
bound constraints on the real-valued parameters. We eipacthese corrections will be
small, since all these parameters are useslightly correctthe metabolite signals. For
instance, it is expected that the damping and frequencyssdnié bounded within a small
interval around zero, since otherwise some metabolitepetican become interchangeable
and the chemical meaning of the corrected metabolite psafé@ be lost.

In (7.3), A is a fixed regularization (penalty) parameter, and the wiesi@ A cHBc
is responsible for ensuring a certain degree of smoothodbeg thaselind. The value that
we give toA controls also the degree of smoothness.

Note that in (7.3) the complex amplitudeg are free variables. This translates into
the fact that, when we look at their representation in terfrth@real amplitudes and the
spectral phasesik = axexp(j), the phases, ..., ¢ are free between 1T and i1, and
the amplitudesy, ..., ax havepositivevalues. In fact, the real amplitudes are the most
representative parameters for the MRS model, since thethareeights with which each
metabolite appears into the quantified signal; they yidlds tthe metabolite concentrations
in the given brain region, and these concentrations areatige for the health status or
tumor degree in that region [92, 97].

. 1

min —

ay,...,ax €C,ceC" m
Q154K N5+ NK ) EQ

7.2.2 Using a filter

A filter can be used to remove irrelevant information from thevivo MRS signal. For
instance, a pass-band FIR filter can be used to select onfyettpgency region of interest.
The FIR filter in AQSES is taken from the implementation ofI];at is a maximum phase
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FIR filter that is automatically optimized in order to remdiie water component from an
MRS in vivo signal.

Applying a FIR filter to a vector (a discrete signal) invohaesonvolution operation.
This is however a simple and fast computation. When such aratipe is applied to the
measured signal, it must also be taken into account by tihmgfittodel. In other words, a
filtered measured signal will be fitted with a filtered modeigpé filtered baseline.

The design of the filter is performed outside the actual §ttinethod of AQSES.
Such a filter consists of a vector of coefficients; the lendtthe filter and the coefficients
are optimized during the automatic filter design [121]. hgt .., hp denote the filter coef-
ficients. Then a discrete-time signal.e., a vector of lengthm, can be convolved with the
filter giving the filtered signalv (of lengthm— p-+ 1), according to

p
Wi:Zlh'Vinl’ i=1...,m-p+1
|=

A FIR filter commutes with the sum, but this doesn’'t mean thabmmutes also with the
modifiedsum of metabolites, where there are shifts and correctmtiset spectral param-
eters; thus we cannot apply the same methodology as forarsfiltsignals, only by using
a filtered database. In AQSES minimization, we replace tliginal signal, the recon-
structed signal and the reconstructed baseline with thigirdd versions. The changes that
are involved in the function and Jacobian evaluation arg thd following three:

e thein vivosignaly is replaced throughout with its filtered version;

e each corrected metabolite signal (having the elemeptgy)" (nk)tizvk(ti), fori=
0 tom—1) is replaced with its filtered version whenever a new fuorgtlacobian
evaluation is required;

e the spline matrixe is replaced throughout with its filtered version (each caium
thus separately filtered).

7.3 The software package AQSES

7.3.1 The AQSES GUI framework

AQSES GUI is an open source Java-based graphical useraicée(GUI) for processing
and displaying short-echo-time magnetic resonance sgedpy signals [23]. Among the
tasks that AQSES GUI can perform, we enumerate:

e loading MRS signals from a multitude of file formats;
e visualizing MRS signals (time-domain or frequency-domaira 3D environment;

e preprocessing signals using phase or frequency correctiitiering (HLSVD-PRO
[73]), and others;

e creating metabolite databases by grouping signals togatigg possibly, applying
preprocessing steps;
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e processing signals using the AQSES methaxt(ratequantification ofshort echo-
time MRSsignals);

e displayingmetabolic imagesbtained from quantifying MRS signals coming from a
2D grid of voxels from a slice of the human brain (see Figud an page 133).

Figure 7.7 shows the main window of AQSES GUI where a projdti wany spectro-
scopic signals is open and the options of the AQSES quartifitanethod can be set.

More details about the various capabilities of AQSES GUlafound in [119] and
in the user’'s manual of AQSES GUI.

7.3.2 Implementation details
Programming language and dependencies

AQSES is implemented in FORTRAN 77. The main optimization pgcarried out us-
ing an extension of the Levenberg-Marquardt algorithm chlsccepts linear bounds con-
straints, in the DN2GB implementation written by David M.yG@1]. DN2GB is an
extension of the NL2SOL package of the same author [25], whials with nonlinear
least squares minimization for real data. AQSES is perfogmionlinear least squares with
a complex-valued function,e., a complex norm

I£(®)1> =IO f(e)lZ+ Dt (8)II3

is minimized, wheref (6) = 0 f(6) +i0f(6) € C™. Thus, instead of solving an optimiza-
tion problem with complex data, it is possible to transforincamputations to real by
doubling the problem dimension.

We have chosen for a reimplementation of the Variable Ptiojeenethod [47, 48],
taking the guidelines from the VARPRO implementation veritin FORTRAN by John
Bolstad [127]. Our new code for nonlinear least squares vatieble projection embed-
ded in AQSES works directly with complex function computas. That is, function and
Jacobian evaluations are performed in the complex domdie eValuated values are trans-
formed to real in order to apply the optimization module DNR@lote that in this way we
are able to impose linear bounds on the nonlinear paramieteilved in the minimiza-
tion, a fact not implemented by the classical VARPRO codetaileabout the VARPRO
implementation are presented in the next chapter.

AQSES uses several routines from BLAS and LAPACK [2] for sdmasic linear
algebra computation with (double) real as well as (doubbehmlex data. A few routines
from SLICOT [8] and from the FFTW package [37] are also used.

Multiple round fitting

AQSES is designed with an option of multiple round minimiaat fitting a new signal
with the signals from a database can be done in one or seveps. sin eacliound a
database larger than in the previous round (a superset gfréwous one) is used. The
goal of this multiple round procedure is to have good es@ésaf (some of) the variables
as starting values for the nonlinear optimization.
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Although this heuristic approach was quite helpful in poed implementations of
AQSES (see the results in [96, Chapter 4]) that didn’t digtieh between linear and non-
linear types of variables in the model (and, thus, goodistastalues are needed for the
amplitudes and phases of each metabolite), it became tbsolhe latest versions, where
the VARPRO method was used. In this case, a single round wofgfittvith zero start-
ing values for all nonlinear parameters, leads usually écstime convergence behavior as
multiple round fitting. A notable exception is the need foraod starting value for the
common phase correction (when equal phases for all metabalie imposed, see Chap-
ter 8). In this case, the common phase becomes a nonlineamptar whose initial value
in the optimization algorithm is set using a preliminary mdwof fitting with the non-equal
phases option. More precisely, the initial value for thegahia taken as the converged value
of the phase of the metabolite with highest concentratidhérpreliminary round.

Testing the validity of databases

Two conditions are provided in the code in order to test thmenical validity of the
database and to warn if numerical sensitivity of the datalmaight influence the correct-
ness of the fitting results. Both tests act in the same waytheutirst one is done for the
original database, while the second is done for the filtesgdlzhse, in case a filter is used.

Numerical problems during the nonlinear least squaresdittrocedure might occur
in the case when there exist nearly linearly dependent amdtimthe (filtered) database. In
this situation, the Jacobian computed for each step of therllerg-Marquardt minimiza-
tion algorithm gets nearly rank deficient and causes contipat problems!

Automatic baseline tuning

The generalized cross validation criterion for semipataimenodels (see Chapter 6 for
the definition formula (6.7) on page 103 and for the comporeti remarks in 86.2.6) is
implemented as a method for choosing a good degree of snesstlior the macromolec-
ular baseline. Tha factor that multiplies the penalty term in (7.3) is tuned urcls a way
that the generalized cross validation criterion is (appnaxely) minimized. A large value
for A implies a smooth frequency-domain baseline, while a sialllows rougher base-
lines. When the automatic method is used, several fittinglenad for several values af

are solved, until a penalty paramefethat leads to a good enough trade-off between the
fitting quality and the smoothness of the baseline is found.

Error measures for the quantification

Approximate Cramer-Rao bounds are also computed at thefethé quantification pro-

cedure. These error bounds are using the confidence irgetefhition that was specially
adapted for semiparametric nonlinear regression in Chépgection 6.3.2 (or [115]). The
bounds correspond to all the spectral parameters for thebolites of interest (linear and

)t is true that Levenberg-Marquardt has guards againstdaficient Jacobian, but this typical rank-deficiency
is usually caused in nonlinear least squares minimizationdayly compatible nonlinear equation fitting. The
case of linearly dependent columns in the database is a dedgeséuation yielding rank-deficient Jacobian, and
should be avoided.
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nonlinear parameters, as well). They give an indicatiorugite uncertainty of the final
quantified parameters. If the given bounds are small enoeighive to the corresponding
parameter value, then it means that the computed valueable! If a large bound is found
for a certain component, then the computed parameters iméghireliable. This might be
due to a poor signal to noise ratio, or to an incomplete dambémetabolites.

7.4 Numerical results

Experiments using simulation signals, as well as ire&ltro andin vivo signals have been
designed to test the AQSES software package. These expesirae presented in detail
in the paper [119]. In this section, we present an overviewhege results, focusing on
the simulations, because these can be easily interpreteganameter estimation context,
while the results on real data require a deeper biomediahlchemical background that
falls outside the scope of this thesis.

