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Summary

This Dissertation is 
on
erned with the mathemati
al modelling of musi
al and

audio signals. The emphasis is on multi-
hannel signals where either more than one


opy of a single original is available for analysis, or where the signal 
omprises two

or more parts. The most 
ommon example of this latter 
lass is stereo signals whi
h


omprise a left and a right signal to 
reate an auditory illusion of spa
e.

Two models are analysed in whi
h we have multiple observations of a single signal.

Both are based on the well-known auto-regressive (AR) model whi
h has previously

been su

essfully deployed in many audio appli
ations.

The �rst of these is the Multiply-Observed AR Model in whi
h a single AR signal is


ontaminated by a number of independent interferen
e signals to give multiple noisy

observations of the original. It is shown that the statisti
s of the noise sour
es 
an

be determined given 
ertain broad assumptions. The model is applied to the problem

of broadband noise redu
tion of a 78 r.p.m. re
ord, of whi
h a number of 
opies are

available.

The se
ond model is the Ensemble-AR Model in whi
h an ensemble of ex
itation sour
es

drive identi
al AR �lters to give multiple observed signals. Methods for estimation of

the AR parameters from the observed data are derived. The model is applied to the

dete
tion of impulsive noise in audio signals, and interpolation of the missing data.

The E-AR model is demonstrated to be superior to a similar single-
hannel approa
h

in both of these areas.

There is su
h a variety of stereo signals in existen
e that a very general model is needed

to en
ompass their whole spe
trum. The Coupled-ARMA Model put forward here is

based on the ARMA model, but generates a pair of interdependent signals. Its stru
ture



v

allows eÆ
ient estimation of its parameters, and various methods for this are examined.

Interpolators for Coupled-ARMA signals are derived.

For mu
h multi-
hannel audio work it is ne
essary to ensure that the observed sig-

nals are a

urately aligned with ea
h other. Where multiple 
opies of a dis
 or tape

are under examination this is a diÆ
ult problem, sin
e even minute time o�sets and

speed 
u
tuations lead to e�e
ts su
h as time-varying 
omb-�ltering when the signals

are summed. We examine this problem in detail, and develop a robust s
heme for

resyn
hronising signals in a Bayesian statisti
al framework.

Quantisation of audio signals has re
eived mu
h re
ent resear
h e�ort. The �nal part

of the dissertation presents a 
exible model-based quantisation algorithm. The algo-

rithm is demonstrated in the quantisation of narrow-band signals, and as a powerful

enhan
ement to a simple linear predi
tion 
oding system.

Keywords: signal pro
essing | digital audio | signal modelling



Notation

Mathemati
al notation used in this dissertation is, for the most part, highly

standard. It is as 
onsistent as possible where this is not a hindran
e to 
larity.

The following table indi
ates the prin
ipal typographi
al styles:

x s
alar

x 
olumn ve
tor

x[i℄ or x

i

element i of x

x(t) 
ontinuous-time signal

x[n℄ dis
rete-time signal

x[nT℄ dis
rete-time signal, sample rate

1

T

X matrix

X[i; j℄ or X

i;j

element i; j of X

In addition, 
ertain symbols are used 
onsistently for parti
ular entities:

x, y observed data

u, v hidden data

e, w white noise sour
e

d, n disturban
e or noise sour
e

a, b model parameters

�

2

varian
e of a random pro
ess

N length of a ve
tor whose index is time

P length of a model or �lter parameter ve
tor

Q number of 
hannels in a multi-
hannel system

Furthermore, upper and lower 
ases of the same letter tend to be 
losely related.



vii

For example a matrix whose name is X will 
ontain data related to the ve
tor x,

and the index n may take values 1 6 n 6 N.
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Introdu
tion 1

Signal modelling is 
on
erned with the mathemati
al des
ription of data, and

as su
h is a subset of the more general area of data modelling. Data modelling is


on
erned with the analysis and parameterisation of data for purposes of statis-

ti
al des
ription, 
lassi�
ation, data 
ompression, interpolation, fore
asting and

so on.

The term \signal" is used to denote a quantity whi
h is related to a physi
al phe-

nomenon, su
h as length, luminosity or voltage, and how that quantity varies,

frequently as a fun
tion of time, but possibly as a fun
tion of some other inde-

pendent variable su
h as spa
e.

A \time series" is a sequen
e of data samples, ea
h being asso
iated with a

parti
ular instant in time. Thus, if we sample a signal at a number of instants in

time then the result is a time series whi
h represents the variation of the physi
al

quantity.

The pro
ess of sampling and digitising 
ontinuously-varying quantities to form

su
h time series has been well understood for many de
ades [90, 89℄. Re�nements


ontinue to be made, parti
ularly in sampling at non-uniform rates, and in the

quantisation of signal samples [30℄. In parti
ular the quantisation of audio signal

samples has re
eived mu
h re
ent resear
h e�ort [68, 66, 31℄.

The �eld of Digital Signal Pro
essing (DSP) has grown enormously in the last
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few de
ades sin
e it has be
ome feasible to perform 
ompli
ated 
al
ulations on

these digitised data sets using general purpose 
omputers and dedi
ated signal

pro
essing systems [47℄. Introdu
tions to the pra
ti
alities of performing digital

signal pro
essing operations on real audio data streams are given in, for example

[47, 54℄.

Audio signal modelling is a
ademi
ally interesting in its own right, but is of an

additional interest in an engineering 
ontext. There are many engineering appli-


ations of signal models in areas su
h as data 
ompression, restoration, synthesis,

and ma
hine interpretation and 
lassi�
ation of musi
, spee
h and more general

audio signals.

1.1 S
ope of the Dissertation

The present dissertation is 
on
erned with developing models for high-quality

musi
al signals, and illustrates these with appli
ations. The signal to noise ratios

are high (typi
ally 50{80 dB), and the signals may be 
onsidered to be stationary

over short time-s
ales of up to a few tens of millise
onds. We 
on
entrate on

algorithms and te
hniques whi
h may be implemented eÆ
iently. It is intended

that it will be possible to implement the methods and algorithms presented here

in real-time if not 
urrently, then in the readily foreseeable future.

The emphasis of the dissertation is on multi-
hannel signals, where either multiple


opies of a signal are available for analysis, or where a signal has more than one


omponent.

In the former 
ategory we in
lude monophoni
 sour
es where a number of signals


an be extra
ted from the 
arrier. For example, many re
ording media, su
h

as magneti
 tape and vinyl re
ords, distribute the stored information along a

line, rather than at a point. If this line 
an be sampled at more than one point

then we 
an extra
t more than one signal. Su
h signals all 
ontain the musi
al

information, but any interferen
e from degradation or damage to the medium will

be di�erent.

The most important 
lass of signals in the latter 
ategory are stereo signals whi
h

have two 
omponents, the left and the right 
hannels. These signals use di�er-

en
es between the two 
omponents to generate the illusion of spatially-separated

sour
es. However, sin
e the two 
omponents either originate in the same a
ous-

ti
 spa
e, or are designed to simulate a single a
ousti
 spa
e, they are far from
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independent, and it is possible to exploit the 
orrelations to advantage.

Primary appli
ations for these multi-
hannel models in
lude signal data 
ompres-

sion and 
oding, the area of signal restoration and noise redu
tion, and signal

separation. All of these areas have seen great progress in re
ent years, but there

have been few attempts to use use multi-
hannel te
hniques in many of these

appli
ations.

1.2 Dissertation Overview

Chapter 2

In 
hapter 2 we review that literature and previous resear
h whi
h is important

to a full understanding of subsequent 
hapters and the new work presented there.

A number of signal models that have been used in audio appli
ations are exam-

ined, and we 
on
entrate parti
ularly on the Auto-Regressive, or AR model. This

model is 
entral to a large proportion of the literature, and forms the basis of

mu
h of the new resear
h presented in this dissertation.

A dis
ussion of appli
ations and justi�
ations for wishing to 
reate signal models

is in
luded. The areas of audio restoration and audio 
oding are 
overed in some

detail, being prin
ipal amongst the potential appli
ations for new signal models

and analysis te
hniques.

Also provided is a brief review of sound re
ording te
hniques, 
on
entrating par-

ti
ularly on the re
ording of stereo signals. Mu
h of the justi�
ation for the stereo

signal model presented in 
hapter 5 depends upon this material.

Chapters 3 & 4

In 
hapters 3 and 4 we examine the 
ase where multiple 
opies of a re
ording

are available. In re
ognition of the fa
t that we observe several single-
hannel

signals that 
onvey the same musi
al information we term these \multiple-mono"

systems or signals.

The observed 
omponent signals all originate from the same musi
al information.

They may, however, have been degraded and distorted by di�erent me
hanisms,

or by more than one instan
e of the same me
hanism.

The former 
ase in
ludes situations where a signal has been 
onveyed by multiple



1.2. Dissertation Overview 4


hannels, ea
h having di�erent 
hara
teristi
s, to give distin
t observations of that

signal. For example, a musi
 re
ording may be available both as a 
assette tape,

and as a vinyl LP; the sour
e material|in this 
ase the master from whi
h the

LP and 
assette were derived|is the same for ea
h, but it is a�e
ted di�erently

by the two dupli
ation pro
esses and storage media.

The latter 
ase in
ludes signals that have been 
onveyed by multiple 
hannels of

the same type. The most obvious s
enario is that in whi
h multiple 
opies of, for

example, an LP are available. However, in all storage media traditionally used

for musi
al re
ordings the signal information at a parti
ular instant is spatially

distributed, and this allows multiple signals to be read from what appears to be

a single sour
e. An simple example of this te
hnique is by use of a stereo pi
kup

to replay a monophoni
 gramophone re
ord.

In the 
ase where an original, and a trans
ription of that original (for example,

an LP and a 
assette tape 
opy of that LP) it may seem, at �rst sight, that

the 
opy is of no use to us, sin
e any imperfe
t trans
ription represents a loss

of information. However, if the 
assette in this example had been made some

time ago, and the LP has su�ered degradation sin
e then, then both are valuable

sour
es. The 
assette may well su�er from more broadband noise, but it will la
k

impulsive noise 
reated by s
rat
hes made on the LP subsequent to the transfer.

The linear Auto-Regressive (AR) model has been su

essfully applied to many

areas of single-
hannel musi
 and spee
h pro
essing. Chapters 3 and 4 of the dis-

sertation present multi-input multi-output systems, based on the single-
hannel

AR system, whi
h allow analysis and pro
essing multiple-mono signals of the

types des
ribed above.

Appli
ations in the area of audio restoration that are presented in
lude multi-


hannel broadband noise redu
tion, and a two-
hannel approa
h to the removal

of impulsive noise from monophoni
 gramophone re
ords. In both 
ases signi�-


ant advantages and performan
e improvements are demonstrated over equivalent

single-
hannel methods.

Chapter 5

Stereophoni
 signals, whi
h have two 
omponents fed to loudspeakers to the left

and right of the listener, represent the vast majority of the re
orded musi
 ar
hive.

They generate a spatial illusion by presenting the left and right ears with non-

identi
al sound pressure waves. This enables virtual sound sour
es to be pla
ed
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anywhere in the horizontal plane between the loudspeakers. Binaural re
ordings,

re
orded or synthesised spe
i�
ally for playba
k over headphones are su

essful

in pla
ing virtual sour
es anywhere in three-dimensional spa
e with respe
t to

the listener.

The vast majority of material re
orded from around 1960 onwards has been

re
orded in this format, and it is by far the most 
ommon distribution format,

being used almost ex
lusively for all 
urrent musi
 distribution media, in
luding

CD, MiniDis
 and broad
ast.

In 
hapter 5 we present a general model for stereo signals. This system, the

C-ARMA model, is shown to be e�e
tive for signal estimation and interpolation.

Chapter 6

When multiple 
opies of a re
ord or tape are available it is usually ne
essary

to ensure that the 
opies are a

urately syn
hronised with ea
h other, before

attempting to pro
ess the signals from them together. As well as a time-origin

o�set there are usually speed 
u
tuations asso
iated with one or both of the


opies, su
h that the syn
hronisation of the sour
es be
omes a dynami
 problem.

Chapter 6 
ontains work whi
h provides some insight into this problem, and

several algorithms whi
h help a
hieve this signal syn
hronisation.

Chapter 7

A novel appli
ation of signal models is presented in 
hapter 7. Quantisation of a

signal introdu
es noise, and we present a model-based quantisation s
heme whi
h

automati
ally adapts the power spe
trum of this added noise a

ording to the

signal 
hara
teristi
s. This is shown to be of bene�t when quantising a narrow-

band signal. A se
ond appli
ation, where it enhan
es the performan
e of a Linear

Predi
tion CODEC, is also presented.

Chapter 8

The �nal 
hapter 
ontains the 
on
lusions drawn from the whole dissertation,

and in
ludes suggestions of areas 
onsidered worthy of further resear
h.
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1.3 Demonstration CD

A CD of re
orded audio examples and demonstrations a

ompanies the disserta-

tion. This illustrates and demonstrates some of the ideas presented in the text.

The tra
ks on this CD are referen
ed in the text by their tra
k numbers, e.g.

13

.

Appendix A gives a 
omplete tra
k listing of the CD, and 
ross-referen
es to the

main text.

The CD should be playable in any standard CD player. Although formal, 
on-

trolled listening tests are not in
luded, it is ne
essary that the audio equipment

and listening environment be of a high quality for some of the demonstrations to

be e�e
tive.

1.4 Colour Figures

Where it is ne
essary for 
larity for �gures to be printed in 
olour they have been

moved to appendix G.
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Review 2

The first part of this review examines previous work in the �eld of modelling

of time-series representations of audio signals, as distin
t from other forms of time

series. A general and 
exible model stru
ture is dis
ussed, and the well-known

autoregressive model is examined within this framework. Parameter estimation

methods are dis
ussed, with the emphasis being on 
omputationally eÆ
ient al-

gorithms.

The se
ond part gives a brief introdu
tion to musi
 and audio signals and re
ord-

ings. This ba
kground is important to understanding the justi�
ations for the

models and methods presented later. In parti
ular, the stereo signal models pre-

sented in 
hapter 5 exploit stru
ture and redundan
y in the stereo signal whi
h

stems from the methods used to 
reate su
h signals.

2.1 The General Signal Model

A general signal model may be spe
i�ed by a stru
ture or form,M, and a set of

P

M

model parameters, whi
h may be arranged into a 
olumn ve
tor b

M

.

This general model may be 
on
isely represented by the ve
tor equation

x = f

M

(b

M

) + e (2.1)

where x is a 
olumn ve
tor of N observed data and f

M

(�) is a ve
tor-fun
tion of
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the model parameters b

M

. This model is almost universally appli
able as it is

always possible to arrange the observed data and the model parameters ea
h as

a 
olumn ve
tor.

The model stru
ture is impli
it in the length P of the parameter ve
tor, and the

form of fun
tion f

M

(�). It is usual that N > P and that the model is therefore

a 
ompa
t representation of the data. This feature forms the basis of many

appli
ations, su
h as 
oding and 
lassi�
ation.

Ve
tor e is interpreted variously, dependent on 
ontext and appli
ation, as mod-

elling error, observation noise, or as an innovation or ex
itation sequen
e. It is

also frequently useful to 
onsider the fun
tion f

M

(b

M

) as a predi
tion of the data

ve
tor x, and e as the error asso
iated with this predi
tion.

Models that are linear in the parameters may be expressed as the linear matrix

equation

x = F

M

b

M

+ e (2.2)

where F

M

has dimensionN�P

M

. This linear form en
ompasses two spe
i�
 model

types whi
h are 
entral to the present dissertation. Firstly, F

M

may 
omprise a

set of 
onstant basis ve
tors (for example 
omplex exponentials), in whi
h 
ase

the predi
tion is simply a weighted sum of those ve
tors. Se
ondly, the Auto-

Regressive (AR) model may be represented in this framework, in whi
h 
ase both

x and F

M


ontain observed data. The AR model is analysed in detail in se
tion

2.3.

Noti
e that the matrix F

M

may 
ontain non-linear fun
tions of known data, su
h

as polynomial or trigonometri
 fun
tions of the data x, without a�e
ting the

linearity of the model with respe
t to its parameters b

M

.

Throughout the present dissertation we assume the model stru
ture, justifying

it from physi
al prin
iples, the published literature, and experien
e. The depen-

den
e on the stru
ture 
an therefore be
ome impli
it, and the subs
ript M will

therefore be dropped from here on for notational 
larity.

The model equation may therefore be written as

x = f(b) + e (2.3)

x = Fb+ e (2.4)

for the general and linear models respe
tively.
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Choosing the most appropriate model from a 
andidate set has 
lose ties with

the problem of signal 
lassi�
ation. The reader is referred to work by, for exam-

ple, Rajan[81, 82℄, Duda[23℄ and Akaike[5℄ for a deeper treatment of the model

sele
tion problem itself, and asso
iated measures of model \�t" su
h as the AIC

[5℄, BIC [6℄, MDL [84℄ and Bayesian eviden
e [82, 91℄.

2.2 Model Parameter Estimation

The problem of estimating the model parameters for an assumed model frequently

arises. Generally we will have a sample x of N observed data, and from these we

wish to estimate the P model parameters b for an assumed model stru
ture. This

will be done either by minimising, in some sense, the ve
tor e, or by determining

an estimate parameter set a

ording to some underlying statisti
al model of the

data.

2.2.1 Least Squares Estimation

If we assume that the parameters b are unknown 
onstants then the least squares

(LS) estimate b

LS

is de�ned as that value of b whi
h minimises the sum of the

squared errors E = e

T

e for some observed �nite-length x.

Sin
e the LS estimate is the one whi
h truly minimises the error energy E , it is

parti
ularly useful in appli
ations whi
h rely on the fun
tion Fb to be an a

urate

predi
tion of x, Linear Predi
tion Coding (LPC) being a prime example.

2.2.1.1 General Case

We may rearrange the general model equation 2.3 as

e = x - f(b) (2.5)

and then derive the sum squared error energy E = e

T

e as

E = (x - f(b))

T

(x- f(b)) : (2.6)

To obtain the LS estimate it is required to minimise E over b. In general this will

require a 
ompli
ated non-linear optimisation pro
edure.

2.2.1.2 Linear Case

In the linear 
ase where f(b) = Fb equation 2.6 is quadrati
 in b and has a single

minimum whi
h may be found by standard di�erential 
al
ulus.
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Di�erentiating equation 2.6 with respe
t to the elements of b we obtain

�E

�b

= -2F

T

x+ 2F

T

Fb: (2.7)

Setting this to zero and solving for b we obtain the lo
ation of the turning point

b

[

�E

�b

=0

℄

= (F

T

F)

-1

F

T

x (2.8)

provided that the inverse exists. It 
an be shown that this turning point is a

global minimum for positive de�nite F

T

F and therefore that

b

LS

= (F

T

F)

-1

F

T

x (2.9)

is the value of b whi
h minimises E .

This method is used at many points throughout the dissertation (sometimes with

slight variations), and in most 
ases the result of this minimisation will be stated

without derivation.

2.2.2 Total Least Squares Estimation

The LS estimation pro
edure impli
itly assumes that the fun
tion f(�) is known.

Sometimes however, it will be dependent on noisy experimental observations.

In this 
ase, and if the model is linear, the Total Least Squares (TLS) method

provides an alternative solution.

The general linear model is rewritten

(F- E)b = x - e (2.10)

where e represents the errors asso
iated with ve
tor x, and E the additional errors

asso
iated with F.

The estimate b

TLS

is that value of b whi
h minimises the Frobenius norm

1

of the

matrix [

E e

℄.

Appendix E des
ribes the TLS method in detail.

2.2.3 Maximum Likelihood Estimation

The LS and TLS methods both treat the elements of the model de�nition 2.3 as

either known or unknown 
onstants, and derive a model estimate as a result of

dire
t algebrai
 manipulation of the model equation.

1

The Frobenius norm of a matrix A is de�ned as the square root of the sum of the squares

of its elements jjAjj

F

= (

P

i;j

a

2

ij

)

1

2

.
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Alternatively we may treat the observed data x as a random variable with a p.d.f.,

in whi
h 
ase we may de�ne the likelihood fun
tion

L(x;b) = p

xjb

(x

�

�

b) (2.11)

as the p.d.f. of the data given the true model parameters. The Maximum Like-

lihood (ML) estimate b

ML

is de�ned as the value of b whi
h maximises L(x;b).

If we know or assume statisti
al properties for the error ve
tor e then it is usu-

ally possible to derive an algebrai
 expression for L(x;b) and frequently possible

maximise it analyti
ally.

An important 
ase is where we assume white Gaussian noise of varian
e �

2

e

and

zero mean for p

e

(e). Under this 
ondition we may write

p

e

(e) =

1

(2��

2

e

)

N=2

exp

�

-

e

T

e

2�

2

e

�

(2.12)

and sin
e e = x - f(b)

p

e

(x - f(b)) =

1

(2��

2

e

)

N=2

exp

�

-

(x- f(b))

T

(x- f(b))

2�

2

e

�

: (2.13)

It 
an be shown that this p.d.f. is related to the likelihood by the relationship

L(x;b) =

1

J(x; b)

p

e

(x - f(b)) (2.14)

where the Ja
obian is de�ned for the transformation x = f(b) as

J(x; b) = abs

�

det

�

�f

T

�b

��

(2.15)

Furthermore, if the predi
tion f

n

(b) of x

n

is linear in x

n

itself and does not

depend on future elements x

i

(i > n) then this Ja
obian is unity or a simple s
ale

fa
tor and the p.d.f. of equation 2.13 is proportional to the likelihood L(x;b).

It is often 
onvenient to take the logarithm of 2.13, su
h that the \log-likelihood"

l(x;b) (assuming J = 1) is given by

l(x;b) = -

N

2

ln(2��

2

e

) -

1

2�

2

e

(x - f(b))

T

(x - f(b)) (2.16)

whi
h may be maximised by any of the standard methods. Sin
e ln(�) is a mono-

toni
ally in
reasing fun
tion this maximisation of the log-likelihood yields an

identi
al result to dire
t maximisation of the likelihood itself.
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2.2.3.1 Linear Case

In the linear 
ase the maximisation is on
e again analyti
 by di�erentiation and

yields the result

b

ML

= (F

T

F)

-1

F

T

x (2.17)

and the ML estimate is thus seen to be identi
al to the LS estimate for a �nite

data sample, under the assumption of a white Gaussian error ve
tor.

2.2.4 Bayesian Parameter Estimation

If we extend the statisti
al approa
h further we may treat the model parameters

b as random variables, as well as the observed data. In doing so the parameters

are assigned a joint p.d.f. p

b

(b) whi
h 
an re
e
t either a-priori knowledge of

the parameters, or merely a degree of un
ertainty about them. In the extreme


ase we 
an assign a uniform p.d.f. whi
h treats any parameter set as being as

likely as any other. Choi
e of this prior is dis
ussed in more detail later.

Using Bayes' Rule we may express the posterior p.d.f. of the model parameters

given the observed data

p

bjx

(b

�

�

x) =

p

xjb

(x

�

�

b) p

b

(b)

p

x

(x)

(2.18)

in terms of the likelihood given by equation 2.11, and the prior p

b

(b) whi
h

re
e
ts any knowledge we have of the parameters before we make the observation

x, as des
ribed above.

The �nal term, p

x

(x), is known as the eviden
e. It is, in the present 
ontext, of

little interest as it is 
onstant for any given observation x, and hen
e does not

a�e
t the model parameter estimation problem. It does be
ome important in

model sele
tion and signal 
lassi�
ation problems where it may be 
al
ulated as

p

x

(x) =

Z

b

p

xjb

(x

�

�

b)db (2.19)

when required.

Having obtained the posterior distribution there are various options available for

sampling a parameter estimate from it. Two 
onvenient estimates whi
h have

useful mathemati
al properties are the minimum mean square error estimate

b

MMSE

and the maximum a-posteriori estimate b

MAP

.
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They 
orrespond to taking the mean

b

MMSE

=

Z

b

bp

bjx

(b

�

�

x)db (2.20)

and the mode

b

MAP

= argmax

b

�

p

bjx

(b

�

�

x)

	

(2.21)

respe
tively, of the posterior distribution. For posterior distributions whi
h are

symmetri
 about the mode (whi
h in
ludes the 
ommonly-en
ountered Gaussian),

the two parameter estimates 
oin
ide.

2.2.4.1 Choi
e of Prior

The seemingly arbitrary 
hoi
e of prior is the 
riti
ism most frequently aimed

at proponents of the Bayesian methodology. It is 
ertainly true that 
hoi
e of

a wildly inappropriate prior 
an give erroneous or misleading results. It is also,

however, amongst the most powerful features of the te
hnique, allowing the rig-

orous and analyti
ally tra
table in
lusion of even subje
tive prior information

about the problem.

By altering the 
hoi
e of prior p

b

(b) it is possible to in
uen
e the solution to

any desired degree. A strong prior will heavily bias the solution; 
onversely, as

the prior be
omes 
atter 
ompared with the likelihood fun
tion, so its in
uen
e

de
reases.

Two 
ommonly-
hosen priors, whi
h possess many useful properties, are the

Gaussian and uniform distributions. The Gaussian leads to many results be-

ing analyti
ally tra
table, while providing means to in
uen
e the problem to any

desired degree by altering the mean and 
ovarian
e of the distribution. The uni-

form prior p(b) = 1 treats any parameter set as being as likely as any other, and

as su
h imparts no in
uen
e upon the solution.

For parameters whi
h form s
ale-values (for example, the varian
e �

2

of a random

pro
ess) there are other, more appropriate priors. The Gamma distribution,

de�ned for �; � > 0 as

p

G

(y

�

�

�; �) =

�

�

�(�)

y

�-1

exp(-�y) (0 < y <1) (2.22)

where �(�) represents the Gamma fun
tion itself (see, for example, [60℄) is one su
h

example. Appropriate 
hoi
e of the parameters � and � allows great 
exibility
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in 
hoosing the degree of in
uen
e of the prior. The form of this fun
tion yields

many analyti
 results, and in parti
ular the marginalisation of s
ale parameters

with Gaussian likelihoods.

A further mu
h-used example is the improper Je�reys prior [51℄

p

J

(y) =

1

y

(2.23)

It should be noted that this, like the uniform prior, is not normalised to have

a unit integral. The Je�reys prior 
an be viewed as the limit of the Inverted

Gamma distribution

p

IG

(y

�

�

�; �) =

�

�

�(�)

y

-(�+1)

exp(-

�

y

) (0 < y <1) (2.24)

as �! 0 and �! 0.

2.2.4.2 In
uen
e of the Prior

The prior has the e�e
t of biasing the ML parameter estimate towards the value

that would be obtained by 
onsideration of the prior alone. The degree to whi
h

this o

urs depends upon the relative \peakiness" of the likelihood fun
tion and

prior p.d.f.

There are two important asymptoti
 
onditions, whi
h are independent of the

form of prior 
hosen for b. Firstly, as the prior tends to a uniform density (for

example, as the varian
e of a Gaussian prior tends to in�nity), the 
ovarian
e

matrix inverse C

-1

b

! 0 and the MAP solution tends towards the ML estimate.

Se
ondly, as the number of data points N ! 1 the likelihood be
omes in
reas-

ingly peaked and on
e again the solution b

MAP

! b

ML

.

2.3 Single-Channel AR Model

The majority of the work represented by the literature in the area of audio signal

modelling has been motivated by the desire for ma
hine re
ognition, 
oding and

synthesis of human spee
h. However, mu
h of it is appli
able to more general

audio and musi
al signals, and in parti
ular the Auto-Regressive (AR) model has

been su

essfully applied to the pro
essing of both spee
h and musi
 signals.

The AR model has 
lose links with the te
hnique of Linear Predi
tion, and models
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the signal samples as a weighted sum of past samples

x[n℄ =

P

X

i=1

a

i

x[n- i℄ + e[n℄ (2.25)

where e[n℄ is a white Gaussian innovations sequen
e.

Therrien [97℄ provides an in-depth analysis of the ARmodel, and a useful overview

is provided by Makhoul [70℄. The most important and useful results 
on
erning

the AR model and its analysis are summarised here.

The AR �nite di�eren
e equation 2.25 represents a linear �lter whose transfer

fun
tion is given by

1

A(z)

=

1

1-

P

P

i=1

a

i

z

-i

: (2.26)

We see that the AR model represents an all-pole �lter (albeit with an order P

zero at the origin). Sin
e for the AR model the input to this �lter e[n℄ is white,

the signal power spe
tral density is given by

S

xx

(!) =

�

�

�

�

�

�

2

e

1-

P

P

i=1

a

i

e

-j!iT

�

�

�

�

�

2

(2.27)

where 1=T is the sample rate. The power spe
trum shape is therefore determined

entirely by the AR model 
oeÆ
ients a

i

. The relative phases of the signal 
om-

ponents are determined by the innovations sequen
e e[n℄, and the power of the

signal (for a given set of 
oeÆ
ients) by its varian
e �

2

e

.

It is a 
onvenient notation to write expressions su
h as

X(z) = E(z)

1

A(z)

(2.28)

to represent the AR model but it should be borne in mind that sin
e, for the AR

model, e[n℄ is a sto
hasti
 pro
ess, it is not possible to evaluate its z-transform.

2.3.1 Matrix Representation of the AR Model

The di�eren
e equation of the AR model, equation 2.25, may be written in several

matrix forms.
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2.3.1.1 Dire
t Form

Consider a blo
k ofN 
ontiguous data samples, x[1 � � �N℄. If we assemble samples

x[P + 1℄ to x[N℄ into a 
olumn ve
tor x then we may write

2

6

6

6

6

6

6

4

x[P + 1℄

x[P + 2℄

.

.

.

x[N- 1℄

x[N℄

3

7

7

7

7

7

7

5

=

2

6

6

6

6

4

x[P℄ � � � x[1℄

x[P+ 1℄ � � � x[2℄

.

.

.

.

.

.

x[N- 1℄ � � � x[N- P℄

3

7

7

7

7

5

2

6

6

6

6

4

a

1

a

2

.

.

.

a

P

3

7

7

7

7

5

+

2

6

6

6

6

6

6

4

e[P+ 1℄

e[P+ 2℄

.

.

.

e[N- 1℄

e[N℄

3

7

7

7

7

7

7

5

(2.29)

or in a more 
ompa
t matrix notation

x = Xa+ e: (2.30)

We have 
hosen to 
all this the dire
t form, sin
e it is 
losely related to the

representation of the AR model as an IIR �lter. This matrix representation of

the di�eren
e equation is seen to be identi
al to the linear form of the general

model, equation 2.4.

Noti
e that the �rst P data samples are 
ontained within matrix X. If instead we

were to prepend the data with P samples x[-P+ 1℄ � � �x[0℄ of value zero then we


ould in
lude all of the observed data in the extended data x

0

thus

2

6

6

6

6

6

6

4

x[1℄

x[2℄

.

.

.

x[N- 1℄

x[N℄

3

7

7

7

7

7

7

5

=

2

6

6

6

6

4

x[0℄ � � � x[-P + 1℄

x[1℄ � � � x[-P + 2℄

.

.

.

.

.

.

x[N- 1℄ � � � x[-P +N℄

3

7

7

7

7

5

2

6

6

6

6

4

a

1

a

2

.

.

.

a

P

3

7

7

7

7

5

+

2

6

6

6

6

6

6

4

e[1℄

e[2℄

.

.

.

e[N- 1℄

e[N℄

3

7

7

7

7

7

7

5

(2.31)

or in matrix notation

x

0

= X

0

a+ e

0

: (2.32)

We shall use the dire
t form in our 
onsideration of parameter estimation te
h-

niques.

2.3.1.2 Inverse Form

Alternatively we may rearrange the di�eren
e equation

e[n℄ = x[n℄ -

P

X

i=1

a

i

x[n- i℄ (2.33)

e[n℄ =

P

X

i=0

a

0

i

x[n℄ (2.34)
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where a

0

0

= 1 and a

0

i

= -a

i

, 1 6 i 6 P. In this form we have expressed the

innovations sequen
e as an FIR �lter applied to the signal x[n℄. In other words,

this arrangement of the model equation represents more 
losely the inverse �lter

whi
h transforms the observed signal into its asso
iated innovations sequen
e.

Arranging the samples e[P + 1℄ to e[N℄ as a 
olumn ve
tor gives the matrix

equation

2

6

4

e[P+ 1℄

.

.

.

e[N℄

3

7

5

=

2

6

6

6

6

4

-a

P

� � � -a

1

1 0 � � � 0

0 -a

P

� � � -a

1

1 � � � 0

.

.

.

.

.

.

0 � � � 0 -a

P

� � � -a

1

1

3

7

7

7

7

5

2

6

6

6

6

6

6

6

6

6

4

x[1℄

.

.

.

x[P℄

x[P + 1℄

.

.

.

x[N℄

3

7

7

7

7

7

7

7

7

7

5

(2.35)

and if we de�ne x

0

= [x[1℄ � � �x[P℄℄

T

e = A

"

x

0

x

#

: (2.36)

Both of these forms 2.30 and 2.36 will be useful throughout the dissertation.

2.4 AR Model Parameter Estimation

We now turn our attention to the problem of estimating the AR parameters a

i

from the observed data x.

The 
ovarian
e and 
orrelation methods are des
ribed �rst. These names appear

to have been widely adopted although the terminology is somewhat sla
k; neither

method makes any great distin
tion between the 
ovarian
e and auto
orrelation

fun
tions, and both are generally applied assuming data with zero mean.

2.4.1 Covarian
e Method

The �rst method for AR model parameter estimation that we shall examine is

known as the \
ovarian
e method" [70℄. Appli
ation of the LS method dire
tly

to the matrix AR equation 2.30 gives the result

a

LS

= (X

T

X)

-1

X

T

x: (2.37)
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The matrix produ
t M = (X

T

X), whose elements are of the form

M

ij

=

X

n

x[n - i℄ x[n- j℄ (2.38)

may be 
onstru
ted eÆ
iently by noting that the summation for element (i; j)

and that for element (i+1; j+1) share all but one of the terms in their respe
tive

summations. Furthermore, it is a symmetri
 matrix M

ij

= M

ji

, and only one

half of it need be 
al
ulated dire
tly.

If we view e[n℄ as the error asso
iated with the predi
tion of x[n℄ then the LS

parameter estimate has the property that, by de�nition, it minimises the total

predi
tion error energy over the blo
k of data.

2.4.2 Correlation Method

The 
orrelation method also begins with the matrix form of equation 2.30, and

then 
al
ulates the ex
itation energy

E = e

T

e (2.39)

= x

T

x- 2x

T

Xa+ 2a

T

X

T

Xa: (2.40)

Whereas the LS method minimises E dire
tly, the 
orrelation method, by 
ontrast,

takes the expe
tation of this expression and minimises the expe
ted value of E .

E [E ℄ = E

�

x

T

x- 2x

T

Xa + 2a

T

X

T

Xa

�

(2.41)

= (N- P)r

xx

(0) - 2Pr

T

xx

a+ 2Pa

T

R

xx

a (2.42)

where

R

xx

=

2

6

6

6

6

4

r

xx

(0) r

xx

(1) � � � r

xx

(P- 1)

r

xx

(1) r

xx

(0) � � � r

xx

(P- 2)

.

