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Summary

THIS DISSERTATION is concerned with the mathematical modelling of musical and
audio signals. The emphasis is on multi-channel signals where either more than one
copy of a single original is available for analysis, or where the signal comprises two
or more parts. The most common example of this latter class is stereo signals which
comprise a left and a right signal to create an auditory illusion of space.

Two models are analysed in which we have multiple observations of a single signal.
Both are based on the well-known auto-regressive (AR) model which has previously
been successfully deployed in many audio applications.

The first of these is the Multiply-Observed AR Model in which a single AR signal is
contaminated by a number of independent interference signals to give multiple noisy
observations of the original. It is shown that the statistics of the noise sources can
be determined given certain broad assumptions. The model is applied to the problem
of broadband noise reduction of a 78 r.p.m. record, of which a number of copies are
available.

The second model is the Ensemble-AR Model in which an ensemble of excitation sources
drive identical AR filters to give multiple observed signals. Methods for estimation of
the AR parameters from the observed data are derived. The model is applied to the
detection of impulsive noise in audio signals, and interpolation of the missing data.
The E-AR model is demonstrated to be superior to a similar single-channel approach
in both of these areas.

There is such a variety of stereo signals in existence that a very general model is needed
to encompass their whole spectrum. The Coupled-ARMA Model put forward here is
based on the ARMA model, but generates a pair of interdependent signals. Its structure



allows efficient estimation of its parameters, and various methods for this are examined.
Interpolators for Coupled-ARMA signals are derived.

For much multi-channel audio work it is necessary to ensure that the observed sig-
nals are accurately aligned with each other. Where multiple copies of a disc or tape
are under examination this is a difficult problem, since even minute time offsets and
speed fluctuations lead to effects such as time-varying comb-filtering when the signals
are summed. We examine this problem in detail, and develop a robust scheme for
resynchronising signals in a Bayesian statistical framework.

Quantisation of audio signals has received much recent research effort. The final part
of the dissertation presents a flexible model-based quantisation algorithm. The algo-
rithm is demonstrated in the quantisation of narrow-band signals, and as a powerful
enhancement to a simple linear prediction coding system.

Keywords: signal processing — digital audio — signal modelling



Notation

MATHEMATICAL notation used in this dissertation is, for the most part, highly
standard. It is as consistent as possible where this is not a hindrance to clarity.
The following table indicates the principal typographical styles:

X scalar

X column vector

x[i] or x; element 1 of x

x(t) continuous-time signal

x[n] discrete-time signal

x[nT] discrete-time signal, sample rate %
X matrix

X[i,jl or X;; element i,j of X
In addition, certain symbols are used consistently for particular entities:

X,y observed data

u, v hidden data

e, w white noise source

d, n disturbance or noise source
a, b model parameters

o? variance of a random process

N length of a vector whose index is time

P length of a model or filter parameter vector
Q number of channels in a multi-channel system

Furthermore, upper and lower cases of the same letter tend to be closely related.
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For example a matrix whose name is X will contain data related to the vector x,
and the index n may take values 1 <n < N.
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Introduction

SIGNAL MODELLING is concerned with the mathematical description of data, and
as such is a subset of the more general area of data modelling. Data modelling is
concerned with the analysis and parameterisation of data for purposes of statis-
tical description, classification, data compression, interpolation, forecasting and

SO on.

The term “signal” is used to denote a quantity which is related to a physical phe-
nomenon, such as length, luminosity or voltage, and how that quantity varies,
frequently as a function of time, but possibly as a function of some other inde-

pendent variable such as space.

A “time series” is a sequence of data samples, each being associated with a
particular instant in time. Thus, if we sample a signal at a number of instants in
time then the result is a time series which represents the variation of the physical

quantity.

The process of sampling and digitising continuously-varying quantities to form
such time series has been well understood for many decades [90, 89]. Refinements
continue to be made, particularly in sampling at non-uniform rates, and in the
quantisation of signal samples [30]. In particular the quantisation of audio signal

samples has received much recent research effort [68, 66, 31].

The field of Digital Signal Processing (DSP) has grown enormously in the last
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few decades since it has become feasible to perform complicated calculations on
these digitised data sets using general purpose computers and dedicated signal
processing systems [47]. Introductions to the practicalities of performing digital
signal processing operations on real audio data streams are given in, for example

47, 54].

Audio signal modelling is academically interesting in its own right, but is of an
additional interest in an engineering context. There are many engineering appli-
cations of signal models in areas such as data compression, restoration, synthesis,
and machine interpretation and classification of music, speech and more general

audio signals.

1.1 Scope of the Dissertation

The present dissertation is concerned with developing models for high-quality
musical signals, and illustrates these with applications. The signal to noise ratios
are high (typically 50-80 dB), and the signals may be considered to be stationary
over short time-scales of up to a few tens of milliseconds. We concentrate on
algorithms and techniques which may be implemented efficiently. It is intended
that it will be possible to implement the methods and algorithms presented here

in real-time if not currently, then in the readily foreseeable future.

The emphasis of the dissertation is on multi-channel signals, where either multiple
copies of a signal are available for analysis, or where a signal has more than one

component.

