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Abstract

The exponentially damped sinusoidal (EDS) model arises in numerous signal
processing applications. It is therefore of great interest to have methods able to
estimate the parameters of such a model in the single-channel as well as in the
multi-channel case. Because such a model naturally lends itself to subspace
representation, powerful matrix approaches like HTLS in the single-channel
case, HTLSstack in the multi-channel case and HTLSDstack in the decimative
case have been developed to estimate the parameters of the underlying EDS
model. They basically consist in stacking the signal in Hankel (single-channel)
or block Hankel (multi-channel) data matrices. Then, the signal subspace is
estimated by means of the singular value decomposition (SVD). The parameters
of the model, namely the amplitudes, the phases, the damping factors, and the
frequencies, are estimated from this subspace. Note that the sample covariance
matrix counterpart is called TLS-ESPRIT, multi-channel TLS-ESPRIT and
decimative TLS-ESPRIT.

In these methods, the order of the model (i.e. the number of damped sinusoids)
is assumed to be known. A variety of methods for estimating the model order
exists. The recently developed method ESTER has been shown to outperform
the existing Information Theoretic Criteria (ITC) based techniques. ESTER
relies on the shift invariance property of the signal subspace. We propose
an easy-to-implement SVD-based method which also exploits the same shift
invariance property and outperforms the method ESTER.

As far as multi-channel signals are concerned, it may be of great interest to
extract only the common sinusoids. This may be for instance the case in
Electroencephalogram (EEG) monitoring or material health monitoring. So
far, only techniques which extract the common damped sinusoids in the two-
channel case have been described. We propose a flexible and accurate method
that can be applied to an arbitrary number of channels.

The last part of the thesis deals with multilinear algebra, which is the algebra of
higher-order tensors. Higher-order tensors can be seen as higher dimensional
tables than can be addressed with more than two indices. First, we show
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vi Abstract

that the matrix approaches do not exploit all the structure which is present
in the theoretical decomposition. This is especially true in the multi-channel
and the decimative case. In a second step we demonstrate that a higher-order
representation of the problem may help to take this structure into account. We
derive the higher-order counterparts of the HTLS, HTLSstack and HTLSDstack
methods for estimating the parameters of an EDS model, and show by means
of a higher-order dimensionality reduction algorithm that the estimation of the
signal subspace, and hence the parameters of the EDS model, may be more
accurate than the one obtained via the matrix approaches.
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Mathematical Notation

a, b, . . . scalars a, b, . . .
A, B, . . . vectors A, B, . . .
A, B, . . . matrices A, B, . . .
A,B, . . . tensors A,B, . . .
Ai i-th column vector of matrix A

ai1i2···iN
entry on the tensor A corresponding to
the i1-th value of the mode-1 index,
the i2-th value of the mode-2 index,. . . ,
and the iN -th value of the mode-N index

(M )i,j , mi,j element on the i-th row and the j-th column
of matrix M

MT transpose of matrix M

M∗ complex conjugate of matrix M

MH = (M∗)T Hermitian transpose of matrix M

M−1 inverse of matrix M

M † pseudo–inverse of matrix M

detM determinant of matrix M

diag{v} square diagonal matrix with vector v as diagonal
A ⊗ B Kronecker product of matrix A and B

A×m U m-mode product of a tensor A by a matrix U

U ◦ V outer product of vectors U and V
N the set of natural numbers
Z the set of integer numbers
R the set of real numbers
R+ the set of positive real numbers
C the set of complex numbers
RM set of real M–dimensional vectors
CM set of complex M–dimensional vectors
ℜ{x} real part of x ∈ C

ℑ{x} imaginary part of x ∈ C

a∗ complex conjugate of a

vii
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A∗ complex conjugate of vector A

conj(·) complex conjugation
x̂ estimate of x
| · | absolute value
|| · ||2 2–norm
|| · ||F Frobenius norm
E{·} expectation operator
a ≪ b a is much smaller than b
a ≫ b a is much larger than b
a ≈ b a is approximately equal to b

Fixed Symbols

exp{·} exponential function
H Hankel matrix
U , V singular vector matrices
N number of samples
M number of rows
L number of columns
K number of signal poles
g greatest common divisor
n discrete–time index
f frequency–domain variable
ω = 2πf pulsation
z z–domain variable
νs sampling frequency
0 zero vector or zero matrix
0M×N M × N zero matrix
IN N × N identity matrix
j

√
−1

Acronyms and Abbreviations

ALS Alternating Least Squares
cf. confer : compare with
DFT Discrete Fourier Transform
EEG Electroencephalography
e.g. exempli gratia : for example
EDS Exponentially Damped Sinusoids

(e.g a sum of EDS)
EDS Exponentially Damped Sinusoidal
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(e.g. the EDS model)
Eq. equation
FFT Fast Fourier Transform
Fig. figure
FIR Finite Impulse Response filter
GSVD Generalized Singular Value Decomposition
HOSVD Higher Order Singular Value Decomposition
HOVDMD Higher Order Vandermonde Decomposition
i.e. id est : that is
iff if and only if
IFFT Inverse Fast Fourier Transform
i.i.d independent and identically distributed
IIR Infinite Impulse Response filter
LMS Least Mean Square adaptive filter
LS Least Squares
MRS Magnetic Resonance Spectroscopy
MRI Magnetic Resonance Imaging
RQI Rayleigh Quotient Iteration
MSE Mean Square Error
RMSE Root Mean Square Error
RRMSE Relative Root Mean Square Error
SNR Signal–to–Noise Ratio
SVD Singular Value Decomposition
TLS Total Least Squares
VDMD Vandermonde Decomposition
vs. versus
WGN white Gaussian noise
w.r.t. with respect to
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Chapter 1

Introduction

1.1 Motivation and preliminary studies

This thesis originally started from the need of solving some signal process-
ing problems related to structural health monitoring. The starting point was
the EU PDT-Coil Project1 in which the department of Electrical Engineering
(ESAT) and the department of Material Sciences (MTM) of the Katholieke
Universitiet Leuven were involved. In this project the problem to be solved
was the following.

The larger hydrocarbon reservoirs in Europe are rapidly depleting. The remain-
ing marginal fields can only be exploited commercially by the implementation
of new intelligent technology, such as electric Coiled Tubing drilling or Intel-
ligent Well Completions. Steel Coiled Tubing (CT) with an internal electrical
wireline is the current standard for such operations. Steel CT suffers from cor-
rosion and fatigue problems, which dramatically restrict the operational life.
The horizontal reach of steel CT is limited due to its heavy weight. The in-
serted wireline results in major hydraulic power losses and is cumbersome to
install.

The PDT-Coil project proposal aimed to solve these problems by investigating
and developing a high-temperature, corrosion and fatigue resistant thermoplas-
tic Intelligent Composite Coiled Tubing for electric drilling applications. This
power and data transmission composite coiled tubing (PDT-CCT or PDT-Coil)
contains embedded electrical power and data conductors and a fiber-optic sens-
ing and monitoring system. Compared to conventional rotary drilling, such a

1EU project number: ENK6/2000/00074, duration: 01.09.2000–28.02.2003 (phase 1). EU
project number: NNE5/2001/887, duration: 01.01.2003–31.08.2005 (phase 2)
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2 Introduction

PDT-COIL will result in 45% less required workspace, 50% reduction of rig
height, 60% noise reduction, 70% less rock cuttings and a power exhaust gen-
eration reduction of 85%. The PDT-COIL will result in 35% overall cost savings
on the exploration of hydrocarbons. Time to first oil will be reduced due to
the support of enhanced logging while drilling capabilities.

Therefore part of the work was to develop a reliable and sufficiently sensitive
fiber-optic sensing and monitoring system.

It can be noticed that the industrial applications in aeronautics, automotive,
etc. are numerous since more and more composite materials are used. Indeed,
the long term behavior of composite materials, subject to environmental, ther-
mal and/or mechanical loading is still not very well understood. This often
leads industry to set high safety margins or to over-design. The advantage of
composite materials is to be found in their low density and so high specific
strength and stiffness. Hence, it is of major interest to study their resistance to
damage. The embedment of optical fibers into composite materials and the use
of intelligent data processing of the optical fiber signals enables the integration
of a non-destructive testing (NDT) system into these complex materials.

For the PDT-Coil project, two intensity-modulated optical fiber sensors were
investigated: one using multi-mode optical fibers and recently, one using a
single-mode optical fiber. It was decided to use the polarimetric system work-
ing with single-mode optical fibers, which was much more sensitive than the
previously developed multi-mode setup. Figure 1.1 shows a typical four point
bending setup which aims to damage a composite tube and to measure damage
signals. Our main task was related to damage detection. A set of propagating
high-energy high-frequency acoustic waves is generated whenever permanent
damages occurs in the composite material. This is roughly illustrated in Fig-
ure 1.2. These waves locally modify the optical and geometrical properties
of the optical fiber. Consequently, the transfer function of the optical fiber
is modified in a periodic way which results in the modulation of the output
light intensity. In order to detect these transient signals, also called events, we
developed fast advanced signal processing methods [60, 61].

Such a sensing optical fiber, embedded in a composite or other material, is a
promising alternative for piezoelectric transducers used for acoustic emission
monitoring. The latter are usually attached to the surface and are therefore
most sensitive to surface waves. In contrast, the embedded optical fibers sense
easily bulk waves. Some investigations have proven that the signal sensed
by the piezoelectric transducers and by the optical fibers can be modelled by
a sum of exponentially damped sinusoids (EDS) [67]. This idea brought us
to the following kernel problem: are there any common components between
the output signals from the piezoelectric transducers and the optical fibers? Is
there a way to accurately catch these common components? For this purpose an
efficient algorithm has been designed for a two-channel setup [90]. In Chapter 4,
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Figure 1.1: Four point bending test setup. The force applied will make the
tube bend. Whenever damage occurs, transient acoustic waves can be detected
by the optical fiber.
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CFRP Composite
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Figure 1.2: This image represents the cross-section of a composite material with
an embedded optical fiber. It aims to illustrate what happens in case damage
is occurring: a set of propagating transient elastic waves are released from the
damage sites and will hit the optical fiber, thereby modifying its properties.



4 Introduction

this algorithm has been further extended to an arbitrary number of channels.

1.2 The Exponentially Damped Sinusoidal (EDS)
model

The main model which is dealt with in this thesis is the EDS model [80] because
it is quite simple, and ubiquitous in numerous signal processing applications.
We mainly focus on the, more mathematically tractable, complex exponential
model which is the complex generalization of the EDS model. Most of the
time this model is linked to physical phenomena that are driven by linear
second order differential equations. A very simple example is, for instance,
the propagation of time-harmonic uniform plane waves in a lossless unbounded
medium. If we limit our attention to the case for which the electric field E

(V.m−1) has only an x component and is only a function of the direction z, the
solution to the time-harmonic Maxwell’s equations [30] is of the form:

Ex(z, t) = C1 cos(ωt − βz) + C2 cos(ωt + βz)

where ω is the angular frequency (rad.s−1), β is the wave number (rad.m−1),
C1 and C2 are constants determined by boundary conditions. More generally,
if these waves propagate in a lossy media, the electric field can be written as:

Ex(z, t) = C1 exp{−αz} cos(ωt − βz) + C2 exp{+αz} cos(ωt + βz)

where α is called the attenuation constant. Often the solutions are used in
complex form:

Ex(z, t) = C1 exp{−αz + i(ωt − βz)} + C2 exp{αz + i(ωt + βz)}

where i =
√
−1, which is mathematically more tractable. The first term repre-

sents the propagation in the +z direction and the second one the propagation
in the −z direction. In practical applications one might consider only one of
these two terms. Moreover, more complex shapes can be considered like in
direction-of-arrival (DOA) estimation where the electric field of a propagating
wave impinging on a sensor (z = 0), is of the form [89]:

E(t) = C(t) exp{i(ωt + ϕ(t))}

where ϕ(t) is the overall phase at time t and C(t) is the shape of the wave.
We assume that C(t) and ϕ(t) are slowly varying functions of time. This
is called the narrow band assumption. Another well known phenomenon is
the propagation of acoustic plane waves. The propagation of the pressure
disturbance, in the 1-dimensional case (z direction) is given by:

∆P = ∆P0 exp{iωt− kz + ϕ}.
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where ∆P is the pressure disturbance (Pa) and k is called the medium wavenum-
ber (rad.m−1). Note that generally a medium has dispersion properties and
therefore ∆P is exponentially damped.

In the previous section we introduced the concept of sensing propagating waves
in composite materials by optical fibers. In material engineering these acous-
tic waves are typically detected by very simple methods (i.e. threshold set
in the time-domain signal) and the analysis is typically performed by means
of fast Fourier transform (FFT). In a composite material, several types of
damage might occur and the acoustic emission waves might have different fre-
quency content. Therefore it is very important to analyse and characterise
the frequency (and amplitude) information in these exponentially damped sig-
nals since it will help to have information about damage occurring in materi-
als [67]. However the possibility to use more refined tools like subspace-based
exponential data modelling [86] is closely linked to the signal quality. While
signals obtained from piezoelectric sensors have very high signal-to-noise ratio
(SNR), those obtained from optical fibers have often very bad quality and a
subspace-based parameter estimation becomes impossible. The time-domain
signal model that is used in such applications after the acquisition process may
be written as follows:

xn =

K∑

k=1

ak sin{(−αk + ωk)tn + ϕk} + en, n = 0, . . . , N − 1 (1.1)

where xn are the N samples of a real signal, en is additive white Gaussian noise
(WGN), K is the number of different EDS, tn = n∆t is the time lapse between
the time origin and the sample xn and ∆t is the sampling time interval. The
parameters of this model are the amplitudes ak, the phases ϕk, the damping
factors αk and the pulsations ωk. The frequencies νk can be obtained from the
pulsations by means of the equality : ωk = 2πνk. So far a very limited number
of exploitable signals have been obtained. That is the reason why it was not
possible to perform a relevant study about the frequency content of the signals
obtained by the optical fiber sensors. It shall be noticed that HTLS [86], a
subspace-based exponential data modelling algorithm that will be described
in the next chapter, has been successfully applied on acoustic emission signals
obtained from piezoelectric transducers in order to characterize the type of
damage occuring in composite materials [67].

One of the most important application in which the EDS model is used, is the
magnetic resonance spectroscopy (MRS) and magnetic resonance spectroscopic
imaging (MRSI) [85, 86, 62, 92, 91, 93, 12]. These are techniques used in fun-
damental research and in a clinical environment whose main asset is its ability
to determine the concentration of chemical substances non-invasively. These
applications are linked to the concept of nuclear magnetic resonance (NMR).
Since our way to appraoch exponential data fitting as been greatly inspired by
MRS, we first want to briefly describe the NMR principle before introducing
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Figure 1.3: Intuitive representation of the spin of the nucleus. The nucleus can
be represented as spinning around its own axis, thereby inducing a magnetic
momentum

the complex version of the EDS model, which will be used in all the derivations
of new techniques in this thesis.
The basic principle is to apply a static magnetic field ~B0 to a population of
nuclei and then to excite this system by radio frequency pulses (oscillating
magnetic field) in a plane perpendicular to the static field. For instance the 1H
nucleus has an intrinsic angular momentum which is called the spin to which a
magnetic momentum is associated. The nature of this nucleus (one proton) im-
plies that it can have only two different spin states: spin up and spin down. We
can intuitively imagine the spin as a property induced by the spinning of the
nucleus around its own axis. The associated magnetic momentum is parallel
to the spinning axis as is illustrated in Fig. 1.3. In the field-free case the spins
are randomly oriented. Whenever a static magnetic field is applied, the spins
will start precessing around the direction of the static field. The precession
frequency is called the Larmor frequency and depends on the magnetic field
strength. Protons with spin up will align along the magnetic field, whereas
protons with spin down will align along the opposite direction as illustrated in
Fig.1.4. In the presence of the magnetic field and in equilibrium the number of
particles with spin up and spin down is different. There are slightly more par-
ticles in a state parallel to the magnetic field. Because of this difference there
will be a net magnetic field when combining all the spins. Notice that the mag-
netic moments are equally distributed on the cone and therefore the resulting
magnetic field is parallel to the static magnetic field. The distribution between
the two populations is given by the Boltzmann law which partly depends on
the value of the static field. It is therefore possible to increase the net mag-
netization by increasing the magnetic field hence leading to a larger magnetic
resonance (MR) signal. Sending photons having Larmor frequency will cause
the absorption of their energy by the nuclei, which switch from parallel state
to anti-parallel state. A certain duration of the radio frequency pulse will yield
a saturation effect i.e. the number of protons having their spin aligned with
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Figure 1.4: Illustration of the precession movement with two possible align-
ments

~B0 will be equal to the number of protons having their spin aligned inversely.
Moreover, the momenta turning around the ~B0 axis at Larmor frequency are
in phase, therefore the resulting field component on the plane perpendicular
to ~B0 is not zero. The return to equilibrium is therefore characterised by two
relaxation times: T1 which describes the recovery of the magnetization along
the direction ~B0, and T2 which describes the decay of the magnetization oscil-
lating at Larmor frequency in the plane perpendicular to ~B0 as is illustrated
in Fig. 1.5. More explanations, can be found in [62]. This magnetization is
detected in this plane by quadrature coils. The measured signal is the MR
signal, also called free induction decay (FID). Actually T2 has to be corrected
due to field inhomogeneities. One can theoretically model the component of
the FID in two perpendicular directions as a sum of EDS. After sampling on
the MR scanner we have:

{
x1

n =
∑K

k=1 ak sin{(−αk + ωk)tn + ϕk}
x2

n =
∑K

k=1 ak cos{(−αk + ωk)tn + ϕk}
(1.2)

which can be written in complex form as

xn =

K∑

k=1

ak exp{jϕk} exp{(−αk + jωk)tn}, n = 0, . . . , N − 1 (1.3)

where j = 2
√
−1 and K represents the number of different resonances. The

amplitude ak is related to the concentration of the metabolite and the frequency
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~B0

Figure 1.5: Illustration of the decay of the net magnetization in the plane
perpendicular to ~B0 after the RF pulse. The projection of the magnetization
onto the axis of the plane is a decaying sinusoidal function of time which has
Larmor frequency.

νk characterize it. The damping αk provides, among others, information about
its mobility and molecular environment. In practice the MR signal has an
exponential growth before the exponential decay. For simplicity we will not
consider the raising part and we will assume the decaying part starting at
t0 = 0. We shall mention that a complex EDS can also be called a (weighted)
discrete-time complex exponential.
The visual interpretation of MRS signal is much more evident in the frequency
domain. Each discrete-time exponential will give rise to a bell-shaped curve
in the spectrum modulus, whose peak is centered at the frequency νk. For
this reason, in MRS, the representation of discrete-time exponential in the
frequency domain is called a ”peak”. If we consider a continuous-time model
function, its squared spectrum modulus is a sum of Lorentzian functions. For
a discrete-time model, the frequency spectrum is no longer a sum of Lorentzian
functions. However, in NMR this curve is called Lorentzian because is behaves
like a Lorentzian function around the frequency νk. Let Xk be the discrete
Fourier transform of xn. We have:

Xl =
K∑

k=1

ak exp

{
Γkl

(N − 1)∆t

2

} sinh

(
ΓklN∆t

2

)

sinh

(
Γkl∆t

2

) , (1.4)

where

Γkl = −αk + 2jπ(νk − µl), (1.5)
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µl =
l

N∆t
, l = 0, . . . , N − 1. (1.6)

The maximal amplitude of |Xl| and its width at the half height are a function of
ak and αk, whereas the area under the curve is only related to ak. To illustrate,
Fig. 1.6 shows a single discrete-time model function and its Fourier transform
modulus. Most of numerical examples used in this thesis are drawn from MRS.
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Figure 1.6: The top drawing represent the real part of a discrete-time complex
exponential. The dashed line shows the exponential decay shape. The bottom
drawing reprensents the Fourier transform of the top signal.

Other relevant applications might be mentioned. In seismology for instance,
the investigation of the earthquake mechanism may require the use of the EDS
model for the analysis of long-period seismograms [25].
In audio processing, the EDS model has been widely applied to the compression
of transient signals generated by speech or percussive instruments [95, 3, 8, 54,
32, 84, 47, 9]. Note that in [8, 9], a delayed and damped sinusoidal model has
been used to overcome the problem of delay between sinusoids, thereby allow-
ing a lower compression rate compared to the standard EDS model. Other type
of nonstationary signals such as in-vivo near infrared spectroscopy signals [52],
blood pressure measurements [51], and electroencephalograms [17, 16, 18, 29]
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can be modelled as a sum of EDS. Adding a damping helps to lower the model
order when modelling transients (compared to undamped sinusoidal modelling).
Also, we shall mention the application to hydrology and environmental sciences
in which infiltrations, tails of hydrographs, and variograms can be modelled as
one or a sum of exponential functions (no modulation) [65]. In the applica-
tions cited above, the use of the (complex) EDS model is directly linked to
physics and especially to the oscillatory nature of studied phenomena and/or
the dispersive nature of media. However other problems involving the parame-
ter estimation of a sum of complex exponentials exist. For instance an overview
of the problem of recovering a planar polygon from its measured complex mo-
ments, also called the shape-from-moments problem, is given in [24].
A last remark. Before being processed, the signals must be detected. In Ap-
pendix I we provide a very fast and efficient method that has been applied to
material health monitoring. This method can be applied to any other field in
which nonstationary signals (including EDS signals) have to be detected.

1.3 Purpose of the thesis

The goal of this thesis is basically to study and develop a complete set of
subspace-based signal processing tools that can be applied to signals which can
be modelled as a sum of complex exponentials.
Beyond the project, we have been particularly motivated by the problems aris-
ing in biomedical signal processing and especially in MRS. Thus, we will address
the problem of detecting the number of complex exponentials in a given signal,
the problem of parameter estimation in the single- and multi-channel case, as
well as the possibility of finding common components between signals satisfying
the EDS model.

1.4 Chapter-by-chapter overview

In Chapter 2 we introduce basic matrix techniques for parameter estimation of
signals that can be modelled as a sum of complex exponentials. We address the
single-channel, the multi-channel and the decimative case. This chapter might
be seen as a basis for Chapter 6 and 7 and is of interest for the reader having
no knowledge about subspace-based parameter estimation.

Chapter 3 presents a robust technique for the detection of the number of
discrete-time exponentials present in a noisy signal that can be modelled as
a sum of complex exponentials. This is a central chapter in the structure of
this thesis in the sense that the number of discrete-time complex exponentials
is a necessary parameter for all the subspace-based methods subsequently de-
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veloped. The simplicity of this method and its robustness against noise, makes
it very attractive to use. This novel technique has been published in IEEE
Signal Processing Letters [59].

Chapter 4 tackles the important problem of extracting common information
from multi-channel signals which can be modelled as a sum of complex expo-
nentials. So far, no competing approach exists for a number of channels higher
than 2. In this chapter we derive a novel, powerful and sufficiently flexible sub-
space technique to extract the common components (complex exponentials) and
to extract their model parameters. This result has been published in Signal
Processing [58].

Chapter 5 introduces the basics of multilinear algebra which is the algebra of
higher-order tensors. This background material is necessary for the develop-
ment of Chapters 6 and 7.

In Chapters 6 and 7 we present a multilinear generalisation of the matrix tech-
niques described in Chapter 2. Those methods yield an improvement compared
to the basic matrix techniques but also open new horizons for exponential data
modelling. These multilinear algebra approaches are a first concrete step in the
field of exponential data modelling. The related papers have been published
in Numerical Linear Algebra and its Applications and IEEE Transactions on
Signal Processing.

Chapter 8 summarizes the conclusions and outlines suggestions for further re-
search.
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Chapter 2

Exponential data fitting

The problem of estimating the parameters of EDS signals in the presence of
noise is considered. More generally we consider the problem of harmonic re-
trieval using a matrix approach applied to discrete-time complex exponential
signals. The extrapolation of the tackled techniques to EDS signals is straight-
forward. The EDS model arises in many applications such as radar, direction
of arrival estimation, system identification, speech processing, audio processing,
material engineering and MRS. The overview of the subspace-based techniques
given in this chapter mainly aims to show the link between the exponential model
and the subspace containing the information about the signal poles. Three cases
are considered: the single-channel, the multi-channel, and the single-channel
decimative case. This chapter summarizes a part of the background material
needed to understand all the chapters of this thesis.

2.1 Introduction

Assume a single-channel noiseless time-domain signal containing N complex
samples xn, n = 0, 1, . . . , N − 1. Let this time series be modeled as a finite
sum of K different exponentially damped complex sinusoids:

xn =

K∑

k=1

ak exp{jϕk} exp{(−αk + jωk)tn} (2.1)

where j = 2
√
−1, tn = n∆t is the time lapse between the time origin and the

sample xn and ∆t is the sampling time interval. The parameters of this model
are the amplitudes ak, the phases ϕk, the damping factors αk and the pulsations
ωk. The frequencies νk can be obtained from the pulsations by means of the

13
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equality : ωk = 2πνk. One can rewrite eq. (2.1) in a more compact form :

xn =

K∑

k=1

ckzn
k (2.2)

where ck = ak exp{jϕk} denotes the kth complex amplitude including the
phase, and zk = exp{(−αk + jωk)∆t} is called the kth pole of the signal with
zk 6= zk′ for k 6= k′.

