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Abstract

Independent component analysis (ICA) and blind source separation (BSS) deal with

extracting a number of mutually independent elements from a set of observed mix-

tures thereof. Motivated by various applications, this work considers a more general

and more flexible model: the sources can be partitioned into groups exhibiting de-

pendence within a given group but independence between two different groups. We

argue that this is tantamount to considering multidimensional components, as op-

posed to the standard ICA which is restricted to one-dimensional components.

In this work, we focus on second-order methods to separate statistically-

independent multidimensional components from their linear instantaneous mixtures.

The purpose of this work is to provide theoretical answers to questions which so far

have been discussed mainly in the empirical domain. Namely, we provide a closed-

form expression for the figure of merit, the mean square error (MSE), for multi-

dimensional component separation, in two prominent scenarios: one is the optimal

separation procedure. The other is a two-step procedure, which at the first step at-

tributes the data a one-dimensional model, and at the second step clusters the data

into multidimensional components. We prove that the latter is sub-optimal. Using

the closed-form expressions, we can calculate the expected gain from using the cor-

rect multidimensional model over its one-dimensional counterpart. We derive two

novel joint block diagonalization (JBD) algorithms which achieve the minimal mean

square error (MMSE), when the model assumptions hold. We present new results

on the identifiability of the model, including a rigorous proof. The identifiability

results of the model are also the condition for the uniqueness of a solution to JBD

of a set of mixtures of block-diagonal positive-definite symmetric matrices. As for

the methods used in this work, it is shown that all the required derivations can be

performed and presented in terms of well-defined quantities, which avoid the well-

known scale ambiguity, prevalent in ICA and BSS representations. We demonstrate

our methods and algorithms on an astrophysical application. Namely, extraction of

the cosmic microwave background radiation (CMB) from its observations. We adapt

our analysis to the spectral domain, in order to apply our methods on spectral den-

sity matrices. In this application, we extend our analysis to the overdetermined case,

and deal with a situation where the component dimensions are not known a-priori.

We support our theoretical results by numerical simulations.
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Chapter 1

Introduction

1.1 Preface

Independent component analysis (ICA) [1, 2, 3] and blind source separation

(BSS) [4, 5] deal with extracting a number of mutually statistically independent

elements from a set of observed mixtures thereof. Motivated by various applica-

tions, this work considers a more general and more flexible model: the mixed el-

ements can be partitioned into groups exhibiting statistical dependence within a

given group and statistical independence between two different groups. We argue

that this is tantamount to considering multidimensional components, as opposed to

the standard ICA which is restricted to one-dimensional components.

Multidimensional data may occur due to various complex relations within the

dependent elements. The dimension of a dependent group may not always reflect

the actual number of its underlying elements. As a result, in multidimensional

models, there is not always a physically meaningful interpretation to separating the

multidimensional components back into single-dimensional elements. Hence, a one-

dimensional model for real data is often just an approximation. Various phenomena

can yield data which is multidimensional in nature. For example, in the analysis of

magnetoencephalography (MEG) stimuli [6], energies of evoked signals may become

statistically dependent due to similar activation and termination times. In addition,

a single isolated neural source is of little diagnostic value and consequently the num-

ber of detected sources may be reduced through a clustering procedure, based on

spatial topography [7]. In natural image analysis, subspaces originate from features

which represent positions, orientations, spatial frequencies and phases [8]. In fetal

electrocardiography (ECG) detection [9, 10, 11], multidimensionality is explained

by a spatially rotating electric dipole model of the heart, and may change during

pregnancy. In [12], a multidimensional model, based on clustering of metabolites, is

1



2 CHAPTER 1. INTRODUCTION

suggested in order to recover independent metabolite profiles, each of which stands

for a separate “direction” or cellular process in metabolic space. Finally, in the

separation of astrophysical emissions, multidimensionality may reflect not only de-

pendence between different emissions due to astrophysical processes [13, 14, 15], but

also spatial nonstationarity, when observations are taken over a large enough region

of the sky [16]. Additional examples of multidimensional data can be found, for

example, in [17, Sec. 1].

This work deals with blind separation of statistically independent multi-

dimensional components using second-order methods. We restrict our analysis to

a simple model which still captures the essence of the problem. Namely, instan-

taneous linear mixtures, free from additive noise. The purpose of this work is to

provide theoretical answers to questions which so far have been discussed mainly in

the empirical domain. Namely, analytical expressions for the expected performance,

and algorithms which achieve this expected performance.

1.2 Literature Survey and Our Related Contribu-

tion

1.2.1 Optimal Performance of Second-Order Multi-

dimensional ICA

The idea of solving the dependent sources/multidimensional components problem in

terms of blind source subspace separation through independent component analy-

sis (ICA) was first demonstrated in [9], on fetal ECG recordings. The perspective of

multidimensional ICA, of vector-valued components whose representation is based

on unambiguous projections on the sources’ respective subspaces, was presented

in [10]. An elaborate geometric framework for multidimensional ICA (MICA) was

suggested in [10]. The notion of independent feature subspaces and independent

subspace analysis (ISA) was introduced in [18, 8]. In the ISA framework, inde-

pendent and identically distributed (i.i.d.) non-Gaussian observations are separated

into feature-invariant subspaces by a criterion which maximizes the independence

between norms of projections on linear subspaces. ISA algorithms usually search

for a de-mixing matrix which is constrained to be orthogonal; examples are given

in [8, 19, 20, 21]. This constraint is prevalent in source separation algorithms which

are based on pre-whitening, as explained in [22, Sec. 3.1]. Source separation based

on pre-whitening, in the context of [22, Sec. 3.1], simplifies the optimization by

restricting the de-mixing matrix to be orthogonal; this results in a smaller num-
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ber of variables to adjust. However, by assuming that a matrix which is based on

finite-data observations can whiten the latent sources, whitening ignores finite-data

effects. Whitening errors which are introduced in this preliminary stage cannot be

compensated for by the following rotation stage [4, Sec. 4]. Hence, such methods are

sub-optimal with respect to methods which are not based on pre-whitening [22, 23].

In the following, when we mention methods which use (pre-) whitening, we always

refer to this entire procedure, including the orthogonality constraint. An algorithm

which solves ISA through joint block diagonalization (JBD) of cumulant matrices is

described in [24]. In this algorithm JBD is performed by joint diagonalization (JD)

and permutation-recovery, and has a pre-whitening stage. An ISA algorithm with-

out the whitening constraint is given, for example, in [25]. A non-parametric depen-

dence measure, in the sense of no parametric assumption on the functional form of

the joint distribution, is found in [26]. The minimization of this measure is based

on one-dimensional ICA as a step in separating multidimensional channels for non-

Gaussian i.i.d. pre-whitened data. The above-mentioned algorithms require as an

input the correct subspace dimensions. An algorithm which extends [19] by auto-

matically detecting the subspace dimensions and clustering the data is proposed

in [27]. Conditions under which the two-step procedure of ICA and then clustering

is sufficient for separation are discussed in [28]; this analysis is valid for i.i.d. pre-

whitened data and specific distribution types. Another approach to weaken the

assumption of independence in ICA has been proposed by [29]. Their approach,

denoted as tree-dependent component analysis (TCA), looks for a transform which

makes the data components well fit by a tree-structured graphical model. In partic-

ular, TCA allows the underlying graph to have multiple connected components, and

thus the method is able to find “clusters” of components such that components are

dependent within a cluster and independent between clusters. Bach and Jordan [29]

also suggest an algorithm to learn the number and size of the clusters, even if they

are not given a-priori. A flexible model which can incorporate multidimensional

components, components with various parametric constraints, as well as additive

noise, has been presented in [16]. The method in [16] is based on minimizing the

mismatch between the empirical and model covariance matrices.

In the above-mentioned works, the performance of the algorithms is examined

numerically [10, 9, 18, 8, 26, 27, 29], or their convergence to the correct separation

point is discussed theoretically [19, 21, 20, 24, 25, 28]. However, to the best of our

knowledge, no theoretical performance analysis, in the sense of closed-form expres-

sions for an expected figure of merit or bound, has been conducted to any of these

scenarios.
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On the other hand, Cramér-Rao lower bounds on the estimation error of the mix-

ing matrix and of the source parameters in ICA and BSS have already been discussed

in the literature. Optimal performance and lower bounds were analyzed, for exam-

ple, for the following scenarios: system identification for non-Gaussian sources [30];

noise-free static-mixture ICA for non-Gaussian sources [31, 32, 33]; noise-free sta-

tionary auto-regressive (AR) Gaussian sources [34]. The Cramér-Rao lower bound

(CRLB), as well as a lower bound on the interference to source ratio (ISR), for

noise-free stationary AR, moving-average (MA) and auto-regressive moving-average

(ARMA) Gaussian sources, is given by Doron et al. [35]. Tichavský et al. [36] pro-

vide a lower bound on the ISR, based on the result of [35], for noise-free and non-

stationary Gaussian AR processes. Cardoso and Pham [37] provide performance

bounds for non-stationary Gaussian and non-Gaussian sources. Yeredor [38] pro-

vides the induced CRLB on the ISR for noise-free Gaussian non-stationary sources

in two scenarios, one in which the temporal covariance matrices of the sources are

known (“semi blind”) and one in which they are unknown (“fully blind”). For

joint blind source separation (JBSS), which is a closely-related problem to BSS, an

explicit expression for the induced CRLB [38] on the ISR has been derived by An-

derson et al. [39]. Lower bounds on source separation due to whitening have been

derived in [22, 23]. Closed-form error expressions for specific algorithms, without

claim for optimality or lower bounds, can be found, for example, in the following

works. Pham and Garat [40] discuss methods for separating noise-free mixtures

of independent sources without any precise knowledge of their probability distribu-

tion. They obtain closed-form expression for the asymptotic performance of their

proposed algorithms, and use these theoretical results to choose filters which yield

the best performance. Belouchrani et al. [41] obtain a closed-form expression for the

asymptotic performance of a second-order method based on JD of a set of lagged

covariance matrices, for static-mixture ICA with additive noise.

Our Contribution In the first part of this work, we provide a rigorous small-error

performance analysis. This analysis yields closed-form expressions for the Fisher in-

formation matrix (FIM), CRLB and mean square error (MSE), in terms of the model

parameters. To the best of our knowledge, this is the first time that closed-form

expressions for FIM, CRLB and MSE are derived for a multidimensional compo-

nent separation procedure. Our analysis considers a second-order based method

which extends the maximum likelihood (ML) treatment of [42] and the perfor-

mance analysis of [37, 43] to the case of piecewise stationary Gaussian dependent

sources/multidimensional components. In particular, we derive a contrast function,
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whose minimization is equivalent to the ML solution for Gaussian piecewise station-

ary data. As in [42], there is no whitening constraint. Hence, the derived expressions

represent the optimal performance under asymptotic conditions.

These results appear in Lahat et al. [44, 45].

1.2.2 Identifiability of Second-Order Multidimensional ICA

Once we have established the performance of component separation for our data

model, we turn to the question of the identifiability of the model. That is, un-

der which conditions the model itself is not identifiable and the proposed analy-

sis is not valid. In this work we show that the optimal solution is obtained by

minimizing a contrast function which is equivalent to JBD of a set of sample co-

variance matrices. Hence, our identifiability results are tightly related to results

about the uniqueness of JBD of simultaneous mixtures of block-diagonal symmet-

ric positive-definite matrices. An extensive and rigorous discussion and definition

of the finest unique JBD of a set of symmetric positive-definite matrices is given

by [46], in terms of matrix *-algebra. De Lathauwer [47, Theorem 6.1] has proved

that uniqueness of JBD, up to trivial indeterminacies and for Q > 2 matrices, is

guaranteed with probability one when the entries of the input matrices are drawn

from a continuous probability density function. It has been shown by [48] that blind

identification of mixed one-dimensional sources is impossible when the variances of

the different sources, as a function of the domain index, are proportional. Gutch

et al. [49] have recently presented analogous conditions of (non-) identifiability for

the multidimensional case. In [49], the discussion is based on whitened second-order

wide-sense stationary sources and the proofs of the theorems in [49, Sec. 1.3] are

omitted.

Recently, Anderson et al. [39] and Vı́a et al. [50] have presented results on the

stability and identifiability of the JBSS problem using the independent vector anal-

ysis (IVA) framework and with Gaussian multivariate priors on the sources. The

JBSS problem can be formulated (see, e.g., [39, Sec. II]) in a way which is in some

sense reminiscent of the MICA model, although it deals with a different problem,

of several datasets, each with its own different mixing matrix, and of statistically

independent one-dimensional sources. Despite the essential difference in the model

and in the final results, the identifiability analysis in the above works [39, 50] bears

some interesting analogy to ours. This analogy is further discussed in Sec. 4.6.

Our Contribution In this work, we take a route different than that of [49]

and [47]. As in the recently published work of [39], we, too, relate the identifia-



6 CHAPTER 1. INTRODUCTION

bility of the model to the positive-definiteness of the FIM. We provide a complete

and rigorous proof for the identifiability of the multidimensional model. Our proof

is based on the analysis of the FIM, which has been obtained from the previously-

mentioned optimal performance analysis. We obtain conditions which guarantee

uniqueness and identifiability of the model. These are also the necessary and suffi-

cient conditions for the uniqueness (up to a certain block-diagonal scaling) solution

to JBD of a set of mixtures of real, positive-definite block-diagonal JBD-irreducible

symmetric matrices. By “JBD-irreducible” we mean that the set of block-diagonal

matrices is constructed such that it cannot be further jointly block-diagonalized into

smaller blocks. JBD-irreducibility is discussed in Sec. 2.3.1.

The main results have been published in Lahat et al. [51].

1.2.3 Joint Block Diagonalization Algorithms

In order to validate our theoretical results, the next step is to develop a JBD algo-

rithm which minimizes the contrast function which we have derived. One partition

of JBD algorithms is into unitary and non-unitary ones. Since our ML separation

criterion is non-unitary, and our data is real, we focus on non-orthogonal algorithms.

There are two common criteria which define approximate1 JBD of a set of ma-

trices. One is the subspace-fitting least squares (LS) criterion, which seeks the best

block-diagonal model which fits the original data. The second is the quadratic crite-

rion, which quantifies the residual off block-diagonal terms. Non-orthogonal JBD by

the subspace-fitting LS criterion is discussed, for example, in [52, 53]. The quadratic

criterion is minimized using a non-orthogonal algorithm, for example, by [53, 54].

For the completeness of the picture, we mention also the JBD algorithm of [55]; it

is based on an error-controlling parameter and on a certain randomized sampling

scheme, which eventually produces a unitary de-mixing matrix.

However, all these error measures for JBD are different than our Kullback-Leibler

divergence (KLD)-based criterion. A KLD-based criterion for JBD, in the context

of source separation, has first been suggested by Bousbia-Salah et al. [56], in order

to separate one-dimensional sources from their convolutive mixture. However, [56]

do not specify the algorithm used to minimize their criterion. The fast algorithm for

JD via KLD minimization, suggested by Pham [57], is extended for JBD of cyclosta-

tionary sources in [58]. However, to the best of our knowledge, an algorithm which

minimizes our KLD-based criterion, which is equivalent to the (approximate) JBD

1In general, all JBD criteria (JD included) are designed such that they achieve exact JBD, up
to unavoidable inherent indeterminacies, when the data can be exactly jointly block-diagonalized.
They differ in the case that exact JBD cannot be achieved. It is only for simplicity of presentation
that we omit the adjective “approximate”, in the sequel
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of a set of mixtures of positive-definite symmetric JBD-irreducible block-diagonal

matrices, could not be found in the literature.

Our Contribution For the first time, algorithms which minimize directly the

KLD-based criterion for the block-diagonal case are derived. One algorithm is based

on the relative gradient (also known as the natural gradient [59]) and the other one

on a quasi-Newton method.

These algorithms have been published in Lahat et al. [60].

1.2.4 Separation of Multidimensional Data Using a One-

Dimensional Model

Another aspect of our work is blind separation of multidimensional data, when

the separation procedure consists of two steps. In the first step, the data is as-

signed a one-dimensional model. In the second step, called a clustering step, the

one-dimensional output is assigned into groups, representing the multidimensional

components. In this component separation scheme, the number of one-dimensional

components in the first step is equal to the total number of signal-space dimensions.

The idea of resolving mixed multidimensional data in terms of blind source sub-

space separation was first demonstrated in [9], on fetal ECG recordings. Cardoso [10]

has been the first to raise the question how ICA algorithms, designed to extract one-

dimensional components, behave when processing a mixture of multidimensional

independent components. That is, to which extent they are able to perform the

first clustering step. Thenceforth, various works have been dedicated to the use of

one-dimensional models and algorithms for the separation of multidimensional data,

as well as to the study of their performance.

The relationship between blind separation methods and JBD of a set of ma-

trices has been established, for example, in [56, 61, 24, 58, 54, 49, 12, 45]. An

algorithm for ISA through JBD of cumulant matrices, where JBD is performed by

JD and permutation-recovery, is described in [24]. In [62], an acoustic blind de-

convolution problem is solved using JD of a set of covariance matrices, followed

by clustering the filtered sources. For the case in which the data can be exactly

jointly block-diagonalized, it is conjectured in [63], and supported by numerical

simulations therein, that exact JBD can be achieved by JD followed by permuta-

tion resolving. This conjecture is partially proved by [24]. Conditions under which

the two-step procedure of ICA and then clustering is sufficient for separation are

discussed in [17, 28]. The analysis in [17, 28] is valid for i.i.d. pre-whitened data

with at most one Gaussian variable, and specific distribution types and models; this
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data model is different than the one used in this thesis. Tichavský et al. [64] prove

that when the input consists of several symmetric block-diagonal matrices which

have been mixed by the same invertible matrix, the “uniformly weighted exhaustive

diagonalization with Gauss iterations” algorithm [65] can achieve exact JBD.

In some cases, one-dimensional methods now have multidimensional versions.

Examples are the ISA method [8] and the FastISA [19] algorithm, which extends

FastICA [66]; Nion’s non-unitary JBD algorithm [52], which minimizes a subspace-

fitting LS criterion, and can be regarded as an extension of, e.g., [67, 68]; Ghen-

nioui et al. [54], who suggest a non-unitary JBD algorithm to solve a quadratic cri-

terion, and can be regarded as an extension of, e.g., [69, 70]; and Zhang et al. [71],

who augment the stability of the quadratic criterion of [54] using a penalty term.

Tichavský et al. [64] compare, by numerical simulations, several JD and JBD al-

gorithms on sets of mixed block-diagonal symmetric matrices. Koldovský et al. [72]

present an extensive comparison of the performance of various JD and JBD, as well

as ISA and ICA, algorithms for an acoustic convolutive BSS problem, using numer-

ical simulations. Koldovský et al. [72] also report comparing multidimensional algo-

rithms with their one-dimensional counterparts for the acoustic convolutive problem.

These two works, [64] and [72], do not reveal a clear advantage of one approach over

the other. Apart from the examples in [72], the gain expected (if at all) due to using

the multidimensional version over its 1D counterpart on the same data has not yet

been quantified, numerically or analytically.

Our Contribution For the first time, closed-form expressions for the expected

MSE of component separation under the one-dimensional scheme are derived. To-

gether with our closed-form expressions for the optimal case, this is the first time

that one can calculate numerically, using analytical expressions only, the expected

gain due to using the correct multidimensional model. We conjecture that the ex-

pected performance gain is always in favour of the method which uses the correct

multidimensional model.

Results for the case of only two components, one of them one-dimensional and the

other multidimensional, have been presented in Lahat et al. [73]. The results in this

thesis are for any number of components and of any dimension.

1.2.5 Overdetermined Multidimensional ICA: Application

to CMB Observations

Now that we have both a theoretical understanding of the optimal performance of

second-order MICA, as well as an algorithm which achieves the theoretical results
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under ideal conditions, it is interesting to test these methods in more realistic con-

ditions. In this work, we demonstrate our results on astrophysical data. Namely,

observations of the cosmic microwave background radiation (CMB). A short review

of the CMB and its observations, as well as a more detailed explanation about this

specific data model, is deferred to Sec. 7.2.

In this example, which is based on realistic sky simulations, the observations

are composed of an instantaneous mixture of two components: one which follows

the theoretical model (the CMB), and one which does not (the Galactic emission).

Since our algorithms and performance analysis are based on a-priori knowledge of

the component dimensions, then the first step in our analysis of this data set is to

determine an effective dimension for the Galactic emission. Effective, since it turns

out that the number of different cosmological processes which constitute what we call

the Galactic emission component does not necessarily reflect the dimension required

for appropriate component separation. We thus search for an integer number of

dimensions which contains most of the energy of this component, while keeping this

number small enough to allow for mathematical tractability and robustness within

the framework of our model. In this application, there is no single number which is

the “correct” answer, as opposed to the synthetic examples of the previous chapters.

In this setup, the total number of statistically independent components is assumed

to be known and set to two.

Various methods have been proposed for dealing with multidimensional data of

unknown dimension. For example, the JBD algorithm of [55] should be able to find

the finest block-diagonal structure, given an appropriate error-controlling parameter.

Two methods to recover the actual block dimensions found by the algorithm of [55]

are proposed by [12]. One is by reading a thresholded version of a matrix, whose

entries correspond to the level of statistical dependence between any two pairs of

components, as the adjacency matrix of a graph. The other method is based on

viewing the sources as nodes of a hypergraph and then removing all hyperedges

with weights lower than a certain threshold, where the weights are based on 4th

order cumulants. Theis [24] deals with finding the correct block dimensions in the

context of JBD algorithms, where in the first step JD is performed. In the second

step, the optimal permutation should be found by iteratively permuting columns

and rows in order to guarantee that all non-zeros of a matrix, which is constructed

from the output of the JD algorithm, are clustered along the main diagonal as

closely as possible. The algorithm proposed by [24] uses a threshold, whose choice

is a matter of empirical trials. This scheme eventually recovers not only the desired

permutation but also the block sizes. Bach and Jordan [29] propose, within the
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framework of graphical models, an approach denoted as TCA. In this approach,

learning the best possible non-spanning tree that fits a given distribution, provides

a way to learn the number and size of the clusters for that particular distribution.

A different dimension detection scheme is proposed by [27], based on the idea that

using a wrong dimension in the algorithm leads to a larger variance of the output,

when tested on repeated trials with different initializations.

In this work, we propose a different dimension detection scheme. Our scheme

is based on singling-out the contribution of the model error (i.e., wrong choice of

dimension) from the contribution of other type of errors (e.g., finite-data errors) to

the figure of merit. When the correct model dimension is detected, the contribution

of the model error becomes negligible with respect to the contribution of the other

errors.

Besides the opportunity to demonstrate a method for determining the dimension

of a component, this application allows us to extend our analysis to the overde-

termined case, of more detectors than signal-space dimensions. This mission is

achieved via principal component analysis (PCA). PCA has already been used to

tread overdetermined MICA as early as [9].

Another variation of our theoretical analysis which is illustrated using the CMB

application is the option to perform the entire analysis in the frequency domain. As

demonstrated by [40, 74], in full analogy to the time-domain procedure, second-order

BSS can also be performed in the frequency-domain on non-white stationary pro-

cesses, due to the asymptotic properties of the Fourier coefficients. In this applica-

tion, the CMB is a stationary field over the sky. That is, a two-dimensional spherical

surface. It is through the spherical harmonic transform (SHT) (see Sec. 7.4) that

the observations obtain their (approximately) piecewise-stationary form, required

for our analysis.

The mapping between the temporal (or spatial) and spectral domains is lin-

ear and one-to-one. Therefore, our method, although formulated in terms of non-

stationarity, can be readily applied also to stationary data. Applying our method

to stationary data can be done either in time (or space, in the case of astrophys-

ical observations), using the lagged covariance matrices (as done, e.g., in [41]), or

in the spectral domain, in which the samples are non-stationary and decorrelated.

The equivalence between these two domains has been shown, for example, by Pham

and Garat [40]. The spectral domain may be, for example, the Fourier (as in [40])

or the spherical harmonics space. The latter is the way which was chosen for the

astrophysical application in Chapter 7. Hence, although, for simplicity of presenta-

tion, our analysis is formulated in terms of non-stationarity, the sample index t is
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not restricted to “time”. Similarly, the “covariance matrices” R
(t)
X may be readily

regarded as “lagged covariance matrices”, “cross-spectrum matrices” or any other

appropriate statistics.

Part of these results can be found in Lahat et al. [75].

Our Contribution From the theoretical aspect, we extend our performance anal-

ysis to the overdetermined case. We recast our analysis into the spherical harmonics

domain and show that our analysis is valid also in the spectral domain. We show

that our methods are robust to small discrepancies between model and data. We

demonstrate that it is possible to determine the (effective) number of dimensions of

a component, even if this dimension is not known a-priori, and even if this dimension

is not well-defined from the physical point of view, using only the methods presented

in this thesis.

From the astrophysical aspect, we provide a preliminary test of feasibility. We

show that our algorithms are capable of separating cosmological components in

adequate scenarios. We demonstrate, for the first time, that a theoretical closed-

form expression for the error can indeed predict, to a reasonable precision, the MSE

in component separation of astrophysical emissions via MICA.

Most important, this realistic example demonstrates that our theoretical analysis

and algorithms are likely to be useful in further applications and provide significant

contribution to processing multidimensional data.

1.3 Thesis Outline

The outline of this thesis is as follows.

In Chapter 2 we describe the data model and the basic assumptions used through-

out this work. We present the concept of multidimensional components as an al-

ternative to the more widely used dependent sources, where the former are free

from certain indeterminacies which the latter suffer from. We define the piecewise-

stationary data model and give a concrete meaning to its multidimensionality. We

derive a likelihood function, which is the basis for the statistical analysis in this

work. Based on the likelihood, we derive the associated estimating equations for

the Gaussian case. These equations are the basis for the small-error analysis in this

work.

Chapter 3 is devoted to the error analysis of blind separation of multidimensional

components based on second-order statistics, in a piecewise-stationary model. We

obtain closed-form expressions for the FIM and the CRLB of the de-mixing param-
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eters, as well as for the MSE of the component estimates. The derived MSE is valid

also for non-Gaussian data. Our analysis is supported by numerical experiments and

its performance is compared to classical ICA/BSS in various dependence scenarios.

In Chapter 4, we discuss the identifiability of second-order MICA. By analyz-

ing the FIM, which was derived in Chapter 3, we derive necessary and sufficient

conditions on the uniqueness and the identifiability the model. These are also the

sufficient and necessary conditions for JBD of a set of mixtures of real positive-

definite symmetric block-diagonal JBD-irreducible matrices to be unique (up to a

certain block-diagonal scaling matrix).

In Chapter 5, two non-orthogonal algorithms which minimize the Kullback-

Leibler-induced divergence between a set of real positive-definite symmetric ma-

trices and a block-diagonal transformation thereof are suggested. One algorithm is

based on the relative gradient (RG), and the other is based on a quasi-Newton (QN)

method. Simulations demonstrate the convergence properties of the suggested algo-

rithms.

Chapter 6 deals with the separation of multidimensional data, when the sep-

aration procedure consists of two steps. In the first step, the data is assigned a

model designed originally for one-dimensional data. In the second phase, called a

clustering step, the one-dimensional output is assigned into groups, representing the

multidimensional components. We prove that for piecewise stationary data, and

when only second-order statistics are used, this form of separation is suboptimal.

In particular, we obtain a closed-form expression for the MSE for such separation,

an expression which is based only on the model parameters. By comparing this ex-

pression with the optimal MSE, which was derived in Chapter 3, one can obtain the

expected gain directly from the model parameters, without resorting to numerical

simulations or Monte-Carlo trials. The derived MSE is valid also for non-Gaussian

data. Our analysis is supported by numerical experiments. In addition, we demon-

strate the theoretical gain in the accuracy of component recovery in the presence of

multidimensional components for several dependence scenarios.

Chapter 7 deals with overdetermined MICA and its performance analysis, applied

to multichannel observations of the CMB. We provide the mathematical preliminar-

ies required for processing astrophysical observations taken over the celestial sphere,

in the frequency domain. We then discuss the adaptations of our theoretical model

to the special nature of this application. Namely, determining the components di-

mension, calculating spectral density matrices and extending the analysis to the

overdetermined case by a dimension reduction scheme. We rewrite our expression

for the figure of merit in a way which can reflect the component estimate’s MSE in
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each domain and observation channel. We discuss some of the special properties of

CMB observations, such as the fact that there exists only one realization of the astro-

physical processes which underlie the CMB observations, the non-stationarity of the

Galactic emission component, and how these properties affect our analysis. Finally,

we support our theoretical analysis and methods by simulated observations of the

CMB. We show that despite various discrepancies between the theoretical model and

the data, the basic assumption of statistical decorrelation of the multidimensional

components is sufficiently robust to give a good fit between our predictions and the

empirical results.
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Chapter 2

Mathematical Preliminaries

2.1 Outline

In this chapter, we present the foundations on which the theoretical analysis in this

thesis is based. The outline of this chapter is as follows. In Sec. 2.2 we present

the two points of view, of dependent sources vs. multidimensional components. In

Sec. 2.3 we describe our statistical model. We derive a contrast function, whose

minimization is equivalent to the maximum likelihood (ML) solution for Gaussian

piecewise stationary data. We show that this minimization can be obtained by joint

block diagonalization (JBD) of a set of sample covariance matrices. We then derive

the estimating equations, whose component-wise form forms the basis for the error

analysis in this work.

2.2 Dependent Sources vs. Multidimensional

Components

In their most basic setting, independent component analysis (ICA) and blind source

separation (BSS) aim at extracting m mutually independent elements from m ob-

served mixtures. The model is of T observations of an m× 1 vector x(t), modeled

as

x(t) = As(t) 1 ≤ t ≤ T (2.1)

where A is an m×m full-rank matrix and s(t) is a vector of independent sources.

A natural extension of practical interest is to assume that the m sources can be

partitioned into n ≤ m groups with the sources of different groups being statistically

independent while the sources in the same group are not independent and cannot

be made independent by any linear transform on s(t). In the following, we use the

15
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term dependent sources to indicate such a source model. As we shall see shortly,

the multiplicative model (2.1) of dependent sources, which suffers from inherent

indeterminacies, is equivalent to the additive model [10]

x(t) =
n∑
i=1

xi(t) (2.2)

of multidimensional components, in which these indeterminacies are avoided.

The separation problem of interest can be stated by partitioning the source vector

s(t) and matrix A as

A = [A1, . . . ,An], s(t) = [s†1(t), . . . , s†n(t)]† , (2.3)

where Ai, the ith column block of A, has dimension m × mi, vector si(t) has

dimension mi × 1 and
∑n

i=1mi = m. Given the block-pattern m
4
= [m1, . . . ,mn]†

and the observations x(t), the problem of blind separation of dependent sources is

that of finding matrices Ai such that A is full-rank and such that the corresponding

source vectors s1(t), . . . , sn(t) are as independent as possible. This notion is given a

definite meaning in Sec. 2.3, where we set up a simple statistical model which, via its

likelihood function, yields a quantitative measure of independence. However, before

we write down a likelihood function, it is necessary to discuss the indeterminacies

inherent to the blind separation of dependent sources and to explain how these

indeterminacies lead to the alternate point of view of multidimensional ICA (MICA).

