TECHNISCHE UNIVERSITAT WIEN

DISSERTATION

Recursive Algorithms for Adaptive Transversal
Filters: Optimality and Time-Variance

ausgefiihrt zum Zwecke der Erlangung des akademischen Grades
eines Doktors der technischen Wissenschaften

eingereicht an der Technischen Universitat Wien
Fakultat fiir Elektrotechnik
von

Dipl.—Ing. Gernot Kubin
Lindengasse 49/1/6, A-1070 Wien
geboren am 24. Juni 1960 in Wien

Matrikel Nr. 7725476

Wien, im Juni 1990






Kurzfassung

Diese Arbeit behandelt eine wvereinheitlichte Theorie fiir den Entwurf und die Analyse
rekursiver Algorithmen zur Adaption digitaler Filter mit transversaler Struktur. Zunéchst
wird der weitverbreitete Ansatz der Fehlerminimierung als Entwurfskriterium untersucht
und aufgezeigt, dafi damit keine schliissige Ableitung praxisgerechter Algorithmen von
einem Optimalitatskriterium her moéglich ist. Der Grund liegt in der Unvereinbarkeit der
Annahme einer zeitlich unveranderlichen Anwendungsumgebung fiir die Optimalitétsdefi-
nition zum einen mit der praktischen Forderung der Nachfithrung des adaptiven Filters in
zeitveranderlichen Umgebungen zum anderen. Der hier vorgeschlagene deterministische
Ansatz fiir den Algorithmenentwurf geht iiber die reine Fehlerminimierung hinaus, indem
er die zeitliche Variation der Koeffizienten des adaptiven Filters miteinbezieht.

In der Folge kann gezeigt werden, daf} eine Fiille von Algorithmen dieser neuartigen,
vereinheitlichten Beschreibung geniigt und auch einige oft ad hoc eingefiihrte Anpassungen
der Algorithmen in diesem Rahmen ohne Ndherung ableitbar sind. Darunter féllt auch die
Verwendung von Fehlerfiltern, wie sie speziell bei der Adaption rekursiver Filterstrukturen
iiblich ist.

Im zweiten Teil der Arbeit wird zunéchst die Anwendung der beschriebenen Algo-
rithmenklasse zur Nachfiihrung des adaptiven Filters in zeitveranderlichen Umgebungen
untersucht. Das Ergebnis ist eine Beschreibung des Nachfihrverhaltens als Filterung des
von der Umgebung vorgegebenen, jedoch nicht direkt beobachtbaren Zeitverlaufs der Koef-
fizienten eines Referenzmodells. Bedingt durch die allgemeine Struktur der Adaptionsalgo-
rithmen ist diese Filterung stets linear und von erster Ordnung. Um eine Beriicksichtigung
von Vorwissen iiber das zu erwartende Zeitverhalten zu ermdéglichen, ist eine Erweiterung
der Algorithmenstruktur um sogenannte Koeffizientenfilter erforderlich. Dadurch kann
das Nachfiihrverhalten praxisgerecht als lineare Filterung hoherer Ordung bzw. auch als
nichtlineare Filterung maflgeschneidert werden. Eine Reihe aktueller Vorschlige derar-
tiger Koeffizientenfilter wird abschlieBend auf Basis des entsprechend erweiterten verein-
heitlichten Optimalitdtskriteriums diskutiert.
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Abstract

This thesis presents a unified theory for the design and analysis of recursive algorithms
for the adaptation of transversal digital filters. First, the widely used error minimization
approach to algorithm design is investigated and it is shown not to allow a coherent
derivation of practical algorithms from an optimality criterion. The reason is found in
the incompatibility of the assumption of a time-invariant application environment for the
optimality definition and of the practical demand on the adaptive filter for tracking in time-
varying environments. The present proposal for a deterministic approach to algorithm
design goes beyond mere error minimization in that the time variation of the coefficients
of the adaptive filter is included as well.

In the sequel a wealth of algorithms is shown to fulfil this novel unified description and
several algorithm modifications, which often appear ad hoc, are derived without invoking
approximations. This covers also the utilization of error filters which is common practice
in the adaptation of recursive filter structures.

The second part of the thesis is devoted to the application of the described algorithm
class to the tracking of time-varying environments. As a result, the tracking behaviour can
be described as a filtering operation on the time evolution of the coefficients of a reference
model which is imposed through the environment but not directly observable. Due to the
general structure of the adaptation algorithms, this learning filter is always linear and of
first order. To facilitate the incorporation of prior knowledge about the expected time
evolution, the algorithm structure needs to be extended with so-called coefficient filters.
This allows to tailor the tracking behaviour in response to practical demands as linear
higher-order filtering or nonlinear filtering. In conclusion, a series of topical proposals
for such coefficient filters is discussed on the basis of the accordingly extended unified
optimality criterion.
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Chapter 1

Introduction

e The purpose of this chapter is to explain the title of the thesis: the concepts of
adaptive signal processing, recursive algorithms, and transversal digital filters
are commented upon.

1.1 Adaptive Signal Processing

The topic of this thesis is centered within the rapidly growing field of adaptive signal pro-
cessing as documented in the large number of recently published text books [4, 14, 49, 81]
[91, 96, 176, 224, 238] and special issues of journals [214, 215, 216, 217, 218] devoted to
that subject.These references also give insight into the wide range of applications for adap-
tive signal processing, including channel equalization, echo and noise cancellation, signal
enhancement and restoration, system identification and signal analysis, source coding for
digital speech and image transmission, adaptive antenna arrays, and many more. In an
attempt to cover such a variety of systems the following general definition' is proposed:

Definition 1 A signal processing system is called adaptive if it processes different input
signals in different, signal-dependent ways while pursuing an objective common to all.

At the core of many adaptive signal processing systems resides an adaptive filter, i.e. a
filter whose parameters are controlled by an adaptation algorithm. Figure 1.1 shows that
parameter adaptation may depend on the input signal, the output signal, or an optional
reference signal. From the first two signal dependencies, the non-linearity of the overall
adaptive system follows—no matter whether the filter structure without adaptation would
be classified as linear or nonlinear. This non-linearity gives rise to a couple of non-trivial
questions regarding the adaptive system’s ‘optimal’ design and its stability. Approaching
the problem from another point-of-view, questions regarding the ‘tracking’ capabilities in
time-varying environments arise when regarding the adaptive filter as if controlled in a
time-varying way.

Following this introductory chapter, Chapter 2 sets out to clarify the theoretical basis
of what is actually meant by optimality in adaptive filter design and introduces a unified

'This definition covers also property-restoring algorithms [224, Chapter 6] and structurally adaptive
systems [222]. For a general discussion of adaptivity see also [238, Chapter 1].
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Figure 1.1: General adaptive filter configuration.

framework for a wide class of adaptation algorithms. Chapter 3 will shift the focus towards
application of adaptive filters in time-varying environments. After a general analysis of
tracking properties, the concept of coefficient filters is introduced that allows to tailor
adaptation behaviour to specific prior knowledge originating from the application. Both
parts of this thesis will persistently make use of both the deterministic and the stochastic
point of view in an attempt to examine their respective assets. Chapter 4 concludes with
a discussion of open problems and suggestions for further research.

1.2 Recursive Algorithms

In order to adjust the parameters of an adaptive filter, an adaptation algorithm is needed.
Such algorithms can be discussed along several lines: the objective they are designed for,
their performance, or their mode of operation. While the former two points will receive
full attention in later chapters, the last is shortly addressed here.

Off-line operation refers to the mode where the execution of the algorithm is decoupled
from data collection. This mode is a priori designed for a finite amount of data which are
simultaneously available in the machine’s memory. Therefore, off-line algorithms may use
the same data several times in a re-optimization procedure to find the optimal parameter
adjustment. This possibility allows to differentiate algorithms which provide a direct
solution for the parameters from those which perform an iterative search [81, pp. 303—
308].

On-line operation refers to the mode where the algorithm is executed at the same
time while data are collected from their inputs. This mode is a priori designed to run
continuously for an infinite period of time. This fact imposes certain restrictions on the
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algorithm structure as only a finite amount of data can be memorized. Old data is,
therefore, discarded continously and cannot be used for re-optimization at a later stage.
This ‘forgetting’ process can be organized in two manners [96, pp. 6-7]:

e Block processing deals with a whole block of data stored in a temporary buffer.
The filter parameters are once adjusted for this particular block of data and remain
unchanged until the next block of data? is moved into the buffer. Most importantly,
for each data block the optimal parameters are found independently of all previous
blocks. Thus old data is totally forgotten when moving from one block to the next.
There is no long-term memory in such an algorithm. This feature is most beneficial
for the long-term stability of adaptation algorithms, cf. also the general remarks in
(250, pp. 4-5].

e Recursive processing® finds an optimal parameter adjustment usually for each new
incoming sample of data®. Most importantly, this adjustment is made dependent on
previous adjustments. To this end, the algorithm propagates a set of state variables
which represent a condensed history of the data (e.g. the latest parameter values,
certain time-average statistics such as the auto-correlation of the data etc.). Old
data is only partially forgotten in the state—transition equations which form the new
state from a combination of old states with the innovation contained in the new
data sample®. These algorithms have a long-term memory which is the source of
potential long-term stability problems as mentioned before. Therefore, special care
has to be taken in the design of partial forgetting as found in recursive algorithms,
see e.g. Section 2.3.4.4.

Table 1.1 summarizes the discussion of adaptation algorithms w.r.t. their mode of

operationﬁ.

2The blocks may be spaced contiguously or with—sometimes considerable—overlap.

3For a comprehensive theoretical analysis of recursive processing see also [91, Section 6.2], [116, pp. 136
139] [150, Section 1.4] and [229].

“There are exceptions, of course, such as the ‘block adaptation’ LMS algorithm [47] and [224, p. 188)
where the actual filter parameter adjustment occurs only after accumulation of the results of several
successive observations. In spite of its name this algorithm processes the data recursively

5E.g. by simple averaging as done in algorithms with ‘exponential forgetting’.

5This table may be complemented with the following examples for the various operation modes:

e Off-line processing, direct solution: consider the design of an optimum Wiener filter for signals with
known or estimated a priori statistics [91, Chapter 3].

e Off-line processing, iterative search: A typical example is adaptive equalization [196] for transmission

over an unknown yet time-invariant channel. In that case, a training sequence or preamble can be
transmitted prior to the actual data sequence and used for channel identification. The identification
algorithm may be organized in an iterative mode, e.g. using the method of steepest descent or
Newton’s method [238, Chapter 4].
A second example is the design of a non-uniform quantizer for minimum quantization noise power
[99, Section 4.4]. Given a sufficiently long training sequence, the iterative Lloyd—Maz—algorithm
[145, 151] adapts the quantizer parameters to the long—term statistics of the signal. With this
algorithm, successive iterations process the same training sequence in an attempt to re-optimize the
quantizer parameters.

e On-line block processing: A prominent application area is speech signal processing in general [198].

The assumption of short-time stationarity for speech signals leads to a variety of short-time signal
analysis and modeling approaches which use blocks or ‘frames’ of speech data with typical lengths
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Table 1.1: ADAPTATION ALGORITHMS AND THEIR MODE OF OPERATION

Direct solution
Off-line
M | Tterative search
On_line Block processing
Recursive processing

The key source of misunderstanding in such a discussion is to get mixed up in the use
of the terms ‘iterative’ and ‘recursive’. This section should have provided some grounds
for their distinction. This thesis will exclusively deal with recursive algorithms for on-line
operation.

1.3 Transversal Digital Filters

Besides the adaptation algorithm, the filter structure constitutes an essential feature of
an adaptive signal processing system. The reasons to choose a digital filter for signal
processing are manifold and well-known [188, 199]. In adaptive signal processing the high
flexibility of digital filters is the key issue: real-time adjustment of the filter parameters
(or even the filter structure) is easy with a programmable digital computer implementation
and allows for sophisticated adaptation laws’.

The reasons to concentrate on the transversal filter structure in this thesis mainly stem
from two roots:

1. Transversal filters have a couple of advantageous properties for digital signal pro-
cessing in general, cf. [188, Chapters 5 and 9] and [199, Chapters 5 and 9]:

e simple control of finite—precision arithmetic effects,
e high flexibility w.r.t. tranfer function specification,
e guaranteed stability both with time—invariant and time—varying parameters,

e simple implementation on vector—oriented processors like standard digital signal
processor chips due to the inner—product structure of the filter equation.

2. For adaptive signal processing, the advantage of the transversal filter structure ori-
gins again from the inner—product structure of the filter equation. The filter output
is computed as a linear combination of delayed input signal samples, see Fig. 1.2.
The weights in the linear combiner are the adapted parameters. Thus the effects of
parameter adjustment are directly observable at the output, without delay or other

of 20 ms each. Linear predictive speech coders and several other modern parametric and hybrid
speech coders [212] work in an adaptive block processing mode.

e On-line recursive processing: The most-widely used algorithm here is WibrOW’s LMS algorithm
[238, Chapter 6]. A cornucopia of recursive algorithms will, anyway, appear in subsequent chapters
of this thesis.

"An account of analog (sampled-data) adaptive filters can be found in [49, Sections 7.3 and 7.4].
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Figure 1.2: Transversal filter structure.

linear /nonlinear distortions. This allows for a simple derivation, analysis and im-
plementation of the associated adaptation algorithms which get more involved for
other structures such as lattice filters [71] [81, pp. 389-400], cascade—form filters
[39, 69, 159], or state space filters [100]. It should, however, be emphasized that
many of the results of this thesis apply as well to non—transversal filter structures
if they can be described as a general linear combiner structure where the filter pa-
rameters directly enter as weights®. Some comments on this topic will appear in
Subsection 2.3.5 and Chapter 4.

8This linear adaptation class was first described by GERSHO in [74] as referenced in [75]. See also [238,
Chapter 2]. Important members of this class are direct—form IIRfilters in their equation error formulation
[102, 167, 209], CHANG’s generalized filter structure for data orthonormalization [35, 192], non-linear
Volterra filters [115, 211, 244], and the class of adaptive filters described by PALMIERI and BONCELET [189]
which incorporates generalized non-linear preprocessing of the data such as memoryless nonlinearities or
combined time and rank order operations.
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Chapter 2

Optimal Recursive Adaptation

e The purpose of this chapter is two-fold: To assess the standard approaches for
derivation and interpretation of adaptation algorithms, both in their stochastic
and deterministic settings, and to present the new and versatile joint recursive
optimality approach. It will be shown that many adaptation algorithms trade
time variance of the filter coefficients for error signal power.

2.1 Introduction

As adaptive signal processing systems are designed by engineering people there is a ten-
dency towards calling such designs optimal. The ensuing question—optimal with respect
to what?—sometimes remains with quite unsatisfactory answers. It is the purpose of this
chapter to assess the tools for the derivation and interpretation of adaptation algorithms
as currently in wide-spread use. These tools can largely be subdivided into two classes,
belonging either to the stochastic paradigm or to the deterministic paradigm. Both will
be shown to have their fallacies. As a second step, a new unified framework for algorithm
design and analysis is proposed! that circumvents some of the conventional pitfalls.

To set a working environment for the subsequent discussion, a detailed outline of the
adaptive signal processing system is presented, see Figure 2.1.

e The input to the adaptive filter is a scalar real-valued discrete-time signal z(n) where
n is the time index.

e This signal is fed into the chain of delay elements of the transversal filter structure as
illustrated in Fig. 1.2. At time n, the samples z(n), x(n—1), ... through z(n—N+1)
are simultaneously present in the filter. They are combined into the N—component
data vector?

x(n) = [z(n),z(n —1),...,2(n — N +1)]T. (2.1)

e The filter output y(n) is computed from the inner product of the data vector x(n)

!Several aspects of this framework have been published before, cf. [119, 120] and the summary discussion
in [14, Section 7.10].
2The superscript T denotes transposition of vectors and matrices.

7
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Figure 2.1: Outline of adaptive transversal filter (Bold lines denote vectors).

and the coefficient vector ¢
N-1
y(n) = c'x(n) = Z cpr(n — k) (2.2)
k=0

e The filter operation is performed prior to the update of the coefficients. Therefore,
the precise time dependence of the coefficient vector is denoted by ¢(n — 1) and the
corresponding filter output is called the a priori filter output

N-1

y(njn —1) =cT'(n - 1)z(n) = Z ck(n —1)x(n —k) (2.3)
k=0

e This filter output is compared to its ‘desired’ value?® which is provided as the reference
signal d(n). The difference between the reference signal and the filter output is called
the a priori error

e(n) =d(n) —y(nln — 1) =d(n) — cT'(n — 1)x(n) (2.4)

e This error signal reflects the innovation contained in both the new signal sample d(n)
and x(n), i.e. the amount of information not predictable from the past [91, pp. 90-92,
269-287] [109, 110]. This innovation may be attributed e.g. to time-varying changes
or noise in the adaptive filter’s application environment. For the present, the terms
‘a priori error’ and ‘innovation’ will however be regarded as equivalent while their
difference will become clear at a later stage, cf. Remark 1 of Subsection 2.3.5.2. on
page 48.

3There are also adaptation algorithms which do not require an explicit reference signal such as GRIF-
FITH'S P—vector algorithm [238, pp. 412-414] or the property restoring algorithms of [224, Chapter 6].
They will not receive further consideration here.
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e The innovation is the main input to the coefficient adaptation algorithm. The other
input is the data vector x(n) (and possibly some of its time-average statistics) .
Combining these two inputs with the most recent coefficient vector ¢(n — 1), the
update law for the computation of the coefficient vector ¢(n) usually displays the
following general pattern [102][103, p. 5] [119]:

new coefﬁcient} B {old coefﬁcient} n {step] [(function of)} [(function of)}

vector data vector

(25)

vector size innovation

This pattern will receive a direct explanation in Section 2.3 within the joint recursive
optimality framework. For now, it is exemplified by two algorithms which serve as a kind
of reference in the subsequent discussion:

1. The Least Mean Squares Algorithm (LMS)*
c(n) =c(n—1)+ pe(n)x(n) (2.6)

where the step size p is a real, time-independent scalar.

This is obviously the simplest form to implement the general pattern (2.5). It
is also the algorithm which has found the widest application so far [238, Part
1V]

2. The FEzponentially Weighted Recursive Least Squares Algorithm (RLS)
[91, Chapter 8][96, pp. 66-75]

c(n) = c(n—1)+ R (n)e(n)xz(n) (2.7a)

- B R~ (n - Dz(m)z"(n)R™(n— 1)
R7(n) = |E =1 - A+ 2T (n)R™ ' (n — 1a(n) (2.7b)
with 0< A< 1. (2.7¢)

This algorithm requires the recursive propagation of the ‘step-size’ matrix
R~'(n) which has the interpretation of being the inverse of an auto-correlation
matrix estimate R(n) computed from an exponentially weighted time average:

R(n) = AR(n — 1) + z(n)xT (n) (2.8)

Eq. (2.8) can be shown to be equivalent to Eq. (2.7b)[cf. Appendix A].

In the following section, the conventional approach to the derivation of algorithms (2.6)
and (2.7a-c) is presented. This approach is generally phrased in terms of the minimization
of some measure of the error signal®.

4Proper algorithm initialization is assumed throughout this thesis and only discussed in selected cases.
5For a thorough discussion of various approaches to algorithm derivation see also [150, Chapter 2] and
[228, Chapters 4 and 5].
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2.2 Error Minimization

The design of the update algorithm for an adaptive filter starts out with a simple purpose
in mind: the filter output y(n) should approximately match its ‘desired’ form, i.e. the
reference signal d(n). There are several ways to quantify the mismatch between the output
and the reference signal, i.e. to measure the error signal. They may be classified as either
stochastic or deterministic, emphasizing either the time-average or instantaneous aspect.
The following Subsections reflect this dual classification.

2.2.1 The Stochastic Paradigm

The stochastic paradigm in error minimization is often used in textbooks as a first intro-
duction to adaptation algorithms. It can be recognized from the occurrence of expectation
operators in the derivation of the algorithms®. These operators are usually defined on
stationary stochastic processes which serve as embedding processes for the given discrete—
time signals, in particular for the input signal x(n) and the reference signal d(n). Due
to the underlying stationarity assumption, the following 4 step procedure is required for
algorithm derivation:

1. Define the time-invariant ‘optimum’ coefficient vector cop: as the one to minimize
the expected squared error

27 ! .
E{[d(n) — Ly (n))*} < min (2.9)
or a similar error measure defined in terms of expectation.

2. Define a strategy to find the solution to the minimization problem (2.9). Both direct
or iterative search solutions are possible. These solutions presuppose the knowledge
of the second-order statistics of the processes underlying x(n) and d(n).

3. Replace the known statistics in the algorithms with time-average or instantaneous
estimates computed from the actual signals z(n) and d(n). This replacement results
in recursive algorithms which continously refine the estimate of the optimum vector
using a ‘decreasing step-size’ sequence.

4. The algorithms derived in steps 1 through 3 are a posteriori recognized to be un-
suited to tracking of time-varying changes because the decreasing step-size sequence
makes the filter coefficients settle at a time-invariant optimum. Time-varying ap-
plication environments constitute, however, one of the major incentives to develop
adaptive signal processing systems. Therefore, the underlying stationarity assump-
tion is thrown over and ad hoc modifications are crafted onto the algorithms to allow
for continuous tracking using an approximately ‘constant step-size’ sequence.

The discussion of this procedure is started with an algorithm which performs an iterative
search in the direction of instantaneous estimates of the error gradient: the LMS algorithm.

5This should be distinguished from the stochastic approach to performance analysis of adaptation
algorithms where performance indicators such as convergence speed are averaged over a given signal class
or stochastic process with reference to a given deterministic adaptation algorithm.
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2.2.1.1 Instantaneous Techniques

An iterative search startegy for solving the minimization problem (2.9) starts out with
a preliminary solution for the coefficient vector c;_1 obtained from iteration k& — 1. To
improve on that solution, the gradient of the cost function is evaluated for the given
coefficient vector cj_1:

VeB{ldn) - e, = 2B{-am)ldn) - Lz}
= 2(Rcj_1 —p) (2.10a)
with the cross-correlation vector
p = FE{dn)x(n)} (2.10b)
and the auto-correlation matriz
R = FE{z(n)zT(n)} (2.10c)

Moving in the direction of the negative gradient (2.10a), the new iteration computes

Cp = Ci—1+ ,uk(p - Rck_l) (2.11)

where i is a real, scalar step-size sequence. A sufficient condition for the convergence of
(2.11) is the boundedness of the step size according to

0 < pp < (2.12)

)\max

where A\jqq 18 the mazimum eigenvalue of the auto-correlation matrix R, cf. [96, p. 43].

The gradient search is an example of step 2 of the general procedure. Entering step 3,
instantaneous estimates are used to replace the ensemble averages of the ‘true’ statistics
(2.10b) and (2.10c). These estimates are obtained by omitting the expectation operators
in the respective equations:

p(n) = d(n)z(n) (2.13a)
cross-correlation vector
R(n) = z(n)zT(n) (2.13b)

auto-correlation matrix

They are plugged into (2.11) while—at the same time—the iteration inder k is re-
interpreted as a time indezx, i.e. kK — n:

en) = e(n—1)+ pm)dn)z(n) — z(m)zT (m)e(n — 1)
= c(n—1)+ p(n)e(n)x(n) (2.14a)
with e(n) = d(n)—cT'(n—1)z(n) (2.14b)

This algorithm has the following interpretation: whenever a new estimate of the required
statistics is available from the observed signals, a further step of the iterative gradient
search is executed. Thus the algorithm has been turned from an iterative (off-line) al-
gorithm for known statistics (2.11) into a recursive (on-line) algorithm (2.14a,b) which
performs an implicit time-average estimation of the a priori unknown statistics. This tran-
sition from iteration to recursion is referred to as stochastic approzimation [96, pp. 49-53]
[150, pp.42—48] [251, pp. 34-37] and is only consistent if
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1. the existence of a time-invariant optimum is guaranteed (stationarity assumption),
and if

2. the step-size sequence p(n) satisfies the conditions [96, p. 53][251, p. 36]:

u(n) > 0 (2.15a)
Z u(n) = oo (2.15b)
n=1
f: p2(n) < oo. (2.15¢)

n=1

Condition (2.15¢) implies a vanishing step size u(n) for n — oo. Thus the algorithm is
unsuited to tracking of time-varying environments.

Step 4 of the general procedure consists in an ad hoc modification of the algorithm
that removes this restriction. To this end, the step size is set to a constant value for all
times n:

un) =p for all n. (2.16)

This choice makes (2.14a) identical to the ‘Least Mean Squares’ algorithm of (2.6). It is
also referred to as a stochastic gradient algorithm. As this final form of the algorithm is
not coherently derived from the optimization problem (2.9), it is not amazing that the
algortihm does not meet the original objective of error minimization!

e Even in strictly stationary environments the LMS algorithm exhibits some ezcess
mean square error or misadjustment exceeding the theoretical least squares value of
(2.9). This effect is due to the statistical coefficient fluctuations introduced via the
non-vanishing step size and remaining even after initial convergence of the algorithm
[238, Chapter 6].

e On the other hand, the LMS algorithm can track slow time variations of the applica-
tion environment reasonably well as will be shown in Chapter 3. This performance
is again not to be expected from the original algorithm design objective which is
directed towards a unique time-invariant optimum coefficient vector.

2.2.1.2 Time-Averaging Techniques

This approach is discussed within the context of a direct solution to the optimization
problem (2.9):

E{[d(n) — ye(m)]’} £ min

= VeE{[d(n) — CT‘”(")]Q}‘c:co,,t -

2(Reopt —p) = 0
<~ Copt = R 'p (2.17)
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where definitions (2.10b) and (2.10c) have been used and where the existence of the inverse
of the autocorrelation matrix R is assumed’. The solution (2.17) requires first the know-
ledge of the statistics R and p of the process underlying x(n) and second the inversion
of a N x N matrix. This equation is the result of step 2 (‘direct solution’) of the general
procedure within the stochastic paradigm.

Proceeding into step 3, time-average estimates are used to replace the true statistics of
(2.17), cf. [77] and [238, pp. 157-163]. These can be obtained by replacing the expectation
operators with averages over the accumulated observations:

p(n) — )= B(n— 1) + d(n)z(n) (2.184)

and R(n) = (k) = R(n — 1) + z(n)zT (n) (2.18b)

n
> d(k)x(k
k=0

n
Z x(k)zT
k=0
Note that in these estimates a normalizing 1/n factor has been dropped for simplicity as
it cancels out after insertion of (2.18a,b) into (2.17):

c(n) =R (n)p(n) (2.19)

which is already a computable form of the ‘direct-solution time-average’ algorithm as it
does not presuppose knowledge of the process statistics. It still requires the full N x N
matrix inversion. For practical purposes it is, therefore, desirable to turn (2.19) into
a recursive algorithm paralleling the recursive definition of the time-average estimates
(2.18a,b). To this end, a two-step procedure derives first a recursion for ¢(n) in terms of

~ 1 ~1
c(n — 1) and next a recursion for R (n) in terms of R (n —1). Details are given in
Appendix A. The result is the following algorithm:

c(n) = e(n—1)+emR (n)x(n) (2.20a)
where e(n) = d(n) —cf(n—1)x(n) (2.20b)
L R 'n—1Dz)zT(m)R '(n—1)

and R_l(n) = R (n—1)— — (2.20c)

1+2T(n)R  (n—1)z(n)

The a priori filtering operation and error computation (2.20b) arises implicitly from the
development of the recursive algorithm. Note that there is no such filtering/error compu-
tation in the fully equivalent direct-solution algorithm (2.19) with (2.18a,b). The choice
between the two equivalent algorithm forms is governed by application requirements: If
the application can do with a single ‘good’ estimate ¢(n) that is evaluated only after ac-
cumulating the statistics I-Al(n) and p(n) over a sizable time period (initial training period
or adaptation delay) then the direct solution is more efficient than the recursive form. On
the other hand, if the filter should be operated right from the beginning—i.e. with the
still imperfect estimates of the searched optimum—then the recursive form is the preferred
choice.

"Otherwise the pseudo-inverse of R may be used, cf. [91, pp. 331-341][248]. An analysis of the properties
of auto-correlation matrices can be found in [14, Chapter 3] and [91, Chapter 2].
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In both cases the algorithm is tuned to the underlying stationarity assumption which
is reflected in the ‘step size’ of algorithm (2.20a). It equals the matrix-valued expression

R 'n-1)
1+ 2T(m)R ™ (n— 1)z(n)

which converges to zero with increasing time n while ¢(n) approaches the time-invariant
Copt defined in (2.17).

Step 4 of the general procedure provides the necessary modifications for time-varying
environments. Instead of the growing memory of the time averages (2.18a,b), a decaying
memory or even finite memory is used in the modified estimates. The exponential decay
exemplifies this approach:

p(n) = z": A Rd(k)x (k) = A\p(n — 1) + d(n)x(n) (2.21a)
k=0

and R(n) = znj A F g (k)xT (k) = AR(n — 1) + x(n)zT (n) (2.21b)
k=

Wiﬁh 0<A<1. (2.21c)

A is the forgetting factor of the memory. Note that just as in (2.18a,b), a normalizing
(1 — \) factor® has been omitted as it is canceled out when solving for ¢(n) in 2.19.
This simple modification turns? the recursive alogrithm of (2.20a-c) into the ezponentially
weighted recursive least squares algorithm (2.7a-c) of Section 2.1. This modified algorithm
does not meet the original design objective of error minimization: just as for the LMS
algorithm, an excess mean square error or misadjustment exceeding the theoretical least
squares minimum of (2.9) persists even after convergence in stationary environments [14,
pp. 195-199][49, p. 39] [96, pp. 294-296]. In time-varying environments the modified auto-
correlation estimate (2.21b) results in a non-vanishing step size which allows continuous
tracking as described in Section 3.2. This property could not be expected from the original
objective (2.9) either.

2.2.2 The Deterministic Paradigm

The deterministic paradigm of error minimization is characterized through the definition
of an ‘exact’ (i.e. non-probabilistic) expression for an error measure related to the filter
coefficient vector ¢(n) at a particular time instant n. This measure is directly given in
terms of samples of the signal sequences {z(n)} and {d(n)}. The discussion is again split
into ‘instantaneous’ techniques and ‘time-averaging’ techniques.

