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Abstract

When considering the acoustics of a room as a linear time-invariant system,
the room impulse response (RIR) describes the response of the room to an
audio signal from a given source position to a given receiver position. If the
RIR is perfectly known, the response of the room to any acoustic signal can be
predicted. In practice, however, there are several difficulties. For a reverberant
room, a finite impulse response (FIR) representation of the RIR can be on the
order of 10° samples. Considering the position dependence of the RIR, the
complete description of a room requires the RIRs for a multitude of closely
spaced source and receiver positions. This is problematic from both a storage
and a processing point of view, as the convolution with long FIR filters, e.g., for
the purpose of auralization, is computationally demanding, particularly under
the strict latency constraints often found in acoustic signal processing.

In this thesis we consider the concept of low rank, for the purpose of compact
modeling of, and fast low-latency convolution with, RIRs. The idea to employ
low-rank modeling in room acoustics developed from the observation that the
RIR can be well modeled as a sum of decaying sinusoids. It has previously been
shown that if such a signal is reshaped into a matrix or tensor, it will have a rank
corresponding to twice the number of components of the sum. Due to modeling
approximations and measurement noise, the reshaped RIRs considered in this
thesis will not be low rank in a strict sense, but rather that when considering a
low-rank approximation of the reshaped RIR, the error will be comparatively
small.

The thesis begins with a thorough derivation of the sum-of-decaying-sinusoids
model and its low-rank properties, along with a confirmation that the model
is relevant for real-life RIRs. Next, the low-rank ideas are employed for the
purpose of estimation of RIRs from noisy input-output signals. Subsequently,
it is shown how the low-rank structure can be utilized for fast low-latency
convolution of RIRs with audio signals. Next, it is demonstrated how the
compression of RIRs by low-rank approximation preserves many important
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qualities of the RIR, such as reverberation time and center time, and how these
methods perform well also with respect to objective signal-based measures. An
algorithm for low-latency convolution of RIRs reshaped into tensors is proposed.
Finally, it is shown how low rank can be exploited for the joint compression
of multiple RIRs in a room. An algorithm for the simultaneous multi-channel
convolution of these compressed RIRs is proposed.

The main contribution of this thesis is providing a novel view on, and modeling
tools for, RIRs. It is demonstrated how the low-rank framework is useful for
RIR approximation, RIR estimation, fast low-latency convolution with audio,
the joint compression of all the RIRs of a room, and how low-rank modeling
preserves many important RIR qualities.

In this thesis it is shown that the estimation of RIRs from noisy input-output
signals could be improved by considering a prior of the matricization of the
RIR being low rank. It is also shown that the joint compression of multiple
matricized RIRs was a significant improvement as compared to compressing
the matricized RIRs one by one. However, it is also demonstrated that the
reshaping of the RIR to a higher-order tensor, as opposed to a 2-D matrix,
yielded superior results in every aspect, given a fixed compression rate. In light
of this, it is believed that of all the exciting areas of possible future research, the
estimation of RIRs with a prior of the tensorization of the RIR being low rank,
and the joint compression of multiple tensorized RIRs, hold the most potential.



Korte Inhoud

Wanneer we de akoestiek van een ruimte beschouwen als een lineair tijdsinvariant
systeem, beschrijft de impulsrespons van de ruimte (RIR) de respons van de
ruimte op een geluidssignaal van een bepaalde bronpositie naar een bepaalde
ontvangerpositie. Als de RIR perfect gekend is, kan de respons van de ruimte
op een willekeurig akoestisch signaal voorspeld worden. In de praktijk zijn er
echter verschillende problemen. Voor een ruimte met nagalm kan de lengte
van de eindige-impulsrespons (FIR) voorstelling van de RIR in de orde van 105
coéfficiénten liggen. Gezien de positie-afthankelijkheid van de RIR zijn voor een
volledige beschrijving van een ruimte de RIR’s voor een groot aantal dicht bij
elkaar gelegen bron- en ontvangerposities nodig. Dit is problematisch vanuit
het oogpunt van zowel opslag als verwerking, omdat de convolutie met lange
FIR-filters, bijvoorbeeld voor auralisatie, rekenkundig veeleisend is, vooral onder
de strikte beperkingen m.b.t. vertraging die vaak voorkomen bij akoestische
signaalverwerking.

In dit proefschrift beschouwen we het concept van lage rang, met als doel de
compacte modellering van, en snelle convolutie aan beperkte vertraging met,
RIR’s. Het idee om lagerangmodellering toe te passen in de ruimte-akoestiek is
ontstaan vanuit de observatie dat de RIR goed gemodelleerd kan worden als
een som van gedempte trillingen. Eerder is aangetoond dat als een dergelijk
signaal wordt omgevormd tot een matrix of tensor, deze een rang heeft die
overeenkomt met tweemaal het aantal componenten van de som. Als gevolg
van modelbenaderingen en meetruis zullen de omgevormde RIR’s die in dit
proefschrift beschouwd worden niet laag in rang zijn in strikte zin, maar eerder
dat wanneer een lagerangbenadering van de hervormde RIR beschouwd wordt,
de fout relatief klein zal zijn.

Het proefschrift begint met een grondige afleiding van het model dat bestaat uit
een som van gedempte trillingen en de lagerangeigenschappen daarvan, samen
met een bevestiging dat het model relevant is voor echte RIR’s. Vervolgens
worden de lagerangideeén gebruikt voor het schatten van RIR’s uit ruizige
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input-outputsignalen. Vervolgens wordt aangetoond hoe de lagerangstructuur
gebruikt kan worden voor snelle convolutie met lage vertraging van RIR’s met
audiosignalen. Vervolgens wordt aangetoond hoe de compressie van RIR’s door
middel van lagerangbenadering veel belangrijke kwaliteiten van de RIR behoudst,
zoals nagalmtijd en centertijd, en hoe deze methoden ook goed presteren met
betrekking tot objectieve signaalgebaseerde maten. Er wordt een algoritme
voorgesteld voor convolutie met lage vertraging van RIR’s die zijn omgevormd
tot tensoren. Tot slot wordt getoond hoe een lage rang kan worden gebruikt
voor de gezamenlijke compressie van meerdere RIR’s in een ruimte. Er wordt
een algoritme voorgesteld voor de gelijktijdige meerkanaalsconvolutie van deze
gecomprimeerde RIR’s.

De belangrijkste bijdrage van dit proefschrift is het bieden van een nieuwe
kijk op en modelleringshulpmiddelen voor RIR’s. Er wordt aangetoond hoe
het lagerangraamwerk nuttig is voor RIR-benadering, RIR-schatting, snelle
convolutie aan beperkte vertraging met audio, de gezamenlijke compressie van
alle RIRs van een ruimte en hoe lagerangmodellering veel belangrijke RIR-
kwaliteiten behoudt.

In dit proefschrift wordt aangetoond dat de schatting van RIR’s van ruizige input-
outputsignalen verbeterd kan worden door voorkennis te gebruiken over de lage
rang van de matricisatie van de RIR. Er is ook aangetoond dat het gezamenlijk
comprimeren van meerdere gematriciseerde RIR’s een significante verbetering
oplevert vergeleken met het individueel comprimeren van de gematriciseerde
RIR’s. Er wordt echter ook aangetoond dat het omvormen van de RIR tot een
hogere-orde tensor, in tegenstelling tot een 2D matrix, in elk aspect superieure
resultaten opleverde, gegeven een vaste compressieverhouding. In het licht
hiervan wordt aangenomen dat van alle beloftevolle gebieden van mogelijk
toekomstig onderzoek, de schatting van RIR’s met gebruik van de voorkennis
dat de tensorisatie van de RIR een lage rang heeft, en de gezamenlijke compressie
van meerdere getensoriseerde RIR’s, het meeste potentieel hebben.
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Chapter 1

Introduction

1.1 Room Acoustics

Room acoustics is the study of the behavior of sound in enclosed spaces. The
acoustics of a room impacts how we perceive speech uttered in the room, how
we hear music played in the room, and it helps us determine the room’s size,
shape, and materials. The interaction between an audio signal and the room is
highly complicated. For a listener, the part of the sound that travels directly
from the source to the receiver is important, but just as important are the
delayed and attenuated versions that have bounced off from the walls, the floor,
and the ceiling, known as reverberation or reverb. Reverb can be desirable, as
it gives an attractive fullness to music, but it can also be undesirable, as it can
cause decreased intelligibility of speech.

The complicated relationship between a sound source, the room, and the
observed sound pressure, is governed by the acoustic wave equation, a partial
differential equation, representing how the change of the acoustic pressure, both
with respect to time and space, is dependent on the current acoustic pressure in
the point considered. Together with an account for the geometry of the room
and its boundaries, so-called boundary conditions, and the initial state of the
sound field, so-called initial conditions, this gives a complete description of the
sound field in the room. The frequency-domain counterpart of the wave equation
is called the Helmholtz equation. The solution of the Helmholtz equation yields
the so called steady-state solution, i.e., the response of the system when its
transient response has sufficiently decayed.

For the general case, these equations do not have any analytical solutions. For
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exceptional cases, however, such as a shoe-box shaped room with rigid walls,
explicit expressions exist. In other cases, approximated versions of the wave
equation and Helmholtz equation have to be solved numerically. In lightly
damped rooms, sound will resonate at certain frequencies, so-called resonance
frequencies. The sound field at these resonance frequencies are called modes.
The resonance frequencies mainly depend on the dimensions of the room whereas
the damping of the modes mainly depends on the materials of the walls. If a
sound is played at a frequency close to the resonance frequency of one of these
modes, the sound will be amplified due to the creation of standing waves. At
lower frequencies the modes tend to be well separated, but for higher frequencies
the modes tend to overlap, due to them being more closely spaced in frequency
and their larger bandwidth due to stronger damping.

A room is characterized by the room impulse response (RIR). Simply put, it is
what is heard at a certain position if a short impulse-like sound is played at
another position. This pertains to the theory of linear time-invariant systems,
which will be further explained in Chapter 1.1.1, but for now it is sufficient
that the RIR can be well modeled as a sum of decaying sinusoids (which will
be properly shown in Chapter 2),

h(r,,rs,t) ~ Z fom (T, )P COS(2 frnt + D), (1.1)
m=1

for t > 0. Here, p1,, denotes the initial amplitude, r,, € R? the position of the
receiver, ry € R? the position of the source, 3,, € R, the exponential decay
constant, f,, the frequency, and ¢,, the phase. For ease of notation we will from
hereon drop the dependence on r, and r, and simply refer to h(r;,rs,t) as h(t).
The attentive reader will notice the approximate equality in (1.1). Had the
number of terms in the sum been infinite, an exact equality would be upheld. In
this thesis, however, we will mainly consider digital audio. The RIR therefore
needs to be band-limited in order to be digitally sampled, hence the truncation of
the sum at m; terms. The frequencies of (1.1), f,,, are the previously mentioned
resonance frequencies of the room. The damping coefficients, 3,,, depend on
frequency, with higher frequencies typically being more strongly damped. The
initial amplitudes of the respective modes, p,,, depend on the position of
the source and the receiver, but the frequencies and damping coefficients are
position-independent properties of the room. An example of an RIR, taken from
[1], is displayed in Fig. 1.1. Therein we can see the three different parts the
RIR is typically divided into. First, the direct component, the sound traveling
in a direct path from the source to the receiver. Next, early reflections, sound
arriving at the receiver shortly after the direct component, after having bounced
off from one or a few of the surfaces of the room. Finally, late reverberation, that
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Figure 1.1: Example of a room impulse response (author’s coloring).

arrives at the listener after multiple reflections, where the sound is perceived as
coming from all directions simultaneously.

The RIR can tell us a lot about the room. One of the most well-known acoustic
qualities of a room is the reverberation time, Tgg, the time it takes for the sound
level in a room to drop 60 dB after a stationary sound source has been switched
off. While it can be estimated from formulas accounting for the room’s volume,
surface area, and absorption coefficients, it is more accurately derived from the
RIR. Reverberation times vary widely between rooms. From a tenth of a second
for a small office, to well over five seconds for a cathedral.

1.1.1 Linear Time-invariant Systems

Linear time-invariant (LTI) systems are a widely used model in mathematics
and engineering. An LTI system # is a system that takes in an input sequence
z(n),n = 1,2,..., and returns an output sequence y(n),n = 1,2,..., where
y(n) = H(z(n)), according to two rules. Firstly, linearity, i.e., for any two
sequences z1(n) and z2(n) and a1, a2 € R,

H(z1(n)) = y1(n), H(z2(n)) = y2(n) =
H(arz1(n) + azwz(n)) = axM(z1(n)) + azH(22(n)) (1.2)

i.e., that inputting the linear combination of two signals to the system yields
the same result as inputting them separately to the system and then taking the
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linear combination of the responses. Secondly, time invariance,
H(z(n)) =y(n) = H(z(n — N)) =y(n — N), (1.3)

for N € Z, i.e., that inputting a signal to the system with a delay will not
change the output of the system, only add the same delay. An LTI system is
characterized by its impulse response h(n), i.e., the output of the system when
the input is an impulse 6(n),

5(n) = {é Z ; g . (1.4)

If the impulse response of an LTT system is known, it allows us to predict the
output of the system for any input, as any input signal can be written as a
sum of scaled and delayed impulses. As previously mentioned, in the context of
modeling the acoustics of a room as an LTI system, the impulse response, from
a source position to a receiver position, is known as the RIR. The output of the
LTI system with the impulse response h(n), when the input signal is x(n), is
found via the convolution between h(n) and z(n),

y=hxz, (1.5)

where

y(n) = Z h(k)xz(n — k). (1.6)

1.1.2 Recording of Room Impulse Responses

In theory, the RIR could be found by emitting an impulse from a loudspeaker
and recording the response of the room with a microphone. In practice, however,
this has proved to be difficult. Playing a unit impulse from a loudspeaker does
not create enough energy to yield a good enough signal-to-noise ratio (SNR).
Other methods such as the clapping of hands, popping of a balloon, or shooting
a starter’s pistol, fail to produce enough energy at low frequencies [2]. Therefore,
typically one emits a known signal and the RIR is found through the means of
deconvolution. Maximum length sequences (MLS) [3, 4] used to be the most
common signals to emit, but since their introduction, exponential sine sweeps
(ESS) [5] are the standard. However, MLS sequences are still used under noisy
conditions. Further, due to the fact that recorded RIRs commonly contain
noise, appropriate post-processing is often necessary [2].
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1.1.3 Room Impulse Response Simulations

As the recording of RIRs is tedious, time consuming, and in many cases not
feasible, considerable efforts have been put into trying to accurately simulate
the acoustics of a room. RIR simulation methods can generally be divided into
two approaches, wave-based methods and geometrical acoustic (GA) methods.
The wave-based methods are, in principle, able to yield more accurate results,
particularly at lower frequencies, but are computationally expensive. The GA
methods are less accurate, but computationally more manageable [6].

The image method (IM) is one of the most well-known GA methods for creating
simulated RIRs [7]. It replaces the contributions to the RIR that would come
from reflections off the walls, the ceiling, and the floor with virtual image
sources, outside of the simulated room. These image sources are placed in such
a fashion that the distance and angle of arrival of the original path (source -
wall(s) /ceiling/floor - receiver) and the simulated path (image source - receiver)
correspond. The image source method efficiently computes early reflections, but
for higher reflection orders it quickly becomes computationally unmanageable,
as the number of image sources grows exponentially with the reflection order
[6]. The original (IM) considered only shoe-box shaped rooms, but has since
been extended to arbitrary polyhedral geometries [8]. For certain regular room
dimensions, the original IM can struggle with an artifact phenomenon called a
sweeping echo [9]. It has been shown that this can be alleviated by introducing
small geometric irregularities in the modeling [10].

Another GA based method is that of ray tracing. It works by letting the source
emit sound in the form of particles that are shot out in discrete rays. Each
particle carries a certain amount of energy that is progressively lost when it
travels through the air and bounces off from the walls of the simulated room.
A particle is tracked until a predetermined simulation length is reached, or it
carries less energy than some given threshold. A receiver is represented as a
surface or a volume. When a particle passes through the volume or surface, the
energy of particle and the time is logged. From this information, the simulated
RIR can be created [11]. A fundamental advantage of the ray tracing approach,
as opposed to the image source approach, is the ability to consider not only
specular reflections, but any kind of reflection, including diffuse ones [6]. As an
extension of the ray tracing there is, among others, the beam tracing method
[12]. In beam tracing, instead of tracing discrete rays, the sound energy takes
on the form of volumetric objects that can be detected by point receivers [6].

The aim of the wave-based methods is to numerically solve a discretized version
of the wave equation or the frequency domain counterpart, the Helmholtz
equation. They are computationally expensive, especially when considering
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high frequencies [13]. There are many different methods, among them the finite-
difference time-domain (FDTD) method [14, 15], the finite element method
(FEM) [13], and the boundary element method (BEM) [16].

Due to distinct strengths and weaknesses of the wave-based and GA methods,
it is also possible to use them both in hybrid methods, where a wave-based
model handles the modeling up until a certain cross-over frequency, where a GA
model takes over. The results of these simulations are then merged [17, 18, 19].

1.1.4 Applications

Some of the effects that a room might have on an audio signal are considered
desirable, whereas others are considered detrimental. That the RIR can be used
both for adding effects to a sound signal, such as a nice reverb to a piece of
music, and removing unwanted effects, such as strong echo-like reflections, is
reflected in the potential applications considered here. This list is by no means
exhaustive. Common to all of them, however, is that they depend on accurate
knowledge of the RIR.

Artificial reverberation

Reverberation has a long history as a sound effect in music, with composers
like Bach composing music to exploit the acoustics of certain buildings [20].
Digital artificial reverberation traces its roots back to the early 1960s, with
works like [21, 22]. It is used in e.g., music production [23], video games
[24], and movie production [25]. Algorithms for artificial reverberation can be
divided into three main categories: delay networks, physical room models, and
convolution-based algorithms [2]. Delay network methods include comb filters
[21], all-pass filters [21], feedback delay networks (FDN) [26], and scattering delay
networks (SDN)[27]. The physically-based reverberation includes the previously
mentioned wave-based methods, with the FDTD method being the favored one,
and GA-based methods. Finally, convolution-based algorithms, which achieve
reverberation by convolving an audio signal with an FIR representation of the
RIR, either measured in a room or the result of a simulation [2].

Auralization

Auralization is the process of rendering audible, by physical or mathematical
modeling, the sound field of a source in space, in such a way as to simulate the
binaural listening experience at a given position in the modeled space [28]. The
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aim is the recreation of the aural impression of the acoustic characteristics of a
space, more so than the recreation of the sensation of the music or speech [28].
It is when acoustic effects are processed into an audible result and can be said
to be to hearing what visualization is to sight [17].

For successful auralization, the sound source needs to be placed in 3-D space.
We need to "hear the room". This can be done by convolving the audio signal
with an appropriate RIR prior to playing it. We also need to get a sense of
the directivity of the source. In the context of binaural synthesis, intended for
playback on a pair of headphones, this can be done in two ways. One can add
spatial cues to the different channels (left ear and right ear) such as interaural
time difference (ITD) and interaural level difference (ILD) cues, or one can
convolve the audio signal with head-related transfer functions (HRTFs), which
accounts for the sound bouncing off from the head, torso, pinna, ete. [17].

Virtual reality

Virtual reality (VR) is a computer-generated environment for interaction in
real time. Thanks to the arrival of head-mounted displays (HMD) at the
consumer market it is quickly becoming a popular and widespread technology
[17]. Products include Meta Quest, HTC Vive, and PlayStation VR. The use of
VR is, however, not limited to entertainment, as VR has proven useful in areas
like decision making in building design, skill training, and therapy in mental
health [29, 30, 31, 32]. As multi-modality is crucial to immersion, the visuals
need to be paired with acoustic and haptic dimensions as well [17]. Although the
visual aspect is probably the thing that first comes to mind when considering
VR, realistic reverberation has been shown to be just as important for the
perceived immersion [33]. Recent developments of graphic processors and VR
subsystems, such as motion trackers, have allowed for the simulation of complex
scenes with a high degree of realism [17].

Room response equalization

Room response equalization (RRE) (also known as room correction, room
inversion, and room compensation) is, simply put, measuring the RIR
and equalizing its effect through inversion of the filter [34], with the term
"equalization" referring to the goal of the system’s frequency response having
an equal magnitude response to all frequencies [35]. It should be guided by
knowledge about the human auditory system, perception, and psychoacoustics.
In practice, however, it comes with a lot of difficulties. Imperfect RIR
measurements, exact equalization of the RIR requiring very long filters, boosting
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of the notches of the room transfer function (RTF), the frequency-domain
counterpart of the RIR, causing audible effects, and the RIR possibly being
non-minimum-phase, to name a few [34]. Equalization can be done by filtering
the audio signal before transmission, which is more common for applications like
RRE [36]. In dereverberation, a closely related concept referring to the reduction
of reverberation at some frequencies [37], it is more common to filter after the
transmission [36], often for the purpose of enhanced speech intelligibility [38§].

Sound zone control

Sound zone control refers to the concept of creating personal sound zones. The
objective is to render audio within a restricted area of a room, while leaving the
rest of the room is unaffected. This is useful in a home environment, as well
as in shared spaces, such as offices. It is done through an elaborate setup of
loudspeakers, and by filtering the audio through control filters, based on RIRs.
In sound zone control, one typically considers bright zones, in which one would
like high acoustic energy, and dark zones, where the acoustic energy is to be
minimized. Sound zone control techniques can be classified into two categories,
acoustic contrast control (ACC) and pressure matching (PM). In ACC, the goal
is to maximize the contrast between the acoustic energy in the bright zones and
in the dark zones. In PM, the aim is still to keep the acoustic energy in the
dark zones as small as possible, but in the bright zones, a certain sound field is
to be reproduced [39]. It is also possible to consider a weighted combination of
ACC and PM [40, 41].

1.2 Low-rank Modeling

Low-rank modeling pertains to the mathematical concept of rank. To understand
this, one needs to understand what a vector space is, and to understand that
one needs to understand what a vector is. The answer to the question of what
a vector is depends on whom you ask. A physics student might tell you that it
is an arrow pointing in space, defined by its length and direction. A computer
science student might say that it is an ordered list of numbers. For the correct
answer!, one would have to ask a mathematician, who would say that a vector
can be anything, as long as there is a sensible notion of adding two vectors,
and multiplying the vector with a scalar [42]. The most common example of
a vector is that of a vector in the n-dimensional Euclidean space. For scalars

INo bias here, of course
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T1,%2,...,T, € R, the vector x is defined as
xy
T2
x=| .| eR" (1.7)
Ty

A vector space, which we will denote X, is then a non-empty set of vectors,
together with the two previously mentioned operations, vector addition and
scalar multiplication, i.e.

w=x+Yy, w,X,y € X
(1.8)
z=XMx, NeR,z,xe X

The operations in (1.8) need to satisfy a set of axioms. For the examples
considered in this thesis, these axioms will be satisfied, but the curious reader
can find more on this in any linear algebra textbook.

Each vector space has a dimension, which can be thought of as the number
of independent directions of the vector space. To navigate a vector space one
needs a basis for the vector space. A basis is a set of vectors with two properties:
that the vectors are linearly independent, and that they span the vector space.
A set of vectors is said to be linearly independent if one vector can not be
expressed as a linear combination of the other vectors. Formally, the vectors

X1,X2,...,X, are linearly independent if and only if

AMX1+HXoXo+ ... X, =0 <= Ai=X=---=),=0. (19)
A set of vectors x1,Xo,...,X, is said to span a vector space X if any vector
x € X can be written as a linear combination of xi,Xs,...,x,. Formally,

Vx € X,3d\, Ao, ..., A, € R sit.
X = A\X1 + AaXo + .. A X (1.10)

The dimension of the vector space is then defined as the number of elements in
a basis for the vector space.

The concept of a vector is a natural extension of scalars, from 0-dimensional
objects to 1-dimensional. The next step in that generalization, is the 2-
dimensional matrix X, defined as

T11 xr12 e Tin

o1 oo Ton
X=| . . € R™*", (1.11)

Tml Tm2 oo Tmn
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forz;; €R, e =1,2,...,m, j=1,2,...,n. The vertical slices of a matrix are
known as columns. These columns are themselves vectors and, as such, they
span a vector space. The dimension of this vector space is called the rank of the
matrix. The rank can not exceed the number of rows or columns of the matrix,
i.e., for X € R™*" rank(X) < min(m,n). If equality is upheld, the matrix is
said to have full rank, if not, it is said to be rank-deficient. There is no strict
definition for when a matrix is low rank, but as with many other concepts in
mathematics and engineering, a matrix can be said to be low rank if it becomes
meaningful to exploit that structure in some application. Important to note is
that for applications considered in this thesis, matrices will not be low rank in a
strict sense. The matrices in this thesis come from reshaped vectors of real-life
recorded RIRs, and are therefore subject to both model approximations and
measurement noise. Therefore, low-rank is here meant in a looser sense, i.e., a
matrix X is said to be low-rank if 3X, s.t. X ~ X and rank(X) < rank(X).

A low-rank approximation of a matrix can be achieved with the singular value
decomposition (SVD). For a real matrix X € R™*"  the SVD

X =USVT, (1.12)

UeR™m™m S e R™" Ve R"™ decomposes the linear transformation that
X represents, into three distinct steps. First, VZ performs a rotation and/or
reflection of the vector in the domain of X, R™. Secondly, S stretches the
vector and possibly adds or removes dimensions. Finally, U, performs a rotation
and/or reflection in the codomain of X, R™. The matrix S is diagonal, and the
diagonal elements can be interpreted as the relative importance of the respective
dimensions. By convention, these are ordered in a non-increasing fashion. In
this thesis, and in low-rank modeling in general, it is often found that some
singular values are very small in comparison to others. In such cases, it can
be useful to compute a low-rank approximation X of the matrix X, by doing
a truncated SVD, where the first p singular values, for some p € N, are kept,
but the ones after that set to zero, X = U[:,1: p|S[1: p,1: p|V[:;,1: p]T. This
comes with a potentially big reduction of the number of coefficients that has
to be stored. Storing the full matrix X € R™*™ requires the storage of nm
variables, whereas the storage of the X requires the storage of only p(n+m)
coefficients. For large matrices of approximately low rank, the difference can be
substantial.

