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Abstract

In this Ph.D. dissertation, the design of multi-antenna systems is addressed, where the most
general case corresponds to transmitters and receivers with more than one antenna, i.e., to
multiple-input-multiple-output (MIMO) channels. The main advantage is that they can provide
a much better performance than single-antenna systems, both in terms of quality in the signal
transmission and system capacity, i.e., number of users that can be served simultaneously.

The final objective is to carry out a joint design of the transmitter and the receiver, which
depends heavily on the quantity and the quality of the channel state information (CSI) available
at both sides of the system. In this dissertation, the impact of the CSI on the design has been
analyzed.

First, a single-user MIMO communication system has been designed assuming the use of
the orthogonal frequency division multiplexing (OFDM) modulation and according to a perfect
CSI at both sides. The proposed architecture is based on a joint beamforming approach per
carrier. The optimum beamvectors have been calculated and several power allocation strategies
among the subcarriers have been derived. These power allocation solutions have been shown to
be related asymptotically to other classical designs but with a much lower computational load.

The extension of the previous joint beamforming design to multi-user communications has
also been studied assuming a perfect CSI in a scenario with several multi-antenna terminals. The
problem formulation has been based on the minimization of the total transmit power subject
to several quality of service constraints in terms of a maximum bit error rate (BER) for each
link. The obtained mathematical optimization problem is non-convex and, therefore, classical
solutions based on gradient search or alternate & maximize schemes may find a local suboptimum
design. As a possible solution, the application of the simulated annealing technique has been
proposed, a powerful stochastic optimization tool able to find the global optimum design even
when the problem is non-convex.

The errors in the available CSI may decrease importantly the system performance if these
errors are not taken into account explicitly in the design. This degradation has been studied
for the single-user MIMO-OFDM system. An analytical expression of an upper-bound on the
maximum relative degradation of the signal to noise plus interference ratio has been obtained.

The system performance can be improved when exploiting an imperfect CSI by using ade-
quate robustness strategies. Two approaches have been proposed to obtain robust designs: the
Bayesian and the maximin solutions. The Bayesian approach is a full statistical solution that
optimizes the mean value of the performance function averaged over the statistics of the actual
channel conditioned to the channel estimate, i.e., including the error statistics. On the other
hand, the maximin approach provides a design that optimizes the worst system performance for
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any error in a predefined uncertainty region that models the imperfect CSI.

Two simple examples of Bayesian robust designs have been provided. First, a power allocation
strategy has been derived for an OFDM system with one transmit and one receive antenna
minimizing the mean value of an upper-bound on the mean BER. Afterwards, a design strategy
for a multi-antenna transmitter with a bank of finite impulse response filters and a single-antenna
receiver has been proposed, whose objective is either the maximization of the mean signal to
noise ratio (SNR) or the minimization of the mean square error.

Finally, and concerning the maximin approach, a design has been proposed for a single-
user MIMO system, in which the transmitter architecture is based on the combination of an
orthogonal space time block code (OSTBC), a power allocation stage, and a set of beamformers
coupling the transmission through the estimated channel eigenmodes. The power allocation has
been found according to a channel estimate and an uncertainty region for the error in this
estimate, so that the worst SNR for any error in the uncertainty region is maximized. This
design has been then extended and applied to adaptive modulation schemes and multicarrier
modulations, showing that the performance is much better than that achieved by a pure OSTBC
solution or a non-robust beamforming scheme.



Resumen

Esta tesis aborda el problema del diseno de sistemas multiantena, siendo el caso mas general
el correspondiente a un canal multiple-input-multiple-output (MIMO) donde tanto el transmisor
como el receptor cuentan con mas de una antena. La ventaja de estos sistemas es que ofrecen
un rendimiento mucho mejor que los de una dnica antena, tanto en términos de calidad en la
transmisién como en capacidad entendida como nimero de usuarios a los que se puede prestar
servicio simultdneamente.

El objetivo es disenar conjuntamente el transmisor y el receptor, lo que depende directamente
de la calidad y la cantidad de informacién del canal de la que se dispone. En esta tesis se analiza
el impacto de dicha informacién en el diseno.

Primero se ha estudiado un sistema MIMO de un tinico usuario usando la modulacién orthog-
onal frequency division multiplexing (OFDM) y asumiendo un conocimiento perfecto del canal
en ambos extremos. La arquitectura propuesta se basa en conformacion conjunta por portadora,
calculdndose los conformadores 6ptimos y proponiéndose diversas estrategias de distribucion de
potencia entre las portadoras con una baja complejidad. Se han analizado también las relaciones
asintéticas de estas distribuciones de potencia con otras soluciones cldsicas con mayor coste.

El diseno anterior se ha extendido a sistemas MIMO multiusuario, donde todos los ter-
minales en el escenario tienen mds de una antena y la informacién del canal es perfecta. El
objetivo es la minimizacién de la potencia total transmitida sujeto a restricciones de tasa de
error maxima para cada enlace. El problema matematico obtenido es no convexo, por lo que
estrategias clasicas basadas en algoritmos de gradiente o de optimizacion sucesiva pueden llevar
a soluciones subdptimas. Como posible alternativa se ha propuesto la aplicacién de simulated
annealing, una potente herramienta heuristica y estocdstica que permite hallar el diseno 6ptimo
global incluso cuando el problema es no convexo.

Los errores en la informacién de canal disponible pueden empeorar el rendimiento del sistema
si éstos no se tienen en cuenta explicitamente durante el diseno. Se ha estudiado la degradacion
del sistema MIMO-OFDM de un tnico usuario en esta situacién, obteniéndose una expresion
analitica de una cota superior de la maxima degradacién relativa de la relacién senal a ruido
més interferencia.

El rendimiento se puede mejorar usando técnicas robustas que tengan en cuenta la presencia
de dichos errores. Existen dos aproximaciones cldsicas: las Bayesianas y las maximin. En las
soluciones Bayesianas el problema se formula estadisticamente, donde el objetivo es optimizar
el valor medio de una funcién de rendimiento promediada sobre la estadistica del canal real
condicionado a su estimacién. Por otro lado, los disenios maximin se caracterizan por optimizar
el peor rendimiento para cualquier posible error en la informacién del canal dentro de una cierta
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regién de incertidumbre que modela el conocimiento imperfecto del mismo.

Se han mostrado dos ejemplos de disenos Bayesianos. Primero, una distribucién de potencia
en un sistema OFDM de una tnica antena que minimiza el valor medio de una cota superior de
la tasa de error, y después un diseno de un transmisor multiantena con un banco de filtros que
maximiza la relacién senal a ruido media (SNR) o minimiza el error cuadréitico medio.

Finalmente, se ha obtenido el disefio robusto maximin de un sistema MIMO de un tnico
usuario donde en el transmisor se combinan un cédigo bloque ortogonal espacio-tiempo, una
distribucién de potencia y un banco de conformadores correspondientes a los modos espaciales
del canal estimado. La distribucién de potencia se ha disenado acorde a una regién de incer-
tidumbre para el error en la estimacion de canal de manera que se maximiza la peor SNR en
dicha region. Posteriormente, este diseno se ha extendido al caso de modulaciones adaptativas y
multiportadora, mostrando que el rendimiento es mejor que para los cédigos bloque ortogonales
y la conformacién no robusta.
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Notation

Boldface upper-case letters denote matrices, boldface lower-case letters denote column vectors,
upper-case italics denote sets, and lower-case italics denote scalars.

R,C

anm Cnxm
X*

XT

XH

[X]ij

Tr(X)

|X| or det(X)
vec(X)
ding({z:})

I,

X>0
X>0
X=0
X=<0
A-B
A>-B
arg
max, min

sup, inf

The set of real and complex numbers, respectively.

The set of n X m matrices with real- and complex-valued entries, respectively.
Complex conjugate of the matrix X.

Transpose of the matrix X.

Complex conjugate and transpose (Hermitian) of the matrix X.

(i, 7)th component of the matrix X.

Trace of the matrix X.

Determinant of the matrix X.

Vec-operator: if X = [x; - - - X, then vec(X) is the column vector [x] - - XT]T.

Diagonal matrix, whose elements are {x;}.

Identity matrix of dimensions n x n (the dimension is not explicitly indicated
if it is clear from the context).

Positive semidefinite matrix.

Positive definite matrix.

Negative semidefinite matrix.

Negative definite matrix.

A — B is a positive semidefinite matrix.
A — B is a positive definite matrix.
Argument.

Maximum and minimum.

Supremum and infimum.
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N (m, C)
CN (m, C)

A

Re{-}
-}
dec{-}

NOTATION

Positive part of the real scalar z, i.e., (z)™ = max{0, z}.
Modulus of the complex scalar x.

Euclidean norm of the vector x: ||x|| = vVx7x.

p-norm of the vector x € €™: ||x[, = (X0, [=:]?) 7.
Maximum eigenvalue of the positive semidefinite matrix X.
Set of eigenvalues of the matrix X.

Normalized eigenvector (norm equal to 1) associated to the maximum eigen-
value of the positive semidefinite matrix X.

Frobenius norm of the matrix X: | X|r = y/Tr (X" X).

2-norm of the matrix X: [|X||2 = y/Amax (X7 X).

Xyl

p-norm of the matrix X: | X||, = sup Iyl

y#0

Condition number of the nonsingular matrix X associated to the p-norm:
kp(X) = [IX [ 1 X 7]

Inverse of the matrix X.

Hermitian square root of the positive semidefinite matrix X, i.e., X/2X1/2 =
X.

Distributed according to.

Probability.

Mathematical expectation.

Real Gaussian vector distribution with mean m and covariance matrix C.

Complex circularly symmetric Gaussian vector distribution with mean m and
covariance matrix C.

Cardinality of the set A, i.e., number of elements in A.
Linear convolution.

Kronecker product.

Real part.

Imaginary part.

Decision operator corresponding to QAM demodulation.

Equal up to a scaling factor (proportional).
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1

dom f
sup f, inf f

Vi f

exp(-)
log(+)
log, ()
Jo(+)

XVil

Defined as.
Approximately equal.
Domain of the function f.

Supremum and infimum of the function f with respect to x.

Gradient of the function f with respect to x (the variable x is not explicitly
indicated if it is clear from the context).

Hessian matrix of the function f with respect to x (the variable x is not
explicitly indicated if it is clear from the context).

Geometric mean.
Harmonic mean.
Limit.
Exponential.
Natural logarithm.
Base-a logarithm.

Zeroth-order Bessel function of the first kind.
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CSI Channel State Information.
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pdf
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Chapter 1

Introduction

1.1 Motivation

Wireless communication systems have advanced significantly in the past years and played an
extremely important role in our society. The demand for communication among people is in-

creasing exponentially, requiring more connectivity, more services, and a higher quality.

Many new and stringent technical requirements have to be faced when considering the design
of future wireless systems. Among the different aspects that have to be taken into account, the

following ones can be mentioned:

e Increase of the number of people demanding wireless communication services.

Increase of the demand for broader coverage areas.

Increase of the demand for the number of mobile services.

Increase of the demand for higher quality services and, therefore, higher bit rates.

Increase of the demand for mobile terminals with lighter batteries and longer lifetimes.

Trying to improve all the previous aspects simultaneously is extremely difficult. One possible
solution is diversity, which consists in sending several copies of the same signal, thus, introducing
reliability in the transmission. Space diversity is one of the possibilities of including diversity
based on the availability of multiple antennas at the transmitter and/or the receiver. The use
of multiple antennas allows to exploit the “spatial dimension” of the wireless channel and to
provide reliability by simultaneously transmitting the same signal through the new degrees of

freedom provided by this spatial dimension.

The study of multiple antennas is a classical problem, although its application to real com-

munication systems and its inclusion in the standardization processes have been considered only
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Figure 1.1: Example of a multi-antenna GSM BS.

in the last years. In fact, some of the existing systems use very simple techniques exploiting
space diversity. See for example Figure 1.1, in which a sectorial GSM BS is shown, each sector

being assigned two receive and one transmit antennas.

The most general case concerning the number of antennas corresponds to a MIMO channel,
in which multiple antennas are available simultaneously at the transmitter and the receiver. See
Figure 1.2 for a generic representation of a wireless MIMO channel with ny transmit and ng

receive antennas.

The design of a system with multiple antennas is rather more complicated than the design
of a system with a single transmit and receive antenna, i.e., a SISO channel, due to the new
degrees of freedom introduced by the spatial dimension that have to be managed. Besides, the

design strongly depends on the quantity and the quality of the CSI available during the design.

Most of the existing works related to the design of multi-antenna systems assume that the
CSI is either perfect at both sides of the system, or that the channel is completely unknown at
the transmitter. These opposite cases have been deeply analyzed and studied, obtaining a broad
variety of theoretical results and techniques. Note, however, that in a real implementation of a
communication system, some information of the channel is usually expected to be available at the
transmitter side, although it will not be perfect or complete. In this situation, when designing a
MIMO communication system the best way to exploit this limited information should be studied

in order to optimize the system performance.
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Figure 1.2: Example of a wireless MIMO channel with np transmit and ng receive antennas.

This Ph.D. dissertation provides a contribution to the study of the impact of the imperfect
CSI on the system performance and the design, trying to fill in the current lack of literature
on these topics. The concrete issues and aspects that have been addressed in this dissertation

concerning this general objective are detailed in the following subsection.

1.2 Outline of Dissertation

The focus of this dissertation is on the joint design of the transmitter and the receiver in a
communication system with multiple antennas at both sides of the link, i.e., a MIMO channel.
More specifically, the impact of the quality and the quantity of the CSI on the system perfor-
mance and the design is analyzed, proposing also robust solutions with a lower sensitivity to the

imperfections in the CSI than other classical non-robust approaches.

Chapter 1 describes the motivation of the work, the outline of the Ph.D. dissertation, and

the research contributions in terms of the author’s publications.

Chapter 2 provides an overview of the state of the art regarding the joint transmitter-receiver
design in a multi-antenna system, with special emphasis on the impact of the CSI. Additionally,
a mathematical section devoted to convex optimization is included, since this theory is used

throughout the dissertation in order to solve several optimization problems.

Chapter 3 presents a single-user communication system assuming a MIMO channel. The
modulation is OFDM and both the transmitter and the receiver architectures are based on a
joint beamforming per carrier. The beamvectors are first designed assuming that the CSI is
perfect and, afterwards, several power allocation strategies among the subcarriers are deduced

and compared with other classical solutions.
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Chapter 4 extends the results shown in the previous chapter to a scenario with several
users with multiple antennas and several links among them, leading to multiple parallel MIMO
channels. As in the previous chapter, the modulation is OFDM and the transmitter and the
receivers are designed according to a beamforming per carrier strategy and assuming a perfect
CSI. The mathematical problem, which is formulated as the minimization of the total transmit
power subject to several QoS constraints, is non-convex and is solved using the SA algorithm,

an iterative and heuristic algorithm able to find the global optimum design.

In Chapter 5, the problem of having an imperfect CSI is addressed. First, several sources of
imperfections or errors in the channel estimate available during the design stage are identified
and briefly analyzed. Afterwards, the impact of the errors in the CSI on the performance of
the system described in Chapter 3 is studied, i.e., the impact on a system designed according
to a channel estimate which is assumed to be perfect, despite not being true. Two different
robustness strategies, the Bayesian and the maximin approaches, are then presented as tools to
obtain robust designs less sensitive to the errors in the CSI. Finally, two illustrative examples

of Bayesian designs are given.

Chapter 6 considers a single-user MIMO flat fading channel, where the objective is to ob-
tain a robust design of the system according to an imperfect channel estimate and under the
maximin approach. The solution to the mathematical problem is simplified using convex opti-
mization theory. The design is then extended to the case of frequency selective channels and the
OFDM modulation, similarly to Chapter 3, and, finally, is applied to maximize the throughput
combining the robust design with AM techniques.

Finally, Chapter 7 concludes the dissertation and proposes possible future lines of research.

Figure 1.3 illustrates the dependence among the chapters in this dissertation, differentiating

recommended sequences of reading the chapters from required sequences.

1.3 Research Contributions

The main contribution of this Ph.D. dissertation is the analysis of the impact of the quality
of the CSI on the design of multi-antenna communication systems. The details of the research

contributions in each chapter are as follow.
Chapter 3

The main results in this chapter concerning the design of MIMO-OFDM single-user systems
with perfect CSI at the transmitter and the receiver have been published in one journal paper

and four conference papers:

e [PI04f] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “On Power
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Allocation Strategies for Maximum Signal to Noise and Interference Ratio in an OFDM-
MIMO System,” IEEE Trans. on Wireless Communications, vol. 3, no. 3, pp. 808-820,
May 2004.

e [PI0la] A. Pascual Iserte, M. A. Lagunas Herndndez, and A. I. Pérez Neira, “Space-Time
Diversity Applied to Single-User Environments and MIMO Transmission Channels,” Proc.
IEEE International Conference on Electronics, Circuits, and Systems (ICECS’01), vol. 3,
pp- 1179-1182, September 2001.

e [PI0lc] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Pre- and
Post-Beamforming in MIMO Channels Applied to HIPERLAN/2 and OFDM,” Proc. IST
Mobile € Wireless Communications Summit (IST’01), pp. 3-8, September 2001.

e [PI02b] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Joint Beam-
forming Strategies in OFDM-MIMO Systems,” Proc. IEEE International Conference on
Acoustics, Speech, and Signal Processing (ICASSP’02), vol. 3, pp. 2845-2848, May 2002.

e [PI02e] A. Pascual Iserte, A. I. Pérez Neira, D. P. Palomar, and M. A. Lagunas Hernéndez,
“Power Allocation Techniques for Joint Beamforming in OFDM-MIMO Channels,” Proc.
European Signal Processing Conference (EUSIPCO’02), vol. 1, pp. 383-386, September
2002.

Chapter 4

The main results in this chapter regarding the design of MIMO-OFDM multi-user systems
with perfect CSI at the transmitters and the receivers have been published in one journal paper

and two conference papers:

e [PI04e] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “An Approach
to Optimum Joint Beamforming Design in a MIMO-OFDM Multiuser System,” accepted
for publication in EURASIP Journal on Wireless Communications and Networking, 2004.

e [PI02d] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Simulated
Annealing Techniques for Joint Transmitter-Receiver Design in a Multiple User Access
MIMO-OFDM Channel,” Proc. IST Mobile & Wireless Communications Summit (IST’02),
pp. 325-329, June 2002.

e [P102c] Invited paper: A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez,
“Joint Transceiver Optimization in Wireless Multiuser MIMO-OFDM Channels Based on
Simulated Annealing,” Proc. European Signal Processing Conference (EUSIPCO’02), vol.
2, pp- 421-424, September 2002.
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Chapter 5

One journal paper and four conference papers contain the main results in this chapter re-
garding the impact of the errors in the CSI on the system performance and two examples of

Bayesian robust designs:

e [PI04f] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “On Power
Allocation Strategies for Maximum Signal to Noise and Interference Ratio in an OFDM-
MIMO System,” IEEE Trans. on Wireless Communications, vol. 3, no. 3, pp. 808-820,
May 2004.

e [PI03c] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Exploit-
ing Transmission Spatial Diversity in Frequency Selective Systems with Feedback Chan-
nel,” Proc. IEEE International Conference on Acoustics, Speech, and Signal Processing
(ICASSP’03), vol. 4, pp. 85-88, April 2003.

e [PIO3b] A. Pascual Iserte, M. A. Lagunas Herndndez, and A. I. Pérez Neira, “Robust
Power Allocation for Minimum BER . in a SISO-OFDM System,” Proc. IEEFE International
Conference on Communications (ICC’03), vol. 2, pp. 1263-1267, May 2003.

e [PI03d] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Performance
Degradation of an OFDM-MIMO System with Imperfect Channel State Information at
the Transmitter,” Proc. IST Mobile & Wireless Communications Summit (IST’03), vol.
2, pp. 396-400, June 2003.

e [PI03a] Invited paper: A. Pascual Iserte, M. A. Lagunas Herndndez, and A. I. Pérez Neira,
“Diseno Cooperativo de Sistemas de Comunicaciones con Informacién Parcial del Canal,”
Proc. Simposium Nacional de la Union Cientifica Internacional de Radio (URSI'03),
September 2003.

Chapter 6

The main results obtained in this chapter concerning the robust design of a MIMO commu-
nication system under the maximin philosophy have been published in one book chapter, one

paper submitted to a journal, and two conference papers:

e [Pal05] D. P. Palomar, A. Pascual Iserte, J. M. Cioffi, and M. A. Lagunas Herndndez,
“Convex Optimization Theory Applied to Joint Transmitter-Receiver Design in MIMO
Channels,” A. B. Gershman and N. D. Sidiropoulos (eds.), Space-Time Processing for
MIMO Communications (to appear), John Wiley & Sons, 2005.
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e [PI04b] A. Pascual Iserte, D. P. Palomar, A. I. Pérez Neira, and M. A. Lagunas Hernéndez,
“A Robust Maximin Approach for MIMO Communications with Partial Channel State In-
formation Based on Convex Optimization,” submitted to IEEE Trans. on Signal Processing,
September 2004.

e [PI04d] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Hernindez, “A Maximin
Approach for Robust MIMO Design: Combining OSTBC and Beamforming with Minimum
Transmission Power Requirements,” Proc. IEEE International Conference on Acoustics,

Speech, and Signal Processing (ICASSP’04), vol. 2, pp. 1-4, May 2004.

e [PI04c] A. Pascual Iserte, M. Payard, A. I. Pérez Neira, and M. A. Lagunas Herndndez,
“Robust Adaptive Modulation for Throughput Maximization in MIMO Systems Combin-
ing OSTBC and Beamforming,” Proc. IST Mobile & Wireless Communications Summit
(IST’04), June 2004.

Other contributions not presented in this dissertation

During the Ph.D. period, the author has published other papers not directly related to the

main topic of this dissertation.

Some results on the estimation of parameters related to spatially distributed sources have

been published in the following conference paper:

e [PIO1b] A. Pascual Iserte, A. I. Pérez Neira, and M. A. Lagunas Herndndez, “Iterative
Algorithm for the Estimation of Distributed Sources Localization Parameters,” Proc. IEEE
Workshop on Statistical Signal Processing (SSP’01), pp. 528-531, August 2001.

A conference paper on the design of FIR filters in MIMO channels has also been published:

e [Pal0l] D. P. Palomar, M. A. Lagunas Hernandez, A. Pascual Iserte, and A. I. Pérez
Neira, “Practical Implementation of Jointly Designed Transmit-Receive Space-Time ITR
Filters,” Proc. IEEE International Symposium on Signal Processing and its Applications
(ISSPA’01), pp. 521-524, August 2001.

A semiblind technique for designing FIR filters in a multi-antenna OFDM receiver has been

deduced in the following conference paper:

e [Bar02] D. Bartolomé, A. I. Pérez Neira, and A. Pascual Iserte, “Blind and Semiblind
Spatio-Temporal Diversity for OFDM Systems,” Proc. IEEE International Conference on
Acoustics, Speech, and Signal Processing (ICASSP’02), vol. 3, pp. 2769-2772, May 2002.
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The application of adaptive array techniques to Bluetooth devices has been presented in

e [PI02a] A. Pascual Iserte, N. Ahmed Awad, and A. I. Pérez Neira, “Array Antennas for
Packet Transmission Networks,” Proc. ETSI Workshop on Broadband Wireless Ad-Hoc
Networks and Services, September 2002.

A conference paper concerning the application of antenna arrays to multi-user systems,

including spatial scheduling strategies, has also been published:

e [Bar03a] D. Bartolomé, A. Pascual Iserte, and A. I. Pérez Neira, “Spatial Scheduling

7

Algorithms for Wireless Systems,” Proc. IEEE International Conference on Acoustics,

Speech, and Signal Processing (ICASSP’03), vol. 4, pp. 185-188, April 2003.

Some results related to the realistic hardware implementation of adaptive antenna algorithms

have been presented in two conference papers:

e [Bar03b] D. Bartolomé, A. Pascual Iserte, A. I. Pérez Neira, and P. Rosson, “From a The-
oretical Framework to a Feasible Hardware Implementation of Antenna Array Algorithms
for WLAN,” Proc. IST Mobile & Wireless Communications Summit (IST’03), vol. 1, pp.
1-5, June 2003.

e [Hen04] C. Hennebert, P. Rosson, D. Bartolomé, A. Pascual Iserte, and A. I. Pérez Neira,
“Practical Implementation of Space-Diversity Receivers in OFDM Systems: Structure,
Performance, and Complexity,” Proc. IST Mobile & Wireless Communications Summit
(IST’04), June 2004.

A paper concerning the application of ICA algorithms to the detection of OSTBC signals

has been presented in a conference:

e [Liu03] J. Liu, A. Pascual Iserte, and M. A. Lagunas Hernandez, “Blind Separation of
OSTBC Signals Using ICA Neural Networks,” Proc. IEEE International Symposium on
Signal Processing and Information Technology (ISSPIT’0}), December 2003.

Two additional contributions regarding robustness criteria and design strategies have been

presented in a paper submitted to a journal and a conference paper:

e [Mor04] A. Morell, A. Pascual Iserte, and A. I. Pérez Neira, “Fuzzy Inference Robust
Beamforming,” submitted to EURASIP Signal Processing, 2004.
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e [PI04a] A. Pascual Iserte, M. A. Lagunas Herndndez, and A. I. Pérez Neira, “Robustness
Criteria for Transmit Spatial Diversity Systems in Frequency Selective Channels,” Proc.
IEEE Sensor Array and Multichannel Signal Processing Workshop (SAM’04), July 2004.



Chapter 2

An Overview of Design Strategies in
Multi-Antenna Systems

2.1 Space Diversity in Communication Systems

The demand for communication among people in the current society has become clearly impor-
tant in the last years, and is expected to be a key and essential issue in the very near future. From
a technical point of view, many challenges arise from this fact. Current wireless communication
systems such as GSM [Mou92], UMTS [Hol02], or some WLAN’s, including Bluetooth [Blu01],
HiperLAN/2 [ETS00], and IEEE 802.11a [IEE99], have a limited capacity, not only in terms
of the number of users that can be served simultaneously, but also in terms of BER, bit rate,
delay, and, in general, in terms of QoS. Keeping in mind which will be the new and increased
demands for service of the information society in the future, both in quantity and quality, the
main technical challenges will consist in the design of new and advanced wireless communication

systems able to cope with all these new and increasingly stringent requirements.

Many are the direct consequences and technical demands derived from the needs of the future
wireless communication systems. The first one is, obviously, an increase of the bit rate so that
the new multimedia applications can also be served “over the air”. The first possible solution
consists in the increase of the transmission bandwidth, although this is not always possible due
to the physical constraints of the system. Note however that, even in case that the increase of
the bandwidth is affordable, the negative effects of the channel over the transmitted signal may
become very important, specially due to the fact that the time dispersion effect or frequency
selectivity of the channel increases as the transmission bandwidth is enlarged [Pro95]. The
number of users is also a key parameter to keep in mind when designing future communication
systems. It is expected that this number of users will increase importantly in such a way that the
current systems will not be able to accommodate all the demands for service. As an evidence

of this, it is only necessary to have a look at the evolution of this kind of capacity demands

11
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for cellular communication systems and wireless telephony in the last years. Because of that,
the new systems should take into account this fact and, therefore, the development of new and
efficient multiple access technologies will also be a key technological issue both from the research

point of view and their applicability to a real system.

As a summary, the new technical challenges can be divided into two main groups:

e Signal related issues: within this group of challenges, those aspects related to the quality of
the signal itself transmitted through the wireless channel are considered: signal distortion,
interference rejection, etc.; i.e., problems related to the QoS of the bit stream transmitted
“over the air” to a concrete user. In this point, the effects of the scattered wireless channel
should be taken into account, including both the dispersive behavior in the time domain

(frequency selective channel) and in the frequency domain (time selective channel).

e System related issues: within this group, the aspects concerning protocol layers higher than
the physical one are taken into account, such as MAC and RLC. The main objective is
to increase the capacity of the system in terms of number of users while maintaining the
same physical resources and, therefore, one of the challenges is to provide effective multiple

access strategies.

When looking for possible solutions to the aforementioned problems, several constraints
should be taken into account in order to design systems attractive to the telecommunications
manufacturers, in the sense that they can be implemented and commercialized with a minimum
guarantee of success. Within these constraints, many groups can be identified: physical, cost,
and complexity constraints, etc.; although very frequently, many of them are interconnected. As
an example, the following constraints can be mentioned: maximum signal bandwidth, maximum

transmit power, maximum delay, maximum BER, minimum battery lifetime, etc.

There are many possible solutions to cope with these problems while still fulfilling the a-
priori defined constraints. One of the main concepts that has been used in order to design
wireless communication systems is diversity. Mainly, diversity consists in improving the reliability
of the signal transmission by exploiting several copies of the signal which are sent through
“parallel” channels, where the concept of “channel” should be understood in a more general
way than its physical meaning. Among the different kinds of diversity, it is possible to mention
the channel coding, the frequency diversity, the time diversity, or the space diversity. While
channel coding and frequency and time diversities were some of the first ones considered in
communication systems, the main disadvantage is that their use implies an increase of the
signal bandwidth and the transmission delay. The other possibility consists in space diversity
schemes, i.e., schemes that make use of more than one antenna, also called antenna arrays,

at the transmitter and/or the receiver. By means of this, the quality of the signal and the
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system performance can be importantly improved without increasing the signal bandwidth and
the transmit power. When considering space diversity schemes, several possibilities may arise

depending on the configuration adopted by the transmitter and the receiver:

Single-Input-Single-Output (SISO) channels: one antenna at the transmitter and one an-

tenna at the receiver.

e Single-Input-Multiple-Output (SIMO) channels: one antenna at the transmitter and mul-

tiple antennas at the receiver.

e Multiple-Input-Single-Output (MISO) channels: multiple antennas at the transmitter and

one antenna at the receiver.

e Multiple-Input-Multiple- Output (MIMO) channels: multiple antennas at the transmitter

and multiple antennas at the receiver.

As has been already stated, space diversity architectures are able to improve the quality and
reliability of the radio link, so that the received signal can be decoded and detected with a higher
quality without increasing the bandwidth and power, which are very valuable physical resources.
However, this is not the only application of antenna arrays. Thanks to such systems, it is pos-
sible to implement the SDMA. This is a multiple access technique similar to TDMA, FDMA,
and CDMA, but in this case, the spatial dimension is used to separate the signals transmitted
from/to different users. The key advantage is that this can be performed without increasing the
bandwidth or decreasing the bit rate assigned to each user; in other words, space diversity sys-
tems offer an attractive solution to increase the capacity of the wireless communication systems
with a high spectral efficiency. Indeed, this last point concerning the multiple access capability
of antenna arrays shows that in the next communication systems, there will be a link between
the PHY layer, directly related to the front-ends design based on space diversity, and other
upper layers such as MAC and RLC, which are more related, not only to the multiple access
capabilities, but also to other system and network parameters that can be efficiently improved
by means of a joint design of the different layers in the OSI protocol stack in the so called
cross-layer perspective [AH02].

The main objective of this Ph.D. dissertation is to present several design strategies of multi-
antenna systems keeping in mind that the ultimate objective is to improve the quality of the
signal and the capacity of the system. The optimum solution when designing such a system
is to carry out the design of the transmitter and the receiver jointly. Taking this ultimate
goal into account, many possible schemes and architectures arise. The optimum joint design is
obtained when all the information about the channel response, the interferences, or other users’

channel responses (embraced by the concept of CSI) are available at both the transmitter and



14 2.2. Impact of the CSI on the Design: An Overview of the State of the Art

the receiver during the design stage. However, in a realistic scenario, this is not always possible
and, sometimes, only some imperfect or partial information is available. Besides, the quantity
and the quality (i.e., the accuracy and reliability) of this information may be different at the
transmitter and the receiver. Concerning the channel response, usually only a channel estimate
can be exploited to carry out the design. In TDD systems with a coherence time longer than the
duplexing period, the channel estimate obtained during the transmission in the reverse link can
be used for the design of the system when transmitting in the forward link due to the channel
reciprocity principle. In the case of FDD, this is not a possible solution and, therefore, some
kind of feedback channel has to be implemented from the receiver to the transmitter so that the
transmitter can obtain an estimate of the channel, or any other related information, in order to
design the front-end. In the opposite case, there exists the possibility of having no information at

all at the transmitter side and, therefore, the only solution is to use a channel coding approach.

From a theoretical point of view, there are several possibilities of exploiting the available
information during the design. For example, this information can be assumed to be complete
and exact, i.e., with no error. This corresponds to the assumption of an ideal case. This kind of
designs may be very sensitive to errors in this information and, therefore, are not attractive from
a practical and realistic point of view. There are other design strategies that take into account
explicitly the fact that this information may have some error or may be incomplete and partial.
This kind of strategies are robust to errors and have a more practical sense when implementing

real systems, since they are less sensitive to these errors than the non-robust counterparts.

As a summary, in this Ph.D. dissertation, several designs of multi-antenna systems are pre-
sented according to different degrees of quality of the CSI. First, some designs are shown as-
suming that the CSI is perfect, both for the case of single-user and multi-user scenarios. Then,
errors in the CSI are assumed to, as a first stage, analyze their impact on the system perfor-
mance when assuming that the CSI is perfect, despite not being true and, afterwards, to obtain
robust solutions that take into account explicitly the presence of these errors, improving the

performance.

2.2 Impact of the CSI on the Design: An Overview of the State
of the Art

As explained previously, the optimum solution in a design problem consists in a joint optimiza-
tion of the transmitter and the receiver. The theory of optimum terminal filters design has been
a classical one since 1970 and has been addressed, for example, in [Car86] and [Pro95]. There,
the frequency response of the channel is assumed to be known at both the transmitter and the
receiver and the objective is the maximization of the SNR at the detection stage subject to two

different design constraints. The first one is a ZF condition, which is equivalent to forcing no ISIT
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Figure 2.1: Diagram showing the different possibilities of CSI at the transmitter and the main solutions.

at the detection stage, whereas the second constraint is related to the maximum transmit power.
Since that analysis, many researchers have been working actively on the topic, generalizing the

results to systems using antenna arrays at the transmitter and/or the receiver.

As mentioned in the previous subsection, many possible situations arise depending on the
quantity and the quality of the information available during the design stage. In this information
it may be included, for example, the channel impulse response for the desired communication or
link, the statistics of the interferences, the channel responses for other users in the same area,
the mobile terminal speed, the signal strength, etc., among other aspects. In this dissertation,
the most general definition and concept of “information” is used under the name Channel State
Information (CSI).

As far as the practical implementation of real systems is concerned, the most common situ-
ation corresponds to the case in which most information is available at the receiver side of the
communication system. This is obvious, as the channel estimation process is performed at the
receiver during the training period in which the transmitter sends a pilot or training sequence.
Besides, during this period the statistics of the interferences can also be estimated. The most
problematic issue concerns the case in which it is desired that the transmitter has also some
CSI in order to carry out the design of the front-end. Taking this into account, three different
situations concerning the quantity and quality of the CSI available at the transmitter side can
be identified:

e No CSI: the transmitter does not have any knowledge of any parameter concerning the

channel or the interferences at the receiver. Example: space-time coding.

e Perfect CSI: the transmitter has full knowledge of the channel and, possibly, of the
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interferences statistics at the receiver. Example: optimum terminal filtering. There are

many possible strategies and optimization criteria to carry out the design.

e Partial or imperfect CSI: the transmitter has only a partial or imperfect knowledge of
the channel and the interferences statistics at the receiver, which can be obtained through
a feedback channel from the receiver to the transmitter or based on the channel reciprocity
principle in TDD systems. Examples: transmission of a quantized version of the channel
estimate, transmission of some digital parameters calculated at the receiver, transmission

of some statistics of the channel, etc.

In the following, a brief overview of the state of the art is given for the three possibilities
described above and represented in Figure 2.1. The objective is not to provide an exhaustive
description of the state of the art, but only to show a general view of the current research
lines regarding the joint transmitter-receiver design in multi-antenna systems. A more detailed

description of the state of the art is given in each chapter when necessary.

2.2.1 Designs with No CSI at the Transmitter

The problem regarding the case in which no CSI is available at the transmitter has received much
attention from the research community for many years because of its evident importance from
a practical implementation point of view. One of the first works considering this case is [Ses93],
in which the delay diversity technique is presented in a multiple transmit antenna system. This
technique consists in transmitting the same information symbols through all the antennas, but
applying a different delay at each antenna. This strategy has been afterwards generalized to the
case of linear precoding with no CSI in other works such as [Wor97], in which a linear filter is
applied at each transmit antenna. These filters can be designed based on Fourier or Hadamard

structures, among others.

Besides the linear precoding approach, much work and research has been focused on space-
time coding techniques. Basically, this approach results from the generalization of the classical
channel coding techniques to the case of a transmit multi-antenna system (MISO or MIMO),
introducing redundancy in the transmission both in the temporal and the spatial dimensions. In
[Tar98], the design criteria of the optimum space-time codes for a Rayleigh flat fading MIMO
channel are derived and several space-time convolutional or trellis codes (STTC) are proposed
according to these criteria, providing both diversity gain and coding gain. In that work, it is
considered that the CSI is perfect at the receiver, which is responsible for detecting the symbols
under the ML criterion. In [Tar99c], the effect produced by the errors in the CSI on the BER
performance is studied. Besides, a new metric for the Viterbi decoder is proposed to improve the
performance taking into account the errors in the CSI. One of the problems of STTC is that the

computational complexity of both the transmitter and the ML receiver increases importantly as
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the number of transmit and/or receive antennas and the code rate are increased. As a possible
solution, in [Tar99b], the use of STTC combined with beamforming at the receiver is considered.
The idea consists in having parallel space-time codes working at different non-overlapping groups
of transmit antennas. The receiver is composed of a bank of beamformers, each one responsible
for detecting the symbols transmitted through a concrete antenna group while cancelling the
contributions of the signals transmitted through the other groups of antennas. Obviously, this
receiver structure is not the optimum one as it does not correspond to the ML detector and,
therefore, the diversity gain is decreased; however, the great advantage is that the computational

complexity can be reduced dramatically.

The main drawback of STTC, as stated previously, is that the optimum decoder based on the
ML criterion may have a not affordable computational complexity. This fact has motivated the
introduction of the space-time block codes (STBC) for MIMO channels. [Ala98] is the first work
proposing a block code for a flat fading channel with two transmit antennas and any number of
receive antennas. The optimum ML receiver is based on the assumption of having a perfect CSI
and can be implemented by only linear processing with a very low computational complexity.
In [Gan01], [Gan02a], and [Tar99a], Alamouti’s work is generalized to the case of any number
of transmit antennas, proposing possible STBC solutions based on orthogonal designs both for
real and complex signal constellations. There, it is shown that full rate codes are available for
any number of transmit antennas in the case of real constellations, whereas in the complex case,
full rate codes are possible only for two transmit antennas. Using these designs, the optimum
ML receiver can be implemented by only linear processing assuming perfect CSI thanks to the
orthogonality of the codes; besides, it is shown that this kind of codes provides full diversity.
In [Gan02a], a simple theoretical analysis of the performance degradation is carried out when
the CSI is not perfect at the receiver and a possible architecture for robust transmit antenna
selection is derived. In [Jaf01], the quasi-orthogonal block codes are presented. These codes have
full rate even for complex constellations and for any number of transmit antennas. The main
disadvantage is that the optimum ML receiver has a higher computational complexity than the
corresponding one for the orthogonal codes and that there is a loss in the diversity order. [Sto02]
provides a new interpretation of orthogonal STBC, also called amicable designs, as the robust
solutions maximizing the worst SNR when the flat fading MIMO channel is totally unknown at

the transmitter.