In the last decades, various techniques have been derived in order to estimate
the signal poles zk with respect to the model function (2.2). This problem
is also referred to as harmonic retrieval. Among the most important ones,
one can cite maximum likelihood methods [78], linear prediction methods [43],
subspace-based methods [45, 7] and higher-order statistics [57]. Our work fo-
cuses on subspace-based methods which originate from Pisarenko’s method [63].
In his work Pisarenko used the eigenvalue decomposition (EVD) of the sample
covariance matrix in order to get the signal subspace, a set of vectors contain-
ing the relevant signal information. A famous and widely used subspace-based
algorithm is ESPRIT, which exploits the rotational invariance of signal sub-
spaces spanned by two temporally displaced data sequences. A first version of
the ESPRIT algorithm was based on the least squares (LS) solution [74] and
a second one appeared in the literature based on the total least squares (TLS)
solution [73]. ESPRIT also uses the EVD of the sample covariance matrix.
As far as the EDS model is concerned, there is an exact equivalence between
the EVD of the sample covariance matrix and the singular value decomposition
(SVD) of the Hankel data matrix. The data matrix equivalent of ESPRIT is
known, in the MRS literature, as HSVD [4] and the data matrix equivalent of
TLS-ESPRIT is known as HTLS [86, 85, 13]. The HTLS-algorithm, which is
explained in Section 2.2 is a special case of the ESPRIT algorithm [73] and is a
TLS variant of Kung et al.’s algorithm [45]. Although it is suboptimal [91], the
HTLS algorithm has been proven to be robust, reliable and easy to implement.
Basically, it consists of arranging the N samples of the signal xn in a L × M
Hankel matrix H and computing the ordered Singular Value Decomposition
(SVD) of H. Then the K leftmost singular vectors of the left singular vector
matrix are used to retrieve the model parameters.
This algorithm is typically applied to single-channel signals. However it is not
rare to have a multi-channel setup from which several signals can be obtained
at the same time. A particular case of multi-channel signals, is the case where
all the signals contain the same poles. Processing them all together at the same
time will give higher statistical accuracy. In order to achieve this goal, three
extensions of the HTLS method, have been derived [11, 97] to handle the prob-
lem of multi-channel signals. The most interesting of them, HTLSstack [92],
consists of stacking the Hankel matrices related to each channel in one big
matrix and computing the SVD of this extended matrix in order to retrieve
accurately the relevant subspace. This method is summarised in Section 2.3.
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Figure 2.1: Each point on this spiral represents a sample of a discrete complex
damped exponential x(tn) = A. exp{(−α + ω)n∆t} in the complex plane. The
circles represent x1 = x(tn) with n = 0, 1 . . . , 9, and the crosses x1 = x(tn)
with n = 1, 2 . . . , 10.

Another important issue is the behavior of these methods when two (or more)
signal poles are very close to each other. As any other method, HTLS per-
forms poorly when applied to closely spaced sinusoids. To get more accurate
estimates, one may increase the sampling rate. However, as the sampling rate
increases, the computational cost of the HTLS algorithm gets quickly pro-
hibitive due to the large size of the data matrix H. In [50, 49], three decimative
versions of the HTLS method were derived, among which HTLSDstack turns
out to be the most interesting method because it has approximately the same
accuracy as HTLS while having a much lower computational cost. This is the
data matrix counterpart of the decimative TLS-ESPRIT algorithm presented
in [77] and [28]. The HTLSDstack algorithm uses a decimative approach to
decrease the computational complexity while keeping an accuracy comparable
to that of the HTLS method. In HTLSDstack the signal is decimated by a fac-
tor D with respect to the Nyquist theorem. The D downsampled sequences are
arranged in separate Hankel matrices. Then, these Hankel matrices are stacked
in a block Hankel matrix of which the SVD is computed. The rest of the al-
gorithm is similar to the HTLS algorithm. In HTLSDstack the downsampled
sequences can be considered as different channels that allow for an improved
frequency separation. This algorithm, which is explained in Section 2.4, is, in
essence, similar to the HTLSstack algorithm, which applies to a set of time
series (channels) [97, 88].

It is amazing to see how the EDS model lends itself to subspace representation.
For instance let us take a signal of the form x(tn) = A. exp{(−α + ω)n∆t} =
A.zn, n = 0, 1, . . . , 10. Let us consider xn = x(tn), n = 0, 1, . . . , 9 and x2 =
x(tn), n = 1, 2, . . . , 10. As show in Figure 2.1, x1 and x2 have eight points in
common but the first and the last one are different due to the time shift ∆t.
However if we represent these signals as vectors, say X1 = [x(0)x(1) . . . x(9)]T
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and X2 = [x(1)x(2) . . . x(10)]T we have that X2 = z.X1. In other words the
two vectors X1 and X2 are linearly dependent and the multiplying coefficient is
simply z, the signal pole. This link might explain the possible rank deficiency of
the Hankel data matrix and what information is derived from such a property.

2.2 Hankel total least squares method: HTLS

2.2.1 Subspace Representation

First, given xn =
∑K

k=1 ck.zk, n = 0, . . . , N − 1 and K, the data samples are
arranged into a L × M Hankel matrix as follows :

H =




x0 x1 x2 · · · xM−1

x1 x2
... · · ·

...

x2
...

... · · ·
...

...
...

...
... xN−2

xL−1 · · · · · · xN−2 xN−1




(2.3)

with {L, M} chosen such that N = L+M −1 and L > K. This Hankel matrix
can be straightforwardly decomposed in a product of three matrices :

H =



1 · · · 1
z1
1 · · · z1

K

z2
1 · · · z2

K
...

...
...

zL−1
1 · · · zL−1

K







c1

. . .
0

0

cK







1 z1
1 z2

1 · · · zM−1
1

...
...

... · · ·
...

1 z1
K z2

K · · · zM−1
K




= SCT T . (2.4)

Equation (2.4) is called a Vandermonde decomposition (VDMD) in which the
poles zk are also called the generators. The column vectors of S and T are
called Vandermonde vectors. The rank deficiency of H is also reflected by the
SVD defined as follows:

H =
(

Û U0

)(
Σ̂ 0
0 Σ0

)(
V̂

H

V H

0

)
, (2.5)

where Û ∈ CL×K , U0 ∈ CL×(L−K), Σ̂ ∈ RK×K contains the K non-zero
singular values in decreasing order of magnitude, Σ0 ∈ R(L−K)×(M−K), V̂ ∈
CM×K , V 0 ∈ CK×(M−K). In the absence of noise Σ0 is a null matrix and the

SVD of H reduces to the product ÛΣ̂V̂
H

. The columns of S (resp. T ) span
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the same subspace as the columns of Û (resp. V̂
∗
). If the signal is corrupted

by noise, Σ0 is full rank. In the presence of a reasonable level of noise, the
truncated SVD of H,

ĤL×M = ÛL×K Σ̂K×K V̂
H

M×K , (2.6)

which is the best rank-K approximation of H, can be considered as a denoised
version of H although it is not a Hankel matrix anymore. In this case, the
column vectors of Û yield a good approximation of the subspace spanned by
the Vandermonde vectors.

2.2.2 Shift-invariance property and harmonic retrieval via
Total Least Squares Solution

The matrices S and T possess a shift-invariance property that can be expressed
as: {

S↓ Z = S↑

T ↓ Z = T ↑ ,
(2.7)

where the up (down) arrow placed behind a matrix stands for deleting the top
(bottom) row of the considered matrix and Z = diag(z1, z2, . . . , zK) ∈ CK×K .

In the noise-free case, Û equals S up to a multiplication by a square non-
singular matrix Q ∈ C

K×K :

Û = S Q . (2.8)

The matrices Û
↑

(resp. Û↓) are related to the Vandermonde matrices S↑ (resp.
S↓) in the following way: {

Û
↑

= S↑ Q

Û↓ = S↓ Q .
(2.9)

Combining equations (2.7) and (2.9) results in the shift-invariance property of

Û :

Û
↑

= Û↓ Q−1 Z Q = Û↓ Z̃ . (2.10)

Note that the same reasoning applies to the matrix V̂
∗
. In the case of white

noise, the equality does not hold anymore. The TLS solution of the overde-

termined set of linear equations Û
↑ ≈ Û↓ Z̃, whose aim is to minimize the

correction applied to the data in order to make the set compatible, is given
by [87, 85]:

̂̃
Z = −W 12W

−1
22 , (2.11)

where

W =

[
W 11 W 12

W 21 W 22

]
(2.12)
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is obtained from the SVD of the matrix [Û↓ Û
↑
]:

[Û↓ Û
↑
]

SVD

= Y ΓW H . (2.13)

where Y ∈ C(L−1)×2K is the (semi-unitary) left singular vector matrix, W ∈
C2K×2K is the (unitary) right singular vector matrix, and Γ ∈ R2K×2K is the

(diagonal) singular value matrix. Once Z̃ is estimated, its eigenvalues λk yield
an estimate of the signal poles:

λk = ẑk = exp {(−α̂k + 2πjν̂k)∆t} . (2.14)

Finally the complex amplitudes can be estimated by solving the set of equa-
tions: 



1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c1

c2

...
cK


 =




x0

x1

x2

...
xN−1




(2.15)

in the Least Squares (LS) sense. This summarizes the HTLS algorthm. Note
that if the set of equations (2.10) is solved in the LS sense one obtains the
HSVD algorithm. As the HTLS method will be used in Chapter 6, an outline
of the related algorithm is given below.

Algorithm 2.2
HTLS/HSVD

Input: data samples xn, n = 0, . . . , N − 1 and model order K.
Output: âk, ϕ̂k, α̂k, ν̂k, k = 1, . . . , K.

Step 1: Arrange the data points xn, n = 0, . . . , N − 1 in a (L × M)-Hankel
matrix H, N = L + M − 1, L > K as follows:

H =




x0 x1 x2 · · · xM−1

x1 x2
... · · ·

...

x2
...

... · · ·
...

...
...

...
... xN−2

xL−1 · · · · · · xN−2 xN−1




The best parameter accuracy is generally obtained with H slightly rect-
angular. As it is impossible to predict the exact optimal matrix size,
it is recommanded to choose H as square as possible which yields good
results [85].



2.2. Hankel total least squares method: HTLS 19

Step 2: Compute the SVD of H

H = UL×min(L,M)Σmin(L,M)×min(L,M)V
H

M×min(L,M)

Step 3: Truncate the SVD of H in order to obtain its best rank-K ′ approxi-
mation

H = ÛL×K′Σ̂K′×K′V̂
H

M×K′

The rank K ′ is chosen equal to the model order K which corresponds to
the number of complex exponentials in the signal. If the signal is real
then K ′ = 2K.

Step 4: Form the following overdetermined set of equations

Û
↑ ≈ Û↓ Z̃

Û
↑

and Û↓ are derived from Û by omitting its first and last row respec-
tively.

– HSVD: compute an estimate of Z̃ by solving the above set of equa-
tions in the LS sense.

– HTLS: compute an estimate of Z̃ by solving the above set of equa-
tions in the TLS sense.

Once Z̃ is estimated, its eigenvalues λk yield an estimate of the signal
poles:

λk = ẑk = exp {(−α̂k + 2πjν̂k)∆t} .

from which it is easy to obtain estimates of the damping factors αk and
frequencies νk.

Step 5: Eventually using the estimates ẑk, k = 1, . . . , K, and the signal sample
xn, n = 0, . . . , N − 1 compute the LS solution [80] ĉk = âk exp{jϕ̂k} of




1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c1

c2

...
cK


 =




x0

x1

x2

...
xN−1




Remark: the amplitudes and phases in step 5 can also be estimated using
APES [79, 80].
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2.3 Hankel Total Least Squares method for multi-
channel signal: HTLSstack

Assume Q simultaneous one-dimensional noiseless time domain signals each
consisting of N complex samples. Let this multi-channel signal be modelled as
follows :

x(q)
n =

K∑

k=1

a
(q)
k exp{jϕ(q)

k } exp{(−αk + jωk)tn} =
K∑

k=1

c
(q)
k zn

k (2.16)

in which q (1 ≤ q ≤ Q) denotes the channel number. First, the data samples
of each channel are arranged into an L × M Hankel matrix as follows :

Hq =




x
(q)
0 x

(q)
1 x

(q)
2 · · · x

(q)
M−1

x
(q)
1 x

(q)
2

... · · ·
...

x
(q)
2

...
... · · ·

...
...

...
...

... x
(q)
N−2

x
(q)
L−1 · · · · · · x

(q)
N−2 x

(q)
N−1




. (2.17)

In the noise-free case each matrix Hq has a VDMD:

Hq = SCqT
T , (2.18)

in which S ∈ CL×K , T ∈ CK×M are the Vandermonde matrices defined in (2.4)

and Cq = diag{c(q)
1 , c

(q)
2 , . . . , c

(q)
K }. Therefore all the matrices Hq have the same

column subspace and if the Q Hankel matrices are stacked in one block Hankel
matrix:

H =
[

H1 | H2 | . . . | HQ

]
, (2.19)

this matrix can be decomposed as follows:

H = S
[

C1T
T | C2T

T | . . . | CQT T
]

(2.20)

Let Û be defined by the best rank-K approximation of H, in analogy with (2.28).

Since the columns of Û and S span the same subspace, one can repeat the
procedure described by equations (2.8)–(2.14) to retrieve the parameters-of-
interest. This technique is particularly useful in the presence of noise because
the repeated information which induces the rank deficiency of H , will increase
the gap between the singular values related to the signal subspace and the
singular values related to the noise subspace. In other words the separation
between the noise and the signal subspace will be enhanced as the number of
channels will increase. We should mention that HTLSstack can be efficiently

applied if all the signals x
(q)
n , q = 1, . . . , Q have the same poles which implies
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that they also have the same model order. As an example, if one of the signals
contains an additional complex exponential, it is not sure that the resulting
subspace Û will contain the components related to this exponential. As the
HTLSstack method will be used in Chapter 6, an outline of the related algo-
rithm is given below.

Algorithm 2.3

HTLSstack

Input: data samples x
(q)
n , n = 0, . . . , N − 1, q = 1, . . . , Q and model order K.

Output: â
(q)
k , ϕ̂

(q)
k , α̂k, ν̂k, k = 1, . . . , K, q = 1, . . . , Q.

Step 1: For every signal x
(q)
n , q = 1, . . . , Q, arrange the data points x

(q)
n ,

n = 0, . . . , N − 1 in a (L × M)-Hankel matrix Hq, N = L + M − 1,
L > K as follows:

Hq =




x
(q)
0 x

(q)
1 x

(q)
2 · · · x

(q)
M−1

x
(q)
1 x

(q)
2

... · · ·
...

x
(q)
2

...
... · · ·

...
...

...
...

... x
(q)
N−2

x
(q)
L−1 · · · · · · x

(q)
N−2 x

(q)
N−1




.

As for the HTLS algorithm it is recommended to have Hq as square as
possible.

Step 2: Form a block Hankel matrix

H =
[

H1 | H2 | . . . | HQ

]
,

Step 3: Compute the SVD of H

H = UL×LΣL×LV H

Q.M×L

Note that if the matrices Hq are almost square we have always Q.M > L
for all Q > 2, Q ∈ N.

Step 4: Truncate the SVD of H in order to obtain its best rank-K ′ approxi-
mation

H = ÛL×K′Σ̂K′×K′V̂
H

M×K′

The rank K ′ is chosen equal to the model K order which corresponds to
the number of complex exponentials in the signal. If the signal is real
then K ′ = 2K.
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Step 5: Form the following overdetermined set of equations

Û
↑ ≈ Û↓ Z̃

and compute an estimate of Z̃ by solving the above set of equations in

the TLS sense. Û
↑

and Û↓ are derived from Û by omitting its first and

last row respectively. Once Z̃ is estimated, its eigenvalues λk yield an
estimate of the signal poles:

λk = ẑk = exp {(−α̂k + 2πjν̂k)∆t} .

from which one can obtain estimates of the damping factors αk and fre-
quencies νk.

Step 6: Eventually, for each signal q, an estimate of the complex amplitudes

c
(q)
k = a

(q)
k exp{jϕ(q)

k } is obtained from the LS solution of




1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c
(q)
1

c
(q)
2
...

c
(q)
K




=




x
(q)
0

x
(q)
1

x
(q)
2
...

x
(q)
N−1




2.4 Harmonic retrieval in the decimative case:
HTLSDstack

In the case of closely spaced sinusoids, the HTLS algorithm, described in Sec-
tion 2.2, might perform very poorly. To get more accurate estimates, a simple
solution consists of increasing the sampling rate. However, as the sampling
rate increases, the computational cost of the HTLS algorithm gets quickly
prohibitive due to the large size of the matrix H (2.3). The HTLSDstack al-
gorithm overcomes this problem by using the downsampled sequences of an
oversampled signal as different channels in which the frequency separation is
artificially increased. Thus the signal of each channel is stacked in a Hankel
matrix, and all the Hankel matrices are stacked in a block Hankel matrix. As
for the HTLSstack algorithm described in Section 2.3, this will allow for a very
good separation of the signal subspace form the noise subspace.
Let us consider xn given by the model (2.2), and let us assume that we can
decimate xn by a factor D without aliasing effects. This means that, in prac-
tice, the frequencies higher than max(νk) have to be filtered out. Moreover, we
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will assume that N , the number of samples of xn, is an integer multiple of D.
Therefore we can generate D decimated sequences of ND = N/D samples:

x(d)
n = xnD+d =

K∑

k=1

ckznD+d
k n = 0, . . . , ND − 1, d = 0, . . . , D − 1 , (2.21)

each of which can be seen as a different channel. First, the data samples of
each channel are arranged into a LD × MD Hankel matrix as follows :

Hd =




x
(d)
0 x

(d)
1 x

(d)
2 · · · x

(d)
MD−1

x
(d)
1 x

(d)
2

... · · ·
...

x
(d)
2

...
... · · ·

...
...

...
...

... x
(d)
ND−2

x
(d)
LD−1 · · · · · · x

(d)
ND−2 x

(d)
ND−1




, (2.22)

with {LD, MD} chosen such that ND = LD+MD−1 and LD > K, MD.D ≥ K.
The D Hankel matrices are stacked in a (LD × D.MD) block Hankel matrix:

H =
[

H0 | H1 | . . . | HD−1

]
. (2.23)

This matrix can be decomposed as follows:

H = S
[

C0T
T | C1T

T | . . . | CD−1T
T
]

(2.24)

in which

S =




1 · · · 1
zD
1 · · · zD

K

z2D
1 · · · z2D

K
...

...
...

z
(LD−1)D
1 · · · z

(LD−1)D
K




(2.25)

and

T =




1 · · · 1
zD
1 · · · zD

K

z2D
1 · · · z2D

K
...

...
...

z
(MD−1)D
1 · · · z

(MD−1)D
K




(2.26)

are respectively a (LD × K) and a (MD × K) Vandermonde matrix with
zD
1 , . . . , zD

K as generators, and in which

Cd =




c1z
d
1

. . .

cKzd
K


 . (2.27)
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Each factorized block S Cd T T is a VDMD. It appears from (2.24) that H is
a rank-K matrix; if MD.D > K, it is rank deficient. Hence, the dominant K-
dimensional column subspace of the matrix H contains the information that
is relevant to retrieve the parameters of interest. This subspace is for instance
spanned by the matrix of K leftmost singular vectors Û in the ordered SVD:

ĤL×M = ÛL×K Σ̂K×K V̂
H

M×K (2.28)

where Û and V̂ are complex semi-unitary matrices and Σ̂ is a real diagonal
matrix. In the noise-free case, the columns of Û span the same subspace as the
columns of S, while in the presence of noise they yield a LS approximation.
The matrix S possesses a shift-invariance property that can be expressed as:

S↓ Z = S↑ , (2.29)

where the up (down) arrow placed behind a matrix stands for deleting the top
(bottom) row of the considered matrix and Z = diag(zD

1 , zD
2 , . . . , zD

K) ∈ CK×K .

In the case of white noise, Û equals S up to a multiplication by a square non-
singular matrix Q ∈ CK×K :

Û = S Q . (2.30)

Here again, since the columns of Û and S span the same subspace, one
can repeat the procedure described by equations (2.8)–(2.14) to retrieve the
parameters-of-interest. Notice however that the eigenvalues λk of the matrix
̂̃
Z yields an estimate of the decimated signal poles zD

k :

λk = exp {(−α̂k + 2πjν̂k)D∆t} (2.31)

where α̂k and ν̂k denote the estimates of αk and νk respectively. As the HTLS-
Dstack method will be used in Chapter 7, an outline of the related algorithm
is given below.

Algorithm 2.4

HTLSDstack

Input: data samples xn, n = 0, . . . , N − 1, decimation factor D, and model
order K.
Output: âk, ϕ̂k, α̂k, ν̂k, k = 1, . . . , K.

Step 1: Decimate xn by a factor D making sure that no aliasing effect oc-
curs (filter out frequencies higher than max νk) and obtain D decimated

sequences x
(d)
n . For simplicity it is recommended that N is an integer

multiple of D.
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Step 2: For every signal x
(d)
n , d = 1, . . . , D, arrange the data points x

(d)
n , n =

0, . . . , N/D− 1 in a (LD ×MD)-Hankel matrix Hd, ND = LD +MD − 1,
ND = N/D, LD > K, MD.D ≥ K as follows:

Hd =




x
(d)
0 x

(d)
1 x

(d)
2 · · · x

(d)
MD−1

x
(d)
1 x

(d)
2

... · · ·
...

x
(d)
2

...
... · · ·

...
...

...
...

... x
(d)
ND−2

x
(d)
LD−1 · · · · · · x

(d)
ND−2 x

(d)
ND−1




,

It is recommended to have Hd as square as possible [50, 49].

Step 3: Form a (LD × D.MD) block Hankel matrix

H =
[

H0 | H1 | . . . | HD−1

]
.

Step 4: Compute the SVD of H

H = ULD×LD
ΣLD×LD

V H

D.MD×LD

Note that if the matrices Hd are almost square we have always D.MD >
LD for all D > 2, D ∈ N.

Step 5: Truncate the SVD of H in order to obtain its best rank-K ′ approxi-
mation

H = ÛLD×K′Σ̂K′×K′V̂
H

D.MD×K′

The rank K ′ is chosen equal to the model K order which corresponds to
the number of complex exponentials in the signal. If the signal is real
then K ′ = 2K.

Step 6: Form the following overdetermined set of equations

Û
↑ ≈ Û↓ Z̃

and compute an estimate of Z̃ by solving the above set of equations in

the TLS sense. Û
↑

and Û↓ are derived from Û by omitting its first and

last row respectively. Once Z̃ is estimated, its eigenvalues λk yield an
estimate of decimated the signal poles zD

k :

λk = ẑD
k = exp {(−α̂k + 2πjν̂k)D∆t}

It is now easy to obtain estimates of the original (undecimated) damping
factors αk and frequencies νk.
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Step 7: Finally using the estimates ẑk, k = 1, . . . , K, and the nondecimated
signal sample xn, n = 0, . . . , N − 1 compute the LS solution ĉk =
âk exp{jϕ̂k} of




1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c1

c2

...
cK


 =




x0

x1

x2

...
xN−1




2.5 Conclusion

In this chapter we reviewed three subspace-based paramater estimation me-
thods and we also provided the corresponding algorithms. These methods aim
to provide an estimate of parameters of signals satisfying the EDS model. We
described the HTLS method which can be applied on single-channel signals,
the HTLSstack method which is typically applicable to multi-channel signals
and the HTLSDstack method applicable to single-channel signals that can be
decimated. The latter is especially useful is the case of closely spaced sinusoids.
We will often refer to these algorithms in the remainder of this thesis.



Chapter 3

A shift invariance-based
order selection technique
for the EDS model

This chapter presents a new subspace-based technique for automatic detection of
the number of exponentially damped sinusoids. It consists in studying the shift-
invariance of the dominant subspace of the Hankel data matrix. No threshold
setting and no penalization terms are necessary. This model-based method,
easy to implement, can be plugged in in most subspace-based harmonic retrieval
algorithms.

3.1 Introduction

In most applications in which harmonic retrieval is a core problem [85, 86, 67,
95, 56], the model order K is assumed to be known. However, the model order
is a very important parameter, without which no reliable estimation can be
performed. This becomes obvious when looking at equation (2.8); the Van-
dermonde vectors (column vectors of S) span a K-dimensional subspace and

therefore Û must contain exactly K columns in order to span the subspace
in which these Vandermonde vectors lie. While underestimation of the model
order yields biased estimates [72], overestimation will result in fitting the noise
to EDS’s. Therefore, the determination of the model order is a key step in all
high-resolution methods. A simple method consists of determining the numer-
ical rank of H (2.3) by looking at the gap between singular values. However
this is a very rough method. More refined model order selection methods are

27
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based on Information Theoretic Criteria (ITC), such as the Akaike Information
Criterion (AIC) [102], the Minimum Description Length (MDL) [102] or the
Efficient Detection Criterion (EDC) [103]. These so-called penalized likelihood
methods assume that the noise is Gaussian and use this property to deter-
mine how many singular values are related to the noise subspace. Recently, a
model-based method [72], called ESTER (ESTimation ERror), was developed
to automatically find the order of a EDS model. Compared to the ITC, ESTER
has the great advantage of not assuming that the noise is Gaussian. It does
not require any penalization term since it is directly based on the underlying
model. It merely assumes that the noise and the signal subspace are sufficiently
separated, which implies that the noise has to be white and zero-mean. It has
been proven to be robust against noise and outperforms the ITC cited above.

In this chapter we present a simple and novel SVD-based method, easy to
implement, which is shown to be more general, flexible and robust than ESTER.
It mainly relies on the shift-invariance property of S. Moreover it does not
assume gaussianity of the additive noise. As for ESTER, the main advantage of
this method is that it does not require the setting of a threshold or penalization
term. The input is the signal satisfying the EDS model and the output is the
model order.

For sake of consistency we repeat two important properties:

• H is a rank-K (L×M)-Hankel matrix, defined by (2.3), and its column
space is exactly spanned by the set of K Vandermonde vectors S,

• S has the following shift-invariance property:

S↑ = S↓D , (3.1)

where ↑ (resp. ↓) means that the top row (resp. the bottom row) has
been deleted and where D = diag{z1, · · · , zK}.

The chapter is organized as follows. In Section 3.2 we summarize the ESTER
method and we explain briefly some of its important properties. In Section 3.3
we derive our new method. In Section 3.4 the two methods are compared
by means of Monte-Carlo simulations. Section 3.5 presents applications. In
Section 3.6 we conclude the chapter.

