Analysis and Design of Linear Classifiers for
High-Dimensional, Small Sample Size Data Using
Asymptotic Random Matrix Theory

Dissertation by

Lama B. Niyazi

In Partial Fulfillment of the Requirements
For the Degree of

Doctor of Philosophy

King Abdullah University of Science and Technology

Thuwal, Kingdom of Saudi Arabia

(©November, 2023
Lama B. Niyazi

All rights reserved
https://orcid.org/0000-0003-0390-8332


https://orcid.org/0000-0003-0390-8332

ABSTRACT

Analysis and Design of Linear Classifiers for High-Dimensional,
Small Sample Size Data Using Asymptotic Random Matrix Theory
Lama B. Niyazi
November, 2023

Due to a variety of potential barriers to sample acquisition, many of the datasets
encountered in important classification applications, ranging from tumor identifi-
cation to facial recognition, are characterized by small samples of high-dimensional
data. In such situations, linear classifiers are popular as they have less risk of
overfitting while being faster and more interpretable than non-linear classifiers.
They are also easier to understand and implement for the inexperienced practi-
tioner.

In this dissertation, several gaps in the literature regarding the analysis and
design of linear classifiers for high-dimensional data are addressed using tools
from the field of asymptotic Random Matrix Theory (RMT) which facilitate the
derivation of limits of relevant quantities or distributions, such as the probability
of misclassification of a particular classifier or the asymptotic distribution of its
discriminant, in the RMT regime where both the sample size and dimensionality
of the data grow together. The resulting insights extracted from these limits
allow for a deeper understanding of the classifier’s behavior as well as lay out
the groundwork from which to propose modifications to the classifier in order to
improve its performance. Asymptotic RMT is also used in this dissertation to
derive estimators of quantities of interest which are consistent in the RMT regime.
Besides this, the estimators facilitate the tuning of classifier hyperparameters
without resort to empirical methods such as cross-validation which can be very

computationally-taxing when high-dimensional data is involved.
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This work begins with an asymptotic study of the discriminant-averaging and
vote-averaging Randomly-Projected Linear Discriminant Analysis (RP-LDA) en-
semble classifiers — two high-dimensional variants of the classical Linear Discrimi-
nant Analysis (LDA) classifier based on random projections. The asymptotically
optimal ensemble based on randomly-projected LDA discriminants for Gaussian
data is found to be a form of discriminant-averaging and it is shown that select-
ing projections for inclusion in the ensemble based on some metric of expected
performance offers no performance advantage. Furthermore, a closer look at the
infinite ensemble version of the discriminant-averaging RP-LDA ensemble classi-
fier, where the Marzetta estimator of the precision matrix arises in the discrim-
inant, reveals that the Marzetta estimator behaves as an inversion of a linear
regularization of the sample covariance matrix. This has the implication that the
discriminant-averaging RP-LDA ensemble classifier asymptotically behaves as a
special case of Regularized Linear Discriminant Analysis (R-LDA) with coarser
parameter tuning since its regularization parameter varies with the integer pro-
jection dimension. From there, the class of rotationally-invariant estimators—to
which the Marzetta estimator belongs—is studied in the context of classification. A
modified LDA classifier based on a rotationally-invariant estimator of the sample
covariance matrix having non-linear shrinkage which minimizes the probability
of misclassification is proposed. Finally, a technique for tuning the weight vector
of a generic binary linear classifier is developed. This technique is shown to not
only yield performance gains for LDA in a small sample scenario, but to also
compensate for the performance loss due to non-optimal native hyperparameters
of classifiers such as the Support Vector Machine (SVM) with linear kernel, which
would otherwise be computationally costly to tune optimally. The dissertation is
concluded with an application of the weight vector tuning technique to the trans-
fer learning of a deep neural network, showcasing the ubiquity of linear classifiers

and the potential for widespread applicability of the proposed technique.
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NOTATION

The maximum between x € R and 0
Standard Gaussian complementary Cumula-
tive Distribution Function (CDF)

X is distributed as Y

Standard Gaussian CDF

The dirac delta located at zero

Expectation of X

Indicator function of the set A which is equal
to 1 when x € A and to 0 otherwise
Correlated binomial distribution with n trials
each having a probability of success of p and
correlated to each other by correlation coeffi-
cient p

Gaussian distribution with mean g and vari-
ance o2

The all-zeros p x 1 vector

The all-ones p x 1 vector

P X p square matrix

The p x p identity matrix

Convergence almost-surely

Convergence in distribution

Convergence in probability
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Chapter 1

Introduction

1.1 Motivation

This dissertation is concerned with the analysis and design of linear methods for
the classification of high-dimensional, small sample size data using tools from
asymptotic RMT. In order to motivate this study, this section answers three

primary questions:
1. Why high-dimensional, small sample size data?
2. Why linear classifiers?

3. Why asymptotic RMT?

1.1.1 Why high-dimensional, small sample size data?

Table 1.1 lists various benchmark datasets obtained from gene microarray ex-
periments along with their dimensionality and sample size. Among other tasks,
these datasets are commonly used for identification of tumor samples as being
malignant or benign. Comparing the ‘Features’ column to the ‘Samples’ column
for each dataset it is clear that the data dimensionality far exceeds the sample
size, with the number of features typically being on the order of thousands while
the sample size is on the order of hundreds.

Table 1.2 lists several benchmark face recognition datasets along with their
image resolutions and the number of images per subject (where an individual
subject represents a class). Considering just the entry corresponding to the ORL

Database of Faces in the first row, which is grayscale, there are 92 x 112 = 10304
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Dataset | Features | Samples | Classes Reference

Colon 2000 57 ‘Tumor’ (37) or ‘Normal’ (20) (Alon et al., 1999)
Ovarian | 15154 253 ‘Cancer’ (162) or ‘Non-cancer’ (91) | (Petricoin et al., 2002)
Prostate | 12600 102 ‘Tumor’ (52) or ‘Normal’ (50) (Singh et al., 2002)
Leukemia | 7129 72 ‘ALL’ (47) or ‘AML’ (25) (Golub et al., 1999)
ALL 12625 79 ‘NEG’ (42) or ‘BCR/ABL’ (37) (Chiaretti et al., 2004)

Table 1.1: Table of benchmark gene microarray datasets, number of their features,
sample size, and classes.

Dataset | Features Samples Reference

ORL 92 x 112 x 1 | 10 images x 40 subjects (Samaria and Harter, 1994)
YALE 320 x 243 x 1 | 11 images x 15 subjects (Belhumeur et al., 1997)

AR 576 x 768 x 3 | 26 images x 126 subjects | (Martinez and Benavente, 1998)
UMIST | 220 x 220 x 1 | 19-36 images x 20 subjects | (Graham and Allinson, 1998)
JAFFE | 256 x 256 x 1 | 7 images x 10 subjects (Lyons et al., 1998)

Table 1.2: Table of benchmark face recognition datasets, number of their features
(expressed as a resolution), and their sample size.

features per image with a total of 400 samples of just 10 samples per class. For
color images, the features are tripled. Again, the number of features in this data
greatly outnumbers its sample size.

The above showcases just two of the domains where such data is encoun-
tered. With advances in technology, high throughput data has become common
in many fields. Data acquisition, however, may be restricted due to costs, diffi-
culty of obtaining patient consent, and rarity of the desired class or phenotype,
naturally leading to the occurrence of high-dimensional, small sample size data.
For example, technologies such as mass spectrometry, Fourier Transform Infrared
Spectroscopy (FTIR), chromatography, and nuclear magnetic resonance, can re-
sult in massive spectral data, yet many chemometric datasets are lacking in sam-
ple size. A study of FTIRs for the classification of ionic liquids as exhibiting
high or low antibacterial activity consisted of only 36 samples of 1676 features
each (Mehmood and Igbal, 2021). Likewise, an FTIR study of coffee for species
classification consisted of only 56 samples of 286 features each (Kanwal et al.,
2021). Small sample size and high-dimensionality is also common in portfolio

optimization data where there are many assets which must be optimized based
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on short-term returns data (Liao, 2019), and as shown in Tables 1.1 and 1.2 it is
also the norm in gene microarray and face recognition datasets. Thus the answer
to the question of why we consider such data is that it is everywhere and that
standard classification methods tend to fail in dealing with it as is explained in

the next section.

1.1.2 Why linear classifiers?

Classical machine learning methods such as the k-nearest neighbors, SVMs, linear
regression, Markowitz portfolio selection (Ledoit and Wolf, 2022a), and discrim-
inant analysis methods are designed with low-dimensional data in mind, in the
sense that they rely on low-dimensional notions of distance and/or statistical re-
sults which hold for large samples of low-dimensional data. As a rule-of-thumb,
the sample size must be at least 100 times the dimensionality in order for such
methods to work (Liao, 2019). However, as described in the previous section,
in many modern applications, it is common to encounter very high-dimensional
data where the data dimensionality may be significantly larger than the number
of samples of the data.

Linear classifiers offer some hope to escape the effects of the curse of di-
mensionality when dealing with high-dimensional, small sample data. They are
less likely to overfit (Allison et al., 2006), faster to train and test, and easier
to understand and implement than more complex methods. The literature at-
tests to the advantage and suitability of linear classifiers over non-linear classifiers
for high-dimensional, small sample size data as many of the classifiers designed
for such data are linear. References (Tong et al., 2020), (Sifaou et al., 2020),
(Huang et al., 2010), (Li et al., 2022), (Durrant and Kabén, 2015), (Cannings
and Samworth, 2017), (Lu and Qiao, 2018), (Witten and Tibshirani, 2011), and
(Chatterjee et al., 2023) all propose linear classifiers for general high-dimensional,
small sample size data. References (Golub et al., 1999), (Tibshirani et al., 2002),
(Xu et al., 2009), (Huynh et al., 2018), and (Mehmood et al., 2022) propose lin-
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ear classifiers specifically for gene microarray data, while (Zou and Hastie, 2005)
and (Huynh et al., 2019) propose feature selection methods combined with linear
classifiers for gene microarray data. Hua et al. (2009) use linear SVM and LDA
as base classifiers with which to test the performance of a number of feature se-
lection methods for gene microarray data. The Fisherface technique is a popular
method widely used in face recognition where the data is preprocessed by Princi-
pal Components Analysis (PCA) before applying the linear LDA for classification
(Sharma and Paliwal, 2015). Also related to face recognition, references (Nakouri,
2021), (Thomaz et al., 2006), (Song et al., 2004), (Song et al., 2007), and (Mur-
taza et al., 2014) develop linear classifiers to address the high-dimensionality and
small sample size of such data. Dey et al. (2018) propose a feature extraction
method for face recognition which is applied to an LDA base classifier. Finally,
references (Xu et al., 2016) and (Kanwal et al., 2021) develop linear classifiers
for high-dimensional, small sample size chemometric data. Many of the afore-
mentioned methods are variants of the classical LDA classifier which, in addition
to its numerous optimality properties discussed in Chapter 2, has been shown
to exhibit greater robustness than and be competitive with more sophisticated

methods despite its simplicity (Lim et al., 2000; Hand, 2006).

1.1.3 Why asymptotic RMT?

While high-dimensional, small sample data may present a curse of dimensionality
in some aspects, it also presents a blessing of dimensionality in that results from
asymptotic RMT may be leveraged which would not otherwise hold in smaller
dimensions.

RMT is a broad field concerned with the study of the distributions of the spec-
tra and eigenvectors of random matrices as well as related entities such as the
minimum and maximum eigenvalues. Asymptotic RMT provides asymptotic re-
sults on these quantities. What is special about these results is the growth regime;

it assumes that the dimensions of the random matrix grow together. This makes
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asymptotic RMT suited to high-dimensional data where the data dimensionality

is on the order of its sample size. We can utilize results from asymptotic random
matrix theory to derive limits of expressions involving random matrices, such as
the probability of misclassification and other performance metrics. As these ex-
pressions are closed-form and deterministic, this can lead to insights into classifier
performance and inspire modifications to further enhance performance and also
facilitates optimization. Contrast this with a Monte Carlo simulation approach to
analysis which can neither show the causal relationships and interactions between
data statistics, classifier parameters, and the metric of interest, nor can it be op-
timized using mathematical tools (Miiller and Debbah, 2016). Asymptotic RMT
also allows us to derive asymptotic distributions of the classifier discriminant in
the RMT regime. As we will see in Chapter 3, this can give intuition about how
a classifier behaves. Finally, we can use asymptotic RMT to derive estimators for
classifier performance metrics which are consistent in the RMT growth regime.
These estimators are more computationally-efficient than conventional empirical
procedures such as Cross-Validation (CV). Since they are consistent estimators
they also do not need any additional data to be computed and can be used to
tune hyperparameters using the training data without incurring selection bias
which typically must be circumvented in small sample situations by using very
computationally-draining techniques such as nested CV. Thus, asymptotic RMT
provides an entire framework for performance analysis and design of classifiers
for the current era of big data and that is what makes it so suitable for our study
of linear classifiers for high-dimensional, small sample size data.

The next section goes into more detail regarding what asymptotic RMT is

and what problems it can address.

1.2 RMT

Asymptotic RMT is our tool of choice throughout this work. To give the reader

an idea of what RMT is and how it may be used, this section provides a brief
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history of the field as well as a motivating example based on the sample covariance
matrix.

A random matrix is a matrix whose entries are random variables. As a result,
its eigenvalues (spectrum) and eigenvectors are also random variables. Random
matrix theory has to do with the study of the distributions of the spectrum and
eigenvectors of a random matrix and related entities such as its minimum and
maximum eigenvalues (Najim and Couillet, 2018). Historically, the interest in
random matrices began in statistics; the first random matrix that was studied was
the Wishart matrix (Krishnapur, 2011) in 1928. This was followed by physicist
Eugene Wigner’s interest in random matrices as statistical models for heavy nuclei
atoms in the 1950s. These were the beginnings of a mathematical theory of the
spectra of random matrices (Anderson et al., 2010).

To motivate the study of the asymptotic spectra of random matrices, we
briefly discuss an example from (Couillet and Debbah, 2011). Consider n in-
dependent and identically distributed (i.i.d.) scalar random variables, x1, ..., z,,

2

each having mean p and variance o°. From the strong law of large numbers,

the sample mean, pu, = %Z?:l x;, converges almost surely (a.s.) to its expec-
tation, E[z1] = p, i.e., the population mean. Similarly, the sample variance,
o = L35 oy — pf?, converges a.s. to its expectation, o2, i.e., the population

variance. In this case, u, and o2 are referred to as consistent estimators or, more
specifically, as n-consistent estimators, as they are asymptotically and almost-
surely equal to their population counterparts x4 and o2, respectively, in the limit
n — oo.

Now, consider a sequence of n zero-mean, i.i.d. random vectors, x1,...,x, €
CP, each with covariance matrix 3 = E[x;x}]. The sample covariance matrix
R, = %Z?:l x;x converges a.s. to ¥ for fixed p, where the convergence is in
the sense of any norm ||R,, — X||. R, is, again, an n-consistent estimator of 3, as

asymptotically, in the limit n — oo, for fixed p, R, is a.s. equal to 3 in terms of

any norm. The insistence on fixed p is important; when n is large, but not much
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larger than p, ||R, — X|| may be far from zero. To get some insight into how
this manifests, let us take a closer look into the discrepancy in the eigenvalues
between the sample covariance and the population covariance when p > n.

Say we have the same zero-mean, i.i.d. random vectors with covariance matrix
3 and we want to estimate 3. The matrix R,,, which converges to X for fixed p,
seems like the obvious choice, however, as alluded to above, in many cases this is
not a good choice at all. As discussed in Section 1.1.1, there are many applications
where relatively few samples are available of the data vector compared to the
dimension of the vector, i.e., n is on the order of p. To understand how R, is
a bad estimator for X in such cases, we rewrite the sample covariance matrix as
R, = %XXH where X = [x; --- X,]. Specifically when p > n, the pxn matrix X
has at most rank n. Since rank{X} = rank{X"”} = rank{XX"} = rank{X” X},
it follows that R,, = %XXH has at most rank n while ¥ has at most rank p. If
¥ is full-rank for example, then R,, and X differ in at least the p — n eigenvalues
which we know to be zero for R,,. Thus R, is not a good estimator of ¥ since
they differ in their eigenvalues. In fact, the eigenvalue distribution of R,, generally
does not converge to the eigenvalue distribution of ¥ in any growth regime where
p,n — oo such that 2 — ¢ € (0,00), i.e., p and n grow commensurately, although
the eigenvalue distribution of R,, does generally converge. Paradoxically, the
(i, 7)™ entry of Ry, (Rn)ij = + > p_y(Xx)i(xx);, does converge almost-surely to
its expectation, E[(xx):(xx);] = (£);;, i.e., the (i, 7)™ entry of 3, regardless of p.
This entrywise convergence always holds since (R,,); ; does not depend on p.

In conclusion, R,, is an n-consistent estimator, but not an (n, p)-consistent
estimator for 3, and thus cannot be applied reliably to a finite scenario in which
n is not much bigger than p. The question then arises: What distribution do
the eigenvalues of R,, converge to if not the distribution of its corresponding
population covariance? And can we know the exact eigenvalue distribution of R,
for any finite n and p?

As is detailed in references (Couillet and Debbah, 2011) and (Tulino et al.,
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2004), for some very basic matrices and slight variations of them, one can obtain
closed-form expressions of the probability density functions of the matrix itself, its
joint eigenvalues, and its marginal eigenvalues. For more complicated matrices,
i.e., those having correlations and/or different variances for each entry, this is
very difficult. The statistics of these matrices can be dealt with using asymptotic
RMT, which may lead to deterministic limits on the spectral distributions, which
can be applied to the finite-dimensional matrix case with little error. When
this is not possible (because the spectrum does not converge), often one may
derive Deterministic Equivalents (DEs) of functionals of certain random matrices
(Couillet and Debbah, 2011). This is explained in more detail in Chapter 2.
Broadly speaking, the methodology in applying asymptotic RMT is to allow both
dimensions of the matrix to grow according to a growth regime where p,n — oo
with 2 — ¢ € (0,00) . We call this the RMT growth regime. This is in contrast
to the classical growth regime where n — oo with 2 — 0. In the RMT growth
regime, both dimensions grow to infinity and are of the same order.

The reader may be wondering how knowledge of the eigenvalue distribution of
a random matrix, whether exact or asymptotic, is related to the analysis of high-
dimensional variants of LDA or any other classifier. In many applications, the key
quantities one wishes to study can be modeled as functions of random matrices.
These quantities may in turn be expressed in terms of random eigenvalues. In such
cases, it becomes important to know the distribution of those eigenvalues in order
to compute deterministic summaries of these quantities, such as the expectation
and variance, which can yield insights into the behavior of otherwise random and
obscure phenomena. There are an abundance of asymptotic results of this nature
on a variety of different random matrix structures. We make use of these results
in this work to analyze and estimate fundamental quantities in classification such
as the probability of misclassification. Our approach for a given classifier is quite

systematic and can be summarized as follows:

1. Derive the probability of misclassification of the classifier (under assump-
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tions on the data distribution).

2. Derive limits of the probability of misclassification of the classifier using

random matrix theory. These usually reveal insights into its behavior.

3. Derive consistent estimators in the random matrix theory growth regime,

called G-estimators.

As we consider classification for data which is characterized by its high dimen-
sionality, which is greater than or comparable to the number of samples of said
data, the RMT growth regime is perfectly suited for its analysis.

The next chapter provides an overview of our work and contributions.

1.3 Overview of work and contributions

In this dissertation, we take a journey from a specific high-dimensional variant
of a certain linear classifier, to a broader class of variants of that classifier, to
the general class of linear classifiers, and finally to an application of the proposed
technique to deep neural networks—which are not linear at all-which is possible
because the last layer of a deep neural network constitutes a linear classifier.
Thus, this dissertation is not arranged in chronological order, but in order of
increasing generality.

The focus of Chapter 3 is a variant of the very classical and statistically moti-
vated LDA classifier. Despite being the optimal classifier under certain Gaussian
assumptions on the data, LDA performs poorly when the data dimensionality
and sample size are comparable, and completely fails when the dimensionality
exceeds the sample size, due to the inversion of a singular sample covariance es-
timate. To overcome this, many variants of LDA have been proposed over the
years including alternative estimator and random projection-based variants. As
these variants are intended for high-dimensional data, asymptotic RMT is the
perfect tool to study them.

The variant we consider is based on randomly-projected LDA discriminants.
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These classifiers solve the singularity issue by a form of dimensionality reduction
using random matrices. More specifically, we consider two ensemble versions of
this classifier: discriminant-averaging and vote-averaging. The main insights and

findings from this work are:

e In the discriminant-averaging scheme, random projections act asymptot-
ically as a regularization of the sample covariance estimate through the
Marzetta estimator of the precision matrix (Marzetta et al., 2011) which

appears in the discriminant

e The relationship between the finite version of the discriminant-averaging
RP-LDA ensemble classifier and its theoretical (non-attainable) infinite ver-

sion

e The optimal way to form an ensemble of RP-LDA discriminants is a form

of discriminant averaging
e Projection selection within the ensemble is non-optimal

e A framework for tuning the optimal form of ensemble parameters using

G-estimators

From the realization that the discriminant-averaging RP-LDA ensemble clas-
sifier is a special case of an LDA classifier modified with a general rotationally-
invariant estimator in place of the precision matrix where the rotationally-invariant
estimator is the Marzetta estimator, we set out in Chapter 4 to design a general
LDA classifier with non-linear shrinkages that optimize the probability of misclas-
sification. Through this work we were able to propose such a scheme as well as
provide estimators for the probability of misclassifcation of any shrinkage scheme
in conjunction with an LDA base classifier under some conditions on the shrink-
age function. Previous work either considered shrinkages which optimize metrics
unrelated to the classification context, linear shrinkages (as opposed to non-linear
shrinkages), or shrinkages which assume underlying covariance models that are

restrictive in practice.
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Finally, in Chapter 5, we consider the weight vector tuning of linear classifiers.
In high dimensions, tuning a classifier’s weight vector is computationally ineffi-
cient. Not only that—we do not even know where to start! This work proposes a
method of tuning the multivariate weight vector through a scalar based on the
decomposition of the discriminant into information and noise. This applies to any
linear classifier. We show that that the method has the potential to compensate
performance loss due to non-optimal native hyperparameter settings. For exam-
ple, applying the weight vector tuning technique to linear SVM with non-optimal
penalty brings its performance up to par with a linear SVM with optimally tuned
penalty. Thus, with weight vector tuning, rather than having to tune the penalty
optimally, which involves a series of optimization problems involving the large
weight vector, one can simply tune the weight vector through a scalar parameter.
We also demonstrate the potential for this technique in the context of deep neural
networks. Pretrained deep neural networks are adapted for tasks and datasets,
other than those they were trained for, by changing the configuration and retrain-
ing the weights of later layers while freezing earlier layers. This is called transfer
learning. Usually, a small dataset is all that is available for this second phase of
training, and therefore the final weights may not be trained optimally. By apply-
ing the weight vector tuning technique to the last learnable layer of a pretrained
neural network that has been transfer-learned for a binary classification task, we
obtain performance gains over the untuned neural network.

In the next chapter, we layout some technical background on topics that are
fundamental to the rest of this dissertation, including linear classifiers, LDA, the

classification setting, and some RMT concepts.



Chapter 2

Technical Background

In this chapter, we touch on important topics referred to in the remainder of this
dissertation including linear classifiers, LDA, the classification setting, and some

RMT concepts.

2.1 Linear classifiers

Consider a supervised classification problem in which a test point x € RP belongs
to one of two classes Cy and C;. The class label, y € {0, 1}, of x is unknown. Our
task is to build a classifier which is able to reliably predict y. A linear approach

to this problem decides the class using a decision rule of the form

1, if W(x)>¢(
C(x) = (2.1)

0, otherwise,

where ¢ € R is a classifier-specific threshold and C(x) =4, i = 0, 1, indicates the

class prediction, based on the linear discriminant

W(x) = w'x + wo, (2.2)

which is characterized by a weight vector, w € RP, and bias, wy € R.

2.2 Classification setting

Now continuing from the previous section, assume furthermore that the two

classes Cy and C; constitute a Gaussian mixture having means pg and g, respec-
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tively, a common covariance ¥, and prior probabilities my and 7y, respectively,

and that the test point x is drawn from this Gaussian mixture model, i.e.,
X|X eC;~ /\/'(y,l, Z), 1=0,1, (23)

and

m = Px e, i=0,1.

The exact testing error of a generic binary linear classifier of the form (2.1)
with weight vector w and intercept wq for a given training set under these data
distribution assumptions, can easily be derived as (see Lemma 1 in (Niyazi et al.,

2020a))

w o + wo) ( w'py + ’wo)
mo® [ 0 (BT 0 ) 9.4
0 ( ! VwiXiw (2.4)

with 3y =3, = 2.

To help build our classifier, i.e., construct w and wg, we are given a set of
training data, 7 = {(x;,¥;)}}=;, where x; is a data point drawn independently
from the same distribution as x, and y; € {0, 1} is its corresponding label. More
formally,

xjly; =i~ N(pi, %), i =0,1, (2.5)

Out of n training points, ng points belong to class Cy and n; points to class C;.
Let Xy € RP*™ and X; € RP*™ be the data matrices whose columns are the
individual training samples of 7 corresponding to Cy and C; respectively.

In the next section, we transition to a discussion on LDA: the Bayes classifier

under the above data setting.

2.3 LDA

The LDA classifier is the Bayes classifier for a test point drawn from Gaussian
classes with common covariance as in (2.3). In practice, the true statistics are

unknown and a ‘plug-in’ version of the classifier where the sample statistics are
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substituted for the true statistics is employed. We elaborate on these ideas further
in the following sections followed by a description of several other optimality

properties of LDA .

2.3.1 The Bayes classifier

The Bayes classifier, or Maximum A Posteriori (MAP) classifier is, by definition,
the classifier which classifies to the class which maximizes the posterior probability
of the test point. For a given set of K classes, {Ci}figl, with known distributions,

the Bayes classifier is attainable and is defined as

argmax P[x € C;|x] = argmax [‘(fi(xi,
i=0,....K—1 =0, K1 Yy fr(xX)m

where f;(x) is the class-conditional density of x given x € C; and m; is its corre-
sponding prior probability.
Let p := p1 — po. Under the two-class data setting of Section 2.2, maximiz-

ing the posterior probability can be reduced to a decision rule on the log ratio,

lnﬂzgg;m, which is expressed equivalently as follows, based on the assumptions
of (2.3),
P C
In x € Ci[x] = lnfl(x) +lnE

P[X € CQ’X] fo(X) o

with the corresponding classifier, Cpayes(X), taking the form (2.1) with ¢ = 0.
It is easy to see that the Bayes discriminant (2.6) for binary Gaussian classes
with common covariance is linear in x and therefore can be written in the form

(2.2), with a weight vector of Wpayes := X 'p and an intercept of w(})3 aes . —
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—ptE (Bt 4 Int. As such, this classifier is known as the linear discrimi-

nant analysis classifier.

2.3.2 The LDA classifier in practice

In practice, the true statistics of the data are unknown and the LDA classifier
is learned on Xy and X; by computing the maximum likelihood (assuming the
distribution on the training in (2.5)) estimates fio, fi1, 3, 7, and 7y of the

true statistics g, p1, 2, and prior probabilities 7y and m;. These estimates are

the sample means fiyp = %Xolno and fi; = %anl, pooled sample covariance

matrix ¥ = ("0_13512?112_1)21, and the prior probability estimates 7o = “ and
7y = 1, respectively, where f]g = ﬁ (XO — ﬂng) (XO — [LOIT)T and f}l =
nlil (X1 — i lT) (X1 — 1y lT)T. In this case, the LDA discriminant rule is given
by

Wipa(x) 1= 75! (X _ w> + h% (2.7)
Its weight vector is wipa = f)_l/l, where f1 := 11 — f1p, and its intercept is
whPA = —pTe! (%) + ln::rr—é.

In an ideal world where the number of data samples n is much greater than
their features p, the estimates fig, fi1, f], mo and 7 tend to their true values
and, as a result, (2.7) tends to the Bayes rule (2.6). However, when n and p are
comparable, (2.7) is no longer asymptotically optimal due to estimation error in
the sample means and sample covariance which render them inconsistent.

From now on, when we reference ‘LDA’, we are referring to the estimated ver-

sion of the classifier, Cpa (x), of the form (2.1) which has (2.7) as its discriminant

and ¢ = 0.

2.3.3 Additional optimality properties

Sections 2.3.1 and 2.3.2 walked us through how LDA with known statistics ends
up being the Bayes classifier under our specific data distribution assumptions

and how LDA with unknown statistics, i.e., the ‘plug-in’ version of LDA, tends
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asymptotically to the Bayes classifier when n — oo for fixed p. In addition to
these optimality properties, LDA is optimal in several other ways which require
no assumptions on the distribution of the data.

Firstly, under certain conditions, the LDA weight vector, wipa, is recovered
as the Fisher’s linear discriminant which optimizes the metric of class separa-
tion of data projected into one dimension proposed by Fisher in 1936 (Fisher,
1936). More specifically, Fisher’s linear discriminant projects the test point in

the direction

mean separation of projected classes

WFisher = argmax 1 - : .
w  total within-class variance of projected classes

This weight vector coincides with wyps in the binary class common covariance
case, with no assumption of Gaussianity on the data.

Secondly, the LDA discriminant, Wipa(x), is equivalent to the optimal solu-
tion for a certain least squares formulation of the classification problem in the
binary case (Vert, 2011). Letting y; = —nio encode training samples in Cy and
Yi = nﬂl encode training samples in C;, the optimization problem is

(w15, wh)

leading to the discriminant
WLS(X) = ﬂTﬁ:_l <X — — Mo — — M1
n n

which coincides with (2.7) when 7y = 7.

With the conclusion of this section, we begin to see why LDA is such a pop-
ular choice of classifier upon which to build high-dimensional variants (as was
discussed in Chapter 1). The next section briefly covers the main concepts of

asymptotic RMT which can be used to analyze such variants.
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2.4 RMT concepts

This section provides an overview of the main definitions and technical concepts
of asymptotic random matrix theory. Although this dissertation mostly employs
ready results from the literature so that a basic understanding of ideas such as the
resolvent, DEs, and G-estimators, are sufficient to understand our derivations, we

cover everything here for completeness.

2.4.1 Basic definitions

What follows are a list of basic definitions related to the field of asymptotic RMT,
including the Empirical Spectral Distribution (ESD), Limit Spectral Distribution

(LSD), and the Stieltjes transform.

Empirical spectral distribution

For any Hermitian matrix, one can define an empirical measure of its eigenvalues,
whether the matrix is random or not. In the following, we define the empirical
spectral measure and its corresponding Empirical Spectral Distribution (ESD).
As we will see in the next section, the ESD for some classes of large Hermi-

tian random matrices converges to a deterministic distribution, called the Limit

Spectral Distribution (LSD) (Couillet and Debbah, 2011).

Definition 2.4.1. (Miiller and Debbah, 2016) Consider a Hermitian matrix, X €
CP*P_ having real eigenvalues denoted by Aq, ..., \,. The empirical measure, px,

of the eigenvalues of X over the set A is defined as

i (A) = %Z La(\),

where 1 4(z) is the indicator function of set A, i.e.,

1, z€ WA,
]IA(I) =

0, otherwise.
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The corresponding empirical spectral distribution is defined in the following.

Definition 2.4.2. (Miiller and Debbah, 2016) Consider ux(A) from Definition
2.4.1. The empirical spectral distribution, FX, of the eigenvalues of X is defined

as

Limit spectral distribution

For some Hermitian p X p random matrices denoted by X,,, the corresponding
ESD, FXr_ from Definition 2.4.2, converges to a deterministic limit ' as p — oo
(Couillet and Debbah, 2011). This limit is called the Limit Spectral Distribution
(LSD). The rest of this section presents well-known LSDs including the semicircle

law, the full-circle law, and the Marchenko-Pastur law.

Theorem 2.4.1. (Couillet and Debbah, 2011; Tulino et al., 2004) Consider a
p X p standard Wigner matrix W, i.e., the upper-triangular entries are indepen-
dent with entries \%Wpﬂ-j such that E[W,;;] = 0 and E[|W,;;]*] = 1. Assume
there exists ¢ > 0 such that ]E[W;Ze] < 00, Vi,j. Then the empirical spectral

distribution of W, converges a.s. to the semicircle law whose density is

where (z)" = max{0, z}.

If the entries are i.i.d., then the result is true without the (2 + ¢)™-order
moment condition. Figure 2.1 obtained from (Najim and Couillet, 2018) shows a
plot of the histogram of the eigenvalues of a Wigner matrix with p = 1500 along

with the semicircle law.
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Figure 2.1: Comparison of the histogram of a Wigner matrix (p = 1500) with the
semi-circle law
The following full-circle law applies to non-Hermitian random matrices (in

which case the eigenvalues are no longer real).

Theorem 2.4.2. (Couillet and Debbah, 2011; Tulino et al., 2004) Consider a
p X p complex matrix X, with i.i.d. entries \/L@Xp,ij such that E[X, ;] = 0,
E[|X,:;]?] = 1, and E[|X,,;;|°] < co. Assume also that the joint distribution of
the real and imaginary parts of each entry has bounded density. The ESD of X,

then converges a.s. to the full-circle law, i.e., the uniform distribution over the

unit complex disk which has density f(x)=1, for {z € C: |z| < 1}.

Figure 2.2 obtained from (Najim and Couillet, 2018) shows a plot of the
eigenvalues of a non-Hermitian matrix with p = 1000 and the full-circle law.

Before moving on to the next result, we quickly define the term Gram matrix.

Definition 2.4.3. For any complex matrix X, the matrix XX is defined to be

the Gram matrix of X.

The next result has to do with the LSD of the Gram matrix associated with
a matrix whose entries are i.i.d. zero-mean and of normalized variance. This
matrix is called a Wishart matrix and its LSD is called the Marchenko-Pastur

law.
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Figure 2.2: Comparison of the eigenvalue plot of a non-Hermitian matrix (p =
1000) with the full-circle law

Theorem 2.4.3. (Couillet and Debbah, 2011) Consider a p x n complex matrix,

X, with i.i.d. entries 5=X,;; such that E[X, ;] = 0 and E[|X,;;]*] = 1. The

W
ESD of the Gram matrix, R,, = XX of X converges in distribution and a.s., as

n,p — 0o at a rate £ — ¢ € (0, 00), to the Marchenko-Pastur law whose density

1S
1
2mex

fe() = (1 —c7)o(z) + V(e —a)t(b—a)*

where a = (1 —+/c)?, b= (1 + /c)?, and 6(z) is the dirac delta located at zero.

