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The state-space model (SSM) is a mathematical framework that encapsulates the
dynamics of a system through its states, transition functions governing state evolution,
and observed system outputs. This versatile framework finds applications across various
sectors, from military to civilian domains, including missile interception, autonomous
navigation, epidemic tracking, and more. However, classic SSMs rely on predefined or
known transition functions to estimate latent states, which can be challenging or even
infeasible to specify accurately in complex scenarios. Such a mismatch in underlying
system dynamics can lead to significant performance degradation in state estimation and
model prediction. To address this challenge, machine learning and data-driven models
have emerged as promising solutions. This thesis focuses on a specific class of data-driven
(Bayesian nonparametric) SSMs, namely the Gaussian process state-space model (GPSSM),
for nonlinear dynamical system modeling, learning, and inference. The main objective
of this thesis is to investigate two fundamental aspects within GPSSMs: 1) the model’s
representational capacity, and 2) learning and inference efficiency.

Regarding model representational capacity, we first note that GP-based transition
functions within GPSSMs face challenges in modeling complex real-world system dynamics,
particularly those that are non-smooth and nonlinear. To overcome this limitation,
we propose a novel approach using normalizing flows to transform standard GPs into
more expressive stochastic processes, thereby constructing a flexible and interpretable
SSM called the transformed GPSSM (TGPSSM). We provide a rigorous derivation and



analysis of TGPSSM, demonstrating its feasibility and superiority in handling complex
systems. Additionally, existing GPSSMs often assume that the outputs of multi-dimensional
transition functions are independent. While this assumption simplifies the modeling process,
it fails to accurately capture the dependencies present in practical multi-dimensional
data. To address this, we introduce a multi-output GP based on the linear model of
coregionalization (LMC) in GPSSMs to enhance the model’s representational power.
Leveraging inductive biases across dimensions, the resulting output-dependent GPSSM
(ODGPSSM) shows significant advantages in handling dynamical systems with partially
observable dimensions.

To improve learning and inference efficiency, we first streamline existing variational
inference methods. Specifically, to address challenges such as large-scale optimization
of variational parameters or extensive Monte Carlo sampling that can lead to inefficient
learning and inference, we propose a novel ensemble Kalman filter (EnKF)-integrated
variational inference algorithm. This algorithm harnesses the inherent differentiability
of EnKF to streamline the inference process for latent states within a non-mean-field
variational inference framework. Furthermore, we extend and propose an online version
of the algorithm to further improve its scalability and efficiency. To tackle the issue of
escalating parameter proliferation and computational complexity associated with higher-
dimensional latent state spaces, we then propose a new method by integrating efficiently
transformed Gaussian processes (ETGP) into GPSSM. Specifically, we employ multiple
normalizing flows on a shared Gaussian process to transform it into multiple flexible and
correlated random processes. These random processes act as priors for transition functions
within high-dimensional latent state spaces. The resulting model, named the efficient
GPSSM (EGPSSM), substantially reduces computational complexity while demonstrating
competitive performance in inference tasks compared to existing methods.
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�"�2�H�Q�r�- �6�B�;�X�R�X�j�B�b �T�`�Q�p�B�/�2�/ �i�Q �Q�z�2�` �� �K�Q�`�2 �+�Q�?�2�`�2�M�i �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �K���B�M �}�M�/�B�M�;�b �Q�7 �2���+�?

�+�?���T�i�2�` ���M�/ �i�?�2�B�` �B�M�i�2�`�+�Q�M�M�2�+�i�B�Q�M�b�X

�6�B�;�m�`�2 �R�X�j�, �h�?�2�b�B�b �b�i�`�m�+�i�m�`�2 ���M�/ �+�Q�M�M�2�+�i�B�Q�M�b �#�2�i�r�2�2�M �+�?���T�i�2�`�b�X

�R�X�k �6�m�H�H �G�B�b�i �Q�7 �S�m�#�H�B�+���i�B�Q�M�b

�A ���K �M�Q�r �T�`�Q�p�B�/�B�M�; �� �+�Q�K�T�H�2�i�2 �H�B�b�i �Q�7 �T�m�#�H�B�+���i�B�Q�M�b �A �?���p�2 ���m�i�?�Q�`�2�/ �/�m�`�B�M�; �K�v �S�?�. �b�i�m�/�B�2�b�-

�r�B�i�? �i�B�i�H�2�b �Q�7 �`�2�H�2�p���M�i �T���T�2�`�b �?�B�;�?�H�B�;�?�i�2�/ �B�M �#�Q�H�/ �i�?���i ���`�2 �B�M�+�H�m�/�2�/ �B�M �i�?�B�b �i�?�2�b�B�b�X �h�?�2

�M�Q�i���i�B�Q�M� �@� �B�M�/�B�+���i�2�b ���H�T�?���#�2�i�B�+���H ���m�i�?�Q�` �Q�`�/�2�`�- ���M�/ � �B�M�/�B�+���i�2�b �2�[�m���H �+�Q�M�i�`�B�#�m�i�B�Q�M�X

�(�R�)�S�`�2�p�2�M�i�B�M�; �K�Q�/�2�H �+�Q�H�H���T�b�2 �B�M �:���m�b�b�B���M �T�`�Q�+�2�b�b �H���i�2�M�i �p���`�B���#�H�2 �K�Q�/�2�H�b

�U� �@� �V �u�X �G�B� �-�w�?�B�/�B �G�B�M� �- �6�X �u�B�M�- ���M�/ �J�X �J�X �w�?���M�;

�A�M�i�X �*�Q�M�7�X �J���+�?�X �G�2���`�M �U�A�*�J�G�V�- �k�y�k�9�X

�(�k�)�h�Q�r���`�/�b �2�{�+�B�2�M�i �K�Q�/�2�H�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �B�M �K�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �:���m�b�b�B���M

�T�`�Q�+�2�b�b �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b

�w�?�B�/�B �G�B�M�- �C�X �J���`�Q�¢���b�- �u�X �G�B�- �6�X �u�B�M�- ���M�/ �a�X �h�?�2�Q�/�Q�`�B�/�B�b

�A�1�1�1 �A�M�i�X �*�Q�M�7�X ���+�Q�m�b�i�X �a�T�2�2�+�? �a�B�;�M���H �S� �̀Q�+�2�b�b�X �U�A�*���a�a�S�V�- �k�y�k�9�X



�R�X�k �6�m�H�H �G�B�b�i �Q�7 �S�m�#�H�B�+���i�B�Q�M�b �d

�(�j�)�1�M�b�2�K�#�H�2 �E���H�K���M �}�H�i�2�`�B�M�; �K�2�2�i�b �:���m�b�b�B���M �T�`�Q�+�2�b�b �a�a�J �7�Q�` �M�Q�M�@�K�2���M�@�}�2�H�/

���M�/ �Q�M�H�B�M�2 �B�M�7�2�`�2�M�+�2

�w�?�B�/�B �G�B�M�- �u�X �a�m�M�- �6�X �u�B�M�- ���M�/ ���X �h�?�B�û�`�v

�U�A�M �`�2�p�B�2�r�V�A�1�1�1 �h� �̀��M�b�X �a�B�;�M���H �S� �̀Q�+�2�b�b�X�- �C���M�X �k�y�k�9�X

�(�P�M�H�B�M�2�)�X ���p���B�H���#�H�2�,�?�i�i�T�b�,�f�f���`�t�B�p�X�Q�`�;�f���#�b�f�k�j�R�k�X�y�8�N�R�y�X

�(�9�)�_�2�;�m�H���`�B�x���i�B�Q�M�@�#���b�2�/ �2�{�+�B�2�M�i �+�Q�M�i�B�M�m���H �H�2���`�M�B�M�; �B�M �/�2�2�T �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b

�u�X �w�?���M�;�-�w�?�B�/�B �G�B�M�- �u�X �a�m�M�- �6�X �u�B�M�- ���M�/ �*�X �6�`�B�i�b�+�?�2

�A�1�1�1 �A�M�i�X �*�Q�M�7�X �A�M�7�X �6�m�b�B�Q�M �U�6�l�a�A�P�L�V�- �k�y�k�9�X

�(�8�)�h�Q�r���`�/�b �~�2�t�B�#�B�H�B�i�v ���M�/ �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�i���i�2�@�b�T���+�2

�K�Q�/�2�H

�w�?�B�/�B �G�B�M�- �6�X �u�B�M�- ���M�/ �C�X �J���`�Q�¢���b

�U�A�M �`�2�p�B�2�r�V�A�1�1�1 �h� �̀��M�b�X �S���i�i�2�`�M ���M���H�X �J���+�?�X �A�M�i�2�H�H�X�- ���T�`�X �k�y�k�j�X

�(�P�M�H�B�M�2�)�X ���p���B�H���#�H�2�,�?�i�i�T�b�,�f�f���`�t�B�p�X�Q�`�;�f���#�b�f�k�j�y�R�X�y�3�3�9�j�X

�(�e�)�P�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H

�w�?�B�/�B �G�B�M�- �G�X �*�?�2�M�;�- �6�X �u�B�M�- �G�X �s�m�- ���M�/ �a�X �*�m�B

�A�1�1�1 �A�M�i�X �*�Q�M�7�X ���+�Q�m�b�i�X �a�T�2�2�+�? �a�B�;�M���H �S� �̀Q�+�2�b�b�X �U�A�*���a�a�S�V�- �k�y�k�j�X

�(�d�)�a�T���`�b�B�i�v�@���r���`�2 �/�B�b�i�`�B�#�m�i�2�/ �H�2���`�M�B�M�; �7�Q�` �:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b �r�B�i�? �H�B�M�2���`

�K�m�H�i�B�T�H�2 �F�2�`�M�2�H

�_�X �*�X �a�m�r���M�/�B� �-�w�?�B�/�B �G�B�M� �- �6�X �u�B�M�- �w�X �q���M�;�- ���M�/ �a�X �h�?�2�Q�/�Q�`�B�/�B�b

�U�A�M �`�2�p�B�2�r�V�A�1�1�1 �h� �̀��M�b�X �L�2�m� �̀��H �L�2�i�r�X �G�2���`�M�X �a�v�b�i�X�- �C���M�X �k�y�k�9�X

�(�P�M�H�B�M�2�)�X ���p���B�H���#�H�2�,�?�i�i�T�b�,�f�f���`�t�B�p�X�Q�`�;�f���#�b�f�k�j�y�N�X�y�3�k�y�R�X

�(�3�)�:���m�b�b�B���M �T�`�Q�+�2�b�b �`�2�;�`�2�b�b�B�Q�M �r�B�i�? �;�`�B�/ �b�T�2�+�i�`���H �K�B�t�i�m�`�2 �F�2�`�M�2�H�, �.�B�b�i�`�B�#�m�i�2�/

�H�2���`�M�B�M�; �7�Q�` �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H �/���i��

�_�X �*�X �a�m�r���M�/�B� �-�w�?�B�/�B �G�B�M� �- �u�X �a�m�M�- �w�X �q���M�;�- �G�X �*�?�2�M�;�- ���M�/ �6�X �u�B�M

�A�1�1�1 �A�M�i�X �*�Q�M�7�X �A�M�7�X �6�m�b�B�Q�M �U�6�l�a�A�P�L�V�- �k�y�k�k�X

�(�N�)���+�?�B�2�p�B�M�; �T�`�B�p���+�v�@�T�`�2�b�2�`�p�B�M�; �/�B���;�M�Q�b�B�b �r�B�i�? �7�2�/�2�`���i�2�/ �H�2���`�M�B�M�; �B�M �H�2�Q �b���i�2�H�H�B�i�2 �+�Q�M�@

�b�i�2�H�H���i�B�Q�M

�Z�X �E�Q�M�;�-�w�?�B�/�B �G�B�M�- �6�X �u�B�M�- �G�X �s�m�- �s�X �*�?�2�M�;�- �a�X �*�m�B�- ���M�/ �s�X �u�2

�A�M�i�X �*�Q�M�7�X �a�B�;�M���H ���M�/ �A�M�7�Q�`�K���i�B�Q�M �S� �̀Q�+�2�b�b�B�M�;�- �L�2�i�r�Q�`�F�B�M�; ���M�/ �*�Q�K�T�m�i�2�`�b �U�A�*�a�A�L�*�V�-

�a�T�`�B�M�;�2�`�- �k�y�k�j�X �U�"�2�b�i �T���T�2�` ���r���`�/�V�X



�3 �*�?���T�i�2�` �R�, �A�M�i�`�Q�/�m�+�i�B�Q�M

�(�R�y�)���/���T�i�B�p�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�T�2�+�i�`���H �F�2�`�M�2�H �H�2���`�M�B�M�; �7�Q�` �8�: �r�B�`�2�H�2�b�b �i�`���{�+

�T�`�2�/�B�+�i�B�Q�M

�s�X �w�?���M�;�- �*�X �w�?���Q�- �u�X �u���M�;�-�w�?�B�/�B �G�B�M�- �C�X �q���M�;�- ���M�/ �6�X �u�B�M

�A�1�1�1 �A�M�i�X �q�Q�`�F�b�?�Q�T �J���+�?�X �G�2���`�M�X �a�B�;�M���H �S� �̀Q�+�2�b�b�X �U�J�G�a�S�V�- �k�y�k�k�X

�(�R�R�)�:�`���T�? �M�2�m�`���H �M�2�i�r�Q�`�F �7�Q�` �H���`�;�2�@�b�+���H�2 �M�2�i�r�Q�`�F �H�Q�+���H�B�x���i�B�Q�M

�q�X �u���M�- �.�X �C�B�M�-�w�?�B�/�B �G�B�M�- ���M�/ �6�X �u�B�M

�A�1�1�1 �A�M�i�X �*�Q�M�7�X ���+�Q�m�b�i�X �a�T�2�2�+�? �a�B�;�M���H �S� �̀Q�+�2�b�b�X �U�A�*���a�a�S�V�- �k�y�k�R�X

�(�R�k�)�6�2�/�H�Q�+�, �6�2�/�2�`���i�2�/ �H�2���`�M�B�M�; �7�`���K�2�r�Q�`�F �7�Q�` �/���i���@�/�`�B�p�2�M �+�Q�Q�T�2�`���i�B�p�2 �H�Q�+���H�B�x���i�B�Q�M ���M�/

�H�Q�+���i�B�Q�M �/���i�� �T�`�Q�+�2�b�b�B�M�;

�6�X �u�B�M�-�w�?�B�/�B �G�B�M�- �Z�X �E�Q�M�;�- �u�X �s�m�- �.�X �G�B�- �a�X �h�?�2�Q�/�Q�`�B�/�B�b�- ���M�/ �a�X �*�m�B

�A�1�1�1 �P�T�2�M �C�X �a�B�;�M���H �S� �̀Q�+�2�b�b�X�- �k�y�k�y�X

�(�R�j�)���M �B�M�i�2�`�T�`�2�i���#�H�2 ���M�/ �b���K�T�H�2 �2�{�+�B�2�M�i �/�2�2�T �F�2�`�M�2�H �7�Q�` �:���m�b�b�B���M �T�`�Q�+�2�b�b

�u�X �.���B�- �h�X �w�?���M�;�-�w�?�B�/�B �G�B�M�- �6�X �u�B�M�- �a�X �h�?�2�Q�/�Q�`�B�/�B�b�- ���M�/ �a�X �*�m�B

�*�Q�M�7�X �l�M�+�2�`�i���B�M�X ���`�i�B�7�X �A�M�i�2�H�H�X �U�l���A�V�- �k�y�k�y�-



�*�?���T�i�2�` �k

�"���+�F�;�`�Q�m�M�/

�h�?�B�b �b�2�+�i�B�Q�M �2�b�i���#�H�B�b�?�2�b �i�?�2 �;�`�Q�m�M�/�r�Q�`�F �7�Q�` �"���v�2�b�B���M �b�i���i�B�b�i�B�+���H �K�Q�/�2�H�B�M�; ���M�/ �i�?�2 ���T�T�H�B�@

�+���i�B�Q�M �Q�7 �:�S�X �a�T�2�+�B�}�+���H�H�v�- �a�2�+�i�B�Q�M�k�X�R�2�H�m�+�B�/���i�2�b �i�?�2 �7�Q�m�M�/���i�B�Q�M���H �T�`�B�M�+�B�T�H�2�b �Q�7 �"���v�2�b�B���M

�b�i���i�B�b�i�B�+���H �K�Q�/�2�H�B�M�; ���H�Q�M�; �r�B�i�? �B�i�b ���b�b�Q�+�B���i�2�/ ���T�T�`�Q�t�B�K���i�2 �H�2���`�M�B�M�; �i�2�+�?�M�B�[�m�2���p���`�B���i�B�Q�M���H

�B�M�7�2�`�2�M�+�2�X �a�m�#�b�2�[�m�2�M�i�H�v�- �a�2�+�i�B�Q�M�k�X�k�/�2�H�p�2�b �B�M�i�Q �:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b�- �� �b�T�2�+�B�}�+ �+�H���b�b �Q�7

�"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+ �K�Q�/�2�H�b�X �h�?�B�b �2�t�T�H�Q�`���i�B�Q�M �H���v�b �i�?�2 �M�2�+�2�b�b���`�v �i�?�2�Q�`�2�i�B�+���H �7�Q�m�M�/���i�B�Q�M

�7�Q�` �i�?�2 �b�m�#�b�2�[�m�2�M�i �/�B�b�+�m�b�b�B�Q�M �Q�7 �:�S�a�a�J �B�M �*�?���T�i�2�`�j�- �r�?�B�+�? �B�b �i�?�2 �+�2�M�i�`���H �7�Q�+�m�b �Q�7 �i�?�B�b

�i�?�2�b�B�b�X �A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �B�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �/�2�M�Q�i�2 �i�?�2 �p���`�B���#�H�2�b �B�M �;�2�M�2�`���H �b�m�T�2�`�p�B�b�2�/

�H�2���`�M�B�M�; �K�Q�/�2�H�b �U�2�X�;�X�- �`�2�;�`�2�b�b�B�Q�M �K�Q�/�2�H�b�V �m�b�B�M�; �K���i�?�2�K���i�B�+���H �K�Q�/�2�H �B�i���H�B�+�b�- �b�m�+�? ���bx i ���M�/

yi �c �i�?�2�b�2 �p���`�B���#�H�2�b �b�?�Q�m�H�/ �M�Q�i �#�2 �+�Q�M�7�m�b�2�/ �r�B�i�? �i�?�2 �H���i�2�M�i �b�i���i�2�tt ���M�/ �Q�#�b�2�`�p���i�B�Q�M�vt �B�M

�a�a�J �i�?���i �r�B�H�H �#�2 �B�M�i�`�Q�/�m�+�2�/ �B�M �b�m�#�b�2�[�m�2�M�i �+�?���T�i�2�`�b �U�+�7�X �1�[�X �U�j�X�k�V�V�X

�k�X�R �"���v�2�b�B���M �a�i���i�B�b�i�B�+���H �J�Q�/�2�H�B�M�;

�J�Q�/�2�H�B�M�; �B�b �`�2�+�Q�;�M�B�x�2�/ ���b �� �+�`�m�+�B���H �2�H�2�K�2�M�i �B�M �i�?�2 �b�+�B�2�M�i�B�}�+ �/�Q�K���B�M�- ���b �B�i �2�M���#�H�2�b �i�?�2 �b�B�K�m�@

�H���i�B�Q�M �Q�7 �m�M�/�2�`�H�v�B�M�; �b�+�B�2�M�i�B�}�+ �K�2�+�?���M�B�b�K�b�- �i�?�2�`�2�#�v �7���+�B�H�B�i���i�B�M�; �T�`�2�/�B�+�i�B�Q�M�- �m�M�/�2�`�b�i���M�/�B�M�;�-
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p(Dj � ; � )p(� j� )�/� : �U�k�X�8�V
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p(Dj � ; � ) �B�b �M�Q�M�H�B�M�2���` �r�B�i�? �`�2�b�T�2�+�i �i�Q� �X �h�Q ���/�/�`�2�b�b �i�?�B�b �+�?���H�H�2�M�;�2 �B�M �H�2���`�M�B�M�; ���M�/
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�/�B�b�i�`�B�#�m�i�B�Q�M�b�X

�h�?�2 �K���B�M �B�/�2�� �Q�7 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �B�b �i�Q �+�Q�M�b�i�`���B�M �i�?�2 ���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�`�-q(� )�-
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�K�B�M
q(� )

�E�G[q(� ) k p(� jD ; � )] : �U�k�X�e�V
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�E�G[q(� ) k p(� jD ; � )] = Eq(� )

�
�H�Q�;

q(� )
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�:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b �U�:�S�b�V ���`�2 ���M �2�t���K�T�H�2 �Q�7 �T�Q�r�2�`�7�m�H �"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+ �K�Q�/�2�H�B�M�;�-

�Q�z�2�`�B�M�; �� �~�2�t�B�#�H�2 ���M�/ ���/���T�i�B�p�2 �7�`���K�2�r�Q�`�F �7�Q�` �K�Q�/�2�H�B�M�; �+�Q�K�T�H�2�t �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�M�b �r�B�i�?�Q�m�i



�k�X�k �:���m�b�b�B���M �S�`�Q�+�2�b�b�2�b �U�:�S�b�V �R�8
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�p���`�B���#�H�2�b �B�M�/�2�t�2�/ �#�vx 2 X � Rdx �- �b�m�+�? �i�?���i ���M�v �}�M�B�i�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �i�?�2�b�2 �p���`�B���#�H�2�b �7�Q�H�H�Q�r�b

�� �D�Q�B�M�i �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M �(�R�e�)�X �J���i�?�2�K���i�B�+���H�H�v�- �� �`�2���H �b�+���H���`�@�p���H�m�2�/ �:�Sf (x ) �+���M �#�2

�r�`�B�i�i�2�M ���b

f (x ) � GP (� (x ); k(x ; x 0); � gp) ; �U�k�X�N�V

�r�?�2�`�2� (x ) = E[f (x )] �B�b �� �K�2���M �7�m�M�+�i�B�Q�M �i�v�T�B�+���H�H�v �b�2�i �i�Q �x�2�`�Q �B�M �T�`���+�i�B�+�2�- ���M�/

k(x ; x 0) = E [(f (x ) � � (x )) ( f (x 0) � � (x 0))] �U�k�X�R�y�V
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�h�?�2 �K�Q�/�2�H �?�v�T�2�`�T��� �̀��K�2�i�2�`�b �i�?�m�b �+���M �#�2 �Q�T�i�B�K�B�x�2�/ �2�[�m�B�p���H�2�M�i�H�v �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �M�2�;���i�B�p�2

�H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/�- �B�X�2�X�-

�̂ = ���`�; �K�B�M
�

1
2

y > [C (� )]� 1 y +
1
2

�H�Q�; �/�2�i[C (� )] +
n
2

�H�Q�;2�; �U�k�X�R�8�V

�r�?�2� �̀2C (� ) , K XX + � 2
eI �X �h�?�2 �K�B�M�B�K�B�x���i�B�Q�M �Q�T�i�B�K�B�x���i�B�Q�M �T� �̀Q�#�H�2�K �B�b �i�v�T�B�+���H�H�v �b�Q�H�p�2�/ �p�B��

�;� �̀��/�B�2�M�i�@�#���b�2�/ �K�2�i�?�Q�/�b�- �b�m�+�? ���b �"�6�:�a�@�L�2�r�i�Q�M ���M�/ �+�Q�M�D�m�;���i�2 �;� �̀��/�B�2�M�i �/�2�b�+�2�M�i �(�R�e�)�X

�6�Q�H�H�Q�r�B�M�; �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �Q�7 �?�v�T�2�`�T���`���K�2�i�2�`�b�- �Q�M�2 �+���M �2�K�T�H�Q�v�- �7�Q�` �B�M�b�i���M�+�2�- �1�[�X�U�k�X�R�j�V�-

�i�Q �/�2�`�B�p�2 �i�?�2 �:�S �T�Q�b�i�2�`�B�Q�` �7�Q�` �i�?�2 �7�m�M�+�i�B�Q�M �2�b�i�B�K���i�B�Q�M �i�?���i �Q�T�i�B�K���H�H�v ���H�B�;�M�b �r�B�i�? �i�?�2 �;�B�p�2�M

�/���i���X

�L�2�t�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�r�Q �+�`�B�i�B�+���H ���b�T�2�+�i�b �Q�7 �:�S�@�#���b�2�/ �K�Q�/�2�H�b�, �i�?�2 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �/�2�b�B�;�M

���M�/ �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �b�+���H���#�B�H�B�i�v �7�Q�` �H���`�;�2 �/���i���b�2�i�b�X

�k�X�k�X�k �1�t�T�`�2�b�b�B�p�2 �E�2�`�M�2�H �.�2�b�B�;�M

���b �T�`�2�p�B�Q�m�b�H�v �/�B�b�+�m�b�b�2�/�- �i�?�2 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �U�b�2�2 �1�[�X�U�k�X�R�y�V�V �B�b �T�B�p�Q�i���H �B�M �/�2�i�2�`�K�B�M�B�M�;

�i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M���H �+���T���+�B�i�v �Q�7 �� �:�S �K�Q�/�2�H�X �o���`�B�Q�m�b �2�H�2�K�2�M�i���`�v �F�2�`�M�2�H�b�- �b�m�+�? ���b �i�?�2

�b�[�m���`�2�/�@�2�t�T�Q�M�2�M�i�B���H �U�a�1�V�- �J���i�û�`�M�- �T�2�`�B�Q�/�B�+�- ���M�/ �M�2�m�`���H �M�2�i�r�Q�`�F �F�2�`�M�2�H�b�- �+���M �#�2 �m�b�2�/

�7�Q�` �/���i�� �2�t�i�`���T�Q�H���i�B�Q�M ���M�/ �B�M�i�2�`�T�Q�H���i�B�Q�M�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �m�b�2 �i�?�2 �a�1 �F�2�`�M�2�H����

�T�`�2�p���H�2�M�i�- �i�?�Q�m�;�? �M�Q�i �m�M�B�p�2�`�b���H�H�v �Q�T�i�B�K���H�- �+�?�Q�B�+�2�����b ���M �2�t���K�T�H�2 �i�Q �B�H�H�m�b�i�`���i�2 �B�i�b �M���i�m�`�2

���M�/ �T�`�Q�T�2�`�i�B�2�b�- ���M�/ �i�Q �m�M�/�2�`�b�+�Q�`�2 �i�?�2 �M�2�+�2�b�b�B�i�v �Q�7 �+���`�2�7�m�H ���M�/ �2�t�T�`�2�b�b�B�p�2 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M



�R�3 �*�?���T�i�2�` �k�, �"���+�F�;�`�Q�m�M�/

�U���V� f = 1 ; ` = 5 �U�#�V� f = 1 ; ` = 0 :5

�U�+�V� f = 5 ; ` = 5 �U�/�V� f = 5 ; ` = 0 :5

�6�B�;�m�`�2 �k�X�k�, �6�Q�m�` �`���M�/�Q�K �7�m�M�+�i�B�Q�M�b �b���K�T�H�2�/ �7�`�Q�K �� �:�S �K�Q�/�2�H �m�b�B�M�; �i�?�2 �a�1 �F�2�`�M�2�H �r�B�i�? �p���`�v�B�M�; �?�v�T�2�`�T���@

�`���K�2�i�2�` �+�Q�M�}�;�m�`���i�B�Q�M�b�X �h�?�2 �b���K�T�H�2�/ �7�m�M�+�i�B�Q�M�b ���`�2 �+�Q�M�i�B�M�m�Q�m�b ���M�/ �b�K�Q�Q�i�?�- �r�B�i�? �i�?�2 ���K�T�H�B�i�m�/�2 �Q�7 �i�?�2

�7�m�M�+�i�B�Q�M �B�M�+�`�2���b�B�M�; ���b �i�?�2 �?�v�T�2�`�T���`���K�2�i�2�`� f �;�`�Q�r�b �H���`�;�2�`�c �J�2���M�r�?�B�H�2�- �i�?�2 �H���`�;�2�`` �r�B�H�H �`�2�b�m�H�i �B�M �b�K�Q�Q�i�?�2�`

�7�m�M�+�i�B�Q�M�b�X

�/�2�b�B�;�M�X �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �Q�p�2�`�p�B�2�r �Q�7 �Q�i�?�2�` �2�H�2�K�2�M�i���`�v �F�2�`�M�2�H�b �+���M �#�2 �7�Q�m�M�/ �B�M �i�?�2

�`�2�7�2�`�2�M�+�2�/ �H�B�i�2�`���i�m�`�2 �(�R�e�-�8�R�)�X

�h�?�2 �a�1 �F�2�`�M�2�H�- ���X�F�X���X �i�?�2 �`���/�B���H �#���b�B�b �7�m�M�+�i�B�Q�M �U�_�"�6�V �F�2�`�M�2�H �Q�` �:���m�b�b�B���M �F�2�`�M�2�H�-

�B�b �Q�M�2 �Q�7 �i�?�2 �K�Q�b�i �+�Q�K�K�Q�M�H�v �m�b�2�/ �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�b �B�M �:�S ���M�/ �F�2�`�M�2�H�@�#���b�2�/ �K���+�?�B�M�2

�H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b �(�9�e�)�X �A�i�b �T�Q�T�m�H���`�B�i�v �B�b �H���`�;�2�H�v ���i�i�`�B�#�m�i�2�/ �i�Q �i�?�`�2�2 �F�2�v �T�`�Q�T�2�`�i�B�2�b�, �i�?�2

�b�B�K�T�H�B�+�B�i�v�- �b�K�Q�Q�i�?�M�2�b�b�- ���M�/ �i�?�2 �m�M�B�p�2�`�b���H ���T�T�`�Q�t�B�K���i�B�Q�M �+���T���+�B�i�v �7�Q�` ���`�#�B�i�`���`�v �+�Q�M�i�B�M�m�Q�m�b

�7�m�M�+�i�B�Q�M�b �(�8�k�)�X �h�?�2 �a�1 �F�2�`�M�2�H �B�b �/�2�}�M�2�/ ���b�,

k(x ; x 0; � gp) = � 2
f �2�t�T

�
�

kx � x 0k2

2`2

�
; �U�k�X�R�e�V

�r�?�2�`�2� f �B�b �i�?�2 �Q�m�i�T�m�i�@�b�+���H�2 �T���`���K�2�i�2�`�- �+�Q�M�i�`�Q�H�H�B�M�; �i�?�2 �p�2�`�i�B�+���H �p���`�B���i�B�Q�M �Q�` ���K�T�H�B�i�m�/�2

�Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�c ���M�/` �B�b �i�?�2 �H�2�M�;�i�?�@�b�+���H�2 �T���`���K�2�i�2�`�- �+�Q�M�i�`�Q�H�H�B�M�; �i�?�2 �?�Q�`�B�x�Q�M�i���H �p���`�B���i�B�Q�M

�Q�` �b�K�Q�Q�i�?�M�2�b�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�X �h�?�2 �F�2�`�M�2�H �?�v�T�2�`�T���`���K�2�i�2�`�b �B�M �i�?�2 �a�1 �F�2�`�M�2�H ���`�2 �i�?�m�b

�/�2�M�Q�i�2�/ ���b� gp = [ � f ; `]> �X �6�B�;�X�k�X�k�/�B�b�T�H���v�b �/�B�b�i�B�M�+�i �7�m�M�+�i�B�Q�M�b �b���K�T�H�2�/ �7�`�Q�K �� �:�S �K�Q�/�2�H

�m�i�B�H�B�x�B�M�; �i�?�2 �a�1 �F�2�`�M�2�H �r�B�i�? �/�B�z�2�`�2�M�i �?�v�T�2�`�T���`���K�2�i�2�`�b �b�2�i�i�B�M�;�b�X ���b �B�H�H�m�b�i�`���i�2�/ �B�M �i�?�2

�}�;�m�`�2�- �i�?�2 �b���K�T�H�2�/ �7�m�M�+�i�B�Q�M�b ���`�2 �b�K�Q�Q�i�? ���M�/ �+�Q�M�i�B�M�m�Q�m�b�X ���M �2�b�+���H���i�B�Q�M �B�M �i�?�2 ���K�T�H�B�i�m�/�2



�k�X�k �:���m�b�b�B���M �S�`�Q�+�2�b�b�2�b �U�:�S�b�V �R�N

�Q�7 �i�?�2 �b���K�T�H�2�/ �7�m�M�+�i�B�Q�M�b �B�b �Q�#�b�2�`�p�2�/ �r�B�i�? ���M �B�M�+�`�2���b�2 �B�M �i�?�2 �?�v�T�2�`�T���`���K�2�i�2�`� f �- �r�?�B�+�?

�+�Q�`�`�2�b�T�Q�M�/�b �i�Q �K�Q�`�2 �T�`�Q�M�Q�m�M�+�2�/ �Q�b�+�B�H�H���i�B�Q�M�b ���#�Q�m�i �i�?�2 �K�2���M�X �J�2���M�r�?�B�H�2�- �i�?�2 �b�K�Q�Q�i�?�M�2�b�b

�Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b �B�b �/�B�+�i���i�2�/ �#�v �i�?�2 �H�2�M�;�i�?�@�b�+���H�2 �?�v�T�2�`�T���`���K�2�i�2�``�X ���M �B�M�+�`�2���b�2 �B�M` �H�2���/�b

�i�Q �� �K�Q�`�2 �;�`���/�m���H �+�?���M�;�2 �B�M �i�?�2 �b�H�Q�T�2 �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b�- �B�K�T���`�i�B�M�; �� �b�K�Q�Q�i�?�2�` ���T�T�2���`���M�+�2�X

�>�Q�r�2�p�2�`�- �� �M�Q�i���#�H�2 �H�B�K�B�i���i�B�Q�M �Q�7 �i�?�2 �a�1 �F�2�`�M�2�H �H�B�2�b �B�M �B�i�b �Q�M�H�v �+���T���#�B�H�B�i�v �i�Q �/�2�}�M�2 ��

�7���K�B�H�v �Q�7 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M�b�- �r�?�B�+�? �K���v �M�Q�i ���/�2�[�m���i�2�H�v �`�2�T�`�2�b�2�M�i �i�?�2 �+�Q�K�T�H�2�t �b�i�`�m�+�i�m�`�2�b

�Q�` �K�m�H�i�B�@�b�+���H�2 �p���`�B���i�B�Q�M�b �B�M�?�2�`�2�M�i �B�M �+�2�`�i���B�M �/���i���b�2�i�b�X �h�?�B�b �H�B�K�B�i���i�B�Q�M �B�b �+�Q�`�`�Q�#�Q�`���i�2�/ �#�v

�2�K�T�B�`�B�+���H �2�p�B�/�2�M�+�2 �b�m�;�;�2�b�i�B�M�; �i�?���i �i�?�2 �a�1 �F�2�`�M�2�H �+���M �2�M�+�Q�m�M�i�2�` �/�B�{�+�m�H�i�B�2�b �B�M �`�2�p�2���H�B�M�;

�B�M�i�`�B�+���i�2 �/���i�� �b�i�`�m�+�i�m�`�2�b ���M�/ �B�M �T�2�`�7�Q�`�K�B�M�; �2�z�2�+�i�B�p�2 �2�t�i�`���T�Q�H���i�B�Q�M �(�8�R�-�8�j�)�X �A�M�/�2�2�/�- �i�?�2

�T�`�B�Q�` ���b�b�m�K�T�i�B�Q�M�b �2�K�#�2�/�/�2�/ �r�B�i�?�B�M �2�H�2�K�2�M�i���`�v �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�b �+���M �Q�7�i�2�M �#�2 �b�B�;�M�B�}�+���M�i�H�v

�#�B���b�2�/�- �T���`�i�B�+�m�H���`�H�v �7�Q�` �?�B�;�?�2�`�@�/�B�K�2�M�b�B�Q�M���H �/���i�� �(�8�9���8�e�)�- �`�2�;���`�/�H�2�b�b �Q�7 �i�?�2 �:�S�@�#���b�2�/ �K�Q�/�2�H�b�X

�6�Q�` �B�M�b�i���M�+�2�- �i�?�B�b �T�?�2�M�Q�K�2�M�Q�M �+���M �#�2 �2�t�2�K�T�H�B�}�2�/ �B�M �:���m�b�b�B���M �T�`�Q�+�2�b�b �H���i�2�M�i �p���`�B���#�H�2

�K�Q�/�2�H�b �U�:�S�G�o�J�b�V �(�8�d�)�- �r�?�2�`�2 �r�2 �Q�#�b�2�`�p�2�/ �i�?���i �B�M���/�2�[�m���i�2 �F�2�`�M�2�H �~�2�t�B�#�B�H�B�i�v �+���M �H�2���/ �i�Q ��

�i�v�T�2 �Q�7 �K�Q�/�2�H �+�Q�H�H���T�b�2�- �+�?���`���+�i�2�`�B�x�2�/ �T�`�B�K���`�B�H�v �#�v �p���;�m�2 �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �i�?���i �7���B�H �i�Q

�+���T�i�m�`�2 �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �/���i�� �(�j�R�)�X

�h�Q �i���+�F�H�2 �i�?�B�b �B�b�b�m�2�- ���m�i�Q�K���i�B�+ ���M�/ �Q�T�i�B�K���H �F�2�`�M�2�H �/�2�b�B�;�M �B�b �?�B�;�?�H�v �/�2�K���M�/�2�/�X ��

�T�Q�i�2�M�i�B���H ���M�/ �B�M�i�2�`�T�`�2�i���#�H�2 �F�2�`�M�2�H �/�2�b�B�;�M �b�Q�H�m�i�B�Q�M �B�b �i�?�`�Q�m�;�? �b�T���`�b�2 �b�T�2�+�i�`�m�K �F�2�`�M�2�H

�`�2�T�`�2�b�2�M�i���i�B�Q�M�- �r�?�2�`�2�B�M �i�?�2 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �B�b �K�Q�/�2�H�2�/ ���b �� �H�B�M�2���`�H�v �r�2�B�;�?�i�2�/ �b�m�K �Q�7 �#���b�B�b

�7�m�M�+�i�B�Q�M�b �r�B�i�? �Q�M�H�v �� �b�K���H�H �b�m�#�b�2�i �`�2�H�2�p���M�i �i�Q �i�?�2 �;�B�p�2�M �/���i�� �(�k�N�-�j�y�-�8�3�-�8�N�)�X �h�?�2 �#���b�B�+ �B�/�2��

�#�2�?�B�M�/ �i�?�B�b �H�B�M�2 �Q�7 �K�2�i�?�Q�/�b �B�b �i�Q �m�M�/�2�`�i���F�2 ���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�i���i�B�Q�M���`�v

�F�2�`�M�2�H �m�b�B�M�; �i�?�2 �7���+�i �i�?���i ���M�v �b�i���i�B�Q�M���`�v �F�2�`�M�2�H ���M�/ �B�i�b �b�T�2�+�i�`���H �/�2�M�b�B�i�v ���`�2 �6�Q�m�`�B�2�` �/�m���H�b�-

���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v �Q�7 �"�Q�+�?�M�2�`�ö�b �i�?�2�Q�`�2�K �(�R�e�)�-

�*�Q�`�Q�H�H���`�v �k�X�R�X�A�7 �i�?�2 �b�T�2�+�i� �̀��H �/�2�M�b�B�i�v �2�t�B�b�i�b�- �i�?�2�M �i�?�2 �b�i���i�B�Q�M���`�v �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�-k(� ); � =

x � x 0�- ���M�/ �B�i�b �b�T�2�+�i� �̀��H �/�2�M�b�B�i�v�-S(! )�- ��� �̀2 �6�Q�m�`�B�2�` �/�m���H�b �Q�7 �2���+�? �Q�i�?�2�`

k(� ) =
Z

Rdx

S(! ) �2�t�T
�
j 2� � > !

�
d! ; �U�k�X�R�d���V

S(! ) =
Z

Rdx

k(� ) �2�t�T
�
� j 2� � > !

�
d� : �U�k�X�R�d�#�V

�a�T�2�+�B�}�+���H�H�v�- �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �Udx = 1�V �B�M�T�m�i �+���b�2�- �� �K�B�t�i�m�`�2 �Q�7 �:���m�b�b�B���M

�#���b�B�b �7�m�M�+�i�B�Q�M�b �B�b �2�K�T�H�Q�v�2�/ �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �m�M�/�2�`�H�v�B�M�; �F�2�`�M�2�H �B�M �i�?�2 �b�T�2�+�i�`���H �/�Q�K���B�M�-

S(! ) =
1
2

QX

q=1

� q [N (! j � q; vq) + N (! j � � q; vq)] ; �U�k�X�R�3�V

�r�?�2�`�2 �i�?�2 �K�2���M�bf � qg
Q
q=1 �- �p���`�B���M�+�2�bf vqg

Q
q=1 �- ���M�/ �r�2�B�;�?�i�bf � qg

Q
q=1 ���`�2 �?�v�T�2�`�T���`���K�2�i�2�`�b �i�Q

�#�2 �Q�T�i�B�K�B�x�2�/�X �h���F�B�M�; �i�?�2 �B�M�p�2�`�b�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7S(! )�- �v�B�2�H�/�b �i�?�2 �b�T�2�+�i�`���H �K�B�t�i�m�`�2



�k�y �*�?���T�i�2�` �k�, �"���+�F�;�`�Q�m�M�/

�6�B�;�m�`�2 �k�X�j�, �E�2�`�M�2�H �b�T�2�+�i�`���H �/�2�M�b�B�i�v �b�T���+�2 �m�M�/�2�` �/�B�z�2�`�2�M�i �B�M�T�m�i �/�B�K�2�M�b�B�Q�M�b�X

�U�a�J�V �F�2�`�M�2�H �(�8�3�)�- ���b

k(� ) =
QX

q=1

� q �+�Q�b(2�� � q) �2�t�T
�
� 2� 2� 2vq

�

| {z }
kq (� )

; �U�k�X�R�N�V

�r�?�2�`�2� = jx � x0j 2 R�X �>�Q�r�2�p�2�`�- ���+�+�m�`���i�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 ���M�v �b�i���i�B�Q�M���`�v �F�2�`�M�2�H �`�2�[�m�B�`�2�b

�b�m�#�b�i���M�i�B���H �M�m�K�#�2�` �Q�7 �K�B�t�i�m�`�2 �+�Q�K�T�Q�M�2�M�i�b�- �T�Q�b�B�M�; �?�m�;�2 �/�B�{�+�m�H�i�v �B�M �?�v�T�2�`�T���`���K�2�i�2�`

�Q�T�i�B�K�B�x���i�B�Q�M�- �b�2�2 �1�[�X�U�k�X�R�8�V�- �/�m�2 �i�Q �i�?�2 �H���`�;�2�@�b�+���H�2 ���M�/ �M�Q�M�@�+�Q�M�p�2�t �+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �i�?�2

�T�`�Q�#�H�2�K�X �:�`�B�/ �b�T�2�+�i�`���H �K�B�t�i�m�`�2 �U�:�a�J�V �F�2�`�M�2�H �r���b �i�?�2�M �T�`�Q�T�Q�b�2�/ �B�M �(�8�N�) �i�Q ���/�/�`�2�b�b �i�?�2

�K�Q�/�2�H �i�`���B�M�B�M�; �B�b�b�m�2�b �B�M �i�?�2 �a�J �F�2�`�M�2�H�X

�a�T�2�+�B�}�+���H�H�v�- �B�M �(�8�N�)�- �B�i �r���b �T�`�Q�T�Q�b�2�/ �i�Q �}�t �i�?�2 �K�2���Mf � qg
Q
q=1 ���M�/ �p���`�B���M�+�2f vqg

Q
q=1

�?�v�T�2�`�T���`���K�2�i�2�`�b �i�Q �T�`�2�@�b�2�H�2�+�i�2�/ �;�`�B�/ �T�Q�B�M�i�b ���M�/ �Q�T�i�B�K�B�x�2 �Q�M�H�v �i�?�2 �r�2�B�;�?�i�bf � qg
Q
q=1 �- �;�B�p�B�M�;

�`�B�b�2 �i�Q �i�?�2 �:�a�J �F�2�`�M�2�H�X �h�?�2 �:�a�J �F�2�`�M�2�H �/�2�K�Q�M�b�i�`���i�2�b �B�i�b�2�H�7 �i�Q �#�2 �� �H�B�M�2���` �K�m�H�i�B�T�H�2

�F�2�`�M�2�H �r�B�i�? �K�m�H�i�B�T�H�2 �H�Q�r�@�`���M�F �#���b�B�b �b�m�#�F�2�`�M�2�H�b�X ���H�b�Q�- �B�i �?���b �#�2�2�M �T�`�Q�p�2�M �i�?���i �i�?�2 �:�a�J

�F�2�`�M�2�H �B�b ���#�H�2 �i�Q ���T�T�`�Q�t�B�K���i�2 ���M�v �b�i���i�B�Q�M���`�v �F�2�`�M�2�H ���`�#�B�i�`���`�B�H�v �r�2�H�H �(�8�N�)�X �h�?�2 ���b�b�Q�+�B���i�2�/

�Q�T�i�B�K�B�x���i�B�Q�M �i���b�F �B�M �i�?�2 �:�a�J �F�2�`�M�2�H�- �B�X�2�X�-

�̂ = ���`�; �K�B�M
�

1
2

y > [C (� )]� 1 y +
1
2

�H�Q�; �/�2�i[C (� )] +
n
2

�H�Q�;2�;

�B�b �b�B�K�T�H�B�}�2�/ �B�M�i�Q �� �K�Q�`�2 �7���p�Q�m�`���#�H�2 �/�B�z�2�`�2�M�+�2�@�Q�7�@�+�Q�M�p�2�t �T�`�Q�;�`���K�K�B�M�; �U�.�*�S�V �T�`�Q�#�H�2�K�-

�/�2�K�Q�M�b�i�`���i�B�M�; �b�B�;�M�B�}�+���M�i�H�v �2�M�?���M�+�2�/ �M�m�K�2�`�B�+���H �b�i���#�B�H�B�i�v ���M�/ �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �Q�M

�K�m�H�i�B�T�H�2 �+�H���b�b�B�+ ���M�/ �`�2���H �r�Q�`�H�/ �/���i���b�2�i�b �(�9�d�)�X

�>�Q�r�2�p�2�`�- �i�?�2 �Q�`�B�;�B�M���H �:�a�J �F�2�`�M�2�H �B�b �/�2�b�B�;�M�2�/ �i�Q �?���M�/�H�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �/���i���- �B�X�2�X�- �i�?�2

�B�M�T�m�i �/�B�K�2�M�b�B�Q�Mdx �B�b �2�[�m���H �i�Q �R�X �L���B�p�2�H�v �2�t�i�2�M�/�B�M�; �B�i �i�Q �K�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �/���i���- �r�?�2�`�2

dx > 1�- �#�v �}�t�B�M�; �;�`�B�/ �T�Q�B�M�i�b �B�MRdx �;�B�p�2�b �`�B�b�2 �i�Q �T�Q�i�2�M�i�B���H �B�b�b�m�2�b �(�k�N�)�X �J�Q�b�i �M�Q�i���#�H�v�- �i�?�2

�M�m�K�#�2�` �Q�7 �;�`�B�/ �T�Q�B�M�i�b �;�`�Q�r�b �2�t�T�Q�M�2�M�i�B���H�H�v �r�B�i�?dx �/�m�2 �i�Q �i�?�2 �+�m�`�b�2 �Q�7 �/�B�K�2�M�b�B�Q�M���H�B�i�v�X



�k�X�k �:���m�b�b�B���M �S�`�Q�+�2�b�b�2�b �U�:�S�b�V �k�R

�o�B�b�m���H�H�v �B�M �6�B�;�X�k�X�j�- �b�m�#�b�i���M�i�B���H�H�v �K�Q�`�2 �:���m�b�b�B���M �+�Q�K�T�Q�M�2�M�i�b ���`�2 �M�2�2�/�2�/ �i�Q ���T�T�`�Q�t�B�K���i�2

�i�?�2 �b�T�2�+�i�`���H �/�2�M�b�B�i�v �B�M �i�?�2 �k�@�. �+���b�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �R�@�. �+���b�2�X �h�?�2 �2�t�T�Q�M�2�M�i�B���H �;�`�Q�r�i�?