2.2.2.1 Instantaneous Techniques

In Section 2.1 the a priori error has been defined as

e(n) =d(n) —y(nln —1) = d(n) — c¥'(n — 1)x(n)

81.e. the normalization by the effective window length [14, pp. 63-65] [179, 193].
9For a derivation see Appendix A.
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i.e. as the difference of the reference signal and the filter output computed with the ‘old’
coefficient vector ¢(n —1). In search for a coefficient update, it is natural to define the
‘new’ coefficient vector ¢(n) such that the error is reduced. To evaluate this reduction,
the error ‘after the update’ or the a posteriori error is defined as

e(n) = d(n) —y(n|n) = d(n) — ¥ (n)z(n) (2.22)

where y(n|n) is the filter output computed with the same input vector x(n) but with
the updated coefficient vector ¢(n). The instantaneous techniques of the deterministic
paradigm aim all at a minimal a posteriori error €(n). As the corresponding optimality
criterion

e(n) =d(n) — cF'(n)x(n) =0 (2.23)

has no unique solution in the coefficient vector ¢(n), several algorithm alternatives are
considered in the literature:

Instantaneous Gradient Algorithms parallel the development of stochastic gradient
algorithms in considering the gradient of the instantaneous squared error. A recursive
update is obtained by moving the coefficient vector ¢(n — 1) in the direction of the negative
error gradient evaluated at ¢ = ¢(n — 1) [14, pp. 97-100] and the so-called ‘MIT-rule’ in
adaptive control [9] [10, pp. 106-111]):
Veld(n) = Tl gy = 2Adn) =" (n—Dz(n)](-e(n)
=c(n) = c(n—1)+ pe(n)x(n) (2.24)

where (2.4) has been used. The resulting algorithm is easily recognized as the LMS
algorithm (2.6). The present derivation provides the following interpretation: moving
the coefficient vector in the direction of the negative error gradient will in general reduce
this error—at least when considering the current observations. This error reduction is
contingent upon a proper choice of u:

le(n)] < le(n)]
]dm) —cT(n—Dz(n) - (c(n) — e(n — 1))%@)\ < le(n)

& lem)| L= pllzm)?] < le(m)]

S0<p < (2.25)

[l(n)]?

Thus the instantaneous gradient approach gives insight into meaningful bounds for the step
size u, yet it does not provide grounds to explain either the excess error after convergence
or the algorithm’s tracking abilities.

Zero-Forcing Algorithms!® are designed to meet (2.23) exactly. One approach con-
sists in introducing the additional constraint [81, pp. 50-51]

lle(n) — e(n — 1)|| = min (2.26)

10Cf. the corresponding terminology in channel equalizer design for zero intersymbol interference [141,
pp. 325-329].
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to obtain the unique solution

e(n)z(n)

c(n) =c(n — 1)+W

(2.27)
with the time-varying step size 1/|z(n)||?>. This algortihm is known as the projection
algorithm. Several algorithm modifications are in use, e.g. to avoid division by zero in
case of ||x(n)|| = 0, a small positive constant may be added to the denominator. Another
modification [45] pre-multiplies the step size with a factor less than 1 so as to render the
trade-off between misadjustment and convergence speed more flexible. MIKHAEL et al.
specify in [168, 169] a general set of algorithms which meet (2.23) exactly:

c(n) =c(n—1)+ M(n)e(n)x(n) (2.28)
where M (n) is a diagonal matriz satisfying'!
T (n)M(n)x(n) =1 (2.29)

The choice of the elements of M (n) is, however, based on heuristic arguments and allows
no direct explanation of the algorithm properties, either.

2.2.2.2 Time-Averaging Techniques

These techniques look for a coefficient vector update that minimizes the time average
of several squared ‘a posteriori errors’ evaluated over a window of past data samples.
The corresponding deterministic error measure is defined as a function of the unknown
coeflicient vector ¢ and the time index n as

J(n.e) = 3" [dk) — Ta(k)]’ (2.30)

and the optimal coefficient vector ¢(n) is chosen such that

c(n) = arg min J(n, c) (2.31)
CeRN
The solution to the minimization problem (2.31) is given by (2.19) with (2.18a,b). Just
as in the stochastic paradigm, the recursive procedure (2.20a-c) can be used equivalently
to compute ¢(n) in terms of ¢(n — 1). This includes the definition of the a priori error
(2.20b). Note that this error is the only error signal actually computed during the recursive
operation of the algorithm while the ‘a posteriori errors’

d(k) — cT'(n)x(k) for k<n

are only implicit quantities defined for the derivation of the algorithm from the error
measure (2.30). Although this measure depends on the time index n, it is important to

HCf. equation (22) of [169]. Note that the minor differences from (2.29) are well understood from the
fact that MIKHAEL et al. consider an adaptive IIR model in its equation—error formulation which results
in two seperate adaptive transversal filter structures. Furthermore they employ an explicit factor of 2 in
the definition of the step size parameter.
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understand that the optimum coefficient vector ¢(n) in (2.31) is defined as time-invariant
over the whole data window stretching from & = 0 to £ = n. As this window is steadily
growing and as all error contributions receive equal weight, this algorithm cannot but con-
verge to a time-invariant ‘optimum’ coefficient vector. Paralleling the stochastic paradigm
once again, the algorithm has to be modified to be applicable to time-varying environ-
ments. In contrast to the stochastic paradigm, this modification cannot be applied at an
intermediate step of algorithm derivation (i.e. after having determined the direct solution
to the underlying optimization problem), but it is introduced right from the beginning in
the error measure. Instead of a uniform error weighting recent errors receive more weight
than older ones e.g. following an exponential weighting law:

J(n,c) = zn: Ak d (k) — cTa:(k‘)r with 0 < A< 1. (2.32)
k=0

The updated coefficient vector c(n) is again defined by (2.31) with the error measure
replaced by the above. The result is precisely the exponentially weighted recursive least
squares algorithm (2.7a-c) of Section 2.1.

Summarizing this development, the exponentially weighted recursive least squares al-
gorithm meets a deterministic time-averaged error minimization objective and is, for this
reason, also called an ‘exact least squares’ technique. This fact should however not eclipse
the above observations that

e the algorithm minimizes a measure of a posteriori errors which are irrelevant to the
adaptive filter implementation, and that

e the coefficient vector ¢(n) is only ‘optimum’ if defined as time-invariant over a time
window of a certain length.

Therefore, this deterministic derivation method does not allow any prediction of the track-
ing behaviour of the algorithm in time-varying environments, either. As explained later
in Section 2.3.4, the optimality criterion (2.31) is only useful to establish the rapid initial
convergence property of this algorithm.

2.2.3 Summary of the Error Minimization Approach

Error minimization has been shown to be a ubiquitous approach to the optimality de-
sign of adaptive filter algorithms. However, the preceding discussion has little bearing
on the optimality with respect to performance of the described algorithms. This gap be-
tween the derivation or the design of an algorithm and its performance analysis is a major
characteristic of the error minimization approach. Setting aside the instantaneous tech-
niques of the deterministic paradigm discussed in Subsection 2.2.2.1, algorithm design is
focussed on a time-invariant coefficient vector which is chosen such that a quadratic error
measure is minimized. The performance analyses show that such ‘optimal’ algorithms
do not respond to the latent needs of adaptive filter applications: they should not only
work with unknown constant environments but with time-varying environments, too. To
this end modified algorithms are virtually always used in practice. These modifications
bring about the requested performance but sacrifice the explanatory power of a coherent
derivation from first principles.
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Instantaneous techniques of the deterministic paradigm constitute an exception to the
above discussion. Zero-forcing algorithms, in particular, do not focus on a time-invariant
optimum coefficient vector but on the exact zeroing of the a posteriori error. The algorithm
derivation allows for a time-varying coefficient vector from the beginning, but leaves no
room for noise which is an unfailing ingredient of any application environment. Driving the
error exactly to zero cannot be meaningful from this point-of-view and inevitably results
in coeflicient fluctuations in excess of those found in other algorithms, cf. the results of
the tracking analysis (3.23) and (C.16).

2.3 Joint Recursive Optimality
2.3.1 Introducing the General Framework
So far, two extremely opposed design principles have been encountered:

e zero time variation (time invariance) of the filter coefficients as a constraint for
further error minimization

e zero error as a constraint for further specification of the coefficient vector update,
e.g. as minimization of the time variation of the coefficient vector (as in the projection
algorithm (2.26) and (2.27)).

Under the superficial opposition of these two principles hides an important common fea-
ture:

A meaningful design of an adaptation algorithm necessarily postulates a de-
sired behaviour of both the error signal and the coefficient vector.

This fact is by no means surprising and can further be highlighted by two ‘nonsense’
algorithms which disregard this dual requirement.

Nonsense Adaptation Algorithm ‘A’. This design postulates a zero a posteriori
error €(n) without specifying any constraint on the coefficient vector ¢(n). One possible
candidate for this design is given by

en) = 0 (2.33a)
c(n) = W (2.33b)
y(nln) = d(n) (2.33¢)

which results in a ‘perfect’ or ‘error—free’ adaptation at the price of a most rapidly varying
coefficient vector ¢(n). This is rarely a desired behaviour as most applications look for a
smooth time evolution of the coefficient vector. If the adaptive filter is for instance used
as a signal analysis or signal modelling tool, the above algorithm is unlikely to show any
explanatory power for the problem at hand. Note furthermore that applications such as
adaptive noise or echo cancellation require a non-vanishing error signal as it forms the
effective output signal of such systems.
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Nonsense Adaptation Algorithm ‘B’. This second design postulates zero time vari-
ation of the coefficient vector ¢(n) without specifying any constraint on the error signal
€(n). One possible candidate for this design is given by

e(n) = d(n) (2.34a)
c(n) = ¢(0)=0 (2.34Db)
y(nln) = 0 (2.34c)

which results in a perfectly time-invariant coefficient vector at the price of a high error sig-
nal power. This behaviour is again rarely desired in applications and bears no explanatory
power for signal analysis or modelling, either. Note furthermore that neither algorithm ‘A’
nor ‘B’ produces any signal (¢(n) or y(n|n)) different from those already available without
using the adaptive filter!

The Joint Recursive Optimality approach consists in carefully specifiying the desired
behaviour of both the time variation of the coefficients and the error signal. It is kept
flexible by not aiming at one of the above extreme constraints (zero time variation or zero
error) as these have been recognized as lying far from practical requirements. Therefore,
the design is described as a joint optimality approach. It is a recursive optimality principle
in that it incorporates the recursive operation of the resulting algorithms already in its
definition: it assumes that the adaptive filter has been operated up to time instant (n —1)
and defines the optimal update at time n only in terms of the accumulated deterministic
history of the observations. Its rationale is first outlined in the context of the simple LMS
algorithm to give as clear a picture as possible. Later on, it will be generalized to more
advanced adaptation laws.

2.3.1.1 An Illustrative Example
In Section 2.2.2.1, the a posteriori error has been defined as
e(n) = d(n) — cT(n)x(n) (2.35)

Taking the time variation of the filter coefficients and the power of the error signal jointly
into account, the optimality criterion is defined as

le(n) — e(n — 1)|2 + v e2(n) = min (2.36)

where v is a positive real weight controlling the trade-off between the coefficient vector
variation (measured by the squared norm of its first difference) and the squared a posteriori
error. The minimization problem (2.36) has the following explanation in words:

"Look for a new set of filter coefficients that do not differ much from the
previous set while simultaneously keeping the error power as small as possible.”

The solution to the minimization problem is rendered anschaulich from geometrical con-
siderations!2[45] [240]. In Figure 2.2 the hyperplane 7 is defined perpendicular to the data
vector x(n) as the geometrical locus of all vectors ¢ yielding zero a posteriori error €(n):

= {c € RN‘ e(n) =d(n) — cTx(n) = 0}
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m:e(n)=0

Figure 2.2: Geometrical interpretation of the joint recursive optimality criterion (2.36).

Moving ¢(n) out of this plane produces a non-zero e(n) which is a direct measure of the
perpendicular distance petween ¢(n) and 7. Given the previous coefficient vector ¢(n — 1),
(2.36) imposes a dual requirement on the locus of ¢(n):

e small geometrical distance from ¢(n — 1) and
e small a posteriori error €(n) i.e. small perpendicular distance from 7.

These requirements are jointly met if ¢(n — 1) is moved into ¢(n) along the direction
perpendicular to m, i.e. parallel to the data vector @(n). Thereby the perpendicular
distance from 7 can be brought down from the a priori error e(n) to the a posteriori error
¢(n) with the minimum ‘effort’ as far as coefficient variation is concerned. The precise size
of this reduction follows in unique manner from (2.36), cf. Appendix B, and gives rise to
the following adaptation algorithm:

cln) = c(n—l)ﬂ—%w(n) (2.37a)
e(n) = We(n) (2.37b)

Equs. (2.37a,b) recursivley relate both posterior quantities ¢(n) and €(n) to the prior
quantities ¢(n — 1) and e(n). The innovation observed at time n (i.e. the a priori error e(n))
is totally shared among the posterior error e(n) and the time variation of the coefficients
(e(n) — ¢(n —1)). This is confirmed by evaluating

[c(n) — c(n — )] x(n) +e(n) = e(n) (2.38)
and |c(n) —c(n — 1) +vte(n) = €(n) (2.39)
12 An exact analytical treatment of (the generalized form of) problem (2.36) is given in Appendix B.
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where the first equality holds by definition of the quantities involved (no matter which
adaptation algorithm is used) whereas the second equality holds only for the joint recursive
optimality solution (2.37a,b). The weight v can be used to control the shares taken up by
e(n)and [e(n) — e(n — 1)] to account for the innovation. This is directly reflected in the
performance analysis of algorithm (2.37a,b) in noisy time-varying environments cf. [236]
and Section 3.2. The algorithm constitutes a variant of the projection algorithm discussed
before and is also known as the normalized LMS algorithm.

Before generalizing the joint recursive optimality approach to a whole class of algo-
rithms, a couple of remarks regarding this first simple example is appropriate:

Remark 1. The criterion (2.36) is also proposed by ROBERTS and MULLIS in [199,
p. 279]. They use it to derive algorithm (2.37a,b) but do not carry the concept to the
general framework presented below.

Remark 2. Similar criteria trading smoothness of coefficient variation for error power
appear in the literature on algorithm design for tracking purposes [112, 113, 177, 178, 235]
as discussed in Chapter 3. These references fail, however, in recognizing that already the
standard algorithms such as LMS, RLS, and many more do satisfy a deterministic criterion
of this form. This simple result makes up the rest of this chapter.

Remark 3. WIDROwW, WINTER and BAXTER give in [240] an interpretation of the
LMS algorithm as “achieving the needed error correction with the smallest magnitude
of weight vector change”. 'This statement is a re-phrasing of the optimality principle
(2.36). Furthermore, the authors note that it has the potential of being generalized for
the adaptation of layered neural nets which include even non-differentiable non-linearities.
This is another instance of the wide scope of joint recursive optimality.

Remark 4. The derivation of (2.37a,b) from (2.36) follows a coherent, deterministic line.
The optimality principle and the algorithm are ezxactly equivalent. Neither does it involve
any approximation of stochastically defined quantities as in the stochastic paradigm of
algorithm derivation nor does it make any direct postulate about the step size of the
coefficient vector update as found in the instantanteous techniques of the deterministic
paradigm. Unlike the exact least squares techniques, no claim is necessary about the
optimality of ¢(n) for time indices less or greater than n. In particular, no reference is
made to error signals which never occur in the adaptive filter’s implementation.

2.3.1.2 The General Framework

The optimality criterion as given in (2.36) is tailored to the specific algorithm (2.37a,b).
This approach is easily generalized to cover a wide class of algorithms. In this section
a time-varying matrix-valued weighting parameter is first introduced into the optimality
criterion. Later on in Section 2.3.5, the functional form of the criterion is changed from
quadratic measures to others, including the concept of error filters. Chapter 3 will further
enrich the approach with the concept of coefficient filters on the basis of ‘hypermodels’
describing the evolution of the coeflicient vector with time. Regressor filters as they appear
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in adaptation algorithms for non-transversal filter structures will receive only marginal
comments.

As for now, (2.36) is rewritten with a time-varying matrix-valued weighting parameter
as in

!

[c(n) — c¢(n — 1)]TG 1 (n)[e(n) — c(n — 1)+ v 1 (n)e?(n) =min  (2.40)

where G(n) is called the coefficient weighting matriz and v(n) the error weight. These
weighting parameters must be chosen subject to the following constraints:

G(n) > 0, i.e. a symmetric and positive definite matrix, (2.41a)
y(n) > 0 (2.41b)

and are normalized!® such that
y(n) + 2T (n)G(n)x(n) = 1. (2.42)

Paralleling the argument for the solution of (2.36), the generalized joint recursive
optimality algorithm is found in Appendix B as

c(n) = cn—1)+G(n)e(n)x(n) (2.43a)
e(n) = vy(n)e(n) (2.43b)

The solution (2.43a,b) is nicely summarized in the signal flow graph Figure 2.3,

The interpretation of this signal flow graph sets out with the reference signal d(n) which
is compared to its ‘predicted value’, i.e. the a priori computed filter output y(n|n — 1).
Their difference e(n) defines the innovation observed at time n. This innovation is shared
among the a posteriori error €(n) and the coefficient vector increment ¢(n) — ¢(n — 1).
To this end the innovation is scaled with the factors v(n) and G(n)x(n), respectively. In
this context, the error weight v(n) is also called the conversion factor (which converts
the a priori error into the a posteriori error!®) and the coefficient weighting matrix is
also called the gain matriz (which controls the gain vector G(n)x(n)of the coefficient
update loop, a terminology arising from Kalman filter theory). In general, the latter
multiplication induces a rotation of the data vector (n). The actual coefficient update is
done in a simple accumulator structure summing up the coefficient increments over time.
The innovation sharing among the time variation of the coefficients and the error signal
power is confirmed for this general algorithm structure by evaluating the cost function
minimum attained for the solution (2.43a,b):

13The solution to the optimization problem (2.40) is unaffected by the choice of a scale factor common
to both weights G(n) and v(n). In (2.42) a particular normalization is chosen which simplifies some of the
notational burden in the following.

14Bold lines denote vector-valued signals.

5This conversion factor is of considerable importance in the context of recursive least squares algorithms
[91, pp. 418-419] but is introduced here in the more general context of joint recursive optimality.
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y(n|n —1) T c(n—1) c(n)

Figure 2.3: Signal flow graph for general joint recursive optimality adaptation algorithm
(a priori quantities only).
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v(n)
d(n)+ @ e(n) | & (n) ® d(n)
(Xpe—— G(n)z(n)
|
o0 e L em) Y Yl

Figure 2.4: Signal flow graph for general joint recursive optimality adaptation algorithm
(a priori and a posteriori quantities displayed).

[e(n) — e(n = DTG~ (n)[e(n) — e(n —1)] + 77 (n)e*(n)
2T (n)G ()G~ (n)G(n)z(n)e*(n) + 7' (n)(v(n)e(n))® = €*(n) (2.44)

or, in words, the cost function minimum equals the square of the innovation or a priori
error e(n).

The overall working of this general algorithm structure is better understood if the
a posteriori output y(n|n) = ¢T'(n)x(n) is computed in addition to the a priori output
y(n|n —1). By definition of the a posteriori error (2.22) the following identity holds:

e(n) +y(nln) = d(n)

Adding this identity to the flow graph of Figure 2.3 yields Figure 2.4 which connects the
‘a priori hemisphere’ with the ‘a posteriori hemisphere’.

Note that this flow graph does not show the computational input/output structure of
the algorithm but is intended to reveal the mechanisms underlying the coefficient adapta-
tion process. Such analysis can provide helpful insights. One of these is to recognize that
the a posteriori error e(n) can be computed without using the a posteriori output y(n|n)
or the updated coefficients c(n) [32, 33], cf. (2.43b). This relation has two implications:
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1. Computing €(n) with the help of the conversion factor provides a computationally
efficient means to evaluate the a posteriori filter output from

y(n|n) = d(n) — €(n) (2.45)

without performing the additional filtering operation y(n|n) = ¢ (n)x(n). This con-
stitutes an attractive alternative in adaptive IIR filters, cf. Section 2.3.5.

2. Following the reasoning in the context of instantaneous gradient algorithms, a de-
terministic stability bound similar to (2.25) can be derived:

le(n)] < le(n)] & [y(n)] <1 (2.46)

This inequality provides a fast means to check whether the choice of the weighting
parameters v(n) and G(n) allows stable operation of the algorithm!S.

In the following subsections, a large variety of algorithms falling into the joint recursive
optimality class is discussed along a line of increasing complexity.

2.3.2 LMS-Type Algorithms

The discussion is started with ‘LMS-type’ algorithms, i.e. algorithms following the adap-
tation pattern (2.5) with a scalar—valued step size. They are obtained from (2.40) when
specializing to coefficient weighting matrices G(n) proportional to the identity matrix.

2.3.2.1 The LMS Algorithm [237] [238, Chapter 6]

Let
G(n) = ul (2.47a)
An) = 1 plle(n)? (2.47b)
to get from (2.43a,b)
c(n) = c(n—1)+ pe(n)x(n) (2.48a)
() = (1-plzm)P)en) (2.48b)

Remark 1. For sufficiently small p, i.e.
plle(n))? <1

€(n) equals approximately e(n), and from that y(n|n) ~ y(njn — 1). Therefore the a
posteriori output y(n|n) is usually not computed as it provides no significant improvement
over the a priori output y(n|n — 1).

16This condition should be regarded as necessary but generally not sufficient for algorithm stability.
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Remark 2. The deterministic stability constraint is obtained from (2.46) as

2
I <Te0<p< o (2.49)

(n)]|?

This constraint shows that the range of the signal power ||z (n)
hand to allow an adequate choice of the step size u.

|2 must be known before-

Remark 3. The optimality criterion (2.40) reads with (2.47a,b)
! .
(1= pllz(n)lI*)e(n) — e(n = 1)|* + pe*(n) = min (2.50)

The trade-off between the time variation of the filter coefficients and the error power
depends on the instantaneous signal power ||z(n)||?. Assuming 1 — u|x(n)||*> > 0, this
dependency reflects the confidence put in the reference signal sample d(n) given the current
data vector x(n). For small instantanteous signal power ||z (n)]||? little coefficient variation
is allowed, as the instantaneous signal-to-noise ratio is assumed to be poor. In that case,
the algorithm rather relies on previous coefficient estimates and allows for a large error
power. In case of high input signal power, the corresponding behaviour is reversed.

Remark 4. Assume p is chosen in the range

e =" = e =2

Then the stability bounds (2.49) are still met, but v(n) = 1 — ul|z(n)||?> < 0 violates the
positivity constraint (2.41b) on the error weight. Therefore, the algorithm (2.48a,b) is no
more minimizing the sum of the time variance of the filter coefficients and the error power,
yet it maximizes the weighted difference of the two expressions

()| = 1)le(n) = e(n = 1)|]* - pe(n) = max

For sure, such an optimality criterion does not make sense. This is also seen from the
analysis of the misadjustment reached with p satisfying (2.51). The sign alternation of the
error signal according to (2.48b) induces some extra coefficient fluctuations when compared
to a u in the range 0 < u < 1/||z(n)||? chosen such that in both cases the algorithm has
the same convergence time constant (‘geometric ratio of convergence’), exhibiting either
an ‘underdamped’ or an ‘overdamped’ convergence behaviour, cf. [91, pp. 213-216] [96,
p. 44] [238, pp. 49-50].

2.3.2.2 The Projection Algorithm [14, pp. 117-121] [22] [81, pp. 50-54]
Let

_ o .
G = T (2.52a)

yn) = 1—p (2.52b)
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to get from (2.43a,b)

Le n)rin . a
Ol (2:532)

en) = (1—pe(n) (2.53b)

c(n) = en—1)+

Remark 1. For y < 1, one obtains again y(n|n) = y(n|n — 1).

Remark 2. The deterministic stability constraint is obtained from (2.46) with (2.52b)
as
0<pu<2 (2.54)

which is independent from the input data vector x(n). Similarily, the convergence time
constant and misadjustment of this algorithm are basically independent from the input
signal power [22]. This feature makes the algorithm very useful in case of signals with
unknown or rapidly varying power level (e.g. speech signals).

Remark 3. In the limiting case ¢ — 1, one obtains
e(n)=0 (2.55)

i.e. a zero—forcing algorithm, cf. page 15. This special case is considered when justifying
the designation ‘projection algorithm’. Larger values of p should not be considered, as
they would violate the positivity constraint (2.41b) on the error weight.

Remark 4. The optimality criterion (2.40) reads with (2.52a,b)
! .
(1= plle(n) = e(n — D|*[lz(n)|* + pe*(n) = min (2.56)

Here, the trade-off between time variance and error power takes into account the different
scaling of coefficients and signals in the adaptive filter. A fair comparison of the two
types is achieved through multiplication of the coefficient variation [c(n) — ¢(n — 1)
with the length of the data vector ||x(n)|. Thereby, both contributions to the trade-off
are approximately evaluated at the filter output. This explains the independence of the
misadjustment from the signal power as the related excess error is also defined at the filter
output only.

Remark 5. For ||z(n)||? = 0, (2.53a) cannot be computed. As such silence intervals may
stretch over considerable periods of time in real-world signals (e.g. non-active intervals in
voice transmission systems), they must be handled properly. Either the adaptation process
is suspended during such periods by setting

c(n) =c(n—1) if |lz(n)]| =0 (2.57)
or a positive constant is added to the denominator

K )HQe(n)x(n) with v >0 (2.58)

c(n) =c(n — 1)+W
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Note that for p =1 (2.58) is identical to the normalized LMS algorithm (2.37a) and obeys
again the general joint recursive optimality principle (2.40) with

G(n) = ;Iﬁ%mPI (2.59)
v — xrn 2
) = (2:590)

2.3.3 Individual Coefficient Adaptation

Stepping up in algorithm complexity, algorithms are discussed which follow the general
pattern (2.5) and have an individual step size for each filter coefficient. They are obtained
from (2.40) when specializing to diagonal coefficient weighting matrices G(n).

2.3.3.1 The Variable Step Algorithm [90]

Let
po(n) 0 .- 0
Gn) = diag{uo(n),... un_1(n)} = ? “1fn) O ? (2.60a)
0 0 . NN—.l(n)
wn—1—§wmﬁm4) (2.60b)
to get :
(n) = ciln—1)+mn)em)etn—i), i=0,1,...N—1  (2.61a)
e(n) = l—jji;ui(n)xz(n—i) e(n) (2.61b)

Remark 1. The individual step size constants u;(n) are themselves continously adapted
according to the observed sign changes in the ‘correlation signals’ e(n)z(n — ). This
allows faster convergence for the same misadjustment when compared to the standard
LMS algorithm.

Remark 2. A variant of the variable step algorithm is the so-called ‘p-vector LMS-
algorithm’ considered by CHEN and VANDEWALLE in [36]. They propose to select p;(n)
in (2.60a) according to

pi(n) = (1 =8)'po(n)  for i=1,2,...,N—1 (2.62)

where 0 < 0 < 1 and po(n) is normalized by an estimate of the input signal power. The
authors claim that this choice improves the tracking properties of the algorithm w.r.t. the
conventional LMS algorithm as the factor (1 — §)* automatically discounts delayed input
data samples x(n — i) with increasing delay 1.
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Remark 3. The deterministic stability bound (2.46) reads with (2.60b)

N-1
0< Y piln)a*(n—i) < 2 (2.63)
i=0
which is met a fortiori if
2
0< ui(n) < —— 2.64
_MOU_w%n_” (2.64)

The positivity constraint on y(n) (2.41b) suggests to further reduce the upper bound by
a factor of 2.

Remark 4. The optimality criterion (2.40) reads with (2.60a,b) as

-1

N-1 N-1
ST utm) lei(n) —citn — D)+ |1= > i)z (n—i)|  (n) = min (2.65)
i=0 =0

which reflects the individual control of the time variation of the coefficients ¢;(n) as me-
diated through the individual step size parameters p;(n).

2.3.3.2 The Individual Adaptation Algorithm [168, 169]

This algorithm is originally described for the application in an equation-error based adap-
tive IIRfilter problem. For simplicity, the equations are reduced to the adaptive transvesal
filter here. Let

1 .
G = vt sl e = Dl o= N+ D))
|z(n)| | (0 | 0
1 0 rz(n—1 0
T v (- i) : : g : (2.66a)
0 0 < |z(n— N+ 1)
y(n) = o S = )P (2.66b)
to get
ci(n) = qnm+v+z@§@g_m3mpmwizqan1@5M)
e(n) = v qu (2.67b)

v+ SN e (n — i)

Remark 1. MIKHAEL et al. consider only the limit case v — 0. This results in a zero-
forcing algorithm with €(n) = 0. A numerically sound implementation of (2.67a), however,
suggests to retain v > 0 so as to avoid division by zero during silence intervals.

Remark 2. The deterministic stability bound (2.46) is always met if v is non-negative.
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Remark 3. The optimality criterion (2.40) reads with (2.66a,b) after canceling a com-
mon denominator simply as

N-1 '
Z lci(n) — ¢i(n — 1)|?|z(n —4)|7* + v~ 1% (n) = min (2.68)
=0

which reflects the design objective stated by the authors in [168, 169]: to allow for strong
adaptation (i.e. faster time variation) of those coefficients which correspond to large in-
stantaneous values of |z(n — )| (i.e. large input signal amplitudes).

Remark 4. The same authors do generalize their approach to arbitrary diagonal weight-
ing matrices:

1

G(n) = dia, n),...,un_1(n

0 = e s o)

to(n) ) 0

1 0 ) - 0
T RS e | ¢ | B

0 0 - pn-1(n)
vn) = - Y (e (=) (2.69b)
(2.69¢)
which gives rise to

ci(n) = c¢n—1)+ o Zﬁglt](?g)x2(n - j)e(n)x(n —4) i=0,...,N—1(2.70a)
e(n) = v e(n) (2.70b)

0+ 2 ()22 (n — j)

Letting v — 0 results in the general class of zero-forcing algorithms described in Subsection
2.2.2.1

2.3.3.3 The Signed Regressor Algorithm
Let

G(n) = udiag{]w(n)]_l,]x(n—1)\_1,...,\x(n—N+1)]_1}

jz(n)| ™ 0 0
0 lz(n— 1)~ - 0
= U , ) . ) (2.71a)
0 0 cooz(n—=N+1)7t

N-1
) = 1Y fen—i) (2.71b)
=0



2.3. JOINT RECURSIVE OPTIMALITY 31

to get
ci(n) = ¢(n—1)+ pe(n)sgn(z(n —1i)) for i=0,1,...,N—1 (2.72a)

N-1
e(n) = (1 — Z |z(n — z)|> e(n) (2.72b)
=0

Remark 1. From (2.46) with (2.71b) the deterministic stability bound is

N-1 -1
03;@2(2 |x(n—i)|> (2.73)

=0

where the positivity of v(n) requires to reduce the upper bound by a factor of 2 again.
Comparing this bound to the bound (2.49) of the conventional LMS algorithm, the Fu-
clidean or Ly norm of the data vector is replaced here with the city-block or L norm of
the same vector.

