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Prof. Joos Vandewalle zou ik willen bedanken omdat hij me enkele jaren geleden
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voor de fijne tijd die ik als monitor van algebra gehad heb. Het heeft me
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Prof. Marc Smet zou ik willen bedanken voor de fijne tijd die ik kon doorbren-
gen op het monitoraat. Marc, bedankt dat je me de vrijheid hebt gegeven om
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Naast Prof. Joos Vandewalle zou ik ook graag Prof. Bart De Moor en Prof.
Marc Van Barel willen bedanken voor het beoordelen van mijn proefschrift en
het geven van waardevolle opmerkingen en suggesties.

Mijn dank gaat ook uit naar de voorzitter van de jury Prof. Paul Van Houtte,
alsook naar de overige leden van de jury, Prof. Annie Cuyt, Prof. Lieven De
Lathauwer en dr. Nicola Mastronardi, voor hun bereidwillige medewerking.

Het is een plezier om dr. Philippe Lemmerling te kunnen bedanken voor zijn
uitstekende begeleiding. Bedankt, Philippe, voor je vele ideeën, je constante
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paraatheid om op mijn vragen te antwoorden en je hulp bij het zoeken naar fou-
ten in de algoritmen. Ook Prof. Lieven De Lathauwer zou ik willen bedanken
om me wat wijzer te maken in de wereld van tensoren.

Ivan en Diana, bedankt voor jullie uitleg over talloze algoritmen en voor jullie
hulp bij mijn computerperikelen. Onze gezamenlijke koffiepauzen droegen bij
tot een aangename sfeer in ons bureau.
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Abstract

In order to find more sophisticated trends in data, potential correlations be-
tween larger and larger groups of variables must be considered. Unfortunately,
the number of such correlations generally increases exponentially with the num-
ber of input variables and, as a result, brute force approaches become unfeasi-
ble. So, the data needs to be simplified sufficiently. Yet, the data may not be
oversimplified. A method that is widely used for this purpose is to first cast
the data as a matrix and then compute a low rank matrix approximation.

The tight equivalences between the Weighted Low Rank Approximation(WLRA)
problem and the Total Least Squares (TLS) problem are explored. Despite the
seemingly different problem formulations of WLRA and TLS, it is shown that
both methods can be reduced to the same mathematical kernel problem, i.e.
finding the closest (in a certain sense) weighted low rank matrix approxima-
tion where the weight is derived from the distribution of the errors in the data.
Different solution approaches, as used in WLRA and TLS, are discussed. In
particular, we discuss the Null space parameterized WLRA (NullWLRA), the
Maximum Likelihood Principal Component Analysis (MLPCA), the Element-
wise Weighted-TLS (EW-TLS) and the Generalized TLS (GTLS) methods. It
is shown that these four approaches tackle an equivalent weighted low rank
approximation problem, but different algorithms are used to come up with the
best approximation matrix.

The WLRA problem is studied in the application field of chemometrics. In
chemometrics, existing approaches to come up with the best weighted low
rank matrix approximation are the well-known Principal Component Analy-
sis (PCA) method and the MLPCA method. The use of TLS-like algorithms
in chemometrics is discussed. An adapted version of the EW-TLS algorithm
is developed to solve the WLRA problem for data matrices in chemometrics
with more columns than rows and with only row-wise correlated measurement
errors. It is shown that this new algorithm is a good alternative for the existing
methods used in chemometrics.

The WLRA approach is extended towards linearly structured matrices. The
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iv Abstract

Hankel structure is investigated since this is one of the most frequently oc-
curring structures in signal processing applications. We study the cases of
scalar Hankel matrices and block-row Hankel matrices. For both cases, new
algorithms are presented in order to solve these structured WLRA problems.
These algorithms can handle structured WLRA problems with rank reductions
larger than one, while most existing algorithms from the literature can only
handle rank-one reduction problems. By means of simulation experiments the
improved statistical accuracy of the proposed algorithms compared to known
algorithms from the literature is confirmed.

The structured WLRA problem is studied in the field of recovering the vertices
of a planar polygon from its measured complex moments. In the literature, the
use of the structured TLS approach to solve this shape-from-moments prob-
lem has not been discussed. Therefore, the potential and limitations of the
structured TLS algorithm and existing algorithms to solve this reconstruction
problem are discussed.



Korte Inhoud

Om verfijndere tendensen in gegevens te vinden, moet er nagedacht worden
over belangrijke correlaties tussen steeds grotere groepen variabelen. Jammer
genoeg stijgt het aantal potentiële correlaties over het algemeen exponentieel
met het aantal ingevoerde variabelen. Bijgevolg worden brutekrachtmetho-
den onbruikbaar. De gegevens moeten dus voldoende worden vereenvoudigd.
Nochtans mogen de gegevens niet te eenvoudig voorgesteld worden of, anders
gezegd, informatie die essentieel is om belangrijke correlaties te kunnen ach-
terhalen, moet weerhouden worden. Een methode die hier wereldwijd voor
gebruikt wordt, is de methode waarbij de gegevens eerst in een matrix gegoten
worden om vervolgens een lagere rangbenadering ervan te zoeken.

De equivalentie tussen het Gewogen Lagere Rangbenaderingsprobleem (GLRB)
enerzijds en het Totale Kleinste Kwadraten (TKK)-probleem anderzijds wordt
onderzocht. Ondanks de schijnbaar verschillende probleemformuleringen van
het GLRB-probleem en het TKK-probleem, wordt er aangetoond dat beide
methoden tot hetzelfde wiskundig kernprobleem herleid kunnen worden, name-
lijk het vinden van de dichtst mogelijke gewogen lagere rangbenadering waar-
bij de wegingsfactoren afgeleid worden uit de statistische verdelingen van de
meetfouten. De verschillende oplossingsmethoden, zoals die gebruikt worden
voor de GLRB-problemen en de TKK-problemen, worden besproken. Wij be-
spreken in het bijzonder de nulruimte-geparametrizeerde GLRB (NullGLRB)-
methode, de Maximum Likelihood Principaal Component Analyse (MLPCA),
de element-gewijze gewogen TKK (EG-TKK)-methode en de veralgemeende
TKK (VTKK)-methode. Er wordt aangetoond dat deze vier methoden een
equivalent gewogen lagere rangbenaderingsprobleem aanpakken, maar dat ze
verschillende algoritmen gebruiken om tot een goede benaderingsmatrix te ko-
men.

Het GLRB-probleem wordt in het toepassingsgebied van de chemometrie be-
studeerd. In de chemometrie worden er reeds welgekende methoden, zoals
de (ML)PCA, gebruikt om een goede lagere rangbenaderingsmatrix te bepa-
len. Het nut van TKK-algoritmen voor problemen uit de chemometrie wordt
besproken. Er wordt een nieuwe versie ontwikkeld van de reeds bestaande EG-
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vi Korte Inhoud

TKK-methode om lagere rangbenaderingsproblemen uit de chemometrie op te
lossen voor matrices met meer kolommen dan rijen en waarvoor de meetfouten
enkel gecorreleerd zijn binnen de rijen. Er wordt aangetoond dat dit nieuwe
algoritme een goed alternatief is voor de reeds bestaande methoden die op dit
moment in de chemometrie gebruikt worden.

Het GLRB-probleem wordt uitgebreid voor lineair gestructureerde matrices.
We bestuderen de Hankel-structuur omdat deze structuur één van de meest
voorkomende structuren in signaalverwerking is. Wij bestuderen de scalaire
Hankel-structuur en de blok-rij Hankel-structuur. Voor beide structuren wor-
den er nieuwe algoritmen voorgesteld om deze gestructureerde GLRB-problemen
op te lossen. Deze algoritmen kunnen gestructureerde GLRB-problemen op-
lossen waarbij de rang gereduceerd kan worden met meer dan één. De meeste
algoritmen uit de literatuur kunnen slechts GLRB-problemen oplossen waarbij
de rang slechts met eentje verlaagd wordt. Aan de hand van simulatievoorbeel-
den wordt er aangetoond dat de ontwikkelde algoritmen een hogere statistische
nauwkeurigheid hebben dan de algoritmen uit de literatuur.

Het gestructureerde GLRB-probleem wordt bestudeerd om de hoekpunten van
een vlakke veelhoek te kunnen reconstrueren aan de hand van zijn gegeven
complexe momenten. De gestructureerde TKK-methode is tot nu toe niet aan
bod gekomen in de literatuur als mogelijke methode om dit reconstructiepro-
bleem aan te pakken. Wij bespreken de mogelijkheden en beperkingen van deze
alternatieve TKK-oplossingsmethode in vergelijking met methoden die wel in
de literatuur besproken worden om het reconstructieprobleem op te lossen.



Glossary

The current section lists the symbols and acronyms that occur frequently in
this thesis.

List of symbols

A⊤ transpose of A
AH Hermitean transpose of A
A−1 inverse of A
A† Moore-Penrose pseudo-inverse of A
aij the entry in the jth column of the ith row of A
A⊗B Kronecker product of A and B, defined as [aijB]i,j
R

n×m set of n×m matrices
Rn set of n dimensional vectors
Cn×m set of n×m complex matrices
Cn set of n dimensional complex vectors
i.i.d. independently and identically distributed
In n× n identity matrix
vec(A) column wise vectorization of a matrix A
vec2(A) minimal vector representation of a linearly

structured matrix A

List of acronyms

ALS Alternating Least Squares
EIV Errors-In-Variables
EVD Eigen Value Decomposition
EWTLS Element-wise Weighted Total Least Squares
GPOF Generalized Pencil Of Function
HOSVD Higher Order Singular Value Decomposition
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HOVDMD Higher Order Vandermonde Decomposition
HTLS Hankel Total Least Squares
LRA Low Rank Approximation
LRR Latent Root Regression
LS Least Squares
LTI Linear Time Invariant
MIMO Multiple-Input Multiple-Output
MLLRR Maximum Likelihood Latent Root Regression
MLPCA Maximum Likelihood Principal Component Analysis
MLPCR Maximum Likelihood Principal Component Regression
MRS Magnetic Resonance Spectroscopy
NLLS Non Linear Least Squares
NullWLRA Null space parameterized WLRA
PCA Principal Component Analysis
PCR Principal Component Regression
PLS Partial Least Squares
QP Quadratic Programming
RMSE Root Mean Square Error
STLN Structured Total Least Norm
STLS Structured Total Least Squares
SVD Singular Value Decomposition
SWLRA Structured Weighted Low Rank Approximation
TLS Total Least Squares
VDMD Vandermonde Decomposition
WLRA Weighted Low Rank Approximation
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Nederlandse samenvatting

Gewogen lagererang-
benaderingsproblemen:
algoritmen en toepassingen

Hoofdstuk 1: Inleiding

Om verfijndere tendensen in gegevens te vinden, moet er nagedacht worden
over belangrijke correlaties tussen steeds grotere groepen variabelen. Jammer
genoeg stijgt het aantal potentiële correlaties over het algemeen exponentieel
met het aantal ingevoerde variabelen. Bijgevolg worden brutekrachtmetho-
den onbruikbaar. De gegevens moeten dus voldoende worden vereenvoudigd.
Nochtans mogen de gegevens niet te eenvoudig voorgesteld worden of, anders
gezegd, informatie die essentieel is om belangrijke correlaties te kunnen ach-
terhalen, moet weerhouden worden. Een methode die hier wereldwijd voor
gebruikt wordt, is de methode waarbij de gegevens eerst in een matrix gegoten
worden om vervolgens een lagererangbenadering (LRB) ervan te zoeken.

De exacte definities van lagererangbenaderingsproblemen worden geformuleerd
en er wordt ook een overzicht gegeven van de verschillende oplossingsmethoden
die door de jaren heen gepubliceerd werden. De voor- en nadelen van de be-
staande methoden worden besproken en nieuwe, verbeterde methoden worden
voorgesteld.

Naast het lagererangbenaderingsprobleem worden er ook uitbreidingen naar ge-
wogen LRB (GLRB)-problemen en gestructureerd GLRB (GGLRB)-problemen
geformuleerd. Het LRB-probleem bestaat erin om voor een gegeven m× n da-
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tamatrix D van bepaalde rang k een zo dicht mogelijke lagererangbenaderings-
matrix D̂ te zoeken die dezelfde dimensies als D heeft, maar van lagere rang
r < k is. Wiskundig vertaalt zich dat dan in het volgende:

min
cD∈Rm×n

rang cD≤r<k

‖ D − D̂ ‖2
F ,

waarbij ‖ · ‖F de Frobenius-norm voorstelt en voor een willekeurige s×tmatrix
C gedefinieerd wordt als ‖ C ‖2

F =
∑s

i=1

∑t
j=1 c

2
ij .

Een nadeel van de Frobenius-norm in bovenstaande probleemformulering is dat
alle elementen van de datamatrix D evenwichtig in rekening worden gebracht.
Nochtans kan het in toepassingen belangrijk zijn om een onderscheid te ma-
ken tussen belangrijke en minder belangrijke elementen uit de datamatrix. In
het GLRB-probleem kan er een verschillend gewicht aan elk element worden
meegegeven. Het GLRB-probleem bestaat er dan ook in om een zo goed moge-
lijke lagererangbenaderingsmatrix te zoeken voor een gegeven datamatrix ten
opzichte van een welbepaalde gewogen norm. Door zo een gewogen norm te
gebruiken, kunnen belangrijke elementen uit de datamatrix meer in rekening
worden gebracht dan andere door hen een hogere wegingsfactor toe te kennen.
Er wordt getoond hoe het GLRB-probleem in feite een veralgemening is van
het LRB-probleem.

In veel toepassingen op het gebied van signaalverwerking, zoals magnetische
resonantiespectroscopie en spraakcompressie, hebben de bijhorende datamatri-
ces een specifieke lineaire structuur. Voor deze toepassingen is het niet alleen
belangrijk om het LRB-probleem uit te breiden door wegingsfactoren in reke-
ning te brengen, maar door bovendien ook rekening te houden met de specifieke
structuur van de gegeven datamatrix. Het GGLRB-probleem houdt zowel re-
kening met de structuur van de matrix als met het onderscheid in gewicht van
zijn afzonderlijke elementen.

In het verleden werden er reeds veel methoden gepubliceerd om LRB-problemen
op te lossen voor lagererangbenaderingen waarbij de rang slechts met één ge-
reduceerd werd. LRB-problemen waarbij er gezocht wordt naar hogere rangre-
ducties komen echter niet zoveel voor. Naast een overzicht van bestaande op-
lossingsmethoden, worden er ook nieuwe methoden voorgesteld om G(G)LRB-
problemen aan te pakken waarbij de rangverlaging ∆rang ≡ k − r groter dan
één kan zijn.

Tevens worden er vier toepassingsgebieden vermeld om een idee te geven over
de vele toepassingen die er zijn waarin GLRB-problemen voorkomen. Zo wor-
den chemometrie, magnetische resonantiespectroscopie, spraakversterking en
websurfen in het kort besproken.
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Hoofdstuk 2: Inleiding tot Gewogen-Lagere-Rang-
benaderingsproblemen

Zoals reeds in het voorgaande hoofdstuk vermeld werd, is het GLRB-probleem
een uitbreiding van het LRB-probleem. Het GLRB-probleem wordt wiskundig
als volgt voorgesteld:

min
bD∈Rm×n

vec⊤(D − D̂)W−1vec(D − D̂) zodat rang (D̂) ≤ r, (0.1)

waarbij D ∈ Rm×n,m ≥ n de ruizige datamatrix is van rang k met r < k,
vec(M) de gevectorizeerde vorm van een willekeurige matrix M die verkregen
wordt door de opeenvolgende kolommen van M onder elkaar in een vector
te plaatsen en waarbij W een positief definiete, symmetrische wegingsmatrix
is. Als we het speciale geval W = I bekijken, waarbij I de eenheidsmatrix
voorstelt, dan komt het hierboven beschreven probleem overeen met het LRB-
probleem.

In dit hoofdstuk onderzoeken we de gelijkenissen tussen het GLRB-probleem en
het Totale-Kleinste-Kwadraten (TKK)-probleem. Hiertoe bespreken we eerst
in het kort het TKK-probleem en herleiden de TKK-probleemformulering tot
een GLRB-probleem. Het TKK-probleem bestaat erin om volgend overge-
determineerd stelsel van vergelijkingen (er wordt verondersteld dat m > n)
consistent te maken:

XB ≈ Y,

waarbij [X Y ] de gegevenm×n datamatrix is metX ∈ R
m×(n−d) en Y ∈ R

m×d,
en B de te schatten parametermatrix. Het TKK-probleem zoekt dus naar een
oplossing voor

min
d∆X,d∆Y , bB

‖ [∆̂X ∆̂Y ] ‖F zodat (X − ∆̂X)B̂ = Y − ∆̂Y . (0.2)

B̂ wordt de TKK-oplossing genoemd en [∆̂X ∆̂Y ] is de bijhorende TKK-
correctie. Van bovenstaand TKK-probleem worden er veralgemeningen ver-
meld waarin er andere normen aan bod komen dan de Frobenius norm.

In plaats van een beste gewogen lagererangbenaderingsmatrix D̂ van rang r
voor een gegeven datamatrix D ∈ Rm×n te zoeken, kan men dus ook een
TKK-oplossing zoeken voor het stelsel XB ≈ Y , waarbij de datamatrix D op-
gesplitst wordt in twee delen D = [X Y ] zodat X ∈ R

m×r and Y ∈ R
m×(n−r).

Als W = I, dan kan formulering (0.2) gebruikt worden en is de beste lage-

rerangbenaderingsmatrix van rang r gelijk aan D̂ = [X − ∆̂X Y − ∆̂Y ]. Voor
een meer algemene wegingsmatrix W moet er een veralgemeende versie van het
TKK-probleem gebruikt worden.

Hoewel het GLRB-probleem (0.1) en het TKK-probleem (0.2) op een verschil-
lende manier geformuleerd worden, tonen we aan dat beide problemen herleid
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Figuur 0.1: Functiewaarden van de kostfunctie fGLRB die in het GLRB-
probleem geminimalizeerd moet worden voor een 3 × 3 datamatrix, een dia-
gonale wegingsmatrix en r = 2.

kunnen worden tot eenzelfde wiskundig kernprobleem, namelijk het vinden van
een zo goed mogelijke gewogen lagererangbenadering waarbij de wegingsfacto-
ren bepaald worden door de statistische verdelingen van de meetfouten van de
gegeven data.

Omdat het zoeken naar een gewogen lagererangbenadering geen convex pro-
bleem is, bestaan er geen efficiënte methoden waarvan we zeker kunnen zijn
dat ze naar een globale, optimale oplossing convergeren. In plaats van globale
convergentie bestuderen we dan ook lokale convergentie in de buurt van een
startwaarde. In Figuur 0.1 worden de functiewaarden gegeven van de kost-
functie uit (0.1) voor een klein voorbeeldje waarbij D ∈ R3×3, W een diago-
naalmatrix is en r = 2. Het valt meteen op dat er meerdere lokale minima
zijn.

Door aan te tonen dat het GLRB- en het TKK-probleem nauw verwant zijn met
elkaar, kunnen we hun verschillende oplossingsmethoden met elkaar vergelijken.
We geven een overzicht van bestaande methoden om het gewogen lagererangbe-
naderingsprobleem op te lossen en stellen een nieuwe oplossingsmethode voor.
De methoden verschillen elk in de manier waarop ze de parametervoorstel-
ling van de rangbeperking rang(D̂) ≤ r opstellen, alsook in de techniek die
ze gebruiken om het resulterende geparameterizeerde optimalizatieprobleem
op te lossen. Hoewel de methoden een equivalent gewogen lagererangbenade-
ringsprobleem aanpakken, maken ze gebruik van verschillende algoritmen om
uiteindelijk een goede benaderingsmatrix te bepalen.
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Hoofdstuk 3: GLRB-problemen in chemometrie

Dit hoofdstuk begint met een overzicht van 2 vaak gebruikte algoritmen voor
het oplossen van GLRB-problemen in chemometrie: het PCA-algoritme, Algo-
ritme 7, en het MLPCA-algoritme, Algoritme 9.

In chemometrie wordt de PCA-methode gebruikt om bepaalde relaties tussen
de multivariate variabelen te beschrijven, vooral in gevallen waar er een hoge
graad van collineariteit onder de variabelen bestaat. In deze context is het
voordeel van de PCA-methode dat multivariate data door een kleiner aantal
variabelen kunnen voorgesteld worden die de hoofdcomponenten genoemd wor-
den. In toepassingen zoals mengselanalyse, is het bijvoorbeeld belangrijk om
een lager-dimensionaal lineair model te ontwikkelen waarbinnen de gegevens
kunnen beschreven worden op een experimentele fout na.

PCA kan worden beschouwd als een Maximum-Likelihoodsmethode wanneer
alle meetfouten onafhankelijk zijn van elkaar en dezelfde normaalverdeling heb-
ben. Wanneer er kleine afwijkingen worden waargenomen van de veronderstel-
lingen voor Maximum-Likelihoodsschatting, kan PCA nog nuttig zijn, maar
wanneer de afwijkingen te groot worden, wordt de methode nutteloos. Het is
in dit opzicht dat de Maximum Likelihood PCA (MLPCA)-methode ontwikkeld
werd. MLPCA houdt rekening met de statistische verdeling van de meetfouten
bij het schatten van de parameters.

Om gelijkaardige redenen werd de TKK-methode ontwikkeld in het gebied van
de computerwetenschappen om consistente parameterschatters te bepalen van
lineaire modellen waarbij de verdeling van de meetfouten gekend is.

In dit hoofdstuk worden algoritmen die gebruikt worden om TKK-problemen
op te lossen, vergeleken met algoritmen die in de chemometrie gebruikt worden
om MLPC’s te bepalen. Hiervoor gebruiken we simulaties die data bevatten
waarbij de meetfouten zowel ongecorreleerd kunnen zijn als waarbij er wel cor-
relaties tussen de meetfouten kunnen optreden binnen de kolommen van de
datamatrix of enkel binnen de rijen ervan. Aan de hand van die simulaties
laten we zien dat de TKK-algoritmen nuttig zijn om te gebruiken bij chemo-
metrische GLRB-problemen.

Hoofdstuk 4: Gestructureerde GLRB-problemen

In veel toepassingen op het gebied van signaalverwerking, zoals magnetische
resonantiespectroscopie en spraakcompressie, hebben de bijhorende datamatri-
ces een specifieke lineaire structuur. Het GLRB-probleem houdt echter geen
rekening met de eventuele structuur van de gegeven datamatrix.
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In dit hoofdstuk breiden we het GLRB-probleem dan ook uit naar een Gestruc-
tureerd GLRB (GGLRB)-probleem. We beschouwen lineair gestructureerde
datamatrices. Het GGLRB-probleem bestaat erin om voor een gegeven ge-
structureerde datamatrix D van rang k een lagererangbenaderingsmatrix D̂ te
zoeken van rang r < k die dezelfde structuur heeft als de originele datamatrix
D. Om D̂ te bepalen, dient het volgende probleem opgelost te worden:

min
cD∈Rm×n

rang(cD)≤r<k

cD ∈Ω

‖ D − D̂ ‖2
W , (0.3)

waarbij D ∈ Rm×n, rang(D)≡ k, m ≥ n (als m < n, verander D dan door
D⊤), Ω is de verzameling van alle matrices met dezelfde structuur als D en
‖C‖2

W ≡ vec(C)⊤Wvec(C) waarbij vec(C) de vector is die bekomen wordt
door de opeenvolgende kolommen van C boven elkaar te plaatsen en W een
positief definiete, symmetrische wegingsmatrix is. Voor specifieke keuzen van
W en Ω herleidt het bovenstaande probleem (0.3) zich tot eerder besproken
problemen: voor Ω = Rm×n herleidt probleem (0.3) zich tot het ongestructu-
reerde GLRB-probleem en als bovendien W gelijk is aan de eenheidsmatrix I,
komt probleem (0.3) overeen met het LRB-probleem.

Statistisch gezien, is het zinvol om elementen uit de datamatrix die gelijk zijn
aan elkaar, ook op eenzelfde manier te behandelen. Voor een Hankel-matrix,
bijvoorbeeld, moeten elementen uit dezelfde antidiagonaal gelijkwaardig be-
handeld worden. Hiervoor dient probleem (0.3) geherformuleerd te worden:

min
vec2(cD)

rang(cD)≤r<k

‖D − D̂‖2
V , (0.4)

waarbij ‖C‖2
V ≡ vec2(C)⊤V vec2(C) met vec2(C) de minimale vectorvoorstel-

ling van een lineair gestructureerde matrix C en waarbij V een positief definiete,
symmetrische matrix is. Bemerk dat de voorwaarde D̂ ∈ Ω niet langer voor-
komt in (0.4) wegens de eenduidige relatie tussen C en vec2(C). Probleem (0.4)
wordt het GGLRB-probleem genoemd.

Als eerste stap in de richting van een oplossingsmethode voor het GGLRB-
probleem wordt probleem (0.4) in het volgende equivalent dubbel-minimalizatie-
probleem geherformuleerd:

min
N∈R

n×(n−r)

N⊤N=I

(
min

vec2(cD)

cDN=0

‖D − D̂‖2
V

)
. (0.5)

In een tweede stap wordt er gezocht naar een uitdrukking voor de oplossing van
het binnenste minimalizatieprobleem f(N) ≡ min vec2(cD)

cDN=0

‖D − D̂‖2
V . Hiertoe

wordt het binnenste minimalizatieprobleem in woorden geformuleerd: “Zoek
voor een gegeven matrix N waarvan de kolomruimte de nulruimte van een
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niet-triviale gestructureerde matrix is, de matrix D̂ die het dichtste bij matrix
D ligt en dezelfde structuur als D heeft zodat de nulruimte van D̂ opgespannen
wordt door de kolomruimte van N .” Uit deze formulering in woorden blijkt
dat er gezocht moet worden naar een parameterizatie van de nulruimte van
een gestructureerde matrix. Omdat deze parameterizatie afhangt van de struc-
tuur van de matrix, kan er geen algemeen geldend algoritme gevonden worden
dat toegepast kan worden op eender welke lineair gestructureerde matrix D.
Vandaar dat we ons in dit hoofdstuk beperken tot de Hankel-structuur. We
ontwikkelen algoritmen om het GGLRB-probleem op te lossen voor scalaire
Hankel-matrices en blok Hankel-matrices waarvan de blokken uit rijvectoren
bestaan. Deze algoritmen worden ontwikkeld door eerst een parameterizatie
op te stellen voor de gegeven structuur alvorens een uitdrukking te bepalen
voor de kostfunctie f(N) die geminimalizeerd dient te worden.

De ontwikkelde algoritmen worden vergeleken met bestaande algoritmen die in
de literatuur al eerder werden voorgesteld om Hankel-gestructureerde GLRB-
problemen op te lossen. Voor het scalair Hankel-gestructureerde geval vergelij-
ken we de statistische nauwkeurigheid en de numerieke efficiëntie van het nieuw
ontwikkelde algoritme met het bestaande STLNB-algoritme. In het geval van
blok Hankel-gestructureerde datamatrices maken we de vergelijking met het
bestaande HTLSstack-algoritme.

Hoofdstuk 5: Veelhoekreconstructie o.b.v. com-

plexe momenten

In dit hoofdstuk bespreken we een voorbeeld van een GGLRB-probleem. Het
veelhoekreconstructieprobleem bestaat erin om de hoekpunten van een vlakke
veelhoek te bepalen aan de hand van zijn gegeven complexe momenten.

Volgens een alombekende stelling uit 1964 weten we dat er coëfficiënten an,
n = 1, . . . , N bestaan, die enkel afhankelijk zijn van de hoekpunten van een
veelhoek P , zodat de volgende vergelijking opgaat voor elke analytische functie
f(z) die gedefinieerd is binnen het veelhoekgebied:

∫ ∫

P

f ′′(z)dxdy =
N∑

n=1

anf(zn).

Voor de analytische functie f(z) = zk wordt de bovenstaande vergelijking:
∫ ∫

P

f ′′(z)dxdy = k(k − 1)

∫ ∫

P

zk−2dxdy

=

N∑

n=1

anf(zn) =

N∑

n=1

anz
k
n.
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De uitdrukking k(k − 1)
∫ ∫

P z
k−2dxdy wordt het kde complex moment τk ge-

noemd. Per definitie geldt er bovendien dat τ0 = τ1 = 0.

We veronderstellen dat er M + 1 complexe momenten τk voor k = 0, . . . ,M
voorhanden zijn. We willen de hoekpunten zn voor n = 1, . . . , N bepalen door
gebruik te maken van het volgende verband tussen momenten en hoekpunten
van een veelhoek:

τk =

N∑

n=1

anz
k
n, (0.6)

waarbij de coëfficiënten an voor n = 1, . . . , N enkel van de hoekpunten afhan-
kelijk zijn. Er wordt verondersteld dat het aantal hoekpunten N gekend is.
Als de gemeten momenten ruizig zijn, dan is het stelsel (0.6) niet exact oplos-
baar. In dit hoofdstuk veronderstellen we dat de gemeten complexe momenten
Gaussische ruis bevatten. Bijgevolg leidt vergelijking (0.6) tot een benaderings-
probleem.

In de literatuur komen er veel algoritmen aan bod om zo’n benaderingsprobleem
op te lossen. In dit hoofdstuk beperken we ons tot de TKK-benaderingsme-
thoden HTLS en STLS, de Generalized Pencil of Function (GPOF)-methode
en een tensormethode. We bespreken het verband tussen de HTLS-benadering
en de GPOF-benadering en gebruiken de HTLS-benadering om een initiële
waarde voor de STLS-benadering te bepalen. We vergelijken de statistische
nauwkeurigheid van de vier methoden aan de hand van simulatievoorbeelden.
De datamatrix die uit de gegeven rij complexe momenten opgebouwd werd,
is Hankel-gestructureerd. We laten zien dat de hoekpunten die via de STLS-
benadering bepaald worden nauwkeuriger zijn dan de hoekpunten bepaald via
de GPOF-benadering. De reden hiervoor is dat de STLS-benadering de struc-
tuur van de datamatrix behoudt. Bovendien blijkt uit simulaties dat het soms
nuttig kan zijn om de gegeven complexe momenten in een tensor te schikken.
De hoekpunten kunnen in deze gevallen nauwkeuriger geschat worden door de
tensorbenadering toe te passen op de datatensor in plaats van te werken met
de matrixbenaderingen.

Hoofdstuk 6: Besluit

In dit proefschrift werden algoritmen en toepassingen van GLRB-problemen
behandeld. We geven nu kort de belangrijkste besluiten en eigen bijdragen
weer.

• De gelijkenissen tussen het Gewogen Lagererangbenaderingsprobleem
(GLRB) en het Totale-Kleinste-Kwadraten (TKK)-probleem werden on-
derzocht. Er werd aangetoond dat, ondanks hun schijnbaar verschillende
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probleemformuleringen, beide methoden herleid kunnen worden tot het-
zelfde wiskundige kernprobleem, namelijk het vinden van een zo goed
mogelijke gewogen lagererangbenadering waarbij de wegingsfactoren be-
paald worden door de statistische verdelingen van de meetfouten van de
gegeven data. Verschillende oplossingsmethoden, die gebruikt worden
om GLRB- en TKK-problemen op te lossen, werden besproken. In het
bijzonder werden de NullWLRA-methode, de MLPCA-methode, de EW-
TLS-methode en de GTLS-methode besproken. We hebben aangetoond
dat deze vier methoden een equivalent gewogen lagererangbenaderings-
probleem behandelen, maar dat ze verschillende algoritmen gebruiken
om de beste benaderingsmatrix te bepalen. Al deze bevindingen werden
gepubliceerd in [81].

• Het GLRB-probleem werd bestudeerd binnen het toepassingsgebied van
de chemometrie. In de chemometrie zijn de PCA-methode en de MLPCA-
methode de meest gebruikte methoden om GLRB-problemen op te lossen.
Het nut om in de chemometrie algoritmen te gebruiken die oorspronke-
lijk ontwikkeld werden om TKK-problemen op te lossen, werd bespro-
ken. Bovendien werd er een aangepaste versie van het EW-TLS-algoritme
ontwikkeld om GLRB-problemen op te lossen voor datamatrices uit de
chemometrie die meer kolommen hebben dan rijen en waarbij er enkel
correlaties tussen de meetfouten kunnen optreden binnen de rijen. Aan
de hand van simulatievoorbeelden hebben we laten zien dat het nieuw
ontwikkelde algoritme een beter alternatief kan zijn dan het MLPCA-
algoritme voor GLRB-problemen in de chemometrie. Deze resultaten
werden in [81] gepubliceerd.

• Het GLRB-probleem werd uitgebreid naar lineair gestructureerde matri-
ces. De Hankel-structuur werd onderzocht aangezien dit één van de meest
voorkomende structuren is in toepassingen op het gebied van signaal-
verwerking. We ontwikkelden algoritmen om het gestructureerd GLRB-
probleem op te lossen voor scalaire Hankel-matrices en blok Hankel-
matrices waarvan de blokken uit rijvectoren bestaan. De ontwikkelde
algoritmen werden vergeleken met bestaande algoritmen die in de lite-
ratuur al eerder werden voorgesteld om Hankel-gestructureerde GLRB-
problemen op te lossen. Voor het scalair Hankel-gestructureerde ge-
val vergeleken we de statistische nauwkeurigheid en de numerieke effi-
ciëntie van het nieuw ontwikkelde algoritme met het bestaande STLNB-
algoritme. In het geval van blok Hankel-gestructureerde datamatrices
hebben we de vergelijking gemaakt met het bestaande HTLSstack-algo-
ritme. De resultaten werden in [79, 80] gepubliceerd.

• Als voorbeeld van een gestructureerd GLRB-probleem werd het veelhoek-
reconstructieprobleem bestudeerd. Het veelhoekreconstructieprobleem
bestaat erin om de hoekpunten van een vlakke veelhoek te bepalen aan
de hand van zijn gegeven complexe momenten. Tot hiertoe werd het
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gebruik van een gestructureerd TKK-algoritme om het reconstructiepro-
bleem op te lossen nog niet besproken in de literatuur. Nochtans is de
datamatrix die uit de gegeven rij complexe momenten opgebouwd wordt,
Hankel-gestructureerd. Door middel van simulaties hebben we dan ook
aangetoond dat de hoekpunten die bepaald worden met behulp van een
gestructureerd TKK-algoritme, nauwkeuriger zijn dan de hoekpunten be-
paald via methoden die geen rekening houden met de structuur van de
datamatrix. Deze bevindingen werden gepubliceerd in [82].



