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This dissertation investigates robust signal processing and machine learning techniques,
with the objective of improving the robustness of two applications against various
threats, namely Global Navigation Satellite System (GNSS) based positioning and satel-
lite imaging. GNSS technology is widely used in di�erent �elds, such as autonomous
navigation, asset tracking, or smartphone positioning, while the satellite imaging plays
a central role in monitoring, detecting and estimating the intensity of key natural phe-
nomena, such as 
ooding prediction and earthquake detection. Considering the use of
both GNSS positioning and satellite imaging in critical and safety-of-life applications,
it is necessary to protect those two technologies from either intentional or unintentional
threats.

In the real world, the common threats to GNSS technology include multipath propa-
gation and intentional/unintentional interferences. This thesis investigates methods to
mitigate the in
uence of such sources of error, with the �nal objective of designing secure
and resilient GNSS receivers for robust GNSS positioning. Generally speaking, there are
two kinds of positioning technology in GNSS receiver: two-step (2SP) and Direct Po-
sition Estimation (DPE) methods. The 2SP method is the conventional positioning
method, where 3 blocks are typically required: acquisition block, tracking block and
navigation solution block. To improve robustness against common threats mentioned
above, this thesis built robust signal processing methods in each block: 1) the use of
robust statistics to design enhanced correlation schemes that are resilient to jamming
interferences in acquisition and tracking blocks, named as Robust Interference Mitiga-
tion (RIM); 2) the use of Deep Learning to learn signal correlation in tracking block in
multipath-rich environments, where propagation channel models are too complex to be
of practical use; and 3) the design of a variational-based Robust Kalman Filter that can
mitigate outliers and provide Position, Velocity, and Time (PVT) estimates in challeng-
ing environments. The DPE method is a new positioning technique, aiming to acquire
PVT solution directly instead of using Doppler-shift and time-delay of satellite signal
as intermediate variables. However, given that the input to DPE is still the received
satellite signal, the in
uence of the three kinds of aforementioned threats is still relevant.
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This thesis therefore investigates the use of robust statistics to mitigate jamming signals
in DPE receivers, similarly as done for the 2SP method earlier. To evaluate the loss of
e�ciency of using RIM in DPE schemes, the Cram�er{Rao Bound (CRB) is considered,
showing a bounded loss.

Regarding the application to satellite imaging technology, this thesis investigates two
problems in multispectral and hyperspectral imaging, respectively. In terms of mul-
tispectral imaging, the low frequency of high-resolution spatial image occurrence is
a common drawback that many researchers aimed at solving. This thesis proposes
a Bayesian �ltering method to fuse multi-temporal and multi-spectral images (from
high-resolution/low-availability and low-resolution/high-availability images) for high-
resolution spatial estimates to extend the availability of high-resolution imaging. The
novelty of this method is to consider historical high spatial resolution images and, to
address the computational cost increase due to high-dimensional state-space model re-
sulting from multi-spectral images. To cope with the high-dimensionality, the state
space is partitioned into several low dimensional subspaces, with one �lter or smoother
dealing with the low-dimensional subspaces and interacting among them. The parallel
processing is also introduced to speed up the whole processing under the assumption
that all pixels in the coarse spatial resolution images are independent. As a result of
this work, the fusing method improved robustness against low temporal frequency of
high-resolution spatial images, while maintaining an a�ordable computational complex-
ity. As a use case, this thesis considered Land Remote-Sensing Satellite 8 (Landsat 8)
images as high-resolution spatial images and Moderate Resolution Imaging Spectrora-
diometer (MODIS) images as coarse-resolution images, with the objective of water and

ood monitoring. In terms of hyperspectral imaging, this thesis focuses on improving
Hyperspectral Unmixing (HU) method. In HU, the most common model due to its
tractability is the linear mixing model, however, it might fail in modeling the nonlinear
interactions between di�erent materials. This drawback is addressed in this thesis by
considering an Auto-encoder (AEC) based model. This thesis proposed an AEC based
method, imposing a particular structure to both the encoder and the decoder networks
in order to account for the physical properties of the problem, that is the fact that the
encoder should invert the mixing process.

Overall, this thesis leverages and develops new tools in robust statistics and Bayesian
�ltering to e�ectively and e�ciently deal with model mismatches and, ultimately, provide
improved data fusion methodologies that are applicable to a variety of problems, such
as GNSS or remote sensing.

Index Terms
GNSS, Jamming, Interference, Multipath,

Robust Statistics, Variational Inference, Deep Learning, Satellite Imaging
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Chapter 1

Introduction

This thesis aims to design robust methods for applications of GNSS positioning and satel-

lite imaging. In terms of GNSS positioning, the focus is on methods to deal with di�erent

kinds of interferences and multipath. In particular, robust statistics, variational-based

Bayesian �ltering, and Deep Learning are applied in various positioning methodologies of

GNSS receiver to keep its performance in challenging environment. In terms of satellite

imaging, the �rst goal is to acquire high-resolution images using image fusion method

even when they are not observable. Speci�cally, Bayesian �ltering method is introduced

with weakly supervised temporal dynamics to track changes of pixels in high-resolution

image states, given observations of both high-resolution and coarse-resolution images.

The other goal is applying a AEC based method to capture the nonlinear 
uctuation

over a linear mixture, modelling the nonlinear interactions between di�erent materials.

1.1 Motivation and Objectives of the Thesis

GNSS is the technology of choice for most position- and timing-related applications

when available [3, 4, 5, 6]. It relies on a constellation of satellites synchronously emit-

ting known signals from which one can compute its position. GNSS encompasses the

American Global Positioning System (GPS), the European Galileo, the Russian Glonass

and the Chinese BeiDou Navigation Satellite System (BDS) among others [7, 8, 9]. The

applications of GNSS can be general, such as vehicle navigation, underwater surveying

and smartphone positioning. The globally growing dependence on GNSS within critical

(and non-critical) infrastructures has posed some concerns on the potential vulnerabil-

ities of GNSS [4]. In terms of positioning technology of GNSS receiver, there are two

kinds of technologies: 2SP method and DPE method. Both of them are vulnerable in

terms of GNSS signal reception to several forms of Radio Frequency (RF) interference

1
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[10] and multipath propagation, that can signi�cantly degrade the receiver performance.

To be speci�c, this thesis includes CW jamming signal and Saw-Tooth (ST) jamming

signal as the intentional interferences, and DME signal as the unintentional interference.

In detail, CW jamming signal is a complex signal with constant frequency over time,

making it outliers in frequency domain; ST jamming signal is a complex signal with

time-varying frequency which varies in a way like saw-tooth over time; DME signal is

a radio signal that measures the distance between an aircraft and a ground station by

timing the propagation delay of it. In addition to those interferences, the performance of

GNSS receiver is also under the threat of multipath mitigation, which is mostly caused

by one or more times re
ection of obstacles before reaching the receiver. The multipath

propagation can easily occur as long as obstacles are around receiver, which is com-

mon in urban environment. The goal to remove in
uences of interferences as well as

multipath propagation, which brings Chapter 3, Chapter 4, Chapter 5 and Chapter 6.

High spatial resolution satellite image data is a fundamental tool for remote sensing

applications such as the monitoring of land cover changes [11, 12], deforestation [13, 14]

or water mapping [15, 16] and water quality [17]. Moreover, to adequately deal with

the variability of such events over time it is important to have short time spans between

di�erent image acquisitions of the same scene (i.e., a high temporal resolution, or low

revisit times). However, fundamental limitations of multiband imaging instruments and

large sensor-to-target distances impose a trade-o� between spatial and temporal resolu-

tions of satellite image sequences. This means that instruments providing high spatial

resolution have long revisit times, while the converse holds for instruments with short

revisit times. This can be illustrated by considering Landsat 8 and MODIS instruments

(with 30 and 250/500 meters spatial resolution, respectively). While MODIS is able to

provide daily images at coarse resolution, Landsat 8 only revisits the same site once ev-

ery 16 days [18]. To overcome these limitations, this thesis proposes a Bayesian �ltering

based image fusion technique to generate high spatial resolution remote sensing images

with a short revisit time. In other words, to make sure satellite imaging technology \ro-

bust" to observations of high spatial resolution satellite remote sensing images. Details

are illustrated in Chapter 8.

HU aims to estimate the spectral signatures of pure materials, calledendmembers(EMs),

and the proportions (also calledabundances) with which they appear at every pixel of

a Hyperspectral Image (HI). Currently, the AEC is widely used to model nonlinear

interactions between di�erent materials commonly seen in real scenes due to complex

radiation scattering among several EMs. However, the existing AEC-based HU algo-

rithms don't explore much on the fact that the encoder should invert the mixing process.

This may reduce the robustness of those algorithms, especially when nonlinear Neutral
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Networks (NNs) with many degrees of freedom are considered. The solution to this issue

is shown in Chapter 9.

To sum up, this thesis proposed methodological advances and novel applications, namely:

ˆ An introduction of GNSS processing, showing both conventional 2SP positioning

technique and RTK positioning technique.

ˆ A robust statistics based correlation scheme to remove interferences in terms of

outliers in certain domains for both GNSS 2SP and DPE positioning.

ˆ A Deep Learning based correlation scheme to remove multipath in
uence in GNSS-

based positioning.

ˆ A variational-based Kalman �lter approach to remove multipath in
uence for

GNSS positioning.

ˆ A Kalman �lter based image fusion method to predict high spatial resolution

images with short revisit times for satellite imaging applications.

ˆ An unsupervised AEC based mixing model for Hyperspectral Unmixing.

1.2 Thesis Outline and Reading Directions

The thesis consists of 10 chapters, where review material and novel contributions are

presented. It is organized in two parts, being of interest to two research areas, respec-

tively: those working in the satellite-navigation �eld and to satellite imaging oriented

researchers. This section presents a general structure of the thesis, serving as a guide to

the reader.

The dissertation has begun with Chapter 1, presenting the motivations and scope of

the thesis. The objectives were highlighted and the structure of the thesis is being

presented, guiding the reader before starting the journey across the research reported in

the forthcoming pages.

Chapter 2 served as a basic GNSS processing introduction, where the signal structure

and propagation channel of GPS is included, as well as the conventional GNSS receiver

structure and some details of RTK method. This chapter can be skipped for people

familiar with GNSS processing background, and for people who need more detailed

information, please refer to the references therein for further details.

Chapter 3 and 4 introduced backgrounds of RIM method and how it's applied in GNSS

receiver, in terms of conventional 2SP approach and DPE approach, respectively. The
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RIM method takes advantage of the sparse nature of interference in the GNSS context,

given the desired signal is generally not sparse. Basically, received GNSS signal samples

a�ected by interference can be treated as outliers (after a convenient transformation)

and thus their contribution rejected in a principled manner using robust statistics [19].

RIM method has been studies for years under di�erent cost function assumption, and the

novelty of Chapter 3 is to consider robust statistics in multiple domains to bring more

opportunities removing interferences in terms of outliers, while the novelty of Chapter 4

is to explore the application and performance of various RIM methods in DPE approach.

The corresponding contributions of author has been published in [2], and submitted to

[20] under review. Note that part of the results in Chapter 3 were generated by Dr.

Daniele Borio, the citation has been added for clari�cation.

Deep learning has been a popular topic recently and it is interesting to see what kind

of improvement it can bring to GNSS processing. Chapter 5 showed a deep learning

based correlation scheme, aiming to remove multipath in
uence in GNSS receiver. The

novelty of this method is using a NN to substitute the conventional correlator, decreasing

in
uence of both multipath propagation and white noise. The reason why NN based

correlator can beat optional solution under Gaussian assumption is the non-linearity

of itself. The Multilayer Perceptron (MLP) model can acquire prior knowledge using

training data set, thus, it can smooth noise power. Given this advantage of deep learning

based correlation method, a multipath detector is no longer needed in this thesis to decide

whether to use conventional correlation approach or the deep learning based correlation

approach. The corresponding contribution has been published in [21, 22].

Considering the �nal goal is to provide robustness to positioning performance of GNSS

receiver, an improvement is also applied to the PVT block in GNSS receiver. To achieve

PVT solution, the most general methods are Bayesian �ltering based methods nowadays.

Chapter 6 presented a variational based Kalman �lter, removing multipath contaminated

measurements, leaving those multipath-free measurements for a higher accurate PVT

solution in challenging environment. The novelty of this method is setting a vector

indicator with elements as indicators for all measurements. This chapter showed a

general model of variational based Kalman �ltering, considering the correlation between

measurements. The corresponding contributions of author has been mainly published

in [23, 24] and partially in [25, 26]. Note that part of the results in this chapter were

generated by Dr. Daniel Medina, the citation has been added for a clari�cation.

Chapter 7 provided the conclusion of �rst part as well as possible directions for future

work and related publications to all the contributions in this part.

Chapter 8 focused on the satellite imaging problem. Here a Kalman �lter and smoother

are built for image fusion. The novelty of this method is that historical data is used to
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help build a more accurate process update model. Besides, to solve the high computa-

tional complexity caused by large dimension size of state in Kalman �lter and smoother,

the high dimensional state space is partitioned into several low dimensional subspaces,

with one �lter or smoother for each subspace. The parallel processing is also introduced

to speed up the whole processing under the assumption that all pixels in coarse spacial

resolution images are independent.

Chapter 9 presented an unsupervised AEC based HU to estimate EMs and abundances

using HI as observations. The proposed method is a combination between nonlinear NN

and Linear Mixing Model (LMM) model, modeling the nonlinear interactions between

di�erent materials commonly seen in real scenes due to complex radiation scattering

among several EMs. This mixing model captures the nonlinear 
uctuation over a linear

mixture. The level of 
uctuation is restricted in terms of cost function, introducing prior

knowledge without reducing the 
exibility of mixing model.

Chapter 10 provided the conclusion of second part as well as possible directions for

future work and related publications to all the contributions in this part.

1.3 Contributions of this Thesis

In this thesis, some of the work was conducted in collaboration of the author with other

researchers. This was a fruitful and enriching process which resulted in a multitude

of publications and research directions. The unique contributions of the author of this

thesis to the proposed methods are detailed here:

ˆ Exploration of the use of robust statistics to design resilient GNSS receivers. In

particular, this thesis contributed an extension of the RIM concept to its use in

dual domains, termed DD-RIM, as well as the analysis of its LoE in terms of CN0;

ˆ Experimental performance analysis of the proposed DD-RIM method against var-

ious types of interferences and its comparison to Single Domain RIM (SD-RIM)

method.

ˆ Development of DPE-based receiver architectures that are robust to interference

through the use of RIM processing. Analytic calculation of the LoE in terms of

CN0 and comparison to two-steps processing;

ˆ Proposal to use deep learning based correlation schemes for multipath mitigation

purposes, where a deep model is used to augment the standard correlation process

and learn multipath-induced distortions. This solution is tested using the realistic
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multipath channel model in the ITU-R P.681 recommendation [27], originally de-

veloped by the German Aerospace Center (DLR), with outstanding results when

compared to traditional correlator-based solutions.

ˆ Derivation of �ltering techniques that can cope with multitude of outliers in vector

data/states. This thesis contributed a novel generalization of a variational Bayes

Kalman �lter, which we called G-VBKF, that can deal with correlated data. A

simpli�ed version called I-VBKF for independent data was also proposed. The

di�erent VBKF algorithms proposed where tested on an RTK problem to achieve

interference-robust high-precision GNSS performance, both considering synthetic

and real-data.

ˆ Development of KF-based data fusion methods to assimilate high-resolution/low-

availability and low-resolution/high-availability to ultimately provide high-resolution/high-

availability images. In particular, high-dimensional KF schemes are explored as

well as a weakly supervised approach to learn the temporal dynamics parameters.

ˆ The proposed methods are tested using real satellite image data (Landsat image

and MODIS image) with the objective of water 
ooding monitoring.

ˆ Development of an AEC based method for Hyperspectral Unmixing where an

augmented physics-based model is considered. Such approach is also tested on

both synthetic data and real data.

The aforementioned research contributions were published in several articles. Chapter 7

and 10 list the corresponding publications resulting from the works in the two parts

of this thesis, positioning and imaging, respectively. Particularly, Part I resulted in

5 journal and 4 conference publications; while Part II in 2 journal and 2 conference

publications. Refer to the corresponding chapters for the detailed references to those

works.

Additionally, while completing this thesis, the author participated in several other re-

search projects which also resulted in 8 publications, with 4 journals and 4 conferences.

This is a list of articles, not speci�cally part of the thesis but where the author partici-

pated:

ˆ Journal paper:

{ Nasim Soltani, Hai Cheng, Mauro Belgiovine, Yanyu Li, Haoqing Li, Bahar

Azari, Salvatore D'Oro, Tales Imbiriba, Tommaso Melodia, Pau Closas, et al.

Neural network-based OFDM receiver for resource constrained IoT devices.

IEEE Internet of Things Magazine, 5(3):158{164, 2022
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{ Bahar Azari, Hai Cheng, Nasim Soltani, Haoqing Li, Yanyu Li, Mauro Bel-

giovine, Tales Imbiriba, Salvatore D'Oro, Tommaso Melodia, Yanzhi Wang,

et al. Automated deep learning-based wide-band receiver.Computer Net-

works, 218:109367, 2022

{ Parisa Borhani-Darian, Haoqing Li, Peng Wu, and Pau Closas. Deep learning

of GNSS acquisition. Sensors, 23(3):1566, 2023

{ Helena Calatrava, Bhavya Duvvuri, Haoqing Li, Ricardo Borsoi, Edward

Beighley, Deniz Erdogmus, Pau Closas, and Tales Imbiriba. Recursive clas-

si�cation of satellite imaging time-series: An application to water and land

cover mapping. arXiv preprint arXiv:2301.01796, 2023

ˆ Conference paper:

{ Parisa Borhani-Darian and Pau Closas. Deep Neural Network Approach to

GNSS Signal Acquisition. In 2020 IEEE/ION Position, Location and Navi-
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Chapter 2

Fundamentals of Global

Navigation Satellite Systems

GNSS represents the general idea of system that uses a constellation of satellite for

positioning purpose. Nowadays, the popular GNSS include American GPS, European

Galileo, Russian Globalnaya Navigazionnaya Sputnikovaya Sistema (GLONASS) sys-

tems and Chinese Beidou. All the systems are based on the same principle, where the

conventional positioning strategy is the so-called 2SP approach. In this method, the time

delays of satellite signal between satellites and receiver are counted for calculation of the

corresponding distances, by considering the speed of light. Then, the distances help to

estimate positioning solution of GNSS receiver based on trilateration technique. Useful

GNSS textbook references can be found in the literature, for instance [36, 37, 38, 39, 40].

This chapter provided an overview to GNSS basics. The emphasis is on the concepts

which are required to follow the rest of the �rst part of the dissertation. Section 2.1

and Section 2.2 show some basics of two typical GNSS signals:, the GPS and Galileo

signals, respectively. The generic architecture of a GNSS receiver is then sketched in

Section 2.3, with each block introduced in one subsection. Finally, a summary is made

for this chapter.

2.1 GPS signal basics

GPS is the American satellite navigation system, which consists of 24 operational

Medium Earth Orbit (MEO) satellites in 6 evenly spaced planes with an inclination

of 55o. It was designed to provide global coverage with, as a rule of thumb, 4 to 8

(elevation mask of 15o), 10 (elevation mask of 10o) or 12 (elevation mask of 5o) visible

9
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satellites at any time of day. These satellites have a period of approximately 12 sidereal

days with an altitude of about 20200 km above the Earth.

There are three carrier frequencies that are used to transmit signals of GPS, in the L-

band of the electromagnetic spectrum. The links are commonly referred to as L1, L2 and

L5, whose corresponding frequencies are all integer multiple of a common fundamental

frequency f 0 = 10:23MHz:

f L 1 = 154f 0 = 1575:42 MHz (2.1)

f L 2 = 120f 0 = 1227:60 MHz (2.2)

f L 5 = 115f 0 = 1176:45 MHz (2.3)

These bands have all an allocated ITU bandwidth of 24 MHz. Notice that L3 (1381:05

MHz) and L4 (1379.913 MHz) bands have been used only for military services and are

not discussed hereinafter. Each satellite link transmits its own set of ranging signals,

which are distinguished by their corresponding spreading codes. At a glance:

ˆ L1 Link : In the current con�guration, it consists of two components: P code (in-

phase) and Coarse Acquisition (C/A) code (quadrature). The C/A code (short for

coarse/acquisition code) is a nonclassi�ed PRN sequence for civilian use, having

3 dB more power than the P code. C/A code is the ranging signal typically used

by mass market devices. The P code refers to the precision code, being much

longer than the C/A code. It is an encrypted nonclassi�ed code used for enhanced

performance in GPS receivers due to its higher code rate. For details of P andC/A

codes refer to the interface speci�cation document [41]. In addition, the L1 link

provides the military M code, with codewords orthogonal to those used in P and

C/A codes. M code is not allowed for civilian use, being therefore encrypted and

unknown. The L1C signals will be broadcast from GPS III and later satellites, the

�rst of which was launched in December 2018. As of January 2021, L1C signals are

not yet broadcast, and only four operational satellites are capable of broadcasting

them. L1C is expected on 24 GPS satellites in the late 2020s [42].

ˆ L2 Link : Initially, this link only transmitted precision and military codes. An-

other civil signal was designed in a �rst modernization of the system, referred to as

L2C code and aimed for particular commercial needs [43]. This code is composed

of two components: the L2CM code is modulated by a navigation message and

the L2CL code is used as a pilot channel, with the latter being 75 times longer

than the former. Speci�cations to generate L2C codes can be found in [41]. The

L2C signal is tasked with improving accuracy of navigation, providing an easy
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to track signal, and acting as a redundant signal in case of localized interference.

L2C signals have been broadcast beginning in April 2014 on satellites capable of

broadcasting it, but are still considered pre-operational. L2C is broadcast on 23

satellites by 2022 [44].

ˆ L5 Link : The latest modernization of GPS signals includes the emission of ranging

signals using a third carrier frequency, the L5 link. These civil signals are generally

referred to as the L5C signal and were designed to meet the requirements of safety-

of-life applications. Basically, this code has two components: L5I and L5Q, in-

phase and quadrature respectively. Whereas L5I is modulated with a navigation

message, the L5Q code is modulated onto the carrier frequency. Details can be

found in the speci�cations [45]. L5 signals have been broadcast beginning in April

2014 on satellites that support it. As of January 2021, 16 GPS satellites are

broadcasting L5 signals, and the signals are considered pre-operational, scheduled

to reach 24 satellites by approximately 2027 [46].

2.2 Galileo signal basics

The Galileo constellation foresees 30 satellites in three MEOs, inclined 56o with respect

to the equatorial plane [47]. The constellation is designed to provide a minimum of 6

visible satellites worldwide with an elevation mask of 10o. The European Union began

deploying the Galileo constellation in 2011 and completed the deployment of four In-

Orbit Validation (IOV) satellites in 2012, while the deployment of Full Operational

Capability (FOC) satellites started in 2014. The preliminary Galileo services with 18

in-orbit satellites was declared in 2016. As of October 2020, there were 26 Galileo

satellites in orbit, including 24 operational satellites (3 IOV and 21 FOC satellites) and

two satellites in an unusable status [47]. Five carrier frequencies de�ne the �ve foreseen

frequency bands: E1, E6, E5, E5a and E5b. Again, the carrier frequencies are obtained

from the fundamental frequency f 0 = 10:23MHz:

f E 1 = 154f 0 = 1575:42 MHz (2.4)

f E 6 = 125f 0 = 1278:750 MHz (2.5)

f E 5 = 116:5f 0 = 1191:795 MHz (2.6)

f E 5a = 115f 0 = 1176:450 MHz (2.7)

f E 5b = 118f 0 = 1207:140 MHz (2.8)



Chapter 2. Fundamentals of GNSS 12

with allocated ITU bandwidths of 32, 40:9, 51:2, 24 and 24 MHz respectively. Notice

that E1 corresponds to L1 in the GPS nomenclature and that E5a is equivalent to the L5

band. The E5 band is typically denoted as E5a+E5b band, as it can be seen as the union

of those two bands. In addition, Galileo satellites incorporate Search and Rescue (SAR)

payload to detect emergency signals, forward them to the SAR ground segment and

provide a return link to acknowledge the emergency beacon. Frequency bands allocated

for SAR purposes are 1544:05 � 1545:15 MHz (downlink) and 406:0 � 406:1 MHz

(uplink) [48].

Galileo also considers spread-spectrum signals to multiplex signals from satellites and

from di�erent services. Basically, ranging codes can be grouped in three categories:

openaccess, commercial and governmental. The �rst group of codes are not encrypted

and publicly known; the rest are encrypted. One of the features of Galileo signals is

that some of them are modulated by navigation messages (referred to as data channels),

while others are left unmodulated (pilot channels). Data and pilot channels are placed

in pairs in each band, except for E1A and E6A. These signal pairs are transmitted with

equal power. The aim of pilot channels is to improve tracking performance, coping

with hazardous scenarios and weak signal conditions. Brie
y, we present the main

characteristics of the signals in each of the three main frequency links:

ˆ E1 Link : The transmitted stream in the E1 band includes three navigation signals:

E1A, E1B and E1C. The E1A component is an encrypted and classi�ed signal.

Conversely, the ranging sequences E1B and E1C are unencrypted and accessible

to all users. Whereas the former is a data channel, the latter is designed to

modulate a pilot signal. The way to generate pseudorandom noise number (PRN)

sequences for the primary codes of E1B and E1C can be found in [49].

