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Radar backscatter from an ocean surface is commonly referred to as sea clutter. Any radar backscatter
not due to the scattering from an ocean surface constitutes a potential target. This thesis is concerned
with the study of target detection techniques in the presence of high resolution sea clutter.

In this dissertation, the high resolution sea clutter is treated as a compound process, where a fast oscillat-
ing speckle component is modulated in power by a slowly varying modulating component. While the
short term temporal correlations of the clutter are associated with the speckle, the spatial correlations
are largely associated with the modulating component. Due to the disparate statistical and correlation
properties of the two components, a piecemeal approach is adopted throughout this thesis, whereby the
spatial and the temporal correlations of high resolution sea clutter are treated independently.

As an extension of the previously reported work on target detection in coherent radar systems, a com-
plex autoregressive process is proposed as the basis for characterisation of high resolution sea clutter
spectra in incoherent radar systems. As no phase information is available in incoherent radar returns,
the Gibbs sampler is used to facilitate sampling from the autoregressive process parameter posterior
distribution, conditional on the observed amplitudes. To this end, the Hybrid Monte Carlo algorithm is
employed to conditionally sample for the missing phases.

Based on birth-death migration arguments for the evolution of a population of scattering centres on an
ocean surface, a conditional heteroscedastic (i.e. non-constant prediction error variance) model is pro-
posed for the modulating component of high resolution sea clutter in the logarithm domain. However,
based on the results obtained for a large database of sea clutter range profiles, it is shown that there ap-
pears to be no strong evidence for heteroscedasticity. Instead, contrary to the widely held beliefs, rather
than being Gamma distributed, it is demonstrated that the modulating component of sea clutter is better
modelled as being log-Normal distributed, and hence Gaussian distributed in the logarithm domain.

The findings presented in this dissertation are culminated in the context of Constant False Alarm Rate
(CFAR) detection. In particular, a linearised state space model for the compound high resolution sea
clutter in the logarithm domain is proposed. The state space model is used to obtain a Maximum A
Posteriori (MAP) estimate of the underlying modulating component in the cell under test, based on
which the CFAR detection threshold is set. The CFAR detection threshold is thus obtained as a simple
weighted average of radar returns (in the logarithm domain) contained in the reference window.

Finally, based on a large database of high resolution sea clutter range profiles, it is demonstrated that the
proposed state space CFAR detector, in conjunction with pulse integration techniques, achieves a near
ideal CFAR detection performance, particularly in spiky and spatially correlated clutter environment.
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Introduction 1

1.1 THE MARITIME SURVEILLANCE RADAR

The concept of radar dates back to 1886, when Hertz discovered that metallic and dielectric

objects reflect radio waves. Though substantial progress in radar technology has been made

since, the most rapid development of radar systems has occurred during the Second World

War, which is also the time when the term Radar (short for Radio Detection and Ranging) was

coined by the US Navy. Although originally only meant for target detection and early warning,

today radar is being used in a countless number of applications, such as acquisition, detection,

height finding, homing, mapping, navigation, ranging, remote sensing, reconnaissance, search,

speed measuring, surveillance, terrain avoidance, terrain following and tracking, to name but

a few.

Many of the different radar applications have very disparate aims and design goals. A full

treatment of the many applications and the types of radar systems in any detail would take

many tomes. For reasons of space and brevity, only the most pertinent points relating to the

maritime surveillance radar are discussed herein. The interested reader is referred to the ex-

cellent text by [Skolnik, 1980] for a more complete discussion of radar. Other noteworthy texts

include [Cole, 1992] for an introductory treatment on radar, [Kingsley and Quegan, 1992] for a

more comprehensive overview of radar and its applications and [Eaves and Reedy, 1987] for

a comprehensive and practical discussion of radar systems. [Levanon, 1988] provides a lucid,

mathematical overview of principles of radar signal processing and detection.

The aim of a surveillance radar is to detect targets by illuminating an area of interest with

electromagnetic radiation. In a marine environment, the term target usually refers to any radar

backscatter, which itself is not due to the scattering from an ocean surface (which is referred

to as sea clutter). Any man-made (e.g. a ship, a periscope, an airplane, etc.) or natural (e.g. an

iceberg) object may constitute a target.

Most surveillance radars operate in searchlight mode, whereby a radial beam of energy is trans-

mitted and received by a rotating antenna, much the same as the beam of beacon light on a

lighthouse. The backscattered energy is received and processed by the radar to detect any po-

tential targets before being displayed on the operator’s visual display unit (see figure 1.1 for a
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Receiver

Signal Processor
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Tx

Rx

Figure 1.1: Diagram of a Surveillance Radar System.

schematic diagram of a surveillance radar system).

It has been found in practice that the operators are very sensitive to the number of alarms

that they deal with and that these need to be kept within acceptable limits. It is therefore

paramount that the radar’s signal processing unit suppresses the number of false alarms to

within an acceptable level, while keeping the number of real target detections to the maximum.

Furthermore, in order to avoid target masking effects due to false alarm bunching, the average

probability of false alarm should be kept as spatially uniform as possible.

In order to design ’optimal’ detectors for a particular radar system operating in a marine en-

vironment, the properties of the backscattered clutter need to be understood. The properties

of the backscattered radiation, as received by the radar, depend on a number of factors. These

include the type of the transmitter and the receiver, the mode of operation (coherent, polari-

metric, frequency agile, etc.), environmental conditions (sea state, viewing angle, extraneous

sources of interference, presence of targets, etc.), range, resolution, sampling frequency, multi-

path effects, etc.

The properties of sea clutter are discussed at length in chapter 2. The purpose of the following

discussion is to give a flavour of typical constraints and trade-offs that have direct ramifications

on the design of the signal processing unit of a maritime surveillance radar system.
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1.1.1 Practical Limitations of a Surveillance Radar System

The most fundamental limit on the maximum range of a radar system is given by the Radar

Equation. This equation, of the form

R

max

=

�

P

t

G

2

�

2

�

(4�)

3

kTBF

n

L(SNR

o

)

min

�

1=4

(1.1)

can be derived using some simple geometrical scattering arguments. The radar equation re-

lates the maximum range of the radar, R
max

, to the minimum detectable signal to noise ratio,

(SNR

o

)

min

, at the output of the radar receiver. This signal to noise ratio corresponds to the

signal reflected from an illuminated patch (i.e. including the sea clutter contribution, which for

the purpose of the derivation of this equation is considered a part of the target returns), while

the noise refers to the thermal noise, kT , associated with the antenna and the receiver. The

effective bandwidth of the receiver is B, while the receiver noise factor is F
n

. The radar equa-

tion is derived for a radar system operating at wavelength �, transmitting a pulse of power

P

t

, with the antenna gain G, and system losses represented by L. The electromagnetic energy

is considered to be backscattered from an illuminated patch with the effective radar scattering

cross-section (RCS), �.

The above limit is derived based on the minimum signal to noise ratio imposed by the trans-

mission system, which is the SNR corresponding to thermal noise. From a signal processing

(i.e. target detection) point of view, the situation is further exacerbated by the presence of sea

clutter, which at high resolutions can have target like behaviour. Such issues are dealt with in

the following chapter. For the time being, however, it is worth keeping in mind the distinction

between thermal noise and sea clutter returns. While the former plays a prominent role at the

transmitter/detector design stage, the latter becomes the foremost concern in the design and

evaluation of optimal target detection schemes.

Referring to the radar equation (equation 1.1), it can be seen that in order to maximise the op-

erating range of the radar, the designer can increase the transmitted pulse power, P
t

, increase

the radar wavelength, �, increase the antenna gain, G, decrease the antenna and the receiver

temperature, T , decrease the receiver noise factor, F
n

, or decrease the receiver bandwidth, B.

While T , F
n

, G and � are largely determined by the available hardware and the system specifi-

cations, the transmitted pulse power and the receiver bandwidth can be used to determine the

radar’s operating mode and resolution.

In order to keep the radar system cost low, the peak transmitted power should be kept as low as

possible. This can be achieved with high duty cycle radars, such as the continuous wave (CW)

radar. Unfortunately, although the maximum range of a CW radar can be large, such radar

is inherently incapable of resolving targets in range. Another problem associated with high
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duty cycle radars sharing a receiver and a transmitter antenna, is the masking of the returned

energy by leakage from the transmitter. This results in blind regions, where the radar is unable

to detect any potential targets.

The in-range resolution

The in-range resolution, �
R

, of a surveillance radar is determined by the transmitted pulse

width, and is given by

�

R

=

c

2B

where B = 1=T

P

is the bandwidth associated with a pulse of width T

P

, and c is the speed

of light. Therefore, high resolution can in principle be achieved by employing narrow width

pulses in a pulsed radar. Unfortunately, narrow pulses are associated with lower duty cycle,

and hence higher peak to average power ratio is required for the transmitter. Furthermore,

narrow pulse width requires larger bandwidth at the receiver, resulting in increased thermal

noise, and therefore reduced effective range of the radar.

In order to overcome the difficulties associated with short duration pulses whilst maintaining

the high range resolution of the radar, pulse compression techniques can be employed. By em-

ploying pulse compression, higher duty cycles and hence lower peak power pulses need to be

transmitted, thus effectively increasing the useful range and decreasing the overall system cost

of the radar. Pulse compression is achieved by frequency or phase modulating the transmitted

signal to achieve a larger effective bandwidth, B, from which a pulse with effective duration

� = 1=B can be resynthesized using a matched filter. For some radar systems, the in-range

resolution using pulse compression can be increased to several centimeters.

Pulsed radar systems (including pulse compression radars) can suffer from range ambiguities.

Range ambiguity can arise as a result of too high pulse repetition frequency (PRF). In particular,

if the time between pulses is shorter than the return time from the maximum range, then as

is shown in figure 1.2, ambiguities in range arise. Furthermore, the matched filter relies on

frequency (or phase) modulation of the transmitted waveform in order to determine the range.

Unfortunately, the backscattered signal may be Doppler shifted due to the target or background

clutter motion. Ambiguities in range and Doppler can thus arise at the matched filter stage.

Such ambiguities can be optimised by a judicious choice of PRF and the coding scheme used

for pulse compression.
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Transmitted Pulse

Received Pulse

TIMEtx rx tx rx tx rx1 1 2 2 3 3

Figure 1.2: Range ambiguity in pulsed radar. The received pulse at time rx
2

could either be
due to the pulse transmitted at time tx

1

or tx
2

. Likewise the received pulse at time rx
3

could
either be due to the pulse transmitted at tx

1

, tx
2

or tx
3

.

The azimuth resolution

The width of the transmitted beam determines the azimuth resolution of the radar. In particu-

lar, for a radar beamwidth �, the resolution at range R is given by

�

�

= �R

Clearly, the azimuth resolution is range dependent. The beamwidth is determined by the radi-

ation pattern of the antenna, and typically can range anywhere from 1� to 10� , which at 10km

range translates into the across range resolution of 175m and 1.75km, respectively.

The effective radar aperture can be synthetically increased in the case of airborne radar by

Doppler processing the echoes obtained by an aircraft sweeping the radar beam across an il-

luminated patch, while flying orthogonal to the line of sight of the target. Synthetic Aperture

Radar (SAR) [Brown, 1967] [Brown and Porcello, 1969] can increase the across-range resolution

to the same order of magnitude as the resolution achievable in-range using pulse compression

techniques. However, the signal processing techniques required for target detection for SAR

are different to those required for a surveillance radar operating in the searchlight mode. There-

fore, SAR will not be considered further in this thesis.

1.1.2 The Range Profiles

As was discussed above, the azimuth resolution of a surveillance radar operating in searchlight

mode is limited by the beamwidth. The beam is typically rotated at a fraction of a revolution

per second, while the pulse repetition frequency is of the order of a few kHz (limited by the

maximum required unambiguous range). The downconverted waveform at the output of the

receiver is then sampled at a frequency which is limited by the bandwidth of the receiver (cor-

responding to the effective pulse width).
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The sampled data at the output of the receiver is then passed into a matched pulse decompres-

sion filter in order to obtain the returns at any particular range. The resulting snapshot in time

of the returns from the different ranges is referred to as a range profile. The returns at differ-

ent ranges within each profile are referred to as range cells, and these can contain returns from

any potential targets, background clutter and/or noise. The surveillance radars considered

herein are considered to be operating in open ocean conditions. Land clutter and littoral effects

[Branson, 1998] add an additional level of complexity and are not dealt with in this thesis.

The radar backscatter at any particular range can undergo Doppler shifts, f
D

, due to a moving

target or the background clutter. Such Doppler shift is manifested in the change of frequency

between the transmitted, f
T

and the received waveform, f
R

, and is given by

f

D

= f

R

� f

T

= �

2

_

R

�

where _

R is the radial velocity component of the scattering centres within the illuminated patch,

while the wavelength, �, for an I-band radar (9.5-10GHz) is approximately 3cm. As will be dis-

cussed in chapter 3, such Doppler shifts can form the basis for target detection in the presence

of high resolution sea clutter in coherent radar systems.

In a surveillance radar operating in searchlight mode, the range profiles are formed on the pulse

by pulse basis. As the radar beam moves relatively slowly in azimuth, the successive range

profiles can be considered to correspond to the same illuminated area of sea over a number of

pulses. This fact can be used as the basis for analogue or binary integration, or for extracting

Doppler spectra of the returns obtained from individual range cells at different ranges.

It is important to note that the statistics of the clutter returns can be heterogenous in range

within a single range profile (i.e. correlation structure and spikiness of the returns may change

within a single profile). This is particularly pronounced in airborne surveillance radar, where

due to the height of the radar platform, the range of the radar and hence the number of range

cells is large (as large as a few tens of thousands of range cells per range profile). The range

cells within each profile correspond to a wide span of grazing angles and azimuth resolutions,

which themselves are range dependent.

The large number of range cells within a single profile, and a large number of profiles per an-

tenna scan, result in severe limitations on the complexity of the algorithms that can successfully

be implemented for target detection in real time. For reasons of system cost and complexity,

the memory available for storage of the data is very limited, hence only one profile at a time is

normally processed. This can either be the raw single pulse profile, or a profile in some way av-

eraged over a number of pulses. These issues will be addressed in more detail in the following

chapters.
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It is worth mentioning that a number of maritime surveillance radars are also capable of op-

erating in polarimetric mode. In the polarimetric mode, the transmitted beam can either be

horizontally (H) or vertically (V) polarised, while the receiver antenna can be tuned to receive

the horizontally or vertically polarised backscatter. The full polarimetric scattering matrix, con-

sisting of HH, HV, VH and VV components can thus be obtained and used for enhanced target

detection in the presence of sea clutter.

Finally, coherent radar systems require a very stable transmitter and phase reference for the

receiver, thus increasing the system cost. For this reason, a number of maritime surveillance

radar systems are incoherent, in that no phase information is available at the output of the

receiver. The range profiles obtained for such radars consist only of amplitude returns from

different ranges, and hence no Doppler based processing is possible.

1.2 OUTLINE OF THE DISSERTATION

As was discussed in the previous section, the ultimate aim of the signal processing unit of a

maritime surveillance radar system is to process the received and sampled data in such a way,

so as to minimise the number of spurious and false alarms to within some acceptable limit,

while keeping the number of true target detections to the maximum. To this end, the research

undertaken as part of this thesis is concerned with the study and implementation of target

detection schemes in the presence of sea clutter. The remainder of the dissertation is structured

thus:

Chapter 2 presents a review of sea clutter modelling. The scope of the review encompasses a

discussion on the properties of sea clutter under a range of operating and viewing conditions,

as well as statistical and deterministic modelling of sea clutter.

Chapter 3 presents a review of target detection techniques in the presence of sea clutter. The

scope of the review encompasses a discussion on fixed and adaptive threshold detection, opti-

mal Neyman-Pearson detection, as well as Doppler based detection techniques.

Chapter 4 deals with parametric characterisation of high resolution sea clutter spectra in inco-

herent radar systems. In particular, a complex autoregressive process is proposed as the basis

for modelling of the correlation structure of the incoherent clutter. Any Doppler information

contained in the incoherent radar returns is expected to be manifested through the position of

the poles of the underlying complex autoregressive process, of which only the amplitudes are

observed. As no phase information is available in incoherent radar returns, the Gibbs sampler

is used to facilitate sampling from the autoregressive process parameter posterior distribution,
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conditional on the observed amplitudes. To this end, the Hybrid Monte Carlo algorithm is

employed to conditionally sample for the missing phases [Noga and Fitzgerald, 1997].

Chapter 5 deals with a novel class of heteroscedastic (i.e. non-constant prediction error vari-

ance) models for the modulating component of sea clutter [Noga and Fitzgerald, 1998a]. Such

models are motivated by a discrete generalisation of the birth-death migration process for the

evolution of a population of scattering centres on the sea surface. Due to the non-constant,

state dependent variance of the prediction errors, the conditional heteroscedastic models can

potentially provide the basis for CFAR detectors with more spatially uniform probability of

false alarm. However, as is shown in this chapter, the evidence for heteroscedasticity in sea

clutter is not very compelling. Instead, contrary to the widely held belief, rather than being

Gamma distributed, the modulating component of high resolution sea clutter appears to be

better modelled as being log-Normal distributed.

Chapter 6 deals with constant false alarm rate (CFAR) target detection in the presence of high

resolution sea clutter. To this end, a linearised state space model for sea clutter in the logarithm

domain is proposed [Noga and Fitzgerald, 1998b]. The CFAR detection threshold is then set,

based on the MAP estimate of the modulating component in the cell under test, conditional on

the radar returns in the reference window. It is shown that, in conjunction with pulse integra-

tion techniques, the performance of the proposed CFAR detection scheme approaches that of

the ideal CFAR detector, particularly for spiky and highly correlated clutter.

Chapter 7 presents a summary and some conclusions of the research contained in this disser-

tation. The conclusions are further supplemented by suggestions for potentially fruitful and

interesting avenues of future research.
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2.1 PROPERTIES OF SEA CLUTTER

Radar backscatter from an ocean surface is commonly referred to as the sea clutter. The backscat-

ter is the result of scattering of the electromagnetic energy from the capillary waves on the sur-

face of the sea, which are in turn modulated by the swell. The first component, that due to the

capillary waves, is referred to as the speckle and has experimentally been shown to decorrelate

on the scale of a few milliseconds. The second component, that due to the swell, decorrelates

on a much longer scale.

The sea clutter data used in this thesis has been obtained using an I-band (9.5-10GHz) instru-

mentation radar [Hirst and Baker, 1987], capable of simultaneous coherent and cross polari-

sation measurements. The system employs pulsed waveforms with 50MHz FM modulation

within the pulse, which gives a range resolution of approximately 4m [Ward et al., 1990]. The

pulse repetition frequency used is 1kHz, and pulse-to-pulse frequency agility is often used,

where the transmitted frequency is stepped by the pulse bandwidth from pulse to pulse over

the 500MHz radar bandwidth. The system is also capable of measuring the full coherent scat-

tering matrix at a 500 Hz repetition frequency. An antenna giving an 1.2� beamwidth is used

and, generally, measurements are made ’search-lighting’ an area of sea. Range profiles are

recorded, thereby allowing both the temporal and spatial correlation properties of the backscat-

ter to be determined simultaneously.

In the coherent mode, the radar operates coherently from pulse to pulse, and both the in-phase

and quadrature components are recorded. In the polarimetric mode, pulse-to-pulse switch-

ing between orthogonal polarisation on the transmitter and a two-channel receiver is used to

enable the recording of the full coherent polarisation scattering matrix. The effective pulse

repetition frequency for each polarisation channel is 500Hz.

2.1.1 High Resolution Sea Clutter

Thirty seconds of pulse by pulse time history of horizontally and vertically polarised amplitude

returns obtained using a coherent radar operating in polarimetric mode are shown in figure
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(c) Pulse by pulse amplitude (VV)
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Figure 2.1: Pulse by pulse time history of the amplitude of (a) horizontally and (c) vertically
polarised, coherent sea clutter from a single range cell, along with the corresponding spectro-
grams (see (b) and (d)) obtained using 128 point FFTs.

2.1, along with the corresponding spectrograms. The effective sampling frequency for each

polarisation is 500Hz, and the spectrograms are obtained by performing a 128-point FFT on

sequential windows of the coherent clutter. The pulse by pulse data was obtained in open

ocean conditions at a look angle of 215.1� into the wind at 7.5km range. The resolution of each

range cell is effectively 4m in range and 160m in azimuth.

The time history of amplitude of the coherent clutter returns from an individual range cell

(figure 2.1(a) and 2.1(c)) clearly shows the two principal components of the high resolution

sea clutter; namely the fast oscillating speckle component, modulated by the underlying com-

ponent due to swell. The overall behaviour of the returns in the two polarisations is similar,

although the detailed structure is different, indicating that different scatterers are contributing

to the scattering process. Furthermore, characteristic spikiness of the horizontally polarised

clutter compared with vertically polarised clutter is evident in figure 2.1.



2.1. Properties of Sea Clutter 11

By comparing fixed frequency and frequency agile records, [Ward et al., 1990] found that the

fast fluctuation decorrelates from pulse to pulse with frequency agility and is correlated for

between 5 and 10ms with fixed frequency. The underlying, modulating structure is unaffected

by frequency agility and generally fluctuates on the time scale of the order of seconds. As

[Ward et al., 1990] point out, the temporal and spatial correlation of the modulating compo-

nent is very dependent on the radar parameters, the viewing angles and the environmental

conditions.

Spectrograms of the coherent clutter returns from an individual range cell (figure 2.1(b) and

2.1(d)) show the evolution of the Doppler spectrum of the coherent clutter, for both the hori-

zontally and vertically polarised returns. It is evident that the changes in the Doppler spectra

for both polarisations are very similar, and that they correspond to the underlying modulating

process due to the swell. This is indeed in agreement with expectations, in that the instanta-

neous velocity of the wave front changes as the swell rises and falls periodically, thus resulting

in changes in the Doppler spectra, as well as in the intensity of the returns.

Although the Doppler information in coherent radars can be used to design powerful detectors

[Nohara and Haykin, 1993], a large proportion of radars use only the envelope of the received

signal in their processing [Ward et al., 1990]. As the phase of the received signal is not utilised,

the corresponding radar systems can be incoherent from pulse to pulse, and can therefore use

simple transmitters, such as pulsed magnetrons. However, particularly at high resolutions and

at low grazing angles, the amplitude of the clutter returns has frequently been found to be

’spiky’. That is, the probability of the signal crossing a threshold is much higher than would be

expected for a simple Rayleigh distributed clutter for the given clutter power. This is illustrated

in figure 2.2, where the histograms of the amplitudes of a hundred thousand samples of clutter

returns from an individual range cell are compared to a Rayleigh distribution for which the

parameters were estimated by the method of Maximum Likelihood (ML). It can be seen from

the figure that the high resolution sea clutter data has much heavier tails than the Rayleigh

distribution. This is particularly pronounced in the case of horizontally polarised clutter.

By plotting cumulative pulse by pulse distributions of the amplitude returns from individual

range cells taken over 240ms on Weibull paper, [Ward et al., 1990] show that the amplitude of

sea clutter is locally Rayleigh distributed. This is an important observation, which suggests that

the non-Rayleigh nature of the amplitude distribution of high resolution clutter is associated

with bunching of scatterers by the sea wave structure, rather than being due to a small number

of effective scatterers. This observation forms the basis for compound models of sea clutter.
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Figure 2.2: Histograms of (a) horizontally and (b) vertically polarised clutter amplitude returns
from an individual range cell, along with the corresponding ML Rayleigh distribution (� � �).

2.1.2 The Modulating Component

The modulating component associated with the swell can be obtained by averaging the pulse

by pulse amplitude data over relatively short intervals (typically, a few hundred milliseconds).

This ensures that the speckle component, which has the decorrelation time of the order of 10ms,

is removed. The range-time amplitude profiles for horizontally and vertically polarised clutter

are shown in figure 2.3. As can be seen from the figure, the in-range resolution of the range

cells for a high resolution radar is smaller than the wavelength of the underlying swell.
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Figure 2.3: 220 seconds of range-time amplitude profiles for (a) horizontally and (b) vertically
polarised coherent clutter, integrated over 250 pulses.

The swell structure is clearly visible in both the horizontal and vertical polarisation. However,

as [Ward et al., 1990] point out, the actual observed swell structure in the range time profiles

depends on radar polarisation, sea state and the grazing angle. The observed swell structure
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also depends on the viewing aspect. In particular, looking down the swell, a slow and well

defined wave pattern is observed. On the other hand, looking across the swell direction breaks

up the wave pattern. This can easily be explained in terms of the radar resolution, which for the

high resolution radar considered here is 4m in range, and 160m in azimuth at 7.5km. Looking

into the swell resolves structure greater than 4m. On the other hand, looking across the swell

only resolves structure greater than 160m, and that is not in range, but rather in time as the

swell moves through the beam. Hence the wave-like pattern of the into-the-swell view is not

observed.

The range-time profiles in figure 2.3 illustrate that the modulating component in any one range

cell is not independent from its neighbors. The spatial correlation properties of the modu-

lating component turn out to be highly resolution dependent and need to be taken into ac-

count in the context of target detection in the presence of sea clutter [Watts and Ward, 1987].

[Ward et al., 1990] synthesize lower resolution returns from high resolution radar clutter, with

the effect of the short wavelength components getting averaged out, leaving progressively

longer wavelengths. In the limit of low resolution radar, the modulating component becomes

constant, and the radar returns become Rayleigh distributed.

By matching the first four moments of the modulating component obtained over many air-

borne sea clutter measurements, [Ward et al., 1990] demonstrate that the Gamma distribution

provides a superior fit to the sea clutter data over the log-Normal distribution, for both hor-

izontally and vertically polarised clutter. These results provide an experimental basis for the

compound K-distribution (i.e. Rayleigh distributed speckle modulated in power by a Gamma

distribution) as a statistical model of sea clutter. The significance of this model is that the non-

Rayleigh amplitude distribution of sea clutter may be separated into two components which,

because of their spatial and temporal correlation properties, need to be introduced at different

stages in the evaluation of signal processing performance.

2.2 DETERMINISTIC MODELS FOR SEA CLUTTER

For a number of decades, sea clutter has been modelled as a stochastic process arising from ran-

dom scattering from the sea surface. It is widely accepted that at low resolutions the amplitude

of the backscatter is Rayleigh distributed, while at higher resolutions the clutter becomes in-

creasingly spiky. The Gaussian scattering assumption has been found to be no longer adequate

to characterise the clutter at high resolutions, and other distributions, such as the K-distribution

have since been proposed.
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Although the K-distribution has semi-empirical origin, based on a random walk modulated by

a birth-death migration process [Jakeman and Tough, 1988], some authors have argued that sea

clutter may actually be deterministic in origin [Leung and Haykin, 1990]. The evidence for this

is compelling, and some serious consideration needs to be given to the possibility and utility

of modelling sea clutter as a deterministic process.

In theory, given the angle of incidence of the radar wave and the geometry of the ocean sur-

face, it should be possible to predict the exact trajectory of the backscattered wave. But for

a fixed surface geometry, a slight deviation in the angle of incidence may produce a large

change in the backscattering process. This very sensitivity of the scattering process to the initial

conditions is suggestive of the possibility of sea clutter being chaotic scattering phenomenon

[Leung and Lo, 1993].

According to the theory of non-linear dynamics, a very low number of degrees of freedom is

sufficient to create highly irregular ’dynamic chaos’ [Leung and Haykin, 1990]. The resulting

process may appear to the naked eye as being random in origin. In fact, random process theory

is an empirical technique for coping with inadequate information about the physical sources

responsible for generation of the processes. Therefore, if the sea clutter truly is deterministic

in origin, then stochastic modelling unnecessarily assumes too many degrees of freedom and

cannot fully extract the information contained in the experimental data.

It is not the purpose of this section to fully investigate the utility of using non-linear dynamics

for the purpose of sea clutter modelling, but rather to provide a critique of the work presented

on the subject in the literature. Most notably, based on a number of chaotic system invariants,

[Haykin and Li, 1995] advocates the use of non-linear models for sea clutter modelling. How-

ever, as [Davies, 1998] points out, such invariants cannot be used to diagnose chaos by them-

selves, and their use makes sense only in the context of the data being deterministic to start

with. This point will be illustrated in the present section by demonstrating that the dynamical

system invariants as used by [Haykin and Li, 1995] can falsely diagnose a purely stochastic and

linear process as being chaotic. Also, [Haykin, 1996] claim that the detection performance of

an incoherent radar can approach that of a coherent radar by using non-linear dynamics. Such

claims rely on the pulse by pulse returns being chaotic. Some plausible reasons for the poten-

tial improvement in the detection performance are given in section 2.2.3, while more in-depth

discussion on this subject is presented in chapter 4.

2.2.1 Dynamical System Reconstruction

The dynamical concepts introduced in this section are very basic and are kept simple for the

purpose of this exposition. For a more complete and in-depth review of non-linear dynamics

and chaos theory, the interested reader is referred to the papers by [Parker and Chua, 1987] and

[Haykin and Li, 1995].
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Let x
0

(t) represent the time series associated with backscatter returns from a single range cell.

In the case of incoherent radar x
0

(t) are the amplitudes of the returns, while for coherent radar

x

0

(t) are the complex (i.e. in-phase and quadrature) samples of the backscatter. The dynamics

of the electromagnetic wave scattering are then described by the set of N variables x(t) =

fx

0

(t); x

1

(t); : : : ; x

N�1

(t)g evolving in an N dimensional space according to the system of first

order differential equations, written in terms of the state vector x(t) as

d

dt

x(t) = �(x(t))

where the vector function � is, in general, non-linear. Note that only a low dimensional sub-

space of the N dimensional space is observed in the form of the clutter x
0

(t).

An important issue associated with the study of non-linear dynamical systems is that of re-

construction of dynamics, i.e. the ability to reconstruct the underlying dynamics of a non-linear

dynamical system, that is known to be chaotic, from a time series made up of physical ob-

servations. A theorem independently proposed by Takens and Packard, known as the Takens

Embedding Theorem provides a mathematical basis for the dynamic reconstruction problem. It

effectively states that model reconstruction of a non-linear dynamical system from observa-

tions of just a single dimensional subspace of the system should succeed to a certain extent, and

the reconstruction is independent of which signal component is used. Because of unavoidable

imprecision in building the model and noise contained in the observed data, such model re-

construction cannot be expected to produce a model exactly the same as the original system.

However, the reconstruction will have the same behaviour as the original system up to a dif-

feomorphism (i.e. to within a smooth curvilinear change of coordinates) [Haykin and Li, 1995].

The potential implications of the Takens Embedding Theorem for radar are profound. What

the theorem implies is that it does not make a difference whether only the amplitudes, or

the complex, coherent data is used for the reconstruction of the underlying system dynam-

ics. In other words, if sea clutter is indeed chaotic, the performance of the incoherent radar

should approach that of coherent radar, since the dynamics of the underlying system should

in theory be reconstructed equally well from both. In fact, results obtained for complex data

in [Haykin and Li, 1995] have been found to give results similar to those obtained from the

amplitudes alone.

Without undue mathematical rigor, the idea behind applying the Takens Embedding Theorem

to dynamical system reconstruction from a single dimensional time series can be explained as

follows. Consider an N -dimensional chaotic dynamical process described by the difference

equation

x(k + 1) = �(x(k))
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where � is a non-linear function. Given an initial state x(0), the system trajectory is a sequence

of points fx(k) = �

k

(x(0)); k = 1; 2; : : : g. Suppose now that a sequence of measurements

fy(t) = f(x)(t); t = 0; 1; : : : g is made, where f is a smooth observation map of the dynamical

system. It can then be shown (see [Haykin and Li, 1995]) from the Takens Embedding Theorem

that with an embedding dimension D
E

� 2N + 1, there exists a function F such that

y(t+D

E

�) = F (y(t); y(t+ �); : : : ; y(t+ (D

E

� 1)�)) (2.1)

where F is a non-linear function that predicts the next entry in the observed time series and

� represents the delay used for regression. Therefore, in principle, the reconstructed phase

space can be approximated by using a time series observed from the original system. Unfortu-

nately, Takens’ Embedding Theorem merely asserts the existence of such a function, but does

not specify its form.

Therefore, not only can the attractor of the original N -dimensional dynamical system be em-

bedded in a D
E

-dimensional space reconstructed from delayed observations,

�(t) = fy(t); y(t+ �); : : : ; y(t+ (D

E

� 1)�)g

but also the observed time series y(t) is a deterministic process evolving according to equation

2.1. However, although based on Takens’ Embedding Theorem, the framework for the dynam-

ical system reconstruction has been firmly established, the choice of the embedding dimension

D

E

, delay � and the form of the non-linear function F has not yet been addressed. These issues

are dealt with in the following sections.

2.2.2 Attractor Dimension and Lyapunov Characteristic Exponent

There are a number of invariants used in studying chaotic systems. One such invariant is the

attractor dimension. There are also many kinds of attractor dimension, but these are all defined

using a somewhat similar concept. The basic idea of an attractor dimension can be explained

by considering a point in the embedding phase space, x, and a d-dimensional sphere of radius r

centered at x, B
r

(x). The attractor dimension measures the rate at which the number of points

in B
r

(x) decreases as r is reduced [Leung, 1995].

Another dynamical system invariant that is widely used in chaos theory, is the Lyapunov ex-

ponent [Leung and Lo, 1993]. A Lyapunov exponent qualitatively shows the sensitive depen-

dence on initial conditions, and also gives a quantitative measure of the average rate of sepa-

ration or attraction of nearby trajectories on the attractor.

Both of the above mentioned invariants have been used in the literature to demonstrate that
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sea clutter can indeed be considered to be chaotic [Haykin and Li, 1995]. However, as argued

by [Davies, 1998], such invariants ought not be used when testing for chaos, but rather ought to

be used solely to extract information about the chaotic system. It is the purpose of the present

section to illustrate that application of the above mentioned dynamical system invariants for

the purpose of the detection of chaos can lead to misleading conclusions.

In order to illustrate this claim, ten thousand samples (i.e. 20 seconds) of horizontally polarised

sea clutter data shown in figure 2.1(a) are used. In addition, ten thousand samples of synthetic

clutter data are generated, such that the spectrum of the synthetic data matched the spectrum

of the first 128 samples of the real clutter data (only the spectrum of the first 128 samples

was used for reasons of clutter stationarity). The amplitude of the synthetically generated

data, being a complex Gaussian process, is Rayleigh distributed, with the correlation structure

matching that of the original sea clutter. It is of interest to compare the attractor dimension and

the Lyapunov exponent of the real clutter and the synthetically generated data. As will soon

be demonstrated, large similarities exist between the two sets of results, casting serious doubt

about the suitability of using the dynamical system invariants for the purpose of diagnosing

chaos.

Only the time series of amplitudes for both the real clutter and the complex Gaussian synthetic

data are used. In order to reconstruct the D
E

dimensional phase portrait as discussed above,

the delay � first needs to be determined. The choice of � needs due care. If � is too small, then

y(t) and y(t + �) are too close, and hence not uncorrelated enough to serve as independent

coordinates. If, on the other hand, � is too large, chaos makes y(t) and y(t + (D

E

� 1)�) dis-

connected. There are a number of different criteria for choosing � presented in the literature.

[Leung, 1992] propose to choose � corresponding to the first zero crossing of the autocorrela-

tion function of y(t). Alternatively, � can be chosen on the basis of some mutual information

measure [Haykin and Li, 1995]. Based on the autocorrelation function of the data, � was chosen

to be approximately equal to 5 for the real clutter data, while it was only 2 for the synthetically

generated data. The difference stems from the fact that, due to stationarity concerns, the syn-

thetic data was generated to match the autocorrelation structure of only the first 128 samples

of the real data.

Having selected � , the embedding phase space consists of the collection of D
E

dimensional

vectors �(t) = fy(t); y(t + �); : : : ; y(t + (D

E

� 1)�)g. The embedding dimension D

E

can in

principle be estimated from the correlation dimension, which is one of a number of different

measures that can be used to estimate the attractor dimension [Haykin and Li, 1995].

In order to evaluate the correlation dimension, the cumulative correlation

C(r) =

1

T

2

T

X

k;j=1; k 6=j

H (r � j�(k)� �(j)j)
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needs to be evaluated over a range of values of r, for all pairs of T samples of the data. The

Heaviside function H is defined as

H(x) =

(

0 if x � 0

1 otherwise

and the norm j�(k) � �(j)j is arbitrary, though the standard Euclidean norm was used in the

following. The correlation dimension is then defined by

D

C

= lim

r!0

log(C(r))

log r

The logarithm of the cumulative correlation as a function of the logarithm of r for T = 10

4

samples of real sea clutter data is shown in figure 2.4(a), while the results for the synthetic data

are shown in figure 2.5(a). The results were obtained for different values of the embedding di-

mension D
E

, ranging from 5 to 50. The region in which the power law is obeyed by log(C(r))

vs log r appears as a straight line, and the slope, which is used as an estimate of the correla-

tion dimension, is found by fitting a least squares line to this part of the graph. The attractor

dimension is estimated from the resulting correlation dimension D
C

, provided the sequence of

estimates converges for increasing values of the embedding dimension D
E

.

The estimates of the correlation dimension obtained for a range of values of embedding di-

mension D

E

are shown in figures 2.4(b) and 2.5(b) for the sea clutter data and the synthetic

data, respectively. It can be seen that for real clutter the correlation dimension saturates to give

an estimate of the attractor dimension D

C

� 10, corresponding to the embedding dimension

D

E

� 40. Note, however, that the correlation dimension also saturates for the synthetically

generated stochastic data, to give an estimate of the attractor dimension of D
C

� 9, correspond-

ing to the embedding dimension of D
E

� 25.

Clearly, no conclusion can be drawn about sea clutter being chaotic from the finite correlation

dimension alone. Indeed, [Leung and Lo, 1993] acknowledge that the statistical colored ran-

dom process may exhibit saturation in the above analysis, although white Gaussian noise is

expected not to produce such effects.

Another test used to establish whether sea clutter is chaotic is the Lyapunov exponent, which

measures the sensitivity of the system to the initial conditions. In order to estimate the largest

Lyapunov exponent from the time series data, an algorithm presented in [Haykin and Li, 1995]

was used. The algorithm amounts to calculating the log ratio of distances between two closest

phase space points one sample period apart. If the distance between the points increases, the

points diverge, indicating a positive Lyapunov exponent. The formula used for the estimation



2.2. Deterministic Models for Sea Clutter 19

0 2 4 6 8 10 12
−12

−10

−8

−6

−4

−2

0

log(r)

lo
g
(C

(r
))

N=5 N=50

(a) Cumulative Correlation

0 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

6

7

8

9

10

embedding dimension N

c
o
rr

e
la

ti
o
n
 d

im
e
n
s
io

n
 D

C

(b) Correlation Dimension

Figure 2.4: (a) Cumulative Correlation as a function of the logarithm of r and (b) Correlation
Dimension (D

C

) as a function of the embedding dimension (N � D

E

) for 104 samples of hori-
zontally polarised amplitude data.

of the largest Lyapunov exponent is

� =

1

k

K

X

k=1

log

j�(k + 1)� �(k

0

+ 1)j

j�(k)� �(k

0

)j

where k0 is the index of the point nearest �(k) in the phase space, and where the averaging

is done for K consecutive phase space points. It was found that for both the real sea clutter

data and the synthetic data, the largest Lyapunov exponent is positive. Yet again, no certain

conclusion can be reached as to whether the sea clutter is chaotic or not, based on the two

invariants above.

2.2.3 Non-linear Evolution Function

In the previous section some doubts were cast as to the validity of the claim of sea clutter being

chaotic. Yet the results presented by a number of authors ([Haykin, 1996], [Haykin and Li, 1995],

[Leung and Lo, 1993]) seem to support the notion that by using dynamical system models, de-

tection performance of incoherent radar clutter approaches that of coherent radars. The pur-

pose of this section is to briefly suggest some reasons for this apparent paradox.

The results presented in [Haykin, 1996], [Haykin and Li, 1995] and [Leung and Lo, 1993] have

one thing in common. They all use neural networks to model the non-linear evolution func-

tion F . The embedding dimension D
E

is determined from the correlation dimension estimate,

while the delay � is trivially determined either from the autocorrelation function, or some other

mutual information measure. The main rationale for using neural networks to model F is sim-
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Figure 2.5: (a) Cumulative Correlation as a function of the logarithm of r and (b) Correlation
Dimension (D

C

) as a function of the embedding dimension (N � D

E

) for 104 samples of syn-
thetically generated amplitudes of complex data.

ple. Since the form of the non-linearity F is unknown, a flexible class of non-linear functions

capable of capturing wide ranging set of dynamics is required, and it is widely accepted that

neural networks are ideally suited to such situations. The potential difficulty with neural net-

works in practice is that they tend to be rather slow to train, and may not be particularly useful

for on-line applications. However, it is not the purpose of this thesis to discuss the merits of

neural networks or otherwise.

Consider the clutter to be a complex Gaussian process, i.e. resulting from random scattering

off a rough surface, where the correlations are associated with effects such as Doppler shifts

due to wave motion. Making a simplifying assumption that the scattering process is stationary

(i.e. Doppler shifts are constant) and ignoring the modulating process due to the swell, the

complex clutter x(t) = [x

I

(t); x

Q

(t)] can be considered to be well modelled by a complex auto-

regressive process given by

x

I

(t) =

N

X

i

[a

I

(i)x

I

(t� i)� a

Q

(i)x

Q

(t� i)] + �e

I

(t)

x

Q

(t) =

N

X

i

[a

Q

(i)x

I

(t� i) + a

I

(i)x

Q

(t� i)] + �e

Q

(t)

where [e

I

(t); e

Q

(t)] is a complex i.i.d. Gaussian innovation process. The additional complica-

tions associated with the swell and non-stationarity of the scattering process will only add to

the complexity of the model, and for the purpose of exposition here, need not be considered.
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As can be seen from the equations above, a simple linear model is optimal for the case of coher-

ent clutter, where both the in-phase and quadrature components are observed. The amplitudes

of the coherent process evolve according to

y(t) =

q

x

I

(t)

2

+ x

Q

(t)

2 (2.2)

= f(x

I

(t� 1); x

Q

(t� 1); : : : ; x

I

(t�N); x

Q

(t�N); e

I

(t); e

Q

(t))

� F (y(t� 1); : : : ; y(t�D

E

); �(t))

where f is well defined. For incoherent radar the in-phase and quadrature components are not

directly observed, and the form of regression on previous observations is therefore not readily

obvious. The observed amplitude at time t, y(t), is clearly not independent of the previous

observations fy(t�1); : : : ; y(t�D

E

)g, and is expected to be related to them through some non-

linear function F , where the noise process �(t) is related to f[e
I

(t�k); e

Q

(t�k)]; k = 1; : : : ;D

E

g

in some non-trivial way.

The results presented in the previous section indicate that the time series obtained from equa-

tion 2.2 has a finite embedding dimension, and a positive largest Lyapunov exponent. This can

be very misleading, as it suggests that the time series may in fact be chaotic. However, although

clearly not deterministic, from the discussion above it is apparent that non-linear regression is

expected to perform substantially better than any linear regression model for y(t). Exactly how

much of the system dynamics can be captured using non-linear regression is not clear, but as re-

sults using neural networks in [Haykin and Li, 1995] indicate, the detection performance based

on the amplitudes alone approaches that of coherent radar.