7.4.1 Simulated signals

A large number of simulated signals were created for thegrepf testing the robustness
and accuracy of the optimization methods in AQSES. Eachlabed signal consisted of
a linear combination of 8 spectrally perturbed metabolit#ifes in the basis set (contain-
ing Myo-inositol (Myo), Creatine (Cr), Phosphorylcholilech), Glutamate (Glu), NAA,
Lactate (lac), and two lipid signals (Lip1 and Lip2)).

In afirst data set of 200 signals, no nuisance such as baseline, moisder peaks,
was added to the simulated signals. The simulated parasnieteamplitude, damping,
phase and frequency shifts for each simulated signal wedoraly chosen, with values in
meaningful intervals. This means that the perturbationdaompings and frequencies were
small enough such that the characteristics of each metalsiginal were not lost.

For each simulated signal, the true amplitudgs,were compared to the ones es-
timated by AQSES (using the same 8 metabolite profiles in Hséslset) by means of a
performance measure defined as

ZFBg(aﬁﬁﬁmate‘L atkr,llje)z
200
yior(age)?

PMy = 100 , (7.4)

wherea§imatedresp. allu) is the estimated amplitude (resp., the simulated amjaljtémt
metabolitek in the simulation numbdr. A low value of the performance measure reflects
a high accuracy, since it is a percentage measure of theatiffe between estimated and
true amplitudes.

The secondexperiment extends the results of the first one for largealstesi.e.,
with more metabolite profiles. We took the same simulatedtspgset 1) as in the first
experiment, but three more metabolite profiles were addétetbasis set: Taurine (Tau),
Alanine (Ala) and Glucose (Glc). We chose these metabolitrause they are known
to be important metabolites that have no strong correlatitin the metabolites that were
already inside the basis set.
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Thethird experiment shows the influence of water, baseline and noidbeesti-
mated amplitudes. We used the same basis set of 8 metaladitaghe first experiment.
Five more sets of simulated signals were constructed:

set 2 = set 1 with a pronounced water resonance added,
set 3 = set 1 with low white noise (SNR = 25),

set 4 = set 1 with high noise (SNR =7),

set 5 = set 1 with baseline distortion

set 6 = set 1 with water, baseline and high noise.

The simulated baselines were computed as sum of Gaussiatesax at specific
frequencies, as prescribed in the reference [112]. Therwsaral (appearing in set 2 and
set 6) has been extracted fromiarvivo spectrum by means of the HLSVD PRO method
[73]. The additive noise is a circular Gaussian white noisth & standard deviatioor
defined as the ratio of a certain reference peak height ar&8NRe in the frequency domain.

For illustration, we plot one signal from each of the six data in Figure 7.8.

The influence of water, baseline and noise was also evallgtedeans of the per-
formance measure (7.4).

7.4.2 Results on simulated data
Results of AQSES on all data sets are presented in Table @.thdigure 7.9.

Table 7.1. Performance measure values for each metabolite and eadhlation set (in
percentage, cf. Eq. 7.4).

NAA  Myo Cr Pch Glu Lac Lipl Lip2
exp.1,Setl 021 367 131 174 061 6.08 251 054
exp. 2,Setl 058 1354 1.25 1518 1.18 847 274 056
exp.3,Set2l 050 139 042 156 082 12.09 856 1.p7
exp.3,Set3 3.13 737 413 594 486 2023 1988 7.98
exp. 3,Set4| 576 11.12 6.09 9.83 8.04 2384 34.13 15/55
exp. 3,Set5 7.90 11.67 4.31 1543 27.91 29.14 3055 7|75
exp. 3,Set6] 11.09 13.77 8.01 16.84 30.83 26.43 32.33 18,52

The first row of Table 7.1 shows the results of fhist experiment. The PM values
are relatively low, in the range of a few percentages. Thgdsgerror of 6% pertains
to lactate. A closer inspection of the relative errors betvthe simulated and estimated
values for Set 1 (sorted and averaged between all metabalittdepicted as the lower line
in Figure 7.9) shows that in 80% of the cases the estimatiahmest perfect, with average
relative errors under.001%.

Thesecondsimulated example shows that the results are slightly eftei the num-
bers of metabolites in the basis set and in the simulatedrspa® not equal. The PM is,
for the majority of metabolites, of the same order of magtetas in the first experiment
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Figure 7.8. The upper-left plot shows the real part of the Fourier tramaf of an arbitrary
noiseless signal from Set 1. The other plots show the casreipg signals when different
nuisance components are added to the noiseless signal.

(second row of Table 7.1). The estimates for the amplitudeS#u, Ala and Glc were
generally small (while their true value is zero); the stadd#eviations were, respectively,
39.42, 18.12 and 48.45. These values are influenced by a fidersuwhich correspond
to cases when several metabolites were misfitted. In thessscaxtreme values are also
present in some overlapping peaks, such as Lac and Lipl. Weddhat Lac and Lipl
were often in opposite phase, canceling each other out,derdo fit the relatively flat
signal in their frequency region. This problem will be dewitth in the following chapter.
Thethird experiment investigates the robustness of AQSES agaiesadtitional
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o Set6
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Figure 7.9. For each of the six data sets of 200 simulated signals, thivichehl relative
errors between the true and estimated amplitudes for eachlation and for each metabo-
lite were sorted in increasing order and then averaged feréight metabolites within each
set. The trend is that when the complexity of the simulaigmess increases (set 1 towards
set 6) the relative errors increase as well, but they stapwél% for more thar@0% of the
cases.

nuisance components such as noise, baseline and wateanessn The performance mea-
sure values are reported in the last five rows of Table 7.1doh simulation set. Inspection

of the results of the data sets 2 to 6 shows that the overdbipeaince degrades when the
complexity of the nuisance components in the simulationeeimses. However, Figure 7.9
confirms that in more than 90% of the simulations, the redagitrors stay below 1%.

The maximum-phase filter removes satisfactorily the watemmonent, as illustrated
if we observe the differences between rows 1 and 3 of Tablec@rtesponding to set 1 and
set 2. Indeed, the water resonance does not significandlgtdfie relative square error.

The performance measure for different noise levels confinmstability of AQSES
against noise. At low noise values, the errors do not inerdasmatically for any metabo-
lites, except for Lac and Lipl. At high noise, the errors ofstnmetabolites increase by a
factor of about two, compared to the low noise level case.

The baseline affects each component but mainly Myo and Ghes& components
are wider and therefore are more likely to be fitted by the lbase Cr seems to be less
affected. We notice that the PM of NAA and Cr remain under 18%llicases.

7.4.3 Experiments with real data
In vitro data

In a first experiment with real data, AQSES was validatedgisimin vitro sample. This
means that the signal measured from a test chemical solwismjuantified; the test so-
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lution contained metabolites in known concentrations. ffhe and estimated proportions
of metabolites have been compared (the proportion of métalhobeing the ratio of the
concentration of metaboliteand the total concentration (all metabolites)).

The results show that the estimation errors are below amptatale threshold of 25%,
with lower errors obtained for the metabolites that had éigloncentrations (below 8%).
Figure 7.10 shows graphically the comparison between treegroportions inside thi
vitro test solution and the proportions computed with AQSES.

0.35

] TRUE
B ESTIMATED

0.3

0.25

proportion

0.15

0.1

0.05

Myo Tau PCh Cr Glu NAA Lac

Figure 7.10.In vitro test sample results. True and computed metabolite prapwtare in
close agreement.

In vivo data

In a second experiment with real data,vivo MRS signals from a database containing
spectra from normal tissue, and two types of brain tumoudésswere processed. This
experiment is meant to show that AQSES can provide usefultsefor diagnosis and
classification of brain tumors. The detailed explanatiorthese results in [119] can be
summarized in the statement that the results were in accoeda the literature in the field,
showing for each tissue type the presence of each importatahulite in a characteristic
level of concentration with respect to the other chemicals.

An illustration of the results of AQSES oim vivo MRS signals is given in Fig-
ure 7.11. This is an example of using AQSES on a grid of MRSa&gnThe MR image
on the left displays a slice of brain from a patient sufferfrgm a glioblastoma tumor.
The metabolic images on the right of the figure show concgotraalues corresponding
to each metabolite from an 8-components database. Theneftaalues help the clinician
to identify the location and grade of the tumor, since somthefmetabolites have more
elevated values and other metabolites have smaller vaiubs itumor region.

7.5 Conclusions

This chapter presented the MRS data quantification probfeita implementation in the
AQSES software. This practical application was, in facg, dniving motor that led to the
development of the theory in Chapters 5 and 6.
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lip1 lip2
Figure 7.11. Metabolic images obtained with AQSES GUI. MRS signals inid gre
processed with AQSES and the resulting metabolite coraténris are plotted in colors
ranging from blue (small concentration value) to red (higimcentration value). The tumor
region is clearly identified in the upper right corner, wheseme of the metabolites have
concentrations higher than normal, and others have comaéohs lower than in normal
tissue.

The AQSES framework provides a flexible and easy-to-use@mvient for quantifi-
cation of short echo proton MRS spectra. The described awpats testify for the level of
accuracy, robustness and reliability that AQSES shows ity of nuisance conditions.

One important remark is that the FIR filter included in AQSE®oves suitably well
the noise and the water resonances in the frequency regibmwairelevant metabolites,
reducing partially (almost totally, for water) the effeofsthese nuisance components.

