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ABSTRACT 

Scalable representation of a source (e.g., image/video/3-D mesh) enables 
decoding of the encoded bit-stream on a variety of end-user terminals with varying 
display, storage and processing capabilities. Furthermore, it allows for source 
communication via channels with different transmission bandwidths, as the source 
rate can be easily adapted to match the available channel bandwidth. From a 
different perspective, error-resilience against channel losses is also very important 
when transmitting scalable source streams over lossy transmission channels. Driven 
by aforementioned requirements of scalable representation and error-resilience, this 
thesis focuses on the analysis and design of scalable single and multiple description 
scalar quantizers. 

The first part of this dissertation deals with the design of scalable wavelet-based 
semi-regular 3-D mesh compression systems, which provide superior compression 
performance when compared to the existing mesh coding methods. We point out 
that, in general, existing methods employ coding techniques which were previously 
used for wavelet-based scalable coding of images. In principle, image and mesh data 
exhibit different statistical properties. In this sense, our design methodology 
thoroughly analyzes different modules of the coding system in order to develop 
appropriate design choices for efficient compression of semi-regular meshes. In 
particular, a Laplacian mixture (LM) model is proposed to closely approximate the 
distribution of the mesh wavelet coefficients. The distortion-rate (D-R) function of 
the LM model is analytically computed in order to identify the optimal embedded 
dead-zone quantizer to be used in wavelet-based coding of semi-regular meshes. 
Following an information-theoretic analysis of the statistical dependencies between 
wavelet coefficients we conclude that, for meshes, intraband and composite 
dependencies are far stronger than the commonly employed interband dependencies. 
Based on our analysis, we propose intraband and composite mesh codecs which give 
state-of-the-art compression performance. The proposed codecs provide both 
resolution and quality scalability. This lies in contrast to the existing zero-tree based 
interband mesh coding techniques, which only support quality scalable decoding of 
the compressed mesh. 

The second part of the dissertation relates to the design of scalable multiple 
description scalar quantizers, in order to provide source scalability and error-
resilience in a single coding framework. In the literature, such a joint framework is 
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referred to as the scalable multiple description coding (SMDC). In this context, a 
generic symmetric scalable multiple description quantizer (SSMDSQ) is proposed 
which generates perfectly balanced source descriptions. Compared to existing 
designs, it is shown that the proposed quantizer constructions exhibit superior D-R 
performance in both high and medium-to-low redundancy regimes. Moreover, an 
innovative extension of the Lloyd-Max algorithm is introduced in order to optimize 
scalable multiple description scalar quantizers. Anchored in the designed SSMDSQs, 
an SMDC framework is established to realize packet-based transmission over 
erasure channels. In this framework, transmission strategies are determined for 
scenarios wherein the average packet loss rate over the transmission link is (a) 
unknown and (b) can be estimated at the encoder. Experimental results for 
generalized Gaussian (GG) and image sources confirm that, compared to 
contemporary schemes, the designed quantizer constructions (with or without 
optimization) account for a significant average gain in the signal-to-noise-ratio 
(SNR) for a wide range of packet loss rates. 
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Chapter 1 
INTRODUCTION 

1.1 QUANTIZATION 

The aim of quantization is to map a quantity (a continuous function or a high 
cardinality discrete set) to a countable discrete number of elements. The error 
introduced during the quantization process is referred to as the quantization error or 
distortion. The theory of quantization is more than hundred years old and started in 
1899 with Sheppard’s study of round-off errors [101]. However, its main importance 
was only recognized during the early developments of the pulse code modulation 
(PCM) [79] telephonic systems. The idea of rate-distortion (or conversely distortion-
rate (D-R)) was first introduced by Claude Elwood Shannon in his famous paper “A 
Mathematical Theory of Communication” [98]. Later, Shannon exhaustively dealt 
with rate-distortion as a complete theory and sketched the fundamental limits of the 
quantization process1 in [99]. He also proved that these fundamental limits can be 
achieved with codes (quantizers) of infinite complexity. Since then, a significant 
amount of effort has been spent by the scientific community to reach these limits 
using quantizers of certain bounded complexity. 

In most cases, it is desirable to reconstruct the source perfectly at the decoder. 
This requires infinite or at least an extraordinary precision of the quantizer de-
quantizer pair. To avoid this bottleneck, a general goal in the signal encoding 
science is to minimize the introduced distortion in the reconstructed signal while 
fulfilling the implementation constraints at hand. In general, signal encoding can be 
understood as signal compression in the sense that a function of a continuous or 
large but finite alphabet is approximated using a function of a relatively small 
alphabet. In general, there can be multiple levels of quantization in a single data 
transmission system. For example, in PCM systems, a standard analog-to-digital 
(A/D) converter samples the continuous speech signal at 8000 samples/sec and 

 
1 Claude Shannon termed quantization as source coding with fidelity criterion. In the 

literature, the earlier emphasizes the practical design of quantizers while the latter is generally 
used to refer to the non-constructive theoretical study of quantizing sources. 
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quantizes each sample with 12 bits, making a binary stream of bitrate 96000 bits/sec. 
For transmission of this bit-stream over a standard 9600 bits/sec modem an 
additional compression of 10:1 is required. This can be achieved with an additional 
quantization step which maps the pre-quantized alphabet to a 10 times smaller 
alphabet. 

One may suspect that with the ever increasing development of wideband 
technologies and fast processing equipment, the requirements for data compression 
would perhaps extinguish. In fact, the need for efficient compression is multifold. In 
addition to the ease of data storage and transmission, compression enables 
multiplexing of a large number of channels in wideband systems. Of particular 
concern are the low bandwidth radio channels used for commercial mobile and data 
telephony. In such applications, output (speech or data) from a large number of users 
needs to be multiplexed over low bandwidth wireless channels. The real-time 
operation of such applications cannot be achieved without efficient data 
compression. An alternative of data compression, in such cases, would be to install 
an entirely new transmission facility with an increased transmission bandwidth. 
Certainly, this alternative is less cost-efficient compared to making more 
sophisticated terminals that can perform efficient data compression. 

1.2 SCALABLE CODING USING QUANTIZATION 

In addition to the reduction in precision, quantization enables an appropriate 
representation of the data for a particular type of application. For example, in 
broadcast systems such as digital video broadcast (DVB), a single video bit-stream 
is transmitted to a number of viewers with varying requirements of bandwidth, 
display resolution and computational complexity. This requires scalable 
representation or scalable compression of the video content to enable the extraction 
of the parts of the bit-stream that are suitable for decoding the compressed video on 
a terminal with certain specific requirements. This way a single bit-stream can serve 
a number of different decoders, alleviating the need to independently encode the 
video for each user. Another requirement of scalable compression arises when the 
encoder needs to adapt the source rate to the available channel bandwidth. Using 
scalable compression, a single bit-stream corresponding to the highest rate of the 
source is first generated. From this highest-rate bit-stream, any lower-rate bit-stream 
can be easily constructed by extracting the relevant data chunks. This way, using 
scalable compression, the source rate can be tuned to the available resources without 
the need to repeat the complete encoding process again. 

In practice, scalable representation of a source is created using a multi-level 
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quantization system, also referred to as embedded quantization [108]. In embedded 
quantization, quantization levels are created such that the quantization regions 
(cells) of the finer levels are embedded in those of the coarser levels. In particular, 
the quantization cells of a certain level are created by splitting each quantization cell 
of the previous level into two or more sub-cells. Thus, the quantization accuracy 
strictly increases or else, the quantization distortion strictly decreases with every 
new quantization level. In such a setting, the quantization index of a finest-level cell 
can be used to compute the corresponding index of the quantization cell of any 
coarser level. Due to this property, the produced highest-rate bit-stream can be 
easily parsed to produce a bit-stream which is suitable for decoding the source on a 
certain type of decoder, or which fulfills the available channel bandwidth constraint. 

Over the last decade, many different scalable image, video, and 3-D mesh coding 
techniques have been proposed in the literature. The research efforts in the area of 
multimedia scalability have led to the development of scalable coding standards 
such as the JPEG-2000 [108] standard for scalable image coding and the MPEG 
AFX [1] standard for scalable 3-D mesh coding, respectively. These standards 
heavily rely on embedded quantization for providing scalability of the source 
representation. In scalable video compression, e.g., the scalable extension of 
H.264/AVC [2] also referred to as the scalable video coding (SVC) standard, the 
encoded bit-stream contains a single base and one or more refinement layers, which 
are realized using predictive coding methods [44] rather than embedded 
quantization. In SVC, the use of the refinement layers improves video quality 
(quality scalability), spatial resolution (resolution scalability), and/or the temporal 
resolution (temporal scalability) of the base layer. This is analogous to embedded 
quantization, wherein every new refinement level successively improves the source 
reconstruction quality. 

In this dissertation, we studied embedded quantization from a theoretical as well 
as from a practical point of view. The considered sources are the coefficient 
subbands of wavelet decomposed semi-regular 3-D meshes. Using a novel Laplacian 
mixture (LM) model, a detailed analysis of embedded quantization, in the context of 
scalable 3-D mesh compression, is carried out. For any given wavelet subband, our 
analysis derives the optimal embedded quantization strategy that can be theoretically 
used to achieve the lowest distortion. However, application of subband-specific 
embedded quantization is generally not practical, as every wavelet subband needs to 
be analyzed first in order to determine the optimal embedded quantizer. Fortunately, 
the distortion deficit of commonly used successive approximation quantization 
(SAQ) [108] for any subband is only marginal with respect to the optimal quantizer, 
leading us to a subband independent, near-optimal practical quantization strategy. In 
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addition to the quantization aspects, we also analyzed other modules of a wavelet-
based 3-D mesh codec in order to establish best design choices which will lead us to 
optimum designs of scalable semi-regular 3-D mesh compression systems.      

1.3 SOURCE SCALABILITY AND ERROR-RESILIENCE 

In addition to the scalability of source representation, network transmission also 
requires resilience against channel losses. This is because transmission losses can 
lead to an unpredictably high decoding distortion even though quantization (or 
coding) is done efficiently. In the literature, channel coding techniques, more 
formally known as forward error correction (FEC) schemes, provide an efficient 
solution for data recovery in the presence of channel losses. In general, FEC based 
data recovery involve complex decoding techniques, e.g., the famous Viterbi 
algorithm [119], which adds a significant structural delay in low-delay applications 
such as real-time delivery of audio/video content. Traditionally, FEC schemes are 
coupled with re-transmission based techniques, such as the automatic repeat request 
(ARQ) method [102], to ensure data recovery if the lost data cannot be recovered 
using FEC alone. Again, for low-delay applications, such as peer-to-peer video 
streaming [81] or real-time delivery of multimedia content [13, 117], the use of re-
transmission methods under severe network conditions can lead to a significantly 
lower quality of user experience (QoE). For such applications, one needs to go 
beyond the traditional coding methods [48]. 

During the early developments of information theory, Claude Shannon [98] 
proved that, under infinite delay and infinite complexity conditions, optimal 
transmission of a stationary source through a lossy ergodic channel can be achieved 
by separate source and channel coding paradigms. In the literature, this result is 
known as Shannon’s source channel separation theorem. For this reason, source 
coding and channel coding have grown into separate fields tackled by separate 
scientific communities. Specifically, the source channel separation theorem makes 
use of assumptions that often have limited practical validity. In particular, when the 
source is non-stationary, or the channel is non-ergodic, or if the design of the 
transmission system is constraint in terms of a finite delay or a finite complexity, a 
separate design of source and channel coders may lead to a significant performance 
penalty with respect to a joint design, also referred to, in the literature, as the joint 
source-channel coding (JSCC).  

In the recent past, multiple description coding (MDC) has emerged as an 
attractive solution for JSCC in order to provide error-resilience in error-prone 
packet-switched networks [48]. In contrast to single description coding (SDC), 
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MDC benefits from the transmission of several mutually refinable source 
descriptions over multiple unreliable channels. Since the source descriptions are 
correlated, any subset of them received at the decoder can be used to reconstruct the 
source with certain fidelity. In MDC, the quality of source reconstruction increases 
with the reception of each additional source description. This is in contrast to 
scalable coding using embedded quantization, where all lower layers are required to 
decode the next refinement layer. Bearing this specific property, MDC avoids re-
transmission of lost packets, and thus descriptions, if a decoder’s quality constraint 
is met upon reception of a subset of descriptions. In real networks, under severe 
error-prone conditions, re-transmission of lost packets for a large number of 
receivers is not always feasible since it can lead to network congestion [6].  

In the context of MDC, quantizer-based schemes are considered quite important 
due to their practical relevance in many applications [97, 115]. The first quantizer 
based two-description MDC schemes, also referred to as multiple description scalar 
quantizers (MDSQs), were proposed by Vaishampayan in [113, 114]. An MDSQ 
maps each source sample to two side quantizer indices, which individually yield a 
coarse reconstruction of the source sample while jointly corresponding to a fine 
reconstruction of the source sample. On the same principle, more efficient vectored 
extensions of two-description quantizers were later introduced in [47, 96, 116].  

In applications that involve real-time delivery of multimedia content over best-
effort networks, adaptation to varying channel conditions needs to be performed in 
real-time. In addition, real-time applications are deployed over networks with a high 
degree of heterogeneity in terms of available bandwidth, user requests and loss 
characteristics, thus simultaneously demanding error-resilience and a scalable 
representation of the source in a single coding framework. In the literature such a 
framework is referred to as embedded or scalable MDC (SMDC) [117]. In SMDC, 
each source description is made scalable by employing layered coding, hence 
facilitating its scalable encoding and decoding. Note that fixed-rate (i.e., non-
scalable) solutions for MDC, such as fixed-rate MDSQs, are only optimized for a 
given source rate, and hence they cannot provide optimum performance over a range 
of source coding rates [51].  

To realize SMDC using quantization based techniques, one needs to explicitly 
design a scalable extension of MDSQs. A scalable MDSQ framework was initially 
proposed in [51]. Unfortunately, the scalable MDSQ of [51] permits only a limited 
control over redundancy between descriptions. In order to produce an arbitrary 
number of scalable descriptions as well as to permit an enhanced control over the 
redundancy between the quantization levels, embedded MDSQs (EMDSQs) were 
introduced in [38, 39, 41-43]. Anchored in the designed EMDSQs, a scalable 
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multiple description image coding framework was presented in [40], which coupled 
the multiresolution nature of the wavelet transform with the robustness and 
scalability features provided by EMDSQs. An extension of [40] was the scalable 
multiple description video coding system of [117], which provides an improved 
coding efficiency versus error-resilience trade-off with respect to data-partitioning 
based video MDC systems, such as [9]. 

In this dissertation, we introduce a class of scalable MDSQs, referred to as 
symmetric scalable MDSQ (SSMDSQ), which entails a perfectly symmetric source 
D-R surface. In this context, quantization of generalized (e.g., Gaussian, Laplacian, 
etc.) sources as well as wavelet-decomposed photographic image sources is studied. 
Novel designs of un-optimized and optimized (optimization is done with respect to 
the source statistics) SSMDSQs entail exceptionally better D-R performance 
compared to existing scalable MDSQs, thus providing the basis for significantly 
improved packet-based SMDC frameworks for generalized as well as for 
photographic image sources.      

1.4 MAJOR CONTRIBUTIONS AND THESIS ORGANIZATION 

In this section, we give a general overview of the thesis structure and highlight the 
major contributions of our work. 

In Chapter 2, fundamental concepts of source coding are presented. Specifically, 
this chapter briefly introduces notations and definitions to get the reader familiar 
with the basic concepts of source coding. Additionally, the material included in this 
chapter will serve as a general background for the remaining parts of the 
dissertation. 

Using the fundamental concepts presented in Chapter 2, embedded quantization 
of wavelet coefficients of a wavelet-decomposed semi-regular 3-D mesh is studied 
in Chapter 3. In a broader sense, the main contribution of Chapter 3 lies in the 
design of scalable compression systems for semi-regular 3-D meshes. Existing mesh 
coding methods [57, 58], [83] employ coding techniques, e.g., zero-tree or EBCOT 
based bit-plane coding, which were specifically designed for wavelet-based coding 
of images [100], [108]. In existing systems, no theoretical or practical justification 
has been provided for utilizing image coding techniques for mesh coding. In 
general, image and mesh data may exhibit totally different statistical properties, as 
images are consisting of pixels (with intensities) while mesh data involve geometry, 
i.e., the positions of vertices in a 3-D space. In our design of scalable mesh codecs, 
we follow a constructive approach, whereby, different modules of the coding system 
are thoroughly analyzed in order to predict the optimal design choices. In particular, 
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we conduct a model-based study to evaluate the performance of embedded dead-
zone uniform quantization in the context of scalable mesh compression. 
Furthermore, we employ an information-theoretic analysis of the statistical 
dependencies between wavelet coefficients in order to figure out whether the 
statistical dependencies exploited by the state-of-the-art scalable mesh coders [57, 
58] are actually the best possible ones. We point out that the state-of-the-art scalable 
codecs [57, 58] exploit interband wavelet dependencies, i.e., the dependencies 
between the wavelet coefficients of different subbands [100]. Our analysis reveals 
that, for meshes, the intraband dependencies, i.e., the dependencies among the 
wavelet coefficients of a given subband [73, 75], and the composite dependencies, 
i.e., the combined interband and intraband dependencies [54], [124], are far more 
stronger than the interband ones. This theoretical finding suggests that, for achieving 
efficient compression of meshes, one should exploit either intraband or composite 
dependencies instead of the commonly exploited interband dependencies.  

This analysis is followed by a careful design of intraband and composite mesh 
codecs. The proposed mesh coding systems surpass the existing techniques such as 
the progressive geometry compression (PGC) system of [57], in terms of the 
compression performance and the scalability of the compressed mesh. Additionally, 
it gives comparable compression results with respect to the non-scalable codec of 
[83]. The performance evaluation of the proposed codecs confirms their 
compression superiority over interband codecs [57, 58], thus confirming the 
conclusions drawn from our analysis. An additional feature of the proposed systems 
is the increased scalability of the compressed mesh. In particular, the proposed 
codecs provide both resolution and quality scalability of the compressed bit-stream. 
This lies in contrast to the existing state-of-the-art codecs [57, 58], which only 
support quality scalability. 

In a packet loss transmission scenario, scalable coding alone cannot provide a 
graceful degradation of source reconstruction quality as the packet loss rate 
increases. In this context, MDC [48] has evolved as an attractive solution. In 
Chapter 4, an introduction to the fundamental concepts of MDC and an overview of 
the relevant information theoretic findings are given. Furthermore, this chapter will 
briefly present different techniques, proposed in the literature, for creating practical 
multiple description codes. In this context, a special emphasis is given to the 
quantization based methods since they are most relevant to the topic of this thesis. In 
general, the information presented in this chapter will serve as the background for 
Chapter 5, which will present novel techniques for introducing scalability in 
quantizer-based MDC systems. 

The second main contribution of this dissertation can be found in Chapter 5, 
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which relates to the design of scalable MDSQs. In this context, a generic symmetric 
scalable multiple description quantizer (the so called SSMDSQ) is proposed, which 
generates perfectly balanced source descriptions for a symmetric source probability 
density function (PDF). This lies in contrast to the contemporary schemes [51], [38, 
39, 41-43] which produce roughly balanced or sometimes highly unbalanced 
descriptions. Novel index assignments (IAs) are proposed to create high as well as 
medium-to-low redundancy SSMDSQs. Compared to existing designs [51], [38, 42], 
it is shown that the proposed quantizer constructions provide superior D-R 
performance when utilized for the quantization of generalized Gaussian (GG) and 
wavelet-decomposed image sources. 

The third major contribution of this dissertation, detailed in Chapter 5, lies in 
proposing an innovative extension of the Lloyd-Max algorithm [65, 70] in order to 
enable a PDF specific optimization of scalable MDSQs. The proposed optimization 
methodology is generic, since it can optimize both symmetric as well as asymmetric 
scalable MDSQs. We propose both level-constrained and entropy-constrained 
optimizations of scalable MDSQs. Similar to the Lloyd-Max algorithm, the 
proposed optimization builds on the fact that an encoder-decoder pair can be 
iteratively optimized by keeping one component fixed while optimizing the other. 
By doing so, a non-increasing sequence of values of a cost function is obtained and 
the convergence of the algorithm is guaranteed. When transmission of generic 
sources is carried out using a packet-based SMDC system, it is experimentally 
demonstrated that, compared to contemporary schemes, the designed quantizer 
constructions (with or without optimization) account for a significant average gain 
in signal-to-noise-ratio (SNR) for a wide range of packet loss rates. Similar 
conclusions are also obtained for packet-based SMDC of wavelet transformed image 
sources. 

Chapter 6 draws the conclusions of this work and highlights potential research 
directions related to this dissertation. 
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Chapter 2 
INFORMATION THEORY AND SOURCE 
CODING 

 

2.1 INTRODUCTION 

In information theory literature, the problem of signal coding is known as source 
coding. The term “source coding” was originally introduced by Claude Elwood 
Shannon during his classical development of information theory in the late 40’s. The 
basic concept behind source coding is to remove the redundancy (the repeated 
information) from the message produced by an information source, so that, the 
message can be encoded using fewest encoding symbols or bits. This is in 
opposition to the concept of channel coding which aims at adding redundancy in the 
message to be transmitted over a channel, so that, the additionally added information 
(redundancy) may help in retrieving the original message despite the contamination 
caused by channel errors or losses. According to Shannon’s landmark paper [98], if 
the source rate is less than the channel capacity, error-free transmission of the 
source is attainable. This implies that the optimal rate-distortion performance can be 
achieved by first compressing the source to a rate that is less than the channel 
capacity and then transmitting this compressed source in an error-free manner over 
the channel (off course with the help of protection provided by the channel coding 
schemes and assuming that the sum of the source and channel rates does not exceed 
the channel capacity). Hence, the source and the channel coding parts of the 
transmission system can be designed independently while maintaining the overall 
rate-distortion optimality of the transmission system, an argument proven by 
Shannon’s source-channel separation theorem. In this chapter, we will confine our 
discussion to the source coding part only. Channel coding, or more specifically joint 
source-channel coding aspects are covered in Chapter 4 and Chapter 5. 

In this chapter, we present fundamental information theoretic concepts of classical 
lossless and lossy source coding. These concepts will serve as a general background 
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for the remaining parts of the dissertation. For both lossless and lossy source coding, 
information theoretic limits are discussed without going into the details of how these 
limits were actually established. Since the main topic of the thesis is scalable 
quantization, we give a detailed overview of embedded quantization. Furthermore, a 
brief overview of the modern scalable image coding systems, which couple 
embedded quantization with multiresolution techniques to achieve the state-of-the-
art scalable image compression efficiency, is also presented. 

2.2 DEFINITIONS 

In the following we give some important definitions, which will be used during 
the course of this dissertation. 

2.2.1 Entropy 

Let X  denote a discrete random variable, defined over an alphabet X . Also, let 
( )p x , be the probability mass function (PMF) of X , where x ∈X  represents a 

realization of X . The entropy ( )aH X  gives the exact measure of the uncertainty 
associated to describe X . In other words, ( )aH X  denotes the minimum number of 
a-ary coding symbols required to unambiguously (or losslessly) represent X . The 
entropy ( )aH X  of the random variable X  is denoted as [21]: 

 ( ) ( ) ( )
1loga a

x
H X p x

p x∈

= ∑
X

. (2.1) 

In general, the logarithmic base used is 2, which means that on average the 
minimum number of binary symbols required to represent X  is ( )2H X . The other 
commonly used base is the natural-log base, i.e., a e= . In this dissertation, the 
entropy function is written without the log-base subscript and it always refers to the 
binary entropy. Note that for a uniformly distributed source, i.e., when 
( ) 1 ,p x = X  for every x ∈X , ( ) 2logH X = X , where X  is the cardinality of 

the set X . 
For continuous sources, entropy is termed as the differential entropy. For a 

continuous random variable X , the differential entropy ( )h X  is defined as [21]: 

 ( ) ( ) ( )2
1log

x

h X f x dx
f x∈

= ∫
X

. (2.2) 

where X  in the above equation denotes the support interval of X  and ( )f x  
denotes the probability density function (PDF) of X . 

2.2.2 Conditional Entropy 

The conditional entropy ( )H X Y  is the entropy of a random variable X  given 
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the knowledge of a related random variable Y . In principle, the conditioning of a 
random variable on another dependent random variable always reduces the 
uncertainty of the first random variable [21], i.e., 
 ( ) ( )H X H X Y≥ . 

The equality in the above expression is achieved if X  and Y  are two independent 
random variables. The conditional entropy is defined as: 

 ( ) ( ) ( )
y

H X Y p y H X Y y
∈

= =∑
Y

. (2.3) 

An alternate expression for ( )H X Y  can be derived as follows: 

( ) ( ) ( ) ( )
( )

2
1log

y x

H X Y y

H X Y p y p x y
p x y∈ ∈

=

= ∑ ∑
�����	����
Y X

. 

Using the definition of the joint probability, i.e., ( ) ( ) ( ),p x y p y p x y=  [21], the 
above expression simplifies to: 

 ( ) ( ) ( )2
1, log

y x
H X Y p x y

p x y∈ ∈
= ∑ ∑

Y X
. 

Substituting ( ) ( ) ( ),p x y p x y p y= , the above expression becomes 

 ( ) ( ) ( )
( )2, log

,y x

p y
H X Y p x y

p x y∈ ∈
= ∑ ∑

Y X
. (2.4) 

2.2.3 Joint Entropy 

The joint entropy ( ),H X Y  is the measure of the joint uncertainty associated to 
two random variables X  and Y . The joint entropy ( ),H X Y  is defined as: 

 ( ) ( ) ( )2
1, , log
,y x

H X Y p x y
p x y∈ ∈

= ∑ ∑
Y X

. (2.5) 

Using ( ) ( ) ( ),p x y p x p y x=  and solving further, we can write equation (2.5) as 

 ( ) ( )

( )

( ) ( ) ( )2 2
1 1, , log , log

x y y x

p x

H X Y p x y p x y
p x p y x∈ ∈ ∈ ∈

= +∑ ∑ ∑ ∑
��	�
X Y Y X

. 

The first term in the above expression is the entropy of X  while the second term is 
the conditional entropy ( )H Y X , thus, 
 ( ) ( ) ( ),H X Y H X H Y X= + . (2.6) 

Similarly, an alternate simplification of equation (2.5) can result in the following 
expression 
  ( ) ( ) ( ),H X Y H Y H X Y= + . (2.7) 
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2.2.4 Relative Entropy  

The relative entropy of a PMF ( )p x  with respect to another PMF ( )q x  is 
defined as [21]: 

 ( ) ( ) ( )
( )2log

x

p x
D p q p x

q x∈
= ∑

X
. (2.8) 

Note that ( ) ( )D p q D q p≠  and ( ) ( ) 0D p q D q p= =
 
only when ( ) ( )p x q x=  

for all x . It is intuitive to verify that: 
 ( ) ( ) ( )2log= − −⎡ ⎤⎣ ⎦pD p q E q x H X . (2.9) 

In the above equation ( )D p q  is represented as the difference of two 
uncertainties. Thus, the relative entropy can also be understood as some kind of 
error function that computes the approximation error incurred when a PMF ( )p x  is 
approximated using another PMF ( )q x . In general, ( )D p q  is considered as the 
positive distance between two PMFs, although it does not fulfills the requirements 
of a distance metric, namely the symmetry and the triangular property. In the 
literature, the relative entropy is also referred to as the Kullback-Leibler (KL) 
divergence [21], or simply the KL distance.  

2.2.5 Mutual Information 

The mutual information ( );I X Y  between two random variables X  and Y  is 
defined as the decrease in the entropy of X  due to the knowledge that Y  provides 
about X  [21], i.e., 
 ( ) ( ) ( );I X Y H X H X Y= − . (2.10) 

Using the definition of ( )H X  and ( )H X Y , the following expression can be 
derived for the mutual information 

 ( ) ( ) ( )
( ) ( )2

,
; , log

x y

p x y
I X Y p x y

p x p y∈ ∈
= ∑ ∑

X Y
. (2.11) 

If X  and Y  are two independent random variables, we have 
( ) ( ) ( ),p x y p x p y= , and the mutual information ( );I X Y  is zero. The expression 

in equation (2.11) is symmetric, thus we can write ( ) ( ); ;I X Y I Y X= , i.e., X  and 
Y  provide equal information about each other. Since ( ) ( ) 0H X H X Y≥ ≥ , we 
have ( ) ( )0 ; ,I X Y H X≤ ≤  where ( ) ( );I X Y H X=  only when Y   
gives a complete knowledge about ,X  i.e., ( ) 0.H X Y =  Substituting 

( ) ( ) ( ),H X Y H X Y H Y= −  from equation (2.7) in equation (2.10) we get 
 ( ) ( ) ( ) ( ); ,I X Y H X H Y H X Y= + − , (2.12) 

i.e., the mutual information is the difference between the sum of marginal entropies 
and the joint entropy of two random variables. 
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2.3 LOSSLESS SOURCE CODING 

If the aim of the source compression is to reconstruct the source perfectly at the 
decoder, the coding is commonly referred to as noiseless or lossless source coding. 
In lossless coding, the aim is to minimize the number of coding symbols used to 
unambiguously represent the source. Equivalently, practical lossless source coding 
methods aim at creating a code-book, with variable length codewords, such that the 
average codeword length given by 
 ( ) ( ) ( )

x
E l X l x p x

∈
=⎡ ⎤⎣ ⎦ ∑

X
, (2.13) 

where ( )l x  denotes the length of the codeword used for the source sample x , is 
minimized. For practical purposes, we are only interested in prefix-free codes [21]. 
A prefix-free code is a source code of which no codeword is a prefix of another 
valid codeword. An example of a prefix-free and a non-prefix-free code is given in 
Table 2.1. Note that, when encoding a source message, a non-prefix-free code may 
not (unambiguously) distinguish between one or more codewords, thereby resulting 
in a non-unique decoding of the encoded message. For example, a source message 
abc , coded using the non-prefix-free code of Table 2.1 as 000011 , may also be 
interpreted as aacc , when decoded. 
 

X

a
b
c
d

00
001
1
01

000
001
1
01  

Table 2.1: An example of a prefix-free and a non-prefix-free code. 

a b

c

0 1

d

0 1

0 1

root
 

Figure 2.1: A pruned binary code-tree. 

In general, prefix-free codes are not limited to binary alphabets. In fact, a D-ary 
alphabet { }0,1,..., 1D −  can also be used to realize a D-ary prefix-free code. It is 
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useful to display the codewords of a prefix-free code in the form of a D-ary tree. The 
binary-tree for the prefix-free code in the example of Table 2.1 is shown in Figure 
2.1. The codewords correspond to the nodes (labeled using the source symbols in 
Figure 2.1) of the binary-tree. A prefix-free code consists of codewords which 
correspond to the terminal nodes, while a non-prefix-free code also includes 
codewords corresponding to the internal nodes of the tree. 

2.3.1 Kraft’s Inequality 

Theorem [21]: There exists a D-ary prefix-free code for a source with alphabet X  
if and only if 

 ( ) 1l x

x
D−

∈
≤∑

X
. (2.14) 

Proof: 
If all nodes of the tree are considered at length maxl , the total number of terminal 

nodes in a D-ary tree are maxlD . By choosing a codeword with length ( ) maxl x l≤  no 
node in the sub-tree is eligible for another codeword due to the prefix–free 
condition. Each sub-tree consists of ( )maxl l xD −  nodes and the set of sub-trees is 
obviously disjoint, thus 

 ( )max maxl l x l

x
D D−

∈
≤∑

X
. (2.15) 

Dividing both sides of the above equation by maxlD  proves the necessary and 
sufficient condition of equation (2.14) for a prefix-free code.                                   ■                                                     

2.3.2 Lower Bound on Lossless Source Coding 

Theorem [21]: Any D-ary prefix-free code for a discrete memoryless source X , 
x ∈X , satisfies 

 ( ) ( )
2log

DH X
E l X

D
≤ ⎡ ⎤⎣ ⎦ , (2.16) 

with equality occurs if and only if ( ) ( )l xp x D−= , for x∀ ∈X . 

Proof: 

The problem of finding the optimal codeword lengths ( )l x  can be formulated as 
a standard optimization problem using the Kraft’s inequality ( ) 1l x

x D−
∈ ≤∑ X  as 

the constraint on the length of the prefix-free code. The Lagrangian functional for 
the optimization problem is then given by: 

 ( ) ( ) ( ) 1l x

x x
J p x l x Dλ −

∈ ∈

⎛ ⎞
= + −⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑
X X

. (2.17) 

Setting the derivative ( ) 0J l x∂ ∂ = , we obtain 
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 ( ) ( )
log

l x

e

p x
D

Dλ
− = . (2.18) 

Substituting the expression for ( )l xD−  in the expression of the constraint, i.e., 
( ) 1l x

x D−
∈ =∑ X , the optimum value of λ  is given by 1 loge Dλ = . When 

substituted in equation (2.18), this expression for λ  yields: 

 ( ) ( )l xp x D−= , x∀ ∈X , (2.19) 

or 
 ( ) ( )logDl x p x= − . (2.20) 

For a prefix-free code whose codeword lengths are given by equation (2.20), the 
expected codeword length is 
 ( ) ( ) ( ) ( )logD D

x
E l X p x p x H X

∈
= − =⎡ ⎤⎣ ⎦ ∑

X
. (2.21) 

Thus, we can say that the D-base entropy is the lower bound on the average 
codeword length of a prefix-free code, created using a D-ary tree. For source codes 
using binary alphabets, the lower limit on the average codeword length is the binary 
entropy.                                                                                                                       ■ 

Note that for a uniformly distributed source, i.e., when ( ) 1 ,p x = X  x∀ ∈X , a 
fixed-length code can be created using the terminal nodes of a binary-tree of depth 

2log X  if and only if 2log X  is an integer number. Note that, 2log X  is integer if 
X  is some integer power of 2. In this case, all the codewords have the same length, 

i.e., 2log X  bits, and the average codeword length is ( ) 2logE l X =⎡ ⎤⎣ ⎦ X . Since, 
for such a source ( ) 2logH X = X , we can say that in this case the fixed-length 
code can achieve the entropy and hence is optimal. However, for the cases when X  
is not some power of 2, or when ( )p x  is not uniform, fixed-length codes are 
generally sub-optimal and variable length codes are required to achieve the entropy 
in terms of the average codeword length. 

2.3.3 Shannon Coding  

We know that the lower bound on the data compression can be achieved by taking 
the codeword lengths of the source symbols as ( ) ( )logDl x p x= − , x∀ ∈X . In 
general, ( )log D p x−  will not always give an integer length for each codeword. A 
near-optimal codeword length can be derived by ceiling the suggested length 

( )log D p x−  to the closest integer value, i.e.,  
 ( ) ( )log ,Dl x p x x= − ∀ ∈⎡ ⎤⎢ ⎥ X . (2.22) 

A prefix-free code, complying with the derived lengths, can then be obtained by 
using the terminal nodes of the accordingly generated D-ary tree. This simple 
technique was used by Claude Shannon [98] to propose the first variable length 
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coding method, also known as Shannon coding. For a five alphabet random variable 
{ }1 2 3 4 5, , , ,a a a a a=X  with probabilities { }0.3,0.3, 0.2,0.1,0.1 , the Shannon coding 

gives the codewords lengths of { }2,2,3,4,4  bits. The average codeword length for 
the considered example is 2 2 0.3 3 0.2 2 4 0.1 2.6× × + × + × × = bits per source 
sample (bps). Since the entropy of the source is 2.1710 bps, we can say that the 
produced Shannon code has a redundancy of 0.429 bps. 

It can be easily verified that after ceiling ( )log D p x−  the achieved codeword 
lengths will still satisfy the Kraft’s inequality. Due to the ceiling operation,  
 ( ) ( ) ( )log log 1D Dp x l x p x− ≤ < − + . (2.23) 

Multiplying both sides of the above equation with ( )p x  and by taking the 
summation over all x , we can write: 
  ( ) ( ) ( ) 1D DH X E l X H X≤ < +⎡ ⎤⎣ ⎦ . (2.24) 

In other words, we can say that the Shannon code has an average overhead of at 
most 1 bps due to the fact that ( )log D p x−  doesn’t always give an integer 
codeword length. However, this overhead can be made small by spreading it over 
many source symbols, i.e., by coding a block of n  source symbols together. For an 
independent and identically distributed (IID) memoryless source, such a block 
coding of source symbol yields [21]: 

 ( ) ( ) ( ) 1
D DH X E l X H X

n
≤ < +⎡ ⎤⎣ ⎦ . (2.25) 

Thus, the average codeword length can reach the entropy ( )DH X  asymptotically 
as n →∞ . 

2.3.4 Shannon-Fano Coding 

The Shannon coding, described in Section 2.3.3, is sub-optimal mainly due to the 
fact that almost no attention is paid towards efficient code-tree generation, i.e., the 
code-tree in simply generated using codeword lengths derived by the ceiling of 

( )log D p x−  values. Shannon-Fano coding on the other hand relies on efficient 
(although still sub-optimal) generation of the code-tree, wherein, each tree node is 
split into two sub-nodes with a smallest probability difference.  

For the discrete random variable { }1 2 3 4 5, , , ,a a a a a=X  with probabilities 
{ }0.3, 0.3, 0.2, 0.1, 0.1 ,  the code-tree generation of the Shannon-Fano coding is 
shown in Figure 2.2. In practice, the source symbols are first sorted by the order of 
their probability, starting from the most probable one to the least probable one (in 
our example the source symbols are already sorted). In the sorted symbol list, 
splitting the source symbols into two groups { }1 2,a a  and  { }3 4 5, ,a a a  will result in 
a minimum difference in the probability of two groups, i.e., 0.6 0.4 0.2− = . Note 
that any other splitting results in a difference of probability that is higher than 0.2. 
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The first group { }1 2,a a  is then split into individual elements. The second group 
{ }3 4 5, ,a a a  is split into 3a  and { }4 5,a a  as such a splitting again gives minimum 
probability difference. Proceeding this way from the root to the leaves a code-tree 
can be created. The assigned codewords for each source sample are reported in the 
caption of Figure 2.2. The average codeword length of the produced code is 
2 2 0.3 2 0.2 2 3 0.1 2.2× × + × + × × =  bps, which has the redundancy of 0.029 bps, 
i.e., 0.4 bps lower than the Shannon code of Section 2.3.3. Moreover, block coding 
of source symbols can also be used in the context of Shannon-Fano coding to further 
reduce the average codeword length. 

1 2 3 4 5, , , ,a a a a a

1 2,a a

3 4 5, ,a a a

1 (0.3)a

2 (0.3)a

3 (0.2)a

4 (0.1)a

5 (0.1)a

4 5,a a

 
Figure 2.2: Code-tree generation in Shannon-Fano coding. The prefix-free binary 
Shannon-Fano code is: 1a (11), 2a (10), 3a (01), 4a (001), 5a (000). The code-tree 

grows from the tree-root to leaves. 

2.3.5 Huffman Coding 

For long block lengths, Shannon-Fano coding provides average codeword length 
close to the optimum limit, however, for short block lengths a large performance gap 
exists with respect to the entropy. This performance gap is due to the sub-optimality 
of the code-tree generation. In contrast, Huffman coding avoids this problem by 
generating an optimal code-tree. Without going into theoretical details, we explain 
binary Huffman coding [55] of the discrete random variable defined in the examples 
of the previous sections. 

The aim is to create an optimal binary code for the considered source. An optimal 
code will assign the largest number of bits to the least probable symbols, i.e., 
symbols 4a  and 5a in the considered case. Let ( )4l a  and ( )5l a  denote the lengths 
of the codewords for 4a  and 5a . ( )4l a  and ( )5l a  must be equal, since otherwise 
we can delete the last bit of the longer codeword and make them equal while still 
satisfying the prefix-free condition [55]. Note that this argument also holds for two 
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least probable symbols even though their probabilities are not equal. In Huffman’s 
method, we first combine the minimum probability nodes 4a  and 5a  to create an 
internal code-tree node b  with probability ( ) ( )4 5 0.2p a p a+ = . Next, we 
combine two nodes which have the minimum probability values. For the considered 
example, these two nodes are b  and 3a , which are combined to get the internal 
node c  having probability 0.4. Next, nodes 1a  and 2a  should be combined as they 
both have probabilities smaller than 0.4 (the probability of the internal node c ). 
Proceeding this way we can reach the root of the code-tree which corresponds to 
probability 1.0. The generated code-tree is shown in Figure 2.3. Starting from the 
root, distinctive binary symbols are then assigned to each branch of the code-tree to 
generate the codewords, – see Figure 2.3. The assigned codewords for each source 
symbol are reported in the caption of Figure 2.3. The average codeword length for 
the produced code is 2.2 bps, which can be simply computed by summing the 
probabilities of the intermediate (white circle) nodes [21]. We note that, for the 
considered example, the final code-trees for Shannon-Fano and Huffman codes are 
exactly the same. For this reason, the average codeword length in both cases is also 
the same.  