Notice that R,, is the sample covariance matrix of a population covariance
matrix of identity. This is called the ‘null case’. The support of the Marchenko-

Pastur law is

(1= Ve)*, (L + Vo),

which concentrates around 1 as ¢ — 0. In the limit ¢ — 0 ( which corresponds
to n >> p in the finite regime), f.(x) — 0(z — 1), i.e., the density tends to the
dirac delta located at one (Najim and Couillet, 2018). As expected, this is the
spectrum of the identity matrix which is estimated perfectly by R,, when n — oo

for fixed p.
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Figure 2.3: Comparison of the histogram of a Wishart matrix (p = 1600, n =
4000) with the Marchenko-Pastur law

Figure 2.3 obtained from (Najim and Couillet, 2018) shows a plot of the
histogram of a Wishart matrix with p = 1600,n = 4000 and the Marchenko-
Pastur law.

For additional results on the generalizations of the Marchenko-Pastur law
to the non-null case, the reader may refer to (Couillet and Debbah, 2011) and
(Tulino et al., 2004).

Stieltjes Transform

Often the limiting spectral distribution of a random matrix is obtained in the
form of an invertible transform (Tulino et al., 2004). This section introduces
a tool that is central to asymptotic RMT called the Stieltjes transform. Due
to its useful properties and malleability to the methods of complex analysis, the
Stieltjes transform forms the basis of the Stieltjes transform method for obtaining
LSDs, which is outlined later in this section.

The Stieltjes transform is defined as follows.

Definition 2.4.4. (Miiller and Debbah, 2016) For p a finite nonnegative measure

with support, supp(u), a subset of R, and associated CDF, F),(z) = p((—o00, z]),
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the Stieltjes transform, m(z), of p for z € C\supp(u) is defined as

m(e)i= [ () = [ 3=dR0)

For example, for p = 4),, i.e, the dirac delta located at Ao, the Stieltjes trans-

1

N 2 # Xo. For the empirical spectral measure of Definition

form is m(z) =

2.4.1, the Stieltjes transform is m(z) = % P =, V2 € C\{\}_,. In fact, this

particular Stieltjes transform can be expressed in terms of a quantity associated

with every matrix called the resolvent which is defined in the following.

Definition 2.4.5. For a matrix A, € CP*?_ the resolvent is defined as the matrix

Q,(z) = (A, — 21,) 7", Vz € C except for the eigenvalues of A,,.

We now show how the Stieltjes transform of the empirical spectral measure of
a Hermitian matrix, X, is related to its resolvent. The resolvent, Q,(z), of X,

shares the same eigenvectors as X,,. If the eigenvalues of X, are Ay, ..., A, then the

eigenvalues of Q,(2) are given by ﬁ, e ﬁ Matrix X, can be decomposed
into X, = UAU" and, similarly, Q,(z) can be decomposed into Q,(z) = U(A —
zIp)*lUH , where U is a unitary matrix containing the shared eigenvectors and A
is a diagonal matrix containing the eigenvalues. Recall that the Stieltjes transform

p
of the empirical spectral measure of X,, is m(z) = ]lj >+ This can be expressed
i=1""
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in terms of Q,(z) as

1
Ap—2

1 -1
= o{(A-1,)7}
1 —1y7H
= Z—)tr{(A —zL)"'ufuy
1 —171H
= 5tr{U(A —zL,)7U"}
= %tr{(UAUH - UUMN 1}
1 -1
= ];tr{(Xp —z2I,)7}

= Jr{Q, ()}, V= € VAL, (2.5)

The result in (2.8) practically connects the Stieltjes transform to the spectra
of Hermitian matrices; the Stieltjes transform of the empirical spectral measure
of a Hermitian matrix is the normalized trace of its resolvent. Moreover, (2.8)
uniquely determines the distribution function of the spectrum of X, and vice
versa. The inverse Stieltjes transform exists for all 1 having a Stieltjes transform
(Couillet and Debbah, 2011). More specifically, when only the Stieltjes transform
m(z) of p is known, the following properties can be used to recover u:

Let p be a finite measure on R with Stieltjes transform denoted by m(z).

From (Miiller and Debbah, 2016), we have
o (R) = lim,_,o, —iym(iy)

o /i([a,b]) = lim, o+ %ff Im(m(z + iy)dz, if a and b are continuity points of
v

All of the above give rise to the Stieltjes transform method of determining the

LSD of a Hermitian matrix. If the Stieltjes transform of the empirical spectral
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measure of the matrix of interest, i.e., its normalized resolvent, converges, then
the limit corresponds to the Stieltjes transform of the limit spectrum of that ma-
trix. The latter is inverted to obtain the expression for the limit spectral density.
Indeed, this is the strategy behind the proof of the Marchenko-Pastur law (Couil-
let and Debbah, 2011). Since the distribution function, F', of a Hermitian matrix
is uniquely determined by its Stieltjes transform, mp, and vice-versa, showing
convergence of the normalized resolvent of the matrix XX as defined in Theo-
rem 2.4.3, to the Stieltjes transform of the Marchenko-Pastur law is equivalent to
showing that the empirical spectral measure of XX converges to the Marchenko-
Pastur law. This is known as the Stieltjes- Transform method. Suffice it to say
that the Stieltjes transform method does not always work as the ESD does not
always converge. In such cases, the concept of Deterministic Equivalents (DEs)

becomes necessary. The DE is formally defined in the following.

Definition 2.4.6. (Couillet and Debbah, 2011) For a sequence of Hermitian
random matrices, Xy,Xs..., with X, € CP*P, and a sequence of functionals,
fis fo,...,of 1 x 1, 2 x 2..., matrices, a Deterministic Equivalent (DE) of X,
for the functional f, is a sequences of deterministic matrices, X, X, ..., with

X, € CP*P, such that

lim f, (X,) — f» (X,) =0,

p—0o0
where the convergence is often in the almost-sure sense.

According to the above definition, the difference between the random func-
tional, f,(X,), and the deterministic functional, f, (Xp), converges to zero. In
this way, f, (Xp) itself does not necessarily need to converge for it to exist.
Moreover, f, (X,) yields an approximation of f, (X,) for every p which becomes
increasingly more accurate with increasing p in contrast to the typical limit which
summarizes an entire sequence with one statistic (Miiller and Debbah, 2016). In
this work, we rely heavily on existing results on DEs for various random matrix
structures whose LSDs cannot be derived using the classical Stieltjes transform

method.



42

Conventionally, the term DE is also often used to refer to the deterministic
sequence gi, g, - - ., where g, := f,(X,) such that

lim f,(X,) —g, = 0

p—0o0

in some sense (Couillet and Debbah, 2011). The DE, X, from Definition 2.4.6
is implicit in g,. We adopt this convention in this work.

Finally, we briefly explain the very important concept of G-estimators. Simply
put, the G-estimator is an (n, p)-consistent estimator of a functional involving a
random matrix. The G-estimator is named after the mathematician Vyacheslav
L. Girko who derived such estimators for many different functionals of random
matrices.

The next section lists some important lemmas and DEs which are frequently

referenced in our derivations.

2.4.2 Frequently-used lemmas and results

Lemma 2.4.1. (Matrix inversion lemma)(Couillet and Debbah, 2011) Let A €

CP*P and D € C™*" be invertible and let B € CP*™ and C € C"*P, then

A B (A-BD'C)! ~A'B(D-CA 'B)!

C D —(A-BD'C)"'CcA™ (D-CA'B)"..

Lemma 2.4.2. (Matrix relation)(Couillet and Debbah, 2011)

Ip - Ap(Ip + BPAP)_IBP = (Ip + Apo)_17

where the subscript p denotes a p x p matrix.

Lemma 2.4.3. (Trace lemma)(Couillet and Debbah, 2011) Consider the se-

quences of matrices Ay, Ay, ... with A, € CP*? with uniformly bounded spectral
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norm. Let x;,Xg,... with x, € C? be random vectors with i.i.d. entries of zero
mean, variance %, and eighth order moment of order O(#), independent of A,,.

Then

a.s

1
xTApx, — —tr(A,) == 0,
p
as p — 00.

Lemma 2.4.4. (Rank-1 perturbation lemma)(Hoydis, 2012) Let z € C\R™, A €
CP*P and B € CP*? with B a Hermitian positive semi-definite matrix and x € CP.
Then,

‘tr (B—zL,) ' = (B+xx" —2I,)7") A’ <

In addition to the above lemmas, we also make frequent use of the determinis-
tic equivalents derived in (Hachem et al., 2013), (Benaych-Georges and Couillet,
2016), and (Kammoun et al., 2019), and Lemma 8.1 of (Couillet and Debbah,
2011) throughout this dissertation.

This chapter has introduced the basic technicalities related to the work in this

dissertation. The next three chapters delve into our actual contributions.



Chapter 3

Randomly-Projected LDA Ensembles

This chapter studies high-dimensional variants of LDA which involve random
projections. More specifically, it examines two categories of RP-LDA ensem-
bles: discriminant-averaging ensembles and vote-averaging ensembles. Through
asymptotic analysis in the RMT growth regime where the problem dimensions
grow at constant rates to each other for a fixed ensemble size, we determine the
exact mechanism through which the ensemble size affects the classification per-
formance. This analysis also allows us to investigate whether or not projection
selection matters in an ensemble, and, ultimately, derive the optimal form of
the RP-LDA ensemble. Motivated by these findings, we propose a framework
for efficient tuning of the optimal RP-LDA ensemble classifier ensemble size and
projection dimension based on a G-estimator of the probability of misclassifi-
cation. This framework is shown to outperform the existing rule-of-thumb, as
well as other methods for parameter tuning, on both real and synthetic data.
An asymptotic analysis of the discriminant-averaging ensemble with infinite en-
semble size in which appears the Marzetta estimator, ‘invcov’, of the precision
matrix, is also conducted. The resulting asymptotic misclassification probability
show the effect of the ensemble as a regularization of the data sample covariance
matrix similar to R-LDA. Thus, the Marzetta estimator is shown to be a form of
rotationally-invariant linear shrinkage asymptotically. This paves the way for the
study of rotationally-invariant estimators of the precision matrix in the context
of LDA in the next chapter.

Before delving into our contributions, we first provide some background con-

cerning random projections and the literature on RP-LDA ensemble classifiers.
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3.1 Background

3.1.1 Random projections

As discussed in Chapter 1, LDA performs poorly when the data dimensionality
is close to the sample size, and fails altogether when it exceeds the sample size.
A possible approach for adapting LDA to high-dimensional data is to reduce the
data’s dimensionality. Popular dimensionality reduction include procedures such
as PCA, Singular Value Decomposition (SVD), the Discrete Cosine Transform
(DCT) (for images), and random projection, a technique which projects the data
onto a randomly selected lower-dimensional subspace. Bingham and Mannila
(2001) study the effects of the aforementioned techniques on image and text data
and find that, among them, random projection introduces relatively little distor-
tion. This finding corroborates existing theory; the Johnson-Lindenstrauss lemma
states that, with high probability, the distances between points in a vector space
versus the points projected onto a randomly selected subspace of sufficiently high
dimension are preserved. At the same time, random projection is significantly
more efficient than traditional methods of dimensionality reduction. This com-
bination of properties has the potential to yield accurate and fast classification
of high-dimensional data if the data is randomly-projected before employing the
LDA classifier. We therefore embark upon the study of randomly-projected LDA-
based classifiers in this chapter.

To apply random projection to the data setting of Section 2.2, a matrix R €
R¥>P_ with d < p, whose entries are generated i.i.d. from a zero-mean Gaussian
distribution (Durrant and Kaban, 2015), is used to multiply each data point so
that it is projected onto a lower-dimensional random subspace. Projecting each
training data point and re-computing the corresponding sample statistics results
in the following randomly-projected statistic estimates expressed as a function of

the original estimates

A8 =Ry, A = Ry, and ZFP = RER7,
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corresponding to fig, f1, and ﬁ], respectively. When the projection dimension d
is chosen such that d < rank(3) (noting that rank(2) < n—2), the resulting 8P
is non-singular, since R is almost surely of rank d (Durrant and Kabén, 2013). As
we shall see in the next section, the randomly-projected estimators in (3.1) are
plugged in to the LDA discriminant to form a single RP-LDA discriminant. Go-
ing further, one may average the discriminants obtained by projected the training
data over a set of M independently-realized projections, {Ry}2~,, and plugging
in the corresponding randomly-projected estimators. This results in an ensem-
ble of RP-LDA discriminants which we term the discriminant-averaging RP-LDA
ensemble. Interestingly, in the limit of the number of projections in the ensemble
going to infinity, i.e., M — oo, for fixed n, p, and d, the precision matrix estimator
term tends to Marzetta’s estimator of the precision matrix, “invcov’, except that
we assume Gaussian random projections whereas Marzetta assumes unitary ran-
dom projections drawn from Haar measure (Marzetta et al., 2011). Marzetta’s
choice of distribution may be based on the fact that the original proof of the
Johnson-Lindenstrauss lemma employs orthonormal random projections. This
should not be an issue in practice as another proof of the Johnson-Lindenstrauss
lemma exists which employs Gaussian random projections (Matousek, 2013). In
any case, when p is large, the Gaussian random projection is approximately or-
thonormal (Cannings and Samworth, 2017). Additionally, both distributions are
invariant to orthogonal rotation. Thus we can expect the same behavior from the
ensemble analyzed in this work as exhibited by invcov.

The other class of RP-LDA classifiers studied in this work is referred to as
vote-averaging RP-LDA ensembles. Vote-averaging ensembles average the class
prediction corresponding to each individual RP-LDA discriminant before thresh-
olding to obtain the final prediction. Here, once again, Gaussian random pro-
jections are employed in accordance with the assumptions made in (Schclar and
Rokach, 2009) and (Cannings and Samworth, 2017). We give an overview of the

literature concerning these classifiers in the next section.
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3.1.2 RP-LDA ensemble classifiers

To reiterate, the literature on RP-LDA ensemble classifiers can broadly be divided
into two categories: discriminant-averaging ensembles (Durrant and Kabén, 2015;
Peressutti et al., 2015) and vote-averaging ensembles (Schclar and Rokach, 2009;
Cannings and Samworth, 2017). Discriminant-averaging ensembles average all
RP-LDA discriminants followed by thresholding to obtain the final class predic-
tion. Interestingly, this is equivalent to estimating the precision matrix in the
LDA discriminant by the finite version of the Marzetta precision matrix estima-
tor, tnvcov. Vote-averaging ensembles average the class prediction corresponding
to each individual RP-LDA discriminant before thresholding to obtain the final
prediction. The main difference between various implementations within each cat-
egory is whether or not the projections are subjected to a preliminary selection
process based on some criterion of expected performance within the ensemble.
Although theoretical analyses of both categories of RP-LDA ensembles exist,
these studies have their limitations and raise several key questions. Durrant and
Kaban (2015) derive error bounds for the basic form of the discriminant-averaging
RP-LDA ensemble classifier without selection; however, the analysis is based on
an abstraction wherein the ensemble size grows to infinity, revealing the converged
Marzetta estimator of the precision matrix, invcov, within the classifier discrim-
inant. This, in addition to a Gaussian data assumption, form the basis for the
asymptotic analysis of the discriminant-averaging ensemble conducted by Niyazi
et al. (2020b), where it is found that the ensemble behaves as a a special case
of R-LDA. This result implies that discriminant averaging can never outperform
a properly-tuned R-LDA classifier on Gaussian data. Cannings and Samworth
(2017) provide bounds on the error difference between the vote-averaging RP-
LDA ensemble (with and without selection) and the Bayes error, but this bound
is not a function of the number of projections in the ensemble. While these find-
ings are useful, an analysis which takes into account the number of projections

allows for a more accurate characterization of the practical performance of these
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classifiers.

Kaban (2017, 2020) studies the performance of the finite versus the converged
version of invcov and finds that in order to achieve a certain tolerance on the
spectral norm of the difference between the two, the ensemble size must grow
linearly with the data dimension. A shortcoming of this approach is that it neither
provides a measure of efficacy of the finite Marzetta estimator with respect to the
true measures of interest in classification, such as misclassification rate, nor does
it provide practical guidelines on how to choose the number of projections. Of
particular concern is the selection of an ensemble size that is small enough to
maintain the computational savings provided by dimensionality reduction, yet
large enough to achieve satisfactory performance.

Another gap within the literature is the lack of a thorough comparison between
the discriminant averaging and vote averaging RP-LDA ensembles. An attempt
at this was made in (Cannings, 2021); however, bearing in mind that the intended
targets for these types of classifiers are small samples of high dimensional data,
this study is very limited with regards to the dimensionality and variety of data
utilized. In any case, beyond merely comparing the two types of ensembles, one
would ultimately like to know the overall best way of combining any given set of
RP-LDA discriminants. The next section gives an overview of contributions in

this regard.

3.2 Contributions

The current work addresses the aforementioned issues through a comprehensive
study of randomly-projected linear discriminant ensembles by asymptotic analy-
sis under Gaussian data assumptions using RMT tools in a growth regime where
the data and projection dimensions grow together. This growth regime is chosen
specifically in order to more accurately represent the small-sample finite regime
where the data dimensionality is greater than the number of samples, in contrast

to the classical regime where the number of samples is much greater than the data
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dimensionality. The analysis yields a number of insightful results stemming from
the asymptotic distributions of the discriminant-averaging and vote-averaging
RP-LDA ensemble classifiers and limits of their discriminant statistics and prob-

abilities of misclassification. The main findings are:

e The class-conditional discriminant means of the discriminant-averaging RP-

LDA ensemble are asymptotically identical, regardless of ensemble size.

e The asymptotic class-conditional variance of the discriminant-averaging
RP-LDA ensemble is a convex combination of that of the single RP-LDA
discriminant and the infinite ensemble. The asymptotic variance corre-
sponding to the single RP-LDA discriminant is shown to be strictly greater

than the asymptotic variance of the infinite ensemble.

e Each class-conditional discriminant of the discriminant-averaging RP-LDA
ensemble is asymptotically Gaussian with parameters being the limits of

their corresponding exact discriminant statistics.

e Each class-conditional discriminant of vote-averaging RP-LDA ensemble is
asymptotically constantly-correlated Binomial with parameters being the
limits of their corresponding exact probabilities of success and correlations

between trials.

One of the main contributions of this study is that it shows the direct ef-
fect of the discriminant-averaging RP-LDA ensemble size on its classification
performance through the asymptotic class-conditional discriminant means and
variances. More specifically, since the ensemble size acts to decrease the variance
of the discriminant from its maximum at a single projection to its minimum when
the ensemble size grows to infinity, while maintaining a constant mean separa-
tion, the misclassification rate decreases monotonically with increasing ensemble
size. Additionally, access to the single RP-LDA discriminant asymptotic distri-
bution allows for a derivation of the asymptotically optimal way of constructing

the ensemble via the Neyman-Pearson lemma and MAP rule. These results reveal
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that, for Gaussian data, the optimal ensemble is linear in form, i.e., it is a form
of discriminant averaging, wherein all projections are weighted equally, implying
that projection selection is asymptotically sub-optimal in the context of RP-LDA
ensemble classification.

The theoretical analysis in this paper also leads to several significant impli-
cations for the deployment of RP-LDA ensemble classifiers in practice, which
are verified through simulations on both real and synthetic data. Firstly, our
simulations suggest that there is generally no need to look beyond the basic
discriminant-averaging RP-LDA ensemble classifier. Although the theoretical
guarantee on which this is based assumes Gaussian data, we find that, on real
data, this classifier generally performs just as well, if not better, than its imme-
diate competitors. Secondly, as mentioned previously, classifier performance only
increases with increasing ensemble size. Thus, the infinite ensemble represents the
classifier’s full classification potential, and finite ensemble performance may be
assessed relative to the infinite ensemble. Based on this, a framework for tuning
the discriminant-averaging RP-LDA ensemble size and projection dimension is
proposed. An estimator of the probability of misclassification which is consistent
in the RMT growth regime is derived for use in this framework. This estimator
has the advantage of greater computational efficiency compared to conventional
empirically-produced estimators of the test error, such as cross-validation, as well
as dispensing of the need for additional data. Different variants of the tuning al-
gorithm are implemented on real and synthetic data and compared in terms of
performance and computational complexity.

The next section formally defines our problem by defining the relevant classi-

fiers and their quantities of interest.

3.3 Classifier definitions

We first define the single RP-LDA discriminant followed by the two categories of

ensembles of the the single RP-LDA discriminant.
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3.3.1 The single RP-LDA classifier

Denote by R € R¥? a Gaussian projection with i.i.d. entries distributed as
N (0,1/d). In order to construct a randomly-projected LDA discriminant, the
training data 7 is projected as RX, and RX;. The sample statistic estimates
are then computed based on this projected data. It is easy to show (see, for
example, Niyazi et al. (2020b)) that the resulting single randomly-projected LDA

discriminant, denoted by Wgrp.rpa (X, R), has the form

T 1 + [t J
Wrp.Lpa (X, R) = IJ’TERl (X - %) + ln%, (3.1)
0

where f]ﬁl = RT(REAIRT)_IR. The corresponding classifier, Crp.1pa (X, R), then
takes the form of (2.1) with a threshold of ¢ = 0.

Of interest in the analysis of this paper is the discriminant’s behavior in terms
of the mean separation between and variance of the distribution of projected
points from each of the two classes. We denote the class-conditional means and

variances of this particular discriminant by
ml(l) =K [WRP-LDA (X, R) ’X € Cl] ,1=0,1 (32)

and

0'2<1) := Var [WRP—LDA (X, R) |X - Cz] s = O, 1, (33)

respectively, where the expectation and variance are with respect to the train-
ing data, test point, and the random projection, conditioned on the test point’s
class (the ‘1’ indicates that these quantities correspond to a single random pro-
jection). As it is difficult to compute these quantities exactly, they are analyzed
asymptotically in Section 3.4.1.

As mentioned previously, the randomly-projected LDA variant based on a sin-
gle random projection does not perform well in practice. The two main ensemble-

based schemes that have been proposed in order to improve upon the performance
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of RP-LDA classifier are discriminant-averaging ensembles and vote-averaging en-

sembles. These are considered in the next section.

3.3.2 RP-LDA ensemble classifiers
Discriminant-averaging ensemble

A discriminant-averaging ensemble of RP-LDA discriminants averages multiple
discriminants, each of which corresponds to an independently-realized random
projection. In this paper, we focus on a particular discriminant-averaging en-
semble which weights the contribution of each projection equally rather than
according to some measure of how ‘good’ they are. In fact, we establish later in
the paper that the uniformly-weighted discriminant-averaging scheme is asymp-
totically optimal under the data distribution assumptions detailed in Section 2.2.

Now, let us formally define the discriminant-averaging ensemble of inter-
est. Letting Ry, correspond to the £™ projection among M random projections
Ri, R, ..., Ry, the discriminant-averaging scheme which assigns equal weights

to each RP-LDA discriminant is constructed as (Durrant and Kabén, 2015)

M
1
Wiaisc-avg (X, R, ..., Rar) = i E Wrp.Lpa (X, Ry) . (3.4)
k=1

One can imagine a scheme in which the weights of 1/M in (3.4) vary for each
discriminant as a function of its random projection. Furthermore, the weights
may take on binary values of zero and one, thus excluding certain projections
altogether. This is referred to as ‘projection selection’ in this paper. Peressutti
et al. (2015) employ a kind of projection selection where selection occurs through a
process of generating a projection to form a single RP-LDA discriminant, followed
by subjecting the resulting classifier to a predefined threshold on training error.
This is repeated until a satisfactory projection is found, and until a minimum
number of satisfactory discriminants is collected. Note that there is no direct

correspondence between this scheme and (3.4), as the total number of projections
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is not known in advance. Note also that Peressutti et al. (2015) do not compare
selection to no selection, and, in fact, select the projections based on the same data
that is used to evaluate classifier performance. This results in an overestimate
of the performance gain that can be attributed to selection (Cawley and Talbot,
2010). We take care to avoid this bias in this work, as is detailed in Section 3.4.2.

The discriminant (3.4) is subjected to a decision rule of the form (2.1) with ( =
0 to obtain the final classifier, Cgisc-avg (X, R1, ..., Ras). The recommended projec-
tion dimension setting of this classifier according to empirical observations made
by Durrant and Kaban (2015) is d = % We denote the uniformly-weighted
discriminant-averaging RP-LDA ensemble discriminant’s class-conditional means

and variances, to be analyzed in Section 3.4.1, by
mz(M> =K [Wdisc-avg(xa R17 s 7RM)‘X € C’L] ) L= 07 1 (3’5)

and

0*(M) := Var [Wgiseavg (X, R, ..., Ry)|x €C, i = 0,1, (3.6)

respectively.

Moreover, of theoretical interest in this study is the ‘infinite ensemble’ for
which the number of randomly-projected LDA discriminants in the ensemble, each
corresponding to an independent projection, grows to infinity. Its discriminant is

defined as (Durrant and Kabén, 2015)

Whi=co (X) = lim Wdisc—avg(x7 Rla s 7RM)

M—oo

. & Lo + [ T
— 4"Eg [2;} <x . M) T LY (3.7)

2 0
where Eg[-] is the expectation with respect to the random projection R, condi-
tioned on the training data and test point, and Eg [ﬁ?ﬁl] is, in fact, the Marzetta
estimator of the precision matrix (Durrant and Kaban, 2015; Marzetta et al.,

2011). This classifier sets an upper bound on finite ensemble performance, which
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may be approached by employing a very large number of projections. The work
by Durrant and Kabén (2015) suggests that it suffices to use the discriminant in
(3.4) with M = 100 to approximate (3.7) in practice, since, according to their sim-
ulations, there is very little empirical difference between ensembles with M = 100
projections versus M = 3000 projections. We denote the infinite ensemble dis-

criminant’s class-conditional means and variances by
M= = E[Wy—e(x)[x €G], i =0,1

and

03— = Var [Wy—o(x)|x €C], i =0,1,

respectively. The asymptotic analysis of these quantities is presented in Section

3.4.1.

Vote-averaging ensemble

In contrast to the discriminant introduced in the previous section. which averages
the RP-LDA discriminants, a vote-averaging ensemble discriminant averages the
final class votes obtained by thresholding each RP-LDA discriminant. In terms of
the set of M random projections {Ry,}2,, the uniformly-weighted vote-averaging

ensemble discriminant is defined as (Cannings and Samworth, 2017)

M
1
Wvote—avg(xa R17 s 7RM) = M E C1RP—LDA(X7 Rk) (38)
k=1

The corresponding classifier, Ciote-ave (X, Ri, - . ., Ras), takes the form of (2.1) with
a threshold of ( = 0.5. This threshold corresponds to a majority vote.

With the aim of exploiting observed differences in classification performance
among random projections, Cannings and Samworth (2017) propose a projection
selection scheme on top of the basic vote-averaging RP-LDA ensemble. They

generate a number B; € N of disjoint groups of a number By € N of projections
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each and select the projection from each group which yields the lowest error rate
according to an error estimator of choice. The final set of projections is used to
build the discriminant in (3.8) composed of a total of By projections. Technically,
this corresponds to (3.8) with a total of By X By projections taking on binary
weights of zeros and ones. Again, Cannings and Samworth (2017) do not compare
selection to no selection in an ensemble setting. The simulations in subsequent
sections of this paper look further into both the question of whether the intuitive
basis for projection selection holds in an ensemble setting, and the question of
how to choose the number of projections for an ensemble.

The next section presents insights into the behavior of both of these classifiers

based on asymptotic analysis using RMT tools.

3.4 Asymptotic insights

From the asymptotic analyses of the single RP-LDA discriminant, the discriminant-
averaging finite ensemble discriminant, the discriminant-averaging infinite ensem-
ble discriminant, and the vote-averaging ensemble discriminant, this section draws
several insights into the behavior of RP-LDA classifiers. The conditions under

which these analyses hold are:

a) 0 <liminf 2 <limsup 2 < oo

(c) 0< hmmfd < hmsup <1

(a)
(b) 0 < hmmf— < hmsup <1
)
(d

M€ (0,1),i=0,1

)
(©) Timsup o — pua < o0

(f hmsup |32 < o0

)
(g) hm inf Apin () >0

The following sections detail the results of the asymptotic analysis.
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3.4.1 Convergence of discriminant statistics and asymp-

totic distributions

This section presents the results concerning the convergence of the class-conditional
statistics of the discriminants (3.1), (3.4), and (3.7), and their asymptotic distri-
butions. The asymptotic distribution of (3.8) is also discussed.

Previous work (Niyazi et al., 2020b) derived deterministic equivalents for the
class-conditional discriminant statistics of the discriminant-averaging RP-LDA
infinite ensemble. This work extends this result by deriving the analogous re-
sults for the single RP-LDA classifier and the discriminant-averaging RP-LDA
finite ensemble. Additionally, it is shown that the single RP-LDA discrimi-
nant, the discriminant-averaging RP-LDA finite ensemble discriminant, and the
discriminant-averaging RP-LDA infinite ensemble discriminant, each conditioned
on the class of the test point, are asymptotically Gaussian having parameters
which are the deterministic equivalents of their respective (exact) statistics. This
allows for comparison between the three classifiers, and thus an understanding of
the effect of M on the classification. For completeness, all three sets of results
are presented in what follows. The explicit expressions of the DEs are provided

in the appendices.

Theorem 3.4.1. (Single RP-LDA discriminant asymptotic distribution)
1/5(1) (Wgp.spa (2, R) |x € C; — my(1)) % N(0,1)
where m;(1) and (1) are deterministic sequences of n, p, and d such that
m;(1) —m;(1) =250, i =0,1

and

o?(1) —a%(1) £ 0.

Proof. See Appendix A.1 and Appendix A.4.2. m
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Theorem 3.4.2. (Discriminant-averaging RP-LDA finite ensemble discriminant

asymptotic distribution)
13 (M) Wiscaug (@, Ba ... Rag) [ € € —mi( M) % N (0, 1)
where m;(M) and 6(M) are deterministic sequences of n, p, and d such that
mi(M) —my(M) =20, i =0,1

and

Proof. See Appendix A.2 and Appendix A.4.2. m

Theorem 3.4.3. (Discriminant-averaging RP-LDA infinite ensemble discrimi-

nant asymptotic distribution)

1/ n=00 (Wii—oo (2) |2 € C; — m}M=%) 4 N(0,1), i = 0,1

(3

where mM=> and 5%,___ are deterministic sequences of n, p, and d such that
= — = a.s. .
mM=ee —mM=ee 220 4 =0,1
and

2 _92 a.s.
OM=cc — IM=cc 0.

Proof. See Appendix A.4.3. O]

Furthermore, Corollary 3.4.1 below, concerned with the relationships between
the deterministic equivalents of the class-conditional discriminant statistics, fol-

lows from Theorems 3.4.1, 3.4.2, and 3.4.3:

Corollary 3.4.1. (Asymptotic relationships between single RP-LDA | the discriminant-

averaging RP-LDA finite ensemble, and the discriminant-averaging infinite en-
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semble class-conditional discriminant statistics)

mi(1) = m(M) = mM=>, i=0,1, (3.9)
72(1) > 05 /—ues (3.10)

and
o° (M) = %02(1) + (1 — %) G2 (3.11)

Proof. See Appendices A.1.1 and A.2.1 for the proof of (3.9), Appendix A.1.2 for
the proof of (3.10), and Appendix A.2.2 for the proof of (3.11). O

The results of Corollary 3.4.1 along with the asymptotic distributions stated
in the preceding theorems reveal that the class-conditional discriminants cor-
responding to single RP-LDA, the discriminant-averaging finite ensemble, and
the discriminant-averaging infinite ensemble, each tend to a Gaussian distribu-
tion with common means across the discriminants. Furthermore, the single RP-
LDA discriminant has a variance strictly greater than that of the discriminant-
averaging infinite ensemble, while the discriminant-averaging finite ensemble is
a convex combination of the two determined by coefficients 1/M and 1 — 1/M,
respectively. Thus, as M increases, the variance of the corresponding discrim-
inant decreases from one extreme to another, all while maintaining a constant
mean separation. In light of Corollary 3.4.1, the deterministic equivalents, m;(1),
m;(M), and mM=> of the class-conditional means are subsequently referred to
by a common notation, m;, ¢ =0, 1.

Figure 3.1 shows an example of the asymptotic class-conditional distributions
of the discriminant-averaging RP-LDA ensemble discriminant when M = 10.
The figure depicts the probability densities of the class-conditional discriminants,
along with the mean separation m; — mo and three standards deviations 35 (M ).

Notice that the distributions overlap. The greater the overlap, the higher the
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Given z € Cy
Given z € C;

35(M):

Probability density

Mo my
Class-conditional discriminant limits

Figure 3.1: Class-conditional asymptotic distributions of the discriminant-
averaging ensemble M = 10.

probability of misclassification.

0.09

0.08

o o o o
o o o o
= 5] > N

Probability density
o
8

Class-conditional discriminant limits

Figure 3.2: Class-conditional asymptotic distributions of the discriminant-
averaging ensemble M =1, M = 10, and M = oo.

Figure 3.2 shows the same distributions depicted in Figure 3.1 alongside the
class-conditional asymptotic distributions of the single RP-LDA discriminant and
the discriminant-averaging infinite ensemble. Consistent with Corollary 3.4.1,
the mean separation between class distributions is maintained with increasing M
while their variance decreases. This leads to less overlap between the distributions

with increasing M and thus decreasing the probability of misclassification.
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The final theorem in this section states that the asymptotic distribution of the

vote-averaging RP-LDA ensemble discriminant is a correlated binomial random

variable with constant correlation. To see this, we re-write the decision rule,

Cvote—avg (X, Rh ceey RM)a as

1, if MWyoreag(%, Ras ..., Rar) > 0.5M
Cvote—avg (X7 R17 cee 7RM> =

0, otherwise,

wherein the discriminant (3.8) as well as the decision threshold of 0.5 are scaled

by M. This is clearly an equivalent classifier.

Theorem 3.4.4. (Vote-averaging RP-LDA ensemble discriminant asymptotic

distribution)

P [MWvote—avg(ma Ry,..., RM)|X eC; > t]—P [CB (M,ﬁ,,ﬁl) > t] —0,VteR,7=0,1,

where M is the number of trials,

@:®< #h)

is the asymptotic probability of success in each trial, and

7, — p?

Pi=—7—~
Di (1 —pz‘)

is the asymptotic correlation between each trial, where

O' —
A2 ::1— ;é’—(ff al =y — my, andOz2 = (g — M.

Proof. See Appendix A.4.4. n
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This section studies both discriminant-averaging and vote-averaging ensem-
bles. The next section reveals that, among all RP-LDA combining schemes, the
uniformly weighted discriminant-averaging RP-LDA ensemble is asymptotically

optimal for Gaussian data.