3.2 Subspace shift-invariance property and least

squares approach

For exponential data modelling the shift-invariance of the column subspace
of H is crucial. This property is induced by the shift-invariance of the Van-
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dermonde matrix S. In the noise-free case, the K first singular vectors of U

exactly span the same subspace as the vectors of S and hence there exists a
square non-singular matrix Q such that:

S = UKQ , (3.2)

where UK = [U1U2 · · ·UK ] is the semi-unitary matrix containing the K first
columns of U . From (3.1) it follows that

UK
↑ = UK↓Φ(K) , (3.3)

where Φ(K) = QDQ−1 is an unknown square non-singular matrix whose
eigenvalues are the signal poles. The equality in (3.3) only holds for the true
order K. Considering a subspace of size k 6= K leads to an inconsistent set of
equations:

Uk
↑ ≈ Uk↓Φ(k) . (3.4)

The ESTER method developed by Badeau, is based on this observation. ES-
TER consists of computing the residual error of the set Uk

↑ = Uk↓Φ(k) in the
least-squares (LS) sense:

E(k)2 =
∥∥∥∆Uk

↑
∥∥∥

2

2
=
∥∥∥Uk↓Φ̂(k) − Uk

↑
∥∥∥

2

2
(3.5)

with

Φ̂(k) =
(
Uk↓

HUk↓

)†
Uk

↑. (3.6)

Indeed, in the noise-free case, the system has only an exact solution for k = K
and the error is theoretically 0. Moreover, it was shown by means of simulations
that, in the presence of noise, the number of columns k for which E(k)2 is
minimal, is still K, the order of the EDS model. The estimation of K can then
be formulated as follows:

K = arg max
k

1

E(k)2
, 1 6 k < min (L, M) (3.7)

3.3 SVD-based approach

The least squares approach is inappropriate in the sense that it supposes that
only Uk

↑ is perturbed. Whether it is due to the noise or due to an un-
der/overestimation of the subspace size (i.e. k 6= K), always both Uk↓ and

Uk
↑ are perturbed. Therefore we will jointly consider both the subspaces

span(Uk↓) and span(Uk
↑) by starting from the following matrix:

U tb
k =

[
Uk

↑|Uk↓

]
. (3.8)
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Indeed, this (L−1)×2K matrix has some particular properties that are related
to the shift-invariance property of S. We first investigate the noise-free case
and we will then discuss the presence of additive white noise. The subspace
shift-invariance property of H, described by equation (3.3), simply implies
that the column vectors of UK

↑ span exactly the same subspace as the column
vectors of UK

↓. Therefore, in the special case where k = K, we have that U tb
k

is a rank-K matrix. Consequently its last K singular values γK+1, . . . , γ2K are
equal to zero. Assume L − 1 6 2K and let

U tb
K = Y ΓW H (3.9)

be the SVD of U tb
K where Y ∈ C(L−1)×2K , W ∈ C2K×2K and Γ = diag{γ1, . . . , γ2K},

then we have {γi}2K
i=K+1 = 0. We will now investigate the case k 6= K to see

what happens to the rank in case of over- and underestimation. Our observa-
tions will lead to a new algorithm for the estimation of K.

3.3.1 Overestimation of the model order

This is the case when k > K. Consider the following stacked ((L−1)×2(K+p))-
matrix:

U tb
K+p =

[
UK

↑ | UK+1
↑ . . . UK+p

↑ | UK↓ | UK+1↓ . . . UK+p↓

]
. (3.10)

In general, the subspace spanned by UK+1, . . . , UK+p has no shift invariance

properties. Neither does the subspace spanned by UK+1
↑, . . . , UK+p

↑, UK+1↓,

. . . , UK+p↓ have a component in the column space of UK
↑ (or UK↓). This

means that, in general, adding a column to U increases the rank of U tb by
two. Let us call a property generic when it holds with probability one when
the parameters of the problem are drawn from a continuous probability density
function. Then we have the following theorem:

Proposition 3.1 Generically, U tb
K+p, defined by (3.10), with p ∈ N, is a rank-

(K+2p) matrix for K+2p 6 L−1 and a rank-(L−1) matrix for K+2p > L−1.

Proof : We prove the theorem by showing that, for p ∈ N, the matrix Ũ
tb

K+p =[
U

↑
K+p |UK+1↓ | . . . |UK+p↓

]
is generically full rank.

The proof is by induction. For p = 0, we have that every (K × K) minor of

Ũ
tb

K is different from zero [37]. Now assume that, for l = 0, 1, 2, . . . , p−1, every

((K + 2l) × (K + 2l)) minor of Ũ
tb

K+l is generically different from zero. Then

we show that every ((K + 2p) × (K + 2p)) minor of Ũ
tb

K+p is also generically
different from zero if K + 2p ≤ L − 1.
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First we prove this for nonsingular, but not necessarily column-wise orthonor-
mal, matrices UK+p of which the first K columns span the column space of
S. Assume that the opposite holds true. Without loss of generality we may

assume that the upper ((K + 2p) × (K + 2p)) submatrix A(0, 0) of Ũ
tb

K+p

is singular. Now let us perturb the entries u1,K+p and uK+2p,K+p of UK+p:
u1,K+p(x) = u1,K+p(0)+x and uK+2p,K+p(y) = uK+2p,K+p(0)+y. Let A(x, y)
be defined accordingly. Then we have:

det(A(x, y)) = det(A(0, 0)) + xCx + yCy + xyCxy,

in which Cx, Cy are the cofactors of u1,K+p and uK+2p,K+p in A(0, 0), and in
which Cxy is (possibly up to the sign) equal to the determinant of the submatrix
of A(0, 0) obtained by deleting the rows and columns of u1,K+p and uK+2p,K+p.
Since according to the induction hypothesis Cxy is generically different from
zero, det(A(x, y)) is too.

Now let us take into account that UK+p is column-wise orthonormal. Assume

again that the upper ((K + 2p) × (K + 2p)) submatrix A(0, 0) of Ũ
tb

K+p is
singular. Perturbation of UK+p, as in the previous paragraph, leads to a
submatrix A(x, y) that is generically nonsingular. Hence, the upper ((K+2p)×
(2K + 2p)) submatrix B of U tb

K+p is generically rank-(K + 2p). However, the
perturbation of UK+p may have destroyed the orthonormality of the columns of
UK+p. Let us restore the orthonormality by Gram-Schmidt orthogonalization:

U ′
K+p = [UK+p−1 |UK+p(x, y)] · R,

in which R is nonsingular upper triangular and in which U ′
K+p is column-

wise orthonormal. Consider matrices A′ and B′, built from U ′
K+p rather

than UK+p. We have:

B′ = B ·
[

R 0

0 R

]
.

Since R is nonsingular and B is generically rank-(K + 2p), B′ is generically
rank-(K + 2p). Since the submatrices UK

↑ and UK↓ of B′ have the same
column space, A′ is generically full rank. We conclude that a perturbation
of UK+p leads to a column-wise orthonormal matrix U ′

K+p for which holds

that every ((K + 2p) × (K + 2p)) minor of Ũ ′tb
K+p is different from zero, if

K + 2p 6 L − 1. In other words, the ((K + 2p) × (K + 2p)) minors of Ũ
tb

K+p

are generically different from zero, if K + 2p 6 L − 1.

Finally, we consider the case K + 2p > L − 1. In this case, the rank of Ũ
tb

K+p

cannot be higher than L−1. If L−1 is even, then the maximal rank is reached
for some value of p, as demonstrated above. For L− 1 odd, a similar reasoning

may be followed to obtain that generically rank(Ũ
tb

K+p) = L − 1. 2
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3.3.2 Underestimation of the model order

This is the case where k < K. In general, the k columns of Uk contain
contributions of all K Vandermonde vectors. This makes the columns of Uk

↑

and Uk↓ span a (2k)-dimensional subspace, if 2k 6 K, or a K-dimensional
subspace, if 2k > K. We have the following theorem:

Proposition 3.2 If k < K, the matrix U tb
k is generically full rank.

Proof : We first prove that, if k < K and 2k 6 K, the matrix U tb
k is generi-

cally rank-(2k), i.e., full rank. The proof is by induction.

Let us first check that
[
U↑

1 U1↓

]
is generically rank-2, for U1 a vector in the

column span of Y . We have U1 = SV , for some V = [v1 v2 · · · vK ]T ∈ CK .

Hence we also have U1↓ = S↓V and U↑
1 = S↑V = S↓DV . U↑

1 and U1↓ are
linearly independent iff DV and V are linearly independent. Generic linear
independence is guaranteed by the fact that the upper (2 × 2) minor of the
matrix [V DV ], equal to v1v2(z2 − z1), is generically different from zero.

Now we prove the induction step, i.e., assuming that U tb
l is generically rank-(2l)

for l = 1, 2, . . . , k−1, we show that U tb
k is generically rank-(2k) if 2k 6 K. We

first prove that this holds true if we don’t take into account that Uk is column-
wise orthonormal. In other words, starting from the induction hypothesis,

we prove that W tb
k =

[
W k

↑ W k↓

]
is generically rank-(2k), where W k is a

matrix of which the k linearly independent columns, which are not necessarily
orthonormal, are in the column span of Uk.

We have W k = SV , for some non-singular matrix V ∈ CK×k. Hence we also
have W k↓ = S↓V and W

↑
k = S↑V = S↓DV . The matrix W tb

k is full rank
iff the matrix B(0) = [V DV ] is full rank. Let us assume that the latter
matrix is singular. Then its upper (2k × 2k) part A(0) is singular too. Let
us perturb the entry v11 of V : v11(x) = v11(0) + x. Let the matrix A(x) be
defined accordingly. Then we have

det(A(x)) = det(A(0)) + x(C11 + z1C1k) = x(C11 + z1C1k),

in which Cpq is the cofactor of (A(0))pq. This determinant is generically dif-
ferent from zero under the induction hypothesis. In the odd case where it
is zero, a small perturbation of one of the entries (A(x))21, . . . , (A(x))2k,1

changes C1k, so that det(A(x)) becomes different from zero. This means that
det(A(x)) is different from zero with probability one. Hence W tb

k is rank-(2k)
with probability one.

Now let us take into account that Uk is column-wise orthonormal. Let us
assume that U tb

k is singular, which is true iff (S↓)
†U tb

k is singular. The latter
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matrix takes the form B(0) = [V DV ], with V some non-singular matrix
in C

K×k. A generic perturbation, characterized by V ′, makes B full rank,
like in the previous paragraph. However, SV ′ is not necessarily column-wise
orthonormal anymore. Let us now define a matrix U ′

k, of which the columns
form an orthonormal basis of the column span of SV ′. B is full rank iff U ′tb

k

is. The column span of U ′

k is a perturbation of the column span of Uk. We
conclude that a perturbation of Uk leads to a column-wise orthonormal matrix
U ′

k for which U ′tb
k is full rank. Hence U tb

k is rank-(2k) with probability one.

Finally we consider the case k < K and 2k > K. In this case the rank of U tb
k

cannot be higher than K. If K is even, then we have from the previous case
that generically rank(U tb

k ) = K, by just considering a submatrix of Uk that
contains K/2 columns. If K is odd, then we can follow a similar reasoning as
above to obtain that generically rank(U tb

k ) = K. 2

3.3.3 Order determination

We have seen that, in the noise-free case, the (L−1)×2k matrix
[
Uk

↑ Uk↓

]
is

rank-k only for k = K. This implies that, for k = K, the k last singular values
of U tb

k are zero. However, in the presence of noise, the column vectors of U are

perturbed and the matrix
[
Uk

↑ Uk↓

]
is never rank deficient, for any k. If the

SVD of H allows a good separation of the noise and the signal subspace then

the k last singular values of
[
Uk

↑ Uk↓

]
will still be small while the reasoning

in the previous sections still holds. This means that K can still be estimated
by inspection of the amplitude of the k smallest singular values. We propose
the following model order estimator:

K̂ = arg max
k

1

E(k)
, 1 6 k < (L − 1)/2 (3.11)

with

E(k) =
1

k

2k∑

i=k+1

γi (3.12)

where γi are the singular values of
[
Uk

↑ Uk↓

]
. This method is called SAMOS

standing for Subspace-based Automatic Order Selection. It is quite simple to
implement as outlined below.

Algorithm 3.3
SAMOS

Input: Data samples xn, n = 0, . . . , N − 1.
Output: Estimate of Model order, K̂.
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Step 1: Arrange the data points xn, n = 0, . . . , N − 1 in a (L × M)-Hankel
matrix H, N = L + M − 1, L > K as follows:

H =




x0 x1 x2 · · · xM−1

x1 x2
... · · ·

...

x2
...

... · · ·
...

...
...

...
... xN−2

xL−1 · · · · · · xN−2 xN−1




In order to have a good approximation of the signal subspace it is recom-
mended to take a Hankel matrix H as square as possible [85].

Step 2: Compute the SVD of H

H = UL×min(L,M)Σmin(L,M)×min(L,M)V
H

M×min(L,M)

and get U

Step 3: For k varying from 1 to L−1
2 with unit step

• Form the following matrix U tb
k

U tb
k =

[
Uk

↑|Uk↓

]

where Uk = [ U1 U2 · · · Uk ] contains the k first left singular vectors
of H . The matrices Uk

↑ and Uk↓ are derived from Uk by omitting
its first and last row respectively.

• Compute the SVD of U tb
k

U tb
K = Y ΓW H

• Compute the sum of the last K entries of the matrix Γ = diag{γ1, . . . , γ2k}

E(k) =
1

k

2k∑

i=k+1

γi

Step 4: Finally compute the estimation of the model order K

K̂ = arg max
k

1

E(k)
, 1 6 k < (L − 1)/2
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ν [Hz] α [s-1] a [a.u.]
Peak 1 0.2 0.01 1
Peak 2 0.3 0.02 1
Peak 3 -0.2 0.1 2
Peak 4 0.4 0.05 1
Peak 5 0.35 0.03 1

Table 3.1: Set of parameters for the five peak example. We refer to the set of
parameters {νk, αk, ak} as Peak k.

3.4 Results

In the first simulation we generated a signal of 129 samples based on a five
poles model whose parameters are given in Table 3.1. For clarity, we recall
that we can refer to a pole as a peak in the frequency domain as explained
in Section 1.2. In order to have a good separation between the noise and the
signal subspace it is preferable to use a Hankel matrix that is as square as
possible [85]. Therefore we arranged the signal in a 65 × 65 Hankel matrix.
Moreover the SVD performs a good separation between the noise and the sig-
nal subspace if the dimension of the signal subspace is reasonably small. For a
(L × L)-Hankel data matrix it is reasonable not to have a dominant subspace
larger than L/4 in order to have a good separation between the noise and the
signal subspace. In our simulation we have K = 5 and we perform a search
for k = 1, . . . , 16. The comparison is performed by means of Monte Carlo sim-
ulations consisting of 250 independent realizations for each noise level. The
result is expressed in terms of the percentage of runs in which the model order
was successfully determinated as a function of the noise standard deviation σ.
Figure 3.1 compares the performance of the two subspace-based algorithms in
the case of additive WGN. It is clear that the new SVD-based rank detection
algorithm yields a better performance; the probability of correct detection is
higher over the full noise level range. To take a concrete example, ESTER
achieves a 90 % success rate for σ = 0.25 while the new method SAMOS has
the same performance for σ = 0.35, which represents a gain of about 3dB. We
recall that ESTER already outperforms ITC’s. In figure 3.2 we displayed the
comparison in the case of non-Gaussian noise. The parameters are similar than
these of the previous simulation except the noise which is drawn from a uniform
distribution. Although the main remark is that SAMOS still performs better
than ESTER, it is clear that SAMOS has approximately the same performance
as for Gaussian noise while ESTER exhibits some performance degradation.

The next simulation compares the robustness of the two methods when two sig-
nal poles are getting very close. We use a two-pole model xn = exp{(−0.02 +
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Figure 3.1: Comparison of the performance in terms of the probability of correct
determination of the true model order (K=5) in the case of WGN for varying
noise standard deviation σ.

0

10

20

30

40

50

60

70

80

90

100

0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80

σ

S
u
cc

es
s

ra
te

[%
]

SAMOS

ESTER

Figure 3.2: Comparison of the performance in terms of the probability of correct
determination of the true model order (K=5) in the presence of non-Gaussian
noise for varying noise standard deviation σ. The noise variable is i.i.d. and is
drawn from a uniform distribution.
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Figure 3.3: Comparison of the performance in terms of the probability of correct
determination of the true model order (K=2) for varying frequency difference
ν2 − ν1.

2jπ0.2)n} + exp{(−0.02 + 2jπν2)n}, n = 0, . . . , 64 (∆t = 1), where the fre-
quency ν2 of the second pole varies between 0.222 and 0.205. The noise has
been chosen Gaussian in order to get the best performance of ESTER. The
noise standard deviation is set to 0.4. The result is displayed in Figure 3.3. We
observe again a higher robustness of the new method. Also, in this example,
ESTER does never achieve a 100 % success rate.

3.5 Application examples

This method is applicable as far as the (complex) EDS model is concerned.
Note that the purely (complex) sinusoidal model is a particular case of the
(complex) EDS model (undamped), as such the method is perfectly applicable
to signals containing pure sinusoids. Thus, as discussed in Chapter 1, there
is a wide variety of potential applications. This technique is especially useful
when subspace-based methods such as HTLS or TLS-ESPRIT are used. Let
us consider the HTLS method. The model order K is assumed to be entered
by the user since it is required in step 3 of Algorithm 2.2 (HTLS). However, as
shown in steps 1-2 of Algorithm 2.2, the SVD of the data Hankel matrix H is
performed. Therefore we already have the matrix U that is required for steps
3-4 of Algorithm 3.3 (SAMOS). Actually the two first steps of both algorithms
are identical. As a result Algorithm 3.3 can be inserted between step 2 and
step 3 of Algorithm 2.2.
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3.5.1 Application to dominant spindle frequency detec-
tion

A nice application of the combination of both algorithms to biomedical signal
processing has been investigated in [29]. In this paper the kernel problem is
the determination of the dominant spindle frequency from EEG recordings. In
order to monitor the sleep stage of patients, electroencephalograms (EEG) are
recorded during night. In these sleep EEG’s, some transient artifacts having a
frequency ranging from 10.5 Hz to 16 Hz may appear. These very important
sleep micro-events are called spindles. Depending on their frequency, special-
ists might be able to determine the sleep stage of a person based on which they
can diagnose if this person suffers from sleep disorders. In an ideal situation,
these detected artifacts have a single frequency. However, in real-world signals
the spindles are corrupted by unwanted harmonics having slightly different fre-
quencies. Therefore, before applying HTLS to determine the spindle frequency,
an efficient determination of the number of sinusoids is necessary. Several sim-
ulations have been carried out in which a dominant sinusoid was corrupted
either by noise or by a sinusoid whose frequency was close to the dominant
one, or by both. The combination of SAMOS and HTLS has been successfuly
applied [29] allowing an accurate determination of the spindle frequencies.

3.5.2 Application to material health monitoring

In Figure 1.1, an experimental setup is shown whose aim is to detect damage by
means of two types of sensors: a piezoelectric sensor and an optical fiber sensor.
In figure 3.4 we show an example of a transient signal received simultaneously
by these two sensors. Each signal consists of 751 samples and the sampling
rate is 1 MHz. The optical signal is much more noisy than the ultrasonic one
but, in both cases, it is rather difficult to accurately determine the number of
peaks by just having a look in the frequency domain as shown in Figure 3.5.
For instance it may be possible that a peak is generated by two closely spaced
sinusoids resulting in a slightly wider peak. Moreover the noise also gives rise
to some peaks in the frequency domain. We recall that in the noise-free case
the number of peaks in the frequency domain is equal to the number of EDSs.
Notice that the time-domain optical signal has an offset. To get rid of the
high static component in the frequency domain resulting from this offset, we
subtracted the mean of the signal.
A first observation is that the singular values of the (376 × 376)-Hankel data
matrices exhibit no gap (see Figure 3.6). It indicates that there is no clear sep-
aration between the signal and the noise subspace, which is in general an issue
in the estimation of the model order. In order to determine the model orders we
applied SAMOS and ESTER to these two signals. The results are summarized
in Table 3.2. Compared to SAMOS, ESTER clearly underestimates the model
order. If we refer to the spectra in Figure 3.5, the model order of the optical
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Figure 3.4: Example of signals obtained by means of the experimental setup
depicted in Figure 1.1

Optical signal AE signal
SAMOS 15 7
ESTER 5 1

Table 3.2: Estimate of the model order of the optical and the AE signal yielded
by SAMOS and ESTER. The corresponding actual value of K̂ (3.11) is twice
the values indicated in this table.
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Figure 3.5: Normalized frequency spectra of the signals shown in Figure 3.4.
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Figure 3.6: Scree plots of the singular values of the Hankel data matrices for
the ultrasonic and the optical signal.



3.6. Conclusions 41

signal seems to be quite well estimated by SAMOS, whereas the model order
of the AE signal seems to be largely underestimated. In the latter case, we
may take the model order corresponding to the second highest value indicated
by (3.12). We obtain a model order estimate of 22 (K̂ = 44) with SAMOS and
2 with ESTER. In figure 3.7 the reconstruction of these signals using HTLS is
shown. In this example SAMOS gives more satisfactory results than ESTER
but it still underestimates the model order, especially for the ultrasonic signal.
It is likely that the dominant subspace of the matrix U tb

(L−1)/2 (3.9) is splitted
into two subspaces that are (almost) orthogonal to each others. The first has
dimension 14 and the second has dimension 30. Therefore the function 1

E(k)

has a high value for k = 14 and k = 44. However the 14-dimensional subspace
is less noisy than the 30-dimensional one. That is the reason why 1

E(k) has a

higher value for k = 14 than for k = 44. Better results may be obtained by
reducing the interval of search. However this prior knowledge is not always
available.

3.6 Conclusions

We have presented a subspace-based method for determining the number of
exponentially damped sinusoids present in a signal. In our approach we made
no assumption about the gaussianity of the noise because we only use the signal
subspace for the determination of the model order. This method, which merely
assumes a good separation of the signal and noise subspace, is based on the
shift invariance property of the dominant subspace of the Hankel data matrix.
It has been successfully compared to the ESTER method, which was also based
on the shift invariance property.
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Figure 3.7: Reconstruction of the signal using the HTLS method.



Chapter 4

Common pole estimation

In this chapter we develop a technique for detecting and retrieving the com-
mon harmonics in a multi-channel setup. The different (complex) signals are
arranged in a set of Hankel matrices. First we compute the singular value de-
composition (SVD) of these matrices in order to denoise and normalize the
relevant subspaces. Then a second SVD is applied to detect and select the com-
mon subspace. The poles of the harmonics are computed from the common
subspace using the Total Least Squares (TLS) technique. This method is very
flexible, robust and outperforms existing subspace-based methods. Moreover it
can be applied to an arbitrary number of channels.

4.1 Introduction

Many real-world signals are naturally modelled as a sum of exponentially
damped sinusoids. This is, for instance, the case in MRS where the quan-
tification of the complex time-domain signals [85, 86, 13] is of great importance
for brain tumor detection, in material health monitoring where the model pa-
rameters help to characterize the damage occurring in a structure [67], or in
audio processing where such a model is used for low bit rate audio compres-
sion [9].
In general, this type of signals exhibits a rank deficient correlation matrix, and
therefore lends itself to subspace-based processing. One of the most efficient
techniques consists in first computing the singular value decomposition (SVD)
of the Hankel data matrix; then a system of equations is built via a similarity
transformation of the dominant subspace to a Vandermonde vector basis by
means of the shift-invariance property; finally the Total Least Squares (TLS)
solution of this system is computed and yields the frequencies and damping

43
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factors. This method is called HTLS [85], as presented in Section 2.2. In the
subspace-based processing framework, a multi-channel set-up makes it possi-
ble to extract the common information in a more accurate way if the signals
are contaminated by noise. In this chapter we address the case in which we
have several channels each of which can be modelled as a sum of discrete-
time complex exponentials. In Section 2.3, we reviewed and gave an outline
of a multi-channel harmonic retrieval algorithm, called HTLSstack. With the
HTLSstack technique it is possible to estimate all the discrete-time complex
exponential signals present in a multi-channel signal. However, it can be of
great interest to quantify and extract only the common information present
in the multi-channel signal in the case where the channels are contaminated
by different undesired harmonics. For instance in biomedical engineering, the
issue of removing undesirable artifact in multi-channel electroencephalography
(EEG) recordings has been widely addressed [31, 33, 35, 39, 53, 96] This is
possible by determining the subspace common to all the data matrices. In the
two-channel case several methods already exist. For instance in [26], an algo-
rithm based on the QR decomposition [26, 82] for determining the common
subspace of two matrices via canonical angles is provided. It is possible, from
this subspace, to retrieve the parameters of interest by computing the TLS
solution. Alternatively, in [51] a method, called HTLS-SEP, based on SVD
and TLS, is used to estimate the complex exponentials common to two signals.
However, these two methods only apply in the two-channel case.

The method which is studied in this chapter applies to an arbitrary number
of channels. It consists of using unitary matrices for determining a set of lin-
early independent vectors spanning the common space, if it exists. Then the
parameters of the common complex exponentials are computed via TLS. This
is achieved without setting a too severe constraint on the determination of the
model order of each channel. This method has several big advantages. The
main one is that, to our knowledge, there exists no competing approach for a
number of channel higher than two. It has, as most of subspace-based methods,
a virtually infinite resolution. Finally we shall mention its flexibility, simplicity
of use and implementation.

In Section 4.2, a description of the problem is given. The underlying theory is
explained in Section 4.3. Some practical issues are discussed and the algorithm
is provided in Section 4.3.1. In Section 4.3.2, time complexity of the algorithm
is briefly discussed. Then the algorithm is applied to simulated signals in Sec-
tion 4.4, to EEG monitoring in Section 4.5 and to acoustic emission monitoring
in Section 4.6. Finally we conclude the chapter in Section 4.7.
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4.2 Problem statement

Let us first assume exact data. The influence of the noise will be discussed later
on. Given a G-channel discrete-time signal x

(g)
n where g = 1, . . . , G, denotes

the channel number and n = 0, . . . , N − 1, is the time index. Let each signal

x
(g)
n , n = 0, . . . , N−1, be modelled as a finite sum of Kg weighted discrete-time

complex exponentials (2.2), Kg being the order of the model in channel g, and
let these models have κ common poles {zk}, (k = 1, . . . , κ). For each channel
g we can write:

x(g)
n =

Kg∑

k=1

cg,k zn
g,k =

κ∑

k=1

c̄g,k zn
k +

Kg−κ∑

k=1

c̃g,k z̃n
g,k n = 0, . . . , N − 1 , (4.1)

with {cg,k} = {c̄g,k, c̃g,k}, {zg,k} = {zk, z̃g,k} and z̃g,k 6= z̃g′,k′ for all k 6= k′ or
g 6= g′ . Notice that the complex amplitudes c̄g,k related to the common poles
zk are not necessarily equal.

4.3 Determining a set of vectors spanning the
common subspace

In the noise-free case we have, in analogy with (2.4), (2.5),

Hg
VDMD
= SgCgT

T

g
SVD
= ÛgΣ̂gV̂

H

g g = 1, . . . , G , (4.2)

where Hg ∈ C
L×Mg , Sg ∈ C

L×Kg , Cg ∈ C
Kg×Kg , T g ∈ C

Mg×Kg , Ûg ∈
CL×Kg , Σ̂g ∈ RKg×Kg , V̂ g ∈ CMg×Kg . The Vandermonde matrices Sg,
(g=1,. . . ,G), have κ common vectors:

Sg =




1 · · · 1 1 · · · 1
z1 · · · zκ z̃g,1 · · · z̃g,Kg−κ

z2
1 · · · z2

κ z̃2
g,1 · · · z̃2

g,Kg−κ

...
...