�B�M �i�?�2 �M�m�K�#�2�` �Q�7 �+�Q�K�T�Q�M�2�M�i�bQ �#�2�+�Q�K�2�b �B�M�i�`���+�i���#�H�2 �7�Q�` �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �/���i���b�2�i�b�X �6�Q�`

�2�t���K�T�H�2�- �7�Q�` �� �R�y�@�. �/���i���b�2�i �r�B�i�? �R�y�y �+�Q�K�T�Q�M�2�M�i�b �T�2�` �/�B�K�2�M�b�B�Q�M�- �i�?�B�b �;�B�p�2�b ���M �B�M�7�2���b�B�#�H�2

Q = 10010 = 1020�X

�P�m�` �2�z�Q�`�i�b �i�?�m�b �7�Q�+�m�b�2�/ �Q�M �2�t�i�2�M�/�B�M�; �i�?�2 �:�a�J �F�2�`�M�2�H �i�Q �?���M�/�H�2 �K�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H

�/���i�� �(�k�N�-�j�y�)�X �S���`�i�B�+�m�H���`�H�v�- ���M �2�{�+�B�2�M�i �7�Q�`�K�m�H���i�B�Q�M �+���H�H�2�/ �i�?�2 �;�`�B�/ �b�T�2�+�i�`���H �K�B�t�i�m�`�2 �T�`�Q�/�m�+�i

�U�:�a�J�S�V �F�2�`�M�2�H �r���b �/�2�b�B�;�M�2�/ �B�M �(�j�y�) �#�v �K�m�H�i�B�T�H�v�B�M�; �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �:�a�J �b�m�#�F�2�`�M�2�H�b ���+�`�Q�b�b

�/�B�K�2�M�b�B�Q�M�b �i�Q ���H�H�2�p�B���i�2 �i�?�2 �2�t�T�Q�M�2�M�i�B���H �;�`�Q�r�i�? �Q�7 �i�?�2 �K�Q�/�2�H �+�Q�K�T�H�2�t�B�i�v�X �A�M ���/�/�B�i�B�Q�M�- �i�Q

���/�/�`�2�b�b �i�?�2 �+�?���H�H�2�M�;�2�b �Q�7 �H���`�;�2�@�b�+���H�2 �?�v�T�2�`�T���`���K�2�i�2�` �Q�T�i�B�K�B�x���i�B�Q�M �B�M �K�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H

�/���i�� �b�+�2�M���`�B�Q�b�- �r�2 �T�`�Q�T�Q�b�2�/ �b�2�p�2�`���H �/�B�b�i�`�B�#�m�i�2�/ ���H�;�Q�`�B�i�?�K�b�X �h�?�2�b�2 ���H�;�Q�`�B�i�?�K�b �2�M���#�H�2

�+�Q�Q�T�2�`���i�B�p�2 �H�2���`�M�B�M�; �Q�7 �i�?�2 �:�a�J�S �F�2�`�M�2�H �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �#�B�; �/���i�� �r�?�B�H�2 �T�`�2�b�2�`�p�B�M�; �/���i��

�T�`�B�p���+�v �(�k�N�-�j�y�)�X

�h�?�2 �r�Q�`�F�b �/�B�b�+�m�b�b�2�/ �b�Q �7���` �7�Q�+�m�b �Q�M �i�?�2 �/�2�b�B�;�M �Q�7 ���m�i�Q�K���i�B�+ �b�i���i�B�Q�M���`�v �F�2�`�M�2�H�b�X �6�Q�`

�M�Q�M�@�b�i���i�B�Q�M���`�v �F�2�`�M�2�H�b�- �b�B�;�M�B�}�+���M�i ���/�p���M�+�2�K�2�M�i�b �?���p�2 �#�2�2�M �K���/�2 �B�M �H�2�p�2�`���;�B�M�; �/�2�2�T

�M�2�m�`���H �M�2�i�r�Q�`�F�b �i�Q �+�Q�M�b�i�`�m�+�i �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/ �/�2�2�T �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�b�- ���b �2�t�2�K�T�H�B�}�2�/

�B�M �(�k�3�-�8�e�)�X �>�Q�r�2�p�2�`�- �B�M�i�2�;�`���i�B�M�; �M�2�m�`���H �M�2�i�r�Q�`�F�b �B�M�i�Q �F�2�`�M�2�H �/�2�b�B�;�M �K���v �B�M�i�`�Q�/�m�+�2 ��

�i�`���/�2�@�Q�z�- �T�Q�i�2�M�i�B���H�H�v �`�2�/�m�+�B�M�; �i�?�2 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�b�X �A�M �(�k�3�)�-

�i�?�2 �/�2�2�T �F�2�`�M�2�H �r�2 �T�`�Q�T�Q�b�2�/ �B�b �Q�T�i�B�K���H �B�M �i�2�`�K�b �Q�7 �T�`�2�/�B�+�i�B�Q�M�f�i�2�b�i �K�2���M�@�b�[�m���`�2�/ �2�`�`�Q�`

�U�J�a�1�V�X �"�v �/�2�+�Q�K�T�Q�b�B�M�; �i�?�2 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �B�M�i�Q �� �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �K�m�H�i�B�T�H�2 �b�m�#�@�/�2�2�T

�F�2�`�M�2�H�b �m�b�B�M�; �K�m�H�i�B�@�r���v �7�2���i�m�`�2 �B�M�i�2�`���+�i�B�Q�M �/�2�i�2�+�i�B�Q�M�- �i�?�2 �T�`�Q�T�Q�b�2�/ �/�2�2�T �F�2�`�M�2�H �B�b ���H�b�Q

�/�2�K�Q�M�b�i�`���i�2�/ �i�Q �#�2 �K�Q�`�2 �2�t�T�H���B�M���#�H�2 ���M�/ �2�{�+�B�2�M�i �(�k�3�)�X

�k�X�k�X�j �a�T���`�b�2 �:�S ���T�T�`�Q�t�B�K���i�B�Q�M�b

�q�?�B�H�2 �:�S�b �Q�z�2�` �� �T�Q�r�2�`�7�m�H ���M�/ �~�2�t�B�#�H�2 �7�`���K�2�r�Q�`�F �7�Q�` �T�`�Q�#���#�B�H�B�b�i�B�+ �K�Q�/�2�H�B�M�; �U�2�X�;�X�- �`�2�;�`�2�b�@

�b�B�Q�M�V �i���b�F�b�- �i�?�2�B�` �+�Q�K�T�m�i���i�B�Q�M���H �/�2�K���M�/�b �;�`�Q�r �+�m�#�B�+���H�H�v �r�B�i�? �i�?�2 �/���i���b�2�i �b�B�x�2�X �a�T�2�+�B�}�+���H�H�v�-

�i�?�2 �B�M�p�2�`�b�B�Q�M �Q�7 �i�?�2n � n �F�2�`�M�2�H �K���i�`�B�t�- ���b �/�2�T�B�+�i�2�/ �B�M �1�[�b�X�U�k�X�R�j�V���M�/�U�k�X�R�8�V�- �2�t�?�B�#�B�i�b

�� �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7O(n3)�- �r�?�2�`�2n �`�2�T�`�2�b�2�M�i�b �i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�b�2�`�p�2�/ �/���i��

�T�Q�B�M�i�b�X �h�?�B�b �+�m�#�B�+ �+�Q�K�T�H�2�t�B�i�v �`�2�M�/�2�`�b �:�S�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �B�M�i�2�M�b�B�p�2 ���M�/ �Q�7�i�2�M �B�K�T�`���+�i�B�+���H

�7�Q�` �H���`�;�2 �/���i���b�2�i�b �+�Q�M�i���B�M�B�M�; �i�?�Q�m�b���M�/�b �Q�` �K�Q�`�2 �/���i�� �T�Q�B�M�i�b�X �h�Q ���/�/�`�2�b�b �i�?�B�b �+�Q�K�T�m�i���i�B�Q�M���H

�B�b�b�m�2�- �p���`�B�Q�m�b ���T�T�`�Q�t�B�K���i�B�Q�M�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �i�Q �b�+���H�2 �m�T �B�M�7�2�`�2�M�+�2 �7�Q�` �H���`�;�2 �/���i���b�2�i�b�X

�A�M �i�?�B�b �+�Q�M�i�2�t�i�- �r�2 �r�B�H�H �+�Q�M�+�2�M�i�`���i�2 �Q�M�B�M�/�m�+�B�M�; �T�Q�B�M�i�b�@�#���b�2�/ �p���`�B���i�B�Q�M���H �b�T���`�b�2 �:�S�b �(�e�y���e�k�)�-

���b �B�i �B�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �i�`���+�i���#�H�2 ���M�/ ���H�H�Q�r�b �i�?�2 �/�B�b�i���M�+�2 ���b�b�2�b�b�K�2�M�i �i�Q �i�?�2 �2�t���+�i �:�S �(�e�j�)�X

�6�Q�` �� �K�Q�`�2 �B�M�@�/�2�T�i�? �B�M�p�2�b�i�B�;���i�B�Q�M �Q�7 �b�+���H���#�H�2 �:�S �K�2�i�?�Q�/�b �U�b�m�+�? ���b �/�B�b�i�`�B�#�m�i�2�/ �:�S�b �(�e�9�-�e�8�)

���M�/ �`���M�/�Q�K �6�Q�m�`�B�2�` �7�2���i�m�`�2�b �(�e�e�)�V�- �`�2���/�2�`�b ���`�2 �/�B�`�2�+�i�2�/ �i�Q �i�?�2 �Q�p�2�`�p�B�2�r �T���T�2�` �B�M �(�e�d�)�X

�h�?�2 �;�2�M�2�`���H �B�/�2�� �#�2�?�B�M�/ �b�T���`�b�2 �:�S�b �B�M�p�Q�H�p�2�b ���T�T�`�Q�t�B�K���i�B�M�; �i�?�2 �7�m�H�H�- �2�t���+�i �:�S�-f (�) �



�k�k �*�?���T�i�2�` �k�, �"���+�F�;�`�Q�m�M�/

GP(0; k(�; �)) �- �r�B�i�? �� �b�K���H�H�2�` �b�m�#�b�2�i �Q�7 �b�Q�@�+���H�H�2�/ �ó�B�M�/�m�+�B�M�; �T�Q�B�M�i�b�X�ô �h�?�2�b�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b

�b�2�`�p�2 ���b �`�2�T�`�2�b�2�M�i���i�B�p�2�b �Q�7 �i�?�2 �2�M�i�B�`�2 �/���i���b�2�iD = ( X ; �7) = f x i ; f (x i )gn
i =1 �- �2�M���#�H�B�M�;

�i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �2�t���+�i �:�S �Q�p�2�` �i�?�2�b�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�- �r�?�B�+�? �b�B�;�M�B�}�+���M�i�H�v �`�2�/�m�+�2�b

�+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �(�e�y���e�k�)�X

�a�T�2�+�B�}�+���H�H�v�- �H�2�i �m�b �/�2�M�Q�i�2 �� �b�2�i �Q�7 �UM 2 N�V �B�M�i�`�Q�/�m�+�2�/ �B�M�/�m�+�B�M�; �T�Q�B�M�i�b ���b(Z ; �m) =

f �xi ; �mi gM
i =1 �- �r�?�2�`�2 �i�?�2 �B�M�/�m�+�B�M�; �Q�m�i�T�m�i�b�m= f (Z ) 2 RM ���`�2 �i�?�2 �:�S �7�m�M�+�i�B�Q�M �p���H�m�2�b

�2�p���H�m���i�2�/ ���i �i�?�2 �B�M�/�m�+�B�M�; �B�M�T�m�i�bZ = f �xi gM
i =1 � X �X �h�?�B�b ���m�;�K�2�M�i�b �i�?�2 �:�S �T�`�B�Q�` �i�Q �#�2
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; �U�k�X�k�y�V

�r�?�2�`�2�72 Rn �`�2�T�`�2�b�2�M�i�b �i�?�2 �7�m�H�H �:�S �7�m�M�+�i�B�Q�M �2�p���H�m���i�B�Q�M�b�X

�o���`�B���i�B�Q�M���H �b�T���`�b�2 �:�S�b �H�2�p�2�`���;�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �+�Q�m�T�H�2�/ �r�B�i�? �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �i�Q

�+�Q�M�b�i�`�m�+�i �� �H�Q�r�@�`���M�F ���T�T�`�Q�t�B�K���i�B�Q�M �i�Q �i�?�2 �m�M�/�2�`�H�v�B�M�; �:�S �T�Q�b�i�2�`�B�Q�`p(�7j y )�X �a�T�2�+�B�}�+���H�H�v�-

�2�K�T�H�Q�v�B�M�; �� �T�`�Q�+�2�b�b ���M���H�Q�;�Q�m�b �i�Q �i�?�2 �;�2�M�2�`�B�+ �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �Q�m�i�H�B�M�2�/ �B�M �a�2�+�i�B�Q�M

�k�X�R�X�9�- �r�2 �+���M ���b�b�m�K�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �H���i�2�M�i �p���`�B���#�H�2�b �B�M �i�?�2

���m�;�K�2�M�i�2�/ �:�S �K�Q�/�2�H �(�e�j�)�-

q(�7; �m) = p(�7j �m)q(�m); �U�k�X�k�R�V

�r�?�2�`�2q(�m) = N (�K; �a)�- ���M�/ �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M

p(�7j �m) = N
�
�7j K XZ K � 1

ZZ �m; K XX � K XZ K � 1
ZZ K >

XZ

�
: �U�k�X�k�k�V

�a�m�#�b�2�[�m�2�M�i�H�v�- �b�B�K�B�H���` �i�Q �1�[�X�U�k�X�e�V�- �r�2 �+���M �K�B�M�B�K�B�x�2 �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2 �#�2�i�r�2�2�M �i�?�2

�p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M ���M�/ �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�- �B�X�2�X�-

�K�B�M
� ;q(�7;�m)

�E�G(q(�7; �m)kp(�7; �mj �v)) = �H�Q�;p(y ) � Eq(�7;�m)

�
�H�Q�;

p(y ; �7; �m)
q(�7; �m)

�
; �U�k�X�k�j�V

�r�?�B�+�? �B�b �2�[�m�B�p���H�2�M�i �i�Q �K���t�B�K�B�x�B�M�; �i�?�2 �1�G�"�P

�K���t
� ;q(�7;�m)

L (� ; q(�7; �m)) = Eq(�7;�m)

�
�H�Q�;

p(y ; �7; �m)
q(�7; �m)

�
; �U�k�X�k�9�V

�;�B�p�2�M �i�?���i �i�?�2 �E�G �/�B�p�2�`�;�2�M�+�2�E�G(q(�7; �m)kp(�7; �mj y )) � 0 ���H�r���v�b �?�Q�H�/�b�X �J���t�B�K�B�x�B�M�; �i�?�2

�1�G�"�P �r�B�i�? �`�2�b�T�2�+�i �i�Qq(�7; �m) �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �B�M�7�2�`�`�B�M�; �i�?�2 ���m�;�K�2�M�i�2�/ �:�S �T�Q�b�i�2�`�B�Q�` �r�?�B�H�2

�K���t�B�K�B�x�B�M�; �i�?�2 �1�G�"�P �r�B�i�? �`�2�b�T�2�+�i �i�Q �:�S �?�v�T�2�`�T���`���K�2�i�2�`�b� �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �:�S �K�Q�/�2�H

�H�2���`�M�B�M�;�X

�h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 �1�G�"�P �K���t�B�K�B�x���i�B�Q�M ���M�/ �i�?�2 �:�S �B�M�7�2�`�2�M�+�2 �B�b

�Q�7 �i�?�2O(nM 2) �(�e�y�)�X �h�?�B�b �B�b �2�p�B�/�2�M�+�2�/ �#�v �i�?�2 ���T�T�`�Q�t�B�K���i�2 �:�S �T�Q�b�i�2�`�B�Q�`�- �r�?�B�+�? �B�b �M�Q�r

�`�2�T�`�2�b�2�M�i�2�/ ���b

p(�7j y ) � q(�7) =
Z

�m
q(�7; �m)�/�m �U�k�X�k�8���V



�k�X�k �:���m�b�b�B���M �S�`�Q�+�2�b�b�2�b �U�:�S�b�V �k�j

=
Z

�m
p(�7j �m)q(�m)�/�m �U�k�X�k�8�#�V

= N
�
�7j K XZ K � 1

ZZ �K; K XX � K XZ K � 1
ZZ (K ZZ � �a)K � 1

ZZ K >
XZ

�
: �U�k�X�k�8�+�V

�A�M �+�Q�M�i�`���b�i �i�Q �i�?�2 �2�t���+�i �:�S �T�Q�b�i�2�`�B�Q�` �T�`�2�b�2�M�i�2�/ �B�M �1�[�X�U�k�X�R�j�V�- �1�[�X�U�k�X�k�8�+�V�+�B�`�+�m�K�p�2�M�i�b

�i�?�2 �M�2�2�/ �7�Q�` �/�B�`�2�+�i �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �7�m�H�H �F�2�`�M�2�H �K���i�`�B�t �B�M�p�2�`�b�B�Q�M�- �i�?�2�`�2�#�v �b�B�;�M�B�}�+���M�i�H�v

�`�2�/�m�+�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v�X

�A�i �B�b �M�Q�i�2�r�Q�`�i�?�v �i�?�2 �1�G�"�P �B�b ���H�b�Q ���K�2�M���#�H�2 �i�Q �b�i�Q�+�?���b�i�B�+ �Q�T�i�B�K�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2�b�-

�m�i�B�H�B�x�B�M�; �K�B�M�B�#���i�+�?�2�b �#�v �b�m�#�b���K�T�H�B�M�; �i�?�2 �b�m�K �Q�p�2�`n �B�M�/�2�T�2�M�/�2�M�i ���M�/ �B�/�2�M�i�B�+���H�H�v �/�B�b�i�`�B�#�m�i�2�/

�U�B�X�B�X�/�X�V �/���i�� �T�Q�B�M�i�b�X �h�?�B�b ���T�T�`�Q���+�? �H�2���/�b �i�Q �� �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7O(M 3) �/�m�`�B�M�;

�i�?�2 �i�`���B�M�B�M�; �T�?���b�2 �(�e�R�-�e�k�) �X



�*�?���T�i�2�` �j

�:���m�b�b�B���M �S�`�Q�+�2�b�b �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b

�U�:�S�a�a�J�b�V

�h�?�B�b �+�?���T�i�2�` ���B�K�b �i�Q �T�`�Q�p�B�/�2 �� �b�2�H�7�@�+�Q�M�i���B�M�2�/ �`�2�p�B�2�r �Q�7 �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b

�U�:�S�a�a�J�b�V�X �6�B�`�b�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �;�2�M�2�`�B�+ �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b �U�a�a�J�b�V �B�M �a�2�+�i�B�Q�M�j�X�R���M�/

�/�B�b�+�m�b�b �i�?�2�B�` �H�B�K�B�i���i�B�Q�M�b �B�M �+�Q�K�T�H�2�t �b�+�2�M���`�B�Q�b�- �?�B�;�?�H�B�;�?�i�B�M�; �i�?�2 �K�Q�i�B�p���i�B�Q�M ���M�/ �M�2�+�2�b�b�B�i�v �7�Q�`

�m�b�B�M�; �:�S�a�a�J�b�X �a�2�+�i�B�Q�M�j�X�k�Q�z�2�`�b �� �b�v�b�i�2�K���i�B�+ �B�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �i�?�2 �:�S�a�a�J�- �i�?�2 �T�`�B�K���`�v

�K�Q�/�2�H �m�M�/�2�` �+�Q�M�b�B�/�2�`���i�B�Q�M �i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �i�?�2�b�B�b�X �6�Q�H�H�Q�r�B�M�; �i�?�B�b�- �B�M �a�2�+�i�B�Q�M�j�X�j�- �r�2 �b�m�`�p�2�v

�2�t�B�b�i�B�M�; �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �r�Q�`�F�b �Q�M �:�S�a�a�J�b�- �r�B�i�? �� �T���`�i�B�+�m�H���` �2�K�T�?���b�B�b �Q�M �i�?�Q�b�2

�2�K�T�H�Q�v�B�M�; �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�X

�j�X�R �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�a�a�J�b�V

�:�2�M�2�`���H�H�v�- ���M �a�a�J �+���T�i�m�`�2�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �H���i�2�M�i �b�i���i�2�tt 2 Rdx �U�2�X�;�X�- �i�?�2

�T�Q�b�B�i�B�Q�M �B�M �1�t���K�T�H�2�R�X�R�V ���M�/ �i�?�2 �Q�#�b�2�`�p�2�/ �K�2���b�m�`�2�K�2�M�i�vt 2 Rdy �U�2�X�;�X�- �r�B�`�2�H�2�b�b �b�B�;�M���H

�b�i�`�2�M�;�i�?�V�X ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�X�j�X�R�- �i�?�2 �a�a�J �+�Q�M�b�B�/�2�`�2�/ �B�M �i�?�B�b �i�?�2�b�B�b �B�b �/�2�b�+�`�B�#�2�/ ���b

�7�Q�H�H�Q�r�b�,

�tt+1 = f (�tt ; ct ) + �pt �U�j�X�R���V

�vt = g(�tt ) + �2t �U�j�X�R�#�V

�r�?�2�`�2 �i�?�2 �b�i���i�2 �/�v�M���K�B�+�b �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�Mf (�) : Rdx + dc 7! Rdx ���/�?�2�`�2

�i�Q �� �}�`�b�i�@�Q�`�/�2�` �J���`�F�Q�p �T�`�Q�T�2�`�i�v�- ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i���i�2 �K�2���b�m�`�2�K�2�M�i�b�f�Q�#�b�2�`�p���i�B�Q�M�b

���`�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �7�m�M�+�i�B�Q�Mg(�) : Rdx 7! Rdy �- ���H�b�Q �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2

�2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�X �h�?�2 �+�Q�M�i�`�Q�H �B�M�T�m�i �B�b �/�2�M�Q�i�2�/ �#�vct 2 Rdc �- �r�?�2�`�2���b�pt ���M�/�2t �`�2�T�`�2�b�2�M�i

�i�?�2 �T�`�Q�+�2�b�b ���M�/ �K�2���b�m�`�2�K�2�M�i �M�Q�B�b�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �a�B�M�+�2ct �B�b �i�v�T�B�+���H�H�v �Q�#�b�2�`�p���#�H�2 ���M�/

�/�2�i�2�`�K�B�M�B�b�i�B�+�- �B�i �+���M �#�2 �p�B�2�r�2�/ ���b �T���`�i �Q�7 �i�?�2 ���m�;�K�2�M�i�2�/ �H���i�2�M�i �b�i���i�2��tt = [ �tt ; ct ]�X �>�2�M�+�2�-

�k�9



�j�X�R �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�a�a�J�b�V �k�8

�t0 �t1 � � � �tt � 1 �tt � � �

c0 � � � ct � 2 ct � 1 � � �

�v1 � � � �vt � 1 �vt � � �

�6�B�;�m�`�2 �j�X�R�, �:�`���T�?�B�+���H �K�Q�/�2�H �Q�7 �a�a�J�X �h�`���M�b�T���`�2�M�i �M�Q�/�2�b �`�2�T�`�2�b�2�M�i �H���i�2�M�i �`���M�/�Q�K �p���`�B���#�H�2�b�- ���M�/ �;�`���v

�M�Q�/�2�b �`�2�T�`�2�b�2�M�i �Q�#�b�2�`�p���#�H�2 �p���`�B���#�H�2�b�X

�B�M �i�?�2 �H�B�i�2�`���i�m�`�2�- �7�Q�` �M�Q�i���i�B�Q�M���H �#�`�2�p�B�i�v�-ct �B�b �Q�7�i�2�M �Q�K�B�i�i�2�/�- �T�H���+�B�M�; �2�K�T�?���b�B�b �Q�M �i�?�2 �H���i�2�M�i

�b�i���i�2�b�- �;�B�p�B�M�; �i�?�2 �+�Q�M�b�B�/�2�`�2�/ �K�Q�/�2�H ���b �7�Q�H�H�Q�r�b�,

�tt+1 = f (�tt ) + �pt �U�j�X�k���V

�vt = g(�tt ) + �2t : �U�j�X�k�#�V

�L�2�p�2�`�i�?�2�H�2�b�b�- �r�?�2�M�2�p�2�` �i�?�2 �H���i�2�M�i �b�i���i�2�tt �B�b �+�Q�M�b�B�/�2�`�2�/ ���b ���M �B�M�T�m�i �i�Q �i�?�2 �i�`���M�b�B�i�B�Q�M

�7�m�M�+�i�B�Q�Mf (�)�- �B�i �B�b �B�K�T�H�B�2�/ �i�?���i �i�?�2 �+�Q�M�i�`�Q�H�b ���`�2 �+�Q�M�+���i�2�M���i�2�/ �r�B�i�? �i�?�2 �b�i���i�2�X

�h�?�2 �i�r�Q �B�K�T�Q�`�i���M�i �i���b�F�b �Q�7 �a�a�J�b ���`�2 �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X �G�2���`�M�B�M�; �B�M �a�a�J�b�- ���H�b�Q

�F�M�Q�r�M ���b �b�v�b�i�2�K �B�/�2�M�i�B�}�+���i�B�Q�M �(�e�3�)�- �B�M�p�Q�H�p�2�b �}�M�/�B�M�; �Q�T�i�B�K���H �K�Q�/�2�H �T���`���K�2�i�2�`�b �i�Q ���+�+�m�`���i�2�H�v

�+���T�i�m�`�2 �i�?�2 �/�v�M���K�B�+���H �b�v�b�i�2�K�X �A�M�7�2�`�2�M�+�2�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �`�2�7�2�`�b �i�Q �Q�T�i�B�K���H�H�v �2�b�i�B�K���i�B�M�;

�i�?�2 �H���i�2�M�i �b�i���i�2 �m�b�B�M�; �i�?�2 �Q�#�b�2�`�p���i�B�Q�M �b�2�[�m�2�M�+�2�b �(�d�)�X �A�M �i�?�2 �7�Q�`�i�?�+�Q�K�B�M�; �b�m�#�b�2�+�i�B�Q�M�b�- �r�2

�r�B�H�H �#�`�B�2�~�v �/�B�b�+�m�b�b �#�Q�i�? �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X

�j�X�R�X�R �A�M�7�2�`�2�M�+�2 �Q�7 �G���i�2�M�i �a�i���i�2�b

�q�?�2�M �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�v�b�i�2�K ���`�2 �T�`�2�+�B�b�2�H�v �F�M�Q�r�M�- �M�m�K�2�`�Q�m�b �B�M�7�2�`�2�M�+�2

�K�2�i�?�Q�/�b �7�Q�` �i�?�2 �H���i�2�M�i �b�i���i�2�b�- �/�2�p�2�H�Q�T�2�/ �Q�p�2�` �i�?�2 �T���b�i �/�2�+���/�2�b�- �+���M �#�2 �2�K�T�H�Q�v�2�/�X �1�t���K�T�H�2�b

�B�M�+�H�m�/�2 �i�?�2 �E���H�K���M �}�H�i�2�` �U�E�6�V�- �2�t�i�2�M�/�2�/ �E���H�K���M �}�H�i�2�` �U�1�E�6�V�- �m�M�b�+�2�M�i�2�/ �E���H�K���M �}�H�i�2�`

�U�l�E�6�V�- �2�M�b�2�K�#�H�2 �E���H�K���M �}�H�i�2�` �U�1�M�E�6�V�- ���M�/ �T���`�i�B�+�H�2 �}�H�i�2�` �U�S�6�V �(�d�)�X �1�b�b�2�M�i�B���H�H�v�- ���H�H �i�?�2�b�2

�K�2�i�?�Q�/�b ���B�K �i�Q �Q�#�i���B�M �i�?�2 �}�H�i�2�`�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�Mp(�tt j�v1:t )�- �r�?�B�+�? �B�M�p�Q�H�p�2�b �2�b�i�B�K���i�B�M�; �i�?�2

�b�i���i�2 �Q�7 ���M �a�a�J ���i �i�?�2 �+�m�`�`�2�M�i �i�B�K�2 �b�i�2�Tt �#���b�2�/ �Q�M ���H�H ���p���B�H���#�H�2 �/���i�� �m�T �i�Q �i�?���i �T�Q�B�M�i�X

�h�?�B�b �T�`�Q�+�2�b�b �i�v�T�B�+���H�H�v �B�M�p�Q�H�p�2�b �i�r�Q �K���B�M �b�i�2�T�b�,�T�`�2�/�B�+�i�B�Q�M���M�/�m�T�/���i�2�X

� �S�`�2�/�B�+�i�B�Q�M�,�a�m�T�T�Q�b�2 �B�M �i�B�K�2 �b�i�2�Tt� 1�- �r�2 �?���p�2 �i�?�2 �}�H�i�2�`�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�Mp(�tt � 1j�v1:t � 1)�X

�h�?�2 �T�`�2�/�B�+�i�B�Q�M �b�i�2�T �m�b�2�b �i�?�2 �K�Q�/�2�H �i�`���M�b�B�i�B�Q�M �i�Q �T�`�2�/�B�+�i �i�?�2 �b�i���i�2 ���i �i�?�2 �i�B�K�2 �b�i�2�Tt�X

�A�i �+���M �#�2 �7�Q�`�K�m�H���i�2�/ ���b �7�Q�H�H�Q�r�b�,

p(�tt j�v1:t � 1) =
Z

�tt � 1

p(�tt j�tt � 1)
| {z }

�i�`���M�b�B�i�B�Q�M

p(�tt � 1j�v1:t � 1)
| {z }

�}�H�i�2�`�B�M�;

�/�tt � 1: �U�j�X�j�V



�k�e �*�?���T�i�2�` �j�, �:���m�b�b�B���M �S�`�Q�+�2�b�b �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�:�S�a�a�J�b�V

� �l�T�/���i�2�, �P�M�+�2 �i�?�2 �T�`�2�/�B�+�i�B�Q�M �B�b �K���/�2�- �i�?�2 �m�T�/���i�2 �U�M�2�t�i�V �b�i�2�T �B�b �i�Q �B�M�+�Q�`�T�Q�`���i�2 �i�?�2

�M�2�r �Q�#�b�2�`�p���i�B�Q�M�vt �i�Q �`�2�}�M�2 �i�?�2 �2�b�i�B�K���i�2 �Q�7 �i�?�2 �b�i���i�2�X �h�?�B�b �B�b �/�Q�M�2 �m�b�B�M�; �"���v�2�b�ö

�i�?�2�Q�`�2�K�,

p(�tt j�v1:t ) =
p(�vt j�tt )p(�tt j�v1:t � 1)

p(�vt j�v1:t � 1)
; �U�j�X�9�V

�r�?�2�`�2p(�vt j�v1:t � 1) �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �K���`�;�B�M���H�B�x�B�M�; �Q�m�i�tt �,

p(�vt j�v1:t � 1) =
Z

�tt

p(�vt j�tt )p(�tt j�v1:t � 1)�/�tt : �U�j�X�8�V

�"�v �`�2�+�m�`�b�B�p�2�H�v �B�i�2�`���i�B�M�; �i�?�2�b�2 �i�r�Q �b�i�2�T�b�- �r�2 �+���M �;�2�i �i�?�2 �}�H�i�2�`�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i

�b�i���i�2�bp(�t1:t j�v1:t )�X

���7�i�2�` �+�Q�K�T�H�2�i�B�M�; �i�?�2 �}�H�i�2�`�B�M�; �T�`�Q�+�2�b�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �H���i�2�M�i �b�i���i�2�b�- �#���+�F�r���`�/�b�K�Q�Q�i�?�@

�B�M�;�+���M �#�2 ���T�T�H�B�2�/ �i�Q �`�2�}�M�2 �i�?�2 �2�b�i�B�K���i�2�b �Q�7 �T���b�i �b�i���i�2�b �#�v �H�2�p�2�`���;�B�M�; �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K ���H�H

���p���B�H���#�H�2 �Q�#�b�2�`�p���i�B�Q�M�b�X �h�?�B�b �#���+�F�r���`�/ �T�`�Q�T���;���i�B�Q�M �m�i�B�H�B�x�2�b �"���v�2�b�B���M �B�M�7�2�`�2�M�+�2 �T�`�B�M�+�B�T�H�2�b

�i�Q �B�i�2�`���i�B�p�2�H�v �2�M�?���M�+�2 �i�?�2 ���+�+�m�`���+�v �Q�7 �T���b�i �b�i���i�2 �2�b�i�B�K���i�B�Q�M�b�X �h�?�2 �b�K�Q�Q�i�?�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M

p(�tt j�v1:T ) ���i �i�B�K�2 �b�i�2�Tt �U�b�m�T�T�Q�b�2 �i�?���i �i�?�2 �H�2�M�;�i�? �Q�7 �Q�#�b�2�`�p�2�/ �b�2�[�m�2�M�+�2 �B�bT�V �+���M �#�2

�7�Q�`�K�m�H���i�2�/ ���b �(�d�)�,

p(�tt j�v1:T ) = p(�tt j�v1:t )
Z

�tt +1

p(�tt+1 j�tt )p(�tt+1 j�v1:T )
p(�tt+1 j�v1:t )

�/�tt+1 : �U�j�X�e�V

�"�v �B�M�i�2�;�`���i�B�M�; �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �7�m�i�m�`�2 �i�B�K�2 �b�i�2�T�b �B�M�i�Q �2���`�H�B�2�` �Q�M�2�b�- �b�K�Q�Q�i�?�B�M�; �B�b �2�t�T�2�+�i�2�/

�i�Q �v�B�2�H�/ �� �K�Q�`�2 �`�Q�#�m�b�i �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2�b�- ���H�#�2�B�i �M�2�+�2�b�b�B�i���i�B�M�; �i�?�2 �K���B�M�i�2�M���M�+�2

�Q�7 �i�?�2 �2�M�i�B�`�2 �Q�#�b�2�`�p�2�/ �/���i���v1:T �X

�j�X�R�X�k �G�2���`�M�B�M�; �Q�7 �J�Q�/�2�H �S���`���K�2�i�2�`�b

�L�Q�i�2 �i�?���i �B�M �a�2�+�i�B�Q�M�j�X�R�X�R�- �r�2 �Q�T�2�`���i�2�/ �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2

�a�a�J ���`�2 �F�M�Q�r�M�- �r�B�i�? �Q�M�H�v �i�?�2 �b�i���i�2 �`�2�[�m�B�`�B�M�; �2�b�i�B�K���i�B�Q�M�X �>�Q�r�2�p�2�`�- �B�M �T�`���+�i�B�+���H �b�+�2�M���`�B�Q�b�-

�i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 ���b�b�m�K�2�/ �7�m�M�+�i�B�Q�M���H �7�Q�`�K�b �7�Q�` �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b �+���M ���H�b�Q �#�2

�m�M�F�M�Q�r�M�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �i���b�F �Q�7 �H�2���`�M�B�M�; �B�b �i�Q �}�M�/ �i�?�2�b�2 �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b�X

�G�2�i �m�b �/�2�M�Q�i�2 �i�?�2 �T���`���K�2�i�2�`�b �B�M �i�?�2 �a�a�J �/�2�T�B�+�i�2�/ �B�M �1�[�X�U�j�X�k�V���b� �X �h�?�2 �"���v�2�b�B���M

���T�T�`�Q���+�? �i�Q �?���M�/�H�B�M�; �i�?�2�b�2 �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b �B�M�p�Q�H�p�2�b �K�Q�/�2�H�B�M�; �i�?�2�K ���b �`���M�/�Q�K

�p���`�B���#�H�2�b �r�B�i�? �� �+�2�`�i���B�M �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M� � p(� ) �U�r�B�i�? �T�Q�i�2�M�i�B���H �?�v�T�2�`�T���`���K�2�i�2�`�b

�/�2�M�Q�i�2�/ �#�v� �V�X ���M �a�a�J �r�B�i�? �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b �i�?�m�b �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�`�K

� � p(� ) �U�j�X�d���V

�t0 � p(�t0j� ) �U�j�X�d�#�V

�tt � p(�tt j�tt � 1; � ) �U�j�X�d�+�V



�j�X�R �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�a�a�J�b�V �k�d

�vt � p(�vt j�tt ; � ) �U�j�X�d�/�V

�P�7 �+�Q�m�`�b�2�- �Q�m�` �;�Q���H �B�b �i�Q �Q�#�i���B�M �i�?�2 �7�m�H�H �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�- �m�b�B�M�; �"���v�2�b�n�`�m�H�2�,

p(�t0:T ; � j�v1:T ) =
p(�v1:T j�t0:T ; � )p(�t0:T j� )p(� )

p(�v1:T )
�U�j�X�3�V

�r�?�2�`�2

p(�t0:T j� ) = p(�t0j� )
TY

t=1

p(�tt j�tt � 1; � ); �U�j�X�N�V

p(�v1:T j�t0:T ; � ) =
TY

t=1

p(�vt j�tt ; � ): �U�j�X�R�y�V
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�r�?�B�+�? �B�b �?���`�/ ���M�/ �#�2�+�Q�K�2�b �2�p�2�M �?���`�/�2�` ���b �r�2 �Q�#�i���B�M �K�Q�`�2 �K�2���b�m�`�2�K�2�M�i�b�X �h�Q �2�b�i�B�K���i�2

�i�?�2 �T���`���K�2�i�2�`�b�- �#�`�Q���/�H�v �b�T�2���F�B�M�;�- �i�?�2�`�2 ���`�2 �i�r�Q �i�v�T�2�b �Q�7 �K�2�i�?�Q�/�b�, �K���t�B�K�m�K �� �T�Q�b�i�2�`�B�Q�`�B

�U�J���S�V ���M�/�f�Q�` �K���t�B�K�m�K �H�B�F�2�H�B�?�Q�Q�/ �U�J�G�V �2�b�i�B�K���i�2�b�- ���M�/ �J�Q�M�i�2 �*���`�H�Q ���T�T�`�Q�t�B�K���i�B�Q�M�b �Q�7

�i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �6�Q�` �2�t���K�T�H�2�- �Q�M�2 �+���M �+�Q�K�#�B�M�2 �}�H�i�2�`�B�M�;�f�b�K�Q�Q�i�?�B�M�; ���M�/ �i�?�2

�2�t�T�2�+�i���i�B�Q�M�@�K���t�B�K�B�x���i�B�Q�M �U�1�J�V ���H�;�Q�`�B�i�?�K �i�Q �B�i�2�`���i�B�p�2�H�v �}�M�/ �i�?�2 �J�G �Q�` �J���S �2�b�i�B�K���i�2

�(�e�N�-�d�y�)�- �Q�` �+�Q�M�b�i�`�m�+�i �� �:�B�#�#�b �b���K�T�H�2�` ���M�/ ���H�i�2�`�M���i�2 �#�2�i�r�2�2�M �b���K�T�H�B�M�; �7�`�Q�K �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b

p(�t0:T j�v1:T ; � ) ���M�/p(� j�t0:T ; �v1:T ) �(�d�R�)�X

�j�X�R�X�j �.���i���@�.�`�B�p�2�M �a�a�J�b

�>�Q�r�2�p�2�`�- �B�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i �i�`���/�B�i�B�Q�M���H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �K�2�i�?�Q�/�b �B�M �+�H���b�b�B�+

�a�a�J�b ���`�2 �i�v�T�B�+���H�H�v �K�Q�/�2�H�@�#���b�2�/�X �h�?���i �B�b�- �i�?�2�v ���b�b�m�K�2 �i�?���i �i�?�2 �m�M�/�2�`�H�v�B�M�; �/�v�M���K�B�+�b

���`�2 �T�`�2�+�B�b�2�H�v �F�M�Q�r�M�- �Q�` ���i �H�2���b�i �i�?�2 �7�m�M�+�i�B�Q�M���H �7�Q�`�K�b �Q�7 �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b ���`�2 �F�M�Q�r�M�-

�H�2���p�B�M�; �� �T�Q�`�i�B�Q�M �Q�7 �T���`���K�2�i�2�`�b �i�Q �#�2 �2�b�i�B�K���i�2�/�X �A�M �+�Q�K�T�H�2�t ���M�/ �+�?���H�H�2�M�;�B�M�; �b�+�2�M���`�B�Q�b�-

�b�m�+�? ���b �K�Q�/�2�H�@�#���b�2�/ �`�2�B�M�7�Q�`�+�2�K�2�M�i �H�2���`�M�B�M�; �(�R�R�) ���M�/ �/�B�b�2���b�2 �2�T�B�/�2�K�B�+ �T�`�Q�T���;���i�B�Q�M �(�9�)�- �i�?�2

�m�M�/�2�`�H�v�B�M�; �b�v�b�i�2�K �/�v�M���K�B�+�b ���`�2 �/�B�{�+�m�H�i �i�Q �/�2�i�2�`�K�B�M�2�� �T�`�B�Q�`�B�(�R�y�)�X �h�?�m�b�- �i�?�2 �/�v�M���K�B�+�b

�M�2�2�/ �i�Q �#�2 �H�2���`�M�2�/ �7�`�Q�K �i�?�2 �Q�#�b�2�`�p�2�/ �M�Q�B�b�v �K�2���b�m�`�2�K�2�M�i�b ���b �r�2�H�H�- �H�2���/�B�M�; �i�Q �i�?�2 �2�K�2�`�;�2�M�+�2

�Q�7 �/���i���@�/�`�B�p�2�M �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b�X �h�?�2 �`�2�T�`�2�b�2�M�i���i�B�p�2 �+�H���b�b�2�b �Q�7 �/���i���@�/�`�B�p�2�M �b�i���i�2�@�b�T���+�2

�K�Q�/�2�H�b �B�M�+�H�m�/�2 �/�2�2�T �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�b �U�.�a�a�J�b�V �(�8�-�R�k�-�d�k�) ���M�/ �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�i���i�2�@

�b�T���+�2 �K�Q�/�2�H�b �U�:�S�a�a�J�b�V �(�d�j�)�X �.�a�a�J�b �2�K�T�H�Q�v �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b �(�k�9�) �r�?�B�H�2 �:�S�a�a�J�b

�H�2�p�2�`���;�2 �:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b �(�R�e�) ���b �i�?�2 �+�Q�`�2 �/���i���@�/�`�B�p�2�M �K�Q�/�m�H�2 �i�Q �H�2���`�M �i�?�2 �m�M�/�2�`�H�v�B�M�;