2.3 NON-GAUSSIAN MODELS FOR SEA CLUTTER

Whether or not sea clutter is chaotic still remains wide open to debate. As was shown above us-

ing a number of dynamical system invariants, correlated Gaussian speckle can misleadingly be

diagnosed as being chaotic. At another level, there is always the possibility that it is the under-

lying modulating component of sea clutter that evolves according to some high dimensional

non-linear system dynamics. The point remains that to date no simple deterministic model for

sea clutter has been proposed.

In the light of the uncertainty about the actual mechanism responsible for generating sea clut-

ter, the potential utility associated with the modelling of sea clutter as a non-linear dynamical

process is greatly diminished by the apparent model complexity required. It is for this very

pragmatic reason that a statistical framework for sea clutter modelling is adopted throughout

this thesis and will be now discussed.
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2.3.1 Single Point Statistics Modelling

The single point statistics of low resolution sea clutter amplitudes, r, have experimentally been

found to be Rayleigh distributed, i.e.

p(rj�) =

2r

�

exp

�

�r

2

=�

�

(2.3)

while the intensity of the received clutter, I = r

2, is exponentially distributed, i.e.

p(Ij�) =

1

�

exp (�I=�)

This observation can be readily justified by the Central Limit Theorem applied to Gaussian

scattering from a large population of scattering centres within a patch illuminated by a low

resolution surveillance radar. In fact, only Rayleigh distributed amplitudes are compatible

with the Gaussian scattering hypothesis [Azzarelli, 1995]. The average power of the clutter

returns, �, is related to the radar cross section (RCS) of the scattering patch.

Similarly, assuming uncorrelated returns for an L-look radar (i.e. where the returns are inte-

grated over L consecutive pulses), the distribution for the intensity of the integrated clutter, I
L

,

can be obtained by convolving the distributions of the individual returns [Levanon, 1988], and

can be shown to be of the form [Oliver, 1993]

p(I

L

j�) =

1

I

L

�

LI

L

�

�

L

1

�(L)

exp

�

�

LI

L

�

�

(2.4)

where �(�) is the Gamma function. The independent samples from pulse to pulse for an L-look

radar can be obtained using techniques such as frequency agility.

At high resolutions and low grazing angles, the clutter has been found to be more ’spiky’, in

that the amplitude distribution exhibits a higher probability of the signal crossing the threshold

than would be expected for a simple Rayleigh distributed clutter. To model such behaviour,

heavier tailed two-parameter distributions, such as the log-Normal distribution

p(rja; b) =

1

2r

p

� ln b

exp

�

�

1

4 ln b

ln

2

(r=a)

�

(2.5)

and the Weibull distribution

p(rja; b) = abr

b�1

exp

�

�ar

b

�

(2.6)

were introduced. Although still used by some for detection performance prediction in the

presence of sea clutter [Rifkin, 1994], such models are clearly not satisfactory, in that they do not

provide any insight into the actual mechanism responsible for generating the radar backscatter
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in a marine environment.

The non-Rayleigh nature of the clutter amplitude distribution could potentially suggest that

the Central Limit Theorem may not be applicable for the returns from a single range cell of a

high resolution radar. However, as was discussed in section 2.1, the high resolution clutter is

locally Rayleigh distributed. It is only the average power of the returns that changes with range

and time. This suggests that the non-Rayleigh nature of the amplitude distribution of high

resolution clutter is associated with bunching of scatterers by the sea wave structure, rather

than being due to a small number of effective scatterers. This observation is applicable to the

current high resolution radars (range cell size of a few meters in range, and a few hundred

meters in azimuth). The number of scattering centres may no longer be sufficiently large at

higher resolutions (of the order of a few centimeters in the radar systems of the future) to

warrant the use of the Central Limit Theorem, and the compound Rayleigh models discussed

below may no longer be appropriate [Ward et al., 1990].

In high resolution radars, provided that the individual resolution cell size is large enough

for the Central Limit Theorem to hold (i.e. the effective number of scattering centres is large

enough), the amplitude returns have been found to be locally Rayleigh distributed (see equa-

tion 2.3), with the local average power of the returns denoted as �. It has also been found that

the local power variations are associated with the swell, and are well modelled by a Gamma

distribution

p(�j�; �) =

�

�

�(�)

�

��1

exp (���) (2.7)

As will be argued in chapters 3 and 5, the Gamma distribution is not necessarily the best distri-

bution for modelling the statistics of the modulating component. To a large extent, the Gamma

distribution stems from the legacy of the search for ’reasonable’ distributions that have some

properties (such as scaling) of the empirically observed clutter [Jakeman and Tough, 1988].

Some credibility to the Gamma distribution for the modulating component has been given

by the birth-death migration process model for the evolution of a population of scatterers on

the ocean surface.

The single point statistics of the high resolution clutter are obtained by compounding the lo-

cally distributed Rayleigh speckle with the Gamma distributed modulating component due to

swell, giving rise to the celebrated K-distribution [Jakeman and Tough, 1988]

p(rj�; �) =

4�r

�(�)

�

�r

2

�

(��1)=2

K

��1

�

p

4�r

�

(2.8)

p(Ij�; �) =

2�

�(�)

(�I)

(��1)=2

K

��1

�

p

4�I

�

where K
�

(�) is the Modified Bessel function [Abramowitz and Stegun, 1970].
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The K-distribution is a member of a family of compound distributions of the form

p(rj�; �) =

Z

1

0

p(rj�)p(�j�; �)d� (2.9)

The compound form of the distribution for the clutter returns has a number of distinct advan-

tages over the empirical log-Normal and Weibull distributions. Firstly, there are good physical

grounds for treating the speckle and the modulating components separately. While the former

is associated with the random scattering from a large population of scatterers, the latter is as-

sociated with the fluctuations in the radar cross section due to the swell, which is resolved by a

high resolution radar. As was discussed in section 2.1, the two components have very different

correlation properties, which also allows the temporal and the spatial correlations in sea clutter

to be treated separately. This becomes particularly useful in target detector design and analysis

(see chapter 3).

As a final note on the single point statistical modelling of sea clutter, it is interesting to note

that other extensions to the compound models are possible, whereby the scatterer popula-

tion is divided into groups of scatterers with similar properties (e.g. same correlation struc-

ture), and where the number of elements in each group is a random variable [Azzarelli, 1995].

Also, other effects such as the thermal noise [Farina and Lombardo, 1994], forward scattering

[Ward et al., 1990], as well as littoral effects [Branson, 1998], influence the form of the clutter

amplitude distribution. However, the treatment of such effects is beyond the scope of this

thesis, and therefore these are not dealt with any further.

2.3.2 Single Point Distribution Parameter Estimation

Estimation of the clutter distribution parameters is of great importance for a variety of radar

detection and estimation problems. In particular, the knowledge of the parameters becomes

crucial in threshold estimation for target detection (including CFAR and coherent target detec-

tion) in the presence of sea clutter.

The Maximum Likelihood estimates, which are also efficient, are easily obtained for delta cor-

related Rayleigh, log-Normal, as well as Weibull distributed clutter. The correlations in the

clutter, which are dealt with in the ensuing sections, are presently ignored for the purpose of

estimating the single point distribution parameters.

For Rayleigh distributed clutter (equation 2.3), the parameter corresponding to the radar cross

section, �, is trivially obtained by Maximum Likelihood from either the clutter amplitude, r, or

the clutter intensity, I, as

� =

4

�

< r >

2

=< I >



2.3. Non-Gaussian Models for Sea Clutter 25

while the Weibull distribution (equation 2.6) Maximum Likelihood parameter estimates can be

obtained by solving

�

1

b

+

< r

b

ln r >

< r

b

>

= < ln r >

a =

1

< r

b

>

for a and b. The parameters of the Gamma distribution (equation 2.7) are also readily obtained

by Maximum Likelihood, by solving

 

(0)

(�)� ln� = < ln� > � ln < � >

� =

�

< � >

for � and �, where  (0)

(�) is the digamma function.

The Maximum Likelihood equations for the K-distribution parameters (equation 2.8) cannot

be written in a simple form. The parameters of the K-distribution can either be obtained by a

computationally expensive, two dimensional optimization procedure, or alternatively, an ap-

proximate scheme for parameter estimation can be employed. Any such approximate scheme

is required to be as unbiased, and have as small a variance of the parameter estimates, as pos-

sible for a small clutter sample size.

Using the fact that the underlying modulating process, �, remains approximately constant over

a number of looks, [Oliver, 1993] demonstrates that in the limit of large L for an L-look radar,

the distribution of the intensity can be approximated by

p

I

(I) � p

�

(I)

�

1 +

�

2L

�

1 + ��

2I�

�

(1 + �) +

I

2

�

2

�

��

where p
�

(�) is given in equation 2.7. In other words, in the limit of a large number of looks,

the distribution of the integrated intensity coincides with that of the Gamma distributed un-

derlying modulating component �. This observation has led [Oliver, 1993] to recommend the

use of the mean of the logarithm, and the mean of the intensity to estimate the K-distribution

parameters, � and �, respectively.

[Raghavan, 1991a] proposes to estimate the Maximum Likelihood (ML) parameters for a Ga-

mma distribution, from which the K-distribution parameters are obtained by matching the

arithmetic and the geometric mean (i.e. the mean in the intensity and in the logarithm domain,

respectively) of the distributions. [Raghavan, 1991a] has found that this method provides lower

variance in the estimates than by matching the two moments of the K-distribution and the data

directly, and that the estimates thus obtained are approximately equal to the numerically eval-

uated ML estimates.
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[Lombardo and Oliver, 1994] further investigate a number of parameter estimation schemes

based on texture (i.e. clutter RCS) measures, including matching the intensity contrast measure,

normalised log measure and the variance of log measure. On comparing the predicted bias

errors of the estimators, the normalised log estimator provided a near-optimum measure on

which to base the estimation of �.

[Blacknell, 1994a] performs a comparison of the different parameter estimation techniques for

K-distributed clutter and finds that the best overall estimation performance is provided by an esti-

mation scheme that uses the mean of the data and mean of the log of the data as the two moments when

applied to single-look data. Based on these results, the K-distribution parameters can be obtained

from the two above mentioned intensity moments by solving

 

(0)

(�)� ln(�) = < ln I > � ln < I > � 

(0)

(1)

� =

�

< I >

for the K-distribution parameters � and �. The parameter � is often referred to as the order

parameter. The order parameter controls the spikiness of the distribution, while the mean of the

distribution is determined by the ratio �=�. Typically encountered values of � in sea clutter

range from about 0.1 for very spiky clutter to 10 for near Rayleigh distributed clutter.

Finally, [Lombardo et al., 1995] study the effects of thermal noise on the order parameter esti-

mation. They have found that the log texture measure was the most susceptible to bias, espe-

cially for small values of � (i.e. spiky clutter), while the contrast measure suffers from being

less sensitive to variations in the order parameter, which renders it comparatively useless for

order parameter estimation. They recommend the use of the amplitude contrast measure for

order parameter estimation, particularly in an intermediate region of the PDF. They find that

this compromise measure yields estimation errors not very different from that of normalised

log and has an acceptable robustness to noise.

2.3.3 Temporal Correlations

So far, only the single point statistics of sea clutter has been considered. In particular, log-

Normal, Weibull and compound K are the distributions of choice for high-resolution sea clut-

ter. However, the knowledge of the single point statistics alone is insufficient, as the clutter

correlations can adversely affect the detection performance prediction in the presence of sea

clutter.

[Szajnowski, 1976] presents an algorithm for generation of correlated, incoherent (i.e. amplitude

only) log-Normal clutter samples, while [Conte and Longo, 1987b] extend the argument to a

coherent model for log-Normal clutter. Similarly, [Szajnowski, 1977] presents an algorithm for
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generation of correlated incoherent Weibull clutter samples, while that algorithm is extended

by [Li and Yu, 1989] to simulation of correlated, coherent Weibull clutter. Unfortunately, merely

extending the single point log-Normal and Weibull distributions to include the correlations

does not fully take into account the correlation properties of sea clutter.

As was discussed in section 2.1, sea clutter is a compound process, where the two compo-

nents (the speckle and the modulating component) arise due to different physical processes

and exhibit different correlation structures. [Marier, 1995] presents a method for generation

of correlated, incoherent K-distributed clutter samples, based on the compound form of the

K-distribution (equation 2.9). The correlations of the two components are modelled indepen-

dently, and the effects of the correlations in the two components on the correlation structure of

the overall clutter are studied for different values of the order parameter (i.e. spikiness) of the

K-distribution.

In his analysis, [Marier, 1995] does not differentiate between the spatial and the temporal corre-

lations associated with the two components of the compound K-distribution model. However,

the approach of treating the two clutter components independently to model the overall cor-

relations of the clutter is very attractive and also reflects the observed properties of the clutter,

which were discussed in section 2.1. In fact, the piecemeal approach to modelling the spatial

and temporal correlations in sea clutter is adopted in this thesis. The present section deals with

the temporal correlations largely associated with the speckle component, while section 2.3.4

deals with the spatial correlations associated with the modulating component.

Coherent Clutter

The pulse to pulse clutter samples obtained using a coherent search radar from a single range

cell, denoted by x = [x

I1

+ jx

Q1

; : : : ; x

IT

+ jx

QT

]

0, are widely agreed to be locally Gaussian

distributed, i.e.

p(xj�) =

1

(��)

T

jAj

1=2

exp

�

�

1

�

x

0

A

�1

x

�

(2.10)

where the matrix A is the normalised covariance matrix of the complex clutter (i.e. the diagonal

entries of the covariance matrix are set to unity). In the case of sea clutter, the temporal cor-

relations are largely due to the speckle (with the modulating component, �, being effectively

constant over the decorrelation time of the speckle), while the speckle is mostly decorrelated in

range.

Based on the above observation, [Conte and Longo, 1987a] have proposed to model the co-

herent clutter as a Spherically Invariant Random Process (SIRP). In particular, a vector x =

[x

1

; : : : ; x

n

]

0 with mean � and covariance matrix M is called a Spherically Invariant Random
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Vector (SIRV) if its distribution takes on the form

p

n

(x) = jMj

�1=2

(2�)

�n=2

h

n

(q)

where q = (x � �)

0

M

�1

(x � �). The distribution of a SIRV p

n

(x) is a generalisation of an n

th

order Gaussian distribution. The class of admissible functions is defined as

h

n

(q) =

Z

1

0

�

�n=2

exp

�

�

q

�

�

f(�)d�

where f(�) is the characteristic distribution function (CDF). A SIRP x(t) is defined so that every

sample taken from it is a SIRV with one and the same CDF.

Both the Weibull (for b � 2) and the compound K distributions belong to the family of SIRPs.

However, the log Normal distribution does not. Furthermore, the SIRPs have a number of

attractive properties. In particular, a SIRV x is completely characterised by the knowledge of

its mean �, its covariance matrix M and its first-order distribution p
1

(x) (or, alternatively, the

characteristic distribution function f(�)). Also, SIRVs are closed with respect to linear transfor-

mations. The latter point is rather attractive, in that for the purposes of detection, a SIRV can,

in principle, be pre-whitened by a linear transformation, with the resulting vector still being

a SIRV. The properties of SIRPs are further discussed in papers by [Conte and Longo, 1987a],

while [Rangaswamy et al., 1993] discuss the properties of a number of members of the SIRP

family. The issues associated with generating SIRVs are discussed in [Rangaswamy et al., 1995]

and [Conte et al., 1991a].

SIRPs form a flexible family of distributions capable of modelling the temporal correlation

structure of the coherent sea clutter. One shortcoming of such models is that the correlation

properties of the modulating component � are not taken into account. This does not matter for

the purposes of modelling the temporal correlations, as � is effectively constant for any SIRV

x, but the spatial correlations of � become important in the context of CFAR detection. The

issues associated with modelling the spatial correlation structure of sea clutter are treated in

more detail in the section 2.3.4.

Incoherent Clutter

As was discussed in the previous section, the temporal correlations in coherent sea clutter are

readily modelled using SIRPs, which are simply an extension of a multivariate Gaussian dis-

tribution. However, in the case of incoherent clutter, the situation becomes a little more in-

teresting. In particular, the autocorrelation function of incoherent clutter contains no phase

information and, furthermore, the Rayleigh distribution being non-Gaussian is not necessarily

defined uniquely by the univariate marginal distribution and the second order statistics.
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No simple analytical form exists for a multivariate (of order greater than two) correlated Ray-

leigh distribution corresponding to the amplitudes of a complex Gaussian process. This does

not mean that multivariate Rayleigh distributions do not exist (see [Marshall and Olkin, 1967]

and [Singpurwalla and Youngren, 1993]), but rather that such distributions are not necessarily

compatible with the complex Gaussian process hypothesis.

Due to the difficulty of modelling the joint distribution of the correlated Rayleigh clutter, the

pulse to pulse samples from a single range cell are usually assumed to be uncorrelated. This

is not an unreasonable assumption, as frequency agility can be employed in incoherent radars

to remove the temporal correlations associated with the speckle, while leaving the underlying

modulating component, �, unchanged.

However, although it proves to be difficult to model the joint statistics of correlated Rayleigh

clutter directly, it is relatively easy to synthetically generate correlated Rayleigh distributed

samples [Szajnowski, 1977]. As is discussed in appendix A, the correlated Rayleigh samples

can be obtained from a spherically symmetric, zero-mean complex Gaussian process. Denote

by �

r

(k) the normalised autocovariance function of the Rayleigh amplitudes, and by �

x

I

x

I

(k)

the normalised autocorrelation of the real component (and imaginary component, �
x

Q

x

Q

(k) =

�

x

I

x

I

(k), by symmetry) of the complex Gaussian process, and by �
x

I

x

Q

(k) the normalised cross-

correlation of the in-phase and quadrature components of the complex Gaussian process. It

can be shown that the amplitudes of the complex Gaussian process are Rayleigh distributed,

and the correlations of the amplitudes are related to the correlations of the complex Gaussian

process through the following identity

�
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where
2

F

1

[�] is a Gauss hypergeometric function [Abramowitz and Stegun, 1970].

As expected, the phase relationship in the autocorrelation function of a complex Gaussian pro-

cess (which contains the Doppler information) is lost in the autocovariance of the Rayleigh

distributed amplitudes in an incoherent radar. However, as will be discussed in chapter 3, the

correlation structure of the amplitudes may still be useful for target detection in the Moving

Target Indicator (MTI) framework.

Furthermore, as was already stated, the Rayleigh distribution is non-Gaussian, and hence is

not completely defined by its marginal and second order statistics. However, in the case of

sea clutter, the Rayleigh distributed amplitudes are the result of observing the envelope of a

complex Gaussian speckle component. It is this observation that provides the motivation for

the work undertaken in chapter 4, where a full probabilistic model for the correlated clutter

is employed in conjunction with Markov Chain Monte Carlo techniques in order to investi-

gate the underlying complex Gaussian model parameter structure from the observed Rayleigh

distributed amplitudes.
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2.3.4 Spatial Correlations

The previous section has dealt with the short term temporal correlation structure in sea clutter,

which is largely associated with the speckle component. The short term statistics of coherent

clutter returns are readily modelled using Spherically Invariant Random Processes, while the

joint statistics of the correlated amplitude returns in incoherent radar do not have a simple

analytical form. Furthermore, the short term temporal correlations due to the speckle can be

removed by the use of frequency agility.

The spatial correlations in sea clutter arise mostly from the underlying modulating component

(associated with the swell). As the speckle is largely decorrelated in range, the spatial corre-

lation structure of sea clutter is largely independent of whether the clutter is coherent or not,

or whether frequency agility is employed. Furthermore, the modulating component is also

correlated in time, but on a scale much longer than the speckle component. The modulating

component can therefore be considered constant on a pulse to pulse basis, but not so on a scan

to scan basis.

As was mentioned in section 2.1, the modulating component of high resolution sea clutter is

widely agreed to be Gamma distributed (this point is further discussed in chapters 3 and 5).

[Watts and Ward, 1987] provide an excellent discussion on the dependence of the order param-

eter of spatially correlated clutter distribution, on the radar range resolution. In particular, they

observe that the reflectivity (i.e. local power) of the returns at lower range resolution can be ex-

pressed as the sum of a number of correlated Gamma distributed variates, which have also

been found to be Gamma distributed, but with a different shape parameter. The implications

of this observation are profound.

Given a high resolution range profile, where the underlying modulating component, �
H

, is Ga-

mma distributed (as in equation 2.7) with order parameter �
H

and with correlation coefficient

of �
H

given by �

�

(k) for samples spaced apart by k range sample intervals, a low resolution

range profile can be simulated by averaging blocks ofN adjacent samples of the high resolution

range profile.

The clutter reflectivity, �
L

, of the resulting low resolution range profile is also Gamma dis-

tributed, with order parameter �
L

. By using arguments based on the first two moments of

the sum of the correlated high resolution variates, [Watts and Ward, 1987] show that the order

parameter of the low resolution clutter is related to the order parameter of the high resolution

clutter through

�

H

�

L
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N + 2(N � 1)�

�

(1) + 2(N � 2)�
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(2) + : : : + 2�
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which reduces to �

L

= N�

H

for spatially uncorrelated clutter. As expected, by reducing
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the resolution (i.e. increasing N ), the order parameter of the resulting lower resolution clut-

ter increases and in the limit the modulating component becomes constant. Furthermore, as

[Watts and Ward, 1987] point out, the distribution of the clutter speckle component remains

unchanged with radar resolution. Therefore, the distribution of the overall clutter envelope

will still be K-distributed and in the limit of large N will tend to the Rayleigh distribution (as

expected for low resolution clutter).

[Watts and Ward, 1987] found that the above result for the change in order parameter is in

close agreement with the observed data. This finding has profound implications on the target

detection strategy. In particular, there is a trade off in choosing between higher resolution,

which is associated with a decrease in the order parameter (i.e. increased clutter spikiness), and

simple binary integration for the purpose of target detection.

Spatial correlations in the modulating component of sea clutter also influence the performance

of adaptive target detectors (such as the CFAR detector), when the detection threshold for the

range cell under test is adapted according to the clutter samples in the neighbouring range

cells. The threshold itself is therefore very sensitive to the spatial correlations in the modulating

component. These issues will be discussed in more detail in chapter 3.

There is great utility in obtaining a multivariate distribution to capture the joint statistics of the

underlying modulating component of sea clutter. Unfortunately, a Gamma distributed process

is not uniquely defined by its single point marginal and second order statistics. Also, to the

best of the author’s knowledge, despite the efforts of many researchers in this field, no simple

analytical expression has been found for a multivariate Gamma distribution beyond the second

order (i.e. bivariate case).

[Armstrong and Griffiths, 1991b] derive an expression for a bivariate Gamma distribution with

half-integer order parameter, based on the sum of squares of correlated Gaussian variates.

This approach amounts to passing the correlated Gaussian variates through a square law non-

linearity, and then summing the resulting variates to obtain samples of a correlated Gamma

process. Using Laguerre polynomials, [Raghavan, 1991b] derives a similar expression for a

bivariate Gamma distribution with arbitrary order parameter, but which reduces to the distri-

bution presented by [Armstrong and Griffiths, 1991b] for half-integer values of the order pa-

rameter. The form of the bivariate Gamma distribution for �
l

and �

m

spaced k samples apart,

with the single point marginal given by equation 2.7 (i.e. � � �(�; �)) and with the normalised

covariance �
�

(k), is given by
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where m = l + k, 0 � �

�

(k) � 1, and where the standard notation for the Gamma distribution

has been adopted, i.e.

�(xj�; �) =
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�
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��1

�(�)

exp(��x)

Based on the bivariate form of the distribution for �
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and �

m

, the conditional distribution
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) is easily obtained from the knowledge of the marginal p(�
m

). [Bucciarelli et al., 1996]

propose a multivariate, exponentially correlated, Gamma distribution based on the first order

Markov decomposition, i.e.
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Clearly, due to the constraint on the resulting correlation structure, such a simple model may

not be very adequate for most practical cases of interest.

Although often desirable, the multivariate distribution is not the only way of describing the

statistics of the data. In the present case, where the spatial correlations of the modulating

component of sea clutter are of interest, the modulating component can be considered to be

the result of a stochastic process. [Jakeman and Tough, 1988] have suggested using a Stochas-

tic Differential Equation (SDE) based model, which is based on semi-phenomenological ar-

guments for the evolution of a population of scattering centres on the ocean surface. How-

ever, this is not the only possible model for a correlated process with single point Gamma

statistics. [Shephard, 1994], [Singpurwalla and Youngren, 1993] and [Lewis et al., 1989] present

some other first order Markov Gamma process models. Unfortunately, being first order Markov,

such models suffer from the shortcoming in that they are only capable of modelling a very lim-

ited range of correlation functions.

However, as will be argued in chapters 3 and 5, the modulating component of sea clutter need

not be Gamma distributed. In fact, the Gamma distribution assumption may result in overly

optimistic detection performance prediction for target detection in the presence of sea clutter.

For this reason, a family of non-constant variance (i.e. heteroscedastic) models is proposed in

chapter 5 for modelling the statistics of the modulating component of sea clutter. As will be

argued in chapter 6, it is the conditionally Gaussian form of the predictive distribution, and the

ability to model a wide range of correlations, that makes such models potentially very attractive

from a CFAR detection point of view.
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Generation of Correlated Gamma Variates

For the purpose of target detection performance prediction in the presence of sea clutter using

Monte Carlo (i.e. simulation) methods, it may be necessary to generate spatially correlated

samples with the desired single point statistics (usually assumed to be Gamma distributed for

the modulating component). This issue has been dealt with at length by a number of authors.

[Marier, 1995] employs the scheme proposed by [Armstrong and Griffiths, 1991b], to generate

correlated Gamma samples with half-integer order parameter, by summing correlated Gaus-

sian variates, which are processed by a square law zero memory non-linearity. The resulting

samples are Gamma distributed, with the joint two-point statistics given by equation 2.11. The

disadvantage of this scheme is that the samples can be generated only for a Gamma distribu-

tion with half-integer order parameter, and with a non-negative autocorrelation function.

[Watts, 1996] proposes a scheme to generate Gamma distributed samples of any order param-

eter, but with an exponentially decaying autocorrelation function, using a method based on

transforming correlated Gaussian variables using a zero memory non-linearity.

[Blacknell, 1994b] proposes a method based on the properties of the characteristic functions of

correlated Gamma distributions. With this method, correlated Gamma samples are obtained

from uncorrelated Gamma variates by using a moving average filter. Although samples with

any non-negative autocorrelation structure and order parameter can be obtained in this way,

the method suffers from the shortcoming in that it becomes increasingly difficult to estimate

the coefficients of the moving average filter as the correlation length increases.

[Oliver and Tough, 1986] discuss two techniques for obtaining correlated, Gamma distributed

samples. The first method is based on Euler integration, and simulation of a Stochastic Differ-

ential Equation with Gamma single point statistics. The usefulness of this approach is severely

limited by the restrictions on the correlation structure of the resulting samples.

An alternative technique proposed by [Oliver and Tough, 1986] is similar to that proposed by

[Blacknell, 1994b], in that the correlated samples are obtained as a linear, weighted average of

Gamma distributed samples. The weighting coefficients are evaluated such that the resulting

samples have the required first and second order statistics. However, unlike the technique

proposed by [Blacknell, 1994b], the samples obtained by simple averaging of the uncorrelated

Gamma variates need not themselves be Gamma distributed. Therefore, the technique pro-

posed by [Oliver and Tough, 1986] is useful only insofar as the samples with roughly the cor-

rect single-point statistics, but with the correct second order statistics, are generated.



34 Review of Sea Clutter Modelling

As a final note, [Lombardo and Oliver, 1995] present a discussion on the issues associated with

estimating the correlation properties of K-distributed clutter. In particular, they find that the

correlation properties estimated in the logarithm or the amplitude domain are significantly

better than those obtained in the intensity domain.

2.4 SUMMARY

The main purpose of this chapter was to present a review of the field of sea clutter modelling.

To this end, the properties of high resolution sea clutter were discussed in section 2.1. From

empirical observations, the compound form of the clutter is apparent not only in the single

point statistics, but also in the correlation structure.

Sea clutter is effectively a compound process, where the fast oscillating speckle is modulated in

power by an underlying process associated with the sea swell. While the speckle decorrelates

on the scale of a few milliseconds, it is effectively uncorrelated spatially. Furthermore, the

speckle can be decorrelated by using frequency agility. The speckle has been observed to be

locally Rayleigh distributed, and the overall clutter distribution is well modelled as being K-

distributed.

The modulating component, which is associated with the swell structure of the sea, is usually

spatially correlated. The modulating component decorrelates on the scale of a few seconds,

and has been found to be unaffected by frequency agility. It is the very disparate correlation

properties of the two sea clutter components, which allow the clutter to be treated in a piece-

meal fashion, whereby the spatial and the temporal correlations of high resolution sea clutter

are treated independently for the purpose of target detection analysis in the presence of high

resolution sea clutter.

In section 2.2, the issues associated with non-linear modelling of sea clutter were discussed.

Although no conclusions were drawn as to whether the sea clutter is deterministic or not, it

was noted that the tests used by some authors to diagnose non-linearities and chaos in the sea

clutter data can lead to misleading conclusions. However, some authors have published very

favorable detection performance results for an incoherent radar, approaching the performance

achievable using a fully coherent radar. A plausible reason for this was given, based on an

autoregressive model for the speckle component. The issue of target detection in correlated

incoherent clutter is dealt with further in chapter 4.

Probabilistic models for the statistics of high resolution sea clutter were discussed in section

2.3. In particular, while modelling of the single point statistics of high resolution sea clutter is
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well understood, due to the non-Gaussian nature of high resolution sea clutter, the modelling

of the temporal and the spatial correlations proves to be more of a challenge. In particular, as

was discussed in section 2.3.3, while it is relatively simple to model the temporal correlations

of the coherent speckle (conditional on the modulating component), the temporal correlations

of the incoherent speckle are not readily modelled. In fact, for incoherent radars, the speckle

is often assumed to be uncorrelated from pulse to pulse, the condition which can be readily

achieved by the use of frequency agility. The issues associated with the modelling of the tem-

poral correlations of incoherent speckle are dealt with further in chapter 4.

Finally, in section 2.3.4, the issues associated with the modelling of the spatial statistics of sea

clutter were discussed. The spatial correlations in sea clutter are mainly associated with the

modulating component, which is widely agreed to be Gamma distributed. The multivariate

Gamma distribution is not uniquely defined by the single point marginal and the second order

statistics. The issues associated with the modelling of the spatial correlations of the modulating

component are dealt with further in chapter 5.
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Target Detection

in the Presence of Sea Clutter 3

3.1 INTRODUCTION

The aim of a surveillance radar is to detect targets by illuminating an area of interest with

electromagnetic radiation. In a marine environment, the term target usually refers to any radar

backscatter that is not due to the scattering from an ocean surface. This may include backscatter

from some man-made object (such as a ship, a periscope or an airplane), or some other natural

object (such as an iceberg).

Target detection can be looked upon as a decision-theoretic problem [Bernardo and Smith, 1994].

Within this framework, given a number of backscattered samples (which could include targets

in addition to the background clutter), there are two possible actions: declare the presence of a

target, or alternatively, declare that no target is present in the received signal. Associated with

each of the actions, are two consequences:

� if a target is declared, but none is present, the consequence is referred to as a false alarm

� if a target is declared, and the target is present, the consequence is a successful target

detection

� if no target presence is declared, and a target is present in the received clutter, the conse-

quence is a missed target detection

� if no target presence is declared, and no target is present in the received clutter, the con-

sequence is a successful non-detection

One of the design objectives of a surveillance radar system is to suppress the number of false

alarms to within an acceptable level, while maximising the number of real target detections.

This indeed is a very risk averse design criterion, where the expected utility is a function of

the probability of detection, subject to a maximum acceptable level of the probability of false

alarm.

The action of declaring a detection can be based on any number of different criteria. For exam-

ple, if the clutter is known to be deterministic, detection can be declared when the prediction

error exceeds some pre-defined threshold [Haykin, 1996]. Alternatively, of more interest for the

present discussion, the action of declaring a detection within a statistical framework is based on
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some signal statistic (e.g. amplitude, spectrum, likelihood) exceeding some pre-defined thresh-

old. The action of setting the threshold constitutes the action of declaring a detection, and

hence the threshold has to be set such that the overall expected utility is maximised.

Statistical target detection is possible only if both the background clutter and any potential

targets can be characterised and differentiated by their statistical properties. Thus far in this

dissertation, only the statistical properties of the background sea clutter have been discussed.

No mention as yet has been made of the target statistics. This issue is dealt with briefly in sec-

tion 3.2. Fixed threshold detection based on the single point amplitude statistics of the radar

returns is dealt with in section 3.3, while in section 3.4 the discussion is extended to fixed thresh-

old target detection following pulse integration. Adaptive threshold detection techniques are

reviewed in section 3.5, a brief review of Neyman-Pearson detection techniques is presented

in section 3.6, while in section 3.7 techniques for target detection in coherent radar systems are

briefly discussed. A summary of the main points raised in this chapter is presented in section

3.8.

3.2 TARGET MODELS

Complex bodies, such as ships and aircraft, have been mapped to yield their radar cross sec-

tions in various planes as a function of aspect angle. Because of their motion relative to the

radar, the aspect angle changes, and it may therefore be more practical to describe them in

terms of the probability distribution function of their cross section, p(A). Furthermore, there

may be a myriad of potentially different targets (i.e. signals other than those due to thermal

noise or the backscatter from an ocean surface), each with different statistical properties. There-

fore, unless a particular target is being sought, the utility of using a specific target model may

not be very great.

Swerling observed that targets may be grouped into a number of rather general classes, based

on their apparent scattering characteristics. Broadly speaking, targets have been observed to

be either fast or slow fluctuating. In the former case, the target returns are observed to vary

on a pulse to pulse basis, while in the latter case, the targets remain essentially fixed from

pulse to pulse, while fluctuating on the scan to scan basis. Alternatively, the targets can be

non-fluctuating (i.e. constant amplitude returns).

With regard to the amplitude statistics of the target returns, the backscatter from a target can

be considered to arise due to scattering from many independent scattering centres of approx-

imately equal strength. Alternatively, it can arise from scattering from a dominant scatterer,

along with a number of other smaller scattering centres. Where there are many independent
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scatterers of equal strength, the intensity (i.e. power) of the returns is exponentially distributed,

i.e.
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2. For the case of one dominating, and many independent

scattering centres, the intensity is chi-square distributed with k=2, i.e.
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Based on the above properties, Swerling proposed four widely adopted statistical target mod-

els, classified according to the rate of fluctuations and the single point statistics:

1. Swerling I refers to a slowly fluctuating target with Rayleigh distributed amplitude statis-

tics (equation 3.1).

2. Swerling II refers to a fast fluctuating target with Rayleigh distributed amplitude statis-

tics (equation 3.1).

3. Swerling III refers to a slowly fluctuating target with chi-square (k=2) distributed inten-

sity statistics (equation 3.2).

4. Swerling IV refers to a fast fluctuating target with chi-square (k=2) distributed intensity

statistics (equation 3.2).

A non-fluctuating (i.e. constant amplitude) target is often referred to as Swerling 0.

It is interesting to note that the Swerling models are not the only possible target models (e.g. see

[Shnidman, 1995]). It is the simplicity of the Swerling models that most often makes them

the models of choice for target detection performance analysis. For optimal detection of a

particular target (e.g. a helicopter hovering above the sea surface), more detailed statistical

models, specific to the particular target, may need to be used.
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3.3 SINGLE PULSE FIXED THRESHOLD DETECTION

Target backscatter is always accompanied by noise and other extraneous clutter. It is the goal of

a decision circuit to detect the presence of any potential targets, while suppressing the number

of false detections to within some acceptable level. Denote by r the amplitude of the radar

return. The amplitude of the return can either be due to the noise (including clutter) alone, or

due to the noise plus a target. It is the difference between the amplitude statistics of the two

cases that forms the basis for statistical detection of targets in the presence of noise and clutter.

The amplitude statistics of sea clutter were discussed in section 2.3. In particular, it was shown

that a target and thermal noise free clutter amplitude is locally Rayleigh distributed, i.e.

p(rj�) =

2r

�

exp(�r

2

=�)

with the underlying modulating component, �, being Gamma distributed.

In addition to the background clutter, the amplitude statistics of the radar backscatter is also

affected by the presence of thermal noise. However, in a marine environment, the backscat-

ter from an ocean surface usually dominates any thermal noise contributions. For reasons of

space and brevity, the thermal noise effects are not dealt with any further in the present treat-

ment. Instead, the interested reader is referred to the excellent discussion on the subject in

[Watts, 1987].

The combined amplitude statistics of sea clutter and a target with amplitudeA is Rice distribu-

ted [Levanon, 1988], i.e. the combined radar return, r, is distributed as
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where I
0

[�] is the modified Bessel function of order zero. The target amplitude itself may fluc-

tuate on different time scales, according to some distribution p(Aj �A) (e.g. Swerling cases). Sim-

ilarly, the sea clutter cross section, �, though effectively constant over short time intervals,

fluctuates according to some distribution p(�j�; �). Therefore, the unconditional clutter plus

target amplitude distribution is given by
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where the target mean power �
T

= 2

�

A

2, and where � and � are the clutter RCS (i.e. modulating

component) distribution parameters.

The probability of false alarm is given by the probability of a target-free amplitude return
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(i.e. A = 0) exceeding some predefined threshold, V
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, i.e.
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Similarly, the probability of detection is given by the probability of a radar return, which in-

cludes a target of amplitude A, exceeding some predefined threshold, V
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, i.e.
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The above analysis is only appropriate for the case of a single pulse detection. The issues associ-

ated with evaluation of the probability of false alarm and detection following pulse integration

are dealt with by [Watts et al., 1990], and are discussed further in section 3.4.

3.3.1 Non-fading Targets

In the case of a non-fading target (i.e. Swerling 0) with constant amplitude, A, the single pulse

probability of false alarm, P
fa

, and the probability of detection, P
d

, for threshold level V
T

can

be obtained by integrating equation 3.3 to give
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where the approximation for the probability of detection is valid for the signal to clutter ratio

SCR = A

2

=� � 1. The above probabilities are conditional on the underlying modulating pro-

cess power, �. To obtain the average values for the probabilities of detection and of false alarm,

P

fa

(V

T

j�) and P

d

(V

T

j�;A) should be averaged over all values of �. However, that proves to

be no trivial task, and following [Watts et al., 1990], simulations based on real averaged range

profiles are used throughout this thesis to estimate the average probabilities for real clutter data.

3.3.2 Fluctuating Targets

The amplitude of the target returns for a Swerling 0 target is constant. For Swerling I and

Swerling II targets, the amplitude of the target returns fluctuates, and is Rayleigh distributed.

To obtain the overall distribution of the returns due to a fluctuating target plus clutter, the

target plus clutter distribution in equation 3.3 has to be averaged over all the possible values of
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A, resulting in the overall radar return amplitude being distributed as

p(rj�;

�

A) =

Z

p(rj�;A)p(Aj

�

A)dA

=

2r

� + 2

�

A

2

exp

�

�r

2

� + 2

�

A

2

�

(3.5)

Therefore, the probability of false alarm and the probability of detection, conditional on the

clutter power, �, are given by

P

fa

(V

T

j�) = exp

�V

2

T

�

(3.6)

P

d

(V

T

j�;
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�V

2

T
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�

A

2

To obtain the average values for the probabilities of detection and of false alarm, P
fa

(V

T

j�) and

P

d

(V

T

j�;

�

A) should be averaged over all values of �. Closed form expressions for the average

probability of false alarm can be derived when � is Gamma or Inverse Gamma distributed

(see appendix D). However, if � is log-Normal distributed, an approximate scheme relating the

threshold to the probability of false alarm can be obtained. Polynomial approximations relating

the detection threshold V

T

to the average probability of false alarm when � is Gamma, Inverse

Gamma or log-Normal distributed are presented in appendix D.

3.4 FIXED THRESHOLD DETECTION WITH INTEGRATION

The previous section has dealt with target detection based on a single pulse return. Clearly,

such detection may not be very satisfactory, as the single point distributions for the clutter and

the target may heavily overlap. Some means of separating the two distribution may be required

for improved detection performance.

One standard technique to separate the target and the clutter distributions is to process a num-

ber of consecutive radar returns before declaring a detection. High detection probability can

then be obtained even when the single pulse signal to clutter ratio is near or below unity. The

process by which the pulses are combined is known as integration.

There are a number of ways of performing the integration, depending on the stage of radar

processing at which the pulses are integrated. There are principally three such stages:

1. Coherent integration before envelope detection, where the pulse to pulse returns are

added and averaged coherently.

2. Incoherent integration after envelope detection, where the pulse to pulse amplitude re-
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turns are averaged incoherently.

3. Binary integration after the single pulse detection circuit, where the detection is based

on the binary output of a single pulse detection circuit.

The merits of the different schemes are discussed in [Eaves and Reedy, 1987], and presently

only a brief exposition on the estimation of the probabilities of detection and false alarm is

given for the incoherent and the binary integration schemes. The discussion herein is limited

to the Swerling I and II target models, with the interested reader referred to the excellent paper

by [Shnidman, 1995] for a more comprehensive review of the subject.

0 5 10 15 20
10

−1

10
0

SCR (dB)

P
d

Single Pulse      
Swerling II Binary
Swerling I Incoh  
Swerling II Incoh 

Figure 3.1: Probability of detection as a function of Signal to Clutter Ratio (SCR) in dB. Results
shown for single pulse detection, as well as detection employing 10 pulse incoherent and binary
integration. The results are shown for Swerling I and II target models in uncorrelated Rayleigh
clutter, with P

fa

= 10

�6.

Figure 3.1 compares the target detection performance of detectors employing 10 pulse incoher-

ent and binary integration, to target detection performance of single pulse detector. The results

in the figure are shown for Swerling I and Swerling II targets in uncorrelated Rayleigh distri-

buted clutter, with P
fa

= 10

�6. The clutter is assumed to be independent from pulse to pulse.

Swerling I target remains constant, while Swerling II target fluctuates on pulse to pulse basis.

Binary integration is only shown for the fast fluctuating Swerling II target.

One typically adopted measure of detection performance improvement is based on the change

in the signal to clutter ratio (SCR) required in order to achieve a particular probability of detec-

tion (typically P
d

= 0:5 or 0:9) for the specified probability of false alarm [Eaves and Reedy, 1987].

Based on this measure, it can be seen from figure 3.1 that integrating 10 pulses provides 6dB

improvement for binary integration for Swerling II target, 8dB improvement for incoherent in-

tegration for Swerling I target, and 10dB improvement for incoherent detection for Swerling II

target over single pulse detection with P
fa

= 10

�6 and P
d

= 0:5.
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The two Swerling cases considered in figure 3.1 represent the two extreme cases of fully cor-

related and uncorrelated target models. The interested reader is referred to the paper by

[Kanter, 1986] for the detection probability analysis of partially correlated targets in uncorre-

lated Rayleigh distributed clutter, using incoherent integration for different numbers of inte-

grated pulses.

It is interesting to note that regardless of whether the target is correlated or not, pulse inte-

gration, be it incoherent or binary, provides an improvement over single pulse detection in

terms of the SCR ratio required to achieve the desired probability of detection for the given

probability of false alarm. The incoherent and the binary integration schemes are now briefly

discussed.

3.4.1 Incoherent Integration

Coherent integration, where complete phase information from pulse to pulse is available, pro-

vides the largest increase in signal to clutter ratio for targets in uncorrelated clutter. In fact, for

coherent integration of M pulses, an increase in signal to clutter ratio by up to a factor of M

can be expected.