...
...

...
...

zL−1
1 · · · zL−1

κ z̃L−1
g,1 · · · z̃L−1

g,Kg−κ




=
[

S S̃g

]
(4.3)

where the generators of S are the common signal poles, and the generators of
S̃g are signal poles that are not present in all channels.
We recall that, generically, none of the column vectors of a given Vandermonde
matrix Sg can be expressed as a linear combination of the other ones when
the generators are different. In other words, the column vectors of any Sg can
be seen as an nonorthogonal basis of a complex vector subspace of dimension
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Kg belonging to a complex vector space of dimension L. It follows that the
intersection of the G subspaces, spanned by the column vectors of each matrix
Sg, contains the column vectors of S, but not more than that. Thus, the
column vectors of S form an nonorthogonal basis for the common subspace C.
We formally write:

G⋂

g=1

Span
(
sg,1, . . . , sg,Kg

)
= C (4.4)

with
Dim (C) = κ (4.5)

where sg,k is the kth column vector of Sg. Obviously, the column vectors of the

semi-unitary matrix Ûg and the column vectors of the Vandermonde matrix
Sg span exactly the same subspace. Therefore, property (4.4) also applies to

the semi-unitary matrices Ûg:

G⋂

g=1

Span
(
ug,1, . . . , ug,Kg

)
= C (4.6)

where ug,k is the kth column vector of Ûg. In what follows, we explain how to
find the κ orthogonal vectors spanning the subspace C with a minimal number
of operations and κ unknown. The process will rely on the proof of the existence
of several unitary and semi-unitary matrices, that won’t be explicitly written.
From the equations (4.5) and (4.6) it follows that, by means of simple rotations
of the Kg vectors {ug,k}, it is possible to find a basis of κ vectors, common to

the G subspaces. Therefore, if we stack the G matrices Ũg (g = 1, . . . , G) in a

matrix U tot ∈ C
L×

PG
g=1 Kg :

U tot =
[

Û1 Û2 · · · ÛG

]
, (4.7)

we can always find a set of G unitary matrices Qg ∈ RKg×Kg (g = 1, . . . , G)
such that:

[
Û1Q1 · · · ÛGQG

]
=

[
Û1 · · · ÛG

]
Q

=
[

U U⊥
1 · · · U U⊥

G

] (4.8)

where Q = diag{Q1, . . . , QG}, U ∈ CL×κ contains the set of column vectors
spanning the common subspace, and U⊥

g ∈ CL×(Kg−κ) span the orthogonal

complement of U in the column space of Ûg. By means of a permutation

matrix P ∈ R

PG
g=1 Kg×

PG
g=1 Kg , the matrices U can be moved to the left:

[
U U⊥

1 · · · U U⊥
G

]
=
[

U · · · U U⊥
1 · · · U⊥

G

]
P

︸ ︷︷ ︸
U⊥

︸ ︷︷ ︸
G times

(4.9)
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Note that U⊥ ∈ C
L×

PG
g=1(Kg−κ) is a full rank matrix with semi-unitary blocks,

that are mutually not necessarily orthogonal. If the SVD of U⊥ is given by
V ΣW H, then we obtain:

[
U · · · U U⊥

]
=

U ·
√

G I ·
[

I/
√

G · · · I/
√

G 01

]
+V ·Σ ·

[
02 · · · 02 W H

]

︸ ︷︷ ︸
rows normalisation

︸ ︷︷ ︸
03

(4.10)

where I is a (κ×κ)-identity matrix, 01 ∈ C
κ×

PG
g=1(Kg−κ), 02 ∈ C

PG
g=1(Kg−κ)×κ,

03 ∈ C

PG
g=1(Kg−κ)×G.κ, V ∈ C

L×
PG

g=1(Kg−κ) is a semi-unitary matrix, Σ ∈
R

PG
g=1(Kg−κ)×

PG
g=1(Kg−κ) is a diagonal matrix, and W H ∈ C

PG
g=1(Kg−κ)×

PG
g=1(Kg−κ)

is a unitary matrix. Combining (4.8), (4.9), and (4.10), finally yields

U tot =

[
U V

]



√
G I 0

0 Σ







I/
√

G · · · I/
√

G 01

03 W H


PQT

︸ ︷︷ ︸
eU

︸ ︷︷ ︸
eΣ

︸ ︷︷ ︸
fW H

(4.11)

where Ũ and W̃
H

are semi-unitary, Σ̃ is diagonal and the diagonal core matrix
Σ = diag{σ1, . . . , σP

(Kg−κ)} is such that:

√
G > σ1 ≥ · · · ≥ σP

(Kg−κ) (4.12)

Thus, we can draw a set of preliminary conclusions. First, it is clear that if
there are κ poles common to the G channels, there exists a column subspace
common to the G matrices Hg and therefore the L×∑G

g Kg matrix Utot is of
rank

KUtot = min(L,

G∑

g

Kg − (G − 1)κ). (4.13)

Second, it is also clear that

Ũ tot = U ·
√

G I ·
[

I/
√

G · · · I/
√

G 01

]
PQT (4.14)

minimizes the function ∥∥∥U tot − Ũ tot

∥∥∥
2

(4.15)

with ∥∥∥Ũ tot

∥∥∥
2

= κ.G, (4.16)



48 Common pole estimation

and hence a set of column vectors spanning the common subspace, and from
which the common signal poles can be obtained, can be found in the best rank-
κ approximation of U tot. Finally, the κ dominant singular values of U tot are
all equal to

√
G.

4.3.1 Discussion and algorithm

In practice the data might be corrupted by noise, and the orders Kg might not
be known. For the estimation of Kg one can refer to Chapter 3.
When the model orders are slightly overestimated, a good estimation of the
common subspace is usually still possible. Indeed, if for some of the matrices
Hg an additional left singular vector ug,Kg+1 is taken into account, the lack
of structure in these additional vectors ensures that the principle of derivation
above still holds. Of course, when more vectors are added, the probability of
creating an artificial intersection increases.
On the other hand, the influence of the noise tends to decrease the singular
values that are theoretically equal to

√
G. Consequently, one has to set a

threshold δ ∈ R such that

σ̃1, · · · , σ̃κ ≥
√

G − δ , (4.17)

σ̃1, · · · , σ̃κ being the set of singular values corresponding to the common sub-
space. Here again it might be possible to use the SAMOS algorithm described
in Chapter 3 to automatically detect the first G components, provided that the
gap between the Gth singular value and σ̃1 is high enough.
The matrices U and V must be interpreted with care. The columns of U span
the subspace in which lie the common Vandermonde vectors. The columns of
[ U V ] span the subspace in which lie all the Vandermonde vectors, the column
span of V contains only a component of the non-common poles.

To summarise, we have described how to retrieve a subspace common to a set
of subspaces (4.7)–(4.11). The number of considered subspaces is arbitrary as
long as the rank condition (4.13) is preserved. The use of semi-unitary matri-
ces allows the separation and the quantification of the energy related to this
common subspace. Also, we have proven that this theory can be easily applied
to a set of EDS models having common poles. In this case, the considered
subspaces are the dominant column spaces of Hankel matrices and the number
of common poles is equal to the dimension of the common subspace (4.3)–(4.6).
Since these matrices may be rank deficient we make use of the SVD to capture
the dominant subspace (4.2).
This method is called MUSCLE standing for MUlti-channel Subspace-based
Common poLe Estimation. An outline of the algorithm is given below.
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Algorithm 4.3
MUSCLE

Input: Given G multi-channel signals x
(g)
n , g = 1, . . . , G of N samples n =

0, . . . , N − 1 with corresponding model order Kg, L and M such that N =
L + M − 1:.
Output: âk, ϕ̂k, α̂k, ν̂k, k = 1, . . . , K.

Step 1: Map each signal into a Hankel matrix: x
(g)
n

HM
L (·)−→ HM

L (x
(g)
n ) = Hg,

where HM
L (·) denotes the Hankel mapping operator.

Step 2: Compute the SVD of each Hg separately: Hg = UgΣgV
H

g ,

Step 3: Retain the Kg leftmost singular vectors of the left singular vectors

matrix Ug: Ug (L×M) −→ Ũg (L×Kg). If Kg is not given, it can for
example be determined by using a rank determinator as presented in
Chapter 3, a scree plot or an information criterion [44, 75, 102, 103],

Step 4: Stack the vectors obtained in the previous step in a (L ×
G∑

g=1

Kg)-

matrix: U tot =
[
Ũ1 | Ũ2 | · · · | ŨG

]
,

Step 5: Compute the SVD of U tot: U tot = Ṽ Σ̃W̃
H

,

Step 6: Display the entries of Σ̃: if there exist κ common poles, the κ first
singular values are equal to

√
G,

Step 7: Form a matrix Û with the κ leftmost column vectors of Ṽ and
use (2.11)–(2.14) to retrieve the parameters of interest.

This algorithm does not present any difficulty of implementation. However the
main issue is to understand the key-steps 4, 5 and 6. Step 7 follows naturally
from step 6 by using the well-known HTLS method described in section 2.2.

4.3.2 Complexity

Most of the computation complexity of this algorithm stems from the com-
putation of the SVD. If we refer to the standard Golub-Reinsch SVD [26]
algorithm, the cost for a SVD of a L×M matrix, including the computation of
the three matrices U , Σ and V , is 4L2M + 8LM2 + 9M3 floating point opera-
tions (flops) [26, p.254]. In Step 2 of the algorithm we typically take a roughly
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square Hankel matrix [85], i.e L = M if N is odd and L = M + 1 if N is even.
Let us take L = M for simplicity. In this case each SVD algorithm involves
a O(M3) process and the total cost is O(GM3). In step 4 of the algorithm,
we compute the SVD of a L × ΣG

g=1Kg matrix with L ≥ ΣG
g=1Kg. Therefore

the complexity is O(L2.ΣG
g=1Kg). Step 7 of the algorithm involve the SVD of

an (L− 1)× 2Kc matrix as well as the eigenvalue decomposition of a Kc ×Kc

matrix. Since Kc << (L − 1) ∼ L the complexity of step 7 is O(L2Kc).
As discussed earlier in this chapter there is no competing approach in the
multi-channel case (G > 2). We can however compare the complexity of our
algorithm with the one of HTLS-SEP in the two-channel case. The latter algo-
rithm requires the SVD of two L×M matrices, the SVD of a L×2M matrix and
finally the SVD of a L×M matrix in order to get the common subspace. The
method used for finding the signal poles is similar to our algorithm. Note that
HTLS-SEP also requires the Hankel matrices to be roughly square (L = M).
Finally we can see that HTLS-SEP requires one more SVD, which is the SVD
of an L×2M matrix. Moreover more matrix manipulations and multiplications
are necessary. In conclusion, although both algorithms have roughly the same
complexity (O(L3)), HTLS-SEP is always slower than our new algorithm.

4.4 Application to simulated signals

In this section we illustrate the performance of the algorithm and we assess
the reliability of the common subspace estimate. Complex circular symmetric
WGN is added to the signal in each channel and we conduct Monte Carlo ex-
periments consisting of Nruns = 500 runs. The performance is mainly expressed
in terms of the RRMSE, defined by:

RRMSE(γ) =

[
1

Nruns

Nruns∑

i=1

|γ − γ̂i|2
] 1

2

· 100

γ
[%] , (4.18)

where γ̂i is an estimate of the parameter γ in the ith run. We also refer to
a weighted complex discrete-time exponential ckzn

k as a peak, simply because
in the frequency domain ckzn

k has a bell shape. The number of peaks in the
frequency domain is usually equal to the number of signal poles. As a measure
of the performance, we will also use the measure of the average distance between
two parameters γ̂ and η̂ which is expressed as follows:

d(γ̂, η̂) =

[
1

Nruns

Nruns∑

i=1

|γ̂i − η̂i|2
] 1

2

(4.19)

where γ̂i (resp. η̂i) is an estimate of the parameter γ (resp. η) in the ith
run. If γ̂ = γ is not anymore an estimate but a fixed value, then d(γ, η̂) is
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the deviation of the estimate η̂ from the fixed value γ. Therefore, for instance
d(η, η̂) represents the RMSE of the parameter η.

4.4.1 A five-channel example

In this example we consider five signals, having two poles in common. Each
signal is of order three, which means that there is one perturbing discrete-time
complex exponential per channel. Figure 4.1 shows the signals in the frequency
domain. Their relevant parameters are given in Table 4.1. All the phases ϕ are
drawn from a uniform distribution [0, 2π], and the amplitudes are perturbed by
a WGN with standard deviation 0.1. Note that the third channel contains two
closely spaced peaks. Applying steps 1 to 6 of Algorithm 4.3 for different lev-

Table 4.1: Set of parameters for the five-channel example.

ν [Hz] α [s-1] a [a.u.]

Channel 1
Peak 1 -1379 208 6.1
Peak 2 -353 117 2.8
Peak 3 -685 256 9.9

Channel 2
Peak 1 -1379 208 6.1
Peak 2 -353 117 2.8
Peak 4 -271 197 6.0

Channel 3
Peak 1 -1379 208 6.1
Peak 2 -353 117 2.8
Peak 5 478 208 5.0

Channel 4
Peak 1 -1379 208 6.1
Peak 2 -353 117 2.8
Peak 6 815 319 7.3

Channel 5
Peak 1 -1379 208 6.1
Peak 2 -353 117 2.8
Peak 7 2162 808 17

els of noise yields the results shown in Figure 4.2. The simulation parameters
were set as follows: N = 128, L = 65, M = 64, G=5, {Kg}5

g=1 = {3, 3, 3, 3, 3}
and κ = 2. The subspace of interest in which lie all the Vandermonde vectors
has dimension

∑
Kg − (G − 1).κ = 7. The κ = 2 first singular values of U tot

correspond to the common subspace and the following
∑

Kg − Gκ = 5 singu-
lar values correspond to a subspace in which the non-common Vandermonde
vectors are projected. Finally the remaining (G − 1)κ = 8 singular values
of U tot are related to the noise subspace. The singular values of the matrix
U tot exhibit a quite robust behavior. First we notice that the gap between
the weakest singular value related to the common subspace and the largest one
related to the orthogonal subspace stays visible over a broad range of the noise
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Figure 4.1: Frequency domain signals in the five-channel case.
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Figure 4.2: The
∑G

g Kg = 15 singular values of U tot in the five-channel case.
The two top singular values ( bc, ut) are related to the common subspace. The
five following singular values ( rs) are related to the subspace in which lie a
projection of the undesired (not common) poles. The last eight singular values
( qp) are related to the noise subspace.
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variance. The two largest singular values deviate very slowly from their initial
value (

√
5). Moreover the five next singular values keep an almost constant

value for any level of noise. Finally it is interesting to see that only the last
singular values increase proportionally with the noise standard deviation. The
best performance can be expected when the number of common poles and the
number of perturbing harmonics are small. A noise standard deviation equal to
3.4 corresponds on average to a peak SNR of −5.2 dB for the smallest common
peak and a peak SNR of 1.57 dB for common peak 1. At this noise level, the
weakest singular value related to the common subspace crosses the value

√
4.

At this point we must have the prior knowledge that there are no poles common
to 4 channels. Figure 4.3 shows the estimates of the frequencies and damping
factors of the common poles. We conclude that, over a wide SNR range, (1) it
is possible to separate the signal subspace, in which the Vandermonde vectors
related to all signal poles are lying, from the noise subspace, (2) within the sig-
nal subspace it is possible to distinguish the common subspace, and estimate
the common poles. Our simulation consisted of 500 noise realizations per noise
level, but actually the estimates are already very smooth for a few runs (i.e.
50–100), which means that this method does not suffer from outliers.
In most real-world situations it is very difficult to determine the exact number
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Figure 4.3: Estimation of the common frequencies and damping factors in the
five-channel case.

of signal poles for each channel. Therefore we test the robustness of the algo-
rithm against an overestimation of the model orders. In Figures 4.4 and 4.5
we plot the singular values of the matrix U tot in the case where the model
order of each channel has been overestimated with respectively 1 and 2 poles.
Except for the overestimation of Kg, the simulation parameters remained the
same. We see that there is still a gap between the singular values related to
the common subspace and the other singular values. We can observe two main
effects. First, as explained in Section 4.3.1, by overestimating model orders,
we include some more vectors that are orthogonal to the common subspace in
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the sense that a smaller part is projected away. This increases the probability
to get a new common subspace. This is reflected by an increase of the largest
singular values related to the non-common subspace. On the other hand, the
overestimation helps to catch more accurately the true common subspace. In-
deed we can see in Figures 4.4 and 4.5 that the singular values related to the
common subspace remain slightly closer to

√
5. This result is confirmed by
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Figure 4.4: The
∑G

g=1 Kg = 20 singular values of U tot in the five-channel case
with an overestimation of 1 pole for each channel. The two top singular values
( bc, ut) are related to the common subspace. The following five singular values
( rs) are related to the subspace in which a projection of the undesired (not
common) poles is lying. The last eight singular values ( qp) are related to the
noise space.

Figure 4.6 and Figure 4.7, which show the estimates of the common frequencies
and damping factors.

4.4.2 A two-channel example

We also compare the new technique with the HTLS-SEP algorithm for two-
channel data [51]. The two signals consist of two complex exponentials, one
exponential being common to both signals. The parameters of the three peaks
are given in Table 4.2. The sampling frequency is νs = 104 Hz and the number
of samples for each signal is N = 128. The frequency domain representation
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Figure 4.5: The
∑G

g=1 Kg = 25 singular values of U tot in the five-channel case
with an overestimation of 2 poles for each channel. The two top singular values
( bc, ut) are related to the common subspace. The following five singular values
( rs) are related to the subspace in which a projection of the undesired (not
common) poles is lying. The last eight singular values ( qp) are related to the
noise space.
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Figure 4.6: Estimation of the common frequencies and damping factors in the
five-channel case. The model order of each channel has been increased by 1.
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Figure 4.7: Estimation of the common frequencies and damping factors in the
five-channel case. The model order of each channel has been increased by 2.

Table 4.2: Set of parameters for a three peaks example

ν [Hz] α [s-1] a [a.u] ϕ [ o]
peak1 -1379 208 2.5 15
peak2 -685 256 9.9 15
peak3 -271 197 6.0 15
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Figure 4.8: Frequency domain representation of the two signals, in the two-
channels example. ”Peak 1” is the common peak.
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of this set of two signals is given in Figure 4.8. The data are processed with
the following parameters: L = 65, Mg = 64, G=2, K1 = 2, K2 = 2 and κ = 1.
Thus, as shown in Figure 4.9, the first singular value σ1 slowly deviates from
its theoretical value, which is

√
2 according to (4.11), until the noise standard

deviation reaches 2. Within this range, σ1 remains quite far away from σ2,
the largest singular value related to the uncommon subspace. Detection that
there is only one pole is clearly possible. The estimates of its frequency and
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Figure 4.9: The left plot shows the RRMSE of the singular value related to the
common signal pole in the two-channel case. The right plot shows the deviation
of σ1 from

√
2 (o) and the average distance from σ1 to σ2 (△).

the damping factor are shown in Figure 4.10. The results given of method are
consistently better than the results of HTLS-SEP. First, the frequency esti-
mate computed by HTLS-SEP becomes inconsistent when the noise standard
deviation reaches 1.1, while for the new method, this happens when the noise
standard deviation reaches 1.5. Second, in the noise range [0.1 − 1.1], where
both methods are consistent, the estimates of the frequency and the damping
factor are about 30.39 % more accurate. The main reason is that we work with



4.5. Application to EEG monitoring 59

normalized subspaces and therefore we get rid of the amplitudes of the peaks,
thereby resulting into a very high robustness of the algorithm.
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Figure 4.10: Estimates of the frequency and damping factor of the common
pole in the two-channel case.

4.5 Application to EEG monitoring

The present application deals with real-life EEG recordings of patients with
epilepsy. EEG is a tool to study the brain dynamics noninvasively, by measur-
ing the electric potentials at several locations on the skull and thereby providing
a continuous measure of cortical function over several channels. Typical wave-
forms appear in the EEG of patients with epilepsy. The epileptiform activity
can be identified on the majority of the EEG channels. However, additional
activity, typically due to the contribution of heart, muscle and eye-movement,
appears on a limited number of channels in EEG recordings. Thus, the kernel
problem is to remove artifacts and background EEG from the multichannel
EEG in order to allow the correct interpretation of interictal activity (epilep-
tic activity between seizures) and ictal activity (activity during a seizure). It
has been shown that the method described in this chapter can be successfully
applied to this kind of signals [16, 18, 17]

The first example is an application to real-life data recordings of interictal
activity. In Figure 4.11, a comparison of the common pole estimation method
with principal component analysis (PCA), which is a standard method in EEG
signal processing [96], is shown. The following parameters were applied: N =
70, L = 36, M = 35, G = 19. The Ug matrices are truncated according to the
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following rule: {
σ2

g(Kg) > d · σ2
g(1)

σ2
g(Kg + 1) < d · σ2

g(1)
(4.20)

with d equal to 0.01. We can clearly see (Figure 4.11 (a)) that the epileptic
spikes activity in all the channels is corrupted by additive noise, especially in
channels O1 and F3. Note that the epileptic activity that might be present in
these two channels is completely obscured by muscle artifacts. Note that in this
application, an intermediate step has been added after step 3 of the MUSCLE
algorithm. First a rank-Kg matrix H̃g is obtained by truncated SVD:

H̃g = ŨgΣ̃gṼ
H

g (4.21)

where Ũg ∈ RL×Kg contains the Kg first columns of the matrix of left singular

vectors Ug, Ṽ g ∈ R
Kg×Kg contains the Kg first columns of the matrix of

right singular vectors V g and where Σ̃g = diag{σg,1, . . . , σg,Kg
} ∈ RKg×Kg

contains the first diagonal entries of Σg. Since H̃g has no Hankel structure,

the intermediate reconstructed signals x̃
(g)
n are obtained by averaging along

the antidiagonals of H̃g. This step is typically a denoising procedure. This is
illustrated in graph (b) of Figure 4.11. The noise is removed in all channels
except channels O1 and F3 which still contain the muscle artifacts. This is
because muscle artifacts are not broad band noise but can be modelled as a
sum of (damped) sinusoids. Moreover these harmonics have high amplitudes.
Therefore the signal subspace Ũg, g = 16, 17 (channels O1 and F3) contains
the contribution of these harmonics. However, if we have a look to graph (c)
of Figure 4.11, which shows the common dynamics, we can see that the muscle
artifacts have been removed. Note that the algorithm perfectly conserves the
phase and the amplitude of the common dynamics. Finally Figure 4.11 (d)
shows the results of the PCA method. Typically, in our case, the PCA method

consists in arranging each signal (channel) x
(g)
n , n = 0, . . . , N − 1, in a column

vector X(g) = [x
(g)
0 x

(g)
1 · · · x

(g)
N−1]

T ∈ RN×1 and to stack all the vectors in a

matrix X = [X(1) X(2) · · · X(G)] ∈ RN×G. Then the SVD is applied to this
matrix:

X = UΣV H, (4.22)

where U = [U1 · · · UG] ∈ RN×G, V H = [V1 · · · VG]H ∈ RG×G and Σ =
diag{σ1, . . . , σG}. The first left singular vector (first column vector of U) is
called the first principal component and contains the dominant waveform. So,
an estimate of the common waveform in each channel is obtained by recon-
struction of the rank-1 matrix X̃:

X̃ = σ1U1V
H

1 . (4.23)

The column vectors of X̃ = [X̃(1) X̃(2) · · · X̃(G)] are the reconstructed signals.
One can see that PCA is less robust than the common pole estimation method
against noise. Undesirable harmonics have been amplified on the reconstructed
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Figure 4.11: (a) Shows the original spike. The EEG after preprocessing each
channel separately is shown in (b). The fit based on the common signal poles is
shown in (c). The reconstructed EEG based on the first principal component
is shown in (d).

channels. Figure 4.12 is a scree plot of the squared singular values. There
are clearly 4 singular values in the interval [

√
18,

√
19], which means that the

dominant waveform is common to 19 channels (all channels) and is composed
of 2 exponentially damped sinusoids.

The method has also been applied to real-life data recordings of ictal activity
with similar performance as in the previous example from a signal processing
point of view. In Figure 4.13 we show a comparison of our algorithm with PCA
for 21-channel EEG recordings containing ictal activity. This set of signals was
processed with the following parameters: N = 1000, L = 501, M = 500,
G = 21, d = 0.01. The influence of noise tends to decrease the (squared)
singular values related to the common subspace. In the noise-free case, these
squared singular values are equal to 21. In the presence of a reasonable level of
noise, they are generally between G and G− 1. So, the signal subspace related
to the squared singular values above 20, has been selected. The original (noisy)
signals are plotted in Figure 4.13 (a). The denoised version of these signals using
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Figure 4.12: The singular values of the stacked matrix U tot (see step 6 of
Algorithm 4.3) generated in the real-life example.
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Figure 4.13: (a) 4 s EEG epoch containing ictal activity. (b) The reconstructed
EEG based on the common signal poles. (c) The reconstructed EEG based on
the three most energetic principal components. (d) The reconstructed EEG
based on the first principal component.
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Figure 4.14: Singular values of the matrix U tot = [Ũ1 Ũ2].

MUSCLE is shown in Figure 4.13 (b) while the outputs of the PCA method
with three and one principal components are shown in Figure 4.13 (c) and (d).
Here again, one can see that MUSCLE does a wonderful job in removing the
background activity and thereby enhancing the common activity. It clearly
outperforms the PCA method.

4.6 Application to material health monitoring

The application of MUSCLE to the signal obtained using the setup in Fig-
ure 1.1 is obvious. The signal received via the piezoelectric sensor may have
common information with the signal obtained via the optical fiber sensor. The
signals that we considered in this example are the same as in Figure 3.4. Let
us call the optical signal x1 and the ultrasonic signal x2. First, we set the
following parameters : N751, L = 376, M = 376, K1 = 30, K2 = 44. Fig-
ure 4.14, in which the singular values of U tot = [Ũ1 Ũ2] are displayed, shows
that there exists a subspace common to the Hankel matrices H1 and H2. The
size of this common subspace is equal to the number of singular values that are
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Figure 4.15: Application of SAMOS to the matrix U tot. The first peak shows
that the common subspace is of size 24. The second indicated that the size of
the subspace containing the noncommon information is 50− 24 = 26. The size
of the noise subspace is 74 − 50 = 24.

theoretically equal to
√

2. This size can also be determined by applying steps 3
and 4 of SAMOS to U tot. Figure 4.15 shows the values of the function 1/E(k)
defined in (3.12). Clearly the two peaks delimit the three different subspaces:
the common subspace, the subspace containing noncommon information, and
the noise subspace. The size of the common subspace is 24. From this result
we can conclude that the signals x1 and x2 have 12 common harmonics.