3.4.2 Asymptotically optimal ensemble of RP-LDA dis-

criminants

By employing individual randomly-projected LDA discriminants as observations,
this section constructs the optimal ensembles in terms of the Receiver Operating
Characteristic (ROC) and the probability of misclassification via the Neyman-
Pearson lemma and the MAP rule, respectively. These results rely on knowledge
of the asymptotic joint PDF of a collection of single RP-LDA discriminants.
Letting the vector of M randomly-projected LDA discriminants be denoted by
W = [Wgrprpa (X,R1),..., Wrp.LDA (X,RM)]T, the asymptotic PDF of W|x €

C;, 1 = 0,1, is presented in the following theorem.

Theorem 3.4.5. (Asymptotic joint distribution of M RP-LDA discriminants)

P[WixeC>t]—P[N(¢I) >t -0, VteR, i=0,1,

where éz = ml_lM and f[ = (5’2(1) — 6]2\4200) IM + 6']2\/12001]\41?;4
Proof. See Appendix A.4.1. n

Now, let us reconsider the classification problem in the context of hypothesis
testing. Consider the null hypothesis x belongs to Cy and the alternative hypoth-
esis x belongs to C;. For any classifier, let a be the probability of a false positive,
i.e., classifying the test point to C; while it actually belongs to Cy, and S the
probability of false negative, i.e., classifying the test point to Cy while it actually
belongs to C;. The most powerful a-level test is, by definition, the test which
minimizes [ or, equivalently, maximizes the probability of a true positive, 1 — f3,

at a fixed a.



62
Based on the asymptotic Probability Density Function (PDF) of Theorem

3.4.5, the (asymptotically) most powerful a-level test is as follows.

Theorem 3.4.6. (Neyman-Pearson RP-LDA ensemble classifier) The (asymp-

totically) most powerful a-level test is to classify x to C; if

Wdisc—(wg<$7 Rla sy RM) > n

and to Cy otherwise, where 7 is such that

P[Wdisc—avg(wa R17 ey RM) > 77|X € CO] = Q.

Proof. According to the Neyman-Pearson lemma, for simple hypotheses, the test
which rejects the null hypothesis for large values of the ratio of likelihood of
observations under the alternative hypothesis to the likelihood of observations
under the null hypothesis is the most powerful a-level test. The likelihoods in
this case are the joint PDFs of the RP-LDA discriminants under each hypoth-
esis. Although we do not know the exact joint distributions, we do know that
the discriminants are asymptotically Gaussian, as stated in Theorem 3.4.5. So,

asymptotically, the likelihood ratio statistic is

N\T =
exp (—% (W — Cl) ! (W - C1)> = exp (mlﬂﬁl (W — MlM)) ’
exp (— :

o=
—~
=
|
o
SN—

(3.12)

where m := my; — my. We can further simplify this by taking advantage of the
special structure of IT"!. Using the matrix inversion lemma (see Lemma 21 in

(Miiller and Debbah, 2016)) and recalling that

2 (M) = %02(1) + (1 - %) T
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we have

. 1 o3
' = Ly — —2= 11|
0*(1) = 03— [M Ma(M) ™ M}

The log of the likelihood ratio statistic in (3.12) then simplifies to

M
Z |:WRP LDA X Rk)

mo + ml} m m? —md
k:l

5 = 5200 Waisc-ave (X, {Rk};]L) " %)

(3.13)

For m > 0, (3.13) is an increasing function of Wisc-ave(X, R1,...,Rar). Thus,
rejecting the null hypothesis for large values of (3.13) is equivalent to rejecting
the null hypothesis for large values of Weisc-ave(X, R1,...,Ras). This condition
can easily be verified using the definitions of m;, ¢ = 0,1, in Appendix A.1.1.
The most powerful a-level test according to the Neyman-Pearson lemma is then
to classify x to Cy if

Waisc-avg (X, R1, ..., Rar) > 1

and to Cy otherwise, where 7 is such that
P [Wdisc—avg(xy Rlu cee 7RM) >n | X € CO] =

or, equivalently (asymptotically),

n=1mo~++/a2(M)Q"

where Q7'(+) is the inverse Q-function. O

The above result shows that the classifier yielding the optimal ROC is in fact
the uniformly-weighted discriminant-averaging RP-LDA ensemble which assigns
equal weights of 1/M to each of the projections Ry, ..., Ry,. This means that
for classification purposes, in the context of an ensemble, the projections are
asymptotically identical. Non-uniform weights, including binary weights, lead to

asymptotically sub-optimal classification in this data setting. Note also that this
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classifier is linear in the test point.
Using the asymptotic PDF of W, we are also able to derive the asymptotic
Bayes combination of RP-LDA discriminants which minimizes the probability of

misclassification. It is presented in the following theorem.

Theorem 3.4.7. (MAP RP-LDA ensemble classifier) The MAP RP-LDA en-

semble classifier classifies to C; when

m mo + My
Wdisc—avg(wa Rlv ey RM) - T 5

™1
In— >0 3.14
;| T >0 (19

and to Cy otherwise.

Proof. The classifier which maximizes the posterior probability P[x € C;|W],
minimizes the probability of misclassification (Friedman et al., 2001). Maximizing
the posterior probability in the two-class scenario is equivalent to the following

decision rule on the ratio of posterior probabilities

T f[[W|x € Ci]
mof[Wlx € Co

> 0,

where f(-) denotes a PDF. By Theorem 3.4.5, this ratio tends asymptotically to

(3.14). 0

Theorem 3.4.7 shows that a slight modification of (3.4) yields the asymp-
totically lowest probability of misclassification for an RP-LDA ensemble. Note

that:

e The MAP RP-LDA ensemble classifier is also linear in x and it is easy
to show that % > 0. As a result, its ROC matches that of the

discriminant-averaging RP-LDA ensemble classifier.

e This classifier corresponds to a particular operating point on the ROC of

the discriminant-averaging ensemble classifier.
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e When 7y = 7y, it is easy to show that the MAP RP-LDA ensemble classifier

has exactly the same decision rule as the discriminant-averaging RP-LDA

ensemble classifier.

For the sake of completeness, the error analyses of the discriminant-averaging,
MAP, and vote-averaging RP-LDA ensembles are detailed in Appendix A.3,
wherein deterministic equivalents of the probability of misclassification are pro-

vided for each classifier.

Demonstrations

This section showcases the results of Theorems 3.4.6 and 3.4.7 on real and syn-
thetic data. The main idea we wish to demonstrate is that discriminant averaging
is at least as good (in terms of ROC and error rate) as the discriminant-averaging-
with-projection-selection, vote-averaging, and vote-averaging-with-projection-selection
schemes. So that the comparison between selection and non-selection schemes is
fair, we must set Bl X By in the selection schemes to M. This is because se-
lection can be viewed as assigning weights of zeros and ones to each projection
for a given set of projections, while a uniformly-weighted scheme assigns each
projection in the same set of projections a weight of 1/M. The total number of
weighted projections in both cases must be equal; otherwise, one of the methods
has the advantage of a larger initial set of projections. Thus, for the following sim-
ulations, we consider discriminant-averaging and vote-averaging ensembles with
M = 200 and discriminant-averaging and vote-averaging plus projection selection
ensembles with B; = 50 and By = 4, so that B; x By = 200. The projections are
selected using the resubstitution estimate on the training set.

For the synthetic data simulations, the data follows the Gaussian mixture
model specified by (2.5) with

L 1.0 a1 T 10 7
Ko = ]m 1w Op—ryp1—2 2 2] ; 1= 0p, and ¥ = zlplp +0.11,.



66
Additionally, the problem dimensions are set to n = 100, p = 1000, and the

priors to my = m; = 0.5. The testing set consists of 10° data points. All data are
generated in proportion to the prior probabilities.

Figure 3.3 shows the ROCs of each of the four classifiers. Here, the projection
dimension of all four classifiers is set to d = 49, which is half the rank of the
sample covariance estimate. The True Positive Rate (TPR) is plotted against
the False Positive Rate (FPR). The plot shows that discriminant averaging and
vote averaging perform very similarly, with discriminant averaging being slightly
better. Discriminant averaging with selection and vote averaging with selection
are slightly worse than the uniformly-weighted schemes. The Area Under the
Curve (AUC) value corresponding to each classifier is 0.8178, 0.8100, 0.7923,
and 0.7702, respectively. These results are consistent with Theorem 3.4.6, in
that discriminant averaging is optimal in terms ROC and outperforms all other

methods, whether they involve selection or not.
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Figure 3.3: ROOCs of discriminant-averaging, vote-averaging, discriminant-
averaging-with-selection, and vote-averaging-with-selection ensembles on Gaus-
sian mixture model data.

Figure 3.4 plots the error rates of the four classifiers against the projection
dimension d. The MAP RP-LDA ensemble is omitted as it matches discriminant

averaging since the priors are assumed to be equal in this case. Again, discrimi-
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nant averaging and vote averaging perform similarly, with discriminant averaging
being slightly better, while the selection schemes are generally worse. Exceptions
to this trend occur at relatively low values of d, more specifically at d = 7 and
d = 17, where discriminant-averaging with selection very slightly outperforms all
other schemes. This is observed in the real data simulations in this section as
well, and may be explained by the fact that our asymptotic analysis assumes that
d grows commensurately with p and n, and that d here is small enough that it
may be considered fixed with respect to the other dimensions in the asymptotic
regime. Nevertheless, the fact that uniformly-weighted discriminant averaging
generally outperforms the other classifiers is consistent with Theorem 3.4.7, since

it is the MAP classifier in this equal prior scenario.

0.5
disc-avg II
vote-avg I
0.45 K . . . ]
— — —disc-avg with selection ,'
— — —-vote-avg with selection |
0.4 1{ A

0.35

Testing error

0.3
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0.2 - L L L
0 20 40 60 80 100

Figure 3.4: Testing error of discriminant-averaging, vote-averaging, discriminant-
averaging-with-selection, and vote-averaging-with-selection ensembles on Gaus-
sian mixture model data.

For real data, we consider the colon tumor gene microarray dataset in (Alon
et al., 1999), the gastrointestinal lesion colonoscopy imaging data recorded under
both white light and narrow band imaging in (Mesejo et al., 2016), both the
full and reduced dimension versions of the leukemia gene microarray datasets in
(Golub et al.,; 1999), both full and reduced dimension versions of the prostate

cancer gene microarray dataset in (Singh et al., 2002), and ‘aa’ and ‘ao’ phoneme
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Dataset n p | Proportion of majority class
‘colon’ 62 | 2000 0.65
‘gastro- WL’ 76 | 689 0.72
‘gastro_NB’ 76 | 689 0.72
‘leukemia_small’ | 72 | 3571 0.65
‘leukemia_big’ 72 | 7128 0.65
‘prostate’ 102 | 2135 0.51
‘prostate_full’ 102 | 6032 0.51
‘phoneme_aa_ao’ | 100 | 256 0.60

Table 3.1: Datasets and their properties

pairs from the dataset (Hastie et al., 1995). These datasets are referred to as
‘colon’, ‘gastro. WL, ‘gastro_NB’, ‘leukemia_big’, ‘leukemia_small’, ‘prostate_full’,
‘prostate’, and ‘phoneme_aa_ao’ respectively. The only preprocessing done to
this data consisted of removing zero-variance predictors from the gastrointestinal
lesion datasets. The number of training samples, dimensionality, and proportion
of data points belonging to the majority class are listed in Table 3.1. Note that
'phoneme_aa_ao’ actually consists of n = 1717 training samples, but to mimic a
small sample situation where p > n, we randomly select a set of n = 100 samples
for training and utilize the remaining 1617 samples for testing. The proportion
of the majority class reported in Table 3.1 for this dataset is based on the full
training set. The artificially-constructed training set is sampled according to
these class proportions.

Since all datasets have a relatively small number of samples, the error rates
are estimated using iterated 10-fold cross validation, i.e., 10 iterations of the
10-fold cross-validation estimate are computed and averaged to obtain the final
estimate, with the exception of ‘phoneme_aa_ao’, for which we have a test set.
To avoid cross-contamination between the data used for projection selection and
the data used for performance evaluation, the resubstitution error computation
for projection selection is nested within the cross-validation loop (as opposed to
preceding the loop) so that the selection is performed on the training folds of the
cross-validation procedure at each iteration, and not on the whole training set.

This is similar to the nested cross-validation procedure described in (Cawley and
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Talbot, 2010).

The AUCs corresponding to the ROCs of the discriminant-averaging, vote-
averaging, discriminant-averaging-with-selection, and vote-averaging-with-selection
ensembles applied to each of the datasets in Table 3.1 are reported in Table 3.2
along with their standard errors. The standard errors are rounded to two sig-
nificant figures and each AUC is rounded up to the number of decimal places indi-
cated by its corresponding standard error. The ‘prostate_full” and ‘phoneme_aa_ao’
datasets reflect the findings of Theorem 3.4.6 in that discriminant averaging does
better than all other schemes, including discriminant averaging with selection.
Interestingly, vote averaging does better than vote averaging with selection on
these datasets as well. On the ‘colon’ and ‘leukemia_small’ datasets, the AUCs
corresponding to all four classifiers are virtually the same. For the datasets ‘gas-
tro.WL’, ‘gastro_NB’, ‘leukemia_big’, and ‘prostate’, we have performances which
are inconsistent with Theorem 3.4.6. More specifically, on these datasets, discrim-
inant averaging performs similarly to discriminant averaging with selection, vote
averaging performs similarly to vote averaging with selection, but vote averaging
performs better than discriminant averaging. This discrepancy is expected as
these datasets are not necessarily Gaussian and do not necessarily meet the com-
mon covariance assumption in (2.5). Nevertheless, looking closer at the ROCs
corresponding to these datasets plotted in Figures 3.5-3.7, we observe that, within
the range of practical TPR and FPR, discriminant averaging performs close to,
or even better than, the remaining schemes.

Figures 3.8 to 3.13 plot the iterated 10-fold CV estimates of the error rate
of the discriminant-averaging, vote-averaging, and discriminant-averaging-with-
selection, and vote-averaging-with-selection ensembles on the real datasets listed
in Table 3.1 against varying projection dimension d. As explained previously, the
selection process based on the resubstitution error estimate is nested within the
cross-validation in order to avoid bias due to using the same data to select the

projections for and evaluate the performance of the selection classifiers. Because
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Dataset AUC
disc-avg disc-avg with sel. vote-avg vote-avg with sel.
‘colon’ 0.85341 5%10-3 0.856.49 1x10-3 0.85049 95 10-3 0.85443 55 10-2
‘gastro_ WL’ 0.81315 6% 10-3 0.81245 g5 10-3 0.834167x10-3 0.83345 9x10-3
‘gastro_ NB’ 0.7541 1x10-2 0.7441 9% 10-2 0.76249 8% 10-3 0.76249.9x10-3

‘leukemia_small’

0.9960:|:2_2><1074

0.9963 15 5,10 1

0'9960:|:2.2><10*4

0.9957:|:4.0>< 10—4

‘leukemia_big’

0.9911:|:5.4><10—4

0.990045.1x10-4

0.9929:|:3.2>< 10—4

0.9931:|:3.7>< 10—4

‘prostate’

0.9493:|:4_9 x10—4

0.9518. 7 15104

0.95841.1x10-3

0'961:|:1.1><10*3

‘prostate_full’

0.787 44,3103

0.76545 4103

0.77045 7% 10-3

0.74 8 8103

‘phoneme_aa_ao’

0.8478

0.8409

0.8474

0.8358

Table 3.2: AUCs corresponding to the ROCs of the discriminant-averaging,
discriminant-averaging-with-selection, vote-averaging, and vote-averaging-with-
selection ensembles applied to real data.

the ‘gastro.WL’ and ‘gastro_ NB’ datasets are significantly imbalanced with 72%
of the data points made up by the majority class, and error rate is not the metric
of interest in such cases, these datasets are omitted in this set of simulations. The
proportions of the remaining datasets are close to balanced, and so for that reason
it is reasonable to assume that the uniformly-weighted discriminant-averaging
ensemble performs similarly to the MAP classifier as per Theorem 3.4.7.

In all figures, it can be observed that discriminant averaging and vote av-
eraging perform similarly, while discriminant averaging with selection and vote
averaging with selection perform similarly. The selection schemes exhibit slightly
lower errors than the uniformly-weighted schemes at smaller values of d. This
is inconsistent with our expectation that discriminant averaging outperform all
other schemes, and may be explained as before by the fact that our RMT asymp-
totic analysis assumes d, n, and p to be in proportion to each other, whereas low
values of d may constitute a different asymptotic regime. On the higher values of
d, discriminant averaging and vote averaging outperform the selection schemes.
In addition,the minimum error among all classifiers for each dataset occurs within
this range. The minimum error is achieved by vote averaging at d = 25 on the
‘colon’ dataset, by discriminant averaging at d = 27 on the ‘leukemia_big’ dataset,
by discriminant averaging, vote averaging, and discriminant averaging with se-

lection at d = 43 on the ‘leukemia_small” dataset, by discriminant averaging with
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Figure 3.5: ROCs of the discriminant-averaging, vote-averaging, discriminant-
averaging-with-selection, and vote-averaging-with-selection ensembles on the
‘gastro_.WL’ dataset.

selection at d = 19 on the ‘prostate’ dataset, by vote averaging at d = 17 on the
‘prostate_ full” dataset, and by discriminant averaging at d = 37, vote averaging
at d = 39 and vote averaging with selection at d = 21 on the ‘phoneme_aa_ao’
dataset. Thus, it is reasonable to conclude, that on these datasets, selection gen-
erally gives no significant advantage over uniformly-weighted schemes, and that
uniformly-weighted discriminant averaging, in particular, seems to perform as
well as any other scheme.

This section derives asymptotic distributions of the discriminant-averaging
and vote-averaging RP-LDA ensembles. It also proves that the optimal form
of RP-LDA ensemble under Gaussian data assumptions is uniformly-weighted
discriminant averaging. This finding is confirmed by simulations on synthetic
data, as well as on real data where it is shown that, in general, selection offers no
additional performance advantage over uniformly-weighted schemes, and that dis-
criminant averaging performs as good, if not better, than vote averaging on most
datasets. Based on these findings, the next section studies the uniformly-weighted

discriminant-averaging RP-LDA ensemble classifier from a practical perspective,
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Figure 3.6: ROCs of the discriminant-averaging, vote-averaging, discriminant-
averaging-with-selection, and vote-averaging-with-selection ensembles on the
‘gastro_NB’ dataset.

mainly choosing the number of projections M and tuning the projection dimen-

sion d through the use of G-estimators.

3.5 Turning theory into practice

In this section, we focus on practical implications of the analysis of the previous
section in conjunction with G-estimators to propose a working framework for RP-
LDA ensemble classification. The main lessons to take from the previous section

are:

1. The optimal ensemble under Gaussian data assumptions is a linear function
of the RP-LDA discriminants, i.e., it is a form of discriminant averaging,
as opposed to a non-linear scheme like vote averaging. As demonstrated
in the previous section, both schemes perform very similarly on real data.

Thus, there is no need to look beyond linear schemes.

2. Derivations under Gaussian data assumptions show that it is the num-

ber of projections which is critical for the classification performance of the
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Figure 3.7: ROCs of the discriminant-averaging, vote-averaging, discriminant-
averaging-with-selection, and vote-averaging-with-selection ensembles on the
‘prostate’ dataset.

discriminant-averaging RP-LDA ensemble, not the projections themselves.
In fact, as evidenced by the previous section, projection selection under
these assumptions may result in a performance loss. Furthermore, projec-
tion selection adds an extra cost in the form of computing error estimators
for each single RP-LDA ensemble classifier corresponding to a member of

the set of projections in order to implement the selection process.

Based on these findings, this section proposes methods for the practical imple-
mentation of the uniformly-weighted discriminant-averaging RP-LDA ensemble.
We first present G-estimators of the most common classification metrics of this
classifier. We then propose and demonstrate a method for tuning the number of

projections M and projection dimension d on real and synthetic data.

3.5.1 G-estimators

As explained in Chapter 2, a G-estimator of a quantity is an estimator of that
quantity which is consistent in the RMT regime. This section provides G-

estimators of the class-conditional discriminant statistics of the uniformly-weighted
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Figure 3.8: TIterated 10-fold nested CV estimate of the error rate of the
discriminant-averaging, vote-averaging, discriminant-averaging-with-selection,
and vote-averaging-with-selection ensembles on the ‘colon’ dataset.
discriminant-averaging RP-LDA ensemble classifier, from which G-estimators of
metrics such as the TPR, FPR, True Negative Rate (TNR), False Negative Rate
(FNR), probability of misclassification, Positive Predictive Value (PPV), and
Negative Predictive Value (NPV) are constructed. This is detailed in what fol-
lows.

The main building blocks of the G-estimators of interest are G-estimators

m;, i =0,1, 6%(1), and 63,__ such that

m; —im; =50, i=0,1,

which implies 1m; < m;(1), m; < m;(M), and m; < mM=>°_ ie., m; is a G-

estimator of all three classifier class-conditional means,

a.s

62(1) — o?(1) £ 0,

and

~92 2 a.s.
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Figure 3.9: Iterated 10-fold CV estimate of the error rate of the discriminant-
averaging, vote-averaging, discriminant-averaging-with-selection, and vote-
averaging-with-selection ensembles on the ‘leukemia_big’ dataset.

Theorem 3.5.1 presents the explicit expressions of these G-estimators. Note that
m; and 63,___ were derived in (Niyazi et al., 2020b). They are restated here for

completeness.

Theorem 3.5.1. (G-estimators of the class-conditional discriminant statistics)

-1
) . 1 -1 m‘l—ltr{ < + %IP> } s)
s = (1) | LT (E+;Ip) - Finik i=0,1,
1
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Figure 3.10: Iterated 10-fold nested CV estimate of the error rate of the
discriminant-averaging, vote-averaging, discriminant-averaging-with-selection,
and vote-averaging-with-selection ensembles on the ‘leukemia_small’ dataset.
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Figure 3.11: Iterated 10-fold nested CV estimate of the error rate of
discriminant-averaging, vote-averaging, discriminant-averaging-with-selection,
and vote-averaging-with-selection ensembles on the ‘prostate’ dataset.

where 7 is such that

Proof. See Appendix A.5.1. O]

In addition, it can be shown that the G-estimator 6%(M) of 02(M) such that
63 (M) — o*(M) == 0.

is simply
M) = —62(1) + (1-~) 2
M M) M=
The next theorem presents the G-estimators of some common binary classification
metrics of the uniformly-weighted discriminant-averaging RP-LDA ensemble in

terms of the preceding G-estimators. Note that we take Cy to be the negative

class and C; to be the positive class.

Theorem 3.5.2. (G-estimators of some common classification metrics of the
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Figure 3.12: Iterated 10-fold nested CV estimate of the error rate of the
discriminant-averaging, vote-averaging, discriminant-averaging-with-selection,
and vote-averaging-with-selection ensembles on the ‘prostate_full” dataset.
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Proof. See Appendix A.5.2. O

In the next section, we propose a general procedure for tuning the parameters
of the discriminant-averaging RP-LDA ensemble. We also demonstrate how G-

estimators may be made use of in this context.
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Figure 3.13: Iterated 10-fold nested CV estimate of the error rate of the
discriminant-averaging, vote-averaging, discriminant-averaging-with-selection,
and vote-averaging-with-selection ensembles on the ‘phoneme_aa_ao’ dataset.

3.5.2 Tuning the discriminant-averaging RP-LDA ensem-

ble parameters

This section maps out a procedure for tuning the number of projections M and
projection dimension d of the uniformly-weighted discriminant-averaging RP-
LDA ensemble classifier. To begin with, note that, as shown in Section 3.4,
for a given d, performance improves with increasing M so that the upper bound
on the performance of the finite ensemble is the performance of the infinite en-
semble. In other words, the ratio of infinite ensemble error to finite ensemble
error is always less than or equal to one.

As M is constrained by computational efficiency, one may specify the trade-

off between performance and computational efficiency as a fraction of the infinite

infinite ensemble error
finite ensemble error °

ensemble performance, denoted by 1. More specifically, 1 =
This idea is illustrated in Figure 3.14, which shows this ratio approaching 1 with
increasing M. As alluded to earlier, the infinite ensemble cannot be realized prac-
tically, but must be approximated by a large number of projections. Figure 3.14

uses 3000 projections to approximate the infinite ensemble. As indicated on the
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figure, a performance of ¢ = 0.98 is achieved at M = 112. This is a significant

computational savings as compared to utilizing the full set of 3000 projections
which approximate the infinite ensemble. Based on this, we propose the follow-
ing experimental approach to tuning M and d, which uses 5000 projections to
approximate the infinite ensemble. It is important to realize that this procedure

is part of the classifier training, and should be applied to the training set.

1. Tune d for a ensemble with M = 5000. This approximates the optimal
projection dimension for an infinite ensemble. Compute the corresponding
error, which serves as the infinite ensemble performance benchmark against

which we measure .

2. Now starting at a small M, compute the error and the resulting ratio of
infinite ensemble error (from step 1) to this finite ensemble error. Check
if 1 is satisfied. If not, increment M. Repeat in this manner until v is
satisfied. The value of M at which v is satisfied is the final setting of M for
the finite ensemble which achieves at least 1 level of performance relative

to the infinite ensemble.

While it is possible to add a third step to this procedure in which d is further
tuned for the finite ensemble obtained at step 2, we find that this can result in
performance loss in practice, probably due to overfitting to the training data.
Algorithm 1 presents the previously outlined procedure in more detail. Here,
R(M,d) is any training-data-based estimate of the probability of misclassification
of a discriminant-averaging RP-LDA ensemble composed of M projections having
projection dimension d. Of course, Algorithm 1, especially lines 1-3, may be very
computationally intensive depending on the choice of error estimator R(M,d).
The G-estimator of the infinite ensemble error derived in Niyazi et al. (2020Db)
and the G-estimator for the finite ensemble error derived in this work (see Section
3.5.1, Theorem 3.5.2) may be of utility in this context. We propose using the
former for the calculation in line 2, and the latter for the calculations in lines

7 and 10. For further savings, the M tuning procedure in lines 6-12 may be
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Figure 3.14: Ratio of infinite to finite discriminant-averaging RP-LDA ensemble
classifier error on Gaussian mixture model data.

bypassed by using an approximation of the probability of misclassification based

on G-estimators which gives
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where Wy(+) is the principal branch of the Lambert W function. This approxi-
mation is valid when the class priors are equal. It is derived in Appendix A.5.3.
In what follows, we refer to this approximation as ‘the heuristic’. All test errors
are rounded to three decimal places.

We now report the errors achieved by tuning the discriminant-averaging en-
semble classifier by Algorithm 1 on both real and synthetic data. We first consider
synthetic data generated from the Gaussian mixture model specified at the be-
ginning of Section 3.4.2. The testing error is evaluated on a testing set consisting
of 10° data points from each class. Table 3.3 presents the testing errors and
parameter settings of the infinite discriminant-averaging ensemble, R-LDA, and
various tunings of the finite discriminant-averaging ensemble. The R-LDA pre-

cision matrix estimator takes the form (2 +~I,)"!, where ~ is a positive scalar.
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Algorithm 1 Tuning the discriminant-averaging ensemble parameters M and d

Require: ¢ < 1
1: for d' =1 :rank{%} do
2: Compute R (5000, d’) > Set M = 5000 to approximate an infinite
ensemble
end for
d < argming R (5000, d') > Tune d for infinite ensemble
Ryr— < R(5000, d) > Set minimum infinite ensemble error estimate
M’ < 100
Compute R(M’,d)
while % < do > Set M so that ¢ is satisfied
M+ M’ + 100
10: Compute R(M’,d)
11: end while
122 M < M’

The parameter setting of the infinite ensemble is determined by setting M = 5000
and tuning d optimally according to the iterated 10-fold CV estimate of error on
the training set. Similarly, the parameter setting of R-LDA is determined by
tuning v optimally according to the iterated 10-fold CV estimate of error on the
training set. The parameters settings of the finite ensemble are determined by
different variants of Algorithm 1 at ¢» = 0.95. The first sub-row under the finite
ensemble utilizes the iterated 10-fold CV on the training set as the error estima-
tor R(M,d). The second sub-row uses the G-estimator for the infinite and finite
ensembles on the training set in place of all error estimators in Algorithm 1. The
third sub-row uses the heuristic described previously to compute M directly and
the G-estimators for the infinite ensemble in the second step. Finally, the fourth
sub-row uses Durrant’s rule-of-thumb (see Section 3.3.2) to set M and d without
any need for error estimation. To reduce fluctuation due to projections, the ‘Test
error’ values reported in the table are testing errors averaged over 500 sets of
projections, except for the first row which is averaged over 5 sets, since each set
consists of 5000 projections.

Table 3.3 shows that R-LDA achieves the lowest testing error of 0.214 fol-
lowed by the finite ensemble tuned by heuristic at 0.218. As the computational

complexity of R-LDA is O (p?), while that of the discriminant-averaging RP-LDA
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Classifier Test error Parameters
disc-avg infinite ensemble -
tuned by CV 0.223 d=31
R-LDA 0.214 v =1.03
. CV 0.241 M =200, d =31
disc-avg

G-estimators 0.221 M = 400, d = 66

finite ensemble -
tuned by: G-estimators
+ 0.218 M =552, d = 66
Heuristic
Durrant’s

rule-of-thumb 0.245 M =100, d =49

Table 3.3: Table of average testing errors and parameter settings of the infi-
nite discriminant-averaging ensemble classifier, where d is tuned based on cross-
validation, and the finite discriminant-averaging ensemble classifier where M and
d are tuned by Algorithm 1 based on cross-validation, G-estimators, and the
heuristic on Gaussian mixture model data. Here ¢ = 0.95. For comparison, the
Bayes error is 0.0401.

ensemble is O(M (np + d?)) (Durrant and Kaban, 2015), using a large M might
offset the computational savings offered by the ensemble, in which case one might
be better off using R-LDA. In this case, the complexity of R-LDA is on the order
of 10° operations, while that of the ensemble tuned by the heuristic is on the or-
der of 10® operations. The heuristic also has the advantage of minimal tuning at
training time. The worst performance belongs to Durrant’s rule-of-thumb which
yields an error of 0.245. Its complexity at execution is, however, on the order of
107 and, moreover, it involves no tuning procedure. The finite ensemble tuned by
cross-validation also has a relatively high test error of 0.241 at a corresponding
complexity at execution on the order of 107, although the training procedure is
much more involved. The infinite ensemble tuned by cross-validation and the
finite ensemble tuned by G-estimators yield test errors of 0.223 and 0.221, re-
spectively, at a common complexity at execution on the order of 108, and so have
higher errors in addition to offering no performance advantage over the finite
ensemble tuned by the heuristic.

For real data, we consider the ‘phoneme_aa_ao’ dataset. Again, we use 5000
projections to approximate the infinite ensemble. Table 3.4 can be interpreted

exactly as Table 3.3. Here ¥ = 0.99 and, as in the synthetic data simulation,
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Classifier Test error Parameters
disc-avg infinite ensemble -
tuned by C'V 0.206 d=11
R-LDA 0.210 v =4.76
. CV 0.206 M = 2500, d =11
disc-avg

G-estimators 0.199 M =100, d = 31

finite ensemble .
tuned by: G-estimators
+ 0.199 M =82,d=31
Heuristic
Durrant’s

rule-of-thumb 0.213 M =100, d =50

Table 3.4: Table of average testing errors and parameter settings of the infi-
nite discriminant-averaging ensemble classifier, where d is tuned based on cross-
validation, and the finite discriminant-averaging ensemble classifier where M and
d are tuned by Algorithm 1 based on cross-validation, G-estimators, and the
heuristic on the ‘phoneme_aa_ao’ dataset. Here v = 0.99.

the reported testing errors are averaged over 500 trials except for the first row
where the testing error is averaged over 5 trials. All errors are rounded to three
significant figures.

Table 3.4 shows that, although the data is slightly imbalanced, the two strate-
gies of tuning a finite ensemble using the G-estimators and the heuristic both
achieve the lowest testing error of 0.199. Both have complexities at execution on
the order of 10%. The fact that these finite ensembles perform better than the infi-
nite ensemble tuned by cross-validation can be explained by the better choice of d
obtained by the G-estimators (d = 31) as compared to cross-validation (d = 11).
This is confirmed by computing the testing error of an ensemble with M = 5000
and d = 31 which turns out to be 0.196. Durrant’s rule-of-thumb has the worst
performance on this data, yielding an error of 0.213 at a complexity at execution
time, on the order of 107 operations. The infinite ensemble, R-LDA and the finite
ensemble tuned by cross-validation have complexities at execution on the order
of 108, 107, and 107, respectively, and so have higher errors than the G-estimator
and heuristic schemes while offering no performance advantage.

The MATLAB code for the tuning framework based on the G-estimator of er-

ror and the heuristic can be found at https://github.com/niyazil/DA-RP-ensemble_
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tuning.
The next section concludes this chapter with an additional finding regarding

the infinite discriminant-averaging RP-LDA ensemble which relates it to R-LDA.

3.6 The discriminant-averaging RP-LDA infinite ensem-

ble as a special case of R-LDA

In this section, we conduct a deeper investigation of the effect of Marzetta’s
precision matrix estimator, invcov, within the context of the LDA classifier. In
other words, we study the effect of the infinite ensemble term, Eg [ﬁﬁl} , on the
performance of the infinite discriminant-averaging RP-LDA ensemble classifier
defined at the end of Section 3.3.2. We find that this classifier asymptotically
behaves (in terms of its probability of misclassification) as a special case of R~
LDA with a coarser tuning of the regularization parameter.

To do this, we look at the form of the probability of misclassification of the
infinite discriminant-averaging RP-LDA ensemble. Using (2.4), the exact testing

error of the classifier (3.7) for a given training set, 7T, is

+md |- (3.15)
i o o

The effect of the ensemble term, Eg [iﬁl] ,in (3.15) with respect to basic plu-
gin LDA (whose exact error has the same form as (3.15) with Eg [ﬁ?ﬁl] replaced
with EA]*l) is obscured by the fact that it involves the random projection R. To be
able to observe the effect of this term on the probability of misclassification, we
derive the DE, £y/—« (T), of the infinite discriminant-averaging RP-LDA ensem-

ble classifier (3.7) with respect to the random projection only. This means that the
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DE deterministically expresses the effect of the random projection ensemble for
a given training set, 7. The result is presented in the following theorem adapted

from (Niyazi et al., 2020Db).

Theorem 3.6.1. (Infinite discriminant-averaging RP-LDA ensemble probability
of misclassification DE with respect to random projection) Under the growth

regime defined by the conditions (a)-(g), the following asymptotic convergence

holds

where

IlT <ﬁ] + %Ip> (“O _ ﬂo-glh) + ln%
~ —1 ~ -1
\/ aT(S+i) T(S+in) p

A -1 L .
AT (S4IL) (- B 4

pma | : | @319
\/ﬂT (2+1) =(S+1L) &

where the quantity © is as defined by (A.34) in Appendix A.5.