Chapter 1

Introduction

In this chapter, we will situate the weighted low rank approximation problem.
In a first section, a short description is given of how the low rank approximation
problem and its variations have been tackled throughout many years. In addi-
tion, we will also describe the problems which have not been studied extensively
in the past, but which will be covered in this thesis. To motivate our study of
the weighted low rank approximation problem, the presence of this problem in
real life is illustrated in section 1.2 with several examples. A chapter by chapter
overview of this thesis is given in section 1.3.

1.1 Introduction

In this section, we will give exact problem formulations of the Low Rank Ap-
proximation (LRA) problem and its generalizations. We will also discuss the
different methods which have been developed in the past, in order to solve the
LRA problem and we will situate the methods that we have worked on and that
are presented in this thesis. Before starting with an overview of the work done
on LRA problems through history, first the LRA itself needs to be clarified.
How can one get a feeling of the meaning and usefulness of an LRA? Probably,
by projecting the LRA into daily life.

LRA plays an important role in machine learning and data mining, for instance.
In order to find more sophisticated trends in data, potential correlations be-
tween larger and larger groups of variables must be considered. Unfortunately,
the number of such correlations generally increases exponentially with the num-
ber of input variables and, as a result, brute force approaches become unfea-
sible. What often makes this all the more frustrating is the realization that

1
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human beings have no difficulty identifying all salient features of a high reso-
lution image. How is it possible that humans are able to process such images
almost instantly? This discrepancy is generally attributed to the observation
that meaningful images do not exploit their full allotment of dimensionality.
There are hundreds of thousands of pixels in an image of a face, yet a face has
only so many muscles and there are only so many understood expressions (e.g.
the facial expression during anger is different from that when one is happy).
Humans are not so concerned with the nature of individual pixels, but rather
with the implications of a particular trend, the upturning of the mouth to form
a smile. This structure inherent in the domain of facial movements suggests
that there are just a few important axes for understanding a facial expression:
Is the mouth open? What emotion does the face exhibit? Is the person con-
fused? Each of these questions represents a meaningful dimension for the data.
Understanding an image could be as simple as discovering the right questions
to ask; the proper dimension to consider. So, in order to apply traditional
machine learning techniques, the data need to be simplified sufficiently. Yet,
the data may not be oversimplified or, to put it in another way, information
crucial to understanding should be kept. A method that is widely used for this
purpose is to first cast the data as a matrix D and then compute a low rank
matrix approximation D̂.

In what follows, exact problem formulations are given of the LRA problem and
its extensions. Moreover, methods developed through the years to solve LRA
problems are presented. The LRA problem can be formulated as follows: for a
given data matrix D of a certain rank k, look for the nearest lower rank matrix
D̂ of rank r < k with the same dimensions as D. Mathematically, one has to
solve:

min
cD∈Rm×n

rank cD≤r

‖ D − D̂ ‖2
F , (1.1)

with D a given m × n data matrix and ‖ · ‖F the Frobenius norm, defined
as ‖ C ‖2

F =
∑s

i=1

∑t
j=1 c

2
ij for an arbitrary s × t matrix C. The low rank

approximation problem with respect to the Frobenius norm was first studied by
Eckart and Young [25]. They proved that the matrix D̂ can be readily obtained
by computing the Singular Value decomposition (SVD) of data matrix D, as
stated in the following theorem:

Theorem 1 (Truncated SVD solution) An important theorem of matrix
algebra, called the Singular Value decomposition (SVD), states that any m×n
matrix D can be written as the matrix product of three factors U,Σ and V given
by

D = UΣV ⊤,

where U ∈ R
m×m and V ∈ R

n×n are orthogonal, Σ is a matrix with the only
non-zero elements σ1, σ2, . . . , σk on its diagonal, σ1 ≥ σ2 ≥ . . . ≥ σk > 0 and
rank(D) = k. The columns of U are called the left singular vectors, the columns
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of V are called the right singular vectors and the elements σ1, σ2, . . . , σk are
called the singular values. In [38], it was proved that such an SVD decomposi-
tion always exists and that the decomposition is unique, except for the algebraic
signs of the columns of U and V .

Now, let D = UΣV ⊤ be the SVD decomposition of D. Then, the best rank r
approximation of D, for 1 ≤ r < k, is equal to

D̂ = UrΣrV
⊤
r ,

where Σr is obtained from Σ by setting all but the first r singular values to
zero and Ur and Vr are the matrices formed by the first r columns of U and V ,
respectively.

This result is commonly referred to as the Eckart-Young-Mirsky Theorem.
Mirsky [68] proved that the result also holds under the 2-norm. An alter-
native to perform an SVD is to first over-parameterize the problem to remove
the rank constraint and then apply an alternating projection algorithm [59].

Specifically, the algorithm in [59] works as follows. Replace D̂ in equation (1.1)
with the matrix product AB, where A ∈ Rm×r and B ∈ Rr×n. Fix a value for
A and minimize ‖ D − AB ‖2

F over B, then fix B and minimize ‖ D −AB ‖2
F

over A, and repeat this until the product AB converges. The potential disad-
vantage of this approach is that the decomposition D̂ = AB is not unique, or
equivalently, too many parameters are used to represent rank r matrices.

A weak point of the LRA problem is that it treats all entries of the sampled
matrix D equally. In order to discriminate between the important and unim-
portant elements of the matrix, we seek to find an LRA in the weighted norm
sense.

The weighted LRA (WLRA) problem is to search for the lower rank matrix

approximation D̂ of a given matrix D that comes as close as possible with
respect to a certain weighted norm. To solve the WLRA problem, one has to
compute:

min
cD∈Rm×n

rank cD≤r

‖ D − D̂ ‖2
W , (1.2)

with D a given m × n data matrix of a certain rank k, r < k, W a positive-
definite, symmetric weighting matrix and ‖ C ‖2

W = vec⊤(C)Wvec(C), where
C is an arbitrary matrix and vec(C) stands for the vectorized form of C, i.e.,
a vector constructed by stacking the consecutive columns of C in one vector.
It is important to note that the norm ‖ · ‖W , which we will use throughout
the thesis, is more general than the usual weighted norm

∑m
i=1

∑n
j=1 wij(cij)

2.
Note, moreover, that for W = I, with I the identity matrix, problem (1.2)
reduces to the unweighted LRA problem (1.1). Unlike its unweighted version,
the WLRA problem does not admit a closed-form solution in general. Presum-
ably, it is because of this that the WLRA problem has received less attention
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in the literature than the unweighted LRA problem. The nature of locally op-
timal solutions arises in this context. So, in general, existing algorithms for the
weighted case only converge to a local minimum of (1.2). Because the trun-
cated SVD treats all entries of D equally, this method is no longer appropriate
to solve the WLRA problem. The only algorithms we are aware of for solving
the WLRA problem are the alternating projection algorithm presented in [59]
and algorithms using gradient optimization techniques presented in [61].

Not only the generalization of LRA problems by including weights can be use-
ful in practice. In many signal processing applications, such as Magnetic Reso-
nance Spectroscopy, Speech Compression and Filter Design, the given data ma-
trixD has a specific linear structure. To retrieve a structured WLRA (SWLRA)

matrix D̂, the following problem needs to be solved:

min
cD∈Rm×n

rank cD≤r

‖ D − D̂ ‖2
W such that D and D̂ have the same structure, (1.3)

with D a given m × n structured data matrix of certain rank k, r < k, W a
positive-definite, symmetric weighting matrix and ‖ C ‖2

W = vec⊤(C)Wvec(C)
for an arbitrary matrix C. The rank condition in (1.3) has to be less than or
equal to r, but not necessarily exactly equal to r. It is possible that a given tar-
get matrix D does not have a nearest rank r structured matrix approximation,
but does have a nearest rank r − 1 or lower structured matrix approximation.
Since the truncated SVD does not preserve structure, other methods need to
be used to solve the SWLRA problem. In the literature, many papers can be
found that deal with a rank reduction by one. The case when the rank needs
to be reduced by more than one, however, has not been studied so intensively.
To our knowledge, only references [10, 13] and [95] touch this problem. The
so-called Cadzow method [10, 13] is a popular method used by engineers to

retrieve the structured LRA matrix D̂ in the unweighted case, for W = I.
First, this method obtains a rank deficient approximation by truncating the
SVD of the given matrix. This approximation will typically have no structure
at all. Secondly, the best least squares fit can be computed to the obtained
rank deficient matrix that has the required structure. This new matrix will be
no longer rank deficient. One could again use a truncation of the SVD in order
to find a rank deficient approximation etc. Although this procedure indeed
converges to a rank deficient structured matrix, it is shown in [52, 54] that it
does not converge to the optimal solution. In [95], an optimal method is pre-
sented. However, the method uses over-parameterization. Over-parameterizing
the SWLRA problem leads to convergence problems and algorithms which are
computationally not very efficient. Moreover, the weighting matrix W is as-
sumed to be diagonal.

Table 1.1 gives an overview of the LRA problems mentioned above. Each cell
contains references that address that particular problem. From the table, it
is clear that there is still a need for methods to solve the S(W)LRA problem
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∆rank = 1 ∆rank > 1
LRA [38] [4, 25, 30, 85, 92, 99, 98, 107]
WLRA [59, 61] [59, 61]
SLRA [10, 13] [10, 13]
SWLRA [1, 2, 23, 77] [95]

Table 1.1: Overview of tackled Low Rank Approximation problems.

with an arbitrary rank reduction, ∆rank > 1, where ∆rank ≡ k − r. The
references mentioned in the corresponding cells present methods that are either
non-optimal or implemented in a non-efficient way. In this thesis, algorithms
are provided to solve the SWLRA problem for ∆rank > 1 in an optimal and
efficient way.

1.2 WLRA in applications

To give an idea of the large amount of fields and related applications in which
the WLRA problem occurs, four examples are described in the next four sub-
sections. We will illustrate the occurrence of the WLRA problem in Chemo-
metrics, in Magnetic Resonance Spectroscopy, in Speech Enhancement and in
Web Searching.

1.2.1 Chemometrics

In general the primary goal of chemometrics is to develop and utilize mod-
els for chemical measurements. Techniques for the treatment of multivariate
chemical data need to have the ability to incorporate knowledge of measure-
ment uncertainty into the analysis of experimental data. The measurement
error covariance matrix describes the relationships among all of the errors in
a series of measurements. In practice, the error covariance matrix is seldom
known exactly, but approximations to it can be very useful. Despite the fact
that measurement errors are almost universal for multivariate measurements,
in chemometrics there have been very few techniques that have taken this into
account. As far as we know, only the MLPCA method, explained in chapter
3, provides a framework from which the importance of correlated measurement
errors can be assessed.

Over the past several decades, advances in chemometrics have led to the devel-
opment of multivariate calibration methods for the analysis of chemical mix-
tures [101]. Calibration allows the user to relate instrumental measurements to
the sample of interest. Multivariate calibration allows the analysis of several
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Figure 1.1: Typical spectrum for a three-component mixture containing
toluene, chlorobenzene and heptane.

measurements from several samples. This compares to univariate calibration,
which involves the use of a single instrumental measurement to determine a
single analyte. Either method may contribute to the two-step procedure where
(i) data is calibrated and (ii) predictions based on the calibration are made. In
calibration, indirect measurements are made from samples where the amount
of the analyte has been pre-determined, usually by an independent technique.
These measurements, along with the pre-determined analyte levels, comprise a
group known as the calibration set. This set is used to develop a model that
relates the amount of sample to the measurements by the instrument. Once
the model is constructed, it can predict analyte levels based on measurements
of new samples. The prediction step for new sample levels uses a model that
provides the basis for the evaluation of a linear combination of the measure-
ments.

A multivariate calibration method begins with a set of calibration samples for
which the concentrations of the analytes have been obtained by some inde-
pendent means. The first step in the procedure is to apply an LRA to the
spectra of the calibration samples. In applications such as mixture analysis the
object is to develop an r-dimensional linear model to describe the data within
experimental error. In this case, r is sometimes called the chemical rank of the
data set to distinguish it from the mathematical rank, which is nearly always
maximized owing to the presence of experimental error. The chemical rank is
typically related to the number of underlying chemical components present. For
example, consider an m × n data matrix D which contains the near-infrared
spectra for three-component mixtures containing toluene, chlorobenzene and
heptane. The number of samples in the calibration set is equal to m and the
number of wavelengths is n. Figure 1.1 shows a typical spectrum over the full
range. By applying a calibration method to D, an LRA of rank r = 3 will be
computed in order to construct a calibration model. Well known techniques
such as PCR, described in chapter 3, suffer from the fact that they rely on
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Figure 1.2: The nucleus can be visualized spinning around its own axis.

Figure 1.3: Spins aligning along/reversely to the static magnetic field B0.

SVD to obtain a reliable estimation of the r-dimensional subspace that con-
tains the component spectra. As long as the measurement errors in all of the
calibration spectra are all independently and identically distributed (i.i.d.), the
r-dimensional hyperplane determined by SVD will be an optimal model for the
data. However, if the measurement errors are not independent with uniform
variance, this will no longer be true and the estimation of the subspace will be
suboptimal. What is needed is a modelling method which accounts for spectral
measurement errors in the estimation of the spectral subspace. Such a method
is MLPCR [101]. The second step in the procedure of a calibration method is
called the prediction step. Based on the calibration, unknown concentrations
of the chemical components in new samples can be estimated.

1.2.2 MRS data quantification

The second example concerns a medical application called Magnetic Resonance
Spectroscopy (MRS). MRS is a technique used in fundamental research and in
clinical environments. During recent years, clinical application of MRS has
gained importance, especially as a non-invasive tool for diagnosis and therapy
monitoring of brain and prostate tumours. The most important asset of MRS is
its ability to determine the concentration of chemical substances non-invasively.
Briefly (for a comprehensive treatment of MRS see [32]), the basic principles
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Figure 1.4: Spins precessing around the static magnetic field B0.

of MRS can be explained as follows: atomic nuclei in a static magnetic field
can be in two different spins or energy states: spin up or spin down. This can
be understood intuitively by imagining the nucleus spinning around its own
axis creating a tiny bar magnet along the axis of rotation, as illustrated in
Figure 1.2. When brought in a static magnetic field, the spins will no longer
be oriented randomly, but will start to precess around the static magnetic field
B0. However, the different spins will align differently: the magnetic moment of
the protons with spin up will align along the magnetic field, whereas the spin
down protons will align their magnetic moment inversely to the magnetic field,
as illustrated in a simplified way in Figure 1.3. The global created bar magnet
is aligned along B0. Actually, the spins precess around B0, as illustrated in
Figure 1.4.

When an oscillating magnetic field is applied to the system of nuclei, spins
will transit to the high-energy state, or from spin down to a spin up state.
After removing the oscillating magnetic field, the population of nuclei returns
to its equilibrium state, thereby sending out the previously absorbed energy
as magnetic waves. Those magnetic waves are detected and generate the MR
signal. This signal can be modelled (in the time-domain) as a sum of K ex-
ponentially damped sinusoids, where K is the number of expected sinusoids
which is assumed to be known, perturbed by i.i.d. complex Gaussian noise:

y(n) =

K∑

k=1

ake
jφke(dk+j2πfk)n∆t + εn, n = 0, . . . , N − 1, (1.4)

with ak the amplitude, fk the frequency, φk the phase and dk the damping
of the kth component, ∆t the sampling interval and ε ∈ CN×1 a vector of
zero-mean i.i.d. Gaussian noise samples.

Every spectral component or term in (1.4) corresponds to a different chemical
substance or metabolite present in the volume element from which the signal
was obtained. The amplitude ak is the most important parameter since it is
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Figure 1.5: SWLRA applied to an MRS signal. From bottom to top, the
original noisy signal, the fit by an SWLRA method and the residue are shown.

directly proportional to the concentration of the corresponding metabolite (i.e.
the metabolite associated to the resonance frequency fk) in the volume element
under investigation. Therefore, if signals are obtained from several adjacent
volume elements in a cross section of e.g. a patient’s head, it is possible to
produce an image that visualizes the concentration of a specific metabolite over
the cross section. In order to remove the noise and get good estimates of the
parameters ak, fk, φk, dk in equation (1.4), the noisy data yn, n = 0, . . . , N − 1
are ordered in a so-called Hankel matrix as follows:

H =




y0 y1 . . . yM

y1 y2 . . . yM+1

...
yN−M−1 yN−M . . . yN−1


 ,

with M ≥ K and N −M ≥ K. In a Hankel matrix, the entries on the same
antidiagonal are all equal to each other and the matrix is fully specified by its
first column and last row. Due to the i.i.d. complex Gaussian noise, the rank
of matrix H is larger than K. In order to get good estimates of the parameters
in (1.4), a low rank K approximation matrix Ĥ needs to be computed. It is
intuitively obvious that this approximation matrix should have the same Hankel
structure. If not, it could mean e.g. that the entries on the fourth anti-diagonal
of Ĥ are different although they all represent the ’noise-free’ estimation of one
and the same element y4. In Figure 1.5, an example is given in which an
SWLRA method has been applied to a noisy MRS signal. From bottom to top,
the figure contains the real part of the original 31P signal spectrum, the real
part of the estimated spectra and the real part of the residual signal spectrum
after estimation.
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Figure 1.6: Enhancement is applied to a noisy speech signal. From bottom to
top, spectrograms of the noisy signal, the enhanced signal and the clean signal
are shown.

1.2.3 Speech enhancement

The goal of speech enhancement [27, 46, 44, 22] is to facilitate the understand-
ing, communication and processing of speech signals by suppressing the noise
distortion from noisy signals. The speech signal can be distorted by any kind
of background noise. The level of the interfering signal can range from very
low (e.g. in the office) to very strong (e.g. in a car or on a factory floor). As
such, noise reduction can increase the comfort of the listener in a variety of
applications like e.g. teleconferencing, mobile phones and hearing aids. It is
also useful to improve the quality of valuable old recordings that were typically
stored on magnetic media. It is well known that the quality of these recordings
tends to deteriorate with time which explains their bad condition. After the
original signal has been extracted and enhanced, it can be stored in digital
format to preserve it for future generations.

Noise reduction is performed under the assumption of a low-rank signal model
that is often attributed to speech signals and that is similar to the model
mentioned in the previous example. If a clean (i.e. noise-free) speech vector
consists of a sum of p complex damped exponentials, then its m × q signal
observation Hankel matrix H , with m ≥ p and q ≥ p, will be of rank p and will
hence be rank deficient. On the other hand, the noise signal that is considered



1.2. WLRA in applications 11

additive to the speech, will mostly be full rank. Consequently, the observation
matrix H of the noisy speech will also be full rank. Speech enhancement is
then performed by reducing the rank of the noisy signal observation matrix
to rank p, thereby removing the noise subspace. Note that after the rank
reduction, the enhanced matrix Ĥp will in general not be Hankel anymore.
Therefore, the enhanced signal cannot be extracted from the first column and
the last row of Ĥp. A straightforward and often used solution is to perform

an averaging operation along the anti-diagonals of Ĥp to obtain the enhanced

Hankel matrix Ĥ . Not surprisingly, the averaging operation usually results
in an enhanced signal matrix that has full rank again. The enhanced signal
can now be extracted from the first column and the last row of Ĥ . Figure
1.6 shows an example for an utterance of the phonetically balanced speech
sentence “These days a chicken leg is a rare dish.” The figure shows narrow-
band spectrograms of the noisy signal, the enhanced signal and the clean signal
for the specific speech sentence mentioned.

1.2.4 Web search

The exponentially growing amount of electronically available documents cre-
ates the need for efficient and reliable techniques to retrieve information from
large databases. Basic search engines retrieve information by literally match-
ing terms in a user’s query with terms extracted from the documents in the
database. In a standard web search program such as Google or Yahoo, the
results for a given query are ranked in a linear order. Although suitable for
some queries, the linear order fails to show the inherent clustered structure of
the results for queries with multiple meanings. The same word can have dif-
ferent meanings depending on the context in which it appears. This is called
polysemy and results in the retrieval of documents that are of no interest to
the user but nevertheless lexically match the query. For instance, consider the
query “JAVA”. The query can refer to the programming language JAVA, but
also to the Island or even to the coffee etc. How to glean the most relevant
documents from the (usually large) set of documents returned by a standard
web search, for query keywords?

A document-term matrix representation D ∈ Rm×n of the results can be con-
structed [3] which describes the occurrences of terms (i.e. keywords) in docu-
ments, D(i, j) is the frequency that term (or keyword) j occurs in document
i. It is a sparse matrix whose rows correspond to the documents and whose
columns correspond to the terms. The element of the matrix is proportional
to the number of times the terms appear in each document, where rare terms
are upweighted to reflect their relative importance. After the construction of
the occurrence matrix, an LRA to the document-term matrix needs to be com-
puted. The necessity of an approximation can be explained as follows: the
original document-term matrix is supposed to be noisy. For instance, anecdot-
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Figure 1.7: A document-term matrix representation of results arranged in the
order received from Google (on the left) and from a spectral method (on the
right).

ical instances of terms need to be eliminated. As the rank lowering is expected
to merge the dimensions associated to terms of similar meanings, it mitigates
polysemy. An example is shown in Figure 1.7 for the query “mickey” [12]. The
query can refer to multiple people (e.g. Mickey Rourke and Mickey Knox) or
even a fictional character (e.g. Mickey Mouse). The user enters the query in
Google to find 50 results. In the left part of Figure 1.7, the results for the given
query are arranged in a document-term matrix representation in the order re-
ceived from Google. Each result is a document and the words in its title make
up its terms. The right part contains the results arranged according to the cuts
made by a spectral algorithm. The cluster structure is apparent. Furthermore,
many results are correctly labelled as singletons. By forcing a low-dimensional
representation, only the usage patterns that correspond to strong trends are
maintained.

1.3 Chapter by chapter overview

This thesis deals with several methods to solve the Weighted Low Rank Ap-
proximation problem and with some applications in which the problem occurs.

Chapter 2 introduces the Weighted Low Rank Approximation (WLRA) prob-
lem. An exact problem formulation of the WLRA problem is given. The
purpose of this chapter is to explore the tight equivalences between WLRA
and Total Least Squares (TLS). Despite the seemingly different problem for-
mulations of WLRA and TLS, it is shown that both methods can be reduced
to the same mathematical kernel problem, i.e. finding the closest (in a certain
sense) weighted low rank matrix approximation where the weight is derived
from the distribution of the errors in the data. Different solution approaches,
as used in WLRA and TLS, are discussed. In particular, we will discuss the Null
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space parameterized WLRA (NullWLRA), the Maximum Likelihood Principal
Component Analysis (MLPCA), the Element-wise Weighted-TLS (EW-TLS)
and the Generalized TLS (GTLS) problems. These four approaches tackle an
equivalent weighted low rank approximation problem, but different algorithms
are used to come up with the best approximation matrix D̂. These methods
use different representations of the rank constraint rank(D̂) ≤ r and differ-
ent optimization techniques in order to solve the WLRA problem. Any of the
representations for the rank constraint is bilinear. To handle such a bilinear
problem, the MLPCA method makes use of an alternating least squares al-
gorithm, while the other three approaches use the optimization technique of
eliminating one of the variables and obtaining an equivalent problem in the
other variable. In addition to the mathematical descriptions of the four prob-
lem formulations and their equalities and differences, also their algorithms are
presented to come up with the best approximation matrix. These findings have
been published in [81].

Chapter 3 concerns the WLRA problem in chemometrics. In chemometrics,
existing approaches to come up with the best weighted low rank matrix ap-
proximation are the well-known Principal Component Analysis (PCA) method
and the MLPCA method. Initially employed by statisticians to describe the
variance and covariance of random variables, PCA is more commonly used
in chemometrics to describe deterministic relationships among variables, espe-
cially in cases where a high degree of collinearity exists. In this context, the
advantage of PCA is that it allows multivariate data to be represented by a
smaller number of variables, called principal components. PCA can be con-
sidered to be a maximum likelihood method if all measurement error standard
deviations have the same normal distribution (i.e. i.i.d.). The MLPCA method
has been devised in chemometrics as a generalization of the well-known Princi-
pal Component Analysis (PCA) method in order to derive consistent estimators
in the presence of errors with known error distribution. In addition to these
two approaches, we will discuss the use of TLS-like algorithms in chemomet-
rics. In the previous chapter, we have shown that the PCA-like approaches and
the TLS-like approaches tackle an equivalent weighted low rank approximation
problem, but that they use different algorithms. So, it makes sense to compare
the performances of the different algorithms on simulated as well as real-life
chemical data. For the comparison, several simulated and experimental data
sets from chemical measurements are used. The data sets that are used differ
in the structure of the covariance matrix W of the measurement noise. We will
use data sets with uncorrelated measurement errors as well as data sets where
correlations between the measurement errors exist only along the rows. We
will discuss the individual weak and strong points of the different algorithms.
These results are published in [81].

The fourth chapter extends the WLRA approach towards linearly structured
matrices. First of all, we will give an exact problem formulation of the struc-
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tured WLRA (SWLRA) problem. It will be shown that it is not possible to
derive a general algorithm that can deal with any type of linearly structured
matrices. In this chapter, the Hankel structure will be investigated since this
is one of the most frequently occurring structures in signal processing appli-
cations. As a result Toeplitz matrices are also dealt with since they can be
converted into Hankel matrices with a simple permutation of the rows, whereas
the solution of the corresponding SWLRA problem does not change. The first
part of this chapter tackles the SWLRA problem in the case of scalar Hankel
matrices, while the second part deals with block-row Hankel matrices. For both
structures an equivalent unconstrained optimization problem will be derived by
means of the method of Lagrange multipliers. Algorithms will be presented in
order to solve these two unconstrained optimization problems. The correct-
ness of the proposed algorithm for scalar Hankel matrices will be verified on
a benchmark problem. Its statistical accuracy and numerical efficiency will be
compared with a previously proposed algorithm in the literature for solving
Hankel WLRA problems. Moreover, simulation experiments will confirm the
improved statistical accuracy of the proposed algorithm for block-row Hankel
matrices compared to known algorithms from the literature. These results are
published in [79, 80].

In chapter 5, the shape-from-moments problem will be discussed. The formu-
lation of this problem of recovering the vertices of a planar polygon from its
measured complex moments is very similar to several other diverse applications
found in the literature, such as decomposing a signal built as a linear mixture of
complex exponentials. All these applications lead to the very same formulation
and, therefore, to the same estimation problem when noise is involved. The lit-
erature offers many algorithms for solving such an estimation problem. In this
chapter, we will restrict our discussion to the Total Least Squares (TLS) data
fitting models HTLS and STLS, the matrix pencil method GPOF and a tensor-
based algorithm. A description of the methods will be given and they will be
compared on simulated data to discuss their accuracy. The matrix formed by
the given data sequence of moments will be Hankel structured. We will show
that the vertices estimated via the structured TLS algorithm are more accurate
than the ones estimated via the pencil method because the STLS method pre-
serves the Hankel structure of the matrix. Through experiments it will become
clear that the parameter accuracy may improve by arranging the data sequence
in a higher-order tensor and estimating the model parameters via a multilinear
generalization of the SVD. Nevertheless, for the shape-from-moments problem
the tensor approach, which is a natural higher-dimensional generalization of the
matrix approach, will only be more accurate in a small area. These findings
have been published in [82].

Finally, chapter 6 summarizes the conclusions and outlines suggestions for fur-
ther research.
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1.4 Conclusion

In this chapter, we have situated the weighted low rank approximation problem.
A short description has been given of how the low rank approximation problem
and its variations have been tackled throughout the years. Also problems have
been described which have not been studied extensively in the past, but which
will be covered in this thesis. To motivate our study of the weighted low rank
approximation problem, the occurrence of this problem in real life has been
illustrated with several examples. Finally, a chapter by chapter overview of
this thesis is given.
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Chapter 2

Introduction to Weighted
Low Rank Approximation

First, we will give an exact problem formulation of the Weighted Low Rank
Approximation (WLRA) problem. The purpose of this chapter is to explore
the tight equivalences between WLRA and Total Least Squares (TLS). To do
so, we give an overview of the well-studied TLS problem in section 2.2. The
basic motivation for TLS is the following. Let a set of multidimensional data
points (vectors) be given. How can one obtain a linear model that explains these
data? The idea is to modify all data points in such a way that some norm of
the modification is minimized subject to the constraint that the modified vectors
satisfy a linear relation. Although the name “total least squares”appeared in
the literature only 25 years ago, this method of fitting is certainly not new and
has a long history in the statistical literature, where the method is known as
“orthogonal regression”, “errors-in-variables regression”or “measurement error
modelling”. Despite the seemingly different problem formulations of WLRA
and TLS, it is shown that both methods can be reduced to the same mathemat-
ical kernel problem, i.e. finding the closest (in a certain sense) weighted low
rank matrix approximation where the weight is derived from the distribution of
the errors in the data. Different solution approaches, as used in WLRA and
TLS, are discussed. In particular, we will discuss the Null space parameterized
WLRA (NullWLRA), the Maximum Likelihood Principal Component Analysis
(MLPCA), the Element-wise Weighted-TLS (EW-TLS) and the Generalized
TLS (GTLS) methods. These four approaches tackle an equivalent weighted
low rank approximation problem, but different algorithms are used to come up
with the best approximation matrix.

17
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2.1 Problem formulation

As already mentioned in the introductory Chapter 1, the WLRA problem is
an extension of the LRA problem. In words, the WLRA problem searches for
a lower rank matrix approximation D̂ of a given data matrix D that comes as
close as possible with respect to a certain weighted norm. Mathematically, we
will consider the following weighted low rank matrix approximation problem:

min
bD
vec⊤(D − D̂)W−1vec(D − D̂) s.t. rank(D̂) ≤ r, (2.1)

where D ∈ Rm×n,m ≥ n is the noisy data matrix (if m < n, simply replace D
by D⊤ and adjust W in (2.1) accordingly), rank(D) = k, r < k, vec(M) stands
for the vectorized form of a matrix M , i.e., a vector constructed by stacking the
consecutive columns of M in one vector and W is a positive-definite symmetric
weighting matrix.

For example, if ∆̂D = D − D̂ is the estimated measurement noise, then W is
equal to the covariance matrix of vec(∆̂D). So, the weighting is related to the
noise covariance matrix. For a definition of the covariance matrix the reader is
referred to Appendix C. When the measurement noise is centered, normal and
independent identically distributed, W = I and the optimal closeness norm
is the Frobenius norm, ‖ · ‖F . This is used in the well-studied unweighted
LRA problem. In this case, problem (2.1) has an analytic solution in terms
of the SVD of D. Nevertheless, when the measurement errors are not iden-
tically distributed the Frobenius norm is no longer optimal and a weighted
norm ‖ · ‖W = vec⊤(·)W−1vec(·) is needed instead. In this case a closed-form
solution is no longer available and is only implicitly defined via a non-convex
optimization problem, which is the case in this thesis.

2.2 Link with Total Least Squares

In order to clarify the link between the WLRA problem and the TLS problem
we will give an overview of the TLS problem in a first subsection. Subsequently,
the link between both problems will become clear and is explained in subsection
2.2.2. Because of the close relationship between the problems, it is obvious that
methods created to solve TLS-like problems may also be useful to solve WLRA
problems. This will be discussed in sections 2.3 and 2.4.

2.2.1 TLS: problem formulation, algorithms and exten-
sions

The Total Least Squares (TLS) method is one of several linear parameter esti-
mation techniques that have been devised to compensate for data errors. The
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univariate line fitting problem has already been discussed since 1877 [5]. More
recently, the TLS approach to fitting has also stimulated interests outside sta-
tistics. One of the main reasons for its popularity is the availability of efficient
and numerically robust algorithms in which the Singular Value Decomposition
(SVD) plays a prominent role [36]. Another reason is the fact that TLS is an
application-oriented procedure. It is suited for situations in which all data are
corrupted by noise, which is almost always the case in engineering applications.
In this sense, TLS and errors-in-variables (EIV) modelling are a powerful ex-
tension of classical least squares and ordinary regression, which corresponds
only to a partial modification of the data. A comprehensive description of the
state of the art on TLS from its conception up to the summer of 1990 and
its use in parameter estimation has been presented in [92]. While the latter
book is entirely devoted to TLS, a second [96] and third book [97] present the
progress in TLS and in the broader field of errors-in-variables modelling from
1990 till 1996 and from 1996 till 2001, respectively.

The problem of linear parameter estimation arises in a broad class of scientific
disciplines such as signal processing, automatic control, system theory and in
general engineering, statistics, physics, economics, biology, medicine, etc. It
starts from a model described by a linear equation:

ξ1b1 + · · · + ξpbp = η (2.2)

where ξ1, . . . , ξp and η denote the variables and b = [b1, . . . , bp]
⊤ ∈ Rp plays

the role of a parameter vector that characterizes the specific system. A basic
problem of applied mathematics is to determine an estimate of the true but
unknown parameters from given measurements of the variables. In general,
η can be a vector of dimension d > 1. In this case, the parameters form a
matrix B and more than one (independent) linear relationship between η and
the variables ξi has to be estimated. This gives rise to an overdetermined set
of m linear equations (m > p) :

XB ≈ Y (2.3)

where the ith row of data matrix X ∈ Rm×p and vector Y ∈ Rm×d contain the
measurements of the variables ξ1, . . . , ξp and η, respectively.

In the classical least squares approach, as commonly used in ordinary regres-
sion, the measurements X of the variables ξi are assumed to be free of error
and hence, all errors are confined to the observations Y . However, this as-
sumption is frequently unrealistic: sampling errors, human errors, modelling
errors and instrument errors may imply inaccuracies of the data matrix X as
well. One way to take errors in X into account is to introduce perturbations
also in X . Therefore, the following TLS problem was introduced in the field of
computational mathematics [36, 35] (R(X) denotes the range of X and ‖X‖F

its Frobenius norm [38]):
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Definition 1 (Total Least Squares problem) Given an overdetermined set
of m linear equations XB ≈ Y in p× d unknowns B. The total least squares
problem seeks to

min
d∆X,d∆Y , bB

‖ [∆̂X ∆̂Y ] ‖F subject to (X − ∆̂X)B̂ = Y − ∆̂Y (2.4)

B̂ is called a TLS solution and [∆̂X ∆̂Y ] the corresponding TLS correction.