Remark 2. The signed regressor algorithm is attractive through its simple implementa-
tion. Note that the coefficient adaptation (2.72a) does not require any true multiplication
if u is chosen equal to a power of 2. In that case only shift and sign operations are needed
in a fixed-point implementation.

Remark 3. The optimality criterion (2.40) reads with (2.71a,b) as

N-1 N-1 '
(1 —p Z |x(n — 2)|> Z lci(n) — ci(n — 1)|?|z(n — i)| + pe*(n) = min (2.74)
i=0 =0

Apparently, no simple interpretation of this criterion is possible and therefore no prediction
of actual algorithm performance can be made. This difficulty is also reflected in analyses
found in the literature [45, 50, 128, 129, 206, 207, 208, 245, 246]. The application of
this algorithm is, to a good extent, motivated from the desire to implement an LMS-like
algorithm with reduced computational complexity.

2.3.4 RLS-Type Algorithms

Stepping up in algorithm complexity again, algorithms are discussed which follow the
general pattern (2.5) and have a matriz-valued step size. They are obtained from (2.40)
when allowing general (i.e. non-diagonal) coefficient weighting matrices G(n). As will be
shown later, this weighting allows to rotate the data vector prior to the coefficient update
such that the convergence behaviour is made independent of the second-order statistics
of the input signal. The whole algorithm class receives its name from its most prominent
member, the recursive least squares algorithm that has repeatedly served as an illustrative
example in Section 2.2.
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2.3.4.1 The LMS/Newton Algorithm [238, pp. 142-147]

This algorithm presupposes the a priori knowledge of the ‘true’ auto-correlation matrix R
of the input data vector &(n), cf. (2.10c). This matrix is directly used as coefficient vector
weight:

G(n) = pR7? (2.75a)
y(n) = 1—pxT(n)R 1z(n) (2.75b)
resulting in
c(n) = c(n—1)+ pe(n)R 1z(n) (2.76a)
e(n) = [1—pxT(n)R1x(n)le(n) (2.76b)

Remark 1. The deterministic stability bound is obtained from (2.46) with (2.75b) as
0<pu<22T(n)R ta(n) (2.77)

whereas the positivity constraint (2.41b) reduces the upper bound by a factor of two.

Remark 2. The very fact of requiring a priori knowledge of the matrix R limits its
practical applicability. First, the existence of such a (time-invariant) matrix can only be
assumed for stationary sequences {x(n)}. Second, the need to use an adaptive filter stems
from the fact that the involved statistics are not totally known a priori. However— as
shown in [174] for a special case in adaptive channel equalization—, it is sometimes pos-
sible to define an approximate R-matrix a priori. This matrix improves the algorithm’s
performance with respect to the LMS algorithm which does not follow the optimal ‘New-
ton’ search direction. WIDROW and WALACH elaborate in [239] on this algorithm so as
to provide a theoretical reference for the performance analysis of the more practical RLS
algorithms described below.

Remark 3. The optimality criterion (2.40) reads with (2.75a,b) as
pen) —e(n — DT Rle(n) — c(n — 1)] + (1 — pzT (n) Rz (n)) " 1e3(n) £ min (2.78)

The interpretation of the two contributions is quite straight-forward:

e The term [c(n) — c(n — 1)]T R[e(n) — ¢(n — 1)] is the coefficient variation as seen at
the filter output if averaged over the ensemble of the process underlying {z(n)}:

[e(n) — e(n = ] Rle(n) — ¢(n —1)] =
= le(n) = c(n = 1" E{z(n)z" (n)}[c(n) — c(n — 1)]

[y(nln) = y(nln - 1)’} (2.79)
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where both the stationarity and the independence assumption have been invoked
[163]. This first term describes the effect of the coefficient variation on the filter out-
put in a more direct manner than does (2.56) for the projection algorithm. The latter
considered only the magnitude of the data vector ||z (n)||? while the LMS/Newton al-
gorithm considers also the directional information as evidenced in the inner product
evaluation [c(n) — ¢(n — 1)]Tx(n). This improvement makes the trade-off between
convergence speed and final misadjustment independent from the eigenvalue spread
of the auto-correlation matriz while the projection algorithm achieves only indepen-
dence from the signal power (i.e. from tr{R(n)}, cf. [238, p. 147]).

e The error weight v(n) = [1 — pxT(n)R 12 (n)] can be related to the log-likelihood
of the data vector x(n) if it is assumed to be a jointly Gaussian random vector with
known correlation matrix R [71] [91, pp. 418-419]. If the likelihood of the data vector
is small the conversion factor or likelihood variable y(n) turns out to be small,too,
and vice versa. In the case of likely input data, the algorithm allows for larger
a posteriori errors while keeping the coefficient fluctuation small. If unlikely data
re-appear, the algorithm is alerted via a large v~!(n) to allow for faster coefficient
variation so as to follow possible time-varying changes.

Remark 4. An alternative implementation of (2.76a) results from considering data or-
thonormalization at the adaptive filter input:

Z(n) = R Yx(n) (2.80a)
é(n) = R™%¢(n) (2.80D)

where R'/? is a matrix satisfying R'/?R"/? = R. Then, from (2.76a) with (2.4)

Il
=
2

|

%
£}

|
=
&
E/

(2.81a)
c(n) = ¢(n—1)+ pe(n)x(n) (2.81b)

Implementation requires now
1. N time-invariant FIR filters to perform the data orthormalizing transform (2.80a),
2. a conventional LMS algorithm working in the transform domain (2.81a,b), but
3. mno back-transformation of the coefficients é(n) to compute the filter output signall”.
This algorithm has been proposed in [35]. The interpretation of running a conventional

LMS algorithm on the orthonormalized data illustrates once more why the convergence
behaviour of this algorithm is independent from the auto-correlation of the input data.

'"Back-transformation would only be required in the case of system identification where the actual
coefficients ¢(n) are the desired output of the adaptive processing system.
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2.3.4.2 Self-Orthogonalizing Algorithms

These algorithms aim at data normalization by an approximate auto-corrrelation matrix
R(n) estimated from the input data sequence x(n). The matrix estimate is chosen subject
to complexity constrainsts. While GITLIN and MAGEE use an error feedback mechanism in
[77] to continuously adapt the inverse matrix R™!(n), it is otherwise customary [158, 190]
[176, Chapter 4] to recursively estimate only the auto-correlation function of the input
data out of which the full auto-correlation matrix is constructed based on the stationarity
assumption (i.e. the matrix structure is prespecified as Toeplitz.) In this latter approach,
fast (e.g. Levinson-type) matrix inversion techniques build on this matrix structure to
generate efficient adaptation algorithms. This procedure is sometimes coupled with a
block-wise update of the filter coefficients to reduce the computational cost even further'®.
Summarizing, the algorithms are obtained from

G(n) = uR\(n)

2n) = 1-paT(m) R (n)a(n)
c(n) = c(n—1)+ pe(n)R(n)x(n)
) = [1- () Rm)(n)e(n)

Remark 1. The deterministic stability bound for the parameter y is again obtained as
0<pu<2xT(n)R ' (n)xz(n)

while the positivity constraint on y(n) reduces the upper bound by a factor of two.

Remark 2. These algorithms can be considered as approximations of algorithm (2.76a,b)
and share its data orthonormalization property. Therefore, the eigenvalue spread or con-
ditioning of the input auto-correlation matrix has little influence on the convergence be-
haviour of the algorithm, cf. [158, 190]. In comparison to the exact least squares algorithms
discussed below, there is however a major drawback: self-orthogonalizing algorithms do
not necessarily show the rapid initial convergence property or algebraic convergence which
is described for the exact least squares methods e.g. in [96, pp. 293-302] and [79, 175].
This property is apparently contingent upon the possibility to interprete the algorithm
as the recursive solution to a deterministic least squares problem defined on the given
signal samples, cf. Section 2.2.2 on the time-averaging techniques of the deterministic
paradigm. Such interpretation is not possible with self-orthogonalizing algorithms. An
advantage over exact least squares algorithms in time-varying environments has recently
been demonstrated in [18] where the flexibility found in the choice of the gain multiplier
1 is exploited to improve the tracking performance of the algorithm.

18Cf. the two previous references and [220] for related adaptation algorithms in the context of lattice
filters.
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2.3.4.3 ‘Exact’ Least Squares Algorithms

Let
G(n) = X(n)R'(n) (2.82a)
y(n) = 1—=X(n)xT(n)R Y (n)x(n) (2.82Db)
where
R(n) = M (n)R(n — 1) + Xo(n)x(n)xT (n) (2.83)

is a recursive auto-correlation matrix estimate with, in general, time-varying data weight-
ing factors A\1(n) and Aa(n)!?. This equation constitutes a generalization of the ‘expo-
nential memory’ estimator and will further be referred to as data weighting with general
linear first-order memory [136]. From (2.43a,b) one gets

c(n) = c(n—1)+d(n)e(n)R1(n)x(n) (2.84a)
en) = [1—X(n)xT(n)R 1 (n)x(n)le(n) (2.84b)

whereas the matriz inversion lemma of Appendix A allows the recursive propagation of
R71(n) from (2.83) as

1

R\(n) = {R_l(n—l)_)‘Q(n)R_l("_l) (TR (n — 1)

A () + de(n)xT (n) R (n — 1x(n)

0 } (2.85)

Remark 1. From (2.85)

R '(n—1)x(n)

R = 2.86
() = ) e meT (R (n = Da(n) (2.86)
and thereby ~(n) may be redefined in terms of the matrix extimate at time n — 1
- Ai(n)
=1-) T(n)R™ = 2.87
In a similar way, the coefficient update (2.84a) may be rewritten as
R '(n—1)x(n)
= -1+ A 2.88
eln) = eln = 1)+ Aalme(n) T T ) R (n = D () (2.88)
Remark 2. The deterministic stability bound is from (2.87)
A1(n)
<1 2.89
M (n) + Ae(n)zT(n)R™ Y (n — Dx(n)| — (289)

The inclusion of the data weighting factor A2(n) in the definition of the coefficient weighting matrix
G(n) is not accidental but necessary to allow the interpretation of the resulting algorithms as exact
solutions to a weighted least squares problem as in (2.97)
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From Appendix A and [87, Theorem 5.1], positive definiteness of the matrix estimate R(n)
(2.83) can be assured for all n > 0 iff

R(0) > 0 (a positive definite initial matrix) (2.90a)

Ai(n) > 0 forall n>0 (2.90b)
A

ho(n) > — 1(n) whenever |lz(n)| >0  (2.90c)

T (n)R™Y(n — Da(n)

This set of conditions is assumed to be satisfied as positive definiteness of the matrix
estimate is a prerequisite for three important issues in least squares algorithms:

1. Tt coincides with constraint (2.41a) on the coefficient weighting matrix to make the
algorithm fit into the joint recursive optimality framework?".

2. Tt allows to interprete R(n) as an auto-correlation matrix estimate which has to be
positive semi-definite by definition.

3. It is intimately related to the stability of the algorithm. If the matrix estimate
contains zero or close-to zero eigenvalues, the algorithm gain grows beyond all limits

and destabilizes the algorithm.
The set of conditions (2.90a-c) allows to rearrange (2.89) as
M(n) < M)+ )T (n)R™(n — 1)x(n)
&) > 0 (2.91)

This is the ‘extra’ condition governing the choice of the data weighting factor so as to
meet the deterministic stability bound for the coefficient adaptation loop. Note that the
positivity constraint on y(n) (2.41b) is fulfilled a fortiori from (2.87) with (2.90b) and
(2.91).

Remark 3. The optimality criterion (2.40) reads with (2.82a,b)

!

[c(n) — e(n — 1)]TR(n)[c(n) — ¢(n — 1)] + Xa(n)y ' (n)e?(n) = min (2.92)
or equivalently with (2.86)
M(n)e(n) —e(n —D)TR(n —1)[e(n) — e(n —1)] + Aa(n)e?(n) < min (2.93)

Expanding (2.83) by iterated substitution gives
R(n) = M(n)R(n — 1) + Xo(n)x(n)xT (n) = Z w(n, k)z(k)xT (k) (2.94)

with the time-varying recursive window fuction

Ar(n)w(n —1,k) for n>k
w(n, k) =< Aa(k) for n=k (2.95)
0 for n<k

20To see this from (2.82a), the positivity constraint on A2(n) as given in (2.91) has to be taken into
account as well.
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Unlike (2.78), (2.79) for the LMS/Newton algorithm, the optimality criterion (2.92) can
be reformulated now without invoking any independence assumption as

” 2
Z w(n, k) ‘[c(n) —c(n— 1)]Tzc(k)‘ + A2(n)y~(n)e?(n) < min (2.96)
k=0

The first term in this expression represents the amount of coefficient variation as seen
at the filter output if averaged over the weighted history of the input signal x(k) for
k=n,n—1,...,1,0. Thus the particular sample path from the actual experiment is taken
to evaluate the average ‘directional distribution’ of the input data vector. This property
justifies to call the exact RLS algorithms the deterministic counterpart of the LMS/Newton
algorithm. The observed trade-off between convergence speed and misadjustment is again
independent from the eigenvalue spread of the auto-correlation matrix which is defined as
a time-average statistics here!

Remark 4. Equation (2.96) is not counter-intuitive in case of adaptation in time-varying
environments. Note that the weighted average is only computed over the input data
vectors (k) to produce an appropriate (localized) statistical matrix serving as coefficient
weighting matrix G(n). The coefficients c(n) still enter with their instantaneous first
difference only which is adequate to allow tracking of a time-varying ‘reference’ coefficient
vector, see Chapter 3. Note, in particular, that the criterion (2.96) does not maintain that
c(n) be optimal over the whole time interval running from k& = 0 to n. This follows from
its purely recursive definition. Compare this interpretation to the conventional ‘exact’ or
deterministic least squares criterion (2.31) with (2.30) which—after generalizing to the
window function (2.95)—reads as
n
S w(n, k)[d(k) — €T (n)z(k)]? = min (2.97)
k=0

This exact least squares criterion is rather counter-intuitive when applied in time-varying
situations because ¢(n) is postulated to provide the best fit for the reference signal d(k)
in terms of the data vector x(k) over the complete growing history of the observations.

The true merit of criterion (2.97) lies in explaining the rapid initial convergence of these
algorithms?! [14, pp. 195-199][96, pp. 293-302][79, 175]. This explains the superiority of
exact least squares algorithms w.r.t. this specific feature but gives no indication on their
tracking behaviour which— in fact—is similar to the other RLS algorithms as predicted
from criterion (2.96).

Remark 5. Stability of the coefficient adaptation loop is contingent upon the conditions
(2.90b, 2.91). These constraints are however insufficient to guarantee stability of the
recursive matrix computation (2.85) as well. To this end, further restrictions are to be
made. They can be phrased as conditions on the class of admissible signals x(n) that
will keep the estimator stable for a specified data weighting scheme Aj(n), A2(n). Such
conditions are known as persistency of excitation conditions. A different approach to

2! Approximately 2N time steps when a good signal-to-noise ratio and an almost time-invariant environ-
ment is assumed.
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the same problem tries to specify admissible data weighting schemes that will keep the
estimator stable for a specified signal class. Such schemes are scarce, however, and some
instances are discussed under the label ‘directional forgetting’ in the following subsection.

Remark 6. There exists an apparent multitude of algorithms falling into the exact
least squares class with general linear first-order data weighting. They are tabulated in
the following Table 2.1 along with references to the relevant literature which should be
consulted for a more detailed description of the algorithms. Some comments are given in
the following remarks.

Remark 7. There are roughly four classes of exact recursive least squares algorithms:

1. The growing memory RLS (# 1) is a class of its own as it performs no data
weighting at all, i.e. A1(n)= A2(n)= 1. As it is a decreasing gain algorithm, its
application is restricted to strictly time-invariant environments.

2. The exponential data weighting RLS algorithms (#’s 2 to 6) have a data weight-
ing factor unequal 1 only in the feedback loop of the estimator which uniformly affects
the whole history of the estimate up to (#’s 2 and 3) or including (#’s 4 to 6) the
present instant. In the latter case, the weighting process becomes clarified if the
definition of the recursive estimator (2.83) is rewritten as in

R(n) = An)R(n—1)+ A(n)x(n)xT (n)
s R(n) = An)[R(n—1)+z(n)zT(n)

where the latter equation confirms the purely recursive nature of the data weighting
process. An interpretation of the difference between the first group of algorithms
# 2, 3 and the second group # 4 to 6 considers whether the inclusion of the new
data vector x(n) occurs after or before forgetting old data represented in R(n — 1)
[118, pp. 135-137]. For both cases, if A(n) is constant, the forgetting process of these
estimators is exponential.

3. The selective data weighting RLS algorithms (#’s 7 to 9) put a weighting factor
unequal 1 only on the current input data x(n)x®(n). Therefore, the amount of
weighting that a particular data vector x(n) receives is determined once forever
through the choice of A2(n). As A1(n) =1 and Az2(n) > 0 for stability reasons, these
algorithms ‘never forget’ and thus they are only applicable in strictly time-invariant
environments.

4. The mixed data weighting RLS algorithms (#’s 10 to 13) have in general both
weighting factors set unequal 1 and are from that the most flexible ones. The
particular choice A2(n) = 1 — Aj(n) (#’s 11 and 12) provides an asymptotically
unbiased auto-correlation matrix estimate R(n) for stationary inputs (n). A further
advantage of this choice is that during periods with A;(n) ~ 1 the estimate R(n) is
not growing beyond all bounds (and thereby driving the gain matrix G(n) = R™1(n)
to zero) but keeps its latest value until A;(n) assumes lower values again. This is
in contrast to recursive data weighting RLS algorithms where the update may stall
after extended periods with A\;(n) ~ 1.
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Table 2.1: EXACT LEAST SQUARES ALGORITHMS WITH LINEAR FIRST-ORDER DATA

WEIGHTING.
# | Name A1(n) A2 (n) Reference
1. | RLS, growing memory® 1 1 [81, p. 58]
2. | RLS, exponential memory A 1 [91, table 8.1]
3. | RLS, time-varying exponen- A(n) 1 [81, p. 64], [247]
tial memory®
4. | RLS, variable forgetting fac- A(n) A(n) [70, 205, 234]
tor®
5. | RLS, bounded trace? A(n) A(n) [48]
6. | RLS, constant trace® A(n) A(n) [140]
7. | Orthogonal projection 1 vt [56], [81, pp. 54-58]
algorithm/
8. | RLS, selective data weight- 1 A(n) [81, pp. 62-64], [130],
ing? [150, Eq. (2.19)]
9. | RLS, set membership weight- 1 A(n) [53]
ing
10. | Optimal bounding ellipsoid o= 2(n) | o2(n)A(n) | [68, 97]
(OBE) algorithm®
11. | Modified OBE algorithm/ 1—\(n) A(n) [51]
12. | Stochastic Newton algorithm | 1 — A\(n) A(n) [69], [150, Eq. (2.93)]
13. | RLS, general forgetting fac- A(n) A(n)/v [139]
tors”
DA<l
b0 < A(n) <1

‘A(n) = max{Amin, 1

—7(n)e*(n)/So} where Amin, Zo >0

UIf trace{R™(n)} < c: A(n) as in # 4, otherwise A(n) = 1

“X(n) chosen such that trace{R™'(n)} = constant. This suggestion originates from E. IRVING as
referenced in [87, 88, 140].

h<vl

IA(n) >0

hX(n) > 0, selected according to a ‘minimum volume’ criterion

“A(n) > 0, selected according to a ‘minimum volume’ or a ‘minimum trace’ criterion; o(n) ~ ellipsoid

size

70 < M(n) €1 =6, selected according to ‘minimum volume’ criterion
k0 < A(n) < 1 — 4§ where 6,v >0
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Remark 8. In several cases it is possible to perform an equivalence transformation
between the referenced algorithms. This involves proper rescaling of the auto-correlation
matrix estimate. As an example consider the orthogonal projection algorithm and define

R'(n) = vR(n)

With this definition the algorithm becomes equivalent to the growing memory RLS algo-
rithm. The scale factors of such transformations depend on the weighting factors Ai(n)
and/or A2(n) (in the preceding case on Aa(n) = v~1). It is however possible that A2(n), in
particular, comes close to zero or infinity in which case the corresponding scale factors get
either undefined or—at least—numerically ill-defined. In the present example the scale
factor v may assume the value zero to describe the ‘zero-forcing’ variant of the orthogo-
nal projection algorithm but which has no counterpart in the growing memory RLS case.
Summarizing, such algorithm equivalence is only a first guideline to their interpretation
but does not dispense from an individually conducted performance analysis.

Remark 9. A further instance of scaling equivalence is found in the class of set member-
ship RLS algorithms (#’s 9 to 11). All of them minimize the volume of an ellipsoid defining
the set of filter coefficient vectors consistent both with the observed data and an a priori
bounded noise assumption. This is equivalent to minimizing det{R!(n)} in [68, 97] or
det{o?(n)R™'(n)} in [53]. The alternative minimization of the ellipsoid parameter o2(n)
is discussed in [51]. All three algorithms are exactly equivalent if the appropriate time-
varying scale factors are employed. This equivalence class does however show considerable
intra-class differences when applied in time-varying environments. While the algorithm in
[53] is not suited to such tracking purposes, the algorithm [51] is. This difference originates
again from ill-defined scale factors which effectively break the superficial equivalence.

2.3.4.4 Directional Forgetting Algorithms

Let
G(n) = B(n)R’l(n) (2.98a)
Av(n) = 1-B(n)2T (MR (n)a(n) (2.98D)
where
R(n) = R(n — 1) + [8(n) — a(n)]a(n)27 (n) (2.99)

is an auto-correlation matrix estimate consistent with (2.83) if A\j(n) = 1 and A\y(n) =
B(n) — a(n) is selected. The jointly optimal recursive algorithm (2.43a,b) turns with
(2.98a,b) into

c(n) = c(n—1)+p(n)e(n)R(n)x(n) (2.100a)
en) = [1-pBn)zT(n)R(n)x(n)le(n) (2.100Db)

and the matrix inversion lemma of Appendix A allows the recursive propagation of R™!(n)
from

R '(n—Dzn)zT(n)R ' (n - 1)
[B(n) — a(n)]~t + & (m)R™! (n — z(n)

Rin)=R'(n—-1)- (2.101)
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Remark 1. From (2.101)
R '(n—1)x(n)

“tn)x(n) = .
) = ) e R D) 2102
which allows to express the conversion factor in terms of R™!(n — 1)
—a(m)zT(n)R™ Y (n — Dz(n
1) = 1= e () R (n)a(n) = 2 IS D) .10y
as well as the coefficient update
B R '(n—1x(n)
c(n) =c(n—1)+ p(n)e(n) T3 300 — ez ()R (0~ Da() (2.104)
Remark 2. The deterministic stability bound is from (2.103)
1—am)zT(n)R Y (n - 1z(n) <1 (2.105)

L+ [8(n) — a(n)]z® ()R~ (n — 1)z(n)

From (2.90c) R(n) is guaranteed to be positive definite iff 3(n) and a(n) are chosen subject

to
1

T (n)R™(n — 1Dx(n)
For such a choice of a(n) and 3(n) the denominator on the left-hand side of (2.105) is
guaranteed to be positive so that after rearranging this inequality results in

1
<
— 2T(n)RY(n - 1Dz(n)
Bn) > 0 (2.106b)

B(n) —a(n) > —

+B(n)/2  and (2.106a)

The useful range for a(n) is further restricted from the positivity constraint on y(n), i.e.

1
M) < TR (= Ta(n)

(2.107)

This latter bound is also used by HAGGLUND in [87, Eq. (5.27)] where a different argument
is used for its justification.

Remark 3. Just as in the case of exact least squares algorithms, the optimality criterion
(2.40) can be rephrased as
n - 9 | '
Z w(n, k) ’[c(n) —¢(n—1)] a:(n)’ + B(n)y 1 (n)e}(n) = min (2.108)
k=0
where

_ ) B(k) —a(k) for all n>k
win k) = { 0 forall n <k (2.109)

is the data-selective window function. This optimality interpretation ensures again that
the trade-off between the convergence speed and the misadjustment is independent from
the eigenvalue spread of the auto-correlation matrix.
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Remark 4. The choice of G(n) in (2.98a) is not consistent with (2.82a) of the exact least
squares algorithms when considering A2(n) = 3(n) — a(n). Therefore, no optimality crite-
rion similar to (2.97) can be found that has (2.100a,b) as its solution. Even though, these
algorithms do exhibit rapid initial convergence just as exact least squares algorithms do.
A direct explanantion to this fact is still lacking but might be possible within KULHAVY’s
Bayesian approach to the derivation of directional forgetting algorithms [127].

Remark 5. Remarkably, the stability bounds (2.106b, 2.107) allow for a negative data
weighting factor Aa(n) = B(n) — a(n) < 0 in the matrix estimator (2.99)%? This is in
contrast with all exact RLS algorithms where Aa(n) > 0 is required for stability of the
coefficient adaptation loop. This difference stems again from the above-mentioned dif-
ferent definition of the coefficient weighting matrix G(n) in the two types of algorithms,
compare (2.82a) and (2.98a). Note furthermore that directional forgetting algorithms use
a selective data weighting scheme in their matrix estimator. Unlike the corresponding
exact least squares algorithms (#’s 7 to 9 in Table 2.1) they are, however, able to track
time-varying environments as they do forget old data whenever A2(n) < 0 or 5(n) < a(n).
The forgetting process is better understood when confronting the directional forgetting
estimator (2.99)

R(n) = R(n—1) + B(n)xz(n)xT (n) — a(n)x(n)xT (n) (2.110)
with the conventional one (2.83)
R(n) = R(n—1) + Aa(n)x(n)zT(n) — (1 — \i(n))R(n — 1) (2.111)

Each update is composed of three terms: first the old estimate R(n — 1), then the second
term proportional to the tensor product x(n)x® (n) of the current input data vector (a
rank 1 matrix with positive scaling factor in either case), and the negative third term
which represents the forgetting of old data. The exact least squares algorithms exhibit a
uniform or ‘isotropic’ forgetting of all dimensions of the column space of R(n — 1) (i.e. the
forgetting term is of full rank N), whereas the directional forgetting algorithms exhibit a
selective or ‘anisotropic’ forgetting in a single vector space dimension given by the current
input vector x(n), i.e. their forgetting term is of rank 1. This feature is the basis for the
naming of the algorithm class. Several members of this class as referenced in the literature
are compiled into Table 2.2.

Remark 6. Entries # 2 to 5 of Table 2.2 turn into the growing memory RLS algorithm
for A — 1. This is why they may be seen as least squares techniques with appropriately
chosen (i.e. stable) forgetting schemes. Their merit is to sustain a numerically sound
inverse matrix estimate even for input signals z(n) which are not persistently exciting® .

Remark 7. Just as for exact least squares algorithms, scaling equivalence of some of
the algorithms can be established. In particular, the directional forgetting algorithm with

22Just as in the case of exact least squares algorithms, the stability bounds for the coefficient adaptation
loop ensure a fortiori the positive definiteness of the matrix estimate.
Z3Cf. [29, 5] for an introduction to the concept of persistency of excitation.
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Table 2.2: DIRECTIONAL FORGETTING ALGORITHMS.

# | Name B(n) a(n) Reference
1. | HAGGLUND’s class® v 1(n) a(n) (87, 88]
. 1-
2. | Kutnavy¥’s directional for- || A(n) |~y An) (126, 127]
getting class® ™ (n) (n —1)x(n)
1—
3. | Prediction-error controlled || A(n) T — A(n) 26, 27]
directional forgetting® x* (n)R™(n — 1z(n)
1—A
4. | Directional forgetting, con- A T — [30]
stant forgetting factor? x* (n)R™(n — 1)z(n)
1—A
5. | Selective memory 1 — [121, 122]
algorithm® 2T ()R~ (n = Da(n)

“v(n) > 0 is the ‘measurement variance’, a(n) is chosen in [87, Eq. (5.27)] to make R™'(n) converge to
a matrix proportional to the identity matrix.

Optimal choice of A(n) > 0 from [126, Eqgs. (25-27)] or [127, Eq. 37].

“A(n) = max{Amin, 1 — y(n)e*(n)/So} where Amin,Zo > 0 or a similar choice as described in [27,
Egs. (12,13)]

h<a<

0 < A < 1. For A — 0, a zero-forcing algorithm with non-diagonal gain matrix is obtained.

constant forgetting factor (entry # 4 of Table 2.2) is obtained from the selective memory
algorithm (entry # 5) with the definition

R/'(n) = AR(n). (2.112)

This scale transformation becomes ill-defined for A — 0 in which case only the selective
memory approach allows a stable propagation of the inverse matrix estimator (2.101).

2.3.4.5 Other Modified RLS Algorithms

Besides the class of directional forgetting algorithms there are several other modified re-
cursive least squares algorithms which have no interpretation as minimizing an exact least
squares criterion. They arise naturally from modifiying the recursive autocorrelation ma-
trix estimate R(n) without modifying the coefficient adaptation law consistently. These
algorithms are generally obtained from the joint recursive optimality criterion (2.40) with

PR (n— 1)
v(n) + 2T (n)R1(n — 1z (n)
v(n) + (1 = p(n))x” (n) R~ (n — z(n)
v(n) + 2T (n)R™1(n — x(n)

where R™!(n — 1) is the inverse auto-correlation matrix estimated without including the
current input data vector x(n). From (2.43a,b)

R (n—1z(n)

c(n) = ¢n—1)+ “(n)e(n)v(n) + 2T (n)R™'(n — 1)z(n)
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e(n) = v(n) + (1 — p(n)a® (n) R (n — 1)93(n)e(n)
v(n) + 2T (n)R™1(n — 1)x(n)

Note that for a positive definite matrix estimate R™'(n — 1) both the positivity constraints
(2.41a,b) and the deterministic stability bound (2.46) are met if the parameters v(n) and
w(n) are chosen subject to

v(n)

0<p(n) <1+ zT ()R Y(n — 1)z(n)

The following algorithms belong to this class:

Periodic covariance resetting [81, p. 65]

The ‘linear’ forgetting algorithm [81, p. 67] [118, pp. 53-56]

The ‘vector variable forgetting factor’ algorithm [203]
e Directional forgetting via explicit eigenvector decomposition [118, Chapter 4]
e ‘Exponential forgetting and resetting’ [204]

Due to the diversity of the matrix estimator modifications in the above algorithms, an
individual analysis of each algorithm is required in that case and can be found in the
given references.