ˆ E6 Link : This link is analogous to the E1 link with 3 signals: E6A, E6B and E6C.

The E6A signal is a public regulated service data and the other two are commercial

ranging codes, providing a data rate of 500 bps. The way of modulation is the

same as in the E1 link.

ˆ E5 Link : Two pairs of data/pilot open-access signals are transmitted in this

link. E5a band carries an unencrypted ranging code and a nonclassi�ed navigation

message with a bit rate of 25 bps, which is useful for weak signals. Data channel

E5bI carries both open-access and commercial signals. The way of corresponding

modulation is introduced in [50].
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Figure 2.1: Blocks of GNSS Receiver Device.

2.3 Structure of Receiver Device

Figure 2.1 shows the basic blocks of a GNSS receiver device in terms of Digital Signal

Processing (DSP), where the LNA represents Low Noise Ampli�er (LNA); f LO represents

a local oscillator (LO), bringing RF carrier to a lower intermediate frequency (IF) and

preserving the modulated signal structure; ADC represents Analog-to-Digital Converter

(ADC) and PVT represents the outcome we seek. Note that this GNSS receiver is based

on the conventional 2SP method and the red blocks represents the robust processing

methods considered to improve accuracy of PVT estimations in challenging environment,

which will be illustrated in detail in following chapters.

2.3.1 GNSS Signal Model

This section �rstly presents the noiseless signal model of the received signal at the

GNSS receiver, which is considered for the sake of clarity. Then it is later extended to

incorporate random noise.

For the i th satellite, the signal collected by the antenna of a GNSS receiver can be

modeled as [7]:

xR;i (t) =
p

Ci d(t � � i ) ci (t � � i ) e(2� (f RF + f d;i )t+ � i ) (2.9)

In (2.9), Ci is the power of signal from i th satellite, d(�) is navigation message and

ci (�) is a pseudo-random code from a family of quasi-orthogonal sequences. In addition,

this unique PRN sequences are used to compute Time-of-Arrival (TOA) estimates to

each satellite, a quantity of crucial importance for PVT calculation as described in

subsection 2.3.4. The useful signal is delayed by the communication channel that also

introduces a Doppler shift, f d;i , with respect to the nominal frequency, f RF . � i and � 0

denote the delay and phase shift introduced by the communication channel. It is noted
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that a GNSS receiver collects several signals from several satellites. Due to the quasi-

orthogonality of the codes, ci (�), used to broadcast the di�erent signals, the receiver

process them in an independent way. For this reason, a single useful component is

considered in (2.9) and throughout the derivations of this thesis, which is a common

assumption in the GNSS literature. .

The receiver ampli�es, �lters, and down-converts x i (t) producing the baseband equation:

x i (t) =
p

Ci d(t � � i )ci (t � � i )ej (2�f d;i t+ � i ) (2.10)

After sampling at a f s that satis�es the Nyquist criterion, the resulting complex sequence

is:

x i [n] =
p

Ci d(nTs � � i ) ci (nTs � � i ) ej (2�f d;i nTs + � i ) (2.11)

wheren is the time index and square brackets are used to denote discrete-time sequences

sampled at the frequencyf s = 1
Ts

.

In normal case, the received signal is usually assumed as a�ected by thermal noise.

Therefore, the signal at baseband can be modeled as follows:

y(t) = x � (t) + � (t) (2.12)

where x � (t) =
P N

i =1 x i (t) is the useful signal, combination of di�erent signals coming

from N GNSS satellitesx i (�), and � (t) is a zero-mean Additive White Gaussian Noise

(AWGN). Notice that x � (t) is parameterized by � , a vector containing the unknown

parameters of the received signals such as their amplitude, time-delay, Doppler-shift, or

carrier-phase. For thei -th satellite signal, the parameters in � are de�ned asA i , � i , f d;i ,

and � i respectively. Generally speaking, the estimates of� are used to solve the position

at the receiver side [51].

After receiver samples the signal with sampling frequency (f s = 1=Ts), we can get a

discrete-time version for the following digital processing:

y[n] = x � [n] + � [n] (2.13)

Noisew[n] is modelled as an AWGN with independent and identically distributed (i.i.d.)

real and imaginary parts each with variance� 2. A model commonly adopted for � 2 is

� 2 = N0BRx ; (2.14)

where BRx is the front-end one-sided bandwidth andN0 is the Power Spectral Density

(PSD) of the input noise, w(t).
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2.3.2 Acquisition

In the \Acquisition" block in Figure. 2.1, the GNSS receiver aims to detect the avail-

able satellites and acquire a rough estimation of synchronization parameters of those

satellites. This process is usually performed by correlating the received signal and a

locally generated code (corresponding to the PRN sequence of the satellite under study)

[52, 53]. The local replica is moved in time and frequency, covering the range of all

possible time-delay and Doppler-shifts, thus yielding to a two-dimensional search where

the maximum provides the synchronism of the given satellite. Several alternatives exist

to perform the two-dimensional search, being the most common to use an Fast Fourier

Transform (FFT)-based procedure [54] due to its simplicity. Figure. 2.2 illustrates the

correlation output when there is a signal coming from the tested satellite. In order to

detect the satellite in Figure. 2.2, the correlation peak has to exceed a established thresh-

old above the noise 
oor. This threshold is de�ned according to a desired probability

of false alarm [55]. To further improve the quality of the acquisition process, a number

of correlation outputs can be coherently averaged to increase the Signal-to-Noise Ra-

tio (SNR) of the peak by reducing the noise 
oor level (assuming zero-mean noise). The

number of averages is referred to as dwells in the literature, with typical dwell values on

the order of 10 for the GPS C/A acquisition (i.e., averaging 10 ms).

Depending on the amount of information the receiver has, the initialization of the ac-

quisition process can be classi�ed into: cold start (the receiver does not have any prior

information), warm start (rough position estimates are available and almanac informa-

tion allows the estimation of visible satellites) or hot start (is the case of low-term signal

blockages, where there is no need to restart ephemeris acquisition again) [56].

2.3.3 Tracking

In the \Tracking" block in Figure. 2.1, the GNSS receiver aims to track changes of the

synchronization parameters of available satellites acquired from acquisition process and

provide accurate estimates for later use.

Tracking loops can be seen as a re�nement of acquisition process. Whereas the latter

perform a search in a wide range of the parameters of interest, the former con�nes

its operation to the neighborhood of a previous estimate. Thus, if correctly acquired,

tracking loops are able to lock on the corresponding parameter by continuously adjusting

the local code to match the received signal. The time-delay has been typically tracked

by means of a Delay Lock Loop (DLL), which performs the same correlation operation

as done in acquisition but with lower computational complexity due to the reduced
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Figure 2.2: Example of a CAF: normalized correlation output versus the time-delay
and Doppler shift relative error between the local code replica and the actual received

signal, for a given satellite.

parameter space. Similarly, Phase Lock Loop (PLL) and Frequency Lock Loop (FLL)

have been used for phase and Doppler tracking purposes, respectively.

2.3.4 Navigation solution

In the \Nav.Sol." block in Figure. 2.1, GNSS receiver aims to estimate the PVT so-

lution, using output from \Tacking" block: time delay, Doppler shift and navigation

message. To achieve position estimation, distance between satellite and GNSS receiver

is calculated using time delay. Time delay is referred to as the propagation time that

a signal takes between its transmission from thei th satellite to the receiver is contin-

uously estimated by tracking algorithms. Since GNSS signals are a�ected (biased) by

satellite and receiver clock errors, the distance is typically referred to as pseudorange.

The demodulation of the navigation message provides the receiver with the orbital vari-

ables required to determine satellites' orbits, satellite's clock bias and other important

parameters. This information and the computed pseudoranges are then processed for

the estimation of receiver's location. A general positioning process are shown as below.

The time-delay estimate (denoted by ^� i ) provides an estimation of the distance between

the i th satellite and the GNSS receiver, i.e., the pseudorange� i = c�̂ i . Thus, pseu-

doranges provide a nonlinear relation between user's position (p = [ x; y; z]T ) and the
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estimated time-delay of each satellite according to the model:

� i = kpi � pk + c(�t � �t i ) + � i

= %i (p) + c(�t � �t i ) + � i

(2.15)

where�t is the bias of the receiver clock with respect to GPS time, which is unknown;�t i

is the clock bias of thei th satellite with respect to GPS time, known from the navigation

message;%i (p) = kpi � pk is the geometric distance between the receiver and thei th

satellite. � i includes errors from various sources such as atmospheric delays, multipath

biases, ephemeris mismodeling and relativistic e�ects among others. Doppler shifts,

caused by receiver-satellite relative motion as well as frequency errors and drifts in GNSS

receiver and satellite clocks, lead to di�erence between observed carrier frequency and

the normal one. Accurate Doppler shift estimation yield to precise velocity calculations,

useful in positioning and navigation applications with high user dynamics. The velocity

of receiver can be calculated using following formula, given Doppler shit estimation̂f i :

f̂ i = � (v i � v)T u i
f c

c
(2.16)

wherev i = [ vxi ; vyi ; vzi ]T is the velocity vector of the i th satellite, which is acquired from

navigation message;v = [ vx ; vy ; vz]T is the velocity vector of receiver, which is needed to

calculate; f c represents the corresponding carrier frequency;c represents speed of light;

u i represents the unitary direction vector of the i th satellite relative to the receiver,

de�ned as:

u i =
pi � p

kpi � pk
(2.17)

where pi = [ x i ; yi ; zi ]T is the position of the i th satellite in the Earth Centered Earth-

Fixed (ECEF) coordinate system, which can be computed from navigation message;

p = [ x; y; z]T is the position of receiver in the same system, which is needed to be

estimated.

In conclusion, code and phase observations can be obtained at the di�erent frequency

bands where navigation signals are emitted. This allows GNSS receiver to combat

atmospheric biases by properly combining satellite observations, because the propagation

of signals through di�erent atmosphere layers is also distinct. With observations as input

to receiver, the time delay and Doppler shift parameters are then computed for each

available satellite to achieve the outputs of the tracking loops. As for position estimation,

we only discuss some details of the single point solution with code pseudoranges in

this section. Other alternatives involve single point positioning with carrier phases

observation as well as relative positioning code and carrier phases observation, which

will be illustrated in the next section.



Chapter 2. Fundamentals of GNSS 18

In the case of single point positioning, after moving all unknown parameters to one side,

(2.15) can be transmitted into:

� i + c�t i � � i = %i (p) + c�t (2.18)

Since there are 4 unknown parameters here (p = [ x; y; z]T and �t ), 4 equations are

needed at least:

i = f 1; :::; N jN � 4g (2.19)

To linearize %i (p), Taylor extension is used to get:

%i (p) w %o
i +

x i � xo

%0
i

� x +
yi � yo

%0
i

� y +
zi � zo

%0
i

� z (2.20)

where po = [ xo; yo; zo]T is the initial position estimation; %o
i , %i (po) = kpi � pok;

� x = xo � x, � y = yo � y, � z = zo � z,

Substituting (2.20) into (2.18) and (2.19), we can get Least Squares (LS) estimation:

�̂ = arg min
�

fk � � U � k2g (2.21)

where

� =

2

6
6
4

� 1 + c�t 1 � � 1 � %1
...

� N + c�t N � � N � %N

3

7
7
5 (2.22)

U =

2

6
6
6
4

x1 � xo

%0
1

� x
y1 � yo

%0
1

� y
z1 � zo

%0
1

� z 1
...

...
...

...
xN � xo

%0
N

� x
yN � yo

%0
N

� y
zN � zo

%0
N

� z 1

3

7
7
7
5

(2.23)

� =
h
� x � y � z �t

i T
(2.24)

then, the solution is as follows:

�̂ = ( U T U ) � 1U T � (2.25)

Thus, classical position estimationp̂ = po + �̂ is acquired.

Now, an improved estimation is introduced, the weighted Least Square (WLS) estima-

tion. Since signals from di�erent satellites have di�erent C=N0, if we can weight signals

according to their C=N0, the solution can be much more accurate, therefore, weight
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matrix w is introduced:

�̂ = arg min
�

f ( � � U � )T W (� � U� )g (2.26)

In general, the optimal w is not known. According to the Gauss-Markov theorem, the

optimal solution would be when weight equals to the reciprocal of the variance of the

measurements in theory[57]. the solution of WLS estimation would be:

�̂ = ( U T W U ) � 1U T W � (2.27)

2.4 Background on GNSS RTK Precise Positioning

RTK is a relative positioning procedure, where the unknown position of a moving rover

station is determined with respect to a stationary base station of known coordinates. Fig.

2.3 (left) illustrates the working principle. Due to the observation single-di�erencing,

the satellite position and clock errors are completely eliminated, while the satellite orbit

error and the atmosphere-related delays can be reduced signi�cantly, depending on the

distance between the base and rover positions (pB and pR respectively). Then, a pivot

satellite (hereinafter referred using the superscriptr ) is chosen for double-di�erencing,

cancelling the delays from the receivers clock o�sets. Let us considern + 1 GNSS

satellites (i.e., n satellites plus the pivot) observed on a vehicle equipped with a GNSS

receiver. The observations for code and phase pseudoranges from thei th satellite are

given by:

� i = kpi � pk + I i + T i + c
�
dt � dti � + " i (2.28)

� i = kpi � pk � I i + T i + c
�
dt � dti � + �N i + � i (2.29)

where

� i ; � i are the code and phase observations [m],

pi ; p are the positions of thei th satellite and the GNSS receiver, respectively,

I i is the ionospheric error [m],

T i is the tropospheric error [m],

c is the speed of light [299 792 458 m=s]

dti ; dt are the satellite and receiver clock o�sets [s],

� is the carrier phase wavelength [m],
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N i is unknown number of cycles between the receiver and the satellite,

" i ; � i are the remaining unmodelled errors for the code and phase observations,

respectively.

Figure 2.3: On the right, scheme for the RTK procedure. On the right, the work
ow
for the ambiguity resolution process [1]

Then, the double-di�erence code and phase observations results

DD� i , � i
R � � i

B � (� r
R � � r

B )

= kpi � pRk2 � k pi � pB k2 � k pr � pRk2 + kpr � pB k2 + " i;r
R;B ;

(2.30)

DD � i , � i
R � � i

B � (� r
R � � r

B )

= kpi � pRk2 � k pi � pB k2 � k pr � pRk2 + kpr � pB k2 + �a i + � i;r
j;b ;

(2.31)

where the �rst line in Eqs. (2.30)-(2.31) corresponds to the actual observation combina-

tion and the second line relates to the observation model (the relationship between the

observations and the unknown parameters). The vectory gathers the double-di�erence

observations as

y =
h
DD � 1; : : : ; DD � n ; DD� 1; : : : ; DD� n

i >
; y 2 R2n;1: (2.32)

The resulting positioning observation model is typically linearized and expressed as

y = Aa + Bb + � ; (2.33)

with a 2 Zn the vector of double-di�erence ambiguities,b is the baseline vector between

rover and base positionsb = pR � pB and � the zero-mean noise term with covariance

R such that � � N (02n;1; R ). The design matrices are described by

A =

"
� I n

0n

#

; B =

"
G

G

#

; G =

2

6
6
4

�
�
u 1 � u r

� >

...

� (u n � u r )>

3

7
7
5 ; (2.34)

where I n and 0n denote, respectively, then-dimensional unit and null matrices. The

geometry matrix G is composed by the satellite steering line-of-sight vectors w.r.t. the
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base positionu i . Next, solving the RTK positioning problem in (2.33) is discussed for

snapshot (memoryless) and recursive estimation.

2.4.1 A Least-squares Approach

The RTK positioning problem is also known under the mixed model parameter esti-

mation, given that both real- and integer-valued parameters are to be estimated. The

related optimization problem is formulated as

f a; bg = arg min
a2 Zn

b2 R3

ky � Aa � Bb k2
R : (2.35)

Provided that no analytical solution exists to the minimization (2.35), [58] proposed its

decomposition into a three-step procedure of LS adjustments, written as

min
a2 Zn

b2 R3

ky � Aa � Bb k2
R = min

â2 Rn

b̂2 R3






 y � A â � B b̂








2

R

| {z }

oat solution

+ min
a2 Zn

kâ � ak2
P â â

| {z }
ILS

+ min
b2 R3






 b̂ja � b








2

P b̂ j a| {z }
�x solution

:

(2.36)

The overall three-step procedure is illustrated in Fig. 2.3 (right). The �rst term corre-

sponds to the so-called
oat estimation , a LS adjustment where the integer constraints

on a are disregarded. The distribution of the 
oat solution is

"
â

b̂

#

� N

 "
â

b̂

#

;

"
Pâ â Pâ b̂

Pb̂â Pb̂b̂

#!

; (2.37)

where P is the associated covariance matrix which gathers the uncertainty of the 
oat

estimates â; b̂ and their cross-correlation.

The second step, known as integer ambiguity resolution Integer Ambiguity Resolution

(IAR), incorporates the integer constraints to the previously estimated 
oat ambiguities.

Thus, the real-to-integer mapping I : Rn ! Zn is the process which assigns the 
oat

ambiguity vector to an integer one a 2 Zn , such that a = I (â). While di�erent

estimators have been proposed, the Integer Least-Squares (ILS) provides the optimal

performance [59, 60, 61].

Finally, the third minimization problem improves the positioning estimate upon the

knowledge of the integer ambiguitiesa, driving to a high-accurate position solution

denoted as�xed solution. The mean b and covariance Pbb of the �xed estimate are
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based on the projection of the estimated integer ambiguities into the position domain as

b = b̂ � Pb̂â P � 1
â â (â � a) ; (2.38)

Pbb = Pb̂b̂ � Pb̂â P � 1
â â Pâ b̂: (2.39)

A relevant remark is that, whenever the estimated integer ambiguities do not match the

true ones, the �xed solution will be biased. The precision of the solution improves only

when the correct ambiguities are estimated.

2.4.2 An Extended KF Approach

To exploit recursive estimation in navigation problems, the KF and its nonlinear exten-

sions |i.e., the EKF and sigma-point Gaussian �lters (SPGF)|, are typically applied.

This work focuses on the EKF and its application to RTK, leading to the approximation

of the following marginal posterior distribution:

p(x t jy1:t ) = N (x t ; Pt ) ; with x t =
h
b>

t ; v>
t ; a>

t

i >
: (2.40)

The time evolution of the state estimate is dictated by the process and measurement

functions, f (�) and h(�) respectively, also known as prediction and correction models:

x t = f (x t � 1) + w t ; (2.41)

y t = h(x t ) + � t ; (2.42)

where the process and observation noises are assumed to follow normal distributions

w t � N (0; Q t ), � � N (0; R t ). With regards to the dynamic process, the rover is

generally assumed to follow a constant velocity model [62] (unless the vehicle is equipped

with inertial sensing capabilities), while the ambiguities are assumed to remain constant

over time as long as no cycle slip or signal re-acquisition occurs.

The observation model integrates the double-di�erence observations in (2.32). As for

the afore-described LS approach, KF-based RTK resorts to the mixed model parame-

ter estimation. Adding the discrete time dependency and the velocity estimation, the

observation model (2.33) can be expressed as

y t =

"
G t 0n;3 � I n

G t 0n;3 0n

#

| {z }
H t

x t + � t = A t a t +

"
G t 0n;3

G t 0n;3

#

| {z }
~B t

"
bt

v t

#

| {z }
~bt

+ � t : (2.43)
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The classical KF correction procedure follows the well-known expression

K t = Pt jt � 1H >
t

�
H t Pt jt � 1H >

t + R t

� � 1
; (2.44)

x t = x t jt � 1 + K t
�
y t � h (x t jt � 1)

�
; (2.45)

Pt = Pt jt � 1 � K t H t Pt jt � 1; (2.46)

or equivalently on its LS adjustment form [63] as

x t =
�

~H >
t

~R � 1
t

~H t

� y
~H >

t
~R � 1

t ~y t ; (2.47)

Pt =
�

~H >
t

~R � 1
t

~H t

� y
; (2.48)

where the ~ is used to refer to augmented vectors and matrices, and (�)y to the

Moore{Penrose inverse. Hence, the augmented observation vector~y t includes the pre-

dicted state x t jt � 1, and the measurements' covariance matrix and the observation Jaco-

bian matrix H t change consequently as:

~y t =

"
y t

x t jt � 1

#

; ~R t =

"
R t

Pt jt � 1

#

; ~H t =

"
H t

I

#

: (2.49)

When dealing with recursive RTK, using the augmented model in (2.47)-(2.48) results

more convenient than the classical formulation (2.44)-(2.46), since we can resort to a

minimization problem which resembles (2.36):

f a t ; ~bt g = arg min
a t 2 Zn ;~bt 2 R6






 ~y t � A t a t � ~B t ~bt








2

~R t
: (2.50)

The optimization problem (2.50), which includes the prior knowledge on the state es-

timate, is solved following exactly the same three step decomposition in (2.36), as de-

scribed Sec. 2.4.1. While still sensitive to wrong integer ambiguity estimation, recursive

RTK exploits the knowledge from previously estimated ambiguities and provides an

overall better navigation solution.

2.4.3 Robust Statistics-based Filtering

The standard RTK EKF-ILS solution is close-to-optimal (i.e., the EKF is an approxi-

mation to the nonlinear �ltering problem) under nominal LOS propagation conditions.

However, its performance is expected to clearly degrade if a�ected by multipath/NLOS

conditions. From the maximum a posteriori estimation point-of-view, the KF update
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stage relates to the following minimization problem [64]:

x t = arg min
� 





 x t � x t jt � 1








2

P t j t � 1

+





 y t � h (x t )








2

R t

�
: (2.51)

Whenever the noise distribution are perfectly known and normally-distributed, EKF

provides a quasi-optimal solution. In contrast, real-world situations often imply un-

known noise statistics and the presence of spurious observations. In such scenarios,

EKF operates sub-optimally and the in
uence of the outliers can completely spoil the

estimation.

Despite the mixture of integer- and real-valued estimation in RTK, robust integer estima-

tors are not known. Thus, the key to robustify RTK lay on improving the performance

of the 
oat solution estimation. To do so, multipath-contaminated satellite links shall

be detected and their impact on the estimation mitigated, enabling the guidance of the

integer ambiguity search and enhancing its success ratio. Such improvement is obtained

by resorting to di�erent robust KF techniques, which replace the standard �rst stage

EKF in Fig. 2.3 (right). In the following, solutions based on the robust statistical

framework are discussed, as a comparison with the variational Bayesian inference based

Kalman �lter, which is studied in section 5.

Robust statistics provide alternative loss functions which appropriately penalize outliers

in the measurements in optimization problems. For instance, �ltering problems such as

(2.51) are instead expressed as

x t = arg min
� 





 x t � x t jt � 1








2

P t j t � 1

+





 y t � h (x t )








2

�R t

�
; (2.52)

where �R t is the estimated covariance matrix of the observations based on certain weight-

ing functions and formulated as

�R t = R 1=2
t W � 1

y R > =2
t ; (2.53)

where R 1=2
t is obtained from the Cholesky factorization of R t and W y is the weighting

matrix given by

W y = diag
h
w

�
R � 1=2

t

�
y t � h (x t )

� �i
; (2.54)

with w(�) is a certain weighting function derived from its robust score function  (�).

A wide family of score functions exists and are classi�ed inmonotone or redescend-

ing according to their shape. The idea is to down-weight or nullify (for redescending

functions) the e�ect of observations not �tting the underlying noise model. Fig. 2.4

illustrates some well-known score and weighting functions, such as thè2 norm (the

standard KF score function), Huber, Tukey and IGG. These functions present a tuning
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Figure 2.4: Illustration of the score (left) and weighting (right) functions for di�erent
classical and robust estimators. Here, the families of Huber, Tukey and IGG functions
are depicted with parametersa = 1 :345 and c = 4 :685, k0 = 1 :5 and k1 = 2 :5 respec-

tively [1].

parameter that control the e�ciency at the normal case (i.e., when all the observations

are normally-distributed) or, in other words, their sensitivity at detecting outliers. An

interested reader might refer to [65, 66, 67, 68] for more details on classical and modern

robust functions.

Within the robust statistics-based �ltering solutions, one can distinguish between re-

silience against outliers in the correction step (as for Robust Information Filters) or

against outliers in both prediction and correction step (as for Generalized M-estimator

KF). Next, two approaches are described:

ˆ Robust Information Filters The information �lter is an algebraically equivalent

form of the KF, where instead of the state vector and covariance matrix, the

�lter propagates the so-called information vector, ~zt = P � 1
t x t , and information

matrix, ~Z t = P � 1
t . Instead of the standard information �lter recursion [69, 70], the

framework of Robust Information Filters (RIF) iteratively performs the following

procedure until the convergence is reached

~zt = ~zt jt � 1 + H >
t R �> =2

t W y R � 1=2
t H t

�
y t � h (x t jt � 1) + H t x t jt � 1

�
(2.55)

~Z t = ~Z t jt � 1 + H >
t R �> =2

t W y R � 1=2
t H t : (2.56)

This formulation is particularly interesting in the context of robust �ltering. In-

deed, the use of redescending loss functions (where the weight functions go to

zero), may cause numerical issues within the standard robust regression KF (i.e.,

the weight functions must be inverted). Using the information �lter formulation it

is possible to avoid these numerical issues and exploit redescending cost functions.

The generic RIF formulation for nonlinear/Gaussian state-space models was pro-

posed in [71]. During Section 6.2, four representative robust functions will be used
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as RIFs: i) a RIF using a Huber function, ii) a RIF using a Tukey function, iii) a

RIF using IGG weighting, and iv) a RIF using a simple 3� rejection rule [72, Ch. 7].