.

.

.

.

.

.

.

.

r

xx

(P- 1) r

xx

(P- 2) � � � r

xx

(0)

3

7

7

7

7

5

(2.43)

r

xx

=

2

6

4

r

xx

(1)

.

.

.

r

xx

(P)

3

7

5

(2.44)

and

r

xx

(i) = E [x[n℄ x[n- i℄℄ : (2.45)
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Hen
e matrix R

xx

is the auto-
orrelation matrix of pro
ess x[n℄ up to lag P - 1

and it is this that gives the algorithm its name. Note that we have assumed x to

be a stationary pro
ess and that R

xx

is therefore symmetri
.

Minimisation of E[E ℄ with respe
t to a yields the result

a

COR

= R

-1

xx

r

xx

: (2.46)

The 
orrelation method has several important features.

If the true auto-
orrelation fun
tion and the model order P are known then equa-

tion 2.46 gives the true AR 
oeÆ
ients. As su
h, equation 2.46 represents a

fundamental relationship between the AR model parameters and the signal au-

to
orrelation fun
tion.

Se
ondly, the parameters given by equation 2.46 are guaranteed to form a stable

�lter with all of its poles inside the unit 
ir
le. This property stems from the fa
t

that the symmetri
 Toeplitz matrix formed from the auto
orrelation 
oeÆ
ients

is guaranteed to be positive de�nite, and this in turn implies a minimum-phase

�lter. An outline of the proof is given in [97℄.

Finally, sin
e matrix R is Toeplitz, equation 2.46 may be very eÆ
iently solved by

Durbin's method [25℄. This re
ursive algorithm provides the parameter estimates

in O(P

2

) operations, 
ompared with O(P

3

) for ordinary matrix inversion.

The parameter estimates obtained in any parti
ular 
ase are 
learly dependent on

the algorithm 
hosen to estimate the auto
orrelation. Sin
e one of the primary

motivations for using the 
orrelation method is its 
omputational eÆ
ien
y, it

makes sense to estimate the auto
orrelation using an eÆ
ient FFT-based method.

The simplest su
h method 
al
ulates the fun
tion

^

R

xx

(m) =

1

N

N

X

i=m+1

x[i℄ x[i-m℄; 0 6 m < N (2.47)

and uses two FFTs, ea
h of length 2N, and an additional 2N 
omplex multipli-


ations. Details of the method are given in appendix B.

2.4.3 Total Least Squares Method

Inspe
tion of equation 2.30 shows that both the matrix X and the ve
tor x 
ontain

observed data values, and will both, therefore, be subje
t to observation noise.
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This is pre
isely the justi�
ation that was given for the use of the TLS method

in pla
e of the ordinary LS algorithm.

The TLS method provides a parameter estimate a

TLS

whi
h will, in some 
ases, be

a better estimate of the true model than that given by the ordinary LS algorithm.

The TLS method is, however, highly 
omputationally expensive, requiring the


al
ulation of the SVD of an (N- P) by (P+ 1) matrix.

Experien
e has shown that the TLS algorithm has a tenden
y to pla
e poles on

or outside the unit 
ir
le when the data is very noisy, or when the data set is

relatively small.

2.4.4 Maximum Likelihood Method

The likelihood L(x;a) for the AR model under the assumption of white Gaussian

ex
itation e[n℄ may be obtained by substituting terms into 2.14 to obtain

L(x;a) =

1

(2��

2

e

)

(N-P)=2

exp

�

-

(x - Xa)

T

(x- Xa)

2�

2

e

�

: (2.48)

It was shown above that, under these 
onditions, the ML parameter estimate


oin
ides with the LS estimate. That is

a

ML

= a

LS

= (X

T

X)

-1

X

T

x: (2.49)

It should be noted that x 
omprises samples [x[P+ 1℄ � � �x[N℄℄

T

and that there is

an impli
it 
onditionality on the P initial samples x

0

= [x[1℄ � � �x[P℄℄

T

. Thus the

likelihood should be more properly written as L(x;a; x

0

).

The dis
repan
ies between the parameter estimates given by maximisation of

L(x;a; x

0

) as against maximisation of the true likelihood L([x

0

x℄

T

;a) are small

if N � P. Godsill [39, 35℄ and Box et al. [11℄ give alternative derivations of an

expression for this exa
t likelihood should that be required.

2.4.5 Bayesian Method

Re
all that in the Bayesian framework we treat the model parameters as random

variables, and then sample their distribution to give parameter estimates with

properties suitable for a spe
i�
 appli
ation.

We have previously given in equation 2.18 the posterior p.d.f. of the model

parameters for the general model, given the observed data. Furthermore, we
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have given in equation 2.48 the likelihood fun
tion L(x;a) = p

xja

(x

�

�

a) for the

AR model.

Substituting the likelihood into the expression for the posterior density we obtain

p

ajx

(a

�

�

x) =

1

(2��

2

e

)

(N-P)=2

exp

�

-

(x- Xa)

T

(x- Xa)

2�

2

e

�

p

a

(a)

p

x

(x)

(2.50)

and having 
hosen a suitable prior p

a

(a) we may maximise this dire
tly to obtain

a

MAP

. Re
all that the eviden
e term, p

x

(x) is 
onstant over a.

The general multi-variate Gaussian

p

a

(a) =

1

(2�jC

a

j)

P=2

exp

�

-

1

2

(a-m

a

)

T

C

-1

a

(a-m

a

)

�

(2.51)

with meanm

a

and 
ovarian
e C

a

is a 
onvenient prior sin
e it leads to an analyti


maximisation. Substituting 2.51 into equation 2.50 and taking the logarithm gives

the log posterior density. Maximising with respe
t to a yields the MAP parameter

estimate

a

MAP

= (X

T

X+ �

2

e

C

-1

a

)

-1

(X

T

x+ �

2

e

C

-1

a

m

a

): (2.52)

We see in this expression that the MAP estimate is based upon the ML solution we

saw earlier, but now it has been \moulded" by the prior on a. As the 
ovarian
e of

the prior in
reases, the inverse 
ovarian
e matrix tends to zero, and the in
uen
e

of the prior on the solution de
reases, su
h that the MAP solution tends to the

ML solution. Similarly, as the data set is enlarged, the in
uen
e of the data terms

X

T

X and X

T

x is relatively in
reased, and again the MAP solution tends to the

ML.

2.4.6 Comparison and Con
lusions

We have seen that there is a number of methods available for estimation of model

parameters. The number of operations required for the di�erent methods varies

widely. To demonstrate this, MATLAB was used to 
ount the 
oating point

operations (FLOPS) required to 
al
ulate estimates of an order-25 model from

1000 data points, this being typi
al of the problem size in audio signal pro
essing.

The results are given in table 2.1. The �nal 
olumn shows the approximate

proportion of the 
omputational 
apa
ity of an inexpensive modern DSP 
hip

[47, 54℄ that would be required to perform this 
al
ulation in real time, assuming

the standard professional audio sampling rate of 44.1 kHz.
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The 
orrelation method is 
learly the 
heapest, owing largely to the fa
t that the

Toeplitz system may be solved using Durbin's method. The Least Squares method

is possible to realise for this example; being O(P

3

) it would be 
onsiderably more

pra
ti
al for lower model orders. The Total Least Squares method is signi�
antly

too 
omputationally expensive to be e
onomi
ally feasible in most appli
ations

of this type. The SVD involved is O((P + 1)N

2

+ N

3

) and so is dominated by

the data ve
tor length, rather than the model order.

Note that the MAP estimate, and others that may be obtained using the Bayesian

method, are omitted from the table. If the solution is analyti
 with Gaussian

prior (equation 2.52) then it is of similar 
omplexity to the LS and ML methods;

however, if a less 
onvenient prior were ne
essary (for sound statisti
al reasons)

then a 
ompli
ated and expensive optimisation may be required whi
h would

in
rease the FLOP 
ount dramati
ally.

The more elaborate methods, when simpli�ed suÆ
iently to allow analyti
 or

eÆ
ient numeri
al solution, yield parameter estimates whi
h are similar, if not

identi
al, to those obtained using simpler methods. Therefore, the algorithms

presented in later 
hapters will, for the most part, use those simpler methods.

However, it should be borne in mind that there is always the option of using the

more elaborate s
hemes in spe
i�
 s
enarios where the simpler methods are found

to be la
king.

2.5 The ARMA Model

Addition of moving average (MA) terms to the AR model gives the time-domain

di�eren
e equation

x[n℄ =

P

X

i=1

a

i

x[n - i℄ +

P

X

i=0

b

i

e[n- i℄ (2.53)

Method FLOPS % DSP

COR 1:6� 10

5

6:9%

LS/ML 1:3� 10

6

56%

TLS 1:1� 10

8

4700%

Table 2.1: Computational Load to Estimate AR Parameters
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where the additional parameters b

i

de�ne the moving average �lter. The ex
ita-

tion signal e[n℄ is a white Gaussian signal of unit varian
e. This is known as the

ARMA model.

It is possible to express the ARMA di�eren
e equation 2.53 in matrix form

x = Xa+ Eb (2.54)

for a �nite blo
k of data, analogous to equation 2.30 for the AR model.

This form was used for the estimation of AR model parameters. However, the

estimation of ARMA model parameters does not have a unimodal solution anal-

ogous to that for the AR model. This fa
t makes the ARMA model signi�
antly

less suitable for real-time appli
ations where 
omputational simpli
ity is a re-

quirement. Numerous te
hniques for the parameter estimation problem have

been suggested; Priestley [78℄ and Therrien [98℄ are useful starting points.

We 
an also write the equivalent of the matrix inverse form, equation 2.36. This

requires the de�nition of the internal AR pro
ess

u[n℄ =

P

X

i=1

a

i

u[n- i℄ + e[n℄ (2.55)

su
h that

x[n℄ =

P

X

i=0

b

i

u[n- i℄: (2.56)

These equations may be written in matrix form

e = Au (2.57)

x = Bu (2.58)

where A and B are both N � (N + P), ve
tors e and x are length N, and u is

length N+ P.

The z-domain transfer fun
tion of the model is given by

B(z)

A(z)

=

P

P

i=0

b

i

z

-i

1-

P

P

i=1

a

i

z

-i

(2.59)

from whi
h it 
an be seen that the moving average terms add P zeros to the signal

model.
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Given that the ex
itation signal is white, the signal power spe
tral density is

given by

S

xx

(!) =

�

�

�

�

�

P

P

i=0

b

i

e

-j!iT

1-

P

P

i=1

a

i

e

-j!iT

�

�

�

�

�

2

(2.60)

It 
an be shown that the p.s.d. of an AR signal may be made to mat
h that of

an ARMA signal to arbitrary a

ura
y by suÆ
iently in
reasing the order of the

AR model. The result is that we 
an safely assume an AR model, provided that

we are prepared to allow its order to be relatively large. Sin
e highly eÆ
ient

algorithms exist for the AR parameter estimation problem this is an attra
tive

approa
h.

In 
hapter 5 we present a two-
hannel signal model whi
h in
ludes moving-average

terms, but whose stru
ture allows the parameters to be estimated eÆ
iently. This

allows us to exploit the more 
ompa
t parameterisation of the ARMA model

without the overhead of a lengthy parameter estimation.

2.6 Appli
ations of Audio Signal Models

Signal modelling te
hniques have a broad range of appli
ations a
ross the �eld of

signal pro
essing [16℄. It allows 
onvenient extra
tion and analysis of the form of

the data, and as su
h provides a useful framework for problems of estimation, 
las-

si�
ation and so on. Signal modelling te
hniques have been su

essfully applied

in many diverse areas su
h as seismology, medi
ine (e.g. [7℄) and motion-pi
ture

restoration [56, 57℄.

For audio signals, the prin
ipal appli
ation areas in whi
h models have been

su

essfully employed are signal restoration [39℄ and noise redu
tion [39, 63, 64,

62℄, the areas of signal 
oding and data 
ompression [12, 19, 58℄, and signal

synthesis [88, 85℄.

2.6.1 Audio Restoration

Audio restoration is the pro
ess of estimating an audio signal from a noisy or


orrupted observation of that signal. Audio signals may be stored on analogue

dis
s or magneti
 tape, and these media are prone to physi
al damage and defe
ts

(su
h as s
rat
hes) whi
h degrade the audio signal. Real-time 
ommuni
ation


hannels, su
h as analogue radio and 
able links are prone to interferen
e whi
h
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similarly may degrade the audio signals they 
arry.

Model-based methods have been shown in the past (e.g. [101, 35, 92, 63, 102℄) to

be highly e�e
tive in this appli
ation. Of parti
ular interest is the appli
ation of

the AR model to the dete
tion and removal of impulsive noise, su
h as is intro-

du
ed by s
rat
hes on a gramophone re
ord [101, 35℄. Details of these methods

are given in 
hapter 4, where new extensions to multi-
hannel systems are also

des
ribed. Other models su
h as the wavelet basis [100℄ and sinusoidal model [69℄

have also been su

essfully applied in this area, as well as methods based on a

DFT de
omposition of the audio data [17℄.

2.6.2 Audio Coding

Audio 
oding is 
on
erned with the 
ompa
t des
ription of audio data. Frequently

the most 
onvenient form in whi
h to manipulate audio data is linear PCM, but

this is not a 
ompa
t form in whi
h to store or transmit it. Audio 
oding s
hemes

exploit stru
ture in the data to redu
e this storage requirement. Signal modelling

is a 
onvenient framework within whi
h to analyse and exploit this stru
ture.

Audio 
oding algorithms fall into two prin
ipal 
ategories:

� lossless algorithms (e.g. [19, 15, 71℄), in whi
h the original PCM data may

be re
onstru
ted pre
isely from the 
oded data, and

� lossy algorithms (e.g. [53, 52, 13, 12℄), in whi
h psy
hoa
ousti
 phenomena

are exploited to allow audibly imper
eptible data to be eliminated from the


oded signal.

In the se
ond of these 
ases the re
onstru
ted PCM data is not identi
al to the

original, but stimulates the human auditory system in a similar manner. These

lossy algorithms are 
apable of high 
ompression ratios in appli
ations where

regeneration of the auditory stimulus is the only requirement.

2.6.2.1 Model-based Audio Coding

Conventional 
oding and data 
ompression algorithms su
h as run-length 
oding

and Hu�man 
oding do not work well on audio data. Signal models, however,

provide a basis for a 
lass of 
ompression s
hemes whi
h exploit the stru
ture

inherent in audio data to provide a mu
h greater 
oding gain.

It was shown above that the terms of the model equation 2.1 may be regarded as
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a predi
tion of the signal, and the error asso
iated with this predi
tion. In this


ontext the model stru
ture and parameters provide an approximate representa-

tion of the data, whi
h en
apsulates mu
h of its general form. These parameters,


ombined with a 
oded form (possibly linear PCM) of the predi
tion error signal,

form the basis of a 
ompa
t representation of the original audio data.

Details of the algorithm, and variation of the 
oding of the parameters and error

signal give rise to a wide range of audio 
oders, both lossless and lossy. The signal

model 
hosen is frequently linear for simpli
ity, and in this 
ase the te
hnique is

known as Linear Predi
tive Coding (LPC). This stru
ture is adaptable to a broad

range of appli
ations from the very low bit rate 
oding of spee
h to high quality

data 
ompression of musi
al signals.

In 
hapter 7 we present a new extension to a simple LPC 
oder whi
h improves

its performan
e when applied to high-quality audio signals.

2.6.2.2 Multi-Channel Audio Coding

Many of the audio 
oding s
hemes 
urrently in use apparently allow the joint 
od-

ing of multiple audio 
hannels. The 
oding algorithms do not, however, in
lude

sophisti
ated methods for exploiting inter-
hannel redundan
y [13, 12℄, but sim-

ply 
hoose, on a frame-by-frame basis whether to 
ode the left and right signals

of a stereo pair, or whether to 
ode their sum and di�eren
e.

Fu
hs presents a s
heme [28℄ for inter-
hannel predi
tion within the framework

of a sub-band system su
h as MPEG. The paper shows results for a s
heme

whi
h predi
ts the signal in a given sub-band from the signal in the same sub-

band in the partnering 
hannel. The predi
tor is a gross time delay of up to

�50 samples, plus an order 3 FIR �lter. Sin
e the �lter is of su
h a low order

it represents prin
ipally a delay of sub-sample resolution, together with a little

general shaping of the frequen
y response of the sub-band �lter.

A re
ent algorithm [71℄ extends the sum/di�eren
e model (whi
h 
an be viewed

as a 45 degree rotation of the stereo �eld) for up to 64 audio 
hannels by allowing

the 
oded streams to be an optimal rotation of the input 
hannels. At the time

of writing, this algorithm is the subje
t of 
ommer
ial li
ensing negotiations and

authoritative details are therefore diÆ
ult to obtain.
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2.6.3 Audio Signal Synthesis

We have seen that we 
an treat the signal model as a highly parameterised rep-

resentation of an audio signal. It is often the 
ase that these parameters have a

tangible relationship with the per
eived 
hara
teristi
s of the signal, su
h as its

pit
h or timbre. It is possible, then, to alter these parameters, or to ex
ite the

model with a syntheti
 ex
itation sequen
e, and thereby synthesise a new signal,

whi
h despite being entirely syntheti
, retains qualities of the original.

For example, if we have an AR model for a musi
al tone then we may synthesise

a new, similar tone by ex
iting the AR �lter with a suitable syntheti
 ex
itation

sequen
e. Furthermore, we 
reate a similar tone of a di�erent pit
h by s
aling

the frequen
y axis of the power spe
tral density (re
all that this is simply related

to the AR model 
oeÆ
ients by equation 2.27), and then suitably ex
iting this

new �lter.

Example te
hniques and appli
ations are given in [88, 85, 65, 4, 21℄.

2.7 Audio Signals and the Human Ear

The human ear is a 
omplex dete
tor of a
ousti
 signals (i.e. pressure waves in

air). The approximate frequen
y range over whi
h the ear operates usefully is

20 Hz to 20 kHz, and it has a dynami
 range of approximately 120 dB. It is not

uniformly sensitive, and these ranges vary signi�
antly between individuals. A

valuable referen
e for the workings of the ear and the human auditory system is

given by Moore [73℄.

Transdu
ers (mi
rophones and loudspeakers) are available to 
onvert a
ousti


signals to and from an ele
tri
al analogue. The ele
tri
al form may be re
orded by


onverting it to a physi
al form, su
h as magnetisation on a tape, or modulations

of a groove on a gramophone dis


2

. Furthermore, an ele
tri
al signal from a

mi
rophone, or retrieved from a re
ording, may be sampled (and quantised) and

subsequently stored and pro
essed in a digital form. It is also possible to generate

syntheti
 signals (by means of ele
troni
s or a 
omputer algorithm), and 
onvert

them to sound with a loudspeaker.

Signals in any of these a
ousti
, ele
tri
al, physi
al or digital forms, that are

2

The earliest re
ordings were made by using the a
ousti
 signal energy to 
ut a groove, often

in a wax substrate, by purely me
hani
al means.
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destined ultimately for the human ear, are referred to as audio signals.

2.7.1 Mi
rophones

The mi
rophone is a devi
e for 
onverting an a
ousti
 signal into an ele
tri
al

analogue. Many te
hnologies exist to perform this fun
tion [1℄, the prin
ipal ones

using ele
tromagneti
 or ele
trostati
 e�e
ts.

Mi
rophones are 
hara
terised by their frequen
y response, and how that response

varies with the angle of in
iden
e of the a
ousti
 wave (the polar pattern). The

mi
rophones used for musi
 and spee
h re
ording are usually �rst-order designs.

That is, their polar response pattern (for a distant sour
e) is given by

H(�) = �+ (1- �) 
os� (2.61)

where � 
ontrols the pi
kup pattern, and � is the in
ident angle of the pressure

wave. The restri
tion that the sour
e be distant ensures that the in
ident wave

is e�e
tively a plane-wave. Mi
rophone designs with �xed polar pattern are most


ommon, but some elaborate designs allow the user to alter � as required.

Four 
ommon patterns are shown in �gure 2.1, though it should be noted that

the names 
orresponding to the parti
ular values of � are not standardised, and

variations are often en
ountered. Ea
h pattern 
an be 
onsidered as the weighted

sum of an omnidire
tional mi
rophone whi
h measures pressure, and a �gure-8

mi
rophone whi
h measures velo
ity. Note that the rear lobe (whi
h appears

for � <

1

2

) is of opposite polarity to the front lobe. Thus turning a �gure-8

mi
rophone through 180

Æ

results in a polarity inversion of the signal from it.

If a pressure-sensing (omnidire
tional) mi
rophone and a velo
ity-sensing (�gure-

eight) mi
rophone are mounted in 
lose proximity then the weighted sum of their

outputs results in a signal that e�e
tively 
omes from a virtual mi
rophone at

the e�e
tive 
entre of the pair. The polar pattern of this mi
rophone may be

set arbitrarily between the extremes of omnidire
tional and �gure-8 simply by


hanging the weights.

The ultimate extension of this idea is the Sound�eld mi
rophone [33℄ whi
h, in


on
ept at least, has a pressure output, and three mutually-orthogonal velo
ity

outputs. This set of four signals gives a 
omplete des
ription of the sound�eld

at the a
ousti
 
entre of the mi
rophone. A suitable weighted sum of the four

signals e�e
ts a virtual mi
rophone of arbitrary (�rst-order) pattern, pointing

arbitrarily in three dimensions. By generating several su
h sums, any number of
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Figure 2.1: The four most 
ommon mi
rophone polar patterns, omnidire
tional,


ardioid, hyper-
ardioid and �gure-of-eight. The radial s
ale is in dB, with 10 dB

per division. The mi
rophone is in ea
h 
ase nominally pointing to the right.



2.7. Audio Signals and the Human Ear 32


oin
ident mi
rophones may be simulated together.

Further information about the design and engineering of mi
rophones used for

high quality audio may be found in [1℄ and [29℄.

2.7.2 Stereophoni
 Signals

The vast majority of musi
 re
ordings made today are stereo, or two-
hannel

re
ordings. Two 
hannels are used to generate an illusion of spatial separation

between di�erent signal sour
es, and also an illusion of the a
ousti
 spa
e sur-

rounding those sour
es. There is frequently some redundan
y between the two


hannels whi
h 
an be exploited in a signal-modelling s
heme, and it this area

whi
h is explored in 
hapter 5.

Stereo re
ording was pioneered by Blumlein in the 1930's [10℄ (reprinted in [26℄),

and sin
e then a number of te
hniques for making spatially-illusory re
ordings of

this type have been developed. Stereo re
ordings have been widespread sin
e the

mid 1950s [26, 72℄; a 
omprehensive treatment of the subje
t is given in [26℄.

The 
lasses of stereo signal whi
h we will 
onsider here are:

Phase Stereo, where the stereo illusion is brought about by the di�eren
e in path

length from the sour
e to ea
h of a pair of omnidire
tional mi
rophones,

Intensity Stereo, where intensity di�eren
es between the two 
hannels 
reate the

stereo illusion,

Hybrids of intensity and phase, that use a mi
rophone arrangement whi
h re-


ords both intensity for ea
h 
hannel, and phase di�eren
e information,

Binaural re
ordings, in whi
h small pressure-measuring mi
rophones are pla
ed

in the ear 
anals of a real or dummy head, so as to 
apture dire
tion-of-

arrival information in the same way as the human head and pinnae, and

Syntheti
 Stereo , in whi
h the left and right signals are generated ele
troni
ally,

and not by mi
rophones in an a
ousti
 spa
e.

A 
ompa
t referen
e to these and many other mi
rophone arrangements used for

stereo re
ording is provided by [93℄.
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2.7.2.1 Phase Stereo

Phase stereo is 
aptured by a pair of spa
ed omnidire
tional mi
rophones. The

spatial illusion is brought about through the time-of-arrival di�eren
es 
aused by

unequal path lengths from the sour
e to the two mi
rophones. This mimi
s the

fa
t that the ears are separated by several in
hes, though mi
rophones are often

spa
ed further apart than this.

For a mi
rophone separation of 2d and a distant sour
e at angle �, the signals at

the mi
rophone outputs are

x

L

(t) = x(t+ �) (2.62)

x

R

(t) = x(t- �); (2.63)

where � is given by

� =

d




sin�; (2.64)

and 
 is the speed of sound in air (�gure 2.2).

2d

�

Wavefront

In
oming

2d sin �

Figure 2.2: Spa
ed Omnidire
tional Mi
rophones

2.7.2.2 Intensity Stereo

The se
ond 
lass of stereo signals in
ludes those in whi
h the illusion of spa
e

is brought about by amplitude di�eren
es in the two 
hannels. Su
h signals

are 
reated by a pair of dire
tional mi
rophones whi
h are spatially 
oin
ident.
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This mimi
s, to a degree, the shading e�e
t of the head over one ear, of sounds

originating from the opposite side.

The most famous intensity te
hnique des
ribed by Blumlein [10℄ is that 
ommonly

known to re
ording engineers as Blumlein or X-Y. A pair of �gure-8 mi
rophones

(� = 0) are mounted at right angles, and as 
lose together as possible. The

resulting axis of symmetry points towards the major sound sour
e.

More generally, other types of mi
rophones may be used, and with di�erent an-

gular spa
ings. The mi
rophone signals are then ideally given by

x

L

(t) =

X

i

x

i

(t)(�+ (1- �) 
os(�

i

- �

0

)) (2.65)

x

R

(t) =

X

i

x

i

(t)(�+ (1- �) 
os(�

i

+ �

0

)): (2.66)

where � determines the polar response of the mi
rophones, and �

0

is half the

angular separation between them.

2.7.2.3 Hybrid Te
hniques

A large number of stereo signals are generated by mi
rophone te
hniques that

draw on a 
ombination of both phase and intensity illusions. An overview is

given in [26℄; parti
ularly interesting examples are the sphere mi
rophone [96℄,

the Je
klin Dis
 [50℄, the Faulkner array [27℄ and ORTF [93℄.

It is the prevalen
e of these types of signals that is the primary motivation for

wishing to devise a generalised model for stereo signals. In general a signal sour
e

will appear in both 
hannels, but with a di�ering amplitude and phase in ea
h.

These di�eren
es o

ur as a result of the di�ering in
iden
e angles and unequal

path lengths to the mi
rophones respe
tively, as dis
ussed previously.

2.7.2.4 Binaural Stereo

Arguably giving the most realisti
 psy
ho-a
ousti
 illusion, binaural re
ordings

are only really useful where headphones are employed for replay. This is be
ause

they rely on the signal from the left mi
rophone rea
hing just the left ear, and

similarly for the right; any 
ross-talk destroys the illusion.

Binaural re
ordings are most prevalent in multi-media and virtual-reality appli
a-

tions. There has, in re
ent years, been signi�
ant e�ort made towards identifying

the transfer fun
tions asso
iated with the head and pinnae in order to simulate

binaural signals without the use of a dummy head.
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2.7.2.5 Syntheti
 Stereo

Mu
h use is made of ele
troni
s and DSP to enhan
e musi
al signals during

re
ording, parti
ularly of \pop" musi
 (whi
h tends to be re
orded one part at

a time on a multi-tra
k tape ma
hine). Lo
alisation of the sour
es in the stereo

spread is traditionally done with a pan-pot. This devi
e splits a single signal

in some proportion, and routes ea
h part to one of the 
hannels. This system

essentially simulates the intensity stereo des
ribed above; there is no phase or

frequen
y response modi�
ation of the signal.

Also 
lassed as syntheti
 stereo are those re
ordings whi
h are derived from large

numbers of \spot" mi
rophones spread around an a
ousti
 spa
e. The signals

from ea
h is generally pla
ed in a realisti
 position in the stereo spread with a

pan-pot.

In
reasingly, advan
ed DSP te
hniques are being used to introdu
e phase 
ues,

either in addition to, or instead of the intensity 
ues generated by the pan-pot.

The use of this syntheti
 phase information gives an enhan
ed impression of

\spa
e", and 
an even allow sour
es to be made to appear outside the angle

subtended by the loudspeakers.

2.7.3 Multi-Channel Audio Signals

There has, in re
ent years, been an in
reasing interest in multi-
hannel audio,

parti
ularly in the produ
tion of audio for �lms. This has lead to the development

of a number of multi-
hannel audio 
oding s
hemes, su
h as MPEG, AC3 and

DTS.

They all in
orporate a multi-
hannel audio tra
k, whi
h typi
ally 
omprises �ve

full-bandwidth 
hannels (left, right, 
entre, left rear, right rear) and an additional

low frequen
y, low bandwidth \sub-woofer" 
hannel. The formats are hen
e fre-

quently referred to as \5.1 
hannel" s
hemes.

The multi-
hannel 
oding used for these audio formats is relatively simple. The


hannels are typi
ally treated as independent audio streams, and 
hannel band-

width is allo
ated to ea
h from a 
ommon pool a

ording to a psy
ho-a
ousti


model. Exploitation of redundan
y in the signals is limited; details are diÆ
ult to

obtain as many of these s
hemes are 
ommer
ial se
rets, but MPEG, for example,

allows the sum and di�eren
e of a stereo pair to be 
oded, instead of the left and

right 
omponents themselves [13℄.
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The most well-known of these psy
ho-a
ousti
 phenomena is that of tonal mask-

ing [73℄; a strong tone masks a weaker tone at a nearby frequen
y. In addition

these multi-
hannel 
oders make use of spatial masking. A sound sour
e at a

parti
ular position has a greater masking e�e
t over a se
ond sour
e at a similar

position than over a se
ond sour
e that is separated from it by some angular

displa
ement relative to the listener. In addition, multi-
hannel sound is often

a

ompanied by pi
tures whi
h are very suggestive at drawing the listener's at-

tention to predominant sound sour
es.

2.8 Con
lusions

We have seen that signal modelling provides a framework for parameterisation

of an audio signal. Various methods for estimating the parameters of a model

of assumed stru
ture have been des
ribed. The Auto-Regressive (AR) model has

been des
ribed in detail, and algorithms for determination of its parameters have

been 
ompared.

The nature of re
orded sound signals has been des
ribed, with parti
ular emphasis

on stereo signals, whi
h format represents the vast majority of the re
orded sound

ar
hive. The present emergen
e of systems that 
onvey more than two dis
rete


hannels has been noted, and also the fa
t that 
urrent 
oding standards for

signals of this type make little use of possible inter-
hannel redundan
y.
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Multiply-Observed AR (MO-AR) Model 3

A system in whi
h a single signal is 
orrupted by a number of interferen
e

signals 
an give multiple observations of the same underlying signal. The system

is shown as a blo
k-diagram in �gure 3.1, with the underlying signal modelled as

autoregressive.

The system outputs are the Q observed signals x

q

. A white ex
itation signal

drives an all-pole �lter 1=A(z) to give the true signal u. This unobservable signal

is 
ontaminated by Q noise sour
es to give the observations x

q

= u+ n

q

.

We wish to analyse the observable signals, and from them derive estimates of

1

A(z)

n

1

[n℄

x

1

[n℄

n

2

[n℄

x

2

[n℄

n

Q

[n℄

x

Q

[n℄

e[n℄ u[n℄

Figure 3.1: Multiple Observations of an AR Pro
ess
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the true signal and the model parameters. First we derive expressions for the

p.d.f. of the true signal samples. We then show how, in two distin
t 
ases, some

statisti
al properties of the interferen
e sour
es may be estimated. These two are

then 
ombined to give an estimate of the true signal, dependent on the observed

data alone.

3.1 Model Analysis

3.1.1 Conditional PDF of the True Signal

Assume, for the moment, that the model parameters � = fa

T

; �

2

e

g are known.

The true AR signal u[n℄ is given by the expression

u[n℄ =

P

X

p=1

a

p

u[n- p℄ + e[n℄ (3.1)

u[n℄ =

^

u[n℄ + e[n℄ (3.2)

where

^

u[n℄ = u[n℄ - e[n℄ 
an be 
onsidered an estimate of the signal, and e[n℄ is

a white, Gaussian random variable of varian
e �

2

e

.

Sin
e e[n℄ is drawn from a random pro
ess N(0; �

2

e

) it is 
lear from equation 3.2

that the p.d.f. of u[n℄ given the model parameters is given by

p

uj�

(u[n℄

�

�

�) = N(

^

u[n℄; �

2

e

); (3.3)

assuming an impli
it 
onditionality on u = [u[n- 1℄ � � � u[n- P℄℄

T

, the initial


ondition ve
tor.

Further, the p.d.f. of the observation x

q

[n℄ given u[n℄ and �

2

n

q

, and assuming

Gaussian (though not ne
essarily white) noise sour
es, is

p

xju

(x

q

[n℄

�

�

u[n℄; �

2

n

q

) = N(u[n℄; �

2

n

q

); (3.4)

where �

2

n

q

is the varian
e of the q

th

noise sour
e. Note that this is a s
alar

equation, in
luding just one sample from the noise sour
e, and hen
e does not

in
lude the noise sour
e 
ovarian
e matrix.

If the noise sour
es are independent, then the joint p.d.f. of the observations is

the produ
t of the Q individual p.d.f's:

p

xju

(x

Q

[n℄

�

�

u[n℄; �

2

n

) =

Q

Y

q=1

p

xju

(x

q

[n℄

�

�

u[n℄; �

2

n

q

); (3.5)
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where

x

Q

[n℄ = [x

1

[n℄ � � �x

Q

[n℄℄

T

; (3.6)

�

2

n

= [�

2

n

1

� � ��

2

n

Q

℄

T

: (3.7)

Bayes' Theorem states that

p(�

�

�

�; 
) =

p(�

�

�

�; 
) � p(�

�

�


)

p(�

�

�


)

(3.8)

and in this 
ontext we treat � as the hidden data we wish to estimate, � as the

noisy observations of that data, and 
 as a set of model parameters.

We 
an use Bayes' Theorem to 
ombine equations 3.3 and 3.5 to give

p

ujx

(u[n℄

�

�

x

Q

[n℄; �

2

n

; �) =

p

xju

(x

Q

[n℄

�

�

u[n℄; �

2

n

) � p

uj�

(u[n℄

�

�

�

2

n

; �)

p

x

(x

Q

[n℄

�

�

�

2

n

; �)

; (3.9)

whi
h expresses the p.d.f. of the true data given the observations as a fun
tion

of the p.d.f. of the observations given the data (equation 3.5), and the p.d.f. of

the data given the model (equation 3.3).

For 
onvenien
e we de�ne �(u[n℄)

�(u[n℄) = p

ujx

(u[n℄

�

�

x

Q

[n℄; �

2

n

; �) (3.10)

as given by equation 3.9.