The experiments also showed a problematic situation: soetabulites that have
common resonant frequencies were often in opposite phaseelting each other. In the-
ory, the phase of the metabolites could be considered a$; ¢hjgachange in the model is
detailed in the next chapter.
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Chapter 8

Constrained variable
projection
Implementation

One important optimization tool implemented in the AQSE®&veare for quantification of
metabolite concentrations in MRS signals is a specializgthlble projection (VARPRO)
algorithm for solving separable nonlinear least squareblpms. The standard VARPRO
implementation for unconstrained separable nonlineat Eguares is described in [47, 48]
and implemented by John Bolstad [127]. The VARPRO implefgmnt in AQSES is,
however, nonstandard, for two main reasons:

1. AQSES allowdower and upper boundsn the nonlinear parameters and other spe-
cial constraints on the linear parameters (to be descrited ih this chapter).

2. AQSES’ optimization problem is a fitting problem involgitomplex datawhile
the standard implementation of VARPRO and other nonlineastl squares solvers
are designed for real data; in AQSEShybrid method, which combines complex
computations of function and Jacobian evaluations with @imozation over reals,
is used.

8.1 Introduction

Separable nonlinear least squares fitting problems aremaation problems of the form

: 2
min]ly — ®(x)all3, (8.1)

wherey is anm-dimensional given noisy data vectg&rdenotes am-dimensional vector of
nonlinear parametera,is ap-dimensional vector of linear parameters, a@nis a nonlinear
function that maps a vectarinto anmx p matrix.

In the beginning of the seventies, the VARPRO method foriegleeparable least
squares problems appeared [47]. During the past 30 yealRPRD received attention
from theoreticians, as well as practitioners. A recentawvof VARPRO and its applica-
tions is given in the paper [48]. VARPRO uses the fact thatvdmgablea that appears
linearly in the model functiorP(x)a can be optimally expressed as a linear least squares
solution depending on the variablea's(x) = ®(x)'y, where' denotes the Moore-Penrose

135
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pseudoinverse of a matrix. Therefore, this closed forméla @an be plugged in into the
original minimization problem, yielding the equivalenppiem only inx:

min||(Im — P()(x) ")y 3

This problem can be solved with classical nonlinear (legsaiges) optimization methods,
such as the Gauss-Newton or the Levenberg-Marquardt #igtsi These methods require
evaluation of the Jacobian with respecktof the functional inside the norm. An essential
idea is found in [67] and bears the name of Kaufman’s simgliitn: it involves comput-
ing an approximate Jacobian instead of the true Jacobiaing-off a negligible loss of
accuracy in the Jacobian for a rather important computakidme saving.

An interesting extension towards constrained variablgeption is the case when
separable equality constraingppear in the problem [68]. Another important related prob-
lem deals with having two separable classes of variabléspwi the requirement that some
of them appear linearly [106].

In this chapter, we consider the classical linear/nonlingaiable separation and
we analyze some extensions of the separable nonlineardgastes problem and of the
VARPRO technique when (inequality) constraints appedniwibne or both classes of sep-
arable variables. These extensions are motivated by theduoiical application of quantify-
ing metabolite concentrations from magnetic resonancetsgseopic signals. The exten-
sions from the classical VARPRO presented in this chaptémaeded in our application
are shortly enumerated here, in increasing degree of dtfficu

Complex data. The VARPRO technique can be extended to work with complebakitas
and data. This observation helps us to address the congutstthe residual and
of the approximate Jacobian explicitly in the complex damaiVe transform to
real data when solving the resulting minimization problesmly in the nonlinear
variables), since all classical nonlinear minimizatiopiementations work with real
data.

Constraints on the nonlinear variables. These constraints acting only on the nonlinear
variables do not affect the VARPRO idea of projecting outlthear variables. Thus,
these constraints can be simply imported to the resultimgmization problem only
in Xx. However, the classical Gauss-Newton or Levenberg-Madjuaethod that
we used in the unconstrained case must be replaced with adgtat can take into
account constraints. In our application, we focus only eveloand upper bounds for
the variables; for this case, efficient methods are avaléd#e the Netlib repository
www.netlib.org/opt/).

Constraints on the linear variables. Imposing general constraints to the linear parame-
ters takes away the possibility of projecting them out vial@sed-form expres-
sion. Nevertheless, we would still like to keep the idea d¥isg an outer mini-
mization problem only in the nonlinear variabbesand solve the constrained linear
least squares problem ain an efficient manner. In our application, we have non-
negativity restrictions for some of the linear variablest(lower and upper bounds
can be treated similarly). The inner problemaican then be efficiently solved with
a quadratic programming type of method. In any case, we éxpacputational ad-
vantages and possibly faster convergence rate for thisdfypenstrained VARPRO,
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compared to solving the initial problem (8.1) with addirtonstraints, using a
general nonlinear solver that does not distinguish betiiaear and nonlinear vari-
ables.

In Chapter 7, we gave an overview of the quantification of aigim magnetic reso-
nance spectroscopy (MRS) [38, 63], and in Section 7.2 we asipéd the nonlinear least
squares optimization problems that are obtained as matiwinf@rmulations for this ap-
plication. The VARPRO method was already used in MRS probIgr9, 133]; a historical
note on the application of VARPRO to MRS data quantificatian be read in Section 17
of the review paper [48]. The previous usage of VARPRO in tlemtioned papers was
restricted to models of the type “sum of complex damped egptials.” These models are
appropriate for fitting the so-callddng echo-timeMRS signals. Nowadays, the nuclear
magnetic resonance scanners recirdrt echo-timesignals that are richer in information
because they display the responses of significantly morabmoktes (chemical substances).
The model given by a sum of complex exponentials no longatdialince the response of
each metabolite is spread out over the whole spectrum. Aakigeasuredn vivo (from
a region in the human brain) can be modeled as a combinatiamdividual metabolite
signals in the metabolite database. A baseline signal ttatats for the presence of some
non-predominant unknown macromolecules must also be added model.

In Sections 8.2 and 8.3, the VARPRO extensions are preseantetation with the
MRS application, and we summarize the studied cases in tlhoevfog table:

\ Linear variables | Nonlinear variable§ MRS data model | Section |

complex real/complex without/with baseline
unconstrained (un)constrained non-equal phases 8.2
real real/complex without baseline
constrained (un)constrained equal phases 8.3.2
real real/complex with baseline
partially constrained/| (un)constrained equal phases 8.3.3
partially unconstrainedg

Finally, the numerical experiments in Section 8.4 aim tasiliate that an approximate
Jacobian formula proposed for the constrained linear br$acase yields accurate results
for the MRS data quantification problem with equal phases.

8.2 Separable least squares with constraints on
nonlinear variables

The motivation for the formulation in this section comesniréhe problem already de-
scribed in Chapter 7, namely the MRS data quantification agti-equal phases. We show
that problem (7.3) can be easily turned into a separablemeanl least squares problem.
The differences with respect to the classical separabldgmts solved by VARPRO is that
the linear parameters, as well as the residual under the, malirbe complex-valued; more-
over, simple equality or inequality constraints are alldvirethe MRS data quantification
problem formulation (7.3), but they may only affect the rinaér (real-valued) variables.
We divide the analysis into two parts: quantification withaethout a baseline. We
start with the simple case when we ignore the baseline. Tdss gives us the opportu-



138 Chapter 8. Constrained variable projection implementation

nity to revisit the original ideas behind VARPRO, includingmputational issues such as
Kaufman’s simplification for Jacobian computation.

8.2.1 MRS data model without baseline
The nonlinear least squares problem formulation (7.3) Bifrnpcomes

K . 2
y(t) = > ax (29" ()" w(t)] - (8.2)
&1

tm-1

2

Problem (8.2) is a separable problem, where linear paras@tecan be projected out of
the least squares problem, and only a smaller sized nonliggst squares problem remains
to be solved for the nonlinear variablég, nx. For the optimization over the (possibly
constrained) set of parameter values §gr nx, we choose for an iterative minimization
algorithm of the Levenberg-Marquardt type [90]. A trustjion implementation that allows
imposing bounds on the real variables is described in [41fh&t entering into the details
of such an algorithm, we continue our exposition by prowdils necessary inputs: initial
starting values, as well as procedures to evaluate theifumealue and the corresponding
Jacobian, at each arbitrary set of parameter values.

We set all initial values for the real-valued nonlinear paeters to zero. This is a
reasonable starting point, since it means that we start pienization withno spectral
correctionsto the signals in the database, which corresponds to ansideation.

1
ay,..., o eC m

Function evaluation
We rewrite (8.2) as

1 2
min — |ly — ®(X)a 8.3
min —ly — ®(a3. (8:3)
wherey is a column vector containing(to), ...,Y(tm-1), a is a complexK-dimensional
column vector containing the complex amplitudess a vector formed from all nonlinear
variables (preferably, the real-valudgd fx, gk, &), and them x K complex-valued matrix
®(x) has elements of the form:

: 2
Py = (G)" (M) wie(ti) (8.4)
exp((—dk+ jfiot + jext?) wi(ti), for Lorentzian lineshapes;
=< exp(jfiti+ (—0k+ je)t?) wi(ti), for Gaussian lineshapes;

exp((—dk+ jfiti + (—g« + jet?) w(t), for Voigt lineshapes.
As mentioned in the introduction of this chapter, the optilimear coefficientsa's(x), for
some fixed values of the nonlinear coefficientsgan be plugged-in such that the residual
that we need to compute is the followingriable projection functional

y—0(x)a(x) = (I = o(x)o(x)")y.
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Clearly, we only need a basis for the column space of the m@ifx) in order to evaluate
the projection matrix — ®(x)®(x)". This basis can be obtained from the QR decomposi-
tion of ®(x):

®(x)=QR=[Q1 Q] m ,

whereR; € CK*K, Q; e C™K, andQ, e C™(™-K), Then, the residudl — d(x)d(x)")y
become®,Q4ly. Since only the norm of this residual is in fact needed in thignaization
algorithm, we can further simplify the definition of our régal by ignoring the multiplica-
tion with Q, (which has orthonormal columns), and simply comp’.Qslg/ at each function
evaluation.