In most of the previous works, the CSI has been considered to be perfect at the receiver
during the detection stage. In a real system, this is not always true and, therefore, a performance
degradation is expected. In [Fen00], the BER degradation is studied by means of simulations
and a simple theoretical analysis is deduced for a single channel realization comparing the case
of MRC and a 2-branches diversity Alamouti’s scheme. In [Ste01], the problem of imperfect CSI
at the detection stage is also addressed. In that work, both the MRC technique with two receive
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antennas and Alamouti’s code with one receive antenna are compared in terms of SNR reduction
by means of a theoretical analysis and in terms of the BER degradation through simulations.
The main conclusion is that MRC performs better than Alamouti’s code if both techniques are

evaluated under the same SNR during the channel estimation process.

From the works mentioned previously, it has been concluded that the imperfect CSI at the
receiver may have a very negative impact on the system performance if the errors in this CSI are
not negligible when designing and applying the corresponding detector and space-time decoder.
This fact has motivated many researchers to investigate the case in which there is no CSI at
the transmitter and the receiver. Most of these works consider the concrete case of Rayleigh
uncorrelated flat fading MIMO channels. In [Mar99], the channel is assumed to be unknown at
both ends and to be constant over T' symbol periods, changing independently after each of these
periods. The objective is to find the pdf of the transmitted signal that maximizes the mutual
information, i.e., the capacity achieving solution, as described in [Sha48]. From the information
theory point of view, it is shown that it is not worthwhile having more transmit antennas than
T. Besides, as T' and/or the SNR tend to infinity, the optimum transmitted signal tends to the
solution achieving the capacity with CSI at the receiver and no CSI at the transmitter, i.e., in
which the symbol sequences transmitted through different antennas are mutually orthogonal,
leading to the so called unitary codes. In [Hoc00a], unitary code designs are presented according
to the asymptotic optimum solution shown in the previous work. The optimum detector is based
on the ML criterion, although the final implementation depends on the availability of CSI at
the receiver. If CSI is available, a conventional coherent ML detector is derived, whereas in the
case of unknown channel, the ML detector is an uncoherent receiver with a quadratic structure.
Basically, the gain of a coherent detector in front of the uncoherent version is around 3 dB
in terms of SNR. Besides, in that paper, different criteria for the design of the unitary codes
are derived under the ultimate goal of minimizing the mean error probability. In [HocO0b], a

systematic design of unitary codes is provided based on Fourier and algebraic models.

In [Hoc00c], the design of unitary space-time matrices is applied to the case of differential
modulation, which is basically the extension of DPSK to the case of multiple transmit antennas.
In this case, the optimum quadratic ML detector with no CSI at the receiver working over the
entire received signal sequence can be simplified to a suboptimum differential detector which
works only over pairs of received signal blocks, lowering the computational complexity. Several
families of codes with a good performance and with different characteristics are also provided.
Concretely, most of these families are groups from an algebraic point of view, which simplifies
importantly the coding process. Also in [Tar00] and [Hug00], the same problem is addressed. The
first paper presents the differential extension of Alamouti’s code using PSK signal constellations
with very simple encoders and decoders. The second paper proposes a system using differential

unitary space-time block codes, where the optimum ML receiver with unknown channel is shown
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Figure 2.2: Transmitter scheme for BLAST: (a) V-BLAST, (b) D-BLAST.

to be quadratic for the case of Rayleigh uncorrelated MIMO channels, but can be simplified to
a suboptimum low complexity differential detector. In [Gan02b], a similar but more simplified
analysis is carried out, focusing the attention on the differential receiver. In [Has02], a system-
atic approach for the design of differential codes for any number of transmit antennas, receive
antennas, and code rate is provided. Those designs are based on the Cayley transform, which
enables to find very simple encoders based on a linear mapping and a transformation, and very
low complex suboptimum receivers based on the resolution of a set of linear equations. As shown,
the great advantage of the differential systems is that they do not need CSI at the receiver and,
therefore, training or pilot sequences are not necessary to estimate the channel, which increases
the spectral efficiency. Besides, the differential detectors at the receiver are quite simple and do

not suffer from error propagation.

Finally, it is important to remark that there exist other techniques that can be used in the case
of having no CSI at the transmitter that allow to increase the transmission rate by exploiting
the spatial multiplexing (SM) capabilities provided by the multiple antennas. BLAST based
strategies were first developed by Bell-Labs [Fos96] and are the most known SM techniques. The
most popular schemes are the Vertical-BLAST (V-BLAST) and Diagonal-BLAST (D-BLAST).
The latter is more complex to implement and that is the reason why the former is the most
widely used BLAST strategy. Both techniques obtain full diversity (assuming full multiplexing
is performed) and full rate. The use of multiple antennas aims to gain in channel capacity at
the expenses of increasing the number of symbols transmitted in each channel access. More
precisely, as many symbols as antennas at the transmitter side are sent in one channel attempt.
The transmission scheme for V-BLAST [Loz02] is yet very simple. It takes the substreams
going to be transmitted (which is equal to the number of antennas at the transmitter side)
and performs a one to one mapping from each symbol to each antenna. D-BLAST scheme is a
more complex scheme. Let us assumed that M transmit antennas are available. In that case, the

original stream is divided into M parallel substreams, so that the symbols from each of them
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are transmitted sequentially through all the antennas in successive channel attempts [Fos96].

See Figure 2.2 for a generic representation of a BLAST transmitter.

2.2.2 Designs with Perfect CSI at the Transmitter

The approach opposite to the previous one consists in assuming that the CSI at both the trans-
mitter and the receiver is perfect. Obviously, a system designed using a perfect CSI is expected to
perform better than any space-time coding technique, since the design can be perfectly matched
to the actual channel realization. In this subsection, a brief overview of the state of the art for the
case of perfect CSI is provided. The difference among the works and papers rely on the different
system architectures, optimization criteria, and design constraints that are adopted. Due to the
great quantity of available works and references, only some examples are given, excluding those

that are not directly related to the main objectives of this dissertation.

[Pau97] is a tutorial introducing the main concepts of space-time processing and optimum
design with perfect CSI assuming space diversity at either the transmitter or the receiver, i.e.,
SIMO or MISO channels. In [Sal85], a technique is presented for designing a MIMO system with
the same number of antennas at both the transmitter and the receiver (indeed, the proposed
design in that paper is intended for a wireline system with multiple inputs and outputs suffering
from the cross-coupling effect). In this system, several data streams are transmitted in parallel
and at the same time through the MIMO channel. The transmitter and the receiver are based on
linear time-invariant filters which are designed under the MMSE criterion and assuming no excess
bandwidth. In [Yan94b], the results are extended to the case of a MIMO system with any number
of transmit and receive antennas and considering excess bandwidth. In both cases, a single-
carrier modulation is assumed and the optimum filters are designed in the frequency domain.
The result corresponds to a solution in which the channel is diagonalized at each frequency and
each data stream is transmitted through a different eigenmode or spatial subchannel. Afterwards,
the optimum power allocation is calculated so that the MSE is minimized. In that work, it is
considered that there may be interferences at the receiver by assuming the general case of non-
white spatial and frequency noise. Other related works and/or generalizations are [Yan94a] and
[Hon92]. In the first paper, a system with a DFE at the receiver is proposed. The transmit and
receive filters are designed jointly to minimize the geometric mean of the MSE, providing a
solution in the frequency domain that also diagonalizes the channel. The second work addresses
the difficult problem of designing a MIMO system with structural constraints at the transmitter
and the joint design of FIR transmit and receive filters. Usually, closed-form solutions cannot

be found and iterative suboptimum algorithms have to be used.

In [Ral98], the problem concerning the design of a transmitter in a MIMO channel with

another criterion different from MMSE is proposed. In that work, the ultimate objective is
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to design the transmitter so as to maximize the mutual information as defined in [Sha48].
The channel is frequency selective and has any number of transmit and receive antennas. Two
different techniques to achieve capacity are proposed, both of them assuming perfect CSI at
the transmitter and carrying out the optimum power allocation water-filling [Cov91]: spatio-

temporal vector-coding and discrete matrix multitone.

In [Sca02], a block transmission mode is assumed in a frequency selective MIMO channel,
i.e., the transmitted symbols are divided into disjoint groups, and then each group is encoded
using a matrix called linear precoder that operates simultaneously in the spatial and temporal
dimensions. At the receiver, also a linear decoder matrix is applied to the received samples to
estimate the transmitted data. Both matrices are designed jointly using three different criteria:
MMSE, the minimization of the determinant of the MSE matrix, and the maximization of the
minimum eigenvalue of the SNR-like matrix. The designs are carried out subject to a mean
power constraint and a maximum eigenvalue power constraint. All the solutions diagonalize the
space-time MIMO channel matrix but allocate the power according to different policies. Indeed,
[Sca02] extends the results of [Sca99a] and [Sca99b], in which a frequency selective SISO system
is considered. The transmitter and the receiver are also based on a block transmission and
the signal model is equivalent to considering a MIMO channel. In those papers, the optimum
transmitter and receiver are found under maximum mutual information, MMSE, and maximum
SNR criteria subject to maximum power constraints and, in some cases, to ZF constraints.
In [Sam01], also the linear precoding and decoding problem in MIMO channels is addressed,
where the objective is to design the system according to a weighted MMSE criterion. In that
paper, it is shown that the solution also diagonalizes the channel and that, by correctly choosing
the weighting matrix, many other known criteria can be accommodated, such as maximum
information rate, QoS constraints, the unweighted MMSE, and equal error design. In [Din02], it
is considered the very important case in which the ultimate goal is the minimization of the BER
also in a block transmission system using either zero padding or cyclic prefix. This is carried
out subject to two constraints: the maximum mean transmit power and ZF. The main result is
that the precoder minimizing the BER also minimizes the MSE, although, in general, does not

diagonalize the MIMO channel matrix.

An important case in many current systems, such as the WLAN’s HiperLAN/2 [ETS00]
and IEEE 802.11a [IEE99], is the utilization of the multicarrier OFDM modulation [Bin90,
Nee98, Wan00] at the physical layer. Taking that into account, some authors have considered
the combination of this modulation with the use of antenna arrays. [Won01] considers a MIMO
channel and the OFDM modulation in a joint single beamforming approach. That means that
a single symbol is transmitted through each carrier of the OFDM modulation using the best
spatial eigenmode of the channel at each frequency. In that paper, the same power is allocated

to all the carriers. [Pal03a] and [Pal04] extend and generalize the previous results by considering
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several data streams that are transmitted simultaneously through the MIMO channel at each
subcarrier under a joint multiple beamforming approach and according to several optimization

criteria and constraints.

As stated previously, one of the main advantages of using antenna arrays is that it is possible
to implement the SDMA in a multi-user scenario. By means of this, it is possible to increase
substantially the number of users that can be served simultaneously. In [RF98b], an uplink
transmission in a flat fading channel is considered with one BS using an antenna array and
several single-antenna MT’s, whose transmitted signals are detected by the BS. The problem
consists in finding the optimum beamvectors at the BS and the transmit powers at the MT’s so
that the total transmit power is minimized subject to QoS constraints formulated as a minimum
SNIR for each link. In that paper, an iterative algorithm is proposed able to find the global
optimum design, in addition to indicate that also the base assignment problem can be introduced
in the optimization. In [Ben01], the inverse case is analyzed, i.e., a downlink scenario where the
transmit beamvectors have to be calculated. An additional problem in this case is that all the
MT’s must have all the CSI regarding all the mobiles in the same area. In that work, it is shown
that the optimization problem is NP-complete, quadratic, and non-convex. In order to find the
optimum solution, the problem can be reformulated as an equivalent virtual uplink problem and
be solved by means of the iterative algorithm proposed in [RF98b], which is able to find the
global optimum design. Another way of solving the stated optimization consists in reformulating
it as a convex problem [Boy00] and using efficient iterative algorithms such as the interior point
method. The formulation as a convex problem allows to introduce other kinds of constraints
related to a feasible implementation of the design in a real system. In [Ben(l], other design
strategies with heuristic cost functions are proposed in which each MT needs only to know the
CSI regarding the channel between itself and the BS. [RF98a] also analyzes the uplink and

downlink cases.

[Cha02] extends the results in [RF98b] to the case of an uplink flat fading channel in which
both the MT’s and BS have multiple antennas. The optimization problem consists in designing
the optimum transmit and receive beamvectors in two different situations. In the first one, the
minimization of the total transmit problem is addressed, taking into account that the SNIR
for each MT must be higher than a prefixed threshold. In the second approach, the objective
is to maximize the minimum SNIR subject to a total transmit power constraint. Different it-
erative algorithms are proposed to calculate the beamvectors. The main problem is that these
algorithms may converge to a local suboptimum design as the stated optimization problems are
not convex [Boy00]. The reason for that is that a coupling effect appears in the problem. When
calculating the optimum receive beamvector for a concrete communication, the interference co-
variance matrix for this communication has to be calculated. This covariance matrix depends on

the transmit beamvectors for the other communications in the system, producing the coupling
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effect in the design and making the optimization problem non-convex and highly nonlinear.

Previously to [Cha02], other works and papers have been published where the same problem
has been addressed, such as [Jan98] and [Lok00]. In all of them, the same optimization mathe-
matical problem as in [Cha02] is obtained, in which the main task is to solve the coupling effect
between the transmitters and the receivers design. In [Jan98], a multi-user scenario is analyzed
with no space diversity at the transmitter and the receiver. There, the diversity is introduced
in the system by utilizing a set of available signature waveforms. In that work, an iterative
algorithm based on the AM technique is proposed to minimize the MSE subject to a total
transmit power constraint, although it is admitted that it may converge to a local suboptimum
design. [Lok00] considers a multi-user system using MC-CDMA [Wan00]. The goal is to design
the transmitters and receivers for all the users, where each user is assigned a different random
signature in the frequency domain. The transmitter has to decide how to distribute each symbol
of each user among the different carriers, whereas the receiver has to combine the samples at all
the carriers in an optimum way so that the interferences produced by other users are minimized.
Also in this case, the diversity is introduced by means of considering several available frequen-
cies or carriers, and the objective is to minimize the total transmit power taking into account
that the SNIR must be higher than a prefixed threshold for each user. A criterion in order to
decide whether a feasible solution exists is provided, and an iterative algorithm is proposed to
find a solution, that may be suboptimum due to the non-convexity behavior of the problem.
The iterative algorithm is based on the Lagrange multipliers method and the quadratic penalty
functions [Ber82].

2.2.3 Designs with Partial or Imperfect CSI at the Transmitter

In the previous subsections, two opposite cases have been considered: no CSI and perfect CSI at
the transmitter side when carrying out the design of the communication system. In a realistic
implementation, the most adequate assumption would consist in considering that the transmitter
has some imperfect or partial CSI, which means that only a limited information about the channel
or the interferences behavior can be used when designing the transmitter in order to improve
the performance when compared to a system in which no CSI is available. The simplest example
is represented by a transmitter that has a noisy estimate of the channel response instead of the
actual channel realization. In this subsection, the state of the art concerning the imperfect or

partial CSI case is summarized from two different points of view:

e The transmitter has a noisy estimate of the channel and the design takes into account
explicitly this fact, obtaining robust solutions less sensitive to the uncertainties in the

channel estimate.

e A low-rate feedback channel from the receiver to the transmitter is implemented, so that a
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much more simple information than the whole channel estimate is sent in order to improve

the quality of the transmission when compared to a system designed with no CSI.

In this subsection, the attention is mainly focused on the partial CSI at the transmitter.
In §2.2.1, some references have been already given studying the performance degradation of a
system in which space-time codes are used and only noisy estimates of the channel are available
at the receiver. In §5.3, some additional references are provided in which the same analysis is
performed for systems in which a multi-antenna transmitter is designed according to a channel

estimate, which is assumed to be perfect despite not being true.

Robust Designs with Imperfect CSI at the Transmitter

In [Nar98], a transmitter with multiple antennas in a Rayleigh flat fading channel is considered.
The objective is to design the transmitter using only a channel estimate in order to maximize
the mean SNR and the mutual information from a Bayesian perspective, i.e., a pure statistical
approach is taken. Two different kinds of errors in the channel estimate are considered: Gaussian
and quantization noise. The receiver is assumed to have a perfect CSI. In that work, the solution
to the stated design problem is found for two different scenarios: one single-antenna receiver
and multiple single-antenna receivers. For the case of maximizing the mean SNR, the optimum
solution corresponds to beamforming, whereas in the case of maximizing the mutual information,
the general solution may correspond to the transmission through several eigenmodes of the
channel covariance matrix combined with an adequate power allocation. A similar approach is
taken in [Jon02] for a flat fading MIMO channel. There, the transmitter combines an OSTBC
and a matrix carrying out a linear transformation of the outputs of the block encoder before
transmitting the signals through the antennas. The design of the matrix is based on the channel
estimate available at the transmitter, taking as the objective the minimization of the Chernoff
upper-bound on the mean error probability from a Bayesian perspective, i.e., averaging over
the statistics of the actual channel conditioned to the channel estimate, and assuming that
the receiver uses a ML detector based on a perfect CSI. An asymptotic analysis is carried out
showing that, when the quality of the CSI is perfect, the solution tends to be a beamformer,

whereas in the case of no CSI, the optimum transmitter is based only on the OSTBC.

[Rey02a], [Rey02b], and [Rey03] propose a design of a single-user MIMO system using the
OFDM modulation. In these works, the obtained solution assumes an imperfect CSI at both
the transmitter and the receiver and is based on linear pre- and post-processing structures. The
ultimate objective is to minimize the MSE or an upper-bound on the mean error probability
averaged over the statistics of the actual channel conditioned to the channel estimate, i.e., a

Bayesian point of view of the problem is taken.

In some of the references considered above, a Bayesian perspective [Kay93] has been taken



Chapter 2. An Overview of Design Strategies in Multi-Antenna Systems 25

for the robust design of the optimum transmitter. Statistically, this corresponds to the optimum
approach, but from a realistic point of view, this is not always a feasible solution since it is
necessary to know the a-priori statistical distribution of the channel in a very accurate way.
Other possible approaches to design robust systems could be based on the optimization of the
worst case performance. Mainly, the idea consists in assuming an uncertainty region around the
channel estimate and trying to improve and optimize the worst performance in this region, i.e., a
mazimin point of view of the problem is considered as described in [Kas85]. [Vor03] applies this
technique to the design of a robust receive beamformer in which a mismatch is assumed between
the actual spatial signature and the presumed one. In [Pal03b], the optimal solution for a vector
communication through a MIMO channel in the sense of satisfying a set of QoS requirements for
the simultaneously established substreams with minimum transmit power is derived. A robust
design under channel estimation errors is also considered by taking also the worst-case approach.
For this kind of maximin approaches, the uncertainty region plays an important role and should

be directly related to the quality of the CSI if high performance designs are desired.

A more detailed and complete description of the state of the art is given in §5.4.

Improved Designs with Low-Rate Feedback from the Receiver

In [Sca02], it is considered that the transmitter has no channel estimate, but knows its statisti-
cal distribution, i.e., its pdf, which is assumed to be stationary and follow a frequency selective
Nakagami-m distribution [Pap91]. That could correspond to a system in a variant channel envi-
ronment in which the low-rate of the feedback is not high enough so as to transmit an updated
channel estimate. In that work, the simple SISO case is assumed and the objective is to find the
optimum power allocation for the OFDM modulation minimizing the mean BER averaged over
the channel statistics. A similar approach is assumed in [Vis01] for a MISO flat fading channel.
The rate of the feedback channel is not high enough to transmit each channel estimate. Instead
of that, only a limited statistically description of the channel is available at the transmitter,
either its mean or its covariance matrix, assuming a channel with complex Gaussian coefficients.
The design goal is to find the transmitter maximizing the mutual information averaged over the
presumed channel statistics. In general, the optimum solution implies a high rank of the trans-
mitted signal covariance matrix. The authors also propose a relationship between the quality
of the channel estimate and the statistically characterization of the channel. The extension of
the previous results is presented in [Mou02] and [Sim02], analyzing both the ergodic and the
outage mutual information for the two possibilities concerning the channel knowledge described
in [VisO1]. Besides, they evaluate the situations in which beamforming is the optimum solution

from an information theory point of view.

Other papers such as [Muk01] consider the feedback transmission of parameters related to



26 2.2. Impact of the CSI on the Design: An Overview of the State of the Art

each channel realization. Concretely, in that work, a MISO flat fading scenario is analyzed, where
the channel parameters that are allowed to be known at the transmitter are either its phases
or its gains. For the case of phase only knowledge, the transmitter minimizing the mean error
probability is an equal gain beamformer with its phases matched to the channel realization,
whereas in the gain only knowledge, the optimum solution is antenna selection choosing the

branch with the highest gain.

A more general case corresponding to a MIMO flat fading channel has been addressed in
[Cho02d]. In that paper, it is shown that for a concrete channel realization, the optimum transmit
beamvector is equal to the right singular vector associated to the maximum singular value of
the channel matrix. The receiver is assumed to have a perfect estimate of the channel and
is responsible to send the optimum beamvector to the transmitter through the digital feedback
channel. Instead of sending directly the optimum beamvector, the receiver sends an “error vector”
correcting the current beamvector being used at the transmitter, i.e., a differential encoding of
the optimum transmit beamvector is carried out. This error vector belongs to a discrete set and,
therefore, only a few bits are necessary to be sent through the feedback channel. In that work, it
is deduced that asymptotically, if the adaptation gain in the beamvector updating process is low
enough, this transmit beamvector tends to the optimum maximum right singular vector. This
simple technique works well if the updating rate is chosen accordingly to the Doppler frequency

of the channel.

[Cho02a] analyzes the case of a FDD MISO frequency selective channel using a CDMA
modulation and a single-antenna RAKE receiver. Taking this into account, the signal model is
equivalent to a flat fading single-user MIMO channel. The optimum beamformer at the transmit-
ter is also the maximum eigenvector of the channel matrix, which is calculated by the transmitter
based on a local estimate. This local estimate is obtained based on the geometric reconstruction
of the multipath propagation in the scenario. The angles of the multipath components are esti-
mated by the transmitter during the transmission in the inverse link, whereas the gains are sent
from the receiver to the transmitter through a feedback channel. At the transmitter, a linear
predictor is used to update the values of the gains so as to cope well in channels with a non-zero

Doppler frequency and feedback delay.

Finally, in [Lar02] and [AkhO3], the objective is to increase the performance of OSTBC by
means of using limited feedback in a flat fading MISO system. In the first paper, a weighting
matrix is applied after the space-time encoder. This matrix belongs to a finite set, and the
receiver is responsible for choosing the optimum matrix based on its channel knowledge. As
the set is finite and discrete, only a few bits are necessary to be sent through the feedback
channel. If all these matrices are full rank, full diversity order is guaranteed whatever choice.
For the concrete case of diagonal weighting matrices and fixed rate designs, it is shown that

the optimum solution corresponds to antenna selection, i.e., only the antenna with the highest



Chapter 2. An Overview of Design Strategies in Multi-Antenna Systems 27

gain is chosen for transmission. In case that there are errors in the feedback channel, antenna
selection is shown to produce a loss in the diversity gain. In order to solve this problem, a
robust technique is proposed so that the total transmit power is distributed among the antennas
and the diversity gain is not reduced. Finally, in [AkhO3], an algorithm is proposed to extend
OSTBC to any number of transmit antennas and complex constellation. This can be done while
maintaining full diversity gain and full rate with only a very limited channel knowledge. The idea
relies on using different codes on different non-overlapping groups of antennas, and applying a
phase, which depends on the channel, to each group. By means of this, all the signals transmitted
through the different encoders and groups are combined coherently at the receiver. In [Akh03],
it is shown that only p — 1 bits are necessary in the feedback so that a system with p antenna

groups performs at full diversity gain.

2.3 Mathematical Preliminaries

In this section, some mathematical preliminaries are given concerning the theory of convez
optimization. These preliminaries will be useful in some parts of this dissertation, in which the

theory of convex optimization will be applied to solve some constrained optimization problems.

2.3.1 Convex Optimization

The theory of convex optimization [Roc7la, Boy04] provides a general framework for solving
many constrained optimization problems. The main advantage is that, thanks to this theory,
closed-form solutions can be found to many problems under some mild conditions and based
on the application of the KKT conditions, as will be shown later in this section. In case that a
closed-form solution does not exist or cannot be found, the solution to a convex optimization
problem can always be calculated by applying efficient numerical methods. Currently, there
exists a wide range of algorithms and public software packages that can solve any kind of convex

problem in an admissible period of time.

2.3.2 Convex Sets and Convex Functions

Some necessary definitions are first given before presenting some general results on convex op-

timization, which will be useful in this dissertation.

A set A is a convez set if the line segment between any two points in the set lies in the set.

This can be expressed mathematically as

0x1 + (1 - 9)X2 €A, Vxi,x9 € A, VO € [0, 1] (21)
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Figure 2.3: (a) Example of a convex set. (b) Example of a non-convex set.
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Figure 2.4: (a) Example of a convex function. (b) Example of a concave function.

See Figure 2.3 for a simple example of a convex and a non-convex set. There are many examples
of convex sets, such as the vector subspaces, the hyperplanes, and the halfspaces, among others.
There are also many properties regarding convex sets; one of them states that the set resulting
from the intersection of an arbitrary number of convex sets is also convex. See [Boy04] for a

more complete list of examples and properties of convex sets.

A real-valued function f is a convex function if its domain dom f is a convex set and the

following inequality holds:
f(0x1+ (1 —0)x2) <Of(x1) + (1 —0)f(x2), Vxi,x2 €domf, VO e€[0,1], (2.2)

which means that the line segment between (x1, f(x1)) and (x2, f(x2)) lies above the graph of
f. The simplest example of convex function is the set of affine (also called linear) functions of
the form f(x) = a’x + b. In this case, the inequality in (2.2) holds with equality. See [Boy04]

for a more complete list of examples and properties of convex functions.

A concave function is defined as a function f such that its domain is convex and the following

inequality is fulfilled:

f(0x1+ (1 —0)x2) > 0f(x1) + (1 — 0)f(x2), Vxi1,x2 €domf, V6 € [0,1], (2.3)
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which is equivalent to saying that the function —f is convex. Note that, according to these
definitions, the linear functions are simultaneously convex and concave. See Figure 2.4 for an

example of a convex and a concave function.

One of the properties of a convex function is that the associated sublevel sets are convex,

where the a-sublevel set S, f is defined as

Sof 2{xcdomf: f(x) <a}. (2.4)

In case that a function f is differentiable, it will be convex if and only if its domain is convex
and
fx2) = (1) + VI(x1)  (xg = x1), Vx1,%2 € dom f, (2.5)

which constitutes the so called first order condition. If f is twice differentiable, it will be convex

if and only if its domain is convex and
V2f(x) = 0, Vxedomf, (2.6)

i.e., the Hessian matrix of f is positive semidefinite, which constitutes the second order condition.

2.3.3 Definition of a Convex Problem

The general expression of a constrained optimization problem is as follows:

minimize  fj(x)
subje}::t to  fi(x) <0, 1<i<m, (2.7)
hi(x) = 0, 1<i<p,

which consists in finding the infimum of the function fy(x), which is called the objective func-
tion or cost function, among all x that satisfy the conditions f;(x) < 0, i = 1,...,m, and
hi(x) = 0, i« = 1,...,p, simultaneously. The variable x is called the (primal) optimization
variable, f;(x) <0 and f;(x) are the inequality constraints and inequality constraint functions,
respectively, and h;(x) = 0 and h;(x) are the equality constraints and equality constraint func-

tions, respectively.

The set of points D for which the objective and all the constraint functions are defined,

m p
D £ () dom f; N (") dom h;, (2.8)

i=0 i=1
is called the domain of the optimization problem (2.7). A point x € D is feasible if it satisfies
all the constraints f;(x) < 0, ¢ = 1,...,m, and h;(x) =0, ¢ = 1,...,p, simultaneously. The
problem (2.7) is feasible if there exists at least one feasible point, and infeasible otherwise. The

set of all feasible points is called the feasible set or the constraint set.
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The optimal value f* of the problem (2.7) is defined as

f*2inf{fo(x): fi(x) <0,i=1,...,m, hi(x)=0,i=1,...,p}. (2.9)

If the problem is infeasible, then f* = 400, whereas if the problem is unbounded below, f* =
—o00. A point x* is an optimal solution or optimal point, i.e., solves the problem (2.7), if x*
is feasible and fo(x*) = f*. The set of all optimal points is the optimal set. If there exists an
optimal point for the problem, then it is said that the optimal value is attained or achieved,

otherwise the optimal value is not attained or not achieved.

A feasible point x is said to be locally optimal if there is R > 0 such that

fo(x) =inf{fo(z) : fi(z) <0, i=1,...,m, hi(z) =0,i=1,...,p, |z —x|| < R}. (2.10)

All optimal points are also locally optimal, but there may exist locally optimal points that are

not optimal solutions.

A problem (2.7) is said to be a convex optimization problem if the cost function and the
inequality constraint functions f; are convex, and if the equality constraint functions h; are
affine, i.e., h;j(x) = al x + b;. An important consequence of this definition is that the domain
D of the optimization problem is convex since it is the intersection of the set of domains of all
the functions, which are convex. Additionally, the constraint set is also convex since it is the
intersection of m convex sublevel sets and p hyperplanes. A fundamental property of convex

optimization problems is that any locally optimal point is also (globally) optimal [Boy04|.
1% p Yy Yy op p g Y) op Yy

Some examples of convex optimization problems are linear programs, in which all the func-
tions f;, ¢ = 0,...,m, and h;, 1 = 1,...,p, are affine; and quadratic programs, in which the
objective function is convex quadratic, and all the equality and inequality constraint functions
are affine. If the objective function as well as all the inequality constraint functions are convex
quadratic, and the equality constraint functions are affine, then the optimization problem is also
convex and is called quadratically constrained quadratic problem. See [Boy04] for a more com-
plete list of kinds of convex problems, including second order cone programming and semidefinite

programming, among others.

A maximization problem where the objective function fy(x) is concave, all the inequality
constraint functions f;, ¢+ = 1,...,m, are convex, and the equality constraint functions h; are
affine, is a concave optimization problem. This problem is equivalent to a convex optimization
problem in which the convex objective function —fy is to be minimized subject to the same

constraints.
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2.3.4 Duality and Karush-Kuhn-Tucker Conditions

Given the optimization problem (2.7), where its domain is assumed to be non-empty, the La-

grangian function L associated to the problem is defined as
m p
L(x; A v) 2 fo(x) + ) Nifi(x) + ) vihi(x), (2.11)
i=1 i=1

where A = [)\1 e Am]T and v = [1/1 e I/p]T are the vectors of Lagrange multipliers, also called
dual wvariables. Based on the Lagrangian function, the Lagrange dual function (or just dual
function) is defined as the minimum value of the Lagrangian over x:

g\ v) 2 ig%L(x;)\,u), (2.12)
where D is the domain of the original problem (2.7). When the Lagrangian is unbounded below,
the dual function takes on the value —oo. The dual function g(A,v) is concave even if the
original problem is not convex, since g is the infimum of a family of affine functions of (A, v)
(see [Boy04]). A point (A,v) is dual feasible if A\; > 0, i = 1,...,m, and g(A\,v) > —oo. The
dual function evaluated at any dual feasible point is a lower bound on the optimal value f* of

the original problem (2.7), which is proved as follows. For any feasible x and (\,v):

fo(x) > fo(x)+ Z i fi(x) + Z vih;i(x) (2.13)
=1 i=1
> inf (fo(z) +) Nifi(z) + Y Vihi(z)> (2.14)
i—1 i—1
= g()‘a V)a (215)
therefore,
g A v) = Zing)L(Z;)\,V) < L(x; A, v) < fo(x). (2.16)

Since g(A,v) < fo(x) holds for every feasible point x, it follows the basic result:
g(A,v) < f*, (2.17)

thus, the dual function gives a lower bound on the optimal value of the original problem (2.7),
which is also called the primal problem. The best lower bound can be found by solving the

following optimization problem, which is concave and is called the (Lagrange) dual problem:

maximize g(A,v)
AV (2.18)
subject to X\; >0, 1=1,...,m,

where the optimal value is denoted by d* and is attained at the dual optimal variables (A*, v*).
This optimal value corresponding to the dual problem is the best lower bound on f*. In partic-

ular,

d* < f*, (2.19)
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which is called weak duality and holds even if the original problem is not convex. In case that
d = f*, (2.20)

then it is said that strong duality holds or that the duality gap is zero.

Strong duality does not always hold. However, in case that the original problem (2.7) is
convex, and under some mild technical conditions, strong duality can be assured. The conditions
that assure strong duality are called constraint qualifications. An example of them is given by
the Slater’s conditions, that state that strong duality holds if there exists a feasible x such that
fi(x) <0, i=1,...,m (ie., a strictly feasible point exists).

Under the assumption that the duality gap is zero, the following expression holds for the

primal optimal x* and dual (A*,v*) variables:
fox*) = g\, v (2.21)

m p
= inf <fo(X) +Y N+ w*fu(x)) (2.22)
i=1 i=1
< folx) + DN + ) vihi(xY) (2.23)
i=1 i=1
< fo(x¥). (2.24)

From the previous equations it is concluded that all the inequalities are fulfilled with equality.

A result from this observation is:
m
YNONfilx) =0 = Xfi(x*)=0, i=1,...,m, (2.25)
i=1

since each of the terms A} f;(x*) are nonpositive and v} h;(x*) are equal to 0, due to the feasibility

of the variables x* and A*. Note also that x* minimizes L(x; A*,v*) over D.

Using all these results, the following expressions have to be fulfilled for any primal optimal
x* and dual optimal (A*,v*) variables, in case that all the functions are differentiable and if

strong duality holds:

hz(X*) = 0’ [ 1’ .. ’p’ (226)

filx*) < 0, i=1,...,m, (2.27)

X> 0, i=1,...,m, (2.28)

Nfixt) =0, i=1....m, (2.29)
m p

Vio(x*) + > NV +> i Vhi(x*) = 0, (2.30)
i=1 i=1

which are the so called KKT conditions.
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To summarize, for any optimization problem with differentiable objective and constraint
functions for which strong duality holds, any pair of primal and dual points must satisfy the
KKT conditions, i.e., they are necessary conditions. Additionally, for the case of convex problems,
the KKT are also sufficient conditions, i.e., if the points x and (A, v) satisfy the KKT conditions,
then they are optimal points for the primal and dual problems and have a zero duality gap (note
that the feasibility of the points is assured by the KKT conditions).

2.3.5 Solving Convex Problems

As commented, in case that the objective and constraint functions in a convex problem are
differentiable and strong duality holds, which is the most usual situation, the KKT conditions
are necessary and sufficient conditions for a solution to be optimal. Hence, these equations can

be used to find a closed-form solution to the optimization problem, if possible.

Note, however, that even in the case that a closed-form solution cannot be found, an optimal
solution can always be calculated by applying an adequate numerical method. Currently, there
exist many efficient algorithms for solving any kind of convex problem with excellent convergence
properties and not suffering from the usual problems of traditional methods, such as sensitivity to
the algorithm initialization. Among the efficient algorithms, the so called interior point methods
(also called barrier methods), which were first introduced by Nesterov and Nemirovski in [Nes94],
have to be highlighted. These algorithms find the optimal solution by solving a sequence of
smooth (i.e., continuous second derivatives are assumed) unconstrained problems, usually using
the Newton’s method [Ber99, Boy04]. There also exist interior-point methods that are able to
calculate not only the optimal value of the primal variables, but also the optimal dual variables,

i.e., the Lagrange multipliers (these techniques are called the primal-dual interior point methods).

Even when the functions involved in a convex optimization problem are not differentiable,
the solution can also be found by applying algorithms such as the cutting-plane and ellipsoidal
methods [Gof99, Boy04]. These techniques start with the feasible set, and iteratively divide it
into two halfspaces rejecting the one that is known not to contain any optimal solution (in the
case of cutting-plane), or sequentially reduce and ellipsoid known to contain an optimal solution.

According to this, the optimal solution is asymptotically found.
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Chapter 3

Joint Beamforming Design in
MIMO-OFDM Single-User
Communications

3.1 Introduction

As explained previously, the use of space diversity, consisting in the exploitation of multiple
antennas at the transmitter and/or the receiver, is an effective method to improve the per-
formance of the communication link and the capacity of the scattered wireless channel while
maintaining the required transmit power and bandwidth. The most general case corresponds,
as commented in the previous chapters, to a MIMO channel, in which multiple antennas are

available simultaneously at both the transmitter and the receiver.

The design of the communication system depends on the quantity and the quality of the
CSI available at both sides of the communication link. Obviously, the highest performance is
attained when the channel estimate is perfect and known at the transmitter and the receiver. In
this situation, and if the bit rate is fixed, joint beamforming schemes can be applied to maximize

the SNIR, leading to solutions in which the best spatial eigenmode is chosen for transmission.

In [L099], this approach is taken and the problem of designing the optimum transmit beam-
former is addressed, although no CCI is considered, i.e., the interferences contribution at the
receiver is not taken into account. A more general case corresponding to a single-carrier signaling
through a MIMO frequency selective channel is analyzed in [Yan94b| and [Yan94a], where the
optimum transmit and receive filters are designed in the frequency domain taking into account

the presence of interferences at the receiver and according to the MMSE criterion.

In many practical systems, such as the terrestrial broadcasting standards DVB-T and T-
DAB, and the WLAN’s HiperLAN/2 [ETS00] and IEEE 802.11a [IEE99], the multicarrier OFDM

35
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[Bin90, Nee98, Wan00] modulation is used. This multicarrier signaling has also been adopted by
some wireline standards, such as those corresponding to DSL, in which the DMT modulation
is used. Thanks to the multicarrier modulation, the transmission bandwidth is divided into
several parallel subchannels or subcarriers, so that the equivalent channel for each of them
can be assumed to be frequency flat, even when the channel response is time dispersive and,
therefore, frequency selective. The complexity of the OFDM modulation is extremely low, since
the modulation and demodulation processes, based on the IFFT and the FFT, respectively, and

the equalization, have a very low computational load.

In the literature, there are some works in which the combination of OFDM with MIMO
channels has been addressed. In [Won01], a MIMO channel combined with the use of the OFDM
modulation is considered, assuming a perfect CSI at both the transmitter and the receiver. In
that paper, the design of the transmit and receiver beamformers is deduced, so that the SNIR
per carrier is maximized. However, the total available transmit power is distributed in a uniform

way among the subcarriers, leading to an inefficient power allocation.

This chapter is devoted to the design of a single-user MIMO-OFDM communication system
in which the CSI is assumed to be perfect and complete at both the transmitter and the receiver.
The system, whose architecture is based on a joint beamforming approach per carrier, is designed
so that the beamvectors maximizing the SNIR are obtained, and appropriate power allocation
policies among the subcarriers of the OFDM modulation are found. The proposed power allo-
cation strategies have a low computational load and are based on several global performance

functions.

These techniques were afterwards applied to the case of multiple beamforming and taking
general optimization criteria under the theories of convex optimization [Roc7la, Boy04] and
majorization [Mar79]. In [Pal03a], the design is addressed in a multicarrier system under a
global transmit power constraint, whereas in [Pal04], the problem consists in minimizing the

transmit power subject to QoS constraints.

The chapter is organized as follows. In Section 3.2, the main properties of the OFDM mod-
ulation are first summarized in §3.2.1. Afterwards, in §3.2.2, the system model corresponding to
the combination of MIMO channels and OFDM based on joint beamforming is deduced. The
expression of the transmit and receive beamvectors maximizing the SNIR is obtained in §3.2.3.
The proposed power allocation strategies are analyzed in Section 3.3, whereas they are evalu-
ated and compared by means of several simulation results in Section 3.4. Finally, the chapter

summary and some conclusions are provided in Section 3.5.

The results obtained in this chapter have been published in [PI04f, PI0la, PI0lc, PI02b,
PI02e].
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3.2 The Communication System

The description of the system considered in this chapter is now presented. A single-user commu-
nication is assumed, i.e., only one communication link is to be designed according to a perfect
channel estimate available at both sides of the link. The system architecture is based on the
combination of the OFDM modulation and a MIMO channel, where the number of transmit and

receive antennas is ny and ng, respectively.