In the former category we include monophonic sources where a number of signals
can be extracted from the carrier. For example, many recording media, such
as magnetic tape and vinyl records, distribute the stored information along a
line, rather than at a point. If this line can be sampled at more than one point
then we can extract more than one signal. Such signals all contain the musical
information, but any interference from degradation or damage to the medium will
be different.

The most important class of signals in the latter category are stereo signals which
have two components, the left and the right channels. These signals use differ-
ences between the two components to generate the illusion of spatially-separated
sources. However, since the two components either originate in the same acous-

tic space, or are designed to simulate a single acoustic space, they are far from
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independent, and it is possible to exploit the correlations to advantage.

Primary applications for these multi-channel models include signal data compres-
sion and coding, the area of signal restoration and noise reduction, and signal
separation. All of these areas have seen great progress in recent years, but there
have been few attempts to use use multi-channel techniques in many of these

applications.

1.2 Dissertation Overview

Chapter 2

In chapter 2 we review that literature and previous research which is important

to a full understanding of subsequent chapters and the new work presented there.

A number of signal models that have been used in audio applications are exam-
ined, and we concentrate particularly on the Auto-Regressive, or AR model. This
model is central to a large proportion of the literature, and forms the basis of

much of the new research presented in this dissertation.

A discussion of applications and justifications for wishing to create signal models
is included. The areas of audio restoration and audio coding are covered in some
detail, being principal amongst the potential applications for new signal models

and analysis techniques.

Also provided is a brief review of sound recording techniques, concentrating par-
ticularly on the recording of stereo signals. Much of the justification for the stereo

signal model presented in chapter 5 depends upon this material.

Chapters 3 & 4

In chapters 3 and 4 we examine the case where multiple copies of a recording
are available. In recognition of the fact that we observe several single-channel
signals that convey the same musical information we term these “multiple-mono”

systems or signals.

The observed component signals all originate from the same musical information.
They may, however, have been degraded and distorted by different mechanisms,

or by more than one instance of the same mechanism.

The former case includes situations where a signal has been conveyed by multiple
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channels, each having different characteristics, to give distinct observations of that
signal. For example, a music recording may be available both as a cassette tape,
and as a vinyl LP; the source material—in this case the master from which the
LP and cassette were derived—is the same for each, but it is affected differently

by the two duplication processes and storage media.

The latter case includes signals that have been conveyed by multiple channels of
the same type. The most obvious scenario is that in which multiple copies of, for
example, an LP are available. However, in all storage media traditionally used
for musical recordings the signal information at a particular instant is spatially
distributed, and this allows multiple signals to be read from what appears to be
a single source. An simple example of this technique is by use of a stereo pickup

to replay a monophonic gramophone record.

In the case where an original, and a transcription of that original (for example,
an LP and a cassette tape copy of that LP) it may seem, at first sight, that
the copy is of no use to us, since any imperfect transcription represents a loss
of information. However, if the cassette in this example had been made some
time ago, and the LP has suffered degradation since then, then both are valuable
sources. The cassette may well suffer from more broadband noise, but it will lack

impulsive noise created by scratches made on the LP subsequent to the transfer.

The linear Auto-Regressive (AR) model has been successfully applied to many
areas of single-channel music and speech processing. Chapters 3 and 4 of the dis-
sertation present multi-input multi-output systems, based on the single-channel
AR system, which allow analysis and processing multiple-mono signals of the

types described above.

Applications in the area of audio restoration that are presented include multi-
channel broadband noise reduction, and a two-channel approach to the removal
of impulsive noise from monophonic gramophone records. In both cases signifi-
cant advantages and performance improvements are demonstrated over equivalent

single-channel methods.

Chapter 5

Stereophonic signals, which have two components fed to loudspeakers to the left
and right of the listener, represent the vast majority of the recorded music archive.
They generate a spatial illusion by presenting the left and right ears with non-

identical sound pressure waves. This enables virtual sound sources to be placed
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anywhere in the horizontal plane between the loudspeakers. Binaural recordings,
recorded or synthesised specifically for playback over headphones are successful
in placing virtual sources anywhere in three-dimensional space with respect to

the listener.

The vast majority of material recorded from around 1960 onwards has been
recorded in this format, and it is by far the most common distribution format,
being used almost exclusively for all current music distribution media, including
CD, MiniDisc and broadcast.

In chapter 5 we present a general model for stereo signals. This system, the

C-ARMA model, is shown to be effective for signal estimation and interpolation.

Chapter 6

When multiple copies of a record or tape are available it is usually necessary
to ensure that the copies are accurately synchronised with each other, before
attempting to process the signals from them together. As well as a time-origin
offset there are usually speed fluctuations associated with one or both of the

copies, such that the synchronisation of the sources becomes a dynamic problem.

Chapter 6 contains work which provides some insight into this problem, and

several algorithms which help achieve this signal synchronisation.

Chapter 7

A novel application of signal models is presented in chapter 7. Quantisation of a
signal introduces noise, and we present a model-based quantisation scheme which
automatically adapts the power spectrum of this added noise according to the
signal characteristics. This is shown to be of benefit when quantising a narrow-
band signal. A second application, where it enhances the performance of a Linear
Prediction CODEC, is also presented.

Chapter 8

The final chapter contains the conclusions drawn from the whole dissertation,

and includes suggestions of areas considered worthy of further research.
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1.3 Demonstration CD

A CD of recorded audio examples and demonstrations accompanies the disserta-
tion. This illustrates and demonstrates some of the ideas presented in the text.
The tracks on this CD are referenced in the text by their track numbers, e.g. [13]
Appendix A gives a complete track listing of the CD, and cross-references to the

main text.