Jacobian evaluation

The gradient of the residu@?y is also needed by the Levenberg-Marquardt type nonlin-
ear least squares solver. Note that in the residlgéy, the nonlinear parameters appear
implicitly through Q.

Consider again the original variable projection functiohé) = (I — ®(x)®(x)")y.
The Jacobian of with respect to any of the scalar variableghere denoted byl f) can
be derived with the following manipulations:

Tt = ~(Ok@) Ty - B(T(@))y = ~ (@) @'y — b (@7 @) "My

1

= —(Ok@)Py + @ (1) ()" >+ o (D) | (@M ) Tty

—— (Do - (0" ()" 0 - 20! (O®) ) Ty,
Kaufman’s simplification [67] proposes that only the part
— (Ok® — 20T (O d)) DTy = —(1 — DT (Okd) DTy

should be used to compute an approximate Jacobian, yieddomgnputational saving that
is more important than the loss of accuracy in the Jacobihaighis negligible.

If we take into account the definition (8.4) & for the MRS data model, the matrix
k@ can be computed using the formulas:

0CDik e 0¢>ik . 0CDik 2 0¢ik a2

adk - tI ik, afk - JtICDIk7 agk - t| q)lka aeK - ]tl CDIk- (85)
Note here that the variabld (or fx, or gk, or &) only appears in the columk of ®.
Therefore, all other columns ofy® different from the columrik are identically zero:

oD, oDy 0D, oDy

— = - = — = - = forl #£ k.

aa % G % g % e 7O forl#

To fix the ideas, the matrikly®, which represents the derivative of the matdxwith
respect to thé&!" variablex, (that is eitherdy, or fi, or gy, or &), is anmx K matrix that
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has the following structure

00 9%% o o

0Xk

D =
0 0 9% 4 g

ka

Thus, the column correspondingxgin the approximate Jacobian equals

L
0%

Okf = —(1 — 00N (k@) dly = —(1 —d™) | | af, (8.6)
Dk
0%

where we used the fact that® = ®'y. The complete approximate Jacobiafis obtained
by putting next to each other all columns of type (8.6), onkirom for each nonlinear
variable in our optimization.

For stable and efficient computation of the Jacobian, we rakeof the QR decom-
position of ®, as introduced before. Thug!® = R;*Ql'y andl — ™ = Q,QY'. Since
we ignore the facto®; in the function evaluation, we must also do the same thinghatw
concerns the Jacobian.

In the end, the approximate Jacobian using Kaufman'’s sficgdion is:

0f = —QYAd, (8.7)

whereA® for the MRS data model in its most general formulation, is
o o o o

Is 1k Is 1k Is 1k Is 1k

— = . g —= . oap—= |- ap—=

K" 9dy K 90k K9y K 9e
P | 0P | 0Pmk | 0O

Is mk | Is mk | Is mk | Is mk

RFTY Ko o1, Y ge,

with k going from 1 toK. In cases when not all variables amahggk, fk, &, are estimated
in the model, or when we impogeior knowledgen the form of linear equalities between
some variables of the same sort (leading to eliminatiohs)farmula above simplifies by
deleting the not-needed columns.

8.2.2 MRS data model with baseline

Little is changed in the variable projection implementatiwhen we augment the optimiza-
tion criterion (8.2) to the regularized version (7.3). letfausing the notation from (8.3),
the minimization (7.3) can be written as

o] [ "o

2
min

)
aeCK xeQ,ceCn

2
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which is also a separable nonlinear least squares problasrevthe linear variables ace
andc, and the nonlinear ones axe
For the function evaluation, we use the QR decompositioh@fatrix

{ \/%D cp(()x)} =[Q1 Q] [Fél} ;

with Ry € C(MK)x(+K) "andQy, Q, of appropriate sizes. The function valueQ$ m ,

and the projected linear variables have the expression

Is
{gls} = Rle? [)(;:| .

For approximate Jacobian evaluation, the only differermceeas from the fact that we have
augmentedp(x) with some blocks thatlo notdepend on the nonlinear parameters. This
translates into the fact that the new Jacobian is also etemdth zero blocks of corre-
sponding dimensions. All completely zero columns can berigd in the implementation.

8.3 Separable least squares with constraints on
linear variables

8.3.1 Motivation: MRS data quantification with equal phases
and non-negativity constraint for the amplitudes

In this section, we are concentrating on the problems inized by requiring equal phase
corrections for all metabolitesp( = ... = @k =: @). Remember that the phases entered
into the problem in the previous sections throughdbmplex amplitudesy = axexp(j @),
which were the complex linear parameters in the VARPRO ntetho

Requiring equal phase corrections is a reasonable appatigim since the phase dis-
tortions between different metabolites withinianvivo signal are negligible. Moreover, it
was noticed in experiments with the non-equal phases vepsasented in Section 8.2 that
in some cases (when the metabolite database containsssigithloverlapping resonant
frequency regions) there is a tendency for overlapping bwditas to compensate for each
other by having opposite phases. In other words, these widegbpartially cancel each
other, and thus their amplitudes are unreliably computiéapiagh the residual is small. As
an illustration, see the reconstructed signal, togethtirtive database of corrected metabo-
lite profiles, in Figure 8.1. Anticipating the method in tlsisction, Figure 8.2 shows the
fitting results when the equal phase constraint is used. @t@nstructed signals are very
similar in the two figures, but, noticeably, there are no Emartifacts from interchange-
able metabolites in Figure 8.2. All the plots show real paftthe signals in the frequency
domain.

Conceptually, imposing equal phases makes the model ginfpiepractically, the
method for solving the problem becomes a bit more complicdtethe next subsection, we
shall see that the fact that we want to have equal phaseseisritplt we can no longer use
the VARPRO technique with complex linear variables. We nsusgtch to a version where
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<
=

original signal
reconstructed signal

Figure 8.1. Fit with non-equal phases. Upper plot shows all the corrdateetabolites
spectra, which should be summed up in order to yield the itcocted signal; bottom plot
shows the noisy spectrum and the reconstructed spectrente@h noisy thick line).

the linear variables are only the real amplitudes, and dhite the unique phase variable
¢ among the nonlinear variables. However, the real ampl#udest be non-negative in
order to be meaningful.

The method developed here can be easily applied in the came @ther constraints
for the linear variables are imposed. One simple genetalizénvolves lower and upper
bounds for each individual linear variable; the non-negfgtcondition is a particular case
thereof.

8.3.2 MRS data model without baseline

The problem formulation is a separable nonlinear least squa res with non-
negative linear variables

The nonlinear least squares problem formulation (7.3) ineso

2

tm1 K 2
: V0~ 3 aexlio) (@) (10w - @9
=1

min — Z
ay,...ak€[0.0), @e(-mm), M Sy
Q15e,0K N1, IKEQ

Problem (8.8) involves a mixture of real and complex vagabFor practical optimization,
we need to transform everything to real and to optimize orith wespect to real parame-
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Figure 8.2. Fit with equal phases. The upper and bottom plots contairsime elements
as in Figure 8.1. Note that the canceling effect around tHaes4.3 ppm is not present, as
opposed to Figure 8.1.

ters:
K 2
o aKe Ow m Z (real(y k;akreal(exp(j(n)) (20t (M we(t )))
(qubfi gm)
K 2
+ (imag(y(t)) _kzlakimag(e)(p(j%) ()" (m)" Vk(t))> ,

whered andny will be substituted with their formulas dependingdw fx, gk andex. The
setQ is used to impose simple linear (in)equality constraint$h@nnonlinear parameters
dk, fk, Ok andeK.

We rewrite the minimization problem in the following comp&arm, which empha-
sizes the fact that the parameteys. .., ax appear linearly in the objective function:

2
a;glxggmlly ®(x)all2, (8.9)

wherey is a column vector containing

realy(to)),imag(y(to)), ..., realy(tm-1)),imag(y(tm-1)),

a is theK-dimensional column vector containing the positive anuplésay, .. .,ax, X de-
notes the vector obtained from all the rest of the real patarséy, fx, gk, & and ¢, and
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the 2nx K matrix ®(x) has elements of the form:

Pi-yk = real (exp(thb) (@) (n0" Vk(ti)) : (8.10)
Pk =imag (EXP(i ®) (Z0" (m" Vk(ti)) ,

with — exp(ig) (20" (0" vict) =
exp(j@+ (—dk+ jfti + jext?) w(t), for Lorentzian lineshapes;
exp(j@+ jfiti+ (—0k + jet?) w(t), for Gaussian lineshapes;
exp(j@+ (—dk+ jfti + (—gk+ je)t?) w(t), for Voigt lineshapes.

Note that without the non-negativity constraint anproblem (8.9) is a separable least
squares problem, where the optimal linear coefficialfi), have a closed-form expres-
sionas(x) = d(x)Ty.