In most multivariate problems, the TLS problem (2.4) has a unique solution
which can be obtained from a simple scaling of the d right singular vectors of
[X Y ] corresponding to its d smallest singular values.

Theorem 2 (Solution of the TLS problem) To solve problem (2.4), XB ≈
Y will be rewritten into the following form:

[X Y ][B⊤ − Id]
⊤ ≈ 0.

Let [X Y ] = UΣV ⊤ be the SVD of [X Y ]. Partition the matrix V as follows:

V =

p d[
V11 V12

V21 V22

]
p

d
.

If V22 is nonsingular, the TLS solution B̂ is equal to:

B̂ = −V12V
−1
22 .

If V22 is singular, then the TLS problem (2.4) fails to have a solution. These
problems are called non-generic.

Extensions of the basic TLS problem (2.4) to problems in which the TLS solu-
tion is no longer unique (called minimum norm TLS since the solution with min-
imal norm is selected) or fails to have a solution altogether (called nongeneric
TLS) and to mixed LS-TLS problems that assume some of the columns of X
to be error-free, are considered in detail in [92]. In addition, it is shown how to
speed up the TLS computations directly by computing the SVD only partially
or iteratively if a good starting vector is available. More recent advances, such
as recursive TLS algorithms, neural based TLS algorithms, rank-revealing TLS
algorithms, regularized TLS algorithms, TLS algorithms for large scale prob-
lems, the core problem, etc., are reviewed in [70, 96, 97].

Under specific conditions, the TLS solution, as introduced in numerical analy-
sis, computes optimal parameter estimates in models with only measurement
error , referred to as classical EIV models. These models are characterized
by the fact that the true values of the observed variables satisfy one or more
unknown but exact linear relations of the form (2.2). In particular, we define
[11, 31, 33]:
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Definition 2 (Multivariate EIV regression model) Assume that the m
measurements in X,Y are related to p× d unknowns B by:

ΞB = η X = Ξ + ∆X and Y = η + ∆Y (2.5)

where ∆X,∆Y represent the measurement errors and all rows of [∆X ∆Y ] are
i.i.d. with zero mean and covariance matrix C, known up to a scalar multiple
σ2

ν .

If additionally C = σ2
νI is assumed with I the identity matrix (i.e. ∆xij and

∆yij are uncorrelated random variables with equal variance) and limm→∞
1
mΞ⊤Ξ

exists and is positive definite, then it can be proven [31, 35] that the TLS

solution B̂ of XB ≈ Y estimates the true parameter values B, given by
(Ξ⊤Ξ)−1Ξ⊤η, consistently, i.e. B̂ converges to B as m → ∞. This TLS
property does not depend on any assumed distributional form of the errors. If
additionally the errors are normal, then TLS computes the Maximum Likeli-
hood estimate. It should be noted that the TLS correction [∆̂X ∆̂Y ], being of
rank ≤ d, cannot be considered as an appropriate estimator for the true mea-
surement errors ∆X and ∆Y , added to the data [36, 92]. Note also that the
LS estimates are inconsistent in this case. In these cases, TLS gives better esti-
mates than LS, as confirmed by simulations [92]. This situation may occur far
more often in practice than is recognized. It is very common in agricultural,
medical and economic science, in humanities, business and many other data
analysis situations. Hence TLS should be a quite useful tool to data analysts.
In fact, the key role and importance of LS in regression analysis is the same
as that of TLS in EIV regression. Nevertheless, a lot of confusion exists in the
fields of numerical analysis and statistics about the principle of TLS and its
relation to EIV modelling. Roughly speaking, TLS is a special case of EIV esti-
mation and, as such, TLS is reduced to a method in statistics but, on the other
hand, TLS appears in many other fields, where mainly the data modification
idea is used and explained from a geometric point of view, independently from
its statistical interpretation.

The statistical model that corresponds to the basic TLS approach is the no-
equation-error EIV regression model with the restrictive condition that the
measurement errors on the data are i.i.d. with zero mean and common error
covariance matrix, equal to the identity matrix up to an unknown scalar. Most
published TLS algorithms just handle this case while other more useful EIV
regression estimators did not receive enough attention in computational math-
ematics. To relax these restrictions, several extensions of the TLS problem
have been investigated. In particular, the mixed LS-TLS problem formulation
[33, 37, 91, 108] allows extension of the consistency of the TLS estimator in EIV
models, where some of the variables ξi are measured without error. The data
least squares problem refers to the special case in which all variables except η
are measured with error and was introduced in the field of signal processing
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by Degroat and Dowling [17] in the mid-nineties. Whenever the errors are in-
dependent but unequally sized, weighted TLS problems should be considered
using appropriate diagonal scaling matrices in order to maintain consistency.
If, additionally, the errors are also correlated, then the generalized TLS (GTLS)
[91] problem formulation (defined in the next section) allows extension of the
consistency of the TLS estimator in EIV models, provided the corresponding
error covariance matrix C is known up to a factor of proportionality (see Defi-
nition 2).

More general problem formulations, such as restricted TLS , which also allow the
incorporation of equality constraints, have been proposed, as well as equivalent
problem formulations using other Lp norms and known as the so-called Total
Lp approximations (see [92] for references). The latter problems proved to
be useful in the presence of outliers. Robustness of the TLS solution is also
improved by adding regularization, resulting in the regularized TLS methods
[97, 28, 84]. In addition, various types of bounded uncertainties have been
proposed in order to improve robustness of the estimators under various noise
conditions and algorithms are outlined [96, 97].

Furthermore, constrained TLS problems have been formulated. Arun [6] ad-
dressed the unitarily constrained TLS problem, i.e., XB ≈ Y , subject to the
constraint that the solution matrix B should be unitary. He proved that this
solution is the same as the solution to the orthogonal Procrustes problem [38,
p.582]. Abatzoglou et al [2] considered yet another constrained TLS problem,
which extends the classical TLS problem (2.4) to the case where the errors
[∆X ∆Y ] in the data [X Y ] are algebraically related. However, if there is a
linear dependence among the error entries in [∆X ∆Y ], then the TLS solution
no longer has optimal statistical properties (e.g. maximum likelihood in case of
normality). This happens, for instance, in dynamic system modelling when we
try to estimate the impulse response of a system from its input and output by
discrete deconvolution. In these so-called structured TLS problems, the data
matrix [X Y ] is structured, typically block Toeplitz or Hankel. In order to
preserve maximum likelihood properties and consistency of the solution [2, 50],
the TLS problem formulation, given in Definition 1, must be extended with
the additional constraint that any (affine) structure of X or [X Y ] must be

preserved in ∆̂X or [∆̂X ∆̂Y ], where ∆̂X and ∆̂Y are chosen to minimize
the error in the discrete L1, L2 and L∞ norm. For L2 norm minimization,
various computational algorithms have been presented, as surveyed in [96, 97],
and shown to reduce the computation time by exploiting the matrix structure
in the computations. In addition, it is shown how to extend the problem and
solve it, if latency or equation errors are included. Recently, robustness of the
structured TLS solution has been improved by adding regularization, see e.g.
[66], and the structured TLS problem has been related to the approximate fit-
ting problem of data by linear static and dynamic models in the field of system
identification [64].
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Yet, another important extension is the Element-wise Weighted-TLS (EW-
TLS) estimator [75, 62] (see definition in the next section). EW-TLS computes
consistent estimates in linear EIV models, where the measurement errors are
element-wise differently sized or, more generally, where the corresponding error
covariance matrices may differ from row to row, provided the total covariance
structure of the errors is known up to a scalar factor. Some of the variables
are allowed to be exactly known (observable) [97, 51]. Mild conditions for
weak consistency of the EW-TLS estimator have been given and an iterative
procedure to compute it has been proposed.

2.2.2 Link between the WLRA and the TLS problem

Despite the seemingly different problem formulations of WLRA (2.1) and TLS
(2.4), in this subsection, it is shown that both methods can be reduced to the
same mathematical kernel problem, i.e. finding the closest (in a certain sense)
weighted low rank matrix approximation where the weight is derived from the
distribution of the errors in the data.

Instead of computing the best lower rank r approximation D̂ of a data matrix
D ∈ Rm×n according to a weighted norm ‖ · ‖W , the TLS solution of the
problem XB ≈ Y can be computed, where D is split up in two partsD = [X Y ]
such that X ∈ Rm×r and Y ∈ Rm×(n−r). When W = I, then the basic TLS
solution (2.4) can be computed with TLS correction [∆̂X ∆̂Y ] = D− D̂, while
an extended version of the TLS problem should be used in the case of a more
general W . For the other way around, after solving the TLS problem XB ≈ Y
with X ∈ Rm×p and Y ∈ Rm×d, the best lower rank r = p approximation
matrix D̂ of the augmented data matrix D = [X Y ] is given by D̂ = [X Y ] −
[∆̂X ∆̂Y ], where [∆̂X ∆̂Y ] is the corresponding TLS correction. In the case
the weighting matrix W in problem (2.1) is equal to the identity matrix I, the
TLS correction is defined in Definition 1.

Because of the close relationship between the WLRA problem and the TLS
problem, it is obvious that methods created to solve TLS-like problems may
also be useful to solve WLRA problems. This will be the topic of the next
sections.

2.3 Different approaches for the WLRA prob-
lem

Since the matrix weighted low rank approximation problem is non-convex, there
are no efficient optimization methods that are guaranteed to find a globally
optimal solution. What is aimed at instead, is a locally optimal solution nearby
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a given initial approximation. Optimization methods to tackle the WLRA
problem (2.1) have been considered in the literature under different names.
We will discuss the Null space parameterized WLRA (NullWLRA) method,
the Maximum Likelihood Principal Component Analysis (MLPCA) method,
and the EW-TLS and the GTLS methods from the TLS family. These methods
differ in the parameter representation of the rank constraint rank(D̂) ≤ r in
problem (2.1) and in the optimization technique applied in order to solve the
resulting parameter optimization problem. In this section a short description
is given of the different problem formulations and the different approaches for
these methods. In the next section their different algorithms will be discussed.

The different representations of the rank constraint rank(D̂) ≤ r in a paramet-
ric form are the following:

C1: D̂ = TP⊤, where T ∈ Rm×r and P ∈ Rn×r

C2: D̂N = 0, where N ∈ Rn×(n−r) and N⊤N = I

C3: D̂

[
B

−In−r

]
= 0, where B ∈ Rr×(n−r).

C1 and C2 are equivalent. Representations C2 and C3 only differ in the way N is
restricted to be full rank. Representation C2 imposes the additional constraint
N⊤N = I, while representation C3 sets the lower (n − r) × (n − r) block of
N to −I. The constraint N⊤N = I has the advantage that it avoids the
so-called non-generic cases, but it is more difficult to deal with. Indeed, by
using C3 for representing the rank constraint, the condensed problem is an
unconstrained optimization problem, while using C2 the condensed problem
remains a constrained optimization problem since the constraint N⊤N = I
cannot be substituted in the object function.
Any of the representations C1 – C3 for the rank constraint is bilinear. To handle
such a bilinear problem, different optimization techniques can be used:

T 1: applying an alternating least squares algorithm

T 2: eliminating one of the variables and obtaining an equivalent problem in
the other variable

T 3: linearizing the constraint and solving iteratively equality-constrained least
squares problems.

Thus, by combining different rank representations with different local optimiza-
tion methods, different solution methods are obtained for the WLRA problem.
Now, we can formulate the NullWLRA [61], the MLPCA [102], the EW-TLS
[75] and the GTLS [91] problems:
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approach NullWLRA MLPCA EW-TLS
rank constraint C2 C1 C3
optimization technique T 2 T 1 T 2

Table 2.1: Different approaches of the WLRA, the MLPCA and the EW-TLS
problem

NullWLRA: Employing representation C2 for the rank constraint the WLRA
problem becomes

min
N

N⊤N=I

(
min

bD
vec⊤(D − D̂)W−1vec(D − D̂) s.t. D̂N = 0

)
,

with N ∈ Rn×(n−r).

MLPCA: Employing representation C1 for the rank constraint the WLRA prob-
lem becomes

min
T

(
min
bD,P

vec⊤(D − D̂)W−1vec(D − D̂) s.t. D̂ = TP⊤

)
,

with T ∈ Rm×r and P ∈ Rn×r.

EW-TLS : Employing representation C3 for the rank constraint and block di-
agonal matrix W with blocks W1, . . . ,Wm the WLRA problem becomes

min
bB

(
min

bD

m∑

i=1

(di − d̂i)W
−1
i (di − d̂i)

⊤ s.t. D̂

[
B̂
−I

]
= 0

)
,

with di, d̂i ∈ Rn the i-th row ofD and D̂, respectively, andWi the i-th weighting
matrix defined as the covariance matrix of the errors in di.

GTLS : Employing representation C3 for the rank constraint and block diagonal
matrix W with equal blocks Wf the WLRA problem becomes

min
bB

(
min

bD2

m∑

i=1

(d2,i − d̂2,i)W
−1
f (d2,i − d̂2,i)

⊤ s.t. D̂

[
B̂
−I

]
= 0

)
,

with d̂2,i ∈ Rn2 the i-th row of D̂2, D̂ =
[
D1 D̂2

]
∈ Rm×n and the weighting

matrix Wf is the covariance matrix of the errors, assumed to be equal for
all rows, in the i-th row of the noisy data matrix D2. D2 ∈ R

m×n2 is the
noisy part of the data matrix D ∈ Rm×n. Some columns of D can be known

exactly, so D = [D1D2] =
[
D1 D̂2 + ∆̂D2

]
with D1 ∈ Rm×n1 noise-free and

n1 + n2 = n.
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The NullWLRA and the MLPCA problems are the most general problem for-
mulations. The weighting matrix W can be any possible positive-definite co-
variance matrix of the measurement noise. So, for all data sets, no matter
what kind of correlation exists among their measurement errors, the Null-
WLRA and the MLPCA method can be applied. For the EW-TLS and the
GTLS problem the covariance matrix W has a specific block diagonal struc-
ture, W = blkdiag(W1, . . . ,Wm) and W = blkdiag(Wf , . . . ,Wf ) respectively.
In terms of correlation, it means that there should be no correlation at all
among the measurement errors along the columns of the data matrix. Only
the rows of the measurement noise matrix can be correlated. In calibration
problems [103], the rows of the data matrix are formed by individual spectra.
Hence, it is reasonable to discuss the case where correlations between the mea-
surement errors exist only along the rows. The GTLS problem is restrictive
in the way that the covariance matrices of the rows of the measurement noise
matrix should be the same for all rows. In this thesis, we consider n1 = 0.
Thus, all the columns of the data matrix D contain measurement noise. For
real life data this is mostly the case.
Another difference between the NullWLRA-/MLPCA problem and the two
TLS problem formulations is the approximation variable. The first two prob-
lems are matrix approximation problems to find the approximation matrix D̂,
while the latter ones are looking for a solution B̂ of a linear model. Neverthe-

less, one can easily find the corresponding B̂ from D̂ such that D̂

[
B̂
−I

]
= 0

and at any optimal solution B̂ from the TLS problem formulations, D̂ can be
obtained from B̂ and the weighting matrices via a closed form expression [62,
eq. 14]. Thus, except for the above mentioned differences, the four problems
formulated are equivalent. Their numerical algorithms, however, are different.
This will be discussed in the next section.

In Table 2.1 the rank constraint representations and the optimization ap-
proaches of the four problems mentioned are summarized. Because the GTLS
problem is a special case of the EW-TLS problem with Wi = Wf for i =
1, . . . ,m, the GTLS problem is not included in the table. Figure 2.1, at the
end of this chapter, explains the hierarchy of the four problem formulations.

2.4 Different algorithms for the WLRA prob-

lem

In this section, the different algorithms that are used in the NullWLRA ap-
proach, the EW-TLS approach and the GTLS approach, are described. The
algorithm used in the MLPCA approach is presented in the next chapter.
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2.4.1 NullWLRA algorithm

The underlying idea in this subsection is to reformulate the WLRA problem
(2.1) as the following double-minimization problem:

min
N∈R

n×(n−r)

N⊤N=I


 min

cD∈Rm×n

cDN=0

‖ D − D̂ ‖2
W


 , (2.6)

with ‖ · ‖2
W = vec⊤(·)W−1vec(·). Close inspection shows that if N and D̂ are

the minimizing arguments of the two minimizations in (2.6), then D̂ is the

solution of the WLRA problem (2.1): the restriction D̂N = 0 enforces the

constraint rank(D̂) ≤ r since every column of N must belong to the null space

of D̂.

The first step, now, in the derivation of an algorithm to solve problem (2.6)
consists of finding a closed form expression, f(N), for the solution of the inner
minimization of (2.6).

Theorem 3 Let f(N) be defined as

f(N) = min
cD∈Rm×n

cDN=0

‖ D − D̂ ‖2
W ,

with D ∈ Rm×n a given data matrix and W ∈ Rmn×mn a positive-definite,
symmetric weighting matrix. Then a closed-form expression for f(N) is given
by

f(N) = vec⊤(D)(N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1(N ⊗ Im)⊤vec(D), (2.7)

where ⊗ denotes the Kronecker product. f(N) depends only on the column

space of N : for any invertible matrix S, f(NS) = f(N). The minimizing D̂ is
given by

vec(D̂) = (I −W (N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1

(N ⊗ Im)⊤) vec(D). (2.8)

Proof : The reader is referred to Appendix A for a complete derivation of
equations (2.7) and (2.8). ✷

As a result of the theorem, the double-minimization problem (2.6) can be
written as the following optimization problem:

min
N∈R

n×(n−r)

N⊤N=I

vec⊤(D)(N⊗Im)[(N⊗Im)⊤W (N⊗Im)]−1(N⊗Im)⊤vec(D). (2.9)
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Secondly, problem (2.9) needs to be solved. Due to the non-convexity of the
optimization problem (2.9), algorithms that solve this problem will be typically
locally convergent. In this subsection, a linearly convergent, steepest descent
algorithm is presented. Because of the presence of local minima, first an ex-
pression for the local cost function g(K) is derived. Henceforth, N⊥ is used
to denote the orthogonal complement of N , that is, N⊥ ∈ Rn×r is any full
column rank matrix satisfying N⊤N⊥ = 0. Since N⊥ is not uniquely defined,
implicit in any statement involving N⊥ is that the statement holds for any
fixed choice of N⊥. Use the local parameterization from K ∈ Rr×(n−r) into
Rn×(n−r) defined by

φ(K) = N +N⊥K

to form the local cost function

g(K) = f(φ(K)) = f(N +N⊥K). (2.10)

Secondly, an expression for the steepest descent direction of the local cost
function g(K) can be derived. This expression will be used to derive a steepest
descent algorithm for solving the WLRA problem (2.1).

Theorem 4 Define f(N) as in (2.7) and define g(K) as in (2.10) with fixed
N ∈ Rn×(n−r) and N⊥ ∈ Rn×r. Then, the gradient of g(K) about K = 0 is

grad g = 2N⊤
⊥ (D −B)⊤A, (2.11)

where A ∈ R
m×(n−r) and B ∈ R

m×n are the unique matrices that satisfy

vec(A) = [(N ⊗ Im)⊤W (N ⊗ Im)]−1vec(DN)

vec(B) = Wvec(AN⊤). (2.12)

Proof : The reader is referred to Appendix B for a complete derivation of
equation (2.11). ✷

Now that an expression for the local cost function g(K) and an expression of its
steepest descent direction have been derived, the algorithm can be presented.
An outline of the NullWLRA algorithm is given in Algorithm 1.

It is important to note that this steepest descent algorithm is not a standard
descent algorithm, because the cost function changes at each iteration. The
disadvantage of Algorithm 1 is its computational complexity. Evaluating the
cost function f requires many computations. In the unweighted case, with
W = I, the algorithm can be made more efficient by optimizing over f(N⊥)
rather than over f(N). If W = I and N⊤N = I, then equation (2.7) becomes
f(N) = tr(N⊤D⊤DN). Hence, the following holds:

f(N) + f(N⊥) = tr(N⊤D⊤DN +N⊤
⊥D

⊤DN⊥)
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= tr([N N⊥]⊤D⊤D[N N⊥])

= tr(D⊤D) > 0.

Thus, performing steepest descent on f(N) is identical to performing steepest
ascent on f(N⊥). Maximizing f(N⊥) makes sense in the case when r < (n/2).
When r < (n/2), it is computationally more efficient to maximize f(N⊥) rather
than minimize f(N).

In [61], quadratically convergent algorithms for solving problem (2.9) are pre-
sented, but for these algorithms both the gradient and the hessian of the local
cost function g(K) are needed. We will not explain these algorithms in the the-
sis. Not the algorithm, but the reformulation of the original WLRA problem
(2.1) into the double-minimization problem (2.6) is the most important part of
this subsection.

Algorithm 1 NullWLRA algorithm

1: Input: data matrix D ∈ Rm×n, covariance matrix W ∈ Rmn×mn, rank
specification r and relative convergence tolerance ε.

2: Choose starting position N ∈ Rn×(n−r) and N⊥ ∈ Rn×r satisfying
[N N⊥]⊤[N N⊥] = I. Set step size λ := 1.

3: repeat
4: Compute the cost function

f(N) = vec⊤(D)(N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1(N ⊗ Im)⊤vec(D).

5: Compute descent direction K = −2N⊤
⊥ (D − B)⊤A, where A and B are

defined in (2.12).
6: Evaluate f(N + 2λN⊥K). If f(N) − f(N + 2λN⊥K) ≥ λ ‖ K ‖2, then

set λ := 2λ and repeat this algorithmic step.
7: Evaluate f(N + λN⊥K). If f(N)− f(N + λN⊥K) < 1/2λ ‖ K ‖2, then

set λ := 1/2λ and repeat this algorithmic step.
8: Set N := N + λN⊥K. Renormalize [N N⊥] by computing the QR fac-

torization of N , N = QR and setting [N N⊥] = Q.
9: until ‖ K ‖< ε.

10: Compute

vec(D̂) = (I −W (N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1

(N ⊗ Im)⊤) vec(D).

11: Output: approximation matrix D̂.

Note 1 (Initial starting point) We need to choose the initial conditions N
and N⊥ very carefully, because the convergence of the algorithm depends on
them due to the appearance of local minima. Initialize N with the (n− r) right
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singular vectors of D corresponding to its (n − r) smallest singular values.
So, if the SVD of D is equal to D = UΣV ⊤, then take N = V2 with V =
[V1 V2] and V2 ∈ Rn×(n−r). Initialize N⊥ with the r right singular vectors of D
corresponding to its r largest singular values. So, take N⊥ = V1.

2.4.2 EW-TLS algorithm of Premoli–Rastello

The algorithm of Premoli–Rastello, see [75, 62], is derived for the special case
when

W = blk diag(W1, . . . ,Wn), where Wi ∈ R
m×m

and when D has size m×n with m ≤ n. The following input/output represen-
tation of the model is used

rank(D̂) ≤ r ⇐⇒ X̂B̂ = Ŷ , where D̂⊤ =
[
X̂ Ŷ

]
,

with col dim(X̂) = r, col dim(Ŷ ) = d, and m = r + d. So, the WLRA problem
to solve can be written as follows:

min
bB

(
min

bD

n∑

i=1

(di − d̂i)
⊤W−1

i (di − d̂i) s.t. D̂⊤

[
B̂
−I

]
= 0

)
, (2.13)

with di, d̂i ∈ Rm the i-th column of D and D̂, respectively, and Wi the i-th
weighting matrix defined as the covariance matrix of the errors in di.

The WLRA problem (2.13) can be solved partially by minimizing analytically

with respect to D̂. In this way the following equivalent unconstrained opti-
mization problem is derived

B̂∗ = argmin
bB
f(B̂), (2.14)

where

f(B̂) =

n∑

i=1

d⊤i R
⊤(RWiR

⊤)−1Rdi, R =
[
B̂⊤ −I

]
. (2.15)

Define the residual matrix

E(B̂) = (RD)⊤ = XB̂ − Y, E⊤(B̂) =
[
e1(B̂) · · · en(B̂)

]

and partition di and Wi as follows:

di =

[
xi

yi

]
r

d
, Wi =

r d[
Wx,i Wxy,i

Wyx,i Wy,i

]
r

d
.
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The first order optimality condition f ′(B̂) = 0 of (2.14) is

2

n∑

i=1

(
xie

⊤
i (B̂)Γ−1

i (B̂) − (Wx,iB̂ −Wxy,i)Γ
−1
i (B̂)ei(B̂)e⊤i (B̂)Γ−1

i (B̂)
)

= 0,

where

Γi(B̂) = RWiR
⊤.

We aim to find a solution of f ′(B̂) = 0 that corresponds to a solution of the
low rank approximation problem, i.e., to a global minimum point of f .

The algorithm proposed in [75] uses an iterative procedure starting from an
initial approximation B(0) and generating a sequence of approximations B(k),
k = 0, 1, 2, . . ., that approaches a solution of f ′(B̂) = 0. The iteration is
implicitly defined by the equation

F (B(k+1), B(k)) = 0, (2.16)

where

F (B(k+1), B(k)) = 2

n∑

i=1

(
xi

(
B(k+1)⊤xi − yi

)⊤
Γ−1

i (B(k))

− (Wx,iB
(k+1) −Wxy,i)Γ

−1
i (B(k))ei(B

(k))e⊤i (B(k))Γ−1
i (B(k))

)
.

Note that F (B(k+1), B(k)) is linear in B(k+1), so that B(k+1) can be computed
in a closed form as a function of B(k). Equation (2.16) with B(k) fixed can be
viewed as a linear relaxation of the first order optimality condition of (2.14),
which is a highly nonlinear equation.

An outline of the Premoli–Rastello algorithm is given in Algorithm 2. In gen-
eral, solving the equation (2.16) for B(k+1) requires vectorization. The vec op-
erator vectorizes a matrix column-wise and ⊗ denotes the Kronecker product.
The identity vec(XBY ) = (Y ⊤⊗X)vec(B) is used in order to transform (2.16)
to the classical system of equations G(B(k))vec(B(k+1)) = h(B(k)), where G
and h are given in the algorithm. The mapping b = vec(B) 7→ B is denoted
by vec−1.

Note 2 In the special cases of rank reduction by one, i.e., r = n − 1, equa-
tion (2.16) becomes particularly simple. In this case, Γi(b

(k)), ei(b
(k)), and yi

are scalars, so that (2.16) can be written as

∑n
i=1

(
xi

(
x⊤i b

(k+1) − yi

)
Γ−1

i (b(k)) −
(
Wx,ib

(k+1) −Wxy,i

)
Γ−1

i (b(k))ei(b
(k))

ei(b
(k))Γ−1

i (b(k))
)

= 0,



32 Chapter 2. Introduction to Weighted Low Rank Approximation

Algorithm 2 Algorithm of Premoli–Rastello.

1: Input: the data matrix D ∈ Rm×n, the covariance matrices {Wi}n
i=1, a

rank specification r, and a convergence tolerance ε.
2: Initial approximation: compute a GTLS solution B̂gtls of XB ≈ Y where
D⊤ = [X Y ] with Wf = 1

n

∑n
i=1Wi where Wi is the submatrix of W at the

intersection of the rows (i− 1)m+ 1 to i ·m and the columns (i− 1)m+ 1

to i ·m and let B(0) = B̂gtls (see Algorithm 6).

3: Define: D =

[
x1 · · · xn

y1 · · · yn

]
r

d
, where d = m− r.

4: k = 0.
5: repeat
6: Let G = 0rd×rd and h = 0rd×1.
7: for i = 1, . . . , n do
8: ei = B(k)⊤xi − yi.

9: Ni =

([
B(k)

−I

]⊤
Wi

[
B(k)

−I

])−1

.

10: ni = Niei.
11: G = G+Ni ⊗ (xix

⊤
i ) − (nin

⊤
i ) ⊗Wx,i.

12: h = h+ vec(xiy
⊤
i Ni −Wxy,inin

⊤
i ).

13: end for
14: Solve the system Gb = h and let B(k+1) = vec−1(b).
15: k = k + 1.
16: until ‖B(k) −B(k−1)‖F/‖B(k)‖F < ε

17: Output: B̂∗ = B(k).

which is equivalent to a standard linear system of equations G(b(k))b(k+1) =
h(b(k)),

n∑

i=1

( xix
⊤
i

Γi(b(k))
−Wx,i

e2i (b
(k))

Γ2
i (b

(k))

)

︸ ︷︷ ︸
G(b(k))

bk+1 =

n∑

i=1

( xiyi

Γi(b(k))
−Wxy,i

e2i (b
(k))

Γ2
i (b

(k))

)

︸ ︷︷ ︸
h(b(k))

.

Note 3 (Relation to Gauss–Newton type algorithms) Algorithm 2 is not
a Gauss –Newton type algorithm for solving the first order optimality condition
because the approximation F is not the first order truncated Taylor series of f ′;
it is a different linear approximation. The choice makes the derivation of the
algorithm simpler but complicates the convergence analysis.

Note 4 (Convergence properties) Algorithm 2 is proven to be locally con-
vergent with a super linear convergence rate, see [62, Sec. 5.3]. The algorithm,
however, is not globally convergent and simulation results suggest that the re-
gion of convergence to a minimum point could be rather small. Hence, a good
initial approximation is required for convergence.
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Note 5 (Computing the approximation matrix D̂) At any optimal solu-

tion B̂∗, D̂ can be obtained from B̂∗ and the weighting matrices {Wi}n
i=1 via a

closed form expression as follows:

D̂ = D + ∆̂D, (2.17)

where an expression for ∆̂D is given by

∆̂D
⊤

= −



d⊤1 R

⊤(RW1R
⊤)−1RW1

...
d⊤nR

⊤(RWnR
⊤)−1RWn


 .

2.4.3 Classical EW-TLS algorithm

The Premoli–Rastello algorithm is a heuristic optimization method. Next, we
describe an algorithm for the WLRA problem based on classical local optimiza-
tion methods. The classical local optimization methods have reached a high
level of maturity by now. In particular, their convergence properties are well
understood, while the convergence properties of the alternative methods still
are not.

In order to apply classical optimization algorithms for the solution of prob-
lem (2.1), first we have to choose a parameterization of the model. A possible
parameterization is given by the input/output representation, so the problem
considered is (2.14).

A quasi-Newton type method requires an evaluation of the cost function f(B̂)

and its first derivative f ′(B̂). Both the cost function and its first derivative
are available in closed form, so that their evaluation is a matter of numeri-
cal implementation of the operations involved. The computational steps are
summarized in Algorithm 3. The proposed algorithm, based on a classical
optimization method, is outlined in Algorithm 4.

The optimization problem (2.14) is a nonlinear least squares problem, i.e.,

f(B̂) = F⊤(B̂)F (B̂)

for certain F : Rr×d → Rnd. Therefore, the use of special optimization methods
like the Levenberg–Marquardt method is preferable. The vector F (B̂), how-

ever, is computed numerically, so that the Jacobian J(B̂) =
[
δFi/δb̂j

]
, where

b̂ = vec(B̂), cannot be found in closed form. A possible workaround for this
problem is proposed in [40], where an approximation, called quasi-Jacobian is
used instead. The quasi-Jacobian can be evaluated in a similar way to the one
for the gradient, which allows use of the Levenberg–Marquardt method for the
solution of the WLRA problem.
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Algorithm 3 Cost function and first derivative evaluation.

1: Input: D ∈ Rm×n, {Wi}n
i=1, r, and B̂.

2: Define: D =

[
x1 · · · xn

y1 · · · yn

]
r

d
, where d = m− r.

3: Let f = 01×1 and f ′ = 0r×d.
4: for i = 1, . . . , n do
5: ei = B̂⊤xi − yi.

6: Solve the system

([
bB

−I

]⊤
Wi

[
bB

−I

])
ni = ei.

7: f = f + e⊤i ni.

8: f ′ = f ′ + xin
⊤
i − (Wx,iB̂ −Wxy,i)nin

⊤
i .

9: end for
10: Output: the cost function f and its first derivative f ′ at B̂.

Algorithm 4 EW-TLS algorithm based on classical local optimization.

1: Input: the data matrix D ∈ Rm×n, the covariance matrices Wi, i =
1, . . . , n, a rank specification r, and a convergence tolerance ε.

2: Initial approximation: compute a GTLS approximation B̂gtls of D⊤, and

let B(0) = B̂gtls. (See Step 2 of Algorithm 2.)
3: Apply a standard optimization algorithm, e.g., the BFGS (Broyden,

Fletcher, Goldfarb, and Shanno) quasi-Newton method, for the minimiza-

tion of f over B̂ with initial approximation B(0) and with cost function
and first derivative evaluation performed via Algorithm 3. Let B̂∗ be the
approximation found by the optimization algorithm upon convergence.

4: Output: B̂∗.

Note 6 (Row versus column error covariances) Algorithms 3 and 5 are
designed for the case when the data matrix D has size m × n with m ≤ n
and when D has column-wise correlated measurement errors. When the data
matrix has size m×n with m ≥ n and the measurement errors are uncorrelated
or row-wise correlated, Algorithms 3 and 5 can be applied to the transposed
data matrix. However, in some scientific disciplines, e.g. chemometrics, the
data matrix usually has size m × n with m ≤ n and the measurement errors
are row-wise correlated. Moreover, it makes sense to study the case where
correlations between the measurement errors exist only along the rows, because
in calibration problems [102] for example, the rows of the data matrix D are
formed by individual spectra. For this case of measurement error correlation,
the algorithms need to be optimized by considering the left kernel of D̂, i.e., the
following modifications of C2 and C3 should be used:

C2′: N⊤D̂ = 0, where N ∈ Rm×(m−r) and N⊤N = I.

C3′:
[
B⊤ −Im−r

]
D̂ = 0, where B ∈ Rr×(m−r).
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In the next subsection, an algorithm will be designed for the case when the data
matrix has size m×n with m ≤ n and row-wise correlated measurement errors.

Note 7 (Computing the approximation matrix D̂) A closed form expres-

sion for D̂ has been given in the previous subsection, in equation (2.17).