ˆ Generalized M-estimator KF The LS form of the KF correction in (2.47)-

(2.48) is exploited by the Generalized M-estimator KF (GMKF) to o�er robustness

against outlying observations and innovation outliers from the prediction step. As

for RIF, GMKF consists on an iterative process until convergence of the solution

is reached

x t =
�

~H >
t

~R �> =2
t W � 1

y
~R � 1=2

t
~H t

� y
~H >

t
~R �> =2

t W � 1
y

~R � 1=2
t ~y t ; (2.57)

Pt =
�

~H >
t

~R �> =2
t W � 1

y
~R � 1=2

t
~H t

� y
: (2.58)

Unlike RIF, GMKF involves realizing inverse operations over the weighting matrix,

leading to potential numerical issues upon the use of redescending functions. Moreover,

since more \observations" (the actual observations and the predicted state estimate) are

being weighted, the search space for the robust mechanism grows and leads to a slight

poorer performance for the case when outliers are present only during the correction

stage. A case disregarded in this work relates to protection against structural errors

(i.e., wrong observation and/or prediction models), for which a similar GMKF was

introduced in [73].

2.5 Summary

This chapter presented the state-of-the-art in GNSS receivers. We show the structure

of conventional GNSS receiver, and introduce each software-based block of it in de-

tail. Backgrounds of RTK positioning method as well as relevant robust statistics-based

�ltering are also introduced for later experiment use. The GNSS signal form is also

illustrated in terms of GPS signal, which is the GNSS signal we focus in this thesis.



Chapter 3

Dual-Domain Robust Interference

Mitigation Method

Considering the fact that GNSS signals are weak, as compared to strong interferences,

they are easy to jam. Therefore, it is necessary to use interference mitigation approaches

in order to achieve robust positioning results. Most interference mitigation techniques

can be interpreted under the framework of Interference Cancellation (IC). At a glance,

IC consists of detection and estimation of the unwanted signal components that are

then removed. After detection, which reveals the presence of interfering signals, the es-

timation phase reconstructs the interference waveform and subtracts it from the received

samples. In this way, cleaner samples are obtained. Examples of common IC methods are

pulse blanking and adaptive notch �ltering [51, 74]. IC techniques rely on speci�c inter-

ference signal models that are used for interference estimation and reconstruction. When

the model accurately describes the interference signal, good performance is achieved. On

the contrary, model mismatches can lead to severe performance degradations. For this

reason, RIM techniques have been recently proposed [51]. These techniques relax the

dependence on a speci�c signal model for interference mitigation.

RIM methods are based on the mathematically sound theory of robust statistics and

exploit the fact that several interference signals admit a sparse representation in spe-

ci�c processing domains. In other words, in a speci�c domain (e.g. time or frequency)

the interference signals can be considered as outliers to the nominal, interference-free

signal model. For this reason, within RIM techniques, raw data are at �rst transformed

into a domain where the interference term admits a sparse representation and thus it

is perceived as a set of outliers. GNSS signals are wideband in nature and do not usu-

ally admit sparse representation in the transformed domain. The e�ect of outliers on

the estimation process occurring at the receiver is then mitigated using non-linearities,

27
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designed from the theory of robust statistics. Several non-linearities have been studied

in the RIM framework: the Myriad non-linearity [75], the Complex Signum operator

[76] and Huber's penalty function [77]. [77, 78] have extended the time domain process-

ing to transformed domains, while [2] further studied the processing in both time and

transformed domains, which is de�ned as DD-RIM method.

The DD-RIM can e�ciently deal with interference has mixed characteristics, for exam-

ple, when the nuisance signal is a mixture of heterogeneous components such as time

domain pulses and CWs. At the same time, it can save us e�orts determining a priori

for which domain the incoming interference signal yields to a sparse representation in.

While the DD-RIM method is general and several combinations of RIM non-linearities

can be applied to it, this chapter focuses on the use of the Huber's non-linearity since

this choice has provided remarkable results compared to others [77]. The Huber's non-

linearity can be interpreted as a switch between two regimes. A decision threshold is used

to identify outliers: if the amplitude of the input samples is lower than the threshold they

are considered as inliers and pass unchanged through the Huber's non-linearity. If the

amplitude of the input samples is larger than the threshold, only the phase information

is retained. In particular, the samples passing the decision threshold are normalized by

their amplitude.

The decision threshold is key to Huber's non-linearity and it is important to choose its

value properly. In DD-RIM approaches, thresholds applied in time domain and trans-

formed domains are independent and the performance of DD-RIM varies with di�erent

threshold values chosen in each domain. In this chapter, the decision thresholds are

selected empirically. The de�nition of appropriate threshold selection criteria is left for

future works.

This chapter is organized as follows: GNSS signal and interference models are introduced

at Section. 3.1, then the DD-RIM technique is discussed in Section. 3.2. The LoE of

DD-RIM is then analytically evaluated in Section. 3.3. Simulations and real data analysis

are used to support the validity of DD-RIM approach in Section. 3.4 and Section. 3.5.

Summary are drawn in Section. 3.6.

3.1 Signal model

When consider the existence of interference, the received signal by GNSS receiver should

be modelled as below, where we assume only one satellite signal is received without loss
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of generality:

y(t) =
p

Ci d(t � � i )ci (t � � i )ej (2� (f RF + f d;i )t+ � i ) + � (t) + i (t) (3.1)

where Ci is the useful signal power,d(�) is the navigation message,ci (�) is a pseudo-

random code from a family of quasi-orthogonal sequences.f d;i is the Doppler shift

with respect to the nominal signal RF, f RF , and � 0 and � 0 model the delay and phase

shift introduced by the communication channel. � (t) is a zero-mean AWGN. In the

absence of interference� (t) is the dominating term and the reason why y(t) follows a

Gaussian distribution. Signal i (t) is the interference term. In this paper, i (t) is a generic

signal, and can be, for instance, a CW or a DME interference signal. Notice that we

are considering a single satellite in the model (3.1) since the proposed processing is also

applied on a satellite-per-satellite basis.

After ampli�cation, �ltering, down-conversion and sampling at f s = 1
Ts

, the signal pro-

vided by the receiver front-end is a baseband complex sequence:

y[n] =
p

Ci ~d(nTs � � i )~ci (nTs � � i )ej (2�f d;i nTs + � i ) + � BB [n] + i BB [n] (3.2)

wheren is the time index, and square brackets are used to denote discrete time sequences.

The subscript `BB' is used to indicate �ltered signals down-converted to baseband. The

symbol ~� indicates the impact of front-end �ltering on the useful signal component.

� BB [n] is AWGN with i.i.d. real and imaginary parts, each with variance � 2, which

together makes the total variance of the complex signal� BB [n] equal to 2� 2. Commonly,

� 2 can be modeled as:

� 2 = N0BRx (3.3)

where BRx is the front-end one-sided bandwidth, andN0 is the PSD of the input noise,

� (t) in (3.1).

3.1.1 Jamming signal

The baseband interference signal,i BB [n], can assume di�erent forms depending on the

type of source generating it [79]. A wide class of interference signals can be modeled as

i BB [n] = aint ej 2�f int [n]nTs + j� int ; (3.4)

that is, signals with a constant amplitude, aint , and a time-varying frequency/phase,

f int [n] and � int . For instance, CW interferences can be modeled as (3.4) with a constant

frequency:

f int [n] = f CW = const: (3.5)
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Swept jamming signals can also be modeled as (3.4) where di�erent frequency patterns

can occur [80] . Since the interference amplitude is assumed constant, signal model (3.4)

is not able to capture pulsed signals such as DME components, which are speci�cally

described in the next section.

3.1.2 Distance Measurement Equipment signal model

DME is used to measure the distance between aircraft and ground station by measuring

the propagation delay between a DME interrogator equipment onboard the aircraft and

a transponder at the ground station. It operates in four modes: X,Y,W and Z, between

960 MHz and 1215 MHz in an Aeronautical Radionavigation Services (ARNS) band

[81]. In particular, the X-mode replies in 1151� 1213 MHz, which thus overlaps with

the GNSS E5 and L5 bands. For this reason, GNSS signal reception in theE5 and

L5 band can be degraded by DME signals. Therefore, DMEs replying in X-mode can

interfere with GNSS signal reception and should be mitigated.

The transmission rate of DME is given by the number of pulse pairs per second (ppps).

A DME interrogator distinguishes between search and track mode. In search mode, it

may transmit up to 150 ppps. When a connection to a transponder is established, the

rate decreases to 30 ppps. The number of replies sent by a DME ground transponder

depends on the number of aircrafts it has to serve. At maximum, 2700 ppps can be

reached. However, DME ground stations automatically adjust their sensitivity level to

maintain this squitter rate constant at all times. If the number of aircrafts using a

certain DME ground station would lead to a squitter rate lower than 2700 ppps, the

ground station reduces its sensitivity threshold.

DME signals are composed of pulse pairs with an inter-pulse interval of 12� s and each

pulse lasts for 3:5 � s [81]. A time domain representation of these pulse pairs is shown

in Fig. 3.1. The peak pulse power varies from 50 W to 2 kW at transmission. Paired

pulses in a DME system are used in order to reduce interference from other systems.

Each pulse can be modeled as a Gaussian function. Thus, a pulse pair has the following

expression at baseband:

s(t) = e� �
2 (t � � t

2 )2
+ e� �

2 (t+ � t
2 )2

(3.6)

where� = 4 :5� 1011 s� 2 and � t = 12 � 106. The constant � determines the pulse width,

while � t is the interpulse interval. Considering its short time duration and high peak

power, the DME signal can be considered as an outlier in the time domain. However,

when considering its PSD in [81] , DME signals can also be considered as an outlier in

the Frequency Domain (FD) due to its high power concentrated in a narrow band.
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Figure 3.1: Example of DME signal waveform with normalized amplitude.

3.2 Dual-Domain Robust Interference Mitigation

This section introduces the basic processing underlying DD-RIM. In particular, for

the sake of the argument, we consider that the transformed domain is a frequency

transformation of the time domain samples. The goal of GNSS signal processing is to

estimate the signal parameters, i.e., the Doppler shiftf d;i and the time delay � i through

the maximization of the CAF derived from an LS estimation process:

f f̂ d;i ; �̂ i g = arg max
f i ;� i

�
�
�C(f̂ d;i ; �̂ i )

�
�
�

= arg max
f d;i ;� i

�
�
�
�
�

NX

n=1

y[n]ci (nTs � � i )e� j 2�f d;i nTs

�
�
�
�
�

;
(3.7)

where we omitted the dependance of the CAF with the satellite since this processing is

applied independently for each satellite signal.

When RIM is considered, a robust version of the CAF is considered:

f f̂ d;i ; �̂ i g = arg max
f d;i ;� i

�
�
�
�
�

NX

n=1

 (y[n])ci (nTs � � i )e� j 2�f d;i nTs

�
�
�
�
�

(3.8)

where  (�) is a ZMNL. While in (3.8), the non-linearity is applied in the time domain,

RIM can also be applied in the frequency or in other transformed domains [78]. In this

paper, ZMNLs are applied in two domains as shown in Fig. 3.2. In particular, a doubly
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robust CAF is obtained as follows:

CDD (f d;i ; � i ) =
NX

n=1

ŷ[n]c(nTs � � i )e� j 2�f d;i nTs (3.9)

where ŷ[n] are the time domain samples obtained after the processing shown in Fig. 3.2:

ŷ[n] = T 2 f  F (Y [k])g (3.10)

where

Y [k] = T 1 f  T (y[n])g (3.11)

In the previous equations, T 1 and T 2 are the two transformations used to bring the

signal from the time to the frequency domains and vice versa. In general, other pairs

of transformations can be used. Estimates of the signal parameters are then obtained

by maximizing the robust CAF. In this paper, speci�c focus is devoted to Huber's

non-linearity that is applied in both time domain and frequency domains. In the time

domain, this non-linearity is de�ned as:

 T (y[n]) =

(
y[n] for jy[n]j � 
 T


 T csign(y[n]) for jy[n]j > 
 T
(3.12)

where 
 T is a decision threshold, called tuning constant [82], and csign(y[n]) is the

complex signum de�ned as:

csign(y[n]) =

(
y[n]

jy[n]j for y[n] 6= 0

0 for y[n] = 0
: (3.13)

Similarly, in the frequency domain, the same function is applied:

 F (Y [k]) =

(
Y [k] for jY [k]j � 
 F


 F csign(Y [k]) for jY [k]j > 
 F
(3.14)

where 
 F is the decision threshold in the frequency domain, which takes, in general,

di�erent values from 
 T , the time domain threshold. Indexes `T' and `F' are used to

denote the domain of application of the non-linearity and the fact that two di�erent

decision thresholds are used.

As shown in Fig. 3.2, the received signaly[n] is processed �rst with (3.12) and then

transformed into the frequency domain where (3.14) is applied to get F (Y [k]). Finally,

the samples,  F (Y [k]) are transformed back to time domain as the output signal of

DD-RIM processing. On the other hand, Fig. 3.3 shows the other DD-RIM method

with a di�erent processing order. In Fig, 3.3, DD-RIM approach is applied in the
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Figure 3.2: DD-RIM with non-linearities applied �rst in the time and then in the
frequency domain. Green boxes indicate the application of a robust non-linearity and

yellow boxes denote a linear transformation of the signal.

Figure 3.3: DD-RIM with non-linearities applied at �rst in the frequency and then
in the time domain.

frequency domain �rst and then in the time domain. In detail, received signal y[n] is

transformed into the frequency domain signal, obtainingY [k], which then is processed

with RIM technique (3.14) and transformed back into the time domain where a second

non-linearity is applied (3.12).

3.3 Loss of e�ciency in DD-RIM

In this section, the LoE for DD-RIM is determined. The LoE is a typical �gure of merit

used in robust statistics that characterizes the degradation in performance due to the

use of robust techniques when the nominal model holds true. That is, in our GNSS

context, the degradation in post-coherent SNR when there is no interference present

and DD-RIM is used. This is de�ned as:

L o =
SNR 

out

SNRout
(3.15)

where SNRout is the SNR under standard processing and SNR out is the SNR using

DD-RIM. In both cases, interference is absent. The post-correlation SNR is a common

GNSS performance indicator, and it is de�ned as [83, 84]:

SNRout = arg max
f d;i ;� i

jEfC(f d;i ; � i )j2
1
2VarfC(f d;i ; � i )g

(3.16)
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For standard processing, the LoE has been quanti�ed both analytically and experimen-

tally for a variety of RIM non-linearities, including the Huber penalty function. In the

case of DD-RIM, the non-linearity is applied twice, once per processing domain. It is

possible to show that the total loss is given by the sum of the loss incurred in the time

domain plus that caused by the non-linearity introduced in the frequency domain. This

result is demonstrated in the following. It is then further validated through computer

simulations.

Particularly, the post-coherent SNR is shown as a function of the decision thresholds

used in the two non-linearities. When DD-RIM is applied, the standard CAF, C(�; f )

in (3.16) is replaced by its robust version,CDD (�; f ) in (3.9).

3.3.1 Time then frequency domain processing

In this section, DD-RIM with the non-linearity applied �rst in the time domain and

then in the frequency domain, is analyzed.  T (�) non-linearity is applied �rst to the

time domain samples,y[n] and the �rst part of the processing chain is the same as that

considered in [77]. For this part of the processing, [77] showed that, under weak signal

conditions, i.e. for A � � , the non-linearity approximately scales the mean of the output

samples:

E f  T (y[n])g = E f y[n]g
�
1 � e�


 2
T

2� 2 +
p

�
2


 Tp
2�

erfc
�


 Tp
2�

��
= E f y[n]gA

�

 Tp
2�

�

(3.17)

with

A
�


 Tp
2�

�
= 1 � e�


 2
T

2� 2 +
p

�
2


 Tp
2�

erfc
�


 Tp
2�

�
: (3.18)

Similarly, the variance is scaled as follows [77]:

Var f  T (y[n])g = 2 � 2
�
1 � e�


 2
T

2� 2

�
= Var f y[n]g

�
1 � e�


 2
T

2� 2

�
= 2 � 2

T : (3.19)

The samples at the output of the non-linearity are no longer Gaussian. They have

however a �nite variance (it is a direct consequence of (3.19)) and are independent.

Independence follows from the hypothesis of independent input samples,y[n], and from

the fact the Huber penalty function is zero memory. When linear transformation T 1 is

applied, several samples T (y[n]) are combined to form the di�erent frequency samples,

Y [k]. Thus, it is possible to apply the Central Limit Theorem (CLT) [85]. More specif-

ically, it is possible to show that Y [k] is approximately Gaussian. Since, we assumed
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that T 1 is norm-preserving, it follows:

E f Y [k]g = E f T 1(y[n])gA
�


 Tp
2�

�
(3.20)

and

Var f Y [k]g = Var f  T (y[n])g = Var f y[n]g
�
1 � e�


 2
T

2� 2

�
: (3.21)

After applying T 1, the process consisting of the application of the Huber non-linearity

and of a linear transformation is performed a second time. Since theY [k] are approxi-

mately Gaussian, an approach similar to that used to characterize the frequency domain

samples can be adopted for the analysis of the �nal samples ^y[n]. In particular,

E f ŷ[n]g = E f y[n]gA
�


 Tp
2�

�
A

�

 Fp
2� T

�
(3.22)

and

Var f ŷ[k]g = Var f y[n]g
�
1 � e�


 2
T

2� 2

� "

1 � e
�


 2
F

2� 2
T

#

(3.23)

where 2� 2
T is the variance of the frequency samples de�ned in (3.19).

From this analysis, it emerges that the application of DD-RIM approximately scales the

mean and variance of the input samples according to (3.22) and (3.23). Using this result

and an approach similar to that adopted in [77, 86], it is �nally possible to show that

the LoE is equal to

L o =
SNR 

out

SNRout
=

A2
�


 Tp
2�

�

1 � e�

 2

T
2� 2

A2
�


 Fp
2� T

�

1 � e
�


 2
F

2� 2
T

; (3.24)

which is the product of two terms that have the same functional form. The �rst is

the loss caused by time domain processing, whereas the second is the loss caused by

frequency domain processing. In particular, (3.24) can be expressed as

L o = L H
o

�

 Tp
2�

�
� L H

o

�

 Fp
2� T

�
(3.25)

where

L H
o (
 ) =

A2 (
 )
1 � e� 
 2 (3.26)

is the LoE obtained for standard RIM, when the Huber penalty function is applied

only once. This shows that the LoE, expressed in logarithmic scale, is the sum of the

loss caused by the non-linearity in the time domain and loss occurring in the frequency

domain. It is noted that the single domain Huber LoE is always a function of the

normalized threshold, either 
 Tp
2�

or 
 Fp
2� T

. In practical situations, � and � T need to
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be evaluated or estimated. In particular, 
 F has to be selected taking into account the

e�ect of the time domain non-linearity on the variance of the frequency samples.

3.3.2 Frequency then time domain processing

The LoE of DD-RIM when frequency domain processing is performed before time domain

processing can be evaluated using an approach similar to that described in the previous

section.

In particular, in this case it is possible to show that the �nal LoE can be expressed as

L o = L H
o

�

 Fp
2�

�
� L H

o

�

 Tp
2� F

�
(3.27)

where L H
o (�) is the single domain loss de�ned in (3.26) and� 2

F is given by

� 2
F =

1
2

Var f  F (Y [k])g = � 2
�
1 � e�


 2
F

2� 2

�
=

1
2

Var f y[n]g
�
1 � e�


 2
F

2� 2

�
: (3.28)

Eq. (3.27) clearly re
ects the fact that the order of application of the two non-linearities

is inverted with respect to the case considered in the previous section. Also in this

case, the decision thresholds are normalized by the standard deviations of the samples

processed in the two domains.

In order to validate the theoretical results discussed above, Monte Carlo simulations have

been performed and used to estimate the LoE in the two cases discussed. It is noted that

in this case, no interference term was added and the LoE was evaluated considering noise

alone. Fig. 3.4 compares simulation results with the theoretical �nding discussed above.

In the scenarios considered in Fig. 3.4, the normalized thresholds in two domains were

set to be same, which is,
 T
� = 
 F

� T
in time-frequency DD-RIM processing and 
 F

� = 
 T
� F

in

frequency-time DD-RIM processing. Under these conditions, the same loss of expected

for the type of processing.

From Fig. 3.4 a good agreement between theoretical and simulation results can be ob-

served. In particular, simulations and theoretical curves clearly overlap. The dashed

horizontal line in Fig. 3.4 represents the maximum loss that can be obtained using Hu-

ber penalty function. It is obtained by setting the detection thresholds to zero. In this

case, the Huber non-linearity degenerates to the complex signum [76]. When applied in

a single domain, the complex signum non-linearity has a loss equal to�4 or � 1:049 dB.

In DD-RIM, this loss is doubled when expressed in logarithmic scale and it is equal to

L o =
� 2

16
! L ojdB = � 2:098 dB: (3.29)
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Figure 3.4: Loss of E�ciency caused by RIM in Dual Domain

Figure 3.5: E�ective C=N0 obtained in the presence of CW interference and after
applying RIM and DD-RIM.

In Fig. 3.4, theoretical and simulation curves converge to this lower bound for vanishing

small thresholds. As expected, the LoE becomes negligible for large threshold values.

3.4 Simulation results

In order to validate the developed methodology and characterize DD-RIM in the pres-

ence of interference, extensive Monte Carlo simulations were performed. As already

mentioned, the Huber penalty function was used in both domains. Both CWs and DME

signals were considered. On the one hand, a CW is a narrow band interference with
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Figure 3.6: E�ective C=N0 obtained in the presence of DME interference and after
applying RIM and DD-RIM.

energy concentrated on a �xed frequency and therefore it can be regarded as an outlier

in the frequency domain. On the other hand, a DME signal is a sequence of modulated

pulses with a bandwidth of about 1 MHz. Given the structure of DME signals, it has

mixed characteristics and it can be potentially mitigated in both time and frequency

domains by RIM techniques. For both CW and DME interference, the e�ectiveness of

the Huber's non-linearity coupled with DD-RIM is analysed in terms of post-correlation

SNR.

For the CW case, considered in Figure 3.5, the post-correlation SNR is computed for

a varying interference power corresponding to di�erent Jamming to Noise power ra-

tio ( J=N ) values. From the �gure, we note that the best performance is achieved when

a single non-linearity is applied directly in the frequency domain. This result was ex-

pected as CWs are maximally concentrated in the frequency domain. Despite this fact,

the use of DD-RIM does not signi�cantly degrade interference mitigation performance.

Indeed, this type of test was performed to assess the potential performance degradations

introduced by DD-RIM when dealing with signals with a sparse structure in a speci�c

domain.

In the DME case, as shown in Figure 3.6, the post-correlation SNR is provided as a

function of the DME power, which is here expressed in terms of the distance from

the DME emitter to the jammed GNSS receiver. The received DME power was mod-

eled in the simulations through the Free-Space Path Loss Model (FSPLM). In general,

RIM in one domain is not able to e�ectively mitigate DME signals and DD-RIM pro-

vides the best performance as compared with single-domain RIM techniques. The most
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Figure 3.7: Experimental setup considered where a jamming device is a�ecting the
processing of Galileo E5b frequencies [2].

e�ective approach is obtained when time-then-frequency domain processing is imple-

mented. More speci�cally, time-then-frequency domain processing performs better than

frequency-then-time domain processing. In the former, after time processing, the result-

ing signal is still relatively sparse in the frequency domain and thus it can be further

mitigated using a robust non-linearity. In the second case, frequency processing does

not produce an interfering signal that is sparse in time and that can be exploited by

RIM in that domain.

3.5 Experimental Result

The DD-RIM approach was further analyzed using real GNSS signals a�ected by jam-

ming. A wideband jammer (spanning around 15 MHz) was placed inside a shielding box

whose output was connected to a signal combiner and mixed with real GNSS signals.

Analogue signals a�ected by jamming were collected using a Universal Software Radio

Peripheral (USRP) 2, as shown in Fig. 3.7. The speci�c case of the Galileo E5b modula-

tion was considered in order to analyze the e�ectiveness of DD-RIM for the processing of

wideband GNSS signals. The jamming power was progressively increased as a function

of time using a variable attenuator.

Fig. 3.8 shows sample results obtained by processing the data collected according to this

experimental setup. From the �gure, it emerges that, after 600 seconds from the start of

the experiment, RIM in the frequency domain is unable to provide su�cient mitigation
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Figure 3.8: Performance comparison of RIM techniques applied in time, frequency,
and time-then-frequency on real Galileo E5b data and a wideband jammer [2].

capabilities and the receiver loses lock. In this case, DD-RIM provides a gain of about 5

dB in terms of estimated C=N0 with respect to the second best mitigation strategy, which

is RIM applied in the time domain alone. These results further support the e�ectiveness

of DD-RIM for the mitigation of interfering signals with mixed characteristics.

3.6 Summary

This chapter presented an innovative approach to interference mitigation in which RIM

is used in two di�erent domains, therefore the dual-domain name given to this tech-

nique. While the chapter focuses on the time and frequency domains, other transformed

domains can be considered as well. Various practical design choices were discussed as

well as the theoretical characterization of DD-RIM in terms of LoE under nominal con-

ditions when interference is not present. Additionally, the methodology was validated

under realistic scenarios consisting of CW and DME signals with notable results in

rejecting such jamming signals on a GNSS receiver. Finally, the analysis was comple-

mented with real data processing, highlighting the potential bene�ts of adopting the

proposed methodology in combating a variety of interfering signals.