The denominator of equation 3.9 is 
onstant over variations in u[n℄, and may

therefore be repla
ed by a 
onstant of proportionality K. Furthermore, u[n℄ has

no dependen
e on �

2

n

. Substituting terms into equation 3.9 therefore gives

�(u[n℄) = K

"

Q

Y

q=1

p

xju

(x

q

[n℄

�

�

u[n℄; �

2

n

q

)

#

� p

uj�

(u[n℄

�

�

�) (3.11)

= K

"

Q

Y

q=1

1

p

2��

2

n

q

exp

 

-n

2

q

[n℄

2�

2

n

q

!#

1

p

2��

2

e

exp

�

-e

2

[n℄

2�

2

e

�

(3.12)

and if we de�ne

�

2

= 2��

2

e

Q

Y

q=1

�

2��

2

n

q

�

(3.13)

then we may simplify further, giving

�(u[n℄) =

K

�

exp

 

Q

X

q=1

-n

2

q

[n℄

2�

2

n

q

-

e

2

[n℄

2�

2

e

!

(3.14)
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Substituting for e[n℄ = u[n℄ - a

T

u and n

q

[n℄ = x

q

[n℄ - u[n℄ gives the p.d.f. of

the signal sample u[n℄ 
onditional on the observed data, the noise varian
es, and

the AR model parameters as

�(u[n℄) =

K

�

exp

 

Q

X

q=1

-(x

q

[n℄ - u[n℄)

2

2�

2

n

q

-

(u[n℄ - a

T

u)

2

2�

2

e

!

(3.15)

where

a = [a

1

: : : a

P

℄

T

(3.16)

u = [u[n- 1℄ : : : u[n- P℄℄

T

(3.17)

Note that there is an impli
it 
onditionality on the initial 
ondition ve
tor u.

3.1.2 Signal Likelihood Fun
tion

By 
onsideration of the signals alone, and disregarding for the time being their

origins in a 
ommon AR model, we may derive the likelihood fun
tion for the

signal sample u[n℄ given the multiple observations.

The p.d.f. of u[n℄ given x

q

[n℄ is straightforwardly given by

p

u

(u[n℄

�

�

x

q

[n℄) / exp

 

-

(u[n℄ - x

q

[n℄)

2

2�

2

n

q

!

(3.18)

The noise sour
es are assumed to be independent, so the p.d.f.

�

m

(u[n℄) = p

u

(u[n℄

�

�

x[n℄) (3.19)

for u[n℄ given the Q observed samples x[n℄ = [x

1

[n℄ � � �x

Q

[n℄℄ is given by the

produ
t

�

m

(u[n℄) =

Q

Y

q=1

p

u

(u[n℄

�

�

x[n℄) (3.20)

= K exp

 

Q

X

q=1

-

(u[n℄ - x

q

[n℄)

2

2�

2

n

q

!

(3.21)

where K is a normalising 
onstant su
h that

R

+1

-1

�

m

du is unity.

3.2 Signal Estimation

It has been shown in se
tion 3.1.2 that the likelihood fun
tion�

m

(u[n℄) 
an be an-

alyti
ally derived, using no assumptions other than Gaussianity and independen
e
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of the interfering signals. We 
an use this p.d.f., along with knowledge of the noise

sour
e varian
es, to estimate the underlying signal.

3.2.1 Maximum Likelihood Signal Estimation

Di�erentiation of the likelihood fun
tion �

m

(u[n℄) in order to maximise it with

respe
t to u[n℄ yields the signal estimate

^

u

x

[n℄ =

 

Q

X

q=1

1

�

2

n

q

!

-1

Q

X

q=1

x

q

[n℄

�

2

n

q

(3.22)

whi
h is a weighted sum of the observations only, with the weights inversely

proportional to the noise sour
e varian
es �

2

n

q

. It 
an be seen from equation

3.22 that as the signal-to-noise ratio of a parti
ular 
hannel de
reases, so does its


ontribution to the signal estimate.

It is straightforward to show that

^

u

x

[n℄ is unbiased by making the observation

that the expe
ted estimation error E[u[n℄ -

^

u[n℄℄ = 0. Further, it 
an be shown

1

that the estimation error varian
e is given by

E

�

(u[n℄ -

^

u

x

[n℄)

2

�

=

 

Q

X

q=1

1

�

2

n

q

!

-1

(3.23)

and hen
e the signal to noise ratio of the estimated signal is given by

SNR

^

u

= 10 log

10

 

�

2

u

Q

X

q=1

1

�

2

n

q

!

(3.24)

By 
omparison, taking the unweighted mean of the observations

�

x[n℄ =

1

Q

Q

X

q=1

x

q

[n℄ (3.25)

as the signal estimate gives an estimation error varian
e of

E

�

(u[n℄ -

�

x[n℄)

2

�

=

1

Q

2

Q

X

q=1

�

2

n

q

: (3.26)

1

Derivations of equations 3.23 and 3.26, and a proof of equation 3.28 all appear in appendix

D.
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and 
orresponding signal to noise ratio

SNR

�

x

= 10 log

10

0

�

�

2

u

 

1

Q

2

Q

X

q=1

�

2

n

q

!

-1

1

A

(3.27)

The signal to noise ratio SNR

^

u

is guaranteed to be at least as high as SNR

�

x

sin
e

10 log

10

 

�

2

u

Q

X

q=1

1

�

2

n

q

!

> 10 log

10

0

�

�

2

u

 

1

Q

2

Q

X

q=1

�

2

n

q

!

-1

1

A

(3.28)

with the 
ase of equality being when all the noise varian
es are equal.

3.2.2 Noise Estimation | Two-Channel

In the two-
hannel 
ase the observed signals are given by

x

1

[n℄ = u[n℄ + n

1

[n℄ (3.29)

x

2

[n℄ = u[n℄ + n

2

[n℄ (3.30)

and we assume that the noise sour
es n

1

, n

2

are independent but identi
ally

distributed (i.i.d.). This is a good model for the 
ontinuous broadband noise

inherent to many re
ording media used for musi
 and spee
h (su
h as vinyl and

magneti
 tape) when replayed with a two-
hannel pi
kup or head. In this 
ase

we may use the di�eren
e between the two observed signals

d[n℄ = x

1

[n℄ - x

2

[n℄ (3.31)

= n

1

[n℄ - n

2

[n℄ (3.32)

to estimate the noise distribution.

First we 
al
ulate the auto
orrelation of this di�eren
e signal

R

dd

(m) = E

h

d[n℄d[n-m℄

i

(3.33)

= E

h

(n

1

[n℄ - n

2

[n℄) (n

1

[n-m℄ - n

2

[n-m℄)

i

(3.34)

and sin
e n

1

and n

2

are independent it follows that

R

dd

(m) = E

h

n

1

[n℄n

1

[n-m℄

i

+ E

h

n

2

[n℄n

2

[n-m℄

i

(3.35)

= R

n

1

n

1

(m) + R

n

2

n

2

(m): (3.36)

Furthermore, sin
e the statisti
al properties of n

1

and n

2

are identi
al

R

nn

(m) =

1

2

R

dd

(m) (3.37)
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where R

nn

(m) is the noise sour
e auto
orrelation fun
tion.

Thus the noise auto
orrelation fun
tion R

nn

(m) and its power spe
tral density

S

nn

(!) =

1

X

m=-1

R

nn

(m) exp (-j!mT) (3.38)

may be estimated from the observed signals x

1

and x

2

.

3.2.3 Noise Estimation | Multi-Channel

In the multi-
hannel 
ase where Q > 3 we may extend the two-
hannel anal-

ysis, and thereby remove the requirement that the noise sour
es be identi
ally

distributed. We 
ontinue to assume independen
e of the noise sour
es.

Consider two of the signals x

i

, x

j

in isolation, and de�ne their di�eren
e to be

d

ij

[n℄ = x

i

[n℄ - x

j

[n℄: (3.39)

For Q observed signals there are

Q

C

2

possible di�eren
e relationships of this form

for whi
h i 6= j.

From equation 3.36 (note that up to this point we have assumed only indepen-

den
e of the noise sour
es) we may write

R

d

ij

d

ij

(m) = R

n

i

n

i

(m) + R

n

j

n

j

(m) (3.40)

whi
h relates the auto
orrelation of the di�eren
e signal d

ij

to the auto
orrela-

tions of the two noise sour
es n

i

and n

j

.

In systems of three or more 
hannels (i.e. ifQ > 3) we 
an 
al
ulate an estimate of

the noise auto
orrelations by 
onstru
ting the following matrix equation (shown,

for example, for Q = 4), whi
h en
apsulates equation 3.40 for all i 6= j.
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R
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R
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=
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R
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R
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R
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R
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7

7
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(3.41)
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Equation 3.41 is solvable in a least-squares sense when Q > 3 to give

2

6

6

6

4

R

n

1

n

1

(m)

R

n

2

n

2

(m)

R

n

3

n

3

(m)

R
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4

n

4

(m)
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5

= (M

T

M)
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M
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R
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R
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R
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(m)

R
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d
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(3.42)

whi
h is the estimate of the auto
orrelations at lag m as required. Matrix M is

the \
ombination" matrix and has

Q

C

2

rows. The 
ondition Q > 3 is equivalent

to the 
ondition that M

T

M be non-singular. This matrix is of simple stru
ture,

having the valueQ-1 on the leading diagonal, and 1 elsewhere. It is Toeplitz, and

we may therefore solve the system eÆ
iently by Durbin's method [25℄, although

this is unlikely to be ne
essary for systems with few 
hannels.

On
e the auto
orrelation fun
tions have been estimated, the power spe
tral den-

sities follow from equation 3.38.

3.2.4 Veri�
ation of the Signal Estimation Algorithm

Consider an eight-
hannel system.

A blo
k of syntheti
 simulation data u[n℄, 1 6 n 6 2000, was generated using

a resonant AR(10) pro
ess. This data was 
orrupted with eight independent

Gaussian AR(1) signals

n

q

[n℄ = �

n

q

(1- �

2

q

)(w

q

[n℄ + �

q

� n

q

[n- 1℄) (q = 1 � � �8) (3.43)

to generate eight observed signals

x

q

[n℄ = u[n℄ + n

q

[n℄ (3.44)

ea
h of 2000 samples. Signal w

q

is a white Gaussian sour
e of unit varian
e.

3.2.4.1 Experiment One

The �rst experiment 
he
ks the mat
h between the theoreti
al SNR of the esti-

mated signal with that whi
h is a
hieved in pra
ti
e.

In the eight-
hannel system des
ribed above the SNR of 
hannels 1{7 was held


onstant. The SNR of 
hannel 8 was swept from -20 dB to +20 dB relative to

this. Two estimates of the original signal were made from the 
orrupted data.
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The �rst,

�

x was the unweighted mean of simultaneous samples (equation 3.25),

and the se
ond,

^

u

x

the weighted sum given by equation 3.22.

The results are plotted in �gure 3.2, whi
h shows the re
overed signal noise power

against the noise power of 
hannel eight. The mat
h between the theoreti
al


urves (solid lines) and the simulation data (
rosses) is good.
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Figure 3.2: Noise Power of Signal Estimates

The MAP signal estimate

^

u

x

is seen to be at least as good as the mean

�

x, and

mu
h better where there are extreme SNR di�eren
es between the 
hannels:

� When the noise power of x

8

is relatively low, the MAP signal estimate is

dominated by this signal x

8

.

� When the noise power of x

8

is relatively high, the MAP signal estimate

reje
ts this noisy signal, and bases the signal estimate on x

1

to x

7

.

Where the signals all have equal noise powers the two signal estimates 
oin
ide.

3.2.4.2 Experiment Two

Experiment two �xes the SNR of all 
hannels to a range of values spanning

approximately 20 dB, and veri�es that the improvement noted with the MAP
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estimate is 
onsistent. The set of parameters f�

2

n

q

; �

q

g of the noise sour
es 
hosen

for experiment two is given in table 3.1.

q �

2

n

q

a

q

SNR/dB

1 0.01 0.90 53.5

2 0.04 0.93 47.5

3 0.09 0.92 44.0

4 0.16 0.85 41.5

q �

2

n

q

a

q

SNR/dB

5 0.25 0.88 39.5

6 0.36 0.95 38.0

7 0.49 0.98 36.6

8 0.64 0.97 35.5

Table 3.1: Experimental Parameters

The noise varian
es were estimated via equation 3.42 withm = 0, and these were

subsequently used to estimate the underlying data via equation 3.22.

Over one thousand trials

�

x was found to be, on average, 2.4 dB more noisy than

the quietest of x

1

: : : x

8

, whereas

^

u

x

was 2.3 dB quieter. In other words, with

an approximate 20 dB di�eren
e between the observed SNR extremes, the MAP

estimate was an average of 4.7 dB better than the unweighted estimate. The

MAP estimate was better than the unweighted mean for every one of the 1000

blo
ks of trial data.

3.3 Maximisation of the Conditional Density

As an alternative to marginalisation, �(u[n℄) may be maximised dire
tly to give

the true ML estimate based on the 
onditional density,

^

u

x;M

[n℄ =

 

Q

X

q=1

x

q

[n℄

�

2

n

q

+

a

T

u

�

2

e

! 

Q

X

q=1

1

�

2

n

q

+

1

�

2

e

!

-1

: (3.45)

This has the same form as equation 3.22 and treats the estimate of u[n℄ derived

from the model as a further observation with noise varian
e �

2

e

.

The estimation error varian
e is therefore given by

E

�

(u[n℄ -

^

u

x;M

[n℄)

2

�

=

 

Q

X

q=1

1

�

2

n

q

+

1

�

2

e

!

-1

: (3.46)

Thus, if the model ex
itation varian
e is small 
ompared with the smallest ad-

ditive noise varian
e, then

^

u

x;M

[n℄ will be a better estimate of the signal than

^

u

x

[n℄. In order for this to be useful we need to know the model parameters.
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3.3.1 Model Parameter Estimation

To estimate a it is 
onvenient to 
onsider the data in blo
ks of length N. We 
an

write down two p.d.f's, the blo
k equivalents of equations 3.3 and 3.4 respe
tively.

p

uja

(u

�

�

a; �

2

e

) =

�

2��

2

e

�

-

N-P

2

exp

�

-

u

T

A

T

Au

2�

2

e

�

(3.47)

p

xju

(x

q

�

�

u; R

n

q

) =

�

(2�)

N

�

�

R

n

q

�
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�

-

1

2

exp

�

-

1

2

(x

q

- u)

T

R

-1

n

q

(x

q

- u)

�

(3.48)

where the 
olumn ve
tors x

q

and u are ea
h of length N. R

n

q

is the 
orrelation

matrix for the q

th

noise sour
e, and A is the matrix

A =

2

6

6

6

6

6

6

4
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: (3.49)

These equations represent the p.d.f. of a �nite blo
k of true data u given the

model parameters, and the p.d.f. of a blo
k of observed data x

q

given the true

data u and the noise 
orrelation matrix R

n

q

.

Using the probability 
hain rule and the assumption that the noise sour
es are

independent we may write the p.d.f. of all the observed data given u and the

noise 
orrelations as

p

Xju

(X

�

�

u; R

n

) =

Q

Y

q=1

p

xju

(x

q

�

�

u; R

n

q

) (3.50)

=

Q

Y

q=1

�

(2�)
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�

�

R

n

q

�

�

�

-

1

2

exp

�

-

1

2

(x

q

- u)

T

R

-1

n

q

(x

q

- u)

�

(3.51)

where X is the 
omplete set of observed data

X =

2

6

6

4

.

.

.

.

.

.

x

1

� � � x

Q

.

.

.

.

.

.

3

7

7

5

(3.52)

and R

n

represents the 
orrelations of all the noise pro
esses R

n

1

� � �R

n

Q

.

On
e again we 
an use Bayes' Theorem and the probability 
hain rule to give

p

ajX

(a

�

�

X; �

2

e

; R

n

) =

p

Xju
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�
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uja
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�

�
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e

)p

a
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2

e

)p

R

(R
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)
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X

(X)

(3.53)



3.4. Appli
ation to Audio Restoration 49

where p

a

(a; �

2

e

) and p

R

(R

n

) represent any a-priori knowledge of the model and

noise parameters that we may have. Sin
e p

X

(X) is 
onstant over a we may write

p

ajX

(a

�

�

X; �

2

e

; R

n

) / p

Xju
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The MAP parameter estimate a

MAP

is given by

a

MAP

= argmax

a

�

p

Xju
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�

�
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)p

uja
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�

�
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e

)p
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e

)p

R
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n

)

	

(3.55)

whose two 
omponent likelihood fun
tions are given by equations 3.51, and 3.48,

and where p

a

(a; �

2

e

) and p

R

(R

n

) are Bayesian priors on the model parameters

and noise 
orrelations respe
tively.

Equation 3.55 represents a diÆ
ult optimisation problem and its full solution

is outside the s
ope of the present work. There has been mu
h study of high-

dimensionality probability density fun
tions of this type, and it is likely that, for

example, Monte Carlo Markov Chain and Gibbs' sampling methods [34℄ would be

appli
able to the present problem. These methods have been su

essfully applied

to asso
iated audio signal problems by a number of resear
hers [75, 76, 99, 41℄.

We have shown previously that R

n

may be estimated by independent means,

and these estimates may be in
orporated as strong Bayesian priors. Sampling

methods are highly 
omputationally expensive, owing primarily to their iterative

nature; in
orporating su
h priors is expe
ted to be of great bene�t in speeding

the 
onvergen
e to a solution, parti
ularly where there is a large number of these

parameters in a multi-
hannel system.

3.4 Appli
ation to Audio Restoration

Multiple 
opies of musi
al re
ordings are frequently available, and in most 
ases

the noise sour
es that 
ontaminate ea
h are approximately independent. For

example, if a mi
rophone signal were re
orded simultaneously to two tapes, then

the noise inherent to the re
ording medium (the tape hiss) is independent for the

two. This pra
ti
e of making a simultaneous ba
kup has been 
ommon sin
e the

earliest days of re
ording. In this 
ase it is 
lear that the algorithms presented in

this 
hapter are appli
able.

If only a single 
opy of a re
ording is available it may be possible to extra
t

multiple signals from it by use of, for example, a multi-tra
k tape head. Re
ording

studios regularly re
ord two tra
ks onto tape half an in
h wide. O�-the-shelf
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tape heads 
an be bought today whi
h have sixteen tra
ks a
ross this width, thus

enabling eight 
opies of ea
h signal to be extra
ted.

3.4.1 Audio Demonstration

Four 
opies of an ar
hive dis
 were available for study. A two-
hannel trans
rip-

tion of ea
h provided a total of eight signals from whi
h to prepare a restored


opy.

3.4.1.1 Pre-pro
essing

These raw two-
hannel trans
riptions 
an be heard on tra
ks

1

{

4

of the demon-

stration CD. The impulsive noise was removed from ea
h of these trans
riptions

with the 
ommer
ial CEDAR audio restoration system [18℄. They were then

syn
hronised using te
hniques from 
hapter 6.

3.4.1.2 Signal Restoration | Spe
tral Subtra
tion

Firstly, ea
h tra
k was restored using the spe
tral subtra
tion method [37℄, based

on automati
ally-estimated noise spe
tra. The noise spe
trum 
ontaminating

ea
h signal was estimated by averaging equation 3.42 (on an on-going basis) over

several se
onds (and hen
e over several revolutions of the dis
).

Figure 3.3 shows a short ex
erpt of the signal from the two groove walls of

2

.

The spe
trum of the outer wall signal is shown as the upper part of �gure 3.4,

and the estimated spe
trum of the noise 
ontent is shown below it.

The multi-
hannel nature of this system allows 
ontinual update of the estimated

noise spe
tra through the 
ourse of the extra
t. This is not possible in the 
ase of a

single-
hannel system be
ause signal 
omponents 
ontaminate the noise estimate.

These single-
hannel systems typi
ally require a noise estimate to be made from

an otherwise silent part of the tra
k, and then assume the noise to be of 
onstant

spe
tral density throughout the extra
t.

Following the spe
tral subtra
tion algorithm the eight resulting signals were av-

eraged, and this average signal is presented as tra
k

5

.

3.4.1.3 Signal Restoration | Statisti
al Method

Se
ondly, the signal was estimated using equation 3.22, and this restoration is

presented on tra
k

6

. We would expe
t this restoration not to be so good as the
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Figure 3.3: Signals from 78 r.p.m. gramophone re
ord.
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Figure 3.4: Estimated signal and noise spe
tra from outer groove wall.
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spe
tral subtra
tion method sin
e it does not take into a

ount the 
olours of the

interfering signals, and this is found to be the 
ase. It is, however, a useful noise

redu
tion and requires very little 
omputational e�ort.

3.5 Con
lusions

In this 
hapter we have examined a system in whi
h a single signal is 
ontaminated

by several noise sour
es to generate a number of noisy observations of that signal.

The underlying signal was modelled as an AR pro
ess. Based on the assumption

that the interfering sour
es are independent we showed that the noise spe
tra

may be estimated from the noisy observations. A Bayesian method for parameter

estimation of the underlying AR pro
ess was shown to be feasible in prin
iple,

but also highly 
omputationally intensive.

The estimation of the noise spe
tra was shown to be e�e
tive by the demonstra-

tion of a broadband noise redu
tion of several 
opies of a gramophone dis
.
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Ensemble-AR (E-AR) Model 4

Consider a multi-input, multi-output system in whi
h an all-pole �lter is driven

by an ensemble of white ex
itation sour
es to give the multiple observations, as

shown in �gure 4.1. The �lter parameters are 
ommon, so the system 
onstrains

all its output signals to have the same power spe
trum shape. The ex
itations,

however, are unique, thus allowing the output signals to have di�erent time ori-

gins, di�erent amplitudes, and di�erent phase relationships between the various

signal 
omponents.
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Figure 4.1: Ensemble-AR Signal Model
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For Q signals we may write

x

q

(n) = e

q

(n) +

P

X

p=1

a(p)x

q

(n- p); q = 1 : : :Q; (4.1)

or in equivalent matrix notation

x

q

= e

q

+ X

q

a; (4.2)

where

x

q

= [x

q

(1) : : : x

q

(i) : : : x

q

(N)℄

T

; (4.3)

e

q

= [e

q

(1) : : : e

q

(i) : : : e

q

(N)℄

T

; (4.4)

a = [a(1) : : : a(P)℄

T

; (4.5)

and the i

th

row of X

q

is [x

q

(i- 1); : : : ; x

q

(i- P)℄.

4.1 Ensemble-AR Parameter Estimation

The parameters a may be estimated by a number of means. Two alternatives are

des
ribed here, whi
h are extensions of the 
ovarian
e and 
orrelation methods

des
ribed in se
tion 2.4.

4.1.1 Covarian
e Method

The 
ovarian
e method for estimating AR model parameters is outlined in se
tion

2.4.1. In the multi-
hannel extension we minimise the total ex
itation energy

E =

Q

X

q=1

e

T

q

e

q

; (4.6)

over a �nite blo
k of data. Substituting for e

q

from 4.2 we obtain

E =

Q

X

q=1

(x

T

q

- a

T

X

T

q

)(x

q

- X

q

a) (4.7)

Minimising E with respe
t to a by di�erentiation yields

^

a =

 

Q

X

q=1

X

T

q

X

q

!

-1

 

Q

X

q=1

X

T

q

x

q

!

: (4.8)
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This estimation pro
edure treats the signals as independent samples from the

ensemble of pro
esses AR(P). If the observations x

q

are truly samples from the

ensemble of Gaussian pro
esses AR(P), then so will the ex
itations e

q

be white

samples from the pro
ess N(0; �

2

e

q

). In the single-
hannel 
ase where Q = 1,

equation 4.8 gives the same parameter estimates as the 
ovarian
e method de-

s
ribed in se
tion 2.4.1.

The parameter estimation is robust to power di�eren
es between the 
hannels,

although altering the amplitude of just some of the signals will 
hange the pa-

rameter estimates to some degree. This may be exploited by adjusting the signal

amplitudes (in a

ordan
e with some a-priori knowledge) su
h that the 
hannels

in whi
h we have most trust make a more signi�
ant 
ontribution to equation 4.8

than those we distrust.

4.1.2 Correlation Method

For the 
orrelation method we pro
eed along the same path as far as equation

4.7, but then take the expe
tation to obtain

E [E ℄ = E

"

Q

X

q=1

(x

T

q

- a

T

X

T

q

)(x

q

- X

q

a)

#

(4.9)

and for a blo
k of N samples of ea
h of Q 
hannels

E [E ℄ = E

"

Q

X

q=1

(x

T

q

- a

T

X

T

q

)(x

q

- X

q

a)

#

(4.10)

= (N- P)

Q

X

q=1

�

2

x

q

+

Q

X

q=1

�

2 E

�

a

T

X

T

q

X

q

a

�

- E

�

x

T

q

X

q

a

�

- E

�

a

T

X

T

q

x

q

��

(4.11)

Let us de�ne R

q

and r

q

R

q

=

2

6

6

6

6

4

r

x

q

x

q
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x

q

x
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r

q

=
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(1)
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q

x

q
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7
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(4.13)

r

x

q

x

q

(i) = E [x

q

[n℄ x

q

[n- i℄℄ (4.14)
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su
h that R

q

is the auto
orrelation matrix of signal x

q

, and r

q

similarly 
ontains

auto-
orrelations of signal x

q

.

Equation 4.11 may now be rewritten in terms of R

q

and r

q

E = (N- P)

Q

X

q=1

�

2

x

q

+ P

Q

X

q=1

�

2 a

T

R

q

a- 2 r

T

q

a

�

(4.15)

Minimising E by di�erentiation yields the result

^

a =

 

Q

X

q=1

R

q

!

-1

Q

X

q=1

r

q

(4.16)

This system, as for the single-
hannel 
ase, is Toeplitz and so may be solved

eÆ
iently using Levinson-Durbin re
ursion [61℄. On
e again the solution for the

single-
hannel 
ase where Q = 1 
oin
ides with the standard result for the AR

model given in se
tion 2.4.2.

4.2 Interpolation of Missing Data

Suppose that some of the data from one of the 
hannels is missing. If the model

parameters are known (or 
an be reliably estimated from the known data) then

this missing data 
an be interpolated, using the model stru
ture to 
onstrain the

nature of the interpolated se
tion.

4.2.1 Single-Channel Interpolation

This single-
hannel interpolation is due to Vaseghi [101℄. It uses the known

portion of the data from the 
orrupted 
hannel and the model parameters to


al
ulate an interpolant whi
h is 
ontinuous with the known data either side of

the missing data burst.

Suppose we have a single-
hannel system x

1

, with model parameters a, in whi
h

there is a burst of L missing data samples. We 
onsider a blo
k of data whi
h


omprises these L unknown samples and P known samples both before and after

the 
orrupted se
tion. The data blo
k under 
onsideration is, therefore, of total

length N = L+ 2P samples.

The ex
itation sequen
e for this blo
k may be written as

e

1

= Ax

1

(4.17)
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where

e

1

= [e

1

[P+ 1℄ : : : e

1

[N℄℄

T

(4.18)

x

1

= [x

1

[1℄ : : : x

1

[N℄℄

T

(4.19)

and A is the (N- P) by N matrix

A =

2

6
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(4.20)

Equation 4.17 may be partitioned so as to separate the samples of x

1

into the

known samples prior to the 
orruption (subs
ript ka), the known samples after

the 
orruption (subs
ript kb), and the unknown samples (subs
ript u).

e

1

=

h

A

ka

A

u

A

kb

i

2

6

4

x

1;ka

x

1;u

x

1;kb

3

7

5

(4.21)

Grouping the known samples of x

1

together, and permuting the 
olumns of A

equivalently gives

e

1

=

h

A

ka

A

kb

A

u

i

2

6

4

x

1;ka

x

1;kb

x

1;u

3

7

5

(4.22)

=

h

A

k

A

u

i

"

x

1;k

x

1;u

#

(4.23)

= A

k

x

1;k

+A

u

x

1;u

: (4.24)

Vaseghi goes on to minimise e

T

1

e

1

with respe
t to the unknown data samples x

1;u

to give

^

x

1;u

= -

�

A

T

u

A

u

�

-1

A

T

u

A

k

x

1;k

(4.25)

provided that the inverse

�

A

T

u

A

u

�

-1

exists.

The interpolant

^

x

1;u

is shown to be 
ontinuous with the original signal at both

ends of the gap, and to display many of the 
hara
teristi
s of the surrounding

data.
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A signi�
ant limitation of this method is that the amplitude of the interpolant

tends to de
ay towards the middle of long gaps [83℄. This is a result of the

minimisation doing \too good" a job of minimising the error energy. The resulting

signal is highly probable, but is not typi
al. By analogy, the most probable

observation of a Gaussian variable is its mean, but the ensemble of observations

will not typi
ally all be equal to the mean.

4.2.2 Enhan
ed Interpolator for Two-Channel Systems

In systems where we have two 
hannels (for example, if a monophoni
 gramophone

re
ord is replayed with a stereo pi
kup|this example is dis
ussed in detail in

se
tion 4.5) then it would seem reasonable to use information from a se
ond


hannel to enhan
e the performan
e of the interpolator.

In these 
ases it is not usually a

eptable simply to substitute signal samples

from the good 
hannel into the bad one. There are frequently d
-level o�sets, low

frequen
y interferen
e, broadband noise and the like whi
h would lead to signal

dis
ontinuities if this were attempted. Instead we 
al
ulate the ex
itation signal

for the un
orrupted 
hannel, and use this as an estimate for the ex
itation in the


hannel we wish to restore.

If we assume that at some time signal x

2

is un
orrupted, but signal x

1


ontains

a burst of L missing samples. In this 
ase we may use the 
hannel 2 ex
itation

e

2

= Ax

2

(4.26)

as an estimate of the true ex
itation for 
hannel 1, by simply setting

^

e

1

= e

2

.

In this 
ase we may rewrite equation 4.24, subtra
ting this estimate

^

e

1

from ea
h

side

e

1

-

^

e

1

= A

k

x

1;k

+A

u

x

1;u

-

^

e

q

(4.27)

We then minimise (e

1

-

^

e

1

)

T

(e

1

-

^

e

1

) with respe
t to the unknown samples,

obtaining

^

x

1;u

= -

�

A

T

u

A

u

�

-1

A

T

u

(A

k

x

1;k

-

^

e

1

) (4.28)

as the estimate of the missing data.

The in
lusion of the ex
itation estimate transfers information from the good 
han-

nel to the interpolant, while retaining the bene�ts of the single-
hannel interpola-

tor. In parti
ular, the interpolant is guaranteed to be 
ontinuous with the known



4.2. Interpolation of Missing Data 62

data either side of the gap. It is, therefore, robust to low frequen
y interferen
e,

d
-level shifts and the like whi
h may di�er a
ross the ensemble.

4.2.3 Interpolator for Multi-Channel Systems

A further extension allows in
lusion of many ex
itation estimates in optimal pro-

portion. Suppose that in a Q-
hannel system there is a burst of missing data

in 
hannel 1, but that the 
orresponding samples in 
hannels 2 to Q are not


orrupted. We wish to estimate the data missing from 
hannel 1.

In this 
ase we take a weighted sum of the ex
itations for all of the un
orrupted


hannels,

^

e =

Q

X

q=2

�

q

e

q

(4.29)

=

h

e

2

� � � e

Q

i
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6

4

�
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�

Q

3

7

5

(4.30)

= E� (4.31)

and use this as the ex
itation estimate for the unknown 
hannel.

The ex
itation for 
hannel 1 is split into known and unknown parts, as before,

and expressed

e

1

= A

k

x

k;1

+A

u

x

u;1

(4.32)

and as for the two-
hannel 
ase the ex
itation estimate is subtra
ted from ea
h

side to give

e

1

-

^

e = A

k

x

k;1

+A

u

x

u;1

-

^

e (4.33)

e

1

-

^

e = A

k

x

k;1

+A

u

x

u;1

- E�: (4.34)

We now group the unknown signal samples x

u;1

with the unknown weights � into

a single 
olumn ve
tor to obtain

e

1

-

^

e = A

k

x

k;1

+

h

A

u

-E

i

"

x

u;1

�

#

(4.35)

e

1

-

^

e = A

k

x

k;1

+M

"

x

u;1

�

#

: (4.36)
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Finally we minimise (e

1

-

^

e)

T

(e

1

-

^

e) with respe
t to the ve
tor of unknowns,

giving

"

^

x

u;1

^

�

#

= -

�

M

T

M

�

-1

M

T

A

k

x

k;1

(4.37)

This interpolant possesses all the properties of the two-
hannel interpolation of

se
tion 4.2.2, and adds two signi�
ant bene�ts:

� it allows in
orporation of an ex
itation estimate derived from more than

one alternative 
hannel, and

� it is robust to a s
ale-fa
tor di�eren
e between the original signals.

This method 
an be used dire
tly in pla
e of the two-
hannel algorithm des
ribed

above, where it adds the bene�t of s
ale-fa
tor robustness.

4.2.4 Veri�
ation of Interpolation Algorithms

Four 
hannels of syntheti
 data were generated from an AR model, and ea
h

was 
ontaminated with an independent interferen
e signal. One hundred samples

from 
hannel 1 were treated as missing, and interpolated using ea
h of the follow-

ing s
hemes: single-
hannel AR (se
tion 4.2.1), two-
hannel AR (se
tion 4.2.2),

ensemble-AR (se
tion 4.2.3).

Figure 4.2 shows the 
omparison between a single-
hannel interpolation and a

two-
hannel interpolation that uses an ex
itation estimate taken dire
tly from

one of the other 
hannels. The two-
hannel interpolation is 
learly superior,

retaining mu
h more of the 
hara
ter of the original signal than the single-
hannel

interpolator.

Figure 4.3 shows the superior result from using all three other 
hannels to provide

the ex
itation estimate, using the system des
ribed in se
tion 4.2.2.

Finally, the robustness of the Ensemble-AR interpolator, 
ompared with the two-


hannel interpolator, is demonstrated in �gure 4.4. The true ex
itation for the


orrupt 
hannel was halved, and then used as the estimate for the two-
hannel

method

^

e

1

=

1

2

e

1

(4.38)
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Figure 4.2: Two-Channel Interpolation
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Figure 4.3: Ensemble-AR Interpolation
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and this same estimate was used in the Ensemble-AR interpolator. The optimal

weight � = 2:0 was 
orre
tly determined automati
ally by the Ensemble-AR

interpolator.

0 20 40 60 80 100 120
2600

2800

3000

3200

3400

3600
Two−Channel AR Interpolation

0 20 40 60 80 100 120
2600

2800

3000

3200

3400

3600
Ensemble−AR Interpolation

Figure 4.4: Interpolations with non-optimal ex
itation estimate amplitude

4.3 Impulsive Noise Dete
tion

The AR model has been used for some time as the basis for dete
tion of impulsive

noise in musi
al signals [101, 35, 83℄. This se
tion outlines a basi
 single-
hannel

probabilisti
 impulsive noise dete
tor of this type. Se
tion 4.4 des
ribes a new

extension of this dete
tor to two-
hannel and multi-
hannel Ensemble-AR sys-

tems.

4.3.1 Introdu
tion

We model the impulsive interferen
e as zero-mean substitutive Gaussian noise.