2.4.4 Adapted EW-TLS algorithm

The adapted EW-TLS algorithm is derived for the special case when the data
matrix D has size m × n with m ≤ n and row-wise correlated measurement
errors. The adapted EW-TLS problem, with the modified constraint C3′, can
be formulated as follows:

min
bB2

(
min

bD
vec⊤(D⊤ − D̂⊤)W−1 vec(D⊤ − D̂⊤) s.t. [B̂⊤

2 − Im−r]D̂ = 0

)
,

(2.18)
where the weighting matrix W is block diagonal, because the measurements
are uncorrelated among the columns:

W =



W1

. . .

Wm


 . (2.19)

Note that the blocks Wi ∈ Rn×n, for i = 1, . . . ,m, have larger dimensions than
the non-zero blocks of the matrix W in the previous subsection.

By defining R := [B̂⊤
2 − Im−r] ∈ R

(m−r)×m, the rank constraint [B̂⊤
2 −

Im−r]D̂ = 0 can now be written as RD̂ = 0 or D̂⊤R⊤ = 0. So, problem (2.18)
can be written as the following optimization problem:

min
bB2

min
cD∈Rm×n

cD⊤R⊤=0

vec⊤(D⊤ − D̂⊤)W−1 vec(D⊤ − D̂⊤). (2.20)

Solving the inner minimization of problem (2.20) via Lagrange multipliers gives:

ψ(L, D̂) = vec⊤(D⊤ − D̂⊤)W−1vec(D⊤ − D̂⊤) − tr(L⊤D̂⊤R⊤),

where L is the Lagrange multiplier. By minimizing analytically with respect
to D̂, an expression for the cost function g(B̂2) of the inner minimization of
(2.20) can be found and denoted as follows:

g(B̂2) = vec⊤(D⊤)(R⊤⊗ In)[(R⊗ In)W (R⊤⊗ In)]−1(R⊗ In)vec(D⊤). (2.21)

Problem (2.20) can now be written as the following equivalent non-convex
unconstrained optimization problem:

B̂∗
2 = argmin

bB2

g(B̂2). (2.22)
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Due to the non-convexity of problem (2.22), we consider a standard method for
local optimization: the Levenberg-Marquardt algorithm (Matlab’s lsqnonlin),
which is a nonlinear least squares optimization algorithm. By applying such an
optimization method, the efficiency of the cost function evaluation is of great
importance. In the previous subsection, an efficient algorithm to solve the
classical EW-TLS problem was described in Algorithm 4 by minimizing over
the simplified expression (2.15) of the cost function f(B̂). For the adapted EW-
TLS problem, however, it is not so straightforward to rewrite the expression
(2.21) for the cost function g(B̂2) in a simpler way. Still, computational savings
can be achieved as follows. By denoting Ri as the ith column of matrix R,
expression (R ⊗ In)W (R⊤ ⊗ In) in equation (2.21) can be rewritten as

[R1 ⊗ In . . . Rm ⊗ In]



W1

. . .

Wm






R⊤

1 ⊗ In
...

R⊤
m ⊗ In


 =

m∑

i=1

RiR
⊤
i ⊗Wi.

Hence, a simplified expression for the cost function g(B̂2) is given as follows:

g(B̂2) = (
m∑

i=1

R⊤
i ⊗ d⊤i )(

m∑

i=1

RiR
⊤
i ⊗Wi)

−1(
m∑

i=1

Ri ⊗ di). (2.23)

So, the evaluation of the cost function g is a matter of numerical implementa-
tion of the operations involved. The proposed algorithm, based on a classical
optimization method, to solve problem (2.22) is outlined in Algorithm 5.

Algorithm 5 Adapted EW-TLS algorithm.

1: Input: the data matrix D ∈ Rm×n, the covariance matrices Wi, i =
1, . . . ,m, a rank specification r, and a convergence tolerance ε.

2: Initial approximation B
(0)
2 : compute the TLS solution (see Theorem 2)

B
(0)
2 = −U12U

−1
22 , where D = UΣV ⊤ is the SVD of D and the matrix U is

partitioned as follows:

U =

r m− r[
U11 U12

U21 U22

]
r

m− r
.

3: Apply a standard optimization algorithm, e.g., the BFGS (Broyden,
Fletcher, Goldfarb, and Shanno) quasi-Newton method, for the minimiza-

tion of g over B̂2 with initial approximation B
(0)
2 and with cost function

evaluation performed via implementation of expression (2.23). Let B̂∗
2 be

the approximation found by the optimization algorithm upon convergence.
4: Output: B̂∗

2 .
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2.4.5 GTLS algorithm

The GTLS algorithm is derived for the special case when

W = blkdiag(Wf , . . . ,Wf ) with Wf ∈ R
n×n

and when the data matrix D has size m × n with m ≥ n. The following
input/output representation of the model is used:

rank(D̂) ≤ r ⇐⇒ X̂B̂ = Ŷ , where D̂ = [X̂ Ŷ ],

with col dim(X̂)= r, X̂ ∈ Rm×r and Ŷ ∈ Rm×(n−r). Hence, the WLRA
problem (2.1) can be written as

min
bB

(
min

bD

m∑

i=1

(di − d̂i)W
−1
f (di − d̂i)

⊤ s.t. D̂

[
B̂
−I

]
= 0

)
, (2.24)

with di, d̂i ∈ Rn the i-th row of D and D̂, respectively, and Wf the weighting
matrix defined as the covariance matrix of the measurement errors in each
row di. To compute a solution of problem (2.24) the data matrix D = [X Y ]
is scaled such that the error covariance matrix W ∗

f of the transformed data
D∗ = [X∗ Y ∗] is diagonal with equal variances, i.e. W ∗

f ∼ I. The classical TLS
algorithm [92] is used to solve this transformed set of equations X∗B∗ ≈ Y ∗

and finally the solution of the transformed set is converted into a solution of
the original set of equations XB ≈ Y . An outline of the GTLS algorithm is
given in Algorithm 6. Alternatively, the GTLS problem can also be solved by
making use of the Generalized SVD [38]. This approach is recommended when
Wf is close to rank deficiency. For more details, the interested reader is referred
to [91].

Note 8 (Special cases: ordinary TLS and weighted TLS) It is worth no-
ting that when W ∼ I (i.e., the errors of the data matrix D are uncorrelated
and equally sized), the GTLS solution reduces to the ordinary TLS estimate.
Whenever the errors are uncorrelated but unequally sized (W is diagonal), the
GTLS problem formulation is reduced to the weighted TLS problem.

2.5 Conclusion

In this chapter, we have given an exact problem formulation of the WLRA
problem. We have shown that the WLRA problem is closely related to the well-
studied TLS problem. In order to solve the WLRA problem, several equivalent
approaches have been proposed, namely the NullWLRA method, the MLPCA
method, the EWTLS method and the GTLS method. Moreover, the different
algorithms that are used in these approaches, have been presented.
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Algorithm 6 GTLS algorithm via rescaling the data.

1: Input: the data matrix D ∈ R
m×n, the error covariance matrix Wf ∈ R

n×n

which is equal for all rows of D and a rank specification r.
2: Define D = [X Y ], with X ∈ Rm×r and Y ∈ Rm×(n−r).
3: Compute the Cholesky factorization of Wf : Wf = C⊤C.
4: Rescale the data matrix D :

D∗ = [X∗ Y ∗] = [X Y ]C−1 = [X Y ]
r n− r[
C11 C12

0 C22

]
r

n− r
5: Apply the classical TLS algorithm to the data D∗:

compute a rank r truncated SVD approximation D̂∗
tls = UrSrV

⊤
r of D∗,

with the SVD of the matrix D∗ equal to USV ⊤, Ur the truncation of the
matrix U to m× r, Sr the truncation of S to r × r and Vr the truncation
of V to n× r, U⊤

r Ur = I, V ⊤
r Vr = I;

compute the solution B̂∗
tls of X∗B∗ ≈ Y ∗:

if r ≥ n− r then B̂∗
tls = −V12V

−1
22 , where

r n− r[
V11 V12

V21 V22

]
r

n− r

else B̂∗
tls = (V ⊤

11)−1V ⊤
21 .

6: Output:
B̂gtls = (C11B̂∗

tls − C12)C
−1
22 ;

D̂gtls = D̂∗
tlsC.
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Correlations among the measurement errors

along the columns and the rows

(NullWLRA,MLPCA)

W > 0

����
��

��
��

��
��

��
��

�

��
::

::
::

::
::

::
::

::
::

:

Correlation along the rows only

(EWTLS)

W = blkdiag(W1, . . . , Wm)

Wi > 0

�� ��
77

77
77

77
77

77
77

77
7

Correlation along the columns only

W = blkdiag(W̄1, . . . , W̄n)

W̄j > 0

����
��

��
��

��
��

��
��

��
�

��

Correlation along the rows only,

equal row-covariance (GTLS)

W = blkdiag(Wf , . . . , Wf
| {z }

m

)

Wf > 0

��
99

99
99

99
99

99
99

99
99

Uncorrelated,

unequal variance

(Weighted TLS)

W = diag(w),

w ∈ R
mn, w > 0

��

Correlation along the columns only,

equal column-covariance

W = blkdiag(W̄f , . . . , W̄f
| {z }

n

)

W̄f > 0

����
��

��
��

��
��

��
��

��

Uncorrelated,

equal variance (TLS)

W ∼ Imn

Figure 2.1: Hierarchy of covariance structures of the measurement noise. The
problems that use the assumption are given between brackets.
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Chapter 3

WLRA problem in
chemometrics

In the previous chapter, we discussed the NullWLRA method, the MLPCA
method, and the EW-TLS and the GTLS methods from the TLS family. We
have shown that these four approaches tackle an equivalent weighted low rank
approximation problem, but that they use different algorithms to come up with
the best weighted low rank matrix approximation. The MLPCA method has
been devised in chemometrics as a generalization of the well-known Principal
Component Analysis (PCA) method in order to derive consistent estimators
in the presence of errors with known error distribution. For similar reasons,
the TLS method has been generalized in the field of computational mathematics
and engineering to maintain consistency of the parameter estimates in linear
models with measurement errors of known distribution. In this chapter, we will
discuss the use of TLS-like algorithms in chemometrics. We will compare the
computation times of MLPCA and EW-TLS on simulated as well as real-life
chemical data and discuss their convergence behaviour.

3.1 Existing approaches

In general, the primary goal of chemometrics is to develop and utilize models
for chemical measurements. Principal Component Analysis (PCA), described
in subsection 3.1.1, has perhaps been the most powerful tool of the chemometri-
cian in this regard. Initially employed by statisticians to describe the variance
and covariance of random variables, PCA is more commonly used in chemo-
metrics to describe deterministic relationships among variables, especially in

41
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cases where a high degree of collinearity exists. In this context, the advan-
tage of PCA is that it allows multivariate data to be represented by a smaller
number of variables, called principal components. In applications such as mix-
ture analysis, the object is to develop an r-dimensional linear model (i.e. an
r-dimensional hyperplane) to describe the data within experimental error. In
this case, r is sometimes called the chemical rank of the data set to distinguish
it from the mathematical rank, which is nearly always maximized owing to the
presence of experimental error. The chemical rank is typically related to the
number of underlying chemical components present.

PCA has been very successfully applied to modelling in chemistry. The objec-
tive of the chemist is generally twofold: (i) to determine the correct form of
the model; (ii) to obtain the best estimate of the parameters associated with
the model. Unfortunately, PCA is often not an optimal procedure for the esti-
mation of model parameters and can lead to poor models in certain cases. Of
course, there are a variety of optimization criteria to be considered when eval-
uating parameter estimation methods. One widely used approach is to employ
a maximum likelihood criterion. Simply put, for a given r-dimensional model
the maximum likelihood solution for the model parameters is the one that is
most likely to give rise to the observed measurements. Maximum likelihood es-
timates are generally recognized as having desirable statistical properties and
their use has become commonplace. For example, PCA can be considered to
be a maximum likelihood method if all measurement error standard deviations
have the same normal distribution (i.e. i.i.d.). When minor variations from
the assumptions for maximum likelihood estimation are observed, PCA can
still be useful, but when the violations become large, it becomes ineffective.
This has been remedied in part by incorporating various scaling techniques to
reduce the data to i.i.d., but this will not work in the general case. A max-
imum likelihood method which is more general in its approach to modelling
is needed. In this perspective, the Maximum Likelihood PCA (MLPCA) has
been developed. MLPCA is an errors-in-variables modelling method in that it
accounts for measurement errors in the estimation of model parameters. The
method is described in subsection 3.1.2.

3.1.1 PCA/PCR

Before getting to a description of PCA, mathematical concepts that will be
used in PCA are described in Appendix C. The appendix covers standard
deviation, variance and covariance. This background knowledge can be skipped
if the concepts are already familiar.

PCA is a way of identifying patterns in data, and expressing the data in such
a way as to highlight their similarities and differences. Since patterns in data
can be hard to find in data of high dimension, where the luxury of graphical
representations is not available, PCA is a powerful tool for analyzing data.
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Historically, a distinction has been made between PCA of column-variables
and that of row-variables. These are referred to as R-mode or Q-mode PCA,
respectively. The modern approach is to consider both analyses as dual. PCA
generates the EVD for a cross product of the data D. This cross product can
be calculated in covariance or in correlation form. The focus can be on the
column (Q-mode) space or the row (R-mode) space. The Q-mode eigenvectors
(ofDD⊤) are named scores while the R-mode eigenvectors (ofD⊤D) are named
loadings. The first eigenvector explains most of the variance in the measurement
matrix, the second eigenvector explains a bit less, and so forth.

The heart of the machinery behind PCA is the Singular Value Decomposition
(SVD). The SVD has been described in the introductory chapter, in Theorem 1.
PCA uses the SVD to decompose the expression matrix D into a set of scores
and loadings that are truncated to the first r factors. An outline of the PCA
algorithm is given in Algorithm 7. The PCA algorithm computes maximum
likelihood estimates under the assumption of homogeneous and independent
(i.e. i.i.d.) measurement errors. So, by writing D = D̂ + ∆D, this means that
Cov(∆D) ≡ σ2I, where Cov(C) ∈ R

mn×mn denotes the covariance matrix of
a matrix C ∈ Rm×n.

Algorithm 7 PCA algorithm

1: Input: data matrix D ∈ R
m×n and a rank specification r

2: Compute the SVD of the given data matrix D:

D = UΣV ⊤,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices, Σ is a matrix
with the only non-zero elements σ1, σ2, . . . , σk on its diagonal, σ1 ≥ σ2 ≥
. . . ≥ σk > 0 and rank(D) = k.

3: Truncate the matrices U,Σ and V : Σr is obtained from Σ by setting all but
the first r singular values to zero and Ur and Vr are the matrices formed
by the first r columns of U and V , respectively.

4: Derive the approximated data set D̂:

D̂ = TP⊤,

where T = UrΣr is the matrix of scores and P = Vr is the matrix of
loadings.

5: Output: D̂.

Instead of decomposing the expression matrixD = [X Y ], Principal Component
Regression (PCR) is based on the decomposition of the matrix X and the
PCR model to solve is XB ≈ Y . In PCR first a PCA is performed on X ,
then the variables in the Y -matrix are regressed on these principal components
of X . So, the variables in the Y -matrix do not play a role at the stage of
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computing the principal components of X . The PCR algorithm is described
in Algorithm 8. The number p of principal components can be determined by
some model validation procedure. For example, the application of the bootstrap
can be an approach to model validation. We refer the interested reader to [104]
for details about the bootstrap methodology in general.

Algorithm 8 PCR algorithm

1: Input: data matrix D = [X Y ], with X ∈ Rm×(n−d) and Y ∈ Rm×d, and a
number p of principal components.

2: Compute the PCA of the given data set X :

X̂ = TP⊤,

where T = UpΣp, P = Vp, X = UΣV ⊤ is the SVD of X , Σp is obtained
from Σ by setting all but the first p singular values to zero and Up and Vp

are the matrices formed by the first p columns of U and V , respectively.
3: Compute the multivariate least squares regression of Y on the major p prin-

cipal components using the unit-norm singular vectors Up or the principal
components T :

Ŷ = UpU
⊤
p Y = T (T⊤T )−1T⊤Y

4: Compute the PCR model coefficient matrix B. This can be obtained in a
variety of equivalent ways:

B̂ = (X̂⊤X̂)−1X̂⊤Ŷ = VpΣ
−1
p U⊤

p Y = Vp(T
⊤T )−1T⊤Y.

5: Output: B̂, D̂ = [X̂ Ŷ ].

By using PCA in Algorithm 8, the dimension reduction of the data set X is
done in such a way as to maintain the maximum amount of information. The
neglected minor components are supposed to contain noise that is in no way
relevant for the relation with Y .

3.1.2 MLPCA

A number of assumptions have been made in the development of the MLPCA
method and these should be made clear first. It is assumed that there is a true
underlying r-dimensional model for the data. Second, deviations of the mea-
surements from this model are the result only of random measurement errors
(no model errors or outliers). Third, the method assumes that the true val-
ues of the measurement standard deviations (or error covariance matrices) are
known, while in practice, only estimates of these values are normally available.
But, MLPCA can still be used effectively with the variance estimates as has
been shown in [101].
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The MLPCA problem has been discussed in the previous chapter. Here, we
will only repeat its problem formulation:

min
T,P

vec⊤(D − D̂)W−1vec(D − D̂) s.t. D̂ = TP⊤, (3.1)

with T ∈ Rm×r and P ∈ Rn×r. The MLPCA algorithm, see Algorithm 9,
represents a completely general treatment for the case of correlated measure-
ment errors. This algorithm utilizes the elegant simplicity of an Alternating
Least Squares (ALS) solution and converges globally to an optimal solution.
The convergence rate, however, is linear and the method can be rather slow in
practice. Briefly, this ALS solution involves alternating between the row and
column spaces of the given data matrix D ∈ R

m×n. The projections for a trial
solution in one space are used to estimate the solution in the alternative space,
and the process is repeated until convergence is achieved. In the MLPCA algo-
rithm, the weighting matrix W ∈ Rmn×mn is the full error covariance matrix
for D and Ω is the full error covariance matrix for D⊤ and contains the same
information as W in a different arrangement. The relationship between W and
Ω is given by the commutation matrix K, which is an mn×mn permutation
matrix with mn non-zero elements and has the properties

Ω = KWK⊤ and vec(D⊤) = Kvec(D).

In practice, the commutation matrix can be computed as follows: begin with
an mn × 1 vector a such that ai = i, for all i. Reshape a so that it forms a
m × n matrix A and set vec(A⊤) = b. Now, the corresponding elements of
a and b are the row and column indices, respectively, of the elements of the
commutation matrix K that should be set to one. The remaining elements of
K should be set to zero, making it a sparse matrix with mn non-zero elements.

Although the MLPCA algorithm can accommodate correlated measurement
errors, two drawbacks have limited its practical utility in these cases: (1) an
inability to handle rank deficient error covariance matrices; (2) demanding
memory and computational requirements. In the completely general case the
covariance matrix will have m2n2 elements and easily exceeds the storage ca-
pacity of most machines for large matrices unless special measures are used.
Fortunately, for many real chemical problems, error covariance is limited to ei-
ther the row or column directions. In these cases, either the matrix W or Ω will
be block diagonal and can be stored as a sparse matrix. Such simplifications
are described in the next two subsections.

Simplification 1: row correlations only

In many chemical applications, it may be reasonable to assume that measure-
ment errors are correlated only along the rows or only along the columns.
Traditionally, in calibration problems, individual spectra form the rows of the
m× n data matrix D. In the case of natural calibration or a well-designed
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Algorithm 9 MLPCA algorithm

1: Input: data matrix D ∈ Rm×n, a corresponding matrix W ∈ Rmn×mn of
measurement error covariances for vec(D), a commutation matrix K for
D, a rank specification r and a convergence tolerance ε.

2: Compute a rank r truncated SVD approximation of D to obtain an initial
approximation to the MLPCA solution: D(0) = UrSrV

⊤
r , with the SVD

of the matrix D equal to USV ⊤, Ur the truncation of the matrix U to
m× r, Sr the truncation of S to r× r and Vr the truncation of V to n× r,
U⊤

r Ur = I, V ⊤
r Vr = I.

3: k = 0.
4: repeat
5: Transpose D(k) and calculate the maximum likelihood estimates in the

alternate space using Vr:

Ω−1 = KW−1K⊤

V = Im ⊗ Vr

vec(D(k+1)) = V(V⊤Ω−1V)−1V⊤Ω−1vec(D(k)) (3.2)

Calculate the objective function

S2
1 = vec(D(k) −D(k+1))⊤Ω−1vec(D(k) −D(k+1))

6: Reconstruct D(k+1) from vec(D(k+1)) and compute the truncated SVD
of D(k+1): D(k+2) = UrSrV

⊤
r .

7: k = k + 2.
8: Transpose D(k) and calculate the maximum likelihood estimates in the

original space using Ur:

W−1 = K⊤Ω−1K

U = In ⊗ Ur

vec(D(k+1)) = U(U⊤W−1U)−1U⊤W−1vec(D(k)) (3.3)

Calculate the objective function

S2
2 = vec(D(k) −D(k+1))⊤W−1vec(D(k) −D(k+1))

9: Reconstruct D(k+1) (original dimensions) and compute the truncated
SVD of D(k+1) in the original space: D(k+2) = UrSrV

⊤
r .

10: k = k + 2.
11: until (S2

1 − S2
2)/S2

2 < ε.

12: Output: D̂ = D(k).
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experiment, there should be no correlation in the measurement errors for differ-
ent samples, so, in this subpart, we will treat the situation where correlations
exist only along the rows. The case of column covariance will not be handled
separately, because the given data matrix can be transposed and only minor
modifications are needed.

In the case of error covariance in the rows only, all of the covariance information
is contained in the n× n row covariance matrices Σi, for i = 1, . . . ,m, defined
as follows:

Σi = E[(di − d0
i )

⊤ · (di − d0
i )],

where di and d0
i are row vectors of D and D0, respectively, and E stands for the

expectation value. The method assumes that the true values, D0, of the matrix
D are known, while in practice, only estimates of these values are normally
available. The full covariance matrix Ω will now be block diagonal, consisting
of m blocks of dimensions n×n. This reduces the number of non-zero elements
from m2n2 to mn2. While this is still a large number in practice, it makes a
critical difference in many cases to store Ω as a sparse matrix. Furthermore,
the block diagonal form allows Ω to be inverted by inversion of the individual
covariance blocks:

Ω−1 =




Σ−1
1

Σ−1
2

. . .

Σ−1
m


 .

This improves the numerical stability of the MLPCA algorithm. The inverse of
the companion covariance matrixW can be obtained by using the commutation
matrix K, discussed above:

W−1 = K⊤Ω−1K.

Although the simplifications described make the implementation of the MLPCA
algorithm, Algorithm 9, more feasible, there is still one more practical consider-
ation which arises from the initial estimation of the covariance matrix. In many
real applications, the estimated error covariance matrix will be rank deficient
and cannot be inverted. To solve this problem, a small value can be added
to the diagonal elements of Σi prior to its inversion. To do so, the following
equation will be used in the MLPCA algorithm:

Σ̂′
i = Σ̂i + In ‖ Σ̂i ‖ ·ǫ · 100n,

where ǫ represents the machine precision.
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Simplification 2: identical row correlations only

The procedure described above can even be improved for certain cases where the
error covariance matrix Σ is the same for each row. Based on the assumption
of equal row covariance matrices, a number of practical advantages in storage
and speed can be gained. Since Σ does not change, it is now possible to project
the entire data matrix D at once, rather than one row vector at a time. Instead
of equation (3.2), the following equation can be used:

D̂ = DΣ−1Vr(V
⊤

r Σ−1Vr)
−1V ⊤

r . (3.4)

The objective function is then calculated as follows:

S2 = tr[(D − D̂)⊤Σ−1(D − D̂)], (3.5)

where tr[A] stands for the trace of a matrix A. As usual, an analog must be
found in the column space in order to use the ALS solution. This can be done
by denoting that

Ω−1 = Im ⊗ Σ−1.

Using the properties of the commutation matrix K, the following holds:

W−1 = K⊤Ω−1K

= K⊤(Im ⊗ Σ−1)K

= Σ−1 ⊗ Im.

Substituting into equation (3.3) and using properties of the Kronecker product
gives:

vec(D̂) = (In ⊗ Ur)[(In ⊗ Ur)
⊤(Σ−1 ⊗ Im)(In ⊗ Ur)]

−1

(In ⊗ Ur)
⊤(Σ−1 ⊗ Im)vec(D)

= (In ⊗ Ur)[(In ⊗ U⊤
r )(Σ−1 ⊗ Ur)]

−1(Σ−1 ⊗ U⊤
r )vec(D)

= (In ⊗ Ur)[Σ
−1 ⊗ Ir]

−1(Σ−1 ⊗ U⊤
r )vec(D)

= (In ⊗ Ur)(Σ ⊗ Ir)(Σ
−1 ⊗ U⊤

r )vec(D)

= (Σ ⊗ U⊤
r )(Σ−1 ⊗ U⊤

r )vec(D)

= (In ⊗ UrU
⊤
r )vec(D)

= vec(UrU
⊤
r DIn) = vec(UrU

⊤
r D)

or
D̂ = UrU

⊤
r D. (3.6)

Remark that, when the row covariance matrices are equal, the maximum likeli-
hood projection in the column space (3.6) is equal to the orthogonal projection
employed for PCA. By employing equations (3.4), (3.5) and (3.6), the procedure
for including correlated errors is greatly simplified and storage requirements are
reduced from m2n2 to n2.
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3.2 TLS in chemometrics: state-of-the-art

Although TLS, which is described in the previous chapter, has already been
applied in chemometrics since 1984 [105], its concept and properties are not
well known in chemometrics and in fact a lot of confusion exists about its
proper use and relation to well-known chemometric techniques such as PCA,
Partial Least Squares (PLS) and other EIV approaches such as Latent Root
Regression (LRR).

Several authors, such as A. Burnham et al. [9], S. de Jong [18, 19] and A.
Phatak [73, 74, 96], have described the close relationships between a variety
of multivariate regression techniques, including TLS, mainly from a theoret-
ical point of view. Although TLS should be primarily used for parameter
estimation, it can be used for prediction provided the solution is appropri-
ately computed [101, 105]. In [105], the prediction accuracy and stability of
the TLS estimator is compared to that of ordinary LS, PCR, ridge regression
and shrunken estimators in a chemical example in multivariate regression in
the presence of multicollinearities among the independent variables. In many
chemical applications of multivariate regression like the present example of re-
lationships between chemical structure and biological activity, the predictive
properties of the model are of prime importance and the regression estimates
therefore often need to be stabilized. The example in [105] shows that mini-
mum norm TLS gives a solution to the multivariate regression problem which
is stabilized in comparison with the LS solution and which has (at least in the
example investigated) minimal prediction error. Stabilization is performed by
reducing the matrix [X Y ], see (2.4), to a matrix of much smaller rank.

More generally, the usefulness of an EIV model for providing insights into the
multivariate calibration problem [65] was demonstrated by E. Thomas [87, 96].
Predicting new concentrations of a multicomponent sample from the associated
new spectra can be viewed as parameter estimation in an EIV framework with
maximum likelihood properties. Moreover, using the responses (spectra) from
the available members of the prediction set together improves the accuracy of
the new concentrations compared to estimation based on only one response of
the current member of the prediction set.

Another EIV approach to multivariate calibration and multivariate regression,
two kernel problems in analytical chemistry, was developed by P. Wentzell
et al. [101], who generalized the PCA method to Maximum Likelihood PCA
(MLPCA)[102, 103], and is described in the previous subsection. Using MLPCA,
two approaches to multivariate calibration have been described that allow infor-
mation on measurement uncertainties to be included in the calibration process
in a statistically meaningful way. These methods, referred to as maximum like-
lihood PCR (MLPCR) and maximum likelihood LRR (MLLRR) are based on
principles of maximum likelihood parameter estimation and generalize PCR,
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which has been widely used in chemistry, and LRR [41, 100], which has been
almost ignored in this field. Whereas MLPCR is based on the decomposition
of the calibration matrix X by MLPCA, MLLRR decomposes the augmented
data matrix [X Y ] using MLPCA. In multivariate calibration, this is the origi-
nal calibration matrix of response variables X augmented by the corresponding
concentration vectors Y . (ML)LRR is equivalent to (EW)TLS in the sense that

it computes the best lower rank approximation D̂ = [X̂ Ŷ ] of the augmented

data matrix D = [X Y ] in a (weighted) least squares sense. If X̂ ∈ R(Ŷ ), TLS
computes the minimum norm solution which equals the minimum norm LS
solution and hence TLS is equivalent to LRR, as reported in [101]. However,
if only nonpredictive multicollinearities (i.e. linear dependencies among the

columns of X only) have been removed via the rank reduction, then X̂ 6∈ R(Ŷ )
and the TLS problem is called nongeneric. In this case, the LRR solution differs
from the nongeneric TLS solution, as shown in [92]. After removing the non-
predictive multicollinearities, the LRR estimate is found by minimizing a sum
of squared residuals, while the nongeneric TLS solution is found by minimizing
the corrections applied to the data such that the corrected data satisfy the
constraint X̂ ∈ R(Ŷ ). By using estimates of the measurement error variance,
MLPCR and MLLRR are able to extract the optimum amount of information
from each measurement and, thereby, outperform conventional multivariate
calibration methods such as PCR and PLS when there is nonuniform error
structure. Using simulated and experimental data of three-component mix-
tures, it is shown that the maximum likelihood methods outperform PCR and
PLS in case of nonuniform errors. MLLRR generally performed better than
MLPCR, but in most cases the improvement was marginal.

Finally, it should be noted that structured TLS (STLS) clearly differs from dy-
namic PCA [56]. Although both methods focus on modelling dynamic systems
in an EIV context, dynamic PCA is based on computing the truncated SVD of
an input-output data matrix and as such does not preserve the matrix structure
during rank reduction in contrast with STLS and is hence not optimal.

3.3 The use of TLS and extensions in multivari-
ate (ML)PCR

From the previous section it should be clear that TLS and its extensions can
be used in any multivariate (ML) regression/calibration problem XB ≈ Y by

computing the best lower rank approximation D̂ = [X̂ Ŷ ] of the augmented
data matrix D = [X Y ] according to a weighted norm. As such, (EW)TLS is
equivalent to (ML)LRR in problem formulation. However, (EW)TLS can also
be used in any multivariate (ML)PCR problem XB ≈ Y where an MLPCA
of X is sought prior to the computation of B. Indeed, assume that the true
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pseudorank of X is r and the measurement errors on the elements of X are
i.i.d. normal, then the optimal rank r matrix approximation X̂ ∈ Rm×n in a
maximum likelihood sense is obtained by solving the TLS problem X1B ≈ X2

where X is split up in two parts X = [X1 X2] such that X1 has r columns
and rank r. The TLS approach then computes minimal (with respect to the

Frobenius norm) corrections ∆̂X = [X1 − X̂1 X2 − X̂2] such that X̂ = [X̂1 X̂2]
is of rank r. In other words, TLS projects the data X into a lower dimensional
(of dimension r) subspace R(X̂) such that exactly n − r independent linear

relations are imposed between X̂1 and X̂2. Equivalently, for correlated normally
distributed errors where the error covariance matrix Wi of the errors in each
row of the data matrix X is known, an optimal lower rank approximation in a
maximum likelihood sense is obtained by minimizing a weighted sum of squared
corrections. If all Wi are equal to each other, EW-TLS reduces to GTLS. As
such, TLS and EW-TLS algorithms can be applied to compute the PCA and
MLPCA of a matrix D = X , as used in PCR and MLPCR, or D = [X Y ], as
used in LRR and MLLRR.

It is the goal of this chapter to compare the performance of the algorithms
used for solving TLS problems with the algorithms used in chemometrics for
computing (ML)PCA.

3.4 Performance comparison of MLPCA versus

EW-TLS

In this section the different approaches of the MLPCA and the EW-TLS
method are compared with each other in order to discuss their individual po-
tential and limitations. For the discussion, several simulated and experimental
data sets from chemical measurements are used. The results presented are ob-
tained by implementing the different algorithms in Matlab (version 6.1) on a
PC i686 with 800 MHz and 256 MB memory. The data sets which are used
differ in the structure of the covariance matrix W of the measurement noise.
In the first subsection we use data sets with uncorrelated measurement errors.
The second subsection contains data sets with row-wise correlated measure-
ment errors.

3.4.1 Uncorrelated measurement errors

In this subsection we use data sets without any correlation among their mea-
surement errors. For these data sets the weighting matrix W in problem (2.1)
is diagonal.
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relative error time (sec)
MLPCA 0.15834292416862 37.6150
GTLS 0.15834292417331 4.1760

Table 3.1: MLPCA and GTLS for near-infrared spectroscopic data described
in Example 3.1.

Equal row error variances

In order to give results for the case of uncorrelated measurement noise with a
diagonal covariance matrix Wf which is equal for all rows, we use an exper-
imental data set which was used previously by Wentzell and Andrews [102].
The reader is referred to the original work for a complete description of the
experiment. Here, we only describe the experiment briefly.

Example 3.1 31 three-component mixtures containing toluene, chlorobenzene
and heptane were derived from an augmented, three-level, three-factor, full
factorial design. The spectra were obtained over the range 400-2500 nm on an
NIRSystems model 6500 grating spectrometer at intervals of 2 nm and were
the average result of 32 scans. Only standard deviations calculated from the
replicate data for the first sample were available. The standard deviations for
the first sample were used for all samples. So, the error covariance matrix
was the same for every row of the measurement error matrix. Because there
was no information about the correlations among the data, we used a diagonal
covariance matrix for each row. △

Because the error covariance matrix was the same for each row, the GTLS
approach could be used. We applied both approaches, the MLPCA and the
GTLS, to the noisy data matrix D of size 31 × 1050 in order to estimate the
error-free measurement data matrix D̂ of rank 3. The MLPCA algorithm that
we used for this data set is described in Algorithm 9. The GTLS algorithm that
we applied is Algorithm 6 from the previous chapter. For both algorithms, the

MLPCA and the GTLS, the relative error ‖D− bD‖F

‖D‖F
and the computation time

is presented in Table 3.1. The table demonstrates that GTLS is a practical
alternative to MLPCA for this specific class of structure in the measurement
error matrix. The measurement errors are uncorrelated and the covariance
matrices of the errors in the rows are assumed to be equal for all rows. This
class of measurement noise structure (uncorrelated errors with equal row error
variance) is quite common for real life data.
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approach relative error
mlpca 0.00262998780684

mlpca(gtls) 0.00267695997595
ewtls 0.29211400246120

ewtls(opt) 0.00263335308541

Table 3.2: MLPCA and EW-TLS for data with uncorrelated measurement error
described in Example 3.2.