The 2-dimensional matrix can, in turn, be further generalized to a so called
tensor, X € Réxd2xxdp "5 mylti-dimensional array which can be of arbitrary
dimension D, and is defined as

R
2‘6:ZXl[:,r]OXQ[:77“]O---OXD[:,T]7 (1.13)
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for X; € R%*E 5 —=1,2,...,D, and where o denotes outer product of two
vectors. The rank of the tensor, R, is defined as the minimal number of rank-1
tensors needed to generate the tensor as their sum. An element in the tensor X
is given by

R
X[dy,dy,...,dp] = Xildy,r|Xs[d2,7]... Xpldp,7]. (1.14)

r=1

Vectors, matrices, and tensors occur naturally in science and engineering when
observing phenomena with one, two, or three or more modes of variations,
respectively. Matrices and tensors can, however, also be created by reshaping
lower-dimensional data into a higher-dimensional structure. As will be shown
throughout this thesis, the benefits of low-rank modeling is often even more
pronounced when leveraging the structures of higher-order tensors, as compared
to 2-D matrices.

The previously discussed SVD for 2D matrices, (1.12), is optimal in the sense
that the r-truncated SVD is the best rank-r matrix approximation of the matrix
X, ie. for X, =U[:,1: k|S[1: k,1: k| V[;,1: kT

argmin [|[X — Az = argmin [|X — A|r = X. (1.15)
rank(A)=k rank(A)=k

Finding low-rank approximations for higher-oder tensors is a much more difficult
problem. There are several different tensor decomposition methods, such as
multilinear SVD (MLSVD), Tucker decomposition, and the (canonical) polyadic
decomposition (CPD). In this thesis we will work exclusively with the CPD.
The nice results of (1.15) for 2-D matrices do unfortunately not translate to
higher dimensions.

Low-rank modeling in signal processing has seen an increase of popularity as of
late. It has been proven useful in in areas such as data science [43], blind source
separation [44], blind system identification [45], echo cancellation [46], machine
learning [47], video background subtraction [48], and matrix completion [49].
In works like [50] and [44] it is demonstrated how low rank can be exploited
for several different kinds of signals, including polynomials, sinusoids, and
exponentially decoying sinusoids, like in (1.1).

1.3 Challenges

The modeling of RIRs comes with a number of challenges. Among them are the
computational storage and the need for low-latency processing, that are here
further described, and subsequently tackled in this thesis.
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1.3.1 Storage

Human hearing ranges from 20 Hz to 20 kHz. Given the Nyquist-Shannon
sampling theorem stating that the sampling rate needs to be at least twice
the maximum frequency to be captured, 48 kHz is a common sampling rate in
many applications. As previously mentioned, the reverberation time varies a lot
between rooms, from a tenth of a second to several seconds. If one wants to store
the RIR as a finite impulse response (FIR) filter with a length corresponding
to the reverberation time, this means storing hundreds of thousands of filter
coefficients. Further, the RIR is the acoustic channel between one specific source
position and one specific receiver position in a room. If the source or the receiver
moves, one has to consider a new RIR. In order to represent the acoustics of an
entire room, for all possible source-receiver position configurations one has to
consider RIRs defined on a large grid. The spacing of the grid, Az, depends on
the frequency one wants to be able to accurately restore [51],

c

Az < 3, (1.16)
where ¢ denotes the speed of sound and f, the cut-off frequency. Even with a
moderate ambition of f, = 4 kHz (which would leave out important frequencies
of a lot of music), this would mean that one would have to sample RIRs every
5 cm. A recently released database of RIR measurements, considering a 1 m X
1 m planar grid of microphones with 5 cm spacing, measured at 32 different
source positions, came out to 3.5 GB of data, despite each RIR being truncated
at 0.68 seconds [52]. Taken together, the possibly long filters and the necessity
of closely spaced RIRs, storing the acoustics of an entire space quickly becomes
a big undertaking.

1.3.2 Speed vs. Latency

In the mentioned applications, fast processing is paramount to an immersive
experience. When considering convolution for real-time processing, a direct
implementation of (1.6) is impractical for longer RIRs due to its heavy
computational load, n, multiply-add instructions per output sample, where ny,
denotes the length of the filter h. Starting with Cooley and Tukey [53] and
Stockham [54], attempts have been made to carry out the convolution in a more
efficient way by use of the convolution theorem, that states that convolution in
the time domain corresponds to element-wise multiplication in the frequency
domain. While efficient, at O(ny, log(ny,)) multiplications per output sample,
a direct implementation of this would, however, introduce a latency of 2ny.
This quickly becomes prohibitive in real-time applications common in acoustic
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signal processing, such as virtual video conferencing [55], augmented /mixed
reality [56] and virtual reality [57, 58], sound zone control [59, 60], network
music performance [61], and artificial reverberation [2].

Trying to find a balance between computational load and input/output latency
is therefore something that has attracted considerable attention, with works like
[62, 63, 64, 65]. The basic idea is to divide the signal and possibly also the filter
into smaller blocks, uniformly or non-uniformly, perform the convolution for
each block individually, and then add up the contributions.. The use of GPU’s
and optimization with respect to the hardware can enhance the performance
even more [2]. These works have shown that achieving low latency at reasonable
computational cost is possible, but all come with non-trivial implementation.
Further, partitioned frequency domain filters are subjected to restrictions with
regard to assembling them into a network of filters [66].

1.4 Overview of the Thesis

Chapter 2 treats the subject of low-rank approximations of reshaped RIRs. A
physical motivation for the use of low-rank models in acoustics is provided and
the usefulness of said models when applied to real-life RIRs is demonstrated. It
is shown how low-rank tensor approximations outperform competing methods
such as truncation and thresholding, with respect to normalized misalignment.
A considerable improvement is seen when considering approximations of tensors
of orders 3, 4, or 5, as opposed to 2-D matrices.

Chapter 2 has been published as

e M. Jidlmby, F. Elvander, and T. van Waterschoot, “Low-rank tensor
modeling of room impulse responses,” in Proc. 29th European Signal
Process. Conf. (EUSIPCO), pp. 111-115, 2021.

Chapter 3 concerns estimation of RIRs from input-output data. It is shown how
one can enforce a low-rank structure on the solution to the problem of estimating
the RIR from noisy observations by the use of two different regularization
functions, nuclear norm and quadratic envelope, respectively. This is shown
to improve estimation quality, as compared to using no regularization at all
or using Tikhonov regularization, with respect to normalized misalignment of
either the estimated channel, or output, when the RIRs are convolved with a
signal. The two different low-rank regularization methods perform similarly
for the most part, but the quadratic envelope is shown to be less sensitive to
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a non-optimally set regularization parameter, which could occur when oracle
knowledge of the SNR can not be assumed.

Chapter 3 has been published as

e M. Jalmby, F. Elvander, and T. van Waterschoot, “Low-rank room impulse
response estimation,” IEEE/ACM Trans. Audio Speech Lang. Process.,
vol. 31, pp. 957-969, 2023.

Chapter 4 is about how the low-rank properties of RIRs can be used for fast,
low-latency time-domain convolution. An algorithm for low-latency convolution,
using a 3-D tensor approximation of the RIR, is introduced. The RIR does not
need to be decompressed for the purpose of using this convolution algorithm. It
is shown to outperform a previously existing algorithm using truncated SVD
of the matricized RIR, with respect to normalized misalignment of the output,
when the approximated RIRs have been convolved with speech or music. This
agrees with the results from Chapter 2, where a significant improvement was
shown when considering 3-D tensor approximation of the RIR, as opposed to a
2-D matrix approximation.

Chapter 4 has been published as

e M. Jalmby, F. Elvander, and T. van Waterschoot, "Fast low-latency
convolution by low-rank tensor approximation," in Proc. 2023 IEEFE Int.
Conf. Acoust., Speech, Signal Process. (ICASSP), pp. 1-5, 2023.

Chapter 5 treats the comparison of different methods for compressing RIRs.
Compression through low-rank approximation of 2-D matrices, 3-D and 5-D
tensors is considered, along with truncation and thresholding. These methods
are compared to the state-of-the-art audio compression standard Opus. These
compressions are compared with respect to how they preserve several objective
qualities of the RIR, such as reverberation time, echo density, early decay time,
center time, and the time of arrival of the direct component, as well as with
respect to the signal-based objective measures frequency-weighted log-spectral
signal distortion and ViSQOLAudio. This chapter also introduces an extension
of the low-latency convolution algorithm from Chapter 4, where we here consider
tensors of arbitrary dimension. Much like for the algorithm in Chapter 4, the
RIR does not need to be decompressed for the purpose of using the introduced
algorithm. Thresholding performs well with respect to some measures, but in
general, compression through low-rank approximation of 3-D and 5-D tensors
performs the best.

Chapter 5 has been submitted for publication as
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e M. Jélmby, F. Elvander, and T. van Waterschoot, "Compression of
Room Impulse Responses for Compact Storage and Fast Low-latency
Convolution," Submitted for publication, Dec. 2023.

Chapter 6 is about the exploitation of low-rank in the modeling of RIRs in
the multi-channel case. Here we exploit not only the low-rank structure of
a single RIR, but also the similarity of RIRs in a room, for the purpose of
compact storage and low-latency convolution. Two methods are introduced
for the simultaneous compression of multiple RIRs and in addition to that, an
algorithm for multi-channel low-rank convolution is introduced. It is shown
how one of the proposed methods outperforms the benchmark methods of SVD
approximation and the state-of-the-art Opus compression when the considered
RIRs stem from closely spaced microphones, whereas the other method is proven
to be more useful when the microphones are farther apart, even covering an
entire room.

Chapter 6 has been submitted for publication as

e M. Jélmby, F. Elvander, and T. van Waterschoot, "Multi-channel Low-rank
Convolution of Jointly Compressed Room Impulse Responses," Submitted
for publication, Dec. 2023.

Chapter 7 treats the valorization of the research conducted in this thesis.
We consider three possible areas of valorization. Two of them, virtual reality
and sound zone control, are for industrial purposes, whereas the third one,
the preservation of culturally important acoustic spaces, is for the purpose of
societal valorization.

Chapter 8 wraps up the thesis. Herein, conclusions are presented and areas
for potential future research are identified.
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Abstract

In this paper, we showcase the benefit of low-rank modeling in the context
of acoustic room impulse responses (RIRs). The RIR is modeled as a sum
of exponentially decaying sinusoids, and by leveraging the inherent low-rank
structure in tensorizations of such signals, we are able to achieve a very compact
representation. The contribution of this paper is to provide a clear motivation
for the use of low-rank models for the RIR, directly following from physical
descriptions of room acoustics. Further, new light is shed on details of the
derivation of the RIR model, in relation to solving the inhomogeneous Helmholtz
equation. We demonstrate the very compact representations that can be
achieved. Finally, the suggested model also displays good robustness properties
with respect to the positions of the source and the receiver. Simulations
performed on real-life room impulses responses support the theoretical findings.

2.1 Introduction

Room impulse responses (RIRs) are essential to algorithms within a wide variety
of acoustic signal processing tasks, such as speech dereverberation [67], source
separation [68], source localization [1], echo cancellation [69], and artificial
reverberation [70]. There are several different ways of modeling the RIR,
including as an infinite impulse response (IIR) filter (see e.g. [71]), and as a
finite impulse response (FIR) filter (see e.g. [72]). The advantage of an IIR
filter model is that it offers a compact representation, but with the drawback
of possible difficulties in estimating the filter parameters [73]. The FIR filter
model, on the other hand, is appreciated for its simplicity, but has the downside
that a large number of parameters is needed to fully represent the characteristics
of the room [73]; for a regular office-sized room, such an FIR filter can be several
thousands of taps long [38]. This may be prohibitive from a computational
and memory requirement point of view, highlighting the need for compact
representations of RIRs.

Low-rank models have received a lot of attention in signal processing literature
as of late, and their usefulness has been demonstrated in areas such as data
science [43], blind source separation [44], blind system identification [45], and
echo cancellation [46]. In works like [50] and [44] the authors demonstrate that
several kinds of signals can be considered low-rank, in the sense that if the
signal vector is reshaped into a matrix or tensor, that matrix or tensor will be
of low-rank. These signals include polynomials, sinusoids and what we will use
as model for the RIR, a sum of exponentially decaying sinusoids [74]. As we
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will see, by exploiting this inherent structure, one is able to dramatically reduce
the number of parameters needed to represent the RIR.

The main contribution of this paper is to provide a clear, physical motivation
for the use of low-rank matrix or tensor models of RIRs. We also shed new light
on the approximations that are made throughout the derivation of the RIR
model, all the way from the solution to the inhomogeneous Helmholtz equation.
The suitability of these low-rank models is demonstrated with simulations on
real-life recorded RIRs.

This paper is organized as follows: in Section 2.2 we introduce the signal
model, along with the physical justification of the use of a sum of exponentially
decaying sinusoids as RIR model, as well as the motivation for using a low-
rank approximation. In Section 2.3 we present simulations that support the
theoretical findings, and finally, Section 2.4 summarizes and concludes this work
and points out areas for possible future research.

2.2 Signal Model

As previously indicated, in this work we consider modeling the RIR as a sum of
exponentially decaying sinusoids. Assuming that the RIR is band-limited, and
thereby can be sampled, the discrete time representation h is given by

h(r,,rs,n) = Z T rs)e*ﬁm” cos(wmn + dm), (2.1)
meN

forn =1,2,...,N. Here, j,, denotes the initial amplitude, r, € R3 the position
of the receiver, ry € R? the position of the source, 3,, € R, the exponential
decay constant, w,, € [0, 7] the angular frequency, and ¢,, the phase. For ease
of notation we will from hereon drop the dependence on r, and ry and simply
refer to h(r,,rs,n) as h(n). As we will see, this model follows directly from
simple physical descriptions of room acoustics, and directly allows for low-rank
approximations.

Assuming that ¢ = VN € N, the RIR vector h = [h(1),h(2),...,h(N)]" can
be reshaped into a square matrix H € R7%9,
h(1) hig+1) . h(gl¢ —1)+1)
H=| : : : . (2.2)
h(q) h(2q) e h(N)

As will be shown, it follows from (2.1), together with some physical considerations
of room acoustics, that H may be well approximated by a low-rank matrix H.
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The idea of modeling an RIR as a sum of decaying sinusoids is well established
in the literature. In works such as [75, 76, 77] this has been used for lower
frequencies. The idea of low-rank modeling of RIRs is also anchored in previous
work. This is done in e.g. [46], with support from the theoretical discussions in
[44]. In this paper, however, we provide a previously missing link between said
model, the actual physics of the problem and the use of low-rank tensor-based
modeling. As is demonstrated, this allows for compact representations of RIRs.

2.2.1 Physical Motivation of Signal Model

The sound field in a source-free room is governed by the wave equation,
1 0%p
c? o2’

subject to initial and boundary conditions, where p denotes sound pressure,

V2p (v, t) = (2.3)

V2 = ai; + 86—;2 + g—; is the Laplace operator, ¢ the speed of sound, and
t denotes time. Considering the frequency domain counterpart, we get the
time-independent form of the wave equation, also known as the Helmholtz
equation,

(V2 +k?) P(r,,w) = 0, (2.4)

where the wave number £ and the angular frequency w are related via k = ¢. We
denote the eigenfunctions to the Laplace operator as v,,,, with the corresponding
eigenvalue k2,. For arbitrary room geometries, there are no analytical expressions
for these eigenfunctions, or room modes, v,,. However, for simple geometries,
such as shoe-box type rooms with rigid walls, there are closed-form expressions
[74]. The eigenfunctions form a complete and orthogonal set [74] and any
sound field can be expressed in terms of them [78]. This can be used when we
look at a slightly modified version of (2.4), where we introduce a point source
with volume velocity @, at the source position rg, with a driving frequency w.
Further, denoting the value of the gas density by pg, and the imaginary unit

i 2 /1, we get [74]

(V2 + k2) G(rp,rs,w) = —iwpeQd(r, — ry), (2.5)
where G(r,,rs,w) is the so called Green’s function, or room transfer function.
We can express it in terms of the aforementioned eigenfunctions ., [74], yielding

G(rr7r57 ) ZOJQP Z wm E;;szl(]:;))

m

(2.6)

where K, is a normalizing constant. This is also known as the modal
decomposition. In general, the eigenfunctions and eigenvalues are complex-
valued, although for the special case of perfectly reflecting room boundaries,
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they are real-valued [74]. The eigenfunctions and eigenvalues depend only
on the dimensions of the room, and not on the source and receiver positions
[79]. Furthermore, the eigenvalue k2, corresponding to mode m, satisfies

~ m?
by = = + ii"ﬂ where @,, is the resonance frequency of the mth mode, and
w

Bm is its decay constant [74]. Inserting this in (2.6), along with k = %, and
expanding the denominator yields

A iw
—w2 + @2, + 200 B — BE]

G(rp,rs,w) = Z

meN

(2.7)

where, for the sake of compactness, we collected all the, for our purposes, less
interesting variables in A, £ A, (rs, 1) = Qpoc* U (vs)Vm () /K.

Further, we are going to assume that the decay constants are very small
compared to the eigenfrequencies, i.e. 5, < @, [74]. This means that each
mode in the sum of (2.7) is impactful only when the driving frequency w is very
close to the resonance frequency @,,. This allows us to, for each term in the
sum, replace @,, with w in the third term of the denominator. With this,

Aiw
—w? + @2, + 2iwf, — B2,

G(ry,rs,w) ~ Z

meN

—w? + B2, + 2ifpmw + w2,

meN
T W+ B+ 2iBmw + w3,

_ Z Amﬂm Wm
o wm —w?2 4+ 52+ 2iBpw + w2,

— Z AnF (e(t)e_ﬁmt cos(wnt))

meN

-y Amrfm]-'(@(t)e’ﬁmtsin(wmt)) (2.8)

W
meN

where 6(t) denotes the Heaviside step function, F the Fourier transform and
Wi = /@2, — 282, > 0 (see also [80] for a time-domain analog). This manoeuvre
is something that has been done implicitly before [74, 71], but to the best of
the authors’ knowledge, this is the first time the necessity of it is made explicit.
We see that the adjusted resonance frequency w,, is a slight shift towards zero,
compared to the modal frequency &,,. With this, the impulse response h(t) is



SIGNAL MODEL 23

obtained by taking the inverse Fourier transform of (2.8), yielding

h(t) = Z f(t)e Fmt <Am cos(wmt) — A;'jﬁm sin(wmt)>
meN m
= Z O(t) et cos(wmt + dm) (2.9)

meN

2
where fi, = A/ 1+ (%) and ¢,, = arctan (ﬁ ) This is the continuous-

Wm

time counterpart of (2.1).

Considering that the number of modes, Ny, below a certain physical frequency f,
satisfies Ny =~ 34775 13 [78], one would expect to have to use a very large number
of terms in (2.9) in order to get a good approximation of the RIR. However, as
pointed out in [81], because of the large number of resonant frequencies with
overlapping modal curves, the number of distinguishable peaks in the frequency
response is in practice considerably smaller than N;. That is, (2.9) may be well
approximated by the truncated sum

M
h(t) = Y pme ! cos(wmt + ém)0(1), (2.10)

m=1

where M is on the order of 10? [81]. Given the finite number of terms, the
approximated RIR in (2.10) is band-limited! and can be sampled, yielding
the discrete-time representation in (2.1), after truncation to N discrete-time
samples.

2.2.2 Low-rank Properties

Here we will see how truncation of the modal decomposition (2.9), at some
finite number of terms M, corresponds to finding a rank-2M approximation of
the reshaped signal vector.

It is well established, see e.g. [44, 50] and references therein, that when a signal
vector consisting of a sum of M causal, exponentially decaying sinusoids, is
reshaped into a matrix, that matrix will have rank 2M. This becomes clear if
we decompose H in the following fashion. Let H = H; + Hy + - - - + H);, where
H,,, corresponds to the mth decaying sinusoid,

n practice, given that the human hearing is limited to the range of approximately 20
Hz - 20 kHz [78], the impulse response may, using appropriate filtering, be considered band-
limited to this interval. This also serves as justification for removing the cavity mode [78],
corresponding to m = 0, with &y, = 0.
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hn (1) han(q + 1) v hmlgle=1)+ 1)
H,=| : : s
him(q) hin(2q) o hin (N)
Zm
idm zfn
= % . [1 24, - -~z£§‘1>‘1] (2.11)
4,
Zm
—i¢ 2
Bme " [ “m " w(a=1)
s | T e
i
Zm

Here, z,, = €=~ and * denotes complex conjugation. We see that each of
the M terms composing H can be written as a sum of two rank-1 matrices, i.e.
as a rank-2 matrix. As long as z,, are distinct, the matrix H will have rank 2M
[50]. For this type of signal, this low-rank structure persists also for higher-order
tensorization. The rank of a D-dimensional tensor G € RS X52%XX5p where Sy
denotes the size of the dth dimension, is defined as the smallest number of rank-1
tensors that generate the tensor as their sum. Furthermore, a D-dimensional
tensor is said to be rank-1 if it can be written as the outer product of D vectors
[82]. Consequently, a rank-R tensor G can be written as

R
G=> hMoh®o...oh), (2.12)
r=1

where o denotes outer product, and hg,d) € R%. Assuming® that YN € N,
where N is the length of h, the RIR may be reshaped into a D-dimensional
tensor H € RS*SxxS_ Throughout this paper we are going to assume that
S =S =---=Sp=S= ¥N and that ¥YN € N. Then we can reshape the
RIR h into a D-dimensional tensor , that will be of rank 2M as well. The upside
of this higher-order tensorization is the possibility of further decreasing the
number of coefficients needed to represent the RIR, turning what is commonly
called the curse of dimensionality, into a blessing instead.

A tensor can be decomposed in several different ways. The purpose of this paper
is not to showcase the strength and weaknesses of different tensor decompositions,

2In general, arbitrary tensor dimensions may be utilized, as they all give rise to a rank-2M
tensor. The square case is considered here, as to simplify the exposition.
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for that the reader is referred to works such as [82] and [83]. The aim is rather
to demonstrate that the low-rank structure obtained in (2.2), with D = 2,
persists for D > 2, and the possible compactness of representation that follows.
Therefore, we have chosen to use the polyadic decomposition, where the tensor
is written as a sum of rank-one tensors [83]. For the numerical computation of
these tensor decompositions we use the high-level function cpd of the Matlab
toolbox Tensorlab [84].

Finally, it should be noted that the physical motivation given here serves only
as a justification of the low-rank modeling employed in this paper. The method
described is purely data-driven.

2.3  Numerical Results

In order to illustrate the usefulness of the considered low-rank framework, and to
demonstrate its applicability to actual measured RIRs, we apply it to the single-
and multichannel audio recordings database (SMARD) [1]. These recordings are
sampled at 48 kHz, for 12 seconds, yielding impulse responses of 576 - 10® taps.
These are recorded at various source and receiver positions, and with varying
equipment, in a room of size 7.34 m x8.09 m x2.87 m, with a reverberation
time of approximately 0.15 s. In total, the dataset contains 1008 RIRs. It
should be noted that in all numerical simulations performed here, the RIRs are
truncated at some discrete-time index N < 576 - 103.

In order to evaluate the accuracy of the proposed low-rank model, we consider
three different scenarios. Specifically we consider the accuracy of the model as
a function of the length IV of the RIR, tensorization dimension D, and memory
saving. Here, the memory saving C(fl) corresponding to an approximation h is
defined as &)
« T

Ch)=1 N (2.13)
where Y(h) is the number of coefficients of h and C(h) € [0,1). For C(h) = 0
there is no memory saving, whereas for C (fl) closer to 1, the degree of memory
saving is larger. For the proposed method, T(fl) = RD ¥/N, where R is the
rank of the approximation.

In the first scenario, where N is varied, C’(ﬁ) and D are kept fixed at 0.8 and
3, respectively. In the second scenario, the tensor dimension D is varied, with
N = 7000 and C(h) = 0.8 are being fixed.? In the third scenario, C'(h) is varied

3In order for ¥/N € N, N must be adjusted as D is changed
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and N = 8000 and D = 3 are kept fixed. It may here beA noted that in all three
scenarios, the tensor rank R varies with N, D, and C(h), respectively.

In all three scenarios, accuracy is measured by the normalized misalignment,
defined as R
N h—h

) _ ll2 (2.14)

M(B) = S

where h is the RIR we are aiming to approximate. Furthermore, we consider
two different starting points for the RIR; the first one being when the impulse
is emitted from the source (i.e. the RIR contains an initial delay), the second
one when the direct component arrives at the microphone (i.e. the RIR does
not contain an initial delay). The results presented here are averaged over all
the 1008 RIRs of the dataset.

For comparison, we consider two alternative approaches to RIR approximation.
In the first alternative approach, we consider simply truncating the RIR some
finite discrete-time index K, setting the last NV — K values to 0. In the second
alternative approach, h is approximated by keeping only its K largest entries
(in absolute value), and setting the rest to 0. We refer to these approximations
as Truncation and KMax respectively. As to be comparable to the proposed
method, K is set equal to the number of coefficients used by the proposed
low-rank model, varying with the different scenarios, i.e., all these methods
under comparison yields the same value for the memory saving C' (fl)

Fig. 2.1 shows the average normalized misalignment and standard deviation
for the discussed approximations, as N is varied. As may be noted, the
proposed method outperforms both comparison methods in terms of normalized
misalignment when the initial delay is removed, and on par with KMaz when
the initial delay is kept. Furthermore, the standard deviation is lower, indicating
a robustness to factors such as distance to walls, and distance between source
and receiver.

Fig. 2.2 displays the accuracy of the proposed model as a function of the
dimension of the tensorization. The clear drop in normalized misalignment
from D = 2 to D = 3 displays the clear benefit of performing a higher-order
tensorization, as opposed to only a matricization. The low standard deviation
once again points to robustness to source and receiver placement.

Fig. 2.3 depicts the proposed method as a function of memory saving. Below
a certain compression rate the suggested method outperforms KMax and, yet
again, the standard deviation is consistently lower.

The systematically lower standard deviation is an encouraging discovery. In light
of the derivation of the time-domain signal model from the modal decomposition
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Figure 2.1: Averaged normalized misalignments, and corresponding standard

deviations, initial delay kept (top), and removed (bottom) respectively, as a
function of V.
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Figure 2.2: Averaged normalized misalignments, and corresponding standard
deviations, initial delay kept (top), and removed (bottom) respectively, as a
function tensorization dimension D.



28 LOW-RANK TENSOR MODELING OF ROOM IMPULSE RESPONSES

-5-Mean, Low-rank <3 Std, Low-rank
-5-Mean, KMax -3 Std, KMax
Mean, Truncation Std, Truncation

I I 19
0.92 0.9 0.88 0.86 0.84 0.82 0.8 0.78 0.76 0.74

Figure 2.3: Averaged normalized misalignments, and corresponding standard
deviations, initial delay kept (top), and removed (bottom) respectively, as a
function of space saving C(h).

in the frequency domain, this is to be expected, since the eigenfunctions do not
depend on source and receiver position.