In addition to integration, other potentially powerful strategies are possible for coherent target

detection in the presence of background clutter (e.g. by making the full use of the Doppler infor-

mation). These techniques are briefly discussed in section 3.7. The present section is concerned

with the effect of integration after the envelope detection stage of a radar system, i.e. when only

the amplitude, and no phase information is available.

[Watts et al., 1990] present an in-depth discussion on the detection performance analysis of tar-

get detectors employing incoherent integration. In particular, [Watts et al., 1990] show that the

analysis depends not only on the target and clutter marginal statistics, but on their respective

fluctuating characteristics as well. [Watts, 1987] shows that the analysis is further complicated

by the presence of thermal noise in the clutter returns.

The present discussion is limited to Swerling 0, I and II targets in completely uncorrelated clut-

ter (which can be obtained through the use of frequency agility). For the analysis of partially

correlated targets, the reader is referred to the paper by [Kanter, 1986], while [Shnidman, 1995]

provides a more in-depth analysis of the detection performance including incoherent integra-

tion for a wide variety of clutter and target models.

Consider M consecutive radar return amplitudes from a single range cell, denoted by fr
k

:

k = 1 : : : Mg, from which an integrated return, denoted as z =

P

k

r

2

k

, is obtained. Each of the

returns r
k

can consist of clutter as well as targets, and each return is individually distributed
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as in equation 3.3 if the target is slow fluctuating, and as in equation 3.5 if the target is fast

fluctuating.

The modulating component of sea clutter, �, can be considered to be effectively constant over

the integration period, while the speckle is uncorrelated from pulse to pulse. The distribution

of the sum of M independent variates can be obtained as an M -fold convolution of the individ-

ual return distributions, and hence the distribution of the incoherently integrated, target free

speckle can be shown to be of the form [Levanon, 1988]

p(zj�;A = 0) =

1

z

�

z

�

�

M

1

�(M)

exp (�z=�)

The probability of false alarm for a detector employing M pulse incoherent integration with

the detection threshold for z set to V 2

T

, can thus be shown to be given by

P

fa

(V

T

j�) = p(V

2

T

� zj�;A = 0)

=

�(M;V

2

T

=�)

�(M)

= 1�

1

�(M)


(M;V

2

T

=�) (3.7)

where 
(�; �) is the incomplete Gamma function. In order to obtain the average probability of

false alarm, P
fa

(V

T

j�) should be averaged over all possible values of �, but again, this proves

to be a rather daunting task analytically.

The probability of detection in uncorrelated clutter depends on the rate of fluctuation of the

target. In particular, for a non-fluctuating target (Swerling 0), the target amplitude is constant

over the integration period, while the clutter contributions are independent from pulse to pulse.

The distribution of the integrated return, z, can therefore be obtained as anM -fold convolution

of the the individual return distributions as given by equation 3.3 for each of the individual

returns, r
k

. An approximate expression for the probability of detection for M > 100 and R
P

<

0:6 can then be shown to be given by [Levanon, 1988]
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�1
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P

= 2A

2

=�, and �(x) = (2�)

�1=2

R

1

x

exp�

1

2

t

2

dt.

For a slow fluctuating target (Swerling I), the target amplitude A is effectively constant over

the integration period, and hence the distribution for the integrated return z can be obtained

as an M -fold convolution of the individual return distributions as given by equation 3.3 for

each of the individual returns r
k

. The result is the distribution p(zjA; �), which then needs

to be averaged over the slow fluctuating target distribution p(Aj

�

A), from which the average
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probability of detection can be approximately expressed for M � 10 as

P

d

(V

T
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A) � exp
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2�

�1
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fa
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T
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= 4

�
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2

=�.

For a fast fluctuating target (Swerling II), both the clutter and the target are uncorrelated from

pulse to pulse, and hence the distribution for the integrated return is obtained as an M -fold

convolution of the individual return distributions as given by equation 3.5. This results in the

distribution p(zj �A; �), from which the probability of detection can be approximately expressed

for M � 10 as

P

d

(V

T

j�;A) � �

"

2�

�1

[P

fa
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T

j�)]�

p

M

�

R
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�

R

P

+ 2

#

Clearly, yet again, none of the above expressions for the probability of detection is easily av-

eraged analytically over all the values of the modulating component, �, in order to obtain the

unconditional average probability of detection in compound clutter environment.

3.4.2 Binary Integration

Although not as powerful as incoherent integration, binary integration following a single pulse

detection circuit is amenable to simple analysis, particularly for constant and fast fluctuating

targets. Binary integration has also been shown to be very suitable for practical implementation

of pulse to pulse integration when large radar pulse bandwidths are involved [Watts, 1985].

A binary integration detector uses the binary output (i.e. detection or non-detection) of a single

pulse detection circuit. Detection is declared for M integrated pulses if the number of indi-

vidual detections within an M pulse block exceeds some pre-set limit (which in the case of

thermal noise is shown to be optimal for 6 individual detections within a block of 10 pulses

[Watts, 1985]).

For the case of constant, or fast fluctuating targets (e.g. Swerling 0 and II, respectively) in the

presence of uncorrelated clutter, it can be shown that for non-overlapping blocks of M pulses

with detection threshold set at K detections out of M samples, the probability of false alarm

(detection) for the binary integrator is related to the single pulse probability of false alarm

(detection) through

P

n

(V

T

jM) =

M

X

k=K

 

M

k

!

[P

n

(V

T

jM = 1)]

k

[1� P

n

(V

T
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M�k
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where P
n

(V

T

jM) refers to either the probability of detection n � d, or the probability of false

alarm n � fa, for an M pulse binary detector. Similarly, P
n

(V

T

jM = 1) corresponds to the

probability of false alarm or detection for a single pulse detection circuit.

Finally, it is interesting to note that, unlike the case of the constant and fast fluctuating targets,

the target detection performance analysis is somewhat complicated for slow fluctuating targets

(e.g. Swerling I). This is because in the case of the slow fluctuating targets it is necessary to

average the integrated probability of detection over all the possible target amplitudes A.

3.5 ADAPTIVE THRESHOLD (CFAR) DETECTION

The target detection schemes discussed so far were either based on a single radar return, or

on a return integrated over a number of consecutive pulses. The detection threshold was fixed

across a range profile at a level ensuring that the correct average probability of false alarm is

achieved. The speckle component was assumed to be independent on pulse to pulse basis

(which can be achieved by use of frequency agility), while the underlying modulating compo-

nent was assumed to be effectively constant over the integration period. Both the speckle and

the modulating component were effectively treated as being uncorrelated spatially.

The fixed threshold detection is indeed optimal if both components of sea clutter are spatially

uncorrelated and homogeneous. However, although the speckle component tends to be spa-

tially uncorrelated, this is seldom true of the modulating component of high resolution sea

clutter, which itself is associated with the swell. The consequences of using a fixed thresh-

old detector in a compound clutter environment, when the clutter modulating component is

spatially correlated, are twofold. Firstly, spatial variations in false alarm rate arise due to the

spatial variations in the modulating component, and secondly, a detection loss is incurred as

a result of not taking the spatial correlations of the modulating component into account when

setting the detection threshold.

The inherent limitations on the performance of the adaptive threshold techniques for target

detection in compound clutter environment are determined by the statistics of the modulating

component. These limitations are now illustrated for a database of averaged range profiles

extracted from a high resolution sea clutter profile database [Hirst and Baker, 1987].
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Figure 3.2: Histogram of (a) the logarithm of the Gamma distribution order parameter, log
10

�,
and (b) the correlation length, �, for the database of 440 range profiles.

3.5.1 Range Profile Data

The averaged range profiles used in this dissertation were gathered using a high resolution

radar, operating at 1kHz pulse repetition frequency. The profiles were then obtained using

200 sample block averaging of the pulse by pulse data in order to remove the speckle com-

ponent. Four hundred and forty adjacent range profile pairs are used throughout this thesis.

These were randomly selected from an extensive database of averaged sea clutter range profiles

[Hirst and Baker, 1987]. Each pair of profiles can be used as a test/training set for the purpose

of parameter estimation and target detection performance assessment in real clutter conditions.

The collection of the selected profiles is expected to be representative of a wide range of en-

vironmental and viewing conditions. To illustrate the statistical diversity of the profiles, his-

tograms of the number of profiles with particular features in common are shown in figures

3.2(a) and 3.2(b). In particular, figure 3.2(a) shows the histogram of the modulating compo-

nent order parameter, �, while figure 3.2(b) shows the histogram of the correlation length, �

(i.e. the rate of decay of the autocorrelation function), for the database of averaged range pro-

files. Whilst the order parameter is indicative of the spikiness of the distribution of the profile,

the correlation length is indicative of the amount of correlation present within a profile (� = 1

corresponds to fully correlated data). It can be seen from the figure that most of the profiles are

partially correlated, with � in the range of about 0.5 and 0.9. Likewise, most of the profiles have

the order parameter in the range of 0.5 for spiky clutter, and 10 for nearly Rayleigh distributed

clutter.

Figure 3.3 illustrates the number of profiles as a function of log-likelihood deviation from log-

Normal and Gamma distributions. In particular, for each of the profiles, Maximum Likelihood

parameter estimates were obtained for Gamma, Log-Normal and Inverse Gamma distribu-
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Figure 3.3: Histogram of the log-likelihood deviation from (a) log-Normal (lN) and (b) Gamma
(�) distributions, for the database of 440 range profiles.

tions, and the corresponding likelihoods evaluated. The likelihoods give an indication of the

probability with which the data was produced by the particular distribution, with the parame-

ters at their ML values.

Figure 3.3(a) illustrates the deviation of the data (in the log-likelihood sense) from the log-

Normal distribution, which is measured by how much the likelihood corresponding to either

the Inverse Gamma or the Gamma distribution exceeds the log-Normal distribution likelihood

for the range profile. Similarly, figure 3.3(b) illustrates the deviation of the data (in the log-

likelihood sense) from the Gamma distribution, which is measured by how much the likelihood

corresponding to either the Inverse Gamma or the log-Normal distribution exceeds the Gamma

distribution likelihood of the data.

Based on these measures, the results presented in figure 3.3 show that while approximately

half of the range profile data appears to be log-Normal distributed, hardly any profiles are

well modelled as being Gamma distributed. However, the likelihood is not a particularly good

measure for comparing models. It merely serves as an illustrative measure here, used to quan-

tify the deviation of the profiles from log-Normality. No conclusions ought to be drawn on

the basis of the likelihood alone. More pertinent measures, from the target detection point of

view, are employed in the following section in order to further illustrate that the modulating

component of sea clutter may, in fact, be better modelled as being log-Normal distributed, and

not Gamma distributed as is reported in the literature [Ward et al., 1990].
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3.5.2 Effects of p(�) on Probability of False Alarm Prediction

[Armstrong and Griffiths, 1991a] investigate the effects of the compound form of the K-distribu-

ted clutter on adaptive threshold detection. While the K-distributed model assumes the modu-

lating component to be Gamma distributed, to the best of the author’s knowledge, no study has

been undertaken to analyse the effect of the deviation of the modulating component statistics

from the Gamma distribution assumption in compound clutter environment.

As the results in the previous section indicate, based on the log-likelihood deviation from the

log-Normal and the Gamma distributions for a large number of range profiles, the modulating

component of sea clutter may better be modelled as being log-Normal distributed. The argu-

ment is now strengthened by estimating the probability of false alarm for a range profile, based

on a number of different distributions for the statistics of the modulating component.

A horizontally polarised averaged range profile (see section 2.1) was used to obtain the Maxi-

mum Likelihood parameter estimates (using 10

5 averaged clutter data samples) for the Gamma,

the Inverse Gamma and the Log-Normal distribution. The log-likelihood for the three distri-

butions is given in the legend of figure 3.4. Based on the likelihood, the Gamma distribution

is the least likely, while the Inverse Gamma distribution is marginally more likely than the

log-Normal distribution to correspond to the data.
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Figure 3.4: Effect of the form of p(�) on the probability of false alarm prediction for horizon-
tally polarised sea clutter. Prediction results for Log-Normal (lN), Gamma (�) and Inverse
Gamma (IG) distributions with ML parameter estimates are compared to the actual false alarm
performance for the real data.

From a target detection perspective, it is the accuracy of the estimate of the probability of false

alarm that provides a more pertinent measure of the deviation of the statistics of the clutter

data from an assumed distribution. In particular, for a range profile f�
n

;n = 1; : : : ; Ng, using
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fixed threshold detection with the threshold set to V
T

, the average probability of false alarm is

given by

P

fa

=

1

N

N

X

n=1

exp

�

�V

2

T

=�

n

�

For the three distributions used to model the statistics of the modulating component (i.e. Gam-

ma, Inverse Gamma and log-Normal), the estimates of the probability of false alarm are shown

in figure 3.4. These estimates were obtained using the ML estimates for the distribution param-

eters, and are compared to the actual probability of false alarm, as obtained from the knowledge

of the actual values of the modulating component, f�
n

g.

The results presented in figure 3.4 illustrate that the Gamma distribution severely underesti-

mates the probability of false alarm for a given threshold. This is particularly pronounced at

low values of P
fa

. For example, a threshold setting based on the Gamma distribution model

for the modulating component predicts that P
fa

= 10

�6, when the actual probability of false

alarm is larger by a couple of orders of magnitude, i.e. P
fa

= 10

�4. Therefore, modelling the

modulating component of high resolution sea clutter as being Gamma distributed can result in

an overly optimistic estimate of the probability of false alarm. Figure 3.4 also illustrates that

when the modulating component is assumed to be Inverse Gamma distributed, the resulting

estimate of the probability of false alarm tends to be rather conservative, while the estimate

based on the log-Normal distribution assumption provides the best fit to the actual probability

of false alarm over a wide range of thresholds.

The above analysis was extended to the database of 440 averaged range profiles. For each of

the profiles in the database, a detection threshold was estimated using the range profile data,

such that the actual average probability of false alarm for each profile, P
fa

= 10

�6. For each of

the profiles, based on the threshold setting above, the probability of false alarm was estimated

assuming the modulating component to be Gamma, Inverse Gamma and Log-Normal distri-

buted. The distribution parameters were estimated from the range profile data by Maximum

Likelihood.

The probability of false alarm estimates obtained for each of the three distributions are shown

in Figure 3.5. Figure 3.5(a) shows that the Gamma distribution assumption for the modulat-

ing component consistently results in the actual probability of false alarm being underestimated.

Similarly, figure 3.5(c) shows that the Inverse Gamma distribution assumption for the modulat-

ing component consistently results in the actual probability of false alarm being overestimated.

Finally, figure 3.5(b) shows that the log Normal distribution assumption for the modulating

component of sea clutter consistently results in the most accurate estimate for the probability

of false alarm.
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Figure 3.5: Histogram of the probability of false alarm estimates based on (a) Gamma, (b) log-
Normal and (c) Inverse Gamma distributions for a threshold set so that the actual P

fa

= 10

�6,
for the database of 440 range profiles.

The above observations appear to contradict the findings in [Ward et al., 1990], where the au-

thors have found the Gamma distribution to be the best model for the data. While the analysis

presented by [Ward et al., 1990] is based on the first four normalised moments of the modu-

lating component, �, the present analysis is based on a more relevant moment, of the form

E[exp(�V

2

T

=�)], which is of more practical interest in threshold setting and detection per-

formance prediction. It is therefore very compelling to conclude that models other than the

Gamma distribution may need to be sought for the modulating component of sea clutter. Fur-

thermore, it may be the case that no single distribution captures the clutter statistics well, in

which case a more flexible family of models would be desirable.

3.5.3 Target Detection in the Presence of Correlated Clutter

The previous section has dealt with the effects of the marginal statistics of the modulating com-

ponent of sea clutter on false alarm rate prediction in compound clutter environment. The

present section deals with the potential benefits of incorporating the knowledge of the spatial

correlation structure of the modulating component, on target detection performance in com-

pound clutter environment.

Figure 3.6 shows the spatial variations in the probability of false alarm and the probability of

detection for a number of different detection schemes (to be subsequently discussed), for the

spatially correlated range profile shown in figure 3.6(a). In each case, the average probability of

false alarm across the profile is 10�4 and the average probability of detection is 0.5. Following

[Armstrong and Griffiths, 1991a], the analysis presented herein is limited to single ’pulse’ de-

tection of Rayleigh fluctuating (i.e. Swerling I and II) targets, where the term ’pulse’ refers here
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to a single detection opportunity.

Figures 3.6(c) and 3.6(d) show the variations of local probability of false alarm and the prob-

ability of detection across the range profile for a fixed threshold detector (i.e. the threshold is

constant across the range profile). Although the required probability of false alarm has been

achieved across the range profile on average, locally the probability of false alarm can substan-

tially exceed the specified level, sometimes by a few orders of magnitude. The high false alarm

rates in some of the range cells result in an undue decrease in the false alarm rates in the re-

maining range cells of the profile, such that the overall desired average probability of false

alarm is attained.

The effect of a fixed threshold in correlated clutter is that, while in some regions the effective

threshold is locally set too low for the given clutter power (resulting in locally high P

fa

), in

other regions the threshold is locally set too high, resulting in an overall increase in the average

signal to clutter ratio (SCR) required to achieve the desired average probability of detection for

a given probability of false alarm.

It is interesting to note that the local probability of false alarm for an integrated clutter return in

the nth range cell, with the threshold set to V
T

(n) and the local clutter power level �
n

, is given

by equation 3.7, i.e.

P

fa

(V

T

(n)j�
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�(M;V

T
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2
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n
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Clearly, to ensure spatially constant probability of false alarm, the threshold for the nth range

cell should be set to be proportional to the local clutter power level, i.e.

V

T

(n) = G

p

�

n

whereG is adjusted for the required average probability of false alarm across the range profile. A

detector which exactly adapts the threshold to the local clutter power level achieves a spatially

constant rate of false alarm and is referred to as an ideal constant false alarm rate (ideal CFAR)

detector [Watts, 1985].

The ideal CFAR detector assumes the exact knowledge of the local clutter power, which seldom

is available in real radar systems. In fact, the fixed threshold detector and the ideal CFAR

detector represent the two extremes of detection performance achievable in compound clutter

environment. Both the fixed threshold and the ideal CFAR detectors are optimal (and identical)

in spatially uncorrelated Rayleigh distributed clutter, while the ideal CFAR represents the best

achievable performance in spatially correlated clutter [Watts, 1996].
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Figure 3.6: Spatial variations in probability of false alarm and detection across a range profile
with partially correlated modulating component (order parameter � = 0:7 and correlation
length � = 0:59). The results are shown for a number of different detection schemes with the
average P

fa

= 10

�4 and the average P
d

= 0:5, assuming single pulse detection and Swerling I
and II targets.
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Figure 3.6(d) and 3.6(b) show the spatial variation of the probability of detection for the range

profile shown in figure 3.6(a), for the fixed threshold and the ideal CFAR detectors, respec-

tively. The superior detection performance of the ideal CFAR over the fixed threshold detector

is demonstrated by noting that the SCR required to achieve P
d

= 0:5 with P

fa

= 10

�4 is 7dB

for the ideal CFAR and 20dB for the fixed threshold detector.

The large discrepancy in the detection loss (i.e. the increase in the SCR required to achieve a

given average probability of detection) is further illustrated in figure 3.7(a). The SCR required

to achieve an average probability of detection of 0.5 with an average probability of false alarm

set to 10

�4 is shown as a function of the compound distribution order parameter, �. The figure

illustrates the SCR required for both the fixed threshold and the ideal CFAR detection schemes.

The estimates have been obtained numerically, based on both the Gamma and the log-Normal

distribution models for the statistics of the modulating component of sea clutter.

Figure 3.7(a) shows that the average SCR required to achieve the given probability of false

alarm for a fixed threshold detector, relative to an ideal CFAR detector increases for compound

clutter with decreasing order parameter (i.e. spiky clutter). For example, for the Gamma dist-

ributed modulating component with order parameter � = 10

�0:5 the potential gain of 14dB in

the required SCR can be achieved by using ideal CFAR instead of the fixed threshold detec-

tor. The potential gain is 24dB when the modulating component is assumed to be log-Normal

distributed.
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Figure 3.7: SCR required for P
fa

= 10

�4 and P

d

= 0:5 assuming single pulse detection
and Swerling I and II targets. (a) Results obtained for 440 range profile database using a
Fixed Threshold and an Ideal CFAR detectors are compared with the predictions based on the
Gamma and the Log-Normal distribution assumption for the modulating component. (b) Re-
sults obtained for 440 range profile database using a 5+5 range cell reference window CA CFAR
and a LMAP CFAR, when the reference window contains speckle free modulating component
samples.



56 Target Detection in the Presence of Sea Clutter

The previously mentioned results in figure 3.7(a) represent the theoretical performance achiev-

able by the ideal CFAR and the fixed threshold detectors, under the assumption of the modulat-

ing component being Gamma and log-Normal distributed. Figure 3.7(a) also shows the actual

SCR required to achieve P
d

= 0:5 with P
fa

= 10

�4 for a database of 440 averaged range profiles,

for both the fixed threshold and the ideal CFAR detection schemes. The results presented in

figure 3.7(a) illustrate that the SCR required to achieve the given detection performance for the

range profiles in the database corresponds more closely to the numerical estimates obtained for

the compound clutter with log-Normal distributed modulating component, rather than to the

numerical estimates obtained for the compound clutter with Gamma distributed modulating

component.

This observation further supports the findings of section 3.5.2, where the widely accepted as-

sumption of the Gamma distributed modulating component was found to lead to overly opti-

mistic estimates of the probability of false alarm in compound clutter environment.

3.5.4 Adaptive Threshold Estimation

In the previous section it was shown that potentially considerable improvements in detectabil-

ity can be obtained in spatially correlated clutter by locally adjusting the threshold according to

the local clutter power level. The maximum improvement is limited by the case of ideal CFAR

detection, whereby the threshold is set based on the exact knowledge of the local clutter power.

In practice, the exact level of the local clutter power, �
n

, is not known and has to be inferred

from the radar returns instead. A consequence of inferring the local clutter power from the

radar returns (which can consist of targets, as well as the speckle modulated in power by the

modulating component, �) is that the threshold itself becomes a random variable. Therefore,

in addition to the local fluctuations in the clutter power, the fluctuations in the threshold esti-

mate need to be taken into account when evaluating the detection performance of an adaptive

threshold detector. Any correlations between the threshold estimate and the radar return in the

range cell being thresholded need to be taken into account in the analysis.

In practice, an estimate of the local clutter power for the range cell under test (denoted as

range cell n) is obtained from the radar returns in a reference window, consisting of L range cells

on either side of the range cell under test. In order to ensure statistical independence of the

threshold estimate and the radar returns in the range cell under test, a small number, l, of guard

cells may be inserted between the reference window and a range cell under test.

More concisely, denote a range profile of N (possibly pre-integrated) radar return amplitude

samples by r = [r

1

; : : : ; r

N

]

0. The range profile may consist of targets, as well as the back-

ground clutter, for which the corresponding local power level across the profile is given by
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� = [�

1

; : : : ; �

N

]

0. Consider the radar return in the nth range cell, r
n

. Denote by r
�n

the 2(L� l)

samples in the reference window (i.e. a range window immediately surrounding the nth range

cell under test, but excluding the cell under test), where

r

�n

= [r

n�L

; : : : ; r

n�l�1

; r

n+l+1

; : : : ; r

n+L

]

0

with l denoting the number of guard cells excluded from the reference window, in order to

ensure the independence of the threshold from the sample under test.

Figure 3.8 illustrates a schematic diagram of a constant false alarm rate (CFAR) detector, where

the threshold for the nth range cell, is based on the local clutter power estimate, �̂
n

, derived

from the radar returns in the reference window. There are a number of issues that need to be

considered when choosing the form of the local clutter power estimator.
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Figure 3.8: Schematic diagram of a CFAR detector. Detection threshold V
T

(n) = G� T (where
T �

p

�̂

n

) is estimated from the radar returns in the reference window. No guard cells are
shown explicitly.

In particular, the local clutter power estimate, �̂
n

, is obtained from the radar returns in the

reference window, r
�n

. Such returns may not be target free, or the background clutter may not

be homogeneous. For example, a number of interfering or spatially extensive targets may be

present within the reference window, thus contaminating the background clutter observations,

resulting in a potentially biased estimate of the background clutter power. Also, effects such

as clutter edges (i.e. change of clutter reflectivity within the reference window) will similarly

affect the estimates of the background clutter power.

If the surrounding environment is at least locally homogeneous (i.e. if the samples in the ref-

erence window are i.i.d. exponential variates), then an efficient estimator of the noise power is

the sample mean. The corresponding CFAR detector, usually referred to as the cell-averaging

or CA CFAR, is optimum in the sense of minimizing the detectability loss given homogeneity.
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Unfortunately, CA CFAR does not prove to be particularly robust against interfering targets

and clutter edges. While the presence of interferers inside the reference window generally

leads to an overestimate of the actual noise power, the clutter edge may result in either over or

underestimation, depending on whether the cell under test is in clear or in clutter. Either effect

is undesirable, in that overestimation results in masking of legitimate targets, while underesti-

mation results in false alarm rate inflation.

[Gandhi and Kassam, 1988] review a number of schemes that deal with some of the previously

mentioned effects, including GO (greatest of), SO (smallest of), TM (trimmed mean) and OS

(ordered statistics) CFAR. GO and SO detectors estimate the local power for the range cell un-

der test by symmetrically partitioning the reference window about the test range cell. The local

power estimate is then obtained as the greater and the smaller of the two estimates obtained

from the two individual windows, respectively. These detectors are designed to deal with the

problem of clutter edges, although they do not fare well in a multiple target scenario.

The trimmed mean detector obtains the local power estimate from the censored mean of the

samples in the neighbouring range cells. The ordered statistics detector obtains the local power

estimate by ordering the neighbouring samples, with the kth smallest sample forming the esti-

mate. Such estimators prove particularly robust in situations with multiple target interference.

However, the ordered statistics estimators tend to ignore any potential correlation structure

present in the clutter. [Lops and Willett, 1994] propose to use Ll-filters to weigh the samples in

the reference window not only by the rank, but also by the relative proximity of the sample to

the cell under test. Other variants of the ordered statistics scheme also exist [He, 1994], but will

not be reviewed here any further.

3.5.5 Detection Performance Analysis of CA CFAR Detectors

In the present section, a brief exposition on detection performance analysis of a CA CFAR de-

tector is given. The discussion is limited to target-free, homogeneous background clutter (i.e. no

clutter edges). The detection performance analysis is extended to other adaptive threshold de-

tectors in chapter 6.

Based on the radar return samples in the reference window, r
�n

, the CA CFAR detection thresh-

old is obtained as a linear average of the amplitude returns within the reference window, i.e.

V

T

(n) = G

L

X

k=�L;k 6=[�l;::: ;l]

a

k

r

n+k

(3.8)

where G is the threshold gain, adjusted to ensure the correct average probability of false alarm.

For a CA CFAR detector, all of the weights for the samples within the reference window are
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equal (i.e. a
k

= 1=2(L � l)), although sample weighting is possible, for potentially improved

detection performance [Bucciarelli et al., 1996].

Since the radar returns in the reference window, r
�n

, are Rayleigh distributed random variables

with the corresponding local power, �
�n

, the threshold derived from the samples in the refer-

ence window is itself a random variable with the distribution, conditional on �
�n

, denoted by

p(V

T

(n)j�

�n

;a), where a = fa

k

g. Although the distribution p(V
T

(n)j�

�n

;a) is easily obtained

in closed form for Rayleigh distributed clutter [Levanon, 1988], the form of this distribution is

not easily obtained in the case of compound clutter, where the local power (i.e. the modulating

component) is not spatially constant.

The average probability of false alarm and detection for range cell n can be obtained by averag-

ing P
fa

(njV

T

(n); �

n

) and P
d

(njV

T

(n); �

n

;

�

A) over the distribution of the threshold, i.e.
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(nj�;a) =
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(njV
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;

�

A)p(V
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(n)j�
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;a)dV

T
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where P
fa

(njV

T

(n); �

n

) and P
d

(njV

T

(n); �

n

;

�

A) are the same as for the fixed threshold case, dis-

cussed in section 3.4. Both ^

P

fa

(nj�;a) and ^

P

d

(nj�;

�

A;a) need to be further averaged over all the

possible �, but, in practice, this can be achieved by studying the detection performance on av-

eraged range profiles with known local clutter power [Watts et al., 1990]. Alternatively, Monte

Carlo sampling techniques can be used to study the detection performance of the adaptive

threshold detectors [Armstrong and Griffiths, 1991a].

To facilitate the analysis of CA CFAR target detection in spatially correlated, compound clut-

ter environment, [Watts, 1996] proposes to approximate the distribution of the threshold by a

Gaussian distribution. This can be justified by invoking the Central Limit Theorem, since the

threshold is a weighted sum of random variates with finite variance. [Watts, 1996] argues that

the following approximation

p(V

T

(n)j�

�n

;a) � N(�

V

; �

V

)

works well, even for reference windows with as few as five range cells.

The mean and the variance of the Gaussian distribution can be obtained analytically for the

case of Rayleigh distributed speckle, locally modulated in power by �
�n

. In particular, it can
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be readily shown that

�
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where v
n

=

p

�

n

=2. Based on the Gaussian approximation to the distribution of the threshold,

[Watts, 1996] derives an approximate expression for the probability of single pulse detection of

fluctuating Swerling I and II targets in compound clutter environment as
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3.5.6 Detection Performance of CFAR Detectors

The two main reasons for using an adaptive threshold for target detection were discussed in

the previous section. Firstly, the threshold is adapted to the spatial variations in the local clut-

ter power in order to obtain a more spatially constant probability of false alarm. Secondly, by

adapting to the local clutter level, potential improvements in target detectability can be ob-

tained in spatially correlated clutter. Maximum improvements are obtained using ideal CFAR

detection, where the local clutter power is assumed to be known exactly.

As was discussed above, a number of schemes for local clutter power estimation have been

proposed in the literature, for different clutter and target scenarios. In fully uncorrelated and

spatially homogeneous clutter, all such schemes suffer from a CFAR detection loss compared to

fixed threshold detection. The detection loss (i.e. increase in SCR required for a given level of

P

d

) arises from the finite size of the reference window, from which the clutter parameters, and

hence the threshold setting is obtained. However, as is shown in figure 3.7(a), in spatially corre-

lated clutter, potential detection gain, approaching that of the ideal CFAR detector, is possible,

particularly in the case of spiky clutter.

[Armstrong and Griffiths, 1991a] undertake a study of the detection loss, relative to the ideal

CFAR detection, of three different CFAR detectors. Their study encompasses the cell averaging

(CA), greatest of (GO) and order statistics (OS) CFAR, under a range of correlated, compound

clutter conditions. They find that in the uncorrelated clutter, all three detectors suffer a large
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detection loss relative to ideal CFAR, particularly in the case of spiky clutter (this is indeed

evident from figure 3.7(a), since the detectors effectively reduce to fixed threshold detection in

the case of uncorrelated clutter). [Armstrong and Griffiths, 1991a] also find that the OS detector

suffers notably higher loss than the CA and GO detectors, particularly for spiky clutter.

For completely correlated clutter, [Armstrong and Griffiths, 1991a] find that a significant detec-

tion gain can be obtained in spiky clutter, relative to detection in Rayleigh distributed clutter.

This is particularly pronounced for moderate to low values of P
d

. However, for moderately

spiky clutter and most practical degrees of correlation, [Armstrong and Griffiths, 1991a] have

found that the detectability loss relative to the ideal CFAR is close to that for completely un-

correlated clutter modulation. In short, the detectability loss suffered by the simple CFAR

detectors studied by [Armstrong and Griffiths, 1991a] is close to the worst case loss, that is, the

loss under conditions of the clutter modulation process being decorrelated from one range cell

to the next.

[Bucciarelli et al., 1996] study a number of different schemes, which attempt to take the spatial

correlation structure of the clutter into account when estimating the local clutter power from

the reference window. They have found that the estimator that linearly averages the radar

returns in the logarithm domain, where the weights are based on the covariance matrix of the

modulating component, outperforms the CA CFAR scheme. Furthermore, for high enough cor-

relations, the detection curve of the their scheme (referred to as LMAP CFAR), is always close

to the ideal CFAR and higher than the fixed threshold, while that of the CA CFAR detection

scheme does not have these properties.

Figure 3.7(a) illustrates the SCR required for the given probability of detection in the case of

the fixed threshold and the ideal CFAR detection. While in the ideal CFAR case the exact

knowledge of the local clutter power in the range cell under test is assumed, it is interesting to

consider another ’ideal’ case, whereby the exact knowledge of the clutter power in the reference

window, but not in the range cell under test, is available. Basically, the reference window is

considered to contain speckle free clutter, based on which, an estimate of the local clutter power

in the range cell under test is obtained.

Figure 3.7(b) shows the results for the database of 440 averaged range profiles, obtained us-

ing an ideal 1 CA CFAR and an ideal LMAP CFAR detectors, with 5+5 range cell reference

windows. The figure shows that while for most of the range profiles in the database only a

small gain in the required SCR is obtained for the ideal CA CFAR detector relative to the fixed

threshold detection, the gain obtained for the ideal LMAP CFAR detector approaches the gain

1’ideal’ refers to the idealised case of speckle free samples from the reference window, from which the local
clutter power is estimated. This is in contrast to the ideal CFAR, where the local clutter power is known exactly, not
only in the reference window, but also in the range cell under test.
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achieved by the ideal CFAR detector for most of the range profiles in the database.

What this rather simplistic analysis shows is that simple cell averaging, even when no noise is

present, provides only a marginal improvement in detectability relative to the fixed threshold

detection. This is simply because simple cell averaging does not constitute a particularly good

estimator for the local clutter power variations, unlike the LMAP detector, which is ’tuned’ to

the clutter spatial correlation structure.

To further illustrate the point, figures 3.6(e) and 3.6(g) illustrate the spatial variations of the

probability of false alarm for the ideal CA CFAR and the ideal LMAP CFAR detectors, respec-

tively, with the average P
fa

= 10

�4 for the range profile illustrated in figure 3.6(a). The figure

shows that the CA CFAR detector does not improve substantially in terms of the spatial vari-

ations in P

fa

relative to the fixed threshold detector (figure 3.6(c)). In fact the log variance of

P

fa

for the ideal CA CFAR is -5.6, which is larger than the corresponding log variance of P
fa

of

-5.9 obtained using a simple fixed threshold detector. The log variance of P
fa

of -6.8 is obtained

using the ideal LMAP CFAR detector. The smaller variance is clearly evident in the reduced

spatial variations of P
fa

in figure 3.6(g) for the ideal LMAP CFAR, compared to either the fixed

threshold, or the ideal CA CFAR detectors.

The spatial variations in the probability of detection for the ideal CA CFAR and the ideal LMAP

CFAR are shown in figures 3.6(f) and 3.6(h), respectively. The SCR required for P
d

= 0:5 is 17dB

for the CA CFAR and 8dB for the LMAP CFAR, compared to 7dB required for the ideal CFAR

and 20dB required for the fixed threshold detector.

It is evident from figures 3.6 and 3.7 that the CA CFAR is only capable of providing a rather

modest improvement in terms of the SCR required for the given probability of detection, rela-

tive to the fixed threshold detector. The LMAP CFAR detector, on the other hand, is potentially

capable of improvements approaching those of ideal CFAR, and substantially larger than those

obtained using CA CFAR for most range profiles considered. This point is discussed further in

chapter 6.

3.6 NEYMAN-PEARSON DETECTION

Neyman-Pearson (NP) Detection Rule [Kazakos and Papantoni-Kazakos, 1990] is the statisti-

cally optimal decision rule for target detection subject to maximum false alarm rate constraints.

NP detection requires the full knowledge of both the background clutter and the target plus

clutter likelihoods.
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ConsiderN temporal radar return samples from a single range cell, denoted as z = [z

1

; : : : ; z

N

].

These returns can either consist of the background clutter alone (hypothesis H0), or alterna-

tively, the returns can consist of the target returns contaminated by the background clutter

(hypothesis H1). In particular, the two hypothesis can be stated as

H0 : z = c

H1 : z = c+ p

with c denoting N clutter samples, while p denotes the target contributions contained in the

radar returns. Denoting by f
0

(z) and f
1

(z) the PDFs of z conditioned to the hypothesis H0 and

H1, the optimal Neyman-Pearson detection test is given in the form of a likelihood ratio test

[Pentini et al., 1992]

�(z) =

f

1

(z)

f

0

(z)

where a detection is declared (i.e. H1 is true) when �(z) exceeds some predefined threshold T .

Furthermore, defining a decision region D in z-space as the set of points z such that �(z) > T ,

i.e.

D = fzj�(z) > Tg

the probability of false alarm and probability of detection are, respectively, given by

P

fa

=

Z

D

f

0

(z)dD

P

d

=

Z

D

f

1

(z)dD

with dD = dz

1

: : : dz

N

. The detection threshold T is adjusted such that the required average

probability of false alarm is achieved.

The Neyman-Pearson detection strategy discussed above is optimal in the sense that for a fixed

value of the probability of false alarm, the probability of detection is maximised. It is interesting

to note that the single pulse detection based on the amplitude of the returns in compound

clutter environment need not be optimal in the Neyman-Pearson sense. This is particularly

evident if the distribution of the background clutter (or the joint distribution of the background

clutter and any potential targets) happens to be multi-modal.

The difficulty in using the Neyman-Pearson detection scheme stems from the need for the dis-

tribution for the likelihood of the background clutter, as well as the joint likelihood of a target

and the background clutter. As was pointed out in chapter 2 no simple expression exists for

the joint distribution of incoherent clutter, while in section 3.4 it was argued that no simple ex-
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pression exists for a fluctuating Swerling target in partially correlated compound clutter envi-

ronment. For these very reasons, the suboptimal target detection schemes discussed in sections

3.3-3.5 are the most commonly employed target detection techniques in radar systems.

A number of authors have proposed alternative suboptimal detection schemes based on the

optimal Neyman-Pearson detector for target detection in coherent radar systems. In particu-

lar, [Conte et al., 1991b] propose to use SIRP models (discussed in chapter 2) to model the joint

statistics of the background clutter, while the target is assumed to be known (and determinis-

tic) to within an unknown initial phase and possibly amplitude. However, due to the difficul-

ties of marginalising the unknown phase and amplitude, [Conte et al., 1991b] propose to use

a suboptimal Generalised Likelihood Ratio Test (GLRT), whereby point estimates maximising

the likelihood are used for the initial phase and amplitude. The properties of the proposed

detector are further discussed by [Conte et al., 1994]. Despite a number of attractive features

(including CFAR detection), the main criticism of the GLRT scheme is that it assumes a prior

knowledge of the (deterministic) target, which renders such a technique overly restrictive for

most practical situations.

[Farina and Lombardo, 1994] and [Gini et al., 1995] propose to extend the GLRT scheme to tar-

get detection in the presence of a mixture of K-distributed clutter and Gaussian (e.g. thermal)

noise. [Lombardo and Farina, 1996] propose similar extensions to coherent detection of targets

in the presence of compound clutter with partially correlated texture. Unfortunately, due to the

complexity of the proposed schemes, the discussion presented by the authors is solely theoreti-

cal and no detection performance analysis is presented. Such complex schemes are not pursued

any further in this thesis. Instead, a discussion of alternative techniques for target detection in

coherent radar systems is now briefly presented.

3.7 TARGET DETECTION IN COHERENT RADAR SYSTEMS

Single pulse fixed threshold target detection based on the amplitude statistics of radar returns

was discussed in section 3.3. As was shown in section 3.4, a substantial improvement in target

detectability can be obtained by using pulse integration techniques, while the discussion in

section 3.5 has shown that further improvements can be obtained by accounting for the spatial

correlation structure of sea clutter.

There are many situations in which the amplitude distributions of the background clutter and

the desired target heavily overlap, or alternatively, if the target is small, target masking by

the background clutter may occour (e.g. icebergs in arctic waters). In such cases, in order to

achieve performance beyond that achievable with adaptive threshold detection, techniques
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such as polarisation diversity may be employed. It may also be that the relative motion between

the desired target and its background permits the exploitation of differential Doppler shifts to

isolate the desired target responses from large dominating (in amplitude) background returns.

Pulse integration provides a very crude way of exploiting the temporal correlation information

in the background clutter, as the Doppler content of the returns is not fully utilised. Neyman-

Pearson detection techniques discussed in section 3.6 constitute an optimal detection strategy

in correlated clutter. However, as was pointed out in section 3.6, Neyman-Pearson detection

techniques tend to be computationally expensive and require the exact knowledge of target

statistics. In order to enhance the target detection performance in coherent radar systems with-

out the computational complexity of the optimal Neyman-Pearson detector, a number of dif-

ferent techniques are possible. Chiefly, such techniques fall into two categories:

� pre-detection processing of the radar returns, followed by amplitude statistics-based de-

tection techniques discussed in sections 3.3-3.5.

� detection based solely on the temporal correlation structure of radar returns (i.e. detection

utilising only the Doppler, and not the amplitude, information contained in the returns).

3.7.1 Pre-detection Processing Techniques

The basic idea behind the pre-processing of the radar returns prior to target detection is to

filter out the signal that is due to the background clutter, so as to increase the effective signal-

to-clutter ratio at the target detection stage of the radar system. The schemes that use filter-

ing to remove the background clutter contributions, and hence to enhance the moving tar-

get returns, are known as Moving Target Indicators (MTIs). In particular, an MTI radar is

defined as one that uses simple band reject filtering to reject the return from fixed (station-

ary) targets. Enhanced detection and display of moving target responses are thereby achieved

[Eaves and Reedy, 1987].

The Doppler filter is structured to have a desirable passband such that a relatively narrow

bandwidth clutter is rejected. Since the target velocity is unknown a priori, the filter has a

broad passband. The outputs of the filter are envelope detected and supplied as inputs to the

post-Doppler processing stages, such as the incoherent integration and the adaptive threshold

detection techniques discussed in sections 3.3-3.5. It is interesting to note that once the back-

ground clutter contributions have mostly been removed through the use of Doppler filtering,

simple incoherent pulse integration will suffice to further increase the signal-to-clutter ratio for

enhanced detection performance.

Many techniques are available for realising the MTI filter. Two particularly advantageous im-

plementations are the delay line canceler and the range gate and filter [Eaves and Reedy, 1987].
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They differ mainly by their implementation, though the functions they perform are essentially

identical. In particular, the delay line canceler is implemented at the raw Intermediate Fre-

quency (IF) signal sampling stage, where the clutter contribution at the current sample is can-

celed by subtracting a linear combination of samples stored in a delay line, with sample spacing

being an integral multiple of the inter pulse separation. In the case of range gate and filter, the

IF signal is first sampled into individual range cells, and then the clutter in each range cell is

filtered to remove the frequency components associated with the background clutter.

3.7.2 Spectrum-based Target Detection Techniques

There exist alternatives to MTI and pre-detection filtering techniques in coherent radar sys-

tems. In particular, a pulsed Doppler radar can be used to look for targets moving at particular

speeds. This is achieved by using a bank of filters for each range gate, each of which is then

thresholded in order to look for moving targets [Eaves and Reedy, 1987]. In fact, this is a form

of coherent integration mentioned in section 3.4 [Bucciarelli et al., 1996], except that the inte-

grated returns are weighted so as to achieve Doppler frequency selectivity.