�+�Q�K�T�H�2�t �b�v�b�i�2�K �/�v�M���K�B�+�b�X

�"�2�+���m�b�2 �Q�7 �i�?�2 �T�Q�r�2�`�7�m�H �K�Q�/�2�H �`�2�T�`�2�b�2�M�i���i�B�Q�M �+���T���#�B�H�B�i�v �Q�7 �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b�-

�.�a�a�J�b ���`�2 �T���`�i�B�+�m�H���`�H�v �b�m�B�i���#�H�2 �7�Q�` �K�Q�/�2�H�B�M�; �+�Q�K�T�H�2�t ���M�/ �?�B�;�?�@�/�B�K�2�M�b�B�Q�M���H �/�v�M���K�B�+���H



�k�3 �*�?���T�i�2�` �j�, �:���m�b�b�B���M �S�`�Q�+�2�b�b �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�:�S�a�a�J�b�V

�b�v�b�i�2�K�b�X ���b �� �`�2�b�m�H�i�- �i�?�2�v �?���p�2 �7�Q�m�M�/ �b�Q�K�2 ���T�T�H�B�+���i�B�Q�M�b �B�M �`�2���H�@�r�Q�`�H�/ �b�+�2�M���`�B�Q�b�- �7�Q�`

�2�t���K�T�H�2�- �/�B�b�2���b�2 �T�`�Q�;�`�2�b�b�B�Q�M ���M���H�v�b�B�b �(�9�)�- �K�2�/�B�+���i�B�Q�M �2�z�2�+�i ���M���H�v�b�B�b �(�8�)�- ���M�/ �M�Q�M�H�B�M�2���`

�b�v�b�i�2�K �B�/�2�M�i�B�}�+���i�B�Q�M �(�d�9�)�X �>�Q�r�2�p�2�`�- �b�2�p�2�`���H �p�B�i���H �H�B�K�B�i���i�B�Q�M�b �2�t�B�b�i �B�M �.�a�a�J�b�,

� �h�?�2 �i�`���M�b�B�i�B�Q�M ���M�/�f�Q�` �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�b �B�M �.�a�a�J�b ���`�2 �K�Q�/�2�H�2�/ �#�v �/�2�2�T �M�2�m�`���H

�M�2�i�r�Q�`�F�b �i�?���i �i�v�T�B�+���H�H�v �`�2�[�m�B�`�2 �� �b�m�#�b�i���M�i�B���H ���K�Q�m�M�i �Q�7 �/���i�� �i�Q �i�m�M�2 �� �H���`�;�2 �M�m�K�#�2�`

�Q�7 �K�Q�/�2�H �T���`���K�2�i�2�`�b�X

� �.�a�a�J�b �#�m�B�H�i �Q�M �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b ���`�2 �#�H���+�F�@�#�Q�t �K�Q�/�2�H�b�- �r�?�B�+�? �K���F�2�b �i�?�2�K �`�B�b�F�v

�i�Q �m�b�2 �B�M �b���7�2�i�v�@�+�`�B�i�B�+���H ���T�T�H�B�+���i�B�Q�M�b �(�d�8�-�d�e�)�X

� �A�i �B�b �/�B�{�+�m�H�i�- �B�7 �M�Q�i �B�K�T�Q�b�b�B�#�H�2�- �i�Q �;�B�p�2 ���M �2�t�T�H�B�+�B�i �m�M�+�2�`�i���B�M�i�v �[�m���M�i�B�}�+���i�B�Q�M �7�Q�` �i�?�2

�i�`���M�b�B�i�B�Q�M�f�2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�b �B�M �.�a�a�J�b ���M�/ �i�?�2�B�` �T�`�2�/�B�+�i�B�Q�M�b �(�d�d�)�X

�h�Q �Q�p�2�`�+�Q�K�2 �i�?�2�b�2 �H�B�K�B�i���i�B�Q�M�b�- �r�2 �+���M �i�m�`�M �Q�m�` ���i�i�2�M�i�B�Q�M �i�Q �"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+

�K�Q�/�2�H�b�X ���b �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M�k�X�R�X�k�- �"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+ �K�Q�/�2�H�b ���`�2 �/�B�`�2�+�i�H�v

�T���`���K�2�i�2�`�B�x�2�/ �#�v �i�?�2 �/���i�� ���M�/ �T�Q�b�b�2�b�b �i�?�2 ���#�B�H�B�i�v �i�Q ���/���T�i �K�Q�/�2�H �+�Q�K�T�H�2�t�B�i�v ���m�i�Q�K���i�B�+���H�H�v

�i�Q �Q�#�b�2�`�p���i�B�Q�M�b�X �h�?�2�v ���`�2 �F�M�Q�r�M �7�Q�` �i�?�2�B�` �/���i�� �2�{�+�B�2�M�+�v�- �T���`�i�B�+�m�H���`�H�v �#�2�M�2�}�+�B���H �7�Q�` �H�2���`�M�B�M�;

�7�`�Q�K �b�K���H�H �/���i���b�2�i�b�X �A�K�T�Q�`�i���M�i�H�v�- �"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+ �K�Q�/�2�H�b ���`�2 �Q�7�i�2�M �B�M�i�2�`�T�`�2�i���#�H�2

���M�/ �M���i�m�`���H�H�v ���+�+�Q�m�M�i �7�Q�` �K�Q�/�2�H �m�M�+�2�`�i���B�M�i�v �m�b�B�M�; �"���v�2�b�ö �`�m�H�2�X �:���m�b�b�B���M �T�`�Q�+�2�b�b�2�b�- ���b

�T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�k�X�k�- ���`�2 ���`�;�m���#�H�v �Q�M�2 �Q�7 �i�?�2 �K�Q�b�i �T�Q�T�m�H���` �"���v�2�b�B���M �M�Q�M�T���`���K�2�i�`�B�+

�K�Q�/�2�H�b �B�M �K���+�?�B�M�2 �H�2���`�M�B�M�; �(�R�e�)�X �l�i�B�H�B�x�B�M�; �:�S�b ���b �7�m�M�+�i�B�Q�M �T�`�B�Q�`�b �7�Q�`f (�) ���M�/g(�) �B�M �i�?�2

�a�a�J �;�B�p�2�b �`�B�b�2 �i�Q �i�?�2 �:�S�a�a�J�- �r�?�B�+�? �r�B�H�H �#�2 �/�2�i���B�H�2�/ �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M �(�R�8�-�d�3�)�X

�j�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M �Q�7 �:�S�a�a�J

�S�H���+�B�M�; �:�S �T�`�B�Q�`�b �Q�p�2�` �#�Q�i�? �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M ���M�/ �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M �B�M �i�?�2 �a�a�J�-

�b�2�2 �1�[�X �U�j�X�k�V�- �H�2���/�b �i�Q �i�?�2 �r�2�H�H�@�F�M�Q�r�M �:�S�a�a�J�X �>�Q�r�2�p�2�`�- �b�m�+�? �:�S�a�a�J �B�M�+�m�`�b �b�2�p�2�`�2

�M�Q�M�B�/�2�M�i�B�}���#�B�H�B�i�v �B�b�b�m�2�b �#�2�i�r�2�2�M �i�?�2 �b�i���i�2 �i�`���M�b�B�i�B�Q�M ���M�/ �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�b �(�d�N�)�X �h�Q

�K�B�i�B�;���i�2 �i�?�B�b �B�b�b�m�2�- �i�?�2 �H�B�i�2�`���i�m�`�2 �i�v�T�B�+���H�H�v �+�Q�M�b�B�/�2�`�b �� �:�S�a�a�J �r�B�i�? �� �:�S �i�`���M�b�B�i�B�Q�M

�7�m�M�+�i�B�Q�M ���M�/ �� �T���`���K�2�i�`�B�+ �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�- �r�?�B�+�? �K���B�M�i���B�M�b �i�?�2 �b���K�2 �K�Q�/�2�H �+���T���+�B�i�v ���b

�i�?�2 �Q�`�B�;�B�M���H �:�S�a�a�J�- ���H�#�2�B�i ���i �i�?�2 �2�t�T�2�M�b�2 �Q�7 �M�2�+�2�b�b�B�i���i�B�M�; �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �H���i�2�M�i �b�i���i�2�b

�r�B�i�? �B�M�+�`�2���b�2�/ �/�B�K�2�M�b�B�Q�M���H�B�i�v �(�d�j�)�X �h�?�2 �`�2�b�m�H�i �B�b �b�m�K�K���`�B�x�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�X

�h�?�2�Q�`�2�K �j�X�R�X�6�Q�` �i�?�2 �:�S�a�a�J �r�B�i�? �i�?�2 �i� �̀��M�b�B�i�B�Q�M ���M�/ �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M�b �K�Q�/�2�H�2�/ �#�v

�:�S�b�- �i�?���i �B�b

�tt+1 = h(�tt ) + �pt ; h(�) � GP h(�; �); �U�j�X�R�R���V

�vt = g(�tt ) + �2t ; g(�) � GP g(�; �); �U�j�X�R�R�#�V



�j�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M �Q�7 �:�S�a�a�J �k�N

�t0 �t1 � � � �tt � 1 �tt � � �

� � � �71 � � � �7t � 1 �7t � � �

�v1 � � � �vt � 1 �vt � � �

�6�B�;�m�`�2 �j�X�k�, �:�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �:�S�a�a�J�X �h�?�2 �r�?�B�i�2 �+�B�`�+�H�2�b �B�M�/�B�+���i�2 �i�?���i �i�?�2 �p���`�B���#�H�2�b ���`�2 �H���i�2�M�i�-

�r�?�B�H�2 �i�?�2 �;�`���v �+�B�`�+�H�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �Q�#�b�2�`�p���#�H�2 �p���`�B���#�H�2�b�X �h�?�2 �i�?�B�+�F �?�Q�`�B�x�Q�M�i���H �#���` �`�2�T�`�2�b�2�M�i�b �� �b�2�i �Q�7 �7�m�H�H�v

�+�Q�M�M�2�+�i�2�/ �M�Q�/�2�b�- �B�X�2�X�- �i�?�2 �:�S�X

�#�v �/�2�}�M�B�M�; �i�?�2 ���m�;�K�2�M�i�2�/ �b�i���i�2��tt , [�tt+1 ; g(�tt )]> �- �:�Sf (��tt ) , [h(�tt+1 ); g(�tt+1 )]> �- ���M�/

�i�?�2 ���m�;�K�2�M�i�2�/ �T� �̀Q�+�2�b�b �M�Q�B�b�2�r t , [�pt+1 ; �y]> �- �i�?�2 �Q�`�B�;�B�M���H �K�Q�/�2�H �B�M �1�[�X �U�j�X�R�R�V �+���M �#�2

� �̀2�7�Q�`�K�m�H���i�2�/ �i�Q �� �:�S�a�a�J �r�B�i�? �� �:�S �i� �̀��M�b�B�i�B�Q�M ���M�/ �� �b�B�K�T�H�2 �T��� �̀��K�2�i�`�B�+ �2�K�B�b�b�B�Q�M�-

��tt+1 = f (��tt ) + �r t ; f (�) � GP f (�; �); �U�j�X�R�k���V

�vt = [ 0; I ] ��tt + �2t ; �U�j�X�R�k�#�V

�b�Q ���b �i�Q �K�B�i�B�;���i�2 �i�?�2 �b�2�p�2� �̀2 �M�Q�M�B�/�2�M�i�B�}���#�B�H�B�i�v �B�b�b�m�2�X

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �Q�7 �i�?�B�b �i�?�2�Q�`�2�K �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/ ���M�/ �+���M �#�2 �+�Q�M�+�H�m�b�B�p�2�H�v �/�2�K�Q�M�b�i�`���i�2�/

�m�T�Q�M �+���`�2�7�m�H �2�t���K�B�M���i�B�Q�M�X �A�M�i�2�`�2�b�i�2�/ �`�2���/�2�` �B�b �/�B�`�2�+�i�2�/ �i�Q �(�d�j�- �a�2�+�i�B�Q�M �j�X�k�X�R�) �7�Q�` �K�Q�`�2

�/�2�i���B�H�b�X

�J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M�,�h�?�2�`�2�7�Q�`�2�- �B�M �F�2�2�T�B�M�; �r�B�i�? �i�?�2 �T�`�2�p�B�Q�m�b �H�B�i�2�`���i�m�`�2 ���M�/ �r�B�i�?�Q�m�i

�H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �r�2 �K���B�M�H�v �+�Q�M�b�B�/�2�` �i�?�2 �:�S�a�a�J �r�B�i�? �� �:�S �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M ���M�/ ��

�T���`���K�2�i�`�B�+ �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M �B�M �i�?�B�b �i�?�2�b�B�b�X �J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �i�?�2 �:�S�a�a�J �r�2 �+�Q�M�b�B�/�2�` �B�b

�/�2�T�B�+�i�2�/ �B�M �6�B�;�X�j�X�k���M�/ �2�t�T�`�2�b�b�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

f (�) � GP (� (�); k(�; �); � gp) �U�j�X�R�j���V

�t0 � p(�t0) �U�j�X�R�j�#�V

�7t = f (�tt � 1) �U�j�X�R�j�+�V

�tt j �7t � N (�tt j �7t ; �Z) �U�j�X�R�j�/�V

�vt j �tt � N (�vt j C �tt ; �_) �U�j�X�R�j�2�V

�r�?�2�`�2 �i�?�2 �H���i�2�M�i �b�i���i�2�b �7�Q�`�K �� �J���`�F�Q�p �+�?���B�M�- �i�?���i �B�b�- �7�Q�` ���M�v �i�B�K�2 �B�M�b�i���M�+�2t�- �i�?�2 �7�m�i�m�`�2

�b�i���i�2�tt+1 �B�b �;�2�M�2�`���i�2�/ �#�v �+�Q�M�/�B�i�B�Q�M�B�M�; �Q�M �Q�M�H�v�tt ���M�/ �i�?�2 �:�S �i�`���M�b�B�i�B�Q�Mf (�)�X ���+�+�Q�`�/�B�M�;

�i�Q �h�?�2�Q�`�2�K�j�X�R�- �i�?�2 �T���`���K�2�i�`�B�+ �2�K�B�b�b�B�Q�M �K�Q�/�2�H �B�b ���b�b�m�K�2�/ �i�Q �#�2 �F�M�Q�r�M ���M�/ �`�2�b�i�`�B�+�i�2�/ �i�Q

�#�2 �� �H�B�M�2���` �K���T�T�B�M�; �r�B�i�? �� �+�Q�2�{�+�B�2�M�i �K���i�`�B�tC 2 Rdy � dx �X �"�Q�i�? �i�?�2 �b�i���i�2 �i�`���M�b�B�i�B�Q�M�b ���M�/



�j�y �*�?���T�i�2�` �j�, �:���m�b�b�B���M �S�`�Q�+�2�b�b �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b �U�:�S�a�a�J�b�V

�Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �+�Q�`�`�m�T�i�2�/ �#�v �x�2�`�Q�@�K�2���M �:���m�b�b�B���M �M�Q�B�b�2 �r�B�i�? �+�Q�p���`�B���M�+�2 �K���i�`�B�+�2�b�Z ���M�/

�_�- �`�2�b�T�2�+�i�B�p�2�H�v�X �L�Q�i�2 ���H�b�Q �i�?���i �i�?�2 �:�S�a�a�J �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�j�X�k�+���M �#�2 �2���b�B�H�v �2�t�i�2�M�/�2�/

�i�Q �� �+�Q�M�i�`�Q�H �b�v�b�i�2�K �r�B�i�? �/�2�i�2�`�K�B�M�B�b�i�B�+ �+�Q�M�i�`�Q�H �B�M�T�m�ict 2 Rdc �i�?�`�Q�m�;�? ���M ���m�;�K�2�M�i�2�/

�H���i�2�M�i �b�i���i�2[�tt ; ct ] 2 Rdx + dc �X �"�m�i ���b �K�2�M�i�B�Q�M�2�/ �#�2�7�Q�`�2�- �r�2 �Q�K�B�ict �7�Q�` �M�Q�i���i�B�Q�M���H �#�`�2�p�B�i�v

�i�?�`�Q�m�;�?�Q�m�i �i�?�B�b �i�?�2�b�B�b�X �>�Q�r�2�p�2�`�- �r�?�2�M�2�p�2�` �i�?�2 �H���i�2�M�i �b�i���i�2�tt �B�b �+�Q�M�b�B�/�2�`�2�/ ���b ���M �B�M�T�m�i �i�Q

�i�?�2 �:�S �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�- �B�i �B�b �B�K�T�H�B�2�/ �i�?���i �i�?�2 �+�Q�M�i�`�Q�H�b ���`�2 �+�Q�M�+���i�2�M���i�2�/ �r�B�i�? �i�?�2 �b�i���i�2�X

�J�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �a�i���i�2 �h�`���M�b�B�i�B�Q�M �6�m�M�+�i�B�Q�M�b�,�A�7 �i�?�2 �b�i���i�2 �B�b �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H�- �B�X�2�X�-

dx > 1�- �i�?�2 �b�v�b�i�2�K �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�Mf (�) : Rdx 7! Rdx �- �B�b �i�v�T�B�+���H�H�v �K�Q�/�2�H�2�/ �#�v �m�b�B�M�;

dx �K�m�i�m���H�H�v �B�M�/�2�T�2�M�/�2�M�i �:�S�b�X �J�Q�`�2 �+�Q�M�+�`�2�i�2�H�v�- �2���+�? �Q�m�i�T�m�i �/�B�K�2�M�b�B�Q�M�@�b�T�2�+�B�}�+ �7�m�M�+�i�B�Q�M�-

f d(�) : Rdx 7! R�- �B�b �B�M�/�2�T�2�M�/�2�M�i�H�v �K�Q�/�2�H�2�/ �#�v �� �b�+���H���`�@�p���H�m�2�/ �:�S�- ���M�/ �r�2 �/�2�M�Q�i�2

�7t = f (�tt � 1) , f f d(�tt � 1)gdx
d=1 ; �U�j�X�R�9�V

�r�?�2�`�2 �2���+�? �B�M�/�2�T�2�M�/�2�M�i �:�S�-f d(�)�- �B�b �+�?���`���+�i�2�`�B�x�2�/ �#�v �B�i�b �/�B�b�i�B�M�+�i �K�2���M �7�m�M�+�i�B�Q�M�-� d(�)�-

�m�b�m���H�H�v �b�2�i �i�Q �x�2�`�Q�- ���M�/ �F�2�`�M�2�H �7�m�M�+�i�B�Q�M�-kd(�; �)�- �i�v�T�B�+���H�H�v �2�K�T�H�Q�v�B�M�; �b�Q�K�2 �2�H�2�K�2�M�i���`�v

�F�2�`�M�2�H �7�m�M�+�i�B�Q�M�b �b�m�+�? ���b �i�?�2 �a�1 �F�2�`�M�2�H�X

�J�Q�/�2�H �C�Q�B�M�i �.�B�b�i�`�B�#�m�i�B�Q�M�,�h�Q �2���b�2 �Q�m�` �M�Q�i���i�B�Q�M �B�M �i�?�2 �`�2�b�i �Q�7 �/�B�b�+�m�b�b�B�Q�M�b�- �r�2 �B�M�i�`�Q�/�m�+�2

�i�?�2 �7�Q�H�H�Q�r�B�M�; �b�?�Q�`�i�@�?���M�/ �M�Q�i���i�B�Q�M�b�X �G�2�i ���M �Q�#�b�2�`�p���i�B�Q�M �b�2�[�m�2�M�+�2 �Q�7 �H�2�M�;�i�?T �#�2�u , �v1:T =

f �vtgT
t=1 �- �H���i�2�M�i �7�m�M�+�i�B�Q�M �p���`�B���#�H�2�b�6, �71:T = f �7tgT

t=1 �- ���M�/ �H���i�2�M�i �b�i���i�2�b�s , �t0:T = f �ttgT
t=0 �X

�"���b�2�/ �Q�M �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �K�Q�/�2�H �b�T�2�+�B�}�+���i�B�Q�M�b�- �i�?�2 �D�Q�B�M�i �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �:�S�a�a�J

�/�2�T�B�+�i�2�/ �B�M �6�B�;�X�j�X�k�+���M �#�2 �r�`�B�i�i�2�M ���b�,

p(�6; �s; �uj� ) = p(�t0)p(�71:T )
TY

t=1

p(�vt j�tt )p(�tt j�7t ); �U�j�X�R�8�V

�r�?�2�`�2p(�71:T ) = p(f (�t0:T � 1)) =
Q T

t=1 p(�7t j�71:t � 1; �t0:t � 1) �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H

�:�S �/�B�b�i�`�B�#�m�i�B�Q�M �(�d�j�)�- �r�B�i�?

p(�7t j �71:t � 1; �t0:t � 1) = N (�7t jK �tt � 1 ;�t0: t � 2 K � 1
�t0: t � 2 ;�t0: t � 2

�71:t � 1;

K �tt � 1 ;�tt � 1 � K �tt � 1 ;�t0: t � 2 K � 1
�t0: t � 2 ;�t0: t � 2

K >
�tt � 1 ;�t0: t � 2

):
�U�j�X�R�e�V

�h�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b� �B�M�+�H�m�/�2�b �i�?�2 �M�Q�B�b�2 ���M�/ �:�S �?�v�T�2�`�@�T���`���K�2�i�2�`�b�- �B�X�2�X�-� = [ �Z; �_; � gp]�X

���b �r�B�i�? ���H�H �a�a�J�b�- �Q�M�2 �Q�7 �i�?�2 �K�Q�b�i �+�?���H�H�2�M�;�B�M�; �i���b�F�b �B�M �:�S�a�a�J �B�b �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X

�a�T�2�+�B�}�+���H�H�v�- �r�2 ���B�K �i�Q �H�2���`�M �K�Q�/�2�H �T���`���K�2�i�2�`�b� �- ���M�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v �B�M�7�2�` �i�?�2 �H���i�2�M�i �b�i���i�2�b

�Q�7 �B�M�i�2�`�2�b�i�X �h�?�B�b �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �i���b�F �B�M�p�Q�H�p�2�b �i�?�2 �K���`�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mp(�uj� )�X

�>�Q�r�2�p�2�`�- �/�m�2 �i�Q �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �Q�7 �i�?�2 �:�S �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�- �� �+�H�Q�b�2�/�@�7�Q�`�K ���M���H�v�i�B�+���H

�b�Q�H�m�i�B�Q�M �7�Q�`p(�uj� ) �B�b �i�v�T�B�+���H�H�v �m�M���p���B�H���#�H�2�X �h�?�m�b�- ���T�T�`�Q�t�B�K���i�B�Q�M �K�2�i�?�Q�/�b �M�2�2�/ �i�Q �#�2

�2�K�T�H�Q�v�2�/�X



�j�X�j �a�m�`�p�2�v �Q�7 �1�t�B�b�i�B�M�; �q�Q�`�F�b �B�M �:�S�a�a�J �j�R

�A�M�7�2�`�2�M�+�2 �G�2���`�M�B�M�; �� �A�M�7�2�`�2�M�+�2 �A�G�2���`�M�B�M�; �� �A�M�7�2�`�2�M�+�2 �A�A�J�Q�/�2�H�B�M�;

�_�2�7�2�`�2�M�+�2

�(�R�N�-�k�y�-�d�3�-�3�y���3�9�)

�6�B�H�i�2�`�B�M�; �� �b�K�Q�Q�i�?�B�M�;

�J���S �2�b�i�B�K���i�2

�_�2�7�2�`�2�M�+�2

�(�R�8�-�d�j�-�d�N�-�3�8���3�N�)

�6�m�H�H�v �"���v�2�b�B���M �K�2�i�?�Q�/�b

�1�p�B�/�2�M�+�2 �K���t�B�K�B�x���i�B�Q�M

�J�6 �o���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2

�_�2�7�2�`�2�M�+�2

�(�d�d�-�N�y���N�3�)

�L�J�6 �o���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2

�6�m�H�H�v �"���v�2�b�B���M �K�2�i�?�Q�/�b

���T�T�H�B�+���i�B�Q�M�b

�(�k�k�-�k�j�-�N�N���R�y�j�)

�k�y�y�d �k�y�R�y �k�y�R�j �k�y�R�e �k�y�R�3 �k�y�k�R �k�y�k�j �T�`�2�b�2�M�i

�6�B�;�m�`�2 �j�X�j�, �1�p�Q�H�m�i�B�Q�M �Q�7 �:�S�a�a�J �Q�p�2�` �i�B�K�2�, �E�2�v �/�2�p�2�H�Q�T�K�2�M�i�b ���M�/ �K�B�H�2�b�i�Q�M�2�b�X

�j�X�j �a�m�`�p�2�v �Q�7 �1�t�B�b�i�B�M�; �q�Q�`�F�b �B�M �:�S�a�a�J

�h�?�B�b �b�2�+�i�B�Q�M �Q�z�2�`�b ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �+�m�`�`�2�M�i �b�i���i�m�b �Q�7 �:�S�a�a�J �`�2�b�2���`�+�?�- �r�B�i�? �� �T�`�B�K���`�v

�7�Q�+�m�b �Q�M �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X �6�B�;�X�j�X�j�T�`�2�b�2�M�i�b �� �p�B�b�m���H �b�m�K�K���`�v �Q�7 �2�t�B�b�i�B�M�; �`�2�b�2���`�+�?

�2�M�/�2���p�Q�`�b �B�M �i�?�B�b ���`�2���- �r�?�B�+�? �r�B�H�H �#�2 �7�m�`�i�?�2�` �2�H�m�+�B�/���i�2�/ �B�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �T�Q�`�i�B�Q�M �Q�7 �i�?�B�b

�b�2�+�i�B�Q�M�X

�j�X�j�X�R �"�`�B�2�7 �>�B�b�i�Q�`�v

���b �K�2�M�i�B�Q�M�2�/ �B�M �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�b�- �i�?�2 �b�B�K�m�H�i���M�2�Q�m�b �H�2���`�M�B�M�; �Q�7 �i�?�2 �K�Q�/�2�H ���M�/ �B�M�7�2�`�2�M�+�2
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�q�?�B�H�2 ���/�Q�T�i�B�M�; ���M �Q�T�i�B�K���H �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �+���M �2�M�?���M�+�2 �i�?�2 �~�2�t�B�#�B�H�B�i�v �Q�7 �i�?�2 �:�S�- �i�?�2

�:���m�b�b�B���M�B�i�v ���M�/ �#�Q�m�M�/�H�2�b�b �7�m�M�+�i�B�Q�M �`���M�;�2 �r�B�i�?�B�M �:�S�b�- �b�2�2 �2�X�;�X �6�B�;�X�k�X�R���- �K���v �b�i�B�H�H �#�2 �H�B�K�B�i�2�/

���M�/ �m�M�b�m�B�i���#�H�2 �7�Q�` �K�Q�/�2�H�B�M�; �+�Q�K�T�H�2�t �b�v�b�i�2�K�b �(�R�R�k�)�X �6�m�`�i�?�2�`�K�Q�`�2�- �Q�T�i�B�K���H �F�2�`�M�2�H�b �K���v

�`�2�[�m�B�`�2 �� �H���`�;�2 �M�m�K�#�2�` �Q�7 �F�2�`�M�2�H �?�v�T�2�`�T���`���K�2�i�2�`�b�- �K���F�B�M�; �i�?�2 �K�Q�/�2�H �i�`���B�M�B�M�;�f�Q�T�i�B�K�B�x���i�B�Q�M

�T�`�Q�+�2�b�b �+�Q�K�T�m�i���i�B�Q�M���H�H�v �2�t�T�2�M�b�B�p�2 ���M�/ �b�2�M�b�B�i�B�p�2 �i�Q �B�M�B�i�B���H�B�x���i�B�Q�M �(�k�3�-�8�3�)�X �h�?�2�`�2�7�Q�`�2�- �B�M �i�?�B�b

�+�?���T�i�2�`�- �r�2 �r�B�H�H �7�Q�+�m�b �Q�M �i�?�2 �}�`�b�i ���T�T�`�Q���+�?�- �r�?�B�+�? �H�2�p�2�`���;�2�b �M�Q�`�K���H�B�x�B�M�; �~�Q�r �i�2�+�?�M�B�[�m�2�b �i�Q

�i�`���M�b�7�Q�`�K �i�?�2 �b�i���M�/���`�/ �:�S �T�`�B�Q�` �B�M�i�Q �� �K�Q�`�2 �~�2�t�B�#�H�2 �b�i�Q�+�?���b�i�B�+ �T�`�Q�+�2�b�b �(�j�j�)�X �q�2 �r�B�H�H �b�?�Q�r

�i�?���i �i�?�2 �M�2�r�H�v �B�M�i�`�Q�/�m�+�2�/ �T�`�Q�+�2�b�b �K���B�M�i���B�M�b �i�?�2 �2�H�2�;���M�+�2 ���M�/ �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �:�S�b �r�?�B�H�2

�`�2�[�m�B�`�B�M�; �7�2�r�2�` �K�Q�/�2�H �?�v�T�2�`�T���`���K�2�i�2�`�b �i�Q �i�m�M�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �:�S�b �m�b�B�M�; ���M �Q�T�i�B�K���H

�F�2�`�M�2�H�X ���b �� �`�2�b�m�H�i�- �i�?�2 �K�Q�/�2�H�ö�b �`�2�T�`�2�b�2�M�i���i�B�Q�M���H �+���T���+�B�i�v �B�b �b�B�;�M�B�}�+���M�i�H�v �B�K�T�`�Q�p�2�/�- �i�?�2�`�2�#�v

�2�M�?���M�+�B�M�; �i�?�2 �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �:�S�a�a�J�b �B�M �?���`�b�? ���M�/ �+�Q�K�T�H�2�t

�b�+�2�M���`�B�Q�b�X

�h�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�B�b �+�?���T�i�2�` �B�b �Q�`�;���M�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X �A�M �a�2�+�i�B�Q�M�9�X�k�- �r�2 �B�M�i�`�Q�/�m�+�2

�Q�m�` �M�Q�p�2�H�- �~�2�t�B�#�H�2 �h�:�S�a�a�J�X �a�2�+�i�B�Q�M�9�X�j�/�2�b�+�`�B�#�2�b �i�?�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K�b

�i���B�H�Q�`�2�/ �7�Q�` �i�?�2 �h�:�S�a�a�J�X �a�2�+�i�B�Q�M�9�X�9�/�B�b�+�m�b�b�2�b �b�2�p�2�`���H �`�2�H���i�2�/ �r�Q�`�F�b �Q�M �2�t�B�b�i�B�M�; �:�S�a�a�J�b�X

�1�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�9�X�8�- �r�B�i�? �+�?���T�i�2�` �+�Q�M�+�H�m�b�B�Q�M�b �/�`���r�M �B�M

�a�2�+�i�B�Q�M�9�X�e�X �h�2�+�?�M�B�+���H �T�`�Q�Q�7�b�- �/�2�`�B�p���i�B�Q�M�b�- ���M�/ �K�Q�`�2 �/�2�i���B�H�2�/ �/�B�b�+�m�b�b�B�Q�M�b ���`�2 �T�`�Q�p�B�/�2�/ �B�M

�a�2�+�i�B�Q�M�9�X�d�X

�9�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M

�h�?�B�b �b�2�+�i�B�Q�M ���B�K�b �i�Q �i���+�F�H�2 �i�?�2 �B�b�b�m�2 �Q�7 �H�B�K�B�i�2�/ �K�Q�/�2�H �`�2�T�`�2�b�2�M�i���i�B�Q�M �T�Q�r�2�` �K�2�M�i�B�Q�M�2�/ �B�M

�a�2�+�i�B�Q�M�9�X�R�- �i�?�2�`�2�#�v �B�K�T�`�Q�p�B�M�; �i�?�2 �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �:�S�a�a�J�X �h�Q

���+�+�Q�K�T�H�B�b�? �i�?�B�b�- �r�2 �T�`�Q�T�Q�b�2 �� �~�2�t�B�#�H�2 �T�`�Q�#���#�B�H�B�b�i�B�+ �a�a�J �i�?���i �H�2�p�2�`���;�2�b �i�?�2 �T���`���K�2�i�`�B�+



�j�3 �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�M�Q�`�K���H�B�x�B�M�; �~�Q�r �i�2�+�?�M�B�[�m�2 �(�j�j�)�X �J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�- �a�2�+�i�B�Q�M�9�X�k�X�R�B�M�i�`�Q�/�m�+�2�b �� �K�Q�`�2 �~�2�t�B�#�H�2

�7�m�M�+�i�B�Q�M �T�`�B�Q�`�- �M���K�2�H�v �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �T�`�Q�+�2�b�b �U�h�:�S�V �(�R�R�9�)�- �#�v �2�t�T�H�Q�B�i�B�M�; �i�?�2

�T���`���K�2�i�`�B�+ �M�Q�`�K���H�B�x�B�M�; �~�Q�r�X �.�B�z�2�`�2�M�i �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �7�Q�` �h�:�S �+�Q�M�b�i�`�m�+�i�B�Q�M �m�M�/�2�`

�T�`���+�i�B�+���H �m�b���;�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���`�2 �/�2�i���B�H�2�/ �B�M �a�2�+�i�B�Q�M�9�X�k�X�k�X �G���b�i�H�v�- �B�M �a�2�+�i�B�Q�M�9�X�k�X�j�- �r�2

�B�M�i�`�Q�/�m�+�2 �Q�m�` �T�`�Q�T�Q�b�2�/ �T�`�Q�#���#�B�H�B�b�i�B�+ �a�a�J �i�?���i �m�b�2�b �i�?�2 �h�:�S�X

�9�X�k�X�R �h�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �S�`�Q�+�2�b�b�2�b

�6�B�;�m�`�2 �9�X�R�, �L�Q�`�K���H�B�x�B�M�; �~�Q�r�b�X

�6�B�;�m�`�2 �9�X�k�, �1�z�2�+�i �Q�7 �+�?���M�;�B�M�; �p���`�B���#�H�2�b�X

�L�Q�`�K���H�B�x�B�M�; �~�Q�r�,�G�2�i �m�b �b�i���`�i �r�B�i�? �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M

�i�Q �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b�X �L�Q�`�K���H�B�x�B�M�; �~�Q�r �r���b �Q�`�B�;�B�M���H�H�v

�T�`�Q�T�Q�b�2�/ �i�Q �i�`���M�b�7�Q�`�K �� �b�B�K�T�H�2 �`���M�/�Q�K �p���`�B���#�H�2 �B�M�i�Q ��

�K�Q�`�2 �+�Q�K�T�H�2�t �Q�M�2 �#�v ���T�T�H�v�B�M�; �� �b�2�[�m�2�M�+�2 �Q�7 �B�M�p�2�`�i�B�#�H�2

���M�/ �/�B�z�2�`�2�M�i�B���#�H�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �U�B�X�2�X�- �i�?�2�/�B�z�2�Q�K�Q�`�@

�T�?�B�b�K�b�V �(�R�R�3�)�X �a�T�2�+�B�}�+���H�H�v�- �H�2�i�t �#�2 ��dx �@�/�B�K�2�M�b�B�Q�M���H

�+�Q�M�i�B�M�m�Q�m�b �`���M�/�Q�K �p�2�+�i�Q�`�- ���M�/px (�t) �#�2 �i�?�2 �+�Q�`�`�2�@

�b�T�Q�M�/�B�M�; �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v�X ���b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�9�X�R�-

�M�Q�`�K���H�B�x�B�M�; �~�Q�r �+���M �?�2�H�T �+�Q�M�b�i�`�m�+�i �� �/�2�b�B�`�2�/�- �Q�7�i�2�M

�K�Q�`�2 �+�Q�K�T�H�2�t ���M�/ �T�Q�b�b�B�#�H�v �K�m�H�i�B�@�K�Q�/���H �/�B�b�i�`�B�#�m�i�B�Q�M �#�v �T�m�b�?�B�M�;�t �i�?�`�Q�m�;�? �� �b�2�`�B�2�b �Q�7

�i�`���M�b�7�Q�`�K���i�B�Q�M�b�-G� F (�) = G� 0 � G� 1 � � � � � G� J � 1 �- �B�X�2�X�-

~�t = G� J � 1

�
G� J � 2 (:::G� 0 (�t):::)

�
= G� F (�t); �U�9�X�R�V

�r�?�2�`�2 �i�?�2 �b�2�i �Q�7 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�-f G� j (�) : Rdx 7! Rdx gJ � 1
j =0 �- �T���`���K�2�i�2�`�B�x�2�/ �#�v� F ,

[� 0; � 1; :::; � J � 1]�- �?���b �i�Q �#�2 �B�M�p�2�`�i�B�#�H�2 ���M�/ �/�B�z�2�`�2�M�i�B���#�H�2 �(�j�k�)�X �l�M�/�2�` �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2

�T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �Q�7 �i�?�2 �B�M�/�m�+�2�/ �`���M�/�Q�K �p�2�+�i�Q�`�-p~x (~�t)�- �B�b �r�2�H�H�@�/�2�}�M�2�/ ���M�/ �+���M �#�2 �Q�#�i���B�M�2�/

�#�v �i�?�2 �ó�+�?���M�;�2 �Q�7 �p���`�B���#�H�2�b�ô �7�Q�`�K�m�H�� �(�R�R�3�)�- �v�B�2�H�/�B�M�;�,

p~x (~�t) = px (�t)
J � 1Y

j =1

�
�
�
� �/�2�i

@G� j (G� j � 1 (:::G� 0 (�t):::))
@G� j � 1 (:::G� 0 (�t):::)

�
�
�
�

� 1

: �U�9�X�k�V

�J�Q�`�2 �/�2�i���B�H�b �+���M �#�2 �7�Q�m�M�/�- �7�Q�` �2�t���K�T�H�2�- �B�M �(�j�k�-�j�j�)�X

���M �B�M�i�m�B�i�B�p�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r �B�b �i�?���i �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�MG� F (�)

�r���`�T�b �i�?�2 �b�T���+�2Rdx �B�M �Q�`�/�2�` �i�Q �K�Q�H�/ �i�?�2 �/�2�M�b�B�i�vpx (�t) �B�M�i�Qp~x (~�t)�- ���b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�X�9�X�k�X



�9�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M �j�N

�A�M �6�B�;�X�9�X�k�- �i�?�2 �T�`�Q�#���#�B�H�B�i�v �K���b�b �B�M ���M�v �b�m�{�+�B�2�M�i�H�v �b�K���H�H �B�M�i�2�`�p���H[�t; �t + � �t] �b�?�Q�m�H�/ �#�2

�2�[�m���H �i�?�2 �Q�M�2 ���7�i�2�` �i�`���M�b�7�Q�`�K���i�B�Q�M�- �B�X�2�X�-

px (�t)� �t = p~x (~�t)� ~�t =) p~x (~�t) = px (�t)

�
�
�
�
� ~�t
� �t

�
�
�
�

� 1

: �U�9�X�j�V

�*�Q�K�T���`�B�M�; �1�[�X �U�9�X�k�V ���M�/ �1�[�X �U�9�X�j�V�- �i�?�2 ���#�b�Q�H�m�i�2 �C���+�Q�#�B���M �/�2�i�2�`�K�B�M���M�i �[�m���M�i�B�}�2�b �i�?�2

�`�2�H���i�B�p�2 �+�?���M�;�2 �Q�7 �p�Q�H�m�K�2 �Q�7 �� �b�K���H�H �M�2�B�;�?�#�Q�`�?�Q�Q�/ ���`�Q�m�M�/�t �/�m�2 �i�QG� F (�)�X

�� �M�B�+�2 �T�`�Q�T�2�`�i�v �Q�7 �~�Q�r �i�`���M�b�7�Q�`�K���i�B�Q�MG� F (�)�- �B�b �i�?�2 �H���r �Q�7 �i�?�2 �m�M�+�Q�M�b�+�B�Q�m�b �b�i���i�B�b�i�B�+�B���M

�U�G�P�h�l�a�V�- �r�?�B�+�? �B�b �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�,

Ep~x [h(~�t)] = Epx [h(G(�t))] ; �U�9�X�9�V

�r�?�2�`�2h(�) �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �`���M�/�Q�K �p���`�B���#�H�2�b~�t�X �h�?�2 �G�P�h�l�a �b�m�;�;�2�b�i�b �i�?���i �2�t�T�2�+�i���@

�i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �/�2�M�b�B�i�vp~x (~�t) �+���M �#�2 �+�Q�K�T�m�i�2�/ �r�B�i�?�Q�m�i �2�t�T�H�B�+�B�i�H�v

�F�M�Q�r�B�M�;p~x (~�t)�- �i�?�m�b �b���p�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �/�2�i�2�`�K�B�M���M�i �C���+�Q�#�B���M �i�2�`�K�b�X �h�?�2

�G�P�h�l�a �T�`�Q�T�2�`�i�v �B�b �[�m�B�i�2 �?�2�H�T�7�m�H �r�?�2�M ���T�T�H�v�B�M�; �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �i�`�m�2

�T�Q�b�i�2�`�B�Q�` �B�M �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2�X �A�i �B�b ���H�b�Q �M�Q�i�2�r�Q�`�i�?�v �i�?���i �i�?�2 �m�M�B�p�2�`�b���H �`�2�T�`�2�b�2�M�i���i�B�Q�M

�#�v �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �B�b �T�Q�b�b�B�#�H�2�X �h�?�2�`�2 ���H�r���v�b �2�t�B�b�i�b ��G� F (�)�- �b�m�+�? �i�?���i �Q�M�2 �+���M �Q�#�i���B�M

���M�v �+�Q�M�i�B�M�m�Q�m�b �`���M�/�Q�K �p���`�B���#�H�2~�t �7�`�Q�K �� �b�B�K�T�H�2�t�X �h�?�B�b �B�b �;�m���`���M�i�2�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;

�i�?�2�Q�`�2�K�,

�h�?�2�Q�`�2�K �9�X�R�U�l�M�B�p�2�`�b���H�B�i�v �Q�7 �i�?�2 �m�M�B�7�Q�`�K �(�R�R�N�)�V�X�a�m�T�T�Q�b�2 �i�?���i �� � �̀��M�/�Q�K �p���`�B���#�H�2~�t �?���b ��

�+�Q�M�i�B�M�m�Q�m�b �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �r�?�B�+�? �i�?�2 �+�m�K�m�H���i�B�p�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �U�*�.�6�V �B�bF~�t�X �h�?�2�M

�i�?�2 � �̀��M�/�Q�K �p���`�B���#�H�2�t �/�2�}�M�2�/ ���b

�t = F~�t(~�t)

�?���b �� �b�i���M�/��� �̀/ �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M�X

�h�?�B�b �`�2�b�m�H�i �?���b �#�2�2�M �2�t�i�2�M�/�2�/ �i�Q �i�?�2 �b�+�2�M���`�B�Q �r�?�2�`�2 �i�?�2 �`���M�/�Q�K �p���`�B���#�H�2�t �7�Q�H�H�Q�r�b ���M

�2�t�T�Q�M�2�M�i�B���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�i�?�2�` �i�?���M �� �m�M�B�7�Q�`�K �/�B�b�i�`�B�#�m�i�B�Q�M �(�R�R�N�)�X

�h�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �S�`�Q�+�2�b�b �m�b�B�M�; �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�,�6�Q�` �i�?�2 �+�Q�K�T�H�2�t �7�m�M�+�i�B�Q�M�b

�i�?���i �� �b�i���M�/���`�/ �:�S �2�[�m�B�T�T�2�/ �r�B�i�? �2�H�2�K�2�M�i���`�v �F�2�`�M�2�H�b �+���M�M�Q�i ���/�2�[�m���i�2�H�v �K�Q�/�2�H�- �r�2 �+���M

�H�2�p�2�`���;�2 �� �b�B�K�B�H���` ���T�T�`�Q���+�? ���b �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �i�Q �i�`���M�b�7�Q�`�K �i�?�2 �:�S �T�`�B�Q�`�X �a�T�2�+�B�}�+���H�H�v�-

�#�v ���T�T�H�v�B�M�; �i�?�2 �b���K�2 �B�/�2�� ���b �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r �Q�M �`���M�/�Q�K �p���`�B���#�H�2�b�- �r�2 �+���M �i�`���M�b�7�Q�`�K

�i�?�2 �b�i���M�/���`�/ �:�S�-f (�)�- �i�Q �;�2�i �� �K�Q�`�2 �~�2�t�B�#�H�2 ���M�/ �2�t�T�`�2�b�b�B�p�2 �`���M�/�Q�K �T�`�Q�+�2�b�b�-~f (�)�- �M���K�2�H�v

�i�?�2 �i�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �T�`�Q�+�2�b�b �U�h�:�S�V �T�`�B�Q�` �(�R�R�9�)�- �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b�X

�.�2�}�M�B�i�B�Q�M �9�X�R�U�h�:�S�, �� �;�2�M�2�`���H �/�2�}�M�B�i�B�Q�M�V�X�� �h�:�S�- ~f (�)�- �B�b �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 � �̀��M�/�Q�K

�p���`�B���#�H�2�b�- �b�m�+�? �i�?���i ���M�v �}�M�B�i�2 �+�Q�H�H�2�+�i�B�Q�M�-~�71:T , ~f (�t0:T � 1); T 2 N�- �?���b �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M



�9�y �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�7t � 1 �7t

�: � F (�) �: � F (�)
~�7t ( =~�7t � 1

�6�B�;�m�`�2 �9�X�j�, �U�G�2�7�i�V �:�2�M�2�`�B�+ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �h�:�S �T�`�B�Q�`�X �U�_�B�;�?�i�V �:�S �T�`�B�Q�` �B�b �i�`���M�b�7�Q�`�K�2�/ �#�v �K���`�;�B�M���H