However, the non-negative least squares problem (8.9, xfixed, does not have
closed-form solution foa. An effective method for solving non-negative least sqsare
(NNLS) problems is given in [74, Chapter 23]. The algorithenvery much linked to
linear-quadratic programming theory and it is an iteratiegive set primal-dual method
where convergence occurs when all elements of the dualneetmme negative. Starting
with a set of possible primal solutions (basis vectors)algerithm computes an associated
dual vector, and selects at each iteration the worst basi®eolution to be exchanged
from the basis set, corresponding to the maximum (posiélenent of the dual vector.

If, in other applications, bounds or other types of simplestmints on the linear
parameters need to be imposed, then the non-negative dgpasts solver discussed above
must be replaced by an appropriate method for the corregpgpodnstrained linear least
squaresproblem. For many practical cases (such as linear or quedraguality con-
straints), efficient methods and software implementatayaesavailable in the literature.

We denote the optimal non-negative solution of (8.9) forgix by a™S(x). It
seems preferable to optimize (8.9) only over the varialiles while estimatinga at ev-
ery iteration as™$(x). A conceptual advantage of this approach must be emphasized
problem (8.9) is solved with a nonlinear least squares st treats andx as nonlinear
variables, without distinction, then any value close-évezina would cause an almost zero
column in the Jacobian of the objective function, leadingdssibly unreliable numeri-
cal computations. The implementation that optimizes omy@nd usea™S(x) at each
iteration does not suffer from this numerical problem.

The case of almost zero amplitudes is important in our aafitin, since a practi-
tioner might want to use a database of metabolites that has ed@ments than the actual
number of chemicals significantly present in the signal togbentified. Thus, identifying
almost zero metabolite concentrations is an important teeshould not be affected by
numerical errors.

Function and pseudo-Jacobian evaluation

The nonlinear least squares solver needs implementatiotissf specific objective function
and Jacobian evaluations.
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As explained before, the function evaluation is performgdcomputing the non-
negative least squares solution at the current value at"'S(x); then, the residual vector
is computed simply ag — ®(x)a™S(x).

Unfortunately, the lack of closed-form expressions &8¥S(x) implies that we do
not have an expression for the true Jacobian of the residtfakr@spect tox. For compu-
tational efficiency, we propose to use an adequate psewddida, instead of numerical
differentiation methods.

Consider the functiorf (x) = y — ®(x)a™S(x). The Jacobian of with respect to
any of the scalar variableg (here denotedly f) has the formula:

O = — (kP (x))a™(x) — O(x) (C@™*(x)). (8.11)

While the matrixJ®(x) is easily computable, the gradignga™s(x) cannot be computed
explicitly. At this point, a numerical differentiation teoique can be used in order to esti-
mate the matrixJa™s(x). In Section 8.4, we show experimental results that are obthi
with this approach for Jacobian computation, as well as thighapproach described next,
using another approximate Jacobian that is cheaper to dempu

Sincea™s(x) is in many cases close to the least squares solatftr) = ®(x)Ty,
we can approximate the gradientadf'S(x) with the one of'(x), yielding:

-1
Of ~ —(O®)a™s — o, ((qﬂqn) qﬂ) y

— (G 10 (070) [(0@) 0+ 0T (G)] (o70) Ty
~ — (DKCD — (q)T)T (DkCD)T o op' (Dkq))) ghnis.

Moreover, Kaufman's simplification [67] proposes to avdieé tomplicated computation
of (®")T (0x®) " ® and thus only the part

— (0@ — 00T (Od)) @™ = —(1 - PDT) (De)a™s

can be used to compute an approximate Jacobian.

For more details on how to compute the element§lgb we refer to Section 8.2
or [116]. The only addition is that we have a new column in theobian, corresponding to
the variableg, which is equally treated as a nonlinear parameter. Theeradith respect
to @ is easily computable, sinag only appears in the factor ekjim).

In order to obtain the Jacobian matrix needed in the optitiwiagrocess, all columns
of the type(x®)a™s should first be stacked into a mate. To complete the Jacobian
computation, the produdt — ®®") - Ad should be evaluated. For stable and efficient
computation, we make use of the QR decompositiof of

®=QR=[Q: @ﬂ%}

whereRis upper triangulaiQ is an orthogonal matrixg; € RK*K, Q; € R2™K andQ, e
R2™<(2M-K) Thus,| — ®dT =1 —Q1Q] = QQ;, and then(l — ') A = Q,QJ Ad.
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8.3.3 MRS data model with baseline
The minimization problem formulation

In this case, we augment the optimization criterion (8.8)h® regularized version that
takes into account a smooth baseline reconstructed byipedaplines:

K 2 2
y(t) - kz acexpljg) (4" (Mm0)" w(t) — (/o) (1)
=1

1tm—1
min —
a8 €[0,), @e(-mm), My
{1500k N1 NKEQ, €eC"

+Ac'DMDc, (8.12)

where«” € C™"is an inverse Fourier transformed spline matrix, the vectoC" denotes
the spline coefficients) is a fixed regularization (penalty) parameter, and the wpetelty
termAc”'DHDcis responsible for ensuring a certain degree of smoothnébe frequency-
domain baseline.

Using the notation from (8.9) and the transformation to oéadll the complex ele-
ments (subscripted here with a)y this minimization can be written as

2

, (8.13)
2

min
a>0,xeQ,creR2N

=1~ [oheme]

whereg; € R?™2" is obtained frome7 by unfolding all elements into real and imaginary
parts and shuffling them such that each odd/even row comelsgo the real/imaginary part
of an element of/(t), and each odd/even column corresponds to the real/imagbaat of
an element of the spline coefficient vectomwhich is also unfolded into the vector of real
elements; € R?". The matrixD; is obtained fronD, shuffled in the same manner.

The problem (8.13) is also a separable nonlinear least sgympblem, where the
linear variables ara andc;, and the nonlinear ones are grouped in the vectdtowever,
the linear amplitudes ia are non-negatively constrained, while the spline pararsete
are free. Moreover, the coefficient matrices that multiglyare independent of. This
allows us to use an explicit optimal solution far, while still using a non-negative least
squares solver to optimizeat each new.

Solving the optimization problem (8.13) is done using a im@dr least squares min-
imization overx, where for each fixec (thus, at every function evaluation), the linear
parameters are the optimal solutions of a minimization jemolof the type:

mn Y- & ®a
a>0,er2n M| |0 vmAD, O] |a

Using a QR factorization of the matr{XJ%rDr] =ST=[s 8] [¢], with Ty € C2"™2 and
S1, S of appropriate sizes, the optimglis expressed as

15 (g [e]e) = msi (8] - [o] o)

2
(8.14)

2
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which can be plugged in into (8.14) such that a non-negagiastisquares problem in the
variablea only remains to be solved:
2 1

zstfee- s (5[0 — w2l (Y5

where we used the fact that—TTT) ST = [§ 9] ST = {Soﬂ , and we ignored the multipli-
cation with the orthogonal matri® (since the norm is invariant to such an operation).

2

)

2

Function and pseudo-Jacobian evaluation

To evaluate the residual needed in the nonlinear least esgjadgorithm, it is thus possible
to ignore the orthogonal matr&and to compute instead of

0=l [ "%

directly the residuaf (x) = S} <m — [?ﬂ a”“'s>.

The Jacobian that we need to compute is

ot -5 [0 o) = -5 [P 009

For its approximate evaluation, we need the same tricks #seirtase when there is no
baseline. One difference is that the new Jacobian is extenith a zero block, which
comes from the fact that we augmentégk) with some blocks thado notdepend on the
nonlinear parameters.

8.4 Numerical experiments

8.4.1 Properties of the pseudo-Jacobian

In this subsection, we focus on illustrating the fact that pseudo-Jacobian introduced in
Section 8.3.2 performs as good in our optimization problesishe alternative approach
of using an approximate Jacobian with numerical diffeeign. The latter Jacobian com-
bines an analytical formula with the numerical differetitia of the part that does not have
a closed-form expression; this is the part involving thewea™s(x). For numerical differ-
entiation, we choose a simple forward difference approtionawhich involves computing
the NNLS solution in as many vectors (neighboring the curxgmas there are elements in
the vectorx.

The computation ofla™$(x) using numerical differentiation and its use within the
analytical formula of the full Jacobian (see (8.11)) is mefficient than using numerical
differentiation for the full Jacobian itself. However, theeudo-Jacobian from Section 8.3.2
is much more computationally efficient, since the NNLS doluis computed only once
(atx).

We use five data sets described in more detail in Chapter Z,1§’hage 128 (set 1,
3-6). We mention again the characteristics of these sinoulaata sets:
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e Set 1 consists of signals obtained from a metabolite da¢ahia® components. The
model (7.2) with random values (but extracted from meanihiftervals) for the
parameters of interest (amplitudes, damping correctioaguency shifts, and equal
phase correctiogp). No baseline term and no noise are added to the simulation
signals in this set.

This set corresponds tozaro-residuahonlinear least squares problem.
e Set 2 from §7.4.1 is omitted as irrelevant for the compasduerein.
e Set 3 is obtained from Set 1 by adding noise terms with a sigrabise ratio of 25.
e Set 4 is obtained from Set 1 by adding noise terms with a sitgnabise ratio of 7.

e Set 5 is obtained from Set 1 by adding simulated (smooth itfirdggiency domain)
baseline terms. This set corresponds to a zero-residufiheanleast squares prob-
lem only in the case when the simulated baseline can be pigrfeconstructed by
penalized splines.

e Set 6 is obtained from Set 5 by adding also noise terms.

