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Abstract

Copy Number Alterations (CNA)s are hallmarks of cancer, which argains or losses in
copies of Deoxyribonucleic Acid (DNA) sections. Nowadays, CNAseroutinely measured
by di erent techniques for diagnostic and prognostic purposes. he array-Comparative
Genomic Hybridization (aCGH), Array-Single Nucleotide PolymorphisnfaSNP) and Next
Generation Sequencing (NGS) are examples of technologies thaalgle cost-e cient high
resolution detection of CNAs.

Intensive noise as well as technical and biological biases inherentmiodern technolo-
gies of CNAs probing often cause inconsistency between the estiesgprovided by di erent
methods. E cient and accurate detection of the breakpoint posibns in heterogeneous
cancer samples measured under such conditions is a challenging ficat and method-
ological problem. Despite the necessity of accurate CNA estimatebere is no much
information regarding the estimation errors..

Based on studies of the con dence limits for noisy stepwise signals a cient algo-
rithm has been developed for computing the upper and lower con dee boundary masks
with a speci c probability, in order to guarantee an existence of ge@mic changes within
certain regions. This tool combined with estimates can give more imfoation to medical
experts about true CNAs structures.

The probabilistic con dence masks are initially designed based on thé&eww Laplace
distribution to represent jitter in the CNA breakpoints. Using expg&imental measurements,
it is concluded that Laplace distribution is accurate when the segmtat Signal{to{Noise
Ratio (SNR) exceeds unity. In this work the experimental jitter digribution is simulated to

di erent ranges in order to nd approximations to actual distributions with minimal errors.



Following this procedure, three techniques are described to apgimate the experimental
jitter distribution: Heuristic approximation, parametrization of skew Laplace distribution,
and asymmetric exponential power distribution. The con dence neks algorithm is de-
signed and modi ed for each approximation. It is also tested by arya: High{Resolution
Comparative Genomic Hybridization and Single Nucleotide Polymorphismata.

Additionally, the con dence masks based on the exponential powaetistribution are
tuned to the medical expert annotations of the training set of théreakpoints obtained by
the standard circular binary segmentation algorithm. A comparisonf modi ed con dence
masks and experts annotations related to CNA pro les of neurobdédoma demonstrates an
e ciency of the designed masks to improve the CNA estimates.
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Chapter 1

Introduction

1.1 Background

Copy Number Alterations (CNASs) result from Somatic aberrations irDNA which repre-
sent an important class of structural variation of the sequencef the genetic chain DNA
across diverse cancer types [1, 2, 3]. Cancer is well known as a dised the genome and
genomic aberrations of interest are mostly somatic aberrations [4].

During the last decades, several technologies have been develop® measure the
genome chromosomal structure such as, aCGH [6], High Resolutio®i@ (HR-CGH) [7],
and Whole Genome Sequencing (WGS) [8] are among the most common.

Recently, the modern NGS-based technologies have provided a higisolution in se-
guencing, this quality produces that an estimator discovers moreaulstle chromosomal
e ects than before causing other problems [9]. Additionally, the NGBased technologies
are generally considered to be more di cult in use and still more expaive with respec to
to the aCGH microarrays. The aCGH microarrays have been develegh as genome-wide
assays for measurements of CNAs, using the fact that microayrauoresence intensity is
proportional to DNA copy number [10].

Nevertheless, due to complexity of cancer, cause that the micrags are mostly con-
tamined by normal cells and that causes noise in CNAs measuremefit§]. In the presence

of the technological biases (quality of material and hybridization/squencing) and the in-

17



1. Introduction 18

tensive random noise [12, 13] , there are increasing di culties to dett the breakpoints
in the CNAs. Consequently, under the intense noise, no estimatavptimal or robust, is
able to produce a su ciently accurate estimate [14].

The problem is complicated by an incapacity of generating multiple prahg in short
time [15] and thus to enhance the estimates statistically. No estimat can guarantee that
detected changes exist with high probability, because single probidges not provide suf-
cient information. Thus, accurate identi cation of CNAs remains achallenging problem.
Accordingly, as shown in [16], some small CNAs tested by the con des masks may be
identi ed with low probability and some others not detected.

The aCGH is one of the most modern techniques employing chromosdmicroarray
analysis to detect the CNAs at a resolution level of 5{10 kbp (kilo baspairs) [17]. In
practice, the interpretation made by an expert biologist looking foCNAs can be provided
easier if the normalized aCGH measurements are plotted against gaeric position [18].
The CNAs data are represented in genomic position with theth probe, n) P 11; M s where
M is the number of probes. In the CNAs picture, then th discrete point corresponds to
the Ith edge orbreakpoint In microarray technique, the CNAs are often normalized and
plotted as log,R{G log,Ratio, where R and G are the uorescent Red and Green
intensities, respectively [19]. The CNAs levels are estimated by simpleeaaging between
the breakpoints which reduces the variance of the segmental rais

Uncertainty in the breakpoint location caused by the intensive noisis called \jitter".
Such phenomenon denotes a deviation from the true breakpoint &ion [20]. Figure 1.1a
shows the possibles estimates of breakpoints (Jittered signalsusad by noise embedded
in the measurements of CNAs (the gain or loss). There have beerveleped a number
of methods to re ne the breakpoints, such as [21, 22, 23] and nemathematical models
proposed to provide noise removal (denoising) while preserving eddrom these microarray
assays [24, 25, 26, 27, 28, 29]. Even so, detection of the breahkdocations often becomes
unavailable due to low segmental Signal to Noise Ratio (SNR). The vas of segmental
SNRs |, and |, are computed with the left and right measurements respect to the
breakpoint.

In [14, 16, 30] we have shown that jitter in the CNAs breakpoints isistributed with

18



1. Introduction 19
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Figure 1.1: Jitter caused by intensive noise in a typical representah of Copy Number
Alterations (Gain and Loss), plotted Log2Ratio respect to probes. The ideal event (bold

line), the measurements of CNA (noise signal) (line), and jitter (dd=d line) are showed.

the discrete skew discrete Laplace (SKL) law and derived the coredce masks using the
SKL. Later, we have shown that the SKL is adequate only when SNRilues overcome
unity [31]. Otherwise, the Laplace distribution becomes too rough dna more correct
probabilistic model of jitter in the breakpoints is required. Such calitions include the

low SNR, ,; , 1, and extremely low, , ; | ! 1.

Jan O. Korbel, Alexander Eckehart Urbanweet.al. have proposed in [32] an approach,
called BreakPtr, for ne-mapping Copy Number Variations (CNVSs). They statistically
integrate both sequence characteristics and data from high{r@sition comparative genome
hybridization experiments in a discrete{valued, bivariate hidden Mdwov model. The
incorporation of nucleotide{sequence information has allowed theto take into account
the fact that recently duplicated sequences (e.g., segmental digations) often coincide
with the breakpoints.

Sergii lvakhnoet.al. [33] presented a novel approach, called CNAseg, to identify CNAs
from second-generation sequencing data. It uses depth of gcagge to the estimate copy

number states and owcell{to{ owcell variability in cancer and normal samples to control

19



1. Introduction 20

the false positive rate.

Popova T., Boeva, V.,et.al. in [34] provided a data mining technique based on the
GAP method which allows extraction of absolute copy numbers and dile contents from
the whole genome copy number variation and allelic imbalance pro les w@ined by SNP
arrays or NGS.

Szatkiewicz, J. Pet.al. in [35] presented a novel read{depth{based method, GENSENG,
which uses a hidden Markov model and negative binomial regressioamework to identify
regions of discrete copy-number changes while simultaneously aggmg for the e ects of
multiple confounders.

Van den Broek, Evert et al. in [36] developed GeneBreak method to systemati-
cally identify genes recurrently a ected by the genomic location ofhtomosomal CNA-
associated breaks by a genome-wide approach, which can be appiieDNA copy number
data obtained by aCGH or by (low-pass) WGS.

1.2 Motivation

Modern technologies developed to produce the CNA pro les with higtesolution are still
very sensitive to additive white Gaussian noise. As a consequendéegy is inherent to
the breakpoints of measured genome somatic CNAs causing errangl ambiguities in the
breakpoint detection with low signal-to-noise rations (SNRs). WhersNR j 1, it can
statistically be described using the discrete skew Laplace distributio Otherwise, if SNR

1, better approximations are required to produce more accuracy

Nowadays, no estimator{robust or optimal{ is able to provide jitterfree estimation
of segmental changes. Thus, in order to avoid wrong decisionsgthstimates must be
bounded by the con dence probability. Having the jitter distribution, it is easy to nd
a region within which the breakpoint exists for the required probabilit Of practical
importance are the con dence UB and LB masks, which can be creat based on the
segmental and jitter distributions for the given con dence probiility.

A researcher or medical geneticist takes hours to detect abeticms in samples of DNA.

The masks can serve as an auxiliary tool for medical experts to neallecisions about the

20



1. Introduction 21

CNA structures. Therefore, an analysis and improvement of jitteis required to reduce

errors in the CNAs estimation.

1.3 Research Objectives

We propose and investigate several approximations for the jittelistribution in the CNA's
breakpoints for low and extra low SNRs, and show that the approxiations proposed ts
the CNA probes much better than the Laplace distribution for any easonable SNR value
of practical interest. Then, a statistical theoretical model to ompute the con dence
masks is justi ed via the lower and upper con dence boundaries, g the suggested
approximations for the given con dence probability. The estimatedCNAs are tested by
the masks for data obtained using microarray technology and shdwow to improve the
CNAs estimates by removing some unlikely existing breakpoints.

1.4 Scope of this work

In Chapter 2, some biologic concepts about the genetic data are mied, including a
description of the principal technologies of hybridization to obtain he measurements of
CNAs and details about the algorithms to estimate changes in signalgepewise.

In Chapter 3 we provide a detailed description of initial algorithm for amputing the
probabilistic con dence masks for the con dence limits the stepwissignals measured in
noise. Also, we derive the SKL distribution for the jitter in the breakoints under the
ideal conditions and show its limitations. This distribution is later used & compute the
con dence upper and lower boundary masks in order to guarante® existence of genomic
changes with required probability.

In Chapter 4, we analyze errors caused by the tting of SkL appwmation based
on data obtained by simulation for di erent segmental SNRs. Aimed taimproving the
approximation accuracy, we develop here three new approachesulting in the follow-
ing outputs: Heuristic approximation, parametrization of skew Lalace distribution, and

asymmetric exponential power distribution.
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In Chapter 5, the proposed approximations are adapted to the pbabilistic con dence
masks by modifying the initial equations and replacing the SkL. Thenthe modi ed
con dence masks are applied to microarrays data obtained with dirent technologies to
test estimates of the Copy Number Alterations.

Based on the annotations made by experts, the probability of theiobservations is
computed in Chapter 6, using the CNAs estimates of neuroblastonaad the probabilistic
modi ed con dence masks.

In Chapter 7, the CNAs estimates are compared using the CircularifBary Segmenta-
tion and Pruned Exact Linear Time methods respect to the Next Garation Sequencing
technology which are established as the ideal estimates. Also, it isgivthe global analysis
of the deleted breakpoints and the length of CNAs at each level ofgbability

Finally, Chapter 8 is sketched the conclusions with respect to eaclp@oximation of
jitter distribution proposed and modi ed con dence masks.



Chapter 2

Foundations

2.1 DNA and Cancer

The nucleus of each human cell contains 22 Chromosomes, plus thehxomosome (one
in males, two in females) and, in males only, one Y chromosome, comgubgy a chemical
substance called DNA stranded by Histones. A biomolecule of DNA isrfioed by four
molecules, they are adenine (A), thymine (T), cytosine (C), and @nine (G). Simultane-
ously, each chromosome consists of two polynucleotide chains web@nound each other in
the form of a double helix formed by genes that contain complemeinyagenetic informa-
tion. In humans, genes vary in size from a few hundred DNA basesnwre than 2 million
bases. The Human Genome Project has estimated that humans kdvetween 20,000 and
25,000 genes.

According to the World Health Organization www.who.int cancer is one of the main
causes of morbidity and mortality worldwide. This disease causes matibns in cell's ADN,
modifying the structures and positions of genes. Such mutationseacalled Copy Number
Aberrations (CNA).

CNAs are recurrently de ned as gains and losses of large segmeotthe genome in
size, ranging from a few kilobases to whole chromosomes. SomaticASNSCNAS) that
occur during the lifetime of an individual are a major contributor to @ancer development,

particularly for solid tumors [37].
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Figure 2.1: Structure of DNA. SITEMAN, Cancer Center.

2.2 DNA Microarray

DNA microarray is a technology to determine whether a sample of DN&om a living

organism contains CNAs in genes. Basically, a microarray is an ordeérarrangement of
known or unknown DNA samples attached to a solid support [38]. Seaétechniques have
been developed based on this methodology, being the most popularanalyze samples of

genome.
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2.2.1 SNP microarray

Single Nucleotide Polymorphism (SNP) array is a type of DNA microarsawhich is used
to detect polymorphisms within a population. An SNP, a variation at a mgle site in
DNA, is the most frequent type of variation in the genome. Currety, there are around
85 million SNPs that have been identi ed in the human genome [39]. The GI¥ pro les
are represented by the Log R ratios (LRR)s centered at zero feach sample.

The SNP arrays are presently one of the most e cient technologidsr the identi cation
of the CNAs [40]. The SNP method is considered as an NGS technologgchuse gives
maximal information about tumors. Although, SNP arrays have prgressively replaced
aCGH in samples of cancer is less common to analyze CNAs.

2.2.2 CGH microarray

The aCGH microarrays have been developed as genome-wide asfaymeasurements of
CNAs, using the fact that the microarray uoresence intensity is pportional to DNA
copy number [10]. It is one of the most modern techniques providingrasolution of 5{
10 kbp [17]. The CNAs data are represented in genomic position witheéhth probe,
n, P r1;Ms where M is the number of probes. In the CNAs picture, the,th discrete
point corresponds to the ith edge or breakpoint. In microarray thnique, the CNAs are
often normalized and plotted adog,R{G log2Ratio, where R and G are the uorescent
Red and Green intensities, respectively [19]. Figure 2.2 shows a stwre based on aCGH
data from pancratic cancer study.

2.2.3 Next Generation Sequencing

The most modern technology of hybridization is the Next Generatiosequencing NGS
(also known as massively parallel sequencing) that is revolutionizinbe ability to char-
acterize cancers. The NGS technique can recognize copy numbeeraations and somatic
rearrangements in an entire cancer genome at base pair resolutiora matter of weeks.

Comparative genomic hybridization and SNP array analysis have prioled a wealth of
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15+ _ -

Log2(Ratio)

Chromosome

Figure 2.2: Chromosomes 1 10 represented inLog2Ratio from pancreatic adenocarci-
noma genome. Measurements and estimate CNAs are plotted in dibtand solid lines,

respectively.

data on gene copy number aberrations in breast cancer and hawaged identify potential
therapeutic targets for subgroups of breast cancer patientspwever, this technology does
not provide any information about structural genomic aberratios and base pair mutations
[41].

Perhaps more important than the sequencing throughput provideby this technology
and its relative low cost compared with traditional sequencing meths is the type of
data it generates[42]. Instead of long reads generated from a RuBrase Chain Reaction
(PCR){ampli ed sample, massively parallel sequencing methods prie much shorter
reads ( 21 to 400 base pairs (bp)), but millions of them [43, 44, 45,467, 48].
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2.3 Algorithms for estimate CNAs

Nowadays the estimation and evaluation of CNAs are fundamentahsks because physi-
cians use this information to give a diagnostic and treatment to a ptacular disease. Many
methods have been developed with this purpose following di erentadtstical properties.