The CD should be playable in any standard CD player. Although formal, con-
trolled listening tests are not included, it is necessary that the audio equipment
and listening environment be of a high quality for some of the demonstrations to

be effective.

1.4 Colour Figures

Where it is necessary for clarity for figures to be printed in colour they have been

moved to appendix G.
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Review

THE FIRST PART of this review examines previous work in the field of modelling
of time-series representations of audio signals, as distinct from other forms of time
series. A general and flexible model structure is discussed, and the well-known
autoregressive model is examined within this framework. Parameter estimation
methods are discussed, with the emphasis being on computationally efficient al-

gorithms.

The second part gives a brief introduction to music and audio signals and record-
ings. This background is important to understanding the justifications for the
models and methods presented later. In particular, the stereo signal models pre-
sented in chapter 5 exploit structure and redundancy in the stereo signal which

stems from the methods used to create such signals.

2.1 The General Signal Model

A general signal model may be specified by a structure or form, M, and a set of

P model parameters, which may be arranged into a column vector b.

This general model may be concisely represented by the vector equation
x=Tfmlbm) +e (2.1)

where x is a column vector of N observed data and f () is a vector-function of
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the model parameters bys. This model is almost universally applicable as it is
always possible to arrange the observed data and the model parameters each as

a column vector.

The model structure is implicit in the length P of the parameter vector, and the
form of function fu(+). It is usual that N > P and that the model is therefore
a compact representation of the data. This feature forms the basis of many

applications, such as coding and classification.

Vector e is interpreted variously, dependent on context and application, as mod-
elling error, observation noise, or as an innovation or excitation sequence. It is
also frequently useful to consider the function fo(ba) as a prediction of the data

vector x, and e as the error associated with this prediction.

Models that are linear in the parameters may be expressed as the linear matrix

equation
x =Fubum +e (2.2)

where F,s has dimension N xP . This linear form encompasses two specific model
types which are central to the present dissertation. Firstly, F,; may comprise a
set of constant basis vectors (for example complex exponentials), in which case
the prediction is simply a weighted sum of those vectors. Secondly, the Auto-
Regressive (AR) model may be represented in this framework, in which case both
x and F,, contain observed data. The AR model is analysed in detail in section
2.3.

Notice that the matrix F,, may contain non-linear functions of known data, such
as polynomial or trigonometric functions of the data x, without affecting the

linearity of the model with respect to its parameters b,.

Throughout the present dissertation we assume the model structure, justifying
it from physical principles, the published literature, and experience. The depen-
dence on the structure can therefore become implicit, and the subscript M will

therefore be dropped from here on for notational clarity.

The model equation may therefore be written as

1R
Il
I—h

(b) +e (2.3)
b+e

X
I
-

for the general and linear models respectively.
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Choosing the most appropriate model from a candidate set has close ties with
the problem of signal classification. The reader is referred to work by, for exam-
ple, Rajan[81, 82], Duda[23] and Akaike[5] for a deeper treatment of the model
selection problem itself, and associated measures of model “fit” such as the AIC
[5], BIC [6], MDL [84] and Bayesian evidence [82, 91].

2.2 Model Parameter Estimation

The problem of estimating the model parameters for an assumed model frequently
arises. Generally we will have a sample x of N observed data, and from these we
wish to estimate the P model parameters b for an assumed model structure. This
will be done either by minimising, in some sense, the vector e, or by determining
an estimate parameter set according to some underlying statistical model of the
data.

2.2.1 Least Squares Estimation

If we assume that the parameters b are unknown constants then the least squares
(LS) estimate brg is defined as that value of b which minimises the sum of the

squared errors £ = e'e for some observed finite-length x.

Since the LS estimate is the one which truly minimises the error energy &£, it is
particularly useful in applications which rely on the function Fb to be an accurate

prediction of x, Linear Prediction Coding (LPC) being a prime example.
2.2.1.1 General Case

We may rearrange the general model equation 2.3 as

e =x— f(b) (2.5)
and then derive the sum squared error energy £ = e'e as
£=(x—f(b) (x—f(b)). (2.6)

To obtain the LS estimate it is required to minimise £ over b. In general this will

require a complicated non-linear optimisation procedure.
2.2.1.2 Linear Case

In the linear case where f(b) = Fb equation 2.6 is quadratic in b and has a single

minimum which may be found by standard differential calculus.
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Differentiating equation 2.6 with respect to the elements of b we obtain

% = —2F"x + 2F'Fb. (2.7)

Setting this to zero and solving for b we obtain the location of the turning point

bas_g) = (F'F) "F'x (2.8)

b~
provided that the inverse exists. It can be shown that this turning point is a

global minimum for positive definite FTF and therefore that
bis = (F'F) 'F'x (2.9)
is the value of b which minimises £.

This method is used at many points throughout the dissertation (sometimes with
slight variations), and in most cases the result of this minimisation will be stated

without derivation.