In Figure 8.3, we show in a condensed manner the relativesefoo all the simu-
lation scenarios described above. The errors were compuithdespect to the true val-
ues used for building up the simulation sets. The relativeréormula is || X estimated_
XUU€|| /|| XU€|| -, where we stacked in the mateidUe (respectivelyX®simatey gj| the 100
vectors of true (respectively, estimated) parameterdqfa00 simulation examples in each
set. The nornj| - ||r is the Frobenius norm.

0.14, 10

[l approximate Jacobian [l approximate Jacobian
0.12} = numerical Jacobian [_Jnumerical Jacobian

o o
o o o
S ® i

total error

o
o
=

averaged relative error (%)

o
Q
i~

0
Setl Set3 Set4 Set5 Set6 Setl Set3 Set4 Set5 Set6

Figure 8.3. Comparison of total estimation Figure 8.4. Comparison of averaged rela-
errors for the two Jacobian variants and the tive estimation errors for the two Jacobian
5 sets of simulations. variants and the 5 sets of simulations.

Moreover, Figure 8.4 views the same results under a diffenear measure: the aver-
aged relative error, computed as the mean (over all vagableach set of 100 simulations)
of individual relative square errors of the forfxgstimated_ yirue)? / (irue)2,

Obviously, there is no loss of accuracy related to the psdadobian approach com-
pared with the numerical differentiation scheme.
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We plot the relative errorpstimated_xirue| /|xiue| for two individual variables (the
amplitudea; and the phasen) in Figures 8.5 and 8.6. The scale is logarithmic and the
relative errors (in percentages) are sorted for each of Wieesfmulation sets and the two
methods under investigation. The solid lines pertain toréiative errors obtained with
the pseudo-Jacobian, and the lines with different markershee corresponding errors for
the numerical differentiation-based Jacobian. The twateel curves for each set are very
similar. Note also that the estimation errors for the zesidual problems in Set 1 are at
machine precision level for 95% of the simulations. The rsraeteriorate when the noise
level is increased or when the baseline term is added. Howthe errors stay under a

reasonable threshold of about-5%.

These numerical results show that the optimization appem@roposed in Sec-
tion 8.3 are performing well, and that we can safely make dgbeeasily computable

pseudo-Jacobian.

Sorted relative errors for amplitude 1

o

s s s s s s s s
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Sorted relative errors for amplitude 1

s
90

—Set 1, pseudo-J
- Set 1, numeric J
—Set 3, pseudo-J
o Set 3, numeric J
——Set 4, pseudo—-J

+ Set 4, numeric J
—Set 5, pseudo-J
¢ Set 5, numeric J
—Set 6, pseudo-J
@ Set 6, numeric J

Figure 8.5. Relative errors for the variable;an 100 simulations for each of the five testing
scenarios. The two plots contain the same information, éul s removed from the plot

below. The two proposed approximate Jacobians performlgogaod.
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Sorted absolute errors for the phase

—Set 1, pseudo-J
#: Set 1, numeric J
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Sorted absolute errors for the phase
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Figure 8.6. Absolute errors for the variablgy in 100 simulations for each of the five
testing scenarios. For Set 1, 30% of the simulations givesidlzal, and 95% give machine
precision residual. The two plots contain the same inforomatbut set 1 is removed from
the plot below. The two proposed approximate Jacobianoparéqually good.

8.4.2 Improvements of equal phases compared to the
non-equal phases version

Finally, we provide the results that were obtained on allsation data sets, as a way of
illustrating the improvements of the equal-phases versfoAQSES compared with the
non-equal phases version, described in Chapter 7.

Table 8.1 is the equivalent of Table 7.1 on page 129. The bigiggprovements
are obtained for sets 1 and 5. To have a graphical illustvatiee plot in Figure 8.7 a
comparison between the relative errors in sets 1 and 5 usagdn-equal and the equal
phases versions.
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Table 8.1. Performance measure values for each metabolite and eadhlation set (in
percentage, cf. equation 7.4 on page 128).

NAA  Myo Cr Pch Glu Lac Lipl Lip2
exp.1,Setl 0.06 034 033 023 068 403 474 0.69
exp.2,Setl 0.80 532 0.63 1292 0.75 223 497 0.p7
exp.3,Set2] 020 123 053 094 094 851 10.05 1.p8
exp.3,Set3 252 583 278 411 440 1590 20.13 7.01
exp. 3,Set4| 576 11.12 6.09 9.83 8.04 23.84 34.13 15/55
exp. 3,Set5 7.13 8.83 317 440 2272 17.42 2443 745
exp. 3,Set6] 10.90 1351 6.24 814 26.19 21.68 28.49 18|60

Set 1l Set5

== equal phases
= non-equal phases

107 ! ' . 10°

0 50 100 150 200 0 50 100 150 200

Figure 8.7. Comparison between the non-equal and the equal phase®nsifr sets 1

and 5. The relative errors for the amplitudes of all metatasliare averaged between all
8 metabolites in each of the 200 simulations. The equal phasastraint gives better
estimated metabolite parameters.

8.5 Conclusions

We have described computational details related to theemehtation of several variants
of non-standard variable projection algorithms for sepleraonlinear least squares. The
main issues that we encountered are related to the intriodusft constraints on the linear
or nonlinear variables. In order to take into account theasaplity of the minimization
criterion, the constrained (or unconstrained) linear soblem must be solved efficiently
and independently at each function evaluation of the outalimear (constrained or un-
constrained) minimization.

The described extensions were motivated by optimizatioblpm formulations for
the quantification of metabolites from short echo-time nsdignresonance spectroscopic
signals. All the methods are implemented in the AQSES psicgsnodule of the AQSES
GUI software package [3].
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Chapter 9

Conclusions and open
problems

9.1 General conclusions of the thesis

9.1.1 Regularization for linear problems

In the first part of the thesis, we mainly focused on the apfiim of truncation and penalty-
type regularization methods to the total least squaresutation. We also explored model
selection techniques for these types of regularizatioroukt.

We encountered and solved the following issues:

e In computing truncated total least squares solutionsgetigea (theoretical) danger
of ending up with a truncated problem where nonuniquenedsangenericity of
the solution can still be present (although this is hardiybable, when the data is
noisy). However, to be on the safe side, we proposed to rephectruncated (total)
least squares problem formulation withrancated core reductiothat can be used
as a first step when we want to compute truncated SVD, truddatal least squares
or other truncated scaled total least squares solutions.

e Regularized total least squares does not have closed-fuution as the regularized
least squares (Tikhonov regularization) solution doeser@&fore, local nonlinear
optimization should be used in order to numerically comphte RTLS solution.
We surveyed all the currently available methods from tlegditure, comparing them
with our own method, based on iteratively solving quadraiienvalue problems.

e The error measures that are used in the context of modeliseléechniques such
as cross validation, generalized cross validation, in&diom criteria or even the L-
curve, are not appropriate for consistently providing gestimates of regularization
parameters or truncation levels. We definedgkaeralization errothat is an appro-
priate error measure for linear errors-in-variables madélsing this measure, we
are able to adapt the classical model selection methodsttruhcated total least
squares and the regularized total least squares problems.

We also made an incursion into the generalization of the pooblem concept to
multiple right-hand sides systems. We found that an SVD fana a band diagonal form

153
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for such core problems are computable. The core systemdtuditained in this way has
desirable properties — uniqueness and genericity of theisnl— which otherwise are a
major source of complications in the total least squareslyashalgorithms.

9.1.2 Regularization for nonlinear problems

In the second part of the thesis, we explored modeling neatiata. The main issues
connected to regularization appeared in the context of a@mpetric modeling. In this
field, ill-posedness appears in the form of having to decitlade-off between a good fit of
the data and some model requirements. For instance, th@aemietric model involved
in the biomedical application from Chapter 7 requisesoothnessf the Fourier transform
of an additive baseline function.

We drew the following conclusions:

e The template splines family unifies several classical sgianmulations. In particu-
lar, this shows that the family of penalized splines can kerpits own right beside
the classical family of smoothing splines. Template sgliage, in many situations,
easily computable using regularized linear least squares.

e It is relatively easy to include a nonparametric part intamalimear regression prob-
lem, in the case when the nonparametric part can be resttictoeugh a weighted
norm (as it is the case when imposing smoothness of the bagelim). The non-
parametric part can then be modeled by using a spline baglshas only a linear
term is actually added in the nonlinear least squares opsimoin criterion. How-
ever, special care should be taken when statistical infoomas retrieved from a
regularized semiparametric regression problem, sincgeieral, we obtain biased
estimates (but the bias can be corrected), and the classichhear regression con-
fidence bounds that use the Fisher information matrix mustdagpted to take into
account the penalty regularization term.

e We applied the semiparametric framework to the quantificagiroblem of metabo-
lite concentration from short echo-time MRS signals.

e An analysis of constrained variable projection optimiaatfor separable nonlinear
least squares showed that separable inequality constraintbe incorporated. How-
ever, the constraints on the linear variables must be siempegh to make the inner
problem worth solving at each function evaluation of theeoutonlinear minimiza-
tion. To maintain computational efficiency, we propose tbe of a pseudo-Jacobian
instead of an approximate Jacobian obtained through noaidifferentiation.

9.2 Future work and open problems
Nonlinear regularization

As a new trend, future work should shift towards truly noaéin regularization. What
we studied so far in the context of semiparametric nonlitgdimization has been based,
in fact, on the assumption that the part that needs regataiz (the nonparametric part)
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appearsdditivelyin the model; moreover, the regularization that we usedeéntémplate
splines context reduced everything to a linear paramettiiz in terms of a spline basis.
We, thus, avoided nonlinear regularization altogether.