Below, a technique proposed in [28] and the most popular algorithmseadescribed.

2.3.1 Median Breakpoints detector

To apply the Median lter as a breakpoint detector, consider a measementy,, n P rl; M s
Because the median is e cient asymptotically in large measurement s@ [49], apply the
median

\"

2 argmin’ |y, | medyl*;u (2.1)
YiPWo g

sequentially v times with windowsW,; W,: W,, provided that eachW,, v P r1; Vs, is
odd,

Aty s med yo il "
qu¥ med x"9 V2 1

2.2)
Py 1 med x4 *

n 2

Until the CNAs structure becomes clear. If the computation time isot an issue,
then the window length W, can be increased as;3;7;:::; until the next window gives
no change. Alternatively, follow the recommendations given in [50]garding the window
optimality. Figure 2.3 depicts the e ect of median smoothing withv;  11,v, 21,
vs 41, andv, 71. By (2.2), the nal median estimate becomex™d %9 The
locations of edges in thex™d structure determine the candidate breakpoints vectoN
rn,n,:::n s. The estimateN' r A;n,:::A s" of N can then be found by adjusting\

6
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Figure 2.3: Median{based denoising of the microarray measuremenfa) subsequent
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forming of a rectangular pulse

11y 21y 4l,andv 71 and(b) threshold{based

train.

visually or using any of the optimization procedures such as the combd ML estimation
algorithm [28]. Placing a thresholdA below the minimum copy number in|RMed| will
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form a pulse trains as shown in Figure 2.3b. Provided the candidatedakpointsN , the
componentd, of the estimated, r &4;4,:::4, 1S’ can be found by averaging.

This method is able to detect the breakpoints of CNAs with precisionHowever, two
principal disadvantages of this procedure are a high time to seledid adequate window

W and that the breakpoints of little changes could be undetectable.

2.3.2 Circular Binary Segmentation

Circular Binary Segmentation (CBS) was one of the rst algorithms sed to estimate
CNAs. In [51], it was developed a modi cation of Binary SegmentationBS), which was
calledcircular binary segmentation to translate noisy intensity measurements into regions
of equal copy number. This algorithm is based on the partitions of e&egome into constant
segments, detecting copy numbers alterations and the change{pt (breakpoint).

Following the change{point method it is possible to estimate the CNAd.et X, X5; :::
be a sequence of random probes. An indexis called a breakpoint if X 4;:::; X; have
a common distribution function F; and X 1;::: have a di erent common distribution
function F; until the next change-point (if one exists).

Subsequently, the CBS algorithm is modi ed in [52] to faster. The algiahm tests
for breakpoints using a maximalt{statistic with a permutation reference distribution to

obtain the correspondingP{value.

2.3.3 Pruned Exact Linear Time

The Pruned Exact Linear Time (PELT) method was introduced to nd breakpoints and
is computationally e cient in several applications, such as CNAs estimte. The PELT

nds the minimum of the cost functions, such as the negative log likeldod, quadratic
loss, cumulative sums or those based on both the segment log{likeldltband the length of
the segment. Next, the Optimal Partition (OP) and location of bre&points are obtained
having a linear computational cost respect to the number of obsations n, under mild

conditions, so the computational e ciency of PELT is Opg [27]. Also, this procedure

requires a penalty for inserted changepoints. In Fig. 2.4, we give &axample of the

8
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OP+Cost+Penalty

0 i1 i2 i3 T
Figure 2.4: Example of breakpoint estimated using the Pruned Exatinear Time (PELT)

method.

breakpoint estimates using the PELT algorithm.
This method is more accurate than Binary Segmentation (BS) algohitn, but compu-
tationally it is not e cient. Even so, the authors argued that the statistical bene ts of an

exact segmentation outweigh is in the relatively small computationalosts.

2.3.4 Binary Segmentation

The Binary Segmentation (BINSEG) uses techniques of cluster dgais to split measure-
ments into reasonably homogeneous groups [53]. The BINSEG maeathis based on a
technique of cluster analysis to separate the sample treatment ares in an equitable de-
sign. Then, a likelihood ratio test set the signi cance of the di erene among groupsi.e.
this parameter determines the grade of segmentation. The BIN&Eincludes a high e -
ciency of the order ofOmlogng A graphic example of the BINSEG algorithm is showed
in Figure 2.5.

This algorithm was modi ed in [51] and called Circular Binary Segmentatio (CBS)
to translate noisy intensity measurements into regions of equal@pnumber. The method
was evaluated by simulation and was demonstrated on cell line data wiknown copy

number alterations and on a breast cancer cell line data set.
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STEP O

STEP 1

STEP 2

Figure 2.5: Schematic of Binary Segmentation (BINSEG) algorithm.

2.3.5 Segment Neighborhood

The Segment Neighborhood (SEGNEIGH) method is based on the cept of segment
neighborhood which is de ned as a set of contiguous residues thatse common features
[54]. So, the model of these features and the residuals that de riee boundaries of
each segment neighborhood need to be estimated using a de nedoalipm. The least
squares and maximum likelihood are used to compute the most critickdatures. The
computational e ciency of this algorithm is OpKn 2qwhere n is the number of observations

and K a repetition parameter.

10



Chapter 3

Jitter Distribution

3.1 Jitter Distribution in Breakpoints

Most generally, the CNAs estimation problem implies predicting the bekpoints locations

| rii,::izics’ PRY, whereiy, | P r1;Ls and the segmental change, with a maxi-
mum possible accuracy and precision acceptable for medical applioas. Several cases to
estimate| and & were detected in the research made in [30]:

Case I: | and & can easily be estimated if the number of probes is large in each
neighboring segment and the edges are sharp.

Case Il : the component ofl can be well detectable, but the estimate of the relevant

component ofa; may be imprecise owing to a small number of probes.

Case Il : it is hard to estimate the components of if the segmental di erences

betweena, and its CNAs neighborhoods are small.

Case IV : the segmental estimatesy may have enough precision, whereas the esti-

mates of the edges not.

So, an analysis of the estimation errors caused by the segmentaise and jitter in the

breakpoints is required.

11
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Let us consider the microarray{based measurement of the CNAs more detail. Fig.
3.1 gives several simulated examples around ttik breakpoint with di erent realizations of
the measurement a ected with white Gaussian noise having for simplig equal segmental
variances. The threshold (dashed) is placed equidistantly betwe#me segmental changes.
The breakpoint location is found by the Maximum Likelihood (ML) basedon Gauss's
ordinary least squares (OLS). The case (a) is ideal to mean that Witsuch locations of
the measured points the ML estimate will be jitter{free. If it happes that some left-
neighboring toi, points lie below the threshold (dashed), then the ML estimate will be
found to the left of i;; two points to the left in the case (b). We call it the left jitter. If
some right-neighboring points lie as in 3.1c, then the ML estimate will bisund to the
right of i;; two points to the right in the case (c). We call it the right jitter. Also, there
may be observed some ambiguities as in the case (d) when the estionafives two or more
possible locations for the same breakpoint.

In order to derive the approximate jitter distribution for CNAs, a smulated measure-
ment with one breakpoint and two constant segments is consideteals sketched in Fig.
3.2a. Here, thea, and a ; segmental levels are contaminated with zero mean Additive
White Gaussian Noise (WGN) [55, 56] having the variance§ and 2 ; as shown in Fig.
3.2b. The segmental signal-to-noise ratios (SNRs) in tHéh and @ 1gh segments are

computed as in [57], respectively,

28 1 adf py 1 ad f
2 | 2
2
Zml 1 alCF Fal 1 alqz 2| ; (31)
21 1 1
where | @& ;1 @ is the segmental di erence, which corresponds to the breakpoint

atn 50.

Aiming to nd the probability between intersection points and of probability
function densities, it is needed to represent the Gaussian pdfs efce segment and| 1
with ppxgand ppyq respectively, and de ned as :

12
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Figure 3.1: E ect of noise on the CNAs ML estimates around théth breakpoint: (a)
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0. The segmental noise variances are equal and the threshold lded)

2, and (d) ambiguity
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location of the ML.
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l px a|q2
ppxq aﬁe 2 % (3.2)
X
1 py 2 1q2
pRYq ag—e 7 (3.3)

y

Seeking the cross points betwegnpxq and ppyg we arrive at the following equalities

1 px a|q2 1 Py a; 19
a——e 2% a——e 2y
2 2 2 2
y X af p  aaf
In—X 22 27 (3.4)
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After simplifying equation (3.4) and grouping variables, we have,

X2

2 2 2 2 2 2

a 1 a a a 1
R : . : =~ In<L 0 3.5
273 73 273 x &9
Now, (3.5) can be represented as a squared binomial replacing tb#dwing variables:

2 2
a y X | | | | 3.6
222 22 22 2 (3.6)
allfal)% a 1, a a1, &
b 2 2 2 2 2 (37)
< d
2 2 2 2
c Ay Atx gy &1 &1 oy 1 (3.8)
259 X 2 |

which can be solved as a standard quadratic function

b 17
_ _ 2
b 2a 2a b*  4ac
q | q 1 | 1
| | | | B
E d—
® @ a®, , 2%, ,qn -
|
(3.9)
If a4 1 O anda , it can be represented with
F o——
. | e | | 2 | .
X — 1 1 — 1 —In — : (3.10)
[ | | |
if , . For | |, set {2and |, 8
3.1.1 Probabilities of events A and B
In order to compute the probability of jitter, three cases can beansidered: , | ,

x ¥ sigma, and y» Which are sketched in Fig. 3.3a, Fig. 3.3b and Fig. 3.3c,

respectively.

15
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<X <<y

P>
a

= p(x)
aj+1
p(y) p(y) , p(y)
X1y X1y, X
a) b) c)

Figure 3.3: Cases for di erent values of standart deviation to comyte the eventsA; and
Bi.a) xi y,b) « y and c) y

Following Fig. 3.3 and assuming di erent noise variances for? and 3 the eventsA,
and B; can be specied as

$
IgL y| A y| ) x | Yy
Aijn N 1sian Vi D xS (3.11)
%
° Vi ) X yo
$
I8L y| ) x | Yy
Biln 1ajan N, yi L ox oy (3.12)
0
& Yi N Yi i ) X Y1

where N is the segment length. Following the conjectures made in [58], we diexethe
next procedure. The eventA; means that measurements at the pointe N 1o izn
belong to the rst segment, wheren is its last point. Also, the eventB; means that the

measurements ah 1o j @ n N totally belong to the second segment. The inverse

16
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events areA; 1 A;andB; 1 Bj. The eventsA; and B; can be united in two blocks

A t An v 1An N 2. PARU (3.13)
B t By, 1B 2:::B, nU (3.14)

If the events A and B occur simultaneously, then the jitter ati, will never occur.
However, there may be found some events which do not obligatorilyatk to jitter. For
example, the second point in Fig. 3.1a lies below the threshold (dashédit does not lead
to jitter. Such events are ignored and the lower bound of the jitiefree can be obtained

with equation (3.15) and the jitter upper bound with (3.16) as

MpAB g PBpA, v 1 AnBn 1 Bn n(Q (3.15)
P 1 WPpABq: (3.16)

Assuming that the noise in the measurements is additive white noise cdathat all of

the events are thus independent, it is allowed to write (3.15) and (¥} as

P 1 PYpAPNBq (3.17)
M PYQAPVPBg (3.18)

Thinking that jitter occurs at somen 1 k point , we assign two additional blocks

of events

A k t An N 1 An kU, (319)
B« t Bn 1« B, nU (320)
The probability @ | that jitter occurs at the kth point to the left from n 1 (left jitter)

and the probability B that jitter occurs at the kth point to the right from n 1 (right

jitter) can be speci ed as, respectively,

17
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B, A A k1 A.B (3.21)
My Ann 1 AnkAn k1 AnBni Bnwn s (3.22)
B AB, 1 B, Bk (3.23)
B Avn 1 ABrn1 BhnBnik Bnn (3.24)

Assuming that the events are independent, the (3.21) and (3.23ar be simpli ed to

= PN kpagqr PpAgsPVpBg (3.25)
B, PVpAgqrnl PmBgsP" “mBqg (3.26)

Now, PpAgand PpBgcan be speci ed for segmental Gaussian noise as, respectively,

$
: 1 piydy o« vy
& s
PPAQ piyedy  ; ox (3.27)
K
% o pydy o« s
$
P2pycdy '
& 3
PBq pycy 5 ox s (3.28)

8
3

%1 ppgEy 5 o« o

Analyzing the Gaussian processes (see Appendix A), the probabilgie pA,gand PpB,q

can be expressed in terms of the erf and erfc functions

$
% 1 sreffpg g erfpgas 5 o

PPAQ Lerfomy, g o . (3.29)
%

srerfpg g erfpgas 5 0

18
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trerfphy g erfphygs ;| -
PBiq |, 1 serfgh, q b | (3-30)
% 4 srerfphy g erfphygs ;0

R

b__ b b __ b__
whereg, ﬁ - 0 ﬁ -, h ﬁ -, h 4, erfixqis the error

function, erfgxq de ne the complementary error function.

3.1.2 Normalization

Referring to (3.25) and (3.26), we can now write a k-variant functio as

$
‘& rP 1pAg 14 -k oo;
1 S 1 .k 0; (3.31)

%rP B 1 ; ki O;

which turns out to be independent orN . Further normalization of {4 to have a unit area
leads to the pdfppkgq 19, where is the sum of the values ofq for all k,

K|

1~ Pl;gq 1 P Bq 1° (3.32)

k 1 k 1
8 8

5 5

1 1k 2K; (3.33)

where y r P 1pAq 1stand , r P 'pBq 1s. Because® P PpAgPm@Bqg 1,
we obtain InP 0, InPpL Pq Oandinpk Pg 1 P. This allows usto nd

” e KIInpL PpAdq InpP pAqal (3.34)

”e @ klinpl PpBqq InpP pB gl (3.35)
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By substituting equations (3.34) and (3.35) into (3.33) and expresg) the summations
a in short form as

1 1
g | geE (629

Given the conditions 052 P PPAGPMBq 1, 3525527 and In 158228 o 0, can

be represented equation (3.36) in terms ¢fpAqand P@Bgas

1 1
1 1
1 PpAq 1 PpBq
PPAq 1 PPBq 1
1 PpAg 1 PpBqg
1 2PpAq 1 2PpBq
PPAq 1 PpBq
1 2PpAq 1 2PpBq
PpAlg PmBig 1 |
rl 2PpAgsi 2PpBqgs|

The jitter pdf pgkqbecomes now

(3.37)

$
% TP IBq 1 : ki 0;

prkg  —, 1 .k 0; (3.38)
% p 1aq 19K : kO

where is specied by (3.37). Because (3.38) depends only dnpoints around the
breakpoint and is unin uenced by any other point, the probability is omplete and we
called it the jitter probability .

Introducing new variablesd, P 'pAq l1andg P !mBqg 1, we can writePpAq
1pl dgandPpBqg 1pl qgq provide the transformations, and arrive at the conclusion
that (3.38) is the discrete skew Laplace pdf recently shown in [59],

$
il dogd qq¥ d5 k¥ o;

Prk|di; a4 1 dg  %q4; kao:

(3.39)
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) b
where 0 d ei'l Pﬂ3lql 1 1,0 g e PpAlql 1 1, |n$|?|ﬂ’
| mx» and
d
12! ST 400 fq
x = e, o, 2l 3.40
| 20l g o T (849
PPAigl PpBgs
: 3.41
PmBigl PpAQs ( )
PPAg PmBiq 1 (3.42)

r1 2PpAgsi 2P ;:B|qs:
A complete analysis of , and equations (3.40) to (3.42) is provided in Appendix B.