It can also be observed that the suggested model performs better when the initial
delay of the RIR is removed, particularly in comparison to the performance
of KMaz. This is also reasonable; the delay is ignored by KMazx, whereas it
has to be explicitly handled by the proposed model, preventing it from more
accurately modeling the more information-dense parts of the RIR.

2.4 Conclusions and Future Work

In this paper we have given a glimpse of the potential of low-rank modeling
of room impulse responses, as well as provided a physical justification for
the use of low-rank approximations. We have also clarified the importance
of certain approximations made throughout the derivation of the RIR model,
which in previous works have been vague. We notice that the low-rank modeling
clearly outperforms simple truncation and performs on par with using the
largest entries in the RIR, in terms of normalized misalignment. The standard
deviation, however, is consistently lower, suggesting that the proposed method
is robust to the placement of source and receiver throughout the room.
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In this paper many design choices had to be made, for the sake of the brevity
of the presentation. Future research will focus on how the choice of these
parameters, as well as properties of the room, impacts the success of the low-
rank model described here. We also intend to further investigate the error
introduced by the suggested approximation. If this approximation distorts the
output of a convolution in a systematic way, with respect to more perceptually
oriented evaluation, that could be an indication of what applications this method
would be particularly useful in.
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Abstract

In this paper we consider low-rank estimation of room impulse responses (RIRs).
Inspired by a physics-driven room-acoustical model, we propose an estimator of
RIRs that promotes a low-rank structure for a matricization, or reshaping, of the
estimated RIR. This low-rank prior acts as a regularizer for the inverse problem
of estimating an RIR from input-output observations, preventing overfitting and
improving estimation accuracy. As directly enforcing a low rank of the estimate
results is an NP-hard problem, we consider two different relaxations, one using
the nuclear norm, and one using the recently introduced concept of quadratic
envelopes. Both relaxations allow for implementing the proposed estimator using
a first-order algorithm with convergence guarantees. When evaluated on both
synthetic and recorded RIRs, it is shown that under noisy output conditions, or
when the spectral excitation of the input signal is poor, the proposed estimator
outperforms comparable existing methods. The performance of the two low-rank
relaxations methods is similar, but the quadratic envelope has the benefit of
superior robustness to the choice of regularization hyperparameter in the case
when the signal-to-noise ratio is unknown. The performance of the proposed
method is compared to that of ordinary least squares, Tikhonov least squares,
as well as the Cramér-Rao lower bound (CRLB).

3.1 Introduction

Considering the acoustics of a room as a linear time-invariant (LTT) system,
room impulse responses (RIRs) describe the impact of the room on a sound
signal, between a point source and a point receiver. They play a vital part
in algorithms within a multitude of acoustic signal processing tasks, such as
source localization [85], speech dereverberation [38], auralization [58], source
separation [86], and echo cancellation [69)].

There are several ways of modeling the RIR. Among the most popular ones are
the infinite impulse response (IIR) (see e.g., [87, 71]) and finite impulse response
(FIR) models (see e.g., [87, 72]). The IIR model offers the possibility of a
more compact representation, however with the downside of possible difficulties
estimating the filter parameters [73], and potential issues with instability [81].
The FIR model is simple and straightforward, but with the disadvantage that
comparatively many coefficients are needed to accurately represent the RIR
[73]. For a regular office-sized room, the FIR model can be several thousands
of taps long [38], which can be prohibitive from a computational and memory
requirement point for view [88, 89).
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If the RIR is estimated from an output signal originating from an input signal
with poor spectral excitation, i.e., lacking power in certain frequency bands,
the estimation problem can become ill-posed, and the resulting estimation
could suffer from large variance. To counteract this, it is common to use
regularization, see e.g., [90]. The standard approach in RIR estimation is to
use Tikhonov regularization [91], a special case of the types of regularization
presented in [90]. However, we will demonstrate in this work that by exploiting
an (approximate) low-rank structure of RIRs, estimation performance may
be improved as compared to state-of-the-art estimators with and without
regularization. As of late, low-rank modeling, and low-rank regularization, has
become increasingly popular in signal processing, data science and related fields,
such as machine learning [47], video background subtraction [48], and matrix
completion [49].

In these applications, low-rank structures of matrices or tensors parametrizing
the signals under consideration are exploited as to, e.g., obtain compact
representations or to regularize otherwise ill-posed estimation problems. The
class of signals amenable to this type of treatment includes polynomials, rational
functions, smooth and periodic functions, and what will be used in this paper as
a model for motivating low-rank structure of RIRs, sums of decaying sinusoids
[92].

It should here be noted that in the system identification literature, low-rank
structures are most commonly utilized for describing the Toeplitz matrix
representing the discrete convolution operation, i.e., the LTI system acting
on an input. This has been discussed by, e.g., Marconato et al. in [93] and [94].
In these works, empirical Bayes methods are primarily being used, and it is
shown that low-rank regularization acts as a powerful method for improving
the accuracy of the estimation. In particular, promoting Toeplitz matrices with
low-rank is shown to add robustness in the face of input signals with poor
spectral excitation.

In contrast, the low-rank structure considered herein does not refer to
aforementioned Toeplitz matrix, but rather to a matricization of the impulse
response itself. Specifically, we here aim to exploit that RIR vectors when
reshaped into a matrix allow for low-rank approximations, something we have
taken advantage of in our recent work [95] (see also [96, 92] for relevant work
outside the domain of acoustic signal processing). System identification with
this type of low-rank structure has earlier been explored by Paleologu et al. in
works like [46, 97, 98] using iterative Wiener filter, recursive least-squares, and
Kalman filter respectively, but there under the name nearest Kronecker product.
The main focus there are shorter impulse responses, particularly for network
echo cancellation. In contrast, the scenario considered in this paper concerns
longer impulse responses for applications in acoustic signal processing.
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Furthermore, the estimation algorithms in the above mentioned papers require
the user to exactly specify the number of low-rank components to be estimated,
thereby relying on oracle knowledge of the system complexity. In the work
presented herein, we instead propose an estimator where the rank of the estimate
is implicitly controlled by means of hyperparameters. In particular, the proposed
estimator poses RIR estimation as an inverse problem, with low-rank estimates
being promoted by the use of a regularization term.

It may here be noted that directly penalizing the rank of an RIR matrix yields an
NP-hard problem [99]. A popular remedy to this in general low-rank estimation
is nuclear norm regularization, i.e., penalizing the sum of the singular values,
since it yields a convex optimization problem that can be solved by standard
methods. This approach has however been shown to introduce a shrinkage, or
bias towards zero, of the singular values (see e.g., [47]).

In this work, we propose to counter this bias by utilizing the so-called quadratic
envelope of the rank penalty. Quadratic envelopes, introduced in [100], constitute
a class of minorizers constructed from point-wise best function approximations
from below by quadratic functions, and have recently been used for addressing
bias issues in sparsity problems within the realm of image processing and
computer vision by Carlsson et al. in works like [100, 101, 102, 103]. A
drawback of this relaxation is that the resulting optimization problem is not
necessarily convex, but in many cases this is outweighed by the very attractive
property that, for appropriate hyperparameter values, the relaxation does not
move any local minima of the problem being approximated. Its merit is, however,
to the best of the authors’ knowledge, yet to be explored in the context of
acoustic signal processing. In addition, the problem considered herein falls into
a class of problems for which convergence of the proximal gradient method, or
forward-backward splitting (FBS), to a local minimum can be guaranteed.

The contribution of this paper is therefore to provide a framework for low-rank
estimation of room impulse responses. We present an easy-to-use algorithm
and show that low-rank regularization outperforms benchmark methods, that
is, ordinary least squares and Tikhonov regularized least squares. This is
demonstrated using synthetic as well as real-life RIRs, driven by synthetic as
well as real-life signals and it is shown that this works well on real life-recorded
RIRs. The outperformance is consistent, but particularly noticeable when the
SNR is low, or when the spectral excitation is poor. Further, the quadratic
envelope performs exceptionally well when prior knowledge about the SNR
can not be assumed. Finally, it should be noted that the use of the proposed
algorithm is not restricted to acoustics and RIRs, but rather it is applicable to
any physical system of which the impulse response is well modeled by a sum of
decaying sinusoids.
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This paper is organized as follows: first, Section 3.1 is concluded with an
introduction of the notation used throughout the paper. In Section 3.2, the
signal model is introduced. In Section 3.3, different possible relaxations of the
low-rank penalty term are discussed, and in Section 3.4, the proposed algorithm
is introduced. Numerical results are presented in Section 3.5. Finally, in Section
3.6, conclusions of the work presented here are discussed, and possible avenues
for future research are being pointed out.

3.1.1 Notation

Vectors are denoted by lower case, bold letters, such as h, and matrices are
denoted by upper case, bold letters, such as H. Subscript on an upper case
bold letter indicates matrix column, i.e., H; denotes the jth column of H, and
on a lower case bold letter it indicates vector element, i.e., h; denotes the jth
element of h. A bar, =, denotes complex conjugation of a complex number
and the hat symbol, *, denotes an estimated quantity. The symbol ® denotes
the Hadamard product, i.e., element-wise multiplication of vectors or matrices,
the nabla operator, V, refers to the gradient of a function, and E[-] denotes
statistical expectation. Linear operators are denoted by upper case calligraphic
letters, such as A, and an asterisk, -*, denotes adjoint. Sets are also denoted
by upper case calligraphic letters, but it will be obvious from context what is
considered. The norm of a matrix or an operator is denoted || - || and refers

to ||+ [l2, (w,v)n =327, ujv; denotes the inner product between two vectors

u,v € R”, and ¢ = v/—1 denotes the imaginary unit.

3.2 Signal Model

We assume an observed acoustic pressure signal in discrete time y(n),n =
1,2,...,ny, with corresponding signal vector y € R"v. This observed signal is
the result of a known signal xz(n),n = 1,2,...,n,, with corresponding vector
x € R™ being generated by a point source in a room, and can therefore be
modeled as the convolution of x with the room impulse response h(n),n =

1,2,...,np, with corresponding vector h € R™, x « h, where
T h
(xxh)p =) hiXp g,k (3.1)
k=1

for n = 1,2,...,n,, ie., we consider only the part of the RIR where the
system is fully excited. We will assume that n, > ny, to not have to consider
initial conditions. We further assume measurement noise e € R"v, that we



ESTIMATION WITH LOW-RANK HEURISTICS 37

assume to be white Gaussian with variance o2, i.e., e € N(0, UZIM), where
I, € R™>*" denotes the identity matrix. In the more general case of non-
white, non-stationary noise, a combination of prefiltering and regularization can
be used, as elaborated on in [91]. Taken together, we have that

y=x*h+e, (3.2)
which can also be written as
y=Xh+te, (3.3)

where X € R™ ™ ig the Toeplitz matrix corresponding to the convolution
operation in (3.2).

We will have that n, = n,—np+1. We define the linear operator A : R™» — R"v,
such that A(h) = xxh. Here we also define the adjoint operator A* : R™v — R™»
as the unique operator for which

<h7A*(Y)>7Lh = <A(h)7y>ny7 Vhe Rnh’y € R"™. (34)

3.3 Estimation with Low-rank Heuristics

The room impulse response h can be estimated from the input and observed
signal vectors with the least squares method,

1
minihmiZe §Hy —A) |3, (3.5)

and under the assumption that the noise e is white Gaussian, this yields
the maximum likelihood estimator. Inverse problems like these are, however,
often ill-posed [104, 105], particularly in acoustic signal processing, where poor
excitation is a common occurrence [91]. The inverse mapping from y to h
might therefore be unstable due to ill-conditioning. The fact that the output is
corrupted by noise could yield an over-fitted solution, and finally, the solution
could be non-unique [105]. In order to have a well-posed problem, a possible
approach is to use regularization [90]. This is done by appending a penalty term
to the optimization problem (3.5). With that, the problem can be written as

minihmize f(h) + g(h). (3.6)

We consider the function f : R™ — R to be the data-fit term 1|y — A(h)|3,
i.e., a function penalizing the distance between the model output and the
observation. The function g : R™ — R is the regularization term. Note that
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this seemingly simple form includes constrained optimization problems, since
we can let g be an indicator function for some non-empty set S,

0 ,hesS

% hes (3.7)

g(h) =Zs(h) = {

This form also includes the aforementioned Tikhonov regularization, where
g(h) = Ar|[h[|3, yielding

o1
minimize - [ly — A(h) [ + A/, (33)

where Ap > 0 is a parameter controlling the degree of regularization.

The regularization should, however, preferably be designed using prior knowledge
about the problem [91]. We will therefore demonstrate the low-rank properties
of RIRs, and argue how these can be exploited in regularization. An RIR can
be well modelled as an infinite sum of decaying sinusoids, see e.g., [74]. The
frequencies of these decaying sinusoids correspond to the modes of the room,
i.e., frequencies at which standing waves would occur in the absence of wall
absorption. The number of room modes, N¢, below a certain frequency f satisfies
Ny =~ ?% 12 [78], where c is the speed of sound. One might therefore expect to
have to use a large number of terms to approximate this sum. However, in [81]
it is concluded that the large overlap between the modal curves, which occurs
particularly at higher frequencies [73], makes the number of distinguishable
peaks in the frequency magnitude response much smaller, and it is justified to
approximate the infinite sum with a finite one. For a longer exposition, see e.g.,
[81] and [95]. With this, the room impulse response can be modeled by

mg

h(r,,rs,n) = Z Lo (T, rs)e*’B"”” cos(wmn + dm), (3.9)
m=1

for n = 1,2,...,n;,. Here, p,, denotes the initial amplitude, r,,r, € R? the
position of the receiver and the source, respectively, 3,, € R, the exponential
decay constant, w,, € [0, 7] the angular frequency ¢,, € [0, 27), the phase, and
mg € N is the number of decaying sinusoids used in the model. For ease of
notation we will drop the dependence on r, and ry and refer to h(r,,rs,n)
simply as h(n), the same h(n) as presented in Section 3.2.

When a vector consisting of the sum of mg discrete time decaying sinusoids is
reshaped into a matrix, that matrix will have rank 2mg, see e.g., [44]. Further,
as previously mentioned, there is a large spectral overlap of some of the modal
curves of the decaying sinusoids that make up the RIR, particularly at higher
frequencies. These two facts taken together makes for good conditions for
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enforcing a low-rank structure on the solution, i.e., that when the solution
vector is reshaped into a matrix, that matrix should have low rank. In previous
work we have shown the connection between the physics driven modeling of
room acoustics and the use of the sum of decaying sinusoids model, along with
the connection to low rank modeling [95]. For more on the physical motivation
we refer to [95], but for the convenience of the reader, we here reiterate the
low-rank motivation. It should be noted that a measured RIR will, when
matricized, not be low rank in the strict sense, because of measurement noise
and model errors. Low rank is here meant in a less strict sense, i.e., that a
low-rank approximation of the RIR will render a small approximation error.

Let us define the reshaping operator R, : R™* — RP*?  that reshapes a vector
h € R™ into a matrix H € RP*?, for which n;, = pq. Then, if we assume
that ¢ = /n;, € N, the RIR vector h can be reshaped into a square matrix
H =Ry (h) € R?¥9,

h(1)  hg+1) ... hlglg—1)+1)
H=| s ; (3.10)
h(q) h(2q) e h(np)
Then, H=H, + Hy + --- + H,,,_, where H,,, corresponds to the mth decaying
sinusoid of (3.9),

B (1) hm(g+1) ... hm(glg—1)+1)
H,, = : : :
b (q) hm(29) R (np)
Zm
iPm 2'2
Hme m _
Sl [1 I IRC 1>q} (3.11)
24,
Zm
—idm |22
+ e — T [ 22,2,

~4q
Zm

where z,, = e/“m~Fm_ We see that each of the m, terms that make up H, can
be written as a sum of two rank-1 matrices, i.e., as a rank-2 matrix. As long as
Zm are distinct, the matrix H will have rank 2m; [50]. In general, H could be
a non-square matrix, but here we consider the square case, as to simplify the
exposition.
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In light of this discussion, the problem to be solved would ideally be

1
C . Lo )2
mlm}{nlze 5 ||y A( )HQ

(3.12)
s.t. rank (Req(h)) < 2mg,
or, equivalently, using the form of (3.6),
o 1
minmize 2y — A3 + o, (Ryg(h) (3.13)

where the penalty function, Zs,,_, is the indicator function for the set of matrices
of rank at most 2ms. This problem, however, is non-convex and NP-hard [99].
Furthermore, the exact rank, 2mg, is typically not known. Instead of the
constrained problem of (3.12) and (3.13), one could consider the penalized
version,

1
minihmiZe 5 ly — A(h)||3 + Arank (R, (h)). (3.14)

Here, A > 0 is a parameter controlling the degree of penalization of the rank
of the solution, in analogy to At in (3.8). This transforms the problem of not
knowing the rank 2mg, into the problem of choosing A, but the problem remains
NP-hard [47]. Considering that the rank of a matrix is equal to the number of
non-zero singular values, (3.14) is equivalent to

R |
minimize 2|y — A(h)[[3 + Ao (Rqq(h))o- (3.15)

where || - [|o is the £yp-pseudo-norm and o(H) : R7*? — RY is the function that
takes an R?*?-matrix and returns a vector of its singular values in non-increasing
order, given its singular value decomposition (SVD) H = USV7, for U € R7¥9,
S € R7%9, VT ¢ R9%9, The NP-hardness persists, however, so in order to be
able to find an approximate solution to (3.15), the problem needs to be relaxed.
This can be done in different ways, which will now be further explored.

3.3.1 Nuclear Norm Regularization

In order to achieve low-rank solutions, throughout this paper, two different
kinds of penalty functions will be used and compared. Firstly, the popular
approach of using the ¢;-norm instead of the £y-norm in the penalization of
o(H) [106],

T
minimize - [y — AM)|[3 + Ann [ Raq(B) (3.16)
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where ||H||, denotes the nuclear norm of H, defined as ||H]||, = trace((H*H)'/?) =
> on(H) = ||o(H)|]1, and Ay > 0 is analogous to A in (3.14). This is the
first of the two optimization problems we will aim to solve in Section 3.4. The
advantage of problem (3.16) is that it is convex and can be solved efficiently
[107]. The disadvantage is that this solution will be biased, in that the singular
values will be shrunk [47].

Several different methods have been proposed in an attempt to remedy the issue
of the shrinking of large singular values. Among them, the weighted nuclear
norm [108], which has been generalized to so called generalized singular value
thresholding in [109].

3.3.2 Quadratic Envelope

The second approach to achieving a low-rank solution that will be used in
this paper, is the use of a function created in attempt to closer emulate the
£o-pseudonorm, the so called quadratic envelope of the £yp-norm. The quadratic
envelope of a function consists of pointwise, quadratic approximations, that
nowhere overestimate the original function. For the function g : R®™ — R, the
quadratic envelope, at the point u € R”, is defined as

i

g
o (9w = sw {a—Zu-vlP:a-Tlz—v|*<glz), V2|, (317)
a€R,veR” 2 2

i.e., the supremum of all functions of the form a — Z|ju — v||?, that nowhere
overestimates the original function g(-). The parameter v > 0 controls how
close this envelope will be to the original function. A smaller value of v means a
larger degree of smoothing of the function, whereas Q~(g) converges point-wise
to g as vy — oo [100].

Firstly, it is readily verified that

Mullo =AD" [unllo- (3.18)
n=1

In other words, the problem decouples in all dimensions, and we can, without
loss of generality, look at a one-dimensional version of the aforementioned
function, i.e., u = u. This has been considered before, in works like [110] and
[111], with support of the theory in [112] and [113], but we restate the results
here. Further, since this is to be applied to the singular values, we will, to
simplify the exposition, only consider u > 0.
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Proposition

The quadratic envelope of Aqg||lullo is given by

TAgEu — Lu?
%(W«h)(@:{m“ L u<p (3.19)

AQE s p<u

or, equivalently,
v
Qy(Aqell - llo) (u) = Aqe — gmax (1 —u, 0)%, (3.20)

where p1 = 1/2Aqr/7, and Aqe > 0 is analogous to Anxy in (3.16).

Proof

The proof is based on [113], but for the convenience of the reader we iterate it
here. See Appendix 3.7.

The major benefit of the quadratic envelope, as compared to the nuclear norm,
manifests itself in (3.19). For values u larger than p, the quadratic envelope is
constant. The differences between the nuclear norm and the quadratic envelope
in approximating ||ul|o are further illustrated in Fig. 3.1. The effect of the
parameter 7 is noticeable, in that a larger v yields an envelope closer to ||lu|o-
Further, it can be seen that the main effect of increasing Aqg is raising the level
at which the function remains constant.

A particular case of the penalty (3.20), when v = 2, has been considered in
[102]. Adding (3.20) to (3.5) yields the final form of the second optimization
problem we are aiming to solve in Section 3.4,

o1
minfmize £ [y — )3 + © (Ryq (), (3:21)
where we, for ease of notation, for a matrix X, define

Q(X) = 2y(Aqell - llo) (¢ (X)) (3.22)

As previously mentioned, v is a parameter that controls the fidelity of Q,(g)
to the original function g. If v < ||A]|, then the objective function in (3.21)
is convex. This is of course a very desirable property as these problems are
generally considered comparatively easy to solve. However, for v > ||.A[|?! we
have the following upside: if h is a (strict) local minimizer of (3.21), then h is
also a (strict) local minimizer of (3.15). In addition to this, their global minima
coincide [100, Theorem 5.2].

1n [114] this was erroneously given as v > ||.A||
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Figure 3.1: Nuclear norm and quadratic envelope, for varying parameter values.
For reference, the £p-pseudo-norm is indicated by the dashed green line.

3.4 Algorithm

3.4.1 Preliminaries

As previously indicated, the optimization problem will be solved using the
proximal gradient method, also known as forward-backward splitting (FBS),
which can be seen in Algorithm 1. It has become very popular recently due to
its ability to handle non-smooth functions. For more on the proximal gradient
method, see e.g., [115, 116, 105]. The general idea is to alternate between taking
a step in the negative direction of the gradient of the smooth data-fit term f,
and trying to minimize the (possibly non-smooth) penalty function g, using
the so-called prozimal operator. For a function g(V) : R?*? — R, with the step
length parameter p > 0, it is defined as

1
prox, (V) = argzmin (g(Z) + %HZ - V||i~> (3.23)

In Algorithm 1, the gradient step, u* — pr(uk), is to be interpreted as the
forward step, and the proximal mapping, prox pg(-), as the backward step. Here,
L denotes the Lipschitz constant of V f. In order to guarantee that Algorithm 1
will converge, a few additional technical assumptions have to be made about f
and g respectively. These are all met for the problems considered in this paper,
more details can be found in [117].
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Algorithm 1: Proximal Gradient Method (PG)
Set u® € R™ and p € (0,2L71]
for k=0,1,.... do

|t S prox,, (uh — pV f(ub))

In order to facilitate the exposition we will introduce a couple of linear operators.
The operator H : R™ — R" denotes the reversion of the order of the elements
in a vector, i.e H(x) = [Xn, ,Xn,—1,... ,x1]". The operator F : R® — C"
denotes the discrete Fourier transform (DFT), and F~!: C" — R the inverse
DFT.2 The operator P* : R* — R"** denotes padding of a vector with k
zeroes at the end. Finally, the operator C;' : R™ — R *+1 where n > k and
m > n —k+ 1, is the linear operator that picks out the kth till the nth element
of a vector, ie., CP(y) = [y;€7 Vidls «--s yn}.

3.4.2 Proposed Algorithm

The previously introduced operators A4 and A* can now be expressed in terms
of these operators,

A(h) =y (]-"‘1 (f(P"w—l(h)) ® ]-"(P"h‘l(x))>), (3.24)
and
A(y)=Cpe <]—'1 (f(P”r"h (H(x))) @ F(P2ra=rn=r (y)))>7 (3.25)

respectively.

The first step in iteratively solving (3.16) and (3.21), respectively, is the gradient
step, with respect to the data-fit term f in the cost function. The gradient of
(3.5) is given by

Vi=A"(AMh))—A"(y). (3.26)

For the backward step, there is a seemingly complicating fact in that this is to
be taken with respect to a matrix and its singular values. This, however, turns
out not to be a problem. After the gradient step, the vector is reshaped into a
matrix, and an SVD is performed on that matrix.

2In the general case, F~1 : C® — C", but because of the conjugate symmetry properties
of the signals considered here, we will have F~1: C"* — R™
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Proposition

The proximal operator of Q(H) is given by

prox,g.)(H) =U D(proprW(AQE”_HO) (J(H))) vT, (3.27)

and the proximal operator of Axx||o(H)||1 is given by

PIOX . () = U D (prox, s, ., (0(FD) ) V7, (3.28)

where D : R? — R9%7 is the operation of creating a diagonal g x g-matrix,
with the argument of the operator as the diagonal. The explicit expressions for
prox, oy (H) and prox,, .- (H) are given in Appendix 3.8.

Proof

See Appendix 3.8. It may be noted that this is due to the orthogonal invariance
of Q(H) and Ann|lo(H)||1, respectively [116].

After either of the proximal operators has acted on the vector of singular values,
all that remains is to reassemble the matrix, with the adjusted singular values,
and then vectorize, in order to get the current iterate of the estimated RIR.
Finally, a check is made to see if the algorithm is making enough progress, i.e., if
the new iterate is sufficiently different from the previous one, or if the iterative
procedure should be terminated. These steps are summarized in Algorithm 2.
Solving (3.16) or (3.21) differs only in the use of proximal operator. That is
reflected in step 3 of Algorithm 2, in that 3a) corresponds to solving (3.16) and
3b) corresponds to solving (3.21).

The parameter p in (3.23) controls the balance between minimizing the penalty
function, and staying close the current point V, and serves as step-size for
the proximal gradient algorithm. Small values of p will yield a Z close to V,
whereas larger values of p will result in Z being closer to the minimum of g(Z).
In order to assure that the sequence generated by Algorithm 1 is bounded, we
must chose p € (0,2/L) [118].