2.3.5 Modified Error Measures

So far the joint recursive optimality principle has been founded on the quadratic criterion
(2.40) and a variety of algorithms emerged from specifying the coefficient weighting matrix
G(n) and the error weight v(n). Of course, the fundamental idea of trading time variation
of the coefficients for error signal power can be cast into other mathematical forms, too.
The resulting algorithms constitute further instances of joint recursive optimality which is
generalized in this subsection to include non-quadratic measures of the a posteriori error
and measures of a filtered error signal.

2.3.5.1 Signed Error Algorithms

The derivation of these algorithms is started from (2.40) by replacing the squared a poste-
riori error €2(n) with its magnitude |e(n)|:

lc(n) — c(n — 1)]TG7H(n)[e(n) — c(n — 1)] + 2|e(n)) < min (2.113)

where

G(n) >0 (2.114)

is the positive definite coefficient weighting matrix?*. In Appendix B the unique solution
to this optimization problem is found to consist of two algorithm ‘branches’:

24The criterion (2.113) has already been scaled such that the notational burden is minimized in the
following. Implicitly, the error weight has been set equal to 1/2.



2.3. JOINT RECURSIVE OPTIMALITY 45

Branch A: if |e(n) T (n)G(n)x(n)
then ¢(n) = e¢(n—1)+sgnle(n)|G(n)x(n) (2.115a)
e(n) = e(n)—sgnfe(n)]zT (n)G(n)xz(n) (2.115b)
Branch B: if [e(n)] < zT(n)G(n)z(n

~—_— —

then ¢(n) = e(n—1)+e(n)

en) = 0 (2.115d)

Remark 1. The two branches of the algorithm are entered depending on the magnitude
of the a priori error |e(n)|. The splitting of the optimum in (2.113) occurs because the
cost function has a discontinuity in its derivative w.r.t. the coefficient vector ¢(n) on the
hyperplane defined by e(n) = d(n) — ¢T'(n)z(n) £ 0. Branch B is entered for small a
priori errors e(n). In that case, the update (2.115a) would move the coefficient vector
c(n — 1) into a vector ¢(n) ‘on the other side of the discontinuity plane’ whereby both the
coefficient variation [¢(n) — ¢(n — 1)] and the magnitude of the a posteriori error |e(n)| are

only increased beyond the values assumed for the zero-forcing solution (2.115¢,d).

Remark 2. It is often desired to avoid the more involved computation of branch B. One
remedy is to apply the adaptation law of branch A unconditionally. This can be justified
as follows:

o If le(n)| > =T (n)G(n)x(n) branch A is the actual optimum.

o If xT(n)G(n)x(n)/2 < le(n)| < T (n)G(n)x(n) the adaptation law A is no more
optimal but satisfies still the deterministic stability bound |e(n)| < |e(n)|. Thus the
error is at least not increased from the use of (2.115a), cf. also [45, Eq. (30) ].

o If |e(n)] < T (n)G(n)x(n)/2 the adaptation law A is neither optimal nor stable.
Applying (2.115a) in that case will overshoot the desired settling value of the co-
efficient vector ¢(n). This leads to an increase of the a posteriori error |e(n)| up
to a maximum of T (n)G(n)xz(n). This increase will—at least in a time-invariant
environment—only persist for the moment, as the next adaptation step is likely to
fall in the stability region of adaptation law A (which forms an embedding of the
unstable region of small a priori errors).

e Summarizing this analysis, the unconditional use of algorithm branch A induces
extra coefficient vector fluctuations which however remain bounded to magnitudes
on the order of |2 (n)G(n)x(n)[2.

Remark 3. A more conservative simplification of the optimum algorithm (2.115a,b)
keeps the distinction of the two branches A and B, but reduces the computations in B to
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a simple wait-and-see operation?

Branch A: if |e(n)| > 3/42T(n)G(n)x(n)

then c(n) = ¢(n—1)+sgnle(n)]G(n)x(n) (2.116a)
e(n) = e(n)—sgnfe(n)zT (n)G(n)x(n) (2.116b)
Branch B: if |e(n)] < 3/4zT(n)G(n)x(n)
then c¢(n) = c(n—1) (2.116¢)
en) = e(n) (2.1164)

where the branching threshold has been selected to achieve minimum cost function values
when inserting (2.116a,b) or (2.116¢,d) into the criterion (2.113). Implementation of this
modified algorithm avoids the division necessary in (2.115c) and is only slightly more
complex than the fore-mentioned unconditional use of branch A while achieving a lower
misadjustment.

Remark 4. The sign algorithm [23, 45, 60, 61, 75, 92, 162, 208, 231, 251] is obtained
from selecting

G(n)=pnl (2.117)
which yields from an unconditional use of (2.115a)
c(n) = c(n—1)+ pusgnle(n)lz(n)
e(n) = e(n) - psgule(n)]|z(n)|?

A simple conditional variant would halt the coefficient update iff |e(n)| < 3/4u||z(n)||*.

Remark 5. The sign-sign algorithm [34, 58, 60, 92, 152, 245, 246] [99, pp. 305-307]
is obtained from selecting

G(n) = udiag{]m(n ]_1,]33(71—1)\_1,...,\x(n—N+1)]_1}
jz(n) ! 0 0
0 lz(n — D)7t - 0
- H : : :

0 0 oo Jz(n =N+ 1)t

which yields from an unconditional use of (2.115a):

ci(n) = ¢i(n—1)+ psgnle(n)|sgnjz(n —i)] for ¢=0,...,N—1
N—1

en) = efn) - psgnle(m)] 3 a(n — i)
i=0

#5This strategy may be called a stopping rule or a deadzone algorithm [81, pp. 88-91][103, pp. 166-167].
The effect of halting the coefficient update turns out to be similar to the blocking or stalling effect in
finite-word length implementations of the conventional LMS algorithm [14, pp. 106-112].
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A simple conditional variant would halt the coefficient update iff

N-1
le(n)] < 3/4p ) |a(n —1)].
1=0

Sign-sign algorithms have found their way into a CCITT standard [34][99, Section 6.5.3]
for digital speech transmission by adaptive differential pulse code modulation (ADPCM)
where they are used to adapt both the transversal and the recursive part of the predictor
filter. Even for this standard, stability problems (in particular w.r.t. the recursive filtering
part) have been reported for its original version [104]. The revised version of the standard
is only able to achieve stability by resetting the algorithm if implausible internal states
are observed. This lesson should be taken serious when designing adaptation algorithms
by ‘simplifying’ approximations to known algorithms: it is hard to extrapolate the actual
behaviour of the new algorithm as its analysis may not be simplified at all!

Remark 6. It is commonplace to justify the use of signed error algorithms from com-
plexity considerations. Both algorithms considered above can be implemented without
multiplications which simplifies the necessary hardware considerably. GERSHO noted in
[75] that the sign algorithm can also be interpreted as a ‘stochastic gradient’ algorithm
based on a mean magnitude criterion. This observation corresponds nicely to the joint
recursive optimality criterion (2.113). TSYPKIN considers in [251, pp. 56-62, 101-137] the
even more general aspect of how to select the optimum error functional (mean square, mean
magnitude, etc.) on the basis of either complete or limited knowledge of the probability
density function of the noise as expressed in the modeling assumptions of the application.
His discussion is restricted to strictly time-invariant environments while the joint recursive
optimality approach will allow to port such issues to the time-varying case as well.

2.3.5.2 Filtered Error Algorithms

These algorithms arise from the optimality criterion (2.40) if the squared a posteriori error
€2(n) is replaced by a squared filtered error e% (n) according to

[e(n) — ¢(n — D)]TG L (n)[e(n) — e(n — 1)] + 'y*l(n)e?c(n) £ min (2.118)

with the coefficient weighting matrix G(n) and the error weight ~(n) chosen subject
to (2.41a,b) and with the definitions of

e the filtered error
ef(n) = €(n)—e(nln—1) (2.119a)
e the predicted error
e(njn—1) = H(n,g He(n —1) (2.119b)
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where H(n,q™!) is in general a stable, causal, linear time-varying operator defined in
terms of the unit-delay or time-shift operator?® ¢=1. The decomposition of the error filter
(2.119a) as given by

er(n) = e(n) = e(nln —1) = (1= H(n,q H)g™") e(n) (2.120)
is justified from several sources:

1. Tt is common in the literature [136] to require the error filter operator to be a stable,
causal ratio of two monic polynomials. Such an operator may, however, always be
decomposed as in (2.120).

2. A different scaling of the error filter (2.120) would not provide an extra degree of
freedom for the specification of an algorithm from (2.118) because it is lost in the
choice of the coefficient weighting matrix G(n) anyway.

3. The interpretation of the new error measure e?c(n) is intuitively appealing when
(2.119a) is taken into account: it measures the difference between the actual a pos-
teriori error and its prediction from past a posteriori errors. Note that e(n|n — 1) is
the predicted error signal and not the prediction error signal®’.

With the definition of the innovation signal
i(n) =e(n) —e(njn — 1) = e(n) — H(n,q 'e(n — 1) (2.121)

one can write the unique solution to the minimization problem (2.118) with (2.119a,b) as

c(n) = ¢c(n—1)+i(n)G(n)x(n) (2.122a)
en) = e€nln—1)+~y(n)i(n) (2.122b)

Remark 1. In this context, the distinction of a priori error e(n) and innovation i(n)
becomes essential, cf. the discussion in the sequel of (2.4). From (2.121), the innovation is

i(n) = e(n)—e(nn—1)=dn)—ynn—1)—¢e(nn—1)
= d(n)—cT'(n—1)z(n) — Hn,g e(n —1). (2.123)
The innovation i(n) reflects the part of the observed reference signal sample d(n) that can

neither be predicted from the previous coefficients c¢(n — 1) nor from the previous error
€(n —1). This innovation (and not the a priori error as in (2.43a,b) is shared between the

26This notation is preferred over a z-transform notation for two reasons. The first reason is to allow
for time-varying filters H (n,qil) and the second is that the time-recursive optimality criterion and the
further algorithm developments are best formulated in the time-domain.

*"The expression prediction error is often used to designate the a priori error signal e(n) [31, Chapter 8],
[81, pp. 303-319], [150, pp. 24-32].
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coefficent increment [c(n) — ¢(n — 1)] and the ‘error increment’ e(n) — e(n|n — 1) = €¢(n)
in the adaptation algorithm (2.122a,b). Note that by definition:

[e(n) — e(n — 1)]Tx(n) + €;(n) = i(n). (2.124)

Evaluating the cost function minimum in (2.118) which is achieved for the general solution
(2.122a,b), the innovation sharing property is re-confirmed:

[e(n) —e(n =T G (n)[e(n) — c(n — 1))+~ (n)e}(n) = i*(n)  (2.125)

The working of filtered error adaptation algorithms is summarized in the signal flow
graph of Figure 2.5.

Remark 2. From the above, the described class of algorithms (2.122a,b) may be called
either ‘with error filtering’ or ‘with error prediction’. Both conceptions will be exemplified
below. A further attribute of this class is ‘with augmented error, a terminology coined by
MoONOPOLI in [171]. It refers to the simple fact that the a priori error signal e(n) is aug-
mented with the predicted error e(n|n — 1) prior to entering the actual coefficient update
equations. Note furthermore that all joint recursive optimality algorithms as described in
previous subsections can be considered special cases of the error filtering framework if the
predicted error signal is set to zero.

Remark 3. Error prediction is a terminology appropriate in speech signal analysis. A
common approach is linear predictive analysis [157][198, Chapter 8] which results from
using a transversal ‘analysis filter’” where the reference signal d(n) is chosen equal to the
upcoming input signal sample z(n + 1):

d(n) =z(n+1). (2.126)

With such a choice, the analysis filter tries to predict the speech sample z(n + 1) from the
previous samples z(n),...,z(n — N + 1) stored in the delay elements of the filter. The
filter output is an estimate of x(n + 1) using the filter coefficients at time n:

#(n+1) = y(n|n) = cT'(n)x(n) (2.127)

The unpredictable residual z(n + 1) — Z(n + 1) equals the a posteriori error €(n). It can
be shown that the task of the adaptive filter is basically to cancel the poles of the spectral
envelope of the speech signal, resulting in an approximately whitened residual signal €(n).
This fact and the consideration of the natural speech production process give rise to a
signal generation model which is composed of a white excitation signal resembling the
residual signal e(n) and of a synthesis filter characterized by the inverse transfer fuction
of the associated analysis filter. It is usual practice to restrict the filter order N to low
values (between 8 and 16 for speech signals sampled at 8 kHz) because this short-term
prediction of up to 2 ms ahead covers most of the predictable information of the speech
signal as contained in its spectral envelope.
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Figure 2.5: Signal flow graph for general joint recursive optimality algorithm with error
filtering (a priori and a posteriori quantities displayed).
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This practice disregards, however, the sizable amount of correlation that exists between
succesive periods of the speech signal (with a duration of some 10 ms) if it is produced
‘voiced’, i.e. with the vocal chords performing (quasi-) periodic oscillations. This corre-
lation can be modeled through a long-term predictor [12] [99, pp. 312-317] which spans
over a delay of some 40 to 120 sampling intervals at 8kHz. This additional predictor is
both incorporated into the signal generation model and into the signal analysis set-up.
Therefore, the original a posteriori error or residual signal €(n) becomes itself a predictable
signal and allows to define the predicted residual as

e(nln—1)=H(n,qg Ne(n—1) =bg Lle(n—1) L =40...120 (2.128)

where both the coefficient b and the delay L are chosen to match the long-term correlation
found in the time history of the residual signal ¢(n). The filtered error signal

ef(n) =e(n) —e(n|n — 1) = €e(n) — be(n — L) (2.129)

is the unpredictable difference between the residual e¢(n) and its value predicted from
the previous period of the speech signal. Modern speech coding techniques such as the
standardized pan-european ‘RPE-LTP’ codec for digital mobile telephony [86, 230] exploit
this dual-term prediction strategy and transmit instead of the original speech signal

e the coded short-term predictor coefficients ¢(n),
e the coded long-term predictor parameters b and L, and
e the coded filtered error e¢(n).

These coders do determine the various predictor parameters by adaptation strategies which
are out of the scope of this text (i.e. blockwise over a frame-length of some 20 ms)?®.

The application of recursive algorithms in such a speech signal analysis set-up raises
the following problem [49, pp. 129-139]: if there is no long-term predictor used to model
the residual signal €(n) (i.e. €(n|n — 1) = 0), then the short-term predictor coefficients ¢(n)
will be disturbed by the (quasi-) periodic excitation during the voiced speech segments
which leads to remarkable excursions from the otherwise reasonably smooth coefficient
trajectories. The preceding discussion suggests to use a long-term predictor within the
adaptation loop of the short-term predictor such that the update of ¢(n) depends via i(n)
on the predicted residual e(n|n — 1). This procedure can reduce the coupling effect between
quasi-periodic excitation and slowly time-varying filtering. Studies in that vein have been
undertaken in [95, 107, 108]. As to the author’s knowledge, a full implementation of
(2.122a,b) with (2.128) has not been reported so far.

28Their working can still be understood in terms of the optimality principle (2.118) [123]: trading of
time variation of the short-term predictor coefficients for power of the unpredictable part in the residual
of the speech signal (i.e. the ‘prediction gain’ [99, p. 253]). This trade-off is directly reflected in the
bit rates allocated to code the two contributions. At present ‘hybrid’ coding methods such as the above-
mentioned RPE-LTP codec and coders working at considerably lower bit rates (e.g. [114]) find an optimum
by weighting both contributions more or less equally whereas earlier attempts focussed on only one of the
two: in vocoders only the short-term predictor parameters are transmitted and a synthetic residual signal
is supplied in the receiver; in waveform coders such as ADPCM only the residual signal is transmitted and
the predictor coefficients are re-estimated from the reconstructed signal in the receiver [212].
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Figure 2.6: Direct-form IIR filter structure.

Remark 4. Filtered error or augmented error algorithms are a standing paradigm in
adaptive IIR (infinite impulse response) filtering [102, 209]. They originate mostly from
Poprov’s hyperstability theory and its application to model-reference adaptive control [134].
These ideas have been ported and extended to applications in adaptive signal processing in
[101] and related work as documented in [49, pp. 68-81][103, 224]. As this thesis focusses
on the transversal filter structure, the case of IIR filters is touched upon only briefly.

Figure 2.6 shows the direct-form structure of an IIR filter.

The output y(n) is computed recursively from

L1 M—1
y(n) = Z ay(n —1) + Z byx(n —m) (2.130)
=1 m=0

When the filter coefficients a; and b,, are adapted and thereby made dependent on the
signals involved, the question arises how to replace y(n—1) in the recursion (2.130). Either
the a posteriori estimate y(n — l|n — ) or the (delayed) reference signal d(n — [) may be
used.

The latter approach results in the so-called equation error formulation [167] which
is basically equivalent to the ‘linear combiner’ approach of adaptive transversal filters
because (2.130) is turned into a non-recursive linear combination of observed signals only
(d(n—1) and =(n—m)). These signals are considered as reliable sources of information and
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any error (i.e. mismatch between the computed output y(n — ljn — ) and the ‘measured
output’ d(n)) is attributed to errors in the filter equation or at the filter input but not to
measurement noise at the filter output. This approach can also be described as a linear
regression modeling of the filter output [150, pp. 33-36].

The other approach computes the output signal in terms of previous estimates
y(n —lln — 1) and makes the ‘linear combiner’ interpretation impossible. It is referred
to as pseudo-linear regression modeling [150, pp. 48-51] or the output error formula-
tion. This terminology stems from the system identification literature where the estimate
y(n —ln — 1) is esteemed as a reliable description of the plant’s output which is more
trustworthy than the noisy measurements d(n — ) of the same output. The output error
formulation deserves further discussion as the coefficient adaptation algorithm turns out to
be non-linear in the coefficents due to the dependence of the data vector (i.e. y(n—1Iln—1)
and z(n —m)) on the coefficients. For further analysis, a concise notation of compound
vectors of order N = L + M — 1 is introduced first.

e The a posteriori regressor vector

o(n) = [yn—1n-1),y(n—2n—-2),...,y(n—L+1jn—L+1),
z(n),z(n—1),...,z(n — M +1)]T (2.131a)
e The compound coefficient vector
c(n) = lai(n),az(n),...,ar_1(n),bo(n),bi(n),....by—1(n)]f  (2.131b)
This notation allows to write e.g. the a posteriori output as
y(nn) = ¥ (n)¢(n) (2.132)

With this notation the joint recursive optimality principle (2.118) can be applied in a
straight-forward manner after replacing x(n) with ¢(n). The result is again algorithm
(2.122a,b). A common choice for the error filter or error predictor H(n,q~!) is a time-
invariant transversal filter

L-1
enn—1) = H(n,g He(n —1) = Z hie(n —1) (2.133a)
=1
L-1
qn) = [1—Hing g () = [1- 3 hg le(n)  (2133b)
=1

The coefficients h; of the error predictor should be chosen such that the transfer function

L—13 -1
A = 2 e
1- lel Qref 12
satisifes a certain strictly positive real condition where the coeflicients a,.r; are the (un-
known) coefficients in the recursive part of the system to be identified. For such a choice—
which, of course, is a priori non-trivial—convergence of the filter output or even the filter
coefficients to their ‘true’ values can be proved under rather general conditions [132, 148]°.
Various algorithm options are listed below:

(2.134)

29Note that for h; = a; (n—1),l =1,...,L—1 the innovation signal of the above output error formulation
turns into the a priori error signal of the corresponding equation error formulation [103, pp. 66-67][138][148,
Section IX].
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1. LANDAU’s Hyperstable Integral Adaptation Algorithm [132, 133, 137, 135,

136] is obtained from setting

Rl(n—-1)
1+ ¢T(n)R™(n — 1)¢(n)
1
1+ ¢T(n)R™(n — 1)¢(n)

G(n) =

y(n) =

where

R(n) = M (n)R(n — 1) + Xa(n)p(n) o™ (n)

is an auto-correlation matrix estimate consistent with (2.83) and where 0 < Aj(n) <
1,0 < A2(n) < 2 control the first-order data weighting filter. Note that there are
two differences w.r.t. exact least squares algorithms:

e The data vector has been generalized to include the a posteriori filter outputs
y(n — l|n — 1) which makes the coefficient update nonlinear in the coefficients.

e The definition of the coefficient weighting matrix is not consistent with (2.82a).
Therefore, the exact least squares criterion (2.97) is not applicable.

With the above weighting factors, the optimality criterion (2.118) reads after sim-
plification:

[e(n) — c(n — DT R(n — 1)[e(n) — c(n —1)] + e%(n) < min

and the resulting algorithm is the same®” as in [136, Egs. (2.7, 3.9, 4.12, 4.14, 4.15)].

. The HARF Algorithm (from ‘hyperstable adaptive recursive filter’)

[101, Egs. (3, 4, 5, 7, 8)] [49, pp. 68-81] is obtained from (2.118) with x(n) replaced
by ¢(n) and

G(’I’L) = V(W)diag{m (’I’L), s HuLfl(n)a pO(n)a SRR prl(n)}

pi(n) 0 0
0 :
= 7(n) Hr-1(n) (2.1352)
' po(n) '
0
0 0 pM_l(TL)
L—1 M-1 -1
v(n) = {1 + Z w(n)y?(n—Iln —1) + Z pm(n)z?(n — m)} (2.135b)
=1 m=0

30Note for comparison that the error signals a priori error e(n), a posteriori error €(n), innovation
i(n), and filtered error e(n) carry the following names in LANDAU’s terminology: a priori prediction error
(k + 1), a posteriori prediction error e(k 4+ 1), a priori adaptation error v°(k + 1), and a posteriori
adaptation error v(k + 1), respectively.
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The optimality criterion (2.118) reads after simplification:

L—-1 M—-1 |
> wm)a(n) —ai(n =117+ > pm(n)[bm(n) —bm(n—1)1 +€4(n) = min (2.136)
=1 m=0

which allows to recognize the HARF algorithm as an individual coefficient adaptation
variant of LANDAU’s algorithm.

3. The SHARF algorithm (from ‘simplified hyperstable adaptive recursive filter’)
[105, 138][103, p. 66-67] is obtained from the HARF algorithm for small step size
parameters p;(n) and pp(n). ‘Small’ is defined by requiring the conversion factor
to satisfy 0 < «(n) ~ 1. From that, both the a posteriori output signal and the
a posteriori error can be approximated by their respective a priori values. Such
approximation affects the regressor vector ¢(n) and the error predictor which oper-
ates now on delayed a priori errors instead of a posteriori errors. In principle, it is
possible to define an appropriately modified joint recursive optimality criterion that
is met exactly by the SHARF algorithm. However, considering the above small step
size assumption, this criterion provides no insights beyond the criterion (2.118) given
before. For larger step sizes, it shows that the intuitively simple a priori error filter
(as in the SHARF coefficient update equation, cf. [103, Eq. (8.29)]), is not natural
to the optimality criterion where previous a priori errors have to be used to predict
the current a posteriori error.

4. It is mentioned without proof that even more sophisticated error filtering schemes
(e.g. with adaptive error filtering as in [106, 133]) can be embedded in an appropri-
ately generalized joint recursive optimality criterion.

To conclude this excursion to adaptive IIR filters a generally applicable strategy for their
efficient implementation is promoted [119]: within the output error formulation all algo-
rithms do require the computation of both the a priori filter output y(n|n—1)—to compute
the innovation i(n)—and the a posteriori output y(n|n)—to form the a posteriori regressor
vector ¢(n). Either filter computation consists of N = M + L — 1 multiply/add oper-
ations. But the a posteriori output can often be obtained much cheaper from (2.45) as
y(n|n) = d(n) — e(n). While the computation of the a posteriori error €(n) is not auto-
matically provided for in actual adaptive IIR filter applications, this signal is available
from (2.122b) at the cost of only one extra multiply /add operation over the computations
already done for the coefficient updates in the above hyperstable algorithms. If the over-
all regressor length satisfies N > 1, the new strategy offers substantial computational
savings with respect to the conventional direct a posteriori filtering operation. Thereby,
the overall algorithm implementation cost comes close to the cost otherwise found in sim-
plified algorithms (such as SHARF') which are only obtained after approximations to the
desired algorithm structure. Summarizing, when implementing adaptation algorithms in
the output error formulation, the direct a posteriori filtering operation should be short-cut
by direct computation of the a posteriori error whenever possible.

2.3.6 Summary of the Joint Recursive Optimality Framework

The joint recursive optimality framework has been introduced in Subsection 2.3.1.1 within
a simple geometrical interpretation of the normalized LMS algorithm. The general opti-
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mality criterion as formulated in (2.40) leads to the general adaptation pattern (2.43a,b).
A large variety of algorithms emerged in the following subsections within this pattern,
with an increase in complexity from a scalar coefficient weight (LMS-type algorithms)
through a diagonal coefficient weighting matrix (individual coefficient adaptation) to a
full coefficient matrix (RLS-type algorithms). In a further stage of generalization, the er-
ror measure in the optimality criterion has been changed so that signed error and filtered
error algorithms are obtained. Table 2.3 summarizes the definitions and relationships of
the general framework including error filtering.
The underlying optimality principle has the following general properties:

1. It is deterministic as there are no expectation operators involved.

2. It is recursive in that an instantaneous optimum is defined at time n in terms of the
previous coefficient vector of time n — 1.

3. It is directed towards an objective which is expressed jointly in terms of the desired
behaviour of both the filter coefficients and the error.

Although deterministic in its nature, this framework is open to account for statistical in-
formation as well where the term ‘statistical’ carries the non-probabilistic interpretation
advocated by GARDNER in [73]. Realizable recursive adaptation algorithms process such
information virtually always on a time-average basis (rather than by construction of appro-
priate experiments allowing for the observation of ensemble averages). This information
enters the optimality framework in two distinct manners:

1. The recursive operation of the algorithms constitutes per se an implicit memory
stretching over a certain part of the time history of the observed signals {z(n)} and
{d(n)}. In other words, the optimal coefficient vector ¢(n) is not defined in absolute,
i.e. strictly localized terms, but relative to the previous coefficient vector ¢(n — 1).
Thus the algorithms accumulate global statistical information by recursively propa-
gating their internal state variables.

2. The choice of the coefficient weighting matrix G(n) (and the error weight ~(n))
provides for explicit statistical design of the algorithms, and so does the error filter
in Subsection 2.3.5. An important instance of this explicit design option is the choice
of an inverse auto-correlation matrix estimate as the coefficient weighting matrix for
RLS-type adaptation algorithms. This particular choice is by no means definite
within the joint recursive optimality framework on its own, but deserves extrinsic
justification from a (statistical) performance analysis.

Finally, the most striking feature of this framework is re-iterated here: the joint local
optimality framework provides a coherent derivation for a wide class of algorithms directly
from an explicit optimality criterion. It requires neither any modeling assumptions on
the signals involved nor any simplifying approximations to arrive at practical algorithm
structures as they are in actual use. This is in open contrast to the conventional derivation
for most of the discussed algorithms. As this optimality is one of the few if not the only
property shared by all of these adaptation algorithms, it suggests itself as the unifying
root of a tree breaking into myriads®! of leaves.

31This score is due to [150, p. 9].
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Table 2.3: JOINT RECURSIVE OPTIMALITY: DEFINITIONS AND RELATIONSHIPS.

1. Define the a priori error

2. Define the innovation
i(n) =e(n) —e(njn — 1)

where €(n|n — 1) is the error predicted from previous a posteriori errors
e(n —1),1 > 1. In many cases e(njn — 1) = 0.

3. Choose a positive definite coefficient weighting matrix G(n) and a posi-
tive error weight v(n) with a normalization such that

y(n) + 2T (n)G(n)x(n) = 1.

4. Define the cost function

J(n,e) = [e—cn—1)]TG (n)c—c(n—1)] +
+97H (m)[d(n) - cTa(n) — e(nfn — 1))

and the optimization problem

|
c(n) = arg min J(n,c).
(n) £ arg min J(n,0)

5. The unique solution is found as

c(n) = c(n—1)+i(n)G(n)x(n)
e(n) = e€(nln—1)+~y(n)i(n).

6. This solution achieves a cost function minimum of
.2
J(n, c)’c:c(n) =i*(n).

7. If the a posteriori filter output is needed, it is often advantageously
computed from

y(nln) = d(n) — e(n) = d(n) — e(nln — 1) — A(n)i(n).
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2.4 Criticism and Conclusion

Having extolled the new joint recursive optimality framework over a considerable number
of pages it is just fair to give a however short criticism of this approach, too. Most impor-
tantly, its merits should be assessed with respect to the conventional error minimization
approach and to a couple of non-standard approaches as well.

In comparison to error minimization the following comments apply:

1. Both approaches give a unifying guideline for the specification of a large variety of
adaptation algorithms. With joint recursive optimality the specification is guided by
an explicit criterion that is met exactly by the algorithms. With error minimization
the specification is guided by an optimality criterion that in practice is never satisfied
exactly as either the underlying modeling assumptions are unrealistic (such as the
existence of a time-invariant optimum coefficient setting) or the algorithm is sligthly
modified prior to its actual application.

2. Both approaches have their specific assets when it comes to selecting a particular
algorithm. Within error minimization some of the global or average performance
(e.g. the residual mean square error after convergence) can be predicted from the
intended criterion. Within joint recursive optimality, a general analysis of tracking
performance in time-varying environments is possible, see Chapter 3.

3. The joint recursive optimality framework bears much resemblance to the stochastic
gradient approach of Section 2.2.1.1. This can be understood from the observation
that moving the coefficient vector in the direction of the negative error gradient pro-
vides the means to reduce the error at minimum cost as far as coefficient variation
is concerned [240]. The mutuality of the two approaches is again confined to conver-
gence issues while the tracking properties of adaptation algorithms are not obvious
from the gradient apporach®?. The gradient sets the direction where to move the

filter coefficients but it does not tell how far to go in this direction?3.

The further comments pertain to non-standard approaches to the derivation of adap-
tation algorithms.