3.1.3 Distribution veri cation by simulation

The discrete skew Laplace pdf (3.39) computed using (3.29) and @)3s shown in Fig.
3.4 for | 278 and 6:25. It is seen that jitter may occur here at 7 points (ve
to the left and two to the right from k  0) allowing the jitter probability of 1%. With
smaller SNR values, the jitter increases.

To nd out how the skew Laplace distribution ts real measuremens, a piecewise
constant (PWC) signal with 200 points has been generated. Thedakpoint is located at
the sample 101 with knowna landa ; 0. The SNRs were set the same values
as in Fig. 3.4. Then, using a ML estimator [28], the breakpoint locationsaere found
over 10 10* realizations, plotted with a histogram, normalized to have unit areaand
represented as the jitter pdf. To avoid ripples, we further repéed this procedure 9
times and averaged the results. The nal jitter pdf circled in Fig. 3.has revealed some
discrepancy with the Laplace distribution. This is explained by some pbabilities ignored
in the derivation of (3.38). The maximum approximation error of aboti4% is seen here
only at kK 0. The error diminishes withk that however cannot be seen in logarithmic
measures in (3.4). Note that (3.39) also ts the experimental hisgrams reported for
some CNAs breakpoints in [60]. Thus, we come up with a conclusion thtte discrete
skew Laplace distribution is a good approximation for jitter in the brakpoints of CNAs,

although further investigations are necessary in order to nd a nre correct law.
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3. Jitter Distribution 22

Because a step is unity with integek the jitter probability Pcp , ; |, gcan be specied
at the kth point utilizing (3.39) as

Ppy; g pk|ldpy; gap,; q: (3.43)

The jitter probability (3.43) is determined for ith breakpoint at zero assumingk © 0.
To move (3.43) toi; | 0, one can substitutek with ki; and changek ask ° i,. Figure
3.5 sketchesP¢p g for small and large equal SNRs | , aected by somatic
alterations. Here, we show the probability of a jitter{free breakpint (dashed) along with
some values obtained by simulation in the SNR region most typical fohé microarray
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Figure 3.4: The discrete skew Laplace pdf (dashed) for di erent gmental SNRs;k 0

corresponds ta;. By simulation, the breakpoint locations were found using a ML estintar

over 10 10° runs. Measurements and estimations were repeated 9 times. Aremge

jitter pdf is circled. A discrepancy between the curves is due to s@nprobabilities ignored

while deriving the jitter distribution. The maximum approximation error is about 4% at

k 0. The di erence between the functions is almost indistinguishable in lgar scales.
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3. Jitter Distribution 23

measurements. As can be seen, (3.39) ts well the simulated datachwe may continue
on with some analysis.

The SNRs are extremely small if structural changes are presentsmall fraction of the
tested cells and the value of is minimal, then the total jitter probability P;p, ; , q
PpA B ,qbecomes almost unity, whereas the probability of the jitter{free keakpoint be-
comes almost zero. More precisely, the probability of jitter{free reakpoint and the jitter
probability at kth point tend toward 1{2N (see that the curves merge at, 10 2
in Fig. 3.43. All these tendencies are illustrated in Fig. 3.43.

With an increase in structural changes, the segmental SNRs alscciiease, and the
probability of the jitter{free breakpoint (dashed in Fig. 3.5) naturally becomes larger
and nally reaches unity when ;, YN 8 and , W 8 . It is seen in Fig. 3.5 that

| 40 makes the breakpoint jitter{free in the 3{sigma sense. With an trease in
the SNRs from zero, the jitter probability initially increases. It thenreaches a maximum
and decreases, when the SNRs become relatively large. It also faldvom Fig. 3.5 that
the maximum jitter probability at k 1 corresponds to about unit SNRs. This case can

be met most frequently in the microarrays of CNAs measurementsitiin a typical SNR

3.2 Condence UB and LB Masks

The con dence masks is an algorithm of local segmentation pro lesitlv con dence prob-
abilities if noise in segments and jitter in the breakpoints are statistally speci ed [70].
The research made in [16, 30] has shown that the con dence maslecome a unique tool
to verify validity of the estimated CNAs with a given probability. Thus, the con dence
boundaries should be provided as additional information for medicaixperts to give an
accurate diagnostic. The con dence masks are based on the faniental principle ofjitter

distribution, which is used to compute the Jitter and Segmental bounds.
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Figure 3.5: Total jitter probability P;p g and probabilities Pyp g of the right jitter at
k 1,k 2,andk 3 for equal SNRs in the CNAs segments. The probability of a

jitter{free breakpoint is dashed and some values obtained by simtian are depicted with

diamond} and circles . A discrepancy between the theory and measurement is due to

some probabilities ignored while deriving the jitter distribution.

Jitter Bounds

The Left Jitter Bound J\- (LJB) and the right jitter bound Right Jitter Bound JR (RJB)
can be determined with respect to thdth breakpoint 1, as follows. Consider the jitter
distribution (3.39) for known |, and , . Increasek in (3.39) from zero until p, ; %.
Accept the relevant value ofk as the right jitter kR. Next, reducek from zero until

P« ; % and accept the relevant value ok as the left jitter k-. The LIB and RJB are
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3. Jitter Distribution 25

de ned as

NI O G (3.44)
JR A K (3.45)
The equations to computek® and ki- are obtained by equating (3.39) to and solving

for ki. Then, to nd the right jitter kR with a constant value of , we set the next steps
to k¥ 0 as

pl dgd qgq, pl dgd 99, .

Jaeag, e (3.46)
ok o M pflqr;qqqq; (3.47)
ko P pldlqr;qqqq (3.48)
K o M pldlqr;qqqq: (3.49)

Applying the same procedure td} and k @ 0, we obtain
. 1d|q§|1q Qs PL 1d|q;Lq 99, . (3.50)
Mo M pldlqr;qqqq (3.51)
Kl In|ul pflqr;qqqq; (3.52)
Ko 1P pldlqr;qqqq: (3.53)

Thus, kR and k- can be de ned as, respectively,

ki t '%adng (3.55)

to correspond to the right (superscript R) and the left (supers@t L) jitter. Here, txu
means a maximum integer lower than or equal ta. Here, equal con dence intervals are
allowed for thesegments and breakpoints.
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3. Jitter Distribution 26

Segmental Bounds

Let us suppose that the estimaten/*of the Ith breakpoint location is available (see gure
3.2, at least it can be assigned visually. In view of white Gaussian noisenreasurement
Vv, Simple averaging applied on an interval oN;, A, A, ; points, from& ;tofy, 1,

gives the best estimate for théth segmental level:

1n|1

a o W (3.56)

v N
which meanE#& @ and the variance ¥ p ?Z{N;g Because # is commonly not neg-
ligible, segmental errors occur. The con dence UB and LB for segmtal estimates can

thus be speci ed in the#-sigma sense as:

2

a° 4 § # o & #); (3.57)
J
2
4% 4 y # oy #Yy (3.58)

j
where# indicates the bound wideness in terms of, AThe probability ~for the segmental
estimate to exceed a threshold strongly depends on the segmental lengtN; and can be

determined using equation (3.39) and 7 as

] (o
MNig 2  pxagdx  erfc

a

Ny
— 3.59
5 (3.59)
- - a ) - -
where erfgxq is the complementary error function and ; p { ?qis the normalized
threshold. A distinctive feature of is that it does not Odepend on the unknowrg;. By

combining and | in pN;qwe obtain pN;q erfcpt{ 2qand the con dence interval

for segmental estimate becomes

PAlNig 1 pNig 1 erfe 7 (3.60)

ol
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3. Jitter Distribution 27

Table 3.1 gives several values & P, and for likely existing genomic changep50%g
As can be seen, the 1-sigma senge 1qoccupies an intermediate position between the
50% probability (even chances) and 75% probability (probably existinchanges). Here-
with, the 2-sigma sensg¥  2q can be treated as typical or almost certainly existing

changes and 3-sigmg# 3gas certainly existing changes [16].

Table 3.1: Probabilistic measures for genomic changes

# Pptq  pq
Even chances 0.6745 50 50
1-Sigma 1 68.27 31.73
Probable 1.15035 75 25

Almost certain 1.81191 93 7

Typical con dence 1.96 95 5
2-Sigma 2 9545 455
3-Sigma 3 99.73 0.27
Certain 8 100 0

By combining (3.44), (3.45), (3.57), and (3.58), the UB and LB con dnce masks out-
line the region of existence for true CNAs. The algorithm for compirtg the Upper Bound
mask BY (UB mask) and Lower Bound maskB}; (LB mask) is developed in Appendix B
Table C.1 and Table C.2 [71, 72].

Figure 3.6 shows an example of the probabilistic con dence masks éipd to a simu-
lated CNA from mocroarray data for di erent probabilities P taken from Table 3.1. As
can be seen, the breakpoints are localized in the 1{sigma sepBe 6827%q with no
errors, but the segmental level is detected with an error of abbu 20%. Admitting that
the con dence probability of P 6827% may not be su cient for medical decisions, we
apply the masks in the 3-sigma seng® 99.73%gand observe that the breakpoints can
no longer be detected exactly and the segmental errors increés@bout 50%. The CNA
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Figure 3.6: An example of UB maskBY and LB maskBL around the simulated CNA for
con dence probabilities taken from Table 3.1.

evidently exists in this case and there is a necessity of de ning an etavalue of P which

is su cient for medical needs.

3.2.1 Testing real measurements by the probabilistic cond ence

masks.

The rst database processed is part of the 7th chromosome in &ige "159A{vs{159D{

cut of ROMA. It is shown to have 14 segments and 13 breakpointsi¢fs. 3.7a and 3.7Db).
Observing Fig. 3.7a, the only breakpoint which location can be estimed with a high

accuracy isi;. Jitter in 1 and 17 is moderate. All other breakpoints have large jitter. It
is seen that the UB mask covering 2nd{to{6th segments is almost ifarm. Thus, there
is a probability that the 2nd{to{5th breakpoints do not exist. If to follow the LB mask,
then locations of the 2nd{to{4th breakpoints can be predicted en with large errors. At

least they can be supposed to exist. However, nothing de nitive nebe said about the
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Figure 3.7: UB mask and LB mask for the estimates of the CNAs: (aegomic location
from 130 Mb to 146 Mb and (b) genomic location from 146 Mb to 156 Mhblitter in 1,

6, 17, 1o, 110, 112 , and 113 is moderate and these breakpoints are well detectable. The
breakpointsfy, 13, 14, 15, 15, 19, and 11 cannot be estimated correctly owing to large jitter.
There is a probability that the breakpoints®, 15, 14, 15, and 111 do not exist. There is a
high probability that the breakpoint 15 does not exist.
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3. Jitter Distribution 30

5th breakpoint and one may suppose that it does not exist. It is aldward to distinguish a
true location of the 8th breakpoint. In Fig. 3.7b,i1q, i12, andi,3 are well detectable owing
to large segmental SNRs. The breakpoirny has a moderate jitter. In turn, the location

of i11 is unclear. Moreover, there is a probability thati;; does not exist.

3.3 Limitation of Laplace-based Approximation

As it was described previously in [30], Jitter is inherent to measuremsna ected by in-
tensive noise in all CNA's breakpoints. Whemp , or |, are lesser than 1, the jitter distri-
bution is approximated with the discrete skew Laplace distribution [301f p,; , q 1,
an actual breakpoint may occur several points to the left or to th right of the candi-
date one detected by an estimator. Subtle chromosomal changae often observed with
p,; ;9! 1and, for the required high con dence probability, the actual brakpoint can
be found tens of points apart from the candidate one.

An extensive analysis has con rmed that the Skew Laplace distribign becomes highly
ine cient when subtle CNAs reveal a SNR level much less than p, ; , g! 1[58]. The
research of SKL pdf (3.39) in applications to jitter in the CNA-like sigals measured in

WGN allowed making the following statements. The SkL-based apprioxation is

Acceptable when | ; |, i 1and very accurate if | ; | " 1;

Also acceptable if at least one of the SNRs exceeds unity, | 1 or |, j 1, and
very accurate if | " lor ;| " 1;

Inaccurate when | ; 1 and unacceptable if | ; | ! 1.

An overall conclusion that can be made following [57, 73, 58] is that énSkL-based
approximation (3.39) ts only easily seen breakpoints. The chromosnal changes are
not brightly pronounced, the SKL should not be used to make decisi® about the CNAs
structures [16, 30]. Therefore a more accurate approximation isquired to avoid a wrong
behavior of this tool.
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Chapter 4
Improving Jitter

Previously in Chapter 3, we have derived the discrete skew Laplaaenttion to represent
the jittter distribution in the CNAs breakpoints. However, the SKL approximation has
appeared to be inaccurate when, ; | 1 and unacceptable if | ; | ! 1. In this

chapter, the errors caused by SkL approximation are analyzedd®d on the experimental
distribution following the procedure described below. Also, severapproximations are
proposed to t the jitter distribution with the minimum error following three strategies.
First, a heuristic approximation is developed, second a theory to pametrize the SKL
distribution is proposed, and nally, a mathematical approximation isapplied to t the

experimental jitter distribution.

4.1 Experimental Jitter Histogram

To nd the experimental jitter histogram, we set an ideal CNAX, of lengthn 400 with
two constant levelsa landa ; 0 and one breakpointiy at n  200. The CNA
measurement is de ned ag, Xn  Vn, Wherev, is a vector of noise WGN with the
variance 2 corresponding to the given .

We change the breakpoint positiom, atn 200 inarange oh 100or 1002 k= 100
producing one estimate in each point. The variablg fepresent the CNA estimated, which

is de ned as
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4. Improving Jitter 32

Yot T Yin| 2k Yn| 2 1nS (4.1)
wherey is the mean of measurements in a given lapse conditioned by the breaiat .
Next, we use the Ordinary Least Squares (OLS) method to nd th€NA estimation ¥, »
with minimal error of the measurementy,, obtaining the error variableS,. The breakpoint
location is detected when the Mean Square Error (MSEJ, in the ML estimate reaches
a minimum. Then, the vector that de ne the jitter histogram Hy is increased one unit at
a speci ¢ positionk based on the best CNA estimation. The calculated histograid is

normalized to produce the discrete jitter pdf. This procedure is somarized in Fig. 4.1.
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Figure 4.1: Procedure to approximate the jitter distribution in the QNA breakpoints by
simulating a stepwise signal in the presence of AWGN with di erent segental SNRs. The
breakpoint i, change its position fromfy to 1500 Seeking the best CNA estimate.

In the rst simulation, the ML estimate was provided by 50 1C° times averaging of
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4. Improving Jitter 33

each vector of noise generated with a constant SNR. For each \alof SNR, the histogram
was plotted as a number of the events in th& scale. To smooth ripples, such a step was
done in 9 runs and the estimates were averaged. To be acceptedaasexperimentally
de ned jitter pdf, the histogram obtained was normalized for a unit area as shown in Fig
4.2a and Fig. 4.2b with circles to SNR, 0:1 and | 0.5, respectively.
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Figure 4.2: Jitter distributions computed with Maximum Likelihood and &ew Laplace
distribution to a) SNR=0.1 and b) SNR =0.5. The ML (circled) is the jitter pdf obtained

experimentally using a ML estimator via a histogram over 50 10° runs and SkL (solid)
is the skew Laplace distribution.