The final objective consists not only in deducing the optimum joint design of the transmit
and receive beamvectors, but also in proposing power allocation strategies among the subcarriers
of the OFDM modulation that are suitable for the multicarrier communication and with a lower

complexity than other classical solutions.

3.2.1 The OFDM Modulation

The OFDM modulation is a multicarrier signaling scheme that has been adopted by many
systems for the physical layer. The general principles of this modulation are now given before
explaining how it can be exploited in a MIMO system. See [Bin90, Nee98, Wan00]|, among
other references, for more details about this multicarrier modulation. The presentation is given
assuming a SISO channel and no pre-processing at the transmitter, although the extension
to MIMO channels with transmit and receive beamforming is direct, as will be shown in the

following subsections.

Let us assume a N-carriers OFDM modulation, i.e., the number of subchannels in which
the available transmission bandwidth is divided is NV, where £k = 0,..., N — 1 is the subcarrier
index. The stream of QAM symbols to be transmitted is divided into N parallel substreams
using a S/P converter, so that they are transmitted simultaneously through the N subcarriers.
Let sip(m) be the QAM symbol to be transmitted through the kth subcarrier during the mth
slot or time period of duration T corresponding to one OFDM symbol (in OFDM, the duration
of a symbol corresponds to the time period during which each of the carriers is modulated by
the same symbol). In the following, the information symbols will be assumed to be i.i.d. with

zero-mean and to have a normalized energy (E[|s;(m)*] = 1).

Each OFDM symbol is composed of two parts: the CP, of duration Top, and the useful part,
of duration T, i.e., Ts = Tep + T. Usually, and if no oversampling is applied, the sampling
frequency used by the DSP’s is equal to fs = N/T, so that the total number of samples in one
OFDM symbol is P = D + N, where D = NT¢p/T and N are the number of samples in the
CP and the useful part, respectively. The CP is typically added at the beginning of each OFDM
symbol, and its D samples are equal to the last D samples of the useful part of the symbol (see
Figure 3.1).
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P samples (duration T)

D samples (duration T,) . N samples (duration T)
cycr:iczz;jll’jefix_(:[CP) X(m,0) Xp(m,1) .- X(MN-D-1) | x(m,N-D) .- Xr(mM,N-1)
_ — —-—-
NV
T D samples ‘

Figure 3.1: Structure of an OFDM symbol composed of the CP and the useful part.

The base-band frequency corresponding to the kth carrier is represented by fr. In OFDM,
the values of these frequencies are fy = k/T, k = 0,..., N — 1 and, therefore, the carriers are
separated by a frequency equal to 1/T. According to this, the D + N samples corresponding to

the transmitted signal in the time domain during the mth OFDM symbol can be expressed as

N-1 N-1
rr(m,n) & — E sp(m)e’ ™I = — g sg(m)e! v —D <n <N, (3.1)
N k=0 N k=0

where n is the temporal sample index, the first D samples (—D < n < 0) correspond to the
CP, and the last N ones (0 < n < N) constitute the useful part of the symbol (see Figure 3.1).
Note that the generation of the samples in (3.1) can be easily implemented through a N-points
unitary TFFT (the TFFT is said to be unitary since the factor 1/v/N is added in (3.1), so that
the energy is preserved after the inverse Fourier transform). In Figure 3.2, the block diagram
of the OFDM modulator is shown. Consequently, the final transmitted sampled signal resulting

from the concatenation of all the transmitted OFDM symbols is

00
zr(n) £ Z zp(m,n —mP). (3.2)
m=—o0
The channel is assumed to be time invariant and frequency selective and, therefore, it has
to be represented by a time response with a number of taps L generally greater than 1. Let
h(n), n = 0,...,L — 1, represent the time response of the wireless channel sampled at the
frequency fs. Thus, the received signal 2z (n) can be expressed as

L—-1

zr(n) = Z h(D)zr(n —1) +n(n) = zp(n) * h(n) + n(n), (3.3)
1=0

where n(n) represents the noise plus interferences contribution at the receiver. If the number of
samples of the CP D is equal to or higher than the channel order L — 1, then the equalization
process and the detection of the QAM symbols is extremely simplified. As shown in Figure 3.3,
the detection is based on the output of the unitary FFT applied to the received samples. Let us
define the variable yi(m) as

=

1 or
yr(m) £ —N zr(mP + n)eﬁ%k", (3.4)
0

S
I



Chapter 3. Joint Beamforming Design in MIMO-OFDM Single-User Communications 39
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Figure 3.2: Block diagram of an OFDM modulator. (a) OFDM modulator as a bank of complex subcar-
riers modulated by the QAM symbols at the output of the S/P converter. (b) Practical implementation
of the OFDM modulator based on the application of a unitary IFFT.

resulting from the removal of the CP corresponding to the mth OFDM symbol and the appli-
cation of the unitary FFT to the samples of the useful part of the symbol. Under the presumed
assumptions regarding the channel length (D > L — 1), the variable y;(m) can be shown to be

yr(m) = H(k)sg(m) + ng(m), (3.5)

where H (k) and ng(m) represent the Fourier transform of the channel and the noise plus inter-

ferences contribution:

L—1 N—
H(k) 2" hin)e 755, Z (mP +n)e I 5. (3.6)
n=0 =

Consequently, according to (3.5), the transmission of the symbol s;(m) through the kth subcar-
rier is equivalent to the transmission through a flat fading channel with a gain equal to H (k)

and a noise plus interferences contribution equal to ng(m).
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Figure 3.3: Block diagram of the OFDM demodulator based on the application of the unitary FFT after
the CP removal for each OFDM symbol.

3.2.2 The MIMO Channel

In this chapter, the objective is to design the transmitter and the receiver in a communication
system where both sides of the link have multiple antennas and the signaling scheme is based
on the OFDM modulation. In this case, a perfect CSI is assumed to be available at both the

transmitter and the receiver.

The proposed front-end architecture, as shown in Figure 3.4, is based on joint beamforming.
The N QAM symbols to be transmitted in the same OFDM symbol are collected in the vector
s(m) £ [so(m)- --sN_l(m)]T € €N*', where E[s(m)sf (m)] = I, since the symbols are ii.d.
with a normalized energy and zero-mean. The independence of the symbols is true if no channel
coding is applied before modulating them. Indeed, all the commercial communication systems
use always some coding to improve the system performance. In this dissertation, however, the
attention is focused on the uncoded performance of the system and, consequently, no coding will

be considered and the symbols will be assumed to be independent.

At the transmitter, the symbol corresponding to the kth subcarrier is multiplied by the
transmit beamvector by = [by(k) - - bnT(k)]T € €"7*! before being modulated by the IFFT.
That means that, at the pth transmit antenna, the amplitude and the phase of the kth subcarrier
is modulated by s (m)by, (k) instead of s;(m), obtaining the transmitted signal m%’) (n) as a result

(see Figure 3.5(a)).

The channel is assumed to be time invariant. Let hgp,(n) be the L-taps long time response
of the MIMO channel between the pth transmit and gth receive antennas, respectively, with

associated frequency response

L-1
2Tk
Hyp(k) = Z hqp(n)e I ¥ e, (3.7)

n=0

As commented in the previous subsection, the length of the CP will be assumed to be higher

(9)

than or equal to L — 1. The received signal samples x5’ (n) at the gth antenna result from the

linear combination of the transmitted signals from all the transmit antennas taking into account
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pre-beamforming
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Figure 3.4: Beamforming architecture for the single-user MIMO-OFDM system. (a) Transmitter ar-
chitecture based on a pre-beamforming per subcarrier. (b) Receiver architecture based on a post-
beamforming per subcarrier.

the channel effects and the noise plus interferences contribution:

w%) (n) = Zxé’f) (n) % hgp(n) + n(®(n). (3.8)
p=1

Taking into account the result (3.5), the sample corresponding to the kth subcarrier after

the FFT demodulation at the gth receive antenna can be expressed as

D (m) =S sp(m) Hyp (k)b (k) +nl® (m), (3.9)
p=1

where n,(f) (m) & \/LN 27]1\7:_01 n(® (mP + n)e‘j%ﬂk”.

All the samples corresponding to all the receive antennas and the kth subcarrier can be
collected in a single snapshot vector yj(m) = [y,(cl)(m) e y,(CnR)(m)]T € €"»*! Using (3.9), the

snapshot vector model can be rewritten in a compact way as

yr(m) = Hybgsi(m) + ng(m) € ©"R*L, (3.10)
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Figure 3.5: Detailed structure of the transmitter and the receiver based on beamforming per carrier.
(a) OFDM modulation scheme corresponding to the pth transmit antenna based on beamforming. (b)
Receiver structure based on beamforming corresponding to the kth subcarrier.

where
Hyi(k) -+ Hypp(k)
H; £ : : € C"RXT (3.11)
HnR,l(k) H”RynT (k)

is the MIMO channel response at the kth subcarrier and nj(m) £ [n,(ﬁl)(m) : --n,gnR)(m)]T €
€7 *1! represents the noise plus interferences contribution, i.e., the noise plus interferences snap-

shot vector, at the same frequency.

The receiver is also based on beamforming, which means that the received samples after
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the FFT are combined before detecting the transmitted symbols. The coefficients that are used
in the linear combination of the samples corresponding to the kth subcarrier are collected in
the receive beamvector ay, = [a1 (k) - - - anR(k)]T € €""*!, Using this, the following operation is
performed (see Figures 3.4(b) and 3.5(b)):

nR
ri(m) 23" ah(k)y (m) = aflyy(m) = allHybgsy(m) + aflng(m), (3.12)
q=1

where r;(m) is the soft-estimate of the transmitted symbol si(m). The final decision or hard-

estimate of the transmitted symbol is obtained by demodulating r(m), i.e.,

Sk(m) = dec {ri(m)}. (3.13)

3.2.3 The Optimum Transmit and Receive Beamvectors

The quality of the detection and the symbol estimation depends directly on the SNIR. For
the concrete system and signal models presented previously, the SNIR at the kth subcarrier is

expressed as
E[|af Hybgsi(m)|?]  |af Hyby|?

SNIRy, = = , (3.14)
E [|al ng(m)|?] allR, (k)ay
where R, (k) is the correlation matrix of the noise plus interferences contribution, i.e.,
R, (k) £ E [ng(m)nf (m)] € €"»*"x, (3.15)

An upper-bound on the SNIR can be found by applying the Cauchy-Schwarz inequality' to the
numerator of (3.14) using the vectors Ry 2(k)a,yC and R, "/ 2(k)Hkbk.2 The following result is

then obtained:
|a; Hyby |

SNIR; =
k a; R, (k)ay

< bIHIR, (k)H,by. (3.16)

From (3.16) it is concluded that the upper bound depends only on the transmit beamvector
by. The receive beamvector a; that maximizes the SNIR and attains the upper-bound is given

by the equality condition of the Cauchy-Schwarz inequality, leading to
ar = xR, (k)Hyby, (3.17)

which corresponds to the whitened matched filter or Wiener filter [Pro95, Won01]. The scalar

ay, does not affect the SNIR and can be chosen, for example, to obtain a normalized value of the

'The Cauchy-Schwarz inequality is given by |x7y|? < ||x||?||y||?>. The equality holds if and only if x and y are
colinear, i.e., x x y.

2The inverse and the Hermitian square root of the matrix R, (k) exist always since R, (k) is a Hermitian
positive definite matrix, i.e., it diagonalizes and all its eigenvalues are strictly positive due to the presence of
AWGN [Gol96].
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equivalent channel at the detection stage, i.e., akHHkb,yC =1 (in (3.12), it is seen that akHHkb,yC

is the factor that multiplies the transmitted symbol sy (m)).

When considering the design of the transmit beamvectors {by}, the power constraints at the
transmitter have to be taken into account. The transmit power through all the antennas for the
kth subcarrier is proportional to ||bg||? = bifbj. The objective is to maximize the SNIR per

carrier assuming that the matched filter (3.17) is used at the receiver, whose expression is
SNIR; = bj/ HI'R ' (k)H;by, (3.18)
subject to a carrier power constraint formulated as ||bg||? = P.

In order to deduce the expression of the optimum transmit beamvector, which has also been
found in [Won01], let us use the eigendecomposition of the Hermitian matrix HIR,'(k)Hy,
which is given by [Gol96]

HIR,'(k)H; = UpA,UZ, (3.19)

where Ay, = diag({\i(k),..., A\, (k)}) € IR™*" is the diagonal matrix containing the
eigenvalues sorted in decreasing order, i.e., Ai(k) = Apax (HkHRgl(k)Hk) = Amax(k), and
U = [u(k) - up, (k)] € C"™*"7 is the unitary matrix containing the normalized eigenvectors
associated to the eigenvalues, i.e., u; (k) = umax (HI’R; ' (k)Hy,) € €"7*!. Let us also represent
the transmit beamvector by, to be designed in terms of its coordinates 8y, = [B1(k) - - - By (k)] Te
€71 when expressed in the basis given by the eigenvectors, i.e., by = UB;.. Using this rep-
resentation, the transmit power constraint in terms of the coordinates {3;(k)} is given by

nr

bi'b, = B U UB, =B B =D 1Bi(k)* = Py, (3.20)
=1

whereas the SNIR can be rewritten as

nr
SNIRy, = by H{' R, " (k)Hyby = By U UL A UL UrBy, = B ArBy, = > Ni(k)|Bi(k)*. (3.21)
=1

The maximization of (3.21) subject to the constraint (3.20) corresponds to a linear program
with linear constraints, taking {|3;(k)|?} as the optimization variables, whose solution is given
by |81(k)|? = Py, |Bi(k)|*> =0, i > 1. That means that all the power of the kth subcarrier Py is
allocated to the maximum eigenvector and, therefore, the closed-form solution to the problem

of the transmit beamvector design is
bi = /Prtmax (HEY R, (k) Hy) € €™ (3.22)

i.e., the optimum transmit beamvector is a scaled version of the maximum eigenvector of
H/ R, ' (k)H}, and, thus, the resulting SNIR is

SNIRy, = Amax (k) Ps, (3.23)
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which means that the final SNIR depends on the MIMO channel through the gain Amax (k)
and on the power distribution among the subcarriers through Py. In this joint beamforming
design, the main role of the MIMO channel when compared to a SISO transmission is to provide
diversity through Amax (k).

3.3 Power Allocation Strategies

In a real system, the power constraint refers to a global transmit power constraint, i.e., to the
total power Py that has to be distributed among the subcarriers according to the CSI, i.e.,
according to the channel {Hj} and the noise plus interferences correlation {R,,(k)} matrices.

This global power constraint, formulated in the frequency domain, is expressed as

N—

—_

P, = D, (3.24)
k=0

The power distribution among the subcarriers depends on the adopted optimization criterion,
which is closely related to the definition of a figure of merit that measures a global system

performance as a function of the SNIR at all the subcarriers.

In the following, some optimization criteria are identified in order to deduce the correspond-
ing power allocation strategies. These criteria are compared asymptotically to other classical
solutions, showing that the proposed techniques are asymptotically equivalent while having a

quite lower computational load.

3.3.1 GEOM: Maximization of the Geometric Mean of the SNIR

The first proposed performance function is the geometric mean of the SNIR averaged over the
subcarriers G ({SNIRk}), which is defined as

N-1 N-1
G ({SNIR;}) 2 [T SNIRY™ = TT (Amax(k)P) "™, (3.25)
k=0 k=0

assuming that all the maximum eigenvalues are greater than 0 because, otherwise, the geometric

mean would be equal to 0 for any power distribution.

The power distribution that maximizes the geometric mean subject to the global transmit
power constraint (3.24) can be calculated in closed-form, since the geometric mean is a concave
function of the power allocation variables {Py} and the KKT conditions can be applied and
solved (see §2.3 on convex optimization and Appendix 3.A, where the proof of the concavity of

the geometric mean is given and the solution to the KKT conditions is found).
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The solution to this problem can be shown to correspond to a uniform power allocation, i.e.,

the same power is allocated to all the subcarriers:

I 0
PkGEOM , (326)
and, therefore, the SNIR iS given by
k Z\r ma,x( ) (3 )

The main problem of the uniform power allocation is that it does not cope well with fre-
quency selective channels, i.e., with scenarios in which the channel or the noise plus interferences
correlation matrices depend on the frequency. In the following subsections, other power alloca-
tion strategies more suitable for frequency selective channels are proposed, while still having a

low computational complexity.

The uniform power allocation is related to the solution that maximizes the mutual informa-
tion, i.e., the power distribution that achieves capacity [Sha48]. If the capacity is to be achieved,
more than one eigenmode of H'R,!(k)Hj may be required to be used for transmission [Ral98]
at each carrier. In case that the system architecture is constrained so that only one eigenmode
is used per carrier, then the maximum one is chosen and the power among the subcarriers is

allocated according to the water-filling solution given by [Ral98]

1
PISAP:maX{O,M—W}, (328)
max

where p is a constant calculated so that the global power constraint (3.24) is fulfilled. Note
that in this solution, the subcarriers with the highest Amax(k) are allocated more power, and
that some of the subcarriers, the ones with the lowest MIMO channel gain Apax(k), may be
cancelled, i.e., may be allocated no power (P*” = 0). Consequently, calculating the value of the
parameter y requires some computational effort, since an iterative algorithm has to be applied
in order to identify which are the active subcarriers. It is important to remark that the capacity
is achieved, not only if the power is distributed in this way, but also if the statistical distribution
of the transmitted symbols is Gaussian [Sha48] (assuming that at the receiver, the interferences
and the noise are Gaussian distributed). Obviously, in a realistic deployment, the modulation
format is fixed and the signal constellation is finite and, therefore, the capacity will not be

achieved, even if the power allocation (3.28) is applied.

If the global transmit power Pp is high enough and all the maximum eigenvalues are different
from 0, then all the subcarriers are allocated a power different from 0, i.e., all the subcarriers

are suitable for transmission. In this case, the parameter u can be calculated as

N-1
P 1 1

= — + — _ 3.29

a N+N§Amax(l) (3:29)



Chapter 3. Joint Beamforming Design in MIMO-OFDM Single-User Communications 47

As a consequence of this result, the following asymptotic result can be shown to hold, which
relates the GEOM and the CAP power allocation techniques:

CAP
Plc
GEOM
Pk

lim
Py—o0

=1, (3.30)

i.e., both techniques are asymptotically equal when the transmit power is high.

3.3.2 HARM: Maximization of the Harmonic Mean of the SNIR

A possible alternative different from the previous ones consists in distributing the total transmit
power Py so that the harmonic mean of the SNIR averaged over the subcarriers H ({SNIRk})
is maximized. The harmonic mean is defined as

N N

N-1 N—-1 1

H ({SNIR.}) £ — = :
k=0 SNIR, Zkzo Amax (k) Py,

(3.31)

As shown in Appendix 3.B, the harmonic mean is a concave function of the power allocation
variables {P;}. Taking into account the theory on convex optimization presented in §2.3, the
KKT conditions can be applied to the optimization problem, as also shown in Appendix 3.B,
obtaining the following closed-form expression of the optimum power allocation and assuming

that all the maximum eigenvalues are greater than 0:

Py

1

PR = T (3.32)

— 1 ?

=0 e (D) v/ Amax (k)

and, therefore, the resulting SNIR is
SNIRLARM — i Amax (k 3.33
B E o V Amax(k) (3.33)
=0 \/Amax(D)

From (3.32) it is deduced that the power allocated to each subcarrier scales linearly with P
and that more power is allocated to those carriers with a lower Apax(k), i.e., to those frequencies
in which the channel has a fading and/or the level of the noise plus interferences is high. It
is possible that, for a concrete channel or noise plus interferences realization, a deep fading
occurs at some subcarrier. In that case, most of the power would be wasted in that frequency
and, therefore, the performance of the other subcarriers would be lower. However, this seldom
happens in a MIMO channel with a minimum angular and delay spread since, as the number
of antennas is higher, the maximum eigenvalues also increase. In Figure 3.6, the cdf’s of the
maximum eigenvalues are shown for different number of transmit and receive antennas (the
notation ny + npg is used to indicate that ny transmit and ng receive antennas are available).
The angular spread is 30° at the transmitter and 15° at the receiver, whereas the power delay
profile is that corresponding to model A [ETS98] standardized for the HiperLAN/2 system
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Figure 3.6: Cdf’s of the maximum eigenvalues for a MIMO channel with an angular spread of 30° at
the transmitter and 15° at the receiver, and a power delay profile corresponding to model A, for different
number of transmit and receive antennas.

[ETS00]. The antenna arrays at both the transmitter and the receiver are linear, with a half
wavelength ()\/2) interelement separation. From the figure, it is concluded that the probability

of deep fades is quite low as the number of antennas increases.

As shown in [PI01c], this criterion is equivalent to the ZF solution, in which the MSE averaged

over the subcarriers, which is defined as

N-1
¢ 2 E[|rk(m) — s(m)|?] (3.34)
k=0
N-1 N-1
= Ellaf ye(m) — sp(m)] = Y (Jaf Hgby, — 1] + af Rp(k)ag),  (3.35)
k=0 k=0

is minimized subject to constraints related to the equivalent channel gains, which must be equal

to 1 at all the carriers, i.e., akHHkbk =1.

The HARM technique is asymptotically related to the power allocation resulting from the
MMSE criterion with no constraint over the equivalent channel gains. The MMSE is a classical
design criterion [Pro95] and can be extended to the case of a MIMO channel, as presented in
[Yan94b]. Here, it is applied to the case of a multicarrier modulation. The optimization must

be carried out by finding the optimum beamvectors at both sides of the communication system,
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obtaining the following solution:

by = /PYMPug, Amax(k)up = HIR, N (B)Hpug, |lugl| = 1, (3.36)
1
PYMSE — max {0, —H : 3.37
g { Amax(k) Amax(k) } ( )
-1

1+b/HIR, ' (k)Hyby

where 1 is a constant calculated to satisfy the global transmit power constraint (3.24). From
(3.37) it is deduced that the power allocated to each subcarrier does not scale linearly with
Fy. Besides, it is possible that, under certain transmit power conditions, the most degraded
subcarriers are not suitable for transmission, i.e., P,"M*" = 0. One disadvantage of this strategy
is that the parameter p has to be calculated by means of iterative methods, which increases the
computational load when compared to the GEOM and the HARM strategies.

When the transmit power Py is high enough and Apax(k) is different from 0 at all the
subcarriers, then all the frequencies are suitable for transmission and the constant p is calculated

as

N—-1 1
_ Py+35 Yoo ()

= N—1 1
21=0 max(])

(3.39)

As a consequence of this result, the following asymptotic relationship between the HARM and

the MMSE power allocation strategies can be shown to hold:

Ié\/[MSE

i.e., for high transmit powers, both solutions tend to distribute the available power in the same

way.

The behaviors of the MMSE strategy, in the case of high transmit power, and the HARM
solution are opposed to the water-filling (CAP distribution), as the first ones allocate more
power to the most degraded subcarriers, while the CAP design injects more power in the best
frequencies. In the case of a low transmit power, the MMSE strategy behaves in a similar way

than CAP, allocating more power to the most degraded frequencies.

3.3.3 MAXMIN: Maximization of the Minimum SNIR
In an OFDM system, the worst subcarrier is the one that makes the error probability rise and,
therefore, it is convenient to force the minimum SNIR over the subcarriers to be maximum.

Let us assume that an arbitrary power allocation Py is applied. Given this power distribution,

let M be the set of subcarriers attaining the maximum SNIR, and let M bet the set of carriers
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with the minimum SNIR. If M # M, the minimum SNIR, i.e., the SNIR for the subcarriers in
M can be improved by decreasing the power allocated to the carriers in M and increasing the
power for the subcarriers in M, while still fulfilling the global transmit power constraint (3.24).
This procedure can be applied until M = M, which corresponds to the situation in which all
the carriers of the OFDM modulation have the same SNIR, i.e.:

SNIR; = SNIRy = cte, VE, &' =  Amax(k)Ps = Amax (k') Py = cte, VK. (3.41)

According to this result, the MAXMIN power allocation technique is expressed as follows:
Po 1

PMAXMIN _ , 342
k Zl 0 /\max Amax(k) ( )
and, consequently, the obtained SNIR is
SNIR,}Z[AXMIN = %01, (343)
1=0 X (D)

which, as commented previously, is equal for all the subcarriers.

From (3.42) it is deduced that the powers allocated to the subcarriers are proportional to
the global transmit power Py. As in the case of the HARM technique, the MAXMIN solution
allocates more power to the subcarriers in which the global frequency response of the channel

has a fading and/or the level of the noise plus interferences contribution is high.

The computational load associated to this power allocation strategy is the lowest one com-
pared to all the other strategies, except GEOM, i.e., it has the lowest complexity among the
techniques suitable for frequency selective channels. Additionally, in the case of a scenario in
which the noise plus interferences contribution are Gaussian distributed, this solution mini-
mizes asymptotically the Chernoff upper-bound on the mean error probability, as deduced in

the following.

Let us define the effective error probability P, .+ as the error probability averaged over all

the subcarriers, assuming that no channel coding is applied:3

-1
1
L §
eeﬁ ﬁ e Pe (344)

where P,(k) is the error probability associated to the kth subcarrier

In the case of a scenario in which the interferences and the noise are Gaussian distributed,

the error probability corresponding to the kth subcarrier can be expressed approximately as

Po(k) ~ a4 Q (\/kmSNIRk> : (3.45)

3The expression of the effective error probability is correct when the detection of the symbol s(m) is based
only on r(m), i.e., when the information received in other frequencies is not used, which is optimum when the
interferences and the noise contributions at different frequencies are independent.
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where Q(z) = \/%7 fxoo et/ 2dt, and oy, and k,, are constants depending on the signal constel-
lation applied to the subcarriers [Pro95] (for BPSK, ay, = 1 and k,, = 2).

The solution to the problem of minimizing the effective error probability (3.44) subject to
the global transmit power constraint (3.24) is difficult and cannot be calculated in closed-form
and, therefore, numerical methods have to be used in order to apply this design criterion. An
approximated solution to the problem can be found by minimizing the Chernoff upper-bound
[Boy04, Ong03] on the error probability deduced from Q(z) < e=*"/2;

o N-1

Zm N7 e ghmAmax(k)Pr 3.46

Y (3.46)
k=0

f <

The minimization of the expression above subject to the global power constraint (3.24) has
been performed in works such as [Ong03], leading to the following solution under the name MEP

(minimum effective error probability):

2 max {0, log(Amax (k) + 1}

PMEP — ,
km Amax (k)

(3.47)

where p is a constant calculated to satisfy the global transmit power constraint (3.24). As in the
CAP and the MMSE solutions, in the case of the minimization of the Chernoff upper-bound on
the effective error probability, some of the subcarriers may not be suitable for transmission, i.e.,
P'"" = ( and, therefore, the parameter 4 has to be calculated by means of iterative algorithms,
increasing the computational load and making the HARM and the MAXMIN approaches more

attractive in this sense.

If the transmit power P is high enough and A« (k) is different from 0 at all the subcarriers,

all the carriers are suitable for transmission and the parameter p can be calculated as

kmPo _ 5 N=1 log(Amax (1))
ye 2 1=0 ,\max(l) . (3.48)

e )

Using the previous expression, it can be verified that, asymptotically, the following result holds:

kI;VIEP
im, e =1 349

concluding that, for a high transmit power Py, both strategies are equivalent.

In case that the interferences in the scenario are not Gaussian distributed, the MEP power
allocation does not minimize the upper-bound on the error probability. The optimum technique
should then take into account the interferences’ statistical distribution, although this is difficult

in a realistic and practical system.
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Table 3.1: Summary of the different power allocation techniques and asymptotic analysis.

GEOM power alloc. CAP power alloc. Asymptotic analysis
. PCAP
P]{::% Pk:max{o,u—m} P%gnoopngl
HARM power alloc. MMSE power alloc. Asymptotic analysis
by = NIPO L P. = I 1 Li pyMSE
21:6 Amlax(l) \/Ama)((k) k= fax 0, \/)\max(k) B Amax(k) POIE}HOO PI?ARM -
MAXMIN power alloc. MEP power alloc. Asymptotic analysis
P, = o 1 _ 2 max{0,log(Amax(k))+p} : pYEr
F TR s ) Pe = Amae () Py, PRy = 1

3.3.4 Summary and Asymptotic Relationships

In Table 3.1, all the techniques deduced in this chapter are presented as a summary, showing

both the power allocation techniques jointly with the asymptotic relationships among them.

3.4 Simulation Results

Some simulation results are now presented based on the HiperLAN/2 system, an European
standard for WLAN [ETS00]. The modulation specified for the physical layer of this system is
a 64-carriers OFDM, although only 52 subcarriers are active, where 4 of them are pilot carriers
used for synchronization, channel estimation, etc. The number of samples in the CP is D = 16,
with a sampling frequency equal to fs = 20 MHz, leading to T' = 3.2 us and Ty = 4 us. In the
simulations, BPSK subcarrier modulation is assumed and no channel coding is used; thus, the
results refer to the uncoded or raw BER as defined in (3.44). The simulated MIMO channels
are normalized as E[ Zﬁ;é |hq,p(n)|2] = 1, Vp,q. The channel power delay profiles are those
standardized by the ETSI in [ETS98].

In the first simulations, some examples are given concerning the distribution of the available
transmit power among the subcarriers and the resulting SNIR. In Figure 3.7, the maximum
eigenvalues A\ ax (k) are shown for a single realization of a 3+4 MIMO channel with the power
delay profile specified for the model A in [ETS98], corresponding to a rms delay spread of 50
ns. The angular spread at the transmitter and the receiver is 30° and 15°, respectively. The
arrays are linear with a half wavelength (A/2) interelement separation. At the receiver, there
are no interferences, but only AWGN. Figure 3.7 shows that the global MIMO channel transfer

function has two fading bands around the 8th and 55th subcarriers.
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Figure 3.7: Maximum eigenvalue of HI R ! (k)H}, vs. the subcarrier index k for a single realization of
a 3+4 MIMO channel A.

Figures 3.8, 3.9, and 3.10 show the power allocated to each subcarrier and the resulting SNR
for the techniques GEOM-CAP, HARM-MMSE, and MAXMIN-MEP, respectively. These results
are obtained considering two situations: a low transmit power (Py = 1 W) and a high transmit
power (P = 100 W). In the case of a low transmit power, it is shown that the CAP, MMSE,
and MEP criteria (see Figures 3.8(a), 3.9(a), and 3.10(a)) decide not to transmit in those bands
in which the channel presents fading, while allocates more power to the bands with a higher
frequency response. As expected, the GEOM strategy distributes the power uniformly among the
subcarriers and, therefore, the final SNR function is proportional to the maximum eigenvalues
Amax (k) (Figure 3.8). Finally, the HARM and MAXMIN techniques provide more power to those
frequencies in a deeper fading (Figures 3.9 and 3.10), differing from CAP, MMSE, and MEP.
The MAXMIN presents an equalized behavior for the SNR under the criterion of maximizing

the minimum SNR over the subcarriers.

In the case of a high transmit power (P, = 100 W), the behavior of the GEOM technique is
the same as in the case of a low transmit power. The most important difference when increasing
Py refers to the behavior of the MMSE and MEP algorithms. In this case, more power is allocated
to the subcarriers in which the MIMO channel frequency response has low values, which is the
opposed behavior to the case of a low transmit power. Concerning the CAP strategy, it tends

to distribute the power in a uniform way, as the GEOM technique (see Figure 3.8(b)), and as
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Figure 3.8: Power distribution among the subcarriers and resulting SNR according to the GEOM and
CAP techniques. (a) Low transmit power (Pp =1 W). (b) High transmit power (Pp = 100 W).
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Figure 3.9: Power distribution among the subcarriers and resulting SNR according to the HARM and

MMSE techniques. (a) Low transmit power (Pp = 1 W). (b) High transmit power (P, = 100 W).
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Figure 3.10: Power distribution among the subcarriers and resulting SNR according to the MAXMIN
and MEP techniques. (a) Low transmit power (Pp =1 W). (b) High transmit power (Pp = 100 W).
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Figure 3.11: Comparison of the performance of the GEOM and CAP power allocation techniques in
terms of the uncoded effective BER vs. the SIR for two SNR conditions: 5 and 10 dB. In the simu-
lated scenario, 3 transmit and 4 receive antennas are available. The channel power delay profile is that
corresponding to model E. Two different angular spread conditions have been considered: 30° at the
transmitter and 15° at the receiver, and 40° at the transmitter and 60° at the receiver. There are 2
equal-level interferences from other OFDM transmitters.

proved in §3.3.1. It is also seen that the pairs of techniques HARM-MMSE and MAXMIN-MEP
distribute the power in a very similar way when Py is high (see Figures 3.9(b) and 3.10(b)), as
deduced theoretically in §3.3.2 and §3.3.3, respectively.

In the following, some figures are given showing the performance of the techniques in terms
of the uncoded BER. In these figures, the SNR and the SIR are defined as follows: SNR =
Pyngng/o? and SIR = Pynr /P, where 02 and P; are the mean power of the AWGN and the
interferences at each receive antenna, respectively. The interferences correspond to other OFDM

transmissions with the same modulation format as the desired signal.

Figure 3.11 shows the comparison between the GEOM and CAP power allocation strategies
in terms of the uncoded BER . in a 3+4 antennas scenario assuming the power delay profile for
channel E (rms delay spread equal to 250 ns). The performance has been represented vs. the
SIR assuming 2 equal-level interferences and two SNR conditions: 5 and 10 dB. Two different
angular spreads have been simulated, 30° at the transmitter and 15° at the receiver, and 40° at
the transmitter and 60° at the receiver. From the figure, it is concluded that GEOM performs
better than CAP, even taking into account that GEOM distributes the power in a uniform
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Figure 3.12: Comparison of the performance of the HARM and MMSE power allocation techniques
in terms of the uncoded effective BER, vs. the SNR for two interference conditions: 1 interference from
another OFDM transmitter with a SIR. = —5 dB and no interference. In the simulated scenario, 2 transmit
and 2 receive antennas are available. The channel power delay profile is that corresponding to model E.
Two different angular spread conditions have been considered: 30° at the transmitter and 15° at the
receiver, and 40° at the transmitter and 60° at the receiver.

way. An additional conclusion is that, in this case, an increase of the angular spread implies an

improvement of the BER, due to the increase of the space diversity.

The performance of the HARM and MMSE techniques is shown in Figure 3.12, where a 2+2
antennas scenario is considered. The BER is represented vs. the SNR assuming two interferences
conditions: one interference with a SIR equal to -5 dB, and no interference. The simulated angular
spreads and the power delay profile are the same as in the previous figure. In the figure, it is
seen that the HARM technique performs better than the MMSE strategy in all the simulated
SNR range. Besides, and as commented in §3.3.2, the computational load of HARM is lower
than in the case of MMSE, concluding that HARM is more suitable for OFDM than MMSE.
Regarding the angular spread, the same conclusion as in the previous case is obtained, i.e., an

increase of the angular spread implies an improvement of the BER.

The same scenario and channel conditions have been assumed in the simulations correspond-
ing to Figure 3.13, where the MAXMIN and the MEP power allocation strategies are compared
in terms of the uncoded BER. As expected, the performance of the MEP strategy, which mini-

mizes the Chernoff upper-bound on the BER, is better than the performance corresponding to
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Figure 3.13: Comparison of the performance of the MAXMIN and MEP power allocation techniques
in terms of the uncoded effective BER vs. the SNR for two interference conditions: 1 interference from
another OFDM transmitter with a SIR, = —5 dB and no interference. In the simulated scenario, 2 transmit
and 2 receive antennas are available. The channel power delay profile is that corresponding to model E.
Two different angular spread conditions have been considered: 30° at the transmitter and 15° at the
receiver, and 40° at the transmitter and 60° at the receiver.

the MAXMIN strategy. Note, however, that the maximum difference between the performance
of both techniques is around 1 dB in terms of SNR, i.e., the performance degradation of the
MAXMIN strategy when compared to MEP is not high. Furthermore, the MEP technique has
the highest computational complexity and, therefore, in some cases, it may be more suitable to
use the MAXMIN strategy. As in the previous simulations, the BER improves if the angular

spread increases.

In Figures 3.14 and 3.15, the GEOM, MMSE, HARM, and MAXMIN approaches are com-
pared. In the considered scenario, 242 antennas are available and the angular spread is equal to
30° at the transmitter and 15° at the receiver. Two interference conditions have been simulated:
one interference with a SIR equal to -5 dB, and no interference. In Figure 3.14, the power delay
profile corresponding to channel A with a delay spread equal to 50 ns has been assumed, whereas
in Figure 3.15, the channel model is C with a delay spread equal to 150 ns. From both figures
similar conclusions can be obtained. In an acceptable range, the worst technique is GEOM,
i.e., the technique performing a uniform power allocation, whereas the MAXMIN and HARM

techniques have the best performance. Note also that, as the transmit power or SNR increases,
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Figure 3.14: Comparison of the performance of the GEOM, MMSE, HARM, and MAXMIN power al-
location techniques in terms of the uncoded effective BER, vs. the SNR for two interference conditions:
1 interference from another OFDM transmitter with a SIR = —5 dB and no interference. In the simu-
lated scenario, 2 transmit and 2 receive antennas are available. The channel power delay profile is that
corresponding to model A. The angular spread is 30° at the transmitter and 15° at the receiver.

MAXMIN tends to perform better than HARM. In case that there is no interference and the
noise is Gaussian, this result is justified by the fact that the MAXMIN strategy minimizes
asymptotically the Chernoff upper-bound on the BER (see §3.3.3). Note, however, that even in
the case that there are non-Gaussian interferences, MAXMIN performs better than HARM for a
high enough SNR and SIR. Note also that for low SNR, i.e., for low values of the transmit power
Py, the MAXMIN strategy may have a worse BER than GEOM and MMSE. This is due to the
fact that MAXMIN allocates more power to the most degraded subcarriers and, therefore, in
case that the available power is low, the performance of the OFDM transmission can be severely
degraded if a deep fading occurs in some carrier, so that most of the power is allocated to that
frequency band. When comparing the performances of the techniques obtained from Figures
3.14 and 3.15, it is seen that increasing the delay spread also improves the performance due to

the increase of the time diversity.

Finally, as far as the computational load is concerned, GEOM is the simplest technique,
followed by MAXMIN, HARM, CAP, MMSE, and MEP.
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Figure 3.15: Comparison of the performance of the GEOM, MMSE, HARM, and MAXMIN power al-
location techniques in terms of the uncoded effective BER, vs. the SNR for two interference conditions:
1 interference from another OFDM transmitter with a SIR = —5 dB and no interference. In the simu-
lated scenario, 2 transmit and 2 receive antennas are available. The channel power delay profile is that
corresponding to model C. The angular spread is 30° at the transmitter and 15° at the receiver.

3.5 Chapter Summary and Conclusions

In this chapter, a design strategy has been presented for a single-user communication system
where the multicarrier OFDM modulation is combined with the use of multiple antennas at
both the transmitter and the receiver, i.e., with a MIMO channel. The design strategy exploits
the full channel knowledge at both sides of the communication system, where this knowledge
encompasses not only the channel response, but also the noise plus interferences correlation
matrices. Based on this, a joint beamforming solution per carrier has been proposed, where the

final objective is the maximization of the SNIR.

After calculating the optimum beamvectors at the transmitter and the receiver, a suitable
power allocation among the subcarriers has to be identified. Three different strategies with a low
computational load have been proposed: GEOM, HARM, and MAXMIN, and their asymptotic
behaviors have been compared to other classical solutions: CAP, MMSE, and MEP.