[Nohara and Haykin, 1993] present another notable detection scheme utilising the Doppler in-

formation contained in coherent clutter returns. In particular, [Nohara and Haykin, 1993] pro-

pose to model the temporal evolution of the radar returns as a complex autoregressive pro-

cess. They find that the amplitudes of the poles of the complex autoregressive process corre-

sponding to the growlers (small icebergs) lie closer to the unit circle than the amplitudes of

the process poles corresponding to the background clutter (i.e. the Doppler shifts due to sea

clutter are not as well defined as in the case of the solid target). This technique was shown

by [Nohara and Haykin, 1993] to outperform an incoherent pulse integrated fixed threshold

detector for a number of sea trial datasets.

The parametric approach of [Nohara and Haykin, 1993] is a medium-dwell time detection tech-

nique, most useful in the cases when the targets are small relative to the large dominating (in

amplitude) background returns. This is particularly true when the relative motion between

the desired target and its background permits the exploitation of differential Doppler shifts to

isolate the desired target from the background clutter.

3.7.3 Extensions to Incoherent Radar Systems

Although the radar returns in incoherent radar systems do not contain the phase information

necessary for Doppler processing techniques discussed above, it is possible to adapt an inco-

herent pulsed radar to exploit the Doppler shift so as to provide detection of targets that are

moving relative to their background [Eaves and Reedy, 1987]. A number of such techniques
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will now be briefly reviewed.

Radars that are classically configured as incoherent systems are sometimes used to detect and

display targets that are in motion relative to their background. For example, over several inter-

pulse periods, phenomenon known as the ’butterflies’ [Eaves and Reedy, 1987] appears on a

video display as a result of the fluctuating amplitude of the sum of the returns from both the

background and the target. This observation forms the basis for an incoherent MTI technique,

also known as a clutter-referenced or externally coherent MTI system. Incoherent MTI radars

have, for many applications, been demonstrated to extend adequately the background clut-

ter constrained detection limit. A number of constraints on the detection performance of the

incoherent MTI radar include:

� limitations due to ambiguous range responses, which can seriously degrade clutter rejec-

tion performance.

� limitations due to signal-to-clutter and clutter-to-noise ratios.

� limitations due to a radar system inter-pulse amplitude stability.

In short, greater processing losses, relative to coherent, exist in incoherent MTI radars.

Other examples of techniques used in incoherent radar systems include phase-sensitive and

coherent-on-receive schemes, which attempt to reconstruct a phase reference from the received

signal (for a detailed discussion of such schemes, the interested reader is referred to the ex-

cellent text by [Eaves and Reedy, 1987]). Alternatively, detection schemes based on non-linear

modelling of the temporal dynamics of sea clutter have been proposed in the literature (see for

example [Haykin, 1996]).

As was discussed in chapter 2, the apparent success of target detection schemes based on

the non-linear models of temporal dynamics of sea clutter could largely be due to the non-

linearities arising from observing only the amplitudes of a complex, linear stochastic process

(e.g. an autoregressive process). Following this lead, the complex autoregressive model-based

scheme for coherent radar systems (as discussed in the previous section) is extended to inco-

herent radar systems in the following chapter.

3.8 SUMMARY

The main purpose of this chapter was to present a review of target detection techniques in

compound clutter environment. However, in addition to a review of statistical target detec-

tion techniques, an interesting result was presented in this chapter. In particular, based on
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a database of averaged range profiles, it was shown that the modulating component of high

resolution sea clutter, contrary to widely held beliefs, is better modelled as being log-Normal

distributed, rather than being Gamma distributed.

A general class of statistical target models, known as the Swerling target models, was reviewed

in section 3.2. Single pulse target detection in the presence of uncorrelated background clutter

was reviewed in section 3.3 for the case of Swerling 0, I and II targets. As was pointed out in

section 3.3, the single point amplitude statistics of the target and the background clutter may

heavily overlap. This results in an undesirably large signal to clutter ratio required for the

given probability of detection.

A number of pulse integration schemes were reviewed in section 3.4. In particular, it was

shown that a substantial reduction in the SCR required for the given detection level can be

obtained by employing incoherent integration prior to the detection circuit, or by employing

binary integration after the single pulse detection circuit. It was also shown that when pulse in-

tegration is employed, the target detection performance is highly dependent on the fluctuation

characteristics of the targets and the background clutter.

As was pointed out in section 3.5, a potentially large increase in detectability (as measured by

the SCR required for the given probability of detection) can be obtained in compound clutter

environment by adapting the detection threshold to the local clutter power level. This ob-

servation forms the basis for adaptive threshold detection, also known as the constant false

alarm rate (CFAR) detection. The maximum attainable detectability is determined by the exact

knowledge of the local clutter power level, and is referred to as ideal CFAR.

The extent of the improvement in detectability achievable by employing adaptive threshold

detection schemes is also determined by the extent of spatial correlations and the weight of

the tails of the distribution of the background clutter. In fact, it was shown in section 3.5 that

the improvement in detectability achievable using ideal CFAR over fixed threshold detection is

larger in the case of the modulating component being log-Normal distributed, than in the case

of the modulating component being Gamma distributed. Furthermore, based on the results

obtained for a large database of high resolution sea clutter range profiles, it was shown in

section 3.5 that, contrary to the widely held belief, rather than being Gamma distributed, the

modulating component of sea clutter is better modelled as being log-Normal distributed.

Another fundamental result, as borne out by the analysis in section 3.5, is that the target de-

tection performance of a simple CA CFAR detector is inherently incapable of approaching the

ideal CFAR detector target detection performance. Instead, simple linear weighting (as deter-

mined by the correlation structure of the modulating component in the logarithm domain) of

radar returns in the reference window was shown to provide a substantial improvement over
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the CA CFAR, approaching the ideal CFAR target detection performance. A further study of

adaptive threshold detection techniques in compound clutter environment is undertaken in

chapter 6.

Finally, in sections 3.6 and 3.7, a brief review of target detection techniques in coherent radar

systems was presented. These broadly fall into three areas. Firstly, the radar returns can be

pre-processed to reduce the effects of the clutter (e.g. by filtering), followed by target detection

based on the envelope of the filtered returns. Secondly, an optimal Neyman-Pearson detector

can be employed to detect targets in coherent clutter. Unfortunately, the usefulness of such a

scheme is limited by the need for a specific target model. Lastly, spectral properties of the radar

returns can be used for the purpose of target detection in coherent clutter. The spectrum-based

target detection provides the motivation for the work undertaken in chapter 4.
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Correlation Structure of

Incoherent Speckle 4

4.1 INTRODUCTION

High resolution sea clutter is a compound process consisting of the speckle component, mod-

ulated in power by the underlying modulating component associated with the swell. The

speckle is largely spatially uncorrelated and exhibits short term temporal correlations. The

modulating component, although spatially correlated, can be considered to be effectively con-

stant on the scale of a few hundred milliseconds. The correlation structure of either of the two

components is largely independent of the other.

As a result of the disparate correlation structure of the two components, the speckle and the

modulating component of high resolution sea clutter can be treated independently. To this

end, the discussion in the present chapter is limited in scope to the modelling of medium dwell

time (i.e. on the scale of less than one second) temporal correlations of high resolution sea

clutter, which are largely associated with the speckle. The treatment of the spatial correlations,

associated with the modulating component, is deferred to later chapters.

The motivation for modelling the correlation structure of clutter returns stems from the obser-

vation that sea clutter returns generally have larger spectral widths than the spectral widths

of some target returns (e.g. growler returns). [Nohara and Haykin, 1993] propose to use a com-

plex autoregressive process to characterise the Doppler spectra of sea clutter returns in coherent

radar systems. In particular, it is the poles of a complex autoregressive process that form the

basis for a design of a coherent target detector.

The research presented in this chapter is a direct extension of the parametric target detection

approach reported by [Nohara and Haykin, 1993]. In particular, a complex autoregressive pro-

cess is proposed as the basis for characterisation of high resolution sea clutter spectra in in-

coherent radar systems. Since no phase information is available, any Doppler information

contained in the incoherent radar returns is expected to be manifested through the position of

the poles of the underlying complex autoregressive process. It is the aim of the present chap-

ter to investigate whether, as is the case in coherent radar systems, the poles corresponding to

the underlying complex autoregressive process can potentially be used for characterisation of

medium dwell time incoherent high resolution sea clutter.
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The remainder of the present chapter is structured as follows. In section 4.2, a model based

on the complex autoregressive process is proposed for high resolution incoherent sea clutter.

Hybrid Monte Carlo algorithm is briefly reviewed in section 4.3, while in section 4.4, the Hybrid

Monte Carlo algorithm is employed within a Gibbs sampling framework in order to explore

the posterior distribution of the incoherent clutter model parameters. Finally, the summary of

the results is presented in section 4.5, along with some conclusions and suggestions for future

research.

4.2 AUTOREGRESSIVE MODELLING OF SEA CLUTTER

Figure 4.1 shows the pulse by pulse time history of the amplitudes of horizontally and vertically

polarised coherent sea clutter from a single range cell, along with the corresponding spectro-

grams obtained using 128 point FFTs. In particular, figures 4.1(a) and 4.1(c) clearly illustrate

the presence of the fast fluctuating speckle component, and the slower fluctuating modulating

component. The spectrograms shown in figures 4.1(b) and 4.1(d) illustrate the evolution of the

Doppler spectra of the background clutter, associated with the short term fluctuations of the

speckle component. The Doppler spectra are usually very dispersed, as illustrated in figures

4.1(b) and 4.1(d). Furthermore, the Doppler spectra change over time in line with the wave

motion, as determined by the swell (i.e. the modulating component).

As was explained in chapter 3, the Doppler spectra can be utilised for enhanced target detection

in one of two ways:

� pre-detection processing of the radar returns, followed by amplitude statistics-based de-

tection techniques discussed in sections 3.3-3.5.

� detection based solely on the temporal correlation structure of radar returns (i.e. detection

utilising only the Doppler, and not the amplitude, information contained in the returns).

The pre-detection filtering effectively enhances the signal to clutter power ratio, thus poten-

tially resulting in an improved target detection performance. Unfortunately, the pre-detection

filtering may also remove some of the energy associated with the target returns. Target detec-

tion based on the amplitude statistics following the pre-detection filtering may thus become

infeasible, particularly in the case of small targets buried in strong background clutter.

As an alternative, target detection can also be based purely on the temporal correlation struc-

ture of radar returns. It is the temporal correlation structure based approach that is adopted in

this chapter. To this end, section 4.2.1 deals with the case of a coherent radar system, while the

analysis is extended to an incoherent radar system in section 4.2.2
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(a) Pulse by pulse amplitude (HH)
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(c) Pulse by pulse amplitude (VV)
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(d) Spectrogram (VV)

Figure 4.1: Pulse by pulse time history of the amplitude of (a) horizontally (HH) and (c) verti-
cally (VV) polarised coherent sea clutter from a single range cell, along with the corresponding
spectrograms (see (b) and (d)) obtained using 128 point FFTs.

4.2.1 Coherent Radar System

Both the phase and the amplitude information is contained in coherent radar returns. The

Moving Target Indicator (MTI) scheme [Eaves and Reedy, 1987] utilises the phase information

by linearly band-passing the raw IF radar signal prior to detection in order to reduce the spec-

tral contributions from the background clutter. Instead of using linear filtering (as in the MTI

scheme), [Haykin and Li, 1995] and [Haykin, 1996] advocate to use a non-linear predictor to

better remove the background clutter contributions from the radar returns.

As an alternative to pre-detection filtering of the radar returns, [Nohara and Haykin, 1993] pro-

poses to use a complex autoregressive process to characterise the medium dwell-time Doppler

spectra of sea clutter returns with just a few parameters. These parameters can then be incorpo-

rated into the design of a coherent detector, as discussed at length in [Nohara and Haykin, 1993].

Such a detector attempts to take an advantage of the spectral width differences between the tar-
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get and the clutter spectra. This technique has proven to be particularly useful for the detection

of small growlers in the presence of sea clutter.

The present discourse is limited in scope to parametric modelling of the Doppler spectra of

radar returns, while the issues associated with target detection based on the model parameters

are left as an exercise for future research. To this end, denote a complex radar return sample

at time n by x(n) = x

I

(n) + x

Q

(n) with the corresponding radar return amplitude r(n) =

p

x

I

(n)

2

+ x

Q

(n)

2 and phase �(n) = tanx

Q

(n)=x

I

(n). The complex autoregressive process for

the radar return x(n) can be written as
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or, in more concise notation 1
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; i = 1; : : : ; pg are the complex process parameters, �2 is the variance of

the innovation process, e, and e(n) is an i.i.d.zero mean, unity variance, spherically symmetric

complex Gaussian process.

Based on the uniform priors for x and a and the uninformative Jeffrey’s prior for �2 (i.e. p(�2) /
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1In the vector notation adopted throughout this chapter x� denotes an element-wise complex conjugate of the
vector x. Similarly, xH denotes the Hermitian operator (i.e. a conjugate transpose operation), while x0 denotes the
usual transpose operation on x.

2This follows from �e = x�Xa = Ax.
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In the above equations A is an N �N matrix of complex AR process parameters, while X is an

N � p matrix of the complex radar return samples 3.

The Maximum A Posteriori (MAP) estimate of the complex autoregressive process parameters,

a, can be obtained from equation 4.4. Once the autoregressive parameters are calculated, the

autoregressive spectrum estimate can be computed using the following equations

S(!) =

�

2

�

�

�

1�

P

p

k=1

a

k

e

�ik!

�

�

2

(4.10)

�

2

�

= �(0)�

p

X

k=1

a

�

k

�(k)

where�� � ! � �, and where �(k) corresponds to the autocorrelation of the process at kth lag.

The autoregressive spectrum can similarly be obtained from the poles corresponding to the

complex autoregressive process parameters, a. In particular, the closer a pole is to the unit

circle, the larger the peak of the spectrum at the frequency determined by the phase of the

pole. [Nohara and Haykin, 1993] has found that the spectral width of the growler returns is

usually much narrower than the spectral width of the background clutter. In fact, the spectral

width seems to be the only characteristic of the Doppler spectrum that uniquely distinguishes

between clutter and growler spectra. Since the spectral width is independent of the mean

frequency and the growler-to-clutter ratio, it is an ideal statistic upon which to base a detector.

While a complex autoregressive process-based estimate of the Doppler spectrum is relatively

simple to obtain for a coherent radar system, this is no longer the case when no phase informa-

tion is available. The case of modelling of the incoherent clutter correlation structure is dealt

with further in the following section.

4.2.2 Incoherent Radar System

It was argued in chapter 2 that the high resolution coherent radar clutter is locally complex

Gaussian distributed. The principle difference between an incoherent and a coherent radar

system lies in the availability of a stable phase reference. In an incoherent radar system, only

the amplitudes, r, (and not the phases, �) of the returns are observed. In the present chap-

ter, the incoherent radar clutter is considered to correspond to the amplitudes of a complex

Gaussian distributed process. Therefore, given the covariance matrix of the underlying com-

plex Gaussian process, �
x

, upon change of coordinates from quadrature to polar, the marginal

3For notational simplicity, the end effects are not included in the present chapter.
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distribution of the amplitudes of the complex Gaussian process is given by

p(rj�

x
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)d�

It is shown in appendix A that the single point statistics of r are Rayleigh distributed, while the

autocovariance of the amplitudes, r, is related to the autocorrelation of the underlying complex

Gaussian process, x, through

�

r
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2

II

(k) + �

2

IQ

(k) (4.11)

where �
II

(k) and �
IQ

(k) are the real and imaginary parts of the autocorrelation function of the

complex Gaussian process, x, at kth lag.

The power spectrum is related to the autocorrelation function of the returns through a Fourier

transform. As a consequence of the relationship in equation 4.11, the Doppler frequency in-

formation contained in the power spectrum of the underlying complex Gaussian process is

largely lost when only the amplitudes of the returns are observed. Furthermore, the second

order statistics are insufficient to fully characterise the (Rayleigh) distribution of the ampli-

tudes corresponding to the complex Gaussian clutter. However, as will now be discussed, this

does not imply that the incoherent returns contain no information about the spectrum of the

underlying complex Gaussian process.

In particular, using equation 4.11 it is easy to show that although the absolute Doppler fre-

quency information is lost, the relative frequency contributions contained in the coherent clutter

Doppler spectrum are preserved in the spectrum of incoherent clutter. Furthermore, equation

4.11 can also be used to show that in the case of a single pole complex autoregressive process,

the information about the magnitude of the complex process pole is preserved in the spectrum

of the amplitudes. In fact, this is best illustrated by the worst case scenario (from the second

order statistics point of view), i.e. when the power spectrum of the coherent clutter contains

just a single peak. In this case no Doppler frequency information is contained in the power

spectrum of the amplitudes of the clutter. However, one vital piece of information still remains

in this extreme case, in that no peaks in the power spectrum of incoherent clutter indicate a

process pole of unity magnitude, but of unknown phase.

In the remainder of this chapter, a complex autoregressive process-based characterisation of

high resolution sea clutter spectra is adopted for incoherent radar systems. This results in a

non-linear state space model for the observed locally Rayleigh distributed amplitudes, r, as
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given by
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It is the magnitude of the underlying complex autoregressive process poles that correspond to

the spectral widths of the peaks in the Doppler spectrum of the incoherent returns. It was al-

ready mentioned that in the case of the first order autoregressive process the information about

the magnitude of the process pole is preserved in the process amplitudes. However, based on

the second order moment arguments, ambiguities in the innovation process variance are ex-

pected even for the first order autoregressive process, due to the unknown phase of the process

poles. Unfortunately, due to the non-Gaussian nature of the incoherent clutter returns, mo-

ments higher than of the second order need to be considered when trying to establish process

identifiability conditions for complex autoregressive processes of higher orders. This, however,

proves to be no easy task.

Finally, it is worth noting that the state space model can be utilised for target detection in the

presence of sea clutter in one of two ways:

� following [Haykin, 1996], detection can be based on the predictive distribution for the

incoherent clutter, i.e. p(r(n)jr(n� 1)).

� following [Nohara and Haykin, 1993], detection can be based on the parameter structure

of the underlying complex Gaussian process, i.e. p(ajr).

Unfortunately, in either case, due to the non-linear nature of the observation equation, the

distributions of interest are not available in closed form. For this reason, a sampling based

approach is adopted in this chapter. Furthermore, for practical reasons, the computational

expense associated with sampling from the full predictive conditional distribution at each

radar return sample (at 1kHz in real time) prohibits any further consideration of the predic-

tive distribution based approach. It is the latter, medium dwell time block-based approach of

[Nohara and Haykin, 1993] that remains the focus of the work undertaken in the remainder of

this chapter. To this end, samples of the autoregressive process parameters, a, are obtained

from p(ajr) in order to characterise the high resolution sea clutter spectrum in incoherent radar

system.

4.2.3 Sampling from p(ajr)

The state space model in equation 4.12 has been developed in terms of the in-phase and quadra-

ture components for the underlying complex Gaussian distributed process. However, in order
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to better facilitate the analysis, it proves to be beneficial to transform the problem into polar

components, i.e. in terms of the observed amplitudes, r, and missing phases, �.

Under the polar parametrisation, the conditional structure of the model is given by

p(�jr;a; �

2

) / p(r;�ja; �

2

) (4.13)

p(ajr;�; �

2

) = N(�

a

;�

a

) (4.14)

p(�

2

jr;�;a) = IG(�

�

; �

�

) (4.15)

where uniform priors were assumed for the phases, �, and the parameters, a, while an unin-

formative Jeffrey’s prior was used for the process variance, �2. The distribution parameters are

defined as in equations 4.5-4.9, and the conditional distribution for � is in non-standard form,

given by

p(�jr;a; �) /

1

(2��

2
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Q

n
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n
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(4.16)
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Unfortunately, as was pointed out in section 4.2.2, no simple expression exists for the pos-

terior distribution of the process parameters, p(ajr). Therefore, a sampling-based approach is

adopted here in order to explore the parameter posterior. This is most easily achieved by noting

that convergence to the joint ensures convergence to the marginal. To this end, samples from

p(ajr) are obtained by sampling for [a; �2;�] from the joint posterior distribution p(a; �2;�jr).

Based on the conditional distribution representation in equations 4.13-4.15, the Gibbs sampler

[Geman and Geman, 1984] provides means for sampling from the joint posterior distribution.

The Gibbs sampler is one of the most widely used sampling algorithms (see [Wu, 1998] for an

extensive review of sampling techniques). Its popularity stems from the relative simplicity of

implementation. In particular, it is often simpler to sample from the conditional distributions,

than it is to sample directly from the joint. In the present case, the Gibbs sampling algorithm

for sampling from the joint posterior distribution of [a; �2;�] can be stated as
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1. At iteration t, given a sample [�

(t�1)

;a

(t�1)

; (�

2

)

(t�1)

] from the previous iteration, consec-

utive sample [�

(t)

;a

(t)

; (�

2

)

(t)

] is obtained as

a

(t)

� p(ajr;�

(t�1)

; (�

2

)

(t�1)

)

(�

2

)

(t)

� p(�

2

jr;�

(t�1)

;a

(t)

)

�

(t)

� p(�jr;a

(t)

; (�

2

)

(t)

)

2. Increment t and go to step 1

Upon completion of the Gibbs sampling algorithm, the samples of a from p(a; �

2

;�jr) are re-

tained as the samples from the marginal posterior distribution, p(ajr).

While the conditional distributions for a and �2 are in standard form, the conditional distribu-

tion for � is not. Therefore, to circumvent the difficulty associated with the sampling from the

conditional distribution of the missing phases, p(�jr;a; �), the Hybrid Monte Carlo algorithm

will now be discussed in section 4.3 and employed in section 4.4 for sampling from the joint

posterior within the Gibbs sampling framework.

4.3 HYBRID MONTE CARLO ALGORITHM

Within the Gibbs sampling framework discussed in section 4.2.3, samples of the missing phases

are required from the conditional distribution p(�jr;a; �2). Unfortunately, the conditional dis-

tribution for � (see equation 4.16) is in non-standard form and hence cannot be sampled from

directly. Furthermore, the dimensionality of the missing phases vector, �, is the same as the

dimensionality of the vector of observed amplitudes, r. In the present chapter, this corresponds

to 150 samples, though in real radar systems, blocks of as many as 500 samples may need to be

considered.

Sampling from high dimensional distributions is a problem that is encountered in a wide range

of applications, such as missing data and state space problems. Unfortunately, only in very few

cases can the specific problem structure be exploited for efficient sampling from a high dimen-

sional distribution (e.g. state sampling in a Gaussian state space model). Instead, the two most

popular techniques for sampling from high dimensional distributions include the Gibbs sam-

pler [Geman and Geman, 1984] and the Metropolis-Hastings algorithm [Metropolis et al., 1953]

[Hastings, 1970].
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Both the Gibbs sampler and the Metropolis-Hastings algorithm belong to a family of Markov

Chain Monte Carlo (MCMC) sampling algorithms. The MCMC sampling algorithms utilise a

Markov Chain with the desired invariant probability distribution in order to obtain the sam-

ples from the distribution of interest. A brief review of Markov Chain theory is presented in

appendix B, while the interested reader is referred to an excellent exposition by [Wu, 1998] for

a more extensive review of Markov Chain Monte Carlo methods.

For notational convenience, denote the distribution of interest as p(	), where 	 is the high di-

mensional vector of interest (e.g. the missing phases, �). The Gibbs sampler relies on iteratively

sampling the conditional distributions of the form

	

n

� p(	

n

j	

�n

)

in order to obtain the samples from the joint distribution, p(	), where 	

n

represent subvectors

of the high dimensional vector 	. The Gibbs sampler relies on the fact that sampling from the

lower dimensional distributions is easier than sampling from the original high dimensional

distribution. Unfortunately, particularly when correlations between the different subvectors

exist, the Gibbs sampling algorithm tends to be very inefficient [Roberts and Sahu, 1997].

As an alternative to Gibbs sampling, the Metropolis-Hastings algorithm provides the means

for jointly sampling from the high dimensional distribution. To this end, the transition kernel

for the Metropolis-Hastings algorithm is given by

T (	

0

j	) = q(	

0

j	)�(	

0

j	) + �(	

0

�	)

�

1�

Z

�(	

0

j	)q(	

0

j	)d	

0

�

where q(	0

j	) is the proposal density, and �(	0

j	) is the acceptance probability, while �(�) is the

indicator function.

The popularity of the Metropolis-Hastings sampling algorithm stems from its simplicity and

flexibility. While the form of the proposal density determines the dynamics of the resulting

Markov chain, the acceptance probability ensures the correct invariant distribution. In fact,

the Metropolis-Hastings kernel satisfies detailed balance with respect to the required invariant

distribution p(	), if and only if

p(	)q(	

0

j	)�(	

0

j	) = p(	

0

)q(	j	

0

)�(	j	

0

)

Furthermore, an irreducible Metropolis kernel is Harris recurrent [Wu, 1998].



4.3. Hybrid Monte Carlo Algorithm 81

The most common form of the acceptance probability for the transition kernel, which satisfies

the detailed balance condition, is given by

�(	

0

j	) = min

�

1;

p(	

0

)q(	j	

0

)

p(	)q(	

0

j	)

�

(4.17)

As [Wu, 1998] points out, although there exist several alternative forms of the acceptance prob-

ability function, the Hastings version is optimal for quite an extensive range of choices, chiefly

because it rejects proposals less often than the others. Furthermore, with the acceptance prob-

ability given by equation 4.17, the actual acceptance rate and the Markov chain dynamics

are largely determined by the choice of the proposal distribution q(	

0

j	). There is a myr-

iad of choices available for the proposal density, the most popular of which are discussed in

[Gilks et al., 1996].

The general form of the Metropolis-Hastings sampling algorithm for obtaining samples from

an invariant distribution p(	) can be summarised as follows:

1. At iteration t of the Metropolis-Hastings algorithm, given a sample 	

(t�1) from the previous

iteration, generate a candidate sample 	

0 from the proposal distribution q(	0

j	

(t�1)

), i.e.

	

0

� q(	

0

j	

(t�1)

)

2. Accept the proposed candidate (i.e. 	(t)

= 	

0) with probability

�(	

0

j	

(t�1)

) = min

"

1;

p(	

0

)q(	

(t�1)

j	

0

)

p(	

(t�1)

)q(	

0

j	

(t�1)

)

#

and retain the previous sample (i.e. 	(t)

= 	

(t�1)) otherwise

3. Increment t and go to step 1

In addition to the ratio of the invariant distribution p(	0

)=p(	

(t�1)

), the acceptance step of the

Metropolis-Hastings algorithm also requires the ratio of the proposal distributions,

q(	

(t�1)

j	

0

)=q(	

0

j	

(t�1)

). For this reason, the proposal distributions are generally local in na-

ture, in that a candidate sample, 	0, is drawn from a distribution centered around the current

sample, 	(t�1). Such a procedure is inherently very inefficient, in that the candidate samples are

local and undirected, resulting in many, possibly better, potential candidate samples remaining

undiscovered.

In order to improve the efficiency of the proposal distribution, [Duane et al., 1987] have pro-

posed to utilise the gradient information contained in the invariant distribution. In particu-

lar, the authors have proposed to use a deterministic transition kernel based on a discretised
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form of Molecular Dynamics. The resulting algorithm, which will be discussed in more de-

tail in the following sections, is referred to as the Hybrid Monte Carlo algorithm. The algo-

rithm has been popularised by [Neal, 1992], with further reviews presented by [Wu, 1998] and

[Ó Ruanaidh and Fitzgerald, 1996].

4.3.1 The Gibbs Distribution and Molecular Dynamics

In classical mechanics, a dynamic system ofN particles is characterised at any fixed time instant

by a set of 2N coordinates, corresponding to the positions (	 = [ 

1

; : : : ;  

N

]) and the momenta

(p = [p

1

; : : : ; p

N

]) of the particles. At any time instant, the positions and the momenta of

the particles provide a complete description of a microstate of the system. Furthermore, the

positions and the momenta can be represented by a point in a 2N dimensional space, spanned

by a Cartesian reference frame of 2N mutually orthogonal axes. This space is referred to as the

phase space.

Every possible microstate of the physical system, [	;p], has an associated energy, H(	;p),

referred to as the Hamiltonian of the system. For the system of N particles, in the absence of an

external field, the system Hamiltonian can be written as a sum of two terms

H(	;p) = �

E

E(	) + �

K

K(p)

K(p) =

1

2

X

i

p

2

i

where E(	) corresponds to the potential energy, while K(p) corresponds to the kinetic energy

of the physical system. Furthermore, �
E

is the inverse temperature of the system, while �
E

=�

K

is analogous to the mass of the particles in the physical system 4.

At any given time, the microstate represents a single realisation of the physical system, where

the microstate is distributed according to the canonical (or the Gibbs) distribution

p(	;p) =

1

Z(	)Z(p)

exp�H(	;p)

where Z(	) and Z(p) are the normalising constants, also known as the Partition Functions.

In classical mechanics, in absence of external fields, the Hamiltonian of the system is conserved,

i.e. , dH(	;p)

dt

= 0. The gradient of the potential energy with respect to the particle positions,

@E(	)=@	

i

, defines a force that acts to change the system configuration via its effects on the

4The momenta temperature �
K

is used here instead of the usual particle masses. The two parametrisations are
identical, although the parametrisation adopted presently sheds some light on the intricacies of the Hybrid Monte
Carlo algorithm.



4.3. Hybrid Monte Carlo Algorithm 83

system’s momentum. In particular, the positions and the momenta of the particles evolve ac-

cording to Hamilton’s equations of motion (i.e. Hamiltonian Dynamics), as given by

@	

i

@t

=

p

�

K

p

i

@p

i

@t
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1

p

�

K

@E(	)

@	

i

where, for reasons subsequently explained, �
E

is set to unity. Hamiltonian Dynamics has a

number of very important properties. In addition to conserving the Hamiltonian of the sys-

tem, Hamiltonian Dynamics is also time reversible. However, most importantly, Hamiltonian

Dynamics preserves phase space volume. This result is known as the Liouville’s theorem.

Molecular Dynamics method simulates the evolution of a dynamical system by discretising

Hamilton’s Equations. To this end, by far the most popular discretisation scheme is the leapfrog

scheme given by
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where � is the discrete time step size. Indeed, as was the case with Hamiltonian Dynamics, the

leapfrog scheme, denoted by

f	(t+ �);p(t + �t)g = L(	(t);p(t)j�;N

l

)

is not only time reversible, but also preserves the state space volume. However, due to discreti-

sation errors the Hamiltonian need no longer be conserved.

4.3.2 Hybrid Monte Carlo Algorithm

The Hybrid Monte Carlo (HMC) algorithm is a global sampling algorithm that incorporates

the Molecular Dynamics features into the Metropolis-Hastings algorithm framework. To this

end, the sampling is performed on an extended phase space f	;pg, where the original variables,

	, are augmented by fictitious generalised momenta, p. The generalised momenta are conjugate

to 	 and of the same dimensionality as 	, with a microstate [	;p] being distributed according

to the Gibbs distribution, i.e.

p(	;p) =

1

Z(	)Z(p)

exp�H(	;p) (4.18)
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where the Hamiltonian for the augmented system is given by

H(	;p) = �

E

E(	) + �

K

K(p)

with the Kinetic energy of the system defined as

K(p) =

1

2

X

i

p

2

i

It is interesting to note that, provided �
E

= 1 and E(	) = � lnp(	), the marginal distribution

for 	 in equation 4.18 and the high dimensional distribution of interest, p(	), coincide. Also,

the Gibbs distribution factorises into

p(	;p) = p(	)Q(p)

Q(p) =

1

Z(p)

exp��

K

1

2

X

i

p

2

i

Sampling from the marginal distribution for 	 can be performed by sampling from the Gibbs

distribution (see equation 4.18). This is possible since convergence to the joint, implies con-

vergence to the marginal, distribution. The fictitious momenta simply facilitate the sampling

from the coordinates, 	, via the means of Molecular Dynamics. In that respect, HMC algo-

rithm belongs to the class of algorithms which make use of auxiliary variables to induce global

moves.

The HMC transition kernel for 	 is given by

T (	
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j	) =
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dpdp

�
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where L(	;p) is a deterministic leapfrog function, and �(�) is the indicator function. In other

words, sampling of 	 from p(	) using the Hybrid Monte Carlo algorithm proceeds as follows:

1. Generate momenta pt � Q(p) = N(0; 1=�

K

I)

2. Starting with 	

t and freshly generated pt, iterate the following leapfrog equationsN
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3. Set 	t+1

= 	

� with probability

A(	

�

j	

t

;p

t

;p

�

) = min

�

1; exp(�(H(	

�

;p

�

)�H(	

t

;p

t

))

�

and 	

t+1

= 	

t otherwise

4. Go to step 1 to refresh the momenta

The transition kernel (see equation 4.19) for the HMC algorithm shows the importance of sam-

pling the generalised momenta (i.e. p � Q(p)) at every iteration of the algorithm, in order to

obtain the samples from the marginal distribution, p(	). It is the refreshing of the momenta

that provides the element of randomness into an otherwise deterministic algorithm 5. It is also

interesting to note that the marginal distribution for the generalised momenta, Q(p), need not

be Gaussian. Other distributions, such as the Cauchy distribution can be used, provided the

Hamiltonian and the acceptance probability are modified appropriately [Wu, 1998].

Once a fresh sample of the generalised momenta is obtained fromQ(p), a candidate sample for

[	

�

;p

�

] is obtained by iterating the Molecular Dynamics equations. To this end, the leapfrog

scheme is used presently, though other discretisation schemes are also possible [Neal, 1992]. Fi-

nally, in order to ensure the correct invariant distribution and to compensate for any discretisa-

tion errors inherent in the Molecular Dynamics simulation, the candidate state is accepted with

probability A(	�

j	

t

;p

t

;p

�

). By Liouville’s Theorem, based purely on physical arguments, the

phase space volume is preserved following Molecular Dynamics evolution, and hence the ratio

of the proposal distributions is unity. The acceptance probability is therefore a function of the

energy (i.e. probability) at the beginning and the end of the Molecular Dynamics trajectory.

Given the Liouville’s Theorem and the time reversibility of the leapfrog scheme, it is rela-

tively easy to show that the basic Hybrid Monte Carlo algorithm satisfies detailed balance,

with the correct invariant distribution, p(	) [Wu, 1998]. The apparent non-linearities and the

coordinate-momenta couplings present in the Molecular Dynamics are inconsequential, as a

result of the Liouville’s Theorem. However, for the Markov Chain induced by the HMC algo-

rithm to be ergodic, it has to be irreducible and aperiodic, in addition to leaving the desired

distribution invariant. Whether these conditions are satisfied is dependent on the nature of

the potential energy function, E(	) (and hence p(	)) and the specifics of the HMC scheme

employed. This point will now be discussed in more detail in the following section.

5Without refreshing of the momenta, the Molecular Dynamics essentially evolves along an iso-energy surface.
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4.3.3 Remarks about the HMC Algorithm

The usefulness of the HMC algorithm stems from the use of the gradient information of the

invariant distribution. In particular, the gradient information acts as a force field guiding the

particles in a fictitious physical system towards regions of low energy (i.e. high probability)

through the evolution of the Molecular Dynamics equations. Unfortunately, Molecular Dy-

namics evolves the dynamic system on an iso-energy surface in the extended phase space.

As [Wu, 1998] shows, the HMC algorithm satisfies detailed balance. However, in order for the

Markov Chain induced by the HMC to be irreducible, it has to be possible to eventually reach

any other microstate in the extended phase space, from any microstate to which the invariant

distribution assigns positive probability measure. To some extent, refreshing the momenta at

every iteration of the HMC algorithm ensures that different iso-energy surfaces are explored,

and hence that any point in the phase space can eventually be reached. However, as will now

be shown, due to the nature of the basic HMC algorithm, the change in the Hamiltonian of the

system can be very small from one iteration of the algorithm to the next. This may result in

extremely slow exploration of the different iso-energy surfaces, as well as a possibility of the

Markov Chain not being irreducible.

In the basic HMC algorithm discussed in the previous section, the Hamiltonian is of the form

H(	;p) = E(	) + �

K

K(p)

Furthermore, the Hamiltonian for the Molecular Dynamics (the Guiding Hamiltonian) and the

Hamiltonian in the acceptance probability (the Acceptance Hamiltonian) are identical. In addi-

tion, the corresponding marginal distribution for the generalised momenta is a Gaussian distri-

bution with zero mean, and variance 1=�

K

. Therefore, at each iteration of the HMC algorithm,

the momenta are refreshed as p � N(0; 1=�

K

I). However, regardless of the value of �
K

, the

effects of �
K

are simply nulled in the leapfrog scheme. In particular, upon re-normalisation of

p to unity (i.e. let ~p =

p

�

K

p), the first two steps of the HMC algorithm become

1. Generate momenta ~
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Therefore, the only free parameters are the number of leapfrog iterations, N
l

, and the discrete

step size, �. The consequences of this observation are profound. In particular, as long as the

guiding and the acceptance Hamiltonians are identical, the effects of momenta in Molecular

Dynamics are independent of the momenta temperature, �
K

, and consequently of the particle

masses. Therefore, whether @E

@	

i

(t) is equal to 10

0 or 10

10, p
i

will always be such that p
i

�

N(0; 1).

Despite the contributions of the momenta being independent of the particle masses (and �

K

),

there is still plenty of scope for ’tweaking’ the HMC Algorithm. Tricks involving random sam-

pling of the step size, �, and number of leapfrog iterations, N
l

, are well known and tend to

improve the mixing of the sampler [Neal, 1992]. Random sampling of these parameters also

ensures that the Markov Chain induced by the HMC algorithm is aperiodic. However, more

importantly, it is also known that the guiding Hamiltonian, H 0, and the acceptance Hamiltonian,

H , need not be the same [Duane et al., 1987]. In fact, it may sometimes prove fruitful to make

the two Hamiltonians different in order to improve the performance of the sampler.

The acceptance Hamiltonian is largely fixed by the required invariant distribution for 	. How-

ever, the guiding Hamiltonian can be made different from the acceptance Hamiltonian for one

of two reasons. Firstly, the guiding Hamiltonian can be constructed in such a way so as to

compensate for any discretisation errors induced by Molecular Dynamics, thus potentially re-

sulting in an increased acceptance rate. Secondly, the guiding Hamiltonian can be constructed

in such a way so as to increase the ’mobility’ of the candidate state, such that the phase space

is better explored (possibly at the expense of lower acceptance rate).

Provided the two Hamiltonians are identical, i.e. H 0

= H , and no discretisation errors are

present, the HMC algorithm results in 100% acceptance rate. However, the leapfrog scheme

results in discretisation errors, which also limit the mobility of the Markov Chain. Further-

more, as was pointed out above, the relative contributions of the sampled momenta can be

small compared to the potential field effects, possibly resulting in the Markov Chain not being

irreducible.

One possible scheme for improved exploration of the phase space is to temper the momenta

temperature, �
K

. To this end, consider the acceptance HamiltonianH = E(	)+K(p) (note that

without loss of generality, the temperature �
K

has been arbitrarily set to one), while the guiding

Hamiltonian H

0

= E(	) + �

K

K(p). In short, the two Hamiltonians differ in the temperature

of the momenta (or equivalently, the inverse masses of the fictitious particles). Using the fact

that Molecular Dynamics conserves the Hamiltonian, ie

E(	) + �

K

K(p) = E(	

�

) + �

K

K(p

�

)

and provided the leapfrog scheme introduces no discretisation errors, it can be shown that the
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acceptance probability is given by

A(	

�

j	;p;p

�

) = min

�

1; e

��H

�

�H = (1�

1

�

K

)(E(	

�

)�E(	))

Therefore, as �
K

is increased (i.e. , the masses of the fictitious particles are decreased), the parti-

cles in the Molecular Dynamics evolution become more mobile, resulting in faster exploration

of the phase space, at the expense of lower acceptance rate. Thus, a simple form of tempering is

achieved by a mere change of the momenta temperature in the guiding Hamiltonian. Further-

more, by randomly selecting the temperature, �
K

, in the guiding Hamiltonian, many different

iso-energy surfaces are explored, thus ensuring the irreducibility of the Markov Chain.

4.3.4 Symmetrical Momentum Tempering

The above argument can now be extended further. The momenta temperature, �
K

, can be tem-

pered in a symmetric fashion with each leapfrog step. To this end, �
K

is increased for the first

half of the leapfrog steps, i.e. �0
K

< �

1

K

< : : : < �

T=2

K

, while �
K

is decreased for the latter half

of the leapfrog steps, i.e. �
T=2

K

> : : : > �

0

K

. Time reversibility is preserved at each iteration of

the momentum-based symmetric tempering algorithm, as is the phase space volume. There-

fore, provided the acceptance probability is modified to account for the intermediate steps

[Neal, 1994], the detailed balance for the momentum-based tempering algorithm is preserved.

Furthermore, based on the conservation of the Hamiltonian at every leapfrog iteration, the

acceptance probability is approximately given by 6

A(	

�

j	;p;p

�

) = min

h

1; exp(�(

�

F �

^

F ))

i

^

F =

T=2�1

X

i=0

�

1

�

i

�

1

�

i+1

�

E(

^

	

i

)

�

F =

T=2�1

X

i=0

�

1

�

i

�

1

�

i+1

�

E(

�

	

i

)

where the notation of [Neal, 1994] has been adopted. It is also interesting to note the anal-

ogy between the acceptance probability in the momentum-based tempering scheme, and the

tempered transition scheme proposed by [Neal, 1994]. However, unlike the Tempered Tran-

sition algorithm, no special sampling procedure is required for sampling from the invariant

distribution at higher temperatures. Instead, it is the tempering of the particle momenta in the

evolution of the Molecular Dynamics that results in enhanced ’mobility’ of the candidate states.

6Due to the discretisation errors in Molecular Dynamics, the Hamiltonian may not be exactly conserved. The
expression for the acceptance probability is only an approximate guide to illustrate the effects of tempering on the
acceptance rate.
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In principle, changing of the momenta temperature in the guiding Hamiltonian allows the algo-

rithm to better explore the phase space. In particular, by first increasing �
K

(i.e. decreasing the

fictional particle masses) better mobility is obtained, and then as �
K

is decreased, the Molecu-

lar Dynamics converges to a local Energy minimum (i.e. probability maximum). Unfortunately,

as is the case with the Tempered Transitions algorithm, the acceptance probability tends to be

rather low. Therefore, in order to improve the mixing of the sampler, it is recommended that

the momentum-based tempered run be performed every few iterations of the standard HMC

algorithm.

Figure 4.2 illustrates the increased mobility of a HMC algorithm incorporating the momentum-

based tempering. In particular, the HMC algorithm was employed to sample from a mixture of

four Gaussians shown in figure 4.2(a). The standard HMC algorithm, once settled in one of the

modes, would be very unlikely indeed to find another mode in this distribution. However, as

figure 4.2(b) shows, all modes are discovered when tempering runs are included as part of the

HMC algorithm. In particular, the results shown in figure 4.2(b) correspond to 10000 iterations

of the HMC algorithm, with a tempering run performed every 10

th iteration. The step size,

�, number of leapfrog steps, N
l

, and the momenta temperatures, �0
K

and �

T=2

K

, were chosen

randomly from bounded log-uniform distributions.
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Figure 4.2: (a) Multi-modal distribution (a mixture of four Gaussians) and (b) 10000 samples
from the distribution obtained HMC algorithm, with a momentum-based tempered run per-
formed every 10

th iteration.