At the second stage, the MATrix LABoratory (MATLAB)-based algorithm [71] was
run for the simulation using a computer based on Intel Core i5, 2.5 G The computation

time required to produce a histogram was about 12 hours. To make it possible to operate
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4. Improving Jitter 34

faster, in [74] the algorithm was modi ed removing \for" cycles and il not save variables
in Random Access Memory (RAM) memory, increasing the times avejiag to 10 10°
for each SNR. Thereby, the computation time was signi cantly redced and the jitter
histogram computed with a improved accuracy in a wide range &f

The left part of (Fig. 4.3, Al) is a owchart of the procedure desdbed above and
illustrated in Figure 4.1 that allows getting faster the jitter histogram. Comparing the
algorithm AO designed in [71] and the modi ed algorithm A1, it was foundhat AO con-
sumes more time and that Al is computationally more e cient. In aveage, the algorithm
Al operates about 28 times faster than A0 and requires about 27imto produce one
histogram. The simulated one{sided jitter distributions provided bythe sub-algorithm Al
for equal segmental values of SNR are shown in Fig. 4.4.

Al A2
i=0,n=400
— =i
yes no
i <1x10°

Jitter_pdfy, =

Hy
Yk Hye

Final
Approximations

Skew Laplace;, no

Premise
Parameters

Approximations

Figure 4.3: A owchart to approximate the jitter distribution in the C NA breakpoints

by simulating a stepwise signal in the presence of AWGN with di erentegmental SNRs:
Al provides the jitter histogram and A2 provides the jitter distribution approximation by

minimizing the MSE. An example of signal, is given in Fig. 4.1.
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Referring to the necessity of estimating the CNAs with low segmert&NRs [12] and
taking into account that the Laplace distribution (3.39) is su ciently accurate when the
SNR values exceed unity [13, 75], so the jitter is investigated in thegien of Q1 a

, @ 1:37. As can be seen in Fig. 4.4, a decrease in the SNRs makes the agitter
distribution less straight in the logarithmic scale and the SKkL has thusmited applications

for low segmental SNRs.
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Figure 4.4: Experimentally de ned one-sided jitter probability densikes (dotted) of the
breakpoint location for equal segmental SNRs in the range ofM 400 points with a
true breakpoint at n  200. The experimental density functions were found using the
ML estimator. The histogram was build over over 10 1 runs repeated 10 times and
averaged.

Subsequently, the resolution of each iteration was enhanced tongeate the noise step
from 4 to 9 decimal values, short and long formats, respectivelyp timinish the accu-

mulated error. Figure 4.5 shows the di erence between the gena¥d histograms using
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4. Improving Jitter 36

di erent formats in simulation. The detailed algorithm generate a corplete jitter his-

togram of symmetric values of SNR, , from 0:1 to 1:37 illustrated in Figure 4.4. It
should be noted that the jitter pdf expands signi cantly its hedge wth respect to k when
1.

— — Skew Lapce distribution
© ML histogram (short)
ML histogram (long)

Jitter pdf

\ %P3 6 o )
1 1 1

1 1 1 o0l o ool oo lo | e fa)

0 10 20 30 40 50 60 70 80 90 100

Figure 4.5: Dierence between experimental distributions obtainedising a format of 4
(solid) and 9 (circles) decimal values.

In summary, let us notice that the three stages are implemented tsimulate jitter
histogram according to averaging simulations: 50 1¢°, 10 10* and 10 10* with long
format {which are labeled asslow fast and detailed algorithms.

4.2 Approximations of jitter pdf

In this section, several methodologies are proposed to obtain a ma@accurate approxi-
mations of the jitter distribution than the Skew Laplace distribution. First, an heuristic
approximation is developed based on the Bessel functions of themsd kind of zeroth
order. This approximation requires the estimation of constants ahfunctions using the
MSE with respect to the histograms generated with &low algorithm used as a refer-
ence. Next, the parametrization of the SkL distribution is implemerdd to obtain a set of
approximations using di erent functions, which modify the constahbehavior of . The
approximations obtained in such a way t the measurements of fast algorithm. Finally,

an Asymmetric Exponential Power Distribution is applied to t the experimental jitter
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distribution obtained with a more accurate algorithmdetailed based on the estimation of
few constants.

4.2.1 Heuristic Approximation

A preliminary analysis has shown that, among the available special fetions, the modi ed
Bessel function of the second kin& gpxq and zeroth order is a good candidate to t the
experimentally jitter measured. Figure 4.6 show some examples oetimodi ed Bessel
functions of the second kindK pxqfor 0,1, 2, 3 and 4.

—K
——K

—.—.K

A W N B O

3 35 4 4.5 5

Figure 4.6: Modied Bessel functions of the second kindK pxq for 0 (solid),
1(dashed), 2 (dotted), 3 (dash-dotted) and 4 (solid-pointed).

For the function proposed, the measured densities were obtaineith a slow method

and shown in Fig. 4.7. In our approximation, we use the following formf & ojxq,
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B
Korxpkqgs cogxpkgsinhtsdt
0
? cgsrxrkqs
—— dti O;xpkqi O; (4.2)
0

in which variable xpgkg depends on indexk which represents a discrete departure from
the assumed breakpoint location (see Fig. 4.1). The equation (4.2¢stribes decaying
functions and diverges ak 0 with the singularity being of logarithmic type [76]. Because
K orxpkgsis a positive-valued forxpgkq j 0 smooth function decreasing with to zero, this

is used to approximate the measured probability densities shown in Fig.7.
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Figure 4.7: Experimentally de ned one-sided jitter probability densikes (dotted) of the
breakpoint location for equal segmental SNRs in the range of 400 points with a
breakpoint at n 200. The histogram was obtained using the ML estimator based
in the slow algorithm and plotted over 50 10° runs repeated 9 times and averaged.
Approximations (doted) are provided using the proposed MBA.
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Approximation

In order to use (4.2) as an approximating function

Bkl g Korxpkags (4.3)
conditioned on for the one{sided jitter probability densities shown in Fig. 4.7 using th
slow algorithm, a variable x is represented viak asxk; q Inp k; qggin a way such
that small k ¥ O correspond to large values of and visa versa. Among several candidates,

it has been found empirically that the function pk; g ts the histograms with highest

accuracy,
1 ?_
& q plk|] 19 M —— ; (4.4)
if to set , fork O, >+ fork O, and , for ki O, and represent the
coecients pqg pgand pgas
Pa a  ai; (4.5)
pa m ™ ag by (4.6)
Pg G “ G (4.7)
wherea, 0:02737,a; 45 10 ° Iy 0:3425,b 0:3413,h, 0:808,c, 0:8865,
C1 1:033 andc, 1:233 were found in the mean square error sense. These values

were found in several iterations until the MSE reached a minimum.

The most appropriate values of p g p g and p gcomputed for various symmetric
SNRs | , are sketched in Table 4.1 and given in Figure 4.8. The points in Fig. 4.8a,
Fig. 4.8b, and Fig. 4.8c are the best values to each SNRs, and the sdilies are the tted
functions (4.5), (4.6), and (4.7) using the curve tting tool from MATLAB. The MSE of
approximations for functions p g p g and p qgenerated are 852 10 °, 2:35 10 4
and 4226 10 “ respectively. Table 4.1 shows this information in a range of SNRs from

0:1 to 1:37.
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Table 4.1: MSEs produced by Laplace-based (3.39) and Bessel-0qge3) approximations.

Pq Pq pq P9 P9 Pq

0.1 -0.0018 0.886 8.325 0.7 0.0146 1.098 0.048
0.2 0.0001 0932 3438 0.8 0.0173 1.125 -0.116
0.3 0.0037 0.971 1840 0.9 0.0201 1.152 -0.244
0.4 0.0064 1.0062 1.050 1.0 0.0228 1.177 -0.346
0.5 0.0092 1.0386 0.581 1.1 0.0255 1.2028 -0.498
0.6 0.0119 1.0691 0.269 1.37 0.0310 1.257 -0.556

4.3 Parametrization of Laplace Density

The SkL pdf (3.39) still can be applied in a parameterized form as follew An increase
in the discrete-step indexk diminishes the e ect of the segmental noise on jitter in the
breakpoint. For example, noise at 10 has a smaller e ect on, that noise atl 1. In
Figure 4.9 is illustrated this theory using a simulated CNA with a breakpiot i, atn  10.
The constant standard deviation | and the k-varying standard deviation function pkq
are plotted (dashed) to see the graphical di erence.

To provide the same e ect of noise at any point k oni; as required by the derivation
of the SkL-based approximation [58], the noise variances must beneased withk. That
makes the variances, ?gkqand 2 ;pkq k-variant and the SkL pdf (3.39) parameterized
with k. Consequently, the probabilities computed of events A and B usindné equations
(3.29) and (3.30) to compute the SkL (3.39) distribution are inconant and it can be estab-
lished that PpAQk ni PPAQk n 1, PPBOk n 10 PBk n 2andPpAQk n " PPAQk n 10,
PlBqgc n 1" PPk n 10, S€E Fig. 4.9.

Because exact analytic functions are unavailable foPpkgand ? ;gkq in this section
these functions are investigated numerically and nd reasonable pmximations in the
minimum MSE sense based on simulations.
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Figure 4.8: Coe cients for the approximation functions: (a) pg (b) pgand(c) pg
Actual values are dotted and the mean square error of approximans is a) 3852 10 °,
b) 2:35 10 % and c) 4226 10 4.

To this end, we rede ne thek-varying segmental SNRs as

2 2
| 1Kq qu; | Kq m;

where 2 ?0q 7, 72,09 |, , Pg and | , Pg Otherwise, whenk 0,

(4.8)
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Figure 4.9: Representation of a standard deviation constant and the proposed-varying
standard deviation function pkqused to parametrize the SKL pdf (3.39). To this mod-
i cation, it must keep the relationships PPAQx n i PPAQk n 1, PPBOk n 1i PBi n 2

and PFACIk n ! PFAQk n 10y PFqu n 1" PFqu n 10-

it is assigned

‘kq  Prl fikgs;

wherefkqis a function to be speci ed later.

First Bessel-based Approximation

Testing several non{conventional functions has revealed thahé modi ed Bessel equation
K pxqof the second kind and fractional order  0:5 is a good candidate to approximate
the measured jitter histogram, because it is positive-valued forpkq j 0, smooth, and
decreases withx to zero. We use the representation d pqgde ned in equation ( 4.2).
Based on simulations, it has been found that the following parameteing function
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makes the SkL pdf (3.39) accurate in tting the jitter histogram fa any k,

kg P 1 Kyd logt (4.9)

if to assigna 0:6951 andb 0:1296. In fact,k O turns the parameterized SkL to
(3.39) and, by | ; |, " 1, it also converges to (3.39). An important property of the SkL
parameterized with (4.9) is that it shows that when, N Oand , N 0then 2pkq YN 8
and ?,kq YN8 and i, thus cannot be localized or, most likely, does not exists.

Second Bessel-based Approximation

The second approximation was obtained employing the same Besseidtion (4.2) , but

with another variable,

1

2 2
kg Pl K% k 1gP 9 1

(4.10)

?_
where p, q 2{ 1734 Testing (4.10) by simulations has shown that this function can

produce more accuracy for certain values of SNR and that (4.9) cdoe more accurate
otherwise, although both (4.9) and (4.10) can be applied to arl.

Functional approximation

A simple approximation has appeared by using a power function of

2
kg Py 1 kit (4.11)

wherea 0:436 andb 0:1575. An analysis has shown that (4.11) is about 10 times
more accurate than (4.9) and (4.10) whek j 1, but cannot be applied tok Oork 1.
Functions (4.9) (dashed), (4.10) (solid), and (4.11) (circled and dked) are sketched
in Fig. 4.10 for 0:1; 1.0; 5:0 in the range of 0= k & 50.As can be seen, the proposed
k{varying variances are consistent, but produce di erent errorsn the k-domain. Note

that an exact function ?2pkqis still unavailable.
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102:' s >

k

Figure 4.10: The proposedck-varying variance functions ?Zpkq used to parametrize the
SkL pdf (3.39) for equal low ( 0:1), normal ( 1), and large ( 5) SNRs: (4.9) is
dashed, (4.10) is solid, and (4.11) is circled and dotted.

Figures 4.11a and 4.11b show the measurements obtained to symmee8NRs |,  0:1
and |, 1:37 using the fast algorithm and the proposed approximations based equa-
tions (4.9), (4.10) and (4.11). Figure 4.11a illustrates the simulationfdhe lowest value
of SNR 0:1 (circles). It ca also be noticed a notorious di erence between mes-
ments (circles) with the SKL (solid) distribution and a minimal error with respect to the
proposed approximations using the parametrization with (4.9) (d&=d), (4.10) (dash-dot)
and (4.11) (dotted). Setting a SNR 1:37 the di erence between measurements (cir-
cles) with SkL distribution (solid) and is lower than 0:1, but the error of estimation
is still signi cant, see Fig. 4.11b. Also, this picture shows a good t othe parameterize
approximations with (4.9) (dashed), (4.10) (dash-dot) and (4.11{dotted).
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Figure 4.11: Measured jitter pdf functions (circles) and the appximations by the SkL law
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(3.39) and by the SKL law parameterized with (4.9), (4.10), and (4.} 1or equal segmental

SNRs |

| ,a) low SNR

0:1 and b) normal SNR |  1.:37.
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4.4 Asymmetric Exponential Power Distribution

Analyzing the measured jitter pdf obtained with the detailed algoritim, we conclude
that it could be approximated with a sub{Laplacian distribution such & the Asymmetric
Exponential Power (AEP) distribution [77] {which is a generalization 6the Gaussian and
Laplace laws. A random variabley, associated with thelth breakpoint is said to have the
AEP function, if for the shape parameter | i 0, scale factor | i O, location ; 0, and

skew factor | j 0, a variabley, is distributed with
&
POkIp; G g ' B k¥ (4.12)
’ | %1 |2%q|k|';koo;
| : 1
wherepp e ', e ', and mxqis the Gamma function.

In a special case of, , , the skew factor becomes; 1 and the AEP distribution
symmetric. In the other special case of, 1, letting | 1 transforms (4.12) to the
discrete skew Laplace distribution (3.39) [77], which alternative forns

$
p p|!qq| 1 _|17|2%q|k|' kQO: .
Using values of  0:5;1; 1.5; 2; 2:5; 10, 1, 1 and zero mean, some distributions

are plotted in the Figure 4.12. The AEP function is a good candidate tapproximate the
jitter distribution because have a mathematical support and exhib a great exibility
modifying only three parameters, given that location, always is zero.
An example of applications of (4.12) as an approximation is given in [78]here factors
i, 1 and | were estimated in the maximum likelihood sense for the simulated grdwt
distribution.
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Figure 4.12: Asymmetric Exponential Power Distribution to severaparameters of shape
, for the symetric case skew is set as 1, scale 1 and zero mean. The function
AEP function have two special cases: when 1 represent the Laplace distribution and

if 2 the normal distribution can be computed.