Thus there are two random pro
esses to 
onsider; that whi
h generates the noise

itself, and that whi
h determines whether a given observed signal sample is a true

signal sample or whether it is an interferen
e sample.
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This model is shown diagrammati
ally in �gure 4.5; the noise signal N(0; �

2

n

)

is represented by N(z), and the true signal is given by the AR pro
ess X(z) =

E

t

(z)=A(z). The swit
hing is a

omplished by the random binary signal S(z),

and this results in the observed signal Y(z). We may �lter Y(z) with the inverse

AR �lter A(z) to give an observed ex
itation sequen
e E(z).

S(z)

A(z)

1

N(z)

E(z)
A(z)

X(z)

Y(z)

tE  (z)

Figure 4.5: Model for Signal 
orrupted by Substitutive Impulsive Noise

Let us assume that we have a

ess to the true signal model A(z). In pra
ti
e we

will have an estimate of this model based on known good data, or data that is

known to be only mildly 
ontaminated with impulsive noise.

The 
al
ulation of E(z) 
an be implemented as an FIR �ltering operation with

the model 
oeÆ
ients

e[n℄ = -

P

X

i=0

a

i

x[n- i℄ (4.39)

where a

0

= -1.

Sin
e the model parameters a

i

are optimal to whiten the true signal we 
an

assume that the �ltered noiseN(z)A(z) is large 
ompared with the true ex
itation

E

t

(z). Under this assumption we may model a �ltered error burst as Gaussian

substitutive noise N(0; �

2

d

) where �

2

d

� �

2

n

sin
e ja

0

j = 1. The 
orrelation of the

noise is altered by the �ltering operation, but this need not presently 
on
ern

us sin
e the simple dete
tors presented here make no assumptions about this


orrelation.

For impulsive noise in musi
al signals some 30{40 dB of in
reased noise/signal

separation is a
hieved by this �ltering [101℄.

The dete
tion pro
ess may now be de�ned as determining whether a given ex-


itation sample is drawn from the true ex
itation distribution p

1

(e) = N(0; �

2

e

),

or from the interferen
e distribution p

2

(e) = N(0; �

2

d

). These distributions are

plotted in �gure G.1.
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There is a \smearing" of impulses in the observed ex
itation whi
h has been noted

by a number of authors ([101, 35℄). This results in pra
ti
e in the end of ea
h

noise burst being less a

urately determined than the start, but this problem is

readily over
ome by 
onsideration of both the forward and ba
kward observed

ex
itation sequen
es.

4.3.2 Single-Channel Probabilisti
 Dete
tor

Suppose that some proportion p




of the total number of samples is drawn from

p

2

. Assume also that they are randomly and uniformly distributed, and that this

proportion p




is unknown. A threshold e

t

may be 
hosen, and the samples e[n℄


lassi�ed as follows:

� if je[n℄j > e

t

then sample n is 
agged as 
orrupt, or

� if je[n℄j < e

t

then sample n is 
agged as valid.

This pro
ess is repeated independently for ea
h of the 
hannels of observed data.

The threshold e

t

is 
hosen to minimise the probability of mis
lassi�
ation. In

the absen
e of further a-priori information it is given by setting the p.d.f's to be

equal and solving for e.

e

2

t

=

�

2

e

�

2

d

�

2

d

- �

2

e

ln

�

�

2

d

�

2

e

�

(4.40)

The mis
lassi�
ation probabilities depend upon the ratio of the varian
es, and

are given by

p

m

(e

t

) = 2

Z

e

t

0

p

2

(e) de (4.41)

p

f

(e

t

) = 2

Z

1

e

t

p

1

(e) de (4.42)

where p

m

and p

f

are the probabilities of a \miss" and a \false-alarm" respe
tively,

de�ned as follows:

� p

m

(T) is the probability that a sample e[n℄ drawn from distribution p

2

,

when thresholded at threshold T, is in
orre
tly 
lassi�ed as being drawn

from p

1

� p

f

(T) is the probability that a sample e[n℄ drawn from distribution p

1

, when

thresholded at threshold T, is in
orre
tly 
lassi�ed as being drawn from p

2

.
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The total probability of mis
lassi�
ation of a given sample is given by

p

t

(T; p




) = (1- p




)p

f

(T)+ p




p

m

(T) (4.43)

where p




is the proportion of samples that are genuinely drawn from p

2

. These

probabilities are evaluated for various ratios �

2

d

=�

2

e

in table 4.1.

�

2

d

, �

2

e

= 1 e

t

p

f

(e

t

) p

m

(e

t

) p

t

(e

t

; p




), p




= 5%

2 1.177 23.9% 59.5% 25.7%

10 1.600 11.0% 38.7% 12.4%

20 1.776 7.58% 30.9% 8.74%

100 2.157 3.10% 17.1% 3.08%

200 2.308 2.10% 13.0% 2.65%

1000 2.630 0.855% 6.63% 1.14%

2000 2.758 0.582% 4.91% 0.799%

10000 3.035 0.241% 2.42% 0.350%

Table 4.1: Mis
lassi�
ation Probabilities for Basi
 Dete
tor

4.3.3 A-Posteriori Dete
tor

The performan
e of this dete
tor 
an be improved by in
orporating some ad-

ditional statisti
s about the substitutive noise pro
ess. This information may

be in
luded as priors, and a dete
tor derived whi
h minimises the a-posteriori

probability of mis
lassi�
ation.

Suppose that we know or 
an estimate by some independent means the proportion

0 < p




< 1 of samples e[n℄ that are 
orrupted and therefore drawn from p

2

. We


an then say that the a-priori probability pr(p

2

) that a given sample is drawn

from p

2

is

pr(p

2

) = p




: (4.44)

On
e we have made the measurement of a given sample value e[n℄ Bayes' Rule
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states that pr(p

2

�

�

e[n℄) is given by

pr(p

2

�

�

e[n℄) =

pr(e[n℄

�

�

p

2

) pr(p

2

)

pr(e[n℄)

(4.45)

=

p

2

(e[n℄) pr(p

2

)

p

1

(e[n℄)pr(p

1

) + p

2

(e[n℄)pr(p

2

)

(4.46)

=

p

2

(e[n℄) p




p

1

(e[n℄)(1- p




) + p

2

(e[n℄)p




(4.47)

whi
h is the a-posteriori probability that sample e[n℄ is drawn from distribution

p

2

, i.e. that it is 
orrupt. These probabilities (�

2

e

= 1, �

2

d

= 100, p




= 5%) are

plotted in �gure G.1.

The posterior probabilities lead to a new 
lassi�
ation threshold

e

2

p

=

�

2

e

�

2

d

�

2

d

- �

2

e

ln

�

�

2

d

(1- p




)

2

�

2

e

p

2




�

(4.48)

whi
h gives miss and false-alarm rates

p

m

(e

p

) = 2

Z

e

p

0

p

2

(e) de (4.49)

p

f

(e

p

) = 2

Z

1

e

p

p

1

(e) de (4.50)

p

t

(e

p

; p




) = p




p

m

(e

p

) + (1- p




)p

f

(e

p

) (4.51)

where p

m

, p

f

and p

t

are de�ned as before. Mis
lassi�
ation rates are tabulated

in table 4.2, and it 
an be seen from the table that these are redu
ed over the

simpler dete
tor of table 4.1.

4.3.4 Bayes' Risk

It is interesting to note that for �

2

d

=�

2

e


lose to unity then the miss rate for the

a-posteriori dete
tor approa
hes 100%. This is be
ause for relatively infrequent

degradation (in our example just 5% of the samples are from the se
ond distri-

bution) the lowest mis
lassi�
ation rate is a
hieved by simply assuming that all

the samples are from the a-priori more probable distribution. In 
ontrast, table

4.1 shows that the basi
 dete
tor has a mu
h worse overall mis
lassi�
ation rate,

but that the probability of missing a 
orrupt sample is mu
h lower.

In a 
ontext where there is a limit on the maximum miss or false alarm rate that

is a

eptable then further 
onstraints may be in
luded in the derivation of the
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dete
tor whi
h will put a limit on the range of values adopted for the threshold.

For example we 
ould derive a dete
tor with a maximum 1% miss rate by setting

p

m

(T) = 2

Z

T

0

p

2

(e)de < 0:01 (4.52)

from the de�nition of p

m

(equation 4.41) and deriving from this a 
onstraint on

T.

A more general method for optimising the dete
tor is to de�ne a loss fun
tion

�(s

i

; s

j

) with estimating the system state to be s

i

when the true state is s

j

.

This provides a 
exible framework within whi
h we 
an penalise ea
h type of

mis
lassi�
ation independently. The loss asso
iated with 
hoosing the 
orre
t

state is taken as �(s

j

; s

j

) = 0.

We then de�ne the risk as the expe
ted loss asso
iated with estimating the state

to be s

i

given the observed data, given by

�(s

i

�

�

e[n℄) =

N

s

X

j=1

�(s

i

; s

j

)pr(s

j

�

�

e[n℄) (4.53)

where N

s

is the number of possible system states.

The Bayes' Risk is then de�ned by

R =

N

s

X

i=1

�(s

i

�

�

e[n℄) (4.54)

=

N

s

X

i=1

N

s

X

j=1

�(s

i

�

�

s

j

)pr(s

j

�

�

e[n℄) (4.55)

and the optimal dete
tor is the one whi
h minimises R.

In the simple dete
tor des
ribed above we have just two system states, so the

Bayes' Risk fun
tion simpli�es to

R = �(s

2

; s

1

)pr(s

1

�

�

e[n℄) + �(s

1

; s

2

)pr(s

2

�

�

e[n℄) (4.56)

whi
h may be minimised with respe
t to the de
ision threshold T.

If �(s

2

; s

1

) = �(s

1

; s

2

) then this pro
edure results in the same threshold as for the

a-posteriori dete
tor given by equation 4.48. A non-uniform loss fun
tion 
auses

the dete
tion threshold to be adjusted one way or the other so as to minimise the

Bayes' Risk, as opposed to minimising the mis
lassi�
ation probability.
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�

2

d

, �

2

e

= 1 e

p

p

f

(e

p

) p

m

(e

p

) p

t

(e

p

; p




), p




= 5%

2 3.628 0.029% 99.0% 4.98%

10 3.017 0.255% 66.0% 3.54%

20 3.058 0.223% 50.6% 2.74%

100 3.256 0.113% 25.5% 1.38%

200 3.353 0.080% 18.7% 1.01%

1000 3.579 0.035% 9.01% 0.48%

2000 3.674 0.024% 6.54% 0.35%

10000 3.886 0.010% 3.10% 0.16%

Table 4.2: A-Posteriori Mis
lassi�
ation Probabilities for Dete
tor
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4.4 Two-Channel Impulsive Noise Dete
tion

In the pre
eding se
tions we have been treating the ex
itation samples individ-

ually and in isolation. If, in a two-
hannel system, we group them into pairs


orresponding to the two 
hannels at the same sampling instant and 
onsider

their joint distribution then an impulsive noise dete
tor of superior performan
e

may be derived.

4.4.1 Two-Channel A-Posteriori Dete
tor

On
e again we assume that we know a-priori the proportion p




of samples that

is 
orrupt, and we also assume that the time-distribution of the impulsive noise

is independent in the two 
hannels.

Let us de�ne the ve
tor sample

e =

"

e

1

[n℄

e

2

[n℄

#

(4.57)

where ea
h of e

1

[n℄ and e

2

[n℄ may be drawn from either of distributions p

1

or

p

2

. There are then four bi-variate distributions from whi
h e may be drawn,


orresponding to the 
ases where:

� neither 
hannel is 
orrupt; e

1

and e

2

both drawn from p

1

� 
hannel 2 is 
orrupt; e

1

is drawn from p

1

, and e

2

from p

2

� 
hannel 1 is 
orrupt; e

1

is drawn from p

2

, and e

2

from p

1

� both 
hannels are 
orrupt; e

1

and e

2

both drawn from p

2

.

Let us 
all these bi-variate distributions p

11

, p

12

, p

21

, and p

22

respe
tively. The

two-
hannel impulsive noise dete
tion pro
edure may now be de�ned as deter-

mining from whi
h of these four distributions is drawn ea
h sample e.
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The 
ovarian
e matri
es C

11

, C

12

, C

21

and C

22

are

C

11

=

"

�

2

e

��

2

e

��

2

e

�

2

e

#

(4.58)

C

12

=

"

�

2

e

0

0 �

2

d

#

(4.59)

C

21

=

"

�

2

d

0

0 �

2

e

#

(4.60)

C

22

=

"

�

2

d

��

2

d

��

2

d

�

2

d

#

(4.61)

where �

2

e

and �

2

d

are the varian
es of the true ex
itation and 
orrupted ex
ita-

tion samples respe
tively, and � and � re
e
t the degree of 
orrelation between

the 
hannels. The zero terms re
e
t the fa
t that the degradation is assumed

independent of the true signal.

Based on the initial assumptions and the proportion of 
orrupt samples p




we

may determine the a-priori probabilities for ea
h of the distributions as

pr(p

11

) = (1- p




)

2

(4.62)

pr(p

12

) = (1- p




)p




(4.63)

pr(p

21

) = (1- p




)p




(4.64)

pr(p

22

) = p

2




: (4.65)

Using Bayes' Rule we may derive

pr(p

i

�

�

e) =

pr(e

�

�

p

i

) pr(p

i

)

pr(e)

(4.66)

=

p

i

(e) pr(p

i

)

P

k

p

k

(e) pr(p

k

)

; k = f11; 12; 21; 22g (4.67)

whi
h is the a-posteriori probability that e is drawn from distribution i.

Evaluating equation 4.67 for ea
h of the 
andidate distributions

i = f11; 12; 21; 22g (4.68)

and 
hoosing the most likely enables the sample e to be 
lassi�ed.

4.4.2 Analysis of Two-Channel Dete
tor

For the purposes of illustration the parameters for the distributions used for the

�gures in this se
tion are (unless stated otherwise) �

2

e

= 1, �

2

d

= 100, � = 0:8,
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� = -0:8. These are reasonable �gures for the appli
ation des
ribed in se
tion

4.5 ex
ept that the ratio of �

d

=�

e

has been lowered to improve 
larity of the

�gures. The most signi�
ant e�e
t of this is that the real-world performan
e of

the dete
tor will be somewhat better than the �gures and tables in this se
tion

would suggest. As before the a-priori probability p




is set to 5%.

The posterior probabilities pr(p

i

�

�

e) given by equation 4.67 are plotted in �gure

G.2 against the two 
omponents of the ve
tor ex
itation sample e. The 
lassi-

�
ation of the sample e is made by determining whi
h of these probabilities is

largest for that sample value.

Figure G.3 is the 
ombination of the four parts of �gure G.2 viewed from dire
tly

above, and shows more 
learly the de
ision boundaries for this dete
tor.

The boundaries are seen to have a 
omplex shape, whi
h may be analysed further

by 
onsidering the values of e at whi
h the 
lassi�
ation 
hanges from distribution

p

i

to distribution p

j

. This gives a line whi
h splits the e-plane into the regions

� R

p

i

>p

j

in whi
h distribution p

i

is more probable than p

j

, and

� R

p

i

<p

j

in whi
h distribution p

i

is less probable.

Equation 4.67 gives the posterior probabilities as

pr(p

i

�

�

e) =

p

i

(e) pr(p

i

)

P

k

p

k

(e) pr(p

k

)

(4.69)

pr(p

j

�

�

e) =

p

j

(e) pr(p

j

)

P

k

p

k

(e) pr(p

k

)

(4.70)

for k = f11; 12; 21; 22g.

Setting these equal gives

p

i

(e) pr(p

i

)

P

k

p

k

(e) pr(p

k

)

=

p

j

(e) pr(p

j

)

P

k

p

k

(e) pr(p

k

)

(4.71)

p

i

(e) pr(p

i

) = p

j

(e) pr(p

j

) (4.72)
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(4.73)
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) jC
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1

2

pr(p

j

) jC

i

j

1

2

= exp

�

-

1

2

e

T

(C

-1

i

- C

-1

j

)e

�

(4.74)

Squaring both sides of equation 4.74 (noting that it is guaranteed by its form to
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be positive) and then taking its logarithm redu
es it to a quadrati
 in e.

ln

�

pr(p

i

)

2

jC

j

j

pr(p

j

)

2

jC

i

j

�

= -e

T

(C

-1

i

- C

-1

j

)e (4.75)

ln

�

pr(p

i

)

2

jC

j

j

pr(p

j

)

2

jC

i

j

�

= e

T

(C

-1

j

- C

-1

i

)e (4.76)

The left hand side of equation 4.76 is a s
alar k and we also substitute

M

-1

= C

-1

j

- C

-1

i

(4.77)

to give

k = e

T

M

-1

e (4.78)

whi
h de�nes an ellipse or hyperbola in the e-plane.

Sin
e C

i

and C

j

are symmetri
 it follows that M is also symmetri
 and therefore

has an eigenvalue de
omposition

M = R�R

T

(4.79)

M

-1

= R�

-1

R

T

(4.80)

where � is a diagonal matrix of the eigenvalues of M, and R is an orthogonal

matrix 
onsisting of the 
orresponding eigenve
tors.

Making this substitution, equation 4.78 be
omes

k = e

T

R�

-1

R

T

e (4.81)

k = u

T

�

-1

u (4.82)

whereupon it 
an be seen that R

T

represents the rotation from e-spa
e to u-spa
e,

and �

-1

is a simple s
aling matrix.

The region of the e-plane over whi
h the sample is 
lassi�ed to be from distri-

bution p

i

is the interse
tion of three su
h ellipses/hyperbolae, ea
h being the

boundary with one of the other 
andidate distributions. For example, the sample

is 
lassi�ed as being from distribution p

11

, i.e. un
orrupted in both 
hannels, in

the region

R

p

11

= R

p

11

>p

22

\ R

p

11

>p

21

\ R

p

11

>p

12

: (4.83)

This region is illustrated in �gure G.4, and is seen to mat
h the shape of the


entral region in �gure G.3.



4.4. Two-Channel Impulsive Noise Dete
tion 76

4.4.3 Computational Considerations

The one-
hannel threshold dete
tor is very 
heap, whereas the two-
hannel a-

posteriori dete
tor requires the evaluation of 4.67 (whi
h in
ludes an exp(�) fun
-

tion and a division) four times to 
al
ulate ea
h of the posterior probabilities.

Possible optimisations in
lude:

� use of log probabilities instead of true probabilities,

� devising of a simple derived test that passes for the vast majority of samples

that are non-
orrupt in both 
hannels,

and we examine ea
h of these in turn.

4.4.3.1 Log Probabilities

Taking the logarithm of equation 4.67 we obtain

ln

�

pr(p

1

�

�

e)

�

= ln (p

i

(e)) + ln (pr(p

i

)) - ln

 

X

k

p

k

(e)pr(p

k

)

!

(4.84)

= -

1

2

e

T

C

i

e+ l

i

- ln

 

X

k

p

k

(e)pr(p

k

)

!

+ k (4.85)

= -

1

2

e

T

C

i

e+ l

i

- L(e) + k (4.86)

where l

i

= ln(pr(p

i

)) is the log prior probability of distribution i whi
h may be

pre-
al
ulated on
e. The log-eviden
e L(e) and the s
alar 
onstant k may be 
al-


ulated on
e, and then equation 4.86 is evaluated for ea
h 
andidate distribution.

The requirement to 
al
ulate four exponential fun
tions per ex
itation sample

has been eliminated. Furthermore, if just a dete
tor is required (as opposed to

a 
omplete evaluation of the posterior p.d.f's) then there is no need to 
al
ulate

either the log eviden
e L(e) or the s
aling 
onstant k.

4.4.3.2 Derived Test

Figure G.4 shows the non-trivial region R

p

11

in whi
h the majority of the ex
i-

tation samples fall. From the 
omponent equations of this boundary it may be

possible to 
al
ulate, for example, an ellipse of maximum area whi
h �ts wholly

within region R

p

11

. The test for whether a given sample e falls within this ellipse

will be relatively straightforward, and this will be satis�ed for the majority of
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the samples. Only when a sample falls outside the ellipse will all of the posterior

probabilities need to be 
al
ulated.

The u-spa
e de�ned by the rotation u = R

T

e may well be useful in the derivation

of su
h a test; the test for a sample to be inside an elipse whos axes are aligned

with the 
o-ordinate system is relatively straightforward. The details of this

derived test are left as an issue whi
h requires further resear
h, and whi
h would

be
ome parti
ularly important in a multi-
hannel system. For a two-
hannel,

non-real-time system it is viable to use the log posterior probabilities given by

equation 4.86.

4.4.4 Two-Channel Dete
tor Performan
e

Be
ause the regions in the e-plane over whi
h the integrals need to be evaluated

are diÆ
ult we rely on simulations to assess the performan
e of this dete
tor. The

results of these simulations show that for data �tting the model the two-
hannel

dete
tor gives superior results (table 4.3) to the single-
hannel dete
tor (table

4.2).

�

2

d

, �

2

e

= 1 p

f

(e

p

) p

m

(e

p

) p

t

(e

p

; p




), p




= 5%

2 2.86% 51.1% 4.54%

10 1.48% 32.0% 2.68%

20 1.05% 25.0% 2.04%

100 0.418% 13.6% 0.974%

200 0.291% 10.1% 0.711%

1000 0.123% 4.95% 0.338%

2000 0.072% 3.56% 0.239%

10000 0.036% 1.70% 0.112%

Table 4.3: A-Posteriori Mis
lassi�
ation for Two-Channel Dete
tor

4.4.5 Multi-Channel Dete
tor

Extensions are 
learly possible to make a multi-
hannel dete
tor. With Q 
han-

nels there are Q

2

distributions to 
hoose from, ea
h having Q variables. The

mathemati
s 
on
erning the de
ision boundaries is a dire
t extension of the two-


hannel system. Be
ause of the in
reased dimensionality the 
omputational op-

timisations des
ribed in se
tion 4.4.3 will be
ome highly important.



4.5. Appli
ation to Gramophone Re
ord Restoration 78

4.4.6 Bayes' Risk

It is 
learly possible, and will often be desirable, to use the 
on
ept of Bayes'

Risk and a non-uniform loss fun
tion in a pra
ti
al appli
ation of either the two-


hannel or multi-
hannel dete
tor.

4.5 Appli
ation to Gramophone Re
ord Restoration

The ensemble model has been used su

essfully to enhan
e the algorithms pre-

sented by Vaseghi [101℄ for gramophone re
ord restoration. Two signals are read

from a monophoni
 re
ord and the additional information that this provides over

a single-
hannel trans
ription allows improvements to be made both in the de-

te
tion of impulsive noise, and in the subsequent interpolation of the missing

data.

This appli
ation has been summarised in [48℄.

4.5.1 Two-
hannel Replay of a Gramophone Re
ord

A 
onventional stereo re
ord-player 
artridge may be used to sample the two

groove walls of a monophoni
 gramophone re
ord independently, providing two

spatial samples of the stored signal. Su
h a 
artridge has two ele
tri
al outputs,

whi
h ideally 
orrespond to stylus motion along a pair of perpendi
ular axes at

45

Æ

to the verti
al, and perpendi
ular to the longitudinal axis of the 
artridge

body.

A positive output is produ
ed on the left ele
tri
al output by motion along ve
tor

L, and on the right output by motion along ve
tor R. The vast majority of

78 rpm re
ords are re
orded with a single signal whi
h modulates the horizontal

displa
ement of the groove. It 
an be seen from �gure 4.6 that this motion ideally

produ
es an equal, in-phase output on the ele
tri
al outputs 
orresponding to L

and R.

A further possible re�nement would be to extra
t more signals from di�erent

depths in the groove by using several styli of varying sizes, or more exoti
 te
h-

niques su
h as s
anning ele
tron mi
ros
opy. However, the use of a standard

two-
hannel pi
kup with a single appropriate stylus represents an inexpensive

trans
ription system and already yields signi�
ant advantages over using a single-


hannel trans
ription as we shall show.
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A few early dis
s were produ
ed using hill & dale modulation, where the signal

modulates the groove depth; su
h re
ordings produ
e out-of-phase outputs, but

it is a trivial matter to invert one 
hannel to allow for this. Blumlein's patent

[10℄ des
ribes a stereo re
ording system in whi
h one 
hannel is re
orded laterally

and the other verti
ally. Due to implementational diÆ
ulties, largely due to the

asymmetry of the setup, this format never gained popularity and was dropped

for 
ommer
ial systems in favour of the s
heme illustrated above.

4.5.2 Model Parameter Estimation

Figure 4.7 shows a pair of signals re
overed from a re
ord by using a stereo pi
kup.

It 
an be seen that the musi
al information is very similar in the two 
hannels,

but that the impulsive noise is very di�erent.

A set of model parameters was estimated from this data using equation 4.8, with

the model order P being 25. This �gure is 
hosen somewhat arbitrarily, but proves

to be a good 
ompromise between performan
e and 
omputational 
omplexity for

a wide range of audio material.

4.5.3 Two-Channel Impulsive Noise Dete
tion

In order to maximise the performan
e of the a-posteriori two-
hannel dete
tor in

this appli
ation we make use of the following observations and assumptions:

� Sin
e both 
hannels represent the same musi
al data we expe
t the true

ex
itation signals to be highly 
orrelated.

� For a given type of groove-wall degradation the impulses in one 
hannel

will be of opposite polarity to those in the se
ond 
hannel. In other words,

if degradation o

urs simultaneously on the two 
hannels there will be a

negative 
orrelation between the sample values of the two 
hannels.

� The impulsive noise distribution in time is uniform and random, and is

independent between the 
hannels.

The �rst of these observations is almost self-evident be
ause if the two original

signals were identi
al then so would be the two ex
itation signals. Sin
e we are

assuming that the musi
al information is the same in the two grove walls then we

would expe
t that the part of the ex
itation signals whi
h represents the musi
 to

be equal also. However, noise and errors inherent in the model-estimation pro
ess
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Figure 4.6: Typi
al Stylus and Groove Geometry.
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Figure 4.7: Signals from a monophoni
 78 rpm re
ord
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(largely arising from the presen
e of impulsive noise) will tend to degrade this

equality to some extent, but we assume that we are left with a strong 
orrelation.

The negative 
orrelation of the impulsive-noise samples arises from the fa
t that,

for a given type of simultaneous groove-wall degradation (e.g. small amounts of

material eroded from the groove walls), the resulting stylus motion is predomi-

nantly verti
al. With referen
e to �gure 4.6 it 
an be seen that this results in

positive output on one 
hannel, and negative on the other. This polarity inversion

is observed in �gure 4.7.

The assumption of time-independen
e between the 
hannels is found to hold

adequately true in pra
ti
e and may also be observed qualitatively in the signals

shown in �gure 4.7.

4.5.3.1 Pra
ti
al Considerations

The one-sided nature of the predi
tor means that impulses in the original signal

are smeared in the ex
itation waveform by the impulse response of the dete
tion

�lter. In order to determine a

urately both the onset and the �nish of a parti
u-

lar disturban
e it is ne
essary to apply this �lter to both the forward and reverse

predi
tion errors.

4.5.4 Two-Channel Interpolation

For interpolation the data is split into se
tions whi
h have P un
orrupted samples

at ea
h end of both 
hannels; 
all these y

1

and y

2

. The one with the shorter

maximum burst length of 
orrupt samples is interpolated �rst (if ne
essary); let

us assume that this is 
hannel one.

Any un
orrupted ex
itation samples from 
hannel two may be used as an estimate

of the ex
itation to be in
orporated via equation 4.28; the ex
itation samples that

are 
orrupted in 
hannel two are assumed to be zero. This yields an estimate of

the un
orrupted 
hannel one data,

^

x

1

.

An ex
itation estimate 
an be 
al
ulated for 
hannel two as

^

e

2

= A

^

x

1

(4.87)

and this 
an be used with equation 4.28 to give an interpolation of the se
ond,

more highly-degraded 
hannel.

Interpolations made in this manner over long gap lengths retain mu
h more of

the expe
ted 
hara
ter of the signal than single-
hannel interpolations. In the
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single-
hannel 
ase the interpolated ex
itation power tends to drop in the gap as

the minimisation does \too good" a job of redu
ing the ex
itation energy. This

observation stems from the fa
t that a stream of near-zero ex
itation samples is

highly likely as the model ex
itation, but is not typi
al of the ex
itation sequen
es

that are en
ountered in pra
ti
e.
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Figure 4.8: Two-Channel Interpolation of Musi
al Data

Figure 4.8 shows interpolations of the example two-
hannel signal of �gure 4.7

around the large noise pulse in 
hannel one. The dotted line is the 
hannel two

signal, and the solid line is the interpolated estimate of 
hannel one in ea
h 
ase.

The two-
hannel interpolation transfers mu
h of the high-frequen
y information

from 
hannel two into 
hannel one over the interpolated se
tion; this is parti
u-

larly noti
eable around samples 110{135.

4.5.5 Audio Demonstration

Tra
ks

7

and

8

on the a

ompanying CD demonstrate the eÆ
a
y of the 
om-

plete two-
hannel impulsive noise dete
tion and removal algorithm presented in

this 
hapter.
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Tra
k

7

is a two-
hannel trans
ription of a monophoni
 dis
 made in 1935. The

impulsive noise is heard to be signi�
antly di�erent in the two 
hannels, this

being parti
ularly 
lear if headphones are used instead of loudspeakers.

This tra
k was restored using the two-
hannel impulsive noise dete
tor and in-

terpolation algorithms des
ribed in this 
hapter, and the result 
an be heard on

tra
k

8

.

4.6 Con
lusion

We have extended the AR model to multi-
hannel systems by treating the signals

as members of an ensemble of identi
al AR pro
esses. We have shown that the

parameters of su
h a model may be estimated from observed data.

The model has been used to dete
t impulsive outliers in the observed data, and

subsequently to interpolate the data samples destroyed by this impulsive inter-

feren
e. The multi-
hannel model was shown to be superior to the single 
hannel

model for both of these operations.

As a demonstration of the pra
ti
al appli
ation of this model and the asso
iated

algorithms, the theory was used to develop a restoration algorithm for use on

two-
hannel trans
riptions of monophoni
 gramophone dis
s. This restoration

was demonstrated to be e�e
tive on real ar
hive material.



Coupled ARMA (C-ARMA) Model 5
5.1 Introdu
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.2 Appli
ation to Stereo Audio Signals . . . . . . . . . . . . . . 86

5.2.1 Phase Stereo . . . . . . . . . . . . . . . . . . . . . . . 87

5.2.2 Intensity Stereo . . . . . . . . . . . . . . . . . . . . . . 88

5.3 C-ARMA Model Parameter Estimation . . . . . . . . . . . . 88

5.3.1 Estimation of Model Zeros . . . . . . . . . . . . . . . 89

5.3.2 Estimation of Model Poles . . . . . . . . . . . . . . . . 91

5.3.3 Veri�
ation of Parameter Estimation Algorithm . . . . 92

5.3.4 Total Least Squares Zero-Estimation . . . . . . . . . . 94

5.4 Interpolation of Missing Data . . . . . . . . . . . . . . . . . . 106

5.4.1 MAP Interpolation of Gaussian Signals . . . . . . . . 106

5.4.2 Interpolation of Gaussian ARMA Signals . . . . . . . 107

5.4.3 Stereo C-ARMA Interpolator . . . . . . . . . . . . . . 110

5.5 Interpolation Tests . . . . . . . . . . . . . . . . . . . . . . . . 112

5.5.1 Syntheti
 Data . . . . . . . . . . . . . . . . . . . . . . 112

5.5.2 Audio Data . . . . . . . . . . . . . . . . . . . . . . . . 112

5.6 Con
lusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113



Coupled ARMA (C-ARMA) Model 5

Two-
hannel signals that are designed to 
onvey the illusion of spatially

separated sour
es when replayed over a pair of loudspeakers or over headphones

are referred to as stereophoni
 signals. Su
h signals form the vast majority of

available re
orded material, and this is also the most 
ommon format for audio

data distribution; there is, therefore, a strong motivation for generating good

models for appli
ations su
h as 
oding, data-redu
tion and sound analysis and

synthesis.

The Coupled-ARMA (C-ARMA) model is put forward here as a possible model for

these types of signal, its justi�
ation being drawn prin
ipally from 
onsideration

of the pra
ti
alities of typi
al re
ording s
enarios. It is a general model, appli
able

to any stereo signal in whi
h there is inter-
hannel redundan
y. We show also how

it relates to the spe
ial 
ases of intensity and phase stereo that were des
ribed in

se
tion 2.7.

5.1 Introdu
tion

The C-ARMA model is shown diagrammati
ally in �gure 5.1. We attempt to

model the sound sour
e itself as an AR pro
ess, 
omprising the all-pole �lter

1

A(z)

and a white ex
itation signal. The propagation transfer fun
tions to the two

mi
rophone ele
tri
al outputs are modelled as the pair of moving-average �lters
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B

L

(z) and B

R

(z).

E(z)
A(z)

1

R(z)

L(z)

B (z)
R

L
B (z)

U(z)

Figure 5.1: General C-ARMA Model for a Stereo Signal

The system may be des
ribed by the equations

L(z) = E(z)

1

A(z)

B

L

(z) (5.1)

R(z) = E(z)

1

A(z)

B

R

(z) (5.2)

whi
h des
ribe ea
h of the signal 
omponents L and R as an ARMA pro
ess, but

whose re
ursive se
tions (whi
h model the sound sour
e itself) are identi
al. The

ex
itation is represented by E(z), the z-transform of the ex
itation samples for a

known, �nite blo
k of data. For 
onvenien
e we also de�ne the signal

U(z) = E(z)

1

A(z)

(5.3)

whi
h is internal to the model.

5.2 Appli
ation to Stereo Audio Signals

The C-ARMAmodel may be e�e
tively applied to two-
hannel audio signals when

there is signi�
ant inter-
hannel redundan
y. Many stereo signals fall into this


lass sin
e the two 
hannels of information originate in the same a
ousti
 spa
e.

Even a signal 
omponent that is present in one 
hannel only may be modelled,

sin
e poles in the re
ursive se
tion may be pre
isely 
an
elled by zeros in only one

of the moving-average se
tions. This situation is, in fa
t, frequently en
ountered,

and does not present diÆ
ulties for the model parameter estimation problem as

is demonstrated later.
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The sound sour
e itself is modelled as an autoregressive pro
ess as was mentioned

previously. It has been shown in previous 
hapters and extensively in the litera-

ture that this model may be su

essfully applied to audio signals of many types,

in
luding musi
 and spee
h.

Stereo signals rely on both time of arrival di�eren
es and amplitude di�eren
es

between the left and right 
hannels to 
onvey a spatial illusion. Both of these

may be applied by the FIR parts of the model. The length of the FIR part needs

to be suÆ
ient that this is possible, and in pra
ti
e an order of 50{80 for this

part of the model has been found satisfa
tory. This allows general shaping of the

power spe
trum, and allows time of arrival di�eren
es of up to 50{80 samples

between the 
hannels. This 
orresponds to up to approximately 1.5ms, or 0.5m

path di�eren
e for sound in air, whi
h is a realisti
 �gure for a
ousti
ally-re
orded

stereo signals as dis
ussed in se
tion 2.7.