Chapter 4

Robust Interference Mitigation

for Direct Position Estimation

The conventional approach to process GNSS signals is a 2SP process, where the so-called

CAF is computed and maximized as a function of time delay and Doppler shift of each

in-view satellite [6, 37, 87]. The GNSS solution including position and velocity of a

GNSS receiver is then calculated based on the time delay and Doppler shift from the

�rst step. Despite of the generality and e�ciency of the 2SP approach, the fact that

intermediate measurements (Doppler shift and time delay) are used would degrade the

performance compared with the case when position is directly estimated in one step,

which is the DPE approach. This is proved in [88, 89] showing the performance of DPE

approach can never be worse than the 2SP approach. One of the main bene�ts of DPE

processing is that receivers can increase their senstivity, thus being able to operate at

lower signal-to-noise ratios compared to their 2SP versions [90].

DPE for GNSS was �rst proposed in [91]. This approach is based on the fact that

time delays and Doppler shifts of all satellites are intimately related to one another

through the GNSS solution of receiver. Considering the CAF as a function of PVT

of GNSS receiver, the PVT results can be acquired in just one step by maximizing

the CAF. Compared with conventional 2SP approach, DPE approach has following

advantages [90]: i ) no intermediate measurements: as discussed above, 2SP approach

needs to estimate Doppler shift and time delay parameters for GNSS solution, which

brings potential correlation among channels and propagation e�ects. Those errors would

cause further distortions in GNSS solution through non-linearity; ii ) lower dimension

size: since 2SP approach needs to estimate Doppler shift and time delay of every available

channel, the dimension size can simply increase to a larger value especially in a multi-

constellation receiver, while DPE approach only need to estimate PVT solution; iii )

41
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simpler syncronization problem: The prior information from the tracking loops in 2SP

approach is generally applied as an involved task [9] and would need extensive test-�eld

campaigns to generate relevant data [92], and the algorithm needs to clarify among

di�erence synchronization evolution models based on the dynamics of receiver. This is

much more di�cult compared with the case when the parameter of interest is the user's

position itself, with each parameter has their own physical meaning to aid the inclusion

of side information; iv ) robustness, DPE approach is more robust than 2SP approach

against interferences, given the estimation of position is jointly performed taking into

account measurements from all in{view satellites [91, 93].

However, regardless of the robustness of DPE compared with 2SP approach, the inter-

ferences can still cause a degradation to its performance. Such interferences, such as

intentional jammers or unintentional interferences [4], become challenging threats in the

GNSS processing chain. Despite of the fact that jammers are illegal devices in most

(not all) countries, they are very easy to built and cheap to buy, those devices can cause

a large-area disruption to GNSS-based services (in kilometers level). In addition, un-

intentional interferences can also be a problem in GNSS positioning. For example, the

DME signal, which is essential in aircraft navigation, or other technologies are known

to interfere GNSS signals [81, 94, 95]. Therefore, the research of interference mitigation

techniques have been triggered recently.

In terms of the 2SP approach, a classical jamming signal mitigation method is IC, in

which the detection, estimation and reconstruction of the interference waveform is done.

For instance, pulse blanking and (adaptive) notch �ltering [96, 97] are the two typical

and popular IC methods. However, the drawback of this approach cannot be neglected,

where detection and estimation are two possible causes of failure during processing, and

that there is a need to make assumptions on the jamming signal waveform [51]. To

overcome those drawbacks, a robust statistics based approach was investigated, where

interferences are regarded as outliers. It is referred to as RIM approach, in which the es-

timation of the interference waveform and its detection can be avoided. The concept was

�rst implemented in [75], where the RIM approach acts as a �lter to mitigate pulsed

interference as outliers in received signal. In [75], the myriad ZMNL was derived by

substituting the classical Gaussian assumption with Cauchy assumption on the jammed

input signal, while the complex signum ZMNL, is derived under a Laplacian model in

[98]. Both works apply their ZMNLs in time domain, under a more relaxed assumption

of heavy-tailed probability density function (PDF) to the noise statistics, modelling large

outliers in the sampled signal. Then, [77, 78, 99] explored the use of Huber's ZMNL in

transformed domain instead of the time one. Furthermore, [2] studied Huber's ZMNL

in multiple domains, both time and transformed, which was referred to as DD-RIM.
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Recently, [100] has discussed the jointly use of RIM approach and other typical interfer-

ence mitigation techniques in multi-layer multi-constellation GNSS processing. In this

paper, we study the potential of RIM approach in DPE processing, considering Huber's

ZMNL to single- and dual-domains, exploring the performances of them in the presence

and absence of di�erent kinds of jamming signals. Speci�cally, intentional CW jamming

signal and DME interference signal.

In summary, the main novel contributions of this article with respect to previously

published works are:

ˆ A robust DPE receiver solution that mitigates interferences through the incorpo-

ration of RIM methodology. This results in a novel GNSS receiver framework that

features high-sensitivity and interference rejection.

ˆ Analysis of the LoE of such approach in terms of the CRB degradation under a

direct-positioning framework.

ˆ Performance analysis of a speci�c RIM method (based on Huber's non-linearity)

under direct-positioning framework against CW and DME interferences, validating

the theoretical results.

The remainder of the paper is organized as follows: Section 4.1 describes the signal

model for both GNSS and interference signals, as well as recalls the basics of DPE

processing. Section 4.2 contains the main contribution, showing the application of RIM

to DPE. Section 4.3 provides a discussion and the derivation of LoE of RIM under DPE,

which corresponds to the degradation of using RIM when there is no interference present.

Section 4.4 details the simulation experiments and corresponding analysis. Finally, the

paper concludes with �nal remarks in Section 4.5.

4.1 Signal models and direct-positioning background

This section provides a discussion on the signal models for GNSS signals and interference

signals that are used later in the article. Particularly, we formulate the signal model for a

generic intentional jammer and the DME signal, the latter being a type of unintentional

interference that is explored in the simulations result. This section also provides a review

of DPE signal processing, which will be augmented with the RIM approach in Section

4.2.
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4.1.1 Signal Model

As described in [90, 101], the complex baseband equivalent of the received signal at an

antenna can be modeled as the summation of several scaled, structure-known signals

with time delay and Doppler shift as shown below:

x(t) =
MX

i =1

� i ci (t � � i )ej (2�f d;i t+ � i ) + � (t) + i (t) (4.1)

where M is the number of satellites that are visible to the receiver, the index i 2

f 1; � � � M g denotes each satellite,� i is the complex amplitude containing phase informa-

tion, ci (t) is the complex navigation signal spread by the corresponding PRN code,� i is

the time delay from the satellite to the receiver, f d;i is the Doppler shift, � (t) denotes

AWGN signal with double sided spectral density N0=2, and � i denotes the phase shift

introduced by the communication channel, which is regarded as an unknown parame-

ters alongside� i and f d;i . In the absence of interference� (t) is the dominating random

term and the reason for assuming thatx(t) follows a Gaussian distribution. When an

interference is present,i (t), the noise component� (t) + i (t) would incorporate both con-

tributions. In this paper, i (t) is modeled as a generic signal, and can be, for instance,

a CW jamming signal or a DME interference signal as will be described later in this

section. The covariance of the noise is de�ned as

E
�

� (t)� (t)H 	
= � 2

n : (4.2)

It is noted that the noise signal is circularly-symmetric complex Gaussian such that the

real and imaginary parts have the same variance� 2
n=2. After sampling at a suitable rate

f s = 1
Ts

that satis�es the Nyquist criterion, the resulting complex discrete-time sequence

is:

x[n] =
MX

i =1

� i ci (nTs � � i )ej (2�f d;i nTs + � i ) + � [n] + i [n] (4.3)

4.1.2 Interference signal

The baseband interference signal,i [n], can assume di�erent forms depending on the type

of source generating it [79, 102]. A wide class of interference signals can be modeled as

i [n] = � I ej 2�f I [n]nTs + j� I [n] ; (4.4)

that is, signals with a constant amplitude, � I , and a time-varying frequency/phase,

f I [n] and � I [n] respectively. For instance, CW interferences can be modeled as (4.4)

with some constant parametersf I [n] = f CW = const and � I [n] = � CW = const. When
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Figure 4.1: Example of DME signal waveform with normalized amplitude.

the interference amplitude is assumed constant, the signal model (4.4) is not able to

capture pulsed signals such as DME components. Due to its relevance in the context of

GNSS, DME signals are speci�cally discussed in the next section.

4.1.3 Distance Measurement Equipment signal model

DME is used to measure the distance between aircraft and ground station by measuring

the propagation delay between a DME interrogator equipment onboard the aircraft and

a transponder at the ground station. It operates in four modes: X, Y, W and Z, between

960 MHz and 1215 MHz in an ARNS band [81]. In particular, the X-mode replies in

1151� 1213 MHz, which thus overlaps with the GNSSE5 and L5 bands. For this

reason, GNSS signal reception in theE5 and L5 band can be degraded by DME signals.

Therefore, DMEs replying in X-mode can interfere with GNSS signal reception and

should be mitigated.

DME signals are composed of pulse pairs and Fig. 4.1 shows one pair of DME signal in

time domain. As shown in the �gure, considering its short time duration and high peak

power, the DME signal can be regarded as an outlier in the time domain. Moreover,

when considering its PSD in [81], DME signals can also be considered as an outlier in

the frequency domain due to its high power concentrated in a narrow band. More details

of the parameters and modeling of DME signals can be found in [81, 103].
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4.1.4 Direct Position Estimation

The signal model in (4.1), typically considered in most receiver designs [6], assumed

that delay and Doppler are constant within an observation window (the integration

interval). However, in practice, these quantities evolve over time as a consequence of

their physical interpretation [104]. We review this in this section, while we notice that

time delay and Doppler shifts can be parameterized by the position of the receiver, as

well as the time-varying positions and velocities of the satellites. Particularly, the time

delay { or the signal propagation time {, is related to the distance between the satellite

and the receiver. Consequently, the pseudorange observable� i = c� i is modeled as

� i = %i (p) + c(�t � �t i ) + � i ; (4.5)

%i (p) jjp � pi jj between the i -th satellite, lo-

cated at position pi = ( x i ; yi ; zi )> ,

and the receiver, whose positionp =

(x; y; z)> is unknown;

c is the speed of light in m/s;

�t the unknown receiver clock bias with re-

spect to GNSS time;

�t i the i -th satellite clock bias with respect

to GNSS time given by the ephemeries;

and

� i a random term including ephemeris er-

rors, atmospheric-induced delays, rela-

tivistic e�ects, and other unmodeled er-

rors.

The Doppler shift is the di�erence between the observed carrier frequency and its nom-

inal value at transmission. The Doppler e�ect is caused by the relative motion between

the receiver and the corresponding satellite. The Doppler shift can be modeled as

f d;i = � (v i � v)> u i (1 + _�t )
f c

c
; (4.6)

where v i = ( vx;i ; vy;i ; vz;i )> is the velocity vector of the i -th satellite, v = ( vx ; vy ; vz)>

is the velocity of the receiver, _�t is the clock drift of the receiver, and u i denotes the

unit vector from the receiver pointing to the i -th satellite as u i = p i � p
jj p i � pjj , where jj � jj

denotes the`2-norm of a vector and f c denotes the carrier frequency of the transmitted

GNSS signal.
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As shown in (4.5) and (4.6), the delay � i and Doppler shift f d;i of the i -th satellite

are functions of the position p and velocity v of the receiver. More generally, if we

gather all dynamics-related unknown parameters into a vector� (for instance, � = p or

� > = ( p> ; v> ) [90]), the signal model in (4.1) can be parameterized by�

x(t) =
MX

i =1

� i ci (t � � i (� ))ej (2�f d;i (� )t+ � i ) + � (t) + i (t) (4.7)

After sampling at a f s = 1
Ts

that satis�es the Nyquist criterion, the resulting discrete-

time complex signal is:

x[n] =
MX

i =1

� i ci (nTs � � i (� ))ej (2�f d;i (� )nTs + � i ) + � [n] + i [n] (4.8)

DPE solves for the Maximum Likelihood (ML) estimation of � , given the model in (4.7).

It can be seen [90] that maximizing such likelihood is equivalent to minimizing the cost

function:

�( � ) =
N � 1X

n=0

jx[n] �
MX

i =1

� i ci (nTs � � i (� ))ej (2�f d;i (� )nTs + � i ) j2 (4.9)

Following the derivation from [90], the estimate of � is

�̂ = arg max
�

8
<

:

MX

i =1

�
�
�
�
�

N � 1X

n =0

x[n]ci (nTs � � i (� ))e� j (2 �f d;i ( � )nT s )

�
�
�
�
�

2
9
=

;

= arg max
�

(
MX

i =1

jCi (� )j2
) (4.10)

where Ci (� ) is the so-called CAF of the i -th satellite [6], de�ned as the correlation

between the received samples and the local code, in this case parameterized by� . Notice

that when carrier-phase is also parameterized by� the resulting cost function would be

di�erent, in which case high-accuracy DPE would be enabled [105]. In this work we

restrict to the typical DPE case where phase is considered unknown but independent of

� [90].

4.2 Robust Interference Mitigation and direct-positioning

This section discusses how the RIM approach can be incorporated in DPE approach.

Particularly, its applicability in various domains is treated, namely: Time Domain (TD)

and Dual-Domain (DD). At a glance, RIM modi�es the maximum likelihood cost func-

tion that typically results in (4.10) using a nonlinear function � (�), which produces

estimates that are more robust to outliers. In this case, outliers are interference signals
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Figure 4.2: Generic block diagram of RIM processing on signal samples.

that are stronger than GNSS signals and sparse in one or several of the aforementioned

domains [51]. In practice, RIM results in a variation of the CAF, which is referred to as

a Robust CAF and denoted asC�;i (� ) for the i -th satellite (cf. Appendix 4.A). In the

context of DPE, the resulting robust estimation of the parameters in � is then

�̂ = arg max
�

(
MX

i =1

jC�;i (� )j2
)

(4.11)

where the de�nition of depends on the time of RIM processing performed, as detailed in

the following subsections. Notice that, in the case of 2SP, the RIM solution resembles

(4.11) with the exception that there is no sum over satellites and that the CAF is

parameterized by time delay and Doppler shift instead of� .

4.2.1 RIM in TD

In RIM processing, the ZMNLs can be applied in general TDs, which is depicted in

Fig. 4.2. A linear transform, T 1, is used to project the interference component into a

domain such that it occurs as a sparse representation, where only a limited number of

samples are a�ected. TransformT 1 produces the TD samples

X [k] = T 1(x[n]): (4.12)

The change of index, fromn to k, is a notational convention adopted to indicate that the

input samples, x[n], have been brought to a di�erent representation domain. Following

T 1, a ZMNL is used to reduce the impact of outliers in the TD. A generic ZMNL is

denoted here as� z(�) and produces the samples

X � z [k] = � z(X [k]) : (4.13)

Finally, a second linear transform, T 2, is applied to the samples,X � z [k] to obtain new,

�ltered time domain discrete-time signal. T 2 inverts the e�ects of T 1 and brings back
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the samples to the time domain. The output of T 2 is denoted here as

�x[n] = T 2(X � z [k]): (4.14)

Therefore we can say thatT 1 and T 2 are inverse operators,T 1 � T 2 = I , where I is

the identity operator. Note that the above TD formulation is general and encompasses

di�erent alternatives such as time domain (when both T 1 and T 2 are identity operators)

or frequency domain (when T 1 is a FFT matrix and T 2 is the Inverse Fast Fourier

Transform (IFFT)) processing. RIM aims at reducing the impact of an interference i [n]

on the cleaned samples, �x[n], which are used for the computation of the robust CAF

[75]. Following the procedure shown in Appendix 4.A, a robust CAF after TD-RIM can

be computed as:

C�;i (� ) =
N � 1X

n=0

�x[n]ci (nTs � � i (� )) e� j 2�f d;i (� )nTs ; (4.15)

which can be then used to solve for DPE's positioning solution in (4.11).

In essence, the robust CAFC�;i (� ) applies a preprocessing to the data by means of a

nonlinear function � z(x[n]). A variety of nonlinearities can be employed to pre-process

the signal that constructs the so-called robust CAF, as reviewed in Appendix 4.B.

4.2.2 RIM in DD

Following the approach proposed in [2] for two-steps processing schemes, this section

describes the implementation of ZMNLs in two consecutive domains, referred to as

DD-RIM. It can be regarded as a cascade of two TD RIM processing blocks, for instance

time and frequency domains. In particular, a doubly robust CAF is obtained as follows:

C�;i (� ) =
N � 1X

n=0

�x[n]ci (nTs � � i (� )) e� j 2�f d;i (� )nTs : (4.16)

where �x[n] are the time domain samples obtained after the sequential nonlinear process-

ing on time and transformed domains as shown in Fig. 4.3, mathematically described

as

�x[n] = T 2 (� zF (X [k])) (4.17)

where

X [k] = T 1 (� zT (x[n])) (4.18)

In this section, T 1 and T 2 are speci�ed as FFT and IFFT, to bring the signal from the

time to the frequency domains and vice versa. In general, other pairs of transformations
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Figure 4.3: DD-RIM with ZMNLs applied successively in the time and frequency
domains. Green boxes indicate the application of a ZMNL and yellow boxes denote a

linear transformation of the signal.

Figure 4.4: DD-RIM with ZMNLs applied at �rst in the frequency and then in the
time domain.

could be used [51]. Estimates of the signal parameters are then obtained by maximizing

the robust CAF as in (4.10).

As shown in Fig. 4.3, the received signalx[n] is processed �rst with � zT (�) and then

transformed into the frequency domain where� zF (�) is applied to get � zF (X [k]). In-

tuitively, the �rst nonlinearity would be in charge of mitigating outliers in the time

domain (e.g. pulsed interferences) and the second nonlinearity of doing so in frequency

(e.g. continuous wave interferences). The resulting cleaned signal, �x[n] = � zF (X [k])

can be used to compute the robust CAF (4.16) used for DD-RIM DPE processing as in

(4.10). Conversely, Fig. 4.4 shows an alternative DD-RIM con�guration, where the non-

linearities order is changed. In Fig, 4.4, DD-RIM approach is applied in the frequency

domain �rst and then in the time domain. In detail, received signal x[n] is transformed

into the frequency domain signal, obtaining X [k], which then is processed with RIM

technique � zF (�) and transformed back into the time domain where a second ZMNL

� zT (�) is applied.

4.3 Loss of E�ciency

In robust statistics, an importance performance metric is the so-calledloss of e�ciency ,

or LoE for short. The LoE is the performance of the estimator under nominal conditions,

which in the context of this work is in the absence of an interference. The rationale is to
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quantify the degradation of the robust method, compared to the optimal method when

the nominal conditions hold. Ideally, one would like that LoE to be small. Previous

works on RIM considered the output SNR degradation in the absence of interferences

for a number of ZMNLs [78]. Notice that in the DPE case, this approach is less intuitive

since the robust methodology is used to compute a position solution jointly processing

satellite signals. Therefore, in this article we derive the LoE for DPE-RIM in terms of

its CRB degradation, which we will show it is indeed related to the SNR degradation

of two-steps RIM. To achieve that result, the section �rst presents the CRB without

RIM and then, secondly, the achievable CRB when RIM is considered. In particular we

focus on Huber's nonlinearity due to its superior performance [2, 78]. transformations

are considered. The LoE is then established as the di�erence between the former CRB

and the RIM-based solutions.

4.3.1 Non-RIM

In order to obtain a more compact expression to compute the bound, we express (4.3)

in vector form. Notice that, given that we are studying the LoE, the interference i [n] is

not accounted for. The resulting signal model is

x = C (� )� + � ; (4.19)

where � = [ � 1; � 2; � � � ; � M ]> 2 CM � 1 is the complex-value amplitude vector of each

signal; the N signal samples are gathered inx = [ x[0]; � � � ; x[N � 1]]> 2 CN � 1 and � 2

CN � 1 is a vector ofN AWGN samples, each drawn fromCN(0; � 2
n ). C = ( c1; c2; � � � ; cM ) 2

CN � M is the joint local replica, in which each column is generated for corresponding

satellites and each row is generated for di�erent sampling instants. More concretely, we

have

ci =

2

6
6
6
6
6
4

si (� � i (� ))

si (Ts � � i (� ))e(j 2�f d;i (� )Ts )

...

si ((N � 1)Ts � � i (� ))e(j 2�f d;i (� )( N � 1)Ts )

3

7
7
7
7
7
5

: (4.20)

Considering this vector form for the received signal model, the log-likelihood function is

proportional to

L (x j� ) = �
1

� 2
n

[x � C (� )� ]H [x � C (� )� ] : (4.21)

Following the same derivation as in [106], the Fisher Information Matrix (FIM) is

I (� ) = 2 P > �� P : (4.22)
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� = diag( 
 > ) = diag([SNR 1; SNR2; � � � ; SNRM ]> ) 2 RM � M = kout �diag([SNRout
1 ; SNRout

2 ; � � � ; SNRout
M ]> ) 2

RM � M is the diagonal SNR matrix, where SNRi denotes the prior-correlation SNR of

the received signal from thei -th satellite

SNRi =
1

� 2
n

N � 1X

n=0

! �
i (� )k� i k2! i (� ) =

1
� 2

n

N � 1X

n=0

k� i k2s2
i (� ); (4.23)

and SNRout
i denotes the corresponding post-correlation SNR whilekout is a scale pa-

rameter depending on the correlation form (i.e. correlation period, coherent correlation,

noncoherent correlation). The mean quadratic bandwidth (MQBD) of the signal, � 2
i , is

de�ned as

� 2
i =

N � 1P

n=0
s02

i [n]

N � 1P

n=0
s2

i [n]
=

Es0

Es
; (4.24)

such that � = diag([ � 2
1; � 2

2; � � � ; � 2
M ]) 2 RM � M is the matrix form of MQBD. Typ-

ically, for a given GNSS constellation, a modulation scheme and a �xed bandwidth,

the MQBD values are known and equal across signals of the same type. In other

words, � = � 2I 2 RM � M if the M satellites are from the same constellation/signal.

P (� ) = [ P >
1 (� ); P >

2 (� ); � � � ; P >
M (� )]> 2 RM � 3 is the concatenation ofP i (� ) from each

satellite. Recall that the inverse of the FIM in (4.22) provides the CRB for the param-

eters in � .

4.3.2 RIM in Time Domain

Comparing equation (4.10) and (4.11), we can identify that the di�erence between those

two solutions (i.e. non-RIM and RIM) is the ZMNL � z(�) applied to the received signal

x[n]. Note that the same optimal solution for estimating � could be obtained whenx[n]

is assumed as a heavy tailed distribution and when� z(x[n]) is assumed to be Gaussian

distributed. This section provides a CRB result under that assumption, which is then

compared to the CRB in Section 4.3.1 to quantify the LoE.

In the previous section, we had a likelihood distribution of the formx j� � N (C (� )� ; � 2
n I ).

Once the nonlinearity is applied to the data, the resulting likelihood is derived in Ap-

pendix 4.C as � z(x )j� � N (C (� ) �� ; �� 2
n I ), where �� is the distorted signal amplitude

after the preprocessing and �� 2
n is the modi�ed noise variance, related to the original
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parameters by [77, 78]:

�� = �

"

1 � e
�

T 2
h

2� 2
n +

p
�

2
Thp
2�

erfc
�

Thp
2� n

� #

(4.25)

�� 2
n = � 2

n

"

1 � e
�

T 2
h

2� 2
n

#

: (4.26)

when the ZMNL is Huber's (cf. Appendix 4.B), with this relation changing depending

on the class of nonlinearity.

Under the assumed Gaussian model after applying the ZMNL to the data, the corre-

sponding FIM is:

I � (� ) = 2 P > � �� P ; (4.27)

where �� = diag( �
 ) = diag([ �SNR1; � � � ; �SNRM ]> ) = kout � diag([ �SNRout
1 ; � � � ; �SNRout

M ]> ) 2

RM � M is composed of the SNRs of the satellites computed as in (4.23), but with the

modi�ed parameters in (4.25) and (4.26).

Therefore, the CRB after Huber's nonlinearity is applied to x[n], in the time domain,

would be given by I � 1
� (� ).

In order to de�ne the LoE of the robust method, we consider the losses in (4.25) and

(4.26) impact on the post-correlation SNR of each satellite as a reduction byL(�; T h) =
�SNRout

i
SNRout

i
; i 2 f 1; : : : ; M g. As a consequence, it is easy to see thatI � 1(� ) = I � 1

� (� ) �

L (�; T h).

4.3.3 RIM in Transformed Domain

Following the processing chain in Fig. 4.2, we have �x[n] as the output signal when the

ZMNL function is applied in the transformed domain (in this case, the frequency domain

which is the most common transformed domain in GNSS) [107]. Given the fact that

T 1 is a linear transformation, X [k] is still Gaussian with expected valueEf X [k]g and

variance Varf X [k]g. For instance, after the Huber's nonlinearity � z(�), the mean and

covariance of the resulting variable are modi�ed as[78]:

Ef � z(X [k])g = Ef X [k]g

"

1 � e
�

T 2
h

2� 2
n +

p
�

2
Thp
2�

erfc
�

Thp
2�

� #

(4.28)

Varf � z(X [k])g = Var f X [k]g
�
1 � e�

T 2
h

2� 2

�
: (4.29)
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When transforming the signal back to time domain, through the use of the linear trans-

formation T 2, several frequency samples� z(X [k]) are combined to form the di�erent

time samples, �x[n]. By virtue of the CLT, [108] the resulting time domain signal �x[n]

can be considered to follow a Gaussian distribution as well [107]. Considering thatT 2

is also linear transform andT 1 � T 2 = I is the identity operator (this holds for instance

for FFT/IFFT operators), it was shown that �x j� � N (C (� ) �� ; �� 2
n I ) has the same ex-

pected and variance values as in (4.25) and (4.26). Following the same procedure as

in earlier subsections, the FIM and CRB expressions can be obtained, respectively, as

I � (� ) = 2 P > � �� P and CRB � (� ) = I � 1
� (� ).