Unequal row error variances

To discuss the performance of the MLPCA and the EW-TLS approach for data
with uncorrelated measurement errors, we use simulated data sets.

Example 3.2 The data sets all have 10 rows, but the number of columns n
increases from 10 till 200 in steps of 10. So, this simulation set contains data
sets of size 10 × n and pseudorank 2. For each data set the error-free data
matrix D0 is generated by multiplying a 10 × 2 random matrix of full rank
(with Matlab’s rand) by a 2 × n matrix that also is created with rand. The
matrix of the measurement standard deviations corresponding to this 10 × n
matrix is determined by generating a 10 × n matrix of uniform distributed
random numbers between 0 and 0.01. This ensures that there is no pattern in
the standard deviation matrix. Now, the 10× n matrix of measurement errors
∆D is generated by taking a 10 × n random matrix with normally distributed
elements (with Matlab’s randn) and multiplying this, element-wise, by the
standard deviation matrix. Finally, the noisy data matrix D is the sum of the
error-free matrix D0 and the noise matrix ∆D. △

We applied the MLPCA method to the given data matrix D and the EW-
TLS method to the transposed data matrix D⊤ (see Note 6) to approximate

the ’best’ rank 2 approximation matrix D̂ and the results are presented in
Table 3.2 and Figure 3.1. For the ’mlpca’ approach (see Algorithm 9) the
truncated SVD solution is used as initial value. For the ’mlpca(gtls)’ approach
the GTLS approximation (see Algorithm 6) is used as initial value instead
of the truncated SVD solution. Table 3.2 and Figure 3.1 also contain the
results of applying the EW-TLS approach with two different algorithms. For
’ewtls’ Algorithm 2 is used and for ’ewtls(opt)’ Algorithm 4 is applied to the
transposed data. For both algorithms we have used the GTLS approximation

as initial starting point. Table 3.2 contains the relative error ‖D0− bD‖F

‖D0‖F
after

applying the four algorithms to a data set of size 10 × 200. The results in the
table are the average of the relative error over 100 repetitions for different noise
realizations. From the table it is clear that the ’ewtls’ Algorithm 2 diverges.
It is very sensitive to local minima. Nevertheless, the ’ewtls(opt)’ Algorithm 4
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Figure 3.1: The CPUtime of the MLPCA and the EW-TLS approaches for
data with uncorrelated measurement error described in Example 3.2.

converges to the same solution as the MLPCA algorithms do. Figure 3.1 shows
the computation time of the algorithms. For each n, the experiment is repeated
100 times for different noise realizations and the average execution times are
reported. The EW-TLS method outperforms the MLPCA method for this
specific case of measurement error. Especially for data sets of size 10× n with
10 ≪ n, the EW-TLS is much more efficient.

3.4.2 Row-wise correlated measurement errors

In calibration problems [103], the rows of the data matrix are formed by indi-
vidual spectra. Hence, it is reasonable to discuss the case where correlations
between the measurement errors exist only along the rows. So, the errors are
uncorrelated along the columns of the data matrix. In these cases the full co-
variance matrix W of the matrix of measurement errors will be block diagonal
and can be stored as a sparse matrix. To calculate the inverse of W the diago-
nal blocks can be inverted individually. For the discussion of this specific class
of measurement structure a simulated data set from chemical measurements is
used which was previously described in a paper by Wentzell and Lohnes [103].

Example 3.3 The simulated data set contained spectra from 10 samples of
three-component mixtures. The concentration of each component in each of
the 10 mixtures had a value between 0 and 1 from a uniform random number
distribution. The spectral profiles of the three components were Gaussian with
a standard deviation of 20 nm and maximum molar absorptivities at 480 nm,
500 nm and 520 nm, respectively. Pure spectral vectors were generated be-
tween 400 nm and 600 nm at 20 nm intervals. The noise-free data matrix D0

was calculated by multiplying the 10×3 matrix of concentrations by the 3×11
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approach cost (∼ 105) relative error
mlpca 0.00058253884923 0.00472272972683

mlpca(gtls) 0.00058233611546 0.00468049099448
ewtls Algorithm 2 9.21164965017561 0.44610730154588

ewtls(opt) Algorithm 4 0.00058356157547 0.00478011794589

Table 3.3: MLPCA and EW-TLS for data with row error covariance only as
described in Example 3.3.

matrix of pure component spectra. To add a noise matrix ∆D of correlated
measurement errors to the noise-free matrix D0, first a 10×11 matrix D′ of un-
correlated measurement errors was generated. The matrix of the measurement
standard deviations corresponding to this 10×11 matrix is determined by gen-
erating a 10×11 matrix of uniform distributed random numbers between 0 and
0.01. This ensures that there is no pattern in the standard deviation matrix.
Now, the 10 × 11 matrix of uncorrelated measurement errors D′ is generated
by taking a 10 × 11 random matrix with normally distributed elements (with
Matlab’s randn) and multiplying this, element-wise, by the standard deviation
matrix. To introduce correlations among the errors within the rows, the rows
of matrix D′ were filtered using a 1 × 5 moving average digital filter (see [102,
eq. 34-36] for the definition) to construct the correlated error matrix ∆D. This
error matrix ∆D was added to the noise-free part D0 in order to complete the
noisy data matrix D = D0 + ∆D of size 10 × 11. △

To this simulated data set we have applied the MLPCA approach and the EW-
TLS algorithms. Although the standard EW-TLS algorithms Algorithm 2 and
Algorithm 4 are not optimized for handling row-wise correlated measurement
errors in data sets wherem≪ n, as is the case here (see Note 6), we nevertheless
applied it to this data set. After all, from the previous section it is clear
that the EW-TLS approach can be very useful for problems in chemometrics.
We compare the cost which is defined by vec⊤(D − D̂)W−1vec(D − D̂) and

the relative error ‖D0− bD‖F

‖D0‖F
. The results are presented in Table 3.3. The

table contains the results of applying the MLPCA approach with two different
initial starting points. For the ’mlpca’ approach the truncated SVD solution is
used. For the ’mlpca(gtls)’ approach the GTLS approximation (Algorithm 6)
is used as initial value instead of the truncated SVD solution. We expect
that the MLPCA algorithm with the GTLS approximation as initial value
needs fewer iterations to converge. Figure 3.2 shows this is indeed the case.
Table 3.3 also contains the results of applying the EW-TLS approach with
two different algorithms. These are the same as in the previous subsection.
For ’ewtls’ Algorithm 2 is used and for ’ewtls(opt)’ Algorithm 4 is applied
to the data. For both algorithms we have used the GTLS approximation as
initial starting point. From the table it is obvious that we obtain the same
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Figure 3.2: The cost function value per iteration number is displayed for the
MLPCA and the EW-TLS approaches applied to data with row error covariance
only as described in Example 3.3.

solution as the MLPCA algorithms with the ’ewtls(opt)’ algorithm. Figure 3.2
contains the results of the computation time of the MLPCA and the EW-TLS
approaches. The ’mlpca(gtls)’ approach performs the best for this specific case
of measurement error and matrix size. As said before, the classical EW-TLS
algorithm, Algorithm 4, is not optimal for this kind of data set. Figure 3.2
shows that it is better to use the GTLS approximation as initial value for the
MLPCA algorithm.

For this kind of data, where m ≤ n and the measurements are row-wise corre-
lated, it is better to compare the MLPCA algorithm with the adapted EW-TLS
algorithm, Algorithm 5. For the discussion of the performance of the adapted
EW-TLS algorithm compared with the classical EW-TLS algorithm and the
MLPCA algorithm, three simulated data sets are used: two Monte-Carlo simu-
lations are used and a simulated data set from chemical measurements is used
which is previously described in Example 3.3.

Example 3.4 The simulated data set contained matrices D ∈ R10×n, for
n = 6, 7, . . . , 15. The noise-free data matrix D0 of rank 2 was calculated by
multiplying an arbitrary 10× 2 matrix by an arbitrary 2×n matrix. For every
n, 100 different noise realizations were added to D0 in order to construct a full
rank noisy matrix D = D0 + ∆D. ∆D was a noise matrix with correlations
only within the rows. △

Both, the classical EW-TLS algorithm (Algorithm 4) and the adapted EW-
TLS algorithm (Algorithm 5) were applied to D in order to find the best low

rank r = 2 approximation matrix D̂ of D. For every n, the mean value of
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Figure 3.3: Number of iterations needed to compute the classical EW-TLS
solution and the adapted EW-TLS solution of the data set described in Exam-
ple 3.4.

approach cost iterations
MLPCA 43.40462099863502 37

classical EW-TLS 43.75752145651096 84
adapted EW-TLS 43.40462102116915 25

Table 3.4: MLPCA and classical/adapted EW-TLS applied to the chemical
data set described in Example 3.3.

the number of iterations over the 100 runs is of interest and is visualized in
Figure 3.3. From the figure it is clear that the number of iterations needed to
compute the adapted EW-TLS solution is less than the number of iterations
needed to compute the classical EW-TLS for this case of data set. Indeed,
the average number of iterations depends on the number of parameters in the
optimization problem to solve. Applying the classical EW-TLS approach to
the transposed data matrix D⊤ ends up in an optimization problem (2.14) of
r(n−r) parameters while the final optimization problem (2.22) for the adapted
EW-TLS approach only contains r(m− r) parameters.

To the simulated data set explained in Example 3.3 we have applied the
MLPCA algorithm and the EW-TLS algorithms. All the algorithms start from
the same initial approximation, the truncated SVD solution. We compare the
cost which is defined by vec⊤(D − D̂)W−1vec(D − D̂) and the number of it-
erations needed to converge. The results are presented in Table 3.4. From the
table it is clear that the adapted EW-TLS algorithm needs the fewest number
of iterations for the case when the data matrix has size m × n, m ≤ n, and
only row-wise correlated measurement errors.
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In order to draw general conclusions about the right choice of algorithms to
solve specific problems in chemometrics and other application fields, we created
a simulation example, Example 3.5, which contains data matrices of size m×n
with m < n, m > n or m = n. All the data matrices have measurement errors
which are only correlated among the rows.

Example 3.5 The simulated data set contained m × n matrices D, for m =
6, 7, . . . , 13 and n = 20 −m. The noise-free data matrix D0 of rank r was cal-
culated by multiplying an arbitrary m× r matrix by an arbitrary r×n matrix.
The desired rank r was varied from 1 to 4. For each combination of m and r,
50 independently generated data matrices D were generated as follows. First,
an m × n matrix D′ of uncorrelated measurement errors was generated. The
matrix of the measurement standard deviations corresponding to this m × n
matrix is determined by generating an m× n matrix of uniformly distributed
random numbers between 0 and 0.01. This ensures that there is no pattern
in the standard deviation matrix. Now, the m × n matrix of uncorrelated
measurement errors D′ is generated by taking an m × n random matrix with
normally distributed elements (with Matlab’s randn) and multiplying this ma-
trix, element-wise, by the standard deviation matrix. To introduce correlations
among the errors within the rows, the rows of matrix D′ were filtered using a
1 × 5 moving average digital filter (see [102, eq. 34-36] for the definition) to
construct the correlated error matrix ∆D. This error matrix ∆D was added to
the noise-free partD0 in order to complete the noisy data matrix D = D0+∆D
of size m× n. △

We have applied the MLPCA algorithm and the two EW-TLS algorithms to
each of the data matrices D of the data set described in Example 3.5. The
three algorithms were run from equivalent initial approximations obtained via
the SVDs and the stopping criteria were set to the same tolerance. In all
the runs, the same solution was found. As expected, the average number of
iterations depends on the number of optimization parameters: the fewer the
optimization variables, the fewer the average number of iterations for conver-
gence. Numerical results are shown in Table 3.5. The table shows the number
of iterations for each algorithm and for the different m,n and r.

From the table it is clear that the adapted EW-TLS algorithm needs the fewest
number of iterations for the case when the data matrix has size m × n with
m < n and the measurement errors are only row-wise correlated. When m > n,
the classical EW-TLS algorithm converges to the right solution within the
fewest number of iterations. For square matrices with m = n, the MLPCA
algorithm seems to converge in the fewest number of iterations.

Nevertheless, in order to draw general conclusions about the right method of
choice for a specific problem in chemometrics we also need, in addition to the
number of iterations, to take into account the number of floating point oper-
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ations (flops) per iteration for each of the algorithms discussed. The MLPCA
algorithm is dominated by an SVD, whose computational cost is of the order of
4m2n+8mn2 +9n3 for an m×n matrix. We obtained the following theoretical
number of flops for minimizing the cost function in the adapted EW-TLS algo-
rithm, in step 3 of Algorithm 5: 2mn(m−r)+(m−r)2+mn2(m−r)2+2/3n3(m−
r)3 +n2(m−r)2 +n(m−r). The theoretical number of flops for minimizing the
cost function f , expressed in (2.15), in the classical EW-TLS algorithm is of
the order m(2n(n−r)+n2(n−r)+n(n−r)2 +2/3(n−r)3 +(n−r)2 +(n−r)).
Given the iterative nature of the algorithms, the total number of flops is a
multiple of the flops necessary to execute one iteration.

Based on the number of iterations given in Table 3.5 and the theoretical number
of flops per iteration, we computed the total number of flops for each algorithm
and for the different sizes of m, n and r. By putting the number of iterations
between brackets in the table, we emphasize which algorithm has the smallest
computational load for the specific choices of m, n and r. We clearly see the
computational advantage of the adapted EW-TLS algorithm for the cases of
m << n and r > 2 and the computational advantage of the classical EW-TLS
algorithm for the case when m >> n. The classical EW-TLS algorithm seems
to behave better. The reason for this is that we could not avoid the Kronecker
product in the adapted EW-TLS algorithm. The EW-TLS algorithms are only
developed for cases of row-wise correlated measurement errors. So, for more
general cases of measurement correlations the MLPCA algorithm should still
be the method of choice.

Based on this experiment, we can conclude that the EW-TLS-like algorithms
can indeed be nice alternatives to the MLPCA algorithm for the specific cases
of row-wise correlated measurement errors and data matrices which are far
from squared. Moreover, in subsection 3.4.1 we showed that for uncorrelated
measurement errors with equal row variances the GTLS algorithm performs
best and that the classical EW-TLS algorithm is also useful for cases where
the measurement errors have unequal row variances. These conclusions are
visualized in Figure 3.4. In the figure, we suggest which algorithm is the most
appropriate one to use for different structures of the covariance matrix W of
the measurement noise.

3.5 Conclusion

In this chapter we have described the PCA method and the MLPCA method
that are frequently used in chemometrics in order to derive consistent estima-
tors in the presence of errors with known error distribution. Moreover, we
have presented the status of the Total Least Squares method and its usefulness
in chemometrics. We have compared the computation times of MLPCA and
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EW-TLS on simulated as well as real-life chemical data and discussed their con-
vergence behaviour. From these discussions we can conclude that it is better to
use the GTLS approximation as initial value for the MLPCA algorithm instead
of the truncated SVD. The simulations show that the EW-TLS-like algorithms
are nice alternatives to the MLPCA algorithm for the specific cases of row-wise
correlated measurement errors and data matrices which are far from squared.
For more general cases of correlations between the measurements the MLPCA
algorithm should still be the method of choice.
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Chapter 4

Structured WLRA problem

This chapter extends the Weighted Low Rank Approximation (WLRA) approach
towards linearly structured matrices. The outline of this chapter is as follows.
In the first two sections the Structured WLRA (SWLRA) problem is formu-
lated. The rest of this chapter is divided into two parts. The first part tackles
the SWLRA problem in the case of Hankel matrices, while the second part deals
with block-row Hankel matrices. In both parts, an equivalent unconstrained op-
timization problem is derived by means of the method of Lagrange multipliers.
An algorithm for solving this unconstrained optimization problem is given and,
finally, both parts conclude with some numerical experiments illustrating the
statistical optimality of the SWLRA algorithms. The correctness of the SWLRA
algorithm for Hankel matrices is verified on a benchmark problem. The statis-
tical accuracy and numerical efficiency of the proposed algorithm are compared
with that of STLNB, which is a previously proposed algorithm for solving Hankel
WLRA problems. In the case of block-row Hankel matrices simulation experi-
ments confirm the improved statistical accuracy of the SWLRA algorithm for
block-row Hankel matrices compared to that of the known HTLSstack algorithm.

4.1 Introduction

Multivariate linear problems play an important role in many applications,
including Multiple-Input Multiple-Output (MIMO) system identification and
deconvolution problems with multiple outputs. These linear models can be
described as AX ≈ B or equivalently as [AB][X⊤ − I]⊤ ≈ 0 with A ∈
R

m×(n−d), B ∈ R
m×d the observed variables and X ∈ R

(n−d)×d the parameter
matrix to be estimated. Since often all variables (i.e., those in A and B) are
perturbed by noise, the Total Least Squares (TLS) approach is used instead of

63
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the Least Squares (LS) approach. As already mentioned in chapter 2, the TLS
approach solves the following problem:

min
∆A,∆B,X

‖[∆A ∆B]‖2
F such that (A+ ∆A)X = B + ∆B, (4.1)

where ‖.‖F stands for the Frobenius norm, D ≡ [A B] is the observed data
matrix and ∆D ≡ [∆A ∆B] is the correction applied to D. The standard way
for solving the TLS problem is by means of the Singular Value Decomposition
(SVD) [36, 92], as described in Theorem 2.

However, in many signal processing applications, such as Magnetic Resonance
Spectroscopy, Speech Compression and Filter Design, the observed data matrix
D has a specific linear structure and since the SVD does not preserve struc-
ture, [A+∆A B+∆B] will typically be unstructured. In [2] it was shown that
this loss of structure implies -under noise conditions that occur naturally in
many problems- a loss of statistical accuracy of the estimated parameter ma-
trix. These specific noise conditions can best be explained by representing the
structured matrix D by its minimal vector representation s (e.g., a Hankel ma-
trix D ∈ Rm×n is converted into a minimal representation s ∈ Rm+n−1). The
noise part of s has to obey a Gaussian i.i.d. distribution in order to generate
the noise condition mentioned earlier. To obtain a maximum likelihood para-
meter matrix, in these frequently occurring structured cases, one has to solve
a so-called Structured Weighted Low Rank Approximation(SWLRA) problem.
An exact problem formulation will be given in the next section.

4.2 Problem formulation

To retrieve an SWLRA matrix D̂, the following problem needs to be solved:

min
cD∈Rm×n

rank(cD)≤r<k

cD ∈Ω

‖ D − D̂ ‖2
W , (4.2)

with D ∈ Rm×n, rank(D)≡ k, m ≥ n (if m < n, replace D by D⊤), Ω the set
of all matrices having the same structure as D and ‖C‖2

W ≡ vec(C)⊤Wvec(C)
where vec(C) stands for the vectorized form of C, i.e., a vector constructed
by stacking the consecutive columns of C in one vector and W is a positive-
definite, symmetric weighting matrix. So, for a given structured data matrix
D of a certain rank k, we are looking for the nearest (in a weighted norm

‖.‖2
W -sense) lower rank matrix D̂ with the same structure as D. We define

∆r ≡ n − r. The rank condition in (4.2) has to be less than or equal to r,
but not necessarily exactly equal to r. It is possible that a given target matrix
D does not have a nearest rank r structured matrix approximation, but does
have a nearest rank r − 1 or lower structured matrix approximation.
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For specific choices of W , ∆r and Ω, (4.2) corresponds to well-known problems:

• If W is the identity matrix, denoted as W = I, and Ω = Rm×n, problem
(4.2) is reduced to the well-studied TLS problem (4.1) with D̂ = [A +
∆A B+∆B] and d = ∆r, i.e., we enforce ∆r independent linear relations

among the columns of D̂ in order to reduce D̂ to rank ≤ r.

• When Ω is a set of matrices sharing a particular linear structure (for
example, Hankel matrices) and W is a diagonal matrix, then (4.2) corre-
sponds to the so-called STLS problem. STLS problems with ∆r = 1 have
been studied extensively [1, 2, 23, 77]. For ∆r > 1 only a few algorithms
are described [13, 95], most of which yield statistically suboptimal results
such as the algorithm to find lower rank structured matrices by alter-
nating iterations between lower rank matrices and structured matrices
[13].

• The case in which Ω = Rm×n corresponds to the previously introduced
unstructured WLRA problem (2.1).

In this chapter we consider (4.2) with Ω the set of a particular type of linearly
structured matrices (for example, the set of Hankel matrices). From a statistical
point of view it only makes sense to treat identical elements in an identical way,
e.g., in a Hankel matrix all the elements on one antidiagonal should be treated
the same way. Therefore (4.2) is reformulated as:

min
vec2(cD)

rank(cD)≤r<k

‖D − D̂‖2
V , (4.3)

with ‖C‖2
V ≡ vec2(C)⊤V vec2(C), where vec2(C) is a minimal vector represen-

tation of the linearly structured matrix C and V is a positive-definite, sym-
metric weighting matrix. Note that due to the one-to-one relation between C
and vec2(C) the condition D̂ ∈ Ω no longer appears in (4.3). Problem (4.3) is
the so-called SWLRA problem.

The major contribution of this chapter is the extension of the concept and the
algorithm presented in [61] to linearly structured matrices (i.e., the extension
of unstructured WLRA to SWLRA problems). Problem (4.3) can also be
interpreted as an extension of the STLS problems described in [1, 2, 23, 77] by
allowing ∆r to be larger than 1.
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4.3 SWLRA problem for scalar Hankel matri-
ces

From this point on we will focus on a specific Ω, since as will become clear
further on, it is not possible to derive a general algorithm that can deal with any
type of linearly structured matrices. In this section, the Hankel structure will
be investigated since this is one of the most frequently occurring structures in
signal processing applications. As a result Toeplitz matrices are also dealt with
since they can be converted into Hankel matrices with a simple permutation of
the rows, whereas the solution of the corresponding SWLRA problem does not
change. When Ω represents the set of Hankel matrices, vec2(C), in problem
(4.3), is a vector containing the different elements of the different antidiagonals
of matrix C.

4.3.1 An equivalent unconstrained optimization problem

The first step in the derivation of an algorithm is to reformulate (4.3) into an
equivalent double-minimization problem:

min
N∈R

n×(n−r)

N⊤N=I


 min

vec2(cD)

cDN=0

‖D − D̂‖2
V


 . (4.4)

The second step consists of finding a closed form expression f(N) for the so-

lution of the inner minimization min vec2(cD)

cDN=0

‖D − D̂‖2
V . The latter is obtained

as follows. Applying the technique of Lagrange multipliers to the inner mini-
mization of (4.4) yields the Lagrangian

ψ(L, D̂) = vec2(D − D̂)⊤V vec2(D − D̂) − tr(L⊤(D̂N)), (4.5)

where tr(C) stands for the trace of matrix C and L is the matrix of Lagrange
multipliers. Using the equalities

vec(A)⊤vec(B) = tr(A⊤B),

vec(ABC) = (C⊤ ⊗A)vec(B),

(4.5) becomes

ψ(L, D̂) = vec2(D − D̂)⊤V vec2(D − D̂) − vec(L)⊤(N⊤ ⊗ I)vec(D̂). (4.6)

Note that when D̂ is a linearly structured matrix it is straightforward to write
down a relation between vec(D̂) and its minimal vector representation vec2(D̂):

vec(D̂) = Hvec2(D̂), (4.7)
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where H ∈ Rmn×q and q is the number of different elements in D̂. E.g., in the
case of a Hankel matrix, q = m+ n− 1 and vec2(D̂) can be constructed from

the first column and last row of D̂. Substituting (4.7) in (4.6), the following
expression is obtained for the Lagrangian:

ψ(L, D̂) = vec2(D− D̂)⊤V vec2(D− D̂) −vec(L)⊤(N⊤⊗Im)Hvec2(D̂). (4.8)

Setting the derivatives of ψ with respect to vec2(D̂) and L equal to 0 yields
the following set of equations:

[
2V −H⊤(N ⊗ Im)

(N⊤ ⊗ Im)H 0

] [
vec2(D̂)
vec(L)

]
=

[
2V vec2(D)

0

]
. (4.9)

Using the fact that

[
A −B
B⊤ 0

]−1

=

[
A−1 −A−1B(B⊤A−1B)−1B⊤A−1 ∗

−(B⊤A−1B)−1B⊤A−1 ∗

]

and setting H2 ≡ (N ⊗ Im)⊤H , it follows from (4.9) that

vec2(D̂) =
(
Iq − V −1H⊤

2 (H2V
−1H⊤

2 )−1H2

)
vec2(D) ⇒

vec2(D − D̂) = V −1H⊤
2 (H2V

−1H⊤
2 )−1H2vec2(D) (4.10)

As a result, the double-minimization problem (4.4) can be written as the fol-
lowing optimization problem:

min
N∈R

n×(n−r)

N⊤N=I

vec2(D)⊤H⊤
2 (H2V

−1H⊤
2 )−1H2vec2(D), (4.11)

with H2 ≡ (N ⊗ Im)⊤H .

4.3.2 Algorithm

The straightforward approach for solving (4.4) would be to apply a nonlinear
least squares (NLLS) solver to (4.11). For ∆r = 1 this works fine but when

∆r > 1 this approach breaks down by yielding the trivial solution D̂ = 0. This
can easily be understood by considering (4.4) with V equal to the identity ma-
trix. As can be seen from (4.10), the inner minimization of (4.4) corresponds
to an orthogonal projection of vec2(D) on the orthogonal complement of the
column space of H⊤

2 ∈ R(m+n−1)×m∆r. Therefore it is clear that for ∆r = 1
the orthogonal complement of the column space of H⊤

2 will never be empty
(the dimension of the column space of H⊤

2 = rank(H⊤
2 ) = m) but for ∆r > 1

the dimension of the column space of H⊤
2 is equal to m+ n− 1 since m ≥ n.

Hence, the dimension of the orthogonal complement of the column space of H⊤
2

will typically be zero. As a result the projection vec2(D̂) on the latter subspace
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will yield D̂ = 0. The problem lies in an overparameterization of the matrix
H⊤

2 = H⊤(N ⊗ Im).
To find a solution to the latter problem we first state the inner minimization
in (4.4) in words: “Given a matrix N whose column space is a nullspace of

a non-trivial Hankel matrix, find the Hankel matrix D̂ closest to D such that
the nullspace of D̂ is spanned by the column space of N”. A parameterization
of the nullspace of a Hankel matrix can be found by means of the so-called
Vandermonde decomposition1 of a Hankel matrix. Given a rank deficient Han-
kel matrix D̂ ∈ Rm×n of rank r, it is straightforward to see that it can be
parameterized as follows:

D̂ =




1 1 . . . 1
z1 z2 . . . zr

...
...

...
zm−1
1 zm−1

2 . . . zm−1
r







c1
c2

. . .

cr







1 z1 . . . zn−1
1

1 z2 . . . zn−1
2

...
...

...
1 zr . . . zn−1

r


 ,

(4.12)
with zi, i = 1, . . . , r the so-called complex signal poles and ci, i = 1, . . . , r the
so-called complex amplitudes.
By defining a vector p = [p1 p2 . . . pr+1]

⊤
such that the following polynomial

in λ:
p1 + p2λ+ . . .+ pr+1λ

r

has roots zi, i = 1, . . . , r, it is easy to see that the nullspace of D̂ can be
parameterized by pi, i = 1, . . . , r + 1 in the following matrix whose rows span
the nullspace of D̂:




p1 p2 . . . pr+1 0 0 . . . 0
0 p1 p2 . . . pr+1 0 . . . 0
...

...
0 0 . . . 0 p1 p2 . . . pr+1


 ∈ R

(n−r)×n

We could now use the previous matrix to parameterize N in (4.11) but a dif-
ferent approach is taken here. First note that from (4.12) it follows that the

vector vec2(D̂) (with D̂ being a rank r Hankel matrix) can be written as the
following linear combination:

vec2(D̂) = c1b1 + c2b2 + . . .+ crbr,

with vectors bi ≡ [1 zi . . . z
m+n−2
i ]⊤ and ci scalar coefficients for i = 1, . . . , r.

As a result, it is clear that the rows of the following matrix

H3 ≡




p1 p2 . . . pr+1 0 0 . . . 0
0 p1 p2 . . . pr+1 0 . . . 0
...

...
0 0 . . . 0 p1 p2 . . . pr+1


 ∈ R

(m+n−1−r)×(m+n−1)

1This is only true for the generic cases in which zi 6= zj for i 6= j.
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span the space perpendicularly to bi, i = 1, . . . , r. Therefore -bearing in mind
the goal of the inner minimization of (4.4)- the rank deficient Hankel matrix D̂
closest to D can be found by means of the following orthogonal projection:

vec2(D̂) =
(
I − V −1H⊤

3 (H3V
−1H⊤

3 )−1H3

)
vec2(D), (4.13)

and (4.11) thus becomes

min
p∈R(r+1)×1

vec2(D)⊤H⊤
3 (H3V

−1H⊤
3 )−1H3vec2(D), (4.14)

with p ≡ [p1 p2 . . . pr+1]
⊤. Remark that the new expressions are similar as

before, although we now work with a vector p instead of a matrix N .

The algorithm for solving the SWLRA for Hankel matrices can therefore be
summarized in Algorithm 10.

Algorithm 10 SWLRA algorithm

1: Input: Hankel matrix D with first column = [d1 d2 . . . dm]⊤ and last row
= [dm . . . dm+n−1], D ∈ Rm×n, rank r and weighting matrix V .

2: Construct matrix D′ by rearranging the elements of matrix D such
that D′ ∈ R(m+n−r−1)×(r+1) is a Hankel matrix with first column =
[d1 . . . dm+n−r−1]

⊤ and last row = [dm+n−r−1 . . . dm+n−1].
3: Compute the SVD of D′: D′ = UΣV ⊤, with V ∈ R(r+1)×(r+1).
4: Take starting value p0 equal to the (r + 1)-right singular vector of D′:
p0 = vr+1, with vr+1 the last column of V .

5: Minimize the cost function f(p) in (4.14) with

f(p) = vec2(D)⊤H⊤
3 (H3V

−1H⊤
3 )−1H3vec2(D).

6: Compute vec2(D̂) using (4.13):

vec2(D̂) =
(
I − V −1H⊤

3 (H3V
−1H⊤

3 )−1H3

)
vec2(D).

7: Reconstruct matrix D̂ from vec2(D̂).

8: Output: Hankel matrix D̂ of rank ≤ r such that D̂ is as close as possible
to D in ‖ · ‖V -sense.

In step 5 of Algorithm 10 a standard NLLS (Matlab’s lsqnonlin) is used. In
order to use a NLLS routine, the cost function has to be cast in the form F⊤F
and in order to do so the Cholesky decomposition of H⊤

3 (H3V
−1H⊤

3 )−1H3 has
to be computed. This can be done by a QR factorisation of V −1/2H⊤

3 . The
computationally most intensive step is step 5.
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4.3.3 Numerical experiments

In this subsection we first consider a small SWLRA problem of which the
solution is known in order to illustrate the correctness of the proposed algorithm
Algorithm 10. Secondly, we compare the efficiency and statistical accuracy of
the SWLRA algorithm, Algorithm 10, and the STLNB algorithm proposed in
[95]. The STLNB algorithm is presented in Appendix D.

Benchmarks

To illustrate the numerical correctness of the SWLRA algorithm, we use two
small SWLRA problems of which the exact solution can be calculated analyt-
ically. In [23], modelling problems have been discussed, which approximate a
given data sequence zk ∈ C

m+n−1 by the impulse response ẑk ∈ C
m+n−1 of a

finite-dimensional linear time-invariant (LTI) system of a given order, yielding
the following SWLRA problem:

min
ẑk

m+n−1∑

k=1

((zk − ẑk)wk)
2

s.t. D̂

[
X
−Id

]
= 0, (4.15)

where D̂ ∈ Cm×n, m ≥ n, is a Toeplitz matrix constructed from ẑk and wk are
appropriate weights, accounting for the repetitions of the elements ẑk in the
matrix D̂. The constraint imposing that D̂ has at most rank n−d ensures that
ẑk is the impulse response of a finite-dimensional linear system of order n− d
at most.

As proven in [23], there is one special case for which the global minimum of
(4.15) can be found explicitly. This is for the case when an approximation
of a given data sequence zk is sought by a first order LTI impulse response,
which can be parameterized as ẑk = αβk−1. We then obtain as a minimization
problem:

min
α,β

m+n−1∑

k=1

(
(zk − αβk−1)wk

)2
= min

α,β
g(α, β). (4.16)

Setting the derivatives with respect to α and β to zero, we obtain

∂g

∂α
= 0 ⇒

m+n−1∑

k=1

(zk − αβk−1)w2
k(βk−1) = 0,

∂g

∂β
= 0 ⇒

m+n−1∑

k=2

(zk − αβk−1)w2
k(−(k − 1)αβk−2) = 0.

Eliminating α from the first equation and substituting it in the second, we get
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the following polynomial in β:

(
m+n−1∑

k=2

(k − 1)w2
kβ

k−2

)(
m+n−1∑

k=1

w2
kβ

2k−2

)

−
(

m+n−1∑

k=1

w2
kβ

k−1

)(
m+n−1∑

k=2

(k − 1)w2
kβ

2k−3

)
= 0. (4.17)

This is a polynomial of degree 3(m + n − 1) − 5 in β. One has to select the
root of this polynomial which gives the minimum in (4.16).

Example 4.1 Consider the following LTI-system of order 2:

wk+1 =

[
1 −1
0 1

]
wk,

zk = [1 0]wk,

w0 =

[
6
1

]
.

△

We arranged the first six data samples zk in the 5 × 2 Toeplitz matrix

D =




5 6
4 5
3 4
2 3
1 2




and determined the best rank 1 structure-preserving approximation D̂ to D by
solving the corresponding SWLRA problem (4.15) with weights (w2

1 , w
2
2, . . . , w

2
6) =

(1, 2, 2, 2, 2, 1). We obtained the optimal solution with ẑk/ẑk−1 = 0.76292301,
for k = 2, . . . , 6 as determined in [23]. The result is only accurate up to 8 digits,
since accuracy is lost due to the squaring effect of the data matrix D in the
cost function of (4.14).