2.2.2 Total Least Squares Estimation

The LS estimation procedure implicitly assumes that the function f(-) is known.
Sometimes however, it will be dependent on noisy experimental observations.
In this case, and if the model is linear, the Total Least Squares (TLS) method

provides an alternative solution.
The general linear model is rewritten
(F-BE)b=x—¢ (2.10)

where e represents the errors associated with vector x, and E the additional errors

associated with F.

The estimate byrs is that value of b which minimises the Frobenius norm!' of the

matrix [ E e |.

Appendix E describes the TLS method in detail.

2.2.3 Maximum Likelihood Estimation

The LS and TLS methods both treat the elements of the model definition 2.3 as
either known or unknown constants, and derive a model estimate as a result of

direct algebraic manipulation of the model equation.

!The Frobenius norm of a matrix A is defined as the square root of the sum of the squares
1

of its elements ||Allr = (3_; . aZ)z.

i,
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Alternatively we may treat the observed data x as a random variable with a p.d.f.,
in which case we may define the likelihood function

L(x51) = pyy(x | b) (2.11)

as the p.d.f. of the data given the true model parameters. The Maximum Like-
lihood (ML) estimate bay is defined as the value of b which maximises £(x;b).
If we know or assume statistical properties for the error vector e then it is usu-
ally possible to derive an algebraic expression for £(x;b) and frequently possible

maximise it analytically.

An important case is where we assume white Gaussian noise of variance o2 and

zero mean for pe(e). Under this condition we may write

(€)= — 1 _ee (2.12)
Pel€) = one2ynz P\ 732 '
and since e = x — f(b)

o X((zc—f(b)f(x—f(b)))

2
20%

(2.13)

It can be shown that this p.d.f. is related to the likelihood by the relationship

Pe(x —f(b)) (2.14)

where the Jacobian is defined for the transformation x = f(b) as

J(x,b) = abs (det [%—g}) (2.15)

Furthermore, if the prediction f, (b) of x, is linear in x, itself and does not
depend on future elements x; (i > n) then this Jacobian is unity or a simple scale

factor and the p.d.f. of equation 2.13 is proportional to the likelihood L(x;b).

It is often convenient to take the logarithm of 2.13, such that the “log-likelihood”
l(x;b) (assuming J = 1) is given by

(x5 b) = 5 I(2n07) — 5 (x — FO)T(x— £(B))  (216)

202 - -
which may be maximised by any of the standard methods. Since In(-) is a mono-
tonically increasing function this maximisation of the log-likelihood yields an

identical result to direct maximisation of the likelihood itself.



2.2. Model Parameter Estimation 14

2.2.3.1 Linear Case

In the linear case the maximisation is once again analytic by differentiation and

yields the result
bwe = (F'F)'F'x (2.17)

and the ML estimate is thus seen to be identical to the LS estimate for a finite

data sample, under the assumption of a white Gaussian error vector.

2.2.4 Bayesian Parameter Estimation

If we extend the statistical approach further we may treat the model parameters
b as random variables, as well as the observed data. In doing so the parameters
are assigned a joint p.d.f. pyp(b) which can reflect either a-prior: knowledge of
the parameters, or merely a degree of uncertainty about them. In the extreme
case we can assign a uniform p.d.f. which treats any parameter set as being as

likely as any other. Choice of this prior is discussed in more detail later.

Using Bayes” Rule we may express the posterior p.d.f. of the model parameters

given the observed data

(2.18)

in terms of the likelihood given by equation 2.11, and the prior py(b) which
reflects any knowledge we have of the parameters before we make the observation

x, as described above.

The final term, py(x), is known as the evidence. It is, in the present context, of
little interest as it is constant for any given observation x, and hence does not
affect the model parameter estimation problem. It does become important in

model selection and signal classification problems where it may be calculated as

Px(x) = L Pxp (x| ) db (2.19)

when required.

Having obtained the posterior distribution there are various options available for
sampling a parameter estimate from it. Two convenient estimates which have
useful mathematical properties are the minimum mean square error estimate

bmmse and the maximum a-posterior: estimate bypap.
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They correspond to taking the mean

bause :J b (b | x) db (2.20)
b
and the mode
bmap = argmax {Pox(b|x)} (2.21)

respectively, of the posterior distribution. For posterior distributions which are
symmetric about the mode (which includes the commonly-encountered Gaussian),

the two parameter estimates coincide.

2.2.4.1 Choice of Prior

The seemingly arbitrary choice of prior is the criticism most frequently aimed
at proponents of the Bayesian methodology. It is certainly true that choice of
a wildly inappropriate prior can give erroneous or misleading results. It is also,
however, amongst the most powerful features of the technique, allowing the rig-
orous and analytically tractable inclusion of even subjective prior information

about the problem.

By altering the choice of prior py(b) it is possible to influence the solution to
any desired degree. A strong prior will heavily bias the solution; conversely, as
the prior becomes flatter compared with the likelihood function, so its influence

decreases.

Two commonly-chosen priors, which possess many useful properties, are the
Gaussian and uniform distributions. The Gaussian leads to many results be-
ing analytically tractable, while providing means to influence the problem to any
desired degree by altering the mean and covariance of the distribution. The uni-
form prior p(b) = 1 treats any parameter set as being as likely as any other, and

as such imparts no influence upon the solution.