In the simulations, it has been shown that MAXMIN and HARM have a good performance,
even better than the classical solutions requiring more computational effort. Concretely, the

MAXMIN approach, which consists in the maximization of the worst SNIR over the subcarriers
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leading to a solution where the same SNIR is attained at all the frequencies, has the best
trade-off between complexity and transmission quality, since the performance of this technique
is improved only by MEP, which minimizes the Chernoff upper-bound on the BER, although
MEP has a much higher computational load. From the simulations, it is also concluded that
increasing the angular and delay spreads improves the performance due to the increase of the

space and time diversities.
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3.A Appendix: Power Allocation Maximizing the Geometric
Mean of the SNIR

The geometric mean of the SNIR is given by

N-1 N— N-1

G ({SNIR;}) 2 [T (max(d)P) ™ = H AN (i) H PN = p({P}) T] Mdaxti),  (3.50)

1=0 1=0 1=0

where f({z;}) £ (Hz]\;l xi>1/N and it has been assumed that all the maximum eigenvalues
are greater than 0, since, otherwise, the geometric mean would be equal to 0 for any power
distribution. The function f is concave, since its Hessian matrix is negative semidefinite and,
therefore, the geometric mean is also a concave function of the power allocation variables {P;}.

The proof of the concavity of f is given below.

The expression of the first order derivatives of f is

of({z:}) l(HZNBIxi)I/N

= .51
Oy, N T ’ (3:51)
whereas the second order derivatives of f are given by
No1 YN No1 YN
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Using (3.52), the Hessian matrix of f can be written as
1/N
2 (HZJ\LBI xl) : 2 T

Vi ({zi}) = ————7"— (Wdiag ({1/2{}) —aa’") (3.53)
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where q = [l/xo e l/mN_l]T € RN*!. The Hessian matrix is negative semidefinite VZf =0,

as proved below:
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where v = [vg---vny_1]. The expression above results from the Cauchy-Schwarz inequal-
ity ((a”a)(b”b) > (a’b)?), applied to the vectors a = [1---1]T € RYXl and b =

T
[Uo/mo . 'UN_1/.’L‘N_1] S RNXI.

Taking into account that the function f is concave, the maximization of the geometric mean
of the SNIR can be written as the following convex minimization problem (note that the scalar

factor [IN5' A}r{;ﬁ( ) in (3.50) has not been included since it does not modify the value of the
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optimum power allocation variables {P;}, and that the maximization has been written as the

minimization of the same function changing its sign):

minimize — P-l/ N
{P:} il;[() !
subject to —P; <0, i=0,...,N —1, (3.55)
N—1
P—P=0
=0

The Lagrangian function is given by

N-1 N-1 N—1
LUPY A 2= [ PN =S AP+ (Z P - Po> , (3.56)
0 . .

1=

and the corresponding KKT conditions are:

Pr o= P, (3.59)

APE = 0, k=0,...,N—1, (3.60)

1/N
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All the optimum powers allocated to the subcarriers should be greater than 0 since, otherwise,
the geometric mean would be equal to 0. Consequently, A} =0, £ =0,..., N —1, and, therefore,
from (3.61) it is concluded that all the powers { P} must be equal. Using this result jointly with
(3.59), the following solution is obtained:

P,
P,::FO, k=0,...,N—1. (3.62)

3.B Appendix: Power Allocation Maximizing the Harmonic
Mean of the SNIR

The harmonic mean of the SNIR is given by

H({SNIR}) 2 — 2 = Nf (Dmax()P), (3.63)

1=0 Amax (%) P;

where f({z;}) £ 1/ (El]\;}l 1 /%) and it has been assumed that all the maximum eigenvalues
are greater than 0, since, otherwise, the harmonic mean would be equal to 0 for any power distri-

bution. The harmonic mean results from the composition of the function f, which is concave (its
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Hessian matrix is negative semidefinite), with an affine mapping (z; = Amax (i) P;); consequently,
the harmonic mean is also concave on the variables { P;} [Boy04]. The proof of the concavity of

f is shown in the following.

The expression of the first order derivatives of f is

oftted) 1 1 (3.64)
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whereas the second order derivatives of f are given by
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and, therefore, the Hessian matrix of f can be written as

V() = - ((Z %) diag ({1/27}) - qu) , (3.67)
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where q = [1/$% e 1/3:?\,_1]T € IRNV*!. The Hessian matrix is negative semidefinite V2f < 0,

as proved below:
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where v = [vg---vn_1]. The expression above results from the Cauchy-Schwarz inequal-
ity ((aTa)(b’b) > (a”’b)?), applied to the vectors a = [vg/xg/Q---vN_l/x%gl]T and b =

[1/y@ -1/ /)

Taking into account that the function f is concave, the maximization of the harmonic mean
of the SNIR can be written as the following convex minimization problem, in which the max-
imization of (3.63) has been written as the minimization of the same function changing its
sign:

C _ N
minimize S ——
{Pi} =0 Amax(1)F;

subject to —F; <0, 1=0,...,N -1, (3.69)
N—1

>. P—R =0,

i=0

whose Lagrangian function is given by

N N-1 N-1
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66 3.B. Appendix: Power Allocation Maximizing the Harmonic Mean of the SNIR

and the corresponding KKT conditions are:

P o> 0, k=0,...,N—1, (3.71
x>0, k=0,...,N—1, (3.72)
N-1
Pf = P, (3.73)
k=0
NePE o= 0, k=0,...,N—1, (3.74)
1
LUPY: A 0 N
OL({Pf 1 A% v*) T L S VSN k=0,...,N—1. (3.75)

0P - (=5 ﬁf

All the optimum powers allocated to the subcarriers should be greater than 0 since, otherwise,
the harmonic mean would be equal to 0. Consequently, \f =0, k =0,..., N —1, and, therefore,
from (3.75) it is concluded that the optimum power P} is proportional to 1/ \/m . Using
this result jointly with (3.73), the following solution is obtained:

P, 1
Yk’ iy VAmax(R)

Py k=0,...,N—1. (3.76)




Chapter 4

Joint Beamforming Design in
MIMO-OFDM Multi-User
Communications

4.1 Introduction

In Chapter 3, a joint beamforming approach has been proposed to design a MIMO-OFDM
single-user communication system. In that case, multiple antennas have been used to increase
the diversity and the system performance. Note, however, that the use of multiple transmit and
receive antennas provides additional potentials that can be exploited to improve other aspects of
a communication system. One of the most important ones is the ability to increase the number
of users that can be served simultaneously by the system. This is specially important nowadays,
since the capacity of the current communication systems is becoming more limited when taking
into account the increase of the demand for wireless services, not only in terms of quantity,
but also of quality. In this situation, space diversity plays an important role, since thanks to
the use of multiple antennas, the SDMA can be implemented, so that the signals from different
users can be transmitted simultaneously in time and using the same frequency band. Thus, by
means of spatial processing techniques, these signals can be separated and detected while still

guaranteeing a minimum QoS for each communication.

In this chapter, a multi-user system is designed assuming that all the MT’s and BS’s or AP’s
have multiple antennas, leading to multiple MIMO channels which are exploited simultaneously
in time and using the same frequency. In this kind of scenarios, and depending on the quantity
and the quality of the CSI, several designs and architectures are possible. The objective of this
chapter is to design an optimum SDMA system assuming a perfect CSI that can be used as a
benchmark and comparative framework when designing and evaluating other suboptimum ap-

proaches for multi-user MIMO systems. According to this objective, the existence of a centralized

67
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manager is assumed knowing all the channel responses among all the terminals in the network.
Obviously, this assumption requires the channel to be slowly time variant, so that the transmit-
ter can have an accurate channel estimate through a feedback channel, for example. Currently,
there exist several standards in which this assumption is valid. Among them, some examples can
be mentioned, such as the European WLAN HiperLAN/2 [ETS00] and the IEEE 802.11a system
[IEE99]. As commented in §3.1, these WLAN’s use the OFDM modulation for the physical layer
(see §3.2.1) and, therefore, the use of the OFDM by all the terminals is assumed in this chapter.

The design of the multi-user system will be based on a joint beamforming approach, as also
in Chapter 3, i.e., all the transmitters and the receivers exploit a beamforming architecture per
carrier (see Figure 3.4). Under this consideration, the receiver is based on a bank of single-user
detectors and a joint design of all the transmit beamvectors is carried out by the centralized
manager, trying to minimize the total transmit power. This will be done subject to several QoS
constraints formulated in terms of a maximum BER for each communications and, possibly,
constraints regarding the maximum transmit power for some MT’s. This optimization problem
is very difficult to solve, since the constraint set over which the optimization has to be carried
out is not convex. As a solution to this problem, the application of the SA technique will be
proposed, a very powerful heuristic optimization tool able to find the global optimum solution
to an optimization problem, even when the problem is not convex. This is the main difference
when compared with other proposals and works found in the literature, in which the design is
based on GS or AM techniques that may find local suboptimum solutions since they are not
able to handle non-convex problems. Besides, the notation and network configurations proposed
in this chapter are quite general and encompass as particular cases, among other configurations,

the uplink and downlink transmissions in cellular networks.

There are some papers in the literature considering similar joint beamforming problems.
In [Lok00], an uplink MC-CDMA system is presented with one transmit antenna and several
antennas at the receiver. The problem consists in the design of the optimum receiver and the
transmit frequency signatures for each user. According to this, the obtained notation and the
mathematical optimization problem are shown to be equivalent to the ones presented in this
chapter. There, the QoS constraints are formulated in terms of a minimum SNIR for each user
instead of a maximum BER, and no constraints are applied regarding the maximum individual
transmit powers. The optimization problem is solved by using a GS technique based on the

Lagrange multipliers method and the penalty functions.

In [Won01], a multi-user MIMO-OFDM system based on joint beamforming is also consid-
ered. There, the optimization of the transmit beamvectors is based on the application of the
AM technique, i.e., when designing the beamvector for one user, all the other beamvectors are
assumed to be fixed. Once the design is finished, the optimization of the beamvector for another

user is performed. This is applied successively until convergence is attained, although the global
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optimum is not guaranteed to be found nor are the QoS constraints in terms of a minimum
SNIR guaranteed to be fulfilled.

The case of an uplink flat fading MIMO multi-user channel is analyzed in [Cha02], where
both the MT’s and the BS’s are assumed to have multiple antennas. Two different optimization
problems are considered. In the first one, the minimization of the total transmit power is ad-
dressed, forcing the SNIR . for each user to be higher than a prefixed value. In the second problem,
the objective is to maximize the minimum SNIR subject to a total transmit power constraint. In
both cases, no individual transmit power constraint is applied. In that paper, several iterative
algorithms are proposed to design the beamvectors, although it is shown that those techniques
may find a local suboptimum design instead of the global optimum one due to the non-convex

behavior of the optimization problem.

There are many other papers and works that analyze different multi-user systems considering
the use of multiple antennas. In [Rhe04], an uplink scenario with one BS and several MT’s is
studied, all of them with multiple antennas. There, the beamforming solution is shown to be
optimum in the sense that it achieves the sum capacity for a high number of users, although
no QoS can be guaranteed for each user. The same scenario is also considered in [Ser04]. In
that paper, the objective is the minimization of the global MSE subject to a transmit power
constraint for each MT. The iterative technique proposed to find the design is based on the
application of the AM algorithm, which may converge to local suboptimum solutions. A multi-
user downlink scenario with one multi-antenna BS and several single-antenna MT’s is analyzed
in [Boc02]. There, the global optimum design minimizing the total transmit power subject to
minimum SNIR constraints is presented based on the duality between the uplink and downlink
scenarios and, furthermore, the conditions for the existence of a feasible solution subject to a
total transmit power constraint are deduced. The same problem is analyzed in [Vis99], where the
scenario is afterwards generalized to the case of several multi-antenna BS’s and multi-antenna
MT’s. The proposed AM iterative algorithm is shown to converge, but not always to the global
optimum solution, once again due to the non-convexity of the problem. Finally, in [Ben02],
the same scenario with several multi-antenna BS’s and MT’s is considered. An iterative AM
technique for the design of the beamformers is presented to minimize the total transmit power
subject to QoS constraints in terms of a minimum SNIR for each user, although it is shown that
it may converge to a local suboptimum solution. In all these papers, the channel is assumed
to be frequency flat, although in the design presented in this chapter, the scenario has been

generalized assuming frequency selective channels and the use of the OFDM modulation.

This chapter is structured as follows. Section 4.2 summarizes the SA algorithm and its
analogies with the equivalent physical process. The problem formulation corresponding to the
multi-user system design is presented in Section 4.3, whereas the application of the SA algorithm

to solve this problem is described in Section 4.4. Other suboptimum techniques based on GS
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and AM approaches are proposed in Section 4.5, whereas the comparison of the performances
provided by all the solutions are shown in Section 4.6 through several simulation results. Finally,

some conclusions and a summary of the chapter are given in Section 4.7.

The publication results corresponding to this chapter can be found in [P104e, P102d, P102c].

4.2 Preliminaries: The Simulated Annealing Algorithm

In this section, some preliminaries are given on the SA algorithm [Aar89, Laa87]. The SA is a
powerful randomized and iterative optimization tool able to find the optimum solution to an
optimization problem, even when it is not convex. This is the most important difference when
compared to other techniques, such as GS and AM algorithms, that may find a local suboptimum

design instead of the global optimum one, since they are not able to handle non-convex problems.

The SA algorithm was originally proposed in the early 1980’s for the application to large-
scale combinatorial problems which were NP-hard or NP-complete, i.e., combinatorial problems
that could not be solved in an optimum way in a polynomial time with a finite computational
effort. The most paradigmatic and, probably, the most studied example is the traveling salesman
problem, which consists in finding the optimum order to visit a set of cities so that the total

distance of the route is minimized.

In these cases, when the computational effort is limited, as always in practice, the only
solution is to use approximation algorithms or heuristics, for which there is usually no guarantee
that the obtained solution is optimum, although a polynomial bound on the computation time
can be given. These algorithms can define a tradeoff between the quality of the obtained solution

and the computational effort.

4.2.1 Similarities of SA with the Annealing Process in Physics

The SA is an approximation algorithm based on randomization and iterative techniques, as will
be explained later. It has analogies with the annealing of solids in condensed matter physics,
a process in which a solid in a heat bath is heated up by increasing the temperature to a
maximum value at which all the particles of the solid randomly arrange themselves in the liquid
phase, followed by cooling through slowly lowering the temperature of the heat bath. In this
way, all the particles arrange themselves in the lowest energy ground state of a corresponding
lattice, provided the maximum temperature is sufficiently high and the cooling is carried out
sufficiently slowly. This lowest energy corresponds to the perfect state, in which the particles
have no movement and the energy of the links among them is minimized. One of the key points
to be successful and attain the optimum minimum energy state is that the lowering of the

temperature has to be slow enough, so that the particles have “enough time” to configure their
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links in the optimum way minimizing the energy and avoiding a suboptimum state.

In the annealing process, at each temperature value T, the solid is allowed to reach the
thermal equilibrium, characterized by a probability of being in a state with energy E given by

the Boltzmann distribution:

1 E
Pr(E=F)= mexp (_kB—T> , (4.1)

where Z(T) is a normalization factor that depends on the temperature T and kg is the Boltz-
mann constant. The factor exp (—,@%) is known as the Boltzmann factor. As the temperature
T decreases, the Boltzmann distribution concentrates on the states with the lowest energy and,
finally, when the temperature approaches 0, only the minimum energy states have a non-zero
probability. This is not true if the system is cooled too fast, since then, the solid is not allowed to
reach the thermal equilibrium at each temperature value and, therefore, defects can be “frozen”
into the solid and metastable amorphous structures can be reached rather than the lowest energy
crystalline lattice structure. The opposite case is known as quenching, in which the temperature

is lowered instantaneously, resulting also in a metastable state.

In the case of the SA algorithm, the particles state in the annealing process in physics, i.e.,
the links configuration, corresponds to a possible solution or value of the optimization variables
in the optimization problem, whereas the energy of the state is equivalent to the value of a cost
function f for the corresponding possible solution, whose minimization is the objective of the
optimization problem. In the physical process, the state changes continuously, searching a new
configuration with a lower energy, although in some cases, a state with a higher energy may also
be adopted. This happens more frequently, i.e., with a higher probability, when the temperature
of the heat bath is high, so that the movement of the particles is also high. In the case of the SA
algorithm, the iterative technique is continuously searching and checking over the whole space
of possible solutions, i.e., over the space of all the possible values of the optimization variables.
As in the annealing process, in SA, the ultimate objective is to find the solution with the lowest
associated value of the cost function. In some intermediate iterations, however, solutions with
a higher value of the cost function may also be accepted. The role of the temperature in the
physical annealing process is adopted by a control parameter in SA, such that the acceptance
ratio of worse solutions, i.e., solutions with a higher cost function, increases with the control
parameter. The mechanism of adopting solutions with a higher value of the cost function is
called hill-climbing, and is extremely important to be able to escape from local minimums,
i.e., local suboptimum solutions. As the value of the control parameter is decreased, i.e., the
system is cooled, the acceptance ratio of worse solutions also decreases, so that asymptotically
only solutions with a lower value of the cost function are accepted and a minimum of the cost
function in the solution space is reached. In case that the decrease of the control parameter is
slow enough, the found minimum can be guaranteed to be a global minimum of the cost function

in the solution space, i.e., a global optimum is obtained.
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4.2.2 Description of the SA Algorithm for Combinatorial Problems

In this subsection, a brief description of the application of the SA algorithm to combinatorial
problems is given. Let us give some definitions before explaining the details of the SA algorithm.
Let C be the set of all the possible solutions to the combinatorial problem, and 4 an element of
this set, i.e., a possible solution. The value of the cost function f, which should be minimized,
corresponding to the solution i is represented by f(i) (in the case of the traveling salesman
problem, the solution i would correspond to a concrete order to visit the cities, and f(7) would be
the total distance of the route corresponding to that solution). The control parameter equivalent
to the temperature in the annealing process in physics is represented by 7', which is assumed to
be a non-negative real number. For each solution ¢, S; represents its neighborhood, i.e., the set of
solutions in C that are “close” to 4 in some sense (the simplest neighborhood structure is given
by S; = C, Vi € C). Obviously, given a set C, many neighborhood structures can be defined. The
neighborhood structure is said to be suitable if any two possible solutions in C can be connected
by a sequence of solutions, so that each of them belongs to the neighborhood of the previous
solution. More details can be obtained in [Aar89, Laa87] about these definitions, although they

are not given here, since they are outside the scope of this dissertation.

The SA algorithm simulates the behavior of a solid until it attains the thermal equilibrium at
each temperature T'. As commented previously, SA is an iterative random algorithm consisting
of a sequence of transitions between possible solutions. Fach transition in the algorithm consists

of two main steps: the generation of a new proposed solution and the acceptance of this solution.

Let us assume that in a concrete instant, the solution i € C is the current solution. Given a
current solution %, a new proposed solution j is generated by randomly selecting a solution from
the neighborhood of the current solution S; (j € S;) using an uniform distribution, i.e, all the
solutions in the neighborhood &; have the same probability of being selected. The new proposed

solution j is accepted as the current solution with a probability, whose expression is given by

Lo )
exp (—LOFD) rG) > 100,

which constitutes a randomized criterion called Metropolis criterion. From (4.2) it is concluded

P;j = Pr(accept j from i) £ { (4.2)

that, when the new proposed solution is better that the current one, i.e., the cost function
evaluated at the proposed solution is lower than at the current solution (f(j) < f(i)), then it is
always accepted. In case that the proposed solution is worse (f(j) > f(4)), then it is accepted
with a probability lower than 1. Note also that the acceptance probability increases with the
temperature 1", which means that when the system is cooled, the algorithm tends to accept only
better solution. As commented previously, this algorithm is randomized, which means that the

sequence of accepted solutions may be different when running the algorithm more than once.

In [Aar89, Laa87], it is shown using the theory of Markov chains that, if a suitable neigh-
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borhood structure is defined, after a sufficiently large number of transitions at a fixed value of

T, the algorithm described above will find a solution ¢ € C with a probability equal to

Pr(i;T) = ﬁ exp <—%> , (4.3)

where Ny(T') is a normalization factor calculated as

No(T) =) exp (—%) . (4.4)

jec

Note that the probability distribution shown in (4.3) is the same as the probability distri-
bution corresponding to the thermal equilibrium in the annealing process in physics shown in

(4.1), i.e., the SA algorithm emulates the annealing process, as explained previously.

The most important property of the SA algorithm is that the equilibrium probability distri-
bution (4.3) tends to select only the optimum solutions of the problem when the temperature
tends to 0, i.e., when the system is cooled. Let S,,; be the set of optimum solutions, i.e., the set
of solutions at which the cost function f is minimized over the whole set of possible solutions C.

Let us calculate the limit of the probability (4.3) as the temperature T tends to 0, as follows:

exp (—142) 1
lim Pr(i;7) = lim = lim . (4.5)
T—0

T—0 Zjec exp (_@) - TIAU Zjec exp (f(i);f(j)>

Note that, in the expression above, all the terms of the sum in the denominator are non-negative.
In the case that ¢ is not an optimum solution to the problem, then at least one of the terms in the
denominator will have a strictly positive exponent. When 7' — 0, this term will tend to infinity
and, therefore, the probability will tend to 0. In case that ¢ is an optimum solution, then all the
terms in the denominator will have negative exponents, except for those terms corresponding
to optimum solutions (j € Spp:), which will have an exponent equal to 0 for any value of the
temperature. When 7" — 0, all the terms with a negative exponent will tend to 0 and, therefore,
the denominator will tend to |Syp¢|. These results can be summarized in the following expression

of the limit:
|Sjpt|’ . S Sopta

. 4.6
0, ? ¢ Sopta ( )

%ig}) Pr(3;T) = {
which means that, asymptotically, an optimum solution is attained with probability 1. This
result is true if the thermal equilibrium is attained at each value of temperature 7', concluding
that a minimum number of transitions have to be performed at each temperature. The initial
value of the temperature has to be high enough such that most of the proposed solutions are
accepted. Besides, the temperature has to be lowered slowly, since otherwise, the desired limit

behavior is not obtained.
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Figure 4.1: Normalized value of the temperature T' vs. the iteration index in the decrease of the tem-
perature using an exponential rule with 5 = 0.99.

A practical and common way to lower the value of the temperature is to use an exponential

decrease rule, which is described as
T « BT, 8~ 0.99, (4.7)

and whose graphical representation is shown in Figure 4.1. In the figure, the value 1 corresponds
to the maximum value of the temperature, i.e., the representation corresponds to the evolution

of the temperature with respect to the initial value.

One of the main disadvantages of the SA algorithm is that the convergence rate may be
low (indeed, this is the main price to be paid in order to be able to find the optimum solution).
Variants of the SA have been proposed trying to increase the convergence rate, such as in [Her00],
where the modification of the SA algorithm consists in redefining the energy state, i.e., the value
of the cost function, by a rescaling given by f(z) 2 (f(i) — f;)?, where f; is called the target
cost, and whose value is also decreased with the temperature. See [Her00] for more details on

this technique.

In Figure 4.3 in §4.4, a flowchart is shown corresponding to the application of the SA algo-

rithm technique to the concrete problem presented in this chapter.
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4.2.3 Extension of the SA Algorithm to Continuous Space Solutions

In the previous subsection, the application of the SA algorithm to combinatorial problems has
been described. Note, however, that the SA could also be applied to the case of optimization
problems where the optimization variables are continuous. In the following, an extension of the

SA algorithm is proposed to find the optimum solution in a continuous set of feasible solutions.

Let x represent the vector of optimization variables and f(x) be the value of the cost function
to be minimized at x. In constrained minimization problems, such as generally described in §2.3.3
(see (2.7)), the vector x has to belong to the constraint set C. This constraint set can be expressed

w.l.o.g. as follows:

C2{x:fi(x)<0,i=1,...,m, hi(x)=0,i=1,...,p}. (4.8)

Taking this into account, a possible modified cost function fcould be defined as:

P

(fi) ™"+ 2 D7 (ki) (4.9)

Flx;T) 2 f(x) +

Nie

i.e., the “energy” of the solution x, which is measured by the modified cost function f, takes into
account explicitly the constraints by introducing a penalty term greater than 0 if they are not
fulfilled, and which is inversely proportional to the temperature (« is a proportional factor). This
modified cost function is then used to accept a new proposed solution using the rule described
in (4.2) (i.e., in (4.2), the modified cost function f is used instead of the original one f). When
the temperature tends to 0, the penalty term grows without bounds if a non-feasible solution
is taken. Since the SA algorithm tends to minimize the cost function, non-feasible solutions are
not accepted asymptotically. In a practical implementation, as the temperature is lowered, the

accepted solutions tend to fulfill the constraints in a tighter way.

The proposal and generation of new solutions can be done by applying a perturbation to the
current solution. This perturbation can be drawn from a zero-mean Gaussian distribution, whose
variance measures indirectly the size of the neighborhood of x. Mathematically, the proposed

solution X is generated according to the following expression:
x=x+w, w~N(0,02I), (4.10)

where a complex Gaussian vector is applied instead of a real-valued vector if the optimization
variables are complex. The variance of the noise may be decreased as the iterations go on
to increase the convergence rate, so that smaller perturbations are applied when an optimum

minimum is approached and the temperature is lowered.

There are several references proposing different extensions and variations of the original

SA algorithm to the case of continuous space solutions [Aar89]. These references analyze the
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convergence properties of the proposed algorithms, showing that the accepted solutions tend to
be within a region around the optimum solution, whose volume tends to 0 as the temperature
is decreased. In [Van84], the extension of the SA to continuous space solutions is carried out
by applying a perturbation drawn from a continuous distribution whose covariance matrix is
proportional to the inverse of an estimate of the Hessian matrix of the function to be minimized.
The estimate of this Hessian matrix is obtained by using the values of the cost function at
the accepted solutions. Other approaches can be found in [C84, Wil85, Kha86, Szu87], among
others, where the main difference among them is the way the proposed solutions are generated,
proposing different and simple alternatives, and the problem to which the algorithm is applied.
For example, in [Szu87|, the perturbation to be applied is drawn from a Cauchy distribution
[Pap91], which guarantees that the optimum solution is found provided an adequate decreasing

rule for the temperature is used.

4.3 Extension of the System Model to Multi-User Communica-
tions

Consider a multi-user wireless scenario in which several terminals coexist in the same area.
Among these terminals, U communications or links are established and access the common
channel at the same time using the same frequency band. The adopted modulation, as in Chapter
3, is a N-carriers OFDM. All the terminals in the system are allowed to have multiple antennas
and each of them is able to transmit and/or receive. Each communication or link is assigned to

two terminals, where one of them is the transmitter and the other one is the receiver.

4.3.1 MIMO-OFDM Multi-User System and Signal Models

As in Chapter 3, the system design is based on a joint beamforming approach at both the
transmitter and the receiver, where the beamvectors corresponding to different communications
or links are allowed to be different. In this scenario, there is a set of terminals, where it is not
differentiated between MT’s and AP’s or BS’s, since all of them are allowed to transmit and/or
receive. All the terminals in the system are numbered and the quantity of terminals may be

different from the number of established links (see Figure 4.2).

Let ¢(u) represent the terminal responsible for transmitting the information corresponding
to the uth link, whereas r(u) is the terminal receiving this information. In Figure 4.2, some
examples of this kind of systems are given (a generic example and a more concrete one). The
number of antennas of the terminal transmitting the information for the uth communication is

(w) ()

nyp’, whereas the receiver for the same link has n”’ antennas.

The signal model presented in Chapter 3, corresponding to the MIMO-OFDM single-user
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#3
1(3)=3, r(3=4

term. #4 term. #5

link #1

i (1) =1

term. #1

Figure 4.2: (a) General configuration of a multi-user system with point-to-point communications. In
this example, there are 5 simultaneous communications and 4 terminals. (b) Example of a configuration
in a multi-user system with 3 communications or links. The number of terminals is 5, where 3 of them
are MT’s and the other 2 ones are BS’s.
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system, can be generalized to the case of a multi-user scenario as shown in the following. The
snapshot vector, i.e., the vector containing the received signal samples at all the antennas cor-
responding to the uth link and the kth subcarrier of the OFDM modulation is

U
D () = 3 HEOTENBD O 1) 4 0@ () € @41, (4.11)

which generalizes expression (3.10) ((3.10) is a particular case of (4.11) when there is only one
communication in the scenario, i.e., U = 1). The snapshot vector yg(u))(m) has n%) complex
components and contains the contribution of all the transmitted signals for all the commu-
nications. The time index for the OFDM symbol is m, as in Chapter 3. The channel matrix
H,(:(l)’r(u)) C"Sg Hxng! represents the MIMO channel response at the kth subcarrier between the
t(l)th and the r(u)th terminals, i.e., between the terminal transmitting the signal corresponding
to the [th communication, and the terminal responsible for detecting the symbols of the uth com-
munication. It is considered that H() = 0, Vi, which means that each terminal is not receiving
the signal transmitted by itself. The transmit beamvector corresponding to the [th communica-
tion and the kth subcarrier is represented by b,gl) € C”’E'{)Xl, whereas slgl) (m) is the zero-mean
information symbol transmitted at the same carrier and for the same communication during
the mth OFDM symbol, and whose energy is assumed to be normalized (E[|sg)(m)|2] =1). Fi-
nally, n,(:(u)) (m) € C”g 'x1 represents the zero-mean noise plus interferences contribution at the
terminal detecting the symbols corresponding to the uth communication at the kth subcarrier
whose correlation matrix is given by @%T(u))(k) = E[n,(cr(u))(m)n,(:(u))H(m)} e o™i "%’ This
signal model is quite general and can fit in with many known systems including, but not limited

to, the cellular communication systems, both for uplink and downlink.

4.3.2 Optimum Single-User Receiver and Resulting SNIR

The receiver, as in Chapter 3, is based on the application of a beamvector. For every com-

(u)

munication u and subcarrier k, a linear combiner or beamformer a; "’ is applied to the set of

(r(u))

received samples at the same carrier collected in the snapshot vector y, (m), obtaining the

soft-estimate of the transmitted information symbol:

u ’LLH riu
r,(e)(m) = a]g) y]g())(m) (4.12)
U
" yH H
RO TR0 0 ) 00T S OO0, 0 4 o0 0 )

I=1,l#u

The hard-estimate is finally obtained by demodulating r,gu) (m), i.e.,

§§Cu) (m) £ dec {r,(cu) (m)} . (4.13)

The quality of the estimate depends of the SNIR at the output of the beamformer. The

optimum receive beamvector has been found previously in §3.2.3 and corresponds to the Wiener
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filter, also called whitened matched filter:

al’ = afVR(HIOT LY, (4.14)

(u) - (t(0),r(u) g (D)4 (D H e (8(0),r () H

R = o7k + > mHO b)) B (4.15)
I=1,l#u

where R,(cu) is the total noise plus interferences correlation matrix seen at the receiver for the
uth link at the kth subcarrier, i.e., including the contribution of the transmitted signals from
other communications different from u, which are seen as interferences. The coefficient agcu) is
a scalar factor that does not modify the resulting SNIR and can be calculated to obtain a
normalized value of the equivalent channel at the detection stage, i.e., a,(eu)HH,(ﬁt(u)’r(u))b,(ﬁu) =1.
Note that the design of each receive beamvector can be carried out independently at each
carrier and communication, since the SNIR does not depend on the receive beamvectors at
other subcarriers and/or for other communications. The resulting SNIR at the kth subcarrier

for the uth communication using the design shown in (4.14) is
H
SNIR(™ = p{™ " gD TR g () (4.16)

which is obtained in the same way as deduced in §3.2.3.

(u)

As can be seen in (4.14), the optimum receive beamvector a; ' depends on both the transmit

(u)

beamvector for the same link bk

(u)

the correlation matrix Rk

and for all the other communications {b } I=104u through
. This induces a coupling effect making difficult the optimization
and the design of the transmit beamvectors. In §4.4, the problem of the joint design of all the
transmit beamvectors is addressed, taking into account explicitly this coupling effect.

When no channel coding is applied and the OFDM modulation is used, the effective error
(u) +

probability for the uth communication P, o 18 expressed as

N-—

,_.

L

p (4.17)
k=0

pwa 1
e eff N
where Pe(u) (k) is the error probability associated to the kth subcarrier. In case that the interfer-
ences are approximately Gaussian distributed,' the error probability for the kth subcarrier can

be expressed as

PM(k) ~ a O ( kmSNIRg‘)> : (4.18)

where Q(x) = \ﬁ f o0 ot/ 2dt, oy, and k,, are constants depending on the modulation applied
to the subcarriers [Pro95] (for BPSK, a;, = 1 and k,, = 2), and SNIR/,(c v) corresponds to (4.16)

assuming the use of the optimum receive beamvector (4.14).

!This is not true in this signal model, since the interferences from other terminals are OFDM signals and,
therefore, they are not Gaussian distributed in the frequency domain. However, if the number of users is high,
this assumption is more accurate thanks to the central limit theorem.
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4.4 Application of Simulated Annealing to the Optimization
Problem

The expression of the optimum receive beamvector (4.14) shows that it depends on all the
transmit beamvectors. The attention is now focused on the joint design of all the transmit

beamvectors for all the communications and all the subcarriers.

When designing the transmit beamvectors, an objective function or optimization criterion
has to be identified, as well as a set of design constraints. A reasonable objective is the mini-
mization of the total transmit power, since in wireless networks, high transmit powers imply a
shorter lifetime of the MT’s. As explained in Chapter 3, the power used for transmitting the
information symbols corresponding to the kth subcarrier and the uth communication is propor-
tional to Hb H see §3.2.3). Taking this into account, a cost function is defined equal to the
total transmit power and depending on the transmit beamvectors, which are the optimization

variables:

=

N—

U U
F({0f)) 2 2e ({B071) = 3 30 o = 30 3 o i (4.19)

u=1k u=1 k=0

—

Il
o

Besides the objective function f, additional constraints have to be included in order to avoid
the trivial solution minimizing the total transmit power: bgcu) = 0, Vk,u. Here, two kinds of
constraints are proposed. The first ones relate to the minimum QoS for each communication or
link and are mandatory, whereas the other ones are related to the maximum individual transmit
powers for a concrete set of terminals. This set of terminals can be empty and, therefore, the

individual transmit power constraints are optional.

e QoS constraints: these constraints are formulated in terms of a maximum effective error

probability for each communication and can be expressed as

P < ), u=1,...,U, (4.20)
where 7(“) is the maximum permitted error probability for the uth communication and,
therefore, is an input parameter of the optimization problem. This formulation generalizes
the results presented in [Lok00] to a MC-CDMA system, and in [Cha02, Boc02, Vis99,
Ben02] for flat fading channels, where the QoS constraints were formulated in terms of
the SNIR instead of the effective error probability. In [Won01, Rhe04, Ser04], the transmit
power was stated to be a prefixed value and the final objective was the optimization of
the mean quality of all the links in terms of the capacity, the MSE, etc. and, therefore,
no QoS could be guaranteed for each communication. In all the cases, the corresponding
optimization problems were non-convex and the proposed algorithms to solve the problem

for the most general scenario comprising several BS’s and MT’s with multiple antennas,
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where shown to be inefficient in the sense that they might find local suboptimum solutions

instead of the global optimum one.

e Individual transmit power constraints: in addition to the previous QoS constraints, op-
tional constraints can also be included regarding the maximum transmit powers for some
terminals. This is specially useful for MT’s with a power limited battery in an uplink
transmission. Let T be the set of terminals to which these constraints are applied. They

can be formulated as

) U
PO

u=1,t(u)=: k=0

N—-1
VieT, (4.21)

max?

i < 2

where Pg%x represents the maximum transmit power for the ith terminal. These kinds of

constraints have not been included in any of the works referenced in this dissertation.

Summarizing, the problem to be solved can be written as

L U Nt NONE
minimize 32 2 [be”
k o 4.22
subject to Pe(f:) < 7(“), u=1,...,U, ( )
Py <Pk, i€T

Currently, there exists no closed-form solution to this extremely complicated constrained
optimization problem, since it is not convex [Boy04]. Although in this case, the objective function
f defined in (4.19) is convex in the optimization variables {b,(cu)}, the constraint set is not. In
order to prove this last statement, let us consider a simple counterexample corresponding to
a scenario with only one communication (U = 1) using an OFDM modulation with only one
carrier (N = 1). In this case, the maximum effective error probability constraint is equivalent
to a minimum SNIR constraint. Let us assume that H = I and that ®, = I (the sub- and
super-indexes are obviated to facilitate the notation). According to this, the QoS constraint can
be formulated as b7 b > SNIRpin, where SNIRpin is the minimum required SNIR to attain the
error probability constraint. This constraint can be represented geometrically as the exterior of

a sphere in the variable vector b, which, obviously, is not convex.

Another simple counterexample can be found in the case of a flat fading channel with two
single-antenna transmitters (U = 2) using an OFDM modulation with one carrier (N = 1) and
transmit beamvectors b(!) and b2, respectively (scalars are used instead of vectors because there
is only one transmit antenna). Let us assume that the receiver has also only one antenna, the
channel for both users is given by H() = H® = [1], and the noise power at the receiver is
normalized ®,, = [1]. Under these conditions, the SNIR for the first user can be formulated as
SNIR(M = b(l)*b(l)/(l + b(Z)*b@)) and, therefore, the minimum SNIR constraint, as before, can
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be written as SNIRminb(Q)*b(Z) — p(DFp1) 4 SNIRmin < 0, which is non-convex since its Hessian

matrix with respect to the variables (1) and b3 is not positive semidefinite.

Due to the non-convex behavior of the problem, if a classical GS or AM method is applied
to find the optimal design, a local minimum may be found instead of the global optimum one
in the constraint set. Some papers have proposed GS techniques, such as in [Lok00], or AM
algorithms, as in [Won01, Cha02, Ser04, Vis99, Ben02], among others, all of them suffering from
the same problem described above, as has been clearly shown in [Cha02] and other works. As
the objective is to find the global optimum design minimizing the total transmit power, the SA
algorithm can be applied. Besides, in GS and AM techniques, it may be extremely difficult to
include any kind of constraint, although in the case of SA, this can be done easily, as will be
shown in the following. Specifically, for the case of GS, the constraint functions are required to

be differentiable, although this is not necessary in SA.

The existence of a feasible solution is assumed, i.e., a collection of transmit beamvectors
fulfilling all the constraints simultaneously. In case that the optimization problem (4.22) is

infeasible, then the SA algorithm will not converge to any acceptable design.

In the following, the main steps to apply the SA algorithm to this optimization problem are
described. In each iteration of the SA algorithm, there exists a collection of transmit beamvectors
{bgcu) }, which is called the current solution. Given the current solution, which is equivalent to a,
concrete particles arrangement or state in the annealing process in physics, a new solution, i.e., a
new collection of transmit beamvectors, is proposed. If it is “better” than the original one, then
it is retained as the new current solution. On the contrary, if it is “worse”, then the proposed
solution is accepted with a certain probability higher than 0. In that case, a hill-climbing is
performed, which allows the algorithm to escape from local minimums, as explained in §4.2.1.
The parameter controlling this acceptance probability is the temperature T, as in the case of the
annealing in physics. The higher the temperature, the higher the acceptance probability. The
temperature has to be lowered, so that asymptotically only “better” solutions are accepted and
a minimum is approached. The meaning of “better” and “worse” is related to the definition of a
modified cost function fthat depends on the transmit beamvectors and takes into account both
the total transmit power (4.19) and whether the constraints in (4.22) are fulfilled or not. This
modified cost function corresponds to the energy of a state in physics, whose minimization is
the goal of the annealing process. As in the physical process, if the temperature is lowered very
slowly, the optimum state with the minimum global energy is attained, i.e., the global minimum

of the total transmit power is reached while still fulfilling all the constraints.