While the current example fails to highlight the advantage of Huffman code over 
Shannon-Fano code, Huffman proved [55] that the backward grouping of least 
probable symbols is an optimal tree generation mechanism. From this perspective 
Huffman codes are referred to as the optimal prefix-free codes, which in a general 
setting would result in an average codeword length smaller than the Shannon-Fano 
code. However, we point out that, despite being optimal, Huffman codes cannot 
approach the entropy bound closer than the limits specified in equation (2.24). This 
is due to the fact that the codewords need to be of integer length. The only cases in 
which binary Huffman coding can achieve the entropy limit are the ones wherein the 
source probabilities are some negative powers of 2. Moreover, for low entropy 
sources the performance gap from the entropy limit can be significantly large. 
Particularly, for source entropies below 1 bps, Huffman codes are quite inefficient. 
In these cases, the redundancy of the code can be reduced by carrying out Huffman 
coding on blocks of source symbols, also referred to as vector or block Huffman 
coding. However, for long block lengths, code-tree generation in block Huffman 
coding gets significantly complex and the method is highly impractical. For block 
Huffman coding the achievable performance bound is given by equation (2.25). 
Similar to the binary Huffman code one can create a D-ary Huffman code by 
combining  D least probability symbols at each tree-level.  

The source coding schemes described till now assume availability of the source 
statistics ahead of time. However, in many cases the source statistics may not be 
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pre-known. For such cases the encoder and the decoder in the Huffman coding can 
agree to periodically update the source statistics synchronously. In the literature, 
such an approach is known as the dynamic or adaptive Huffman coding [120]. 
Adaptive Huffman coding avoids a prior transmission of codewords to the decoder, 
which is an advantage. On the other hand, adaptation generally results in a poor 
code performance compared to the original Huffman code, since, the source estimate 
can only be done causally. The adaptive approach is generally not used in practice 
since it makes the decoder quite complex, as it needs to implement the optimal code 
construction algorithm as well. 

   

d

1 (0.3)a

2 (0.3)a

3 (0.2)a

4 (0.1)a

5 (0.1)a

b

c

 
Figure 2.3: Binary tree for the example Huffman code. The prefix-free binary 

Huffman code is: 1a (11), 2a (10), 3a (01), 4a (001), 5a (000). Note that the code-
tree grows from the leaves to the root. 

2.3.6 Arithmetic Coding 

For long block lengths and large alphabet sizes Huffman codes are not practical as 
they require ordering and look-up tables for their implementation. On the other hand, 
for certain practical applications, it would be nice to have an algorithm which can 
“compute” a codeword from the source message instead of mapping the source 
symbols to a particular codeword using the look-up table. In these settings, 
arithmetic coding [123] provides a favorable alternative since, unlike Huffman 
coding, it does not need to store all codewords in the form of a look-up table. Like 
Huffman coding in Section 2.3.5, we explain the concept of arithmetic coding using 
the discrete source ( ) { }Pr 0.3, 0.3, 0.2, 0.1, 0.1x ∈  example. For more details on 
arithmetic coding, we refer to [21, 123].  

Arithmetic coding is based on what was previously known as the Shannon-Fano-  
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( )p x ( )F x

1a 2a 3a 4a 5a 1a 2a 3a 4a 5ax x

( )F x

 
Figure 2.4: (Left) Probability mass function of the considered random variable. 

(Right) Cumulative density function of the considered random variable. 

Elias coding in the information theory community. Shannon-Fano-Elias coding 
relies on the cumulative density function (CDF) of the source random variable, 
defined as: 
 ( ) ( )

i x
F x p i

≤
=∑ . (2.26) 

The CDF of the considered random variable is shown in Figure 2.4. Consider the 
modified cumulative function 

 ( ) ( ) ( )1 .
2i x

F x p i p x
<

= +∑  (2.27) 

Note that, ( )F x  is the mid-point of the CDF interval corresponding to x . Since the 
intervals are unique to the source alphabets, the value of ( )F x  can be used to code 
any source alphabet x . In general, ( )F x  is a real fractional value which can only be 
expressed using an infinite number of bits. To avoid this problem, we can 
approximate ( )F x  by truncating its binary representation to some finite number of 
bits. However, for unique decoding, the approximated value should still belong to 
the interval of x  as the original ( )F x . Assuming that we truncate the binary 
representation of ( )F x  to first ( )l x  digits after the decimal point yielding an 
approximate value ( ) ( )l x

F x⎢ ⎥⎣ ⎦ , by the definition of truncation 

 ( ) ( ) ( )
( )2 l x

l x
F x F x −⎢ ⎥− <⎣ ⎦ . (2.28) 

If ( ) ( )2log 1l x p x= − +⎡ ⎤⎢ ⎥ , then 

 ( ) ( ) ( ) ( )12 1
2

l x p x F x F x− < = − − . (2.29) 

Thus, ( ) ( )l x
F x⎢ ⎥⎣ ⎦  always belongs to the interval of x  and ( )l x  suffices the number 

of bits to represent x . Furthermore, it can be easily shown that for disjoint CDF 
intervals the resulting code is prefix-free. For the considered random variable the 
Shannon-Fano-Elias code is given in Table 2.2. Note that Shannon-Fano-Elias code 
is always worse than the equivalent Shannon code as it always assigns one extra bit  
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Table 2.2: Shannon-Fano-Elias code for the considered random variable. 

x  ( )p x  ( )F x  ( )F x  in binary ( )l x  Code 

1a  0.3 0.15 0.001… 3 001 

2a  0.3 0.45 0.011… 3 011 

3a  0.2 0.7 0.1011… 4 1011 

4a  0.1 0.85 0.11011… 5 11011 

5a  0.1 0.95 0.11110… 5 11110 

 
for each codeword. However, unlike Shannon code, the Shannon-Fano-Elias code 
does not need a look-up table for the encoding/decoding operations. 

The poor performance of Shannon-Fano-Elias coding is simply because it 
encodes one source symbol at a time. In contrast, arithmetic coding represents a 
block of symbols using a finite precision fractional number [123]. In arithmetic 
coding, for coding the 2nd symbol, the encoder takes the CDF interval corresponding 
to the first symbol in the sequence and subdivides it into X  sub-intervals. During 
this subdivision the relative width of the sub-intervals is kept exactly the same as the 
relative width of the parent intervals – see Figure 2.5. For the 3rd source symbol, the 
corresponding sub-interval in the second stage is taken and is again subdivided 
using the same principle. This procedure is also followed for the following source 
symbols in the sequence till the complete sequence can be localized to a single 
minute interval. A fractional value within this interval can be used to encode the 
source message. In general, the center of the interval is taken as this fractional value. 

In Figure 2.5, an example of arithmetic coding of the source sequence 1 3 2 2a a a a  
is shown. The source sequence is mapped to the fraction 0.2061. The equivalent 
binary representation of this fractional number is 0.001101001…When this binary 
number is truncated to the first 9 digits after the decimal points the corresponding 
fraction modifies to 0.205078125, which is still within the interval [0.2034, 0.2088) 
as the original fraction. Thus the 9 digit binary code 001101001 can be used to 
uniquely represent the source sequence. The decoding works in a similar way as the 
encoding, namely, given the binary representation of the sequence, the decoder can 
easily find the corresponding CDF interval of the first symbol in the sequence to 
unambiguously decode it. The CDF partition for the next symbol can be computed 
by subdividing the identified interval into relative size sub-intervals (as done at the 
encoder side). The fractional value is then used to identify a sub-interval within the 
parent interval, and hence the second decoded symbol. Proceeding this way the 
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decoder can decode all the symbols in the sequence2. In the considered example, the 
achieved average codeword length is 9/4=2.4 bps which is slightly poor compared to 
the equivalent Huffman code which gives an average codeword length of 2.2 bps. 
However, in practice the efficiency of the arithmetic code increases when coding 
longer source sequences. In fact, arithmetic coding asymptotically achieves the 
lower bound on lossless source coding for infinitely long sequences [123].  

Arithmetic coding provides multifold advantages over the Huffman coding. 
Consider a source having alphabet {0,1} where ( )0 0.01p =  and ( )1 0.99p = . For 
such a source, Huffman coding can at the best assign 1 bit as codeword to each 
symbol, leading to an average codeword length of exactly 1 bps. Compared to the 
entropy of the source, which is 0.0807 bps, such a code gives the redundancy of 
0.919 bps (roughly 11 times the source entropy). Thus, for such an unbalanced 
probability model, Huffman code gives quite poor performance. On the other hand, 
arithmetic coding can perform very efficient for this case, provided that a long 
sequence of binary source symbols is coded.  

1a

3a

2a 2a

 
Figure 2.5: Arithmetic coding of the source sequence 1 3 2 2a a a a . 

Another advantage of arithmetic coding is that it allows for seamless adaptation 
of probability models [123]. In many practical applications, the complete data to be 
compressed may not be available beforehand. In such cases, one cannot compute the 
relative frequency and hence the probability of each source symbol in advance. In 
contrast, the adaptive arithmetic coding allows for learning the source probability 
while encoding. The adaptive arithmetic coding starts by assuming equal probability 
of all source symbols (i.e., the uniform probability model). Then, every time a 
source symbol is encoded its relative frequency (and hence its probability) is 
modified at the encoder. The encoder and the decoder stay in perfect 
synchronization during the encoding and the decoding processes. In particular, the 

 
2 To properly stop the decoding process the decoder must know the total number of 

encoded source symbols. 
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decoder decodes the current symbol with a given model and updates the model 
(using the decoded information) in order to decode the next source symbol. 

The literature on lossless source coding is very rich. In the previous sections, we 
have tried to include the most relevant source coding algorithms. In addition to the 
above described methods, other source coding techniques include Golomb codes 
[46], Lempel-Ziv codes (LZ77, LZ78) [126], [127], the Lempel-Ziv-Welch (LZW) 
code [122], etc. The details of these methods are not provided here. 

2.4 LOSSY SOURCE CODING 

In contrast to lossless coding, lossy coding algorithms enable compression in a 
setting where the source needs not to be perfectly decoded at the decoder side. In 
general, the aim is to efficiently compress the source, while fulfilling a certain 
constraint on the distortion between the original and the reconstructed information. 
In this context, a distortion measure ρ  is defined as a mapping from the original 
source alphabet X  and the reconstructed alphabet X̂  to the set of non-negative real 
numbers +\ , i.e., 
 ˆ:ρ +× →\X X . (2.30) 

A distortion metric ( )ˆ,x xρ  is a bounded metric if ( )ˆmax ,x xρ < ∞ . When 
ˆ, ,= ∈\ \X X ,the most commonly used distortion metric is the squared error, 

which is defined as ( ) ( )2ˆ ˆ,x x x xρ = − . The mean of the squared error over all 
source outcomes, i.e., ( ) ( )2ˆ ˆ,d x x E x x⎡ ⎤= −⎣ ⎦ , is referred to as the mean squared 
error (MSE). In this dissertation, MSE is taken as the default distortion metric 
unless specified otherwise. 

2.4.1 Rate-Distortion Theory 

The theoretical limits for the lossy source coding paradigm were established by 
Claude Shannon in his second landmark paper [99]. In [99], Shannon formulated a 
set of rules for lossy source coding, typically referred to as the rate-distortion theory. 
The main contribution of his work was the derivation of the rate-distortion function 
( )R D  of a memoryless information source. The ( )R D  function defines the lowest 

possible rate needed to encode the source such that the distortion is less than or 
equal to a fixed value D . 

The ( )R D  function of a continuous source X  with the marginal PDF ( )f x  is 
defined as: 
 ( )

( ) ( ) ( ) ( )
( )

ˆˆ,
ˆ ˆ ˆ: ,

ˆmin ;
x x

f x x f x f x x x x D
R D I X X

ρ
∈ ∈

≤
=

∑
X X

, (2.31) 

where X̂  denotes the reconstruction random variable. The ( )R D  function of 
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equation (2.31) can be simplified as follows: 

 
( ) ( ) ( )

( ) ( )
ˆ ˆ; ,

ˆ ˆ .

I X X h X h X X

h X h X X X

= −

= − −
 

Since, ( ) ( )ˆ ˆ ˆh X X h X X X− ≥ − , 

 ( ) ( ) ( )ˆ ˆ; .I X X h X h X X≥ − −  (2.32) 

Taking (2.32) into account, minimizing ( )ˆ;I X X  in equation (2.31) is equivalent to 
maximizing ( )ˆh X X− , i.e.,  

 ( )
( ) ( )

( ) ( )
( ) ( )

( )
ˆ ˆ ˆ ˆ: , : ,

ˆ ˆmin ; max .
f x x d x x D f x x d x x D

R D I X X h X h X X
≤ ≤

= ≥ − − (2.33) 

In information theory, the result of equation (2.33) is known as the Shannon lower 
bound on lossy source coding. Note that, the lower bound on lossy coding is the 
entropy of the source (which is the lower bound on lossless coding) minus some rate 
savings due to the introduction of distortion. Since, the aim is to minimize R  for a 
given D , contemplating the right hand side of equation (2.33), one can say that a 
lossy compression algorithm should aim at maximizing the entropy of the source 
approximation error ( )ˆX X− . Since a memoryless Gaussian random variable N  
has the highest differential entropy [21], the maximum ( )ˆh X X−  is attained if the 
error random variable ( )ˆX X−  is ( )0,DN , where ( )2ˆD E X X⎡ ⎤= −⎢ ⎥⎣ ⎦

. Since, 
( )( ) ( ) 20, 1 2 log 2h D eDπ=N  [21], the lower bound of equation (2.32) is given by 

the following expression: 

 ( ) ( ) 2
1 log 2
2

R D h X eDπ≥ − . (2.34) 

2.4.1.1 Memoryless Gaussian Source ( )20,σN  

For ( )20,X σ∼ N , ( ) ( ) 2
21 2 log 2h X eπ σ=  [21] and the lower bound on the 

achievable rate is given by: 

 ( )
2

2
2 2 2

1 1 1log 2 log 2 log
2 2 2

R D e eD
D
σπ σ π
⎛ ⎞

≥ − = ⎜ ⎟
⎝ ⎠

. (2.35) 

The converse of the ( )R D  function is the distortion-rate ( )D R  function, for which 
the lower bound can be obtained easily from the expression of equation (2.35), i.e., 
 ( ) 2 22 RD R σ −≥ . (2.36) 

The ( )D R  function of a Gaussian source is shown in Figure 2.6(a). Note that, due to 
the maximum entropy property of a Gaussian source, the ( )D R  function of any non-
Gaussian source will always be below the curve of Figure 2.6(a). With 
( ) 2 22 RD R σ −=  the source SNR computes to 
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 ( ) ( ) ( )
2

10 1010log 20 log 2 6.02 dB .SNR R R R
D R
σ⎛ ⎞

= =⎜ ⎟⎜ ⎟
⎝ ⎠

�  

For a Gaussian source, no lossy coding scheme can achieve an SNR performance 
better than 6.02R� . Derived from this result, the achievable rate-SNR region for a 
Gaussian source is depicted in Figure 2.6(b). 
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(a)                                                                             (b) 

Figure 2.6: (a) The D(R) function of a Gaussian source with variance 2σ . (b) The 
achievable rate-SNR region of a Gaussian source with variance 2σ . 

 

( )2ˆ 0,X Dσ −∼ N ( )20,X σ∼ N

( )0,Z D∼ N  
Figure 2.7: Test channel which can theoretically achieve the ( )R D  for a Gaussian 

source. 

Shannon [99] proved that equality in the rate-distortion bound of equation (2.35) 
is achieved if the approximation noise ˆX X Z− =  is ( )20, Dσ −N  and the source 
approximation can be represented as an additive noise channel shown in Figure 2.7. 
The proof is quite straightforward. Since Z  and X̂  are independent,

( ) ( ) ( )ˆ ˆ ˆh X X X h Z X h Z− = =  and thus: 

 

( ) ( ) ( )
2

2 2

2

2

ˆ; ,

1 1log 2 log 2 ,
2 2
1 log .
2

I X X h X h Z

e eD

D

π σ π

σ

= −

= −

⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠

 

The above derived term is identical to the right hand side of equation (2.35), thus 
proving that the rate-distortion bound of a Gaussian source is theoretically 
achievable. In practice, however, achieving the rate-distortion bound requires a 
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careful development of efficient quantization methods. An overview of practical 
quantization is presented next. 

2.4.2 Practical Quantization Methods 

Quantization is a process in which the source alphabet is mapped to a relatively 
smaller reconstruction alphabet, also referred to as the quantizer’s codebook. A 
simple example of quantization is the rounding off operation, which maps any 
fractional number to its nearest integer. Quantization is termed as either scalar or 
vector depending on the number of source samples quantized at the same time. In 
our discussion, we will confine ourselves to the scalar case, where =\X , i.e., 

= ∞X  and ˆ ∈\X . Moreover, ˆ N= < ∞X . 

2.4.2.1 Scalar Quantization 

A scalar quantizer deals with one source sample at a time. Any scalar quantizer 
( )Q x  is represented using a set of reconstruction values { }1 2 3

ˆ ˆ ˆ ˆ ˆ, , ,..., Nx x x x=X  and a 
set of quantizer thresholds { }0 1 2, , ,..., Nt t t t=T . The quantization operation can be 
summarized as: 
 ( ) 1ˆ : ,n n nx Q x t x t−= < ≤  n∀  where 1 n N≤ ≤ , (2.37) 

i.e., each sample is mapped to a reconstruction value ˆnx  provided that it lies within 
the nth quantization cell. The quantization process can be viewed as a combined 
effect of two mapping functions, namely, an encoder function E  and a decoder 
function D . E  maps source alphabets to quantization indices, i.e., ,→X I  where 

{ }1, 2,3,..., N=I . In general, the quantization indices are further losslessly encoded 
and decoded using a fixed length code (FLC), e.g., the natural binary code (NBC), 
or a variable-length code (VLC), e.g., adaptive arithmetic coding. D  maps the 
quantization indices to the reconstruction values, i.e., ˆ→I X . With these 
definitions, ( ) ( )( )Q x x= D E . Occasionally, the decoder is referred to as inverse 
quantizer or de-quantizer in the literature. 

Figure 2.8(a) depicts the thresholds and reconstruction values of a scalar 
quantizer. Additionally, the transfer function of a scalar quantizer is plotted in 
Figure 2.8(b). The transfer function is a staircase function, which consists of 
horizontal (tread) and vertical (rise) patches. The quantizer of Figure 2.8(b) is a 
mid-tread quantizer, since the origin 0x =  lies within a tread. The opposite type is 
the mid-rise quantizer for which the origin lies on a rise.  

The MSE distortion of the reconstructed signal and the entropy of the produced 
quantization indices are given by the following expressions, 

 ( ) ( ) ( )
1

2 2

1

ˆ ˆ
−=

⎡ ⎤= − = −⎢ ⎥⎣ ⎦ ∑ ∫
n

n

tN

n
n t

D E X X x x f x dx , (2.38) 
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Figure 2.8: A scalar quantizer. (a) The quantizer thresholds and reconstruction 

points, (b) The quantizer’s transfer function. 

 2
1

log
N

n n
n

H p p
=

= −∑ , for ( )
1−

= ∫
n

n

t

n
t

p f x dx . (2.39) 

The aim is to create an optimal scalar quantizer so as to achieve the quantizer’s 
experimental rate-distortion performance as close as possible to the R(D) function of 
equation (2.35). 

2.4.2.2 Llyod-Max Algorithm 

Lloyd and Max [65, 70] first established the necessary conditions for the 
optimality of a scalar quantizer and provided an algorithm, known as the Lloyd-Max 
algorithm, to minimize the MSE distortion of a scalar quantizer subject to a 
constraint on the size of the reconstruction codebook, N . Such a constraint makes 
the Lloyd-Max [65, 70] quantizer an optimal choice when the quantization indices 
are coded using a FLC. The FLC rate at which each quantization index is encoded is 

2logR N=  bps. 
The two necessary conditions for the optimality of a scalar quantizer are the 

nearest-neighbor condition and the centroid condition. The nearest-neighbor 
condition requires that the nth quantization cell consists of all source samples which 
are closer to ˆnx  than any other reconstruction value, i.e., ˆ ˆ: n nx x x x x ′∀ − < − , for 
any n n′≠ . Indeed, such a condition gives a minimum MSE distortion and thus the 
nearest-neighbor condition can be derived by solving 0nD t∂ ∂ =  for any nt , which 
turns out to be 
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 1ˆ ˆ
2

n n
n

x x
t ++
= , for 1,2,3,..., 1n N= − . (2.40) 

Equation (2.40) suggests that any threshold point is always midway between its right 
and left reconstruction points.  

The centroid condition deals with the optimal reconstruction value within a 
certain quantization cell. The optimal reconstruction value can be determined by 
solving for zero rate-of-change of the distortion D  (equation (2.38)) with respect to 
any reconstruction variable ˆnx , i.e., by solving ˆ 0nD x∂ ∂ = . This derivation gives 

 
( )

( )

1

1

1ˆ

n

n

n

n

t

t
n n nt

t

xf x dx
x E X t X t

f x dx

−

−

−= = ⎡ < ≤ ⎤⎣ ⎦

∫

∫
, for 1,2,3,...,n N= . (2.41) 

The above equation suggests that the optimal reconstruction value within a 
quantization cell is the center of mass (or centroid) of the part of the PDF which 
belongs to the quantization cell. 

The above described conditions of equations (2.40) and (2.41) are necessary but 
not sufficient and hence they do not ensure optimality of the scalar quantizer for all 
general source PDFs. However, for log-concave PDFs, i.e., source PDFs for which 

( )( )log f x  is a concave function, fulfillment of these conditions assures optimality 
[108]. Uniform, Laplacian and Gaussian distributions satisfy the log-concave 
property, hence, we can say that the Lloyd-Max scalar quantizers for these 
distributions are always optimal. 

In practice, we often come across situations where the PDF of the source is 
unknown while its representative data is available. One can use a part of the 
representative source data as a training set to approximate the solution of equations 
(2.40) and (2.41). In the limit sense, as the size of the training set increases, the 
approximated solutions will approach the true ensemble values (weak law of large 
numbers [21]). Under this analogy, the approximated conditions of (2.40) and (2.41) 
are given by the following set of equations 

   1ˆ ˆ
, 1,2,3,..., 1,

2
n n

n
x x

t n N++
= −�  (2.42) 

 { }1
1ˆ , : , 1, 2,3,..., .

n
n n n n

x Cn

x x C x t X t n N
C −

∈
= < ≤ =∑�  (2.43) 

nC  in the second condition denotes the cardinality of the set nC , i.e., the number 
of training sample belonging to the nth quantization cell. 

The nearest-neighbor condition creates the optimal encoder partition for a given 
decoder, while the centroid condition forms the optimum decoder for a fixed 
encoder partition. Using the training set, Lloyd and Max executed these conditions 
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one after the other in a recursive fashion up to a point where the distortion value is 
almost constant between two consecutive iterations. The result is an optimized 
scalar quantizer for which the achieved distortion point may just be a local minima 
or even a saddle point. We point out that, for such an iterative optimization the final 
solution depends on the initialization. Usually, for generalized source PDFs, e.g., 
Gaussian, Laplacian, etc. a uniform reconstruction point set, i.e., reconstruction 
points are displaced uniformly in the source granular region, serves as a good 
initialization setup. Note that, for a zero-mean generalized source, x  can be any real 
number, i.e., x−∞ ≤ ≤ ∞ , so 0t = −∞  (a large negative value) and Nt = ∞  (a large 
positive value) is taken to cover the complete source range. 

For a large R , it can be shown that the distortion of an optimal scalar quantizer 
with a constrained codebook size N  can be modeled as [44]: 
 ( ) 2 22 RD R Cσ −≅ , (2.44) 

where, C  is a constant factor which depends on the source PDF. For smooth zero-
mean symmetric source PDFs, C  can be expressed as [44] 

 ( )
3

3

0

2
3

C f x dx
∞⎛ ⎞

= ⎜ ⎟
⎝ ⎠
∫ . (2.45) 

For a Gaussian source, 3 2 2.721C = ≅  [44], and the Lloyd-Max scalar quantizer 
operates on a ( )1010 log 2.721 4.35dB≅ gap from the D-R bound 2 22 Rσ −  (derived in 
equation (2.36)). 

2.4.2.3 Entropy-constrained Scalar Quantizer 

If the quantization indices are coded using a VLC of average rate say R  bps, it is 
more logical to constraint the entropy of the produced quantization indices instead 
of the codebook size (as was done in the previous section). This is because, the 
efficient VLC schemes such as arithmetic entropy coding [123] can achieve the 
entropy of a general information source. The Lagrangian cost function for 
optimizing the distortion subject to the entropy constraint is given by: 
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 (2.46) 

The nearest-neighbor condition, when solved for the entropy-constrained case, is 
given by [108], 
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1 2 2 1
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+ −
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−
, 1,2,3,..., 1n N= − . (2.47) 
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Since the second term on the right side of equation (2.46) is independent of ˆnx , the 
centroid condition for the entropy-constrained case is exactly the same as for the 
Lloyd-Max case and is given by equation (2.41). Similar to the Lloyd-Max quantizer 
case, centroid and modified nearest-neighbor (i.e., equation (2.47)) conditions can 
be recursively executed to realize a locally optimal entropy-constrained scalar 
quantizer. Moreover, similar to the Lloyd-Max case, a uniform reconstruction point 
set is also a good initialization for the entropy-constrained optimization. 
Theoretically, for unbounded random variables, e.g., Gaussian, Laplacian etc., 
N = ∞  is the optimal choice. If a certain choice of N  is too large for a given PDF, 
the algorithm will result in zero probability of some indices, thus effectively 
reducing to an optimum N . For situations where the source PDF is unknown but the 
training samples are available, approximation of (2.47) can be easily derived by 
approximating np  as n np C T≈ , where T  denote the size of the training set. 

It can be easily shown that H  is a non-increasing function of λ  [108]. This 
makes the search procedure for an appropriate λ  quite straightforward. The correct 
value of λ  should satisfy the target rate constraint with equality, TH R= . This can 
be done by simply choosing a large value of λ  (for which TH R> ) and 
successively reducing its value till the rate condition is satisfied [108].  

It was first established in [45] that, asymptotically (i.e., when R → ∞ ), a uniform 
threshold quantizer with center of cell reconstruction is the optimal entropy-
constrained scalar quantizer for smooth source PDFs. For a uniform mid-tread 
quantizer, the thresholds and the reconstruction values can be written as ( )1

2n± + Δ  
and n± Δ , 0,1,2,...=n , respectively, where Δ  is the size of the quantization cell. 
From equation (2.38), the distortion D  for such a scalar quantizer with N →∞  can 
be formulated as: 

 ( ) ( )
1
2

1
2

( )
2

( )

n

n n

D x n f x dx
+ Δ∞

=−∞ − Δ

= − Δ∑ ∫ . (2.48) 

For a very small Δ , the PDF over each quantization cell can be assumed constant, 
i.e., ( ) ( )f x f n≅ Δ  for ( ) ( )1 1

2 2n x n− Δ ≤ < + Δ , leading to: 

 ( ) ( ) ( )
1
2

1
2

( ) 3
2

( ) 12

n

n nn

D f n x n dx f n
+ Δ∞ ∞

=−∞ =−∞− Δ

Δ
≅ Δ − Δ = Δ∑ ∑∫ . (2.49) 

In quantization theory the assumption ( ) ( )f x f n≅ Δ  is often referred to as the 
high-rate approximation [45], [44]. In theory, the high-rate approximation is used to 
derive the high-rate ( )R D  function of a quantizer. For an infinitesimally small Δ , 
the term on the right hand side of equation (2.49) can be approximated using a 
continuous integral by taking dx = Δ , as 
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 ( ) ( )
2 2

12 12n
D f n f x dx

∞∞

=−∞ −∞

Δ Δ
= Δ Δ ≅∑ ∫ . (2.50) 

Since ( ) 1f x
∞

−∞
=∫ , the above expression leads to: 

 
2

12
D Δ
≅ . (2.51) 

Similar to the distortion, a closed form expression can also be derived for the 
entropy of the uniform quantizer output, i.e., 
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Using the high-rate approximation ( ) ,≅ Δ Δ = Δnp f n dx , the output entropy can be 
simplified as 
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leading to, 
 ( ) ( )2log= − ΔH h X , (2.53) 

where, ( )h X  denotes the differential entropy of the source – see equation (2.2). 
Since an efficient VLC can approach the entropy limit, i.e., R H≅ , then from the 
above equation we have 
 ( )2H X R−Δ = . 
Substituting the above expression for Δ  in equation (2.51) yields: 

 ( ) ( )2 21 2 2
12

H X RD R −≅ . (2.54) 

For a continuous Gaussian source ( )2 21
12 2 6H X eπ σ=  and the high-rate performance 

gap of an optimal entropy-constrained scalar quantizer with respect to the Shannon 
D-R bound of equation (2.36) is ( )2

1010 log 6 1.53dBeπ σ ≅ . 
At low rates the uniform threshold quantizer with center reconstruction is not 

optimal, however, a uniform threshold quantizer with centroid reconstruction is near 
optimal [108]. In general, a small improvement in the D-R performance of the 
uniform quantizer can be obtained by increasing the size of the quantization cell 
which corresponds to 0x = , also referred to as the zero-cell or the dead-zone cell. 
Widening the size of the dead-zone cell somewhat increases its distortion 
contribution, however, it decreases the entropy contribution enough to yield a net D-
R gain [108]. 

The quantizer partition for a generic family of variable size dead-zone uniform 
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quantizer is given by the thresholds [108]: 
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T  (2.55) 

In the above equation 0n =  corresponds to the dead-zone cell, 0n >  corresponds 
to the quantization bins on the right side of the dead-zone cell, while 0n <  
corresponds to the bins on the left side. Note that the dead-zone size is ( )2 1 ξ− Δ , 
for 1ξ ≤ . With the above quantizer partition, the encoder function can be 
implemented as [108]: 

 ( ) ( ) 0,

otherwise,0

x xsign x
n x

ξ ξ
⎧ ⎢ ⎥

+⎪ + >⎢ ⎥= = Δ⎨ Δ⎣ ⎦
⎪
⎩

E  (2.56) 

while the decoder function ( )xD  is given by [108]: 

 ( )( )
0 0

ˆ
0n

n
x

sign n n nξ δ
⎧ =⎪= ⎨ − + Δ ≠⎪⎩

 (2.57) 

where the value of δ , 0 1δ≤ < , defines the exact position of ˆnx  within the nth 
quantization cell. For reconstruction at the middle of the cell, 1 2δ = . Note that, 

0ξ =  and 1ξ =  correspond to the double dead-zone and mid-rise uniform 
quantizers, shown in Figure 2.9(a) and Figure 2.9(b), respectively. Larger dead-zone 
sizes can be selected by choosing 0ξ < . 
 

2Δ 3ΔΔ−Δ2− Δ3− Δ
......

0
x

 
(a) 

2Δ 3ΔΔ−Δ2− Δ3− Δ
......

0
x

 
(b) 

 Figure 2.9: Uniform scalar quantizers with center reconstructions. (a) double dead-
zone uniform quantizer, 0ξ = (b) mid-rise uniform quantizer, 1ξ = . 

2.4.3 Embedded Quantization  

Fixed-rate scalar quantizers, such as the Lloyd-Max quantizer, provide a single 
( )R D  point on the rate-distortion axis. Thus, every time a different rate-distortion 

trade-off is required, one needs to quantize the source using an accordingly designed 
quantizer. In many applications, re-encoding of the source is not an attractive option. 
Hence, it is beneficial to have a quantization system that can attain different rate-
distortion trade-offs using a single encoding of the source. 
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Along with efficient rate-distortion performance, a very desirable trait of a 
quantization system is the ability to successively reduce the reconstruction distortion 
as the compressed bit-stream is decoded. Such a characteristic in turn demands that 
the decoder should be able to decode the bit-stream at any intermediate rate tR , 
0 tR R< ≤ , where R  denotes the rate at which the source was originally encoded. In 
theory, a source is referred to as successively refinable [35] if ( )t tD R  for an 
intermediate rate tR  achieves the D-R bound3, i.e., ( ) ( )t t tD R D R= . In practice, 
however, successive refinability is the property of a source code that enables quality 
scalable decoding, i.e., the quality of source reconstruction (or distortion) scales as a 
function of the employed decoding rate tR . Indeed, the full reconstruction quality is 
attained upon decoding of the entire bit-stream at rate R  bps. 

A quantization method which can fulfill the abovementioned requirements is 
commonly known as embedded quantization [108]. Embedded quantization is a 
multi-level framework, wherein the quantization cells of the higher level (higher 
rate) quantizer are embedded within the quantization cells of the lower level (lower 
rate) quantizer. Equivalently, the quantization cells of the lower rate quantizers can 
be sub-divided to yield the quantization cells of the higher rate quantizers. { }

0

p P
p p

Q
=

=  denotes the set of 1P+  quantizers, where p P=  and 0p =  correspond to the 
coarsest and the finest quantization levels, respectively. Partition cells of a three 
level ( 2P = ) embedded scalar quantizer are depicted in Figure 2.10. Notice that the 
partition cells of pQ  at any level p  are embedded in the ones of level 1p+ . Each 
source sample is mapped to a unique quantization cell ( )0n  in the finest quantizer 

0Q  and the corresponding binary representation 1 0, ,...,P Pn n n− of the produced 
quantization index is generated. The most significant bit Pn  is the sign (say binary 
0 for + and binary 1 for − ) of the quantized source sample. A set containing thp  
binary bit of all source samples forms the thp quantization bit-plane. The bit-stream 
is formed by combining the bit-planes of the produced quantization indices in the 
order of their significance. In particular, first the most significant bits (MSBs), i.e., 

Pn ’s, from all source samples are stored in the bit-stream followed by the 2nd 
MSBs, i.e., 1Pn − ’s, and so on and so forth, till the least significant bits (LSBs), i.e., 

0n ’s 4. The decoder can decode each source sample at any of the 1P+  quality 
levels. In particular, for a specific level p , the decoder can gather 1P p− +  bits, 
i.e., 1, ,...,P P pn n n−  of a source sample and decode it using the center (or centroid) of 
the corresponding quantization cell 

( )pn
pC , ( )

1, , ...,p
P P pn n n n−= . 

 
3 The D-R bound for any general source can be computed by substituting the expression 

for its differential entropy ( )h X  in equation (2.34). 
4 The produced binary bit-stream can be fed to a binary arithmetic coder for further 

compression [108]. 
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Figure 2.10: An example of uniform mid-rise embedded scalar quantizer for 2.P =

The triangles indicate the center reconstruction points.  

One may notice that, for generalized source distributions, it is not possible for 
more than one embedded level to satisfy the optimality conditions described in 
Section 2.4.2.2. For example, if the highest level ( 0p = ) quantizer is chosen to 
satisfy the optimality conditions for a Gaussian distribution, the partition cells for 
lower levels are fixed and will be sub-optimal. A unique case in which all levels of 
the embedded quantizer are optimal is the uniform distribution case. This is because, 
for a uniform distribution, the Lloyd-Max algorithm results in uniform quantizers at 
each level which can be made embedded. We also notice that, the quantizer of 
Figure 2.10 does not contain a dead-zone cell which is needed to improve the D-R 
performance of a quantizer with respect to a conventional uniform quantizer [108]. 

In the context of embedded quantization, particularly important is the family of 
embedded dead-zone uniform quantizers [108]. In this family, the quantizer partition 
at each level contains a dead-zone cell, which gets smaller and smaller for finer 
levels. A special instance of this family, where the dead-zone cell at each level is 
twice the size of a non-dead-zone quantization cell, is depicted in Figure 2.11. For 
embedded dead-zone quantizers, the quantization index ( )0n  for the finest level 
quantizer can be determined using the equation (2.56). Let the binary representation 
of ( )0n  be 1 0, , ,...,P Ps n n n− , where s denotes the sign bit. Then by dropping the p , 
0 p P≤ ≤ , LSBs of ( )0n  we can obtain the following value of ( )pn : 

 ( ) ( )
( )

( )
0

1 1 2
2

Ps sp P l
lp

l p

n
n n −

=

⎢ ⎥
⎢ ⎥= − = −
⎢ ⎥
⎣ ⎦

∑ . (2.58) 

Substituting the value for ( )0n  from equation (2.56) to equation (2.58), we have: 

  ( ) ( )1
2

sp
p

x
n

ξ⎢ ⎥⎢ Δ + ⎥⎣ ⎦= − ⎢ ⎥
⎢ ⎥⎣ ⎦

. (2.59) 

Since 2 px a bξ⎢ Δ + ⎥ = +⎣ ⎦  for ,a∈]  0 2 1pb≤ ≤ −  and 

x xξ ξ εΔ + = ⎢ Δ + ⎥ +⎣ ⎦ , for 0 1ε≤ < , the following is true  [76]: 
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2 2 2p p p

x xξ ξ⎢ ⎥⎢ Δ + ⎥ ⎢ ⎥⎣ ⎦ = +⎢ ⎥ ⎢ ⎥Δ⎢ ⎥ ⎣ ⎦⎣ ⎦
. 

Using the above derived identity, ( )pn  in equation (2.59) becomes: 

 ( ) ( ) ( )( )01
2 2 2 2

sp
p p p p

x x
n sign nξ ξ⎢ ⎥ ⎢ ⎥

= − + = +⎢ ⎥ ⎢ ⎥Δ Δ⎣ ⎦ ⎣ ⎦
. (2.60) 

The above equation resembles equation (2.56) and we can say that the quantization 
index corresponding to any level p  can be determined using the equation (2.56) 
with scaled parameters 2 pΔ  and 2 pξ . 

Using the above notation the inverse quantization can directly result from a slight 
modification of equation (2.57), as: 

 ( )
( )( ) ( )( )

( )

( )

0 0
ˆ

2 2 0

p
p

p pn p p p

n
x

sign n n nξ δ

⎧ =⎪= ⎨ − + Δ ≠⎪⎩
 (2.61) 

In general, for the family of embedded dead-zone uniform quantizer, 1ξ < . The 
double dead-zone case of Figure 2.11 occurs when 0ξ = . In the literature, the 
double dead-zone embedded quantizer of Figure 2.11 is also known as successive 
approximation quantization (SAQ) [108]. 
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a

 
Figure 2.11: Quantizer partitions for embedded double dead-zone uniform 
quantizer for 2P = . A quantization index is shown above each cell. Source 

reconstruction is done at the middle of each cell, 0.5δ = . 

SAQ has a special relevance for quantization in many practical scalable 
multimedia compression systems [57], [100], [107]. In Section 2.4.2, it was 
mentioned that at high rates the uniform quantizer with center reconstruction is the 
optimal entropy-constrained quantizer. Moreover, at lower rates, for peaky source 
distributions, the performance of the uniform quantizer can be improved by 
widening the dead-zone cell [108]. Hence,  one  can conjecture that a quantizer 
having both these properties will not perform far from the optimal entropy-
constrained quantizer for all rates [108]. In this context, the SAQ, which features 
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both these characteristics, can be regarded as a near-optimal embedded quantization 
system. Since the wavelet coefficients in the transformed multimedia sources, e.g., 
image, video, 3-D mesh, have peaky histograms, SAQ provides close to optimal 
results in quantizing such source [108]. 

The second important feature of SAQ is its very low cost of implementation. For 
SAQ, the encoder can compute the quantization index directly from the source 
sample using equation (2.60) and the reconstructed value using equation (2.61). 
Thus, the thresholds and the reconstruction points need not to be stored explicitly. 
This does not hold for non-uniform dead-zone quantizers for which the threshold 
and reconstruction values need to be stored in look-up tables. 