We have that |[Vf(w) — Vf(z)|] < ||[A*A|[|w — z|| i.e., L < | A*A|. For a
linear operator, the norm of the operator is the same as for the corresponding
matrix, i.e., [|[A*A| = [|[XTX]||, where X € R™*" is the Toeplitz matrix s.t.
A(h) = Xh. Computing || X7 X]|| is, however, computationally demanding and
something that should be avoided if possible. In this instance, it is possible to
use a bound on ||X]|. It is shown in [119] that | X]|| < 2M, where M denotes
the essential supremum of the absolute value of the Fourier series of x. Taken
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Algorithm 2: Low-Rank RIR Estimation Algorithm

Input: h, p, v, A, X, y, tol, maxIter
for £ =0,1,..., maxlter do
1: wF = h* — p(A*(A(h*))—A*(y)) {Forward step}
2: WF =R, (wF)
3a): HF! = prox,, . (WF) {Backward step}
3 b): H*! = prox,o(W") {Backward step}
4: hk+1 — Rq_ql(Hk—"_l)
if |h*+1 —h*||/(|b*| + ) < tol then
break
end if
end for

together with the well-established fact that, for any two linear operators A and
B, || AB| < |l A||||B]|, we have that L < 4M?. In order to ensure that the strict
inequality is upheld, we let

p=099 (2M?) 7" (3.29)

Finally, three more parameters need to be set by the user. A maximum number
of iterations, mazlter, that the user is willing to run, a tolerance level, tol, to
determine when the algorithm is not making sufficient progress anymore and
should be terminated, and a small number § to avoid division by zero in the
normalization of the norm of the difference between the new and the old iterate.
Preliminary simulations showed that mazlter = 104, tol = 1074, and § = 1076
were suitable choices, and these values will be used throughout this paper.

3.4.3 Computational Complexity

In this Section we study the computational complexity of Algorithm 2, as
a function of the length of the RIR, n;,. The difference between using the
nuclear norm or quadratic envelope penalty is negligible, in terms of complexity
per iteration. Asymptotically, as n;, — oo, the most demanding steps of the
algorithm is step 3. In step 3, we perform a singular value decomposition of
the \/np, X /np-matrix W*, which requires (’)(ni/ 2) multiplications. Then, two
V/Mh X y/np-matrix multiplications are carried out, which, if naively executed,

requires (’)(ni/ *) multiplications.

In terms of wall time, for problems of the size studied in this paper, step 1
of the algorithm is the most demanding. Although the fast Fourier transform
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(FFT) require only O(np log (ny)) multiplications, the fact that we in step 1
have to carry out 4 of these (including the IFFT’s) each iteration, makes this
the most time-consuming part of the algorithm.

3.5 Numerical Results

)

In order to visualize the dependence of the proposed and benchmark algorithms
performance on room related parameters, we will first provide numerical
results using synthetically generated RIRs. Then, to demonstrate the practical
applicability of the proposed algorithm, we proceed by presenting results of
simulations using real-life RIRs. The accuracy of an RIR estimate, fl, is
measured by the normalized misalignment, defined as

. h—h
Mas (h) = 20 logy, (”h”2”2> : (3.30)

where h is the RIR we are aiming to estimate. In Sections 3.5.9 and 3.5.10 we
will use slightly modified evaluation measures, which will be further explained
there. Throughout this Section we will compare the performance of the two
proposed methods to that of two benchmark methods. Firstly, ordinary least
squares, i.e., without regularization, corresponding to solving (3.5). Secondly,
least squares, with Tikhonov regularization, i.e., solving

1
mianize§||Y—A(h)H§ + Ar||/h||Z, (3.31)

where At controls the degree of regularization.

3.5.1 Impact of Tj,

First we present simulations performed on synthetically generated RIRs, in
order to show how the algorithms under comparison perform, as a function of
the reverberation time, Tgg, of the room. The Ty is defined as the time required
for the sound level to drop 60 dB after switching off a stationary source. The
RIRs are generated by letting each tap independently be drawn from a normal
distribution, with an exponentially decaying envelope, corresponding to the
given Tgo. This is a stochastic reverberation model [120], and can be attributed
to [121] and [122]. In this simulation example, for each value of Tgg, taken from
a grid of 9 values in the range [33, 300] ms, 10 synthetic RIRs were generated.
The system was driven by a white Gaussian noise. Finally, independent white
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Figure 3.2: Normalized misalignment as a function of Tgq.

Gaussian measurement noise was added, with signal-to-noise ratio (SNRgp)
= 10, defined as

P
SNR4p = 10 log;, (PS) : (3.32)
N

where Ps and Py denote the power of the output signal without the noise, and
the power of the noise, respectively. The RIR length, ny, was set to correspond
to the reverberation time, and n, was set to 1.2ny, in order to have comparable
overdetermined systems, for the various values of Tyy. The hyperparameters A,
ANN; AQE, and y were tuned for each individual setting, by finding the optimal
values using another set of randomly generated RIRs. The results are shown
in Fig. 3.2. There it can be seen that the performance is close to constant as
a function of T for all the analyzed methods, and that the low-rank models
outperform ordinary least squares, as well as Tikhonov-regularized least squares,
with a slight preference for the quadratic envelope.

3.5.2 SMARD

In order to demonstrate the proposed methods’ applicability to actual measured
RIRs, we apply it to the single- and multichannel audio recordings database
(SMARD) [1]. These recordings are sampled at 48 kHz, for 12 seconds, yielding
impulse responses of 576 - 103 taps. These are recorded at various source
and receiver positions, and with varying equipment, in a room of size 7.34 m
x8.09 m x2.87 m, with a reverberation time of approximately 0.15 s. In total,
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the dataset contains 1008 RIRs. Two things should be noted regarding the
numerical simulations performed here. Firstly, the RIRs are truncated at some
discrete-time index N < 576 - 103. Secondly, the truncated RIRs are set to
start at the, in absolute value, largest value of the original RIR recording, i.e.,
at the point where the direct component hits the microphone.

3.5.3 Hyperparameter Tuning

As with any algorithm requiring hyperparameters, the parameters of the
proposed algorithm need to be rigorously set, in order for the algorithm to
be effective. In this Section we expand on the tuning of the hyperparameters
for the compared methods. The dependence on the variables of the problem
largely decouples between the hyperparameters, with the optimal choice of
being impacted by the input signal x, and Aqg, Ann, and At depending on the
SNR, much like in sparse estimation. Using a random subset of 20 of the RIRs
of SMARD, we here vary the SNRyp for white Gaussian measurement noise
from 0 to 20 in steps of 2, and find the optimal choice of Aqg, Ann, and Ar
respectively, for each value of the SNR. We then perform linear regression to
find models for Aqr, Ann, and Ar, as a function of the SNR. This is done with
ny, = 3600, n, = 4320, v = 102 and with white Gaussian noise of unit power
as input. In accordance with the results of this, we let Aqg = 100-4-0.14-SNRap |
Ann = 1073 7-0.085NRas and \p = 103:6-0-1SNRas  For AqE and Ann, this can
is illustrated in Fig. 3.3. Different choices of nj, and n, would yield different
values for the model parameters, hence simulations from hereon throughout
this paper will be done with n; = 3600 and n, = 4320, respectively. The
performance of the proposed algorithms, as a function of SNR, will be discussed
in Section 3.5.4.

As for ~, the main dependency is on the input x, but the dependency is more
involved. The optimal choice is impacted by the power of the input signal, as
well as the length of the RIR, n;, (and thereby the length of the input signal, n),
and finally also the frequency content of the input signal. It is therefore very
difficult to find a model that covers all possible choices of these variables. For a
vast majority of the experiments performed, preliminary simulations showed
that v = 102 was a good enough choice. In Sections 3.5.7 and 3.5.9, where the
frequency content of the input signal is varied, each scenario requires its own
optimized v, which can be found in Table 3.1. In Section 3.5.8, where snippets
of speech are used as input, ¥ = 1072 proved to be a good choice.
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Figure 3.3: Linear regression for Aqg (top) and Axn (bottom), respectively, as
a function of SNRgp.

3.5.4 SNR

The benefit of low-rank modeling of the RIR becomes particularly evident when
the signal-to-noise ratio is low. With white Gaussian noise as input and values
of Aqe, Ann, A, and v as described in Section 3.5.3, and using all of the
1008 RIRs from SMARD, we showcase the adequacy of the proposed modeling
framework. The results can be seen in Fig. 3.4. The low-rank enforcing methods
are clearly preferable to ordinary least squares, as well as Tikhonov regularized
least squares. As expected, the difference compared to ordinary least squares is
particularly apparent when the SNR is low.

3.5.5 Convergence Analysis

For the least squares methods, ordinary and with Tikhonov regularization, we
have closed-form expressions, and no iterative procedure is needed. For the
nuclear norm and quadratic envelope, however, we here showcase the difference
in speed of convergence, using part of the simulations done in Section 3.5.4. In
Fig. 3.5, we see the averaged normalized misalignment for the two iterative
methods, as a function of the iteration index, for the case where SNRqg = 10.
The difference in average number of iterations needed for convergence for the
quadratic envelope and nuclear norm, for this particular value of SNR, was
negligible. We see in Fig. 3.5 that the normalized misalignment, for a given
number of iterations, is lesser for the quadratic envelope, compared to the
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Figure 3.4: Normalized misalignment as a function of SNRgp.
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Figure 3.5: Normalized misalignment as a function of number of iterations.

nuclear norm. Preliminary simulations showed similar behaviour for other SNR
values, both in terms of the relation between the number of iterations needed
for convergence of the respective methods, and the decay of the normalized
misalignment, as a function of the iteration index.
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3.5.6 Hyperparameter Sensitivity

In Section 3.5.4 we saw that the quadratic envelope and nuclear norm
regularizations performed similarly as a function of the SNR, when oracle
knowledge of the SNR was assumed. Using all the 1008 RIRs of SMARD, with
SNRgp = 10, and white Gaussian noise as input, we here consider what happens
if the algorithms are provided over- or underestimated values of their respective
regularization parameters. According to the formulas provided in Section
3.5.3, we set Aqp = 1004701410\ = 10=3.7-0.0810 ang \p = 103-6-0-1-10
respectively. We then look at what happens if these parameters are multiplied
by a factor of 107! or 10', so as to simulate an underestimation and an
overestimation respectively. The averaged results are found in Fig. 3.6. There it
can be seen that the quadratic envelope clearly is the method losing the least in
accuracy, for the perturbed parameter values. This suggests that the quadratic
envelope would be particularly useful in scenarios where the SNR is not known
exactly. For reference, the average misalignment using ordinary least squares is
on the order of —5 dB, indicating that when the knowledge of the SNR is poor
and the regularization parameter is overestimated, some types of regularization
do more harm than good.
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Figure 3.7: Normalized misalignment as a function of o. Average (top) and
standard deviation (bottom), respectively.

3.5.7 Frequency Content of Input Signal

In this Section, we investigate how the proposed method performs as a function
of inverse frequency power of the input, i.e., colored noise with the power
spectral density 1/|f|*. As previously mentioned, the hyperparameter values’
dependency on the variables of the problem is complicated. Therefore, when
displaying the aptitude of the proposed method as a function of «, the
hyperparameters were tuned on 20 randomly selected RIRs. These parameter
values are shown in Table 3.1. Then, with these hyperparameter values,
simulations were done on all of the RIRs of SMARD, and with SNRqg = 10. The
results are displayed in Fig. 3.7. There it can be see that the low-rank estimation
methods, nuclear norm regularization as well as the quadratic envelope of the
fo-norm, are particularly successful, in comparison to ordinary least squares,
when the color of the noise is not white. As for the performance of Tikhonov
least squares, we note that it is fairly constant as a function of . Thus, the
difference in performance between the low-rank methods and Tikhonov least
squares is largest for a close to zero.

3.56.8 Speech Signal Input

As indicated in Section 3.5.7, the proposed method provides the most
improvement to the RIR estimation when the spectral excitation by the input
signal is poor. We study this input by letting the driving signal be a speech
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Table 3.1: Parameter values used when varying a.

Lo [ v [ree] dw | |
-1 [107*2 [ 10* [ 107°* | 107
-0.5 [ 10735 | 10* | 107° | 10%2
0 [ 107321 10" [ 10~%F | 10%6
05 [10°>* [ 10* | 107*8 | 10°
1 | 10758 [ 10" [ 10776 [ 10°°

signal. Yet again, we set all the parameter values in accordance with the
discussion in Section 3.5.3 (note that here v = 1072), and use 100 randomly
chosen RIRs from SMARD, all driven by 10 different snippets of anechoic male
and female speech, chosen at random from the TSP Speech Database [123].
In order to make sure that the speech snippets contained enough power, they
where all chosen with the criterion that ||x|| > 2. The results can be seen in
Fig. 3.8. Here, we have opted to not plot the normalized misalignment of the
ordinary least squares estimation. It was consistently at least two orders of
magnitude larger than the other methods, and the inclusion of it in Fig. 3.8
would cloud the difference between the other methods. It can be seen that, the
low-rank methods outperform Tikhonov regularized least squares. This further
strengthens the hypothesis that the low-rank modeling is most useful when the
input spectral excitation is poor.

3.5.9 Input-output Relations

In order to further investigate the merit of the low-rank estimation, we will in
this Section, as previously indicated, use a slightly modified evaluation measure.
Instead of, as previously, looking at the distance between the estimated RIR
and the measured RIR, we will here look at the following metric,

M3, (h) — 20 logy, <E lh*X_h*XhD , (3.33)

[LERP

where x is a previously unseen signal, with the same properties as the input
signal generating the output y, from which h is estimated, and the expectation
is with respect to x. We will refer to this as normalized output misalignment.
Under these conditions, we replicate the experiment in Section 3.5.7. The same
parameter values as in Section 3.5.7 are used, i.e., the ones found in Table
3.1. Here, a subset of 100 randomly chosen RIRs from SMARD were used,
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Figure 3.8: Average normalized misalignment, using speech signals, as a function
of SNRdB.

and (3.33) was estimated using 50 different instances of x, drawn from the
same distribution as the input signal. The results can be seen in Fig. 3.9. It
can be noticed that, for all but ordinary least squares, the normalized output
misalignment is decreasing as a function of a. One possible explanation for
this is the discrepancy in spectral excitation. For a = —1, poor estimation
at a certain frequency is more likely to be masked by poor spectral excitation
by the input signal, at that particular frequency. The benefit of the low-rank
regularization is, however, evident all across the board.

3.5.10 Cramér—-Rao Lower Bound
In this Section we study the mean squared error (MSE),

MSE (h) ~E [||ﬁ - h||§] 7 (3.34)
of the suggested estimators, in relation to theoretical bounds given by the

Cramér-Rao Lower Bound (CRLB), the smallest variance that can be achieved
by an unbiased estimator. Let

Eh:E{(ﬁ—h) (ﬁ—h)T} (3.35)
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Figure 3.9: Normalized output misalignment as a function of «, different
evaluation signal. Average (top) and standard deviation (bottom), respectively.

denote the error covariance matrix of an unbiased estimator h. We have that
MSE (h) = tr(Xp), and it can also be noticed that

MSE (h) = Var (h) + Bias (ﬁ, h)2 . (3.36)

We then define
MSEq (h) = 20 logy, (MSE (h)) (3.37)

The CRLB of the variance of low-rank estimation algorithms has been explored
by Tang et. al in [124]. For the convenience of the reader, we here reiterate
the principal content of their results. Let 3 denote the measurement noise
covariance matrix. We then have that

»n > PPT (XTS7'X) PP, (3.38)

with S , )
P=[VoU VeU VeU]eR? 2 (3.39)
U=[U U] =[U; Uy ... U Uy ... U], V=]V V] =
[Vl Vo ... V., V. ... Vp], U; and V; denoting the jth column of

U and V respectively, r is the rank, and we remind the reader that U and V
come from the SVD of H = USV7, and that X is the Toeplitz matrix from
(3.3). Further, A > B means that A — B is positive semidefinite. It follows
from (3.38) that, by taking the trace of both sides of the inequality, using the
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cyclic property of the trace operation, and the fact that PTP = Log—ryr
MSE > tr ([P (X"E7X) P] ), (3.40)
i.e., the right-hand side of (3.40) is the CRLB.

As previously touched upon, an RIR from SMARD will, when matricized, not be
low-rank in a strict sense. In order to avoid complicated error bounds depending
on the misspecification of the model, we will therefore, in this Section, make
low-rank approximations of the matricized RIRs, in order to be able to study
the properties of the estimation, in relation to the CRLB. Hence, h will in this
Section be a rank-20 approximation of the recorded and truncated RIR. This is
a meritable approximation, as per the discussion in [95]. A rigorous analysis
of performance bounds for a not strictly low-rank RIR that has (purposefully)
been misspecified as low-rank, is beyond the scope of this paper, and will be
left for future work.

Comparison is made with two different theoretical bounds. The first one is
under the assumption that the low-rank property is unknown. For the second
bound, the low-rank property is known. Yet again, the parameter values from
Section 3.5.3 are used. Experiments were performed using 50 randomly chosen
RIRs from SMARD, and for each RIR running 20 Monte Carlo-simulations.
The results, averaged over the Monte Carlo-simulations and the different RIRs,
can be seen in Fig. 3.10. As expected, the first bound is greater than the second
one. The low-rank methods constantly outperform the first bound, which is to
be expected, since they are using information not available to that theoretical
bound. In relation to the second bound, the low-rank methods outperform the
bound for lower values of SNR. This is possible since the estimator is biased.
Also this outperformance is appealing to intuition. For a lower SNR, the gain
that comes from the regularization in terms of improved conditioning, can
reduce variance so that it outweighs the added bias, something that is generally
not possible with an increasing SNR.

3.6 Conclusion

In this paper we have presented a method for exploiting low-rank, or close to
low-rank, properties of RIRs. The low-rank penalty serves as a regularizer and
prevents an overfitted solution, similar to the idea of sparse estimation. The
low-rank penalty is enforced on a matricization of the coefficient vector, and
consists of either the nuclear norm, or the quadratic envelope of the ¢y-pseudo-
norm of the vector of singular values of the matrix. The results of the proposed
methods are compared to those of ordinary least squares, as well as Tikhonov
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Figure 3.10: Comparison with CRLB.

regularized least squares. It is shown that the low-rank methods work very well
in general, but excel particularly when either the SNR is low, or when the input
spectral excitation is poor, which can stem from the input signal being either
colored noise or a speech signal. The difference between the two investigated
low-rank methods, i.e., nuclear norm and quadratic envelope, is comparatively
small. The main benefit of the nuclear norm is the convexity, and that only one
hyper parameter has to be tuned. The quadratic envelope, on the other hand,
displays superior robustness to a suboptimally chosen regularization parameter,
in the case where oracle knowledge about the SNR cannot be assumed.

Future work will focus on investigating the properties of the error introduced
by the low-rank estimation. A structure to this error could indicate possible
improvements, as well as potential applications, for the methods proposed
here. The interplay between the bias introduced by a misspecification, and
the possible reduced estimation variance, is another research area we aim to
explore.

3.7 Appendix: Quadratic Envelope of \||z||,

When trying to find Q(Aqg| - |jo) (u), we notice two things. Firstly,
9, (Aqell - lo) (0) = 0 and secondly, Vu s.t. |u| > C, for some constant C' > 0,
9Q,(AqEll - llo) (u) = Aqe. The question is then what the value of C' is, and
what values Q,(Aqgl - |lo) (u) takes on for u € (—C,C). The limiting factor
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for the envelope is that Aqg|[0llo = 0, i.e., the negative quadratic function
must pass through, or below, the origin. This yields the constraint that
o — %02 <0< aL %vz. Looking for the supremum, we want to chose
the largest possible a, hence av = %’U2. Inserting this into (3.17) and simplifying
yields

2 2
sup {'yuv - &;’yzv _ < AqEllzllo, ¥V 2z € R} . (3.41)
'UER 2 2
We know this is valid in z = 0 so we can write
2 2
sup {’yuv’y; :fyzvf% < AQE; VZER\{O}}. (3.42)
vER

If the peak of the parabola is at or below v = Aqg then, naturally, all other
points on the parabola will be as well. Therefore we insert z = v and simplify

2 2 2
sup {’yuv B L < )\QE} = sup {Vuv _re. lv| < ,u} , (3.43)
yeR 2 2 vER 2

where 1 = \/2Aqg/7. The expression we aim to maximize, yuv— 7%2, is growing
in v if v > 0, and in —v if v < 0. In other words, we want to choose v as big as
possible, in modulo, without ever overestimating g(z), yielding y = sign(u)pu.
Inserting this value for v into Q@ (Aqgl| - [|o) (u) and setting this expression equal
to Aqe yields that this occurs at w = £, thus, the sought after point C' = p.
Taken together we have

o — 112
QW<AQE||-|O>(u):{m“ Fu? L u<p (3.44)

AQE 7IJ’SU

or, equivalently,

Q, (Al - llo) (u) = Aqe — Jmax (1 —u,0)°. (3.45)

3.8 Appendix: Proximal Operators
The regularization terms of (3.16) and (3.21) are both orthogonally invariant
[116]. A function g : R9*? — R is said to be orthogonally invariant if

4(S) = g(USVT) (3.46)

for all S € R9%9, U € R9%9, and VT € R7%9, where U and V7 are orthogonal
matrices. More specifically, this means that

9(H) = g(D (0 (H)). (3.47)
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A function g is orthogonally invariant if and only if g = go o, where §: R? — R
is absolutely symmetric. More details can be found in [116]. This implies that,
for the proximal operator of an orthogonally invariant function g, it holds that

prox,,(H) = U D(prox,; (o (H))) vT, (3.48)

i.e., the proximal step is performed on the vector of singular values [116].
For the nuclear norm regularizer, the corresponding proximal operator
prox, - (o(H)) in (3.28) is given by element-wise applying the so-called
soft-thresholding operator Sy, : R? — R? [125],

Sxx (0(H),) = max (o(H),, — Ann, 0) (3.49)
n=1,2,...,q where o(H),, denotes the nth element of o(H).

For the penalty term in (3.21), we make use of the fact that the function
decouples and that we therefore, without loss of generality, can consider the
one-dimensional case. Further, since this is to be used for singular values, we
consider only u > 0 as argument and z > 0 as function value. Finally, in order
for the proximal operator to be single-valued, we must have that vp < 1, since
this guarantees that the curvature is strictly positive everywhere.

The proximal operator, (3.23) returns the argument that minimizes the sum
of two terms; the original function Q- (Aqgl| - [lo) (2), and the proximity term,
%p(u — 2)%2. What is sought after is the argument z that minimizes the sum
of these, for a given u. First, it can be concluded that for v = 0, where the
proximal operator is not differentiable, the optimal choice of z is 0. This renders
a cost of 0, so no choice can be better. Next, the question is if there is a u > 0,
for which choosing a z > 0 yields a lower cost than z = 0 and, if so, what u?
For z > 0 the proximal operator is differentiable. We can set that derivative

equal to zero to find the optimal choice of z there, zop¢. This yields that

u—pyp ’0 <u<
Zopt = { : (3.50)
u <,

where p = y/2Aqr/7. Comparing the costs and determining when it is better
to choose z > 0, as opposed to z = 0, is equivalent of finding for which z

1 1
AQE — %max (1 — Zopt, 0)° + %(u — Zopt)? < %u2. (3.51)
Inserting zopt from (3.50) yields that & > u~yp. Taken together,

0 0<u < pyp

ProX,o (age| o) (W) = § THE S uyp <u<pi. (3.52)

U b S u
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To the best of the authors’ knowledge, the explicit expression has not been
published before.
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Abstract

In this paper we consider fast time-domain convolution, exploiting low-rank
properties of an impulse response (IR). This reduces the computational
complexity, speeding up the convolution, without introducing latency. Previous
work has considered a truncated singular value decomposition (SVD) of a
two-dimensional matricization, or reshaping, of the IR. We here build upon
this idea, by providing an algorithm for convolution with a three-dimensional
tensorization of the IR. We provide simulations using real-life acoustic room
impulse responses (RIRs) of various lengths, convolving them with music, as
well as speech signals. The proposed algorithm is shown to outperform the
comparable existing algorithm in terms of signal quality degradation, for all
considered scenarios, without increasing the computational complexity, or the
memory usage.

4.1 Introduction

Ever since the seminal works by Cooley and Tukey, [53], and Stokham,
[54], a popular approach to efficiently compute the convolution of two time-
domain signals has been to perform it in the discrete frequency domain. The
convolution theorem states that convolution in the time-domain equals point-
wise multiplication in the frequency domain, allowing for considerable reduction
of the computational complexity in most cases, owing to the computational
efficiency of the fast Fourier transform (FFT) algorithm. The frequency-domain
convolution has been further improved by methods such as overlap-add (OLA)
and overlap-save (OLS), and partitioned convolution (see e.g. [64]). Frequency-
domain convolution is, however, block-based and inevitably introduces input-
output latency [126]. Perceptual convolution, introduced by Lee et al. in [127],
is another possible way to speed up the convolution. Here, a perceptual criterion
is used in order to reduce the computational complexity, without considerable
signal quality degradation. Yet another approach to accelerate computations is
optimizing the implementation with respect to the processor architecture, and
the use of graphics processing units (see e.g. [128] and the references therein).

In this paper we look to exploit the (approximate) low-rank structure of an
impulse response (IR) in order to carry out fast time-domain convolution.
Low-rank modeling is used in a variety of applications, such as image analysis
[129], matrix completion [125], and recently also acoustic signal processing
[130, 95, 114], and has been shown to yield possibly more compact models.
Utilizing low rank in time-domain convolution has been considered before by
Atkins et al. in [126]. Therein, the authors consider a low-rank approximation
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of a two-dimensional matricization of the IR. In this work, we extend upon this
idea and show how the concept of low-rank convolution can be generalized, and
we provide a detailed algorithm for the three-dimensional case. This is motivated
by the findings in [95], where it was shown that higher-order tensorization yields
a lower IR approximation error, given a fixed compression rate. By performing
the convolution in the time domain, low latency can be achieved. In [126], to
further promote a compact representation of the IR, the resulting finite impulse
response (FIR) filter is approximated by an infinite impulse response (IIR) filter.
Herein, the proposed method is concerned with exploiting low-rank structure
of IRs on FIR form, with possible extensions of the IIR methodology being a
topic of future research. Accordingly, as to allow for a fair comparison between
the algorithm in [126] and the herein proposed method, the IIR approximation
is not considered in the numerical section.

This paper is organized as follows: first Section 4.1 is concluded with an
introduction of the notation used in this paper. Then, in Section 4.2, we
introduce the signal model. Low-rank convolution is explained in Section 4.3,
where we first give an account of the algorithm from [126], then introduce the
proposed algorithm, and lastly expand on its complexity. Simulation results are
presented in Section 4.4, and in Section 4.5 we present our conclusions.