For parameters which form scale-values (for example, the variance o2 of a random
process) there are other, more appropriate priors. The Gamma distribution,
defined for o, 3 > 0 as

X

pely| e, B) = r(?o()y

(08

Texp(—By) (0<y < o) (2.22)

where I'(-) represents the Gamma function itself (see, for example, [60]) is one such

example. Appropriate choice of the parameters o« and 3 allows great flexibility



2.3. Single-Channel AR Model 16

in choosing the degree of influence of the prior. The form of this function yields
many analytic results, and in particular the marginalisation of scale parameters

with Gaussian likelihoods.

A further much-used example is the improper Jeffreys prior [51]

pily) = 1 (2.23)

It should be noted that this, like the uniform prior, is not normalised to have
a unit integral. The Jeffreys prior can be viewed as the limit of the Inverted
Gamma distribution

ch —(o+1
O

Py o B) = >exp(—§) (0<y < oo) (2.24)

as « — 0 and  — 0.

2.2.4.2 Influence of the Prior

The prior has the effect of biasing the ML parameter estimate towards the value
that would be obtained by consideration of the prior alone. The degree to which
this occurs depends upon the relative “peakiness” of the likelihood function and

prior p.d.f.

There are two important asymptotic conditions, which are independent of the
form of prior chosen for b. Firstly, as the prior tends to a uniform density (for
example, as the variance of a Gaussian prior tends to infinity), the covariance
matrix inverse Cgl — 0 and the MAP solution tends towards the ML estimate.
Secondly, as the number of data points N — oo the likelihood becomes increas-

ingly peaked and once again the solution byap — bmr.

2.3 Single-Channel AR Model

The majority of the work represented by the literature in the area of audio signal
modelling has been motivated by the desire for machine recognition, coding and
synthesis of human speech. However, much of it is applicable to more general
audio and musical signals, and in particular the Auto-Regressive (AR) model has

been successfully applied to the processing of both speech and music signals.

The AR model has close links with the technique of Linear Prediction, and models
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the signal samples as a weighted sum of past samples
P
xn] =Y axn—il+en] (2.25)
i=1

where e[n] is a white Gaussian innovations sequence.

Therrien [97] provides an in-depth analysis of the AR model, and a useful overview
is provided by Makhoul [70]. The most important and useful results concerning

the AR model and its analysis are summarised here.

The AR finite difference equation 2.25 represents a linear filter whose transfer

function is given by

T _ 1»1 . (2.26)
Alz) 1= azt

We see that the AR model represents an all-pole filter (albeit with an order P
zero at the origin). Since for the AR model the input to this filter e[n] is white,

the signal power spectral density is given by

2
Oe

P s .
1= X0 ae i

Sxx(w) =

(2.27)

where 1/T is the sample rate. The power spectrum shape is therefore determined
entirely by the AR model coefficients a;. The relative phases of the signal com-
ponents are determined by the innovations sequence e[n], and the power of the

signal (for a given set of coefficients) by its variance o2.

It is a convenient notation to write expressions such as

(2.28)

to represent the AR model but it should be borne in mind that since, for the AR

model, e[n] is a stochastic process, it is not possible to evaluate its z-transform.

2.3.1 Matrix Representation of the AR Model

The difference equation of the AR model, equation 2.25, may be written in several

matrix forms.
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2.3.1.1 Direct Form

Consider a block of N contiguous data samples, x[1 - --N]. If we assemble samples

x[P 4+ 1] to x[N] into a column vector x then we may write

[ x[P+1] | elP+ 1]
x[P] -+ x[1] arp
2 N I P e
x[N — 1] ' ' ' e[N —1]
XN x[N—=1] .- x[N —P] ap N

or in a more compact matrix notation
x=Xa+e. (2.30)

We have chosen to call this the direct form, since it is closely related to the
representation of the AR model as an IIR filter. This matrix representation of
the difference equation is seen to be identical to the linear form of the general

model, equation 2.4.

Notice that the first P data samples are contained within matrix X. If instead we
were to prepend the data with P samples x[—P + 1] - - - x[0] of value zero then we

could include all of the observed data in the extended data x' thus

Xg x[0] coe xX[-P 4+ 1] a; eg
X' x[1] - x[-P 4 2] a e'
: = : | S+ : (2.31)
x[N — 1] ' ' ' e[N —1]
XN x[N—1] -+ x[-P -+ N] ap N

or in matrix notation

X =Xa+e¢. (2.32)

We shall use the direct form in our consideration of parameter estimation tech-

niques.
2.3.1.2 Inverse Form

Alternatively we may rearrange the difference equation

P

eln] =xn] — Z aix[n —1i] (2.33)
) i=1

eMml =) djxn] (2.34)
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where ay = 1T and a} = —a;, 1 < 1 < P. In this form we have expressed the
innovations sequence as an FIR filter applied to the signal x[n]. In other words,
this arrangement of the model equation represents more closely the inverse filter

which transforms the observed signal into its associated innovations sequence.

Arranging the samples e[P + 1] to e[N] as a column vector gives the matrix

equation
[ x[1] ]
- — 1 0 0 :
elP + 1] (?P ) 1 0 P
7(:1‘ ... 7a . s .
S ! P e
: : x[P + 1]
e[N] .
0 0 —Qap —aq 1 :
| XN

%o ] . (2.36)

Both of these forms 2.30 and 2.36 will be useful throughout the dissertation.

2.4 AR Model Parameter Estimation

We now turn our attention to the problem of estimating the AR parameters a;
from the observed data x.