Recursive Prediction Error Methods. They are advocated as a general design prin-
ciple in [31, Chapter 8] [150, pp. 88-98] and [226, 251]. First, a general explicit cost
function is defined (in stochastic terms) as a measure of the ‘prediction error’, i.e. the a
priori error. Realizable algorithms are obtained via a stochastic approrimation procedure
and resemble either stochastic gradient or stochastic Gaufi/Newton algorithms. Tsyp-
KIN’s approach [251] provides, in particular, the most coherent and complete framework
inasmuch as all of the user’s choices (model structure, model order, ‘optimal’ cost func-
tions, algorithm gains,etc.) are derived from explicit optimality considerations founded

32Consider as an example the LMS algorithm and the effect of its step size u in time-varying environ-
ments. If the algorithm is derived within the gradient approach, an extra analysis [236] is required to
reveal the trade-off between time variation of the coeffcients and error power, which is already present in
the first principle of the joint recursive optimality approach.

33Note that the opposite problem occurs with the zero-forcing algorithm design of Subsection 2.2.2.1.
This design specifies exactly how far to move the coefficient vector, i.e. into the hyperplane defined by zero
a posteriori error, but gives no indication of the optimal direction of the coefficient update
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not only on the standard Gaussian assumption but on an analytical framework covering
a wide range of process classes. In these respects this approach goes far beyond the scope
of the joint recursive optimality framework. The only drawback is found in the stochastic
approximation paradigm itself which is per se restricted to time-invariant problems and
gives no guidelines on how to generalize to the time-varying case [150, p. 61]. Therefore,
algorithms as simple as the LMS algorithm are not derivable from an explicit criterion
within this approach but need to be explained from ad hoc ‘simplifications’ necessitated
through practical tracking requirements.

The Control Theoretic Paradigm. It is the author’s personal impression®* that there
is want of taking optimality criteria as the starting point in a good deal of recursive
adaptation algorithm design for control applications [10, 81, 134]. Rather, algorithms are
postulated on the grounds of experience often drawn from off-line algorithm design or
feedback system analysis. Only thereafter, a thorough analytical investigation of crucial
algorithm properties such as stability or convergence is carried through and algorithms
withstanding this scrutiny are proposed for application. This rationale is very attractive
from an operational point-of-view, but it misses the explanative power of any optimality
approach which provides both a key to the interpretation ‘what the algorithm is doing’
and—with a certain level of confidence—a justification why just this algorithm should
actually solve the given application problem.

The Bayesian or Kalman Filter Approach [81, pp. 245-262][91, pp. 269-306][150,
pp. 32-41].  GODARD in his 1974 paper [79] was the first to apply this approach to the de-
velopment of a (growing memory) recursive least squares algorithm for adaptive transversal
filters®®. He couched the problem in a stochastic state-space model where the unknown
state corresponds to the unknown filter coefficients and the measurable observations cor-
respond to the desired signal. The data vector is masqueraded as the measurement vector
(or matrix). The optimal estimator for the filter coefficients is then defined either from a
minimum variance principle or from a mazximum a posteriori principle within a Bayesian
framework [150, p. 32-41].The following remarks pertain to this approach:

e It is entirely model based. Therefore, a specific algorithm is only optimal for specific
statistical assumptions about the signals involved. There is no direct indication on
how far from optimal the actual performance of an algorithm can be in a ‘mismatch-
ing’ statistical environment.

e The simple LMS algorithm needs already very specific modeling assumptions [19,
Egs. (84,92,94)]. This is counter-intuitive when considering the reasonable success
of this algorithm in a very wide range of applications.

e A true asset of this approach is that it bears the potential for a time-varying descrip-
tion in its first principle. Simple random walk models or more specific hypermodels

340f course, this impression is biased due to the author’s primary exposure to the signal processing
world. Still, support for this view can also be found elsewhere, e.g. [102].

35The development of the exponentially windowed RLS algorithm requires already quite tricky parameter
choices within this framework, cf. [91, pp. 296-300]
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[19, 20] can be exploited to capture the time-varying aspects of the application en-
vironment, see Chapter 3, and are easily incorporated in the state-space description
of the problem.

In comparison with the joint recursive optimality framework there are two major
differences. First, the joint recursive optimality criterion is met deterministically
by an algorithm no matter what statistical assumptions may apply. But if such
assumptions are valid, then the deterministic optimality is readily interpreted in
statistical terms, too. In contrast to that, the Kalman filter approach is a priori
bound to a statistical interpretation. Second, joint recursive optimality allows the
above-mentioned extensions towards hypermodels for time-varying environments,
too. Algorithm derivation appears to be considerably simpler, though, as it by-
passes some of the stochastic overhead in going from a design objective to the actual
deterministic algorithm structure.

The chapter is concluded with a reminder what the joint recursive optimality frame-

work cannot explain.

1. Fast recursive least squares algorithms [4, 14, 91, 96] cannot be understood from

this framework alone. The designation ‘fast’ refers to the efficient computation of
the vector-valued product R™'(n)z(n) as needed for the coefficient vector update of
RLS algorithms. The ‘shifted structure’ of the data vector allows to organize these
computations such that O(N) operations are sufficient instead of O(N?) where N is
the dimensionality of the data vector. As these algorithms are the exact equivalent
of their computationally more involved counterparts, they do have an interpretation
within joint recursive optimality. Yet, the intricate way how the recursive update of
the coefficient weighting matrix G(n) = R™!(n) is circumvented cannot be predicted
from this theory and is best clarified in a vector geometrical approach as described
in [4].

. Joint recursive optimality is a priori restricted to a given complexity in the filter

structure, cf. the discussion in [81, pp. 275-283,379-389]. This constraint is easily
motivated from an applications point-of-view but should not divert from the quest
for optimality in a less restricted context [81, pp. 248-275,,360-379] [251].

. The joint recursive optimality framework has deliberately been confined to the

transversal filter structure. As noted in the introduction, it can be generalized to
the class of linear adaptation algorithms, i.e. to filter structures where the coeffi-
cients enter only as weights of a linear combiner which computes the filter output
from otherwise arbitrarily (but non-adaptively) processed inputs. Even more, an
extension to general filter structures can be achieved with the help of so-called ‘gra-
dient filters’ that evaluate the instantaneous sensitivities of the filter output with
respect to the filter coefficients’6. This idea has been successful in the development
of stochastic gradient and/or RLS-type algorithms for a variety of filter structures
[39, 69, 81, 159, 209, 251]. A unification within the joint recursive optimality frame-
work is possible and will be given elsewhere.

36T this end, an equivalent to TELLEGEN’s theorem ([44] and related work in [66]) can advantageously
be applied to the adaptive filter which is regarded as if controlled in a time-varying way, cf. [241]



Chapter 3

Adaptation in Time-Varying
Environments

e With a move towards application, the tracking properties of adaptation algo-
rithms of the joint recursive optimality class are studied in a general setting
and guidelines are developed to extend these algorithms through incorpora-
tion of time-varying models of the application environment. Coefficient filters
emerge as a natural ingredient of the extended algorithms.

3.1 Introduction: Convergence and Tracking

While the previous chapter concentrated on the theoretical basis of algorithm design, the
focus is now shifted towards practical application of such algorithms. The following two
questions arise in this context:

1. What is the actual performance of the algorithm in a certain application?

2. How can the algorithm be tailored to specific needs of the application?

The typical applications of adaptive signal processing systems can be classified into
two areas:

e Adaptation in unknown but constant environments.

The ‘classical’ problem of this area occurs in digital data communication via a dial-up
telephone line: the unknown but basically time-invariant transfer characteristics of
the line have to be compensated by an adaptive channel equalizer in the receiver [196].
In that case, the initial convergence speed of the adaptation algorithm is the crucial
performance parameter as it determines the required ‘adaptation delay’, i.e. the
interval of time that elapses between building up the connection and actually starting
to transmit data. After initial convergence, the desired algorithm performance is
specified from the steady-state equalization gain (in terms of intersymbol interference
suppression [141, Chapter 8]), whereas the slow variation of the channel transfer
function with time is usually less of a problem.

e Adaptation in time-varying environments.
A ‘classical’ problem of this class occurs in digital communication via a fading HF

61
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channel [219]. Fading is mostly caused by multipath propagation over a time-varying
medium (as is the case of radio links) or between moving transmitter/receiver com-
binations (as is the case in mobile radio applications). It results in both strong
and rapid variations of the channel transfer function (including the gain) with time.
Thus the steady-state operation of the adaptation algorithm must be tuned to track
these variations and allow for appropriate equalization in the receiver [225, 243].
This tracking capability can, however, only be assessed in conjunction with the
algorithm’s ability to suppress the omnipresent noise of any real application envi-
ronment. The initial convergence speed of such algorithms is of minor importance
(putting aside the loose coupling that exists between this parameter and the tracking
capabilities).

The dichotomy of adaptation in constant, but unknown, or in time-varying environ-
ments is not only valid w.r.t. the systems involved (the transmission channel in the above
examples), but also w.r.t. the signals: the ‘adaptive line enhancer’ [238, pp. 354-361] tries
to enhance a spectral line (i.e. a sinusoid) of unknown frequency which is buried in broad-
band noise whereas the ‘adaptive linear predictive coder’ [12, 76, 212] tries to predict the
nonstationary speech signal using time-varying prediction parameters’.

Coming back to the first question, the actual algorithm performance can be assessed
along three major lines [19] which are treated individually in the next three subsections.

3.1.1 Convergence in Time-Invariant Environments

In time-invariant environments, several questions need to be answered:

e Does the adaptation algorithm converge at all? (Algorithm stability)

This question can be answered both from a deterministic or stochastic point of view.
The first approach is fully developed for the assumption of periodic signals? in the
averaging theory of [6] and [103, pp. 89-99]. Stochastic convergence studies in the
literature assess the convergence of the first or second moment of the coefficient
vector or even stronger forms, such as ‘almost sure convergence’ or convergence with
probability 1, cf. [213]. The last approach, though mathematically more involved,
appears to be most useful for practical purposes because it predicts the behaviour
of the algorithm for ‘almost all’ possible input signals.

This ideal situation is not always achievable for practical adaptive algorithms as
pertaining stability results are often valid for a restricted input signal class only.
These conditions are referred to as persistency of excitation conditions and need to
be assumed a priori. They are algorithm specific and there is virtually no means to
check them for a given signal without running the algorithm with just this signall
To a limited extent, the excitation properties of a signal can be predicted from its

"While emphasizing this dichotomy for the sake of clarity and simplicity, important applications which
necessitate both adaptation types should not be overlooked. An example is acoustic echo-cancellation for
the hands-free telephone [232] where both fast initial convergence and considerable tracking performance is
required. Thus this dichotomy reflects different views taken in performance analysis rather than logically
disjoint application enviroment descriptions.

20f course, by allowing for increasingly large periods the results are transferable to the more practical
non-periodic case as well.
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statistical description such as its auto-correlation matrix or power spectral density
[91, Chapter 2]. As the following questions make no sense unless convergence does
occur, persistency of excitation will be assumed throughout.

o Where does the algorithm converge to?

The desired answer is that the algorithm converges to a ‘would-be’ optimum coef-
ficient setting otherwise obtainable from the a priori solution of an optimum filter
problem with known signal statistics (‘Wiener’ solution). Adaptation algorithms
with non-decreasing gain at best converge in their mean to such an optimum, while
the fluctuations of the filter coefficients around such an optimum sustain a finite,
non-zero variance. If the noise component in the reference signal d(n) is correlated
with the input signal z(n) convergence to a biased mean coefficient vector is to be
expected for most algorithms [103, p. 31].

e How fast does the algorithm converge?

As an answer to this question, convergence is either characterized as being hyper-
bolic (e.g. for the growing memory RLS algorithm cf. [14, p. 198], [103, p. 37]) or
as being exponential where the latter is the predominant scenario of non-decreasing
gain algorithms [103, pp. 34-39]. In that case, a time constant can be related to
the convergence curve. This constant is usually inversely proportional to the size of
the algorithm gain. Furthermore, as convergence of the filter coefficient vector takes
place in a multidimensional space, mutually independent modes of the convergence
behaviour can be observed and characterized by individual time constants. They
may depend on the eigenstructure of the auto-correlation matrix of the input data.
Such dependence is removed by the appropriated choice of the coefficient weighting
matrix as found in the RLS-type algorithms of the joint recursive optimality class of
adaptation algorithms. The fore-going description of convergence speed refers to a
situation ‘near convergence’, i.e. to the asymptotic convergence behaviour of the al-
gorithm. The ‘near convergence’ condition is often invoked both during performance
analysis and for algorithm design [251, pp. 42-47, Chapters 2, 3].

The asymptotic behaviour has to be distinguished from the initial convergence be-
haviour, which may differ considerably from the previous one: exact recursive least
squares algorithms are notorious for their fast initial convergence® but show an
asymptotic behaviour similar to the LMS algorithm if the appropriate correspon-
dence between exponential forgetting factor A and the stepsize p is established.

e What residual error remains after convergence?
Only decreasing gain algorithms can converge towards the ‘true’ optimum coefficient
setting in a noisy environment. All other algorithms converge only into the vicin-
ity of this optimum and continue with fluctuations of the coefficients around the
optimum. These fluctuations can be measured either directly as the norm of the
coefficient misalignment vector or indirectly in their effect on the filter output. This

3With the assumption of proper initialization, N time steps for a filter of order N in a time-invariant
no-noise environment where the solution of the least-squares problem renders the true optimum, or ap-
proximately 2N time steps in a time-invariant noisy environment for convergence to within a 3 dB margin
of the asymptotic residual squared error [14, p. 198].
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latter approach allows to define the excess mean square error as the error contri-
bution induced through the coefficient fluctuations at the filter output which would
not be present if the coefficient did converge to the true optimum. This excess er-
ror is usually proportional to the algorithm gain. Therefore, adaptation algorithm
design in time-invariant noisy environment is dictated from the trade-off between con-
vergence speed (large algorithm gain for small time constant) and precision of the
coefficients after convergence (small algorithm gain for small excess error). In this
trade-off, joint recursive optimality is recognized again as a guideline to understand
algorithm performance.

3.1.2 Large Parameter Variation and Detection of Jumps

When entering the field of time-varying environments, abrupt changes of this environment
are usually distinguished from the smoooth changes treated further below. While in the
latter case tracking properties of the adaptation algorithm are studied, the large parameter
‘jumps’ of the former case necessitate to study at least the two following questions [20,
Chapter 5]:

o [s the algorithm able to detect parameter jumps at all?
The recursive algorithms described in this thesis do not include decision devices and
therefore do not provide such detection capabilities. Appropriate detectors have to
be designed independently and may then be evaluated with respect to their fidelity
in deciding upon the occurrence of a jump, their precision in locating it on the time
axis, and with respect to their delay in obtaining such decisions.

e How fast is the algorithm able to recover after a jump?

The answer depends again on the capability of detecting such jumps. If they are
detected (with a reasonable fidelity of course), then the algorithm may resume oper-
ation with a behaviour similar to its initial convergence phase. This can be achieved
by proper reinitialization of the algorithm at the location of the jump and leads to
a fast recovery in the case of exact RLS algorithms [43]. If, however, no detection
device is available the algorithm will simply exhibit its asymptotic convergence prop-
erties, i.e. it will usually converge exponentially fast to the new parameter set, which
is slow when compared to initial convergence! Due to the large parameter variation
associated with a jump, this may induce time intervals of considerable length with
a large error (either in the coefficient vector or in the adaptive filter output).

As this thesis is concerned with strictly recursive algorithms but not with the detection of
abrupt changes of the application environments the reader is referred to the monograph
by BASSEVILLE and BENVENISTE [13] as referenced in [20, p. 165] and to the surveys in
[20, Chapter 5], [87, Chapter 4], [118, pp. 120-130] and [149]. Further references to this
problem include [7, 8, 52, 98, 144, 125, 170, 194, 221, 242]. In addition to large parameter
variation of the environment, abrupt changes may even occur in the structural description
of the environment. To cope with such discontinuities or ‘jumps’, structurally adaptive
systems have been proposed in [222].
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3.1.3 Smooth Time Variation and Tracking

Having dealt with the two extreme poles of time variation in the application environment
(i.e. strict time invariance and arbitrary, discontinous changes), the intermediate case of
smooth time variation is left over. It covers a wide range of practical environments and is
the domain of recursive adaptation algorithms with non-decreasing gain. The formulation
of the joint recursive optimality principle has already forboded this fact and the analysis
in the following section will provide further support thereof. Performance evaluation in
environments with smooth time variation must distinguish two sources of such variation:

e Nonstationary input data.

There is a number of applications which are characterized by a time-invariant sta-
tistical relationship between the input signal and the reference signal whereas these
signals are individually described as nonstationary processes. Examples given in
[62] include identification of linear time-invariant systems with nonstationary inputs,
adaptive echo cancellation in telephone data transmission channels, and adaptive side
lobe cancellation. In such environments, decreasing gain algorithms as described in
Subsection 2.2.1 are the recommended choice. Even the simple LMS algorithm with
decreasing step size provides almost sure convergence to the time-invariant filter co-
efficient optimum in that case [62]. While such an environment correctly is denoted
as time-variant, the notion of tracking is not applicable in that case but only to the
second type of time-variant environments.

o Time-variant reference coefficient vector.
In this case the statistical relationship between the input signal and the reference
signal is itself time-varying. Such a situation may occur for instance in the identi-
fication of a time-varying system with measurable input z(n) and an output y(n)
which can only be observed after disturbance by some additive measurement or ob-
servation noise 7(n). In that model, the reference signal d(n) is composed of two
terms:

dn) = y(n)+n(n) (3.1a)
with y(n) = cfef(n)cc(n) (3.1b)

where the reference coefficient vector c,.f(n) accounts for the time variation of the
system or ‘plant’ to be identified. The identification task can be formulated as “given
the observed signal sequences z(n) and d(n), find an estimate ¢(n) of the coefficient
vector that is as close as possible to the true coefficient vector ¢¢¢(n)”. The success
of any solution to this problem is naturally evaluated in terms of some measure
(e.g. the mean square norm) of the misalignment vector

0(n) = c(n) — cres(n) (3.2)

The picture is slightly different in the case of joint process estimation where (3.1a,b)
is still assumed to hold but the task is formulated as “given the observed signal
sequences z(n) and d(n), find an estimate y(n|n) of the filter output that is as close
as possible to y(n).” In that case, the projection of the misalignment vector onto
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the current input data vector is the natural basis for further performance evaluation
of the algorithm:

07 (n)z(n) = [c(n) — crep ()] a(n) = y(n|n) —y(n) (3.3)

In both situations it is necessary that the adapted coefficient vector ¢(n) follows or
tracks the time variation of the reference coefficient vector ce¢(n). It will be shown
that the tracking problem cannot be defined in absolute terms but only in relative
statistical terms of both the reference coefficient vector cycs(n) and the observation
noise n(n). Of course, also the properties of the input sequence x(n) enter into the
analysis, in particular when it is modeled as a nonstationary process*. However,
to elaborate on the crucial features of the tracking paradigm without too much
notational and conceptual overhead, the simplifying assumption of stationary input
data will be made wherever appropriate in the following.

What follows is organized according to the two questions formulated at the beginning
of this section. First, a general performance analysis of algorithms satisfying the joint
recursive optimality principle, will be made with emphasis on tracking of smooth time
variations from noisy observations. Second, extensions of these algorithms will be discussed
that allow to tailor them for specific needs in a given application. The specific flavour of
such needs stems from a priori models describing the time evolution of the reference
coefficient vector. These hypermodels are either known or assumed to be valid only for the
particular environment under consideration. This approach will be formalized in terms of
coefficient filters which are easily incorporated into the joint recursive optimality principle.

3.2 Tracking of Smooth Time Variations from Noisy Obser-
vations

3.2.1 Coefficient Vector Evolution in a Transform Domain

The analysis is started with the general algorithm structure of joint recursive optimality®
(2.43a,b):

c(n) = cn—1)+e(n)G(n)x(n) (3.4a)
en) = (n)e(n) (3.4D)

where the a priori error e(n) is

e(n) =d(n) — cf'(n — 1)z (n) (3.5)

4Cf. the studies in [25, 24, 72]. Moreover, in several situations the origin of the time-varying aspects of
the application environment may not be separable a posteriori into the influence of non-stationary signals
and the influence of time-varying systems. This occurs typically in digital communication problems where
the receiver has only the received signal at its disposal which incorporates both effects of non-stationary
transmission signals and time-varying channels.

SError filtering as discussed in Subsection 2.3.5 is not included here as it would only complicate the
present analysis of which the main purpose is to guide the reader towards the application of coefficient filters
and not to provide a mess of quantitative tracking results for the large number of algorithms presented in
the previous chapter.
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Now, a normalizing transformation is introduced which acts simultaneously on the data
vector x(n) and the coefficient vector ¢(n):
z(n) = GT2(n)xz(n) (3.6a)
én) = G Y2(n)e(n) (3.6b)
where G'/2(n) is a square rootS of the positive definite coefficient weighting matrix G(n)

satisfying
G'?2(n)G"?(n) = G(n) (3.7)

The adaptation algorithm reads with the transformed quantities:

én) = G '2n)GY*(n—1)é(n—1)+e(n)
e(n) = dn)—el(n—1)GT%(n-1)GT%(n)
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It is convenient to introduce the abbreviation
é(njn —1) = G7V2(n)G*(n — 1)é(n — 1) (3.9)

for the generally time-varying scale transformation” acting on the delayed coefficient vector
¢(n —1). An equivalent signal flow graph representation is

=® > T =® >

é(n) ¢(njn — 1)

G'/2(n) G~ '2(n)

which will receive the short-hand notation of a ‘transforming delay’ T as in

¢(n)

Y

T > ¢(njn —1)

5Note, that a square root matrix is only defined up to a unitary matriz factor [71, p. 831] [80, p. 395] [249,
pp- 212-213]. This ambiguity can be resolved by imposing some additional constraint, such as symmetric
or triangular structure, on the square-root matrix. For the present discussion it is irrelevant how the
actual square root is defined. Also not necessary for the present development, direct computation of the
square-root matrix is always possible: in case of LMS-type and individual coefficient adaptation algorithms,
it is easy to evaluate the square roots of the diagonal matrix elements, in case of RLS-type algorithms
the recursive propagation of the inverse coefficient matrix G~*(n) = R(n) can easily be transferred in the
square-root domain as well, cf. POTTER’s algorithm as described in [150, pp. 327-328] and a related formula
useful for directional forgetting algorithms in [121]. A similar strategy is found in the U DU -factorization
proposed by BIERMAN [28].

"This is a first instance of a coefficient vector predictor, a general concept to be introduced in Section
3.4.
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This is motivated below from considering the asymptotic behaviour of the algorithm for
stationary input data z(n) where the two square-root matrices G~/2(n) and G*/?(n — 1)
cancel each other and the ‘transforming delay’ T' becomes a simple delay 7.

With (3.9), the algorithm (3.8a,b) reads as

c(n) = ¢(nln—1)+e(n)x(n) (3.10a)
e(n) = d(n)—cf(njn—1)z(n) (3.10b)
and is recognized as an LMS algorithm (with step size p = 1) working in the trans-
form domain®. Compare this general result also to the special case of the LMS/Newton
algorithm in Subsection 2.3.4.1.
Proceeding with the general analysis, the reference signal model (3.1a,b) is inserted
first into (3.10b) to yield:
e(n) = d(n)— e (nln —1)&(n)
crep(n)x(n) +n(n) — ¥ (njn — 1)&(n)
= [Eref(n) + ﬁ(n) - E(n’n - 1)]T§(n)
where the normalized noise vector n(n) has been defined such that
z(n)
[l (n)]]?

and then, from (3.10a), the following important result is obtained:

A(n) = n(n) = 7" ()& (n) = n(n) (3.11)

¢(n)=¢(njn—1)+ i(n)fET(n)[Eref(n) +n(n) — ¢(njn — 1)]

& ¢c(n) = P(n)y(n)e(n|n —1) + (1 —7(n))(Crer(n) + 1(n))]
+  Pt(n)é(n|n —1) (3.12)

where the projection operators P(n) and P~ (n) have been defined as follows:

e The projection onto the transformed data vector

z(n)z" (n)
P(n — 3.13a
Nl (315
e The projection onto its orthogonal complement
Pt(n) = I—-P(n) (3.13b)
Furthermore, the identity
2> = &"(n)&E(n) =2 ()G (n)GTP(n)z(n)

= zT(n)G(n)z(n) =1—~(n) (3.14)

8The fact that ¢(n|n — 1) does not equal ¢(n — 1) exactly will be ignored for the moment.
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Figure 3.1: Transform domain signal flow graph related to the tracking properties of the
general adaptation algorithm.

has been used to obtain (3.12). This result gives a clear picture of the tracking properties
of the general adaptation algorithm (3.4a,b) when visualized as a signal flow graph as
given in Figure 3.1. In the following remarks, this flow graph will serve as the firm basis
to develop both formal aspects and intuition of tracking behaviour.

Remark 1. Equation (3.12) and the corresponding signal flow graph in Figure 3.1 are
derived deterministically without any approximation and without any assumption on the
properties of the time-varying reference coefficient vector ¢,.¢(n) or the noise n(n). This
is in contrast with the otherwise similar filtering interpretation of tracking properties
discussed for the LMS algorithm in [236].

Remark 2. The signal flow graph block symbols P(n) and P+ (n) stand for a projection
of the (coefficient) vector passing through the block onto the tranformed data vector or its
orthogonal complement, respectively. From a computational point of view, such operation
requires a full matrix x vector multiplication in general. The ‘operator block’ notation
is however preferred over a ‘matrix multiplier’ notation as it shows explicitly how the
coefficient vector ¢(n) is computed from its two components paralell and orthogonal to
the current data @(n). Note furthermore that the two operators add up to the identity
operator

P(n)+Pt(n)=1

such that their effect can be interpreted as a kind of soft switch between the parallel and
orthogonal branch of the feedback loop in the signal flow graph.

Remark 3. In the parallel branch of the feedback loop, a weighted average of the old
information ¢(n|n — 1) and the new information ¢,.f(n)+n(n) is computed. The weighting
is controlled by the conversion factor v(n). If this factor is close to 1, the old information
is propagated with little forgetting and little correction from the new information. If this
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factor is small (or even close to 0), old information is partially forgotten and replaced by
the equivalent amount of new information.

In the orthogonal branch of the feedback loop, old information is propagated unchanged
as all observable new information is parallel to the transformed data vector x(n). The
deterministic stability bound |y(n)| < 1 is now easily understood from this signal flow
graph as a sufficient condition to keep the overall gain of the feedback loop less or equal
1 and to guarantee thereby that the coefficient vector ¢(n) remains bounded for bounded
inputs Crep(n) and 1(n).

Note furthermore that the ‘soft switch’ controls P(n) and P (n) are independent of
the scaling of both the gain matrix G(n) and the data vector x(n) as their absolute size
is cancelled in the definitions (3.13a,b). They do depend on the directional information
in G(n) and x(n) only, or in short, on the directional distribution [118, p. 74] of the
transformed data vector &(n). The ‘averaging’ control v(n) does however depend on the
scaling of the gain matrix G(n) and of the data vector z(n) or, in short, on the length?
of the transformend data vector &(n). Thus these two statistical properties of the input
data are manifested separately in the coefficient adaptation algorithm.

Remark 4. As stated before, the ‘soft switch’ P(n) depends on the directional distri-
bution of the transformed data vector &(n).

For LMS-type algorithms, @(n) is collinear with x(n) and, therefore, this distribu-
tion will in general be non-uniform, i.e. there are directions of the IN-dimensional input
data vector space which occur more frequently than others. For stationary data this is
due to the auto-correlation properties of the input data where ‘frequent’ directions cor-
respond to large eigenvalues of the auto-correlation matrix and vice versa [14, Chapter
3]. This situation is usually described by transforming the data (and coefficient vector)
into the eigencoordinates of the auto-correlation matrix and analysing the behaviour of
the resulting N (decoupled) modes of the adaptation algorithm independently, cf. [236].

For RLS-type algorithms, ®(n) is approximately orthonormalized through the trans-
form G”/?(n)a(n) where G(n) is proportional to an inverse estimate of the auto-correla-
tion matrix of the data. In that case, the directional distribution of Z(n) is approximately
uniform and all N modes exhibit approximately similar tracking behaviour.

Remark 5. A particular situation arises, if the data x(n) are taken from an M-dimen-
sional subspace with M < N [118, p. 80]. This occurs e.g. for an input signal that is
composed of M/2 sinusoids and contains no random component [96, p. 57|. In such a
situation no matrix transformation G*/ 2(n) whatsoever can achieve a uniform directional
distribution in &(n): the transformed data vector will lie in an M-dimensional subspace as
well, and there exists an (N — M)-dimensional complementary subspace of the coefficient
vector space which never passes the ‘parallel branch’ of the feedback loop in Figure 3.1—
or, in other words—which never can be tracked by any of the discussed algorithms. The

°In the LMS algorithm, this length depends on the instantaneous input signal power such that v(n) is
large for small input power and vice versa. Therefore, the averaging of old and new information is made
dependent on the instantaneous ‘signal-to-noise ratio’, i.e. the ratio of the (time-varying) input signal
power to the (supposedly) time-invariant observation noise power. In RLS-type algorithms, this length is
related to the likelihood of the input data as discussed in Subsection 2.3.4.1.
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component of the initial coefficient vector that lies in this non-excited subspace will prop-
agate forever undamped in the orthogonal branch of the feedback loop. This performance
failure can be assessed from three viewpoints:

1. For system identification this misbehaviour is essential as the untracked component
in the unexcited subspace will persist in the misalignment vector 8(n) of (3.2).

2. Signal estimation is not affected through this misbehaviour as the unexcited subspace
component of the coefficient vector is not observed at the filter output when the
misalignment vector @(n) is projected onto the data vector x(n) as in (3.3).

3. From a numerical point of view, an undamped feedback loop is always prone to
divergence due to accumulation of numerical errors generated by any finite-precision
arithmetic implementation. This effect is observed in practice and known as long-
term drift of the coefficient vector!? as described e.g. in [14, pp. 112-114] [42, 78]
[96, p. 58].

Concluding this remark, it is mentioned that input data causing this type of tracking (and
stability!) problem, are referred to as violating a persistency of excitation condition [5, 29]
[31, p. 346, pp. 427-428] [103, Chapter 5| [131].

Remark 6. For many of the algorithms, the gain matrix G(n) only depends on x(n) but
neither on d(n) nor on ¢(n)'!. In this case, the signal flow graph Figure 3.1 is recognized
as a linear first-order time-varying filter operating simultaneously on both the reference
coefficient vector €,¢(n) and the normalized noise vector 7(n) to produce the coefficient
vector ¢(n) at its output. This filter has been called a learning filter in [124] following the
parlance of time-invariant environments where one refers to learning characteristics such
as the learning curve etc. [236]. As both the reference coefficient and the noise undergo
exactly the same filtering operation, tracking in the presence of noise is contingent upon
(spectrally) different behaviour of the reference coefficient vector and the observation noise.
This coincides with the frequent assumption of ‘slow’ variation of the reference coefficients
(which are modeled as a vector-valued low-pass process or signal) and approximately white
observation noise.