With the partition (2.3), the multiplicative, source-mixing model (2.1) can also

be written as an additive model (2.2), where we define the ith component xi(t) as

the m× 1 vector

xi(t) = Aisi(t) . (2.4)

In a blind context, the component vector xi(t) is better defined than the source

vector si(t). Indeed, for any mi ×mi invertible matrix Zi, the pair (Ai, si(t)) and

the pair (AiZ
−1
i , Zisi(t)) contribute the same quantity xi(t) = AiZ

−1
i Zisi(t) =

Aisi(t) to the observations. It is thus impossible to discriminate between the

representation of a component xi(t) by the pair (Ai, si(t)) and by the pair

(AiZ
−1
i , Zisi(t)). Therefore, matrix Ai can, at best, be blindly identified only

up to right multiplication by an invertible mi × mi matrix. This is the familiar

scale indeterminacy of standard ICA, carried over to dimension mi, with an mi×mi

matrix factor Zi instead of a simple scalar factor.

Since matrixAi is determined only up to a right factor Zi, only its column space,

Span(Ai), can be blindly identified. It is thus useful to introduce the separating
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projectors : these are the m×m oblique projection matrices P i onto Span(Ai) along

Span(Aj) for all j 6= i. By definition, they satisfy P iAj = δijAi, are unaffected if

Ai is changed into AiZ
−1
i , and allow one to write

xi(t) = P ix(t) . (2.5)

The notation (2.5) is the geometric counterpart of (2.4). The set of n unambiguous

oblique projections P i is the matrix-free counterpart of the inverse matrixB = A−1.

For later reference we mention that if B is partitioned into n horizontal blocks,

where the ith block Bi has dimension mi × m, then the ith oblique projector is

given by

P i = AiBi . (2.6)

We also define the orthogonal projection matrix Πi onto Span(Ai). That is,

Πi = Ai(A
†
iAi)

−1A†i = AiA
]
i , (2.7)

denoting by A]
i = (A†iAi)

−1A†i the Moore-Penrose pseudoinverse ((A.2), Ap-

pendix A) of Ai. Obviously, projector Πi is unaffected if Ai is changed into AiZ
−1
i .

In summary, the source separation model based on a mixing matrix is recast as

a component separation model (2.2) where the ith component xi(t) is restricted to

an mi-dimensional subspace, represented by the uniquely-defined orthogonal projec-

tor Πi. The ith component is recovered via (2.5) using the oblique projector P i.

As a final note in this section, we would like to emphasize that the component per-

spective goes beyond the mere avoidance of scale indeterminacy. The various exam-

ples of multidimensional data in Chapter 1 demonstrate that in a multidimensional

setup, a “mixing matrix” and “dependent sources” may not always have a physical

interpretation of their own.

2.3 Model, Likelihood and Contrast Function

We derive a likelihood function for the separation of dependent sources by general-

izing the Gaussian piecewise stationary model of Pham and Cardoso [42]. We show,

following the same guidelines as [42], how this likelihood yields a contrast function

for separating dependent sources, which is a JBD criterion. We then establish the

estimating equations for the mixing matrix A, that is, the equations satisfied by

its ML value. Finally, we recast these equations in terms of the component model

parameters, the oblique projections P i.
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2.3.1 Piecewise Stationary Model

Let us consider a piecewise stationary model as follows. The observation interval

[1, T ] is partitioned into Q domains Dq, q = 1, . . . , Q, where domain q contains nq

samples, so that
∑Q

q=1 nq = T . We assume that s(t) is independent of s(t′) if t 6= t′

and that, for any t ∈ Dq, s(t) has zero mean and covariance matrix R
(q)
S . The linear

model (2.1) implies that

R
(q)
X = AR

(q)
S A

† , (2.8)

where R
(q)
X is the covariance matrix of x(t) for t ∈ Dq. The empirical counterpart

and natural estimate of R
(q)
X is

R
(q)

X

4
=

1

nq

∑
t∈Dq

x(t)x†(t) . (2.9)

The model of dependent sources, discussed in Sec. 2.2, corresponds to the block-

diagonal structure

R
(q)
S

4
=


R

(q)
S,11 0 0

0
. . . 0

0 0 R
(q)
S,nn

 , (2.10)

whereR
(q)
S,ii is the covariance matrix of si(t) for t ∈ Dq. The set {R(q)

S }
Q
q=1 is such that

it cannot be further jointly block-diagonalized into smaller blocks. Hence, {R(q)
S }

Q
q=1

is JBD-irreducible (this notion of irreducibility is analogous to that proposed by [24,

76, 46, 77]).

In the following, we use bdiag{·, . . . , ·} to denote a block-diagonal matrix con-

structed from the set of matrices in brackets. Therefore, (2.10) can be rewritten

as

R
(q)
S = bdiag{R(q)

S,11, . . . ,R
(q)
S,nn} .

We shall also use the related notation bdiagm{M} which, given an m×m matrix

M , returns the block-diagonal matrix with block-pattern m which has the same

diagonal blocks as M and has zeros in the off-diagonal blocks.

2.3.2 Likelihood

If s(t) is normally distributed, then the log-likelihood for the model just described

is

log p({x(t)}Tt=1) =
T∑
t=1

log p(x(t))
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= −
T∑
t=1

1

2

(
log det 2πR

(t)
X + x†(t)R

−(t)
X x(t)

)
= −

Q∑
q=1

nq
1

2

(
log det 2πR

(q)
X + tr

{
R

(q)

X R
−(q)
X

})
, (2.11)

as we now explain. The first equality comes from the assumption of independence

for t′ 6= t. The second equality follows from the Gaussian assumption x(t) ∼
N (0,R

(t)
X ) and uses the notation

(
R

(t)
X

)−1
= R

−(t)
X . The third equality results from

the piecewise stationary model that R(t) = R(q) for t ∈ Dq and uses the property

a†Ra = tr
{
Raa†

}
for any vector a and matrix R of appropriate dimensions.

Using the notation

D(R1,R2) =
1

2

(
tr
{
R1R

−1
2

}
− log det(R1R

−1
2 )−m

)
(2.12)

for any two m ×m positive-definite matrices R1 and R2, the log-likelihood (2.11)

can be rewritten as

log p({x(t)}Tt=1) = −
Q∑
q=1

nqD(R
(q)

X ,R
(q)
X ) + κ

= −
Q∑
q=1

nqD(A−1R
(q)

X A
−†,R

(q)
S ) + κ

= − T 〈D(A−1RXA
−†,RS)〉+ κ , (2.13)

where κ = −1
2
(mT +

∑Q
q=1 nq log det 2πR

(q)

X ) denotes the term which is irrelevant to

the maximization of the likelihood with respect to its parameters, since it depends

only on the data, not on the model. The second equality uses (2.8) and then the

invariance of (2.12) under any invertible transform: for any two positive-definite

matrices R1, R2 and for any invertible A,

D(R1,AR2A
†) = D(A−1R1A

−†,R2) . (2.14)

The last step in (2.13) introduces the notation 〈·〉 to denote a weighted average of

any sequence indexed by q with weights nq:

〈M〉 4= 1

T

Q∑
q=1

nqM
(q) . (2.15)
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2.3.3 Contrast Function for a Mixture of Dependent

Sources

We can now focus on the case of interest: a mixture of dependent sources. The con-

trast function is obtained by maximizing the likelihood with respect to the nuisance

parameters {R(q)
S }

Q
q=1 for fixed A. Following the derivation in Appendix 2.A, the

ML estimate of R
(q)
S is bdiagm{A−1R

(q)

X A
−†} and

max
R

(q)
S

log p({x(t)}Tt=1;A, {R(q)
S }

Q
q=1) = −T C(A) + κ , (2.16)

where we define the contrast function[1]

C(A)
4
= 〈D(A−1RXA

−†, bdiagm{A−1RXA
−†})〉 (2.17)

and where, for brevity, the dependence of C(A) on the data via {R(q)

X }
Q
q=1 is not

denoted explicitly. Note that (2.17) is the multidimensional analogue of its one-

dimensional counterpart in [42].

The scalar D(R1,R2), defined in (2.12), is equal to the Kullback-Leibler di-

vergence (KLD) between the distributions N (0,R1) and N (0,R2) [78] and thus

is a measure of mismatch between two positive-definite matrices R1 and R2.

Henceforth, we refer to D(·, ·) as the Kullback-Leibler-induced divergence between

two positive-definite symmetric matrices. Therefore, in our piecewise station-

ary model, maximizing (2.13) is equivalent to minimizing the average mismatch

〈D(RX ,RX)〉 between the sample covariance matrices and their expected counter-

parts. Since D(R, bdiagm{R}) ≥ 0 with equality if and only if R is block-diagonal

with block-pattern m, then, for any positive-definite matrix R, the divergence

D(R, bdiagm{R}) is a measure of the block-diagonality of R. Therefore, minimiz-

ing C(A) can be understood as joint block diagonalization of the set of covariance

matrices {R(q)

X }
Q
q=1 by matrix A−1 (see also [56, 58] and footnote 2 on page 70).

2.3.4 Estimating Equations in Terms of the Mixing Matrix

The next step is to solve for the mixing matrix A. This is obtained by maximizing

the log-likelihood (2.13) and thus also minimizing the contrast function (2.17). For

this purpose, we calculate the derivative of the likelihood function φ(A, {R(q)
S }

Q
q=1)

4
=

log p({x(t)}Tt=1) with respect toA, for fixedR
(q)
S (we omit the dependence of φ on the

data, for brevity). The first-order variation of φ(A, {R(q)
S }

Q
q=1) when A is replaced

by A(I +E) (where I denotes the identity matrix) can always be expressed by the
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Taylor expansion

φ(A(I +E), {R(q)
S }

Q
q=1) = φ(A, {R(q)

S }
Q
q=1)

+ tr
{

(∇φ(A, {R(q)
S }

Q
q=1))†E

}
+ higher-order terms in E , (2.18)

for some m × m matrix ∇φ(A, {R(q)
S }

Q
q=1), called the relative gradient (RG) of

φ(A, {R(q)
S }

Q
q=1) with respect to A. Similarly to the derivation for the one-

dimensional case in [42], one obtains that

∇φ(A, {R(q)
S }

Q
q=1) = 〈R−1

S A
−1RXA

−†〉 − I . (2.19)

In order to obtain the ML estimate of A, we equate (2.19) to zero. Since (2.19)

depends on the nuisance parameters, we can now replace R
(q)
S with its ML estimate,

derived in Sec. 2.3.3. This procedure yields the estimating equations

〈bdiag−1
m {A−1RXA

−†} A−1RXA
−†〉 = I , (2.20)

where bdiag−1
m {·} implies (bdiagm{·})−1. It can be shown that ∇C(A), the first-

order variation of C(A), derived similarly to (2.18), obeys

∇φ(A, {R(q)
S }

Q
q=1)

∣∣∣
R

(q)
S =bdiagm{A−1R

(q)
X A−†}

= −∇C(A) . (2.21)

Therefore, an ML estimate of A is not only a minimizer of the contrast func-

tion (2.17) but also a solution of the estimating equations (2.20). The estimating

equations (2.20) read block-wise

〈([A−1RXA
−†]ii)

−1[A−1RXA
−†]ij〉 = 0mi×mj

j 6= i , (2.22)

where i, j are understood as block indices. Using the horizontal blocks Bi of matrix

B = A−1, (2.22) is rewritten as

〈(BiRXB
†
i )
−1(BiRXB

†
j)〉 = 0mi×mj

j 6= i . (2.23)

Note that the (i, i)th block of (2.20), that is, i = j of (2.22), degenerates into

the identity matrix. This implies that the diagonal blocks i = j do not yield any

constraints, reflecting the indeterminacy discussed in Sec. 2.2.
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2.3.5 Estimating Equations in Terms of the Projectors

The estimating equations (2.23) can also be expressed as conditions on the oblique

projectors P i. To do so, we multiply (2.23) on the left by A]†
i and on the right by

A†j. In the middle we insert A]
iAi = I, to obtain

〈A]
i

†
(BiRXB

†
i )
−1A]

iAi(BiRXB
†
j)A

†
j〉 = 0m×m . (2.24)

We split the expression inside the angular brackets into two factors which can be

re-expressed as follows. The leftmost factor is

A]
i

†
(BiR

(q)

X B
†
i )
−1A]

i = (AiBiR
(q)

X B
†
iA
†
i )
] = (P iR

(q)

X P
†
i )
] , (2.25)

where the first equality uses the property that for any invertible n × n matrix M

and for any m× n, m ≥ n rank-n matrix V ,

V ]†M−1V ] = (VMV †)] (2.26)

(it is immediate to verify that (2.26) fulfills all four criteria of the Moore-Penrose

pseudoinverse (A.2) in Appendix A) and the second equality uses definition (2.6) of

the projectors. The rightmost factor is

Ai(BiR
(q)

X B
†
j)A

†
j = P iR

(q)

X P
†
j . (2.27)

Substituting (2.25) and (2.27) in (2.24), the estimating equations (2.23) also read

〈(P iRXP
†
i )
](P iRXP

†
j)〉 = 0m×m j 6= i , (2.28)

which is the desired form: the values of the oblique projectors for which (2.28)

holds are the stationary points of the contrast function. Since the estimating equa-

tions (2.22) yield the ML estimates of A, (2.28) yield the ML estimates of P i.

The estimating equations (2.28) will allow us to lead the error analysis from the

components’ point of view, as we shall see in Sec. 3.2.

2.4 Summary

In this chapter, we presented the concept of BSS of multidimensional components

as a new perspective on the dependent sources model. Based on a piecewise sta-

tionary model, we derived an ML-based criterion (2.17) which singles out the multi-
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dimensional, unambiguous components from their sum. We have shown that the

ML solution, for Gaussian data and non-orthogonal mixing matrix (that is, avoid-

ing any whitening constraints) can be obtained by minimizing a contrast function,

which is a JBD criterion. Hence, the ML solution for the de-mixing parameters

can be obtained via JBD of a set of covariance matrices. By differentiating the log-

likelihood, and thus also of the contrast function, with respect to their parameters,

we derived the estimating equations. These are non-linear equations, which yield

the ML estimate of the de-mixing parameters. The estimating equations form the

basis for the error analysis in the upcoming chapters.

2.A Derivation of the Contrast Function

This appendix details the steps to obtain the contrast function (2.17), by maximz-

ing the log-likelihood (2.13) with respect to {R(q)
S }

Q
q=1. This maximization can be

obtained using Property 2.1 below, which implies that

min
N∈bdiagm

D(M ,N ) = D(M , bdiagm{M}) . (2.29)

Therefore, for any domain q,

min
R

(q)
S

D(A−1R
(q)

X A
−†,R

(q)
S ) = D(A−1R

(q)

X A
−†, bdiagm{A−1R

(q)

X A
−†})

since R
(q)
S is block-diagonal by definition. Since the samples at different domains are

statistically independent, the log-likelihood (2.13) can be maximized by optimizing

each domain separately, which concludes the derivation.

Property 2.1 (Closest Block-Diagonal Matrix). Given block-pattern m, the best,

in the Kullback-Leibler-induced divergence sense, block-diagonal approximation to

a positive-definite matrix M , is bdiagm{M}:

arg min
N∈bdiagm

D(M ,N ) = bdiagm{M}

from which (2.29) follows.

Proof. For a given block-pattern m, let M and N
4
= bdiagm{N} be any two

positive-definite matrices. Then, the Kullback-Leibler-induced divergence between



24 CHAPTER 2. MATHEMATICAL PRELIMINARIES

M and bdiagm{N} can be factorized into

D(M , bdiagm{N}) = D(M , bdiagm{M}) +D(bdiagm{M}, bdiagm{N}) .
(2.30)

The proof of (2.30) is straightforward using the definition (2.12) of the Kullback-

Leibler-induced divergence. In (2.30), D(M , bdiagm{M}) is independent of N .

Setting N = bdiagm{M} zeroes (and minimizes, since D(·, ·) ≥ 0) the rightmost

term of (2.30).



Chapter 3

Optimal Performance of

Second-Order Multidimensional

ICA

3.1 Outline

This chapter deals with the asymptotic error analysis of second-order multi-

dimensional ICA (MICA) in a piecewise stationary model.

The outline of this chapter is as follows. Sec. 3.2 deals with the small-error

analysis of the estimates, obtained from the minimization of the contrast function,

derived in Chapter 2. The small-error analysis in this chapter is done exclusively

in terms of well-defined quantities, i.e. components and projections. From the

Taylor expansion of the estimating equations we obtain a closed-form expression

for the error covariance of the maximum likelihood (ML) estimates of the model

parameters, the oblique projections. This covariance is propagated to yield a closed-

form expression for the total mean square error (MSE) in component estimation.

We present the asymptotically-achievable Cramér-Rao lower bound (CRLB) and the

Fisher information matrix (FIM) for this data model. Numerical examples which

support our theoretical results are presented in Sec. 3.3. Numerical simulations

demonstrate that our CRLB is achievable when the model assumptions hold, and

that our MSE expression for component reconstruction holds also for non-Gaussian

data, as predicted from our theoretical analysis. Furthermore, the simulations show

a significant gain of the multidimensional approach over the cruder approach based

on one-dimensional separation following a clustering of the dependent sources. The

latter approach will be discussed in detail in Chapter 6.

The analysis in this chapter has been published in Lahat et al. [45].

25
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3.2 Error Analysis

We turn to the error analysis of the estimates, obtained by minimizing the contrast

function (2.17). Our purpose is to derive a closed-form expression for the MSE in

component estimation. In Sec. 3.2.1 we define the error in component estimation.

We express this error as a function of the error in the oblique projections and of the

observations. The error in the oblique projections, which is due to all n components,

is factorized into pairwise error terms. Following a first-order expansion of the

estimating equations (2.28), we obtain in Sec. 3.2.2 an expression for the pairwise

error terms, which depends on the model parameters and on the observations. In

Sec. 3.2.3 we derive the covariance of the pairwise error terms and thus also of the

error in the oblique projections. This derivation provides us with the FIM and

CRLB for these estimated parameters, when the Gaussian model holds. Finally, in

Sec. 3.2.4, based on the former results, we obtain a closed-form expression for the

(normalized) MSE for component separation.

We consider an asymptotic analysis in the regime of small errors, in which the

results are obtained from a first-order expansion of the estimating equations. In the

following, we define asymptotic conditions as T →∞ with nq

T
fixed ∀q. The analysis

is conducted under the assumption that the model of Sec 2.3.1 holds.

In order to avoid ambiguities, for certain parameters, a “?” is used to denote the

“true” model quantities, and a hat denotes a value which minimizes the contrast

function. For instance, A? denotes the true mixing matrix, while Â denotes a

minimizer of (2.17), which is also an ML estimate if the Gaussian model holds.

3.2.1 Error Decomposition

A difficulty in error analysis for the multidimensional problem stems from the in-

ability to characterize the estimation error of the mixing matrix, due to the severe

indeterminacies it suffers from, as discussed in Sec. 2.2. We thus begin by defining

convenient error terms. In order to focus on well-defined quantities, we consider the

errors δP i in P̂ i, the ML estimates of the oblique projectors P i:

δP i = P̂ i − P ?
i . (3.1)

The estimated ith component is thus

x̂i(t) = P̂ ix(t) = (P ?
i + δP i)x(t) = xi(t) + δP ix(t) (3.2)
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so that, using x(t) =
∑n

j=1 xj(t), the error in the ith component is factorized as

x̂i(t)− xi(t) = δP ix(t) = δP i

n∑
j=1

xj(t) =
n∑
j=1

δP iΠ
?
jxj(t) =

n∑
j=1

E ijxj(t) , (3.3)

where we have defined m×m error matrices

E ij
4
= δP i Π

?
j = (P̂ i − P ?

i ) Π?
j . (3.4)

The term Π?
j in (3.3) is inserted since it arises naturally in the derivation of the

first-order expansion of the estimating equations (Appendix 3.A, (3.32)); recall that

Π?
jxj(t) = xj(t) ∀j. The double-indexed term E ij gives the linearized estimating

equations their pairwise form, as will be seen shortly.

For i 6= j, the term E ijxj(t) in (3.3) is called the (i, j)th-contamination error.

That is, the contamination due to the jth component in the reconstruction of the ith

component. The term E iixi(t) is called the ith-reconstruction error, since this term

represents a distortion of xi(t) but not any contamination by the other components.

3.2.2 Influence Function

In order to evaluate the covariance of the estimation error, we first establish the

first-order expansion of E ij in terms of the finite-sample m×m covariance matrices

R
(q)

XiXj

4
=

1

nq

∑
t∈Dq

xi(t)x
†
j(t) . (3.5)

The key assumption for blind separation is block-decorrelation:

R
(q)
XiXj

4
= E

{
R

(q)

XiXj

}
= 0m×m for j 6= i . (3.6)

However, because of finite sample size, this does not hold for its empirical counter-

part, i.e., R
(q)

XiXj
6= 0m×m. In this section, we develop the performance analysis in

the regime of small errors. That is, we analyze the error terms P̂ i−P ?
i at first-order

in R
(q)

XiXj
when asymptotic conditions hold. From (3.4), E ij decreases with T at the

same rate as δP i. Assuming that asymptotic conditions hold, then P̂ i
∼= P ?

i (see

Appendix 3.A).

The first-order expansion of the estimating equations (2.28) yields (see Ap-
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pendix 3.A) a set of pairs of equations:

−〈R]
XiXi

RXiXj
〉 = E†ji + 〈R]

XiXi
E ijRXjXj

〉+ Ω( 1
T

)

−〈R]
XjXj

RXjXi
〉 = E†ij + 〈R]

XjXj
EjiRXiXi

〉+ Ω( 1
T

)
(3.7)

with one such pair of equations for each pair i 6= j of components. Equation (3.7)

shows that asymptotically, for each pair of components, the projector error terms

(E ij,Eji) are related to the corresponding set of 2Q matrices {R(q)

XiXj
,R

(q)

XjXi
}Qq=1,

which represents the block-decorrelation error. Such a pairwise decoupling is cus-

tomary in the asymptotic analysis of blind source separation (BSS) algorithms,

e.g. [40], [57].

In order to proceed, it is convenient to vectorize the matrices using the vec{·}
operator which stacks the columns of a p× q matrix into a pq × 1 vector. The pair

of equations (3.7) can thus be rewritten in matrix form as[
gij

gji

]
= −H ·

[
vec{E ij}
vec{Eji}

]
+ Ω( 1

T
) , (3.8)

where

gij = 〈vec{R]
XiXi

RXiXj
}〉 (3.9)

and

H =

[
H ij Tm,m
Tm,m Hji

]
(3.10)

is a symmetric matrix with

H ij = 〈RXjXj
⊗R]

XiXi
〉 . (3.11)

In (3.10) we have introduced the mn×mn commutation matrix Tm,n [79], defined

in (A.3) in Appendix A. Assuming that H is invertible (necessary and sufficient

conditions are given in Sec. 4.4), then[
vec{E ij}
vec{Eji}

]
= −H−1

[
gij

gji

]
+ Ω( 1

T
) . (3.12)

Equation (3.12) shows how the empirical correlation between components, that is,

the fact that R
(q)

XiXj
is non-zero in finite sample size, results in non-zero errors E ij.

Note the similarity between (3.12) and its one-dimensional, source-wise counterpart

in [42, 57]. Equation (3.12) is the desired closed-form, first-order expression for the
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error terms in (3.3).

3.2.3 Error Covariance for the Projectors

We are almost ready now to calculate the covariance matrix of δP i, defined in (3.1).

First, we notice that δP i = δP i

∑n
j=1P

?
j =

∑n
j=1 δP iΠ

?
jP

?
j =

∑n
j=1 E ijP

?
j , where

E ij are given explicitly by (3.12) for i 6= j. For E ii one more step is required, because

E ii is not given by (3.12). Since x(t) is given (observed), we exploit it by constrain-

ing
∑n

j=1 x̂j(t) = x(t). Therefore,
∑n

j=1 P̂ j = I, which implies
∑n

j=1 δP j = 0m×m,

hence
∑n

j=1 Eji = 0m×m. We can thus rewrite δP i =
∑

j 6=i(E ijP
?
j − EjiP ?

i ). Vec-

torizing δP i, its covariance matrix is given by

Cov(vec{δP i}) = Cov(
∑
j 6=i

(
(P ?†

j ⊗ I)vec{E ij} − (P ?†
i ⊗ I)vec{Eji}

)
=
∑
j 6=i

(
(P ?†

j ⊗ I) Cov(vec{E ij})(P ?
j ⊗ I)

− (P ?†
j ⊗ I) Cov(vec{E ij}, vec{Eji})(P ?

i ⊗ I)

− (P ?†
i ⊗ I) Cov(vec{Eji}, vec{E ij})(P ?

j ⊗ I)

+ (P ?†
i ⊗ I) Cov(vec{Eji})(P ?

i ⊗ I)
)

+O( 1
T 2 ) , (3.13)

where the first equality is due to (A.1c) in Appendix A and the last equality is due

to the lack of correlation between the components.

It remains now to calculate the four covariance matrices in (3.13). These will be

taken from the covariance of (3.12). For this aim, we shall calculate the covariance

matrix of the stochastic vector [g†ij, g
†
ji]
†. We show in Appendix 3.B that

Cov

([
gij

gji

])
=

1

T
HΠ , (3.14)

where

HΠ =

[
H ij T Πij

m,m

T Πji
m,m Hji

]
(3.15)

and

T Πij
m,m

4
= (Π?

j ⊗Π?
i )Tm,m(Π?

i ⊗Π?
j) . (3.16)
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Using (3.14), the covariance matrix of (3.12), for any i 6= j, is given by

Cov

([
vec{E ij}
vec{Eji}

])
=

1

T
H−1HΠH−† +O( 1

T 2 ) =
1

T
H]

Π +O( 1
T 2 ) , (3.17)

where the last step is proved in Appendix 3.C. Further manipulations on (3.17)

(Appendix 3.D) yield, for i 6= j,

Cov (vec{E ij}) = T−1
(
〈RXjXj

⊗R]
XiXi
〉 − 〈R]

XjXj
⊗RXiXi

〉]
)]

+O( 1
T 2 ) (3.18)

and

Cov(vec{E ij}, vec{Eji}) = Cov(vec{E ij})〈R]
XjXj

⊗RXiXi
〉]T m,m +O( 1

T 2 ) (3.19)

as the cross-covariance matrix between vec{E ij} and vec{Eji}. All the covariance

matrices on the right-hand side (RHS) of (3.13) are now given in explicit form

by (3.18) and (3.19), which concludes the closed-form derivation of Cov(vec{δP i}).
Matrix H]

Π and thus also HΠ have rank 2mimj. This rank is due to the fact

that gij reflects a correlation between an mi-dimensional component and an mj-

dimensional component, as can be seen from (3.9). Hence, Cov(gij) is of rank

mimj. Due to (3.12), mimj is also the rank of Cov(E ij). Since (3.17) involves two

such matrices, which are linearly independent, the rank of H]
Π (3.17) is twice this

value. The rank of matrix Cov(vec{δP i}) is, for each j, the sum of the rank of all

the matrices (3.17) involved in (3.13) (if we ignore the higher-order terms, of course).

Hence, its rank is 2mi

∑
j 6=imj. Both Cov(vec{δP i}) and HΠ are rank-deficient.

Under the Gaussian assumption, the results in this section have the follow-

ing interpretation. gij is the first-order expansion of the relative gradient (RG)

of the contrast function C(A). From (2.16), Tgij is the first-order expansion of the

RG (2.28) of the log-likelihood (2.11). Therefore, due to (3.14), T 2 1
T
HΠ = THΠ is

the FIM for the pair (vec{P iΠ
?
j}, vec{P jΠ

?
i }). This interpretation can be verified

from (3.8), since the pair (vec{E ij}, vec{Eji}) denotes the estimation error of the

pair (vec{P iΠ
?
j}, vec{P jΠ

?
i }) (recall (3.4)). In (3.17) we obtain that the covariance

matrix of the estimation errors is (approximately) equal to the pseudoinverse of the

FIM. Therefore, (3.17) is the asymptotically achievable CRLB on the estimation of

the pair (vec{P iΠ
?
j}, vec{P jΠ

?
i }), and (3.18) is the CRLB for vec{P iΠ

?
j} alone.

Since we have shown that (3.18) is the CRLB for P iΠ
?
j , and P i is a linear function

thereof (up to O( 1
T 2 ) terms), it is straightforward to show that (3.13) is the CRLB

for vec{P i}. Naturally, the pseudoinverse of this CRLB is the FIM for the entries

of P i.
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3.2.4 Mean Square Error

The final step in our analysis is to propagate expression (3.13) for the covariance

matrix of the oblique projection matrices P̂ i into an expression for the component

estimation error. Let us define the estimation error of a given component i by a

normalized MSE:

M̂SEi
4
=

1

σ2
i

1

T

T∑
t=1

|x̂i(t)− xi(t)|2 , (3.20)

where the normalization is by the average power σ2
i of the ith component,

σ2
i

4
=

1

T

T∑
t=1

E
{
|xi(t)|2

}
= tr {〈RXiXi

〉} , (3.21)

and where the last step uses |xi(t)|2 = tr
{
xi(t)x

†
i (t)
}

and (2.9). Using (3.3), (3.20)

can now be rewritten as

M̂SEi =
1

σ2
i

1

T

T∑
t=1

|δP ix(t)|2 =
1

σ2
i

1

T

T∑
t=1

tr
{
δP ix(t)x†(t)(δP i)

†}
=

1

σ2
i

tr
{(
〈RX〉 ⊗ I

)
vec{δP i}vec†{δP i}

}
, (3.22)

where the second equality is analogous to that in (3.21), and the last equality

uses (2.9) and then Property A.1 in Appendix A.

Now, in order to obtain the expectation of (3.22), we employ the approximation

that P̂ i, and thus δP i, are statistically independent of the total power of the obser-

vations, 〈RX〉. This approximation becomes more accurate with larger Q. Hence,

we can write

MSEi
4
= E

{
M̂SEi

}
=

1

σ2
i

tr{(〈RX〉 ⊗ I) Cov(vec{δP i})} . (3.23)

Substituting (3.13) in (3.23),

MSEi =
1

σ2
i

∑
j 6=i

(
tr
{

(P ?
j ⊗ I)

(
〈RX〉 ⊗ I

)
(P ?†

j ⊗ I) Cov(vec{E ij})
}

− tr
{

(P ?
i ⊗ I)

(
〈RX〉 ⊗ I

)
(P ?†

j ⊗ I) Cov(vec{E ij}, vec{Eji})
}

− tr
{

(P ?
j ⊗ I)

(
〈RX〉 ⊗ I

)
(P ?†

i ⊗ I) Cov(vec{Eji}, vec{E ij})
}

+ tr
{

(P ?
i ⊗ I)

(
〈RX〉 ⊗ I

)
(P ?†

i ⊗ I) Cov(vec{Eji})
})

+O( 1
T 2 )
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=
1

σ2
i

∑
j 6=i

(
tr
{(
〈RXjXj

〉 ⊗ I
)

Cov(vec{E ij})
}

− tr
{(
〈RXiXj

〉 ⊗ I
)

Cov(vec{E ij}, vec{Eji})
}

− tr
{(
〈RXjXi

〉 ⊗ I
)

Cov(vec{Eji}, vec{E ij})
}

+ tr
{(
〈RXiXi

〉 ⊗ I
)

Cov(vec{Eji})
})

+O( 1
T 2 )

=
1

σ2
i

∑
j 6=i

(
tr
{(
〈RXjXj

〉 ⊗ I
)

Cov(vec{E ij})
}

+ tr
{(
〈RXiXi

〉 ⊗ I
)

Cov(vec{Eji})
})

+O( 1
T 2 ) . (3.24)

The first equality of (3.24) results from the invariance of the trace operator under

cyclic permutations (property (A.1d) in Appendix A). The second equality follows

from (2.5), which implies P ?
iR

(q)
X P

?
j = R

(q)
XiXj

∀i, j. The third equality is due to

the fact that R
(q)
XiXj

= 0m×m ∀i 6= j. Substituting the explicit expressions for

Cov(vec{E ij}) and Cov(vec{Eji}), given by (3.18), in (3.24),

MSEi =
1

σ2
i

1

T

∑
j 6=i

(
tr

{(
〈RXjXj

〉 ⊗ I
) (
〈RXjXj

⊗R]
XiXi
〉 − 〈R]

XjXj
⊗RXiXi

〉]
)]}

+ tr

{(
〈RXiXi

〉 ⊗ I
) (
〈RXiXi

⊗R]
XjXj
〉 − 〈R]

XiXi
⊗RXjXj

〉]
)]})

+O( 1
T 2 ) . (3.25)

We have thus obtained a closed-form expression for the MSE, which can be fully

expressed by the model parameters {R(q)
XiXi
}Qq=1 and the weights {nq}Qq=1, up toO( 1

T 2 )

terms. In the Gaussian case, this is also the minimal mean square error (MMSE).