The covariance and correlation methods are described first. These names appear
to have been widely adopted although the terminology is somewhat slack; neither
method makes any great distinction between the covariance and autocorrelation

functions, and both are generally applied assuming data with zero mean.

2.4.1 Covariance Method

The first method for AR model parameter estimation that we shall examine is
known as the “covariance method” [70]. Application of the LS method directly
to the matrix AR equation 2.30 gives the result

ais = (X'™X) "X x. (2.37)
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The matrix product M = (X' X), whose elements are of the form

My =) xIn—ilxn—jl (2.38)

may be constructed efficiently by noting that the summation for element (i,j)
and that for element (1+1,j+ 1) share all but one of the terms in their respective
summations. Furthermore, it is a symmetric matrix My; = M;;, and only one
half of it need be calculated directly.

If we view e[n] as the error associated with the prediction of x[n] then the LS
parameter estimate has the property that, by definition, it minimises the total

prediction error energy over the block of data.

2.4.2 Correlation Method

The correlation method also begins with the matrix form of equation 2.30, and

then calculates the excitation energy

E=e' (2.39)
Tx — 2x"Xa + 2a"X"Xa. (2.40)

I
I3
1o

Il
1R

Whereas the LS method minimises £ directly, the correlation method, by contrast,

takes the expectation of this expression and minimises the expected value of £.

B[] =E [x'x — 2x"Xa + 2a"X"Xq] (2.41)
= (N —P)rw(0) — ZPIIXQ +2Pa'Rya (2.42)
where
TXX(O) Txx(” TXX(P_])
Ty (] Tyx (0 e T (P—2
TXX(P_U TXX(P_Z) TXX(O)
Tax (1)
Txx(P)
and

T (1) = Elx] xn —i]]. (2.45)



2.4. AR Model Parameter Estimation 21

Hence matrix Ry, is the auto-correlation matrix of process x[n] up to lag P — 1
and it is this that gives the algorithm its name. Note that we have assumed x to

be a stationary process and that Ry, is therefore symmetric.

Minimisation of E[£] with respect to a yields the result

(2.46)

_ p-1
dcor = RXX Ixx'

The correlation method has several important features.

If the true auto-correlation function and the model order P are known then equa-
tion 2.46 gives the true AR coefficients. As such, equation 2.46 represents a
fundamental relationship between the AR model parameters and the signal au-

tocorrelation function.

Secondly, the parameters given by equation 2.46 are guaranteed to form a stable
filter with all of its poles inside the unit circle. This property stems from the fact
that the symmetric Toeplitz matrix formed from the autocorrelation coefficients
is guaranteed to be positive definite, and this in turn implies a minimum-phase
filter. An outline of the proof is given in [97].

Finally, since matrix R is Toeplitz, equation 2.46 may be very efficiently solved by
Durbin’s method [25]. This recursive algorithm provides the parameter estimates

in O(P?) operations, compared with O(P3) for ordinary matrix inversion.

The parameter estimates obtained in any particular case are clearly dependent on
the algorithm chosen to estimate the autocorrelation. Since one of the primary
motivations for using the correlation method is its computational efficiency, it

makes sense to estimate the autocorrelation using an efficient FFT-based method.

The simplest such method calculates the function
. N
Ra(m) == > x[ilxfi—m], 0<m<N (2.47)

and uses two FFTs, each of length 2N, and an additional 2N complex multipli-

cations. Details of the method are given in appendix B.

2.4.3 Total Least Squares Method

Inspection of equation 2.30 shows that both the matrix X and the vector x contain

observed data values, and will both, therefore, be subject to observation noise.
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This is precisely the justification that was given for the use of the TLS method
in place of the ordinary LS algorithm.

The TLS method provides a parameter estimate arrs which will, in some cases, be
a better estimate of the true model than that given by the ordinary LS algorithm.
The TLS method is, however, highly computationally expensive, requiring the
calculation of the SVD of an (N — P) by (P 4 1) matrix.

Experience has shown that the TLS algorithm has a tendency to place poles on
or outside the unit circle when the data is very noisy, or when the data set is

relatively small.

2.4.4 MMaximum Likelihood Method

The likelihood L(x; a) for the AR model under the assumption of white Gaussian

excitation e[n] may be obtained by substituting terms into 2.14 to obtain

| 1 (x — Xa)'(x — Xa)
Lixa) = (Zro)nriz P\ T 202 '

(2.48)

It was shown above that, under these conditions, the ML parameter estimate

coincides with the LS estimate. That is

amr = ars = (X'X) ' X"x. (2.49)

It should be noted that x comprises samples [x[P 4 1] ---x[N]]" and that there is
an implicit conditionality on the P initial samples xo = [x[1]---x[P]]". Thus the

likelihood should be more properly written as £(x; a, xo).

The discrepancies between the parameter estimates given by maximisation of
L(x;a,xo) as against maximisation of the true likelihood £([xo x]T;a) are small
if N > P. Godsill [39, 35] and Box et al. [11] give alternative derivations of an

expression for this exact likelihood should that be required.

2.4.5 Bayesian Method

Recall that in the Bayesian framework we treat the model parameters as random
variables, and then sample their distribution to give parameter estimates with

properties suitable for a specific application.