Remark 7. To proceed further in the analysis, the stationarity assumption is invoked
for the input data x(n). In an asymptotic analysis, i.e. after dying out of the initial
transients, the input-dependent control v(n) will be replaced by its expectation

Y= E{V(n)}‘n»l (3.15)

and the ‘transforming delay’ T by a simple delay T. Table 3.1 lists typical values of ~
for various algorithm options. This table displays several important features of ‘typical’
adaptation algorithms:

10Counter-measures such as coefficient leakage will be discussed in Section 3.4.

" Exceptions are found in the variable-step algorithm (2.60b,b) where the step-size parameters p;(n)
depend on the correlation e(n)z(n — i), in some exact RLS algorithms (Table 2.1, entries # 3, 4, 9, 10,
and 11) where the data weighting factors depend on the error signal e(n), and for the same reason, in the
prediction-error controlled directional forgetting algorithms (Table 2.2, entries # 2 and 3).
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Table 3.1: ASYMPTOTIC EXPECTED VALUE OF CONVERSION FACTOR FOR STATIONARY
INPUT DATA.

# | Algorithm y(n) v = E{v(n)}, 1
1. | LMS algorithm 1 — pllz(n)|? 1 — ptrace{ R}
2. | Projection algorithm 1—pu 1—pu
3. | Zero-forcing algorithms 0 0
4. | Signed regressor algorithm 1—u SN e (n — )| 1 — uNE{|z(n)|}
5. | LMS/Newton algorithm 1 — pzT(n)R1x(n) 1—uN
6. | Exact RLS, growing memory || 1 — Xa(n)xT (n)R™(n)z(n) 1

and selective data weighting
7. | Exact RLS, exponential and | 1 — Xa(n)xT (n)R™1(n)x(n) A

mixed data weighting
8. | RLS, directional forgetting 1 —B(n)xT (n)R™(n)x(n) A

1. Except for the LMS algorithm and the signed regressor algorithm, all other algo-
rithms have an asymptotic value of v which is independent of the statistical char-
acterists of the input data. Straight-forward comparison of those algorithms is,
therefore, made possible if their parameters (such as the step size u, the forgetting
factor A or the filter order V) are chosen such that a matching value of  is obtained.
As an example consider RLS algorithms with exponential forgetting and directional
forgetting algorithms with constant forgetting factor. Their tracking properties are
comparable [121], if their corresponding weigthing factors are chosen subject to

AL, = Adir (3.16)

Even in the context of the statistics-dependent LMS algorithm such equivalences
have been established: the LMS and LMS/Newton algorithm have been shown in
[239, Eq. (82)] to have comparable tracking properties, if their step-size parameters

are chosen subject to
N
S — 3.17
HLMS trace{ R} KL MS/Newton ( )

And finally, in [146, Eq. (5.2)] and [59, Egs. (4.11), (4.17)] a similar equivalence is
obtained between the LMS and the exponentially weighted RLS algorithm (with the
forgetting factor A close to 1) for

trace{ R
ArLs =1— MLMS]\}{ ) (3.18)

which is again obtained from equating their v-values (under the same assumption of
A close to 1)'2.

P2BELEFTHERIOU and FALCONER maintain in their paper [59] that RLS algorithms would still achieve a
performance advantage if the filter length N is high and the maximum allowable step size p of the LMS
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2. Algorithms with v = 1 allow no tracking at all as the input &,.¢(n) + n(n) to the
signal flow graph Figure 3.1 is totally zeroed through the multiplier 1 —-. Prominent
members of this ‘no tracking’ class of algorithms are all decreasing-gain algorithms,
in particular the RLS algorithms with growing memory and with selective data
weighting.

3. Zero-forcing algorithms are characterized by v = 0 and therefore allow in a sense
for the fastest possible tracking of all algorithms referenced in Table 3.1. This is
understood from the effect v has on the weighted average that is computed from the
new information €.f(n)+ 7(n) and the old information ¢(n|n — 1). Zero-forcing al-
gorithms put maximum weight on the new information while minimizing the amount
of smoothing over past observations. What superficially appears as an advantage
is, however, not always realized as such in practice: to achieve a certain ‘quality’ of
tracking (as measured in terms of the misalignment vector, cf. (3.2) and (3.3)) an
optimum value of v between 0 and 1 is desirable that allows the flexibility of trading
‘coefficient lag’ for ‘misadjustment due to observation noise’ as outlined below.

3.2.2 Misalignment Vector and Learning Filter Interpretation

The general analysis is continued from (3.12) with the development of an expression for

the (transformed) misalignment vector 6(n):

O(n) = ¢(n)— Cref(n)
= P(n)[y(n)(€(n|n —1) = €rep(n)) + (1 — v(n))n(n)]
+P*(n) [é(n|n — 1) = &ef(n)] (3.19)

where for the stationary asymptotic case €¢(njn — 1) = €(n — 1). Therefore the difference
c(njn —1) = Cref(n) = O(n—1)— [Cref(n) — Cref(n — 1)] (3.20)

is composed of the misalignment vector at time (n — 1) and the first difference of the
reference coefficient vector. Inserting (3.20) into (3.19) yields with the asymptotic value

of y(n):
0(n) = [yP(n) + P*(n)] [0(n = 1) = Erep(n) + Eres(n — V)] + (1= )i(n)  (3.21)

The linearity of the recursion (3.21) in both its ‘inputs’ ¢,.¢(n) and 7(n) and its ‘output’
§(n) allows the decomposition into two separate recursions describing the misalignment
élag (n) due to the time-variant reference coefficients and the misalignment énm-se(n) due
to the observation noise:

algorithm is, therefore, limited to small values to satisfy the stability constraint |y| < 1 which—on the
other hand—is satisfied for any choice of forgetting factor A in exponentially weighted RLS algorithms.
This argument is flawed as (3.18) is only valid for A close to 1 whereas the exact formulae for - in Table
3.1 show that any choice of 0 < A < 1 allows to find a stable value for p such that the two algorithms
have a matching -y and therefore similar tracking behaviour. BENALLAL and GILLOIRE have shown in [18]
that the situation is even reversed in practice where the stability problems associated with the (implicit)
inversion of the auto-correlation matrix in exact RLS algorithms limit the choice of the forgetting factor
A to values so close to 1 that the LMS algorithm actually achieves better tracking performance! A similar
result is found in [165],t00.
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Figure 3.2: Transform domain signal flow graphs for the lag filter and noise filter of the
general adaptation algorithm.

5(”) = §lag(n) + énoise(n) (3.22&)
O10g(n) = [yP(n)+ P-(n)] [élag(n 1) = Gref(n) + Eref(n — 1)} (3.22b)
57102'86(”) = [’)/P(TL) + PL (n)]énoise(n - 1) + (1 - ’}/)'ﬁ(n) (322C)

The latter two equations correspond to the two first-order filters shown in the signal flow
graphs of Figure 3.2. If all parameters of these two filters are regarded as frozen to their
instantaneous values, a z-transform analysis becomes possible. The poles of both filters
are controlled through the matrix yP(n) + P*(n) which has N — 1 eigenvalues equal to 1
and one eigenvalue equal to . The ‘lag filter’ has its zeroes all on the unit circle at z =1
whereas the ‘noise filter’ has its zeroes at z = 0. The two filters play an antagonist role
in determining the total misalignment 0~(n) the lag filter is high-pass and the noise-filter
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is low-pass while their cut-off frequencies are simultaneously controlled by the common
poles defined above.

It is important to realize that the decomposition of the total misalignment vector into a
lag component and a noise component is always possible, without any approximation, due
to the linearity of the considered coefficient adaptation algorithms alone.

This decomposition is also valid for the non-asymptotic case, cf. (3.19). Only when
evaluating the (squared) norm or the covariance matrix of the total misalignment vector,
further modeling assumptions are necessary, cf. for an example the random walk or auto-
regressive models used by [59, 236, 213] to describe the time evolution of the reference coef-
ficient vector. The same remark is true for the evaluation of the norm of the misalignment

vector ‘as seen’ at the filter output, i.e. the residual error \§T(n)£(n)]2 =107 (n)x(n)]?. A
general treatment of such second-order analysis has been attempted recently in [149]. In a
similar vein, Appendix C shows how several of the results for the excess error due to time-
variant reference coefficients and due to noise as found in [18, 45, 59, 146, 165, 236, 239]
can be reproduced from specializing the general approach presented so far. Two rule-of-
thumbs are worth mentioning here due to their general applicability:

The excess error due to observation noise (which is assumed to be white, zero-mean
and independent of all other quantities involved) obeys the following (asymptotic) law:

Avg { (el = Daw) "} = 15 Avg () (3.23)

where Avg denotes a sample-path average, cf. Appendix C.1. This formula holds not only
for small gains (i.e. v & 1), but also for large gains. In particular, zero-forcing algorithms
have v = 0 and, from (3.23), show 100% misadjustment due to noise only (i.e. a 3 dB
increase in error over the ‘ideal solution’ ¢(n) = cref(n)).

The time constant characterizing the first-order learning filter of the total excess error
due to noise and coefficient lag is given by

(3.24)

which holds for arbitrary gains, if the filter order is sufficiently high (N > 1). As 0 <
72 < 1 a lower bound of 7 > N follows.

3.2.3 Summary of Tracking Analysis

Summarizing this section on the tracking properties of the general adaptation algorithm
(3.4a,b), the following main issues are enhanced once more:

1. The ‘tracking’ equation (3.12) is a first-order linear difference equation describing
the adapted coefficients in terms of the reference coefficients and the observation
noise.

2. Due to the linearity of the equation, the influence of these two inputs on the mis-
alignment vector can be decomposed into two separate ‘learning filters’ operating
independently.
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3. As the tracking equation is of first order, the two filters are again describable as first-
order high- and low-pass, respectively. Their cut-off frequencies are controlled only
by the asymptotic conversion factor . The first-order behaviour is also recognized
in the exponential convergence properties of these algorithms.

4. The influence of the input data vector on the filters is limited to

e stability issues: long-term drift due to lack of persistent excitation, power con-
straints in several algorithms to guarantee |y| < 1.

e misalignment vector as a whole: only the coefficient misalignment shows non-
uniform tracking speed and accuracy according to the degree of excitation of a
particular mode (i.e. dimension of the associated vector space) which is related
to the directional distribution or auto-correlation matrix of the input data.

The excess error observed at the filter output is, however, independent of this di-
rectional distribution. In this respect, RLS-type algorithms show no performance
advantage over LMS-type algorithms, cf. also [14, p. 207], [59], [239].

5. The present analysis is valid for a whole class of algorithms following the general
pattern (3.4a,b). This is different from previous studies'®> which present more de-
tailed results for specific algorithms. Only a few analyses of comparable scope have
appeared [21, 19, 65, 64, 124, 149] in the attempt to cover the general features
of linear first-order adaptation algorithms'. Their striking result is—in present
terminology—, apart from the single cut-off frequency parameter -y, there is no flexi-
bility to tailor an algorithm to any a priori description of the time-varying application
at hand. This result necessitates to look for extensions of the basic algorithm pattern

which is the topic of the next two sections.

3.3 Models for the Time Evolution of Filter Coefficients

The analysis in the previous section has revealed the general first-order tracking behaviour
of most of the standard adaptation algorithms. This can be seen as a direct consequence
of the underlying joint recursive optimality principle: it is phrased in terms of the first
difference of the coefficient vector and of the power of the a posteriori error. Furthermore,
the choice of the algorithm gain (or, to be more precise, the conversion factor v(n)) deter-
mines the trade-off between the excess errors due to coefficient lag and due to observation
noise, just as the trade-off between coefficient variation and a posteriori error is controlled
through 7(n) in the optimality criterion. This limited flexibility is, however, insufficient
if prior knowledge on the specific nature of the time-variations is at hand. Consider the
identification of a periodically time-varying system with (at least approximately) known
period. As the standard adaptation algorithms react as first-order low-pass filters to the

13Ct. [59, 63, 72, 146, 22, 153, 155, 186, 213, 233, 236, 239)].

M NIEDZWIECKI covers in a series of papers [180, 181, 182] the learning filter characteristics of generally
weighted least squares estimators which are shown to have an impulse response directly related to the
weighting sequence used to define the least squares problem. These filters are, therefore, usually not
restricted to first-order. The specific assets of such higher-order filters will be further discussed in Section
3.4.
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reference coefficients, the related cut-off frequency has to be chosen well above the fre-
quency specified through the known period. If this frequency is high, the excess error due
to observation noise will also be high as it is filtered by the same low-pass filter as the
reference coefficients! In such an application environment it would be desirable to tailor
the adaptation algorithm such that it has a narrow-band learning filter matched to the
period of the time-varying system. Generally speaking, the adaptation algorithms should
be extended by the incorporation of prior models for the time evolution of the coefficient
vector. As the filter coefficients themselves are parameters of a system or signal model,
the time evolution models are called hypermodels by BENVENISTE in [19, 20].

3.3.1 The Deterministic Paradigm: Band-Limited Evolution

Within the deterministic paradigm, the filter coefficients ¢(n) are regarded as deterministic
functions that have a finite support in time. These functions can be expanded into series of
(usually, but not necessarily) orthogonal base functions over the same finite time support.
While such series expansion contains in principle an infinite number of terms, the a priori
assumption of smooth time variations allows to truncate the series to a finite number of
terms. This truncation essentially prescribes the bandwidth of the time evolution of the
filter coefficients. The bandwidth is either chosen on physical grounds (e.g. in speech
modeling where the time variations are expected to be no faster than 100 Hz because the
velocity of speech organ movements is limited through their own inertia) or imposed from
practical needs (e.g. in predictive speech coding where the time variation of the predictor
parameters is directly related to the bit rate of the coder), cf. [15]. The clue of the approach
is that, after insertion of the truncated series expansion into the filter equations, the
problem can be reduced to the optimal choice of the time-invariant expansion coefficients
for the given block of data.

To formalize this approach the filter equation is written as'®:
N-1
g(n) = c"(n)z(n) =Y c(n)z(n —1)
i=0
N-1 4
— [Z ci(n)qll z(n) (3.25)
i=0

In this equation, the sequence of operations on the input signal z(n) is

i

1. delay ¢~
2. multiplication with the coefficients ¢;(n)

3. accumulation of the N products

If the filter were time-invariant, an equivalent transposed structure could be used for its
implementation:

N-1 )
g(n) = lz q_zcz‘(n)] (n) (3.26)

=0

5The filter output is denoted as §(n) as it is computed from filter coefficients ¢(n) which are optimized
over a whole block of data. This differs from the usual a posteriori filter output y(n|n) which is obtained
from the recursively computed filter coefficients.
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Here, the sequence of operation is
1. multiplication of the input signal z(n) with the coefficients ¢;(n)
2. delay ¢~ of the N products
3. accumulation of the delayed products.

Clearly, the two structures (3.25) and (3.26) are not equivalent in the time-varying case
as

ein) = ciln— i)™ £ ei(n)g” (3.27)
It is common to ascribe different interpretations to the filter coefficients ¢;(n) in the two
structures: in (3.25), they are regarded as a time-varying memory function of the filter
whereas in (3.26) they act as a time-varying impulse response of the filter. The second
interpretation is better suited to applications (such as time-varying spectral estimation
[82],[83, pp. 69-87]) and reduces in the sequel the number of computations significantly'®
Therefore this interpretation is adopted here.

Using a set of K base functions!” 1 (n) the coefficients ¢;(n) are decomposed as

K-1

ci(n) = Z cikr(n) (3.28)

k=0

where ¢;; are a set of K x N time-invariant expansion coeflicients. Insertion of this series
expansion into (3.26) yields

N—-1 K—
g(n) = Z q Z Czkwk TL)

Nk

= cikg” P (n)z(n)
=0 k=0
N—-1K-1

_ c(n — i)z(n — i) (3.20)
1=0 k=0

and with the definition of the K modulated input signals
zp(n) = Yr(n)x(n) k=0,...,K—1 (3.30)

(3.29) reads more compactly as

N—

H

K-

H

cikTr(n — i) (3.31)

=0 k=0

ol

This equation can be interpreted as an FIR filter operating on a vector-valued input signal
to produce a scalar output. To see this, define

6By a factor of N when evaluating the products of data x base functions.
1"Various types of base functions have been considered in the literature, such as polynomials, sine/cosine
functions or prolate spheroidal functions. For a comparison, see [83].
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z(n) l £(n) §(n—1) §(n —2) §n—N+1)
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Figure 3.3: Signal flow graph of FIR filter with input modulated by K-dimensional base
function vector ¥(n).

e the expansion coefficient vectors

ci =l[cio,city - scix-1)t i=0,...,N—1 (3.32)

e the vector of modulated inputs

&(n) = ¢ (n)z(n) = [zo(n), z1(n), ..., zx—1(n)]" (3.33)

i) = 3 elen -1 (334

which corresponds to the signal flow graph in Figure 3.3.

And that’s it'®. Comparing (3.34) with the original filter equation (3.25), the problem
of determining a set of scalar time-varying coefficients ¢;(n) has been transformed into
the problem of determining a set of vector-valued time-invariant coefficients ¢;. In both
cases these coefficients enter as the weights of a linear combiner structure. Therefore,
the ‘optimal’ coefficients in (3.34) can be found using standard estimation techniques
for time-invariant problems! This general approach to handle band-limited coefficient
evolution has been around since the early 70’s'®. It has been brought to the attention of
the signal processing community mainly through three seminal papers [82, 89, 147]. Since
1983, a growing number of papers is devoted to this technique out of which a number of

18 A weak attempt to translate GRENIER’s tout est dit in [83, p. 161].
9For an excellent overview of published work until 1984, see [83, pp. 149-158].
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references is provided here [1, 3, 37, 38, 41, 67, 84, 85, 111, 161, 160, 183, 223]. When
assessing the usefulness of this approach for recursive adaptation algorithm design, the
following remarks are in order:

Remark 1. The approach is a priori designed for a finite block of data. This is a
precondition for the validity of a truncated series expansion (3.28) of the (approximately
band-limited) time-varying coefficients c¢;(n) in terms of time-invariant coefficients c;j.
There is no obvious method how adjacent blocks of data should be processed such that
smooth transitions of the coefficient estimates are guaranteed at block boundaries?. A
possible alternative could emerge from allowing the expansion coefficients c¢;;, to be slowly
time-varying on their own. Then, recursive, non-decreasing gain adaptation algorithms
could be employed for their estimation instead of the block processing techniques suggested
in the original formulation. As to the author’s knowledge, an implementation of this
rationale has not appeared, so far. First attempts to develop recursive versions of the

band-limited coefficient evolution approach are reported in [3].

Remark 2. If the approach is used to track rapid variations of a reference coeflicient
vector ¢.f(n), a rather large number of unknown variables (i.e. the K x N expansion
coefficients ¢;) has to be estimated from the limited amount of data contained in the
given block length. This problem gets more difficult with increasing bandwidth of the
coefficients’ time evolution, i.e. with the number K of base functions. It manifests itself in
numerical ill-conditioning of the least-squares problem which has to be solved for ¢;; [40].
LEE has shown how to reduce this problem through application of reqularization methods
in [142, 143]. In conclusion, the band-limited evolution model is useful only for a block-
processing approach to the tracking of slowly time-varying coefficients or, more precisely
to the related coefficient matching problem?!. Recursive methods for the implementation
of these ideas deserve further effort??

3.3.2 The Stochastic Paradigm: Smoothness Priors

The idea to use smoothness priors in the estimation of time-varying parameters goes
back to one of the fathers of the sampling theorem: E.T. WHITTAKER published in
1923 a method [235] that consists in the trade-off of parameter smoothness and fidelity.

20LEE discusses in [142, pp. 92-93] such a method originally proposed by MCAULEY and QUATIERI in
the context of a sinusoidal representation of speech [164]. He proposes to use continuity constraints at
the block boundaries as a regularization device to lessen the numerical ill-conditioning problems of the
standard least squares approach of GRENIER [82], cf. also Remark 2.

*!'This terminlolgy is due to NIEDZWIECKT [185] and distinguishes coefficient tracking from coefficient
matching methods. While the first rely exclusively on past and present observations, the latter exploit
also future observations to determine the optimal coefficient setting at a given time instant. Of course,
the latter methodology is only applicable in off-line applications or, if a sufficient delay in determining the
optimally matching coefficients is allowed.

22The approach developed by BELLEGARDA [15, 16, 17] is much in the spirit of the present approach as
it purports to impose a maximum rate of change constraint on the time evolution of the coefficients. It is
implemented however, as a ‘post-filtering’ technique which will be described in Subsection 3.4.5.
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Smoothness is measured in terms of the p-th difference V()e(n) of the parameters®, where
vWen) = en)—en—1) (3.35a)
V@e(n) = e(n) —2¢(n—1)+e(n—2) (3.35h)

P
VWen) = (1-¢7) en) =3 (f) (—1)ie(n — 1) (3.35¢)
i=0
For a given block of data, the total smoothness cost is defined as the accumulated sum of
squared p-th differences for some fixed order p. Fidelity is measured in terms of the actual
error in explaining the observation d(n) with the parameter vector ¢(n), i.e. in terms of
d(n) — cT'(n)xz(n). The total fidelity cost function is expressed as the accumulated sum of
the squared observation errors. WHITTAKER developed both a probabilistic interpretation
of this approach as well as a deterministic method to solve for the unknown parameters
over a given block of data. To this end, the optimum parameters are defined as minimizing
a ‘joint optimality’ criterion that is a weighted sum of the total smoothness cost and the
total fidelity cost. The weighting parameter can be used to emphasize one of the two
conflicting constraints so as to achieve either better smoothness or fidelity.

The general idea of smoothness priors was re-invented by NEY in 1982 [177, 178]. He
restricted the smoothness cost to be measured in terms of the first difference ¢(n)—c(n — 1)
only, but considers several variants of possible non-quadratic smoothness and fidelity cost
functions. By restricting the range of the coefficients ¢(n) to a discrete set he is able to
develop a recursive solution to the ‘joint optimality’ problem (minimum weighted sum of
smoothness and fidelity cost) by applying a dynamic programming technique. While his
technique has the dual appeal of being both recursive and deterministic, it is unsuited to
adaptive filtering applications, as even the simplistic assumption of a filter length N = 10
and a resolution of the filter coefficients to 8 bits requires to propagate 810 ~ 109 states
in the dynamic programming algorithm. Therefore extensive pruning strategies would be
required for such an algorithm to allow its actual implementation. Such studies have not
been reported so far.

A further interpretation of WHITTAKER’s smoothness constraint has been given by LEE
in [142]. He considers the solution to a least-squares problem which originates from uncon-
straint minimization of the total fidelity cost. This minimization problem is ill-posed as the
occurrence of arbitrarily time-varying coefficients ¢(n) leads to a highly underdetermined
system of equations. The additional smoothness constraint is regarded as a regularization
procedure for this ill-posed problem. LEE’s work fails, however, in developping recursive
solutions so that it is generally unsuited to adaptive filtering applications.

Only KiTiGAwA and GERSCH develop fully recursive adaptation algorithms on the
basis of WHITTAKER's idea, cf. [112, 113]?4. They achieve this goal by embedding the
problem in a stochastic state-space description and by using an extended Kalman filter
approach for algorithm development. To this end, the following model of the time-varying
environment is assumed:

VPe,p(n) = ¢(n) (3.36a)

25Note that WHITTAKER discusses only the scalar case N = 1. Here, the method is formulated for the
general vector-valued case N > 1.
24¥For a recent account of this work, see also [173].




82 CHAPTER 3. ADAPTATION IN TIME-VARYING ENVIRONMENTS

dn) = ef(n)z(n)+n(n) (3.36b)

where {(n) is a vector-valued noise process and both {(n) and n(n) are white and mutually
uncorrelated. (3.36a) can be rewritten as

Cref(n) = Z (f) (_1)i_1cref(n — i) +¢(n) (3.37)
=1

or, with the introduction of the p/N-dimensional state vector

Cref(n)

Cref(n—1
2(n) = d (: ) (3.38)

Cref(n —p+1)

one gets
¢(n)
0
z(n) = Fz(n—1)+ : (3.39a)
0
dn) = [&T(n),0,...,0] z(n) +n(n) (3.39D)

where the state transition matrix F is of order pN x pN and contains only constants
that depend on the difference order p. In the formulation of (3.39a,b), the Kalman fil-
ter methodology is directly applicable and results in the following coefficient adaptation
algorithm, cf. [113, Eq. (2.7)], [112, Egs. (25),(26)]:

chln-1) = (1-(1—g)P)em) =3 (1;) (—1)"le(n —14) (3.40a)
1

1=

c(n) = e(nn—1)+ (d(n) - T (nn — Dz(n)) G(n)z(n) (3.40b)

where G(n) is a matrix computed from the input data only?°. In their paper, KITAGAWA
and GERSCH treat the following further topics within a block-oriented, non-recursive ap-
proach:

1. optimal choice of filter length N in case the model order is unknown

2. optimal choice of the ratio of the variances of the noise process ¢(n) and n(n) control-
ling the time variation of the reference coefficients and the observation noise power,
respectively.

2The estimated variances of the noise processes ¢(n) and 7(n) also enter in the computation of the gain
matrix.
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3. Post-smoothing of the estimates ¢(n) over a finite block of data to compensate for
26

the influence of the otherwise arbitrary initial conditions®.
For the present purpose it is, however, sufficient to retain the two main features of the
recursive smoothing priors algorithm (3.40a,b)

1. It contains a coefficient vector predictor (3.40a) which predicts the vector at time n
from p previous instances of the same vector. This predictor is designed as a smooth
extrapolation operator.

2. The coefficient update proper (3.40b) fits neatly into the joint recursive optimality
pattern (3.4a,b), if ¢(n — 1) is replaced by ¢(n|n — 1).

These two statements will serve as one of the strong incentives to study ‘filtered coeffi-
cient algorithms’ from the joint recursive optimality point-of-view. Before entering this
discussion, the present one on stochastic state-space models for the time evolution of filter
coefficients is concluded with the following remarks:

Remark 1. If the smoothness constraint is formulated with the first-order difference
(p = 1), then the standard joint recursive optimality structure is obtained from (3.40a,b).
Still, there have been attempts to benefit from a state space formulation even in this case:
a clever choice of the covariance matrix of the state noise {(n) can be exploited to model
e.g. non-uniform variability of the IV coefficients as proposed for speech signal modeling
in [93, 94]. Another proposal has been reported in [172] where the state transition matrix
of a p =1 model is estimated from the data.

Remark 2. Further generalization of this approach is possible if the reference coefficients
are not modeled as in (3.36a), but allowed to be stationary stochastic processes themselves
which are modeled as the output of a known linear system driven by (white Gaussian)
noise. Thus the reference signal d(n) is embedded into a two-tiered model structure where
the upper tier (the coefficient process) is justly referred to as a ‘hypermodel’. This line
of thought has been followed by [154, 54] and led BENVENISTE to the development of
so-called multistep algorithms in [19]. They will reappear in the next section on filtered
coefficient algorithms.

3.4 Filtered Coefficient Algorithms

3.4.1 Introduction: In-Loop Filtering

In the last two sections, the following observations were made:

1. The standard adaptation algorithms of (3.4a,b) correspond to linear first-order learn-
ing filters.

26Tt is shown in [112] that this post-smoothing operation drastically improves the results obtained in
an off-line time-varying spectrum estimation application. Such smoothing is, however, not applicable to
adaptive filtering applications which virtually always are operated on-line, cf. also [173].
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2. The time evolution of the (reference) coefficient vector can often be modeled as a
deterministic function or stochastic process with partially known properties.

The question arises whether there is a general avenue to match the ‘filtering’ properties of
the adaptation algorithm to the coefficient evolution models. The answer is yes and will
be phrased in terms of coefficient filters.

From a structural point of view, such coefficient filters can be inserted at various stages
of the coefficient adaptation loop. The aim is always to achieve a better separation of the
influences of the reference coefficient vector and the noise on the tracking behaviour of the
algorithm. The many ways to apply coefficient filters to an adaptation algorithm can be
subdivided into two main classes:

1. In-loop filtering places the coefficient filter within the feedback loop of coefficient
adaptation, and will be further analysed in terms of

e coefficient prediction
e generalized leakage

e multi-step algorithms

2. Post-filtering places the coefficient filter at the output of the feedback loop of co-
efficient adaptation and can be viewed as a post-processing technique striving to
enhance the recursively computed coefficient estimates ¢(n). The description of
such techniques is postponed to Subsection 3.4.5.

For now, in-loop filtering is the chosen technique and will be motivated from the study of
the signal flow graph for the general joint recursive optimality adaptation algorithm?’ as
given already in Figure 2.4 and reproduced here for convenience as Figure 3.4.

In this Figure two nodes A and B have been marked which denote the beginning
and the end of the wector-valued sub-graph within the feedback loop of the adaptation
algorithm. It is between these two nodes that any filters operating on the coeflicient
vector as a whole (and not on a projection) must be inserted. There are three distinct
positions in this subgraph where such filters can be placed, cf. Figure 3.5:

1. In the feedforward branch of the accumulator loop: this case is referred to as coeffi-
cient predictor, see Subsection 3.4.2.

2. In the feedback branch of the accumulator loop: this case is referred to as generalized
leakage, see Subsection 3.4.3.

3. Outside the accumulator loop: this case is referred to as a multistep algorithm. Out
of the two possibilities, it is customary to place the filter before the accumulator
loop in the signal flow from A to B, see Subsection 3.4.4.