It should be noted that there is a gross time delay asso
iated with the transit

time from the sound sour
e to the mi
rophone system, whi
h is not in
luded in

the model. This simpli�
ation is justi�ed by the fa
t that the sour
e is assumed

to be distant 
ompared with the mi
rophone spa
ing, and that therefore this

delay (from the sour
e to the \a
ousti
 
entre" of the mi
rophone system 
an be

assumed to be 
ommon to both signals, and hen
e taken outside of the model for

purposes of 
oding and data interpolation et
. If the C-ARMA model were to

be employed in a feedba
k loop (su
h as, for example in an a
tive noise 
ontrol

system) then this delay is likely to be
ome important and should be in
luded

between the re
ursive and non-re
ursive model 
omponents.

5.2.1 Phase Stereo

Phase stereo re
ords the a
ousti
 pressure at a pair of points whi
h are separated

in spa
e, but whi
h are 
lose together 
ompared with the distan
e to the sour
e.

Pressure is a s
alar �eld in 3-D spa
e, and thus the signals from the two mi
ro-

phones have the same power spe
trum, but the signals arrive at the mi
rophones

at di�erent times a

ording to the mi
rophone spa
ing and sour
e angle relative

to the line joining the mi
rophones.

This s
enario is pre
isely reprodu
ible within the C-ARMA stru
ture. In this

spe
ial 
ase the FIR �lters be
ome all-pass designs and are responsible for repro-

du
ing the relative time/phase shifts of the signal 
omponents. Sin
e the FIR

se
tions are all-pass, the power spe
trum of the left and right signals are both
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wholly determined by the AR se
tion of the model. This is 
ommon to both

signals, so the power spe
tra at the two outputs are identi
al.

5.2.2 Intensity Stereo

Intensity stereo re
ords air parti
le velo
ity along two axes at one point in spa
e.

Parti
le velo
ity is a ve
tor �eld and the re
orded signal amplitudes depend on the

angle the wavefront makes with the mi
rophone axis. Sin
e in a typi
al s
enario

di�erent signals 
ome from many dire
tions the signals re
orded may di�er in

power spe
trum, but the times of arrival will be simultaneous for the 
oin
ident

mi
rophone pair.

This situation is modelled by a C-ARMA system in whi
h the zeros form a pair of

minimum-phase �lters. These preserve the time of arrival information, whi
h is

e�e
tively 
oded in the ex
itation signal. The AR se
tion generates a redundant

power spe
trum, whi
h is then shaped for the individual 
hannels by the separate

FIR model se
tions.

5.3 C-ARMA Model Parameter Estimation

There is no straightforward unimodal solution to the model parameter estimation

problem for a general ARMA model, as there is for the AR, MO-AR and E-AR

models 
onsidered in previous 
hapters. The C-ARMA may be 
onsidered as a

pair of ARMA models whose AR se
tions are identi
al. From this point of view

it may be expe
ted that no straightforward algorithm is available for estimation

of the parameters.

In a few spe
ial 
ases, where the re
ording setup is known and simple, it may

be possible to make some estimation of the model parameters b

L

(i) and b

R

(i)

from physi
al prin
iples. However, for the model to be generally useful we need

a means of estimating the parameters from the stereo signal itself.

However, the 
onstraint that the re
ursive se
tions are identi
al allows a signif-

i
ant simpli�
ation. We may estimate the MA se
tions �rst by 
onsidering the

inter-
hannel transfer fun
tion between the left and right output signals. This

allows us to estimate the model zeros for both 
hannels, B

L

(z) and B

R

(z). On
e

these �lters are known we 
an generate a pair of signals from whi
h we may

estimate A(z) and hen
e the model poles.
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5.3.1 Estimation of Model Zeros

Some manipulation of the z-domain equations 5.1 and 5.2 yields the relationship

L(z)B

R

(z) = R(z)B

L

(z) (5.4)

whi
h allows us to express the inter
hannel fun
tion without referen
e to the

originating ex
itation signal E(z) or the sour
e model 1=A(z). Solution of this

equation may also be regarded as the determination of B

R

(z)=B

L

(z) whi
h is the

inter-
hannel transfer fun
tion.

If we restri
t ourselves to 
onsideration of a 
ausal system whose FIR parts are

of order P then we may rewrite 5.4 as the time-domain di�eren
e equation

P

X

i=0

b

R

[i℄ l[n - i℄ =

P

X

i=0

b

L

[i℄ r[n- i℄ (5.5)

thereby expressing a dire
t relationship between the samples of one 
hannel and

the samples of its partner. In order to make use of this relationship we require

knowledge of the model parameters b

L

[i℄ and b

R

[i℄.

With no loss of generality we may set b

R

[0℄ = 1. Separating this term from the

summation, and introdu
ing a small modelling error � we obtain

l[n℄ +

P

X

i=1

b

R

[i℄ l[n - i℄ =

P

X

i=0

b

L

[i℄ r[n- i℄ + �[n℄: (5.6)

Equation 5.6 may be rearranged in two ways. Firstly it may be viewed as a

predi
tion of l[n℄ based on r[n℄, and past samples of both 
hannels l[n-i℄; r[n-i℄:

l[n℄ =

P

X

i=0

b

L

[i℄ r[n- i℄ -

P

X

i=1

b

R

[i℄ l[n- i℄ + �[n℄ (5.7)

l[n℄ =

^

l[n℄ + �[n℄: (5.8)

In this 
ontext �[n℄ is regarded as the predi
tion error, and a su

essful model

will minimise this error.

Rearranging alternatively gives

�[n℄ = l[n℄ -

^

l[n℄ (5.9)

�[n℄ = l[n℄ +

P

X

i=1

b

R

[i℄ l[n- i℄ -

P

X

i=0

b

L

[i℄ r[n- i℄ (5.10)

and in this form it 
an be used to estimate the model parameters fb

L

; b

R

g by

minimising the error � over a blo
k of known data.
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5.3.1.1 Covarian
e Method

Expressing 5.10 as a matrix equation for a �nite blo
k of stereo samples gives

� = l+ L b

R

- R b

L

(5.11)

� = l+

h

L -R

i

"

b

R

b

L

#

(5.12)

� = l+M

"

b

R

b

L

#

(5.13)

and minimising �

T

� yields 
oeÆ
ients fb

L

; b

R

g given by the solutions to the linear

equation

(M

T

M)

"

b

R

b

L

#

= -M

T

r: (5.14)

This method is analogous to the 
ovarian
e method for AR parameter determi-

nation that was des
ribed in 
hapter 2. The matrix M

T

M 
ontains terms whi
h

represent both the auto-
ovarian
es and the 
ross-
ovarian
es of the observed sig-

nals, as may be seen by splitting equation 5.14 into two sets of equations, one for

b

L

and one for b

R

. Resubstituting [L - R℄ = M we obtain

"

L

T

-R

T

#

[L - R℄

"

b

R

b

L

#

= -

"

L

T

-R

T

#

r (5.15)

"

L

T

L -L

T

R

-R

T

L R

T

R

#"

b

R

b

L

#

= -

"

L

T

-R

T

#

r: (5.16)

and solution of this linear system for

�

b

T

R

b

T

L

�

T

gives the model parameters.

5.3.1.2 Correlation Method

A similar set of equations analogous to the 
orrelation method may be derived

"

C

LL

-C

LR

-C

RL

C

RR

#"

b

R

b

L

#

= -

"




Lr

-


Rr

#

(5.17)

where C

xx

and 


xx

are the appropriate 
orrelation matri
es and ve
tors.

This system is not Toeplitz and so Levinson's eÆ
ient re
ursive algorithm [61℄

is not dire
tly appli
able. We 
an, however, use its blo
k-Toeplitz stru
ture and

split equation 5.16 into two parts

C

LL

b

R

- C

LR

b

L

= -


Lr

(5.18)

-C

RL

b

R

+ C

RR

b

L

= 


Rr

(5.19)
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whi
h may be solved simultaneously for the two unknown ve
tors

�

C

RR

- C

RL

C

-1

LL

C

LR

�

b

L

= C

RL

C

-1

LL




Lr

+ 


Rr

(5.20)

�

C

LL

- C

LR

C

-1

RR

C

RL

�

b

R

= C

LR

C

-1

RR




Rr

+ 


Lr

: (5.21)

Estimation of the parameters by this 
orrelation method requires the solution of

these two Toeplitz systems, and additionally 
al
ulation of the inverses C

-1

LL

and

C

-1

RR

. For large systems this will be more eÆ
ient than dire
t solution of equation

5.14.

5.3.2 Estimation of Model Poles

To estimate the model poles we wish to invert the zeros of the model given by

B

L

(z) and B

R

(z), and �lter the observations L(z), R(z) by these inverses to obtain

two estimates of the model internal signal U(z) de�ned in equation 5.3. From

these we 
an then estimate the model poles by any of the standard AR model

parameter estimation te
hniques.

However, the FIR �lters B

L

(z) and B

R

(z) will not in general be minimum-phase;

in fa
t one of the justi�
ations for the model stru
ture given above is that these

�lters 
an model time delays. Therefore the �lters do not, in general, have stable

inverses and hen
e dire
t 
al
ulation of U(z) is impossible.

We 
an transform B

L

(z) and B

R

(z) into minimum-phase equivalents by re
e
ting

in the unit 
ir
le any zeros z

i

for whi
h jz

i

j > 1 by the transformation

z

0

i

=

1

z

i

: (5.22)

This yields a pair of minimum-phase �lters B

0

L

(z), B

0

R

(z) whose power responses

are identi
al to the power responses of the true model �lters:

B

0

L

(e

j�

)B

0�

L

(e

j�

) = B

L

(e

j�

)B

�

L

(e

j�

) (5.23)

B

0

R

(e

j�

)B

0�

R

(e

j�

) = B

R

(e

j�

)B

�

R

(e

j�

): (5.24)

The original 
hannel �lters B

L

(z) and B

R

(z) may now be expressed in terms of

these minimum phase �lters and a pair of all-pass �lters whi
h provide the ex
ess

phase shift. Thus we may write

B

L

(z) = B

0

L

(z) H

L

(z) (5.25)

B

R

(z) = B

0

R

(z) H

R

(z) (5.26)
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where jH

L

(e

j�

)j = jH

R

(e

j�

)j = 1. These expressions lead to the expanded blo
k

diagram shown in �gure 5.2.

The minimum-phase �lters have stable inverses so we may generate two new

signals

U

L

(z) = L(z)

1

B

0

L

(z)

(5.27)

U

R

(z) = R(z)

1

B

0

R

(z)

(5.28)

neither of whi
h, in general, is the model internal signal U(z) de�ned in equation

5.3, but both of whose power spe
tra are equal, and also equal to that of U(z).

U

L

(e

j�

)U

�

L

(e

j�

) = U

R

(e

j�

)U

�

R

(e

j�

) = U(e

j�

)U

�

(e

j�

) (5.29)

Ea
h of the original FIR �lters has been expanded into the 
ombination of the

equivalent minimum-phase �lter, and an all-pass �lter whi
h provides the ex
ess

phase shift.

This expanded model is then transformed by manipulation of the blo
ks into the

form shown in the lower half of the �gure. The re
ursive part of the original

C-ARMA 
an now be extra
ted as shown in �gure 5.3. This is now seen to


onsist of two distin
t (though non-independent) white noise sour
es driving two

instan
es of the same all-pole �lter to produ
e the signals U

L

(z) and U

R

(z). The

form of this part of the C-ARMA model is identi
al to the Ensemble-AR system

dis
ussed in 
hapter 4 and the model poles may therefore be estimated by the

methods dis
ussed there.

5.3.3 Veri�
ation of Parameter Estimation Algorithm

Syntheti
 data was generated using a number of di�erent C-ARMA models to

assess the parameter estimation algorithm des
ribed above. In ea
h of the �gures

(5.4, 5.5, 5.6) the true model and the estimated model for ea
h of the left and

right output signals is shown.

The three tests shown are of

� a system with non-minimum-phase zeros (�gure 5.4),

� a system in whi
h zeros in the FIR part 
an
el poles in the re
ursive part

(�gure 5.5),
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� a system whi
h has zeros on the unit 
ir
le (�gure 5.6).

Ea
h of these 
ases has been 
hosen to test a parti
ular aspe
t of the model

estimation algorithm.

5.3.3.1 Test One | Non-Minimum-Phase Zeros

Firstly, non-minimum-phase zeros are in
luded to test the stabilisation of the in-

verse system, and to verify that this does not a�e
t determination of the system

poles. Both the zeros and the poles are a

urately estimated; note that in this

system both 
hannels have non-minimum-phase zeros. Also note that the poles

are a

urate in spite of the non-minimum-phase zeros, verifying that the trans-

formation to a minimum-phase system does not adversely a�e
t the estimation

of the system poles.

The fa
t that the system has non-minimum-phase zeros in both 
hannels is par-

ti
ularly interesting. This results in both B

L

(z) and B

R

(z) having roots outside

the unit 
ir
le, whi
h further implies that both inter-
hannel transfer fun
tions

B

L

(z)

B

R

(z)

and

B

R

(z)

B

L

(z)

have poles outside the unit 
ir
le, and are therefore unstable.

5.3.3.2 Test Two | Pole-Zero Can
ellation

The se
ond 
ase we 
onsider is that in whi
h poles in the sour
e signal model

are 
an
elled by zeros in the FIR part. All the model poles and zeros are a

u-

rately determined; note that in this 
ase it would be impossible to estimate these


an
elled poles and zeros without the presen
e of the se
ond signal. Thus the

multi-
hannel approa
h shows a great bene�t in determining the parameters of

the underlying audio signal.

5.3.3.3 Test Three | Zeros on the Unit Cir
le

Thirdly, zeros on the unit 
ir
le are investigated. These are a potential sour
e of

problems sin
e the inter-
hannel transfer fun
tion be
omes marginally stable in

this 
ase, and therefore 
annot be transformed into a pair of stable inverse �lters.

The zeros have been estimated to be just inside the unit 
ir
le, but this has not

signi�
antly a�e
ted the a

ura
y with whi
h the system poles are determined.

5.3.4 Total Least Squares Zero-Estimation

The pole-zero estimations shown in �gures 5.4{5.6 are good, but the pro
edure

des
ribed in se
tion 5.3 has been found to be ina

urate in two parti
ular s
enar-
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Figure 5.4: Non-minimum-phase Model Estimation
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ios:

� when the two FIR se
tions have similar but non-identi
al zeros, and

� when the signals are 
ontaminated by signi�
ant observation noise.

Both of these problems a�e
t determination of the zeros more seriously than

determination of the poles. It has been suggested [42℄ that for problems of this

type the Total Least Squares (hen
eforth TLS) method 
an give superior results.

The TLS method is detailed in appendix E. It provides a solution b

TLS

to systems

of the form

Xb � d (5.30)

whi
h assumes that there are errors asso
iated with both the matrix X and the

ve
tor d. The ordinary least squares method, by 
ontrast, assumes that the errors

are asso
iated with d alone.

We repeat equation 5.5

P

X

i=0

b

R

[i℄ l[n - i℄ =

P

X

i=0

b

L

[i℄ r[n- i℄ (5.31)

for 
larity. On
e again we 
onstrain, with no loss of generality, b

R

[0℄ = 1, and

be
ause of observational noise and modelling error we repla
e the equality with

an approximation to give

l[n℄ +

P

X

i=1

b

R

[i℄ l[n - i℄ �

P

X

i=0

b

L

[i℄ r[n- i℄: (5.32)

Writing this as a matrix equation for a �nite blo
k of N samples we obtain

l+ Lb

R

� Rb

L

(5.33)

whi
h may be rearranged thus

h

R -L

i

"

b

L

b

R

#

� l (5.34)

Xb � l (5.35)

whi
h is seen to be of the same form as equation 5.30. Furthermore, both the

matrix X and ve
tor l are subje
t to observation error, the primary justi�
ation
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for use of the TLS algorithm. In
lusion of these errors allows restoration of the

equality

(X- E)b = l- e (5.36)

and solution by the TLS method.

The TLS solution is given via the singular value de
omposition of the matrix

U�V

T

=

h

X l

i

(5.37)

and minimises the Frobenius norm of the error matrix

W =

h

E e

i

: (5.38)

The solution is given by the right-hand singular ve
tor v

P+1

whi
h 
orresponds

to the smallest singular value. The �nal element v of v

P+1

is partitioned from the

rest

v

P+1

=

"

v

v

#

(5.39)

and the solution is then given by

b

TLS

= -

1

v

v (5.40)

and is thus readily 
omputed, though with a larger number of 
omputations than

for the ordinary least squares solution given by 5.14.

The TLS method was tested by estimating the parameters for syntheti
 data

under a number of 
onditions. In ea
h test, ten di�erent random data sets were

prepared, and the zeros estimated by both the ordinary LS and TLS methods,

the results of whi
h were then 
ompared.

5.3.4.1 Test One | Near-Identi
al Zeros

Figure 5.7 shows an example where there is a pair of zeros whi
h are similar, but

not identi
al, in both 
hannels. In this, and subsequent, �gures the true system

zeros are shown by the symbol Æ, and the estimated zeros by �. The TLS method

has been markedly more su

essful at 
orre
tly identifying the system zeros.
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Figure 5.7: Similar zeros in both 
hannels
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5.3.4.2 Test Two | Varying SNR

Figures 5.8{5.10 show zero estimates for the same system at di�erent signal to

noise ratios of approximately 66 dB, 46 dB and 26 dB respe
tively.

From �gure 5.8 it is seen that at 66 dB SNR both the ordinary LS and TLS

methods give a

urate results. As the SNR de
reases the a

ura
y of the ordinary

LS deteriorates �rst, as shown in �gure 5.9, whi
h is for signals of approximately

46 dB.

As the SNR de
reases further, neither algorithm a

urately determines the system

zeros. However, whereas the LS algorithm estimates a minimum-phase system,

the system estimated by the TLS method frequently in
ludes zeros outside the

unit 
ir
le. This di�eren
e is 
learly seen in �gure 5.10. Furthermore, the la
k of


lustering of the zero estimates in the TLS 
ase implies that the model estimate

is taking little regard of the signal 
hara
teristi
s, but rather modelling the noise


omponent of the signal. This feature of the TLS algorithm in this appli
ation

stems from the fa
t that the problem formulation in
ludes many more error terms

than observed sample values.

5.3.4.3 Test Three | Over-Estimated Model Order

Figure 5.11 shows the systems estimated when the model order has been over-

estimated. In this 
ase �ve zeros were estimated for a system with only three

true zeros. The ordinary LS method puts the extra zeros 
lose to the origin,

whereas the TLS method pla
es them 
lose to the unit 
ir
le where they 
an have

a large impa
t on the frequen
y response of the model. The �gure shows just

one representative example of the ten systems estimated for the ten original data

sets.
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Figure 5.8: Zero Estimation | 66dB SNR



5.3. C-ARMA Model Parameter Estimation 103

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

LS − Left Channel
−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

LS − Right Channel

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

TLS − Left Channel
−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

TLS − Right Channel

Figure 5.9: Zero Estimation | 46dB SNR
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Figure 5.11: Over-Estimated Model Order
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5.4 Interpolation of Missing Data

We have 
hosen estimation and interpolation of missing data as an illustrative

appli
ation of the C-ARMA model. This problem arises, for example, in the

removal of impulsive noise from audio re
ordings. An interpolator for signals

modelled as ARMA pro
esses has been developed by Soon Leng Ng [74℄, and we

use this work in the form presented by Godsill and Rayner [40℄ as the basis for

development of a C-ARMA interpolator.

We �rst outline the des
ription of the method given by Godsill and Rayner for

MAP interpolation of a Gaussian signal of known 
ovarian
e, and the appli
ation

of this to ARMA signals. We then extend the method to the joint interpolation

of samples from both 
hannels of a C-ARMA system.

5.4.1 MAP Interpolation of Gaussian Signals

Consider a frame of data x from a Gaussian pro
ess whose 
ovarian
e matrix R

x

is known. Some of the data samples 
ontained within this frame are known, and

some are unknown. We wish to obtain an estimate of the unknown samples.

5.4.1.1 Zero-mean Signals

We partition the data ve
tor x into those samples whi
h are known (x

k

) and

unknown (x

u

). We also de�ne two matri
es K and U whi
h reassemble x from

the partitioned data su
h that

x = Kx

k

+Ux

u

(5.41)

Matri
es U and K are 
omplementary 
olumn-wise partitions of the identity ma-

trix.

We may write the p.d.f. for the data ve
tor as

p(x) = p(x

u

�

�

x

k

)p(x

k

) (5.42)

using the probability 
hain rule. Rearrangement, and substitution of expression

5.41 gives

p(x

u

�

�

x

k

) =

p(Kx

k

+Ux

u

)

p(x

k

)

(5.43)

as the p.d.f. of the unknown samples, 
onditional on the known samples.
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The general form for the zero-mean multivariate Gaussian is given in equation

C.1, and is repeated here

p

x

(x) =

1

(2�)

N=2

jR

x

j

1=2

exp

�

-

x

T

R

-1

x

x

2

�

(5.44)

for the 
ase of zero mean, and where the ve
tor x is of length N.

Substituting 5.41 for x in 5.44 gives

p

x

(x) =

1

(2�)

N=2

jR

x

j

1=2

exp

�

-

(Kx

k

+Ux

u

)

T

R

-1

x

(Kx

k

+Ux

u

)

2

�

(5.45)

The MAP interpolation is given by maximisation of 5.43 with respe
t to the

unknown samples. Sin
e p(x

k

) is 
onstant, and exp(�) is a monotoni
ally in-


reasing fun
tion, this maximisation is dire
tly equivalent to minimisation of the

expression

(Kx

k

+Ux

u

)

T

R

-1

x

(Kx

k

+Ux

u

) (5.46)

again with respe
t to the unknown samples.

This minimisation is tra
table by standard ve
tor-matrix 
al
ulus and yields

^

x

u

= -(U

T

R

-1

x

U)

-1

U

T

R

-1

x

Kx

k

(5.47)

as the estimate of the unknown data samples. The interpolated data ve
tor is

reassembled by equation 5.41, substituting

^

x

u

for the unknown samples.

5.4.1.2 Non-zero Mean Signals

If the signal x has non-zero mean m

x

MAP interpolation is given by

^

x

u

= -(U

T

R

-1

x

U)

-1

U

T

R

-1

x

(Kx

k

-m

x

): (5.48)

The derivation is a simple extension to the zero-mean 
ase.

5.4.2 Interpolation of Gaussian ARMA Signals

It was shown in se
tion 5.3.2 that in the 
ase of a non-minimum-phase C-ARMA

system we 
an express the MA model se
tions as the 
ombination of a minimum-

phase �lter and an all-pass �lter. Figure 5.2 shows that the system may be

re-arranged so as to separate these all-pass �lters from the rest of the system.

We are now able to extra
t two minimum-phase ARMA systems as shown in

�gure 5.12.
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The ARMA interpolator des
ribed above is dire
tly appli
able to ea
h of these


omponent systems. In the following des
ription of the algorithm we assume that

the MA parameter ve
tor has been transformed to this invertible form. We also

assume that N > 2P where N is the data ve
tor length, and P is the model order.

In order to apply the MAP interpolator to an ARMA signal an expression for the


ovarian
e matrix R

x

is required. In se
tion 2.5 we gave matrix expressions

x = Bu (5.49)

e = Au (5.50)

for the ARMA di�eren
e equation in terms of an internal AR pro
ess u[n℄, where

matrix B is de�ned as

2
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� � � b

0
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5

(5.51)

and A as

2
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6
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� � � -a

1

1 0 � � � � � � 0
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Figure 5.12: Two minimum-phase ARMA systems extra
ted from C-ARMA

system
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If we partition A and B 
olumn-wise to split the �rst P 
olumns (subs
ript 0)

from the rest (subs
ript 1), then an equivalent partitioning of u enables us to

write

x = B

0

u

0

+ B

1

u

1

(5.53)

e = A

0

u

0

+A

1

u

1

: (5.54)

We also de�ne the matrix A

2

as the �nal P 
olumns of A.

Sin
e B

1

is lower triangular, has a non-zero leading diagonal (b

0

), and represents

a minimum-phase �lter, it is invertible. We may therefore re-arrange equation

5.53 as

u

1

= B

-1

1

(x - B

0

u

0

) (5.55)

and substitute u

1

in equation 5.54 to give

e = A

0

u

0

+A

1

B

-1

1

(x - B

0

u

0

) (5.56)

= A

1

B

-1

1

x +

�

A

0

-A

1

B

-1

1

B

0

�

u

0

(5.57)

= Fx+ Gu

0

(5.58)

It 
an be shown [40℄ that the p.d.f. of the data is given by

p

x

(x) / exp

�

-

1

2�

2

e

�

x

T

F

T

(I- G(G

T

G +M

-1

)

-1

G

T

)Fx

�

�

(5.59)

and, by 
omparison with equation 5.44, the inverse 
ovarian
e matrix by

�

2

e

R

-1

x

= F

T

�

I- G

�

G

T

G+M

-1

�

-1

G

T

�

F (5.60)

where M

-1

is the inverse 
ovarian
e matrix

M

-1

=

�

A

T

2

A

2

�

R

-A

T

0

A

0

(5.61)

for P samples of the AR pro
ess. The operator R reverses the rows and 
olumns

of a matrix.

The 
omplete interpolator is formed by substitution of the inverse 
ovarian
e,

given by equation 5.60, into the general MAP interpolator given by equation

5.47.
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5.4.3 Stereo C-ARMA Interpolator

The two-
hannel C-ARMA system is des
ribed by the matrix equations

e = Au (5.62)

l = B

L

u (5.63)

r = B

R

u+ � (5.64)

where � is the modelling error des
ribed in se
tion 5.3.

If we 
an �nd an expression for p(l; r), the joint p.d.f. of the observed data, then

maximisation of this with respe
t to any unknown samples of both 
hannels will

give an interpolation of the stereo data, based upon this joint p.d.f.

5.4.3.1 Conditional PDF of Two-Channel Data

The �rst stage in 
al
ulating the joint p.d.f. is to derive an expression for the

p.d.f. of the right 
hannel data, given the left 
hannel data, p(rjl).

By partitioning analogous to that of se
tion 5.4.2 the latent AR pro
ess 
an be

expressed as

u

1

= B

-1

L1

(l - B

L0

u

0

) (5.65)

u

1

= B

-1

R1

(r- �- B

R0

u

0

) : (5.66)

Elimination of u

1

allows us to express � as

� = r+

�

B

R1

B

-1

L1

B

L0

- B

R0

�

u

0

- B

R1

B

-1

L1

l (5.67)

= r+ Gu

0

- Fl (5.68)

where F = B

R1

B

-1

L1

and G =

�

B

R1

B

-1

L1

B

L0

- B

R0

�

.

Assuming � is distributed as a white zero-mean Gaussian, and is independent of

e we 
an write

p(r

�

�

l; u

0

) / exp

�

-

1

2�

2

�

�

T

�

�

(5.69)

p(r; u

0

�

�

l) / exp

�

-

1

2�

2

�

�

T

�-

1

2�

2

e

u

T

0

M

-1

u

0

�

(5.70)

and substituting for � from equation 5.68

p(r; u

0

�

�

l) / exp

�

-

1

2�

2

�

(r+ Gu

0

- Fl)

T

(r+ Gu

0

- Fl) -

1

2�

2

e

u

T

0

M

-1

u

0

�

(5.71)
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Marginalising u

0

using the results from appendix C we obtain

p(r

�

�

l) /

exp

 

-

1

2�

2

�

 

(r- Fl)

T

 

I -G

�

G

T

G +

�

2

�

�

2

e

M

-1

�

-1

G

T

!

(r- Fl)

!!

(5.72)

as the required 
onditional p.d.f.

5.4.3.2 PDF of Single-Channel ARMA Data

The se
ond step is to derive the p.d.f. of the single 
hannel l. This is identi
al to

the p.d.f. of the ARMA pro
ess x (equation 5.59) and we may write immediately

p(l) / exp

�

-

1

2�

2

e

�

l

T

D

T

(I- C(C

T

C +M

-1

)

-1

C

T

)Dl

�

�

(5.73)

where C = A

0

-A

1

B

-1

L1

B

L0

and D = A

1

B

-1

L1

.

5.4.3.3 Stereo Data Joint PDF

We may now derive the required joint p.d.f. as

p(l; r) = p(r

�

�

l)p(l) (5.74)

by the standard rules of 
onditional probability.

Substituting terms into equation 5.74 from 5.72 and 5.73 gives

p(l; r) / exp

�

-

1

2

�

(r- Fl)

T

R

-1

1

(r- Fl) + l

T

R

-1

2

l

�

�

(5.75)

where

R

-1

1

=

1

�

2

�

 

I -G

�

G

T

G +

�

2

�

�

2

e

M

-1

�

-1

G

T

!

(5.76)

R

-1

2

=

1

�

2

e

D

T

�

I- C(C

T

C +M

-1

)

-1

C

T

�

D (5.77)

Some algebrai
 manipulation allows us to write the joint p.d.f. in the standard

form

p(l; r) / exp

 

-

1

2

h

l

T

r

T

i

"

F

T

R

-1

1

F+ R

-1

2

-F

T

R

-1

1

-R

-1

1

F R

-1

1

#"

l

r

#!

(5.78)

and de�ning the 
ombined data ve
tor d gives

p(l; r) / exp

�

-

1

2

d

T

R

-1

d

d

�

(5.79)
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where

d =

"

l

r

#

(5.80)

R

-1

d

=

"

F

T

R

-1

1

Fl+ R

-1

2

-F

T

R

-1

1

-R

-1

1

F R

-1

1

#

(5.81)

This form may be used dire
tly in the MAP interpolator (equation 5.47) to 
al-


ulate joint estimates of both 
hannels of data.

5.5 Interpolation Tests

5.5.1 Syntheti
 Data

Figure G.9 shows independent ARMA interpolations of a two-
hannel C-ARMA

signal, using the method des
ribed in se
tion 5.4.2. The interpolated signal is

smooth and 
ontinuous with the original, but the interpolated se
tion deviates

signi�
antly from the original.

Figure G.10 shows a two-
hannel C-ARMA interpolation made by maximisation

of the joint p.d.f., equation 5.79. In this 
ase the interpolations are seen to be

a 
lose mat
h to the original data. In the 
ase where there is no overlap of the

interpolated regions the interpolated signal is indistinguishable (by eye, from su
h

a �gure) from the original.

5.5.2 Audio Data

The performan
e of the interpolation algorithm on real stereo audio data is dis-

appointing, and it is un
lear why this is so. Ex
erpts from modern CD re
ordings

were used as test material, and attempts were made to estimate model parame-

ters, and perform interpolations of the data using the various te
hniques devel-

oped in previous se
tions.

The parameter estimation pro
edure seems to work adequately; a pole-zero plot

for an order 10 model generated in this way is shown in �gure G.11. As expe
ted

there are non-minimum-phase zeros in the estimated model; note that, in this


ase, they o

ur only in the right 
hannel. The estimated poles are all inside the

unit 
ir
le.

The upper part of �gure G.12 shows the stereo signal in question, and the mod-
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elling error, �, asso
iated with this signal and the estimated parameters. The

modelling errors are seen to be small, and analysis has shown that they are also

substantially white. In addition, the model ex
itation signal e was found to be

many orders of magnitude smaller than u, the internal signal, and again substan-

tially white. The fa
t that the ex
itation and modelling error are both small and

white implies that signi�
ant information regarding the stru
ture of the signal is

being 
arried by the model parameters.

Using the estimated model parameters to perform a single-
hannel ARMA inter-

polation yields the result shown in the lower half of �gure G.12. The result is in

qualitative agreement with the 
orresponding result for syntheti
 data, shown in

�gure G.9.

The interpolation deviates in detail from the original signal, but is smooth and


ontinuous with it, and would undoubtedly be useful in many 
ontexts as it re-

tains mu
h of the 
hara
ter of the original. This result further 
on�rms that the

model parameters are an a

urate representation of the signal stru
ture. Further-

more, this interpolation of 40 samples has been a
hieved with a model of order

10; this is a signi�
antly lower order than has been found ne
essary for similar

interpolations, assuming an AR model [101℄.

Figure G.13 shows a joint interpolation of both 
hannels. In this 
ase the inter-

polants do not follow the original signal in 
hara
ter. This is surprising given the

previous results, and given that a similar interpolation of syntheti
 data (�gure

G.10) produ
ed ex
ellent results.

The reason for this dis
repan
y is not 
lear, though it is possible that the assump-

tions regarding whiteness and independen
e of e and � are not valid in pra
ti
e.

Given that the result with syntheti
 data is good, and that there is little, qual-

itatively, to distinguish the syntheti
 and real data sets, this result is surprising

and worthy of further investigation.

5.6 Con
lusions

We have devised a new Coupled-ARMA model for two-
hannel signals whi
h


omprises a re
ursive part, 
ommon to both 
hannels, and two moving-average

se
tions, a separate one for ea
h 
hannel.

We have investigated methods for eÆ
ient determination of the model parameters,
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based on the methods of Least Squares, and have also investigated the Total

Least Squares method for this appli
ation. The TLS method was found to be

more a

urate under some 
ir
umstan
es.

Methods for 
al
ulating MAP interpolations of the C-ARMA data were inves-

tigated. An existing interpolator for ARMA signals was found to be dire
tly

appli
able, and to perform satisfa
torily in many 
ir
umstan
es.

An algorithm for making joint interpolations of both 
hannels was derived. This

was found to work ex
ellently on syntheti
 data sets, but its performan
e on

stereo audio data was la
k-lustre.
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Channel Syn
hronisation 6

Multi-
hannel audio work usually requires that the signals under examina-

tion are a

urately aligned with other, sharing a 
ommon time origin. This is,

however, diÆ
ult to a
hieve in pra
ti
e; multiple 
opies of an audio tape or gramo-

phone re
ord will never play in exa
t syn
hronisation, and similarly it 
annot be

generally assumed that the re
ording devi
e ran at a 
onstant speed.

In this 
hapter we examine the problem of realigning audio signals under the


ondition of a varying time o�set, and in the 
ase where di�erent media have

imparted di�erent frequen
y response anomalies on them.

6.1 Introdu
tion

Consider a 
ontinuous-time band-limited signal u(t). By pro
esses of re
ording

and trans
ription this signal is transformed into two observed signals

x

1

(t) = h

1

? u(f

1

(t)) (6.1)

x

2

(t) = h

2

? u(f

2

(t)) (6.2)

where h

1

and h

2

represent a pair of linear �lters, and ? represents the 
onvolution

operator. The time axis fun
tions f

1

and f

2

represent two \warpings" of the true

time axis t.

The problem is to determine the mapping between f

1

(t) and f

2

(t) given the



6.1. Introdu
tion 118

pair of observed signals, x

1

and x

2

. We are interested in restoring the relative

syn
hronisation of the signals, rather than estimating the original time axis t.

The estimation of the original time axis t from a single observed signal x

1

has

been explored by Godsill [35, 36℄ in the 
orre
tion of pit
h variation defe
ts.