4.3.4 RIM in Dual Domain

Given the Gaussian assumption in RIM time domain processing and the CLT in RIM

transformed domain processing, we can assume our processed signal �x[n] as Gaussian

distribution after RIM at DD following a similar derivation as in earlier subsections

[2]. Therefore, the log-likelihood of processed signal after RIM DD processing is�x j� �

N (C (� ) �� ; �� 2
n I ) where

�� = �

"

1 � e
�

T 2
h

2� 2
n +

p
�

2
Thp
2� n

erfc
�

Thp
2� n

� #2

(4.30)

�� 2
n = � 2

n

�
1 � e�

T 2
h

2� 2

� 2

: (4.31)

Following the same procedure, we can derive the FIM and CRB asI � (� ) = 2 P > � �� P

and CRB � (� ) = I � 1
� (� ), respectively. �SNRi represents the updated SNR ofi -th satellite

signal under in
uence of RIM method in frequency domain, and �� , the corresponding

SNR matrix.

4.4 Results

Di�erent experiments were run in order to validate the propose RIM DPE methodology.

In particular, we �rst assessed the theoretical LoE of the di�erent RIM 
avours by a

simulation of In-phase and Quadrature (I/Q) samples from 7 GPS L1 C/A satellites.

In this experiment, the SNR of each transmitted signal was set to be the same, with a

sampling frequency off s = 50 MHz and a frontend low-pass �lter of 2 MHz bandwidth.

The receiver was simulated to be still at a �xed location. The LoE was computed by

comparing the increase of RMSE as a function of the CN0 when RIM approaches are

applied in the standard case (that is, when RIM processing is not applied). Without
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Figure 4.5: LoE calculated from RMSE of position estimation under di�erent RIM
processing schemes.

loss of generality, in order to avoid numerical errors, we conducted the LoE experiments

under a moderately high CN0 of 44 dB-Hz for DPE and 50 dB-Hz for 2SP method.

In these simulations, the Accelerated Random Search (ARS) numerical optimization

method was employed to optimize DPE cost function and estimate� [104]. In the 2SP

method, a LS method was used to estimate� using the pseudoranges produced by a

CAF maximization. The RMSE is computed after averaging 5� 104 independent Monte

Carlo experiments. Fig. 4.5 compares the LoE of various RIM approaches, both for

DPE and 2SP methods, as a function of the normalized thresholdTh , an important

parameter in Huber's non-linearity. In the �gure, the black dashed lines represents the

theoretical LoE of both single domain RIM (i.e. either time or frequency) and DD-RIM

approaches, where the line with circle represents DD-RIM approaches and the lines with

triangles indicate single domain RIM. Similarly, the solid lines with circle also represent

the experimentally computed LoE of DD-RIM approaches while those with triangles

indicate experimental LoE of single domain RIM approaches. It can be observed that

both DPE and 2SP approaches share the same LoE, given a RIM processing scheme.

Overall, the results should good agreement between theoretical and experimental LoE,

thus validating our LoE derivation.

Another set of experiments were performed in order to assess the robustness of RIM-

DPE. In particular, simulations considering both CW and DME interferences were

tested, which are discussed here. Similarly as before, a simulation of I/Q samples from

7 GPS L1 C/A satellites was generated, with CN0 = 44 dB-Hz for all. The receiver

employed a 20 MHz bandwidth low-pass �lter and was static throughout the experiment,

which consisted of 50 seconds worth of data.
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Figure 4.6: RMSE of position estimation under di�erent DPE RIM processing tech-
niques in the presence of a CW jamming signal.

Figure 4.7: RMSE of position estimation under di�erent DPE RIM processing tech-
niques in the presence of a DME interference signal.
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Fig. 4.6 shows the various RIM approaches compared with the standard DPE non-RIM

processing in the presence of a CW jamming signal. It can be observed that the case

when RIM is not used, the presence of a CW jamming signal noticeably a�ects the

estimation performance. In contrast, when DPE is used in conjunction with RIM pro-

cessing techniques, the results show relatively stable performances over di�erent CW

power values. From the �gure, we note that the best performance is achieved when a

single non-linearity is applied directly in the frequency domain. This result is consistent

to previous works considering two-steps processing [78], where it was noted that CWs

are maximally concentrated in the frequency domain. Nevertheless, results show that

the use of DD-RIM does not signi�cantly degrade interference mitigation performance.

Similarly, Fig. 4.7 shows the performance of the same set of DPE approaches, in this case

under the presence of a DME interference signal. The received DME power was modeled

in the simulations considering the FSPLM. In general, RIM in one domain was not able

to e�ectively mitigate DME signals and DD-RIM provides the best performance as com-

pared with single-domain RIM techniques. The most e�ective approach was obtained

when time-then-frequency domain processing was implemented. More speci�cally, time-

then-frequency domain processing performed better than frequency-then-time domain

processing. In the former, after time processing, the resulting signal is still relatively

sparse in the frequency domain and thus it can be further mitigated using a robust

non-linearity. In the second case, frequency processing does not produce an interfering

signal that is sparse in time and that can be exploited by RIM in that domain. This

ordering of RIM solutions is, again, consistent with the results for two-steps positioning

reported in [78].

4.5 Conclusions

Interference mitigation is crucial to protect GNSS from both intentional or uninten-

tional interference signals. This paper presented the use of di�erent RIM approaches

within direct-positioning framework, which has the desirable feature of avoiding the es-

timation of the interference signal. This augments the range of applicability of DPE

in interference-rich situations, while DPE is already known to enhance the sensitivity

of GNSS receivers to operate under weak signal conditions. The RIM methodology

leverages results in robust statistics to design a new cross-ambiguity function and, con-

sequently, a novel DPE cost function. In particular, the article explored the performance

when using Huber's non-linearity for complex-valued signals, showing remarkable per-

formance results under CW and DME interferences. This paper provided analytical

expressions for the LoE of DPE RIM, that is, the degradation of performance caused by
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the proposed robust methods under nominal conditions when the interference signal is

not present, showing negligible losses.

Appendix 4.A Parameter estimation under RIM process-

ing

This appendix provides the derivation of the estimator for � and amplitudes � 1; : : : ; � M

under RIM processing in a transformed domain, which results in the optimization of

a robust version of the CAF. To achieve this goal, we take a twofold process. First,

we linearize the general cost function using a �rst-order Taylor, as was done earlier in

2SP works. This is explained in equations (4.34) to (4.35). Secondly, to estimate the

additional amplitude parameters � 1; : : : ; � M , approximations based on the non-linearity

are required, as derived in equations (4.45) and (4.48). Then, both results are combined

in order to obtain a general robust CAF whose maximization would result in the RIM

solution.

In RIM processing, the standard square error function is replaced by other choices that

are able to attenuate the e�ect of model outliers. See Appendix 4.B for an overview

of those considered in the GNSS context of interest in this paper. Generally, the cost

function to minimize under M-estimation framework is:

J � (� ) =
N � 1X

k=0

(� (T 1(x[k] �
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � )nT s + � i ) )))

=
N � 1X

n =0

� ((T 1(x[k]) � T 1(
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � )kT s + � i ) ))

(4.32)

where � (�) is a cost function, which is a design choice that depends on the modeling

assumptions. For instance, if� (�) is j�j 2, we obtain the standard least squares solution,

as shown in (4.10).T 1 is the linear transforms de�ned in Section 4.2-4.2.1. Note that

T 1 is a unitary matrix, satisfying T 1 � T H
1 = I . In other words, T 2 = T H

1 . According

to the fact that received GNSS signals are weak and the signal amplitude� i can be

assumed to be small compared to the noise term,� (�) can be expanded in Taylor series

[75] for small amplitudes. Function � (�) can be regarded as a real function of two real

variables, the real and imaginary parts of the complex signal. That is, with z 2 C we

can express:

� (z) = � (zI ; zQ) (4.33)
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which, for a small increment � z = � zI + j � zQ , can be expressed as

� (z � � z) = � (zI � � zI ; zQ � � zQ)

w � (z) �
@�(z)
@zI

� zI �
@�(z)
@zQ

� zQ

= � (z) � <f � z(z)� z� g

(4.34)

where z� denotes complex conjugate ofz and

� z(z) = � I (z) + j� Q(z) =
@�(z)
@zI

+ j
@�(z)
@zQ

= 2
@�(z)
@z�

(4.35)

� �z(z) = � I (z) � j� Q(z) =
@�(z)
@zI

� j
@�(z)
@zQ

= 2
@�(z)

@z
(4.36)

According to (4.34), (4.32) can be approximated as

J � (� ) w
N � 1X

n =0

� (T 1(x[k])) � <f
N � 1X

k=0

� z (T 1(x[k]))T 1(
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � )kT s + � i ) ) � g

(4.37)

Since the �rst term in (4.37) does not depend on the parameter� , minimizing the cost

function could be transformed into maximizing

Jreal (� ) = <f
N � 1X

k=0

� z (T 1(x[k]))T 1(
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � )kT s + � i ) ) � g

/ <f
N � 1X

n =0

T 2(� z (T 1(x[n]))) T 2(T 1(
MX

i =1

� i ci (nTs � � i (� ))ej (2 �f d;i ( � )nT s + � i ) )) � g

= <f
N � 1X

n =0

~� z (x[n])
MX

i =1

� i ci (nTs � � i (� ))e� j (2 �f d;i ( � )nT s + � i ) g

= <f
MX

i =1

N � 1X

n =0

~� z (x[n])� i ci (nTs � � i (� ))e� j (2 �f d;i ( � )nT s + � i ) g

=
MX

i =1

� i <f
N � 1X

n =0

~� z (x[n])ci (nTs � � i (� ))e� j (2 �f d;i ( � )nT s + � i ) g

(4.38)

which is a function of both � and the amplitudes� 1; : : : ; � M , and ~� z(x[n]) = T 2(� z(T 1(x[n]))).The

proportional symbol in the equation above comes from the Parseval's theorem and the

fact that T 1 and T 2 are linear and can be represented as unitary matrix. To achieve

the optimal estimation of � , we �rst need to estimate the � i :

�̂ i = arg min
� i

N � 1X

k =0

� (T 1(x[k] �
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) ))

= arg min
� i

N � 1X

k =0

� ((T 1(x[k]) � T 1(
MX

i =1

� i ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) ))

(4.39)
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whose derivative with respect to � i is (following the chain rule):

<f 2
N � 1X

k =0

T 1(ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) )� �z (T 1(x[k] � � i ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) )) g = 0

(4.40)

The equation above can be further simpli�ed when one accounts for the properties of

the most common ZMNLs used in RIM processing, as reviewed in Appendix 4.B. For

instance, we can identify that the cost functions are all functions of the absolute value

of a sample. Therefore we can further express (4.33) as:

� (z) = g(jzj) (4.41)

with �rst derivative
� z (z) = 2

@g(jzj)
@jzj

@jzj
@z�

= 2
@g(jzj)

@jzj
z ,

z
h(jzj)

(4.42)

where h(jzj) , 1
2 @g( j z j )

@j z j

, and similarly we have:

� �z (z) = 2
@g(jzj)

@jzj
@jzj
@z

= 2
@g(jzj)

@jzj
z� ,

z�

h(jzj)
(4.43)

It can be seen that (4.41)is satis�ed by the common ZMNL choices, cf. Appendix 4.B,

for instance observing that the di�erent � (�) are a function of the magnitude of the

argument. Using (4.43), we have:

<f 2
N � 1X

k =0

T 1(ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) )
T 1(x[k] � � i ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) ) �

h(jT 1(x[k] � � i ci (kTs � � i (� ))ej (2 �f d;i ( � ) kT s + � i ) )j)
g = 0

(4.44)

Given that � i is relatively small compared to x[n], we have an approximation of the

denominator term in as:

<f 2
N � 1X

n =0

T 1(ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) )
T 1(x[n] � � i ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) ) �

h(jT 1(x[n])j)
g = 0

(4.45)

Considering the unitary property and linearity of the matrices corresponding to T 1 and

T 2, as well as the Parseval's theorem, the equation above can be transformed as:

<f 2
N � 1X

n =0

T 2(T 1(ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) ))T 2(
T 1(x[n] � � i ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) )

h(jT 1(x[n])j)
) � g = 0

(4.46)

leading to

<f 2
N � 1X

n =0

ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) T 2(
T 1(x[n])

h(jT 1(x[n])j)
) � g

� � i <f 2
N � 1X

n =0

ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) T 2(
T 1(ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) )

h(jT 1(x[n])j)
) � g

= <f 2
N � 1X

n =0

ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) ~� z (x[n]) � g

� � i <f 2
N � 1X

n =0

ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) T 2(
T 1(ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) )

h(jT 1(x[n])j)
) � g = 0

(4.47)
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Given that RIM processing is based on the assumption that the interference component

occurs as sparse representation in the processed domain and few samples are a�ected,

we have the assumption thath(jT 1(x )j) / I , where x is a vector with x[n] as its n-th

element. With this assumption, we have

<f 2
N � 1X

n=0

ci (nTs � � i (� ))ej (2�f d;i (� )nTs + � i )T 2(
T 1(ci (nTs � � i (� ))ej (2�f d;i (� )nTs + � i ) )

h(jT 1(x[n])j)
) � g / 2N

(4.48)

leading to

�̂ i / <f
N � 1X

n =0

ci (nTs � � i (� ))ej (2 �f d;i ( � ) nT s + � i ) ~� z (x[n]) � g

= <f
N � 1X

n =0

ci (nTs � � i (� ))e� j (2 �f d;i ( � ) nT s + � i ) ~� z (x[n])g

(4.49)

Substituting (4.49) into (4.38), we have Jreal(� ) as

Jreal (� ) /
MX

i =1

<f
N � 1X

n =0

~� z (x[n])ci (nTs � � i (� ))e� j (2 �f d;i ( � ) nT s + � i ) g2

=
MX

i =1

<fC �;i (� )e� j� i g2

=
MX

i =1

<f
�
�C�;i (� )

�
�ej ( \ C�;i ( � ) � � i ) g2

=
MX

i =1

� �
�C�;i (� )

�
�<f ej ( \ C�;i ( � ) � � i ) g

� 2

=
MX

i =1

� �
�C�;i (� )

�
� cos(\ C�;i (� ) � � i )

� 2

(4.50)

According to (4.50), the cost function is factored in two terms. The �rst is the absolute

value of the CAF and depends only on� . The second term is a cosine which also

depends on� i . The cosine can be maximised by setting with�̂ i = \ C�;i (� ), we can

further convert the optimization of (4.50) to:

�̂ = arg max
�

MX

i =1

jC�;i (� )j2 (4.51)

where C�;i (� ) is the robust version of CAF de�ne as

C�;i (� ) = ~� z(x[n])ci (nTs � � i (� ))e� j 2�f d;i (� )nTs : (4.52)

Appendix 4.B Selected Non-linearities for RIM process-

ing

This appendix provides an overview of some RIM non-linearities considered in the GNSS

context of interest. In GNSS signal processing, the most common cost functions� (z) are
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introduced in [51, 82, 109], among which three of the ZMNLs as well as the corresponding

cost functions are listed in this section as examples:

1) Laplacian model assumption for the likelihood distribution [98]. The cost function

� (z) is:

� (z) = jzj (4.53)

Then, the ZMNL function � z(z) in (4.14) can be obtained as (4.35):

� z(z) =
z
jzj

, � z(z) for z 6= 0 (4.54)

The ZMNL in (4.54) is referred to as complex signumZMNL according to [76]. Further-

more, we have that

� zz(z) =
� z2

jzj3
for z 6= 0 ; (4.55)

as needed with the DPE RIM framework discussed in this paper.

2) Cauchy model assumption for the likelihood distribution [75].The cost function � (z)

is:

� (z) =
3
2

log(K C + jzj2) +
1
2

log(
4� 2

K C
) (4.56)

where K C is referred to as the linearity parameter[110]. The correspondingmyriad

ZMNL is:

� z(z) =
K C z

K C + jzj2
(4.57)

with

� zz(z) =
� K C z2

(K C + jzj2)2 (4.58)

3) M-estimation based on Huber's loss [78]The cost function � (z) is de�ned as:

� (z) =

(
1
2 jzj2 for jzj � Th

Th jzj � 1
2T2

h for jzj > T h
(4.59)

By using (4.35), the resulting ZMNL � z(z) is:

� z(z) , � z(z) =

(
z for jzj � Th

Th csign(z) for jzj > T h
(4.60)

where Th is a decision threshold, that is a tuning constant[82], and csign(z) is de�ned

as:

csign(z) =

(
z

jzj for z 6= 0

0 for z = 0
: (4.61)
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such that

� zz(z) =

(
0 otherwise

Th
� z2

jzj3 forjzj > T h and z 6= 0
(4.62)

Appendix 4.C Maximum likelihood estimation after RIM

non-linearity

This appendix shows the derivation of maximum likelihood estimator of� once the RIM

nonlinearity is applied. The Gaussian model assumption is shown in subsection 4.3. 4.3.2.

To estimate � , the maximum likelihood estimator is applied in (4.63):

�̂ = arg min
�

J� (� )

= arg min
�

[� z(x ) � C (� ) �� ]H [� z(x ) � C (� ) �� ]
(4.63)

where �� is the distorted signal amplitude after the non-linearity processing, related

to the original parameters by [77, 78]. To minimize the cost function, we �rst take

derivative w.r.t. �� and setting it to zero yields to

�̂� = ( C H C ) � 1C H � z(x ): (4.64)

which turns in to �̂� = C H � z(x ), given the property that C H C � I [81]. Substituting

equation (4.64) into equation (4.63), it can be seen that

J� (� ) =
�
� z(x ) � C (� ) �̂�

� H �
� z(x ) � C (� ) �̂�

�

= kC H � z(x )k2 = C�;i (� ) :
(4.65)

which is the vector form of the robust CAF in (4.15). This equality shows that the

Gaussian assumption on� z(x[n]) leads to the same� estimation as under the actual

distribution, as shown in Appendix 4.A. As a consequence, this modeling assumption

can be used to derive the estimation bounds, which greatly simpli�es the calculations.
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Deep learning based GNSS

multipath mitigation

Multipath is a kind of interference occurring when the GNSS receiver receives re
ected

signals in addition to the direct LOS signal. These interference signals are generally

re
ected from the ground, buildings or trees around GNSS receiver. Since it can cause

errors in GNSS processing, especially in the tracking block, several techniques have been

studied for years to mitigate the in
uence of multipath propagation [111, 112, 113].

In GNSS processing, tracking loops are used to continuously estimate the time-evolution

of the signal synchronization parameters (namely, code-delay and carrier-phase). In the

tracking block, correlation between GNSS signal and local replicas of satellite's pseudo-

random codes is a fundamental component that is used to build the so-called CAF, which

the receiver aims at optimizing. The described correlation approach used to compute the

CAF is i ) mathematically simple to implement, but computationally intensive; and ii )

optimal under white-Gaussian noise, but easily spoiled in non-nominal situations, such

as in the presence of outliers for instance due to multipath conditions. In this paper,

we refer to this correlation approach as thenominal case or the standard correlation

process, given it is the one implemented in all current GNSS receivers. Focusing on

distortions due to multipath propagation, as an example, the type of distortions caused

in the CAF are such that time-of-arrival estimates become positively biased due to the

induced extra propagation path [114]. The physics of this propagation problem are

convoluted and depend on many, typically unknown, variables (such as urban/subur-

ban/rural type of scenario, satellite's elevation, or the receiver's speed to name a few).

As a consequence, accurate modeling of the propagation channel is a challenging task

[115]. This article proposes to leverage data-driven DNN models to learn those multipath

models as an alternative to well understood, standard correlation schemes. The main

64
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objective being to enable the receiver to maintain tracking accuracy in multipath-rich

and noise-dominated environments where traditional correlation-based methods would

degrade or even become unreliable.

Figure 5.1: Diagram of a code/carrier tracking loop scheme with standard correlation
method using multipliers and Integrate and Dump (I&D) operators.

Many methods have been proposed in the literature in order to mitigate those e�ects

on standard tracking loops, as depicted in Fig. 5.1. Most of those works are either

studying 1) enhanced discriminator functions, such that the DLL/PLL are less sensi-

tive to multipath e�ects. For instance, the Narrow Correlator [111], the Pulse Aperture

Correlator (PAC) [116], the Double Delta Correlator [112], the Early1/ Early2 (E1/E2)

tracking technique [117] or the Multipath Elimination Technology (MET) [118] are clas-

sical solutions within that approach; or 2) advanced receiver architectures that jointly

estimate the line-of-sight and multipath components for each satellite link, in a typi-

cally computationally complex process. For instance, the Multipath Estimating Delay

Lock Loop (MEDLL) [113], the Vision Correlator [119], the Multipath Mitigation Tech-

nique (MMT) [120], or the use of particle �ltering to discriminate among propagation

paths [104]. These methods can yield to robust correlation and tracking results, how-

ever, it is worth noting that they heavily rely on accurate physics-based models and

deviations from those might cause dramatic degradations in performance. In real-world

experiments, models might result inaccurate in a variety of situations [121]. This chap-

ter proposes to substitute correlation-based CAF computations (which inherently rely

on physics-based models), with correlation schemes purely derived from a data-driven

paradigm in which the complexity of the channel is learned from data.

With the increased popularity of Arti�cial Intelligence (AI), machine learning and deep

learning begin to play an important role in adapting traditional algorithms in a variety

of disciplines, especially when it comes to estimation and classi�cation tasks. At a

glance, deep learning algorithms (for instance, the variety of NNs architectures currently

available) are data-driven models that, instead of using complex-to-derive physics-based
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models, use vast datasets to learn the correlations in the data. Therefore, a computer

uses large datasets to train multiple layers of a NN, in a time-consuming process until

acceptable accuracy performance is achieved. When physics-based models are available,

as is the case for the so-called correlation used in CAF computation, the use of NNs might

seem redundant. However, the appeal of adopting such deep learning methods comes in

situations where a physics-based model is either too complex to use or not available at

all. This is the case of, for instance, multipath channels as motivated earlier.

This chapter focuses on multipath propagation and the ability of GNSS tracking loops

to counteract its e�ects. In that context, there are several works which are primarily

operating at the observable level. Namely, [122, 123, 124, 125, 126, 127, 128] are a repre-

sentative set of works which considered various models at the observable-level, including

Convolution Neural Network (CNN), Adaptive Neuro Fuzzy Inference System (ANFIS)

based algorithm, Support Vector Machine (SVM), Robust Gradient-Boosting Decision

Tree (GBDT), or Long Short-Term Memory (LSTM). Similarly, in addition to the

GNSS measurements-level processing, deep learning can also improve the performance

of signal-level techniques: [32] presented a GNSS signal acquisition method based on

various DNN models and [129] applied a DNN to substitute both discriminator and

correlator in multipath scenarios. This approach was further extended by integrating

the CNN to conduct multipath detection [130, 131, 132] and mitigation [21].

This chapter proposes to substitute the correlation operation in GNSS receivers, a funda-

mental block, by a data-driven model that learns the complexities of multipath channels.

Correlation of the incoming signal with the satellite's local replica is known to be op-

timal under the Gaussian assumption for the random noise term. Unfortunately, this

assumption does not hold in multipath-rich environments where highly correlated repli-

cas distort the so-called CAF in a way that its optimization does not yield to an unbiased

code-delay and carrier-phase estimation. The modeling approach combines a physics-

based model (that is, encoding the information that correlation is optimal under nominal

conditions) with data-driven modeling to learn the departures from the nominal model

under multipath conditions. The data-driven DNN is used to reconstruct a cleaned

version of the CAF. Particularly, a �rst CNN layer is fed with sample-level I/Q signal

which is then followed by an MLP that will produce correlation outputs at arbitrary

delay/phase samples as required by the DLL/PLL operation. The input is therefore

the complex baseband samples and, accordingly, the output provides both in-phase and

quadrature components of the noise-�ltered and multipath-mitigated CAF. The model

learned the distortions due to the multipath propagation channel through exhaustive

training based on single multipath-ray simulation and is tested using the realistic chan-

nel model given by the ITU-R Recommendation P.681[27]. Then, the resulting model

was employed in standard DLL/PLL tracking loops and performance tested. It is worth
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noting that no modi�cations to DLL/PLL algorithms were required since the proposed

model substitutes transparently current correlation blocks. The results show the per-

formance of the proposed NN-based correlation approach considering di�erent kinds of

popular discriminators, as well as di�erent propagation scenarios. A standard tracking

method using correlation-based CAF-computation was also used for comparison over

the same GNSS signal and discriminator, showing that the proposed physics-informed

data-driven CAF method outperforms current the legacy solution.

The chapter is organized as follows. We �rst introduce signal model considered in this

paper in Section 5.1. A brief overview of DNN is discussed in Section 5.2, as well as

the details of the data-driven model proposed here. Parameters of the proposed NN

are discussed in Section 5.3. Simulation results under di�erent scenarios are analyzed

in Section 5.4 to show the advantage of the proposed method. Finally, conclusions are

provided in Section 5.5.