4.4.1 Parameters Estimation for AEP distribution

In order to approximate the jitter distribution with (4.12) in an optim al way, one needs
nding |, ;and ;| asfunctions of | and , to provide the best t. These constants can
be found by tting the histograms with a highest accuracy by minimizirg the Kolmogorov{
Smirnov (KS) distance [78] de ned as

dxs max|Fopxq Sy xql; (4.14)

where Fopxqis the population cumulative distribution of (4.12) andSy pxqis the observed
cumulative step function. The KS distancedxs between Sy pxg and Fopxq functions is

illustrated in Figure 4.13. The Kolmogorov-Smirnov distance is a commostatistical
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measure called the \test of goodness of t" or the Kolmogorov-Simmov test (KS-test).
The parameter s is computed by (4.15) and selects the minimum one to set the most
appropriate values of |, |, and | for various symmetric SNRs ,
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ﬁ
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o
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Figure 4.13: The Kolmogorov-Smirnov distance between the empiriagdistribution func-
tion of the sampleSy pxg and the cumulative distribution function of the reference distri-
bution Fopxg

Also, constants | and | are approximated in the MSE sense as

a
P 1 5 (4.15)
|

PIg & 7 (4.16)
wherea; 0:389,by 0:1394,a, 1:142 andb, 0:6289.Note that, for the asym-
metric case . » the shape and scale factors depends on the parameters indivillijua

estimated, so |p, gand p, gare provided by equations (4.17) and (4.18).

|p| q |p| q2 |p| q’ (417)

prg APl (4.18)
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Figure 4.14: Approximations of the (a) shape factor p, gand (b) scale factor p, q
for jitter distribution using Asymmetric Exponential Power distribution. Measured data
are dotted to a range of SNR from 0:1 to 2 and the curves to t them are

represented with a dashed line for both variables.

Figure 4.14a and Fig. 4.14b sketch the measured data (dotted) atite approximations
of p, gand p, g(dashed) obtained using SKL (3.39) and AEP distribution (4.12). To
nd |, the equation proposed in [77] is modi ed.

X %
— (4.19)

by substituting X | , and X | for the asymmetric case and, 1 otherwise.
The AEP distribution applied to symmetric , 03, , 0:3 and asymmetric case
. 03, | 0:8are plotted in Figures 4.15a and 4.15b. For the symmetric case, Figu
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4.15a, the parameters estimated were shape 0:54, skew 1 and scale 2:49.

For the asymmetric case given in Figure 4.15b, the parameter of gie|g scale and skew

were CompUtEd as | 0:3; 08 0:57, [ 0:3; 08 1:89 and | 0:3; 08 1:36,
respectively.
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Figure 4.15: The approximations of the experimentally measured jét pdf (doted) for
di erent SNR values using the AEP distribution (solid) for 0:3: (a) | 0:3 and
(b) | 0:8. Measurement data are provided by averaging 4@uns using the detailed

algorithm for ML estimator.
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4.5 Comparison of Proposed Approximations

The errors caused by the propose approximations depend on thgaithm used to generate
the experimental jitter distribution. It is worth mentioning that th e parameters estimated
to each approximation were obtained using a particular algorithm: shg fast or detailed.

The Tables D.1 and D.2, Appendix D, shows errors of each distributisrcomputed with

the MSE de ned as

MSEmq Erg xds (4.20)

wherex‘is the approximation proposed and is the experimental jitter pdf obtained with
the ML estimator. Complete tables D.1 and D.2, given in Appendix D, copile the mse
of each approximation and a comparison with the measurements oh¢pformat.

The MBA distribution was designed to estimate the jitter histogram otained with the
slow algorithm. Here, the mean square error is notoriously lesserath Skew Laplace to
the same measurements, column 2 to 3 section | of Table D.1. By thesf algorithm, we
found the parametrized approximations, which produce less meagusire error compared
with the Skew Laplace distribution. The values of MSE of a range of $Nare recorded in
the column 4 to 7 section | Table D.1. In the same table, Section Il wekected the MSE
of all proposed distributions compared with the measurements dfi¢ detailed algorithm.

Figures 4.16a and 4.16b illustrate a graphic summary of tables D.1 and2Din Ap-
pendix D, which were presented in [79, 80]. The minimum error of eachpmoximation is
plotted in 4.16a, it can be noticed that the Skew Laplace distribution &ve the higher error.
A general error comparison of proposed approximations and th&perimental histogram
based on the detailed algorithm is given in 4.16b. The AEP and the SKL tlifbutions
show the lower and higher errors, respectively.
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Figure 4.16: Error of ML estimator and proposed approximations.)ainimum errors ob-
tained of each approximations, b) errors of all approximations rpsct to the experimental
jitter obtained with the detailed algorithm.
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Chapter 5

Modi ed Con dence Masks

In this Chapter, the proposed approximations, to t the experimatal jitter distributions
showed in Chapter 4, are adapted to the con dence masks. Coggently, the initial
algorithm computing the Upper Bound and Lower Bound is modi ed usig these functions.
The modied algorithm is applied to microarrays data obtained with Singge Nucleotide
Polymorphism and Comparative Genomic Hybridization technologies t@st estimates of

Copy Number Alterations.

5.1 Condence Masks for Heuristic approximation

The UB mask BHE, and LB mask BILl‘E| for the heuristic (Bessel-based) approximation can
be formed using the same equations as for the Laplace distributioestribed in Section
3.2. In doing so, we suppose that the Laplace pdf (3.39) is equal tieet approximating
function B,pkgequation (4.3) atk 0,

px Od;qq Bk Og; (5.1)

that gives usB gk 0q ll where | is the parameter of normalization de ned in (3.42)
. Next, the probabilities PpA¢y at k landPpB oy at k 1 are de ned based on the

heuristic approximation as
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Bk 0Oq .
"M Bk 19 Bk Og 5-2)
PEBI, SR 5:3)

Bik 1g Bk 0g
Then equations (5.2) and (5.3) are substituted into (3.40), (3.41)and (3.42), and

qw and ju can be calculated. That allows us to specify the right-hand jittekffH and

left-hand jitter th by, respectively,

7 A

1
kR ALl ;
'IH Bk 0Oq
Z N

|n# .
H IH Bk 0q

(5.4)

Kij (5.5)

Finally, we de ne the jitter left boundary Ji5,, and right boundary Ji, as, respectively,

Jjw M ki (5.6)
I A Ky (5.7)

and use in the algorithm [16] previously designed for the con denceasks based on the

Laplace distribution.

5.1.1 Testing Estimates by ~ Bp§ and Bjy; Masks

Our purpose now is to test the complete CNA estimates by the probdistic masks. Specif-
ically, the probes employed are from 1st chromosome available froBL\C_B1_T45.txt"
obtained using the SNP array technology.

Inherently, the more accurate Bessel-based approximation ert¥s the jitter proba-
bilistic boundaries with respect to the Laplace-based ones, espdgidor low SNRs. This
is illustrated in Fig. 5.1, where the estimates of the 1st chromosomesre tested byB’®,
BB, Bh’,_? and Bhﬁ for # 3 (con dence probability P 99.73%).

In Fig. 5.2a, the masksB}}? and Bj;; are showed and placed in the vicinity of segment
8,5 for several con dence probabilities:#  0:6745 ¢ 50%),# 1 (P 6827%),
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Figure 5.1: Upper boundariesB’®, By} and lower boundariesB/’® and By, for the
breakpoint i, of Chromosome 1 from database BLB1 T45.txt given # 3. Con dence
boundsBy;; and B (dash{dot) are based on the heuristic approximations an8;? and
B/® andB’® and Bji; (doted) use the SkL distribution.

# 2 (P 9545%), and# 3 (P 9973%).What the masks suggest here is that the
CNA evidently exists with high probability, but the segmental levels ad the breakpoint
locations cannot be estimated with high accuracy, owing to low SNRs.

It also worth emphasizing on a special case when the madks® and B/® are not
able to con rm or deny an existence of segmental changes with highobability, owing to
an inability of computing the Laplace-based masks for extremely lowNRs. Figure 5.2b
illustrates such situations. Just on the contrary, the maskB;; and By can be computed
for any reasonable SNR.

A conclusion that can be made based on the results illustrated in Fig.15 Fig. 5.2a and
Fig. 5.2b is that the Bessel-based probabilistic masks can be used t@move estimates of
the chromosomal changes at low and extra low values of SNR for trexjuired probability

that it is done in the next section.
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con dence probabilities and b) around the breakpointi,g for #

3.

The CNA in a) exists with high probability, but the segmental levels andhe breakpoint

locations cannot be estimated with high accuracy.
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5.1.2 Improving CNAs Estimates

As has been shown before, not all of the detected chromosomhbéaimges have the same
con dence, which means that there is a probability that some bregloints do not exist. In
order to improve the CNA estimates for the required con dencehie following methodology

can be used:

1. Obtaining estimates of the CNA using the standard CBS algorithm [5 52] or any

other algorithm.

2. Computing maskth’,_? and Bhﬁ for the given con dence probabilityP ,% and bound

the estimates.

3. If the masks reveal doubleniformities, in UB and LB, in a gap of any three neigh-
bouring breakpoints, then remove the intermediate breakpoint a@hestimate the
segmental level between the survived breakpoints by simple avgieg. The CNAs
estimated in such a way will be valid for the given con denc®,%.

Finally, Figures 5.3a{5.3e show an application of this methodology to hCNA struc-
ture detected in frames of the Project Genome Alteration Print (@P) [34].

A number of hardly recognized small chromosomal changes are ilhased in (Fig.
5.3a) and the aim is tested them by the proposed masky,? and Bij .

In doing so, rst equal con dence probabilities start atP ~ 50% for each estimate
to exist or not and nd out that three breakpoints demonstrate ro detectability. These
breakpoints are removed and depicted their locations with \". Reasoning similarly, four
breakpoints are removed to retain only probable changes, By 75%, nine breakpoints
to show a picture combined with almost certain changes, By  93%, and ten breakpoints
in the 3-sigma sensel?  99:73%. Observing the results, it is inferred that the masks are
able to correct only the estimates obtained under low SNRs. The reémt chromosomal
sections S1{S7 are circled in Fig. 5.3. It is not surprising, becauseadiges existing with
high SNRs are seen visually. They thus can easily be detected with higbn dence by an

estimator.
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Figure 5.3: Improving estimates of the CNAs obtained in Project GABy removing some
unlikely existing breakpoints: (a) original estimates, (b) even chayes, P 50%, (c)
probable changesP  75%, (d) almost certain changes?  93%, and (e) 3-sigma sense,
P 9973%.
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5.2 Condence Masks based on Laplace{parametri-

zation

It follows from an analysis of errors produced by the proposed appimations that the
most reliable results can be achieved when developing the con denoasks worked out

in 3.2 to be hybrid by using di erent approximations in regions of the sgmental SNRs.

5.2.1 Hybrid con dence masks

Based on the MSEs produced by the approximations (Table D.1), in Bée 5.1 the seg-
mental SNR regions are selected, in which the MBA developed in [16],dlace pdf (3.39),
and Laplace pdf (3.39) parameterized with (4.9), (4.10), and (4.18re most successful in
detecting the right jitter k and the left jitter k in the minimum MSE sense.

Table 5.1: SNR regions for MBA, Laplace pdf (3.39), and (3.39) paraterized with (4.9),
(4.10), and (4.11) to detect the right jitter k and the left jitter k with the minimum
MSE.

SNR region
k ;k pdf 0:1:::0:9 09:1:37 | 137
(3.39) with (4.9) { X {
Any
= (3.39) with (4.10) X { {
i 1 (3.39) with (4.11) X X {
Any (MBA) [16] X X {
Any (3.39) { { X
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Table 5.1 suggests that for, , and |[k| ¥ O, the Laplace pdf (3.39) parameterized
with (4.9) is most accurate in the SNR region of:9::: 1:37, while that with (4.10) produces
better accuracy in 01:::0:9. The Laplace pdf parameterized with (4.11) is also accurate
when Q1 SNR 1:37, but it loses accuracy ak O andk 1. When | | » the
MBA is preferable in the SNR region of (0:::1:37 and the skew Laplace pdf (3.39) can
be used otherwise for any departure indek.

Following the above provided analysis of Table 5.1, better accuracy the con dence
UB mask and LB mask designed in [16] can be achieved if these masksmade hybrid.
The di erence between the hybrid masks and the basic ones [16] is metparametrization
of (3.39) and in the conditions introduced for the SNR values, and |, . With such
modi cations, the basic masks can be used straightforwardly aneéaders can consult [16]

for a detailed description of the basic algorithm.

5.2.2 Applications to SNP Array Probing

In this subsection, we tested experimentally the parameterized pkace density (3.39) and
several con dence masks by the SNP array-based CNAs probingtd taken from database
BLC BI_T31 available from the project GAP [12].

Con dence of the Breakpoint Location

To emphasize again on a practical importance of the hybrid con dee masks, in Fig.
5.4a and Fig. 5.4b it is showed a part of the 13rd chromosome [12] detisg of a single
breakpointis and two segments with the segmental SNR values of 1:46and ; 1.5.

The candidate breakpoint was detected using the ML estimator anthen the ML
estimates were tested by masks based on the Laplace pdf (3.39place pdf parameterized
with (4.10), and the one designed in [16] for the con dence probabilitP 99:73%.
The MBA and (3.39) parameterized with (4.10) shown in Fig. 5.4b morecaurately
approximate the jitter distribution. Therefore, the regions of psgsible breakpoint locations
produced by these approximations (Fig. 5.4a) must be accepted m®re realistic. As can
be seen, these regions are wider than that produced by the Lapmaadf (3.39).
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Figure 5.4: Testing the ML estimate of the breakpoints of the sample BLCBI_T31 in the
13th Chromosome by the con dence masks: (a) ML estimate (solidnd di erent upper
bound (UB) and lower bound (LB) masks and (b) jitter distribution in is approximated
with the Laplace pdf (3.39), Laplace pdf parameterized with 3.45, dnMBA.

Chromosome Probing by SNP Array

Now, the con dence masks are applied to test the estimates of thweakpoint locations

in the complete chromosome 13th of the prole BL@I_T31 taken from the series of
basal{like carcinomas (BLC) available from the project GAP [12]. This exies are in-

cluded in a study of primary breast carcinomas (40 cases) and twellclines measured on
a 300K Illumina SNP-arrays (Human Hap300-Duo). The Copy-Numlsélteration pro le

is represented by the Log R ratios centered at zero for each sdepThe estimates were
obtained using the algorithm Comparative Genomic Hybridization{Ciralar Binary Seg-

mentation (cghcbs) [51] available in MATLAB, which suggests that ta chromosome has
59 segments and 58 breakpoints as shown in Fig. 5.5.
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Figure 5.5: Probes (points), CNAs estimates (solid), and con deecregions (dashed)
provided by the hybrid masks for the 13th chromosome taken froBILC _Bl _T 37 of GAP.

The breakpoint locations were detected using the algorithreghcbs

It follows from Fig. 5.5 that the con dence intervals are wider for tie segmental levels
than for the breakpoints. Therefore, this gure is supplied with Téles E.1 Part | and
Table E.2 Part Il given in Appendix E, in which the left jitter k; and the right jitter k,
are estimated for the con dence probabilityP  9973% in the (3 ) sense [16].

Tables E.1 and E.2 suggest that the masks often produce unequistiey estimates and
that the di erence between the estimates can be in several pointas in the case of 7
orl 27. Large jitter in iy, i40, 143, and iy was detected only by the MBA. But the MBA
was unsuccessful in detecting any jitter in a larger number of theréakpoints such agsg,
i, I14, 118{i20, i26, 14g{is51, i57, @and isg, While other masks provided it with near similar
errors. One can also notice that extra low SNR values made the jitteinavailable for
bounding by all of the masks, as in the cases nf, i5, and is;.