If we de�ne

f

1

(t) = t+ �

1

(t) (6.3)

f

2

(t) = t+ �

2

(t) (6.4)

then from equation 6.1 we obtain

x

1

(t- �

1

(t) + �

2

(t)) = h

1

? u(t+ �

2

(t)) (6.5)

= h

1

? h

-1

2

? x

2

(t): (6.6)

If we now de�ne the time o�set s(t) = �

1

(t) - �

2

(t) then we obtain

x

1

(t- s) = h ? x

2

(t): (6.7)

where h = h

1

? h

-1

2

.

This analysis does not take a

ount of the e�e
ts of the time axis warping on the

�lters h

1

and h

2

. If, however, the warping is slight, and the frequen
y responses

not too drasti
 then this be
omes an insigni�
ant problem.

In pra
ti
e the predominant feature of the �lters is likely to be low-pass �ltering,


aused by ageing of tape, me
hani
al wear of gramophone re
ords, RC �ltering

of analogue signals by 
able and other equipment, and other similar me
hanisms.

The vast majority of su
h systems are expe
ted to be zero-phase (in the 
ase of

me
hani
al pro
esses) or minimum-phase (for the ele
tri
al me
hanisms). The

low-frequen
y phase response will, in this 
ase, be 
onstant and 
lose to zero.

The e�e
ts of slight time warping on su
h �lters will be a small modulation of the


ut-o� frequen
y, and possibly the introdu
tion of low-level non-linear distortion

artifa
ts. The exa
t e�e
ts are diÆ
ult to predi
t as the �ltering may result from

pro
esses or transfers that o

urred before, after, or even simultaneously with the

pro
esses that produ
e the time o�set.

The non-uniform time axis will a�e
t the audio signal (as distin
t from the �lter

responses) in a similar way to phase modulation of the original signal. Phase

modulation produ
es sidebands on the tonal 
omponents of the signal, whose

width depends on the frequen
y and depth of the modulation.
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6.1.1 Problem Statement

The problem we wish to solve, therefore, is to determine the instantaneous time

o�set between a pair of signals whi
h represent the same musi
al information;

subsequently we wish to resample the signals su
h that they are a

urately syn-


hronised. In addition to being o�set in time, the signals may have undergone

di�erent linear or non-linear operations, but these and the time-axis warpings are

assumed suÆ
iently small that the musi
al information is substantially inta
t.

6.1.1.1 Example: Shift between two 
opies of the same re
ording

If multiple 
opies of a single re
ording are available (there are many examples

on the demonstration CD) then we would usually wish to syn
hronise them for

purposes of multi-
hannel signal pro
essing. Me
hani
al means ensure that the

playba
k speed remains approximately 
onstant, and this may be enhan
ed by

ele
troni
 feedba
k 
ontrol of the 
apstan or turntable motor to a
hieve a long-

term speed stability of typi
ally 100 p.p.m.

1

To ensure that a substantial se
tion of musi
 remains in syn
hronisation to within

one sample period 
learly requires a mu
h higher degree of speed stability than

is available by these me
hani
al and ele
troni
 means. For example, a side of

an LP plays for approximately 30 minutes; one sample period over this time

span represents a speed stability of 0.001 p.p.m. at the standard sample rate of

44.1 kHz.

Furthermore, playba
k speed 
u
tuations (wow, [8℄), dis
 e

entri
ity, uneven

tape tension and stret
h, and so on result in a time o�set between the 
hannels

whi
h varies in an unpredi
table manner.

Finally, there are great problems to be expe
ted if we attempt to start a pair of

tape players or turntables in exa
t syn
hronisation. This may be 
ir
umvented

by loading the signals into a 
omputer-based audio editor, whereupon a single,

well-de�ned event may be aligned with good a

ura
y by visual inspe
tion of the

waveforms. The signals may then be replayed independently or together with


omplete 
on�den
e that the data will be replayed identi
ally every time.

This pro
edure does not, however, solve the time-varying o�set problem between

multiple sour
es, and it is to this that we presently turn our attention.

1

Parts per million.
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6.1.1.2 Example: Inter-
hannel shift on a single dis


It was shown in 
hapter 4 that it is possible to improve the restoration of a

monophoni
 gramophone dis
 by extra
ting two signals from it, one from ea
h

groove wall. Similarly it is possible to perform multi-
hannel pro
esses on single-


hannel tape re
ordings using a multi-tra
k head, whose total span is the same

as the span of the original single-
hannel head.

Time-shifts 
an exist between multiple signals extra
ted thus from a single 
arrier.

The following are three 
ommonly en
ountered me
hanisms by whi
h this 
an

o

ur.

� The 
utting stylus used to make a master for mass dupli
ation of gramo-

phone dis
s usually moves radially a
ross the dis
. By 
ontrast, the replay

arm of most high-quality trans
ription turntables moves in a 
ir
ular ar


about its pivot. Thus the sides of the replay stylus make 
onta
t with the

dis
 at a di�erent pair of points from the sides of the 
utting stylus. This

results in an o�set between the 
hannels on playba
k that varies a
ross the

dis
. A thorough analysis of the geometry of this problem is given in [107℄.

� Many dis
s made up to about 1940 were 
ut on an EMI system in whi
h

the 
utting stylus was mounted on a round shank. Careless alignment, and

rotation of this shank in its mounting while 
utting is in progress both 
ause

groove wall o�set on su
h dis
s [55℄.

� Inter-
hannel o�set o

urs on magneti
 tape re
ordings as a result of ina

u-

rate head alignment. Ideally the head gap is perpendi
ular to the dire
tion

of travel of the tape, and identi
al for both the re
ord and replay heads.

Poor alignment or inadequate me
hani
al integrity of either the re
ord-

ing or replay tape ma
hine results in a time shift between the 
hannels,

whi
h again 
an vary with time. This me
hanism also results in signi�
ant

frequen
y-response anomalies due to the e�e
t of the �nite head width.

A 
ommer
ial devi
e [18℄ exists whi
h attempts to re-align two-
hannel signals

under these 
onditions of a slight, slowly-varying time-o�set, and whi
h also

allows realignment of stereo signals for restoration of the stereophoni
 illusion

and improvement of mono-
ompatibility.
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6.2 Adaptive Filtering Method

The form of this problem suggests that standard system identi�
ation pro
edures

may be appropriate. Essentially we have a pair of signals whi
h are related by an

unknown, slowly-varying transfer fun
tion. Knowledge of this transfer fun
tion

would allow us to 
ompensate for the time o�set between the 
hannels as we

require.

Let us apply an FIR �lter with impulse response b[m℄ to x

2

[n℄, su
h that b[m℄ ?

x

2

[n℄ � x

1

[n℄ where ? represents the dis
rete 
onvolution operator. If the approx-

imation is 
lose then the amplitude response of b will approa
h the amplitude

response of h, and the phase response of b will be 
omposed of the phase shift

asso
iated with the time-shift s, plus the phase response of �lter h. This system

is shown diagrammati
ally in �gure 6.1.

b

B(z)

i

x  [n]1

x  [n]2 e[n]

min

e  [n]2

Outputs

Figure 6.1: Channel Syn
hroniser based on Adaptive Filtering

The standard blo
k-LMS algorithm [106℄ allows eÆ
ient 
al
ulation of this �lter

and allows tra
king of a slowly-varying time o�set. Furthermore, sin
e the FIR

�lter may in
orporate an arbitrary gain the method is robust to level di�eren
es

between the two 
hannels. Haykin [44℄ gives a full analysis of the 
onvergen
e

and tra
king properties of this algorithm.

If we require simply to shift the signals into alignment, without equalising fre-

quen
y response anomalies, then we may determine the low frequen
y group delay

of b from the �lter phase response and shift signal x

2

by this amount. Note that

the group delay may be a non-integer number of samples; the me
hanism for shift-

ing a sampled signal by fra
tional parts of the sample period is 
losely related to



6.2. Adaptive Filtering Method 122

sample rate 
onversion. Appendix F outlines the method.

6.2.1 Test on Real Data

This adaptive �ltering algorithm was used to estimate the variation of time o�set

between

9

and

10

throughout the extra
ts.

The starts of the two re
ordings were aligned as a

urately as possible using the

SADiE digital audio workstation [94℄. This was a

omplished by examining the

waveform and aligning by eye one musi
al event that was 
learly visible in the

waveform near the start of the extra
t. The remaining o�set was then estimated

independently for the two groove walls, and the results are plotted in �gure 6.2.
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Figure 6.2: Inter-
hannel o�set estimated by the adaptive �ltering method

The estimated time o�set shows a long-term drift, plus an os
illatory 
omponent

at the revolution rate of the dis
. The varying speed dis
repan
y is well below
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audibility when the dis
s are played separately, but is obvious (as time-varying


omb �ltering) when they are summed, as demonstrated by tra
k

11

on the

demonstration CD.

The estimated o�set shows a number of outliers, as well as its low-frequen
y vari-

ations. These outliers are due to inadequa
ies in the pro
edure used to estimate

the low-frequen
y group delay of the �lter.

6.3 Correlation Method

If we know the 
ross-
orrelation fun
tion R

x

1

x

2

(s) of x

1

(t) and x

2

(t), then the

position of the maximum of the 
ross-
orrelation as a fun
tion of the lag s 
an

be taken as an estimate of the time-shift between the pair of signals. The 
ross-


orrelation may be readily estimated from the data, and so this forms the basis

of a dete
tor for the inter-
hannel shift.

In this most basi
 dete
tor the estimated time o�set will always be an integer

number of samples. However, bearing in mind that the origin of the time shift

may operate in the 
ontinuous-time domain, we would expe
t to observe, at any

given sample point, a non-integer shift between the 
hannels.

It is not 
lear that an interpolation of the estimated 
ross-
orrelation gives a valid

o�set estimate of sub-sample a

ura
y, sin
e the sampled signal simply does not

exist between the sample points. Furthermore, the 
ross-
orrelation of random,

band-limited signals x(t), y(t), given by

R

xy

(s) = lim

T!1

1

2T

Z

+T

-T

x(t)y(t- s)dt (6.8)

is non-trivially related to the dis
rete 
ross-
orrelation fun
tion

R

xy

[k℄ = lim

N!1

1

2N

N-1

X

n=-N

x[n℄y[n- k℄: (6.9)

In parti
ular, the latter is not a straightforward sampled form of the former.

6.3.1 Resampling of a Windowed Signal

Let us treat a given, �nite blo
k of data from a single 
hannel as a known,

isolated, set of 
onstant data points, as opposed to treating them as a �nite-

length observation of a random pro
ess whi
h is in�nite in duration. We may
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then justify interpolation of the 
ross-
orrelation fun
tion to obtain sub-sample

a

ura
y by the following arguments.

Consider the set of real samples x[nT℄, where T is the sample period. If we assume

the signal is zero outside the window 0 6 n < N, then we may 
onstru
t a real


ontinuous-time interpolation x(t) from these samples. Furthermore, if we restri
t

our 
onsideration to signals x(t) of bandwidth B <

1

2T

then the sampling theorem

states that the 
ontinuous-time signal x(t) is uniquely de�ned by the samples

x[nT℄. For simpli
ity we limit the dis
ussion to baseband signals, although this

restri
tion is not ne
essary.

Now that we have re
onstru
ted a 
ontinuous-time signal we may resample it at

whatever rate we 
hoose. In doing so we retain all of its information provided

that the sampling theorem is not 
ontravened. In parti
ular, we are guaranteed

to satisfy this 
riterion if we raise (not lower) the sampling rate, 
ompared with

the original rate 1=T. Note, however, that the oversampled signal will not, in

general, be windowed in the same way as the original �nite data blo
k.

Suppose that we 
hoose to sample at a rate

P

T

whi
h is some integer fa
tor P

greater than the original rate. That is, we sample x(t) and obtain the set of

oversampled data points x

P

[nT

P

℄, where the notation T

P

is used to denote

T

P

,

the new sampling period. This set represents the signal in a dis
rete-time form

suitable for numeri
 pro
essing, but measured on a �ner time-s
ale than before.

It 
an be shown that the samples x

P

[nT

P

℄ may be 
al
ulated from the original

samples by the appli
ation of the linear �ltering operation

x

P

[n℄ =

+1

X

i=-1

h

i

x

P

0

[(n- i)T

P

℄ (6.10)

where x

P

0

[nT

P

℄ has P - 1 zero samples interposed between ea
h of the original

samples. We may thus 
al
ulate the oversampled signal dire
tly from the original

samples without re
onstru
ting the 
ontinuous-time signal x(t).

Figure 6.3 shows diagrammati
ally the relationships between the 
ontinuous-time

signal x(t), the sampled signal x[nT℄, the oversampled signal x

P

[nT

P

℄ and the

zero-interleaved oversampled signal x

P

0

[nT

P

℄.
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Figure 6.3: Relationship of Sampled and Oversampled Signals



6.3. Correlation Method 126

6.3.2 Cross-Correlation of Oversampled Signals

We now turn our attention to the estimation of the 
ross-
orrelation of a pair

of signals, x

P

1

[n℄ and x

P

2

[n℄, whi
h have been oversampled in this manner. The


ross-
orrelation fun
tion is de�ned as

R

x

1

x

2

[k℄ = lim

N!1

1

2N

N-1

X

n=-N

x

1

[nT℄ x

2

[(n- k)T℄: (6.11)

If we substitute the oversampled signals we obtain

R

P

x

1

x

2

[k℄ = lim

N!1

1

2N

N-1

X

n=-N

x

P

1

[nT

P

℄ x

P

2

[(n- k)T

P

℄ (6.12)

and expressing ea
h as a �lter applied to the original samples gives

R

P

x

1

x

2

[k℄ =

lim

N!1

1

2N

N-1

X

n=-N

 

+1

X

i=-1

h

i

x

P

0

1

[(n- i)T

P

℄

+1

X

j=-1

h

j

x

P

0

2

[(n- k- j)T

P

℄

!

: (6.13)

We may rearrange the order of the summations, to express R

P

x

1

x

2

[k℄ as a �lter

applied to the zero-interleaved signals thus

R

P

x

1

x

2

[k℄ =

lim

N!1

+1

X

i=-1

+1

X

j=-1

 

h

i

h

j

1

2N

N-1

X

n=-N

x

P

0

1

[(n- i)T

P

℄ x

P

0

2

[(n- k - j)T

P

℄

!

(6.14)

and hen
e as a �lter applied to the 
ross-
orrelation of those signals

R

P

x

1

x

2

[k℄ =

+1

X

i=-1

 

h

i

+1

X

j=-1

�

h

j

R

P

0

x

1

x

2

[k+ j - i℄

�

!

(6.15)

where

R

P

0

x

1

x

2

[k℄ =

8

<

:

R

x

1

x

2

[k=P℄; if k(mod P) = 0

0; otherwise.

(6.16)

It is 
lear that the non-zero values of the fun
tion R

P

0

x

1

x

2

[k℄ are identi
al to the


ross-
orrelation estimates of the original sampled signals R

x

1

x

2

[k=P℄. We have

now, therefore, expressed the 
ross-
orrelation estimate of the oversampled signals

in terms of the 
ross-
orrelation estimate of the original signal samples.
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It 
an be seen from equation 6.15 that the 
ross-
orrelation of the oversampled

signal may be obtained from the 
ross-
orrelation of the original signal by �lter-

ing it twi
e, on
e with the oversampling �lter h

i

, and on
e with the same �lter

reversed h

-i

.

The above analysis shows that bandlimited interpolation of the 
ross-
orrelati-

on fun
tion is justi�able from signal pro
essing theory. In order to perform this


al
ulation in a pra
ti
al system it will be ne
essary to further window the in�nite

summations, and the degree to whi
h this is done will a�e
t the a

ura
y of the

interpolation, and hen
e its ability to a

urately measure the inter-
hannel time

o�set.

In pra
ti
e it has been found that even relatively short (for example, 7{11 taps)

interpolating �lters are useful in estimating the shift to sub-sample resolution. If

�lters of higher order are 
hosen then 
onsideration should be given to 
omputa-

tionally eÆ
ient FFT-based methods for performing the 
onvolutions.

6.4 Model-Enhan
ed Correlation Method

Re
all the Ensemble-AR model of 
hapter 4 where we had an ensemble of white

ex
itation sequen
es driving an all-pole �lter to give multiple observed signals. If

we treat x

1

and x

2

as the outputs of su
h a system then we 
an determine the

time-o�set in the ex
itation domain, instead of in the signal domain.

This has the advantage that the estimated ex
itation is approximately white,

due to the whitening e�e
t of the inverse model �lter. The 
ross-
orrelation of

the ex
itation will more 
losely approximate a Æ(�) fun
tion than will the 
ross-


orrelation of the original signals, and this enables a more a

urate estimation of

the inter-
hannel shift.

The 
omparison between the signal 
ross-
orrelation and ex
itation 
ross-
orre-

lation is shown in �gure 6.4. A blo
k of 1024 signal samples was taken from ea
h

of

9

and

10

. The 
ross-
orrelation between these signals is plotted in the upper

part of the �gure.

An E-AR model of order 10 was estimated from this data and the ex
itation

sequen
es 
orresponding to ea
h of the original sour
es were 
al
ulated. The


ross-
orrelation of these ex
itation sequen
es is plotted in the lower half of the

�gure. The position of the peak in the lower �gure gives a more pre
ise indi
ation
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Figure 6.4: Ex
itation and signal 
ross-
orrelations
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of the inter-
hannel o�set than more rounded peak in the upper half of the �gure.

6.5 Statisti
al Method

The o�set 
u
tuation with time shows great stru
ture, and this provides the

motivation for investigating a model-based statisti
al method for estimating the

o�set. Given two signals x

1

and x

2

whi
h are similar, but o�set in time by s,

we 
an derive an expression for the likelihood p(x

2

jx

1

; s) and hen
e derive the

estimate s

ML

for the time o�set.

Furthermore we 
an put a prior on s, based on some model of the o�set variation,

and then
e 
al
ulate estimates for the time o�set within a fully Bayesian frame-

work. The intention is that the model-based prior will improve the resilien
e

of the algorithm to noise in the original signals by the rigorous in
orporation of

qualitative prior information about the expe
ted o�set variations.

These methods have strong parallels with work by Godsill [35, 39℄ in the estima-

tion of pit
h 
u
tuations in a single re
ording. In the present study, however, we

are 
on
erned not with the speed 
u
tuations of a single re
ording, but rather the

speed di�eren
es between a pair of trans
riptions of otherwise identi
al nature.

6.5.1 O�set Likelihood Fun
tion

Of the two observed signals, let us arbitrarily treat x

1

(t) as the referen
e signal,

and x

2

(t) as the se
ond signal whose time o�set s(t) from x

1

we wish to determine.

We may model the se
ond signal x

2

(t) as

x

2

(t) = �x

1

(t- s(t)) + e(t) (6.17)

where � 
ompensates for any amplitude mismat
h between the 
hannels.

Let us assume, as before, that the o�set varies suÆ
iently slowly and smooth-

ly that we may treat frames of N 
onse
utive signal samples as ea
h having a


onstant o�set

2

. By doing this, we may repla
e the fun
tion s(t) with the 
onstant

s in our 
onsideration of a single data blo
k. We may now write a dis
rete-time

equivalent of equation 6.17 as

x

2

[n℄ = �x

1

(nT - s) + e[n℄ (6.18)

2

This assumption seems justi�able given the me
hani
al me
hanisms by whi
h the o�set

originates.
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where

1

T

is the sample rate.

For the blo
k of N samples

x

2

= [ x

2

[1℄ � � �x

2

[N℄ ℄

T

(6.19)

we may write the ve
tor equation

x

2

= �x

1

(s) + e: (6.20)

The referen
e 
hannel data is represented by

x

1

(s) =

2

6

6

6

6

4

x

1

(1- s)

x

1

(2- s)

.

.

.

x

1

(N- s)

3

7

7

7

7

5

(6.21)

whi
h is e�e
tively a ve
tor-fun
tion of time determined by band-limited inter-

polation of the observed referen
e 
hannel samples x

1

[n℄.

If the error ve
tor e is zero-mean Gaussian and has auto-
orrelation matrix R

ee

then we may write the likelihood fun
tion

L(x

2

; x

1

(t); �; s) = p(x

2

�

�

x

1

(t); �; s) (6.22)

/ exp

�

-

1

2

e

T

R

-1

ee

e

�

(6.23)

/ exp

�

-

1

2

(x

2

- �x

1

(s))

T

R

-1

ee

(x

2

- �x

1

(s))

�

(6.24)

This formulation treats the �rst observed signal x

1

as a known ve
tor-fun
tion

of time. We model the random signal x

2

as being 
losely related to this fun
tion

x

1

(t) by equation 6.17. Although we are dealing dire
tly with the sampled rep-

resentation x

2

[n℄ of x

2

(t), equation 6.22 still 
ontains the 
ontinuous-time x

1

(t).

We 
an evaluate this fun
tion for any value of t by band-limited interpolation of

the signal samples x

1

[n℄.

6.5.1.1 Maximum Likelihood

The likelihood is not analyti
ally di�erentiable, sin
e x

1

(t) is a non-analyti
 fun
-

tion of t, and therefore 
al
ulation of the Maximum Likelihood o�set estimate s

ML

requires appli
ation of numeri
al maximisation te
hniques. The dimensionality

of the problem is suÆ
iently small, however, that this is a realisti
 option. Fur-

thermore, a numeri
al approximation to the di�erential 
an easily be 
al
ulated

to assist in su
h an optimisation s
heme.
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6.6 Bayesian Formulation

The next step of sophisti
ation is to treat the sequen
e of o�sets measured by

any of the pre
eding methods of se
tions 6.2 to 6.5 as a noisy observation

s

0

[m℄ = s[m℄ + e

s

[m℄ (6.25)

of the true o�set at framem, given by s[m℄. The observation noise is represented

by e

s

. The likelihood for the observed o�set sequen
e is given by

L(s

0

; s) = p

s

0

js;M

(s

0

�

�

s;M) (6.26)

/ exp

�

-

1

2

e

T

s

R

-1

e

s

e

s

�

(6.27)

/ exp

�

-

1

2

(s

0

- s)

T

R

-1

e

s

(s

0

- s)

�

(6.28)

assuming Gaussian errors with 
orrelation matrix R

e

s

, and where the model stru
-

ture is represented by M.

Bayes' Rule allows us to 
ombine this likelihood with a prior for the o�set, giving

the posterior p.d.f. of the o�set s given the observed data s

0

as

p

sjs

0

;M

(s

�

�

s

0

;M) =

p

s

0

js;M

(s

0

�

�

s;M) p

s;M

(s;M)

p

s

0

;M

(s

0

;M)

(6.29)

from whi
h we 
an make estimates of the true time o�set.

We will assume the model stru
ture M from here on, and also that any pa-

rameters of that model are known. Furthermore, for a given set of observations

p

s

0

;M

(s

0

;M) is 
onstant, and we may therefore write

p

sjs

0

(s

�

�

s

0

) =

p

s

0

js

(s

0

�

�

s) p

s

(s)

p

s

0

(s

0

)

(6.30)

/ p

s

0

js

(s

0

�

�

s) p

s

(s) (6.31)

where the prior p.d.f. p

s

(s) will depend upon the model that is 
hosen for the

o�set.

6.7 Models and Priors for the O�set

In the absen
e of further information a uniform prior may be 
hosen for p

s

(s), and

in this 
ase the posterior p.d.f. is equal to the likelihood. However, a 
onsisten
y
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of 
hara
ter has been noted in the o�set variation (�gures 6.2, 6.5) and this

implies that there are 
ommon underlying me
hanisms whi
h 
an be exploited in

a model-based approa
h.

We will 
onsider now various spe
i�
 forms for the model and this prior.

6.7.1 AR plus Sinusoids

The �rst model we propose for the sampled o�set s[nT

s

℄ is the \AR plus sinusoidal

basis" model whi
h 
ombines a sto
hasti
 
omponent with an os
illatory 
ompo-

nent of �xed period

3

. This has been found to give highly satisfa
tory results in a

variety of situations, and will therefore be examined in detail.

The o�set shown in �gure 6.5 seems to show a type of os
illatory behaviour, but

with an additional random 
omponent su
h that it is not perfe
tly periodi
, and

whi
h adds a long-term drift.

If we sample the o�set at the rate 1=T

s

the model equation is given by

s[n℄ =

P

a

X

k=1

a

k

s[n - k℄ +

P

h

X

k=1

(�

k


os(k!

0

nT

s

) + �

k

sin(k!

0

nT

s

)) + e[n℄ (6.32)

and this may be written for a set of N 
onse
utive frames

s = [s[1℄ � � � s[N℄℄

T

(6.33)

as the matrix equation

s = Sa+





�+


s

�+ e (6.34)

where

S =

2

6

6

6

6

4

s[0℄ � � � s[-P

a

+ 1℄

s[1℄ � � � s[-P

a

+ 2℄

.

.

.

.

.

.

s[N- 1℄ � � � s[-P

a

+N℄

3

7

7

7

7

5

(6.35)







=

2

6

6

6

6
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T

s

) 
os(2!

0

T

s

) � � � 
os(P

h

!

0

T

s

)


os(!

0

2T

s

) 
os(2!

0

2T

s

) � � � 
os(P

h

!

0

2T

s

)

.

.

.

.

.

.

.

.

.


os(!

0

NT

s

) 
os(2!

0

NT

s

) � � � 
os(P

h

!

0

NT

s

)

3

7

7

7

7

5

(6.36)

3

From here on, n is used to denote the frame number, and T

s

the frame period. The sample

frames do not overlap.
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6

6
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4
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T

s

) � � � sin(P

h

!
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T
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(6.37)

and a, � and � are the ve
tors of weights for the AR, 
osine and sine model


omponents respe
tively.

6.7.1.1 AR+Sinusoidal Prior

We assume that, when the 
orre
t model parameters are known or have been

a

urately estimated, the error sequen
e e is white and Gaussian. The Bayesian

prior whi
h 
orresponds to this signal model is therefore

p

s

(s) / exp

�

-

1

2

e

T

e

�

2

e

�

(6.38)

where e is given as follows.

A trivial rearrangement of 6.32 gives

e[n℄ = s[n℄ -

P

a

X

k=1

�

k

s[n- k℄ -

P

h

X

k=1

(a

k


os(k!

0

nT

s

) + b

k

sin(k!

0

nT

s

)) (6.39)

and we may write this in matrix form

e = As -





�-


s

� (6.40)

where A is the matrix of AR model 
oeÆ
ients de�ned in equations 2.35 and 2.36

on page 19.

Simple algebrai
 manipulation allows us to write this in a more 
ompa
t form

e =

h

A -





-


s

i

2

6

4

s

�

�

3

7

5

(6.41)

= M

2

6

4

s

�

�

3

7

5

(6.42)

and hen
e the Gaussian prior as

p

s

(s) / exp

0

B

�

-

1

2�

2

e

h

s

T

�

T

�

T

i

M

T

M

2

6

4

s

�

�

3

7

5

1

C

A

: (6.43)
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6.7.2 Parameter Estimation

Least squares estimation of the parameters of 6.34 is straightforwardly linear by

minimisation of e

T

e if !

0

is known and is given by the solution of

2

6

4

S

T




T







T

s

3

7

5

h

S 








s

i

2

6

4

a

�

�

3

7

5

=

2

6

4

S

T




T







T

s

3

7

5

s (6.44)

for the 
omposite parameter ve
tor [a

T

�

T

�

T

℄

T

.

However, it will be more usually the 
ase that the fundamental frequen
y is not

pre
isely known, and should therefore be treated as an unknown parameter, and

the problem be
omes non-linear in this parameter. Given a suitable starting value

for !

0

, iterative minimisation of the modelling error with respe
t to, alternately,

the linear parameters (by equation 6.44) and the fundamental frequen
y (e.g. by

Newton-Raphson iteration) qui
kly and reliably 
onverges.

The predi
tion error is given by

e = Sa+





�+


s

� - s (6.45)

and its energy by E = e

T

e.

The di�erential of the energy with respe
t to !, the fundamental frequen
y is

given by

�E

�!

= 2

0

B

�

S

2
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4
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�

�

3

7

5

- s
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(6.46)

where 
 = [








s

℄. This is an analyti
 fun
tion and 
an therefore be used

straightforwardly in the optimisation.

6.7.3 Test Results

Figure G.5 shows the predi
tion of the o�set given by a simple model of this type.

This example uses just one AR 
oeÆ
ient (P

a

= 1) and two sinusoidal harmoni
s

(P

h

= 2). This model gives a lower predi
tion error than an AR model with an

equivalent number of parameters (P

a

= 3, P

h

= 0), but the latter would require

less 
omputation.
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The initial estimate of the period was 33.00 r.p.m. and this was re�ned to

33.34 r.p.m. at the end of the optimisation. Cal
ulation of the model param-

eters in this example represents an overhead of 8� 10

5


oating point operations

over 30 se
onds. This represents approximately 0.5% of the 
omputational 
a-

pa
ity of an inexpensive DSP 
hip, despite the non-linear iterative nature of the

problem.

6.7.4 Alternative O�set Models and Priors

The AR plus sinusoid model has been shown to work well for the time o�set that

o

urs as a result of turntable wow. There are other well-known me
hanisms

that 
an generate time o�sets, su
h as the uneven stret
h that a�e
ts magneti


tape that has been handled poorly. Furthermore there may be an overall speed

dis
repan
y between the signals, or one may in
rease steadily in speed.

In these 
ases the AR plus sinusoid model may not perform well, and we suggest

here some possible alternatives.

6.7.4.1 AR Model

The AR model provides a very general framework whi
h, depending on its param-

eters, 
an model a wide range of o�set 
hara
ters. With poles 
lose to the origin

the modelled o�set is highly random, whereas the model be
omes quasi-periodi


if the poles are 
lose to the unit 
ir
le.

The formulation for the AR model is identi
al to the AR+sinusoid model with

the number of sinusoidal harmoni
s P

h

set to zero. In this 
ase the Gaussian prior

be
omes

p

s

(s) / exp

�

-

1

2

s

T

A

T

As

�

(6.47)

where A is the matrix of AR model 
oeÆ
ients de�ned in equations 2.35 and 2.36

on page 19.

6.7.4.2 Di�erential Smoothness Model

The o�set may frequently be expe
ted to vary smoothly, without sudden 
hanges.

In this 
ase some obje
tive measure of smoothness � is maximised for the esti-

mated o�set variation. One su
h measure that has been suggested for the 
on-
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tinuous 
ase is the integral of derivatives

� =

Z

t

0

0

�

�

�

�

d

q

s(t)

dt

q

�

�

�

�

2

dt (6.48)

and in the dis
rete 
ase this may be approximated in terms of the �nite di�eren
es

d

1

n

= s

n

- s

n-1

(6.49)

d

2

n

= d

1

n

- d

2

n-1

(6.50)

and so on.

These di�eren
es may readily be expressed in matrix form and we 
an then form

the sum of the squared order q di�eren
es as

�

d

=

N

X

q+1

(d

q

n

)

2

(6.51)

= s

T

D

T

q

D

q

s (6.52)

where D

q

is the matrix whi
h generates order-q di�eren
es from the ve
tor s of

length N.

Godsill has used this formulation in work on restoration of pit
h defe
ts on a

single signal [38℄ and suggests the Gaussian prior

p(s) / exp

�

-

��

d

2

�

(6.53)

where � is set appropriately to re
e
t the expe
ted degree of smoothness for a

parti
ular problem.

The di�erential smoothness model of order q may be shown to be a spe
ial 
ase

of the AR model with all of its poles at z = 1. It therefore removes the need for

estimation of the model parameters.

6.7.4.3 Polynomial Model

Where there is a speed dis
repan
y between the two signals there will be a lin-

ear dependen
e s(t) = 
t of the o�set upon time. If this situation, or some

other deterministi
, non-os
illatory phenomenon is suspe
ted then in
orporation

of su
h a term in the o�set model and prior will be expe
ted to yield substantially

improved results.
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More generally, polynomial terms of any degree may be in
orporated by in
lusion

of the terms

s[n℄ =

P

p

X

i=0




i

�

n

T

s

�

i

(6.54)

in the o�set predi
tor. This may be expressed in matrix form

s = T
 (6.55)

where

T =
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: (6.56)

These deterministi
 terms may be readily in
orporated in the same way as the

sinusoidal terms in the AR+sinusoid model des
ribed in se
tion 6.7.1, and the

form of the prior is therefore identi
al.

6.8 O�set Posterior PDF

Combination of the o�set measurements s

0

and a prior based on a model M

using Bayes' rule allows determination of the posterior p.d.f. for the o�set s as

p

s

(s

�

�

s

0

;M) =

p

s

0

(s

0

�

�

s)p

s

(s;M)

p

s

0

(s

0

;M)

(6.57)

Investigation of this p.d.f. allows a-posteriori estimates to be made of the o�set.

6.8.1 MAP O�set Estimate

The posterior p.d.f. may be maximised for the MAP estimate

s

MAP

= argmax

s

�

p

s

(s

�

�

s

0

)

	

(6.58)

of the o�set variation.

Dependent on the 
hoi
e of prior this maximisation may be analyti
 by standard

di�erential 
al
ulus of ve
tors. For example, in the 
ase of the AR+sinusoid prior
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(equation 6.43) we obtain the posterior p.d.f.
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(6.59)

where M is de�ned in equation 6.42.

This p.d.f. may be dire
tly di�erentiated to give the o�set estimate

s

MAP

=

�

�

2

n

�

2

e
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T

A+ I

�

-1

�

s
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+

�

2
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(





�+


s

�)

�

(6.60)

6.8.2 Joint estimate of Model Parameters and O�set

It is possible to estimate the model parameters 
orresponding to �xed basis fun
-

tions jointly with the o�set in this framework. Let us de�ne the ve
tors

� =

2

6

4

s

�

�

3

7

5

(6.61)
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and the matrix
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=
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(6.63)

su
h that �

�

, �

�

, R

��

, R

��

, R

��

and R

��

form the parameters of a Gaussian prior

on � and �, the weights applied to the 
onstant basis ve
tors.

The posterior p.d.f. for � is given by
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(6.64)

from whi
h the MAP estimate

�
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s
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(6.65)

of the o�set and model parameters is obtained by di�erentiation.
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6.9 Tests of Model-Based Bayesian Estimator

The Bayesian estimator was tested using the raw o�sets (shown in �gure 6.5)

measured by the model-enhan
ed 
orrelation method des
ribed in se
tion 6.4.

This data was treated as the observation s

0

, and a MAP o�set estimate obtained

using equation 6.31 with various priors.

6.9.1 AR+Sinusoidal Prior

The AR plus Sinusoidal basis prior gives the result shown in �gure G.6. The


urve in the �gure is the result of the joint o�set and parameter estimate given

by equation 6.65.

LS MAP

�

1

0.5714 0.5686

�

2

0.1754 0.1737

�

1

0.2894 0.2886

�

2

0.8095 0.8055

Table 6.1: Harmoni
 amplitudes; AR plus sinusoid o�set model.