�~�Q�r�- �H�2���/�B�M�; �i�Q �� �h�:�S �T�`�B�Q�`�X �h�?�2 �#�H���+�F �b�[�m���`�2 �#�H�Q�+�F�b �`�2�T�`�2�b�2�M�i �i�?�2 �U�+�Q�Q�`�/�B�M���i�2�@�r�B�b�2�V �K���`�;�B�M���H �~�Q�r�X

�/�2�}�M�2�/ �#�v

p(~�71:T ) = p( ~f (�t0:T � 1)) = p(�71:T ) �C�7; �U�9�X�8�V

�r�?�2� �̀2

�C�7,
J � 1Y

j =1

�
�
�
�
�
�/�2�i

@G� j

�
G� j � 1 (:::G� 0 (�71:T ):::)

�

@G� j � 1 (:::G� 0 (�71:T ):::)

�
�
�
�
�

� 1

; �U�9�X�e�V

���M�/f G� j (�) : RT dx 7! RT dx gJ � 1
j =0 �T��� �̀��K�2�i�2�`�B�x�2�/ �#�v� F �B�b �� �b�2�i �Q�7 �B�M�p�2�`�i�B�#�H�2 ���M�/ �/�B�z�2� �̀2�M�i�B���#�H�2

�K���T�T�B�M�; �7�m�M�+�i�B�Q�M�b �b�m�+�? �i�?���i �i�?�2 �B�M�/�m�+�2�/ �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M�-p(~�71:T )�- �b���i�B�b�}�2�b �E�Q�H�K�Q�;�Q� �̀Q�p�ö�b

�+�Q�M�b�B�b�i�2�M�+�v �i�?�2�Q� �̀2�K �(�R�k�y�)�X �a���K�T�H�2�b �7� �̀Q�K �i�?�B�b �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M ��� �̀2 �Q�#�i���B�M�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;

�;�2�M�2� �̀��i�B�p�2 �2�[�m���i�B�Q�M�b�,

~�71:T = ~f (�t0:T � 1) = G� F (�71:T ); �71:T = f (�t0:T � 1); �U�9�X�d�V

�r�?�2� �̀2G� F (�) = G� 0 � G� 1 � � � � � G� J � 1 ; ���M�/�71:T �B�b �}�M�B�i�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �:���m�b�b�B���M � �̀��M�/�Q�K

�p���`�B���#�H�2�b �7� �̀Q�K �i�?�2 �b�i���M�/��� �̀/ �:�S�-f (�)�- �2�p���H�m���i�2�/ ���i �i�?�2 �B�M�T�m�i�t0:T � 1 �U�b�2�2 �1�[�X �U�j�X�R�9�V�V�X

�h�?�2 �h�:�S �/�2�}�M�B�i�B�Q�M �B�K�T�H�B�2�b �i�?���i �r�B�i�? �i�?�2 �K���T�T�B�M�;G� F (�)�- ���M�v �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H

�/�B�b�i�`�B�#�m�i�B�Q�Mp( ~f (�t0:T � 1)) �+���M �#�2 �M�Q�M�@�:���m�b�b�B���M�- �i�?�m�b �i�?�2 �Q�#�i���B�M�2�/ �h�:�S �B�b �� �K�Q�`�2 �~�2�t�B�#�H�2

���M�/ �2�t�T�`�2�b�b�B�p�2 �7�m�M�+�i�B�Q�M �T�`�B�Q�`�X �A�7 �i�?�2 �K���T�T�B�M�;G� F (�) �B�M �1�[�X �U�9�X�d�V �i�`���M�b�7�Q�`�K�b �i�?�2 �b�i���M�/���`�/

�:�S �+�Q�Q�`�/�B�M���i�2�@�r�B�b�2�H�v�- �B�X�2�X�-G� F (�) : Rdx 7! Rdx �- ���M�/

~�7t = ~f (�tt � 1) = G� F (�7t ); �7t = f (�tt � 1); t = 1; 2; :::; T; �U�9�X�3�V

�B�i �B�b �F�M�Q�r�M ���b �i�?�2�K��� �̀;�B�M���H �~�Q�r�(�R�R�9�-�R�R�d�)�X �h�?�2 �;�`���T�?�B�+���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �i�?�2 �h�:�S �T�`�B�Q�`

���M�/ �K���`�;�B�M���H �~�Q�r ���`�2 �/�2�T�B�+�i�2�/ �B�M �6�B�;�9�X�j�X �A�i �?���b �#�2�2�M �7�Q�`�K���H�H�v �T�`�Q�p�2�M �B�M �(�R�R�e�-�R�R�d�) �i�?���i ��

�b�+���H���`�@�p���H�m�2�/ �b�i�Q�+�?���b�i�B�+ �T�`�Q�+�2�b�b �i�`���M�b�7�Q�`�K�2�/ �#�v �K���`�;�B�M���H �~�Q�r �B�M�/�m�+�2�b �� �p���H�B�/ �b�i�Q�+�?���b�i�B�+

�T�`�Q�+�2�b�b�X �q�2 �2�t�i�2�M�/ �i�?�2 �i�?�2�Q�`�2�i�B�+���H �`�2�b�m�H�i �7�Q�` �i�?�2 �p�2�+�i�Q�`�@�p���H�m�2�/ �:�S ���M�/ �b�m�K�K���`�B�x�2 �B�i �B�M

�i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�`�Q�H�H���`�v�X

�*�Q�`�Q�H�H���`�v �9�X�R�X�:�B�p�2�M �� �K��� �̀;�B�M���H �~�Q�r�-G� F (�)�- ���M�/ �� �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H �:�S �(�R�k�R�)�-f (�)�-

�r�B�i�? �B�M�T�m�i �b�T���+�2X �- �i�?�2 �i� �̀��M�b�7�Q�`�K�2�/ �T� �̀Q�+�2�b�b�- �/�2�M�Q�i�2�/ �#�v~f , G� F (f )�- �B�b �� �p���H�B�/ �K�m�H�i�B�p���`�B���i�2

�b�i�Q�+�?���b�i�B�+ �T� �̀Q�+�2�b�b �B�M �i�?�2 �b���K�2 �B�M�T�m�i �b�T���+�2�X



�9�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M �9�R

�S� �̀Q�Q�7�X�6�B�`�b�i�- �b�B�M�+�2G� F (�) �B�b �B�M�p�2�`�i�B�#�H�2 ���M�/ �/�B�z�2�`�2�M�i�B���#�H�2�- �i�?�2 �T�m�b�?�@�7�Q�`�r���`�/ �K�2���b�m�`�2 �B�b �r�2�H�H�@

�/�2�}�M�2�/�X �h�?�2�M�- �#�2�+���m�b�2 �i�?�2 �K���`�;�B�M���H �~�Q�r�b ���`�2 �+�Q�Q�`�/�B�M���i�2�@�r�B�b�2 �K���T�T�B�M�;�b�- �B�i �B�b �M�Q�i �/�B�{�+�m�H�i �i�Q

�p�2�`�B�7�v �i�?���i �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 ���M�v �}�M�B�i�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �p���`�B���#�H�2�b�-f~�71;~�72; : : : ;~�7T g; T 2 N�-

�7�`�Q�K~f �- �b���i�B�b�}�2�b �i�?�2 �+�Q�M�b�B�b�i�2�M�+�v �+�Q�M�/�B�i�B�Q�M�b �`�2�[�m�B�`�2�/ �#�v �i�?�2�E�Q�H�K�Q�;�Q� �̀Q�p�ö�b �+�Q�M�b�B�b�i�2�M�+�v

�i�?�2�Q� �̀2�K�(�R�k�y�)�- �r�?�B�+�? �+�Q�K�T�H�2�i�2�b �i�?�2 �T�`�Q�Q�7�X

�_�2�K���`�F �9�X�R�X�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �#�v �m�b�B�M�; �K��� �̀;�B�M���H �~�Q�r�b�- �i�?�2 � �̀2�b�m�H�i�B�M�; �}�M�B�i�2 �/�B�K�2�M�@

�b�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-p(~�71:T )�- �+���M �?���p�2 �M�Q�M�@�:���m�b�b�B���M �K��� �̀;�B�M���H�b�- �r�?�B�H�2 �b�i�B�H�H �b�?���`�B�M�; �i�?�2 �b���K�2

�*�Q�T�m�H�� ���bp(�71:T )�- ���+�+�Q� �̀/�B�M�; �i�Q �a�F�H���`�ö�b �i�?�2�Q� �̀2�K �(�R�R�e�)�X �L�2�p�2�`�i�?�2�H�2�b�b�- �7�Q�` �Q�m�` �T�m�`�T�Q�b�2�b�- �i�?�2

�B�M�+� �̀2���b�2�/ �2�t�T� �̀2�b�b�B�p�2�M�2�b�b �Q�#�i���B�M�2�/ �#�v �K�Q�/�B�7�v�B�M�; �i�?�2 �K��� �̀;�B�M���H�b �B�b �2�M�Q�m�;�?�- ���b �r�2 �T� �̀2�7�2�` �i�Q

�#�2�M�2�}�i �7� �̀Q�K �� �K�Q� �̀2 �2�{�+�B�2�M�i �b�T���`�b�2 �p���`�B���i�B�Q�M���H �B�M�7�2� �̀2�M�+�2 ���H�;�Q�`�B�i�?�K �r�?�2�MG� F (�) �B�b �K��� �̀;�B�M���H

�~�Q�r �(�R�R�9�)�X

�_�2�K���`�F �9�X�k�X�A�i �B�b ���H�b�Q �M�Q�i�2�r�Q�`�i�?�v �i�?���i �i�?�2 �B�/�2�� �Q�7 �m�b�B�M�; �i� �̀��M�b�7�Q�`�K���i�B�Q�M�b �i�Q �B�M�+� �̀2���b�2 �i�?�2

�~�2�t�B�#�B�H�B�i�v �Q�7 �:�S �K�Q�/�2�H�b �B�b �M���i�m� �̀��H ���M�/ �b�i� �̀��B�;�?�i�7�Q�`�r��� �̀/�X �h�?�2 �h�:�S �T�`�B�Q�` �H�2�p�2� �̀��;�B�M�; �T��� �̀��K�2�i�`�B�+

�M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �r���b � �̀2�+�2�M�i�H�v �T� �̀Q�T�Q�b�2�/ �B�M �(�R�R�9�) ���M�/ �B�b �B�M �H�B�M�2 �r�B�i�? �b�2�p�2� �̀��H �2�t�B�b�i�B�M�;

�r�Q�`�F�b �(�R�R�8���R�R�d�-�R�k�k���R�k�9�)�- �b�m�+�? ���b �*�Q�T�m�H�� �T� �̀Q�+�2�b�b�2�b �(�R�R�e�) ���M�/ �r���`�T�2�/ �:�S�b �(�R�R�d�-�R�k�j�-�R�k�9�)�X

�>�Q�r�2�p�2�`�- �i�?�2�b�2 �r�Q�`�F�b �K���B�M�H�v �7�Q�+�m�b �Q�M �b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �i���b�F�b �B�M�b�i�2���/ �Q�7 �H�2���`�M�B�M�; ���M�/

�B�M�7�2� �̀2�M�+�2 �B�M �a�a�J�b �r�B�i�? �H���i�2�M�i �b�i���i�2�b�X �A�7 �i�?�2 �i� �̀��M�b�7�Q�`�K���i�B�Q�M �B�b �+�Q�M�b�i�`�m�+�i�2�/ �#�v �K�m�H�i�B�@�H���v�2� �̀2�/

�:�S�b�- �i�?�2�M �i�?�B�b �H�2���/�b �i�Q �i�?�2 �b�Q�@�+���H�H�2�/ �/�2�2�T �:���m�b�b�B���M �T� �̀Q�+�2�b�b �U�.�:�S�V �K�Q�/�2�H�b �(�R�R�k�)�X �>�Q�r�2�p�2�`�-

�i� �̀��B�M�B�M�; �i�?�2 �.�:�S �B�b �2�b�b�2�M�i�B���H�H�v �+�?���H�H�2�M�;�B�M�; �#�2�+���m�b�2 �Q�7 �i�?�2 �?�B�;�? �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v

�B�M�p�Q�H�p�2�/ �/�m�`�B�M�; �i�?�2 �i� �̀��B�M�B�M�; �T�?���b�2 �(�R�R�9�-�R�R�8�-�R�R�d�)�X �h�?�B�b �+�?���T�i�2�` �+�Q�M�+�2�M�i� �̀��i�2�b �Q�M �2�t�T�H�Q�B�i�B�M�;

�T��� �̀��K�2�i�`�B�+ �K��� �̀;�B�M���H �~�Q�r�b �i�Q �B�M�+� �̀2���b�2 �i�?�2 �K�Q�/�2�H � �̀2�T� �̀2�b�2�M�i���i�B�Q�M �T�Q�r�2�` �B�M �i�?�2 �Q�`�B�;�B�M���H

�:�S�a�a�J �r�B�i�?�Q�m�i �b�m�#�b�i���M�i�B���H�H�v �B�M�+� �̀2���b�B�M�; �i�?�2 �Q�p�2� �̀��H�H �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v�X

�9�X�k�X�k �*�Q�M�b�i�`�m�+�i�B�Q�M ���M�/ �l�b���;�2 �Q�7 �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r

�h�?�B�b �b�m�#�b�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �T�`���+�i�B�+���H �;�m�B�/�2�H�B�M�2�b �7�Q�` �i�?�2 �+�Q�M�b�i�`�m�+�i�B�Q�M ���M�/ �m�b�2 �Q�7 �M�Q�`�K���H�B�x�B�M�;

�~�Q�r�b �B�M �i�?�2 �h�:�S �K�Q�/�2�H�X �A�M �2�b�b�2�M�+�2�- �p���`�B�Q�m�b �i�v�T�2�b �Q�7 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �+���M �#�2 �2�K�T�H�Q�v�2�/ ���b

�K���`�;�B�M���H �~�Q�r�b�- �`���M�;�B�M�; �7�`�Q�K �#���b�B�+ ���M�/ �B�M�i�2�`�T�`�2�i���#�H�2 �2�H�2�K�2�M�i���`�v �~�Q�r�b �i�Q �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/

�/���i���@�/�`�B�p�2�M �Q�M�2�b �/�2�p�2�H�Q�T�2�/ �B�M �`�2�+�2�M�i �v�2���`�b �(�j�k�-�j�j�)�X �>�Q�r�2�p�2�`�- �B�M �+���b�2�b �r�?�2�`�2 �T�`�B�Q�` �F�M�Q�r�H�2�/�;�2

�`�2�;���`�/�B�M�; �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�v�b�i�2�K �/�v�M���K�B�+�b �B�b ���p���B�H���#�H�2�- �2�H�2�K�2�M�i���`�v �~�Q�r�b ���`�2 �i�v�T�B�+���H�H�v

�T�`�2�7�2�`�`�2�/ �/�m�2 �i�Q �i�?�2�B�` �b�m�T�2�`�B�Q�` �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v ���M�/ �H�Q�r�2�` �M�m�K�#�2�` �Q�7 �K�Q�/�2�H �T���`���K�2�i�2�`�b

�`�2�H���i�B�p�2 �i�Q �i�?�2�B�` �/���i���@�/�`�B�p�2�M �+�Q�m�M�i�2�`�T���`�i�b�X �6�Q�` �2�t���K�T�H�2�- �B�7 �i�?�2 �H���i�2�M�i �b�i���i�2�b �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�;

�/�v�M���K�B�+���H �b�v�b�i�2�K �2�t�?�B�#�B�i �b�B�;�M�B�}�+���M�i �/�B�b�T�2�`�b�B�Q�M ���M�/ �7�Q�`�K �� �?�2���p�v�@�i���B�H�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M

�b�i���i�B�b�i�B�+���H�H�v�- �i�?�2�M �a�B�M�?�@���`�+�b�B�M�? �i�`���M�b�7�Q�`�K���i�B�Q�M�b �K���v �#�2 �2�K�T�H�Q�v�2�/ �i�Q �+�Q�M�i�`�Q�H �i�?�2 �K�2���M�-

�p���`�B���M�+�2�- ���b�v�K�K�2�i�`�v�- ���M�/ �F�m�`�i�Q�b�B�b �Q�7 �i�?�2 �h�:�S �T�`�B�Q�`�b �r�?�B�H�2 �K�Q�/�2�H�B�M�; �i�?�2 �b�v�b�i�2�K �/�v�M���K�B�+�b

�(�R�k�8�)�X ���M�Q�i�?�2�` �2�t���K�T�H�2 �B�b �i�?���i �#�v �+�Q�K�#�B�M�B�M�; �i�r�Q ���{�M�2�@�H�Q�;���`�B�i�?�K�B�+ �i�`���M�b�7�Q�`�K���i�B�Q�M�b�-



�9�k �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�h���#�H�2 �9�X�R�, �1�H�2�K�2�M�i���`�v �~�Q�r�b ���M�/ �i�?�2�B�` �+�Q�K�T�Q�b�B�i�B�Q�M�b�X

�1�H�2�K�2�M�i���`�v

�6�H�Q�r

���`�+�b�B�M�? �G�Q�; �1�t�T �G�B�M�2���` �a�B�M�?�@���`�+�b�B�M�? �"�Q�t�@�*�Q�t �h���M�?

a+ b���`�+�b�B�M�?[d(�7� c)]; �H�Q�;(�7) �2�t�T(�7) a + b�7; �b�B�M�?[b���`�+�b�B�M�?(�7) � a]�- 1
�

�
�b�;�M(�7) j�7j � � 1

�
�- a �i���M�?[b(�7+ c)]+ d�-

a; b; c; d2 R a; b2 R a; b2 R � > 0 a; b; c; d2 R

�6�H�Q�r

�*�Q�K�T�Q�b�B�i�B�Q�M

�a�m�K �Q�7 �G�Q�;�@�1�t�T�(�R�R�e�) �a�B�M�?�@���`�+�b�B�M�?�@�G�B�M�2���` �U�a���G�V�(�R�R�d�) �a�m�K �Q�7 �h���M�?�(�R�k�j�)
P �C� �R

j =0 aj �H�Q�;(1 + �2�t�T[bj (�7+ cj )]) �- d �b�B�M�?(b���`�+�b�B�M�?(�7) � a) + c�- �7+
P �C� �R

j =0 aj �i���M�?[bj (�7+ cj )]�-

aj ; bj � 0; 8j a; b; c; d2 R aj ; bj � 0; 8j

� �A�7 �i�?�2 �B�M�T�m�i ���`�;�m�K�2�M�i�7�B�b �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H�- �Q�M�2 �+���M �m�b�2 �� �+�Q�K�K�Q�M �~�Q�r �i�Q �i�`���M�b�7�Q�`�K�7�2�H�2�K�2�M�i�@�r�B�b�2�H�v �Q�` �K�m�H�i�B�T�H�2 �~�Q�r�b �i�Q �i�`���M�b�7�Q�`�K �2���+�?

�/�B�K�2�M�b�B�Q�M �Q�7�7�B�M�/�2�T�2�M�/�2�M�i�H�v�X �q�2 �i�`���M�b�7�Q�`�K �2���+�? �/�B�K�2�M�b�B�Q�M �Q�7�7�B�M�/�2�T�2�M�/�2�M�i�H�v �B�M �i�?�2 �K���B�M�@�i�2�t�i �r�?�2�M �m�b�B�M�; �2�H�2�K�2�M�i���`�v �~�Q�r�b�X

�#�Q�m�M�/�2�/ �H���i�2�M�i �b�i���i�2�b �+���M �#�2 �2�z�2�+�i�B�p�2�H�v �?���M�/�H�2�/ �(�R�R�d�)�X �� �b�B�K�T�H�2 ���M�/ �r�B�/�2�H�v�@�m�b�2�/ �2�t���K�T�H�2

�7�Q�` �2�H�2�K�2�M�i���`�v �~�Q�r �+�Q�K�T�Q�b�B�i�B�Q�M�b �B�b �;�B�p�2�M �#�v �b�i���+�F�B�M�;J �H���v�2�`�b �Q�7 �a�B�M�?�@���`�+�b�B�M�?�@�G�B�M�2���`

�U�a���G�V �~�Q�r �(�R�R�9�-�R�k�9�)�,

G� j (�) = dj �b�B�M�?(bj ���`�+�b�B�M�?(�) � aj ) + cj ; �U�9�X�N�V

�r�?�2�`�2� j = [ aj ; bj ; cj ; dj ]; j = 0; 1; :::; J � 1�X �q�2 �b�m�K�K���`�B�x�2 �i�?�2�b�2 �B�M�i�2�`�T�`�2�i���#�H�2 �2�H�2�K�2�M�i���`�v

�~�Q�r�b ���H�Q�M�; �r�B�i�? �i�?�2�B�` �T�Q�b�b�B�#�H�2 �+�Q�K�T�Q�b�B�i�B�Q�M�b �m�b�2�/ �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �B�M �h���#�H�2�9�X�R�X

�>�Q�r�2�p�2�`�- �i�?�2 �2�H�2�K�2�M�i���`�v �~�Q�r�b ���M�/ �i�?�2�B�` �+�Q�K�T�Q�b�B�i�B�Q�M�b �K���v �b�i�B�H�H �#�2 �B�M�b�m�{�+�B�2�M�i�- �2�b�T�2�+�B���H�H�v

�r�?�2�M �K�Q�/�2�H�B�M�; �i�?�2 �/�v�M���K�B�+���H �b�v�b�i�2�K �B�M �2�t�i�`�2�K�2�H�v �?���`�b�? ���M�/ �+�Q�K�T�H�2�t �b�+�2�M���`�B�Q�b�X �h�Q �i�?�B�b

�2�M�/�- �i�?�2 �K�Q�`�2 ���/�p���M�+�2�/ �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �+���M �#�2 �B�M�i�2�;�`���i�2�/ �r�B�i�? �:�S �T�`�B�Q�` �i�Q �B�M�+�`�2���b�2 �i�?�2

�K�Q�/�2�H �~�2�t�B�#�B�H�B�i�v�- �b�m�+�? ���b �i�?�2 �`�2���H�@�p���H�m�2�/ �M�Q�M�@�p�Q�H�m�K�2 �T�`�2�b�2�`�p�B�M�; �U�_�2���H�L�o�S�V �~�Q�r �(�R�k�e�) ���M�/

�+�Q�M�i�B�M�m���H �M�Q�`�K���H�B�x�B�M�; �~�Q�r �(�R�k�d�)�X �A�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �b�2�+�i�B�Q�M�b �Q�7 �i�?�B�b �+�?���T�i�2�`�- �r�2 �r�B�H�H �m�i�B�H�B�x�2

�i�?�2 �_�2���H�L�o�S �~�Q�r ���b ���M �2�t���K�T�H�2 �i�Q �K�Q�/�2�H �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H �h�:�S �#�2�+���m�b�2 �Q�7 �B�i�b �m�M�B�p�2�`�b���H

���T�T�`�Q�t�B�K���i�B�Q�M �+���T���#�B�H�B�i�v ���M�/ �+�Q�K�T�2�i�B�i�B�p�2 �T�2�`�7�Q�`�K���M�+�2 �+�Q�K�T���`�2�/ �i�Q �Q�i�?�2�` �+�Q�K�T�2�i�B�i�Q�`�b �B�M

�i�2�`�K�b �Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �K�Q�/�2�H �T���`���K�2�i�2�`�b ���M�/ �i�?�2 �i�`���B�M�B�M�; �b�T�2�2�/ �(�R�k�3�)�X

�h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b�-G� j (�); j = 0; 1; :::; J � 1; �B�M �_�2���H�L�o�S ���`�2 �+�Q�M�b�i�`�m�+�i�2�/ �#�v �+�Q�m�T�H�B�M�;

�H���v�2�`�b�X �a�T�2�+�B�}�+���H�H�v�- �;�B�p�2�M ��dx �@�/�B�K�2�M�b�B�Q�M���H �7�m�M�+�i�B�Q�M �Q�m�i�T�m�i�-�7t = [ �7t;1; �7t;2; :::; �7t;d x ]> 2 Rdx �-

���M�/d < dx �- �i�?�2 �}�`�b�i �+�Q�m�T�H�B�M�; �H���v�2�`�-G� 0 (�7t )�- �Q�m�i�T�m�i�b�71t = [ �71t;1; �71t;2; :::; �71t;d x
]> �- �7�Q�H�H�Q�r�B�M�; �i�?�2

�2�[�m���i�B�Q�M�b

�71t;1:d = �7t;1:d; �U�9�X�R�y���V

�71t;d+1: dx
= �7t;d+1: dx � �2�t�T(s(�7t;1:d)) + r (�7t;1:d)) ; �U�9�X�R�y�#�V

�r�?�2�`�2s(�) ���M�/r (�) ���`�2 ���`�#�B�i�`���`�v �+�Q�K�T�H�2�t �K���T�T�B�M�;�bRd 7! Rdx � d�- �r�?�B�+�? �+���M �#�2 �K�Q�/�2�H�2�/ �#�v

�M�2�m�`���H �M�2�i�r�Q�`�F�b�- ���M�/� �`�2�T�`�2�b�2�M�i�b �2�H�2�K�2�M�i�@�r�B�b�2 �T�`�Q�/�m�+�i�X �h�?�2�M �#�v �b�i���+�F�B�M�; �+�Q�m�T�H�B�M�; �H���v�2�`�b

�B�M ���M ���H�i�2�`�M���i�B�M�; �7���b�?�B�Q�M�- �2�H�2�K�2�M�i�b �i�?���i ���`�2 �m�M�+�?���M�;�2�/ �B�M �i�?�2 �H���b�i �+�Q�m�T�H�B�M�; �H���v�2�` ���`�2 �m�T�/���i�2�/

�B�M �i�?�2 �M�2�t�i �(�R�k�e�)�X �L�Q�i�2 �i�?���i �B�7 �i�?�2 �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M �Q�m�i�T�m�i�-f �7t;1; �7t;2; :::; �7t;d x g�- ���`�2



�9�X�k �J�Q�/�2�H �a�T�2�+�B�}�+���i�B�Q�M �9�j

�B�M�/�2�T�2�M�/�2�M�i�- �i�?�2 �Q�m�i�T�m�i�b �Q�7 �i�?�2 �_�2���H�L�o�S �~�Q�r�- �2�X�;�X�-f �71t;1; �71t;2; :::; �71t;d x
g�- ���`�2 �/�2�T�2�M�/�2�M�i

�#�2�+���m�b�2 �Q�7 �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2J �+�Q�m�T�H�B�M�; �H���v�2�`�b�X

�9�X�k�X�j �h�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �S�`�Q�+�2�b�b �a�i���i�2�@�a�T���+�2 �J�Q�/�2�H�b

�L�Q�r�- �r�2 �+���M �T�H���+�2 �i�?�2 �h�:�S �T�`�B�Q�`~f (�) �Q�p�2�` �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �Q�7 �a�a�J�- �;�B�p�B�M�; �`�B�b�2

�i�Q �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �:���m�b�b�B���M �T�`�Q�+�2�b�b �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H �U�h�:�S�a�a�J�V�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;

�;�`���T�?�B�+���H �K�Q�/�2�H �B�b �b�?�Q�r�M �B�M �6�B�;�X�9�X�9�X �J���i�?�2�K���i�B�+���H�H�v�- �i�?�2 �K�Q�/�2�H �+���M �#�2 �2�t�T�`�2�b�b�2�/ �#�v �i�?�2

�7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

f (�) � GP (� (�); k(�; �); � gp) �U�9�X�R�R���V

~f (�) = G� F (f ) �U�9�X�R�R�#�V

�t0 � p(�t0) �U�9�X�R�R�+�V

�7t = f (�tt � 1) �U�9�X�R�R�/�V

~�7t = G� F (�7t ) = ~f (�tt � 1) �U�9�X�R�R�2�V

�tt j ~�7t � N
�

�tt j ~�7t ; �Z
�

�U�9�X�R�R�7�V

�vt j �tt � N (�vt j C �tt ; �_) �U�9�X�R�R�;�V

�r�?�2�`�2G� F (�) �B�b �� �K���`�;�B�M���H �~�Q�r �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M�9�X�k�X�R�X �:�B�p�2�M ���M �Q�#�b�2�`�p���i�B�Q�M �b�2�[�m�2�M�+�2

�Q�7 �b�B�x�2T�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �h�:�S �7�m�M�+�i�B�Q�M �p���H�m�2�b ���`�2 �/�2�M�Q�i�2�/ ���b~�6, ~�71:T = f ~f (�tt )gT � 1
t=0 �-

���M�/ �i�?�2 �D�Q�B�M�i �T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �h�:�S�a�a�J �B�b

p(~�6; �s; �uj� ) = p(�t0)p(~�71:T )
TY

t=1

p(�tt j~�7t )p(�vt j�tt ); �U�9�X�R�k�V

�r�?�2�`�2p(~�71:T ) �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �}�M�B�i�2 �/�B�K�2�M�b�B�Q�M���H �h�:�S �/�B�b�i�`�B�#�m�i�B�Q�M�- ���M�/� = f � gp; � F ; �Z; �_g

�B�b �i�?�2 �b�2�i �Q�7 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b�X �a���K�T�H�B�M�; �7�`�Q�K �i�?�2 �h�:�S�a�a�J �T�`�B�Q�` �B�b �b�B�K�B�H���` �i�Q �b���K�@

�T�H�B�M�; �7�`�Q�K �:�S�a�a�J �T�`�B�Q�` �(�d�j�)�- �2�t�+�2�T�i �7�Q�` ���M �2�t�i�`�� �i�`���M�b�7�Q�`�K���i�B�Q�M �b�i�2�T �i�?���i �i�`���M�b�7�Q�`�K�b

�i�?�2 �b���K�T�H�2�/ �H���i�2�M�i �7�m�M�+�i�B�Q�M �p���H�m�2�7t �B�M�i�Q~�7t �X �J�Q�`�2 �/�2�i���B�H�b ���#�Q�m�i �i�?�2 �b���K�T�H�B�M�; �b�i�2�T�b ���M�/

�2�t���K�T�H�2�b �+���M �#�2 �7�Q�m�M�/ �B�M �a�2�+�i�B�Q�M�9�X�d�X�9�X

�_�2�K���`�F �9�X�j�U�.�2�T�2�M�/�2�M�+�v �+�Q�M�b�i�`�m�+�i�B�Q�M�V�X�A�M �i�?�2 �:�S�a�a�J �/�2�b�+�`�B�#�2�/ �B�M �1�[�X �U�j�X�R�j�V�- �i�?�2dx �@

�/�B�K�2�M�b�B�Q�M���H �Udx > 1�V �i� �̀��M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �i�v�T�B�+���H�H�v �K�Q�/�2�H�2�/ �#�vdx �K�m�i�m���H�H�v �B�M�/�2�T�2�M�/�2�M�i

�:�S�b�- �r�?�B�+�? �B�b �b�B�K�T�H�B�7�v�B�M�; �#�m�i �K���v �#�2 �m�M� �̀2���H�B�b�i�B�+ �(�9�y�)�X �h�?�B�b �B�b�b�m�2 �+���M �#�2 �i���+�F�H�2�/ �B�M

�h�:�S�a�a�J�b ���b �i�?�2dx �@�/�B�K�2�M�b�B�Q�M���H �h�:�S �T�`�B�Q�` �+���M �2�b�i���#�H�B�b�? �/�2�T�2�M�/�2�M�+�B�2�b �#�2�i�r�2�2�M �/�B�K�2�M�b�B�Q�M�b

�p�B�� �M�Q�`�K���H�B�x�B�M�; �~�Q�r�X �6�Q�` �B�M�b�i���M�+�2�- �+�Q�m�T�H�B�M�; �H���v�2�`�b �B�M �_�2���H�L�o�S �+���M �Q�m�i�T�m�i �/�2�T�2�M�/�2�M�i

�7�m�M�+�i�B�Q�M �p���H�m�2�b�X �L�Q�i���#�H�v�- �B�M �i�?�2 �+���b�2 �Q�7 �� �H�B�M�2���` �M�Q�`�K���H�B�x�B�M�; �~�Q�r�- �i�?�2 �h�:�S�a�a�J �B�b

�2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �T� �̀Q�T�Q�b�2�/ �B�M �(�9�y�)�- �Q�z�2�`�B�M�; �T�Q�i�2�M�i�B���H �T� �̀��+�i�B�+���H

���M�/ �B�M�7�2� �̀2�M�+�2 ���/�p���M�i���;�2�b�X



�9�9 �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�t0 �t1 � � � �tt � 1 �tt � � �

� � � ~�71 � � � ~�7t � 1 ~�7t � � �

�v1 � � � �vt � 1 �vt � � �

�6�B�;�m�`�2 �9�X�9�, �:�`���T�?�B�+���H �K�Q�/�2�H �Q�7 �h�:�S�a�a�J�X �h�?�2 �r�?�B�i�2 �+�B�`�+�H�2�b �B�M�/�B�+���i�2 �i�?���i �i�?�2 �p���`�B���#�H�2�b ���`�2 �H���i�2�M�i�- �r�?�B�H�2

�i�?�2 �;�`���v �+�B�`�+�H�2�b �`�2�T�`�2�b�2�M�i �i�?�2 �Q�#�b�2�`�p���#�H�2 �p���`�B���#�H�2�b�X �h�?�2 �i�?�B�+�F �?�Q�`�B�x�Q�M�i���H �#���` �`�2�T�`�2�b�2�M�i�b �� �b�2�i �Q�7 �7�m�H�H�v

�+�Q�M�M�2�+�i�2�/ �M�Q�/�2�b�- �B�X�2�X�- �i�?�2 �h�:�S�X

�h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �h�:�S�a�a�J �K���B�M�H�v ���`�B�b�2�b �7�`�Q�K �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7

�b�i���M�/���`�/ �:�S �K�Q�/�2�H�X �6�Q�` �B�M�b�i���M�+�2�- �b���K�T�H�B�M�; �7�`�Q�K �h�:�S�a�a�J �b�+���H�2�b ���bO(dxT3) �U�b�2�2

�a�2�+�i�B�Q�M�9�X�d�X�9�V�- �r�?�B�+�? �B�b �T�`�Q�?�B�#�B�i�B�p�2 �7�Q�` �#�B�; �/���i���X �h�Q ���/�/�`�2�b�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �B�b�b�m�2�- �r�2

�H�2�p�2�`���;�2 �i�?�2 �b�T���`�b�2 �:�S�- �b�2�2 �a�2�+�i�B�Q�M�k�X�k�X�j�- �i�Q ���H�H�2�p�B���i�2 �i�?�2 �+�m�#�B�+ �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �B�M

�i�?�2 �h�:�S�a�a�J�X �"�v �B�M�i�`�Q�/�m�+�B�M�; �b�T���`�b�2 �:�S �i�Q ���m�;�K�2�M�i �i�?�2 �:�S �T�`�B�Q�` �r�B�i�?M �B�M�/�m�+�B�M�; �T�Q�B�M�i�b

�l , �m1:M = f �m1; �m2; :::; �mM g�- ���i �H�Q�+���i�B�Q�M�b�w, �x1:M = f �x1; �x2; :::; �xM g�- �B�X�2�X�-�m1:M = f (�x1:M )�-

�i�?�2 ���m�;�K�2�M�i�2�/ �h�:�S �T�`�B�Q�` �B�b �;�B�p�2�M �#�v

p(~�6; ~�l ) = p(~�71:T ; ~�m1:M ) = p(�6j �l ) �C�7| {z }
= p

�
~�6j ~�l

�

� p(�l ) �C�m| {z }
= p( ~�l )

; �U�9�X�R�j�V

�r�?�2�`�2p(�l ) �B�b �i�?�2 �b�T���`�b�2 �:�S �/�B�b�i�`�B�#�m�i�B�Q�M�-p(�6j�l ) �B�b �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �M�Q�B�b�2�H�2�b�b �:�S �T�Q�b�i�2�`�B�Q�`

�r�?�Q�b�2 �K�2���M ���M�/ �+�Q�p���`�B���M�+�2 �+���M �#�2 �+�Q�K�T�m�i�2�/ �b�B�K�B�H���`�H�v �i�Q �1�[�X �U�k�X�R�j�V�-~�l , ~�m1:M = ~f (�x1:M )�-

���M�/

�C�7=
J � 1Y

j =1
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�
G� j � 1 (:::G� 0 (�6):::)

�

@G� j � 1 (:::G� 0 (�6):::)
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; �U�9�X�R�9���V
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: �U�9�X�R�9�#�V

�.�2�i���B�H�2�/ �/�2�`�B�p���i�B�Q�M�b �Q�7 �1�[�X �U�9�X�R�j�V �+���M �#�2 �7�Q�m�M�/ �B�M �a�2�+�i�B�Q�M�9�X�d�X�R�- �r�?�2�`�2 �r�2 �m�b�2 �i�?�2 �7���+�i �i�?���i

�i�?�2 �+�Q�Q�`�/�B�M���i�2�@�r�B�b�2 �K���`�;�B�M���H �~�Q�rG� F (�)�- �B�M�/�m�+�2�b �� �p���H�B�/ �h�:�S ���M�/�- �B�M �i�m�`�M�- �;�m���`���M�i�2�2�b

�i�?���i �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �b�T���`�b�2 �:�S �B�b �+�Q�M�b�B�b�i�2�M�i�- �b�2�2 �*�Q�`�Q�H�H���`�v�9�X�R�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �D�Q�B�M�i

�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �h�:�S�a�a�J ���m�;�K�2�M�i�2�/ �#�v �i�?�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �B�b

p(~�6; ~�l ; �s; �u) = p(�t0)p(~�71:T ; ~�m1:M )
TY

t=1

p(�tt j~�7t )p(�vt j�tt ): �U�9�X�R�8�V

�a�B�K�B�H���`�H�v�- �r�2 �+���M �b���K�T�H�2 �7�`�Q�K �i�?�2 �h�:�S�a�a�J �T�`�B�Q�` �#�v �}�`�b�i �;�2�M�2�`���i�B�M�; �� �`���M�/�Q�K �B�M�b�i���M�+�2�l

�7�`�Q�Kp(�l )�- ���M�/ �i�?�2�M �b���K�T�H�B�M�;�7t �7�`�Q�K �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mp(�7t j�l ; �tt � 1) ���i �2���+�? �i�B�K�2



�9�X�j �J�2���M�@�6�B�2�H�/ �o���`�B���i�B�Q�M���H �"���v�2�b �9�8

�b�i�2�Tt�- �;�B�p�2�M �i�?�2 �b���K�T�H�2�/�l ���M�/ �T�`�2�p�B�Q�m�b �b�i���i�2�tt � 1�X �h�?�2 �/�2�i���B�H�2�/ �b���K�T�H�B�M�; �T�`�Q�+�2�/�m�`�2 �7�Q�`

�i�?�B�b �T�`�B�Q�` �B�b ���H�b�Q �;�B�p�2�M �B�M �a�2�+�i�B�Q�M�9�X�d�X�9�X �q�B�i�? �i�?�2 ���B�/ �Q�7 �i�?�2 �b�T���`�b�2 �:�S�- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 �h�:�S�a�a�J �+���M �#�2 �`�2�/�m�+�2�/ �i�QO(dxTM 2) �r�B�i�?M � T�- �+�Q�K�T���`�B�M�; �i�Q

�i�?�2 �Q�`�B�;�B�M���HO(dxT3)�X

�G���b�i�H�v�- �r�2 �M�Q�i�2 �i�?���i �B�7M �B�b �b�m�{�+�B�2�M�i�H�v �H���`�;�2�- �i�?�2 �b�2�i �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�-�l �- �B�b �Q�7�i�2�M

�`�2�;���`�/�2�/ ���b ���b�m�{�+�B�2�M�i �b�i���i�B�b�i�B�+�7�Q�` �i�?�2 �:�S �7�m�M�+�i�B�Q�M �p���H�m�2�b�-�6�- �B�M �� �b�2�M�b�2 �i�?���i �;�B�p�2�M�l �- �i�?�2

�7�m�M�+�i�B�Q�M �p���H�m�2�b�6 ���M�/ ���M�v �M�Q�p�2�H�7� ���`�2 �B�M�/�2�T�2�M�/�2�M�i �(�e�y�)�- �B�X�2�X�-p(�7� j�6; �l ) = p(�7� j�l )�- �7�Q�` ���M�v

�7� �X �h�?�B�b �T�`�Q�T�2�`�i�v �`�2�K���B�M�b �p���H�B�/ �B�M �i�?�2 �h�:�S �Q�r�B�M�; �i�Q �i�?�2 �#�B�D�2�+�i�B�p�2 �M���i�m�`�2 �Q�7 �M�Q�`�K���H�B�x�B�M�;

�~�Q�r�X �q�2 �b�m�K�K���`�B�x�2 �i�?�2 �`�2�b�m�H�i �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�X

�h�?�2�Q�`�2�K �9�X�k�X�A�7 �i�?�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�-�l �- �B�b �� �b�m�{�+�B�2�M�i �b�i���i�B�b�i�B�+ �7�Q�` �i�?�2 �b�i���M�/��� �̀/ �:�S �K�Q�/�2�H�-

�K�2���M�B�M�; �i�?���iM �B�b �b�m�{�+�B�2�M�i�H�v �H��� �̀;�2�- �i�?�2�M �i�?�2 �i� �̀��M�b�7�Q�`�K�2�/ �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�-~�l = ~f (�x1:M )�- �B�b

�� �b�m�{�+�B�2�M�i �b�i���i�B�b�i�B�+ �7�Q�` �i�?�2 �h�:�S �7�m�M�+�i�B�Q�M �p���H�m�2�b�-~�6= ~f (�t1:T )�X

�S� �̀Q�Q�7�X�a�2�2 �a�2�+�i�B�Q�M�9�X�d�X�k�X

�h�?�2�Q�`�2�K�9�X�k�b�m�;�;�2�b�i�b �i�?���i �h�:�S�a�a�J �B�M�?�2�`�B�i�b �i�?�2 �K�2�`�B�i �Q�7 �b�T���`�b�2 �:�S �K�Q�/�2�H�b�- �r�?�B�+�?

�+���M �;�`�2���i�H�v �#�2�M�2�}�i �i�?�2 �/�2�b�B�;�M �Q�7 �b�+���H���#�H�2 �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K�b �7�Q�` �h�:�S�a�a�J

�U�b�2�2 �a�2�+�i�B�Q�M�9�X�j�V�X �a�B�K�B�H���` �i�Q �i�?�2 �b�T���`�b�2 �:�S�b�- �B�M �h�:�S�a�a�J�- �i�?�2 �M�m�K�#�2�` �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�-
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� �E�G[q(�l )kp(�l )] �U�9�X�k�j�#�V

+
TX

t=1

Eq(�tt � 1 )

�
dx

2
�H�Q�;(2� ) +

1
2

�H�Q�;j� �tt j +
1
2

dx

�
�U�9�X�k�j�+�V

+
TX

t=1

Eq(�tt � 1: t )q(�7t ) [�H�Q�;p(�tt jG� F (�7t ))] �U�9�X�k�j�/�V

+
TX

t=1

Eq(�tt � 1 )

�
�H�Q�;N (�vt jC � �tt ; R ) �

1
2

�i�`
�
R � 1(C � x t C

> )
�
�

�U�9�X�k�j�2�V

�r�?�2� �̀2� �tt , � � (�tt � 1; �v1:T ) ���M�/� �tt , � � (�tt � 1; �v1:T )�- �7�Q�` �M�Q�i���i�B�Q�M �#� �̀2�p�B�i�v�X

�S� �̀Q�Q�7�X�a�2�2 �a�2�+�i�B�Q�M�9�X�d�X�j�X

�_�2�K���`�F �9�X�8�U�A�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �1�G�"�P�V�X�1���+�? �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �1�G�"�P �/�2�`�B�p�2�/ �B�M �h�?�2�Q� �̀2�K

�9�X�j�B�b �B�M�i�2�`�T� �̀2�i���#�H�2�X �h�?�2�B�` �T�?�v�b�B�+���H �K�2���M�B�M�;�b ��� �̀2 �;�B�p�2�M ���b �7�Q�H�H�Q�r�b�,

� �h�?�2 �E�G �i�2�`�K �B�M �1�[�X �U�9�X�k�j���V � �̀2�T� �̀2�b�2�M�i�b �� � �̀2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �7�Q�`q(�t0)�- �r�?�B�+�?