Jitter computed by the hybrid masks is put to the two last columns offables E.1 and
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E.2. Because the hybrid masks combine the most accurate outputsthe particular masks,
the left and right jitter computed by the hybrid masks can be consiered as most reliable.
What the hybrid masks suggest is that jitter in the breakpoints of his chromosome ranges
from 1 point to tens of points and thus an actual breakpoint can bee ned specifying

tens points apart from the candidate one provided by an estimator

5.3 Condence Masks based on AEP distribution

For the AEP-based approximation (4.11), the con dence masks naeasily be modi ed
using the equations given in [16] for the SKL (3.39), in which cad¢ (3.44) andJ} (3.45)
can be de ned speci ngkp#qand ki p#q as [58]

AN

Z
| Pl pagq

(5.8)

Z N
oL oA Pad qq
! " pgg

(5.9)

where txumeans a maximum integer lower than or equal ta. Note ;)hat functions (5.8)
and (5.9) were obtained in [58] by equating (3.39) topgN;q erfg#{ 2qand solving for
Ki.

For the AEPD-based approximation (4.11), the UB and LB masks cabe formed by
replacing p; and g with, respectively,

e i (5.10)

g e 1 (5.11)

That allows specifying the right-hand jitter kit ¢ and the left-hand jitter kj; ¢ with,
respectively, 7 A
kIFle - _Ilnpl pad qq

AL paq

; (5.12)
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Pl pgd  qq
: 513
Pl paq (5.13)

L

Provided (5.12) and (5.13), the jitter left boundaryJ;; ¢ and right boundary J{f ¢ can

be nally de ned as, respectively,

i e ST (5.14)
I e T (5.15)

Replacing the equations (5.14) and (5.14) into the algorithm design&d[16], developed
in Appendix C, for the SkL-based the con dence masks, it is obtaidethe B/S. and Bj;®;
boundaries.

Figures, 5.6a and 5.6b show the con dence masks based on the aswtric exponential
power distribution applied to CNAs of Chromosomes 10 and 19 from um@blastoma copy
number prole 207. The B}%: and B{°. bounds computed around the breakpoinis,
plotted in Figure 5.6a, suggest that this breakpoint can remain at hig probability 1.
In the same gure, it can be noticed that the values of SNR are mucgreater than one

i, 1518 and ;, 4433. Unlike, in the Figure 5.6b the breakpoint, possibly do not
exist at a greater probability that the breakpointsiy, in spite of that ;,  3:66.
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Figure 5.6: a) Chromosome 10 and b) Chromosome 19 of neuroblastocopy number
pro le 207 with masksB,;"; and B;;°; applied to the CNA estimates (bold). The con dence

probabilities are: P 05 (# 0:6745) (doted),P  0:75 # 1:15035) (dashed), and

P 09973 ¢ 3) (dash-dot).
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Chapter 6
Matching Expert's Annotations

In this Chapter, the e ciency of the proposed AEP-based con dace masks is demon-
strated. First, we use the standard circular binary segmentatiomalgorithm [51, 52] to

estimate the CNAs in some neuroblastoma copy number pro les. Thethe masks are
applied and the con dence probabilities founded, which match annations made by ex-
perts. Finally, an analysis of similarities and discrepancies betweerethegions outlined by
masks and experts annotations is done. Throughout this study,eaexploit the database
of 575 annotated neuroblastoma copy number pro les as a publicrihmark available for

testing new algorithms [81].

6.1 Breakpoints Annotations as Gold Standard

The con dence masks derived and developed in [16, 30] are intendedcorrect the CNA
estimates for the given con dence probability?. The probability rangesas@® P 1.0,
but its exact value acceptable for medical needs is still not speci e®Dne way is to specify
P using the breakpoint annotations provided by experts as thgold standard[81].

The annotations are counts of breakpoints in genomic regions mdalevisual inspection
of the noisy signal. Observing each region, expert biologists deten@ whether or not it
contains a breakpoint based on their expertise. Let us notice thatsual annotations have

been used successfully for object recognition in photos and cellepbtype recognition in
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67

microscopy [82, 83]. An example of annotations for the breakpoinis shown in Fig. 6.1

as related to the Pro le 44{Chromosome 1 taken from aCGH microaay experiments on

neuroblastoma tumors.

Here, data are separated on several regions, which were antedaby the experts

as havingj 0{Breakpoints, 1{Breakpoint, and 0{Breakpoints. Although the con dence

probability was not speci ed, it can easily be deduced that the probality is high in each

annotation.

To specify the expert's probability, the masks must be applied to th€NA estimates

and the con dence probability increased until the masks reach theame decision as that

by the experts. We present in [84, 85] an example of this proceduiee match several

algorithms with the annotations made by experts.

Log, Ratio

o
[¢]
eCote Oqp

0 0.5 1 15

[ >0 Breakpoints
0 Breakpoints
[ 1 Breakpoints
0 Breakpoints

O Measurements

2 2.5
#108

Figure 6.1: Annotations made by medical experts to Pro le 44{Chnmosome 1 of sample

of neuroblastoma. Regions with di erent annotations are separatl. Experts suggested

that there exist j O0{Breakpoints, 1{Breakpoint, and 0{Breakpoints. Data were olained

using the aCGH microarrays and plotted as LogRatio versus genomic position.
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6.2 Match Cases

The Upper Bound mask based on Asymmetric Exponential Power willbdenoted athJBE
and the Lower Bound mask asB,LlBE. The following expert's annotations will be taken
into account for the particular chromosomal regions, which will belassi ed with colored

stripes as follows:

O{Breakpoints means that there are no breakpoints.
1{Breakpoint means that there exists a single breakpoint.

¥ 1{Breakpoints means that there are one or more breakpoints.

6.2.1 Case 1{Perfect Match

The Chromosome 10 of pro le 207 is analyzed in Fig. 6.2 using masRg®: and B

The con dence probabilities are:P 05 (# 0:6745) (doted),P 075 # 1:15035)
(dashed), andP  0:9973 ¢  3) (dash-dot). The expert's annotations (striped) are
0{Breakpoints and 1{Breakpoints. For convenience, the genomposition is represented
here with the chromosome ideogram related tHdomo Sapiens The breakpoints of CNAs
plotted in Figure 6.2 are rough and obvious to the naked eye. For thieason, the CNA
estimates tested by the masks and the experts annotations mhateach other wher#t 128

with an extremely high probability of P 1  1:11 10 1.

6.2.2 Case 2{Good Match

An analysis of chromosome 11 and chromosome 19 for neuroblasiaapy number pro le

207 is represented in Fig. 6.3a and Fig. 6.3b, respectively. Two anatbns to this

measurements were made 0{Breakpoints anél1{Breakpoints (striped). The masksB,‘lJBE

and BhBE tested the CNAs using the con dence probabilities arB 0.5 (doted),P  0:75

(dashed), andP  0:9973 (dash-dot). Here, it was demonstrated a good match with ¢h
annotations with #  5:8 (dash-dot) that corresponds to the very high probability of
P 1 663 10°.
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Figure 6.2: Chromosome 10 of neuroblastoma copy number pro le 2@ith masks B,‘lJBE
and BhBE applied to the CNA estimates (bold) and expert's annotations (stripd): 0{
Breakpoints and 1{Breakpoints. The con dence probabilities areP 055 (# 0:6745)
(doted), P  0O:75 # 1:15035) (dashed), and® 0:9973 ¢ 3) (dash-dot).

6.2.3 Case 3{Wrong Match

Estimates obtained for chromosomes 2 and 17 of prole 207 suggést some annota-
tions made by experts are de nitely wrong. In fact, within the regio from 116305178 to
242918939 bp annotated by experts as \normal,” an estimator hascovered two break-
points (Fig. 6.4a). For this case, the bound8,/%. and B{;°. at a con dence probabilities
of P 0:9973 or# 3, Figures 6.4a (dotted) and Fig. 6.4b (dash-dot), suggest that
all breakpoints still exist. However, the con dence masks discarthese breakpoints with
the probability of P 1 144 10“4andP 1 413 10 5 In the measurement
of chromosome 17 (Fig. 6.4b), a single but not annotated breakpbiwas found at the

genomic position 60401416. The masks match this annotation with 9:7.
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Figure 6.3: Estimate (bold), masksB%; and Bj;°;, and expert's annotations (striped)
for neuroblastoma copy number pro le 207: (a) chromosome 11 cib) chromosome 19

Experts have recognized two regions as having 0{Breakpoints apd{Breakpoints. The
con dence probabilities areP 05 (doted), P 0:75 (dashed), and®  0:9973 (dash-

dot).
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Figure 6.4: TheB%. and Bj;®; masks around the chromosome 2 and 17 for neuroblastoma
copy number pro le 207. The con dence probabilities are calculatewith P 0:9973 a)

(dotted) and b) (dash{dot).

6.2.4 Case 3.1{Transitional Match

Finally, it is considered a chromosome 2 of prole 12 (Fig. 6.5a) and @mosome 11 of
pro le 522 (Fig. 6.5b), which demonstrate that the expert probabity can be determined
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Figure 6.5: TheB%. and Bj;®; masks around the chromosome 2 and 11 for neuroblastoma
copy number prole 22 and 522 respectively. a) The con dence mes (dashed) with a
probability of P 1 413 10 3 suggest to remove the rst breakpoint and b) the
proposed algorithm with a probability of 1 5:23 10 1° also suggest to clear the rst

breakpoint(dashed).
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in the transitional match. As can be seen, the experts failed to idefy the breakpoints
located at 70563419 and 69360977. The breakpoint discoveredhyestimator at 70563419
in the chromosome 2 (Fig. 6.5a) was discarded by the masks with theopability of
P 1 413 10 3. Inturn, the breakpoint discovered at 69360977 in the chromose
11 (Fig. 6.5b) was discarded with the probability o 1 5:23 10 0.

By analyzing the results provided above, two important conclusiongre obtained:

All of the breakpoints identi ed by experts correspond to a high le®l of the segmental

SNR,

¥ 1, i.e. the CNAs exist at a high probability. Such breakpoints do not

need the con dence masks to adjust the estimates.

Some CNAs, which were estimated for low SNR values, 1, but not annotated

by experts, can be disagreed by the mask to match the expertsremations and,

thereby, determine the experts con dence probability.

Table 6.1: Comparison between several pro les annotations with G% estimated by CBS

and tested by con dence masks: CASE{l Excellent match and CASH Poor match.

Prole Case Chromosome Prole Case Chromosome

1 I 2,3,6,7,11,15,17,19,X. 57 I 1,2,3,7,8,13,14,19.
I 1,4,9. I 4,5,12,16,17.

8 I 3,7,11,12,18. 162 I 1,2,3,5,7,11,17,19.
I 1,2,4,17. I 4,8,22.

12 I 1,3,6,11,14,22. 207 I 2,3,4,5,10,12,15,18,19.
I 2,4,17 X. [ 1,17,21,22.

22 I 3,9,11,12,13,17,19,21. 316 I 1,2,3,11,15,17,19,20.
I 1,2,4. I 4,7,12.

44 I 2,3,4,5,7,11,17,19. 522 I 2,11 ,21.
[ 1 I 1,3,4,17
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An overall comparison between the CNA estimates provided by CBSa the experts
annotations is given in Table 6.1. All cases are separated here intootwlasses. The
Case | representing an excellent match, which means that the estites perfectly match
the annotations and no additional analysis is required using the mask The Case Il
corresponds to a poor match, which means that the number of ladegpoints identi ed by
an estimator di ers from that annotated by the experts. In this @se, the masks must be
applied to determine the experts con dence probability.
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Chapter 7

Algorithms comparison using

Con dence Masks

In this Chapter, we compare the CNAs breakpoint estimates proded using the Circular

Binary Segmentation and Pruned Exact Linear Time methods. To reh this goal, the

breakpoints estimated with the Next Generation Sequencing tecblogy are established as
a reference, in other words, as ideal estimates. Then the modi @dn dence masks based
on the AEP distribution is applied at several levels of probability to cleafalse positives

estimated by CBS and PELT and to increase their accuracy. Also, waovide a complete

analysis of the deleted breakpoints and the length of CNAs at eachvé of probability in

the #-sense.

7.1 Comparison of breakpoints estimators

Due to the relevance of identi cation and classi cation of CNAs to idatify diseases, many
methods have been proposed to estimate the breakpoints and reegtal constants in
the CNAs with highest precision using the most powerful technologieof hybridization.

However, locations and lengths of CNAs estimated using well{elabded methods are
often contradictory due to extensive variability of measurementand performance of the
algorithms. Still much less attention is given to the estimation accury and it is di cult
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to select the best estimator. We illustrate in Figure 7.1 a procedureotcompare the
breakpoints estimated with any method, for this example the CBS @PELT, with respect
to an ideal estimation.

)
Microarray In Breakpoints bi - Mggi:]iﬁgeigbmgigc B bi
measurement ~|  estimator -
UB LB
B l|aE> B l|oE
Next Generation bz‘
Sequencing
1 /

Removed
TP FP

vﬁ@ ' FN | TN
7/

Figure 7.1: Procedure diagram to compare the breakpoints estinmaitmethods respect

to an ideal estimation obtained using the Next Generation Sequengirtechnology. The
modi ed probabilistic masks remove the breakpoints that unsatis d a given probability,

which is speci ed with the #{sense.

The procedure showed in Fig. 7.1 implied several steps. First, the moarray measure-
menty, is processed to estimate the breakpoinfs of CNAs with CBS and PELT methods.
The copy number data considered in this chapter to illustrate the nteod were provided by
Institute Curie, Paris, France Ovarian cancer samples were seaq@ed using shallow Whole
genome sequencing technology; copy number estimations wereagied using ControlFreec
tool [86]; copy number pro les were randomly modi ed for anonymizsgon. Samplel and
Sample2 were chosen to test our method because they represent highllegied variants of

cancer genomic pro les. The packagehangepointimplements this methods in R, which
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is a free software environment for statistical computing and grdgics. The breakpoints
f) are obtained with the commandcpt.mean specifying the method BINSEG and PELT,
respectively. To both algorithms, it is speci ed a manual penaltywalue="log(n) and a
minimal length segment of 5 points to both algorithms. Next, the maded probabilistic
con dence masks based on AEP distribution remove some breakpisithat do not exceed
a threshold of probability.

The ideal estimation of breakpointsh is given by the method Next Generation Se-
guencing, which is the high resolution technology most reliable that ests to this day.
However, the comparison is delimited to breakpointg of segments with a length of 1, 2
and 3 Mbp seeking the best conditions for each algorithm. This regttion is based on the
argument that many times medical experts made their analysis andagjnostics according
to a speci c length of estimated CNAs.

Finally, the matched breakpointsx, where the location ofﬁ b, the breakpoints
removed offy and x represented ag; and z, respectively, are showed with a Venn diagram.
It can be noted thatz, z3; because the breakpointg are unprocessed with the con dence
masks,i. e. the unique points estimated with the NGS that can be deleted are thmatch
points. So, it is obtained four possible results True Positive (TP), Hae Positive (FP),
True Negative (TN) and False Negative (FN) points, which are repsented in Table 7.1.
The True Negative points are obtained erasing a False Positive usirtgetcon dence masks.