A general regularization problem is a problem where thempatars of interest ap-
pear nonlinearly in the model and in the regularizatiorecidin. In fact, we had a glance
at a nonlinear optimization problem when we studied redzgdrtotal least squares, since
that formulation involved the orthogonal distarjgé— b||?/(||x||? + 1) objective function.
We have categorized RTLS within the framework of reguldiarafor linear models only
because it deals with a linear modet~ b.

Multidimensional ill-posed problems

lll-posed problems with multiple right hand sides would etirfrom a further analysis. For
linear models, we discussed truncated core reductionsydéulid not have the chance yet
to thoroughly analyze how effective this kind of reductiaigs in practical problems. (As
a side remark, we are in fact not aware of a benchmark of 8lepggroblems with multiple
right-hand sides.)

For the regularized total least squares problem, extesgiomultiple right-hand
sides have not yet been attempted. A simple idea to approatipla right-hand sides
linear problems, regardless of the regularization foriiog is to vectorizethe problem
and, thus, transform it to a large sparse single right hashelgoblem. This idea is already
in use in image deblurring regularization techniques, fistance, because in that case the
obtained large matrix has an embedded structure that caxpheted.

Bidiagonal approximation

We speculated at the end of Section 2.3.3 that for the iledeystem with multiple right-
hand sides or for the nullspace formulation, it is also gaiedb use simple bidiagonaliza-
tion, instead of block or band diagonalization. This conhjee should be further analyzed.

Multiple penalties regularization

We mentioned in the introduction that it is possible to hawerthan one penalty term in
a penalty-type regularization criterion. The problem dfreating multiple regularization
parameters appears. Although in theory model selectidgmigaes could be easily adapted
to this demand, further study is needed in order to make viabdé in practice, even for
quite simple problem formulations.

More validations and improvements of AQSES

For the AQSES software package, we need a more extensivaittsfor the evaluation of
the baseline reconstructioniimvivo signals. The problem is that the baseline is unknown
in real signals. We have preliminary results indicatingt tR@SES is more accurate in
simulations than other software packages (mentioned ih.Z){.but onin vivo data more
experiments and comparisons should be done.
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Appendix A

More theory on model
selection

A.1 Derivation of generalized cross validation

A.1.1 From leave-one-out to generalized cross validation

Let F(t,x) =~y be a (possibly nonlinear) model, whefe R x R" — R is a known func-
tion, xis the model parameter vector and .. ,tm, y1,. . ., Ym are given data from the model.
Assume that in order to estimateve use a regularization scheme that depends on a regu-
larization parametek. We denoteX, the regularized solution obtained when the regular-
ization parameter has a fixed valdeand when alm available data instances are used for
estimation. Let alsciﬂ('] denote the solution vector obtained with the same regaithoiz
method, when thé" point (ti,yi) is omitted from the data set.

The leave-one-out cross validation choos@sthat minimizes the function

CV(A) = %i (yi —-F (ti,ﬁ/\fi]))l

This formulation is inconvenient since it involves solvingestimation problems, one for
each deleted data point. We show that it is possible, as ircltssical linear case, to
simplify this formulation and to require only the solutiohtbe total problem in order to
evaluate the cross validation function.

First we emphasize the influence that tflemeasured output has on the optimal
solution, for a fixed value of and for fixed values of the other data pointygin. . ., ym. We
denote the direct link betwegn and the corresponding component of the optimal model
¥ by a functionh such that(y,) = (¥ ); = F (t,%)).

Secondly, we discuss the leaving-one-out lemma that wasegdrim the context of
smoothing splines [19], which still holds trivially for oaonlinear problem. It ensures that
if the measured; was by any chance equal to the function value predicted bgdhgion
computed without thé" measurement.e.,

yi = (Vki])i =F (ﬁ@(”) ;
then the vector. | would be the optimal solution for the complete regularizstineation
A
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problem as well. We can write this observation in terms offtiretion h ash((y&‘”)i) =
9 .

Using a similar trick as in [136] for smoothing splines and[@®] for nonlinear
nonparametric regression, we have:

A A el CS5Y)
n-F (05" = 1-N(A)

where .
sy FOI=(F(65) -,
. yi—F(ti,ﬁ;”) S

which holds whenevey; # (5, ). 4i(A) is a divided difference for the functidm which
can be approximated with the derivativelofThis leads to the definition of the following
generalized influence (or smoother or hat) ma8(x ), which agrees with the definition
given by [89] for the generalized influence matrix in a noaéincontext:
9 (F(ti,%)) _ d(%)i
Aij = = , (A.1)
S dy; 9y;
for which S(A);i = Ai(A), as a first order approximation.
The ordinary cross validation cost function can be appraxaa by

2
tI7X)\

mZ (1— S()\.. ’

and the generalized cross validation is its “rotation-fraat” version:

R U LA
GOVIA) = 3 (1 F (6 5))°/ | il -500) | = o M2, a2

wherey is the vectorfyy,...,ym] ', andy, is the vectorF (t1,%)),...,F (tm,%)] .

A.1.2 Computation of the influence matrix

The definition formula of the generalized influence matrixd(Amight not be computation-
ally friendly. It depends on the specific regularizationestle on howS(A ) is computed.
Assume that the regularization estimation method invotbesminimization of a
functionE(y;x;A).
We compute explicitly

_ 0V _dF(X) _ 9F (%) 9(%h)

SA) = dy dy  dx o9y (A-3)

Sincex;, is optimal for given datg, it means that

OE(y,X);A)

ax =0
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On the other hand, if is ‘perturbed’ and the data becomgs- dy, the optimum also
changes. We denote the new optimal solutiorxpy- dx; it satisfies

OE(y +dy,%) +dxA)
X
Using a first order Taylor approximation, it implies that
dzE(yaiAiA)d aZE(yvs(\/\iA)
oxay’ OxoxT

=0.

dx~ 0. (A.4)

Denote the block of the Hessian Bfcorresponding ta by ﬁ(/\ )

2
H(/\) = ﬁXdXT E(y’XA iA)a
and the block 50 by (1),
Sincedy and dx represent small perturbations gnandX;, we can use the rela-

tion (A.4) and set the matrix-H(A)~2J(A)T as approximation for the diﬁerentié’%
in (A.3). In conclusion, the generalized influence matrir be computed as:

_IFX) i

_ —1373\T
SA) =~ =5 FHR) )
Note that in the case whenappears in the functioB in a square error term of the form
1 -~
Sy =925,
thenJ(A) becomes
- IF (%)) o
AN=——"12 = _[0F
‘]( ) X (XA ) ’

and, thusS(A) = OF (%, ) H(A) " 10F (%) "

A.2 Derivation of information criteria

In this section, we consider a probabilistic setting, ingbase that what we call “the data”
is now a realization (or a set of realizations) of a randoniatde.

The Kullback-Leibler measure

If f denotes a density function of the “true” distribution agpdhe density function of
another distribution, then the Kullback-Leibler divergeris:
00 f ~00 0
KL(f,9) = / f(x)log %dx:/ f(x) Iogf(x)dx—/ f(x)logg(x)dx.
Properties of KL include: nonnegativity (KIf,g) > 0) and the equivalence KIf,g) =0
if and only if f = g almost everywhere. In fact, Klf, g) quantifies the loss when modz|
is used to approximate the “reality”.
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Suppose one has several statistical models that try toiexptandom variable/vector
whose true distribution has a density functibnsuppose that these models are expressed
in terms of probability densities (saw, ..., gr). Then, ideally, one could compute KL for
each of the models and select the model that loses the least informafitmrespect to
the “truth”. However, these computations require knowkad§ the full reality and com-
plete description of the approximating models (not estamatugged in for parameters, for
instance). Obviously, one cannot compute KL.

Akaike’s information criterion

Most of the information criteria are trying to approximale tKL measure in a computable
way. Akaike [1] was the first to show how KL can lestimatedrom data, based on the
maximized empirical log-likelihood (or maximum entropylHowever, his formula was
derived under some restrictive assumptions. Other authgooved his idea, giving rise
to new and more complicated information criteria.

Note that minimizing KL f,g) amounts to maximizing the term

| 1x)1oggx)dx= llogg()]

where& denotes expectation (with respect to the true — and unknostatistical distribu-
tion f).

From given data (instances gf denoted byz,...,zy), one can compute thieg-
likelihood? := 3 ; logg(z). To takeg out of anonymity, we assume thaits a parametric
density function that depends on an unknavdimensional vector of parametefig. The
log-likelihood becomes, then, a function &f

m
£(6) := 3 logg(z;6).
5
The maximum likelihood estimate @ is consistent and asymptotically normal:
6— 6 and /m(6—6)~.+#(0,(F(6)) ') whenm— oo,
where.# (6p) == —& aeaa—} logg(x; 60)} is the Fisher information matrix #&. Moreover,

m(6 — 60) -7 (60) (8 — 6o) ~ x*(d),

wherex?(d) is the chi-square distribution witthdegrees of freedom. From a second order
expansion, using the properties @fas a maximum likelihood estimator (thu,is also
unbiased#’[6 — 6p] = 0),

¢ [mlogg(x;B) ~ miogg(x &)] ~ & [ m (6 — 66) T #(6)(8 — ) | = Z£[x°(@)] = 5.