4.7 Conclusion

In this chapter, we have studied a novel subspace-based method for common
pole estimation in the multi-channel case. We have proven that the use of
semi-unitary matrices allows one to determine the number of common poles
and get an accurate estimate of a subspace from which these poles can be
computed. This method is easy to implement, very robust and can be applied
to an arbitrary number of channels. Moreover, we have shown that a slight
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overestimation of the individual model orders does not affect the accuracy of
the common pole estimation. In the particular case in which only two channels
are involved, this technique turns out to be more efficient than the HTLS-SEP
technique developed for the two-channel case.
As a last remark, we shall mention that the kernel part of MUSCLE is the
estimation of subspaces common to an arbitrary number of matrices. This
kernel method can be applied to any type of matrices having the same column
size.
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Chapter 5

A Short Introduction to
Multilinear Algebra

In this chapter we describe the tensor-algebraic material that will be needed in
Chapter 6 and Chapter 7. We first give some basic definitions of multilinear
algebra. Then we review a multilinear generalization of the singular value de-
composition and the best rank-(R1, R2, ..., RN ) approximation of higher-order
tensors.

5.1 Higher-order tensor

Multilinear algebra is the algebra of higher-order tensors, which are the higher-
order equivalents of vectors (first-order) and matrices (second-order), i.e., quan-
tities of which the elements are addressed by more than two indices. Said in
other words, higher-order tensors are the basic quantities of multilinear alge-
bra. As such, it is important to give a clear definition of them. However, they
may be approached in different ways depending on the goal for which they are
used. This thesis relies essentially on the study of subspaces. In this context
we can practically define an Nth-order tensor as a higher-dimensional table
that is addressed by N indices. They are also called N -way arrays. Figure 5.1
gives a visualization of the first three orders.

To facilitate the distinction between scalars, vectors, matrices and higher-order
tensors in this chapter, we would like to provide the following additional details:
first we recall that the type of a given quantity will be reflected by its repre-
sentation: scalars are denoted by lower-case letters (a, b, . . . ; α, β, . . . ), vectors

67



68 Introduction to tensors

b

b

b

b

b

b

b

b

[
b

] [
b

b

] [
b b

b b

]

a

0-th order tensor
(scalar)

ai, i = 1, 2

1st order tensor
(vector)

ai,j , i, j = 1, 2

2nd order tensor
(matrix)

aijk, i, j, k = 1, 2

3rd order tensor

Figure 5.1: Visual representation of tensors up to order three.

are written as capitals (A, B, . . . ), matrices correspond to bold-face capitals
(A, B, . . . ) and tensors are written as calligraphic letters (A,B, . . . ).
This notation is consistently used for lower-order parts of a given structure.
For example, the entry with row index i and column index j in a matrix A,
i.e., (A)ij , is symbolized by aij (also (A)i = ai and (A)i1i2···iN

= ai1i2···iN
).

Furthermore, the ith column vector of a matrix A is denoted as Ai , i.e.,
A = [A1A2 · · · ]. To enhance the overall readability, we have made one excep-
tion to this rule: as we frequently use the characters i, r and n in the meaning
of indices (counters), I, R and N will be reserved to denote the index upper
bounds, unless stated otherwise.

First some useful basic definitions are provided in Section 5.2. These definitions
are necessary for the reading of the subsequent sections. Then, a multilinear
generalisation of the matrix SVD and a multilinear generalisation of the best
rank-R approximation of a matrix are given in Section 5.3 and Section 5.4
respectively. We conclude the chapter in Section 5.5.

5.2 Basic definitions

In this section we introduce some elementary notations and definitions in mul-
tilinear algebra, which will be needed in the further developments.

5.2.1 Multiplication of a higher-order tensor by a matrix

We have the following definition.

Definition 5.1 (n-mode product [83]) The n-mode product of a tensor A ∈
CI1×I2×···×IN by a matrix U ∈ CJn×In , denoted by A ×n U , is an (I1 × I2 ×
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· · · × In−1 × Jn × In+1 · · · × IN )-tensor of which the entries are given by

(A×n U)i1i2···in−1jnin+1···iN

def
=
∑

in

ai1i2···in−1inin+1···iN
ujnin

.

2

In this notation, the matrix product G = U · F · V T, involving matrices F ∈
RI1×I2 , U ∈ RJ1×I1 , V ∈ RJ2×I2 and G ∈ RJ1×J2 , is written as G = F×1U×2

V . This is meaningful: the relationship between U and F and the relationship
between V (not V T) and F are in fact completely similar: in the same way as
U makes linear combinations of the rows of F , V makes linear combinations
of the columns of F ; in the same way as the columns of F are multiplied by
U , the rows of F are multiplied by V ; in the same way as the columns of U

are associated with the column space of G, the columns of V are associated
with the row space of G. This typical relationship is denoted by means of the
×n-symbol.
We have the following properties:

(A×n U) ×m V = (A×m V ) ×n U = A ×n U ×m V ,
(A×n V ) ×n U = A×n (UV ).

Note that in general A×n U ×2 V 6= A×n (U · V T).

5.2.2 n-mode vectors and n-mode vector space

An n-mode vector of an (I1×I2×· · ·×IN )-tensor A is an In-dimensional vector
obtained from A by varying the index in and keeping the other indices fixed.
Figure 5.2 shows the n-mode vectors in the case of a third-order tensor. As
such, the n-mode vectors are the generalization of column and row vectors in
the matrix case. The subspace spanned by all the n-mode vectors, for a given
value of n, is called the n-mode vector space.

5.2.3 Matrix representation of a higher-order tensor

Some of the results can be conveniently expressed in matrix terms. To this
end, we must stack the elements of a higher-order tensor in a matrix. There
are several ways to do so. One particular type of “matrix unfolding” will
prove to be particularly useful, namely, the matrix representation of a given
tensor in which all its column (row,. . . ) vectors are simply stacked one after
another [83]. To avoid confusion, we will retain one particular ordering of
the column (row,. . . ) vectors; for order three, these unfolding procedures are
visualized in Figure 5.3. Notice that the definitions of the matrix unfoldings
involve the tensor dimensions I1, I2, I3 in a cyclic way and that, when dealing
with an unfolding of dimensionality Ic × IaIb, that the index ia varies more
slowly than ib. In general, we define:
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Figure 5.2: Visualization of the n-mode vectors of a third-order tensor.
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Definition 5.2 Assume an Nth-order tensor A ∈ CI1×I2×···×IN . The matrix
unfolding A(n) ∈ C

In×(In+1In+2···IN I1I2···In−1) contains the element ai1i2···iN

at the position with row number in and column number equal to (in+1 −
1)In+2In+3 · · · IN I1I2 · · · In−1 + (in+2 − 1)In+3In+4 · · · IN I1I2 · · · In−1 + · · · +
(iN − 1)I1I2 · · · In−1 + (i1 − 1)I2I3 · · · In−1 + (i2 − 1)I3I4 · · · In−1 + · · ·+ in−1.

2

5.2.4 Scalar product, orthogonality and Frobenius-norm

The scalar product 〈A,B〉 of two tensors A,B ∈ CI1×I2×···×IN is defined in

a straightforward way as 〈A,B〉 def
=
∑

i1

∑
i2
· · ·∑iN

ai1i2···iN
b∗i1i2···iN

. The

Frobenius-norm of a tensor A ∈ CI1×I2×···×IN is then defined as ‖A‖ def
=√

〈A,A〉. Two tensors are called orthogonal when their scalar product is 0.

5.2.5 Rank properties of a higher-order tensor

There are major differences between matrices and higher-order tensors when
rank properties are concerned. However we may start with an analogy with the
matrix case. A Nth-order tensor A ∈ CI1×I2×···×IN is called rank-1 when it
equals the outer product of N vectors U (1), U (2), . . . ,U (N), U (n) ∈ CIn×1 [10,
22, 36]:

ai1i2···iN
= u

(1)
i1

u
(2)
i2

· · ·u(N)
iN

(5.1)

for all index values, which will be concisely written as:

A = U (1) ◦ U (2) ◦ · · · ◦ U (N) . (5.2)

The n-rank of a higher-order tensor is the obvious generalization of the column
(row) rank of matrices: it equals the dimension of the n-mode vector space. The
dimension of this subspace is called the n-mode rank Rn. From the definition
of a rank-one tensor (5.1)-(5.2), it follows that its n-mode vector space, is
spanned by U (n), (1 6 n 6 N). Therefore the n-mode ranks are equal to
1. An important difference between matrices and tensors is that, for general
higher-order tensors, the different n-mode ranks are not necessarily the same,
while for matrices, column and row rank are always the same. The n-rank
will be denoted as rankn(A). A tensor of which the n-ranks are equal to Rn

(1 6 n 6 N) is called a rank-(R1, R2, . . . , RN ) tensor. A second difference
between matrices and tensors is that, even when all the n-ranks of the tensor
are the same, they can still be different from its rank, denoted as rank(A); A
having rank R generally means that it can be decomposed in a sum of R, but
not less than R, rank-1 terms (see e.g. [42]). From the definition of n-rank and
rank follows that Rn 6 R for all n.

Example 5.1 Consider the (I1 × I2 × I3)-tensor defined as follows:

A = U (1) ◦ U (2) ◦ U (3) + U (1) ◦ U (4) ◦ U (5)



5.3. The higher-order singular value decomposition 73

We have rank(A)=2. But we have also rank1(A) = 1 and rank2(A) = rank3(A)
= 2. △

The n-rank of a given tensor can be analyzed by means of matrix techniques:

Property 5.2.1 The n-mode vectors of A are the column vectors of the matrix
unfolding A(n) and

rankn(A) = rank(A(n)).

Property 5.2.2 Given a (R1, R2, . . . , RN )-tensor we have the following in-
equality:

Rn 6

N∏

r=1
r 6=n

Rr

5.3 The higher-order singular value decomposi-
tion

In [21, 83] the following tensor decomposition was discussed.

Theorem 5.3 (Nth-order singular value decomposition). Every complex (I1 ×
I2 × · · · × IN )-tensor A can be written as the product

A = S ×1 U (1) ×2 U (2) · · · ×N U (N), (5.3)

in which:

• U (n) =
[
U

(n)
1 U

(n)
2 · · ·U (n)

In

]
is a unitary (In × In)-matrix,

• S is a complex (I1×I2×· · ·×IN )-tensor of which the subtensors Sin
= α,

obtained by fixing the n-th index to α, have the properties of:

– all-orthogonality: two subtensors Sin
= α and Sin

= β are orthogo-
nal for all possible values of n, α and β subject to α 6= β:

〈Sin=α,Sin=β = 0〉 when α 6= β, (5.4)

– ordering:

‖Sin=1‖ > ‖Sin=2‖ > · · · > ‖Sin=In
‖ > 0, (5.5)

for all possible values of n.
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V
(3)

T
A

=

V (1)

V (2)T

Figure 5.4: Visualization of the HOSVD of a third-order tensor A. If A is
n-mode rank deficient, only the shaded part of the core-tensor contains entries
different from zero.

The Frobenius-norms ‖Sin=i‖, symbolized by σ
(n)
i , are n-mode singular values

of A and the vector U
(n)
i is an ith n-mode singular vector. The decomposition

is visualized for third-order tensors in Figure 5.4.

Applied to a tensor A ∈ RI1×I2×I3 , Theorem 5.3 says that it is always possible
to find orthogonal transformations of the column, row and 3-mode space such

that S = A×1 U (1)H ×2 U (2)H ×3 U (3)H

is all-orthogonal and ordered (the new

basis vectors are the columns of U (1), U (2) and U (3)). All-orthogonality means
that the different “horizontal matrices” of S (the first index i1 is kept fixed,
whilst the two other indices, i2 and i3, are free) are mutually orthogonal with
respect to the scalar product of matrices (i.e. the sum of the products of the
corresponding entries vanishes); at the same time, the different ”frontal” matri-
ces (i2 fixed) and the different ”vertical” matrices (i3 fixed) should be mutually
orthogonal as well. The ordering constraint imposes that the Frobenius-norm
of the horizontal (frontal resp. vertical) matrices does not increase as the index
i1 (i2 resp. i3) is increased. This decomposition is clearly a generalization
of the matrix SVD. Note, w.r.t. the condition of all-orthogonality on S, that
in the matrix case the matrix of singular values is all-orthogonal as well: due
to its diagonal structure, the scalar product of two different rows or columns
also vanishes. On the other hand, one cannot define a higher-order SVD by
imposing diagonality on the core tensor S: in general, it is impossible to reduce
higher-order tensors to a diagonal form by means of unitary transformations,
because the number of degrees of freedom in such a hypothetical decomposi-
tion is smaller than the number of entries of the tensor that has to be decom-
posed. For convenience, we will refer to the decomposition in Theorem 5.3 as
the ”higher-order SVD” (HOSVD). This is substantiated by the many striking
analogies with the matrix SVD, established in [21]. Nevertheless, one should be
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aware that focusing on different properties of the matrix SVD can lead to the
definition of different (formally less striking) multilinear SVD-generalizations.
One possibility is to look for unitary transformations that make the core tensor
as diagonal as possible (in a least squares sense) [14]. Another alternative is
the decomposition of the tensor in a minimal number of rank-1 terms; this
decomposition is often called the canonical decomposition (CANDECOMP) or
parallel factors decomposition (PARAFAC) [10, 15]. Imposing orthogonality
constraints on these rank-1 terms may lead to yet other generalizations [38].

The matrix of n-mode singular vectors U (n) can directly be found as the ma-
trix of left singular vectors of the matrix unfolding A(n). The n-mode singular
values correspond to the singular values of this matrix unfolding. The core
tensor S can then be computed by bringing the matrices of singular vectors to
the left side of Eq. (5.3):

S = A×1 U (1)H ×2 U (2)H · · · ×N U (N)H. (5.6)

The fact that the number of non-vanishing singular values of a given matrix
equals its (column/row) rank, carries over to the n-mode singular values and
the n-rank values of a given tensor [21]. The fact that we have N different sets
of n-mode singular values is conform the fact that we also have N different n-
ranks. Like for matrices, this link even holds in a numerical sense: the number
of significant n-mode singular values of a given tensor equals its numerical
n-rank.

5.4 Best rank-(R1, R2, . . . , RN) approximation

In this section we consider a multilinear generalization of the best rank-R ap-
proximation of a given matrix. Formally, the problem we want to solve, is the
following:

Given an Nth-order tensor A ∈ CI1×I2×···IN , find a tensor Â ∈ CI1×I2×···IN ,
with rank1(Â) = R1, rank2(Â) = R2, . . . , rankN (Â) = RN , that minimizes the
least-squares cost function

f(Â) =
∥∥∥A− Â

∥∥∥
2

. (5.7)

The mathematical formulation for the matrix counterpart is similar. In the
matrix case a lower rank approximation can be readily obtained by truncated
SVD [26]. The n-rank conditions imply that Â can be decomposed as

Â = B ×1 U (1) ×2 U (2) · · · ×N U (N), (5.8)

in which U (1) ∈ CI1×R1 , U (2) ∈ CI2×R2 , . . ., U (N) ∈ CIN×RN each having
orthonormal columns and B ∈ CR1×R2×···×RN . Similarly to the second-order



76 Introduction to tensors

case, where the best approximation of a given matrix A ∈ CI1×I2 by a matrix

Â = U (1) · B · U (2)H

, with U (1) ∈ CI1×R and U (2) ∈ CI2×R column-wise

orthonormal, is equivalent to the maximization of U (1)H · A · U (2) , we have
that the minimization of f is equivalent to the maximization of

g
(
U (1), U (2), . . . , U (N)

)
=
∥∥∥A×1 U (1)H ×2 U (2)H · · · ×N U (N)H

∥∥∥
2

. (5.9)

The optimal core tensor follows from

B = A×1 U (1)H ×2 U (2)H · · · ×N U (N)H. (5.10)

It is natural to ask whether the best rank-(R1, R2, . . . , RN ) approximation of a
higher-order tensor can be obtained by truncation of the HOSVD. The situation
turns out to be quite different for tensors here [40, 22, 23]. By discarding the

smallest n-mode singular values, one obtains a tensor Â that is in general
not the best possible approximation under the given n-mode rank constraints
(see e.g. [23, Example 3]). Nevertheless, the ordering assumption (5.5) implies
that the ”energy” of A is mainly concentrated in the part corresponding to

low values of i1, i2, . . . , iN . Consequently, if σ
(n)
Rn

≫ σ
(n)
Rn+1

, Â is still to be

considered as a good approximation of A. The error is bounded as follows [21].

Property 5.4.1 Let the HOSVD of A be given as in Theorem 5.3 and let the
n-mode rank of A be equal to R̃n (1 6 n 6 N). Define a tensor Â by discarding

the smallest n-mode singular values σ
(n)
Rn+1

, σ
(n)
Rn+2

, . . ., σ
(n)

R̃n
, for given values

of Rn (1 6 n 6 N), i.e., set the corresponding parts of S equal to zero. Then
we have

∥∥∥A− Â
∥∥∥

2

6

R̃1∑

i1=R1+1

σ
(1)
i1

2
+

R̃2∑

i2=R2+1

σ
(2)
i2

2
+ · · · +

R̃N∑

iN =RN+1

σ
(N)
iN

2
. (5.11)

(For completeness, we mention that the truncation of S may destroy its all-
orthogonality. In this sense, the components of the truncated HOSVD of A
may be different from the components of the HOSVD of Â, as opposed to the
matrix case.) In [22, 41, 40, 81] the following approach was followed for the
computation of the best rank-(R1, R2, . . . , RN ) approximation. Imagine that

the matrices U (1), . . . , U (n−1), U (n+1), . . . , U (N) are fixed and that the only
unknown is the column-wise orthonormal matrix U (n). We have:

g =
∥∥∥Ã(n) ×n U (n)H

∥∥∥
2

, (5.12)

in which

Ã(n) def
= A×1 U (1)H · · · ×n−1 U (n−1)H ×n+1 U (n+1)H · · · ×N U (N)H. (5.13)
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In a matrix format we have:

g =

∥∥∥∥U
(n)H · Ã(n)

(n)

∥∥∥∥
2

, (5.14)

with

Ã
(n)

(n) = A(n) ·
(
U (n+1) ⊗ · · · ⊗ U (N) ⊗ U (1) ⊗ · · · ⊗ U (n−1)

)
, (5.15)

in which ⊗ represents the Kronecker product. Hence the columns of U (n) can
be found as an orthonormal basis for the dominant subspace of the n-mode
vector space of Ã(n). Repeating this procedure for different mode numbers
leads to a ALS algorithm for the (local) maximization of f(Ã): in each step

the estimate of one of the matrices U (1), U (2), · · · , U (N) is optimized, while
the other matrix estimates are kept constant. This technique is a higher-
order extension of the orthogonal iteration for matrices [27]. An outline of the
Higher-order iteration algorithm (HOOI) is given below. It makes sense to ini-
tialize the higher-order orthogonal iteration with the truncated HOSVD. The
HOSVD-estimate usually belongs to the attraction region of the best rank-
(R1, R2, · · · , RN ) approximation, although there is no absolute guarantee of
convergence to the global optimum [22].

Algorithm 5.4

HOOI

Step 1: Initial values: U
(n)
0 ∈ C

In×Rn of which the columns form a basis for
the dominant Rn-dimensional left singular subspace of A(n) (2 6 n 6 N);
or repeat the algorithm for several different initial values.

Step 2: Iterate until convergence:

– Ũ
(1)

k+1 = A×2 U
(2)
k

H

×3 U
(3)
k

H

· · · ×N U
(N)
k

H

;

Maximize over U (1) ∈ CI1×R1 with U (1)HU (1) = I:

h
(
U (1)

)
=

∥∥∥∥U (1)H · Ũ (1)

k+1

∥∥∥∥;

max
(
h
(
U (1)

))
= h

(
U (1)

max

)
= λ

(1)
k+1;

U
(1)
k+1 = U (1)

max;

– Ũ
(2)

k+1 = A×1 U
(1)
k+1

H

×3 U
(3)
k

H

· · · ×N U
(N)
k

H

;
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Maximize over U (2) ∈ CI2×R2 with U (2)HU (2) = I:

h
(
U (2)

)
=

∥∥∥∥U (2)H · Ũ (2)

k+1

∥∥∥∥;

max
(
h
(
U (2)

))
= h

(
U (2)

max

)
= λ

(2)
k+1;

U
(2)
k+1 = U (2)

max;

– · · ·
– Ũ

(N)

k+1 = A×1 U
(1)
k+1

H

×2 U
(2)
k+1

H

· · · ×N−1 U
(N−1)
k+1

H

;

Maximize over U (N) ∈ CIN×RN with U (N)HU (N) = I:

h
(
U (N)

)
=

∥∥∥∥U (N)H · Ũ (N)

k+1

∥∥∥∥;

max
(
h
(
U (N)

))
= h

(
U (N)

max

)
= λ

(N)
k+1;

U
(N)
k+1 = U (N)

max.

5.5 Summary

In this chapter, we briefly described the tensor-algebraic material that will be
needed in the further derivations. Interested readers are referred to [46, 21, 22,
23] for more details.



Chapter 6

Exponential data fitting
using multilinear algebra:
the multi-channel case

In this chapter we present the higher-order counterpart of the HTLS and HTLSstack
methods described in Chapter 2. The method typically consists of arranging
single-channel or multi-channel data in a higher-order tensor and performing
a rank reduction of this tensor. The parameters of the signals are estimated
using the TLS method.

6.1 Introduction

In the introduction to the HTLS and HTLSstack methods in Chapter 2, it
has been shown that the EDS model lends itself to a subspace-based repre-
sentation. In the single-channel case, the typical structure of the noise-free
Hankel data matrix (2.3) allows a Vandermonde decomposition (2.4), while in
the multi-channel case, the block Hankel data matrix (2.23) will allow a block
Vandermonde decomposition (2.20). In both cases, the (left) Vandermonde
vectors characterize the model: the generators are the signal poles, and the
number of Vandermonde vectors is equal to the model order, K. However, we
have seen that one cannot directly access the Vandermonde vectors but only
the subspace spanned by them. In the matrix case this subspace is typically
obtained by an SVD of the (block) Hankel data matrix. When noise is added
to the signal, the K-dimensional dominant subspace of the data matrix (K
being equal to the number of underlying Vandermonde vectors) still yields a

79
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good approximation of the noise-free subspace spanned by the Vandermonde
vectors. Generally this dominant subspace can be obtained by truncating the
SVD of the data matrix.

A deeper analysis of the multi-channel matrix approach reveals that the struc-
ture of the columns is only partially reflected by the SVD. In the single-channel
case there is an equivalence between the VDMD (2.4) and the SVD (2.28) that
can be expressed as follows:

span(S) = span(U)
span(T ) = span(V ∗)

(6.1)

In the multi-channel case we only have span(S) = span(U). Obviously, the
repetition of matrix T T in (2.20) is not taken into account by the matrix SVD.
This structure into account using multilinear algebra, thereby improving the
results so far obtained.

Althought in the single-channel case the complete structure is already taken
into account by the matrix approach. However, we will show that a higher-order
representation is possible and that the resulting subspace estimation may be
more accurate than the one obtained by the matrix approach. Only the third-
order case will be addressed. The generalisation to orders higher than three is
straightforward.

In Section 6.2 we derive two tensor based methods for harmonic retrieval: the
single-channel case is addressed in Section 6.2.1 and the multi-channel case
is addressed in Section 6.2.2. Then in Section 6.3 the performance of these
algorithms is illustrated by means of simulations. Finally in Section 6.4 we
conclude the chapter.

6.2 Tensor-based algorithms for harmonic re-
trieval

6.2.1 Single-channel signals

First, we stack the data in a third-order tensor as follows. A first (I1 × I2)-
Hankel matrix is built using the P (P < N) first samples of this signal
x0, x1, . . . , xP−1. A second matrix is built using the segment x1, x2, . . . , xP ,
obtained by shifting the previous segment over one sample, and so on until
the end of the signal. Then these Hankel matrices are stacked one behind the
other in a (I1×I2×I3)-Hankel tensor H as visualized in figure 6.1. An element
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x0 x1 x2 · · · xP−1 xP xP+1 · · · xN−P · · · xN−1

frame 3

frame 2

frame 1 frame
N − P + 1

x2 x3 x4 x5 xI2+1

x3

x4

x5

xI1+1 xP+1

x1 x2 x3 x4 xI2

x2

x3

x4

xI1 xP

x0 x1 x2 x3 xI2−1

x1

x2

x3

xI1−1 xP−1

Figure 6.1: Segmentation of the signal and construction of a tensor with Hankel
matrices. The dotted lines delimit the tensor while the dashed lines show his
Hankel structure in the three directions. The dashed lines show the diagonal
tensor slices on which all entries are equal.

hi1i2i3 of this tensor is given by:

hi1i2i3 = x(i1−1)+(i2−1)+(i3−1) = xi1+i2+i3−3 (6.2)

where 1 ≤ i1 ≤ I1, 1 ≤ i2 ≤ I2, 1 ≤ i3 ≤ I3 and I1 + I2 + I3 = N + 2. As long
as the latter constraint is verified, the dimensions of the tensor may be chosen
by the user. In what follows, we assume, I1 > K. Let the one-dimensional
complex signal xn be a K pole time domain signal modeled by equation (2.2).
Then we have:

hi1i2i3 =
K∑

k=1

ck

(
zi1−1

k . zi2−1
k . zi3−1

k

)
. (6.3)
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In other words, the tensor H is a weighted sum of 3rd-order rank-1 tensors,
consisting of the outer product of three Vandermonde vectors:

H =
K∑

k=1

ck ·




1
z1

k

z2
k
...

z
I′

1

k




◦




1
z1

k

z2
k
...

z
I′

2

k




◦




1
z1

k

z2
k
...

z
I′

3

k




, (6.4)

where I ′n=In−1. This can also be written as:

H = C ×1 S(1) ×2 S(2) ×3 S(3) , (6.5)

in which C is the pseudo-diagonal (K × K × K)-core-tensor containing the

K complex amplitudes ck; S(1) ∈ CK×I1 , S(2) ∈ CK×I2 and S(3) ∈ CK×I3

are Vandermonde matrices. In analogy with the VDMD (2.4), the decomposi-
tion (6.5) is called a Higher-Order Vandermonde Decomposition (HOVDMD).
It is visualized in figure 6.2. By way of comparison, note that in the matrix
case we can write:

H =
K∑

k=1

ck ·




1
z1

k

z2
k
...

zL′

k




◦




1
z1

k

z2
k
...

zM ′

k




,

= C ×1 S ×2 T ,

(6.6)

where M ′=M−1 and L′=L−1. The three matrices C, S and T are defined
in (2.4). From the structure of the HOVDMD (6.5) it follows that the n-ranks
of H are all equal to the number of signal poles K. A decomposition reflecting
the column/row rank deficiency of H can be used to retrieve the parameters of
interest. Note that, the n-mode vector space of H equals the column space of
S(n) (1 ≤ n ≤ 3).