Proof. See Appendix A-B of (Niyazi et al., 2020b). ]

Now compare the asymptotic probability of misclassification of Theorem 3.6.1
to the exact testing error of an R-LDA classifier of the form (2.1) with discrimi-

nant

7 (g -1 o + i 7
WreLpa (x,7) = f" (2 +’VIp) (x— Ho . “1) +Inzt,
0

and a threshold of ( = 0. The exact testing error of this classifier for a given
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training set, 7T, is

~ -1 N N .
A (S4L,) (s — Bp) + w2
N —1 N —1
\/ il (2 n 71p> ) (2 n 71p> i

~ -1 L .
AT (S40L) (i — P25

+ 7T1q) — i i (317)
\/,zT (B+91L) =(S+91L,) @

ER-LDA (T) =P

By comparing (3.16) and (3.17) it follows that the infinite discriminant-averaging
RP-LDA ensemble classifier asymptotically behaves as an R-LDA classifier with
regularization parameter set to v = % Since 7 is a function of the projection
dimension, d, through (A.34), the effect of d is to control this regularization
parameter. Since d is an integer parameter, the possible values to which d can
be set restrict the possible values of % to a subset of (0,00), whereas an R-LDA
classifier’s regularization parameter can vary over all of (0,00). From this, we
deduce that though the ensemble may be more computationally efficient than
the R-LDA classifier (due to working with data of reduced dimension), for data
distributed as (2.3), it asymptotically can never surpass the accuracy of an R-LDA
classifier for which the regularization parameter has been properly tuned.

Not only is invcov a special case of the R-LDA classifier when embedded in the
LDA classifer in the infinite discriminant-averaging RP-LDA ensemble classifier
as we have just shown, but as is discussed in the next chapter, this estimator is
in fact an instance of the more general class of rotationally-invariant estimators.

This brings us to the subject of the next chapter: rotationally-invariant estimators

of the precision matrix within the context of LDA classification.



Chapter 4

General Shrinkage for LDA Classification

As shown in the previous chapter, the Marzetta estimator of the precision matrix,
invcov, as it appears in the RP-LDA discriminant-averaging infinite ensemble,
asymptotically behaves as a regularization of the sample covariance matrix. Be-
sides its role in classification, invcov as a standalone estimator has been shown to
have the same eigenvectors as the sample covariance computed from the same data
(Marzetta et al., 2011). This puts it into the category of rotationally-invariant
estimators which improve upon the sample covariance estimator through a mod-
ification of the sample eigenvalues commonly referred to as ‘shrinkage’. The
fact that invcov’s shrinkage was not designed with classification in mind begs
the question: why not design the optimal rotationally-invariant estimator from
scratch rather than resorting to projection? Motivated by this, this chapter goes
on to propose a more general non-linear form of shrinkage specifically for LDA

classification.

4.1 Background

Before we begin, we redefine the sample statistics introduced in Chapter 2 using
an alternative notation. The pooled sample covariance estimator of 3 based on

the two-class, common covariance data in the matrices Xy and X; is denoted as

$5(X, X, ) = (0= DX (Xo) + (i — DT (Xy)

4.1
n0+n1—2 ’ ( )

where (X;) = 45 (Xi — (X)) 1) (X — (X)) 1), 4(Xy) == X1,

and 7; := ™, 4 = 0,1, are the individual sample covariance, sample mean, and
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prior probability estimators, for each of the classes Cy and Cy, respectively. Let the
eigendecomposition of the pooled sample covariance estimator be fJ(XO, X;) =
ULU7?, where U = [uy - - - uy,) is the orthogonal matrix of sample eigenvectors,
{u;}i_;, and L = diag(l) is the diagonal matrix of sample eigenvalues, 1 =
(L, ..., 1,7, ordered such that 0 < 1; <y <--- <1[,. It is known that the sample
covariance estimator (4.1) tends to produce biased estimates of the population
eigenvalues which lead to a spreading of the sample spectrum as compared to
the population spectrum (Friedman, 1989). These effects worsen with decreasing
sample size. To counteract this phenomenon, Charles Stein proposed the first
instance of an estimator belonging to the class of rotationally-invariant estimators
which directly modify the distorted sample eigenvalues (Stein, 1986).

A rotationally-invariant estimator of the covariance/precision matrix, denoted
by > (X0, X1), is an estimator for which, when the underlying data is rotated, the

estimator is rotated in the same way (Ledoit and Wolf, 2012). Mathematically,

this is expressed as

(WX, WX,) = WX (X, X;) W, (4.2)

where W € RP*P is an orthogonal matrix. It is easy to see that the sam-
ple covariance estimator 3 (X, X;) itself satisfies (4.2) and thus belongs to
the class of rotationally-invariant estimators. In fact, since the eigenvectors of
3 (WX, WX, ) are WU, any estimator which keeps the sample covariance eigen-

vectors as its eigenvectors and modifies only the sample eigenvalues is rotationally-

invariant. Such estimators can be expressed in the (unrotated) form

¥ (X, X;) = UDUT, (4.3)

with D = diag (dy,...,d,), where d; := ¢(l;), j=1,...,p, and ¢ : R U {0} —
R—{0} is called the shrinkage function. Over the years, a multitude of shrinkages

have been proposed for a variety of different metrics. The classical Stein estimator
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designs the shrinkage to minimize a metric which is equivalent to the Kullback-
Leibler divergence (or relative entropy) of the distribution N (u,i (XO,X1)>
from N (u,X), up to a factor of 1/2. In a succession of more than a dozen
papers, Ledoit and Wolf propose linear and non-linear shrinkage estimators of
the sample covariance matrix (Ledoit and Wolf, 2022a). The common theme of
these works is the optimization of the shrinkages based on the Frobenius norm
of the difference between the true covariance and the estimator. Needless to
say, for an application such as the sample covariance estimation for classification
considered in this paper, the Stein and Ledoit and Wolf estimator loss functions
result in non-optimal performance as compared to estimators designed for more
relevant metrics like the probability of misclassification, true positive rate, false
positive rate, etc...

An example of a commonly-used shrinkage function in the context of LDA

classification, is the regularization of the sample covariance matrix of the form
3 491, (4.4)

where v > 0 is a parameter which is tuned according to the metric of inter-
est (Guo et al., 2007). It is easy to see that the regularized sample covariance
matrix, 3(Xo,X;) + I, = U(L+1,) UT, has the same eigenvectors as the
sample covariance matrix, but shifted eigenvalues l; + v,lo +7,...,l, + . For

LDA, these are then inverted to form an estimate of the precision matrix so

1 1 1
Hy bty by

that the final shrinkages are of the form As we have seen,
another rotationally-invariant estimator which has been used in the context of
LDA classification (yielding the discriminant-averaging RP-LDA ensemble clas-
sifier of (Durrant and Kaban, 2015)) is the Marzetta estimator, ‘invcov’, of the
precision matrix based on random projections (Marzetta et al., 2011). Marzetta
et al. (2011) shows that invcov’s particular shrinkage shifts all zero eigenvalues

of the sample covariance to a non-zero constant while modifying the non-zero

eigenvalues non-trivially, however, as presented in Chapter 3, asymptotic analy-



91

sis shows that the shrinkage is effectively of the form d; = m, j=1...,p,
where v(d) > 0 is a constant which depends on the chosen dimension, d, of the
random projections. This result is also proven in Appendix B.2.1 for invcov in
isolation. This means that nvcov is essentially an inverted regularized sample
covariance like (4.4), but with coarser tuning of its regularization parameter since
v(d) varies only through the integer parameter d. So, while these two estimators
allow for customization to relevant metrics in classification through their respec-
tive hyperparameters, they are restricted in the sense that, prior to inversion, the
shrinkage is linear in the sample eigenvalues.

Finally, references (Sifaou et al., 2020) and (Li et al., 2022) propose non-
linear shrinkage in order to minimize LDA misclassification rate under a spiked
covariance model. More specifically, these papers assume a covariance of a scaled
identity matrix plus a finite rank perturbation. This model gives rise to a sample
spectrum composed of a finite number of zero probability mass spikes surrounding
a bulk. Reference (Sifaou et al., 2020) assumes that the spikes are only to the
right of the bulk, while reference (Li et al., 2022) allows the spikes to appear
on both sides of the bulk. Since the optimal shrinkages corresponding to the
bulk are known in advance, the spiked model assumption reduces the number of
shrinkages to be determined to a finite number corresponding to the number of
spikes. While this model does have a number of specialized applications, it is
generally restrictive. This leads us to our proposed shrinkage which is both non-

linear, in general, and makes no assumptions on the structure of the covariance,

while utilizing a finite number of parameters.

4.2 Contributions

With the above goal in mind, and with the constraint of requiring a shrinkage that
can be consistently estimated in order to be useful in practice, we propose a form
of shrinkage composed of a weighted linear combination of sub-component shrink-

age function. Placing the resulting rotationally-invariant estimator in place of the
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precision matrix estimator in the LDA decision rule gives rise to the Weighted-
Shrinkage Linear Discriminant Analysis (WS-LDA) classifier. We provide a G-
estimator of the probability of misclassification of WS-LDA as well as that of any
shrinkage with LDA base classifier under certain conditions. Additionally, we op-
timize the classifier’s hyperparameters. Simulations are performed on synthetic
data in order to compare the proposed classifier with other rotationally-invariant
schemes such as R-LDA and several of Ledoit and Wolf’s estimators as different
parameters of the classification problem are varied. The contributions of this

chapter are summarized as

e A general non-linear rotationally-invariant estimator designed specifically
for LDA classification whose shrinkage is a weighted linear combination of
a fixed set of sub-component shrinkage functions. We call the resulting

classifier the WS-LDA classifier.

e A G-estimator of the probability of misclassification of WS-LDA for any
setting of hyperparameters which, as a special case, applies to any shrinkage

under some conditions on the shrinkage functions

e The optimal setting of hyperparameters of WS-LDA which minimize the

G-estimator of the probability of misclassification.

In the remainder of this chapter, we drop the arguments of the sample statis-
tic estimators defined at the beginning of Section 4.1. Hereinafter, the pooled
sample covariance, 2(X0, X1), is denoted by 2, the rotationally-invariant estima-
tor based on the same data, XN](XO, X1), is denoted by f], the sample covariance
estimate for data in C;, EAJ(Xi), is denoted by 3, and, finally, the sample mean

corresponding to class C;, it (X;), is denoted by f1;, i = 0, 1.
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4.3 Rotationally-invariant estimators in the context of LDA

classification

4.3.1 The rotationally-invariant LDA Rule

Consider the LDA discriminant
prst (X — M) + lng, (4.5)

which classifies the test point x to class C; when (4.5) is positive, and to class
Co otherwise. This rule simply plugs in the maximum likelihood estimates of the
class statistics into the Bayes rule for Gaussian data with common covariance.
Now consider the alternative discriminant

750> (x — %) + h%, (4.6)
where X is understood to be a rotationally-invariant estimator of the precision
matrix. As a special case, setting 3 = 331 recovers (4.5). Moreover, 3 may be set
to any of the aforementioned estimators, with inversion where appropriate. Note,
however, that depending on the chosen f], this approach may end up designing the
estimator independently from the classifier. For example, if the Stein or Ledoit
and Wolf estimators of the sample covariance are employed, they are simply
inverted and plugged in.

To further emphasize this point, we now derive the (unobservable) Bayes
shrinkage and show that it is not only a function of the true covariance matrix,
but also the class means. This implies that for optimal performance it is not
enough to design a perfect precision matrix estimator in isolation; the context of

the estimator must also be taken into account.
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4.3.2 Bayes shrinkage

The Bayes shrinkage for our data assumptions is the shrinkage which results in the
minimum error for Gaussian classes with common covariance, or, equivalently, it
is the shrinkage yielding a weight vector which is proportional to the Bayes weight
vector. As is to be expected, the Bayes shrinkage depends on a knowledge of both
the true means and true covariance, as we will show in what follows.

First, the Bayes’ weight vector is Wpayes := X~ '. In fact, any vector which
is proportional to Wgayes Will produce the same misclassification error. Based
on this, the design weight vector for known means based on the rotationally-
invariant estimator (4.3) is then UDUgu. This can be expressed as UDUp =
PRy d;jujuj p. To determine the Bayes shrinkage, dfayes, j=1,...,p, we need
to express the Bayes weight vector in the form of this design expression.

To do this, project Wpayes 0nto the sample eigenvectors (which form a basis).

ul's-1y _
Then, Weayes = y__, ju;, where (3; = e = ul X' . So we have,
J

p
WBayes — § ﬂjuj
Jj=1

o WH
p ug‘z—llll T
_ E T u;u; [,
j=1 J

from which we observe that the shrinkage corresponding to Wgayes is d?ayes :

Ty —1
ujz—“, j =1,...,p. Note that this shrinkage is of the form ¢ (u;, %, u), j =

ul'p
J

1,...,p, where we expected a shrinkage of the form ¢(/;), j = 1,...,p. For a
proof that this shrinkage satisfies the criteria for rotational-invariance in (4.2), see
Appendix B.2.2. This result is important in that it shows that the Bayes weight
vector is theoretically achievable within the class of rotationally-invariant estima-

Bayes
dj

tors. Alas, it is difficult to actually estimate without making any further

assumptions on . In any case, this result motivates the use of rotationally-
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invariant estimators in the context of LDA classification as done in this work.
Although unattainable in practice, the Bayes shrinkage can be used as a bench-
mark against which to compare other shrinkages in the synthetic data simulations
in Section 4.5. More importantly, it shows that in order to even approach the op-
timal shrinkage for LDA, (4.3) must depend on some estimate of the class means
in addition to the covariance. In the next section, we move in this direction by

proposing a form of shrinkage for which consistent estimation is tractable.

4.4 Main results

This section restricts the form of shrinkage considered in this work to a weighted
linear combination of sub-component shrinkage functions ensuring the possibil-
ity of consistent estimation of the shrinkage parameters. From there, it derives
the corresponding G-estimator of the probability of misclassification of the LDA
classifier based on this shrinkage and the optimal weights and classifier intecept

for those weights.

4.4.1 Proposed form of shrinkage

In this work, we consider a rotationally-invariant estimator whose shrinkage takes
the form of a weighted sum of a finite number of sub-component shrinkage func-
tions. As such, we call it the Weighted Shrinkage (WS) estimator defined as

follows
Sws = UDws U7, (4.7)

with Dws = diag (d}"®, ..., d}'%), where

4" =" ol (L))
k=1

=a’h(ly), j=1,...,p,
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where {hy},_, are a set of r functions of the sample eigenvalues and {ay})_,
are their coefficients. The vectors h(l;) and a are then defined as h(z) =
[hi(z), ..., h(2)]F and a = [ay,...,a,]T. Note that this form is able to ac-
commodate any shrinkage as a special case when » = 1, a; = 1, and hy is set to
that particular shrinkage function. Also note that this form reduces the number
of parameters in (4.3) from p (shrinkages) to r (coefficients). This is important
because, in general, it is impossible to consistently estimate p parameters from n
observations when n is on the order of p. The number of coefficients, r, however,
is assumed to be finite with respect to p and n, thereby making the estimation
tractable.

With the rotationally-invariant estimator (4.7) in hand, we now consider the

classifier with the discriminant

+In2t 4. (4.8)

2 0

ﬂTiws <x ~ Bo .Ul)
Here, a and 6 are hyperparameters of the classifier. The exact probability of mis-

classification corresponding to this classifier is presented in the following lemma.

Lemma 4.4.1. The exact probability of misclassification of the classifier (4.8)

under the data assumption (2.3) for a given training set is

ATi _ p’()"l‘/:'fl + ln@ + 0 ATE _ ﬂO“l‘Ij’l + ln@ + 6
To® K ws(Ho _ 2 ~) o o ® K ws(llq _ 2 ~) %o
\/ﬂTEWSEEWSﬂ \/ﬂTEWSEEWSﬂ
(4.9)

Proof: The proof is similar to that of Lemma 1 in (Niyazi et al., 2020a).

The main contribution of this work is to provide the optimal coefficients,
«, and intercept, #, which minimize (4.9) for any given set of sub-component
shrinkage functions, {h4},_,. To do this, we first derive an estimator of (4.9)
which is consistent when p and n grow at constant rates to each other for a

fixed number of sub-component shrinkage functions, . We then optimize this
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expression jointly over v and . This is detailed in the next section. By standard
arguments related to the uniformity of a function over its parameters (see, for
example, (Yang et al., 2018)), this is asymptotically equivalent to optimizing over

the exact probability of misclassification, (4.9).

4.4.2 Assumptions and main results

In this section, we derive the G-estimator of (4.9) under standard RMT assump-
tions as well as other assumptions specific to the LDA classification context and
the form of shrinkage imposed in (4.7). Theorem 4.4.1 presents this G-estimator.
Building on this, Theorem 4.4.2 then provides the optimal a and 6 which jointly
minimize the G-estimator.

The assumptions for the validity of Theorems 1 and 2 are:

a) p and n grow together such that 0 < liminf 2 < limsup 2 < oc;
(a) p g 8 n Py

b — 0 and £ — 0, i.e., r is fixed in relation to p and n;
( n ) ) p )

P
(c) 0< lirr;inf o — pe1ll2 < limsup ||po — w1l < o005
P
(d) limsup |||z < oc;

)
)
)
)
P
(e) liminf Ay, (32) > 0;
P
(f) the set of shrinkages, {hy},_,, are analytical and bounded in an open set
of C containing the interval [—¢, 00), € > 0;

(&) [lexlls > 0;

Now, let p := rank {2} and define

U= [uppi1 - wy), (4.10)
L= [lppir ), (4.11)
L := diag(1), (4.12)
> .= ULU, (4.13)

Qz) = (2 -=2I,) (4.14)
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1=

T
1 .
2) ( n_2> . Note that if p = p,

then (4.10) is simply U, (4.11) is simply 1, (4.12) is simply L, and (4.13) is simply

and {v;}/_, as the eigenvalues of L — (

A

3.

Theorem 4.4.1. The G-estimator of the probability of misclassification (4.9) of

the classifier (4.8) is

! 'aT[( ZHHb—l—( )ZH,JC]—HD +6
> #wmi® | (—1) . (4.15)
i=0 \/oTH,ITH. o
where b := Ul o UTf, ¢; := _”il—ltr{i—Q(Vl)} —tr{EQ(Vp} ' [H] _
o K K Ci == %Qtr{leQ(Vl)}’ B tr{EQ (vp) } o
A7 Q) EQ i l,k=1,...,p, therxpmatrix Hy := [h(l;)---h(l,)],

tr{EQ (v1) }nl tr{EQ( )}

the rxpmatrix H, := [h(r) - - - h (v,)], and it is assumed that lim inf A, (H,,HHZ) >
P

0 is satisfied.

Proof: See Appendix B.1.1.

This result is useful as it provides us with the G-estimator of the probability
of misclassification of (4.8) for any combination of shrinkage and intercept as long
as the shrinkage is of the form (4.7) whose sub-component shrinkage functions
satisfy assumption (f) and for which r is small compared to the data dimensions
p and n.

The next theorem presents the optimal coefficients, a*, and optimal intercept,
6*, which jointly minimize (4.15) for a classifier of the form (4.8). The correspond-
ing G-estimator for this optimal combination of coefficients and intercept is also

presented.

Theorem 4.4.2. Assuming that Cj is the majority class, the optimal coefficients,
o, and intercept, 0*, which jointly minimize (4.15) along with the optimal in-
tercept, are

~ (H,ITH]) " [Hib — H,c], (4.16)
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where ¢ = ¢y + ¢, and
o TH,IIH o L o*TH,, (c; — co)
n-—

6 — It
N @ T[Hb—Hyd 7 | 2 ’

with corresponding G-estimator of the probability of misclassification

1 1. 7 1 1 7
Ao (o 4+ —Int ) 4@ [~ — —In L), (4.17)
2 T T 2 T T

a*T[Hb—H, (]

\orTH, ITHL o
Proof: See Appendix B.1.2.

where 7* ;=

Theorem 4.4.2 is useful as it allows us to construct a classifier of the form
(4.8) which minimizes the G-estimator of the probability of misclassification over
the hyperparameters a and #. This is achieved by plugging o* and 6* into
(4.8). Theorem 4.4.2 also provides us with the G-estimator of the probability of
misclassification of this optimal classifier (4.17). Additionally, (4.17) is able to
recover the G-estimator of the probability of misclassification of (4.8) with any
linear combination of shrinkage functions and corresponding optimal intercept by
setting a® to an a of choice. In particular, setting » = 1, a; = 1, and h; to a
particular shrinkage which satisfies (f) yields the G-estimator of the probability
misclassification of (4.8) for any given shrinkage function (R-LDA, for example)
and optimal intercept. In any case, when r = 1, (4.16) is in fact a scalar whose

effect cancels out when computing 7* and so the coefficient, a4, no longer matters.

4.5 Simulations

This section compares the performance of the proposed classifier (4.8), with a
given set of sub-component shrinkage functions and their optimal coefficients,
to several popular rotationally-invariant estimators in the literature which are
combined with LDA in the form (4.6). The simulation design closely mirrors that

of (Ledoit and Wolf, 2022b) with a baseline scenario of synthetic data for which
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certain parameters are varied and the performance of each classifier is plotted in

each case. The baseline scenario we consider in this paper is as follows:

the data dimension is p = 200;

the training set sample size is n = 600 so that the baseline concentration

ratio is p/n = 1/3;

the training data is Gaussian following the distribution (2.5);

1 T T T
the class means are py = i/ 3 X 1[\/131 Op*[\/ﬂ*Z 5) 5] and py = 0p;
the default condition number of the population covariance matrix is 30;

the population covariance matrix is diagonal with 20% of the eigenvalues
equal to 1, 40% of the eigenvalues equal to 3, and 40% of the eigenvalues

equal to 10;

and the class priors are equal.

The rotationally-invariant estimators considered in the context of the LDA

classifier are:

the precision matrix estimator, 31, which yields the LDA classifier (4.5);

the regularized and subsequently inverted sample covariance matrix esti-
. —1
mator, <E + 71p> , which yields R-LDA, where v is a hyperparameter to

be tuned;

Ledoit and Wolf’s analytical estimator which is non-linear and optimizes

the Frobenius norm (Ledoit and Wolf, 2020);

and Ledoit and Wolf’s Quadratic Inverse Shrinkage (QIS) estimator which
is also non-linear and also optimizes the Frobenius norm (Ledoit and Wolf,

2022D).
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The above schemes are compared to the proposed WS-LDA classifier (4.8) with

r=26,hi(z) =1, hao(x) = ﬁ, hs(z) = ﬁ, hy(z) = ﬁ, hs(z) = W, and
he(z) = W, where 7 is the same as the regularization parameter of R-LDA and

ais set to the optimal o* in (4.16). For fair comparison, all classifier intercepts are
set to their optimal intercept (B.25). The hyperparameter + is tuned according to
the G-estimator (4.17) of the R-LDA probability of misclassification. The exact
testing error for a given training set for each classifier is evaluated using (4.9).
This quantity is then averaged over 1000 training sets in order to estimate the
expected testing error. We then report the Percentage Relative Improvement
in Error (PRIE) defined similarly to the Percentage Relative Improvement in
Average Loss (PRIAL) in (Ledoit and Wolf, 2022b), but based on the expected

testing error. The PRIE is defined for a rotationally-invariant estimator, 3, as

(2 < (%)
PRIE (2) S % 100,
€ (Zil) - EBayes

where ¢ (ﬁ]_l> is the expected error corresponding to LDA as in (4.5), € (2) is
the expected testing error corresponding to LDA with a particular shrinkage as
in (4.6), and epayes is the Bayes error. The PRIE signifies the improvement of )
in the context of LDA relative to the sample covariance matrix as a percentage of
the improvement of the Bayes shrinkage relative to the sample covariance matrix.
By definition, its magnitude is no more than 1. Positive PRIE values indicate
that ¥ improves performance relative to the sample covariance matrix, while
negative PRIE values indicate that performance is degraded by X relative to
the sample covariance matrix. An important point to note here is that we use
exact errors which we have access to since we use synthetic data, but even if
we were to use a training data based error estimator such as cross-validation to
evaluate the performance of each classifier, tuning any classifier hyperparameters
using the G-estimator based on the same training data does not introduce any

selection bias, as the G-estimator is a consistent estimator of the true probability
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of misclassification. There is therefore no need to resort to computationally-
draining procedures such as nested cross-validation in order to avoid selection
bias due to overlap between the data used for training and tuning and the data
used for performance evaluation.

Lastly, a final remark concerning the inversion of Ledoit and Wolf’s analyti-
cal and QIS sample covariance estimators to obtain estimators for the precision
matrix is that, although doing this is less optimal in terms of the Frobenius norm
than if a precision matrix estimator had been designed directly, it is not totally
arbitrary. Indeed, both estimators share the same oracle which minimizes the
inverse Stein loss (Ledoit and Wolf, 2022b). Therefore, inverting these estimators
results in precision matrix estimators which asymptotically minimize the Stein’s
loss for the precision matrix. Note that these estimators are implemented us-
ing the authors” own code which is available at https://www.econ.uzh.ch/en/
people/faculty/wolf/publications.html#Programming_Code.

We now present the results of the simulations when varying the data dimen-

sions, the condition number, the concentration ratio, and the priors.

Convergence

In this simulation, the data dimensions p and n are made to grow at the baseline
concentration ratio of p/n = 1/3. Figure 4.1 plots the PRIE against p for each
of the rotationally-invariant schemes. As expected, the performance of WS-LDA
improves with increasing dimension as the G-estimator of Theorem 4.4.1 based
on which the classifier hyperparameters are optimized becomes more accurate.
Consequently, a* becomes more accurate, resulting in a more optimal classifier
and at p = 1000, WS-LDA achieves a 22.5% improvement in performance as
compared to LDA. In contrast, R-LDA and the Ledoit and Wolf estimators do
very poorly, with R-LDA having almost 0% improvement and the Ledoit and
Wolf estimators degrading performance as compared to the sample covariance

estimator.


https://www.econ.uzh.ch/en/people/faculty/wolf/publications.html#Programming_Code
https://www.econ.uzh.ch/en/people/faculty/wolf/publications.html#Programming_Code
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Figure 4.1: Plot of the PRIE against varying data dimension, p, where p and n
grow together at a fixed ratio of 1/3.
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Figure 4.2: Plot of the PRIE against varying concentration ratio, p/n.

Concentration ratio

In this simulation, the concentration ratio, p/n, is varied while keeping the
product of the dimensions, p X n, constant at the same level of the baseline
of 200 x 600 = 120,000. This ensures that the amount of information in the
data matrix remains constant as the concentration ratio is varied Ledoit and
Wolf (2022b). Figure 4.2 plots the PRIE against the concentration ratio for each
of the rotationally-invariant schemes. WS-LDA outperforms all other classifiers
except at high concentration ratios at which it is matched by R-LDA. This is

analogous to the behavior observed in Ledoit and Wolf (2022b); at high concen-
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Figure 4.3: Plot of the PRIE against varying condition number, 6.

tration ratios the PRIAL of the linear shrinkage approaches the PRIALs of the
non-linear shrinkages. In terms of the PRIE, Ledoit and Wolf’s estimators do rel-
atively poorly, with degraded performance as compared to the sample covariance

estimator between concentration ratios of 0.3 and 0.9.

Condition number

This simulation investigates the effect of varying the condition number of the
population covariance matrix on the PRIE of each classifier. Let 6 denote the
condition number of X. Then for # > 1 under the baseline scenario, 20% of the
population eigenvalues are 1, 40% of the population eigenvalues are %, and
40% of the population eigenvalues are 6. Figure 4.3 plots the PRIE against the
condition number for each of the rotationally-invariant schemes. At very low
condition numbers in the range of § = 3 to # = 6 all classifiers perform similarly,

however with increasing condition number, WS-LDA improves in performance

while the other classifiers approach a PRIE of 0%.

Priors

In this simulation, we vary the class priors. Figure 4.4 plots the PRIE against 7
for each of the rotationally-invariant schemes. Note that we vary my such that it is

always the majority class, as this assumption underlies the derivation of Theorem
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Figure 4.4: Plot of the PRIE against varying class Cy prior, 7.

4.4.2 (see Appendix B.1.2). WS-LDA exhibits a relatively stable PRIE of around
20% with increasing my, R-LDA stays fixed at around 0% PRIE, and the Ledoit
and Wolf estimators show a gradual degradation in performance with increasing
o-

This concludes the current chapter on rotationally-invariant estimator for
LDA classification. The next chapter explores the broader scope of generic bi-

nary linear classifiers and how their performance may be improved through weight

vector tuning.



Chapter 5

Weight-Vector Tuning of Linear Classifiers

Up till now, we have been looking at the analysis and design of high-dimensional
variants of the classical LDA classifier. In this chapter, we broaden our scope to
generic binary linear classifiers.

Unlike its intercept, a linear classifier’s weight vector cannot be tuned by a
simple grid search. This chapter proposes a technique for tuning the weight vec-
tor of any binary linear classifier through a scalar parameter. This is achieved
by a parameterization of a decomposition of the discriminant by a scalar which
controls the trade-off between conflicting informative and noisy terms. By vary-
ing this parameter, the original weight vector is modified in a meaningful way.
Applying this method to a number of linear classifiers under a variety of data di-
mensionality and sample size settings reveals that the classification performance
loss due to non-optimal native hyperparameters can be compensated for by weight
vector tuning. This yields computational savings as the proposed tuning method
reduces to tuning a scalar compared to tuning the native hyperparameter, which
may involve repeated weight vector generation along with its burden of opti-
mization, dimensionality reduction, etc., depending on the classifier. It is also
found that weight vector tuning significantly improves the performance of LDA
under high estimation noise. Proceeding from this second finding, an asymptotic
study of the misclassification probability of the parameterized LDA classifier in
the growth regime where the data dimensionality and sample size are comparable
is conducted. Using RMT, the misclassification probability is shown to converge
to a quantity that is a function of the true statistics of the data. Additionally,

a G-estimator of the misclassification probability is derived and computationally
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efficient tuning of the parameter using this estimator is demonstrated on real
data.

The proposed weight vector tuning technique goes beyond the LDA-based
variants studied in the previous chapters to allow improved performance in small
sample regimes for a multitude of classifiers including the SVM and even neural
networks. The latter observation paves the way for applications of the proposed
method in transfer learning. This chapter is concluded with an application of
the proposed technique to transfer learning in neural networks. This is possible
as long as the last layer of the neural network is fully-connected, and therefore
linear.

The next section provides a background on the relevant literature.

5.1 Background

As explained in Chapter 2, a binary linear classifier classifies a data point to one
class or the other by thresholding a discriminant that is a linear combination of
the data features. The weights of the features make up a weight vector and the
constant term in the discriminant is the bias of the classifier.

Despite the availability of sophisticated non-linear methods for classification,
linear classifiers are still widely used. In fact, new variants of standard linear
methods catering to specific settings and applications are being developed all the
time. A search of the recent literature reveals that linear classifiers are being
employed in many tasks including clinical neuroimaging (Marquand and Kia,
2020), digital pulse shape discrimination (Wen et al., 2020), predicting the genetic
merit of beef cattle (Berry et al., 2019), and in conjunction with other methods
for applications such as pathogen identification (Randhawa et al., 2020), strategy
representation (Ashok et al., 2019), and cancer classification (Alanni et al., 2019).
Linear classifiers are especially suited to certain high-dimensional datasets on
which they perform comparably with non-linear classifiers, with the advantage of

much faster training times and quicker classification (Yuan et al., 2012). Due to
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ease of computation, linear classifiers further make good trial classifiers during
the initial exploratory phase, when the relationship between the data features
and labels is yet unknown (Duda et al., 2001).

One way of improving a given linear classifier’s performance on a particular
dataset is by tuning its bias so as to minimize training error on that dataset
(Friedman et al., 2001). Because the bias is a scalar, a grid search for the opti-
mum is computationally undemanding. Even the need for a grid-search can be
eliminated in many cases for which explicit representations of the optimal bias
can be derived. For example, Wang et al. (2018) derive an explicit bias correction
of the LDA classifier discriminant in order to improve classification in the high
estimation noise regime. Zollanvari et al. (2019) similarly correct for the bias of
this classifier in an explicit form, but in the context of cost-sensitive classifica-
tion. Additionally, the references (Huang et al., 2010) and (Sifaou et al., 2020)
provide explicit bias corrections for certain high-dimensional variants of LDA. A
related question has to do with improving upon a linear classifier’s weight vector,
which cannot be tuned or corrected in the same way. Relying on the intuition
that a good weight vector should be able to extract the maximum discriminatory
information content from the data point being classified, we show in this work
that tuning the multidimensional weight vector can indeed be reduced to tuning

a scalar. The next section details our contributions in this regard.

5.2 Contributions

In the first part of this work, we show that any binary linear classifier discrim-
inant can be decomposed into terms containing discriminating information and
non-discriminating noise. A linear form of this decomposition parameterized by a
variable « controls the trade-off between conflicting noise and information terms.
At the optimal setting of «, the modified discriminant performs at least as good
as the original classifier from which it was produced. Following this, the effect

of the weight vector modification on the performance of an assortment of linear
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classifiers under different data dimensionality and sample size scenarios is stud-
ied. The method specifically yields significant performance gains for the LDA
classifier under high estimation noise. Interestingly, the parameterized LDA op-
erates as a bridge between LDA and the nearest centroid classifier, and performs
at least as good as either of these classifiers. This is an example of a bias-variance
tradeoff as the nearest centroid discriminant assumes isotropic covariance (which
introduces bias) and the LDA discriminant employs the sample covariance esti-
mator based on the data (which introduces variance). Additionally, it is shown
that tuning the weight vector according to the proposed method can significantly
improve the performance of certain classifiers whose native hyperparameters are
not optimally set. It is shown that with weight vector tuning, the SVM with
non-optimally tuned penalty can achieve performance close to that of its tuned
counterpart. In this case, tuning the weight vector is fundamentally different
from tuning the native hyperparameter of the classifier as it occurs post weight
vector generation, while the native hyperparameter tuning occurs prior to weight
vector generation. For SVM, generating the weight vector for each value of the
native hyperparameter involves solving an optimization problem. Tuning the
weight vector according to the proposed method, however, reduces to a simple
grid search over a scalar parameter. This idea can be generalized to any classifier
with hyperparameters that are set prior to weight vector generation.

The remainder of this work consists of an asymptotic study of the parame-
terized LDA classifier under a growth regime in which the data dimensionality
and sample size grow proportionally. We use random matrix theory to show that
the probability of misclassification of this classifier converges to a limit that is
a function of the true class statistics. We also derive a consistent estimator of
the probability of misclassification by which the classifier parameter a can be
tuned. This estimator is more computationally efficient than other tuning meth-
ods which rely on additional testing points or recycling the training set, e.g. CV,

as it requires no additional testing points and no averaging. We demonstrate its
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performance on real data.