In the next section, we will describe the use of SAQ in wavelet-based scalable 
image coding systems. 

2.5 WAVELET-BASED SCALABLE IMAGE CODING 

2.5.1 Transforms for Image Compression 

Images consist of pixels which generally possess high degree of correlation due to 
a smooth spatial variation of intensity. The main function of the transform is to 
decompose the original image into a set of coefficients which are well decorrelated. 
As the transforms are generally reversible, this operation does not involve any loss 
of information and the inverse transform can be used to retrieve the original image 
losslessly. In the absence of a transform, an image coder needs to employ either 
relatively less efficient predictive coding based methods [108] or efficient but highly 
complex vector quantization based methods [44], to capture the statistical 
dependencies between pixels. On the other hand, the use of transform allows for less 
complex scalar quantization schemes, while still giving comparable performance 
with respect to the vector quantization based equivalents [108]. 

In images, the intensity contribution of different spatial frequencies is highly 
variable. Due to this reason, the frequency domain representation of the image 
signal is being used to achieve decorrelation of pixels intensities. A practical 
example making use of this principle is the discrete cosine transform (DCT) [5], 
which was employed in the JPEG image compression standard [3]. Transform 
variants that employ infinite length sinusoid basis functions, e.g., the Fourier 
transform or the cosine transform do not perform a localized analysis of the input 
signal, i.e., they cannot capture the spatial position at which the contribution of a 
certain frequency starts or ends. On the other hand, if we can distinguish image 
areas of intense activity from smooth areas, we can assign different rates to different 
types of regions, thus achieving efficient compression without sacrificing the visual 
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quality. Even though this is also possible with transforms based on sinusoids, e.g., 
the DCT, wavelets are more suitable for this purpose due to their inherent property 
of capturing the transients present in the signal [104]. As opposed to the cosine 
transform, the wavelet transform [69] performs a multi-scale analysis, where the 
transform coefficients are defined to contribute at various time scales with different 
spatial frequencies. 

2.5.2 Continuous-time Wavelet Transform 

For a continuous-time function ( )f t  defined in ( ) ( ) ( ){ }2 2:L f t f t
∞

−∞
≡ <∞∫\ , 

the continuous-time wavelet transform of ( )f t  is defined as: 

 ( ) ( )1, tW s f t dt
ss
ττ ψ

∞

−∞

−⎛ ⎞= ⎜ ⎟
⎝ ⎠∫ , (2.62) 

where, τ  and s  denote the shift (translation in time) and scale parameters, 
respectively. ( )tψ  is the transform’s basis function, also referred to as the mother 
wavelet function. By defining ( ) ( )( ), 1s t s t sτψ ψ τ= − , the above equation can 
be written as: 

 ( ) ( ) ( ) ( ) ( ), ,, ,s sW s f t t dt f t tτ ττ ψ ψ
∞

−∞

= =∫ . (2.63) 

In other words, the magnitude of the wavelet coefficient ( ),W s τ  is the measure of 
the similarity between ( )f t  and the scaled and shifted version of the mother 
wavelet ( ),s tτψ . The inverse continuous-time wavelet transform is given by the 
following expression: 

 ( ) ( ) ( ), 2
1 , s

dtdsf t W s t
C s

ττ ψ
∞ ∞

Ψ −∞−∞

= ∫ ∫ . (2.64) 

Equation (2.64) shows that ( )f t  can be exactly written as the linear sum of 
translated and scaled versions of the wavelet function ( )tψ . The constant CΨ  in 
equation (2.64) is given by: 

 
( ) 2

C d
ω

ω
ω

∞

Ψ
−∞

Ψ
= ∫ , (2.65) 

where, ( )ωΨ  denotes the Fourier transform of the mother wavelet function ( )tψ . 
The necessary condition for the invertibility of the wavelet transform is CΨ < ∞ , 
which is only possible if ( )0 0Ψ = . In other words, the wavelet function always has 
a zero average value, i.e., ( ) 0t dtψ

∞

−∞
=∫ . 

2.5.3 Discrete Wavelet Transform (DWT) and Multiresolution Analysis 

Multiresolution analysis aims at representing any arbitrary function 
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( ) ( )2f t L∈ \  as a set of successive approximations of the original signal at 
different resolutions. Mallat [69] considered the resolution scales of the form 

2 ,js j= ∈] . Let jV  denotes a function space at resolution 2 j . Since, the 
complexity of functions increases with the resolution, in general, 
 1,j jV V j+⊂ ∀ ∈] . (2.66) 

Mallat [69] showed that there exists a function ( ) ( )2t Lφ ∈ \ , referred to as the 
mother scaling function, such that if ( ) ( )2 2j j

j t tφ φ=  denotes its dilation at scale 
j , then ( )22 2j j

j t nφ− −−  with n∈]  forms an orthonormal basis of jV . Under 
this assumption, the continuous approximation ( )jA f t  of ( )f t , at any resolution 
level j , can be computed as the orthonormal projection of the signal on jV , i.e., 

 
( ) ( )

( ) ( ) ( ) ( )

2 ,

2 , 2 2 .j j j
j j j

n

f t L

A f t f t t n t nφ φ
∞

− − −

=−∞

∀ ∈

= − −∑

\
 (2.67) 

The inner products terms in the above equation constitute the discrete 
approximation of ( )f t  at level j , denoted as d

jA f , 

 ( ) ( )( ), 2d j
j j

n
A f f t t nφ −

∈
= −

]
. (2.68) 

Mallat [69] showed that these approximations can be computed by using a fast 
algorithm, known as the pyramidal algorithm, which was originally proposed by 
Burth and Adelson [14] for pyramid-based multiresolution decomposition of 
images. In particular, by defining a discrete filter h  with the impulse response 
 ( ) ( ) ( )1, , ,n h n t t nφ φ−∀ ∈ = −]  (2.69) 

and h�  as the mirror of h , i.e., ( ) ( )h n h n= −� , the discrete approximation d
jA f  can 

be computed by convolving the approximation 1
d
jA f+  with h�  followed by a 

decimation with a factor of 2, i.e.,  

 ( ) ( ) ( )12d d
j j

k
A f n h n k A f k

∞

+
=−∞

= −∑ � . (2.70) 

Let jW  denote the orthogonal complement of jV  in 1jV + , i.e., 
1j j jV V W+ = ⊕ . Mallat [69] proved that, similar to mother scaling function, a 

mother wavelet function ( ) ( )2t Lψ ∈ \  also exists such that ( )22 2 ,j j
j t nψ− −−  

for n∈] , is an orthonormal basis of jW ; hence projection of ( )f t  on jW  yields: 

 ( ) ( ) ( ) ( )2 , 2 2j
j j j

j jW
n

P f t f t t n t nψ ψ
∞

− − −

=−∞
= − −∑ , (2.71) 

where, the inner product forms the discret detail signal at scale j , given by 

 ( ) ( )( ), 2d j
j j

n
D f f t t nψ −

∈
= −

]
. (2.72) 

Similar to the equation (2.70), the discrete detail signal can be computed using a 
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discrete filter ( ) ( )g n g n= −� , where ( ) ( ) ( )1 ,g n t t nψ ψ−= − , followed by a 
down-sampling by a factor 2. The equivalent of equation (2.70) for the detail signal 
is given by the following expression, 

 ( ) ( ) ( )12d d
j j

k
D f n g n k A f k

∞

+
=−∞

= −∑ � . (2.73) 

( )h n  and ( )g n , which denote the low-pass and the band-pass filters, are related to 
each other with the following expression [69]: 
 ( ) ( ) ( )11 1ng n h n−= − − . (2.74) 

In the reverse process, the signal approximation 1
d
jA f+  can be obtained by first 

up-sampling and then combining the signals d
jA f  and d

jD f
 
using the following 

mathematical expression [69]: 

 ( ) ( ) ( ) ( ) ( )1 2 2 2 2 .d d d
j j j

k k
A f n h n k A f k g n k D f k

∞ ∞

+
=−∞ =−∞

= − + −∑ ∑ (2.75) 

Figure 2.12 shows the block diagram of the forward and the reverse wavelet 
transform derived using equations (2.70), (2.73) and (2.75). The filter pairs ( ),h g� �  
and ( ),h g  are termed as the analysis and the synthesis filter pair, respectively. 

 

1
d
jA f+ 1

d
jA f+

d
jA f

d
jD f

 
Figure 2.12: A pictorial representation of the forward and the reverse discrete 

wavelet transform. 

Given that the function spaces are nested, 1jV +  can be expanded as: 

 ( )
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1 1
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,
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 (2.76) 

By using the convention that 0j =  denotes the scale of the sampled original signal, 
( ) ( )0

dA f n f t nT= − , it is intuitive from the concept given in equation (2.76) that 
the original signal can be written as the set: 

 ( )0 1
,d d d

J j J j
A f A f D f− − ≤ ≤

⎛ ⎞= ⎜ ⎟
⎝ ⎠

. (2.77) 

The above discussed family of wavelets, proposed by Mallat [69], by which the 
synthesis filters are mirrored versions of the analysis filters, is known as the 
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orthonormal wavelet expansion due to its perfect reconstruction property. Other 
famous wavelet families are the biorthogonal [118], the compactly supported 
orthonormal [23] and the compactly supported biorthogonal [20] wavelet 
expansions. For brevity, details about these wavelet families are not covered here. 

Above, we detailed the wavelet expansion procedure for a 1-D signal. For 2-D 
image signals, low-pass and band-pass filtering operations need to be carried out in 
both horizontal and vertical directions independently. Figure 2.13 depicts the 
wavelet decomposition of the cameraman image for two decomposition levels. 
Corresponding to the type of the filtering applied, detail signals are referred to as the 
low-low (LL), the low-high (LH), the high-low (HL) and the high-high (HH) 
subbands – see Figure 2.13. The subscript of a subband denotes the decomposition 
level it belongs to. 

 

 
Figure 2.13: 2-D fast wavelet transform of the cameraman image with 2 

decomposition levels. 

2.5.4 Transform Domain Coefficients’ Dependencies 

In general, in the wavelet decomposed structure of an image, one can discriminate 
between three types of statistical dependencies among wavelet coefficients. These 
dependencies are referred to as the interband, the intraband, and the composite 
coefficient dependencies [62], [63]. 

Interband dependencies are residual statistical dependencies between spatially 
related coefficients across different frequency subbands. These relationships are also 
referred to as the parent-descendants dependencies, as illustrated in Figure 2.14. 
Statistical dependencies exist between the parent and descendants due to the natural 
decay of the coefficients’ magnitude for increasing frequencies. In other words, if a 
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parent coefficient magnitude is below a certain threshold then there is a high 
probability that the magnitude of its descendants will be also below this threshold. 
The wavelet coding paradigms that exploit the parent-descendants dependencies are 
known as the interband wavelet codecs. Practical examples of interband wavelet 
codecs include the popular embedded zero-tree wavelet (EZW) coding scheme of 
[100] and the set partitioning in hierarchical trees (SPIHT) coding technique of  [87]. 

 

 
Figure 2.14: Parent-descendant relationship between the wavelet coefficients of 

different frequency subbands in a wavelet decomposed image. 

In addition to interband dependencies, statistical intraband dependencies at any 
decomposition level exist due to the correlation between the neighboring 
coefficients of a given frequency subband. A general reason for the existence of 
intraband dependencies is the smooth variation of intensity values in images. 
Wavelet coding paradigms that exploit the intraband dependencies to achieve 
compression are known as intraband wavelet codecs. Typical examples of this 
category include the block-based coding technique of [73], quadtree coding 
approaches of [74, 75, 94], and the EBCOT codec [107] employed in the state-of-
the-art JPEG-2000 [108] scalable image coding standard. 

Finally, there is a third category of coding paradigms that exploit both the 
interband and the intraband statistical dependencies in a single image coding 
framework. The joint interband and intraband dependencies are referred to as 
composite dependencies and equivalently, codecs exploiting such dependencies are 
referred to as composite wavelet codecs. Typical codec examples belonging to this 
category are EZBC scheme of [54] and the ECECOW coding approach of [124].  

From an information-theoretic point of view, in images, composite dependencies 
are significantly stronger than the interband dependencies, while they are only 
slightly stronger than intraband dependencies [62], [63]. Thus, one should exploit 
intraband or composite dependencies instead of interband dependencies in order to 
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achieve efficient compression of images. This argument was confirmed by the 
development of intraband [74, 75, 94, 107] and composite [54, 124] coding systems, 
which give better D-R performance compared to interband codec designs [87, 100]. 
Furthermore, if the encoding algorithm only captures intraband dependencies, i.e., 
when different frequency subbands are encoded independently, the receiver can 
always reconstruct the image at a lower (than original) spatial resolution level. This 
can be done by decoding only the subbands corresponding to the intended resolution 
scale and simply discarding the others. In other words, intraband models enable 
resolution scalable decoding (in short: resolution scalability) of the compressed 
image. This argument does not hold for interband codec designs due to the fact that 
different frequency subbands are jointly encoded. For example, in interband codecs 
[87, 100] the use of zero-trees, which span different frequency subbands, limit the 
resolution scalable decoding of images. In such codecs, resolution scalability cannot 
be enabled without sacrificing the compression performance. The other type of 
scalable image decoding is the quality scalable decoding (in short: quality 
scalability), which allows for decoding of the compressed image at various quality 
levels. In contrast to resolution scalable decoding, quality scalable decoding can be 
well supported by interband, intraband, and composite codecs. 

In the next section, we describe interband and intraband embedded bit-plane 
coding based on the double dead-zone SAQ quantizer. 

2.5.5 Embedded Bit-plane Coding using SAQ  

When a 2-D DWT is applied on an image, the spatial frequency information is 
isolated in distinct frequency subbands of transform coefficients. In the decomposed 
structure of an image, the LL subband retains the lowest frequency information. 
Moving horizontally to the right increases the horizontal frequency, while moving 
vertically to the bottom increases the vertical frequency. Moving diagonally 
increases both vertical and horizontal spatial frequencies at the same time. In the 
decomposed structure of an image, wavelet coefficients corresponding to the high-
frequency can be more coarsely quantized to save bitrate without sacrificing the 
image’s visual quality. This is because the human visual system is less sensitive to 
high-frequency variations [108]. 

In general, the observed wavelet coefficient histogram for a given subband 
(except for the LL subband) has a larger magnitude close to its mean value. Away 
from the mean, the histogram’s magnitude decreases as some exponential function 
of the distance [69]. For images, wavelet coefficient histograms can be closely 
modeled using the family of GG distributions [69]. In particular, the GG family of 
distributions allows for a parametric representation of several source distributions 
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including the Laplacian, the Gaussian, and the uniform PDF. From a theoretical 
point of view, SAQ is a near-optimal choice [108] for embedded quantization of 
generalized peaky source distributions – see Section 2.4.3. In the previous section 
the structure of the underlying quantizer partition in SAQ was discussed. In this 
section, representative bit-plane coding frameworks based on SAQ will be 
presented. 

The bit-plane coding with SAQ is generally performed using (at least) two coding 
passes: the significance pass and the refinement pass. In SAQ terminology, a source 
sample x  is said to be significant with respect to a threshold pT  if px T≥ , i.e.,  

 ( )
0,
1,

p
p

p

if x T
S x

if x T
⎧ <⎪= ⎨ ≥⎪⎩

 (2.78) 

In the above equation pT  denotes the smallest positive threshold of the embedded 
quantizer at any bit-plane p . The output of the significance operator of equation 
(2.78), when applied to the whole wavelet image, results in a binary map also 
referred to as the significance map. The 1’s in the significance map denote the 
wavelet coefficients that are significant with respect to pT , while 0’s denote the 
coefficients which are not significant. In general, encoding the position information 
of significant wavelet coefficients, constitutes a major proportion of the total rate 
needed to encode the wavelet decomposed image [100]. For each level p  the 
encoder needs to encode the position of the wavelet coefficients that are found 
significant at the current bit-plane level. This position information is encoded using 
the significance coding pass. Due to a peaky distribution of wavelet coefficients, the 
significance map for p P=  generally contains a large number of 0’s and few 1’s. 
Bit-plane coding methods thus employ tools that can encode these 0’s as efficiently 
as possible, while still localizing the occasionally found 1’s. At the next bit-plane 

1p P= − , the threshold is lowered and a few more coefficients become significant. 
The position information for newly found significant coefficients will be coded 
using the significant pass of ( )1 thP −  bit-plane. To enable progressive decoding of 
coefficients, the sign information of a significant wavelet coefficient should be 
encoded immediately after coding its significance. For significant coefficients the 
trailing bits of its binary representations, i.e., all bits after the first 1, are encoded 
using the refinement coding pass. 

Next, we use a toy example of a 4x4 wavelet image produced using two levels of 
wavelet decomposition, – see Figure 2.15(a), to demonstrate the progressive bit-
plane coding using zero-tree based interband and quadtree-based intraband coders. 
The underlying SAQ in the demonstration examples is depicted in Figure 2.15(b). 
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Figure 2.15: (a) A toy example of a 4x4 wavelet image created using two 
decomposition levels. (b) SAQ used for progressive bit-plane coding of the 4x4 

example wavelet image. Only 3 highest quantization levels are shown in the figure. 

2.5.5.1 Zero-tree based Interband Bit-plane Coding  

In zero-tree based bit-plane coding, trees of 0’s (also known as zero-trees) [100] 
are exploited to achieve efficient compression of the position information of 
significance coefficients. A tree of 0’s in the significance map exists if a certain 
wavelet coefficient is non-significant with respect to a certain threshold and all its 
descendant wavelet coefficients (see Figure 2.14 for the definition of descendants) 
are also non-significant with respect to the same threshold. Each tree of 0’s can be 
encoded using a single zero-tree root (ZTR) symbol. Note that, the root-node of a 
zero-tree may lie in any band HHi, LHi, or HLi , 1i > . Thus, a zero-tree must span 
at least two wavelet decomposition levels. When a coefficient belonging to HHi, 
LHi, or HLi  for 1i > , is non-significant with respect to a threshold and one or more 
of its descendants are significant, then this coefficient is encoded using the isolated 
zero (IZ) symbol. A non-significant coefficient belonging to HH1, LH1, or HL1 is 
coded using a single zero (Z) symbol. For encoding significance, the significant 
positive (POS) or the significant negative (NEG) symbols are used. The symbol 
stream produced using the above coding symbols can be transformed to a binary bit-
stream by replacing each symbol with its binary equivalent, which are defined as 
follows: 
1. POS: This symbol is equivalent to a binary 1, indicating that a particular 

positive wavelet coefficient is significant, followed by the positive sign 
indicated using a binary 0, so the binary equivalent of POS is 10. 
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2. NEG: The binary equivalent of this symbol is 11, where, like the POS symbol, 
the first bit denotes the significance while the second bit indicates the negative 
sign. 

3. ZTR: The binary equivalent of this symbol is 00, where the first 0 indicates that 
the coefficient is non-significant while the second 0 bit indicates that all 
corresponding descendants are also non-significant at the current bit-plane 
level. 

4. IZ: The binary equivalent of this symbol is 01, where, like the ZTR symbol, the 
first 0 bit indicate the non-significance of the coefficient while binary 1 
indicates that at least one descendant has a coefficient which is significant at the 
current bit-plane level. Notice that the Z and IZ symbols have the same binary 
representation. In fact, the Z symbol is introduced just for a better 
understanding of the zero-tree operation. 

In Figure 2.16, the bit-plane coding process is shown for the toy example of 
Figure 2.15(a). The highest bit-plane value P  is computed as: 
 ( )( )2log maxP x⎢ ⎥= ⎣ ⎦ , (2.79) 

and the corresponding threshold is determined as 2P
PT = . For any lower bit-plane 

the threshold can be computed as: 

 
2

, 0P
P p
T

pT p P−= ≤ < . (2.80) 

For coding the significance map the following subband scanning pattern (proceeding 
from left to right) is used. 
 2 2 2 1 1 1, , , ,..., , , , , ,J J J JLL HL LH HH HL LH HH HL LH HH . (2.81) 

Within each subband, a raster scan pattern is followed to encode the binary 
representation of wavelet coefficients using POS, NEG, ZTR, IZ (or Z) symbols. 

In Figure 2.16, the coding begins with the significance pass of the MSB plane of 
the wavelet image. At most-significant bit-plane ( )3p = , the single bit in 2LL  
subband is 0. As the coefficients of LL  subband do not have descendants, the first 
coded symbol is IZ. The single bit in the 2HL  is 1 and its corresponding sign is +, 
so the second coded symbol is POS. Note that descendants of the coefficient of 2HL
, i.e., the coefficients of 1HL , are yet to be coded. Proceeding to 2LH , the single 
coefficient is 0 and its four descendants in 1LH  are all 0, so the 3rd encoded symbol 
is ZTR. The same is also true for the only coefficient of 2HH  symbol, thus the 4rth 
coded symbol is also ZTR. This is followed by four Z symbols each corresponding 
to one coefficient of 1HL  subband. At the end of the significance pass, only a single 
coefficient (i.e., 13) has been found significant, while all other coefficients are non-
significant. 

For the next bit-plane, the coefficients which are found significant are first refined 



Chapter 2 

46 

using the refinement pass. In the example case, the refinement symbol for the only 
significant coefficient (i.e., 13) is 1, which is coded next. For differentiation 
purposes, in Figure 2.16, the refinement symbols are shown within circles. The 
significance of all other coefficients except 13 is then coded using the significance 
pass for 2p = , followed by the refinement of coefficients found significant for 

3p =  and 2p = . The coding process proceeds this way till all the bit-planes of the 
decomposed image are coded. In general, the bit-streams produced by significant 
and refinement passes are arithmetic coded using separate adaptive models for each 
type of information [108].  

The last column of Figure 2.16 shows the reconstructed wavelet image after 
progressively decoding each bit-plane. In general, the decoding process can also be 
stopped in between the bit-planes to meet a certain rate requirement. After finding 
that a given wavelet coefficient is significant, the decoder decodes the wavelet 
coefficient at bit-plane p  with the value ( )ˆ px  as: 

 ( ) 2 0ˆ
1 0

p p pT T if p
x

if p
+ ≠⎧= ⎨ =⎩

 (2.82) 

Subsequently, receiving refinement symbols { }0,1pη =  at any level p  results in the 
reconstructed value: 
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⎪ − = =⎩  (2.83) 
where ( )ˆ previousx  denotes the absolute value of the reconstructed sample before 
receiving the refinement symbol pη . Note that, although the wavelet coefficients 
are not directly quantized using the SAQ, the above decoding rules comply with 
SAQ, shown in Figure 2.15(b). In fact, SAQ is built within the coding passes and 
can be more efficiently implemented using dyadically decaying thresholds [100], 
i.e., 

 1 , 1, 2,...
2
p

p
T

T p P− = = , (2.84) 

as demonstrated in Figure 2.16.  
Based on the zero-tree bit-plane coding scheme described above, a scalable image 

coding framework was proposed in [100]. Later in [87], the image coding system of 
[100] was improved using the set partitioning methods, also known as the SPIHT 
codec. 
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Figure 2.16: Interband zero-tree based bit-plane coding of the 4x4 example wavelet 

image. The coding of each bit-plane is shown using two coding passes. 
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2.5.5.2 Quadtree-based Intraband Bit-plane Coding 

In quadtree-based bit-plane coding the significant wavelet coefficients at a certain 
bit-plane p  are localized using quadtree [36] splitting of the significance map. In 
particular, if one or more wavelet coefficients are significant at a certain level p , 
the significance map is split into four equally sized quadrants. Each quadrant is 
further split into four equal size sub-quadrants if it contains one or more significant 
coefficients. If all the coefficients inside a quadrant are non-significant no quadtree 
splitting is performed. The process is continued till each significant wavelet 
coefficient is localized to a single wavelet coefficient. The significance map of the 
4x4 image of Figure 2.15(a) at bit-plane 3p =  is shown in Figure 2.17(a). The 
quadtree decomposition of the significance map of Figure 2.17(a) is depicted in 
Figure 2.17(b), where the significant and the non-significant leaves of the tree are 
represented using SGN and NSG coding symbols, respectively.  

 

(a) (b) 
Figure 2.17: (a) Significance map of the 4x4 wavelet image of Figure 2.15(a) at 

3p = . (b) Quadtree splitting of the significance map of (a). The dashed and solid 
lines differentiate between the levels of quadtree decomposition. 

 

 
(a) (b) 

Figure 2.18: (a) Depth-first tree scanning pattern. (b) Breadth-first tree scanning 
pattern. The numbering determines the order in which the nodes of the tree are 

scanned. 
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For each bit-plane p , encoding the position of the significance coefficients 
translates to encoding the corresponding quadtree structure. A fixed tree scanning 
rule needs to be known both at the encoder and the decoder so that the tree (and 
hence the position of the significant coefficients) can be perfectly reconstructed at 
the decoder side. In general, either the depth-first or the breadth-first search 
methods, shown in Figure 2.18, are used to scan the quadtree nodes. 

For any given intermediate tree-node the corresponding children nodes at the 
lower level are scanned using a fixed scanning order. For example, for any quadrant 
of a given intermediate tree-node, the corresponding sub-quadrants can be scanned 
in the order: top-left→ top-right→ bottom-left→ bottom-right. 

In Figure 2.19, the significance pass for the MSB-plane of the considered 
example, i.e., the example of Figure 2.15(a), is shown. The depth-first tree scanning 
of Figure 2.18(a) is used to enumerate the quadtree nodes. In general, the depth-first 
tree scanning gives better encoding performance against the breadth-first scanning 
[76]. Note that, similar to zero-tree coding, the sign information is coded along with 
coding the significance of a particular wavelet coefficient. For the next lower bit-
plane, the non-significant quadrants at the current bit-plane will be further quadtree 
decomposed and the significance of their wavelet coefficients is encoded in the 
significance pass. The significance pass is followed by the refinement pass, which 
encodes the refinement information of the coefficients that were found to be 
significant at the current bit-plane level – see Figure 2.19. The refinement pass in 
both zero-tree and quadtree coding schemes are exactly the same. 

From a progressive image coding point of view, coding the significance of newly 
significant coefficients reduces the image distortion at a faster rate than refining the 
already significant coefficients [76]. For this reason, in quadtree coding, the 
refinement pass follows the significance pass when coding any bit-plane of image 
wavelet coefficients. Note that this is in contrast to zero-tree coding, which codes 
the refinement information prior to the significance information. The last column of 
Figure 2.19 shows the reconstructed wavelet coefficients after progressively 
decoding each bit-plane. The SAQ reconstruction rules of equations (2.82)-(2.83) 
are also valid for quadtree-based bit-plane coding. Note that for any level p, the 
decoded wavelet images for both zero-tree coding and quadtree coding are exactly 
the same – see the last column in Figure 2.16 and Figure 2.19, resulting in equal 
distortions for both cases when equal number of bit-planes are decoded. However, 
the encoding rates can be different as different coding strategies are utilized. 

Based on the coding principle described in Figure 2.19, a square partitioning 
(SQP) image coder was proposed in [74]. An extension of the SQP coding is the 
wavelet-quadtree coding (WQT) approach of [75]. The difference between WQT 
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Figure 2.19: Intraband quadtree-based bit-plane coding of the 4x4 example wavelet 

image. The vertical lines “|” indicate the transitions between the quadtree levels. 
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and SQP coding is that instead of two coding passes WQT uses three coding passes, 
namely, the significance, the non-significance and the refinement pass. Basically, 
during the significance pass of an arbitrary bit-plane, a certain neighborhood of the 
significant coefficients is identified and added in the list of non-significant 
coefficients (LNC). For the next lower bit-plane, the significance of the coefficients 
found in LNC is coded first. This is motivated by the fact that the coefficients 
recorded in LNC (being located in the neighborhood of the significant coefficients) 
have a high probability to become significant in the next coding step, due to the 
clustering property of the quadtree decomposition [74].  

A further extension of SQP [74] and WQT [75] is the quadtree-limited (QT-L) 
coding technique proposed in [94]. The difference between them is that for any 
arbitrary bit-plane, the quadtree decomposition process in QT-L is stopped once the 
size of the significant quadrants is below a predefined minimal size [94]. In [94], it 
was shown that a 3-D variation of the QT-L coding coupled with context-based 
adaptive arithmetic coding yields competitive results against state-of-the-art coding 
systems for volumetric medical imaging datasets. In [76], a 2-D version of QT-L 
coding was evaluated for scalable compression of photographic images. Compared 
to JPEG-2000 [108], the QT-L based image codec gives competitive and in many 
cases better image compression results [76]. 

In contrast to zero-tree based bit-plane coding, which employs zero-trees that 
span different resolution subbands, quadtree-based bit-plane coding, realized by the 
SQP, WQT and QT-L codecs, can independently work on each frequency subband. 
In fact, due to this particular property, intraband coding schemes can enable 
resolution scalable decoding of wavelet coded images. In resolution scalable coding, 
different subbands are independently bit-plane coded in the order of their frequency, 
i.e., by following the coding order 1 1 1, , , , , , ,...J J J J J J JLL HL LH HH HL LH HH− − −  
In particular, all the bit-planes of a certain wavelet subband are coded before 
moving to the next higher frequency subband in the aforementioned order. At the 
decoder side, terminating the decoding process at any point in time will leave a 
certain resolution of the image decoded at a certain quality level. In general, with 
this type of bit-stream organization the decoder can decode the image at multiple 
resolution levels and even at multiple quality levels for a given resolution level. 
Hence, such a bit-stream organization allows for a greater flexibility to 
accommodate displays that vary in terms of resolution and complexity requirements. 
Note that such a flexibility cannot be guaranteed using zero-tree based systems due 
to the simple fact that bit-planes of different frequency subbands in zero-tree based 
methods are jointly coded in order to provide quality scalable decoding. In contrast, 
quality scalability is by default offered when using quadtree-based bit-plane coding 
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approaches [76]. Hence, one can conclude that quadtree-based coding extends over 
the scalability features of zero-tree coding, while still providing superior D-R 
performance in the quality scalable mode [76]. 

2.5.6 Practical Wavelet-based Scalable Image Coding 

 
Figure 2.20: Wavelet-based scalable image codec. 

Figure 2.20 depicts the block diagram of a wavelet-based scalable image codec. 
Practical transform-based image coding systems rely on subsequent application of 
an invertible transform, embedded quantization, bit-plane coding and entropy coding 
components [108], functions that have already been explained in the previous parts 
of this chapter. In Section 2.5.5, it was explained how bit-planes produced by an 
embedded quantizer are bit-plane coded. Bit-plane coding methods result in a binary 
bit-stream which is further losslessly compressed generally using adaptive 
arithmetic coding [123]. Entropy coding techniques exploit the inter-symbol 
correlation in the bit-plane coded bit-stream to further improve the compression 
efficiency of an image coding system. In practical image codecs, e.g., [94, 100, 
107], bit-plane coding and entropy coding work in tandem. Namely, the entropy 
coder can encode symbols as soon as they appear at the output of the bit-plane 
coder. 

A function that has not yet been discussed is the rate-allocation module in Figure 
2.20. In general, for quality scalability, bit-planes can be simply coded in the order 
of their significance. However, such a predefined progression order may not be 
optimal in rate-distortion sense since bit-planes of different frequency subbands 
have a different impact on the overall image distortion. In other words, in some 
cases it may be beneficial to code different number of bit-planes from different 
subbands to achieve minimal distortion for a given bit budget. Thus, one can always 
make use of an additional level of prioritization to ensure a minimum image 
distortion for a given rate budget. This is the functionality provided by the rate-
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allocation module. Without going into the details, we point out that the rate-
allocation module computes the optimal truncation points for the bit-streams of non-
overlapping disjoint spatial parts of the wavelet decomposed structure. These 
disjoint parts can be the distinctive frequency subbands or blocks of a certain fixed-
size. For fixed-size blocks, a rate-allocation algorithm, known as the post 
compression rate-distortion optimization (PCRD-OPT) was proposed in [107]. The 
PCRD-OPT algorithm utilizes Lagrangian based methods to optimally compute the 
truncation point for each coding block, so that the overall image distortion is 
minimized. The final bit-stream is created using bit-stream contributions from 
different coding blocks. For details on PCRD-OPT, we refer to [107, 108]. 

The decoder part of a scalable image coder successively applies entropy 
decoding, bit-plane decoding and the inverse wavelet transform to reconstruct the 
compressed image. 

In the next chapter, we will study the embedded quantization of coefficient 
subbands resulting from wavelet decomposition of a semi-regular 3-D mesh. With 
certain modifications, the tree-based bit-plane coding methods, described in Section 
2.5.5, can also be used to encode the bit-planes of mesh wavelet subbands. Despite 
of the fact that 3-D meshes and images have different physical structure, efficient 
scalable compression for 3-D meshes (similar to images) demands (a) ensuring a 
lowest distortion at any intermediate bitrate, (b) the need to provide quality and/or 
resolution scalable decoding of the compressed mesh. 

2.6 SUMMARY 

Source coding, either lossless or lossy, is a well-developed process both in theory 
and in practice. The fundamental limits for both variations are well known in theory 
and are described in this chapter in order to provide some background knowledge to 
the reader who is not (or less) familiar with the concepts of source coding. 

For lossless source coding, the fundamental lower rate limit is the entropy of a 
source, as proved by Shannon in his landmark paper [98] in 1948. Since then, a 
considerable amount of effort has been reserved to find practical source codes that 
can attain this limit. In this context, some well-known source codes, e.g., the 
Shannon-Fano, the Huffman and the arithmetic code, are briefly described in this 
chapter. As opposed to the Huffman code, arithmetic codes provide enhanced 
performance for binary sources. Additionally, arithmetic codes allow for  easy 
source adaptation during the coding process. This property makes them the  most 
suitable choice for entropy coding in  practical  multimedia coding standards, e.g., 
the JPEG-2000 [108]  image coding standard and the MPEG AVC/SVC video 
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coding standard [2]. 
For lossy source coding, the fundamental limit is the source’s ( )D R  function, 

which was also first derived and explained by Shannon in [99]. In general, lossy 
source coding is performed by source quantization followed by entropy coding. 
Scalar quantization is the simplest way to perform quantization for which Lloyd and 
Max first derived the necessary conditions for optimality. Quantization can be 
classified into fixed-rate and embedded quantization. In the latter, quantization cells 
are embedded such that each level of quantization successively reduces the 
quantization noise. In this context, SAQ is the foremost quantization method 
forming the basis of wavelet-based scalable image coding systems. Based on SAQ, 
zero-tree based interband and quadtree-based intraband coding systems have been 
proposed in the past. These systems are also briefly described in this chapter. The 
state-of-the-art scalable image coding system JPEG-2000 is also an intraband 
system. Compared to interband image coding, intraband systems on average provide 
superior compression performance with the additional advantage of providing 
resolution scalable decoding of the compressed image.        
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Chapter 3 
SCALABLE 3-D MESH COMPRESSION  

 

3.1 INTRODUCTION 

3-D graphics applications make use of polygonal 3-D meshes for object’s shape 
representation. The recent introduction of high-performance laser scanners and fast 
microcomputer systems gave rise to high-definition graphics applications. In such 
applications, objects with complex textures are represented using dense 3-D meshes 
that consist of hundreds of thousands of vertices. Due to their enormous data size, 
such highly-detailed 3-D meshes are rather intricate to store, costly to transmit via 
bandwidth-limited transmission media and hard to display on end-user terminals with 
diverse display capabilities. Scalable compression, wherein the source representation 
can be adapted to the users' requests, available bandwidth and computational 
capabilities, is thus of paramount importance in order to make efficient use of the 
available resources to process, store and transmit high-resolution meshes. 

State-of-the-art scalable mesh compression systems can be divided into two main 
categories. A first category includes codecs that directly compress the irregular 
topology meshes in the spatial domain. In such codecs, the connectivity information 
is encoded losslessly, while mesh simplification methods such as vertex coalescing 
[86], edge decimation [103] and edge collapsing [85] are employed to encode 
geometry. These mesh simplification methods progressively remove those mesh 
vertices which yield the smallest distortion. In order to enable the reconstruction of 
the original mesh at various levels of detail (LOD), the discarded vertices are 
encoded in the compressed bit-stream. Mesh compression systems belonging to this 
category include the progressive mesh coding schemes of [59, 82] and the 
topological surgery [106] based technique of [105]. These techniques generally 
exhibit two major drawbacks: first, due to the highly irregular topology of the input 
mesh, a large source rate is needed for lossless encoding of connectivity. Secondly, 
encoding the removed vertices in the compressed bit-stream is quite costly for high-
resolution meshes. Therefore, such schemes are not useful for complex meshes 
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containing a large number of vertices. An alternative that solves the problem of the 
large source rates needed to encode the connectivity information, described above, is 
remeshing, which can be used to convert the original irregular mesh into a mesh 
consisting of regular elements, such as B-spline [33] or subdivision connectivity 
(wherein the connectivity can be realized using a predefined subdivision method) 
patches [32]. The regular mesh lends itself better to compression, and hence, 
compared to the irregular mesh, a much lower rate is needed to losslessly encode its 
connectivity information. Furthermore, multiresolution techniques alleviate the 
second problem of having to encode all the original vertices, because only detail 
information has to be encoded in order to create multiple LOD (or multiple 
resolution levels). Remeshing together with subdivision-based multiresolution [67] 
are the two major components of the second category of codecs which use space-
frequency dilation methods such as wavelet transforms to decorrelate the input mesh 
data [67], [95]. The generated wavelet coefficients are compressed using tree-based 
bit-plane coding methods [100], [94], to achieve high compression efficiency. 
Multiresolution mesh compression techniques provide substantial compression gains 
compared to their competing schemes. In this chapter we will confine our discussion 
only to these techniques. 

In the recent past, several multiresolution scalable mesh compression schemes 
have been proposed. The majority of these schemes use coding techniques 
specifically developed for image compression. However, in general, image and 
mesh data exhibit different statistical characteristics as images are consisting of 
pixels (with intensities), while mesh data involve geometry, i.e., the positions of 
vertices in a 3-D space. Thus, one must be cautious when extrapolating image 
compression techniques towards mesh geometry encoding. 

In this chapter, we propose a constructive design methodology for 
multiresolution-based scalable mesh compression systems. The input mesh is 
assumed to possess subdivision connectivity [67], i.e., the connectivity in the mesh is 
built through subdivision5. A 3-D mesh with subdivision connectivity is also referred 
to as a semi-regular mesh. With respect to design, we address two major aspects of 
scalable wavelet-based mesh compression systems, namely, the optimality of 
embedded quantization in scalable mesh coding and the type of coefficient 
dependencies that can assure the best compression performance. In this context, 
thorough analyses investigating the aforementioned aspects are carried out to 
establish the most appropriate design choices. Later on, the derived design choices 

 
5 In general, an initial remeshing step [32] is required to convert the original irregular mesh 

into a mesh with the required connectivity.  
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in the matrix form, can be written as: 
 1c Q P cj j j j+ = ⋅ ⋅ , 0,1,2,..., 1j J= − .  

Subdivision schemes can be regarded as either interpolating or approximating. In 
the interpolating subdivision, only the positions of new vertices, i.e., which are 
added in the splitting step, are changed in the averaging step. On the other hand, in 
the approximating subdivision, the positions of both newly introduced and existing 
vertices are adjusted during averaging. The simplest interpolating subdivision is the 
polyhedral subdivision in which the averaging step leaves all new vertices unmoved. 
However, the limiting surface in this case is the same as 0M . A commonly used 
interpolating subdivision that can also produce a smooth surface is the Butterfly 
subdivision [31]. The subdivision stencil for Butterfly is shown in Figure 3.3, where 
the position of a newly introduced vertex p  is computed as 8

1p i iic a c
=

= ∑ , where 

ia ’s denote the Butterfly weights [31], given by: 

1 2

3 4

5 6 7 8

1 2
1 8 .

1 16

a a
a a
a a a a

= =⎧ ⎫⎪ ⎪= =⎨ ⎬
⎪ ⎪= = = = −⎩ ⎭  
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Figure 3.3: Butterfly subdivision stencil. 

Loop [66] is an example of approximating subdivision. For Loop subdivision, the 
new vertices are introduced at the mid-points of triangle edges. Let { } 1

n
i ic =  denote 

the neighboring vertices of a vertex c  in the split mesh M , then for the Loop 
scheme, the modified position of c  can be computed using the following averaging 
relation:  
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The function ( )nα  is chosen carefully such that the limit surface has a continuous 
tangent plane [53, 66]. Catmull-Clark [16], Doo-Sabin [29, 30], and Chaikin [17] are 
among the other commonly used subdivision schemes for 3-D meshes. 