Example 4.2 Consider the following LTI-system of order 4:

wk+1 = diag(0.4, 0.3, 0.2, 0.1)wk,

zk = [1 1 1 1]wk,

w0 = [1 1 1 1]⊤.

△
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The first eight samples zk of the impulse response are arranged in a Toeplitz
matrix D:

D =




0.1 0.3 1 4
0.0354 0.1 0.3 1
0.013 0.0354 0.1 0.3

0.00489 0.013 0.0354 0.1
0.00187 0.00489 0.013 0.0354



.

In order to compute the best rank 1 structure-preserving approximation D̂
to D, we applied the SWLRA algorithm to problem (4.15) using the weights
(w2

1 , w
2
2 , . . . , w

2
8) = (1, 2, 3, 4, 4, 3, 2, 1). We obtained the same ratio ẑk/ẑk−1 =

0.26025661 for k = 2, . . . , 8, as for the true minimum of (4.15), obtained by
finding the roots of polynomial (4.17). Here again, the accuracy is limited in
the same way as before by the squaring effect. We lose accuracy because of the
squaring effect of our cost function F⊤F of (4.14) that has to be minimized by
the SWLRA algorithm.

Statistical accuracy and numerical efficiency

To compare the statistical accuracy and the computational efficiency of the
SWLRA algorithm and the STLNB algorithm on larger examples, we perform
Monte-Carlo simulations. In Table 4.1, the results for a 30× 20 Hankel matrix
are presented, whereas Table 4.2 contains the results for a 50 × 30 Hankel
matrix. The Monte-Carlo simulations are performed as follows. A Hankel
matrix of the required rank, i.e., r = n− ∆r is constructed. The latter matrix
is perturbed by a Hankel matrix that is constructed using a vector containing
i.i.d. Gaussian noise of standard deviation 10−3. Finally, the SWLRA and the
STLNB algorithm, Algorithm 10 and Algorithm 15 respectively, are applied
to this perturbed Hankel matrix. Each Monte-Carlo simulation consists of 100
runs, i.e., it considers 100 noisy realizations. The results presented are averaged
over these runs and obtained by coding both algorithms in Matlab (version 6.1)
and running on a PC i686 with 800 MHz and 256 MB memory.

From both tables we can conclude the following. The statistical accuracy of the
SWLRA algorithm is worse than that of the STLNB algorithm for small ∆r but
for large ∆r the SWLRA algorithm performs best. From the computational
point of view, the SWLRA algorithm outperforms the STLNB algorithm for
large ∆r. The behaviour of the computational time for both algorithms can be
explained as follows. The number of flops for minimizing the cost function (step
5) in the SWLRA algorithm, Algorithm 10, is dominated by a QR decomposi-
tion (NLLS solver) whose computational cost is of the order of 2n2(m−n/3) for
a m×n matrix, so in our case of the order of 2(r+1)2(m+n−1−r−(r+1)/3).
As a result, the number of flops decreases for decreasing r, or equivalently for
increasing ∆r. On the contrary, the cost of the STLNB algorithm is dominated
by a QR factorization of a (m + n − 1 + m∆r) × (m + n − 1 + n∆r) matrix
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∆r SWLRA STLNB

‖ D − D̂ ‖F cputime (sec) ‖ D − D̂ ‖F cputime (sec)

2 9.527 10−5 1.12660 9.235 10−5 0.07310
4 8.726 10−5 1.07155 8.453 10−5 0.11515
6 7.813 10−5 1.01847 7.535 10−5 0.18930
8 6.881 10−5 0.99223 1.172 10−3 1.02175
10 6.460 10−5 0.96322 9.460 10−4 0.96742
12 5.819 10−5 0.95240 9.284 10−4 1.71100
14 5.292 10−5 0.92596 7.987 10−4 1.59431
16 4.812 10−5 0.88455 7.005 10−4 1.50456
18 4.333 10−5 0.82621 6.232 10−4 1.38712

Table 4.1: Numerical results for the 30 × 20 matrix

∆r SWLRA STLNB

‖ D − D̂ ‖F cputime (sec) ‖ D − D̂ ‖F cputime (sec)

2 8.803 10−5 4.61080 8.470 10−5 0.20520
4 7.689 10−5 4.06400 7.367 10−5 0.87415
6 7.148 10−5 4.04730 6.820 10−5 2.86147
8 7.118 10−5 4.15380 2.096 10−3 7.69475
10 6.714 10−5 4.02128 1.686 10−3 7.29424
12 6.475 10−5 3.96598 1.521 10−3 8.59522
14 3.027 10−4 3.99784 1.585 10−3 15.22531
16 3.318 10−4 3.86665 1.722 10−3 22.32086
18 2.995 10−4 3.80046 1.743 10−3 28.51761
20 2.723 10−4 3.62653 1.571 10−3 27.52066
22 2.504 10−4 3.55803 1.892 10−3 27.93990
24 2.308 10−4 3.40264 1.756 10−3 27.04059
26 2.212 10−4 3.27834 1.641 10−3 25.48300
28 2.080 10−4 3.12491 1.528 10−3 23.93134

Table 4.2: Numerical results for the 50 × 30 matrix
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requiring 2(m+n− 1 +n∆r)2(m+n− 1 +m∆r− (m+n− 1 +n∆r)/3) flops,
which results in an increasing number of flops for increasing ∆r. However, in
both algorithms the computational cost can significantly decrease by exploit-
ing the matrix structure in the computation of the QR decomposition, e.g., by
using displacement rank theory [53, 49].

4.4 SWLRA problem for block-row Hankel ma-
trices

In this section the block-Hankel structured matrices with blocks consisting of
row vectors of length s will be investigated. This is the basic matrix structure
found in Multiple-Input Single-Output (MISO) system identification problems.
In these problems the system impulse response needs to be estimated from given
noisy measured input and output data acquired by, for example, a Magnetic
Resonance scanner [43]. Due to the applications in this field, we will work with
block-row Hankel matrices of which the elements are Markov parameters. These
parameters define the relation between the input and the output of a system.
E.g., for a single antenna y with s sources, the relation between the inputs
U(i) = [u1(i)u2(i) . . . us(i)]

⊤, where uk(i) is the kth input for k = 1, . . . , s, and
the output y at time i = 0, 1, . . . ,m− 1 can be written as follows:

y(i) = h0U(i) + h1U(i− 1) + . . .+ ht−1U(i− t+ 1),

where hl ∈ R1×s, for l = 0, . . . , t − 1, are the given Markov parameters. In
matrix form this relation becomes




y(0)
y(1)

...

y(m− 1)




=




ht−1 . . . h1 h0 0 0 . . . 0
0 ht−1 . . . h1 h0 0 . . . 0

. . .
. . .

0 . . . 0 0 ht−1 . . . h1 h0







U(−t+ 1)
U(−t+ 2)

...
U(−1)
U(0)

...
U(m− 1)




.

The previous equation can be written as Y = HU , with H a block-row struc-
tured matrix composed of the previously mentioned Markov parameters. By
focusing in this section on block-row Hankel matrices, also block-row Toeplitz
matrices are dealt with since they can be converted into block-row Hankel
matrices by a simple permutation of the rows. The solution of the correspond-
ing SWLRA problem can be found by applying the same permutation to the
solution of the Hankel case.

The main contribution of this section is the extension of the ideas presented
in [61] to linearly structured matrices such as block-row Hankel or Toeplitz
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matrices. A linearly structured matrix is a matrix that can be written as a
linear combination of fixed basis matrices. Instead of using the algorithms in
[61], we will use standard optimization routines to solve the extended problem
formulation for reasons explained below. In the previous section, the SWLRA
for a particular structure, namely the scalar Hankel structure was presented.
When Ω represents the set of block-row Hankel matrices D ∈ Rm×st of the
form

D =




d1 d2 d3 . . . dt

d2 d3 . . .
d3 . . .
...

...
dm . . . dm+t−1




(4.18)

with di a row vector of length s, for i = 1, . . . ,m+ t− 1, vec2(D), in problem
(4.3), is a vector equal to vec2(D) = [d1 . . . dm+t−1]

⊤.

The outline of this section is as follows. In subsection 4.4.1 a problem equiv-
alent to the SWLRA problem involving block-row Hankel matrices is derived.
Subsection 4.4.2 introduces an algorithm for solving the equivalent problem.
In the last subsection some numerical results are presented to compare the
SWLRA with the algorithm HTLSstack, described in [69, 90]. By fitting the
Markov parameters (elements of a Hankel/Toeplitz matrix) to an exponential
data model of order r, HTLSstack finds a suboptimal Hankel/Toeplitz matrix
approximation of rank r by filling in the fitted elements instead of the origi-
nal ones. Whereas HTLS [94] only applies to scalar Hankel/Toeplitz matrices,
HTLSstack [69, 90] extends the HTLS algorithm to block-row Hankel/Toeplitz
matrices. The difference between HTLSstack and TLS-ESPRIT [78] is that
HTLSstack finds a suboptimal solution to (4.2) by making use of the Singular
Value Decomposition (SVD) of the data matrix D, whereas TLS-ESPRIT finds
the same solution by making use of the eigendecomposition of the correspond-
ing sample covariance matrix [69].

4.4.1 An equivalent unconstrained optimization problem

As in the previous section we need to solve the following double-minimization
problem, equivalent to problem (4.3):

min
N∈R

st×(st−r)

N⊤N=I

(
min

vec2(cD)

cDN=0

‖D − D̂‖2
V

)
. (4.19)

The first step in the derivation consists of finding a closed form expression,
f(N), for the solution of the inner minimization of (4.19).

Theorem 1 : Let f(N) be defined as f(N) = min vec2(cD)

cDN=0

‖D − D̂‖2
V , with D ∈

Rm×st a given block-row Hankel matrix of the form (4.18), and V ∈ Rq×q a
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positive-definite, symmetric weighting matrix with q equal to the number of
elements in vec2(D̂). Then a closed-form expression for f(N) is given by

f(N) = vec2(D)⊤H⊤
2 (H2V

−1H⊤
2 )−1H2vec2(D), (4.20)

where H2 ≡ (N ⊗ Im)⊤H , and H ∈ Rmst×q such that vec(D̂) = Hvec2(D̂).

Note that H depends only on the structure of D̂. The minimizing D̂ is given
by

vec2(D̂) = (Iq − V −1H⊤(N ⊗ Im)[(N ⊗ In)⊤HV −1H⊤(N ⊗ Im)]−1

(N ⊗ In)⊤H)vec2(D). (4.21)

Proof : The reader is referred to subsection 4.3.1 for a complete derivation of
equations (4.20) and (4.21). The proof is left out here for reasons of duplication.
It is similar to the derivation of equations (4.10) and (4.11).

✷

As a result of the theorem, the double-minimization problem (4.19) can be
written as the following optimization problem:

min
N∈R

st×(st−r)

N⊤N=I

vec2(D)⊤H⊤
2 (H2V

−1H⊤
2 )−1H2vec2(D). (4.22)

By replacing D with D̃ ∈ Rs(m+t−r−1)×(r+1) (and similarly replacing D̂ by
̂̃
D)

D̃ =




d1 d2 d3 . . . dt . . . dm+t−r−1

d2 d3 . . .
d3 . . .
...

...
dr+1 . . . . . . dm+t−1




⊤

(4.23)

with di a row vector of length s for i = 1, . . . ,m+ t− 1 and by setting ∆r = 1,
a problem formulation equivalent to (4.19) can be derived.
Theorem 2 : Problem formulation

min
p∈Rr+1

p⊤p=1

(
min

vec2(
cfD)

cfDp=0

‖D̃ − ̂̃
D‖2

V

)
(4.24)

is equivalent to the minimization problem (4.19) under the assumption that r
is a multiple of s, where N is replaced by p, to indicate that it is a column
vector instead of a matrix.

Proof : First note that the cost function in problem (4.24) is equal to the cost
function in problem (4.19) since the vec2(·) operator yields a minimal vector
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representation which is the same in the case of D (resp. D̂) and D̃ (resp.
̂̃
D):

‖D̃ − ̂̃
D‖2

V = vec2(D̃ − ̂̃
D)⊤V vec2(D̃ − ̂̃

D)

= vec2(D − D̂)⊤V vec2(D − D̂)

= ‖D − D̂‖2
V .

To prove the equivalence, we still have to show that the rank deficiency con-
ditions are equivalent in the sense that they both yield the same parametric
representation for the rank deficient matrix. A matrix D̂ ∈ R

m×st having the
structure of D and rank r can be written as follows:

D̂ =




d1 d2 d3 . . . dt

d2 d3 . . .
d3 . . .
...

...
dm . . . dm+t−1




with dj = [dj1 . . . djs] ∈ R1×s for j = 1, . . . ,m + t − 1. In system theoretic

terms, vec2(D̂) of a rank deficient matrix D̂ having the structure of D and
rank r equal to a multiple of s is an impulse response of a system of order r
[63, Lemma 1]. Hence, the blocks of D̂ can be parameterized by means of the
state-space representative matrices as follows:

dj = CAj−1B, j = 1, . . . ,m+ t− 1 (4.25)

with C ∈ R1×r, B ∈ Rr×s, A ∈ Rr×r. So, matrix D̂ can be written as follows:

D̂ =




CB CAB . . . CAt−1B
CAB CA2B . . . CAtB

...
...

CAm−1B . . . CAm+t−2B




=




C
CA
CA2

...
CAm−1




[
B AB A2B . . . At−1B

]
.

By filling in the calculated values of the parametric matrices C,A and B for dj ,

j = 1, . . . ,m + t − 1 obtained from D̂ into the parameterization of the blocks

of
̂̃
D, we also find a solution of (4.24):

̂̃
D =




d⊤1 d⊤2 d⊤3 . . . d⊤r+1

d⊤2 d⊤3 . . .
d⊤3 . . .
...

...
d⊤m+t−r−1 . . . d⊤m+t−1



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=




B⊤

B⊤A⊤

B⊤(A⊤)
2

...

B⊤(A⊤)
m+t−r−2




[
C⊤ A⊤C⊤ (A⊤)

2
C⊤ . . . (A⊤)

r
C⊤

]
,

where the second equality follows from (4.25). Because we form
̂̃
D using the

matrices (A,B,C) calculated from dj , j = 1, . . . ,m+ t−1 obtained from D̂,
̂̃
D

has the same structure as D̃ and the rank of this matrix
̂̃
D ∈ R

s(m+t−r−1)×(r+1)

is equal to r. So, a solution of (4.24) can be found. The proof is similar for the
other way around. ✷

For this equivalent problem (4.24) formulations (4.22) and (4.21) become:

min
p∈Rr+1

p⊤p=1

vec2(D̃)⊤H̃⊤
2 (H̃2V

−1H̃⊤
2 )−1H̃2vec2(D̃), (4.26)

with H̃2 ≡ (p ⊗ I)⊤H̃ ∈ R
s(m+t−r−1)×s(m+t−1) and I the identity matrix of

size s(m+ t− r − 1).

A formulation of the vectorized form of
̂̃
D is equal to:

vec2(
̂̃
D) =

(
Iq − V −1H̃⊤

2 (H̃2V
−1H̃⊤

2 )−1H̃2

)
vec2(D̃). (4.27)

Note that the proof of Theorem 2 was based on the particular parameterization
of a rank deficient block-row Hankel matrix. If the matrix has a more general
linear structure, first a new parameterization of that type of linear structure
has to be derived before any new (and equivalent) problem formulation can be
proposed.

4.4.2 Algorithm

The cost function in the optimization problem (4.22) is non-convex. A simple
counter example is the function:

f(n1, n2) =
2(n1 + n2)

2(n2
1 + n2

2 − n1n2)

(n4
1 + n2

1n
2
2 + n4

2)
,

which is a special case of the cost function in (4.22) for

D =

[
1 1
1 1

]
, N = [n1 n2]

⊤ and V = I3.

Due to the non-convexity of the problem, we consider a standard method for
local optimization: the Levenberg-Marquardt algorithm, which is a nonlinear
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least squares optimization algorithm. The minimization algorithms in [61] are
not used. In order to use those algorithms, the gradient and the Hessian of the
cost function in (4.22) are needed and they are more complicated to compute
than in [61], especially the Hessian. Moreover, our main goal in this thesis
is the extension of the concept in [61] to block Hankel matrices (and not the
extension of the algorithms in [61]). In order to use the standard Levenberg-
Marquardt algorithm, the cost function f must be recast in the form F⊤F . Let
L⊤L be the Cholesky factorization of H⊤

2 (H2V
−1H⊤

2 )−1H2. Then f is equal to
F⊤F with F := L vec2(D) (Note that the evaluation of F (N) is cheaper than
the one of f(N)). The performance of the algorithm is discussed in subsection
4.4.3. We will explain how we build in the normalization constraint N⊤N = I
and how we deal with the local minima of our cost function.

In this section the algorithm is derived. Using a standard nonlinear least
squares (NLLS) solver for (4.22), good results are obtained for ∆r = 1. When

∆r > 1, this approach always yields the trivial solution, D̂ = 0. The problem
lies in an overparametrization of H⊤

2 as explained in subsection 4.3.2. To avoid
this problem, we will consider the equivalent optimization problem (4.26) with
∆r = 1.

The algorithm for solving the SWLRA for block-row Hankel matrices is sum-
marized in Algorithm 11.

In step 5 a standard NLLS (Matlab’s lsqnonlin) is used. In order to use
a NLLS routine, the cost function must be recast in the form f⊤f and in
order to do so the Cholesky decomposition of H̃⊤

2 (H̃2V
−1H̃⊤

2 )−1H̃2 has to be

computed. This can be done by means of a QR factorization of V −1/2H̃⊤
2 . The

computationally most expensive step in the algorithm is step 5.

4.4.3 Numerical results

In this subsection we compare the statistical accuracy of algorithm block-row
SWLRA and the algorithm HTLSstack proposed in [69]. The HTLSstack al-
gorithm is presented in Appendix E. We expect that the block-row SWLRA
algorithm will perform better than the algorithm HTLSstack. Indeed, SWLRA
seeks for the closest lower-rank Hankel/Toeplitz matrix by solving (4.26), while
HTLSstack only computes a suboptimal Hankel/Toeplitz matrix estimate by
exploiting the shift-invariant structure of the block-row Hankel matrix. For the
comparison, we perform Monte-Carlo simulations.

In Table 4.3, the results for a 25×12 block-row Hankel matrix D are presented
with blocks of length 2. Table 4.4 contains the results for a 50 × 24 block-
row Hankel matrix with blocks of length 4. The Monte-Carlo simulations are
performed as follows. A block-row Hankel matrix of the required rank r is
constructed. The latter matrix is perturbed by a block-row Hankel matrix
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r σ SWLRA HTLSstack

2 10−3 0.00095 0.00096
10−2 0.00941 0.00950
0.1 0.11534 0.11622
1.0 0.63870 0.64713

4 10−3 0.00105 0.00107
10−2 0.00932 0.00936
0.1 0.10341 0.10452
1.0 0.58715 0.59550

6 10−3 0.00091 0.00093
10−2 0.00929 0.00965
0.1 0.07790 0.08497
1.0 0.55468 0.59148

8 10−3 0.00088 0.00090
10−2 0.00652 0.00712
0.1 0.07417 0.07476
1.0 0.54678 0.67650

10 10−3 0.00069 0.00075
10−2 0.00781 0.00873
0.1 0.07522 0.08262
1.0 0.52649 0.71059

Table 4.3: Approximation of a 25×12 block-Hankel matrix D with 1×2 blocks

by a matrix D̂ of rank r. Comparison of the relative norm ‖D− bD‖F

‖D‖F
, computed

via the algorithms block-row SWLRA and HTLSstack.
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r σ SWLRA HTLSstack

4 10−3 0.00092 0.00093
10−2 0.00917 0.00929
0.1 0.09080 0.09201
1.0 0.63603 0.64525

8 10−3 0.00087 0.00091
10−2 0.00872 0.00909
0.1 0.08645 0.08935
1.0 0.60860 0.69709

12 10−3 0.00080 0.00085
10−2 0.00801 0.00852
0.1 0.07879 0.08337
1.0 0.57914 0.68251

16 10−3 0.00082 0.00091
10−2 0.00820 0.00902
0.1 0.08079 0.09395
1.0 0.54452 0.77840

20 10−3 0.00077 0.00120
10−2 0.00690 0.00810
0.1 0.06773 0.07665
1.0 0.48384 0.69717

Table 4.4: Approximation of a 50×24 block-Hankel matrix D with 1×4 blocks

by a matrix D̂ of rank r. Comparison of the relative norm ‖D− bD‖F

‖D‖F
, computed

via the algorithms block-row SWLRA and HTLSstack.
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Algorithm 11 block-row SWLRA algorithm

1: Input: block-row Hankel matrix D ∈ Rm×st of rank k, in which the blocks
are row vectors a1, a2, . . . , am+t−1 of length s, a desired rank r, and a
weighting matrix V .

2: Construct matrix D̃ by rearranging the elements of matrix D such that
D̃ ∈ Rs(m+t−r−1)×(r+1) is a block Hankel matrix with blocks given by the
column vectors a⊤1 , . . . , a

⊤
m+t−1 (see (4.23)).

3: Compute SVD of D̃: D̃ = UΣV ⊤.
4: Initialize p0 with the right singular vector of D̃ corresponding to its (r+1)th

singular value.
5: Minimize the cost function f(p) in (4.26):

f(p) = vec2(D̃)⊤H̃⊤
2 (H̃2V

−1H̃⊤
2 )−1H̃2vec2(D̃).

6: Compute vec2(
̂̃
D) using (4.27):

vec2(
̂̃
D) =

(
Iq − V −1H̃⊤

2 (H̃2V
−1H̃⊤

2 )−1H̃2

)
vec2(D̃).

7: Reconstruct
̂̃
D from vec2(

̂̃
D).

8: Rearrange the elements of
̂̃
D into a matrix D̂ such that D̂ ∈ Rm×st and D̂

has the same structure as D (i.e. similar rearrangement as going from D̃
to D in (4.23)).

9: Output: block-row Hankel matrix D̂ of rank at most r with r < k, such
that D̂ is as close as possible to D in ‖ · ‖V -sense.

that is constructed using a vector containing i.i.d. Gaussian noise of standard
deviation σ. Finally, the block-row SWLRA algorithm, Algorithm 11, and
the HTLSstack algorithm, Algorithm 16, are applied to this perturbed block-
row Hankel matrix. To apply the block-row SWLRA algorithm, we need to
choose the initial condition p0 very carefully, because the convergence of the
algorithm depends on it due to the appearance of local minima. A good choice
for p0 is the one taken in step 4 of Algorithm 11. In this way p0 belongs
to the nullspace of matrix D̃. The normalization constraint p⊤p = 1 is not
implemented in the lsqnonlin routine of Matlab, but instead we used the
constraint p(r + 1) = −1. Due to the scaling invariance of the cost function in
(4.26) this is allowed. We exclude non-generic cases where p(r + 1) = 0 at the
solution. Instead of minimizing the cost function f(p) in (4.26), we will reduce
the dimension of the optimization problem by one by defining a cost function
f(q) with p = [q⊤ − 1]⊤ ∈ Rr+1. As initial condition for the minimization
of f(q) we take q0 = −p0(1 : r)/p0(r + 1). Hence, the last coordinate of
the variable p is set to -1. Each Monte-Carlo simulation consists of 100 runs,
i.e. considers 100 noisy realizations, for every considered σ and r. For both
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algorithms the relative error ‖D− bD‖F

‖D‖F
is presented. The error is fully explained

by the stochastic variation of the reduced order model due to the noise added.
Moreover, we checked the Lagrangian partial derivative equations (4.9) for

the approximation solution D̂. Because these equations are fulfilled, we can
confidently say that our optimization problem ‖ D− D̂ ‖2

V is solved to machine
precision. The results presented are averaged over the runs and obtained by
implementing both algorithms in Matlab (version 6.1) on a PC i686 with 800
MHz and 256 MB memory. From both tables we can conclude the following. As
expected, the block-row SWLRA algorithm performs better than the algorithm
HTLSstack for any choice of r.

4.5 Conclusion

In this chapter we have developed an extension of the Weighted Low Rank Ap-
proximation problem introduced by Manton et al. [61] to linearly structured
matrices. For particular types of structure, namely the Hankel and the block-
row Hankel structure, algorithms were developed. The numerical accuracy of
the SWLRA algorithm for Hankel matrices was tested on a benchmark prob-
lem. Furthermore, the statistical accuracy and the computational efficiency
are compared for the STLNB [95] and the SWLRA algorithm. For both prop-
erties, the SWLRA algorithm performs better than the STLNB algorithm for
large ∆r. Simulation experiments confirm the improved statistical accuracy of
the SWLRA algorithm for block-row Hankel matrices compared to that of the
known algorithm HTLSstack.



84 Chapter 4. Structured WLRA problem



Chapter 5

The shape from moments
problem

In this chapter, we discuss the problem of recovering the vertices of a planar
polygon from its measured complex moments. Because the given, measured mo-
ments can be noisy, the recovered vertices are only estimates of the true ones.
The literature offers many algorithms for solving such an estimation problem.
We will restrict our discussion to the Total Least Squares (TLS) data fitting
models Hankel TLS (HTLS) and Structured TLS (STLS), the matrix pencil
method Generalized Pencil of Function (GPOF) and a tensor-based algorithm.
We show the close link between the HTLS and the GPOF methods and use
the HTLS method to compute starting values for the STLS method. We com-
pare the statistical accuracy of these four methods on simulated data. The data
matrix formed by the given sequence of complex moments will be Hankel struc-
tured. We will show that the vertices estimated via the STLS algorithm are
more accurate than the ones estimated via the pencil method because the STLS
method preserves the Hankel structure of the matrix. Through experiments it
will become clear that the parameter accuracy may improve by arranging the
data sequence in a higher-order tensor and estimating the model parameters
via a multilinear generalization of the SVD.

5.1 Introduction

As it turns out, the formulation of the problem of recovering the vertices of
a planar polygon from its measured complex moments is very similar to sev-
eral other diverse applications found in the literature, such as identifying an

85
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auto-regressive system using its output, decomposing a signal built as a linear
mixture of complex exponentials and estimating the direction of arrival in ar-
ray processing. All these applications lead to the very same formulation and,
therefore, to the same estimation problem when noise is involved. The litera-
ture offers many algorithms for solving such an estimation problem. We will
discuss the Hankel Total Least Squares (HTLS) method [94], the Structured
TLS (STLS) method [52, 55, 54], the Generalized Pencil of Function (GPOF)
method [45] and a tensor-based algorithm [72] for the reconstruction of binary
polygons from their given, estimated, noisy complex moments. In [67, 39, 42],
the importance and relevance is discussed of the problem to recover the vertices
of a planar polygon from its measured complex moments. First of all, Milanfar
et al. [67] introduced the problem of reconstructing a planar polygon from a set
of its complex moments. Moreover, by exploiting the relationship of this shape-
from-moments problem with similar problems in signal and array processing,
a number of algorithms based on Prony’s method were obtained, which could
be applied to the reconstruction problem. Then, better numerical procedures,
based upon matrix pencils, were proposed for the shape-from-moments recon-
struction problem, described in [39]. Also, an analysis of the sensitivity of the
shape-from-moments problem is presented in this reference. Later on, instead
of concentrating mainly on the numerical aspects of the noiseless case, in [26]
the treatment of the reconstruction problem is extended to a given noisy but
longer set of moments.

The outline of this chapter is as follows. In section 5.2, the shape-from-moments
problem is formulated. In section 5.3, a short description is given of the GPOF
method, the HTLS method, the STLS method and the tensor-based method.
These methods can be used to solve the shape-from-moments problem. In this
chapter, we will show the link between the HTLS and the GPOF method. We
will compare the HTLS, the STLS, the GPOF and the tensor-based method on
simulated data and discuss their statistical accuracy. This will be the topic of
section 5.5. It will become clear that it is useful to compute the HTLS solution
in order to get starting values for the STLS method. The STLS method is an
optimal method and we expect to get a better accuracy than with the GPOF
method. Conclusions are drawn in section 5.6.

5.2 Problem formulation

The reconstruction problem of a closed N -sided planar polygon from a set of
its complex moments can be described as follows. An arbitrary closed N -sided
planar polygon P is assumed. Its vertices are denoted by zn with n = 1, . . . , N ,
where these values are scalar and complex. Based on Davis’ Theorem [15, 16],
there exists a set of N coefficients an, n = 1, . . . , N , depending only on the
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vertices, such that for any analytic function f(z) in the closure of P , we have

∫ ∫

P

f ′′(z)dxdy =

N∑

n=1

anf(zn). (5.1)

Davis’ Theorem shows that the coefficients an with n = 1, . . . , N are related to
the vertices via the equation

an =
i

2

(
z̄n−1 − z̄n

zn−1 − zn
− z̄n − z̄n+1

zn − zn+1

)
,

where i =
√
−1 and z̄ is the complex conjugate of z. Note that since the

polygon is closed, we define zN+n = zn for all n.

A special case of interest is obtained for the analytic function f(z) = zk. Using
(5.1), we get

∫ ∫

P

f ′′(z)dxdy = k(k − 1)

∫ ∫

P

zk−2dxdy

=

N∑

n=1

anf(zn) =

N∑

n=1

anz
k
n.

The expression
∫ ∫

P z
k−2dxdy stands for the (k− 2)th moment computed over

the indicator function defined as 1 inside the polygon and zero elsewhere. We
denote k(k−1)

∫ ∫
P
zk−2dxdy as the complex moment τk. Clearly, by definition,

we have that τ0 = τ1 = 0.

Now that we have defined complex moments, we are ready to formulate the
reconstruction problem of a closed N -sided planar polygon from a set of its
complex moments as follows. Assume that M + 1 complex moments τk with
k = 0, . . . ,M are measured. We want to recover the polygon vertices zn with
n = 1, . . . , N using the following relationship between moments and vertices:

τk =

N∑

n=1

anz
k
n, (5.2)

with an for n = 1, . . . , N coefficients that only depend on the vertices. We
assume that the number of vertices N is known. In the presence of noise,
equation (5.2) does not have an exact solution. In the rest of this chapter we
assume that the measured complex moments are perturbed by white Gaussian
noise. Hence, equation (5.2) leads to an estimation problem.
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5.3 Methods to solve the shape-from-moments
problem

We briefly describe the GPOF method, the HTLS method, the STLS method
and a tensor-based method in this section. The literature offers many other
algorithms to solve the shape-from-moments problem. We refer the interested
reader to section 5.4 for more information about related work presented in
[10, 60, 7, 34]. In this section, we will discuss the GPOF method, the HTLS
method, the STLS method and a tensor-based method. The GPOF and the
HTLS method are both non-iterative subspace-based parameter estimation
methods. In this section, we will show that their approaches differ in the
way of reducing the dimensionality of the shape-from-moments problem and in
the way of solving the low-dimensional core problem. On the other hand, the
STLS method is an iterative method that preserves the Hankel structure of the
matrix formed by the given data sequence τk with k = 0, . . . ,M . In section
5.5, it will become clear that the vertices estimated via the STLS method are
more accurate than the ones estimated via the GPOF method and the HTLS
method. And finally, we will also apply the tensor approach to the shape-from-
moments problem. The problem of harmonic analysis was for the first time cast
in a tensor framework in [47, 83]. In section 5.5, it is shown that the parameter
accuracy may improve by arranging the data sequence in a higher-order tensor
and estimating the model parameters via a multilinear generalization of the
SVD.

5.3.1 GPOF

In this subsection a short description of the GPOF method is given. This
method was presented originally by Hua and Sarkar [45] and used later on in
[58, 57, 76]. From the data sequence τk with k = 0, . . . ,M a Hankel matrix H
with M − L+ 1 rows, (M + 1)/2 ≥ L ≥ N , is constructed as follows:

H =




τ0 τ1 τ2 . . . τL
τ1 τ2 . . . τL+1

τ2 . . . τL+2

...
τM−L τM−L+1 . . . τM



. (5.3)

The GPOF method makes use of two Hankel matrices T0 and T1 to compute
the N vertices zn, n = 1, . . . , N . The matrix T0 contains the first L columns
of matrix H , expressed in (5.3), and matrix T1 is equal to the submatrix of
H , which contains the last L columns. Starting from (5.2), there exists a re-
lationship between the matrices T0 and T1 which leads to the GPOF method.
Define t{k1,k2} as the column vector of length k2 containing the complex mo-
ments starting with τk1 . Define also V{k1,k2} as the Vandermonde matrix of
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size k2 ×N built from the vertices zn, n = 1, . . . , N with powers starting with
k1. Finally, define the vector a as a column vector of length N containing the
parameters an, n = 1, . . . , N . Then, equation (5.2) can be rewritten as

t{0,M+1} = V{0,M+1}a. (5.4)

We now show that the matrices T0 and T1 satisfy a pencil relationship. By
using equation (5.4), matrix T0 can be expressed as follows:

T0 = V{0,M−L+1}Diag(a)V⊤
{0,L}.

In the above equation, we define the operator Diag as the construction of a
diagonal matrix from a given vector. In an analog way, matrix T1 can be
expressed as follows:

T1 = V{0,M−L+1}Diag(a)Diag(z)V⊤
{0,L},

where the matrix Diag(z) is an N ×N diagonal matrix with zn, n = 1, . . . , N
on its main diagonal. The Vandermonde matrix V⊤

{0,L} has N rows and L ≥ N
columns and, due to the nondegenerate polygon, it is of full rank N . Thus, we
have

T1V{0,L}(V
⊤
{0,L}V{0,L})

−1

= V{0,M−L+1}Diag(a)Diag(z)

= V{0,M−L+1}Diag(a)V⊤
{0,L}V{0,L}(V

⊤
{0,L}V{0,L})

−1Diag(z)

= T0V{0,L}(V
⊤
{0,L}V{0,L})

−1Diag(z). (5.5)

Here, we have used the fact that (V⊤
{0,L}V{0,L}) is a square N × N full rank

matrix, thus, it is invertible. From equation (5.5), it is obvious that the matrices
T0 and T1 indeed satisfy a pencil relationship. Moreover, this relationship
implies that for the pair of matrices T0 and T1 the vertices zn, n = 1, . . . , N
are their generalized eigenvalues.