An additional finding of this work is a new interpretation of the optimality of
LDA. As shown in Chapter 2, the LDA decision rule is optimal in the Fisher’s lin-
ear discriminant sense, the least squares sense, and also - since it is the estimated
Bayes rule - in the posterior probability sense (asymptotically when n — oo
for fixed p). Moreover, we show in this chapter that the Bayes weight vector,
WhBayes = Y~y - which LDA estimates - is optimal in the sense that it achieves
the minimum noise (in the mean square error sense) with respect to the test point
when the classes are Gaussian with common covariance.

To summarize, the main contributions of this work are

e A practical method for weight vector tuning which reduces to grid search

over a scalar parameter

e A novel interpretation of the optimality of the LDA classifier in terms of

minimizing test point noise

e Asymptotic expressions for the probability of misclassification of the pa-

rameterized LDA classifier

e A consistent estimator of the probability of misclassification of the param-

eterized LDA classifier

We now present our proposed weight vector tuning procedure.

5.3 Weight vector tuning procedure

Consider the linear classifier defined in Chapter 2 with discriminant of the form
(2.2) and corresponding classifier of the form (2.1). Examples of classifiers which
fit this form include LDA, SVM and least-squares SVM (both using linear ker-
nels), and R-LDA. In this work, we propose a method of tuning the weight vector
w, which reduces the non-discriminative ‘noisy’ components of the original dis-
criminant (2.2). As a result, the modified discriminant achieves a testing error

rate at least as good as the original and, in certain cases, much better.
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In this particular chapter, unlike the rest of this dissertation, we generalize
the common covariance assumption to allow for distinct covariances. More specif-
ically, let the means and covariances of classes Cy and C; be denoted by g, 3¢
and p1, X respectively. In Section 5.3.1, we explore an ideal case in which the
discriminant neatly decomposes into separate information and noise terms and
the noises cancel out optimally in a linear fashion under the assumption of per-
fectly known means and that Cy and C; makeup a Gaussian mixture model with
common class covariance ¥y = 3; = 3. Inspired by the findings of Section 5.3.1,
in Section 5.3.2 we heuristically extend this result to a more practical scenario

which assumes unknown means and no restriction on the class distributions.

5.3.1 Known class means

In this section, assume that the data distribution means py and pq are known
exactly and that 3y = 3; = 3. We proceed to derive a noise-minimized version
of (2.2).

Consider the shifted test point x = x — % For any given classifier with

Tx, can be

weight vector w, we show that the projection of x onto w, i.e., w
decomposed into ‘informative’ components which aid in discriminating the class
of x and ‘noisy’ components which interfere with discriminating the class of x.
We then take advantage of this hidden structure for the purpose of reducing the
overall noise and obtaining a better classifier.

Recall from Section 2.3.1 that p := p;—po. The expression x can be expressed

as the sum of its projection onto g and projection orthogonal to p as

X+ P,x (5.1)

where P, = (I — %) is the projection orthogonal to p. Substituting (5.1) into
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w!x results in the decomposition of w'x as

wlip . N
muTx +w!'P,x (5.2)

We now show that the first term in (5.2) is composed of an informative component
and noisy component with respect to x, while the second term consists solely of
noise. Assume x € C;, where i is either 0 or 1. Then, assuming the Gaussian
mixture model (2.3), we have x|x € C; ~ p; + X2z, i = 0, 1, where z ~ N (0,1).

The first term in (5.2), conditioned on the class of x, is then distributed as follows

wip o wip r i+1 H 1
% o~ _1)y+E /2
“Tﬂu x|x € C; NTNIL (( 1) 5t 3 z>
N1 (noise)
——N—
awn wip
= (-1 =" 2 uTx 5.3

I (information)

The first term in (5.3) carries information about the class of x through its sign.
The second term is the same regardless of the class of x and therefore carries
no discriminating information. This is a direct result of assuming a common
covariance between Cy and C;. The informative component is denoted by I; while

the noisy component with respect to x is denoted by N;. Similarly,

w P, x|x€C~wP, ((—1)i+1% + 21/2z>

= WTPHEUQZ
N————

N3 (noise)

The discriminatory component of this term is lost in the orthogonal projection,
and therefore this term consists solely of noise with respect to the testing point,
denoted by Ns.

To recap, the decomposition of the weight vector divides the discriminant
into a single observable term containing /; and N; and a single observable term

containing No. Without the decomposition, none of these individual noise/infor-
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mation terms are accessible. Now, in the interest of achieving better classification
performance, we wish to reduce the overall noise content in the discriminant. We
can leverage the observable term containing N, to bring out the information in
the observable term containing both information I; and noise N;. To this end,

consider the following modification of the discriminant (5.2),

WT

uTZ p'x+ g (W'P,X) (5.4)

for any function g(+), and which, by the above analysis, is equivalent to
Iy + Ny + g (Ng)
The optimal g(+) such that
E [(N + g (N2))?]

is minimized is the Minimum Mean Square Error (MMSE) estimator E[— N;|Ns].
This choice of g(-) has the effect of minimizing the total noise in the discriminant
in the mean square error sense. We show in Section 5.3.1 that it simultane-
ously minimizes the probability of misclassification. In the following Lemma 1,
we derive the exact form of g(-) for a given w based on the class distribution
assumptions (2.3).

Lemma 1 The optimal g(N3) is the linear function of Ny given by g*(Ng) =

anuse (W) Nz, where

wip p’"YP,w

aMMsE (W) = (5.5)

uw'uwi'P,XP,w

Proof: Given w,
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and

Ny = w'P,2"?z ~ N (0,w'P,ZP,w)

are jointly Gaussian random variables. Thus, the optimal g*(Ny) = E[—N;|Ny]

reduces to a linear function of Ny given by

COV[—Nl,NQ]
* N,) = — L ~"b 72
g7 (M) Var|[N,]

~ wu p'YP,w

(Ny — E[Ns]) + E[— V]

Ns.
pfp wiP, 3P, w 2

Note that N, is observable only through the expression w'P,x and so when
using this result we replace Ny by its observable counterpart.

Based on this result, we have the following theorem.

Theorem 1 The discriminant that minimizes the noise with respect to the
test point in the Mean Square Error (MSE) sense for a given w, known means,

and under the data distribution assumptions of (2.3), is

T

w . N

ILTZMTX + OéMMSE(W)WTP“X, (5.6)
or, equivalently,

wlx 4+ wyp,

where

w’ w B+« (w)P,w

= MMSE
I g

and

1 /win T
wp = 5 (MTM“ + OéMMSE(W)PuW) (po + ).

This result is obtained by simply evaluating (5.4) using g*(-). We make several
remarks concerning this result. Firstly, the modified discriminant is linear. This
is a direct result of the Gaussian assumption (2.3), which, while not technically
necessary, is desirable, as it produces a simple linear form which inspires the

parameterized formulation presented in the next section. Secondly, the original
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weight vector w is modified to w’ and a bias wy, is generated. This bias is the
optimal bias in the sense of minimizing the probability of misclassification under
the class distribution assumptions of (2.3) and equal class priors when fixing the
weight vector to w’ (see Mai et al. (2012) Proposition 2). Finally, viewing the

modified discriminant (5.6) as a function of a parameter « as follows

WT

HTijif%awTPui, (5.7)

a = ayusg(W) yields a stationary point of its probability of misclassification and
achieves the minimum probability of misclassification when w?p > 0. This is
demonstrated in Section 5.3.1.

The following corollary of Theorem 1 lends intuition as well as credibility to
this technique by showing that it recovers the Bayes optimal classifier discriminant
for the assumed class distributions from its weight vector. The Bayes classifier in
this case is linear. It is the (known statistics) LDA classifier, with discriminant

p'S % 4+ I (5.8)
o

To avoid confusion with the estimated LDA classifier used in practice, we refer to
(5.8) as the ‘Bayes’ classifier whose corresponding weight vector is Wpayes = X .

Corollary 1 Computing the parameter (5.5) corresponding to the Bayes clas-
sifier (5.8) yields

QMMSE (Eilﬂ) =1

and the resulting discriminant (5.6) recovers the Bayes discriminant in (5.8) when
the class priors are equal.

Since there is no modification of the weight vector, we conclude that the Bayes
weight vector (in the case of known statistics) is optimal relative to itself in that

it achieves the minimum noise (in the MSE sense) with respect to the test point



116

under the assumed class distributions.

Experiments with known means

For the following simulation and any simulations involving synthetic data in the
remainder of this paper, the exact expected testing error/probability of misclas-
sification of a linear classifier learned on a given training set is computed using
knowledge of the data distribution from which the testing data is generated. All
synthetic data in this chapter is generated from a two-class Gaussian mixture
model. The exact testing error for a given training set is computed using (2.4).

Now consider the parameterized version (5.7) of (5.6). The objective of the
following simulation is to show that aynse(W) given by (5.5) coincides with the «
yielding a stationary point of the expected testing error of (5.7). The stationary
point is a minimum when w? g > 0 and is otherwise a maximum, as in that case,
the orientation of w flips the class labels.

To demonstrate this, a weight vector w is uniformly sampled from all w
such that ||wl|ls = 1 using the method in (Weisstein, 2017). It is then fed to
(5.7) and the exact expected testing error with varying « is plotted using (2.4).
The quantity aymvse (W) is then computed from (5.5) for comparison. The class

statistics used for this simulation are

1 T T T
Ho = Zm |:1|—\/I7| Op—]—\/fﬂ—Q 2 2] , M1 = Op, (59)
and
=% = —1,17 +0.11, (5.10)
p

where p = 200. Here, 7y = m; = 0.5.

Figure 5.1a and Figure 5.1b show the results when w”p > 0 and w’p < 0,
respectively. In Figure 5.1a, the minimum expected testing error occurs at a =
0.15341. This exactly coincides with aypsg (W) of Theorem 1 that minimizes

the noise in the discriminant. In Figure 5.1b, the mazrimum expected testing
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Figure 5.1: Plot of the expected testing error of the modified discriminant against
« for a randomly generated weight vector w

error occurs at @ = —0.12029, which, again, exactly coincides with ayysg (W)
that minimizes the noise in the discriminant. The latter discriminant’s behavior
can be explained by the fact that the orientation of the randomly generated w
flips the class labels. Simply taking the negative of w yields a classifier having
the minimum expected testing error at aypsg (W). In conclusion, minimizing
the noise in the discriminant in the MSE sense is equivalent to minimizing the
expected testing error, as long as w is sensibly oriented. This motivates using

this criteria as the basis for designing a better classifier in the next section.

5.3.2 Unknown class means

The previous section derives the discriminant with minimum noise with respect
to the test point for a general binary linear classifier with weight vector w under
the assumption of Gaussian classes with known means and a common covariance.
A more practical scenario is when all class statistics are unknown and sample
statistics are used instead. Using the sample mean estimates (defined in Section
2.3.2) introduces an additional estimation noise into the discriminant.

Let £ = x — % where f1 1= 11 — f1p, as defined in Section 2.3.2. Given a
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weight vector, w, wl' & can be expressed as

T

<
=

wlz = fTx +w'Px (5.11)

-

QT

where Py, = ( — %) Regardless of the class distributions and whether assum-
ing distinct covariances 3 and ¥; or common class covariances ¥y = 3 = 3,
following a similar line of logic to the analysis in Section 5.3.1 reveals that,
while the first term in (5.11) is similarly composed of both information and noise
(whether that be estimation noise, noise from the test point, or both), the second
term is not purely noise. In fact, it is informative. This is shown in detail in
Appendix C.1.

Thus, when the means are unknown, the approach taken in Section 5.3.1 of
minimizing the squared sum of ‘noise 1’ with the second term no longer applies,
as the second term is informative. Nonetheless, the interaction of this term
with the noise in the first term can potentially yield performance gains and so
motivated by Section 5.3.1, the following parameterized version of the sample

statistic equivalent of (5.6) is proposed

T

<
=

fre + aw Py (5.12)

=

ar

where « is a parameter to be tuned.

The following Section 5.3.2 demonstrates that a better misclassification rate
may be achieved by setting a to a value that is not equal to one (where o =
1 recovers the original projection with optimal bias assuming equal priors and
the class distribution in (2.3)). A significant improvement is observed when the

estimation noise is high.

Experiments with Unknown Means

In this section we explore the behavior of (5.12) under a variety of settings and

for an assortment of starting weight vectors. We first list and briefly describe
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the discriminants from which these weight vectors are extracted, namely, LDA,
logistic regression, linear SVM, R-LDA, and the discriminant-averaging RP-LDA

ensemble classifier.

e As discussed in Chapter 2, LDA in the form (5.8) is the Bayes classifier
for data distributed as (2.3). In practice, the class statistics are unknown

and sample estimates are used instead. Its weight vector in this case is

~

_ —1
WLpA = 2 [

e For linearly separable training data, SVM with linear kernel (see (Fried-
man et al., 2001)) finds a hyperplane that maximizes the margin between
one class and the other subject to constraints of perfect classification on
the training points. When the training data is linearly inseparable, the
constraints are relaxed by penalizing each (possibly) misclassified point.
The penalty is a parameter that must be tuned. This variant is called the

soft-margin SVM with linear kernel, and it is what we use in this paper.

e Logistic regression (see (Friedman et al., 2001)) models the log-odds
‘In <%)’ as a linear function of the test point. The decision bound-
ary corresponds to the set of points at which the log-odds equals zero. The

weight vector and bias of the decision boundary are learned by maximizing

the likelihood of the training data.

e R-LDA counters the small sample issue in LDA by regularizing the pooled
sample covariance estimate before inverting it. There are several possibili-
ties for the form of the regularization (see (Guo et al., 2007)). Here, we opt
for

i’ (ﬁ} + fyIp) - z+ lni,
o
where 7 is the regularization parameter that must be tuned. The weight

R -1
vector here is Wr.1pa = (E + 71p> .

e As explained in Chapter 3, the discriminant-averaging RP-LDA en-
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semble (see (Durrant and Kaban, 2013)) counters the small sample issue in
LDA by reducing the dimensionality of the training samples (and test point)
using random matrices. Each projection R;, € R¥? yields a discriminant.
These are averaged over M projections so that the final discriminant has the
form (3.4). The weight vector is Waisc-avg = % 22/[:1 Rz(kaJRf)_leﬂ.

The reduced dimension d is a parameter that must be tuned.

For these simulations, we consider two data distributions: data generated
from classes having a common covariance and data generated from classes having
distinct covariance matrices. We also consider three regimes of n versus p: n on
the order of p (p = 400, n = 450), n > p (p = 10, n = 500), and n < p (p = 300,
n = 100). We apply the appropriate classifiers to each regime. LDA requires
n > p, soft-margin SVM is applicable in any regime, logistic regression requires
n be much greater than p to ensure convergence of the maximum likelihood
estimates of the weight vector and bias, and finally, R-LDA and the discriminant-
averaging RP-LDA ensemble are designed for the regime n < p.

Each classifier is trained on a generated training set. Additionally, for SVM,
R-LDA, and RP-LDA, the penalty, v, and d parameters are chosen to minimize
the expected testing error given that training set. The SVM penalty is tuned
within the set {107%,1073,1072,107%, 1, 10, 100, 1000}, v within the set [107%, 2],
in increments of 0.1, and d from 1 to the maximum allowable setting of d =
rank <f]> —2, in increments of 2. After this is done, we have a weight vector w for
each classifier. Each weight vector is fed into (5.12) to obtain an a-parameterized
version of the discriminant. Let us refer to these new classifiers as a-LDA, a-SVM,
a-log, a-RLDA, and a-RPLDA for short. For each a-parameterized discriminant,
we vary « and compute the expected testing error using (2.4). These errors are
averaged over 100 independently generated training sets. Error bars depicting
the standard errors are plotted alongside this average.

Recall that setting a = 1 in (5.12) produces a discriminant having the original

weight vector w and a bias with minimum probability of misclassification (under
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Figure 5.2: Plots of expected testing error averaged over 100 training sets for
data generated from classes with a common X. Here, p = 400 and n = 450.

bl
@

0.30

e bed
= o I
@ N X

e

Average expected testing error
Average expected testing error
Average expected testing error

0.05

e
o
&

(1.04, 0.018166) 70.022646)
(1, 0.018316) (1,0.018335) (0.99, 0.022603)

0 0.25 0.5 0.75 1 125 15 0 025 05 075 1 125 15 175 2 0 0.25 0.5 0.75 1 1.25 15
a a a

o
o

(a) a-LDA (b) a-SVM (c) a-log

Figure 5.3: Plots of expected testing error averaged over 100 training sets for
data generated from classes with a common X. Here, p = 10 and n = 500.

the Gaussian mixture model and equal priors assumption) for that weight vector.
In what follows, we use @ = 1 as a reference point for determining whether or not
there is a significant improvement in classifier performance at the « achieving
the minimum error rate. To quantify the improvement, we report percentage

changes relative to the average expected testing error at @« = 1 computed as

error ot & a‘:hie"izfrg?ea?;ngum_error at o=l » 100. This quantity reflects the fact that
a given error improvement starting at an already low error rate at the baseline
a =1 is more significant than when the error is high to start with.

The first set of class statistics we consider are (5.9), (5.10), and 7o = m; = 0.5.

Corresponding to this data distribution are Figures 5.2, 3.3, and 5.4.

Figures 5.2a and 5.2b plot the average expected testing errors of a-LDA and a-
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Figure 5.4: Plots of expected testing error averaged over 100 training sets for
data generated from classes with a common 3. Here, p = 300 and n = 100.

SVM respectively against varying o when p = 400 and n = 450. At a = 0.25, the
a-LDA classifier achieves a 30.2% relative decrease in the average expected testing
error. Note that ordinary LDA (o = 1) is nowhere near optimal. On the other
hand, a-SVM achieves a 0.355% decrease in average expected testing error at
a = 1.02. These results suggest that there is a lot to be gained performance-wise
by LDA in this regime but not so much by linear SVM. This can be attributed to
the fact that LDA relies on sample estimation and that the noise due to estimation
is high when p = 400 and n = 450. This is further supported by the results of
Figures 5.3a, 5.3b and 5.3c, which plot the average expected testing errors of
a-LDA, a-SVM, and a-log, respectively against varying o when p = 10 and
n = 500. The minimum average expected occurs at exactly o = 1 for a-LDA,
a = 1.01 for a-SVM and at a = 0.99 for a-log, with the latter two classifiers
achieving a relative decrease of no more than 1% and 0.2% respectively. The
extreme behavior in all three figures can be explained by the fact that there
is very little estimation noise for this choice of dimensions. What is notable
is the difference between Figure 5.2a and Figure 5.3a which suggests that the
weight vector tuning method is most effective under high estimation noise and
for methods which are most sensitive to it. This idea is again reinforced in Figures
5.4a, 5.4b, and 5.4c, in which the average expected testing errors of a-RLDA, a-
RPLDA, and a-SVM respectively are plotted against varying a when p = 300

and n = 100. The relative decrease in errors for each of the three classifiers does
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Figure 5.5: Plots of expected testing error averaged over 100 training sets for
data generated from classes with distinct 3y and 3. Here, p = 400 and n = 450.

0.34 0.34 0.345

0.340
» 0.335

0.330
0.325
0.30
> 0.320
5 0.315

= 0310

Average expected testing error
Average expected testing error
< I ¢
@
8
verage expected testing error

Avi

 0.305

0.26 (1, 0.26293) 027
N (1, 0.26922) 0.300 pemt
(0.93, 0.26222) (0.92, 0.26832) (1, 0.30127) (1.2, 0.20047)
0.25 0.26 0.295
0 0.25 05 0.75 1 1.25 15 0 0.25 0.5 0.75 1 1.25 15 0 025 05 075 1 125 15 175 2
a a a
(a) a-RLDA (b) a-RPLDA (c) a-SVM

Figure 5.6: Plots of expected testing error averaged over 100 training sets for
data generated from classes with distinct ¥y and 3. Here, p = 300 and n = 100.

not exceed 1.3%. It must be that R-LDA and RP-LDA are able to reduce much
of the estimation noise on their own, and so the a parameterization does not
bring much improvement.

Figures 5.5 and 5.6 are based on data with the class statistics

1 T T T
Ho= T [Hm Opryp-2 2 2] >t =0y,
[20]1] = 09|lij|7 27.] = 17 -y Dy
10
¥ = ?11315 + 0.11,,

and g = m; = 0.5. The difference here is that the class covariances are distinct.
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Figure 5.7: Plot of expected testing error of a-SVM with penalty set to 1 averaged
over 100 training sets for data generated from classes with distinct 3 and 3.
Here, p = 400 and n = 450.

Figures 5.5a and 5.5b again plot the average expected testing errors of a-LDA
and a-SVM, respectively, against varying a when p = 400 and n = 450. In this
case, a-LDA significantly improves in performance when « is set to a non-unit
value. It achieves a relative decrease in error of 27.6% at o = 0.05, while a—SVM
achieves a relative decrease in error of 0.4% at o = 1.14. Finally, Figures 5.6a,
5.6b, and 5.6¢ plot the average expected testing errors of a-RLDA, a-RPLDA
and a-SVM against varying a when p = 300 and n = 100. Here, the relative
decreases in error do not exceed 0.6%.

As described at the beginning of this section, for each training set, the SVM
penalty is tuned to the value yielding the lowest expected testing error. We found
that SVM does not show much improvement when it is a parameterized. It is
interesting to observe what happens when the penalty is not tuned beforehand.
Instead we set the penalty to 1 (its default setting in the MATLAB R2019b
‘fitcsvm’ function) uniformly across all training sets. Figure 5.7 shows the result-
ing average expected testing error of a-SVM plotted against vary « in the same
setting as in Figure 5.5b, i.e. p = 450, n = 400, and distinct ¥y and 3. In this
case, a-SVM achieves a relative decrease in error of 17.7% at o = 0.2. Clearly,

the method improves performance when w itself is not at its optimal.
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Taking this idea further, we show that tuning the weight vector of a SVM

classifier with a poorly chosen penalty can compensate for the resulting loss in
performance. Figure 5.8 is based on the USPS dataset consisting of separate
training and testing sets of grayscale images of handwritten digits 0 — 9. Pairs
of digits are used to form a binary classification problem. For each pair of digits,
a poorly-tuned SVM classifier is o parameterized and the testing error plotted
against « to illustrate the effect of weight vector tuning.

For the digit pair ‘2’ and ‘6’, an optimized SVM classifier can achieve a testing
error of 0.0217. Figure 5.8a shows the testing error of a-SVM starting with a
poorly-tuned SVM classifier whose testing error on this digit pair is 0.0489. By
weight vector tuning, the testing error can be brought down to 0.0272. This is
comparable to the performance of the original optimized SVM classifier. Similarly,
for the digit pair ‘3’ and ‘5’, an optimized SVM classifier can achieve a testing
error of 0.0675. Figure 5.8a shows the testing error of a-SVM starting with a
poorly-tuned SVM classifier whose testing error on this digit pair is 0.0951. By
weight vector tuning, the testing error can be brought down to 0.0736.

The significance of this finding is the potential savings in computation that can
be made by weight vector tuning versus penalty tuning. The reason for this is that
weight vector tuning is an afterthought; it occurs post weight vector generation.
On the other hand, setting the penalty is done prior to weight vector generation.
An optimization problem must be solved to generate the weight vector with each
setting of the penalty. At best, generating this weight vector has a complexity of
O(n?) at each setting of the penalty (Bottou and Lin, 2007).

This idea generalizes to any linear classifier whose native hyperparameters are
set prior to weight vector generation. The tuning of the hyperparameters will then
involve repeatedly generating the weight vector. If this process is costly, weight
vector tuning can provide a more computationally efficient method of improving
performance than tuning the native hyperparameters. Another example that

is not demonstrated here is the RP-LDA ensemble classifier whose projection
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Figure 5.8: Plots of testing error on USPS digit pairs of a-SVM with penalty set
non-optimally
dimension d is a native hyperparameter. Tuning this is computationally inefficient
as it means projecting all the data with each setting of d. A simple alternative is
weight vector tuning.

Overall, we conclude from this section that a-LDA in the ‘n on the order of
p’ scenario shows the most promise in terms of improved performance. For this
reason, we proceed to study this classifier in the RMT asymptotic regime in the

next section.

5.4 Asymptotic analysis and tuning of the parameterized

LDA classifier

In this section, we extend our study of a-LDA, the modified weight discriminant

(5.6) corresponding to the plugin LDA weight vector. The a-LDA discriminant

is a bridging between LDA (when o = 1) and the nearest centroid classifier (when

a = 0) with decision rule

1 {150 — I3 = Il — xIf > 0} = 1 { "% > 0}
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As suggested by the name, the nearest centroid classifier classifies x to the class
with nearest sample mean. It is the Bayes classifier for data distributed as (2.3)
when ¥ =1,

As the previous section has shown, a-LDA exhibits the greatest improvement
in performance among the sampled classifiers, particularly when the data dimen-
sionality p is on the order of the number of samples n. This can be attributed to
the fact that the LDA weight vector is an explicit function of the sample statis-
tics. Due to estimation noise, there is much to be gained in this regime. We thus
pursue an asymptotic study of a-LDA in growth regime where n and p grow at
constant rates to each other. Under this growth regime, we derive an asymptotic

expression and an estimator for the probability of misclassification of a-LDA.

5.4.1 Asymptotic analysis

In this section we first show that under the following growth regime assumptions

(a) 0 <liminf? <limsup 2 <1
(b) % — ¢ €(0,1), i=0,1

)
)
(c) hmsup |0 — w1l < o0
(d) hmsup 12:]]2 < 00, i =0,1
)

(e hm mf Amin (£;) >0, i=0,1

and considering the training set to be random, we are able to derive a DE of the
probability of misclassification of the a-LDA classifier. This may be useful for
understanding the behavior of the classifier with synthetic data, for which the
statistics are perfectly known. In practice, however, the statistics are unknown.
For this reason, we also derive the G-estimator of the probability of misclassifi-
cation which can be used to tune a. To proceed with these derivations, we first
require an expression for the expected probability of misclassification.

Using (2.4), under the assumption of classes Cy and C; are Gaussian with

means and covariances pg, g and pq, 31 respectively, the probability of mis-
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classification of a test point x by the a-LDA classifier is

£ = 7T0(I) (\T/n—0_2> +7T1<I> (—%)
a0 01

where mg, my, o3, and o? are the discriminant means and variances conditioned

on x € Cy and x € C; respectively. Define p = ﬂTﬂﬁ};lﬂ . Then

m; = (pl)’T + QﬂTﬁ]_lpﬂ) (l’l‘l - #) ) L= 07 17

and
N N T
03::(pﬂT4—aaT2*PPﬂ>z;(pﬂT4—@ﬂT2*PPﬂ> =01

In the following sections, we present the DEs and G-estimators for both the
general case of distinct covariances and the special case of common covariances.
DE of the probability of misclassification

Formally, the DE of ¢, denoted by &, is a sequence of p and n satisfying

under the growth regime assumptions (a)-(e). For sequences mg, my, 3, and 5%

such that

m; —m; =50, i=0,1

2 2
0; — 0y

2%0,i=0,1 (5.13)

under the growth regime assumptions (a)-(e), it is
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(see Lemma 2 in (Niyazi et al., 2020b) for proof). Thus, the DE & is itself a

function of DEs mq, my, o3, and 67 which are also functions of only true statistics.
In the following theorem, we state the expressions of mg, my, 52, and &7 which
are used to compute . This is followed by a corollary which corresponds to the

special case when 3 = 3; = 3.! First, define

B ng—1 1 n—1 1 -
= ) by
Q (n—21+5 R 1) ’

RZ] :nl;_l [(IQ—Q)_lﬂ} . Z,j:1,2,

nj,1 —1 ©J

ni,—1/( 1 1 _ .

€2y, = jnl_z <1+5) oo 1ZQ%Q), =12
nia—1/ 1 \* 1 , L

[9]2] = ]nl_2 <1+ﬂ> n_QtI{EIsz—IQ}a ]:1727

Q =Q (A; + Ri1Ao + RoginyAq) , i =0,1,

p ' Qu+ Ltr{Ao} + Ltr{A}
plp+ st {Bo) + st {2}

plp+ (nl—o - n%) tr {2}

() [t s i+ 4]

ni=

Note in these statements that while technically n — 2 is equivalent to n asymptotically, we
retain the n — 2 in these expressions for increased accuracy in finite dimensions.
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and § and 7 are the results of the fixed point iteration

. 1 no — 1 1 ny—1 1 -t
Sk — trd 3, [ =2 B >
n—2 17" n—214 k-1 L SIS =

o= L ople (ol 1 g mml L g R
I B T T T s o T Rl B (LA

for any positive initialization of 6© and 7.
Theorem 2 (Distinct covariance DEs) The DEs mg, my, 62, and 6%, satis-

fying (5.13) under the growth regime assumptions (a)-(e) are given by

s = (1— ) [%,ﬁu T % (niotr (3} - niltr {21})1
+a {ﬁuTQu + % (niotr{AO} — niltr {Al})} L i=0,1

and

1 1
5; = (1 — a)’k? {MTZM + —tr {XoX;} + —tr {ElEi}]
1o m
1 1
+2a(l —a)k [,uTAiu + —tr {Z;A¢} + —tr {EiAl}]
N ny
2 |, TE 1 A 1 A :
o | p T Quu + —tr {oni} Ftr {leZ} i=0,1.
U U5t
Proof: See Appendix C.2.1.
Corollary 2 (Common covariance DEs) The deterministic equivalents my,

my, 0y, ana 07 Satisfyin . undader the growth regime assumptions (a)-(e) are
2 d 5% satisfying (5.13 der the growth regi ti

given by

mi= (1 —a)n ((_gﬁu% + % (nio - i) tr{E})
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and

_ _ 1 1
G2 =07 = (1 —a)’n? {MTEM + (n_o + n_) tr {22}]

1

1 1
+ a2 [;Fzrlu + 2 3} +2a(1 — a)r {HTM + (— + —) tr {2}1
ng M ng ™m

Proof: See Appendix C.2.2.

G-estimator of the probability of misclassification

The G-estimator € of the probability of misclassification ¢ is a function of sample

statistics fag, ft1, 530, and 3; such that
E—e 0

under the growth regime assumptions (a)-(f). For sequences my, my, 63, and 63,

which are also functions of only sample statistics, such that

~ a.s. .
m; —m; —, 1 =0,1,

2 _ 0 2%0,i=0,1 (5.14)

under the growth regime assumptions (a)-(e), it is

The following theorem states the expressions of My, My, 62, and 6% which are
used to compute . This is followed by a corollary which is specific to the case

when ¥y = ¥; = X is assumed. First, define
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Theorem 3 (Distinct covariance G-estimators) The G-estimators myg, my,
o5, and 6%, satisfying (5.14) under the growth regime assumptions (a)-(e) are

given by

>
Il
|
Naw
i
_
—
—
—_
|
£
s
/N
| =
=
S
-
|
X
=
=
™M

. -2
}) + (,::,Tzlﬂ— n A)] ,i=0,1
n.

(2

and

52 = (1— )2 AT S+ 2a(1 — a)p (1 + \) G785

=

+a?(14+ M) TS '8 g, i=0,1

Proof: See Appendix C.3.1.
Corollary 3 (Common covariance G-estimators) The G-estimators myg, 1y,

o2, and 6%, satisfying (5.14) under the growth regime assumptions (a)-(e) are

given by
O G L T N
i=—— (P tan )i
1 A 2
C1)H | pla— 1) —t {2}— n = 0,1
0 pla =D B —ag i =0,
and
62 =62 = p*(1 — )2 @T8p + o2 S + 200(1 — )T

Proof: See Appendix C.3.2.

Notice that ¢ is a function of the sample statistics. It estimates the probability
of misclassification without the need for additional testing data and it is much
more computationally efficient than the cross-validation procedure. In the next

section, we show how to use € for the purpose of tuning the o parameter.
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Figure 5.9: Plots of testing error estimates of classifying USPS digit pairs for
LDA, the nearest centroid, and a-LDA as well as the G-estimator ¢ of the a-
LDA expected testing error.

5.4.2 Tuning the a-LDA parameter

In this section, a-LDA is applied to real data. The objective is to show how
a-LDA performs as compared to LDA and the nearest centroid classifier on real
data, as well as to demonstrate the use of the G-estimator £ in tuning the «
parameter. We consider binary classification of digit pairs from the USPS dataset
(Le Cun et al., 1990) and phoneme pairs from the dataset (Hastie et al., 1995).
For each problem, we train and test LDA, nearest centroid, and a-LDA on the
relevant dataset. The empirical errors are plotted against varying «. Also plotted
is the G-estimator & of the error of a-LDA. 2

Figure 5.9 shows the results on two digit pairs from the USPS dataset. As
mentioned in Section 5.3.2, this dataset consists of grayscale images of handwrit-
ten digits 0 — 9 encoded as 256-dimensional vectors.

For Figure 5.9a, we use the digit pair ‘2’ and ‘6’. Overall, there are n = 1395
total training vectors and 368 total testing vectors corresponding to this digit
pair. The figure shows that LDA achieves the lowest empirical error on this

digit pair. This performance is matched by a-LDA at o = 1. Although £ does

2Note that for these particular datasets, the two G-estimators almost match. Out of the
two, the G-estimator which assumes common covariances is plotted.
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not exactly match the empirical error, for parameter tuning it suffices that it
follows the same trend. In this case, if we had directly used € to tune the «
parameter, we would have set it to o = 0.85. This setting results in an increase
of merely 0.0054 in error compared to the optimal setting. For more sensitive
applications, the parameter setting suggested by the G-estimator may be used as
a starting point from which to search for the optimal a using a more accurate
(but computationally-intensive) method.

For Figure 5.9b, we use the digit pair ‘5" and ‘8’. Overall, there are n = 1098
total training vectors and 326 total testing vectors corresponding to this digit
pair. In this case, a-LDA achieves the lowest error of 0.0307 at o = 0.65. This is
a 16.6% decrease in error relative to LDA which has an error rate of 0.0368. If we
had directly used € to tune the o parameter, we would have set it to a = 0.8. This
setting incurs no loss in accuracy. Notice this dataset has less training samples
than the last one. The increased estimation noise explains why a-LDA is able to
provide a performance advantage over LDA.

Figure 5.10 considers a phoneme pair. The phoneme dataset consists of a
total of 4509 instances of digitized speech vectors of the five phonemes ‘aa’; ‘ao’,
‘del’; ‘iy’, and ‘sh’, having 256 features each. All 1717 instances of the phonemes
‘a0’ and ‘aa’ (which are the closest in pronunciation) were extracted in order to
construct this binary classification problem. As the dataset is not pre-divided
into training and testing sets, the splitting was performed randomly. We take
advantage of this to construct a classification problem in which n is not much
greater than p. A training set consisting of 400 samples is randomly extracted
from the full set of ‘aa’ and ‘ao’ phonemes according to the same proportions.
This leaves 1317 samples for testing. Based on the simulations from the previous
section, we expect to observe a much greater performance gain in this scenario
compared to Figure 5.9.