The Figures 7.2 and 7.3 show the measurement of Chromosomes 4 a8drom Sam-

Table 7.1: Possible cases of comparison between a particular breaikfs detector {CBS
or PELT{ and Next Generation Sequencing estimation, represerdewith the symbols
and 5 , respectively. The case of True Negatives is given when a False Ruesiis removed
using the con dence masks, it is illustrated with the symbol

Method TP |FP | TN | FN
Breakpoint estimator A
Reference NGS 5 5
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ple_1, respectively. The comparison between CBS (circles) and NGSh (plus sign)
breakpoints is illustrated in the Figure 7.2. The estimated breakpoistof NGS are delim-
ited at 1 Mega bases (Mb) in this example because the reason men&drabove. It can
be noticed that the CNAs obtained with this restriction are quite obious to the naked
eye. For this reason, some estimated breakpoints are removetbés) using the con dence
masks at a very high probability, for example the breakpoinﬁg likely do no exist in the
sigma sense offt  14. However, the segments around the breakpoifif were estimated
as normal CNAs by the NGS algorithm.

A comparizon of the PELTH (circles) and NGSh (plus sign) breakpoints given in the
gure 7.3. It is worth mentioning that the PELT algorithm estimates more breakpoints
than the CBS algorithm for the sames parameters. Here, seveestimated breakpoints are
removed in a range of sigma sense ®P 10:6745 20s or a probability of 50% to  100%.
The measurements of CNAs have many oscillations close to the cemtrere of the DNA
chain, which are detected by the PELT algorithm and completely renved with modi ed
con dence masks.

Using a Venn diagram it is possible to visualize the global results of coargson of the
16 patients of 23 Chromosomes from microarray database. Figufel shows the results
for the CBS method at several values df, respectively. This Venn diagrams show a total
of 1073 breakpoints estimated by the CBS method, 672 points estited by the NGS
algorithm, 167 match points, in other words the breakpoints estintad that shared the
same position. An amount of 18 estimated points by CBS are deletedl the minimum
probability of 50% and a total of 659 deleted breakpoints at a maxinm probability

100%. Based on the results of gure 7.4, all match breakpoints of@§ delimited at
1Mb exist at a probability of 1 278 5orat # 4:19 where the rst 5 points
are removed. After this probability the match breakpoints begin tobe erased by the
probabilistic con dence masksB|i%. and B;®; nishing with 53 points removed at#  20.

Following the same procedure, the PELT algorithm obtained a total 03002 CNAs
breakpoints, 279 times more points than CBS. The gure 7.5 gives the comparison of
breakpoints estimated with CBS and NGS algorithms employing a Venniagram . In

the comparison PELT versus NGS, the match points are increased 853. However, at
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Figure 7.2: Estimated CNAs{annotated as Normal, Gains or Loss{ toneasurements of
Chromosome 4 from the Samplé, which is plotted Genomic Position versus Log2 Ratio.
The total of breakpoints located by the NGS (triangle down) is limitedo segments greater
than 1 Mega bases (plus sign). The points estimated by the CBS meith (circles) can be
removed using the modi ed con dence masks (cross) in a range#ffrom 0.6745 to 20.

the probability of 1 2:78 5 the con dence masks suggest that 13 match points not
exist. Initially, only 4 points estimated by PELT are deleted at a probaility of 50%, 2421
breakpoints at the maximum probability 100% and 207 match points to the same level.
The number of breakpoints removed with the modi ed con dence meks can be sum-
marized in the Figure 7.6. Here it is plotted the estimated breakpointsf CBS (circle) and
PELT (square) respect to a level of speci ed probability in the -sense. The initial number

of estimated change points in both curves decrease when the pabhity increased from
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Figure 7.3: Estimated CNAs{annotated as Normal, Gains or Loss{ toneasurements of
Chromosome 8 from the Samplé, which is plotted Genomic Position versus Log2 Ratio.
The total of breakpoints located by the NGS (triangle down) is limitedo segments greater
than 1 Mega bases (plus sign). The points estimated by the CBS meith (circles) can be
removed using the modi ed con dence masks (cross) in a range#ffrom 0.6745 to 20.

50% to 100%. The analysis showed in gure 7.6 can be useful to set the bkpaints at
a required probability.

Based on the computed points TP, FN, TN, and FP it is possible to showhe results
using a Receiver Operating Characteristic (ROC) curve. The ROC gpe is created plot-
ting the True Positive Rate (TPR) against the False Positive Rate (FRR) [87]. The TPR
and FPR are also known as sensitivity and as the fall{out or probabilityof false alarm,

respectively. These parameters are calculated using the below atijpns
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Figure 7.4: Comparative of breakpoints estimated with Circular Binar Segmentation
and Next Generation Sequencing algorithms employing a Venn diagranBased on the
suggestion of con dence maskISII =~ and BhBE the breakpoints estimated by CBS method

can be re ned at a given probability, parameter#.
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Figure 7.5: Comparative of breakpoints estimated with Circular Binar Segmentation
and Next Generation Sequencing algorithms employing a Venn diagranBased on the
suggestion of con dence maskB/%: and B};®; the breakpoints estimated by CBS method

can be re ned at a given probability, parameter#.

where TNR is de ned as the specicity and computed as TNR=TN(TN+ FP), P the
number of real positive cases and N the number of real cases in ttea. So, the Figures

82



7. Algorithms comparison using Con dence Masks 83

3000

—&—PELT
—=— CBS

2500

Initial number of
Breakpoints

2000

1500

o

1000 F

Estimated Breakpoints by CBS and PELT

500 |- 4
| [ I

06745# 1# 3# ... 8# 20 #
0.5 0.6827  0.9973 1-1.22x10% :

Figure 7.6: Estimated breakpoints of CNAs using the methods a) CB@&ircle) and b)
PELT (square) and deleted change points at speci ed probability. fie rst value of both
curves is the initial number of estimated breakpoints.

7.7a and 7.7b show the results of comparison in the range #ffrom 0:6745 to 20 in
the ROC space of each method with three delimiters for CNAs of NG&: (triangle), 2
(square), and 3 (circle) Mbp. The curve generated by CBS algorith is far from being a
good estimator to the CNA measurements from the Sample because any results in the
ROC space cross to the region of better classi cation (upper regip Nevertheless, the
results exhibited by the PELT estimations suggest to be a good estitor at a value of
# 1121, showed with a circle in the gure 7.7b.

7.1.1 CNAs Size Analysis

As mentioned above, sometimes the studies of medical experts based on a de nite size
of CNAs to give a diagnostic of a particular disease. Because the Ipabilistic con dence
masks are applied to test CNAs according to several intervals ofrcdence, there exist a
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Figure 7.8: Size analysis of CNAs estimated by a) CBS and b) PELT test with the

probabilistic con dence masksB;;; and B};°;.

direct in uence over the resulting CNAs at each level of probability.
To exemplify this a rmation, the breakpoints estimated by CBS of Chromosome 8 from
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Samplel and by PELT of Chromosome 17 from Sampl2 were tested with the con dence
masksBy%. and B};®¢ increasing the con dence intervals# from 0.6745 to 20. Next, the
CNAs size is inspected at each level nding the maximum, the mean artde minimum
length of tested segments. The gures 7.8a and 7.8b illustrate thenalysis of CNAs size.
The maximum segment showed in the gure 7.8a estimated by the CBSetiod do not
change its length at any level of probability. The mean and minimum vakiof CNAs are
increased 1.94 and:99 times, respectively. For the case of PELT estimates, Figure 7.8b,
the maximum segment increase its length 7.385 Mbp and the minimum segnt have a
little di erence of 0.035 Mbp. The mean of CNAs estimated with PELT méod and
tested by con dence masks is 9.8536 Mbp greater, growing 8.063 ¢isn

86



Chapter 8

Conclusions

8.1 About Heuristic Approximation

The Bessel function-based heuristic approximation of the jitteridtribution in the break-
points is more accurate than the Laplace-based one. This is partiatly true for low and
extra low SNR values (, ; , ) often observed in probes of small chromosomal changes.
Note that, when SNR! 1, the Laplace distribution often is computed in complex humbers.

The con dence probabilistic masks formed with the Bessel-based @pximation give
a more correct picture for possible locations of chromosomal clg@s on a probabilistic
eld. These masks argue that the CNA estimates may be improved wh the SNR reaches
low values. Several estimates of chromosomal changes obtaine@riaject GAP using the
SNP technology were tested by the masks and improved accordingly removing some
unlikely existing breakpoints.

Even though the heuristic approximation have less error than Lapta distribution, the
Bessel-based distribution shows mathematical disadvantages aadimple analytic form

for the jitter distribution should be sought in order to use it in the probabilistic masks.
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8.2 About Laplace{Parametrization

The parametrization of the Laplace density provided by several gpoximations of the
k-varying segmental noise variance has demonstrated higher a@ay in bounding jitter
in the breakpoints with given con dence probability. The parametriation has appeared
to be especially e cient for low and extra low segmental SNR values, iven the break-
point locations are unrecognized visually. The mathematical suppoof the skew Laplace
distribution gives a great advantage of this technique in contrastotthe Heuristic approx-
imation.

The hybrid con dence masks combining best outputs of the partidar masks have
demonstrated an ability to bound the jitter with a high accuracy forpractically all seg-
mental SNR values observed in chromosomal probing. That was aoned by testing the
masks by a chromosome sample having 59 segments and 58 breakp@nd associated
with breast cancer.

It has also been revealed that the left and right jitter in the breakpints correlate each
other. The parametrization of the Laplace density can be providedith more accuracy
when accounting the correlation properties of thé&-varying segmental noise variances.
This problem is under investigation.

8.3 About AEP Approximation

The AEPD (asymmetric exponential power distribution) has appead to be more ac-
curate than the SkL discrete skew Laplace and the above descdbdistributions in the
approximation of jitter distribution, obtained by the ML estimator, in the breakpoints of
the CNAs.

This is particularly true for SNR 1 and SNR! 1 values often observed in probes of
small CNAs using CGH microarrays. Another advantage of AEPD is #it if SNR" 1 the
parameter 1 and this distribution converges to the Skew Laplace distribution.

Concerning to the con dence masks, the computed upper and loweounds decreased

the error generated by other distributions in order to avoid unceéainties and false deci-
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8. Conclusions 89

sions. To corroborate, the con dence masks were applied to reddta obtained using the
micro-array of HR-CGH coinciding correctly with the annotations esblished by medical
experts. Referring to this approximation, It is necessary to seek simple relationships
between the AEPD parameters and the segmental SNRs to use imen the con dence

probabilistic masks.

8.4 About Matching Expert's Annotations

The comparison of AEPD-based con dence probabilistic masks angpeerts annotations on
the testing set of CNA pro les of neuroblastoma show improvemerttf the CNA estimates.
This result implied that modi ed con dence masks can give additional iformation to
biologists for diagnostic and prognostic purpose.

The CNAs estimated by the standard CBS algorithm were tested byhe con dence
masks and improved accordingly by removing some unlikely existing bfgoints and thus
matching better with the annotations. Based on this proceduret has been speci ed the
probability P- of the gold standardas P.""  0:9998 P. PM™ A 1 in the 321
interquartile with an average probability of P. 1 1:41 10 !2. Talking about this
procedure, we propose using several algorithms to detect brpaknts and evaluate its

e ciency.

8.5 About Comparative of Algorithms using Con -
dence Masks

The CNAs estimated by Circular Binary Segmentation (CBS) and Prued Exact Linear
Time (PELT) algorithms were compared with the estimates generatby the most modern
technology that exists, Next Generation Sequencing (NGS). Theethods to nd CNAs

are based on dissimilar statistical foundations, for this reason thestimates from each
technique are uncorrelated. Aiming to obtain better results, the BAs of NGS were

restricted using the thresholds of 1, 2, and 3 Megabase pairs.
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Testing the CNAs estimates obtained by CBS and PELT using the prabilistic con -
dence masks/%: and B;®;, it was enhanced the matching of these algorithms respect to
the NGS estimates. Modulating the paramete# from 0:6745 to 20 it was showed that the
algorithm PELT is better estimator than CBS to the database proviéd by the Institute
of Curie in all cases. The best versions of algorithm PELT are foundhe&n the con dence
masks cleared its estimations at a value ¢f 11:21. The probability is represented in
the {sense because it has very high values 100%

Finally, we show the impact on the length of CNA estimated at sever&vels of proba-
bility using the con dence masks. This procedure give a general vigithat small segments
in size can remain at high probabilities because the con dence maskseunore parameters
that the CNAs length N.
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Appendix A

A.1 Analysis of Gaussian Process

To nd the probabilities of events A, and B, the following analysis of gaussian process is
described. First, it is de ned the equations in terms of :

1 YR
Pyq a_——e % (A1)
c 2 ¥
| Ly P
> -€ 27 (A.2)
1
P2y q a——e 7 (A.3)
c °
| LA
> se 27 (A.4)
Casel: i vy, | , . De ning the limits and substituting the gaussian function,
it is established that
»
PpAig 1 pupyady (A-5)
C » 5
Py q
1 3 L e 27 dy (A.6)
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Now, using the de nition of erf and erfc

erfpxq 927 e Udt (A7)
0
$
erfoxq 1 erfpxq 927 e Udt (A.8)
X
b___
and setting a change of variable spy g and modifying the limits, the

probability of A, can be represented as:

8
PpAg 1 CLEN (A.9)

9

b b
whereg, 7 T and g +— +- Finally, the equation (A.9) is represented
in the form
1

PpPAlg 1 érerfm, q erfpg gs (A.10)

In the same way, de ning the limits and substituting the gaussian fuction, the prob-

ability of event B, is de ned as:

c
» » )

1 y
PBBI  ppyaly — - e 2 7dy (A11)

b__
setting a change of variable >zYy and modifying the limits, the probability of B,

can be represented as:

PmBq et (A.12)

whereh, 5 5, h —'Il So. the the equation (A.12) is represented in the form

104



105

PmBq 2rerfphI q erfph gs (A.13)
Case Il : vio |
For Case I, the limits are computed respect to
B
PPAIg 1 pupycdy (A.14)
C—s»
1 | By b
- ZL e 27 dy (A.15)
1 3
2= e Ydt (A.16)
9

and the probability of event A, for this case is expressed as

1
PPAq éerfcml q

(A.17)
The probability of event B, also is computed respect to the constant in the next
form

»

PBiq P2y cdy (A.18)
8
C—%
1 | L v?
— 5 e 22dy (A.19)
1 3
22— e %dt (A.20)
h|
and the probability of event B, for this case is expressed as
1
PBig 1 éerfq:h| q (A.21)
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Case Ill : yoo 10
Following the procedure inCase 1, the limits are de ned and the gaussian function
replaced:

»

PmBiq pLpycdy (A.22)

c » 5
1 | LA )
— 5 e 27z dy: (A.23)

Using the limits de ned to equation A.9 g and g , the probability PpBq can be

expressed as

$
PPAQ L e Pt (A.24)
9
and represented in terms of erf and erfc
1 1
PpAq érerfqagj, q erfoqm gs érerfmI q erfpg gs (A.25)

The probability of event P B gfor this case is deduced replacing the gaussian function

and setting the limits according to values of and

»

PmBiq 1 p2pycdy (A.26)

C—)) 2
1 | LY
1 = erray (A.27)

using the limits as in the equation (A.12)h, and h, it is obtained the next equation

106



107

%
PBq e Pdt (A.28)
h|

Finally, the probability of event B, PBq is represented in terms of erf and erfc

PpAq 1 :—2Lrerfqrh,q erfgh, gs 1 :—2Lrerfm|q erfph, gs (A.29)
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Appendix B

B.1 Skew Laplace Distribution

The probability density function of the skew Laplace distribution is poposed in [59] and

de ned in continuous time as:

$
& e *: X¥0;

_—1 2%eix; ko O (Bl)

fxq
where j Ois ascale parameter and skewness parametern the symmetric case (1)

this leads to a discrete analog of the classical Laplace distribution

f pxq Zie b (B.2)
The discrete distribution of equation (B.1) takes on an explicit form interms of the
parametersd ef andq €Y leading to the following de nition.
De nition . A random variableY has the discrete Laplace distribution with parame-
tersd P ®;1gand qP ®; 1q if
$
il dod qq® d k¥o;

fkld;a;,9 PpY kg 1 dg % g kao:

(B.3)

Now, in orderto nd and , it is needed to change the variable by and based on

1

PBgq! 1 1,0 g e 11 PpAg! 1 1the
equation (B.3) can be represented as:

the relationship 0 d e 0
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$
% P IBq 1
1
pkq  —, 1 -
% p 1paq 19K

where is a parameter of normalization.