The harmoni
 amplitudes estimated by the MAP pro
edure are 
ompared with

those obtained by the least squares algorithm (equation 6.44) in table 6.1. The

two methods are seen to give harmoni
 amplitudes that are in 
lose agreement.

The MAP o�set 
urve appears, as expe
ted, to be a noise-redu
ed version of the

observed data. In parti
ular, various points in the measured data whi
h appear

to be outliers have been e�e
tively suppressed.

6.9.2 Di�erential Smoothness Prior

Figure G.7 shows the results using the di�erential smoothness prior. This is an

attra
tive option sin
e it does not require the estimation of any parameters. The

example shown uses a se
ond-order smoothness measure, and this has been found

to be widely appli
able. The single parameter � 
an be set by hand, and very

intuitively relates to the degree of smoothness expe
ted in the result. Curves for

two values of � are shown, and the di�eren
e between them illustrates the e�e
t

of this parameter.
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6.10 Audio Demonstration

The model-enhan
ed 
orrelation algorithm was used to estimate the time o�set

throughout

9

and

10

.

The starts of the two re
ordings were aligned as a

urately as possible using the

SADiE digital audio workstation [94℄. This was a

omplished by examining the

waveform and aligning by eye one musi
al event that was 
learly visible in the

waveform near the start of the extra
t.

The model-enhan
ed algorithm was then used to measure the time o�set be-

tween the two re
ordings using �nite frames of samples from ea
h as previously

dis
ussed. The measurement was made independently for ea
h of the groove

walls, and the two measured time o�sets are shown in �gure 6.5. The MAP o�set

was then estimated using the AR+sinusoidal basis prior.

Tra
k

9

was then shifted to be in alignment with

10

. To demonstrate the

e�e
tiveness of the algorithm the sum of the unpro
essed tra
ks is presented

(tra
k

11

) as well as the sum of the resyn
hronised signals

12

.

The sum of the unpro
essed signals shows high degrees of 
olouration due to

time-varying 
omb-�ltering. This artifa
t is not present in the sum of the resyn-


hronised tra
ks.

6.11 Con
lusions

We have examined a number of methods for estimating the o�set between a pair of

similar audio signals. Su
h a pair of signals might be trans
riptions of two 
opies

of the same gramophone dis
, or two magneti
 tapes that have been re
orded on

di�erent ma
hines.

A number of methods for estimating the o�set for a single frame of data were in-

vestigated. It was shown that the o�set may be measured to sub-sample a

ura
y

by 
onsideration of an oversampled dis
rete 
ross-
orrelation fun
tion.

The 
ross-
orrelation method for o�set measurement was enhan
ed by pre-whi-

tening the signals using an AR model framework. The 
ross-
orrelation of the

ex
itation sequen
es was shown to give a more pre
ise estimate of the o�set than

the 
ross-
orrelation of the signals themselves.
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Figure 6.5: Time shift between two 
opies of pressing SPA-31. The time axis

is 
alibrated in revolutions of a 33

1

3

r.p.m. gramophone re
ord.
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Model-based methods for regularising the measurements within a Bayesian frame-

work were derived. These were shown to be robust for estimation of the o�set

over several frames. Various models were proposed for the o�set variation, and

it was shown how these 
an be in
orporated as priors in the Bayesian estimation

framework.

It is interesting to note that the turntable speed variations measured by Axon

and Davies ([8℄, �gure 5) in 1948, and those measured in the 
ourse of the present

study are remarkably similar in 
hara
ter but that the modern turntable shows

speed 
u
tuations an order of magnitude smaller (the speed di�eren
e between

the trans
riptions is obtained as the di�erential of the o�set with respe
t to

time). The former method is based on measurement of a 
onstant tone on a

single dis
, while the present method is measuring the o�set between two separate

trans
riptions.
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Model-Based Quantisation 7

In order to manipulate signal samples using a 
omputer ea
h sample must be

represented by a �nite number of bits. Thus the resolution with whi
h ea
h

sample is represented is not in�nite. Amplitude errors are therefore introdu
ed

when a signal is 
onverted to this digital form.

Quantisation o

urs not just at the point of digitisation of the signal, but 
an

also o

ur whenever the ma
hine representation of a sample is 
hanged. It will

most often be signi�
ant when the number of bits used to represent a signal

sample is redu
ed. This may be done as a deliberate part of, for example, a data


ompression algorithm. Alternatively it may be impli
it su
h as when the 64-bit


oating point result of a 
al
ulation is 
onverted to a 16-bit integer for storage

and transport on a 
ompa
t dis
.

7.1 S
alar Quantisation

Quantisation introdu
es errors into the signal, and the nature of these errors is

dependent on the exa
t design of the quantiser and on the signal itself. We limit

our 
onsideration to quantisers of uniform step size, and we do not 
onsider the

e�e
ts of saturation of the digital word. We assume, unless stated otherwise and

with no loss of generality, a stepsize of q = 1 throughout this 
hapter.

We may model the quantisation of a signal under these 
onditions as the pro
ess
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of rounding a real number x[n℄ to the nearest integer

1

x

q

[n℄ =

�

x[n℄ +

1

2

�

(7.1)

where b�
 represents the \
oor" fun
tion whi
h returns the greatest integer less

than or equal to its argument

2

.

The quantisation pro
ess may be abstra
ted further by modelling it as the addi-

tion of an error signal e

q

[n℄ su
h that

x

q

[n℄ = x[n℄ + e

q

[n℄: (7.2)

It 
an be shown that, under 
ertain 
onditions, e

q

[n℄ has a uniform p.d.f. given

by

p

e

q

(e

q

[n℄) =

8

<

:

1; -

1

2

6 e

q

<

1

2

;

0; otherwise

(7.3)

The prin
ipal 
onditions for this to hold are that x[n℄ is itself random, and that

its amplitude p.d.f. spans a range mu
h greater than the stepsize of the quantiser.

Under these 
onditions the varian
e �

2

e

q

=

1

12

.

7.1.1 Dither

In the basi
 quantiser the error e

q

[n℄ = x[n℄ - x

q

[n℄, although random, may

be highly 
orrelated with the signal samples x[n℄ [43, 87℄. If x is itself a highly


orrelated audio signal then this is parti
ularly undesirable as the e�e
t of the

quantisation is more akin to audible distortion of the signal than the addition of

noise [68℄. A demonstration of this phenomenon is given in [46℄.

This problem is readily 
ir
umvented by the addition of a random dither signal

d prior to quantisation [87℄ as shown in �gure 7.1 su
h that

x

q

[n℄ =

�

x[n℄ + d[n℄ +

1

2

�

: (7.4)

1

Note that it is the default behaviour of many programming languages, in
luding C, to

round 
oating point numbers towards zero when performing an impli
it 
oating point to integer


onversion.

2

When equation 7.1 is implemented as a 
omputer algorithm there will be a small bias

introdu
ed as a result of the representation of the real number x[n℄ in a �nite 
oating-point

format. In typi
al audio appli
ations this bias is negligible.
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In audio appli
ations a white signal with the triangular p.d.f.

p

d

(d[n℄) =

8

>

>

>

<

>

>

>

:

1+ d; -1 6 d < 0;

1- d; 0 6 d < 1;

0 otherwise

(7.5)

is frequently 
hosen for the dither signal (for example see [66, 31, 105℄). This

gives improved audio quality by ensuring that the �rst moment E[e

q

[n℄℄ = 0 and

the se
ond moment �

2

e

q

= E[e

q

[n℄

2

℄ are independent of the original signal samples

x[n℄ [66℄.

Sin
e E[e

q

[n℄℄ is zero, independent of x[n℄, the quantiser 
an be said to have been

linearised by the dither, sin
e

E [x

q

[n℄℄ = E [x[n℄ + e

q

[n℄℄ (7.6)

= x[n℄ + E [e

q

[n℄℄ (7.7)

= x[n℄ (7.8)

The penalty for dithering the quantiser in this manner is that the noise power of

the quantised signal is in
reased. The error varian
e for a quantiser in
orporating

this TPDF dither is �

2

e

q

=

1

4

, and is 4.77 dB greater than for the undithered

quantiser [66℄.

7.1.2 Noise-Shaped Quantisation

Consider the system shown in �gure 7.2, in whi
h we have added a feedba
k

loop 
ontaining a �lter with transfer fun
tion H(z) around the dithered quantiser

(
omprising the additive dither sour
e and the quantiser Q). Systems similar to

this have been used extensively for analogue to digital and digital to analogue

Q

d[n]

x [n]x[n] q

Figure 7.1: Dithered Quantiser
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onverters (for example [45, 95℄), signal 
oding appli
ations (for example [58℄) and

more re
ently baseband digital audio systems (for example [31, 103, 32, 104℄).

H(z)

Q
x[n] u[n]

d[n]

x  [n]q

Figure 7.2: Noise-Shaped Quantiser

The output from the system is quantised (we 
ontinue to assume a stepsize of 1)

and may be derived as follows. From the blo
k diagram it is 
lear that

u[n℄ = x[n℄ - (x

q

[n℄ - u[n℄) ? h[i℄ (7.9)

where ? represents the dis
rete 
onvolution operator, and h[i℄ is the impulse

response

h[i℄�

z

H(z) (7.10)

of the feedba
k �lter.

It is also 
lear that

x

q

[n℄ = u[n℄ + e

q

[n℄ (7.11)

where the dithered quantisation fun
tion is modelled by the addition of e

q

[n℄ as

before.

A trivial re-arrangement gives

u[n℄ = x

q

[n℄ - e

q

[n℄ (7.12)

and substitution for u[n℄ in equation 7.9 gives

x

q

[n℄ - e

q

[n℄ = x[n℄ - e

q

[n℄ ? h[i℄ (7.13)

= x[n℄ -

+1

X

i=-1

h[i℄ e

q

[n- i℄: (7.14)
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For the system to be realisable we require that

h[i℄ = 0; i 6 0 (7.15)

and hen
e

x

q

[n℄ - e

q

[n℄ = x[n℄ -

+1

X

i=1

h[i℄ e

q

[n- i℄: (7.16)

We may re-arrange this further to give the system output signal

x

q

[n℄ = x[n℄ + e

q

[n℄ -

1

X

i=1

h

i

e

q

[n- i℄ (7.17)

= x[n℄ +

1

X

i=0

h

0

i

e

q

[n- i℄ (7.18)

where

h

0

[i℄ =

8

>

>

>

<

>

>

>

:

0; i < 0

1; i = 0

-h

i

; i > 0

(7.19)

The �lter h

0

has the z-domain transfer fun
tion

h

0

[i℄�

z

1-H(z) (7.20)

where

h[i℄�

z

H(z) (7.21)

is the a
tual �lter implemented in the system.

The quantisation error that appears in the output signal (equation 7.18) is �l-

tered by the fun
tion (1 - H(z)). Hen
e the power spe
tral density of the noise


omponent of the output signal is no longer white, but has been shaped by the

noise-shaping fun
tion (1-H(z)) su
h that

S

ee

(!) =

�

�

1-H(e

-j!T

)

�

�

2

�

2

e

q

: (7.22)

The �lter H(z) is frequently (but not ne
essarily) 
hosen to be the FIR �lter

H(z) =

P

h

X

i=1

h[i℄ z

-i

: (7.23)
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The summation starts from i = 1 for realisability as dis
ussed above. In this 
ase

the e�e
tive noise-shaping fun
tion be
omes

1-H(z) =

P

h

X

i=0

h

0

[i℄ z

-i

: (7.24)

Note that this 
hoi
e of an FIR �lter is merely a 
onvenien
e, and not a restri
tion,

and in prin
iple noise-shaping systems with re
ursive feedba
k �lters are entirely

pra
ti
al.

There are a number of points to note regarding this noise-shaped quantiser:

� There is an impli
it term h

0

0

= 1 in the noise shaping fun
tion. As a

result, the noise shaping fun
tion (1 - H(z)) 
annot be 
hosen 
ompletely

arbitrarily.

� If H(z) itself is FIR (and is therefore un
onditionally stable) then so is the


omplete system un
onditionally stable, despite having a feedba
k path.

This is 
lear from 
onsideration of the transfer fun
tions from ea
h of X(z)

and E(z) to X

q

(z), neither of whi
h 
ontains poles.

� The system has a re
ursive nature and 
an therefore su�er from limit 
y-


les and idle tones when implemented in �nite-pre
ision arithmeti
. This

statement holds even if H(z) itself is FIR. The dither helps to alleviate this

problem [24, 67℄.

None of these points represents a signi�
ant hindran
e to the implementation

of su
h a noise shaper, and indeed this topology is used widely in many audio

appli
ations.

The total noise power P at the output of the noise-shaped quantiser is given by

P =

1

2�

Z

+�

-�

�

2

e

q

�

�

1-H(e

-j�

)

�

�

2

d�: (7.25)

It was shown above that for a system using triangular p.d.f. dither �

2

e

q

=

1

4

.

Furthermore, if an FIR �lter is 
hosen for H(z) the noise power gain may be

readily evaluated as the sum of the squares of the �lter 
oeÆ
ients [46℄, giving

the noise output power

P =

1

4

P

X

i=0

h

0

i

2

(7.26)
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where h

0

is as de�ned before.

Equation 7.26 implies a law of diminishing returns. As we try to exer
ise in-


reasing 
ontrol on the noise power spe
trum by in
reasing the length P of the

noise-shaping �lter, so the total noise power rises.

Note that 1 - H(z) should ideally be 
hosen to be a minimum-phase design, as

this gives minimum output noise power for a given noise spe
tral shape. For

example, a pair of 
onjugate minimum-phase zeros z = re

�j�

(r

2

< 1) is given by

1-H

1

(z) = 1- z

-1

2r 
os� + z

-2

r

2

(7.27)

and the same amplitude response is given by the non-minimum-phase �lter

1-H

2

(z) = 1- z

-1

2

1

r


os � + z

-2

�

1

r

�

2

: (7.28)

For r

2

< 1 it is 
lear that equation 7.26 will evaluate to a greater noise power

total for the non-minimum-phase �lter (equation 7.28) than for the minimum-

phase �lter (equation 7.27).

This does not ne
essarily imply that H(z) itself will be a minimum-phase �lter.

In our se
ond-order example the zero of H

1

(z) is at z =

r

2 
os�

, whi
h is not


onstrained to be within the unit 
ir
le.

7.2 Model-Based Quantisation

We 
an tailor the noise-shaping fun
tion adaptively in a

ordan
e with the signal

we are quantising. This makes the noise-shaping �lter H(z) some (non-trivial)

fun
tion of the signal samples x[n℄, and hen
e 
an alter the shape of the quanti-

sation noise spe
trum depending on the signal 
ontent.

If we have a model for the signal the we may base the �lter upon the parameters of

that model. The arrangement is shown diagrammati
ally in �gure 7.3. We term

this new extension to the noise-shaped quantiser \model-based quantisation".

Possibilities in
lude the use of AR or ARMA model �lters as the feedba
k �lter

H(z). Either the forward or the inverse forms of the �lters may be used, provided

that the system remains 
ausal and stable. In an adaptive system it is parti
ularly

attra
tive to use the FIR form for H(z) sin
e, as noted above, it guarantees that

the system will be stable. It is also important to remember that it is desirable
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that the noise-shaping fun
tion (and not the �lter itself) be minimum-phase, as

this minimises the noise ampli�
ation of the system.

The model-based quantiser is not inherently limited in appli
ation to audio sig-

nals, but for illustration two audio appli
ations based on the AR model are shown

in the following se
tions.

7.3 Quantisation of Narrowband Signals

Many audio signals are relatively narrow-band 
ompared with the Nyquist band-

width for the sample rate being used. The �rst appli
ation of the model-based

quantiser is to manipulate the quantisation noise adaptively a

ording to the sig-

nal 
hara
teristi
s. In parti
ular we show how the noise may be either redu
ed

in those areas of the passband whi
h are o

upied by the signal, or alternatively


on
entrated 
lose to the strong signal 
omponents.

We may wish to do either of these things in di�erent 
ir
umstan
es.

� If we have a signal whi
h we are transmitting over a 
hannel and we wish

to re
over it at the far end using some from of adaptive �lter, then the

re
overed signal will be improved if we 
an redu
e the noise power in the

passband of the �lter. This 
an be a

omplished by pushing the noise away

from the signal 
omponents using the model-based quantiser.

� In quantising an audio signal we may wish to exploit the phenomenon of

tonal masking [73℄ to hide the quantisation noise. Perhaps this may be

a

omplished by using the model-based quantiser to move the noise 
lose

to the tonal 
omponents of the signal.

If the signal may be modelled as auto-regressive then the AR parameters form

the basis of �lters H(z) whi
h, in
orporated in the model-based quantiser, will

perform either of these fun
tions.

7.3.1 Dynami
 Range Enhan
ement

Let us suppose that we have an AR signal

x[n℄ = e[n℄ +

P

a

X

i=1

a

i

x[n- i℄ (7.29)
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and that we wish to quantise the samples x[n℄. If we use the noise-shaped quan-

tiser of �gure 7.2 then the quantised signal is given via equation 7.18 as

x[n℄ = e[n℄ +

P

a

X

i=1

a

i

x[n - i℄ +

P

h

X

i=0

h

0

i

e

q

[n- i℄ (7.30)

where addition of e

q

[n℄ represents the noise added by the dithered quantiser, and

h

0

i

�

z

1-H(z) is the noise-shaper impulse response as previously de�ned.

It was shown above that the power spe
tral density (p.s.d.) at the system output


omprises the signal, given by

S

xx

(!) = �

2

e

�

�

�

�

�

1

1-

P

P

a

i=1

a

i

e

-j!iT

�

�

�

�

�

2

(7.31)

where P

a

is the AR model order, and the noise

S

nn

(!) =

1

4

�

�

�

�

�

1-

P

h

X

i=1

h

i

e

-j!iT

�

�

�

�

�

2

; (7.32)

whi
h is dependent on the noise-shaping �lter H(z).

If we set H(z) = A(z) (and hen
e P

h

= P

a

) then the expression for the noise

p.s.d. be
omes

S

nn

(!) =

1

4

�

�

�

�

�

1-

P

a

X

i=1

a

i

e

-j!iT

�

�

�

�

�

2

(7.33)

and by substitution from equation 7.31 we obtain

S

nn

(!) =

1

4

�

2

e

S

xx

(!)

: (7.34)

We have su

eeded in moving the quantisation noise away from parts of the spe
-

trum o

upied by the signal sin
e there is now a re
ipro
al relationship between

the signal p.s.d. S

xx

(!) and the quantisation noise p.s.d. S

nn

(!).

The relationship between the signal and noise spe
tra is illustrated in �gure 7.4.

The upper graph shows the power spe
trum of a two-tone test signal quantised

using a straightforward dithered quantiser. The noise 
oor is 
at, and shows

no distortion spuriae. The lower graph shows the output of the model-based

quantiser, whi
h is set to the same stepsize. Noti
e that the quantisation noise

has been moved away from the area of the spe
trum o

upied by the signal.
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H(z)

FilterModel
Signal Calc

Q
x[n] u[n] x  [n]q

d[n]

Figure 7.3: Model-based Quantiser
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Figure 7.4: Model-based Quantisation of a Narrowband Signal
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The total noise power P in the resultant signal may be 
al
ulated from equation

7.26 and is given by

P =

1

4

 

1+

P

X

i=1

a

2

i

!

: (7.35)

Assuming the model parameters a = [a

1

� � �a

P

℄

T

are estimated by the 
orrelation

method des
ribed in se
tion 2.4 then this noise power may be expressed in terms

of the signal auto
orrelation

P =

1

4

�

1+ a

T

a

�

(7.36)

=

1

4

�

1+ r

T

R

-T

R

-1

r

�

(7.37)

where R and r are de�ned in se
tion 2.4.2, and R

-T

denotes the inverse transpose

of matrix R.

It was noted in se
tion 2.4 that the auto
orrelation method is guaranteed to

generate a stable AR model. This is equivalent to the property that the noise-

shaping fun
tion in the model-based quantiser be minimum phase, sin
e poles in

the AR model are 
onverted dire
tly to zeros in the noise shaping fun
tion.

This was shown in se
tion 7.1.2 to be a desirable feature, sin
e it guarantees

minimum output noise power for a given noise 
oor shape. Thus this model-

based quantiser is guaranteed to give the optimum noise-shaping �lter for the

noise p.s.d. it generates.

7.3.2 Tonal Masking

In order to make the quantisation noise appear 
lose to the tonal 
omponents of

the signal we 
an arrange that the noise has the same spe
tral shape as the AR

spe
trum of the signal. In order to a
hieve this we require that the noise-shaping

fun
tion is equal to the transfer fun
tion of the model �lter

1-H(z) =

1

1-A(z)

: (7.38)

Some manipulation determines that the �lter H(z) is then given by

H(z) =

-A(z)

1-A(z)

: (7.39)

Note that although this �lter is not FIR, it is stable (if the model from whi
h it is

derived is stable), and that the noise-shaping fun
tion 1-H(z) is minimum-phase,
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as was noted above to be a desirable feature. The 
lose relationship between the

numerator and denominator polynomials gives an eÆ
ient �lter stru
ture whi
h

requires just P+ 2 MAC

3

operations.

In
orporation of this �lter in the quantiser yields results shown in �gure 7.5.

The upper part of the �gure shows the spe
trum of a two-tone signal whi
h has

been quantised using a 
onventional dithered quantiser. The lower part shows

the spe
trum at the output of the model-based quantiser, and it is 
lear that

the quantisation noise has been 
on
entrated near the signal 
omponents, and

redu
ed elsewhere.
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Figure 7.5: Model-based Quantisation of a Narrowband Signal

3

One Multiply-A

umulate operation 
al
ulates a  a + b � 
. This fun
tion is typi
ally

provided as a single DSP instru
tion.
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The output noise p.s.d. is given by

S

nn

(!) =

1

4

�

�

�

�

�

1

1-

P

P

a

i=1

a

i

e

-j!iT

�

�

�

�

�

2

(7.40)

whi
h may be 
ompared with the signal p.s.d.
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: (7.41)

The signal to noise ratio SNR

M

at the output of the model-based quantiser is

therefore given by

SNR

M

=

S

xx

S

nn

(7.42)

= 4�

2

e

(7.43)

whi
h is independent of the signal spe
trum shape. Note that the model predi
-

tion error energy �

2

e

appears in this expression.

In some situations the e�e
t of auditory masking results in the model-quantised

signal sounding \
leaner" than the other, despite having a poorer signal to noise

ratio. It has been found in many 
ases, however, that the in
reased noise power

undoes the bene�
ial e�e
t of the tonal masking. The noise power at lower

frequen
ies than the signal peak is thought to be more audible than the noise

slightly higher in frequen
y, sin
e the masking e�e
t of a tonal signal is greater

at frequen
ies higher than the tone than at frequen
ies lower than the tone [73℄.

Furthermore, the output SNR is degraded as �

2

e

be
omes smaller (that is, as the

model be
omes a better des
ription of the signal). This in some ways implies

that this is a poor algorithm, sin
e as the model be
omes a better predi
tor of

the data, so the auditory performan
e of the algorithm is degraded.

A possible 
ounter these problems would be to arti�
ially degrade the resonan
es

of the AR model. By redu
ing the gain and Q of the model resonan
es the

noise-shaping e�e
t will be redu
ed in magnitude but without altering the 
entre

frequen
ies of the peaks. The obvious method to a

omplish this end is to solve

the pole poynomial 1-A(z) = 0, and move ea
h of the 
onjugate pole-pairs away

from the unit 
ir
le. This is, however, 
omputationally expensive for non-trivial

model orders.

These issues do not di
tate that the model-based quantiser has no appli
ation

in this area, but do suggest that the parti
ular �lter we have examined, while

sometimes useful, is not generally suitable.
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7.3.3 Audio Demonstration

The a

ompanying CD 
ontains an audio demonstration of these appli
ations,

but it should be noted that the te
hnique is not inherently appli
able only to

audio signals.

Tra
ks

13

{

15

demonstrate the quantisation of a narrowband signal using the

model-based quantiser. Tra
k

13

serves as a referen
e, and 
onsists of two tones.

The �rst is at a 
onstant 1 kHz, while the se
ond rises in steps from approximately

100 Hz to a little over 3 kHz. Both de
ay gradually in amplitude.

Tra
k

14

is this same signal quantised to an e�e
tive resolution of 8 bits using

the 
onventional dithered quantiser of �gure 7.1. The signal to noise ratio of

the resulting tones de
ays from approximately 35 dB to -15 dB as they de
ay.

Noti
e that the noise 
oor remains absolutely 
onstant in per
eived 
olour and

level. The tones be
ome almost inaudible at the end as they are masked by the

quantisation noise.

Tra
k

15

is the two-tone signal quantised to the same resolution using the model-

based quantiser of �gure 7.3 with H(z) = A(z). At the start the low-frequen
y

noise is audibly attenuated, 
ompared with tra
k

14

, and the 
olour 
hanges

as the frequen
ies of the tones vary. Noti
e also that the tones are more easily

per
eptible at the end of tra
k

15

than at the end of

14

due to the shaping of

the noise 
oor away from the tonal 
omponents of the signal.

Tra
k

16

demonstrates the 
on
entration of noise near the signal 
omponents.

The quantisation noise is audibly highly 
oloured, and its spe
trum varies with

the signal spe
trum. It is highly audible due to the fa
t that the noise shaping

�lter is overly aggressive as dis
ussed above.

7.4 An Enhan
ed Linear Predi
tion Coder

Linear Predi
tion (LP) Coding is based on the fa
t that for many signals, su
h

as spee
h and musi
, ea
h signal sample may be predi
ted, with some degree of

a

ura
y, as the linear sum of P previous signal samples.

The predi
tion weights are 
al
ulated adaptively, on a blo
k-by-blo
k basis, in the


oder so as to minimise the predi
tion error energy over the 
urrent �nite blo
k

of samples. The predi
tion error samples are quantised to a shorter wordlength

than was the original signal. These quantised error samples plus the 
al
ulated
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weights for the blo
k are then transmitted to the de
oder.

The de
oder re
onstru
ts the original signal by �ltering the quantised error sam-

ples with a re
onstru
tion �lter formed from the LP 
oeÆ
ients. The system is

shown as a blo
k diagram in �gure 7.6.

A(z)

Signal
Model

Q
A(z)

s x  [n]d

Model Coefficients a i

w  [n]qx[n] e[n] w[n]

Scale Factor s

Scale

CODER DECODER

Figure 7.6: Linear Predi
tion CODEC system

Quantisation of the error sequen
e introdu
es quantisation noise and results in

imperfe
t re
onstru
tion of the 
oded signal. The enhan
ement to the basi
 LP


oder presented here uses the model-based quantiser to whiten and redu
e the

amplitude of the errors in the re
onstru
ted signal from this simple CODEC

4

system.

We ignore for the present dis
ussion two fa
tors whi
h a�e
t the overall system

performan
e:

� The linear predi
tion 
oeÆ
ients will be 
al
ulated in the 
oder in (typi-


ally) a 32 or 64 bit 
oating point format. In a spe
i�
 CODEC imple-

mentation, however, they may be transmitted at a lower pre
ision. Sin
e

the overhead of transmitting these 
oeÆ
ients is small in the system we

des
ribe we ignore the e�e
t of this quantisation of the 
oeÆ
ients.

� The a
tion of the model-based quantiser slightly in
reases the amplitude

of the error signal w. Therefore the s
ale fa
tor s will have to be smaller

for the system using the model-based quantiser than for the basi
 system.

The noise 
oor of the de
oded signal is raised slightly, but this e�e
t is very

small (typi
ally less than 1 dB).

4

The 
ombination of a \COder" and \DECoder" is frequently referred to as a \CODEC".
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The system analysis is largely una�e
ted by these simpli�
ations, but an imple-

mentation of this system would, of 
ourse, require that attention be paid to both

of these details.

7.4.1 Analysis of the LP CODEC

Suppose the signal we wish to 
ode may be modelled as the auto-regressive signal

x[n℄ = sw[n℄ +

P

a

X

i=1

a

i

x[n - i℄ (7.44)

where w[n℄ is a white ex
itation sequen
e. The fa
tor s is 
hosen for a given blo
k

of data su
h that w[n℄ is s
aled suitably for the quantiser, as shown in �gure 7.6.

From the de�nition of the AR model the optimal LP 
oeÆ
ients whi
h minimise

the predi
tion error are the model 
oeÆ
ients a

i

, and thus the predi
tion error

signal is identi
al to the ex
itation sequen
e e[n℄ = sw[n℄ for this AR signal.

Quantisation of the white error signal may be modelled by the addition of un
or-

related white noise e

q

[n℄, of varian
e �

2

e

q

=

1

12

. Note that we 
hoose not to use

dither in this appli
ation; the signal being quantised is approximately white, and

so the quantisation will itself add white noise without the use of dither. Thus the

transmitted error sequen
e

w

q

[n℄ = w[n℄ + e

q

[n℄ (7.45)

is the sum of the s
aled white ex
itation signal w and the white quantisation

noise e

q

.

At the de
oder the quantised error sequen
e is applied to the re
onstru
tion �lter.

The de
oded signal is therefore given by

x

d

[n℄ = sw

q

[n℄ +

P

a

X

i=1

a

i

x

d

[n- i℄ (7.46)

= s (e

q

[n℄ +w[n℄) +

P

a

X

i=1

a

i

x

d

[n- i℄ (7.47)

= x[n℄ + s e

q

[n℄ +

P

a

X

i=1

a

i

x

d

[n- i℄ (7.48)

and the error in the de
oded signal is

x

d

[n℄ - x[n℄ = s e

q

[n℄ +

P

a

X

i=1

a

i

x

d

[n- i℄: (7.49)
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Noti
e that the white quantisation noise e

q

is �ltered by the re
onstru
tion �lter

su
h that the resulting re
onstru
tion error x

d

- x has the same power spe
tral

shape as the original signal x.

The noise power P

Q

of the de
oded signal is given by

P

Q

=

�

2

e

q

s

2

2�

Z

�

-�

�

�

�

�

�

1

1+

P

P

i=1

a

i

e

-j�

�

�

�

�

�

2

d� (7.50)

where �

2

e

q

=

1

12

, and the signal to noise ratio at the de
oder output is given by

SNR

Q

=

�

2

x

P

Q

: (7.51)

7.4.2 Appli
ation of Model-based Quantisation

Many s
hemes have been put forward to improve the performan
e of this basi


CODEC ([58℄). The new enhan
ement presented here repla
es the quantiser in

the LP 
oder with the model-based quantiser of �gure 7.3. On
e again we 
hoose

the �lter H(z) = A(z) for the quantiser. Note that we have made no 
hange to

the de
oder, as may be seen from �gure 7.6.

The error signal transmitted by the 
oder, whi
h now in
orporates the model-

based quantiser, is given by

w

q

[n℄ = w[n℄ +

P

a

X

i=0

a

0

i

e

q

[n- i℄ (7.52)

where a

0

0

= 1 and a

0

i

= -a

i

, 1 6 i 6 P

a

.

By 
omparison with equation 7.45 it 
an be seen that the quantisation error


omponent of the transmitted error sequen
e w

q

is no longer white, but rather

has been shaped by a fun
tion of the signal model. Note that in
orporation of the

noise-shaper into the 
oder is eÆ
ient, requiring approximately P+ 1 additional

MAC operations per sample to apply the �lter itself; the �lter 
oeÆ
ients have

already been 
al
ulated as a part of the original 
oder.

The de
oder is un
hanged, and thus the de
oded signal, as before, is obtained by

applying the quantised ex
itation to the re
onstru
tion �lter formed from the LP


oeÆ
ients, and is therefore given by

x

d

[n℄ = sw

q

[n℄ +

P

a

X

i=1

a

i

x

d

[n- i℄ (7.53)



7.4. An Enhan
ed Linear Predi
tion Coder 161

The output signal may most easily be analysed by transforming into the z-domain.

It may, at �rst, seem in
orre
t to do so, owing to the sto
hasti
 nature of the

signals; however, sin
e we are pro
essing a �nite, known blo
k of data, we may

treat this observed data as a set of known 
onstants whose z-transforms are well-

de�ned.

Taking the z-transforms of equations 7.52 and 7.53 we obtain

W

q

(z) = W(z)+ E

q

(z)(1-A(z)) (7.54)

and

X

d

(z) =

sW

q

(z)

1-A(z)

(7.55)

respe
tively. EliminatingW

q

(z) gives

X

d

(z) = s

W(z)+ E

q

(z)(1-A(z))

1-A(z)

(7.56)

= X(z) + s E

q

(z)

1-A(z)

1-A(z)

(7.57)

= X(z) + s E

q

(z) (7.58)

and hen
e via the inverse z-transform

x

d

[n℄ = x[n℄ + s e

q

[n℄: (7.59)

This output signal 
omprises the desired original signal x[n℄, and the white in-

terferen
e signal s e

q

[n℄.

The output noise power and signal to noise ratio are given by

P

M

= �

2

e

q

s

2

(7.60)

SNR

M

=

�

2

x

�

2

e

q

s

2

; (7.61)

where on
e again �

2

e

q

=

1

12

. The system therefore represents an improvement of

SNR

M

SNR

Q

=

1

2�

0

�

Z

�

-�

�

�

�

�

�

1

1+

P

P

i=1

a

i

e

-j�

�

�

�

�

�

2

d�

1

A

-1

(7.62)

over the basi
 CODEC.

The model-based quantiser 
an never give worse performan
e than the basi
 quan-

tiser in this appli
ation. In the worst 
ase all the predi
tor 
oeÆ
ients a

i


ollapse

to zero, and equation 7.62 equates to unity. On
e again we note that the noise-

shaping �lter is guaranteed to be minimum-phase and hen
e is the optimum for

its asso
iated noise shape.
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7.4.3 Performan
e Tests

The performan
e improvement 
learly depends on the su

ess with whi
h the

model predi
ts the data. For resonant audio signals su
h as spee
h or musi
, the

error signal is typi
ally redu
ed by 30{60 dB and very e�e
tively whitened.

The enhan
ed CODEC was 
ompared with the simple CODEC for the syntheti


AR signal shown as the upper graph in �gure 7.7. This was 
ompressed by 4:1

in ea
h 
ase, and the de
oded signals are shown as the lower part of the same

�gure.

Both CODECs seem to have preserved the nature of the signal, but the perfor-

man
e di�eren
e be
omes very mu
h 
learer by examination of the re
onstru
tion

error, shown in �gure 7.8. The upper graph shows the error resulting from the

basi
 CODEC, while the lower shows, on the same s
ale, the error when the

model-based quantiser is substituted in the 
oder.
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Figure 7.7: AR Signal and CODEC approximation
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Figure 7.8: CODEC Signal Re
onstru
tion Error
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7.4.4 Coder Demonstration

Items

17

{

19

demonstrate the CODEC systems for high quality musi
al sour
e

material. Tra
k

17

is the referen
e, taken dire
tly from a modern digital re
ord-

ing.

Tra
ks

18

and

19

have been 
ompressed 4:1 with the basi
 and enhan
ed 
oders

respe
tively. The basi
 
oder imparts a modulation on the signal spe
tral peaks

(i.e. the strong tonal 
omponents of the signal) whi
h gives them a \warbling"

quality. This is the result of 
on
entrating the error energy 
lose to the tonal

peaks.