The description of the application of SA to the optimization problem (4.22) is presented
in the following. First, the modified cost function is defined and, afterwards, the procedures
corresponding to the generation and acceptance of new solutions and the system cooling are
described.
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e Modified cost function definition:

(u)

7 1pw W), 0% P\ P\
7 ({pi"}:7) 2 Pr ({b} })—F?X:l(logvz‘;)) + = Z( ) . (423)

u= max

This modified cost function, which also depends on the temperature, is equal to the total
transmit power plus and quadratic penalty term. This penalty term takes into account
whether the effective error probability for each communication and the individual transmit
power for the specified terminals are higher than the maximum permitted values. Besides,
this penalty term is inversely proportional to the temperature, thus, when the system is
“cooled”, the modified cost function increases if the constraints are not fulfilled. Since the
algorithm looks for the solution that minimizes f, a collection of transmit beamvectors
that does not fulfill the constraints will be avoided. Additionally, in the simulations, it
has been shown that this rule performs quite well in terms of convergence speed. The
parameter « is a proportional factor for the penalty term and its value has been adjusted
to @ = 100 in order to have good convergence properties. The penalty term is based
on relative comparisons of the effective error probabilities and the individual transmit
powers with the maximum permitted values by means of the log(-) function. These kinds of
comparisons have been chosen, since it has been observed experimentally that they behave
better than absolute comparisons. Note, however, that other kinds of penalty functions

could have been used.

e Proposed solution generation:
b = b + w Y CN(0,02T), k=0,....N—1, u=1,...,U. (4.24)

The proposed solution is generated by applying independent complex circularly symmet-
ric Gaussian noise with zero-mean and variance 02 to the components of the transmit
beamvectors. This noise is used to generate any possible collection of transmit beamvectors
in a continuous solution space, as explained in §4.2.3. The acceptance ratio is monitored
for every value of the temperature 7'. In case that it is lower than 0.1 for 5 times, then the
variance of the Gaussian noise is decreased by means of an exponential rule (o7 + 0.9507).
This is done in this way as it has been shown experimentally that this rule improves the

convergence speed of the algorithm.
e Probability of acceptance of the proposed solution:
Pr (accept {b{"} from {b{"'})
1, FB8T) < 7 ({p)7),
") e <_ f({giu)};T)Tf({bg)};T)) CF(BRT) > F ({0 k). -
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This acceptance probability corresponds to the Metropolis criterion, as described in
[Aar89, Laa87] and explained in §4.2.2, and is related to the Maxwell-Boltzmann approx-
imation of the Fermi-Dirac distribution describing the energy of an electron in different
energetic levels. This criterion was initially used in thermodynamics to simulate a thermal
equilibrium process showing that the system could arrive at the minimum possible energy,
i.e., the global optimum state, provided the temperature was lowered slowly enough. Af-
terwards, this philosophy was adopted by the SA algorithm as an efficient method to find

the global minimum of non-convex problems.

e System cooling:
T + BT, 6 =0.99. (4.26)

As described in this equation, the temperature is lowered very slowly by means of a de-
creasing exponential rule, as explained in §4.2.2 (see (4.7) and Figure 4.1). This value of
has been chosen since in the simulations, it has been shown to provide good convergence
properties, while still guaranteeing that the global optimum solution is obtained. As seen
in (4.25), the hotter the system, the higher the acceptance probability. Consequently, when
the temperature is high, most of the proposed transmit beamvectors are accepted, which
means that they are searching over the range of all the possible spatial directions. When
the temperature is lowered, this range is reduced and the accepted transmit beamvectors
begin to look for the best spatial directions, i.e., for the spatial directions coupling the
maximum power towards the desired terminal while reducing the interference towards the

other ones.

In the SA algorithm, initially the temperature should be high enough so that most of the
proposed solutions are accepted. The initial transmit beamvectors are set equal to all-zero vec-
tors. Note, however, that the initialization of the beamvectors is not important since in the first
iterations, most of the proposed solutions are accepted and the variance of the noise used to
generate and propose new solutions is also high. In the application of the SA algorithm to this

optimization problem, 100 iterations are performed for every value of T'.

In the initialization step of the algorithm, the variance of the noise ag is set equal to the
mean power necessary at the transmitters to attain the required QoS in terms of the maximum
effective error probability, assuming no interference among users, i.e., assuming single-user links
with no MAI, as described in Chapter 3. The temperature T has to be adjusted until the ratio
of accepted solutions is between 95 and 100 %. See Figure 4.3(a) for a flowchart corresponding

to the initialization of the SA algorithm.

Once the SA has been initialized, 100 generations of new solutions are performed for each
value of the temperature. The temperature is then decreased using (4.26). The ratio of non-

accepted solutions is monitored for each value of T. In case that this ratio is lower than 10 %
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Main iteration
BEGIN
Initialization
Of ¢ 0.950; >
L,=0
Initialization L <5
T=1

O¢= mean transmit
power vyi)th no MAI
u,
bY=0

Propose 100 solutions.
N, = number of non-
accepted solutions

" L.o«L_+1
i S T<—0.99T
Propose 100 solutions. .
T<0.9T N, = number of_ non- TeoT
c accepted solutions ,

0<N,<10

95 <N, <100 no convergence?

END

END

@ (b)

Figure 4.3: Flowchart corresponding to the application of the SA algorithm. (a) Initialization of the
parameters of the SA algorithm. (b) Main iteration of the SA algorithm.
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for 5 times, then the variance of the Gaussian noise used to generate new solutions is decreased
using af — 0.950,3. Thanks to this, the convergence speed of the algorithm increases, since the
minimum can be found in a more accurate way when it is approached. The algorithm ends when
the ratio of new accepted solutions is equal to 0 and the value of the cost function has converged,
i.e., the global minimum has been found. See Figure 4.3(b) for a flowchart corresponding to the

main iterations of the SA algorithm.

4.5 Other Suboptimum Techniques

In §4.4, the SA technique has been proposed to find the global optimum design of the stated
constrained optimization problem (4.22). Now, two alternative algorithms are presented based
on GS and AM methods.

4.5.1 Gradient Search Algorithm

A classical approach different from the SA consists in the application of a gradient technique
although, as has been already commented, the main drawback of this family of algorithms is that
they may converge to local suboptimum designs. In order to compare the SA with other classical
approaches, in this section, an iterative gradient technique is proposed based on the classical
Lagrange multipliers method and the quadratic penalty term [Lok00, Ber82]. This technique
is based on the definition of a Lagrangian expression L, in whose formulation, it is taken into
account explicitly that the optimal solution implies that the error probability constraints (4.20)
are fulfilled with equality. Under this assumption, that can be shown easily, the Lagrangian

expression is formulated as

(w) A (w) - AN Py -
L({pf"}:2) 2 Pr({pl"}) +2 | >0 <log 5 ) +i€ZT <1og 5 ) . (4.27)

j:l max

The equations that show how to update the transmit beamvectors and the penalty factor A

correspond to the well known gradient descent and ascent techniques, as also used in [Lok00]:

b « b — PV o L (4.28)
ZU: P02 5 PO
A~ A+p log —= + log — , (4.29)
=1 ud i€ P

where p is the step-size parameter that has to be adjusted to cope with the tradeoff between the
convergence speed and the convergence itself. The initial transmit beamvectors can be calculated
assuming that there is no interference among communications, i.e., assuming no MAI, as shown

in Chapter 3. The initial value of the penalty factor X is set equal to 0.
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In the following, the necessary expressions to calculate V b g L are provided. In order to
facilitate the notation, an uplink scenario is assumed with several MT’s transmitting to a single
BS, which is responsible for detecting the symbols transmitted by all the MT’s. The modulation
of the subcarriers is considered to be BPSK. In this scenario, H,(cu)
MIMO channel at the kth subcarrier between the uth MT and the BS. The extension to other
kinds of scenarios is quite simple by using very similar expressions. The function dy is defined

as oy(u) =1, w € Y, and dy(u) =0, u ¢ Y. Finally, Vb(u)HL can be written as follows:
k

represents the response of the

(4) (u) (w) \ T

P b P,

Vynl= b +2>\Z < eef)V(wHPe&LMT()AP’gu) (bgpf;)) . (4.30)
T

max

e,

The expression of Vb(u)HP(Qlr depends on j. First, it is given for the case j = u:
k

\Y

N exp (—SNIR{") R 'HWB, (4.31)

|
by Nv2m 2SNIR(

For the case j # u, the expression is as follows, where the matrix inversion lemma [Gol96]

has been used:

L v . «SNRY, (4.32)
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The complete proof of these expressions is given in Appendix 4.A.

As stated previously, one of the main drawbacks of the GS technique is that a local sub-
optimum design may be found instead of the global optimum one. This could be solved by
using different initial sets of transmit beamvectors selected randomly. Note, however, that this

increases the computational load and does not guarantee a successful result.

4.5.2 Alternate & Maximize Algorithm

Finally, another classical solution that has been used previously by many authors in papers such
as [Won01, Ser04, Vis99, Ben02], among others, is the AM algorithm. In the problem described
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Initialization
Set all the transmit beamvectors equal to the
maximum eigenvectors of

H -1
H :(U),f(u)) (Dr(:(u» (k) H E(U),r(u))

(without taking into account the MAL).
Calculate the power alocation: GEOM or MAXMIN.

Calculate the correlation
matrices:

{RV}

4

Calculate the transmit beamvectors as the
maximum eigenvectors of

c@r@ @l | ewrw)
Hk Rk Hk

Calculate the power alocation: GEOM or MAXMIN.

convergence ?

yes

END

Figure 4.4: Flowchart corresponding to the application of the AM algorithm.

in this chapter, the SNIR for a concrete communication and carrier depends not only on the
transmit beamvector for the considered link, but also on all the transmit beamvectors for all the
other communications through the noise plus interferences correlation matrix, as shown in (4.15)
and (4.16). The AM algorithm is an iterative technique, so that in each step, the beamvectors
associated to a concrete user are designed assuming that the beamvectors for all the other users
are fixed, i.e., assuming that the noise plus interferences correlation matrix is known. Obviously,
when a beamvector for a user is designed, the correlation matrices for the other users change

and, therefore, the technique has to be applied iteratively until convergence is attained.

In this subsection, the description of the AM algorithm is provided taking into account only
the maximum error probability constraints but not the individual transmit power constraints,

since their inclusion in the algorithm is quite complicated. In each step, the optimum transmit
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Simulated Annealing. MT’s power. Scenario 1.
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Figure 4.5: Performance of the SA algorithm in scenario 1 with 3 MT’s and 1 BS in an uplink configura-
tion, all of them with 5 antennas. The three users have the same path loss. No individual transmit power
constraint is applied. OFDM modulation with 16 subcarriers. Evolution of the BER’s and the individual
transmit powers for the three users vs. the number of floating point operations.

beamvector maximizing the SNIR corresponds to the eigenvector associated to the maximum
eigenvalue of the matrix H,gt(u)’r(u))HR,(CU)_IH,(:(U)’T(U)), as shown in §3.2.3 (see (3.22)). Besides
this, an adequate power allocation among the subcarriers of the OFDM modulation has to be
calculated, such that the QoS constraints in terms of the maximum error probabilities are ful-
filled. Two different power allocation strategies are assumed: GEOM (corresponding to a uniform
power allocation) and MAXMIN (equivalent to attaining the same SNIR in all the subcarriers)
techniques (see §3.3). The initialization of the algorithm is performed by calculating the optimum
transmit beamvectors assuming that there is no MAI, i.e., that there is no interference among
different users or communications, as explained in Chapter 3. See Figure 4.4 for a flowchart

corresponding to the application of the AM algorithm.

The main disadvantage of this algorithm, as commented previously and in papers such as
[Ser04, Vis99, Ben(2], is that the obtained solution may be a local suboptimum design instead
of the global optimum one. Besides, there is no a-priori guarantee of convergence. A possible
solution would consist in using different random initializations of the transmit beamvectors.
Note, however, that this is an adhoc approach that does not control and guarantee that the

global optimum design is obtained.
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Figure 4.6: Performance of the SA algorithm in scenario 1 with 3 MT’s and 1 BS in an uplink config-
uration, all of them with 5 antennas. The three users have the same path loss. The maximum transmit
power for the first user is 8 W. OFDM modulation with 16 subcarriers. Evolution of the BER’s and the
individual transmit powers for the three users vs. the number of floating point operations.

4.6 Simulation Results

In this section, some simulations results are given considering an uplink scenario with 3 MT’s
and one BS, all of them with 5 antennas. The OFDM modulation consists of N = 16 subcarriers.
The BS is responsible for detecting the symbols transmitted by all the MT’s, taking as QoS con-
straints the following maximum effective error probabilities: 1073, 1073, and 1072, respectively.
The value of the scalar « in (4.23) is 100. The noise is assumed to be white both in the time
and the space domains with a normalized variance equal to 1, i.e., @%r(u))(k) =1, Yu, k. The
simulations and the algorithms are applied to a single realization of the multiple MIMO-OFDM
channels, although the numerical expressions of the channel matrices are not provided here for

the sake of clarity.

In the first scenario, it is assumed that the path loss is very similar for all the users and that
no individual transmit power constraint is applied to any MT. In Figure 4.5, the evolution of the
powers allocated to the three users is shown, and also the mean BER’s as the iterations of the
SA algorithm go on, concluding that the proposed technique is able to find a design fulfilling the

QoS constraints. The optimum power corresponding to the first user is 8.45 W, and the total
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Figure 4.7: Performance of the SA algorithm in scenario 2 with 3 MT’s and 1 BS in an uplink config-
uration, all of them with 5 antennas. The third user has a path loss equal to 12 dB with respect to the
other users. OFDM modulation with 16 subcarriers. Evolution of the BER’s and the individual transmit
powers for the three users vs. the number of floating point operations.

power is 20.1 W.

If an individual transmit power constraint is applied to the first user equal to 8 W, then the
results are those shown in Figure 4.6. The main conclusion is that, in this case, the SA allocates
7.6 W to the first user, whereas the other ones increase their corresponding power consumption.
As also shown, the global transmit power has increased up to 20.8 W. This increase of the
total transmit power is expected, since in the second example, a more restrictive constraint is
applied and, therefore, the optimization has to be carried out over a more limited set of transmit

beamvectors fulfilling the constraints.

In Figures 4.7 and 4.8, a set of results are presented for the case of a scenario in which the
third user has a path loss with respect to the first two users equal to 12 dB. Figure 4.7 corresponds
to the application of the SA algorithm, whereas Figure 4.8 corresponds to the GS algorithm with
a step-size equal to g = 0.001. The main conclusion is that, with the same computational load
or number of floating point operations, the SA algorithm can fulfill the constraints, whereas
the GS technique decreases importantly the convergence speed as the solution approaches these
constraints. This is because the penalty term applied in the Lagrangian expression (4.27) is

quadratic and, therefore, when calculating the derivatives in a point near from the fulfillment of
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Figure 4.8: Performance of the GS algorithm in scenario 2 with 3 MT’s and 1 BS in an uplink config-
uration, all of them with 5 antennas. The third user has a path loss equal to 12 dB with respect to the
other users. OFDM modulation with 16 subcarriers. Evolution of the BER’s and the individual transmit
powers for the three users vs. the number of floating point operations.

the constraints, these derivatives tend to zero.

Simulations concerning the application of the AM algorithm have also been performed in the
same scenario for two different power allocation strategies: GEOM and MAXMIN (see §3.3.1
and §3.3.3). From the simulations, it is concluded that AM has a high convergence speed. Table
4.1 shows a summary of the results for all the techniques. The conclusion is that GS does not
find a solution fulfilling the constraints, whereas AM does not have this problem, as in the
case of SA. The main drawback is that the necessary transmit power is higher for AM than for
SA, concluding that a local suboptimum design has been found. Indeed, and as explained in
[Vis99], the non-convexity and the number of local minima increases as more BS’s and MT’s are

coexisting in the same area.

4.7 Chapter Summary and Conclusions

As a general conclusion, in this chapter, a MIMO-OFDM multi-user system based on a joint
beamforming approach has been proposed. The objective has been the joint design of the

beamvectors associated to all the established communications or links, taking as the optimiza-
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Table 4.1: Powers and BER’s for the SA, GS, and AM algorithms in scenario 2.

| | MT 1 power | MT 2 power | MT 3 power | Total power ||

SA 102 W 8.7 W 54.5 W 734 W
GS 9.6 W 8.0 W 46.5 W 64.1 W
AM-MAXMIN 8.3 W 6.8 W 63.6 W 8.7 W
AM-GEOM 9.1 W 7T9W 65.5 W 82.5 W
| | MT 1 BER | MT 2 BER | MT 3 BER ||
SA 1073 103 1072
GS 1.01-1073 1.01-1073 1.42-1072
AM-MAXMIN 1073 1073 1072
AM-GEOM 1073 1073 1072

tion criterion the minimization of the total transmit power subject to maximum mean BER and
individual transmit power constraints. It has been shown that this problem is not convex and,
therefore, the application of the SA technique has been proposed, in addition to the classical GS
and AM methods. The main advantage of the SA algorithm has been shown to be ability to find
the global optimum solution. On the other hand, the other presented classical techniques GS and
AM may have problems related to the convergence speed and the fact that local suboptimum
designs may be obtained. Besides, GS and AM cannot always include every kind of constraint,

whereas in SA, this can be done easily by using adequate penalty functions.

Although SA has been shown to be a powerful tool to cope with the optimization of non-
convex problems, such as the one presented in this chapter, there exist other heuristic approaches
that should be also considered as possible strategies. Among these techniques, some examples
can be given such as the genetic algorithms [Gol88] or taboo search [Glo89] approaches. In
both cases, the techniques are based on a random generation of possible solutions, such as in
the SA algorithm, and are also able to find the optimum solution, even if the problem is not
convex. The main difference of genetic algorithms and taboo search when compared to SA is that
they have to transform the solution space, i.e., the set of possible transmit beamvectors, into a
space composed of “bits” by means of an encoding process. Once this transformation has been
performed, the optimization problem is solved in this new transformed solution space. Finally,
the solution in terms of the transmit beamvectors is found by transforming or decoding the
solution in the coded space. Further work is to be done on the application of these techniques in
order to evaluate whether the computational load of the optimization problem can be decreased

while still guaranteeing that the global optimum design is found.
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4.A Appendix: Derivation of the Gradient of the Effective Error
Probability

The objective of this appendix is to deduce the expression of V ) HPe(ei):r When the modulation
of the subcarriers is BPSK, then the effective error probablhty tkor the jth user is
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Using the previous expression, the gradient is calculated as
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The expression of V (u)HSNIR( 7 is different for j = u and j # u. For the case j = u, the

following result is obtalned
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and, consequently, the gradient of the SNIR can be finally calculated as
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Chapter 5

Sources of Imperfections in the CSI
and Robustness Strategies

5.1 Introduction

In Chapters 3 and 4, a joint transmitter-receiver design has been proposed for the general case
of MIMO communications and single-user and multi-user scenarios. In those cases, a perfect
channel knowledge has been assumed to be available at both sides of the system and, therefore,
the obtained solutions are optimum. Note, however, that in a realistic deployment, the CSI
cannot be assumed to be perfect, i.e., the estimates of the channel and the noise plus interferences
correlation matrices will have some error or imperfection, specially at the transmitter side. The
main consequence is that the system performance will be always worse than that obtained in
the case of an optimum design using a perfect CSI. The main objective of this chapter is to
evaluate the different sources of errors and their impact on the system performance, as well as

different techniques to obtain robust designs less sensitive to these errors.

The structure of this chapter is explained in the following. The different sources of errors in
the CSI are identified and classified in Section 5.2. Afterwards, the impact of these errors on the
system performance is analyzed in Section 5.3 for the case of the design presented in Chapter 3
assuming that the CSI is perfect, despite not being true. Finally, the Bayesian and the maximin
robustness strategies are described in Section 5.4. These robustness strategies are tools that can
be used to design systems less sensitive to the imperfections in the CSI. The chapter ends with
two examples of Bayesian robust designs in Section 5.5, and a summary and some conclusions

in Section 5.6.

The results corresponding to the analysis of the degradation of the system performance due
to the errors in the CSI have been published in [PI04f, PI03d], whereas the two examples of
Bayesian robust designs have been published in [PI03c, P103b, PI03a].

97
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5.2 Description of the Sources of Imperfections in the CSI

There exist several possible sources of errors in the CSI available during the design stage of the
communication system. The error level and the imperfections depend heavily on the physical
phenomenon producing the error and also on the way the CSI is acquired at the transmitter
and/or the receiver. In this section, the objective is to identify the main sources of errors and

describe quantitatively the impact on the quality of the CSI.

The CSI acquisition method can be significantly different depending on the duplexing mode
of the communication system. In the case of TDD systems, the channel reciprocity principle
states that the channel can be assumed to be equal in the forward and the reverse links, if
the variability of the channel is slow enough. This property can be exploited, since the channel
estimate to be used in the design of the transmitter in the forward link can be obtained through
the received signals in the reverse link. Note, however, that although the channel reciprocity
principle is expected to hold, the RF chains including, for example, the high power amplifiers
and the mixers, are expected not to be reciprocal, which implies that a calibration mechanism
has to be included. In FDD systems, the channel reciprocity principle does not longer hold and,
consequently, a feedback channel has to be implemented from the receiver to the transmitter, if
the design of the transmitter is to be carried out according to the channel state. By means of the
feedback channel, the receiver can send to the transmitter the channel estimate corresponding
to the forward link.

The following points show a coarse classification of the different kinds of errors that may be
present in the CSI. In the case of FDD systems, all these sources of errors have to be taken into

account, whereas in the case of TDD, only the two first reasons have to be considered.
e Channel estimation errors.
e Estimation and feedback delay errors.

e Quantization errors.

e Feedback errors.

In the following, a more detailed analysis is given for each source of error in order to evaluate
its impact on the quality of the CSI and, consequently, also on the performance of the system

designed according to the imperfect CSI.

For simplicity in the notation and the sake of clarity in the presentation, in this section, only
the imperfections in the channel estimate will be analyzed, i.e., the errors in the estimates of the
noise plus interferences correlation matrices are not considered, although a similar analysis could

also be applied. In the following analysis, the matrix H represents the actual channel, whereas



Chapter 5. Sources of Imperfections in the CSI and Robustness Strategies 99

H corresponds to the channel estimate, i.e., the CSI. This is a generic representation of the CSI,
which means that, for example, in the case of the systems presented in Chapters 3 and 4, the

matrix H encompasses the channel responses at each subcarrier of the OFDM modulation.

5.2.1 Channel Estimation Errors

Most of the standards for wireless communication systems define training signals, i.e., sequences
of pilot symbols that are sent by the transmitter and are also known at the receiver side. Usually,
these training signals can be used to obtain the channel estimate. The received signals during
the transmission of the pilot symbols contain not only the contribution of the transmitted signal,
but also the contribution of the noise plus interferences. The most common approach to calculate
the channel estimate is to apply the MSE criterion, which looks for the channel that best fits the
received signal in a LS sense. This approach is the optimum one in the sense that it corresponds
to the ML estimation, if the noise and interferences are Gaussian and white. Obviously, there
will always be errors in the obtained channel estimate due to the presence of the noise and

interferences.

The generic LS channel estimation can be carried out as follows. Let X7 € €™ *train be the
matrix containing in the rows the ny training signal sequences corresponding to the np transmit
antennas with length equal to Lirai, samples. As explained previously, this matrix is assumed
to be also known at the receiver. During the transmission of the pilot symbols, the matrix Xz

containing the received signals can be expressed as
Xp=HX;+NE€ CnRXLtrain’ (5.1)

where N € €¢"#*train is the matrix representing the contribution of the noise plus interferences
at the receiver. The channel estimate can be obtained by looking for the channel matrix that

minimizes the MSE, i.e., the LS channel estimate H can be formulated as
H 2 arg min [Xp — HX7 |7, (5.2)

which leads to a solution that can be expressed in closed-form as follows, assuming that the

matrix XTX¥ is full-rank, as usual:
H = XX (X X) ™! e grrxnr, (5.3)
This is an unbiased channel estimate, where the error A, defined as
ALH-H, (5.4)

can be expressed as
H my—1
A = NX7 (XrX7) . (5.5)



100 5.2. Description of the Sources of Imperfections in the CSI

Usually, the standards define orthogonal training sequences to be transmitted through each
antenna, so that the channel estimation for each transmit-receive antenna pair can be decoupled.
Under this assumption, the transmission matrix X7 has the property XTX¥ = «l, which
simplifies the channel estimation, since no matrix inversion has to be calculated:

ﬁ::éXRxg. (5.6)
The constant « is related to the transmit power during the transmission of the training se-
quences. The relationship between the transmit power Pgrai“ and the constant « is given by
o= Pgrai“Ltmm /nr, where Pgrai“Ltmm is the total energy used during the transmission of the

pilot symbols through all the antennas in the training period.

Based on the orthogonality of the training signals, the error in the channel estimate can be
rewritten as
1 H
A = —NX7;. (5.7)
o

If all the components of the noise plus interferences matrix are i.i.d. with zero-mean and variance
02, then also all the components of A are also i.i.d. with zero-mean and power 02 /a, i.e., the

power of the estimation noise in this case is given by

2] OuniT (5.8)

E [‘[A]Z,J = P(‘)urainLtrain .

5.2.2 Estimation and Feedback Delay Errors

Usually, there exists a delay between the instants in which the channel estimate is obtained and
the transmission. In case that the Doppler spread is low, i.e., if the channel variability is not
significant, the errors due to the delay are also low; however, when the Doppler spread cannot

be neglected, the errors due to the channel variability have to be taken into account.

In the following, the errors due to the channel variability are analyzed isolated from other
sources of errors. Let H be the actual channel in the instant in which the transmission is per-
formed. Note, however, that the design is carried out according to an outdated CSI denoted by ﬁ,

which represents the channel response in a previous instant ¢4¢ seconds before the transmission.

As previously, the error can be expressed as
ALH-H. (5.9)

In case that the channel is Rayleigh, i.e., all the components of H and H are complex and
Gaussian distributed with zero-mean and a variance equal to 0'}2“ and the variation of the channel
follows the Jake’s model [Ste99], then the cross-correlation between any component of both
matrices is given by

=5 *

E[[H]” [H]ZJ = 03 Jo(27 fptae), (5.10)
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Error power due to the channel variability
3 T

T
[ — Power of the error in the CSl |
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Figure 5.1: Power of the error in the CSI vs. the delay between the channel acquisition and the trans-
mission instants. In the figure, the delay is normalized by the inverse of the maximum Doppler frequency
fp. The variance of the channel is assumed to be normalized, i.e., 07 = 1.

where fp is the maximum Doppler frequency and Jy(-) is the zeroth-order Bessel function of
the first kind. According to this, the power of the (7, j)th component of the error matrix A can

be finally calculated as follows:

E “[A]i,j 2} =20}, — 20, Jo(27 fptael).- (5.11)

In Figure 5.1, the power of the error in the CSI is shown as a function of the delay between
the instant in which the channel is acquired and the transmission. From the figure, it is concluded
that the delay should be much lower than the inverse of the maximum Doppler frequency to
have an acceptable error power. In some papers such as [Cho02b], a channel prediction based
on the MMSE criterion is applied to obtain a more accurate estimate of the current channel
based on several previous channel measurements, showing that the error power can be decreased

significantly.

The delay effects have to be taken into account, specially in FDD systems, where the delay
is produced not only by the estimation process itself, but also by the feedback delay due to the

transmission of the CSI from the receiver to the transmitter.
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5.2.3 Quantization Errors

When the channel state has to be sent from the receiver to the transmitter through a feedback
channel, which is expected to be digital, the channel matrix H has to be quantized, obtaining
H. Obviously, the quantization of the channel matrix produces an error which can be expressed

as previously, i.e.,

ALH-H. (5.12)

The simplest technique consists in quantizing each component of the channel matrix inde-
pendently. Let us assume that all the components of the channel matrix are i.i.d. according
to the distribution [HJ;; ~ CN'(0,07). Let us also assume that the real and imaginary parts
of each component of H, with a variance equal to U}ZZ /2, are quantized independently using n,
bits. Consequently, the total number of bits used in the quantization is N, = 2nrngn,. The
quantization strategy that minimizes the MSE can be obtained using the rate-distortion the-
ory [Cov91, Cho02b], giving as a result independent errors in each quantization of the real and

imaginary parts with a power equal to 0,212_2’% /2, leading to

E “[A]i,jﬂ = o297 = 529~ No/nrnr, (5.13)

Other quantization strategies could also be applied, such as vector quantization, or differen-
tial encoding. The number of possibilities is large and increasing, since currently, much research
work is being carried out on this topic. See [Lov04], and references therein, for a general overview

of these issues.

5.2.4 Feedback Errors

When a feedback channel is used, additional errors can arise due to the presence of noise in this
channel. The effect of these errors on the quality of the received CSI can be reduced by using
appropriate channel coding strategies in the transmission of the quantized channel matrix. Note,
however, that an error-free transmission can be never guaranteed and, therefore, the quality of
the received CSI will be always lower than the quality of the transmitted CSI. The relationship
between the quality of the feedback link and the final quality of the channel estimate available
during the design stage is highly nonlinear and has to be calculated by means of simulations

that are outside the scope of this dissertation.
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5.3 Degradation of the MIMO-OFDM Single-User System Due
to Errors in the CSI

The imperfections and errors in the CSI generally imply a decrease of the system performance,
specially when the system is designed according to the CSI and without taking into account
these errors, i.e., in a non-robust way. There are several works and papers where this performance
degradation is studied. In [Cho02b] and [Cho02c], the degradation of a Rayleigh flat fading MISO
channel is analyzed, where the transmitter is based on beamforming and designed assuming a
perfect CSIL. This performance degradation is studied in terms of the mean value of the Chernoff
upper-bound on the BER, concluding that the errors produce a reduction in the diversity order
and that, when the error level is high, a space-time coding approach is more suitable than a
beamforming solution. In [Bha02], a similar analysis is carried out, also for a Rayleigh flat fading
MISO channel. There, the degradation in terms of the decrease of the outage mutual information
is studied in three different situations depending on the quality of the CSI at the transmitter
and the receiver: imperfect CSI at the receiver and no CSI at the transmitter, perfect CSI at the
receiver and quantized CSI at the transmitter, and imperfect CSI at the receiver and quantized
CSI at the transmitter.

In this section, the objective is to study the performance degradation of a MIMO-OFDM
single-user system due to an imperfect CSI at the transmitter. The system is designed assuming
that the CSI is perfect, despite not being true, and according to the technique presented in
Chapter 3. Before presenting the analysis, some mathematical preliminaries are given related to
the theory of the eigenvectors and eigenvalues sensitivity to matrix perturbations, on which the

analysis of the performance degradation is based.

5.3.1 Preliminaries: Eigenvector/Eigenvalue Sensitivity to Matrix Perturba-
tions

Definition 1 Given a square matriz A € €™*", the eigenvector decomposition of this matriz,
if it exists, is given by a nonsingular matriz X = [xl . --xn] € €™" (i.e., its inverse matriz
X! ezists) and a diagonal matriz A = diag ({M1,...,A\y}) € C™" such that

A = XAX (5.14)
Aix; = Axg, i=1,...,n, (5.15)

where {x;} and {\;} are the eigenvectors and the eigenvalues of A, respectively, and x; is said

to be the eigenvector associated to the eigenvalue \;.

The perturbation theory studies the variation of the eigenvectors and the eigenvalues of a

matrix when the matrix changes. One of the main results is given by the Bauer-Fike theorem,
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which is formulated as follows:

Theorem 1 [Gol96, Theor. 7.2.2.] If p is an eigenvalue of the matriz A + E € C™*™ and the
eigenvector decomposition of A is given by A = XAX !, where A = diag ({Al,...,An}) €
C"™*™, then

in [A—pul <kX)|E 5.16
i A=l < R (X)[E], (5.16)
where || - ||, denotes any of the p-norms of a matriz and k,(X) is the p-condition number of the

nonsingular matriz X.

The previous theorem provides an upper-bound on the variation of the eigenvalues when
a perturbation is applied to the original matrix. In the following, a corollary of the previous

theorem is given for the case of Hermitian matrices:

Corollary 1 If A € C™*" is an Hermitian matriz (A = AY), then there erists a unitary
matriz U (UUH = UHU =1) and a diagonal matriz A = diag ({\1,...,An}) € R™™ such that
A = UAUY | corresponding to the eigenvector decomposition of A.. If an Hermitian perturbation
matrizc E = BE € €™ " is applied to A, then, for any eigenvalue 1 of A + B, the following
upper-bound holds:

in |A—pul <|E 5.17
)\g)l\l(r};)| pl < B2, (5.17)

which is obtained by taking p = 2 and taking into account that ko(U) =1 in Theorem 1.

5.3.2 Degradation of the SNIR in the MIMO-OFDM Single-User System

Let us consider the system and signal models corresponding to the MIMO-OFDM single-user
system presented in Chapter 3, in which the transmitter and the receiver were designed jointly
based on a joint beamforming approach per carrier and according to the knowledge of the channel

and the noise plus interferences correlation matrix at both sides of the communication system.

The optimum design of the transmit {by} and the receive {a;} beamvectors according to
a perfect knowledge of the channel {Hj} and the noise plus interferences correlation {R,,(k)}

matrices is (see §3.2.3 for more details)

by = VPiumax(HIR, ' (k)Hy), (5.18)
ar = oxR;'(k)Hyby, (5.19)
Amax(k) = Amax (Hy Ry (E)Hy), (5.20)

resulting in the following SNIR:

SNIR; = bYHIR 1 (k)Hyby = Amax (k) Py, (5.21)
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where P is the power allocated to the kth subcarrier.

In a realistic system, however, the assumption of having a perfect knowledge of the channel
and correlation matrices is not longer true and, therefore, a degradation of the performance
is expected. This degradation is now studied obtaining a closed-form expression of an upper-
bound on the worst relative SNIR reduction for the case in which the error in the estimates of
the matrices is complex white Gaussian noise. In the simulations subsection, the tightness of the
upper-bound is shown and evaluated, and additional results corresponding to the degradation

in terms of the uncoded BER are also presented.

Let us introduce, as a first step, the error model in the channel and correlation matrices.

The estimates of these matrices at the transmitter for each subcarrier are assumed to be

ﬁk = H;, + Ay, (522)
Ro(k) 2 Ry(k)+ Ty, (5.23)

where the matrices Ay € C"R*"T and Ty € C"R*"R represent the errors in the estimates
corresponding to the kth subcarrier. As a result of differential matrix theory [Rog80, Mag99], it
can be verified that the inverse of the estimate of the correlation matrix can be approximated

as follows, using the first order Taylor expansion of f{,; L(k):

R;'(k) = R;'(k)+ Sk, (5.24)
S: ~ —R, YE)T.R,(k), (5.25)

where S; represents the error in the estimate of the inverse of the correlation matrix. The
matrix T} is assumed to be Hermitian, i.e., Ty = Tf , considering also that it can be expressed
as T, £ B, + B,?, introducing the new matrix By € €"2*"R, The components of the matrices
Ay and By are modeled as i.i.d. complex and circularly symmetric Gaussian random variables,
with zero-mean and variances proportional to U%{ and U%, respectively. The assumed model for
Ay is known and corresponds to a ML estimation of the channel in which orthogonal training
sequences are used at the transmitter (in [Li02], the orthogonal training sequences are defined
as cyclically delayed sequences). The Gaussian model assumed for Ty is based on the central
limit theorem, as explained in [Del01], for example. Besides, and for simplicity reasons, the
components of the matrix By are assumed to be independent, although the results obtained in

this subsection could be extended to the correlated case.

According to the estimates of the channel and correlation matrices available at the trans-
mitter, the transmit beamvectors are designed as follows (the superscript ’ is used to indicate
that the design is based on the estimates of the channel and correlation matrices instead of the

actual matrices):

b, = \/Pluma (HIR, (k)Hy), (5.26)
Max(¥) = Amax (HIR, H(k)Hy) = [|[HIR, (k) Hy |, (5.27)
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where, in the following, and for simplicity in the notation, \'(k) is used instead of Al .. (k) and

max
A(k) is used instead of Amax (k).

In case that the MAXMIN criterion is used to distribute the total available transmit power

Py among the subcarriers, the power allocated to the kth subcarrier P is calculated as

(5.28)

as shown in (3.42).

The objective is to evaluate the new SNIR at each subcarrier when using the design of the
transmitter according to the estimates of the channel and correlation matrices instead of the ac-
tual matrices. When calculating the new SNIR, it will be assumed that the receiver has a perfect
knowledge of the actual channel and correlation matrices, in addition to the designed transmit
beamvectors {b} }. Consequently, the optimum receiver is given by the whitened matched filter,
as deduced in §3.2.3 and shown in (3.17):

a} = a;xR, 1 (k)H;b}. (5.29)
According to this receiver design, the resulting SNIR at the kth subcarrier at the detection stage
assuming errors in the CSI at the transmitter is given by

b, THIR, ! (k) H,b),

H _
SNIR}, = b, "H}'R, ' (k)H}b), = P} i
k k

: (5.30)

which results from using the design of the receiver shown in (5.29) in (3.16).

A first order approximation of HZR,, ! (k)H}, can be obtained as a function of the estimates

of the channel and correlation matrices, as expressed in the following equation:

HIR, (k)H, = (Hp—Ap)" (R;'(k) — i) (Hy — A) (5.31)
~ HIR,'(k)Hj — Ay, (5.32)
A, = HIR,'(k)A, +HISH, + AR, (k)Hy, (5.33)

where A is an Hermitian matrix. Based on these definitions, the SNIR according to the imper-

fect CSI can be rewritten as

b b}, b, b, b, b,
b, " ALb! P, P 1 b7 Ab,
= PXN(k) = P= o = oo T NI A, (5.34)
b}, " by, =0 ¥ 0w N (F) bLbg

where the expression of the power allocation corresponding to the MAXMIN strategy (5.28) has

been used.
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When the errors in the CSI are small when compared to the actual channel and correlation

matrices, it is possible to obtain a worst-case bound on the SNIR assuming that the second

T ALb,

b, T, is known to be upper-

term in (5.34) is positive and maximum. The maximum value of 2
bounded by ||Ag||2 [Gol96], leading to

Py Py
N-1_ 1~ N-1 _1 X (k)

=0 X0 =0 X0

SNIR}, > 1Al (5.35)

Based on Corollary 1 resulting from the Bauer-Fike theorem (see Theorem 1) and taking
into account equation (5.32), it is possible to obtain an expression of the interval in which the
maximum eigenvalue \'(k) of ﬁkH R !(k)H; is located as a function of the maximum eigenvalue

A(k) with no error in the CSI and the 2-norm of the matrix Ay:

N(k) € [A(k)—ak,A(k)Mk], 0 = [ All2, (5.36)
N(k) = Am (HkHR (k)H )_HH}SR k)EL |, (5.37)
ME) = o (BR ()EL) =[BRS (R)EL . (5.35)

The transmitter allocates the available power Py among the subcarriers according to X' (k).
According to the MAXMIN criterion (as shown in §3.3.3), the carriers with a lower gain, i.e.,
with a lower eigenvalue, are given more power than the carriers with a higher gain. Since the
objective is to evaluate the maximum degradation of the SNIR at the kth subcarrier, let us

assume the following worst-case situation derived from the uncertainty interval (5.36):

N() = ) -4, Vi # k, (5.39)
N(k) = Ak)+ o (5.40)

Taking into account that the SNIR for the MAXMIN strategy with no errors in the CSI is
the same for all the carriers (as deduced in §3.3.3 and expressed in (3.43)):
Py

NT 1
1=0 X(I)

SNIRI]::/IAXMIN — SNIRMAXMIN — Vk‘, (5.4:].)

it is possible to deduce the maximum degradation of the SNIR at the kth subcarrier as

Py Po

SNIRyaxumy — SNIRL < (5.42)
I R (=
Py 5k
+ . . (5.43)
e 3w T ME) O
— P P° AK) (5.44)

ik 3 T ﬁ ik s T 3w e AR) 0k
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At this point, the relative degradation parameter d(k) at the kth subcarrier is defined as the
maximum degradation of the SNIR related to the original SNIR assuming a perfect CSI, i.e.,

Py _ Py A(k)
1
st

A SNIRMAXMIN - Sl\]']:P{,;c Zl;ék- X(k) Zl;ék. 7X(l)1*5l+7k(k)l+§k A(k)+5k

k) & 5.45
( ) SN'II{MAXMIN ( )

Po
max Zl ﬁ

A first order approximation of the previous expression can be calculated, leading to (see

Appendix 5.A-A for a complete derivation of the first order approximation):

d(k) Zl;ék )\2 - féck) n 6]9 . 1 Z (5[ L 6]9 Z 1 (5 46)
zlﬁ N Sy \ &2 20 AR 2 30

The objective is to obtain an upper-bound on the mean value of the parameter d(k) averaged
over the statistics of the error in the channel and correlation matrices. In order to obtain this

expression, it is useful to calculate an upper-bound on E[d;] as follows:

Elox] = E[l|Akll2] = E[ Amax(A}?Ak)]SE[ Tr(A,?Ak)] (5.47)

IN

\/E (AFAL)] \/Tr (E[AFA,]), (5.48)

where the last inequality corresponds to the Jensen’s inequality for concave functions (the func-

tion \/z is concave).! Using the previous inequality, the following upper-bound is obtained for

E[ék]:

Eldx,] < \/ﬁ (E[AFAL]) = \/ZU%,t(k) + 20582 (k), (5.49)
where t(k) = Tr (HR,,?(k)H) (see Appendix 5.A-B for a complete proof).
By making use of (5.49), the final value of the upper-bound on the maximum relative SNIR

degradation E[d(k)] averaged over the statistics of the errors in the channel and correlation

matrices is given by

—1
1
A= (2; ||HlHRn1(l)Hl||2)

5 V20% T (HIR2()H)) + 203 T? (H/ R ()H)) (5.50)
) .
2 IH R, (1)H, I3

\/ 202 Tr (HI'R,,%(k)Hy) + 202 Tv? (HIR,,2(k)Hy)

1
L Ry, (k) H 2 ;IIHFRnI(l)Hsz ’

which is valid for low error levels in the CSI.