We have previously given in equation 2.18 the posterior p.d.f. of the model

parameters for the general model, given the observed data. Furthermore, we
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have given in equation 2.48 the likelihood function £(x;a) = p)_d(_l()_(‘ a) for the
AR model.

Substituting the likelihood into the expression for the posterior density we obtain

1 (_ (>_<X9)T(>_<Xc_1)) Pala)
X

pgb_c((_l 7_() = S ov~N_p o XP
‘ (2mo2)(N=-P)/2 202 Px(x)

and having chosen a suitable prior p,(a) we may maximise this directly to obtain

(2.50)

amap- Recall that the evidence term, py(x) is constant over a.

The general multi-variate Gaussian

1 1
Pala) = WGXP (—z(g—mg)TCg‘(g—mg)) (2.51)

with mean m, and covariance C, is a convenient prior since it leads to an analytic
maximisation. Substituting 2.51 into equation 2.50 and taking the logarithm gives
the log posterior density. Maximising with respect to a yields the MAP parameter

estimate

amar = (X'X + 02C ) T (XTx + 02C ' ma). (2.52)

We see in this expression that the MAP estimate is based upon the ML solution we
saw earlier, but now it has been “moulded” by the prior on a. As the covariance of
the prior increases, the inverse covariance matrix tends to zero, and the influence
of the prior on the solution decreases, such that the MAP solution tends to the
ML solution. Similarly, as the data set is enlarged, the influence of the data terms
X"X and X'x is relatively increased, and again the MAP solution tends to the
ML.

2.4.6 Comparison and Conclusions

We have seen that there is a number of methods available for estimation of model
parameters. The number of operations required for the different methods varies
widely. To demonstrate this, MATLAB was used to count the floating point
operations (FLOPS) required to calculate estimates of an order-25 model from

1000 data points, this being typical of the problem size in audio signal processing.

The results are given in table 2.1. The final column shows the approximate
proportion of the computational capacity of an inexpensive modern DSP chip
[47, 54] that would be required to perform this calculation in real time, assuming

the standard professional audio sampling rate of 44.1 kHz.
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The correlation method is clearly the cheapest, owing largely to the fact that the
Toeplitz system may be solved using Durbin’s method. The Least Squares method
is possible to realise for this example; being O(P?3) it would be considerably more
practical for lower model orders. The Total Least Squares method is significantly
too computationally expensive to be economically feasible in most applications
of this type. The SVD involved is O((P + 1) N% 4+ N3) and so is dominated by
the data vector length, rather than the model order.

Note that the MAP estimate, and others that may be obtained using the Bayesian
method, are omitted from the table. If the solution is analytic with Gaussian
prior (equation 2.52) then it is of similar complexity to the LS and ML methods;
however, if a less convenient prior were necessary (for sound statistical reasons)
then a complicated and expensive optimisation may be required which would

increase the FLOP count dramatically.

The more elaborate methods, when simplified sufficiently to allow analytic or
efficient numerical solution, yield parameter estimates which are similar, if not
identical, to those obtained using simpler methods. Therefore, the algorithms
presented in later chapters will, for the most part, use those simpler methods.
However, it should be borne in mind that there is always the option of using the
more elaborate schemes in specific scenarios where the simpler methods are found

to be lacking.

2.5 The ARMA Model

Addition of moving average (MA) terms to the AR model gives the time-domain

difference equation

P P
xn| = Z aixn —1i] + Z bieln —i] (2.53)
i=1

i=0

Method | FLOPS | % DSP
COR |1.6x10°| 6.9%

LS/ML | 1.3 x 10° | 56%
TLS | 1.1 x 108 | 4700%

TABLE 2.1: Computational Load to Estimate AR Parameters
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where the additional parameters b; define the moving average filter. The excita-
tion signal e[n] is a white Gaussian signal of unit variance. This is known as the
ARMA model.

It is possible to express the ARMA difference equation 2.53 in matrix form

x = Xa + Eb (2.54)

for a finite block of data, analogous to equation 2.30 for the AR model.

This form was used for the estimation of AR model parameters. However, the
estimation of ARMA model parameters does not have a unimodal solution anal-
ogous to that for the AR model. This fact makes the ARMA model significantly
less suitable for real-time applications where computational simplicity is a re-
quirement. Numerous techniques for the parameter estimation problem have

been suggested; Priestley [78] and Therrien [98] are useful starting points.

We can also write the equivalent of the matrix inverse form, equation 2.36. This

requires the definition of the internal AR process

P
umnl] = Z aun —1i] + eMn] (2.55)
i=1
such that
P
xn| = Zbiu[n—i]. (2.56)
i=0

These equations may be written in matrix form

A
B

o

I

e
—~
>
Ot
-~

(2.58)

X
I
IS

where A and B are both N x (N 4 P), vectors e and x are length N, and u is
length N + P.

The z-domain transfer function of the model is given by

B(z) Z];o bzt
A(Z) - .l . Zf:] (liZ,fi (259)

from which it can be seen that the moving average terms add P zeros to the signal

model.
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Given that the excitation signal is white, the signal power spectral density is

given by

P T
. jwn
Zi:o bie

S (w) = —
( ) 1 — Zf:] aief)wlT

(2.60)

It can be shown that the p.s.d. of an AR signal may be made to match that of
an ARMA signal to arbitrary accuracy by sufficiently increasing the order of the
AR model. The result is that we can safely assume an AR model, provided that
we are prepared to allow its order to be relatively large. Since highly efficient
algorithms exist for the AR parameter estimation problem this is an attractive

approach.