In short, the results shown in figure 4.2 illustrate that tempering of momenta helps the Hybrid

Monte Carlo algorithm move around a multimodal distribution. However, unlike conventional

tempering algorithms, tempering of momenta does not require the knowledge of the normal-

ising constants at different temperatures.
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4.4 CHARACTERISATION OF INCOHERENT CLUTTER

The sea clutter data studied in the present chapter was obtained in open ocean conditions at a

look angle of 215.1� into the wind at 7.5km range at the effective sampling frequency of 500Hz

for each polarisation channel. The resolution of each range cell is effectively 4m in range and

160m in azimuth. For the purposes of this chapter, both the real and synthetic sea clutter data

is limited to 150 consecutive samples from a single range cell, which corresponds to 300ms of

raw data. The reasons for this are twofold. Firstly, the statistics of sea clutter may no longer be

stationary on time scales any longer than a few hundred milliseconds. Secondly, the algorithm

considered in the present chapter becomes computationally prohibitive for data lengths much

larger than 150 samples.

A non-linear state space model developed in section 4.2 is utilised presently for the purpose of

characterisation of sea clutter using just a few parameters (i.e. the poles of the complex autore-

gressive state transition process). To this end, the Hybrid Monte Carlo algorithm (see section

4.3) is used within a Gibbs sampling framework in order to explore the posterior distribution

of the complex autoregressive process parameters, when only the amplitudes of the process are

observed. The sampling procedure specific to the model introduced in section 4.2.2 is discussed

in section 4.4.1, while the sampling algorithm is applied to real and synthetic sea clutter data

in sections 4.4.2-4.4.6.

4.4.1 Sampling Procedure

As discussed in section 4.2.3, convergence to the joint ensures convergence to the marginal

distribution. In particular, the Gibbs sampler can be employed in order to obtain samples from

the parameter posterior, p(ajr) (see section 4.2.2 for notation). The Gibbs sampler exploits the

conditional structure of the state space model, as given by equations 4.13-4.15. To this end, the

following algorithm has been adopted in the present chapter for exploring the distribution of

the complex autoregressive process parameters, conditional on the observed amplitudes:

� Initialise the missing phases and the process parameters, i.e. [�(0)

;a

(0)

; (�

2

)

(0)

].

� Run the Gibbs sampler for N
itns

iterations:

1. At iteration t, given a sample [�

(t�1)

;a

(t�1)

; (�

2

)

(t�1)

] from the previous iteration,

consecutive sample [�

(t)

;a

(t)

; (�

2

)

(t)

] is obtained as

a

(t)

� p(ajr;�

(t�1)

; (�

2

)

(t�1)

)

(�

2

)

(t)

� p(�

2

jr;�

(t�1)

;a

(t)

)

�

(t)

� p(�jr;a

(t)

; (�

2

)

(t)

)



4.4. Characterisation of Incoherent Clutter 91

2. Increment t and go to step 1

� Disregard the first N
burn�in

samples.

� Retain the remaining samples of the process parameters, a and �2.

The above algorithm was implemented in Matlab 5.x, and run on Pentium II 266+ based com-

puters. With N
itns

= 10000, each complete run of the algorithm took, on average, in excess of

15 hours to complete. Based on the convergence diagnostics criteria discussed below, it was

found that N
burn�in

= 500 iterations were usually sufficient for the sampler to converge to the

invariant distribution. The details of initialisation, sampling from the conditional distributions

and convergence diagnostics are discussed in more detail below.

Initialisation

Initial estimates of �, a and �

2 are required in the above algorithm. These can either be ob-

tained randomly, or alternatively, potentially better estimates can be obtained by utilising the

information contained in the observed amplitudes of the sea clutter data.

A very simple approach is followed in the present chapter, whereby the underlying complex

Gaussian process is assumed to be real and equal to the observed time series of the process

amplitudes. Therefore, the following procedure has been adopted for the purpose of automatic

initialisation of the sampler:

� Set [a(0); (�2)(0)] to the MAP estimates of an autoregressive process parameters corre-

sponding to the time series given by fr(n)� < r(n) >: n = [1; : : : ; N ]g.

� Set �(0) to randomly drawn variates from the uniform distribution over [0; 2�]. In order

to get ’better’ initial estimates, an initial run of the HMC algorithm is then performed,

conditional on the initial [a(0); (�2)(0)] estimates.

Sampling from p(ajr;�; �

2

) and p(�2jr;�;a)

From equations 4.14 and 4.15, the conditional distributions for a and �2 are given by

p(ajr;�; �

2

) = N(�

a

;�

a

)

p(�

2

jr;�;a) = IG(�

�

; �

�

)

where the distribution parameters are defined as in equations 4.5-4.9.
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Both of the conditional distributions are in standard form, and are therefore sampled from

easily. An added complication in the case of the conditional distribution for a stems from the

stability condition required of the complex autoregressive process parameters. In particular,

the process poles associated with the the process parameters, a, need to lie within a unit circle,

in order for the complex autoregressive process to be stable. This condition is achieved in the

work presented in this chapter by employing a rejection sampling step in order to reject any

samples, a, that do not satisfy the stability criterion.

Sampling from p(�jr;a; �

2

)

The conditional distribution for the missing phases, �, is given by equation 4.16. In more

concise notation, the logarithm of the distribution in equation 4.16 can be written as

lnp(�jr;a; �

2

) = const�
1

2�

2

x

H

A

H

Ax

x = [r(1)e

i�(1)

; : : : ; r(N)e

i�(N)

]

0

where A is the matrix of complex parameters, a (c.f. A in equations 4.5-4.9).

Since the conditional distribution, p(�jr;a; �2), is non-standard form, the HMC algorithm (see

section 4.3) is employed in this chapter to obtain samples of the missing phases, �. To this

end, the derivative of the logarithm of the conditional distribution (as required by the HMC

algorithm) can be shown to be given by

@ ln p(�jr;a; �

2

)

@�

=

1

�

2

=

�

x

0.*[AH

Ax]

	

where =f�g is the imaginary part, and a.*b represents the vector elementwise product (c.f. Mat-

lab vector elementwise multiplication function).

At every iteration of the Gibbs sampler, a sample of the missing phases, �, is obtained from

p(�;a; �

2

jr). To this end, a single iteration of the HMC algorithm is performed. However, in

order to improve the mixing of the sampled phases, a tempering run is performed every 10

th

iteration of the Gibbs sampler. Therefore, unless stated otherwise, the following schedules have

been adopted in this chapter for the HMC algorithm:

� During a non-tempering run set the HMC parameters to the following:

– randomly set the step size, dt, such that log
10

dt � Uniform[�3; 0]

– randomly set the number of leapfrog steps, N
l

, such that N
l

� Uniform[50; 500]

� During a tempering run set the HMC parameters to the following:
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– randomly set the step size, dt, such that log
10

dt � Uniform[�3; 0]

– randomly set the number of leapfrog steps, N
l

, such that N
l

� Uniform[50; 500]

– randomly set the maximum and the minimum momentum ’temperatures’, �
Kmax

and

�

Kmin

, such that

log

10

�

Kmax

� Uniform[0; 3]

log

10

�

Kmin

� Uniform[�1; 0]

Convergence Diagnostics

The main objective of the present chapter is to explore the distribution of the underlying com-

plex autoregressive process parameters, conditional on the observed amplitudes (i.e. with the

phase information missing). To this end, since the complete knowledge of the complex time

series is also available, a very simple convergence diagnostic is presently adopted.

In particular, a number of Markov Chains are run concurrently on the same data set. Half of

the Markov Chains are initialised using the actual process phases and with process parameters

estimated by Maximum Likelihood from the coherent clutter. The other half of the chains

are initialised using an automated procedure outlined above. At each iteration of the Gibbs

sampler, a polar plot of the process poles is displayed for each of the chains. Convergence is

declared when the samples of the process poles for the randomly initialised sampler reach the

same area of the complex plane, as that reached by the samples of the process poles obtained

using the Markov Chains initialised from the MAP estimates.

The above procedure assumes that once two chains reach the same point, both chains have

converged to the invariant distribution. The convergence, as diagnosed by the above criterion,

was usually found to occur within 100-200 iterations of the Gibbs sampler. Unless stated other-

wise, a ’burn-in’ period of 500 iterations has been adopted for all the subsequent simulations

presented in this chapter.

4.4.2 Synthetic AR(1) Process

For illustrative purposes, 150 samples of synthetic data were generated from a complex autore-

gressive process with a single complex pole (i.e. AR(1) process) at 0:8\0:4� and the innovation

process variance set to unity. The magnitude of the pole was chosen such that the spectral

width of the data is relatively large, as is observed in high resolution sea clutter returns. The

phase of the process pole was chosen rather arbitrarily to reflect the typical Doppler shifts ob-

served in the spectrograms shown in figure 4.1.
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An AR(2) model is used to model the AR(1) data in order to better facilitate the sampling of

the complex autoregressive process parameters (by avoiding getting ’stuck’ in local modes)

and also to investigate the sensitivity of the sampling scheme to model misselection. For this

reason, models of order greater than those used to generate the synthetic data are used in the

present chapter. However, the issues associated with model selection will not be addressed in

this dissertation and are left as an exercise for future research.

Figure 4.3(a) illustrates the presence of a spectral peak at a frequency of 0:4� (corresponding to

the phase of the process pole) in the log of the power spectrum of the complex AR(1) process.

However, no such spectral peaks are present in the log of the power spectrum obtained from

the amplitudes of the complex AR(1) process, as illustrated by figure 4.3(b). This observation

is very much in line with the discourse presented in chapter 3 and section 4.2.2. In particular,

figures 4.3(a) and 4.3(b) show that the absolute frequency information (e.g. single sided spectral

peaks) contained in the coherent (i.e. complex) signal is largely lost when only the amplitudes

of the complex process are observed. In fact, it is only the frequencies corresponding to the sum

and the difference of the frequency components contained in the coherent clutter spectrum that

are retained in the spectrum of incoherent clutter.

Figure 4.3(c) shows the complex AR(2) process poles estimated by Maximum Likelihood (ML)

from theAR(1) process data. The ML estimates of theAR(2) model poles are also presented in

table 4.1. As expected, the magnitude and phase of the dominantAR(2) pole is close to the true

value for the original AR(1) process (i.e. 0:8\0:4�), while the magnitude of the smaller pole is

an order of magnitude smaller than the dominant pole. As the complex process amplitudes do

not contain the information about the absolute phase of theAR(1) process pole, the smaller pole

in the AR(2) model effectively serves as a phase reference. To this end, table 4.1 also shows the

relative sum and difference components of the phases of the two AR(2) process poles.

Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:81\0:40� [1; 2] 0:33� 0:47�

2 0:08\0:07�

Table 4.1: Complex AR(2) process poles and their relative phases. Complex AR(2) process pa-
rameters estimated by ML from 150 samples of a complex AR(1) process with the true process
pole at 0:8\0:4�.

Figures 4.3(d)-4.3(f) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(2) model parameters, a and �

2, conditional on the observed ampli-

tudes of the synthetic complex AR(1) process data. In particular, figure 4.3(d) shows a his-

togram of the relative phases of the sampled process poles. Clearly, the information about the
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Figure 4.3: (a) Coherent and (b) Incoherent spectrum of 150 samples of a synthetic complex
AR(1) process, with the process pole at 0:8\0:4�. (c) ML estimates of complex AR(2) process
parameters obtained from the complex data, along with the samples of (d) relative phases, (e)
innovation process standard deviation and (f) process pole magnitudes obtained using 10000
iterations of the Gibbs sampler with random initial conditions with 500 discarded burn-in sam-
ples. ML estimates indicated by vertical lines.
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relative phases of the process poles is preserved and is in line with the relative phases expected

from the ML estimates obtained from the coherent data (see table 4.1) 7. Similarly, figure 4.3(e)

shows that the samples of the innovation process standard deviation are also in line with the

actual value of unity.

The histogram of the sampled magnitudes of the dominant pole of the AR(2) model is shown

in figure 4.3(f), along with the ML estimate obtained from the coherent data. The result shown

in figure 4.3(f) seems to confirm the assertion made in section 4.2.2, in that although the ab-

solute phase information about the complex process poles is lost when only the magnitudes

are observed, the information about the magnitudes of the complex process poles appears to

be preserved. It is now of interest to investigate whether the information about the magnitude

of the process poles is also preserved for complex autoregressive models of order larger than

unity, when only the amplitudes of the process are observed.

4.4.3 Synthetic AR(2) Process

Following the analysis in the previous section, 150 samples of synthetic data were generated

from a complex autoregressive process of order two, with the complex process poles at 0:8\0:4�

and 0:9\0:6�. The innovation process variance was once again set to unity.

Figure 4.4(a) illustrates the presence of a spectral peak at a frequency of 0:6� (and a smaller

peak at 0:4�) in the log power spectrum of the complex AR(2) process. Once again, no clear

peak is visible in the corresponding incoherent log power spectrum, shown in figure 4.4(b).

Figure 4.4(c) shows the complex AR(3) process poles estimated by ML from the AR(2) process

data. The two dominant poles corresponding to the AR(2) process are clearly visible, with a

smaller pole also present at 0:03\0:56�. The ML estimates of the AR(3) process parameters are

also shown in table 4.2, along with the relative sum and difference components of the phases of

the three AR(3) process poles.

Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:92\0:61� [1; 2] 0:23� 0:99�

2 0:79\0:38� [1; 3] 0:05� 0:83�

3 0:03\0:56� [2; 3] 0:18� 0:94�

Table 4.2: Complex AR(3) process poles and their relative phases. Complex AR(3) process pa-
rameters estimated by ML from 150 samples of a complex AR(2) process with the true process
poles at 0:8\0:4� and 0:9\0:6�.

7The sum and the difference phase contributions are limited to lie in the range of [��; �]. Therefore, spectrum
’folding’ occurs in the plots of the samples of the process pole phases shown in this chapter, since the relative phases
have been plotted on [�2�; 2�].
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Figures 4.4(d)-4.4(g) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(3) model parameters, a and �

2, conditional on the observed ampli-

tudes of the synthetic complex AR(2) process data. In particular, figure 4.4(d) shows a his-

togram of the relative phases of the sampled process poles. The information about the relative

phases of the two dominant process poles appears to be preserved and to be in line with the

relative phases expected from the ML estimates obtained from the coherent data (see table 4.2).

Figure 4.4(e) shows that the samples of the innovation process standard deviation are centered

around 1.8, and thus overestimate the true value of unity.

The histograms of the sampled magnitudes of two dominant poles of the AR(3) model are

shown in figures 4.4(f) and 4.4(g), along with the ML estimates obtained from the coherent

data. Figures 4.4(f) and 4.4(g) illustrate that the samples obtained for the magnitudes of the

two dominant poles of theAR(3) process slightly underestimate the pole magnitudes obtained

by ML from the complex data. However, the magnitudes of the two dominant poles still appear

to be in correct proportions (0.7 and 0.85 for the sampled, c.f. 0.79 and 0.92 by ML), with the

discrepancy potentially justified on the grounds of the overestimation of the innovation process

variance. Indeed, in the light of the lack of the phase information, there may exist ambiguities

between the relative contributions of the innovation process variance and the magnitudes of the

process poles to the overall signal power. As pointed out in section 4.2.2, the issues associated

with the identifiability of higher order autoregressive processes deserve further consideration.

4.4.4 Synthetic AR(3) Process

Following the analysis in the previous sections, 150 samples of synthetic data were gener-

ated from a complex autoregressive process of order three, with the complex process poles

at 0:7\0:6�, 0:8\0:4� and 0:9\ � 0:2�. The innovation process variance was once again set to

unity.

Figure 4.5(a) illustrates the presence of spectral peaks at the frequencies of�0:2� and 0:4�, cor-

responding to the two dominant poles (and a smaller peak at 0:6�) in the log power spectrum of

the complex AR(3) process. Similarly, figure 4.5(b) illustrates peaks at 0:2� and 0:6� in the in-

coherent log power spectrum, corresponding to the sum and the difference of the peak frequen-

cies present in the coherent power spectrum. Figure 4.5(c) shows the complex AR(4) process

poles estimated by ML from the AR(3) process data. The three dominant poles corresponding

to the AR(3) process are clearly visible, with a smaller pole also present at 0:02\ � 0:15�. The

ML estimates of the AR(4) process parameters are also shown in table 4.3, along with the rela-

tive sum and difference components of the phases of the three dominant AR(4) process poles.
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Figure 4.4: (a) Coherent and (b) Incoherent spectrum of 150 samples of a synthetic complex
AR(2) process, with the process poles at 0:8\0:6� and 0:9\0:4�. (c) ML estimates of complex
AR(3) process parameters obtained from the complex data, along with the samples of (d) rel-
ative phases, (e) innovation process standard deviation and (f)-(g) process pole magnitudes
obtained using 10000 iterations of the Gibbs sampler with random initial conditions with 500
discarded burn-in samples. ML estimates indicated by vertical lines.



4.4. Characterisation of Incoherent Clutter 99

0 0.5 1 1.5 2
−20

−10

0

10

20

30

40

50

Frequency/π radians

10
lo

g 10
 S

(f
)

Spectrum of the Complex Data

(a) Spectrum of Coherent Clutter

0 0.5 1 1.5 2
0

10

20

30

40

50

60

Frequency/π radians

10
lo

g 10
 S

(f
)

Spectrum of the Amplitudes

(b) Spectrum of Incoherent Clutter

  0.2

  0.4

  0.6

  0.8

  1

30

210

60

240

90

270

120

300

150

330

180 0

Process Poles:
0.023421∠−0.15047π

0.69719∠0.59855π

0.79517∠0.41805π

0.89028∠−0.19514π

(c) Process Poles

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

AR Process Pole Relative Phase, θ/π

p
(θ

)

(d) Relative Process Phases

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0

1

2

3

4

5

6

Innovation Std Deviation, σ

p
(σ

)

(e) Inn. Process Std. Dev.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

AR Process Pole Amplitude, ρ

p
(ρ

)

(f) Process Pole Magnitude

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0

2

4

6

8

10

12

AR Process Pole Amplitude, ρ

p
(ρ

)

(g) Process Pole Magnitude

0.75 0.8 0.85 0.9 0.95 1
0

2

4

6

8

10

12

14

AR Process Pole Amplitude, ρ

p
(ρ

)

(h) Process Pole Magnitude

Figure 4.5: (a) Coherent and (b) Incoherent spectrum of 150 samples of a synthetic complex
AR(3) process, with the process poles at 0:7\0:6�, 0:8\0:4� and 0:9\ � 0:2�. (c) ML estimates
of complex AR(4) process parameters obtained from the complex data, along with the samples
of (d) relative phases, (e) innovation process standard deviation and (f)-(h) process pole magni-
tudes obtained using 10000 iterations of the Gibbs sampler with random initial conditions with
500 discarded burn-in samples. ML estimates indicated by vertical lines.
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Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:89\� 0:20� [1; 2] 0:22� 0:62�

2 0:80\0:42� [1; 3] 0:4� 0:8�

3 0:70\0:60� [2; 3] 0:18� 0:98�

4 0:02\� 0:15�

Table 4.3: Complex AR(4) process poles and their relative phases. Complex AR(4) process pa-
rameters estimated by ML from 150 samples of a complex AR(3) process with the true process
poles at 0:7\0:6�, 0:8\0:4� and 0:9\� 0:2�.

Figures 4.5(d)-4.5(h) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(4) model parameters, a and �

2, conditional on the observed ampli-

tudes of the synthetic complex AR(3) process data. In particular, figure 4.5(d) shows a his-

togram of the relative phases of the sampled process poles. The information about the relative

phases of the two dominant process poles appears to be preserved and to be in line with the

relative phases expected from the ML estimates obtained from the coherent data (see table 4.3).

Figure 4.5(e) shows that the samples of the innovation process standard deviation are centered

around 1.15, and thus slightly overestimate the true value of unity.

The histograms of the sampled magnitudes of three dominant poles of the AR(4) model are

shown in figures 4.5(f)-4.5(h), along with the ML estimates obtained from the coherent data.

Figure 4.5(h) illustrates that the samples obtained for the magnitudes of the dominant pole

of the AR(4) model are centered around the ML estimate obtained from the coherent data.

However, despite a slightly overestimated innovation process variance, figures 4.5(f) and 4.5(g)

show that the samples obtained for the magnitudes of the second and the third largest poles

are also slightly overestimated, compared to the pole magnitudes obtained by ML from the

complex data.

4.4.5 Incoherent Sea Clutter

It was shown in sections 4.4.2-4.4.4 that the information about the magnitudes of the poles of a

complex autoregressive process is largely preserved when only the amplitudes of the process

are observed. Presently, the analysis is extended to 150 samples of vertically polarised high

resolution sea clutter data. The ML parameter estimates of a complex AR(5) model fitted to

the coherent sea clutter data are shown in table 4.4, along with the relative sum and difference

components of the phases of the three dominant AR(5) process poles. The ML complex AR(5)

process pole estimates obtained from the coherent clutter data are also shown graphically in

figure 4.6(c).
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Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:78\ � 0:09� [1; 2] 0:21� 0:39�

2 0:73\ � 0:30� [1; 3] 0:85� 0:95�

3 0:39\ � 0:96� [2; 3] 0:66� 0:74�

4 0:38\0:57�

5 0:18\ � 0:22�

Table 4.4: Complex AR(5) process poles and their relative phases. Complex AR(5) process pa-
rameters estimated by ML from 150 samples of vertically polarised high resolution sea clutter
data.

Figure 4.6(a) illustrates the presence of a spectral peak at the frequencies around �0:3� (cor-

responding to one of the dominant poles) in the log power spectrum of the coherent clutter

data. However, as illustrated by figure 4.6(b), no spectral peaks appear to be present in the

log of the power spectrum obtained from the amplitudes of the coherent data. This observation

further reinforces the observation that the second order statistics are insufficient to characterise

the incoherent sea clutter data.

Figures 4.6(d)-4.6(h) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(5) model parameters, a and �

2, conditional on the incoherent clutter

data. In particular, figure 4.6(d) shows a histogram of the relative phases of the sampled process

poles. The information about the relative phases of the two dominant process poles appears to

be preserved and to be in line with the relative phases expected from the ML estimates obtained

from the coherent data (see table 4.4). Figure 4.6(e) shows that the samples of the innovation

process standard deviation are centered around 5.2, and thus underestimate the ML value of

6.3.

The histograms of the sampled magnitudes of three dominant poles of the AR(5) model are

shown in figures 4.6(f)-4.6(h), along with the ML estimates obtained from the coherent data.

Figures 4.6(f)-4.6(h) illustrate that the samples obtained for the magnitudes of the three dom-

inant poles of the AR(5) model overestimate the estimates obtained by ML from the coherent

clutter data. As was the case for theAR(2) data in section 4.4.3, compared to the ML estimates,

the samples of the process poles magnitudes are overestimated at the expense of the underes-

timated innovation process variance samples. In the present case, the pole magnitude-process

variance ambiguity can further be exacerbated by the relatively small magnitude of the domi-

nant poles (0.73 and 0.78) for the coherent sea clutter data.
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Figure 4.6: (a) Coherent and (b) Incoherent spectrum of 150 samples of high resolution radar
clutter. (c) ML estimates of complexAR(5) process parameters obtained from the complex data,
along with the samples of (d) relative phases, (e) innovation process standard deviation and (f)-
(h) process pole magnitudes obtained using 10000 iterations of the Gibbs sampler with random
initial conditions with 500 discarded burn-in samples. ML estimates indicated by vertical lines.
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4.4.6 Synthetic AR(1) target in the Presence of Incoherent Sea Clutter

High resolution radar returns data containing targets was not available for the purpose of this

research. As a consequence, synthetic complex autoregressive target data was generated here,

instead. The marginal statistics of a complex autoregressive model are Gaussian distributed,

and hence the marginal statistics of the corresponding amplitudes are Rayleigh distributed.

Therefore, the complex autoregressive model for the target is a special case of the Swerling I

and II target models considered earlier.

However, it is very unlikely in practice that target returns would be well modelled as an

autoregressive process. Consequently, autoregressive process-based characterisation of non-

autoregressive process spectra in incoherent radar systems may need further consideration.

Nevertheless, in the present case, 150 samples were generated from a complex AR(1) process

with the process pole at 0:99\0:3�. The synthetic AR(1) target was then coherently (i.e. lin-

early) added to the vertically polarised high resolution sea clutter data. Two cases of the clutter

plus target data are now treated in turn, with SCR = 0dB and SCR = 20dB, respectively.

Sea Clutter plus Synthetic Target, SCR = 0dB

A complex AR(6) model is presently used to model the 150 samples of clutter plus AR(1)

target data. The ML estimates of the AR(6) process parameters are shown in table 4.5, along

with the relative sum and difference components of the phases of the three dominant AR(6)

process poles. The ML complex AR(6) process pole estimates obtained from the coherent data

are also shown graphically in figure 4.7(c). It is interesting to note that the positions of the

ML pole estimates of the clutter plus target data are different to the positions of the ML pole

estimates of the individual clutter and target data. The reasons for this, along with the possible

implications, are now briefly discussed.

It is relatively easy to show that a linear sum of autoregressive processes is itself an auto-

regressive-moving average (ARMA) process. Indeed, it is very unlikely that sea clutter data

is a pure autoregressive process, as assumed in the analysis above. However, sampling for an

ARMA process parameters is highly non-trivial [Wu, 1998] even when the full phase informa-

tion is available. Therefore, modelling the incoherent clutter as an ARMA process-based state

space model is virtually impossible. Instead, sea clutter and target characterisation based on a

complex autoregressive process parameters is sought in this chapter.

One of the consequences of modelling a sum of two autoregressive processes as an autoregres-

sive process is that the resulting process is no longer fully characterised by its poles. Therefore,

the ML estimates of the poles of the combined process no longer coincide with the poles of the

constituent processes. However, although not exact, it is well known that an autoregressive
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process can approximate the ARMA process. Furthermore, it is still expected that an autore-

gressive process can largely characterise the spectral properties of an ARMA process. However,

the issues associated with process identifiability in the case when only the amplitudes of the

ARMA process are observed need further study.

Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:97\0:30� [1; 2] 0:15� 0:45�

2 0:78\� 0:15� [1; 3] 0:04� 0:64�

3 0:71\� 0:34� [2; 3] 0:19� 0:49�

4 0:50\0:41�

5 0:46\0:87�

6 0:40\� 0:84�

Table 4.5: Complex AR(6) process poles and their relative phases. Complex AR(6) process pa-
rameters estimated by ML from 150 samples of vertically polarised high resolution sea clutter
data with an artificial complex AR(1) target (SCR = 0dB).

Figure 4.7(a) illustrates the presence of spectral peaks at frequencies around �0:15� and 0:3�

in the log power spectrum of the coherent clutter plus target data. While the peak at �0:15�

is associated with the background clutter, the large peak at 0:3� is associated with the AR(1)

target. Similarly, figure 4.7(b) illustrates a peak at 0:45� in log power spectrum of the incoherent

clutter plus target data, corresponding to the relative frequency difference between the two

peaks in coherent log power spectrum.

Figures 4.7(d)-4.7(h) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(6) model parameters, a and �

2, conditional on the incoherent data.

In particular, figure 4.7(d) shows a histogram of the relative phases of the sampled process

poles. The information about the relative phases of the dominant process poles appears to be

preserved and to be in line with the relative phases expected from the ML estimates obtained

from the coherent data (see table 4.5). Figure 4.7(e) shows that the samples of the innovation

process standard deviation are centered around 0.28, and thus overestimate the ML value of

0.23.

The histograms of the sampled magnitudes of three dominant poles of the AR(6) model are

shown in figures 4.7(f)-4.7(h), along with the ML estimates obtained from the coherent data.

Figure 4.7(h) illustrates that the samples obtained for the magnitude of the largest dominant

pole accurately reflect the ML pole magnitude estimate, while figures 4.7(f)-4.7(g) show that

the samples obtained for the magnitudes of the other dominant poles overestimate the ML

estimates.
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Figure 4.7: (a) Coherent and (b) Incoherent spectrum of 150 samples of high resolution radar
clutter with an artificial AR(1) target, with SCR = 0dB. (c) ML estimates of complex AR(6)
process parameters obtained from the complex data, along with the samples of (d) relative
phases, (e) innovation process standard deviation and (f)-(h) process pole magnitudes obtained
using 10000 iterations of the Gibbs sampler with random initial conditions with 500 discarded
burn-in samples. ML estimates indicated by vertical lines.
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Sea Clutter plus Synthetic Target, SCR = 20dB

A complexAR(6) model is presently used to model the 150 samples of clutter plusAR(1) target

data. The ML estimates of the AR(6) process parameters are shown in table 4.6, along with the

relative sum and difference components of the phases of three dominant AR(6) process poles.

The ML complex AR(6) process pole estimates obtained from the coherent data are also shown

graphically in figure 4.8(c). Once again, the positions of the ML pole estimates of the clutter

plus target data are different to the positions of the ML pole estimates of the individual clutter

and target data.

Process Poles Relative Phases

k ML est. (�
k

\�

k

) [i; j] j�

i

� �

j

j

1 0:97\0:30� [1; 2] 0:24� 0:84�

2 0:52\� 0:54� [1; 3] 0:04� 0:56�

3 0:49\0:26� [2; 3] 0:28� 0:80�

4 0:46\� 0:19�

5 0:45\0:98�

6 0:38\0:62�

Table 4.6: Complex AR(6) process poles and their relative phases. Complex AR(6) process pa-
rameters estimated by ML from 150 samples of vertically polarised high resolution sea clutter
data with an artificial complex AR(1) target (SCR = 20dB).

Figure 4.8(a) illustrates the presence of a spectral peak at the frequencies around 0:3� in the

log power spectrum of the coherent clutter plus target data. Due to the relatively large SCR =

20dB, the target contributions associated with the synthetic AR(1) target far outweigh any

contributions from the background clutter. For this very reason, figure 4.8(b) illustrates that no

spectral peaks are present in the log power spectrum of the incoherent clutter plus target data.

Figures 4.8(d)-4.8(h) show the results of 10000 iterations of a Gibbs sampler, with the first 500

samples discarded as ’burn-in’. As discussed in section 4.4.1, the Gibbs sampler was used to

sample the complex AR(6) model parameters, a and �2, conditional on the incoherent data. In

particular, figure 4.8(d) shows a histogram of the relative phases of the sampled process poles.

The information about the relative phases of the dominant process poles appears to be preserved

and to be in line with the relative phases expected from the ML estimates obtained from the

coherent data (see table 4.6). Figure 4.8(e) shows that the samples of the innovation process

standard deviation are centered around 0.16, and thus slightly overestimate the ML value of

0.155.

The histograms of the sampled magnitudes of three dominant poles of the AR(6) model are

shown in figures 4.8(f)-4.8(h), along with the ML estimates obtained from the coherent data.

Once again, figure 4.8(h) illustrates that the samples obtained for the magnitude of the largest
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Figure 4.8: (a) Coherent and (b) Incoherent spectrum of 150 samples of high resolution radar
clutter with an artificial AR(1) target, with SCR = 20dB. (c) ML estimates of complex AR(6)
process parameters obtained from the complex data, along with the samples of (d) relative
phases, (e) innovation process standard deviation and (f)-(h) process pole magnitudes obtained
using 10000 iterations of the Gibbs sampler with random initial conditions with 500 discarded
burn-in samples. ML estimates indicated by vertical lines.
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dominant pole reflect the ML pole magnitude estimate well, while figures 4.8(f)-4.8(g) show

that the samples obtained for the magnitudes of the other dominant poles overestimate the ML

pole magnitude estimates.

Finally, it is interesting to compare the results presented in figures 4.7(f)-4.7(h) and 4.8(f)-4.8(h)

to the results presented in figures 4.6(f)-4.6(h). In particular, the samples of the magnitudes

of the autoregressive process poles estimated for the incoherent sea clutter are consistently

larger than the corresponding ML estimates obtained from the coherent clutter. This behaviour

is repeated for the samples of the poles corresponding to the background clutter, despite the

presence of an AR(1) target (see figures 4.7(f)-4.7(g) and 4.8(f)-4.8(g)). However, the samples of

the magnitudes of the poles corresponding to the synthetic AR(1) target accurately reflect the

ML estimates, as evidenced by the results shown in figures 4.7(h) and 4.8(h).

There are two main differences between the background clutter and the synthetic AR(1) tar-

get. Firstly, the magnitudes of the poles corresponding to the background clutter are much

smaller than in the case of the synthetic target, indicating much larger spectral widths in the

Doppler spectrum of the clutter. Secondly, the background clutter is most likely to be an ARMA

process. However, the time series corresponding to the synthetic target in the presence of the

background clutter is also an ARMA series. Nevertheless, the magnitude of the process pole

is still accurately estimated from the process amplitudes. It is therefore interesting, as part of

a future research effort, to investigate whether real targets with narrow spectral widths also

lend themselves to correct estimation of the magnitude of the pole of the underlying complex

process associated with the target when only the amplitudes of radar returns are observed.

4.5 DISCUSSION, CONCLUSION AND SUGGESTIONS FOR FURTHER RESEARCH

The principle difference between an incoherent and a coherent radar system lies in the avail-

ability of a stable phase reference. As a result, only the amplitudes of radar returns are observed

in incoherent radar systems. For this reason, in the present chapter, the incoherent radar clutter

was considered to correspond to the amplitudes of a complex Gaussian distributed process.

Being locally complex Gaussian distributed, the coherent radar clutter is completely charac-

terised by its second order statistics (i.e. the spectrum). Furthermore, [Nohara and Haykin, 1993]

states that the spectral width seems to be the only characteristic of the Doppler spectrum that

uniquely distinguishes between clutter and growler spectra. For this reason, characterisation

of coherent radar clutter spectrum based on the poles of a complex autoregressive process was

considered in section 4.2.
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Although the Doppler frequency information contained in the spectrum of the underlying com-

plex Gaussian process is lost in the incoherent radar clutter spectrum, the information about

the relative frequency contributions remains. Furthermore, based on a first order autoregressive

model parametrisation of the underlying complex Gaussian process spectrum, it was argued

that the information about the magnitude of the process pole is preserved in the spectrum of

the incoherent radar clutter. A complex autoregressive process-based characterisation of high

resolution sea clutter spectra was proposed in section 4.2 for incoherent radar systems. Un-

fortunately, due to the non-Gaussian nature of the incoherent clutter returns, it is not easy to

establish the identifiability conditions for complex autoregressive processes of orders beyond

unity. Instead, the Gibbs sampler was proposed to facilitate sampling from the autoregressive

process parameter posterior distribution. To this end, the Hybrid Monte Carlo (HMC) algo-

rithm was employed to conditionally sample for the missing phases.

The HMC algorithm was briefly reviewed in section 4.3. In particular, it was argued that the

HMC algorithm is especially useful for sampling from high dimensional distributions when-

ever the first derivative of the distribution of interest is available. In addition to reviewing the

basic HMC algorithm, a number of interesting insights were presented. Chiefly, the effects of a

single guiding and acceptance Hamiltonian were discussed. To this end, it was argued that if

the guiding and the acceptance Hamiltonians are identical, the only ’free parameter’ is the step

size, and that the resulting Markov Chain need not be irreducible. However, it was shown that

by employing two different Hamiltonians, the ’momenta temperature’ can improve the ’mobil-

ity’ of the proposed state at the expense of the acceptance rate. As an extension of this argu-

ment, a symmetrical momentum-based tempering scheme was proposed for improved mixing

of the HMC algorithm. The sampling performance of the proposed scheme was illustrated on

a multi-modal example.

The research reported in this chapter was originally undertaken with a view of potential ap-

plications for target detection in incoherent radar systems. However, as was pointed out in

section 4.4, each run of 10000 iterations of the sampling algorithm for 150 data samples takes

in excess of 15 hours to complete on Pentium II based computers (i.e. about 10 minutes for 100

iterations!!!). In practice, each data block would have to be processed in real time for each range

cell in a range profile. With 1kHz sampling frequency and up to 40000 range cells per range

profile, it is very unlikely indeed that such an algorithm would prove to be of any practical

value.

As the results in section 4.4 indicate, the relative phases and the magnitudes of complex autore-

gressive process poles appear to be largely preserved when only the process amplitudes are

observed. However, as illustrated by the AR(2) process example in section 4.4.3, ambiguities

in the process pole magnitude vs the innovation process variance may arise. Therefore, other

than in the case of a first order complex autoregressive process, the issue of process parameter
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identifiability needs closer attention, as does the question of model order selection.

Finally, as was argued in section 4.4, autoregressive process-based characterisation of non-

autoregressive process spectra (as is the case for some targets) in incoherent radar systems

may need further consideration. Furthermore, since a sum of two autoregressive processes is

an ARMA process, it is very likely that sea clutter may actually be better characterised using

an ARMA process. However, in addition to exacerbating the problems of identifiability, the

ARMA process would add another level of computational complexity to the already computa-

tionally intensive algorithm.

In short, autoregressive process-based characterisation of Doppler spectra of the underlying

complex Gaussian processes associated with incoherent radar clutter is fraught with dangers.

Instead, an approach based on the higher order spectra of the incoherent radar clutter may

prove to be of more practical value (see [Nikias and Mendel, 1993],[Brillinger, 1992] and

[Mendel, 1991] for a review of higher order statistics methods). However, the study of tar-

get detection techniques based on the higher order spectra of incoherent radar returns is left as

an exercise for future research.



Modulating Component Modelling using

Conditional Heteroscedastic Models 5

5.1 INTRODUCTION

Radar backscatter from an ocean surface consists of a fast oscillating speckle component mod-

ulated in power by a slowly varying modulating process. Being able to capture the statistics

and the correlation structure of the clutter is of paramount importance for optimal target detec-

tion in the presence of sea clutter. While the modelling of the temporal statistics of the speckle

component was addressed in chapter 4, the present chapter is concerned with the modelling of

the spatial statistics of the modulating component of high resolution sea clutter.

The modulating component of sea clutter is widely agreed to be associated with the swell struc-

ture of the sea [Skolnik, 1980]. To the best of the author’s knowledge, no satisfactory physical

models for the scattering process exist. However, as [Jakeman and Tough, 1988] state: as the

only non-Rayleigh distribution based on tabulated functions for which [the distribution corresponding

to the scattering from N scattering centres] could be evaluated analytically, while at the same time sat-

isfying the criteria imposed by experimental data, the K-distribution was proposed as a semi-empirical

model. Subsequently, with the advent of the compound models for sea clutter, the modulating

component of sea clutter is widely believed to be Gamma distributed [Ward et al., 1990].

In chapter 2, it was shown that the marginal distribution of the modulating component can

range anywhere from Inverse Gamma, through log-Normal to Gamma distribution. In fact,

target detection performance analysis based on the Gamma distribution assumption for the

modulating component of high resolution sea clutter can lead to overly optimistic predictions

of the probability of false alarm in compound clutter environment. For this reason, a more prag-

matic view is adopted in this chapter. In particular, a flexible family of models is considered,

such that the correlation properties and the marginal statistics of the modulating component

are well (though not exactly) modelled, without the rather dogmatic assumptions being made

about the univariate marginal of the process being Gamma distributed. To this end, as an ex-

tension of the arguments based on birth-death migration of a population of scattering centres

on the sea surface, a family of conditionally heteroscedastic (i.e. non-constant prediction error

variance) models is proposed for the modulating component of high resolution sea clutter.
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The remainder of this chapter is structured as follows. In section 5.2, an argument based on

a birth-death migration process for the evolution of a population of scattering centres on the

sea surface, in conjunction with Ito’s Lemma, is used to derive a form of heteroscedastic model

in continuous time for the modulating process in the logarithm domain. Such a model, when

discretised, takes on the form of a conditional heteroscedastic process. The properties of such

models are briefly discussed in section 5.2. Sections 5.3 and 5.4 investigate the form of the

heteroscedasticity present in the temporal dynamics of the modulating component, and high

resolution sea clutter range profiles, respectively. Finally, conclusions and suggestions for fur-

ther research are presented in section 5.5.

5.2 CONDITIONAL HETEROSCEDASTIC MODELS

Arguments based on random walk and birth-death migration processes are used by

[Jakeman and Tough, 1988] to elucidate the significance of the K-distribution for modelling the

statistics of scattered waves. In particular, based on a statistical-mechanical formulation of

birth-death migration processes applied to a population of scattering centres,

[Jakeman and Tough, 1988] develop a Stochastic Differential Equation (SDE) model for the mod-

ulating component of sea clutter, which corresponds to the normalised cross-section of scatter-

ers in an illuminated area.

Although the SDE model is inadequate to capture the correlation structure of real sea clut-

ter [Oliver and Tough, 1986], it does provide a convenient starting point for the development

of more sophisticated, semi-phenomenological models for the modulating component of sea

clutter.

In their paper, [Jakeman and Tough, 1988] use a statistical mechanical framework to derive a

Fokker-Planck equation corresponding to the birth-death migration process, from which they

derive the corresponding stochastic differential equation of the form

d� = (�� ��)dt+ g

1=2

dz (5.1)

g = 2�

where � corresponds to the normalised cross-section of the scatterers in the illuminated area

(i.e. the scattering power, or the intensity of the modulating process), and where dz is a zero

mean, unity variance Wiener process. The parameters � and � determine the shape of the

marginal distribution and the decay rate of the autocorrelation function, which for this SDE

model happens to be exponential.
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Such a model, in its present form, is of rather limited utility for the purpose of sea clutter

modelling. This model is only capable of modelling exponentially decaying autocorrelations,

and the marginal distribution of the process, �, is �(�; �) distributed. Furthermore, when

discretised, the resulting difference equation for the process assigns non-zero probabilities to

negative intensities, which is clearly not physically possible.

It proves to be more convenient to transform the SDE given in equation 5.1 into the logarithm

domain of the modulating process, i.e. let y = ln�. By applying Ito’s Lemma [Hull, 1989], it can

be shown that the SDE for y (corresponding to the SDE for � in equation 5.1) is given by

dy =

1

2

f(�� 1) exp(�y)� �g dt+ h

1=2

dz (5.2)

h = exp(ln 2� y)

where dz is the same Wiener process as that in equation 5.1. There are a number of reasons

why modelling the modulating component of sea clutter in the logarithm, as opposed to the

intensity, domain is preferable.

Firstly, equations 5.1 and 5.2 for � and y, respectively, model the same stochastic process in

two different domains, with � = exp(y). However, unlike the intensity �, its logarithm y, need

not be positive. Therefore the discretisation of equation 5.2 does not result in any physically

implausible models. Secondly, as was pointed out in chapter 2, depending on the viewing

angle and environmental conditions, the single point statistics of the modulating component

can range anywhere from Gamma, through log-Normal to Inverse-Gamma distributions. As,

from the detection prediction point of view, the log-Normal distribution provides a good fit

(though not necessarily the best one) to the data under most conditions, it would therefore

seem that the logarithm domain is the natural domain for modelling the modulating compo-

nent. Finally, as will be discussed in the following chapter, due to the multiplicative nature

of sea clutter (i.e. the speckle and the modulating component), the process associated with the

clutter becomes additive in the logarithm domain. State space methods can then in principle

be employed to estimate the modulating component within a range cell, conditional on the

neighbouring clutter samples within the given range profile.