The structure induced by (6.5) implies that, in the absence of noise, the HOSVD
of H takes the following form :

H = D̂ ×1 Û
(1) ×2 Û

(2) ×3 Û
(3)

, (6.7)

in which D̂ is an all-orthogonal, ordered, complex (K × K × K)-tensor and

Û
(n)

= [U
(n)
1 , · · · , U

(n)
K ] is a complex (In × K)-matrix whose orthonormal

columns span the column space of S(n). In the presence of noise, H will be
a full n-rank tensor. Just like in the matrix case, it makes sense to proceed
with the HOSVD-components of the best rank-(R1, R2, R3) approximation of
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Figure 6.2: Visualization of the HOVDMD for a third order Hankel tensor

H. Like in the matrix case, we claim that Û
(n)

equals S(n) (n = 1, 2, 3) up to
a multiplication by a square non-singular matrix Q ∈ CK×K :

Û
(n)

= S(n)Q . (6.8)

On the other hand, the shift-invariance property still holds in the tensor case:

S
(n)
↓ Z = S(n)↑ , (6.9)

with Z = diag{z1, z2, . . . , zK}. Combining (6.8) and (6.9) yields the following
matrix equation:

Û
(n)↑

= Û
(n)

↓ Z , (6.10)

with Z= Q−1ZQ. This equation is similar to (2.10) and can be processed in
the same way.
To conclude, we outline a tensor-based algorithm for the estimate of the K
signal poles of xn (2.1). This algorithm is called HO-HTLS standing for Higher-
Order HTLS.

Algorithm 6.2.1

HO-HTLS

Input: data samples xn, n = 0, . . . , N − 1 and model order K.
Output: âk, ϕ̂k, α̂k, ν̂k, k = 1, . . . , K.

Step 1: map xn on a third-order tensor H as in figure 6.1
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Step 2: find the best rank-(K ′, K ′, K ′) approximation of H (for instance, by
applying the HOOI algorithm [22], Section 5.4), and get the matrices

Û
(1)

, Û
(2)

and Û
(3)

. The rank K ′ is chosen equal to the model order K
which corresponds to the number of complex exponentials in the signal.
If the signal is real then K ′ = 2K.

Step 3: Choose one of the three n-mode singular vector matrix Û
(n)

, n = 1, 2, 3
and form the following overdetermined set of equations

Û
(n)↑ ≈ Û

(n)

↓ Z ,

with Z= Q−1ZQ. Û
(n)↑

and Û
(n)

↓ are derived from Û
(n)

by omitting
its first and last row respectively.

Step 4: compute an estimate of Z by solving the above set of equations in the
TLS sense.

Step 5: compute the eigenvalues of Z. Once Z is estimated, its eigenvalues
λk yield an estimate of the signal poles:

λk = ẑk = exp {(−α̂k + 2πjν̂k)∆t} .

from which it is easy to obtain estimates of the damping factors αk and
frequencies νk.

Step 6: Eventually using the estimates ẑk, k = 1, . . . , K, and the signal sample
xn, n = 0, . . . , N − 1 compute the LS solution ĉk = âk exp{jϕ̂k} of




1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c1

c2

...
cK


 =




x0

x1

x2

...
xN−1




6.2.2 Multi-channel signals

We now consider the multi-channel signal as described by equation (2.16). In
this case, a structure similar to the one in (6.4) can be obtained in a simple
way. We now form a third-order tensor H by stacking the Q Hankel matrices
Hq in (2.22) one behind the other. This is visualized in figure 6.3. An element
of H is given by :

hi1i2i3 = x
(i3)
(i1−1)+(i2−1) = x

(i3)
i1+i2−2 , (6.11)
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Figure 6.3: Construction of a tensor from Hankel matrices representing a multi-
channel signal. The dotted lines delimit the tensor while the dashed lines show
its partial Hankel structure.

where 1 ≤ i1 ≤ L, 1 ≤ i2 ≤ M , 1 ≤ i3 ≤ Q, min{L, M} > K, and L + M =
N + 1. Expressing each element of H with respect to the model (2.16) yield:

hi1i2i3 =

K∑

k=1

c
(i3)
k

(
zi1−1

k . zi2−1
k

)
. (6.12)

In the most general case, the coefficients c
(q)
k are all different. One can decom-

pose H as follows:

H =
∑

k
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. (6.13)

This might compactly be written as:

H = I ×1 S(1) ×2 S(2) ×3 C , (6.14)

in which I is a pseudo-diagonal (K×K×K)-tensor with ones on its diagonal (or

unit tensor), S(1) ∈ C
L×K and S(2) ∈ C

M×K are Vandermonde matrices, and
C ∈ CK×Q is a matrix containing the complex amplitudes. This decomposition
is visualized in figure 6.4. The structure induced by (6.14) implies that, in the
absence of noise, the HOSVD of H takes the following form :

H = F̂ ×1 Û
(1) ×2 Û

(2) ×3 Ŵ , (6.15)
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Figure 6.4: Decomposition of the tensor H in the multi-channel case

in which F̂ is an all-orthogonal, ordered, complex (K ×K ×K)-tensor, Û
(1)

=

[U
(1)
1 , · · · , U

(1)
K ] is a complex (L×K)-matrix whose orthonormal columns span

the column space of S(1), Û
(2)

= [U
(2)
1 , · · · , U

(2)
K ] is a complex (M × K)-

matrix whose orthonormal columns span the column space of S(2), and Ŵ is
a complex (Q×K)-matrix whose orthonormal columns span the column space
of C. In the presence of noise, as H becomes n-mode full rank, we can proceed
with the HOSVD components of the best rank-(K, K, K) approximation of

H. Like in equation (6.8), we can claim that Û
(n)

equals S(n) (n = 1, 2) up
to a multiplication by some square non-singular matrix. The shift-invariance
property of S(n) can be exploited in the same way as in (6.9), (6.10) and (2.10).
Note that the algebraic structure reflected by (6.13) arises very naturally from
the structure of the data. If the number of exponentials K is smaller than
the number of channels Q, the tensor is mode-3 rank deficient. This property,
which is not exploited in the matrix approach, makes the tensor approach more
accurate. Above, we outline the algorithm in the multi-channel case. This
algorithm is called HO-HTLSstack standing for Higher-Order HTLSstack.

Algorithm 6.2.2

HO-HTLSstack

Input: data samples x
(q)
n , n = 0, . . . , N − 1, q = 1, . . . , Q and model order K.

Output: â
(q)
k , ϕ̂

(q)
k , α̂k, ν̂k, k = 1, . . . , K, q = 1, . . . , Q.

Step 1: For every signal x
(q)
n , q = 1, . . . , Q, arrange the data points x

(q)
n ,

n = 0, . . . , N − 1 in a (L × M)-Hankel matrix Hq, N = L + M − 1,
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L > K as follows:

Hq =
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... x
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x
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L−1 · · · · · · x

(q)
N−2 x

(q)
N−1


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.

As for the HTLSstack algorithm it is recommended to have Hq as square
as possible.

Step 2: form a (L ×M × Q)-tensor H by stacking the Q Hankel matrices Hq

one behind the other, as indicated by figure 6.3.

Step 3: find the best rank-(K ′, K ′, min(K ′, Q)) approximation of H (for in-
stance, by applying the HOOI algorithm [22], Section 5.4), and get the

matrices Û
(1)

and Û
(2)

(Û
(3)

does not contain any relevant information
for our algorithm). The rank K ′ is chosen equal to the model order K
which corresponds to the number of complex exponentials in the signal.
If the signal is real then K ′ = 2K.

Step 4: Choose one of the two n-mode singular vector matrix Û
(n)

, n = 1, 2
and form the following overdetermined set of equations

Û
(n)↑ ≈ Û

(n)

↓ Z ,

with Z= Q−1ZQ. The matrices Û
(n)↑

and Û
(n)

↓ are derived from Û
(n)

by omitting its first and last row respectively.

Step 5: compute an estimate of Z by solving the above set of equations in the
TLS sense.

Step 6: compute the eigenvalues of Z. Once Z is estimated, its eigenvalues
λk yield an estimate of the signal poles:

λk = ẑk = exp {(−α̂k + 2πjν̂k)∆t} .

from which it is easy to obtain estimates of the damping factors αk and
frequencies νk.
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Step 7: Eventually, for each signal q, an estimate of the complex amplitudes

c
(q)
k = a

(q)
k exp{jϕ(q)

k } is obtained from the LS solution of
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6.3 Results

For single-channel data, the accuracy of the matrix approach is compared in
this section to the accuracy of the tensor approach by means of the two peaks
example from [85]:

yn = xn + en

= exp{(−0.01 + 2jπ0.2)n} + exp{(−0.02 + 2jπ0.22)n}+ en,
pole 1 pole 2 noise

n = 0, 1, . . . , N = 24

(6.16)

in which en is a complex circular symmetric WGN. The reason for the choice
of this problem is related to the difficulty of its resolution: first, the signal
is composed with a few number of points and then the two peaks are very
closely spaced. For the matrix approach, we work with the matrix Û containing
the 2 dominant left singular vectors of the Hankel matrix H. For the tensor

approach, we work with the matrix Û
(3)

in the HOSVD (5.8) of the best rank-
(2, 2, 2) approximation of H. We conduct Monte Carlo experiments consisting
of Nruns = 1000 runs. The performance is expressed in terms of the RRMSE:

RRMSE =

[
1

Nruns

Nruns∑

i=1

|γ − γ̂i|2
] 1

2

· 100

γ
[%] (6.17)

where γ̂i is the estimate of the parameter γ in the ith run. It is a fact that,
when dealing with subspace-based processing, the dimension of the initial data
matrix is very important. But to our knowledge, no strong theoretical founda-
tion exists which enables to find easily the optimal matrix size, and we have
unfortunately the same problem for the tensor approach. However we wish to
compare the matrix and tensor approach in a consistent way, which means that
we must start with the optimal size for both the data matrix H and tensor H.
As far as the matrix approach is concerned, we could explore all the possible
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matrix sizes and determine for which one the performance of the algorithm
is optimal. This idea is used in [86] where it is explained that the HTLS al-
gorithm applied to a i × (N + 1 − i) Hankel matrix yields very good results
when i ∈ [N/3, 2N/3]. This is confirmed by figure 6.5. To compare with the
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Figure 6.5: RRMSE of ν2 at SNR=30 dB obtained for matrices of dimension
i× (N +1− i). The index corresponding to the highest accuracy is i = 15. The
performance curve for the other parameters exhibits exactly the same behavior.

tensor approach, we chose the optimal dimensionality (15×11). Following [86],
for the tensor approach, all possible values of I1, I2 have been tried with I3

constrained:

I3 = N + 2 − I1 − I2 = 27 − I1 − I2, (6.18)

and the result is shown in figure 6.6. The best results were obtained for tensors
that consist of a small number of vertical “slices” (I3 = 4, 5, 6). For these values
the results obtained by the tensor approach are consistently more accurate
than the best matrix results over a large range of values for I1 and I2. Like in
the matrix case, the best result is obtained for vertical slices that are slightly
rectangular. In this example we retained the optimal dimensionality (14×8×5).
Matrix and tensor results are compared, for varying SNR, in figure 6.7. The
average improvement in accuracy is given in table 6.1.
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Frequency Damping factor
pole 1 4.2 % 5.5 %
pole 2 5% 4.1 %

Table 6.1: Average improvement of the tensor approach compared to the matrix
approach in the single-channel case.

For the multi-channel case model (6.16) has been slightly modified as follows:

y
(q)
n = x

(q)
n + e

(q)
n

= c
(q)
1 exp{(−0.01 + 2jπ0.2)n} + c

(q)
2 exp{(−0.02 + 2jπ0.22)n}+ e

(q)
n ,

n = 0, 1, . . . , N = 24
q = 1, 2, . . . , Q = 12

pole 1 pole 2 noise

(6.19)

in which e
(q)
n is a different complex circular symmetric WGN sequence for each

channel q. The complex amplitudes c
(q)
k are drawn from a Gaussian distribution

with zero-mean and unit-variance for 1 ≤ k ≤ K = 2 and 1 ≤ q ≤ Q = 12. For
the matrix approach, we work with the matrix Û containing the 2 dominant left
singular vectors of the Hankel matrix H. For the tensor approach, we work with

the matrix Û
(1)

in the HOSVD (5.8) of the best rank-(2, 2, 2) approximation
of H. Note that the philosophy of the multi-channel case is very different
from the single-channel case: the data are arranged in a different way but
the matrices Hq (the “slices”) are not modified and therefore the dimension of
the subspace of interest remains unchanged. In this case there is a theoretical
foundation for the values of I3. For all dimensionalities the tensor algorithm
performs better than the matrix algorithm. The figures have been drawn for the
dimensionalities that lead to the most accurate results for the matrix algorithm.
We worked with a (13 × 13∗12)-matrix H and a (13 × 13 × 12)-tensor H.
Figure 6.8 shows that the tensor approach consistently yields better results.
Moreover the improvement increases as the noise level increases as shown in
figure 6.9. In the curves related to ν1 and ν2, this trend continues for σ > 0.4,
although α1 and α2 can no longer be accurately estimated.



6.3. Results 91

020400102030
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

I
1I

2

er
ro

r 
[a

.u
.]

5 10 15 20 25

5

10

15

20

25

I
1

I 2

Figure 6.6: Single-channel case. The upper plot is the error map of ν2 at
SNR=30 dB. It shows the RRMSE obtained for tensors of dimension I1×I2×I3

from which is subtracted the smallest RRMSE obtained for the matrix approach
(see figure 6.5). Therefore the indices for which the error is negative (below the
plane) correspond to a better performance of the tensor approach. The right
contour plot represents the 2-D projection of the surface for which the values
are negative. The indices corresponding to the highest accuracy are I1 = 14
and I2 = 8. The performance curve for the other parameters exhibit exactly
the same behavior.
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Figure 6.7: Comparison of the results from the matrix approach (+) and the
tensor approach (◦) in the single-channel case
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6.4 Conclusions

In this chapter we have introduced the basics of a multilinear algebra based
approach to harmonic retrieval in the single-channel and the multi-channel case.

The basis of the approach to single-channel data is the fact that the multi-
plicative (Vandermonde) structure of an harmonic signal allows to represent
this signal as a higher-order rank-1 tensor. We have demonstrated by means
of an example that the tensor approach may yield more accurate results than
its matrix counterpart. That is, it is in principle possible to increase the ac-
curacy. In practice one has to choose proper dimensions of the data tensor.
How to chose optimal dimensions is left as an open problem. However, the
gain in accuracy is quite modest. We conclude that, in its present form, the
single-channel tensor approach is rather of theoretical importance.

For multi-channel data it is very natural to work in a multilinear framework.
One simply stacks the different Hankel matrices, corresponding to the different
channels, in a third-order tensor, instead of putting them one after the other
in a big matrix. The tensor algorithm allows to exploit properties of the data
structure that are not being used in matrix techniques. From a computational
point of view, the iteration that computes the tensor approximation, is more
expensive than current algorithms for the estimation of the dominant subspace
of a matrix.

The idea presented in this chapter can be used to derive a tensor version of
the matrix approach to decimation-based harmonic analysis of oversampled
data [50]. This result is presented in the next chapter.
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Chapter 7

Exponential data fitting
using multilinear algebra:
the decimative case

The HTLSDstack method described in Chapter 2 can be applied to signals sat-
isfying the EDS model that can be decimated (downsampled). This approach is
particularly useful when signal poles are closely spaced because the decimated
sequences of such a signal can be seen as independent channels that allow for
an improved frequency separation. In this context a higher-order approach is
very useful to estimate the signal poles. In this chapter we show that the con-
cepts introduced in Chapter 5 can be used to derive tensor-based algorithms for
harmonic retrieval in the decimative case and we propose a higher-order coun-
terpart of the HTLSDstack algorithm, based on these concepts from multilinear
algebra. Basically, it consists of decimating an oversampled signal by a factor
D, making sure that no aliasing occurs. Each sequence is arranged in a Han-
kel matrix and the D Hankel matrices are stacked in a third-order tensor. A
dimensionality reduction algorithm is applied to the tensor and the resulting
subspace is used to retrieve the signal poles. It will be shown that this approach
more accurate than its matrix counterpart.

7.1 Introduction

The particular case of signals that can be decimated has been addressed in
Chapter 2, when introducing the HTLSDstack method. In this method, the
signal is decimated and each decimated sequence is considered as an indepen-

97
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dent channel. Each generated downsampled sequence x
(d)
n is arranged in a

Hankel matrix and these Hankel matrices are stacked in a big (block) Hankel
matrix. The K dimensional dominant subspace of this matrix spans the sub-
space in which lie the Vandermonde vectors whose generators are the signal
poles. In essence, the HTLSDstack and the HTLSstack techniques are similar.
This corresponds to the fact that the theoretical decomposition of H in (2.24)
is similar to that in (2.20). As noticed in Chapter 6, the repetition of the Van-
dermonde matrix V T in each block of H in (2.20), cannot be reflected by a
simple matrix SVD. It is therefore useful to work in a tensor framework. The
same argument applies to decimated data.

It will also become clear that for oversampled data, an unsymmetric tensor ap-
proximation allows to deal with effect of ill-conditioning, which is an additional
advantage of working in the framework of multilinear algebra.

In Section 7.2 a multilinear approach which allows one to take this property
into account is described. Then in Section 7.3 we show how the subspace of
interest can be estimated by means of dimensionality reduction of the data
tensor. Some additional comments on n-rank reduction of tensors are provided
in Section 7.4. An application of the tensor-based algorithm to simulated data
is given in Section 7.5 and finally Section 7.6 conclude the chapter.

7.2 Higher-order Vandermonde structure of dec-
imated data sequences

Let us form a (LD ×MD ×D) tensor H by stacking the D Hankel matrices Hd

in (2.22) one behind the other. This is visualized in Figure 7.1. An element
hi1i2i3 of this tensor is given by:

hi1i2i3 = x(i1−1)D+(i2−1)D+(i3−1) , (7.1)

where 1 ≤ i1 ≤ LD, 1 ≤ i2 ≤ MD, 1 ≤ i3 ≤ D, LD + MD − 1 = ND or (LD +
MD−1)D = N . As long as the latter constraint is verified, the dimensions of the
tensor may be chosen by the user. Let the one-dimensional noise-free complex
signal x̂n be a K-pole time domain signal modeled by equation (2.21). In what
follows, we assume that LD > K. If we replace each sample in Figure 7.1 by
this model, an element of the tensor can be expressed as follows:

hi1i2i3 =
K∑

k=1

ck

(
z
(i1−1)D
k . z

(i2−1)D
k . zi3−1

k

)
(7.2)
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x0 x1 x2 · · · xD xD+1 xD+2 · · · x2D x2D+1 x2D+2 · · · · · · · · · xN−1

frame 1

frame 2

frame 3

x2 xD+2 x2D+2 x3D+2 x(MD−1)D+2

xD+2

x2D+2

x3D+2

x(LD−1)D+2 xN−D+1

x1 xD+1 x2D+1 x3D+1 x(MD−1)D+1

xD+1

x2D+1

x3D+1

x(LD−1)D+1 xN−D

x0 xD x2D x3D x(MD−1)D

xD

x2D

x3D

x(LD−1)D xN−1−D

Figure 7.1: Construction of a tensor from Hankel matrices representing a dec-
imated signal. The dotted lines delimit the tensor while the dashed lines show
its partial Hankel structure.
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and therefore the tensor H is a weighted sum of third-order rank-1 tensors,
consisting of the outer product of three Vandermonde vectors:

H =

K∑

k=1

ck ·




1(
zD

k

)1
(
zD

k

)2
...(

zD
k

)LD−1




◦




1(
zD

k

)1
(
zD

k

)2
...(

zD
k

)MD−1




◦




1
z1

k

z2
k
...

zD−1
k




(7.3)

This can also be written as:

H = C ×1 S(1) ×2 S(2) ×3 S(3) (7.4)

in which C is the pseudo-diagonal (K × K × K)-core-tensor containing the K

complex amplitudes ck; S(1) ∈ CK×LD , S(2) ∈ CK×MD and S(3) ∈ CK×D are
Vandermonde matrices. Recall that the VDMD of a (L × M) Hankel matrix
H is given by:

H =

K∑

k=1

ck ·




1
z1

k

z2
k
...

zL−1
k




◦




1
z1

k

z2
k
...

zM−1
k




, (7.5)

= C ×1 S ×2 T , (7.6)

in which

S =




1 · · · 1
z1
1 · · · z1

K

z2
1 · · · z2

K
... · · ·

...

zL−1
1 · · · zL−1

K




, (7.7)

T =




1 · · · 1
z1
1 · · · z1

K

z2
1 · · · z2

K
... · · ·

...

zM−1
1 · · · zM−1

K




, (7.8)

C = diag (c1, . . . , cK) . (7.9)

In analogy with (7.6), decomposition (7.4) is called a HOVDMD. It is visualized
in Figure 7.2.
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H
=

c2

c1

cK




1 · · ·
1

zD
1 · · ·

zD
K

(zD
1 )2 · · · (zD

K)2
... · · · ...

(zD
1 )I1 · · · (zD

K)I1







1 zD
1 (zD

1 )2 · · · (zD
1 )I2

... ... ... · · · ...

1 zD
K (zD

K)2 · · · (zD
K)I2







1
z1

z
2
1

· · ·
z
I3
1

...

...

...
· · ·

...

1
zK

z
2
K

· · ·
z
I3
K




Figure 7.2: Visualization of the HOVDMD of H. This representation is equiv-
alent to the formal writing (7.3) for I1 = LD − 1, I2 = MD − 1 and I3 = D− 1.

7.3 Pole extraction

Notice that the 1-mode vectors of H are generated as linear combinations of
the Vandermonde vectors that form the columns of S(1) in (7.4). On the other
hand, the 1-mode vectors are also generated as linear combinations of the K
1-mode singular vectors of H that correspond to the non-zero 1-mode singular
values. Let the part of the HOSVD of H that corresponds to the non-zero part
of its core tensor be given by:

H = B̃ × Ṽ
(1) × Ṽ

(2) × Ṽ
(3)

, (7.10)

in which B̃ is a complex (K × min(K, MD) × min(K, D)) all-orthogonal (core)

tensor, Ṽ
(1)

, Ṽ
(2)

and Ṽ
(2)

are respectively a (LD ×K), (MD × min(K, MD))
and (D × min(K, D)) column-wise orthonormal matrix. We now have that

Ṽ
(1)

= S(1)Q, (7.11)

in which Q is a (K × K) nonsingular matrix. Equation (7.11) is the higher-
order equivalent of equation (2.30). One can proceed in the same way as in

Section 2.4 to compute the signal poles from Ṽ
(1)

. However, one comment has
to be made. The derivation so far assumed the absence of noise. If noise is
present, tensor H will not be exactly rank-(K × min(K, MD) × min(K, D)).
As explained in Chapter 5, the best rank-(K × min(K, MD) × min(K, D))
approximation of H and hence its dominant 1-mode subspace cannot in general
be obtained by mere truncation of the HOSVD. Instead we compute the best
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rank-(K × min(K, MD) × min(K, D)) approximation

Ĥ = B̂ ×1 V̂
(1) ×2 V̂

(2) ×3 V̂
(3)

, (7.12)

in which B̂ is a complex (K × min(K, MD) × min(K, D)) all-orthogonal (core)

tensor, V̂
(1)

, V̂
(2)

and V̂
(3)

are respectively a (LD ×K), (MD × min(K, MD))
(D × min(K, D)) column-wise orthonormal matrix, and we estimate the signal

poles from V̂
(1)

.

7.4 Some comments on n-rank reduction

In the preceding section, we showed that it is natural to compute the sig-
nal poles from the best rank-(K, min(K, MD), min(K, D)) approximation of
H. However, only the mode-1 K-dimensional dominant subspace is of interest.
In this case, the following theorem shows that it is not necessary to confine
ourselves to a rank-(K, min(K, MD), min(K, D)) approximation of tensor H:

Theorem 7.1 Consider a tensor A ∈ CI1×I2×I3 that is rank-(R1, R2, R3). Let
the HOSVD of A be given by

A = B ×1 V (1) ×2 V (2) ×3 V (3).

Then the best rank-(R1, R2, R̃3) approximation of A, with R̃3 < R3, is obtained

by truncation of B and V (3).