5.1 Signal Model

GNSS signals are spread-spectrum modulated using families of quasi-orthogonal se-

quencesci (�) that both uniquely identify the i -th satellite and enables accurate synchro-

nization at the receiver. Since the processing is typically performed on a per-satellite

basis, in this article and without loss of generality, we assume a signal model that only

considers a single satellite under multipath in
uence and thus we omit index i when

convenient. The signal received by the antenna of a GNSS receiver can be modelled as:

y(t) = x(t; � ) +
MX

j =1

x(t; � j ) + � (t) (5.1)

where

x(t; � ) =
p

2Cd(t � � 0)c(t � � 0) cos(2� (f RF + f 0)t + � 0) (5.2)

is the LOS signal of interest at the receiver. C is the signal power and d(�) is the

navigation message. f 0 is the Doppler shift with respect to the nominal signal RF,

f RF , and � 0 and � 0 model the delay and phase shift introduced by the communication

channel. Notice that � = ( � 0; � 0; f 0)> is a vector that gathers these parameters, which

characterize the useful signal. The second term in (5.1) denotes the possibly multiple

M paths the signal can travel, namely the multipath components. Notice that those

signals have the same parametric form as the LOS signal, however with di�erent phase,

delay, and Doppler values as denoted by vector� j for the j -th path. Finally, � (t) is a

zero-mean AWGN.
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After ampli�cation, �ltering, down-conversion and sampling at f s = 1
Ts

, the signal pro-

vided by the receiver front-end is a baseband complex sequence:

y[n] = x[n; � ] +
MX

j =1

x[n; � j ] + � [n] (5.3)

x[n; � ] =
p

Cd(nTs � � 0)c(nTs � � 0)ej (2�f 0nTs + � 0 ) (5.4)

where n is the time index, and square brackets are used to denote discrete time se-

quences.� [n] is circularly symmetric AWGN with i.i.d. real and imaginary parts, each

with variance � 2, which together makes the total variance of the complex process� [n]

equal to 2� 2. Commonly, � 2 can be modeled as:

� 2 = N0BRx (5.5)

where BRx is the front-end one-sided bandwidth, andN0 is the PSD of � (t), the input

noise in (5.1).

Generally speaking, the task of the receiver is to estimate the parameters in� . Par-

ticularly, acquisition seeks coarse estimates of� 0 and f 0, while tracking outcome is a

more accurate estimate of those parameters,� 0 and the signal power. This is typically

accomplished through ML estimation (MLE), where it is typically assumed that the pa-

rameters in � are piece-wise constant within theN samples ofy = ( y[0]; : : : ; y[N � 1])>

and that the codes have ideal cross-correlation properties so they can be processed in-

dependently at the receiver. It is known that the solution to such estimation process

results in the maximization of the correlation between the received signal and a locally

generated code. This correlation operation is encoded in the so-called CAF, which is

nothing but the correlation between y[n] and the spreading code of thei -th satellite, at

a given delay/Doppler pair (in discrete-time):

Ci (� 0; f 0) =
1
N

N � 1X

n=0

y[n] ci (nTs � � 0)e� j 2�f 0nTs

| {z }
Local replica

; (5.6)

which can be expressed more compactly in vector notation after gatheringN samples

from the samples and the local code asy ; ci 2 CN � 1 as

Ci (� 0; f 0) =
cH

i y
N

; (5.7)

such that Ci (� 0; f 0) = <fC i (� 0; f 0)g + j =fC i (� 0; f 0)g.



Chapter 5. NN based correlation scheme 69

Figure 5.2: Normalized correlation result in the presence of a single multipath replica:
LOS correlation is distorted and biased due to the presence of the multipath component

The CAF is crucial in the acquisition (and tracking) of the satellites' signals. For the

i -th satellite, the MLE of � can be expressed in terms of it as

(�̂ 0; f̂ 0) = arg max
� 0 ;f 0

n
jCi (� 0; f 0)j2

o
(5.8)

�̂ 0 =
�
�
�Ci (�̂ 0; f̂ 0)

�
�
� (5.9)

�̂ 0 = \ Ci (�̂ 0; f̂ 0) ; (5.10)

where ^� 0 is the MLE for
p

2C, the LOS signal amplitude. Notice that (5.10) is in general

not used for positioning until noise is �ltered out by the phase-tracking loops or when

longer integration times can be considered [133]. Such MLE solution is optimal under

AWGN assumptions and in the absence of multipath,y[n] = x[n; � ] + � [n]. However, it

substantially degrades whenM � 2 [6, 40]. The main known e�ect is that the in
uence

of multipath is to bias and distort the CAF that the receiver is using for acquisition

and tracking, as depicted in Fig. 5.2, ultimately impacting the estimation of LOS phase,

delay, and Doppler variables in� .

5.2 Data-driven GNSS correlation

The CAF in (5.6) is optimal under nominal conditions and provides an easy and intuitive

way for the receiver to extract the necessary information from the satellites. In this

article we aim at augmenting that correlation operation, which has strong foundations

rooted on the nominal physical channel, with a data-driven approach that can learn the
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Figure 5.3: A NN architecture composed of input, hidden, and output layers (left) of
neurons (right). In this example, the zoomed neuron has 4 inputs from the previous̀-th
layer, which are weighted accordingly and added before being nonlinearly transformed

through the activation function f ` +1 (�).

complexities of the propagation channel. This section describes the architecture of the

proposed DNN.

5.2.1 Overview of neural network models and notation

Deep learning involves training a model, that consists of a combination of neurons and

layers, by using a large sample of input/output relations referred to as dataset. The

neuron is nothing but a parametric function that weights the inputs (through trained

weights) and then applies a prede�ned activation function. A collection of neurons

forms a layer. In its basic form, a NN consists of an input layer, an output layer, and

an arbitrary number of so-called hidden layers [134].

As shown in Fig. 5.3, a connection between neuronj in layer ` � 1 and neuroni in layer

` is given by the weight w`
ij , which represents the signi�cance of the connection between

layers, and a bias termbi is also applied for output y`
i to become [134]:

y`
i = f ` (bi +

DX

j =1

w`
ij y` � 1

j ) ; (5.11)

where f ` (�) is the activation function and D is the number of neurons in layer` � 1.

Following (5.11), the output of layer ` is a vector:

y ` = f (b ` + W `y ` � 1) = f ` (y ` � 1) ; (5.12)

where b ` and W ` are vector and matrix forms gathering the biases and weights of the

` layer. Thus, the entire NN can be expressed sequentially as a set of nested functions:

z = fL � fL � 1 � � � � � f1(y ) (5.13)
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Figure 5.4: Diagram of the proposed DNN-based correlation scheme, in the dashed
box. The goal is to substitute the standard correlation and its usage in tracking loops

in order to increase the receiver robustness against multipath.

Figure 5.5: Architecture of the proposed DNN model and its �t within the GNSS
receiver architecture. A �rst convolutional layer encodes the physics-based modeling,
while the hidden layers (for both real and imaginary) learns the multipath channel from

data.

where L is the total number of layers, y is the input vector to the NN and z denotes its

�nal output.

5.2.2 Physics-informed, data-driven correlation model

In this article, a DNN is trained speci�cally to substitute the correlation operation in

(5.6) as typically implemented in tracking loops, shown in the dashed box of Fig. 5.1.

More precisely, the general block diagram of the proposed architecture is shown in Fig.
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5.4, where by comparison to Fig. 5.1 it can be seen that the NN model is meant to

substitute the correlation process, also marked in the dashed box. The input to the

DNN is a delayed version of the PRN codeci (nTs � � 0) and the GNSS signal after

carrier wipe-o�. The DNN output is a set of correlation values, where a Prompt and an

arbitrary number of Early/Late samples are then fed to the code/phase discriminators

for DLL/PLL processing. The �rst normalization in Fig. 5.4 is to scale the amplitude of

the signal into the range [0; 1], as is typically done in NNs, and the second normalization

is to re-scale the amplitude back before used in the tracking loops.

The main architecture of the proposed DNN for correlation calculation is shown in

Fig. 5.5. In this DNN, the �rst convolutional layer is �xed with parameters based on

the corresponding PRN codeci to incorporate the information brought by standard

correlation method in (5.7). The convolutional layer is constructed in a way that is

equivalent to the standard correlation process, which can be interpreted as a convolution

between the I/Q samples and the local code, thus ensuring that thephysics of the

problem are kept. Then, the real and imaginary parts of standard correlation result

(implemented now as a convolution layer of a CNN) are fed to two independent and

parallel MLP models for regression. Note that the two regression blocks are the same

NNs. The regression output is then the real or imaginary parts of the noiseless correlation

result with virtually no multipath e�ect. Combining the real and imaginary parts, the

reconstructed CAF is then

CNN
i (� 0; f 0) = <fC NN

i (� 0; f 0)g + j =fC NN
i (� 0; f 0)g (5.14)

such that the estimation of the desired LOS signal parameters can be obtained by

(�̂ 0; f̂ 0) = arg max
� 0 ;f 0

n�
�CNN

i (� 0; f 0)
�
�2

o
(5.15)

�̂ 0 =
�
�
�CNN

i (�̂ 0; f̂ 0)
�
�
� (5.16)

�̂ 0 = \ CNN
i (�̂ 0; f̂ 0) (5.17)

in the usual manner.

In practice, the output of the NN can contain an arbitrary number of correlation outputs,

among which the necessary Early/Prompt/Late samples can be fed to the tracking

loop discriminators. The normalization block before the DNN scales the peak value of

correlation results to one, since the satellite signal generated in training stage was set

to have unit power. Particularly, such normalization can be computed in practice by a
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least squares solution whereby the signal amplitude is estimated as

�̂ = arg min
�

N � 1X

n=0

�
�
�y[n] � �e j� c(nTs � �̂ 0)ej (2� ^f 0nTs )

�
�
�
2

(5.18)

which results in �̂ =
�
�cH

i y
�
� with the local code evaluated at ^� 0 and f̂ 0 from the previous

iteration in the tracking loops. Then the normalization before DNN processing would be

such that y[n]
�̂ becomes the input DNN signal. Conversely, the normalization is undone

at the DNN output as �̂ CNN
i (� 0; f 0)

5.3 Model training , validation and testing

In order to test the performance of the model in Fig. 5.5, a large dataset with rep-

resentative multipath channel realizations was generated. Multipath channel samples

were simulated using the multipath channel model in the ITU-R P.681 recommendation

[27], originally developed by the German Aerospace Center (DLR) [135]. The multipath

channel model provides realizations of the Chanel Impulse Response (CIR) according to

various receiver dynamics, scenario characteristics, and receiver con�gurations. A sam-

ple power and phase realizations is shown in Fig. 5.6, where the blue stem represents

the LOS channel tap and the red taps correspond to multipath propagation channels

for a vehicular urban scenario. Fig. 5.7 shows an example ofjCi (� 0; f 0)j2 the standard

correlation samplesi ) without multipath (blue); and ii ) with the CIR shown in Fig. 5.6,

both under a C=N0 = 45 dB-Hz ( C=N0 denoting the carrier-to-noise-density ratio). It

can be observed a clear bias in the correlation peak due to the multipath in
uence.

For testing purposes, four scenarios were considered depending on the user dynamics

(i.e., pedestrian or vehicular) and whether the receiver was in a urban or suburban

environment. Namely, pedestrian urban; pedestrian suburban; vehicular urban; and

vehicular suburban scenarios. Additionally, a LOS scenario was also generated in the

absence of multipath propagation in order to test the performance of the DNN in the

nominal case. The DNN was tested using data from all those �ve scenarios, yielding a

model that learned nominal and a variety of propagation channels.

The proposed correlation method was tested in the context of standard tracking loops.

For the sake of completeness, di�erent DLL discriminators were considered in order to

measure the performance of the proposed NN-based correlation method. As shown in

Fig. 5.8, when the GNSS signal is perfectly aligned with its local replica, the Prompt

correlation result would correspond toCi (� 0; f 0). In practice, the Prompt sample corre-

sponds toCi (�̂ 0; f̂ 0) with �̂ 0 and f̂ 0 being the most current delay estimates, respectively.
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Figure 5.6: Channel model example in a vehicular urban scenario.

Figure 5.7: Standard Correlation results under C=N0 = 45 dB-Hz in a vehicular
urban scenario. In training, the proposed DNN was fed the LOS correlation as the

output. In red, the standard CAF after the multipath channel in Fig. 5.6.

Similarly, the Early (and Late) correlation sample would be Ci (�̂ 0 � d
2 ; f̂ 0) (for the Late

sample,Ci (�̂ 0 + d
2 ; f̂ 0)) , where d [chips] is typically referred to as the Early-Late (E-L)

spacing.
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Figure 5.8: Early/Prompt/Late correlation samples evaluated on the jCi (� 0; f 0)j2

function.

In this article, the conventional Early-minus-Late discriminator is considered, de�ned

as:

DE � L (�̂ 0) =
jCi (�̂ 0 � d

2 ; f̂ 0)j � jC i (�̂ 0 + d
2 ; f̂ 0)j

jCi (�̂ 0 � d
2 ; f̂ 0)j + jCi (�̂ 0 + d

2 ; f̂ 0)j
(5.19)

where we consideredd = 1 chip as the normalized (wide) E-L discriminator and d = 0 :1

chip as the narrow discriminator. As another point of comparison, the proposed NN

based correlation method was used in conjunction of a popular multipath mitigation

discriminator known as the High Resolution Correlatior (HRC), or double delta. To

keep consistency with the normalized E-L discriminator above, the same normalization

factor was considered:

DHRC (�̂ 0) =
jCi (�̂ 0 � d

2 ; f̂ 0)j � jC i (�̂ 0 + d
2 ; f̂ 0)j

jCi (�̂ 0 � d
2 ; f̂ 0)j + jCi (�̂ 0 + d

2 ; f̂ 0)j
(5.20)

�
1
2

(jCi (�̂ 0 � d; f̂ 0)j � jC i (�̂ 0 + d; f̂ 0)j

jCi (�̂ 0 � d
2 ; f̂ 0)j + jCi (�̂ 0 + d

2 ; f̂ 0)j
: (5.21)

The NN was build as discussed in Section 5.2, with its parameters (i.e., number of layers,

number weights, and activation function) set as detailed in Table. 5.1, with the selected

loss function being the predictive Mean Square Error (MSE). The convolutional layer

is in charge of producingCi (�̂ 0; f̂ 0), the standard CAF, which is fed to the hidden layers

implemented by an MLP to output the enhanced CAF, CNN
i (�̂ 0; f̂ 0). In other words, the

output of the NN is the real and imaginary parts of the noiseless CAF with virtually no

multipath in
uence, formulated as in (5.14). The input of the NN (i.e., the regression
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process) is the corresponding real and imaginary parts of the CAF as produced by the

correlators. In particular, the NN was trained with inputs that correspond to the either

LOS case (i.e., corrupted with noise only) and multipath-in
uenced case (i.e., a�ected

by both noise and multipath re
ections). More precisely, in the current implementation

both CAFs contain 201 correlation samples spaced by 0.025 chips, which is the selected

size of both input and output NN layers. The number of layers of the NN was chosen

after several trials, observing that fewer layers would degrade the performance of the

NN-based method in the tracking loop. More automated approaches to select the NN

architecture can be considered in future works such as the use of Bayesian Optimization

[136, 137]. In the experiments, the NN (hidden layers) is trained and tested with both

real and imaginary correlation results. The training dataset was generated under both

LOS case (30% of data) and multipath-in
uenced case (70% of data). In both cases,

the satellite signal was simulated with f s = 40 MHz, a random residual Doppler shift in

[� 250; 250] Hz, a random time-delay error in [� 0:5; 0:5] chips, a random carrier phase

in [� 0:1�; 0:1� ] radians, and a CN0 ranging from 35 dB-Hz to 45 dB-Hz. Those random

errors are drawn from uniform distributions. Additionally, in multipath-in
uenced case,

a single-ray multipath replica is simulated with a relative time-delay varying from 0 to

2:5 chips and relative amplitude varying from � 1 to 1, compared with the true satellite

signal. The validating dataset was generated with the same parameter setting. Note that

the amount of input-output pairs in both training and validating datasets was 48 � 104.

Also, the input vector consisted of the I/Q samples of a 1 ms integration period, while

the output vector produced 201 samples of the NN correlation functionCNN
i (�̂ 0; f̂ 0).

More precisely, real and imaginary components in (5.14) are produced by two identical

hidden layers which transform real and imaginary outputs of the convolutional layer,

respectively. The test dataset was generated by the aforementioned channel model from

[27], simulating realistic multipath scenarios to assess the performance of the proposed

NN in general scenarios.

5.4 Simulation Analysis

In the experiments, a GPS L5 signal was generated under di�erent scenarios mentioned

in Section 5.3, at a sampling rate off s = 40 MHz and �ltered at 11 MHz. The �ltered

signal was then processed by the GNSS receiver through acquisition and tracking blocks

in order to asses the practical performance of the NN-based correlation method as em-

bedded in a typical receiver architecture. The loop bandwidth of the DLL and PLL

was set to 2 Hz and 30 Hz, respectively. A recording ofT = 50 sec duration was then

generated, and Fig. 5.9 presents the �ltered DLL discriminator error varying with time

as an example to assess the performance of NN-based correlation method in Pedestrian
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Layer Input Output # Weights Activation
dense 201 2048 413696 leakyReLu
dense 2048 2048 4196352 leakyRelu
dense 2048 1024 2098176 leakyReLu
dense 1024 1024 1049600 leakyReLu
dense 1024 512 524800 leakyReLu
dense 512 512 262656 leakyReLu
dense 512 512 262656 leakyReLu
dense 512 512 262656 leakyReLu
dense 512 256 131328 leakyReLu
dense 256 256 65792 leakyReLu
dense 256 128 32896 leakyReLu
dense 128 128 16512 leakyReLu
dense 128 201 25856 |

Table 5.1: Neural network architecture of the hidden layers in the architecture shown
in Fig. 5.5.

Suburban scenario under di�erent CN0s with three di�erent discriminators. An accurate

Doppler and time-delay initialization was considered in order to assess the performance

of the NN-based method when locked. In this �gure, red lines represent NN-based cor-

relation method and blue lines show performance of standard correlation method as a

comparison. Here we can �nd that the NN-based correlation method shares a similar

performance as the standard one in high CN0 case, while outperforms it in low CN0

situations. Given the advantage of NN-based correlation method, a classi�er identifying

LOS/multipath-in
uenced cases is no longer needed here (as it was in our earlier works).

The high spikes in the subplots indicate the occurrence of multipath which is covered

with high noise power or wide correlator, and we can clearly see that the NN-based

correlation method can reduce those spikes and thus limit multipath in
uence. The ex-

planation for those results is on thea priori knowledge that the DNN gathered from the

large training dataset, whereby multipath is learnt and noise is smoothed by a non-linear

mapping. To show more details about NN-based correlation method's performance in

di�erent scenarios, we have Fig. 5.10 and Fig. 5.11 showing the Cumulative Density

Function (CDF) of �ltered DLL discriminator error in log scale for C=N0 = 35 dB-Hz

and 45 dB-Hz, respectively. For the same purpose as above, an accurate Doppler and

time-delay initialization was considered. The solid lines represent standard correlation

results and the dashed lines show performance of NN-based correlation. Three di�erent

discriminators were considered in tracking loops in order to understand the performance

using di�erent tracking loop schemes. In Fig. 5.10 and Fig. 5.11, blue lines represent E-L

discriminator, red lines provide performance of narrow discriminator, while the green

lines show HRC discriminator performance. The di�erent subplots provide results for

di�erent relevant scenarios of the [27] channel model, as well as the no-multipath AWGN
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case. In the two �gures, we can see that when the Doppler and time-delay initialization

was accurate, NN-based correlation method could generally provide a smaller �ltered

DLL discriminator error, indicating a much more accurate delay estimation than the

standard correlation method, in all four multipath-in
uenced scenarios as well as the

LOS scenario, with all three discriminators.

Figure 5.9: Performance comparison of correlation methods measured by 3 di�erent
discriminators under di�erent CN0s in Pedestrian Suburban scenario. Titles of subplots

indicate the discriminator type, correlation spacing and considered CN0.

5.5 Summary

This chapter proposed and discussed the use of deep learning as an approach to sub-

stitute standard correlation methods in GNSS receivers. The proposed DNN model is,

compared to the work in [21], a simpler (no need to have an additional LOS/multipath-

in
uenced classi�er), more versatile (able to learn a variety of propagation conditions),

and features a more intuitive reasoning (an upfront convolution layer encapsulates the

standard correlation method, while the hidden layers learn the complex channel through

data training). Simulations on a tracking loop show that the proposed data-driven ap-

proach can not only learn the GNSS correlation operation, but outperform legacy solu-

tion in virtually all tested scenarios. It is noted that the investigated NN model requires

a multi-correlation scheme, whereby multiple correlation outputs are computed, thus

involving an increased computational cost when compared to standard methods.
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Figure 5.10: Performance comparison of correlation methods measured by 3 di�erent
discriminators in 5 scenarios underC=N0 = 35 dB-Hz.

Figure 5.11: Performance comparison of correlation methods measured by 3 di�erent
discriminators in 5 scenarios underC=N0 = 45 dB-Hz.



Chapter 6

Robust Kalman Filter for RTK

Positioning under

Signal-Degraded Scenarios

State estimation is a fundamental task in a plethora of engineering �elds, ranging from

robotics, guidance and navigation systems, to information fusion or time-series analysis

[5, 138, 139]. For linear dynamic state-space models, the linear minimum MSE estimate

is given by the well known KF, which is optimal under nominal conditions, that is, known

system matrices, known noise statistics and perfect initialization [140]. For nonlinear

systems, the most popular approaches are the family of SPGF under the Gaussian

assumption [141, 142] and sequential Monte Carlo (SMC) methods [143, 144] for general

non-Gaussian models. A fundamental problem of all these well established techniques

is their lack of robustness in case of model mismatch (i.e., misspeci�ed noise statistics

parameters, unexpected impulsive/heavy-tailed behaviours, or di�erent types of outliers

in the state and/or observations), which induces a bias and MSE degradation [145], or

in high dimensional systems [146]. For the latter, a possible solution is to resort to

marginalization strategies (i.e., Rao-Blackwellization) to reduce the dimension of the

space to be explored by the nonlinear �lter [147]. That is the main reason why there is

a continued e�ort and an actual need to develop robust �ltering techniques for real-life

applicability.

To counteract the lack of knowledge for a correct �lter initialization one can set a distor-

tionless constraint, leading to the minimum variance distortionless response estimator

[148, 149]. In the context of constrained �ltering, a linearly constrained KF has been re-

cently proposed to cope with process and measurement matrices model mismatch [150].

Regarding the problems related to high-dimensional spaces, a possible solution is to

80
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use a divide and conquer strategy, concept which has been applied to both SPGF [151]

and SMC methods [152], or the use of Rao-Blackwellization techniques in case of mixed

linear/nonlinear systems [147].

In this contribution, we are interested in nonlinear/Gaussian �ltering problems with

outlier (correlated) measurements. That is, state-space models involving Gaussian dis-

tributions with known parameters under nominal situations ( M 0) and with additional

outliers under non-nominal conditions (M ). More precisely, we consider models of the

form of

x t = f (x t � 1) + � t (6.1)

y t =

(
h (x t ) + � t , under M 0

h (x t ) + � t + ot , under M
(6.2)

where x t 2 Rnx represents hidden (i.e. to be estimated) state of the system;y t =
�

y(1)
t ; : : : ; y(ny )

t

� >
2 Rny is the corresponding observation, whose elements conditioned

on x t might be correlated; � t � N (0; Q t ) is the process noise;� t � N (0; R t ) is the

measurement noise;ot 2 Rny represents outliers on some or all observations iny t ; and

N (� ; � ) denotes a Gaussian distribution with mean� and covariance� . The mappings

h(�) and f (�) are referred to as the process and measurement functions. Several solutions

can be found to tackle this problem under di�erent perspectives, namely:

ˆ Gaussian: consider that the noise statistics are Gaussian but with unknown covari-

ance matrices. In that case one can resort to standard innovations-based techniques

[153] or Variational Bayes (VB) inference [154, 155, 156].

ˆ Non-Gaussian: consider that the noise is heavy-tailed and obtain a robust �ltering

solution via VB approximations [157, 158], or exploiting a hierarchically Gaussian

formulation to obtain approximate Gaussian �ltering solutions. For the latter it

is possible to use Rao-Blackwellization [159], conjugate prior analysis [160] or for

linear systems to resort again to VB approximations [161, 162, 163, 164, 165].

ˆ Nonparametric: consider that the noise distribution is unknown (in contrast to the

previous parametric approaches) and resort to nonparametric Bayesian estimation

techniques such as Dirichlet Process Mixtures [166].

ˆ Robust statistics: consider the standard contamination model arising from robust

statistics where a proportion 1� " of observations follows a nominal Gaussian noise

distribution, and another proportion 0 � " � 1 of observations is contaminated by

an unknown distribution [167]. Within this framework, the KF can be reformulated

as a regression problem and then solved via iterative M-estimation techniques

[71, 168, 169].
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ˆ Detect-and-reject: recently a probabilistic outlier rejection method was proposed

in [170], where the goal is to have a binary indicator to decide whether a (vector)

measurement arises from the nominal noise distribution or it is a contaminated

observation (i.e., outlier). This approach relies on VB inference to jointly estimate

the state vector and an indicator which informs whether the observed data is

legitimate or contaminated.