Figure 5.10 shows that, as expected, a-LDA significantly outperforms LDA

with an error of 0.224 corresponding to the former compared to 0.3083 corre-
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Figure 5.10: Plots of testing error estimates of classifying phonemes ‘aa’ and ‘ao’
for LDA, the nearest centroid, and a-LDA as well as the G-estimator € of the
a-LDA expected testing error.

sponding to the latter. It achieves a 27.3% decrease in error at o = 0.525. In this
case, it seems that the data leans more towards an isotropic covariance structure,
as nearest centroid performs better than LDA. Even so, @ = 0 is not optimal.
Thus, a-LDA provides the best balance between both of these classifiers. Lastly,
the G-estimator points towards an « setting of 0.4. Using this setting incurs an
increase in error of just 0.0023 relative to the optimal setting.

In the next section, we show how the proposed « parameterization of the
weight vector of a binary linear classifier can be extended to neural networks in

the context of transfer learning.

5.5 Transfer learning application

As contemporary deep neural networks typically have millions of parameters,
they need to be trained on massive datasets. One example of such a dataset
is the ImageNet database which, as of the time of writing, consists of a total
of 14,197,122 images belonging to 1000 different object classes. Given a new
classification task, one may not have enough data to train a deep neural network
from scratch. In this case, transfer learning - which takes advantage of networks

pretrained on related data - might be useful.


https://image-net.org/index.php
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The idea behind transfer learning is to leverage pretrained neural networks for
a different task than the one for which they have been trained and for which the
sample size is relatively small. This is done by preserving the pretrained weights
in the earlier layers and retraining only the later layers on the smaller dataset.
For example, a GoogLeNet architecture pretrained on ImageNet can be adapted
to operate as a binary classifier which distinguishes between two specific species
of flowers not in ImageNet. If the flower dataset is very small, only the last layer
having trainable weights, i.e., the last learnable layer, and the final softmax layer
are replaced with the appropriate configurations for binary classification. During
training, all layers are frozen except for the last learnable layer so that only this
layer’s weights are updated. With more data, even more of the learnable layers
could be unfrozen and retrained as well. The intuition behind all of this is that
earlier layers of the deep neural network learn basic features while the later layers
fine-tune these features, and so only the later layers need to be retrained for the
specific dataset at hand (Ng, n.d.). By taking advantage of pretraining, transfer
learning speeds up training time and saves energy and valuable computational
resources (Chahal and Toner, 2021).

Sometimes the new dataset is too small even for transfer learning. Reference
(Inc., 2023) recommends that for a dataset of less than about 20 images per class,
it may be better to apply the pretrained neural network to the data as a feature
extractor to be used in conjunction with a simple classifier such as the SVM. In
this section, we propose to go ahead with the transfer learning even for very small
sample sizes, with the expectation that the retrained weights in the later layers
be non-optimal. We then apply weight vector tuning to these weights. In the

following section, we describe the simulation setup in more detail.

5.5.1 Simulation setup

As explained in the previous section, when only a small dataset is available for

retraining the later layers in transfer learning, the obtained weights may not be
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optimal. In this chapter, we proposed a method for weight vector modification.
More specifically, given two-class data with sample means f1yp and fi; belonging
to class Cy and C; respectively, and given an existing weight vector w, the weight

vector is tuned through a scalar parameter « to obtain the modified weight vector
W/
T
w = AT o+ oPyw, (5.15)

<
=

=

where i = [1; — f1y and Py = ( — ZT“Z> Note that a = 1 recovers the original
weight vector w.

In this section, we apply the weight vector tuning technique to a pretrained
deep neural network which has been adapted for binary classification and trained
using the transfer learning technique in order to check for any improvements in
the classification performance as compared to a = 1. We will take networks pre-
trained on the ImageNet dataset and apply transfer learning to them to use them
for a binary classification problem constructed using built-in MATLAB image
datasets for deep learning. Only the last learnable layer is retrained. Afterwards,
the newly obtained weights from the last learnable layer are tuned based on (5.15)
with different a. The error rate on the test set is then plotted against a.

Note that depending on the neural network architecture, the last learnable
layer may be a fully-connected layer or it may be a convolutional layer. The
fully-connected layer has the form w’x + b, whereas the convolutional layer does
not. Therefore, weight vector tuning can be applied only to neural networks
which have a fully-connected layer as their last learnable layer. As an example,
GoogLeNet and ResNet-50 are two deep neural network architectures whose last
learnable layers are fully-connected layers, whereas SqueezeNet is an architecture
whose last learnable layer is a convolutional layer. Additionally, to apply transfer
learning to a pretrained neural network as described, new layers with a modified
configuration need to be created in place of the last learnable layer and the
softmax layer (which gives probabilities for each class). In our simulations, these

configurations must allow for binary classification, so we change the number of
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nodes to two in the new fully connected layer. The number of classes is learned
automatically by MATLAB in the softmax layer during training. Finally, it is
important to note that the means, fip and f1;, computed for (5.15) are those of
the features input to the last fully-connected layer for each class NOT of the raw

images input to network.

5.5.2 Results

In this section we present the results of the simulation on several deep neural
network architectures pretrained on the ImageNet dataset and transfer-learned on
two-class data extracted from several of the built-in MATLAB image datasets for
deep learning available at https://www.mathworks.com/help/deeplearning/
ug/data-sets-for-deep-learning.html. The data is divided into training and
testing sets in such a way as to artificially construct a small sample problem. The

resulting binary classification problems are as follows:

e ‘daisy’ and ‘sunflower’ from the ‘Flowers’ dataset with a total of 133 training

samples and 1199 test samples;

e ‘rose’ and ‘tulip’ from the ‘Flowers’ dataset with a total of 144 training

samples and 1296 test samples;

e and ‘pizza’ and ‘hamburger’ from the ‘Example Food Images’ dataset with

a total of 27 training samples and 510 test samples.

Note that ‘sunflower’, ‘rose’, ‘tulip’, and ‘hamburger’ are not amongst the Ima-
geNet classes and therefore none of these classification problems are feasible with
the unmodified pretrained network.The pretrained deep neural network architec-
tures considered are GoogLeNet and ResNet-50.

Figures 5.11 to 5.13 plot the testing error rates of the weight vector tuned
transfer learned GoogLeNet architecture for the ‘daisy’/‘sunflower’, ‘rose’/‘tulip’,
and ‘pizza’/‘hamburger’ binary classification problems, respectively. In Figure

5.11, a very slight reduction is observed for the ‘daisy’/‘sunflower’ dataset of


https://www.mathworks.com/help/deeplearning/ug/data-sets-for-deep-learning.html
https://www.mathworks.com/help/deeplearning/ug/data-sets-for-deep-learning.html
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Figure 5.11: Plot of testing error rate of the weight vector tuned GoogleNet
which was transfer learned on ‘daisy’ and ‘sunflower’ images.
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Figure 5.12: Plot of testing error rate of the weight vector tuned GoogleNet
which was transfer learned on ‘rose’ and ‘tulip’ images.
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Figure 5.13: Plot of testing error rate of the weight vector tuned GoogleNet
which was transfer learned on ‘pizza’ and ‘hamburger’ images.
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Figure 5.14: Plot of testing error rate of the weight vector tuned ResNet-50 which
was transfer learned on ‘daisy’ and ‘sunflower’ images.
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Figure 5.15: Plot of testing error rate of the weight vector tuned ResNet-50 which
was transfer learned on ‘rose’” and ‘tulip’ images.
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about 0.01 reduction in error rate at &« = 0.8. A moderate reduction in error
rate of around 0.04 at o = 0.2 is observed for the ‘rose’/‘tulip’ dataset in Figure
5.12. A huge reduction in error rate of around 0.25 at o = 0.1 is observed for
the ‘pizza’/‘hamburger’ dataset in Figure 5.13. Similar trends are observed in
Figures 5.14 to 5.16 which plot the testing error rates of the weight vector tuned
transfer learned ResNet-50 architecture for the ‘daisy’/‘sunflower’, ‘rose’/‘tulip’,
and ‘pizza’/‘hamburger’ binary classification problems, respectively. In particu-
lar, Figure 5.16 shows that weight vector tuning is able to reduce the error rate
by about 0.21 at « = 0.1 for the ‘pizza’/‘hamburger’ dataset. This showcases the
potential for the weight vector tuning technique to improve performance in the
context of deep neural networks beyond simple classifiers such as LDA and linear

SVM.



Chapter 6

Concluding Remarks

This dissertation considered the performance analysis and design of linear classi-
fiers for high-dimensional, small sample data with a focus on LDA-based methods.
More specifically, we went through a journey from the study of random projec-
tion based variants of the LDA classifier in Chapter 3 to designing a rotationally-
invariant precision estimator for use specifically with LDA in Chapter 4 and finally
to the development of a weight vector tuning technique for a generic binary linear
classifier in Chapter 5. The common theme in all of these works is our leveraging
of asymptotic RMT tools for the derivation of the limits of quantities of inter-
est as well as consistent estimators of those quantities in the asymptotic regime
where both data dimension and sample size grow commensurately. As a result
of this analysis we are able to extract insights into the behavior of the classifiers
we study as well as develop more computationally efficient methods for tuning
their hyperparameters when faced with data of a high-dimensional, small sample
nature.

Possible future work is an extension of the proposed weighted shrinkage scheme
of Chapter 4 to sample spectra consisting of multiple bulks or even multiple bulks
plus a finite number of spiked eigenvalues. In such cases, shrinking each bulk (and
spike) individually using its own set of optimized weights should yield improved

performance.
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APPENDICES

Appendix A

Proofs for Chapter 3

A.1 Single RP-LDA class-conditional discriminant statis-
tics
A.1.1 Means

In this section, we derive the DE of the quantity m;(1), ¢ = 0, 1, defined in (3.2).

Using the law of total expectation, we have

m;(1) = Err [E[Wrp.Lpa (x,R) [x € C;, T, R]]
=Err [ﬂTifs (ui — “1) + hﬁ]

_E, [;lTIER [ﬁ:lﬂ <Ni . ”O;“l) +1nﬂ Li=0,1.
0

Starting from the expression in the last line, we can proceed with the derivation of
the DE as we would with the class-conditional mean of the discriminant-averaging
RP-LDA infinite ensemble. Note that this is exactly why we end up having
m;(1) = mM=>°. Based on the derivation in (Niyazi et al., 2020b), for i = 0, 1,

- LT i+1,, T p !
mi(l)—§}}g})V1(5) [(‘1) Iz (mngFIp) prt

11 !
(— - —) tr {2 (ng + Ip) }
ng N n—2

Uy
+ In—,
o
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where ¢ satisfies the system of equations defined by

i 7
p g:/ff%”lw) (A1)
n—2 1+4+g '
and .

S 21(8) P -
g=———tr<Xx |1 —gX A2
= { (14 2 50%) } (A2)

and
D%
. oy}
lim o (6) = 2 —5
o 1=y {2 1+ 25) 7

where y* is the unique root of the function

-1
p 1 D
=1-=4+= I, + ——yD
h(y) d+dtr{<p+n_2y 2) }

which exists when p > d. Since m;(1) = mM=>, we denote both DEs by m,.

A.1.2 Variance

In this section, we derive the DE of the quantity ¢?(1) defined in (3.3). By
making use of the law of total variance with conditioning on the training data

and projections (which are independent of x), we have

0*(1) = Err [Var [Wgrp.Lpa (X, R) |x € C;, T, R]]+Varr g [E [Wrp.Lpa (X, R) |x € C;, T, R]]
(A.3)
The second term tends almost-surely to zero, as it is decaying. This can be shown
using Lemma 3.1 in (Hachem et al., 2013).
Now, based on the data assumptions on x, the inner term of the first term in

(A.3) is exactly

Var [Wgp.Loa (x,R) |x € C;, T,R] = gTRT(RERT)'RERT(RERY) 'Ry
(A.4)
We find the DE of (A.4) in what follows. The first term in (A.3) is then the
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expectation of this DE by the Vitali convergence theorem, since it can be shown
that (A.4) is a uniformly integrable sequence of random variables. This class of
random variables have the property that for a sequence X,, such that X, < X,
we also have E[X,,] < E[X].

Note that the rank of the p x p matrix 3 is at most min {p,n — 2}. Therefore,
3 is singular when p > n—2. Let r = rank (ﬁ]) Then 3 = UDU” = U,D, U,
where U, € RP*" contains the r eigenvectors of 3 corresponding to non-zero
eigenvalues and D, € R"™" contains the non-zero eigenvalues of 3 along its
diagonal. This is the compact form of 3. Note that since 3 is symmetric (and
thus a normal matrix), its pseudoinverse is ot = U,D;'U”. This is made use
of later in the derivation. Also note that since we are deriving a DE, access to
the actual value of r is forbidden as it depends on the sample covariance matrix.
Nonetheless, we can make use of the fact that under the Gaussian assumptions,
r = min{p,n — 2} almost-surely. Keep in mind that U'U, = I,, while, in
general, U, UT +# I,, except when r =p, ie,p<n—2.

We can decompose U as U = [U, [NJ'T], where er € RP*(P=7) hag as its columns
the eigenvectors corresponding to the zero eigenvalues of 3. Then I, = UuU? =
U, U7 + U, 0. Let R, := RU, € R*" and R, := RU, € R*®")_ Define the

resolvent Q, () as

Q,(3) := (RERT + g1,

- (RrDrRZ + BId)ila
then

A(B) = RT(RIRT + 1,) 'RERT(RERT + 61,) 'R
— RTQ,(A)R <UTU;F + I”J,I”Jf) > <UTU;F + fjrﬁf) R7Q,(5)R
= R7Q,()R, UTSU,R]Q,(5)R + RQ,()R, U SU,R, Q,(A)R

+R7Q,(A)R, U, SU,RTQ,(8)R + RTQ,(8)R, U, U, R, Q,(8)R.
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Overall,

Var [WRP-LDA (X, R) ’X € Ci, 7-, R] = élH(l) ﬂTA(B)[fL
—

Now we find the DE of the term i A(3)f after which we take the limit as 8 — 0.

ATAR)A =" (UU] +0,0,) A8 (U,U] +0.0,)
T

= TUUTA(B)U, U i+ 47U, UTA(8)0, U, o
+AT0 U AB)U U 4+ 470,0,A(5)0,0, 4. (A5)

We consider each term in (A.5) one-by-one. The derivations which follow use
the fact that the odd moments of a zero-mean Gaussian random variable are zero.
This yields asymptotic simplifications when taking the expectation with respect
to R, which is independent of R, and never appears in a resolvent.

For the first term in (A.5), we have

AU, UL A(B)U U o= o7 U, R Qy(8)R, Uy ZU, R Qo (6)R, Uy fa
+ 47U, RTQ,(8)R,UTSU, R, Q,(5)R, UY i
+ 47U, RTQ,(8)R, U, £U,RYQ,(5)R, U7 i
+ 47U, RTQ,(8)R, U, £U,R, Q,(5)R, U’ i
= @"U,R]Q,(A)R, U U, R Q,(8)R, U i (A.6)

X 2wl =T X
+ 4 U, Ry Qy(A)R, U, BUR, Q,(B)R, Uy fu(A.7)

For the second term in (A.5), we have
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47U UTA(B)0, T, i = 47URTQ,(8)R, U'SU,RTQ,(5)R
+ A"U,RTQ, (AR, UTSU,R, Q,(A)R, T

T

T
5 = =T = =T,
+ 4 U,R; Q(A)R, U, ZU,R;Q,(B)R, U, fu
5 = =T =T = =T,
+ 4 U,R; Qy(A)R, U, ZUR, Q,(B)R, U, fi
X = =T = =T
= ' UR, Q,(B)R, U, XU, R, Q;(A)R, U, jr (A8)
T

A N - T » [
+ MTUTRgQQ(/B>RTUr EUTRer2(/8)RV

For the third term in (A.5), we have

“ A =T ~

A(ﬁ)UTUfle - NTUrRr QQ(B)RTU{ZUTRfQ2(B)RWUIN
+ (AR, U'SU,R, Q,(8)R, U’

+ ATU,R, Q,(8)R, U, SU,RTQ,(5)R, U7 i

AT T 51 ~ T ~
+ ATU,R, Q,(8)R, U, U,R, Q,(5)R, U’ i

- T

= i"U,R, Q,(/)R, U'SU, R, Q,(5)R, U7 1 (A.10)

+ AT, R, Q,(8)R, U, £U,RTQ,(8)R, U iA.11)

AT0 U, A(5)0, U, o = 470,R, Q,(AR, UTSU,RIQ,(A)R, U, ju
+ 4"U,R; Q,(3)R,UTSU,R, Q,(3)R, U, i
+ ATU,R, Q,(AR, U, SURTQ,(A)R, U, fu
+A"U,R, Q,(8)R, U, SU,R, Q,(3)R, U, 1
= 4"U,R, Q,(5)R,UTSU R Q,(A)R, U, ju (A.12)
+ A70,R, Q,(8)R, U, £U,R, Q,(H)R, U, fA.13)

We derive asymptotic equivalents with respect to the projections first. Define
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-1
Q,(B) = (Di/szRrDiﬂ + 5IT> . For (A.6), we have

A"URIQ,(B)R, UIZU,RTQ, (B8R, U o

= 4"U,D;?D,*R;Q,(5)R,D,*D;/*U; £U, D ?D, R, Q,(8)R, D, *D U fu

= pTETEST A - 2847 ST EU,DY2Q, (8)D AU

+24"U,D;?Q, (8)D; V2U S U, D, 2Q,(8)D;, AU i,

where the second-to-last line makes use of the following relation obtained from

the matrix-inversion lemma:;:
1 -1
IR (R,D*DY R + 51 RDY* = 3 | 1, — (DIRIRDI 1) .

From (Kammoun et al., 2019), we have

Q. (8) < T1(B),
where
T(9) = 5 (L +1(5)D,)
~ 1
Tl(ﬁ) = 6 (1 n 57/1(6» d
and
11 .
Vl(ﬁ) = B;tr {Dr (IT+V1</8)DT‘) }
() p—— (A.14)
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Using the above relations, we have
£"UR;Q,(8)R, U TU,R; Q,(8)R,U; ju

1 - 1 -
= p'U, (DT + —IT) ur'su, (DT - ~—IT) U’
H 1(B) () g

R 1 N\ BP(C)8
() 470 (P4 50 U’““’(l—mam»é)

where

_ m%m« {D (D + ﬁlp) b (D + ﬁlp)_l}

20(C) = %Qtr{DrTl(ﬂ)CTl(ﬂ)}
~leqursuy - 2 {UTEUD (D ¥ ﬁlpf}
i {D (p+sn) visu(pe L) D}
(o) (e ) )y
(A.15)
and

~ 7 1 ’ ~ 2
QZC—Z (ﬁ(1+§v1(5))> ZE(Vl(B)) )

where C := D;Y2UT2U, D12,

Now consider (A.7). Let a = Q,(8)R, UL fx and R, have rows y,...,s. We
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have the intermediate convergence
N ~Tr1l arT ~
Q:(A)R, Ul fp = E a;a;7, U, LU, T,
.3

1 T
= aiou {U,,TZU,,}

1 T .
— -t {030, } 4"U,RIQYAR UL o

We can show that

-2
ATURTQE(A)R, UL = étr (Qp)} AT, (étr{sz)} D, + Ir) Ul4.

Using (Kammoun et al., 2019), we have

Q,(8) > Ta(f) (A.16)
where
T = ! I
20) = 5T 2 ()
To(5) = % I + m(5)D,) "
and

1
)= T )
() = gtr {Dr (1, + (D)} (A.17)

From (A.16), we have

1 1
St {Qu(8)} = tr {Ta(8)}

Now, let’s find the DE of étr {QS(B)} First, using the systems of equations



159
in (A.14) and (A.17), we can show that v,(3) = (). Since

Lo d[3r{Qu(B)}]
Etr{QQ(/B)} - d/B )
then
Lo d [ (T8
C_Ztr{QQ(ﬁ)} -~ d/B )

i.e., the limit of the derivative is the derivative of the limit. To justify this,
first note that tr {Q,(8)} is a Stieltjes transform which is analytic outside the
support of the spectrum of RER”. Since the support of the spectrum is bounded
away from zero, taking 5 — 0 ensures that étr {Q,(B)} is analytic. Similarly,
étr {Ty(5)} is a Stieltjes transform which is analytic outside the support of the
limiting spectrum of RﬁRT, and since the support of the limiting spectrum is
bounded away from zero, taking 5 — 0 ensures that the %ltr {Ts(p)} is analytic.
Since both 2tr {Q,(8)} and its limit Ztr {T5(8)} are analytic, it follows that all
derivatives of tr {Q,(f)} of any order converge to the corresponding derivatives

of 1tr {T2(6)}. Then, because

we have

L {Q39)} < —7(9)

We can solve the following set of equations (obtained by differentiating the system
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of equations (A.14)) for 7 (5):

from which

So, overall we have

Applying the same techniques to (A.8), we can show that

- - 1 -1 -
U REQuIR, UT S0, R, Q)R U = (U, (D, + -1, ) U200
1

For (A.9), we have
R < T < T
“TUrRzQ2<5)RrUr EUTR2Q2(B)RTU7= n= 0.

The terms (A.10) and (A.11) are just the transpose of (A.8) and (A.9). For
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(A.12), we have

AU R, Q,(f)R.UTSU,RTQ,(5)R, U, j1
- -2
= 0" A0 L sy (p, s L Ir) u?
Sl AT e 50 as

e ~T ~ ~T _~ ~T ~ -~ T
I’I’TUTRT QQ(B)RTUT EUTR’/‘ Q2(/8)RTUT‘ M
~ T . ~ T . ~ T - . -
= T i [Ur j |:U7’ EUT]klrz QQ(ﬂ)rkrlTQQ(ﬁ)rj‘
i,5,k,1 ’

It is easy to see that only three cases survive asymptotically in this summation:
l.i=j5=k=1
2.0=Fk, j=1,1#]
3.i=4, k=1, 1#k

For the first case,

where the third line uses the expectation of the term ¥ Q,(S)&;¥, Q,(B)F;. For
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the second case,

> [0a] [00a] [U/S0,] Hau@re @,

_ ; s [074] [07s0)] QO Q)

J

< Gtr{%(m})? > [074) [074] [07=0)]

5 ]
i#]

=(n(9)* Y |U.a [04] [0,20,] (A.19)

i#£]

For the third case, we have

> |ea] |04 [0780,] Fau@rd o,
i=j, k=l, i#k ’
=S ([07a]) [0rs0,] Fau@rat Qo).
i#k ’
- vt X (00 ) 0730
— (@) 3 {00} AT 0,074 - Su Qi) Y ([07a] ) [0720,]

1 1 /R R A
=<~ {Q3(8)} tr {UT EUT} a70, 0
1 - .
=< ~#(8)tr {UfEUT} 70,0 L. (A.20)
Combining (A.18), (A.19), and (A.20), we have overall
e ST < T~ T < T
IJ’TUTR‘T QQ(B)RT‘UT EUTRT Q2(6)RTUT I

. . 1 - - .
= (:(8) U, 0,80, 0, o - #(8) -t {080, | 470, 0, . (A.21)
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Combining the above derivations starting from (A.5) to (A.21), we have

1 - 1 -
nTA(B) = pTU, (DT + ~—IT) ur'su, (Dr + ~—Ir) U’
AR = [ 7(0) 7 (0) f
1

320(C)0 ool (eT
" [(1 - ﬁQQ(Dr)§> “oge o)

1 —2
ATUT (Dr + ~—Ir) U
zH 7(B)

(#1(B))

Through a series of manipulations in which we express everything in terms of D

instead of D, and also by using the relation

(71(8))"

W e

obtained through the system of equations (A.14) and by expressing (A.15) as

320(C) = 20(C’) — %tr {fjfzfjr}

where

we have the simplification
1 -1 1 -1
ATABAXATU<D+~—I) UTEU<D+~—I) U’
( )l’l‘ l’l’ Vl(ﬁ) 4 Vl(ﬁ) P l’l‘

3%0(C")0 I 1N
+ <1 — 529(Dr)9~> (%(ﬁ))Qu U (D + ﬂl(mlp) U’ [fA.22)

Now what must be done is to remove the randomness from the training. This

RS
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appears in 1, D, and in the current definition of ().
First, we derive ngin(l) 71(B) in such a way that it depends only on the true
—

statistics. Using the equations in (A.14), it can be shown that

-1

» o1 : 1
AT S P S P S _ A2
i Tmang)d” T mang) " 0 (A.23)

B—0 £—0

Using the fact that > = ﬁE]l/QZZTle/2 for some Z € RP*("2) with ii.d.

standard Gaussian entries and by eigendecomposing 3 as ¥ = VD V7| we have

—1 —1
1 . 1 1 1 1
“t S+ —— 1 =t S 1Vl A/ AD YU E——
dl" +%}4}I%I;1(ﬁ)p dr fn/—2 +}31£)I%]I>1(ﬁ)p
-1
1 L 120 Tn1/2 1
~ =t —— DY¥?*77Z"D — 1
RN e = +éin%ﬂl(6)p
_)

From (Kammoun et al., 2019), we have

W(y) < E(v),
where
1 -1
W(y) = (rDlz/QZZTDlz/Q - ﬂp) :
By =~ (1, + —2g(Ds)
V== \bt,290Ps)
b g(’Y)——l !
n—2 y1+g(v)
and
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from which it follows that

-1

Let g:=g (—M) and §:= g (—m) We now have
B—0

B—0

-1
p 1 j%
1—=+ = I, + — gD = 0. A.24
d+dtr{(p+n_2g 2) } 0 ( )

Using (A.24), the quantity g can be solved for as the unique root y* of the

monotonically decreasing function

which exists when p > d. It can be shown that g < y*. Then combining (A.1)

and (A.2), we can solve for éir% 71(B) in terms of g, and so we have
—

p y*
hH(l) 1;1 (ﬁ) == ) n—2 1 .
o 1 - nz—)Qy* n—Qtr {DE (Ip + nI:Qy*DE) }

By dealing with the randomness from the sample covariance in (A.22) using
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similar techniques, followed by taking the limit as f — 0, we obtain

gr% p"AB) = f"RTRERT)'RERT(RERT) 'R
_>

( ) AIVEDSEVT i+

2

s ) 1 2

22— | —trDsE
([ggno n(p) | n—2

1
s |A"VE*V 4+ 0" VEDsEV' 0
(;;n% ()
(t1g) strD=E’
P 2
n—29 2
p 1 L2 | 1 2 <51in091(5)> el
]_ — 4 + hm—y() tI'E — 1~—()2 EtI'E + atI‘DEE 1-Q
(ﬁlino s )

where

2tI' {DzEDzE} .

The final step is to remove the randomness coming from the sample means in f.

Using

. »i2z,1 ¥V2Z,1
H = + - 9
nq Un

where Z; € RP*™ 4= 0,1 has i.i.d. N (0,1) entries. Taking the expectation over

Z:1, i = 0,1, while making use of the fact that % ~N <0p, %Ip) ,1=0,1, we

7
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1 11
52(1) = <_> [MTVEDEEVTM + (n— + n—) tr{DEEDEE}] +
0 1

1 1 1
s | VE VI + (— + —) trDsE* +
No nq
lim &
(tim 19
p g 2
n—2 1 2
11 (éiﬂlo;(m) attDel
p'VEDsEV 'y + (| — + — | trDgEDsE X
Un) nq 1-0Q
(g) LuDsE?
P 2
1 ~ 4 + hm—m(ﬂ)ﬁtrE — ﬁ EtI'E + EtngE 1—Q
B—0 ([}gnom(ﬁ))

(A.25)
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Proof that the single RP-LDA discriminant variance is asymp-

totically greater than that of the infinite ensemble

We simply prove that 6%(1) > 53,__.. Using the expressions in (A.25) and (A.29),

we have

1 11
(1) = 0o = ——5 |W VE*V p + (- + —> tr {DsE?} +

(5% %1 (ﬁ))

» 2
. (525) s {DsE?)
<uTVEDgEVTu + (— + —> tr {DEEDEE}) i 0

) ny

(t5) JtrDsE?

2
=i 1 2
lim o4 (B) n72trDEE

B—0

1-Q

2 1 1 1 2 1 2 <
B—0 (5’510 V1(5))

(A.26)

Now we must show that each of the constituent terms of (A.26) is positive.
The term 1 — Q fits the form of the term 1 — ¢2v,,(¢)3,(t) in the paper (Hachem
et al., 2008) in which it was shown to be positive. Additionally, all traces and
quadratic terms in the first and second lines of (A.26) are positive since the
matrices involved are positive definite. What remains is the denominator of the

fraction in the last line. This term comes from taking the asymptotic limit of the
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term 1 — lim 4260(D,)# which can be expressed as

B—0
. 2 1 1
1 -1lmpD)=1-24+ = "t dw|-—— "
i 570(D,) i Tmng)d” lim 1 (9) }
B—0 B—0
1 1 1 1
- tr - - 27)
2d 1 lim
<lim Vl(ﬁ)) lim 7,() lim 7,(5)
B8—0
Using (A.23), equation (A.27) simplifies to
- 1 1 1
1—1limB*¥MDY0=—" “trdW[ -
S B0(Dn)0 = s At lim i ()
B—0 B—0
1 1 1 1
- = cedwle—— W
24" lim i () lim ()
(éir% 171(5)) B—0 B0
—

Let G := éirr(l) 71(8)D+1,. Then, using the relation A™'-B™' = A"/(B—A)B™'
—>

55 71 (8) (8 (ﬁliglO Dl(ﬂ))2 gy 71.(8) S, 1(6)

we have

: ;1 - _
1—é%529(DT)9:atr{G "(G*-G)G?}

2

_ éi (B—>0
=1

(1 191 + 1)3

B—0

>0,

since éir% 71(B8)d; +1 > 1, where d; is the i*" entry along the diagonal of the
—

diagonal matrix D.
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A.2 Discriminant-averaging RP-LDA finite ensemble class-

conditional discriminant statistics

A.2.1 Means

In this section, we derive the DE of the quantity m;(M), ¢ = 0,1, defined in

(3.5). By the law of total expectation, we have

m;(M) = Err E [Wdisc—avg(xa Ri,...,Ru)|x€C;, T,R]

M
1
= ZET,R [E [Wrp-Loa (%, Ri) [x € C;, T, R]]

k=1
1 M
=72 mi(l)
k=1
=m;(1), i=0,1,

where the convergence in the second-to-last line is proven in Appendix A.1.1.
Thus, m;(M) = m;(1) and we denote both DEs by m;.
A.2.2 Variance

In this section, we derive the DE of the quantity o%(M), defined in (3.6). By the

law of total variance,

0*(M) = Er g [Var [Waisc-avg(X, Ra, .., Ras)|[x € Ci, T, R]]

+ VELI"T’R [E [Wdisc—avg(X, R17 s aRM>|X S Ci7 T7 RH : (A28)
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For a similar reason to that in Appendix A.1.2, the second term in (A.28) is

asymptotically zero. Considering the inner term of the first term, we have

Var [Wdisc—avg <X7 {Rk}]sz1>

X € Ciu T7 {Rk}g/lzl]

= Var

M

1

M E Wrp-LDA (X, Rk;)
k=1

xeC,T, {Rk}%]

M
1
=2 > Var [Wep.Lpa (x, Ry)|x € Ci, T, Ry

k=1

M
1
top > " Cov [Wrp.Loa (%, Ri), Wrp.Lpa (x, Ry)|x € C;, T, Ry, Ry
k]
M-1_,
Taz M=

_ L _
= MU2(1) + (1 — M) 0']2\/[:00

where the convergence in the second-to-last line follows from the proof in Ap-

pendix A.1.2 and also the fact that

Cov [Wgrp.pa (%, Ri) , Wrp.Lpa (X, R;)|x € C;, T, R]

= "R} (RyZR]) 'R ZR] (R;SR]) 'R,

X

i Eg [RT(RfJRT)‘lR] SEr [RT(RfJRT)‘IR i

The exact expression of 5,___ is derived in (Niyazi et al., 2020b) as

1 1
5% .. = —— |u"VEDgEVp + (— +

1-Q 1 > tr{DzEDzE}} . (A.29)

no n_1
A.3 RP-LDA ensemble classifier error analysis

This section provides DEs for the probabilities of misclassification of the discriminant-

averaging, MAP, and vote-averaging RP-LDA ensemble classifiers.
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A.3.1 Discriminant-averaging RP-LDA ensemble classi-

fier

The expected probability of misclassification DE of the discriminant-averaging

RP-LDA ensemble classifier composed of M RP-LDA discriminants is

7T0(I) (W) —|—7T1(I) <—W> s (A?)O)

where M = 1,2, .... This statement claims the convergence of the expected prob-
ability of misclassification of the discriminant-averaging RP-LDA ensemble (over
training and projections) to the probability of misclassification computed using
the distribution of the asymptotic discriminant stated in Theorem 4.4.2. This
follows from the convergence in distribution in Theorem 4.4.2 and Lemma 2.11
in (Van der Vaart, 2000). Note that the convergence is not in the probabilis-
tic sense; the probability of misclassification is conditioned on the training and
random projections before applying Lemma 2.11 to obtain its limit. The limit of
the expected probability of misclassification over the training and random projec-
tions (A.30) is then simply the expectation of the first limit. This follows by the
bounded convergence theorem since the probability measure is upper bounded by

1.

A.3.2 MAP RP-LDA ensemble classifier

The expected probability of misclassification DE of the MAP RP-LDA ensemble

classifier composed of M RP-LDA discriminants is

1 (Ma1—myp)? T 1 (m1—mo) T
— R0 4 [n T -3 — In™
7TO<I> 2 G2(M) ™0 +m® 2 52(M) 0 :
(M1 —mo)? (ma1—rmo)?
a*(M) (M)
where M = 1,2,.... This statement claims the convergence of the expected

probability of misclassification of the MAP RP-LDA ensemble (over training and

projections) to the probability of misclassification computed using the distribu-
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tion of the asymptotic discriminant, which can be derived easily from Theorem
4.4.2. This result then follows from this convergence in distribution and Lemma
2.11 in (Van der Vaart, 2000). Again, the convergence is not in the probabilistic

sense.

A.3.3 Vote-averaging RP-LDA ensemble classifier

As stated in Theorem 3.4.4, the asymptotic distribution of the vote-averaging RP-
LDA ensemble class-conditional discriminant times M is a correlated binomial
having M trials, probability of success p;, ¢ = 0,1, and constant correlation
p; between trial outcomes. In this case, however, knowing the distribution is
not enough to determine the asymptotic probability of misclassification. This is
because the correlated binomial Probability Mass Function (PMF) is not uniquely
specified by the correlation coefficient(s) and probability of success. Additional
information pertaining to the conditional correlations is needed. This is the
reason why there are various models for correlated binomials based on different
assumptions.