It should be noted that all the derivations in this section 3.2 and in the related

appendices do not rely neither on the Gaussian distribution nor on statistics of order

larger than 2. Therefore, (3.18), (3.19), (3.13) and (3.25) hold also for non-Gaussian

observations. That is, they still reflect the error covariance and MSE if we ap-

ply (2.17) for their separation; however, the CRLB, FIM and MMSE interpretation

of the derived expressions no longer applies.

3.3 Numerical Examples

In this section, we support the performance analysis of Sec. 3.2 by numerical exam-

ples. Two algorithms which minimize (2.17), and thus solve (3.8), are suggested in

Chapter 5 and Lahat et al. [60]. Both converge to the same separation point. For

the following simulations we preferred the quasi-Newton (QN) realization, due to
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its faster convergence rate, in terms of number of required iterations given a certain

threshold.

3.3.1 Validating the Closed-Form Expression for the MSE

In the following simulation, we construct the data so that the analysis requirements

of Sec. 3.2 hold, including the small-errors regime. Therefore, the theoretical expres-

sion for the MSE is expected to be an accurate prediction of the measured error. We

set Q = 5 adjacent domains with nq = 500 samples for a total of T = 2500 samples.

The choice of nq will be further discussed in Sec. 3.3.2. In each scenario, the diag-

onal blocks of the matrices R
(q)
S are drawn as R

(q)
S,ii = U †U where U is an mi ×mi

upper triangular matrix with independent entries uniformly distributed on [−1
2
, 1

2
].

The underlying sources are created, at each Monte-Carlo trial, by left-multiplying

the Cholesky factorization of R
(q)
S with m×nq statistically independent, zero mean,

unit variance samples. These samples are drawn from various distributions, in order

to support our claim that the second-order analysis holds not only for Gaussian

sources.

As explained in Sec. 2.2, there is no scale indeterminacy to resolve. Since the

joint block diagonalization (JBD) algorithms in Chapter 5 do not guarantee global

convergence, the following steps were taken in order to avoid permutation errors.

We chose to initialize the QN algorithm with I. In this case, permutation errors are

avoided by choosing mixing matrices A which are strictly diagonally-dominant. In

the following simulations, the (i, j)th entry of matrixA is given byAij = 3δij+
1
10
rij,

rij ∼ U [−1
2
, 1

2
] and rij are independent and identically distributed (i.i.d.). Such

values allow for sufficient variability of the mixing matrix to test our small-error

analysis, while maintaining global convergence. Cases in which an algorithm does

converge to an undesired local minimum are due to permutation errors. These are

easily detected, since they result in a significantly larger MSE. Therefore, as a final

safety measure, we verified that no such large errors appeared in our results.

Table 3.1 on page 35 compares the empirical MSE with the analytical MSE for

several scenarios with varying component dimensions and distributions. The second

column states the arbitrary index given to each component within each scenario.

The third column denotes the dimension of the ith component in the scenario. In

each scenario, different A and R
(q)
S are drawn. A and R

(q)
S are fixed for the same

scenario. The fourth column gives the analytical MSE for each component (3.25),

which is calculated using the correct model parameters. Each scenario is evaluated

using 5000 Monte-Carlo trials. For each scenario, two data types were tested. In

columns 5–8, Gaussian, zero mean, unit-variance samples are used to create the un-
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derlying sources. In columns 10–13, either uniform, Laplacian or Gaussian mixture

(peaks centered at ±4) zero mean, unit-variance samples, denoted U, L and GM,

respectively, are used to create the underlying sources. Note that left-multiplication

of the non-Gaussian samples with the Cholesky factorization of R
(q)
S changes their

distribution; however, it is still non-Gaussian. The non-Gaussian distribution, used

to generate the data for each scenario, is given in column 9.

The fifth and tenth columns give the averaged empirical MSE for each compo-

nent (3.20). Columns 6 and 11 give the ratio of MSE for component separation:

simulated vs. analytical.

Columns 7–8 and 12–13 compare the averaged empirical MSE using our JBD

criterion with the averaged empirical MSE obtained from one-dimensional model-

ing (joint diagonalization (JD)) and then grouping the separated elements into the

multidimensional components, according to the known block-pattern m. These val-

ues are denoted in Table 3.1 as M̂SE
JD

. We point out that the conditions derived

in [28] for the global optimum to be achieved by properly grouping the independent

component analysis (ICA) elements refer to a different separation criterion and are

thus inapplicable here. An elaborate discussion of the use of JD instead of JBD for

multidimensional data is given in Chapter 6.

The last row of Table 3.1 summarizes the results of each column. First, note that

all the (normalized) MSE values are much smaller than 1, illustrating the quality of

the component separation. Second, note that all values in column 6 and 11 are close

to 1, showing that our analysis predicts correctly the achievable separation accuracy.

The good match between predicted and empirical MSE demonstrates that indeed

only second-order statistics are required for our theoretical analysis, and that for

Gaussian data, the CRLB is indeed achievable. As predicted from the derivations

of Chapter 6, there is a significant gain (columns 8 and 13) due to using the correct

model, as proposed in Chapter 3. An important result is that in scenarios #2

and #3, which include one-dimensional components along with higher-dimensional

ones, the gain for the one-dimensional components is > 1, too. Obviously, when the

sources are independent, as in the last scenario (#5), there is no difference between

JD and JBD, hence we put ‘1’ in this cell.

3.3.2 Validating the Small-Errors Regime

In this section, we justify our choice of nq for the simulations in Sec. 3.3.1. That

is, we show that small-error conditions indeed apply when nq = 500. For this

aim, we compare the empirical covariance of the entries of δP i with their predicted

covariance, given in closed-form by (3.13), with (3.18) and (3.19). Fig. 3.1 depicts
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results for a scenario with block-pattern m = [6, 2, 1]†. The parameters are drawn

as for Table 3.1. The underlying sources are drawn from the uniform distribution.

The entries of the three oblique projections P i are illustrated in Fig. 3.1(c)–

3.1(e). These entries are scaled to their log10(| · |), in order to enhance the difference

between the smaller and larger values.

Fig. 3.1(a) and Fig. 3.1(b) refer to data corresponding to the first row of δP 1 and

the sixth row of δP 2, respectively. In each row there are m = 9 entries. Fig. 3.1(a)

and Fig. 3.1(b) compare the empirical standard deviation of each entry in the row

with the predicted one. The empirical values are averaged over 500 Monte-Carlo

trials and denoted by ‘×’ markers. The three largest standard deviation values in

Fig. 3.1(a) correspond to values in the last three columns of the first row of P 1. The

two largest standard deviation values in Fig. 3.1(b) correspond to values in columns

7,8 of the sixth row of P 2.

In the small-errors regime, the standard deviation of the entries of δP i is pro-

portional to 1/
√
T , as follows from (3.13), with (3.18) and (3.19). These predicted

values are depicted by the continuous straight lines in Fig. 3.1(a) and Fig. 3.1(b). It

is visible that the empirical covariances converge to the 1/
√
T slope. At nq = 500,

the difference between the predicted and empirical values is already sufficiently small.

Similar trends have been found for the other entries of the oblique projection esti-

mates in this scenario, as well as for the entries of the oblique projection estimates

in the other scenarios of Table 3.1. Using too low nq results in bias and discrep-

ancy between experiment and theory. These results also validate our theoretical

expression for Cov(vec{δP i}), (3.13).

3.4 Discussion

In this chapter, we obtained closed-form expressions for the FIM, CRLB and MMSE

for the blind separation of statistically independent multidimensional Gaussian com-

ponents, in a piecewise-stationary model. Our derivations and results were per-

formed and presented in terms of the unambiguous and well-defined components, as

well as the oblique projections on their subspaces. The oblique projections are the

unambiguous counterparts of the mixing matrix in the component representation.

Our small-error analysis in this chapter was based on the first-order expansion of

the contrast function and its related estimating equations, presented in Chapter 2.

Error analysis of the contrast function, via its related estimating equations, provided

us with a closed-form expression of the covariance of the oblique projections. We

then propagated the covariance of the oblique projection estimates into the MSE. We
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have thus obtained a closed-form expression for the MSE of the component estimates,

in terms of the covariance matrices of the components. This MSE expression is

valid, though no longer optimal, also for non-Gaussian data, when the other model

assumptions hold.

Our derivations were validated by numerical simulations, in Sec. 3.3. We have

shown that asymptotically, the empirical covariance of the oblique projections con-

verges to the predicted value. We have shown good match between the predicted

expected MSE, using our closed-form expression, and the empirical MSE, for vari-

ous scenarios of multidimensional components. Since our contrast function is a JBD

criterion, the performance of separation using JBD was compared with that of clas-

sical one-dimensional JD followed by clustering. Our treatment of multidimensional

components was shown to yield a significant gain in their separation.

3.A First-Order Expansion of the Estimating

Equations

In this appendix we show that the first-order expansion of the estimating equa-

tions (2.28) leads to the linear relation (3.7) between the projection error terms

E ij = δP iΠ
?
j and the sample error terms R

(q)

XiXj
.

Let us begin by restating that the estimates P̂ i are solutions of the estimating

equations (2.28). That is, in the notation of Sec. 3.2,

〈(P̂ iRXP̂
†
i )
](P̂ iRXP̂

†
j)〉 = 0m×m . (3.26)

In the following, we linearize these equations with respect to the error terms due to

finite sample size,

δR
(q)
X = R

(q)

X −R
(q)
X . (3.27)

Under asymptotic conditions, which are defined formally in Sec. 3.2, R
(q)

X converges,

in the mean square, to R
(q)
X , and the ML estimator P̂ i converges, in probability, to

P ?
i (asymptotically, for non-Gaussian components, both converge in probability). As

for the rate of convergence, the entries of both δR
(q)
X and δP i are zero mean random

variables with a standard deviation proportional to 1/
√
T . Hence, asymptotically,

terms which are proportional to δR
(q)
X or δP i are Ω( 1√

T
) (this notation is defined in

Chapter “Notations and Conventions” on page ix) and are considered as having the

same order of magnitude.

Expanding the right-hand term within the 〈·〉 on the left-hand side (LHS)
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of (3.26),

P̂ iR
(q)

X P̂
†
j = (P ?

i + δP i)(R
(q)
X + δR

(q)
X )(P ?†

j + δP †j)

= R
(q)

XiXj
+ P ?

iR
(q)
X δP †j + δP iR

(q)
X P

?†
j + Ω( 1

T
)

= R
(q)

XiXj
+R

(q)
XiXi

δP †j + δP iR
(q)
XjXj

+ Ω( 1
T

) (3.28)

where in the last transition we used P ?
iR

(q)
X = R

(q)
XiXi

. Note that all the terms on

the RHS of (3.28) are Ω( 1√
T

), that is, first-order terms, since P ?
iR

(q)
X P

?†
j = R

(q)
XiXj

=

0m×m.

As for the left-hand term within the 〈·〉 on the LHS of (3.26),

(P̂ iR
(q)

X P̂
†
i )
] = (ÂiB̂iR

(q)

X B̂
†
iÂ
†
i )
] = Â

]†
i (B̂iR

(q)

X B̂
†
i )
−1Â

]

i

= A]†
i (BiR

(q)
X B

†
i )
−1A]

i + Ω( 1√
T

) = (P ?
iR

(q)
X P

?†
i )] + Ω( 1√

T
) . (3.29)

The first equality in (3.29) is due to P̂ i
4
= ÂiB̂i, which follows from (2.6). The

second equality follows from (2.26). The third transition is due to the fact that R
(q)

X

and the ML estimates of A and B converge to their mean with a standard deviation

proportional to 1/
√
T . The last step follows again from (2.26) and then (2.6).

Multiplying (3.29) with (3.28),

(P̂ iR
(q)

X P̂
†
i )
](P̂ iR

(q)

X P̂
†
j) = R

](q)
XiXi

(R
(q)

XiXj
+R

(q)
XiXi

δP †j + δP iR
(q)
XjXj

) + Ω( 1
T

)

= R
](q)
XiXi

R
(q)

XiXj
+ Π?

i δP
†
j +R

](q)
XiXi

δP iR
(q)
XjXj

+ Ω( 1
T

)

(3.30)

where in the first transition we used R
](q)
XiXi

= (P ?
iR

(q)
X P

?†
i )] and in the second one,

R
](q)
XiXi

R
(q)
XiXi

= Π?
i . (3.31)

Averaging (3.30) over all domains, (3.26) is linearized as

〈R]
XiXi

RXiXj
〉+ Π?

i δP
†
j + 〈R]

XiXi
δP iRXjXj

〉 = 0m×m + Ω( 1
T

) . (3.32)

Using the property R
(q)
XiXi

= Π?
iR

(q)
XiXi

and the notation E ij of (3.4), (3.32) is rewrit-

ten as

〈R]
XiXi

RXiXj
〉+ E†ji + 〈R]

XiXi
E ijRXjXj

〉 = 0m×m + Ω( 1
T

) . (3.33)

We have thus proved the first equation in the pair (3.7). The second equation is

obtained by interchanging i and j.
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3.B Closed-Form Expression for Cov([g†ij g
†
ji]
†)

In this appendix we derive the expression Cov([g†ij g
†
ji]
†) = 1

T
HΠ (3.14) for the

covariance matrix of the gradients gij defined by (3.9). Since, by the assumptions

in Sec. 2.3, these gradients have zero mean,

Cov

([
gij

gji

])
=

E {gijg†ij} E
{
gijg

†
ji

}
E
{
gjig

†
ij

}
E
{
gjig

†
ji

} .

We shall now prove that

E
{
gijg

†
ij

}
=

1

T
H ij (3.34)

E
{
gijg

†
ji

}
=

1

T
T Πij
m,m (3.35)

for any i 6= j, which provide the desired result.

In a first step, we relate the covariance of the gradients to the covariance of the

empirical matrices. For any i, j, k, l,

E
{
gijg

†
kl

}
=

1

T 2

Q∑
q=1
p=1

nqnp(I ⊗R(q)]
XiXi

)E
{

vec{R(q)

XiXj
}vec†{R(p)

XkXl
}
}

(I ⊗R(p)]
XkXk

) ,

where we have used the alternate form of (3.9),

gij = 〈vec{R]
XiXi

RXiXj
I}〉 = 〈(I ⊗R(q)]

XiXi
)vec{RXiXj

}〉

and the last equality is due to (A.1c) in Appendix A. Since x(t) is independent of

x(t′) if t 6= t′ (Sec. 2.3.1), the double sum merges into a single index q, leaving only

E
{
gijg

†
kl

}
=

1

T 2

Q∑
q=1

n2
q(I ⊗R

(q)]
XiXi

)E
{

vec{R(q)

XiXj
}vec†{R(q)

XkXl
}
}

(I ⊗R(q)]
XkXk

) .

(3.36)

In a second step, we work out the covariance matrix of the vectorized empirical

matrices within (3.36) as follows. For i 6= j,

E
{

vec{R(q)

XiXj
}vec†{R(q)

XiXj
}
}

=
1

n2
q

∑
t∈Dq

∑
r∈Dq

E
{

vec{xi(t)x†j(t)}vec†{xi(r)x†j(r)}
}

=
1

n2
q

∑
t∈Dq

∑
r∈Dq

E
{
xj(t)x

†
j(r)⊗ xi(t)x

†
i (r)

}
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=
1

n2
q

∑
t∈Dq

∑
r∈Dq

E
{
xj(t)x

†
j(r)

}
⊗ E

{
xi(t)x

†
i (r)

}
=

1

n2
q

∑
t∈Dq

∑
r∈Dq

(R
(q)
XjXj

⊗R(q)
XiXi

)δrt

=
1

nq
R

(q)
XjXj

⊗R(q)
XiXi

. (3.37)

The first equality is an expansion of the definition ofR
(q)

XiXj
. The second equality uses

Property A.2 in Appendix A. The third equality is by independence of components i

and j. The fourth equality is based on the assumption of Sec. 2.3.1 that ∀t, r ∈ Dq,
E
{
xi(t)x

†
i (r)

}
= R

(q)
XiXi

δrt.

Substituting (3.37) into (3.36) with k = i, l = j,

E
{
gijg

†
ij

}
=

1

T 2

Q∑
q=1

n2
q

nq
(I ⊗R(q)]

XiXi
)(R

(q)
XjXj

⊗R(q)
XiXi

)(I ⊗R(q)]
XiXi

)

=
1

T 2

Q∑
q=1

nq(R
(q)
XjXj

⊗R(q)]
XiXi

) =
1

T
H ij , (3.38)

which establishes (3.34). In (3.38), the second equality is due to property (A.1a) and

then property (A.2b) in Appendix A; the last step follows from (3.11). In order to

establish (3.35), we right-multiply (3.37) by the commutation matrix Tm,m, defined

in Sec. 3.2.2, and use the equality vec†{R(q)

XiXj
}Tm,m = vec†{R(q)

XjXi
}, which follows

from (A.3). This turns (3.37) into

E
{

vec{R(q)

XiXj
}vec†{R(q)

XjXi
}
}

=
1

nq
(R

(q)
XjXj

⊗R(q)
XiXi

)Tm,m . (3.39)

Substituting (3.39) in (3.36) with k = j, l = i,

E
{
gijg

†
ji

}
=

1

T 2

Q∑
q=1

n2
q

nq
(I ⊗R(q)]

XiXi
)(R

(q)
XjXj

⊗R(q)
XiXi

)Tm,m(I ⊗R(q)]
XjXj

)

=
1

T
〈RXjXj

R]
XjXj

⊗R]
XiXi

RXiXi
〉Tm,m

=
1

T
〈Π?

j ⊗Π?
i 〉Tm,m =

1

T
(Π?

j ⊗Π?
i )Tm,m , (3.40)

where in the second equality we applied property (A.4b), followed by property (A.1a)
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in Appendix A and (2.15). In the third equality of (3.40) we applied (3.31). Finally,

(Π?
j ⊗Π?

i )Tm,m = (Π?
j ⊗Π?

i )
2Tm,m (3.41)

= (Π?
j ⊗Π?

i )Tm,m(Π?
i ⊗Π?

j) = T Πij
m,m ,

where the second equality is due to (A.4b) in Appendix A, and the last step is

by (3.16). Substituting (3.41) in (3.40) concludes the proof of (3.35).

3.C Proof of H−1HΠH−† =H]
Π

In this appendix we prove the second equality in (3.17). The desired identity is

H−1HΠH−† =H]
Π . (3.42)

Proof. DenoteM =HΠ,N =H−HΠ and Π =

[
Πj ⊗Πi 0m2×m2

0m2×m2 Πi ⊗Πj

]
. With these

notations and the invertibility ofH (necessary and sufficient conditions are given in

Sec. 4.4), the orthogonality conditions ΠMΠ = M and (I −Π)N (I −Π) = N ,

which are required to fulfill Property 3.1 below, hold, as can be readily verified. The

equality in (3.42) thus results from Property 3.1.

Property 3.1. Let M and N be two symmetric matrices and M +N invertible.

Assume that M and N have orthogonal range spaces. Then

(M +N )−1M (M +N )−† = M ] . (3.43)

Proof. The outline of the proof is as follows. Multiply both sides of (3.43) with

(M + N ). Applying the four criteria of the Moore-Penrose pseudoinverse ((A.2)

in Appendix A) to the resulting four summands on the RHS, three zero out using

the orthogonal range spaces of M and N and the fact that MM ] and M ]M

are orthogonal projection operators. The only nonzero term is due to (A.2a) in

Appendix A.

3.D Explicit Form for Cov(vec{E ij}) and

Cov(vec{E ij}, vec{Eji})

In this appendix we obtain an explicit expression for the blocks of matrix H]
Π,

where HΠ is defined in (3.15). This calculation is the final step in the derivation of
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Cov(vec{E ij}) and Cov(vec{E ij}, vec{Eji}), given in (3.18) and (3.19).

In order to factorizeHΠ andH]
Π into more basic terms, we introduce the decom-

position R
(q)
XiXi

= U iΥ
(q)
i U

†
i where, for convenience, the mi×mi invertible matrices

Υ
(q)
i are chosen so that the m×mi matrices U i have orthonormal columns. U i are

thus the orthonormalized Ai of (2.4). It then holds that U †iU i = I,

U ]
i = U †i , (3.44)

and R
](q)
XiXi

= U iΥ
−(q)
i U †i , due to (2.26). With the notations I 4=

[
I 0

0 Tmi,mj

]
,

U 4=
[
U j ⊗U i 0

0 U i ⊗U j

]
and HΥ

4
=

[
〈Υj ⊗Υ−1

i 〉 I

I 〈Υ−1
j ⊗Υi〉

]

we can rewrite

HΠ = UIHΥI†U † . (3.45)

Then, if HΥ is indeed invertible (necessary and sufficient conditions are given in

Theorem 4.1),

H]
Π = UI−1H−1

Υ I−†U † , (3.46)

which follows from (2.26), (3.44), and the fact that I is always a full-rank matrix.

Since U and I are block-diagonal matrices, then in order to calculate the blocks of

H]
Π, all that remains is to invert HΥ.

For the upper-left mimj × mimj block of H−1
Υ , a block-matrix inversion for-

mula [80] yields

[H−1
Υ ]UL =

(
〈Υj ⊗Υ−1

i 〉 − 〈Υ−1
j ⊗Υi〉−1

)−1
. (3.47)

Multiplying both sides by the upper-left blocks of U and I−1,

[H]
Π]UL = (U j ⊗U i)

(
〈Υj ⊗Υ−1

i 〉 − 〈Υ−1
j ⊗Υi〉−1

)−1
(U j ⊗U i)

†

=
(
〈RXjXj

⊗R]
XiXi
〉 − 〈R]

XjXj
⊗RXiXi

〉]
)]

(3.48)
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which follows from (2.26), (3.44), and (3.46). Similar arguments yield the expression

[H]
Π]UR = − (U j ⊗U i)

(
〈Υj ⊗Υ−1

i 〉 − 〈Υ−1
j ⊗Υi〉−1

)−1

· 〈Υ−1
j ⊗Υi〉−1Tmi,mj

(U i ⊗U j)
† (3.49)

for the upper-right mimj × mimj block of H]
Π. Inserting the neutral term (U †j ⊗

U †i )(U j⊗U i) = I at the ‘·’ symbol in (3.49) and then applying algebraic operations

similarly to (3.48),

[H]
Π]UR = −

(
〈RXjXj

⊗R]
XiXi
〉 − 〈R]

XjXj
⊗RXiXi

〉]
)]
〈R]

XjXj
⊗RXiXi

〉]T m,m .

(3.50)

By exchanging i with j in (3.48) and (3.50), one obtains the two lower blocks of

H]
Π. Substituting these results in (3.17) yields (3.18) and (3.19).
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(a) Standard deviation of the m = 9 entries on the first row of δP 1: empir-
ical and predicted, vs. nq.
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(b) Standard deviation of the m = 9 entries on the sixth row of δP 2: em-
pirical and predicted, vs. nq.
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Figure 3.1: Validating the theoretical expression for Cov(δP i), as well as our choice
of nq for the small-errors regime. In Fig. 3.1(a) and 3.1(b), the ‘×’ symbol denotes
the empirical values, averaged over 500 Monte-Carlo trials. The straight lines denote
the predicted values, under the small-error assumption. Each colour refers to one
entry of one row of P 1 (Fig. 3.1(a)) and P 2 (Fig. 3.1(b)). The data is drawn from
the uniform distribution. Block-pattern m=[6,2,1]. The three oblique projections
P i are depicted in Fig. 3.1(c)–3.1(e).



Chapter 4

Identifiability of Second-Order

Multidimensional ICA

4.1 Outline

This chapter deals with the identifiability of the data model which was presented

in Chapter 2 and analyzed in Chapter 3. The analysis in Chapter 3 was carried

out under the assumption that the model was identifiable. We now discuss the

conditions under which this assumption holds.

As a first step in our analysis, a necessary condition on the number Q of matrices

is derived in Sec. 4.2. In Sec. 4.3, we analyze the Fisher information matrix (FIM).

We show that the identifiability of the model parameters relies on the positive-

definiteness of a certain matrix. We derive a theorem, which states sufficient and

necessary conditions for this matrix to be positive-definite. This theorem leads us

to sufficient and necessary conditions for the identifiability of the model, in terms

of the latent unnormalized, non-whitened, source covariance matrices. In Sec. 4.4,

the relationship between the FIM and the invertibility of the matrix H, defined

in Sec. 3.2.2, is determined. The invertibility of this matrix H is the prerequisite

for the existence of the FIM. We prove that the conditions for the invertibility of

H are the same as those for the identifiability of the model. An example which

illustrates the meaning of non-identifiability is given in Sec. 4.5. This example leads

us to sufficient and necessary conditions on the uniqueness of a solution to joint

block diagonalization (JBD) of a set of mixtures of positive-definite JBD-irreducible

symmetric block-diagonal matrices. A short discussion of our results follows, in

Sec. 4.6.

The core of the analysis in this chapter has been published in Lahat et al. [51].

45
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4.2 Degrees of Freedom

Let us compare the number of degrees of freedom in the model with the number

of constraints in the data. Since we focus on second-order methods, the data is

represented only by their sample covariance matrices. These are Q symmetric m×m
matrices so that our model should try to fit

Ndata = Q
m(m+ 1)

2

scalar numbers. The model is adjusted by varying the mixing matrix and the source

covariance matrices. However, there is some redundancy between these matrices,

because of the factorizations discussed in Sec. 2.2: each submatrix Ai has m ×
mi degrees of freedom, where m2

i of them (which correspond to the entries of the

arbitrary invertible scaling matrix Zi) can be factored into the corresponding source

covariance matrices. This leaves m2 −
∑n

i=1m
2
i ≥ 0 effective degrees of freedom in

the mixing matrix A, and mi(mi + 1)/2 degrees of freedom in each R
(q)
S,ii. Hence,

the model has

Nmodel = m2 −
n∑
i=1

m2
i +Q

n∑
i=1

mi(mi + 1)

2

effective free scalar parameters. It turns out that

Ndata −Nmodel =
(Q

2
− 1
) (

m2 −
n∑
i=1

m2
i

)
.

Hence, as soon as Q ≥ 2, we have Ndata ≥ Nmodel, that is, there are more (or, at

least, as many) scalar statistics as free parameters in the model.

However, since any two positive-definite matrices can be exactly jointly diago-

nalized [81, Theorem 6], the JBD-irreducibility requirement of Sec. 2.3.1 will be vio-

lated if we let Q = 2 for multidimensional data. The latter assumption implies that

Q > 2 is a necessary condition for identifiability in the presence of multidimensional

components. Otherwise, Q = 2 will suffice.

4.3 Derivation of the Identifiability Theorem

In Sec. 3.2.3 we derived the FIM (3.14) for the pair (vec{P iΠ
?
j}, vec{P jΠ

?
i }):

T 2 Cov

([
gij

gji

])
= T 2 1

T
HΠ = THΠ ,
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where the term T 2 is due to multiplication by the number of samples T in (2.16).

The FIM THΠ must reflect the number of non-degenerate parameters. This number

is equal to the number of its non-zero eigenvalues, which is equal to its rank. If a

solution to (3.8): [
gij

gji

]
= −H ·

[
vec{E ij}
vec{Eji}

]
+ Ω( 1

T
)

exists, that is, the model is identifiable, then HΠ is a covariance matrix of rank

2mimj. This rank is due to the fact that gij and E ij each reflect a relation between

an mi-dimensional element and an mj-dimensional one. The term “2” is due to

the concatenation of two such vectors, gij and gji. Therefore, we are interested

in finding the condition for HΠ to be positive-semidefinite symmetric with rank

2mimj.

In order to further simplify our task, we now break down HΠ into more basic

components. Using the algebraic properties (A.1), (A.2) and (A.4) in Appendix A,

HΠ can be factorized as

HΠ = IARA†I , (4.1)

where I =

[
Im2×m2 0m2×m2

0m2×m2 T m,m

]
is always invertible, A =

[
Aj ⊗A]†

i 0m2×mimj

0m2×mimj
A]†
j ⊗Ai

]
has rank 2mimj (we assume A invertible), and

R =

[
〈RS,jj ⊗R−1

S,ii〉 Imimj×mimj

Imimj×mimj
〈R−1

S,jj ⊗RS,ii〉

]

is a 2mimj × 2mimj symmetric matrix. If R is invertible, that is, R has rank

2mimj, then

H]
Π = IA]†R−1A]I† . (4.2)

Notation (4.2) can be verified by checking the four properties of the pseudoin-

verse (A.2) in Appendix A. Recall from Sec. 3.2.3 and (3.17) that H]
Π reflects the

Cramér-Rao lower bound (CRLB) which corresponds to this FIM. Therefore, iden-

tifiability of the corresponding 2mimj parameters corresponds to 1
T
H]

Π being well-

defined, i.e. thatR−1 be finite. We have thus reduced the conditions onHΠ orH]
Π

to the requirement that R be positive-definite and symmetric. The conditions for

R to be strictly positive-definite and symmetric are given by the following theorem,
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whose proof is given in Appendix 4.A.

Theorem 4.1. Let {R(q)
S,ii}

Q
q=1 and {R(q)

S,jj}
Q
q=1, Q > 2 be two sequences of JBD-

irreducible positive-definite symmetric matrices of size mi × mi and mj × mj, re-

spectively. Then

[
〈RS,jj ⊗R−1

S,ii〉 I

I 〈R−1
S,jj ⊗RS,ii〉

]
is positive-definite if

1. mi 6= mj, or

2. mi = mj and there does not exist an mi ×mi invertible matrix M such that

∀q,
R

(q)
S,jj = MR

(q)
S,iiM

† . (4.3)

Theorem 4.1 is applicable to our context for any normalization of the “true”

latent source covariance matrices, regardless of the arbitrary block-diagonal scale

ambiguity between A and s(t). This is due to the fact that the invertible matrix

M in (4.3) is otherwise arbitrary. We have thus obtained all the necessary and

sufficient conditions for R to be positive-definite and symmetric, and consequently

for the FIM THΠ to reflect identifiability for all its related parameters. As explained

at the end of Sec. 3.2.3, the identifiability of the oblique projections P i follows from

the identifiability of the pairs (vec{P iΠ
?
j}, vec{P jΠ

?
i }). Theorem 4.1 is defined for

one pair (i, j), and it should be applied pairwise to all components. Consequently,

Theorem 4.1 provides the sufficient and necessary conditions for the identifiability

of all the model parameters.