So, it is clear now that, for the GPOF method, we need to form the two Hankel
matrices T0 and T1 from the given sequence of moments τk, k = 0, . . . ,M and
then solve the following generalized eigenvalue problem for their generalized
eigenvalues:

(T1 − λT0)v = 0. (5.6)

In order to solve this rectangular generalized eigenvalue problem, the GPOF
method makes use of the squaring idea of multiplying both sides of relationship
(5.6) with T+

0 , where T+ denotes the Moore-Penrose pseudo-inverse of T . From
the obtained square L × L pencil, only N eigenvalues will correspond to the
vertices we are looking for. The remaining L − N refer to the common null
space of the matrices T+

0 T1 and T+
0 T0. So, the eigenvectors v of interest for the

L×L pencil should be spanned by Y1, where Y1 consists of the first N columns
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of Y , defined by the Singular Value Decomposition (SVD) WDY H of matrix
T0. Hence, the following L×N pencil is obtained:

(T+
0 T1 − λT+

0 T0)Y1α = 0.

Furthermore, the GPOF method shrinks the obtained L × N pencil into the
following square N ×N pencil in order to compute the N vertices:

(D−1
1 WH

1 T1Y1 − λI)α, (5.7)

where W1 is the truncation of W given by the first N columns of W and
D1 is equal to the N × N upper left part of D. The estimated vertices zn,
n = 1, . . . , N are equal to the eigenvalues of (5.7). For more details about the
GPOF method, we refer to [45, 26].

From equation (5.7), it is clear that the GPOF method has reduced the dimen-
sionality of the shape-from-moments problem in Least Squares (LS)-sense [38],
via computing the SVD of only one of the two matrices T0 and T1. Further-
more, by multiplying both sides of equation (5.6) with T+

0 in order to square
the generalized eigenvalue problem, the GPOF method also solves the shape-
from-moments problem in LS-sense. In order to square the pencil (5.6), the
adjoint of T0, denoted by TH

0 , can also be used. In this case, the final squared
N×N pencil will be a generalized eigenvalue problem, instead of an eigenvalue
problem as in (5.7).

In [89] exactly the same algorithm is called the LS-LS algorithm.

5.3.2 HTLS

In this subsection a short description of the HTLS method is given. The HTLS
method makes direct use of the matrix H , expressed in (5.3), to search for good
estimates of the vertices zn, n = 1, . . . , N . Note that matrix H is different from
the augmented matrix [T0 T1]; duplicates of columns have been removed.

Using equation (5.2), Hankel matrixH can be written in terms of Vandermonde
matrices:

H =




1 1 . . . 1
z1 z2 . . . zN

...

zM−L
1 zM−L

2 . . . zM−L
N







a1 0 . . . 0
0 a2 . . . 0
...

. . .

0 0 . . . aN







1 z1 . . . zL
1

1 z2 . . . zL
2

...
1 zN . . . zL

N




≡ SACT . (5.8)

From this Vandermonde decomposition, the vertices zn, n = 1, . . . , N can im-
mediately be derived. Instead of computing the decomposition of a Hankel
matrix to Vandermonde form directly, the vertices are determined in another
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way. For the HTLS method, the vertices are determined as follows. From
the equation in (5.8), it is clear that S satisfies the following shift-invariance
property:

S = SZ, (5.9)

where S and S are submatrices of S, obtained by deleting the top and the
bottom row of S, respectively, and where Z is a diagonal matrix with the
vertices zn, n = 1, . . . , N on its diagonal. Using this shift-invariance property
and a basis transformation via the SVD of the matrix H , the vertices can be
determined. The HTLS algorithm is summarized in Algorithm 12.

Algorithm 12 HTLS algorithm

1: Input: a given data sequence τk, k = 0, . . . ,M .
2: Arrange the data points τk, k = 0, . . . ,M in a Hankel matrix H as in

equation (5.3).
3: Compute the SVD of H and truncate H to rank N : H = UΣV H , Htrun =
UNΣNV

H
N , where UN and VN consist of the first N columns of U and V ,

respectively, and ΣN is the N ×N upper left submatrix of Σ.
4: Solve the following overdetermined set of equations in TLS-sense (see The-

orem 2 for the TLS-solution):

UN ≈ UNE, (5.10)

where UN and UN are submatrices of UN , obtained by deleting the first
and the last row of UN , respectively.

5: Compute the eigenvalues of the TLS-solution E. These eigenvalues are the
estimation of the N vertices zn, n = 1, . . . , N .

6: Fill in the estimated vertices ẑn, n = 1, . . . , N into the model function
of equation (5.2) and solve the obtained system of N equations in LS-
sense to determine the estimates ân, n = 1, . . . , N of the coefficients an,
n = 1, . . . , N .

7: Output: The estimation of the N vertices zn, n = 1, . . . , N and the N
coefficients an, n = 1, . . . , N .

In this chapter, we are only interested in the estimation of the N vertices zn,
n = 1, . . . , N of a given N -sided planar polygon. Therefore, only a subpart
of the HTLS algorithm, Algorithm 12, is needed. If also the estimated data
sequence τ̂k with k = 0, . . . ,M is of interest, the entire HTLS algorithm can
be used to compute not only the estimated vertices ẑn, n = 1, . . . , N , but also
the estimated coefficients ân, n = 1, . . . , N .

Instead of computing the SVD of the matrix T0, which is the case in the GPOF
method, the HTLS method computes the SVD of the matrix H . Hence, in the
HTLS method, the information of both matrices T0 and T1 has been taken into
account. So, it is clear that the HTLS method has reduced the dimensionality
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of the shape-from-moments problem in TLS-sense. Moreover, also problem
(5.10) in step 4 of the HTLS algorithm is solved in TLS-sense.

In [89], a hybrid form of the HTLS algorithm is presented. It is called the
TLS-LS algorithm because problem (5.10) is solved in LS-sense.

The simulations in section 5.5 will show that the estimated vertices, computed
via the HTLS method, will not be more accurate than the ones computed by the
GPOF method. So, by using the HTLS method, there is no gain in accuracy, at
least for the shapes under investigation. The computationally most intensive
part of the algorithm is the computation of the SVD of the (M − L + 1) ×
(L+ 1) matrix H , which requires O((M −L+ 1)(L+ 1)2 + (L+ 1)3) floating-
point operations (where O(·) denotes the order of magnitude). For the GPOF
algorithm, the computational cost is mainly due to the computation of the SVD
of the (M−L+1)×Lmatrix T0, which requires O((M−L+1)L2+L3) floating-
point operations. So, the computational cost of the GPOF algorithm and the
HTLS algorithm are comparable. Moreover, for the examples that we checked
in section 5.5, there is no accuracy improvement for the HTLS algorithm either.
Nevertheless, by considering other shapes, the HTLS algorithm can perform
better. In [94], it is shown that e.g. in the case of vertices with a small difference
between their angles or situated near the origin, there will be a gain in accuracy
by using the HTLS method. However, for the investigated polygons, there is
no improvement for the HTLS algorithm, despite the use of TLS instead of LS.
The reason for this is the structure of matrix H , which has not been taken into
account. In the next section, we will present an algorithm that will take the
structure into account.

5.3.3 STLS

Also useful for the shape-from-moments problem, are techniques for solving the
STLS problem. These methods preserve the structure of the Hankel matrix H ,
formed by the given data sequence τk with k = 0, . . . ,M . There are also
other methods that exploit the Hankel structure, e.g., Cadzow’s algorithm [10]
and the Iterative Quadratic Maximum Likelihood algorithm [8], but they are
suboptimal, as proven in [52, 54].

The STLS problem is defined as follows [52, 55, 54]. Given an overdetermined
set of m linear equations Ax ≈ b in n× 1 unknowns x. Find

min
∆A,∆b,x

‖ [∆A ∆b] ‖2
F subject to





(A+ ∆A)x = b+ ∆b,
[A+ ∆A b+ ∆b] and [Ab] have
the same structure.

(5.11)
No closed-form solution is known for problem (5.11), but several iterative ap-
proaches have been proposed. Possible approaches are the Constrained TLS
approach [2], the Structured Total Least Norm (STLN) approach [95] and the
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Riemannian SVD approach [54]. In [52], it is shown that all three approaches
are equivalent in the sense that they yield the same parameter vector x. For
the shape-from-moments problem, we will focus on the STLN approach. This
is the most straightforward approach. In order to obtain the same structure in
[A + ∆A b + ∆b] as in [Ab], the STLN approach arranges the different errors
on A in a vector α ∈ Cq with q ≤ m + n − 1 and the different errors on b
(which are not already accounted for in α) in a vector β ∈ Cd with d ≤ m. The
structure-dependent matrices relating the elements of α and β to their location
in ∆A and ∆b are: X ∈ Cm×q, P1 ∈ Cm×q and P2 ∈ Cm×d. They are defined
by the following equalities:

∆Ax = Xα

∆b = P2 β + P1α.

Matrix X is constructed by following the rule: If αk is the (i, j)th element of
∆A, then xj is the (i, k)th element of X, with i = 1, . . . ,m, j = 1, . . . , n and
k = 1, . . . , q. For example, assume that a 4 × 3 Toeplitz matrix A is subject
to error, then matrix ∆A is also Toeplitz with first column [α3 α4 α5 α6]

⊤ and
first row [α3 α2 α1]. If we define α as α = [α1 α2 · · ·α6]

⊤, then matrix X is
equal to:

X =




x3 x2 x1 0 0 0
0 x3 x2 x1 0 0
0 0 x3 x2 x1 0
0 0 0 x3 x2 x1


 .

Using the nomenclature mentioned, the STLN problem is formulated as follows:

min
α,β,x

α⊤D2
α α+ β⊤D2

β β such that r̂ = 0, (5.12)

where r̂ is the modified residue b+ ∆b− (A+ ∆A)x and the matrices Dα and
Dβ are weighting matrices that account for the repetitions of elements in α and
β.

There are several algorithms that can be used to solve the constrained mini-
mization problem (5.12) [38, 95]. The solution of problem (5.12) is computed
using algorithm STLN, which is described in Algorithm 13. In each iteration,
a Quadratic Programming (QP) problem [29] is solved, namely the quadratic
objective function remains the same, but the constraints are linearized around
the current iterate.

Approaches for solving the STLS problem (5.11) can also be used to solve
the reconstruction problem of an N -sided polygon from a set of its complex
moments. This will become clear as follows. From (5.2), we see that the given
moments τk, k = 0, . . . ,M satisfy an Nth order difference equation. So, we
can write the following:

pNτk + pN−1τk+1 + · · · + p1τk+N−1 + p0τN+k = 0, (5.13)
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Algorithm 13 STLN algorithm

1: Input: An STLN problem (5.12) with specified matrices [Ab], Dα, Dβ and
a tolerance ε.

2: Set α = 0 and β = 0.
3: Compute the initial solution for x by solving the LS problem:

min
x

‖ b−Ax ‖2 .

x is initialized as (A⊤A)−1A⊤b.
4: Define vtot = [α⊤ β⊤ x⊤]⊤.
5: Set r̂ = b−Ax.
6: repeat
7: Compute the gradient g and the Hessian Hss of the cost function in

(5.12) as follows:

g =



D2

αα
D2

ββ

0


 , Hss =



D2

α 0 0
0 D2

β 0

0 0 0




8: Compute the Jacobian J of r̂.
9: Solve the following QP problem:

min
∆v

f(vtot) + g⊤ ∆v +
1

2
∆v⊤Hss∆v such that r̂ + J∆v = 0,

with f(vtot) = 1
2 (α⊤D2

αα+ β⊤D2
ββ).

10: Set vtot = vtot + ∆v.
11: Extract α, β and x from vtot.
12: Construct ∆A from α, ∆b from β and compute r̂ = (b+∆b)−(A+∆A)x.
13: until (‖ ∆x ‖, ‖ ∆α ‖, ‖ ∆β ‖≤ ε).
14: Output: The correction matrix [∆A ∆b] and the STLN-solution x such

that [A+ ∆A b+ ∆b] has the same structure as the given matrix [Ab].

for k = 0, . . . ,M −N . Without loss of generality, we can assume that p0 = 1,
by dividing throughout by p0. Thus, we get a system of M −N + 1 equations
of the form:



pn . . . p1 1 0

. . .
. . .

. . .

0 pN . . . p1 1







τ0
τ1
τ2
...
τM




= 0.

Simple reordering of this set of equations leads to a regular linear set of equa-
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tions:




τ0 τ1 . . . τN−1

τ1 τ2 . . . τN
τ2 τ3 . . . τN+1

...
. . .

τM−N τM−N+1 . . . τM−1







pN

pN−1

...
p1


 = −




τN
τN+1

τN+2

...
τM



. (5.14)

Using the noisy moments, the above equation is no longer exact. The difference
equation coefficients pn, n = 1, . . . , N can now be estimated using STLS to
solve the system of equations (5.14). Armed with these difference equation
coefficients, the vertices zn, n = 1, . . . , N can be found by computing the roots
of the polynomial

P (z) =

N∏

N=1

(z − zn) = zN +

N∑

n=1

pnz
N−n.

The above polynomial equation can be obtained by applying a Z-Transformation
to the difference equation (5.13), but we will not go into further detail here.
So, it should be clear now that STLS can be used to solve the reconstruction
problem of an N -sided polygon from a set of its complex moments by com-
puting the STLS solution of Ax ≈ b with A equal to the first N columns of
matrix H , expressed in (5.3), b equal to the last column of H and L = N .
The STLS solution x̂ is a vector that contains the coefficients of a polynomial
P (z) = zN +

∑N
n=1 x̂n z

N−n of which the roots are the N vertices.

The STLS method has a higher computational cost than the two non-iterative
methods GPOF and HTLS. Moreover, since a nonlinear optimization problem
needs to be solved, the use of good starting values is of great importance for an
STLS approach to converge within a reasonable amount of time. Nevertheless,
from section 5.5, it will become clear that a higher accuracy can be obtained
for the estimated vertices by using the STLS method. The higher accuracy
can be explained by the fact that STLS preserves the matrix structure thereby
maintaining consistency of its solution and the maximum likelihood property
in case of Gaussian measurement errors [52].

5.3.4 The tensor approach

In this subsection, a short description of a tensor-based algorithm is presented.
The problem of harmonic analysis was, for the first time, cast in a tensor frame-
work in [47, 83]. Before presenting the tensor-based algorithm which we will
use to solve the shape-from-moments problem, we will describe some tensor-
algebraic material in order to clarify the derivations towards the algorithm
first.
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Background material

The tensor theory is a natural generalization of the matrix theory. In analogy
with the matrix case, a third-order tensor A is called a rank-1 tensor when it
can be written as the outer product of three vectors U (1), U (2), U (3):

ai1i2i3 = u
(1)
i1
u

(2)
i2
u

(3)
i3
,

for all index values, which we will denote as

A = U (1) ◦ U (2) ◦ U (3).

A tensor that can be written as the sum of R, but not less than R, rank-1 terms
is called a rank-R tensor. An n-mode vector of a tensor A is a vector obtained
from A by varying only the nth index. As such, the n-mode vectors are the
generalization of column and row vectors in the matrix case. The subspace
spanned by all the n-mode vectors, for a given value of n, is called the n-mode
vector space. The dimension of this subspace is called the n-mode rank. A
difference between matrices and tensors is that, for tensors, the different n-
mode ranks are not necessarily the same. A third-order tensor whose n-mode
ranks are equal to Rn (1 ≤ n ≤ 3) is denoted as a rank-(R1, R2, R3) tensor. A
second difference between matrices and tensors is that the rank of a tensor is
not necessarily equal to its n-mode ranks. From the definition we always have
that Rn ≤ R.

A third-order natural extension of the matrix SVD is pointed out in the next
theorem.

Theorem 5 (Third-order SVD) Every complex (I1 × I2× I3) tensor A can
be written as the product

A = S ×1 V
(1) ×2 V

(2) ×3 V
(3), (5.15)

so,

ai1i2i3 =
∑

j1j2j3

sj1j2j3v
(1)
j1i1

v
(2)
j2i2

v
(3)
j3i3

for all values of the indices, in which

• V (n) =
[
V

(n)
1 V

(n)
2 . . . V

(n)
In

]
is a unitary (In × In) matrix,

• S is a complex (I1×I2×I3) tensor of which the subtensors Sin=α, obtained
by fixing the nth index to α, have the properties of:

– all-orthogonality: two subtensors Sin=α and Sin=β are orthogonal
for all possible values of n, α and β subject to α 6= β:

〈Sin=α,Sin=β〉 = 0 when α 6= β.
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V
(3)

T
A

=

V (1)

V (2)T

Figure 5.1: Visualization of the Higher Order Singular Value Decomposition
for a third-order tensor. If A is n-mode rank deficient, only the shaded part of
the core-tensor may contain entries different from zero.

– ordering:

‖ Sin=1 ‖≥‖ Sin=2 ‖≥ . . . ≥‖ Sin=In
‖≥ 0 (5.16)

for all possible values of n.

The Frobenius norm ‖ Sin=i ‖, symbolized by σ
(n)
i , is the ith n-mode singular

value of A and the vector V
(n)
i is the n-mode singular vector. The decomposition

for third order tensors is visualized in Figure 5.1.

It can be proved that it is generally impossible to diagonalize a higher-order
tensor by means of unitary transformations: the shaded part of the core tensor
in Figure 5.1 is generally a full (R1, R2, R3) tensor. Instead, it satisfies the
condition of all-orthogonality. All-orthogonality is a sufficiently strong condi-
tion for many key properties of the matrix SVD to carry over the Higher Order
SVD (HOSVD) (namely, properties expressing a link between the distribution
of the column/row (n-mode) vectors on one hand, and the (HO)SVD compo-
nents on the other hand). In particular, the n-mode vectors corresponding to
non-zero n-mode singular values form an orthonormal basis for the n-mode
vector space of A. The n-mode vectors corresponding to the vanishing n-mode
singular values form an orthonormal basis for the orthogonal complement of
the n-mode vector space. The number of (significant) n-mode singular values
equals the (numerical) n-mode rank of A. Matrix V (n) (1 ≤ n ≤ 3) can easily
be computed as the matrix of left singular vectors of a matrix in which all n-
mode vectors of A are stacked one after the other. The n-mode singular values
are the singular values of this matrix. The core tensor S follows from bringing
V (1), V (2), V (3) to the left side of equation (5.15). The inner product of two
tensors A and B of the same dimensionality is given by:

〈A,B〉 =
∑

i1i2i3

ai1i2i3b
∗
i1i2i3 ,
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in which the summation is over all the indices. The Frobenius norm of a tensor
then is ‖ A ‖= (〈A,A〉) 1

2 . The best rank R approximation problem in matrix
algebra, can be generalized in the following way: Given a complex third-order
tensor A ∈ C

I1×I2×I3 , find a rank (R1, R2, R3) tensor Â that minimizes the
least-squares cost function

f(Â) =‖ A− Â ‖2 .

Due to the n-rank constraints, A can be decomposed as:

Â = B ×1 V
(1) ×2 V

(2) ×3 V
(3), (5.17)

in which V (1) ∈ CI1×R1 , V (2) ∈ CI2×R2 , V (3) ∈ CI3×R3 each have orthonormal
columns and B ∈ CR1×R2×R3 is an all-orthogonal tensor. As is well-known in
the matrix case, the best rank R approximation can simply be obtained by
truncation of the matrix SVD. An important difference between matrices and
higher-order tensors, however, is that the best rank (R1, R2, R3) approxima-
tion cannot in general be obtained by mere truncation of the HOSVD. This
is due to the fact that the core tensor is not diagonal. Nevertheless, due to
the ordering constraint (5.16), the truncated HOSVD is usually a pretty good
approximation, albeit not the optimal one. The best rank (R1, R2, R3) approx-
imation can be calculated by means of tensor generalizations of algorithms for
the calculation of a dominant subspace. In [21], a Higher-Order Orthogonal
Iteration (HOOI) method is presented. The HOOI algorithm is analog to the
Alternating Least Squares (ALS) type (see Algorithm 9) and its convergence
rate is linear.

Readers who are interested in the tensor-algebraic material are referred to [20]
for more details.

Tensor-based algorithm

First, the data sequence τk, k = 0, . . . ,M is stacked in a third-order tensor
as follows. A first (I1 × I2) Hankel matrix is built using the P (P < M + 1)
first samples of the signal τ0, . . . , τP−1. A second one is built with the segment
τ1, . . . , τP obtained by shifting the previous segment over one sample, and so on
until the end of the signal. Then, these Hankel matrices are stored one behind
each other to form a Hankel tensor as visualized in Figure 5.2. An element
hi1i2i3 of this (I1 × I2 × I3) tensor H is given by

hi1i2i3 = τ(i1−1)+(i2−1)+(i3−1) = τi1+i2+i3−3,

with 1 < i1 < I1, 1 < i2 < I2, 1 < i3 < I3, I1 > N , I2 > N and I1 + I2 + I3 =
M+3. As long as the previous constraints are fulfilled, the user may choose the
dimensions of the tensor. The one-dimensional complex signal τk is modelled
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Figure 5.2: Segmentation of the signal and construction of a tensor with Hankel
matrices. The dotted lines delimit the tensor while dashed lines show its Hankel
structure in the three directions. A dashed line generates a diagonal tensor slice
on which all entries are equal.

by equation (5.2). Using this equation, like in subsection 5.3.2, we have that

hi1i2i3 =

N∑

n=1

an(zi1−1
n · zi2−1

n · zi3−1
n ).

In other words, the tensor H is a weighted sum of third-order rank-1 tensors,
consisting of the outer product of three Vandermonde vectors:

H =
N∑

n=1

an ·




1
z1

n

z2
n
...

z
I′
1

n



◦




1
z1

n

z2
n
...

z
I′
2

n



◦




1
z1

n

z2
n
...

z
I′
3

n



,

where I ′j = Ij − 1. This can also be written as

H = A×1 S
(1) ×2 S

(2) ×3 S
(3), (5.18)

in which A is the (N ×N ×N) pseudo-diagonal core-tensor containing the N
complex amplitudes an and in which S(1) ∈ C

N×I1 , S(2) ∈ C
N×I2 and S(3) ∈

CN×I3 are Vandermonde matrices. This decomposition is called a Higher-Order
Vandermonde Decomposition (HOVDMD) in analogy with the VDMD (5.8) in
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Figure 5.3: Visualization of the HOVDMD for a third-order Hankel tensor.

the matrix case and is visualized in Figure 5.3. By way of comparison, note
that in the matrix case we can write:

H =

N∑

n=1

an ·




1
z1

n

z2
n
...

zM−L
n



◦




1
z1

n

z2
n
...
zL

n




= S ×1 A×2 C,

where S,A and C are defined in (5.8).

Because of the structure induced by (5.18), in the absence of noise, the HOSVD
of tensor H takes the following form:

H = D̂ ×1 Û
(1) ×2 Û

(2) ×3 Û
(3),

in which D̂ is an all-orthogonal, ordered, complex (N × N × N) tensor and

Û (n) = [U
(n)
1 . . . U

(n)
N ] is a complex (In×N) matrix whose orthonormal columns

span the column space of S(n) for all 1 ≤ n ≤ 3. In the presence of noise, H will
be a full n-rank tensor. Just like in the matrix case, it makes sense to proceed
with the HOSVD components of the best rank-(R1, R2, R3) approximation of

H (cf. equation (5.17)). We claim that Û (n) equals S(n), for n = 1, 2, 3, up
to a multiplication by a square non-singular matrix Q (just like in the matrix
case):

Û (n) = S(n)Q, (5.19)

where Q ∈ C
N×N . On the other hand, the shift-invariant property still holds

for the tensor case:

S(n)Z = S
(n)
, (5.20)
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where Z is a diagonal matrix with the vertices zn, n = 1, . . . , N on its diagonal.
Combining (5.19) and (5.20) gives the following matrix equation:

Û
(n)

= Û
(n)
Q−1ZQ = Û

(n)
Z̃. (5.21)

This equation is similar to (5.10) and can be processed in the same way.

To conclude this subsection, the tensor-based algorithm for the estimation of
the N vertices zn, n = 1, . . . , N of an oversampled signal τk, k = 0, . . . ,M is
summarized in Algorithm 14.

Algorithm 14 tensor-based algorithm

1: Input: a given data sequence τk, k = 0, . . . ,M .
2: Map the given signal τk, k = 0, . . . ,M on a third-order tensor H as depicted

in Figure 5.2.
3: Find the best rank-(N,N,N ′) approximation of H, with N ′ ≤ N (for

instance, by applying the HOOI algorithm [21]) and obtain in this way the

matrices Û (1), Û (2) and Û (3).

4: Compute the TLS solution
̂̃
Z, see Theorem 2, of the overdetermined set of

linear equations (5.21):
̂̃
Z = −W12W

−1
22 ,

where

W =

[
W11 W12

W21 W22

]

is obtained from the SVD of the augmented matrix [Û
(n)

Û
(n)

] = Y DWH .

5: Compute the eigenvalues of
̂̃
Z. These eigenvalues are the estimated vertices.

6: Output: The estimation of the N vertices zn, n = 1, . . . , N .

As already mentioned before, a difference between matrices and tensors is that,
for tensors, the different n-mode ranks are not necessarily the same. Therefore,
in step 3 of Algorithm 14, the rank 3-mode can be lower than the rank 1-mode
and the rank 2-mode. Taking a value for N ′ that is strictly lower than N
is particularly useful when there is a large gap between the 3-mode singular
values. In these situations, it is numerically preferable to extract the dominant
N ′-dimensional mode-3 vector space instead of the N -dimensional one. The
tensor framework offers more versatility in terms of the choice of dimensions of
the approximation than the matrix framework does. In section 5.5, an example
is given for which the tensor technique gives better results than matrix-based
algorithms.
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5.4 Related work

The literature offers many other algorithms to solve the shape-from-moments
problem than the ones described in section 5.3. In this section, we will point
out previous work that has been done on the shape-from-moments problem.
In short, we will describe other methods from the literature and explain their
relationship with the methods presented in the previous section. For more
details, we refer the reader to the papers cited below.

The GPOF method was presented originally by Hua and Sarkar [45] and used
later on in [58, 57, 76]. First of all, Milanfar et al. [67] suggested a number of
algorithms based on Prony’s method to apply to the problem of reconstructing
a planar polygon from a set of its complex moments. Later on, Golub et al.
[39, 26] proposed better numerical procedures such as the GPOF method, based
upon matrix pencils, for the shape-from-moments reconstruction problem.

An alternative technique for our HTLS method is presented in [60]. In their
paper, F. Luk and D. Vandevoorde have presented an algorithm to approx-
imate the vertices zn, n = 1, . . . , N by computing the poles of the Hankel-
Vandermonde decomposition in equation (5.8) and selecting the dominant ones.
In our HTLS method the Vandermonde decomposition is not computed directly.

Prony’s method [67, 26], solved via TLS rather than plainly LS, solves the same
problem as the HTLS method, but in a different way. The TLS-Prony method,
which is Prony’s method solved via TLS, was for the first time described by
Pisarenko. Later on, this method was called LPTLS in Van Huffel’s paper [94].
The superior performance of LPTLS compared to LPSVD (= Prony’s method)
has been proven in [88, 93]. HTLS and LPTLS solve the same problem, but in
a different way. HTLS is indeed quite similar to LPTLS up to truncation of the
data matrixH to rankN in step 3 of Algorithm 12. The data matrix used in the
SVD is the same as well as the criteria used for truncation of the singular values.
However, after truncation the methods take separate ways. LPTLS carries out
polynomial rooting in order to find the estimated vertices, while HTLS avoids
rooting by formulating the problem in a state space setting thereby increasing
numerical robustness. A detailed comparison of the underlying theories of
LPSVD and HSVD is given in [106]. It was found that the HSVD estimate is
more precise than the LPSVD estimate, but that the difference is not huge.

The STLS method exploits the Hankel structure of the data matrix. Besides the
STLS method, there exist also other methods that exploit the Hankel structure,
e.g., Cadzow’s algorithm [10] and the Iterative Quadratic Maximum Likelihood
algorithm [8] but they are suboptimal, as shown in [23, 54]. Cadzow’s algorithm
obtains a rank deficient Hankel matrix approximation to a given Hankel matrix
as follows. First, the best rank deficient least squares approximation to a
given matrix is obtained from the SVD of this matrix. If the given matrix is
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structured, however, the rank deficient approximation obtained by truncating
the SVD of the given matrix, will typically have no structure at all. One could
then try to find the best least squares fit to the obtained rank deficient matrix,
that has the required structure. For Hankel matrices, it turns out that this fit
is found by replacing the elements on the anti-diagonals by their average. This
new matrix will be no longer rank deficient. One could again use a truncation
of the SVD in order to find a rank deficient approximation etc. In [10], Cadzow
proves that the procedure mentioned above indeed converges to a rank deficient
Hankel matrix. Nevertheless, the STLS method will give better results because
it is an optimal method instead of a suboptimal method.

The STLS method is closely related to the recent work of Boutry et al. [7].
In their paper the following minimal perturbation approach is presented for
solving non-square generalized eigenvalue problems:

Given matrices A,B of size m× n,

Find min
A0,B0,

λk,vk

‖ A0 −A ‖2
F + ‖ B0 −B ‖2

F

s.t. (A0 − λkB0)vk = 0 and ‖ vk ‖2
2= 1, (5.22)

for k = 1, . . . , n. The given matrices A,B are assumed to be noisy and orig-
inating from the pair A0, B0. Furthermore, it is assumed that there exist n
distinct eigenpairs of the form (A0 − λkB0)vk = 0, with k = 1, . . . , n and the
original pair A0, B0. It is shown in Boutry’s work that for the case of n = 1
problem (5.22) is equivalent to the classical unstructured TLS problem. By
rewriting equation (5.22) this relation becomes obvious:

min
a0,b0

‖ [a0, b0] − [a, b] ‖2
F s.t. rank([a0, b0]) = 1.

Nevertheless, in [7], it is shown that the relationship between the approach
discussed by Boutry and the classical TLS no longer holds for larger n.

The problem of reconstructing a planar polygon [39, 67] from its measured
moments is extended by Goldenshluger et al. [34]. In paper [34], the problem
of reconstructing a planar convex set from noisy observations of its moments is
considered. A planar polygon is just one example of a planar convex set, but
also, e.g., a circle or an ellipse are possible examples. An estimation method
based on point by point recovering of the support function of the set is devel-
oped in [34]. Although various algorithms have been developed in the literature
to solve the reconstruction problem of a planar polygon from its noisy moments,
their statistical properties have not been studied thoroughly. Moreover, usu-
ally geometric and/or complex moments are used in the shape from moments
problem for reasons of simplicity and convenience [39, 67]. In Goldenshluger’s
paper, the situation is explored where the noisy moments with respect to the
Legendre polynomials, called the Legendre moments, can be observed. In this
reference, an optimal and computationally efficient algorithm for estimating
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z1 z2 z3 z4 z5 z6 z7 z8
GPOF 2.6e-6 1.2e-1 2.4e-6 1.1e-1 2.4e-6 1.3e-1 2.5e-6 1.1e-1
HTLS 2.7e-6 1.3e-1 2.4e-6 1.2e-1 2.5e-6 1.5e-1 2.6e-6 1.2e-1
STLS 2.4e-6 5.2e-2 2.3e-6 5.3e-2 2.1e-6 5.9e-2 2.1e-6 4.8e-2
Tensor 2.4e-6 1.5e-1 2.6e-6 1.6e-1 2.6e-6 1.4e-1 2.7e-6 2.1e-1

z9 z10 overall error
GPOF 2.6e-6 1.8e-1 0.0932
HTLS 2.8e-6 1.9e-1 0.1029
STLS 2.3e-6 1.4e-1 0.0558
Tensor 2.4e-6 1.7e-1 0.1098

Table 5.1: RMSE for each method for the star shaped polygon described in
Example 5.1.

convex compact planar regions from noisy measured Legendre moments is pre-
sented.

Shape reconstruction from the knowledge of moments can be realized in case the
object is a polygon [39], or when it defines a quadrature domain in the complex
plane [42]. Recently, in paper [14] it is shown how shape reconstruction from
the knowledge of moments can also be realized in the case of general compact
objects, not only in two but also in higher dimensions. In this reference, the
presented technique is able to deal with very general shapes: nonconvex shapes,
shapes with nonconnected boundary and higher-dimensional objects.

5.5 Performance comparison between the

methods

In this section, we compare the statistical accuracy of the GPOF method, the
HTLS method, the STLS method and the tensor-based method on simulated
data.

For this comparison, first, we use two experiments that are presented in [26].
Here, we will not explain the setup of the experiments into detail. The reader
is referred for more details to the paper of Elad et al. [26]. In short, the exper-
iments are constructed as follows: first a polygon is created and its complex
moments are computed. Secondly, complex Gaussian white noise is added to
the moments. Finally, the different algorithms - GPOF, HTLS, STLS with the
HTLS solution as a starting value and the tensor-based algorithm - are applied
to this set of noisy complex moments in order to obtain the estimated vertices.
The presented results are obtained by implementing the different algorithms in
Matlab (version 6.1) on a PC i686 with 800 MHz and 256 MB memory.



5.5. Performance comparison between the methods 105

Figure 5.4: Estimated vertices for the star shaped polygon described in Exam-
ple 5.1.
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z1 z2 z3 z4 z5 z6 z7 z8
GPOF 6.2e-4 7.1e-5 5.7e-2 1.6e-1 1.7e-1 5.9e-2 7.1e-5 6.1e-4
HTLS 6.8e-4 7.5e-5 6.5e-2 1.7e-1 1.9e-1 6.9e-2 7.2e-5 6.6e-4
STLS 4.3e-4 5.9e-5 2.5e-2 4.9e-2 5.2e-2 2.5e-2 6.2e-5 4.4e-4
Tensor 5.6e-4 6.5e-5 4.9e-2 1.2e-1 2.6e-1 5.6e-2 7.4e-5 6.1e-4

overall error
GPOF 0.0869
HTLS 0.0966
STLS 0.0282
Tensor 0.1060

Table 5.2: RMSE for each method for the “C” shaped polygon described in
Example 5.2.