3.2.1.2 Multiresolution Analysis 

Lounsbery [67] first invented multiresolution analysis for arbitrary topology semi-
regular surfaces using subdivision. He proved that refinable basis exist when a 
coarse mesh 0M  is refined through subdivision, i.e., 
 ( ) ( )1x xj j j+= ⋅Pφ φ , for 0x M∈  and 0 j J≤ < . (3.2) 

( )xjφ  in the above equation denotes the row vector of scaling functions j
iφ . Given 

these refinable scaling functions, scalar-valued function spaces associated with the 
coarsest geometry 0M  are defined as [67]: 
 ( ) ( )( )0 : Span xj jV M = φ , for 0 j J≤ ≤ . (3.3) 

Equation (3.2) implies that these spaces are indeed nested, i.e., 
 ( ) ( ) ( )0 0 1 0 2 0 ...V M V M V M⊂ ⊂ ⊂ ,  (3.4) 

The wavelet space ( )0jW M  is defined as a space that is the orthogonal 
complement of ( )0jV M  in ( )1 0jV M+ . Hence, ( )0jW M  and ( )0jV M  together 
can represent any scalar-valued piecewise function in the space ( )1 0jV M+ . If 

( )xjψ  is a row vector containing refinable basis functions of ( )0jW M , the 
following stands [67]: 
 ( ) ( )1x x Qj j j+= ⋅ψ φ , for 0M∈x  and 0 j J≤ < . (3.5) 

Combining (3.2) with (3.5) yields: 

 ( ) ( )( ) ( ) ( )1x , x x , ,j j j j j+= ⋅ P Qφ ψ φ  or ( ) ( )( ) ( ) ( )
1 1x , x , xj j j j j− +⋅ =P Qφ ψ φ  .

  (3.6) 
A set of scaling functions ( )xj+1φ  can then be used to decompose a surface 

1jS +  in ( )1 0jV M+  [67]: 
 ( ) ( )1 1 1 1 1x x cj j j j j

i i
i

S c φ+ + + + += = ⋅∑ φ , (3.7) 

where, 1j
ic +  is the ith vertex in 1jM + . Since the analysis filters, jA  and jB , are 

uniquely determined by the relationship: 

 ( ) 1j
j j

j

−⎛ ⎞
=⎜ ⎟

⎝ ⎠

A P Q
B

, (3.8) 

by combining equation (3.6) and equation (3.7) and making the above substitution 
for ( ) 1j j −

P Q , we obtain: 
 ( ) ( ) ( )1 1 1x x c x c .j j j j j j jS + + += ⋅ ⋅ + ⋅ ⋅A Bφ ψ  (3.9) 

From equation (3.9), equation (3.10) derives the forward wavelet transform, given 
by: 
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jd 1j−d  
Figure 3.4: Pictorial representation of the forward wavelet decomposition, [67]. 

 1 1c c , d cj j j j j j+ +⋅ ⋅= A = B , j∀ : 0 j J≤ < , (3.10) 

where, d j  is a matrix containing the wavelet coefficients for the jth  level of the 
transform. sjA  and sjB  are matrices representing the low and the high-pass filters, 
respectively, also referred to as the analysis filter pairs. 

A similar reasoning as for equation  can be used to formulate the inverse wavelet 
transform, expressed by: 
 1c c dj j j j j+ ⋅ + ⋅= P Q , for j∀ : 0 j J≤ < . (3.11) 

Hence, sjP  and sjQ  jointly form the synthesis part of the decomposition for the 
lossless reconstruction of the input semi-regular mesh JM . Note that the 
computation of the sjA  and sjB  involves the inversion of a large matrix, which 
makes the forward transform more complex than the inverse transform.  

In general, after the transform, a fair amount of correlation still exist between x , 
y  and z  coordinate components of a wavelet coefficient. To reduce this 

correlation, the displacement vectors dj j
kd ∈  are represented in a local coordinate 

system, referred to as the local frame representation [128]. The local coordinate 
system to represent a wavelet coefficient at any level j  is built using the parent edge 
in the coarser mesh 1jM −

 and the mean normal of the two triangles sharing this 
edge [57]. After the local frame representation, each wavelet coefficient consists of a 
normal and two tangential components. 

We point out that the Venus and the Bunny meshes shown in Figure 3.2(a) are the 
examples of non-normal semi-regular meshes while the Skull and the Dino are the 
normal semi-regular meshes [52]. For non-normal meshes, the variance of the 
normal component is on average twice as large as the variance of two tangential 
components [57]. For normal meshes, the complete signal energy lies in the local 
normal direction and almost no energy lies in the tangential components (i.e., the 
tangential components are often zero). In other words, wavelet coefficients for 
normal meshes can potentially be represented using a single floating point number, 
instead of three such numbers for the non-normal meshes [52]. In practice, normal 
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meshes are created using a special transform-specific remeshing technique [52] 
which, starting from the base mesh, tries to build a good approximation of the 
original irregular mesh using only normal (or sometimes quasi-normal) 
displacement components.  

3.2.2 Lifting-based Wavelet Transform 

As explained earlier, the filter bank implementation of the multiresolution 
analysis is quite complex in the sense that the computation of analysis filters 
involves the computationally intensive inversion of large subdivision matrices. In 
this context, the lifting-based wavelet implementation [95] provides a low 
complexity construction of multiresolution methods. In lifting-based multiresolution 
analysis, each scaling function j

iφ  of the jth level exists so that { | }j j
i i Mφ ∈  is a 

Riesz basis of ( )0jV M
 
[95]. The refinement relation for the scaling functions is 

then: 
 1

, ,j j j
i i l i

l
pφ φ += ⋅∑  (3.12) 

where, l  is the set which defines all linear combination of scaling functions and ,
j

i lp  
forms the entries of a matrix similar to jP  [95]. A similar refinement relation as 
equation (3.12) is also defined for wavelet functions, i.e., each wavelet function j

kψ  
exists so that { | }j j

k k Kψ ∈  is a Riesz basis of ( )0jW M  [95]: 
 1

, .j j j
k k l k

l
qψ φ += ⋅∑  (3.13) 

jK  and jM  are disjoint sets and they jointly form the scaling function index set of 
the next higher level, i.e., 1j j jM M K+ = ⊕ . The lifting-based forward 
decomposition is expressed by the following relations [95]: 
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  (3.14) 
In the forward transform, the first step is to produce a lower-resolution mesh jM  

starting from a higher-resolution version 1jM + . The wavelet coefficient j
kd  is the 

prediction error when a high-resolution vertex 1j
kc +  is predicted based on its low-

resolution neighborhood in jM  using a subdivision scheme, such as the Butterfly 
subdivision. After the prediction, an update step is used to modify the low resolution 
mesh jM . The update step is carried out on a pair 1 2{ , }c c  of low-resolution 
vertices joined by a parent edge [95] using the update weights 1 2{ , }a a� � . The update 
step modifies the subsampled mesh jM  so as to produce the best low-resolution  
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approximation of the original input mesh [95]. In general, the prediction and update 
weights only depend on the connectivity with respect to the vertex to be predicted. 
However, specific multiresolution analyses, for which the weights depend on the 
specific resolution level and the underlying geometry, can be also constructed. More 
details on this are given in the following section.  

The inverse transform can be formulated by following the forward-transform 
steps in the reverse order – see equation (3.15). Namely, the inverse update step is 
used to form the original subsampled mesh jM . Using jM , the prediction of the 
vertex 1j

kc +  in jK  is performed and the corresponding prediction error vector j
kd  

is added to reconstruct the original position of 1j
kc +  (the inverse predict step). 

Finally, 1jM +  is reconstructed by putting together the vertices of jM  and jK . 
Since the connectivity can be exactly reproduced due to subdivision, no ambiguity 
remains and 1jM +  can be losslessly reconstructed in the inverse transform. 
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  (3.15) 

In the course of this thesis we will discuss about non-normal as well as normal 
meshes. For non-normal meshes, transforms such as Loop, un-lifted Butterfly and 
lifted-Butterfly are considered. However, for normal meshes, only un-lifted 
Butterfly transform is considered, simply due to the fact that the original 
construction of normal meshes is only available for the un-lifted Butterfly transform 
[52]. 

3.2.3 Spatially Adaptive Wavelet Transform (SAWT) 

As mentioned earlier, lifting-based transforms generally employ fixed prediction 
weights, independent of the spatial position and geometry around the vertex to be 
predicted. A simple observation reveals that a better prediction can result from 
adapting the prediction to the underlying geometry of the mesh. This argument is 
explained with a simple example: Figure 3.5, referring to the position variable of the 
vertices, shows a scenario where the vertex to be predicted pc  lies on the straight 
line joining the vertex pair { }1 2,c c , while the remaining six coarser vertices 8

3{ }i ic =  
lie on two different planes. In this situation, a prediction function for pc  involving 
all eight coarser vertices will not be optimal and a better prediction could result by 
using 1c  and 2c  only. This is logical since pc  lies on the edge formed by the vertex 
pair { }1 2,c c  and is geometrically more correlated to vertices { }1 2,c c . Thus, an 
efficient prediction can be achieved if the prediction process is adapted to the local 
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mesh geometry. Efficient prediction results in smaller energy of wavelet coefficients 
and hence an improved compression performance of the mesh coding system. To 
reverse the prediction operation, the decoder needs to know the weights used by the 
encoder for the prediction of each vertex pc . Since additional rate (compared to the 
classical Butterfly) needs to be spent for coding the prediction weights, the total 
compression efficiency in the geometry adaptive case is a compromise between the 
bitrate saved due to the efficient prediction and the extra bitrate needed for signaling 
the prediction weights. 

pc1c
2c

5c
3c 6c

7c 8c4c
 

Figure 3.5: Butterfly footprint on an edge. 

In the following, a finite set of prediction filters is proposed in the context of 
spatially-adaptive wavelet transforms (SAWT) [26]. The idea is to use one filter out 
of this set which best suits the geometry around the vertex to be predicted and which 
results in the smallest prediction error. A careful application of such an adaptive 
approach will provide an average rate gain if the reduction in the bitrate due to better 
prediction dominates the extra bitrate needed to signal the filter type to the decoder 
[26]. 

Figure 3.6: Mesh partitioning for 400α = . The red and green patches indicate 
different regions for which different prediction filters will be selected. 

In a first step, the input semi-regular mesh is segmented into regions as follows. 
Let ( ),B r s denote the bounding box of the input semi-regular mesh, where 

( ), ,B B Br x y z=  and ( ), ,x y zs s s s=
 
represent the coordinates of the top-left corner 

and the size vector, respectively. Considering the bounding box as the root cell, each 
cell on a certain tree level is recursively split into eight equally sized sub-cells to 
create the next level of the octree. This recursive splitting continues until the number 
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of vertices in the highest-level cells are smaller than a user-defined threshold α  
[26]. This way, the semi-regular mesh is divided into regions of approximately the 
same size – see Figure 3.6.  

For each region k , the wavelet analysis is performed by selecting one of the six 
candidate filters given below: 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )

1 1 1
1 1 2 3 4 5 6 7 82 8 16

1 1 1
2 1 2 3 4 5 6 7 82 4 8

3 1
3 1 2 3 48 8

1
4 1 22

1
5 3 42

1
6 1 2 3 4 4 54

Butterfly
Modified Butterfly

Loop

Hybrid of and

f c c c c c c c c
f c c c c c c c c
f c c c c
f c c
f c c
f c c c c f f

= + + + − + + + ⇒
= + + + − + + + ⇒
= + + + ⇒
= + ⇒
= + ⇒
= + + + ⇒

edge
anti edge

 
 

Note that the above set of filters is defined using a mixture of Butterfly, Loop and 
midpoint subdivision schemes. 

Similar to [18], a filter candidate for a particular region k  in JM , is chosen in an 
optimal D-R manner. More specifically, a predictor for each region k  is selected 
such that the following Lagrangian cost function is minimized: 

 
{ }

( ) ( ){ }2

,, 1,2,..,6
arg minJ lk p p f k lM k l

E c c R fλ
∈

⎡ ⎤Λ = − + ⋅⎢ ⎥⎣ ⎦
�  (3.16) 

where, ( )k lR f  denotes the necessary rate for encoding the filter index l  used for 
prediction in region k . 

In this dissertation, we will confine our discussion to isometric transforms, such 
as Butterfly or Loop, which do not adapt transform parameters with respect to the 
underlying geometry of the semi-regular mesh.  

3.3 SCALABLE QUANTIZATION 

In scalable mesh compression, the wavelet coefficients in the subbands are 
quantized using a generic family of embedded dead-zone scalar quantizers (EDSQs), 
see Chapter 2, Section 2.4.3, in which every wavelet coefficient X  is quantized to: 

 
( )

,

0

0

n n
n n n

X X
sign X if

q

otherwise
ξ

ξ ξ
⎧ ⎢ ⎥

⋅ + + >⎪ ⎢ ⎥= Δ Δ⎨ ⎣ ⎦
⎪
⎩

 (3.17) 

where n +∈Z  denotes the quantization level. nξ  and nΔ  denote the dead-zone 
control parameter and the step size for any 0n ≥ , respectively, with 0 2n

nξ ξ=  
and 02n

nΔ = Δ , where 0ξ  and 0Δ  are the parameters for the highest rate quantizer 
( 0)n = . Note that 0 0ξ =  corresponds to the well-known SAQ [100, 108] in which 
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the dead-zone size is twice the step size nΔ  for any n . 

3.3.1 Wavelet Coefficients’ Histogram 

In general, the observed histogram 
j

kH  of the thk  coordinate component of the 
thj wavelet subband is symmetric around its center of mass, which is often zero or 

very close to zero. Moreover, the histogram is peaky around the mean and the 
frequency of occurrence decays as the magnitude of the coefficient’s component 
increases. For Rabbit (non-normal) and Dino (normal) meshes, Figure 3.7 depicts 
the observed histograms of the normal component of 3d J −

 subband, obtained using 
the classical Butterfly transform. It is observed experimentally that, in general, 

2 1 2( ) ( )j j
k kH Hσ σ+ <  for 1 j J≤ < .  

In the literature, the observed histogram of any component of a wavelet subband 
is generally modeled using a zero mean generalized Gaussian (GG) distribution 
[69], expressed by: 

 
1

( , , )
2 (1 )

x
GGx f x e

αα
υαυσ α

α
−∀ ∈ =

Γ
\ , (3.18) 

where α , ( ]0, 2α ∈ , is the shape control parameter. 0υ >  is the scaling factor and 
( ) ( )1 23 1αυ α σ α= Γ Γ , where ( )Γ i  is the Gamma function. Note that, for 

1α = , equation (3.18) transforms into a zero-mean Laplacian PDF given by: 

 
21( , )

22

x x
Lx f x e e λσ λσ

σ

− −∀ ∈ = =\  where 
2λ
σ

= , (3.19) 

and for 2α =  equation (3.18) corresponds to a zero-mean Gaussian PDF.  
Although GG distributions closely approach the observed histogram of wavelet 

coefficients, only approximate rate and distortion expressions for a uniformly 
quantized GG random variable are known [37]. The extension of these expressions 
to embedded quantization is not evident as the rate and distortion functions for such 
distributions are not easily tractable and can only be computed numerically. 
Moreover, computing these quantities gets very cumbersome due to the slow 
numerical integration of expressions involving a GG probability function, especially 
for 1α << . 

3.3.2 Proposed Laplacian Mixture Model 

In order to avoid the aforementioned drawbacks of GG distributions, we propose 
a novel Laplacian mixture (LM) model which not only gives an easy closed-form 
derivation of the distortion and rate quantities but also better approximates the 
observed histogram of wavelet coefficients in the majority of cases. The proposed 
LM is a linear combination of two Laplacian PDFs, i.e., 
 ( ) ( ) ( )1 2( ) , 1 ,LM L Lx f x f x f xβ σ β σ∀ ∈ = ⋅ + − ⋅\ . (3.20) 
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Note that, ( )LMf x  indeed defines a probability function, as ( ) 1LMf x dx
∞

−∞
=∫ . 

The LM model is fitted over the observed data using the expectation 
maximization (EM) algorithm [24] in order to determine the parameters 1σ , 2σ  and 
β . By definition, EM algorithm is used to iteratively estimate the maximum 
likelihood or maximum a posteriori estimates of the model parameters from the 
observed data. Let X  denote the set of observed data samples. Say the model is 
parameterized using a vector of parameters θ , the maximum likelihood estimate 

MLθ  would result from the following maximization problem 

 
( )

( )

arg max ; ,

arg max , ,

ML L

p

=

= ∑
R

X

X R
θ

θ

θ θ

θ
 (3.21) 

where ( );L X θ  denote the likelihood function [24]. R  in the above equation 
denotes the set of unobserved or latent parameters. The EM algorithm aims to find 
the maximum likelihood estimate MLθ  by iteratively executing the following two 
steps.  
Expectation (E) Step:  
The E step calculates the expected value of the log-likelihood function 

( )log L ,; X Rθ , where ( ) ( ),L , p; =X R X Rθ θ . The expectation is taken with 
respect to the conditional distribution ( )( ), tp R X θ , i.e., 
 ( )( ) ( ) ( )

,
logt

tQ E L ,;= ⎡ ⎤⎣ ⎦R X
X R

θ
θ θ θ . (3.22) 

Maximization (M) Step: 
The M step computes the parameters that maximizes the quantity ( )( )tQ θ θ , i.e.,  
 ( ) ( )( )1 arg maxt tQ+ =

θ
θ θ θ . (3.23) 

For the proposed LM model, the E step calculates the two responsibility factors 
which determine how responsible ( )1,Lf x σ  or ( )2,Lf x σ  are for generating the 
sample x . For each observation , 1ix i N≤ ≤ , the two responsibility factors 1( )r i , 

2 ( )r i  are computed as follows: 
( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
1 2

1 2
1 2 1 2

, 1 ,
( ) , ( )

, 1 , , 1 ,
L i L i

L i L i L i L i

f x f x
r i r i

f x f x f x f x
β σ β σ

β σ β σ β σ β σ
⋅ − ⋅

= =
⋅ + − ⋅ ⋅ + − ⋅

, 

The M step updates the parameters to be estimated as: 

( )

( )
1

1

.
2 , 1, 2,

N

m i
i

m N

m
i

r i x
m

r i
σ =

=

= =
∑

∑
  and   ( )1

1

1 N

i
r i

N
β

=
= ∑ . 

The E and M steps are executed in tandem till the algorithm achieves minimum KL 
distance between the observed and model histograms or when there is no significant 
change in the estimated model parameters between two consecutive iterations. A 



Chapter 3 

68 

better convergence rate is achieved by the initialization condition 2 2
1 0.5 Eσ σ= , 

2 2
2 2 Eσ σ=  and 0.9β = , where 2

Eσ  is the estimated data variance. Histogram fitting 
for GG distributions is done using the brute-force method, where parameters 1σ , 

2σ  and β  are exhaustively computed for a minimum KL distance. 

3.3.3 Distortion-Rate Function 

Closed-form expressions for the output distortion LD  and the output rate LR  of a 
Laplacian source quantized using an n  level EDSQ are derived in the Appendix (at 
the end of this chapter). In this section, we derive the D-R function for our proposed 
LM model. Since the distortion is a linear function of the source PDF, the output 
distortion LMD  of the LM PDF for any quantization level n  can be written as: 
 ( ) ( ) ( ) ( ), , ,1

n n n n n nLM L LD Q D Q D Qδ δ δβ βΔ Δ Δ= ⋅ + − ⋅ , (3.24) 

with 1n nδ ξ= − . The linearity condition does not hold for the output rate LMR  since 
the entropy involves the non-linear ( )log .  function. Instead, LMR  can be computed 
as an infinite sum as:  

0 0
2 ( )n n

LMp f x dx
δ Δ

= ∫ ,  
( )

( 1 )
( )

δ

δ

+ Δ

− + Δ
= ∫

n n

n n

k
k LMk

p f x dx ,  1,2,3...k = , and 

, 2( ) log
n nLM k k

k
R Q p pδ

∞

Δ
=−∞

= − ∑ , 

where kp  denotes the probability mass of the thk  quantization cell ( 0k =  
corresponds to the dead-zone cell). Since the LM model is symmetric around its 
mean, −=k kp p . Note that the PMF p can be exactly computed due to the 
possibility of analytical integration of ( )LMf x . For the GG distribution, however, 
only numerical integration is possible. 

3.3.4 Model Validation 

This section demonstrates that the proposed LM model is able to approximate the 
observed histogram and the observed D-R function of 3-D wavelet coefficients more 
accurately compared to the commonly utilized GG distributions. For comparison 
purposes, results for the single Laplacian ( )0LMf β =  case are also reported. 

Figure 3.7 illustrates that the proposed mixture model provides a better fitting 

probability function for the observed histogram compared to the Laplacian and GG 
distributions. This is especially true for the middle range positive and negative 
coefficients values – see Figure 3.7. For the Rabbit mesh, LM gives only slightly 
better fitting than the other two models. However, for Dino, the LM can clearly 
model the fast decay of the observed histogram more accurately than the GG. The 
Laplacian PDF in this case only gives a very coarse approximation of the observed 
histogram. 
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        (a)  

  
        (b)  

Figure 3.7: Probability function fitting over the observed histogram (Exp) for 3dJ − -
normal component for Rabbit (a) and Dino (b). SL is used as the abbreviation of 
single Laplacian PDF. The histogram is computed for 255 bins, the zero value 

correspond to the 128th bin. 
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(a) 
 

 
(b) 

 
Figure 3.8: Modeled and observed D-R functions for the histograms of  Figure 3.7. 

Rate is taken as bits per spatial coordinate component. 
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Figure 3.8 plots the observed (Exp) and model D-R curves for meshes shown in 
Figure 3.7. For Rabbit, the LM’s D-R almost completely overlaps the observed D-R 
curve. In both cases, the D-R function of the proposed LM model follows the 
experimental D-R curve more closely than the other two models.  

In Table 3.1, the average KL divergence results for the Laplacian, GG and LM 
models for two non-normal (Venus, Rabbit) and three normal (Dino, Skull, 
Skrewdriver) meshes are tabulated. Each of the three coordinate components is 
separately considered. For each trial of Table 3.1, the average is taken over five 
highest resolution subbands. For the large majority of cases, the LM model gives 
better fitting of the observed histogram than the competing GG model. Note that the 
Laplacian model gives always the worst fitting results. Also, the LM model gives 
equally good fitting for both normal (NOR) and tangential (TAN 1 and TAN 2) 
components. 

In Table 3.1, the percentage modeling error ME(%)  relative to the KL divergence 
is shown in parenthesis of each table entry. The ME(%)  is defined in order to gauge 
the D-R accuracy of the proposed mixture model with respect to other two models. 
ME(%)  is defined as: 

 
( ) ( )

( ) ( ){ }
(%) 100,

max ,

M E
R

M ER
R

D R D R
ME

D R D R
∈ℜ

∈ℜ

−
= ×

∫

∫
 (3.25) 

where ( )ED R  and ( )MD R  denote the observed and the model D-R curves. 
From Table 3.1, it is evident that on average the proposed LM model performs 

better than the GG and Laplacian models also in the ME sense. One notices that, a 
best histogram fitting in KL sense may not always yield the lowest ME. All in all, 
one can conclude that, compared to the contemporary models, the proposed LM 
model along with the derived D-R function is a better choice for modeling both the 
histogram and the D-R curve of mesh wavelet coefficients. 
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Table 3.2 reports the model validation results for different resolution subbands. 
For each trial the average is taken across the three spatial coordinate components. It 
is observed that the GG model performs slightly better for the low-resolution 
subbands of some meshes. The observed histograms in such cases are more 
Gaussian-alike, i.e., they have a round top. In general, the LM model faces difficulty 
in approximating such a round-top histogram due to the peaky nature of each of its 
Laplacian components; the GG fits well such histograms, as it corresponds to a 
Gaussian distribution for 2α = . Nevertheless, the results show that, on average, the 
LM model outperforms the Laplacian and the GG models in KL as well as in ME 
sense. 

3.3.5 Optimal Embedded Quantization 

In this section, conclusions regarding the optimal EDSQ to be used in scalable 
wavelet-based coding of meshes are drawn. Let z  denote the ratio between the 
dead-zone size and the cell size of a general EDSQ at n = 0. The total average SNR 
difference which is utilized to measure the performance gap of different embedded 
quantizers is defined as: 

( )
1 1

1 ( ) ( )
z z

SNR SNR R SNR R
N = >ℜ

Δ = −∑ , 

which is computed over a rate range ℜ  for N  rate points, where ( )SNR R  denotes 
the discrete SNR-rate function. The 2

1010 log ( )SNR Dσ=  is computed in dB, 
where D  is the total distortion in the transform domain. The difference in SNR is 
computed relative to the uniform embedded quantizer (UEQ), i.e., 1z = . SNRΔ  for 
five embedded dead-zone quantizers is plotted in Figure 3.9 over a wide range of 
standard deviation ratios 2 1σ σ . In Figure 3.9, the commonly observed proportion 

0.9β =  is considered. 
We experimentally determined that at lower standard deviation ratios, SNRΔ  is 

positive and the UEQ is optimal for 2 1 120σ σ < . For 2 1120 290σ σ< < , the 
quantizer with 1.5z =  performs better compared to all other quantizers. Similarly, 

2z =  (i.e. the SAQ) performs the best in the range 2 1290 600σ σ< < , while 
2.5z =  performs the best for 2 1600 σ σ< . In general, small standard deviation 

ratios correspond to α  close to 1, observed in non-normal meshes, while higher 
ratios correspond to 1α � , observed in normal meshes. These results show that 
one cannot determine a single embedded quantizer that provides the best 
performance for all 3-D meshes. However, an optimal quantizer per wavelet 
coordinate can be determined based on the corresponding 2 1σ σ  extracted from the 
model. Overall, for 2 1 120σ σ < , the difference between SAQ and the UEQ is 
significant, and hence UEQ is the optimal choice. For 2 1 120σ σ ≥ , which is the  
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Figure 3.9: SNR difference for five EDSQs with respect to UEQ. 

practical range of 2 1σ σ  values for real meshes, SAQ is not always the optimum 
but  lies not far from the optimum.  

Given the fact that SAQ is closely linked to bit-plane coding and that it can be 
implemented using simple binary arithmetic, one concludes that SAQ is not an 
optimal, but an acceptable solution in scalable coding of meshes. 

3.4 ANALYSIS OF WAVELET COEFFICIENT DEPENDENCIES 

In Figure 3.10(middle, right), the positions of the wavelet coefficients at different 
levels of the subdivision transform are shown with the help of white and dark 
circles. In particular, wavelet coefficients have a one-to-one correspondence with the 
edges of the coarser mesh. In the decomposed mesh structure, for each wavelet 
coefficient, there are rings of neighboring coefficients that lie in the same wavelet 
subband – see Figure 3.10(right). Also, a set of four wavelet coefficients have a 
parent coefficient at the next coarser resolution – see Figure 3.10(middle, right). 

Similar to images, neighboring (intraband) and parent-descendant (interband) 
wavelet coefficient dependencies also exist in the wavelet decomposed structure of a 
mesh also. We point out that the strength of these dependencies in meshes may be 
completely different than in images. Particularly, in images, which consist of pixels 
(with intensities), intraband dependencies exist due to the smooth variation of pixel 
intensity over the spatial regions while the interband dependencies occur due to the 
natural decay of wavelet coefficients towards higher frequencies. However, 3-D 
meshes consist of vertices in the 3-D space and the wavelet coefficients are basically 
the displacement vectors. Due to different statistical properties of images and 
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meshes, one cannot decide about the relative strength of wavelet coefficient 
dependencies for meshes from the results available for images [62], [63]. Thus, a 
separate analysis of these dependencies for a mesh wavelet transform needs to be 
conducted. 

In the following, an information theoretical analysis of the aforementioned 
coefficient dependencies is presented. Our aim is to single out the type of 
dependencies which can ensure best compression performance in the context of 
wavelet-based mesh compression. 

 
Figure 3.10: Parent-children and neighboring wavelet coefficients: actual mesh 
(left); coarser meshes after one (middle), and  after two wavelet decomposition 

levels (right).  

3.4.1 Statistical Information Analysis 

As explained in Section 2.2.5, the mutual information is the reduction in the 
entropy of one random variable due to the knowledge of another random variable  
that statistically depends on the former [21], i.e., 
 ( ; ) ( ) ( / )I X Y H X H X Y= − , (3.26) 

To perform the mutual information analysis, we define the following mutual 
information quantities in the wavelet domain: 
1. ( ; )XI X P  denotes the mutual information between a wavelet coefficient X  and 

its parent coefficient XP . 
2. ( ;n )XI X  denotes the mutual information between a wavelet coefficient X  and 

its neighboring wavelet coefficients 1 2, ,n [ , ,.... ]X X X N Xn n n= . 
3. ( ; , n )X XI X P  denotes the composite mutual information. 
In the above quantities, the realizations of different random variables are the 
magnitudes 7  of the corresponding wavelet coefficient(s). From the basics of 
information theory [21], we know that: 
 

7  The magnitude of the vector valued wavelet coefficient ( ), ,x y zv v v v=  is taken as 
2 2 2
x y zv v v v= + + .  
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 ( ; , n ) ( ;n ) and ( ; , n ) ( ; ).X X X X X XI X P I X I X P I X P≥ ≥  (3.27) 

For the estimation of ( ;n )XI X , we need to estimate the joint PDF ( , )xp x n  
which can have high dimensionality depending on the number of considered 
neighbors. Since the amount of data needed to accurately estimate a PDF increases 
exponentially with its dimensionality, it is difficult to reliably estimate a high-
dimensional PMF. To alleviate this problem, dimensionality reduction method of 
[62], [63], is reused here. We summarize the neighborhood of X  through a so-
called summarizing function (n )XT g= . This function maps the neighboring 
wavelet coefficients to a single value. We note that such a many-to-one 
summarizing function cannot increase the mutual information [21], i.e., 
 ( ; n ) ( ; )XI X I X T≥ . (3.28) 

Equality in the above equation holds if n X T X→ →  forms a Markov chain, in 
which case, T  provides the sufficient statistics [21] for the neighborhood vector 
random variable n X . The summarizing function used in our analysis is: 

 ( )2
,

1
(n ) .

N

X i X
i

T g n
=

= =∑  (3.29) 

Due to this summarizing function, it is sufficient to compute the joint PDF ( , )p x t , 
where t  is a realization of T . 

In our analysis, the mutual information for the defined quantities is estimated 
using the adaptive partitioning method [22] instead of the traditional histogram 
method. This is because the histogram method highly depends on the bin size and 
for a small bin size there may not be sufficient number of observations in some bins 
to make a correct estimate. The adaptive partitioning method [22] on the other hand, 
ensures that there are always sufficient numbers of observations in each bin, and 
provides reliable estimates of the mutual information. 

Table 3.3 shows the average mutual information results for interband, intraband 
and composite dependencies for various mesh models. Since in mesh coding three 
different components need to be coded for each vertex position in space, the average 
mutual information ( ) / 3avg X Y ZI I I I= + +  is reported instead of the mutual 
information for the three components individually. It is observed from Table 3.3 
that, for both normal and non-normal meshes, the mutual information of interband 
models is the least and is independent of the employed wavelet transform. On the 
other hand, mutual information for intraband models is significantly higher than for 
the interband models. Finally, the composite models, which gather the 
characteristics of both interband and intraband models, exhibit even higher mutual 
information than interband or intraband models alone. Mathematically we can 
summarize our numerical findings as:  
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 ( ) ( ) ( ); ;n ; , nX X X XI X P I X I X P� � . (3.30) 

Experimental results for the mutual information based estimation of interband, 
intraband and composite dependencies seem to indicate that exploiting the 
composite dependencies should be preferred over the other two. Additionally, it is 
important to point out that favoring intraband over zero-tree based interband models 
brings along the additional benefit of resolution scalability. Specifically, by 
following an intraband codec design, only those wavelet subbands that are needed in 
order to reconstruct a target mesh resolution-level need to be encoded, while the 
others can be discarded. This does not hold in case of interband and composite 
codec designs, due to the tree-structures that span all the wavelet decomposition 
levels. Since composite models cannot be discarded altogether due to their highest 
mutual information property, a careful implementation of a composite mesh coding 
system needs to be carried out in order to simultaneously get the benefit of both 
higher compression efficiency and resolution scalable decoding. 

In Figure 3.11, the intraband mutual information is plotted for a varying number 
of neighboring wavelet coefficients n X . Due to the random positions of the vertices 
in space, neighboring coefficients are extracted as rings. The figure plots the mutual 
information up to the first 5 rings. In the 1st ring, there are always 4 neighboring 
wavelet coefficients, as shown in Figure 3.10. The most-left points in Figure 3.11 
(a)-(b) correspond to the estimated mutual information taking the neighboring 
wavelet coefficient in the 1st ring that has the highest magnitude. The 2nd point is the 
estimated mutual information by taking the two wavelet coefficients with the highest 
magnitudes in the 1st ring, a.s.o. 

According to information theory, two or more random variables, say 1 2, ... nβ β β , 
convey equal or more information about a given random variable γ  than a subset 

1 2 1, ... nβ β β − ; in other words, the mutual information must satisfy the so-called chain 
rule [21]: 
 1 2 1 2 1( ; , ... ) ( ; , ... )n nI Iα β β β α β β β −≥ . (3.31) 

The plots in Figure 3.11 are contradictory to the above relation, as the mutual 
information decreases if more and more neighboring wavelet coefficients are 
considered when estimating the intraband mutual information ( ;n )XI X . Such a 
behavior is due to the inappropriateness of the summarizing function T  for large 
number of neighbors. The summarizing function T  can only be used for reducing 
the dimensionality of the joint PDF ( , )xp x n  if and only if, given T , the wavelet 
coefficient X  is independent of its neighborhood. In Figure 3.11, the decay in the 
mutual information for two and more rings indicates that T  is not an appropriate  
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(a) 

 
(b) 

Figure 3.11: Average intraband mutual information (MI) for varying number of 
neighboring wavelet coefficients, averaged over 5 non-normal meshes. (a) Butterfly 

(b) Loop. 

summarizing function anymore for more than four neighboring wavelet coefficients 
(i.e., 1st ring) . We notice that the average intraband mutual information results in 
Table 3.3 are provided by taking all the 1st ring coefficients, for which T  is 
certainly an appropriate summarizing function.  

Finally, it is important to point out that the differences in terms of mutual 
information do not give any indication about the final performance differences 
between interband, intraband and composite coding systems. Hence, an actual 
development and comparison of such coding systems is needed in order to 
experimentally validate the conclusions of this information-theoretic analysis of 
wavelet-based mesh coding designs, which is presented next. 
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3.5 SCALABLE MESH COMPRESSION: OVERVIEW AND 
DESIGN 

In this section, we give a brief overview of the scalable mesh compression 
systems that existed before our study. Moreover, we describe the design of novel 
scalable intraband and composite mesh coding systems, following our information-
theoretic analysis of the statistical dependencies between the coefficients. In our 
proposed codecs, the wavelet subbands are independently encoded using an 
extension of quadtree method explained in Section 2.5.5.2. Furthermore, context-
based entropy coding employing either intraband or composite models is applied. 
The proposed codecs provide both resolution and quality scalability. This lies in 
contrast to the state-of-the-art interband zero-tree based semi-regular mesh coding 
techniques, which supports only quality scalability. Additionally, the experimental 
results show that, on average, the proposed codecs outperform the interband state-
of-the-art for both normal and non-normal meshes. Moreover, compared to a zero-
tree coding system, the proposed coding schemes are better suited for 
software/hardware parallelism, due to the independent processing of wavelet 
subbands. 

3.5.1 Progressive Geometry Compression (PGC) 

Before our study, the state-of-the-art in scalable wavelet-based compression of 
semi-regular meshes was the progressive geometry compression (PGC) codec 
proposed by Khodakovsky et al. in [57]. PGC system was originally proposed to 
progressively compress highly-detailed, densely sampled, arbitrary topology meshes. 
The main insight given by the work of [57] was the separation of the vertex’s position 
information into two partially independent types of information, namely parameter 
and geometry. Prior to the work of [57], such a separation was not considered during 
the compression of arbitrary topology meshes. The differentiation between the 
parameter and geometry information can be explained using the following example: 
Imagine a vertex in a certain 3-D mesh (say Venus, see Figure 3.2(a)). Slightly 
moving this vertex within the surface of the mesh does not affect the shape of the 
object, however, moving this vertex normal to the surface will certainly do. The 
parameter information describes vertex displacement in the plane tangential to the 
mesh surface, while geometry describes its displacement in the plane normal to the 
surface. From the rate-distortion point of view, such a differentiation has a particular 
significance as it allows to assign different amount of bits to different types of 
information depending on their importance. In particular, relative to the tangential, the 
normal information should be given more rate, and hence coded with less error. This is 
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because, towards lowering the overall distortion of the mesh, the geometry 
information contributes more than the parameter information. 

Based on the unique differentiation of the parameter and the geometry information, 
Khodakovsky et al. proposed the PGC scalable mesh codec [57]. At first the wavelet-
decomposition of the input semi-regular mesh is carried out in order to transform the 
mesh to subbands of wavelet coefficients and a coarsest level mesh 0M  referred to as 
the base mesh. Each vector-valued wavelet coefficient is then represented in the local 
coordinate frame [128] to separate its geometric and parametric components. The 
normal component, which correspond to the geometry information, is finely quantized 
while the two tangential components, which correspond to the parameter information, 
are coarsely quantized using the SAQ. PGC makes use of the well-known SPIHT 
coder [87], which is based on embedded zero-tree bit-plane coding [100], in order to 
encode bit-planes of wavelet coefficients. The normal and two tangential components 
are successively and independently bit-plane coded. The produced bit-plane coded bit-
stream is further losslessly coded using adaptive arithmetic coding. To compress the 
base mesh, the PGC compression coder uses the state-of-the-art single rate Touma and 
Gotsman (TG) lossless codec of [112]. 

Significant improvements in the compression performance against the 
contemporary scalable [82] as well as non-scalable mesh coding systems [106, 112] 
were reported in [57]. Unlike PGC, which operates on semi-regular meshes, 
contemporary schemes were made to run on irregular mesh directly. As the PGC can 
at best reconstruct the semi-regular mesh losslessly, a quality saturations in its rate-
distortion curve occurs when approaching close to the remeshing error [57]. With 
respect to the scalable codec of [82], at the same rate, PGC codec was shown to 
provide approximately 12dB improvement in the reconstructed mesh quality. When 
compared against fixed-rate coders [106, 112], even higher performance gains are 
observed for PGC. However, beyond the remeshing error, the fixed-rate codecs 
outperform the PGC scheme. This is completely understandable as, with respect to the 
original irregular mesh, PGC cannot reduce the error in the decoded semi-regular 
mesh below the remeshing error. For normal meshes [52], the extension of PGC codec 
was published in [58]. Normal meshes are built using a special type of transform-
specific remeshing which ensures that wavelet coefficients have minimum (almost no) 
energy in the tangential components. In other words, for normal meshes, the total 
energy lies in the normal geometry component. Thus, effectively, each wavelet 
coefficient can be encoded using a single floating point number, instead of three 
floating point numbers for non-normal meshes. Note that, unlike non-normal meshes 
[57], no local frame representation [57] is required for normal meshes as it is already 
build in the remeshing process [52]. It was shown in [58] that compressing normal 
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(instead of non-normal) meshes can bring marginal compression gains for some 
meshes, while significantly high gains (2 to 5 dB) for others. 

A major drawback of PGC schemes is their inability to provide resolution 
scalability. This is caused by the zero-tree structure which, for a given bit-plane, 
spans all the wavelet decomposition levels. The only form of scalability PGC 
enables is the quality scalability which results from the joint progressive coding of 
bit-planes belonging to different subbands. However, we point out that despite of its 
inability to provide resolution scalability, PGC is a very efficient mesh compression 
framework which could bring enormously high compression gains with respect to 
the contemporary schemes – see [57], [58]. 