4.4 Invertibility of H

In Sec. 3.2.2 we have shown that the pair of linearized estimating equations (3.7)

could be rewritten in matrix form as (3.8): [g†ij g
†
ji]
† = −H[vec†{E ij} vec†{Eji}] +

Ω( 1
T

). Based on the assumption thatH was invertible, (3.8) was rewritten as (3.12):

[vec†{E ij} vec†{Eji}] = −H−1[g†ij g
†
ji] + Ω( 1

T
). Recall from (3.9) that gij reflects

the empirical correlation between components. Therefore, (3.12) shows how the

empirical correlation between components, that is, the fact that R
(q)

XiXj
is non-zero

in finite sample size, results in non-zero errors E ij. Later in Sec. 3.2.3, we obtained

the covariance matrix (3.17) of the vectorized error terms E ij:

Cov

([
vec{E ij}
vec{Eji}

])
=

1

T
H−1HΠH−† +O( 1

T 2 ) =
1

T
H]

Π +O( 1
T 2 ) .
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That is, if H is invertible, then H]
Π is a covariance matrix of rank 2mimj. We

now discuss the conditions for the invertibility of H. We show that they are tightly

related to the identifiability conditions of Sec. 4.3 and to Theorem 4.1.

The core of our proof is the claim that the inverse ofH, when exists, is given by

H−1 =H]
Π +H−HΠ . (4.4)

Therefore, the problem of finding the condition for the invertibility of H can be

rephrased as finding the condition for HΠ and H]
Π to be positive-semidefinite sym-

metric with rank 2mimj. These conditions were given in Sec. 4.3 by Theorem 4.1.

It remains now to prove (4.4). The proof is based on showing that the term

which we denote “H−1” indeed obeys H−1H = I =HH−1. Given (4.4),

H−1H = (H]
Π +J )(HΠ +J ) =H]

ΠHΠ +H]
ΠJ +JHΠ +JJ (4.5)

HH−1 = (HΠ +J )(H]
Π +J ) =HΠH]

Π +JH]
Π +HΠJ +JJ , (4.6)

where J 4
=H−HΠ. From (3.10), (3.15) and (3.16),

J =

[
0m2×m2 T m,m(I −Πi ⊗Πj)

T m,m(I −Πj ⊗Πi) 0m2×m2

]
.

For the fourth term in (4.5) and (4.6),

JJ =

[
I −Πj ⊗Πi 0m2×m2

0m2×m2 I −Πi ⊗Πj

]
(4.7)

due to (A.4a) in Appendix A. For the first term on the right-hand side (RHS) of (4.5)

and (4.6), one can use the explicit forms (4.1) and (4.2) to obtain

H]
ΠHΠ =

[
Πj ⊗Πi 0m2×m2

0m2×m2 Πi ⊗Πj

]
, (4.8)

and H]
ΠHΠ =HΠH]

Π due to the symmetry of HΠ. For the second and third terms

on the RHS of (4.5) and (4.6), combining (4.1) or (4.2) with the symmetry of J
yields

JHΠ =HΠJ = JH]
Π =H]

ΠJ = 02m2×2m2 . (4.9)

Substituting (4.8), (4.9) and (4.7) in (4.5) and (4.6) yields HH−1 = I = H−1H.

This confirms the desired identity (4.4) and thus the invertibility of H. Note that
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the derivation of (4.8) and (4.9) has relied on the fact that the decomposition (4.2)

exists; that is, on the assumption thatR is invertible. Hence, the invertibility ofH
follows from Theorem 4.1.

4.5 Example: Non-Identifiability

When the conditions in Theorem 4.1 hold, that is, H is invertible and the FIM has

the desired rank, the model is identifiable. In this case, one can obtain component

separation, as demonstrated in the numerical examples of Sec. 3.3, Sec. 6.4, Sec. 5.4

and Sec. 7.5.

As a counter example, let us consider the case that Theorem 4.1 does not hold.

Namely, thatR
(q)
S,jj = MR

(q)
S,iiM

† ∀q withM an arbitrary invertible mi×mi matrix.

Assume that we have s(t) =
[
s1(t)
s2(t)

]
and A = I, such that x(t) = s(t). As explained

in Sec. 2.2, the components are correctly separated if A is right-multiplied by an

arbitrary invertible Z ∈ bdiagm. Since

bdiagm{ZMZ†} = Z bdiagm{M}Z† ∀M ∈ Rm×m , (4.10)

then, from (2.17),

C(A) = C(AZ) . (4.11)

That is, the output of the minimization of the contrast function (2.17), which is a

JBD criterion, can be determined only up to block-diagonal scale ambiguity. Con-

sider now the following invertible matrix,

B =
1√
2

[
I −M−1

I M−1

]
.

Applying this matrix to the observation covariance matrices R
(q)
X = R

(q)
S yields

BR
(q)
X B

† =

[
R

(q)
S,11 0

0 R
(q)
S,11

]
∀q .

That is, matrixB jointly block-diagonalizes {R(q)
X }

Q
q=1. Hence,B is a legitimate out-

put of a JBD algorithm applied to {R(q)
X }

Q
q=1. However, if we look at its application

to the observations, we obtain

Bx(t) =
1√
2

[
I −M−1

I M−1

][
s1(t)

s2(t)

]
=

1√
2

[
s1(t)−Ms2(t)

s2(t) +Ms2(t)

]
6=

[
Z1s1(t)

Z2s2(t)

]
. (4.12)
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Obviously, B does not separate the sources. In other words, one can obtain exact

JBD of the set of covariance matrices without actually statistically separating the

underlying data. In this case, the errors terms E ij and their covariances may be

arbitrarily large, regardless of how close R
(q)

XiXj
are to their (zero) mean. It is also

clear that B is not a block-diagonal matrix. Hence, it is not of the equivalence class

of the original A.

From the point of view of signal separation, this example demonstrates the in-

ability to separate components when Theorem 4.1 is violated. From the point of view

of JBD, since the contrast function (2.17) is also a JBD criterion, then Theorem 4.1

is also the sufficient and necessary condition for the uniqueness of JBD of a set of

mixtures of JBD-irreducible block-diagonal positive-definite symmetric matrices. In

this case, uniqueness is in the sense of left-multiplication of the block-diagonalizing

matrix by an arbitrary invertible block-diagonal matrix with block-pattern m.

4.6 Discussion

In this chapter, we obtained necessary and sufficient conditions for the identifiability

of the multidimensional ICA (MICA) model of Sec. 2.3. These are also the suffi-

cient and necessary conditions for JBD of a set of mixtures of real positive-definite

JBD-irreducible block-diagonal symmetric matrices to be unique (up to a certain

block-diagonal scaling matrix). Our analysis was based on the observation that the

rank of the FIM should reflect identifiability of all the non-degenerate parameters.

This amounts to the requirement that the consistency of errors between the model

parameters and their corresponding estimates (i.e., solutions of (2.17)) depend on

the invertibility of the 2-by-2 symmetric block matrix H. Strictly speaking, since

these conditions are based on small-error analysis, they imply local identifiability.

The proof of Lemma 4.1 is based on JBD-irreducibility. This lemma is the source

for the requirement for JBD-irreducibility throughout this work.

The derived Theorem 4.1 is similar to that given in [49] and to the claim in [12,

Sec. 2.2], without the whitening and orthonormality constraints. Theorem 4.1 is

analogous to the notion of “simplicity”, as proposed by [49]. As argued in [49]

(and recently also in [77, Sec. 4.2]), all the statistically independent sources for

which (4.3) holds with equality should be gathered into one ‘simple’ factor, and the

decomposition of s into such ‘simple’ factors is unique, up to an arbitrary invertible

mixture within each such factor. Unlike [49], we obtain Theorem 4.1 from the

FIM. That is, from conditions on the identifiability of the model, and without any

orthogonality prerequisite on the mixing or de-mixing matrix. We also provide a
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full proof of the Theorem.

It should be noted that Theorem 4.1 reduces, in the one-dimensional case, to

the condition that the variances of the different sources, as a function of the domain

index, should not be proportional [41].

It is interesting to compare the analysis and the results of this chapter to those

obtained by Vı́a et al. [50] and Anderson et al. [39]. Although their model is different,

and consists of several datasets of one-dimensional sources, each mixed by a different

mixing matrix, their separation scheme is also based on second-order statistics.

Therefore, their identifiability conditions are based on constraints on the covariance

matrices of the sources, as is the case in this thesis. In particular, [50, Definition 1]

and [39, Lemma 1] have a similar form as our Theorem 4.1. However, in Theorem 4.1

the invertible matrices M are arbitrary, whereas in [50] and [39] they must be

diagonal. The route taken in [50] is based on analyzing eigenvalues, and is closely

related to the proof of Schur’s first lemma, which is used in [46, Lemma A.4]. The

route taken in [39] is based on characterizing the non-singularity of the FIM, which

is the same as the basic idea of our analysis. Of course, the FIM, as well as the

Hessian function used in [39], are different than those of our MICA model.

4.A Proof of the Identifiability Theorem

In this appendix we prove Theorem 4.1.

Let Ξ
(q)
i and Ξ

(q)
j , q = 1, . . . , Q denote positive-definite JBD-irreducible symmet-

ric matrices of dimensions mi ×mi and mj ×mj, respectively, and

HΞ =

[
〈Ξj ⊗Ξ−1

i 〉 I

I 〈Ξ−1
j ⊗Ξi〉

]
(4.13)

a matrix with non-negative eigenvalues. We look for sufficient and necessary condi-

tions on the sequences {Ξ(q)
i }

Q
q=1 and {Ξ(q)

j }
Q
q=1 for the strict positivity: HΞ > 0.

HΞ is not positive-definite if and only if x†HΞx = 0 for all non-zero vectors

x with real entries. Since nq > 0, the condition x†HΞx = 0 is equivalent to

x†H(q)
Ξ x = 0 ∀q, where each

H(q)
Ξ

4
=

[
Ξ

(q)
j ⊗Ξ

−(q)
i I

I Ξ
−(q)
j ⊗Ξ

(q)
i

]
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is always singular. Without loss of generality, we can look for x in the form

x =

[
vec{M}
−vec{N}

]
,

where M and N are mi ×mj matrices. With the factorization

H(q)
Ξ =

[
Ξ

1
2

(q)

j ⊗Ξ
− 1

2
(q)

i

Ξ
− 1

2
(q)

j ⊗Ξ
1
2

(q)

i

][
Ξ

1
2

(q)

j ⊗Ξ
− 1

2
(q)

i

Ξ
− 1

2
(q)

j ⊗Ξ
1
2

(q)

i

]†

we have

x†H(q)
Ξ x =

∣∣∣∣∣
[
Ξ

1
2

(q)

j ⊗Ξ
− 1

2
(q)

i

Ξ
− 1

2
(q)

j ⊗Ξ
1
2

(q)

i

]† [
vec{M}
−vec{N}

] ∣∣∣∣∣
2

and therefore, the condition for positive-definiteness becomes

[
Ξ

1
2

(q)

j ⊗Ξ
− 1

2
(q)

i Ξ
− 1

2
(q)

j ⊗Ξ
1
2

(q)

i

] [ vec{M}
−vec{N}

]
= 0 ∀q .

Using equation (A.1c) in Appendix A, the latter can be rewritten as

Ξ
− 1

2
(q)

i MΞ
1
2

(q)

j = Ξ
1
2

(q)

i NΞ
− 1

2
(q)

j ∀q , (4.14)

which is equivalent to

MΞ
(q)
j = Ξ

(q)
i N ∀q . (4.15)

Equation (4.15) can be simplified into M ′T
(q)
j = T

(q)
i M

′ ∀q, where

T
(q)
i = 〈Ξi〉−

1
2 Ξ

(q)
i 〈Ξi〉−

1
2 , (4.16)

and M ′ = 〈Ξi〉−
1
2M〈Ξj〉

1
2 (analogously for index j) so that 〈T i〉 = I.

We now introduce a Lemma. This lemma and its proof can be found in

Murota et al. [46, Lemma A.4].

Lemma 4.1. Let {R(q)}Qq=1 and {P (q)}Qq=1 be two sequences of Q > 2 JBD-

irreducible positive-definite symmetric matrices of size p× p and r× r, respectively.

Then, the equation

MR(q) = P (q)M ∀q (4.17)

for a p× r matrix M has a non-zero solution only if r = p and that solution must

be proportional (i.e., up to a scalar factor) to a p× p orthonormal matrix.

By identifying P (q) with T
(q)
i and R(q) with T

(q)
j , and applying Lemma 4.1, it
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turns out that for mi 6= mj, HΞ is always positive-definite and symmetric. For

mi = mj, HΞ is not positive-definite if and only if there exists an orthonormal

matrix O such that

OT
(q)
j = T

(q)
i O ∀q . (4.18)

Equation (4.18) defines an orthogonal equivalence relation between T
(q)
i and T

(q)
j .

By rewriting (4.18) explicitly we obtain

O〈Ξj〉−
1
2 Ξ

(q)
j 〈Ξj〉−

1
2 = 〈Ξi〉−

1
2 Ξ

(q)
i 〈Ξi〉−

1
2O ∀q ,

where 〈Ξj〉−
1
2 Ξ

(q)
j 〈Ξj〉−

1
2 is the whitened version of Ξ

(q)
j , and similarly for Ξ

(q)
i . By

changing sides, the latter equation can be rewritten as

Ξ
(q)
j = 〈Ξj〉

1
2O†〈Ξi〉−

1
2 Ξ

(q)
i 〈Ξi〉−

1
2O〈Ξj〉

1
2 ∀q .

This is equivalent to normalizing Ξ
(q)
i by 〈Ξj〉

1
2O†〈Ξi〉−

1
2 . However, since 〈Ξj〉 and

〈Ξi〉 are in fact arbitrary symmetric positive-definite matrices, then 〈Ξj〉
1
2O†〈Ξi〉−

1
2

can be any invertible matrix. We summarize the results of this section in Theo-

rem 4.1, which also replaces Ξ
(q)
i and Ξ

(q)
j with R

(q)
S,ii and R

(q)
S,jj, respectively.



Chapter 5

Joint Block Diagonalization

Algorithms

5.1 Outline

In this chapter, we present two algorithms which (approximately) jointly block-

diagonalize a set of weighted real positive-definite matrices. As demonstrated by [82],

relative-variation algorithms enjoy equivariant performance and are thus preferred

for our problem over their non-relative counterparts.

In Sec. 5.2, we derive the relative gradient (RG) and its first-order variation for

the update step of our algorithms. A detailed description of the proposed RG and

quasi-Newton (QN) algorithms is given in Sec. 5.3. Numerical simulations which

demonstrate the convergence properties of the algorithms can be found in Sec. 5.4.

The algorithms in this chapter have been presented in Lahat et al. [60].

5.2 Derivation of the Relative Variations

As explained in Sec. 2.3.3, the likelihood of the observations can be maximized by

joint block diagonalization (JBD) of a set of covariance matrices of the observations.

This maximization amounts to minimization of the contrast function C(A) (2.17).

The first-order variation of C(A) when A is replaced by A(I+E) (where I denotes

the identity matrix and E is an arbitrary matrix of the same size) can always be

expressed by the Taylor expansion

C(A(I +E)) = C(A) + tr
{

(∇C(A))†E
}

+ higher-order terms in E , (5.1)

55
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for some m × m matrix ∇C(A), defined as the RG of C(A) with respect to A.

Similarly to the derivation for the one-dimensional case in [42], one obtains the RG

∇C(A) = −〈bdiag−1
m {A−1R

(q)

X A
−†}A−1R

(q)

X A
−†〉+ I (5.2)

on which the RG algorithm, explained in Sec. 5.3, is based. The equation in (5.2)

was previously mentioned in an implicit form in (2.21). As explained in Sec. 2.3.4,

solving (5.2) yields the stationary points of the contrast function (2.17).

Another algorithm can be derived based on the Newton method. In order to

realize a QN method in the sense of [83], we obtain a first-order approximation of the

gradient, using the following steps. First, we note that the maximum likelihood (ML)

estimate of A can be obtained by setting the RG (5.2) to zero. This yields the

estimating equations (2.20) (this is true due to the relation (2.21)), or in their

block-wise form (2.22).

In the second step, the first-order expansion of the estimating equations (2.22)

under asymptotic conditions (T → ∞ for nq

T
fixed ∀q) can be expressed (see Ap-

pendix 5.A), as [
vec{E ij}
vec{Eji}

]
=H−1

[
gij

gji

]
+ Ω( 1

T
) i 6= j , (5.3)

where

H =

[
H ij T mj ,mi

T mi,mj
Hji

]
, (5.4a)

H
(q)
ij = R

(q)
S,jj ⊗R

−(q)
S,ii , H ij = 〈RS,jj ⊗R−1

S,ii〉 (5.4b)

g
(q)
ij = −R−(q)

S,ii R
(q)

S,ij , gij = − 〈R−1
S,iiRS,ij〉 , (5.4c)

R
(q)

S,ij =
1

nq

∑
t∈Dq

si(t)s
†
j(t) , (5.5)

R
−(q)
S,ii

4
=
(
R

(q)
S,ii

)−1
and E ij, the mi × mj blocks of an m × m matrix E , defined

formally in (5.7), reflect the relative change in A due to the difference between R
(q)
S

and R
(q)

S . Tmi,mj
is the mimj × mimj commutation matrix, defined in (A.3) in

Appendix A. It should be emphasized that since bdiagm{∇C(A)} is invariant to

changes in R
(q)

X (this is a direct result of (2.20)), then E ii ≡ 0mi×mi
. It is assumed

that H is invertible; sufficient and necessary conditions are given by Theorem 4.1.

The set of matrices E ij, ∀i 6= j, obtained from (5.3), constitute the Newton step.
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This leads to our QN algorithm, explained in Sec. 5.3.

5.3 Algorithms

The pseudocode of the iterative algorithms is given in Algorithm 1. The part per-

taining to each of the RG and QN algorithms is given in Algorithm 2 and 3, re-

spectively. The RG algorithm works as follows: according to (5.1), if A is changed

into A(I +E), then C(A) changes by the amount tr
{

(∇C(A))†E
}

+ higher-order

terms in E. Given E = −λ∇C(A) and λ > 0 a real scalar, the updating rule

(line 4 in Algorithm 2) changes C(A) into C(A)−λ‖∇C(A)‖2+ higher-order terms

in ∇C(A). Hence, the decrease of the contrast function C(A) is guaranteed for

small enough λ. The updating rule is iterated until ‖∇C(A)‖ ≤ threshold. In the

QN algorithm, the relative change in A is determined directly by E , as explained

in Sec. 5.2. The transformation matrix T in the algorithms’ pseudocode reflects the

relative change in A at each iteration.

The choice of the step-size in a RG algorithm determines its convergence rate, in

terms of the number of required iterations; see [54], for example. For the simulations

in Sec. 5.4 we chose to set λ by backtracking line search. Since only R
(q)

X is available

to the algorithm, then within the iterations, A−1R(q)A† is used to approximate both

R
(q)

S and R
(q)
S of (5.4c) and (5.4b). Therefore, within Algorithm 3, gij is equal to

the evaluated (i, j)th sub-block of ∇C(A).

Algorithm 1 An Iterative JBD Algorithm

1: function jbd({R(q)

X }
Q
q=1, {nq}Qq=1, m, threshold)

2: A← I . Init
3: R(q) ← R

(q)

X ∀q . Init
4: while ‖∇C(A)‖ > threshold do
5: ∇C(A)← I − 〈bdiag−1

m {R(q)}R(q)〉 . (5.2)
6: Evaluate T . Algorithm 2 for RG, Algorithm 3 for QN
7: R(q) ← T−1R(q)T−†, q = 1, . . . , Q
8: A← AT . For output only
9: end while

10: return A
11: end function

It is interesting to compare our algorithm to the Gaussian ML independent

vector analysis (IVA) algorithm of [84], which has a QN-type structure similar to

Algorithm 3. Vı́a et al. [84], too, minimize the Kullback-Leibler divergence (KLD).

However, the purpose of their algorithm is to block-diagonalize a single matrix.
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Algorithm 2 Update Step for the Relative Gradient Algorithm

1: λ← 1 . Choose λ, e.g. by backtracking line search
2: while C(A(I − λ∇C(A)) > C(A)− αλtr {‖∇C(A)‖2} do λ← βλ
3: end while
4: T ← I − λ∇C(A)

Algorithm 3 Update Step for the Quasi-Newton algorithm

1: for i=1:n, j=1:i-1 do
2: gij ← [∇C(A)]ij . (5.4c)

3: H
(q)
ij ← R

(q)
jj ⊗R

−(q)
ii , q = 1, . . . , Q . (5.4b)

4: Evaluate E ij,Eji . (5.3)
5: end for
6: Reconstruct E from {E ij}i 6=j . E ii ≡ 0mi×mi

, see Sec. 5.2
7: T ← I − E

5.4 Numerical Examples

In this section, we study the convergence properties of the proposed algorithms by

numerical simulations.

The data for the simulations is as follows. The input to the algorithm is a set of

Q m×m matrices R
(q)

X , defined, following (2.9) and (2.4), as

R
(q)

X = AR
(q)

S A
† . (5.6)

Matrices reflecting the latent R
(q)

S are drawn from the Wishart distribution with

nq degrees of freedom and matrix parameter R
(q)
S , mimicking nq observations at

each domain Dq (recall the definitions in Chapter 2). The real positive-definite

matrices R
(q)
S , with block-pattern m, are drawn as R

(q)
S,ii = U †U , where U is an

mi × mi upper triangular matrix whose independent and identically distributed

(i.i.d.) entries ∼ U [−1
2
, 1

2
]. The condition number of each R

(q)
S,ii is limited by 500,

to assure proper invertibility. A is realized as A = I + Υ, where the entries

of Υ are i.i.d. and ∼ U [−1
4
, 1

4
]. Since the contrast function (2.17) is invariant to

block-diagonal scale ambiguity (see (4.10) and (4.11)), we are concerned only about

permutation ambiguity. The said choice of A, together with initializing A with

I (line 2 in Algorithm 1) allows for sufficient variability in our simulations, while

usually assuring convergence to the desired minimum.

First, we observe and compare the convergence rate of the two proposed algo-

rithms, in terms of the required number of iterations. The stopping threshold is

set to 10−4. In the RG algorithm we set λ at each iteration using backtracking line

search (lines 1–3 in Algorithm 2) with α = 0.3, β = 0.2. The convergence rate of the
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two algorithms is illustrated in Fig. 5.1. For each algorithm, there are 20 realizations

of A, with fixed latent R
(q)

S and R
(q)
S . The fast convergence of the QN algorithm is

very distinct from that of the RG algorithm. Both algorithms converge, eventually,

in all trials, to the same value of the contrast function.
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Figure 5.1: Convergence rate of the relative gradient and quasi-Newton algorithms,
20 trials each. Only A varies at each trial. nq = 100 ∀q. Q = 8. Block-pattern
m = [4, 3, 2]†. Threshold=10−4.

We now turn to verifying that the algorithms indeed converge to the minimum

of the contrast function. That is, they are not trapped in a local minimum. As

the former experiment has validated that both algorithms converge to the same

value, we proceed with the QN realization, which is much faster. Since there is no

closed-form solution for the minimization of (2.17), we perform a randomized test.

This is achieved by perturbing the de-mixing matrix found by the QN algorithm,

B̂
JBD 4

= (Â
JBD

)−1, and recalculating the contrast function with the new matrix.

The perturbation is obtained as follows. Define an m×m matrix P , whose entries

are drawn i.i.d. from r · u/50, r ∼ N (0, 1), u ∼ U [−1
2
, 1

2
]. Then, B̂

JBD
is left-

multiplied by I+P . The outcome is a slightly perturbed version of B̂
JBD

. For each

such randomized P , we calculate the contrast function C(Â
JBD

(I + P )−1). If this

value is smaller than C(Â
JBD

), it means that the algorithm has failed in finding the

minimum. Fig. 5.2 depicts graphically the results of such a test, for a certain choice

of parameters and for a large number (104) of trials. In each trial, m, nq, Q and the

threshold are fixed. A and R
(q)
S are randomized as explained earlier in this section.

In order to visualize the diversity of the perturbation matrices, the X-axis in Fig. 5.2
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is the Frobenius norm of the perturbation matrix, minus the Frobenius norm of the

m×m identity matrix. The Y-axis depicts the value of the contrast function C(A)

with A = ((I + P )B̂
JBD

)−1, minus C(Â
JBD

), at different randomization of P . A

negative value on the Y-axis would imply that there exists another de-mixing matrix

which yields a smaller C(A). We have run such tests on various parameters, and all

have shown that the QN algorithm indeed converges well to the desired minimum.
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Figure 5.2: Numerical example to validate that the quasi-Newton algorithm has
indeed converged to the correct minimum. Each dot stands for one of the 104 trials,
i.e. a new randomized perturbation matrix P . The X-axis quantifies the divergence
of the perturbed matrix from the de-mixing matrix found by the algorithm. Negative
values on the Y-axis would have meant that the algorithm did not converge to the
(local) minimum. Fixed parameters are m = [2, 2, 2]†, Q = 12, nq = 100 ∀q,
threshold=10−9.

5.5 Summary

In this chapter, we presented two non-orthogonal JBD algorithms: a quasi-Newton

and a relative gradient one. These algorithms minimize the Kullback-Leibler-

induced divergence between a set of symmetric positive-definite covariance matrices

and a block-diagonal function thereof. Simulations demonstrate the correct conver-

gence of these algorithms, given an appropriate initialization, to the desired mini-

mum. As predicted, the QN algorithm converges much faster, in terms of the number

of required iterations, than the RG one, by several orders of magnitude. Since the

equations on which these algorithms are based are derived from a first-order ex-
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pansion (of the estimating equations), then convergence is guaranteed only locally.

That is, if the initialization is not too far from the global minimum.

5.A First-Order Expansion of the Estimating

Equations

The purpose of this section is to derive the first-order expansion of the estimating

equations (2.22) in terms of the latent sources. The need for this new representation

stems from the fact that the block-diagonal structure, which is the core of the

JBD algorithms, corresponds only to the covariance matrices of the sources, and

not of the components. This derivation has some analogy to the derivation of the

first-order expansion of the estimating equations in terms of components (2.28) in

Appendix 3.A. However, in the current case, additional care has to be taken since

the sources can be identified only up to the block-diagonal scale-ambiguity matrix

Z, discussed in Sec. 2.2.

Let us define an m×m error matrix E , such that

Â
−1
A = Z(I + E) , (5.7)

where Â is a matrix which solves (2.22), now rewritten as

〈([Â
−1
R

(q)

X Â
−†

]ii)
−1[Â

−1
R

(q)

X Â
−†

]ij〉 = 0mi×mj
j 6= i . (5.8)

In the notation of (5.7), matrix E reflects the relative change in the product of

the estimated de-mixing matrix Â
−1

with the “true” mixing matrix A, up to scale

ambiguity. When the estimation is precise, the product is block-diagonal. Using the

notation (5.7), the terms within square brackets in (5.8) can be rewritten as

Â
−1
R

(q)

X Â
−†

= Z(I + E)A−1 ·AR(q)

S A
† ·A−†(I + E)†Z†

= Z(I + E)R
(q)

S (I + E)†Z† , (5.9)

where in the first equality we used R
(q)

X = AR
(q)

S A
†, the empirical counterpart

of (2.8). Since for any matrix M

[
ZMZ†

]
ij

= ZiiM ijZ
†
jj ,
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where i, j are the block indices, then if M and Z are invertible,

([
ZMZ†

]
ii

)−1[
ZMZ†

]
ij

= Z−†ii M
−1
ii M ijZ

†
jj .

Now, by identifying M with (I + E)R
(q)

S (I + E)†, (5.8) can be rewritten as

Z−†ii 〈([(I + E)RS(I + E)†]ii)
−1[(I + E)RS(I + E)†]ij〉Z

†
jj = 0mi×mj

. (5.10)

Since Z is defined as a full-rank matrix, it can be removed from both sides of (5.10)

without changing the solution with respect to E . Therefore, we now set out to

linearize the estimating equations

〈([(I + E)RS(I + E)†]ii)
−1[(I + E)RS(I + E)†]ij〉 = 0mi×mj

j 6= i , (5.11)

with respect to the error terms E .

From this point and on, the derivation follows lines similar to those in Ap-

pendix 3.A. Similarly to the arguments in Appendix 3.A, under asymptotic condi-

tions, R
(q)

S converges, in the mean square, to ZR
(q)
S Z

†, and the ML estimator Â

converges, in probability, to AZ−1 (asymptotically, for non-Gaussian components,

both converge in probability). As for the rate of convergence, the entries of both

δR
(q)
S and δE are zero mean random variables with a standard deviation propor-

tional to 1/
√
T . Hence, asymptotically, terms which are proportional to δR

(q)
S or E

are Ω( 1√
T

) (this notation is defined in Chapter “Notations and Conventions”) and

are considered as having the same order of magnitude.

By decomposing

R
(q)

S = R
(q)
S + δR

(q)
S ,

The term on the right-hand side (RHS) of (5.11) within the angle brackets can be

expanded, ∀i, j, as

[
(I + E)RS(I + E)†

]
ij

=
[
R

(q)

S + E(R
(q)
S + δR

(q)
S ) + (R

(q)
S + δR

(q)
S )E†

]
ij

+ Ω( 1
T

)

=
[
R

(q)

S

]
ij

+
[
ER(q)

S

]
ij

+
[
R

(q)
S E

†
]
ij

+ Ω( 1
T

)

= R
(q)

S,ij + E ijR(q)
S,jj +R

(q)
S,ii(E

†)ij + Ω( 1
T

) , (5.12)

where in the third equality we use the block-diagonal structure of R
(q)
S and the

notation (5.5).
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As for the left-hand term within the angle brackets of (5.11),

([
(I + E)RS(I + E)†

]
ii

)−1
=
(
R

(q)
S,ii + δR

(q)
S,ii + E iiR(q)

S,ii +R
(q)
S,iiE

†
ii + Ω( 1

T
)
)−1

= R
−(q)
S,ii + Ω( 1√

T
) , (5.13)

where the first equality is due to (5.12). Multiplying (5.13) with (5.12),

([
(I + E)RS(I + E)†

]
ii

)−1
[
(I + E)RS(I + E)†

]
ij

= R
−(q)
S,ii

(
R

(q)

S,ij + E ijR(q)
S,jj +R

(q)
S,iiE

†
ji

)
+ Ω( 1

T
)

= R
−(q)
S,ii R

(q)

S,ij +R
−(q)
S,ii E ijR

(q)
S,jj + E†ji + Ω( 1

T
) . (5.14)

Averaging (5.14) over all domains yields the linearized form of (5.11),

〈R−(q)
S,ii R

(q)

S,ij〉+ 〈R−(q)
S,ii E ijR

(q)
S,jj〉+ E†ji = 0m×m + Ω( 1

T
) , i 6= j . (5.15)

Note the analogy between (5.15) and (3.33). Vectorizing (5.15) using (A.1c) in

Appendix A yields

−〈vec{R−(q)
S,ii R

(q)

S,ij}〉 = 〈R(q)
S,jj ⊗R

−(q)
S,ii 〉vec{E ij}+ T mjmi

vec{Eji} = 0m×m + Ω( 1√
T

) ,

(5.16)

which leads to the desired form (5.3).
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Chapter 6

Separation of Multidimensional

Data Using a One-Dimensional

Model Followed by Clustering:

Performance Analysis

6.1 Outline

In this chapter, we compare the performance of two non-unitary criteria for the blind

separation of multidimensional components. One has been shown in Sec. 2.3 to be

optimal for piecewise-stationary multidimensional data, when second-order statis-

tics are used. The other is the one-dimensional counterpart thereof [42], followed

by grouping the one-dimensional components into their respective multidimensional

subspaces. The latter procedure is denoted as clustering. In other words, we dis-

cuss a procedure for dependent component analysis which consists of two steps:

the first step is the separation of the observations into terms which correspond to

one-dimensional subspaces, and the second step consists of clustering these one-

dimensional terms into multidimensional components. In Sec. 3.3, the performance,

in terms of mean square error (MSE), of the one-dimensional criterion applied to

multidimensional data, has been evaluated via numerical simulations. In this chap-

ter, we obtain a closed-form expression for the expected MSE in the one-dimensional

procedure. The proposed analysis allows us to predict the expected gain, in terms

of the ratio of the MSE in both approaches, theoretically, without resorting to nu-

merical simulations.