4.1.1 Notation

We denote scalars, vectors, matrices, and tensors by lower case (e.g., h),
bold lowercase (e.g., h), bold uppercase (e.g., H), and calligraphic letters
(e.g., M), respectively. Linear operators are also denoted by calligraphic
letters, but it will be clear from context what is considered. The selection
of one or several elements from a vector, matrix, or tensor will be denoted by
square brackets, e.g. H[m : n,j] is a vector containing the mth till the nth
element of the jth column of H. The symbol o denotes the outer product, i.e.,

(x10Xg0---0xp)[j1,J2,--,Jp] = X1[j1]x2[j2] . .. xp[jp]

4.2 Signal Model

In this work we consider a discrete-time impulse response (IR) h(k), for
k=0,1,...,n, — 1, arranged in the vector h € R"» as well as a discrete-
time signal z(k), for £k = 1,2,...,n,, arranged in the vector x € R"=. The
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convolution of these vectors yield the discrete-time output

’ﬂh,fl

y(k) = > h(n)z(k - n), (4.1)

for k=1,2,...,n,, with corresponding vector y € R™, where n, = nj +n, — 1.
Generally, throughout this paper, an element is considered to be 0, if the index
is out of its defined range, equivalent to appropriate zero-padding.

Many signals can be considered low-rank, in the sense that if the signal
vector is reshaped into a matrix, the matrix will have low rank (see e.g.,
[45]). This persists for higher-order tensorization, where the rank of a tensor
H € RMsaXMexXXNsp - with ng, denoting the size of the dth dimension,
d=1,2,...,D, is defined as the smallest number of rank-1 tensors needed to
generate the tensor as their sum. As IRs used in real-world applications are
often estimated from noisy measurements, a recorded (estimated) IR will rarely
be low-rank in a strict sense. Therefore, in this paper, low-rank is used in a less
strict sense, i.e., a low-rank approximation will render a small approximation
error. An example of this are acoustic room impulse responses (RIRs), which
we have explored in previous work [95].

4.3 Low-rank Convolution Algorithm

4.3.1 Partitioned Truncated SVD Filter

As to give background to the herein proposed method for fast convolution, we
first give a brief description of the method in [126]. Assuming nj, = ns, ns,, for
ns,, Ns, € N, an output sample y(k) of the convolution in (4.1) can instead be

written as
MNsqy

y(k) = x h0), (4.2)
j=1

where h@) 2 [h((j — Dng,) ... h(jns, — 1)) and x 2 [z(k — (G —
Dng,) ... x(k—jngs, +1)]7, for j = 1,2,...,ns,. This is merely a rearrangement,
as in (4.1), y(k) is written as an inner product computed from vectors of length
np = Mg, Ns,, whereas in (4.2), it is written as the sum of ng, inner products,
where the corresponding vectors are of length ng,. Furthermore, the IR h can
be reshaped into a matrix H = [h(l) e h("sz)] € R™s1%"s2 . Agsuming that
this matrix is rank-1, i.e., it can be written as the outer product H = s; o s,
for two vectors s; € R™1 and sy € R"s2, we have that

H-= [Slsg[l] 5152[2] ... S1S9 [nSQ]] s (43)
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i.e., the jth column of H, corresponding to h), is the vector s; scaled by sa|j],
j=1,2,...,ns,. The following property is readily verified,

D) — xbta) ez, (4.4)

X - Xk:Jrana1

Because of (4.3) and (4.4), only the first inner product of the sum in (4.2) has
to be computed per output sample k, as

y(k) = (x"s1) sal +Z(<” 1) salil (4.5)

The other inner products of the sum, i.e., X,&J)Tsl, for 5 =2,...,ns,, have
already been computed for a previous time sample, and can therefore be fetched
from memory and multiplied with the appropriate entry from s,. This reduces
the number of multiplications per sample to be carried out, from ny = ng, ns,
to ng, + ng,. These ideas can be extended to a matrix H of arbitrary rank R.
Instead of H being just the outer product of two vectors, it is now a sum of R
outer products,

R

R
H=S,8! = ZSl[:,r] o Sof:, 7] = ZSl[:,r]Sg[:,T]T, (4.6)

r=1

for S; € R™1*% and Sy € R™2*%. We have a similar pattern as in (4.3) in
that

R
hO) = H[:, j] = S[:;,7]Sa (4,71, (4.7)
r=1
which enables us to extend (4.5) to
kil T Deo AT
y(k) =3 [ < SilsrSafl ] + D % Si[5rSalsr] | (4.8)
r=1 j=2

where only R inner products have to be computed for each time sample. Similar
o (4.5), this reduces the number of multiplications to R(ns, + ns,).

4.3.2 Fast Convolution by Tensor Approximation

Next, we show how the ideas from [126] can be extended, and propose a detailed
algorithm for the three-dimensional case. Let the IR h be reshaped into a tensor
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H € RMer XMs2 X XNsp - and assume that H is of rank R. Then, analogously to

(4.6),
R

HZzsl[:,r]oSz[:,r]o~--oSD[:,r], (4.9)

r=1

where S; € R™a*® d=1,2,..., D, and in analog to (4.7) we have that

H[:7j2aj37"'a]D Zsl SQ ]2) ] "SD[jDaT]' (410)

The equality of (4.4) can be generalized according to

(J2:J85--3D) _ (]2+a2,]3+a3 »jp+ap)

Xk kJrZ m—1 Ty ) (411)
where x,(ch’js"”’jD ) € R™1 is a vector containing the ng, latest samples
of x, in reversed order, starting at z(k — Zﬁzg(jm ~ ) I75 ns,)), and
as,as,...,ap € Z. The pattern from (4.2) extends to

Ny Nsp

Z ZX(]%JB’ Jp) h(d2:33,-- ,JD)7 (4.12)

Jj2=1 jp=1

where hU2:73::90) = H[: 4y js,...,jp| is a vector containing n,, consecutive
elements of h, starting at h(Zﬁzg(jm - 1) Zln:_ll ns,). Subsequently, the
property of (4.8) is generalized to

R Msy Nsp

=Y 3> chjz,.“,jD)Tsl[;,r]SQ[jg,r} ...Spljp,7]. (4.13)

r=1js=1 jp=1

Here, it may be noted that only R inner products of length ns, have to be
computed for each k, reducing the number of multiplications to RZC?:1 Ng,-
However, if naively implemented, the sum in (4.13) will yield many superfluous
operations, computing inner products where one of the vectors contains only
zeroes. In order to fully exploit the IR structure and to maximize efficiency, it
is therefore important to keep track of which operations actually need to be
carried out. We here propose an explicit algorithm for the case D = 3.

Let H = Zle Si[:,7] o Sa[:,7] o Ss[:, 7], where H € R™a1*Ms2XMs3 and
SqeR™a*E for d = 1,2,3. The operator Z : R" — R"™ denotes
the reversion of the order of the elements in a vector, ie., Z(x) =
[(ng) x(ng—1) ... x(l)}T, and 0,, € R™ is a vector of zeros. We introduce
the matrix C € R™*® to store the already computed inner products. The
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Algorithm 3: Fast Low-latency Convolution by Low-rank 3-D Tensor
Approximation

Input: H =% | S1[:,7] 0 Sa:,7] 0 Sa[:, 7], x
Output: y
for k=1,2,...,n, do
forr=1,2,...,R do
if £k <ns, +ny — 1 then
zp = max(k — ny,0);
zo = max(ns, — k,0);
xn, = max(k —ng, + 1,1);
zo = min(k, ny);
xp = [07  T(x[zy:z))T 0L
Clmod(k — 1,np) + 1,7] = xFSq[:, 7];
L y(k) = 82[1,7‘]83[1,7“}C[mod(k - 17nh) + 1’T];
Il =max (| (k—nz)/ns, | +1,2);
w=min ([ (k—1)/ns, | +1,n,ns,);
forc=1:1:udo
jo =mod(c—1,ng,) + 1;
Js=lc=1)/ns, | +1;
c=k- ((32 - 1)n81 + (JS - 1)n81n52) -1
y(k) = y(k) + S2[j2,7]S5]js, r|Clmod(é, np) + 1, 7;

rationale of the algorithm is to, for each k, first compute the R necessary inner
products, with appropriate zero-padding, store to memory, and add to y(k) with
appropriate scaling with corresponding element from H. Next, the remaining
non-zero inner products of the sum of (4.13) are fetched from memory, scaled
with the corresponding entry of H and added to y(k). The proposed algorithm
is summarized in Algorithm 3.

4.3.3 Complexity

As noted by the authors of [126], an output sample y(k) requires R(ns, + ns,)
multiply-add instructions in the two-dimensional case, whereas a conventional
time-domain FIR filter requires n; operations, where we remind the reader that
np = H5:1 ns,. The computational complexity for a general, D-dimensional
tensorization, is R 25:1 ns,, meaning that the computational complexity of the
proposed algorithm generalizes the one of [126]. Furthermore, the contribution
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to the end result from the different entries in the sums of (4.13) are independent
from each other. It is therefore possible to parallelize the computations.

The two-dimensional algorithm from [126] requires a memory of size R(ns, +
ns, + np) + N, variables, compared to 2ny, for a conventional FIR filter. For
the proposed method, a memory of size R(Zle ns, +np) + ns, is required,
i.e., the memory complexity of the proposed algorithm directly generalizes the
one of [126].

4.4 Results

We denote by T(H) = Rzl?:l ns,, with D = 2,3, for the two algorithms
compared here (D = 2 for [126], and D = 3 for Algorithm 3), the number of
multiply-add instructions needed for a low-rank convolution of rank R. Further,
by

C(H)=1-— , (4.14)

where C(H) € [0,1), we denote the complexity reduction, relative to time-
domain convolution. For C(H) = 0 there is no complexity reduction, whereas
for C'(H) closer to 1, the degree of complexity reduction is larger. The accuracy
is measured by the normalized output mean-squared error

Hxx —hxx||s
MG (H) =201 (]E[” D 4.15
dB( ) 0810 ||h*X||2 ( )

where h denotes the original IR, and H *x is the low-rank convolution, as defined
in (4.13). The low-rank approximations of 2D-matrices are performed using a
truncated SVD. For the numerical computation of the tensor decompositions we
use the high-level function cpd of the Matlab toolbox Tensorlab [84]. To simplify
the exposition, we will only consider the square case, i.e., ng, = ngs, = Ng,.

To demonstrate the performance of the proposed algorithm, we first apply it to
RIRs from the single- and multichannel audio recordings database (SMARD)
[1], and speech signals from the TSP speech database [123]. The RIRs from
SMARD are from a regular office-sized room, with a reverberation time! of
0.15 seconds. The speech signals from TSP are simple utterances by both male
and female speakers, in an anechoic environment. Both SMARD and TSP are
sampled at 48 kHz. From the databases we randomly choose 100 RIRs and 100
speech signals. The RIRs are set to start right before the arrival of the direct

1The time required for the sound level to drop 60 dB after switching off a stationary
source.



72 FAST LOW-LATENCY CONVOLUTION BY LOW-RANK TENSOR APPROXIMATION

—¥-Mean, 2D Matrix Approximation
+5-Mean, 3D Tensor Approximati

0.9 0.85 08 0.75 o7 0.65 0.6 0.55
C(h)
Hommmmmmm e _
20~ . R * % Std, 2D Matrix Approximation
el Tl €O Std, 3D Tensor Approximation|
25 Teeell TTTeekeoll
= O—‘_‘_ * TTee-L
Q330 -
S O
35 o
40 I I I I - 1-=)
0.9 0.85 0.8 0.75 o7 0.65 0.6 0.55
C(h)

Figure 4.1: Normalized output mean-squared error, as a function of compression
rate, for speech signals and short RIRs: mean (top) and standard deviation
(bottom).

component and set to be of length n; = 4096 samples. The speech signals are
truncated at one second, i.e., n, = 48000. The averaged results are shown in
Fig. 4.1. There it can be seen that the proposed algorithm outperforms the
algorithm from [126] for all considered values of the compression rate. Further
it can be noted that the standard deviation for the proposed method is lower
throughout.

Next we showcase that the proposed algorithm works very well also for longer
RIRs, which we take from [131], a binaural RIR database recorded at RWTH
Aachen University. We use 24 different RIRs, recorded at 48 kHz in a lecture
room, with a reverberation time of 0.78 seconds, and we let n;, = 46656. As
input signals we use music from the EBU-SQAM database [132], which contains
snippets of reverberant music from various genres, sampled at 44.1 kHz. We
use 30 seconds of pieces by ABBA, Verdi, and Héndel, respectively. To have a
sampling frequency matching that of the RIRs, we upsample the music to 48
kHz using Matlab’s resample, yielding n, = 1.44 - 10%. The averaged results are
shown in Fig. 4.2. The proposed algorithm is superior to the algorithm from
[126] also under these circumstances. The standard deviation is lower for the
proposed algorithm in this case as well.
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Figure 4.2: Normalized output mean-squared error, as a function of compression
rate, for music signals and long RIRs: mean (top) and standard deviation
(bottom).

4.5 Conclusions

In this paper we have shown that the ideas of low-rank convolution, previously
presented for two dimensions, are extendable to higher dimensions, to obtain fast
low-latency convolution algorithms. We have outlined the ideas and provided
an algorithm for a three-dimensional tensorization of the IR, and shown that
this outperforms the previously presented method we extend upon, in terms of
signal quality degradation, without increasing the computational complexity,
or the memory usage. This is shown with simulations using real-life RIRs of
various lengths, convolved with both music and speech signals. Future work will
focus on the development of an algorithm for tensors of arbitrary dimensions,
and how that algorithms performs with respect to perceptual measures.






Chapter 5

Compression of Room
Impulse Responses for
Compact Storage and Fast
Low-latency Convolution

Compression of Room Impulse Responses for Compact
Storage and Fast Low-latency Convolution

Martin Jalmby, Filip Elvander, and Toon van Waterschoot
Submitted for publication, Dec. 2023.

75



76 COMPRESSION OF ROOM IMPULSE RESPONSES FOR COMPACT STORAGE AND FAST
LOW-LATENCY CONVOLUTION

The candidate’s contributions as first author include all performed research and
writing of the manuscript under guidance from the co-authors.



INTRODUCTION 7

Abstract

Room impulse responses (RIRs) are used in several applications, such as
augmented reality and virtual reality. These applications require a large number
of RIRs to be convolved with audio, under strict latency constraints. In this
paper we consider the compression of RIRs, in conjunction with fast time-domain
convolution. We consider three different methods of RIR approximation for the
purpose of RIR compression, and compare them to state-of-the-art compression.
The methods are evaluated using several standard objective quality measures,
both channel-based and signal-based. We also propose a novel low-rank-based
algorithm for fast time-domain convolution, and show how the convolution can
be carried out without the need to decompress the RIR. Numerical simulations
are performed using RIRs of different lengths, recorded in three different rooms.
It is shown that compression using low-rank approximation is a very compelling
option to the state-of-the-art Opus compression, as it performs as well or
better than on all but one considered measure, with the added benefit of being
amenable to fast time-domain convolution.

5.1 Introduction

Modeling the acoustics of a room as a linear time-invariant system, the room
impulse response (RIR) describes the impact of the room on an acoustic
excitation signal, from a certain source position to a certain receiver position.
The availability of the RIR, or an accurate estimate thereof, is imperative
to a multitude of acoustic signal processing tasks, such as source localization
[85], speech dereverberation [38], auralization [57, 133], source separation [86],
listening room compensation [134], and echo cancellation [69]. There are several
ways of modeling the RIR. Among the more popular ones are the infinite
impulse response (IIR) (see e.g., [87, 71]) and finite impulse response (FIR) (see
e.g., [87, 72]) models. The IIR model offers the possibility of a more compact
representation, however with the downside of possible difficulties estimating the
filter parameters [73], and potential issues with instability [81]. The FIR model
is simple and straightforward, but with the disadvantage that comparatively
many coefficients are needed to accurately represent the RIR [73]. For example,
for an office-sized room, the FIR model can be several thousands of taps long
[38]. A concert hall, on the other hand, can have a reverberation time of a
couple of seconds [135], which at a sampling rate of 48 kHz yields an RIR with
a length on the order of 10° samples. This can be prohibitive from both a
memory requirement and computational complexity point for view, when using

the RIR for convolution [88, 89, 136].
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In recent years, archaeoacoustics and the cultural heritage preservation of
acoustic scenes has gained increased interest from the research community, see
e.g., [137] and references therein. However, in order to faithfully reconstruct
the sound field in a room, the spatial resolution of the grid of measurements
needs to be on the order of 10 cm [51]. Considering that the RIR depends on
both the source and receiver position, even for a small room, the number of
required source/receiver configurations for which the RIR has to be measured
and stored will be in the millions, hence amounting to hundreds of gigabytes of
data for the acoustic representation of a single room, indicating a significant
need for compact representations of RIRs.

The computational challenges posed by long RIRs are particularly apparent in
acoustic signal processing applications requiring low input-output latency, such
as virtual video conferencing [55], augmented/mixed reality [56] and virtual
reality [57, 58], sound zone control [59, 60], network music performance [61],
and artificial reverberation [2]. In this paper, we consider rendering techniques
based on convolution, highlighting the need for fast, low-latency convolution
with long RIRs.

Ever since the works of Cooley and Tukey [53], and Stockham[54], a popular
approach has been to carry out convolution in the frequency domain. With the
help of the convolution theorem, which states that (circular) convolution in the
(discrete) time domain is equivalent to point-wise multiplication in the (discrete)
frequency domain, one is able to significantly reduce the computational burden
of convolution in most cases, owing to the computational efficiency of the fast
Fourier transform (FFT) algorithm. Frequency-domain convolution has since
been further improved by methods such as overlap-add (OLA) and overlap-save
(OLS), and partitioned convolution. For an overview of these methods see e.g.,
[64, 138]. A drawback of frequency-domain convolution is, however, that it is
block-based, and therefore inevitably introduces latency. Further, partitioned
frequency-domain filters are subject to restrictions with regard to assembling
them into networks of filters (in parallel or serial structure), which is not the
case for time-domain filters [66]. Another possible way to attempt to speed up
the computations is by perceptual convolution [127]. There, the convolution is
simplified, based on a perceptual criterion. The number of frequency-domain
multiplications, and the memory storage, are reduced by up to 60%, without
considerable quality degradation. Another path is optimization with respect
to processor architecture, and the use of graphics processing units (see e.g.,
[128] and references therein). Yet another approach is to effectively shorten
the RIR by treating the different parts of the RIR separately. For example, in
[139], convolution is carried out for the first parts of the RIR, corresponding to
the direct component and early reflections. The late reverberation, however, is
modeled as a velvet noise sequence, yielding a very sparse FIR filter. Instead of
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being convolved with the sparse FIR, the input signal is propagated in the delay
line of the filter, and only the samples coinciding with a non-zero component of
the sparse FIR are added together to yield the output.

In this paper we consider RIR compression and fast low-latency time-domain
convolution based on three different methods; truncation, (hard) thresholding,
and low-rank approximation. The exploitation of the (approximate) low-rank
structure of reshaped RIRs is something we have considered in previous work.
The physical motivation for it, and its applicability to real-life RIRs, was
demonstrated in [95]. How the low-rank structure can be exploited when
estimating RIRs from noisy input-output relations was shown in [114] and the
simultaneous compression of multiple RIRs was considered in [140]. Atkins et
al. showed in [126] how this low-rank structure can be exploited in time-domain
convolution, an idea we extended upon in recent work [141]. Jaderberg et al.
showed in [142] how speeding up convolutional neural networks can be done by
leveraging low rank, but the authors consider dimensions no higher than 3.

The contribution of this paper is threefold. Firstly, we provide an extensive
comparison of the aforementioned compression methods, with respect to several
objective quality measures, both channel-based and signal-based. Secondly, we
propose an approximate fast time-domain convolution method based on N-D
low-rank tensor approximation of an RIR. This yields lower computational
complexity than traditional time-domain convolution, and lower latency than
FFT-based fast convolution. Thirdly, we show how the problem of compression
and fast time-domain convolution can be handled within the same framework.
This comes with the major advantage that the compressed RIR does not need
to be decompressed before it can be used for convolution.

This paper is organized as follows: first, Section 5.1 is concluded with
an introduction of the notation used throughout the paper, as well as
the introduction of the signal model. In Section 5.2, the different RIR
approximations considered for RIR compression are introduced. In Section 5.3,
convolution by low-rank approximation is introduced. Section 5.4 introduces the
different objective quality measures that will be used for evaluation. Numerical
results are presented in Section 5.5, and finally, conclusions are presented in
Section 5.6.

5.1.1 Notation and Signal Model

We denote scalars, vectors, matrices, and tensors by lowercase (e.g., h), bold
lowercase (e.g., h), bold uppercase (e.g., H), and calligraphic letters (e.g., H),
respectively. Sets are also denoted by calligraphic letters, but it will be clear
from context what is considered. The selection of one or several elements from a
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vector, matrix, or tensor will be denoted by square brackets, e.g. H[m : n,j] is a
vector containing the mth till the nth element of the jth column of H, and the
hat symbol, *, indicates an approximated quantity. The symbol o denotes the
outer product, i.e., (x1 0xz 0 0xp)lj1,J2,...,jp] = x1[j1|x2[j2] ... xp[jp],
(:) denotes vectorization of a matrix or a tensor, and |-| denotes the flooring
operation.

We consider a discrete-time RIR h(k), for k = 0,1,...,n, — 1, arranged in
a vector h € R" as well as a discrete-time signal x(k), for k =1,2,... ng,
arranged in the vector x € R™. The convolution of these vectors yields the

discrete-time output
np— 1

y(k) = > h(n)z(k - n), (5.1)

for k =1,2,...,n,, with corresponding vector y € R™, where n, = nj+n, —1.
Generally, throughout this paper, an element is considered to be 0, if the index
is out of its defined range, equivalent to appropriate zero-padding.

5.2 Room Impulse Response Compression

We will consider three different RIR approximations for RIR compression, and
compare them to a state-of-the-art compression benchmark.

5.2.1 Compression by Truncation

Firstly, we consider an RIR compressed by truncation, flT, where

o) = {E(Z):nf nt (5.2)

for some nt € N, nt < nj,. This method is amenable to accelerated convolution,
as the length of the impulse response is shortened, decreasing the number of
multiply-add instructions per output sample from ny to nr.
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5.2.2 Compression by Thresholding

Secondly, we consider an RIR compressed by thresholding", hx, defined as

~ {h(n),n € K,

hi(n) = 0.n ¢ K (5.3)

where IC,,, is the set of indices of the ny, in absolute value, largest elements of h.
Also this RIR approximation method yields a possibly faster convolution. As
many of the elements of flK are zero, these do not have to be considered in the
convolution. For a sparse impulse response hi we can define the convolution
between ﬁK € R™ and x € R™ as

y(k) = Y hx(n)z(k—n). (5.4)

nEIan

This reduces the number of multiply-add instructions per output sample from
np to ngx. The argument could be made that the positions of the non-zero
components need to be stored, and that that is something that needs to be taken
into account as well. However, whereas the coefficients themselves are floating
numbers, the positions are integers, taking up significantly less space. Therefore,
the impact of having to store the positions was ignored when considering the
compression of thresholding.

5.2.3 Compression by Low-rank Approximation

Lastly, we consider an RIR compressed by low-rank approximation, hig.
Assuming ny = ng, ns,, with ng,,ns, € N, the RIR h € R™* can be reshaped
into a matrix H € R"s1 %™s2

h(1)  h(ns, +1) ... h(ns,(ns, —1)+1)
H-= : : : (5.5)

h(ns) h(2ns,) ... h(nn)

With the use of the singular value decomposition (SVD) H=UXV7” and
assuming the singular values in ¥ are arranged in non-increasing order, we can
then make a rank-R approximation of H,

Hyp = U[,1: R|E[1: R,1: R|V[;,1: R]T. (5.6)

Finally, hop = fIQD(:). Similarly, assuming n; = HdD:1 ns,, Ns, € N, the vector
h can be reshaped into a tensor H € R™s1 X2 Xsp of arbitrary dimension

n previous work, [95], we have referred to this as KMaz.
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D, where n,, denotes the size of the dth dimension and the rank of a tensor is
defined as the smallest number of rank-1 tensors needed to generate the tensor
‘H as their sum. In a similar fashion as to the matrix, we can then make a
rank-R approximation Hyr of H. For this we will be using a (canonic) polyadic
decomposition (see e.g., [143] and references therein). This is done using the
high-level function ¢pd of the Matlab toolbox Tensorlab [84]. Subsequently,
flLR = 7:[LR(:). We will, in addition to aforementioned flgD, consider low-rank
approximation of 3-D and 5-D tensors, denoted flgD = 7:[31)(:) and f15D = 7—151)(:),
respectively. The absence of a 4-D tensor approximation is explained in Section
5.5. Also the low-rank approximation method allows for fast time-domain
convolution, which we have explored in recent work for up to three dimensions
[141]. Here we will extend this idea to tensors of arbitrary dimensions. This
will be further explained in Section 5.3.

5.2.4 Compression Benchmark: Opus

The three methods proposed above, truncation, thresholding, and low-rank
approximation, will be compared to the state-of-the-art Opus interactive speech
and audio codec [144, 145]. The Opus codes is created from two core technologies:
Skype’s SILK codec [146], based on Linear Prediction (LP), and Xiph.Org’s
CELT codec [147, 148], based on the Modified Discrete Cosine Transform
(MDCT). The idea behind this construction is that LP is considered to code low
frequencies more efficiently, whereas for music and higher speech frequencies,
MDCT is superior. The double layers allow Opus to achieve higher quality for a
wide range of audio. The Opus codec was created for, and has previously mainly
been considered for, speech and music, but it has recently also gained attention
as a possible way to compress RIRs [149]. In this work, the Opus encoding was
done using Matlab’s audiowrite. It should be noted that although Opus shrinks
the file size of the stored RIR, the number of coefficients remains the same.
The RIR compressed by Opus, that will be denoted flo, is therefore, to the
best of the authors’ knowledge, not amenable to fast time-domain convolution.
In order to give the reader a feel for the different approximations, an example
RIR, taken from [1], and a selection of the compressed RIRs obtained with the
different compression methods, at a compression rate (see (5.32)) of 0.8, are
displayed in Fig. 5.1.

5.3 Convolution by Low-rank Approximation

Accelerating convolution by exploiting low-rank approximations was first
considered by Atkins et. al in [126]. The authors there considered a low-
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Figure 5.1: Example results of RIR compression methods.
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rank approximation of a matricization of the RIR, using the SVD. In recent
work, [141], we have extended this idea to a three-dimensional tensorization
of the RIR. We will here show how this idea can be further extended to a
tensorization of arbitrary dimension. We will first demonstrate the 2-D case
presented in [114], and then explain the extension to a tensor of arbitrary
dimension.