3.5.2 Scalable Intraband Mesh (SIM) Compression  

Despite the great success of zero-tree based coding techniques in image coding, 
the choice of an interband codec design is not necessarily the best option in the 
context of scalable mesh coding. This was illustrated in Section 3.4.1, where 
different types of dependencies among wavelet coefficients were studied. Based on 
this analysis, we opt for an intraband dependency model in our codec design. As 
mentioned before, favoring intraband models over interband models brings along the 
additional benefit of resolution scalability. Specifically, by following an intraband 
codec design, only those wavelet subbands that are needed in order to reconstruct a 
target mesh resolution-level need to be encoded, while the others can be discarded. 
Figure 3.12 depicts the block diagram of the proposed SIM encoder. Note that the 
coding pipeline is quite similar to the one for the wavelet image coding, given in 
Figure 2.20. Namely, the input semi-regular mesh is wavelet decomposed and the 
produced J  wavelet coefficients are bit-plane coded by employing SAQ. The 
produced bit-plane coded symbols are further losslessly entropy coded using binary 
arithmetic coding. The base mesh is coded using a fixed-rate coder, e.g., the TG 
codec of [112].  

As mentioned before, in our mesh coding systems, the generated coefficient 
subbands are coded using an extension of quadtree coding, presented in Section 
2.5.5.2. Note that, in contrast to images, wavelet coefficients for meshes are 
irregularly spaced and lie in a 3-D space. Given this property of mesh wavelet 
coefficients, it is not immediately clear how a 2-D quadtree coding method, which 
was originally designed for images, can be adapted to encode coefficients generated 
by a 3-D mesh wavelet transform. 
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Figure 3.12: The block diagram of the proposed SIM encoder. The decoder follows 

the block operations in the reverse direction.   

The adaptation of quadtree coding algorithm to irregularly spaced wavelet 
coefficients, which is my main contribution towards the design of a novel intraband 
mesh codec, is described next. 

In the designed scalable intraband mesh (SIM) compression system [27, 28] each 
resolution subband is encoded independently of the others. Similar to [57], SAQ is 
applied to each resolution subband to determine the significance of the wavelet 
coefficients with respect to a series of monotonically decreasing thresholds. The 
bounding box of the 3-D mesh is considered as the root-node of the tree and based 
on the significance outcome, a tree node is split into eight equal volume nodes. 
Figure 3.13 shows the example of octree decomposition of a single mesh wavelet 
subband. Other than the difference of quadtree and octree, the bit-plane coding 
algorithm is exactly the same as the QT-L coding proposed in [94].  

Note that, unlike quadtree decomposition in images, octree decomposition in 
meshes produces nodes that contain an unequal number of wavelet coefficients. This 
causes a major difficulty in the bit-plane decoding process. In images, due to their 
regular structure, the number of wavelet coefficients contained in all tree nodes of a 
given depth are fixed and can be perfectly determined at the decoder side. This is 
not the case for meshes as the number of wavelet coefficients inside the tree nodes 
of the same tree-depth are generally not equal. Having received a NSG node symbol, 
the decoder does not know how many and which wavelet coefficients are actually 
non-significant. To resolve this ambiguity, the octree decomposition at the encoder 
side is done based on the template mesh rather than based on the original mesh. Any 
mesh which has the same number of vertices as the original mesh and which can be 
automatically constructed at the decoder side can be used as the template mesh. 
Ideally, the template mesh should have the same geometry as the original semi-
regular mesh, which is of course not feasible, since this would imply that all vertices 
of the input mesh are pre-known at the decoder side. In our method, we utilized the 
J -level subdivided base mesh as the template mesh. Note that the same template 
mesh can be constructed both at the encoder and the decoder sides. Using the 
template mesh, an octree is independently constructed for each resolution subband 
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and magnitude bit-planes are sequentially coded using the non-significance, the 
significance and the refinement coding passes, as in [94]. Similar to [57], [58], all 
three coordinate components of the wavelet coefficients are bit-plane coded 
independently. 

The bit-stream produced by the bit-plane coding module is then entropy coded 
using adaptive arithmetic entropy coding. In the SIM codec, similar to QT-L based 
image codec of [94], we utilize the more efficient context-based adaptive arithmetic 
coding. The significance, the non-significance, and the sign information is entropy 
coded using context-based arithmetic coding [27].In this regard, only the first-ring 
(see Figure 3.10-right for the definition of the first-ring) neighboring wavelet 
coefficients are considered for the context modeling. In total six contexts are used to 
encode the significance of a given wavelet coefficient [27].  The contexts used to 
encode the refinement symbols were initially adopted from JPEG-2000. However, 
due to the uniform distribution of the refinement symbols, no satisfactory 
compression improvements were achieved. Therefore, to limit the complexity, no 
context-conditioning is employed when entropy coding the refinement symbols. 
Empirical observations showed that the tangential and normal components in the 
same context exhibit different statistical characteristics. We therefore assign two 
different sets of context models to entropy code the normal and tangential 
components [27]. 

Using the codec structure described above, separate symbol streams are first 
generated for all bit-planes of each resolution subband. Depending on the type of 
scalability, i.e., resolution or quality scalability, the encoded symbol streams are 
entropy coded using a predefined progression order of bit-planes. For quality 
scalability, bit-planes of certain significance, from all resolution subbands, are first 
encoded before encoding the bit-planes of lower significance. A template for the 
generated quality scalable bit-stream is given by: 

 
( ) ( )01

0, 1, 1, 0, 1 1, 1 1, 1 0,0 1,0 1,0( , ,... ), ( , ,... ) ,...( , ,... )

Quality level P Quality levelQuality level P

P P J P P P J P J

lowest highest

B B B B B B B B B

−

− − − − − −


�������� 
���������� 
������
 (3.32) 

where ,j pB  denotes the bit-stream corresponding to the pth bit-plane, 0 p P≤ ≤ , of 
the jth , 0 j J≤ < , resolution subband. In resolution scalability mode, bit-planes of 
a lower resolution subband are progressively encoded before encoding the next 
higher resolution subband. The progression order template for this mode is given by: 

 
0 1 1

0, 0, 1 0,0 1, 1, 1 1,0 1, 1, 1 1,0( , ,... ) ,( , ,... ),...( , ,... )

Subband Subband Subband J

P P P P J P J P JB B B B B B B B B

−

− − − − − −


�������� 
������ 
����������
 (3.33) 

Empirical findings showed that, a resolution-scalable bit-stream constructed based 
on equation (3.33) is not competitive against its quality scalable counterpart, 
constructed by equation (3.32) in the rate-distortion sense [27]. In the following,  
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(a) (b) 

Figure 3.13: Bit-plane coding of a wavelet decomposed mesh subband. (a) The 
bounding box of a mesh (b) Octree decomposition of wavelet coefficients. 

the compression performance of the SIM codec is evaluated in the quality scalable 
mode. 

We compared the SIM codec with the PGC codec for both normal and non-
normal 3-D meshes. The decoded meshes are compared against the original semi-
regular input meshes using the peak signal-to-noise ratio (PSNR) as the distortion 
metric, which is defined as: 

 ( )1020log dBpeakPSNR
RMS

⎛ ⎞= ⎜ ⎟
⎝ ⎠

, (3.34) 

where, peak and RMS denote the size of the space diagonal of the bounding box and 
the root mean squared error calculated on the distances between the decoded vertex 
positions with respect to the original ones, respectively. Figure 3.14 depicts PSNR 
versus bitrate (bits per semi-regular vertex, i.e., bpv) plots, evaluated for the semi-
regular non-normal Venus and Bunny meshes, using the Butterfly transform. The 
results demonstrate that for both meshes, SIM codec yields superior performance 
when compared to PGC. The average gain in PSNR when compressing the Venus 
and Bunny meshes goes up to 2.22 dB and 2.35 dB, respectively. One may also 
notice the increasing performance difference with increasing bitrates; this indicates 
that the SIM coder tends to code the high frequency information more efficiently. 

Figure 3.15 shows compression performance plots for two normal meshes, 
namely, Skull and Dino. One notices that at low bitrates, PGC tends to compress 
better. However, the ability of SIM codec to capture and code more efficiently the 
high-frequency components is noticeable at high bitrates and leads to an improved 
performance with respect to the PGC system. 
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3.5.3 Composite Context-conditioned (3xC) Compression  

The mutual information analysis presented earlier showed that the composite 
dependencies between the wavelet coefficients are by far the strongest. Hence, 
employing composite models during context-conditioning is expected to lead to an 
overall improvement of the compression performance. However, one may notice 
that, similar to interband models, employing composite models may hinder the 
possibility of providing resolution scalability. Additionally, exploiting composite 
dependencies may lead to an increased complexity of the mesh coding system. Thus, 
one must be careful in exploiting the parent-children dependencies within composite 
models. In this section, we detail the design of proposed novel composite context-
conditioned mesh codec, which was originally named: composite context-
conditioned (3xC) compression  [25].  

Empirical results showed that the statistical characteristics of neighboring 
intraband wavelet coefficients are partially characterized by the interband relation 
between that coefficient and its parent coefficient. Moreover, exploiting parent-
children dependencies in a causal fashion does not limit resolution scalable decoding 
of the compressed mesh. In order to benefit from this observations, we proposed 
3xC mesh compression system in [25, 27]. The proposed composite codec uses three 
identical sets of context-models to entropy code the significance of a given wavelet 
coefficient. These contexts are identical to the ones employed in the SIM codec, 
presented in Section 3.5.2. However, in a first conditioning phase, a specific set is 
chosen based on the significance of the parent coefficients. Except this difference, 
the bit-plane coding modules of the SIM codec (see Figure 3.12) and the 3xC codec 
are identical. For a detailed presentation of the 3xC codec the interested reader is 
referred to [25, 27]. 

The proposed 3xC codec, enhances over the SIM codec in terms of the 
compression performance [25, 27], as promised by our information theoretic 
analysis of Section 3.4.1. Moreover, like SIM codec, it also retains the capability of 
resolution scalable decoding of the compressed mesh due to exploiting causal cross-
band coefficient dependencies. Figure 3.14 also depicts the PSNR curves computed 
for the non-normal Venus and Bunny meshes using our implementation of the un-
lifted Butterfly based 3xC mesh compression system. The curves clearly 
demonstrate that, when dealing with non-normal meshes, 3xC systematically yields 
superior performance compared to PGC as well as SIM. 

In the case of normal meshes (Figure 3.15) our coder employs the same transform 
as PGC. Both PGC and 3xC perform the same at very low bitrates. However, 
overall, 3xC yields significantly better compression performance than PGC. 3xC  
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(a) 

 
                                                         (b) 

Figure 3.14: PSNR versus bitrate for non-normal mesh models in the quality 
scalability mode: (a) Venus, (b) Bunny . The lifted Butterfly transform is employed 

for all three codecs. 
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(a) 

 
                                                       (b) 

Figure 3.15: PSNR versus bitrate for normal mesh models in the quality scalability 
mode: (a) Skull, (b) Dino. The un-lifted Butterfly transform is employed for all 

three codecs. 
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(a) Venus 

 
(b) Skull 

Figure 3.16: Performance comparison between the proposed codec 3xC, scalable 
PGC codecs [57], [58], and the state-of-the-art fixed-rate codec of [83] (Payan et al.). 

The compressed meshes are compared against the original irregular mesh using 
MESH tool of [8]. The rates include the compressed base mesh. 
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also gives better results when compared with the intraband SIM codec for normal 
meshes. This is because 3xC, unlike SIM, employs the parent context-conditioning 
for the normal component of the vector valued wavelet coefficients. Overall, it is 
clear that the proposed 3xC codec provides similar or superior performance 
compared to PGC and SIM codecs. 

In addition, we compared 3xC against the state-of-the-art fixed-rate codec of [83]. 
For this set of experiments, we employed the MESH [8] tool for calculating the 
Hausdorff error between the reconstructed and the irregular mesh. The error 
computed by the MESH tool is substituted at the place of RMS in equation (3.34) to 
compute the Hausdorff PSNR. In Figure 3.16, the proposed 3xC codec is compared 
against the PGC codecs [57], [58], and the fixed-rate codec of [83] for the non-
normal Venus and the normal Skull meshes. Since the error is calculated directly 
with respect to the irregular mesh the bitrate is also reported in bits per vertex of the 
irregular mesh. From Figure 3.16, it is clear that our codec outperforms PGC in this 
case as well. Moreover, we notice that 3xC, which is scalable, and the codec of [83], 
which is not scalable, yield similar performance. This is in spite of the fact that 3xC 
uses SAQ (which is not optimal), while [83] uses fixed-rate quantizers optimized for 
each wavelet subband. 

3.5.4 Visual Comparisons 

Visual comparisons of Bunny (non-normal) and Skull (normal) meshes, 
compressed and reconstructed using 3xC at different bpv, are presented in Figure 
3.17 and Figure 3.18, respectively. The red colored regions highlight the distortions 
introduced due to lossy compression. For bitrates below 0.314 bpv for Bunny and 
below 1.073 bpv for Skull, the pure red color indicates areas where the distance 
between the original and decoded vertex is larger than 0.1% of the space diagonal8 
of the bounding box. For bitrates corresponding to the last two rows of Figure 3.17 
and Figure 3.18, the distortion is visualized with respect to 0.02% of the length of 
the space diagonal. The mesh is shaded greener as the distortion lowers, with pure 
green indicating no distortion. 

When visually comparing the compressed Bunny and Skull meshes produced by 
3xC and PGC, it is very clear that 3xC yields superior performance for all bitrates. 
For the Bunny mesh, taking the result at 0.050 bpv as an example, we observe that 
many areas that are shaded red for PGC, are green for 3xC. At high rates, the 
differences between mesh geometries may not be visually significant, yet the colors 
reveal that 3xC is able to approximate the original mesh much more accurately when 
 

8 The space diagonal of a rectangular box is a line that goes from a corner of the box 
through its center to the opposite corner. 
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0.050 bpv, 5

0.098 bpv, 5

0.178 bpv, 5

0.314 bpv, 6

0.540 bpv, 6 
Figure 3.17: Visual comparis
3xC codec and (right colum
distortion with respect to th

base mesh is n

51.3 dB 0.050 bpv, 47.6 dB 

55.0 dB 0.098 bpv, 51.4 dB 

58.7 dB 0.178 bpv, 55.4 dB 

62.5 dB 0.314 bpv, 59.2 dB 

66.3 dB 0.540 bpv, 63.1 dB 

son of non-normal Bunny mesh using (left column) the 
mn) the PGC codec. The red color intensity reflects the 
he uncompressed semi-regular mesh. The rate for the 
not included in the reported rate values. 
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0.036 bpv, 54.6 dB 0.036 bpv, 53.9 dB 

0.121 bpv, 62.4 dB 0.121 bpv, 61.9 dB 

0.179 bpv, 65.5 dB 0.179 bpv, 65.2 dB 

1.073 bpv, 84.8 dB 1.073 bpv, 83.4 dB 

1.384 bpv, 90.7 dB 1.384 bpv, 88.9 dB 

 
Figure 3.18: Visual comparison of normal Skull mesh using (left column) the 3xC 

codec and (right column) the PGC codec. The red color intensity reflects the 
distortion with respect to the uncompressed semi-regular mesh. The rate for the 

base mesh is not included in the reported rate values. 
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compared to the PGC system. 
The visual comparisons of the normal mesh Skull at different bpv are shown in 

Figure 3.18. Though, at first glance it may appear that both codecs perform very 
similar, small differences are noticeable when investigating the meshes more 
closely. When examining the comparison at 0.036 bpv, we notice that the PGC 
codec preserves more details in Skull’s teeth. The green shade for 3xC at rate 0.179 
bpv, however, seems more pure compared to PGC for which it is rather yellowish 
green. We also observe that no red regions are present for 3xC at rate 1.073 bpv, 
whereas some are visible for PGC at the same rate. 

3.6 CONCLUSIONS 

In this chapter, a constructive methodology for the design of scalable wavelet-
based mesh compression systems is proposed. Our design strategy differs from 
conventional designs which, without any theoretical or practical justification, simply 
opt for reusing methods from wavelet-based image coding for the design of mesh 
coding systems. In particular, our methods are motivated by an information-
theoretic analysis of the statistical dependencies between wavelet coefficients, 
which shows that (i) intraband dependencies are systematically stronger than the 
interband ones for both normal and non-normal meshes, and (ii) composite models 
are by far the strongest.  

We also investigate the optimality of successive approximation quantization, 
commonly used in scalable image compression, in the context of wavelet-based 
mesh compression. Using a Laplacian mixture model, it is shown that successive 
approximation quantization is an acceptable yet in general not an optimal solution.  

Anchored in these results, novel intraband and composite coding systems were 
presented, which improve over the state-of-the-art in scalable mesh compression 
both in terms of scalability and compression efficiency. With the significantly 
improved performance results given in this chapter, we claim that the proposed 
coding systems provide a new state-of-the-art in the area of scalable 3-D semi-
regular mesh compression. 

 
As stated before, embedded quantization entails a coding framework wherein a 

certain embedded quantization level can only be decoded if all coarser levels are 
available (and are decoded) at the decoder side. Such a scheme is beneficial if the 
transmission rate needs to be adapted on the fly with respect to the available channel 
bandwidth. However, if transmission also involves packet losses, which is the case 
under error-prone network conditions, such a scheme results in an unpredictable 
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drop in source reconstruction quality. This is due to the fact that same number of 
packets lost from coarser or finer layers contribute unequally towards the overall 
source distortion. Moreover, packets belonging to a certain layer are only useful if 
the corresponding packets belonging to all coarser layers are received at the decoder 
side, otherwise, even if correctly received, they cannot be used to lower the source 
distortion. Conventionally, FEC is used in conjunction with scalable coding to 
provide protection against packet erasures. However, FEC schemes, due to a fix 
code strength, suffers from what is known as the cliff effect and a graceful 
degradation of the source reconstruction quality is not viable. An alternative solution 
to this problem, referred to as the multiple description coding is studied in the next 
chapter.  

3.7 APPENDIX 

The output distortion LD  of a Laplacian PDF, quantized using an n  level EDSQ 
and reconstructed using midpoint reconstruction, can be written as: 
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where DZD  and kD  denote the distortion contributions of the dead-zone and the kth 
quantization cell, respectively. Since the dead-zone cell has equal sized positive and 
negative parts, DZD  is the twice the distortion caused by the positive part of the 
source PDF, hence the factor 2 in the first part of the above equation. Moreover, 
since k kD D−= , so 2k k kD D D−+ = , hence the factor 2 in the second part of the 
above equitation. Substituting ( 0.5 )n nx k yξ− + − Δ =  in the above equation, we can 
write: 
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Let ( )n n
kke eλ λ− Δ − Δ= , since 1ne λ− Δ ≤ , the summation in the above equation reduces 

to: 
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Simplification of the above equation results in the following closed-form expression: 
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where 1n nδ ξ= − . 
Similarly, the output rate LR  of a Laplacian PDF, quantized using an n  level 

EDSQ can be written as: 
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Substituting ( 0.5 )n nx k yξ− + − Δ =  in the above equation, we can write: 
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Again, making use of the summation reduction identity of (3.36) together with the 

following identity 
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the expression for the rate in equation (3.38) can be reduced to the following closed-
form: 
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Chapter 4 
MULTIPLE DESCRIPTION CODING: 
AN OVERVIEW 

 

4.1 INTRODUCTION 

So far, our discussion entails single description coding, where a source is 
quantized to produce a single sequence of quantization indices. In the recent past, a 
different framework, known as multiple description coding (MDC), is shown to be 
beneficial for communication systems that use diversity to overcome channel 
impairments [48]. MDC generates multiple mutually refinable source representations 
(or descriptions), which are then transmitted via separate on/off channels. Any subset 
of generated descriptions, received at the decoder, can be used to reconstruct the 
source with certain fidelity and the reconstruction quality strictly improves with the 
number of description received at the decoder. In this setting, the reliability of the 
source transmission increases, as in case in which one or more channels fail, the 
receiver can still reconstruct the source by using the information received via the 
successful channels. In general, the descriptions transmitted over different channels 
must be different since the reception of multiple redundant copies of the same 
information will have no additional value. Additionally, the produced descriptions 
should also be good individually so that even the reception of a single description 
can result in some meaningful reconstruction of the source. In general, in MDC, 
there lies a trade-off between the standalone and joint accuracy of the produced 
descriptions. This is because the descriptions can be good either individually or 
jointly but not both [48]. Hence, an MDC system has to operate between the limits 
set by the individual and joint accuracy of descriptions. In theory, MDC falls under 
the category of joint source-channel coding (JSCC) paradigm, wherein both source 
and channel coding can be performed in a combined framework. 

At the first look, one may find similarities between MDC and scalable source 
coding due to the fact that the latter consists of different refinement layers which are 
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analogous to different source descriptions of MDC. However, a closer look reveals a 
major difference between the two coding frameworks. In case of scalable coding, a 
given refinement layer can be decoded and used to improve the reconstruction 
quality of the input source only if all previous layers are available. In contrast to 
scalable coding, descriptions in MDC have no dependency and can be individually 
decoded. In general, scalable coding is a framework where, by using a single coded 
bit-stream, the source quality can be traded for the source rate in the absence of 
channel losses. On the other hand, MDC represents a coding paradigm where a 
smooth rate-distortion trade-off can be achieved in the presence of channel erasures. 

In the recent years, MDC has emerged as an attractive solution for error-resilient 
coding in error-prone packet-switched networks [48]. MDC avoids re-transmission 
of lost packets, and thus descriptions, if a decoder’s quality constraint is met upon 
reception of a subset of descriptions. In real networks with a large number of 
receivers, re-transmission of lost packets is not always feasible since it can lead to 
network congestion [6]. Moreover, in low delay applications, such as video 
conferencing, peer-to-peer video streaming [81], and real-time delivery of video 
[13], [117], the use of re-transmission for error resilience is typically not an option 
since it introduces a significant structural delay which is prohibitive for such 
applications. In these cases, MDC forms an appealing alternative. 

MDC finds its roots in what is known as the multiple description problem [48] in 
information theory. In particular, the multiple description problem is an extension of 
source coding subject to the fidelity criterion problem [99]. In the scientific 
community, the multiple description problem has been extensively studied from 
information theoretic as well as from practical point of views. In this chapter, we 
will provide a general overview of MDC considering both of these aspects. Since 
multiple description quantization is one of the main topics of this dissertation, 
special emphasis is put on the quantization based MDC frameworks. 

4.2 MULTIPLE DESCRIPTION PROBLEM 

The so-called multiple description problem was first posed by Gersho, Ozarow, 
Witsenhausen, Wolf, Wyner, and Ziv in 1979’s information theory workshop. 
Before, it was known as the channel splitting problem within Bell Laboratories, and 
later, it was introduced as the multiple description problem to the information theory 
community. For a two-description case the multiple description problem states as 
follows: If an information source is described using two descriptions with a total rate 
of R  bps, what is the lowest fidelity of source reconstruction that can be achieved 
by separate and joint decoding of the produced descriptions?  
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Figure 4.1: Two-description lossy source coding. For the general M description case 

there will be 2M-1 decoders [48]. 

A pictorial representation of the multiple description problem is shown in Figure 
4.1. A source random variable X  is encoded by two encoders, also referred to as the 
side encoders, to produce two source descriptions at rates 1R  and 2R  bps, 
respectively. The produced descriptions are sent over two independent on/off 
channels. Let 1D , 2D  and 0D  denote the reconstructed distortions corresponding to 
the reception of description 1 alone (decoded using the side decoder 1), of 
description 2 alone (decoded using the side decoder 2), and of both the descriptions 
(decoded using the central decoder), respectively. In the following section, the 
achievable performance bounds of the multiple description problem, i.e., the range 
of achievable values for the quintuple ( )1 2 1 2 0, , , ,R R D D D , where MSE is taken as the 
distortion metric, are presented. 

4.2.1 Distortion-rate Bound 

Let 1X̂ , 2X̂  and 0X̂  denote the reconstruction random variables for the side 
decoder 1, the side decoder 2 and the central decoder, respectively. Also, let 1D , 2D  
and 0D  be formulated as MSE distortions as follows: 

 ( )2ˆ
m mD E X X⎡ ⎤= −⎢ ⎥⎣ ⎦

, for 0,1,2m = . (4.1) 

Shannon’s D-R function ( ) 2 22 RD R σ −=  [21] imposes that the decoder m  
receiving the rate mR  bps cannot have distortion less than ( )mD R , i.e., 
 ( ) ( )1 1 2 2,D D R D D R≥ ≥ , (4.2) 

 ( )0 1 2D D R R≥ + . (4.3) 

Ahlswede [4] investigated the tightness of the above inequalities in the no access 
rate regime, i.e., the situation when equality is achieved in equation (4.3). Later, 
Zang [125] studied the above inequalities for the access rate sum. Achieving 
equality in both equations (4.2), (4.3) means that the optimum distortion for the sum 
rate, i.e., ( )1 2D R R+  and the optimum distortion for individual rates, i.e., ( )1D R , 
( )2D R , can be simultaneously reached. In general, descriptions achieving equality 

in (4.2) should be quite similar and fairly or totally redundant and thus cannot 
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further improve on ( )1D R  (or ( )2D R ) to reach ( )1 2D R R+ . Thus, the 
fundamental trade-off of MDC is to generate descriptions which are individually 
good and yet sufficiently different. 

El Gamal and Cover [34] first proposed the achievable MDC rate-distortion 
regions for a memoryless source. Later, Ozarow [80] demonstrated that the rate-
distortion region of [34] is tight for the Gaussian sources when evaluated using the 
MSE distortion metric. He derived the following rate-distortion bound for a unit-
variance Gaussian source, 
 1 22 2

1 22 , 2R RD D− −≥ ≥ , (4.4) 

 
( )

( )
1 22

0 2

2

1

R R

D
− +

≥
− Π − Δ

, (4.5) 

where 
 ( )( )1 21 1D DΠ = − − , (4.6) 

and 
 ( )1 22

1 2 2 R RD D − +Δ = − . (4.7) 

4.2.2 Discussion 

In order to understand the achievable MDC rate-distortion region of (4.4), (4.5), 
we consider the extreme case when the source descriptions can individually achieve 
the Shannon D-R bound, i.e., 12

1 2 RD −= , 22
2 2 RD −= , and hence 0Δ = . In this case, 

0D  is given by the following relation: 

 
( ) ( )

1 2 1 2
0

1 2 1 2 1 21 1 1
D D D D

D
D D D D D D

≥ =
− − − + −

, (4.8) 

which can be further solved [50] to yield 

 
( )1 2

0

min ,
2
D D

D ≥ . (4.9) 

Equation (4.9) means that joint decoding of descriptions can only result in a slightly 
better distortion (half of the lesser side distortion) when compared to standalone 
decoding. On the other hand, if we want to make the joint decoding as efficient as 
possible, i.e., by taking 
 ( )1 22

0 2 R RD − += , (4.10) 

implies from (4.5) that Π = Δ , which leads to 
 ( )1 22

1 2 1 2 R RD D − ++ = + . (4.11) 

Equation (4.11) suggests that the only way for joint decoding to approach the 
Shannon limit is by spending the total rate 1 2R R+  in coding a single description 
(achieving the distortion ( )1 222 R R− + ) while not coding the other description at all 
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(achieving the distortion equal to the variance, i.e., 1). Thus, with this configuration, 
efficient central distortion at the cost of poor side distortion can be achieved. The 
intermediate rate-distortion region, with respect to the aforementioned extremes, can 
be better understood in the balanced case, which is presented next. 

4.2.3 Balanced MDC 

In the balanced MDC case, 1 2R R=  and 1 2D D= . In this case, we have: 

 ( ) ( )( )1
22 42

1 11 1 1 2 RD D −− Π − Δ = − − − − . (4.12) 

We describe the balanced MDC case under high-rate assumptions, i.e., when 

1 2 1R R= �  and 1 2 1D D= � . For 1 1R � , 142 0R− ≈ , and equation (4.12) can be 
approximated as: 

( ) ( )( )
2 2

1 1
2

1 1

1

1 1 1 ,

4 4 ,
4 .

D D

D D
D

− Π − Δ ≈ − − −

= −
�

 

Substituting the above derived value of ( )2
1− Π − Δ  in equation (4.5) yields the 

following approximate relationship: 

 14
0 1

1 2
4

RD D −≥ . (4.13) 

Equation (4.13) describes the lower bound on balanced MDC for a unit-variance 
Gaussian source. In the context of balanced MDC, the product of side and the 
central distortions, derived in (4.13), is also referred to as the granular distortion 
[10].  

In the following, we analyze the balanced MDC from another point of view. 
Assume, 
 ( ) 12 1

1 2 2 RD D α− −= = , for 0 1α< ≤ , (4.14) 

i.e., the rate-of-decay of the side distortions is sub-optimal. Note that the optimal 
decay rate in (4.14) with respect to Shannon’s ( )D R  function is achieved at 0α = . 
Under this assumption, the approximate expression for the central distortion 0D  can 
be computed from equation (4.13) as: 

 ( ) 12 1
0

1 2
4

RD α− +≈ . (4.15) 

From equation (4.15) it is evident that the penalty α  in the rate-of-decay of 1D  and 

2D  with respect to Shannon’s ( )D R  function is exactly the gain in the rate-of-
decay of 0D . In other words, for a fixed description rate, one can trade-off side and 
central distortion at the cost of each other in a balanced MDC setting. 
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4.2.4 Redundancy 

In general, for a fixed description rate, the trade-off between the side and the 
central distortion is controlled using the redundancy between the descriptions. As a 
rule of thumb, the redundancy between the descriptions should be proportional to 
the probability of channel failure. In particular, a high (respectively low) redundancy 
between descriptions is suitable for a high (respectively low) failure probability. 
This is analogous to channel codes, which require more parity (redundancy) bits  for 
channels that have high likelihood of failing. 

The redundancy is the additional rate employed in MDC with respect to single 
description coding. Thus, for a two-description case, the MDC redundancy can be 
defined as: 
 ( )1 2 0 0R R R Dρ = + − , (4.16) 

where ( )0 0R D  is the optimal rate for the single description coding achieving 0D , as 
given by the Shannon rate-distortion bound: 

 ( )
2

0 0 2
0

1 log
2

R D
D
σ⎛ ⎞

= − ⎜ ⎟
⎝ ⎠

. (4.17) 

For a two-description MDC case, we have 00 2Rρ≤ ≤ . To make the redundancy 
range independent of 0R  one can compute the normalized redundancy, given by: 

 
02R

ρρ′ = , (4.18) 

where ρ′  ranges in the interval [ ]0,1 . 
A different way of looking at the multiple description problem is by partitioning 

the total rate into the base rate 0R  and the redundancy rate 1 2 0R R Rρ = + − , where 

0R  corresponds to the central distortion 0D  and the redundancy rate ρ  is employed 
to reduce the side distortions 1D , 2D  as much as possible. Using this analogy the 
side distortion 1D  in the balanced case is lower bounded by the redundancy-
distortion function ( )1 0,D Dρ  [49, 50] given by: 

 

( )
( ) ( ) ( )

( )

0

0

22 21
0 0 22

1 0
22

0 2

1 1 2 1 1 2 , for 1 log 1 2
,

1 1 2 , for 1 log 1 2

R

R

D R
D D

R

ρ ρ

ρ

ρ
ρ

ρ

−− −

−−

⎧ ⎡ ⎤− − + + − ≤ − + +⎪ ⎢ ⎥⎣ ⎦≥ ⎨
⎡ ⎤⎪ − − > − + +⎢ ⎥⎣ ⎦⎩

  (4.19)  
In the above equation 02

0 2 RD −= . For the case when the base rate 0R  is sufficiently 
large, i.e., 0R → ∞ , and the redundancy is far below 0R , the bound in equation 
(4.19) becomes: 

 ( ) ( ) ( )
0
0

2
1 1 00

1lim , 1 1 2
2D

R

D D D ρρ ρ −

→
→∞

= = − − . (4.20) 



Multiple Description Coding: An Overview 

103 

For ρ  large enough to have 22 1ρ− � , 21 2 ρ−−  can be approximated by 

( )2 11 2 ρ− −− , yielding: 

 ( ) 2
1

1 2
4

D ρρ −≈ , for 22 1ρ− � . (4.21) 

Comparing equation (4.14) with equation (4.21), we can conclude that ρ  and α  
exhibit an inverse relationship, i.e., a small value of α  corresponds to high 
redundancy and vice versa. 

4.3 MULTIPLE DESCRIPTION SCALAR QUANTIZATION 

The focus of the previous section was to enable a theoretical understanding of the 
multiple description problem. In this section, we highlight the practical code 
constructions for MDC. 

In 1993, Vaishampayan proposed the first practical scheme to realize a balanced 
MDC framework [113]. The scheme of [113], which was based on scalar 
quantization methods, later gained popularity under the name multiple description 
scalar quantizer (MDSQ). Conceptually, an MDSQ can be viewed as a combination 
of two independent scalar quantizers, which produce equal side distortions. 
However, when joined together, they realize a finer scalar quantizer, which can be 
used to achieve a lower central distortion. 

For explanatory purposes, we consider a simple MDSQ example depicted in 
Figure 4.2. Let the two uniform scalar quantizers 1Q , 2Q , which are shifted with 
respect to each other with half the quantization cell size, form two side encoder-
decoder pairs. Each source sample is quantized by 1Q  and 2Q  to produce two 
quantization indices, which identify the quantization cells of 1Q  and 2Q  that the 
sample belongs to. These two quantization indices jointly identify a particular cell in 

0Q , where 0Q  is created by the intersections of the quantization cells of 1Q  and 2Q . 
In this example, due to the fact that the cell size of 0Q  is half of that of 1Q (or 2Q ), 
the central distortion 0D  is approximately a quarter of the side distortions 1D (or 2D ) 
if the reconstruction is performed at the center of each cell for both side and the 
central quantizers. 

1Q

2Q

0Q
 

Figure 4.2: An example of a balanced two-description MDSQ with the center of the 
cell reconstruction. 
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4.3.1 Index Assignment of the Central Quantizer’s Indices 

In this section, we describe an MDSQ [113] in a more formal manner. Let 
{ }1 11, 2,3,..., M=I  and { }2 21, 2,3,..., M=I  denote the index sets of 1Q  and 2Q , 

respectively. In the particular case of a balanced MDSQ, i.e., 1 2M M M= = , 1Q  
and 2Q  map the real-valued source sample to the indices i  and j , where 1i∈ I  and 

2j∈ I . Let C , a subset of 1 2×I I , i.e., 1 2N M M= < ×C , denotes the index set of 

0Q . A two-description MDSQ can then be defined as a combination of two side 
encoders 1 1:  ,Q →\ I  2 2:  ,Q →\ I  two side decoders 1

1 1 1
ˆ:  ,Q− →I X  

1
2 2 2

ˆ:  Q− →I X  and a central decoder 1
0 0

ˆ:  Q− →C X , where { }1
1 1

ˆ ˆ ,  ,ix i= ∈X I  

{ }2
2 2

ˆ ˆ ,  jx j= ∈X I  and ( ){ }0
0

ˆ ˆ , ,  ijx i j= ∈X C  are the reconstruction codebooks for 1Q  
and 2Q  and 0Q , respectively.  

In the example of Figure 4.2, 1 2 6M M= = , 11N =  and the redundancy for 
fixed-length coding of indices is 2 22 log 6 log 11 1.71− =  bps. The codebooks for 1Q , 

2Q  and 0Q  can be chosen as the centers (sub-optimal) or the centroids (optimal) of 
the corresponding quantization cells. For the MDSQ example in Figure 4.2, the rate-
of-decay of side and central distortions is asymptotically ( )122 RO −  [113], which is 
optimal for side distortions but not optimal for the central distortion. In Section 4.2.3, 
it was shown that 0D  can be reduced by reducing the redundancy, which in turn will 
increase the side distortion 1D . The practical implementation of such a trade-off is 
presented next. 

The MDSQ of Figure 4.2 can also be created by first quantizing the source with 

0Q  and then mapping the produced central quantization index c  for each sample to 
two side indices ( ),i j  through a mapping function [ ] ( ),i j a c= , also referred to as 
the index assignment (IA) function. The block diagram for such a construction is 
shown in Figure 4.3(a). For two-description scalar quantizers the IA function can be 
represented in the form of a matrix, generally referred to as the IA matrix. The IA 
matrix for the MDSQ example of Figure 4.2 is shown in Figure 4.3(b). 

X
0Q ( )a ⋅

1
1Q−

1
0Q−

1
2Q−

l

i

j

1
îx

2ˆ jx

0
,î jx

i

j

 
(a)          (b) 

Figure 4.3: An alternative understanding of MDSQ. (a) central quantizer followed 
by index assignment (b) index assignment matrix for the MDSQ of Figure 4.2. 
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In Figure 4.3(b) the index entries of 0Q  are organized as two diagonals in the IA 
matrix. For any M , such an arrangement yields 2 1N M= −  quantization bins of 

0Q . To increase the rate of decay ( )22 RO −  of 0D , we require N  to grow at a faster 
rate with respect to the number of cells of 1Q (or 2Q ). The additional number of 
entries can be arranged along the remaining diagonals of the IA matrix in Figure 
4.3(b). One such arrangement is depicted in Figure 4.4(a), for which 2 1N M> − , 
and the corresponding MDSQ partitions are shown in Figure 4.4(b). The resulting 
MDSQ has the redundancy of 2 22 log 6 log 16 1.17− = bps, which is smaller than 
that of the MDSQ of Figure 4.2. As a result, the quantizer of Figure 4.4 will have an 
improved central distortion at the cost of increased side distortion. Note that, in 
contrast to the MDSQ example of Figure 4.2, the MDSQ of Figure 4.4 consists of 
disconnected side partition cells – see Figure 4.4(b). 

We know that, for a fixed M , the number of diagonals (and hence N ) can be 
increased to reduce the redundancy and in turn the central distortion 0D  at the cost 
of 1D . The extreme case will occur for 2N M= , which completely fills the IA 
matrix. This corresponds to the lowest redundancy case, for which 0D  has the 
smallest, while 1D  has the highest magnitude. After this point, the redundancy and 
hence 0D  can only be further reduced by increasing M , i.e., by increasing the 
description rate. Opposite to the lowest redundancy case is the full redundancy case 
which occurs when there are only M  entries in the IA matrix which are organized 
along its main diagonal. 

i

j

1Q

2Q

0Q
 

          (a)                       (b) 
Figure 4.4: MDSQ with disconnected side partition cells. (a) The IA matrix (b) The 

side and the central quantizers’ partitions. 

4.3.2 Good Index Assignments 

The MDSQ construction, as presented in Figure 4.3(a) and Figure 4.4, gives a 
practical meaning to the theoretical idea of the base rate 0R  and the redundancy rate 
ρ  introduced in Section 4.2.4. Precisely, the base-rate fixes the number of 
quantization bins the central quantizer 0Q  must possess to achieve a certain 0D , 
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while the redundancy rate specifies the number of diagonals in the IA matrix. A 
final question that remains is: how we can actually specify index entries along the 
diagonals of the IA matrix, such that the side distortions are minimized while still 
being equal (balanced)? Vaishampayan [113] first addressed this problem and 
proposed two IA families, jointly known as diagonal index assignments. The 
proposed families are built under the constraint that the difference between the 
maximum and the minimum index along any row or column of the IA matrix is 
minimized. This is logical since the spread [113] of any side quantizer index n , 
defined as: 
 ( ) ( )max min 1m mm

s l n l n= − + , for 1,2m= , (4.22) 

is proportional to the side distortion mD , 1, 2,m =  – see [113]. 
The IA families introduced by Vaishampayan are individually referred to as the 

nested IA and the linear IA. For both IA families, fixed index scans were defined, 
serving as the basic building blocks to create IA matrices [113]. In particular, the 
East scan (E-scan) and the South scan (S-scan) are employed for the nested IA, 
while, the D-scan and the U-scan are employed to realize the linear IA. These four 
scans are depicted in Figure 4.5. 

 
                 (a)           (b)                (c)       (d) 
             Nested IA                           Linear IA 

 Figure 4.5: Index scans for nested and linear index assignment: (a) E-scan (b) S-
scan (c) D-scan (d) U-scan. 