The outline of Chapter 6 is as follows. In Sec. 6.2 we formulate mathematically

the problem which we denote by “mismodeling”, i.e. the use of a one-dimensional

65
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model in order to separate multidimensional data. We describe the contrast func-

tion, the estimating equations and the component estimates for the mismodeled

scenario. We then characterize the solutions to the contrast function in the mis-

modeled scenario in terms of invariance to certain transformations, that is, their

equivalence class, and uniqueness. We prove that for matrices which can be exactly

jointly block-diagonalized, exact joint block diagonalization (JBD) can be obtained

by joint diagonalization (JD). Sec. 6.3 is dedicated to the error analysis. In this

section, we obtain a closed-form expression for the MSE of multidimensional com-

ponent separation under the mismodeling assumption. We begin in Sec. 6.3.1 by

defining error terms and the desired figure of merit, the MSE, in terms of the well-

defined quantities, i.e. components and projections. We then turn in Sec. 6.3.2 to

representing the error terms using their one-dimensional factors. In particular, we

obtain an expression for the MSE as a function of rank-1 error matrices. These

rank-1 error matrices are approximated in Sec. 6.3.3 using the first-order Taylor

expansion of the estimating equations. Finally, in Sec. 6.3.4, the covariance of these

rank-1 error matrices is derived, and propagated into the closed-form terms of the

MSE. In Sec. 6.4, we support our theoretical analysis by some numerical exam-

ples. First, in Sec. 6.4.1, we demonstrate that when the data can be exactly jointly

block-diagonalized, a JD algorithm which minimizes our Kullback-Leibler diver-

gence (KLD)-based criterion can indeed perform perfect JBD, up to clustering and

permutation. Then, in Sec. 6.4.2, we validate the theoretical analysis of Sec. 6.3 by

comparing the predicted MSE with the empirical one. We show for several multi-

dimensional scenarios that the closed-form expression for the MSE is achievable,

when small-error conditions hold. These numerical simulations demonstrate that

our theoretical MSE expressions hold also for non-Gaussian data, as predicted from

our analysis. The expected gain due to using the correct multidimensional model

over the one-dimensional one is now given using the analytical expressions, whereas

in Table 3.1 it was based on empirical experiments. In Sec. 6.4.3 we verify that

the number of samples per domain used for the scenarios in Table 6.1 indeed guar-

antees asymptotic conditions. This is done by comparing the empirical variance

of the oblique projection estimates with their predicted variance, as a function of

the number of samples per domain. When asymptotic conditions hold, these val-

ues converge. In Sec. 6.4.4 we exploit the closed-form expressions for the MSE, for

the mismodeled and optimal case, in order to observe the predicted ratio in MSE

in various multidimensional scenarios. Chapter 6 is concluded with a discussion in

Sec. 6.5.

Results for the specific case of only two components, one one-dimensional and
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the other multidimensional, have been presented in Lahat et al. [73].

6.2 Problem Formulation

In this chapter, we focus on the case in which the data is multidimensional with

block-patternm, but the analysis is performed under the (possibly false) assumption

that the data consists of m one-dimensional components. In this case, instead of the

contrast function (2.17), another target function, which we denote CJD, is minimized:

CJD(A, {R(q)

X }
Q
q=1)

4
= 〈D(A−1RXA

−†, diag{A−1RXA
−†})〉 . (6.1)

Naturally, CJD(A) ≡ C(A) when the data model follows m = [1, . . . , 1]†. The

minimization of (6.1) can be achieved by solving the one-dimensional version of the

estimating equations (2.20),

〈diag−1{A−1RXA
−†} A−1RXA

−†〉 = I , (6.2)

where diag−1{·} implies (diag{·})−1. Now, recall that when the model suits the

data, there exists a matrix AJBD which solves

〈bdiag−1
m {A−1RXA

−†} A−1RXA
−†〉 = I

(this is (2.20) with R
(q)

X replaced with their expectation) and also satisfies

C(AJBD, {R(q)
X }

Q
q=1) = 0. In the mismodeled case, the estimating equations

〈diag−1{A−1RXA
−†} A−1RXA

−†〉 = I (6.3)

correspond to maximizing the likelihood of a one-dimensional model which

does not suit the multidimensional data. They also correspond to minimizing

CJD(A, {R(q)
X }

Q
q=1). However, the latter amounts to jointly diagonalizing {R(q)

X }
Q
q=1

— and by construction (recall Sec. 2.3.1), they are JBD-irreducible with block-

pattern m. Therefore, although a solution to (6.3) can be found1, since (6.3) re-

flects the stationary points of CJD(A, {R(q)
X }

Q
q=1), CJD(A, {R(q)

X }
Q
q=1) = 0 cannot be

satisfied.

In the sequel, in order to avoid ambiguities, for certain parameters a “?” is

used to denote the “true” model quantities, and a hat denotes the value which

minimizes the contrast function. For instance, A? denotes the true mixing matrix,

1The existence of such a solution is discussed in Sec. 6.2.2.1.
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while Â
JBD

denotes a minimizer of the contrast function (2.17), which is also a

maximum likelihood (ML) estimate if the Gaussian model holds. A matrix which

minimizes (6.1) and thus also solves (6.2) is denoted Â
JD

. Matrices which minimize

CJD(A, {R(q)
X }

Q
q=1) and C(A, {R(q)

X }
Q
q=1) are denoted AJD and AJBD, respectively.

6.2.1 Component Estimation under Mismodeling

In the correct model setup, one obtains n oblique projections P̂
JBD

i and their re-

lated component estimates x̂JBD
i (t) (defined in Sec. 3.2.1, where they were denoted

simply as P̂ i and x̂i(t), respectively). In the mismodeling setup, in the first stage,

each column of the de-mixing matrix is associated with a rank-1 oblique projection

matrix. By clustering, or grouping (correctly!) the m oblique projection matrices,

each mi-dimensional component can be regarded as a sum of mi one-dimensional

components:

x̂JD
i (t)

4
= P̂

JD

i x(t) =

mi∑
r=1

P̂
JD

ir x(t) =

mi∑
r=1

x̂JD
ir (t) , (6.4)

where we have indexed the m rank-1 oblique projection matrices as P̂
JD

i1
, . . . , P̂

JD

imi
,

P̂
JD

j1
, . . . , P̂

JD

jmj
, etc. As a convention, the notation P JD

ir implies an oblique projection

constructed from the rth column of AJD
i . In the sequel, this double indexing system

is used only for mismodeled parameters. Hence, we often omit the superscript

“JD” from double-indexed symbols. Throughout the text, indices i, j pertain to

components. The first step of (6.4) follows from (2.5) (see also (6.8b)). The second

step of (6.4) is due to

P̂
JD

i

4
=

mi∑
r=1

P̂
JD

ir , i = 1, . . . , n , (6.5)

which is the mathematical formulation of “clustering”, as used in this thesis. The

last step is again due to (2.5). At the last step of (6.4), the m one-dimensional

components were indexed as x̂JD
i1

(t), . . . , x̂JD
imi

(t), x̂JD
j1

(t), . . . , x̂JD
jmj

(t), etc. For ease

of reference, the various oblique projections used in Chapter 6 and the components

which they generate are summarized in (6.6) and (6.8), respectively.
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P̂
JD

ir ← JD({R(q)

X }
Q
q=1) (6.6a)

P̂
JD

i =

mi∑
r=1

P̂
JD

ir ← JD({R(q)

X }
Q
q=1) + clustering (6.6b)

P̂
JBD

i ← JBD({R(q)

X }
Q
q=1) (6.6c)

P JD
ir ← JD({R(q)

X }
Q
q=1) (6.6d)

P JD
i =

mi∑
r=1

P JD
ir ← JD({R(q)

X }
Q
q=1) + clustering (6.6e)

P ?
i = AiBi (6.6f)

P JBD
i ← JBD({R(q)

X }
Q
q=1) . (6.6g)

In (6.6), the compound operation of minimizing C(·, ·) (respectively, CJD(·, ·)) and

constructing the n (respectively, m) oblique projections from the resulting de-mixing

matrix is denoted as JBD(·) (respectively, JD(·)). In this new notation we omit the

mixing matrix, as it is only a transitional variable. Note that

P ?
i = P JD

i = P JBD
i , (6.7)

which follows from Sec. 6.2.2.1.

x̂JD
ir (t) = P̂

JD

ir x(t) (6.8a)

x̂JD
i (t) = P̂

JD

i x(t) =

mi∑
r=1

P̂
JD

ir x(t) (6.8b)

x̂JBD
i (t) = P̂

JBD

i x(t) (6.8c)

xJD
ir (t) = P JD

ir x(t) (6.8d)

xi(t) = P ?
ix(t) = P JD

i x(t) = P JBD
i x(t) (6.8e)

=

mi∑
r=1

P JD
ir x(t) (6.8f)

=

mi∑
r=1

xJD
ir (t) . (6.8g)



70 CHAPTER 6. ONE-DIMENSIONAL MODEL

(6.8c) is identical to (3.2). (6.8e) follows from (6.7). (6.8g) follows from (6.8f)

and (6.8d).

6.2.2 Characterizing the Solutions to the Mismodeled Con-

trast Function

In this section, we discuss the properties of the possible solutions to the minimization

of the contrast function CJD(A, {R(q)

X }
Q
q=1), defined in (6.1).

6.2.2.1 JBD by JD

In the first step, we show that JD, that is, minimization of (6.1) or solution of (6.2),

can yield exact separation of multidimensional data when the input matrices can

be exactly jointly block-diagonalized. That is, that there exists a matrix AJD such

that

AJD 4= arg min
A

CJD(A, {R(q)
X }

Q
q=1) (6.9)

and

C(AJD, {R(q)
X }

Q
q=1) = 0 . (6.10)

The existence of a solution to (6.9) and (6.10) can be proved by construction, in a

way similar to that proposed by [64]. First, we find an mi ×mi matrix GJD
ii which

satisfies2

GJD
ii = arg min

Gii

CJD(G−1
ii , {R

(q)
S,ii}

Q
q=1) (6.11)

= arg min
Gii

〈D(GiiRS,iiG
†
ii, diag{GiiRS,iiG

†
ii})〉 .

By definition, GJD
ii also satisfies (6.2), such that

〈diag−1{GJD
ii RS,iiG

JD†
ii } GJD

ii RS,iiG
JD†
ii 〉 = I . (6.12)

Equation (6.11) amounts to trying to jointly diagonalize the Q JBD-irreducible

matrices {R(q)
S,ii}

Q
q=1. Next, we define a matrix W

4
= GJDA?−1, where GJD 4

=

2At this point, some caution should be exercised. Theoretically, when the input matrices
cannot be exactly jointly (block-) diagonalized, there may be cases in which only an infimum, but
not a minimum, of CJD(·, ·) or C(·, ·), exists (see for example [85, Sec. 5], [86, Sec. 3.3]). In our
numerical experiments, we have always found a stable solution. Characterizing the conditions for
the existence of the minimum is beyond the scope of this work. In the sequel, we assume that an
optimum exists.
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bdiag{GJD
11 , . . . ,G

JD
11 }. Replacing A−1 with W in the estimating equations (6.3)

yields

〈diag−1{WRXW
†}WRXW

†〉 = 〈diag−1{GJDRSG
JD†} GJDRSG

JD†〉 = I ,

(6.13)

where the first equality is due to (2.8). The last equality is due to the fact that both

GJD and R
(q)
S are block-diagonal with block-pattern m, and (6.12). Equation (6.13)

implies that there exists a matrix W such that

W = arg min
W ′

CJD(W ′−1
, {R(q)

X }
Q
q=1) ,

which settles (6.9) with AJD = W−1. On the other hand, WR
(q)
X W ∈ bdiagm

∀q. Hence, W is also the joint block-diagonalizer of {R(q)
X }

Q
q=1 such that (6.10) is

fulfilled. This concludes the proof for the existence of a solution to (6.9) which also

solves (6.10). A graphical example which illustrates JBD by JD is given in Sec. 6.4.1.

Note: we did not prove that any solution of (6.9) is a solution of (6.10), although

this is a plausible conjecture. This would require to prove that any solution to

minAC
JD(A, {R(q)

S }
Q
q=1) is block-diagonal. This is beyond the scope of this work.

6.2.2.2 Equivalence Class

Given the existence of a minimum to (6.1) and a solution to (6.2) (see Sec. 6.2.2.1),

we now discuss its equivalence class. That is, the subspace of solutions it generates

which cannot be further reduced into smaller subspaces without additional con-

straints. The diag operator commutes with a diagonal matrix Λ and a permutation

matrix π, both m×m, in the following manner:

diag{ΛMΛ} = Λ diag{M}Λ

diag{πMπ†} = π diag{M}π†
∀M ∈ Rm×m . (6.14)

Due to (6.14) and to (2.12), the contrast function CJD(A, {R(q)

X }
Q
q=1) (6.1) and its

related estimating equations (6.2) are invariant to an arbitrary invertible diagonal

matrix and a permutation matrix. Mathematically,

CJD(A) = CJD(AΛπ) , (6.15)

with the additional constraint that Λ be invertible. This invariance implies that

a matrix which minimizes CJD(A, {R(q)

X }
Q
q=1) (6.1) or solves its related estimating
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equations (6.2) can be determined up to right-multiplication by any permuted arbi-

trary m×m invertible diagonal matrix.

Let us now consider the case in which the permutation matrix is block-diagonal

with block-patternm. This amounts to permutation within the scalar entries of each

source vector si(t), such that for each component i, P̂
permuted

ir = P̂ is , (r, s) ∈ i (this is

a shorter notation for “(r, s) ∈ [1, . . . ,mi]”). In this case, component reconstruction

by clustering (6.5) is not affected:

P̂
permuted

i =
∑
s∈i

P̂ is = P̂
JD

i . (6.16)

Recall from (4.10) and (4.11) that the contrast function (2.17) commutes with any

invertible block -diagonal matrix with block-pattern m. Hence, any solution to

minAC
JD(A, {R(q)

X }
Q
q=1) is also a solution to C(A, {R(q)

X }
Q
q=1) = 0, as demonstrated

in Sec. 6.2.2.1. The converse is in general false. This property of the mismodeling so-

lution, that it commutes only with diagonal matrices, and not with a block-diagonal

matrix, is the key point in the error analysis of the mismodeling scenario, as detailed

in Sec. 6.3. This issue is further stressed in Sec. 6.2.2.3.

In the sequel, we assume that permutations are limited to within the block-

pattern m. Global permutation, that is, between different components, is not con-

sidered in this work.

6.2.2.3 Uniqueness

We now turn to the question of uniqueness : can there exist two different solutions

to (6.9) which are not related by an invertible diagonal permuted matrix (6.14) ?

This would imply that CJD(A, {R(q)
X }

Q
q=1) has more than one global minimum, as

conjectured in [24, Sec. 2.2]. For the correct model case, this question has been

discussed in Sec. 4.5 and answered by Theorem 4.1. In the sequel, as a working

assumption, we postulate that at least in the small-errors regime, which will be

defined in Sec. 6.3, such different global minima, if exist, are sufficiently far apart

such that, given that the permutation ambiguity (6.16) has been resolved,

P̂
JD

ir

asymptotically−−−−−−−−→ P JD
ir ∀ir . (6.17)

Violation of this working assumption will cause our theoretical error expression to

fail. However, as we see in the numerical examples (Sec. 6.4), when the small-error

assumptions hold, our analysis indeed follows the empirical results. To conclude,

in the sequel we assume that the solution of (6.1) is unique up to an m-permuted
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diagonal matrix.

6.3 Error Analysis

The purpose of our analysis is to obtain a closed-form expression, which does not

depend on empirical finite-length data, for the MSE in component separation, given

the mismodeling assumption of Sec. 6.2. The MSE is defined in Sec. 6.3.1. The MSE

is essentially expressed as a product of the components’ energy and the covariance

of the error in the oblique projections. In Sec. 6.3.2 we express this covariance in

terms of error matrices, which can be obtained in closed-form from the linearized

estimating equations. These are derived in Sec. 6.3.3. Sec. 6.3.4 is dedicated to

obtaining the closed-form expression for this covariance. That is, only in terms of

the model parameters, without resorting to finite-data terms.

We consider an asymptotic analysis in the regime of small errors, in which the

results are obtained from a first-order expansion of the estimating equations (6.2).

In the following, we define asymptotic conditions as T →∞ with nq

T
fixed ∀q. The

analysis is conducted under the assumption that the data model of Sec. 2.3.1 holds.

For readability, whenever there is no risk of ambiguity, we have omitted the

superscript “JD”. Whenever we have a partition of a subspace into one-dimensional

subspaces, which is denoted by double indexing, we always refer only to the partition

defined by (6.6d). This shorter notation is used in the sequel.

6.3.1 Defining the Figure of Merit

A difficulty in error analysis for the mismodeling problem stems from the inability

to characterize the estimation error of the mixing matrix, due to the severe inde-

terminacies it suffers from, as discussed in Sec. 2.2. As in Sec. 3.2.1, we begin by

defining convenient error terms. In order to focus on well-defined quantities, we

consider the errors δP JD
i in P̂

JD

i , the estimates (6.6b) of the oblique projectors P i.

The estimated ith component is thus

x̂JD
i (t) = P̂

JD

i x(t) = (P ?
i + δP JD

i )x(t) = xi(t) + δP JD
i x(t) ,

where the first equality follows from (6.8b) and the last one from (6.8e). Hence, the

component estimation error is defined as

∆xJD
i (t)

4
= x̂JD

i (t)− xi(t) = δP JD
i x(t) . (6.18)
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Let us define the normalized MSE of the estimation error of a given component i as

M̂SE
JD

i

4
=

1

σ2
i

1

T

T∑
t=1

|x̂JD
i (t)− xi(t)|2 , (6.19)

where the normalization is by the average power σ2
i of the ith component (3.21).

Substituting (6.18) in (6.19),

M̂SE
JD

i =
1

σ2

1

T

T∑
t=1

|δP JD
i x(t)|2 (6.20)

=
1

σ2
i

1

T

T∑
t=1

tr
{
δP JD

i x(t)x†(t)(δP JD
i )†

}
=

1

σ2
i

tr
{(
〈RX〉 ⊗ I

)
vec{δP JD

i }vec†{δP JD
i }
}
,

where the second equality is analogous to that in (3.21), and the last equality

uses (2.9) and then Property A.1 in Appendix A.

In order to obtain the expectation of (6.20), we employ the approximation that

P̂
JD

i , and thus δP JD
i , are statistically independent of the total power of the observa-

tions, 〈RX〉. This approximation becomes more accurate with larger Q. A similar

approximation has been used in Sec. 3.2.4 for P̂
JBD

i . Hence, we can write

MSEJD
i

4
= E

{
M̂SE

JD

i

}
=

1

σ2
i

tr
{(
〈RX〉 ⊗ I

)
Cov(vec{δP JD

i })
}
. (6.21)

It now remains to evaluate the matrices Cov(vec{δP JD
i }). Their derivation is given

in the following subsections.

6.3.2 Error Decomposition

Analogously to the error analysis in the correct model case in Sec. 3.2, the first step

of the current error analysis is to factorize the estimation error (6.18) into uniquely-

defined terms. Equation (6.15) implies that span(Air) is uniquely defined, whereAir

denotes the rth column ofAJD
i , r = 1, . . . ,mi. Consequently, also the rank-1 oblique

projections P JD
ir are uniquely defined. This is the key point to the error analysis in

this chapter, which will henceforth be based on these projections. In addition, we
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use the notion of global uniqueness as in Sec. 6.2.2.3. Summoning (6.8b) and (6.8f),

∆xJD
i (t) =

∑
r∈i

(
P̂ irx(t)− P irx(t)

)
=
∑
r∈i

δP irx(t) . (6.22)

In the last step we have introduced the notation

δP ir

4
= P̂ ir − P ir (6.23)

as well as the implied factorization/reconstruction

δP i =
∑
r∈i

δP ir . (6.24)

For the error notation (6.23) to be consistent, we assume that (6.17) holds. Obvi-

ously, in practice, this assumption cannot be guaranteed, as the permutation matrix

generated by the algorithm is arbitrary by nature (recall Sec. 6.2.2.2); however, for

the sake of the theoretical analysis, one can assume that the same arbitrary per-

mutation has been applied both to P̂ ir and P ir . This assumption is sufficient for

our proposed small-error framework to be valid. Furthermore, since we are even-

tually interested in reconstructing components, not in their rank-1 decompositions,

then (6.16) guarantees that our small-error analysis for components be valid regard-

less of the arbitrary permutation.

Proceeding with the factorization into rank-1 terms, (6.22) can be rewritten as

∆xJD
i (t) =

∑
r∈i

δP ir

n∑
j=1

∑
s∈j

xjs(t) =
n∑
j=1

∑
r∈i

∑
s∈j

δP irΠjsxjs(t)

=
n∑
j=1

∑
r∈i

∑
s∈j

E irjsxjs(t) . (6.25)

The first equality stems from summing (6.8g) over all n components. The second

equality consists of a change of order of the summations, plus the insertion of the

orthogonal projection on the subspace spanned by the jsth column of AJD. The

term Πjs in (6.25) is inserted since it arises naturally in the first-order expansion of

the estimating equations (Appendix 6.A, (6.47)). Recall that Πjsxjs(t) = xjs(t) ∀j
and s ∈ j. For the last equality in (6.25), we have defined m×m error matrices

E irjs
4
= δP irΠjs . (6.26)

Similarly to the error matrices (3.4), also here, the double-indexed term E irjs gives
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the linearized estimating equations their pairwise form, as will be seen in Sec. 6.3.3.

In analogy to the error terms in Sec. 3.2.1, for i 6= j, the term E irjsxj(t) is

called the (ir, js)th-contamination error, that is, the contamination due to the jsth

component in the reconstruction of the irth component. The term E irir′xi(t) is called

the irir′th-reconstruction error, since this term represents a distortion of xi(t) but

not any contamination by the other components.

Given the notation (6.26), we now turn to writing δP JD
i as a function of these

terms. Let us begin by factorizing δP JD
i as

δP JD
i = δP JD

i

n∑
j=1

P JD
j =

∑
r∈i

δP ir

n∑
j=1

∑
s∈j

P js =
∑
r∈i

n∑
j=1

∑
s∈j

δP irΠjsP js

=
n∑
j=1

∑
r∈i

∑
s∈j

E irjsP js =
∑
r∈i

∑
s∈i

E irisP is +
∑
j 6=i

∑
r∈i

∑
s∈j

E irjsP js . (6.27)

The first equality is due to
∑n

j=1P
JD
j = I, which always holds for any com-

plete set of oblique projections onto a subspace. The second equality follows

from (6.6e) and (6.24). The third equality is due to ΠjsP js = P js , which al-

ways holds, by definition of the orthogonal and oblique projections onto the same

subspaces. In the fourth equality, we have used (6.26). In the last step, we sep-

arated the terms with index j = i from j 6= i. The terms on the second sum-

mand at the last step of (6.27) can be obtained from the linearized estimating

equations, which shall be presented in Sec. 6.3.3. However, the terms on the first

summand:
∑

r∈i
∑

s∈i E irisP is = δP iP
JD
i , cannot. We therefore resort to the fol-

lowing factorization. Since x(t) is given (observed), we exploit it by constraining∑n
j=1 x̂

JD
j (t) = x(t). Therefore,

∑n
j=1 P̂

JD

j = I, which implies
∑n

j=1 δP
JD
j = 0m×m.

Multiplying δP JD
i = −

∑
j 6=i δP

JD
j on the right with P JD

i , we obtain

δP JD
i P

JD
i = −

∑
j 6=i

δP JD
j P

JD
i = −

∑
j 6=i

∑
s∈j

δP js

∑
r∈i

P ir

= −
∑
j 6=i

∑
s∈j

∑
r∈i

δP jsΠirP ir = −
∑
j 6=i

∑
s∈j

∑
r∈i

EjsirP ir . (6.28)

The second transition follows from (6.24) and (6.6e). In the third step, we have

changed the order of summation and introduced ΠirP ir = P ir , which always holds.

In the last step, we used (6.26). Substituting the final result of (6.28) in the last

equality of (6.27) yields

δP JD
i =

∑
j 6=i

(∑
r∈i

∑
s∈j

E irjsP js −
∑
r∈i

∑
s∈j

EjsirP ir

)
,
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which is the desired form: an expression for δP JD
i which consists only of terms which

can be calculated from the linearized estimating equations of Sec. 6.3.3 and from

the model parameters. Vectorizing δP JD
i using (A.1c) in Appendix A, its covariance

matrix is given by

Cov(vec{δP JD
i }) =

∑
j 6=i

(∑
l∈j
s∈j

(P †jl ⊗ I)
∑
m∈i
r∈i

Cov(vec{E imjl}, vec{E irjs})(P js ⊗ I)

−
∑
l∈j
r∈i

(P †jl ⊗ I)
∑
m∈i
s∈j

Cov(vec{E imjl}, vec{Ejsir})(P ir ⊗ I)

−
∑
m∈i
s∈j

(P †im ⊗ I)
∑
l∈j
r∈i

Cov(vec{Ejlim}, vec{E irjs})(P js ⊗ I)

+
∑
m∈i
r∈i

(P †im ⊗ I)
∑
l∈j
s∈j

Cov(vec{Ejlim}, vec{Ejsir})(P ir ⊗ I)
)
.

(6.29)

Substituting (6.29) in (6.21), followed by using (A.1d) in Appendix A and the prop-

erty that any two different components are statistically independent, it turns out

that the two middle terms in (6.29) do not contribute to the MSE. Hence, (6.21)

can be rewritten as

MSEJD
i = σ−2

i tr
{

(〈RX〉 ⊗ I)
∑
j 6=i

(
(6.30)∑

l∈j
s∈j

(P †jl ⊗ I)
∑
m∈i
r∈i

Cov(vec{E imjl}, vec{E irjs})(P js ⊗ I)

+
∑
m∈i
r∈i

(P †im ⊗ I)
∑
l∈j
s∈j

Cov(vec{Ejlim}, vec{Ejsir})(P ir ⊗ I)
)}

.

It now remains to evaluate the covariance matrices in (6.30). Their derivation is

given in the following subsections.

6.3.3 Influence Function

In order to evaluate the covariance of the estimation error, required for the

MSE (6.30), we first establish the first-order expansion of E irjs in terms of the

finite-sample m×m covariance matrices

R
(q)

XirXjs

4
=

1

nq

∑
t∈Dq

xir(t)x
†
js

(t) . (6.31)
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The key assumption for blind separation is block-decorrelation:

R
(q)
XirXjs

4
= E

{
R

(q)

XirXjs

}
= P irR

(q)
X P

†
js

= 0m×m (6.32)

for j 6= i. However, because of finite sample size, this does not hold for its empirical

counterpart, i.e., R
(q)

XirXjs
6= 0m×m. In this section, we develop the performance

analysis in the regime of small errors. That is, we analyze the error terms P̂ ir−P ir at

first-order in R
(q)

XirXjs
when asymptotic conditions hold. From (6.26), E irjs decreases

with T at the same rate as δP ir . Assuming that asymptotic conditions hold, then

P̂ ir
∼= P ir (see Appendix 6.A).

The estimating equations (6.2) can also be expressed in terms of the oblique

projections. When the model was multidimensional, the estimating equations (2.20)

could be rewritten as a set of n(n − 1) equations (2.28). Analogously, when the

model is one-dimensional, the estimating equations (6.2) can be rewritten as a set

of (m2 −
∑n

i=1 m
2
i ) equations

〈(P irRXP
†
ir

)](P irRXP
†
js

)〉 = 0 , i 6= j . (6.33)

Note that n(n−1) = m2−
∑n

i=1m
2
i for the simplest case of n = 2, m1 = m2 = 1. In

this case, in which these two models coincide, there are only two equations: one for

(i, j) and one for (j, i). The estimating equations (6.33) allow us to lead the error

analysis from the components’ point of view. The linearized form of (6.33), which

will be introduced shortly, yields the set of pairwise error matrices (E irjs ,Ejsir), i 6=
j, whose covariance shall be used in (6.30). Indeed, there are additional equations,

with j = i, which reflect the main block-diagonal of (6.2), and which obey

〈(P irRXP
†
ir

)](P irRXP
†
im

)〉 = 0 , ir 6= im .

However, these are not required for the error analysis since the error matrices which

they provide: E irim , do not take part in the expression (6.30) for the MSE. Note

that the (ir, ir)th entry of (6.2), that is, ir = js of (6.33), degenerates into the

identity matrix: the diagonal entries ir = js do not yield any constraints, reflecting

the indeterminacy discussed in Sec. 2.2.

The first-order expansion of the estimating equations (6.33) yields (see Ap-

pendix 6.A), for each pair of i 6= j, the following set of equations:

−vec{〈R]
irir
Rirjs〉} =

mj∑
l=1

〈Rjsjl ⊗R
]
irir
〉vec{E ir,jl}
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+

mi∑
k 6=r

(I ⊗ 〈R]
irir
Ririk〉)T vec{Ejs,ik}+ T vec{Ejs,ir}+ Ω( 1

T
)

−vec{〈R]
jsjs
Rjsir〉} = T vec{E ir,js}+

mj∑
l 6=s

(I ⊗ 〈R]
jsjs
Rjsjl〉)T vec{E ir,jl}

+

mi∑
k=1

〈Ririk ⊗R
]
jsjs
〉vec{Ejs,ik}+ Ω( 1

T
) , (6.34)

where r = 1, . . . ,mi, s = 1, . . . ,mj, i 6= j. T denotes the commutation matrix [79],

vec{M †} = T vec{M} for any m×m matrix M , defined in (A.3).

Equation (6.34) shows that asymptotically, for each pair of components, the

2mimj projector error terms {E irjs , Ejsir}
mi, mj

r=1,s=1 are related to the corresponding set

of 2Qmimj matrices {R(q)

XirXjs
,R

(q)

XjsXir
}Qq=1, which represents the block-decorrelation

error. We have thus obtained the same type of pairwise decoupling as in Sec. 3.2.2.

For each pair i 6= j, the 2mimj equations (6.34) can be rewritten in matrix form

as

gij = −Heij + Ω( 1
T

) , (6.35)

as we now explain. gij and eij are 2mimjm
2 × 1 vectors,

gij
4
=



gi1j1
gj1i1

...

gi1jmj

gjmj i1

...

gimij1

gj1imi
...

gimijmj

gjmj imi



and eij
4
=



vec{E i1j1}
vec{Ej1i1}

...

vec{E i1jmj
}

vec{Ejmj i1
}

...

vec{E imij1
}

vec{Ej1imi
}

...

vec{E imijmj
}

vec{Ejmj imi
}



, (6.36)

where the matrices on the left-hand side (LHS) of (6.34) are collected into m2 × 1

vectors denoted as

girjs = vec{〈R]
XirXir

RXirXjs
〉} . (6.37)
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The 2mimjm
2×2mimjm

2 matrixH collects the terms which precede the vectorized

error matrices in (6.34). The indexing order suggested in (6.36) allows to writeH as

a symmetric matrix, which is not always the case with an arbitrary indexing choice.