�/�B�b�+�Q�m� �̀��;�2�bq(�t0) �7� �̀Q�K �/�2�p�B���i�B�M�; �i�Q�Q �K�m�+�? �7� �̀Q�K �i�?�2 �T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp(�t0) =

N (�t0j0; �A)�c

� �1�[�X �U�9�X�k�j�#�V � �̀2�T� �̀2�b�2�M�i�b �� � �̀2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �7�Q�` �i�?�2 �:�S �i� �̀��M�b�B�i�B�Q�M �b�m�`� �̀Q�;���i�2q(�l )�-

�r�?�B�+�? �/�B�b�+�Q�m� �̀��;�2�bq(�l ) �7� �̀Q�K �/�2�p�B���i�B�M�; �i�Q�Q �K�m�+�? �7� �̀Q�K �i�?�2 �:�S �T�`�B�Q�`p(�l )�c

� �1�[�X �U�9�X�k�j�+�V �B�b �i�?�2 �/�B�z�2� �̀2�M�i�B���H �2�M�i� �̀Q�T�v �i�2�`�K �Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2 �i� �̀��D�2�+�i�Q�`�v�X �J���t�B�K�B�x�B�M�;

�i�?�2 �1�G�"�P �2�b�b�2�M�i�B���H�H�v �2�M�+�Q�m� �̀��;�2�b �ó�b�i� �̀2�i�+�?�B�M�;�ô �2�p�2�`�vq(�tt ) �b�Q �i�?���i �i�?�2 ���T�T� �̀Q�t�B�K���i�2�/

�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mq(�t0:T ) �r�B�H�H �M�Q�i �#�2 �Q�p�2�`�H�v �i�B�;�?�i�c

� �1�[�X �U�9�X�k�j�/�V � �̀2�T� �̀2�b�2�M�i�b �i�?�2 � �̀2�+�Q�M�b�i�`�m�+�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2 �i� �̀��D�2�+�i�Q�`�v�- �r�?�B�+�? �2�M�@

�+�Q�m� �̀��;�2�b �i�?�2 �i� �̀��M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�MG� F (�) �i�Q �}�i �i�?�2 �H���i�2�M�i �b�i���i�2�b�tt � q(�tt j�tt � 1); 8t�X �A�M

�Q�i�?�2�` �r�Q� �̀/�b�- �i�?�B�b �i�2�`�K �K�2���b�m� �̀2�b �i�?�2 �[�m���H�B�i�v �Q�7 �H�2���`�M�B�M�;�f�}�i�i�B�M�; �i�?�2 �m�M�/�2�`�H�v�B�M�; �b�v�b�i�2�K

�/�v�M���K�B�+�b�X �1�K�T�Q�r�2� �̀2�/ �#�v �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�- �i�?�2 �h�:�S �K�Q�/�2�H �B�M �i�?�2 �h�:�S�a�a�J �B�b

�2�t�T�2�+�i�2�/ �i�Q �#�2 ���#�H�2 �i�Q �+���T�i�m� �̀2 �K�Q� �̀2 �+�Q�K�T�H�2�t �b�v�b�i�2�K �/�v�M���K�B�+�b�c



�8�y �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

� �1�[�X �U�9�X�k�j�2�V � �̀2�T� �̀2�b�2�M�i�b �i�?�2 �/���i�� � �̀2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`� �̀Q�`�- �r�?�B�+�? �2�M�+�Q�m� �̀��;�2�b ���M�v �b�i���i�2

�i� �̀��D�2�+�i�Q�`�v�t0:T �7� �̀Q�Kq(�t0:T ) �i�Q ���+�+�m� �̀��i�2�H�v � �̀2�+�Q�M�b�i�`�m�+�i �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b�X

�L�Q�i�2 �i�?���i �i�?�2�`�2 �B�b �M�Q ���M���H�v�i�B�+���H �7�Q�`�K �7�Q�` �1�[�X �U�9�X�k�j�/�V�- �r�2 �i�?�m�b �m�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;

�J�Q�M�i�2�@�*���`�H�Q ���T�T�`�Q�t�B�K���i�B�Q�M�,

�1�[�X �U�9�X�k�j�/�V�
TX

t=1

Eq(�tt � 1: t )

"
1
n

nX

i =1

�H�Q�;p(�tt jG� F (�7(i )t ))

#

=
TX

t=1

Eq(�tt � 1: t )

"
1
n

nX

i =1

�H�Q�;N (�tt jG� F (�7(i )t ); Q)

#

; �U�9�X�k�9�V

�r�?�2�`�2f �7(i )t gn
i =1 ; n 2 N�- ���`�2 �;�2�M�2�`���i�2�/ �7�`�Q�Kq(�7t )�- ���M�/

q(�7t ) =
Z

q(�7t ; �l )�/�l = N (�7t j�K�7t ; � f t ) ; �U�9�X�k�8�V

���M�/�- �r�B�i�? �� �#�B�i ���#�m�b�2 �Q�7 �M�Q�i���i�B�Q�M�-

�K�7t = K �tt � 1 ;�wK � 1
�w;�w�K; �U�9�X�k�e�V

� f t = K �tt � 1 ;�tt � 1 � K �tt � 1 ;�wK � 1
�w;�w[K �w;�w� �a] K � 1

�w;�wK �w;�tt � 1 :

�G���b�i�H�v�- �r�2 �m�b�2 �i�?�2 �`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�) �i�Q �+�Q�K�T�m�i�2 �i�?�2 �2�t�T�2�+�i���i�B�Q�M�b �r�B�i�? �`�2�b�T�2�+�i

�i�Q �i�?�2 �B�M�i�`���+�i���#�H�2q(�tt � 1:t )�X �"�v �b���K�T�H�B�M�; �i�`���D�2�+�i�Q�`�B�2�b �7�`�Q�Kq(�t0:T ) ���M�/ �2�p���H�m���i�B�M�; �i�?�2

�B�M�i�2�;�`���M�/�b �B�M �1�[�X �U�9�X�k�j�V�- �r�2 �+���M �Q�#�i���B�M ���M �2�b�i�B�K���i�2 �7�Q�` �i�?�2 �1�G�"�P�X �h�Q�;�2�i�?�2�` �r�B�i�? ���H�H�- �r�2 �+���M

���T�T�H�v �;�`���/�B�2�M�i ���b�+�2�M�i�@�#���b�2�/ �K�2�i�?�Q�/�b �(�R�j�k�) �i�Q �K���t�B�K�B�x�2 �i�?�2 �1�G�"�P �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K�Q�/�2�H

�T���`���K�2�i�2�`�b� = [ � gp; � F ; Q; R ] ���M�/ �i�?�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b� = [ �K0; �G0; � ; �K; �a; �w]�X �h�?�2

�;�`���/�B�2�M�i �B�M�7�Q�`�K���i�B�Q�M �+���M �#�2 �#���+�F�@�T�`�Q�T���;���i�2�/ �Q�r�M�B�M�; �i�Q �i�?�2 �`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�)�X

�h�?�2 �T�b�2�m�/�Q �+�Q�/�2 �7�Q�` �B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �J�6 �p���`�B���i�B�Q�M���H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K �B�b

�b�m�K�K���`�B�x�2�/ �B�M ���H�;�Q�`�B�i�?�K�9�X�R�X

�_�2�K���`�F �9�X�e�X�h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�;�Q�`�B�i�?�K�9�X�R�H�B�2�b �B�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M�b �Q�7

�:�S�- �M�Q�`�K���H�B�x�B�M�; �~�Q�r�- ���M�/ �B�M�7�2� �̀2�M�+�2 �M�2�i�r�Q�`�F�X �*�Q�K�T��� �̀2�/ �i�Q �i�?�2O(TdxM 2) �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�b�i�b �B�M �i�?�2 �:�S�a�a�J�b �m�b�B�M�; �B�M�7�2� �̀2�M�+�2 �M�2�i�r�Q�`�F�b �(�3�d�-�N�j�-�N�9�) �U���b�b�m�K�B�M�; �i�?�2 �:�S �B�b �i�?�2

�K���B�M �+�Q�K�T�m�i���i�B�Q�M���H �#�Q�i�i�H�2�M�2�+�F�V�- ���H�;�Q�`�B�i�?�K�9�X�R�7�Q�` �i�?�2 �h�:�S�a�a�J �Q�M�H�v �;�2�M�i�H�v �B�M�+� �̀2���b�2�b

�i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �/�m�2 �i�Q �i�?�2 �m�b�2 �Q�7 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�X �A�M �7���+�i�- �B�M �i�?�2 �+���b�2

�Q�7 ���T�T�H�v�B�M�; �i�?�2 �2�H�2�K�2�M�i���`�v �~�Q�r�b�- �i�?�2 ���/�/�B�i�B�Q�M���H �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �B�i �#�`�B�M�;�b �B�b

�M�2�;�H�B�;�B�#�H�2�X �J�Q� �̀2�Q�p�2�`�- �7�Q�` �H��� �̀;�2 �/���i���b�2�i�b �r�B�i�? �� �H��� �̀;�2T�- �b�i�Q�+�?���b�i�B�+ �;� �̀��/�B�2�M�i �Q�T�i�B�K�B�x���i�B�Q�M

�K�2�i�?�Q�/�b �+���M �#�2 �2�K�T�H�Q�v�2�/ �i�Q �K���F�2 �i�?�2 ���H�;�Q�`�B�i�?�K �b�+���H���#�H�2�c �a�2�2 �a�2�+�i�B�Q�M�9�X�d�X�e�7�Q�` �K�Q� �̀2 �/�2�i���B�H�2�/

�/�B�b�+�m�b�b�B�Q�M�b�X

�_�2�K���`�F �9�X�d�X���M �B�K�T�Q�`�i���M�i �T�Q�B�M�i �B�b �i�?���i �i�?�2 �1�G�"�P �B�b �;�m��� �̀��M�i�2�2�/ �i�Q �#�2 �M�Q�M�@�/�2�+� �̀2���b�B�M�; ���i

�2���+�? �B�i�2� �̀��i�B�Q�M�- ���M�/ �i�?�2 �K�Q�/�2�H �T��� �̀��K�2�i�2�`�b� ���M�/ �p���`�B���i�B�Q�M���H �T��� �̀��K�2�i�2�`�b� ��� �̀2 �;�m��� �̀��M�i�2�2�/ �i�Q

�+�Q�M�p�2� �̀;�2 �i�Q �� �b�i���i�B�Q�M���`�v �T�Q�B�M�i �(�k�9�-�R�j�j�-�R�j�9�)�X



�9�X�j �J�2���M�@�6�B�2�H�/ �o���`�B���i�B�Q�M���H �"���v�2�b �8�R

���H�;�Q�`�B�i�?�K �9�X�R�,�J�6 �o���`�B���i�B�Q�M���H �G�2���`�M�B�M�; �7�Q�` �h�:�S�a�a�J

�A�M�T�m�i�,�.���i���b�2�if �v1:T g�X �A�M�B�i�B���H �T���`���K�2�i�2�`�b� (0) �-� (0) �X

�P�m�i�T�m�i�,�S���`���K�2�i�2�`�b� ���M�/� �X

�r�?�B�H�2�M�Q�i �+�Q�M�p�2� �̀;�2�/�/�Q
�1�p���H�m���i�2 �1�[�X �U�9�X�k�j���V ���M�/ �1�[�X �U�9�X�k�j�#�V�c

�a���K�T�H�2 �b�i���i�2 �i�`���D�2�+�i�Q�`�v�t0:T � q(�t0:T ) �m�b�B�M�; �1�[�X �U�9�X�k�k�V�c

�7�Q�`t = 1 : T �/�Q
�1�p���H�m���i�2 �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�2�`�K�- �1�[�X �U�9�X�k�j�2�V�c

�1�p���H�m���i�2 �2�M�i�`�Q�T�v �i�2�`�K�- �1�[�X �U�9�X�k�j�+�V�c

�*�Q�K�T�m�i�2q(�7t ) �m�b�B�M�; �1�[�X �U�9�X�k�8�V�c

�a���K�T�H�2�7(i )t � q(�7t ); i = 1 ; 2; :::; n�c

�1�p���H�m���i�2 �b�i���i�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�2�`�K�- �1�[�X �U�9�X�k�9�V�c

�2�M�/

�1�p���H�m���i�2 �1�G�"�P �Q�7 �1�[�X �U�9�X�k�j�V�c

�1�b�i�B�K���i�2 �i�?�2 �J�Q�M�i�2�@�*���`�H�Q �;�`���/�B�2�M�i �r�B�i�? �`�2�b�T�2�+�i �i�Q� ���M�/� �c

�l�T�/���i�2� ���M�/� �m�b�B�M�; ���/���K �(�R�j�k�)�c

�2�M�/

�9�X�j�X�j �h���K�B�M�; �h�:�S�a�a�J �r�B�i�? �*�Q�M�b�i�`���B�M�2�/ �P�T�i�B�K�B�x���i�B�Q�M

�L�Q�i�2 �i�?���i ���H�;�Q�`�B�i�?�K�9�X�R�Q�T�i�B�K�B�x�2�b �#�Q�i�? �i�?�2 �T���`���K�2�i�2�`�b� ���M�/� �b�B�K�m�H�i���M�2�Q�m�b�H�v�X �>�Q�r�2�p�2�`�-

�� �H�Q�+���H �Q�T�i�B�K���H �Q�#�i���B�M�2�/ �7�`�Q�K �K���t�B�K�B�x�B�M�; �i�?�2 �1�G�"�P �/�Q�2�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �B�K�T�H�v�R �i�?���i

�i�?�2 �K�Q�/�2�H �?���b �H�2���`�M�2�/ ���M ���T�T�`�Q�T�`�B���i�2 �H���i�2�M�i �b�i���i�2�@�b�T���+�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�;
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�K���M�m���H�H�v �b�2�i �� �/�2�b�B�`�2�/ �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �[�m���H�B�i�v �p���H�m�2�-R 0�X ���H�i�2�`�M���i�B�p�2�H�v�- �r�2 �+���M

�T�`�2�@�i�`���B�M �i�?�2 �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F �i�Q �Q�#�i���B�M �i�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �[�m���H�B�i�v �Q�7 �i�?�2 �;�2�M�2�`���i�2�/

�H���i�2�M�i �b�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b�- ���M�/ �m�b�2 �i�?�B�b ���b �i�?�2 �2�K�T�B�`�B�+���H

�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �[�m���H�B�i�v�-R 0�X �h�?�2 �b�T�2�+�B�}�+ �b�i�2�T�b �7�Q�` �2�K�T�B�`�B�+���H�H�v �+���H�+�m�H���i�B�M�;R 0 ���`�2 �b�m�K�K���`�B�x�2�/

�B�M ���H�;�Q�`�B�i�?�K�9�X�j�X

�9�X�9 �_�2�H���i�2�/ �q�Q�`�F�b

�h�?�B�b �b�2�+�i�B�Q�M �`�2�p�B�2�r�b �2�t�B�b�i�B�M�; �J�6 �p���`�B���i�B�Q�M���H �:�S�a�a�J�b�X �6�`�B�;�Q�H���2�i ���H�X�(�d�N�) �+�?�Q�b�2 �i�?�2 �7�Q�H�H�Q�r�B�M�;

�p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�M �i�?�2 �H���i�2�M�i �p���`�B���#�H�2�b ���M�/ �#�m�B�H�i �i�?�2 �}�`�b�i �p���`�B���i�B�Q�M���H ���H�;�Q�`�B�i�?�K �B�M

�:�S�a�a�J�-

q(�s; �6; �l ) = q(�s)
TY

t=1

p(�7t j�tt � 1; �l )q(�l ); �U�9�X�j�y�V

�i�?���i �B�b�-

. q(�sj�6) = q(�s)�- �r�?�B�+�? ���b�b�m�K�2�b �i�?�2 �B�M�/�2�T�2�M�/�2�M�+�2 �#�2�i�r�2�2�M�s ���M�/�6�X



�8�9 �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

���H�;�Q�`�B�i�?�K �9�X�j�,�1�K�T�B�`�B�+���HR 0 �*���H�+�m�H���i�B�Q�M �7�Q�` ���H�;�Q�`�B�i�?�K�9�X�k

�A�M�T�m�i�,�.���i���b�2�if �v1:T g�X �A�M�B�i�B���H �T���`���K�2�i�2�`�b� (0) �-� (0) �X

�r�?�B�H�2�M�Q�i �i�2�`�K�B�M���i�2�/�/�Q
�1�p���H�m���i�2 �1�[�X �U�9�X�k�j���V ���M�/ �1�[�X �U�9�X�k�j�#�V�c

�a���K�T�H�2 �b�i���i�2 �i�`���D�2�+�i�Q�`�v�t0:T � q(�t0:T ) �U�1�[�X �U�9�X�k�k�V�V�c

�7�Q�`t = 1 : T �/�Q
�1�p���H�m���i�2 �2�M�i�`�Q�T�v �i�2�`�K�- �1�[�X �U�9�X�k�j�+�V�c

�1�p���H�m���i�2 �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�2�`�K�- �1�[�X�U�9�X�k�j�2�V�c

�2�M�/

�1�p���H�m���i�2 �1�G�"�P �U�1�[�X �U�9�X�k�j�V�V �r�B�i�?�Q�m�i �+���H�+�m�H���i�B�M�; �1�[�X �U�9�X�k�j�/�V�c

�1�b�i�B�K���i�2 �i�?�2 �J�Q�M�i�2�@�*���`�H�Q �;�`���/�B�2�M�i �r�B�i�? �`�2�b�T�2�+�i �i�Q� ���M�/� �c

�l�T�/���i�2� ���M�/� �m�b�B�M�; ���/���K �(�R�j�k�)�c

�2�M�/

�P�m�i�T�m�i�,R 0�4�1�[�X �U�9�X�k�j�2�V�- ���M�/ �B�M�B�i�B���H�B�x�2�/ �T���`���K�2�i�2�`�b� ���M�/� �X

. q(�7t j�tt � 1; �l ) = p(�7t j�tt � 1; �l )�- �r�?�B�+�? �m�b�2�b �T�`�B�Q�` �i�Q ���T�T�`�Q�t�B�K���i�2p(�7t j�tt � 1; �l ; �u)

�h�?�2�M �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �1�G�"�P �#�2�+�Q�K�2�b

�1�G�"�P�p = Eq(�s;�6;�l )

�
�H�Q�;

p� (�s; �6; �l ; �u)
q(�s; �6; �l )

�

= � �E�G(q(�l )kp(�l ))
| {z }
�`�2�;�m�H���`�B�x���i�B�Q�M �Q�Mq(�l )

� Eq(�s) [�H�Q�;q(�s)]
| {z }

�2�M�i�`�Q�T�v �i�2�`�K

+ Eq(�t0 ) [�H�Q�;p(�t0)]
| {z }

q(�t0 )�, �;�Q�Q�/ �B�M�B�i�B���H�B�x���i�B�Q�M

+
TX

t=1

Eq(�tt ) [�H�Q�;p(�vt j �tt )]| {z }
�/���i�� �}�i�i�B�M�;

+
TX

t=1

8
>>><

>>>:

Z

�s;�l
q(�s)q(�l )

Z

�7t

p(�7t j �tt � 1; �l ) �H�Q�;p(�tt j �7t )
| {z }

���M���H�v�i�B�+���H �7�Q�`�K�,�( �tt � 1: t ;�l )

9
>>>=

>>>;

;

�U�9�X�j�R�V

�r�?�2�`�2 �p���`�B���#�H�2�b�7t �+���M �#�2 �B�M�i�2�;�`���i�2�/ �Q�m�i ���M���H�v�i�B�+���H�H�v �B�M �h�2�`�K�( �tt � 1:t ; �l )�- �H�2���p�B�M�;�1�G�"�P�p
�� �7�m�M�+�i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Qq(�l )�-q(�s) ���M�/� �X �a�T�2�+�B�}�+���H�H�v�-

�B�X�h�2�`�K�( �tt � 1:t ; �l ) �B�M �1�[�X �U�9�X�j�R�V �+���M �#�2 �+���H�+�m�H���i�2�/ ���M���H�v�i�B�+���H�H�v�- �i�?���i �B�b

� ( �tt � 1:t ; �l ) = �
1
2

�i�`
�
�Z� 1Bt � 1

�
+ �H�Q�;N (�tt j A t � 1�l ; �Z) �U�9�X�j�k�V

�r�?�2�`�2A t � 1 = K �tt � 1 ;�wK � 1
�w;�w ���M�/Bt � 1 = K �tt � 1 ;�tt � 1 � K �tt � 1 ;�wK � 1

�w;�wK �w;�tt � 1 �X

�B�B�X�h���F�B�M�; �i�?�2�7�m�M�+�i�B�Q�M���H �/�2�`�B�p���i�B�p�2 �Q�7 �i�?�2�1�G�"�P�p �r�B�i�? �`�2�b�T�2�+�i �i�Qq(�l ) ���M�/q(�s)�- �Q�M�2

�+���M �Q�#�i���B�M �i�?���i

q� (�l ) / p(�l )
TY

t=1

�2�t�T
�

Eq(�s) [�H�Q�;N (�tt j A t � 1�l ; �Z)]
	

�U�9�X�j�j�V



�9�X�9 �_�2�H���i�2�/ �q�Q�`�F�b �8�8

q� (�s) / p(�t0)
TY

t=1

p(�vt j �tt ) �2�t�T
�

�
1
2

�i�`
�
�Z� 1

�
Bt � 1 + A t � 1� �m�� T

t � 1

��
�

| {z }
���m�;�K�2�M�i�2�/ �H�B�F�2�H�B�?�Q�Q�/

N (�tt j A t � 1m �m; �Z)
| {z }

�b�i���i�2 �i�`���M�b�B�i�B�Q�M

�U�9�X�j�9�V

�r�?�2�`�2q� (�l ) �+���M �#�2 �b�?�Q�r�M �i�?���i �B�i �B�b �� �:���m�b�b�B���M�- �r�B�i�? �K�2���Mm �m���M�/ �+�Q�p���`�B���M�+�2� �m

�/�2�T�2�M�/�2�M�i �Q�M�s�X

q� (�s) �+���M �#�2 �`�2�;���`�/�2�/ ���b �� �b�K�Q�Q�i�?�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M �7�`�Q�K �� �b�B�K�T�H�2�` �J���`�F�Q�p�B���M �b�i���i�2�@

�b�T���+�2 �K�Q�/�2�H �r�B�i�? �:���m�b�b�B���M �b�i���i�2 �i�`���M�b�B�i�B�Q�MN (�tt j �� t � 1m �m; �Z) ���M�/ �� �H�B�F�2�H�B�?�Q�Q�/

���m�;�K�2�M�i�2�/ �r�B�i�? ���/�/�B�i�B�Q�M���H �2�t�T�Q�M�2�M�i�B���H �i�2�`�K�X

�B�B�B�X�a���K�T�H�B�M�; �K�2�i�?�Q�/ �U�2�X�;�X�- �b�2�[�m�2�M�i�B���H �J�Q�M�i�2 �*���`�H�Q �U�a�J�*�V�V �B�b �i�?�2�M �m�b�2�/ �i�Q �;�2�i �b�K�Q�Q�i�?�2�/

�b�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �7�`�Q�K �1�[�X �U�9�X�j�9�V �}�`�b�i�- ���M�/ �i�?�2�M �m�b�2 �i�?�2 �b���K�T�H�2�/ �i�`���D�2�+�i�Q�`�B�2�bX �i�Q

�m�T�/���i�2q(�l ) ���M�/ �K���t�B�K�B�x�2 �i�?�2 �1�G�"�P �i�2�`�K �r�B�i�? �`�2�b�T�2�+�i �i�Q� �- �b�2�2 �6�B�;�X�9�X�8�X

�6�B�;�m�`�2 �9�X�8�, �U�G�2�7�i�V �P�#�i���B�M �i�?�2 �b�B�K�T�H�B�}�2�/ �H�B�M�2���` �:���m�b�b�B���M �a�a�J�X �U�J�B�/�/�H�2�V �l�b�2 �a�J�* �i�Q �b���K�T�H�2 �i�`���D�2�+�i�Q�`�B�2�b

f x 1:T gL
l =1 �7�`�Q�Kq� (�s)�X �U�_�B�;�?�i�V �l�T�/���i�2 �Q�T�i�B�K���Hq� (�l ) �#���b�2�/ �m�T�Q�Mf x 1:T gL

l =1 �c �*�Q�K�T�m�i�2 �;�`���/�B�2�M�i �r�B�i�?

�`�2�b�T�2�+�i �i�Q� �#���b�2�/ �Q�Mf x 1:T gL
l =1 �- ���M�/ �m�T�/���i�2� : � �M�2�r � �Q�H�/+ � i r � �1�G�"�Pj � = � �Q�H�/:

�_�2�b�2���`�+�? �r�Q�`�F�b �B�M �(�3�e�-�3�d�-�R�y�3�) �+�`�B�i�B�+�B�x�2�/ �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �b���K�T�H�B�M�; �7�`�Q�K

�i�?�2 �Q�T�i�B�K���H �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�bq� (�s)�X �a�Q �B�M�b�i�2���/ �Q�7 �m�b�B�M�; �7�m�M�+�i�B�Q�M �7�Q�`�K �7�Q�` �p���`�B���i�B�Q�M���H

�/�B�b�i�`�B�#�m�i�B�Q�M�bq(�l ) ���M�/q(�s)�- �i�?�2�v �m�b�2 �T���`���K�2�i�`�B�+ �7�Q�`�K�X �a�T�2�+�B�}�+���H�H�v�- �B�M �(�3�e�-�3�d�-�R�y�3�)�- ���m�i�?�Q�`�b

�7�Q�`�+�2q(�s) �i�Q �#�2 �� �J���`�F�Q�p�@�b�i�`�m�+�i�m�`�2�/ �:���m�b�b�B���M ���M�/ �i�?�2 �T���`���K�2�i�`�B�+ �7�Q�`�K �7�Q�`q(�s) ���M�/q(�l )

���`�2
8
>><

>>:

q(�t0) = N (�t0jm �t0 ; L 0L >
0 ); q(�tt j�tt � 1) = N (�tt jA t �tt � 1; L tL >

t ); t = 1; 2; : : : ; T

q(�l ) = N (�l jm �m; � �m);

� = [ �w; m �m; � �m; m �t0 ; L 0; f A t ; L tgT
t=1 ]

�U�9�X�j�8�V

�r�?�2�`�2� ���`�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�X �h�?�2 �#�2�M�2�}�i �Q�7 �i�?�2 �T���`���K�2�i�`�B�+ �7�Q�`�K �7�Q�` �p���`�B���i�B�Q�M���H

�/�B�b�i�`�B�#�m�i�B�Q�M�b �B�b �i�?���i �1�G�"�P �B�M �1�[�X �U�9�X�j�R�V �+���M �#�2 �+�Q�K�T�m�i�2�/ ���M���H�v�i�B�+���H�H�v �B�7 �a�1 �F�2�`�M�2�H �B�b �m�b�2�/�X



�8�e �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�L�Q�i�2 �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b �;�`�Q�r�b �r�B�i�? �i�?�2 �H�2�M�;�i�? �Q�7 �/���i�� �b�2�[�m�2�M�+�2�b�X

�h�?�m�b�- ���M ���K�Q�`�i�B�x�2�/ �M�2�m�`���H �M�2�i�r�Q�`�F �U�m�b�m���H�H�v ���M �Q�#�b�2�`�p���i�B�Q�M�@�/�2�T�2�M�/�2�M�i �#�B�/�B�`�2�+�i�B�Q�M���H �`�2�+�m�`�@

�`�2�M�i �M�2�m�`���H �M�2�i�r�Q�`�F �U�_�L�L�V�V �B�b �T�`�Q�T�Q�b�2�/ �i�Q �2�{�+�B�2�M�i�H�v �H�2���`�M ���M�/ �`�2�+�Q�p�2�` �i�?�2 �p���`�B���i�B�Q�M���H

�T���`���K�2�i�2�`�bf A t ; L tgT
t=1 �(�3�d�)�X �� �#�`�B�2�7 �B�H�H�m�b�i�`���i�B�Q�M �B�b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�9�X�e�- �r�?�2�`�2 �i�?�2 �T���@

�`���K�2�i�2�`�bf A t ; L tgT
t=1 �H�2���`�M�2�/ �7�`�Q�K �_�L�L ���`�2 �m�b�2�/ �i�Q �+�Q�M�b�i�`�m�+�i �� �b�i���i�2 �/�B�b�i�`�B�#�m�i�B�Q�Mq(�s)

�7�Q�` �+�Q�K�T�m�i�B�M�; �i�?�2 �1�G�"�P�X ���M�/ �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �_�L�L �b�2�`�p�B�M�; ���b �T���`�i �Q�7 �p���`�B���i�B�Q�M���H

�T���`���K�2�i�2�`�b ���`�2 �Q�T�i�B�K�B�x�2�/ �/�m�`�B�M�; �i�?�2 �1�G�"�P �K���t�B�K�B�x���i�B�Q�M�X

�6�B�;�m�`�2 �9�X�e�, �h�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �_�L�L ���M�/ �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7q(�s)�X

�9�X�8 �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b

�h�?�B�b �b�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �M�m�K�2�`�B�+���H �b�i�m�/�v �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �p���`�B���i�B�Q�M���H ���H�;�Q�@

�`�B�i�?�K�b �7�Q�` �h�:�S�a�a�J�b�- �r�?�B�+�? �B�M�+�H�m�/�2�b �2�p���H�m���i�B�M�; �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �h�:�S�a�a�J �Q�M

�K�m�H�i�B�T�H�2 �/���i���b�2�i�b ���M�/ �+�Q�K�T���`�B�M�; �B�i �r�B�i�? �p���`�B�Q�m�b �#�2�M�+�?�K���`�F ���H�;�Q�`�B�i�?�K�b�X �h�?�2 ���+�+�Q�K�T���M�v�B�M�;

�b�Q�m�`�+�2 �+�Q�/�2 �B�b �T�m�#�H�B�+�H�v ���p���B�H���#�H�2 �Q�M�H�B�M�2�k�X

�9�X�8�X�R �G�2���`�M�B�M�; �i�?�2 �.�v�M���K�B�+�b

�q�2 �}�`�b�i �b�?�Q�r�+���b�2 �i�?�2 �b�m�T�2�`�B�Q�` �+���T���#�B�H�B�i�v �Q�7 �h�:�S�a�a�J �7�Q�` �H�2���`�M�B�M�; �H���i�2�M�i �/�v�M���K�B�+�b�X �h�Q

���b�b�2�b�b �B�i�b �T�2�`�7�Q�`�K���M�+�2�- �r�2 �2�K�T�H�Q�v �i�r�Q �R�@�. �b�v�M�i�?�2�i�B�+ �/���i���b�2�i�b�- �M���K�2�H�v�- �i�?�2�F�B�M�F�7�m�M�+�i�B�Q�M

�/���i���b�2�i ���M�/ �i�?�2�F�B�M�F�@�b�i�2�T�7�m�M�+�i�B�Q�M �/���i���b�2�i�X �.�2�i���B�H�b ���#�Q�m�i �i�?�2 �i�r�Q �/���i���b�2�i�b ���`�2 �;�B�p�2�M ���b

�7�Q�H�H�Q�r�b�X

�k�?�i�i�T�b�,�f�f�;�B�i�?�m�#�X�+�Q�K�f�x�?�B�/�B�H�B�M�f�h�:�S�a�a�J



�9�X�8 �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b �8�d

�U���V �ó�E�B�M�F�ô �/�v�M���K�B�+���H �7�m�M�+�i�B�Q�M

�U�#�V �ó�E�B�M�F�@�b�i�2�T�ô �/�v�M���K�B�+���H �7�m�M�+�i�B�Q�M

�6�B�;�m�`�2 �9�X�d�, �h�r�Q �R�@�. �/�v�M���K�B�+���H �b�v�b�i�2�K�b ���M�/ �i�?�2 �;�2�M�2�`���i�2�/ �j�y �H���i�2�M�i �b�i���i�2�b �� �Q�#�b�2�`�p���i�B�Q�M�b�X

�E�B�M�F �7�m�M�+�i�B�Q�M �/���i���b�2�i

�h�?�B�b �/���i���b�2�i �B�b �;�2�M�2�`���i�2�/ �7�`�Q�K �� �/�v�M���K�B�+���H �b�v�b�i�2�K �i�?���i �B�b �/�2�b�+�`�B�#�2�/ �#�v �1�[�X �U�9�X�j�e�V

�tt+1 = 0:8 + ( �tt + 0:2)
�
1 �

5
1 + �2�t�T(� 2�tt )

�

| {z }
, �ó�F�B�M�F�ô �7�m�M�+�i�B�Q�Mf (�tt )

+ �pt ; �U�9�X�j�e���V

�vt = �tt + �2t ; �pt � N (0; 0:01); �2t � N (0; 0:1); �U�9�X�j�e�#�V

�r�?�2�`�2 �i�?�2 �M�Q�M�H�B�M�2���`�- �b�K�Q�Q�i�? ���M�/ �i�B�K�2�@�B�M�p���`�B���M�i �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�Mf (�tt ) �B�b �+���H�H�2�/ �i�?�2

�ó�F�B�M�F�ô �7�m�M�+�i�B�Q�M�- ���b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�9�X�d���X �A�i �B�b �M�Q�i�2�/ �i�?���i �i�?�B�b �/�v�M���K�B�+���H �b�v�b�i�2�K �?���b �#�2�2�M

�r�B�/�2�H�v �m�b�2�/ �B�M �i�?�2 �:�S�a�a�J �H�B�i�2�`���i�m�`�2 �i�Q �p�2�`�B�7�v �i�?�2 �;�Q�Q�/�M�2�b�b �Q�7 �i�?�2 �H�2���`�M�2�/ �:�S �i�`���M�b�B�i�B�Q�M

�T�Q�b�i�2�`�B�Q�` �(�N�8�)�X



�8�3 �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�E�B�M�F�@�b�i�2�T �7�m�M�+�i�B�Q�M �/���i���b�2�i

�a�B�K�B�H���` �i�Q �i�?�2 �F�B�M�F �7�m�M�+�i�B�Q�M �/���i���b�2�i�- �r�2 �/�2�p�B�b�2 �i�?�2 �F�B�M�F�@�b�i�2�T �7�m�M�+�i�B�Q�M �/���i���b�2�i �m�b�B�M�; ��

�K�Q�/�B�}�2�/ �/�v�M���K�B�+���H �b�v�b�i�2�K�- �r�?�2�`�2 �i�?�2 �M�Q�M�H�B�M�2���` �i�B�K�2�@�B�M�p���`�B���M�i �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�- �+���H�H�2�/

�i�?�2 �ó�F�B�M�F�@�b�i�2�T�ô �7�m�M�+�i�B�Q�M�- �B�b �� �M�Q�M�@�b�K�Q�Q�i�? �T�B�2�+�2�@�r�B�b�2 �7�m�M�+�i�B�Q�M �r�B�i�? �#�Q�i�? �� �b�i�2�T �7�m�M�+�i�B�Q�M

���M�/ �� �F�B�M�F �7�m�M�+�i�B�Q�M�- ���b �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b ���M�/ �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�9�X�d�#�-

�tt+1 =

8
><

>:

�tt + 1 + �pt ; �B�7�tt < 3 �Q�4̀ � �tt < 5

0 + �pt ; �B�73 � �tt < 4

16� 2�tt + �pt ; �B�7�tt � 5

�U�9�X�j�d���V

�vt = �tt + �2t ; �pt � N (0; 0:01); �2t � N (0; 0:1): �U�9�X�j�d�#�V

�h�?�B�b �K�Q�/�B�}�2�/ �/���i���b�2�i �B�b �m�b�2�/ �i�Q �i�2�b�i �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �h�:�S�a�a�J �r�?�2�M

�i�?�2�`�2 ���`�2 �+�Q�K�T�H�2�t�f�b�?���`�T �i�`���M�b�B�i�B�Q�M�b �B�M �i�?�2 �m�M�/�2�`�H�v�B�M�; �/�v�M���K�B�+�b�X

�6�Q�` �i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �i�r�Q �/�v�M���K�B�+���H �b�v�b�i�2�K�b�- �r�2 �B�M�/�2�T�2�M�/�2�M�i�H�v �;�2�M�2�`���i�230 �b�2�[�m�2�M�+�2�b

�Q�7 �H�2�M�;�i�?T = 20 �M�Q�B�b�v �Q�#�b�2�`�p���i�B�Q�M�b�vt �i�Q �i�`���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �a�a�J�b�X

� �D�Q�@�i�;�T�b�b�K�, �h�?�2 �h�:�S�a�a�J �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �D�Q�B�M�i �Q�T�i�B�K�B�x���i�B�Q�M �U�C�P�V �7�`���K�2�r�Q�`�F

�Q�m�i�H�B�M�2�/ �B�M ���H�;�Q�`�B�i�?�K�9�X�R�X

� �+�Q�@�i�;�T�b�b�K�, �h�?�2 �h�:�S�a�a�J �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �U�*�P�V �7�`���K�2�@

�r�Q�`�F �Q�m�i�H�B�M�2�/ �B�M ���H�;�Q�`�B�i�?�K�9�X�k�X

�q�2 �+�Q�K�T���`�2 �Q�m�` �h�:�S�a�a�J�b �r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�K�T�2�i�B�i�Q�`�b�X

� �p�;�T�b�b�K�, �h�?�2 �:�S�a�a�J �#���b�2�H�B�M�2 �r�B�i�? �� �:���m�b�b�B���M �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �H���i�2�M�i

�b�i���i�2�b �(�3�e�-�3�d�)�X

� �D�Q�@�;�T�b�b�K�, �h�?�2 �:�S�a�a�J �r�B�i�? �� �M�Q�M�@�:���m�b�b�B���M �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �H���i�2�M�i

�b�i���i�2�b�c �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �C�P�@�h�:�S�a�a�J �r�B�i�?�Q�m�i �m�b�B�M�; �M�Q�`�K���H�B�x�B�M�; �~�Q�r �B�M �i�?�2

�i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �K�Q�/�2�H�B�M�;�X

� �+�Q�@�;�T�b�b�K�, �h�?�2 �:�S�a�a�J �r�B�i�? �� �M�Q�M�@�:���m�b�b�B���M �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �H���i�2�M�i

�b�i���i�2�b ���M�/ �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �+�Q�M�b�i�`���B�M�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �7�`���K�2�r�Q�`�F�c �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q

�i�?�2 �*�P�@�h�:�S�a�a�J �r�B�i�?�Q�m�i �m�b�B�M�; �M�Q�`�K���H�B�x�B�M�; �~�Q�r �B�M �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �K�Q�/�2�H�B�M�;�X

� �T�`�b�b�K�, �h�?�2 �:�S�a�a�J �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �L�J�6 �p���`�B���i�B�Q�M���H ���H�;�Q�`�B�i�?�K �T�`�Q�T�Q�b�2�/ �B�M �(�d�d�)�X

� �Q�/�;�T�b�b�K�, �h�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �L�J�6 �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K

�T�`�Q�T�Q�b�2�/ �B�M �(�9�y�)�X



�9�X�8 �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b �8�N

�h���#�H�2 �9�X�k�, �.�v�M���K�B�+ �H�2���`�M�B�M�; �`�2�b�m�H�i�b �Q�7 �/�B�z�2�`�2�M�i �T�`�Q�#���#�B�H�B�b�i�B�+ �a�a�J�b �U�J�a�1�V�X

�J�Q�/�2�H �í�E�B�M�F�î �7�m�M�+�i�B�Q�M �í�E�B�M�F�@�b�i�2�T�î �7�m�M�+�i�B�Q�M

�p�;�T�b�b�K�(�3�d�) �y�X�j�y�8�N �j�X�y�e�e�j

�D�Q�@�;�T�b�b�K �y�X�y�j�e�9 �k�X�k�j�R�j

�+�Q�@�;�T�b�b�K �y�X�y�9�R�y �y�X�j�8�j�d

�T�`�b�b�K�(�d�d�) �R�X�8�e�y�8 �j�X�9�8�R�d

�Q�/�;�T�b�b�K�(�9�y�) �R�X�3�9�j�R �j�X�k�e�R�y

�D�Q�@�i�;�T�b�b�K �y�X�y�j�e�R �y�X�9�y�9�N

�+�Q�@�i�;�T�b�b�K �y�X�y�j�8�R �y�X�k�j�R�N

�6�Q�` ���H�H �K�Q�/�2�H�b�- �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �B�b �b�2�i �i�Q15�- ���M�/ �i�?�2 �:�S �K�Q�/�2�H �B�b �2�[�m�B�T�T�2�/

�r�B�i�? �i�?�2 �b�i���M�/���`�/ �a�1 �F�2�`�M�2�H�X �6�Q�` �h�:�S�a�a�J�b�- �r�2 �m�b�2 �� �M�Q�`�K���H�B�x�B�M�; �~�Q�r �#�v �+�Q�M�+���i�2�M���i�B�M�;

3 �a���G �~�Q�r�b �r�B�i�?1 �h���M�? �~�Q�r �U�b�2�2 �h���#�H�2�9�X�R�V�- �r�?�B�+�? �Q�M�H�v �B�M�p�Q�H�p�2�b16 ���/�/�B�i�B�Q�M���H �~�Q�r

�T���`���K�2�i�2�`�b�X �6�Q�` �i�?�2 �C�P�@�h�:�S�a�a�J ���M�/ �C�P�@�:�S�a�a�J�- �r�2 �7�Q�m�M�/ �i�?���i �?�2�m�`�B�b�i�B�+���H�H�v �b�2�i�i�B�M�;

� = T ���b �i�?�2 ���M�M�2���H�B�M�; �7���+�i�Q�` �Q�7 �i�?�2 �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �i�2�`�K �?�2�H�T�b �i�Q ���+�?�B�2�p�2 �`�2���b�Q�M���#�H�v

�;�Q�Q�/ �T�2�`�7�Q�`�K���M�+�2�X ���H�H �i�?�2 �K�Q�/�2�H�b ���`�2 �i�`���B�M�2�/ �m�b�B�M�; �i�?�2 �7�m�H�H �;�`���/�B�2�M�i �B�M�7�Q�`�K���i�B�Q�M ���M�/

�i�?�2 �b���K�2 �M�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �2�T�Q�+�?�b �U�R�8�y�y �2�T�Q�+�?�b�V�X �J�Q�`�2 �/�2�i���B�H�b ���#�Q�m�i �i�?�2 �2�t�T�2�`�B�K�2�M�i���H

�+�Q�M�}�;�m�`���i�B�Q�M�b �+���M �#�2 �7�Q�m�M�/ �B�M �i�?�2 ���+�+�Q�K�T���M�v�B�M�; �b�Q�m�`�+�2 �+�Q�/�2�X �L�2�t�i�- �r�2 �+�Q�M�/�m�+�i �� �7�2�r

���#�H���i�B�Q�M �b�i�m�/�B�2�b�X

�h�:�S�a�a�J�b �p�b�X �:�S�a�a�J�b�X �h���#�H�2�9�X�k�`�2�T�Q�`�i�b �i�?�2 �H���i�2�M�i �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �H�2���`�M�B�M�;

�T�2�`�7�Q�`�K���M�+�2 �7�Q�` �/�B�z�2�`�2�M�i �a�a�J�b �B�M �i�2�`�K�b �Q�7 �i�?�2 �}�i�i�B�M�; �K�2���M �b�[�m���`�2�/ �2�`�`�Q�` �U�J�a�1�V�X �A�i �+���M �#�2

�Q�#�b�2�`�p�2�/ �i�?���i �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �h�:�S�a�a�J�b ���M�/ �:�S�a�a�J�b �U�r�B�i�? �i�?�2 �2�t�+�2�T�i�B�Q�M �Q�7 �S�_�a�a�J

���M�/ �P�.�:�S�a�a�J�V ���T�T�2���`�b �i�Q �#�2 �b���i�B�b�7���+�i�Q�`�v �r�?�2�M �i�2�b�i�2�/ �Q�M �i�?�2 �F�B�M�F �7�m�M�+�i�B�Q�M �/���i���b�2�i�-

�b�2�2 ���H�b�Q �6�B�;�b�X�9�X�3�����9�X�3�2�X �h�?�B�b �B�b �#�2�+���m�b�2 �i�?�2 �m�M�/�2�`�H�v�B�M�; �/�v�M���K�B�+ �7�m�M�+�i�B�Q�M �B�b �b�K�Q�Q�i�? ���M�/
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�t0 ;�t0 K �t0 ;�t1 ) �U�9�X�e�R�2�V

~�72 = G(�72) �U�9�X�e�R�7�V

�t2 j ~�72 � N (�t2 j ~�72; Q) �U�9�X�e�R�;�V

�73 j �71:2; �t0:2 � N (�73 j K �t2 ;�t0:1 K � 1
�t0:1 ;�t0:1

�71:2; K �t2 ;�t2 � K �t2 ;�t0:1 K � 1
�t0:1 ;�t0:1

K �t0:1 ;�t2 ) �U�9�X�e�R�?�V

~�73 = G(�73) �U�9�X�e�R�B�V

�t3 j ~�73 � N (�t3 j ~�73; Q) �U�9�X�e�R�D�V
�X�X�X

�7t j �71:t � 1; �t0:t � 1 � N
�
�7t j K �tt � 1 ;�t0: t � 2 K � 1

�t0: t � 2 ;�t0: t � 2
�71:t � 1;

K �tt � 1 ;�tt � 1 � K �tt � 1 ;�t0: t � 2 K � 1
�t0: t � 2 ;�t0: t � 2

K �t0: t � 2 ;�tt � 1

�
�U�9�X�e�R�F�V

~�7t = G(�7t ) �U�9�X�e�R�H�V

�tt j ~�7t � N (�tt j ~�7t ; Q) �U�9�X�e�R�K�V
�X�X�X

�L�Q�i�2 �i�?���i �i�?�2 �:�S �b���K�T�H�B�M�; �b�i�2�T�b �+�Q�M�/�B�i�B�Q�M�B�M�; �Q�M �T�`�2�p�B�Q�m�b �b���K�T�H�2�/ �b�i���i�2�b �;�m���`���M�i�2�2 �i�?�2

�b���K�T�H�2�/ �b�i���i�2 �i�`���D�2�+�i�Q�`�v �B�b �+�Q�M�b�B�b�i�2�M�i�X



�d�9 �*�?���T�i�2�` �9�, �L�Q�`�K���H�B�x�B�M�; �6�H�Q�r�b �J�2�2�i �:�S�a�a�J�b �7�Q�` �6�H�2�t�B�#�H�2 �J�Q�/�2�H�B�M�;

�U���V �:�S�a�a�J �H�2���`�M�2�/ �7�`�Q�K �F�B�M�F�@�b�i�2�T �7�m�M�+�i�B�Q�M �/���i���b�2�i�U�#�V �a�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �7�`�Q�K �i�?�2 �:�S�a�a�J

�U�+�V �h�:�S�a�a�J �H�2���`�M�2�/ �7�`�Q�K �F�B�M�F�@�b�i�2�T �7�m�M�+�i�B�Q�M �/���i���b�2�i�U�/�V �a�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �7�`�Q�K �i�?�2 �h�:�S�a�a�J

�6�B�;�m�`�2 �9�X�R�R�, �h�?�2 �H�2���`�M�2�/ �:�S�a�a�J ���M�/ �h�:�S�a�a�J�- ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �7�`�Q�K

�2���+�? �K�Q�/�2�H�X �h�?�2 �a�1 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �B�b �m�b�2�/ �B�M �#�Q�i�? �:�S�a�a�J ���M�/ �h�:�S�a�a�J�X �h�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �m�b�2�/ �B�M

�h�:�S�a�a�J ���`�2 �b�B�K�T�H�v �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�`�2�2 �#�H�Q�+�F�b �Q�7 �a���G �~�Q�r ���M�/ �Q�M�2 �#�H�Q�+�F �Q�7 �h���M�? �~�Q�r�X

���m�;�K�2�M�i�2�/ �h�:�S�a�a�J�, �A�M �i�?�2 �h�:�S�a�a�J ���m�;�K�2�M�i�2�/ �#�v �b�T���`�b�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�- �i�?�2

�b�2�i �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�l �b�2�`�p�2�b ���b �i�?�2 �b�m�`�`�Q�;���i�2 �U�b�m�{�+�B�2�M�i �b�i���i�B�b�i�B�+�V �Q�7�6�- �i�?�2�`�2�7�Q�`�2�- �i�?�2

�:�S �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �p���H�m�2�7t �B�M �2���+�? �b�i�2�T �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �+�Q�M�/�B�i�B�Q�M�B�M�; �Q�M�l �- �i�?�2

�b���K�T�H�B�M�; �b�i�2�T�b ���`�2 �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�,

�l � p(�l j 0; K �w;�w) �U�9�X�e�k���V

�t0 � p(�t0); �U�9�X�e�k�#�V

�71 j �t0; �l � N
�
�71 j K �t0 ;�wK � 1

�w;�w�l ; K �t0 ;�t0 � K �t0 ;�wK � 1
�w;�wK

>
�t0 ;�w

�
�U�9�X�e�k�+�V

~�71 = G(�71) �U�9�X�e�k�/�V

�t1 j ~�71 � N (�t1 j ~�71; Q) �U�9�X�e�k�2�V

�72 j �t1; �l � N
�
�72 j K �t1 ;�wK � 1

�w;�w�l ; K �t1 ;�t1 � K �t1 ;�wK � 1
�w;�wK

>
�t1 ;�w

�
�U�9�X�e�k�7�V

~�72 = G(�72) �U�9�X�e�k�;�V



�9�X�d ���T�T�2�M�/�B�t �d�8

�t2 j ~�72 � N (�t2 j ~�72; Q) �U�9�X�e�k�?�V
�X�X�X

�7t j �tt � 1; �l � N
�
�7t j K �tt � 1 ;�wK � 1

�w;�w�l ; K �tt � 1 ;�tt � 1 � K �tt � 1 ;�wK � 1
�w;�wK

>
�tt � 1 ;�w

�
�U�9�X�e�k�B�V

~�7t = G(�7t ) �U�9�X�e�k�D�V

�tt j ~�7t � N (�tt j ~�7t ; Q) �U�9�X�e�k�F�V
�X�X�X

�6�B�;�X�9�X�R�R�T�`�2�b�2�M�i�b �2�t���K�T�H�2�b �Q�7 �b�i���i�2 �i�`���D�2�+�i�Q�`�B�2�b �b���K�T�H�2�/ �7�`�Q�K �h�:�S�a�a�J ���M�/ �:�S�a�a�J�-

�#�Q�i�? �H�2���`�M�2�/ �7�`�Q�K �i�?�2 �F�B�M�F�@�b�i�2�T �7�m�M�+�i�B�Q�M �/���i���b�2�i�X �h�?�2 �a�1 �F�2�`�M�2�H �7�m�M�+�i�B�Q�M �B�b �m�b�2�/ �B�M �#�Q�i�?