The processes corresponding to equations 5.1 and 5.2 have state-dependent noise variances g

and h, respectively. Equations of this type are frequently said to represent multiplicative noise

processes, while the constant noise variance processes have been characterised as additive-

noise processes. Using the statistical-mechanical framework [Jakeman and Tough, 1988] fur-

ther demonstrate that processes with different marginal distributions (including Inverse Ga-

mma marginal) can be obtained by merely changing the form of the variance in the SDE de-

scription of the process.
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5.2.1 Discrete Time Conditional Heteroscedastic Models

The stochastic differential equation model presented in the previous section is an idealised

continuous time model of the modulating component of sea clutter, based on the birth-death

migration process model for a population of scattering centers on the sea surface. The SDE

in equation 5.2 can be approximately discretised using a simple Euler integration algorithm

[Hull, 1989] to give

y

t

= y

t�1

+

1

2

f(�� 1) exp(�y

t�1

)� �g�t+ h

1=2

t

�

t

�

t

� N(0; 1) (5.3)

h

t

= exp (ln(2�t)� y

t�1

)

This equation is the discrete time analogue of the continuous Gamma process in the logarithm

domain.

The discrete process described by equation 5.3 falls into a broader class of conditional hetero-

scedastic models which were first introduced by [Engle, 1982] in the context of modelling UK

inflation. Such models are characterised by being conditionally Gaussian, and by non-constant

and state-dependent process variance. In their most general form, the conditional heterosce-

dastic models (as introduced by [Engle, 1982]) for time series y
t

can be written as

y

t

=

q

X

j=0

�

j

x

j

+ e

t

e

t

= h

1=2

t

�

t

�

t

� N(0; 1)

h

t

= h(e

t�1

; e

t�2

; : : : ; y

t�1

; y

t�2

; : : : ; h

t�1

; h

t�2

; : : : ; �)

where � and � are the model parameter vectors. In this notation, e
t

is a conditionally heterosce-

dastic (CH) process which is conditionally Gaussian, and for which the variance is a function

of any past information (e.g. past observations y, past innovations e, or past variances h). The

process y
t

, on the other hand, is referred to as a CH regression, where the x
j

’s refer to any

exogenous or endogenous variables (such as the previous observations) on which y

t

is being

regressed.

As will subsequently become apparent (see section 5.3), it is the simple autoregressive processes

driven by conditionally heteroscedastic errors (AR-CH) of the form

y

t

= �

0

+

q

X

j=1

�

j

y

t�j

+ e

t

(5.4)

e

t

= h

1=2

t

�

t

�

t

� N(0; 1)

that are of interest in the context of modelling the modulating component of sea clutter. The

form of the innovation process variance h
t

will be discussed and studied subsequently.
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It is interesting to note that the conditional mean of y
t

is a function of the previous samples

fy

t�j

g, while the unconditional mean of y
t

is constant ( �

0

1�

P

j

�

j

). The improvement in the

forecast of the underlying modulating process y
t

stems from the use of the conditional mean.

However, ignoring the heteroscedastic effects may not greatly affect the point forecasts from

the model, i.e. the point forecasts provided by the AR-CH models may not be too dissimilar to

the point forecasts obtained using simple AR models. On the other hand, the AR-CH model

may give more efficient estimates and information about the conditional variance as well as

the conditional mean. This could prove to be particularly important in the case of CFAR detec-

tion, where the level of the underlying modulation process is estimated (i.e. predicted) from the

neighbouring range cells. The knowledge of both the mean and the variance of the conditional

forecasts can potentially provide means of obtaining better threshold estimates compared to

the simple, cell averaging type CFAR detectors.

The Conditional Variance Model

As was mentioned in the previous section, the modulating component of sea clutter in the log-

arithm domain (i.e. y = ln�) could prove to be modelled well by an autoregressive process

driven by conditionally heteroscedastic innovations (i.e. e
t

= h

1=2

t

�

t

), as given by equation 5.4.

However, the form of the conditional variance of e
t

has not been yet defined. For the case of

a Gamma distributed process corresponding to the birth-death migration process in the loga-

rithm domain, equation 5.3 suggests the following form for the logarithm of the conditional

variance

AR-ECH lnh

t

= �

0

+

p

X

i=1

�

i

y

t�i

The resulting model is an autoregressive model driven by exponential conditional heterosce-

dastic process, and hence from now on, such a model will be referred to as an AR-ECH model.

The AR-ECH models provide only one family of conditional heteroscedastic models. In fact, in

the original work of [Engle, 1982] and subsequently extended by [Weiss, 1984b], conditionally

heteroscedastic models were proposed with the conditional variance of the form

AR-ARCH h

t

= �

0

+

p

X

i=1

�

i

e

2

t�i

+

r

X

k=1

�

p+k

(y

t�k

� �y)

2

where �y = E(y

t

), i.e. the unconditional mean of the process y
t

. The conditional variance for the

AR-ARCH model depends on the past observations fy
t�i

g as well as the past prediction errors

fe

t�k

g.
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As will subsequently be discussed, although the innovations e
t

for AR-ARCH models are in-

dependent, the squared prediction errors e2
t

exhibit autoregressive behaviour (hence the name

ARCH). These models have been further extended by [Bollerslev, 1986] to include dependence

of the conditional variance on previous variances fh
t�j

g. The resulting models are referred to

as generalised ARCH (GARCH) processes, and the autocorrelation function of e2
t

for such mod-

els is analogous to that of an ARMA process [Bollerslev, 1986]. However, due to the associated

complexity of such models, they will not be considered further for the purpose of sea clutter

modelling. In fact, there is a myriad of other forms of CH models which can potentially be

used to model heteroscedasticity in the data [Bollerslev et al., 1992]. Some models describe the

variance itself as a stochastic process, and are referred to as the Stochastic Volatility (SV) mod-

els [Harvey and Shephard, 1996]. Unfortunately, analysis of SV models becomes prohibitively

expensive and calls for sophisticated Monte Carlo sampling schemes. However, it is the pur-

pose of this chapter to investigate simple models for the modulating component of sea clutter,

which can be easily incorporated into a real time CFAR target detector.

The AR-ARCH model and its extensions such as the AR-GARCH model require the conditional

variance to be positive, thus introducing constraints on the parameter space (all parameters

in the conditional variance process must be non-negative). The positivity constraints on the

parameters can be removed by modelling the logarithm of the variance as a regression on

previous observations and prediction errors. The resulting models, analogous to AR-ARCH

model in the logarithm domain, take on the form

AR-EARCH lnh

t

= �

0

+

p

X

i=1

�

i

ln e

2

t�i

AR-ELCH lnh

t

= �

0

+

p

X

i=1

�

i

ln(y

t�i

� �y)

2

In particular, instead of the logarithm of the conditional variance being regressed on e2
t�i

and

(y

t�i

� �y)

2 as would be the case for the conditional variance of the AR-ARCH process, the

logarithm of the conditional variances of AR-EARCH and AR-ELCH processes are regressed on

ln e

2

t�i

and ln(y

t�i

��y)

2, respectively. Although, as will be discussed in the following section, the

stability conditions for E(e2) for AR-EARCH and AR-ELCH processes are not readily defined,

stability conditions for E(ln e2) are readily obtainable.

Furthermore, it is interesting to note that the conditional variance of AR-ARCH model is the

average of previous squared prediction errors and observations, while for the AR-EARCH

and AR-ELCH models, the conditional variance is effectively a geometric product of previous

squared prediction errors and observations.
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Properties of AR-CH Models

Regardless of the form of the conditional variance, it is true for all AR-CH models defined by

equation 5.4 that E(e
t

jI

t�1

) = 0, where I
t�1

is the information set consisting of all the obser-

vations y
t

up to time t � 1. Furthermore, as is the case for ordinary autoregressive processes,

the prediction errors for an AR-CH process are uncorrelated. It can also be readily seen from

equation 5.4 that the conditional variance and the conditional moment of the logarithm of the

innovation process e
t

is given by

E(e

2

t

jI

t�1

) = h

t

E(ln e

2

t

jI

t�1

) = E(lnh

t

jI

t�1

) +E(ln �

2

t

jI

t�1

)

= lnh

t

+ f 

(0)

(1=2) + ln 2g

where  (0)

(�) is the digamma function. The unconditional variance and the unconditional mo-

ment of the logarithm of the prediction error are given by

E(e

2

t

) = E(h

t

) (5.5)

E(ln e

2

t

) = E(lnh

t

) + f (1=2) + ln 2g (5.6)

provided that the e
t

’s are i.i.d. Gaussian.

In the context of AR-ARCH models, [Weiss, 1984b] argue that the most basic assumptions on the

process are those needed for the process to be well defined and for e
t

and hence y
t

to have finite and

constant second moments (i.e. for the process to be wide sense stationary).

One requirement regarding stationarity for all the above mentioned AR-CH processes, is that

the roots of the autoregressive process polynomial (see equation 5.4)

a(B) = 1� �

1

B � : : :� �

q

B

q

lie outside the unit circle. Then, provided e
t

is wide sense stationary, so is y
t

.

By substituting the expression for h
t

into equation 5.5 [Weiss, 1984b] show that, provided that

�

0

> 0 and �
i

� 0, the difference equation in E(h
t

) for AR-ARCH process is stable (i.e. E(e2
t

) <

1) when

p

X

i=1

�

i

+

r

X

k=1

�

p+k

var(y

t

)

var(e

t

)

< 1

Furthermore, by studying the second and fourth moment structure of AR(0)-ARCH(q) pro-

cesses (i.e. no autoregression present), [Engle, 1982] and [Bollerslev, 1986] show that AR(0)-

ARCH(q) processes are leptokurtic (i.e. heavy tailed).
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The AR-CH models with exponential conditional variances (i.e. AR-ECH, AR-ELCH and AR-

EARCH) have no positivity constraints on the parameters. Unfortunately, the variance of e2
t

,

as well as the higher order moments, are not easily obtained for these models. Therefore, the

conditions for wide sense stationarity are not easily derived. Instead, by substituting the ex-

pression for lnh
t

into equation 5.6, conditions necessary to ensure that the difference equation

in E(lnh
t

) is stable (i.e. E(ln �2) <1) are straight-forwardly obtained as

AR-ECH
X

i

�

i

�

0

1�

P

j

�

j

<1

AR-ELCH
X

i

�

i

< 1

AR-EARCH
X

i

�

i

var(y

t

)

var(e

t

)

< 1

Parameter Estimation

Since �
t

in equation 5.4 is i.i.d. Gaussian, it follows that the likelihood for y
t

is conditionally

Gaussian. Hence, the log likelihood for T AR-CH process samples fy
t

g, apart from some con-

stants, is given by [Engle, 1982]

L(�) =

1

T

T

X

t=1

l

t

(�)

l

t

(�) = �

1

2

lnh

t

�

1

2

e

2

t

=h

t

where � = f�; �g is the set of model parameters. The score and the Hessian for the process

follow automatically, as given in appendix C.1.

As discussed in [Weiss, 1984b], the Maximum Likelihood estimates of the parameters are con-

sistent and asymptotically normal. Furthermore, as the off-diagonal block elements of the in-

formation matrix are zero, the estimation of the AR and CH parameters (� and �, respectively)

can be undertaken separately without asymptotic loss of efficiency [Engle, 1982].

The parameter estimation procedure recommended by [Engle, 1982] is to initially estimate �

by ordinary least squares (i.e. assume no heteroscedasticity present). Since the off-diagonal

elements of the information matrix are exactly zero, efficient estimates of � and � can then be

calculated by iterating between � and � using the scoring algorithm, given by

�

i+1

= �

i

+ [

^

I

i

��

]

�1

@L

i

@�
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where @L

i

@�

and ^

I

i

��

are the score and the information matrix at the ith iteration. The interested

reader is referred to appendix C.1.3 for the implementational details of the parameter estima-

tion algorithm.

Identification and Testing

The final point associated with the AR-CH models concerns identification and testing. These is-

sues have been discussed at length in [Engle, 1982] and [Weiss, 1984a]. In particular, the use of

the correlation structure of e2
t

is recommended at the identification stage, while more involved

Lagrange Multiplier hypothesis tests are recommended for testing for presence of ARCH. Such

tests, though interesting from a statistical point of view, will not be undertaken in this the-

sis. Instead, as discussed in section 5.3, a more pragmatic engineering approach based on the

prediction and generalisation properties of the models on real data sets will be adopted herein.

[Weiss, 1984a] recommends firstly identifying and estimating the AR model in equation 5.4 in

the usual way, with CH being treated as heteroscedasticity and requiring only the adjustment

of the standard errors of the estimates. On the other hand, identification of the CH model can be

performed informally using the correlation structure of e2
t

and ln e

2

t

. This follows from results

presented in [Bollerslev, 1986]. In particular, it can be shown that equivalent representations

for AR-CH models discussed above are given by
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(5.7)
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with �
t

� N(0; 1), and hence, by definition, �
t

and �

t

being serially uncorrelated and having a

zero mean. These equivalent representations, though in themselves not as useful as the origi-
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nal models, can be used as an informal tool for identification of conditional heteroscedasticity

based on the correlation structure of e2
t

and ln e

2

t

.

5.3 HETEROSCEDASTICITY IN SEA CLUTTER

As was pointed out in the discussion above, based on the arguments on birth-death migration

for a population of scattering centres in the logarithm domain, non-constant prediction error

variance is expected for the modulating component of sea clutter. It is the aim of this section

to illustrate that there indeed may be some evidence to support the premise of the presence of

heteroscedasticity in sea clutter.

The modulating component data used in this section has been obtained by averaging blocks of

250 pulse by pulse radar return samples from a single range cell. The data was obtained using

a high resolution radar at look angle of 215.1� into the wind at 7.5km range. The resolution of

each range cell is effectively 4m in range and 160m in azimuth (see chapter 2 for more details).

As the birth-death migration process arguments are formulated in terms of the temporal evo-

lution of a population of scattering centres, the present discussion is concerned with the study

of temporal evolution of the modulating component within a single range cell. The analysis is

extended to the more interesting case of range profiles in section 5.4.

Figures 5.1(a) and 5.1(b) show 400 time samples corresponding to 200 sec of temporal evolution

of the modulating component within a single range cell, while figures 5.1(c) and 5.1(d) show

the corresponding histograms of the amplitudes of horizontally and vertically polarised clutter,

respectively. The order parameter, �, for the horizontally and the vertically polarised data was

found to be 0:61 and 1:28, respectively, while the corresponding correlation length � (i.e. the

rate of decay of the autocorrelation function) was found to be 0:61 and 0:84, respectively.

The log likelihood corresponding to the Inverse Gamma, the log-Normal and the Gamma dis-

tribution, based on the Maximum Likelihood parameter estimates for the modulating com-

ponent in the intensity domain, is given in figure 5.1. The likelihood for the data indicates

that the intensity of the horizontally polarised clutter is best modelled by the Inverse Gamma

distribution, while the intensity of the vertically polarised data is best modelled by the log-

Normal distribution. However, the likelihood does not provide a particularly solid foundation

for model comparison [Wu, 1998] and one has to be very wary of drawing any conclusions on

the basis of likelihood alone. In fact, figure 5.1 shows that while the Gamma distribution pro-

vides a rather poor fit to the data in either polarisation, the log-Normal distribution appears to

fit the single point statistics well. This point was discussed in more detail in chapter 3.
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(c) HH polarised data
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Figure 5.1: The time series and the histograms of the amplitude of the modulating component
of horizontally and vertically polarised sea clutter. The log likelihoods for the data, based on
the log-Normal, Gamma and Inverse Gamma distributions are shown in the legends.

5.3.1 The Form of Regression

The discretised model for the birth-death migration process (equation 5.3) suggests that the

modulating component in the logarithm domain, y
t

= ln�

t

, evolves as a regression on fy
t�j

g

and fexp(�b
j

y

t�j

)g. As the model is not exact, and only has a semi-phenomenological basis,

the form of regression stipulated by the model can only be taken as a guide and it is therefore

of interest to investigate the potential presence of any non-linearity in real clutter data.

The autocorrelation of the time series corresponding to the modulating component in the log-

arithm domain is shown in figure 5.2. The results in the figure illustrate that there is a clear

correlation structure in the modulating component of sea clutter in the logarithm domain in

either polarisation. These linear correlations can be removed by regressing y
t

on the lagged ob-

servations fy
t�j

g. The resulting prediction errors (innovations), e
AR

(t), corresponding to the
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Figure 5.2: Autocorrelation of the modulating component in the logarithm domain, y = ln�,
for (a) horizontally and (b) vertically polarised sea clutter.

linear autoregressive process are given by

e

AR

(t) = y

t

� (�

0

+

Q

X

j=1

�

j

y

t�j

)

If the process associated with the modulating component in the logarithm domain were purely

linear and Gaussian, then assuming stationarity and no Moving Average component in the

innovations (which would show up in the autocorrelation structure of e
AR

), the innovations

corresponding to the autoregressive model, e
AR

, would be i.i.d. Gaussian distributed, and

independent of any past observations. Figure 5.3 shows that the innovations, e
AR

, resulting

from fitting the data with an AR(12) model are indeed uncorrelated up to lag 12.

The model of equation 5.3 suggests the presence of a non-linearity of the form e

�by (where

equation 5.3 stipulates b = 1). The exponent b, minimising the mean squared prediction error,

E(e

2

) (with e

n

= e

AR

(n) �

P

k




k

e

�by

n�k ), was found to be 0.05 and 8.5 for horizontally and

vertically polarised clutter, respectively. Figure 5.3 also shows the cross correlation between

the autoregressive innovations, e
AR

, and the non-linear component e�by , where b is set to 1, as

well as to the least mean squared error value specified above. From visual inspection of the

figure, it appears that the non-linear component is largely decorrelated with e

AR

in the case

of the horizontally polarised clutter, while correlations appear to be present in the case of the

vertically polarised clutter.

To investigate the potential utility of including the non-linearity in the regression model for the

modulating component of sea clutter, the prediction errors of the autoregressive model with
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Figure 5.3: Cross-correlation of e
AR

and the non-linear regression on the observations, given
by e

�by , where b is set to 1, as well as to the value minimising the mean squared prediction
error, E(e2). Results shown for (a) horizontally and (b) vertically polarised sea clutter.

non-linear terms were evaluated for a training and a test sequence. The training set consists of

200 sequential samples from a single range cell, while the test sequence consists of 200 sequen-

tial samples corresponding to the same time period, but from an adjacent range cell. In this

way, it is hoped that any non-stationarity effects are avoided, while the two data sets are suffi-

ciently independent to serve as a suitable validation set. The choice of the neighbouring range

cell for the test sequence is also based on the observation that in radar systems, the threshold

and clutter parameters are derived from the statistics in the neighbouring range cells.

Model Prediction Error (dB) Training Set Prediction Error (dB) Test Set
HH VV HH VV

AR(12) 3.26 5.00 4.28 5.74
AR(12)+NL(5,b=1) 3.28 5.09 4.29 5.82

AR(12)+NL(5,b) 3.29 (b=0.05) 5.19 (b=8.5) 4.30 (b=0.05) 5.92 (b=8.5)

Table 5.1: Improvement in the prediction error in dB, for 200 samples of the modulating com-
ponent of sea clutter, using an AR(12), and an AR(12)-NL(5,b) models.

The results for the prediction error improvement for the different models are presented in table

5.1, for both horizontally and vertically polarised clutter. The prediction error improvement

is given in dB, with reference to the original signal power 10 log

10

E[(� �E[�])

2

]. The mod-

els entertained include an AR(12) model (order 12 chosen on the basis of the autocorrelation

function), as well as an AR(12) model augmented with non-linear terms, denoted by AR(12)-

NL(K,b), of the form

e

ARNL

(t) = y

t

� (�

0

+

12

X

j=1

�

j

y

t�j

)�

K

X

k




k

e

�by

n�k
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The improvement in the prediction error given in table 5.1 is given in terms of the power (in

dB) of the prediction errors, 10 log
10

E[e

2

AR

] and 10 log

10

E[e

2

ARNL

] for the AR(12) and AR(12)-

NL(K,b) models, respectively.

The results in table 5.1 show that the additional improvement resulting from the inclusion of

the non-linearity, relative to the improvement obtained using the simple linear autoregressive

model, is very modest (fraction of a dB) for either polarisation. It is clearly of interest for fu-

ture research to investigate whether other, more general, non-linear models are capable of sub-

stantially and consistently improving on the prediction performance of simple linear regression

models.

5.3.2 Presence of Heteroscedasticity

In the previous section, the form of regression in the temporal evolution of the modulating

component of sea clutter in the logarithm domain was investigated. In particular, table 5.1

shows that compared to linear regression, the non-linear component stipulated by equation 5.3

provides only an insignificant additional improvement in the mean squared prediction error.

It is interesting to note that once the linearity has been accounted for in the form of an au-

toregression, any remaining non-linearities become part of the innovation process, e
AR

. These

can usually be studied by analysing the prediction errors for correlations, non-linearities, non-

Gaussianity, etc. However, it may be that the prediction errors themselves are uncorrelated

with each other, as well as with the observed process. As was pointed out in section 5.2, for

conditionally heteroscedastic models, although the prediction errors, e, may be uncorrelated

and independent of the previous observations, the squared prediction errors, e2 (or ln e2), may

themselves be correlated or depend in some way on the previous observations.

The simple birth-death migration argument for a Gamma distributed process, leads to the pos-

sibility of heteroscedasticity in the modulating component of sea clutter. In order to investigate

the form of the heteroscedasticity, figure 5.4 illustrates the cross correlation of the log of the

squared prediction error, ln e2, with itself, with the past observations, y, and with the nor-

malised log squared observations, ln(y �E[y])

2.

The prediction errors were obtained by using the AR(12) regression model, as well as by using

the AR(12)-NL(5,b=1) model. In particular, figure 5.4(a) and 5.4(b) show the correlations in the

AR(12) innovations for horizontally and vertically polarised clutter, respectively, while figure

5.4(c) and 5.4(d) show the correlations in the innovations obtained from an AR(12)-NL(5,b=1)

model.
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Figure 5.4: Cross-correlation of the log squared prediction errors, ln e2, for AR(12) and AR(12)-
NL(5,b=1) models. The results are shown for horizontally (see (a) and (c)) and vertically (see
(b) and (d)) polarised clutter.

Figure 5.4 shows that, particularly in the case of horizontally polarised clutter, there is a strong

correlation between ln e

2

AR

and the previous observations y. The correlation does not seem

to be significantly affected by the inclusion of the non-linearity (see figure 5.4(a) and 5.4(c)).

Similarly, for vertically polarised clutter, clear correlation is visible between ln e

2

AR

and the

observations y, while the form of the correlation appears to be affected by the non-linearity

(see figures 5.4(b) and 5.4(d)).

The results in figure 5.4 show that there indeed may be a case for further investigation of het-

eroscedasticity in the modulating component of sea clutter. The present section has illustrated

some of the issues associated with an informal diagnosis of heteroscedasticity in real data.

Admittedly, only a single time series from a single range cell was used for illustrative pur-

poses. However, modelling the time series associated with the modulating component of sea

clutter may have limited practical utility, as this component decorrelates on the scale of a few

seconds. It is of more practical interest to model the correlations of the modulating compo-
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nent within a range profile. A more thorough study of heteroscedasticity will now be under-

taken in the following section for a number of range profiles taken from a sea clutter database

[Hirst and Baker, 1987].

5.4 EXTENSIONS TO RANGE PROFILES

The previous section has illustrated that, based on an informal inspection of the correlation

structure of log squared prediction errors, there may be some evidence for the existence of

heteroscedasticity in the time series corresponding to the modulating component of sea clutter

in the logarithm domain. However, the utility of a time series model is rather limited in the

context of target detection. Based on the discussion presented in chapter 3, a model for spatial

correlations within a range profile is of more interest for CFAR target detection.

Intuitively, there is no apparent reason why the arguments which have led to the conditional

heteroscedastic model for the modulating component of sea clutter, could not be extended to

range profile modelling. In particular, whether the time series is obtained from a single range

cell, or a range profile taken at one particular instant of time, the fluctuations observed in the

data correspond to the fluctuations in the effective number of scattering centres on the sea

surface. Whether evolving in range, or in time, the single point statistics of the process is still

the same and corresponds to the statistics of the same underlying process (the swell), while

the correlations in the modulating component arise from the evolution of the population of

scattering centres within a resolution cell.

In principle, it should be possible to model the modulating component within a range profile in

the same way as the time series obtained from within a single range cell. However, a question

of process symmetry arises in the context of range profile modelling. Unlike the time series,

which has a preferred direction of evolution (i.e. forward in time), the range profile (obtained

as an instantaneous snapshot in time) may not. Furthermore, while the resolution of a single

range cell remains constant, the resolution of the different range cells within a single range

profile can vary widely, due to the range-dependent azimuth resolution of the radar. This

can lead to spatially inhomogeneous statistics of the data. However, for the purposes of this

chapter, such complications are not being considered and the study of their potential effects is

left as an exercise for future research.

In the present section, the utility of modelling the evolution of the modulating component in

range (in either direction) as a heteroscedastic process is investigated. The single sided (i.e. Mar-

kov) models are then extended in section 5.4.3 to symmetric Markov models, whereby the

modulating component in a given range cell is modelled as being dependent on the modulat-



5.4. Extensions to Range Profiles 127

ing component in the neighbouring range cells, on either side of the current range cell, within

a range profile. The proposed models are tested on a large set of range profiles obtained using

a high resolution radar [Hirst and Baker, 1987]. The statistics of the subset consisting of 440

averaged range profiles used in the ensuing analysis are discussed at length in section 3.5.1.

5.4.1 Non-linearity in Range Profiles

The form of the regression for a time series corresponding to the modulating component of

sea clutter in the logarithm domain was briefly investigated in section 5.3. In particular, it was

found that a 3-4dB improvement in the prediction error is obtained by simply modelling the

time series as a linear autoregressive process and a negligible additional improvement in the

prediction performance is obtained by including the non-linearity stipulated by equation 5.3.

However, the results presented in section 5.3 were only illustrative and were only obtained for

a single realisation of the time series associated with the modulating component.

The analysis is now extended to the database of 440 range profiles. The range profiles are

effectively treated as a time series. The improvements in the prediction errors obtained by

using a linear autoregressive model are shown in figures 5.5(a) and 5.5(b) for the training and

the test set, respectively. Similarly, the improvements in the prediction errors obtained using

a linear autoregressive model with non-linear terms are shown in figures 5.5(c) and 5.5(d) for

the training and the test set, respectively. In all cases, the model order is chosen such that the

prediction error on the test set is minimised.

Figure 5.5 shows that about 2 to 12dB improvement in prediction error can be expected from a

simple linear regression (i.e. from an autoregressive model), while an additional improvement

in prediction error of up to 0.5dB can be expected by including the non-linearities of the form

discussed in section 5.3. Although this additional improvement does appear to generalise to

the test set in most cases, it is insignificant compared to the improvement obtained from the

simple linear autoregression.

5.4.2 Heteroscedasticity in Range Profiles

In addition to the possible presence of non-linearities of the form described in equation 5.3, the

preliminary analysis presented in section 5.3 indicated a possible presence of heteroscedasticity

(i.e. non-constant prediction error variance).

The choice of a measure that best illustrates the presence of heteroscedasticity proves to be a

rather daunting task. Improvement in the model likelihood may constitute one such measure,

though relying on the likelihood alone is fraught with dangers. Alternatively, it is the observa-



128 Modulating Component Modelling using Conditional Heteroscedastic Models

0 2 4 6 8 10 12 14
0

5

10

15

20

25

30

Improvement in dB

N
u

m
b

e
r 

o
f 

P
ro

fi
le

s

Training Set

(a) AR model

0 5 10 15
0

5

10

15

20

25

30

35

Improvement dB

N
u

m
b

e
r 

o
f 

P
ro

fi
le

s

Test Set

(b) AR model

0 0.2 0.4 0.6 0.8 1
0

5

10

15

20

25

30

35

40

Improvement in dB

N
u

m
b

e
r 

o
f 

P
ro

fi
le

s

Training Set

(c) AR-NL(b=1) Model

−0.4 −0.2 0 0.2 0.4 0.6
0

20

40

60

80

100

120

Improvement dB

N
u

m
b

e
r 

o
f 

P
ro

fi
le

s

Test Set

(d) AR-NL(b=1) Model

Figure 5.5: Histogram of the prediction error improvement in dB obtained using a linear AR
model (see (a) and (b)) and an additional prediction error improvement in dB obtained by
including non-linearities (see (c) and (d)), i.e. using an AR-NL(b=1) model. Results are shown
for training (see (a) and (c)) and test (see (b) and (d)) sets.

tion that heteroscedasticity is manifested through the correlations in the log squared prediction

errors, that can form the basis for a rather informal investigation. In fact it is the latter ap-

proach, based on the correlations in the log squared prediction errors, that is adopted in the

present section. An illustration of how the heteroscedasticity translates into target detection

performance enhancement in compound clutter environment is presented in section 5.4.4.

A measure that quantifies the degree of correlation between the log squared prediction error

and any other variables of interest is therefore required. As was discussed in section 5.2, the

log squared prediction error, ln e2, is related to the log variance, lnh, through

ln e

2

t

= lnh

t

+ c+ �

t

�

t

= ln �

2

t

� c
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with c =  

(0)

(1=2) + ln 2, �
t

� N(0; 1), and hence, by definition, �
t

being serially uncorrelated

with zero mean. The form of lnh
t

depends on the type of heteroscedasticity present. Therefore,

to assess the degree of correlation between ln e

2

t

and lnh

t

(which effectively ’predicts’ ln e2), the

improvement in the ’prediction’ of log squared prediction error, defined as

Improvement (dB) = 10 log

10

E[(ln e

2

� lnh� c)

2

]

E[(ln e

2

�E[ln e

2

])

2

]

is calculated, where e and h are obtained by Maximum Likelihood (see section 5.2.1). This

measure is designed to provide a quantitative measure of the degree of correlation between

ln e

2 and lnh.

The prediction errors for the range profiles of the modulating component were obtained using

a linear autoregressive model and are denoted by e
AR

. The order of the linear autoregressive

process was chosen such that the prediction error is minimised on the test set. For all the models

considered here (i.e. AR-ECH, AR-ELCH, AR-EARCH), the order of the regression model for

the variance was fixed at 2, as it was found that the models seldom generalise well in the

likelihood sense [Noga and Fitzgerald, 1998a] for larger model orders. This result is also borne

out in the analysis based on the correlations in the log squared prediction errors. The reader is

referred to section 5.2.1 for the definitions of the regression models for the variance.

Figure 5.61 illustrates the results for the prediction errors obtained from the linear autoregres-

sive model. The improvement in the ’prediction’ of ln e2
AR

is shown for AR-ECH (see (a) and

(b)), AR-ELCH (see (c) and (d)) and AR-EARCH (see (e) and (f)) models, for both the train-

ing and the test set data. The model parameters were estimated by Maximum Likelihood on

the training set. The figure shows that the largest improvement is obtained using an AR-ECH

model. This improvement also generalises well to the test set. The AR-ELCH and AR-EARCH

models, although providing an improvement on the training set (not as large as the improve-

ment obtained for AR-ECH model), do not generalise well to the test set. The results in figure

5.6 suggest that the log squared prediction error for a linear autoregressive model, ln e2
AR

, may

be correlated with the observations, y.

Finally, figure 5.7 illustrates the improvement in ’prediction’ of the log squared prediction error

as a function of the deviation of the range profile marginal statistics from log-Normality, in the

log-likelihood sense for both the training and the test sets. The results in the figure suggest that

the correlations in the log squared prediction error increase as the range profile data deviates

from the log-Normal distribution in the log-likelihood sense. Whether this is due to some

non-linearities being unaccounted for in the non-Gaussian (in the logarithm domain) data, or

1In some cases, a net degradation in the prediction of log squared prediction error can be observed in the figure,
for both the training and the test sets. The reason for the apparent degradation is that the model parameters are
estimated by Maximum Likelihood, which does not necessarily maximise the correlation between the log squared
prediction error and the regressed variables.
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Figure 5.6: Histograms of the improvement in the ’prediction’ of log squared prediction error
for AR-ECH (see (a) and (b)), AR-ELCH (see (c) and (d)) and AR-EARCH (see (e) and (f))
models. Results shown for the training (see (a), (c) and (e)) and test (see (b), (d) and (f)) sets.
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Figure 5.7: Improvement in the ’prediction’ of log squared prediction error for AR-ECH model,
as a function of the deviation of the range profile marginal statistics from the log-Normal dis-
tribution in the log-likelihood sense. Results shown for (a) training and (b) test sets.

simply due to the inherent heteroscedasticity in the process associated with the modulating

component of sea clutter, requires further study.

5.4.3 Symmetric Models

In the previous section, a Markov model, inspired by the stochastic differential equation associ-

ated with the birth-death migration process, was used to model the evolution of the modulating

component of sea clutter. The model was applied to range profile data which, for the purposes

of the analysis, was treated as a time series. However, the range profile is not a time series,

but rather a snapshot in time of the radar returns from the different ranges. As was discussed

in chapter 3, from the constant false alarm rate (CFAR) detection point of view, it is of interest

to obtain an estimate of the local clutter power (i.e. the modulating component) in the current

range cell, based on the radar returns in the neighbouring range cells on either side of the range

cell under test.

The estimate for the modulating component is normally obtained by some form of averaging

of the samples in the neighbouring range cells. Cell Averaging (CA) CFAR detector achieves

this by averaging the samples in either the amplitude, or the intensity domain. Order Statistics

CFAR detectors obtain an estimate by ordering the samples according to the intensity and ob-

taining an estimate as some sort of a function (e.g. kth largest sample) of the ordered samples.

These techniques are inherently suboptimal for correlated clutter, as they do not account for

the correlation structure of the data.
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The LMAP detector [Bucciarelli et al., 1996] obtains an estimate of the local clutter power in the

current range cell, by obtaining the weighted average of the radar returns in the surrounding

range cell, in the logarithm domain (which is also the domain that linearises the compound

clutter). The weights attached to the returns in the different range cells are evaluated, based

on the correlation structure of the data. In fact, for a jointly Gaussian distributed process, the

prediction equation for the modulating component in the nth range cell can be written as

y

n

= �

0

+

Q

X

j=�Q;j 6=0

�

j

y

n+j

+ e

n

(5.8)

e

n

= h

1=2

n

�

n

�

n

� N(0; 1)

The weighted linear average of the modulating component samples in the neighbouring range

cells is the optimal (in the maximum a posteriori sense) estimator of the modulating component

in the given range cell. The model in equation 5.8 is no longer Markov, but instead is symmet-

rically Markov (i.e. the current sample depends on Q samples on its either side). Such linear

symmetric autoregressive models of order Q, shall be denoted herein as SAR(Q).

For non-Gaussian data, it is most likely that the simple weighted linear estimator is no longer

optimal, and it may be the case that a non-linear estimator should be sought. A study of such

estimators, and the associated improvement in the detection performance, is left as a poten-

tially fruitful avenue for future research. Alternatively, as was the case in the linear Markov

model for the modulating component of sea clutter, the non-Gaussian nature of the data may

be manifested in non-constant prediction error variance. Such an observation could potentially

have a profound effect on adaptive threshold estimation in CFAR detection.

Following from the Markov models of the previous section, the simple extension to the sym-

metric weighted linear estimator, is to model the prediction error variance as being state de-

pendent, and of the form

lnh

n

= �

0

+

P

X

i=�P;i6=0

�

i

y

n+i

(5.9)

The resulting symmetric autoregressive model with the state dependent prediction error vari-

ance is conditionally heteroscedastic, and is denoted as SAR(Q)-SCH(P). Whether or not such

state dependence in the prediction variance is present in the modulating component of sea

clutter is the subject of the present investigation. The issues associated with parameter estima-

tion by Maximum Likelihood for symmetric AR-CH models are dealt with in appendix C.2.

However, due to the complexity associated with the evaluation of the Jacobian term in the

parameter likelihood for the symmetric Markov models, the model parameters are obtained

herein by Pseudo Maximum Likelihood, whereby the parameter-dependent Jacobian term in

the likelihood is neglected for the purpose of parameter estimation.
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Figure 5.8 shows the improvement (in dB) for the prediction error obtained using the symmet-

ric autoregressive (SAR) model, for which the model order is chosen to minimise the prediction

error on the test set. Figures 5.5 and 5.8 show that the improvement obtained using the sym-

metric models ranges from about 5 to 20dB, compared to the 2 to 12dB for the single-sided

Markov models. Clearly, the prediction power of the symmetric models exceeds the prediction

power of the single Markov models by a significant factor, far exceeding any improvements

obtained by including the non-linearities of the kind considered in section 5.4.1.
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Figure 5.8: Histogram of the prediction error improvement in dB obtained using a symmetric
autoregressive (SAR) model. Results shown for (a) training and (b) test sets.
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Figure 5.9: Histogram of the improvement in the ’prediction’ of log squared prediction error
for SAR-SCH model. Results shown for (a) training and (b) test sets.
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Figure 5.9 shows the improvement in the ’prediction’ of the log squared prediction errors ob-

tained using the SAR model, when the variance is modelled as a SCH(2) process. The figure

shows some correlation between ln e

2 and y is still evident, although the correlations do not

appear to generalise as well as in the case of single sided Markov models. Also, as was ob-

served for the single sided Markov AR-CH models, the order of the heteroscedastic process is

very small, with higher order heteroscedastic models not generalising well to the test set data.

5.4.4 Implications for CFAR Detection

The analysis presented thus far has attempted to informally diagnose heteroscedasticity in the

data, by employing a very simple measure of the correlation between the log squared predic-

tion errors and the variables on which the prediction variance is being regressed. The foregoing

analysis, based on a large database of averaged range clutter profiles, has shown that there is

some evidence for heteroscedasticity in the modulating component of sea clutter. However, the

above analysis does not give any tangible feel for the practical significance of the finding. To

this end, the present section will illustrate the effects of heteroscedasticity on target detection

in the presence of sea clutter.

Figure 5.10 shows the relative performance (in terms of the detection loss) of the CA CFAR and

LMAP CFAR detectors in an ideal (i.e. speckle free) environment, for the case when P

d

= 0:5

and P

fa

= 10

�4. In particular, the detection loss of a CA CFAR detector relative to a fixed

threshold detector is shown in figure 5.10(a). Figure 5.10(b) illustrates the increase in the spa-

tial variance of the probability of false alarm for the CA CFAR detector, relative to the fixed

threshold detector, operating in ideal clutter conditions. Similarly, the additional detection loss

incurred by an LMAP CFAR detector, relative to the CA CFAR detector is shown in 5.10(c).

Figure 5.10(d) illustrates the increase in the spatial variance of the probability of false alarm

for the LMAP CFAR detector, relative to the CA CFAR detector. In short, the results in fig-

ure 5.10 show that the LMAP CFAR detection scheme can potentially provide up to a 12dB

improvement in detectability, in addition to a 3dB improvement in the spatial variation of the

probability of false alarm, relative to the CA CFAR detection scheme.

In the case of conditionally heteroscedastic models based on the prediction equation 5.8, not

only is the prediction mean, �
y

= E[y

n

jy

�n

], available, but also the prediction variance �2
y

=

var[y

n

jy

�n

], as given by equation 5.9. Therefore, to increase detectability, the CFAR detection

threshold can be set as

T

CHLMAP

= G exp

1

2

(�

y

+K�

2

y

)

The resulting conditional heteroscedastic LMAP CFAR detector is from now on denoted as

CHLMAP CFAR. The analysis of the performance of such detectors is undertaken in more
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detail in the following chapter. For the purpose of the present exposition, the idealised case of

speckle free environment in the reference window, is once again assumed.
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Figure 5.10: (a) Detection loss and (b) the change in the logarithm of the variance of P
fa

, for
a CA CFAR detector, relative to a Fixed Threshold detector. Also shown, (c) an additional
detection loss and (d) the change in the logarithm of the variance of P

fa

, for an LMAP CFAR
detector, relative to a CA CFAR detector. P

d

= 0:5 and P
fa

= 10

�4.

The prediction variance gain, K , is presently set to maximise detectability, while the threshold

gain, G, is adjusted for the correct probability of false alarm. Figure 5.11 illustrates the addi-

tional increase in the detection loss and the increase in the spatial probability of false alarm

incurred by including the prediction error variance in the setting of the CFAR detection thresh-

old, relative to the LMAP CFAR detector.

Figure 5.11 shows that an additional improvement of up to 1dB in detectability can be obtained

by including the prediction error variance in setting the threshold. The increase is particularly

prominent for spiky clutter (i.e. small �). Furthermore, the increased detectability (see figure
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5.11(a)) appears to be accompanied by the corresponding decrease in the spatial variation of

probability of false alarm (see figure 5.11(b)). Whether such improvements can be sustained in

non-ideal conditions, i.e. when the local clutter power is estimated from neighbouring samples

contaminated by the speckle noise, is the subject of the investigation presented in the following

chapter.
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Figure 5.11: (a) Detection loss and (b) the change in the logarithm of the variance of P
fa

, for a
CHLMAP CFAR detector, relative to an LMAP CFAR detector. P

d

= 0:5 and P
fa

= 10

�4.

5.5 DISCUSSION, CONCLUSION AND SUGGESTIONS FOR FUTURE RESEARCH

This chapter was concerned with the modelling of the modulating component of high resolu-

tion sea clutter. In section 5.2, as an extension of birth-death migration arguments for a pop-

ulation of scattering centres on the sea surface, a flexible family of conditional heteroscedastic

models was proposed for the modulating component of sea clutter. The proposed models are a

generalisation of linear Gaussian processes, and have a number of attractive properties, which

were reviewed in section 5.2.

As was discussed in section 5.2, the conditionally heteroscedastic models are characterised

by the correlation structure of (the logarithm of) the squared prediction errors. This obser-

vation forms the basis for an an illustrative study undertaken in section 5.3 for a time series

corresponding to the modulating component extracted from a single cell of a range profile.

The purpose of the study was to illustrate a number of issues associated with modelling of the

modulating component of sea clutter. There may be some evidence for heteroscedasticity in the

modulating component of sea clutter, as manifested through the linear and non-linear model

prediction errors. In particular, the log squared prediction errors and the past observations ap-

pear to be correlated in the absence of any correlations between the past observations and the

model prediction errors.
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The results in section 5.3 were only obtained for a single time series from a single range cell.

Furthermore, the possible presence of heteroscedasticity was diagnosed simply by visual in-

spection of the correlation function of the log squared prediction errors and the past observa-

tions. Such an informal inspection does not provide any insight into the potential significance

of heteroscedasticity to CFAR target detection in the presence of sea clutter. For this reason,

results presented in section 5.4 were extended to a large database of high resolution sea clutter

range profiles. Also, instead of modelling the time series of the modulating component from

a single range cell, the results presented in section 5.4 were obtained for the heteroscedastic

models applied to the range profiles (i.e. spatially distributed snapshots in time).

In order to quantify the heteroscedasticity present in the modulating component of sea clutter,

a measure of the amount of correlation present in the log squared prediction errors was de-

fined in section 5.4. Evidence for heteroscedasticity, as manifested by the correlations between

the log squared prediction errors and the process observations, was found for the modulating

component in the logarithm domain. However, the order of heteroscedasticity (i.e. the num-

ber of lagged terms in the variance) was found to be very low, with the heteroscedasticity not

generalising well to the test set for larger model orders. Furthermore, it was found that the cor-

relations in the log squared prediction errors are strongest when the modulating component

deviates from the log-Normal distribution in the log-likelihood sense.