In any case, the symmetry of H is only for the aesthetic value and has no practical

implications in the sequel. An example of the explicit form of H, for the simplest

and non-trivial case of mi = 1, mj = 2, is given in (6.63) in Appendix 6.C.

Assuming that H is invertible (it is conjectured that the conditions in Theo-

rem 4.1 are necessary and sufficient also for the mismodeled case, since asymptot-

ically, both JBD and JD attain the same results; further analysis of this issue is

beyond the scope of this work), then

eij = −H−1gij + Ω( 1
T

) . (6.38)

Equation (6.38) shows how the empirical correlation between components, that is,

the fact thatR
(q)

XirXjs
is non-zero in finite sample size, results in non-zero errors E irjs .

Note the analogy between (6.38) and its multidimensional counterpart (3.12). Both

equations, (6.38) and (3.12), merge when R
(q)
S = diag{R(q)

S } ∀q. Equation (6.38) is

the desired closed-form, first-order expression for the error terms in (6.25).

6.3.4 Error Covariance and Mean Square Error

We shall now use the explicit expression (6.38) for the error terms, in order to derive

an explicit expression for the covariances used in Sec. 6.3.2, in (6.29) and in (6.30).

The covariance matrices

Cov(vec{E imjl}, vec{E irjs}) and

Cov(vec{E imjl}, vec{Ejsir}) , ∀i, j, r ∈ i, s ∈ j ,

required for (6.29) and (6.30) are taken from the blocks of the covariance of eij

in (6.38), where this covariance is given by

Cov(eij) =H−1 Cov(gij)H−† +O( 1
T 2 ) . (6.39)

In order to obtain Cov(eij), we shall calculate the covariance matrix of the stochastic

vector gij, defined in (6.36). An explicit expression for the entries of Cov(gij) is

derived in Appendix 6.B. We hereby quote only the final results, given in (6.54).

Based on the zero-mean assumption, we can write Cov(gij) = E
{
gijg

†
ij

}
. Then,
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the building blocks of Cov(gij), based on the ordering in (6.36), are

E
{
girjsg

†
imjl

}
=

1

T
〈RXjsXjl

⊗ (R]
XirXir

RXirXim
R]
XimXim

)〉 ,

E
{
gjsirg

†
jlim

}
=

1

T
〈RXirXim

⊗ (R]
XjsXjs

RXjsXjl
R]
Xjl

Xjl
)〉 ,

E
{
girjsg

†
jlim

}
=

1

T
〈RXjsXjl

R]
Xjl

Xjl
⊗R]

XirXir
RXirXim

〉T ,

E
{
gjsirg

†
imjl

}
=

1

T
〈RXirXim

R]
XimXim

⊗R]
XjsXjs

RXjsXjl
〉T ,

where we use the convention that r,m ∈ i, s, l ∈ j, i 6= j. Unlike the correct model,

in which the covariance matrix has been simplified (3.17) into a single matrix, in

the mismodeled case, the structure of Cov(gij) and H is more complex. We thus

leave the possible derivation of a simplified expression for (6.39) for future work. As

an illustrative example, the explicit expression of Cov(gij) for the simplest case of

mi = 1, mj = 2 is given in (6.64) in Appendix 6.C. We therefore content ourself

with the numerical calculation of Cov(eij) using their explicit analytical building

blocks H and Cov(gij).

Given the explicit expression for (6.39), we have thus obtained an expression

for the MSE (6.30), which can be calculated numerically by the model parameters

{R(q)
XirXjs

}Qq=1 and the weights {nq}Qq=1, up to O( 1
T 2 ) terms.

It should be noted that all the derivations in this section 6.3 and in the related

appendices do not rely neither on Gaussian distribution nor on statistics of order

larger than 2. Therefore, the derived numerical expression for (6.29) and (6.30) hold

also for non-Gaussian observations.

It is immediate to verify that in the presence of only one-dimensional compo-

nents, that is, mi = 1 ∀i, the results in this chapter identify with their counterparts

in Chapter 3.

6.4 Numerical Examples

In this section, we validate the theoretical results which were derived in previous

sections. The ability of a JD algorithm which minimizes our contrast function to

perform JBD, up to clustering and permutation, is demonstrated in Sec. 6.4.1. The

theoretical prediction of the expected MSE is compared with empirical values in

Sec. 6.4.2. The asymptotic conditions required for the validity of the small-errors

regime of the theoretical analysis are justified in Sec. 6.4.3. Finally, in Sec. 6.4.4,

we use the closed-form expressions for the MSE, in the correct and mismodeled

cases, to examine numerically the possible gain due to using the correct model
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(alternatively, the loss due to using the one-dimensional model). We illustrate how

this gain depends on some of the model parameters.

In all the following numerical experiments, the symmetric positive-definite block-

diagonal matrices {R(q)
S }

Q
q=1 are drawn with R

(q)
S,ii = U †U where U is an mi ×mi

upper triangular matrix with independent entries uniformly distributed on [−1
2
, 1

2
].

JBD is performed using the quasi-Newton (QN) algorithm of Chapter 5 and La-

hat et al. [60]. JD is performed using Pham’s algorithm [57]. The latter achieves

exactly the same solution as our JBD algorithm with m = [1, . . . , 1]†. However, it

is sometimes faster.

6.4.1 JBD by JD Followed by Clustering

First, we illustrate the theoretical result of Sec. 6.2.2.1, that JD followed by clus-

tering can achieve exact JBD when the original data consists of JBD-irreducible

positive-definite block-diagonal matrices, mixed by the same invertible matrix. In

the following example, the entries of the mixing matrix are independent and identi-

cally distributed (i.i.d.), and taken from the standard normal distribution N (0, 1).

The Q = 3 block-diagonal matrices are created as explained at the beginning of

Sec. 6.4, with m = [5, 5, 5, 5]†. Fig. 6.1(a) illustrates the original matrices R
(q)
S .

Fig. 6.1(b) illustrates the output of the JD algorithm. Fig. 6.1(c) depicts Fig. 6.1(b)

after clustering using the algorithm suggested by [64, Sec. 3.1]. The data in Fig. 6.1

is given after scaling the matrix entries to their log10(| · |). This scaling makes vis-

ible the small numerical errors on the off block-diagonal, after clustering. These

negligible numerical errors are inevitable, since the algorithm stops when a certain

non-zero threshold is achieved. It should be noted that these results do not contra-

dict a similar experiment conducted in [64, Sec. 4], since in the latter, the original

block-diagonal matrices were symmetric but not positive-definite, as in our case.

6.4.2 Validation of the Performance Analysis

In this section, we validate experimentally the performance analysis of Sec. 6.3. In

the following simulation, we construct the data such that the analysis requirements of

Sec. 6.3 hold, including the small-errors regime. Therefore, the theoretical expression

for the MSE is expected to be an accurate prediction of the measured error. The

underlying sources are created by left-multiplying the Cholesky factorization of R
(q)
S

with m × nq statistically independent, zero mean, unit variance samples. These

samples are drawn from various distributions, in order to support our claim that the

second-order analysis holds not only for Gaussian sources.
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(a) Original block-diagonal data, before mixing
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(b) After de-mixing, before clustering.
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(c) After clustering

Figure 6.1: JBD by JD followed by clustering. Q = 3, m = [5, 5, 5, 5]†. Entries of A

taken from N (0, 1). Demonstration on one draw of A and {R(q)
S }

Q
q=1. The displayed

matrix entries are scaled to log10(| · |) of their original value.

As explained in Sec. 6.2.2.2, there is no scale indeterminacy to resolve. Given

that our analysis is correct, the only origin of discrepancy between prediction and

experiment should be due to permutation or clustering which mix different com-

ponents. In order to avoid the need to check for such errors at each Monte-Carlo

trial, the following precautions were taken. We set Q = 5 adjacent domains with

nq = 5000 samples for a total of T = 25000 samples. According to the results in

Sec. 6.4.3, this nq guarantees that the small-error assumption is valid. In addition,

we chose to initialize the JD algorithm with I. In this case, permutation errors

and the need to cluster the data are avoided by choosing mixing matrices A which

are strictly diagonally-dominant. In the following simulations, the (i, j)th entry of

matrix A is given by Aij = 3δij + 1
10
rij, rij ∼ U [−1

2
, 1

2
] and rij are i.i.d. Such values

allow for sufficient variability of the mixing matrix to test our small-error analysis,
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while avoiding the need to resolve the permutation and cluster the data into com-

ponents at each trial. Permutation and clustering errors are easily detected, since

they result in a significantly larger MSE. Therefore, as a final safety measure, we

verified that no such large errors appeared in our results.

Table 6.1 compares the empirical with the analytical MSE for several scenarios

with varying component dimensions and distributions. The second column states the

arbitrary index given to each component. The third column denotes the dimension

of the ith component in the scenario. In each scenario, different A and {R(q)
S }

Q
q=1

are drawn. A and {R(q)
S }

Q
q=1 are fixed at each scenario. The fourth column gives

the analytical MSE for each component (6.30), which is calculated using the correct

model parameters. The fifth column gives the ratio between the analytical MSE

given a one-dimensional model (6.30) and the MSE given the correct block-pattern

m. The MSE given the correct block-pattern is given in (3.25). This ratio rep-

resents the theoretical gain of performance due to using the correct model vs. the

one-dimensional one. The theoretical MSE, as well as the ratio, are a function of

both A and {R(q)
S }

Q
q=1. Each scenario is evaluated using 5000 Monte-Carlo trials.

For each scenario, two data types were tested. In columns 6–7, Gaussian, zero mean,

unit-variance samples are used to create the underlying sources. In columns 9–10,

either uniform or Gaussian mixture (peaks centered at ±4) zero mean, unit-variance

samples, denoted U and GM, respectively, are used to create the underlying sources.

Note that left-multiplication of the non-Gaussian samples with the Cholesky factor-

ization of R
(q)
S changes their distribution; however, it is still non-Gaussian. The

non-Gaussian distribution, used to generate the data for each scenario, is given

in column 8. The sixth and ninth columns give the averaged empirical MSE for

each component (6.19). Columns 7 and 10 give the ratio of MSE for component

separation under the one-dimensional assumption: simulated vs. analytical.

The last row of Table 6.1 summarizes the results of each column. First, note that

all the (normalized) MSE values are much smaller than 1, illustrating the quality of

the component separation. Second, note that all values in column 7 and 10 are close

to 1, showing that our analysis predicts correctly the achievable separation accuracy.

The good match between predicted and empirical MSE also in column 10 is due to

the fact that only second-order statistics are required for our theoretical analysis.

The analytical results in column 5 validate the empirical results of Table 3.1, that

there is indeed a significant gain due to using the correct model, rather than JD

followed by clustering. An important result is that in scenarios #2 and #3, which

include one-dimensional components along with higher-dimensional ones, the gain

for the one-dimensional components is > 1, too. Obviously, when the sources are
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independent, as in the last scenario (#5), there is no difference between JD and

JBD, hence we put ‘1’ in this cell.

Table 6.1: Performance of ICA of multidimensional data, when the separation is
based on a one-dimensional model and second-order statistics. The figure of merit
is the normalized MSE. Each scenario, that is, different m, is tested once with
Gaussian and once with non-Gaussian data. In each scenario, A and {R(q)

S }
Q
q=1 are

fixed. The empirical MSE is averaged over 5000 Monte-Carlo trials. In each Monte-
Carlo trial, different underlying sources are drawn. The analytical MSE is compared
with that of using the correct m (MSEJBD

i ). The last row of the table summarizes
the columns.

S
ce
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i mi MSEJD
i

MSEJD
i

MSEJBD
i
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MSEJD
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ss
ia

n
D

at
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T
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e

M̂SE
JD

i

M̂SE
JD

i

MSEJD
i

Model Gaussian data Non-Gaussian data

#1
1 2 6.75·10−4 2.167 6.78·10−4 1.006

GM
6.68·10−4 0.991

2 2 4.48·10−4 1.471 4.46·10−4 0.995 4.45·10−4 0.993
3 2 6.00·10−4 2.216 6.01·10−4 1.002 6.13·10−4 1.021
4 2 8.47·10−4 2.741 8.53·10−4 1.007 8.55·10−4 1.009

#2
1 6 1.58·10−4 2.812 1.59·10−4 1.008

U
1.57·10−4 0.994

2 2 5.84·10−4 2.021 5.94·10−4 1.018 5.83·10−4 1.000
3 1 1.41·10−3 3.603 1.41·10−3 0.998 1.39·10−3 0.990

#3
1 1 7.60·10−4 3.674 7.56·10−4 0.995

U
7.57·10−4 0.996

2 2 3.58·10−4 1.713 3.57·10−4 0.998 3.59·10−4 1.004
3 5 1.28·10−4 2.486 1.28·10−4 0.996 1.28·10−4 1.000

#4
1 5 2.41·10−4 5.485 2.41·10−4 0.997

GM
2.39·10−4 0.990

2 4 3.21·10−4 5.485 3.20·10−4 0.997 3.18·10−4 0.990

#5
1 1 5.26·10−5 1 5.31·10−5 0.992

GM
5.21·10−5 0.992

2 1 2.61·10−5 1 2.63·10−5 0.998 2.61·10−5 0.998
3 1 4.85·10−5 1 4.82·10−5 1.003 4.87·10−5 1.003

� 1 ≥ 1 � 1 ∼= 1 � 1 ∼= 1

6.4.3 Validating the Small-Errors Regime

In this section, we justify our choice of nq for the simulations in Sec. 6.4.2. That

is, we show that small-error conditions indeed apply when nq = 5000. For this aim,

we compare the empirical covariance of the entries of δP JD
i with their predicted

value, given by (6.29). Fig. 6.2 depicts results for scenario #2 in Table 6.1, when

the underlying sources are drawn from the uniform distribution. The entries of P JD
i ,
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that is, the oblique projections onto the subspace of the ith component in scenario

#2, are illustrated in Fig. 6.2(c). These entries are scaled to their log10(| · |), in

order to enhance the difference between the smaller and larger values. Fig. 6.2(a)

refers to data taken from the 6th row of P JD
2 . For each of the m = 9 entries in

this row, Fig. 6.2(a) compares their empirical standard deviation with the predicted

one. The empirical values are averaged over 500 Monte-Carlo trials and denoted

by ‘×’ markers. In the small-errors regime, the standard deviation of the entries

of δP JD
i is proportional to 1/

√
T , as follows from (6.54), (6.39) and (6.29). These

predicted values are depicted by the continuous straight lines in Fig. 6.2(a). The

two largest standard deviation values in Fig. 6.2(a) correspond to values in columns

7,8 of the sixth row of P 2. It is visible that the empirical covariances converge

to the 1/
√
T slope at around nq = 3000. At nq = 5000, the difference between

the predicted and empirical values is already sufficiently small. Hence, in Table 6.1

we get a good match between the empirical and theoretical values. Similar trends

have been found for the other entries of the oblique projection estimates in all the

scenarios of Table 6.1. Using too low nq results in bias and discrepancy between

experiment and theory. These results also validate our theoretical expression (6.29).

6.4.4 MSEJD
i /MSEJBD

i as a Function of the Model Parameters

Now that we have a closed-form expression for the expected MSE in the optimal and

mismodeled scenarios, we can perform various numerical inquiries. In the following,

we examine numerically the range of gain values: MSEJD
i /MSEJBD

i , as a function

of various parameters. At this point, we do not perform an analytical examination

of the gain, since the closed-form expression for (6.30) is quite prohibitive.

In each subfigure in Fig. 6.3, a newA is drawn as in Sec. 6.4.2. The block-pattern

m is fixed, and Q = [5, 10, 20, 50, 100]. {R(q)
S }

Q
q=1 are drawn as mentioned at the

beginning of Sec. 6.4. Each marker in each plot refers to a new draw of {R(q)
S }

Q
q=1.

That is, for fixedQ and component index (in each subfigure), only {R(q)
S }

Q
q=1 changes.

From the subfigures in Fig. 6.3 we observe that several parameters influence the gain.

First, and most obvious, is that the closer the block-pattern to the one-dimensional

model, the smaller the average gain, and vice versa. Second, we note again, as in

Table 3.1 and Table 6.1, that the gain is considerable not only for the components

with mi > 1, but also for those with mi = 1. Third, there is a trend that the gain

in using the correct model increases with the number of domains Q. This may be

explained by the conjecture that the more matrices to jointly (block-) diagonalize,

the more accurate the output JBD is, and thus the difference between a diagonal

and block-diagonal model has more impact.
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(a) Standard deviation of the m = 9 entries on the second row of δP JD
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Figure 6.2: Validating the theoretical expression for Cov(δP JD
i ), as well as our

choice of nq for the small-errors regime. In Fig. 6.2(a), the ‘×’ symbol denotes the
empirical values, averaged over 500 Monte-Carlo trials. The straight lines denote the
predicted values, under the small-error assumption. Each colour refers to one entry
of the 6th row of P JD

2 . The data is drawn from the uniform distribution, using the
same model parameters as in scenario #2 in Table 6.1. Block-pattern m=[6,2,1].
The three oblique projections P JD

i are depicted in Fig. 6.2(b)–6.2(d).

6.5 Discussion

In this chapter, we derived a closed-form expression for the expected MSE in the sep-

aration of multidimensional components, when the separation criterion first assigns

a one-dimensional model to the components, and then assigns the one-dimensional

outputs to their multidimensional groups. In Chapter 3 it was shown that for Gaus-

sian data, the minimal mean square error (MMSE) is obtained with a separation

criterion which uses the correct component dimensions. That is, JBD with the cor-
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Figure 6.3: The ratio MSEJD
i /MSEJBD

i for different values of Q, A, m and R
(q)
S .

MSEJBD
i and MSEJD

i are taken from the analytical closed-form expressions (3.25)
and (6.30), respectively. In each subfigure, A and m are fixed. A different colour
and shape of a symbol represent a different number of domains Q. For each Q, 25
different values of {R(q)

S }
Q
q=1 were drawn. nq = 500 in all subfigures.

rect block-pattern. Since the MSE which we derive in Sec. 6.3 is different than

the MMSE, we conjecture that for our data model, the one-dimensional assump-

tion followed by clustering is sub-optimal, when using second-order statistics. The

numerical examples in Fig. 6.3 and in Table 6.1 support this conjecture.

In this chapter, the data was modeled as piecewise-stationary, and the separa-

tion was achieved by optimizing a non-unitary criterion, which is equivalent to JD
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of a set of covariance matrices. The theoretical analysis was performed in terms

of components and oblique projections, which are the unambiguous counterparts

of the latent sources and the mixing matrix. The starting point of our asymptotic

error analysis was the contrast function, designed for one-dimensional piecewise-

stationary Gaussian data. First, we proved that asymptotically, minimizing this

contrast function yields perfect separation also for multidimensional data. This

property is the fundamental justification for using the one-dimensional model for

separating multidimensional components. Next, we have shown that it is possible

to partition the estimated component subspace into uniquely-defined rank-1 sub-

spaces, up to internal permutation, or ordering, of these rank-1 subspaces. This

property is fundamentally different from the case of the correct model, in which any

partition of the component subspace into smaller subspaces is completely arbitrary.

This property is the key to the error analysis, which is based on decomposing the

subspaces into rank-1 factors. We then performed an error analysis, which is valid

in the small-errors regime. This analysis is based only on second-order statistics.

Hence, all the derived expressions are valid also for non-Gaussian data. Our theo-

retical results were supported by numerical experiments, in Table 6.1 and Fig. 6.2.

The closed-form MSE, derived in this chapter, allows us to calculate numerically

the gain due to using the correct model against the one-dimensional model. That

is, of separating multidimensional components using JBD instead of JD followed by

clustering. Until now, the expected gain in performance due to using the correct

multidimensional model, as opposed to the one-dimensional separation followed by

clustering, could be derived only empirically, using numerical experiments, as in

Table 3.1. Using both analytical closed-form expressions for the MSE, in the optimal

and mismodeled procedures, we can now calculate numerically the expected gain in

the MSE due to using the correct multidimensional model. By comparing these

theoretical gains for several multidimensional scenarios, in Fig. 6.3, we obtain the

following observations.

• The gain is larger as the block-pattern of the components diverges from one.

• The gain is equally significant for all the components, even for those of di-

mension one. Hence, there is benefit in using the correct multidimensional

model even if a particular component of interest is one-dimensional, when the

mixture contains multidimensional components.

• The gain is larger as the number of domains increases. This may be ex-

plained by the conjecture that the algorithm can better disclose the under-

lying block-diagonal structure with more data, i.e. more matrices to jointly
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block-diagonalize.

All these observations favour the use of JBD over JD in the presence of multi-

dimensional components. By comparing the empirical behaviour of parameter and

component estimates under both procedures, we observe that more samples per do-

main are required to achieve small-error conditions for the mismodeled case than

for the correct-model case. This result can be interpreted as the observation that

the JD algorithm is less suitable for performing JBD, and thus for the same MSE, it

requires less perturbed input. Hence, another point in favour of using JBD vs. JD.

Finally, one should keep in mind that the superior performance of JBD over JD is

only on average. Given the same model parameters, a specific randomization of the

underlying sources may well yield the opposite result.

6.A First-Order Expansion of the Estimating

Equations

In this appendix, we show that the first-order expansion of the estimating equa-

tions (6.33) leads to the linear relation (6.34) between the projection error terms

E irjs , defined in (6.26), and the sample error terms R
(q)

XirXjs
, defined in (6.31).

Let us begin by restating that the estimates {P̂ ir}ni=1,r∈i are solutions of the

estimating equations (6.33). That is,

〈(P̂ irRXP̂
†
ir)

](P̂ irRXP̂
†
js)〉 = 0, i 6= j . (6.40)

In the following, we linearize these equations with respect to the error terms due to

finite sample size (3.27). Under asymptotic conditions, which are defined formally in

Sec. 6.3, R
(q)

X converges, in the mean square, to R
(q)
X ; for non-Gaussian components,

it converges in probability. Although P̂ ir is not an ML estimator (as opposed to

P̂
JBD

i , recall Sec. 3.2.1), the estimating equations (6.33) do achieve the ML solution

asymptotically (recall Sec. 6.2.2.2 and 6.2.2.3). Hence, P̂ ir converges in probability.

As for the rate of convergence, the entries of δR
(q)
X are zero mean random variables

with a standard deviation proportional to 1/
√
T . Asymptotically, this is true also

for δP ir , since the estimate of P ir is a function of a mean of T random variables.

Hence, asymptotically, terms which are proportional to δR
(q)
X or δP ir are Ω( 1√

T
) (this

notation is defined in Chapter “Notations and Conventions”) and are considered as

having the same order of magnitude. The asymptotic behaviour of δP ir is illustrated

with numerical simulations in Sec. 6.4.3.



6.A. FIRST-ORDER EXPANSION OF THE ESTIMATING EQUATIONS 91

Expanding the right-hand term within the angle brackets in (6.40),

P̂ irR
(q)

X P̂
†
js = (P ir + δP ir)(R

(q)
X + δR

(q)
X )(P †js + δP †js)

= P irR
(q)

X P
†
js

+ P irR
(q)
X δP †js + δP irR

(q)
X P

†
js

+ Ω( 1
T

) . (6.41)

The first step follows from (3.27) and (6.23), the latter being the key point in the

entire analysis. As for the left-hand term within the angle brackets on the LHS

of (6.40),

(P̂ irR
(q)

X P̂
†
ir)

] = (ÂirB̂irR
(q)

X B̂
†
irÂ

†
ir)

]

= Â
]†
ir(B̂irR

(q)

X B̂
†
ir)
−1Â

]

ir

= A]†
ir

(BirR
(q)
X B

†
ir

)−1A]
ir

+ Ω( 1√
T

)

= (P irR
(q)
X P

†
ir

)] + Ω( 1√
T

) . (6.42)

The first equality in (6.42) is due to P̂ ir = ÂirB̂ir , which follows from (2.6). The

second equality follows from (2.26). The third transition is due to the fact that R
(q)

X

and the estimates of A and B converge to their mean with a standard deviation

proportional to 1/
√
T (the same explanation as for P̂ i applies). The last step follows

again from (2.26) and then (2.6).

Multiplying (6.42) with (6.41) and substituting them in (6.40),

〈(P irRXP
†
ir

)]
(
P irRXP

†
js

+ P irRXδP
†
js

+ δP irRXP
†
js

)
〉+ Ω( 1

T
)

= 〈R]
XirXir

RXirXjs
〉+ 〈R]

XirXir
P irRXδP

†
js
〉+ 〈R]

XirXir
δP irRXP

†
js
〉

= 0m×m + Ω( 1
T

) , (6.43)

where in the first equality we used R
(q)]
XirXir

= (P irR
(q)
X P

†
ir

)]. We now start simplify-

ing (6.43), with the aim of rewriting it using the error terms (6.26). Let us introduce

the following equality,

P irR
(q)
X =

mi∑
k=1

R
(q)
XirXik

∀i and r ∈ i , (6.44)

which follows from (6.8d). Substituting (6.44) in (6.43),

〈R]
irir
Rirjs〉+ 〈R]

irir
(

mi∑
k=1

Ririk)δP †js〉+ 〈R]
irir
δP ir

mj∑
l=1

Rjljs〉 = 0m×m + Ω( 1
T

) .

(6.45)
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Note that in (6.45), for brevity, R
(q)
X was replaced with R(q). Taking the sum out of

the brackets in (6.45),

〈R]
irir
Rirjs〉+

mi∑
k=1

〈R]
irir
RirikδP

†
js
〉+

mj∑
l=1

〈R]
irir
δP irRjljs〉 = 0m×m + Ω( 1

T
) . (6.46)

Using the fact that R
(q)
XirXjs

= ΠirR
(q)
XirXjs

∀(i, j), (6.46) can be rewritten as

〈R]
irir
Rirjs〉+

mi∑
k=1

〈R]
irir
RirikΠikδP

†
js
〉+

mj∑
l=1

〈R]
irir
δP irΠjlRjljs〉 = 0m×m + Ω( 1

T
) .

(6.47)

Since

R
](q)
XirXir

R
(q)
XirXir

= Πir ,

(6.47) can be rewritten as

〈R]
irir
Rirjs〉+ ΠirδP

†
js

+

mi∑
k 6=r

〈R]
irir
RirikΠikδP

†
js
〉+

mj∑
l=1

〈R]
irir
δP irΠjlRjljs〉

= 0m×m + Ω( 1
T

) . (6.48)

The error terms in (6.48) can be emphasized by rewriting them as

〈R]
irir
Rirjs〉+(δP jsΠir)

†+

mi∑
k 6=r

〈R]
irir
Ririk(δP jsΠik)†〉+

mj∑
l=1

〈R]
irir

(δP irΠjl)Rjljs〉

= 0m×m + Ω( 1
T

) . (6.49)

Equation (6.49), when repeated for all r ∈ mi, s ∈ mj, as well as changing roles

between i and j, yields the 2mjmi linear estimating equations for δP ikΠjl . Using

the error notation (6.26), the estimating equations (6.49) can be rewritten as

〈R]
irir
Rirjs〉+E

†
js,ir

+

mi∑
k 6=r

〈R]
irir
RirikE

†
js,ik
〉+

mj∑
l=1

〈R]
irir
E ir,jlRjljs〉 = 0m×m+Ω( 1

T
) .

(6.50)

By enumerating over all r ∈ i and s ∈ j, one obtains mimj estimating equations.

The other half is obtained by exchanging i with j and keeping the index r with i



6.B. CLOSED-FORM EXPRESSION FOR Cov(GIJ) 93

and s with j,

〈R]
jsjs
Rjsir〉+ E†ir,js +

mj∑
l 6=s

〈R]
jsjs
RjsjlE

†
ir,jl
〉+

mi∑
k=1

〈R]
jsjs
Ejs,ikRikir〉

= 0m×m + Ω( 1
T

) . (6.51)

(6.50) and (6.51) can be reordered and presented together as

−〈R]
irir
Rirjs〉 = E†js,ir +

mi∑
k 6=r

〈R]
irir
Ririk〉E

†
js,ik

+

mj∑
l=1

〈R]
irir
E ir,jlRjljs〉+ Ω( 1

T
)

−〈R]
jsjs
Rjsir〉 = E†ir,js +

mj∑
l 6=s

〈R]
jsjs
Rjsjl〉E

†
ir,jl

+

mi∑
k=1

〈R]
jsjs
Ejs,ikRikir〉+ Ω( 1

T
) ,

(6.52)

where r = 1, . . . ,mi, s = 1, . . . ,mj. In order to proceed, it is convenient to vectorize

the matrices in (6.52) with the vec{·} operator, defined in Chapter “Notations and

Conventions”. Using property (A.1c) in Appendix A, (6.52) can be rewritten as

−vec{〈R]
irir
Rirjs〉} = T vec{Ejs,ir}+

mi∑
k 6=r

(I ⊗ 〈R]
irir
Ririk〉)T vec{Ejs,ik}

+

mj∑
l=1

〈Rjsjl ⊗R
]
irir
〉vec{E ir,jl}+ Ω( 1

T
)

−vec{〈R]
jsjs
Rjsir〉} = T vec{E ir,js}+

mj∑
l 6=s

(I ⊗ 〈R]
jsjs
Rjsjl〉)T vec{E ir,jl}

+

mi∑
k=1

〈Ririk ⊗R
]
jsjs
〉vec{Ejs,ik}+ Ω( 1

T
)

where r ∈ i, s ∈ j, i 6= j and T denotes the commutation matrix [79], defined

in (A.3). Changing order in the first equation, (6.34) results.

6.B Closed-Form Expression for Cov(gij)

In this appendix, we obtain a closed-form expression for the covariance matrix of

the stochastic vector gij, defined in (6.36). Since, by the assumptions in Sec. 2.3.1,

it has zero mean, then we can write

Cov(gij) = E
{
gijg

†
ij

}
. (6.53)
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In the following, we show that

E
{
girjsg

†
imjl

}
=

1

T
〈RXjsXjl

⊗ (R]
XirXir

RXirXim
R]
XimXim

)〉 , (6.54a)

E
{
gjsirg

†
jlim

}
=

1

T
〈RXirXim

⊗ (R]
XjsXjs

RXjsXjl
R]
Xjl

Xjl
)〉 , (6.54b)

E
{
girjsg

†
jlim

}
=

1

T
〈RXjsXjl

R]
Xjl

Xjl
⊗R]

XirXir
RXirXim

〉T , (6.54c)

E
{
gjsirg

†
imjl

}
=

1

T
〈RXirXim

R]
XimXim

⊗R]
XjsXjs

RXjsXjl
〉T , (6.54d)

where we use the convention that r,m ∈ i, s, l ∈ j, i 6= j.

In a first step, let r, s, t and u denote the indices within the four components i,

j, k and l, respectively. Then,

E
{
girjsg

†
ktlu

}
(6.55)

= E
{ 1

T

Q∑
q=1

nq(I ⊗R(q)]
XirXir

)vec{R(q)

XirXjs
} 1

T

Q∑
p=1

npvec†{R(p)

Xkt
Xlu
}(I ⊗R(p)]

Xkt
Xkt

)
}

=
1

T 2

Q∑
q=1

Q∑
p=1

nqnp(I ⊗R(q)]
XirXir

)E
{

vec{R(q)

XirXjs
}vec†{R(p)

Xkt
Xlu
}
}

(I ⊗R(p)]
Xkt

Xkt
) ,

where in the first step we used (A.1c) in Appendix A to rewrite (6.37) as

girjs = 〈(I ⊗R]
XirXir

)vec{RXirXjs
}〉 ,

and in the last step we have left within the expectation operator only the stochastic

terms. Since x(t) is independent of x(t′) if t ∈ Dq, t′ ∈ Dq′ , q 6= q′, then

E
{

vec{R(q)

XirXjs
}vec†{R(p)

Xkt
Xlu
}
}

= δpqE
{

vec{R(q)

XirXjs
}vec†{R(p)

Xkt
Xlu
}
}
.