�K�Q�/�2�H�b�- ���M�/ �7�Q�` �h�:�S�a�a�J�- �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b ���`�2 �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�`�2�2 �#�H�Q�+�F�b �Q�7 �a���G

�~�Q�r ���M�/ �Q�M�2 �#�H�Q�+�F �Q�7 �h���M�? �~�Q�r�X

�9�X�d�X�8 �L�2�m�`���H �L�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2�b

�h�?�B�b �b�m�#�b�2�+�i�B�Q�M �T�`�Q�p�B�/�2�b �b�T�2�+�B�}�+ �B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2�b �r�2

�B�K�T�H�2�K�2�M�i�2�/ �7�Q�` �i�?�2 �U�h�V�:�S�a�a�J�b�X �6�Q�` �K�Q�`�2 �+�Q�K�T�`�2�?�2�M�b�B�p�2 �/�2�i���B�H�b�- �`�2���/�2�`�b �+���M ���+�+�2�b�b �i�?�2

�T�m�#�H�B�+�H�v ���p���B�H���#�H�2 �b�Q�m�`�+�2 �+�Q�/�2�X

�P�m�` �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F �m�i�B�H�B�x�2�b �� �#�B�@�/�B�`�2�+�i�B�Q�M���H �G�a�h�J �i�Q �2�M�+�Q�/�2 �i�?�2 �Q�#�b�2�`�p�2�/ �b�2�[�m�2�M�+�2�-

�T�`�Q�/�m�+�B�M�; �� �R�k�3�@�/�B�K�2�M�b�B�Q�M���H �?�B�/�/�2�M �b�T���+�2�X �h�?�2 �G�a�h�J �Q�m�i�T�m�i ���M�/ �i�?�2 �H���i�2�M�i �b�i���i�2�b

���`�2 �T���b�b�2�/ �i�?�`�Q�m�;�? �� �Q�M�2�@�H���v�2�` �M�2�m�`���H �M�2�i�r�Q�`�F�- �T�2�`�7�Q�`�K�B�M�; �M�Q�M�H�B�M�2���` �K���T�T�B�M�; �i�Q �Q�m�i�T�m�i

�i�?�2 �K�2���M ���M�/ �+�Q�p���`�B���M�+�2 �Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2�b�X �h�?�`�Q�m�;�?�Q�m�i ���H�H �2�t�T�2�`�B�K�2�M�i�b�- �r�2 �K���B�M�i���B�M

�+�Q�M�b�B�b�i�2�M�+�v �B�M �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �B�M�7�2�`�2�M�+�2 �M�2�i�r�Q�`�F�- ���M�/ �/�2�7���m�H�i �T���`���K�2�i�2�` �p���H�m�2�b ���`�2

�2�K�T�H�Q�v�2�/�X �q�2 �m�i�B�H�B�x�2 �i�?�2 �T�m�#�H�B�+�H�v ���p���B�H���#�H�2 �T���+�F���;�2 �(�R�9�y�) �i�Q �B�K�T�H�2�K�2�M�i �_�2���H�L�o�S�- ���M�/

�2�K�T�H�Q�v �� �i�r�Q�@�H���v�2�` �J�G�S �r�B�i�? �� �?�B�/�/�2�M �H���v�2�` �/�B�K�2�M�b�B�Q�M���H�B�i�v �Q�7 �e�9 ���b �i�?�2 �M�Q�M�H�B�M�2���` �K���T�T�B�M�;�b

�7�Q�` �i�?�2 �_�2���H�L�o�S�X

�9�X�d�X�e �a�+���H���#�B�H�B�i�v �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�b

�h�Q �B�K�T�`�Q�p�2 �b�+���H���#�B�H�B�i�v �7�Q�` �H���`�;�2 �/���i���b�2�i�b�- �b�m�+�? ���b �H�Q�M�; �Q�#�b�2�`�p���i�B�Q�M �b�2�[�m�2�M�+�2�b�- �i�?�2 �i�r�Q

���H�;�Q�`�B�i�?�K�b �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �K���B�M �i�2�t�i �+���M �m�i�B�H�B�x�2 �i�?�2 �b�i�Q�+�?���b�i�B�+ �;�`���/�B�2�M�i �Q�T�i�B�K�B�x���i�B�Q�M

�K�2�i�?�Q�/�X �A�M �T�`���+�i�B�+�2�- �i�?�B�b �B�M�p�Q�H�p�2�b �T���`�i�B�i�B�Q�M�B�M�; �i�?�2 �+�Q�K�T�H�2�i�2 �b�2�[�m�2�M�+�2 �B�M�i�Q �K�m�H�i�B�T�H�2 �K�B�M�B�@

�#���i�+�?�2�b �Q�7 �b�m�#�@�i�`���D�2�+�i�Q�`�B�2�b�- ���M�/ �i�?�2�M �+�Q�M�/�m�+�i�B�M�; �b�i�Q�+�?���b�i�B�+ �Q�T�i�B�K�B�x���i�B�Q�M �Q�M �2���+�? �K�B�M�B�@�#���i�+�?�X

�A�M �Q�`�/�2�` �i�Q �b�m�T�T�Q�`�i �i�?�B�b �K�2�i�?�Q�/�- ���M ���/�/�B�i�B�Q�M���H �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F �B�b �`�2�[�m�B�`�2�/ �i�Q �K�Q�/�2�H

�i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(�t0) �Q�7 �i�?�2 �B�M�B�i�B���H �H���i�2�M�i �b�i���i�2�t0�X �h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b�- �r�2

�m�i�B�H�B�x�2 �� �G�a�h�J �i�Q �K���T �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �B�M�i�Qq(�t0)�- �r�?�B�+�? �B�b �K�Q�/�2�H�2�/ ���b �� �:���m�b�b�B���M�X �h�?�2

�G�a�h�J �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F �B�b �+�Q�K�T�Q�b�2�/ �Q�7 �i�r�Q �?�B�/�/�2�M �H���v�2�`�b �r�B�i�? �� �?�B�/�/�2�M �/�B�K�2�M�b�B�Q�M �Q�7

�j�k�X



�*�?���T�i�2�` �8

�1�M�b�2�K�#�H�2 �E���H�K���M �6�B�H�i�2�` �J�2�2�i�b

�:�S�a�a�J�b �7�Q�` �1�{�+�B�2�M�i �A�M�7�2�`�2�M�+�2

�h�?�2 �T�`�2�b�2�M�+�2 �Q�7 �M�m�K�2�`�Q�m�b �H���i�2�M�i �p���`�B���#�H�2�b �U�B�M�+�H�m�/�B�M�; �H���i�2�M�i �b�i���i�2�b�- �:�S �7�m�M�+�i�B�Q�M �p���H�m�2�b�-

�2�i�+�X�V �B�M �:�S�a�a�J �B�M�+�m�`�b �m�M�`�2�b�Q�H�p�2�/ �B�b�b�m�2�b �7�Q�` �2�t�B�b�i�B�M�; �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 ���T�T�`�Q���+�?�2�b�-

�T���`�i�B�+�m�H���`�H�v �m�M�/�2�` �i�?�2 �K�Q�`�2 �`�2���H�B�b�i�B�+ �M�Q�M�@�K�2���M�@�}�2�H�/ �U�L�J�6�V ���b�b�m�K�T�i�B�Q�M�- �B�M�+�H�m�/�B�M�; �2�t�i�2�M�b�B�p�2

�i�`���B�M�B�M�; �2�z�Q�`�i�- �+�Q�K�T�`�Q�K�B�b�2�/ �B�M�7�2�`�2�M�+�2 ���+�+�m�`���+�v�- ���M�/ �B�M�7�2���b�B�#�B�H�B�i�v �7�Q�` �Q�M�H�B�M�2 ���T�T�H�B�+���i�B�Q�M�b�-

���K�Q�M�; �Q�i�?�2�`�b�X �h�?�B�b �+�?���T�i�2�` �i���+�F�H�2�b �i�?�2�b�2 �+�?���H�H�2�M�;�2�b �#�v �B�M�+�Q�`�T�Q�`���i�B�M�; �i�?�2 �2�M�b�2�K�#�H�2 �E���H�K���M

�}�H�i�2�` �U�1�M�E�6�V�- �� �r�2�H�H�@�2�b�i���#�H�B�b�?�2�/ �K�Q�/�2�H�@�#���b�2�/ �}�H�i�2�`�B�M�; �i�2�+�?�M�B�[�m�2�- �B�M�i�Q �i�?�2 �L�J�6 �p���`�B���i�B�Q�M���H

�B�M�7�2�`�2�M�+�2 �7�`���K�2�r�Q�`�F �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2�b�X �h�?�B�b

�M�Q�p�2�H �K���`�`�B���;�2 �#�2�i�r�2�2�M �1�M�E�6 ���M�/ �:�S�a�a�J �M�Q�i �Q�M�H�v �2�H�B�K�B�M���i�2�b �i�?�2 �M�2�2�/ �7�Q�` �2�t�i�2�M�b�B�p�2

�T���`���K�2�i�2�`�B�x���i�B�Q�M �B�M �H�2���`�M�B�M�; �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �#�m�i ���H�b�Q �2�M���#�H�2�b ���M �B�M�i�2�`�T�`�2�i���#�H�2�-
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p(�tt j�tt � 1)p(�tt � 1j�v1:t � 1)�/�tt � 1

� N (�tt j ��Kt ; ��St )
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�i�?�2 �M�2�2�/ �i�Q �T���`���K�2�i�2�`�B�x�2q(�tt j�l ; �tt � 1)�- �� �+�Q�K�K�Q�M �`�2�[�m�B�`�2�K�2�M�i �B�M �i�?�2 �2�t�B�b�i�B�M�; �r�Q�`�F�b

�(�d�d�-�3�d�-�N�j�-�N�9�-�R�9�d�)�- �i�?�m�b �Q�p�2�`�+�Q�K�B�M�; �i�?�2 �+�?���H�H�2�M�;�2�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �Q�T�i�B�K�B�x�B�M�; �� �H���`�;�2

�M�m�K�#�2�` �Q�7 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�- ���b �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M�8�X�R�X

�"�2�7�Q�`�2 �2�H�m�+�B�/���i�B�M�; �i�?�2 �K�2�i�?�Q�/�Q�H�Q�;�v �Q�7 �2�K�T�H�Q�v�B�M�; �1�M�E�6 �i�Q �2�H�B�K�B�M���i�2 �i�?�2 �T���`���K�2�i�2�`�B�x���@

�i�B�Q�M �7�Q�` �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(�tt j�l ; �tt � 1)�- �M�Q�r�- �r�2 �+���M �m�M�/�2�`�i���F�2 �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7

�i�?�2 �;�2�M�2�`���H �1�G�"�P �m�M�/�2�` �L�J�6 ���b�b�m�K�T�i�B�Q�M�- �r�?�B�+�? �B�b �b�m�+�+�B�M�+�i�H�v �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X

�h�?�2�Q�`�2�K �8�X�R�X�l�T�Q�M �i�?�2 ���m�;�K�2�M�i���i�B�Q�M �Q�7 �i�?�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �B�M�i�Q �i�?�2 �:�S�a�a�J �U�b�2�2

�1�[�X�U�8�X�R�k�V�V ���M�/ �m�M�/�2�` �i�?�2 �L�J�6 ���b�b�m�K�T�i�B�Q�M �Q�7 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �U�b�2�2 �1�[�X�U�8�X�R�8�V�V�-



�8�X�k �L�Q�M�@�J�2���M�@�6�B�2�H�/ �o���`�B���i�B�Q�M���H �"���v�2�b �m�b�B�M�; �1�M�E�6 �3�j

�i�?�2 �;�2�M�2� �̀��H �K�Q�/�2�H �2�p�B�/�2�M�+�2 �H�Q�r�2�` �#�Q�m�M�/ �7�Q�` �D�Q�B�M�i �H�2���`�M�B�M�; ���M�/ �B�M�7�2� �̀2�M�+�2 �B�b�,

L = Eq(�l ;�s)
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p(�tt j�l ; �tt � 1)

#

| {z }
�i�2�`�K �9

:

�U�8�X�R�d�V

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �+���M �#�2 �7�Q�m�M�/ �B�M �a�2�+�i�B�Q�M�8�X�d�X�R

���M �B�K�T�Q�`�i���M�i �Q�#�b�2�`�p���i�B�Q�M �H�B�2�b �B�M �i�?�2 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v �Q�7 �2���+�? �+�Q�K�T�Q�M�2�M�i �r�B�i�?�B�M �i�?�2 �1�G�"�P�X

�a�T�2�+�B�}�+���H�H�v�- �r�?�2�M �K���t�B�K�B�x�B�M�; �i�?�2 �1�G�"�P �7�Q�` �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�,

� �h�2�`�K �R �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`�`�Q�`�- �r�?�B�+�? �2�M�+�Q�m�`���;�2�b ���M�v �b�i���i�2 �i�`���@

�D�2�+�i�Q�`�v�s �b���K�T�H�2�/ �7�`�Q�K �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-q(�l ; �s)�- �i�Q ���+�+�m�`���i�2�H�v �`�2�+�Q�M�b�i�`�m�+�i

�i�?�2 �Q�#�b�2�`�p�2�/ �/���i���X

� �h�2�`�K�b �k ���M�/ �j �b�2�`�p�2 ���b �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K�b �7�Q�`q(�t0) ���M�/q(�l )�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�v �/�B�b�@

�+�Q�m�`���;�2 �b�B�;�M�B�}�+���M�i �/�2�p�B���i�B�Q�M�b �Q�7 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b �7�`�Q�K �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;

�T�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�b�X

� �h�2�`�K �9 �`�2�T�`�2�b�2�M�i�b �� �`�2�;�m�H���`�B�x���i�B�Q�M �7�Q�`q(�tt j�l ; �tt � 1)�- �r�?�B�+�? �/�B�b�+�Q�m�`���;�2�b �b�B�;�M�B�}�+���M�i

�/�2�p�B���i�B�Q�M�b �Q�7q(�tt j�l ; �tt � 1) �7�`�Q�K �i�?�2 �T�`�B�Q�`p(�tt j�l ; �tt � 1)�X

�8�X�k�X�k���+ �1�M�o�A ���H�;�Q�`�B�i�?�K�,

�h�?�2 �L�J�6 ���b�b�m�K�T�i�B�Q�M ���T�T�H�B�2�/ �i�Q �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �U�1�[�X�U�8�X�R�8�V�V �i�v�T�B�+���H�H�v �`�2�b�m�H�i�b

�B�M ���M �B�M�i�`���+�i���#�H�2 �2�p���H�m���i�B�Q�M �Q�7 �i�?�2 �}�`�b�i ���M�/ �7�Q�m�`�i�? �i�2�`�K�b �r�B�i�?�B�M �i�?�2 �1�G�"�P �(�N�j�)�X �q�2 �M�2�t�i

�T�`�Q�+�2�2�/ �i�Q �Q�m�i�H�B�M�2 �i�?�2 ���T�T�`�Q�t�B�K���i�2 �2�p���H�m���i�B�Q�M �Q�7 �i�?�2 �1�G�"�P �m�b�B�M�; �1�M�E�6�X �h�?�2 �K���B�M �B�/�2��

�`�2�p�Q�H�p�2�b ���`�Q�m�M�/ �m�i�B�H�B�x�B�M�; �i�?�2 �}�H�i�2�`�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M ���+�[�m�B�`�2�/ �7�`�Q�K �1�M�E�6 ���b �� �T�`�Q�t�v �7�Q�`

�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�- ���+�i�B�M�; ���b ���M ���T�T�`�Q�t�B�K���i�B�Q�M �7�Q�` �i�?�2 �m�M�/�2�`�H�v�B�M�;

�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�-p(�tt j�l ; �u)�X

�"�m�B�H�/�B�M�; �m�T�Q�M �i�?�2 �1�M�E�6 �Q�m�i�H�B�M�2�/ �B�M �a�2�+�i�B�Q�M�8�X�k�X�R���M�/ ���b�b�m�K�B�M�; �i�?���i �r�2 �?���p�2 ���+�[�m�B�`�2�/

�i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-q(�tt � 1j�l ) , p(�tt � 1j�l ; �v1:t � 1) = N (�tt � 1j�Kt � 1; �St � 1)�- ���i �i�B�K�2

�b�i�2�Tt � 1�- �r�2 �+���M �2�K�T�H�Q�v �i�?�2 �:�S �i�`���M�b�B�i�B�Q�M�- �T�`�2�b�2�M�i�2�/ �B�M �1�[�X�U�8�X�R�j�V�- �i�Q �T�2�`�7�Q�`�K �i�?�2

�T�`�2�/�B�+�i�B�Q�M �b�i�2�T ���M�/ �;�2�M�2�`���i�2N �T�`�2�/�B�+�i�2�/ �b���K�T�H�2�b��t1:N
t �m�b�B�M�; �i�?�2 �`�2�T���`���K�2�i�2�`�B�x���i�B�Q�M

�i�`�B�+�F �(�R�j�R�)�- �B�X�2�X�-

��tnt � p(�tt j�l ; �tnt � 1); n = 1; 2; : : : ; N; �U�8�X�R�3�V



�3�9 �*�?���T�i�2�` �8�, �1�M�b�2�K�#�H�2 �E���H�K���M �6�B�H�i�2�` �J�2�2�i�b �:�S�a�a�J�b �7�Q�` �1�{�+�B�2�M�i �A�M�7�2�`�2�M�+�2

�r�?�2�`�2f �tnt � 1gN
n=1 ���`�2N �T���`�i�B�+�H�2�b �;�2�M�2�`���i�2�/ �7�`�Q�Kq(�tt � 1j�l ) �r�B�i�? �2�[�m���H �r�2�B�;�?�i�b�X �q�B�i�? �i�?�2

�T�`�2�/�B�+�i�2�/ �b���K�T�H�2�b��t1:N
t �- �r�2 �i�?�m�b �+���M ���T�T�`�Q�t�B�K���i�2 �i�?�2 �T�`�2�/�B�+�i�B�Q�M �/�B�b�i�`�B�#�m�i�B�Q�M ���b �� �:���m�b�b�B���M�,

p(�tt j�l ; �v1:t � 1) =
Z

p(�tt j�l ; �tt � 1)p(�tt � 1j�l ; �v1:t � 1)�/�tt � 1

=
Z

p(�tt j�l ; �tt � 1)q(�tt � 1j�l )�/�tt � 1

� N (�tt j ��Kt ; ��St ) �U�8�X�R�N�V

�r�?�2�`�2��Kt ���M�/��St �+���M �#�2 �+�Q�K�T�m�i�2�/ �m�b�B�M�; �1�[�X �U�8�X�e�V�X

�a�B�K�B�H���`�H�v�- �/�m�`�B�M�; �i�?�2 �m�T�/���i�2 �b�i�2�T�- �m�i�B�H�B�x�B�M�; �1�[�b�X�U�8�X�3�V���M�/�U�8�X�N�V�- �r�2 �+���M �/�2�`�B�p�2 �i�?�2

�p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �U���T�T�`�Q�t�B�K���i�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�V ���i �i�B�K�2 �b�i�2�Tt�-

q(�tt j�l ) , p(�tt j�l ; �v1:t ) = N (�tt j�Kt ; �St ) �U�8�X�k�y�V

���M�/ �Q�#�i���B�M �i�?�2 �b�2�i �Q�7N �m�T�/���i�2�/ �b���K�T�H�2�b�t1:N
t �X �L�Q�i�2 �i�?���i �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �:�S�a�a�J�b�- �#�Q�i�?

�i�?�2 �T�`�2�/�B�+�i�B�Q�M ���M�/ �m�T�/���i�2 �b�i�2�T�b ���`�2 �+�Q�M�/�B�i�B�Q�M�2�/ �Q�M �i�?�2 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�- �r�?�B�+�? ���+�i ���b ��
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�/�B�b�i�`�B�#�m�i�B�Q�M�-q(�tt j�l )�X �>�Q�r�2�p�2�`�- �B�M �Q�`�/�2�` �i�Q �2�p���H�m���i�2 �i�?�2 �1�G�"�P ���M�/ �+�Q�K�T�m�i�2 �i�2�`�K �R ���M�/

�i�2�`�K �9 �B�M �1�[�X�U�8�X�R�d�V�- �r�2 �b�i�B�H�H �M�2�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-q(�tt j�l ; �tt � 1)�X

�.�2�b�T�B�i�2 �?���p�B�M�; �i�?���i

q(�tt j�l ) =
Z

q(�tt j�l ; �tt � 1)q(�tt � 1j�l )�/�tt � 1; �U�8�X�k�R�V

���M�/ �#�Q�i�? ���T�T�`�Q�t�B�K���i�B�Q�M�bq(�tt j�l ) ���M�/q(�tt � 1j�l ) �#�2�B�M�; �:���m�b�b�B���M�- �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �7�m�M�+�i�B�Q�M���H

�7�Q�`�K �Q�7 �� �+�Q�K�K�Q�M �T�Q�b�i�2�`�B�Q�` �i�`���M�b�B�i�B�Q�Mq(�tt j�l ; �tt � 1) = p(�tt j�tt � 1; �l ; �v1:t ); 8t�- �`�2�K���B�M�b ��

�+�?���H�H�2�M�;�B�M�; �i���b�F�X �h�?�2�`�2�7�Q�`�2�- ���H�i�2�`�M���i�B�p�2 ���T�T�`�Q�t�B�K���i�B�Q�M �K�2�i�?�Q�/�b ���`�2 �`�2�[�m�B�`�2�/ �i�Q �2�{�+�B�2�M�i�H�v
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q(�tt j�l ; �tt � 1) = p(�tt j�l ; �tt � 1); 8t;

�r�2 �i�?�2�M �2�M�/ �m�T �r�B�i�? �i�?�2 �b���K�2 �1�G�"�P ���b �B�M �(�d�d�)�- �r�?�2�`�2 �M�Q �}�H�i�2�`�B�M�; �Q�` �b�K�Q�Q�i�?�B�M�; �2�z�2�+�i �B�b

�7�2���b�B�#�H�2�X �h�Q �+�B�`�+�m�K�p�2�M�i �i�?�B�b �H�B�K�B�i���i�B�Q�M�- �r�2 �2�t���K�B�M�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�2�`�K �R ���M�/

�i�2�`�K �9 �B�M �1�[�X�U�8�X�R�d�V���M�/ �T�`�Q�T�Q�b�2 �Q�m�` �1�M�E�6�@���B�/�2�/ �p���`�B���i�B�Q�M���H �H�Q�r�2�` �#�Q�m�M�/ ���T�T�`�Q�t�B�K���i�B�Q�M�X

�h�?�2 �K���B�M �`�2�b�m�H�i �B�b �b�m�K�K���`�B�x�2�/ �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�Q�b�B�i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �8�X�R�X�l�M�/�2�` �i�?�2 ���T�T� �̀Q�t�B�K���i�B�Q�M�b �Q�7 �1�M�E�6 �}�H�i�2�`�B�M�; �U�1�[�X�U�8�X�k�y�V�V ���M�/p(�tt � 1j�l ; �v1:t ) �

p(�tt � 1j�l ; �v1:t � 1)�- �i�?�2 �;�2�M�2� �̀��H �1�G�"�P �T� �̀2�b�2�M�i�2�/ �B�M �h�?�2�Q� �̀2�K�8�X�R�+���M �#�2 � �̀2�7�Q�`�K�m�H���i�2�/ ���b ��

�b�m�K�K���i�B�Q�M �Q�p�2�` �b�2�p�2� �̀��H �b�B�K�T�H�2 �i�2�`�K�b�,

L � Eq(�l )
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�H�Q�;p(�vt j�l ; �v1:t � 1)

#

� �E�G[q(�t0)kp(�t0)] � �E�G[q(�l )kp(�l )]; �U�8�X�k�k�V



�8�X�k �L�Q�M�@�J�2���M�@�6�B�2�H�/ �o���`�B���i�B�Q�M���H �"���v�2�b �m�b�B�M�; �1�M�E�6 �3�8

���H�;�Q�`�B�i�?�K �8�X�R�,�1�M�o�A�, �1�M�E�6�@���B�/�2�/ �p���`�B���i�B�Q�M���H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2

�A�M�T�m�i�,� = [ � gp; �Z; �_]; � ; �v1:T �-�t1:N
0 � q(x0)

�r�?�B�H�2�B�i�2� �̀��i�B�Q�M�b �M�Q�i �i�2�`�K�B�M���i�2�/�/�Q
�l � q(�l )�-L ` = 0 �c

�7�Q�`t = 1 ; 2; : : : ; T �/�Q
�:�2�i �T�`�2�/�B�+�i�B�Q�M �b���K�T�H�2�b �m�b�B�M�; �1�[�X �U�8�X�R�3�V�c

�:�2�i �2�K�T�B�`�B�+���H �K�Q�K�2�M�i�b��Kt ; ��St �m�b�B�M�; �1�[�X �U�8�X�R�N�V�c

�:�2�i �E���H�K���M �;���B�M�,��: t = ��St C > (C ��St C > + �_) � 1�c

�:�2�i �m�T�/���i�2�/ �b���K�T�H�2�b �m�b�B�M�; �1�[�X �U�8�X�N�V�c

�1�p���H�m���i�2 �i�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/ �m�b�B�M�; �1�[�X �U�8�X�k�j�V�- ���M�/

L ` = L ` + �H�Q�;p(�vt j�l ; �v1:t � 1);

�2�M�/

L = L ` � �E�G(q(�t0)kp(�t0)) � �E�G(q(�l )kp(�l )) �c

�J���t�B�K�B�x�2L ���M�/ �m�T�/���i�2� �-� �m�b�B�M�; ���/���K �(�R�j�k�)�c

�2�M�/

�P�m�i�T�m�i�,�1�M�E�6 �T���`�i�B�+�H�2�b�t1:N
0:T �- �K�Q�/�2�H �T���`���K�2�i�2�`�b� �- ���M�/ �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b� �X

�r�?�2� �̀2 �i�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/�-�H�Q�;p(�vt j�l ; �v1:t � 1) �B�M �i�?�2 �}�`�b�i �i�2�`�K �+���M �#�2 ���M���H�v�i�B�+���H�H�v �2�p���H�m���i�2�/�-

�B�X�2�X�-

�H�Q�;p(�vt j�l ; �v1:t � 1) = �H�Q�;
Z

p(�vt j�tt )p(�tt j�l ; �v1:t � 1)�/�tt

= �H�Q�;N (�vt jC ��Kt ; C ��StC > );
�U�8�X�k�j�V

���M�/ �i�?�2 �i�r�Q �E�G �/�B�p�2� �̀;�2�M�+�2 �i�2�`�K�b �+���M ���H�b�Q �#�2 ���M���H�v�i�B�+���H�H�v �+�Q�K�T�m�i�2�/ �B�M �+�H�Q�b�2�/ �7�Q�`�K�- �/�m�2 �i�Q

�i�?�2 �:���m�b�b�B���M �M���i�m� �̀2 �Q�7 �i�?�2 �T�`�B�Q�` ���M�/ �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b�- �b�2�2 ���T�T�2�M�/�B�t���X�8�X

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �+���M �#�2 �7�Q�m�M�/ �B�M �a�2�+�i�B�Q�M�8�X�d�X�R

�"���b�2�/ �Q�M �i�?�2 �`�2�b�m�H�i �B�M �S�`�Q�T�Q�b�B�i�B�Q�M�8�X�R�- �r�2 �}�`�b�i �m�i�B�H�B�x�2 �i�?�2 �`�2�T���`���K�2�i�2�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�)

�i�Q �b���K�T�H�2�l � q(�l ) ���M�/ �M�m�K�2�`�B�+���H�H�v �;�2�i ���M �m�M�#�B���b�2�/ �2�p���H�m���i�B�Q�M �Q�7 �i�?�2 �2�t�T�2�+�i�2�/ �H�Q�;�@

�H�B�F�2�H�B�?�Q�Q�/�-Eq(�l )

hP T
t=1 �H�Q�;p(�vt j�l ; �v1:t � 1)

i
�c �i�?�2�M �r�2 �+���M ���T�T�H�v �;�`���/�B�2�M�i�@�#���b�2�/ �K�2�i�?�Q�/�b �(�R�j�k�)

�i�Q �K���t�B�K�B�x�2 �i�?�2L �B�M �1�[�X�U�8�X�k�k�V�r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b� = [ � gp; �Z; �_]

���M�/ �i�?�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b� = [ �K0; �G0; �K; �a; �w]�- �i�?���M�F�b �i�Q �i�?�2 �B�M�?�2�`�2�M�i �/�B�z�2�`�2�M�i�B���#�H�2

�M���i�m�`�2 �Q�7 �1�M�E�6 �U�b�2�2 �_�2�K���`�F�8�X�R�V�X �.�2�i���B�H�2�/ �`�Q�m�i�B�M�2 �7�Q�` �B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �1�M�E�6�@���B�/�2�/

�p���`�B���i�B�Q�M���H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K�- �i�2�`�K�2�/ ���b �1�M�o�A�- �B�b �b�m�K�K���`�B�x�2�/ �B�M ���H�;�Q�`�B�i�?�K

�8�X�R�X

�A�i �B�b �M�Q�i�2�r�Q�`�i�?�v �i�?���i �i�?�2 �M�2�r�H�v �/�2�`�B�p�2�/ �1�G�"�P�-L �+�B�`�+�m�K�p�2�M�i�b �i�?�2 �2�t�T�H�B�+�B�i �2�p���H�m���i�B�Q�M �Q�7

�i�?�2 �}�`�b�i ���M�/ �7�Q�m�`�i�? �i�2�`�K�b �B�M �1�[�X�U�8�X�R�d�V�- ���M�/ �b�B�/�2�b�i�2�T�b �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�?���H�H�2�M�;�2�b �T�Q�b�2�/



�3�e �*�?���T�i�2�` �8�, �1�M�b�2�K�#�H�2 �E���H�K���M �6�B�H�i�2�` �J�2�2�i�b �:�S�a�a�J�b �7�Q�` �1�{�+�B�2�M�i �A�M�7�2�`�2�M�+�2

�#�v �i�?�2 �?�2���p�v �T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7q(�tt j�l ; �tt � 1)�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �1�M�o�A �+���M �b�m�#�b�i���M�i�B���H�H�v

�B�K�T�`�Q�p�2 �i�?�2 �2�{�+�B�2�M�+�v �Q�7 �K�Q�/�2�H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X �A�M ���/�/�B�i�B�Q�M�- �K���t�B�K�B�x�B�M�; �i�?�2

�1�G�"�P �B�M �1�[�X�U�8�X�k�k�V�+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �7�Q�H�H�Q�r�b�, �h�?�2 �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �Q�T�i�B�K�B�x�2 �i�?�2 �K�Q�/�2�H

�T���`���K�2�i�2�`�b ���M�/ �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b �b�m�+�? �i�?���i �i�?�2 �:�S�a�a�J �+���M �}�i �i�?�2 �Q�#�b�2�`�p�2�/ �/���i��

�r�2�H�H ���i �2���+�? �b�i�2�T �U�B�M�/�B�+���i�2�/ �#�v �i�?�2 �}�`�b�i �i�2�`�K�V�c �b�B�K�m�H�i���M�2�Q�m�b�H�v�- �i�?�2 �E�G �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K�b

�B�K�T�Q�b�2 �+�Q�M�b�i�`���B�M�i�b �i�Q �T�`�2�p�2�M�i �K�Q�/�2�H �Q�p�2�`�}�i�i�B�M�; �U�B�M�/�B�+���i�2�/ �#�v �i�?�2 �b�2�+�Q�M�/ ���M�/ �i�?�B�`�/ �i�2�`�K�b�V�X

�_�2�K���`�F �8�X�k�X�h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 �1�M�o�A ���H�;�Q�`�B�i�?�K �T� �̀2�/�Q�K�B�M���M�i�H�v �H�B�2�b �B�M

�i�?�2 �2�p���H�m���i�B�Q�M �Q�7N �B�M�/�2�T�2�M�/�2�M�i �T���`�i�B�+�H�2�b �Q�M �i�?�2 �:�S �i� �̀��M�b�B�i�B�Q�M �/�m�`�B�M�; �i�?�2 �T� �̀2�/�B�+�i�B�Q�M �b�i�2�T

�U�b�2�2 �1�[�X�U�8�X�R�3�V�V�X �_�2�+���H�H �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �B�b �b�B�;�M�B�}�+���M�i�H�v �b�K���H�H�2�` �i�?���M �i�?�2

�H�2�M�;�i�? �Q�7 �i�?�2 �/���i�� �b�2�[�m�2�M�+�2�- �B�X�2�X�-M � T�- ���M�/ ���b�b�m�K�2 �i�?���iM � dx �X �A�M �i�?�B�b �+�Q�M�i�2�t�i�- �i�?�2

�+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�;�Q�`�B�i�?�K�8�X�R�b�+���H�2�b ���bO(NTdxM 2)�X �A�M �T� �̀��+�i�B�+�2�-N �B�b �Q�7�i�2�M

�� �b�K���H�H �M�m�K�#�2�`�- ���M�/ �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2N �T���`�i�B�+�H�2�b �Q�M �i�?�2 �:�S �i� �̀��M�b�B�i�B�Q�M �+���M �#�2 �`�m�M �B�M

�T��� �̀��H�H�2�H �(�R�9�9�)�- � �̀2�b�m�H�i�B�M�; �B�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �B�M � �̀2���H�@�r�Q�`�H�/ �/�2�T�H�Q�v�K�2�M�i�b �b�+���H�B�M�;

���bO(TdxM 2)�X �A�7 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �Q�7 �2�t�B�b�i�B�M�; �K�2�i�?�Q�/�b �B�b �T�`�B�K���`�B�H�v �/�`�B�p�2�M �#�v �i�?�2

�2�p���H�m���i�B�Q�M �Q�7 ���b�b�Q�+�B���i�2�/ �:�S�b � �̀��i�?�2�` �i�?���M �Q�i�?�2�` �b�i�2�T�b�f�+�Q�K�T�Q�M�2�M�i�b �H�B�F�2 �B�M�7�2� �̀2�M�+�2 �M�2�i�r�Q�`�F�b

�Q�` �b���K�T�H�B�M�;�- �i�?�2�M �Q�m�` ���T�T� �̀Q���+�? ���H�B�;�M�b �r�B�i�? �2�t�B�b�i�B�M�; �K�2�i�?�Q�/�b �B�M �i�2�`�K�b �Q�7 �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v�X �>�Q�r�2�p�2�`�- �i�?�2 �b�i� �̀2���K�H�B�M�2�/ �K�Q�/�2�H �+�Q�K�T�H�2�t�B�i�v �B�M �1�M�o�A �2�M�?���M�+�2�b �B�i�b �+�Q�K�T�m�i���i�B�Q�M���H

� �̀Q�#�m�b�i�M�2�b�b ���M�/ ���+�+�2�H�2� �̀��i�2�b �+�Q�M�p�2� �̀;�2�M�+�2 �+�Q�K�T��� �̀2�/ �i�Q �i�?�2 �2�t�B�b�i�B�M�; �r�Q�`�F�b�X

�8�X�k�X�j �J�Q�`�2 �.�B�b�+�m�b�b�B�Q�M�b ���M�/ �A�M�b�B�;�?�i�b

�h�?�B�b �b�m�#�b�2�+�i�B�Q�M �T�`�2�b�2�M�i�b �K�Q�`�2 �/�2�i���B�H�2�/ �B�M�b�B�;�?�i�b �B�M�i�Q �i�?�2 �T�`�Q�T�Q�b�2�/ �1�M�o�A ���M�/ �/�B�b�+�m�b�b�2�b �B�i�b

�+�Q�M�M�2�+�i�B�Q�M�b �i�Q �2�t�B�b�i�B�M�; �r�Q�`�F�b�X

�6�B�`�b�i �Q�7 ���H�H�- �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���#�H�2 �M���i�m�`�2 �r�B�i�?�B�M �1�M�E�6�- ���b �K�2�M�i�B�Q�M�2�/ �B�M

�_�2�K���`�F�8�X�R�- �i�Q �i�?�2 �1�M�o�A �#�2�+�Q�K�2�b �K�Q�`�2 ���T�T���`�2�M�i�X �h�?�2 �B�M�?�2�`�2�M�i �/�B�z�2�`�2�M�i�B���#�B�H�B�i�v �B�M �1�M�o�A�-

�b�T���M�M�B�M�; �7�`�Q�K �T���`���K�2�i�2�`�b �Uf � ; � g�V �i�Q �H���i�2�M�i �b�i���i�2�b ���M�/ �2�t�i�2�M�/�B�M�; �i�Q �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M

�U�i�?�2 �1�G�"�P�V�- �2�M���#�H�2�b �T�`�B�M�+�B�T�H�2�/ �D�Q�B�M�i �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �m�b�B�M�; �K�Q�/�2�`�M �Q�z�@�i�?�2�@�b�?�2�H�7

���m�i�Q�K���i�B�+ �/�B�z�2�`�2�M�i�B���i�B�Q�M �i�Q�Q�H�b �U�2�X�;�X�- �S�v�h�Q�`�+�? �(�R�9�9�)�V�X �h�?�B�b �+�Q�M�i�`���b�i�b �r�B�i�? �K�Q�b�i �2�t�B�b�i�B�M�;

�1�M�E�6�@�#���b�2�/ �/�v�M���K�B�+���H �b�v�b�i�2�K�b �H�2���`�M�B�M�; �K�2�i�?�Q�/�b �U�b�2�2�- �2�X�;�X�- �(�R�9�3�-�R�9�N�) ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2�b

�i�?�2�`�2�B�M�V�- �r�?�B�+�? �2�K�T�H�Q�v �i�?�2 �2�t�T�2�+�i���i�B�Q�M�@�K���t�B�K�B�x���i�B�Q�M �U�1�J�V ���H�;�Q�`�B�i�?�K �(�k�9�) �i�Q �B�i�2�`���i�B�p�2�H�v

�m�T�/���i�2 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b� ���M�/ �H���i�2�M�i �b�i���i�2 �i�`���D�2�+�i�Q�`�v�s�X �A�i �?���b �#�2�2�M �`�2�T�Q�`�i�2�/ �i�?���i

�b�m�+�? �1�J�@�#���b�2�/ �K�2�i�?�Q�/�b �/�B�b�`�2�;���`�/ �i�?�2 �;�`���/�B�2�M�i �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 �T���`���K�2�i�2�`�b� �i�Q �i�?�2

�b�i���i�2 �i�`���D�2�+�i�Q�`�v�s�- �r�?�B�+�? �+���M �T�Q�i�2�M�i�B���H�H�v �/�2�;�`���/�2 �i�?�2 �H�2���`�M�B�M�; �T�2�`�7�Q�`�K���M�+�2 �(�R�9�k�-�R�8�y�)�X �A�M

�+�Q�M�i�`���b�i�- �#�v �`�2�;���`�/�B�M�; �i�?�2 �H���i�2�M�i �b�i���i�2 �i�`���D�2�+�i�Q�`�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �#�Q�i�? �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b

� ���M�/ �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b� �- �Q�m�` �K�2�i�?�Q�/ �+���M �D�Q�B�M�i�H�v �Q�T�i�B�K�B�x�2 �i�?�2�b�2 �T���`���K�2�i�2�`�b �B�M ��

�T�`�B�M�+�B�T�H�2�/ �r���v�- �`�2�b�m�H�i�B�M�; �B�M �2�M�?���M�+�2�/ �T�2�`�7�Q�`�K���M�+�2�X



�8�X�j �P�M�H�B�M�2 �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �1�M�o�A �3�d

�a�2�+�Q�M�/�- �B�i �B�b �r�Q�`�i�? �M�Q�i�B�M�; �i�?���i �i�?�2 �T�`�Q�T�Q�b�2�/ �1�M�o�A ���H�;�Q�`�B�i�?�K �7���H�H�b �m�M�/�2�` �i�?�2 �L�J�6

�+���i�2�;�Q�`�v�- �;�B�p�2�M �i�?�2 �2�t�T�H�Q�B�i���i�B�Q�M �Q�7 �i�?�2 �/�2�T�2�M�/�2�M�+�B�2�b �#�2�i�r�2�2�M �H���i�2�M�i �b�i���i�2�b ���M�/ �i�?�2 �i�`���M�b�B�i�B�Q�M

�7�m�M�+�i�B�Q�M�- ���b �2�p�B�/�2�M�i �B�M �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-q(�tt j�l ) �B�M �1�[�X�U�8�X�k�y�V�X �h�?�B�b �B�M�/�B�+���i�2�b

�i�?���i �1�M�o�A �B�M�?�2�`�B�i�b �i�?�2 �7���p�Q�`���#�H�2 �+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �L�J�6 ���H�;�Q�`�B�i�?�K�b �(�d�d�)�- �r�?�B�+�? �?���p�2 �i�?�2

�T�Q�i�2�M�i�B���H �i�Q �2�M�?���M�+�2 �H�2���`�M�B�M�; ���+�+�m�`���+�v ���M�/ ���/�/�`�2�b�b �i�?�2 �B�b�b�m�2 �Q�7 �m�M�/�2�`�2�b�i�B�K���i�B�M�; �b�i���i�2

�B�M�7�2�`�2�M�+�2 �m�M�+�2�`�i���B�M�i�v�- �+�Q�K�K�Q�M�H�v �2�M�+�Q�m�M�i�2�`�2�/ �B�M �J�6 ���H�;�Q�`�B�i�?�K�b �(�R�y�N�)�X

�G���b�i �#�m�i �M�Q�i �H�2���b�i�- �Q�m�` �K�2�i�?�Q�/ �Q�z�2�`�b ���M �2�z�2�+�i�B�p�2 �K�2���M�b �Q�7 �K�B�i�B�;���i�B�M�; �i�?�2 �`�B�b�F �Q�7

�Q�p�2�`�}�i�i�B�M�;�X �h�?�B�b �B�b �K���B�M�H�v �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i �Q�m�` �K�2�i�?�Q�/ �H�2�p�2�`���;�2�b �i�?�2 �"���v�2�b�B���M

�M�Q�M�T���`���K�2�i�`�B�+ �K�Q�/�2�H ���M�/ �i�?�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �7�`���K�2�r�Q�`�F �i�Q �/�2�`�B�p�2 �i�?�2 �1�G�"�P�- ���b

�T�`�2�b�2�M�i�2�/ �B�M �1�[�X�U�8�X�k�k�V�- �7�`�Q�K �r�?�B�+�? �i�?�2 ���/�/�B�i�B�Q�M���H �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K�b �7�Q�` �i�?�2 �B�M�B�i�B���H

�b�i���i�2 ���M�/ �b�i���i�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �+���M �2�z�2�+�i�B�p�2�H�v �K�B�i�B�;���i�2 �i�?�2 �Q�p�2�`�}�i�i�B�M�; �B�b�b�m�2�X ���b

�� �+�Q�K�T���`�B�b�Q�M�- �B�M �i�?�2 �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �1�M�E�6�@�#���b�2�/ �/�v�M���K�B�+���H �b�v�b�i�2�K �H�2���`�M�B�M�; �K�2�i�?�Q�/�-

���m�i�Q�/�B�z�2�`�2�M�i�B���#�H�2 �1�M�E�6 �U���.�@�1�M�E�6�V �(�R�9�k�-�R�9�3�)�- �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �B�M �i�?�2 �a�a�J �B�b

�K�Q�/�2�H�2�/ �m�b�B�M�; �� �/�2�i�2�`�K�B�M�B�b�i�B�+ �T���`���K�2�i�`�B�+ �K�Q�/�2�H�- �b�T�2�+�B�}�+���H�H�v �� �M�2�m�`���H �M�2�i�r�Q�`�F�- ���M�/ �i�?�2

�Q�T�i�B�K�B�x���i�B�Q�M �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �i�?�2 �H�Q�;���`�B�i�?�K �Q�7 �K���`�;�B�M���H �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �K�Q�/�2�H�- �B�X�2�X

L ���.�@�1�M�E�6= �H�Q�;p(�v1:T ) =
TX

t=1

�H�Q�;p(�vt j�v1:t � 1): �U�8�X�k�9�V

�J���t�B�K�B�x�B�M�; �i�?�B�b �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �b�Q�H�2�H�v �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b �+���M �2���b�B�H�v

�H�2���/ �i�Q �Q�p�2�`�}�i�i�B�M�;�X �q�2 �/�2�7�2�` �7�m�`�i�?�2�` �/�B�b�+�m�b�b�B�Q�M�b �Q�7 �i�?�B�b �B�b�b�m�2 �i�Q �a�2�+�i�B�Q�M�8�X�8�X

�8�X�j �P�M�H�B�M�2 �A�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �1�M�o�A

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �7�m�`�i�?�2�` �2�t�T�H�Q�`�2 �Q�M�H�B�M�2 �b�2�i�i�B�M�; �r�?�2�`�2 �/���i�� �B�b �T�`�Q�+�2�b�b�2�/ �b�2�[�m�2�M�i�B���H�H�v�- �Q�M�2

�b���K�T�H�2 ���i �� �i�B�K�2�X �A�i �B�b �r�B�i�?�B�M �i�?�B�b �+�Q�M�i�2�t�i �i�?���i �i�?�2 �b�B�K�m�H�i���M�2�Q�m�b �B�M�7�2�`�2�M�+�2 �Q�7 �b�i���i�2�b ���M�/

�M�Q�M�H�B�M�2���` �/�v�M���K�B�+�b �B�M �:�S�a�a�J�b �T�`�2�b�2�M�i�b �b�B�;�M�B�}�+���M�i �+�?���H�H�2�M�;�2�b �(�R�9�R�-�R�8�R�-�R�8�k�)�X �h�?�2 �;�Q�Q�/

�M�2�r�b �B�b �i�?���i �Q�m�` �1�M�o�A ���H�;�Q�`�B�i�?�K �`�2���/�B�H�v �H�2�M�/�b �B�i�b�2�H�7 �i�Q �Q�M�H�B�M�2 �H�2���`�M�B�M�; �b�+�2�M���`�B�Q�b�X ���i �2���+�?