The potential implications of heteroscedasticity in the modulating component to CFAR target

detection performance in compound clutter environment were studied in section 5.4.4. It was

found that a small improvement in detectability (as measured by the decrease in the SCR re-

quired for the given probability of detection) was obtained when the conditional prediction

error variance was included in the CFAR detection threshold. Also, the inclusion of the condi-

tional variance has resulted in a decrease in spatial variation in the probability of false alarm,

as measured by its variance. However, even in the ideal, speckle free conditions considered in

this chapter, any additional improvements obtained by including the heteroscedasticity were

insignificant compared to the improvements obtained by simply accounting for the correlation

structure of the modulating component.

It was shown in chapter 3 that, contrary to the widely held beliefs, rather than being Gamma

distributed, the modulating component of sea clutter may, in fact, be better modelled as be-

ing log-Normal distributed. This finding has profound consequences on the results introduced

in the present chapter, as the conditional heteroscedastic models have their roots in the birth-

death migration processes, with Gamma distributed marginals. In particular, as was shown

in the present chapter, the evidence for heteroscedasticity in the modulating component of

sea clutter is not very compelling, and any improvements in detectability in speckle-free envi-

ronment appear to be insignificant. The issue of whether the heteroscedasticity provides any

improvements in target detection performance in noisy clutter (i.e. when the local clutter power
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is predicted from the returns including the speckle component) is addressed in the following

chapter.

Another question still remains to be answered. In particular, does the (very limited) het-

eroscedasticity observed arise due to its inherent presence in the clutter, or whether it is a

manifestation of some other, unaccounted for property of sea clutter, such as a non-linearity,

or possibly non-Gaussian distributed prediction errors. The utility of studying such non-linear

and non-Gaussian models and any potential benefits that can be derived from them, in the

context of target detection in compound clutter environment, is left as a potentially fruitful

avenue for future research. Such complicated models are purposefully avoided here and, in-

stead, a study of the potential benefits that can be derived from the simple extensions to the

linear models remains the focus of the research presented in the remainder of this thesis.



CFAR Target Detection in

Spatially Correlated Sea Clutter 6

6.1 INTRODUCTION

Sea clutter is a compound process consisting of Rayleigh distributed speckle modulated in

power by the underlying modulating process. Unlike the speckle component, which is largely

decorrelated spatially and in range, the modulating component has a definite spatial correla-

tion structure.

As was discussed in chapter 3, the spatial correlations of the clutter have a profound influ-

ence on the target detection performance in compound clutter environment. While in spatially

uncorrelated clutter, fixed threshold detection is the optimal detection strategy, in spatially cor-

related clutter, significant improvements in detectability can be obtained by adaptive threshold

techniques. The largest improvements can be achieved in spiky and highly correlated clutter,

where the ideal CFAR detector (for which the local clutter power level is assumed to be known

exactly) represents the maximum attainable improvement in detectability relative to the fixed

threshold detection in compound clutter environment.

[Bucciarelli et al., 1996], [Watts, 1996] and [Armstrong and Griffiths, 1991a] study the effects of

the correlations in the modulating component on CFAR detection performance. As was borne

out by an idealised analysis presented in chapter 3, a simple cell averaging CFAR detector is

inherently incapable of approaching the ideal CFAR detection performance. However, ideal

CFAR performance, at least in an idealised speckle free environment, can be approached by

adaptively setting the threshold based on a weighted average of the raw clutter samples in the

neighbouring range cells in the logarithm domain, where the weighting coefficients are ob-

tained from the correlation structure of the modulating component.

The remainder of this chapter is structured as follows. A linearised, conditionally Gaussian

state space model for high resolution sea clutter is developed in section 6.2. In section 6.3,

it is shown that a detection scheme proposed by [Bucciarelli et al., 1996] suffers from a major

shortcoming, in that the local clutter power estimate is not obtained from the true predictive

conditional. Instead, based on the state space representation, an ’optimal’ (in the minimum

mean squared linear sense) estimator for the local clutter power level is derived in section 6.3.

Furthermore, an estimate of the uncertainty associated with the local clutter power prediction
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is also obtained. The estimate of the uncertainty is utilised in an adaptive threshold detection

scheme discussed in section 6.4. An analytical approximation to the probability of false alarm

for the proposed scheme is also presented in this section. The detection performance of the

proposed scheme is compared in section 6.5 to other detection techniques, including the fixed

threshold, ideal CFAR, CA CFAR and LMAP CFAR detectors. A brief summary of the work

presented in this chapter is presented in section 6.6, along with suggestions for future research.

6.2 COMPOUND SEA CLUTTER MODEL

Throughout this dissertation, one topic is more recurrent than any other. From the study of

incoherent speckle in chapter 4 and the modulating component in chapter 5, to the present

chapter dealing with target detection in the presence of sea clutter, it is the compound nature

of the clutter, which lies at the heart of this work.

In chapter 2, it was argued that the (in)coherent sea clutter return in range cell n at time t

(denoted by xt
n

) can be written as

x

t

n

= v

t

n

s

t

n

(6.1)

where vt
n

is the level of the underlying modulating process (sometimes referred to as the texture

component) in range cell n at time t, and s

t

n

refers to the corresponding speckle. The above

equation holds true for the case of incoherent, as well as of coherent, radar returns. In the

former case st
n

is Rayleigh distributed, while in the latter case, st
n

is a complex Gaussian variate.

The disparate correlation properties of the speckle and the modulating components allow the

overall detection problem to be effectively split in two, and dealt with in a piecemeal fashion.

In particular, the long term temporal correlations of the modulating component renders it effec-

tively constant over the typical detector integration periods. Furthermore, unlike the speckle

component, the modulating component is correlated in range.

Consider T consecutive clutter returns in range cell n, denoted by x
n

= [x

t

n

; : : : ; x

t+T�1

n

]

0 (note

that the superscript t has been dropped for clarity, and will be implicitly assumed, unless stated

otherwise). Provided T corresponds to a time period much shorter then the decorrelation time

of the modulating component of sea clutter, the local power of the returns, �
n

= 2v

2

n

, can

be effectively considered to be constant. In the case of incoherent clutter, x
n

corresponds to

amplitudes of the returns, while in the case of coherent clutter, x
n

corresponds to the complex

in-phase and quadrature components of clutter returns. The two cases shall now be treated in

turn.
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Coherent Clutter Returns

The joint distribution for the T complex clutter samples in range cell n, as observed using a

coherent radar, is given by

p(x
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(6.2)

where � is the temporal covariance matrix associated with the speckle s
n

, and where x
n

is a

vector of T complex samples xt
n

= x

t

In

+ ix

t

Qn

.

Incoherent Clutter Returns

As was discussed in chapters 2 and 4, there is no simple analytical expression for the joint distri-

bution for correlated Rayleigh distributed clutter resulting from the complex Gaussian process.

Instead, a simplifying assumption of independent clutter samples can be made, resulting in the

joint density for the Rayleigh distributed amplitudes given by

p(x
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(6.3)

This assumption is not unreasonable in practice, as frequency agility can be used to ensure

temporal decorrelation of the speckle.

6.2.1 The Speckle Component

The multiplicative noise process of equation 6.1 can be generalised to T samples as

x

n

= v

n

s

n

(6.4)

where the speckle component, s
n

, is correlated, with the covariance matrix, �, as given in

equation 6.2.

Equation 6.4 for the compound clutter process is in a multiplicative form for v
n

(and hence for

�

n

= 2v

2

n

). However, it is possible to obtain an approximate additive Gaussian equation for

ln�

n

in terms of the observed clutter x
n

. There are a couple of alternative approaches which

can be followed to this end. The first one, discussed presently, is based on approximating the

posterior density of lnx2
n

by a Gaussian distribution, while an alternative approach, discussed

subsequently, is based on a Gaussian approximation to the posterior distribution for ln�
n

.
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In order to simplify the problem for the case of correlated coherent clutter, frequency agility can

be employed in order to remove the temporal correlations. Alternatively, the processes x
n

and

s

n

can be pre-whitened by pre-multiplying by the square root of the covariance matrix �

�1,

resulting in uncorrelated processes ~x
n

and ~s
n

, respectively, such that

~x

n

= v

n

~s

n

(6.5)

~x

n

= �x

n

~s

n

= �s

n

�

�1

= �

0

�

For the purpose of clarity of exposition, it is from now on assumed in this section that the T

consecutive clutter samples are decorrelated either by the use of frequency agility, or by pre-

whitening, as outlined above.

Once decorrelated, the joint distribution for ~x
n

factorises into a product of marginal distri-

butions for individual samples ~x

t

n

. Therefore, using the arguments presented in appendix E,

the components of equation 6.5 can individually and independently be linearised to yield an

equivalent linear Gaussian form, i.e.

ln(~x

t

n

)

2

�  

(0)

(�) = ln�

n

+

�

 

(1)

(�)

�

1=2

�

t

n

�

t

n

� N(0; 1)

... (6.6)

ln(~x

t+T�1
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)
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�  

(0)

(�) = ln�

n
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�

 

(1)

(�)

�

1=2

�

t+T�1

n

�

t+T�1

n

� N(0; 1)

where  (0)

(�) is the digamma function, and  (1)

(�) is the trigamma function. For Rayleigh dist-

ributed speckle � = 1, while for the in-phase and quadrature components of complex Gaussian

distributed speckle, � =

1

2

(see appendix E).

An Alternative Approach

In the previous section, it was the distribution of the pre-whitened clutter, ~x
n

, which was ap-

proximated by a Gaussian distribution in the logarithm domain. Presently, a different approach

is proposed, where the distribution of the modulating component, �
n

, is being approximated

by a Gaussian distribution in the domain of the logarithm. This approach is particularly useful

in the case of correlated speckle, in that it does not require the clutter to be explicitly pre-

whitened.

In particular, following the arguments in appendix E, and noting that the likelihood for �
n

=

2v

2

n

is given by equations 6.2 and 6.3 for coherent and incoherent clutter, respectively, equation

6.4 can be cast into a linear Gaussian form as

ln(x

0

n

�

�1

x

n

)�  

(0)

(T ) = ln�

n

+

�

 

(1)

(T )

�

1=2

� � � N(0; 1) (6.7)
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where � = I

T

for the incoherent clutter.

It is interesting to compare equations 6.6 and 6.7. Both equations are linear and Gaussian in

ln�

n

, and are identical for the univariate case (i.e. when T = 1 both equations simplify to simple

linearisation of equation 6.1). However, in the case whenT > 1, equation 6.6 constitutes a linear

set of equations for ln�
n

, and hence, an estimate of �
n

is equivalent to a geometric mean of the

observations in the intensity domain. Equation 6.7, on the other hand, results in the estimate

of �
n

being an arithmetic average of the observations in the intensity domain.

6.2.2 The Modulating Component

The previous section has dealt with the speckle component and how the multiplicative clutter

can be approximately transformed into a linear Gaussian form, by approximating the likeli-

hood for ln�

n

by a Normal distribution. The resulting linear Gaussian regression equation

for ln�

n

can form the basis for the observation equation of a quasi optimal (i.e. optimal in the

minimum mean square linear sense [Harvey and Shephard, 1996]) state space estimator for the

modulating component, to be discussed in section 6.3.

In the discussion presented in the previous section, it was assumed that the integration time

corresponding to T is much shorter then the decorrelation time of the underlying modulating

component, and hence, �
n

was considered to be effectively constant over the integration period.

This is a very convenient result arising from the very disparate correlation properties of the two

components of sea clutter.

Furthermore, while the speckle component can be considered to be fully decorrelated in range

(rendering the observation noise process spatially independent), the modulating component

has a definite spatial correlation structure, dependent on environmental conditions and the

viewing angle. In chapter 5, it was argued that the modulating component is well modelled

in the logarithm domain, and that the conditional heteroscedastic regression models provide a

good model for this process. In particular, for range cell n in a given range profile, the modu-

lating process in the logarithm domain, y
n

= ln�

n

, can be modelled as a symmetric regression

on its neighbours with conditional heteroscedastic errors, i.e.

y

n

= �

0

+

j=q

X

j=�q;j 6=0

�

j

y

n+j

+ h

1=2

n

�

n

�

n

� N(0; 1) (6.8)
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+

i=p

X
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�

i

y

n+i
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Equations 6.7 and 6.8 constitute a linearised, conditionally Gaussian state space model for high

resolution sea clutter. The issues associated with estimation of local clutter power level from a

reference window of raw clutter samples are dealt with in the following section.

6.3 STATE SPACE ESTIMATION OF LOCAL CLUTTER POWER

In the previous section, the multiplicative form of the compound model for sea clutter has been

approximately transformed into a linear, conditionally Gaussian state space model, manifested

by equations 6.7 and 6.8. The aforementioned state space model can be written down more

succinctly as

w

�n

= y

�n

+ �

wjy

�

�n

�

�n

� N(0; I

�n

) (6.9)

y

n

= �

n

+ h

1=2

n

�

n

�

n

� N(0; 1) (6.10)

where �2
wjy

=  

(1)

(T ) is the observation noise variance, resulting from observing the modulat-

ing component in speckle. The observations, w
n

= ln(x

0

n

�

�1

x

n

) �  

(0)

(T ), correspond to the

(integrated) radar returns in the logarithm domain, while the states (i.e. directly unobserved

variables), y
n

, correspond to the logarithm of the local clutter power, ln�
n

. Furthermore, the

mean and the variance of the state transition equation for the state space model are, respec-

tively, given by

�

n

= �

0

+

X

j 6=0

�

j

y

n+j

(6.11)

lnh

n

= �

0

+

X

i6=0

�

i

y

n+i

(6.12)

where � and � are the regression parameters for the state prediction mean and variance, re-

spectively.

As was discussed in chapter 3 in the context of adaptive threshold detection, an estimate of the

local clutter power level for the range cell under test, �
n

, based on the raw clutter samples in

the reference window, x
�n

, is required. Alternatively, in the logarithm domain, an estimate of

the log of the local clutter power, y
n

, conditional on the logarithm of the observations in the

reference window, w
�n

, is sought. An ’optimal’ local clutter power estimate can be obtained

from the predictive distribution, p(y
n

jw

�n

), which can, in principle, be obtained from the state

space model outlined above, by noting that

p(y

n

jw

�n

) /

Z

p(w

�n

jy

�n

)p(y

n

;y

�n

)dy

�n

(6.13)
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where p(w
�n

jy

�n

) corresponds to the observation equation 6.9, while p(y
n

;y

�n

) corresponds

to the state transition equation 6.10, which defines the joint prior distribution for the states.

6.3.1 LMAP Estimator for Local Clutter Power

[Bucciarelli et al., 1996] propose a scheme, which they denote as LMAP, whereby the local clut-

ter power level in the logarithm domain is obtained as a MAP estimate from a joint conditional

posterior for the state vector, y = fy

n

;y

�n

g. The joint conditional posterior is obtained based

on the assumption of the states being jointly Gaussian distributed, with the covariance matrix

for y denoted as �
y

.

From equation 6.9, the joint likelihood for the logarithm of the states, y, given the observations,

w

�n

, in the reference window, is readily shown to be of the form

p(w

�n

jy) = (2��

2

wjy

)

�L

exp

 

�

1

2�

2

wjy

(w� y)

0

I

�(L+1)

(w� y)

!

where I
�(L+1)

is an identity matrix with its (L + 1)

th diagonal element nulled. The prior dis-

tribution for the states is assumed to be jointly Gaussian, with the covariance matrix estimated

from the clutter map (i.e. the preceding range profile). This prior distribution basically contains

the information about the correlation structure of the texture, which can, in principle, be used

to obtain a better estimate of the local clutter power in the range cell under test, from the re-

turns in the reference window. In particular, the posterior distribution for the clutter texture

(i.e. the modulating component), conditional on the returns in the reference window, is given

by

p(yjw

�n

) / p(w
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jy)p(y)
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where m
y

and �

y

are the prior estimates of the modulating component mean and covariance,

respectively, as obtained from the clutter map. Maximising p(yjw
�n

) jointly with respect to y

results in an LMAP estimate (i.e. MAP estimate in the logarithm domain) of y given by

y

MAP

= (I

�(L+1)

+ �

2

wjy

�

�1

y

)

�1
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wI
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+ �

2

wjy
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�
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i

(6.14)

The (L + 1)

th element of yMAP , ŷ
n

= y

MAP

(L + 1), can then be used as an estimate of the

local clutter power in the nth range cell, based on which the CFAR threshold can be set as

T = G exp ŷ

n

.
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The LMAP estimator, as given by equation 6.14, suffers from a major shortcoming, in that when

the observation noise variance, �
wjy

, tends to zero (i.e. in speckle free case), the LMAP estimate

of the local clutter power for the nth range cell, y
n

, is ill-defined, since the matrix I
�(L+1)

is not

invertible. This is the consequence of obtaining an estimate from the joint conditional for y,

rather than integrating out the remaining states in the reference window, as is done in equation

6.13. To overcome this problem, a full state space treatment is presented in the following sec-

tion, whereby the marginal posterior for the local clutter power in the range cell under test is

obtained, conditional on the radar returns in the reference window.

6.3.2 Predictive LMAP Estimator for Local Clutter Power

As was pointed out in the previous section, the LMAP estimation technique advocated by

[Bucciarelli et al., 1996] suffers from a shortcoming, in that as the observation noise is reduced

to zero, the local power estimate becomes ill-defined. Ideally, to overcome this problem, an

estimate maximising the predictive distribution, p(y
n

jw

�n

), should be sought. However, due

to the presence of conditional heteroscedasticity, obtaining the marginal predictive distribution

for the state proves to be no easy task. The reason for this is that, although conditionally

Gaussian, the joint prior distribution for the states is not easily obtained.

Instead, it is the state prediction mean and the state prediction error variance, conditional on

the noisy observations, i.e.

�

njw

= E[�

n

jw

�n

] (6.15)

lnh

njw

= E[lnh

n

jw

�n

] (6.16)

that are derived presently. To this end, a couple of simplifying assumptions are made. In

particular:

� Assume that y is a priori jointly Gaussian with meanm
y

and the covariance matrix �

y

, es-

timates of which can be obtained from the clutter map (i.e. time history of clutter returns).

This assumption greatly simplifies the analysis, while retaining the most important in-

gredient in the analysis, the covariance structure of the modulating component.

� Assume that y and lne

2 (where e
k

= y

k

� �

k

) are a priori jointly Gaussian, with the mean

and the covariance matrix that can be obtained from the clutter map. This assumption

also greatly simplifies the analysis, while retaining the important information about the

correlations between the prediction errors and the states, which lie at the heart of the

conditional heteroscedastic formulation.

With these simplifying, though very reasonable assumptions, consistent estimates of �
njw

and

lnh

njw

can be obtained as follows.
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Estimation of State Prediction Mean

Given p(w
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), the following identity holds true
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and using some standard Gaussian identities [Anderson and Moore, 1979], it can be shown that
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Estimation of State Prediction Error Variance
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and using some standard Gaussian identities [Anderson and Moore, 1979], it can be shown that
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The auxiliary equation for a conditionally heteroscedastic process (equation 5.7) provides a

Gaussian approximation to p(lnh
n

j ln e
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). Therefore, using
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with the distributions given by
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(1=2), it can be shown that
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6.3.3 Extensions to non-Homogeneous Clutter Environment

In the previous section, based on a couple of simplifying assumptions, the expectation of the

state prediction mean and the state prediction error variance, conditional on the returns in

the reference window, were derived in equations 6.17 and 6.18, respectively. In the case of

the modulating component being Gaussian distributed in the logarithm domain, equation 6.17

constitutes a quasi optimal, consistent estimator of the local clutter power. The expected pre-

diction error variance provides a measure of uncertainty associated with this estimate and is

constant in the case of Gaussian distributed modulating component.
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The above analysis was concerned with the local clutter prediction, based on the observations

in the reference window, immediately surrounding the range cell under test. In particular,

no guard cells were taken into account, and the returns within the reference window were

assumed to be target free and to consist of homogeneous background clutter.

However, as was discussed in chapter 3, multiple target and inhomogeneous clutter scenar-

ios can adversely affect the local clutter power prediction performance of cell averaging-type

detectors. A simple way to account for multiple targets and clutter edges, would be to apply

some kind of censoring to the reference window (not unlike the case of outlier detection). In

fact, the study of censoring schemes for the different radar return scenarios could provide an

interesting direction of future research.

Once censored, the range cells (including the guard cells) could be tagged as being potentially

’contaminated’ and hence discarded for the purpose of local clutter power prediction for the

range cell under test. In particular, the observation vector, w
�n

, could be truncated to exclude

any guard cells, or any ’contaminated’ range cells, and the local clutter power could then be

estimated as before using equations 6.17 and 6.18, with the covariance matrix for y
�n

being

trivially collapsed to exclude the censored range cells.

6.4 CHLMAP CFAR DETECTION PERFORMANCE ANALYSIS

A brief review of target detection techniques in compound clutter environment was presented

in chapter 3. As was discussed therein, fixed threshold detection is optimal in homogeneous,

uncorrelated clutter environment. Any adaptive scheme, where the threshold is adjusted based

on a few radar return samples within a reference window, suffers an inherent detection loss, as

compared to fixed threshold detection in uncorrelated clutter.

In partially correlated clutter, particularly when the clutter is spiky (i.e. its single point statistics

deviates from the Rayleigh distribution), a detection gain, with respect to the fixed threshold

detection, can be obtained by locally adjusting the detection threshold according to the local

clutter power. The maximum gain is determined by the ideal CFAR limit, whereby the local

clutter power level is known exactly.

The cell averaging CFAR detector is optimal in homogeneous, uncorrelated exponential clut-

ter environment, where the sample mean is the optimal estimate of the clutter power. The
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threshold for a CA CFAR detector is set as

V

T

(n) = G

X

k 6=0

r

n+k

(6.19)

where r
n

is the amplitude of the radar return in the nth range cell. As was shown in chapter

3, when spatial correlations are present in the modulating component, simple cell averaging

does not fare particularly well. In fact, even under ideal, speckle free conditions, the detection

performance of a cell averaging CFAR detector in compound clutter environment is usually

close to the worst case, determined by the fixed threshold detection.

[Bucciarelli et al., 1996] propose to use a weighted linear estimator in the logarithm domain to

obtain an estimate of the local clutter power, ŷ
n

= �

njw

=

P

i6=0

�

i

w

n+i

. Based on this estimate,

the logarithm of the threshold for an LMAP CFAR detector is set as

lnV

T

(n) = lnG+

1

2

�

njw

(6.20)

The parameters for the local clutter power estimator in the logarithm domain, �
njw

, can be

obtained from the covariance matrix of y, as given by equation 6.17. Furthermore, a potentially

spatially more uniform false alarm rate can be obtained by including the local clutter power

prediction error variance, �2
njw

, in the threshold setting for the range cell under test (this is also

known as Class 3 detection [Eaves and Reedy, 1987]). This can be justified intuitively by noting

that if one is uncertain as to the local clutter power, then the threshold should be increased for

that range cell, in order to ensure that the local probability of false alarm is not too great. The

threshold for the resulting detector, denoted as CHLMAP CFAR, is given by

lnV

T

(n) = lnG+

1

2

�

�

njw

+K�

2

njw

�

(6.21)

where G ensures the overall probability of false alarm is within the specified level, while K

is adjusted to minimise the SCR required for the given probability of detection (i.e. maximise

the detectability) of the targets of interest. The expressions for the local clutter power estimate,

�

njw

, and the corresponding prediction error variance, �2
njw

, conditional on the radar returns in

the reference window, w
�n

, are given in equations 6.17 and 6.18, respectively.

6.4.1 Distribution of the Threshold

As lnV

T

(n) is a sum of a number of (approximately Gaussian) variates, by the Central Limit

Theorem, the distribution of the threshold in the logarithm domain is expected to be well ap-

proximated as being Gaussian distributed. In fact, it has been found in practice that the Gaus-

sian distribution provides a good approximation for as few as ten range cells (i.e. five plus five,

either side of the range cell under test) in the reference window.
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For the (CH)LMAP CFAR detector, the logarithm of the normalised threshold, �
n

, is given by

�

n

= ln(V

T

(n)=G)

2

= �

njw

+K�

2

njw

(6.22)

�

njw

= �

0

+

X

j 6=0

�

j

w

n+j

ln�

2

njw

= �

0

+

X

i6=0

�

i

w

n+i

where w

�n

= fw

n+k

: k 6= 0g are the radar returns in the reference window, in the loga-

rithm domain. As the returns are assumed to be obtained in open ocean conditions, with no

interfering targets, they consist of compound clutter samples, i.e. speckle locally modulated in

power by y
�n

. Therefore, using equation 6.9, the mean and the variance of the logarithm of the

threshold are given by
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where, for notational simplicity, the following have been defined as
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with �2
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corresponding to the observation noise, associated with the speckle, as given by the

linearised equation 6.9. It is interesting to note that the above equations apply to CHLMAP

CFAR detector, and simplify trivially to LMAP CFAR detector by setting f�
i

= 0 : i 6= 0g.

6.4.2 Target Detection Performance Analysis

The normalised detection threshold in the logarithm domain for the CHLMAP CFAR detector

is given in equation 6.22. As was argued in the previous section, this threshold is approxi-

mately Gaussian distributed, with the mean and the variance given by equations 6.23 and 6.24,

respectively.
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As was pointed out in chapter 3, in order to estimate the average probability of detection (and

hence the average P
fa

) for an adaptive threshold detector, the probability of detection in range

cell under test, conditional on the threshold for the given range cell, needs to be averaged over

all the possible values of the threshold. More concisely, following from equation 3.9,
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where �
n

= exp y

n

is the local clutter power.

As was previously mentioned in chapter 3, for reasons of analytical tractability, the analysis pre-

sented in this thesis is limited to single pulse detection of Swerling I and II targets in compound

clutter environment. The probability of detection, based on a single detection opportunity, for

a fluctuating target in locally Rayleigh distributed clutter is given by equation 3.6, i.e.
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is Gaussian distributed (i.e. �
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)), the normalised detection

threshold, V
T

(n) = exp �

n

=2, is log-Normal distributed, and therefore, the average probability

of detection, as given by equation 6.25, is not easy to evaluate analytically.

However, by approximating the log-Normal distribution for T (n) = V

2

T

(n) = exp �

n

by a Ga-

mma distribution (i.e. T (n) � �(�
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)), the average probability for single pulse detection of

a fluctuating target, can be shown to be
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where the Gamma distribution parameters for T (n) are evaluated, such that the Kullback-

Leibler (KL) divergence between the distributions for �
n

= lnT (n) and T (n) is minimised.

In particular, given that �
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), it can be shown that KL
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as given by equations 6.23 and 6.24, respectively. The corresponding KL measure between the

two distributions is given by

KL

1

= �

T

ln�

T

� ln�(�

T

) + �

T

�

�

� �

T

exp(�

�

+ �

2

�

=2) (6.28)



6.4. CHLMAP CFAR Detection Performance Analysis 153

Through extensive Monte Carlo simulations it has been found that, for most range profiles en-

countered in practice, the Gamma distribution-based estimate for the probability of false alarm

and the probability of detection provides a very accurate prediction for the detection perfor-

mance. However, it was also found that, in some cases, a prediction based on a Gaussian

approximation to V
T

(n) provides a more accurate estimate of the radar detection performance.

Specifically, approximating the log Normal distribution for V
T

(n) = exp �

n

=2 by a Gaussian dis-

tribution (i.e. V
T

(n) � N(�

V

; �

V

)), the average probability of detection is given as in equation

3.10, i.e.
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In summary, in order to analytically estimate the average probability of detection (and hence

P

fa

, by setting �

A = 0) for the adaptive threshold detectors, whereby the local clutter power esti-

mate is obtained in the logarithm domain, the following procedure has been adopted through-

out this chapter:

� Obtain the parameter estimates for the approximating distributions for the threshold us-

ing equations 6.27 and 6.30.

� Evaluate the KL divergence measure for the approximating distributions using equations

6.28 and 6.31.

� Using the approximating distribution with the smaller KL measure, evaluate the proba-

bility of detection, based either on equation 6.26 or equation 6.29.

Throughout this chapter, in order to ensure that the analytical expressions provide a good ap-

proximation to the actual probabilities of false alarm and detection, the estimates obtained
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using the above procedure were compared to the estimates obtained using Monte Carlo meth-

ods, whereby the integral equation 6.25 is evaluated, based on samples obtained directly from

p(V

T

(n)j�

�n

).

6.5 DETECTION PERFORMANCE IN SPATIALLY CORRELATED CLUTTER

In the preceding sections of this chapter, a linearised, conditionally Gaussian state space model

for high resolution sea clutter was developed. Based on the state space form of the background

clutter, estimators of the local clutter power and the associated expected prediction error var-

iance were proposed in section 6.3 and utilised in an adaptive threshold detection framework

proposed in section 6.4. Also in section 6.4, analytical expressions for the detection perfor-

mance of the proposed detector were derived for the case of single pulse Swerling I and II

target detection in homogeneous background clutter environment.

The subsequent analysis in the present section is based on single pulse detection of fluctuating

(Swerling I and II) targets, in compound clutter environment. For the purpose of the exposition,

the speckle is assumed to be spatially uncorrelated and Rayleigh distributed. This assumption

is expected to hold true in most of high resolution radar systems, though it could break down

in very high resolution radars, where the returns are effectively oversampled in range. The

database of 440 averaged range profiles is used for the analysis of the detection performance of

a number of different detection schemes, including fixed threshold, ideal CFAR, CA CFAR, as

well as the predictive LMAP and CHLMAP CFAR detectors (note that in the present section, the

results are presented for the predictive LMAP detector, and not the LMAP detector as originally

proposed by [Bucciarelli et al., 1996]).

The following analysis is meant to serve as an illustrative comparison of the different detection

schemes in compound clutter environment. The purpose of the study is to reveal the inherent

limitations and the potential gains of the different detection techniques, while further analysis,

including incoherent integration and censoring, is left as an exercise for future research.

6.5.1 Fixed Threshold and Ideal CFAR Detection Performance Limits

The detection performance measures introduced in section 3.5 will presently be adopted to

illustrate the target detection performance of the aforementioned detection schemes in com-

pound clutter environment. In particular, target detectability refers to the Signal-to-Clutter Ratio

(SCR) required to achieve a given probability of target detection, P
d

, for the specified average

probability of false alarm, P
fa

. Similarly, the spatial variation in the probability of false alarm
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refers to the logarithm of the spatial variance of the average probability of false alarm across a

range profile.

As was discussed in section 3.5, both in terms of target detectability and the spatial variation of

the probability of false alarm, the target detection performance of both the ideal CFAR and the

fixed threshold detectors is identical in Rayleigh distributed clutter. In non-Rayleigh clutter,

the ideal CFAR detector achieves a spatially constant level of P
fa

and also determines the max-

imum achievable level of target detectability in compound clutter environment. However, it

was shown in section 3.5 that in non-Rayleigh clutter, the fixed threshold detector is no longer

optimal and suffers a detectability loss with respect to the ideal CFAR detector. The detectabi-

lity loss increases with the spikiness of the background clutter. Adaptive threshold detection

techniques can potentially outperform the fixed threshold detector in spiky clutter and ap-

proach the ideal CFAR detectability limit in highly correlated background clutter environment.
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Figure 6.1: Detection loss for the ideal CFAR detector, relative to the Fixed Threshold detector.
P

d

= 0:5 with (a) P
fa

= 10

�4 and (b) P
fa

= 10

�6. Results shown for database of 440 averaged
range profiles.

Figure 6.1 shows the single pulse detection loss for the ideal CFAR detector relative to the

fixed threshold detector for a database of 440 averaged range profiles, with the probability

of false alarm set at P
fa

= 10

�4 and 10

�6, and with the probability of detection P

d

= 0:5.

The detectability results are based on the assumption of the speckle being locally Rayleigh

distributed and spatially uncorrelated. No assumptions are made about the distribution of

the modulating component. Instead, the actual averaged range profiles were used as the basis

for the results presented. Although not assumed to be Gamma distributed, in order to give

an indication of the ’spikiness’ of the data (and to be consistent with the bulk of the radar

detection literature), the detection results presented in this chapter are plotted as a function of

the Gamma distribution order parameter for the modulating component.
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For large values of the Gamma distribution order parameter (i.e. for near Rayleigh distribu-

ted clutter), figure 6.1 shows that the ideal CFAR detector achieves only a slight gain in target

detectability relative to the fixed threshold detector. However, for smaller values of the order

parameter (i.e. more spiky clutter), the gain in detectability of the ideal CFAR detector relative

to the fixed threshold detector can exceed 20dB. Furthermore, the relative gain in detectabi-

lity is marginally larger for smaller values of the probability of false alarm (i.e. P
fa

= 10

�6

vs P
fa

= 10

�4). Under all conditions, for all the range profiles in the database, the ideal CFAR

detector outperforms the fixed threshold detector in terms of single pulse Swerling I and II

target detectability in compound clutter environment. Whether or not the adaptive threshold

detectors proposed in section 6.4 can achieve a near ideal CFAR detection performance is the

subject of the investigation reported in the remaining sections of the present chapter.
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Figure 6.2: Logarithm of the variance of P
fa

for the Fixed Threshold detector. P
d

= 0:5 with (a)
P

fa

= 10

�4 and (b) P
fa

= 10

�6. Results shown for database of 440 averaged range profiles.

As a result of the exact knowledge of the local clutter power, the ideal CFAR detector is char-

acterised by a spatially uniform probability of false alarm. This is not necessarily the case for

a fixed threshold detector, except for the case of spatially uncorrelated clutter, or in the case of

Rayleigh distributed clutter. This is illustrated in figure 6.2, which shows the spatial variation

in the probability of false alarm obtained using a fixed threshold detector for the database of 440

range profiles. In particular, the figure shows that the smallest spatial variations are observed

for large values of the order parameter (i.e. near Rayleigh distributed clutter), with substantial

reduction in the spatial variations observed for a smaller average probability of false alarm 1.

1The smaller absolute value of the spatial variance of P
fa

is simply due to the smaller absolute average value of
the probability of false alarm.
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6.5.2 CA CFAR Detector Performance

Cell averaging (CA) CFAR detector was briefly discussed in section 3.5. CA CFAR is an adap-

tive threshold technique, whereby the local clutter power level in the cell under test is obtained

by simply averaging the radar return samples contained in the reference window. In addition

to any potential targets, the returns in the reference window consist of the speckle locally mod-

ulated in power by the modulating component. It was shown in chapter 3 that, even in ideal

speckle-free conditions, the detection performance of a CA CFAR detector in compound clutter

environment is inherently close to the worst case, as determined by the fixed threshold detec-

tion. The reason for this is that the simple cell averaging does not constitute a good local clutter

power estimator.

The results presented in chapter 3 corresponds to an idealised, speckle free clutter samples in

the reference window. However, even this simplified analysis demonstrates the inherent lim-

itations of the CA CFAR detection scheme. This is also borne out by the findings reported

by [Armstrong and Griffiths, 1991a], where the high resolution sea clutter is modelled as be-

ing K-distributed with a correlated Gamma distributed modulating component. Presently, the

analysis is extended to the database of 440 averaged range profiles, and the effect of speckle in

the reference window is investigated for single pulse CA CFAR detection of Swerling I and II

targets in compound clutter environment.

Single pulse Swerling I and II target detectability achieved by the CA CFAR detector, relative

to the fixed threshold detector, for the database of 440 range profiles is shown in figure 6.3. The

results are shown for the average probability of detection P
d

= 0:5 with the average probability

of false alarm P

fa

= 10

�4 and 10

�6. The reference window size was adjusted to 5+5, 10+10 and

20+20 reference cells, with no guard cells inserted. Similarly, under the same conditions, the

corresponding results for the spatial variation of the probability of false alarm for the database

of the averaged range profiles is shown in figure 6.4. These results can now be directly com-

pared to the limiting case of ideal CFAR detection, discussed in the previous section.

Figures 6.3 and 6.4 demonstrate that the reference window size has a profound effect on the

target detection performance of a CA CFAR detector. To better illustrate this point, a brief

discussion of the results obtained with the average probability of false alarm set to P
fa

= 10

�4

will now be presented. To this end, figures 6.3(a)-6.3(c) show the detectability loss of the CA

CFAR detector, relative to the fixed threshold detector, for reference window size of 5+5, 10+10

and 20+20 cells, respectively. Similarly, figures 6.4(a)-6.4(c) show the increase in the spatial

variation of probability of false alarm for the CA CFAR detector, relative to the fixed threshold

detector, for reference window size of 5+5, 10+10 and 20+20 cells, respectively.
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Figure 6.3: Detection loss, as a function of reference window size, for a CA CFAR detector,
relative to a Fixed Threshold detector. P

d

= 0:5 with P

fa

= 10

�4 (see (a), (b) and (c)) and
P

fa

= 10

�6. (see (d), (e) and (f)). Reference window size 5+5 (see (a) and (d)), 10+10 (see (b)
and (e)) and 20+20 (see (c) and (f)) range cells with no guard cells inserted. Results shown for
database of 440 averaged range profiles.

As shown in figures 6.3(a)-6.3(c), the CA CFAR detector suffers from a characteristic loss in tar-

get detectability, relative to the fixed threshold detector, at large values of the order parameter.

This loss in near Rayleigh distributed clutter arises from the random variations in the thresh-

old, which itself is estimated from a finite size window. The loss in detectability decreases with

increasing size of the reference window. In particular, while the detection loss is about 3dB for

CA CFAR with 5+5 cell reference window, it is only 1dB for 10+10 cell reference window, and

0.5dB when the reference window has 20+20 cells.

As was shown in the previous section, the ideal CFAR detector exhibits a gain in target dete-

ctability for small values of the order parameter. In particular, for P
fa

= 10

�4, a gain of up to

20dB relative to fixed threshold detection was observed for spiky clutter. However, as figures

6.3(a)-6.3(c) show, a single pulse CA CFAR detector can suffer a net detection loss (as opposed
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Figure 6.4: Change in the logarithm of the variance of P
fa

, as a function of reference window
size, for a CA CFAR detector, relative to a Fixed Threshold detector. P

d

= 0:5 with P
fa

= 10

�4

(see (a), (b) and (c)) and P

fa

= 10

�6. (see (d), (e) and (f)). Reference window size 5+5 (see
(a) and (d)), 10+10 (see (b) and (e)) and 20+20 (see (c) and (f)) range cells with no guard cells
inserted. Results shown for database of 440 averaged range profiles.

to the ideal CFAR gain) at small values of order parameter (i.e. spiky clutter). While a 2dB loss

is observed for some of the range profiles, CA CFAR detection exhibits a gain in detectability

for some other profiles in the database. The maximum observed gains in detectability range

from 12dB for CA CFAR detector with 5+5 cell reference window, down to an 8dB gain for a

CA CFAR detector with 20+20 cell reference window. The reduction in the gain observed with

the increasing reference window size is not unexpected, since as the reference window size is

increased, fixed threshold detection is effectively reached in the limit.

As figures 6.4(a)-6.4(c) show, no significant improvement in the spatial variation of false alarm

for a CA CFAR detector, relative to the fixed threshold detector, is observed. For a small re-

ference window size (5+5 cell), a net improvement of up to 1.5dB is observed over the fixed

threshold detector. This could mainly be due to the ’randomness’ of the CA CFAR threshold
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estimated from a few noisy samples in the reference window. As expected, the spatial variation

of the probability of false alarm of CA CFAR detector approaches the fixed threshold limit, as

the reference window size is increased.

The target detectability and spatial variation of the probability of false alarm for the database of

the averaged range profiles obtained using the CA CFAR detector with the average P
fa

= 10

�6

are shown in figures 6.3(d)-6.3(f) and 6.4(d)-6.4(f), respectively. With a few notable exceptions,

the results obtained for P
fa

= 10

�6 correspond closely with the results obtained for P
fa

= 10

�4.

In particular, as a result of the increased sensitivity of the threshold at lower average probability

of false alarm 2, a significantly larger loss in detectability is observed in figures 6.3(d)-6.3(f)

compared to the loss observed in figures 6.3(a)-6.3(c). This is particularly pronounced for small

reference window size, where a loss of up to 14dB is observed for small values of the order

parameter (i.e. spiky clutter). However, as figures 6.4(d)-6.4(f) show, due to the rather random

nature of the threshold, the effects of the reduced level of average probability of false alarm on

the spatial variance of P
fa

is not nearly as pronounced.

In short, based on the results presented in this section, the following observations have been

made about single pulse CA CFAR detection of Swerling I and II targets in compound clutter

environment. Firstly, the CA CFAR detector target detectability performance, on average, is

closer to the fixed threshold than to the ideal CFAR detector performance. Additionally, for

some range profiles, the CA CFAR detector exhibits an additional detectability loss, relative

to the fixed threshold detector, which is particularly pronounced for small reference window

sizes. As the reference window size is increased, the detectability performance of a CA CFAR

detector approaches that of the fixed threshold detector. The abovementioned effects are par-

ticularly pronounced for smaller values of the probability of false alarm.

Finally, in terms of the spatial probability of false alarm, no significant improvements were

observed for CA CFAR detector, relative to the fixed threshold detector. In the case of small

reference window size, some improvement was observed due to the random nature of the

CA CFAR detection threshold setting. However, such improvements in spatial variations are

achieved at the expense of detectability. Clearly, ideal CFAR performance has not been achieved

and, as will be discussed in the following section, other detection schemes may need to be en-

tertained.

6.5.3 (CH)LMAP CFAR Detector Performance

In the previous section, single pulse target detection performance of CA CFAR detector was

investigated for Swerling I and II targets in spatially correlated compound clutter environment.

2At smaller P
fa

, the detection threshold is more sensitive to the tails of the clutter distribution.
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In particular, it was found that the detection performance (as measured by target detectability)

of the CA CFAR is always closer to the fixed threshold detector, than to the ideal CFAR detector

performance. Furthermore, no significant improvement in spatial variation of the probability

of false alarm was observed for the CA CFAR compared to the fixed threshold detector, except

for the case of CA CFAR detector with a small reference window size.

The effects of the CA CFAR detector reference window size were also investigated in the pre-

vious section. In this regard, it was found that the performance of the CA CFAR detector ap-

proaches the fixed threshold detector performance as the reference window size is increased.

It was also found that the average probability of false alarm does not have a great influence (in

qualitative terms) on the overall target detection behaviour of the CA CFAR detector.

In the present section, the effects of incorporating the spatial correlation structure of the back-

ground clutter into detection threshold setting are being investigated. To this end, the models

introduced and discussed in sections 6.3 and 6.4 are being studied. Unlike the case of CA CFAR

detection, it was found that the reference window size does not play a major factor in the detec-

tion performance when the spatial correlation structure is being incorporated in the threshold

setting. The reason for this is that predominantly, most of the spatial correlation information

is contained in the few immediate range cells around the cell under test. Furthermore, a large

reference window can have detrimental effects on the detector performance, resulting from

weighting and inclusion of noisy radar returns samples, which are not greatly correlated with

the sample in the reference cell under test.

Figures 6.5 and 6.6 show the target detection results obtained using a CA CFAR, LMAP CFAR

and CHLMAP CFAR detectors for the previously discussed database of 440 averaged range

profiles. The average probability of false alarm for each profile was set to P

fa

= 10

�4, with

the average probability of detection for Swerling I and II targets set to P
d

= 0:5. The reference

window size was fixed at 5+5 range cells (with no guard cells, and 2+2 range cells for the

prediction error variance estimate of the CHLMAP CFAR detector), while the number of pulses

integrated in the reference window (but not the range cell under test) was changed from T = 1

to T = 5 and to T = 20 pulses. The present analysis is motivated by the idealised results

reported in chapter 3, where the LMAP CFAR detector was shown to achieve a near ideal

CFAR detection performance for speckle free radar returns in the reference window (i.e. the

limiting case of T !1).