In this contribution we further elaborate on the methodology proposed in [170] and ex-

tend it to more general problems. One of the main limitations of that work is that even if

it allows treatment of multi-dimensional observations, a scalar indicator is considered for

the entire observation vector, thus accepting/rejecting in its totality regardless of which

entry is corrupted. In this article, the method is generalized to the more comprehensive

case of multiple outlier indicators, accounting for both independent and correlated ob-

servation models (a common problem for RADAR processing [171] or data gathering in

sensor networks [172, 173, 174]).

We �rst introduce the proposed new framework in Section 6.1.1 for the general case

of correlated data, following a VB approximation. This is then particularized to inde-

pendent data in Section 6.1.2, showing that it is indeed a generalization of the work

in [23]. Remarkably, the relation to the original method [170] where a single scalar

indicator was used is detailed in Section 6.1.3, showing as well the generalization of

this contribution. An illustrative example is provided in Section 6.2 where correlated

data is used. More precisely, a code-based GNSS positioning problem [3] is considered

where double-di�erence range estimates are used (causing the observations to become

correlated). Finally, conclusions are discussed in Section 6.3.

Notation

Italic indicates a scalar quantity, as in a; lower case boldface indicates a column vector

quantity, as in a; upper case boldface indicates a matrix quantity, as inA . The ma-

trix/vector transpose is indicated by a superscript (�)> as in A > . The trace operator is

denoted as Tr(A ) and hA i represents the expectation ofA . Ebf g(a)g represents the ex-

pectation of g(a) over the distribution of b, and we use equivalentlyhg(a)i for simplicity

whereb is omitted. jjbjj2
A � 1 = b> A � 1b denotes the weighted inner norm. Thei � th row

and j � th column element of the matrix A is denoted by [A ]i;j . The i � th element of

the column vector a will denoted by a(i ) , a (� i ) is the vector of all elements ina except

for a(i ) , and [A ]� i; � j is de�ned as a matrix with all elements in matrix A except for the

i -th row and j -th column.
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6.1 Variational Bayes Kalman �lter for outlier rejection in

general nonlinear/Gaussian systems

In this section, we describe the proposed VBKF method for outlier detection and miti-

gation, which generalizes the work in [170] to the case of multiple outlier indicators and

correlated observations. As in the original method, the new VBKF estimates the prob-

ability of having outliers in the observation at every time step, and then down-weights

that particular observation. Notice that, in the original algorithm, a single indicator zt

was used for all observations gathered at the same time,y t . In practice, outliers might

a�ect di�erently the elements in y t which ignited the contribution in this paper.

6.1.1 Generalized VBKF for Correlated Data

Following the approach in [170] to derive a VBKF algorithm, the likelihood distribution is

modi�ed to incorporate the e�ect of an outlier indicator vector zt =
�

z(1)
t ; : : : ; z(ny )

t

� >
2

Z = f 0; 1gny , such that z(i )
t = 0 if there is an outlier on the i -th (corrupted) element of

y t , i.e., y(i )
t , and z(i )

t = 1 if the i -th element is otherwise clean (not corrupted). In the

latter, the nominal Gaussian modeling would apply, whereas in the former the wrong

information brought by y(i )
t must be down-weighted. Therefore, the observation model

in (6.2) is modi�ed to incorporate those indicators, becoming

p(y t jx t ; zt ) =
1

c(zt )
e

� 1
2 jj y t � h (x t )jj 2

� � 1
t ( z t ) (6.3)

where � t (zt ) is

� t (zt ) =

2

6
6
6
6
6
4

� 2
1;1=z(1)

t � 2
1;2 : : : � 2

1;ny

� 2
2;1 � 2

2;2=z(2)
t : : : � 2

2;ny
...

...
. . .

...

� 2
ny ;1 � 2

ny ;2 : : : � 2
ny ;ny

=z(ny )
t

3

7
7
7
7
7
5

; (6.4)

which corresponds to the original matrix R t with (independent) indicators f z(i )
t gny

i =1

dividing its diagonal terms, such that R t = � t (1). The dependence on time of the

various elements, [R t ]i;j , � 2
i;j , has been omitted for notation convenience. Contrary to

what could be intuitively expected, the division by zero when an indicator is zero does

not cause any numerical issue. As explained in this section, this is a consequence of the

algorithm operating on the precision matrix. In that case, it can be shown using basic

algebra manipulations that the term in the exponent of the likelihood can be equivalently
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reinterpreted as

jjy t � h (x t )jj2
� � 1

t (z t )
= jjT (y t � h (x t ); zt )jj2

C � 1
t (z t )

(6.5)

where T (�; zt ) : Rny 7! Rn0
y is an operator that removes the elements in the input

vector corresponding to indicators valued zero, we de�ne the limiting caseT (�; 0) = 1.

Matrix C(zt ) is a transformation of � t (zt ) where the rows/columns corresponding to

those z(i )
t = 0 are removed. Special cases arei ) C(1) = � t (1) = R t (resulting in

the original model without indicators), and ii ) C(0), corresponding to the absence of

measurements and de�ned asC(0) = I . Therefore, the dimension of the resulting

multivariate normal variable ( n0
y) is e�ectively reduced by the amount of zero indicators:

n0
y =

P ny
i =1 z(i )

t � ny , with equality when all indicators are one. Notice that c(zt ), the

proportionality term in (6.3), depends on the indicators and can be readily computed

from (6.5) as

c(zt ) =
q

(2� )n0
y jC(zt )j : (6.6)

Therefore, the likelihood distribution (6.3) can be expressed asN (T (y t ; zt ); T (h(x t ) ; zt ); C(zt )).

As a consequence of introducing the indicatorszt , we need to estimate those jointly

with the state trajectory x 0:t . To accomplish this task in a Bayesian sense, we impose a

beta-Bernoulli hierarchical prior to each individual indicator,

p
�

z(i )
t j� (i )

t

�
=

�
� (i )

t

� z( i )
t

�
1 � � (i )

t

� 1� z( i )
t

; (6.7)

where � (i )
t is a beta distributed random variable which is parameterized by (unknown

shape hyper-parameters1) e(i )
0 and f (i )

0 ,

p
�

� (i )
t

�
=

�
� (i )

t

� e( i )
0 � 1 �

1 � � (i )
t

� f ( i )
0 � 1

�
�

e(i )
0 ; f (i )

0

� ; (6.8)

and � (�; �) is the beta function. Notice that we are assuming that the indicators are

mutually independent

p(zt ; � t ) =
nyY

i =1

p
�

z(i )
t j� (i )

t

�
p

�
� (i )

t

�
; (6.9)

1Notice that a beta distribution is generically de�ned as p(x; �; 
 ) / x � � 1(1 � x) 
 � 1 , where � and 

are two shape parameters. For simplicity we drop the dependence on � and 
 and thus we write p(x).
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as well as independent from the observations since the underlying statistics modeling the

outliers do not depend on the actual values of the data. These assumptions determines

the graphical model shown in Fig. 6.1.

According to the Variational Inference (VI) principle [134, 175], to estimate the posterior

distribution of the latent variables � = f x t ; � t ; zt g, that is p(� jy1:t ), we can resort to an

auxiliary distribution q(� ) such that:

q(� ) = q(x t ) q(� t ) q(zt )

= q(x t )
nyY

i =1

q
�

� (i )
t

�
q

�
z(i )

t

�
:

(6.10)

According to Fig. 6.1, y t is conditionally independent on � t ; x t is conditionally inde-

pendent on zt and � t ; y1:t � 1 is conditionally independent on zt , � t and y t . Thus, the

various marginal distributions, q(�), are then obtained from the mean-�eld VI method

applied to the joint distribution

p(x t ; � t ; zt ; y1:t ) / p(x t jy1:t � 1) p(y t jx t ; zt ) p(zt ; � t ); (6.11)

such that

ln [q(x t )] = E� t ;z t f ln [p(x t ; � t ; zt ; y1:t )]g ; (6.12)

ln [q(� t )] = Ex t ;z t f ln [p(x t ; � t ; zt ; y1:t )]g ; (6.13)

ln [q(zt )] = E� t ;x t f ln [p(x t ; � t ; zt ; y1:t )]g : (6.14)

Within the Gaussian �ltering framework, the �rst term p(x t jy1:t � 1) on the right-hand

side of (6.11) is a predictive density, which can be approximated asp(x t jy1:t � 1) �

N
�
x̂ t jt � 1; Pt jt � 1

�
, where the corresponding mean and covariance are [142]

x̂ t jt � 1 =
Z

f (x t � 1) p(x t � 1jy1:t � 1) dx t � 1; (6.15)

Pt jt � 1 =
Z �

f (x t � 1) � x̂ t jt � 1
� �

f (x t � 1) � x̂ t jt � 1
� >

� p (x t � 1jy1:t � 1) dx t � 1 + Q t ; (6.16)

with x̂ t � 1jt � 1 and Pt � 1jt � 1 the mean and covariance of the �ltering posterior at t � 1,

that is p(x t � 1jy1:t � 1) � N
�
x̂ t � 1jt � 1; Pt � 1jt � 1

�
. In the sequel we derive the update of

the terms in (6.10).
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Figure 6.1: Graphical model considered in the VBKF algorithm.

Update q(x t ) According to the mean-�eld VI method, q(x t ) is obtained from (6.12)

as

ln(p(x t ; � ; zt ; y1:t )) = �
1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1
�

1
2

jjy t � h (x t )jj2
� � 1

t (z t )
+ � (6.17)

ln(q(x t )) = E� t ;z t f ln [p(x t ; � t ; zt ; y1:t )]g (6.18)

= �
1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1
�

1
2

X

z2Z

q(zt = z) jjy t � h (x t )jj2
� � 1

t (z t )
+ � (6.19)

= �
1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1
�

1
2

(y t � h (x t ))> h� � 1
t (zt )i (y t � h (x t )) + �; (6.20)

where the term � gathers the logarithm of those factors that are constant in the expres-

sion, and z represents one of the 2ny possible combinations off z(i )
t gny

i =1 binary values;

the set of all those possible values is given byZ = f 0; 1gny such that jZj = 2 ny ; The

expectation of � � 1
t (zt ) with respect to q(zt ) is de�ned as

h� � 1
t (zt )i =

X

z2Z

� � 1
t (z) q(zt = z) ; (6.21)

and q(zt = z) =
nyQ

i =1
q(z(i )

t = z(i ) ).

Thus, the estimation of q(x t ) is given by

q(x t ) / exp
�

�
1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1
�

1
2

jjy t � h (x t ) jj2
h� � 1

t (z t )i

�
(6.22)
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Therefore, after manipulating (6.22), we can identify that q(x t ) � N
�
x̂ t jt ; Pt jt

�
, with

x̂ t jt = x̂ t jt � 1 + K t
�
y t � ŷ t jt � 1

�
; (6.23)

Pt jt = Pt jt � 1 � K t
�
St + h� � 1

t (zt )i � 1�
K >

t ; (6.24)

K t = C t
�
St + h� � 1

t (zt )i � 1� � 1
; (6.25)

where

ŷ t jt � 1 =
Z

h (x t ) p(x t jy1:t � 1) dx t (6.26)

St =
Z �

h (x t ) � ŷ t jt � 1
� �

h (x t ) � ŷ t jt � 1
� > � p (x t jy1:t � 1) dx t (6.27)

C t =
Z �

x t � x̂ t jt � 1
� �

h (x t ) � y t jt � 1
� > p(x t jy1:t � 1) dx t (6.28)

where the integrals can be solved analytically in linear systems (as in the celebrated KF)

or through numerical integration in nonlinear systems where closed-form solutions are

not possible (approach taken in the case of SPGFs).

Update q(zt ) Recall that due to the mutually independence assumption, we operate

on the marginal distributions q(z(i )
t ) in (6.10). Each is obtained following (6.14) as

ln
h
q(z(i )

t )
i

= E
� t ;x t ;z ( � i )

t
f ln [p(x t ; � t ; zt ; y1:t )]g

= E
� ( i )

t ;x t ;z ( � i )
t

f ln [p(x t ; � t ; zt ; y1:t )]g ;
(6.29)

where notice that the expectation is overf � (i )
t ; x t ; z (� i )

t g. For the sake of convenience,

we reorganize the measurement vector such that thei -th element is swap at the end of

the vector,

y t;i =

 
y (� i )

t

y(i )
t

!

; h i (x t ) =

 
h (� i ) (x t )

h(i ) (x t )

!

; (6.30)

and the corresponding covariance matrix (6.4) is then reorganized accordingly as

� t;i (zt ) =

"
� � i; � i � � i;i

� i; � i � 2
i;i =z(i )

t

#

: (6.31)



Chapter 6. Robust Variational-based KF 88

Operating on the precision matrix � t;i = � t;i (zt ) � 1 and using the Schur complement,

this can be expressed as,

� t;i =

"
� � i; � i � � i;i

� i; � i � i;i

#

=

2

6
4

M � i � M � i � � i;i
z( i )

t
� 2

i;i

� z( i )
t

� 2
i;i

� i; � i M � i M i

3

7
5

(6.32)

where

M � i =

 

� � i; � i � � � i;i
z(i )

t

� 2
i;i

� i; � i

! � 1

; (6.33)

M i =

 
� 2

i;i

z(i )
t

� � i; � i � � 1
� i; � i � � i;i

! � 1

: (6.34)

Applying the matrix inversion lemma, (6.33) can be further extended as,

M � i = � � 1
� i; � i +

� � 1
� i; � i � i; � i � � i;i � � 1

� i; � i
� 2

i;i

z( i )
t

� � i; � i � � 1
� i; � i � � i;i

: (6.35)

Notice that for independently-distributed observations, the cross-covariance in� t (zt ) is

zero andM i = z(i )
t =� 2

i;i . For correlated data, z(i )
t is part of a fraction which would make it

tedious in terms of computing the Bernoulli probabilities for the indicator. Fortunately,

z(i )
t is a binary variable z(i )

t = f 0; 1g which allows the following equivalent expression

M i =
z(i )

t

� 2
i;i � � i; � i � � 1

� i; � i � � i;i
; (6.36)

which yields to identical result as in (6.34) regardless of the valuez(i )
t takes. Thus,

if z(i )
t = 1, the multivariative Gaussian with all ny observations would be obtained;

if z(i )
t = 0, the corresponding diagonal elements and o�-diagonal elements in precision

matrix would be 0 according to (6.32)-(6.34), and the in
uence of those contaminated ob-

servations would be removed according to (6.5), thus only keeping observations deemed

clean in a multivariate Gaussian of reduced dimensionn0
y . In order to model q(z(i )

t ) in

the form of a Bernoulli distribution, we use

ln [p(x t ; � t ; zt ; y1:t )] = �
1
2

jjy t;i � h i (x t ) jj2
� t;i (z t ) � 1

+ z(i )
t ln[� (i )

t ] +
�

1 � z(i )
t

�
ln[1 � � (i )

t ] � ln[c(zt )] + � ;
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in

ln
h
q(z(i )

t )
i

= E
� ( i )

t ;x t ;z ( � i )
t

f ln [p(x t ; � t ; zt ; y1:t )]g

= E
� ( i )

t ;x t ;z ( � i )
t

�
�

1
2

jjy (� i )
t � h (� i ) (x t ) jj2

� � i; � i

�
�

y (� i )
t � h (� i ) (x t )

� >
� � i;i

�
y(i )

t � h(i ) (x t )
�

�
1
2

jjy(i )
t � h(i ) (x t ) jj2

� i;i
+ z(i )

t ln[� (i )
t ]

+
�

1 � z(i )
t

�
ln[1 � � (i )

t ] � 0:5z(i )
t ln[2� ]

� 0:5z(i )
t ln jC([z (� i )

t ; z(i )
t = 1]) j

� 0:5(1 � z(i )
t ) ln jC([z (� i )

t ; z(i )
t = 0]) j + � g

(6.37)

where in expanding the terms due to the normalizing constant (6.6) we factorized the

determinant of C (cf. (6.5)) as

jC(zt )j = jC([z (� i )
t ; z(i )

t = 1]) jz
( i )
t jC([z (� i )

t ; z(i )
t = 0]) j(1� z( i )

t ) (6.38)

After additional manipulations (cf. Appendix 6.A) we obtain

q
�

z(i )
t

�
= expf� 0:5z(i )

t Tr ( B � i; � i h� t1i )

� 0:5z(i )
t Tr ( � B i; � i h� t2i )

� 0:5z(i )
t Tr ( � B i; � i h� t3i ) � 0:5z(i )

t Tr ( bi;i h� t4i )

+ z(i )
t hln[� (i )

t ]i +
�

1 � z(i )
t

�
hln[1 � � (i )

t ]i

� 0:5z(i )
t ln[2� ]

� 0:5z(i )
t hln jC([z (� i )

t ; z(i )
t = 1]) ji

� 0:5(1 � z(i )
t )hln jC([z (� i )

t ; z(i )
t = 0]) ji + � g

(6.39)

where B � i; � i , B i; � i , and bi;i are given by

B � i; � i =
Z �

y (� i )
t � h (� i ) (x t )

�

�
�

y (� i )
t � h (� i ) (x t )

� >
q(x t ) dx t ; (6.40)

B i; � i =
Z �

y(i )
t � h(i ) (x t )

�

�
�

y (� i )
t � h (� i ) (x t )

� >
q(x t ) dx t ; (6.41)

bi;i =
Z �

y(i )
t � h(i ) (x t )

� �
y(i )

t � h(i ) (x t )
� >

q(x t ) dx t ;



Chapter 6. Robust Variational-based KF 90

and the expectations (with respect to q(z (� i )
t )) are

h� t1i =
X

z ( � i ) 2Z � i

� � 1
� i; � i � � i;i � i; � i � � 1

� i; � i

� 2
i;i � � i; � i � � 1

� i; � i � � i;i

� q(z (� i )
t = z (� i ) ) (6.42)

h� t2i =
2

� 2
i;i

X

z ( � i ) 2Z � i

� � 1
� i; � i � � i;i q(z (� i )

t = z (� i ) ) (6.43)

h� t3i =
X

z ( � i ) 2Z � i

2� � 1
� i; � i � � i;i � i; � i � � 1

� i; � i � � i;i

� 4
i;i � � 2

i;i � i; � i � � 1
� i; � i � � i;i

� q(z (� i )
t = z (� i ) ) (6.44)

h� t4i =
X

z ( � i ) 2Z � i

1

� 2
i;i � � i; � i � � 1

� i; � i � � i;i
q(z (� i )

t = z (� i ) ) (6.45)

where the sum overz (� i ) is indeed the sum over all possible 2ny � 1 values for the vector

z (� i ) , whose associated probability isq(z (� i )
t = z (� i ) ). The set of all those possible

values is given byZ � i = f 0; 1gny � 1 such that jZ � i j = 2 ny � 1. Notice that z (� i )
t appears

in the diagonal elements of� � i; � i , dependence that we omitted for the sake of simplicity.

Finally, we can identify from q
�

z(i )
t

�
that z(i )

t is a Bernoulli-distributed random variable,

whose distribution can be characterized as

p
�

z(i )
t = 1

�
/ expf� 0:5 tr ( B � i; � i h� t1i )

� 0:5 Tr ( � B i; � i h� t2i ) � 0:5 Tr ( � B i; � i h� t3i )

� 0:5 Tr ( bi;i h� t4i ) + hln[� (i )
t ]i � 0:5 ln[2� ]

� 0:5 hln jC([z (� i )
t ; z(i )

t = 1]) jig (6.46)

p
�

z(i )
t = 0

�
/ expfhln[1 � � (i )

t ]i

� 0:5hln jC([z (� i )
t ; z(i )

t = 0]) jig : (6.47)

Using (6.46) and (6.47), the expectation of a Bernoulliz(i )
t can be readily computed as

hz(i )
t i =

p
�

z(i )
t = 1

�

p
�

z(i )
t = 1

�
+ p

�
z(i )

t = 0
� ; (6.48)

a quantity that would be required in updating q
�

� (i )
t

�
next.

Update q
�

� (i )
t

�
Similar to the derivation in [23, 170], q

�
� (i )

t

�
is updated for each

indicator as,

q
�

� (i )
t

�
/ exp

�
e(i )

t ln[� (i )
t ] + f (i )

t ln[1 � � (i )
t ]

�
(6.49)
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where

e(i )
t = e0 + hz(i )

t i (6.50)

f (i )
t = f 0 + 1 � h z(i )

t i (6.51)

such that f 0 and e0 are two initial hyper-parameters for distribution � (i )
t , assumed the

same for all i .

Practical aspects At this point, we would like to comment on an algorithmic choice

that should be taken in order to make the proposed �lter practical. More precisely,

the algorithm requires the evaluation of multivariate expectations h� � 1
t (zt )i , h� t1i ,

h� t2i , h� t3i , and h� t1i which are of the form of Ez t f�g or E
z ( � i )

t
f�g . These expecta-

tions over discrete random variables involve sums over their 2ny and 2ny � 1 possible

combinations, respectively. Additionally, the expectation requires solving a matrix in-

verse (with cubic complexity on the dimension) for each of the combinations, resulting

on O(n3
y2ny ) and O((ny � 1)32ny � 1) computational complexities2, respectively. As a

consequence, it is impractical to exactly evaluate the expectation whenny grows. Al-

ternatively, we propose two practical methods based on the knowledge and factorization

of q(zt = z) =
nyQ

i =1
q(z(i )

t = z(i ) ).

First, we propose a maximization approach in which we select the value of eachf z(i )
t gny

i =1

as the one with highest probability. That is for all i of interest, if p(z(i )
t = 1) > p (z(i )

t = 0)

then z(i )
t = 1 is selected, andz(i )

t = 0 otherwise.

Secondly, a sampling approach is also proposed in which a binary value forz(i )
t is drawn

from q(z(i )
t ) with probabilities p(z(i )

t = 1) and p(z(i )
t = 0). This is done independently

for all the i indicators of interest (depending on the target expectation). In general, this

independent sampling can be doneN times, such that

Ez t f g(zt )g �
1
N

NX

n=1

g(zt;n ) (6.52)

E
z ( � i )

t
f g(z (� i )

t;n )g �
1
N

NX

n=1

g(z (� i )
t;n ) (6.53)

whereg(�) is an arbitrary function of the corresponding random variable; and the samples

are independently sampled fromzt;n � q(zt ) and z (� i )
t;n � q(z (� i )

t ).

Finally, similarly to [170], since the VI process detailed here is an iterative procedure,

in practice we need to specify a stop criteria. For instance, one could compare two

2The asymptotic time complexity of an algorithm can be interpreted as the number of required basic
operations, denoted asO(d) with d being the number of operations. A function p(d) is O(g(d)) if and
only if there exist a real, positive constant C and a positive integer d0 such that p(d) � Cg(d); 8d � d0 .
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consecutive state estimates (i.e. through the norm of the di�erence) and choose an

arbitrary small threshold (e.g. 10� 9 in the simulations of this paper) below which the

algorithm is said to converge.

6.1.2 Particular Case I: Independent Data and Multiple Outlier Indi-

cators | I-VBKF

As mentioned at the beginning of this section, the Generalized VBKF method described

earlier can be particularized to obtain other methods available in the literature. Mostly,

this involves a di�erent arrangement of the latent variables � and the corresponding

auxiliary distributions used in approximating q(� ) through the VI principle.

Particularly, we notice that the variant in [23], where an indicator associate to each

element in y t was considered under the assumption that data was uncorrelated, can be

derived from the general VBKF. In this case,� = f x t ; � t ; zt g remains the same, with the

update of q(� t ) as in Section 6.1.1, since the model assumed for those hyper-parameters

is the same in both methods. However, in [23] the assumption that all measurements are

uncorrelated was used in order to simplify the model and the corresponding method's

derivation. Thus, the covariance matrix � t (zt ) in (6.4) becomes:

� t (zt ) =

2

6
6
6
6
6
4

� 2
1;1=z(1)

t 0 : : : 0

0 � 2
2;2=z(2)

t : : : 0
...

...
. . .

...

0 0 : : : � 2
ny ;ny

=z(ny )
t

3

7
7
7
7
7
5

; (6.54)

and the measurement model in (6.3) can be further derived as:

p(y t jx t ; zt ) = N (T (y t ; zt ); T (h(x t ) ; zt ); C(zt ))

=
nyY

i =1

N
�

T (y (i )
t ; z(i )

t ); T (h (i ) (x t ); z(i )
t ); [C(z(i )

t )] i;i

�

=
nyY

i =1

N
�

y(i )
t ; h (i ) (x t ) ; [R t ]i;i

� z( i )
t

;

(6.55)

Notice that with R t diagonal, c(zt ) =
q

(2� )n0
y jC(zt )j =

Q ny
i =1

q
(2� )z( i )

t [C(z(i )
t )] i;i =

Q ny
i =1 c(z(i )

t ). The normalization factor c(z(i )
t ) being the standard one for a univariate

Gaussian distribution, yielding to the last equality in (6.55). This simpli�cation circum-

vents the general algorithm complexity and computation but degrades the performance

of the VBKF when correlated data is observed.



Chapter 6. Robust Variational-based KF 93

According to (6.12), with the same model forzt and its parameter � t , q(x t ) is updated

as:
q(x t ) / exp

�
�

1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1

�
hZ t i

2
jjy t � h (x t ) jj2

R � 1
t

� (6.56)

whereZ t is a diagonal matrix with zt as its elements,Z t = diag
�

z(1)
t ; : : : ; z(ny )

t

�
. Thus,

we can see thatq(x t ) � N (x̂ t jt ; Pt jt ), with

x̂ t jt = x̂ t jt � 1 + K t (y t � ŷ t jt � 1) (6.57)

Pt jt = Pt jt � 1 � K t (St + R t )K T
t (6.58)

K t = C t (St + R t ) � 1 (6.59)

where R t = hZ t i � 1R t .