One of these models is Moody’s model (Witt, 2004). Moody’s correlated
binomial model makes the assumption that the conditional correlations of the
outcomes of any two trials given that any subset of the others are all successes
is constant. To test this model, we generate the empirical PMF of the vote-
averaging RP-LDA ensemble classifier. This model fits the empirical PMF well,
at least up to M = 35, beyond which numerical issues occur which hinder the
accurate computation of Moody’s PMF. This seems to suggest that the constant
conditional correlation condition holds for our setup.

Through our own numerical investigation, we find that this condition, in fact,
does not hold, although the conditional correlations are close enough that the
corresponding conditional probabilities of success end up being very close to those
predicted by Moody’s model. Since Moody’s PMF is characterized by these

conditional probabilities, this might explain why we have a close match.
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Denote by p; (k) the probability that MWete ave(X, R4, ..., Rar)|x € C; asymp-

totically takes the value k. The asymptotic conditional PMF of the vote-averaging
RP-LDA ensemble discriminant (times M) according to Moody’s model is then

1+Zj]\il(—1)j(M) I D for k=0

j i=1

pil) =1 ()L |G (O] for k=1, M

0, otherwise,
\

where p(j) =1-(1-p)(1—p;)’ Y, 5=2,..., M. Based on this, the asymptotic

probability of misclassification of the uniformly-weighted vote-averaging RP-LDA

ensemble discriminant with a threshold of 0.5 is

o Z po(k) +m Z p1(k).

k>M/2 k<M/2

A.4 Proof of asymptotic distributions and optimal ensem-

ble construction

A.4.1 Asymptotic joint distribution of M RP-LDA dis-

criminants

In this section, we prove the asymptotic joint distribution of M single RP-LDA
discriminants as stated in Theorem 3.4.5.

Recall that W = [WRP—LDA (X, R1> sy WRP—LDA (X, RM)]T and let
f]ﬁi = Rf(kalRf)‘le, kE=1,...,M.

Conditioned on {Ry}1", and the training set 7 and for x € C;, W is a Gaussian
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vector (through x) with

[W‘{Rk}kle T.xe cl}

E
ATﬁ]—i (llli _ ﬂO;ﬂl) +1n?r_é
, 1=10,1,

and covariance IT with entries
Var [WRP-LDA (X, Rk) ’Rk, T,x € Cl] = ﬂTﬁ]’iEﬁ]ﬁiﬂ, k=1,...,M,
along the diagonal, and

Cov [Wrp.Lpa (%, Rg) , Wrppa (%, R;) |Rg, R;, T, x € C}]

= AT?ﬁizﬁﬁiﬂa j?k: 177M7 j#ka

off the diagonal.

From the derivations in Appendix A.1 and Appendix A.2, we know that

Cixii

=mly, 1 =0,1,

Var [WRP-LDA (X, Rk) ‘Rk, T,X < CZ} = 5’2(1), vk

and

COV [WRP—LDA (X, Rk) s WRP—LDA (X, Rj) |Rk, Rj, T, X € CZ] = 5']2\/[:()0, V] 7é k.
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Since M is fixed, then IT defined above converges pointwise, and so we also have

I =TI
(1) O3—oe Th=00
.
TN =00
Oti—co 0 Ofreee 0°(1)

Now we prove that W converges in distribution to a Gaussian random vector

through its characteristic function.

Denote the characteristic function of W given x € C; by ¢w; (w). Then

dwi(w)=E [exp (ijW) |X € Ci]

=B, 7 E [exp (jw"W) ‘{Rk}]szl Tx€ CZH

- | X
- E{Rk}ﬁil,T exp (JCZ'TUJ — §wTHw)}

, ~ 1 _ .z 1 =
= E{Rk}ﬁilf exp (](Ci — Q)Tw) exp (—ﬁwT (H — H) w) exp (jCiTw — éwTHw)}

. 1 oo
X Eig, i 7 |eXP (JC,-T w — Eanw)}

_ 1 ..
= exp (jCiTw — §wTHw)

where the third line follows from the fact that, conditioned on the projections and
training, the discriminants are jointly Gaussian, and the second-to-last line is jus-
tified through the dominated convergence theorem by the fact that characteristic
functions are bounded. The final line reveals a Gaussian characteristic function

with mean ¢; and covariance IT, thus the vector W given x € C; is asymptotically

Gaussian.
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A.4.2 Asymptotic distribution of the discriminant-averaging

RP-LDA finite ensemble discriminant

The asymptotic distribution of the single RP-LDA discriminant follows trivially
from the proof of the joint asymptotic distribution of M RP-LDA discriminants
in Appendix A.4.1, by setting M = 1.

For the general case, using the fact that

M
1
Wdisc—avg <X7 {Rk}kM:1> ‘ X € Cia T7 {Rk}fngl = M Z WRP—LDA (X7 Rk) X € Cia Tv {Rk}li/;

k=1

is Gaussian with mean

and variance

M
1
W Z Var [WRP—LDA (X, Rk) |X € Ci, Ta Rk]

k=1

M
1
+ e E Cov [Wrp.1pa (X, Ri) , Wrppa (x, Rj)|x € C;, T, Ry, R}
o

1 1Y _
= M02(1) + (1 — M) T

the asymptotic distribution can be proven by convergence of the relevant charac-

teristic function as in Appendix A.4.1.

A.4.3 Asymptotic distribution of the discriminant-averaging

RP-LDA infinite ensemble discriminant

Using the fact that

WM:oo(X)| X € CZ,T = ﬂTER [ﬁ)ﬁl} (X — Ho ;— “1) + lng X € CZ,T

o
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is Gaussian with mean

2 o

and variance
(T Er [2;] SEx [ﬁ:;{l} =62,

the asymptotic distribution can be proven by convergence of the relevant charac-

teristic function as in Appendix A.4.1.

A.4.4 Asymptotic distribution of the vote-averaging RP-

LDA ensemble discriminant

The class-conditional discriminant
M
MWioteavg(X, Ra, ..., Ru)|[x € C; = Z L{Wrprpa (x,Rp)}[x € C;
k=1

is clearly a sum of correlated Bernoullis. The probability of success for each
Bernoulli and the correlations between Bernoullis vary through their random
projections. Thus, MWgteave(X, R1,...,Ruy)|x € C; is a correlated Binomial
random variable with varying probability of success for each trial and varying
correlations between trials.

The PMF of MWoteave(X, Ri1, ..., Rur)|x € C;, given by
PIMWiyote-avg(%,R1,...,Ry)[x€Ci=m], m=0,1,..., M,
can be obtained exactly as a function of the underlying discriminants
{Wrp-rpa (%, Ry) [x € CiHL,

by summing over all probabilities where exactly m single RP-LDA discriminants
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are greater than zero. For example,

PIMW,oteavg(x, R1, ... .Ry)[x € C; = 1] =
PWgrp.Lpa (x,R1) > 0, Wrprpa (x,R2) <0,..., Wrp.Lpa (x, Rar) < 0]

+ P[Wrp.1pa (x,R1) < 0, Wgrp.rpa (x,R2) > 0, Wrp.pa (x,R3) <0,...]+ ...

+ P[WRP-LDA (x,R1) <0,...,Wgrp.Lpa (X, RM—l) < 0, Wrp.Lpa (X, RM) > 0]-
(A.31)

Moreover, the corresponding CDF is simply a cumulative sum of the PMF.

We have from Theorem 3.4.5 that the class-conditional joint distribution of
M single RP-LDA discriminants converges to a Gaussian with mean ¢; and covari-
ance I1. Thus the PMF, and, as a result, the CDF of MWt ave(X, R1, ..., Rar)|x €

C;, can be computed asymptotically based on the limiting distribution. Formally,

let W, = [Wu, cen WM,i]T denote a Gaussian with ¢; and covariance II. Since
M
im P [MWote.avs(%, R, -, Ra)[x € Ci = m] = P ; 1{W,,} = m] =0

through the fact that the left-hand side can be expressed as the limit on a sum of
probabilities involving single RP-LDA discriminants (as in (A.31)) and also the
underlying convergence in distribution of these discriminants shown in Theorem

3.4.5, then Vx € R,

lim P [MWteave(X,R1,....,.Ry)|lxeC <z] - P

n,p,d—00

f: 1{W;} < x] =0,

k=1

(A.32)

which is convergence in distribution.
The term 22/121 1 {W;“} is a correlated Binomial consisting of M trials. It is

straightforward to compute the probability of success of its trials and correlations
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between its trials as a function of the distribution of W;. Because of the structure
of ¢; and II, the probabilities of success and correlations are constants denoted
pi and p;.
It is easy to show that p; is always positive, which is reasonable, as more than
two variables cannot be simultaneously negatively correlated.
Note that (A.32) gives a way to approximate the PMF of MW pteave (X, R1, ..., Rar)|x €
C;. Since {sz}iil are identically distributed, computing the asymptotic PMF
becomes a counting problem. These computations, however, still involve nu-
merical integration, and this can become restrictive when M is large, and for
that reason we propose the approximation of the asymptotic PMF by Moody’s

correlated Binomial PMF in Appendix A.3.3.

A.5 Derivation of G-estimators

This section derives the G-estimators of the most common metrics of binary
classification. These rely on building blocks m;, i = 0,1, 6%(1), and 63,___. As
s, i = 0,1 and 63,___ were derived in detail in our previous work (Niyazi et al.,
2020b), we consider only 62(1) in the current work. Section A.5.1 derives ¢%(1),
while Section A.5.2 proves Theorem 3.5.2. Additionally, Section A.5.3 derives
the approximation of the infinite to finite error ratio used to solve for M in the

heuristic introduced in Section 3.5.2.

A.5.1 Derivation of 53(1)

The first step is to derive the quantity %in% v(B) as a function of the training (as
—
opposed to true statistics as was done in Appendix A.1). From the system of

equations (A.14), we have

>
—_

tre [ =4+ ——T = 0. (A.33)
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The trace term on the left-hand side can be rewritten as
—1

|
lim 7(3) d T o) ::Etr{

B—0

Asz — 0, f(r) = 1and as z — oo, f(z) = 1 —% <0, when p > d, which is the

typical use-case. Therefore, f(z) has a unique root z* and %im v(pB) = x*. Since
—

(A.33) can be rewritten as

-1
S o 0
lim 7(3) * -

£—0

1
l—atr

then overall, the G-estimator of lim ©(f3), denoted 7, is such that

B—0

1 (e 1.\!
1—En{2(2+gg) }—o. (A.34)

Now taking the limit as # goes to zero on the intermediate convergence in

(A.22) and replace [liin}) v(B) by its G-estimator U, we have
—

Only two terms involve the true statistic 3, while the remaining terms are func-
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tions of the sample statistics. These two terms can be estimated as

2

1 1 Nt/ 1N\t
— — ﬂT(EJr;Ip) E(EJF;I,,) L
1—Ltr{2<2+%1>}
n—2 vP

and

1 1.\ ! 1.\ !
= —tr { (E + TIp) by (E + TIp) } .
p v v

The proof uses the same techniques used in Section B of Appendix B of (Niyazi
et al., 2020a). The same growth regime assumptions stated at the beginning of

Section 3.4 apply here.

A.5.2 Proof of Theorem 3.5.2

First we derive the exact probabilities as follows:

TPR = P[Waise-avg(X, Ra, ..., Ras) > O[T, {Ry}it, , x € Ci]
Y L S—
a?(M)

TNR = P[Waiscoave(%, Ra, ..., Ras) < O[T, {Ry}ir, , x € Co]

—p (-0 ).
Se
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FPR = P[Wascag(X, Ra, .., Rar) > 0| T {R 1L, x € Cy)

Y il
()

and

FNR = P[Waise-ave (%, Ra, . .., Rar) < 0|, {Rp 1ot x € ()]

_p o)
(7]

We are then able to substitute the G-estimators for each of the quantities mg, mq,
and o?(M) in the above expressions by a similar argument to that presented for
Lemma 2 in (Niyazi et al., 2020b). The G-estimators for the following quantities

are derived in a similar fashion using the G-estimators for the above quantities:

e = mpFPR + m FNR,

7T1TPR
PPV =
v moFPR + m TPR’
and
WQTNR
NPV = .
mo TNR 4+ m FNR

A.5.3 Derivation of the heuristic approximation

Let €)= and £(M) denote the G-estimators of the probability of misclassification

of the infinite and finite discriminant-averaging ensembles, respectively, where the
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latter consists of M randomly-projected LDA discriminants. Then,

(A.35)

where Q(-) is the complementary CDF of a standard Gaussian random variable.

The approximation

Q(x)

x>0,

_ 1/Vomexp (=2*/2)

follows from the using the right-hand side of the inequality

xr
1+ 22

, x>0

1Varexp (~2/2) < Q) < L m@zp(—x?/m

which becomes tighter with increasing = (Borjesson and Sundberg, 1979). Ap-

M My
2

and y := —=— we obtain
53— Y \/62(M)

plying this inequality to (A.35) with z :=

Em=ce _ L/V2mexp(—2®/2) [
E(M)  1/V2mexp(—y2/2) Jy

Setting this to ¥ and solving for y (which is a function of the desired M), we

have

r texp (—2?/2)
(8

ytexp (—y7/2) =
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Squaring and inverting both sides of this equation yields
y% exp (yg) = h?2? exp (:1:2)

which can be solved for y? = % by applying the principal branch of the

Lambert W function, Wy(-), to both sides (since they are positive). Then

2 i 2
y° = (}2(M) (@/} T exp( ))
By making use of the fact that 62(M) = L6%(1)+ (1 — 4;) 63, and 2? = &Qm—%,
M=o

while solving for M, we have

~92 _ A2 2 m% m%
(U (1) O-M:oo) WO <¢ 5']2\/1:00 eXp( %/I oo))

M = ceil -~
S22 2
mi — 05— Wo <w 6%4 exp (UM - )

Appendix B

Proofs for Chapter 4

B.1 Main result proofs

B.1.1 Proof of Theorem 1

The G-estimator of (4.9) is obtained by substituting G-estimators of the nu-
merator and denominator into the expression (4.9). We start with deriving the
G-estimator of the numerator term, 17 Sws (p,z- — %) , 1= 20,1, followed by

the G-estimator of the denominator term, ﬂTf]WSEf]WS [.
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Numerator

To estimate the numerators in (4.9), notice that Sws and i, i = 0,1, are
independent since 3 and f;, ©=0,1, are independent and Sws is a function of
3. This allows us to take the limits with respect to f1;, ¢ = 0,1, independently

of Xws. First, express the numerator term as

T 1 + [ T R 1y + [ T R )
i Bws (Ni—%>=lﬁzws (#i—%)-FMTEWS(M—M)a 1=0,1.

In this form, we need to estimate f1” Syws (p; — f1;), i = 0, 1, since it involves the

+ »1/27,1

true means which are unknown in practice. Using the fact that f; = p; —=

o . .. . . 1/27 .
for some Z € RP*(™—1) with i.i.d. Gaussian entries and % ~ N <0p, %),

we have

A ~ i 1 — .
A" Sws (= 1) = (1) ——tr {SBys}, i =0,1. (B.1)

Leveraging this convergence result allows us to estimate the right-hand side term
instead. This is done using the same approach as Rubio and Mestre (2009) which
is detailed in what follows.

The term #tr {22\;\;3} is expressed in terms of a contour integral over a
contour C which encloses the eigenvalues, {l;}}_; (more specifically C is an open
subset of C containing the interval [—¢,00), € > 0), using the Cauchy integral

formula

fla) = = 4 L&) 4. (B.2)

C2mi Juz—a

where f is analytic in A and a € A. To do this, first express

1 3 1 - WS T
- —tr {SBys | = Pt {z (;dj uju’
1 p
T T
= 1tr {E (Zla h(lj)ujuj) }, (B.3)
]:
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where u; is the j* column of U. Now applying (B.2) to @”h (l;) in (B.3), we

have
o {ZEWS} 2; ]é nll_ltr{z (Z;ujuj . iz )}aTh (2)dz
_ _L L {2Q(=)} a™h(2)dz (B.4)

where Q(z) = (ﬁ] — zIp>_1. Notice that this step has introduced the resolvent
into our expression (which we know how to deal with). Also note that the Cauchy
integral theorem requires that a’h (z) be analytic in C, hence the inclusion of
assumption (f) at the beginning of Section 4.4.2.

We can estimate the integrand in (B.4) as (see Appendix B in Niyazi et al.
(2020a))

L lsqe)
ah (2) 1990} SR o {5Q(:)} a’h (2).

1 mtr{EQ(z)} ni —

This step requires that a’h (z). This is guaranteed by the assumptions (f) and
((g)) stated at the beginning of Section 4.4.2.

From this it follows that the estimator is

L L {sae)) . )

—Tfa h(z) dz = 1tr{§]EWS} (B.5)
T Je 1-— ﬁtr {EQ(Z)} n; —

We now need to evaluate the contour integral. To do this, we must find the poles

of the integrand of the left-hand side of (B.5), determine their orders, and finally

compute the residues. We consider each of the two cases when p = p and p < p

separately.

e p=p
First note that hy is analytic by assumption (f) and therefore contributes

no singularities to the integrand. We can rewrite the remainder of the
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integrand as:

gt {EQ( )} T 1l H%;l(lm —z)

R VAL U R S AP

(B.6)

In this form, the poles are clearly the p solutions to the equation

1
[0 -9 = >0 T -2
J=1 j=1 m=1
m#j
or equivalently
! Zp: by (B.7)
n—2j:1lj—z— ' '

According to Lemma 8.1 of Couillet and Debbah (2011), the zeros, {v;}'_;,
of (B.7) (which are the poles of (B.6)) are the eigenvalues of L— <\/g> ( —
wherel = [I,...,1,]T. Note that {y;}}_, satisfy vy <l) <o <--- <1, <,
Rubio and Mestre (2009) (where the poles and sample eigenvalues are sorted
in ascending order), which means that they are enclosed by C and thus con-
tribute to the residue. This also means that the poles are simple since they

are distinct. Next, we compute residues.

We evaluate the residues of the integrand at the poles we just derived and
sum them up. The Residue Theorem states that for a complex function
f(2) which is analytic on an open subset, except for singularities z1, ..., z,,
the contour integral over a curve C enclosing these singular points is only

due to the contribution of these singular points, i.e.,

%f(z)dz = 27 Zn: Res(f, z;),
c o

where Res(f, z;) is the residue of the Laurent series expansion of f(z) about
the singularity z;, i.e., it is the coefficient b; of i in the Laurent series
J

expansion of f(z) about z;. For simple poles, we have for a function of the
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form f(z) = %, that the residue of f at the pole z = ¢ is given by

Res(f,c) = 9(c) .

W (c)
Therefore, when p = p,
b oh(z) T {EQ(Z)} dz = i a’h () ot {EQ(W)}
2m Jo 1 — %tr {EQ(Z)} =1 ﬁtr {2(;22(1/1)}
= - tr {Eﬁws} (B.8)

So overall, using (B.1) and (B.8), we have

nil_ltr {2Q(Vz)}

1 ~ 5 = ATi]WS(u’i_lli)a 7;:0717
mtf{EQ (Vl)}

(-1 a"h(w)

and

_ o+ f P Stri2Q
A Sws (ﬂi -5 +M1) +(=1)") a"h(m) = - r{A (Vl)}
2 =1 —otr {EQ2(VZ)}

= " Sws (.U'i - ; Hl) , 1 =0,1B.9)

To unify the notation between the case when 3 is full rank and when it is
singular, we adopt the generalized definitions (4.10), (4.11), (4.12), (4.13),
and (4.14), which recover the quantities U, 1, L, 3, and z, respectively,
when p := rank {ﬁ)} = p, i.e., when 3 is full rank. Thus, the left-hand
side of (B.9) can be equivalently written in terms of (4.10)-(4.14). This is

important for the presentation of the final result in Theorem 4.4.1.

e p<p
When p < p, we can further simplify the right-hand side of (B.6) by making

use of the fact that some of the sample eigenvalues are zero. Under our
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Gaussian data assumptions there are exactly n — 2 non-zero eigenvalues
and p — n + 2 zero eigenvalues. Let {I;}’_1""” be the zero eigenvalues and

{li}i=,_.+3 be the non-zero eigenvalues. Then,

p P

MG -2 =27 I (-2

7=1 j=p—n+3

and
p p p p
SDL[m—2) =2 > 1 [ -2
7=1 m=1 j=p—m+3 m=p—n+3
m#j m#j

Therefore, when p > n, the factor of (—z)P™"2 in the numerator and

denominator of (B.6) cancels out, and the expression further simplifies to

nl—l Z] =p—n—+3 Hm =p— n+3( —Z)

m7J . (B.10)
H?:pfnJr?)(lj )_ n—2 Zp_p n+3l Hm =p— n+3( - Z)

m#j

The poles are thus the n — 2 solutions to the equation

p

H (l; —2) = 2 27’: H (I — 2).

j=p—n—+3 m=p—n+3
m#j

which we denote by {v;}7=7. The solutions to (B.10) are equivalent to the

solutions of

! > l'l" = 1. (B.11)

n—2
i=p—n+3 v

Note that we can immediately see from (B.11) that z = 0 is a pole. This
was not the case when p = p. So we have n — 2 poles, {v;}1= 1, which
satisfy the inequality 0 = v; =11 = -+ = lp_pio < 1o < lppi3 < -+ <
Vn—a < l, (sorting the poles and eigenvalues in ascending order). We can
compute the poles using Lemma 8.1 in Couillet and Debbah (2011). Note
it is very important to use only the non-zero sample eigenvalues in the
computation so we redefine L and 1 as being composed of only the non-zero

eigenvalues when p < p as in (4.11) and (4.12) and we apply Lemma 8.1 to
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T
L- ( L) ( L) . The poles are simple and are all enclosed by the

n—2 n—2

contour C. The integral is now

nl—l Z] =p— n+3l Hm p#n+3( _Z)
Th( ) Ul dz.
Hp—p n+3( Z) - ﬁ Z?Zp—n—i-i% lj Hzl:p;r}+3(lm - Z)
m#j

(B.12)

1
i

We want to write this in terms of matrices, so that the final estimator is in
a nice convenient form. We do this using the quantities defined in (4.10)-
(4.14). Dividing the numerator and denominator of the integrand in (B.12)

by 11—, nis(li = 21), we have

! e {2Qe)
2mi Je 1--Ltr {EQ(2)}

dz. (B.13)

Now, computing the residues based on (B.13), we have, for the case when

pP<p,
_ b o™h (2) i f]Q(z)} o nZ_QOfTh(V) L tr {ZQ(n)}
2 Je 1 - htr {2Q<Z)} =1 —Ltr {Z_)QZ(VI)}
= tr{Eflws}, (B.14)

T
where {v;}/-? are the eigenvalues of L — ( L) < L) :

So overall, using (B.1) and (B.14), we have

'n72 2_
~1)'Y " a’h () 2 {,,Q b o S (= ) £ = 0,1,
=1 mtr{ZQ }
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and
. . n—2 1 STe
A~ — ~ _'_ i n;— tr 2Q(”l)
[TRDINE (Hi - 5 lh) +(=1)') a"h(w) . : {_ — j
=1 —5tr {EQ (Vl)}
xI:l’Ti]VVS (,u’z_u,o—;uq)? :Oal

Combining the two cases when 3 is full rank and singular together, the unified

G-estimator for the numerator term is

ST N 1 + [ i ni—
ol Sws (Mz‘ -~ Ho 5 N1) +(—1) lzlaTh (v) ;

= 4T Sws (ui— “0“‘1), i=0,1. (B.15)

Note that this expression also generalizes the result when p < p to non-Gaussian

data where there are p # n — 2 non-zero eigenvalues in general .

Denominator

Now we derive the G-estimator of the denominator term, ﬂTf]WSZf]WSﬁ,, of

(4.9). Using the Cauchy integral formula as before, we have

T S 1 N N
0 S wsSEws it = e j{j{uTQ(zl)EQ(@)uaTh (z1) @’ (25) dz1dzs.
cJe

Let

=1- t {2 } :

w(z)=1- ——u{q()

We estimate the integrand using the convergence relation (see Appendix B of
Niyazi et al. (2020a))

w(zl;w(ZZ)MTQ(ZI)2Q<Z2)NQT}1 (21) a’h (22) = ﬂTQ<Zl)EQ(22>[jLaTh (21) o’h (22) ’
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and compute

(271@')2 7{7{ w(21)1w(z2)MTQ(Zl)EQ(Zz)uaTh () o"h (z2) dndze

to get our estimator. Following similar steps as in the derivation for the numer-

ator, we obtain

PP ST A N
) XQ(v, e -
SN alh(m)alh(n) —— PRV g e
=1 k=1 ﬁtr {ZQ (Vl>} mtl" {EQ (l/k)}
(B.16)
) _ _\T
where {v;}¢_, are the eigenvalues of L — ( ﬁ) ( ﬁ) :
Combining the results in (B.15) and (B.16) yields
NS - fo+i A T —u{=am)} i
1 7 EWS (Hz_T>+(_1) lzla h(l/l)it{i—(f(%—lnﬁ—l—l—ﬁ
N i o ur Vl)} 0
> wm@ | (-1 ——
i=0 p p T T ATQ)EQ(vr)fr
\/211 > k1 0'h () o h (1) TR )} L u {2}
(B.17)
To express (B.17) in a compact form, first we can show that
. 7 7 L YY)y
T S — BOTHL) (B
2 2
(_1>i+1 T )
= —«a [h(l)---h{})b, i=01,
where b = U” i o UT 1. Also, we have
P L_tr {ZQ(v,
> a’h(y) 2= {_ _%( Q)i =a’ [h(n) --h(v,)|c, i =0,1,
=1 ﬁtr {EQ (I/l)}
- - T
| sse{zaen} u{E2Qu,)} . . o
where ¢; = |:n12tr{EQ2(u1)}’ O as@u) | Letting the r x p matrix H; :=

h(ly)---h(l,)] and the r x p matrix H, := [h(1;)---h(v,)], we have in the
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numerator of (B.17)

ATEW Ai _ ljl'(] + ljl’l _1\é & aTh ” {ZQ } 7T0
H S(,U' 9 >+( 1); ( )mr{EQ (yl)}
- (_12)Z+ "h)---h(,)] b+ (=1)'a’ [h(w)---h(y,)] ¢
( 1)Z+1 T i T
=g« Hb + (-1)'a"H,c;
e, [ D™ b + (—1)1‘H,,cz} | (B.18)

Similarly, the term in the denominator of (B.17) can be rewritten as

PP TG -
3(Xo, X)
ZZO[Th l/l (81 h(l/k) Q( ) ( o 1 E )
=i Lt { B0, X0)Q* () 500 { (X0, X1)Q () |
h' (1)
—a’ ()b | : |a
hT(Vp)
=a'H,ITH  «, (B.19)
where [II],, = ATQU)TEQA_ l,k=1,...,p. Note that IT is posi-

ﬁtr{EQQ(w)}ﬁtr{EQz (l/k)} ’
tive semi-definite. This can be shown by rewriting IT in the form Q7Q where

SPQu)p EPQm)a
ﬁtr {EQQ(ul)} ﬁtr {EQQ (up)}

Then a’Q7Qa = ||Qal|3 > 0, Va # 0. This, however, does not guarantee that
IT is positive-definite.

Using (B.18) and (B.19), the G-estimator of the probability of misclassification
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(B.17) can be rewritten as

S e | (-1 - ,
=0 \/oaTH,ITH o

as presented in Theorem 4.4.1.

1 al [ﬂHlb + (—1)iH,,ci] +InZt 46

B.1.2 Proof of Theorem 2

This section derives the a and # which jointly minimize the G-estimator of the

probability of misclassification (4.15). The optimization problem is

mi(gl fla,0)

min m@in (e, 0), (B.20)

where

o [~ 1Hib + Hyco] + Infl 46 _of [jHb—Ha] +Inf +6

We first find the stationary point 6y of the inner minimization of (B.20). We then

f(a,@) = ﬁ'oq) +7%1(I)

show that this satisfies f”(a, 6y) > 0 under a reasonable assumption on a that
always holds in practice (otherwise the classifier performance is very bad and the
class labels must be flipped, making the assumption hold anyway). Thus 6, is a
local optimum and, since it is the only optimum, it is the global optimum, 6*, for

a given a.
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Writing out the CDF explicitly, we have

aT[—%Hlb+Hyco]+ln%+9 OLT[%H]b*Hucl]+ln%+9

\/aTH,,nH}fa exp u? B \/aTH,,nHZa exp 711;2 dul
\/271' oo 2

min min

o /
a 0 V2T J_so

Applying Leibniz’s rule for differentiation under the integral sign, we have

aT[77H1b+HVCO}+1n7AT—1+0 [%HlbeuclyHn%#»Q
\/ﬂf N VeTH,IH o exp(— % Ydu + 7r1 f N \/aTH,HL o exp(—“;)du
/
) =
TI_1 . 2
#o0 1 1 (a [—3Hib+ Hyco] + InZL + 9)
Var JorH, mH. o 2 oTH,ITH. o
) 2
., ) | (o [$Hib - Hye)] + 0 +0)
exXp —5 T T
\/2 aTH HHT (8 H,,HHl,a
(B.21)
The stationary point, 6y, of (B.21) satisfies the equation
1 (@ [~ $Hib + Hyco] + In22 +90) 1 (a7 [JHib - Hye)] +In2 +90)
7%0 exXp | — % T = ﬁ'l exp | —= =
2 oTH,IIH,, o 2 oTH, IIH, o
(B.22)
Solving (B.22) for 6,, we have
7 o'HJH o | 7 aTH,, (c; — co)

‘90:—111 ln—

7r_0+aT[H1b H,c| 7T0 2
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The second derivative of f(ea, ) is given by

A 2
70 af [~1Hb + Hyco] + InfL + 9 1 (o [~4Hib + Hyco] +In22 +9)
f(e,0) = — 0 exp | —= —
vor (@TH, MTHL o) 2 o H, ITH. o
N 2
#, o' [{Hib—Hyc)] + 2 46 1 (aT [$Hib — Hyc1] + InZ + 0)
e —_—
vam (aTH,ITHL )" 12 aTH,ITH] o
(B.23)
We have
1 s 1 o'HIH a  #
T 1 T 174 v 1
o |——Hb+H,cy| +In—+6,=——a" Hb—H,c|+ In—
[ 277 0} o 02 H ] o [Hb —H,c] 7

and

1 T 1 o' H IIH o m

T 1 T v v 1
a' |;Hb-Hyc;| +In—+6y=sa" [Hb—-H,c|+ — In—,
|:2 ! CI:| nﬁo 0 2 [ ! ] (8% [H]b — HVC] To

where ¢ := ¢y + ¢1. Thus, substituting 6, into (B.23), we obtain

N T N
70 1 o' [Hjb — Hyc] 1 1 1 1\2
Fa,0p) = ——-———— """ _exp|—= (**T«Flﬂ—*)

(@ 00) = 0503 (aTH, THT o)3/2 2 7

fo | 1 (aTHul'IH:":a)_ F1 102

——Ihn— % exp | —— <——‘r+ln—7>

Ver  #9 (aT [Hb—Hyc]) 2 2 #o T

N #1 1 o7 [Hb - Hyc] 1 (1 +1 71 1)2
-~ eX —= | =7 n— —

Va7 2 (aTH,HZa)?/2 \ 2 \2 .

T T \—1/2

LM (a H,,HHua) 1 (1 L 1>2

—n——— % exp|—— | =7 n— —
Var @0 of [Hb — Hycl 2 \2 R

1 1 o7 [Hb-Hy [ 1( 1 +1ﬁ'11)2 s 1(1 +1ﬁ-11)2
= — -+~ |foexp | —— (| ——T n—— wrexp | —— | -7 n— —
V27 2 (aTH, ITHL )3/ 2\ 2 #to T 2 \2 o T

—-1/2
1 71 (QTHVHHZQ) /

+ 1 2 1( ! +17}11>2 + 1<1 +1fr11)2( 24)
—hnh— | —#pe el —— e —— (= —— .
Var 7o ol [Hjb — Hycl R N N o U N R

. of[Hb-Hyc] : :
where 7 = Jar, T’ The first term of the last line of (B.24) is clearly
positive assuming that a’ [Hib — H,c] > 0, which holds for any reasonable
as having this quantity be negative would result in an error greater than 0.5 in

which case the sign would have to be flipped anyway. Note that this quantity

corresponds to the difference between the numerator estimators for the different
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classes. Following from that, e’ [H;b — H,c] = 0 would not make sense either as
that would mean the discriminant mean is the same for both classes. Assumption
(c) ensures that this is not the case. Without loss of generality, we may assume
that the majority class is Cy so that 7o > ;. Then the last term of (B.24) is

non-negative since

and lnfr(l) <0.

Fo
Since f"(at,6y) > 0, 0y is a local minimum. Since it is the only minimum of

f(a,0) over R, it is a global minimum which we denote by 6*. Thus,

N T T A T
s o HJIH,aa ™ o' H,(c;—cp)
0* = —In— Y _In— ) B.25
M T aT b —Hyd 7 2 (B:25)

Now we can proceed to the minimization over . Substituting 8* back into

(B.20), we have

1 1, 7 1 1. 7
min [#o® (=7 + —Int | + 7@ (—=7 — =In2t )|, (B.26)
a 2 T o 2 T o
Before solving the optimization problem (B.26), we note that we now have the
G-estimator of the probability of misclassification of an LDA base classifier for
any rotationally-invariant scheme (that satisfies the analyticity requirement (c))

with its corresponding optimal intercept, i.e.,

AT Ews (Nz‘ — ﬂg;rﬂl) +ln% +9*)

N ~ 1
11 11 ,
o (—27 + hﬁ”) + i ® (—27 - 1n7f1> =3 " mo ((—1)1 -
T T i=0 VAT EwsEEws

We can solve (B.26) following steps similar to those in Appendix C of (Sifaou

et al., 2020). Firstly, denote

1 1. 7 1 1. 7
g(7) == Fo® (—57' + —hlg) + P (—57' — —lIlQ) .