�i�B�K�2 �b�i�2�Tt�- �r�2 �+���M �M���i�m�`���H�H�v �K���t�B�K�B�x�2 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�- �/�2�M�Q�i�2�/ ���b

L ` t �- �;�B�p�2�M �#�v

L ` t = Eq(�l ) [�H�Q�;p(�vt j�l ; �v1:t � 1)] � �E�G(q(�l )kp(�l )) ; �U�8�X�k�8�V

�B�M �i�2�`�K�b �Q�7 �#�Q�i�? �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b ���M�/ �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�X �.�2�i���B�H�2�/ �b�i�2�T�b �7�Q�`

�B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �Q�M�H�B�M�2 �1�M�o�A�- �i�2�`�K�2�/ �P�1�M�o�A�- �B�b �b�m�K�K���`�B�x�2�/ �B�M ���H�;�Q�`�B�i�?�K�8�X�k�X

�_�2�K���`�F �8�X�j�X���M���H�Q�;�Q�m�b �i�Q �1�M�o�A�- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �P�1�M�o�A �b�+���H�2�b ���b

O(dxM 2) �B�M �T� �̀��+�i�B�+���H �T��� �̀��H�H�2�H �+�Q�K�T�m�i�B�M�; �2�M�p�B� �̀Q�M�K�2�M�i�b�X �L�Q�i���#�H�v�- �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �P�1�M�o�A

�/�Q�2�b �M�Q�i �B�M�+� �̀2���b�2 �r�B�i�?t�- ���b �i�?�2 �B�M�7�Q�`�K���i�B�Q�M ���i �2���+�? �i�B�K�2 �b�i�2�Tt �B�b �+�Q�M�/�2�M�b�2�/ �B�M��Kt ���M�/��St

�U�b�2�2 �1�[�X�U�8�X�k�j�V�V�- �r�?�B�+�? �+���M �#�2 �+�Q�K�T�m�i�2�/ �r�B�i�? �i�?�2 �b���K�2 �+�Q�K�T�H�2�t�B�i�v ���i �2���+�? �i�B�K�2 �b�i�2�Tt�X



�3�3 �*�?���T�i�2�` �8�, �1�M�b�2�K�#�H�2 �E���H�K���M �6�B�H�i�2�` �J�2�2�i�b �:�S�a�a�J�b �7�Q�` �1�{�+�B�2�M�i �A�M�7�2�`�2�M�+�2

���H�;�Q�`�B�i�?�K �8�X�k�,�P�1�M�o�A�, �P�M�H�B�M�2 �1�M�o�A �U�a�i�2�Tt�V

�A�M�T�m�i�,� = [ � gp; �Z; �_]; � ; �vt �-�t1:N
t � 1

�r�?�B�H�2�B�i�2� �̀��i�B�Q�M�b �M�Q�i �i�2�`�K�B�M���i�2�/�/�Q
�l � q(�l )�-L ` t = 0 �c

�:�2�i �T�`�2�/�B�+�i�B�Q�M �b���K�T�H�2�b �m�b�B�M�; �1�[�X �U�8�X�R�3�V �c

�:�2�i �2�K�T�B�`�B�+���H �K�Q�K�2�M�i�b��Kt ; ��St �m�b�B�M�; �1�[�X �U�8�X�R�N�V�c

�:�2�i �E���H�K���M �;���B�M�,��: t = ��St C > (C ��St C > + �_) � 1�c

�:�2�i �m�T�/���i�2�/ �b���K�T�H�2�b �m�b�B�M�; �1�[�X �U�8�X�N�V�c

�1�p���H�m���i�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M

L ` t = �H�Q�;p(�vt j�l ; �v1:t � 1) � �E�G(q(�l )kp(�l ));

�J���t�B�K�B�x�2L ` t ���M�/ �m�T�/���i�2� �-� �m�b�B�M�; ���/���K �(�R�j�k�)�c

�2�M�/

�P�m�i�T�m�i�,�1�M�E�6 �T���`�i�B�+�H�2�b�t1:N
t �- �K�Q�/�2�H �T���`���K�2�i�2�`�b� �- ���M�/ �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b� �X

���M �B�M�i�2�`�2�b�i�B�M�; �B�M�b�B�;�?�i �7�Q�` �K���t�B�K�B�x�B�M�; �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �P�1�M�o�A �B�M �1�[�X�U�8�X�k�8�V

�U���b �r�2�H�H ���b �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �Q�7 �1�M�o�A �B�M �1�[�X�U�8�X�k�k�V�V �B�b �i�?���i �B�i �2�b�b�2�M�i�B���H�H�v �2�M�+�Q�m�`���;�2�b

�b�m�+�+�2�b�b�7�m�H �/���i�� �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �r�?�B�H�2 �b�B�K�m�H�i���M�2�Q�m�b�H�v �2�M�b�m�`�B�M�; �i�?���i �i�?�2 �}�H�i�2�`�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M

p(�tt j�l ; �v1:t ) ���M�/ �i�?�2 �T�`�2�/�B�+�i�B�Q�M �/�B�b�i�`�B�#�m�i�B�Q�Mp(�tt j�l ; �v1:t � 1) �/�Q �M�Q�i �/�2�p�B���i�2 �i�Q�Q �7���` �7�`�Q�K �2���+�?

�Q�i�?�2�`�- ���T���`�i �7�`�Q�K �i�?�2 �`�2�;�m�H���`�B�x���i�B�Q�M �Q�7q(�l )�X �h�?�B�b �`�2�b�m�H�i �B�b �b�m�T�T�Q�`�i�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�;

�T�`�Q�T�Q�b�B�i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �8�X�k�X�h�?�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/�-�H�Q�;p(�vt j�l ; �v1:t � 1)�- �2�b�b�2�M�i�B���H�H�v �B�b �i�?�2 �/�B�z�2� �̀2�M�+�2 �#�2�i�r�2�2�M

�i�?�2 �/���i�� � �̀2�+�Q�M�b�i�`�m�+�i�B�Q�M �2�`� �̀Q�`�- � �̀2�T� �̀2�b�2�M�i�2�/ �#�vEq(�tt j �l ) [�H�Q�;p(�vt j�tt )]�- ���M�/ �i�?�2 �E�G �/�B�p�2� �̀;�2�M�+�2 �#�2�@

�i�r�2�2�M �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(�tt j�l ; �v1:t ) ���M�/ �i�?�2 �T� �̀2�/�B�+�i�B�Q�M �/�B�b�i�`�B�#�m�i�B�Q�Mp(�tt j�l ; �v1:t � 1)�X

�h�?���i �B�b�-

�H�Q�;p(�vt j�l ; �v1:t � 1) = Eq(�tt j �l ) [�H�Q�;p(�vt j�tt )] � �E�G[q(�tt j�l )kp(�tt j�l ; �v1:t � 1)] : �U�8�X�k�e�V

�h�?�m�b�- ���M ���H�i�2�`�M���i�B�p�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �7�Q�` �P�1�M�o�A �+���M �#�2 �2�t�T� �̀2�b�b�2�/ ���b

L ` t = Eq(�l )

�
Eq(�tt j �l ) [�H�Q�;p(�vt j�tt )]

	
� Eq(�l ) f �E�G[q(�tt j�l )kp(�tt j�l ; �v1:t � 1)]g

� �E�G[q(�l )kp(�l )]
�U�8�X�k�d�V

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �+���M �#�2 �7�Q�m�M�/ �B�M �a�2�+�i�B�Q�M�8�X�d�X�k

�h�?�B�b ���H�i�2�`�M���i�B�p�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/ �B�M �i�2�`�K�b �Q�7 �T�`���+�i�B�+���H �2�p���H�m���i�B�Q�M

�r�?�2�M �+�Q�K�T���`�2�/ �i�Q �1�[�X�U�8�X�k�8�V�X �>�Q�r�2�p�2�`�- �B�i �Q�z�2�`�b �B�M�b�B�;�?�i�b �7�`�Q�K �� �/�B�z�2�`�2�M�i �T�2�`�b�T�2�+�i�B�p�2�-
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�6�B�;�X�e�X�R�#�- �i�?�2dx �i�`���M�b�B�i�B�Q�M �Q�m�i�T�m�i�bf �7t;d gdx
d=1 ���`�2 �Q�#�i���B�M�2�/ �#�v �i�?�2 �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M�b �Q�7Q

�B�M�/�2�T�2�M�/�2�M�i �H���i�2�M�i �:�S�b�-�?t = f �?t;qgQ
q=1 �- �r�?�2�`�2�?t;q = hq(�tt � 1) ���M�/hq(�) � GP (0; kq(�; �)) �X



�e�X�k �P�m�i�T�m�i�@�.�2�T�2�M�/�2�M�i �:�S�a�a�J�b �R�y�N

�U���V �A�M�/�2�T�2�M�/�2�M�i �:�S�b �U�#�V �.�2�T�2�M�/�2�M�i �:�S�b �m�b�B�M�; �G�J�*

�6�B�;�m�`�2 �e�X�R�, �P�m�i�T�m�i�@�B�M�/�2�T�2�M�/�2�M�i �:�S�a�a�J�b �p�b�X �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J�b�X

�J���i�?�2�K���i�B�+���H�H�v�- �r�2 �?���p�2

�7t;d = f d(�tt � 1) =
QX

q=1

ad;q � hq(�tt � 1) = a>
d �?t ; d = 1; :::; dx ; �U�e�X�R�V

�r�?�2�`�2ad = [ ad;1; ad;2; :::; ad;Q ]> 2 RQ ���`�2 �i�?�2 �/�B�K�2�M�b�B�Q�M�@�b�T�2�+�B�}�+ �+�Q�2�{�+�B�2�M�i�b �i�?���i �7�Q�`�K

�i�?�2 �+�Q�`�2�;�B�Q�M���H�B�x���i�B�Q�M �K���i�`�B�tA = [ a1; :::; adx ]> �X �A�M �i�?�B�b �r���v�- �i�?�2Q �H���i�2�M�i �:�S�b �r�B�H�H �H�2���`�M

�� �b�?���`�2�/ �F�M�Q�r�H�2�/�;�2 �U�B�M�/�m�+�i�B�p�2 �#�B���b�V �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �/�v�M���K�B�+�b�- ���M�/ad �r�B�H�H ���/���T�i �i�?�2

�#�2�?���p�B�Q�m�`�b �7�Q�` �i�?�2 �/�B�K�2�M�b�B�Q�M�@�b�T�2�+�B�}�+ �Q�m�i�T�m�i�X

�l�M�/�2�` �i�?�2 �G�J�* �7�`���K�2�r�Q�`�F ���M�/ �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7Q �B�M�/�2�T�2�M�/�2�M�i �H���i�2�M�i �:�S�b�- �i�?�2 �K�m�H�i�B�@

�/�B�K�2�M�b�B�Q�M���H �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �7�Q�H�H�Q�r�b �� �:���m�b�b�B���M �T�`�Q�+�2�b�b �T�`�B�Q�`f (�t) � GP (� (�t); k � gp (�t; �t0)) �X

�>�2�`�2 �i�?�2 �K�2���M �7�m�M�+�i�B�Q�M �B�b� (�t) = 0�- �#�2�+���m�b�2 �i�?�2Q �H���i�2�M�i �:�S�b ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �x�2�`�Q

�K�2���M�c �h�?�2 �K�m�H�i�B�@�Q�m�i�T�m�i �F�2�`�M�2�H �7�m�M�+�i�B�Q�Mk � gp (�t; �t0) : Rdx � dx 7! Rdx � dx �?���bd2
x �2�M�i�`�B�2�b�X �1���+�?

�2�M�i�`�v �B�b �+�Q�K�T�m�i�2�/ ���b �7�Q�H�H�Q�r�b�,

[k � gp (�t; �t0)]i;j =
QX

q=1

a i;qa j;q kq(�t; �t0); i; j = 1; 2; :::; dx : �U�e�X�k�V

�*�Q�K�T���`�2�/ �r�B�i�? �i�?�2 �+�H���b�b�B�+ �B�M�/�2�T�2�M�/�2�M�i �K�Q�/�2�H�B�M�;�- �b�2�2 �6�B�;�X�e�X�R���- �i�?�2 �:�S �T�`�B�Q�` �r�B�i�? �G�J�*

�2�t�T�H�B�+�B�i�H�v �K�Q�/�2�H�b �i�?�2 �+�Q�`�`�2�H���i�B�Q�M �#�2�i�r�2�2�M �/�B�z�2�`�2�M�i �Q�m�i�T�m�i�b�- �r�B�i�? �2�t�i�`�� �K���i�`�B�t �K�m�H�i�B�T�H�B�+���i�B�Q�M

�Q�T�2�`���i�B�Q�M�b�X �h�?�m�b�- �i�?�2 �B�M�/�m�+�i�B�p�2 �#�B���b�2�b ���K�Q�M�; �Q�m�i�T�m�i�b �+���M �#�2 �i�`���M�b�7�2�`�`�2�/ �i�Q �B�K�T�`�Q�p�2

�i�?�2 �Q�p�2�`���H�H �K�Q�/�2�H �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �+���T���+�B�i�v�- �r�?�B�+�? �B�b �#�2�M�2�}�+�B���H �i�Q�- �2�X�;�X�- �T���`�i�B���H�H�v

�Q�#�b�2�`�p���#�H�2 �b�i���i�2 �B�M�7�2�`�2�M�+�2�X �L�Q�i�2 �i�?���i �i�?�2 �M�2�r �b�2�i �Q�7 �K�Q�/�2�H �?�v�T�2�`�T���`���K�2�i�2�`�b� gp �B�M�+�H�m�/�2

�i�?�2 �+�Q�`�2�;�B�Q�M���H�B�x���i�B�Q�M �K���i�`�B�tA ���M�/ �i�?�2 �?�v�T�2�`�T���`���K�2�i�2�`�b �7�`�Q�K ���H�HQ �B�M�/�2�T�2�M�/�2�M�i �H���i�2�M�i

�:�S�b�X



�R�R�y �*�?���T�i�2�` �e�, �P�m�i�T�m�i �.�2�T�2�M�/�2�M�+�v ���M�/ �J�Q�/�2�H�B�M�; �1�{�+�B�2�M�+�v �B�M �J�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b

�A�i �B�b ���H�b�Q �M�Q�i�2�r�Q�`�i�?�v �i�?���i �2�p�2�M �i�?�Q�m�;�? �i�?�2 �K�Q�/�2�H�B�M�; �Q�7 �Q�m�i�T�m�i �/�2�T�2�M�/�2�M�+�v �+���M �2�M�?���M�+�2

�i�?�2 �+���T���+�B�i�v �Q�7 �:�S�a�a�J�- �B�i �+���M �B�M�i�`�Q�/�m�+�2 �K�Q�/�2�H �B�/�2�M�i�B�}���#�B�H�B�i�v �B�b�b�m�2�b ���b �r�2�H�H�X �6�Q�` �B�M�b�i���M�+�2�-

�B�M �b�+�2�M���`�B�Q�b �r�?�2�`�2 �r�2 �?���p�2 �:�S �Q�m�i�T�m�i�b�7t ���M�/ �i�?�2 �K���i�`�B�tA �- �i�?�2 �m�M�/�2�`�H�v�B�M�; �H���i�2�M�i

�7�m�M�+�i�B�Q�M �p���H�m�2�b�?t �K���v �M�Q�i �#�2 �m�M�B�[�m�2�H�v �B�/�2�M�i�B�}���#�H�2�X ���+�?�B�2�p�B�M�; �K�Q�/�2�H �B�/�2�M�i�B�}���#�B�H�B�i�v �B�b

�+�`�m�+�B���H �7�Q�` �K�Q�/�2�H �B�M�i�2�`�T�`�2�i���i�B�Q�M�- ���H�i�?�Q�m�;�? �B�i �K���v �`�2�+�2�B�p�2 �H�2�b�b ���i�i�2�M�i�B�Q�M �B�7 �i�?�2 �T�`�B�K���`�v

�7�Q�+�m�b �B�b �Q�M �Q�#�b�2�`�p���i�B�Q�M �T�`�2�/�B�+�i�B�Q�M �(�d�j�)�X �h�?�2 �7�Q�H�H�Q�r�B�M�; �U�B�M�7�Q�`�K���H�V �`�2�b�m�H�i �B�M�/�B�+���i�2�b �i�?���i �i�?�2

�M�Q�M�@�B�/�2�M�i�B�}���#�B�H�B�i�v �+���M �#�2 �K�B�i�B�;���i�2�/ �#�v �+���`�2�7�m�H�H�v �b�2�H�2�+�i�B�M�; �i�?�2Q �T���`���K�2�i�2�`�X

�*�Q�`�Q�H�H���`�v �e�X�R�X�h�?�2 �T� �̀Q�T�Q�b�2�/ �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �/�Q�2�b �M�Q�i �+�Q�K�T� �̀Q�K�B�b�2 �i�?�2 �K�Q�/�2�H

�B�/�2�M�i�B�}���#�B�H�B�i�v �Q�7f (�)�X �A�7Q � dx ���M�/�`���M�F(A ) = Q�- �i�?�2 �H���i�2�M�i �7�m�M�+�i�B�Q�Mh(�) �+���M �#�2

�B�/�2�M�i�B�}���#�H�2�X

�S� �̀Q�Q�7�X�"�v �7�Q�H�H�Q�r�B�M�; �i�?�2 �i�?�2�Q�`�2�K �B�M �a�2�+�i�B�Q�M �j�X�k�X�R �(�d�j�)�- �r�2 �2�M�b�m�`�2 �i�?���i �i�?�2 �K�Q�/�2�H �B�/�2�M�i�B�}���@

�#�B�H�B�i�v �Q�7f (�) �B�b �M�Q�i �+�Q�K�T�`�Q�K�B�b�2�/�X �h�?�B�b �B�b �#�2�+���m�b�2 �i�?�2 �7�m�M�/���K�2�M�i���H �:�S�a�a�J �r�2 �+�Q�M�b�B�/�2�`

�`�2�K���B�M�b �m�M�+�?���M�;�2�/ ���M�/ �B�b �`�2�T�`�2�b�2�M�i�2�/ �#�v �1�[�X�U�j�X�R�j�V�X �6�Q�` �i�?�2 �H���i�2�M�i �7�m�M�+�i�B�Q�Mh(�)�- �r�2 �M�Q�i�2

�i�?���i �r�?�2�MQ � dx ���M�/A �B�b �Q�7 �7�m�H�H �+�Q�H�m�K�M �`���M�F�- �;�B�p�2�M�7t ���M�/A �7�Q�` �i�?�2 �H�B�M�2���` �b�v�b�i�2�K

A �?t = �7t �- �i�?�2 �2�b�i�B�K���i�2�̂?t = ( A > A )� 1A > �7t �T�`�Q�p�B�/�2�b ���M �2�t���+�i �b�Q�H�m�i�B�Q�M �B�7 �i�?�2 �i�`�m�2�?t �2�t�B�b�i�b�X

�h�?�B�b �B�K�T�H�B�2�b �i�?���i �m�M�/�2�` �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �H���i�2�M�i �7�m�M�+�i�B�Q�Mh(�) �+���M �#�2 �B�/�2�M�i�B�}���#�H�2�X

�_�2�K���`�F �e�X�R�X�q�?�2�MQ > d x �- �i�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �B�b �K�Q� �̀2 �~�2�t�B�#�H�2�- ���M�/ �B�b

�T�Q�i�2�M�i�B���H�H�v �#�2�M�2�}�+�B���H �i�Q �b�2�[�m�2�M�+�2�f�Q�#�b�2�`�p���i�B�Q�M �T� �̀2�/�B�+�i�B�Q�M�X �>�Q�r�2�p�2�`�- �7�Q�` �H���i�2�M�i �b�i���i�2 �B�M�7�2� �̀2�M�+�2

�T�m�`�T�Q�b�2�b�- �*�Q� �̀Q�H�H���`�v�e�X�R�b�m�;�;�2�b�i�b �b�2�i�i�B�M�;Q � dx ���M�/ �H�2���`�M�B�M�; �� �7�m�H�H�@�+�Q�H�m�K�M�@� �̀��M�F �K���i�`�B�tA �-

�r�?�B�+�? �+���M �?�2�H�T ���p�Q�B�/ �i�?�2 �K�Q�/�2�H �M�Q�M�@�B�/�2�M�i�B�}���#�B�H�B�i�v ���M�/ �2�M�?���M�+�2 �b�i���i�2 �B�M�7�2� �̀2�M�+�2 �T�2�`�7�Q�`�K���M�+�2�X

�e�X�k�X�R �o���`�B���i�B�Q�M���H �G�2���`�M�B�M�; ���M�/ �A�M�7�2�`�2�M�+�2

�h�?�B�b �b�m�#�b�2�+�i�B�Q�M �2�H���#�Q�`���i�2�b �Q�M �i�?�2 �p���`�B���i�B�Q�M���H �H�2���`�M�B�M�; �K�2�i�?�Q�/ �7�Q�` �i�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i

�:�S�a�a�J�- �#���b�2�/ �m�T�Q�M �i�?�2 �b�T���`�b�2 �:�S�b ���M�/ �i�?�2 �L�J�6 ���b�b�m�K�T�i�B�Q�M ���b �m�i�B�H�B�x�2�/ �B�M �(�d�d�)�X

�_�2�+���H�H �i�?���i �B�M �i�?�2 �b�T���`�b�2 �:�S �(�e�R�)�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �b�K���H�H �b�2�i �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�w= f �xi gM
i =1

���M�/�l = f �mi;qgM;Q
i;q=1 �i�Q �b�2�`�p�2 ���b �i�?�2 �b�m�`�`�Q�;���i�2 �Q�7 �i�?�2 ���b�b�Q�+�B���i�2�/ �:�S�b�- �r�?�2�`�2�mi;q = hq(�xi ) 2 R

���M�/�xi 2 Rdx �X �>�2�`�2�- �r�2 ���b�b�m�K�2 �i�?�2Q �B�M�/�m�+�B�M�; �Q�m�i�T�m�i�bf �mi;qgQ
q=1 �b�?���`�2 �i�?�2 �B�M�/�m�+�B�M�; �B�M�T�m�i�b

�xi �- �b�B�M�+�2 ���H�H �i�?�2 �H���i�2�M�i �:�S�b �i���F�2 �i�?�2 �b�?���`�2�/ �B�M�T�m�i�tt � 1 ���i ���M�v �i�B�K�2 �b�i�2�Tt�- ���b �/�2�T�B�+�i�2�/

�B�M �6�B�;�X�e�X�R�#�X �a�?���`�B�M�; �B�M�/�m�+�B�M�; �B�M�T�m�i�b �#�2�i�r�2�2�M �/�B�z�2�`�2�M�i �H���i�2�M�i �:�S�b �r�B�H�H ���H�b�Q �`�2�/�m�+�2 �i�?�2

�M�m�K�#�2�` �Q�7 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�X �"���b�2�/ �Q�M �i�?�2�b�2 �b�2�i�i�B�M�;�b�- �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2

�Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J ���m�;�K�2�M�i�2�/ �r�B�i�? �B�M�/�m�+�B�M�; �T�Q�B�M�i�b �B�b

p(�u; �s; �6; �l ) = p(�t0)
TY

t=1

p(�vt j�tt )p(�tt j�7t )p(�7t j�tt � 1; �l )p(�l ); �U�e�X�j�V



�e�X�k �P�m�i�T�m�i�@�.�2�T�2�M�/�2�M�i �:�S�a�a�J�b �R�R�R

�r�?�2�`�2p(�l ) =
Q Q

q=1 p(f �mi;qgM
i =1 ) �/�m�2 �i�Q �i�?�2 �B�M�/�2�T�2�M�/�2�M�+�2 ���b�b�m�K�T�i�B�Q�M �Q�M �i�?�2 �H���i�2�M�i �7�m�M�+�i�B�Q�M

h(�)�X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �Q�m�i�T�m�i�bp(�7t j�tt � 1; �l ) ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v

�i�?�2 �H���i�2�M�i �:�S�bp(�?t j�tt � 1; �l )�- �r�?�2�`�2

p(�?t j�tt � 1; �l ) =
QY

q=1

N (�?t;q j� �?t;q ; � �?t;q ); �U�e�X�9�V

���M�/N (�?t;q j� �?t;q ; � �?t;q ) �B�b �i�?�2q�@�i�? �:�S �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�?�tt � 1 ���b �i�2�b�i �B�M�T�m�i �r�?�B�H�2

(�w; f �mi;qgM
i =1 ) ���b �i�`���B�M�B�M�; �/���i���- �b�2�2 �1�[�b�X �U�k�X�R�j���V ���M�/ �U�k�X�R�j�#�V�X �h�?�2�`�2�7�Q�`�2�-

p(�7t j�tt � 1; �l ) =
Z

�?t

p(�7t j�?t ) p(�?t j�tt � 1; �l ) = N (�7t j� �7t ; � �7t ); �U�e�X�8�V

�r�?�2�`�2� �7t = A� �?t ; � �7t = A � �?t A
> ���M�/� �?t = [ � �?t; 1 ; ::; � �?t;Q ]> �-� �?t = �/�B���;(� �?t; 1 ; :::; � �?t;Q )�X

�q�2 �i�?�2�M �r�Q�m�H�/ �H�B�F�2 �i�Q �m�b�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �K�2�i�?�Q�/ �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �B�M�i�`���+�i���#�H�2

�T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp(�s; �6; �l j�u) �m�b�B�M�; �� �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(�s; �6; �l )�X �h�?�B�b �B�M�p�Q�H�p�2�b

�+�Q�K�T�m�i�B�M�; �i�?�2 �1�G�"�P�- �/�2�}�M�2�/ ���bL , Eq(�s;�6;�l )

h
�H�Q�;p(�u;�s;�6;�l )

q(�s;�6;�l )

i
� �H�Q�;p(�u)�X �.�B�z�2�`�2�M�i �+�?�Q�B�+�2�b

�Q�7 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �B�M�/�m�+�2 �/�B�z�2�`�2�M�i �1�G�"�P�b�- �?�2�M�+�2 �/�B�z�2�`�2�M�i �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K�b

�7�Q�` �:�S�a�a�J �(�d�j�)�X �A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �r�2 �+�?�Q�Q�b�2 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�Mq(�s; �6; �l ) �B�M

�i�?�2 �7�Q�`�K �Q�7

q(�t0)
TY

t=1

p(�tt j�7t )p(�7t j�tt � 1; �l )q(�l ); �U�e�X�e�V

�r�?�2�`�2

q(�l ) =
QY

q=1

N (f �mi;qgM
i =1 j �Kq; �aq) = N (�l j �K; �a); �U�e�X�d�V

���M�/ �K�Q�`�2�Q�p�2�` �i�?�2 �K�2���M �p�2�+�i�Q�`�K = [ �K>
1 ; :::; �K>

Q]> 2 RMQ �- ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t�a=

�/�B���;(�a1; :::; �aQ) 2 RMQ � MQ �- ���`�2 �7�`�2�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�X �h�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M

�7�Q�` �i�?�2 �B�M�B�i�B���H �b�i���i�2 �B�b �T���`���K�2�i�2�`�B�x�2�/ �#�v �� �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F �r�B�i�? �B�M�T�m�i�-�u�- ���M�/ �T���`���K�2�i�2�`�b�-

� �- �B�X�2�X�-q� (�t0) = N (�t0j�K�t0 ; S�t0 )�- �r�?�2�`�2�K�t0 ; S�t0 ���`�2 �i�?�2 �Q�m�i�T�m�i�b �Q�7 �i�?�2 �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F

�(�3�d�)�X �L�Q�i�2 �i�?���i �i�?�2 �7�Q�`�K �Q�7 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �b�B�K�B�H���` �i�Q �i�?�2 �Q�M�2 �m�b�2�/ �B�M �i�?�2

�T�`�Q�#���#�B�H�B�b�i�B�+ �`�2�+�m�`�`�2�M�i �a�a�J�U�T�`�b�b�K�V�(�d�d�)�X �q�2 �/�2�H�B�#�2�`���i�2�H�v �+�?�Q�b�2 �i�?�B�b �7�Q�`�K �i�Q �7���+�B�H�B�i���i�2 ��

�/�B�`�2�+�i �+�Q�K�T���`�B�b�Q�M �r�B�i�?�T�`�b�b�K�- �r�?�B�+�? �`�2�T�`�2�b�2�M�i�b ���M �Q�m�i�T�m�i�@�B�M�/�2�T�2�M�/�2�M�i �:�S�a�a�J�X �.�2�b�T�B�i�2

�i�?�2 �b�B�K�B�H���`�B�i�v �B�M �i�?�2 �7�Q�`�K �Q�7 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�- �r�2 �/�Q �M�Q�i ���b�b�m�K�2 �B�M�/�2�T�2�M�/�2�M�i

�Q�m�i�T�m�i�b �7�Q�` �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�X �A�M�b�i�2���/�- �Q�m�` �:�S�a�a�J �T�`�B�Q�` ���M�/ �i�?�2 ���T�T�`�Q�t�B�K���i�2�/

�T�Q�b�i�2�`�B�Q�` �2�t�T�H�B�+�B�i�H�v �+�Q�M�b�i�`�m�+�i �/�2�T�2�M�/�2�M�+�B�2�b ���K�Q�M�; �Q�m�i�T�m�i�b �#�v �K�B�t�B�M�;Q �H���i�2�M�i �:�S�b�- �i�?�m�b

�K���F�B�M�; �i�?�2 �T�`�Q�T�Q�b�2�/ �K�Q�/�2�H �K�Q�`�2 �`�2���H�B�b�i�B�+ ���M�/ �~�2�t�B�#�H�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2�T�`�b�b�K�X

���7�i�2�` �b�Q�K�2 ���H�;�2�#�`���B�+ �+���H�+�m�H���i�B�Q�M�b�- �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �1�G�"�P �#�2�+�Q�K�2�b

L (� ) =
TX

t=1

Eq(�tt ) [�H�Q�;p(�vt j�tt )] � �E�G[q(�l )kp(�l )] � �E�G[q(�t0)kp(�t0)] ; �U�e�X�3�V



�R�R�k �*�?���T�i�2�` �e�, �P�m�i�T�m�i �.�2�T�2�M�/�2�M�+�v ���M�/ �J�Q�/�2�H�B�M�; �1�{�+�B�2�M�+�v �B�M �J�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b

�r�?�2�`�2 �i�?�2 �}�`�b�i �i�2�`�K �2�M�+�Q�m�`���;�2�b �/�2�+�2�M�i �b���K�T�H�2�b �/�`���r�M �7�`�Q�K �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M

q(�tt ) �i�Q �}�i �i�?�2 �2�K�B�b�b�B�Q�M �K�Q�/�2�H �r�2�H�H�- �r�?�B�H�2 �i�?�2 �b�2�+�Q�M�/ ���M�/ �i�?�B�`�/ �i�2�`�K�b �`�2�;�m�H���`�B�x�2 �i�?�2

�B�M�B�i�B���H �b�i���i�2�- ���M�/ �i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2Q �H���i�2�M�i �:�S�b �i�?�m�b �i�?�2 �T�Q�b�i�2�`�B�Q�` �Q�7

f (�)�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �i�r�Q �H���i�i�2�` �i�2�`�K�b �+���M �#�2 �+�Q�K�T�m�i�2�/ ���M���H�v�i�B�+���H�H�v�- �?�Q�r�2�p�2�`�- �i�?�2

�2�t�T�2�+�i���i�B�Q�M �i�2�`�K�b�-Eq(�tt ) [�H�Q�;p(�vt j�tt )] ; 8t; �M�2�2�/ �i�Q �#�2 �2�p���H�m���i�2�/ �#�v �b���K�T�H�B�M�; �K�2�i�?�Q�/ ���M�/

�`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�) �/�m�2 �i�Q �i�?�2 �B�M�i�`���+�i���#�B�H�B�i�v �Q�7q(�tt ) �(�d�d�)�X �h�?�2 �b���K�T�H�B�M�; �b�i�2�T�b

���`�2 �/�2�b�+�`�B�#�2�/ ���b �7�Q�H�H�Q�r�b�X �"�v �+�Q�M�/�B�i�B�Q�M�B�M�; �Q�M �i�?�2 �H���i�2�M�i �b�i���i�2�tt � 1�- �r�2 �?���p�2

q(�tt j�tt � 1) =
Z

�7t ;�l
p(�tt j�7t )p(�7t j�tt � 1; �l )q(�l )

= N (�tt j �Kt jt � 1; �at jt � 1);
�U�e�X�N�V

�r�?�2�`�2�Kt jt � 1 = A �K�?t �-�at jt � 1 = A �a�?t A
> + Q�- ���M�/�K�?t = [ �K�?t; 1 ; :::; �K�?t;Q ]> ; �a�?t = �/�B���;(�a�?t; 1 ; :::; �a�?t;Q )

�r�B�i�? (
�K�?t;q = K �tt � 1 ;�w K � 1

�w;�w �Kq;

�a�?t;q = K �tt � 1 ;�tt � 1 � K �tt � 1 ;�w K � 1
�w;�w[K �w;�w� �aq] K � 1

�w;�w K >
�tt � 1 ;�w;

�7�Q�` ���M�vq�X �L�Q�i�2 �i�?���i �?�2�`�2 �r�2 �Q�K�B�i �i�?�2 �b�m�#�b�+�`�B�T�iq �B�M �i�?�2 �F�2�`�M�2�H �K���i�`�B�t �Q�7 �i�?�2q�@�i�? �H���i�2�M�i

�:�S �7�Q�` �M�Q�i���i�B�Q�M �#�`�2�p�B�i�v�X �l�b�B�M�; �1�[�X �U�e�X�N�V �r�2 �+���M �`�2�+�m�`�b�B�p�2�H�v �b���K�T�H�2 �H���i�2�M�i �b�i���i�2�b�tt ; t =

1; 2; :::; T�- �#�v �b�i���`�i�B�M�; �7�`�Q�K �b���K�T�H�B�M�;�t0 � q(�t0)�- �b�Q �i�?���i �i�?�2 �1�G�"�P �+���M �#�2 �M�m�K�2�`�B�+���H�H�v

�2�p���H�m���i�2�/�X �h�Q�;�2�i�?�2�` �r�B�i�? ���H�H�- �r�2 ���T�T�H�v �b�i�Q�+�?���b�i�B�+ �;�`���/�B�2�M�i ���b�+�2�M�i ���M�/ �m�b�2 �i�?�2 ���/���K

�Q�T�i�B�K�B�x�2�` �i�Q �K���t�B�K�B�x�2 �i�?�2 �H�Q�r�2�` �#�Q�m�M�/L (� ) �Q�p�2�` �T���`���K�2�i�2�`�b� = [ � ; �w; �K; �a; � gp; Q; R ]�X

�h�?�2 �;�`���/�B�2�M�i �+���M �#�2 �T�`�Q�T���;���i�2�/ �#���+�F �i�?�`�Q�m�;�? �i�B�K�2 �Q�r�B�M�; �i�Q �i�?�2 �+�?���B�M �`�m�H�2 �b���K�T�H�B�M�; ���M�/

�`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�)�- ���M�/ �i�?�2 �T���`���K�2�i�2�`�b �r�B�H�H �+�Q�M�p�2�`�;�2 �i�Q �� �b�i���i�B�Q�M���`�v �T�Q�B�M�i�X

�_�2�K���`�F �e�X�k�U�*�Q�K�T�m�i���i�B�Q�M���H �*�Q�K�T�H�2�t�B�i�v�V�X�h�v�T�B�+���H�H�v�- �i�?�2 �M�m�K�#�2�` �Q�7 �B�M�/�m�+�B�M�; �T�Q�B�M�i�b�-

M �- �B�b �H��� �̀;�2�` �i�?���M �i�?�2 �M�m�K�#�2�` �Q�7 �H���i�2�M�i �:�S�b�-Q�- ���M�/ �i�?�2 �b�i���i�2 �/�B�K�2�M�b�B�Q�M�-dx �X �6�Q�` ��

�/���i�� �b�2�[�m�2�M�+�2 �r�B�i�? �i�?�2 �H�2�M�;�i�? �Q�7T ���M�/ ���b�b�m�K�B�M�;T � M > Q � dx �- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v �Q�7 �2�p���H�m���i�B�M�; �i�?�2 �1�G�"�P �U�1�[�X �U�e�X�3�V�V �b�+���H�2�b ���bO(TQM 2 + TQ2dx )�X �*�Q�K�T��� �̀2�/

�r�B�i�? �i�?�2 �Q�m�i�T�m�i�@�B�M�/�2�T�2�M�/�2�M�i �:�S�a�a�J �(�d�d�) �i�?���i �b�+���H�2�b ���bO(TdxM 2)�- �r�2 �+���M �Q�#�b�2�`�p�2 �i�?���i

�Q�M�H�v �;�2�M�i�H�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �B�M�+� �̀2���b�2�b �B�M �i�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �U�2�b�T�2�+�B���H�H�v

�B�M �i�?�2 �+���b�2 �Q�7Q = dx �V�X

�e�X�k�X�k �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b

�L�2�t�i�- �r�2 �b�?�Q�r �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �U�i�2�`�K�2�/

�Q�/�;�T�b�b�K�V �Q�M �Q�M�2 �b�v�M�i�?�2�i�B�+ �/���i���b�2�i ���M�/ �}�p�2 �`�2���H �b�v�b�i�2�K �B�/�2�M�i�B�}�+���i�B�Q�M �/���i���b�2�i�b�X �6�Q�`

�+�Q�K�T���`�B�b�Q�M�- �r�2 �+�?�Q�Q�b�2 �i�r�Q �Q�m�i�T�m�i�@�B�M�/�2�T�2�M�/�2�M�i �#���b�2�H�B�M�2 �K�Q�/�2�H�b�, �R�V �T�`�Q�#���#�B�H�B�b�i�B�+ �`�2�+�m�`�`�2�M�i

�a�a�J�U�T�`�b�b�K�V�(�d�d�)�c ���M�/ �k�V �/�2�2�T �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H�U�/�b�b�K�V�(�8�)�X



�e�X�k �P�m�i�T�m�i�@�.�2�T�2�M�/�2�M�i �:�S�a�a�J�b �R�R�j

�U���V �h�?�2 �H���i�2�M�i �b�T���+�2 �Q�7 �S�_�a�a�J

�U�#�V �h�?�2 �H���i�2�M�i �b�T���+�2 �Q�7 �P�.�:�S�a�a�J

�6�B�;�m�`�2 �e�X�k�, �h�?�2 �H���i�2�M�i �b�T���+�2 �H�2���`�M�2�/ �#�v �i�r�Q �/�B�z�2�`�2�M�i �:�S�a�a�J�b�X

�e�X�k�X�k�@�� �a�v�M�i�?�2�i�B�+ �/���i���b�2�i

�q�2 �}�`�b�i �m�b�2 �� �b�B�K�T�H�2 ���M�/ �b�i�v�H�B�x�2�/ �M�m�K�2�`�B�+���H �k�@�/�B�K�2�M�b�B�Q�M���H �U�k�@�.�V �+���` �i�`���+�F�B�M�; �2�t���K�T�H�2

�T�`�Q�p�B�/�2�/ �B�M �(�d�- �1�t���K�T�H�2 �9�X�e�) �i�Q �b�?�Q�r �i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �K�Q�/�2�H�B�M�; �/�2�T�2�M�/�2�M�+�v �#�2�i�r�2�2�M

�i�?�2 �i�`���M�b�B�i�B�Q�M �Q�m�i�T�m�i�b�X �J�Q�`�2 �+�Q�M�+�`�2�i�2�H�v�- �B�M �i�?�B�b �2�t���K�T�H�2�- �i�?�2 �m�M�/�2�`�H�v�B�M�; �+���` �/�v�M���K�B�+ �B�b

�+�?���`���+�i�2�`�B�x�2�/ �#�v �i�?�2 �H�B�M�2���` �:���m�b�b�B���M �b�i���i�2�@�b�T���+�2 �K�Q�/�2�H �U�G�:�a�a�J�V�-

�tt =

"
I 2 I 2

0 I 2

#

�tt � 1 + �pt ; �pt � N (0; �Z);