Figures 6.5(a)-6.5(c) and 6.6(a)-6.6(c) illustrate the results obtained for single pulse detection,

with no integration in the reference window (i.e. T = 1). In particular, figure 6.5(a) illustrates

the detectability loss of a CA CFAR detector, relative to the fixed threshold detector. Figure

6.5(b) shows the detectability loss of an LMAP CFAR detector, relative to the fixed threshold

detector, while figure 6.5(c) shows an additional loss incurred by the CH LMAP CFAR detector,



162 CFAR Target Detection in Spatially Correlated Sea Clutter

−0.5 0 0.5 1 1.5 2
−14

−12

−10

−8

−6

−4

−2

0

2

4

Order parameter, log
10

 α

S
C

R
 l

o
s
s
, 
d

B

P
d
=0.5  with  P

fa
=10

−4
, with 5+5 cell window

(a) CA CFAR relative to Fixed
Threshold, T = 1

−0.5 0 0.5 1 1.5 2
−14

−12

−10

−8

−6

−4

−2

0

2

Order parameter, log
10

 α

S
C

R
 l

o
s
s
, 
d

B

P
d
=0.5  with  P

fa
=10

−4
, with 5+5 cell window

(b) LMAP CFAR relative to
Fixed Threshold, T = 1

−0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

0.5

Order parameter, log
10

 α

S
C

R
 l

o
s
s
, 
d

B

P
d
=0.5  with  P

fa
=10

−4
, with 5+5 cell window

(c) CHLMAP CFAR relative to
LMAP CFAR, T = 1

−0.5 0 0.5 1 1.5 2
−14

−12

−10

−8

−6

−4

−2

0

2

4

Order parameter, log
10

 α

S
C

R
 l

o
s
s
, 

d
B

P
d
=0.5  with  P

fa
=10

−4
, with 5+5 cell window

(d) CA CFAR relative to Fixed
Threshold, T = 5

−0.5 0 0.5 1 1.5 2
−18

−16

−14

−12

−10

−8

−6

−4

−2

0

2

Order parameter, log
10

 α

S
C

R
 l

o
s
s
, 

d
B

P
d
=0.5  with  P

fa
=10

−4
, with 5+5 cell window

(e) LMAP CFAR relative to
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(f) CHLMAP CFAR relative to
LMAP CFAR, T = 5
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Figure 6.5: Effect of the number of integrated pulses, T , on the detection loss. Reference win-
dow size fixed at 5+5 range cells, with no guard cells. P

d

= 0:5 with P
fa

= 10

�4. Results shown
for database of 440 averaged range profiles.
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(c) CHLMAP CFAR relative to
LMAP CFAR, T = 1
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Threshold, T = 5
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(f) CHLMAP CFAR relative to
LMAP CFAR, T = 5
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Figure 6.6: Effect of the number of integrated pulses, T , on the spatial variation of P
fa

. Re-
ference window size fixed at 5+5 range cells, with no guard cells. P

d

= 0:5 with P

fa

= 10

�4.
Results shown for database of 440 averaged range profiles.
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relative to the LMAP CFAR detector for the database of averaged range profiles.

A number of notable results become apparent by looking at figures 6.5(a)-6.5(c). In particular,

the detection loss associated with the CA CFAR detector, relative to the fixed threshold de-

tector, for large values of the order parameter (i.e. near Rayleigh clutter) is no longer present

in the case of the LMAP CFAR detector. This could potentially be explained by the fact that

the threshold estimate of the LMAP CFAR detector is better ’tuned in’ to the correlation struc-

ture of the modulating component, and thus does not suffer from the bias incurred by the CA

CFAR detector, which equally weighs noisy clutter samples in the reference window. However,

other than the reduction in the detection loss relative to the fixed threshold detector (associated

with the small reference window size), the LMAP CFAR detector does not show any significant

improvement in terms of target detectability over the CA CFAR detector. Furthermore, the im-

provements obtained for CHLMAP CFAR, relative to the LMAP CFAR detector (figure 6.5(c))

are rather sporadic and insignificant.

Figure 6.6(a) illustrates the change in spatial variation of the probability of false alarm obtained

using a CA CFAR detector, relative to the fixed threshold detector. Figure 6.6(b) shows the

change in the spatial variation in the probability of false alarm for an LMAP CFAR detector,

relative to the fixed threshold detector, while figure 6.6(c) shows the additional increase in

the spatial variation of the probability of false alarm incurred by the CHLMAP CFAR detec-

tor, relative to the LMAP CFAR detector. In particular, while the CA CFAR detector exhibits

some sporadic improvement in the spatial variation of P
fa

, the LMAP CFAR detector exhibits

a marked and consistent improvement, relative to the fixed threshold detector, particularly at

small values of the order parameter (i.e. spiky clutter). The CHLMAP CFAR detector perfor-

mance is largely the same as that of the LMAP CFAR detector, with no consistent pattern of

any improvement.

The above analysis was also extended to the case of pulse integration in the reference window.

The motivation for introducing the pulse integration in the reference window, rather than in

the reference cell under test, stems from the results presented in chapter 3. In particular, it was

shown above that for the case of single pulse detection, the LMAP CFAR detector shows no

significant improvement over the simple CA CFAR detector. However, as was demonstrated

in section 3.5, the detection performance (as measured by Swerling I and II target detectability)

of LMAP CFAR detector approaches the performance of ideal CFAR detector, under the ide-

alised conditions of no speckle present in the reference window (e.g. through pulse integration

techniques).

Another reason for introducing pulse integration in reference window stems from the ease of

analysis of the modified detector performance. In particular, because of the spatial and tem-

poral independence of the speckle in the profiles considered, and since no targets are deemed
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to be present in the reference window, the effects of pulse integration on the distribution of

the detection threshold are trivially incorporated in the model outlined in section 6.4 above.

However, as was discussed in chapter 3, due to the complications associated with the presence

of fluctuating targets, pulse integration in the cell under test is not easily treated in adaptive

threshold detection framework in compound clutter environment. In fact the effects of the

presence of extraneous targets and clutter edges, as well as the effects of pulse integration in

the cell under test, are left as a rather cumbersome and difficult exercise for future research.

Results for the detection loss and the increase in the spatial variation of the probability of false

alarm for the CA CFAR, LMAP CFAR and CHLMAP CFAR detection schemes are shown, re-

spectively, in figures 6.5(d)-6.5(f) and 6.6(d)-6.6(f) for T = 5 integrated pulses in the reference

window, and figures 6.5(g)-6.5(i) and 6.6(g)-6.6(i) for T = 20 integrated pulses in the reference

window. The reference window size for all detectors was maintained at 5+5 neighbouring

range cells (2+2 for the prediction error variance estimate for the CHLMAP CFAR detector),

with no guard cells inserted. A number of interesting results follow from these figures, and are

now briefly discussed.

Figures 6.5(d) and 6.5(g) show that the pulse integration in the reference window does not

have a significant effect on the detection performance (in terms of target detectability) of the

CA CFAR detector. Similarly, figures 6.6(d) and 6.6(g) demonstrate that as the number of inte-

grated pulses is increased, the improvement in the spatial variation of the probability of false

alarm of the CA CFAR detector, relative to the fixed threshold detector, decreases. The effective

increase in the variance of P
fa

with increasing T is qualitatively similar to the increase observed

when the reference window size of the CA CFAR detector was increased (as discussed in the

previous section). The reasons for both effects is similar, in that as the number of samples aver-

aged increases, either through pulse integration or increased reference window size, the spatial

variability of the threshold decreases. This effectively increases the average spatial variance of

the probability of false alarm, since the cell average does not constitute a particularly good local

clutter power estimate.

Figures 6.5(e) and 6.5(h) show analogous results for the detection loss of the LMAP CFAR

detector, relative to the fixed threshold detector, with T = 5 and T = 20 integrated pulses,

respectively. Unlike the case of the CA CFAR detector, even for a modest number of 5 integrated

pulses, the LMAP CFAR detection scheme demonstrates a near ideal CFAR target detection

performance in compound clutter environment. Similarly, figures 6.6(e) and 6.6(h) also show

a slight improvement in the spatial variance of the probability of false alarm of the LMAP

CFAR detector, relative to the fixed threshold detector, as the number of integrated pulses, T ,

is increased.

Figures 6.5(f) and 6.5(i) illustrate that the inclusion of the prediction error variance in the de-
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tection threshold setting (i.e. CHLMAP CFAR detector) provides only a negligible additional

improvement in target detectability over the LMAP CFAR detector. This point is further borne

out in figures 6.6(f) and 6.6(i) which similarly demonstrate that only a small and sporadic im-

provement in terms of the spatial variance of the probability of false alarm is obtained for

CHLMAP CFAR detector, relative to the LMAP CFAR detector.

In summary, accounting for the prediction error variance (CHLMAP CFAR) provides an in-

significant benefit compared to simply accounting for the spatial correlation structure of the

clutter (LMAP CFAR). The possible reasons for this observation can be found in the discussion

presented in the previous chapters. In particular, the non-constant prediction error variance

was based on the premise of the modulating component of sea clutter being Gamma distribu-

ted. But, as was argued in chapters 3 and 5, this may not always be the case.

Finally, a brief comment on the parameter estimation schemes is in order. Although the weight-

ing coefficients for all the detection schemes presented herein were obtained from the clutter

map (i.e. an immediately preceding raw, i.e. non-averaged, range profile), a further sensitivity

analysis may need to be undertaken, particularly for cases when thermal noise, clutter edges or

other extraneous interference is present in the radar returns. Based on the above experiments,

the LMAP CFAR detector coefficients for local clutter power estimation appear to be robust for

the datasets considered here. More attention needs to be paid to the CHLMAP CFAR detector

prediction error variance coefficients. The reason for this is that the CHLMAP CFAR detection

threshold is currently set by adjusting the gain G in equation 6.21 to ensure the correct aver-

age probability of false alarm, while the gain K is adjusted such that the target detectability is

maximised. If the gain K is large, any bias in the estimate of the prediction error variance will

be accordingly amplified, resulting in a possible degradation of the CHLMAP detector perfor-

mance. This effect may require further study. However, unlike the LMAP CFAR detector, the

inclusion of heteroscedastic effects in the adaptive threshold framework provides only a small

and insignificant improvement, rendering the utility of future studies of the CHLMAP CFAR

detection scheme highly questionable.

6.6 DISCUSSION, CONCLUSION AND SUGGESTIONS FOR FURTHER RESEARCH

This chapter has dealt with adaptive threshold detection in the presence of spatially correlated

sea clutter. Based on the compound form of the clutter, a linearised, conditionally Gaussian

state space model for sea clutter in the logarithm domain was developed in section 6.2. In

particular, spatially uncorrelated, Rayleigh distributed speckle provides an approximately lin-

ear and Gaussian observation equation, while the conditional heteroscedastic model studied

in chapter 5 provides a state transition equation for the unobserved modulating component, in

the logarithm domain.
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In section 6.3, the issue of local clutter power estimation from the returns in the reference win-

dow was considered. The returns in the reference window were assumed to consist of target

free, homogeneous background clutter (i.e. no clutter edges). The LMAP scheme for estimating

the local clutter power from the returns in the reference window, as originally proposed by

[Bucciarelli et al., 1996], was shown to be ill-conditioned when the observation noise variance

tends to zero (e.g. through the use of pulse integration). Furthermore, due to the conditional

heteroscedastic nature of the state space model for sea clutter in the logarithm domain, the esti-

mation of the predictive distribution for the local clutter power, conditional on the radar return

samples in the reference window, proves to be no easy task.

Based on a number of simplifying assumptions, conditional estimates of the prediction mean

and the prediction error variance for the local clutter power were obtained in section 6.3. These

estimates are quasi optimal (in the minimum mean squared linear sense) for the case of log-

Normal distributed modulating component. As was shown in chapter 3, this is often the case.

In the case of non-Gaussian modulating component in the logarithm domain, the expected

prediction mean provides an informed estimate of the local clutter power, while the expected

prediction error variance provides an estimate of the uncertainty associated with the prediction

of the local clutter power. These two estimates are then used together in an adaptive detection

scheme, denoted as CHLMAP CFAR, considered in section 6.4.

Although the discussion in section 6.3 was concerned with local clutter power estimation in

target-free, homogeneous background clutter, the proposed framework can be readily extended

to multiple target, inhomogeneous clutter scenario. In particular, by using some form of censor-

ing scheme, some of the range cells in the reference window are tagged as being ’contaminated’

(i.e. contain clutter edges, interfering targets, etc.) and hence discarded for the purpose of local

power estimation. The study of the censoring techniques for different radar return scenarios

provides scope for future research.

An adaptive threshold detector utilising both the prediction mean and the prediction error

variance of local clutter power was introduced in section 6.4. An analytical method was devel-

oped for assessing the target detection performance of the proposed CHLMAP CFAR detector

in compound clutter environment. The analytical approximation to the probability of detec-

tion, accuracy of which was monitored by Monte Carlo simulation, was utilised in section 6.5

to assess the target detection performance of the proposed detection scheme.

In section 6.5, the target detection performance of LMAP CFAR and CHLMAP CFAR detec-

tors was compared to the detection performance of CA CFAR, ideal CFAR and fixed threshold

detectors, in compound clutter environment. To this end, a large database of averaged high

resolution sea clutter range profiles was used for the purpose of target detection performance

analysis. The comparative study was undertaken under a number of simplifying assumptions.
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Following [Armstrong and Griffiths, 1991a], the study was limited to the detection of Swerling

I and II fluctuating targets, based on a single detection opportunity. Furthermore, the speckle

was assumed to be spatially uncorrelated, and no thermal noise present (i.e. thermal noise be-

ing negligible compared to the background sea clutter). Under these conditions it was found

that CHLMAP CFAR detector provides only a negligible improvement in detectability relative

to LMAP CFAR detector.

In the case of single pulse detection with the threshold evaluated from a reference window con-

taining a single pulse range profile, both LMAP CFAR and CA CFAR detectors perform close to

the worst case scenario, as determined by the fixed threshold detector. For small reference win-

dow size, the CA CFAR detector suffers an additional detection loss, relative to LMAP CFAR

and fixed threshold detectors, as it does not take the prior knowledge of the clutter correlation

structure into account, and the threshold is based on the local clutter power estimate obtained

from the reference window consisting of only a few range cells. Furthermore, while the CA

CFAR detection performance does not improve greatly when the threshold is estimated from

an integrated range profile, the LMAP CFAR detection performance approaches that of ideal

CFAR, even for as few as five integrated pulses in the reference window.

In short, it was found that while the CHLMAP CFAR detector ostensibly provides negligible

improvement relative to the LMAP CFAR detector under most conditions, the LMAP CFAR

detector can potentially result in the detection performance close to that of the ideal CFAR de-

tector in compound clutter environment. Although the improvement for LMAP CFAR relative

to CA CFAR detector is negligible for single pulse detection, the improvement obtained can

be very large when the reference window contains a small number of integrated pulses. It is

therefore interesting for future research to compare the performance of CA CFAR and LMAP

CFAR detectors employing incoherent integration techniques. Unfortunately, to the best of the

author’s knowledge, this is not easily analytically tractable and would require extensive Monte

Carlo simulations.

Finally, in the results presented in this chapter, no significant deterioration in the detection

performance was noted when the modulating process parameters were obtained from the clut-

ter map. However, the robustness of the proposed scheme to the model parameter estimates

deserves a more thorough study, particularly with respect to what effects the thermal noise

and the spatial correlations in the speckle might have on the local clutter power estimates.

Other issues worthy of future considerations include the study of the benefits of retaining the

spatial correlation information in multiple target and inhomogeneous clutter scenarios, when

censoring techniques are employed to suppress the contaminated range cells within a reference

window. Any potential improvements are clearly limited by the results obtained in the present

chapter, wherein the radar returns within the whole reference window were used for the pur-

pose of local clutter power estimation and hence setting of the adaptive threshold.
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Suggestions for Further Research 7

The contributions of the work reported in this thesis are manifold. In addition to providing

an extensive review on the subjects of sea clutter modelling and target detection in compound

clutter environment, a number of interesting insights were also presented. These will now be

summarised briefly, along with a number of suggestions for future research.

Throughout this thesis a statistical paradigm was adopted within a compound, multiplica-

tive process framework. In particular, high resolution sea clutter was modelled as a stochastic

process, consisting of a fast oscillating speckle component, modulated in power by a slowly

varying modulating component, associated with the swell.

Two major issues associated with the modelling of the compound high resolution sea clutter

were identified in chapter 2 of this thesis. Firstly, while the temporal correlations of sea clutter

in coherent radar systems are modelled readily, this is not necessarily the case for sea clutter in

incoherent radar systems. Secondly, due to the non-Gaussian nature of its statistics, no simple

models have been presented to date that capture both the statistics and the spatial correlation

structure of the modulating component of high resolution sea clutter.

The significance of the aforementioned issues in the context of target detection in compound

clutter environment was discussed in chapter 3. In particular, it was shown that a significant

improvement in target detectability can be obtained by accounting for the spatial correlation

structure of the modulating component. It was also argued that, particularly in the case of small

moving targets, the Doppler information contained in the temporal correlation structure of the

radar returns provides a powerful means for target detection in the presence of sea clutter.

As an extension of the previously reported work on target detection in coherent radar systems,

a complex autoregressive process was proposed in chapter 4 as the basis for characterisation

of high resolution sea clutter spectra in incoherent radar systems. As no phase information is

available in incoherent radar returns, the Gibbs sampler was used to facilitate sampling from

the autoregressive process parameter posterior distribution, conditional on the observed am-

plitudes. To this end, the Hybrid Monte Carlo (HMC) algorithm was employed to conditionally

sample for the missing phases.
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In addition to the computational expense associated with sampling the process parameters,

autoregressive process-based characterisation of sea clutter spectra in incoherent radar sys-

tems was found to be fraught with dangers. In particular, it was found that sea clutter may

actually be better characterised as an autoregressive moving-average (ARMA) process, thus

exacerbating the identifiability concerns. Also, ARMA modelling would add another level of

computational complexity to the already computationally intensive algorithm. Instead, an ap-

proach based on higher order spectra characterisation may better be considered as part of a

future research effort.

Chapter 4 has also dealt with the HMC algorithm. In particular, it was argued that the basic

HMC algorithm suffers from a number of potential shortcomings. To this end, a symmetrical

momentum-based tempering scheme was proposed for improved mixing of the HMC algo-

rithm. The sampling performance of the proposed scheme was illustrated on a multi-modal

distribution.

Modelling of the spatial correlation structure of high resolution sea clutter was dealt with in

chapter 5. An argument based on birth-death migration for a population of scattering centres

on the sea surface was used to propose a family of conditional heteroscedastic processes for

the modulating component of sea clutter in the logarithm domain. The attractiveness of such

models stems from their linear, conditionally Gaussian structure, which can in principle be

utilised for improved adaptive threshold detection in compound clutter environment.

As was discussed in chapter 5, heteroscedasticity manifests itself through correlations in log

squared prediction errors of the conditionally heteroscedastic model. Through an informal

inspection, a possible presence of heteroscedasticity was found in the time series corresponding

to the modulating component of sea clutter. Upon closer inspection of a large database of

averaged range profiles, the evidence for heteroscedasticity in the modulating component of

high resolution sea clutter in the logarithm domain was shown to be not very compelling.

As a consequence of the research undertaken in chapter 5 (with the findings reported in chapter

3) it was found that, contrary to the widely held belief, the modulating component of high

resolution sea clutter, rather than being Gamma distributed, may better be modelled as being

log-Normal distributed. The implications of this finding are twofold.

The first consequence is that, as was shown in chapter 3, the Gamma distribution assumption

for the marginal statistics of the modulating component of sea clutter can result in an overly op-

timistic assessment of the target detection performance in compound clutter environment with

log-Normal distributed modulating component. Therefore, as part of a future research effort,

it may prove fruitful to more thoroughly assess the implications of the Gamma distribution

assumption on target detection performance prediction in compound clutter environment.
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The second consequence of the above observation is that the marginal statistics of the mod-

ulating component of high resolution sea clutter in the logarithm domain is better modelled

as being Gaussian distributed. This seems to corroborate the findings presented in this dis-

sertation, in that no strong evidence for heteroscedasticity (which was expected for Gamma

distributed modulating component) was found in the modulating component of high resolu-

tion sea clutter.

Although the evidence for heteroscedasticity in the modulating component of sea clutter is not

very strong, one question still remains to be answered. In particular, does the (very limited)

heteroscedasticity observed arise due to its inherent presence in the clutter, or whether it is a

manifestation of some other, unaccounted for property of sea clutter, such as a non-linearity, or

possibly non-Gaussian distributed prediction errors. Although not pursued further at present,

this question provides ample scope for future research.

Finally, a Gaussian state space model for high resolution sea clutter was presented in chapter 6.

To this end, the compound multiplicative form of the clutter was linearised by modelling the

clutter in the logarithm domain, where the modulating component also happens to be Gaus-

sian distributed. In order to quantify the effects of heteroscedasticity on target detection per-

formance in compound clutter environment, conditional heteroscedasticity was introduced for

the modulating component in the state space model for sea clutter in logarithm domain.

It was shown in chapter 6 that the LMAP scheme proposed by [Bucciarelli et al., 1996] for local

clutter power estimation is ill-conditioned when the observation noise variance tends to zero

(e.g. through the use of pulse integration). Based on a number of simplifying assumptions,

estimators for the prediction mean and the prediction error variance of the local clutter power,

conditional on the returns in the reference window, were derived instead. The local clutter

power estimate and its uncertainty were then utilised in an adaptive threshold detector.

The results presented in chapters 3 and 6 reveal a number of interesting insights. In particular,

it was shown that the target detection performance of a simple cell averaging CFAR detector

in spatially correlated clutter is almost always close to the detection performance of the fixed

threshold detector. The reason for this is that the cell averaging CFAR detector does not account

particularly well for the spatial correlation structure of the underlying modulating component.

It was also shown in chapter 6 that the target detection performance of a CFAR detector can be

greatly enhanced by adjusting the weighting coefficients to take account of the spatial correla-

tion structure of the modulating component of sea clutter in the logarithm domain. However,

no significant improvement was obtained by accounting for the heteroscedastic effects in the

modulating component of sea clutter, thus further supporting the notion that there is no strong

evidence for heteroscedasticity in high resolution sea clutter.
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In short, the greatest improvement in target detection performance of adaptive threshold detec-

tors was observed when the weighting coefficients were adjusted to account for the correlation

structure of high resolution sea clutter in the logarithm domain. Although no significant im-

provement is obtained in the case of single pulse detection, it was shown that close to ideal

CFAR performance can be achieved by using pulse integration techniques in conjunction with

adaptive threshold detection utilising the spatial correlation structure.

Although the results presented in chapter 6 are extensive, there remains ample scope for future

research. In particular, the effects of incorporating pulse integration techniques in adaptive

threshold detection framework deserve further study, as does the study of robustness of the

proposed schemes to the model parameter estimates (particularly with respect to the effects of

thermal noise and the spatial correlations in the speckle). Finally, the study of the proposed

detection schemes in multiple target and inhomogeneous clutter scenarios may prove to be

worthy of future consideration. To this end, censoring techniques can be employed in order to

suppress the contaminated range cells within a reference window.



Correlations in Rayleigh Clutter A

Beyond two dimensions, there is no simple analytical form for a joint distribution of Rayleigh

distributed amplitudes corresponding to a complex Gaussian process. Furthermore, multivari-

ate Rayleigh distribution is not uniquely defined by its univariate marginal and autocorrelation

function.

In this appendix, based on the results of [Szajnowski, 1977] and [Li and Yu, 1989], the relation-

ship between the autocorrelations of the Rayleigh distributed amplitudes and the autocorrela-

tions of the corresponding complex Gaussian process is derived (equation A.3).

Consider a zero-mean, N -dimensional, complex Gaussian vector
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the normalised autocorrelation function for x is defined by
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By using the following identities [Abramowitz and Stegun, 1970]
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ure A.1. It can be seen that the relationship is almost linear, and certainly can be assumed to
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Review of Markov Chain Theory B

Consider a sequence of E-valued random samples fx
t

; t = 0; 1; 2; : : : g on state space E. The

elements of E can be thought of as the possible states of a system, with x
t

representing the sate

at time t. Such sequence constitutes a Markov chain if

p(x

t+1

jx

t

; : : : ;x

0

) = p(x

t+1

jx

t

)

This is often referred to as the Markov condition, and its significance is that any future sample

depends solely on the present.

A Markov chain is defined by two components: the initial distribution p(x
0

) and the transition

kernel T (x0jx). It is the transition kernel that largely determines the dynamics of the Markov

chain. The transition kernel specifies the probability of the next state being x

0 given that the

current state is x. For efficient sampling, transition kernels which produce as uncorrelated

samples as possible, with good mixing properties need to be sought.

The transition kernel needs to satisfy a number of conditions in order to ensure that the result-

ing Markov chain has the desired invariant distribution, which is unique and reachable from

any starting point of the chain. To this end, consider the following definitions:

Definition B.1 Invariant Distribution. A distribution � is an invariant or stationary distribution

of a Markov chain, if the transition kernel T is such that

�(x

0

) =

Z

x

�(x)T (x

0

jx)dx

In other words, once a Markov chain has reached the stationary distribution, all subsequent

samples will also be from that distribution. It is important to note that the invariant distribution

need not be unique, and that the Markov chain is not guaranteed to be able to reach it from

every starting point.
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Definition B.2 Irreducibility. A Markov chain is irreducible if 8x0 2 E; 8x with �(x) > 0; 9t > 0

such that T t

(x

0

jx) > 0.

where T t

(x

0

jx) denotes the transition kernel corresponding to t iterations of the Markov chain,

i.e. T t

(x

0

jx) =

R

z

T (x

0

jz)T

t�1

(zjx)dz. In other words, a Markov chain is irreducible, if it is pos-

sible to eventually get to any other state, from any state to which � assigns positive probability

measure.

Definition B.3 Recurrence. An irreducible Markov chain is recurrent if for any set A � E with

�(A) > 0 the conditions

1. Pfx 2 A infinitely ofteng > 0 for all x

2. Pfx 2 A infinitely ofteng = 1 for �-almost all x

are both satisfied. An irreducible recurrent chain is positive recurrent if it has an invariant probability

distribution. Otherwise it is null recurrent.

Definition B.4 Harris Recurrence. An irreducible Markov chain is Harris recurrent if for any A �

E with �(A) > 0 the following condition

Pfx 2 A infinitely ofteng = 1 8x 2 E

is satisfied.

The concept of recurrence is crucial in the study of convergence of Markov Chains. While

irreducibility guarantees that any interesting state can be reached, a recurrent Markov chain is

guaranteed to revisit any state infinitely often, at least from almost all starting points. Harris

recurrence ensures that each state is revisited infinitely often, from any starting point.

Definition B.5 Aperiodicity. An irreducible Markov chain is aperiodic if for some (and hence for all)

x 2 E, gcdft > 0 : T

t

(xjx)g = 1.

Bringing all the definitions together now, it can be seen that any irreducible, positive recurrent,

aperiodic Markov chain has the correct invariant distribution, and can reach any state infinitely

often from almost any starting point. Furthermore, the invariant distribution of an aperiodic

positive recurrent Markov chain is also the unique limiting distribution of successive samples

drawn from the chain. This is true regardless of the choice for the initial state distribution p
0

(x).

This is more concisely stated in the following theorem
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Theorem B.1 If a Markov chain is aperiodic and positive recurrent, then its invariant distribution �(�)

is the unique probability distribution satisfying �(x0) =
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Most Markov chains used in practice satisfy a more restrictive condition of being time reversible.

In particular

Definition B.6 Reversibility. A Markov chain is time reversible with respect to distribution � if and

only if 8B;C 2 E, the detailed balance condition
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is satisfied. Equivalently, detailed balance holds if and only if
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Detailed balance is a sufficient (but not a necessary) condition for having an invariant distribu-

tion.
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ML Parameter Estimation

for AR-CH Models C

This appendix deals with parameter estimation for AR-CH models. In particular, section C.1

deals with parameter estimation for the different kinds of uni-directional (i.e. Markov) AR-CH

models, while section C.2 deals with parameter estimation for symmetric AR-CH models.

C.1 AR-CH MODELS

The autoregressive models driven by conditionally heteroscedastic process (AR-CH models)

have the form
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with the form of the conditional variance h
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specified in section 5.2.1.
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is conditionally Gaussian, and hence it can be shown that the joint log

likelihood for T samples, to within an additive constant, is given by
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0. To estimate the unknown parameters �

and �, this likelihood function can be maximised. According to [Weiss, 1984b], the resulting

parameter estimates will be consistent and asymptotically normal.
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It can be shown that the first derivative of the log likelihood for the autoregressive parameters

� is given by
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The conditional expectation of the last two terms, given I
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, is zero. Hence, the information

matrix, which is simply the negative expectation of the Hessian averaged over all observations

becomes
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Similarly, for the conditional heteroscedastic parameters �, the first derivative of the log likeli-

hood is given by
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with the associated information matrix for the CH parameters �
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Finally, it can be shown that the off-diagonal elements of the information matrix are given by
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These elements are exactly zero for all of the models of interests. In particular, arguments based

on symmetry and regularity of h
t

[Engle, 1982] can be used to prove that this is true for AR-

ARCH and AR-EARCH models, while @ lnh

t

@�

= 0 for AR-ECH and AR-ELCH models. This

result has profound influence on parameter estimation algorithm, in that the estimation of �

and � can be undertaken separately without asymptotic loss of efficiency.
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The parameter estimation procedure recommended by [Engle, 1982] is to initially estimate �

by ordinary least squares (i.e. assume no heteroscedasticity present). Since the off-diagonal

elements of the information matrix are exactly zero, efficient estimates of � and � can then be

calculated by iterating between � and � using the scoring algorithm, given by

�
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i

+ [

^
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@L
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where @L

i

@�

and ^

I

i

��

are the score and the information matrix at the ith iteration. The forms of the

score vector and information matrix for the different models are now derived, while the actual

parameter estimation algorithm is discussed in section C.1.3.

C.1.1 Estimation of �

The derivative of the log likelihood with respect to the CH parameter vector � can be shown to

be given by
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where the form of the vector z
t

depends on the form of the conditional variance. In particular
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Similarly, the information matrix for the CH parameters can be shown to be
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Therefore, using the above expressions for the score vector and the information matrix, and by

defining
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it can be shown that the ith iteration of the scoring algorithm for the CH parameters � is given

by

�

i+1
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i

+ (ZZ
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�1

Zf (C.1)

C.1.2 Estimation of �

Before obtaining expressions for the score vector and the associated information matrix for the

AR parameter vector �, a few preliminary results need to be established. In particular, for

AR-ECH and AR-ELCH models
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while for the case of the AR-ARCH model refer to [Engle, 1982] for the appropriate expressions.

Using the above results for @ lnh
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, it can be shown that (in the limit of large T ) the score vector

and the information matrix are given by
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Therefore, using the above expressions for the score vector and the information matrix, and by

defining

R = diag[r
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; : : : ; r
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]
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it can be shown that the ith iteration of the scoring algorithm for the AR parameters � is given

by
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+ (YRY
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Ys (C.2)

C.1.3 Parameter Estimation Algorithm

Following from the discussion in the preceding sections, the parameter estimation algorithm

for Markov AR-CH models can be summarised thus. Given a data vector y

1. Obtain an initial estimate of � using ordinary least squares
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2. Based on the initial estimate of �0, calculate the prediction errors e = y �Y
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0

3. Set the initial estimate �0
i

= 0 8i � 1 and set �0
0

such that h
t

= var(e)

4. Starting with the initial estimates �0 and �0, iterate the scoring algorithm for parameters

� and � in equations C.1 and C.2 until convergence, i.e.
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where matrices Z and R, and vectors f and s are re-evaluated at every iteration

The convergence of the scoring algorithm can be formulated in many ways. [Engle, 1982] re-

commend a simple criterion based on the gradient around the inverse Hessian. Thus, for a

parameter vector � the convergence criterion is given by
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C.2 SYMMETRIC AR-CH MODELS

Symmetric autoregressive models with conditionally heteroscedastic errors (SAR-CH models)

have the form
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with the form of the conditional variance is given by
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n

are i.i.d. Normal, the likelihood for � is given by p(�) =
Q
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p(�
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). The likelihood for

the observations y can be obtained from the likelihood for � by change of variables, namely

p(yj�; �) = p(�)jJj
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where J is the Jacobian associated with the change of variables. In the case of Markov AR-CH

models of section C.1, the Jacobian is upper triangular with ones on the main diagonal, and

hence the determinant of the Jacobian reduces to unity. Unfortunately in the case of symmetric

AR-CH models, the transformation from � to y is two sided, and hence the determinant of

the Jacobian will have a number of terms non-linearly dependent on � and �, which make

Maximum Likelihood parameter estimation for SAR-CH models very laborious.

Denoting by L = ln p

y

(yj�; �), L
J

= ln jJj and L

P

=
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n

ln p

�

(y

n

jy

�n

; �; �), it is readily seen

that the log likelihood L consists of two parts, i.e.

L = L

P

+ L

J

where L
P

is the pseudo log likelihood (i.e. log likelihood akin to that for a Markov process),

and L

J

is the Jacobian contribution to the likelihood. The SAR-CH model parameters � and �

can therefore be estimated using a gradient based optimisation algorithm, using the gradients

of the log likelihood L derived in sections C.2.2 and C.2.3 below.
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C.2.1 The Jacobian

The (n; n+ k)

th element of the Jacobian matrix is given by
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C.2.2 Estimation of �

The derivatives of L
P

with respect to � can be shown to be
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where the form of the vector z
n

depends on the form of the conditional variance, i.e.
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It therefore follows that the derivatives of the log likelihood L are given by
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is given in section C.2.1. Although the first derivative is fairly straight forward

to determine, the contributions to the information matrix resulting from the Jacobian are not

as easily obtained (though it is possible). Instead, a simple optimisation algorithm based on

gradients can be employed to estimate �.

C.2.3 Estimation of �

The derivatives of L
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is given in section C.2.1. Although the first derivative is fairly straight forward

to determine, the contributions to the information matrix resulting from the Jacobian are not

as easily obtained (though it is possible). Instead, a simple optimisation algorithm based on

gradients can be employed to estimate �.
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D.1 INTRODUCTION

The probability of false alarm for a detector with the single pulse detection threshold level set

to T is given by

P

fa

=

Z

1

T

p(r)dr

where p(r) is the probability distribution of the clutter envelope in the current range cell under

test.

Consider a compound model with Rayleigh distributed speckle, and the modulating compo-

nent v distributed as p(v2), i.e.
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For such models the probability of false alarm simplifies to
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2 (D.1)

Unfortunately, for most distributions of v2 of interest, either the above integral does not have a

simple analytical form, or the relationship betweenP
fa

and the threshold T is highly non-linear

(e.g. for K-distributions).

D.2 APPROXIMATE RELATIONSHIP OF T AND P

fa

Throughout this thesis it has been found that the useful forms for p(v2) include the two-

parameter Gamma, Inverse Gamma and the log-Normal distributions. It is of immense prac-

tical utility to find a relationship between the required threshold level and the distribution

parameters, such that the required probability of false alarm is achieved.
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As the simple analytical relationship between the threshold and the probability of false alarm

does not always exist, simulation methods are here employed, and approximate functional

relationships are proposed.

D.2.1 The Inverse Gamma(�; �) Distribution

The Inverse Gamma distribution for v2 is one of the very few distributions for which a simple

analytical result exists. In particular, if

p(v
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D.2.2 The Gamma(�; �) Distribution

In the case when v2 is Gamma distributed, i.e.
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the probability of false alarm is given by
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where K
�

(�) is the Modified Bessel function [Abramowitz and Stegun, 1970].

Clearly, it is not possible to analytically invert the above equation to obtain an estimate of the

threshold T corresponding to the required probability of false alarm P

fa

and parameters � and

�.

Instead, an approximate method for estimating the threshold is proposed in this section. In

a typical radar system, the required probability of false alarm P

fa

is specified as a design pa-

rameter of the system. It is typically specified to be 10

i, where i is a non-positive integer. The
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problem therefore reduces to estimating T as a function of distribution parameters � and � for

a given value of P
fa

.

To further reduce the degrees of freedom, one of the distribution parameters, namely � is con-

centrated out of the above equation by redefining the threshold as � =

p

2�T

2, from which if

follows that in terms of the new threshold
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This equation can be solved iteratively to obtain a plot of log
10

� as a function of log
10

�. It can

be seen from figure D.1(a) that for 10

�3

� � � 10

2, and for log
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2 f�12; : : : ;�1g, the
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where the polynomial coefficients depend on P
fa

(see figure D.2).

Therefore, in order to estimate the detection threshold based on a Gamma distribution with pa-

rameters � and � for a given probability of false alarm, the following steps need to be followed

1. estimate � from equation D.3 for given � and P
fa

2. set the threshold T =

�

p

2�

D.2.3 The log-Normal(�; �) Distribution

In the case when v2 is log-Normally distributed (i.e. p
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the integral in equation D.1 cannot be performed analytically. It is therefore not possible to

determine the detection threshold T directly.

Approximation scheme, such as the one used in the previous section for the Gamma distributed

modulating component, therefore needs to be employed. As was done above to reduce the

degrees of freedom, the threshold is redefined as � = T

2

exp(�2�) in order to concentrate out

the parameter �. In terms of the new threshold, the probability of false alarm is given by

P

fa

= E

y�N(0;�)
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exp(�
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2

exp(�2y))
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(D.4)
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This expectation can be evaluated using Monte Carlo methods in order to obtain plots of log
10

�

as a function of � for a given probability of false alarm.

Figure D.1(b) shows that over the range 0 < � � 1, the relationship between log

10

� and � is

well approximated polynomially, i.e.
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(D.5)

where the polynomial coefficients depend on P
fa

(see figure D.3).

Therefore, in order to estimate the detection threshold based on a log-Normal distribution with

parameters � and � for a given probability of false alarm, the following steps need to be fol-

lowed

1. estimate � from equation D.5 for given � and P
fa

2. set the threshold T 2

= � exp(2�)
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Figure D.1: (a) The true solution and 7

th order polynomial approximation to the true solu-
tion to equation D.2 for 10

�3

� � � 10

2 and (b) the true solution and 7

th order polynomial
approximation to the true solution to equation D.4 for 0 < � � 1
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(Inverse) Gamma-log Normal Distribution

Matching using Moments E

E.1 INTRODUCTION

As in the case of Stochastic Volatility models [Harvey and Shephard, 1996], it is often of interest

to transform a multiplicative type model of the form

x = h� � � N(0; 1) (E.1)

into a non-Gaussian, but linear model. This can be achieved in the logarithm domain, resulting

in the following linear process 1

ln 2x

2

= ln2h

2

+ ln �

2

� � N(0; 1)

Furthermore, in order to make such a transformation useful for filtering purposes, it proves to

be beneficial to approximate the resulting error distribution ln �

2, by a Gaussian distribution, so

as to make the above equation for ln 2x2 and ln 2h

2 linear and Gaussian. This can, in principle,

be achieved in one of the two ways.

Either the posterior for ln 2x2 is approximated by a Gaussian distribution, i.e.

p(ln 2x

2

j2h

2

) = N(�; �)

) ln 2x

2

= �+ �� � � N(0; 1)

where � is a function of ln 2h2. Alternatively, the posterior distribution for ln 2h

2 is approxi-

mated by a Gaussian distribution, in which case

p(ln 2h

2

j2x

2

) = N(�; �)

) ln 2h

2

= �+ �� � � N(0; 1)

where � is a function of ln 2x2.

1Note that the linearisation is obtained in terms of ln 2h

2, i.e. the logarithm of the mean power, which is equal to
2h

2 for Rayleigh distributed clutter.
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Before progressing any further, it is useful to inspect the distributions associated with the above

variables. In particular, two cases need be considered.

Rayleigh Distributed �

Consider Rayleigh distributed �, as is the case in incoherent clutter, i.e.

p(�) = � exp

�

�

1

2

�

2

�

Using equation E.1 it can be shown that the posterior distribution for x2 = h

2

�

2 is Gamma

distributed, i.e.

p(x

2

j2h

2

) =

1

h

2

exp

�

�

1

2h

2

x

2

�

� �(1;

1

2h

2

)

Furthermore, using a non-informative prior for 2h

2 (i.e. p(2h2) / 1=h

2), the posterior for 2h

2

can be shown to be Inverse Gamma distributed, i.e.

p(2h

2

jx

2

) /

1

(2h

2

)

2

exp

�

�

x

2

2h

2

�

� IG(1; x

2

)

Gaussian Distributed �

Consider Gaussian distributed �, as is the case in coherent clutter, i.e.

p(�) =

1

p

2�

exp

�

�

1

2

�

2

�

Using equation E.1 it can be shown that the posterior distribution for x2 = h

2

�

2 is Gamma

distributed, i.e.

p(x

2

j2h

2

) /

1

xh

exp

�

�

1

2h

2

x

2

�

� �(

1

2

;

1

2h

2

)
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Furthermore, using a non-informative prior for 2h

2 (i.e. p(2h2) / 1=h

2), the posterior for 2h2

can be shown to be Inverse Gamma distributed, i.e.

p(2h

2

jx

2

) /

1

(2h

2

)

3=2

exp

�

�

x

2

2h

2

�

� IG(

1

2

; x

2

)

E.2 GAMMA-LOG NORMAL DISTRIBUTION MATCHING

Consider a Gamma distributed variable x2 (this is true when x is either Gaussian or Rayleigh

distributed), i.e.

p(x

2

) =

�

�

�(�)

(x

2

)

��1

exp(��x

2

)

The problem is then to approximate p(lnx2) by a Gaussian distribution N(�; �). To this end,

the first two moments of lnx2 under p(x2) (i.e. the mean and variance of lnx2) are given by

E

p(x

2

)

(lnx

2

) =  

(0)

(�) � ln� (E.2)

var
p(x

2

)

(lnx

2

) =  

(1)

(�) (E.3)

where  

(0)

(�) is the digamma function [Abramowitz and Stegun, 1970], while  

(1)

(�) is the

trigamma function. It is interesting to note that � solely determines the variance of the dis-

tribution in the logartihm domain.

Therefore, in the logarithm domain, with x2 � �(�; �)

p(lnx

2

) = N(�; �)

� =  

(0)

(�) � ln�

�

2

=  

(1)

(�)
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E.3 INVERSE GAMMA-LOG NORMAL DISTRIBUTION MATCHING

Consider an Inverse Gamma distributed variable h2

p(h

2

) =

�

�

�(�)

(h

2

)

�(�+1)

exp(��=h

2

)

The problem is then to approximate p(lnh2) by a Gaussian distribution N(�; �). To this end,

the first two moments of lnh2 under p(h2) (i.e. the mean and variance of lnh2) are given by

E

p(h

2

)

(lnh

2

) = ln� �  

(0)

(�) (E.4)

var
p(h

2

)

(lnh

2

) =  

(1)

(�) (E.5)

where  

(0)

(�) is the digamma function [Abramowitz and Stegun, 1970], while  

(1)

(�) is the

trigamma function. It is interesting to note that � solely determines the variance of the dis-

tribution in the logartihm domain.

Therefore, in the logarithm domain, with h2 � IG(�; �)

p(lnh

2

) = N(�; �)

� = ln� �  

(0)

(�)

�

2

=  

(1)

(�)
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