5.3.1 Partitioned Truncated SVD Filter

Assuming n, = ng ng,, for ng,ns, € N, an output sample y(k) of the
convolution in (5.1) can be written as

Nsy
Jj=1
where '
h) 2 [h((j — )ns,) ... h(jns, —1)] € R™ (5.8)
and )
X & [2(k—(j—1)ns,) ... a(k—jng, +1)] € R, (5.9)

for j =1,2,...,n,,. Instead of as in (5.1) writing y(k) as the inner product
of two vectors of length nj, = ng, ns,, it is in (5.7) written as the sum of n,
inner products of vectors of length ns,. Further, the RIR h can be reshaped
into a matrix H = [h(l) h("52)] € R"1*"s2. For now we are going to
assume that this matrix is rank-1, i.e., it can be written as the outer product
H = s; o s9, for two vectors s; € R"s1 and s, € R™2. Under this assumption,
we have that

H= [Slsg[l] 5182[2] ... S189 [TI,Sz]] s (510)

i.e., the jth column of H, corresponding to h(/), is the vector s; scaled by s, 71,
j=1,2,...,ng,. Further, the following property is readily verified,

x) =x{) Lacz (5.11)

Because of (5.10) and (5.11), only the first inner product of the sum in (5.7)

has to be computed per output sample k, the other inner products of the sum,
T . T

ie., x,(f) s1 = x,(f:nls)l s1, for j = 2,...,ns,, have already been computed for a

previous time sample, and can therefore be fetched from memory and multiplied
with the appropriate entry from so,

y(k) = (ngfsl) 52[1]+§ (X,QJ')Tsl)sQ[j]. (5.12)
J=2 N —

Fetch from memory
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This reduces the number of multiplications per sample to be carried out, from
np = Ng,Ns, t0 Ng, +ng,. These ideas can be extended to a matrix H of
arbitrary rank R. Instead of H being just the outer product of two vectors, it
is now a sum of R outer products,

R R
H=S8,8] =) Si[:,r]oSs[;,7] =Y Si[5,7]Sa[:,7]", (5.13)

r=1

for S; € R™1 X% and Sy € R"2*%. Equation (5.12) can now be extended to

y(k) = Z <(x,(€1)T81[:, 7’]) So[1, r]+

r=1

% (x,(j)Tsl[:,r]) Sa[j, T]) (5.14)

=2 N—————

Fetch from memory

where only R inner products have to be computed for each time sample. Similar
to (5.12), this reduces the number of multiplications to R(ns, + ns,)-

5.3.2 Fast Time-domain Convolution by Tensor Approxima-
tion

We are now ready to extend these ideas to a tensor of arbitrary dimension.
Assuming h € R with n, = H5:1 Ng,, for ng ,Ne,,...,Ns, € N, let h be
reshaped into a tensor H € R™s1X"s2>X"X"sp and assume that H is of rank R.
Then, analogously to (5.13),

R
H:ZSl[:,T’]OSQ[:,T]O"'OSD[:7T], (5.15)

r=1

where Sq € R™a*® d=1,2,...,D, and in analog to (5.10), but with arbitrary
dimension and rank, we have that

R
H[:7j27j37 cee 7jD] = Z Sl[zvr}SQ[an T] s SD[jD7r]' (516)

r=1
The equality of (5.11) can be generalized according to

2,8 5+++5] j2+az,jz+as,....ip+
X,(Ch J3 Jp) — X(]2 az;j]s as diD aD)) (5.17)
k+2d=2 ad Hp=1 Msp
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(J2,335--23D)
k

where x € R™s1 ig a vector containing the ng, latest samples of x, in

reversed order, starting at z(k — ZdD:Q(jd -1) HZ: ns,), and ag, as,...,ap €
Z. While verifying (5.17) can seem like a daunting task, it becomes clearer
when considering the indices of the first entry of the vectors on the left and
right-hand side of (5.17), respectively,

D d—1
k=Y Ga—1) ] ns, =
=2 p=1
D d—1 D d—1
k+Y aq [[ns,~> (a+aa—1) ][] ns, (5.18)
d=2 p=1 d=2 p=1

The pattern from (5.7) extends to

Tsgy s p

y(k) = S o S i) lnisein), (5.19)

J2=1 jp=1

where hU2:73::90) = H[: jy. js,...,jp] is a vector containing n,, consecutive

elements of h, starting at h(ZgZQ(jd— I)Hi;i N, )-

property of (5.14) is generalized to

Subsequently, the

R
y(k) - Z <X§€1,4..,1) Sl[:v T]SZ[L 7’] s SD[L T}+
r=1
Z. . Z (X,(cjz""’jD) Sl[:,r])Sg[jQ,r]. . .SD[jD,TD (5.20)
Jj2=2 jp=2

Fetch from memory

with a corresponding structure of what has to be computed and what can be
fetched from memory. Similarly to the previous case, we have a reduction in
complexity. Only R inner products of length ng, have to be computed for each
time index k, reducing the number of multiplications to RZdD:l Ng,. When
naively implemented, the sum in (5.20) will yield many superfluous operations,
where one of the vectors contains only zeros. To fully exploit the structure of
the RIR, and to maximize efficiency, it is therefore important to keep track
of which operations actually need to be carried out and keep the number of
multiplications with zeros to a minimum. We here propose an explicit algorithm.

Let H =% S1[:,7] 0 Safs,7] 0 -~ 0 Sp[:, 7], where H € R™s1 X™e2 X Xnep and
S; € R™a*® for d = 1,2,...,D. The operator Z : R* — R"
denotes the reversion of the order of the elements in a vector, i.e.,
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I(x) = [z(ngy) x(ng—1)... x(l)]T, and 0,, € R™ is a vector of zeros. The
foundation of the algorithm is that, for each k, we compute the R necessary
inner products, store the resulting values to memory and add these to y(k) with
appropriate scaling by the corresponding elements of H. Next, the remaining
non-zero inner products in the sum of (5.20) are fetched from memory, scaled
by the corresponding entry of H and added to y(k). The fast low-latency
convolution algorithm by low-rank tensor approximation is summarized in
Algorithm 4. A few remarks regarding Algorithm 4, for providing intuition as
well as clarity, are in order:

e New inner products need to be computed and stored to memory as long
as k < ng, +mny — 1, this is done within the if-statement starting at line 5.

e Within the for-statement starting at line 14 the old inner products are
fetched from memory and added to the output.

e On line 15, for d = 2, the upper limit of Hz;é ns, is lower than the lower

C . . 1
limit, in which case, by convention, szz ns, = 1.

5.3.3 Complexity

By the authors of [126], it was noted that an output sample y(k) requires
R(ns, +ns,) multiply-add instructions, in the two-dimensional case, compared to
the ny, = ng, ns, multiply-add instructions of conventional FIR filter convolution.
The computational complexity for a general, D-dimensional tensorization is
a generalization of the one in [126], and amounts to RZdDzl ns, multiply-
add instructions, as compared to ny = H§:1 ns, multiply-add instructions of
conventional FIR filter convolution. Further, as the contribution to the end
result of the entries in the sum of (5.20) are independent from each other, it is
possible to perform these computations in parallel. To provide some intuition, an
example is shown in Fig. 5.2. Here the complexity of traditional time-domain
convolution is, for varying values of nj, compared to that of the proposed
algorithm for the case of square 2-D matricization and 3-D tensorizations of
rank 4 and 12.

The two-dimensional algorithm from [126] requires a memory of size R(ns, +
ns, + np) + ng, variables, compared to 2ny, for a conventional FIR filter. For
the proposed method, it is R(Zle ns, +np) +ns,, ie., also the memory
requirement for the proposed method is a generalization of the one in [126].



88__ COMPRESSION OF ROOM IMPULSE RESPONSES FOR COMPACT STORAGE AND FAST
LOW-LATENCY CONVOLUTION

Algorithm 4: Fast Low-latency Convolution by Low-rank Tensor
Approximation

Input: # =% | S1[:,7] 0 Safs,7] 0... 0 Sp:, 7], x
Output: y
for k=1,2,...,n, do
forr=1,2,...,R do
if K <ng, +n,; —1 then
up, = max(k —ny, + 1,0);
e = min(k, ng, );
xp, = max(k —ns, +1,1);
Ze = min(k, ny);
Clmod(k — 1,np) + 1,7] = [Z(x[zy : xe])]Tsl[ub D Ue, T
y(k)=T1}, Sall,7]Cmod(k—1ns) + 1,7];
end if
I =max (| (k—ng)/ns, | +1,2);
w=min ([(k = 1)/ng, ] + 1,112 e, )
forc=1,l+1,...,udo
ja= [mod((e = 1), TTo_s ns,) Tizt | + 15 d=2,...,D

¢=k =Y 0a— DIl 1 ns,
y(k) = y(k) + [17_3 Salja, rIClmod (& — 1,n), 7];
end for
end for
end for

5.4 Objective Quality Measures

Audio technology can generally be designed to be either physically motivated
or perceptually motivated. Physically motivated techniques are typically
computationally intensive, in the attempt to physically accurately represent the
sound field. Perceptually motivated systems are in general less computationally
demanding, as they aim only to be accurate enough for human perception [136].
The physical accuracy of low-rank approximations of RIRs was evaluated in
[95], in this work we aim to investigate the perceptual accuracy of compression
by low-rank approximation and the other aforementioned compression methods.
In this section we describe a variety of parameters regarding the perception of
room acoustics and corresponding objective measures. These measures can be
divided into two categories, channel-based objective measures and signal-based
objective measures [38]. The channel-based measures concern only how well the



OBJECTIVE QUALITY MEASURES 89

=B~ Conventional TD =~ 2-D, rank = 4
2-D, rank =8 == 3-D, rank =4
—¢— 3-D, rank = 12

T T T

2,000

1,000

Multiply-add instructions

|
200 400 600 800 1,000 1,200 1,400 1,600 1,800 2,000

Figure 5.2: Computational complexity of proposed convolution.

approximation of the channel, i.e., the compressed RIR, relates to the measured
channel, i.e., the RIR. Signal-based measures, on the other hand, pertain to
how the approximated channel distorts the signal output, after the compressed
RIR has been convolved with e.g., music or speech.

The objective of the different measures considered here differs slightly. For
some of them a high value is desirable, for others a lower value is better. For
most of them, however, invariance is what is sought after, i.e. that the value
of the measured quantity for a compressed RIR is as close as possible to the
measured quantity for the original RIR. For an easy overview for the reader, the
measures considered in this paper, their definitions, whether they are channel-
or signal-based, and their objectives, are recapped in Table 5.1.

5.4.1 Channel-based Objective Quality Measures

The perhaps most obvious way to measure the quality of a compressed RIR is
by the normalized misalignment, defined as

. h—h
Mas (h) = 20 logy, <”|hH2”2> . (5.21)
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Table 5.1: Measures

] Measure \ Definition \ Channel/Signal \ Objective
Normalized Misalignment (5.21) Channel Low
Reverberation Time T (5.23) Channel Invariance
Echo Density (5.24) Channel Invariance
Early Decay Time (EDT) | (5.26) Channel Invariance
Center Time (5.27) Channel Invariance
TOA of Direct Component | (5.28) Channel Invariance
Frequency-weighted
Log-spectral (5.31) Signal Low
Signal Distortion (SD)

ViSQOLAudio [150, 151, 152] | Signal High

The problem with this measure is, however, that it is not necessarily a good
indicator of whether the compressed RIR will yield an auditory perception
faithful to the original RIR.

Reverberation time is a well-known objective measure for room acoustics. This
is the time it takes for the sound level to drop 60 dB, after a stationary sound
source has been switched off, and is denoted Tgg. In practice, this measure is
typically estimated as double the time it takes for the sound level to drop from
—5 dB to —35 dB [135]. Finding the time it takes for the sound level to drop
a certain amount is done via the energy decay curve which, since the work by
Schroeder [153], is most commonly found using backwards integration. As we
consider discrete-time signals in this paper, the energy decay curve D(n) is
found using backwards summation,

Np n

D(n) = Z W2 (k) = h*(k) = > B2 (k). (5.22)
k=0

k=n k=0

Letting n_,qp denote the time sample when the energy decay curve D(n) has
decreased to x dB below its starting value, Tgo is found as

Tso = 2 (n—35dB — N—5dB) [s» (5.23)

where fs denotes sampling frequency. Reverberation can cause degraded speech
intelligibility, but it is also what gives music fullness, by blending the sounds of
different instruments and voices [135]. It further provides, together with the
energy ratio between direct and reverberant sound and the time of arrival of
the early reflections, information about the size of a space and the distance to
the boundaries [154].
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The echo density profile of an RIR is the fraction of impulse response coefficients
which lie outside the standard deviation of the coefficient amplitudes, for a
particular time window. A simple and robust measure for echo density was
introduced by Abel et. al in [155],

erfc ntd
n(n) = 1/26(43/1\/5) k;éw(k)l{m(k)pa}, (5.24)

where erfc (1/\/5) = 0.3173, 26 + 1 is the window length in samples, 1.} is an
indicator function, w(k) is a window function, for which ), w(k) = 1, and

n+4 1/2
o= l > w(k;)hQ(k)] . (5.25)

k=n—4§

Throughout this paper we will use a Hanning window with § = 550, when
fs = 44.1 kHz and § = 600 when f; = 48 kHz, corresponding to a window
length of 25 ms, as per the discussion in [155]. Further, we will only consider
the part of the echo density profile where the entire window fits.

In reverberant music or speech, later parts of the reverberation tend to be masked
by the direct and early components of the next note or syllable. Therefore, the
alternative measure early decay time (EDT), has proved to be better correlated
with reverberance, a perceptual attribute of reverberation, than reverberation
time, in the aforementioned scenarios [135]. The EDT is defined as

EDT = 6(’[1710(1]3).](5. (526)

The parameter center time , denoted t4, describes the balance between early
and late energy in the RIR [135], defined as

nh 2
t, = Ziso 1) kh};((k]? , (5.27)
k=0
i.e., the center of gravity of the RIR. Two other measures that are commonly
mentioned in this context are mode density [27, 156] and reflections density [74,
136]. These are, however, better suited to characterize synthetically generated
RIRs. As we here consider only real-life RIRs, these measures will not be
considered in this paper.

The time of arrival (TOA) of the direct component, defined as

TOA = (argflaxh(nn) / for (5.28)
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is crucial in tasks such as room geometry estimation [157] and acoustic source
localization [158]. How the TOA of the direct component is preserved by a
compression method is not well captured by the normalized misalignment and
will therefore be considered as a separate measure in Section 5.5.

For all the channel-based measures introduced above, expect normalized
misalignment, we aim for a minimal deviation between the compressed and
original RIR measure. We will therefore, in Section 5.5, present the root-mean-
square error (RMSE) for these quantities,

RMSE, (fl) = % g (h;) _g(ﬁj)‘Q/nRIRa (5.29)

j=1

where g is the considered measure, and ngr denotes the number of RIRs used
in the evaluation. We alert the reader that we in Section 5.5 will consider RMSE
in linear scale for certain measures and in logarithmic scale for other measures,
depending on what best highlights the difference in performance between the
considered compression methods. All considered quantities except echo density
are scalar, making the computation of the RMSE straightforward. Echo density,
however, is a discrete-time sequence. There the RMSE will be computed as

MRIR
RMSEgp () = | > |Ihip by 3 / NRIRNED, (5.30)
j=1
where h{:D = [n(1), n(2), ..., n(nep)] T denotes the echo density profile of

the jth RIR, and ngp the length of the echo density profile.

5.4.2 Signal-based Objective Measures

Next, we present measures of output signal degradation. The ultimate goal of
any acoustic signal enhancement or reproduction task is to achieve good signal
quality. One way to measure this is by using subjective listening test. These tests
are, however, expensive, tedious, and time consuming [159, 149]. Therefore,
several objective measures have been developed to predict the outcome of
subjective listening tests. The frequency-weighted log-spectral signal distortion
(SD) [160] is a perceptually weighted objective measure of distortion of a sound
signal, w.r.t. a reference signal

fu % 2
SD<t>—\/ [ s (5) (101"&0%) . (5.31)
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where Py and P, are the short-term power spectra of § = x * h and y =xx*h,
for a sound signal x, respectively, and wggrp is a frequency-weighting function,
that gives equal weight to each auditory critical band between f; = 300 Hz and
fu = 6500 Hz. In Section 5.5, we will present both the mean and maximum SD
values for the respective scenarios.

Hines et. al introduced the Virtual Speech Quality Objective Listener (ViSQOL)
[150, 151], an objective measure for predicting the subjective assessment of
perceived speech quality, based on the Neurogram Similarity Index Measure
(NSIM) [161]. ViSQOL was subsequently extended to ViSQOLAudio [152], to
comprise not only speech, but also audio and music signals, and has shown high
correlation with the subjective listening test MUSHRA [162]. Narbutt et al.
have extended ViSQOL and ViSQOLAudio to AMBIQUAL [163, 164], that aims
to predict not only listening quality, but also localization accuracy, for spatial
audio. We don’t consider spatial audio in this work, and will therefore not use
AMBIQUAL. In addition to the aforementioned acoustic qualities and measures,
there are several other measures concerning perceived speech quality, such as
PESQ [165] and POLQA [166]. These are intended to predict the perceived
quality of speech, rather than audio or music, and will not be considered here.

5.5 Numerical Results

To compare the performance of the here investigated methods, we apply them
to three different datasets of RIRs, with varying reverberation time. First we
apply it to the single- and multichannel audio recordings database (SMARD)
[1], which contains RIRs from a listening room with a reverberation time of
approximately 0.15 s, sampled at 48 kHz. Next, we apply the methods to the
two different datasets from the MYRIAD database [167]. The first one is from
the Alamire Interactive Laboratory (AIL), which has a reverberation time of
0.5 s, and the second one is from the SONORA Audio Laboratory (SAL), with
a reverberation time of 2.1 s. These are sampled at 44.1 kHz.

For the low-rank methods, the matricization or tensorization of the RIRs
brings about the question of the size of the dimensions. For a D-dimensional
tensorization, it is required that H5:1 ng, = Np, but this can be achieved in
several different ways. The impact of the size of the dimensions is beyond
the scope of this paper, and we will here present only square matricizations
and tensorizations, i.e., ns, =ng, =--- =ns,. As a consequence of this, we
must have that n,, = {/nj, € N. For this reason, the length of the RIRs for the
different compression methods will vary slightly. We will here present the results
for low-rank approximations of different dimensions, thresholding, truncation,
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Table 5.2: RIR lengths used for the different data sets
Name NRIR  Mhy Nhy Thy
SMARD 100 882 = 7744 20° = 8000 6° = 7776
AIL 40 1812 = 32761 323 = 32768 85 = 32768
SAL 20 3162 = 99856 473 = 103823 10° = 100000

and, as a benchmark, Opus. In order to be able to have RIR lengths in as close
proximity as possible, we present low-rank approximations for D = 2,3, and 5,
neglecting D = 4, as the length of the RIR for that dimension of tensorization
would differ too much from the others. The RIR lengths used for the 2-D, 3-D,
and 5-D approximations are denoted np,, 1h,, and 1y, respectively. The RIR
length used for thresholding, truncation, and Opus is denoted nj, and will be
equal to the largest of ny,, np,, and ny,, for the respective scenarios. The
different RIR lengths used in the simulations are found in Table 5.2. We alert the
reader that these lengths apply to both the approximation and their respective
reference RIR, as some of the objective measures introduced in Section 5.4
require that the approximated RIR and the reference RIR are of equal length.
For the generation of the output signals, the compressed RIRs are convolved
with 5 different, randomly selected, 15 s snippets of music from EBU-SQAM
[132]. When convolving these snippets of music with the RIRs from SMARD,
the music was upsampled to 48 kHz using Matlab’s resample, in order to have
matching sampling frequencies.

We denote by T(h) the number of coefficients needed to be stored for a certain
compressed RIR h, and remind the reader that for the low-rank approximations,
T(fl) =R 25:1 ns,. For all the compression methods except Opus, the number
of coefficients stored coincides with the number of multiply-add instructions
needed to carry out time-domain convolution with the approximated RIR. For
the original RIR, this number is ny. Therefore, by

oy =1- 1), (5.32)

Nh

where C’(fl) € [0,1), we denote both compression rate and complexity reduction.
For C'(h) = 0 there is no compression or complexity reduction, whereas for C(h)
closer to 1, the degree of complexity reduction is larger. We provide simulations
in the range from C'(h) = 0.7 to C(h) = 0.95, as these are the minimum and
maximum values of compression supported by Opus, for all the sets of RIRs
considered here, when using Matlab’s built-in function audiowrite.

RIRs should ideally be estimated from noiseless measurements, but this
condition is often not met in practice [168, 169, 170]. As the RIRs used
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in this paper are taken from databases of real-life recorded RIRs, they will
contain some measurement noise. However, to simulate a realistic environment,
white Gaussian noise was added to each recorded and truncated RIR before
compression and convolution. The power of the noise was adjusted to yield a
signal-to-noise ratio (SNR) of 20 dB, where

P
SNRgp = 10 log,, (PR) , (5.33)
N

where Pr and Py denote the power of the RIR without the noise, and the power
of the noise, respectively. The ground-truth values of the quantities considered
in this section is computed with respect to truncated RIR, before the noise is
added.

On a couple of occasions, the performance of one, or several, compression
methods was significantly worse than the other methods. In those cases, these
approximations have been left out of the figures, as including them would
significantly impact the scaling of the figure, and prevent the reader from
noticing the differences between the more competitive methods. When this has
been done, remarks have been made in the corresponding subsection to alert
the reader.

5.5.1 Normalized Misalignment

As can be seen in Fig. 5.3, in terms of normalized misalignment for the
RIR compression, truncation and 2-D matricization falls short. However, 3-D
tensorization, 5-D tensorization, and thresholding are all outperforming Opus.

5.5.2 Reverberation Time T,

Compression based on low-rank approximation or thresholding also performs
very well when it comes to the preservation of the reverberation time Tgq. This
is displayed in Fig. 5.4, where we observe a consistent outperformance of Opus.
The unexpected performance deterioration for the low-rank approximation and
thresholding is due to the added noise. Overestimation of Tgg for noisy RIRs is
a well-known phenomenon [171, 172]. This is due to a slower drop-off of the
decay curve (5.22). The approximations serve as denoising but for lower values
of compression there is still a systematic overestimation of the reverberation
time. This is illustrated in Fig. 5.5, where histogram of the differences between
the Tyo estimates for the 3-D tensor approximation and that of the measured
RIR, for the RIRs of SMARD, at the compression rate of 0.7, is displayed.
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Figure 5.3: Normalized misalignment for SMARD (top), AIL (middle), and
SAL (bottom).

We alert the reader that these are differences and not absolute differences,
i.e. the fact that all numbers are positive shows the consistent overestimation.
Preliminary simulations showed that this systematic overestimation could partly
be alleviated by estimating the Tyo a shorter time interval, i.e., corresponding
to the decay from —5 dB to —25 dB, but not entirely.

5.5.3 Echo Density

When it comes to preserving echo density, displayed in Fig. 5.6, Opus is the
best of the compared compression methods for longer RIRs. For short RIRs,
2-D matrix approximation and 3-D tensor approximation outperforms Opus,



NUMERICAL RESULTS 97

-8~ hop =€ hsp hsp
—v— hr —¢ hx = ho

RMSE

RMSE

RMSE
[
|

0.95 0.9 0.85 0.8 0.75 0.7

Figure 5.4: RMSE for Ty for SMARD (top), AIL (middle), and SAL (bottom).

Occurrences

3.4.10"2 6.2-10"2 9.102 0.12 0.15
S

Figure 5.5: Histogram of differences in Ty estimate, Tgo(flgD) — Tso(h), for 3-D
tensor approximation and recorded RIR.
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Figure 5.6: RMSE for echo density for SMARD (top), AIL (middle), and SAL
(bottom).

but 5-D tensor approximation does not. Truncation and thresholding are not
included in Fig. 5.6 due to poor performance.

5.5.4 Early Decay Time

The performance of the different compression methods with respect to preserving
EDT is shown in Fig. 5.7. For this measure, truncation and 2-D matricization
performs worst for all considered cases. Opus works better for longer RIRs
and for higher compression rates, but for shorter RIRs, and all but the highest
compression rates, thresholding, and 3-D and 5-D tensorization are better
options.
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Figure 5.7: RMSE for EDT for SMARD (top), AIL (middle), and SAL (bottom).

5.5.5 TOA of Direct Component

For the preservation of the TOA of the direct component, there is a clear
discrepancy between the compression methods based on low-rank approximation
and the other methods. This is evident from Fig. 5.8, where the results are
displayed.

5.5.6 Center Time

In Fig. 5.9 we see the RMSE for the center time. There it can be observed
that the 2-D matrix approximation does not perform on the level of Opus, but
thresholding, and the higher-order tensor approximations do, for all but the
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Figure 5.8: RMSE for TOA of direct component for SMARD (top), AIL (middle),
and SAL (bottom).

highest compression rates. The performance of compression by truncation has
been left out of the figure.

5.5.7 Signal Distortion

The results for the mean SD are better for the higher-order low-rank methods
and thresholding, compared to Opus, except for the highest compression rates
for the longest RIRs. This can be seen in Fig. 5.10. The results for 2-D
matricization and truncation was yet again worse and left out of the plot to
better show the difference between the other compression methods.

As for the maximum SD, displayed in Fig. 5.11, truncation had to be left out
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Figure 5.9: RMSE for center time for SMARD (top), AIL (middle), and SAL
(bottom).

of the plots and for the AIL dataset, thresholding had to be left out too, due to
their poor performance for higher compression rates. The higher-order low-rank
approximation perform better than Opus for all the considered values of the
compression rate.

5.5.8 ViSQOLAudio

In Fig. 5.12 the ViSQOLAudio scores for varying compression rate are displayed.
It is only for high compression rates of very long RIRs where Opus is a
better option than 3-D tensorization, 5-D tensorization, and thresholding. For
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Figure 5.10: Mean signal distortion for SMARD (top), AIL (middle), and SAL
(bottom).

ViSQOLAudio, the results for 2-D matricization and truncation were left out of
Fig. 5.12 due to poor performance.