Starting from the top left corner, the E-scan and the S-scan are periodically used 
to populate the index entries of the nested IA matrix. In a similar fashion, the linear 
IA matrix is created using the D-scan and the U-scan – see [113] for the detailed 
definition of D-scan and U-scan. In both cases, a careful alternation of scans is 
performed to minimize the spread over the entire IA matrix [113]. For an unbounded 
M , both the linear and the nested IA provide a constant spread of 22 1k k+ + 9 for 
each side quantizer cell, where k  relates to the number of diagonals d  as 

2 1d k= + . For a finite M , the corner effects are carefully taken care of in order to 

 
9 It is straightforward to show that the minimum spread must be quadratic in k  if one 

aims to achieve exponential rate-of-decay of distortions as predicted by theory – see Section 
4.2.3, for more details see [113]. 
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attain a spread that is close to the theoretically promised one [113]. The corner 
adjusted nested and linear IAs are referred to as the modified nested and modified 
linear IAs, respectively. Few examples of the modified nested and the modified 
linear IA matrices for different number of diagonals are shown in Figure 4.6 and 
Figure 4.7, respectively. 

 
Figure 4.6: Modified nested IA matrices. (left) 1k = , (center) 2k = , (right) 3k = . 

  
Figure 4.7: Modified linear IA matrices. (left) 1k = , (center) 2k = , (right) 3k = . 

4.3.3 Source Specific MDSQ Optimization 

Besides designing efficient IA strategies, the other main contribution of 
Vaishampayan’s work was the optimization of MDSQs with respect to the source 
PDF [113, 114]. To give a detailed insight into the optimization algorithm, we 
define the quantization distortions 1D , 2D  and 0D  as: 

 ( ) ( ) ( )
1

2 21
1 1

ˆ ˆ ,
i

i
i

D E X X x x f x dx
∈

⎡ ⎤= − = −⎢ ⎥⎣ ⎦ ∑ ∫
I A

 (4.23) 

 ( ) ( ) ( )
2

2 22
2 2

ˆ ˆ ,
j

j
j

D E X X x x f x dx
∈

⎡ ⎤= − = −⎢ ⎥⎣ ⎦ ∑ ∫
I A

 (4.24) 

 ( ) ( ) ( )
( )

2 20
0 0

,

ˆ ˆ .
i, j

ij
i j

D E X X x x f x dx
∈

⎡ ⎤= − = −⎢ ⎥⎣ ⎦ ∑ ∫
C A

 (4.25) 

iA , jA  and ,i jA  specify the sides and central quantizer cells. Similarly, the 
entropies of the side quantizers indices are defined as: 

 ( )
1

1 2log ,i i
i

H p p
∈

= −∑
I

with ( )
i

ip f x dx= ∫
A

, (4.26) 

 ( )
2

2 2logj j
j

H q q
∈

= − ∑
I

, with ( )
j

jq f x dx= ∫
A

. (4.27) 
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The aim is to jointly optimize the side and central quantizers. The optimization is 
formulated as a minimization problem as follows: 
 min 0D  subject to 1 1 2 2 1 1 2 2, , ,D D D D H R H R′ ′ ′ ′≤ ≤ ≤ ≤ . (4.28) 

1D ′  (respectively 2D ′ ) and 1R′  (respectively 2R′ ) in the above equation respectively 
denote the target values of distortion and rate of the first (respectively the second) 
side description. The Lagrangian functional for the optimization problem is then, 
( ) ( ) ( ) ( ) ( )1 2 1 2 0 1 1 1 2 2 2 1 1 1 2 2 2, , , , ,L D D D D D H R H Rλ λ μ μ λ λ μ μ′ ′ ′ ′= + − + − + − + −f g

  (4.29) 
Similar to the design of optimal scalar quantizers, i.e., the Lloyd and Max case 

[65, 70], one can employ an iterative descent algorithm to find an optimum encoder-
decoder pair ( )* *,f g  for which the cost in the equation (4.29) is minimum [113]. 
In particular, using a training sequence ( )x t , 1, 2,3,...,t T= , of samples drawn from 
the source distribution for which quantizer optimization needs to be carried out, the 
encoder-decoder pair is iteratively optimized by keeping one component fixed while 
changing the other [65, 70]. Such a design algorithm generates a non-increasing 
sequence of Lagrangian cost values. The algorithm must converge since the 
minimum Lagrangian cost value is lower bounded by zero. However, the finally 
obtained limit point may be a local minimum or just a saddle point and a good 
initialization condition is necessary to realize a good final solution.  

4.3.3.1 Optimum decoder (for a given encoder) 

For a given encoder f  the optimal decoder *g  is the one that reconstructs all 
source samples within a given quantization cell using the centroid value, i.e., the 
centroid condition – see Section 2.4.2.2. Based on this analogy, the optimum sides 
and central decoder are given by [113, 114], 

 [ ]
( )
( ) ( )

( )
( )

1 1ˆ / i

i
i

i
x ti

xf x dx
x E X i x t

x tf x dx ∈
= = =

∈

∫
∑

∫
A

A
A

A
, for 1i∈ I , (4.30) 

 [ ]
( )

( ) ( )
( )

( )

2 1ˆ / j

j
j

j
x tj

xf x dx
x E X j x t

f x dx x t ∈
= = =

∈

∫
∑

∫
A

A
A

A
, for 2j ∈ I ,(4.31) 

 
( )

( ) ( )
( )

( )

0
,

1ˆ , i, j

i, j
i, j

i j
x ti, j

xf x dx
x E X i j x t

f x dx x t ∈
= ⎡ ⎤ = =⎣ ⎦ ∈

∫
∑

∫
A

A
A

A
, for ( ),i j ∈C  

  (4.32) 

4.3.3.2 Optimum encoder (for a given decoder) 

The optimum encoder *f  for a given decoder g  is given by the minimum of the 
scalar cost function of equation (4.29), i.e.,  
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 ( )*
1 2 1 2arg min , , , , ,L λ λ μ μ=

f
f f g . (4.33) 

The Lagrangian cost function in the above minimization problem can be simplified 
as follows: 

( )
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( ) ( ) ( ) ( )

1

2 1

1 2 1 2

2 20 1
1

,

22
2 1 2 2 2

2

2 2 20 1 2
1 2 1 2 2 2

, , , , ,

ˆ ˆ

,
ˆ log log

ˆ ˆ ˆ log log ,

i, j i

j

ij i
ii j

j i i j j
j i j

ij i j i j

L

x x f x dx x x f x dx
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∞
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∫

IC A A

I I IA
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  (4.34) 
or 

( ) ( ) ( ) ( )2 2 20 1 2
1 2

1 2 1 2
1 2 2 2

ˆ ˆ ˆ, , , , , .
log log

ij i j

i j

x x x x x xL E
p q

λ λλ λ μ μ
μ μ

⎡ ⎤− + − + −= ⎢ ⎥
− −⎢ ⎥⎣ ⎦

f g  

  (4.35) 
From equation (4.35) it is evident that the minimum of the cost function 
( )1 2 1 2, , , , ,L λ λ μ μf g  is achieved when the expression inside the expectation operator 

is individually minimized for each sample of the training sequence. This can be 
accomplished by optimally mapping each sample ( )x t  to those side quantizer bins 
( ),i j  that result in the smallest value of the expression within the expectation 
operator. Since the central quantizer together with the IA matrix defines the side 
quantizer cells, such an optimal mapping is equivalent to creating an optimal central 
quantizer partition. Using the training sequence, the expression inside the 
expectation operator can be minimized by defining the central quantizer 0Q  as: 

( ) ( ) ( )

( ) ( ) ( )
( ) ( )

2 2 20 1 2
, 1 2 1 2 2 2

2 2 20 1 2
, 1 2 1 2 2 2

ˆ ˆ ˆ: log log

ˆ ˆ ˆ log log ,
, ,

λ λ μ μ

λ λ μ μ′ ′ ′ ′ ′ ′

⎧ ⎫− + − + − − −⎪ ⎪
≤⎪ ⎪= ⎨ ⎬

− + − + − − −⎪ ⎪
⎪ ⎪′ ′∀ ≠⎩ ⎭

i j i j i j

i, j
i j i j i j

x x x x x x x p q

x x x x x x p q
i j i j

A

  (4.36) 
where ( )ip x t i T= ∈  denotes the probability that a training sample belong to the 
ith side quantizer cell. Defining 
 ( ) ( ) ( )0 1 2

, 1 2ˆ ˆ ˆij i j i jx x xα λ λ= + + , (4.37) 

and 

 ( ) ( ) ( )2 2 20 1 2
, 1 2 1 2 2 2ˆ ˆ ˆ log logij i j i j i jx x x p pβ λ λ μ μ= + + − − , (4.38) 

equation (4.36) simplifies to [113, 114]: 
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 ( ) ( ){ }: 2 2 , , ,i, j ij ij i j i jx i j i jα β α β′ ′ ′ ′ ′ ′= − ≥ − ∀ ≠A . (4.39) 

The above central quantizer partition, for a given set of reconstruction values, i.e., 
0
,ˆi jx ’s, 1ˆix ’s and 2ˆ jx ’s, can be determined using the extreme point algorithm 

described in [113]. 

4.3.3.3 Discussion 

In case the aim is to have equal side entropies 1 2H H=  and side distortions 

1 2D D= , i.e., the case of balanced MDSQ, we can take 1 2λ λ λ= =  and 

1 2μ μ μ= =  in equations (4.34)-(4.38). However, 1 2λ λ λ= =  and 1 2μ μ μ= =  can 
only lead to balanced side distortions if the un-optimized MDSQ is balanced [113]. 
For a symmetric source PDF, perfectly balanced descriptions are created if for every 
quantization cell in one side quantizer there exists a corresponding cell in the second 
side quantizer with exactly the same but opposite signed thresholds. In this case, 
such two cells contribute equal distortion and entropy contributions hence resulting 
in 1 2D D=  and 1 2H H= . We notice that, for the linear IAs in Figure 4.7, the side 
cell pair ( ), 1i M i− +  from two side quantizers have exactly opposite threshold 
values for a uniform central quantizer. This is not true for the nested IAs depicted in      
Figure 4.6. However, due to a roughly identical behavior of the two side quantizers 
of the nested IA, the side distortions are roughly balanced [113], i.e., 1 2D D≈  and 

1 2H H≈ . Since the linear IA yields perfectly balanced side quantizers for 
symmetric sources, in such cases, one need to only compute the distortion and the 
rate quantities corresponding to a single side quantizer in equations (4.34)-(4.38). In 
this case, when 1 2λ λ λ= =  and 1 2μ μ μ= = , ijα  and ijβ  simplifies to: 

, ( ) ( )2 20 1
, 2ˆ ˆ2 2 logβ λ μ= + −ij i j i ix x p . 

For a constant value of λ  and μ , the iterative solution to the optimization 
problem of equation (4.28) is given in [113, 114]. The appropriate λ , μ  are any set 
of values which fulfill the constraints on side rates and side distortions, as given in 
(4.28). In general, it is quite tedious to find one combination of λ , μ  values that 
gives a true minimum of 0D , while still meeting the distortions and rate constraints. 
One method is by successively narrowing the possible range of values between two 
extreme points using the bisection method [108]. 

When the quantization indices are encoded using a fixed-length code, e.g., NBC 
or gray code, the two entropy constraints in equation (4.28) become irrelevant, i.e., 
one can set 0μ = . However, when a variable-length code is employed, e.g., a 
Huffman code or an arithmetic code, both λ  and μ  need to be carefully searched to 
figure out a solution that meets both the distortion and the entropy constraints given 
in (4.28). 

( ) ( )0 1
,ˆ ˆ2ij i j ix xα λ= +
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The method of Vaishampayan [113, 114] generalizes the concept of optimal 
single description scalar quantization to the multiple description scalar quantization 
case. In Vaishampayan’s optimization method, a certain IA serves as an 
initialization condition to the algorithm. We can conjecture that, using this algorithm, 
a true locally optimal MDSQ performance can only be achieved if the IA is optimal. 
In general, searching for an optimal IA is a complex combinatorial problem [11] 
even for the rather simple case of 2M = . The nested and linear IAs proposed in 
[113] are not optimal. Theoretically speaking, a large gap may exist between the 
performance of a locally optimal MDSQ based on a non-optimal IA and a locally 
optimal MDSQ based on an optimal IA. 

4.3.4 High-Resolution D-R Function of MDSQ 

For generalized smooth source densities and assuming a generic IA matrix, the 
high-rate D-R function of a balanced MDSQ is derived in [10]. For a generic source 
of variance 2σ  the D-R function is given by the following set of equations [10]: 
 ( ) ( ) ( )2 12

1 2 2 RD R D R S ασ − −= � , (4.40) 

 ( ) ( )2 12
0 2 RD R C ασ − +� . (4.41) 

where C  and S  are constant factors depending on the source probability density 
function and the encoding method. Also, (0,1]α∈  denotes the redundancy control 
factor which is related to the total number of diagonals ( )2 1d k= + , in the IA matrix. 
k  and α  are related with 2 Rk α=  [10]. It is explained before that small values of α  
correspond to high redundancy and vice versa. 

In the level-constrained MDSQ case [113], for a Gaussian source, 3 2C π=  and 
3 8S π=  are derived in [10]. The granular distortion (which is defined as the 

product of side and the central distortion) for a unit-variance Gaussian source can 
then be approximated as [10]: 

 ( ) ( )
2

4
0 1

3 2
16

RD R D R π −� . (4.42) 

Since the lower bound on the granular distortion is given by 
( ) ( ) ( ) 4

0 1 1 4 2 RD R D R −≈  (see Section 4.2.3), there is a 8.69 dB performance gap 
between the optimum level-constrained quantizer and the multiple description D-R 
bound. 

In the entropy-constrained case, for a Gaussian source, 6C eπ= , 24S eπ=  [10] 
and the granular distortion for a unit-variance Gaussian source can be approximated 
as: 

 ( ) ( )
2 2

4
0 1 2

144
ReD R D R π −= . (4.43) 
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When compared to ( ) ( ) ( ) 4
0 1 1 4 2 RD R D R −≈ , there is a 3.07 dB gap, which is a 

5.62 dB improvement over the level-constrained case. The gap between the actual 
performance of the quantizer and the bound can be reduced by making use of lattice 
based vector quantizers [47, 96, 116] for multiple description coding. 

In a setting where both on/off channels are equally likely to fail with a failure 
probability Lp , the average distortion D  at the decoder for a 2σ -variance source is 
given by: 
 ( ) ( ) ( ) ( )2 2 2

0 11 2 1L L L LD p D R p p D R p σ= − + − + . (4.44) 

By substituting for the central and the side distortion from equations (4.40), (4.41), 
D  can be written as: 
 ( ) ( ) ( ) ( )2 2 1 2 12 2 2 21 2 2 1 2R R

L L L LD p C p p S pα ασ σ σ− + − −= − + − +  (4.45) 

Minimizing the above equation with respect to the redundancy factor α , i.e., by 
solving 0D α∂ ∂ = , the optimum value of  can be found as: 

 
( )

*
2 2

2 81 1log log
4 1 4 1

L L

L L

p S p
R p C R p

α
⎛ ⎞ ⎛ ⎞

= − = −⎜ ⎟ ⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠
. (4.46) 

Since 2 Rk α= , the optimal value of k  is given by: 

 
2

81 log
4 1* 2

L

L

p
pk

⎛ ⎞
− ⎜ ⎟−⎝ ⎠= . (4.47) 

Note that the value of *k  computed using the above equation may not to be an 
integer value. Since the number of diagonals of an MDSQ can only be an integer 
number, the fractional value of *k  obtained from equation (4.47) is rounded to the 
nearest integer to compute the optimum number of diagonals for a given Lp . The 
positivity of *α  demands 

 8
0

1
L

L

p
p

≤
−

, (4.48) 

which is only satisfied if and only if 1 9 0.11Lp ≤ ≈ . Thus, one can conclude that, 
in the asymptotic sense, an MDSQ based MDC system cannot provide optimum 
protection in transmission situations wherein the failure probability is higher than 
11% . However, this does not mean that MDSQs are not beneficial if 1 9Lp > . In 
general, MDSQ based MDC can be used to enable error-resilience for packet loss 
rate above 11%.  

4.3.5 Two-stage MDSQ 

Interestingly, one can achieve the performance of an entropy-constrained MDSQ 
[114] using a much simpler IA defined using a two-stage framework, as proposed by 
Tian et al. in [109]. The first stage in a two-stage MDSQ consists of two equal step 
size uniform quantizers displaced by half of their step size. An example of such 

α
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quantizers is shown in Figure 4.2 and the equivalent IA matrix is depicted in Figure 
4.3(b). The quantization indices from the first stage side quantizers are entropy 
coded to form the first parts of two side descriptions. In the second stage, cells of the 
central quantizer of the first stage are refined using N  smaller equal-sized sub-cells. 
The second stage’s refinement information is entropy coded and then evenly split 
into two halves to form the second parts of the source descriptions. The resulting IA  

 

 
Figure 4.8: IA matrix for a two-stage MDSQ. (Left) The IA matrix for the first 

stage. (Middle) A central cell of the first stage is subdivided into 16N =  sub-bins. 
(Right) The combined IA matrix for two stages. The figure is directly copied from 

[109]. 

matrix for the two-stage MDSQ [109] is depicted in Figure 4.8. 
At the decoder, only the first part of a received description is used to perform side 

decoding and the second part is simply discarded. Since the first part of the 
description corresponds to the first stage, the side distortion of the two-stage MDSQ 
for a unit-variance Gaussian source can be approximated as [45]: 

 ( ) ( ) 12
1 1 2 1 2

6
ReD R D R π −= � , (4.49) 

where 1R  denotes the side rate (in bits per sample per description) for the first stage. 
The central decoder uses both parts of the source descriptions to perform central 

decoding. In other words, the first parts of the two descriptions decodes the source 
sample to a single central cell, while the second stage refinement information is used 
to further refine the source sample to one of the N  second stage fine sub-cells. 
Since there are 2 N  fine sub-cells within each side quantizer cell, the central 
distortion, employing high-rate assumptions, can be approximated as: 

 ( ) ( )
( )

1
0 1 2 22

D R
D R R

N
+ ≈ . (4.50) 

Considering high-rate quantization, the PDF within each side cell can be assumed 
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approximately constant. With this assumption the rate 2R  (bits per sample per 
description) for coding the second stage information is 2 22 logR N=  or 222 RN = . 
By substituting 222 RN =  in equation (4.50), the central distortion becomes: 

 ( ) ( )1 22 4
0 1 2 2

24
R ReD R R π − ++ ≈ . (4.51) 

Using equations (4.49) and (4.51), the granular distortion for the two-stage MDSQ, 
for the total side rate 1 2R R R= + , can be written as [109]: 

 
2 2

4
0 1 2

144
ReD D π −≈ . (4.52) 

The right hand side of the above expression is identical to the one given in equation 
(4.43), hence, we can say that the performance of the entropy-constrained MDSQ 
[113] can be asymptotically achieved by the above described two-stage MDSQ 
using a much simpler IA strategy. 

In [60], a method is proposed for utilizing the second stage information to further 
reduce the side distortion attained using the first stage alone. In [60], the splitting of 
the refinement information into two parts is done prior to entropy coding. In 
particular, the second stage’s refinement information corresponding to the odd sub-
cells is added to the first description while the information corresponding to the even 
sub-cells is added to the second description. At the decoder, the second stage 
information is used to figure out the two odd (upon the reception of the first 
description) or the two even (upon the reception of the second description) 
numbered refinement sub-cells that the source sample belongs to. Note that the two 
refinement bins will always lie within the side quantizer cell, which can be specified 
using the first stage information. For side decoding, the average of the centers of the 
two odd or two even numbered refinement bins is used as a reconstruction point 
[60]. The asymptotic rate-distortion performance of this modified side decoding rule 
is analyzed in [64]. In [64], it is shown that, with respect to equation (4.49), the 
modified side decoding rule of [60] asymptotically improves the side distortion 
performance by 0.58 dB for a unit-variance Gaussian source. 

4.4 OTHER PRACTICAL METHODS FOR MDC 

Besides the MDSQ framework, which was the initial approach for practical MDC, 
there exist several other methods to perform MDC of generic sources. In this section, 
we will briefly sketch an overview of these methods. In addition to the methods 
described in this section, other MDC algorithms are specific to the type of synthetic 
sources, e.g., image, video and other types of multimedia data [97], [19], [7], [12], 
etc. For brevity we will not discuss these methods here. 
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4.4.1 Multiple Description Transform Codes 

Multiple description transform codes [50, 121] are based on correlating 
transforms that steer the redundancy between transformed coefficients. In the 
literature, the MDC scheme based on correlating transform is generally referred to 
as multiple description transform coding (MDTC). 

Conceptually, in MDTC, two independent random variables 1X  and 2X  are 
transformed to two coefficients 1Y  and 2Y  using a correlating, unit-determinant, 
transform matrix T  [50], i.e., 

 
N N

1 1

2 2
1

a bY X
bcY Xc

a

⎡ ⎤⎡ ⎤ ⎡ ⎤⎢ ⎥= +⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦
Y X

T
��	�


. (4.53) 

The purpose of the transform matrix T  is to add a controlled amount of 
redundancy between 1Y  and 2Y . Since T  is a non-singular matrix, 1X  and 2X  can 
be uniquely recovered using the relation 1−=X T Y . If 1Y  (respectively 2Y ) is erased 
by a channel error, an estimate  (respectively ) of the lost coefficient, due to 
the introduced redundancy between  and , can be created using the 
successfully received coefficient. Using the estimated lost component, the 
approximate decoding of X  can be performed as 1

1 1 2Y Y− ⎡ ⎤= ⎣ ⎦X T
� �

, or as 
1

2 1 2Y Y− ⎡ ⎤= ⎣ ⎦X T
� �

, depending on the loss of  or  respectively. We note that, in 
practice, we need to introduce quantization to reduce the precision of the real-valued 
source samples. In the context of MDTC, quantization is done prior to 
transformation. This is justified since quantization of the components of Y  is sub-
optimal due to non-orthogonal transformation [50]. 

We explain the MDTC operation using an example. Let 1X  and 2X  are 
independent zero-mean Gaussian random variables with variances 2

1σ  and 2
2σ , 

where 2 2
1 2σ σ> . First, we evaluate the distortions when no transform coding is 

employed. Consider single description coding of 1X  and 2X  assuming high-rate 
entropy-coded uniform quantization. Let’s assume that the coded information for 

 is sent over channel 1 and the coded information for  is sent over channel 2. 
In this case, the per component squared error at rate R  bits per two source samples 
would be given by [50]: 

 2
0 1 22

6
ReD π σ σ −� . (4.54) 

Since 1X  and 2X  are independent, no knowledge about the lost random variable 
can be derived from the received one. In this case, the lost random variable can be 
best approximated by its mean value. For this case, the single channel distortions 

1D , 2D , can be modeled using the high-rate approximations as [50]: 

1Y
�

2Y
�

1Y 2Y

1Y 2Y

1X 2X



Chapter 4 

116 

 2 2
1 1 2 2

1 2
2 6

ReD π σ σ σ−⎛ ⎞+⎜ ⎟
⎝ ⎠

� , (4.55) 

 2 2
2 1 2 1

1 2
2 6

ReD π σ σ σ−⎛ ⎞+⎜ ⎟
⎝ ⎠

� . (4.56) 

Further assuming that each channel is equally likely to break-down, the average 
side distortion is: 

 ( ) ( )2 2 2
1 1 2 1 2 1 2

1 1 1 2
2 4 2 6

ReD D D πσ σ σ σ −⎛ ⎞+ + + ⎜ ⎟
⎝ ⎠

� � . (4.57) 

We now show that the distortion 0D  can be increased at the cost of 1D  using a 
transform matrix T . Assuming 1 2a b c= = =  in equation (4.53). Since the 
variance for both 1Y  and 2Y  is ( )2 2

1 2 2σ σ+ , 0D  can be approximated using the 
high-rate approximations as [50]: 

 
2 2

21 2
0 2

6 2
ReD

σ σπ −⎛ ⎞+
⎜ ⎟⎜ ⎟
⎝ ⎠

� , (4.58) 

which is worse compared to 0D  given in (4.54) by a constant factor Γ : 

 
( )2 2

1 2

1 22

σ σ

σ σ

+
Γ = . (4.59) 

Now consider the distortion at decoder 1. 1D  is equal to the quantization 
distortion plus the squared error in estimating 2Y  from 1Y . Since 1Y , 2Y  are jointly 
Gaussian random variables, the optimal estimator for 2Y  is given by [50]: 

( ) ( ) 12 2 2 2
2 1 1 1 2 1 2 1E Y Y y yσ σ σ σ

−
⎡ = ⎤ = − +⎣ ⎦ . 

The estimation error of the above estimator is ( ) 12 2 2 2
1 2 1 22 σ σ σ σ

−
+ . Since the total 

single channel distortion is the average of quantization (of ) and estimation (of 
 from ) distortion components, then: 

 

22
2 2 1 1

2 2 2 2
21 2 1 2

1 2 2
1 2

1 1 ˆ
2 2

2
12 2

R

E Y Y E Y Y

eD σ σ σ σπ
σ σ

−

⎡ ⎤⎡ ⎤− −⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎛ ⎞ ⎛ ⎞+
+⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟+⎝ ⎠ ⎝ ⎠

�
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��	�
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. (4.60) 

Compared to equation (4.57), the first term in (4.60) has reduced by a factor 2Γ . 
However, the second term has increased by a factor Γ . Thus we can say that the 
correlating transform decreased the average side distortion while increasing the 
central distortion by a related amount. In this example the parameters of the 
correlating transform (a, b, and c) are fixed. By varying the transform parameters 
other trade-offs between the side and the central distortion can be obtained. 

For a pair of Gaussian random variables 1X  and 2X , the optimal balanced 

1Y

2Y 1Y
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correlating transform is derived by Goyal et al. in [50] and is of the form: 

 
( )
( )

1 2
1 2α

α α
α α

⎡ ⎤
= ⎢ ⎥−⎣ ⎦

T , for 2
2

12 2 2 1ρ ρ

σ
α

σ
=

⎛ ⎞− −⎜ ⎟
⎝ ⎠

, (4.61) 

where, ρ  denotes the redundancy rate. 
The extension of MDTC to produce 2M >  descriptions gets computationally 

involved as M  increases. This is due to the fact that one needs to determine 
1M M× −  elements of the correlating transform. The optimal solution for 3M =  

has also been provided in [50]. For 3M > , cascading of 2M =  optimal 
transforms can be done to form a general M M×  transform [50]. For 4M = , such a 
cascaded structure is shown in Figure 4.9. For 4M =  the cascaded structure 
reduces the computation of 15 parameters to 3 parameters. However, we notice that 
the optimality of such a cascaded structure is not proven and the only argument 
motivating such a design is the less involved computation of the transform 
parameters [50]. 

αT

βT

γT

γT

1X

2X

3X

4X

1Y

2Y

3Y

4Y
 

Figure 4.9: Cascaded structure for MDTC of four random variables.  

4.4.2 MDC via the Polyphase Transform and Selective Quantization 

Introducing a controlled amount of redundancy between descriptions is a main 
requirement in any practical MDC system. For MDSQ and MDTC, the redundancy 
is implicitly introduced during the description generation process. Once the 
descriptions are generated, the redundancy between them cannot be altered. For 
changing the redundancy, the only possibility that remains is the regeneration of 
descriptions with the intended amount of redundancy. In many cases, the 
transmission of descriptions is carried out over channels for which the description 
loss probability varies over time. For such scenarios, it is beneficial to have an MDC 
scheme that can explicitly add a controlled amount of redundancy without a 
complete regeneration of the descriptions. 

In the polyphase transform method the redundancy is explicitly introduced using a 
polyphase transform and selective quantization [56]. The block diagram of the 
polyphase transform based MDC method is shown in Figure 4.10. An IID source is 
first split into two sub-sources, one consisting of the odd while the other consisting 
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of the even source samples. The two odd and even sampled sources are quantized 
using a single fine uniform quantizer 0Q  to form the first parts of the first and the 
second descriptions. The second part of the first (respectively second) description is 
formed by quantizing the even (respectively odd) samples using a coarser uniform 
quantizer 1Q  [56]. 

2

2

0Q

0Q

1Q1Q

1
0Q−

1
0Q−

1
1Q−

1
1Q−

2

2

2

2
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+

+

description 1
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1̂x

2x̂

0x̂
z

z
1z−

 
Figure 4.10: The MDC system based on polyphase transform and selective 
quantization. 

For central decoding, the first parts of the two descriptions are used to reconstruct 
the source with a finer distortion, i.e., the distortion of the inverse quantizer . 
Let  denote the rate in bps of the quantizer , the resulting central distortion 
for a unit-variance Gaussian source can be approximated, using the high-rate 
approximations of [45], as 

 . (4.62) 

For side decoding, half of the source samples are reconstructed using 1
0Q−  while the 

other half are reconstructed using 1
1Q− . In this case the side distortion ( )1 2D D=  can 

be approximated, using the high-rate approximations of [45], as [56] 

 ( )0 12 2
1 2

1 2 2
2 6

R ReD D π − −= ≈ + , (4.63) 

where 1R  is the rate for the quantizer . Since a single description consist of an 
equal number of samples quantized using 0Q  and 1Q , the total side rate R  is given 
by 

 ( )0 1
1
2

R R R= + . (4.64) 

Since the central distortion 0D  correspond to the single description coding rate of 
*

0R R= , the redundancy rate ρ  in the polyphase method of Figure 4.10 is equal to 

1R . For probability of description loss Lp , the average distortion D  can be 
formulated as: 
 ( ) ( )2 2 2

0 11 2 1L L L LD p D p p D p σ= − + − + . (4.65) 

Substituting the expressions for 0D  and 1D  from equations (4.62)-(4.63) in the 

1
0Q−

0R 0Q

02
0 2

6
ReD π −≈
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above equation, the optimal redundancy rate *ρ  can be computed by solving 
0D ρ∂ ∂ = , which is given by 

 ( )*
2

1 1 log
2 4 LR pρ = + . (4.66) 

From equation (4.66) it is evident that the higher the probability of loss on the 
channel the more the redundancy should be added in the generated descriptions. 
From the above equation, the valid positive range of the redundancy is [0, 2]R . For 
100% channel loss rate, the redundancy can be coded at half the description rate R . 
Note that, in this sense, the polyphase transform based MDC is superior to MDSQs 
as it can optimally allocate redundancy for any packet loss rate. Recall that, for 
MDSQs, the redundancy can be optimally allocated only for 0.11Lp ≤  – see 
equation (4.48). 

In practice, despite its simple coding structure, the polyphase transform based 
MDC [56] provides competitive performance when compared to MDSQs. In fact, in 
the low redundancy regime, it performs slightly better than MDSQs. Another 
advantage of the polyphase transform based method is that it can be easily extended 
to produce more than two source descriptions. In this context, we refer the interested 
reader to the work of Samarawickrama et al. [88, 89]. 

4.4.3 Forward Error Correction based MDC  

A typical forward error correction (FEC) system that maps k  input symbols to N   
output symbols, where N k> , is referred to as an ( ),N k  FEC code [61]. In 
systematic FEC codes, the first k  symbols are actually the input information 
symbols. while the remaining N k−  are the parity symbols. Maximum distance 
separable codes [61], e.g., Reed Solomon codes, provide error-free decoding of the 
k  input symbols for up to  channel erasures. In practice, such a code can serve 
as the basis for a FEC based MDC system, where the reception of any k  symbols 
(descriptions) can yield lossless retrieval of information symbols. However, since 
the reception of more than k  symbols cannot further improve the decoding quality 
of such FEC codes, a careful formation of descriptions is needed to attain a strict 
improvement of decoded quality with the number of received descriptions. 

An FEC based MDC system was proposed by Puri and Ramchandran in [84]. It 
was followed from the unequal error protection (UEP) based MDC frameworks [71, 
72], wherein a progressive bit-stream is cascaded with Reed-Solomon codes in order 
to generate an encoding that is progressive in the number of received descriptions, 
regardless of their identity or the order of their arrival. Starting from a progressive 
bit-stream, Puri and Ramchandran [84] created N  equally important descriptions 
using ( ),N k  Reed Solomon codes. For the FEC based MDC method of [84], the 

N k−
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description generation process is shown in Figure 4.11 and Figure 4.12. First, the 
progressive bit-stream is split into N  sections 1 2, ,... NS S S  using 1N −  rate points – 
see Figure 4.11. Since the bit-stream is progressive, each rate point represents a 
certain quality level. Each section is then split into equal size parts before FEC 
coding. In particular, any section iS , 1 i N≤ ≤  is split into i  equal size parts (see 
Figure 4.11) and coded with an ( ),N i  Reed Solomon code. The columns of Figure 
4.12 show the N  code symbols resulting from the FEC coding of iS ’s, while the 
rows are the source descriptions sent over independent unreliable channels. Given 
such a description structure, the ith quality level of the progressive bit-stream is 
decoded if i  descriptions are received at the decoder. Note that, the decoding quality 
will strictly improve with the reception of more and more descriptions and the 
complete bit-stream, yielding the highest quality of source reconstruction, can be 
decoded when all the descriptions are received at the decoder. In [84], an 
optimization algorithm is also provided to near-optimally select the rates jR , 
0 j N≤ <  such that the average distortion at the decoder is minimized. 

There are several important advantages of the FEC based method over the MDC 
schemes previously described. In particular, unlike MDSQs, FEC based MDC can 
be easily generalized to produce an arbitrary number of descriptions. The FEC based 
MDC method is independent of the employed source coding and directly works with 
progressively coded bit-streams. This allows for the use of state-of-the-art 
progressive compression systems, developed for image/video/3-D mesh data, 
without sacrificing the source compression efficiency. Similar to the polyphase 
method, the redundancy is explicitly added using FEC codes; in general, redundancy 
can be controlled by adjusting the redundancy of the FEC code or the number of 
generated descriptions. Unlike quantization based MDC methods, which directly 
map a source symbol to two or more channel symbols (i.e., descriptions), FEC based 
MDC method allows for a modular division of tasks, i.e., the source compression 
can be designed without considering channel losses and optimizations for the 
channel loss can be done independent of the source statistics. 

The main disadvantage of FEC based MDC system is that it introduces a 
structural delay in the transmission chain due to iterative soft-decision belief 
propagation decoding [115] of FEC codes. For many real-time multimedia 
applications, such as video conferencing, peer-to-peer video streaming [81], and 
real-time delivery of video [13], [117], the structural delay in decoding can cause a 
prohibitive drop in QoE. 
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0R 1R 2R 2Ri− 1Ri− 1RN−

1S 2S 3S Si

2RN−

SN  
Figure 4.11: Irregular splitting of the progressive bit-stream. The irregular rate 

points 'iR s  define the different quality levels. Any , 1,2,..iS i =  is split into i  equal 
size parts, which are included in the first i  descriptions in an ascending order, see 

Figure 4.12.   

 
1S 2S Si SN

 
Figure 4.12: FEC based multiple description generation with N quality levels. 

 

4.4.4 Discussion 

The different MDC frameworks described above feature different pros and cons. 
MDSQ suffers from the fine redundancy control problem, since the redundancy can 
only be controlled by varying the number of diagonals in the IA matrix, which can 
only be integer. Moreover, due to the complexity of IA, extending MDSQs to 
generate more than two descriptions is quite a challenging task. However, since the 
two descriptions MDC case is the most common transmission scenario, this 
limitation of MDSQs is not particularly harmful from a practical point of view. 
MDTC seems an attractive approach for MDC, however, in [50] it was shown that, 
in the medium-to-high redundancy regime, MDSQs significantly outperform MDTC 
for generic sources. Similar to MDTC, the polyphase transform based MDC 
provides slightly better performance than MDSQs only for low redundancy values. 
Finally, the main drawback of FEC-based MDC is the introduced structural delay, 
due to the interleaver and iterative soft decoding of FEC codes, which can raise 
many practical concerns if FEC-based MDC is deployed in real-time multimedia 
transmission applications. 

Besides these issues, one major aspect that MDSQ, MDTC and polyphase 
transform based methods lack is providing scalability of the source representation. 
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In many cases, it is desirable to have progressively coded descriptions. Using 
progressively coded descriptions, the transmission rate constraints can be fulfilled 
on-the-fly. For MDSQ, MDTC and polyphase transform based MDC, only a 
specified generation of descriptions can ensure the fulfillment of a certain rate 
constraint. FEC-based MDC enables progressive decoding of the source, however, 
in the strict sense, the generated descriptions are not progressive. 

Progressive encoding and decoding of descriptions can be enabled using a 
scalable extension of MDSQ, known as scalable or embedded MDSQ. A scalable 
MDSQ framework was initially proposed in [51]. For low rates and high 
redundancy, the approach of [51] delivers superior D-R performance in comparison 
with a scalable variation of the polyphase MDC system. In the next chapter, we will 
focus on the design of scalable MDSQs. 

4.5 SUMMARY 

This chapter described the MDC problem from an information theoretic point of 
view. In this context, the achievable rate region for the Gaussian source, using the 
MSE as the distortion metric, is described in detail. Furthermore, MDSQs, which are 
the pioneering method to perform practical MDC, are explained and their 
performance bounds for Gaussian sources are presented. Moreover, few alternative 
frameworks, e.g., MDTC, polyphase transform based MDC and FEC-based MDC, 
are briefly explained to give a general overview of practical MDC approaches to a 
reader who is not/less familiar with the domain. In general, the notations and 
definitions introduced in this chapter will set the basis for the next chapter, which 
deals with the design of scalable extensions of MDSQs. The design of scalable 
MDSQ is motivated by the fact that such a framework can enable error-resilience 
and source scalability in a single coding framework, without introducing the 
structural delay observed for FEC-based MDC systems. 
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Chapter 5 
SCALABLE MULTIPLE DESCRIPTION 
SCALAR QUANTIZATION 

 

5.1 INTRODUCTION  

Existing MDC schemes, e.g., [50, 56, 113, 114, 121], consider transmission 
system design for certain pre-known channel conditions, e.g., available bandwidth, 
packet loss rate, etc. However, in real networks, transmission conditions are often 
variable, meaning that, for low delay applications, adaptation to varying conditions 
needs to be performed in real-time. In addition, real-time applications are deployed 
over networks with a high degree of heterogeneity in terms of available bandwidth, 
user requests and loss characteristics, thus simultaneously demanding error-
resilience and a scalable representation of the source. Scalable MDC (SMDC) 
combines both scalability and multiple description based error-resilience in a single 
coding framework. In SMDC each source description is made scalable by 
employing layered coding, hence facilitating its progressive encoding and decoding. 
The practical framework for SMDC are provided by the scalable extensions of 
MDSQs, also referred to as scalable MDSQs [51], [38, 39, 42, 43]. 

In packet switched networks, packet losses often occur due to over-saturated 
network links or channel degradations. In such packet loss transmission conditions, 
one can discriminate between two different situations. In the first situation, the loss 
statistics are unknown at the encoder. However, in the second situation, an average 
packet loss probability estimate can be determined at the encoder using a low-rate 
feedback channel. For the first situation, an SMDC transmission system would 
optimally suggest a balanced operation, that is, equal number of packets from all 
descriptions are transmitted. On the other hand, the estimated packet loss rate in the 
second situation can be exploited to accomplish a more efficient unbalanced 
transmission. In today’s networks both situations can simultaneously occur. Hence, 
a single system design is needed to get aligned with the aforementioned situations. 
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In order to meet these requirements, in this chapter, we introduce a generic two-
description symmetric scalable MDSQ (SSMDSQ) [93], which yields a perfectly 
symmetric D-R function, i.e., ( ) ( )1 2 2 1, ,D R R D R R= , where the first and the second 
argument of ( , )D i i  denote the rate of the 1st and the 2nd source description, 
respectively. This is in contrast to existing approaches [51], [38, 42] which are 
characterized by only an approximately symmetric or sometimes even highly 
asymmetric D-R function. Novel connected-cell and disconnected-cell 
constructions, which can realize both high and medium-to-low redundancy 
SSMDSQs, are presented in this chapter. For generalized Gaussian (GG) 
distributions [78], the proposed SSMDSQs are shown to deliver improved D-R 
performance versus the existing asymmetric quantizer designs. 