'The Jensen’s inequality states that, in case that f is a convex function, then f(E[x]) < E[f(x)]. If the function
f is concave, then f(E[x]) > E[f(x)] (see [Boy04]).
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One of the most important conclusions is that the relative SNIR degradation depends linearly
on the standard deviation of the error in the channel o and correlation matrices o, when this

error is low.

Although the previous results have been obtained assuming that the MAXMIN power allo-
cation is applied at the transmitter, they can be extended to other power allocation strategies.
For example, in case that the HARM power allocation strategy is applied, the power allocated
to the kth subcarrier is calculated as (see §3.3.2 and (3.32))

P
Pl = 0 (5.51)

lo\/)\,—v

and, therefore, a lower-bound on the SNIR can be calculated in the same way as in the case of
the MAXMIN strategy, obtaining

P P
SNIR}, > —————/X(k) 0

1
- i O
i A Y5 g VNR)

(5.52)

As the MAXMIN strategy, the HARM approach allocates more power to the carriers with a
lower gain. This can be used to calculate the maximum SNIR degradation at the kth subcarrier,
which is obtained by taking the expressions (5.39) and (5.40). Taking into account that the
SNIR in case of having a perfect CSI is (see §3.3.2 and (3.33))

ko
Y \/—

the maximum SNIR degradation can be upper-bounded by

SNIRIARM — k), (5.53)

#k /X0 k) ZE D —0 | /Ak)+ok () + o
I : O (5.54)
2tk VA6 + V/A(k)+0y, A(R) + o
P, P, Mk
= i - i A(k) = - )

Ltk NORRNAC) 2t \/,\(;)751 + \/A(;)Mk AR) + 0k

In the following expression, the degradation parameter d(k) is defined and a first order

approximation is given as follows (see Appendix 5.A-C for a complete derivation):

[
SNIRHARM SNIR;C 1 El?ﬁk \/)\3 \//\3(19) n 1 Ok (5.55)
SNIRHARM max 2 > \/_ 2 \(k) '

d(k) &

The main conclusion is that, also in this case, the maximum relative degradation depends
linearly on {0y} and, therefore, the mean value E[d(k)] also depends linearly on the standard

deviation of the error in the channel o and correlation matrices og, for high estimation SNR.
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2+2 and 4+4 antennas. As=30° (TX), 15° (RX). channel A. No interferences.
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Figure 5.2: Mean value of the worst relative degradation of the SNR vs. the estimation SNR for the
MAXMIN power allocation strategy. Comparison between the theoretical upper-bound on the relative
degradation and the actual one obtained by simulations. In the simulations, 242 and 4+4 antennas are
available. The channel power delay profile is that corresponding to model A. The angular spread is 30°
at the transmitter and 15° at the receiver. There are no interferences.

5.3.3 Simulation Results

In this subsection, some simulation results are provided to analyze the degradation of the system
performance as a consequence of the errors in the CSI. As in §3.4 in Chapter 3, the parameters
defined for the physical layer of the HiperLAN/2 system [ETS00] have been taken.

In the performed simulations, the channel power delay profile is that corresponding to model
A as described in [ETS98], with a rms delay spread equal to 50 ns, i.e., an indoor scenario. The
channel impulse responses are normalized, i.e., IE[ Eﬁ;& |hq,p(n)|2] =1, Vp,q (as in §3.4, the
channel is assumed to have L taps). The simulated angular spread at the transmitter is 30°, and
at the receiver, 15°. In the considered scenario, no interference has been assumed. According to
this, the SNR is defined as in §3.4, i.e., SNR = Pynynpg/o2, where o2 is the mean power of the

AWGN at the receive antennas.

The estimates of the channel matrices are considered to be imperfect, where the errors in
these estimates follow a Gaussian distribution with a variance equal to 0’%_[. Using this parameter,

the estimation SNR is defined as SNReg; = 1 / 0’%_[. As far as the correlation matrices is concerned,
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2+2 antennas. BPSK. As=30° (TX), 15° (RX). channel A. Noise in the CSI.
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Figure 5.3: Degradation of the system performance due to the errors in the CSI in terms of the uncoded
effective BER vs. the SNR, for the MAXMIN power allocation strategy. Different values of the estimation
SNR have been simulated: 5, 10, 15, 20, and 25 dB, and a scenario with perfect CSI. In the simulations,
2 transmit and 2 receive antennas are available. The channel power delay profile is that corresponding to
model A. The angular spread is 30° at the transmitter and 15° at the receiver. There are no interferences.

it is assumed that they are perfectly known at both sides of the communication system. This
approach has been taken since the results are more clearly presented and the conclusions that are
obtained from the simulations do not change even if interferences are considered in the scenario

and the errors in the correlation matrices are also taken into account.

In Figure 5.2, the worst relative SNR degradation is shown averaged over the channel statis-
tics and also over the statistics of the errors in the channel estimate. These results correspond
to the application of the MAXMIN power allocation strategy, although the same conclusions
can be obtained when using the HARM power distribution. The number of antennas is 2+2
and 4+4. In the figure, the relative degradation obtained theoretically in §5.3.2 (see (5.50)) is
shown, in addition to the realistic results obtained from the simulations. As can be seen in the
figure, the obtained upper-bound is very tight, specially for high estimation SNR. Besides, the
slopes of both curves tend to be —1/2 when the estimation SNR increases, as expected from the
theoretical analysis, where it was shown that the performance degradation parameter d(k) was

proportional to the standard deviation of the estimation noise.

In Figure 5.3, the degradation in terms of the uncoded effective BER is shown for a 242
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antenna system with no interference and for different values of the estimation SNR. As can
be observed, the degradation is more important as the estimation SNR. decreases, specially for
values lower than 20-25 dB. For these values of estimation SNR, the worst relative degradation

of the SNR is around 0.1, as shown in Figure 5.2.

By means of analysis such as the ones presented in Figures 5.2 and 5.3, important conclusions
about the realistic application of MIMO techniques can be obtained. As an example, using the
curves in Figure 5.2, a minimum quality threshold in the degradation can be identified, and the
corresponding transmit power during the estimation period can be calculated. In case of using
a feedback channel to transmit the CSI from the receiver to the transmitter, the channel and
correlation matrices have to be quantized. Taking into account the results on the performance

degradation, the minimum number of bits to carry out the quantization could be calculated.

5.4 Robustness Strategies

In the previous section, and in some references such as [Cho02b, Cho02c, Zho04], the performance
degradation of a communication system is studied, when the transmitter and/or the receiver is
designed according to the available imperfect CSI. The designs presented in these references,
and also in the previous section, are non-robust, in the sense that they consider that the errors
in the CSI are negligible, despite not being true. The main conclusion is that this performance

degradation increases rapidly with the error level.

In case that there exist errors in the CSI, i.e., in the estimates of the channel and correlation
matrices, the optimum design strategy should take into account these errors, obtaining a robust
solution. Note that, interestingly, the first applications of robust solutions were not for wireless
communications, but for control theory (see [Zho96, Has99] and references therein). Indeed, the
concepts of signal state space and MIMO were originally used in this area. Afterwards, all these

techniques and concepts were extended to other fields due to their potential benefits.

In a communication system, and as commented previously in §5.2, the receiver usually ac-
quires the channel estimate using a training sequence, also known as pilot symbols. Although this
is the most usual procedure, note that there also exist some blind algorithms that can obtain a
channel estimate without any training sequence (see some examples of blind channel estimation
strategies based on the exploitation of the constant modulus property of some signals [Ste99],
or higher order statistics [Gia89, Gar94], among others). At the transmitter side, the CSI can
be obtained through a feedback channel from the receiver to the transmitter or from previous
received signals, exploiting the channel reciprocity principle in a TDD system (see [Ben01] for

an overview of different channel estimation strategies).

Different sources of errors in the CSI can be identified depending on the acquisition method,
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as explained in §5.2. In case of exploiting the channel reciprocity, the Gaussian noise from
the estimation process and the outdated estimate due to the channel variability have to be
considered. Note that the errors due to the channel variability can be reduced by using a channel
predictor, although also in this case, a residual prediction error still exists (see [Cho02b] and
[Zho04], among other references, for the expression of the residual error corresponding to a
channel predictor in a multi-antenna system designed under the MMSE criterion). If a feedback
channel is used, additional effects arise, such as the quantization of the channel estimate and

the errors of the communication through the feedback channel.

According to the way the error in the channel estimate is modeled, the robust designs can
be classified into two families: the Bayesian (or stochastic) and the mazimin (or worst-case)
approaches [Boy04]. In the Bayesian philosophy, the statistics of the error are assumed to be
known and a stochastic measure of the system performance is optimized, such as the mean or
outage values. On the other hand, the maximin approach considers that the error belongs to a
predefined uncertainty region and the final objective is to look for the design that optimizes the

worst system performance for any error in this region.

The Bayesian philosophy has been considered in works such as [Nar98], where a multi-antenna
transmitter is designed to maximize the SNR and the mutual information assuming two sources
of errors in the CSI: the Gaussian noise from the estimation and the quantization errors. The
minimization of the BER instead of the maximization of the SNR has been addressed in [Wit95].
The more general case of MIMO flat fading channels has been considered in [J6n02], where the
proposed transmitter architecture is composed of an OSTBC stage and a matrix performing
a linear transformation of the outputs of the OSTBC. This matrix is designed to minimize
an upper-bound on the BER assuming Gaussian errors. The same objective has been taken in
[Rey03] and [Xia04] for a MIMO frequency selective channel using a multicarrier modulation: in
[Rey03], the transmitter and the receiver are based on matrices performing a linear transforma-
tion, whereas in [Xia04], the transmitter is composed of the Alamouti’s code [Ala98] combined

with two beamformers.

Regarding the maximin approach, [Kas85] and [Ver84] provide a general insight using a game
theoretic [Osb94] formulation and describing several applications in signal processing. See also
[RocT1a] for a reference on the theory of saddle-points and maximin. This approach has been
recently used in the classical problem of designing a receive beamformer under mismatches in
the presumed model, as in [Vor03], where the errors are assumed to be in the estimated steering
vector and to belong to a spherical uncertainty region. This has been afterwards generalized in
[Sha03] to embrace uncertainties both in the array response and the correlation matrix. The
classical Capon’s beamformer [Mon80] has been extended to its robust version in [Lor04], [Li03],
and [Sto03], taking generic uncertainty regions and different formulations. In some of these

examples, the robustness is obtained by minimizing the output power of the beamformer while
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guaranteeing a minimum gain for any direction modeled by the uncertainty region. In [Pal03b],
the maximin approach has been applied to design a MIMO system in which the channel is
completely unknown at the transmitter and taking as objective the maximization of the mutual
information, leading to a solution in which a uniform power allocation is performed among the
transmit dimensions. Finally, several applications of this robust approach to multi-user systems

with multi-antenna base stations can also be found in [Ben01], [Ben99], and [Big03].

5.4.1 Mathematical Description

A generic formulation can be stated for both the Bayesian and the maximin approaches. Let H
represent the actual channel response (in the case of the signal models presented in Chapters 3
and 4, and also in §5.3, the “channel” H would embrace not only the channel matrices, but also

the correlation matrices). The imperfect CSI, which is represented by ﬁ, can be expressed as
H2H+ A, (5.56)
where A is the error in the CSI.

The system performance is usually measured by a cost function f, whose minimization is
the objective of the design (usual cost functions are based on the BER, the MSE, or the SNIR,
among others). In the following, a generic formulation is given for both the Bayesian and the

maximin approaches in order to minimize the cost function.

The Bayesian Approach

The Bayesian philosophy has been applied classically in estimation theory. The main charac-
teristic of this approach is that both the parameters to be estimated and the observations are
considered random variables, as opposed to ML, in which the parameters to be estimated are

assumed to be deterministic but unknown (see [Kay93]).

The Bayesian approach can also be applied to obtain a robust design. In this case, the
error and the actual channel are modeled statistically through their pdf’s pa(A) and pg(H),
respectively, which are assumed to be known. Note that knowing these pdf’s is equivalent to
knowing the pdf of the actual channel conditioned to the channel estimate Pui (H|ﬁ), which is
equal to pa (ﬁ —H)pu(H)/pg (ﬁ) by the Bayes rule [Pap91], since Pijm (ﬁ|H) =paA (ﬁ —H)
when the actual channel and the error are independent. A possible design strategy consists in
the minimization of the mean value of the cost function f. Note, however, that other stochastic
measures of the performance could also be used, such as the outage performance. If the criterion

of the mean value is adopted, the following expression has to be minimized:

o [/ A B)] = [ 731, AB)pa (B - 1) Bl (5:5)
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where B and A represent the transmitter and the receiver, respectively. Obviously, the mini-
mization of (5.57) has to be performed subject to a power constraint at the transmitter. Note
that, in case of applying this criterion, no guarantee can be given in terms of the instantaneous
performance of the system, but only in terms of the mean performance; besides, a full statistical

characterization is necessary, however, this is not always possible.

The Maximin Approach

In the maximin approach, instead of modeling the error statistically, it is assumed that it is
unknown but belongs to a predefined uncertainty region R, i.e., A € R. The objective of the
maximin strategy is to look for the design that optimizes the worst performance of the system for
any error in the uncertainty region. This worst performance, that has to be minimized subject

to the transmit power constraint, can be formulated as

sup f(H, A,B), (5.58)
AER

where, as in the case of the Bayesian formulation, B and A represent the transmitter and the re-
ceiver, respectively. It is important to remark that, in this case, a full statistical characterization
is not necessary. Besides, this approach guarantees a minimum instantaneous performance for
any error modeled by the uncertainty region, i.e., when the actual error behaves as expected (in
a realistic situation, this will be satisfied with a high probability, declaring an outage otherwise).
Note that this guarantee cannot be provided by the Bayesian approach optimizing the average
performance. The performance of the maximin designs is directly related to the definition of the
uncertainty region, i.e., it is important to define uncertainty regions that represent the physi-
cal phenomenon that is producing the imperfections in the channel knowledge; otherwise, the

performance of the system may be degraded.

5.5 Some Examples of Bayesian Designs

In this section, two different examples of Bayesian designs are shown. In §5.5.1, this robustness
approach is applied to derive a power allocation strategy that is robust to channel uncertainties
in a SISO-OFDM system, where the objective is the minimization of the Chernoff upper-bound
on the mean BER. Afterwards, in §5.5.2, a MISO channel is considered in a system exploiting a
single-carrier modulation. At the transmitter, a bank of FIR filters is designed to maximize the

mean received SNR and minimize the MSE.
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Figure 5.4: Transmitter scheme applying a power allocation among the subcarriers of the OFDM mod-
ulation.

5.5.1 Minimum BER Power Allocation in SISO-OFDM Communications

In Chapters 3 and 4, the use of the OFDM modulation and MIMO channels has been considered,
i.e., channels with multiple transmit and receive antennas. In the designs obtained in those cases,
the channel and correlation matrices have been assumed to be perfectly known at both sides of
the communication system. In the following, the system is assumed to have only one transmit
and one receive antenna, i.e., a SISO channel is considered. The objective is to derive a power
allocation strategy for the OFDM modulation that is robust to the errors in the available channel

estimate.

The notation used in the previous chapters can be simplified for the case of a SISO channel
combined with a N-carriers OFDM modulation. Let {h(n)}5_} be the L-taps time impulse
response of the channel that can be expressed in a compact way by using the vector notation
h £ [h(0)---h(L — 1)]T € 0”1, The complex response of the channel at the kth subcarrier,
which is denoted by H (k), is equal to the Fourier transform of the L-taps time response of the

channel h(n), i.e.,

L—1
H(k) 2 Y h(n)e ¥ = £lTh, (5.59)
n=0

where f}, £ [1 A LI ey%’“k(Lfl)} c oLxL,

At the transmitter side, a power allocation is applied among the subcarriers, as shown in
Figure 5.4, where P} is the power allocated to the kth subcarrier. When designing the power

distribution, a global transmit power constraint has to be applied, which is formulated as
N-1
Y P =h, (5.60)
k=0

in the same way as described in Chapter 3 (see (3.24)).

Taking into account this transmission scheme, the received signal sample yi(m) at the kth
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subcarrier during the transmission of the mth OFDM symbol can be written as
yk(m) = H(k)\/ Pgs(m) + ng(m), (5.61)

where si(m) is the information symbol transmitted at the kth subcarrier during the mth OFDM
symbol with a normalized energy (E[|s;(m)[*] = 1) and nj(m) denotes the noise plus interfer-
ences contribution at the same carrier. In the following, it is assumed that, at the receiver side,
there is only AWGN with power o2 at all the subcarriers, i.e., E[|ng(m)|?] = 2. Based on this

signal model, the received SNR at the kth subcarrier can be expressed as

E[|H(k)VPise(m)"] _ [H(K)PP: _ Peh"fif"h

SNR —
f T R (m)P) o2 o2

(5.62)

Note that this signal model and the resulting expression of the SNR are obtained as the partic-
ularization of the general signal model corresponding to MIMO channels presented in §3.2.2 for
the case of a SISO channel.

The effective error probability, assuming that no channel coding is applied to the information
symbols, is defined as (see (3.44))

,_.

P2 O‘Wm > 0 (VEnSNRy,) (5.63)

where this expression results from the assumption that the receiver has a perfect channel knowl-
edge and, therefore, the decision boundaries are correctly defined (note that for BPSK and
QPSK, only the channel phase is necessary).

The direct minimization of the effective error probability is quite complicated and, conse-
quently, the minimization of the Chernoff upper-bound is proposed, which is a tight approxima-

tion for high values of the SNR. This Chernoff upper-bound is given by

N-— N-1

N-1 "
P =523 0 (VEnSNRy ) < S 37 ¢ #hnSNRe _ S §7 T PRTRER (5 )
k=0 k=0 k=0

,_.

which is a convex function with respect to the power allocation variables {P;}.2

In the following, two different techniques are proposed to design the power allocation. First,
a non-robust power distribution is deduced assuming that the channel estimate is perfect. Af-
terwards, a robust solution is obtained taking into account explicitly the errors in the channel

estimate under the Bayesian philosophy.

2This upper-bound is convex since it is the summation of negative exponential functions, which are also convex

o . 2 _ _
(the second order derivatives are positive: :Zye™" =e™" > 0).
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Non-Robust Power Allocation

The non-robust power allocation is obtained by assuming that the available channel estimate,
which is represented by fl(k), is perfect, i.e., f](k) = H(k), despite not being true. Hence, the
optimization problem to be solved is formulated as

N-1

mi?liir]}ize i kz—:o exp (—%Pﬂﬁ(k)ﬁ)

subject to P, > 0, k=0,...,N —1, (5.65)
N—1
> P, =D.
k=0

This optimization problem is the same as that solved in §3.3.3, whose solution is given by

(3.47). Using that result, the non-robust power allocation is expressed as

B %max{o,log (|f1(k)|2) + u}

Py —
Fm |H (k)[?

: (5.66)

where p is a constant calculated to satisfy the global transmit power constraint (5.60).

Bayesian Robust Power Allocation

When the errors in the channel estimate are not negligible, the system performance can decrease
importantly if the non-robust power allocation is used. In this case, the optimum design should
take into account the errors explicitly, obtaining a robust solution less sensitive to these errors.
In the following, a robust power distribution is obtained under the Bayesian philosophy, i.e.,

using a pure statistical approach.

Let h € @X*! be the vector containing the available channel estimate in the time domain,

which is related to the actual channel by
h2h+4, (5.67)

and where § represents the error in the channel estimate. The channel estimate in the frequency
domain H (k) can be expressed as the Fourier transform of the channel estimate in the time
domain, i.e., H(k) £ f,fﬂ = H(k) +f1§. The actual channel h is assumed to be zero-mean and
circularly symmetric Gaussian distributed, with a correlation matrix A £ E[hhH ] If the taps
of the channel are uncorrelated, the matrix A is diagonal and its elements describe the power
delay profile of the channel. Consequently, the pdf of the channel vector py(h) is

1

= m exp (—hHAflh) . (5.68)

pn(h)

The error § is also assumed to be zero-mean and circularly symmetric Gaussian distributed with

correlation matrix ¥ = E[JSH ] and independent from the actual channel h; hence, the pdf of
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the error is given by

1
0)= —— —os=15) . 5.69
Using the pdf’s of the actual channel and the error, the pdf of the actual channel conditioned

to the channel estimate ph‘ﬁ(h|ﬂ) can be calculated as shown in §5.4.1, obtaining:

phm(hlﬂ) = - th) ps(h —h)pn(h) (5.70)
1 1 ~ ~ 1
~ p(h) 7P det(S ) P <_(h ~h)"s7 (b - h)) 2L det(A) P (-h"A™'h),
where
pg () = /pgh(ﬁlh)ph(h)dh = /p,s(ﬂ— h)py(h)dh. (5.71)

The objective is to minimize the following expression related to the Chernoff upper-bound
on the effective error probability averaged over the statistics of the actual channel conditioned

to the channel estimate:
N—1
1 /am —cPhEefEh (7
——— [ =2 ) ey (h — h)pp (h)dh, (5.72)
pa(h) /N kZO

where ¢ = k,,/202. The expression above is convex with respect to {P;} since it is a linear
combination (an integral indexed by h) of the set of convex functions % EN L e—cPehfif{Th
The minimization of the expression above subject to the global transmit power constraint (5.60)
is equivalent to the following convex optimization problem (see Appendix 5.B for a complete

proof of this equivalence):

N—1 exp(_c th Py )

. . . csy, P
ml?}gﬁlze P T +Cls: P: k
subject to —P <0, k=0,...,N —1, (5.73)
N-1
Z Pk - P07
where
se = FIATT+2 ), (5.74)
|2
b= (AT =) TSR] (5.75)

In Appendix 5.C, a numerical algorithm is proposed to calculate the Bayesian robust power

allocation based on the KKT conditions for the convex problem (5.73).
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Figure 5.5: Frequency response of the actual channel, i.e., the channel realization, vs. the subcarrier
index k.

Simulation Results

Some simulation results are now given to show the benefits of the robust approach when com-
pared to the non-robust design. The simulated SISO channel is assumed to have a normalized
energy, i.e., ]E[ Eﬁ;& |h(n)|2] = 1. The power delay profile of the channel is exponential and the
delay spread normalized to the sampling period is equal to 3. The number of subcarriers of the
OFDM modulation is N = 64.

Figure 5.5 shows the actual frequency response of a channel realization with 10 taps vs.
the subcarrier index k. In Figures 5.6(a) and 5.6(b), the power allocations for such a channel
realization are shown assuming a SNR equal to 15 dB and for two different conditions regarding
the power of the estimation noise represented by X = 0.01I and X = 0.5I, respectively. In the
first case, it is seen that the non-robust and the robust techniques behave almost in the same way,
since the channel estimate is very similar to the actual channel response, concluding that both
techniques tend to be equivalent when having a reliable CSI. In the other case corresponding
to a very high estimation noise power, it is seen that the robust approach tends to allocate the
same power to all the subcarriers, i.e., an almost uniform power allocation is carried out. The
reason for this behavior is that no confidence can be put in the channel estimate and, therefore,

it is preferred to transmit the same power in all the transmission bandwidth as if no CSI was
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Figure 5.6: Robust and non-robust power allocations. (a) High estimation SNR (X = 0.01I). (b) Low
estimation SNR, (32 = 0.5I).
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Robust and non-robust solutions. Channel estimates length: 3 taps.
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Figure 5.7: Comparison of the performance of the robust and non-robust power allocation techniques
in terms of the uncoded effective BER vs. the SNR assuming channels with a normalized energy, a delay
spread equal to 3 times the sampling period, and for three different conditions regarding the power of
the estimation noise: 0.5, 0.1, and 0.01. The length of the channel estimates is equal to 3 taps.

available at the transmitter.

Figures 5.7 and 5.8 show the performance gain of the robust design when compared to
the non-robust power allocation in terms of the uncoded effective BER and assuming BPSK
modulated subcarriers. The channel has the same power delay profile as described previously. In
the first figure, the channel estimates have 3 taps, whereas in the second example, the assumed
number of taps is 10. For each case, three different estimation noise powers are considered: 0.01,
0.1, and 0.5, where this noise is assumed to be white. From the comparison of both figures, it
is concluded that the performance gain of the robust power allocation when compared to the
non-robust solution is specially significant when the noise power is high, as expected. As far as
the non-robust design is concerned, the performance is degraded when the channel estimate has
a higher length. This is due to the fact that when there are more taps to be estimated, the global
estimation noise has a higher level, even when the additional taps are not significant. The robust
approach is less sensitive to this problem, since the power delay profile of the channel is taken
into account explicitly in the design of the power allocation (the matrix A in (5.68) contains the
power delay profile). If the number of taps of the estimate is increased but these additional taps

are not significant, the robust solution avoids increasing the estimation noise level by using the
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Robust and non-robust solutions. Channel estimates length: 10 taps.
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Figure 5.8: Comparison of the performance of the robust and non-robust power allocation techniques
in terms of the uncoded effective BER vs. the SNR assuming channels with a normalized energy, a delay
spread equal to 3 times the sampling period, and for three different conditions regarding the power of
the estimation noise: 0.5, 0.1, and 0.01. The length of the channel estimates is equal to 10 taps.

a-priori information provided by the power delay profile.

5.5.2 FIR Filters Design in MISO Frequency Selective Channels

The robustness strategies mentioned previously, and specifically the Bayesian approach, can be
applied to other scenarios and systems where the OFDM modulation is not used. In this section,
the robust Bayesian approach is taken to design the transmitter in a MISO channel assuming a

single-carrier modulation.

The considered system is composed of a transmitter with ny antennas and a single-antenna
receiver. The transmitter is based on a bank of FIR filters, each one corresponding to a different
transmit antenna. These filters are designed according to an imperfect channel estimate, whose
error is modeled in a statistical way. At the receiver, two different detectors can be applied: an
optimum ML detector based on the application of the Viterbi algorithm, or a symbol-by-symbol
detector designed under the MMSE criterion. Figure 5.9 shows the general architecture for such
a system, where the channel estimate at the transmitter is obtained through a feedback channel

from the receiver to the transmitter, which is a possible solution in FDD systems. Note, however,
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Figure 5.9: General scheme for a transmit diversity system using a single-carrier modulation and based
on a bank of transmit FIR filters.

that other ways of acquiring the channel estimate at the transmitter could also be employed,

such as the exploitation of the channel reciprocity principle in TDD systems.

Let {h,(n)}E_} be the L-taps time response of the channel between the pth transmit and
the receive antennas, which can be represented in a compact way using the vector notation:
h, £ [hy(0) -+ hy(L — 1)]T € ¢1*L. Tt is possible to collect all the channel responses for all
]T € ¢"mX1 Ag in the

previous example of a Bayesian design (see §5.5.1), in this case, the channel vector is modeled

the transmit antennas by defining the vector h as h = [th---hTTLT

as a complex circularly symmetric Gaussian vector with mean value m = E[h] and covariance
matrix A £ E[(h — m)(h — m)#], which collects both the spatial correlation and the power
delay profile of the channel. Consequently, the pdf of the channel vector can be expressed as

1

pmm:aaz&aﬂew(wh—mﬁAﬂm—nm. (5.76)

At the transmitter, only a channel estimate his available, which is related to the actual channel
h by
h=h+3, (5.77)

and where é represents the error in the estimate, which is assumed to be statistical independent
from the actual channel h, and whose pdfis given by ps(d). Consequently, the pdf of the channel
estimate conditioned to the actual channel can be expressed as pﬁ‘h(mh) = ps (ﬂ — h). In the
following, the error & will be assumed to be circularly symmetric Gaussian distributed, with
zero-mean and covariance matrix X, i.e., § ~ CAN(0,X):

1

- _ SHs—1
L dot(Z) exp (—6" % '4) . (5.78)

ps(d) =
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As indicated previously, the objective is to design the transmit FIR filters according to a
robust Bayesian approach. Let {z,(n)}2 ' be the M-taps time impulse response of the FIR
filter corresponding to the pth transmit antenna. This time response can be expressed in a
compact way as z, = [2,(0) -+ z,(M — 1)]T € ©M*! whereas all the time responses for all the
filters can be represented jointly as z = [ZIT e Z;;T]T € ¢"M*1 These filters are applied to
the information symbol stream represented by s(n), where the symbols are assumed to have a
normalized energy (E[|s(n)|?] = 1). Using this notation, the received signal zr(n) (see Figure
5.9) can be expressed as

nr

zr(n) = s(n) * Z hyp(n) * zp(n) + n(n), (5.79)
p=1

where n(n) is the AWGN with power 2. This received signal model can be simplified using a

matrix-vector notation as

zr(n) =s" (n) Y Hyz, +n(n) = s’ (n)Hz + n(n), (5.80)
p=1

where s(n) = [s(n)---s(n— L— M+ 2)]T e ¢UAM-1)x1 | — H,---H,,| € QULAM=1)xnr M
and H,, is the Toeplitz convolution matrix corresponding to the channel hy, i.e.,

h,,(0) 0 0
hp(1) hp(0) 0
H, = hp(L.— 1) hp(L.— 2) - 6 e L+M-1)xM (5.81)
0 hy(L-1) 11y (0)
L 0 0 hp(L._ 1) .

As in the previous examples, a power constraint has to be applied when designing the trans-

mit filters, which, in this case, can be formulated in the time domain as

nr L—1

lzl* =22 =" |2 () = P. (5.82)

p=1 n=0
Bayesian Robust Transmit Filters
In the following, two different criteria are applied to design the filters: the minimum MSE and the
maximum SNR techniques, combined with a symbol-by-symbol and a ML detector, respectively.

Symbol-by-Symbol Detector

When applying a symbol-by-symbol detector at the receiver (see the upper branch at the

receiver in Figure 5.9), an adequate design criterion is the MMSE, since it takes into account both
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the noise power and the received signal distortion, i.e., the ISI. In case that the CSI is perfect,
then the equivalent channel at the receiver resulting from the convolution of the transmit filters
with the channel responses, i.e., ZZL Zp(n) * hy(n), would be almost equalized so that the IST
is minimized. As in a realistic system the CSI is not perfect, it is expected that the channel is
not equalized by the transmit filters and, therefore, another filter h., should be added at the
receiver to equalize the residual ISI. Note that this equalizer filter could also be designed under
the MMSE criterion. Obviously, this can be performed only when the receiver knows perfectly
the equivalent channel, which will be assumed in the following. The gain factor a}, at the receiver
is responsible for adjusting the dynamic range of the signal to the decision boundaries of the

symbol-by-symbol detector.

Using all the notation described previously, the MSE can be expressed as

¢(hyag,z) 2 E[|lajzr(n) —s(n—1)?] (5.83)
= |laxHz — L||* + |ar/|*o; (5.84)

= lar’2"H"Hz — a1/ Hz — arz"H"1; 4 |ag|?02 + 1,

where [ is the global delay in the signal transmission due to the transmit filters and the channel
and 1, = [0---0 1 0---0]7 € RE+HM-DX1 ig the all-zero vector, except the component 1 in
the (I + 1)th position. The robust Bayesian design is obtained by minimizing the mean value
of the MSE, £, averaged over the statistics of the actual channel conditioned to the channel
estimate, i.e., the following expression has to be minimized with respect to the gain factor ap

at the receiver and the transmit filters vector z:

B [¢(h,ag,2)] = |agr|’2" Xz — a}1] Mz — arz”"M"1, + |ag|*02 + 1, (5.85)

where
M = E,;[H] € @M1 (5.86)
X = E,;[H"H] e orrioril, (5.87)

A closed-form expression of the matrices M and X is deduced in Appendix 5.D.

Note that the objective function (5.85) to be minimized is convex with respect to the op-
timization vector z, and also with respect to the variable ap. Given a concrete value of the
vector z, the optimum gain factor ap should minimize (5.85). This optimum value can be easily
obtained by calculating the derivative of ]Eh\ﬁ [5 (h,ag, z)] with respect to a} and setting it equal
to 0. The solution to this problem is given by

0, 5 [¢(b,an,2)]

- = apz"”"Xz — 1] Mz + aro? =0, (5.88)
day,

B llTMz (5.89)
BT HXg+ o2 '
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On the other hand, given a concrete value of the factor gain ag, the optimum transmit filters
vector z should minimize (5.85) subject to the power constraint (5.82). This is a convex problem,
defined by the following Lagrangian expression (the power constraint has been formulated as
the inequality constraint zz — Py < 0 w.l.o.g., since the optimum solution is attained when the

constraint is fulfilled with equality):
L(z;\) = |ag’2" Xz — a1 Mz — agz" M7 1, + |ag|?02 + 1+ A(z"2 — Py). (5.90)

The KKT conditions for this problem are:

Vi L(z;\) = [ap[*Xz —agMP1,+ Xz = 0, (5.91)
2’z < P, (5.92)

A >0, (5.93)

MNzflz —Py) = 0. (5.94)

Finally, using the partial result (5.89) in (5.91), the following result is obtained, as proved

in Appendix 5.E:
2 —1
2= <X + %I) M1, (5.95)
0

where 11 is a constant calculated to satisfy the transmit power constraint z/7z = Py (5.82).

The non-robust design corresponding to the symbol-by-symbol detector is obtained by assum-
ing that the channel estimate is perfect, leading to a solution in which the previous expressions
also hold, but using the matrices H and HZH instead of M and X, respectively.

Maximum Likelihood Detector

When the computational complexity of the receiver can be increased, it is possible to use
other kind of detectors different from the previous one, attaining a better performance. One
possibility consists in the application of the ML criterion and the Viterbi algorithm, as shown in
the lower branch at the receiver in Figure 5.9. This detector is the optimum one if the channel
is known at the receiver and the transmitted symbols are independent. The performance of the
ML detector is directly related to the SNR, which can be expressed as

1
SNR(h,z) = —z"H"Hz, (5.96)

n

whose maximization with respect to the transmit filters z is the objective of the design.

The robust Bayesian design of the transmitter is obtained by maximizing the mean value of
the SNR averaged over the statistics of the actual channel conditioned to the channel estimate,
i.e., by maximizing

Ey5 [SNR(h, z)] = %ZH Xz, (5.97)

n
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where the matrix X is defined as shown in (5.87), and whose expression is deduced in Appendix
5.D. The maximization of (5.97) subject to the transmit power constraint (5.82) is similar to
the problem solved in §3.2.3 corresponding to the maximization of the SNIR with respect to the
transmit beamvectors in a MIMO system. Using that result, the optimum transmit filters are
calculated as follows:

z = \/ Pyumax(X). (5.98)

It can be shown that this design criterion not only maximizes the SNR, but simultaneously
2

minimizes the error power o = E[|e(n)[?], where the error is defined as shown in Figure 5.9, and
where hp € CEHM-1Dx1 g the vector containing the time response of the equivalent channel
to be used when applying the Viterbi algorithm and estimating the transmitted symbols, i.e.,
hp = a},Hz [LH00]. The gain factor ap is arbitrary and does not affect the performance of the
system. ag could be calculated, for example, so that the mean power at the input of the MLSE
is normalized to be equal to 1. It is important to remark that the computational complexity and

the memory requirements increase exponentially with the length of hp.

The non-robust version of this design criterion is obtained by assuming that the channel
estimate is perfect, which leads to the calculation of the maximum eigenvector of HTH instead

of the matrix X.

Simulation Results

Some simulations are now presented to show the performance gains provided by the robust
Bayesian design of the transmit filters when compared to the non-robust approach. In all the sim-
ulations, normalized MISO channels are assumed, i.e., E[ Eﬁ;& |hp(n)?] = E[[|hy|?] =1, Vp,
with an exponential power delay profile and a delay spread equal to 3 sampling periods. The
angular spread at the transmitter is 30° and the symbols are assumed to be BPSK modulated.
The assumed length of the channel is L = 5 for the case of the simulations using the symbol-

by-symbol detector, whereas is L = 3 for the case of the Viterbi detector.

In Figure 5.10, some results are shown for the case of the MMSE design. The transmit filters
are assumed to have M = 7 taps, whereas the filter h,, at the receiver responsible for equalizing
the residual IST has 10 taps. In all the simulations in which the robust approach has been taken,
the error in the channel estimate has been assumed to be Gaussian, i.e., the result (5.95) and the
closed-form expressions of the matrices M and X deduced in Appendix 5.D have been used. Two
different situations have been analyzed. The first one corresponds to an error which is actually
Gaussian, whereas in the second case, the error is due to the quantization of the channel time
response; therefore, in this last case, the statistical model of the error is not exact. Different
number of bits in the quantization of each tap of the channel, and also different powers of the

Gaussian error have been simulated, always assuming that it is white, i.e., X = a?I, where ag is
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MMSE technique

uncoded BER

— - 4 TX ant. Delay diversity. MLSE receiver
—©— 2 TX ant. Quant. (6 bits). Non-robust
—O- 2 TX ant. Quant. (6 bits). Robust

—%— 4 TX ant. Quant. (4 bits). Non-robust
—*%— 4 TX ant. Quant. (4 bits). Robust

10

—A~ 4 TX ant. Gauss. noise power=0.01 - Robust
—»— 8 TX ant. Gauss. noise power=0.01 — Non-robust
—x— 8 TX ant. Gauss. noise power=0.01 — Robust

10" ‘
-5 0

SNR (dB)

Figure 5.10: Comparison of the performance of delay diversity and the robust and non-robust MMSE
transmit filters designs in terms of the uncoded BER vs. the SNR assuming channels with a normalized
energy, a delay spread equal to 3 times the sampling period, and for three different conditions regarding
the quality of the channel estimate: Gaussian errors with a power equal to 0.01, and quantization errors
corresponding to 4 and 6 bits. The assumed length of the channel is equal to 5 taps, whereas the transmit
and the residual ISI equalizer filters have 7 and 10 taps, respectively. The angular spread at the transmitter
is 30°, whereas the number of transmit antennas is 2, 4, and 8.

the power of the estimation noise. As can be seen in the figure, the non-robust solution, which
does not take into account the error in the CSI and assumes that the channel estimate is perfect,
is not able to decrease the BER although the SNR is increased, whereas in the case of the robust
Bayesian design, the BER decreases as the SNR. increases. It can also be concluded that, even in
the case of quantization errors, where the statistical model is not accurate, the Bayesian design
is also able to improve the performance when compared to the non-robust design. In Figure
5.10, delay diversity (see [Ses93] for an example) represents a simple linear coding approach, so
that each transmit filter applies a different delay to the input sequence. The performance of this
technique has been included as a benchmark for comparison with a design that does not use any

channel knowledge at the transmitter.