In all three cases, a matrix-valued linear time-varying filter is inserted into the signal
flow graph. The filter operators are referred to as F,(n,q~ 1), Fi(n,q '), and Fp,(n,q71),
respectively. After the initial transients have faded away, the overall algorithm behaviour

2TThe discussion is again restricted to adaptation alogrithms without error filtering, although a general-
ization to algorithms with error filtering is possible and will be commented upon in Chapter 4.
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Figure 3.4: Signal flow graph of general joint recursive optimality algorithm without error
filtering.
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b) ‘Coefficient prediction’ sub-graph.
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Figure 3.5: Vector-valued sub-graph of general adaptation algorithm and three possible
modifications through coefficient filters.
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Table 3.2: EQUIVALENCE RELATIONSHIPS BETWEEN THE 3 TYPES OF COEFFICIENT
FILTERS.

express in terms of

Fy(n.q™) [1+q (1—Fl( BN 1
Fyn,g") |(1—¢ )" (n— 1,¢7Y) [1+ L Fu(n—1,¢7Y]
Fi(n,q") (Fp(n ¢ g ) [Fyln.g )(1+q H 1]

Fin,g) | (F(n—1,g7Y)q 1)71 Fo(n—1,¢Y) —1+¢7Y
Frng )| (1—¢ )1 —Fyn+1,¢ g ) Fyn+1,q7")
Fulng )| 1-¢ )1~ Fing g™

will be the same no matter which of the three coefficient filter types is realized if the total
filter operator Fga(n,q~') describing the linear transfer characteristics from node A to
node B is the same. From the following identities

1
FBA(n,q_l) = (1 — Fy(n, q_l)q_l) F,(n, q_l)q_1 (3.41a)
1
= (1—q*1Fz(n,q’1)) ¢! (3.41b)
q_l 1
= 1 qilFm(n, q ) (3.41c)

an equivalence Table 3.2 can be compiled that allows to pass from one filter representation
to another.

Remarkably, if any of the filters is chosen causal, also its two equivalent counterparts
are automatically causal. A similar general statement with respect to stability of the three
filter types has not been found. None of the examples in the following subsections encoun-
ters, however, stability problems. The discussion is started with coefficient prediction
filters as they bear the strongest resemblance to the joint recursive optimality framework.

3.4.2 Coefficient Prediction

The coefficient prediction filter has been introduced in Figure 3.5 as simple replacement of
the delay operator ¢~ by the more complex filtering operator F,(n, ¢ 1)g~!. The output
of the coefficient predictor is directly used to compute the a priori filter output (and error)
in Figure 3.4. Therefore, it is appropriate to introduce the notation

c(nln —1) = Fy(n,q¢ " )g " e(n) = Fp(n, ¢ ")e(n — 1) (3.42)
where ¢(n|n — 1) is the coefficient vector at time n as predicted from the previous vectors

c(n—1i),i > 1 (if Fp(n,q ') is assumed causal). Employing that notation, the adaptation
algorithm with inserted prediction filter reads now:
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c(n) = c(nn—1)+e(n)G(n)x(n) (3.43a)
with e(n) = d(n)—cT(nln—1)x(n) (3.43b)

It is not surprising that this modified algorithm satisfies®® again a joint recursive optimality
principle, i.e.

[c(n) — c(n|n — DTG H(n)[e(n) — e(n|n — 1)] + v~ (n)e*(n) < min (3.44)

where the weighting parameters are again chosen subject to positivity constraints and
normalized such that
y(n) + 2T (n)G(n)x(n) =1 (3.45)

Furthermore, one obtains again
e(n) =~(n)e(n) (3.46)

as in the case of the algorithm without coefficient filtering. Note that the modification in
the optimality criterion (3.44) is non-trivial when compared to the no-filter case (2.40):
in place of the previous coefficient vector ¢(n — 1), the prediction ¢(n|n — 1) is used now
which may depend in an arbitrarily complex way?? on all previous values c(n — i),i > 1.
While the first term in the criterion (2.40) has been interpreted as a measure of the time
variation of the filter coefficients, the first term in the criterion (3.44) is rather interpreted
as a measure of the fidelity of the coefficient predictor. The remainder of this discussion
is again organized in a series of remarks.

Remark 1. The two equations (3.43a) and (3.46) compute the ‘a posteriori’ quantities
c(n) and €(n) in terms of the ‘a priori’ quantities ¢(n|n — 1) and e(n). Therefore, a more
precise notation suggests itself by writing e(n|n) in place of ¢(n). The simple notation
c(n) is, however, retained for convenience as it is unequivocal as well.

Remark 2. From the interpretation of the optimality criterion (3.44), it is desirable to
use the best possible predictor Fp(n,g~!). In all algorithms considered in Chapter 2 and
Section 3.2, this predictor has been set equal to the identity operator, i.e.

cnn—1) = ¢(n—1) (3.47a)
Fy(n,g') = I (3.47b)

Z8For a proof, see Appendix B.

29 Actually, it is not necessary at all to assume that c¢(n|n — 1) is obtained by linear filtering of the
coefficient vectors ¢(n — i). Any kind of linear or non-linear predictor may be used to obtain ¢(n|n — 1)
in terms of the available observation history, including any side information available from additional
observations etc. It is only necessary, that the value of ¢(n|n — 1) is computable without taking the
observations at time n into account.



3.4. FILTERED COEFFICIENT ALGORITHMS 89

In what situation is such a predictor optimal? From the conventional error minimiza-
tion paradigm of algorithm derivation, one might suspect that this is the optimal predictor
for a stationary environment, i.e. for a time evolution model of the filter coefficients that
is constant for all times n. This is not the case as for such a model the optimal predictor
would average over the entire observed history of ¢(n —i),1 < i < n, to obtain a better
prediction of the constant coefficient vector than by simply perpetuating the latest esti-
mate ¢(n — 1) which is known to fluctuate around the optimum even after convergence
has occured in a stationary environment.

The description of the situation where the predictor (3.47b) is optimal is found in
the probabilistic concept of a martingale process. Simply put, a martingale is a stochas-
tic process of which the conditional expectation at time n, given its complete history of
observations, is equal to its latest observed value®. If the reference coefficients obey a
martingale law the predictor (3.47a,b) is optimal in a mean-square sense, [191, pp.412—
414]. An example of such behaviour is found in a pure random walk of the filter coefficients
(which is somewhat unrealistic due to the divergence of its variance with time). From a
more practical point of view, the martingale assumption reflects a wait-and-see strategy,
which might be an optimal common sense strategy if no a priori information (besides a
vague smoothness assumption) is available about the time evolution of the filter coeffi-
cients. This fact explains to a certain extent why these simple algorithms are the first
choice for most adaptive system designers as reliable a priori information on the time
evolution of filter coeflicients is often scarce in practice.

Remark 3. If a state space model is used for the reference signal d(n) where the unob-
served state vector equals the reference coefficient vector,

Cre(n) = Fl(n.n—1)eps(n—1) +C(n) (3.482)
din) = xT(n)crer(n) +n(n) (3.48b)
then the optimal coefficient predictor equals the state transition matrix>!:
cnjn—1) = F(n,n—1)e(n—1) (3.49a)
Fy(n,g') = F(n,n-1) (3.49Db)

Thus, the coefficient predictor does not modify the learning filter order of the adaptation
algorithm! It only allows to incorporate known deterministical dynamics of the coefficient
vector by specification of the transition matrix F'(n,n — 1) and, if the Kalman filter
methodology is invoked to compute the gain matrix G(n), of the covariance properties of
the random components {(n) and 7n(n).

Remark 4. Stepping up in complexity, the smoothness priors concept is included here
again as an instance of coefficient prediction:

cinn—1) = [1-(1-¢7")]em) (3.50a)

30Cf. e.g. [57, Chapter VII] but also the concise introductions of this concept in [31, pp. 799-802], [81,
pp. 499-503],[150, p. 409, pp. 453-463], and [191, p. 477]. The concept originates from gambling theory
where a game is called fair if the expected capital of a player after a game equals his capital just before
placing his bet.

31The choice reflects implicitly a kind of ‘certainity equivalence’ principle.
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_1\P
Fyng ) = q[1-(1-q7")]

_ N (7;’) (—1)i~1g—it! (3.50Db)
=1

(2

The simplest non-trivial case is p = 2 where
Fy(n,g ') =2-¢" (3.51)
and, with (3.42), the algorithm (3.43a,b) results in32

c(n) = 2¢(n—1)—c(n—2)+e(n)G(n)x(n) (3.52a)
e(n) = d(n)—[2¢(n—1)—c(n—2)]Tz(n) (3.52b)

and satisfies the optimality criterion (3.44) in the following form:

[e(n)—2¢(n — 1)+c(n—2)]T G~ (n)[c(n)—c(n — 1)+c(n—2)]4+~ " (n)e(n) < min. (3.53)

Remark 5. The use of coefficient prediction filters to extend standard adaptation algo-
rithms on the basis of a priori knowledge about the nature of the time-varying environment
was proposed by the present author in [119]. Independent work [46, 166] considered the
practical application of this concept to adaptive equalization of fading HF channels. The
incorporation of simple predictive models for the fading process provides considerable
equalizer performance inprovement both when considering the simple LMS algorithm or
an RLS-like Kalman algorithm as long as the signal-to-noise ratio at the filter input is
higher than 30 dB [46]. For a lower signal-to-noise ratio, the quality of the ‘a posteriori
estimates’ ¢(n) does not suffice to yield useful predictions ¢(n|n — 1) even if the predictor
model matches perfectly the ‘true’ reference system [166]. This shows the potential failure
of the ‘certainty equivalence’ strategy as will be elaborated in the next remark.

Remark 6 The effect of the coefficient predictor on the tracking properties of the adap-
tation algorithm can be assessed from considering the modified asymptotic equation (3.21)
governing the evolution of the misalignment vector 6(n):

6(n) = [YP(n)+ P(n)] |[Fy(n,g )8(n —1) = Eer(n) = Fy(n, g )erer(n —1))]

+ (I=7)n(n) (3.54)

If F(n,q~') is the best possible predictor for ¢,.f(n) in terms of ¢,ef(n — 1), then the
driving term €,¢f(n) — Fp(n, ¢ 1)¢res(n — 1) causing the misalignment due to lag is mini-
mal. This ‘certainty equivalence’ choice of F'p(n, g 1) is however not the general optimum
as the operator F(n, ¢~ 1) enters equation (3.54) a second time in front of 6(n — 1). There-
fore, the choice of F(n, ¢~ ') has to consider also the overall noise suppression properties
to achieve an optimum with respect to total misalignment or excess error. This optimum
may require a coefficient predictor which differs from the certainty equivalence choice.

32This result is later compared to the so-called momentum LMS algorithm, see Subsection 3.4.3.
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3.4.3 Generalized Leakage

The second option of placing a coefficient filter into the general adaptation algorithm leads
to the following structure:

c(n) = Fi(n,g Ye(n—1)+e(n)G(n)x(n) (3.55a)
with e(n) = d(n)—cf(n—1)z(n) (3.55b)

From Table 3.2 one obtains the equivalent prediction filter as

Fyng™) = (14470~ Filng ™)) (3.56)

and, therefore, the algorithm (3.55a,b) satisfies the joint recursive optimality principle
(3.44) with

elnln—1) = (1471~ Filn,q™)))  e(n—1) (3.57)

Remark 1. The simplest non-trivial instance of (3.55a,b) is
Fi(n,g ') =\ with 0 <A< (3.58)
which results in the leakage algorithm [78]

c(n) = Xe(n—1)+e(n)G(n)x(n) (3.59a)
e(n) = d(n)—cf'(n—-1)z(n) (3.59b)

where the gain matrix is usually adopted from the LMS algorithm as G(n) = pl. From
(3.58) and (3.57), this algorithm meets the deterministic optimality criterion

2

1
+ pe?(n) < min (3.60)

[1— plle(n)?) T Ng 1

c(n) — c(n—1)

In comparison with the optimality criterion (2.50) of the conventional LMS algorithm,
the leaky LMS criterion (3.60) evaluates the time variation of the coefficients from a
filtered first difference of the coefficients whereas in (2.50) the filter is absent (to see
this immediately, let A — 1 in (3.60). The use of the leaky LMS algorithm in place of
the conventional one is mostly motivated from its improved long-term stability for non-
persistently exciting input data [78], [96, pp. 56-59], [103, pp. 160-163]. BELLANGER has
shown in [14, pp. 112-114] that the introduction of leakage can also improve the algorithm
performance in a nonstationary prediction application. This matches nicely the above
observation w.r.t. the modified coefficient variation measure in the optimality criterion.
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Remark 2. Another common choice in the literature is
Fin,g)=1+a(l-¢') with 0<a<1 (3.61)
which results in the momentum LMS algorithm [210, 227] (where G(n) = pl):

c(n) = c(n—1)+pe(n)x(n)+alc(n —1) —c(n —2)) (3.62a)
e(n) = dn)—cf(n—-1)z(n) (3.62b)

This algorithm purports to speed up convergence towards a time-invariant optimum (for
the same final excess error) because it accelerates the coefficient vector movement through
inclusion of the ‘momentum’ term a(c(n — 1) — ¢(n — 2)). The optimality criterion (3.44)
reads with (3.61) and (3.57)

2 1

1
+ pe?(n) = min (3.63)

e(n) - 1—aq !+ aqg 2

[ = pllz(n)[]”

c(n—1)

The algorithm is rather popular in the emerging field of neural networks where the inclusion
of a momentum term is standard in the so-called backpropagation algorithm [201]. The
convergence and tracking analysis as presented in [210] reveals that the inclusion of the
momentum term results in a second-order learning filter. Such filter may have complex
poles which manifest themselves as oscillatory behaviour of the coefficient trajectories,
especially if « gets close to 1 [200]. Another interesting comparison arises for « — 1 where
the algorithm (3.62a,b) reads as

c(n) = 2¢(n—1)—c(n—2)+ pe(n)x(n) (3.64a)
e(n) = d(n)—cT(n—1z(n) (3.64b)

which is identical to the second-order smoothness priors algorithm (3.52a,b) apart from
the error signal computation: here the a priori filter output is computed with the ‘old’ co-
efficients ¢(n — 1) while in (3.52b) the a priori filter output is computed with the predicted
coefficient vector ¢(njn — 1) = 2¢(n — 1) — ¢(n — 2).

3.4.4 Multi-Step Algorithms

Multi-step algorithms constitute the third option of placing the coefficient filter into the
general adaptation algorithm. From Figure 3.4 with Figure 3.5 one has33

c(n) = c(n—1)+ Fup(n,q ) (e(n)G(n)x(n)) (3.65a)
e(n) = d(n)—cf(n—1)z(n) (3.65b)

33The notation might be simplified by collapsing F..(n,q” ') and G(n) into a single matrix-valued
operator. This is avoided here for the sake of clarity when comparing to the other filtered coefficient
algorithms.
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and from Table 3.2
-1

1—qt

Fyn,g )= (1-¢7") Fnn—1,¢7") |1+

-1
F,(n—1, q_l)] (3.66)

and, therefore, all multi-step algorithms satisfy the deterministc optimality criterion (3.44)
with

o -1
1+ 7 q —Fm(n— l,q_l)] c(n—1)

) (3.67)

c(njn—1) = (1 - q_l)i1 F,.(n—1,¢"Y

Remark 1. The idea of using multi-step procedures in stochastic approximation algo-
rithms for time-invariant environments goes back to TSYPKIN’s work around 1970 [20,
p. 163]. The aim was to accelerate convergence towards a (time-invariant) optimum by
using a search direction which is the average of several successive (negative) gradient
estimates. These ideas were further developed e.g. in [117, 202] but were confined to
decreasing-gain algorithms.

Remark 2. An early paper [55] studies a two-step variant of LMS with non-decreasing
gain by setting
Fo(n,g )= (a+8g7")I (3.68)

The authors show an advantage of this algorithm w.r.t. convergence speed in a noisy
time-invariant environment but give no indication of its tracking capabilities.

Remark 3. BELLANGER studies in [14, pp. 121-123] the properties of the delayed LMS
algorithm with
Fo(n,g ) =q "1 (3.69)

where the delay L is chosen to ease implementation (e.g. through pipelining). For the
special case of L =1 and G(n) = pl, the optimality criterion (3.44) reads with (3.67) and
(3.69) as

2

-1
+ pe?(n) < min (3.70)

c(n) — 1q— (n—1)

1 allz(m)])? — e

which is—apart from the extra delay ¢~'—the same as for the momentum LMS algorithm

with o — 1, cf. (3.63). From the analysis in [14], performance is close to the conventional
LMS algorithm and can be expected to be worse than LMS in time-varying environments.

Remark 4. Only BENVENISTE recognizes the general applicability of the algorithm
structure (3.65a,b) to the tracking problem in time-varying environments. In [19], [20,
pp. 140-161], a complete theory is developed how fairly general time evolution models
for the reference coefficient vector can be cast into an (extended) state-space formalism
and translated into the corresponding choice of an optimal multi-step filter F,,(n,q ).
The treatment includes the special case of periodically time-variant environments which
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Figure 3.6: General approach to post-filtering of coefficient estimates.

has served as a starting point of the present discussion in Section 3.3. The analysis by
BENVENISTE corroborates the view that only if reliable prior knowledge on the time evo-
lution of the coefficients can be condensed in a ‘hypermodel’, the application of multi-step
algorithms (or filtered coefficient algorithms in general) is justified. Otherwise—if such
knowledge is unavailable—one-step procedures (without coefficient filtering) are the pre-
ferred choice.

3.4.5 Post-Filtering Algorithms

So far, three methods have been outlined how to incorporate (limited) prior knowledge
in terms of coefficient filters into the feedback loop of the adaptation algorithm. For
practical reasons it is sometimes desired to separate the coefficient adaptation process
from the coefficient filtering process*. A general approach to this problem consists in a
two-stage procedure:

e In the first stage, an adaptation algorithm is chosen to compute estimates ¢(n) of the
coefficient vector without any detailed modeling assumption. The only reqirement
is that the effective cut-off frequency of the assosiated learning filter be high enough
to ensure that no information about the time-varying coefficients is lost. Of course,
this entails an undue increase of the excess error due to noise, in general.

e In the second stage, a post-processing technique is chosen to improve on the quality
of the estimates ¢(n). Only in this stage, a priori model assumptions on the time
evolution of the reference coefficients are introduced to do away with some of the
excess error due to noise as produced in the first-stage algorithm. The result is an
enhanced coefficient vector estimate ¢(n).

This general approach is summarized in the block diagram Figure 3.6.

If the application is not in system identificaton but in joint process estimation, an
enhanced output signal §(n) = €T (n)x(n) has to be computed from an extra filtering
operation. The interpretation of this general approach may be guided from considering the
first-stage adaptation algorithm as a simple non-specific front end that converts the noisy

scalar information d(n) about the reference coefficients cref(n) into a noisy vector-valued

34Examples will be given below after delineating the general post-filtering procedure.
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information c¢(n). The second-stage post-filtering algorithm builds on a vector-oriented
model of the reference coefficients to remove the noise from its vector-valued input and
produces the final estimates ¢(n).

Remark 1. The advantage of this approach lies mainly in its flexibility: the choice
of the adaptation algorithm may concentrate on numerical stability and efficiency issues
while leaving the actual coefficient modeling problem to the second stage. On the other
hand, the post-filtering can be arbitrarily complex and there is no need to organize this
second-stage processing in a recursive manner3®. It is even possible to run several post-
filtering algorithms in parallel, using a single adaptation algorithm as a common front
end: in that case either a decision device or a linear combiner reduces the parallel outputs
of the post-filtering algorithms to a single optimum. This multiple-model approach is
most beneficial in a situation where the parameters of the time-evolution model (such
as the speed of coefficient variation) are not known precisely and the co-existence of
several models improves the overall robustness of the adaptive filter, cf. the studies in
[7, 166, 187, 184, 185].

Remark 2. Post-filtering techniques are rather popular in speech signal modeling where
the front-end adaptation algorithm is usually a block processing linear predictive analysis
filter operated under a short-time stationarity assumption. All time-varying detail of the
coefficient evolution that is faster than the limit imposed through the block (or ‘frame’)
length is a priori lost in this first stage. As as instance of second-stage processing a
functional series expansion approach has been proposed in [2, 11, 156]. This technique is
known as temporal decomposition and includes the signal-dependent optimization of the
set of base functions which is used for series expansion. This demonstrates clearly the
higher flexibility of a post-filtering technique in comparison to the related in-loop filter-
ing technique, in that case the functional series expansion approach of the deterministic
paradigm in 3.3.1. On the other hand, the method is implemented entirely off-line and
is—not only from complexity considerations—refractory to a recursive implementation.

Remark 3. A further example from speech processing is (hidden) Markov modeling of
speech parameters over time. The standard approach stages this type of time-evolution
model as a post-filtering technique (cf. [197] for a tutorial on its use in speech recogni-
tion applications) after a conventional block processing adaptation algorithm. In a non-
standard approach, PORITZ has investigated these models as an in-loop filtering technique
by inserting them directly into the first-stage adaptation algorithm3¢ [194, 195].

Remark 4. A theoretical foundation of post-filtering techniques in the context of re-
cursive adaptation algorithms is given by NIEDZWIECKI: In [180, 181, 182] he shows that
the effect of the weighting function in least squares algorithms can be represented as the
filtering of the reference coefficient vector with a (learning) filter whose impulse response

350f course, also the first-stage adaptation algorithm may be organized in a block-processing mode of
operation!

36 A similar technique for ‘non-hidden’ Markov modeling of coefficient evolution has been described in
[170].
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equals the weighting function. In [185] he takes up BELLEGARDA’s approach to coefficient
post-filtering [15, 17] and argues that the design of a specific weighting function (or in-loop
coefficient filter) for least-squares algorithms can be quite cumbersome if it is desired to
retain the possibility of developing a recursive algorithm for this weighting scheme. There-
fore, a standard, e.g. exponentially weighted least squares algorithm with sufficiently small
forgetting factor should be used as the front-end algorithm whereas the specific, model-
based coeflicient filtering is executed as a second-stage operation. Furthermore, he is able
to show that the overall learning filter of the two-stage system has an impulse response
which is the convolution of the impulse responses of each of the two stages. If the first
stage impulse response is short enough, the second one can be tailored easily to match
the time-evolution model of the application. This decomposition of adaptation and filter-
ing allows even to consider coefficient filter designs with prescribed phase or group-delay
properties etc. These issues are still an open field for further research.

3.5 Comparison and Criticism

Starting from a general tracking analysis of the standard joint recursive optimality pat-
tern, the need for coefficient filtering was recognized from the fact that the standard
algorithms all behave as first-order linear learning filters. After a short review of available
deterministic and stochastic techniques for modeling of the time evolution of the filter
coeflicients, the previous section has come up with a general tool for inclusion of such
model-based information into an adaptation algorithm: coefficent filters are applied either
within the feedback loop of the algorithm or as a post-processing technique to the first-
stage adaptation process. Both approaches are well represented in the recent literature on
algorithm design for tracking purposes and from a general point-of-view a decision upon
the best choice seems to be difficult at present. A lot has been said in favour of the post-
filtering approach in the preceding section, especially w.r.t. its general flexibility and to
its efficiency in a multiple-model based description. Is there anything to win with in-loop
coefficient filtering, though? Of course, there is. The post-filtering approach is tied to the
assumption that no relevant information is lost in the first-stage algorithm, i.e. that the
related time constant of the algorithm can be chosen small enough. There are, however,
two fundamental lower limits to this choice:

1. There is a minimum learning time constant of any linear first-order adaptation al-
gorithm: none of the standard algorithms considered in Section 3.2 can react faster
than a zero-forcing algorithm which still has a time constant equal to the filter length
N (cf. Eq. (3.24) with v = 0). If the filter length N is high, as occurs e.g. in acoustic
echo cancellation where N can easily be on the order of 103, the maximum possible
cut-off frequency of a standard adaptation algorithm may be too low to follow the
time-variations of the environment in the first processing stage.

2. When approaching their minimum learning time constant, adaptation algorithms
tend to get numerically unstable, in particular if they are of the least squares type.

Both problems may receive at least partial cure from in-loop coefficient filtering: if the
coefficient predictor accounts e.g. for the rapid periodic variation of a time-evolution
model, tracking may become possible even if the adaptation relative to the rapid periodic
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variation®7 is of course also limited by a time constant greater or equal to the filter length.
As to numerical problems, [142] has shown how the incorporation of in-loop coefficient
filtering induces additional constraints that regularize an otherwise ill-posed problem.

Summarizing this argument, it is recommended not to strive for an early decision
whether in-loop filtering or post-loop filtering is the preferable choice for a given application
but to devote to both of them fair consideration.

As a final comment to coefficient filtering, the three in-loop techniques are compared:
coefficient prediction, generalized leakage, and multi-step algorithms. In Section 3.4.1, the
general equivalence of the three schemes in steady state has been shown from a simple
signal flow graph equivalence. Now, while all three techniques have their archetypical rep-
resentatives in actual applications, there are two reasons to favour the coefficient prediction
approach:

1. It is this approach which allows to extend the joint recursive optimality criterion in
the simplest possible way, i.e. by replacing the ‘old’ coefficient vector ¢(n — 1) by a
prediction ¢(n|n — 1) computed directly with the coefficient predictor Fy(n,q~!). Of
course, also the other two techniques can be cast into the joint recursive optimality
framework, but then the required modifications are less obvious a priori (i.e. the
respective coefficient filters F;(n,q™') and F,,(n,q~') do not enter the criterion in
a simple way that would be predicted without further inspection, cf. Egs. (3.57) and
(3.67)).

2. From a practical point-of-view, it is not at all desirable to restrict the time evolu-
tion models to be linear in the previous coefficients ¢(n —i),7 > 1. As a matter of
fact, given any prediction ¢(n|n — 1), the joint recursive optimality criterion (3.44)
produces the algorithm (3.43a,b), no matter how ¢(n|n — 1) is computed. The inter-
pretation of (3.44) is then in terms of trading the coefficient prediction error for the
filtering error power €2(n). That is why any high-level coefficient evolution model can
be incorporated into the lowest-level adaptation algorithm if the model is expressed
in a predictive form [119]. In principle, even knowledge-based methods as suggested
in [149] might be used for this modeling purpose. A more profane use of non-linear
coefficient predictors is found in adaptation algorithms with coefficient projection
into a prescribed region (e.g. to ensure stability in case of certain adaptive IIR fil-
ters or generally to avoid overflow of the number representation) as discussed by
[65, 64], [81, pp. 91-94], [103, pp. 54-56], [209], [251, pp. 178-182]. In that case, the
predicted coefficient vector e(n|n — 1) is just the projection of the previous vector
c(n —1) into the allowed region. A simple description of these non-linear exten-
sions of the coefficient filtering concept seems not to be possible with the generalized
leakage or the multi-step algorithm approach. In conclusion, coefficient prediction
is suggested as the simplest and most generally applicable tool for customizing an
adaptation algorithm to a hypermodel of the coefficient behaviour.

37 An interpretation of this effect may be obtained by comparison with a stroboscope where a sampling
technique is used to shift a rapidly time-varying process to a more convenient time scale. In the present ex-
ample, the coefficient predictor may be seen as a (narrow) band-pass filter and tracking speed requirements
are only defined w.r.t. the equivalent low-pass representation of the time evolution model.
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Chapter 4

Conclusion

e Results are collected together and put into perspective to stimulate further
research.

This conclusion completes a thesis which is organized in two main parts: the first one
in Chapter 2 treats the theoretical basis for the optimal design of recursive algorithms for
the adaptation of transversal filters while the second part in Chapter 3 treats the tracking
behaviour of these algorithms in time-varying environments and suggests extensions of
the algorithms to incorporate predictive coefficient evolution models. As both parts have
received their individual concluding comments already, there is not much left over to say
here. Therefore, this concluding chapter is confined to a summary of the main results of
the theory of joint recursive optimality, and to some indications on future directions for
research.

4.1 Summary of Main Results

The main result is that there is only one main result: virtually all algorithms discussed in
this thesis can be obtained from a single deterministic optimality principle. The unifying
aspect is the strong point of this general theory. A concise statement of this theory is
provided in Table 4.1 and Figure 4.1.

Note that the algorithm overview in this table looks very similar to the previously
given Table 2.3, yet there is one important difference: only the present table unifies the
dual aspects of error prediction and coefficient prediction in a common framework. Within
this framework, three parameters

e the coefficient predictor F(n,q™!)

e the gain matrix G(n) and

e the error predictor H(n,q 1)
completely specify an algorithm.
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Table 4.1: JOINT RECURSIVE OPTIMALITY WITH BOTH ERROR PREDICTION AND CoO-
EFFICIENT PREDICTION.

1. Define a coefficient predictor ¢(n|n — 1) where two common suggestions
are

cnjn—1) = ¢e(n-1)
or  c(njn—1) = Fy(n,qg He(n—1).

2. Define an error predictor €(n|n — 1) where two common suggestions are

emn—1) = 0
or e(nn—1) = H(n,q¢ YHe(n—1).

3. Compute the innovation
i(n) = d(n) — cT'(n|n — )x(n) — e(nn — 1).

4. Choose a positive definite coefficient weighting matrix G(n) and a posi-
tive error weight (n) with a normalization such that

v(n) + 2T (n)G(n)xz(n) = 1.
5. Define the cost function

J(n,e) = [e—c(nln—1]" G n)[e—c(nn—1)]
+97 (n)[d(n) — " (n) — e(n|n — 1))

and the optimization problem

|
c(n) = arg min J(n,c).
(n) £ arg min J(n,c)

6. The unique solution is found as

c(n) = c(nn—1)+i(n)G(n)x(n)
e(n) = e(nln—1)+y(n)i(n).

7. This solution achieves a cost function minimum of
.2
S, €)le_e(n) =1 (n)

which is referred to as the innovation sharing property.
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Figure 4.1: Signal flow graph of general joint recursive optimality algorithm with both
coefficient and error prediction (a priori and a posteriori quantities displayed).
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The specific choice of

cinjn—1)=c(n—-1) & F(n,q ")
1

I (4.1a)
e(njn—1)=0 < H(n,g ' )=0

(4.1b)

leads to a wide class of standard adaptation algorithms which includes as prominent
members the LMS- and RLS-type algorithms. This choice is adequate if the coefficient
evolution can be modeled as a martingale process and if the error can be modeled as a
martingale difference process [31, p. 801]. Both assumptions represent the common sense
choice for the case of totally lacking prior knowledge. This standard class of algorithms
has been analysed in terms of tracking properties where the two asymptotic results of
Section 3.2, Eq. (3.23) and (3.24):

1—

Mnoise - 1 +§ (42&)
N

= 4.2b

allow a simple assessment of the quantitive tracking performance of such algorithms'. Of
course, the formulae (4.2a,b) appear as crude rule-of-thumbs in comparison with more
sophisticated results on specific algorithms as found in the literature. However, they do
convey the fundamental performance limitations of any algorithm falling into this class and
motivate the application of filtered coefficient algorithms whenever some prior knowledge is
available. Coefficient filtering is attractive both when applied in-loop or as a post-filtering
operation. If it is applied in-loop the coefficient prediction formulation is the most general
available.