Remember that what we want to minimize is the KL distance ctvl@mounts to maxi-
mizing &’[logg(x; 6o)]. Since6y is not available, it can be replaced by its maximum like-
lihood estimated, using the observed datg, ..., z,. The idea is to use the log-likelihood
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1 =0(6 0) = = 1sm logg(z; 6) as an estimate af[logg(x; 9)] The asymptotic expected value
of the bias between what we want to compute and what we canwdern

bias= ng{ [logg(x; 6o)] zilogg z;0) }

- rmg{ me [logg(x; 6o)] — m& [logg(x; 6)] +mé& [logg(x; §)] zlmgg 2;0) }
——d/2

—0 (law of large numbers

This asymptotic bias correction estimate is what Akaikedusedefine “An Information
Criterion” (AIC) as the minimization of:

AIC = —20(6) + 2d

Modified Akaike’s information criterion

Akaike’s idea to correct for the bias term betweendireragedmaximized log-likelihood
and theexpectednaximized log-likelihood is taken over by other authors vitmproved
his bias estimate. The bias provided in the classical AlCigetp the number of free pa-
rametersl) is a crude first-order estimate of the bias, obtained in asgtits and under the
assumptions that the unknown model parameters are estifmatbemaximum likelihood
method and that the true distributidris a member of the model distribution famiy:, 8).

The bias can be better estimated by the formula (replad){§5]: bias= (f’d*l{,
yielding the corrected AIC:

B ~ m(d+1)

Bayesian information criterion

The Bayesian information criterion (BIC) introduced by @einz [110] gives a very similar
criterion starting from seemingly different concepts. Bayesian framework averages the
model’s likelihood over all possibl@, given a prior distribution fof (that is, the likelihood

is integrated oveB, instead of being maximized). For given daia. .., zy, we arrive at
another bias in the KL divergence computation. (For moraitietseege.g, [99].) The
Bayesian information criterion is:

BIC = —2¢(0) + g logm.

Generalized information criterion

When no assumptions about the true model's distribution adema more general in-

formation criterion can be defined [70]. In this case, thes liatween the average of the
maximized log-likelihood and the expected maximized lidgilhood is approximated by

the expression

iTr(%lgz),
m
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where.7 is the Fisher information matrix % logg(x; é)} computed at the maximum

likelihood parameteé, andZ is the product of the log likelihood gradients, thatds,;=
[% logg(x;0) " Z;logg(x; 6)|.
The quantity T¢.Z ~1%) is theeffective number of parameterﬁﬁpthat we already

encountered.
The generalized information criterion is defined as

min —20(6) 4 2pE". (A.5)

In linear estimation, the particular case wh&rns the negative log-likelihood anpfff is
just the number of free parameters in the model, gives thesiclal AIC.
See also [14, 128] for related methods based on informatomptexity.

Remark 14 (Link between generalized cross validation and iformation criteria) We note
here that generalized cross validation, in the generaldation

Liiry |12
A (1-pef(A)/m)*

wherer, denotes the model's misfit measure to the @aa.g, the residual normjAXe9(A ) —
b||), is linked to GIC, in the asymptotic situatiom(— ). Using the approximation

ﬁ ~ 1+ 2¢, we obtain (setting = p®/m)

wmlrall? Iral® , 5 lIrali? p*"A)

~
~

(1-peff(A)/m? ~ m m

2
If we take £ (x®9(A); D) := ||ry||> and, in the second ternﬂ% as an estimate for the
varianced?, we obtain a particular GIC criterion:

rr}in.f(xreg()\ );D) +262pM(A).



Appendix B

Fortran implementation
of AQSES

In this appendix, we provide an overview of the software ienpéntation structure inside
the FORTRAN 77 module AQSES.
Driver routine: dri vervp. f

Thedri ver vp. f function has the role of coordinating the main computatifioa. The
steps performed bgr i ver vp. f are:

e initializations
o filtering, if required
e for each round, except last round
— fit signal using current databasea{ nr ound. f)
e in the last round

— fit signal using current databases( nr ound. f) and baseline if required
(setsplines.f andinitsvspace. f)

— optimize baseline smoothness parameter by performingque\step repeat-
edly and evaluating generalized cross validation function

e compute estimated error bounds €r r or vp. f)

Computations for each round:  mai nround. f

Functionmai nr ound. f performs the whole optimization process of a single rourd an
deals with both cases of considering a baseline in the fit gr mbe steps follow:

1. initialize optimization parametersifi vp. f ):

e put all free (nonlinear) variables in the vecw@l f , in the order: dampings,
Gaussian factors, frequencies, Eddy current factors;
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e count the number of variables and setvar to this value;

e set corresponding linear bounds (that were given in thetinatables ending
in-1 owand- upp, e.g, f r egl owandf r equpp) for all variables into a 2
nrvar matrix of lower and upper bounds

2. compute number of linear parameters, number of constraind some index values
for referencing different blocks within the complex workse

3. if baseline is used, then the baseline spline coefficieattimnand the smoothness
penalty matrix should be copied to the “saved spaced”, ¢jperdone in the func-
tioni ni t svspace. f . The part containing the penalty matxi4mA D is updated in
updsvspace. f by using the newest value of the smoothness pararhateibda.
The call toupdsvspace. f provides also the QR decomposition of the blocks con-
taining the baseline coefficient matrix and penalty matfhis way, the QR fac-

®(Z,n)
0

Jacobian evaluations will be updated only in the block caldhat containsP(Z,n),

thus saving computations.

o
torization of the matrix that is nee at each function an
orization of the ma VD S ded c ctio d

4. main optimization takes place, using the (slightly medifiDN2GB module im-
plemented indn2gbvp. f. Function and Jacobian evaluations are made through
thef uncvp. f andj acovp. f functions, where all operations are performed with
complex data€.g, evaluation of the linear parameters), but only at the eaattim-
plex data is transformed to real and fed to Bid2 GB optimization solver.

5. optimal nonlinear parameters storedahf are transformed back to meaningful
spectral variabledanp, gauss, f r eq, eddy, t 0 in the functionupdat evp. f.

6. optimal linear parameters corresponding to the optiroalinear variables iral f
and computed as linear least squares solution are transfiotoymeaningful real
spectral parameteestpl andphas, and to the baseline (if computed), in the routine
updatelin.f.

Function evaluation: funcvp. f

The following steps are taken fruncvp. f :

e The matrix® from (8.4) is efficiently computed, by first evaluating thenmgulex
exponentials for each indéx but for a fixed value of = 1, and then filling in each
row of ® with appropriate values for eat¢h This means that instead of computing
mK complex exponentials, we compute oidlycomplex exponentials and we raise
2mK complex numbers to real powers.

The matrix® is stored in the arragxpon and it is kept for possible use in the
Jacobian evaluation. We rely on the fact that there is alveafisiction evaluation
before any Jacobian evaluation at the current parameteesal

e In the case when a FIR filter is required, each colum® @ filtered.
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e The filtered version ofp is stored in the reserved block efvSpace, which is
either the uppenr pf x ef f basi s, when no baseline is used, or in the upper
right block next to the filtered spline matrfx | M when also the baseline is used.

(¢.n)

0 ,
but with filtered columns corresponding tgd and®({,n), and with a partial QR
factorization in the left block column.

Thus, thesvSpace workspace contains in fact the matrﬁx\/%D ®

e The complete QR factorization sfvSpace is computed, and a compact represen-
tation is saved in the subdiagonal part of the finst i npar columns ofsvSpace,
and in the vectot au.

e The residuaQy is computed and stored in tffar | i npar + 1)S' column of the
matrix svSpace. Then, this complex residual is transformed to real, by ldifig
real and imaginary parts into odd and even locations of thovévecf .

Jacobian evaluation: j acovp. f

Ok® is stored in a compact way, by keeping only nonzero columnsther words, if a
certain column ofb does not depend on a certain variaklethen the all-zero column will
not be stored.

The following steps are taken fruncvp. f :

e Linear variables are computed from the linear least squar@slem that involves
the currentd. Since we already have the QR decomposition of the coeffioieitrix
in the least squares problem, the complex vector of lineemeaters is easily com-
puted by solving a triangular linear system of equationfie($ame computation is
performed in the routinepdat el i n. f, for extracting the linear parameters at the
end of the whole optimization process.)

The linear coefficients are stored in ther | i npar + 1) column ofsvSpace,
with the baseline coefficients in the firsbspl par s positions (note that when the
baseline is not requirechospl par s is zero), and the complex amplitudes in the
nextef f basi s positions.

e For each of the active nonlinear variables (dampings, Gausgmpings, frequen-
cies, Eddy current corrections), a corresponding columedied to the Jacobian.
The implemented formulas are found in Subsection 8.2.1.

e If a filter is required, then each stored column is also pafiseaigh the FIR filter,
and the columns fromr | i npar +2tonr |l i npar +nrvar +2 ofsvSpace are
used for storage.

e A zero block corresponding to the penalty part of the optation is added under the
A® block, since the penalty term does not involve the nonlipeaameters.

e Kaufman’s simplification is used; it implies that the aboventioned columns of
svSpace are multiplied with the block-Q, of the unitary matrixQ from the al-
ready computed QR factorization (see (8.7)). Notice @wis compactly stored in
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the lower trapezoidal part of the firat | i npar columns ofsvSpace and in the
vectort au, according to LAPACK’s ZGEQRF routine conventions.

e The complex approximate Jacobian is transformed to realyrifglding real and
imaginary parts into odd and even rows of the matftijpacf .
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