Proof: Let the best rank-(R1, R2, R̃3) approximation of A be equal to Ã, and
let its HOSVD be given by

Ã = B̃ ×1 Ṽ
(1) ×2 Ṽ

(2) ×3 Ṽ
(3)

. (7.13)

By definition, the unitary matrices Ṽ
(1)

, Ṽ
(2)

, Ṽ
(3)

maximize [22]:

g
(
Ṽ

(1)
, Ṽ

(2)
, Ṽ

(3)
)

=

∥∥∥∥A×1 Ṽ
(1)H

×2 Ṽ
(2)H

×3 Ṽ
(3)H
∥∥∥∥

2

(7.14)

=
∥∥∥
(
B ×1 V (1) ×2 V (2) ×3 V (3)

)

×1Ṽ
(1)H

×2 Ṽ
(2)H

×3 Ṽ
(3)H
∥∥∥∥

2

(7.15)

=

∥∥∥∥B ×1

(
Ṽ

(1)H

· V (1)

)

×2

(
Ṽ

(2)H

· V (2)

)
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×3

(
Ṽ

(3)H

· V (3)

)∥∥∥∥
2

. (7.16)

For any given choice of V (3), the function g reaches its maximal value for

Ṽ
(1)

= V (1), Ṽ
(2)

= V (2). Substitution in (7.13) yields:

max
Ṽ

(1)
,Ṽ

(2)
g
(
Ṽ

(1)
, Ṽ

(2)
, Ṽ

(3)
)

=

∥∥∥∥B ×3

(
Ṽ

(3)H

· V (3)

)∥∥∥∥
2

(7.17)

=

∥∥∥∥
(
B ×3 V (3)

)
×3 Ṽ

(3)H
∥∥∥∥

2

. (7.18)

In (7.18), B×3V (3) is itself an HOSVD. From the properties of the HOSVD [21,

Prop. 9, p. 1267], it follows that (7.18) is maximal when Ṽ
(3)

is taken equal

to the left (I3 × R̃3) submatrix of V (3) . In that case we have

Ṽ
(3)H

· V (3) =
[
IR̃3×R̃3

0R̃3×(R3−R̃3)

]
, (7.19)

in which IR̃3×R̃3
and 0R̃3×(R3−R̃3)

are the (R̃3 × R̃3) identity matrix and the(
R̃3 × (R3 − R̃3)

)
zero matrix, respectively. The corresponding core tensor B̃

is obtained from

B̃ = A×1 Ṽ
(1)H

×2 Ṽ
(2)H

×3 Ṽ
(3)H

(7.20)

= B ×1

(
Ṽ

(1)H

· V(1)

)
×2

(
Ṽ

(2)H

· V (2)

)
×3

(
Ṽ

(3)H

· V (3)

)
(7.21)

= B ×3

[
IR̃3×R̃3

0R̃3×(R3−R̃3)

]
, (7.22)

i.e., it is simply obtained by truncation of B.
Taking a value for R̃3 that is strictly lower than R3 is particularly useful when
the smallest mode-3 singular values of A are in the order of magnitude of
the noise level. It is then numerically preferable to extract the dominant R̃3-
dimensional mode-3 vector space.
Let us now turn back to the problem. The decimative approach is most often
used in the case where poles are very close. This means that, in equation (7.4),

the Vandermonde matrix S(3) is very ill-conditioned because its generators are
very close in the complex z-plane. The matrices S(1) and S(2) are less ill-
conditioned because of the decimation: the generators {zD

k } are less close than
the generators {zk} when the damping factors are not too large. The condition
of the problem can be easily evaluated by inspecting the mode-n singular values
in the HOSVD of H. If, for instance, there is a large gap between the 3-mode
singular values, it is better to compute the best rank-(K, min(K, MD), K ′)
approximation of H with K ′ < min(K, D). Concentrating on the dominant
part of H increases the robustness.
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Below, we outline the algorithm in the decimative case. This algorithm is called
HO-HTLSDstack standing for Higher-Order HTLSDstack.

Algoritm 7.4
HO-HTLSDstack

Input: data samples xn, n = 0, . . . , N − 1, decimation factor D, and model
order K.
Output: âk, ϕ̂k, α̂k, ν̂k, k = 1, . . . , K.

Step 1: Decimate xn by a factor D making sure that no aliasing effect oc-
curs (filter out frequencies higher than max νk) and obtain D decimated

sequences x
(d)
n . For simplicity it is recommended that N is an integer

multiple of D.

Step 2: For every signal x
(d)
n , d = 1, . . . , D, arrange the data points x

(d)
n , n =

0, . . . , N/D− 1 in a (LD ×MD)-Hankel matrix Hd, ND = LD +MD − 1,
ND = N/D, LD > K, MD.D ≥ K as follows:

Hd =




x
(d)
0 x

(d)
1 x

(d)
2 · · · x

(d)
MD−1

x
(d)
1 x

(d)
2

... · · ·
...

x
(d)
2

...
... · · ·

...
...

...
...

... x
(d)
ND−2

x
(d)
LD−1 · · · · · · x

(d)
ND−2 x

(d)
ND−1




,

It is recommended to have Hd as square as possible.

Step 3: map x̂
(d)
n to a (LD × MD × D)-tensor H as in figure 7.1 (see equa-

tion (7.1))

Step 4: find the best rank-(K, min(K, MD), K ′) approximation of H with K ′ ≤
min(K, D) (for instance, by applying the HOOI algorithm [22, Sec. 4.1]),

and let the columns of V̂
(1)

form a basis for the dominant K-dimensional
subspace

Step 5: form the following overdetermined set of equations

V̂
(1)↑ ≈ V̂

(1)

↓ Z ,

with Z= Q−1ZQ. The matrices V̂
(1)↑

and V̂
(1)

↓ are derived from V̂
(1)

by omitting its first and last row respectively.

Step 6: compute an estimate of Z by solving the above set of equations in the
TLS sense.
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Step 7: compute the eigenvalues of Z. Once Z is estimated, its eigenvalues
λk yield an estimate of the decimated signal poles zD

k :

λk = ẑD
k = exp {(−α̂k + 2πjν̂k)D∆t}

Step 8: Finally using the estimates ẑk, k = 1, . . . , K, and the nondecimated
signal sample xn, n = 0, . . . , N − 1 compute the LS solution ĉk =
âk exp{jϕ̂k} of




1 · · · 1
ẑ1
1 · · · ẑ1

K

ẑ2
1 · · · ẑ2

K
...

...
...

ẑN−1
1 · · · ẑN−1

K




·




c1

c2

...
cK


 =




x0

x1

x2

...
xN−1




7.5 Results

7.5.1 Two-peak, undamped signal

This example is taken from [50]. The signal consists of two undamped com-
plex exponentials (K = 2) contaminated by complex circularly symmetric
WGN. The true parameters are: ν1 = 0.2 Hz, ν2 = 0.205 Hz, a1 = a2 = 1,
α1 = α2 = 0, ϕ1 = ϕ2 = 0, ∆t = 0.1 and n = 1, . . . , 1000. The normalized
frequencies are 0.02 and 0.0205, respectively, which allows for a decimation
factor D = 10 without risk of aliasing. A Monte-Carlo simulation consisting
of 100 independent runs is carried out. The results shown in Figure 7.3, are
formulated in terms of a relative measure of the RMSE with respect to the
noise standard deviation. This measure is calculated as follows:

RRMSE(νk) =
1

Nruns
·

√√√√
Nruns∑

i=1

(ν̂k,i − νk)2 · 100

0.5 × |ν2 − ν1|
(7.23)

where ν̂k,i is the estimate of νk at run i and Nruns is the number of trials. For
instance, RRMSE(ν1)< 100% means that the frequency ν1 is on the average in
the interval [ν1−|ν2−ν1|/2, ν1+|ν2−ν1|/2]. Note that this value does not mean
that the estimates are not consistent since the RRMSE is an average value. The
measure is only a way to compare the accuracy of the results to |ν2 − ν1|/2;
the value 100% can be considered as a conservative threshold. For the matrix
approach, the parameters are computed from the dominant column subspace
U ∈ C50×2 of the matrix H ∈ C50×500 (see equation (2.24)). Concerning the
tensor approach, we performed a best rank-(2, 2, 2) and a best rank-(2, 2, 1)
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Figure 7.3: Comparison of the tensor and the matrix approach for the two-peak,
undamped example, in decimative pole estimation.
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approximation of the third order tensor H ∈ C50×50×10. Then we used the

1-mode dominant subspace V̂
(1) ∈ C

50×2 to estimate the parameters. We used
square submatrices which leads to the best performance of HTLSDstack [50].
From Figure 7.3 it is clear that for high SNR the tensor approach and the
matrix approach perform nearly the same although the tensor approach is
slightly more accurate. However, the tensor approach is more robust when
the SNR decreases. Moreover Figure 7.3 shows that the best rank-(2, 2, 2)
approximation is less reliable than the best rank-(2, 2, 1) approximation. The
reason is that mode-3 subspace is ill-conditioned.

7.5.2 Two-peak, damped signal

We consider two closely spaced peaks whose parameters are: ν1 = 0.2, ν2 =
0.22, a1 = a2 = 1, α1 = 0.01, α2 = 0.02, ϕ1 = ϕ2 = 0, ∆t = 0.04 and
n = 0, . . . , 624. The decimation factor is D = 25. The Monte-Carlo simulation
consists of 100 trials. In this example we used the best rank-2 approximation
of the (13 × 325) matrix H and the best rank-(2, 2, 1) approximation of the
(13×13×25)-tensor H. The results, shown in Figure 7.4, show that the tensor
approach is clearly more accurate than the matrix approach when the noise
standard deviation higher is than 0.1. Below this value, the improvement given
by the tensor approach is not significant.

7.6 Conclusions

In this chapter we have considered harmonic analysis of a signal whose poles
are very close. When the signal can be downsampled it is possible to use so-
called decimative methods. Currently, an effective matrix-based technique is
the HTLSDstack algorithm. Starting from this approach, we have shown that
we can store the data in a third-order tensor instead of a matrix. The tensor
formalism allows one to take into account a structure in the third mode of the
tensor that is not exploited in the matrix-based algorithms.

We have derived a higher-order version of HTLSDstack and we have shown that
this tensor technique is more robust against noise than its matrix counterpart.
To some extent, this is due to the fact that the tensor framework offers more
versatility in terms of the choice of dimensions of the approximation. This
allows one to take into account the ill-conditioning in the third mode of the
tensor.
The price has to be paid in terms of heavier computations. HTLSDstack only
requires the SVD of the stacked data matrix H. On the other hand, in the
HOOI algorithm each iteration step implies 3 SVDs (of smaller matrices). In
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Figure 7.4: Comparison of the tensor and the matrix approach for the two-peak,
damped example, in decimative pole estimation.
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our simulations, this ALS procedure typically required between 3 and 15 loops
to converge, depending on the level of noise.

As a higher-order extension of HTLSDstack, the HO-HTLSDstack method can
be applied in the case where signals have closely spaced sinusoids. Typically
this kind of signals can be found in MRS [50, 49]. However as long as the possi-
bility is given to increase the sampling rate when signals are acquired, the HO-
HTLSDstak can be used. Typical applications, for which the technique may be
useful include audio processing, material health monitoring, EEG monitoring,
seismology.
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Chapter 8

Conclusions and Further
Research

In this last chapter, findings and conclusions of the presented work are summa-
rized. As research is a never ending story, some possible directions for further
research are suggested. We proceed on a topic-by-topic basis.

8.1 Conclusions

In this thesis we developed a consistent set of signal processing tools for ex-
ponential data modeling. We only considered subspace-based methods. First
we derived a novel algorithm for model order detection based on the shift-
invariance property of the signal subspace. The second contribution tackles
the important problem of extracting common information from multi-channel
signals. Then three higher-order counterparts of matrix-based methods have
been derived for the estimation of the model parameters.

Model order detection

Model order selection is a necessary step in exponential data fitting. We have
developed a new subspace-based method called SAMOS for the model order
detection. This method does not require the setting of any penalization term or
threshold. Moreover it is not assumed that noise is gaussian. Like ESTER [72],
this method is based on the shift-invariance property of the signal subspace.
To our knowledge, SAMOS and ESTER are the only methods that exploit such

111
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a property in order to provide an estimate of the model order. We have seen in
simulations involving synthetic signals, that the detection rate is much better
than that of ESTER. The latter was already outperforming existing ITC-based
approaches.

Common pole estimation

We have studied a novel subspace-based method, called MUSCLE, for common
pole estimation in the multi-channel case. This technique has been proven to
be useful in EEG monitoring and material health monitoring, but is not re-
stricted to these fields. The method is easy to implement, very robust and can
be applied to an arbitrary number of channels. Moreover, to our knowledge, no
competing method exist for a number of channels higher than two. Accurate
estimation of the model order for each channel is sometimes difficult. However,
we have shown, in the new method, that a slight overestimation of the individ-
ual model orders does not affect the accuracy of the common pole estimation.
In the two-channel case, it is possible to compare MUSCLE to the HTLS-SEP
technique. Monte Carlo simulations demonstrated that the new method was
much more robust and yet less complex.

Exponential data fitting using multilinear algebra

The separation of complex exponential signals can be addressed in a multi-way
framework. We have mapped the signals to third-order tensors and extracted
the signal subspace by means of a higher-order dimensionality reduction algo-
rithm. We could estimate the model parameters in a more accurate way than
with the conventional matrix approach.

1) The single-channel case

In the single-channel case, we stacked the signal samples in a third-order tensor
having a full Hankel structure. The theoretical decomposition of this tensor
showed a higher-order Vandermonde structure. Making use of the shift invari-
ance property of the subspaces we could extract the model parameters via TLS.
Our goal was to show that (i) the single-channel problem can formulated in a
multilinear framework, and that (ii) for certain dimensions, the tensor tech-
nique may consistently yields better results than the matrix algorithm.
Therefore, in its present form, the result is rather of theoretical importance.

2) The multi-channel case

In the multi-channel case, defining the optimal dimensions was not a problem.
It was already proven that in the matrix case, stacking square Hankel matrices
yields to very good results. In the tensor-based method, the Hankel matrices
were simply stacked in a third-order tensor. The performance of the tensor
approach in the multi-channel case is always better than the matrix-based
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approach.

3) The decimative case

We have studied harmonic analysis in the case of a signal whose poles are very
close. When the signal can be downsampled it is possible to use so-called dec-
imative methods. Decimating a signal amounts to artificially generate several
channels. Currently, an effective matrix-based technique is the HTLSDstack
algorithm.
In this context it is possible to use the same method as for the multi-channel
case. With the tensor formalism, we could take into account the structure that
was not exploited by the HTLSDstack algorithm. Moreover, we have used the
rank properties of tensors in order to circumvent the problem of ill-conditioning
occuring in the mode-3 subspace. We have derived a higher-order version of
HTLSDstack and we have proven that this tensor technique is more robust
against noise than its matrix counterpart.

8.2 Further research.

Model order detection

One of the key-steps in SAMOS is the use of the noise-related singular values
of a stacked matrix in order to determine the model order. These singular
values should be zero. However in the presence of noise they are not. So
far our detection criterion simply consists of the sum of these singular values.
However, this may not be the best criterion. A following step in this research
would be to investigate whether exploiting knowledge of the noise distribution
leads to an even better detection criterion.
Another issue is the computational complexity of this algorithm. Although it
is quite simple to implement, it requires the computation of SVDs of matrices
that incrementally become bigger and bigger. Updating the SVD as soon as a
new column is added, would be computationally less expensive.

Common pole estimation

MUSCLE benefits from a slight overestimation of the true model order in each
channel, especially at high levels of noise. It would interesting to check whether
there exists an overestimation factor yielding optimal results. Another idea
is to combine SAMOS and MUSCLE in order to have an algorithm able to
automatically determine the number of common poles.

Exponential data fitting using multilinear algebra

In our study of exponential data fitting using multilinear algebra, a key-step is
the dimensionality reduction of the data tensor. This reduction was achieved
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using the HOOI algorithm, which is of the ALS type and can be computation-
ally expensive. Further research is necessary to decrease the computational cost
of the rank reduction algorithm. A Rayleigh Quotient Iteration (RQI) method
for tensor n-mode rank reduction has already been derived [19]. The use of this
algorithm, or other numerically more sophisticated procedures, would reduce
the computation time.

For the single-channel case, we are currently investigating whether the optimal
tensor dimensionality may be predicted by first-order perturbation analysis [20].
Like in the decimative case, it may be advantageous to consider unsymmetric
tensor approximations, where one of the mode-n ranks is strictly smaller than
the number of exponentials. If this is the case, then the choice of the optimal
dimensionality would be less crucial.



Appendix I

On-line detection method
for transient waves applied
to continuous health
monitoring of carbon fiber
reinforced polymer
composites with embedded
optical fibers

This appendix describes a fast algorithm for the detection of transient signals.
This method has been developed in the material health monitoring framework.
However it can be applied in any other field where transient signals, such as
EDS signals, have to be rapidly detected.

I.1 Introduction and Context

The long term behaviour of composite materials, subject to environmental,
thermal and/or mechanical loading is still not very well known. This often
leads industry to set high safety margins or to over-design. The advantage of
composite materials is to be found in their low weight and hence high spe-
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cific strength and stiffness. Therefore, it is of major interest to study their
mechanical resistance to damage.

Damage processes inside composite materials are very complex, and the oc-
currence of damage modes is difficult to foresee. For carbon fiber reinforced
polymer (CFRP) composite materials, a nondestructive test (NDT) technique
of stress and strain sensing has been worked out based on the microbending
concept[6] . It consists in embedding optical fibers into the material. A set
of propagating waves1 is generated whenever damage occurs in the composite
material. These waves can be detected by the optical fibers as a transient signal
that modulates the light intensity.

An assessment of this theoretical framework is given in [69, 70, 71, 68] where
thin plates of CFRP composite materials (with embedded optical fibers) have
been damaged during a tensile test up to the complete fracture. A laser light
with constant power is put on one side of the embedded optical fiber and the
overall light intensity is measured on the other side. The conclusions of these
investigations show that some modulations of the optical signal intensity that
coincide in time with damage-related waves can be detected during damage
development.

Thus it is of considerable interest to identify short-duration nonstationarities
in the observed signal. Indeed our problem is the detection of single or multi-
ple narrowband transient signals buried in ambient nonstationary colored noise
plus possibly some discrete components due to tonals. This is a typical problem
of damage detection where ”rare” events carrying information about damage
have to be detected within a time-domain signal. In the case of transient signal
detection, making an optimal time detector assumes at least knowledge of the
model of the noise and the signal. Unfortunately, the signal parameters, such as
time of occurrence, shape or frequency content as well as the noise behaviour,
are not a priori known. In such conditions, making use of the cumulative sum
(CUSUM) or the generalized likelihood ratio (GLR) algorithms[5] for detecting
changes, for instance in the autoregressive (AR) coefficients and the input vari-
ance of the signal, becomes very difficult if the signal-to-noise ratio (SNR) is
low. Processing the data in other domains, such as time-scale or time-frequency,
can improve the detection rate. For instance, an efficient wavelet-based detec-
tor using a high order statistics(HOS)-based criterion[66] has been investigated
in stationary white gaussian noise conditions. The detection of transient signals
in unknown but stationary colored noise is addressed in a general way in the
wavelet domain, as well as in the time-frequency domain[98, 99, 100, 101, 34] .
This detector is based on Nuttall’s power-law detector[55] and shows very nice
properties concerning the detection of short-duration transient signals having
an unknown structure. Therefore the goal of this study is to adapt this constant

1In the case of thin plates, as used here, two main modes are generated : the flexural
mode and the longitudinal mode
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false alarm rate (CFAR) power-law detector to slowly nonstationary colored
noise. By slowly-nonstationary is meant that the noise level in each discrete
Fourier transform (DFT) bin varies slowly compared to the local nonstation-
arities due to the events. Making a robust detector requires that the detection
criterion adapts itself to the noise level and remains stable. Z.Wang’s CFAR
power-law detector uses indeed an estimate of the noise level which is optimal
only in the case of stationary noise and which is not valid anymore in the pres-
ence of the transient signal. Noise level estimation[94, 48, 1] has been widely
and intensively investigated particularly in the framework of speech enhance-
ment. In general, noise estimation is processed in the time-frequency domain
by filtering the so-called time-trajectories[2]. That is the principle which is used
in this appendix : the noise is estimated according to Wiener filter theory on a
bin-by-bin basis and is recursively smoothed taking into account the previous
estimates[76]. This spectral subtraction method is used here in a dual way :
a pure signal enhancement and a self-adaptive estimate of the noise level in
each frequency bin. The main point is that the noise estimation continues even
during the ”activity” period. Indeed the novelty is to derive new versions from
the improved CFAR power-law detector[99] and to apply these in a successful
way to a one-dimensional signal containing a high level of slowly-nonstationary
additive colored noise, as shown in picture I.1.

This appendix is organized as follows. Section I.2 describes the main charac-
teristics of a transient signal and the preprocessing step to be applied to the
time-domain input signal. Section I.3 explains the principle of the power-law
detector and section I.3.1 gives tools to improve the sensitivity of this detector.
Eventually, section I.4 gives the formulation of three different new detectors
and compares their respective sensitivity.

I.2 Signal characteristics and representation

Whenever damage occurs, a set of propagating waves is produced inside the
material and on its surface. The passage of these waves over the embedded
fiber locally modifies the optical and geometrical fiber properties, inducing a
fluctuation of light intensity. This is what is measured as a transient signal
and is called an event. But although the mechanical waves are exponentially
damped, the optical events can take other shapes. This is due to quite complex
deformation phenomena induced by the mechanical waves propagating through
the optical fiber (OF). It turns out that there is a very high level of background
noise and it is difficult to visually see where all the interesting transients are.
Moreover the frequency content can be different for different events (see fig-
ure I.2). Transient signals could in the most general case be defined as follows.
They :
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Figure I.1: The optical signal buried by a high level of non-stationary colored
noise. a) time-domain representation, b) time-frequency representation.
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Figure I.2: Spectral content for 3 different events
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• have very short duration in time compared to the observation period,

• have an effect, at the time of occurrence, on the signal properties or state.
These changes occur sufficiently rapidly, so they are not confused with
the slow nonstationarities that might be present in the noise.

In the real world these changes are expressed as a fast energy rise in the time-
domain signal, which decreases as soon as it has reached its maximum. It is
most likely exponentially decaying and the rising front may be so abrupt that
a truncated pure decaying exponential (I.1) can be a convenient model[66, 99]
as depicted in figure I.3.

s1(t) =

{
Ae−α(t−t0) t ≥ t0

0 elsewhere
(I.1)

α is the so-called damping factor, and AM = A is the (maximum) amplitude

{

Transient support

t0 = tM

AM

s1(t)

t

Figure I.3: The damped exponential model

at t = t0, the beginning of the transient. As an alternative, the sum of two
damped exponentials can also be considered :

s2(t) = A
e−αt − e−βt

β − α
, t ≥ 0 (I.2)

The shape depicted in figure I.4 is more realistic in the case of a sufficiently
high sampling rate of the observed signal.

There are several reasons for which we processed the signals in the frequency
domain :

• signals can be processed in real-time,
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{
Transient support

t0 tM

AM

s2(t)

t

Figure I.4: The sum of two damped exponentials, tM = (ln β − lnα)/(β − α).

• interpretation in this transform domain is quite simple,

• several smooth and robust noise estimators exist,

• abrupt changes in the time-domain signal can also be better emphasized
in the frequency domain,

• power-law detectors work remarkably well when applied to frequency
components.

In what follows, we consider a bandlimited, sampled noisy optical signal x(i).
i denotes the sampling time index and we compute the discrete short-time
Fourier transform as follows. The signal x(i) is transformed into the frequency
domain by applying a window function w(i) to a frame of L consecutives sam-
ples of x(i) and by computing the fast Fourier transform (FFT) of size L of the
windowed signals. Before the next FFT computation the window is shifted by
I samples. This sliding window FFT, depicted in figure I.5, results in a set of
frequency-domain signals which can be represented as :

X(λ, k) =

L
2∑

µ=−L
2

x(λI + µ)w(µ)e−2jπ kµ
L (I.3)

where λ is the subsampled time index centered on the middle of the window,
λ ∈ Z, and k is the frequency bin index, which is related to the normalized
center frequency ωk by ωk = 2πk/L. Every time interval ∆t = tk−tk−1 = I/fs,
a new set of frequency components X(λ, k) is rowwise stored into a matrix.
It is very well known that applying an apodization window different from a
rectangular window limits the influence of the high frequency components on
their nearest neighbours. This influence has a very small impact in the presence
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Figure I.5: Principle of the sliding window FFT
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of the noise only but the independence of frequency components can be locally
lost in case of a sudden rise of a frequency component. Preserving maximal
independence may help the power-law detector described in section I.3 to reach
optimal performances. Typically we use a Hanning window. In the sequel of
the appendix a dual notation will be used for X . The time index λ is written
as a subscript while the frequency bin index k within the brackets is replaced
by its related normalized center frequency ωk : X(k, λ) ≡ Xλ(ωk).

I.3 Transient detection

First let us assume that the noise n(i) is stationary white and Gaussian. Un-
der the signal-absent hypothesis H0, pre-processing and squaring the discrete
Fourier magnitude components yields independent and identically distributed
(iid) exponential random variates[64]. Under the signal-present hypothesis H1,
the transient signal occupies an arbitrary set of M frequency bins amongst a
total number of K and Nuttall[55] assumes that the signal-bearing set S of size
M is also exponentially distributed but with a different parameter β1 6= β0 :

H0 : p(X2
λ) =

K∏
k=1

1
β0

e−
X2

λ
(ωk)

β0

H1 : p(X2
λ) =

∏
k 6∈S

1
β0

e−
X2

λ
(ωk)

β0 · ∏
k∈S

1
β1

e−
X2

λ
(ωk)

β1

(I.4)

According to this assumption a power-law detection criterion has been devel-
oped :

T (X2
λ) =

K∑

k=1

(
X2

λ(ωk)
)ν

(I.5)

with ν an adjustable exponent and its CFAR version is introduced by the same
author :

T (X2
λ) =

∑K
k=1

(
X2

λ(ωk)
)ν

(∑K
k=1 X2

λ(ωk)
)ν (I.6)

Although by construction (I.6) is not affected by a scale factor it performs worse
than (I.5) even if only stationary white Gaussian (WG) noise is used. Since the
detector (I.5) works for stationary WG noise with known noise power, it has
been extended by Wang[99] to stationary colored noise with unknown power :

T (X2
λ) =

K∑

k=1

(
X2

λ(ωk)

X2
λ−1(ωk)

)ν

(I.7)

with

X2
λ−1(ωk) =

1

λ − 1

λ−1∑

l=1

X2
l (ωk) (I.8)
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X2
λ−1(ωk) represents a smoothed estimation of the mean value of X2 in the

frequency bin ωk, up to the time index λ − 1. If we assume that at time
index λ− 1, X2(ωk) is still under hypothesis H0, i.e. exponentially distributed
with parameter 1/β0 then the log-likelihood function yields an estimator of

the mean β0 = X2
λ−1(ωk) defined in (I.8). Thus since the variance of such a

variate is β2
0 , then X2(ωk)/X2(ωk) is approximately exponentially distributed

with parameter 1. It is clear that (I.7) is hence a self-normalizing version
of (I.5). This is very important because preprocessing colored noise requires
a self-normalization since the variance and the mean strongly depend on the
location of the frequency bin : the lower the frequency, the higher the mean
and the variance of X2(ωk). In our signal, no a priori information is known
about the frequency content of transients. It turns out that 1.5 < ν < 2 is
a good choice when information about the number of active frequency bins
M is completely unknown. But as a matter of fact, the sensitivity of T (X)

can be improved. Actually, X2
λ(ωk) oscillates around X2

λ−1(ωk) so the ratio
has a mean equal to 1. In the presence of noise-only it can be assumed that
X2

λ−1(ωk) ≈ X2
λ(ωk). When a transient is present at time index λ then the

ratio, and hence T (X), increases abruptly because the estimate X2
λ−1(ωk) is

very smooth while the variance and mean of X2
λ(ωk) increase abruptly. It is

now straightforward to see that the lower X2
λ−1(ωk) the higher the sensitivity

of T to the presence of an additional signal :

H1, λ =⇒ T (X2
λ) =

K∑

k=1

(
N2

λ(ωk) + ∆(ωk)

X2
λ−1(ωk)

)
(I.9)

where ∆(ωk) is a supplementary amount of energy in the frequency bin k due to

the sudden presence of a transient. ∆(ωk)/X2
λ−1(ωk) is a smoothed SNR which

influences directly the sensitivity of T (X). This result is normal but it must be
emphasized here that a low residual signal could lead to a higher variance of
T (X) if X is not correctly smoothed and hence that could lead to a higher false
detection rate. In the next section it is shown that under some assumptions the
noise can be recursively estimated and updated frame-to-frame. A new signal
with a higher SNR can be reconstructed after spectral subtraction.