In Figure 5.11, the equivalent results are presented for the MLSE technique assuming 4
transmit antennas and a Gaussian estimation error. The transmit filters have only one tap, i.e.,
a narrowband transmit beamvector is implemented. The results corresponding to the robust and

non-robust approaches have been compared with the case of having only one antenna, and also
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MLSE technique
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—*— 4 TX ant. Delay diversity. MLSE receiver
—A- 4 TX ant. Gaussian noise power=0.5. Non-robust \
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—x~- 4 TX ant. Gaussian noise power=0.1. Robust \
-5 I I I
-5 0 10 15

10

5
SNR (dB)

Figure 5.11: Comparison of the performance of delay diversity, a one transmit antenna system, and the
robust and non-robust maximum SNR transmit narrowband beamvector designs in terms of the uncoded
BER vs. the SNR. The detection technique is based on the Viterbi algorithm and the ML criterion.
The channels assumed in the simulations have a normalized energy, a delay spread equal to 3 times
the sampling period. Two different powers of the Gaussian errors in the channel estimate have been
considered: 0.5 and 0.1. The assumed length of the channel is equal to 3 taps. The angular spread at the
transmitter is 30°, whereas the number of transmit antennas is 4.

with the case of the delay diversity scheme. As can be seen in the figure, in this case, the gains
obtained from the use of the Bayesian robust design are less important than those obtained in
the MMSE solution. The reason is that the Viterbi detector is less sensitive to non-equalized
channels than the MMSE strategy, and that the gains in terms of mean SNR obtained by the
Bayesian solution are not extremely important and do not have a direct impact on the BER. Tt
can also be concluded that, even in the case where the noise power in the CSI is very high and
the quality of the channel estimate is very bad, the solution based on the MLSE detector has a

much better performance than the delay diversity scheme.

5.6 Chapter Summary and Conclusions

In this chapter, the effects of the errors and imperfections in the CSI available during the design
stage of the communication system have been analyzed. A classification of the different sources

of errors has been performed, stating that they may be different depending on the duplexing
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mode of the system (TDD or FDD), i.e., depending on whether a feedback channel from the

receiver to the transmitter is necessary or not.

The impact of the errors in the CSI on the system performance has also been studied for
the same case as the one presented in Chapter 3, i.e., a single-user MIMO-OFDM channel,
where the transmitter is designed in a non-robust way according to the available estimates of
the channel and correlation matrices assuming that they are perfect, despite not being true. The
main conclusion is that the performance can be severely degraded if the errors in the estimates

are not taken into account explicitly.

Two different robustness strategies to design the system have been summarized: the Bayesian
(or stochastic) and the maximin (or worst-case) approaches. In both cases, the objective is to
obtain a robust design of the system taking into account explicitly the errors in the estimates
and, consequently, being less sensitive to them. The difference between the two approaches is
based on the cost function to be optimized. In the case of the Bayesian solution, the objective
is to optimize the mean value of the performance function averaged over the statistics of the
channel and the errors, whereas in the maximin approach, the objective is to optimize the worst

system performance for any possible error in the estimate.

Finally, two simple examples of Bayesian designs have been shown: a power allocation strat-
egy for SISO-OFDM systems where the objective is the minimization of the Chernoff upper-
bound on the error probability, and a MISO system based on a bank of transmit FIR filters where
the objective is either the maximization of the mean SNR or the minimization of the MSE. In
both cases, the final conclusion is that the robust solution provides a better performance than

the non-robust approach, in which the errors are not taken into account in the design.



132 5.A. Appendix: Derivation of the Expression of the Relative SNIR Degradation

5.A Appendix: Derivation of the Expression of the Relative
SNIR Degradation

A - Derivation of the Expression (5.46) for the MAXMIN Technique

In order to obtain (5.46), first, a first order approximation of the maximum SNIR degradation

at the kth subcarrier (5.44) ASNIR|

- SNIRMAXMIN - S:N’I]R,;C
1

max |max

is calculated as follows,

taking into account the first order Taylor expansion 11— ~ 1Fz, r < 1, and assuming d; /A(k) <

I+
1:
L0 50 (k)
ASNIRg| o = _
) Sixw Lk xw=n T xwra Ak) 0k
— Py Py 1
Zlﬁ Zl#kﬁmﬁ‘ﬁml—i—dk/)\(k)
- T 3 5 _ Tk
5w s U am) o (U ag) (k)

Using the previous approximation, the expression (5.46) can be finally obtained as

d(k)

1
|

5 5
Py Py (1 B ik X2y Az(kk)> (1 Y >
i i > X A(K)

. Py Ok Py i_d—k —6—k
B LGRS (gv(” W“’) (-5
N Py O 50 0 O

T S 0 (S ) (g () AZ(’“’) |

Py Ok + P

P b
o ASNIRyly, 2050 (S0
SNI]R‘MAXMIN ZPL
LX)
0 0
_ O, 2 nm X
(k) X
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B - Derivation of the Upper-Bound on E[j]

As shown in (5.48), E[6;] < \/Tr [AFAL]), where A, = HIR, ' (k)A), + HEIS,H; +
AR, (k)H), and Sk ~ —R; (k) (B), + BJ/)R;' (k). In order to evaluate Tr (E[A[TA;]), the
following assumptions are used regarding the statistical distribution of the errors in the channel

and correlation matrices:

E[AcA]] = o3 (5.110)

E[ vec(Ag)(vec(Ay))"] = E[ vec(A ) (vec(A[)T] = o, (5.111)
E[ vec(By)(vec(By) )H] = o021 (5.112)

E[ vec(By)(vec(B))"| = E[ vec(B} ) (vec(Bf))T] = o, (5.113)

which results from taking into account that vec(Ay) and vec(Bj) are circularly symmetric

Gaussian random vectors.

The expression Tr (E[A}? Ak]) can be expanded as
Tr (E[AA,]) = T 2E[H{R, ' (k)AL AR, ' (k)Hy]) + Tr (E[(HES,H)?]),  (5.114)

where the cross-products between terms containing A and By have not been included since

A and B; are assumed to be zero-mean and independent.

The first term in (5.114) can be easily calculated as

Tr (2E[H R, (k) A AR, (k)HY]) = 207 Tr (HY R, % (k)Hy,), (5.115)

whereas the second term Tr (E[(HS;Hj)?]) can be expanded as
Tr (E[(H{S:H,)?]) = E[Tr2H”R,'BR,'HH”R,'BYR,'H (5.116)
+H"R'BR,'HH"R,'BR,'H (5.117)
+HR,'B"R,;'"HH"R,'B"R,;'H)], (5.118)
where the dependence with the index k£ has not been included to facilitate the notation. Taking
into account (5.113) and using the matrix identity Tr(ABCD) = (vec(DH))H (CT®A) vec(B)

[Mag99], the following result is obtained:

Tr (E[(HSH)?]) = 2E[Tr (H’R,'BR,'HH”R,'B”R,'H)] (5.119)
= 2E[Tr (R,'"HH”R,'BR,'HH”R 'BY)] (5.120)
= 28| (vee(B))" ((R;"HH"R;")" @ (R, 'HH"R,")) vec(B)|
= 2T (((R,'"HHR,")" @ (R, "HHR, ") ) E[ vec(B)(vec(B))"])
= 20% T’ (R,"HH"R") (5.121)
= 20%Tv? (H'R,*H). (5.122)
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Collecting these partial results, the upper-bound on E[d] can be finally written as

k] < \/QU?q Tr (HIR,?(k)Hy) + 202 Tr? (HI R, (k)Hy,). (5.123)

C - Derivation of the Expression (5.55) for the HARM Technique

In order to obtain (5.55) for the HARM power allocation strategy, first, a first order ap-
proximation of the maximum SNIR degradation at the kth subcarrier (5.54) ASNIR| .. =

SNIREARM SNIR; |ma is calculated as follows, taking into account the first order Taylor ex-

ansion ~1F5 1z, © < 1, and assuming &, /\(k) < 1:

P (k)
ASNIRg|, .. = A(k) — (5.124)
g > \/;m >k \/)\5)751 + \/M;)Mk A(E) + 0k
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Using the previous approximation, the expression (5.55) can be calculated finally as

P ) P 0 [
Al + e VAR (S i~ k)

s ASNIRy|me ' VAD (S A
Ez;
NAXD)
Sk T —
) e OIRVAO) 5 198
27 (k) 3 P ‘ (5.128)
A0)

5.B Appendix: Proof of the Equivalence of the Convex Problem
(5.73)

The expression to be minimized is (5.72)

N-1
1 . B _
— / % 3 e Py (h — h)pp (h)dh, (5.129)
pi(h) k=0
which is convex with respect to { Py} and where

ps(h—h)py(h) = ﬁt(z)e—(ﬁ—h)lf21 (h-n) me—hmlh. (5.130)

The expression (5.129) can be simplified by using the following equality:
f(ﬁfh)Hzrl(ﬁfh)ethAflhechthfkkah _ 67(h7mk)Hc,;l(hfmk)emkHc,;lmkefﬁHzflﬁ (5.131)

(&

where

Cr = (A '+ lrceRfiff) e e, (5.132)
m;, = C,¥ 'hegl*. (5.133)

According to this equality, the expression (5.129) can be rewritten as

N-1
1 am 1 1 —(h-my)? C; ' (h—m;) m7 C;'my ,—h7 £~ 'h
_ Om 3 dh, (5.134
pe (B) N 7P det(A) n- det(S) kzo/e ¢ ‘ (5134

which can be simplified taking into account that

1 HeE—1
- - —(h—m)" C " (h—my) 31, —
T dot(Cr) /e k dh = 1. (5.135)

Collecting all these results, the original expression (5.129) can be finally written as
N—1

1 oy 1 _hEx»-'h m7C 'm
__dm det(Cj,)emt Cr 'mx 5.136
pe () NV 77 det(A) det(S) kzo et(Cp)em™ =r T, (5-136)
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and, hence, the objective is to minimize the following convex function with respect to the power

allocation variables { Py }:
N-1 s
> det(Cy)e™k Gk ™%, (5.137)
k=0

i.e., the following convex optimization problem has to be solved:

N-1

minimize Y det(Cy)exp (mC; 'my)
{Pe} k=0
subject to P, > 0, k=0,...,N —1, (5.138)
N-1
S P =P
k=0

In order to solve the stated optimization problem, the following equalities are used, obtained

from the matrix inversion lemma [Gol96]:

A+ Y el (AL 42!
L+ cPET (A 1+ 3 1) 7',
1 1

det(Cy) = = : (5.140)
14 cP (A= + 2-1) ' det (A1 + 271

C, = (A'+327) ' —cp, . (5.139)

Using the previous expressions, it can be deduced that the problem (5.138) is equivalent to
the minimization of the following convex function with respect to {Py} subject to the same
constraints listed in (5.138):

—~ _ _ _ —1 _ _ —1 i~
LRt (A-142-1)
> = , (5.141)
k=0 1+ CPkfIfI (A_l + 2_1) i

where the factors of the objective function in (5.138) that do not depend on the optimization

variables { P} have been eliminated. Thus, the problem can be finally rewritten as follows:

ml?}l}if}%lze kgo e, P
subject to —P; <0, k=0,...,N—1, (5.142)

N-1
Y P —Py=0,
k=0

where

se = FIATT+2 ), (5.143)
~|2
b= (AT =) TSR] (5.144)
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5.C Appendix: Algorithm to Calculate the Bayesian Robust
Power Allocation

The convex problem corresponding to the Bayesian robust power allocation, which can be for-

mulated as o
N-1 o tiPi
minimize P (1+C lf;;_iPi )
{Pi} i=0 st
subject to —P; <0, i=0,...,N —1, (5.145)
N-1
P - P = 07
i=0
and where

', (5.146)

2
: (5.147)

S; = fiH(A_l-i-E_l)_

ti = |[f7(A'+=) "2 "h

can be solved by using the KKT conditions. The Lagrangian function corresponding to this

optimization problem can be expressed as

N-1exp <_Cl—|ficf-ip'> N-1 N—1
LUPA ) 2 o CSiRZ L =) NP+ (Z P — P0> , (5.148)
=0 =0 =0

and the corresponding KKT conditions are

Py > 0, k=0,....,N—1, (5.149)
AZ > 0, k=0,...,N—1, (5.150)
N—1
Y. P = B, (5.151)
k=0
AZP,: = 0, k=0,....,N—1, (5.152)
OL({ Py} A", v%) o Tk (PF)
1 )0 ? — _ — >\* * — k = e N — ]_ ].
aPk; ( k)zk(P]:) k +v 07 07 ) ) (5 53)
where
cty,
1 Py
P = —— 1
yr (Pr) exp< Cl—l—cskPk)’ (5.155)
2(P) = (1+cspPp)? (5.156)
From the KKT conditions it is concluded that
o (Pg )y (Py) + Ngzw(Pr) = v*zr(Py). (5.157)

The algorithm for solving the stated problem, i.e., for finding the optimum power allocation,

is based on the following points:
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Figure 5.12: Calculation of the optimum robust power allocation. (a) Example of v* < ¢(sy, + tx). (b)
Example of v* > ¢(sy, + tg).

e For a concrete value of v*, the non-linear equation (5.157) has to be solved for each

subcarrier. Two different cases are possible:

— P} is positive (P; > 0). In this case, and based on the KKT conditions, A} = 0.
Consequently, the following non-linear equation has to be solved: xy(P})yx(P)) =
v*zp(Pf). The solution to this problem is unique and can be found numerically in
an efficient way, since x(Py)yx(Py) is a differentiable continuous decreasing function
of P, and z;(P) is a differentiable continuous increasing function of P;. Note that
2k (0)yx(0) = e(sg + tx) and 2, (0) = 1, which means that this problem has a solution
if and only if v* < ¢(sy + tx), i.e., the optimum power allocated to the kth subcarrier
is positive if and only if v* < ¢(sg + t;). Note also that the optimum power P}
is decreasing with the value of the Lagrange multiplier v*, since xy(Py)yx(Py) and
zi(Pg) are decreasing and increasing functions, respectively. See an example of this

case in Figure 5.12(a).

— P} is equal to 0 (P} = 0). From the KKT conditions it is concluded that the re-
lationship 2 (0)yx(0) + A\j2(0) = v*2,(0) has to be fulfilled for some A} > 0. The
previous relationship is equivalent to c(s + t) + Aj = v*, Le,, X = v* — c(sp + tg).
Note that we are assuming a different situation from the previous one and, therefore,
v* > c(sp + ti), which means that there exists A\ = v* — ¢(sy + t) > 0 that fulfills
2k (0)yx (0) + ;2 (0) = v*24(0). See an example of this case in Figure 5.12(b).

e Once the optimum powers for all the subcarriers have been calculated for a concrete value
of the multiplier v*, the total transmit power is calculated as ZkN;I P} If this power
is greater than Py, then the value of v* has to be increased and the powers for all the
carriers have to be calculated again (note that increasing v* implies decreasing P}). On

the contrary, if S ' P} is lower than P, then the value of v* has to be decreased



Chapter 5. Sources of Imperfections in the CSI and Robustness Strategies 139

and the optimum powers for all the subcarriers have to be calculated again. This process
has to be applied iteratively until a value of v* is found such that Z;CV:_OI P} = PB. An
adequate iterative algorithm could be based on the nested intervals technique, although

other algorithms could also be applied.

5.D Appendix: Closed-Form Expressions of the Matrices M and
X

The matrices M and X are defined as

M £ E,g;[H] e @UrM-1xoer (5.158)
X £ E,;[HTH] e grritort, (5.159)

In case the actual channel h and the error & in the channel estimate h = h-+§ are independent
and circularly symmetric Gaussian distributed according to the following mean vectors and
covariance matrices h ~ CN(m, A) and § ~ CN(0,X), then the actual channel conditioned to
the channel estimate h|ﬁ also follows a Gaussian distribution with the following mean vector

and covariance matrix (see [Kay93]):

hlh ~ CN(t,0C), (5.160)
C = (A3 el (5.161)
t = C(A'm+2""h) e g"rix. (5.162)

Deduction of the Expression of M

Let us write the vector t = Eh\ﬁ [h], whose expression is given by (5.162), as t = [tlT e th]T,
where t, = [t,(0)---t,(L — 1)]T € ¢! and t,(n) = B [hp(n)]. According to this, the
matrix M can be written as M = [Ml - MnT] = C(LJ“M*I)X”TM, where M, = ]Ehlﬁ [I—Ip] c
CUIAM=XM ¢ the Toeplitz convolution matrix associated to the time response t,, which is

constructed in the same way as shown in (5.81).

Deduction of the Expression of X

The matrix C = ]Eh|ﬁ [(h—t)(h —t)"], whose expression is given by (5.161), can be written as

Cii - Ciup
C= S : e grrixnrl (5.163)
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where C,, , = Eh|ﬁ [(hy —tp)(hy — t4) 7] € €**L. Based on this, the expression of the matrix X

is given by
Rip - R

X = : : e gnrMxnrM (5.164)
RTLTJ e RnT,nT
where R, , = ]Eh|ﬁ [Hqu] e ¢M*M  Finally, the (m,n)th component of the matrix R, , can

be expressed as follows:

L —
R _ l:+1m " [Cq,p]z,z_m_m + t;(l +n—m—1)t(l—1), m<n,
[ p:‘]] m,n - L+n—m

5.165
T [Capl iy T = Dt +m—n—1), m>n ( )

5.E Appendix: Closed-Form Expression of the Optimum MMSE
Transmit Filters

From the KKT condition (5.91), the expression of the optimum receive gain factor (5.89), and

the transmit power constraint (5.82), the following equations have to be fulfilled:

la%|?°Xz* — axM71; + X2* = 0, (5.166)
17 Mz*
* l
= —t 5.167
9R 2" Xz* + o2 ( )
'z = P, (5.168)

From (5.166), the following relationship is obtained by left-multiplying by z*¥, and taking
into account the expression of the optimum receive gain factor (5.167) and the power constraint
(5.168):

z* M7 1,17 Mz* zHM7 1,17 Mz*
L X — = LT L N Ry = 0. (5.169)
(Z*HXZ* + O-T2L) z* 1t Xz* + U%

By means of a correct manipulation of the previous expression, the optimum value of the La-

grange multiplier A* can be expressed as a function of the optimum transmit filters as

2 *HMH]. ].TM *
A= In L2 >, (5.170)
Py (z2HXz* + 02)
Using the previous result in (5.166), the following expression is obtained after some simple

mathematical manipulations:

z*HMHllllTMz*
21 Xz* + 02

2
(X + %ZI) z* = 1TMz*M¥1,, (5.171)

from which it is deduced the final expression of the optimum transmit filters:

2 -1
z = pu (X + %1) M1, (5.172)
0
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where the constant y, defined as

71 Xz* + o2
z* M7 1,17 Mz*’

p= 11 Mz* (5.173)

guarantees that the transmit power constraint z*z* = P, is fulfilled.
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Chapter 6

Robust Maximin Design of MIMO
Single-User Communications

6.1 Introduction

As explained in Chapter 5, the performance of a system can be severely degraded if a non-robust
design is taken, i.e., if the imperfections in the available CSI during the design stage are not taken
into account explicitly. In this chapter, a robust design is proposed for a MIMO communication
system under the maximin approach. This strategy, as explained in §5.4.1, consists in modeling
the error in the CSI as belonging to a predefined uncertainty region and then looking for the

design that optimizes the worst system performance for any error in this region.

This chapter is structured in the following way. Section 6.2 is devoted to the system model
and the problem formulation. The solution to the maximin robust design is obtained in Section
6.3 using the theory of convex optimization. The different sources of errors in the CSI jointly with
the description of the corresponding uncertainty regions are provided in Section 6.4, whereas
a closed-form solution to the case of spherical uncertainty regions is deduced in Section 6.5.
In Section 6.6, some applications and extensions of the robust design are given for the case of
multicarrier systems and adaptive modulation schemes. The benefits of the proposed solution
are shown in Section 6.7 by means of simulation results and, finally, a summary and some

conclusions are obtained in Section 6.8.

The publications regarding the results shown in this chapter are [Pal05, P104b, P104d, PI04c].

6.2 System Model and Problem Formulation

As in Chapter 3, a single-user communication system is assumed, where the transmitter and the

receiver have nr and nr antennas, respectively. First, a single-carrier flat fading MIMO channel is

143
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Figure 6.1: General architecture of the robust transmitter based on the concatenation of an OSTBC
block, a power allocation, and multiple beamforming.

studied, although afterwards, the obtained results are extended to the case of frequency selective
channels and the use of the OFDM modulation in §6.6.4. At the receiver, only the presence of
AWGN is considered with a power equal to o2, leading to the following correlation matrix:
R, = 021 The extension of the results to scenarios in which there are also interferences and,
consequently, the noise plus interferences correlation matrix is not proportional to the identity
matrix, is direct and is presented in §6.6.3. Under these considerations, the matrix H € €"?*"T

represents the response of the MIMO channel, as explained in §3.2.2.

As commented previously, the final objective is to obtain a robust maximin design of the
communication system according to an imperfect channel estimate H at the transmitter, which

is modeled as

~

H2H+A, (6.1)

where A € ©"”R*"T ig the error in the estimate.! The CSI at the receiver is assumed to be

perfect.

Consider, for illustrative purposes, that one symbol has to be transmitted at one time instant.
In case that a perfect CSI is available, it has been shown in Chapter 3 that the optimum
beamforming solution consists in the transmission through the eigenvector of H# H associated
to the maximum eigenvalue (see §3.2.3 and (3.22) for more details, taking into account that
R, = 02I). In case that the channel knowledge is imperfect, transmitting through the maximum
eigenmode of HTH constitutes the non-robust or naive solution, which may be quite sensitive
to the errors. Therefore, a robust design is expected to use more eigenmodes than the maximum

one.

INote that the notation H = H + A has been taken instead of H = H + A as used in Chapter 5, in order to
facilitate the formulation and the problem statement corresponding to the robust maximin design.
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The proposed design of the robust transmitter is based on a linear processing scheme, whereas
at the receiver, an optimum ML detector is considered assuming a perfect channel knowledge.
The robust transmitter architecture is composed of an OSTBC block, whose outputs are trans-
mitted through all the eigenmodes of HIH using an adequate power distribution among them,
as opposed to the non-robust design, which uses only the maximum eigenmode. This architecture
is shown in Figure 6.1, where the OSTBC, the power allocation, and the beamforming stages
are explicitly shown (similar transmitter architectures have been proposed in other works, such
as [Jon02, Xia04, Zho02, Zho03]).

Consider that an OSTBC block is used, such that R independent complex symbols
({5 (m)},) are transmitted simultaneously over T periods of time, i.e., the code rate is R/T.
According to this, the transmitted signal model can be formulated as follows, similarly to linear
dispersion codes [Has02] and OSTBC [Tar99a, Gan01]:

R
Xr(m) = Udiag ({vpi}) Y (Tl(’") Re{s"(m)} + 1" Im{s<l>(m)}) e g7, (6.2)

=1
where the complex symbols are assumed to have a normalized energy, i.e., E[|s(l)(m)|2] =
1, Tgr) and Tgi) € €T are the matrices that multiply the real and imaginary parts of
the symbol s()(m) before being transmitted, respectively, and each of the ny rows of X (m)
corresponds to the T signal samples that are transmitted through each antenna corresponding
to the mth block of R symbols ({s()(m)}}X,). The matrices Tgr) and Tl(i) represent the OSTBC
and belong to the Hurwitz-Radon family of matrices (see [Tar99a] and [Gan01]). The unitary
matrix U = [U) -+ Uy, ] € C"*"T contains the ng eigenvectors of HYH with eigenvalues {XZ}
sorted in decreasing order, p; is the power allocated to the transmission through the ¢th estimated
eigenmode, and diag ({,/p;}) is a diagonal matrix whose elements are {,/p;}. According to this
signal model, the ML detector reduces to a bank of linear filters, as in the case of OSTBC,

applied to the received signal samples collected in the matrix
X r(m) = HX7(m) + N(m) € ¢"~*T (6.3)
where N(m) represents the AWGN at the receiver.

The design objective is to calculate the optimum power allocation strategy {p;} subject to
a transmit power constraint under an adequate performance criterion. If the transmit power

budget is Py, the power constraint can be expressed in terms of the factors {p;} as

1 s
EE[HXT(W)H%] => " pi<Ph, pi>0 (6.4)

i=1
Note that the set of feasible power distributions is convex in {p;}, since the constraints detailed
in (6.4) are linear. Note also that, according to this notation, the non-robust design corresponds

top1 =Fy, pi=0, i=2,...,np, i.e.,, only the maximum eigenmode is used for transmission.
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For the considered system (6.2) using OSTBC with ML detection, the performance can be
measured by the SNR expressed as (see [Tar99a] and [Gan01])
1 EN E
SNR = — Tr (UHHHHU dlag(p)) : (6.5)

On

where p = [p1 - pnT]T € R""*! and diag(p) is a diagonal matrix with elements {p;}. Based

on this, the performance function f in this system can be defined as
f(p,A) 2 Tx (ﬁHHHHfI diag(p)) ~ Tv (ﬁH (H+A)7(H+ A)ﬁdiag(p)) . (6.6)

whose maximization with respect to p is the design objective and where the error model (6.1)
has been introduced. Note that f is linear and, therefore, concave in p; and convex-quadratic
in A.

As commented previously, the maximin approach has been chosen to include robustness in
the design of the power allocation. According to it, an uncertainty region R for the error in the
estimate A has to be known, which, in the following, will be assumed to be a convex set and
to have a non-empty interior. This region models the imprecise knowledge of the channel and,
therefore, the size of the region should be larger as the quality of the CSI decreases and its shape
should be related to the physical phenomenon producing the error, as will be shown in §6.4. The
objective of the maximin design is to look for the power allocation p that optimizes the worst
performance for any error in the uncertainty region, expressed in this case as infacr f (p, A).
Therefore, the robust approach can be formulated as

maximize Alrelgz f (Pa A)

P
subject to  17p < Py, (6.7)

Di Z 03 VZ?

where 1 = [1 e 1]T e IR"™*! is the all-one vector.

6.3 Solution to the Maximin Problem

In the following, different ways of finding the solution to the stated robust maximin design
problem (6.7) are presented. First, an exhaustive numerical search method is proposed and,
afterwards, a reformulation of the problem is given, obtaining an equivalent and much simpler

convex optimization problem.

6.3.1 Direct Solution to the Original Problem

The direct way to solve the maximin problem is to obtain the minimization of f analytically
and then solve the outer maximization, either numerically or analytically. Such an approach,

however, is difficult because it is not clear what is the minimizing A for a given p in closed-form.
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One can also consider the inner minimization numerically for a given p

flp) = Anf (P A), (6.8)
and then solving again the outer maximization sup,, f(p) numerically. Note that the inner min-
imization is a convex problem, since f is convex in A and the constraint set R is also convex.
The outer maximization is a concave optimization problem (see §2.3.3), since the constraint set
for p is convex (the constraints in (6.4) are linear) and f is concave. This procedure allows to
find the robust power allocation p*, although it is computationally very costly. This is because
each iteration for the outer maximization requires an evaluation of f(p) (and possibly also of
its gradient), which in turns requires solving the inner minimization numerically with as many

iterations as needed to converge.

The proof of the concavity of f(p) is shown below:

fOp1+ (1 —0)p2) = Alré% f(Op1+ (1 —0)p2, A)
At [0f(p1, A) + (1= 0)f(p2, A)]
> 0 inf f(p1,A)+(1-0) inf f(p2,A)

= 0f(p1) + (1 —0)f(p2), Vpi,p2, VO €[0,1],  (6.9)

where the linearity of f in p has been used in the second equality.

Other numerical methods could also be used, such as the algorithm proposed in [Roc71b]
to find saddle-points of maximin problems based on a modified steepest descent over p and A
simultaneously. In [Z00], an alternative algorithm for the same problem is derived based on the

interior point method.

In the following, a more efficient and elegant way to solve the problem is shown, based on a

transformation of the original maximin problem (6.7) into a simple convex optimization problem.

6.3.2 Reformulation of the Problem as a Simplified Convex Problem

Before presenting the technique that allows to transform the original problem into a simplified
convex optimization problem, some mathematical preliminaries are given concerning concave-

convex functions and saddle-points.

Some Mathematical Preliminaries: Concave-Convex Functions and Saddle-Points

In this subsection, the concept of saddle-point is defined and two basic results are then given,

since they will be useful in the following.
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Figure 6.2: 3D representation of the concave-convex function f(z,y) = —2% + y>.

Definition 2 A point (x*,y*) € X x Y is a saddle-point of the function f : X x Y — IR with

respect to mazximizing over X and minimizing over Y if
fy") < f(xy") S f(xy), VxeX, Vye). (6.10)

Given a saddle-point (x*,y*), f* 2 f(x*,y*) is defined as the saddle-value.

Lemma 1 [Roc71a, Cor. 37.6.2] Let X and Y be non-empty closed bounded convex sets and let
f be a real continuous finite concave-convex function on X x V.2 Then, f has a saddle-point

with respect to X x Y.

In Figure 6.2, a 3D representation of the concave-convex function f(z,y) = —224y? is given,

where the point (0,0) is the saddle-point.

Lemma 2 [Roc71a, Lem. 36.2] Let f be any function from a non-empty product set X x Y to
[—00, +00]. If a saddle-point (x*,y*) € X x Y of f exists (with respect to mazimizing over X
and minimizing over ) ), then

f(x*,y*) = sup inf f(x,y) = inf sup f(x,y), (6.11)
xexX yey YEY xeXx

>The function f : X x Y — IR is concave-convex if f(x,y) is concave with respect to x for any y € ), and is
convex with respect to y for any x € X.
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and the outer optimizations in sup inf f(x,y) and inf sup f(x,y) are attained ot x* and y*,
xex yey yeY xex
respectively. In other words, if a saddle-point exists, the order of the supremum and infimum

operators can be interchanged.

Robust Maximin Design

In the following, the original problem (6.7) is transformed into a simplified convex problem
consisting of a single optimization stage, instead of the two stages defined originally. Thanks to
this transformation, the powerful numerical algorithms available in software packages for solving
convex problems can be applied to find the optimum solution to the design problem, requiring

much less computational effort than the algorithms mentioned previously.

The proof of the following proposition describing the problem transformation is based on
the existence of a saddle-point of the function f defined in (6.6). This saddle-point can be
interpreted as a Nash equilibrium in a pure strategic game, as defined in game theory, in which the
transmitter and the error in the channel estimate are players with opposed objectives, i.e., players
that try to maximize and minimize the SNR, respectively. A more complete description of pure
strategic games can be found in [Osb94] and an application of them to capacity maximization
in MIMO channels is shown in [Pal03b].

Proposition 1 The original mazimin problem (6.7) can be transformed into the simplified con-

vexr optimization problem

minimize ¢

tA
subject to ¢ > Pyul! (H + A)H(H + A)ﬁi, Vi, (6.12)
AcR.
The optimum robust power allocation p* = [p’f---pflT]T s equal to the optimum dual variables

{v¥} associated to the inequalities t > Pyul (ﬁ + A)H(ﬁ + A)u; in (6.12) multiplied by the
power budget Py, i.e., pf = Pyy}. Besides, the optimum primal variable A* of (6.12) minimizes
f(p*, A). Hence, the primal and dual variables of (6.12) give the saddle-point of f.

Proof. The function f(p, A), which is concave-convex, and the optimization sets satisfy the
conditions required by Lemma 1. Consequently, there exists a saddle-point (see Definition 2) of

the maximin problem (6.7), i.e., there exist p* and A* fulfilling the constraints and satisfying

f(p,A%) < f(p*,A%) < f(p", A) (6.13)

for any feasible p and A. The solution to the original problem (6.7) is p* and the saddle-value
f* 2 f(p*, A*) is f(p*) (see Lemma 2). The existence of the saddle-point allows to interchange
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the outer and inner optimizations in the original maximin problem, obtaining the minimax

problem

inimi sup  f(p,A)
minimize  , Zo" (6.14)
subject to A € R,

with the advantage that the inner maximization is a linear program with linear constraints:

maX%,miZe > ity pi [ﬁH (ﬁ + A)H (ﬁ + A)ﬁ} 0
subject to  17p < P, (o1

It can be shown that the optimum value of this maximization is the maximum element of the
diagonal of the matrix U (H + A)"” (H + A)U multiplied by the power budget Py, i.e.:

sup f(p,A) = Pymax [ﬁH(ﬁ+A)H(ﬁ+A)ﬁ}
1Tp<Py,p; >0 ! "

= Rymax (@ (H+a)"(H+A)a}, (6.16)
2

where the power allocation p achieving this optimum value is not unique if the maximum value
is attained by more than one element of the diagonal of the matrix o (ﬁ + A)H(ﬁ + A)ﬁ
As a consequence of this result, the original problem (6.7) can be written as the convex problem
(6.12) shown in Proposition 1, where the dummy variable ¢ has been introduced (note that
minimizing the maximum of a set of numbers is equivalent to minimizing an upper-bound of all

the numbers in the set).

Solving the convex problem (6.12) gives the saddle-value t* = f* = f(p*, A*) and the worst-
case error A* of the saddle-point of the problem (see Lemma 2); however, the optimal robust
power distribution p* is still unknown. It turns out that the optimum Lagrange multipliers
associated to the inequality constraints ¢ > Pyul! (ﬁ+A) " (IA{—i—A)ﬁi in problem (6.12) provide

the optimum normalized robust power distribution, i.e., p; = Py}, as proved below.

The problem (6.12) can be solved by formulating the necessary and sufficient KKT condi-
tions (Slater’s condition described in §2.3.4 holds since R has a non-empty interior) [Boy04],
which, according to Lemma, 2, are satisfied by the worst-case error A* along with the optimum
dual variables. On the other hand, it is clear that A* is also the solution to the convex problem
mina f(p*, A) (from the second inequality in (6.13)), where p* is the robust power distribu-
tion, and, therefore, the worst-case error A* must satisfy the KKT conditions for the problem
mina f(p*, A) as well. By a simple comparison of both sets of KKT conditions, it can be seen
that, for pJ = Py}, the worst-case error A* satisfies both sets of conditions and, hence, that is

an optimal power allocation.

The Lagrangian of the problem (6.12) (characterizing for convenience and w.l.o.g. the uncer-

tainty convex region R as the intersection of a set of convex constraints of the form f;(A) < 0)
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is

nr
Li(t, Ay, p) 2 t+Z’yi(PgﬁZH(H—l—A)H(H+A)ﬁi—t)+Z,uifi(A) (6.17)
=1 7

— ¢ <1 = ij) + T (B +A)" (H+ A) U diag({7}) 07)
=1

+>pifi(A), (6.18)
where the equality > /7, y;u;u; = Udlag({'yz})UH has been used. Therefore, the KKT condi-
tions for this problem are:

fi(AY <0, >Rl (H+ A% (H+ A, (6.19)

py >0, 7 >0, (6.20)

Z =1, Py(H+ A*)Udiag({})U7 + Z 1V fi(A%) =0, (6.21)
i=1

pif(An) =0, v (Rl (F+ A (H+A%)E - ) =0. (6.22)

Now the Lagrangian for the problem mina f(p*, A) is
Ly(Aja) 2 Tr (GH (H+A)"(H+A)T diag(p*)) + aifi(A) (6.23)
2

and the KKT conditions for the optimal error and multipliers are:

fi(A®) <0, (6.24)

o >0, (6.25)

(H+ A*)Udiag(p*)U7 + 3" o} Vfi(A*) =0, (6.26)
Z Oé:(fZ(A*) =0. (6.27)

From the comparison of both sets of KKT conditions (6.19)-(6.22) and (6.24)-(6.27), it is
clear that they are satisfied by the same worst-case error A* taking of = pu} and p; = Py}
Besides, from (6.22) it is concluded that the saddle-value is f* = t* = Y 'T, Pyyrul (H +
A*)H(ﬁ + A*)U; = f(p*, A*). In other words, given a solution to (6.19)-(6.22), a solution
0 (6.24)-(6.27) is automatically obtained, which means that A* is the worst-case error for p*;
moreover, the pair (p*, A*) is a saddle-point of the problem and, consequently, p* is a robust
power allocation. Note that the transmit power constraint is fulfilled with equality, since the
optimum dual variables {7/} are required to satisfy v > 0 (see (6.20)) and Y ;7 vF = 1 (see
(6.21)). [ |

Summarizing, the original maximin power allocation problem (6.7) can be solved by con-

sidering the simplified convex problem (6.12). The values of the optimum Lagrange multipliers
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for this problem provide the normalized power distribution to be applied among the estimated
eigenmodes. Currently, there exist many software packages implementing very efficient numer-
ical algorithms, such as the primal-dual interior point methods, that are able to solve convex
optimization problems and give, not only the value of the optimum primal variables, i.e., t*
and A* in problem (6.12), but also the optimum value of the dual variables, i.e., the Lagrange
multipliers {7} }. Consequently, by using these algorithms, the saddle-value, the worst-case error,
and also the optimum robust power allocation can be calculated efficiently. In addition, it can
be shown that, for some concrete uncertainty regions R, problem (6.12) simplifies to a quadratic

problem and, even in some cases, a closed-form solution exists.

6.3.3 Duality Interpretation of the Lagrange Multipliers

In this subsection, a completely different interpretation of the problem is given to derive an
alternative proof of Proposition 1, in which the optimum Lagrange multipliers are stated to

provide the normalized robust power distribution.
Consider the original maximin problem

maximize Alrelg3 Tr (ﬁH (ﬁ + A)H (ﬁ + A)IAJ diag(p))
P
subject to  1Tp < Py, (6.28)

bi > 07 V'L,
where, obviously, the optimum solution is attained when the transmit power constraint inequality
is fulfilled with equality, i.e., 17p = Py. This problem can be rewritten in terms of the variables
P; = pi/ Py, so that the constraints are formulated as 17p =1 (p = [1_91 . -TonT]T) and p; > 0, Vi.
The problem is then
. I H ~
maximize Alfelga Py piufl (H + A) (H + A)ui
P
subject to  1Tp =1, (6.29)

Let us include a dummy variable ¢, obtaining:

maximize tlAnefR t+ >0 (PoﬁZH (ﬁ + A)H (ﬁ +A)u; — t)
P 5
subject to  17p =1, (6.30)

It turns out that the constraint 17p = 1 can be removed since, if it is not satisfied, the
minimization with respect to ¢ would be unbounded below (simply by looking at the term
t(1 —>-77, p;)). Hence, the original problem can be rewritten as

. _ ~H (T H = ~
maximize inf ¢+ 307 P (Poqu H+A)" (H+A)u - t)
P t,AcER
subject to  p; > 0, Vi,

(6.31)
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which can be recognized as the maximization of the dual function (which in turn is defined as
the minimization of the Lagrangian [Boy04]) associated to the problem (see §2.3.4)

minimize ¢

LAER S 0o~ R . (6.32)

subject to ¢t > PguzH (H + A) (H + A) u;, Vi,
which is the same problem as (6.12) and, therefore, the dual variables or Lagrange multipliers
v; associated to the constraints ¢ > Poﬁfl (ﬁ + A)H(ﬁ + A)ﬁi coincide with p;, i.e., p; = Py,
proving Proposition 1 in an alternative way. Note that the constraint A € R is implicitly
included in both problems (6.31) and (6.32) by defining the domain of the functions in the
variable A as R.

From this interpretation, it can be seen that the fundamental reason why the relationship
p} = Py holds is that the original function f is linear in the power distribution variables {p;}

and, hence, they can be interpreted as the Lagrange multipliers.