�vt = [ I 2; 0] �tt + �2t ; �2t � N (0; �_);

�r�?�2�`�2 �i�?�2 �T���`�i�B���H�H�v �Q�#�b�2�`�p���#�H�2 �b�i���i�2�tt 2 R4 �+�Q�M�b�B�b�i�b �Q�7 �k�@�. �+���` �T�Q�b�B�i�B�Q�M�b ���M�/ �k�@�. �p�2�H�Q�+�B�i�B�2�b�c

�vt �B�b �� �M�Q�B�b�v �Q�#�b�2�`�p���i�B�Q�M �Q�7 �i�?�2 �+���` �T�Q�b�B�i�B�Q�M�b�X �6�Q�` �K�Q�`�2 �/�2�i���B�H�b ���#�Q�m�i �i�?�B�b �K�Q�/�2�H�- �Q�M�2 �+���M

�`�2�7�2�` �i�Q �(�d�)�X �L�Q�i�2 �i�?���i �i�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �b�i���i�2 �p�2�+�i�Q�`�-f �tt;d g4
d=1 �- ���`�2 �+�Q�`�`�2�H���i�2�/ �/�m�2 �i�Q �i�?�2

�H�B�M�2���`�B�i�v ���M�/ �:���m�b�b�B���M�B�i�v �Q�7 �i�?�2 �b�i���i�2 �i�`���M�b�B�i�B�Q�M �B�M �i�?�2 �G�:�a�a�J�X �>�2�M�+�2�- �#�v �2�t�T�H�Q�B�i�B�M�; �i�?�2

�+�Q�`�`�2�H���i�B�Q�M�b �r�B�i�? �i�?�2 �Q�#�b�2�`�p�2�/ �b�i���i�2�bf �tt;d g2
d=1 �- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �B�M�7�2�` �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �Q�M�2�b�-

f �tt;d g4
d=3 �X

�q�2 �m�b�2 �i�?�2 �m�M�/�2�`�H�v�B�M�; �G�:�a�a�J �i�Q �;�2�M�2�`���i�2T�4�R�k�y �Q�#�b�2�`�p���i�B�Q�M�b�u = f �vgT
t=1 �7�Q�` �i�`���B�M�B�M�;
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�i�Q �#�2 �F�M�Q�r�M�- �?�2�M�+�2 �i�?�2�`�2 �B�b �M�Q �M�2�2�/ �i�Q �i�`���B�M �i�?�2 �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F�c �k�V �h�?�2 �/�B�K�2�M�b�B�Q�M

�Q�7 �i�?�2 �H���i�2�M�i �b�i���i�2�-dx �- �B�b �b�2�i �i�Q4�- ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �i�?�2 �:�S �B�M�/�m�+�B�M�; �T�Q�B�M�i�bM �B�b

�b�2�i �i�Q20�c �j�V �h�?�2 �:�S �i�`���M�b�B�i�B�Q�M �K�Q�/�2�H�b ���`�2 �T�`�2�i�`���B�M�2�/�f�B�M�B�i�B���H�B�x�2�/ �m�b�B�M�;20 �i�`�m�2 �H���i�2�M�i
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�P�.�:�S�a�a�J �2�b�i���#�H�B�b�?�2�b �i�?�2 �/�2�T�2�M�/�2�M�+�B�2�b �i�?�`�Q�m�;�? �i�?�2 �G�J�* �7�`���K�2�r�Q�`�F�- �K���F�B�M�; �B�i �+���T���#�H�2

�Q�7 �+�Q�`�`�2�+�i�H�v �H�2���`�M�B�M�; �i�?�2 �:�S �i�`���M�b�B�i�B�Q�M �T�Q�b�i�2�`�B�Q�` ���M�/ �B�M�7�2�`�`�B�M�; �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �b�i���i�2�b �#�v

�2�t�T�H�Q�B�i�B�M�; �i�?�2 �F�M�Q�r�H�2�/�;�2 �7�`�Q�K �i�?�2 �b�?���`�2�/ �+�Q�`�`�2�H���i�B�Q�M�b ���M�/ �i�?�2 �}�`�b�i �i�r�Q �/�B�K�2�M�b�B�Q�M�b �i�?���i

���`�2 �7�m�H�H�v �Q�#�b�2�`�p�2�/�X

�e�X�k�X�k�@�# �_�2���H �/���i���b�2�i�b

�a�B�M�+�2 �i�?�2 �b�m�T�2�`�B�Q�`�B�i�v �Q�7 �S�_�a�a�J �+�Q�K�T���`�2�/ �i�Q �+�H���b�b�B�+ �i�B�K�2�@�b�2�`�B�2�b �K�Q�/�2�H�B�M�; ���T�T�`�Q���+�?�2�b �?���b

�#�2�2�M �b�?�Q�r�M �B�M �(�d�d�)�- �r�2 �r�B�H�H �b�F�B�T �b�B�K�B�H���` �+�Q�K�T���`�B�b�Q�M�b �/�m�2 �i�Q �b�T���+�2 �H�B�K�B�i���i�B�Q�M�b�X �A�M �i�?�B�b

�b�m�#�b�2�+�i�B�Q�M�- �r�2 �Q�M�H�v �+�Q�K�T���`�2 �P�.�:�S�a�a�J �r�B�i�? �B�i�b �i�r�Q �+�Q�K�T�2�i�B�i�Q�`�b�- �S�_�a�a�J ���M�/ �.�a�a�J�- �Q�M

�}�p�2 �`�2���H �b�v�b�i�2�K �B�/�2�M�i�B�}�+���i�B�Q�M �/���i���b�2�i�b �B�M�i�`�Q�/�m�+�2�/ �B�M �(�d�d�) �U�b�2�2 �(�d�d�) �7�Q�` �K�Q�`�2 �/�2�i���B�H�b�V�X �6�Q�`

�2���+�? �/���i���b�2�i�- �i�?�2 �}�`�b�i �?���H�7 �Q�7 �� �b�2�[�m�2�M�+�2 �B�b �m�b�2�/ �7�Q�` �i�`���B�M�B�M�; ���M�/ �i�?�2 �`�2�b�i �7�Q�` �i�2�b�i�B�M�;�X ���H�H

�/���i���b�2�i�b ���`�2 �b�i���M�/���`�/�B�x�2�/ �m�b�B�M�; �i�`���B�M�B�M�; �b�2�[�m�2�M�+�2 ���M�/ �i�?�2 �H���i�2�M�i �b�i���i�2 �/�B�K�2�M�b�B�Q�M �B�b �b�2�i

�i�Qdx = 4�X �J�Q�`�2 �/�2�i���B�H�2�/ �K�Q�/�2�H �b�2�i�i�B�M�;�b �+���M �#�2 �7�Q�m�M�/ �B�M �i�?�2 ���+�+�Q�K�T���M�v�B�M�; �+�Q�/�2�R�X �6�Q�`

�.�a�a�J�- �r�2 �`�2�}�M�2�/ �i�?�2 �+�Q�/�2 �7�`�Q�K �� �T�m�#�H�B�+ �B�K�T�H�2�K�2�M�i���i�B�Q�M�k�- ���M�/ �b�2�i �i�?�2 �2�K�B�b�b�B�Q�M �7�m�M�+�i�B�Q�M

�i�Q �#�2 �i�?�2 �b���K�2 ���b �i�?�2 �i�r�Q �:�S�a�a�J�b�X �h�?�2 �i�2�b�i �`�2�b�m�H�i�b ���`�2 �`�2�T�Q�`�i�2�/ �B�M �h���#�H�2�e�X�R�- �r�?�2�`�2 �i�?�2
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�B�M �Q�m�` �+���b�2�- �i�?�2 �/���i���b�2�i�b ���`�2 �`�2�H���i�B�p�2�H�v �b�K���H�H�- �2�X�;�X �i�?�2 �i�`���B�M�B�M�; �b�2�i �Q�7 �i�?�2�:���b �6�m�`�M���M�+�2
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�Q�m�` �M�2�r �:�S�a�a�J �7�Q�`�K�m�H���i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b�,

h � GP (0; k(�; �)) ; �U�e�X�R�y���V

�?t = h(�tt � 1); �U�e�X�R�y�#�V

�7t = f G� d (�?t )gdx
d=1 ; �U�e�X�R�y�+�V

�t0 � p(�t0); �U�e�X�R�y�/�V

�tt j�7t � N (�tt j�7t ; �Z); �U�e�X�R�y�2�V

�vt j�tt � N (�vt jC �tt ; �_); �U�e�X�R�y�7�V
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���M�/ �/�B�z�2�`�2�M�i�B���#�H�2 �U�#�B�D�2�+�i�B�p�2�V �i�`���M�b�7�Q�`�K���i�B�Q�M�b�-f G� d;j (�) : R 7! RgJ � 1
j =0 �- �T���`���K�2�i�2�`�B�x�2�/ �#�v

� d , f � d;j � 1gJ
j =1 ; J 2 N�X �.�m�2 �i�Q �i�?�2�b�2 �i�B�K�2�@�r�B�b�2 �K���T�T�B�M�;�b �U�b�2�2 �1�[�X�U�e�X�R�y�+�V�V�- ���M�v �}�M�B�i�2

T�@�/�B�K�2�M�b�B�Q�M���H �K�m�H�i�B�p���`�B���i�2 �`���M�/�Q�K �p���`�B���#�H�2�6 , �71:T , f �7tgT
t=1 �B�b �;�m���`���M�i�2�2�/ �7�`�Q�K �i�?�2
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�+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �r�?�2�M �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�b�i �Q�7 �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �#�2�+�Q�K�2�b

�M�2�;�H�B�;�B�#�H�2 �+�Q�K�T��� �̀2�/ �i�Q �i�?�2 �:�S �T���`�i�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �Q�p�2� �̀��H�H �+�Q�K�T�m�i���i�B�Q�M���H �#�m� �̀/�2�M ���H�B�;�M�b

�r�B�i�? �i�?���i �Q�7 �+���H�+�m�H���i�B�M�; �� �b�B�M�;�H�2 �:�S�- � �̀2�b�m�H�i�B�M�; �B�M �� �?�B�;�?�H�v �2�{�+�B�2�M�i �K�2�i�?�Q�/�X ���M�Q�i�?�2�`

���/�p���M�i���;�2 �B�b �i�?�2 �2�b�i���#�H�B�b�?�K�2�M�i �Q�7 �/�2�T�2�M�/�2�M�+�v ���K�Q�M�; �i�?�2 � �̀2�b�m�H�i�B�M�;dx �:���m�b�b�B���M �+�Q�T�m�H��
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�M�Q�`�K���H�B�x�B�M�; �~�Q�r�b�- �b�T���M�M�B�M�; �7�`�Q�K �#���b�B�+ ���M�/ �B�M�i�2�`�T�`�2�i���#�H�2 �2�H�2�K�2�M�i���`�v �~�Q�r�b�- �b�2�2 �h���#�H�2�9�X�R�-

�i�Q ���/�p���M�+�2�/ �~�Q�r�b �/�2�p�2�H�Q�T�2�/ �B�M �`�2�+�2�M�i �v�2���`�b �(�j�k�)�X �6�Q�` �i�?�2 �T�m�`�T�Q�b�2 �Q�7 �b���p�B�M�; �+�Q�K�T�m�i���i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v�- �r�2 �M�2�t�i �B�M�p�2�b�i�B�;���i�2 �i�r�Q �+�Q�K�K�Q�M�H�v �m�b�2�/ �2�H�2�K�2�M�i���`�v �~�Q�r�b�X �h�?�2 �}�`�b�i �Q�M�2 �B�b �i�?�2

�a�B�M�?�@���`�+�b�B�M�?�@�G�B�M�2���` �U�b���H�V �~�Q�r �(�R�R�9�-�R�k�9�)�- �r�?�B�+�? �+���M �#�2 ���T�T�H�B�2�/ �#�v �b�i���+�F�B�M�;J 2 N �H���v�2�`�b�-

�r�B�i�? �2���+�? �H���v�2�` �`�2�T�`�2�b�2�M�i�2�/ ���b �7�Q�H�H�Q�r�b�,

G� d;j (�) = � d;j �b�B�M�?(' d;j ���`�+�b�B�M�?(�) � 
 d;j ) + � d;j ; �U�e�X�R�R�V

�r�?�2�`�2� d;j , [� d;j ; � d;j ; 
 d;j ; ' d;j ]�-d 2 f 1; 2; : : : ; dxg�-j 2 f 0; 1; : : : ; J � 1g�X �h�?�2 �a���G �~�Q�r

�+���M �#�2 �2�K�T�H�Q�v�2�/ �i�Q �+�Q�M�i�`�Q�H �i�?�2 �K�2���M�- �p���`�B���M�+�2�- ���b�v�K�K�2�i�`�v�- ���M�/ �F�m�`�i�Q�b�B�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M

�T�`�B�Q�`�b �(�R�k�9�)�X ���M�Q�i�?�2�` �Q�M�2 �B�b �i�?�2 �b�B�K�T�H�2 �H�B�M�2���` �~�Q�r�- �i�?���i �B�b�-

�7t;d = � d � �?t + � d; d 2 f 1; 2; : : : ; dxg; �U�e�X�R�k�V

�r�B�i�?� d = [ � d; � d]�X �q�?�2�M �m�b�B�M�; �H�B�M�2���` �~�Q�r�- �B�i �B�b �b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �b�2�2 �i�?���i �i�?�2dx �Q�m�i�T�m�i�b

���`�2 �/�2�T�2�M�/�2�M�i �:�S�b �(�R�R�8�- �S�`�Q�T�Q�b�B�i�B�Q�M �R�)�- �b�m�+�? �i�?���i �7�Q�` ���M�v �i�r�Q �/�B�K�2�M�b�B�Q�M�bd ���M�/d0�- �r�2

�?���p�2

E[�7t;d ] = � d; �*�Q�p[�7t;d ; �7t0;d0] = � d� d0k(�tt � 1; �tt0� 1): �U�e�X�R�j�V

�"�Q�i�? �Q�7 �i�?�2�b�2 �+�Q�K�K�Q�M�H�v �m�b�2�/ �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b �2�t�?�B�#�B�i �H�B�M�2���` �`�m�M�i�B�K�2 �+�Q�K�T�H�2�t�B�i�v ���M�/

�B�M�p�Q�H�p�2 �Q�M�H�v �� �b�K���H�H ���K�Q�m�M�i �Q�7 �T���`���K�2�i�2�`�b�- �r�?�Q�b�2 �+�Q�K�T�m�i���i�B�Q�M���H �2�z�2�+�i �B�b �T�`���+�i�B�+���H�H�v

�M�2�;�H�B�;�B�#�H�2 �r�?�2�M �+�Q�M�i�`���b�i�2�/ �r�B�i�? �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �b�2�T���`���i�2 �:�S�b �B�M �2�t�B�b�i�B�M�; �:�S�a�a�J�b�X �J�Q�`�2

�B�K�T�Q�`�i���M�i�H�v�- �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2dx �~�Q�r�b �+���M �#�2 �T���`���H�H�2�H�B�x�2�/ �i�?�`�Q�m�;�? �#���i�+�?�2�/ �K���i�`�B�t

�Q�T�2�`���i�B�Q�M�b�- �B�M �+���b�2�b �r�?�2�`�2 �i�?�2 �~�Q�r�b �b�?���`�2 �i�?�2 �b���K�2 �7�m�M�+�i�B�Q�M���H �7�Q�`�K�- �r�?�B�+�? �H�2���/�b �i�Q ��

�b�m�#�b�i���M�i�B���H �2�M�?���M�+�2�K�2�M�i �B�M �K�Q�/�2�H �2�{�+�B�2�M�+�v�X



�R�R�3 �*�?���T�i�2�` �e�, �P�m�i�T�m�i �.�2�T�2�M�/�2�M�+�v ���M�/ �J�Q�/�2�H�B�M�; �1�{�+�B�2�M�+�v �B�M �J�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b

�e�X�j�X�R �o���`�B���i�B�Q�M���H �G�2���`�M�B�M�; ���M�/ �A�M�7�2�`�2�M�+�2

�h�?�B�b �b�m�#�b�2�+�i�B�Q�M �/�2�K�Q�M�b�i�`���i�2�b �� �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 ���H�;�Q�`�B�i�?�K �i�?���i �b�?���`�2�b �� �b�B�K�B�H���` �B�/�2��

�i�Q �r�?���i �?���b �#�2�2�M �m�b�2�/ �B�M�Q�/�b�b�K���M�/�T�`�b�b�K�X

�"���b�2�/ �Q�M �i�?�2 ���#�Q�p�2�@�K�2�M�i�B�Q�M�2�/ �K�Q�/�2�H �+�Q�M�}�;�m�`���i�B�Q�M�b�- ���M�/ �b�B�K�B�H���` �i�Q �a�2�+�i�B�Q�M�e�X�k�X�R�- �r�2

�+���M �}�`�b�i �Q�#�i���B�M �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �2�{�+�B�2�M�i �i�`���M�b�7�Q�`�K�2�/ �:�S�a�a�J�- ���m�;�K�2�M�i�2�/ �r�B�i�?

�B�M�/�m�+�B�M�; �T�Q�B�M�i�b�,

p(�u; �s; �6; �l ) = p(�t0)
TY

t=1

p(�vt j�tt )p(�tt j�7t )p(�7t j�tt � 1; �l )p(�l ); �U�e�X�R�9�V

�r�?�2�`�2p(�l ) = N (�l j�y; K �w;�w)�- ���M�/ �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �i�`���M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M �Q�m�i�T�m�i�b

p(�7t j�tt � 1; �l ) ���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �b�?���`�2�/ �:�Sp(�?t j�tt � 1; �l ) ���M�/ �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b�-

�r�?�2�`�2

p(�?t j �tt � 1; �l ) = N (�?t j � (�tt � 1); �( �tt � 1)) �U�e�X�R�8�V

�B�b �i�?�2 �:�S �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M �r�B�i�?�tt � 1 �#�2�B�M�; �i�?�2 �i�2�b�i �B�M�T�m�i �r�?�B�H�2(�w; �l ) �#�2�B�M�; �i�?�2

�i�`���B�M�B�M�; �/���i���- �b�2�2 �1�[�b�X �U�k�X�R�j���V ���M�/ �U�k�X�R�j�#�V�c �h�?�2�`�2�7�Q�`�2�-

p(�7t j�tt � 1; �l ) = p(�?t j�tt � 1; �l ) � �C�7| {z }
= p(�7t; 1 j �l ;�tt � 1 )

�
dxY

d=2

�
�
�7t;d � G� ;d � G� 1

� ;1(�7t;1)
�

| {z }
= p(�7t;d j �7t; 1 ;�l ;�tt � 1 )

; �U�e�X�R�e�V

�r�?�2�`�2�C�7,
Q J � 1

j =1

�
�
�
� �/�2�i

@G� 1;j

�
G� 1;j � 1

�
���G� 1;0 (�?t )���

��

@G� 1;j � 1

�
���G� 1;0 (�?t )���

�

�
�
�
�

� 1

; ���M�/� (�) �/�2�M�Q�i�2�b �i�?�2 �.�B�`���+ �K�2���b�m�`�2�X

�L�Q�i�2 �i�?���i �i�?�B�b �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�b �M�Q�i �m�M�B�[�m�2�X �q�2 �/�2�b�B�;�M���i�2 �i�?�2 �}�`�b�i �/�B�K�2�M�b�B�Q�M�-�7t;1�- ���b �i�?�2

�T�B�p�Q�i�c ���M�/ �i�?�2 �D�Q�B�M�i �/�B�b�i�`�B�#�m�i�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ �2�[�m�B�p���H�2�M�i�H�v �r�B�i�? �`�2�b�T�2�+�i �i�Q ���M�v �Q�i�?�2�`

�T�B�p�Q�i�7t;d �7�Q�` �i�?�2 �+���b�2d 6= 1 �U�b�2�2 �/�2�i���B�H�b �B�M ���T�T�2�M�/�B�t ���- �(�R�R�8�)�V�X

�q�2 ���;���B�M �2�K�#�`���+�2 �p���`�B���i�B�Q�M���H �B�M�7�2�`�2�M�+�2 �i�2�+�?�M�B�[�m�2�b �(�k�9�-�9�d�)�- �r�?�B�+�? �B�M�p�Q�H�p�2 ���T�T�`�Q�t�B�K���i�B�M�;

�i�?�2 �B�M�i�`���+�i���#�H�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�Mp(�s; �6; �l j�u) = p(�u;�s;�6;�l )
p(�u) �r�B�i�? �� �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�@

�i�B�Q�Mq(�s; �6; �l )�- �H�2���/�B�M�; �i�Q �� �H�2���`�M�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M�- �i�?�2 �1�G�"�P�- �/�2�M�Q�i�2�/

���bL = Eq(�s;�6;�l )

h
�H�Q�;p(�u;�s;�6;�l )

q(�s;�6;�l )

i
� �H�Q�;p(�u)�X �h�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M

�B�M�~�m�2�M�+�2�b �i�?�2 �i�B�;�?�i�M�2�b�b �Q�7 �i�?�2 �1�G�"�P ���M�/�- �B�M �i�m�`�M�- �/�2�i�2�`�K�B�M�2�b �i�?�2 �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K �7�Q�`

�:�S�a�a�J �(�d�j�)�X

�6�Q�` �i�?�2 �b���F�2 �Q�7 �2���b�v �+�Q�K�T���`�B�b�Q�M�- �r�2 ���/�Q�T�i �� �b�B�K�B�H���` �7�Q�`�K �7�Q�` �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M

q(�s; �6; �l ) ���b �m�b�2�/ �B�M�Q�/�;�T�b�b�K���M�/�T�`�b�b�K�- �b�2�2 �2�X�;�X �1�[�X �U�e�X�e�V�- �;�B�p�2�M �#�v�,

q(�t0)
TY

t=1

p(�tt j�7t )p(�7t j�tt � 1; �l )q(�l );

�r�?�2�`�2q(�l ) = N (�l j�K; �a) �r�B�i�?�K 2 RM ���M�/ �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t�a2 RM � M �`�2�T�`�2�b�2�M�i�B�M�;

�i�?�2 �7�`�2�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�X �a�B�K�B�H���`�H�v�- �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�` �i�?�2 �B�M�B�i�B���H �b�i���i�2



�e�X�j �1�{�+�B�2�M�i �J�Q�/�2�H�B�M�; �7�Q�` �J�m�H�i�B�@�.�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b �R�R�N

�t0 �B�b �;�B�p�2�M �#�vq(�t0) = N (�t0j�K�t0 ; �a�t0 )�X �>�2�`�2�-�K�t0 ���M�/�a�t0 �+���M �#�2 �i�`�2���i�2�/ ���b �7�`�2�2 �p���`�B���i�B�Q�M���H

�T���`���K�2�i�2�`�b �Q�` �H�2���`�M�2�/ �i�?�`�Q�m�;�? ���M ���K�Q�`�i�B�x�2�/ �`�2�+�Q�;�M�B�i�B�Q�M �M�2�i�r�Q�`�F �(�3�d�) �r�B�i�? �B�M�T�m�i�b�u ���M�/

�T���`���K�2�i�2�`�b� �X ���;���B�M�- �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �7�Q�`�K ���/�Q�T�i�2�/ �?�2�`�2 �#�2���`�b �� �`�2�b�2�K�#�H���M�+�2

�i�Q �i�?�2 �7�Q�`�K �m�b�2�/ �B�M�T�`�b�b�K�(�d�d�) ���M�/ �i�?�2 �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i �:�S�a�a�J �U�Q�/�;�T�b�b�K�V �(�9�y�)�X

�h�?�B�b �/�2�H�B�#�2�`���i�2 �/�2�+�B�b�B�Q�M ���H�H�Q�r�b �� �/�B�`�2�+�i �+�Q�K�T���`�B�b�Q�M �r�B�i�? �i�?�2�b�2 �K�2�i�?�Q�/�b�- �2�M���#�H�B�M�; �m�b �i�Q

�i�?�Q�`�Q�m�;�?�H�v �2�p���H�m���i�2 ���M�/ ���M���H�v�x�2 �i�?�2 ���/�p���M�i���;�2�b �Q�7 �Q�m�` �:�S�a�a�J �K�Q�/�2�H�B�M�; ���T�T�`�Q���+�?�X

�q�B�i�? �i�?�2 �T�`�Q�T�Q�b�2�/ �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-q(�s; �6; �l )�- ���M�/ ���7�i�2�` �T�2�`�7�Q�`�K�B�M�; �+�2�`�i���B�M

���H�;�2�#�`���B�+ �+���H�+�m�H���i�B�Q�M�b�- �i�?�2 �1�G�"�P �B�b �Q�#�i���B�M�2�/ ���b�-

L =
TX

t=1

Eq(�tt ) [�H�Q�;p(�vt j�tt )] � �E�G(q(�l )kp(�l )) � �E�G(q(�t0)kp(�t0)) ; �U�e�X�R�d�V

�r�?�2�`�2 �i�?�2 �}�`�b�i �i�2�`�K �2�M�+�Q�m�`���;�2�b �i�?�2 �H���i�2�M�i �b�i���i�2�b �/�`���r�M �7�`�Q�K �i�?�2 �p���`�B���i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�-

q(�tt ) =
Z

q(�t0)
tY

� =1

p(�t� j�7� )p(�7� j�t� � 1; �l )q(�l ) �/�t0:t � 1�/�6�/�l ;

�i�Q �}�i �i�?�2 �2�K�B�b�b�B�Q�M �K�Q�/�2�H �2�z�2�+�i�B�p�2�H�v�- �2�M�b�m�`�B�M�; �� �;�Q�Q�/ �K���i�+�? �#�2�i�r�2�2�M �i�?�2 �Q�#�b�2�`�p�2�/ �/���i��

���M�/ �i�?�2 �H���i�2�M�i �b�i���i�2�b�X �h�?�2 �b�2�+�Q�M�/ ���M�/ �i�?�B�`�/ �i�2�`�K�b ���+�i ���b �`�2�;�m�H���`�B�x���i�B�Q�M�b�- �+�Q�M�i�`�Q�H�H�B�M�;

�i�?�2 �T�Q�b�i�2�`�B�Q�` �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2 �B�M�B�i�B���H �b�i���i�2 ���M�/ �i�?�2 �b�?���`�2�/ �:�S �U���M�/ �+�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2

�T�Q�b�i�2�`�B�Q�` �Q�7 �1�h�:�Sf (�)�V�X �h�?�2�b�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K�b �T�H���v �� �+�`�m�+�B���H �`�Q�H�2 �B�M �K���M���;�B�M�; �i�?�2

�K�Q�/�2�H �+�Q�K�T�H�2�t�B�i�v ���M�/ �T�`�2�p�2�M�i�B�M�; �Q�p�2�`�}�i�i�B�M�;�X

�h�?�2 �i�r�Q �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K�b �+���M �#�2 �+�Q�K�T�m�i�2�/ ���M���H�v�i�B�+���H�H�v �/�m�2 �i�Q �i�?�2 �:���m�b�b�B���M �M���i�m�`�2

�Q�7 �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b �B�M�p�Q�H�p�2�/�X �>�Q�r�2�p�2�`�- �i�?�2 �2�t�T�2�+�i���i�B�Q�M �i�2�`�K�b�-Eq(�tt ) [�H�Q�;p(�vt j�tt )] ; 8t; �M�2�2�/

�i�Q �#�2 �2�p���H�m���i�2�/ �#�v �i�?�2 �b���K�T�H�B�M�; �K�2�i�?�Q�/ ���M�/ �`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �(�R�j�R�) �/�m�2 �i�Q �i�?�2

�B�M�i�`���+�i���#�B�H�B�i�v �Q�7q(�tt ) �(�d�d�)�X �h�?�2 �b���K�T�H�2�b�-�tt �- �+���M �#�2 �Q�#�i���B�M�2�/ ���b �7�Q�H�H�Q�r�b�X �q�2 �}�`�b�i �m�b�2 �i�?�2

�`�2�T���`���K�2�i�`�B�x���i�B�Q�M �i�`�B�+�F �i�Q �b���K�T�H�2 �i�?�2 �U�R�@�.�V �:�S �7�m�M�+�i�B�Q�M �p���H�m�2�- �?t �- �7�`�Q�Kq(�?t j�tt � 1) �#�v

�+�Q�M�/�B�i�B�Q�M�B�M�; �Q�M �i�?�2 �H���i�2�M�i �b�i���i�2�tt � 1�- �r�?�2�`�2

q(�?t j �tt � 1) = Eq(�l ) [p(�?t j �tt � 1; �l )] = N (�?t j � t jt � 1; �at jt � 1); �U�e�X�R�3�V

�r�B�i�?� t jt � 1 = K �tt � 1 ;�w K � 1
�w;�w �K; ���M�/

�at jt � 1 = k(�tt � 1; �tt � 1) � K �tt � 1 ;�w K � 1
�w;�w[K �w;�w� �a] K � 1

�w;�w K >
�tt � 1 ;�w:

�q�2 �i�?�2�M �T�m�b�? �i�?�2 �b���K�T�H�2�/ �7�m�M�+�i�B�Q�M �p���H�m�2 �?t �B�M�i�Q �i�?�2dx �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b�-f G� d (�)gdx
d=1 ���M�/

�;�2�i �i�?�2 �i�`���M�b�7�Q�`�K�2�/ �:�S �7�m�M�+�i�B�Q�M �p���H�m�2�7t �- ���b �b�?�Q�r�M �B�M �1�[�X�U�e�X�R�y�+�V�X �G���b�i�H�v�- �#�v �+�Q�M�/�B�i�B�Q�M�B�M�;

�Q�M �i�?�2 �b���K�T�H�2�/�7t �- �r�2 �+���M �b���K�T�H�2 �i�?�2 �H���i�2�M�i �b�i���i�2�tt �7�`�Q�Kp(�tt j�7t )�X �A�M �i�?�B�b �r���v�- �r�2 ���`�2 ���#�H�2 �i�Q

�M�m�K�2�`�B�+���H�H�v �2�p���H�m���i�2 �i�?�2 �}�`�b�i �i�2�`�K�- �i�?�2�`�2�#�v �2�M���#�H�B�M�; �m�b �i�Q �K���t�B�K�B�x�2 �i�?�2 �1�G�"�P �r�B�i�? �`�2�b�T�2�+�i

�i�Q �i�?�2 �p���`�B���i�B�Q�M���H �T���`���K�2�i�2�`�b�-[� ; �w; �K; �a]�- ���M�/ �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�b[� gp; f � dgdx
d=1 ; �Z; �_]�X



�R�k�y �*�?���T�i�2�` �e�, �P�m�i�T�m�i �.�2�T�2�M�/�2�M�+�v ���M�/ �J�Q�/�2�H�B�M�; �1�{�+�B�2�M�+�v �B�M �J�m�H�i�B�@�/�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b

�h���#�H�2 �e�X�k�, �*�Q�K�T���`�B�b�Q�M�b �#�2�i�r�2�2�M �p���`�B�Q�m�b �p���`�B���i�B�Q�M���H �:�S�a�a�J�b�Xc �/�2�M�Q�i�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�` �b�?���`�2�/

�#�v ���H�H �K�Q�/�2�H�b �U�B�M�+�H�m�/�B�M�;[� ; �Z; �_]�V�cQ �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �H���i�2�M�i �:�S�b �B�M �i�?�2 �P�.�:�S�a�a�J�- �r�?�B�+�? �B�b �i�v�T�B�+���H�H�v

� dx �c� �`�2�T�`�2�b�2�M�i�b �i�?�2 �T���`���K�2�i�2�` �+�Q�m�M�i�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �M�Q�`�K���H�B�x�B�M�; �~�Q�r�b�X �6�Q�` �B�M�b�i���M�+�2�- �B�M �i�?�2 �+���b�2

�Q�7 �� �k�@�H���v�2�` �a���G �~�Q�r�-� = 8 �X

�+�Q�K�T�m�i�X �+�Q�K�T�H�2�t�B�i�v�O �T���`���K�2�i�2�`�b �Q�m�i�T�m�i�@�/�2�T�2�M�/�2�M�i

�T�`�b�b�K O(dxTM 2) c + dx j� gpj + M dx (2dx + M + 4)/2 7

�Q�/�;�T�b�b�K O(QTM 2) c + Qj� gpj + M Q(2Q + M + 4)/2 + Qdx 3

�2�;�T�b�b�K O(TM 2) c + j� gpj + M (2dx + M + 4)/2 + �d x 3

�a�Q �7���`�- �r�2 �?���p�2 �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�- �r�?�B�+�? �2�M�+�Q�K�T���b�b�2�b �2�{�+�B�2�M�i �K�Q�/�2�H�B�M�;

���M�/ �B�M�7�2�`�2�M�+�2 �7�Q�` �:�S�a�a�J�- �`�2�7�2�`�`�2�/ �i�Q ���b�2�;�T�b�b�K�X �q�2 �+���M �+�Q�K�T���`�2�2�;�T�b�b�K�r�B�i�?�T�`�b�b�K

���M�/�Q�/�;�T�b�b�K�- ���b �b�m�K�K���`�B�x�2�/ �B�M �h���#�H�2�e�X�k�X �A�i �B�b �B�K�T�Q�`�i���M�i �i�Q �?�B�;�?�H�B�;�?�i �i�?���i�- �m�M�H�B�F�2�T�`�b�b�K

���M�/�Q�/�;�T�b�b�K�-�2�;�T�b�b�K�b�B�;�M�B�}�+���M�i�H�v �K�B�i�B�;���i�2�b �i�?�2 �2�b�+���H���i�B�M�; �+�Q�K�T�m�i���i�B�Q�M���H �#�m�`�/�2�M ���M�/

�T���`���K�2�i�2�` �T�`�Q�H�B�7�2�`���i�B�Q�M�- �`�2�b�m�H�i�B�M�; �B�M �2�M�?���M�+�2�/ �2�{�+�B�2�M�+�v �7�Q�` �#�Q�i�? �K�Q�/�2�H�B�M�; ���M�/ �B�M�7�2�`�2�M�+�2�X

���/�/�B�i�B�Q�M���H�H�v�-�2�;�T�b�b�K�2�b�i���#�H�B�b�?�2�b �2�M�i���M�;�H�2�/ �`�2�H���i�B�Q�M�b�?�B�T�b ���K�Q�M�; �i�?�2 �Q�m�i�T�m�i�b �i�?�`�Q�m�;�? �i�?�2

�m�b�2 �Q�7 �� �b�?���`�2�/ �:���m�b�b�B���M �+�Q�T�m�H�� �(�R�R�e�)�X

�e�X�j�X�k �1�t�T�2�`�B�K�2�M�i���H �_�2�b�m�H�i�b

�L�2�t�i�- �r�2 �T�`�2�b�2�M�i �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �2�p���H�m���i�B�Q�M �Q�7 �i�?�2�2�;�T�b�b�K�- ���+�`�Q�b�b �b�v�M�i�?�2�i�B�+ ���M�/ �`�2���H

�/���i���b�2�i�b�X �:�B�p�2�M �i�?���i �i�?�2 �b�m�T�2�`�B�Q�`�B�i�v �Q�7 �:�S�a�a�J �Q�p�2�` �i�`���/�B�i�B�Q�M���H �i�B�K�2�@�b�2�`�B�2�b �K�Q�/�2�H�B�M�;

�K�2�i�?�Q�/�b �?���b �#�2�2�M �b�?�Q�r�M �B�M �(�9�y�-�d�d�)�- �r�2 �r�B�H�H �#�v�T���b�b �`�2�/�m�M�/���M�i �+�Q�K�T���`�B�b�Q�M�b �/�m�2 �i�Q �b�T���+�2

�H�B�K�B�i���i�B�Q�M�b�X �h�?�m�b �7�Q�` �i�?�2 �#�2�M�+�?�K���`�F �+�Q�K�T���`�B�b�Q�M�- �r�2 �+�Q�M�b�B�/�2�` �i�r�Q �:�S�a�a�J�b�, �R�V�T�`�b�b�K�(�d�d�)�c

���M�/ �k�V�Q�/�;�T�b�b�K�B�M�i�`�Q�/�m�+�2�/ �B�M �a�2�+�i�B�Q�M�e�X�k�X

�e�X�j�X�k�@�� �a�v�M�i�?�2�i�B�+ �/���i��

�q�2 �}�`�b�i ���/�Q�T�i �i�?�2 �m�M�/�2�`�H�v�B�M�; �i�r�Q�@�/�B�K�2�M�b�B�Q�M���H �a�a�J �/�2�b�+�`�B�#�2�/ �#�2�H�Q�r ���b �i�?�2 �i�2�b�i�B�M�; �K�Q�/�2�H�-

f (�tt ) = 0 :8 + ( �tt;1 + 0:2)
�
1 �

5
1 + �2�t�T(� 2�tt;1)

�
+ �tt;2; �U�e�X�R�N���V

�tt+1 =

"
f (�tt )

� 0:5 � f (�tt )

#

+ �tt + �pt ; �pt � N (0; 0:0025�A2); �U�e�X�R�N�#�V

�vt = �tt + �2t ; �2t � N (0; 0:01�A2); �U�e�X�R�N�+�V

�r�?�2�`�2f (�tt ) �B�b �� �K�Q�/�B�}�2�/ �F�B�M�F �7�m�M�+�i�B�Q�M �i�?���i �B�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �B�M �i�?�2 �:�S�a�a�J �H�B�i�2�`���i�m�`�2 �(�N�j�)�X

�q�2 �+�Q�K�K�2�M�+�2 �#�v �b�?�Q�r�+���b�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�`�b

�Q�7 �/�B�z�2�`�2�M�i �:�S�a�a�J�b ���+�`�Q�b�b �/�B�z�2�`�2�M�i �H���i�2�M�i �b�i���i�2 �/�B�K�2�M�b�B�Q�M�b�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�b�m�H�i�b



�e�X�j �1�{�+�B�2�M�i �J�Q�/�2�H�B�M�; �7�Q�` �J�m�H�i�B�@�.�B�K�2�M�b�B�Q�M���H �:�S�a�a�J�b �R�k�R

�h���#�H�2 �e�X�j�, �S�`�2�/�B�+�i�B�Q�M �_�J�a�1 �+�Q�K�T���`�B�b�Q�M �#�2�i�r�2�2�M �i�?�2 �T�`�Q�T�Q�b�2�/ �1�:�S�a�a�J ���M�/ �i�?�2 �+�Q�K�T�2�i�B�i�Q�`�b �Q�M �b�v�M�i�?�2�i�B�+

�b�2�[�m�2�M�+�2�X �a�?�Q�r�M ���`�2 �K�2���M ���M�/ �b�i���M�/���`�/ �2�`�`�Q�`�b �Q�p�2�` �}�p�2 �`�2�T�2�i�B�i�B�Q�M�b�X

�T�`�b�b�K �Q�/�;�T�b�b�K �2�;�T�b�b�K�U�H�V �2�;�T�b�b�K�U�b���H�V

0:389� 0:022 0:388� 0:031 0:387 � 0:029 0:392� 0:023

���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�X�e�X�8�X �h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2 �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X�e�X�8�#�B�b �i�?�2 �r���H�H �i�B�K�2

�`�2�[�m�B�`�2�/ �7�Q�` �i�?�2 �:�S�a�a�J�b �i�Q �2�p���H�m���i�2 �i�?�2 �1�G�"�P �Q�M�+�2 �Q�M �� �b�2�[�m�2�M�+�2 �r�B�i�? �� �H�2�M�;�i�? �Q�7 �k�y�y�X

�h�?�2 �`�2�b�m�H�i�b ���`�2 �Q�#�i���B�M�2�/ �7�`�Q�K �}�p�2 �`�2�T�2���i�2�/ �2�t�T�2�`�B�K�2�M�i�b ���M�/ �/�B�b�T�H���v�2�/ �r�B�i�? �K�2���M ���M�/

�b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�b�X ���H�H �i�?�2 �:�S�a�a�J�b �2�K�T�H�Q�v �k�y�y �B�M�/�m�+�B�M�; �T�Q�B�M�i�b ���M�/ �m�i�B�H�B�x�2 �i�?�2 �J���i�û�`�M

�F�2�`�M�2�H �(�R�e�)�c �1�:�S�a�a�J �B�M�i�2�;�`���i�2�b �� �k�@�H���v�2�` �a���G �~�Q�r�X �a�2�2 �Q�m�` �B�K�T�H�2�K�2�M�i�2�/ �+�Q�/�2 �7�Q�` �K�Q�`�2

�/�2�i���B�H�b�X

�"���b�2�/ �Q�M �i�?�2 �`�2�b�m�H�i�b �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X�e�X�8�- �B�i �B�b �2�p�B�/�2�M�i �i�?���i �#�Q�i�? �S�_�a�a�J ���M�/ �P�.�:�S�a�a�J

�b�m�z�2�` �7�`�Q�K �i�?�2 �2�b�+���H���i�B�M�; �+�Q�K�T�H�2�t�B�i�v�X �6�Q�` �2�t���K�T�H�2�- �S�_�a�a�J ���M�/ �P�.�:�S�a�a�J �2�t�?�B�#�B�i ��

�b�m�#�b�i���M�i�B���H �M�m�K�#�2�` �Q�7 �K�Q�/�2�H �T���`���K�2�i�2�`�b�- �M�2���`�H�v �`�2���+�?�B�M�; �k �K�B�H�H�B�Q�M�- �2�p�2�M �r�?�2�M �Q�T�2�`���i�B�M�;

�r�B�i�?�B�M �� �K�Q�/�2�`���i�2 �H���i�2�M�i �b�i���i�2 �/�B�K�2�M�b�B�Q�M �Q�7 ���T�T�`�Q�t�B�K���i�2�H�v �9�y�X �h�?�B�b �b�B�;�M�B�}�+���M�i �T���`���K�2�i�2�`

�p�Q�H�m�K�2 �T�Q�b�2�b �7�Q�`�K�B�/���#�H�2 �Q�T�i�B�K�B�x���i�B�Q�M �+�?���H�H�2�M�;�2�b�X �A�M �+�Q�M�i�`���b�i�- �1�:�S�a�a�J �Q�z�2�`�b �/�B�b�i�B�M�+�i

���/�p���M�i���;�2�b �Q�p�2�` �S�_�a�a�J ���M�/ �P�.�:�S�a�a�J�- �T�`�B�K���`�B�H�v ���i�i�`�B�#�m�i�2�/ �i�Q �B�i�b �m�i�B�H�B�x���i�B�Q�M �Q�7 �� �b�?���`�2�/

�:�S ���M�/ �M�Q�`�K���H�B�x�B�M�; �~�Q�r �r�B�i�? �� �b�K���H�H �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�`�b�X �h�?�B�b �/�2�b�B�;�M �+�?�Q�B�+�2 �+�Q�M�i�`�B�#�m�i�2�b

�i�Q �2�M�?���M�+�2�/ �+�Q�K�T�m�i���i�B�Q�M���H �2�{�+�B�2�M�+�v ���M�/ �K�Q�`�2 �2�{�+�B�2�M�i �T���`���K�2�i�2�` �K���M���;�2�K�2�M�i �r�B�i�?�B�M

�i�?�2 �1�:�S�a�a�J �7�`���K�2�r�Q�`�F�X

�a�m�#�b�2�[�m�2�M�i�H�v�- �r�2 �b�2�i �i�?�2 �H���i�2�M�i �b�i���i�2 �/�B�K�2�M�b�B�Q�M �i�Q �k �7�Q�` ���H�H �:�S�a�a�J�b�- �2�M�+�Q�K�T���b�b�B�M�;

�S�_�a�a�J�- �P�.�:�S�a�a�J�- �H�B�M�2���`�@�~�Q�r �1�:�S�a�a�J �U�/�2�M�Q�i�2�/ ���b�2�;�T�b�b�K �U�H�V�V�- ���M�/ �a���G�@�~�Q�r

�1�:�S�a�a�J �U�/�2�M�Q�i�2�/ ���b�2�;�T�b�b�K �U�b���H�V�V�X �h�?�2�b�2 �K�Q�/�2�H�b ���`�2 �i�?�2�M �/�2�T�H�Q�v�2�/ �7�Q�` �b�2�[�m�2�M�+�2

�T�`�2�/�B�+�i�B�Q�M �i���b�F�b�X �A�M �i�?�B�b �+�Q�M�i�2�t�i�- �r�2 �;�2�M�2�`���i�2�/ �R�y �i�`���B�M�B�M�; �b�2�[�m�2�M�+�2�b �Q�7 �H�2�M�;�i�? �8�y�- ���H�Q�M�;

�r�B�i�? ���M ���/�/�B�i�B�Q�M���H �i�2�b�i �b�2�[�m�2�M�+�2 �Q�7 �i�?�2 �b���K�2 �H�2�M�;�i�?�X �P�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q ���b�+�2�`�i���B�M

�r�?�2�i�?�2�` �1�:�S�a�a�J �2�t�?�B�#�B�i�b �7���p�Q�`���#�H�2 �B�M�7�2�`�2�M�+�2 �T�2�`�7�Q�`�K���M�+�2�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �T�`�2�/�B�+�i�B�Q�M

�`�Q�Q�i�@�K�2���M�@�b�[�m���`�2 �2�`�`�Q�` �U�_�J�a�1�V �`�2�b�m�H�i�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �h���#�H�2�e�X�j�- �`�2�p�2���H�B�M�; �� �M�Q�i���#�H�v
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