Using (B.4) at k 1 andk 1, itis obtained the next expressions

pl dgd qao 1 1
1 dg PpBq

modod gm 1 1

1 dq PpPAQ

which are used to establish a rati®
d PpAgd PpBqq
g PmBgd PpAqgq

isolating the variabled, and replacing the variables

then, based on (B.8)

T 1
s eir T NIns —

S0 it is obtained an initial representation of ,

11 F
Ins |

Substituting the equation (B.10) and setting

109
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(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)
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pl dgd qq 1
T k0 (B.11)
1 dg Ll g d qdg
L_lzz_l 1 I 1 |2 1
1 e ' i 1 e e e
L i 1 £ rf
1 s ' 1 s*f sti sti
L7 : :
1 pl gs's * 7 slst{? st i (B.12)

To simplify, it is needed to use the variablex, dened asx;, s ' f, and rewriting

the equation (B.11)

> Pl sq 1
X 1 Ix| 1 Is 0 (B.13)

So, the equation (B.13) is solved applying the standard solution of aigdratic function

to nd x;: A
12! T 4.0  ?q |
- 1 1 Sl (B.14)

2
If X, s 1 2 then it can be assumed that

In X, 1 5 Ins
In x, >IN X 2 0
Ins Ins
(B.15)
and the variable | is computed as
d
Inx,
o (B.16)
S
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Finally, the variable | can be obtained assuming thai# Ins

I
i (B.17)

111



Appendix C

C.1 Computational Algorithm

The algorithm for computing the UB BY and LB B. bounds is developed in Table C.1
and Table C.2 [71]. Its inputs are the detected CNAg,, breakpoint locationsr}, bound
wideness#, number L of the breakpoints, and number of the probed . At the output,

it has two con dence masksBY and B.. The rst algorithmic block (3{6) computes the
segmental statisticsaf® and ; on intervals between neighboring breakpoints. The second
block (7) is a function, described in table C.2, that employs equation8.29, 3.30, 3.10,
3.37, 3.40) to compute the right jitterk? and left jitter k[-. The third block (8{12) nds
the jitter boundaries || and E for the UB and LB masks. The fourth block (13{16) make
corrections to jitter boundaries in the cases when some boundarimerge or overlap. The
fth block (17{23) skips some points in the case when the UB mask &B mask occurs to
be uniform for several breakpoints. The mask8’ and B; nally go to the output. Note
that 3.39 approximates jitter in the breakpoints of CNAs in the lowetbound sense. That
means that wide jitter boundaries detected by the algorithm may bwider in practice.

Table C.1: Algorithm for computing the UB mask BY and LB mask B}, via SNP array CNAs

measurementsy, and the breakpoint locations estimatesm. Given: bound wideness #-sigma).

Input : y,, Ay, #
1: erfop?sq L length(f), M length(yn)
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N o R b

@

10:

11:

12:
13:

14:

15:

16:
17:
18:

19:

N.1 M A, fo O
forj 1:L 1 do

o

N - I A ¢
j ﬁ Cjnjllev &
end for
kR ki KRk jitter p&; ;i Lq ™right jitter
™ |eft jitter
.. M 1,BE,: M 1
for | &:L do
! o&n. KR if i 0
${0n. k- oif
& Kb if 450
. % kRO
end for
for | $;L:L do
{1 dif miy 0
: .&l'l if | ¥0 ~ Iml, O
ol f 0 A~ Iml, O
;/0 elseif gm1, .qN 1, »
i B if ImB 0
&g, if '¥0 ~ Img O
: elseif pmE 1qN g ,
g, , 0 ~ ImE O
end for
I 1,k 1
forn$0:M 1 do
i& I if n I,
L, 1 10 n¥1p A 1 G
%

I 2 if n¥1, ~ I, ,08C
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20: k ., k 1if n¥E ~ B i C

K % i n¥g * B 102G
21 BY & #, i ™ UB mask
22: B & # - ™ B mask
23: end for

Output : BY, BL

Table C.2: Algorithm for computing the KR jitter k[ and KL jitter k. Given: &, % and

number L of breakpoints.

Function k] k[ jitter , Input : &, %, L

1: forl 1:L do

2 | a'l 1 al; | _If_’ | _IZil

3 by (3.10) with\  "and a 4

4 | by (3.1CB Vlnh\ and a,b ﬁ

S 9 Ty = 9 Jpr =

6 h oz b

7 PA by (3.29), PP by (3.30), | by63.37)

8 | pehere X1 by (3.40), | e
|

9 L \ag d e;r, g e 1

10: kR Y—;|n%§ng ™ right jitter

11: k- | InE_flaaa ™ |eft jitter

12: end for

Output : ki, kt
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Appendix D

D.1 Comparison of Approximations

The (mse) computed to each proposed approximation is summarized in tableslDand D.2.
Following a particular methodology -Heuristic, Parametrization of Lplace or Asymetric
Exponential Power distribution- the functions obtained are compad with the measure-
ments generated at three levels of simulationslow, fast and detailed So, in tables D.1
and D.2 are exposed the best performance of each function prepd.

Table D.1: Typical MSEs produced by all the approximations proposigor di erent values
of Signal to Noise Ratio | |

Section |
Slow Algorithm Fast Algorithm
pdf MBA pdf (3.39) (3.39) (3.39)
(3.39) 4.3) (3.39) with (4.9) with (4.10) with (4.11)

01 7610° 42 10°% 86 10° 14 10® 15 10° 1.8 107
02 7710° 18 10°% 78 10° 41 10°¢ 38 10° 1.1 10 7
03 7510° 11 10°% 74 10° 56 10¢ 53 10° 79 10 8
04 7310° 80 107 70 10° 69 10¢ 63 10° 85 10 8
05 66 10° 61 107 66 10° 81 10° 73 10° 1.1 107
06 6310° 49 107 59 10° 10 10° 9.0 10° 1.2 10 7
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Section |

Slow Algorithm Fast Algorithm

pdf MBA pdf (3.39) (3.39) (3.39)

(3.39) (4.3) (3.39)  with (4.9) with (4.10) with (4.11)
07 5910°% 41 10 59 10° 10 10° 90 10° 1.2 107
0.8 5510° 35 10 53 10° 12 10° 10 10° 92 108
09 5310° 3.0 10 53 10°% 1.2 10° 1.0 10 ® 9.2 108
1.0 5110°% 27 10 50 10 ° 22 10°% 27 10° 1.7 10 7
1.1 49 105 24 10 27 10° 25 10°% 32 10° 1.7 10 7
137 4110°5 1.8 10 40 10° 27 10°% 34 10° 26 10 7

Table D.2: Typical MSEs produced by all the approximations proposior di erent values

of Signal to Noise Ratio

Section Il

Detailed Algorithm

pdf MBA (3.39) (3.39) (3.39) AEP 411
(3.39) (4.3) with (4.9)  with (4.10) with (4.11)
01 73105 218105 13 105 1.2 105 95 10°% 1.11 107
02 76105 28105 99 10° 85 10°¢ 1.3 105 7.09 10°
03 75105 33105 95 10°¢ 78 10°¢ 17 105 1.16 107
04 72105 35105 817 10°® 62 10® 18 105 1.03 107
05 6810° 35105 712 10°% 50 10® 19 105 124 107
06 65105 34105 59 10% 51 10° 20105 1.04 107
07 59 105 33105 47 10% 82 10°® 20 105 833 10°%
08 57 105 32105 36 10°% 15 10°¢ 18 105 9.99 108
09 52 105 30105 24 10% 69 107 16 105 1.13 107
10 50 105 29 105 2010% 44 107 1.6 105 121 107
11 47 105 28105 14 10°% 22 107 14105 113 107
137 39105 237105 72 107 79 107 1.0 10° 6.80 10 8
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Table E.1: Part I. Left jitter k, and right jitter k; detected by di erent masks in the CNA breakpoints of the
13th chromosomal sample \BLC B1_ T37.txt" in the 3 sense with the con dence probability o  9973%. The
chromosome is associated with breast cancer and all values are gif@ Log, Ratio. Here symbol \ " means that

the jitter cannot be calculated by the masks.

SNR MBA [71] Laplace (3.39) (3.39) with (4.9) (3.39) with (4. 10)  (3.39) with (4.11)  Hybrid

| | I | | | k| k| k| k| k| k| |(I |(I k| k| k| |(I
1 02101  0.3052 0.0950 10 12 { { { { { { { { 10 12
2 04722 05412 0.0690 7 8 10 6 { { { { { { 7 8
3 37920  3.9122 0.1201 2 2 3 3 3 3 3 3 2 2 3 3
4 0.0574  0.0536 0.0037 T { { { { { { { {1
5 00221  0.0232 0.0011 { { { { { { { { { { { {
6 13.6833 13.4657  0.2175 { { 1 1 1 1 1 1 1 1 11
7 08156  0.8993 0.0837 6 6 7 5 10 8 10 8 6 5 10 8
8 87577  8.9276 0.1698 ({2 2 2 2 2 2 1 1 2 2
9 7.1710  5.0402 2.1308 ({2 2 2 3 2 3 1 1 2 2
10 11958  2.3267 1.1309 4 4 7 3 { { { { { { 7 3
11 16459  1.1516 0.4942 4 4 4 7 { { { { { { 4 7
12 03676  0.4120 0.0444 9 9 12 6 { { { { { { 9 9
13 59443  4.8291 1.1151 2 2 2 3 3 3 3 3 2 2 3 3
14 56081  6.5830 0.9749 { { 2 2 2 2 2 2 1 1 2 2
15 58848  3.9626 1.9222 2 2 2 3 3 3 3 3 2 2 2 3
16 3.5660  4.9407 1.3746 2 2 3 2 3 3 3 3 2 2 3 2
17 45575  4.2765 0.2810 2 2 3 3 3 3 3 3 2 2 3 3
18 7.5862 29.3433 21.7570 { { 1 1 1 1 1 1 1 1 11
19 322283 89617 232666 { { 1 1 1 1 1 1 0 1 11
20 54114 50298 0.3816 { { 2 2 3 3 3 3 2 2 2 2
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Table E.2: Part Il. Left jitter k, and right jitter k, detected by di erent masks in the CNA breakpoints of the
13th chromosomal sample \BLC B1_ T37.txt" in the 3 sense with the con dence probability o  9973%. The
chromosome is associated with breast cancer and all values are gif@ Log, Ratio. Here symbol \ " means that
the jitter cannot be calculated by the masks.

SNR MBA [71] Laplace (3.39) (3.39) with (4.9) (3.39) with (4. 10)  (3.39) with (4.11)  Hybrid
| | I | | I k| |(I |(I |(I k| |(I k| k| k| |(I |(I k|

21 15649 14423 012253 4 4 4 5 6 6 6 7 4 4 4 5
22 15162 16035  0.0873 4 4 5 4 6 6 6 6 4 4 5 4
23 13162 13841  0.0678 4 4 5 5 7 7 7 6 4 4 707
24 17423 19598  0.2175 4 4 5 4 6 5 6 5 4 3 5 4
25 15106 19640  0.4534 4 4 5 4 6 5 7 5 4 3 5 4
26 7.1659 56248 15410 { { 2 2 2 2 2 2 1 1 2 2
27 05958 006090  0.0132 7 7 7 7 11 11 11 11 7 7 1 11
28 1.2939 12883  0.0056 4 4 5 5 7 7 7 7 4 4 7007
20 27600 20822  0.6777 3 3 3 4 4 5 4 5 3 3 3 4
30 29136 32142  0.3006 3 3 3 3 4 4 4 4 2 2 3 3
31 08566 07435  0.1131 6 6 5 8 8 11 8 11 6 7 8 11
32 07246 11731  0.4484 5 5 11 3 { { { { { { 5 5
33 56282 35115  2.1166 2 2 2 3 3 3 3 3 2 2 2 3
34 30722 41954 11232 2 2 3 3 4 3 4 3 2 2 3 3
35 0.4690 03940  0.0749 9 8 5 13 { { { { { { 9 8
36 05150 05073  0.0077 8 8 7 8 12 12 12 12 8 8 12 12
37 28922 25560  0.3362 3 3 3 4 4 4 4 4 3 3 3 4
38 0.076 0.1119  0.0042 17 18 21 10 { { { { { 17 18
39 09593 009784  0.0190 5 5 6 6 8 8 8 8 5 5 8 8
40 01841 01513  0.0327 15 13 { { { { { { { { 15 13

6TT



0cT

Table E.3: Part Ill. Left jitter k, and right jitter k, detected by di erent masks in the CNA breakpoints of the

13th chromosomal sample \BLC B1_ T37.txt" in the 3

sense with the con dence probability ofP

9973%. The

chromosome is associated with breast cancer and all values are gif@ Log, Ratio. Here symbol \ " means that

the jitter cannot be calculated by the masks.

SNR MBA [71] Laplace (3.39) (3.39) with (4.9) (3.39) with (4. 10)  (3.39) with (4.11)  Hybrid
| | | | | | kI kI kI kI kI kI kI kI kI | kI kI

41 0.0828  0.0777 0.0051 {1 { { { { { {

42 0.8173  0.6956 0.1217 6 6 5 8 { { { { { 6 6
43 0.0286  0.0425 00138 24 39 { { { { { { 24 39
44 0.0597  0.0697 00100 21 26 { { { { { { 21 26
45 1.6864  0.9808 0.7056 4 4 3 8 { { { { { 3 8
46 0.9639  1.7280 0.7641 4 4 8 3 { { { { { 8 3
47 0.0837  0.0797 0.0039 { { o9 35 { { { { 9 35
48 83634  9.7859 1.4225 ¢ { 2 2 2 2 2 2 1 1 2 2
49 99867  9.0587 0.9279 ¢ { 2 2 2 2 2 2 1 1 2 2
50 10.3886 16.6565  6.2678 { { 1 1 1 1 1 1 1 1 11
51 17.3197 10.4969  6.8227 { { 1 1 1 1 1 1 1 1 11
52 0.6826  0.6563 0.0262 7 6 6 7 10 11 10 11 7 7 10 11
53 02242  0.2322 0.0080 12 12 13 9 22 18 22 18 14 12 22 18
54 02228  0.2449 0.0220 1 12 17 7 { { { { { 11 12
55 0.9405  0.5706 0.3698 6 6 3 14 { { { { { 6 6
56 0.3219  0.3171 0.0048 0 10 9 10 15 16 15 16 10 11 15 16
57 127085 16.4145  3.7059 { { 1 1 1 1 1 1 1 1 11
58 14.1556 10.3335  3.8221 { { 1 1 1 1 1 1 1 1 11
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