6.4 Convex Uncertainty Regions

The definition of the uncertainty region R may impact importantly on the system performance.
The size and the shape of this region should take into account the quality of the channel estimate
and the imperfections that generate the error, already listed in §5.2, linking the optimization

problem and the physical phenomenon producing the error.

In the following, two sources of errors are identified and three different uncertainty regions,
jointly with their sizes, are described. In all the cases, the proposed uncertainty regions are
convex, as required to solve the optimization problem. Afterwards, a more general list of possible

uncertainty regions is given.

6.4.1 Estimation Gaussian Noise

A usual error in the channel estimate comes from the Gaussian noise, especially in TDD systems,
where the transmitter can estimate the channel using the signals received in the reverse link,

and use it as an estimate in the forward link due to the channel reciprocity principle.

In this subsection, the objective is to derive the expression of an uncertainty region according
to an unbiased estimate of the channel and taking into account that the error is Gaussian
distributed. Let the unbiased channel estimate be formulated as H £ H+E, where E is the zero-
mean estimation noise, independent from the actual channel realization. Note that a different
notation is used for the unbiased channel estimate H and the estimation error E when compared

to H and A, as used in the previous sections. In the following, the relationship between ﬁ, H,

A, and E is shown, and the corresponding uncertainty region for A is deduced.
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Let us define h £ vec(H) and e £ vec(E), where h and e are column vectors resulting from
stacking the columns of H and E, respectively. A usual assumption is to consider that h and
e are jointly Gaussian distributed with mean values and covariance matrices my, and Cj, for h,
and 0 and C, for e. According to this, the distribution of the actual channel conditioned to the

unbiased channel estimate follows also a Gaussian distribution [Kay93]:

~ ~ 1 —(h—m, )7C~L(h—-m, ;)
hih ~ CN (my, 5, Cp). - pys (B1R) = |Gy M TR (6.33)
where
mh\ﬁ = my + Cy (Ch + Ce)i1 (i’vl — mﬁ) € CnTnRXI, (6.34)
C,p = (Ci'+Cr) tegnmmmme, (6.35)

Consequently, from (6.33) it is concluded that the actual channel h can be assumed to be in a

region centered at m i.e., at the conditional mean of the actual channel, also known as the

h|h
MMSE Bayesian channel estimate [Kay93]. Based on this, h £ vec(H) is defined as m, ; and,
therefore, the error § = vec(A) is equal to h — m, ;. According to these results, the uncertainty

region for the error can be defined as an ellipsoid and, consequently, problem (6.12) is quadratic:

R = {A . & = vec(A), Pr(&HC}:|IE5 < 7«2) - P, } . (6.36)

Obviously, as the error § is Gaussian distributed, it will be inside the uncertainty region R
(ie., 87 C;‘
the probability of providing the required QoS to the user (i.e., the probability of having a SNR,

%5 < r?) with a certain probability P, lower than 1. This probability will be equal to

higher than the target SNRq or, equivalently, a BER lower than a maximum target BERy). The
mathematical relationship between the size of the uncertainty region, measured by 72, and P,
is given by r? = ¢! (Pin), where ¢ is the cdf of the chi-square distribution with 2nrnr degrees
of freedom and normalized variance 1/2 (this result can be easily obtained taking into account
the statistical distribution (6.33) and that the vector C;|IE/ ?§ is complex Gaussian distributed

with zero-mean and covariance matrix I).

For the concrete case where both the channel H and the error E matrices have 1.i.d. com-
ponents with zero-mean and variances O'}ZL and o2, respectively, the uncertainty region for the

channel reduces to a sphere of radius /e centered at the Bayesian channel estimate, obtaining

2
—JA: AR <e, e=r2—h__ .
T N e e & (637)

where SNReg; = 0,21 /o2 is the received SNR during the transmission of the training sequence and

r? is calculated as explained previously.



Chapter 6. Robust Maximin Design of MIMO Single-User Communications 155

6.4.2 Quantization Errors

In FDD systems, the channel estimate at the transmitter has to be obtained through a feedback
channel from the receiver to the transmitter. Since this feedback is expected to be discrete, the
channel response has to be quantized introducing an error in the CSI available at the transmitter.
Assuming that the receiver has a perfect knowledge of the channel response H, it can quantize
uniformly the real and imaginary parts of all the components of H using a quantization step
equal to A, and obtaining H as a result. Taking this parameter, the quantization SNR is defined
as SNR, = 60}2Z / AZ, where 0,21 is the variance of each component of H assuming i.i.d. Gaussian
components. Consequently, the uncertainty region for the channel can be defined as a hypercube

centered at H and, therefore, R is defined as shown below, leading to a convex quadratic problem:

Usually, the assumed dynamic range for the quantization is equal to 6 times the standard
deviation. If this approach is taken, the relationship between SNR, and the total number of bits
Ny, to be fed back is N = nynpglog,(3SNR,). Obviously, as the capacity of the feedback channel
increases, more bits can be used in the quantization and, therefore, the size of the uncertainty

region can be reduced.

6.4.3 Combined Estimation and Quantization Errors

In a realistic scenario, the two effects considered previously, i.e., the Gaussian noise from the
estimation process and the quantization errors, are expected to be combined. This can be mod-
eled mathematically by defining an appropriate uncertainty region for the error, which can be

expressed as

R:{A:Al_’_AZ:HAIH%‘SG, }
Re{[Ag]i;}] < 3¢, [m{[Aq);}| < 5

and is convex. Note that, in the expression above, white Gaussian noise and uncorrelated MIMO

(6.39)

channels have been considered, although the extension to ellipsoidal regions combined with
quantization is direct. According to this region, the optimization problem (6.12) can be rewritten
as the following quadratic problem:

minimize ¢
t,A1,As R N
subject to £ > Pyt (H+ Ay + Ag)" (H+ Ay + Ag)dy, Vi, (6.40)
Tr (ATA) <,
[Re{[Au]i;}] < 5t Im{[Aaly}| < 52,

which comprises the previous uncertainty regions and the corresponding optimization problems

as particular cases.
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Figure 6.3: Different uncertainty regions for the case of a scalar error A, where A, = Re{A} and
A; =Im {A}. (a) estimation Gaussian noise, (b) quantization errors, and (c) combined estimation and
quantization errors.

Figure 6.3 illustrates the shape of the three considered uncertainty regions for the concrete
case of a scalar error A, where A, = Re {A} and A; = Im {A}

6.4.4 Other Uncertainty Regions

In addition to the previous uncertainty regions, there are many other possibilities and feedback
strategies, whose error and imperfection models also lead to convex uncertainty regions. In the

following, some of these examples are given, also including the previous ones:

1. Spherical/ellipsoidal uncertainty regions: represented by ||A||% < € and SHC};%J <
r2, respectively. These regions correspond to the Gaussian noise from the estimation pro-

cess.
2. Quantization errors: represented by ‘Re{[A]ij}‘ < %, ‘Im{[A]ij}‘ < %.

3. Combination of Gaussian noise and quantization errors: represented by A =
A A
Al + AQ, where ||A1||%1 < €, ‘Re{[AQ]Z]}‘ < Tq, ‘Im{[AQ]Z]}‘ < Tq.

All the previous regions make sense when the whole channel matrix H is estimated or each
element of H is independently quantized, i.e., a scalar quantization is carried out. In the case
of SIMO channels, a possible approach is to represent the channel in terms of the modes of
the channel correlation matrix, as in the KL transform (see [Jai89] and references therein).
Consider the channel h € ¢"®*! where this column vector represents the response of the SIMO
channel with ng receive antennas and fixed covariance matrix IEI[hhH ] = UDU" ¢ ¢nr*"r,
where U € C"R*"R ig the unitary matrix U = [ul . --unR]. Given this decomposition, the

channel response can be coded taking the eigenvectors as the basis vectors for the representation,
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Figure 6.4: Uncertainty regions resulting from the intersection of halfspaces in vector quantization. In
this example, the channel is within the indicated region and the index i is fed back to the transmitter.

obtaining: a; = u’h, so that h = >, a;u; and h = >; @;u; (the eigenvectors are assumed to
be known both at the transmitter and the receiver, and the only parameters that have to be fed

back are the coefficients ;).

In a general setup for a MIMO channel, this strategy could also be used and, therefore, the

representation of the MIMO channel in terms of its coordinates {c;} could be expressed as
H=Y oH, (6.41)
i

where the matrices {H;}, which are fixed and known at both sides of the system, form the basis
for the expression of the channel estimate. The estimated/quantized channel available at the

transmitter is

H= Z a;H;, (6.42)
;

where the error in the coefficients is represented by §; = «; — ;. If the set defined for the
error vector § = [51 ceed N]T is convex, then the uncertainty region for the error in the channel
estimate A = H — H = >;6;H; is also convex, since the channel is expressed as a linear

combination of the matrices of the basis multiplied by the coefficients {c;} [Boy04].

The imperfections and uncertainty regions described previously can also be adopted for the

coordinates {«;} as:

4. Spherical/ellipsoidal regions for the coordinates: represented by >, w;|d;|* < r2.

N . . A
5. Quantization regions for the coordinates: represented by |[Re{d;}| < =%, [Im{d;}| <

Ag
5L

6. Combination of 4 and 5.
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Previously, the quantization has been assumed to be a scalar quantization; however, a vector
quantization is usually preferred. Consider a space with N points {H;}, each one representing
the region given by H; + R;, i.e., if H € H; + R;, the ith index corresponding to H; is sent
(the number of bits for the feedback is equal to logy(N)). Each region R; could be defined as
a polyhedron obtained from the intersection of a finite number of halfspaces (see Figure 6.4 for

an example). The region is then:
7. Vector quantization: H= H; and A € R;, where 7 is the received index.

An example of vector quantization is shown in [Nar98], in which the Lloyd algorithm [Ger92]
is applied to find a suboptimal region partition of the channel space maximizing the SNR in
a MISO system. See also [Lov04], and references therein, for a general discussion on vector

quantization and adequate criteria to define an appropriate feedback strategy in MIMO channels.

6.5 A Closed-Form Solution for Spherical Uncertainty Regions

The general convex problem presented in (6.12) can be extremely simplified for the case of

spherical uncertainty regions. In this section, a closed-form solution is given for this case.

Proposition 2 Consider the mazimin problem (6.7) and the uncertainty region R =
{IA]% <e}. If HI/:IH% < €, then the saddle-value is 0 and no SNR can be guaranteed, i.e.,

no robust power allocation exists. Otherwise, the optimum robust power allocation is given by
p;); — H < )‘Z - O() ) 1 < Z < ima,xa (643)
0, T > Imax;

2T pF = Py, imax 18 the mazimum index such that

where 1 is a normalization factor such that )"

the following inequality is fulfilled:

Zmz (\/XT - \/Ximx>2 <e, (6.44)
i=1

and « is the minimum solution to the following second degree equation:
imax Z.max
max0’ — (2 > >\Z~> at+ Y X—e=0. (6.45)
i=1 i=1

Proof. The concave-convex function f can be rewritten in terms of the matrices H and A,
which are obtained by performing a linear transformation of the original channel estimate and

error matrices using the unitary matrix of estimated eigenvectors:

H2HU, A2ATU, (6.46)
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and, therefore,

f(p,A) =T (07 (H+A)" (H+A)Udiag (p)) =T ((H+A)" (H+ &) diag (p))
(6.47)

Note that the uncertainty region defined for A as ||A]|% < € can be equivalently written
in terms of the transformed error A as R = {A: |A||% <€}, since the multiplication by the

unitary matrix U does not modify the value of the norm. Besides, the norms of the columns of

the transformed channel matrix H are related to the estimated eigenvalues by ||h;|| = 1/ Ni-

The original maximin problem (6.7) can be rewritten as a minimax problem (the order of
the inner and outer optimizations can be interchanged according to Lemma 2 and as used in the

proof of Proposition 1, since a saddle-point of the problem exists) that can be formulated as

minimize max P {(ﬁ +A) H (H + K)}
7

A i i (6.48)
subject to  [|A% <.
The elements of the diagonal can be written as {(ﬁ + Z)H (H+ Z)} = HE +6; H2 Consider
22

now the minimization with respect to each d;, i.e., to each column of the matrix A. The vector
6; with norm ||§;]| = ¢; that minimizes ||h; +3iH2 is 8, = —c;h;/|[h;. Using this result, the

13
minimized sth component of the diagonal can be written as

2 2
_ H ~— — 1 — 2 1 — 2

(@+2) [\ +7)] - ‘ , (1 _ Tci> H — 5] (1 _ Tci> — (B =)

i [[h|] [[h|]

(6.49)
According to this, the problem (6.48) can be equivalently expressed as
mintimize t
subject to ¢ > Py (||hy]| — ci)2 , Vi, (6.50)

Yl =lel?* <e

i=1"1

wherec = |¢1--- ¢y, r € IR""*!. Note that the constraint ||Al]|Z < € can be equivalently written
T F

in terms of the scalars {c;} as > 17, ¢ <e.

It is now clear how to find the optimum solution to this problem according to the points

below, taking into account that the eigenvalues {l)\\z} are sorted in decreasing order and that

Rl = /%

1. Detection of saddle-value equal to 0: in case that > o7 ||h;||? = |H||% = ||ﬁ||% < e
then the worst-error is attained when ¢! = ||h;||, which corresponds to A* = —H, and the

saddle-value t* is 0, which means that no SNR can be guaranteed for any power allocation.

2. Detection of the number of active eigenmodes: when the saddle-value is different from 0,

the optimum solution corresponds to the case in which some of the inequality constraints
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I

Ih,|

Hﬁ

Imax

i=1i=2 i i =n,

active eilgenmodes

Figure 6.5: Representation of the optimal solution for the case of a spherical uncertainty region.

in (6.50) are fulfilled with equality, whereas the value of ¢} for the other constraints is 0.
This is the optimum solution, since, in case that there exists an index j such that ¢; > 0
but the corresponding constraint is not fulfilled with equality (i.e., ¢ > Py(||h;|| — Cj)Q),
then the value of ¢ can be reduced by decreasing the value of ¢; and increasing c;, Vi #
4, while still fulfilling ||c||?> < e. Consequently, the optimum solution is attained when
|h; || — ¢ is constant for the active constraints and the value of ¢ cannot be further reduced
since ||c*||2 = € (see Figure 6.5 for an example of an optimal solution). Taking all this
into account, the number of active constraints is the maximum index 4;,,x such that the
following inequality is fulfilled (this is obtained by taking into account that the constraints
are activated in increasing order in Figure 6.5 and by looking for the maximum number

of active constraints using ||c*||? = €):

tmax

= = 2
> (B = (1B 1) < e (6.51)
i=1
Once this index has been calculated by a simple finite iteration, the optimum values of the
coefficients {c;} for the active constraints can be expressed as a function of the constant for
the last active constraint ¢; . (note that for the other constraints, the optimum constants
are equal to 0, i.e., ¢f =0, ¢ > imax):
1Bl = ¢ = [l =l = € = Bl = (B |+ s 6= Loy (652)

tmax Tmax Tmax’

Using this result, ¢  can be easily calculated by taking the positive solution to the
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following second degree equation resulting from the constraint )7} cd =e

Imax

ZN—Z Bl = Bl +¢5,,)° = € =

i=1

tmax Imax

imas ()" 2> (IBil] = B CfmvaZ I = [Bipcll)* = ¢ = 0. (6.53)

Collecting all these results, the worst-case error A* can be finally calculated as

x| _ & hi . x E"T Sl
A* = [ A Cnr o] ]U . (6.54)

The optimal robust power allocation can be obtained as the power p* such that the worst-
case error is a solution to mina f (p*, A), i.e., A* satisfies the corresponding KKT conditions.

The Lagrangian associated to the problem is
L(A;p) 2 Tr (ﬁH (H+A)7(H + A)ﬁdiag(p*)) +u(Tr (AT A) —¢) (6.55)

and, therefore, one of the KKT conditions is
(ﬁ + A*)ﬁdiag(p*)ﬁH + AT =0 = (ﬁ + A*)ﬁdiag(p*) + AU =0, (6.56)
(H+ Kk) diag(p*) + p*A" =0, (6.57)

which has to be satisfied at the worst-case error A* and for the robust power allocation {p7}.

From this equation, the power to be allocated to the ith estimated eigenmode can be calculated

as
(Hﬁgﬁ)pﬂu*gfzﬂiﬂi( o )pz S o
b ||hz||
= pf =t Hﬁill A c&m:‘“z:;m, 1< i < ima,
LR \ﬂ - 0, i > imax,
where p* is a normalization factor such that ) .7, p¥ = P,. By defining the constant o =
Xz‘max - C?max, absorbing the factor 1/« in p*, and introducing the change of variable cfmax =

\//)\\imx — a in (6.53), the results in Proposition 2 are directly obtained, including the equation
(6.45). n

6.6 Applications and Extensions

In this section, some applications and extensions of the already presented design strategy are

presented.
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6.6.1 Minimum Transmit Power with an Instantaneous Performance Con-
straint

From the KKT conditions (6.19)-(6.22) for the reformulated convex problem (6.12), it can be
shown that the optimal dual variables {7} and the worst-case error A* do not depend on the
power budget Py. Consequently, the optimum robust power allocation scales linearly with Py,

and also the saddle-value, which is given by

fFEf(p5AY) =R T (GH (H+ A% " (H+ A% Udiag ({1} )) : (6.58)

This result can be used to calculate the solution to the problem consisting in minimizing
the transmit power, while still guaranteeing that the instantaneous performance, in terms of
the SNR, is better than a minimum target SNRg for any error in the uncertainty region. This
problem is the complementary to that solved previously, in which the performance was optimized
subject to a power constraint, although both problems are essentially equivalent. The solution
to this new problem is also attained by taking the robust power allocation given by {7}, where

the required transmit power is calculated as

0.2

n . 6.59
Tr (OF (8 + A%) " (H + A7) Udiag ({/}) ) (6:59)

P} = SNR,

6.6.2 Application to Adaptive Modulation with Maximum BER Constraints

The previous robust design can be combined with AM strategies [Cav72, Web95, Gol97, Chu01]
to maximize the throughput subject to BER constraints, i.e., the objective is to maximize
the transmission rate by employing high level modulations while still guaranteeing a minimum

quality in terms of a maximum BER for any possible error in the uncertainty region.

Consider that the transmit power is bounded by Pj"®* and let BER(SNR) be the function
that relates the SNR with the BER for a L-QAM modulation. Obviously, given a certain SNR,
the BER increases as the number of levels L in the modulation also grows. Taking this into
account, the proposed robust AM is based on the following steps, in which all the symbols are

assumed to be taken from the same signal constellation:

1. Define the desired QoS in terms of a maximum allowed BERg.

2. Given the channel estimate H and the uncertainty region R, calculate the robust normal-
ized power allocation given by the optimum Lagrange multipliers {7} } and the worst-case

error given by the optimum primal variables A*.



Chapter 6. Robust Maximin Design of MIMO Single-User Communications 163

3. Calculate the maximum achievable SNR for any error in the uncertainty region similarly
as in (6.59):

max

sNRmex = 07y (O7 (B + a%) " (H + A*) Udiag ({71)) - (6.60)

4. Calculate the maximum number of levels L* fulfilling BERz(SNR™**) < BERy. This can
be trivially done by using a look-up table in which the values of the SNR required for
each BER and signal constellation size are saved. If the previous constraint cannot be
fulfilled for any value of L, set L* = 0. In this case, no signal is transmitted since the QoS
requirement cannot be satisfied for all the possible errors in the uncertainty region while

still fulfilling the maximum transmit power constraint.

5. For the selected value L*, calculate the necessary instantaneous transmit power as in (6.59).
Note that the transmit power required to fulfill the BER constraint with equality may be
lower than the maximum available transmit power Fj"** since the number of modulation

levels L is discrete.

Summarizing, this algorithm proposes a robust AM technique, in which the throughput is
maximized while a certain QoS can be guaranteed to the user given a channel estimate and a

transmit power constraint.

6.6.3 Extension to Scenarios with Interferences

Previously, no interferences have been assumed at the receiver. In case that interferences have
to be taken into account in the system, the previous design strategy can also be applied, as

explained in the following.

Let R, be the noise plus interferences correlation matrix, as defined in §3.2.3 (see (3.15)).

The optimum receiver maximizing the SNIR is based on a matched filter, leading to

SNIR = Tt (g HHR;IHgdiag(p)) " (g H'HU diag(p)) : (6.61)
where H is the whitened channel matrix defined as H =R, 1/ 2H, and ﬂ is the unitary matrix
containing the estimates of the eigenvectors of H' R 'H = HPH, ie., the eigenvectors of
~ o~ o~ ~H ~ ~ —~
HY R, 'H=H H, where H and R,, are the estimates of the channel and correlation matrices,
respectively. Note that the previous expression of the SNIR is equal to the one corresponding to

a system with no interferences (6.5), but including the matrix R,,!. Based on this, the following

performance function to be maximized can be defined:

f(p,A) =Tr (QH (H+Aa)"(H+A)T diag(p)) : (6.62)
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where A is the error in the estimate of H, i.e.,

H=H+A. (6.63)

According to these definitions, the design strategy presented previously can be applied di-

rectly assuming that the error A belongs to a convex uncertainty region R.

In case that the estimate of the correlation matrix ﬁn is perfect, i.e., ﬁn = R,,, then the
uncertainty region R for the error in the estimate of the whitened channel matrix H can be
written in terms of the uncertainty region R for the error in the estimate of the channel matrix
H as

R={A=R,"?A:AcR}, (6.64)

which is also convex if R is convex, since the transformed error A is obtained by a linear

transformation of A.

6.6.4 Extension to OFDM Modulations

In the previous sections in this chapter, a single-carrier MIMO flat fading channel has been
assumed. In many communication systems, however, the delay spread of the channel can be high
when compared with the symbol duration, leading to frequency selective channels. Consequently,

the previous results should be extended to these scenarios.

A common approach when the channel is frequency selective is to apply the OFDM modu-
lation, as commented in previous chapters [Bin90, Nee98, Wan00]. The objective in this section
is to extend the results presented previously to the case of using a multicarrier modulation in a
frequency selective MIMO channel. Let us consider a modulation consisting of IV carriers, where
k=0,...,N —1 is the carrier index. For each subcarrier, a channel estimate is available at the
transmitter ﬁk, where the error is A, = H; — ﬁk The errors at each carrier will be assumed

to be independent and an uncertainty region Ry will be defined for each of them (A € Ry).

Let Py be the total transmit power to be distributed among the N carriers of the OFDM
modulation. The power allocated to the kth carrier is represented by Pj. Obviously, for a concrete
power distribution among the different carriers, the maximin robust design presented previously
can be applied to each carrier as shown in Figure 6.6, obtaining the robust power distribution
{pzl} In the figure, Uy ; is the ith estimated eigenvector at the kth carrier, i.e., the unitary ma-
trix ﬁk = [ﬁk,l e ﬁka] € C"T*"T contains the ny eigenvectors of ﬁfﬁk sorted in decreasing
order, and py; represents the power allocated to Uy ;. Since P is the total power allocated to
the kth carrier, the following constraint holds: > !, py; < P;. According to this, the saddle-
value for the kth carrier, i.e., the minimum SNR that can be guaranteed for any error in the
uncertainty region Ry is

Py Bk (6.65)
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Figure 6.6: Transmitter architecture corresponding to a robust maximin design combined with the use
of the OFDM modulation.

where

By = = Tt (OF (B, + a7)" (i + AF) Uy diag ({4%,}) ) - (6.66)

=2
Note that £, does not depend on the power P allocated to the carrier.

A design strategy has still to be defined for the power distribution among the carriers { Py}
subject to the total transmit power constraint Z;CV:_UI P, = Py. One possibility consists in maxi-
mizing the worst saddle-value for all the carriers, i.e., the MAXMIN strategy, presented in §3.3.3
could also be applied over the performance of all the carriers. According to this strategy, the

power distribution is found as
Py 1

N-11 3°

which leads to a solution in which all the carriers have the same saddle-value, i.e., the minimum

P, = (6.67)

guaranteed SNR is the same for all the carriers.

6.7 Simulation Results

In this section, several simulation results are presented to show the robustness capabilities of the
already presented technique and compare its performance with other classical solutions, such as

the non-robust approach and the pure OSTBC approach.
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Figure 6.7: Mean value of the robust power distribution for different sizes of the uncertainty region.

As presented in §6.3, the robust maximin technique distributes the available power among the
estimated eigenmodes taking into account the errors in the channel estimate. Obviously, if the
channel estimate is perfect, the robust solution should be equal to the non-robust beamforming,
i.e., to the power allocation formulated as p1 = Py, p; =0, i =2,...,nr. When the uncertainty
in the actual channel increases, the robust design tends to distribute the power in a more uniform

way.

In the first simulations, a system with 4 transmit and 6 receive antennas is analyzed. The
noise in the channel estimate is assumed to be Gaussian and spherical uncertainty regions with
a radius equal to /e = g|H||p, 0 < g < 1 are considered. Note that for these uncertainty
regions, H = H+A # 0, VA € R. This condition has to hold since, otherwise, the saddle-value
would be equal to 0.

Since nr = 4, the total transmit power has to be distributed among the 4 estimated eigen-
vectors. In Figure 6.7, the mean value of the normalized robust power allocation {v;} is shown
as a function of g. As can be seen, for ¢ = 0 the power distribution corresponds to the non-
robust approach, as expected. As g increases, the power allocation profile changes and tends to
distribute the power in a more uniform way. Note that the pure OSTBC approach is equivalent
to a uniform power allocation p; = 1/4 = 0.25, 1 < ¢ < 4. As can be shown in Figure 6.7, this

uniform distribution is not attained by the robust approach, even when g — 1. In [Gan01], it
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Figure 6.8: Cumulative density functions of the minimum required transmit power assuming different
sizes for the spherical uncertainty regions, and according to a target SNR equal to SNRg = 10 dB.

is deduced that OSTBC is optimum in a robust maximin sense when the channel is totally un-
known. This can be expressed mathematically as the following uncertainty region for the actual
channel: R = {H: |H||%. > p}, where p is a positive real value that avoids the channel H = 0
to belong to the uncertainty region. Note that, when g = 1, the spherical uncertainty region
is different from that for which OSTBC is the robust maximin solution and, consequently, the

robust power allocation policy for ¢ = 1 does not have to be necessarily uniform.

As stated in §6.6.1, the maximin design can be used to guarantee a minimum target SNRq
with the minimum required transmit power for any error in the uncertainty region. In Figure
6.8, the cdf of the minimum required transmit power is shown for SNRy=10 dB. This cdf is
represented for np = 2 and np = 2 and for three different transmission techniques: the robust
approach, the non-robust classical beamforming, and a pure OSTBC strategy. The uncertainty
regions that are considered are spherical taking four different values for the parameter g: 0.1,
0.65, 0.8, and 0.9. As can be seen, for small uncertainty regions, both the robust and the non-
robust approaches have a similar performance and need less transmit power than OSTBC, as
expected. When the size of the uncertainty region increases, the non-robust approach increases
the necessary transmit power to fulfill the QoS requirements. Note that, for an extreme case
corresponding to big uncertainty regions, the non-robust technique may need even more power

than OSTBC. This means that in case that the CSI may have high errors, it is more convenient
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Figure 6.9: Mean value of the minimum required transmit power in a TDD system (Gaussian noise,
spherical uncertainty regions) according to a target SNR equal to SNRy = 10 dB.

to use an OSTBC approach than to assume that the channel estimate is perfect, despite not
being true. Note also that, in all cases, the robust solution is the technique requiring the least

transmit power.

Figures 6.9 and 6.10 show some results on the mean value of the minimum required transmit
power to attain a SNRy=10 dB when considering spherical (TDD systems) and cubic (FDD
systems) uncertainty regions. The sizes of the regions are directly related to the estimation
and quantization SNR, as deduced in §6.4. For the case of spherical uncertainty regions, two
different QoS probabilities (as defined in subsection 6.4.1) have been used: P, = 0.85 and
P, = 0.6. The same conclusions can be obtained from the observation of both figures. If the
estimation or quantization SNR is high, OSTBC needs more power than the non-robust and the
robust designs, since it does not exploit the channel knowledge available at the transmitter. As
the estimation or quantization SNR decreases, all the techniques need more power to fulfill the
instantaneous SNR requirements, since the size of the uncertainty region increases. Note that
in all the cases, the technique requiring the least transmit power is the robust approach. Also,
as commented previously, if the estimation or quantization SNR is low enough, the non-robust
solution needs more power than OSTBC, concluding that in case of having a very low quality
channel estimate, it is not convenient to use it without taking into account explicitly the errors in

the estimate, i.e., in a non-robust way. In the case of spherical regions, increasing the probability
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Figure 6.10: Mean value of the minimum required transmit power in a FDD system (quantization errors,
cubic uncertainty regions) according to a target SNR equal to SNRy = 10 dB.

P of providing a QoS implies an increase of the minimum required transmit power, since the
size of the uncertainty region also increases. From the figures, it is also concluded that very
important savings in terms of transmit power can be obtained when using the robust approach
instead of the non-robust beamforming. For example, for np = 2 and np = 2 and SNRgg= 11
dB, a saving of almost 4 dB can be obtained, whereas for ny = 4 and ng = 4 and SNR,= 5 dB,

a saving of 3 dB is achieved.

As explained at the beginning of this section, an instantaneous SNR can be guaranteed to the
user only in case that H = 0 does not belong to the uncertainty region for the actual channel. In
Figures 6.11 and 6.12 the service provision probability is shown, i.e., Pr (ﬁ + A #0,VA € R),
as a function of the QoS probability P, required by the user in the case of TDD, and the
quantization SNR in the case of FDD. These results have been obtained for different number
of transmit and receive antennas. As a general conclusion, it can be observed that increasing
the number of antennas and the quantization SNR implies an increase of the service provision
probability, as expected. On the other hand, if the user demands a higher QoS probability, the
service provision probability decreases, since an increase of the required QoS implies an increase
of the uncertainty region R and, therefore, it is not always possible to guarantee that QoS since

the actual channel H = 0 may be possible.
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As explained in §6.6.2, the throughput can be maximized while guaranteeing a maximum
BER for any possible error in the channel estimate by using the robust power allocation. Figure
6.13 shows the mean throughput that can be achieved in order to guarantee a maximum BER
equal to 1073 for any possible error in the uncertainty region, which is considered to be spherical
with a radius equal to /e = g||ﬁ|| 7. The techniques that are compared are the robust approach
and the non-robust classical beamforming solution. For both techniques, the mean throughput
is shown as a function of the maximum available power at the transmitter. Besides, the plots
regarding the application of fixed modulation formats corresponding to QPSK and 16-QAM
are also given. From the figure, it is concluded that, thanks to the use of the robust maximin
design, very important savings in terms of transmit power can be obtained when compared to
the non-robust solution, specially when the size of the uncertainty region is high, as expected. In
the same figure, the improvement of the system can also be shown when the number of antennas

increases.

6.8 Chapter Summary and Conclusions

In this chapter, a design strategy has been presented for a MIMO system in which the available

CSI is imperfect. The design of the transmitter has been done according to a channel estimate
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that may have errors from different origins, such as the Gaussian noise from the estimation
process, or the errors from the quantization, among others. These errors have been taken into
account explicitly in the design, obtaining a robust solution less sensitive to them. The robustness
in the design has been obtained under the maximin philosophy. This strategy is characterized
by attaining the best worst performance, in terms of SNR, for any possible error modeled by an
uncertainty region. The shape and the size of the uncertainty region have to be chosen according

to the source and the level of the imperfections in the CSI.

The transmitter architecture that has been proposed is based on the concatenation of an
OSTBC block, a power allocation, and a set of beamformers, each one connected to one of the
outputs of the OSTBC and corresponding to an eigenmode of the MIMO channel estimate. The
robustness has been included according to an adequate power distribution of the total transmit
power among the estimated eigenmodes. Thanks to this optimum robust power allocation, the
necessary transmit power is minimized while guaranteeing a minimum instantaneous SNR for

any possible estimation error in the uncertainty region.

The mathematical optimization problem corresponding to the maximin robust power allo-
cation has been transformed into a simple convex optimization problem, where the values of the

optimum Lagrange multipliers provide the normalized robust power distribution. Note that this
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Figure 6.13: Mean throughput for the robust and the non-robust approaches combined with AM taking
a maximum allowed BERy = 1073.

convex problem can be solved efficiently with existing software packages. For many uncertainty
regions, the convex problem has been shown to be quadratic, and even for the case of a spherical

uncertainty region, a closed-form solution exists.

Finally, this robust solution has been compared with a pure OSTBC strategy and also with
the classical non-robust beamforming design, corresponding to the use of only the maximum
estimated channel eigenvector. From the simulation results, it has been observed that the gains
in terms of saving in transmit power are quite important when compared to the non-robust and

the pure OSTBC techniques, especially when the estimation and quantization SNR’s are low.



Chapter 7

Conclusions and Future Work

This dissertation has considered the design of multi-antenna communication systems, where the
most general case corresponds to the communication through MIMO channels with multiple
antennas at both the transmitter and the receiver. More specifically, the impact of the CSI on
the design has been studied. First, a perfect and complete CSI has been assumed, obtaining
an optimum solution for the case of single-user and multi-user communications. The impact of
an imperfect CSI has been studied in the case of a single-user communication, when the design
is carried out assuming that the available channel estimate is perfect, despite not being true.
Different robustness strategies have been proposed taking into account explicitly the errors in
the CSI, obtaining designs less sensitive to these errors. Two examples of Bayesian robust designs
have been deduced and, finally, a maximin robust solution for a MIMO single-user channel has

been obtained.

7.1 Conclusions

A motivation of the Ph.D. dissertation has been presented in Chapter 1, jointly with an outline

of the work and the research contributions in terms of publications.

Chapter 2 has presented an overview of the different design strategies in MIMO channels,
providing a general description of the state of the art and focusing the attention specifically on the
impact of the quality and the quantity of the CSI on the design and the final system performance.
Additionally, a brief description of the most useful tools derived from convex optimization theory

have been presented, since they have been used throughout the dissertation.

Chapter 3 has been devoted to the analysis and design of a single-user MIMO system. The
assumed modulation at the physical layer is OFDM, i.e., a multicarrier approach has been
taken. First, a brief review of the OFDM modulation has been done. Afterwards, the signal

model corresponding to the transmission through a MIMO channel combined with the OFDM

173
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modulation has been detailed. In this case, both the transmitter and the receiver architectures
have been based on a beamforming per carrier approach, i.e., a different beamvector is applied
at each subcarrier at the transmitter and the receiver. The design of the beamvectors has been
carried out assuming a perfect CSI available at both sides of the communication system. This CSI
encompasses both the channel response and the noise plus interferences correlation matrices at
the receiver. The design of the beamvectors maximizing the SNIR leads to a solution composed
of two stages. First, at each subcarrier, the beamvectors selecting the strongest eigenmode of
the channel are calculated and, afterwards, a power distribution of the total available transmit
power among the subcarriers is performed. Three different and simple power allocation strategies
have been deduced based on different norms of the SNIR at all the subcarriers and using convex
optimization theory. Finally, these power allocation strategies have been compared with other
classical approaches, showing that the new solutions have a lower computational load with even

better performances.

Chapter 4 has extended the results and the formulation in the previous chapter to the case
of a multi-user scenario, in which all the terminals are allowed to have multiple antennas and to
transmit simultaneously using the same frequency band, leading to several and parallel MIMO
transmissions. As previously, the OFDM modulation and a beamforming per carrier approach
have been considered, where the CSI has been assumed to be perfect at all the transmitters
and the receivers. The main problem of the design is that a coupling effect appears, since the
transmitter design for one user modifies the noise plus interferences correlation matrices for
all the other links. The design problem has been formulated as the minimization of the total
transmit power subject to QoS constraints in terms of a maximum BER for each link, and to
optional individual maximum transmit power constraints. The problem has been shown to be
non-convex due to the QoS constraints and the coupling effect mentioned previously. In order to
find the optimum solution despite the non-convexity, the SA algorithm has been proposed. The
SA, an heuristic and stochastic optimization tool, has been first briefly described and, afterwards,
its application to the communication system design has been detailed. The performance of this
algorithm has been compared to other classical approaches, such as AM and GS, showing that

SA is able to find a solution fulfilling the constraints and requiring less transmit power.

Chapter 5 has been devoted to the analysis of the imperfect CSI. First, different sources of
errors in the channel estimate have been identified and briefly analyzed. Afterwards, the impact
of the errors in the CSI on the system performance has been studied. The system considered
in this analysis has been that presented in Chapter 3, i.e., a MIMO-OFDM single-user commu-
nication. The design has been performed assuming that the CSI is perfect, despite not being
true, and the performance degradation has been analyzed in terms of the mean value of an
upper-bound on the relative SNIR reduction. Two different ways of introducing robustness in

the design have been then summarized: the Bayesian and the maximin approaches. Both of
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them take into account explicitly the errors in the channel estimate and, therefore, the obtained
designs are less sensitive to these errors. The difference between both approaches consists in the
way the error is modeled. Finally, two concrete examples of Bayesian designs have been given: a
power allocation technique that minimizes the mean Chernoff upper-bound on the error proba-
bility in a SISO-OFDM transmission, and the design of a bank of FIR transmit filters in a MISO
channel, where the objective is either the minimization of the mean MSE or the maximization
of the mean SNR. In both cases, the performance corresponding to the robust design is much

better than the one attained by the non-robust counterpart.

Finally, in Chapter 6, a robust maximin design of a single-user flat fading MIMO communica-
tion system has been derived. The objective of the design has been the maximization of the SNR,
where different error models have been taken according to different sources of imperfections in
the channel estimate. The transmitter architecture has been based on the concatenation of an
OSTBC, a power allocation among the outputs of the OSTBC, and a set of beamformers corre-
sponding to the estimated eigenmodes of the MIMO channel. The mathematical formulation of
the design problem of the power allocation leads to a two stage optimization problem that can
be transformed into a single stage convex optimization problem under some technical conditions
regarding the convexity of the error region. This transformation allows to find the optimum
solution either analytically or numerically. Afterwards, some extensions and applications of this
robust design have been proposed, such as the extension to OFDM modulation and frequency
selective channels, and its combination with AM techniques to maximize the throughput subject

to maximum BER constraints and with minimum transmit power requirements.

7.2 Future Work

There exist several lines for future research that can be taken as an extension of the work carried

out in this dissertation.

Concerning the design of multi-antenna systems assuming a perfect CSI, the following points

and issues are still open:

e Evaluation of the different joint beamforming strategies when they are combined with

space-time or space-frequency coding strategies.

e Introduction of new degrees of freedom in the design of the joint beamforming approach

by considering rate adaptive modulations.

e Use of extensions and variants of the SA algorithm to increase the convergence speed while

still guaranteeing that a global optimum is reached.
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e Use of other heuristic stochastic approaches to solve the multi-user system design problem,

such as genetic algorithms and taboo search.

e Development of suboptimal designs with a lower computational complexity than SA and

evaluation of the degradation when compared to the optimal solution.

Finally, and as far as robust designs is concerned, the following research lines are proposed:

e Development of Bayesian designs optimizing the performance for an outage probability

instead of the mean performance.

e Proposal of transmitter architectures different from the one used in Chapter 6 (OSTBC,

power allocation, and beamforming), and evaluation of the robustness capabilities.

e Design of feedback strategies that improve the system performance while maintaining the

same feedback rate.

e Design of convex uncertainty regions in vector quantization taking as the distortion cri-
terion not the error in the channel estimate, but directly the cost function describing the

system performance, such as the SNR, the BER, etc.

e Design of feedback strategies where the information to be fed back is the transmitter design

instead of the channel estimate.

e Development of robust design strategies where the CSI is incomplete instead of imperfect,
which means that, for example, only the gains of the channel are known but not their

phases.

e Development of robust designs for MIMO multi-user systems, extending the results ob-

tained in the single-user case.
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