5.6 Conclusions

In this work we have considered different RIR approximation methods for
the purpose of RIR compression, aiming to save data storage and accelerate
time-domain convolution. It was found that RIR truncation performs worst in
almost all scenarios considered and can therefore not be recommended. With
the exception of echo density, the RIR compression by thresholding generally



CONCLUSIONS 103

-E- flgD - flgD hSD
—< ﬁK —— flo

Max SD

Max SD

Max SD

Figure 5.11: Maximum signal distortion for SMARD (top), AIL (middle), and
SAL (bottom).

preserves well the RIR qualities considered here, compared to the state-of-the-
art Opus. For the low-rank approximation methods, 2-D matricization falls
short on certain measures, such as mean signal distortion, and ViSQOLAudio.
The 3-D and 5-D tensor approximations generally outperform thresholding and
they are more robust, as there was no considered scenario or measure where
they preformed significantly worse than the other methods, and they perform
better than thresholding with respect to the signal-based measures. Much like
thresholding, 3-D and 5-D tensor approximations can’t compete with Opus when
it comes to preserving echo density, and for the highest level of compression
rate, Opus is also better when it comes to preserving EDT and center time. For
all other considered measures and scenarios, 3-D and 5-D tensor approximations
are as good, or better, than Opus. Add to this the fact that the low-rank tensor
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Figure 5.12: ViSQOLAudio for SMARD (top), AIL (middle), and SAL (bottom).

approximations are amenable to fast time-domain convolution, and they stand
out as the superior choice compared to Opus.

Future research should mainly focus on three open questions. Firstly,
investigating whether the promising results for the objective measures considered
here will translate into superior performance also in subjective listening tests.
Secondly, the fact that the low-rank approximations preserve the TOA of the
direct component almost flawlessly indicates that these approximations could
be very useful also in the context of spatial RIRs, which needs to be further
explored. Finally, the occasional discrepancy in performance between the 3-D
and 5-D tensorization methods is not yet well enough understood, and needs to
be further investigated.
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Abstract

The room impulse response (RIR) describes the response of a room to an
acoustic excitation signal and models the acoustic channel between a point
source and receiver. RIRs are used in a wide range of applications, e.g., virtual
reality. In such an application, the availability of closely spaced RIRs and
the capability to achieve low latency are imperative to provide an immersive
experience. However, representing a complete acoustic environment using a fine
grid of RIRs is prohibitive from a storage point of view and without exploiting
spatial proximity, acoustic rendering becomes computationally expensive. We
therefore propose two methods for the joint compression of multiple RIRs, Low-
rank Compression of Room Impulse Responses for Low-latency Convolution and
Low-rank Compression of Room Impulse Responses for Low-latency Convolution
with Partially Invariant Transformation, based on the generalized low-rank
approximation of matrices (GLRAM), for the purpose of efficiently storing RIRs
and allowing for low-latency convolution, for which we propose an algorithm.
We show how one of the components of the GLRAM decomposition is virtually
invariant to the change of position of the source throughout the room and
how this can be exploited in the modeling and convolution. In simulations we
show how this offers high compression, with less quality degradation than for
comparable benchmark methods.

6.1 Introduction

The room impulse response (RIR) describes the impact of a room on an acoustic
excitation signal played within the room and is used in a wide variety of
applications [58, 85, 86]. Typically, the RIR is modeled either as an infinite
impulse response (ITR) (see, e.g., [87, 71]), or as a finite impulse response (FIR)
model (see, e.g., [87, 72]). The IIR model is generally more compact, but
the filter parameters can be difficult to estimate, due to issues of instability
[73, 81]. The FIR model is simple and straightforward, but the number of
parameters needed is large, on the order of 10? for an office-sized room, and 10%
or even 10° for a reverberant room such as concert hall, at a sampling rate of
48 kHz [38, 135]. This can be prohibitive from both a memory requirement and
computational complexity point for view, when using the RIR for convolution
[88, 89, 136]. The RIR is position-dependent, meaning that if the source or the
receiver moves, the corresponding RIR changes. As a consequence, in order to
faithfully reconstruct the sound field in a room, the spatial resolution of the
grid of measurements needs to be on the order of 10 cm [51]. Even for small
rooms, the number of source/receiver configurations for which the RIR has to
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be stored will be in the millions, amounting to hundreds of gigabytes of data
for a single room. Consequently, there is a need for compact representations of
the RIRs of a room.

An application of RIRs, with a market that has seen a surge in recent years,
and is expected to continue to grow, is that of simulated experiences, such
as virtual reality (VR), with purposes ranging from pure entertainment to
decision making in building design, skill training, and therapy in mental health
[29, 30, 31, 32]. In VR it is desirable to allow the user to move around in
the simulated space, thereby allowing for a more immersive experience. It
is necessary to have closely spaced RIRs to be able to represent small sound
sources in order for the experience to be immersive [30]. The storage of said
RIRs can, however, be burdensome, due to the limited storage of real-world
products [173]. Furthermore, the processing needs to be as light as possible, as
most of the computational resources are used for the visual rendering [30]. This
highlights the need for compact storage of, and fast low-latency convolution
with, RIRs.

In order to provide alleviation in terms of storage and processing, we have in
previous work considered low-rank models of matricizations and tensorizations of
RIR vectors [95], how RIRs can be estimated on a low-rank form [114], how this
low-rank structure can be leveraged in fast, low-latency time-domain convolution
[141], how low-rank models preserve objective RIR qualities and perform with
respect to objective signal-based measures [174], and for multi-channel active
noise control [60]. In this paper we extend upon these ideas and propose the
joint compression of multiple RIRs, for the purpose of saving storage space, as
well as making them amenable to fast low-latency multi-channel convolution.
This compression will be done using two different methods building upon the
generalized low-rank approximation of matrices (GLRAM), introduced in [175].
We propose that the set of RIRs used to find the components of GLRAM does
not need to be the same as the set of RIRs one aims to compress. This allows for
scenarios where the compression is learnt on one set of RIRs and then later used
on another set of RIRs, possibly unknown at the time when the compression
was learnt. Huang et al. has in [130] considered system identification from
input-output data, of RIRs corresponding to adjacent source positions, on the
form of a tensor decomposition.

The contribution of this paper is fourfold. Firstly, we show how multiple RIRs of
a room can be compressed jointly, with less quality degradation than comparable
state-of-the-art methods, using joint low-rank representations. Secondly, we
show how the components of this compression vary throughout the room, and
how this insight can be leveraged in the modeling. Thirdly, we demonstrate how
the compression can be learnt using a set of RIRs, and then used to compress
a different set of RIRs. Finally, we propose an algorithm for multi-channel
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low-rank convolution with the jointly compressed RIRs, without the need to
decompress these.

This paper is organized as follows: In Section 6.2 the signal model and the
proposed algorithms are presented. Numerical results are presented in Section
6.3. Finally, in Section 6.4, conclusions are presented and possible areas for
future research are pointed out.

6.1.1 Notation

We denote scalars, vectors, and matrices, by lowercase (e.g., h), bold lowercase
(e.g., h), and bold uppercase letters (e.g., H), respectively. Sets are denoted
by calligraphic letters (e.g., H), and the cardinality of a set is denoted |H]|.
Linear operators are also denoted by uppercase calligraphic letters, but it will
be obvious from context what is considered. I, is an n x n identity matrix. The
selection of one or several elements from a vector or matrix will be denoted by
square brackets, e.g., H[m : p : n, j] is a vector containing every pth element from
the mth till the nth row of the jth column of H (the omission of p indicates that
every element between m and n is considered). The hat symbol, *, indicates an
approximated quantity. The operator Z : R™ — R™ denotes the reversion of the
order of the elements in a vector, i.e. Z(x) = [z(n,), x(n, —1), ..., x(l)]T.
Finally, eigenvalues and singular values are ordered in a non-increasing fashion,
with respect to the magnitude.

6.2 Signal Model, Algorithm, and Motivation

6.2.1 Signal Model

We consider a discrete-time RIR h(k), k =1,2,...,np, arranged in the vector
h € R™. The RIR can be modeled as a sum of decaying sinusoids (see [95] and
references therein),

h(ry,re, k) = Z fon (T, T3)e P COS(Wn . + ), (6.1)
m=1
for kK = 1,2,...n;,. Here, pu,, denotes the initial amplitude, r,,r, € R3

the position of the receiver and the source, respectively, 3,, € R, the
exponential decay constant, w,, € [0, 7] the angular frequency, ¢,, € [0,27) the
phase and m, € N is the number of decaying sinusoids used in the model.
For the ease of notation, we will drop the dependence on r, and rys and
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refer to h(r,,rs, k) as h(k). Consider the matricization, or reshaping, of

h=[h(1) h(2) ... h(ny)]" into a matrix H € R™*°,
h(1) h(r +1) e h(r(c—1)+1)
H= | z ; L (6
h(r) h(2r) h(er)

where it is assumed that n; = rc. When a vector consisting of the sum of mg
discrete-time decaying sinusoids is reshaped into a matrix, that matrix will
have rank 2m (see, e.g., [44]). The low-rank structure of the matricized RIR
is something that can be exploited for purpose of compact storage [95], as
well as fast, low-latency time-domain convolution [141]. We have in previous
work focused on the low-rank structure of single RIRs. Here we look also to
exploit the similarity of RIRs from closely spaced source or receiver positions, by
considering joint low-rank approximation of multiple matricized RIRs. We will
see that the original GLRAM decomposition is too restrictive for the purpose of
joint compression of RIRs when they correspond to source or receiver positions
too far apart. However, by considering a modified form, good compression
can be achieved and the approximated RIRs are amenable to fast low-latency
time-domain convolution.

6.2.2 GLRAM

Consider a set of RIRs, which with (6.2) can be represented as a set of matrices
H; e R"™*¢ j=1,2,...,n. GLRAM constructs joint low-rank approximations
H; ~ ﬂj = LDjRT,j =1,2,...,n, by minimizing the criterion

n
. T
mﬁ’rﬁ%fe E |H; — LD,R"|%,
j=1 (63)

s.t. L'L=1,,,R"R =1,

where L € R™4 R € R D; € R*%_ First L and R are found iteratively,
and then the matrices D; are found via D; = LTH;R. The matrices L and R
are common to all I:Ij7 7=1,2,...,n. While LL and R are orthogonal, much like
U and V of a traditional singular value decomposition (SVD), H = USV”, D,
is not necessarily, in contrast to S, diagonal. It is also worth noting that ¢; and
{5 do not have to be equal, yielding extended modeling freedom. By considering
{1 < r,ly < c, and a large number of RIRs, n, the number of coefficients needed
to represent the approximated matrices I:Ij7 can be made significantly smaller
than the number of coefficients needed to represent the original matrices H;.
The original GLRAM algorithm can be found in [175].
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6.2.3 Proposed Room Compression Methods

We propose two distinct methods for the simultaneous compression of multi-
channel RIRs, which will be introduced in this section. We will from hereon
distinguish between the set of RIRs used for finding L and R, denoted Hyiodel,
and the set of RIRs to be compressed, denoted Hcomp. We will denote the
cardinalities of these sets nyodel = |HModel| and ncomp = |Hcomp|, respectively.
To reflect the distinction between finding L and R, summarized in Algorithm
5, and finding the matrices D; for all the RIRs of Hcomp, summarized in
Algorithm 6, we will divide the original algorithm from [175], into two distinct
algorithms. For Algorithm 5, we will initialize L as suggested in [175], by using

LO _ [131] (6.4)

where 0 is a matrix of all zeroes, of appropriate size. As indicated in
[175], the algorithm generally converges in very few iterations. We will
therefore not consider a stopping criterion, but rather a maximum number
of iterations, I = 3. It should be noted that when considering only
one matrix, i.e. MNpoder = 1 and by letting ¢4 = ¢ = R, GLRAM
is equivalent to an R-truncated SVD. The first proposed method, Low-
rank Compression of Room Impulse Responses for Low-latency Convolution
(LoCo-LoCo), consists of running Algorithm 5 and then Algorithm 6.
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Algorithm 5: Finding L and R

1: Input: {Hj}jGHI\/Iode-l’ LO T
2: Output: L, R 4
3: fori=1,2,...,1 do
4 Mp =30, HFLO-DLO-DH,
¢
5. Compute /5 first eigenvectors {qbf }; ) of Mp

6: RO« [¢7,.... 0]
£ My, = ZjEHModel HjR(i)R(i)THJT
¢
8:  Compute ¢; first eigenvectors {(bﬁ}kl of My,
=1
9 LU« [of,.... ¢/ ]
10: end for
11: L+ L®
122 R+ R®

Algorithm 6: Finding D;
: Input: {H,} ,L,R

1 Jj€Hcomp

2: Output: {D;}7°™

3: for j =1,...,ncomp do
4 Dj — LTHjR

5

: end for

Next, the difference in spatial variability between the matrices U and V of
an SVD of an RIR matrix H, and by extension, the matrices L and R of the
GLRAM, will be discussed. In preliminary simulations it was observed that for
two separate SVDs of matricized RIRs corresponding to closely spaced receiver
positions, the V matrices for the respective SVDs were much more similar than
the respective U matrices. An example of this is displayed in Fig. 6.1. There
it can be seen that for three matricized RIRs, corresponding to closely spaced
receiver positions, taken from [1], the columns of U (left) appear to change
much more from one RIR to another, as compared to the columns of V (right).
In Fig. 6.1 we display the first (top) and second (bottom) columns of U and V.

The merit of this will be further discussed in Section 6.3.2. For now, it motivates
the proposal of the second method, Low-rank Compression of Room Impulse
Responses for Low-latency Convolution with Partially Invariant Transformation
(LoCo-LoCo-PInaTa). This method consists of first finding the matrix R
(common to all the compressed RIRs) by running Algorithm 5 (but ignoring L),
and then finding

W, =L,;D; = L;LTHR, (6.5)
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Figure 6.1: Similarity of SVD for closely spaced RIRs. Columns of U (left) and
V (right). First column (top), second column (bottom).

W, € R™* by running Algorithm 7.

Algorithm 7: Finding W

1: Input: {Hj}je’rtcomp’

2: Output: {Wj}je?tcnmp

3: for j =1,2,...,ncomp do
4 Mg =H;RR"H]

o

£y
Compute ¢, first eigenvectors {q’)£ }k ) of M,
Lj « [¢1,-... ¢4

7 Wj = L]L‘?H]R

8: end for

@

6.2.4 Computational Complexity and Compression

The computationally most expensive steps of the GLRAM algorithm are
the formation of the matrices Mg and My, of O (¢1¢(r + ¢)npodel) and
O (Lar(r + ¢)NModel ), respectively [175], where O(-) refers to the limiting number
of multiplications. For GLRAM, and the algorithms considered here, the
eigenvalue decomposition of Mg and My, are also expensive, bounded at O(c?)
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and O(r?), respectively [176]. For Algorithms 5 and 7, the most expensive step
therefore depends on the values of ¢, 7, numodel, and ncomp. For Algorithm 6,
the creation of D; j =1,2,..., ncomp is of order O (ncomprfz(c+ ¢1)) [175].

With compression rate, we refer to the reduction in computational storage. For
a single RIR, this is defined as

C(h)=1-— T(f‘), (6.6)

Ty

where ny, is the number of coefficients of the recorded and truncated RIR and
T(fl) is the number of coefficients for the compressed RIR. A compression rate
close to zero means nearly no compression, whereas a compression rate closer
to one means a high degree of compression. The benefit of GLRAM is that it
allows us to consider L and/or R for the compression of multiple matricized
RIRs simultaneously. In light of this, and denoting the number of L matrices
by nr,, the number of R matrices by ngr, we instead consider the compression
rate for a set of ncomp RIRs as

C(,}:[) _1_ nLl1 + Ncomplifa + ch&, (6.7)

TLhMComp

where # is the set of compressed RIRs.When considering the scenario where
R is common to all the RIRs of the room, but each RIR has its own W}, the
expression for the compression rate is reduced to

B NCompTl2 + cla

CH)=1 (6.8)

TLhNComp

6.2.5 Fast Low-latency Convolution

How low-rank structure to the reshaped RIR can be leveraged for fast, low-
latency convolution has been explored in previous work [126, 141]. Here we
consider an input signal x € R and an output signal y = hxx, y € R™ where
ny = np+ng;—1. In the simplest case, where the RIR h is reshaped into a rank-1
matrix H, the filtering operation with a very long filter (i.e., the RIR) is replaced
by two filtering operations with significantly shorter filters, corresponding to
the columns of W; and R. This unveils another benefit of a matrix R common
to all the RIRs. The convolution between an audio signal and R needs to
be done only once and the result can then be reused for all the considered
RIRs. The extension to arbitrary rank of the matrix H is straightforward as
a rank-R matrix is the sum of R rank-1 matrices. The filtering of the signal
through the entire RIR can be replaced by the filtering through 2R shorter filters.
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The approach is summarized in Algorithm 8.! For Algorithm 8, we consider
complexity in terms of number of multiply-add instructions. The creation of P
requires (ng + (¢ — 1)7)fo([ %= | + 1) multiply-add instructions and the creation
of {y]}"c“’”’ requires in total NGompNylor multiply-add instructions. For most
relevant scenarios (n, + (¢ — 1)r)la([ =] + 1) < ncompnyler. Traditional
time-domain multi-channel convolutlon assuming np > ng, requires in total
NCompNyNn multiply-add instructions, hence the proposed approach yields a
reduction of the computational cost by a factor of ~ ¢. A similar algorithm,
exploiting both similar L and R, could be envisaged, but as will be shown in
Section 6.3, LoCo-LoCo-PInaTa is better suited for the purpose of compressing
the RIRs of an entire room for low-latency convolution. For the sake of brevity,
such an algorithm will therefore not be considered.

Algorithm 8: Multi-channel Low-rank Convolution

1: Input: {Wj}]GHC R, x
2: Output: {y;};°™
3: for j —17..., n, + (c—1)r do

4: f0r€:1,...,£2d0

5: Ryow = max (fj e 41,1)

6: Ruigh = min ([ﬂ,c)

7: TLow = max (mod(j —1,7) + 1,5 — (¢ — 1)r)

8: THigh = min (ny —r + 14+ mod(j — 1 — ng,r),5)
9: P[j,¢] = R[Rrow : Ruignh, {|Z (X[TLow : T : THigh))
10:  end for

11: end for

12: for j =1,...,ncomp do

13: fork=1,...,n, do

14: Prow = max(k; —r4+1, 1)

15: Prigh = min(k,n, —r + 1)

16: Wiow = max(k — (ny, —r),1)

17: Whigh = min(k, 1)

18: fOI’EZl,...@QdO

19: P = P[PLow : PHighyg]
20: w=21 (Wj [WL()W : WHigh,f])
21: yjlk] = yik] +w'p
22: end for
23:  end for
24: end for

1A Matlab implementation of Algorithm 8 is available at https://github.com/m-jalmby/
multichannel_conv_example


https://github.com/m-jalmby/multichannel_conv_example
https://github.com/m-jalmby/multichannel_conv_example

116 __ MULTI-CHANNEL LOW-RANK CONVOLUTION OF JOINTLY COMPRESSED ROOM IMPULSE
RESPONSES

6.3 Numerical Results

6.3.1 Compact-array RIR Measurements

In the first example we will be using RIRs from the single- and multichannel
audio recordings database (SMARD) [1]. These are recorded at 48 kHz in a 60
m? room, with a reverberation time of approximately 0.15 s. The RIRs will be
truncated at n;, = 6400 samples, corresponding to 0.13 seconds. We will consider
the RIRs recorded with orthogonal arrays, which in turn consist of 3 uniform
linear arrays (ULA) with 7 microphones (5 cm spacing) for each, recorded at 24
different source-receiver position configurations, yielding a total of 504 RIRs. In
this scenario Haodel = Hcomp, i-€., the set of matrices used for finding L and
R will be the same as the set of matrices to be compressed. We will consider
two different versions of LoCo-LoCo and LoCo-LoCo-PIhaTa, respectively. For
the first ones, which we denote LoCo-LoCo 7 and LoCo-LoCo-PInaTa 7, we will
consider a different Hyjoqer for each ULA of the orthogonal array, i.e. nyodel = 7-
For the other ones, LoCo-LoCo 21 and LoCo-LoCo-PIfnaTa 21, Hyioder is the
entire orthogonal array, i.e. nyoqel = 21. These two versions of LoCo-LoCo
will be compared to two other approaches. Firstly, a low-rank approximation
using a truncated SVD, for each RIR. The R-truncated SVD of a matrix H is
the closest rank-R matrix to H in both the 2-norm and in the Frobenius norm
[177]. The drawback from a compression point of view, however, is that for
each compressed matricized RIR H; = Uj[;,1: R]S;[1: R,1: R|V,[;,1: R|T,
the three matrices U, S;, and V; are unique to each approximated RIR ﬂj
and have to be stored. This means that for a fixed compression rate, the rank
for the truncated-SVD approximation method will be significantly lower than
/1 and /5 for LoCo-LoCo and LoCo-LoCo-PInaTa. For the R-truncated SVD,
C(h) =1 — R(c+ r)/ns. For LoCo-LoCo, LoCo-LoCo-PIfiaTa, and SVD, the
truncated RIR vectors are reshaped into 80 x 80-matrices. We will also consider
the state-of-the-art Opus interactive speech and audio codec [144, 145]. The
Opus codec is created for the compression of audio, but has recently been
considered for the compression of RIRs too [149]. The Opus encoding was done
using Matlab’s audiowrite. Although Opus shrinks the file size of the stored
RIR, the number of coefficients remains the same. The error is measured in
terms of normalized misalignment,

NCom N
1 " |[hy — hyll
[h;ll2

Mag (h) = 20 log,, (6.9)

n
Comp J=1

The results are shown in Fig. 6.2. There it can be seen that for the RIRs
corresponding to the closely spaced microphones of SMARD, on either the
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Figure 6.2: Normalized misalignment, Hatodel = Homp-

full array or one for each ULA, LoCo-LoCo performs the best. LoCo-LoCo-
PInaTa, for which ¢; and /5 is much smaller than for LoCo-LoCo, given a
fixed compression rate, fails to perform on par with the benchmark methods,
except for very high compression rates, where the performance of Opus declines
considerably.

6.3.2 Spatial Variation of U and V

The difference in how much of the spatial variation is reflected in U and V,
respectively, is highlighted in the following example. We consider the same RIRs
as in Section 6.3.1 and use an R-truncated SVD with R = 12. For each ULA of
the orthogonal array, separate SVDs are made of the matricized RIRs, denote
these U,, and V,,, respectively, n = 1,2,...,7. It is then explored what error
is induced by using either U; or V1, in place of U,, and V,,, respectively, for
the low-rank approximation. The averaged results are found in Fig. 6.3 (top).
For reference, using both U,, and V,, resulted in a normalized misalignment of
~ —18 dB. As expected, using U,, and V,, is by far the best, but the substantial
outperformance by the case where V is kept constant, as compared to when U,
is kept constant, is an indication that more of the spatial invariance of adjacent
RIRs of is captured by V.

This is also seen when considering the subspace angles (see, e.g., [178]). For
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Figure 6.3: Spatial variation of U and V (top) and mean of principal angels
between subspaces spanned by the columns of U; and U,, and V; and V,,
respectively.

a matrix U € R™*" let U = {U[:;,1],U[;,2],...,U[:,n]} denote the set of its
column vectors, and U the subspace of R™ that the vectors of U span. For
two matrices, U € R™*" 'V € R™*P  the principal angles 6; < 0 < -+ <
Omin(n,p) < m/2 between the two subspaces U and V' and the corresponding
principal directions uy € U and vy € V are defined recursively as

cos(fy) = ufvy =

n[}axVuTv
uel,ve
(6.10)
st f[uf = [lv[| =1
wlu,=vlv;=0,i=1,...,k—1.

In Fig. 6.3 (bottom) we see the mean principal angles, averaged over the
three ULA’s of the 24 source-receiver position configurations, as a function of
microphone position. The large degree of similarity between the subspaces V;
and V,, n=2,3,...,7, compared to U; and U,,, n =2,3,...,7, is evident. We
will now consider how this can be exploited.
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Table 6.1: Damping coefficients and reverberation times, Section 6.3.3

Surface / Hz || 125 250 500 1000 2000 4000

Walls 01 02 04 06 05 06
Ceiling 0.02 0.02 0.03 0.03 0.04 0.07
Floor 0.02 0.02 0.03 0.03 0.04 0.07

Teo 123 063 033 022 026 021

6.3.3 Synthetic Room Impulse Responses

We will here consider synthetically generated RIRs, in order to further investigate
the spatial variation captured by L and R, respectively. This allows for a scenario
where the location of the loudspeaker generating the signal is fixed, and we
consider the RIRs for microphones placed on a finely spaced grid throughout
the room. The RIRs considered in this section have been generated using the
image source method [7, 179]. The three-dimensional room is 3.7 m x 3.1 m x
3.2 m, the loudspeaker is placed at [2.62, 1.4, 1.6] m, and microphones are
placed on a two-dimensional Cartesian grid with spacing 0.06 m, also at 1.6 m
above the floor, starting 0.2 m from each wall. The frequencies of the excitation
signal, the damping coefficients for the respective surfaces and frequencies, and
the reverberation time, Tgo, for the respective frequencies, are stated in Table
6.1. The RIRs are truncated to 0.33 s, corresponding to n;, = 15625 samples,
given the sampling rate of 48 kHz.

In this scenario we initially considered LoCo-LoCo and LoCo-LoCo-PlhaTa,
and truncated SVDs as a baseline. For LoCo-LoCo, ¢; = {5 = 56, for LoCo-
LoCo-PlnaTa, ¢; = ¢5 = 21, and for truncated SVD, R = 12, all corresponding
to C(h) ~ 0.8, due to the fact that the number of coefficients shared by the
compressed multi-channel RIRs varies strongly between the methods. For LoCo-
LoCo and LoCo-LoCo-PInaTa, the matrices common to all the compressed
RIRs (L and R for LoCo-LoCo and R for LoCo-LoCo-PIiaTa) were found
using a randomly chosen subset, Huiodel, With nyodel = 25, of the all RIRs to
be compressed, Hcomp, With ncomp = 2576. Preliminary simulations showed
poor performance by LoCo-LoCo. Despite the comparatively large ¢; and /s,
the matrices L and R are unable to capture the RIR variability throughout the
room. Therefore, the results for LoCo-LoCo will not be shown here.