Using (6.29), the update ofq(z(i )
t ) would be:

q
�

z(i )
t

�
/ exp

�
� 0:5z(i )

t

�
b(i )

t =� 2
i;i

�
+ z(i )

t



ln[� (i )

t ]
�

+
�

1 � z(i )
t

� 

ln[1 � � (i )

t ]
�

� 0:5z(i )
t hln j[C(z(i )

t = 1)] i;i ji � 0:5(1 � z(i )
t )hln j[C(z(i )

t = 0)] i;i ji
�

(6.60)

where b(i )
t is given by

b(i )
t =

Z �
y(i )

t � h(i ) (x t )
� �

y(i )
t � h(i ) (x t )

� >
q(x t ) dx t (6.61)

Thus, z(i )
t is a Bernoulli-distributed parameter with

p(z(i )
t = 1) = �Ae� 0:5(b( i )

t =� 2
i;i )+ hln[ � ( i )

t ]i� 0:5hln j[C (z( i )
t =1)] i;i ji (6.62)

p(z(i )
t = 0) = �Aehln[1� � ( i )

t ]i� 0:5hln j[C (z( i )
t =0)] i;i ji (6.63)

where �A is a normalizing constant. Hence the expectation ofz(i )
t , hz(i )

t i , can be updated

as

hz(i )
t i =

p(z(i )
t = 1)

p(z(i )
t = 1) + p(z(i )

t = 0)
(6.64)

Following the same way above,q(� (i )
t ) is updated as:

q(� (i )
t ) / exp(e(i )

t ln[� (i )
t ] + f (i )

t ln[1 � � (i )
t ]) (6.65)
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where

e(i )
t = e0 + hz(i )

t i (6.66)

f (i )
t = f 0 + 1 � h z(i )

t i (6.67)

Thus, the update of q(x t ), q(zt ) and q(� t ) in this particular case is shown as above fol-

lowing the same derivation as in [23], showing the generalization of the method proposed

in this contribution. Note that there are some typos in [23], which is corrected .

6.1.3 Particular Case II: Scalar Outlier Indicator | S-VBKF

Here we notice that the seminal method in [170] can be readily obtained from the

Generalized VBKF. In this case, � = f x t ; � t ; zt g since a single indicator is used for the

entire vector y t , thus accepting or rejecting the entire observation vector. Assuming a

similar model for � t , the update of q(� t ) will be as in Section 6.1.1 with exception that

just one indicator is required. However, the likelihood distribution in (6.3) will change

in this case since thequality of all measurements is modeled by a binary scalar indicator

zt :

� t (zt ) =

2

6
6
6
6
6
4

� 2
1;1=zt � 2

1;2=zt : : : � 2
1;ny

=zt

� 2
2;1=zt � 2

2;2=zt : : : � 2
2;ny

=zt
...

...
. . .

...

� 2
ny ;1=zt � 2

ny ;2=zt : : : � 2
ny ;ny

=zt

3

7
7
7
7
7
5

; (6.68)

thus the measurement model in (6.3) becomes

p(y t jx t ; zt ) = N (T (y t ; zt ); T (h(x t ) ; zt ); C(zt ))

= N (y t ; h(x t ) ; R t =zt )

= N (y t ; h(x t ) ; R t )zt ;

(6.69)

where notice that R t can be colored. In the general notation,zt = zt � 1, and since

c(zt ) =
p

(2� )ny zt jR t j then: c(1) =
p

(2� )ny jR t j and c(0) = 1, yielding to the last

equality in (6.69). According to (6.22), the update of q(x t ) is:

q(x t ) / exp
�

�
1
2

jjx t � x̂ t jt � 1jj2
P � 1

t j t � 1

�
hzt i
2

jjy t � h (x t ) jj2
R � 1

t

� (6.70)

Thus, we can see thatq(x t ) � N (x̂ t jt ; Pt jt ), with

x̂ t jt = x̂ t jt � 1 + K t (y t � ŷ t jt � 1) (6.71)

Pt jt = Pt jt � 1 � K t (St + R t )K T
t (6.72)
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K t = C t (St + R t ) � 1 (6.73)

and

ŷ t jt � 1 =
Z

h(x t )p(x t jy1:t � 1)dx t (6.74)

St =
Z

(h(x t ) � ŷ t jt � 1)(h(x t ) � ŷ t jt � 1)T p(x t jy1:t � 1)dx t (6.75)

C t =
Z

(x t � x̂ t jt � 1)(h(x t ) � y t jt � 1)T p(x t jy1:t � 1)dx t (6.76)

where R t = R t
hzt i . When outliers occur, hzt i is not close to 1, for example,hzt i <

1 � 1 � 10� 3, then we ignore the measurement and simply update:

x̂ t jt = x̂ t jt � 1 (6.77)

Pt jt = Pt jt � 1 (6.78)

and q(zt ) is updated according to (6.14):

q(zt ) / expf� 0:5zt Tr
�
B t R � 1

t

�

+ zt hln[� t ]i + (1 � zt ) hln[1 � � t ]i

� zt hln jc([zt = 1]) ji � (1 � zt )hln jc([zt = 0]) jig

(6.79)

where B t is given by

B t =
Z

(y t � h (x t )) ( y t � h (x t ))
> q(x t ) dx t (6.80)

=

"
B � i; � i B � i;i

B i; � i bi;i

#

; (6.81)

the intuition being that when a single indicator is used, the covariance� t;i (zt ) � 1 in

(6.37) becomes� t (zt ) = R t =zt . Therefore, we have that

ln [q(zt )] = E� t ;x t f ln [p(x t ; � t ; zt ; y1:t )]g

= E� t ;x t

n
�

zt

2
jjy t � h (x t ) jj2

R � 1
t

+ zt ln[� t ] + (1 � zt ) ln[1 � � t ]

� 0:5zt ln jc([zt = 1]) j � 0:5(1 � zt ) ln jc([zt = 0]) jg + �; (6.82)

matching the result in the original article. Thus, zt is a Bernoulli-distributed parameter

with

p(zt = 1) = �Ae� 0:5Trace( B t R � 1
t )+ hln[ � t ]i�h ln jc([zt =1]) ji (6.83)

p(zt = 0) = �Aehln[1� � t ]i�h ln jc([zt =0]) ji (6.84)
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where �A is a normalizing constant. Hence the expectation ofzt , hzt i , can be updated as

hzt i =
p(zt = 1)

p(zt = 1) + p(zt = 0)
(6.85)

and q(� t ) can be updated as

q(� t ) / exp(et ln[� t ] + f t ln[1 � � t ]) (6.86)

where

et = e0 + hzt i (6.87)

f t = f 0 + 1 � h zt i (6.88)

Thus, the update of q(x t ), q(zt ) and q(� t ) in this particular case is shown as above

following the same derivation as in [170], showing the generalization of the method

proposed in this contribution. Note that there are some typos in [170], which is corrected.

Remarkably, the original VBKF in [170] can deal with both correlated and uncorrelated

data. However, since it accepts or rejects the entire observation vector jointly, it is

potentially ine�cient in dealing with independent outliers among the elements in y t

whereby a single outlier can corrupt the observed vector. In practice, the VBKF would

only operate using predictions, thus eventually losing track of the estimated state even

when a single element is contaminated.

6.2 Illustrative Example of GPS Localization based on RTK

RTK is a well-known di�erential GNSS-based positioning procedure, for which the un-

known location of a vehicle is determined with respect to a georeferenced base station

[176]. Since satellite observations are in
uenced by atmospheric delays and receiver

clock o�set e�ects, RTK applies the so-called observation double-di�erencing to elimi-

nate the nuisance parameters. Double-di�erencing involves taking di�erences between

the observations at the target and the base station, and then with respect to a reference

satellite [177]. Fig. 6.2 provides a pictorial example of the agents involved in the RTK

positioning: i = 1 ; : : : ; ns satellites and r (for reference) satellite, the base station and

the trajectory of the moving vehicle over time.

Hereinafter, we refer to observations as the result of double-di�erencing the original

measurements. The observation covariance matrix becomes then fully populated, since

the noise of the pivot satellite is present across all observations. RTK implies the use of

code and carrier phase observations, with the later introducing an additional estimation
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Figure 6.2: Illustration of the RTK positioning system: the trajectory followed by
the vehicle (in yellow) depicted with the dashed black line. The localization problem is
resolved with respect to the position of the base station combining the observations of

the satellites between the base and vehicle receivers.

complexity, since a number of integer ambiguities is to be found. Given the fact that am-

biguities are related to wavelength, double di�erence observations needs to be calculated

among satellites observations in the same frequency band. In each frequency band, we

have ~ns satellite observation and ~ny double di�erence observations, ~ny = ~ns � 1. Without

loss of generality and for the sake of simplicity, this example disregards the exploitation

of carrier phase observations. The dynamical constant velocity model for RTK is written

as "
pt

v t

#

| {z }
x t

=

"
I � tI

0 I

#

| {z }
F t

"
pt � 1

v t � 1

#

| {z }
x t � 1

+ � t (6.89)

where pt and v t are the three-dimensional vectors of position and velocity, respectively,

x t is the state to be inferred and � t is a zero-mean Gaussian noise vector with known

covarianceQ t . Having the base station as center of the coordinate frame and the posi-

tions of the satellites and the vehicle w.r.t. to the base, the observation model for the

i -th measurement is

y(i )
t =






 p(i )

t � pt






 �






 p(r )

t � pt






 �






 p(i )

t � x t






 +






 p(r )

t � x t








| {z }
h( i ) (x t )

+ n(i )
t + n(i )

b;t + n(r )
t + n(r )

b;t ;
| {z }

� ( i )
t

(6.90)

where the superscript inp indicates the satellite and the subscriptb in the noisen refers

to the noise observed at the base station receiver. Notice that, the observation model

(6.90) is nonlinear and the observations' noise vector� t becomes inter-correlated, since

the noise for the reference satellite on the base and moving receiver is common for the
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Figure 6.3: Sky plot of the tracked satellites from GPS L1 and Galileo E1 for the
simulation.

ny observations. A linearized version of (6.90) subject to outliers is

y t =

(
G t pt + � t , under M 0

G t pt + � t + ot , under M
(6.91)

where y t = ( y(1)
t ; : : : ; y(ny )

t )> 2 Rny is the vector of double-di�erence observations for

the ny tracked satellites (plus the reference one) andG t 2 Rny � 3 is the geometry matrix

containing the unit line-of-sight steering vectors to the satellites, as in [177, Ch. 26]. The

observation noise� t has a fully populated covariance matrix R t 2 Rny � ny , as described

in [178]. Multipath and NLOS e�ects lead to gross biases in the range observations to

the satellites. Such errors are collected in vectorot , following the initial model (6.2) to

generate the data while the method is derived considering the alternative model (6.3).

6.2.1 Illustrative Example I: Outliers from Markov Chain

This simulation is to put into practice the new generalized VBKF and show the per-

formance improvement with respect to other two particular cases. The goal is to show

the necessary of a proper model when no model mismatch is included. Note that we

opted for studying solely the precision for the 
oat baseline positioning in this simulation

instead of the �xed solution, provided that the precision of �xed solution does not vary

from method to method if the ambiguities are correctly estimated.

6.2.1.1 Simulation Setup

The RMSE over a trajectory and the percentage of misdetected outliers are taken as

measures of performance. The RMSEs are obtained from 50 independent Monte Carlo

runs for a 100 seconds trajectory, sampled at �t = 1 s, while 500 Monte Carlo runs were
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Table 6.1: Parameters for the Markov Chain model

Initial probability for NLOS state 0.7
Initial probability for LOS state 0.3

Transition probability of staying in NLOS state 0.9
Transition probability from NLOS state to LOS state 0.1

Transition probability of staying in LOS state 0.3
Transition probability from LOS state to NLOS state 0.7

used in the experiments comparing generalized VBKF withN = f 1; 10g to show the

tiny di�erence between them. The present simulation, simulated in MATLAB, considers

ns = 12 tracked satellites at a speci�c time, distributed according to a realistic sky plot,

as shown in Fig. 6.3. In practice, satellites belonging to di�erent constellations (i.e., and

depending on the satellite generation) may broadcast a di�erent number of signals at

di�erent frequency bands. In the simulation, we considerny = 2ns � 4 double-di�erence

observations from a dual-band receiver.

Outliers (i.e., NLOS) are simulated based on a Markov Chain model according to [179]

with parameters shown in Table 6.1. The motivation of such model is to account for the

time correlation of multipath (and other spatially correlated errors), in contrast to the

less realistic case of assuming totally independent statistics between consecutive time

instances.

Notice that from t = 10s, outliers are always injected into both pivot satellite observa-

tions (i.e., at the base station and the corresponding one at the receiver side), and to the

observations for 6 out of theny = 20 double-di�erence observations, therefore outliers

are correlated. Besides, since outliers are simulated from the corresponding carrier-to-

noise density ratio (C=N0 in dB-Hz), which is a common measure in GNSS receivers,

the random outlier amplitudes are in general correlated to the noise power, which is also

modelled from the C=N0 as [39],

� =
c � 3:444� 10� 4
p

C=N0BTobs
; (6.92)

where � is the standard deviation for the observation noise,c is the speed of light,

B = 2 MHz is the receiver bandwidth, and Tobs = 20 ms is the coherent integration

time. We consider the performance comparison of di�erent methods: 1) a standard

EKF that does not account for possible outliers; 2) the original VBKF [170] using a

single outlier indicator; 3) a VBKF with independent outlier indicators (see Sec. 6.1.2);

4) the generalized VBKF, considering two di�erent values N = f 1; 10g, which are used

to estimate (6.52)-(6.53); 5) an ideal EKF that accounts for all outliers; 6) a Cubature

Kalman �lter (CKF) [142] with measurement gating by threshold equalling to triple

of standard deviation of innovations [180]; and 7) a CKF with measurement gating by
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threshold equalling to standard deviation of innovations. Note that, when computation

of expectations is needed in these methods, we used numerical integration based on

Gaussian cubature rules.

It is worth noting that the original VBKF [170] is taken as the performance benchmark.

In the original article [170], this method was already shown to provide improved perfor-

mances with respect to other robust state-of-the-art �ltering techniques (i.e., IGG-based

Cubature Information �lter (CIF), Huber-based CIF, Hampel-based CIF, and Student's

t-based robust CKF), therefore we do not include the comparison to such techniques in

the results.

6.2.1.2 Simulation Results

When assessing the performance of new robust �ltering techniques, and because of the

optimality versus robustness trade-o�, two important points are: i ) the so-called LoE

[167], that is, the loss in performance with respect to the optimal method under nominal

conditions; and ii ) under non-nominal conditions, the performance gain with respect to

the optimal solution that does not accounting for a possible model mismatch, that is,

outliers in our case.

Loss of e�ciency

The LoE is assessed by comparing the performance of the di�erent methods under

nominal LOS conditions, i.e., without outliers. The LoE results are shown in Fig. 6.4.

It can be seen that the general VBKF method (i.e., regardless ofN ) exhibits a pretty

similar performance compared to the standard EKF and measurement gating method

in terms of RMSE, therefore the proposed method has a very low LoE. The original

VBKF with a single scalar outlier indicator shows a minor degradation at low C=N0.

In contrast, the VBKF with independent outlier indicators performance is degraded

compared to the EKF, that is, it exhibits a larger LoE. This is mainly induced by

the model mismatch, because this method does not take into account that observations

are correlated. The uncorrelation of the observations is the main assumption for its

derivation (see Sec. 6.1.2).

Robustness

To assess the robustness of the proposed approach we show the performance of the

di�erent methods under non-nominal NLOS conditions, i.e., with outliers, in Fig. 6.5.



Chapter 6. Robust Variational-based KF 101

Figure 6.4: RMSE performance of the VBKF with independent outliers indicator,
general VBKF, standard EKF and VBKF with single outlier indicator as a function of

C=N0 in the LOS scenario.

The mean RMSE is given as a function of theC=N0. When comparing both robust

methods to the standard EKF, it is obvious that while the latter is severely in
uenced

by outliers the robust solutions are able to cope with outliers and improve the overall

performance. Notice that the general VBKF improves the performance obtained with

the independent outlier indicator VBKF. Such performance gain is expected to be

even larger in applications where the correlation among observations increases. The

performance of the original VBKF is not shown in Fig. 6.5 because it is substantially

worse than the rest of methods (i.e., orders of magnitude larger). The gating method

works reasonably well against outliers. Although, there are still meter level degradations

compared with the VBKF method in certain con�gurations, for instance when the signal-

to-noise ratio is small. Additionally, in other applications where data becomes more

correlated, it is expected that the generalized VBKF will outperform the gating approach

more clearly. On the other hand, the measurement gating strategy features a much

lighter implementation, which could su�ce in certain applications where data correlation

is not severe.

The original VBKF with a single outlier indicator (as in Sec. 6.1.3 and [170]) was

also simulated, exhibiting a RMSE of large magnitude. The reason being that the

original VBKF, once it determines that the observation contains an outlier, discards the

complete observation vector. In outlier-rich situations, as the NLOS case simulated here,

this implies that few observations are indeed used in the KF update. To further support

this statement and provide a meaningful comparison, Fig. 6.6 shows the empirical CDF

of position estimation error of all VBKF versions as well as the standard EKF and

measurement gating method underC=N0 = 30 dB-Hz in NLOS case. It is clear that the
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Figure 6.5: RMSE performance of the VBKF with independent outlier indicators,
general VBKF and standard EKF as a function of C=N0 in the NLOS scenario.

VBKF with a single outlier indicator presents much larger errors compared to the other

methods, even with respect to the standard EKF, due to the fact the it mostly relies on

KF predictions as outliers are being detected.

Figure 6.6: Empirical CDF of position estimation error performance of the VBKF
with independent outlier indicators, general VBKF, standard EKF and the VBKF with

single outlier indicator in logarithmic scale.

Again, notice that the performance of the generalized VBKF in terms of RMSE for

di�erent values of N is very similar. This behaviour can be explained by the fact that

the estimation of q(z(i )
t ) is likely to converge to either 0 or 1 when the general VBKF

works properly. This can be further supported by the results in Fig. 6.7 and Fig. 6.8

(along with an inner plot showing a zoom for the lower values) for the caseN = 1. In

the iterative VBKF process, the estimation of q(zt ) experiences a transient regime and

a convergence regime, which we investigate in the aforementioned �gures, respectively.
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Figure 6.7: Histogram for q(zt ) in the transient regime.

Figure 6.8: Histogram for q(zt ) in the convergence regime.

Whereas in the transient regime there are some values in the open interval (0; 1), when

the algorithm converged, almost all the values are concentrated in 0 and 1. In any

case, the algorithm correctly estimatesq(zt ) most of the times. As a consequence, when

approximating (6.52)-(6.53) through sampling, one sample is typically su�cient (in this

particular application). Similar results were obtained with N = 10, which are omitted

for the sake of clarity.

Outlier Misdetection

We notice from the previous analysis on the estimation ofq(zt ) that not all values

are either 0 and 1, and that there is some probability associated with values in (0; 1).
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Figure 6.9: Misdetection performance for the VBKF with independent outlier indi-
cator and the general VBKF method as a function ofC=N0 in the NLOS scenario.

Therefore, this uncertainty may lead to an outlier misdetection (i.e., contaminated ob-

servations which are regarded as clean ones). The percentage of misdetected outliers

for the di�erent methods (i.e., not for the standard EKF which do not allow to detect

outliers) is shown. In this case we see that increasing the valueN from 1 to 10 within

the general VBKF reduces the misdetection, because this value controls the accuracy of

the expectation approximation in (6.52)-(6.53). Therefore, increasingN leads to a lower

misdetection and in turn lower RMSE. Regardless ofN , it is shown that taking into

account the correlated observations in the �lter formulation as expected improves the

results compared to the independent outlier indicator VBKF. That is one of the main

reasons of the performance loss in terms of RMSE previously shown in Fig. 6.9. Notice

that the VBKF with scalar outlier indicator is not shown for the similar reasons as in

Fig. 6.5.

6.2.2 Illustrative Example II: Outliers from heavy tailed distribution

To evaluate the performance of the proposed robust RTK navigation algorithm, we

consider �rst a synthetic scenario to be able to statistically characterize the di�erent

methods, and then, we assess their performance using a real data campaign.

6.2.2.1 Simulation setup

In order to induce outliers in the measurements we consider three types of scenarios.

Recall that the i-th satellite code-based pseudorange noise in (2.28) is" i and the phase

one in (2.29) is � i .
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ˆ Case 0: this corresponds to the nominal case, being the assumed noise distribution

used within the di�erent �lters. In this case,

" i � N (0; (� i
� )2); � i

� = 0 :5 � (1 + 1=sin(elevi )) ; (6.93)

� i � N (0; (� i
� )2); � i

� = � i
� =100: (6.94)

with elevi the i-th satellite elevation.

ˆ Case 1: in this case, some of the satellites may be corrupted by outliers. Within

the simulated trajectory, we de�ne two types of behaviours, a nominal one and a

corrupted one. The latter corresponds to the grey zones in Figures 6.12 and 6.13.

In the corrupted grey zones, and at every epoch, a satellite is randomly decided to

be clean or an outlier, with a probability equal to 40%. If a satellite is decided to

be an outlier, the phase noise distribution does not change (i.e., it remains as in

(6.94)) but it is a�ected by a cycle slip. In contrast, the pseudorange noise (6.93)

of the outlier satellite becomes,

" i � N (0; (� i
� + 100 � � i

� )2); (6.95)

which corresponds to a symmetric heavy-tailed noise scenario. This is equivalent

to say that in the corrupted grey zones, with � = 0 :4,

" i � (1 � � )N (0; (� i
� )2) + � N (0; (100� � i

� )2): (6.96)

ˆ Case 2: in this case, how to decide if a satellite is clean or an outlier is done as

in the previous Case 1), but now the pseudorange noise in the corrupted zones is

given by,

" i � (1 � � )N (0; (� i
� )2) + � N (10; (10 � � i

� )2): (6.97)

This corresponds to a skewed heavy-tailed noise scenario, where the second term

has a positive mean, accounts for possible multipath conditions.

An example of the scalar noise distributions for the three scenarios is shown in Figure

6.10 (right plot). In addition, the left plot shows the considered skyplot, being the same

for the three scenarios.
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Figure 6.10: Skyplot and noise distributions for the di�erent scenarios [1].

Loss of E�ciency

First, we consider the nominal Gaussian noise case. This is fundamental to assess the

so-called e�ciency or loss of e�ciency of the di�erent robust methods [181]. That is,

when designing robust solutions, they are expected to perform close-to-optimal under

nominal conditions, which is given by an e�ciency close to 1. The di�erent methods

considered are the RIF using either the Huber, Tukey or IGG loss function, a RIF

using a 3� rejection rule, the GMKF, and the two variational-based robust KFs (i.e.,

S-VKF (S-VBKF) for the scalar indicator version and I-VKF (I-VBKF) for the multiple

indicator one). The results are shown in Figure 6.11. On the left we show the e�ciency

obtained with the di�erent methods, and on the right, the position RMSE over time.

Figure 6.11: E�ciency and errors over time for the nominal Gaussian-distributed
noise Case 0 [1].

In these results we can see the general good behaviour of all the �lters, with two inter-

esting points: i) the two variational-based robust KFs are the only ones that achieve an

e�ciency equal to 1, and ii) the performance obtained with the RIF-IGG and GMKF is

slightly degraded w.r.t. the other �lters.
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Robustness

Once we assessed the performance and loss of e�ciency of the di�erent �lters under

nominal conditions, the next step is to analyze their behavior under the non-nominal

heavy-tailed noise scenarios Case 1 and Case 2. First, the 
oat position RMSE for both

cases is shown in Figure 6.12. The EKF performance is signi�cantly degraded when some

satellites are a�ected by outlies (grey zones). In addition, the S-VKF is also particulary

a�ected, given that a single outlier indicator is used for the complete observation vector,

therefore, this is not a good solution to robusity RTK. Among the other robust �lters,

the one that provides the best performance is the I-VKF for the symmetric heavy-tailed

noise case, with a performance very close to the optimal. This is because the outliers are

very strong and the I-VKF is always able to detect and mitigate the impact of the outlier

satellites. For the skewed Case 2), the performance obtained with the I-VKF is similar

to the one provided by the RIF-Tukey and RIF-IGG. In both cases, the GMKF and the

RIF-Huber performance is slightly worse, and interestingly, the RIF with a simple 3�

rejection rule also performs quite well.

Figure 6.12: Mean positioning error for the 
oat solution over time for the Cases I
(top) and II (bottom) [1].

These performance results can also be seen in Figure 6.13, where we show the Mean

ambiguity success rate (MASR) over time. Here it is also interesting to see that the
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Figure 6.13: Mean ambiguity success rate (MASR) over time for the Cases I (top)
and II (bottom) [1].

MASR decreases over time, being the I-VKF the more resilient method. To further

complete these results we shown the empirical cumulative distribution function (CDF)

in Figure 6.14 and the �x ratio (%) in Table 6.2. Again, we can see that the best solution

both in terms of RMSE positioning performance and �x ratio is given by the I-VKF,

which from this statistical analysis is the method of choice. But this recommendation

needs to be veri�ed with real data in order to see the impact and mitigation capabilities

in a real system. This analysis is provided in the sequel.
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