Therefore, (6.55) can be rewritten as

E
{
girjsg

†
ktlu

}
= (6.56)

1

T 2

Q∑
q=1

n2
q(I ⊗R

(q)]
XirXir

)E
{

vec{R(q)

XirXjs
}vec†{R(q)

Xkt
Xlu
}
}

(I ⊗R(q)]
Xkt

Xkt
) .

We now restrict the four component indices to those relevant to (6.53).

For (i = k) 6= (j = l), substituting (6.61) of Lemma 6.1 (given below) in (6.56)
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yields

E
{
girjsg

†
imjl

}
=

1

T 2

Q∑
q=1

n2
q(I ⊗R

(q)]
XirXir

)
1

nq
(R

(q)
XjsXjl

⊗R(q)
XirXim

)(I ⊗R(q)]
XimXim

)

=
1

T 2

Q∑
q=1

n2
q

1

nq
(R

(q)
XjsXjl

⊗ (R
(q)]
XirXir

R
(q)
XirXim

R
(q)]
XimXim

)) , (6.57)

which leads to (6.54a). The last step in (6.57) is due to (A.1a). By exchanging

i↔ j and their respective sub-indices, (6.54a) rewrites as (6.54b).

For (i = l) 6= (j = k), we need to simplify E
{

vec{R(q)

XirXjs
}vec†{R(q)

Xjl
Xim
}
}

. We

first use the commutation matrix T , defined in (A.3), to write

vec†{R(q)

Xjl
Xim
} = (T vec{R(q)

XimXjl
})† = vec†{R(q)

XimXjl
}T . (6.58)

Then,

E
{

vec{R(q)

XirXjs
}vec†{R(q)

Xjl
Xim
}
}

= E
{

vec{R(q)

XirXjs
}vec†{R(q)

XimXjl
}
}
T

=
1

nq
(R

(q)
XjsXjl

⊗R(q)
XirXim

)T , (6.59)

where the first equality in (6.59) is due to (6.58) and the second follows from

Lemma 6.1. Back to (6.56) with (i = l) 6= (j = k), we now have

E
{
girjsg

†
jlim

}
=

1

T 2

Q∑
q=1

n2
q(I ⊗R

(q)]
XirXir

)
1

nq
(R

(q)
XjsXjl

⊗R(q)
XirXim

)T (I ⊗R(q)]
Xjl

Xjl
)

=
1

T 2

Q∑
q=1

n2
q

1

nq
(I ⊗R(q)]

XirXir
)(R

(q)
XjsXjl

⊗R(q)
XirXim

)(R
(q)]
Xjl

Xjl
⊗ I)T

=
1

T
〈RXjsXjl

R]
Xjl

Xjl
⊗R]

XirXir
RXirXim

〉T , (6.60)

where in the second equality of (6.60) we have used T (I ⊗R(q)]
Xjl

Xjl
) = (R

(q)]
Xjl

Xjl
⊗

I)T , which follows from (A.4b). The last equality of (6.60) follows from (A.1a)

in Appendix A and then (2.15). This yields (6.54c). By change of appropriate

indices, (6.54d) results.

Lemma 6.1.

E
{

vec{R(q)

XirXjs
}vec†{R(q)

XimXjl
}
}

=
1

nq
R

(q)
XjsXjl

⊗R(q)
XirXim

. (6.61)



96 CHAPTER 6. ONE-DIMENSIONAL MODEL

Proof. By (6.31),

E
{

vec{R(q)

XirXjs
}vec†{R(q)

XimXjl
}
}

=
1

n2
q

∑
t∈Dq

r∈Dq

E
{

vec{xir(t)x
†
js

(t)}vec†{xim(r)x†jl(r)}
}
.

From Property A.2 in Appendix A,

vec{xir(t)x
†
js

(t)}vec†{xim(r)x†jl(r)} = xjs(t)x
†
jl

(r)⊗ xir(t)x
†
im

(r) .

Therefore,

E
{

vec{R(q)

XirXjs
}vec†{R(q)

XimXjl
}
}

=
1

n2
q

∑
t∈Dq

r∈Dq

E
{
xjs(t)x

†
jl

(r)⊗ xir(t)x
†
im

(r)
}
. (6.62)

Since xir(t),xjs(t) are uncorrelated for i 6= j,

E
{
xjs(t)x

†
jl

(r)⊗ xir(t)x
†
im

(r)
}

= E
{
xjs(t)x

†
jl

(r)
}
⊗ E

{
xir(t)x

†
im

(r)
}
.

If we assume that component samples are uncorrelated also within each domain, i.e.

for all t 6= r ∈ Dq, such that

E
{
xjs(t)x

†
jl

(r)
}

= RXjsXjl
δrt ,

E
{
xir(t)x

†
im

(r)
}

= R
(q)
XirXim

δrt ,

then

E
{
xjs(t)x

†
jl

(r)⊗ xir(t)x
†
im

(r)
}

= (R
(q)
XjsXjl

⊗R(q)
XirXim

)δrt .

Hence, (6.62) is simplified into

E
{

vec{R(q)

XirXjs
}vec†{R(q)

XimXjl
}
}

=
1

n2
q

∑
t∈Dq

r∈Dq

(R
(q)
XjsXjl

⊗R(q)
XirXim

)δrt

=
1

nq
R

(q)
XjsXjl

⊗R(q)
XirXim

,

which is the desired result (6.61).
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6.C Explicit Form of H and Cov(gij)

The m×m block matrices which composeH are defined by (6.34). The m×m block

matrices which compose Cov(gij) are defined in Sec. 6.B. Each of these matrices is

composed of 2mimj × 2mimj such blocks. When mi = mj = 1, these matrices

coincide with H (3.10) and HΠ (3.15). The simplest case where our analysis is not

trivial is mi = 1, mj = 2. For this case, these two matrices are given in explicit

form in (6.63) and (6.64) on page 98. For larger dimensions, the number of blocks

increases, but the blocks have essentially the same structure as those shown in these

equations.
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H
=

     
〈R

j 1
j 1
⊗
R
] ii
〉

T
〈R

j 1
j 2
⊗
R
] ii
〉

0
m

2
×
m

2

T
〈R

ii
⊗
R
] j 1
j 1
〉

(I
⊗
〈R

] j 1
j 1
R
j 1
j 2
〉)
T

0
m

2
×
m

2

〈R
j 2
j 1
⊗
R
] ii
〉

0
m

2
×
m

2
〈R

j 2
j 2
⊗
R
] ii
〉

T
(I
⊗
〈R

] j 2
j 2
R
j 2
j 1
〉)
T

0
m

2
×
m

2
T

〈R
ii
⊗
R
] j 2
j 2
〉     

(6
.6

3)

C
ov

(g
ij

)
=

     
〈R

j 1
j 1
⊗
R
] ii
〉

(Π
j 1
⊗

Π
i)
T

〈R
j 1
j 2
⊗
R
] ii
〉

(〈
R
j 1
j 2
R
] j 2
j 2
〉⊗

Π
i)
T

(Π
i
⊗

Π
j 1

)T
〈R

ii
⊗
R
] j 1
j 1
〉

(Π
i
⊗
〈R

] j 1
j 1
R
j 1
j 2
〉)
T
〈R

ii
⊗
R
] j 1
j 1
R
j 1
j 2
R
] j 2
j 2
〉

〈R
j 2
j 1
⊗
R
] ii
〉

(〈
R
j 2
j 1
R
] j 1
j 1
〉⊗

Π
i)
T

〈R
j 2
j 2
⊗
R
] ii
〉

(Π
j 2
⊗

Π
i)
T

(Π
i
⊗
〈R

] j 2
j 2
R
j 2
j 1
〉)
T
〈R

ii
⊗
R
] j 2
j 2
R
j 2
j 1
R
] j 1
j 1
〉

(Π
i
⊗

Π
j 2

)T
〈R

ii
⊗
R
] j 2
j 2
〉

     
(6

.6
4)



Chapter 7

Overdetermined Multidimensional

ICA: Application to CMB

Observations

7.1 Outline

This chapter deals with applying our theoretical analysis and algorithms to realistic

data. Namely, observations of the cosmic microwave background radiation (CMB).

Sec. 7.2.1 provides the necessary background and mathematical tools specific to this

application. It gives the astrophysical background of CMB research, and how it is

related to multidimensional ICA (MICA). Sec. 7.2.2 describes spherical harmonics

and the spherical harmonic transform (SHT). Sec. 7.2.3 presents the concept of “cos-

mic variance”: it is an inherent error in CMB estimation, due to the fact that only

one image of the sky at CMB observation frequencies is available. Sec. 7.3 presents

the motivation for our analysis from the perspective of cosmological research; the

motivation from the more theoretical MICA perspective has been presented in Chap-

ter 1. Sec. 7.4 discusses various aspects in applying our analysis to the astrophysical

data. Sec. 7.4.1 discusses the required notational adaptations to the overdetermined

data. In Sec. 7.4.2 we define the spectral density matrices, which are the spectral-

domain counterparts of the covariance matrices in the piecewise-stationary model

of Sec. 2.3.1. The cosmological processes which constitute our components are de-

scribed in terms of our model in Sec. 7.4.3. In Sec. 7.4.4 we describe a dimension

reduction scheme, to be applied on the overdetermined data. In CMB observations,

the intensity and spectral density of the CMB vary significantly at each observation

frequency and at each angular frequency, both absolutely and with respect to the

other components. Therefore, in Sec. 7.4.5 we factorize the closed-form expression

99
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for the mean square error (MSE) to express the MSE as a function of the observa-

tion frequency and angular frequency. Now that all the necessary adaptations are

ready, we can proceed to applying our analysis to the astrophysical data, in Sec. 7.5.

We begin by describing the specific data used in our simulations, which consists of

simulated observations of CMB and Galactic emissions, created by the Planck Sky

Model (PSM). In Sec. 7.5.1 we discuss methods to determine the effective dimen-

sion of the Galactic emission component. This dimension is not known in advance.

In Sec. 7.5.2 we validate our claim that the Galactic emission component is indeed

composed of several dependent components, and not of independent components.

This is done by comparing the output of joint block diagonalization (JBD) with that

of joint diagonalization (JD) followed by clustering. Finally, in Sec. 7.5.3, we apply

our theoretical closed-form expression for the MSE to the simulated CMB observa-

tions. We show that for the two final candidate dimensions of the Galactic emission

component, obtained in Sec. 7.5.1, we achieve good match between the theoretical

closed-form expression and the empirical MSE. We discuss our results in Sec. 7.6.

Part of the analysis and results in this chapter has been presented in La-

hat et al. [75].

7.2 Preliminaries

7.2.1 Astrophysical Background

According to the cosmological model known as the “Big Bang”, the early Universe

began in a highly uniform, hot, dense, and compact state. Subsequently, it expanded

and cooled down. This cooling and expansion continue to the present day [87].

According to cosmological theory [88, 89], the Universe today should be filled with

radiation that is literally the remnant light left over from these early processes.

This radiation was discovered and identified in 1965 [90, 91]. The electromagnetic

spectrum of this radiation peaks in the microwave range. Hence, it is denoted as

the cosmic microwave background radiation. One of the most prominent features

of the CMB is its uniformity, or isotropy, across the sky. Only with very sensitive

instruments, fluctuations in the CMB temperature could be detected [92]. These

departures from isotropy are denoted as anisotropies. The statistical distribution of

the CMB anisotropies depends on cosmological parameters [89, 93]. Hence, mapping

the CMB correctly yields key quantitative information about the formation of our

Universe and its structure [93].

A multitude of physical processes contribute to today’s sky at the same range of

frequencies in which the CMB is observed. Therefore, at each detector, the received
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image is a superposition of different astrophysical components, in addition to the

CMB. These processes were generated at various cosmological epochs, millions of

years after the CMB has been formed. Since they are closer to us in time, as well

as in space, they are denoted as foregrounds. The main foregrounds are [94, 95] (1)

Galactic foregrounds, from our own galaxy, the Milky Way: synchrotron, free-free,

and dust emission, (2) extra-galactic sources, such as the thermal and kinematic

Sunyaev-Zeldovich (SZ) effect [96, 97] and point sources, e.g. distant radio and

far-infrared sources, and (3) detector noise. A few hundreds of these point sources

are strong enough such that they should be masked out and discarded prior to

undertaking any CMB analysis [98, 95].

A fundamental property of the CMB and all foregrounds, except detector noise,

is that they vary very slowly in time and space. For all practical experimental

purposes, there exists only one image of the sky at each frequency. In order to

reduce the effective noise variance, the same region of the sky is scanned several

times by the observation instruments. However, there is no practical way to “average

out” any of the other foregrounds, neither by extending the observation time nor by

changing the position of the instruments in space. The fact that we have only one

realization of the sky determines the variance of the estimate of the CMB angular

power spectrum (this term shall be explained in Sec. 7.2.2). This variance is termed

“cosmic variance”, and will be discussed in Sec. 7.2.3.

Figs. 7.1(a) and 7.1(b) demonstrate the sky measurements at two of the five

microwave frequencies used for CMB observation by the Wilkinson microwave

anisotropy probe (WMAP) mission [99]. A full-sky CMB-only map based on seven-

year WMAP measurements [99] is given in Fig. 7.1(c). WMAP is a NASA Explorer

mission launched June 2001, and whose data collection has recently ended. The

contamination of the CMB by foregrounds, especially due to our Galaxy, is obvious.

The minimum in Galactic foregrounds and the clearest window on CMB fluctuations

occurs near 70GHz [100, Chapter 1].

A variety of novel methods and models have been developed to extract the

CMB from its observations. The internal linear combination (ILC) method [98,

Sec. 5.2],[102], widely used for WMAP data analysis [103], can obtain highly accu-

rate component separation. However, ILC is known to be sensitive to calibration

errors [104, 105]. Therefore, other methods which do not assume perfect knowledge

of specific astrophysical quantities have been recently explored. In particular, blind

or semi-blind source separation and independent component analysis (ICA). For

example, [106, 107, 108]. These methods are motivated by the widely accepted as-

sumption [93, Sec. 6], that the generating mechanism of the CMB is stochastic in
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(a) Full-sky at 23GHz, showing significant fore-
ground contamination at the Galactic axis.

(b) Full-sky at 94GHz, showing foreground con-
tamination at the Galactic axis.

(c) Processed map showing CMB only, after re-
moval of foregrounds.

Figure 7.1: Temperature fluctuations over the full sky, based on seven years of
WMAP data. 23GHz is the lowest detector frequency of the WMAP mission, 94GHz
is the highest. The CMB map in Fig. 7.1(c) was created by processing data from
all five WMAP channels. Temperature fluctuations are shown as color differences.
Temperature range is ±200 µKelvin. The sphere is projected onto the plane using
the Mollweide projection in Galactic coordinates. Images source: WMAP Science
Team [101]

nature. That is, the observed CMB is the single realization of a stationary Gaussian

process on the sphere [93, Sec. 6]. In terms of the analysis presented in this thesis,

the CMB can also be regarded as a one-dimensional component, which is statistically

independent of all other foregrounds, at least to a high level of approximation.

The Galactic foregrounds, however, demonstrate significant statistical depen-

dence between each other. This dependence is due to the fact that matter in our

Galaxy emits radiation through various processes: the more matter, the stronger

the emission of all processes. Therefore, the Galactic components tend to follow

the same spatial Galactic pattern. In addition, a completely stochastic model of

the Galactic foregrounds is currently unavailable [95]. Therefore, more recently,

blind and semi-blind methods which are based on dependent component analysis

(as opposed to classical ICA) were suggested by [109, 13, 110, 16, 14] and others.
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Figure 7.2: Spherical coordinates: θ ∈ [0, π) is the polar angle and φ ∈ [0, 2π) is the
azimuthal angle. On the two-dimensional surface of the sphere, the radius is fixed.

7.2.2 Spherical Harmonics

In this chapter, the data is the full sky, observed at several spectral windows. As

explained above, the observed CMB is regarded as a single realization of a stationary

Gaussian process on the sphere. In the following, we shall conduct our analysis in

the spectral domain. Therefore, we introduce the concept of spectral analysis on

the sphere.

Consider a function f(θ, φ) ∈ L2 on the surface of the sphere, where the spherical

coordinates θ ∈ [0, π) and φ ∈ [0, 2π) are illustrated in Fig. 7.2. Then, f(θ, φ) can

be expanded as

f(θ, φ) =
∑
`≥0

∑̀
m=−`

Y`m(θ, φ)a`m , (7.1)

where a`m, l ≥ 0, m = {−`, . . . , `}, are the spherical harmonic coefficients and

Y`m(θ, φ) are the spherical harmonics. Y`m(θ, φ), l ≥ 0, m = {−`, . . . , `} form a

complete set of orthonormal basis functions. The inverse transform is

alm =

∫ π

0

∫ 2π

0

f(θ, φ)Y ∗lm(θ, φ)dφ sin θdθ . (7.2)

Let us now consider the case that f(θ, φ) is a zero-mean, real-valued stationary

random field on the sphere. Due to the orthonormality of the spherical harmonics,

E {a`ma∗`′m′} = δ``′δmm′c` , (7.3)

where (7.3) defines the angular power spectrum c` of the field. Index ` is called
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the angular frequency or multipole moment, and index m denotes the phase. The

empirical angular power spectrum of the field is estimated by

ĉ`
4
=

1

2`+ 1

∑̀
m=−`

|a`m|2 (7.4)

such that

c` = E {ĉ`} . (7.5)

Since the SHT (7.2) is a linear operation, then if f(θ, φ) is Gaussian, the a`m are

complex Gaussian with variance E {|a`m|2} = c`.

We have thus described a linear transform through which the real stationary

Gaussian random field on the sphere, which represents the CMB, can be transformed

into a sequence of statistically independent complex Gaussian coefficients a`m, whose

variance is the angular power spectrum c` of the CMB. The angular power spectrum

of the CMB, based on WMAP observations, is illustrated in Fig. 7.3.

7.2.3 Cosmic Variance

Equations (7.3) and (7.4) imply, for Gaussian stationary data, that every ĉ` is in

fact an average of 2` + 1 statistically independent terms. Since there exists, for all

practical purposes, only one realization of the whole sky, the variance of each ĉ` is
2

2`+1
c2
` . This variance is due to the fact that ĉ` ∼ χ2

2`+1. That is, an inherent finite

sample-size error due to the unique realization of the sky on one hand, and the

finite number of the SHT m-modes, on the other. This property is called “cosmic

variance”. By its nature, it is more significant for lower `. It is one of the unique

features of CMB analysis, compared with other applications. The effect of cosmic

variance on the angular power spectrum of the CMB is illustrated in Fig. 7.3.

A more detailed discussion of the relationship between CMB, SHT and cosmic

variance can be found, for example, in [112, 113, 114].

7.3 Motivation

The European space Agency’s (ESA) satellite Planck [100], launched in 2009, is

designed to observe the CMB over the whole sky with unprecedented frequency

coverage, angular resolution, and sensitivity [115]. It is expected that the limit of

the performance of CMB extraction methods will eventually stem from cosmological

restrictions, rather than by instrumental limitations [95]. Therefore, there is high
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Figure 7.3: CMB angular power spectrum, based on seven years of WMAP mea-
surements. The red curve is the ΛCDM cosmological model best fit to the 7-year
WMAP data. The error bars denote instrument noise. The shaded region indicates
the uncertainty in the model spectrum arising from cosmic variance. The Y-axis is
rescaled by `(`+1)

2π
for clarity of presentation. Image source: [111]

interest in being able to predict the best achievable performance that component

extraction methods can provide.

In this chapter, we present a preliminary study which shows that the framework

of second-order multidimensional ICA may also be appropriate for the analysis of

CMB observations. This is obtained by demonstrating that our JBD algorithm is

capable of separating CMB and Galactic emission components from their mixtures.

From the theoretical aspect, until now, the performance analysis of existing

methods relied on processing simulated or real sky maps. In this work, we propose

to use a closed-form analytical expression for the expected error, which takes into

account the stochastic nature of the CMB component.

7.4 Application to Sky Observation

In this section, we discuss the required adaptations of the theoretical model and

analysis of previous chapters to the astrophysical data.

7.4.1 Overdetermined Data Model

The input data for the analysis in this chapter is simulated sky observations at

Planck’s Nd = 9 channel frequencies, in the range 30–857GHz. These maps are

similar to those in Fig. 7.1(a) and 7.1(b). As a first simplifying step, we assume
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that all maps are taken at the same resolution. That is, all channels are band-

limited at 0 ≤ ` ≤ T . The data in each map is collected, after being transformed

with the SHT, into the fth entry of the Nd × 1 vector x`m. That is, x`m are the

complex-valued SHT coefficients of the sky maps on the sphere. We assume that

these maps can be modeled as a linear instantaneous sum of Nc components, such

that

x`m =
Nc∑
i=1

xi,`m .

The mi-dimensional components xi,`m stand for CMB, Galactic emission, etc. For

each component we consider a latent model

xi,`m = Aisi,`m ,

where si,`m is an mi × 1 vector, and

Ns =
Nc∑
i=1

mi

denotes the dimension of the signal space. Ai is a full column-rank Nd×mi matrix,

such that

A = [A1, . . . ,ANc ]

is an Nd ×Ns full column-rank matrix. Accordingly, s`m = [s†1,`m, . . . , s
†
Nc,`m

]† is an

Ns × 1 vector, such that the observations can be rewritten as

x`m = As`m .

In the previous chapters, we had m = Ns = Nd. We now allow Ns ≤ Nd. That is,

an overdetermined model. This notation shall be used in Sec. 7.4.4.

7.4.2 Derivation of the Spectral Density Matrices

As explained in Sec. 7.2.2, we process our data in the spherical harmonics domain.

Therefore, the matrices required for our analysis are constructed in a way which is

slightly different than that in Sec. 2.3.1.

In practice, when processing CMB observations, it is common to mask out certain

regions of the sky where the foregrounds are too bright for CMB analysis [103], for

example at the Galactic plane. The fraction of the sky which is not masked out

is denoted by 0 ≤ fsky ≤ 1. In this case, a good approximation to the increase in
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variance is to divide it by fsky [116].

The empirical spectral density matrix of the observations at multipole ` is thus

given by

R
(`)

X =
1

2`+ 1

∑̀
m=−`

x`mx
H
`m ·

1

fsky

. (7.6)

When the field is real, as is the case with the temperature measurements over the

sky,

al,−m = (−1)ma∗lm m ≥ 0 (7.7)

so that R
(`)

X is real. Similarly,

R
(`)

XiXj
=

1

2`+ 1

∑̀
m=−`

xi,`mx
H
j,`m ·

1

fsky

. (7.8)

Let us now define a domain q, for which `max(q) ≤ ` ≤ `max(q). Then, in analogy

to (2.9),

R
(q)

X =
1∑`max(q)

`=`min(q)(2`+ 1)

`max(q)∑
`=`min(q)

1

2`+ 1

∑̀
m=−`

x`mx
H
`m ·

1

fsky

=
1

nq

∑
`∈Dq

R
(`)

X , (7.9)

where now

nq = fsky

`max(q)∑
`=`min(q)

(2`+ 1) . (7.10)

Note that in this case, nq is not necessarily an integer. In analogy to (3.5),

R
(q)

XiXj
=

1

nq

∑
`∈Dq

R
(`)

XiXj
. (7.11)

Following (7.5) we define the expected spectral density matrix as

R
(q)
X =

1

nq

∑
`∈Dq

E
{
R

(`)

X

}
, (7.12)

and

R
(q)
XiXj

=
1

nq

∑
`∈Dq

E
{
R

(`)

XiXj

}
. (7.13)

The above definitions are used, for example, in [109, Sec. 2.1]. It should be remarked
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that the angular power spectrum is well defined only for stationary or isotropic

random fields on the sphere. We have thus obtained the real-valued (due to (7.7))

spectral density matrices required for our analysis.

7.4.3 Cosmological Processes as Multidimensional Compo-

nents

Following cosmological theory [93, Sec. 6], we model the CMB as a Gaussian sta-

tionary random field on the sphere whose angular power spectrum c` is based on

the ΛCDM cosmological model. The ΛCDM model is in agreement with the latest

WMAP results [93, 111], see Fig. 7.3. The emission law of the CMB anisotropies

is well known, and is given, to first order, by the derivative (with respect to the

temperature) of the blackbody law. Therefore, we model the CMB as an NCMB = 1

dimensional component. The CMB emission law at each of the Nd detector frequen-

cies is collected into the Nd × 1 vector aCMB. Vector aCMB shall be used as the

first column of the mixing matrix A in the additive model representation (2.4). The

spectral density matrix of the CMB component at domain q is fully determined by

R
(q)
XCMB

= cqaCMBa
†
CMB.

In this thesis, we present a preliminary test of feasibility. Therefore, we content

ourself with the two most dominant components, CMB and Galactic emission. We

model the Galactic emission as a combination of synchrotron, free-free and dust

emissions. The Galactic emission is non-stationary and non-isotropic on the sky

and therefore cannot be represented with a well-defined mixing model, nor with a

well-defined power spectrum. However, we can still calculate the empirical R
(q)

XGal

using (7.9). Therefore, in the following analysis, we treat the Galactic emission as

a deterministic component by using only one realization thereof, whereas the CMB

has a different realization in each Monte-Carlo trial. Since the CMB temperature

fluctuations are zero-mean random variables uncorrelated with all other foregrounds,

then (2.10) holds empirically with respect to the Galactic emission component.

7.4.4 Dimension Reduction

According to astrophysical observations, the Galactic emission should be modeled as

a high-dimensional component (NGal � 1). However, the minimization of the con-

trast function with a large NGal is numerically ill-conditioned, because the eigenval-

ues of 〈RXGal
〉 vary within 10 orders of magnitude. Fortunately, it turns out that the

effective dimension of the Galactic component can be safely taken as NGal < Nd−1,

for which there is no conditioning problem, as we shall show shortly. This implies



7.4. APPLICATION TO SKY OBSERVATION 109

Ns = NCMB +NGal < Nd. Hence, an overdetermined problem.

When Nd = Ns, that is, A invertible and R
(q)
X full-rank for 1 ≤ q ≤ Q, we can

write the log-likelihood as in (2.13). Consequently, maximizing the likelihood as in

Sec. 2.3.3 is equivalent to minimizing the contrast function (2.17). As explained in

Sec. 2.3.3, the minimization of (2.17) can be understood as the JBD of the set of

spectral density matrices {R(q)

X }
Q
q=1 by A−1. However, it is clear that the derivation

of the contrast function (2.17) and thus also its minimization by the inverse of the

mixing matrix cannot be obtained if Ns < Nd. We now show how the overdetermined

case can still fit in into this framework.

In order to turn the overdetermined problem into a determined one, we project

the Nd-dimensional observations onto the Ns-dimensional signal subspace,

R̃
(q)

X = U ]
sR

(q)

X U
]†
s , 1 ≤ q ≤ Q , (7.14)

whereU s is the Nd×Ns matrix of singular vectors which correspond to the largest Ns

singular values of the SVD of 〈RX〉. Therefore, the columns of U s span the subspace

which holds most of the signal energy. This amounts to principal component analysis

(PCA), which has already been used for multidimensional data in [9], for example.

The dimension-reduced empirical spectral density matrices {R̃
(q)

X }
Q
q=1 are now the

input to the contrast function (2.17). If our choice of NGal is still too large, we

shall again have a conditioning problem with the JBD algorithm. If our choice of

NGal is sufficiently small to allow proper conditioning, but not too small to discard a

significant part of the signal energy, then {R̃
(q)

X }
Q
q=1 can be jointly block-diagonalized

into matrices {R̃
(q)

S }
Q
q=1 with (approximate) block-pattern m = [NCMB, NGal]

†,

R̃
(q)

X = ÃR̃
(q)

S Ã
†
, 1 ≤ q ≤ Q ,

where Ã is the new Ns×Ns mixing matrix. If NGal is too small, then there will not

be a conditioning problem, but obviously the output R̃
(q)

S will have large off block-

diagonal terms and thus low separation quality. With the inverse projection we ex-

pand Â = U sÃ back to Nd dimensions. Using this Â one can reconstruct the CMB

and Galactic components via P̂ i = ÂiB̂i (2.6) and then x̂i(θ, φ) = P̂ ix(θ, φ) (6.8c),

i = {CMB,Gal}.

7.4.5 Mean Square Error

Until now, we have applied the MSE expression (3.25) only to data with equal

weighting. In the CMB application, the weighting is different at each domain.
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This is due to the term 2` + 1 in (7.4). We are also potentially interested in the

contribution of each observation channel to the total MSE. Therefore, in this section,

the MSE (3.25) is rewritten per each domain and per channel.

The empirical MSE in component i at detector f and domain q is defined as

M̂SE
(f,q)

i =
1

nq

∑
t∈Dq

|e†f (x̂i(t)− xi(t))|
2 , (7.15)

where ef is an Nd × 1 vector whose fth entry is 1 and the rest is zero. Using (3.3),

M̂SE
(f,q)

i =
1

nq

∑
t∈Dq

|e†fδP ix(t)|2 = e†fδP iR
(q)

X (δP i)
†ef

= tr
{

(R
(q)

X ⊗ efe
†
f )vec{δP i}vec†{δP i}

}
, (7.16)

where the second equality uses (2.9). The third expression follows from proper-

ties (A.1e), (A.1c) and (A.1d) in Appendix A. Note the analogy between (7.16)

and (3.22). The fundamental difference is that now the identity matrix in (3.22) is

replaced with the rank-1 term efe
†
f . As in Sec. 3.2.4, in order to obtain the expecta-

tion of (7.16), we employ the approximation that δP i are statistically independent

of the total power of the observations, 〈RX〉. Hence, we can write

MSE
(f,q)
i

4
= E

{
M̂SE

(f,q)

i

}
= tr

{
(R

(q)
X ⊗ efe

†
f ) Cov(vec{δP i})

}
. (7.17)

Substituting Cov(vec{δP i}) (3.13) in (7.17) and following the same steps as

in (3.24), the total MSE in component i at detector f and domain q is

MSE
(f,q)
i =

1

T

∑
j 6=i

(
(7.18)

tr

{(
R

(q)
XjXj

⊗ efe†f
) (
〈RXjXj

⊗R]
XiXi
〉 − 〈R]

XjXj
⊗RXiXi

〉]
)]}

+ tr

{(
R

(q)
XiXi
⊗ efe†f

) (
〈RXiXi

⊗R]
XjXj
〉 − 〈R]

XiXi
⊗RXjXj

〉]
)]})

+O( 1
T 2 ) .

Summing up (7.18) over all f and q leads back to (3.25), up to normalization.

Expression (7.18) is the basis of our analysis in Sec. 7.5 .
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7.5 Numerical Experiments

The sky simulations in this chapter are based on the PSM [16, 95, 117, 118], a soft-

ware package developed by the Planck Collaboration Component Separation Work-

ing Group (WG2). This software package [118] can generate random realizations of

the sky emission, constrained to match observational data within their uncertainties.

The simulated observations are given at frequencies ranging from a few GHz to a

few THz. This is the frequency range of typical CMB experiments, and in particular

of the Planck sky mission [100].

Since our analysis is restricted to noise-free measurements, we completely omit

instrumental noise from our simulated sky. In order not to deviate too much from re-

alistic constraints, we limit our analysis to angular frequencies 2 ≤ ` ≤ 900, in which

it is possible to ignore instrumental noise with respect to the other components. We

set the angular resolution to 14 arcmin at all 9 channels. The frequency range is

partitioned into consecutive domains, each contains 5 `-modes, so that Q = 179.