In addition, this chapter presents a generalization of the Lloyd-Max algorithm [65, 
70] to realize locally-optimal, level-constrained and entropy-constrained SSMDSQs. 
The proposed algorithm iteratively adjusts quantization thresholds in order to search 
for the local minimum of a cost function. It is worth pointing out that the proposed 
optimization methodology is not specific to SSMDSQs and can be utilized to 
optimize any scalable MDSQ. To the best of the author’s knowledge, this is the first 
work in the related literature that deals with the optimization of scalable MDSQs. 

What is more, based on the designed SSMDSQs, a packet-based SMDC 
framework is established which can match the available channel rate, while 
guaranteeing a fixed average distortion at the decoder. In this framework, a balanced 
transmission of descriptions is performed when no knowledge of the channel’s 
packet loss rate is available at the encoder. Conversely, when the encoder is aware 
of the channel statistics, a greedy packet scheduling scheme is formulated so as to 
carry out an unbalanced transmission. In this context, the symmetry of the 
SSMDSQ-based SMDC’s D-R function reduces the complexity of determining 
optimum packet scheduling compared to asymmetric contemporary SMDC systems. 
Experimental evaluations of the transmission of GG sources over packet loss 
channels reveal that, within the considered SMDC framework, the proposed 
quantizer constructions and the optimization strategy contribute significant average 
SNR gains compared to existing designs. Similar conclusions are also obtained 
when the proposed SSMDSQ are employed for wavelet-based scalable coding of 
photographic images. 

5.2 RELATED WORK 

A scalable MDSQ based SMDC framework was initially proposed in [51], also 
referred in short as multiple description uniform scalar quantizer (MDUSQ), 
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wherein the concept of embedded index assignment (EIA) was first introduced to 
achieve separate and combined scalability of two source descriptions. For low rates 
and high redundancy, the SMDC system of [51] demonstrates superior D-R 
performance in comparison to a scalable variation of the polyphase MDC system of 
[56]. Unfortunately, the EIA strategy of [51] permits limited control over the 
redundancy between descriptions. In order to produce an arbitrary number of 
scalable descriptions as well as to permit an enhanced control over the redundancy 
between the quantization levels, embedded MDSQs (EMDSQs) were introduced in 
[38, 39, 42, 43]. Preliminary EMDSQ instantiations [38, 42] were designed using 
connected partition cells to yield high redundancy descriptions. In [43], these 
instantiations were combined with a minimal-redundancy EIA to achieve low-to-
medium overall redundancy. Notice that the main design objective of the EMDSQs 
of [38, 39, 42, 43] was the use of a double dead-zone uniform central quantizer at all 
quantization levels. As explained earlier, such a quantization strategy is also termed 
as SAQ [100] and is acknowledged to be near-optimal [108]. This attribute 
significantly improved the D-R performance of EMDSQs over competing designs.  

Anchored in the designed EMDSQs [42], erasure-resilient scalable image coding 
frameworks were proposed in [40], [41]. The proposed frameworks outperform the 
equivalent MDUSQ [51] based image coding system. Additionally, for scalable 
video streaming, an EMDSQ based multicast error-resilient video coding 
architecture was proposed in [117]. Compared to a data-partitioning-based video 
codec [9], the former accounts for an improved compression versus error-resilience 
trade-off for video streaming applications over best-effort networks. 

5.3 SCALABLE MULTIPLE DESCRIPTION QUANTIZER 

As described in Chapter 4, a fixed-rate MDSQ quantizes each source sample to 
two or more quantization indices which individually yield a coarse, and jointly 
produce a fine reconstruction of the source. A scalable MDSQ is a special type of 
MDSQ, which additionally allows for scalable decoding of produced quantization 
indices. An M -description scalable MDSQ can be fully described by a set of M  
embedded side quantizers { } 1

M
m m=

Q  each having 1P+  embedded levels { }
0

p Pm
p p

Q
=

=
, 

where 0p =  denotes the finest and p P=  denotes the coarsest level, respectively. 
The quantizer partition of m

pQ  is denoted as m
pS . For any side quantizer mQ , the 

partition cells of level p  are embedded in the ones of level 1p+ , i.e., 1
m m
p pS S +⊆ , 

where 0 p P≤ < . We aim to quantize a zero-mean, IID ergodic source { },nX n∈]  
with a symmetric PDF ( )f x , 0 0x x x− ≤ ≤ . At the encoder, M  source descriptions 
are produced using the M  side quantizers. In particular, for the mth side quantizer, 
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a given source sample x  is first mapped to an index Ps  using the coarsest level 
partition m

PS . At any finer level 0 p P≤ < , the source sample is refined to a smaller 
sub-cell as defined by the refinement symbol ps . A sequence of quantization 
indices, denoted by 1, ,...,P P ps s s− , is progressively coded using a FLC, e.g., the 
NBC, or a VLC, e.g., arithmetic coding (Section 2.3.6), thereby producing the thm  
source description. At the decoder, assuming that all M  descriptions up to a certain 
level p  are received, a central quantization cell * *1, ,p p

M m
mp s p s

C S
=

=∩ , 
*

1, ,...,p P P ps s s s−= , is determined for each source sample. Then, the source sample 
reconstruction is given by the center-of-mass (centroid) of the derived cell. In 
general, all M  descriptions need not be received at the same level, yet one can still 
determine a joint partition cell for possibly different quantization levels 

[ ]1 2, , , Mp p p=p … . In this case, the central quantizer Qp  is defined by the 
corresponding central partition Cp , as follows: 

 [ ] { }
1 2, , ,

1
: , 0,1, , 1 ,

mM

M
m
p mp p p

m
Q Q C S p P

=
≡ = ∈ +p p… …∩  (5.1) 

with the convention that 1
m
PQ +  consist of a single cell, which spans the entire source 

range 0 0[ , ]x x− . Notice that the central and the side quantizers at any level p  are 
given by [ ]1 2, ,..., M pp p p p p pQ Q= = = ≡  and [ ]1 1,..., ,..., 1m M

m
pp P p p p PQ Q= + = = + ≡ , correspondingly. 

5.3.1 Embedded Index Assignment 

For simplicity, we confine our discussion to the two-description scalable MDSQ 
case. Let us consider an IA matrix M , which assigns quantization indices to a side 
quantizer’s cell partitions. Starting from single-cell side quantizers, i.e., 1

m
PQ + , 

{ }1,2m∈ , M  is recursively split ( 1)P +  times along each dimension to create an 
EIA of 1P+  levels. For instance, for a particular level combination 1 2[ , ]p p=p , M  
can be expressed as a block matrix of the form: 

 

1

1

2 2 2 1

1,1 1,2 1,

2,1 2,2 2,

,1 ,2 ,

...

...

... ... ... ...
...

p

p

p p p p

J

J

J J J J

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

B B B

B B B
M

B B B

, (5.2) 

where, a non-empty block of index entries, 
2 1j jB , defines a specific partition cell of 

the quantizer 
1 2[ , ]p pQ . Note that, depending on the organization of the index entries 

in M , certain blocks may be completely or partially empty. We also notice that 

1 2 12j j jj∀
=B B∪  and 

2 2 11j j jj∀
=B B∪  define cells of side quantization levels 

1

1
pQ , 

2

2
pQ . In general, one observes that 

1 11,j j=B B  and 
2 2 ,1j j=B B  at levels 

1 1[ , 1]p P= +p  and 2 2[ 1, ]P p= +p , respectively. Hence, using the above notation, 
side cells 

2j
B , 

1j
B  can be referred to as cells at levels 2 2[ 1, ]P p= +p  and 
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[ ]1, 1 ,p P= +p  respectively. In order to realize the next level, i.e.,  

1 2[ 1, 1]p p= − −p , a further splitting of each 
2 1j jB  of equation (5.2), along each 

dimension is performed, and so on. Moreover, notice that at level [0,0]=p , each 
block B  contains at most a single index entry. 

For 2M > , any B  is a hypercube with M  dimensions. Similarly, for 2M > , 
cells for the thm  side can be referenced as cells at levels 

1[ 1,..., ,..., 1]m m Mp P p p p P= = + = = +p . 
 

(a) 

1Q

0Q
1
1Q
1
0Q
2

1Q
2
0Q

 
 (b) 

Figure 5.1: Example of a scalable MDSQ created using an EIA matrix. (a) IA 
splitting (b) The corresponding side and central quantizer partitions at different 

quantization levels. 

Figure 5.1 depicts an example of a two-level EIA. The original matrix depicted in 
Figure 5.1(a)-left is split into six blocks to create the level 1p =  – see Figure 
5.1(a)-middle. The resulting blocks are then further split to create the finest level 

0p = . Assuming a uniform 0Q , partitions of the side and the central quantizers at 
different levels are shown in Figure 5.1(b). The example given in Figure 5.1 belongs 
to the category of connected-cell scalable MDSQs, wherein the side and the central 
quantization cells at any level consist of a single continuous interval. Different 
categories of scalable MDSQs, namely connected- and disconnected-cell scalable 
MDSQs, will be discussed in detail in the later part of this chapter. 

5.3.2 Description Packetization 

The descriptions’ bit-streams are generally transmitted using packets of fixed size. 
At first, the bit-planes resulting from the quantization process per description are 
coded with NBC in case of FLC or with adaptive arithmetic coding in case of VLC. 
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Per description, the coded bit-planes are put together in the order of their 
significance to create a single scalable bit-stream. Each such bit-stream per 
description is thereafter split into a number of fixed size packets. This way each 
packet per description yields a progressive increment in the description rate, say κ  
bps. In other words, if we receive mN  packets from the mth description, 1,2m = , 
then we can decode the description at m mR Nκ=  bps. 

From here onwards, we assume that thresholds for 0Q  are always defined as an 
even function of x, allowing to interchangeably refer to a certain scalable MDSQ or 
its EIA. 

5.3.3 Definitions 

Let 1 2[ , ,..., ]Mp p p=p  denote the side quantization levels up to which M  side 
descriptions are received at the decoder. If 0X̂p  denotes the joint reconstruction 
random variable then the MSE, which is considered as the distortion metric, can be 
formulated as: 

 ( ) ( ) ( )
,

2 20

1

ˆ ˆ ( )
i

C

iC
i

D E X X x x f x dx
=

⎡ ⎤= − = −⎢ ⎥⎣ ⎦ ∑∫
p

p
pp , (5.3) 

where ( )f x  is the input PDF, Cp  denotes the induced central partition, ,iCp  
is the 

quantization cell corresponding to the thi  central cell, [ ]E i  is the expectation 
operator, and Cp  denotes the cardinality, i.e., the number of cells in Cp . For any 
level p , the central distortion ( )0D p  and the M  sides distortions 

( ) ( ) ( )1 2, , ..., MD p D p D p  are defined as:  

 
( ) ( ) ( )
( ) ( ) ( )

20
0

2

ˆ= [ ] ,

ˆ , for 1

p

m
m m p

D p D p, p,..., p E X X

D p D E X X m M,

⎡ ⎤= = −⎢ ⎥⎣ ⎦
⎡ ⎤= = − ≤ ≤⎢ ⎥⎣ ⎦

p

p
 (5.4) 

where 0ˆ
pX , ˆ m

pX  denote random variables defined by the central and the thm  side 
quantizer’s codebook, respectively. To compute the entropy of each side quantizer, 
we define a random variable m

pS
P  using the probability mass function of the thp  

level partition of the thm  side quantizer, i.e., 
,,

Pr( ) ( )m mmp p ip i
S SS

P i f x dx q= = =∫ , where 

,
m
p iS  is the thi  cell of m

pS . The entropy ( )mH p  for the thm  side quantizer is then 
expressed as: 

 ( ) ( )
, ,

2
1

log
m
p

m m
p i p i

S

m S S
i

H p q q
=

= −∑ . (5.5) 

Notice that scalable MDSQ is considered to be balanced if for any level p , the 
distortions and the entropies corresponding to all the M  sides are equal, that is, 

( ) ( )m mD p D p′=  and ( ) ( )m mH p H p′= , ( , )m m′∀ . 
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5.4 SYMMETRIC SCALABLE MDSQ 

In scalable MDSQs, descriptions are progressively transmitted. Although the 
generated descriptions are balanced, an unbalanced (i.e. 1 2R R≠ ) decoding 
situation occurs when an unequal number of quantization levels between 
descriptions are received. This forces the D-R function to follow a surface rather 
than separate side and central curves as in the case of non-scalable MDSQ, 
expressed by equations (4.40)-(4.41). Figure 5.2 depicts a schematic representation 
of a scalable MDSQ’s D-R surface ( )1 2,D R R  in which the solid line curves AB, AC 
and AD  denote the two sides and the central distortion functions, respectively. 

2R

( )1 2,D R R

D

B C

A

1R

 
Figure 5.2: Illustration of the D-R surface of a two-description scalable MDSQ. 

(a) (b) 
Figure 5.3: Experimental D-R surface of EMDSQ instantiations. (a) One and half 

diagonal EIA [38] (b) Two diagonal EIA [42]. 

Figure 5.3 plots the experimental D-R surface for two high-redundancy EMDSQs 
[38, 42]. We observe that the D-R surfaces are not perfectly symmetric, in the sense 
that ( )1 2,D R R  is generally not equal to ( )2 1,D R R . The main reason for such a 
asymmetric D-R behavior is due to the fact that different permutations of a certain 
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combination of side quantization levels produce unequal distortions, i.e., 
( ) ( )1 2 2 1, ,D p p D p p≠ . Such an asymmetry of the D-R function is observed in all 

proposed instantiations of scalable MDSQs [51], [38, 39, 42, 43]. 
In this section, we determine the sufficient conditions for realizing a symmetric 

scalable MDSQ (SSMDSQ), which, opposed to an ordinary balanced scalable 
MDSQ, always guarantees an equal distortion for both permutations of a given 
combination of quantization levels received from both the side descriptions, i.e., 
( ) ( )1 2 2 1, ,D p p D p p= . 
Symmetric Cells: Let the index entries of M  be { }1,2,...,Ω . The partition cells 

B  and ′B  are defined as being symmetric to each other if for any index ω  in B  
there is an index 1ωΩ − +  in ′B . The symmetry between B  and ′B  is denoted as 

′↔B B . 
Symmetric EIA: An EIA is defined as being symmetric if each partition cell for 

any combination 1 2[ , ]p p=p  has a unique symmetric partition cell for 2 1[ , ]p p′ =p . 
In Figure 5.4 (a), a symmetric EIA is formed by employing a uniform four-level 

splitting, of a certain arrangement, of the entries in M . The symmetric cell pairs at 
any splitting level are given below: 

 

 

 
An example of a symmetric cell pair in  corresponding to the IA in Figure 

5.4(a) is given in Figure 5.4(b). 
Remark 1: In the example of Figure 5.4(a), the chosen IA matrix  is actually 

the fixed-rate (non-scalable) modified linear (ML) IA of [113]. In general, all fixed-
rate IAs proposed in the literature can be used to create scalable MDSQs by 
employing bit-slicing of quantization indices. However, one may notice that, in 
contrast to fixed-rate IAs, where the spread is only minimized along the columns 
and the rows of the IA matrix [113], an explicit design of EIA must consider the 
spread minimization along rectangles or squares cells, similar to the ones shown in 
Figure 5.4(a). 

Theorem [93]: For a symmetric zero-mean source PDF , a balanced 
SSMDSQ is always realized if the EIA is symmetric and the thresholds of  are 
defined using an even10 function of x. 

 
10 Any real function ( )g x  is referred to as an even function if for any x , ( ) ( )g x g x= − . 

{ } { } { } { }
{ } { } { } { }
{ } { } { } { } { } { } { } { } { } { }
{ } { } { } { } { } { } { } { } { } { }

level 1: 1, 2,3, 4 9,8,7,6 ; 5,6,7,8,9 5, 4,3, 2,1 ,
level 2 : 1, 2,3, 4 9,8,7,6 ; 5 5 ,
level 3 : 1,3 9,7 ; 2, 4 8,6 ; 5 5 ; 6,7 4,3 ; 8,9 2,1 ,
level 4 : 1 9 ; 2 8 ; 3 7 ; 4 6 ; 5 5 .

↔ ↔
↔ ↔

↔ ↔ ↔ ↔ ↔
↔ ↔ ↔ ↔ ↔

0Q

M

( )f x

0Q
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(a) 

21 3 4 5 6 7 8 9

( )f x

(b) 
Figure 5.4: (a) An example of a symmetric EIA. “V” denotes vertical split, while 
“H” denotes the horizontal split of the IA matrix.(b) Finest central quantizer 0Q , 
symmetric cell pair { } { }3 7↔  is highlighted using dashed area under the PDF. 

Proof: If the EIA is symmetric and the thresholds of  are defined using an even 
function of x, the particular structure of the index entries within a symmetric cell 
pair ensures that their thresholds have equal absolute values – see the example in 
Figure 5.4(b). For a symmetric source PDF, this results in equal distortions of 
symmetric cells. For a symmetric EIA, wherein each cell of a combination 

 has a unique symmetric cell in , the total distortion ( )D p , 
which is the sum of distortion contributions from each cell, is always equal to  
( )D ′p . This confirms the symmetry of the distortion of SSMDSQs. Since the above 

argument of the same equal absolute value thresholds is also true for side symmetric 
cells, i.e., the cells of permutations  , , the cells in a 

0Q

1 2[ , ]p p=p 2 1[ , ]p p′ =p

[ , 1],p P+ [ 1, ]P p+ 0 p P≤ ≤
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side symmetric pair contribute the same distortion and entropy, namely, 
( ) ( )[ , 1] [ 1, ]D p P D P p+ = +  and ( ) ( )[ , 1] [ 1, ] .H p P H P p+ = +  In other words, 
( ) ( )1 2D p D p=  and ( ) ( )1 2H p H p= , are true for any level p , thereby proving 

that an SSMDSQ is always perfectly balanced.                                                         ■ 

0 1t kt 1kt +1sks1ks +

kp

kp′

ˆkxˆkx′

( )f x

 
Figure 5.5: Illustration figure for SSMDSQ construction when thresholds of 0Q are 

not an even function – see Remark 2. 

Remark 2: Assuming EIA to be symmetric, one can construct symmetric 
quantizers for zero-mean symmetric PDFs for which the thresholds of 0Q  are not an 
even function of x . The proof is constructive. With the notations of Figure 5.5, one 
can impose that the probability of observing index kp  is equal to the probability of 
observing kp ′ , i.e., the dashed areas are equal. With this condition, one proceeds 
recursively, starting from given thresholds 1, ,k k ks t t +  to identify 1ks + . The result is 
that the entropies on both sides of the PDF are equal. Subsequently, by imposing 
equal distortions in the dashed cells, one determines the reconstruction point ˆkx ′  in 
cell kp ′  for a given reconstruction point ˆkx  (e.g., the centroid) in cell kp . 
Proceeding recursively for each k  ensures that the distortions on both sides of the 
PDF are equal. Applying this procedure on both the central and side quantizers at all 
quantization levels leads to balanced SSMDSQs, with symmetric EIA, for which the 
thresholds of 0Q  are not necessarily an even function of x . However, in our work 
we do not follow the design methodology sketched above. First, nothing can be said 
about global optimality, and the thresholds depend on the input PDF. Furthermore, 
the thresholds and reconstruction points need to be determined recursively for each 
cell in order to ensure symmetry. This corresponds to a computationally expensive 
recursive placement of quantizers’ thresholds which is unattractive from a practical 
point of view. 

In Sections 5.4.1 and 5.4.2, we highlight the drawbacks of previously proposed 
connected-cell as well as disconnected-cell scalable MDSQs, respectively, and 
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propose new SSMDSQ constructions to overcome these limitations. From here 
onwards, we assume that the thresholds for 0Q  are always defined as an even 
function of x , allowing to interchangeably refer to a certain scalable MDSQ or its 
EIA. 

5.4.1 Connected-cell Scalable MDSQ 

The most attractive feature of connected-cell scalable MDSQs is that their central 
and side quantizers have connected partition cells at any level. Although largely 
reducing the implementation complexity of such quantizers, this characteristic may 
lead to a sub-optimal D-R performance – see Theorem 5 in [77]. An additional 
drawback of maintaining connected partition cells is that the resulting quantizers can 
only generate high-redundancy side descriptions. 

The EMDSQs of [38, 42] are representative examples of connected-cell scalable 
MDSQs. In Figure 5.6(a), the two level EIA of [42] is depicted. Notice that, since 
connected-cell side and central partition cells are realized at each level, entries along 
a row (or a column) are consecutive. This implies that 1 2

0 0 1S SΩ ≤ + − , where 
1 2
0 0S S= . Upon a close look at the EIA of [42] – see Figure 5.6(a), one observes 

that its index arrangement is highly asymmetric. Table 5.1 reports the distortion 
performance of the resulting EMDSQ [42]. We note that the side distortion values in 
Table 5.1 deviate by a large magnitude from their mean. In practice, the same 
behavior can be also observed for side entropies. This unbalanced behavior is due to 
the irregular splitting of M , as shown in Figure 5.6(a). 

 
(a) (b) 

Figure 5.6: EIAs of connected-cell scalable MDSQs. (a) The asymmetric EIA of 
[42], (b) The equivalent symmetric EIA. 

A straightforward way to produce a connected-cell symmetric scalable MDSQ is 
by sequentially populating the IA matrix, such that the sufficient requirements of the 
symmetric EIA definition are fulfilled. Namely, starting from the top-left corner, let 
an entry ω  be placed at position ( ),i j  in the IA matrix. Then, symmetry demands 
that an entry 1ωΩ − +  is placed at position ( )1 2

0 01, 1S j S i− + − + . In this way a 
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symmetric IA matrix is assembled and uniform splitting is carried out to derive a 
symmetric EIA, as in Figure 5.6(b). The latter has the same total number of index 
entries with the one of Figure 5.6(a), therefore the two EIAs are equivalent. The 
experimental validation of the designed SSMDSQ – see Table 5.1, demonstrates that 
for a given number of received bit-planes the symmetric EIA exhibits lower central 
and mean side distortions compared to the asymmetric EIA. For both quantizers, the 
finest central quantizers  are the same, thus resulting in exactly the same central 
distortion when all levels from both sides are used for source reconstruction. 

Table 5.1: Distortion performance of the scalable MDSQs of Figure 5.6 for a unit-
variance Gaussian source. Mean denotes the mean of two side distortion readings, 

i.e., 1 20.5 * ( )D D+ . DDZ=double dead-zone. Div= 1,2D Mean Mean− . 

 

EIA OF [42] + 
DDZ UNIFORM QUANTIZER 

SYMMETRIC EIA +  
DDZ UNIFORM QUANTIZER 

D0(p) D1(p) D2(p) Mean Div D0(p) D1(p) D2(p) Mean 

2p =  1.0028 1.0028 1.0028 1.0028 0 1.0028 1.0028 1.0028 1.0028 

1p =  0.4005 0.9338 0.4118 0.6728 38% 0.3931 0.5209 0.5209 0.5209 

0p =  0.0328 0.1710 0.0620 0.1165 46% 0.0328 0.0987 0.0987 0.0987 

5.4.2 Disconnected-cell Scalable MDSQ 

Quantizers belonging to this family are composed of disconnected partition cells. 
This trait increases their implementation complexity, however, contrary to 
connected-cell quantizers, it enables them to generate medium-to-low redundancy 
source descriptions [43]. Generally, their side quantizers do not employ a dead-zone 
cell and their reconstruction value is given by the centroid. The symmetric ML IA of 
[113] and the asymmetric EIAs of [51], [43] are the most representative examples of 
disconnected-cell scalable MDSQs. 

Table 5.2 depicts a D-R comparison of the ML(8,2) IA of [113] against the 
equivalent EIA of [51] for a zero-mean, unit-variance Gaussian source. The granular 
distortion [10, 110], which is the product of the side and the central distortion (see 
Section 4.2.3), is reported for several side rates. For a fair comparison between 
symmetric and asymmetric EIAs, the overall side distortion is taken as the mean of 
distortions of the two sides. Thus the reported granular distortion is: 

 1 2
0

( ) ( )
( ) ( )

2g
D R D R

D R D R
+⎛ ⎞= ⎜ ⎟

⎝ ⎠
. (5.6) 

From Table 5.2 we notice that, in contrast to the EIA of [51], the symmetric 
ML(8,2) IA always produces perfectly balanced side descriptions. The second row 

0Q
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of Table 5.2 includes the percentage deviation from the mean (%Div) of 1 ( )D R  and 

2 ( )D R , for the EIA of [51]. Interestingly, a large deviation between the two side 
distortions is observed, demonstrating that the EIA of [51] realizes highly 
unbalanced descriptions. Furthermore, Table 5.2 clearly shows that the EIA of [51] 
outperforms the ML IA of [113] in terms of granular distortion. The obtained gains 
are attributed to the connected central partition EIA of [51] and to the fact that the 
side descriptions are largely unbalanced, yielding significantly lower central 
distortion values. However, recall that, in case the encoder is unaware of the channel 
conditions, an SMDC system has to employ a balanced transmission. This cannot be 
achieved using asymmetric EIAs due to their unbalanced nature. 

 
Table 5.2:Granular distortion of three disconnected-cell scalable MDSQs for a unit-
variance Gaussian source (exact variance 1.0028). 0Q  is considered uniform. Each 

quantizer consists of three embedded levels (i.e., ). For the asymmetric EIA of 
[51], %Div of the side distortion from their mean value is given in parenthesis. 

Rate 
(bps) 

0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 

ML IA [113] 0.753 0.532 0.347 0.192 0.172 0.153 0.135 0.117 0.084 

EIA [51] 
0.710 
(7%) 

0.456 
(15%) 

0.247 
(26%) 

0.078 
(41%) 

0.065 
(43%) 

0.054 
(46%) 

0.044 
(49%) 

0.034 
(52%) 

0.026 
(54%) 

PROPOSED 0.666 0.394 0.191 0.0799 0.0598 0.0420 0.0257 0.0180 0.0124 

 

5.4.2.1 Proposed Symmetric EIA  

To resolve this drawback, we propose a novel symmetric disconnected-cell EIA 
strategy, which combines the improved D-R advantage of [51] with the balanced 
side distortion characteristics of the ML IA of [113]. 

In particular, consider the design of an EIA for 1
0 2m PS += , { }1, 2m ∈ , with side 

cells using a certain number of diagonals 2 1d k= + , where ( )10,1,..., 2 1Pk += − . 
The proposed EIA starts by initializing the 1p =  level IA using the symmetric ML 
IA with parameters ( )2 , 1P k −  – see [113]. Each index of the resulting IA is 
subsequently split into 2×2 sub-indices to realize the finest ( )0p =  level. 
Depending on whether k  is even or odd, predefined index scans, at level 0p = , are 
carefully performed to conform to the definition of a symmetric EIA. 

Five index scans are employed which are shown in Figure 5.7. The complete 
algorithm is given in the form of pseudo code in the Appendix at the end of the 
chapter. In general, one can split each index entry of the ML IA at 1p =  into a 
block of l l×  sub-entries, where 2,3,4,...l = . To yield a symmetric final IA, when 
deriving the indices of level 0p = , the index scanning of the thi  and the 

2P =
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corresponding ( )1 1 thN i− +  block should be a reverse mirror of each other, where 

1N  denotes the number of entries at level 1p = . Note that, although any 
2,3,4,...l =  can be used to realize a symmetric EIA, in our realization we choose 
2l = , for simplicity. 

In detail, for 2l = , the reversed mirrored Z and И scanning patterns are applied 
to all entries belonging to diagonals 2,...,2k  – when k  is odd – and to all entries 
belonging to diagonals 1,...,2 1k +  – when k  is even. In the former case, the lower 
diagonal (LD) and the upper diagonal (UD) scans are applied to all elements of the 
diagonals indexed by 1 and 2 1k + , respectively. Notice that for these elements, one 
can still simply use the Z and И scans instead of the LD and UD scans; however, 
this would notably increase the total number of entries of the proposed EIA 
compared to those of the ML IA [113] or the EIA of [51], for a given odd value of k
. Finally, the L scan, which is the reverse mirror of itself, is only used to split the 
specific ( )1 1 2N +  index of the ML IA at 1p =  level. 

 
Figure 5.7: The index scans which are employed in order to construct a symmetric 

EIA. (a) И scan, (b) Z scan, (c) L scan, (d) UD scan, (e) LD scan.  

 

 
Figure 5.8: Constructive design of a disconnected-cell symmetric EIA with 2P= :  
(left) 5d = , (middle) 7d = , (right) 9d = . Embedded levels can be differentiated 
using different line styles (solid line: 2p = ), (dashed line: 1p = ) and (dotted line: 

0p = ). 

Figure 5.8 depicts the resulting symmetric EIAs for different number of 
diagonals. We notice that, unlike the ML IA of [113] and the EIA of [51], the 
proposed EIA strategy may include partially filled diagonals. However, for a given 
P  and d , the total number of index entries of the proposed and the existing IAs 
would roughly be the same. The last row of Table 5.2 reports the granular distortion 

( )gD R  of the proposed symmetric EIA based SSMDSQ. Clearly, the proposed EIA  
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(a) 

 
(b) 

Figure 5.9: Central versus side distortion comparison for an IID Gaussian source 
with unit-variance at  1 2 3.0R R= = . Three points are plotted for a given EIA family, 
each corresponding to a certain number of diagonals in the IA matrix. The left-most 
points correspond to 5d = , the middle points to 7d = , while the right-most points 

correspond to 9d = . 
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Figure 5.10: Central versus mean side distortion comparison for an IID Gaussian 

source with unit-variance at 1 2 3.0R R= = . 

strategy yields the lowest ( )gD R  values, while still maintaining perfectly balanced 
side distortions.  

Moreover, Figure 5.9, Figure 5.10 plot the side versus the central distortion for 
the three families of EIAs with respect to the theoretical bound given by 

 [10]. Guionnet et al. denotes the EIA of [51]. Different points for 
a given family are obtained by varying the number of diagonals in the IA matrix. 

As a general multiple description rule, at a given side rate, the side distortion 
should increase when lowering the redundancy (i.e., by increasing the number of 
diagonals) – see the curves in Figure 5.9 and Figure 5.10 corresponding to the ML 
IA [113] and the proposed symmetric EIA. For the asymmetric EIA of [51], 
although the second side description obeys this rule – see Figure 5.9(b), the same is 
not true for the first side description, as shown in Figure 5.9 (a). In particular, for the 
first side of the EIA of [51], we notice that ( ) ( )1 17 9D d D d= > = . This causes the 
mean side distortion for 9d =  to be lower than the mean side distortion for 7d =  – 
see Figure 5.10. Such a behavior is specifically explained by the asymmetric nature 
of EIA of [51]. In contrast to [51], the proposed EIA strategy ensures a smooth 
decay of side distortion, similar to ML IA. Moreover, Figure 5.9 and Figure 5.10 
corroborate that the proposed EIA strategy accounts for a better side versus central 
distortion trade-off for a certain achievable redundancy point. 
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5.5 QUANTIZER OPTIMIZATIONS 

In this section, a novel algorithm to optimize an SSMDSQ, driven by the PDF of 
the source to be coded, is presented. Our approach is generic since it can optimize 
different types of SSMDSQs with different D-R characteristics. The proposed 
optimization algorithm is a novel extension of the Lloyd-Max algorithm [65, 70] to 
the multiple description embedded setting, wherein both level-constrained and 
entropy-constrained optimization can be performed using the same algorithm. 

Similar to the Lloyd-Max algorithm, the proposed optimization builds on the fact 
that an encoder-decoder pair ( ),f g  can be iteratively optimized by keeping one 
component fixed while optimizing the other. By doing so, a non-increasing sequence 
of cost function values is obtained. Therefore, the derived encoder-decoder pair is 
locally optimal and a good initialization condition is necessary to realize a good 
final solution. 

Considering a two-description SSMDSQ, we define the aggregate side and 
aggregate central distortions as a weighted sum of per-level quantities, given by 
(5.4), as below: 

 0 0 1 1 2 2
0 0 0

( ), ( ), ( )
P P P

p p p
p p p

D D p D D p D D pθ φ φ
= = =

= = =∑ ∑ ∑� � �  (5.7) 

Similarly, the aggregate side entropies are defined as: 

 1 1 2 2
0 0

( ), ( ).
P P

p p
p p

H H p H H pφ φ
= =

= =∑ ∑� �  (5.8) 

{ }1 0, ,...,P Pθ θ θ θ−=  and { }1 0, , ...,P Pφ φ φ φ−=  in (5.7) and (5.8) denote central and side 
weighting functions, respectively. These weighting functions can be used to weight 
the central and the side quantities at each refinement level according to their relative 
importance in a given application. Additionally, we impose that the sum of 
weighting factors should be equal to 1, i.e., 

0 0 1P P
p pp pθ φ

= =
= =∑ ∑ . 

We aim to jointly optimize the side and central quantizers. The optimization is 
formulated as a minimization problem as follows: 
 * * * *

0 1 1 2 2 1 1 2 2min subject to , , ,D D D D D H R H R≤ ≤ ≤ ≤� � � � � . (5.9) 
*
1D (and *

2D ) and *
1R (and *

2R ) in the above equation denote the target value of 
aggregate distortion and aggregate rate of the first (and the second) side, 
respectively. 

5.5.1 Lagrangian Formulation 

The Lagrangian functional for the multi-constraint optimization problem of (5.9) 
can be formulated using the Lagrangian constants 1λ , 2λ , 1μ  and 2μ , as follows: 
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 * * * *
1 2 1 2 0 1 1 1 2 2 2 1 1 1 2 2 2( , , , , , ) ( ) ( ) ( ) ( )J D D D D D H R H Rλ λ μ μ λ λ μ μ= + − + − + − + −� � � � �f g

  (5.10) 
Since an SSMDSQ is balanced, one can take 1 2λ λ λ= =  and 1 2μ μ μ= = , as the 
two side quantities are equally important from an optimization point of view. Let 

*f  be such that it minimizes *( , , , )J λ μf g  over all f for a fixed *g , while *g  
minimizes *( , , , )J λ μf g  over all g  for a given *f , for any , 0λ μ ≥ . Then 
( , )* *f g  satisfies the first order necessary conditions [68] subject to the constraints: 

( )1 1 , ,D D λ μ≤� �  ( )2 2 , ,D D λ μ≤� �  ( )1 1 ,H H λ μ≤� �  and ( )2 2 , .H H λ μ≤� �  The 
parameters λ  and μ  are varied until the constraints on side distortions 1D� , 2D�  and 
side entropies 1H� , 2H� , given in (5.9) are fulfilled. 

5.5.1.1 Optimal Decoder 

For a given encoder f  the optimal decoder *g  is the one that reconstructs all 
source samples within a given quantization cell using the centroid. Hence, at any 
level p , for the thi  cell of the thm  side, the optimum side decoder is defined by 
the following relation: 

 { },

,

, ,

( )
ˆ , 1, 2

( )

m
p ip

p p
m
p ip

S
m m
p i p i

S

x f x dx
x E X X S m

f x dx

⋅
⎡ ⎤= ∈ = ∈⎣ ⎦

∫

∫
 (5.11) 

Using a training set ( )x t , 1,2,...,t T= , the reconstruction points can be 
experimentally approximated as: 

 
( )

{ }
,

,
( ),

1ˆ ( ), 1, 2
( )

p
m
p ipp

m
p i m

x t Sp i

x x t m
x t S ∈

= ∈
∈

∑ , (5.12) 

where ( )x t S∈  denotes the number of training samples falling in the side partition 
cell S . Similarly, the reconstruction points at level p  for the central cell , p pp i jC , 
which is formed by the  cell pi  of the first side quantizer and by the  cell pj  of the 
second side quantizer, can be determined as: 

 
( ) ,

0
, ,

( ),

1ˆ / ( )
( )p p p p

p i jp pp p

p i j p i j
x t Cp i j

x E X X C x t
x t C ∈

⎡ ⎤= ∈ =⎣ ⎦ ∈
∑ . (5.13) 

5.5.1.2 Optimum Encoder:  

The optimum encoder *f  for a given decoder g  is given by the minimum of the 
scalar cost function of (5.10), that is: 



Scalable Multiple Description Scalar Quantization  

141 

 ( )( ) ( )
( ) [ ]

( ) ( ) ( )
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1
,

1 1
, ,

*
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,
1 1 :

0 2
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1 1

arg min ( , , , )

ˆ

arg min

ˆ2 2 log

p p

p p
p p p p p p l

p p

p p ip
p pp i p ip p

S S

p p i j
i jP i j C
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p p i p S
i iS S

J

x x f x dx

x x f x dx f x q

λ μ

θ

λφ μφ

= =

=

= =
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⎜ ⎟
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∑
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f
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=
 

or 

 
( )

( ) 1

20

*

210
2

ˆ
arg min ,

ˆ2 2 log
p

p pP

p
p p p S

E X X

E X X E P

θ

λφ μφ=

⎛ ⎞⎡ ⎤− +⎜ ⎟⎢ ⎥⎣ ⎦
⎜ ⎟

⎡ ⎤⎜ ⎟⎡ ⎤− −⎜ ⎟⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦⎝ ⎠

∑
f

f =  (5.14) 

where, the expectation in the central distortion is defined by the side quantization 
indices ( ),p pi j , which correspond to non-empty entries in the EIA. The cells pi , 

pj  denote the coarser thp  level side cells corresponding to the finest level 0i i=  
and 0j j=  side cells, respectively. Note that, since for SSMDSQ the two sides are 
perfectly balanced, i.e., 1 2D D=� �  and 1 2H H=� � , only one side distortion and side 
entropy need to be computed, leading to 1 2 12D D Dλ λ λ+ =� � �  and 

1 2 12H H Hμ μ μ+ =� � �  in equation (5.14). However, for an asymmetric scalable 
MDSQ case 1 2 1, ,D D H� � �  and 2H�  need to be computed even when 1 2λ λ λ= =  and 

1 2μ μ μ= = . 
Bearing in mind that the side cells are composed of one or more central cells, one 

can take the expectation operator out of the summation in equation (5.14), leading 
to: 

 ( )( ) ( )
,

2 2
* 0 1

, 2,
0

ˆ ˆarg min 2 2 log mpp p p ip

P

p p p i pp i j S
p

E x x x x qθ λφ μφ
=

⎡ ⎤⎛ ⎞
− + − −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
∑

f
f =  

  (5.15) 
The minimum in equation (5.15) is achieved when the expression inside the 

expectation operator is individually minimized for each sample of the training set 
, i.e., by optimally mapping each sample x  to a side cell pair ( ),p pi j  that 

results in the smallest value of the aforementioned expression. In fact, this is 
equivalent to creating an optimal finest central partition; since the finest central 
partition together with the EIA defines side cells at any level p . Using the training 
set ( )x t , the expression inside the expectation operator can be minimized by 
defining the finest central partition ,( , )i jC0  as below: 

( )x t



Chapter 5 

142 

( )

( )( ) ( ) ( )

( )( ) ( ) ( )
( ) ( )

1
,

1
,

, ,

2 2
0 1

,,
0

2 2
0 1

,,
0

ˆ ˆ: 2 2 log

,
ˆ ˆ2 2 log ,

, ,

pp p p ip

pp p p ip

i j

P

p p p i pp i j S
p

P

p p p i pp i j S
p

C

x x x x x N T

x x x x N T

i j i j

θ λφ μφ

θ λφ μφ
′

=

′′ ′
=

=

⎧ ⎫− + − −⎪ ⎪
⎪ ⎪
⎪ ⎪≤⎪ ⎪
⎨ ⎬
⎪ ⎪− + − −
⎪ ⎪
⎪ ⎪

′ ′∀ ≠⎪ ⎪⎩ ⎭

∑

∑

0

 (5.16) 

where 1
,

1
,( )

pp ip
p iS

N x t S= ∈ . Defining:  

 ( )( )0 1
,,

0

ˆ ˆ2 ,
pp p

P

ij p p p ip i j
p

x xα θ λφ
=

= +∑  (5.17) 

and  

 ( )( ) ( ) ( )1
,

2 2
0 1

,,
0

ˆ ˆ2 2 log ,
pp p p ip

P

ij p p p i pp i j S
p

x x N Tβ θ λφ μφ
=

⎛ ⎞= + −⎜ ⎟
⎝ ⎠

∑  (5.18) 

the expression (5.16), which refers to the finest central partition cells ,( , )i jC0 , 
reduces to: 
 ( ) ( ) ( ){ }, , : 2 2 , , , .ij ij i j i ji jC x x x i j i jα β α β′ ′ ′ ′ ′ ′= − ≥ − ∀ ≠0  (5.19) 

The finest central partition ( ), ,i jC0 , as given by (5.19), is solved using the extreme-
point algorithm of [113]. 