I.3.1 SNR improvement

The goal is to emphasize the abrupt changes that can possibly occur in a given
frequency bin by estimating continuously the noise level within it. Practically,
the more the bursts are emphasized, the more robust the final detection crite-
rion. In this section we have to make several assumptions. A quick observation
of the signal shows that most of the time the signal consists of pure noise. That
means the largest amount of information we get is from the noise itself. In other
words the probability that a data segment contains only noise is much higher
than the probability that this segment also contains a transient. Although this
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assumption is not satisfied close to the final fracture we will consider it is true
no matter what occurs close to the fracture because most of final events are
high energy events and consequently easily detectable. Two possible situations
are to be considered :

H0 : x(i) = n(i)
H1 : x(i) = s(i) + n(i)

(I.10)

where x(i) is the processed signal, n(i) the noise, and s(i) the ”clean” signal. H0

is referred to as the signal-absent hypothesis, and H1 is the signal-present one as
already defined in section I.3. In this context, under H1 is it crucial to assume
additivity of noise with the transient. In any hypothesis, H0 or H1, we must
assume the quasi-stationarity of n(i) within each processed time data-segment
so that it makes sense to associate with this variate a linear tranformation
such as the Fourier transform (ergodicity is assumed). If n = [n(1)...n(L)] is
a realization of a stationary process then T F{n(i)}2 = N2(ωk), where T F{·}
stands for the Fourier transform operator, is at least a rough approximation
of the true power spectral density (PSD) of the noise PN (ωk) = T F{CN}
where CN is the true correlation function of the noise. The noise n(i) and the
transient s(i) must be assumed uncorrelated so that we can claim the additivity
of the PSD’s :

PX(ωk) = PS(ωk) + PN (ωk) (I.11)

The changes due to the transients present in the frequency components must
be much more abrupt than the change due to nonstationarities present in the
noise. That amounts to assuming the quasi-stationarity of the noise during the
presence of the signal-of-interest. In the sequel a noise estimator is described
which has been developed by Sovka[76] according to these assumptions.

I.3.2 Noise level estimation

In the case of uncorrelated signals n and s the linear estimator of n which
minimizes the mean-square error is :

N̂(ωk) = HN (ωk) · X(ωk) =

√
PN (ωk)

PS(ωk) + PN (ωk)
· X(ωk) (I.12)

HN is the so-called Wiener filter. The use of these complex power spectra
is not very handy and one often uses the magnitude spectra approximation.
Moreover it is only possible to have a reliable estimation of the noise using the
past samples. Hence, the noise estimation at time index λ will be given by :

|N̂λ+1(ωk)| = HNλ
(ωk) · |Xλ+1(ωk)| =

(
|Nλ(ωk)|2

|Sλ(ωk)|2 + |Nλ(ωk)|2

) 1
2

· Xλ+1(ωk)

(I.13)
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where | · | denotes the modulus, |Nλ−1(ωk)| is a smoothed estimate of the noise
spectrum, and |Sλ−1(ωk)| is a smoothed estimate of the transient spectrum
calculated as follows :

|Sλ−1(ωk)| = |Xλ−1(ωk)| − |Nλ−1(ωk)| (I.14)

where
|Nλ(ωk)| = r · |Nλ−1(ωk)| + (1 − r) · |N̂λ(ωk)| (I.15)

r is the so-called exponential forgetting factor with 0 < r < 1. This is strictly
equivalent to a first order IIR filter whose unit sample response is :

h(λ) = (1 − r) rλ.u(λ) with u(λ) =

{
1 λ ≥ 0

0 λ < 0
(I.16)

Although it is sufficient to have an estimate of the noise to implement the pro-
posed detector, it can be useful to reconstruct the signal so that the general im-
provement over all frequencies can be visually appreciated. The reconstructed
signal can also be further analyzed off-line with other signal processing tools.

I.3.3 Spectral subtraction estimator – signal reconstruc-
tion

According to the additive noise model and the linearity of the Fourier trans-
form, we have :

x(i) = n(i) + s(i)
⇓

|X(ωk)|ejθX (ωk)

︸ ︷︷ ︸
X(ωk)

= |N(ωk)|ejθN (ωk)

︸ ︷︷ ︸
N(ωk)

+ |S(ωk)|ejθS(ωk)

︸ ︷︷ ︸
S(ωk)

(I.17)

The spectral subtraction filter H(ωk) is calculated by replacing the noise spec-
trum N(ωk) which can be readily measured. The magnitude |N(ωk)| of N(ωk)

is replaced by its estimate |N̂(ωk)| updated during online processing according
to the method depicted in section I.3.2 and the phase ejθN (ωk) of N(ωk) is
replaced by the phase ejθX(ωk) of X(ωk). It results in the spectral subtraction
estimator :

Ŝ(ωk) = H(ωk) · |X(ωk)|ejθX (ωk) = [|X(ωk)| − |N̂(ωk)|]ejθX (ωk) (I.18)

which can be rewritten in term of the noise estimator HN :

Ŝ(ωk) = {|X(ωk)| − HN (ωk) · |X(ωk)|}ejθX(ωk) (I.19)

and therefore
H(ωk) = 1 − HN (ωk) ∀ ωk (I.20)

At this step, the denoised signal ŝ(i) can be reconstructed using the overlap-add
(OLA) method [2].



I.4. Results and discussion 127

0 0.5 1 1.5 2 2.5 3 3.5 4
−3

−2

−1

0

1

2

3

4

5

Time [s]

A
m

pl
id

ut
e 

[a
u]

Figure I.6: Theoretical transient signal

I.4 Results and discussion

The proposed method is not really automatic : it requires a special study of its
parameters for each application. The first parameter to be tuned is the FFT
window length. The whole study is based on the abrupt variation of the fre-
quency components when a transient is being processed. Embedding a transient
in only one window is a good criterion for the segmentation of the time-domain
signal because this choice typically leads to the most abrupt change in the spec-
tral components. However, it not always possible since the transient can have
various lengths. It turns out that most transients with low SNR have a length
lower than 300 samples while high SNR events are likely spread out over 1000
samples in length. According to this observation a window length of about 256
samples leads to a very good segmentation . But using such a small window
affects the accuracy of the Fourier transform resulting into crude estimates of
the frequency content of the signal which leads to an unavoidable decrease of
the sensitivity of the power-law detector. Moreover a too short segmentation
of the signal yields too noisy frequency components which are very difficult to
smooth correctly. A last aspect concerns the nonstationarities of the noise :
in fact the length of the Fourier window should be negligible compared to the
length of a nonstationarity. The best compromise that has been found is a win-
dow length of 512 samples and an overlap of 256 samples. It is not necessary
to have a higher overlap unless more precision is needed in the localization of
the wanted signals.
Of importance is the exponential forgetting factor r. A simulated transient
signal (c.f. figure I.6) generated according to the model (I.2) has been added
to a high level of colored Gaussian noise as depicted in figure I.7. In or-
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Figure I.7: A high level of colored noise is added to the signal of figure (I.6).
SNR ≈ -7dB.

der to illustrate the influence of the factor r, the denoising procedure depicted
in section I.3.1 has been performed using a set of values of r, starting from
r = 0.6, with a step of ∆r = 0.05. Of course the last values is not 1, because
as demonstrated in (I.15), the algorithm is no longer adaptive for r = 1. Fig-
ure I.8 shows that 0.9 < r < 1 is a very reasonable choice yielding a small
signal distortion but a high noise reduction. In figure I.9 which displays the
evolution of a frequency component over time, it is shown that a value of r
around 0.9 yields a bad smoothing of the noise while a value close to 1 leads
to a delay between the smoothed estimate and the true behavior of the noise.
r = 0.95 has been found to be the best compromise.

Eventually, the last parameter to be set is the exponent ν on which the
detector relies. Actually, given that neither the transient signals nor the be-
haviour of the noise are a priori known it is impossible at this moment to
make receiver operating characteristic (ROC) curves. Nevertheless, ν has been
set to 1.7 according to the performance analysis made by Wang [99] on tran-
sient signals with unknown frequencies in stationary colored gaussian noise.
In sections I.3.2 and I.3.3 several useful estimates have been derived from the
spectrum X(ωk) :

• an estimate of the noise modulus |N̂(ωk)|,

• a smoothed estimate of the noise modulus |N(ωk)|,

• an estimate of the denoised signal N̂(ωk).
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Figure I.8: Influence of the forgetting factor r on the distortion of the recon-
structed signal ŝ(i)
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Hence new power-law detectors have been derived from the improved power-law
detector (I.7) :

T1(Xλ) =

K∑

k=1

(
|Xλ(ωk)|2

|Nλ(ωk)|2

)ν

T2(Xλ) =

K∑

k=1

(
|Xλ(ωk)|2

|Nλ−1(ωk)|2

)ν

T3(Xλ) =

K∑

k=1


 |Ŝλ(ωk)|2

|Ŝλ−1(ωk)|2




ν

(I.21)

and compared to :

T4(Xλ) =

K∑

k=1

(
|Xλ(ωk)|2

|Xλ−1(ωk)|

)ν

E1(Xλ) =

K∑

k=1

|Xλ(ωk)|2

E2(Xλ) =

K∑

k=1

|Ŝλ(ωk)|2

(I.22)

where T4 is the improved power-law detector [99], E2 is the energy detector
computed from the signal enhanced by the denoising method described in sec-
tion I.3.1, and E1 is the energy detector computed from the original signal.
What characterizes the sensitivity of the detection criterion is the importance
of its deviation in the presence of a transient signal compared to its mean value
during the noise-only period. But at the same time, what characterizes the
robustness of a detector is its low standard deviation (std) during noise peri-
ods. The first requirement is to be evaluated in relation with the misdetection
rate while the second is closely related to the false alarms rate and these two
points are contradictory. Figure I.10 illustrates the respective efficiency of the
detectors T 1, T 2, T 3, Wang’s improved detector T 4, and the energy detector
before denoising E1 and after denoising E2. They have been plotted in decibel
(dB) scale, so they can be displayed on the same graph. It is clear that some
detectors have a quite high standard deviation but show a big change when a
transient is present while others have a smaller global standard deviation but
with a less emphasized change. Therefore a good sensitivity criterion is the
ratio of the maximum deviation during the detection to the standard deviation
of the detector in the presence of noise only. From the simulation results of
figure I.10, the mean, std and the ratio between the maximun value of the de-
viation under H1 to the standard deviation under H0 have been computed and
results have been gathered in table I.1. We see clearly that T1 and T2 have the
best sensitivity while their maximum deviation is not that high compared to
T4 or E1. This is because they have a very low variance compared to other de-
tectors. Finally, real-world signals containing nonstationary colored noise have
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Figure I.10: Five detector criteria have been applied to the simulated signal of
figure I.7

Mean Standard deviation2 Maximum value3 (maxvalue
std )dB

T1 900 75 1.25 × 104 51.16
T2 1.87 × 103 333 2.16 × 104 41.68
T3 250 329 1.58 × 104 38.71
T4 4.8 × 104 3.6 × 104 2.85 × 105 20.8
E1 9.5 × 104 3 × 104 2.38 × 105 20.7
E2 2.3 × 103 1.4 × 103 5.21 × 104 35.95

Table I.1: Detector statistics
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Figure I.11: Detectors output during part of a tensile test. The arrows indicate
the occurrence of transients.

also been processed. For instance, figure I.11 shows these detectors applied to
a digitized optical signal acquired during a tensile test which consisted in dam-
aging a CFRP composite plate with embedded optical fibers. The sampling
rate was set to 104 Hz, N = 512 samples, I = 256 samples, r = 0.95, ν = 1.7.
It is clearly shown that T1 and T2 have the best sensitivity for high and low
SNR events while T3, T4 and E2 perform quite poorly in low SNR conditions.
However there is a slight difference between T1 and T2 about the detection time
accuracy. As a matter of fact, T2 seems to detect a transient faster than T1.
However, T2 remains more ”noisy” than T1.

I.5 Conclusions

In this appendix a noise estimation method based on spectral subtraction and
Wiener filtering has been combined with an improved power-law detector to
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derive two new sensitive and robust detector criteria. The first, T1, is based on
an estimate of the current noise, which confers to the latter a low variance. The
second, T2, relies on a very smooth estimate of the mean of the current noise.
They have been applied to digitized optical signals acquired during tensile tests
and compared with three other detectors including the original power-law de-
tector T4 (I.7). As first results, these two detectors show a real sensitivity
while they have a very small variance, which enable them to threshold the data
more easily than others. Future work includes the setting and the optimization
of an adaptive threshold to overcome the possibility of important and perma-
nent changes in the background noise level which could induce a change in the
detector variance.
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[2] Carlos Avendanõ. Temporal Processing of Speech in a Time Feature
Space. PhD thesis, Oregon Graduate Institute of Science & Technology,
1997.
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[9] Rémy Boyer and Karim Abed-Meraim. Audio modeling based on delayed
sinusoids. IEEE Transactions on Speech and Audio Processing, 2004.

135



136 Bibliography

[10] Rasmus Bro. Tutorial & applications. In 2nd Internet Conf. in Chemo-
metrics (INCINC96), Chemom. Intell. Lab. Syst., volume 38, pages 149–
171, 1997. (special issue).

[11] H. Chen, S. Van Huffel, A.J.W. Van den Boom, and Van den Bosch P.P.J.
Extended htls methods for parameter estimation of multiple data sets
modeled as sums of exponentials. In 13th International Conference on
Digital Signal Processing (DSP’97), pages 1035–1038, Santorini, Greece,
July 1997.

[12] Hua Chen. Subspace-based parameter estimation of exponentially damped
sinusoids with application to nuclear magnetic resonance spectroscopy
data. PhD thesis, Department of Electrical Engineering, Katholieke Uni-
versiteit Leuven, 1996.

[13] Hua Chen, Sabine Van Huffel, and Joos Vandewalle. Bandpass prefilter-
ing for exponential data fitting with known frequency region of interest.
Signal Processing, 48:135–154, 1996.

[14] Pierre Comon. Independent component analysis—a new concept? Signal
Processing, 36(3):287–314, 1994.

[15] Pierre Comon. Tensor decompositions. In I.K. Proudler (Eds.)
J.G. McWhirter, editor, Mathematics in Signal Processing V. Clarendon
Press, Oxford, UK, 2002.

[16] Wim De Clercq. Advanced Preprocessing Techniques and Nonlinear Sig-
nal Analysis Applied To Scalp Electroencephalograms For The Prediction
Of Epileptic Seizures. PhD thesis, Katholieke Universiteit Leuven, Leu-
ven, Belgium, May 2005.

[17] Wim De Clercq, Jean-Michel Papy, Wim Van Paesschen, and Sabine
Van Huffel. Modelling common dynamics in multichannel signals with
applications to artifact and background removal in eeg recordings. IEEE
Transactions on Biomedical Engineering, 2005. Accepted for publication.

[18] Wim De Clercq, Bart Vanrumste, Jean-Michel Papy, Anneleen Vergult,
Wim Van Paesschen, and Sabine Van Huffel. Removing artifacts and
background activity in multichannel electroencephalograms by enhanc-
ing common activity. In Proceeedings of the 2005 IEEE Engineering in
Medecine and biology 27th Annual Conference, Shanghai, China, Septem-
ber 1-4 2005.

[19] Lieven De Lathauwer, Luc Hoegaerts, and Joos Vandewalle. A
grassmann-rayleigh quotient iteration for dimensionality reduction in ica.
In Fifth International Conference on Independent Component Analysis
and Blind Signal Separation (ICA 2004), pages 335–342, Granada, Spain,
September 2004.



137

[20] Lieven De Lathauwer. First-order perturbation analysis of the best
rank-(r1, r2, r3) approximation in multilinear algebra. Journal of Chemo-
metrics, 18(1):2–1, Jan. 2004. TRICAP Special Issue (B. Rayens, Ed.).

[21] Lieven De Lathauwer, Bart De Moor, and Joos Vandewalle. A
multilinear singular value decomposition. SIAM Journal on Matrix Anal-
ysis and Applications, 21(4):1253–1278, April 2000.

[22] Lieven De Lathauwer, Bart De Moor, and Joos Vandewalle. On
the best rank-1 and rank-(r1, r2, . . . , rn) approximation of higher-order
tensors. SIAM Journal on Matrix Analysis and Applications, 21(4):1324–
1342, April 2000.

[23] Lieven De Lathauwer and Joos Vandewalle. Dimensionality reduc-
tion in higher-order signal processing and rank-(r1, r2, . . . , rn) reduction
in multilinear algebra. Linear Algebra and its Applications, 391:31–55,
Nov 2004. Special Issue on Linear Algebra in Signal and Image Process-
ing.

[24] Michael Elad, Peyman Milanfar, and Gene H. Golub. Shape from mo-
ments – an estimation theory perspective. IEEE Transactions on Signal
Processing, 52(7):1814–1829, July 2004.

[25] Freeman Gilbert. Vandermonde matrix analysis of long-period seismo-
grams. Geophysical Journal International, 146:843–849, September 2001.

[26] Gene H. Golub and Charles F. Van Loan. Matrix Computations. The
Johns Hopkins University Press, Baltimore, MD, third edition, 1996.

[27] Gene H. Golub and Charles F. Van Loan. Matrix Computations. Johns
Hopkins University Press, Baltimore, MD, 3rd edition, 1996.

[28] B. Halder and T. Kailath. Efficient estimation of closely spaced sinusoidal
frequencies using subspace-based methods. IEEE Signal Processing Let-
ters, 4(2):49–51, February 1997.

[29] E. Huupponen, W. De Clercq, G. Herrero, A. Saastamoinen, K. Egiazar-
ian, A. Varri, B. Vanrumste, A. Vergult, S. Van Huffel, W. Van Paesschen,
J. Hasan, , and S-L. Himanen. Determination of dominant simulated
spindle frequency with different methods. Technical report, Faculty of
Engineering, Katholieke Universitiet Leuven, 2005.

[30] Umran S. Inan and Aziz S. Inan. Electromagnetic Waves. Prentice Hall,
2000.

[31] C.J. James and O. J. Gibson. Temporally constrained ica: An application
to artifact rejection in electromagnetic brain signal analysis. IEEE Trans-
actions on Biomedical Engineering, 50(9):1108–1116, September 2003.



138 Bibliography

[32] J. Jensen. Sinusoidal Models for Speech Signal Processing. PhD thesis,
Aalborg University, Denmark, Denmark 2000.

[33] T.P. Jung, S. Makeig, C. Humphries, T.W. Lee, M.J. McKeown,
V. Iragui, and T.J. Sejnowski. Removing encephalographic artifacts by
blind source separation. Psychophysiology, 2000.

[34] Ivars P. Kirsteins, Sanjay K. Metha, and John Fay. Power-law proces-
sors for detecting unknow signals in colored noise. In 1997 International
Conference on Acoustics, Speech and Signal Processing (ICASSP 97),
volume 1, page 483, Munich, Germany, April 21-24 1997.

[35] K. Kobayashi, C.J. James, T. Nakahori, T. Akiyama, and J. Gotman.
Isolation of epileptiform discharges from unaveraged eeg by independent
component analysis. Clinical Neurophysiology, 110(10):1755–1763, Octo-
ber 1999.

[36] E. Kofidis and P. Regalia. On the best rank-1 approximation of higher
order supersymmetric tensors. SIAM J. Matrix Anal. Appl., 23:863–884,
2002.

[37] Pascal Koiran, Natacha Portier, and Gilles Villard. A rank theorem for
vandermonde matrices. Linear Algebra and its Applications, 378:99–107,
2004.

[38] Tamara G. Kolda. Orthogonal tensor decompositions. SIAM J. Matrix
Anal. Appl., 23:243–255, 2001.

[39] Z.J. Koles, J.C. Lind, and A.C. Soong. Spatio-temporal decomposition
of the eeg: a general approach to the isolation and localization of sources.
Electroencephalography and Clinical Neurophysiology, 1995.

[40] P.M. Kroonenberg. Three-Mode Principal Component Analysis. DSWO
Press, Leiden, 1983.

[41] P.M. Kroonenberg and J. de Leeuw. Principal component analysis of
three-mode data by means of alternating least squares algorithms. Psy-
chometrika, 45:69–97, 1980.

[42] J.B. Kruskal. Three-way arrays : rank and uniqueness of trilinear de-
compositions, with application to arithmetic complexity and satatistics.
Linear Algebra and Applications, 18(2):95–138, 1977.

[43] R. Kumareasan and D.W. Tufts. Estimating the parameters of exponen-
tially damped sinusoids and pole-zero medeling in noise. IEEE Transac-
tions on Acoustic, Speech and Signal processing, 30(6):833–840, 1982.

[44] Debasis Kundu and Amit Mitra. Estimating the number of signals of the
damped exponential models. Computational Statistics & Data Analysis,
36(2):245–256, April 2001.



139

[45] S. Y. Kung, K. S. Arun, and D. V. Bhaskar Rao. State-space and singu-
lar value decomposition-based approximation methods for the harmonic
retrieval problem. J. Opt. Soc. Amer., 73(12):1799–1811, 1983.

[46] Lieven De Lathauwer. Signal processing based on multilinear algebra.
PhD thesis, Katholieke Universiteit Leuven, 1997.

[47] Phillipe Lemmerling, Ioannis Dologlou, and Sabine Van Huffel. Speech
compression based on exact modeling and structured total least norm
optimization. In IEEE Int. Conf. on Acoustics, Speech, and Signal Pro-
cessing, 1998.

[48] Rainer Martin. Spectral subtraction based on minimum statistics. In
European Signal Processing Conference (EUSIPCO–94), volume 2, pages
1182–1185, Edinburgh,Scotland, September 1994.

[49] Geert Morren. Advanced signal processing applied to in-vivo spec-
troscopy and heart rate variability. PhD thesis, Faculty of Engineering,
K.U.Leuven, Leuven, Belgium, May 2004.

[50] Geert Morren, Philippe Lemmerling, and Sabine Van Huffel. Decima-
tive subspace-based parameter estimation technique. Signal Processing,
83:1025–1033, 2003.

[51] Geert Morren, Philippe Lemmerling, Sabine Van Huffel, Gert Naulaers,
H. Devlieger, and P. Casaer. Detection of autoregulation in the brain of
premature infants using a novel subspace-based technique. In Proceeding
of the 23rd Annual International Conference of the IEEE Engineering in
Medecine And Biology Society (EMBC2001), Istanbul, Turkey, October
2001.

[52] Geert Morren, Sabine Van Huffel, I. Helon, Gert Naulaers, H. Daniels,
H. Devlieger, and P. Casaer. Effect of non-nutritive sucking on heart rate,
respiration and oxygenation: a model-based signal processing approach.
Comparative Biochemistry and Physiology – Part A, 132, 2002.

[53] H. Nam, T.G. Yim, S.K. Han, J.B. Oh, and S.K. Lee. Independent com-
ponent analysis of ictal eeg in medial temporal lobe epilepsy. Epilepsia.
2002, 2002.

[54] J. Nieuwenhuijse, R. Heusdens, and E. F. Deprettere. Robust exponential
modeling of audio signal. In Proceedings of International Conference on
Acoustic, Speech and Signal Processing, volume 6, 1998.

[55] Albert Nuttall. Near-optimum detection of random signals of unknown
location, struture, extent and strength. In Oceans’95. MTS/IEEE. Chal-
lenges of Our Changing Global Environment. Conference Proceedings,
volume 3, pages 1659–64, 1995.



140 Bibliography

[56] Ali Olfat and Said Nader-Esfahani. A new signal subspace processing for
DOA estimation. Signal Processing, 84:721–728, 2004.

[57] C.K. Papadopoulos and C.L. Nikias. parameter estimation of exponen-
tially damped sinusoids using higher-order statistics. IEEE Transactions
on Acoustic, Speech and Signal processing, 38(8):1424–1436, 1990.

[58] Jean-Michel Papy, Lieven De Lathauwer, and Sabine Van Huffel. Com-
mon pole estimation in the multi-channel exponential data modelling.
Signal Processing, 2005. In press.

[59] Jean-Michel Papy, Lieven De Lathauwer, and Sabine Van Huffel. A shift
invariance-based order selection technique for the exponential data mod-
elling. IEEE letters on Signal Processing, 2005. Accepted.

[60] Jean-Michel Papy, Sabine Van Huffel, Laurent Rippert, and Martine
Wevers. Spectral subtraction method applied to damage detection in
composite materials with embedded optical fibers. In ProRISC Benelux
Workshop on Circuits, Systems and Signal Processing (ProRISC2001),
pages 542–549, Veldhoven, The Netherlands, 2001.

[61] Jean-Michel Papy, Sabine Van Huffel, Laurent Rippert, and Martine
Wevers. On-line detection method for transient waves applied to con-
tinuous health monitoring of carbon fiber reinforced polymer composites
with embedded optical fibers. In Ralph C. Smith, editor, SPIE’s 10th
Annual International Symposium on Smart Structures and Materials :
Modeling, signal processing and control (SSM2003), volume 5049, San
Diego, California, USA, March 2003.

[62] Pieter Pels. Analysis and Improvement of Quantification Algorithms for
Magnetic Resonance Spectroscopy. PhD thesis, Katholieke Universiteit
Leuven, Belgium, January 2005.

[63] V. Pisarenko. The retrieval from harmonics from a covariance function.
Geophys. J. R. Astron. Soc., 33:347–366, 1973.

[64] M.B. Priestley. Spectral analysis and time series. Academic Press, 1981.
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