These domains are sufficiently small to approximate the piecewise stationarity as-

sumption. The approximation that the samples within each domain are mutually

decorrelated is due to (7.3). In more realistic setups, different domains may consist

of a different number of `-modes [16, Sec. V.B]. The effective number of modes per

domain, nq, is as defined in (7.10). The simulation below uses all Nd = 9 Planck

channels in the range 30–857GHz.

In order to exclude observations where the Galactic emission is so strong that

it completely obscures the CMB, we use a mask in our preprocessing stage. We

chose a straight-band mask with smooth edges which lets through 58% of the input

power. The original components and their sum, on which we perform component

separation, are shown in Fig. 7.4 in one of the detector channels, after masking.

The contrast function is minimized via the JBD quasi-Newton (QN) algorithm

of Sec. 5.3. The JBD algorithm is initialized with the identity matrix. The desired

block-pattern m is input into the algorithm. Since this algorithm may, in principle,

converge to a local minimum, we verified that our results indeed reflected separation

of the desired components.

7.5.1 Model Order Selection for the Galactic Emission

There are several considerations in setting NGal. On one hand, NGal should be small

enough such that the minimization of the contrast function (2.17) does not suffer

from conditioning problems. On the other hand, if too many dimensions of the

Galactic emission are discarded, the model assumption (2.10) will not hold and our
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(a) CMB+Galactic emission

(b) Galactic emission (c) CMB

Figure 7.4: Simulated component maps at the 217GHz detector channel. Each map
has a different and equalized colour scale, reflecting the brightness temperature; the
value of the masked equatorial stripe is zero in all maps. The sphere is projected
onto the plane using the Mollweide projection.

theoretical error prediction (Sec. 7.4.5) will fail. Since the (effective) dimension of

the Galactic emission cannot be deduced from astrophysical theory, we conduct the

following experiment to set it.

When the model assumptions hold, the MSE (as defined in Sec. 7.4.5) is only

due to finite-data estimation (2.9) of R
(q)
X . Therefore, if the spectral density matri-

ces (2.9), which are the input to (2.17), do not have finite-data estimation errors,

the contrast (2.17) should be zero and the components reconstructed perfectly, i.e.,

MSE zero. If the input spectral density matrices are free from finite-data errors,

then a non-zero MSE can only stem from inadequate modeling.

Based on these arguments, we now suggest the following procedure. For each

candidate Ns = 1 +NGal we calculate the empirical MSE (7.15) twice. Once, when

our separation procedure uses {R(q)

X }
Q
q=1 followed by dimension reduction as the

input to the contrast function (2.17): this is the ordinary way. The second calcula-

tion uses {R(q)
XCMB

+R
(q)

XGal
}Qq=1 followed by dimension reduction as the input to the

contrast function (2.17). Recall from Sec. 7.4.3 that we take {R(q)

XGal
}Qq=1 to be the

model spectral density matrices of the Galactic emission component. Hence, the

latter option neutralizes the finite-data errors. In both cases, the dimension of the

localized spectral density matrices has to be reduced to Ns, before applying JBD,
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as explained in (7.14). In each case, the output of the contrast function is used to

construct the oblique projections which reconstruct the components, as explained

at the end of Sec. 7.4.4. Once the components are reconstructed, we calculate the

empirical MSE using (7.15).

The results for MSECMB with NGal = 3, 4, 5 are given in Fig. 7.5. For this figure,

this experiment was repeated for 40 Monte-Carlo trials. In each trial, a new CMB

map was drawn, and new {R(q)

X }
Q
q=1 were calculated. It is evident from Fig. 7.5 that

the MSE for NGal = 3 is much larger. More importantly, for NGal = 3, the MSE

without finite-data errors is almost identical to the MSE when finite-data errors are

present. This indicates that the model error is dominant. The “ordinary” MSE

for NGal = 4 is similar to that of NGal = 5. For NGal = 4 and NGal = 5, the gap

between the “ordinary” and the MSE without finite-data errors is quite large. Due

to the logarithmic scale, the gap looks larger for NGal = 5. Qualitatively, both MSE

values without finite-data errors, for NGal = 4 and NGal = 5, are negligible with

respect to their “ordinary” MSE. Similar trends were obtained with MSEGal and for

other detector frequencies. NGal = 5 was the largest dimension that we checked, as

numerical conditioning issues prevented us from running the JBD algorithm (or the

JD followed by clustering, as shall be discussed in Sec. 7.5.2) on NGal ≥ 6. According

to these results, we conclude that there is no significant gain in separation quality

by adding the fifth dimension to the Galactic component, and thus NGal = 4 seems

a reasonable choice.
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dim(gal)=5, finite−data and model errors
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Figure 7.5: Comparison of empirical MSECMB with and without finite-data errors
for NGal = 3, 4, 5. Each point of data “with finite-data errors” is the average of
MC=40 randomizations of the CMB. Channel=143GHz.
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In order to illustrate the meaning of the minimization of the contrast function,

and to compare it to the MSE, we provide the following demonstration. In Fig. 7.6

we observe the value of the minimized contrast function (2.17) for one such experi-

ment, i.e. with a single randomization of the CMB, for NGal = [2, 3, 4, 5]. The min-

imum of the contrast function is the Kullback-Leibler-induced divergence between

the original data and its closest block-diagonal model, calculated on the dimension-

reduced matrices: minAC(A, {R̃
(q)

X }
Q
q=1), with block-pattern m = [1, NGal]

†. Since

the Kullback-Leibler-induced divergence in this figure originates from spectral den-

sity matrices of different dimensions, comparing results for different NGal on Fig. 7.6

is only indicative, not quantitative. As a result, for the case that the data consists

of the original {R(q)

X }
Q
q=1, we observe values of Kullback-Leibler-induced divergence

which are more or less of the same order of magnitude, although they correspond

to different values of NGal. This is different than Fig. 7.5, in which the MSE is

calculated on the full Nd-dimensional components, and thus one can compare quan-

titatively between the MSE of different NGal. It should also be noted that the

Kullback-Leibler-induced divergence measures the divergence, or fit, between two

sets of matrices, namely the spectral density matrices, and their block-diagonal

model. The MSE, on the other hand, measures the error between the reconstructed

components and the true ones. Hence, if our purpose is component estimation, then

the Kullback-Leibler-induced divergence is only an indirect and indicative figure of

merit, whereas the MSE is our final target. When the finite-data errors are removed,

we observe in Fig. 7.6 that the Kullback-Leibler-induced divergence decreases. For

NGal = [2, 3], the new Kullback-Leibler-induced divergence is similar. For NGal = 4

we observe a larger decrease, and the best results are for NGal = 5. These results

are in agreement with those of Fig. 7.5.

The advantage of using the Kullback-Leibler divergence (KLD) is that it is the

natural measure of mismatch, in the sense that it arises from the maximum like-

lihood (ML) derivation (Sec. 2.3.3), and is the immediate outcome of the JBD

algorithm. If we have at hand both the observations {R(q)

X }
Q
q=1 and their model

{R(q)
XCMB

+R
(q)

XGal
}Qq=1, then the suggested experiment yields similar conclusions about

the effective NGal either by relying on the KLD or the MSE, as can be seen from

Fig. 7.5 and Fig. 7.6. If, however, only the observations {R(q)

X }
Q
q=1 are available,

then the KLD is not indicative to the effective NGal, but the empirical MSE is.

7.5.2 JBD vs. JD Followed by Clustering

In Fig. 7.7 we compare the minimal value of the contrast function C(A, R̃
(q)

X ) (2.17)

vs. CJD(A, R̃
(q)

X ) (6.1), for NGal = [2, 3, 4, 5]. The purpose is to evaluate the quality
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Figure 7.6: Kullback-Leibler-induced divergence between spectral density matrices
and their block-diagonal model, for NGal = 2, 3, 4, 5. For each NGal, two graphs are

plotted: one when the data is represented by {R(q)

X }
Q
q=1, and one when the data is

represented by {R(q)
XCMB

+R
(q)

XGal
}Qq=1. That is, without finite-data errors. The graphs

for {R(q)

X }
Q
q=1 are based on one realization of the CMB.

of separation of JD followed by clustering, as opposed to JBD with m = [1, NGal]
†,

and thus to validate the multidimensional model of the Galactic emission component.

The input to both algorithms is the set of matrices {R(q)

X }
Q
q=1, followed by dimension

reduction, as explained in Sec. 7.4.4. The data is the same as in Fig. 7.6. Therefore,

the graphs for JBD are identical to those in Fig. 7.6. We observe that JD followed

by clustering yields significantly poorer results, with respect to JBD, for all NGal.

These results indicate that indeed the Galactic component has strong dependence

within its sub-components, and thus the multidimensional approach is appropriate

for this type of data.

7.5.3 Empirical vs. Predicted MSE

In Fig. 7.8 we compare the empirical MSE (7.15) with the predicted MSE (7.18).

Until now, in the experiments in this Chapter, only the empirical MSE was calcu-

lated. We now turn to using also the closed-form expression (7.18). R
(q)
XCMB

, set

as in Sec. 7.4.3, is the spectral density matrix for CMB in (7.18). Since R
(q)

XGal
is

fixed for all MC trials, as explained in Sec. 7.4.3, it will serve as the spectral density
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Figure 7.7: Kullback-Leibler-induced divergence between spectral density matrices
and their diagonal and block-diagonal models, for NGal = 2, 3, 4, 5. For each NGal,
two graphs are plotted: one when the separation is based on JBD with block-
pattern [1, NGal], and one with JD followed by clustering. The matrices are input to
the algorithms after the dimension reduction scheme, explained in Sec. 7.4.4. The

graphs for {R(q)

X }
Q
q=1 are based on one realization of the CMB.

matrix for Galactic emission in (7.18) once its dimension is reduced to the model

dimension NGal. As explained in Sec. 7.4.4, SVD on 〈RXGal
〉 yields an Nd × NGal

matrix UGal. With P
4
= UGalU

]
Gal, PR

(q)

XGal
P † is the desired Nd × Nd rank-NGal

spectral density matrix. PR
(q)

XGal
P † stands for the “model” spectral density matrix

of the Galactic emission component, after dimension reduction, but expanded back

to the observations subspace. Using these two spectral density matrices in (7.18),

the predicted MSEi, i = {CMB,Gal} can be calculated.

The results are depicted in Fig. 7.8. Fig. 7.8(a) and Fig. 7.8(b) depict the the-

oretical MSECMB (7.18), normalized by cq, for NGal = 4 and NGal = 5, respectively.

The mean and standard deviation σ of the empirical MSE (7.15) from 40 Monte-

Carlo trials (randomizations of the CMB only) were calculated. The vertical lines

indicate a range of ±σ/2 around the mean. The red line depicting the theoretical

value is well within these ±σ/2 margins for most `. Similar trends were obtained

with MSEGal and at other channel frequencies.

These results, similarly to those in Sec. 7.5.1, do not give a clear-cut preference

to NGal = 4 or NGal = 5. Since the difference is minor, it may be preferable to
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choose the smaller dimension, as it requires less variables to adjust.

7.6 Discussion

In this chapter, we applied the MICA performance analysis of Chapter 3 and the

QN JBD algorithm of Chapter 5 to realistic astrophysical data. In order to analyze

the (simulated) sky observations in the spectral domain, we have recast our analysis

into the spherical harmonics domain.

The chosen data does not follow precisely all the model assumptions of Sec. 2.3.

More specifically, the CMB component is expected to behave as a perfect one-

dimensional Gaussian random component. By choosing small enough domains Dq,
in which its angular power spectrum (depicted in Fig. 7.3) is almost constant, the

CMB component is close to piecewise-stationary. The CMB component can be

regarded as statistically independent from the Galactic emission component. As

for the Galactic emission component, its most interesting and relevant property, for

our purpose, is that it cannot be regarded as a superposition of one-dimensional

statistically independent components. On the other hand, it cannot be assigned a-

priori with any predefined dimension. In addition, the Galactic emission component

cannot be fully described using any known stochastic model. Nevertheless, due to

the stochastic properties of the CMB, we can still obtain empirical decorrelation

between the CMB and the Galactic emission component. This motivates the use of

our MICA analysis for this data.

In a first step, we show that the problem can be regarded as overdetermined.

We have thus extended our notations to overdetermined observations. Using PCA,

we show that we can reduce the dimension of the data to a dimension in which

the problem is well-conditioned. We then demonstrate how an effective dimension

for the Galactic component can be selected, based on the observations. We show

that this can be achieved either using the closed-form MSE expression, or the KLD.

The advantage of using the KLD is that it is the natural measure of divergence

between the data and its block-diagonal model. Natural, in the sense that it arises

from minimizing our contrast function by the JBD algorithm, without additional

mathematical effort. The disadvantage is that the KLD is not suited to compare

quantitatively results on matrices of different dimensions. Hence, it can serve for

qualitative comparison only. The MSE, on the other hand, is well-normalized, and in

addition, it measures the actual estimation error of the reconstructed components.

Once an effective dimension for the Galactic emission component is set, we can

proceed to apply our error analysis. As predicted, the results of the dimension
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determining procedure are not clear-cut: we can exclude the option of dimension

3 (or less) for the Galactic emission component. However, the choice between 4

and 5 is less obvious. It may well be that the “true” dimension is somewhere in

between. For both options, NGal = 4 or 5, we demonstrate good match between our

theoretical closed-form MSE and the empirical results.

Another experiment, which compares the output of JBD with that of JD fol-

lowed by clustering, validates our multidimensional model for the Galactic emission

component, as opposed to a representation by NGal statistically independent com-

ponents.

In the numerical simulations in this chapter, we validated our methods also for

nq 6= nq′ ∀q 6= q′. In the previous, more theoretical chapters, the numerical examples

consisted only of data with equal-sized domains.

There are several sources of discrepancy between the theoretical statistical model

and the data. Mainly,

• The data is not stationary within domains, and the partition into domains is

ad-hoc, in some sense.

• The emission laws, which constitute the columns of the mixing matrix A, can

be expressed in different units. This, by itself, is of course not a problem, when

the whole data is used. The output of the SVD operation in our dimension

reduction scheme (Sec. 7.4.4), however, is not invariant to the choice of units.

Hence, our method is not invariant to the choice of units, only indicative, and

slightly different results may be obtained with different units.

• Our model assumes that each component can be exactly confined within a

finite-dimensional signal space. However, as explained in Sec. 7.2.1, the di-

mension of the Galactic emission is not well-defined.

Consequently, in this chapter, we validate our theoretical closed-form expression

for the MSE also for data for which the model assumptions hold only to some

approximation.

To conclude, the simulation results indicate that good component separation

has been obtained with our algorithm for this type of data. These results form the

motivation for further research in this direction. It may well be that for a larger

number of Monte-Carlo trials, other randomizations of the Galactic component, a

different choice of domains, observation resolutions, masks etc., different results and

insights may be achieved.

In a broader view of the astrophysical application, we note that the data used

for this demonstration is realistic, but simplified. Obviously, when more realistic



7.6. DISCUSSION 119

conditions are considered, such as detector noise, additional foregrounds (other as-

trophysical emissions), wider observation beams (which imply poorer resolution),

as well as working on more difficult regions of the sky (that is, where the CMB

component is weak compared with the other foregrounds) – a more careful tuning

of the separation procedure: e.g., choice of domains and masks, has to be taken into

consideration.

One goal of applying our methods to CMB observations is to serve as an in-

dicator for the best achievable performance given certain data. It can be used as

a fast method to evaluate the possible gain due to fine-tuning various parameters

in the model, rather than the existing situation, which is based on Monte-Carlo

trials. Monte-Carlo trials consume much more resources, as they require repeated

simulations of the components and of their observations (high-resolution sky maps),

applying a component separation procedure to the maps, and calculating the figure

of merit. The closed-form expression requires only the covariance or spectral density

matrices. Hence, significant compression of the data, with a similar outcome.

In actual CMB research, the fully-blind component separation which we propose

can serve as a first step in component separation, especially in cases where emission

laws are not known [119, Sec. 7]. Although our method cannot separate dependent

components into physically-meaningful elements, it can well serve as a preliminary

step, by discarding the CMB component from the maps. In a second stage, other

methods should be used to separate the dependent components. Methods which

separate the dependent foregrounds usually take advantage of prior information

such as additional maps from other experiments, known emission laws and other

parameters, etc. See [103, 120], for example. In any case, in astrophysical study, it

cannot be expected that JBD alone can do the whole separation work – at most, it

can be used as one of the many steps in the very complex pipeline [121] of the data

processing.
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(a) NGal = 4.
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(b) NGal = 5.

Figure 7.8: Empirical vs. predicted MSECMB, normalized by the CMB power at each
domain. The red line denotes theoretical values. The blue line denotes the empirical
values, averaged over MC=40. The vertical lines denote ±σ/2 deviation of the MC
trials around the empirical mean at each domain. Channel=100GHz.



Chapter 8

Conclusion

8.1 Summary

In this thesis, we presented the concept of independent component analysis (ICA)/

blind source separation (BSS) of multidimensional components as a new perspective

on the dependent sources model.

We have shown that the maximum likelihood (ML) solution, for Gaussian data

and non-orthogonal mixing matrix (that is, avoiding any whitening constraints) can

be obtained by minimizing a contrast function, which is a joint block diagonaliza-

tion (JBD) criterion. Hence, the ML solution for the de-mixing parameters can be

obtained via JBD of a set of covariance matrices.

We presented two novel non-orthogonal JBD algorithms which achieve this ML

solution. One algorithm is based on the relative gradient and the other on a quasi-

Newton method. These algorithms minimize the Kullback-Leibler-induced diver-

gence between a set of symmetric positive-definite matrices and a block-diagonal

function thereof. We were the first to present algorithms which achieve this mini-

mization.

We obtained closed-form expressions for the Fisher information matrix (FIM),

Cramér-Rao lower bound (CRLB) and mean square error (MSE) for the blind sep-

aration of statistically independent multidimensional Gaussian components, in a

piecewise-stationary model. These expressions depend only on the model parame-

ters. The derived expressions represent the optimal performance under asymptotic

conditions. The closed-form expression for the MSE is valid also for non-Gaussian

data, when the other model assumptions hold. Our work is the first one in which

the performance of multidimensional ICA is given in closed-form expressions.

A different and prevalent procedure for the separation of multidimensional com-

ponents consists of a two-step procedure. In the first step, applying a method which

121
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is designed for separating one-dimensional components. In the second step, assign-

ing the one-dimensional outputs to their multidimensional groups. This procedure

is denoted in this work as “mismodeling”. We derived a closed-form expression for

the expected MSE for this procedure, as a function of the model parameters. This

expression is different than the minimal mean square error (MMSE) expression, ob-

tained using the correct model and Gaussian data. Therefore, we conjecture that

for our data model, the one-dimensional assumption followed by clustering is sub-

optimal, when using second-order statistics. Our work is the first one to present a

theoretical performance analysis for this separation procedure.

Both derivations, for the optimal multidimensional ICA (MICA) and for the

mismodeled procedure, were performed in terms of components and oblique projec-

tions, which are the unambiguous counterparts of the latent sources and the mixing

matrix. The derived expressions for the MSE are valid also for non-Gaussian data.

In order to complete the picture, we provide necessary and sufficient conditions

which guarantee uniqueness and identifiability of the MICA model in terms of the

latent covariance matrices of the mixed sources. Strictly speaking, since these con-

ditions are based on small-error analysis, they imply local identifiability. We pro-

vide a complete and rigorous proof for the identifiability of the second-order MICA

piecewise-stationary model. Our proof is based on the analysis of the FIM. To the

best of our knowledge, no other proof for this model can be found in the literature.

The identifiability conditions for the model are also the necessary and sufficient con-

ditions for the uniqueness (up to a certain block-diagonal scaling matrix) solution

to JBD of a mixture of a set of real, positive-definite symmetric JBD-irreducible

block-diagonal matrices.

In order to demonstrate the practical value of our theoretical methods, we ap-

plied the optimal MICA performance analysis and our JBD algorithm to realistic

astrophysical data. In this application, the purpose is to separate observations

of the cosmic microwave background radiation (CMB) into their underlying com-

ponents. This application is challenging because the chosen data does not follow

precisely all the model assumptions. Since the number of detectors is larger than the

total dimension of the involved components, we have extended our analysis to the

overdetermined case. Since the dimension of the Galactic emission component is not

known a-priori, we have proposed methods to determine the (effective) dimension

of a component

Throughout this thesis, our theoretical expressions were supported by numerical

experiments. We have shown good match between theory and empirical results.
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8.2 Discussion

In this section, we discuss the main contributions of our work and their implications,

in a more global view.

The first contribution is providing closed-form error expressions for MICA. There

are several advantages to having closed-form error expressions.

1. They give insight into the influence of the model parameters on the error.

2. A closed-form expression is based on a relatively small set of parameters and

can thus be regarded as a way of compressing the data. This can be signifi-

cant in experiments which involve large amounts of data, as in astrophysics,

where simulations may take considerable time, and high-resolution sky images

consume much storage volume.

3. They are the natural way to compare different methods.

The second contribution is that we have demonstrated analytically that the one-

dimensional approximation is suboptimal in the presence of finite-data errors and

multidimensional components. In particular, we suggest the following observations:

1. The gain is larger as the dimensions of the components diverge from one.

2. The gain is equally significant for all the components, even for those of dimen-

sion one.

3. The gain is larger as the number of domains increases.

4. The asymptotic conditions required to achieve the expected errors are ob-

tained with less samples per domain in the correct model setup than in the

mismodeled one.

All these observations favour the use of the correct multidimensional model in the

presence of multidimensional components.

The third contribution is demonstrating that all the analytical results for (multi-

dimensional) ICA can be represented only in terms of well-defined quantities: pro-

jections and components. That is, a representation which does not rely on the

assumption of the existence of some “mixing matrix” and “underlying sources”.

This is particularly advantageous for components whose multidimensional nature

does not stem from underlying well-defined lower-dimensional components but from

other processes. For example, spatial localization, as with the Galactic emission or

neurological measurements.
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The fourth contribution is from the applicative aspect. We have provided a pre-

liminary test of feasibility for the application of our model to astrophysical data. We

have shown that our algorithm is capable of separating cosmological components in

an adequate scenario. We have demonstrated that our theoretical closed-form ex-

pression for the error could indeed predict, to a reasonable precision, the MSE in

such component separation. Most important, this realistic example indicates that

a theoretical analysis of multidimensional methods and algorithms which takes into

consideration the multidimensional character of the signals is likely to be advan-

tageous in further applications and provide a significant contribution to processing

multidimensional data.

8.3 Topics for Further Research

In this section, we survey some issues which were not covered in this work and are

natural extensions thereof.

1. In real-life applications, noise is usually unavoidable, and cannot be ignored.

In this work, we focused on a noise-free model. Still, in the presence of additive

noise, our closed-form error expression can be used as a lower bound.

A paper which presents a generalization and extension of the model which

is used in this thesis can be found in [16]. The model in [16] is flexible in

the sense that it can treat not only multidimensional components, but also

components with various parameterizations or constraints, as well as additive

noise. The component separation method in [16] is based on second-order

statistics, by minimizing the mismatch between sets of model and empirical

covariance matrices. An important extension of our work could thus be a

theoretical performance and identifiability analysis also to this model.

2. In this work, our simulations and analysis were tested with components of

relatively small dimensions. Therefore, the complexity of the algorithms and

their running time were not our primary concern. When larger dimensions are

involved, it would be interesting to compare the complexity and speed of the

quasi-Newton (QN) JBD algorithm with the state of the art joint diagonaliza-

tion (JD) and clustering algorithms. This examination and comparison may be

extended to other JBD algorithms in particular, and to other multidimensional

methods in general.

3. An important obstacle in all JD and JBD algorithms is that in the presence of

perturbations and/or noise, they sometimes get stuck in local minima. Various
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methods have been suggested in the literature to cope with this problem.

However, until now, no satisfactory solution has been found. This is still an

open problem. It would be helpful to find a solution for the global convergence

issue, both for our specific JBD algorithms, and for this problem in general.

4. In this work, our theoretical analysis has focused on the case of MICA when

the number of components n and their dimensions mi are known a-priori. In

Chapter 7 we have looked at the case where n is known but mi is not, for one

of the (two) components. In general, and in real-life applications, it may be

more appropriate to assume that n and mi are generally unknown. This calls,

from the empirical aspect, to the development of methods to determine these

parameters. A survey of existing methods has been presented in Sec. 1.2.5.

However, optimality has not been claimed for any of these methods, and there

may be room for proposing additional ones. From the theoretical aspect, to

the best of our knowledge, there is not yet available a performance bound for

MICA for the case that n or mi have to be estimated. It would be beneficial

to derive such bounds. These bounds may help determine the efficiency of

the existing algorithms, as well as lead to the derivation of closer-to-optimal

ones. In addition, such a theoretical analysis may lead to yet-unavailable (to

the best of our knowledge) theoretical results regarding identifiability of the

MICA model when these parameters need to be estimated.

5. In this work, it is assumed that the observations are real. Hence, the JBD

algorithms in Chapter 5 were developed only for real matrices. It is natural

to extend all derivations and the resulting algorithms to complex data.

6. In this work, we have shown numerically that the MSE gain due to using the

correct model over the one-dimensional model is larger than one. We have

conjectured that since the analytical expression for mismodeling is different

than the optimal one, then it is suboptimal. A natural extension of our work

is to prove analytically that the MSE in the mismodeled case is always larger

than the optimal one.

7. Analogously to the mismodeling analysis in Chapter 6, in which we derived

the MSE when the separation procedure ignored the data’s multidimensional

characteristics, it would be interesting to develop closed-form expression for

the figure of merit in cases that other model assumptions are violated. For

example, a certain non-stationarity within domains.

8. In Chapter 7 we examined empirically the effect of JD on the performance. It
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would be interesting to apply the closed-form mismodeling analysis of Chap-

ter 6 to CMB observations, to see if its prediction is also as good as that of

the correct-model MSE.

9. Once we have shown that our JBD algorithms and performance analysis can

yield good results in separating astrophysical components, it would be inter-

esting to apply the theoretical analysis and the algorithm to other types of

data of potential multidimensional nature; for example: electroencephalogra-

phy (EEG), magnetoencephalography (MEG), electrocardiography (ECG).

As in the case of our astrophysical application, it is expected that applying the

theoretical analysis and algorithms to these data types will not be straightfor-

ward, but will require some interesting adaptations and extensions.

A natural extension of this research is to derive an analogous optimal per-

formance analysis for data with different distribution types. For example,

neurological activity, which consists of a superposition of isolated spikes. This

analysis could point out if existing methods to extract such components al-

ready achieve the optimal performance. If not, the analysis could be used to

derive more suitable algorithms.



Appendix A

Some Algebraic Properties

For ease of reference, we list some useful algebraic properties. Properties which are

not proved below can be found in [79, 80, 122].

For any matrices M ,N ,P ,Q (with appropriate dimensions),

(N ⊗M )(P ⊗Q) = NP ⊗MQ (A.1a)

(N ⊗M )† = N † ⊗M † (A.1b)

vec{MQN} = (N † ⊗M)vec{Q} (A.1c)

tr {PQ} = tr {QP } (A.1d)

tr
{
P †Q

}
= vec†{P }vec{Q} . (A.1e)

The Moore-Penrose pseudoinverse of a matrix M is the matrix M ] that obeys

MM ]M = M (A.2a)

M ]MM ] = M ] (A.2b)

MM ] = (MM ])† (A.2c)

M ]M = (M ]M )† . (A.2d)

The mn×mn commutation matrix Tm,n [79] is such that

vec{M †} = Tm,nvec{M} (A.3)

for any m × n matrix M . The commutation matrix is isometric and satisfies

Tn,mTm,n = I. Hence, Tn,m = T −1
m,n. One also has Tn,m = T †m,n. For any two
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matrices Mm×n and N p×q,

N ⊗M = Tp,m(M ⊗N )Tn,q (A.4a)

Tm,p(N ⊗M) = (M ⊗N )Tn,q . (A.4b)

Property A.1. Let V ,M ,N be n× n matrices. Then

tr
{
MVN †

}
= tr

{
(V † ⊗ I)vec{M}vec†{N}

}
.

Proof.

tr
{
MVN †

}
= vec†{N}vec{MV } = vec†{N}(V † ⊗ I)vec{M}

= tr
{

(V † ⊗ I)vec{M}vec†{N}
}

Property A.2. For any four vectors a, b, c,d,

vec{ab†}vec†{cd†} = db† ⊗ ac† . (A.5)

Proof. Equation (A.5) follows from

vec{ab†}vec†{cd†} = (b⊗ a)(d⊗ c)† (A.6)

= (b⊗ a)(d† ⊗ c†) = bd† ⊗ ac† .

The first equality of (A.6) is based on the property that for any two vectors a

and b, vec{ab†} = vec{a · 1 · b†} = b⊗a, where the second step is due to (A.1c) in

Appendix A. The second equality of (A.6) is based on (A.1b) and the third on (A.1a)

in Appendix A.
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[6] F. Kohl, G. Wübbeler, D. Kolossa, C. Elster, M. Bär, and R. Orglmeister, “Non-

independent BSS: A model for evoked MEG signals with controllable dependencies,”

in Independent Component Analysis and Signal Separation, T. Adalı, C. Jutten,

J. M. T. Romano, and A. K. Barros, Eds. Heidelberg: Springer, 2009, pp. 443–450.

[7] A. Ossadtchi, S. Baillet, J. C. Mosher, D. Thyerlei, W. Sutherling, and R. M. Leahy,

“Automated interictal spike detection and source localization in magnetoencephalog-

raphy using independent components analysis and spatio-temporal clustering.” Clin-

ical Neurophysiology, vol. 115, no. 3, pp. 508–522, Mar. 2004.

[8] A. Hyvärinen and P. O. Hoyer, “Emergence of phase and shift invariant features

by decomposition of natural images into independent feature subspaces,” Neural

Computation, vol. 12, no. 7, pp. 1705–1720, Jul. 2000.

[9] L. De Lathauwer, B. De Moor, and J. Vandewalle, “Fetal electrocardiogram extrac-

tion by source subspace separation,” in Proc. IEEE Signal Processing / ATHOS

Workshop on Higher-Order Statistics, Girona, Spain, Jun. 1995, pp. 134–138.

129



130 BIBLIOGRAPHY

[10] J.-F. Cardoso, “Multidimensional independent component analysis,” in Proc. IEEE

International Conference on Acoustics, Speech and Signal Processing (ICASSP),

vol. 4, Seattle, WA, May 1998, pp. 1941–1944.

[11] L. De Lathauwer, B. De Moor, and J. Vandewalle, “Fetal electrocardiogram ex-

traction by blind source subspace separation,” IEEE Transactions on Biomedical

Engineering, vol. 47, no. 5, pp. 567–572, May 2000.

[12] H. W. Gutch, J. Krumsiek, and F. J. Theis, “An ISA algorithm with unknown group

sizes identifies meaningful clusters in metabolomics data,” in Proc. European Signal

Processing Conference (EUSIPCO), Barcelona, Spain, Aug. 29 – Sep. 2 2011, pp.

1733–1737.

[13] L. Bedini, D. Herranz, E. Salerno, C. Baccigalupi, E. E. Kuruoǧlu, and A. Tonazzini,
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[64] P. Tichavský, A. Yeredor, and Z. Koldovský, “On computation of approximate joint

block-diagonalization using ordinary AJD,” in Latent Variable Analysis and Signal

Separation, ser. Lecture Notes in Computer Science, F. Theis, A. Cichocki, A. Yere-

dor, and M. Zibulevsky, Eds., vol. 7191. Springer, 2012, pp. 163–171.
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