5.5.2 Optimization Algorithm 

For a given value of λ  and μ , the optimization algorithm is as follows: 
1) SET iteration counter 1n = . SET 0J = ∞ . 

INITIALIZE the encoder-decoder pair ( )0 0,f g  using a two-description 
symmetric SSMDSQ (i.e., symmetric EIA + uniform finest central 
quantizer).  
SET the stopping threshold ε  to an appropriate small value.  

2) Determine the optimum decoder { } { }{ }0

0 0
,

p P p Pm
n p pp p

g g
= =

= =
=g  for { }1,2m∈ , 

using the per-level decoder for the center, 0
pg , and the sides, m

pg , as 
explained in Section 5.5.1.1. 

3) Determine the optimum encoder nf  for the decoder ng  found in the last 
step by solving (5.19) using the extreme-point algorithm of [113]. 

4) Compute the cost function nJ  using the encoder-decoder pair ( ),n nf g .  
5) IF [ ]1n n nJ J J ε− − <

 
THEN STOP. ELSE 1n n= +  and GO TO step 2. 

5.5.3 Discussion 

Since both step 2 and step 3 in the optimization algorithm reduce the cost function 
value with respect to the previously computed value, a non-increasing sequence of 
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cost function values is obtained over all iterations. As the cost function cannot be 
negative, the produced sequence is lower bounded by zero and convergence to some 
positive value is thus guaranteed. 

The complexity of the optimization increases exponentially with P  due to the 
exponential increase in the total number of quantization cells. The appropriate value 
of λ  and μ  are any set of values that fulfill the constraints on aggregate rate and 
distortions, as given in equation (5.9). When the quantization indices are encoded 
using FLC, the entropy constraints in equation (5.9) become meaningless, i.e., one 
can set 0μ = . However, for VLC of quantization indices, both λ  and μ  need to 
be carefully searched so as to find the appropriate local minima which fulfills all the 
constraints of equation (5.9). In general, it is quite difficult to determine optimum 
values of λ  and μ . One way to choose proper λ  and μ  is by iteratively 
narrowing the possible range of values between two extreme points using the 
bisection method [108]. 

Another important aspect is the appropriate selection of the weighting functions 
θ , mφ . In our work, the selected side and central weighting factors for any level 
p  are taken as: 

 2 2

2 2
0 0

log log
, and

log log

m
p pm

p pP P
m
p p

p p

S C

S C
φ θ

= =

= =

∑ ∑
, where, 0 p P≤ ≤ . (5.20) 

Figure 5.11 plots the central SNR versus the side rate behavior of the proposed 
SSMDSQ optimized for a zero-mean unit-variance Gaussian source PDF. The consi- 

 
Figure 5.11: Central SNR versus side rate plot for optimized SSMDSQ. The 

optimization is carried out using the considered and the reverse weighting strategy 
for a zero-mean, unit-variance Gaussian source. 
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dered weighting strategy is the one given in equation (5.20), where the MSB is 
given the lowest while the LSB is given the highest weight. In the reverse weighting 
strategy the weights of the considered strategy are applied in the reverse order, i.e., 
the MSB is given the highest while the LSB is given the lowest weight. One may 
observe that, for rates below 1.3 bps the reverse weighting strategy yields an SNR 
gain compared to the considered weighting strategy. However, for rates above 1.3 
bps, the considered weighting strategy provides superior SNR performance 
compared to the reverse weighting strategy. 

Intuitively, we can say that, the source reconstruction at high rates should be 
given more importance than the reconstruction at low rates, thus  and  should 
be strictly increasing functions of the rate – or otherwise, strictly decreasing 
functions of level p . However, at low rates, it is better to use the reverse weighting 
strategy, wherein,  and  are strictly increasing functions of level p . 

Although the proposed optimization algorithm is presented for two-side 
SSMDSQs, it can be straightforwardly extended to any scalable MDSQ with more 
than two (say M ) sides, by defining the following cost function: 

 ( )0
1

M

m m m m
m

J D D Hλ μ
=

= + +∑� � � , (5.21) 

where, the aggregate central and side ( 1,2,...m M= ) quantities are given as: 

 0 0
0 0 0

( ), ( ) and ( )
P P P

m m
p m p m m p m

p p p
D D p D D p H H pθ φ φ

= = =
= = =∑ ∑ ∑� � � .  

Unlike the SSMDSQ, for an asymmetric scalable MDSQ we have m mλ λ ′≠ and 

m mμ μ ′≠ , where m m′≠  ( , )m m′∀ . Moreover, in contrast to SSMDSQs where one 
weighting function { }1 0, ,...,P Pφ φ φ φ−=  for all side quantizers is defined, an 
asymmetric scalable MDSQ optimization needs a separate weighting function 

{ }1 0, ,...,m m m m
P Pφ φ φ φ−=  for each side m . 

Since the number of terms in equation (5.21) grow linearly with M , we can say 
that for a fixed P , the complexity of the proposed optimization algorithm would 
increase linearly with M . However, it is worth pointing out that designing an 
efficient multi-dimensional IA is a significantly complex problem by itself. A 
solution for 3M =  is given in [111]. Alternatively, a less complex way of 
generating 2k , 1k ≥ , number of descriptions is described in [15]. 

In real multimedia sources such as image/video/3-D mesh, the input source is 
transformed to achieve the decorrelation of spatial-domain components, e.g., pixels, 
vertex positions. The transformed signal consists of a number of 
frequency/resolution subbands. In practice, the proposed optimization methodology 
can be employed to carry out an optimized multiple description quantization of 
transformed multimedia sources. In general, a separate optimization of the quantizer 

θ mφ

θ mφ
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can be performed for each subband. This is logical as each subband has its own 
statistical properties, e.g., mean, variance, and the histogram of each subband can be 
modeled using known distribution functions, e.g., GG distribution [69], LM 
distribution (see Section 3.3.2). The training data required to train the optimization 
algorithm can be acquired in two ways: 1) the model parameters for each subband 
are first estimated and the training sequence is generated using the corresponding 
source generation function, 2) training data can be accumulated from a number of 
real sources of similar perceptual properties. Note that, in the first method, 
quantization performance directly relates to the accuracy of source modeling. 
However, this is not the case for the second method as no modeling is performed. 
The main difficulty in the second method is the availability of enough source 
examples to generate sufficient amount of training data. In the following section, 
performance evaluation of the proposed optimization algorithm is given for the GG 
distributions. Furthermore, using the optimized quantizers, compression of wavelet 
decomposed image sources is assessed. 

5.5.4 Performance Comparison 

This section evaluates the performance of the proposed optimization algorithm for 
the family of GG distributions [78]. GG distributions are commonly used to model 
histograms of wavelet coefficients in images [69]. We consider three instances of 
the GG distribution of equation (3.18), defined by 1α =  (Laplacian PDF), 1.5α =  
and 2α =  (Gaussian PDF). First, a training sequence of 610  floating point 
samples, drawn from each of the considered source distributions, is used to carry out 
the quantizer optimization, as explained in the start of Section 5.5. The convergence 
rate of the optimization algorithm depends on the selected value of the termination 
threshold ε . It has been experimentally observed that for 410ε −=  the algorithm 
converges in between 45 to 60 iterations; on average, the optimum is attained after 
50 iterations for all three source PDFs. The optimized quantizers are thereafter used 
to quantize the actual source samples. The experiments are carried out using sources 
of 25344 samples11 and each D-R point is evaluated as a mean over 100 trials. To 
compare the D-R performance of different scalable MDSQs, the SNR metric is 
employed, that is: 

 ( )
2

1010 log dBsSNR
D
σ⎛ ⎞

= ⎜ ⎟
⎝ ⎠

. (5.22) 

Table 5.3 reports the SNR improvements brought by the proposed optimization 

 
11 The size of HH wavelet transform subband of the luma component of a Common 

Intermediate Format (CIF) video frame. 
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algorithm for the connected-cell scalable MDSQs of Figure 5.6 at various side rates 
and for a Gaussian source PDF. Both level-constrained (using FLC) and entropy-
constrained (using VLC) cases are considered. Since the optimization is done for the 
average quantities, over 1P +  embedded levels, it cannot be generally ensured that 
the distortion performance at each rate point is also improved. For the level-
constrained case the optimization always results in SNR improvements at all rate 
points with respect to the un-optimized quantizers. However, the same is not true for 
the entropy-constrained case. Negative sign values in Table 5.3 indicate instances 
when the optimized distortion is higher than the un-optimized distortion. However, 
for the majority of rate points, the optimized distortion is far below the un-optimized 
one, leading to an average improvement of central and side SNRs, – see Table 5.3. 
To demonstrate that the proposed algorithm improves the overall D-R, Table 5.3 
also reports the accumulated gain accG : 

 ( ) ( )( )1 2 1 2
1 2

1 1

2
0 0

1 , ,
K K

acc opt k k unopt k k
k k

G SNR R R SNR R R
K

− −

= =
= −∑ ∑ , (5.23) 

where 0 0R = , i.e., the source SNR is evaluated using a total of 2K  rate points. 
Table 5.3 clearly points out that the overall D-R improvement in case of VLC is 
approximately 0.5 dB, while in FLC it grows larger than 2.5dB, for both the 
symmetric and asymmetric connected-cell quantizers. 

Similar to the connected-cell case, the optimization algorithm provides an 
important average gain for disconnected-cell quantizers as well – see Table 5.4. In 
this experimental setup, three source PDFs are quantized using both level-
constrained and entropy-constrained optimized quantizers. We notice that the 
optimization algorithm contributes significant average gains for both the ML IA and 
asymmetric EIA [51] based scalable MDSQs. Again, the obtained SNR gains in the 
level-constrained case are higher compared to the entropy-constrained optimization 
case. Moreover, one observes that larger optimization gains are obtained for ML IA 
based quantizers while lesser but still significant gains are achieved for the 
asymmetric EIA of [51]. The smallest optimization gains are obtained for the 
proposed symmetric EIA based SSMDSQs. This is to be expected, since the 
proposed symmetric EIA serves as an initialization and the optimization algorithm 
converges to a local minimum. 
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To verify their optimized performance for real multimedia data, the proposed 
SSMDSQs are utilized for SMDC of wavelet-decomposed images. Table 5.5 reports 
the reconstructed image quality versus rate when subbands resulting from the 6-level 
CDF 9/7 [20] wavelet transform are quantized using the five diagonal SSMDSQ and 
the equivalent asymmetric scalable MDSQ of [51]. The LL subband is losslessly 
coded and the ensuing information is duplicated in both descriptions. This is due to 
the fact that side quantizer cells are disjoint and quantization of LL subband would 
result in high distortion of side descriptions. This problem can be avoided by 
losslessly coding the LL subband in both the descriptions. The bit-planes of the 
other frequency subbands are coded using the adaptive arithmetic coding in quality 
scalable manner.   

For the optimized case, the subband histograms are first modeled using GG 
distributions. The estimation of model parameters is done using the method of 
moments, explained in [69]. For each wavelet subband, the estimated shape-
parameter estα  is mapped to the closest value in the set { }1.0, 1.5, 2.0  and the 
SSMDSQ optimized for the source PDF corresponding to the selected value of 

{ }1.0,1.5, 2.0α ∈  is then employed to quantize the subband12. Since the original 
optimization is done for zero-mean unit-variance sources, the quantizer’s thresholds 
and reconstruction alphabets are adjusted based on the estimated mean estm  and the 
standard deviation estσ  of each subband’s coefficients.  

The results in Table 5.5 show that the proposed SSMDSQ (with and without 
optimization) provide improved performance over the scalable MDSQ of [51]. We 
highlight that for the case of joint decoding of the descriptions, the improvement in 
the PSNR of the reconstructed image can be of up to 4-5dB. Furthermore, visual 
comparisons of joint descriptions decoding at level [ ]2 1[ , ] 1,1p p = , shown in Figure 
5.12, demonstrate that the reconstructed image quality provided by the proposed 
scheme is significantly improved compared to that of [51]. Additionally, one may 
notice that, unlike the asymmetric scalable MDSQ of [51], the side PSNRs for the 
SSMDSQ are nearly equal at different side rates, thereby confirming its fairly 
balanced description structure. 

The coding system used for computing the results of Table 5.5 is a basic one, 
wherein, the generated bit-planes were progressively coded using adaptive 
arithmetic entropy coding. In general, scalable image codecs, e.g., [108], [94], also 
employ bit-plane coding schemes such as run-length coding, quadtree coding, to 

 
12 The same experiment is also performed using { }1.0,1.25, 1.5, 1.75, 2.0α ∈ , however, 

the obtained results are just marginally different from the one obtained with 
{ }1.0,1.5 , 2.0α ∈ . 
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further exploit the spatial correlation within a given bit-plane. For the results of 
Table 5.5, we do not claim the best performance of the image coding system itself; 
only the performance with respect to other quantization strategies, when employed 
in the above-presented basic image coding system, is highlighted. We point out that 
such a comparison is fair and at the same time indicative, since the addition of bit-
plane coding would bring a roughly constant performance gain for systems 
employing the proposed and existing quantizers. Due to the lack of bit-plane coding 
in our basic coding system, the rate values are relatively high with respect to JPEG-
2000 [108]. 

 

  
(a) 

25.22 dB at 2.1 bpp 
(b) 

29.75 dB at 2.1 bpp 

  
(c) 

24.50 dB at 2.1 bpp 
(d) 

29.31 dB 1.8 bpp 

Figure 5.12: Visual comparison of images reconstructed using the central quantizer 
at level [1, 1]=p . Images (a) and (b) are the reconstructions using the asymmetric 
EIA [51]. Reconstructions using the proposed optimized SSMDQ are shown by the 
images (c) and (d). The reported rate is the sum rate of two sides, i.e., 1 2R R R= + . 
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Table 5.6: Un-optimized SSMDSQ based quadtree coding system versus the 
equivalent single and multiple (duplicated) description image coding systems. For 

SSMDSQ based system, the central reconstruction quality (PSNR0) is reported. 

 RATE(BPP) JPEG-2000
(DUPLICATED) SSMDSQ JPEG-2000

(SDC) 
QT-L 
(SDC) 

LENA 
0.14 28.50 29.71 31.39 31.60 
0.18 29.53 31.52 32.57 32.69 
0.46 33.65 34.94 36.82 36.89 

BARBARA 
0.26 25.89 27.14 29.02 28.81 
0.90 32.06 33.51 37.11 37.18 
1.60 36.16 38.79 42.01 41.75 

 
Table 5.6 gives performance results of the proposed SSMDSQ when incorporated 

in a full-blown scalable image coding system. For bit-plane coding, we have used 
the wavelet-based quadtree coding system of [76, 94], called QT-L – for more 
information we refer to Section 2.5.5.2. The SSMDSQ together with QT-L coding 
system is compared against the duplicated description JPEG-2000 system [108]. It 
can be easily seen that for the same rate, the duplicated JPEG-2000 performs worse 
than the SSMDSQ based system for both Lena and Barbara images. It is seen that 
the proposed multiple description image codec gives a performance advantage of 1-
2 dB with respect to JPEG-2000 duplicated. 

For comparison purposes, we also include the single description coding results of 
the JPEG-2000 and the QT-L codecs, showing that they perform similarly. The 
proposed multiple description image codec underperforms the single description 
JPEG-2000 and QT-L. Since no channel losses are considered, the performance 
deficit of our codec with respect to JPEG-2000 (or QT-L) is the price of performing 
error-resilience. However, this performance deficit will pay off when transmission is 
carried out for lossy channel, as we will see in the next section. 

5.6 TRANSMISSION VIA PACKET LOSS CHANNEL 

In order to evaluate the error-resilience properties of an SMDC system employing 
the proposed SSMDSQs, this section considers packetized transmission of source 
descriptions via packet erasure channels. We consider transmission via a single link 
which is divided into multiple logical channels, namely, packets representing 
different source descriptions are transmitted using time-division multiplexing. Let 

0Lp ≥  denote the average probability of packet loss on the transmission link. For a 
two-description SMDC, the average expected distortion at the decoder, when 
sending mN  packets for the thm  description, { }1, 2m ∈ , is given by: 
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 ( ) ( ) ( )
1 2

1 2
1 2

1 2 1 2
0 0

, Pr , ,
N N

n n
n n

D N N n n D R R
= =

= ∑ ∑  (5.24) 

where 

 ( ) ( )
2

[ 1 ]
1 2

1
Pr , 1 m m m

n u N n
L L

m
n n p p − −

=

= −∏  (5.25) 

In equation (5.25), ( )u n  represents the discrete time unit-step function, which is 
defined as follows: 

{1, 0( ) 0, 0
nu n n
≥=
<  

 
Figure 5.13: Average experimental D-R  at 0.15Lp =  as a function of transmitted 

packets ( ),1 2N N , for a unit-variance Gaussian source. The best and the 
complementary best TPs are illustrated using solid (red) and dashed (blue) lines, 

respectively. 

For a symmetric D-R surface, ( )1 2
,n nD R R , of which a schematic representation is 

illustrated in Figure 5.2, and for a given , equation (5.24) yields a symmetric 
average distortion surface – see Figure 5.13. 

Notice that in this work we consider IID packet erasures over the transmission 
link. In general, transmission channels may well encounter burst packet losses. In 
such scenarios, the simplification resulting from the assumption of IID losses, i.e., 
equation (5.24) can still be employed, provided that bursts of losses can be spread 
across independent packets by interleaving [117]. 

5.6.1 Balanced Transmission of Descriptions 

In today’s packet switched networks, nodes randomly drop packets to match link 
rates. In point-to-point communication employing layered coding, packets arrive at a 
network node’s queue in the order of their significance. Therefore, it is more 
beneficial to drop packets that arrived later rather than packets that arrived earlier. 
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Assuming such a packet drop strategy, we first consider scalable multiple 
description transmission when the encoder is unaware of the packet loss probability 
on the channel. For a balanced transmission, packets from the two descriptions are 
alternatively placed over the transmission link and are assumed to arrive in the same 
order at the network node. If the network node is forced to drop L  packets, the 
packet dropping strategy will always be one of the following: 

 
1 1 1 1odd : , , , ,

2 2 2 2

even : , ,
2 2

L L L LL

L LL

⎧ + − ⎫ ⎧ − + ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭ ⎩ ⎭
⎧ ⎫
⎨ ⎬
⎩ ⎭

 

where the first and the second term in { },i i  denote the number of packets dropped 
from the first and the second description, respectively. Thus, the transmission is still 
approximately balanced for any number of packets dropped by the network node. 
This is not true for unbalanced transmission, for which packets belonging to the two 
descriptions are not alternatively placed on the transmission link. In this case, the 
network node may drop all packets belonging to a single description, thus enabling 
only source reconstruction with side distortion, which is usually much higher than 
the central distortion. As a consequence, for an unbalanced transmission, a certain 
loss pattern may lead to a much higher decoding distortion compared to other loss 
patterns for the same total number of lost packets. Hence, one concludes that a 
balanced transmission of descriptions is always a better choice if the amount of 
packet loss is unknown at the encoder.  

The performance of a scalable MDSQ in the considered packet-based SMDC 
system is reported using the average signal-to-noise-ratio, SNR , which specifies the 
average source reconstruction quality over all packet loss patterns. To compute the 
SNR , equation (5.22) is used, in which D  is replaced by the average distortion D . 
One notices that, for a given rate, SNR  decreases when the average packet loss rate 
increases, and vice versa.  

5.6.1.1 Connected-cell Quantizers  

The SNR  profile of the connected-cell EMDSQ of [42] and the proposed 
SSMDSQ with three levels (P=2), for a unit-variance Gaussian source over a wide 
range of packet loss probability Lp , is depicted in Figure 5.14. Both FLC and VLC 
results are reported. As expected, due to rate savings, VLC outperforms FLC for a 
given packet loss probability Lp . The results demonstrate that the proposed un-
optimized SSMDSQ outperforms the un-optimized EMDSQ of [42] for all Lp  
values greater than 1% and 5% when considering FLC and VLC, respectively. In 
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addition, when optimization is applied – see Section 5.5, the proposed optimized 
SSMDSQ outperforms the optimized EMDSQ of [42] for Lp  values greater than 
3% for FLC. Alternatively, in case of VLC, both optimized quantizers operate on 
par for Lp  values above 7%. The obtained performance improvements for high 
packet loss probabilities, show the benefit of balanced transmission, as achieved 
using the proposed SSMDSQ compared to the unbalanced EMDSQ of [42]. For very 
low packet loss probability, the proposed SSMDSQ falls behind the EMDSQ of 
[42], which reveals the penalty for providing a perfectly symmetric D-R function. 

Furthermore, in SMDC-based transmission, the proposed optimization algorithm 
brings notable  gains for both the proposed (SSMDSQ) and the contemporary 
(EMDSQ [42]) connected-cell quantizers, as shown in Figure 5.14. We also note  

 
Figure 5.14: SNR  profiles for symmetric and asymmetric connected-cell scalable 

MDSQs at (a) 3.01 2R R= =  bps, for a unit-variance Gaussian source. Dashed lines 
correspond to un-optimized (unopt), while solid lines are used for optimized (opt) 

quantizers. 

that the benefit of the proposed optimization algorithm reduces as the probability of 
packet loss, , increases. This is anticipated since the optimization is carried out 
based on ideal transmission, that is, . As explained in Section 5.5, this is 
done in order to ensure that the optimization algorithm is performed independently 
of the packet loss statistics, which are often varying. 

5.6.1.2 Disconnected-cell Quantizers  

For disconnected-cell quantizers, the SNR  profiles for the three considered 
source PDFs are depicted in Figure 5.15, Figure 5.16. Guionnet et al. denotes the  
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(a) 

 
(b) 

Figure 5.15:  profiles for symmetric and asymmetric disconnected-cell scalable 
MDSQs, at , for (a) Gaussian, (b) GG with 1.5α = , source PDFs. 
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Figure 5.16:  profile for symmetric and asymmetric disconnected-cell scalable 
MDSQs, at , for a unit-variance Laplacian PDF. 

EIA of [51]. We notice that the optimized quantizers significantly outperform their 
un-optimized equivalents for all three PDFs. One observes that the improvements 
attained by the proposed optimization algorithm are higher for the ML IA [113] 
based quantizer, which comprises disconnected side and central cells, than for 
quantizers that feature connected central and disconnected side cells, e.g., the 
asymmetric EIA [51] and the proposed symmetric EIA based quantizers. This is 
because in the former, a reduction in the cost for a central cell will always result in a 
decrease of the cost for the corresponding side cells, and vice versa. However, this is 
not always true for quantizers belonging to the second category, as the optimization 
of the cost for the central and the side cells may have conflicting requirements. 

In essence, the proposed symmetric EIA based quantizer significantly outperforms 
the existing ML IA [113] and EIA [51] based quantizers, with and without 
optimization. The obtained gains are systematic for all the considered source PDFs. 
Interestingly, we notice that for the Laplacian source PDF (Figure 5.16), the 
proposed un-optimized quantizer’s performance surpasses the one obtained with the 
optimized quantizers of [113] and [51]. The latter highlights the vastly increased 
coding performance of the proposed SSMDSQs with respect to existing quantization 
methods. 
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Table 5.7: Average decoded PSNR (in dB) for the Lena image at 1.251 2R R= =  
bpp using balanced transmission of coded descriptions. The experimental settings of 

Table 5.5 are reused to compute the result in this table. 

 
  
 

 
  

 
 

 
 

EIA [51] 27.21 23.21 21.38 19.47 

SSMDSQ (UNOPT)  31.03 26.22 24.00 21.50 

SSMDSQ (OPT) 31.94 26.81 24.56 22.06 

 
Table 5.7 reports the average decoded PSNR, for the SSMDSQ and the equivalent 

scalable MDSQ of [51], when multiple description transmission of the Lena image 
is carried out over a packet loss channel. The experimental setup of Table 5.5 is 
reused to compute the average PSNR for the decoded image for four packet loss 
rates. In this context, the proposed SSMDSQ without optimization improves the 
quality of the reconstructed image by 2-3dB. On top of this, the proposed 
optimization approach yields an additional PSNR gain of up to 0.5 dB on average. 

5.6.2 Unbalanced Transmission of Descriptions 

In case the packet loss rate can be known at the encoder, an efficient transmission 
strategy is established by an unbalanced transmission of descriptions. Depending on 

Lp , we formulate a greedy packet scheduling strategy which minimizes D  – given 
by (5.24), for a certain total totN  of packets sent over the transmission channel. For 
a given totN , an appropriate combination of packets ( )* *

1 2,N N  can be found as: 
 ( ) ( )

1 2

* *
1 2 1 2,
, min ,

N N
N N D N N= , subject to, 1 2 totN N N+ = . (5.26) 

By sequentially increasing the total number of transmitted packets, exhaustive 
search solutions of (5.26) define a so-called best transmission path (TP). 
Specifically, the encoder regulates packet contributions from both sides, as 
suggested by the best TP, to minimize D  at the decoder. We notice that when 

0Lp = , then ( )1 2Pr , 0n n =  1 1 2 2,n N n N∀ < < , and ( )1 2Pr , 1N N = . Therefore, for 
0Lp = , the best TP corresponds to traversing the source D-R at the minimum 

source distortion. 
Notice that in the aforesaid packet scheduling, for a given totN , only packet 

combinations which agree with the scheduling of 1totN −  packets are searched. In 
general, an optimum combination for 1totN −  may not lead to an optimum 
combination for totN . Therefore, since the packet scheduling strategy is considered 
greedy, it may lead to reduced performance of an SMDC system for large totN . A 
better approach would be to determine an overall best TP by considering all possible 
combinations for the highest totN  and accordingly scheduling the transmission for 

PSNR
0.0Lp =

PSNR
0.05Lp =

PSNR
0.10Lp =

PSNR
0.20Lp =
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smaller rates. However, such an approach requires all packets of all descriptions to 
be available beforehand, which brings an unreasonable structural delay in many 
real-time applications, e.g., multimedia transmission. 

For an SSMDSQ-based SMDC system, which guarantees a symmetric D-R 
surface, a permutation of the solution of (5.26) is also a valid solution. Therefore, 
this leads to the existence of two complementary best TPs as demonstrated in Figure 
5.13. Since both the best and its complementary TPs result in the same average 
distortion D , the determination of the best TP in a SSMDSQ based SMDC scenario 
requires searching only half of the D  space, as defined by 1 2N N≥  (or 2 1N N≥ ). 
This is in contrast to SMDC systems based on contemporary asymmetric scalable 
MDSQs, e.g., [51], in which one needs to perform an exhaustive search for any 
( )1 2,N N  pair, for which 1 2totN N N= + . 

 

 
Figure 5.17: Performance comparison of the proposed disconnected-cell SSMDSQ 

in an SMDC system, for an IID unit-variance Gaussian. Packet transmission is 
simulated for a packet loss channel with 0.15Lp = . 

Figure 5.17 shows the  versus the total number, , of packets transmitted 
from two descriptions for the three evaluated quantizers. Guionnet et al. denotes the 
EIA of [51]. The greedy packet scheduling, explained above, is employed to carry-
out an unbalanced transmission of descriptions for a unit-variance Gaussian source.  
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(a) 

 
(b) 

Figure 5.18: Balanced versus unbalanced packet transmission using an entropy-
coded SMDC system equipped with the proposed disconnected-cell SSMDSQ: (a) 

zero loss channel, (b) loss channel with 0.15Lp = . 
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Notice that for a fair comparison, the mean performance between the two best TPs, 
corresponding to  and , is reported for the asymmetric EIA based 
quantizer of [51]. The results demonstrate that the proposed SSMDSQ quantizer 
performs significantly better compared to the other two assessed quantizers, that is 
the ML IA [113] and EIA [51] based quantizers. Similar results have been observed 
for a GG ( ) and for a Laplacian source PDF. Also, the results confirm that 
the proposed optimization algorithm contributes notable gains in all three quantizers. 

Figure 5.18 plots the  with respect to the number of transmitted packets for 
the best TP (as defined for unbalanced transmission) and for the TP corresponding 
to the balanced transmission, for the un-optimized SSMDSQ-based SMDC system. 
As anticipated, due to the symmetry of the D-R function incurred by the proposed 
SSMDSQ, the two complementary best TPs, for unbalanced transmission, lie on top 
of each other. We notice that, for the zero packet loss channel state, a certain 
improvement in  is provided by unbalanced versus balanced transmission. 
However, this performance difference diminishes as  increases – see Figure 
5.18(b). This implies that, for large , the best unbalanced TP is approximated by 
the TP determined by balanced transmission. This in turn motivates the employment 
of the proposed SSMDSQs, which can produce a scalable and perfectly balanced 
transmission of descriptions. 

5.7 CONCLUSIONS 

In contrast to contemporary asymmetric scalable MDSQ designs, this chapter 
introduced a novel SSMDSQ which can be employed to attain perfectly balanced 
packetized transmission of descriptions. In particular, we determined the sufficient 
conditions and we proposed novel EIA constructions to realize practical SSMDSQs. 
For generalized sources, the proposed SSMDSQs outperform existing asymmetric 
scalable MDSQ designs in terms of D-R performance. 

In addition, we propose a novel generalization of the Lloyd-Max algorithm to 
carry out PDF specific iterative optimization of scalable MDSQs. Based on the 
optimized quantizers, a packet-based SMDC framework is established for 
transmission via packet erasure channels. In this context, it is shown that the 
symmetry of the D-R surface, incurred by the proposed SSMDSQs, can facilitate 
balanced transmission when the packet loss rate is unknown at the transmitter. 
Additionally, when an unbalanced transmission is considered, the proposed 
quantizers simplify the problem of defining the best transmission path with respect 
to asymmetric quantizers. For SMDC-based communication, simulation results for 
packetized transmission of GG sources over erasure channels clearly show the 

1 2N N≥ 2 1N N≥

1.5α =

SNR

SNR

Lp

Lp
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advantage of the proposed SSMDSQs and verify the improvements brought by the 
proposed optimization strategy.  

In order to highlight the application aspects of the proposed techniques, we 
employed the proposed SSMDSQ as the quantization module in a basic as well as in 
a full-blown image coding system. In this way, we evaluated the performance gains 
brought by the proposed quantization and optimization algorithms. The 
experimental evaluations confirmed that the presented symmetric quantization 
(together with the proposed optimization methodology) accounts for potential 
performance gains with respect to the contemporary schemes in the basic 
compression system. Moreover, in a full-blown image coding framework, 
SSMDSQs provide significant performance improvements against duplicated JPEG-
2000. 
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5.8 APPENDIX 

Pseudo code to realize a disconnected-cell symmetric EIA [93] is given as under: 
INITIALIZE IA matrix at level 1p =  using ( )2 , 1ML m k − . Set TOG to 
FALSE  
k  even 
FOR 1n =  to pN  

   Split the thn  index into 2x2 sub-
indices.  
    IF ( )1 2pn N= + :  

          Perform L scan. 

    ELSE-IF TOG= TRUE:  

          Perform Z scan, TOG= FALSE. 

    ELSE-IF TOG= FALSE:  

         Perform И scan, TOG= TRUE. 

k  odd 
FOR 1n =  to pN  

Split the thn  index into 2x2 sub-
indices. 
  IF ( )1 2pn N= + :  

          Perform L scan. 
  ELSE-IF { }1n d∈ =  

             Perform LD scan. 

  ELSE-IF { }2 1n d k∈ = −   

             Perform UD scan. 

   ELSE-IF TOG= TRUE:  

            Perform Z scan, TOG=FALSE. 

   ELSE-IF TOG= FALSE:  

          Perform И scan, TOG= TRUE. 
 
Note: 1d = denotes the lowest and 2 1d k= −  denotes the highest diagonal in 

( )2, 1ML m k −  IA matrix. 
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Chapter 6 
CONCLUSIONS AND FUTURE WORK 

 

6.1 CONCLUSIONS 

This dissertation dealt with lossy source coding and lossy joint source-channel 
coding paradigms. In this context, we made an extensive investigation of 
quantization based methods for scalable single and scalable multiple description 
coding of real multimedia sources, such as 3-D mesh and photographic image data. 
In the following, we briefly describe the major contributions of this dissertation 
along with a comprehensive overview of the open issues and prospective future 
work. 

Contribution 1 

The first contribution of this dissertation lied in the design of scalable semi-
regular 3-D mesh coding frameworks through a constructive design methodology – 
see Chapter 3. In this context, state-of-the-art wavelet-based mesh coding systems 
directly employ coding techniques, which were originally designed for wavelet-
based scalable coding of images. However, in the literature, no theoretical 
justification is available for the utilization of image coding techniques for mesh 
compression. Neither was it formally established which coding techniques are 
superior to others, when considered for mesh coding. In our method, we followed a 
different approach to the design of scalable mesh coding systems. In particular, 
different modules of the mesh coding pipeline, e.g., embedded quantization, bit-
plane coding, etc., were analyzed from a theoretical point of view in order to single-
out the appropriate design choices, which can potentially provide the best 
compression performance. Based on the selected options, we proposed novel 
intraband and composite scalable mesh coding frameworks. For both non-normal 
and normal meshes, the proposed frameworks were shown to deliver better 
compression performance in comparison with the current state-of-the-art zero-tree 
based coding methods, which can be categorized as an interband systems. The 
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proposed codecs not only contributed higher compression performance, but also 
provided an increased scalability of the compressed semi-regular mesh. In this 
context, the particular nature of the bit-plane coding method, employed in the 
proposed systems, allowed for resolution scalable decoding of the encoded bit-
stream. In particular, due to independent bit-plane coding of different resolution 
levels, decoding can be performed so as to reconstruct a particular resolution of the 
compressed mesh. This cannot be done using the current state-of-the-art interband 
systems due to joint coding of bit-planes belonging to different resolution subbands. 
We point out that the feature of resolution scalability is particularly important when 
the compressed mesh needs to be decoded on terminals with varying resolution 
requirements. The other type of scalability, namely, quality scalability, is provided 
by both the proposed and exiting systems. All in all, we can say that the proposed 
frameworks extended over the existing schemes in terms of compression 
performance and scalability, thus, providing a new state-of-the-art in the area of 
wavelet-based semi-regular mesh compression. 

The scripts of this contribution are made available to the scientific community as 
one journal publication [27], a book chapter [91] and three conference publications 
[25, 28, 90]. 

Contribution 2 

The second contribution of this dissertation was related to the design of 
symmetric scalable multiple description scalar quantizers – see Chapter 5. We point 
out that contemporary scalable multiple description quantization designs are 
characterized by asymmetric D-R surfaces, which generally lead to roughly 
balanced or sometimes highly unbalanced transmission of descriptions. In contrast, 
the proposed quantizers ensure the symmetry of the operational D-R surface and 
hence, the derived descriptions are always perfectly balanced. We derived the 
sufficient conditions for a generic symmetric scalable multiple description quantizer 
and proposed both connected-cell high-redundancy and disconnected-cell medium-
to-low redundancy quantizer instantiations. When evaluated against the equivalent 
contemporary asymmetric designs, the proposed instantiations exhibited superior D-
R performance for the family of GG sources. Similar behavior was also observed 
when the proposed and contemporary quantizers were employed for scalable 
multiple description coding of wavelet decomposed images. 

The scripts of contribution 2 are made available to the scientific community as a 
journal publication [93]. Parts of [93] with a more detailed experimental evaluations 
are also submitted to a conference – see publication 5 in the list of publications. 
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Contribution 3 

The third contribution of this dissertation was the introduction of a novel source 
specific optimization framework to realize locally optimal scalable MDSQs. In 
practice, source specific optimizations for fixed-rate single description scalar 
quantizers are performed using the Lloyd-Max algorithm. The proposed 
optimization methodology is a generalized extension of the Lloyd-Max algorithm to 
the scalable multiple description setting, wherein any scalable multiple description 
quantization (symmetric or asymmetric) and with any number of descriptions, can 
be optimized. For a concise yet illustrative presentation, in this dissertation, we 
considered the simplest and the most preferred case of two-description quantization. 
Both the level-constrained and the entropy-constrained optimizations cases were 
considered. For SSMDSQ, the optimization did not disturb the symmetry property, 
i.e., the D-R surface of the quantizer remains symmetric after the optimization as 
well. When evaluated for the family of GG distributions, it was experimentally 
demonstrated that the optimization algorithm brings large optimization gains in the 
level-constrained case and relatively small but still notable gains in the entropy-
constrained case. Furthermore, the introduced optimization gains translated into an 
enhanced average SNR when descriptions were transmitted via a packet loss channel 
with a certain packet loss probability. Similar conclusions were also retained when 
the proposed quantizer optimizations were integrated as a part of wavelet-based 
image coding system. 

The scripts of this contribution are made available to the scientific community as 
a journal publication [93]. Parts of [93] are also submitted to a conference – see 
publication 6 in the list of publications. 

6.2 OPEN ISSUES AND PROSPECTIVE WORK 

Various open issues and new research avenues emerge from this dissertation, as 
outlined in the following. 

In Chapter 3, we proposed an LM model to approximate the histogram of mesh 
wavelet coefficients. Additionally, we derived the D-R function of the Laplacian 
mixture PDF, when quantized using a general embedded dead-zone uniform 
quantizer. The proposed model was used to investigate the optimality of an 
embedded dead-zone uniform quantizer for scalable mesh coding. It was concluded 
that no single embedded quantizer is generally optimal for all subbands, and the 
optimal quantizer is specific to a particular choice of the model parameters. SAQ is 
generally an acceptable choice since it lies not far from the optimal and it can be 
easily implemented by bit-slicing of the produced finest level quantization indices. 
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In Chapter 3, mesh compression results were given by quantizing all wavelet 
subbands using SAQ. However, using the proposed LM model one can also find a 
specific optimal embedded uniform quantizer for each resolution subband, which 
may or may not be SAQ. Note that quantizing different resolution subbands with 
different embedded quantizers will not harm the quality or resolution scalable 
decoding property of the proposed mesh coding frameworks. On the other hand, 
ensuring optimality of embedded quantization for each resolution subband may 
improve the overall performance of the coding system in comparison with the one 
utilizing a near-optimal SAQ for all subbands. We would like to consider this aspect 
as a prospective extension of our work. 

In the context of scalable MDSQs, one main issue is the non-availability of 
accurate D-R models for such quantizers. Such a model can allow for determining 
the optimal redundancy between source descriptions for a given packet loss rate on 
the channel. In general, quantizer’s D-R models are based on a high-rate analysis, 
which makes use of high-rate assumptions [44]. Since a scalable quantizer operates 
over the rate range [ ]max0,R , finding a single high-rate D-R model which can 
accurately predict the quantizer’s D-R behavior over the complete rate range may be 
difficult. An alternative method of finding a good D-R model is the accurate 
parameterization of the operational D-R surface of the quantizer. In case of 
SSMDSQs the D-R surface is symmetric and it is sufficient to model ( )1 2,D R R , for 

1 2R R≥  or 1 2R R≤ . In [92], we proposed a parametric D-R model for high-
redundancy EMDSQs, wherein, the experimental D-R surface was modeled as a 
symmetric decaying function. In future work, we will consider the design of 
parametric models for SSMDSQs which can closely model their D-R behavior over 
a complete rate/redundancy range. 

In Chapter 3, the octree based intraband and composite mesh coding frameworks 
were shown to provide a significant gain in the compression performance with 
respect to existing schemes. In Chapter 5, SSMDSQs were proposed which, on the 
average, also yielded improved D-R performance with respect to the contemporary 
scalable MDSQ designs. A natural extension of this work is the scalable multiple 
description coding of semi-regular 3-D meshes, which arises from the combination 
of techniques developed in this dissertation. In particular, the mesh coding 
techniques developed in Chapter 3 can be combined with the efficient scalable 
MDSQ techniques developed in Chapter 5 to realize a SMDC framework for semi-
regular 3-D meshes. We conjecture that the resulting SMDC would be highly 
performant simply due to the fact that the individual components demonstrate 
significantly improved performance with respect to the competing alternative 
choices. To the best of our knowledge, SMDC of meshes have not been treated 
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comprehensively in the literature and the only mentionable work in this context is 
the one of Bici et al [12]. In future, we aim to utilize the quantization based methods 
developed in Chapter 5 in order to perform SMDC coding of complex geometry 3-D 
meshes. 
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