LoCo-LoCo-PliiaTa, on the other hand, is able to make use of the invariance of
R throughout the room, while capturing the variability in W;. In order to be
able to reliably represent RIRs from anywhere in the room, it is important to
not only use RIRs that are far away from the source in Hyiodel- If only RIRs
too far from the source are used when modeling R, the entries of the top row



120 ____ MULTI-CHANNEL LOW-RANK CONVOLUTION OF JOINTLY COMPRESSED ROOM IMPULSE
RESPONSES

LoCo-LoCo-PInaTa — SVD

* Loudspeaker
© Used RIRs

Figure 6.4: Difference between normalized misalignment for LoCo-LoCo-PInaTa
and normalized misalignment for SVD.

of R will be 0 which, in turn, will cause the first r taps of h to be 0 as well. If
then the direct component of an RIR in the room is at one of the first r samples,
LoCo-LoCo-PInaTa will be unable to faithfully restore the direct component,
causing large misalignment.

The difference in normalized misalignment for LoCo-LoCo-PIiaTa and the SVD
approximation is displayed in Fig. 6.4. The locations at which the RIRs of
Hnodel for LoCo-LoCo-PlfiaTa are sampled are marked in red. In Fig. 6.4 it
can be seen that LoCo-LoCo-PIiaTa performs better than the baseline, with the
exception of a very small area in direct proximity of the source. For reference,
the average normalized misalignment was —19.98 dB for LoCo-LoCo-PInaTa
and —18.73 dB for the baseline truncated SVD.

6.3.4 Distributed-array RIR Measurements

The findings from Section 6.3.3 are confirmed when applying the same methods
to real data. In this section we consider RIRs from the dataset S32-M441
from [52]. Here, RIRs are recorded by microphones in a 1 m x 1 m planar
grid, every 0.05 m, from {z,y| — 0.5 < x,y < 0.5}, yielding 441 RIRs, with a
source at [1 0.45 —0.1], relative to the middle of the microphone grid. The
RIRs are recorded in a room with approximate dimensions of 7.0 m x 6.4 m
X 2.7 m, with Tsg = 0.19 s. We consider n;, = 8100, corresponding to 0.17 s,
and the RIRs are reshaped into 90 x 90 matrices. Much like in Section 6.3.3,
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Figure 6.5: Normalized misalignment for distributed-array RIR measurements.

LoCo-LoCo fell short in preliminary simulations and will not be considered
further. For LoCo-LoCo-PInaTa, R was found using 40 randomly chosen RIRs.
The average normalized misalignment is displayed in Fig. 6.5, in the top plot
as a function of compression rate and in the bottom plot as a function of
convolution complexity, in terms of number of multiply-add instructions, when
considering convolution with a signal of length n, = 100. An example RIR,
and the respective approximations, are displayed in Fig. 6.6, zoomed in at
samples 2800 — 4000 in the time domain and the range 0 — 6000 Hz in the
frequency domain. LoCo-LoCo-PInaTa’s superior performance is evident in the
time domain at the samples from 3200 to 3400, as it is able to capture a longer
part of the original RIR. In the frequency domain, LoCo-LoCo-PInaTa is able
to better represent the dominant modal peaks.

There is a noticeable difference in improvement for using LoCo-LoCo-PIhaTa,
as opposed to a traditional SVD, for the scenarios considered in Sections 6.3.3
and 6.3.4. This is likely due to the fact that the synthetic RIRs of Section 6.3.3
display very little modal behavior, as compared to the recorded RIRs of Section
6.3.4, as the low-rank property of a matrix such as the one in (6.2) is dependent
on modal behavior, as described in (6.1). This is displayed in Fig. 6.7, where
the magnitude response of a measured RIR from [52] (top) and a synthetic RIR
(bottom) are plotted. The magnitude of the synthetic RIR is dominated by
the cavity mode at 0 Hz, whereas the measured RIR from [52] contains several
distinct modal peaks.
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Table 6.2: Changes in source position

Measure Common R Unique R
C(h) 0.82 0.82

by =4y 16 16
Mag(h) —23.95 —23.96
Multiply-add

instructions per 1.44 -103 1.44 - 103
output sample

Retrieval of R 0.18 s 2.87s

6.3.5 Changes in Source Position

In this section we investigate how the different methods work for a scenario
where the position of the source changes. The dataset S32-M441 from [52] that
we will be using, contains RIR measurements from 441 different microphones and
32 different sources, for a total of 441 - 32 = 14112 RIRs. The source position is
varied along two separate rectangles around the microphone grid, one placed 0.1
m above the microphones, the other placed 0.1 m below the microphones, each
containing 16 source positions. Again we consider nj, = 8100, each truncated
RIR is reshaped into a 90 x 90 matrix, and we let £; = 5 = 16. We consider the
difference in the quality of RIR approximation between two different versions
of LoCo-LoCo-PlInaTa. In the first one, called Common R, only one matrix R
is found for each rectangle of sources, using 40 randomly selected RIRs out of
the 441 RIRs measured for one of the 16 source positions. For the second one,
called Unique R, a separate R will be used for each source position, found using
the same 40 randomly selected RIRs as for the first version. The compression
rate is 0.82 in both cases. Averaged over all RIRs, the normalized misalignment
is —23.95 dB for the Common R version and —23.96 dB for the Unique R
version. The number of multiply-add instructions per output sample when
considering convolution with a signal of length n, = 100 is 1.44 - 103 in both
scenarios. The main difference is the time spent retrieving R. This needs to
be done only twice for the Common R version, but 32 times for the Unique R
version. Simulations were done using Matlab 2022b on a 2018 MacBook Pro
with a 2.7 GHz QuadCore Intel Core i7 processor. Averaged over 50 Monte
Carlo-simulations, the Common R version spent 0.18 s on the retrieval of R
whereas Unique R spent 2.87 s. The results are summarized in Table 6.2. The
minute difference in misalignment between the two considered versions indicates
that the same matrix R can be used for the compression of multi-channel RIRs
corresponding to multiple source positions throughout a room.
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Figure 6.8: Normalized misalignment per compression rate, for varying ¢; and
ls.

6.3.6 The Relationship Between /; and /5

Up until this point we have considered only the case where ¢; = {5, where
we remind the reader that ¢; and ¢y define the size of D; € R&* ip the
approximated RIR ﬂj = LD;R7. One of the advantages of the GLRAM, as
compared to the SVD is that ¢; and /> can be chosen independently from each
other. The previously established higher degree of similarity of the R matrices,
as compared to the L matrices, for RIRs corresponding to adjacent receiver
positions is an indication that ¢; = ¢2 might not necessarily be the best choice.
To demonstrate this, using the RIRs from [1] as described in Section 6.3.1, we
vary 1 between 5 and 35, while £ = 40 — ¢1. The results are shown in Fig. 6.8.
In order to be able to illustrate both normalized misalignment and compression
in the same figure, the y-axis in Fig. 6.8 is average normalized misalignment per
compression rate. Noticeable in Fig. 6.8 is that the minimum does not occur
at {1 = l5 = 20, but rather at ¢, = 25, 5 = 15. This further strengthens the
conclusion that it is favorable to yield more modeling capacity to L, given that
it absorbs more of the spatial variation. This is beneficial when considering the
multi-channel low-rank convolution in Algorithm 8. As previously concluded,
with a common R € R*#2, the matrices L; € R™*‘ and D; € R***2 can be
stored together as W € R"*% . A smaller /5 decreases the overall complexity
of the convolution.
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6.4 Conclusions

In this paper we propose two novel methods for the joint compression of
multiple RIRs by use of joint low-rank approximations. The first proposed
method, LoCo-LoCo, proved better than the benchmark methods, truncated
SVD and state-of-the-art audio compression standard Opus, in scenarios where
the RIRs to be approximated correspond to very closely spaced receivers. In
scenarios where the receivers are farther apart, the other proposed method,
LoCo-LoCo-PInaTa, outperformed the benchmark methods, exploiting the
demonstrated spatial invariability in one of the components of the GLRAM
decomposition used throughout this paper. The compressed multi-channel RIRs
yielded by the proposed methods are amenable to fast low-latency multi-channel
convolution and for multi-channel RIRs compressed with LoCo-LoCo-PInaTa
we provide an explicit convolution algorithm.

Previous research has revealed a significant improvement in performance when
considering a 3D tensor approximation of a single RIR, as opposed to a 2D
matrix approximation, given a fixed compression rate. This gives reason to
believe that tensor approximations could lead to an improvement of the joint
compression of multiple RIRs considered in this paper and should be the focus
of future research.






Chapter 7

Valorization

No research is created in a void. Needs spark innovation and examples of how
innovation has changed our lives throughout history are plentiful. In this chapter
we will look at three possible areas for valorization of the research conducted in
this thesis, virtual reality (VR) and augment reality (AR), sound zone control,
and the cultural heritage preservation of important acoustic spaces.

7.1 VR/AR

Through commercial products like Meta Quest, PlayStation VR, and HTC
Vive, simulated experiences like VR are quickly transforming from futuristic
science fiction to something for every-day use. The rapid growth up until this
point is due to improvement in the underlying technology, in form of greater
processing power and richer audio [180]. The market for VR has grown rapidly
in recent years, and the growth is expected to continue [29]. The global market
was valued at $19.44 billion in 2022 and is projected to grow to $165.91 billion
by 2030, with a compounded annual growth rate of 31%, with live virtual
entertainment being the main driving factor [181]. VR can be used for a
wide range of purposes, including gaming and entertainment [29], architectural
acoustics [66], skill training [31], decision making in building design [30], and
mental health therapy [32].

Although VR is becoming more common, it is still not close to other digital
devices, such as PCs, TVs, tablets, and smartphones. VR becoming as
commonplace as these hinges on it being able to do things the other devices
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cannot, by delivering truly immersive experiences [180]. Although the visual
aspect is undoubtedly the most striking thing about VR, good reverberation is
just as important for an immersive experience [33]. For most VR applications,
however, modalities apart from the visuals are presented as effects, without
proper physical based reference to real-world properties [66]. Artificial
reverberation for VR is challenging. The storage space of real-world products is
limited [173]. The processing needs to be light, as for most VR applications,
the lion’s share of the computational resources are dedicated to the visual
rendering [30]. Latency from motion tracking, etc. needs to be taken into
account [66]. Different reverberation simulation techniques have their strengths
and weaknesses. Ray-based methods simulate early reflections well, but struggle
when it comes to the late reverberation. Wave-based methods are accurate and
can achieve good spatial awareness, but become prohibitively computationally
expensive when considering higher frequencies [182].

For the assessment of VR, there are two important terms, immersion and
presence. They are often used interchangeably, but whereas immersion refers
to the technology and its ability to generate vivid illusions of reality, presence
refers to the sense of truly being in the virtual environment [183]. VR is
known to potentially cause VR sickness, with symptoms like nausea, fatigue,
and disorientation. This effect can be mitigated, however, by the inclusion of
multi-sensory information, such as auditory, olfactory, and tactile information
[184]. Good audio rendering in VR has been shown to increase the sense of
presence [185], which in turn is negatively correlated with VR sickness [186].

Similar to VR, AR is different in that it does not create an entirely simulated
environment, but rather augments information to the already existing world. As
opposed to VR, for AR, the real-world surroundings have to be taken into account
and the acoustic properties have to be estimated. This is not seldomly done
under adverse conditions, as setting up loudspeakers and microphones for proper
RIR measurements in such situations is hardly practical [187]. Considering the
merit shown by the low-rank models under adverse conditions and conditions
of uncertainty, the employment of low-rank models in AR could prove very
useful. In simulated experiences, a distinction is made between plausibility
and authenticity. For an experience to be authentic it has to be perceptually
identical to an external reference, whereas for it to be plausible it is enough
that it is indistinguishable from our expectations, or internal reference. For VR,
as opposed to for AR, no external reference is available, why authenticity is
considered more important in AR [187].

The research conducted in this thesis revolves around the compact representation
of the impact of a room on a sound signal, for efficient storage and fast processing.
As been shown throughout this thesis, low-rank modeling of RIRs allow for
very compact storage of RIRs, without considerable quality loss. In the context
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of AR and VR, this is paramount, due to the mentioned limited storage on
real-world products. The algorithms for low-rank, low-latency convolution
provides a framework for the so crucial fast processing. The fact that the RIRs
can be used for fast low-latency convolution on their compressed form is a
very appealing property and gives reason to believe that the ideas of exploiting
low-rank in the modeling of RIRs explored in this thesis could help push the
boundaries of AR and VR.

7.2 Sound Zone Control

In sound zone control, the aim is to achieve a desired sound field within a
restricted area, while affecting other areas of the space as little as possible.
Typically, the room is divided into two sets of areas. The bright zones, where a
certain sound is to be reproduced, and the dark zones, in which the acoustic
energy is to be minimized. Multiple microphones and loudspeakers are used to
control the reproduced sound field [39]. Described as a headphone experience
without headphones [188], it is making its way out of the experimental lab and
into our homes [189]. Its usefulness has also been demonstrated in, among
others, airplanes [190] and car cabins [191]. Accurate knowledge of the RIR is
imperative to good sound zone control [192]. Sound zone control and is an active
market with companies like NTT Sonority, Harman, USound, and Hyundai.

Closely related to the field of sound zone control is that of active noise control
(ANC), in which, by means of destructive interference, sound is canceled out in
a particular area [193]. The performance of the reproduction of the sound field
is sensitive to errors in the acoustic transfer function. For ANC algorithms,
convergence speed, computational complexity, and robustness are of the highest
concern. The design of adaptive sound field control systems, to be able to
deal with a variable acoustic environment, is believed to be a fruitful area of
future research within sound zone control [194]. The applicability of low-rank
decompositions of RIRs for multi-channel ANC was recently demonstrated in
[60].

The findings of Chapter 6 show how the low-rank ideas explored in this thesis
can be used for compact storage and fast multi-channel convolution with audio
signals. Therein we present two different methods for the joint compression of
RIRs. The first one, LoCo-LoCo, where both the left and right transformation
is common to the compressed RIRs, proved more useful when the receiver
positions of the RIRs are closely spaced. The second one, LoCo-LoCo-PInaTa,
was preferred when the receivers are farther apart. This way, great flexibility
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is provided depending on the scenario considered, as both methods yield
approximations amenable to fast low-latency convolution.

7.3 Cultural Heritage Preservation of Historically
Important Buildings

Music and architecture are two cultural expressions that have always been
interlaced through acoustics. The Notre-Dame fire of 2019 was undoubtedly
a tragic event, leaving most of the roof and spire of the cathedral destroyed.
However, it serves as an excellent example of the importance of the digital
preservation of the acoustics of historically important buildings. While photos
and drawings can help us restore the visuals, with a building like Notre-Dame,
the acoustics of the space is a big part of what makes it special. Luckily
for us, extensive measurements of the acoustics of Norte-Dame were made
a couple of years prior to the fire. With the help of computer simulations
and post-fire measurements, the pre-fire measurements can help to guide the
rebuilding of Notre-Dame in order to restore it as well as possible to its prior
condition [195, 196]. In a similar fashion, Teatro La Fenice in Venice has been
reconstructed after the fire that destroyed it in 1996, thanks to measurements
made just two months before the fire, helping to restore the acoustics of the
original building [197].

Archaeoacoustics studies archeological sites through their acoustic properties,
or the application of acoustics in archeological spaces. The number of studies of
sound in archeological sites is quickly increasing and providing us with invaluable
knowledge about the behavior of ancient societies [198]. Examining the acoustics
of significant cultural monuments has been deemed to be of immense importance
for the exploration of historical and cultural contexts [199]. Archaeoacoustics
can provide an empirical complement to historical archeology and can allow us
to demonstrate the acoustics of a historical location not only in situ, but possibly
also off site. Acoustic measurements can, when properly interpreted and in
conjunction with archeological evidence, help make the speculative plausible
[200].

Taking the acoustics into account when constructing a building long precedes
our modern-day understanding of acoustics [197, 198]. Despite acoustics being
carefully considered from an architectural point of view, the acoustics of many
historical spaces are yet to be examined. Deepened knowledge about the
acoustics of a historical site can provide important understanding about the life
and customs of the people that used it [198]. For instance, through modeling
and measurements, researchers have been able to make conclusions about the
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purpose of buildings at the Forum Romanum, based on the speech intelligibility
in different parts of the buildings and how many people could have heard a
speaker, granting additional insight to the life in ancient Rome [201].

As described in Chapter 1, the storage of RIRs quickly becomes problematic,
when considering large, reverberant spaces. The measurement standard of today
(ISO 3382-1:2009) calls only for the characteristics of an acoustic space, in the
form of parameters such as reverberation time, early decay time, center time,
etc. Suggestions have been made to make the storage more comprehensive [199].
The ideas for compact RIR representation proposed in this thesis could facilitate
such an endeavor. This is a valorization pathway that will be further explored
by our research group in close collaboration with the Alamire Foundation, an
international study centre for early music in the Low Countries.






Chapter 8

Conclusions and Future
Research

This thesis is a first step in the exploration of the possibilities of low-rank
modeling in room acoustics. It started with the physical justification for the
use of a low-rank model of the RIR and a confirmation of its usefulness when
applied to real-life RIRs. It continued with a demonstration of how this low-rank
structure can be exploited when estimating RIRs from input-output data and
then how the low-rank properties can be leveraged when convolving the RIR
with an audio signal. Next, it was confirmed that the low-rank modeling of
RIRs is good also with respect to objective quality measures. Finally, it was
shown how the low-rank structure can be exploited for the joint compression
of, and convolution with, multiple RIRs. In this chapter, conclusions of the
research are presented, as well as suggestions for future research.

8.1 Conclusions

Up until the publication of the paper Chapter 2 is based upon, exploiting the
low-rank structure of RIRs was a fairly unexplored idea in room acoustics. The
sum-of-sinusoids model had been widely used before, and here the connection
between the physics governing room acoustics, the sum-of-sinusoids model, and
the possibility of using low-rank as a modeling tool, is presented. The connection
between these three parts is built on a number of model approximations, but it
is here confirmed that the use of low-rank is relevant for real-life RIRs. Low-
rank is shown to be a better option than truncation and thresholding for all

133



134 CONCLUSIONS AND FUTURE RESEARCH

considered cases, except for the very highest level of compression, with respect
to the normalized misalignment between the recorded and approximated RIR.
Further it is shown that low-rank modeling demonstrates very useful robustness
qualities, in that the standard deviation is lower throughout for the low-rank
approximation than for the comparable methods. Finally, one of the most
interesting observations in this chapter, which came to influence the subsequent
research significantly, is shown in Fig 2.2. Here, the benefit of higher-order
tensorization, as opposed to just 2-D matricization, is made evident. By using
a 3-D tensor approximation instead of a 2-D matrix approximation for the RIR,
for similar compression rates, a significant reduction in normalized misalignment
can be attained.

Once the real-life applicability of low-rank modeling in room acoustics has been
established, it seems only natural to investigate if low rank can be used to
improve the estimation of RIRs from input-output data. This way, the RIRs
can be estimated directly on a low-rank form, instead of acquiring the entire
RIR without the use of a physically motivated prior, only to throw away a
large portion of the data after making a low-rank approximation. In Chapter 3
it is shown that the inclusion of low-rank regularization improves estimation
performance in general, but particularly in scenarios with either low SNR or
poor spectral excitation. Two different low-rank promoting penalty functions,
nuclear norm and quadratic envelope, are compared to ordinary least squares
and Tikhonov regularized least squares. It is found that the two low-rank
promoting methods in most cases perform very similarly, see e.g., Fig. 3.4, but
the quadratic envelope has the added benefit of being particularly robust to the
case where the regularization parameter has either been over- or underestimated,
and is therefore especially useful in cases where oracle knowledge of the SNR,
can not be assumed, see Fig. 3.6.

Granted that the reshaped RIR has a low-rank structure, it would be appealing
to use that structure in the forward problem of convolving it with speech or
music. Therefore, in this chapter, it is demonstrated how the RIRs on low-
rank form can be used for fast, low-latency convolution. Exploiting low-rank
structure in convolution has been considered before for the 2-D case, but given
the significant improvement in going from 2-D matricization to higher order
tensorization shown in Chapter 2, the extension to 3-D tensorization provided
in this chapter, is a very relevant one. It is shown that the improvement
in normalized misalignment in channel approximation observed in Chapter 2
between 2-D and 3-D persists for the normalized misalignment in an output
signal sense, both when considering shorter RIRs convolved with speech signals,
see Fig. 4.1, and when considering longer RIRs convolved with music, see Fig.
4.2.

The evaluation that has been considered up until this point in the thesis
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has been purely mathematical, normalized misalignment between either the
approximated /estimated channel and the recorded RIR, or between the output
of convolution with the approximated/estimated RIR and with the recorded
RIR. This is promising, but the true test for any attempted improvement in
the field of acoustic signal enhancement or reproduction, is whether it yields an
improvement in signal quality and in the experience of a listener. In Chapter 5,
low-rank modeling is compared to truncation, thresholding, and the state-of-the-
art audio compression Opus, with respect to a multitude of objective quality
measures, channel-based as well as output-based. With very few exceptions
among the many considered scenarios, low-rank modeling compares very well. In
Chapter 5, RIRs from different rooms, and therefore with different reverberation
times, are considered. It is found that the low-rank modeling, compared to
the other considered methods, is more useful for shorter RIRs compared to
longer ones, and more competitive for compression rates of < 0.9. Low-rank
approximation preserves measures such as reverberation time, early decay time,
and center time as well as, or better than, Opus for these scenarios, see Fig.
5.4, Fig. 5.7, and Fig. 5.9, respectively. It is shown to preserve the TOA of
the direct component very well, see Fig. 5.8, something that is believed to
be very promising for future research in the context of spatial RIRs. Finally,
the excellent performance of low-rank models with respect to perceptually
weighted measures such as frequency-weighted log-spectral signal distortion and
ViSQOLAudio, see Fig. 5.10, Fig. 5.11, and Fig. 5.12, gives reasons to believe
that low-rank models will perform very well also in subjective listening tests.

Numerous applications consider closely spaced RIRs in a room, in order to
provide immersive experiences to a listener. As previously established, however,
the storage of many and long RIRs is strenuous, and the processing using
said RIRs, under strict latency constraints, is challenging. In Chapter 6 we
demonstrate how multiple RIRs of a room can be compressed jointly. It is
shown how one of the components of the GLRAM-decomposition varies slowly
throughout the room, see Fig. 6.3 and Fig. 6.4, and how this can be exploited
for reduced storage and fast multi-channel time-domain convolution. One of
the proposed methods, LoCo-LoCo, is shown to be superior to SVD and state-
of-the-art Opus for the compression of multiple RIRs corresponding to closely
spaced receivers, see Fig. 6.2. The other proposed method, LoCo-LoCo-PlnaTa,
is shown to be better when the receivers are farther apart, see Fig. 6.7, granting
great flexibility. The exploitation of the similarity of one of the matrices of the
GLRAM decomposition between adjacent RIRs yields a significant reduction
of the computational complexity of the multi-channel convolution between the
RIRs and an audio signal, see Fig. 6.8.

Taken together, the main contribution of the research presented in this thesis is
providing in in-depth introduction to the novel perspective of exploiting low
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rank in the modeling of RIRs. Considering the wide applicability of RIRs in
acoustic signal processing, the prospect of its usability is exciting. For this to
come into full fruition, however, a lot of research is still necessary, which will
now be further discussed.

8.2 Future Research

Two major lines runs through this thesis. The first one is the 2-D matrix vs.
the 3-D, 4-D, and 5-D tensors. The second one being the single-channel case vs.
the multi-channel case. These lines have mainly been explored separately. The
full potential of the ideas explored in this thesis is likely still ahead of us, by
simultaneously considering multiple RIRs and higher order tensorization.

In Chapter 2, a distinct improvement in approximation accuracy, given a
fixed compression rate, was seen when going from 2-D matricization to 3-D
tensorization. This improvement was confirmed for output error in Chapter 4,
and the several objective channel-based and signal-based measures considered
Chapter 5. A similar jump in accuracy was, however, not present when going
from a 3-D tensorization to a 4-D or 5-D tensor. Considering that it comes
with a similar reduction in the number of coefficients needed to store a rank-1
component, as when going from 2-D matricization to 3-D tensorization, one
would expect to see improvement there as well. Shedding light on this is an
interesting possible path for future research.

For Chapters 3 and 6 of this thesis, we considered only 2-D matricization.
However, in Chapters 2, 4, and 5, great improvement was seen when moving
from 2-D matricization to 3-D tensorization of the RIR vectors. Therefore, it
would be highly relevant to explore low-rank room impulse response estimation
for higher-order tensors and joint compression of multiple tensorized RIRs, as
extension of the ideas in Chapters 3 and 6, respectively.

In Chapter 3 we compared the performance of the low-rank estimator to
that of the CRLB, the lower bound on the MSE of an unbiased estimator.
However, for the bound to be correctly specified, this had to be done on low-
rank approximations of the matricized RIRs, rather than the matricized RIRs
themselves. The balance between the bias introduced by a misspecified model,
and the reduction in variance, therefore remains an open question. Given that
the application for this reaches far beyond just room acoustics, it looks like a
very interesting topic for future research.

For decompositions and approximations of higher-order tensors, the practical
decision was made to always use the CPD, as the particular choice of tensor
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decomposition was beyond the scope of this thesis. It would therefore be very
interesting to see a methodical review of different tensor decomposition methods
and their suitability for low-rank modeling in room acoustics.

Throughout this thesis, with a brief exception in Chapter 6, only square matrices
and tensors were considered, i.e., when ng, = ns, = --- = ns,. It is justified
by the fact that this way, the number of coefficients needed to store a rank-1
component is the smallest. That does, however, not mean that this is an optimal
choice in every conceivable scenario, as the findings in Chapter 6 indicate. A
systematic exploration of the impact of the sizes of the tensor dimensions, and
possible physically-based motivations therefore, appears fruitful.

In this thesis we have considered RIRs and signals sampled at fairly high
sampling rates, 44.1 kHz and 48 kHz. This forces a decision between an RIR
that is long in terms of time and containing many coefficients or short in terms
of time and containing few coefficients. In applications like sound zone control,
it is not uncommon to consider a significantly lower sampling rate, often on the
order of 10% Hz, in order to have filters that are longer with respect to time,
without them also demanding a large number of coefficients. A study of the
performance of the low-rank methods at lower sampling rates would therefore
be interesting.

Spatial audio has not been considered in this thesis. The results of Chapter 5,
however, suggest that the low-rank structure to RIRs considered in this thesis
could be very useful when considering spatial audio. The times of arrival of the
direct component and early reflections are very important for source localization.
The results in Chapter 5 show that the low-rank approximations considered
preserve the time of arrival of the direct component very well. Verifying that
this indeed translates into improved modeling also of spatial RIRs is a very
interesting area for future research.
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