Example 5.1 In this experiment we use a star-shaped polygon with 10 ver-
tices. We assume that 101 noisy complex moments τ0, . . . , τ100 are given with
a noise variance of 2 · 10−4. The results after applying the different methods to
this noisy data set are presented in Table 5.1 and in Figure 5.4. Table 5.1 con-
tains, for each method, the average Root Mean Squared Error (RMSE) for each
vertex zn with n = 1, . . . , 10 over 100 Monte Carlo simulations, as well as the
overall error. The notation e-a is used instead of 10−a, where a is an integer. In
Figure 5.4 the location of the 100 estimated sets of vertices for each method is
presented. The ten vertices are located counter-clockwise, starting from vertex
z1 with (0,1) as its coordinates, z2 with (-0.21,0.29) as its coordinates, z3 with
(-0.95,0.31) as its coordinates, etc. △

Example 5.2 In this experiment we use a “C” shaped polygon with 8 vertices.
We assume that 81 noisy complex moments are given with a noise variance of
6 · 10−3. The results after applying the different methods to this noisy data
set are presented in Table 5.2 and in Figure 5.5. Table 5.2 contains, for each
method, the average RMSE for each vertex over 100 Monte Carlo simulations
as well as the overall error. In Figure 5.5 the location of the 100 estimated
sets of vertices for each method is presented. The eight vertices are located
clockwise, starting from vertex z1 with (-0.28,0.90) as its coordinates, z2 with
(0.43,0.90) as its coordinates, z3 with (0.43,0.54) as its coordinates, etc. △

From the tables and the figures it is clear that the estimated vertices computed
via the STLS method are more accurate than the ones computed via the other
methods. The tensor method and the matrix-based methods GPOF and HTLS
perform quite similarly. Note from Table 5.1 that some vertices are much more
accurate than others, e.g., z1, z3, . . . , z9. For an explanation of this behaviour,
we refer to [39].
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Figure 5.5: Estimated vertices for the “C” shaped polygon described in Exam-
ple 5.2.
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When the noise variance is reduced, accuracy is improved for all the algo-
rithms and the difference in accuracy between the three algorithms becomes
weaker. On the other hand, all the algorithms fail when the noise level exceeds
a common threshold. The phenomenon of failure is related to the problem
formulation (5.2) itself. When the noise increases, the number of moments τk
lying above the noise level decreases. So, there are not enough ’reliable’ mo-
ments left in order to get meaningful estimates of the vertices. In these cases,
unreliable results are not due to a wrong choice of particular algorithms, but
to the ill-conditioning of the problem itself.

Secondly, we use an experiment which is similar to Experiment 1. Instead
of creating one star-shaped polygon with 10 fixed vertices, in the following
experiment, we vary the five inner vertices z2, z4, . . . , z10 during the simulations
while keeping the outer vertices fixed. Hence, we can better understand the
dependency between the behaviour of the applied methods and the distance
between the inner and outer vertices of a star-shaped polygon. Like before,
first a certain star-shaped polygon is created and its complex moments are
computed. Secondly, complex Gaussian white noise is added to the moments.
Finally, the different algorithms - GPOF, HTLS, STLS and the tensor-based
algorithm - are applied to this set of noisy complex moments in order to obtain
the estimated vertices. The presented results are obtained by implementing
the different algorithms in Matlab (version 6.1) on a PC i686 with 800 MHz
and 256 MB memory.

Example 5.3 In this experiment we use star-shaped polygons with 10 ver-
tices. For each polygon, we use the same outer vertices z1, z3, . . . , z9 as in
Example 5.1. For each polygon, however, the inner vertices z2, z4, . . . , z10 are
different. We let them vary in distance r2 to the origin from 1 to 0.82 in small
steps of 0.001. We assume that, for every polygon, 101 noisy complex moments
τ0, . . . , τ100 are given with a noise variance of 10−3. In order to compute the
estimated vertices via the tensor approach, we stacked the sequence of noisy
moments in a third-order (49× 49× 4) tensor H as depicted in Figure 5.2 and
applied the tensor-based algorithm, Algorithm 14, to tensor H. In step 3 of
the algorithm, we performed a best rank-(10, 10, 4) approximation of H and

used the 1-mode dominant subspace Û (1) to estimate the vertices. The results
after applying the tensor-based method and the matrix-based methods, GPOF,
HTLS and STLS, to the noisy moments are presented in Figure 5.6. For each
method, the figure contains the RMSE of the inner vertex z2 over 100 Monte
Carlo simulations, with respect to the ratio r1/r2. For each polygon, the ratio
r1/r2 is the ratio between the fixed modulus r1 = 1 of the outer vertices, which
is the same for all the polygons, and the modulus r2 of the inner vertices, which
is different for each polygon and varies from 1 to 0.82 in small steps of 0.001.
By varying the distance of the inner vertices to the origin from one polygon to
another, the polygons vary from a star-shaped polygon which almost is a circle
to a star-shaped polygon which almost is a pentagon. △
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Figure 5.6: RMSE of the second vertex z2 for each method, for the set of star-
shaped polygons described in Example 5.3. The fixed distance between the
outer vertices and the origin is denoted by r1 = 1 and the varying distance
between the inner vertices and the origins is denoted by r2.

From Figure 5.6 it is clear that the tensor approach and the matrix approaches
perform nearly the same although the tensor approach is more accurate in a
region around r1/r2 = 1.06. For the other inner vertices z4, z6, . . . , z10, similar
results were obtained as in Figure 5.6. For the outer vertices z1, z3, . . . , z9,
we obtained for each method a RMSE of the order of the noise level of 10−3.
Hence, for these outer vertices the difference in accuracy between the methods
is negligible. The results show that concentrating on the dominant part of H
increases the robustness.

5.6 Conclusion

In this chapter, we discussed the problem to recover the vertices of a planar
polygon from its measured complex moments. Because the given moments can
be noisy, the recovered vertices are estimations of the true ones. The literature
offers many algorithms for solving such an estimation problem. We restricted
our discussion to the HTLS, the STLS, the GPOF and a tensor-based method.
We showed the close link between the HTLS and the GPOF methods. Through
simulated data we compared the accuracy of the four methods mentioned. We
found that the HTLS method and the GPOF method perform similarly. More-
over, we showed that the vertices estimated via the STLS algorithm are more
accurate than the ones estimated via the HTLS and the GPOF algorithms.
By arranging the data sequence in a higher-order tensor and estimating the
vertices via a multilinear generalization of the SVD, the parameter accuracy
improved over the matrix approaches for a small set of star-shaped polygons.
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Chapter 6

Conclusions and further
research

In the first section of this chapter the conclusions are summarized. A second
section describes open problems and outlines suggestions for further research.

6.1 Conclusions

In this thesis we have treated the algorithms and applications for Weighted
Low Rank Approximation problems. We now present the main conclusions
and original contributions.

• The tight equivalences between the Weighted Low Rank Approximation
(WLRA) problem and the Total Least Squares (TLS) problem were ex-
plored. Despite the seemingly different problem formulations of WLRA
and TLS, it was shown that both methods can be reduced to the same
mathematical kernel problem, i.e. finding the closest (in a certain sense)
weighted low rank matrix approximation where the weight is derived from
the distribution of the errors in the data. Different solution approaches, as
used in WLRA and TLS, were discussed. In particular, we discussed the
Null space parameterized WLRA (NullWLRA), the Maximum Likelihood
Principal Component Analysis (MLPCA), the Element-wise Weighted-
TLS (EW-TLS) and the Generalized TLS (GTLS) methods. It was shown
that these four approaches tackle an equivalent weighted low rank approx-
imation problem, but different algorithms are used to determine the best
approximation matrix.

111
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• The WLRA problem in the application field of chemometrics was studied.
In chemometrics, existing approaches to find the best weighted low rank
matrix approximation are the well-known Principal Component Analysis
(PCA) method and the MLPCA method. The use of TLS-like algorithms
in chemometrics was discussed. An adapted version of the EW-TLS al-
gorithm was developed to solve the WLRA problem for data matrices
in chemometrics with more columns than rows and with only row-wise
correlated measurement errors. We found that our newly developed algo-
rithm performed better than the existing MLPCA method for this specific
type of matrices. Moreover, we found that the existing EW-TLS algo-
rithm outperformed the MLPCA algorithm for matrices of sizem×n with
m > n and with only correlations among the rows of the measurement
errors.

• The WLRA approach was extended towards linearly structured matrices.
The Hankel structure was investigated since this is one of the most fre-
quently occurring structures in signal processing applications. We studied
the cases of scalar Hankel matrices and block-row Hankel matrices. For
both cases, new algorithms were presented in order to solve these struc-
tured WLRA problems. The correctness of the proposed algorithms was
verified on benchmark problems. Through simulation experiments the
improved statistical accuracy of the proposed algorithms compared to
known algorithms from the literature was confirmed.

• The structured WLRA problem was studied in the application field of
recovering the vertices of a planar polygon from its measured complex
moments. In the literature, the use of the structured TLS approach to
solve this shape-from-moments problem has not been discussed. There-
fore, in chapter 5, the STLS algorithm has been proposed as an alternative
algorithm to solve the reconstruction problem. By means of experiments
it was demonstrated how accurate the STLS algorithm is in comparison
with algorithms that do not take into account the structure of the data
matrix built from the given complex moments.

6.2 Further research

• By applying TLS-like algorithms to the field of chemometrics, it became
clear that these TLS-like algorithms are good alternatives to the MLPCA
algorithm for the specific cases of row-wise correlated measurement errors
and data matrices which are far from squared. The computational effi-
ciency of the MLPCA algorithm can be improved by combining its good
convergence with the efficiency of the TLS-like algorithms.

• In chapter 4 we developed new algorithms in order to solve the structured
WLRA problem for scalar Hankel matrices and block-row Hankel matri-
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ces. By means of simulation experiments the improved statistical accu-
racy of the proposed algorithms compared to known algorithms from the
literature was confirmed. However, the computational cost of these new
algorithms can significantly decrease by exploiting the matrix structure
in the computation of the QR decomposition, e.g., by using displacement
rank theory [49, 53].

• In the shape-from-moments problem, it became clear that the parameter
accuracy improved by arranging the data sequence in a higher-order ten-
sor and estimating the model parameters via a multilinear generalization
of the SVD. However, the region where the tensor approach outperformed
the matrix approaches, was quite small. To further explore the potential
of the tensor framework, a thorough analysis is necessary to see in which
typical cases of harmonic analysis the tensor approach performs best.
From our experiments, it seems that the tensor approach performs best
in cases where the signal poles become collinear. It should be checked
if this behaviour can be generalized for all cases where the signal poles
become linearly dependent.

• Further research is necessary to decrease the computational cost of the
rank reduction algorithm used in the tensor-based algorithm. The use
of more sophisticated procedures that take the matrix structure into ac-
count, can reduce the computation time.
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Appendix

A Proof of Theorem 3

Theorem Let f(N) be defined as f(N) = min cD∈Rm×n

cDN=0

‖ D− D̂ ‖2
W , with D ∈

Rm×n a given data matrix and W ∈ Rmn×mn a positive-definite, symmetric
weighting matrix. Then a closed-form expression for f(N) is given by

f(N) = vec⊤(D)(N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1(N ⊗ Im)⊤vec(D),

where ⊗ denotes the Kronecker product. f(N) depends only on the column

space of N : for any invertible matrix S, f(NS) = f(N). The minimizing D̂ is
given by

vec(D̂) = (I −W (N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1

(N ⊗ Im)⊤)vec(D).

Proof : Applying the technique of Lagrange multipliers to the minimization
f(N) yields the Lagrangian

ψ(L, D̂) = vec⊤(D − D̂)W−1vec(D − D̂) − tr(L⊤(D̂N)), (A.1)

where tr(A) stands for the trace of matrix A and L is the matrix of Lagrange
multipliers. Using the equalities

vec⊤(A)vec(B) = tr(A⊤B),

vec(ABC) = (C⊤ ⊗A)vec(B),

(A.1) becomes

ψ(L, D̂) = vec⊤(D− D̂)W−1vec(D− D̂) − vec⊤(L)(N⊤ ⊗ Im)vec(D̂). (A.2)

Setting the derivatives of ψ with respect to vec(D̂) and vec(L) equal to 0 yields
the following set of equations:

[
2W−1 −(N ⊗ Im)

(N⊤ ⊗ Im) 0

] [
vec(D̂)
vec(L)

]
=

[
2W−1vec(D)

0

]
. (A.3)

Using the fact that

[
A −B
B⊤ 0

]−1

=

[
A−1 −A−1B(B⊤A−1B)−1B⊤A−1 ∗

−(B⊤A−1B)−1B⊤A−1 ∗

]
,
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it follows from (A.3) that

vec(D̂) = (I −W (N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1

(N ⊗ Im)⊤)vec(D).

Substituting this minimizing solution into the cost function of f(N) immedi-
ately gives

f(N) = vec⊤(D)(N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1(N ⊗ Im)⊤vec(D).

Finally, the reason that f(N) = f(NS) for any invertible matrix S is the fact

that D̂N = 0 if and only if D̂NS = 0. So, the constraint set {D̂ : D̂N = 0}
equals the set {D̂ : D̂NS = 0}. ✷
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B Proof of Theorem 4

Theorem Define f(N) as

f(N) = vec⊤(D)(N ⊗ Im)[(N ⊗ Im)⊤W (N ⊗ Im)]−1(N ⊗ Im)⊤vec(D), (B.1)

and define g(K) as

g(K) = f(φ(K)) = f(N +N⊥K), (B.2)

with fixed N ∈ Rn×(n−r) and Nbot ∈ Rn×r. Then, the gradient of g(K) about
K = 0 is

grad g = 2N⊤
⊥ (D −B)⊤A, (B.3)

where A ∈ Rm×(n−r) and B ∈ Rm×n are the unique matrices that satisfy

vec(A) = [(N ⊗ Im)⊤W (N ⊗ Im)]−1vec(DN)

vec(B) = Wvec(AN⊤). (B.4)

Proof : The gradient grad g of g(K) is defined to be the unique matrix
grad g ∈ Rr×(n−r) for which dg(dK) = tr((grad g)⊤dK). Thus, it is neces-
sary to first compute dg(dK). The first differential of g(K) about K = 0 is
given by

dg(dK) = df(N⊥dK).

The differential df is now determined. For convenience, define the symmetric
bilinear function h(N1, N2):

h(N1, N2) =
1

2
[(N1 ⊗ Im)⊤W (N2 ⊗ Im) + (N2 ⊗ Im)⊤W (N1 ⊗ Im)].

Define h(N) = h(N,N) and h−1(N) = [h(N)]−1. Then, expression (B.1)
becomes

f(N) = vec⊤(DN)h−1(N)vec(DN).

Since dh(dN) = 2h(N, dN), the following holds:

df(dN) = 2vec⊤(DN)h−1(N)vec(DdN) − 2vec⊤(DN)h−1(N)h(N, dN)

h−1(N)vec(DN)

= 2vec⊤(A)vec(DdN) − 2vec⊤(A)(N ⊗ Im)⊤W (dN ⊗ Im)vec(A),

where A is defined in (B.4). Defining B as in (B.4), shows that df can be
compactly written as

df(dN) = 2tr(A⊤DdN) − 2vec⊤(B)vec(AdN⊤)

= 2tr(A⊤(D −B)dN).

Therefore, dg(dK) = df(N⊥dK) = 2tr(A⊤(D − B)N⊥dK), verifying the ex-
pression (B.3) for the gradient of g. ✷
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C Mathematical background to PCA

This section will attempt to give some elementary background mathematical
skills that will be required to understand the process of Principal Component
Analysis (PCA) [48]. This section covers the standard deviation, the variance,
the covariance and the covariance matrix.

Standard deviation

To understand standard deviation, we need a data set. Statisticians are usually
concerned with taking a sample of a population. To use election polls as an
example, the population is equal to all the people in the country, whereas a
sample is a subset of the population that the statisticians measure. The great
thing about statistics is that by only measuring (e.g. by phone surveying)
a sample of a population, you can work out what is most likely to be the
measurement if you used the entire population.

Consider the following example set:

D = [1 2 4 6 12 15 25 45 68 67 65 98].

The symbol n will be used to refer to the number of elements in set D and
subscripts on the symbol D will be used to indicate a specific element in the
set.

There are a number of objects that can be calculated from the data set. For
example, the mean D̄ of the sample can be calculated:

D̄ =

∑n
i=1Di

n
,

where Di stands for the ith element of D. Unfortunately, the mean does not
give a lot of information about the data set except for a sort of middle point.
For example, the following data sets have exactly the same mean, but are quite
different:

[0 8 12 20] and [8 9 11 12]

The difference between these two data sets is the spread. In order to measure
how spread out a data set is, the standard deviation can be calculated. The
standard deviation can be defined to be equal to the average distance from the
mean of the data set to a point and can be calculated as follows:

s =

√∑n
i=1(Di − D̄)2

n− 1
,

where s is the usual symbol for standard deviation of a sample.
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Variance

Variance is another measure of the spread of data in a data set. In fact, it is
almost identical to the standard deviation. The formula for the variance is:

s2 =

∑n
i=1(Di − D̄)2

n− 1

So, the variance is simply equal to the standard deviation squared.

Covariance

The last two measures are purely 1-dimensional. A data set like this could be:
heights of all people in the room. However, many data sets have more than
one dimension and the aim of the statistical analysis of these data sets is to
see if there is any relationship between the dimensions. For example, as a data
set both the height of all members of a basketball club can be given and the
mark they received for winning goals. Then, statistics can be performed to see
if the height of a player has any effect on his mark. Standard deviation and
variance are both measures that only operate on one dimension. However, it is
useful to have a similar measure to find out how much the dimensions vary with
respect to each other. Covariance is such a measure. The covariance is always
measured between 2 dimensions. If the covariance between one dimension and
itself is calculated, actually, the variance is obtained. The covariance can be
calculated as follows

Cov(D(1), D(2)) =

∑n
i=1(D

(1)
i − D̄(1))(D

(2)
i − D̄(2))

n− 1

Take the following example data set: the heights of the basketball players are
known together with their scores. So, a 2-dimensional data set is given, the
first dimension H contains the heights and the second dimension S the scores.
The calculation of the covariance Cov(H,S) gives the following information: if
the value is positive, that indicates that both dimensions increase together. So,
if the height increases, the final score will also increase. If the value is negative,
then one dimension increases, while the other decreases. In the last case, if the
covariance is zero, it indicates that the two dimensions are independent of each
other.

Covariance matrix

Covariance is always measured between two dimensions, as explained in the
previous subsection. If a data set has more than two dimensions, there is more
than one covariance measurement that can be calculated. For example, from a 3
dimensional data set (dimensions x, y, z), covariances Cov(x, y), Cov(x, z) and
Cov(y, z) can be calculated. In fact, for an n-dimensional data set, n!

2∗(n−2)! dif-

ferent covariance values can be calculated. A useful way to get all the possible
covariance values between the different dimensions is to calculate them all and
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put them in a matrix. So, the definition for the covariance matrix for a set of
data with n dimensions is:

C = (cij)i,j with cij = Cov(dimi, dimj) for i, j = 1, . . . , n

where C is an n×n matrix and dimx is the xth dimension. So, the covariance
matrix for a 3 dimensional data set, using the usual dimensions x, y and z, is
the following:

C =



Cov(x, x) Cov(x, y) Cov(x, z)
Cov(y, x) Cov(y, y) Cov(y, z)
Cov(z, x) Cov(z, y) Cov(z, z)


 ,

where on the diagonal the covariance value Cov(a, a) is equal to the variance
of a and with Cov(a, b) = Cov(b, a). So, the covariance matrix is symmetric.
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D STLNB algorithm

The STLNB method [95] is a generalization of the Structured Total Least
Norm (STLN) method for solving overdetermined sets of m linear equations
with multiple right-hand sides:

AX ≈ B,

with A ∈ Rm×n,m > n, B ∈ Rm×d and structured Toeplitz matrix [AB].
The STLNB method preserves the structure of [AB] and allows the possibility
of errors in the elements of a given data matrix [AB]. In a Toeplitz matrix
A ∈ Rm×n, m + n − 1 different elements are subject to error and the vector
α ∈ Rm+n−1 is used to represent the corresponding elements of the Toeplitz
correction matrix ∆A of A:

∆A =




αn αn−1 . . . α1

αn+1 αn . . . α2

αn+2 αn+ 1 . . . α3

...
. . .

αm+n−1 αm+n−2 . . . αm



,

with α = [α1α2 . . . αm+n−1]
⊤. The correction matrix ∆A applied to A keeps

the same Toeplitz structure as A. A vector β representing possible corrections
in selected different elements of B is defined, which is similar to α represent-
ing errors in A. When different errors can occur in m + d − 1 elements of
B, then the corrections applied to these elements are represented by vector
β = [β1 β2 · · ·βm+d−1]

⊤ = [β1 β2 · · ·βd α1 · · ·αm−1]
⊤. Define β̂ = [β1 · · ·βd]

⊤.
Let Dα ∈ R(m+n−1)×(m+n−1) be a diagonal weighting matrix that accounts
for the repetition of elements of α in the correction matrix of A. Define
Dβ̂ ∈ R(m+d−1)×(m+d−1) as the diagonal weighting matrix that accounts for
the repetition of elements of β in the correction matrix of B. A matrix
F is introduced, so that the corrections applied to B are the same as Fβ:
Fβ = [F1β · · ·Fdβ], where each Fi ∈ Rm×(m+d−1) for i = 1, 2, . . . , d is defined
in such a way that the corrections applied to each ith column of B are given
by Fiβ:

[F1β . . . Fdβ] =




βd βd−1 . . . β1

βd+1 βd . . . β2

βd+1 βd+1 . . . β3

...
. . .

βm+d−1 βm+d−2 . . . βm



.

The correction matrix Fβ applied to B keeps the same structure as B. For
each Fiβ, i = 1, . . . , d the following holds:

Fiβ = Jiβ̂ + F̂iα,
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where matrices Ji and F̂i are defined as follows:




Ji =

d− i i[
0 Ii
0 0

]
i

m− i
and F̂i =

m− i n + i− 1[
0 0

Im−i 0

]
i

m− i
, if i < m

Ji =

d− i m i−m[
0 Im 0

]
m and F̂i = 0, if i ≥ m(d ≥ m)

Now, the STLNB problem can be formulated as that of finding α ∈ Rm+n−1,
β ∈ Rm+d−1 and x = vec(X) such that

min
r̂=0,α,β,x

∥∥∥∥∥



r̂(α, β, x)
Dαα
Dββ



∥∥∥∥∥

p

, (D.1)

where ‖ · ‖p is the vector p-norm for p = 1, 2 or ∞, and r̂ = vec(B) + Fβ −
diag(A + ∆A, . . . , A + ∆A)x where diag(C, . . . , C) is a diagonal matrix with
C on its diagonal for an arbitrary matrix C. In order to compute the STLN
solution x = vec(X), we need to construct an md × (m + n − 1) matrix X∆A

such that
diag(∆A, . . . ,∆A)x = X∆Aα. (D.2)

By writing X∆A = [X∆A1 X∆A2 . . . X∆Ad
]⊤, equation (D.2) gives ∆AXi =

X∆Ai
α for 1 ≤ i ≤ d and Xi is the ith column of X . Because X∆Ai

is
completely determined by the structure of ∆A and ∆A itself is independent
of the column index i of X , all X∆Ai

’s have the same structure. Only their
matrix elements are different. Namely, X∆A1 is filled with the n elements of
the first column of X , X∆2 with the n elements of the second column of X etc.
For example, assume that a 4 × 3 Toeplitz matrix A is subject to error, then
the matrix ∆A is also Toeplitz with first column [α3 α4 α5 α6]

⊤ and first row
[α3 α2 α1]. If we define α as α = [α1 α2 · · ·α6]

⊤, then matrix X∆A is equal to:

X∆A =




x3 x2 x1 0 0 0
0 x3 x2 x1 0 0
0 0 x3 x2 x1 0
0 0 0 x3 x2 x1


 .

The solution of problem (D.1) is computed using algorithm STLNB which is
described in Algorithm 15.

The STLNB algorithm, Algorithm 15, can also be used to compute the best
SWLRA matrix D̂ of rank r for a given Toeplitz structured matrix D ∈ R

m×n

with m > n. This approximation matrix D̂ can be computed as follows:

• Set D = [AB], with A ∈ Rm×r of rank r and B ∈ Rm×(n−r).
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Algorithm 15 STLNB algorithm

1: Input: An STLNB problem (D.1) with a specified Toeplitz matrix [AB],
A ∈ Rm×n, B ∈ Rm×d and a tolerance ε.

2: Choose a large number ω.
3: Set ∆A = 0, α = 0 and β = 0.
4: Compute the initial solution for x = vec(X) by solving d least square

problems:
min
Xi

‖ Bi −AXi ‖2,

where Xi and Bi are the ith column of X and B, respectively, for i =
1, . . . , d. Each Xi is initialized as (A⊤A)−1A⊤Bi.

5: Construct matrix X∆A ∈ Rmd×(m+n−1) from x = vec(X) as defined in
equation (D.2).

6: Set r̂ = [r̂1 · · · r̂d] with r̂i = Bi −AXi.
7: repeat
8: Solve the following minimization problem:

min
∆α

∆β̂
∆x

∥∥∥∥∥



ω(X∆A − F̂ ) −ωJ ω diag(A+ ∆A, . . . , A+ ∆A)

Dα 0 0
0 Dβ̂ 0





∆α

∆β̂
∆x


+



−ωr̂
Dαα

Dβ̂β̂



∥∥∥∥∥

p

,

with

[
Dβ̂ 0

0 Dα

]
= diag(1, 2, . . . , p−1, p, p, . . . , p, p−1, . . . , 2, 1), Dα ∈

R(m+n−1)×(m+n−1), Dβ̂ ∈ Rd×d, p = min(m,n + d), J = [J⊤
1 · · ·J⊤

d ]⊤

and F̂ = [F̂⊤
1 · · · F̂⊤

d ]⊤.
9: Set x = x + ∆x, α = α + ∆α, β(d + 1 : d +m − 1) = α(1 : m− 1) and

β(1 : d) = β(1 : d) + ∆β̂.
10: Construct ∆A from α, X∆A from x and compute

r̂ = vec(B + Fβ) − diag(A+ ∆A, . . . , A+ ∆A)x.

11: until (‖ ∆x ‖, ‖ ∆α ‖, ‖ ∆β ‖≤ ε).
12: Output: α, β, x.

• Compute the STLN solution α, β of the corresponding STLNB prob-
lem (D.1).

• Construct ∆A from α and Fβ from β.

• Compute D̂ = [A+ ∆A B + Fβ].

The results presented also hold for Hankel structures, since Hankel matrices
simply transform to Toeplitz matrices by permutations.
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E HTLSstack algorithm

The HTLSstack method [69] is a subspace-based parameter estimation tech-
nique that operates directly on the data matrix in order to estimate the fre-
quencies, dampings, amplitudes and phases of complex damped exponentials in
the presence of noise. In various applications of digital signal processing, such
as MR Spectroscopy and speech processing, complex damped exponentials are
used as a model function. The signal d(t) is represented as a sum of K complex
damped exponentials, perturbed by independently and identically distributed
(i.i.d.) complex Gaussian noise ε(t) with t = 0, 1, . . . , N − 1:

d(t) =

K∑

k=1

ckz
t
k + ε(t) =

K∑

k=1

(ake
jφk)(e(j2πfk−δk)/fsample)t + ε(t), (E.1)

with ck ≡ ake
jφk the complex amplitudes and zk ≡ e(j2πfk−δk)/fsample the

signal poles for k = 1, . . . ,K and where fsample represents the sampling fre-
quency. The problem is to estimate the amplitudes ak, the frequencies fk, the
phases φk and the damping factors δk for a given set of N data points d(t),
t = 0, 1, . . . , N − 1.

In order to estimate the signal poles, the HTLSstack approach makes use of
several decimated sequences of the given signal sequence d(t), t = 0, 1, . . .,
N − 1. After the signal poles have been estimated, the phases and amplitudes
are calculated as the least squares solution of equation (E.1), with zk replaced
by the estimates ẑk. From the original data sequence d(0), d(1), . . . , d(N − 1),
s different decimated sequences are formed as follows:

di = [d(i), d(i+ s), . . . , d(i+ (N/s− 1)s)] ≡ [di(0), di(1), . . . di(N/s− 1)],

with i = 0, 1, . . . , s− 1 and s the decimation factor. In order to avoid aliasing,
s should be chosen such that |fk| < fsample/(2s) for k = 1, 2, . . . ,K. Using
equation (E.1), this can also be written as follows:

di(t) =

K∑

k=1

ckz
(st+i)
k + ε(st+ i) =

K∑

k=1

(cki)(z
′
k)t + ε(st+ i), (E.2)

with t = 0, 1, . . . , N/s − 1, z′k ≡ zs
k for k = 1, 2, . . . ,K and cki ≡ ckz

i
k for

k = 1, 2, . . . ,K and i = 0, 1, . . . , s − 1. Hence, a Hankel data matrix Di

constructed from a noiseless decimated sequence di(t) can be written in terms
of Vandermonde matrices:

Di =




di(0) di(1) di(2) . . . di(N/s−m)
di(1) di(2) di(3) . . . di(N/s−m+ 1)
di(2) di(3) . . .

...
...

di(m− 1) di(m) . . . di(N/s− 1)



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=




1 1 . . . 1
z′1 z′2 . . . z′K
...

(z′1)
m−1 (z′2)

m−1 . . . (z′K)m−1


 ·




c1i 0 . . . 0
0 c2i . . . 0
...

. . .

0 0 . . . cKi




·




1 z′1 . . . (z′1)
N/s−m

1 z′2 . . . (z′2)
N/s−m

...

1 z′K . . . (z′K)N/s−m




≡ SCiT
⊤. (E.3)

Matrix Di only contains a fraction of the available data points, i.e. N/s of the
N data points. From a statistical point of view it is clear that the use of all
data points will yield better results. The HTLSstack method makes use of all
decimated sequences and is described below.

It is assumed that the decimated time series di, for i = 0, 1, . . . , s − 1, is
noiseless. Then, from (E.3) it is clear that the matrices Di, i = 0, 1, . . . , s− 1,
have the same column space and thus share the same shift-invariant property:

S = SZ, (E.4)

where S and S are submatrices of S, obtained by deleting the top and the
bottom row of S, respectively, and where Z is a diagonal K ×K matrix with
the s-th powers of the K signal poles zk, k = 1, 2, . . . ,K on its diagonal.
As a consequence, matrix Dstack constructed from s Hankel matrices Di, i =
0, 1, . . . , s− 1, can be decomposed as follows:

Dstack ≡ [D0D1 . . . Ds−1] = S[C0T
⊤C1T

⊤ . . . Cs−1T
⊤]. (E.5)

Therefore, still in the noiseless case, not only the column space of Di, i =
0, 1, . . . , s − 1, but also that of Dstack share the same shift-invariant prop-
erty (E.4). Using this shift-invariant property and a basis transformation via
the Singular Value Decomposition (SVD) of matrix Dstack, the HTLSstack al-
gorithm computes the estimated signal poles for a noisy data sequence. The
HTLSstack algorithm is summarized in Algorithm 16.

The HTLSstack algorithm, Algorithm 16, can also be used to compute the
best SWLRA matrix D̂ of rank r for a given block-row Hankel matrix D ∈
Rm×s(N/s−m+1) of the form

D =




d(0) d(1) d(2) . . . d(N/s−m)
d(1) d(2) . . .
d(2) . . .

...
...

d(m− 1) d(m) . . . d(N/s− 1)



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Algorithm 16 HTLSstack algorithm

1: Input: a given set of N data points d(t) for t = 0, 1, . . . , N − 1.
2: Arrange the data points d(t), t = 0, 1, . . . , N − 1 in a matrix Dstack of

dimensions m × s(N/s − m + 1) with m ≥ K and N/s − m > K as in
equation (E.5).

3: Compute the SVD of Dstack and truncate Dstack to rank K:

Dstack = UΣV H ,

Dtrun
stack = UKΣKV

H
K ,

where UK and VK consist of the first K columns of U and V , respectively,
and ΣK is the K ×K upper left submatrix of Σ.

4: Impose the shift-invariant property and solve the following overdetermined
set of equations in Total Least Squares (TLS) sense (see Theorem 2 for the
TLS-solution):

UK ≈ UKE,

where UK and UK are submatrices of UK , obtained by deleting the first
and the last row of UK , respectively.
The eigenvalues of E are the estimates ẑ′k, k = 1, 2, . . . ,K of the s-th powers

of the signal poles zk, from which the frequencies f̂k and dampings δ̂k are
easily obtained.

5: Fill in the estimated ẑ′k into the model function of (E.2) and solve the
obtained system of N equations in Least Squares sense to determine the
estimated ĉki, for k = 1, 2, . . . ,K and i = 0, 1, . . . , s− 1, of cki, from which
the amplitudes âk are easily obtained.

6: Output: estimated amplitudes âk, phases φ̂k, frequencies f̂k and damping
factors δ̂k.

with d(t) = [d0(t) d1(t) . . . ds−1(t)] a row vector of length s, for t = 0, . . . , N/s−
1. The structure-preserving approximation matrix D̂ of rank r can be computed
as follows:

• Construct matrix Dstack = [D0D1 . . . Ds−1] with

Di =




di(0) di(1) di(2) . . . di(N/s−m)
di(1) di(2) di(3) . . . di(N/s−m+ 1)
di(2) di(3) . . .

...
...

di(m− 1) di(m) . . . di(N/s− 1)



,

for i = 0, 1, . . . , s− 1.

• Apply the HTLSstack algorithm to matrix Dstack with K = r in order to
find the estimated ẑ′k and ĉki for k = 1, 2, . . . ,K and i = 0, 1, . . . , s− 1.
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• Construct

d̂i(t) =

K∑

k=1

(ĉki)(ẑ
′
k)t,

for i = 0, 1, . . . , s− 1 and t = 0, 1, . . . , N/s− 1.

• Construct

D̂i =




d̂i(0) d̂i(1) d̂i(2) . . . d̂i(N/s−m)

d̂i(1) d̂i(2) d̂i(3) . . . d̂i(N/s−m+ 1)

d̂i(2) d̂i(3) . . .
...

d̂i(m− 1) d̂i(m) . . . d̂i(N/s− 1)



,

for i = 0, 1, . . . , s− 1.

• Reconstruct

D̂ =




d̂(0) d̂(1) d̂(2) . . . d̂(N/s−m)

d̂(1) d̂(2) . . .

d̂(3) . . .
...

...

d̂(m− 1) d̂(m) . . . d̂(N/s− 1)



,

with d̂(t) = [d̂0(t) d̂1(t) . . . d̂s−1(t)] a row vector of length s, for t =
0, . . . , N/s− 1.
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