T To T T
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Then by differentiating under the integral, we obtain
N2
<—%7‘ + %ln;—é>

dg(T) o 1 11 i) .
= — — —In—|exp | —
dr o 2 T2 7 p 2
1 1 )2
L L, 1 <—57 - ;mfr—é)
—— + —In— |exp | —
2 2 T2 7 P 2

1 11,71
—57+=In—
<2+”°>> , we have

Now multiplying both sides by 7%0 exp (—
1 1)

1 (—§T+ ﬂnﬁ—é) dg(T) 1 L1,/ P! 2
—exp | — = —— — —=In— |Jexp| — | —=7+ —In—
E 2 dr  Var \ 2 72 a) 0P P

. . N N

n 1 m 1 117r 1 1 1171'1 n 1+117r1

—— | =+ —=Ih— |exp| —= || —=7— —-In— ——7+ —In—

\ 21 ﬁ'o 2 7'2 0 b 2 2 T ﬁ'() T ﬁ'o

1 1 11 T
=——|(—=—=In— |exp| —— —
o 2 T2 7 P 4 T
Lm0 72 117%12
—— =+ =In— |Jexp| —— — = [In—
Varm \ 2 2 )P\ T T 2 My
1 7AT1 1 1 1 7AT1 ’7'2 1 17%1 2
=——(-1- n—|exp|———=(In—
\/271'7?1'0 2’7’2 ’ﬁ'() P 4 7'2 ﬁ'o
1 7?('1 A1 7'2 1 7AT1 2
LIy R T (™
+ \/QWﬁO ( 272 nﬁ'o) P ( 4 T2 (nﬁ'o)
Qﬁl 7'2 1 ’f(’l 2
=—/——exp|———=(In=
T o 4 72 o

So g(7) is a decreasing function of 7. Therefore the minimum of ¢g(7) is obtained

by maximizing 7 which is a function of a. We therefore maximize 7 over « to
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obtain a* as the solution to the following optimization problem

. a’ [Hib — H,c]
a* = argmax

“ /aTH,IIH.a

We can eigendecompose H,ITH. as

H,ITH! = ACA”
_ Acl/ch/2AT

— BB”.

Note that B is invertible when H,ITH. is invertible. This is stated as an as-
sumption in Theorem 4.4.1.

Now let u := || B a|; and & := %. Then

i al [Hib — H,c]
a* = argmax

« /aTH,IIH o
al [Hib — H,c]
= argmax
a Va’BB
o [Hb — H,c]
= argmax
& u

= argmax [Hb—H,c]" B &

[|&|l2=1,u>0
= argmax [H;b — Hl,c]T B Ta, u>0,

l[elle=1

where the last line follows from the fact that the objective function is not a

function of u. So,
_ B'[Hb-H,(]
|B~! [Hyb — Hy(]||,

=k

and
~ (BBT) ' [Hjb - H,(|
~||B7' [Hib — H,q]|,

a*

u, u>0. (B.27)

The denominator of (B.27) can be included in the factor u so that we can rewrite
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a* as follows without any reference to B:
o = (H,O0H?) ' [Hb — H,du, u > 0.

Now, for verification, let us go back and check the condition a’ [Hb — H,c| >
0 we assumed in order to ensure the convexity of the objective function when

deriving the optimal intercept.

T [Hb — H,¢] = [Hib — H,c|” (H,ITH?) ' [Hb — H,c]u, u >0,

> 0,

where the last line follows from the fact that (H,,HHS)_1 is positive definite by

the assumption that liminf A\, (H,,HHZ) > ( stated in Theorem 4.4.1.
P

B.2 Other proofs

B.2.1 Asymptotic form of the Marzetta precision matrix

estimator shrinkage

We are interested in knowing the explicit function which acts on the sample
eigenvalues for the Marzetta estimator of the precision matrix, invcov. In our
past work, (Niyazi et al., 2020b), we found that, asymptotically and within the
context of the discriminant-averaging RP-LDA ensemble classifier of (Durrant

and Kabén, 2015), the shrinkage is a regularization of the form

v(d), ifl; =0

disc-avg __
d; = (B.28)
m, otherwise,
for j = 1,...,p, where y(d) is a regularization parameter, which, for fixed n, p,

and ﬁ?, varies with the projection dimension d. This regularization acts uniformly

on each sample eigenvalue d; of 3. More specifically, v(d) is the root of the
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monotonically decreasing function

fla)=1-— étr {z (2 4 él,,) _1} (B.29)

over x > 0. Also note that this work assumed Gaussian random projections with
i.i.d. zero-mean entries each having variance 1/d.

Outside of the context of the LDA probability of misclassification, an exact
characterization of the modified eigenvalues of invcov is provided in (Marzetta
et al., 2011) for random projections which are random unitary matrices drawn
from Haar measure. Additionally, the data is assumed to be zero-mean Gaussian,
resulting in n non-zero sample eigenvalues when 3 is rank deficient. This result
shows that invcov shifts all zero eigenvalues of the sample covariance matrix to a
constant, x, while it modifies the non-zero eigenvalues non-trivially to eigenvalues
X1, - -+, Xn- However, the exact form of the shrinkage is not explicit in these results
because the expressions for x and {x}}_,, are intractable.

We resort to working with asymptotic relations for x and {xx}7_;, also pro-
vided in (Marzetta et al., 2011), in order to derive an explicit expression for the
shrinkage outside of the context of the LDA probability of misclassification. The
resulting form of shrinkage is directly comparable to (B.28) derived under differ-
ent assumptions because (Marzetta et al., 2011) only uses the unitary assumption
to prove the closed form of the expressions for x and {xj}}_,, while the proofs
of the structure of the shrinkage (being constant for zero sample eigenvalues and
non-trivial for non-zero sample eigenvalues) and the asymptotic relations which
are used to derive the shrinkage in what follows make use of the fact that the
unitary ensemble can be equivalently expressed as a Gaussian ensemble. We thus
proceed with the proof as if we had assumed a Gaussian ensemble to begin with.

The asymptotic relation from (Marzetta et al., 2011) involving & is

n—d 1< 1
- B.30
n niz_;ljtlili ( )
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and the asymptotic relation from (Marzetta et al., 2011) involving yy is

Ok — l; K d Ok
= — - — . B.31
R TP A R TN (B:31)
Taking the partial derivative of (B.30) with respect to l;, we have
1= 0[(1 + k)™
0= -§ A TH ]
1 Ol(1+kd)™  1O[(1 + kly)™]
~a o, n al
ik k " k
Ok Ok
S o S S O T
= (1+kl)? n(14 klg)?
n Ok
_ _l o, Li 1 K
— (1+kl;)*  n(l+ k)
which yields
Ok _ 1 Ty
AL S TN L (B.32)
Ol D (1+l—,izz)2
Note that gT’Z is of order 1/n. Substituting (B.32) into (B.31), we obtain
= K . D D Hflﬁ . K L4 d 1 1
k —
ORI e LR (AP T

1R [ 12111% L d 1 ]+ 1
N (lk+1/”€)2 121 1(1+,@l sl ”%ZL@JT’W b+ 1/
. C 1

TR Tt s

1 n

WhereC’::é[—ﬁ" ¥ e + 4 L ].WecanshowthatC’ans

1 L n 1l 4
n 2171 (IJFNli) Zz 1 (14wl )2
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follows

1 [_H e w41 ]
n Z?:l (1+l;1i)2 n % Z?ﬂ (1+lle)2
1= (2 2 - 141)
w i (e
1 [d/n+ 237, v 1]
o i e
1 [d/n+ oot — 1]

2 l n l;
R L n Zizl (1+xl;)?

where the second-to-last line uses the asymptotic relation in (B.30).

We are left with only the term y, =< so that overall the form of the

1
lk-i-l/ﬁ,

shrinkage of invcov is asymptotically a regularization uniformly across all sample

eigenvalues by 1/k, i.e.,

K if lj =0
= (B.33)

dijnvcov
m, otherwise.

This suggests that v(d) in (B.28) plays the role of x in (B.33). In fact, we can show

that the v(d) = k by showing that the roots of (B.29) and (B.30) are equivalent.

First, (B.30) suggests that, asymptotically,  is the root of the function

n

g(w)zlz Lty

n ‘= 1+xd, n

over x > 0. We can show that the root of f(z) is equal to the root of g(z) as
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follows:

.

_1_£+12”:1/_f
T d d&dit1)x

P 1 1 p—n
1P, 2
d+d;1+xdi+ q

I 1 n
== 1-= B.34
12Tt T (B-34)

where the second-to-last line uses the fact that there are n non-zero sample eigen-
values under Marzetta’s assumption of zero-mean data. Since scaling f(z) by a
constant doesn’t alter its root, we can multiply (B.34) by d/n to show that the

roots of f(x) and g(z) are equivalent, and therefore v(d) = k.

B.2.2 Bayes shrinkage is rotationally-invariant

As shown in Section 4.3.2, the Bayes shrinkage is

d?ayes — J

and, in fact, any shrinkage proportional to this achieves the Bayes error for two-
class Gaussian data with a common covariance. However, this shrinkage is not a
function of the sample eigenvalues, but of the sample eigenvectors, true means,
and true covariances. Does such a shrinkage retain the property of rotationally-
invariance? In this case it does, as we show in the following.

We write the Bayes shrinkage using the notation

ayes U-Tzflli .
d}By (X07X1) :gb(u]vza“):]T, ]:]_,...,p,
ul p
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with the arguments Xy and X; included to distinguish between the case where the
shrinkage depends on unrotated data and the case where it depends on rotated

data. Let

i]BaLyes <X07 Xl) = UDBayes (Xo, Xl) UTa

where
Diages (Xo, X1) = diag (d]fayes (Xo, X1) ..., dP (X, Xl)) :

denote the rotationally-invariant estimator corresponding to the Bayes shrink-
age. To check rotational-invariance, we rotate the data by an orthogonal ma-
trix W. The eigenvectors of the sample covariance based on the rotated data
are easily verified to be WU. The true statistics corresponding to the rotated
data are easily shown to be WEW?T and Wp. Then it is easy to see that
) (Wuj, WEIWT, Wp,) = ¢ (u;, X, p) and therefore

P Bayes (WX, WX,) = WUDg,yes (WXo, WX, ) UTW7
= WUDBayos (X(b Xl) UTWT

= WiBayes (X07 Xl) WT-
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Thus, f]BayeS (X0, X1) is rotationally-invariant.

Appendix C

Proofs for Chapter 5

C.1 Analysis of the projected test point in the case of

unknown means

C.1.1 Common covariances

As in the derivation of Section 5.3.1, assume x € C;, where i is either 0 or 1 and
assume the two classes have a common covariance matrix 3. Then x|x € C; ~
wi + 3%z where z ~ N (0,1).

Using the fact that f; = p; + % for some Z; with A/(0,I) columns,

1 =0,1,  can be expressed as

. —1)i+t 13Y27z,1  12Y27,1
iE’XECiZ¢[,L+El/2Z—— 0= _ = L=

C.1
2 2 No 2 nq ( )
The first term in (5.11) can then be rewritten as
N1 (noise)
wlin p- 1wl wl 132701 13%Y27,1
N L (—1)tin Y BT W7 (w12, - 2 1 _
S G= U bR ““2 2 m

I; (information)

Note that the noise here is due to both the common covariance between the

classes (this is the test point noise) as well as estimation noise from the sample



208

means. Similarly, the second term can be expressed using (C.1) as

2 —1)"! 132Y27,1 12271
wPuz[x €C; = ( 2) w P, +w'P, (21/2z -5 0= _ = L ) .

N

Mo 2 ny

J/

-

~
Iz (information) N3 (noise)

Alternatively, expressing (C.1) in terms of £ rather than p so that the or-
thogonal projection can be put to use yields a similar result. By using the fact

that p = 1 + zl/:OZOl — 21/:1z117 (C.1) can be expressed as

(_1)i+1 . 19 21/2211
»ni/2, = -
2 ”+ z n;

C:L'|X€Ci:

and the second term in (5.11) as

-1 i+1
( 2) I:l/ 4 EI/QZ .

2 »2Z,1
WTPﬂi|X eC; = WTP[L ( —)
14

I (information)

. S1Y2Z,1\
= WTPﬂEI/QZ —WTP[L (—) )

——— Us
N2 (noise )

From this perspective, the information in the test point combines with the sample

=1/27,1

7

estimation noise in the term Note that even if we were to have equal
samples so that ng = ny, we would still be able to discriminate the class of the
test point through Z;. This is not immediately obvious as Z;, i = 0, 1, both have

the same distribution, but can be observed asymptotically by computing DEs.

C.1.2 Distinct covariances

An analogous result to that of the previous section can be derived in the case

when the class covariance matrices are distinct. In this case, x ~ p; + Eil/ ’z
1/2r .
where z ~ N (0,I). Using the fact that g, = p; + ¥ for some Z; with
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N(0,1) columns, i = 0,1,

(—1)i+! 13201 13,%2,1

T|x €C; = +2/P— 2 C.2
The first term in (5.11) can then be rewritten as
WTﬂ T2 1W /J, Tﬂ, 1/2 1 WTﬂ 1/2Z0 1/2Z1
—CplzlxeC = (1) AAT+AAAE/ — " +
e | i = (1) S pTa P Bt TP > Gt - -
I (information) N1 (noise 1)

Note here that the noise is due only to estimation noise from the sample means,
since the differing covariances between the two classes are informative.

Substituting (C.2) directly into the second term in (5.11) gives

(&

. —1)it 1 »*Zo1 217711
w/P,z|x €C; = (=) wi P+ WTP[LE;/QZ ——wiP, [ L
2 2 no ny
I> (information) N (?gise)

-

Alternatively, expressing (C.2) in terms of fi reveals the second term in (5.11)

52701 21?711

no ny

to be purely information. By using the fact that p = i +

R _1)i+t E‘l/QZil
z|x € C = %ﬂ + 32— S

and the second term in (5.11) becomes

Uz

>°Z,1
= WTPﬂEgmz -w'P, <2—> .

. 1)+ 21/2Z2-1
w P,zjx € C;=w P, <%ﬂ + E;/Qz -

Ty

~
I (information)
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C.2 Derivation of the deterministic equivalent of the prob-

ability of misclassification

Deriving & reduces to deriving the DEs my, my, o5, and &%, which reduces to
deriving the DEs of the constituent quadratic forms of mg, m, o2, and o}. This

is the approach taken in what follows.

C.2.1 Distinct covariances

The following proofs rely heavily on three main facts. First, under the distinct
1/2 .
covariance assumption on the class distributions, f1; = p; + ¥ for some Z;

with N(0,I) columns, i = 0,1. This follows from expressing the data matrices

1/2

X;,1=0,1las X; = uilgi +3,/7Z, for some Z;, ¢ = 0, 1 with columns distributed

1/2 X
as NV (0,,1,). Then f1; = %lenz =+ AL

Second, the sample means gy and p; are independent of the sample covariance
3. This can be shown by simply plugging in X; = uilgi + 23/ *Z; and [ =

1/2

i + En—lZl into the corresponding formula for 3. This yields

. 1 1,17
3 = 7, (Im - —") yAD N (C.3)

. 1,17 .
Since the terms Z;1,,, and Z, (Ini — #) are Gaussian and uncorrelated, due

(3

1,17

g

to the projection matrix (Ini — ), they are independent. Thus, fi; and 3¢

are independent. Of course, f; and 3, where i = j are also independent since
Z, is independent of Z;. It follows that 3 which is a function of 21, 1=20,1, is
independent of fi;, 1 =0, 1.

Lastly, 3 can be expressed as

1

n —

N _ 1 _
3= 223”%23’23/2 + mz}”zlzfziﬂ

for some Zo € RP*(0~1) and Z; € RP*(m=1 hoth having columns distributed as
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N (0,,1,). Using (C.3),

1

n— 2

171 15 1/2 1 1/2 171 15 1/2
0 0)2520/ +m21/ 7, (Im— ! 1)2{21/.

No n1

3= %7, (Ino -

. 1ny17,
Since the terms

1,,17 . S .
and ";1"1 each have one eigenvalue which is equal to 1 in

both cases, their eigendecompositions can be represented as

no ni
e — g, U] and =1, U’

1
no . ny ’

(C.4)

where Uy and U; have as their first columns the vectors \1/% and \1/’:711 respectively.

By using these same bases to eigendecompose I,,, and I, in (C.4), we obtain

0 0
< 1 1/2 1 TrpT1/2 1 1/2 1 TrpTx1/2
1 1
- - - - T
0 0
I Q12 1 Tal/2 I Q12 1 Teal/2
1 1
1 1ps 512 I 126 57wl1/2
= %0 L2y B+ B2, %

where Z, € RP*("0~1 js the sub-matrix of Z, obtained by removing its first
column and Z; € RP*(™~1 ig the sub-matrix of Z; obtained by removing its first

column.
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Now we are ready to derive the DEs.

Derivation of my

The discriminant mean mg can be expressed as

N Lo + [ T - 1o + [
mo:(l—a)PHT (#0—#>+O¢MTZ 1(#0—%>

Thus, the problem of deriving this DE can be further decomposed into deriving

the following convergence statements

AT n 1 1
plp = p’p+ —tr {Eo} + —tr {X;}
Un T

o fio + fin 1 . 1/1 1
BBy {2 -~ (D
g <H0 2 ) 2““+2(n0 At nlr{ 3

. _ 1 = 1 =
PN = pt Qu+ n_otr {ZQ} + n_ltr {=:Q}

T 1) + [ 1 - 1/1 _ 1 _
pret (#0 - %) = —éltTQllj t3 (—tl“ {ZQ} — —tr {EIQ}>
Un nq

The first two convergence statements are derived by using the fact that f; =

1/2,,
ui+M for some Z; with A/(0, 1) columns, i = 0,1 and taking the expectation.

n;
The terms converge to their respective expectations according to Lemmas 17 and
19 in (Miiller and Debbah, 2016). The third and fourth terms involve 3. Since
[ and 3 are independent, the convergence can be split into stages.

For the third term, we first have the intermediate convergence result

. . 1 . 1 .
TS = TS —tr {202—1} bt {212—1} ,
Un nq

and for the fourth term we have the intermediate convergence result

. o+ f 1 e 1 /1 i 1 .
AT (g — Mo 2 s, o —t {58} - —u{ze]
2 2 2 \ng
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each obtained by dealing with f1 as described above independently of 3.

Next, we express 3 = WW7” where W € RPX("=2) ig defined as

1 _ _
R {\/ S % V7 . 22}/221]

Now define Q,, = (WWT — ’yIp)fl, v < 0. According to (Benaych-Georges
and Couillet, 2016),

Q, < Q,,
where
~ 1 ng— 1 P ng —1 P !
Q= W(Ip+n—25( )n—220+n—2 ()n—221) ’ (C5)
p 1 1
o(y)=—— —, C.6
n—2() Y144(7) (C.6)
<11 p ng — 1 P ny —1 D -
o) = yptr{n—220<1p+n—25( >n—220 -2 ()n—QEI) }’
(C.7)
p _ 11
and
11 P ng — 1 P ny —1 P !
=——- 1
() wtr{n_Qzl(ﬁn_Qé()n_220+n_2<>n_221)
(C.9)

The expressions we are working with can be expressed in this notation as

. ~T N
yg(l)n Q,p
and
AT _ﬂ0+ﬂ1
N
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and we want to derive the corresponding DEs by taking the limits

lim lim ﬂTQWﬂ

n,p—o0 y—0

lim lim 47Q, (p,o . M)

n,p—o0 7y—0 2

The Moore-Osgood theorem allows the interchange of these limits. It is enough
to show that the sequences 47 Q.fu and 4" Q. (o — ot converge uniformly.
Since these sequences converge pointwise (this follows from convergence in prob-
ability), this can be shown by uniformly bounding their first derivative (Fischer,
2014).

We have

d [ﬂTQvﬂ} i (2 i >_2 AT
P

dry - ®
~ 112 ~ -1 2
< Al (2—7117)
2
Al
)\min{z}_ﬁy
_ lalg
- C

where the last line follows from the result in (Kammoun and Alouini, 2014) which
shows that )\min{ﬁ]} > (' for some constant C' almost surely. Using the growth
regime assumption (c) it can be shown that ||| is bounded. This completes the
proof. The other term can be handled in a similar way.

We can now apply the result in (Benaych-Georges and Couillet, 2016) which
manifests in equations (C.5), (C.6), (C.7), (C.8), and (C.9). We can then take

the limit as v — 0.
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Combining (C.6) and (C.7), we have

1 1

_ v e — — 1]
n-—2 V1= Lo {25 (I, + 540(7) 725 %o + B5v(9):25%0) )

o n—2

Combining (C.8) and (C.9), we have

P _y(y) = -+ !

n—2 71__lym{#gzlap+%&%&7}£—20+ﬂ%%V00ﬁ520_{}

o7 n—2 n

These equations shows that d(+) and v(7) vary as %, and so they diverge as
v —0
Combining (C.7), (C.6), and (C.8), we have

1 no—1 1 n—1 1 -1
. - o — L
(5(7)—n_2tr{20( fYIp‘i_n_21+5(7)20+n_21+ﬂ(7>21) }7

Combining (C.9), (C.6), and (C.8), we have

1 no—1 1 nm—1 1 !
(C.11)

This pair of equations does not pose problems as v — 0, therefore we work with

d(y) and (7). Taking the limit as v — 0, (C.10) becomes

. 1 ng—1 1 np—1 1 -1
5(0) = tr{ > M >
(0) n—2r{°<n—21+&@ O T T () O }’

and (C.11) becomes

3 1 ng—1 1 n—1 1 -
0) = tr{ S y >
7(0) n—Qr{l(n—21+&m O T2 T4 (0) O }’

Although there are no closed-form solutions for 6(0) and #(0), these equations

fit under the framework of a standard inference problem (see Definition 6.2 in

(Couillet and Debbah, 2011)). The fixed point iteration algorithm stated in The-
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orem 2 is guaranteed to converge to a unique solution (4(0),7(0)) (see Theorem
6.18 in (Couillet and Debbah, 2011)), denoted (4, #) in the equations leading up

to Theorem 2. So, overall we have
~T—1 1 T A 1 1
X a=p Qu+ —tr {Ag} + —tr {A;},
no n
and

ST 1 o + [y | R 1/1 1
> _HetHy 2 S (St {Ag) — —tr {A
[ (Mo 5 ) 2;1, Qu+2(n0 r{Ay} nlr{ 1+

Q = lim Q7

v—0

1 1 -1 1 -1
n—2146(0) n—21+7(0)
Derivation of m;

Similarly, the problem of deriving this deterministic equivalent can be further

decomposed into deriving the following additional convergence statements

- foti) 1 . 1/1 1
_ Moty S (St {2} = —tr {®
f (ul : ) Sh u+2(n0 r{3o} nlf{ 1}

. fto + fur 1 - 1/1 1
> Bl L 2 I “ [ —tr {A) — —tr {A
[ (ul 5 ) SH Qu+2(n0r{ 0} nlr{ 1}

which can be proven in a similar way to the terms composing my.
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Derivation of 53

The discriminant variance o3 can be expressed as
o = (1—a)’pa Soft+ @* 4" SR+ 20(1 — a)pp" 2 S .

The problem of deriving this deterministic equivalent can be further decomposed

into deriving the following additional convergence statements
~Tr - T 1 2 1
72 20“ = K 20/.1, + n—tl‘ {EO} + n—tr {2021}
0 1

. SN 1 1
ll,TZOE lpl, = /,LTA()H + n—tr {EOA()} + n—tr {EoAl}
0 1
~Tgv—1y -1 T & 1 ~ 1 A
AUETIEGS T = ! Qo+ —tr {EOQO} +—tr {leo}
0 1

The first two results can be shown using the same techniques as above. The
third result needs special treatment, as it involves a double resolvent. Using the
result for double resolvents in (Benaych-Georges and Couillet, 2016), in conjunc-

tion with taking v — 0, we have
SIS e Q.

Derivation of 53

Similarly, the problem of deriving this deterministic equivalent can be further

decomposed into deriving the following additional convergence statements

. . 1 1
uTzlu’ = IJ/TEIIJ’ —+ n—tr {2021} -+ n—tr {2%}
0 1

R 1 1
ﬂTElE_lﬂ, = IJ,TA1/J, + n—tr {ElAO} + n—tl‘ {ElAl}
0 1
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T S ~ 1 ~ 1 -
ATSTE S = g Quu et —tr {EOQl} +—tr {lel}
0 1
The third convergence statement uses the result

~ ~ ~

STy e Q
from (Benaych-Georges and Couillet, 2016).

C.2.2 Common covariances

The following proofs rely heavily on three main facts. Firstly, under the assump-

1/2r7 .
E"Zidl {51 some

ng

Z; with N(0,I) columns, ¢ = 0,1. Secondly, f1;, i = 0,1 are independent of 3.

tion that the two classes have common covariance 3, f1; = u; +

Finally, 3 can be expressed as

1
n—2

= »i/2777 51/2

for some Z € RP*("=2) which has i.i.d. entries distributed as A(0,1). The proofs

follow the same line of reasoning as those at the beginning of Section C.2.1.

Derivation of my

The problem of deriving this deterministic equivalent can be further decomposed

into deriving the following convergence statements

e 11
pla=pp+ (—+—) tr {3}

Un T
ﬂTﬁ_lﬂxr{uTE_lu—k ? +£}
Un) nq
—_— | x—= - ——=—tr{XZ
f (.Uo 5 ) 2uu+2<n0 o r{X}

T Lo + [ T _
MTgl(MO_M>X_§[MTE 1“_£+£}
o ™
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We now derive the second convergence statement in detail. It is mostly repre-
sentative of the rest of the derivations. The term ﬂTﬁflﬂ can be expressed

as

e »i27.1  B£Y27,1\° . »27.1  $/27,0
HTElﬂz(N+ 1L 0) (H+ 1L 1)7

2 1
ni no ny no

where Z; € RP*™ ¢ = 0,1 has i.i.d. N (0,1) entries. Taking the expectation over

Z:1, i = 0,1, while making use of the fact that 3 is independent of [, and that

(3

% ~ N (Op, niin> , © = 0,1, we have the following intermediate convergence

result

) . 11
AT = TS (- v —) tr {22*1} .
Un) nq

We have

. 11 . 1 _ -t
LS Syt < + ) tr {22—1} = T <21/2zzT21/2> M
ng N1 n—2

1 1 1 1/27T51/2 -
+ | —F+— |tr X | —=3X"ZZ X
ng N n— 2

1 1
= lim [,uTVQVTu + ( + ) tr {DgQ}] ,
¥—0 no ni

—1 _
where Q = (ﬁD;ﬂWWTDgQ +’yIp> and W = V'Z € RP" 2 also has
i.i.d. entries distributed as N'(0, 1) due to invariance of the Gaussian distribution
to orthogonal transformations. Using the results in (Hachem et al., 2013), we

have

11 11
wIvVQVTp + ( + n—) tr {DsQ} =< u' VIV p + (_ + _> tr {DxT}
1

Un Un s

where

T = —% (Ip + SDZ>_1
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and

o= {Ds (1 (1,+905)) |

~ 1
0= ————
y(1+9)
The desired DE is
. . T T 1 1
lim lim (" VQV p+ [ —+ — ) tr {DsQ} (C.12)
n,p—o0 y—0 no n

To be able to apply the above asymptotic result to this expression, we first need
to justify the interchange of the limits in (C.12). This can be done using the

Moore-Osgood theorem in a similar way to that shown in Section C.2.1.

lim, [uTVQVTu+ < Ly ;) tr{DgQ}} = lim lim [uTVQVT;H— ( L ;) tr {DEQ}}
Y 1 1

no n,p—o0 y—0 no

11
= lim lim [MTVQVTM + < + > tr {DZQ}}
no niy

y—0n,p—o0

11
= lim [NTVTVTNJr ( + >tr {DET}}

¥—0 no ni

By making appropriate substitutions in T and taking the limit, it can be shown
that

lim T = 7D3'

v—0

under growth condition (d). So overall we obtain

A =g ('S e L L
No ni

Derivation of m;

The problem of deriving this deterministic equivalent can be reduced to deriving

the following additional convergence statements



221

T o + 4 1 5 1 /1 1
H <”1 2 ) 2“ H 2 (no r{x}

ny
T -1 Fo + 1 T | Ty-1 p P
> _Both) T TS r_ P
K (IJ'1 5 ) 2{# ,U‘f‘no nj

The proofs are similar to those in Section C.2.2

Derivation of 53 = 57

The discriminant variance can be expressed as

=(1—-a)?Pa"Sp+ A" S 'S8 o+ 2a(1 — a)pp "2

The problem of deriving this deterministic equivalent can be reduced to deriving

the following additional convergence statements

11
ArSn = pt'Sp + <n— + —) tr { %}
0

ni

The last convergence claim involves a double resolvent and therefore we include

its derivation here. Using the same technique as before to remove the randomness

coming from the sample means, we can show that

~

=

. . . . 1 1 . .
LDSEEDY) SELTTREINEL LD 3) Sutsya (— + —) tr {22*122*1}

Un T

= lim {MTVQDEQVTM + (i + i) tr {DzQDzQ}}
v—0 n nq

0

Using the result in (Kammoun et al., 2019) for double resolvents and by inter-

changing limits as before, we can show that the double resolvent introduces a
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correction factor of 1_1£ (in addition to the 1_% introduced by each of the sample

covariance matrices) and thus we have

fISINS Ty = 8 NTE—1“+£+£
o ™M

C.3 Derivation of the G-estimator of the probability of

misclassification

Deriving the G-estimators 1y, 71, 63, and 63, reduces to deriving the G-estimators
of the constituent quadratic forms of mg, my, o2, and o} that are functions of

true statistics. This is the approach taken in what follows.

C.3.1 Distinct covariances
Derivation of my

Deriving the G-estimator for my decomposes into deriving G-estimators of the
following terms

T Lo + g
at o —5—

T Lo + [I
NTE 1(MO_M02M1)

Comparing the DE of the plugin estimator 17 (fig — £2721) to that of 17 (pg — £tAL),
we see that we need to add a correction of n—lotr {%0} to the plugin estimator. It

is easy to show that

from which it follows that

; N L) + [t 1 - . Lo + [
i <Ho—%) +n—tr{§30} =p’ (HO—M)
0

By comparing the DE of the plugin estimator ﬂTEA]*1 ([LO — %) to that of

ATl (po — 22321, we observe that we must add a correction of niotr {Zoﬁ]_l}
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to the plugin estimator. A G-estimator for niotr {Egi‘_l} is derived as follows.

Expressing 3 and 3 as

-2

3 = OyzO
where y,0 ~ N (0,%g), i =1,2,...,n— 2, and
—2
¥ = lyzl

=1

where y,; ~ N (0,%), i=1,2,...,n— 2, then

7
[}

1 NP 1 1 T 1 -
n—o“{m ) PR RC (mZWOJ

J

s
I
—

R n—loinQ-S’Oi
n—2izl1—|—ﬁyole0Z
1 nz_2 %tr {Q; %0}
Tn—2 —~ 1+ ﬁtr {Q, 20}

nLOtI' {20271}

1+t {zpn-1})

—1
Z ylszlk) Yoi

-1
where Q, = ( Z]# yojyoj ﬁ >k Sflkjffk> . Rearranging, we have

-2 1 N
n /\0 = —1tr {202_1}
N Un

and so overall,
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Derivation of m;

Using the same approach as is used for deriving my, it can be shown that

. . 1 A . .
Q" ﬂl——u0+ul ——tr{El}xﬂT Hl——'uo—i_“l
2 nq 2

Tt [ Lo + [ n—2 T 1o + [
MTEl(ﬂl_quM)_ AlquEl(m—”O m)

Derivation of 63

Deriving the G-estimator for o2 decomposes into deriving G-estimators of 17 3 f,

ﬂTzofflﬂ, and ﬂTEAJAEOXAJ*lﬂ. We can easily show

fSof < f" Sofs

which takes care of the first term. We will now show that

(14 X0) A8 < G802

Firstly,
1 n—2
ST = Y TYeYS T i
=1
—1
AT~ o~ ~ ~ n—_2 ~ ~ ~
1222 AT (ﬁ 24 Y0¥j0 + s i y’“1y£> H
o —2¢4 1 =T (1 o o L O I
=1 1+ =¥l 7 Zj# YioYjo+ i3 2uk=1 YY) Yio
_ TSN
1 e {zon-1)
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The final expression is obtained by substituting the G-estimator of —Ltr {Eoi‘_l}

derived previously.

In a similar way, it can be shown that
1+ X)) A" 'S = fT37 '8

Derivation of 67

In a similar manner, we derive the following convergence relations for the con-

stituent terms of o7

ﬂTﬁhﬂ = p X
I+ A3 a= "3 a

I+ M) A" S 'S a = g™ ' 2

C.3.2 Common covariances
Derivation of my

Expressing mg as

2

. . o + [ T [ - o + [
0o (- B s (-

. T . Mo + [1 .
mo = <pp,T—|—oqu,TE 1P,1> (,uo— M#ﬂm-ﬂo)

+ (1= a)pfn” (po — fro) + " 37" (1o — fro) ,
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we see that G-estimators for 17 (pg — fio) and @731 (g — i) are needed. By

substituting
. »127.1
Mo = o+ ———,
o
. 1271
HBi=p+—,
n

and taking the expectation over Zo1 and Z;1 in g (o — f19), we obtain
T N 1
B (o — fro) < —tr {3},
No

We can easily show that

itr {2} = nltr {¥}
0

no
by substituting ﬁEl/ZZZTZVQ for 3 and taking the expectation. Thus, we

have

1 o N X
—tr {E} = " (po — fro) -
o

Through a similar derivation, we obtain
~Tx—1 - 1 &1
[TRDY (uo—uo)xn—tr{ZE }

To find the G-estimator of this quantity, replace 3 with its estimate and then

express this as a function of the original quantity as follows. First express 3 as

3=
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where y, ~ N (0,%), i=1,2,...,n — 2. So we have

1 n—2 1 1 n—2 -1
Ly fost) = Lo dyst 5
nor n—2;nor i n—2j:1y3y]
n—2 n—2 -1
1 1 1
= —trdy! T v
n—ZZnor Vi (n—2;yﬂyﬁ> Yi

%yZle
L+ .5y QY

where Q, = ( 50 4 Y;Y; ) and the last line follows from applying the matrix

inversion lemma in (Miiller and Debbah, 2016). It can be shown that

LyiQy, | su{Zuh
L+ 59! Qy, 1+ ﬁtr{ﬁﬁ]*l}.

Therefore,

1 . Lt
Lopgsy - 2o _wMEE
no no 14 -Ltr{¥¥-}

and solving for the original quantity, we have

Derivation of m;

The G-estimators for i (py — f11) and 7371 (g — f11) are derived in a similar

fashion to the previous section.

Derivation of 63 = 67

We need G-estimators for the terms 7S, p7S 1821, and 7SS 4. It
can be easily shown that

A'n = o i
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From Appendix C.2.2, we have

50 Y5 ) SELTTRSBT N L > o PPN e
No n1

therefore,

From Appendix C.2.2, we know that
~Tsrn—1 T 1 1

pEX T a7 | p+ | —+— ) tr {X}].

Un nq

If we replace ¥ by its estimator, we have

ATEST = g

1 1
=p'p+ (— + —) tr {2},
Un st

where the last line is from Appendix C.2.2. Therefore,
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