4.2 Directions for Further Research

When developing a unifying framework for a large class of otherwise scattered items, the
question arises whether this is the most general theory one can think of. In the present case
of joint recursive optimality the answer is no. The potential towards further generalization
originates from the present restriction to the transversal filter structure. As mentioned
already at the end of Chapter 2, relaxation of this restriction leads to the extension of
adaptation algorithms towards their general applicability in arbitrary filter structures.
One possible recipe for this extension is overly simple when explained with the help of the
signal flow graph Figure 4.1:

1. Replace the ‘a priori’ inner product computation in the lower left of the graph by the
appropriate non-transversal filter structure to compute y(n|n — 1) in terms of x(n)
and ¢(n|n — 1) and do the same replacement at the a posteriori side of the graph.

2. Replace the gain vector G(n)xz(n) by a filtered regressor G(n,q~*)x(n) which equals
the sensitivity of the filter output y(n) with respect to the coefficients c(n).

'The two performance indices My0ise and 7 bear the following interpretation: Mpise is the ‘misadjust-
ment’ due to the excess error induced through the observation noise in the reference signal, 7 is the time
constant associated with the first-order learning filter description of the total excess error induced both
through noise and coefficient lag.
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As this recipe originates from simplifying approximations, further investigation is required
to assess its merits. This need may serve as a directive for upcoming research.

A further point left out of consideration so far is the study of algorithm implementa-
tion under finite-precision arithmetic conditions. Although this is an issue that usually
deserves an algorithm specific treatment, general problems in this field have already been
touched upon in this thesis (long-term drift due to lack of persistent excitation). Further
research might mark off general numerical properties related to the overall algorithm struc-
ture Figure 4.1 from more specific problems such as the stable propagation of an inverse
correlation matrix estimator in RLS-type algorithms. The latter aspect has received some
attention by the present author in [121, 122]. This work is not included here and will be
the topic of a separate publication.

A final comment applies to the practical operation of adaptive signal processing systems
in time-varying environments: so far, only little work is reported that could show an actual
improvement obtained in a real-world application from the employment of time-evolution
models and/or filtered coefficient algorithms. Practical needs are however rather urgent
(as in the equalization of rapidly varying HF channels for digital communication or in
the cancellation of acoustical echos in the rapidly varying environment of a handsfree
telephone) and should bring about the willingness to adopt these still rather new concepts
and to develop them further into neat engineering solutions.
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Appendix A

Recursive Least Squares
Algorithms

A.1 Derivation of a Recursive Solution for the Filter Coef-
ficients

A procedure is presented to find a recursive solution for the direct-solution coefficient
vector optimum (2.19)

e(n) =R (n)p(n) (A1)

where
?(n) = Al(n)ﬁA(n —1) 4+ A2(n)d(n)x(n) (A.2a)
R(n) = Mn)R(n—1)+ X(n)z(n)xT(n) (A.2b)

are estimates of the cross-correlation vector p and the auto-correlation matrix R, respec-
tively, and A1(n), A2(n) are the weighting factors of a general linear first-order memory of
the estimators, cf. Subsection 2.3.4.3.

As a first step, from (A.1)

~

A(n)R(n—1)e(n —1) = Ai(n)p(n — 1) (A.3)
and inserting the recursions (A.2a,b)
[R(n) = Aao(n)a(n)z" (n)]e(n — 1) = p(n) — Aa(n)d(n)a(n) (A.4)

Premultiplying (A.4) with I-AZ_l(n) where the positive definiteness of the matrix R(n) is
assumed (see Section A.3 below), yields after rearranging:

R (n)p(n) = c(n — 1) + Xa(n) (d(n) — T (n)e(n — 1)) R™ (n)ax(n) (A.5)
c(n)
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or, with the definition of the a priori error

e(n) =d(n) — c¥'(n — 1)z (n) (A.6)
the desired coeflicient vector recursion is obtained
c(n)=c(n—1)+ )\g(n)e(n)ﬁil(n)w(n) (A.7)

Note that the introduction of the a priori error occurs to the development without making
any reference to the associated adaptive filter!

A.2 The Matrix Inversion Lemma

As a second step to develop the weighted recursive least squares algorithm from the defining
equations (A.1) and (A.2a,b), a recursion is developed to propagate directly the inverse

. . 51 . C e . . L .
matrix estimate R (n) without explicit inversion. To this end, the matriz inversion
lemma is invoked that states:

Lemma A.1. Let « and z be two N-dimensional vectors with 7z # —1. Then

Z.’ET

- A8
1+xT2 (A-8)

[I—i-szTl =1

whereby the inversion of an N x N matrix is reduced to a single scalar division.
Proof:

-1
Let [I + zmT] = A
Then A [I + sz} = 1T
A+ (Az)xt = 1 |-z (A.9)
(Az) + (Az)xT2 = =z | = (1 + :ETZ) #0
z
Az = ——— Al
* 14+ 27z (4.10)
Insertion of (A.10) into (A.9) completes the proof:
z
A+ — = 2T —
1 alz”
A - 1o Q.ED
N 1+z2Tz R

Now, (A.2b) can easily be manipulated in a form such that (A.8) becomes applicable:

R(n) = MRm—-1)|I+ iiEZ; B (n—1)z(n)2T(n)
—1
R'n) = |I+ iigzg R '(n—Dx(n) 2T (n) Altn) R'n-1 (A1D)

z
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where both the positity of A;(n) and R(n — 1) have been assumed. Then, from (A.11)
with (A.8)

R (w= 120 L&)
o oAl
ﬁfl n) — 1 Efl " B )\Q(n)R (n — 1)x(n)m n (TL _ 1)
(n) A1(n) (n—1 () + )\Q(n)a:T(n)IA%il(n ()
(A12)

which is the desired result, cf. the general update formula (2.85) and the special case with
)\1(71) = )\Q(n) =1in (2.200).

A.3 Positive Definiteness of the Recursive Auto-Correlation
Matrix Estimate

The following theorem is proved for recursive auto-correlation matrix estimates with first-
order linear data weighting.

Theorem A.1. Let
R(n) = \Mi(n)R(n — 1) + Xa(n)x(n)zT (n)

where x(n) is an arbitrary sequence of real N-dimensional vectors and Aj(n), Aa(n) are
real-valued weighting factors. Then the set of necessary and sufficient conditions for R(n)
to be positive definite for all n > 0 and any sequence x(n) is given by

R(0O) > 0 (A.13a)

Ai(n) > 0 forall n>0 (A.13Db)
Ai(n)

Aa(n) > whenever ||z(n)| > 0 (A.13c)

“2T(n)R Y (n— 1)x(n)

Proof: The proof is organized in two parts:

1. First it is shown that conditions (A.13a-c) are sufficient for positive definiteness of
R(n). To this end, the quadratic form vT R(n)v is shown to be positive for any
choice of the vector v.

o If vTx(n) # 0 one has

vTR(n)v = M (n)oTR(n —1)v + As(n)[vTz(n))?
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[T z(n))?

+ o (n) [T z(n))?

_ )\1 (n)
- el (wT<n>R1<n — D) AM)

———
>0
> 0 from (A.13c)
where the Schwarz inequality
lallb] > |a"0] (A.15)

has been used with

a = R"?(n-1)w (A.16a)

b = R Y?(n—1)x(n) (A.16b)

(A.16b) requires R(n — 1) to have non-zero eigenvalues. Therefore, the proof is
by induction, starting from (A.13a) with a positive definite R(0) and showing
from (A.14) that for a positive definite R(n — 1), R(n) can be guaranteed to
be positive as well.

e If vTx(n) = 0 one has
vIR(n)v = M\ (n)vTR(n — 1)v (A.17)
which allows again with (A.13b) a proof by induction.

2. Next is shown that conditions (A.13a-c) are also necessary to guarantee a positive
definite R(n) no matter what sequence x(n) is applied:

e The necessity of (A.13a): R(0) > 0 is trivial to guarantee R(n) > 0 for all
n > 0.

e The necessity of (A.13b) is shown by an indirect argument. Assume A;(n) <0
for some n > 0. Then

vIR(n)v = M\ (n)vTR(n —1)v <0 (A.18)

if vTx(n) = 0 and R(n—1) > 0. Thus, if the matrix estimate has been
positive definite up to time index n — 1 the matrix R(n) will have at least
one non-positive eigenvalue. Therefore (A.13b) is also necessary to hold for all
n > 0.

e The necessity of (A.13c) is also shown by an indirect argument. Assume
A1(n)

Ao(n) < 2T (R (n— 1)z(n)

for some n > 0. Then
2T (n)R(n)z(n) = Ai(n)aT (n)R(n — )x(n) + Ao(n) (T (n)z(n))

(2T (n)z(n))
T (n)R Y (n — 1)x(n)

< M(n) 2T (n)R(n — 1)x(n) — (A.19)
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Now, the positive definiteness of R(n) should be guaranteed for any sequence
x(n). A purposeful yet allowed choice of x(n) is parallel to an eigenvector of
R(n —1). In this case

(@ (n)R(n — Da(n) - (T (n) R~ (n — Da(n)) = (2T (n)x(n))*  (A.20)

so that from (A.19)
zT(n)R(n)x(n) <0 (A.21)

which shows that R(n) must have at least one non-positive eigenvalue. This
completes the second part of the proof.
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Appendix B

Joint Recursive Optimality

B.1 Solution of Optimization Problem—
The Quadratic Error Case

In this section, the solution to the optimization problem defining the general joint recur-
sive optimality coefficient adaptation algorithm is given. The criterion is specified in its
most general form, i.e. including an error predictor e(n|n — 1) and a coefficient predic-
tor ¢(n|n — 1) as in Table 4.1. The simplified version (2.40), (2.118), and (3.44) can be
obtained from setting

cinjn—1) = e(n—-1) (B.1a)
and/or emn—1) = 0 (B.1b)

The cost function to start with is defined as

J(n,e) = [e—c¢(nln— 1)]TG71(n)[c —c(n|n —1)]
+7y 71 (n)[d(n) — ¢"x(n) — e(n|n — 1)]? (B.2)

where G(n) is a symmetric positive definite matriz, v(n) a positive scalar and ¢ is the
independent variable over which the minimization

c(n) = arg clgji;tl}\f J(n,c) (B.3)

is carried out. A necessary condition for the solution (B.3) is that the gradient of the cost
function vanishes:

Ved(n, o)l ) Lo (B.4)

c=c(n

2G~!(n)[e(n) — e(nln = 1)] + 77 (n)2[d(n) — T (n)z(n) — e(nln — 1))(~z(n)) = 0
le(n) — e(nln — 1)] =47 (n)G(n)z(n)[d(n) — T (n)a(n) — e(njn — 1)] (B.5)
From (B.5), ¢(n) — ¢(n|n — 1) must be collinear to G(n)x(n) and therefore it can be

written as

111



112 APPENDIX B. JOINT RECURSIVE OPTIMALITY

c(n) —c(njn — 1) = a(n)G(n)x(n) (B.6)

Furthermore, with the definition of the a posteriori error
e(n) = d(n) — cT'(n)x(n) (B.7)

one has from (B.5) with (B.6)

e(n) = e(nln — 1) +y(n)a(n) (B.9)
Insertion of (B.6) into (B.5) allows to determine the scale factor a(n):
a(n)G(n)x(n)
= 7 ' (n)Gmz(n)ld(n) - (c(nln — 1) + a(n)G(n)a(n)) @ (n) - e(nln - 1)]
a(n)y(n)

= d(n) —cT(njn — Dx(n) —e(njn — 1) — a(n)xT (n)G(n)x(n)
or, with the definition of the innovation signal
i(n) = d(n) — cT'(n|n — 1)x(n) — e(n|n — 1) (B.9)
the result

") = )+ 2T ()G mya(n) (B.10)

is obtained. (B.10) yields with (B.6) and (B.8) the general adaptation algorithm

C\n = c(nm — Z(n) nj)xrin a
(1) = elnln— 1)+ s G (B
etn) = enln—1)+ 1(n) i(n) (B.11b)

(B.11a,b) is derived from a necessary condition for a minimum of the cost function (B.3).
A sufficient condition is found from considering the second derivative with respect to the
coeflicient vector ¢, i.e. the matrix

VZJ(n, C)‘c:c(n) >0 (B.12)

must be positive definite. From (B.12) with (B.2):
2G 1 (n) + v~ (n)2x(n)xT (n) > 0

which is satisfied for arbitrary x(n) iff
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G(n) > 0 (B.13a)
> 0 (B.13b)

If conditions (B.13a,b) are prescribed for the choice of the coefficient weighting matrix
G(n) and the error weight 7(n), the algorithm (B.1la,b) is guaranteed to achieve the
unique minimum of the cost function J(n, c).

A final remark to the general solution (B.11a,b) and the choice of the weighting pa-
rameters G(n), v(n) is appropriate. To this end, the value of the cost function J(n,c)
that is assumed for the minimum solution ¢ = ¢(n) is computed

S, €)le_e(n) = le(n) —elnjn — DIFG ™ (n)[e(n) — e(nfn — 1)
+97H m)[d(n) — e (n)a(n) — e(nln — 1))

i(n) B

)

+ 7 ()le(n) — e(nfn — 1)
-2 T 2

AmaT(Gmatn) +(n) 2n)

_ i*(n)
J(n, C)|c:c(n) = ) + 2T () G(n)z(n) (B.14)

It is seen from (B.14) that the cost function minimum is always proportional to the squared
innovation signal i?(n). Just as in the adaptation algorithm (B.11a,b), the proportionality
factor is again [y(n)+2T (n)G(n)z(n)]~. Now, as the definition of an optimum coefficient
vector ¢(n) in (B.3) is not changed by the inclusion of a (positive) scale factor in front
of the cost function J(n,c), it is suggested to normalize J(n,c) such that its minimum
value equals precisely i*(n). To this end, the weighting parameters G(n) and y(n) must
be chosen subject to

v(n) + 2T (n)G(n)z(n) =1 (B.15)

This choice has three advantages:

1. It resolves the ambiguity in the weighting parameters y(n) and G(n) (which would
fake an extra degree of freedom in their common scale factor!).

2. It assigns a meaningful value to the cost function minimum

J(n7c)|c:c(n) =i%(n) (B.16)
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3. It simplifies the general adaptatation algorithm structure (B.11a,b) to

c(n) = e¢(nn—1)+1i(n)G(n)x(n) (B.17a)
en) = enn—1)+~y(n)i(n) (B.17b)

B.2 Solution of Optimization Problem—
The Error Magnitude Case

In (2.113) of Section 2.3.5, the original joint recursive optimality criterion is replaced with
a criterion in terms of the a posteriori error magnitude |e(n)|:

J(n,e) = [c—c(n|n — )TG(n)[c - c(n|n — 1)] + 2|d(n) — cTz(n)| (B.18)

where G(n) is a symmetric positive definite matrix and more often than not, ¢(n|n — 1) =
c(n — 1). The solution to the optimization problem

_ in J B.19
¢(n) = arg min J(n,c) (B.19)

is developed here. A necessary condition for the optimum is again

Ved(n,c)| ) =0 (B.20)

c=c(n
2G~(n)[e(n) — e(n|n — 1)] + 2sgn (d(n) — €T (n)a(n)) (~2(n)) = 0
c(n) = e(nln — 1) + G(n)x(n)sgn (d(n) — €T (n)a(n)) (B.21)
This is a nonlinear equation in ¢(n) which can be solved analytically, yet. From (B.21)
d(n) — cT'(n)z(n)
= d(n) - T (nn — Da(n) - 2T (n)G(n)a(n)sgn (d(n) - T (n)a(n))
or, more compactly,
& e(n) +sgnle(n)]xT (n)G(n)x(n) = e(n) (B.22)
sgnle(n)] (Je(m)| + 2" ()G (n)w(n)) = senle(n)]le(n)| (B.23)
which can be split into two equations
sgnle(n)] = sgnle(n)] (B.24a)
em)] = le(n)] — 2T (n)G(n)z(n) (B.24b)

Only if the last two equations (B.24a,b) can be met simultaneously, the optimality equation
(B.20) has a solution. From (B.24b) with |e(n)| > 0, it is concluded that
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le(n)| > T (n)G(n)x(n) (B.25)

is a precondition for such a solution. In that case (which will be denoted as algorithm
branch ‘A’), (B.24a) can be inserted in (B.21) to yield

c(n) = ¢(njn — 1) + sgnle(n)]|G(n)x(n) (B.26)

and from (B.22) with (B.24a):

e(n) = e(n) — sgnfe(n)]zT (n)G(n)xz(n) (B.27)

It is easy to convince oneself that this solution actually achieves a cost function minimum
as

Ve (n,c)l —=2G7'(n) >0 (B.28)

c=c(n)

If |e(n)| < 2T (n)G(n)x(n), algorithm branch ‘B’ is entered. In this case, the gradient
of the cost function vanishes nowhere in the coefficient vector space so that a minimum of
the cost function can only be attained at ‘boundaries’, in particular at the discontinuity of
the derivative of the cost function which occurs for all ¢(n) with €(n) = 0. A zero-forcing
algorithm is conjectured as a candidate solution is this case

c(n) = e(nln—1)+e(n) ngggfrfg(n) (B.29a)

en) = 0 (B.29b)

and for a proof of its actual optimality it is shown that any vector ¢/(n) # ¢(n) that lies
also in the hyperplane €(n) = 0 yields a higher cost function value. First, decompose

d(n) = e(n)+ z(n) (B.30a)
where 2T(n)x(n) = 0 (B.30b)

which follows from the constraint e€(n) = 0 for both ¢(n) and ¢'(n). Next, (B.30a) is
inserted into (B.18) to get

J(nv C) ’C:C’(n)

= [e(n) + z(n) = e(n|n = DTG (n)[e(n) + 2(n) — e(n|n — 1)] + 2|e(n)]
e(n)G(n)z(n) T a1y CWGmzM0)
T (n)G(n)x(n) ()G )[CBT(n)G(n)w(n) +2(m)]+0
2y ErGmzm) )G 0)GmEM) |
W eTmemam? T T e  WE W
-0 > 0 for z(n) # 0
> (n) = J(n,c)| (B.31)
xT (n)G(n)x(n) " le=c(n) -
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The last inequality completes the proof for the optimality of the solution ¢(n) within
the hyperplane e(n) = 0. To check its global optimality, it sufficies to check the cost
function value at the only other ‘boundary’ of the problem, i.e. for ¢(n) — oo. In this
case, J(n,c) — oo, too, and therefore, ¢(n) in (B.29a) achieves the global cost function
minimum for branch ‘B’ of the algorithm. An overview of the whole algorithm with both
branches ‘A’ and ‘B’ is given in (2.116a-d).



Appendix C

Quadratic Analysis of Tracking
Properties

This appendix extends the tracking analysis of the general algorithm pattern (3.4a,b) to
the analysis of the squared norm of the misalignment vector [|@(n)||?. Unlike the linear
analysis of Section 3.2, an exact decomposition into two contributions ||6;44(n)|* and

Hénoise(n)w is not possible without further assumptions on the mutual independence of
the reference coefficient vector and the observation noise, as one has from (3.22a):

~ ~T ~ ~ ~ ~T
10(n)[I* = 6" (1)8(n) = [|B1ag(n)|I* + [|Bnoise ()| + 20144 (1) Brnoise (1) (C.1)
Now, if n(n) and ¢,cf(n) are modeled as mutually orthogonal stochastic processes,i.e.
E{n(m)cref(n)} =0  forall m,n (C.2)

and if both n(n) and c,.f(n) are assumed as statistically independent from the input data
x(n) such that the filter equations (3.22b,c) are both linear, then the misalignment vector
components 0,4(n) and 0,4i5¢(n) are mutually orthogonal as well:

E{élag(m)ézoise(n)} =0 for all m,n (C.3)

In this case one obtains

E{6(0)?} = E{161ag (m)|*} + E{[|Bnoise(n) |} (C4)

and the two contributions can be evaluated individually as done in the next two sections
where a partially deterministic approach to algorithm analysis is followed as proposed for
a more specific case in [45].

C.1 Excess Error Due to Observation Noise

From (3.22c¢)

1noiseMIP = Bniee (1= 1) (Y P(1) + PH(1)) Bise(n — 1) + (1 = 7|77 (n)
+2(1 = )" (n) (yP(n) + P(n)) Onoise(n — 1) (C.5)
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Now
72P(n) + PL(n) =I-(1- 72)P(n) (C.6)

and
P*(n)n(n) =0 (C.7)

so that (C.5) yields

~ ~ ~T ~
|’0noise(n)”2 = [|@noise(n — 1)H2 + {(72 = 1)0,pi5c(n — 1) P(n)0ppise(n — 1)

+ (1= 2P + 271 = 1A () P(n)Bngise (n — 1) HC.8)
If it is assumed that the algorithm does not diverge', one has
0< ||§nmlse(n)“2 < ézmm (C.9)

for all n and some finite bound ©2,,,. A fortiori the running sum of the increments in

the recursion (C.8) must stay within the same bounds:

0< 3 {07 = D8ieln = DPOraicln = 1) + (1 =22 ()
n=0
291 = ) () PO)Bosiec(n — 1)} < B2 (C10)

From (C.10), a deterministic condition on the sample-path average Avg of the increments
can be obtained:

dim S 6 18 (0= VP — 1) + (1= ) i(m) |

n=0
1+ 29(1 — )T (1) P(1)Brise (1 — 1)} -

Avgl (77 = D)8 1 (0~ 1P ()i = 1) + (1 = 1) )

291 ) (1) P(0)Briiec(n = 1)} = 0 (C1)
For a further evaluation all transformed quantities are expressed by their untransformed
counterparts:
~T ~
enoise(n - 1>P(n)9n0i88(n - 1)

G2 (n)x(n)zT (n)GY?(n)
z(n)G(n)z(n)

- 17[9T (n—1)a(n)]? (C.12)

1— noise

G 2(n —1)0p0ise(n — 1)

= 0. .(n—1)G T?n-1)

noise

!This is easily shown from (C.8) for y < 1 if the cross-correlation term 2v(1—~)7" (1) P(n)Bnoise(n — 1)
can be neglected, see the comment following (C.15).
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—_N2AmN2 = 2 niT(”) z(n) n
(1 =)0l (L —7)n( )Hi(n)”g Hi(nwgn( )

= (1—=7)n*(n) (C.13)

- 2T (n -

ﬁT(n)P(n>0noz’se<n— 1) = 77(”)Hi(i)?gp(n)enoise(n_ 1)

_n(n) -
— ﬁ T(n)Gnmse(n—l)
= MmT(n)Gl/z(n)Gl/Q(n — 1)0pise(n — 1)
_ m:ET(n)Gmise(n—l) (C.14)

where the asymptotic equality G(n)G~'(n — 1) = I has been used several times. Insertion
of these results into (C.11) yields

A'Ug{[ nozse(n_ 1):1:(”)]2} UQ{U( ) nozse(n - ( )} + 1 Ug{WZ(n)}

+
(C.15)
The ‘mixed’ or cross-correlation term on the right-hand side of (C.15) can be neglected in
two cases:

1+

1. v — 0, as is the case in zero-forcing algorithms. Then one obtains:

Avg{[87 515 (n — Dx(n)]*} = Avg{n*(n)} (C.16)
which holds independently of the spectral properties of the noise sequence n(n).

2. n(n) is a white process with zero-mean. Then, from the ensuing orthogonality of
n(n) and 6,4is¢(n — 1), one obtains?

Avg{[071e(n = Nal(0)]*} = T Avg{n(0)} (©a7)

The left-hand side of (C.16) and (C.17), respectively, equals the excess error due to noise
as observed at the (a priori) filter output. The ratio of this excess error and Avg{n?(n)}
(the theoretical minimum of the total error which can only be achieved for ¢(n) = c¢yef(n))
is called the misadjustment due to noise

1 —
Mnoz’se = 1 +1 (018)

This result can be compared with results from algorithm-specific analyses found in the
literature if the asymptotic -values are inserted from Table 3.1:

e LMS algorithm [236, Eq. (51)]

utrace{ R}

Mpoise = —oOWT
norse T 9 — ptrace{ R}

(C.19)

2This results holds with probability 1.
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e Projection algorithm [22, Eq. (31)] [45, Eq. (38)]

Mpoise = 9 ﬁ 7 (020)
e Zero-forcing algorithms [18, Eq. (26)] [22, Eq. (31)] [45, Eq. (38)]
Mipise =1 (C.21)
e LMS/Newton algorithms [239, Eq. (49)]
N
Mpoise = 9 'L_L /-LN (022)

e Exact RLS with growing memory or with selective data weighting (decreasing gain
algorithms) [239, Eq. (23) with N — o0]

Mipoise =0 (C.23)

e Exact RLS with exponential or mixed data weighting [59, Eq. (3.21)] [146, Eq. (3.11)]
[165, Eq. (19a)]
1=V N1 -))
nowse — 1 + /\N ~ 9

for 0<<A<1 (C.24)

As a final comment to this misalignment result, note that simulations in [59] show an
excess error that is always slightly larger than predicted from an asymptotic theory. The
explanation given by ELEFTHERIOU and FALCONER in [59] can be carried over to the
general analysis here: asymptotically one has

B{Gm)G (n-1)}| =1 (C.25)

but the matrix product G(n)G~!(n — 1) will still fluctuate around this identity matrix.
These fluctuations can be described approximately as noise introduced into the feedback
loop of the signal flow graph Figure 3.1 when replacing the ‘transforming delay’ T with
a simple delay 7. This extra noise leads to an increase of the overall excess error as
compared to its theoretical value?.

C.2 Excess Error Due to Coefficient Lag

From (3.22b)

1Brag(M)I* = Blag (1 = 1) = Ereg(n) + Erep(n — 1))
[P P(n) + P (n)][01ag(n — 1) — Eep(n) + Erep(n — 1)] (C.26)

Analysis of (C.26) is more involved than (C.5) as

3For the same reason, the misadjustment for the projection algorithm as predicted from (C.20) is smaller
than the more accurate expression in [22, Eq. (31)]. This difference becomes, in particular, significant for
small N (N < 10) where the fluctuations of the gain matrix z/||z(n)|>I are non-negligible. For large N
(N > 1) the present asymptotic theory delivers correct results.
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o the first-difference of the reference coefficients ¢,cf(n) — ¢rep(n — 1) is likely to be

correlated with glag(n — 1) unless a pure random walk model is assumed for the
reference coefficients, and as

e it is desirable to evaluate the time constant of (C.26) because this constant charac-
terizes the tracking behaviour in general while expressions for the asymptotic excess
error due to coefficient lag always require rather specific modeling assumptions for

Cref(n).
Therefore analysis is restricted to the following simplifying assumptions

1. The independence assumption [163] is invoked so that 8(n — 1) can be assumed to
be independent of &(n).

2. The reference coefficients are modeled as an autoregressive model with large time

constant [213]. Then, in the limit of the time constant approaching infinity, @(n — 1)
and Cref(n) — Gref(n — 1) become independent as well.

3. Products of the form
(a’b)’
are evaluated approximately as
1 2017112
—|lal||?||b
~lalPlb]
if @ and b can be regarded as independent random vectors of dimension NV each.

Under these assumptions one obtains from (C.26)
E{)10144(n)*} = E{|l01ag(n = DII*} + E{||€res(n) = Erep(n —1)|*}

_ A2 -
_ ME {(Olj;g(n — 1)5(71))2 + ([Eref(n) _ aef(n _ 1)]T5(n))2}

—_ A2 -
= (1 . ~ )E{uezagm— DI + [[Eres () = Erep(n— 1)[17} (C.27)

From (C.27), the time-constant 7 for the convergence of the norm of the misalignment
vector due to lag can be obtained as:

1—~2\"
777,/T: 1 Y

1 N
T=— ~ (C.28)
m(1-5F) 1=

where the last approximation is valid for (1 —~?)/N < 1, a condition which is practically
always satisfied—irrespective of the algorithm gain*—provided the filter length satisfies

4Note that 0 < 72 < 1 for all stable algorithms.
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N > 1. Furthermore, the asymptotic value of the norm of the (transformed) misalignment
vector due to noise is obtained from (C.27) as

P{BuagP 1 = (7275 1) Bllres () = Ereyn = DI}
< TB{6res () = Eregn = DI} (c.29)

The asymptotic value of the excess error due to lag can be evaluated after back-transfor-
mation in the original domain from the following development:

E{(eﬁg(n—nm(n)f} _ E{(éﬁg(n—l)i(n)f}

= B {18y n— DI} E {1307}

= {16,017} B {207}

_ %TE {Haref(n) = Cref(n — 1)”2} E {Hi(”)"z}
= 7F { ([Eref(n) - ET@f(n o 1)]T%(n))2}

= 7F { ([Cref(n) - cTef(n a 1)]T:1}(n))2}

= 7B {lers(n) — cres(n— DI} E {la ()}

B{ (00— ()t = B g e, ) — oot - DIP} (€20

The results (C.28) and (C.30) can be compared against more specific results derived
in the literature:

e LMS algorithm

N
T utrace{ R} (2 — utrace{R}) (C-31a)

B{(0hyn=12m)’} = 5B {llewstn) — eresn =1} (C310)

where an approximation for small p has been used in the last equation. This result
coincides with [236, Eq. (80)] if

E{lleves(n) = erestn = 1} = No? (C.32)

is inserted from the reference coefficient model in [236, Fig. 10 with a — 1]
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e Projection algorithm

N
- e (C.33a)
E{(ag;g(n - 1)w(n))2} _ m]@ {llever(m) = erer(n— DJI2} (C.33D)

For the time constant cf. [45, Eq. (37)].

e Zero-forcing algorithm
r = N (C.34a)
T 2 2
B (0hy(n—Da(n)) ¢ = trace{RYE {|leser(n) = erep(n — 1|2} (C.34D)
Apparently the results in [18, Egs. (20), (27)] are not applicable to the zero-forcing
case (i.e. p — 1, but unrestricted A in the terminology of [18]) as they would obtain

7 =1 (and a corresponding factor of 1/N in the excess error) which cannot be true
for any adaptation algorithm.

e LMS/Newton algorithm

1
T = 2= ) (C.35a)
E{(Glj;g(n—l)m(n))Q} = “a‘;eij{ncmf(n)—cref(n—my?} (C.35b)

cf. [239, Eq. (45b)] for the time constant and [239, Eq. (74)] for the excess error.

e Exact RLS with exponential data weighting
1

T O~ =N if 0<A<l1 (C.36a)
E{(6hyn - Do)’} = ST E {lews(n) — eregn - DI} (C.360)

cf. [59, Egs. (4.11) and (4.13)], [146, Eq. (4.10)], and [165, Eq. (19b)].

From this comparison one can observe that even though rather strong assumptions
have been necessary to arrive at the rule-of-thumbs (C.28) and (C.30) they are still quite
generally applicable in practice.
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