The enhan
ed CODEC, heard on tra
k

19

, is of an audibly higher quality. The

tonal modulation is not present, and the per
eived noise 
oor is raised little over

the original material.

7.5 Con
lusions

In this 
hapter we have shown that quantisation of signal samples introdu
es

errors whi
h 
an be made to have any desired spe
tral shape by the addition of

feedba
k around the quantiser. We have presented a new te
hnique in whi
h the

�lter in su
h a feedba
k loop is based on a signal model, and have termed systems

of this type \model-based quantisers".

Two appli
ations were illustrated. The �rst showed how the system 
an be used to

automati
ally move quantisation noise away from parts of the spe
trum o

upied

by desired signal 
omponents. This is of use pri
ipally when a signal o

upies a

small proportion of the available bandwidth.

The se
ond appli
ation showed how the model-based quantiser 
an be used to

enhan
e the performan
e of a simple Linear Predi
tion CODEC. Its in
orporation

into the 
oder results in the re
onstru
tion error being both whitened and redu
ed

in amplitude. This is a
hieved with no modi�
ation to the de
oder.



Con
lusions 8

This Dissertation has analysed a number of models for multi-
hannel au-

dio signals, and developed algorithms for estimation of their parameters. Their

appli
ation to audio restoration and 
oding algorithms has been demonstrated.

Additionally, methods for a

urately resyn
hronising a number of audio signals

have been developed.

8.1 Signal Models

Two models were 
onsidered for the 
ase where multiple observations are available

of a single underlying signal. This situation o

urs, for example, when multiple


opies of a dis
 or tape are available, or when multiple signals are extra
ted from

a single 
arrier by means of a multi-
hannel head or pi
k-up.

In the Multiply-Observed AR (MO-AR) model, a single AR signal is degraded by

a number of independent interferen
e signals to give the multiple observations.

This framework allows separation of the signal and noise statisti
s to a greater

extent than the equivalent single-
hannel model. Under the assumption of Gaus-

sianity and independen
e of the interferen
e sour
es their auto
orrelations and

spe
tra may be estimated from the observed signals. These noise spe
tra may

then be used as the basis for a signal subtra
tion or frequen
y domain Wiener

�ltering approa
h to broadband noise redu
tion.
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The se
ond model is the Ensemble-AR (E-AR) model. In this 
ase we use an

ensemble of ex
itation sour
es to drive identi
al AR �lters. The outputs of these

�lters are the multiple observations. The parameters of this model may be ef-

�
iently estimated from the observed data. This model was used to develop a

multi-
hannel system for dete
tion and removal of impulsive noise. This system

with just two 
hannels is mu
h superior to equivalent single-
hannel systems.

The Coupled-ARMA (C-ARMA) system was put forward as a possible model for

stereo audio signals. Stereo signals 
omprise two sub-signals, generally referred to

as \left" and \right", and use these to generate the auditory illusion of spatially-

separated sour
es. The C-ARMA model has a single re
ursive se
tion, and two

separate moving average se
tions. A white ex
itation signal drives the re
ursive

se
tion, and the output of this is applied to ea
h of the moving average se
tions.

The outputs of these are the left and right 
hannels of the stereo signal.

Parameter estimation for the single-
hannel ARMA model is a diÆ
ult and 
om-

putationally expensive problem. The stru
ture of the C-ARMA system allows

eÆ
ient estimation of all the parameters. Various interpolators for this for this

system were derived, and all worked well on syntheti
 data. The single-
hannel

ARMA interpolator was found to work satisfa
torily given model parameters de-

rived for the C-ARMA model. Stereo audio data appears qualitatively to �t the

C-ARMA model, but the most powerful of the interpolation algorithms, the joint

MAP interpolator, performs poorly on su
h audio data.

8.2 Syn
hronisation

It was found to be important that the various 
hannels in a multi-
hannel audio

system are a

urately aligned. A method for measuring the time-o�set between a

pair of signals and 
ompensating for it has been developed, and was demonstrated

to be e�e
tive at aligning a pair of trans
riptions from gramophone re
ords.

8.3 Appli
ations

The dissertation has been illustrated with engineering appli
ations of audio sig-

nal models. These have prin
ipally been in audio restoration and noise redu
-

tion, where the multi-
hannel methods have signi�
ant advantages over equivalent

single-
hannel methods. In parti
ular, algorithms for multi-
hannel broadband
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noise redu
tion, and multi-
hannel impulsive noise dete
tion and removal have

been demonstrated whi
h outperform their single-
hannel 
ounterparts.

In addition, a novel appli
ation of signal models was suggested, in whi
h the

behaviour of a quantiser 
an be made dependent on the modelled 
hara
teristi
s

of the signal passing through it. Two appli
ations were shown. Firstly the sys-

tem was used to manipulate the noise 
oor of a quantised narrow band signal.

Se
ondly, the system was used to enhan
e the performan
e of a simple linear

predi
tion 
oder.

8.4 Further Resear
h

8.4.1 Multi-
hannel Impulsive Noise Dete
tion/Interpolation

The impulsive noise dete
tion and removal system is essentially the multi-
hannel

extension of work done by Vaseghi, Rayner and Godsill between 1987 and 1991.

Sin
e then many advan
es have been made in the single-
hannel system (see [39℄

for and overview and bibliography), and many of these 
ould also bene�t from a

multi-
hannel approa
h.

For example, in
orporation of the time-distribution statisti
s of impulsive degra-

dation would allow it to take a

ount of the \bursty" nature of su
h noise. This

would be expe
ted to yield greater robustness in the determination of exa
tly

whi
h samples are 
orrupt, parti
ularly if in
orporated in a Bayesian dete
-

tion/interpolation s
heme su
h as that presented in [39℄.

8.4.2 Statisti
al Signal Pro
essing

There has been, with the in
reasing availability of 
omputational power, an up-

surge of interest in statisti
al sampling methods [34℄. Su
h methods enable inves-

tigation of probability density fun
tions whi
h are intra
table to analyti
 solution.

The parameter estimation problem for the MO-AR model was found to be a


ompli
ated p.d.f., but whose solution may well yield to a sampling approa
h.

This would, in turn, allow the development of a model-based broadband noise

redu
tion system based on that model.

Sampling te
hniques also fa
ilitate the exploration of p.d.f's whi
h are not so

analyti
ally 
onvenient as the Gaussian. As a result of this it is sometimes possible

to remove assumptions of Gaussianity, and 
loser approa
h the true distributions



8.4. Further Resear
h 168

of, for example, the impulsive noise found in many audio re
ordings.

8.4.3 General Audio Signal Resear
h

8.4.3.1 Stereo Signals

It is felt, through this resear
h, that a deeper investigation of the nature of

stereo signals would be pro�table. Stereo signals are so prevalent, yet, it seems,

little understood. Few 
urrent audio 
oding algorithms make use of inter-
hannel

redundan
y at all, 
hoosing instead to 
ode the two signals independently. Those

that do 
ode stereo signals as a single entity use primitive sums and di�eren
es of

the signals to obtain marginal in
reases in 
oding gain for the majority of signals.

Su
h an investigation might also shed light on why the C-ARMA interpolator

developed in 
hapter 6 performs poorly on audio signals.

Further to this, 
oders for multi-
hannel audio signals are be
oming more impor-

tant. Home 
inema systems of the relatively near future will require high quality

multi-
hannel audio to be delivered as part of video-on-demand and similar ser-

vi
es. At the time of writing the 
oding gain of video 
oders is very mu
h higher

than that of audio 
oders.

8.4.3.2 One-bit Signals

An interesting area, but one whi
h I feel is likely to remain something of a ni
he in

terms of the audio industry at large, is the 
oding and pro
essing of one-bit PCM

audio signals. Most of the analogue to digital and digital to analogue 
onvert-

ers used for digital audio are sigma-delta modulators whi
h naturally produ
e

a highly-oversampled single-bit representation of the audio. The high level of

quantisation noise asso
iated with a one-bit PCM signal is noise-shaped out of

the audio passband by feedba
k around the quantiser.

The possibility of pro
essing and 
oding this bit-stream dire
tly is interesting,

as it eliminates the need for the de
imation and oversampling �lters that are

otherwise required for 
onversion to and from baseband PCM. A system that 
an

mix a number of su
h signals, and apply some audio-band equalisation to them

has been demonstrated by Sony Corporation. More 
omplex pro
essing of the

signals represents a severe intelle
tual 
hallenge.
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Demonstration CD A

The Demonstration CD a

ompanying this dissertation illustrates many of

the te
hniques and algorithms presented in the text. The following is a listing

and brief des
ription of ea
h tra
k, with details of the sour
e material where

these are known. For full details of ea
h tra
k, and the phenomena whi
h ea
h

demonstrates, the reader is referred to the main text.

The assistan
e of Mr E Kendall in resear
hing the sour
e material and making

the trans
riptions for items

1

{

4

,

7

,

9

and

10

is gratefully a
knowledged.

Item

17

is 
opyright





1997 of the Classi
al Re
ording Company, and is repro-

du
ed with permission.

The CD is not in
luded with this 
opy of the dissertation; please refer to the Signal

Pro
essing Group website (http://www-sigpro
.eng.
am.a
.uk) for further details.
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Tra
k Se
. Details Des
ription

1 2

3 4

3.4.1 QHCF, Minor Swing,

OLA 1990-1 (1937)

Two-
hannel trans
riptions of four 
opies of a

single pressing.

5

Eight-
hannel restoration of

1

{

4

using

spe
tral subtra
tion.

6

Eight-
hannel restoration using marginalised

p.d.f.

7

4.5.5 It don't mean a thing,

St�ephane Grappelli,

Polydor 2083 HPP

(1935)

Monophoni
 dis
 showing independent

impulsive noise in the two 
hannels of this

trans
ription.

8 7

restored using two-
hannel impulsive noise

dete
tor and interpolator.

9 10

6.2.1 Intermezzo from

Symphony No. 10,

Mahler, SPA31

(
.1955)

Two-
hannel trans
riptions of two 
opies of a

monophoni
 LP.

11

Sum of

9

and

10

exhibits 
omb-�ltering due

time o�set.

12

Sum of

9

and

10

after resyn
hronisation.

13

7.3.3 Syntheti
 Narrowband two-tone test signal.

14 13

quantised 
onventionally.

15 13

quantised with model-based quantiser,

moving quantisation noise away from spe
tral

peaks.

16 13

quantised with model-based quantiser,

moving quantisation noise towards spe
tral

peaks.

17

7.4.4 Hodie Christus Natus

Est, Rihards Dubra,

CRC701-2 (1997)

High quality stereophoni
 test material

18 17


ompressed approx. 4:1 using 
onventional

LPC.

19 17


ompressed approx. 4:1 using enhan
ed

LPC.



Correlation Cal
ulations B

It is well known that the auto-
orrelation of a random signal and its power

spe
tral density are related by the Fourier transform. Similarly the 
ross-spe
tr-

um of a pair of signals is the Fourier transform of their 
ross-
orrelation. Thus,


orrelation fun
tions for disr
ete-time signals may be eÆ
iently estimated via the

Fast Fourier Transform (FFT) algorithm. The method is outlined here, as details

of the implementation are s
ar
e in the literature.

The dis
rete 
ross-
orrelation of a pair of random signals x[n℄ and y[n℄ is given

by

R

xy

[�℄ = lim

N!1

1

N

N

2

-1

X

n=-

N

2

x[n℄ y[n- �℄ (B.1)

where � is the lag.

We des
ribe here one spe
i�
, straightforward algorithm whi
h 
al
ulates the

fun
tion

R

xy

[�℄ =

1

N

N

2

-1

X

n=-

N

2

x[n℄ y[n- �℄; -N < � < N (B.2)

as an approximation to the true 
ross-
orrelation, where x[n℄ and y[n℄ are both

zero outside the range -

N

2

6 n <

N

2

.
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The method may be trivially adapted to 
al
ulation of the auto-
orrelation fun
-

tion by the substitution y[n℄ = x[n℄. It should be noted that R

xy

[�℄ is zero outside

the range -N < � < N.

B.1 EÆ
ient Estimation of the Cross-
orrelation Fun
tion

We start by generating zero-padded signals x

0

[n℄ and y

0

[n℄, ea
h of length 2N, by

adding

N

2

zeros at ea
h end of ea
h of x and y. These padded sequen
es therefore

begin at index n = -N and end at index n = N- 1.

Let X[k℄ and Y[k℄ be the Dis
rete Fourier Transforms (evaluated via the FFT) of

these padded sequen
es, given by

X[k℄ =

N-1

X

m=-N

x

0

[m℄ exp

�

-j2�mk

2N

�

(B.3)

Y[k℄ =

N-1

X

n=-N

y

0

[n℄ exp

�

-j2�nk

2N

�

(B.4)

for -N 6 k 6 N- 1.

The produ
t S

xy

[k℄ = X

�

[k℄Y[k℄ is known as the 
ross-spe
trum. Taking the

inverse FFT of this produ
t we obtain

1

2N

N-1

X

k=-N

"

N-1

X

m=-N

x

0

[m℄ exp

�

j�mk

N

�

N-1

X

n=-N

y

0

[n℄ exp

�

-j�nk

N

�

#

exp

�

j�k�

N

�

(B.5)

whi
h 
an be rearranged

1

2N

N-1

X

m=-N

N-1

X

n=-N

"

x

0

[m℄ y

0

[n℄

N-1

X

k=-N

exp

�

-j�k

N

(�+m - n)

�

#

(B.6)

by swapping the order of the summations.

By orthogonality, the 
omplex exponential in equation B.6 sums to zero ex
ept

when � +m - n = 2pN for integer p. Thus multiplying expression B.6 by two

we obtain

1

N

N-1

X

m=-N

N-1

X

n=-N

x

0

[m℄ y

0

[n℄ Æ [(� +m- n) Æ 2N℄ (B.7)

where Æ denotes the modulo operator.
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The dis
rete delta fun
tion Æ(�) sele
ts only the summation terms for whi
h � =

(n - m) Æ 2N. Thus expression B.7 for -N 6 � < N evaluates identi
ally to

expression B.2.

B.1.0.3 Summary

The 
ross-
orrelation fun
tion 
al
ulation may be summarised as follows:

� zero-pad the sequen
es x[n℄, y[n℄ to length 2N,

� 
al
ulate the FFT of both sequen
es, X[k℄, Y[k℄,

� 
al
ulate the produ
t S

xy

(k) = X

�

[k℄Y[k℄,

� take the IFFT of S

xy

and divide by 2to give R

xy

[�℄.

Beware that there is little 
onsensus as to the indexing asso
iated with FFT

algorithms; for an N-point FFT, some sour
es assume 0 6 n < N, whereas

others take -

N

2

6 n <

N

2

as we have done here.

Partial Cross-Correlation Fun
tion

Frequently we are interested only in lags 
lose to � = 0. If we require lags up to

only � = �(P-1) then there are small additional savings to be made by splitting

the data sequen
es into sub-sequen
es of P samples ea
h. The 
orrelation is then


al
ulated in terms of the 
orrelations of the sub-sequen
es, ea
h of whi
h is


al
ulated by the method above.

B.1.1 Computational Considerations

The 
omputational requirement for this algorithm splits down as follows:

� two FFTs, ea
h of length 2N,

� 2N 
omplex multipli
ations,

� one inverse FFT of length 2N.

The number of multiply-a

umulate (MAC) instru
tions required for a 2N point

(inverse) FFT is approximately 4N log

2

(2N), so the total requirement for this

algorithm is approximately N(8+ 12 log

2

(2N)) instru
tions.
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This 
ompares with approximately N

2

instru
tions for dire
t evaluation of equa-

tion B.2. The exa
t data set size at whi
h the FFT-based method be
omes more

eÆ
ient than dire
t 
al
ulation depends on the detail of the DSP ar
hite
ture

and instru
tion set.

Solution of the inequality based purely on the arithmeti
 
al
ulations suggests

that it is bene�
ial to use the FFT-based algorithm for N > 128.



Integrals and the Gaussian PDF C

The Gaussian p.d.f. for a real ve
tor u is given by

p

u

(u) =

1

(2�)

N=2

jR

u

j

1=2

exp

�

-

(u-m

u

)

T

R

-1

u

(u-m

u

)

2

�

(C.1)

where u is of length N, with mean m

u

and 
ovarian
e matrix R

u

.

Integrals of the form

I =

Z

R

N

exp

�

-

1

2

�

x

T

A

T

Ax+ s

T

x+ d

�

�

dx (C.2)

appear at a number of pla
es in the dissertation. The in�nitessimal volume

element dx is interpretted as

dx =

N

Y

n=1

dx

n

(C.3)

and the integration is performed over the in�nite N-dimensional real spa
e R

N

.

In other words the symbol

R

R

N

is interpretted as

Z

1

-1

� � �

Z

1

-1

The result

I =

 

(2�)

N

jA

T

Aj

!

1

2

exp

�

-

1

2

�

d-

s

T

(A

T

A)

-1

s

4

��

(C.4)
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may be derived by 
ompleting the square

x

T

A

T

Ax + s

T

x + d = (x-m

x

)

T

A

T

A(x-m

x

) + k (C.5)

where

k =

�

d -

s

T

(A

T

A)

-1

s

4

�

(C.6)

m

x

= -

(A

T

A)

-1

s

2

: (C.7)

We may now rewrite the integral as

I =

Z

R

N

exp

�

-

1

2

�

(x-m

x

)

T

A

T

A(x-m

x

) + K

�

�

dx (C.8)

= exp

�

-

1

2

K

�

Z

R

N

exp

�

-

(x -m

x

)

T

A

T

A(x-m

x

)

2

�

dx: (C.9)

By 
omparison with the Gaussian p.d.f. (equation C.1) whi
h has unit volume

we may determine that

I =

 

(2�)

N

jA

T

Aj

!

1

2

exp

�

-

1

2

�

d-

s

T

(A

T

A)

-1

s

4

��

(C.10)



MO-AR Model Error Varian
es D

In this appendix we derive the results quoted in 
hapter 3 
on
erning the ex-

pe
ted errors asso
iated with various signal estimates.

D.1 Weighted Estimate Error Power

The weighted signal estimate for the multiple additive noise sour
e model was

given as

^

u

x

[n℄ =

 

Q

X

q=1

1

�

2

n

q

!

-1

Q

X

q=1

x

q

[n℄

�

2

n

q

: (D.1)

Substituting x

q

[n℄ = u[n℄ + n

q

[n℄ and

K =

Q

X

q=1

1

�

2

n

q

and dropping the time index [n℄ for 
larity gives

^

u

x

=

1

K

Q

X

q=1

u+ n

q

�

2

n

q

: (D.2)
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The error power is given by

E

�

(u-

^

u

x

)

2

�

= E

2

4

 

u-

1

K

Q

X

q=1

u + n

q

�

2

n

q

!

2

3

5

(D.3)

=

1

K

2

E

2

4

 

Ku-

Q

X

q=1

u+ n

q

�

2

n

q

!

2

3

5

(D.4)

=

1

K

2

E

2

4

 

Ku- u

Q

X

q=1

1

�

2

n

q

-

Q

X

q=1

n

q

�

2

n

q

!

2

3

5

(D.5)

=

1

K

2

E

2

4

 

Ku- Ku-

Q

X
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n

q
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2

n

q

!

2
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(D.6)

=

1

K

2

E

"

Q

X

q

1

=1

n

q

1

�

2

n

q

1

Q

X

q

2

=1

n

q

2

�

2

n

q

2

#

(D.7)

The expe
tation of every produ
t term is zero, ex
ept for those where q

1

= q

2

;

we may therefore write

E

�

(u-

^

u

x

)

2

�

=

1

K

2

Q

X

q=1

E

"

n

2

q

�

4

n

q

#

(D.8)

=

1

K

2

Q

X

q=1

�

2

n

q

�

4

n

q

(D.9)

=

1

K

2

K (D.10)

=

 

Q

X

q=1

1

�

2

n

q

!

-1

(D.11)

as quoted in equation 3.23.

D.2 Unweighted Estimate Error Power

The unweighted signal estimate

�

x[n℄ is given by

�

x[n℄ =

1

Q

Q

X

q=1

x

q

[n℄ (D.12)
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Dropping the time index, and substituting x

q

= u+n

q

gives the estimation error

power

E

h

(u-

�

x)

2

i

= E

2

4

 

u-

1

Q

Q

X

q=1

(u+ n

q

)

!

2

3

5

(D.13)

= E

2
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(D.14)

=
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Q

2

E
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Q

X

q

1
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n

q
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! 

Q

X
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!#

(D.15)

=

1

Q

2

Q

X
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E

�

n

2

q

�

(D.16)

=

1

Q

2

Q

X

q=1

�

2

n

q

(D.17)

as quoted in equation 3.26.

D.3 Comparison of weighted and unweighted signal estimates

We wish to prove that

10 log

10

 

�

2

u

Q

X

q=1

1

�

2

n

q

!

> 10 log

10

0

�

�

2

u
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Q

2

Q
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q

!
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1
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(D.18)

as was asserted in equation 3.28. In order to do this it will be adequate to show

that the noise powers observe the relationship

E

h

(u-

�

x)

2

i

> E

h

(u-

^

u

x

)

2

i

(D.19)

sin
e the signal power in ea
h 
ase is identi
al.

Rewriting the expe
tations as a ratio gives

E

h

(u -

�

x)

2

i

E

h
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=
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Sin
e

a

b

+

b

a

> 2 we may write

E

h

(u-

�

x)

2

i

E

h

(u-

^

u

x

)

2

i
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(D.23)

>

Q+ 2T

(Q-1)

Q

2

(D.24)

where T

N

is the N

th

triangular number

T

N

=

N(N+ 1)

2

(D.25)

Substituting D.25 into D.24 gives

E
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>
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(D.27)

> 1 (D.28)



Least Squares and Asso
iated Algorithms E

The Total Least Squares method [42℄ provides an alternative solution for

parameter estimation problems, in whi
h the assumptions made about the errors

in the observed data di�er from those made in the ordinary least squares method.

E.1 Ordinary Least Squares Method

The least squares method provides solutions to systems of the form

Xb = d - e (E.1)

where X and d are known, and we wish to �nd b su
h that the error e

T

e is

minimised. The solution b

LS

is well-known and given by

(X

T

X)b

LS

= X

T

d (E.2)

assuming that the system is not rank-de�
ient.

E.2 Approximate Least Squares

In some 
ases the matrix X

T

X is approximately Toeplitz; that is, ea
h of the

diagonals of matrix X

T

X 
ontains elements whi
h are approximately equal. This

situation o

urs, for example, in the estimation of AR model 
oeÆ
ients.
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If an appropriate Toeplitz approximation 
an be found for X

T

X then an approxi-

mate LS solution may be found very eÆ
iently using Levinson re
ursion [61, 97℄.

E.3 Total Least Squares Method

The explanation of the TLS algorithm presented here is based on that given

by Therrien in [97℄. The prin
ipal simpli�
ation over the more general method

presented by Golub and Van Loan [42℄, is that the latter is not limited to ve
tor

b and d.

The form of equation E.1 impli
itly asso
iates the errors with ve
tor d. However,

it is often the 
ase that both X and d 
ontain measured experimental data, and

as a result that both are subje
t to observation noise. It therefore would seem

desirable to re-formulate the problem as

(X- E)b = d - e (E.3)

and to �nd a solution whi
h, in some sense, minimises both e and E. The method

of \Total Least Squares" provides one su
h solution.

Let us suppose, for the following dis
ussion, that matrix X has K rows and P


olumns, and that K > P+ 1.

Equation E.3 may be rearranged as follows

(X - E)b- d+ e = 0 (E.4)

h

(X- E) j (d- e)

i

"

b

-1

#

= 0 (E.5)

�

[

X j d

℄ - [

E j e

℄

�

"

b

-1

#

= 0 (E.6)

(M-W)

"

b

-1

#

= 0 (E.7)

where

M =

h

X j d

i

(E.8)

W =

h

E j e

i

(E.9)

Note that equation E.7 implies that the matrix (M-W) is, by de�nition, rank-

de�
ient.
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The root sum of the squares of the elements of a matrix M

kMk

F

=

 

K

X

i=1

P+1

X

j=1

M

2

i;j

!

1

2

(E.10)

is known as the Frobenius norm. It may be shown that the squared Frobenius

norm is equal to the sum of the squared singular values.

M =

P+1

X

i=1

�

i

u

i

v

T

i

(E.11)

kMk

2

F

=

P+1

X

i=1

�

2

i

(E.12)

The Total Least Squares method 
al
ulates a matrix W

0

su
h that equation

E.7 is satis�ed for some b, and su
h that the squared Frobenius norm of W

0

is

minimised.

The SVD of M is given by equation E.11 and it 
an be shown that the matrix

W

0

of smallest squared Frobenius norm that makes (M -W

0

) rank-de�
ient is

given by

W

0

= �

P+1

u

P+1

v

T

P+1

(E.13)

where �

P+1

is the smallest singular value of M.

In order to �nd the solution b

TLS

we substitute W

0

from E.13 into equation E.7

to give

�

M- �

P+1

u

P+1

v

T

P+1

�

"

b

TLS

-1

#

= 0 (E.14)

 

P

X

i=1

�

i

u

i

v

T

i

!"

b

TLS

-1

#

= 0 (E.15)

For this 
ondition to be satis�ed it is 
lear that [

b

T

TLS

j -1

℄

T

must be propor-

tional to v

P+1

, sin
e it is required by equation E.15 to be orthogonal to all of v

i

,

i = 1 � � �P. Hen
e

"

b

TLS

-1

#

= 
v

P+1

(E.16)

and by partitioning v

P+1

"

b

TLS

-1

#

= 


"

v

v

#

(E.17)
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Solving the bottom elemental equation in E.17 gives 
 = -1=v, and hen
e

b

TLS

= -

1

v

v (E.18)

There are two degenera
ies asso
iated with the TLS method.

� The TLS solution does not exist if M is rank-de�
ient.

� If the smallest singular value has multipli
ity Q > 1 then there are Q

possible solutions.

In the former 
ase it is possible that X

T

X is of full rank, in whi
h 
ase the ordinary

least squares solution given by E.2 may be used. In the latter 
ase it has been

suggested that the solution with smallest Eu
lidean norm be sele
ted [42℄.

E.4 Computational Considerations

The TLS method is 
onsiderably more 
omputationally expensive than the ordi-

nary LS method.

The 
omputation for the LS algorithm is dominated by the matrix inverse of the

P � P matrix X

T

X. This operation is order O(P

3

). If the problem is su
h that

the Toeplitz approximation may be made then an approximate LS solution may

be found in O(P

2

) operations using Levinson re
ursion [61, 77℄. For very large

Toeplitz systems there exist algorithms of order P(log(P))

2

but these are highly

memory intensive [22℄.

By 
ontrast, the TLS algorithm requires the 
al
ulation of the SVD of a (P+1)�N

matrix. For N > (P+1) this operation is order O((P+1)N

2

+N

3

) [42℄. Although

this 
ubi
 order is no worse than the LS algorithm we typi
ally have N � P in

this appli
ation, and the number of 
al
ulations required for the TLS method is

vastly greater.

Figure G.8 shows the logarithm (base 10) of the number of 
al
ulations (
ounted

using MATLAB) for ea
h of the algorithms (LS, Toeplitz approximation to LS,

TLS) for a range of typi
al problem sizes. It is 
lear from the �gure that the TLS

method requires orders of magnitude more 
omputation than LS or the Toeplitz

approximation to LS for this range of problem sizes.

Code for both the Levinson re
ursion and for the SVD are given in [77℄.



Resampling of a Sampled Signal F

In 
hapter 6 we examined methods for determining the time o�set between a pair

of signals whi
h 
onvey the same audio information, but whi
h have distorted or

degraded by independent me
hanisms. Various te
hniques were examined for the

determination of the time-axis warping fun
tion whi
h maps the time axis of one

signal to the time axis of the se
ond.

On
e the relative time axis warping fun
tion is known, one of the signals may be

aligned with the other by use of a variable time shifter, set by the o�set fun
tion

derived during the dete
tion phase. The shifter will need to be of sub-sample

a

ura
y, and as su
h may be implemented as a polyphase �lter similar to those

used for sample rate 
onversion.

We have 
hosen a polyphase �lterbank interpolator sin
e it is simple to implement,

and has adequate performan
e in this appli
ation. There are other interpolation

algorithms in use for interpolation of sampled audio signals; a useful overview is

given by Zolzer [108℄, where polynomial, Lagrange and spline interpolators are


ompared.



F.1. Filter Design 187

F.1 Filter Design

Suppose we wish to shift the signal x[n℄ by the (non-integer) number of samples

�. The dis
rete impulse response h

�

[i℄ for a pure timeshift � is given by

h

�

[i℄ = sin
(�(i- �)); -1 < i < +1 (F.1)

whi
h represents a perfe
t bandpass �lter whose amplitude response is unity

a
ross the whole Nyquist passband -

�

2

< ! <

�

2

and zero elsewhere. The shifted

signal x

�

[n℄ is given by

x

�

[n℄ =

+1

X

i=-1

h

�

[i℄ x[n - i℄: (F.2)

Note that an integer shift is a straightforward spe
ial 
ase of this �lter. For

integer � we obtain

h

�

[i℄ =

8

<

:

1; i = �

0; otherwise:

(F.3)

and this a

ords with our intuition that a shift of an integer number of samples

is a
hieved simply by re-indexing the signal samples.

We 
learly 
annot implement equation F.2 dire
tly as it requires an in�nite sum-

mation for non-integer �. The solution is to design a �lter with a �nite number

of terms whose response approximates a pure time shift.

Simply windowing the impulse response F.1 is not usually a satisfa
tory approa
h

sin
e this introdu
es a �nite transition band and signi�
ant aliasing results. It

is usually preferable to design a low-pass �lter with a 
ut-o� slightly lower than

the Nyquist bandwidth and then to window this suitably to obtain a �nite set of

�lter 
oeÆ
ients.

In order to apply an integer shift in a system whi
h uses windowed low-pass

�lters, we are required to �lter the signal with the �lter 
orresponding to � = 0.

Simple re-indexing of the signal does not have the low-pass �ltering e�e
t and

signal in
onsisten
ies 
ould result if it is not in
orporated.

The 
hoi
e of �lter length, bandwidth and window will be dependent upon the

appli
ation. The examples on the CD are of high quality musi
al re
ordings, and

for these the �lter 
uto� is 0:9

�

2

. A Hanning window was used to generate a �lter

of length 61 samples.
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Where 
omputation is at a premium, and where the signals are somewhat over-

sampled, Rossum [86℄ gives an innovative te
hnique for the design of low-order,

high-performan
e interpolation �lters. A 7-tap FIR �lter with >120 dB attenu-

ation in regions 
lose to all multiples of the sample rate is demonstrated.

F.2 EÆ
ient Implementation

The nature of this problem implies that we need to 
al
ulate a set of windowed

�lter 
oeÆ
ients for ea
h value of � that is en
ountered. We 
an, however, limit

our 
onsideration to shifts in the range -

1

2

6 � <

1

2

sin
e larger shifts may be

implemented as the superposition of an integer shift and a fra
tional shift in this

range.

It is 
omputationally expensive to 
al
ulate online the �lter 
oeÆ
ients for ea
h

value of � that may be en
ountered during the operation of a pra
ti
al system. A


onvenient solution is to 
hoose a desired time-shift resolution and pre-
al
ulate

the �lters required to meet that resolution spe
i�
ation. For example, if we wish

to be able to shift the signal with a resolution of 0.1 samples then we may pre-


al
ulate windowed �lters for � = f-0:5; -0:4 � � � ; 0:3; 0:4g samples and store

the 
oeÆ
ients in a table. It is then a simple matter to 
hoose the �lter from the

table whi
h gives the 
losest time shift to the desired value at a given instant.

For typi
al DSP 
hip ar
hite
tures and instru
tion sets it is at �lter lengths

greater than 64 or 128 samples that FFT methods are more eÆ
ient than dire
t


al
ulation. If an FFT method is 
hosen, the transforms of the �lters 
an, of


ourse, be stored in the table rather than the 
oeÆ
ients themselves.

Variable Time Shift

The 
orre
tion of varying time o�sets 
learly required that we apply a non-


onstant time shift to one of the signals. The o�sets in the present appli
ations

vary suÆ
iently slowly that signal dis
ontinuities rarely result from varying the

time shift.

In other appli
ations the shift may be be faster than this, and in this 
ase measures

must be taken to ensure that the output signal is free of audible artifa
ts. For

example, if FFT methods are employed to implement the �lters, some blo
k

overlap will help to smooth the transitions between �lters. It may also be desirable

to limit the time-shift slew rate, su
h that e�e
ts su
h as an audible pit
h shift
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annot o

ur.

Relationship to Sample Rate Conversion

Many sample rate 
onversion algorithms are based around similar resampling

methods that use a windowed low-pass �lter [20, 80℄. For a �xed, rational sample

rate ratio, the set of �lters required is �nite. These �lters are applied to the

in
oming data samples in a deterministi
 sequen
e whi
h mirrors the rotating

phase relationship between the input and output samples at their respe
tive rates.

In this appli
ation the set of stored �lters is often referred to as a polyphase

�lterbank.

The present appli
ation di�ers from this \syn
hronous" sample rate 
onverter in

that the e�e
tive instantaneous sample rate ratio is neither �xed nor ne
essarily

rational. This situation is 
lose to the \asyn
hronous" sample rate 
onversion

problem [2, 3, 108℄, whi
h ideally requires the 
al
ulation of a set of dedi
ated

�lter 
oeÆ
ients for ea
h output sample. The 
al
ulated �lter then 
orresponds

to the pre
ise instantaneous phase relationship between the input and output

samples.

Online Corre
tion

If the signal sour
es are free-running then it is diÆ
ult to apply the time-shift


orre
tion in the general 
ase be
ause there may be an average speed dis
repan
y

between them. If the referen
e is the faster of the two signals we will potentially

require in�nite memory; if the referen
e is the slower, the 
hannel to be shifted

will have passed by us before we know what timeshift to apply to it.

The problem may in both 
ases be resolved by use of a signal delay long enough to


ontain the entire signal of interest. The most pra
ti
al approa
h to implementing

this delay is to trans
ribe the signals independently and store them on a 
omputer

in separate �les. The starts may then be readily aligned to suÆ
ient a

ura
y

using an audio editor. It is then straightforward to read through ea
h �le at the

required rate; we are guaranteed by the random-a

ess nature of 
omputer �les

always to have a

ess to the required samples.

It may be possible, alternatively, to use the dete
ted time-shift to 
ontrol, via a

suitable feedba
k system, the playba
k speed of one of the sour
es. While su
h

a system would be a
ademi
ally pleasing it is not felt to be suÆ
iently pra
ti
al

for the present appli
ation to warrant further investigation here.
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tion 4.3.3)
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Figure G.2: Two-Channel E-AR Dete
tor Posterior Probabilities (se
tion 4.4.2)
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