In chapter 5 we present a two-channel signal model which includes moving-average
terms, but whose structure allows the parameters to be estimated efficiently. This
allows us to exploit the more compact parameterisation of the ARMA model

without the overhead of a lengthy parameter estimation.

2.6 Applications of Audio Signal Models

Signal modelling techniques have a broad range of applications across the field of
signal processing [16]. It allows convenient extraction and analysis of the form of
the data, and as such provides a useful framework for problems of estimation, clas-
sification and so on. Signal modelling techniques have been successfully applied
in many diverse areas such as seismology, medicine (e.g. [7]) and motion-picture
restoration [56, 57].

For audio signals, the principal application areas in which models have been
successfully employed are signal restoration [39] and noise reduction [39, 63, 64,
62], the areas of signal coding and data compression [12, 19, 58], and signal
synthesis [88, 85].

2.6.1 Audio Restoration

Audio restoration is the process of estimating an audio signal from a noisy or
corrupted observation of that signal. Audio signals may be stored on analogue
discs or magnetic tape, and these media are prone to physical damage and defects
(such as scratches) which degrade the audio signal. Real-time communication

channels, such as analogue radio and cable links are prone to interference which
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similarly may degrade the audio signals they carry.

Model-based methods have been shown in the past (e.g. [101, 35, 92, 63, 102]) to
be highly effective in this application. Of particular interest is the application of
the AR model to the detection and removal of impulsive noise, such as is intro-
duced by scratches on a gramophone record [101, 35]. Details of these methods
are given in chapter 4, where new extensions to multi-channel systems are also
described. Other models such as the wavelet basis [100] and sinusoidal model [69]
have also been successfully applied in this area, as well as methods based on a
DFT decomposition of the audio data [17].

2.6.2 Audio Coding

Audio coding is concerned with the compact description of audio data. Frequently
the most convenient form in which to manipulate audio data is linear PCM, but
this is not a compact form in which to store or transmit it. Audio coding schemes
exploit structure in the data to reduce this storage requirement. Signal modelling

is a convenient framework within which to analyse and exploit this structure.

Audio coding algorithms fall into two principal categories:

e lossless algorithms (e.g. [19, 15, 71]), in which the original PCM data may

be reconstructed precisely from the coded data, and

e lossy algorithms (e.g. [53, 52, 13, 12]), in which psychoacoustic phenomena
are exploited to allow audibly imperceptible data to be eliminated from the

coded signal.

In the second of these cases the reconstructed PCM data is not identical to the
original, but stimulates the human auditory system in a similar manner. These
lossy algorithms are capable of high compression ratios in applications where

regeneration of the auditory stimulus is the only requirement.

2.6.2.1 Model-based Audio Coding

Conventional coding and data compression algorithms such as run-length coding
and Huffman coding do not work well on audio data. Signal models, however,
provide a basis for a class of compression schemes which exploit the structure

inherent in audio data to provide a much greater coding gain.

It was shown above that the terms of the model equation 2.1 may be regarded as
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a prediction of the signal, and the error associated with this prediction. In this
context the model structure and parameters provide an approximate representa-
tion of the data, which encapsulates much of its general form. These parameters,
combined with a coded form (possibly linear PCM) of the prediction error signal,

form the basis of a compact representation of the original audio data.

Details of the algorithm, and variation of the coding of the parameters and error
signal give rise to a wide range of audio coders, both lossless and lossy. The signal
model chosen is frequently linear for simplicity, and in this case the technique is
known as Linear Predictive Coding (LPC). This structure is adaptable to a broad
range of applications from the very low bit rate coding of speech to high quality

data compression of musical signals.

In chapter 7 we present a new extension to a simple LPC coder which improves

its performance when applied to high-quality audio signals.

2.6.2.2 Multi-Channel Audio Coding

Many of the audio coding schemes currently in use apparently allow the joint cod-
ing of multiple audio channels. The coding algorithms do not, however, include
sophisticated methods for exploiting inter-channel redundancy [13, 12], but sim-
ply choose, on a frame-by-frame basis whether to code the left and right signals

of a stereo pair, or whether to code their sum and difference.

Fuchs presents a scheme [28] for inter-channel prediction within the framework
of a sub-band system such as MPEG. The paper shows results for a scheme
which predicts the signal in a given sub-band from the signal in the same sub-
band in the partnering channel. The predictor is a gross time delay of up to
+50 samples, plus an order 3 FIR filter. Since the filter is of such a low order
it represents principally a delay of sub-sample resolution, together with a little

general shaping of the frequency response of the sub-band filter.

A recent algorithm [71] extends the sum/difference model (which can be viewed
as a 45 degree rotation of the stereo field) for up to 64 audio channels by allowing
the coded streams to be an optimal rotation of the input channels. At the time
of writing, this algorithm is the subject of commercial licensing negotiations and

authoritative details are therefore difficult to obtain.
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2.6.3 Audio Signal Synthesis

We have seen that we can treat the signal model as a highly parameterised rep-
resentation of an audio signal. It is often the case that these parameters have a
tangible relationship with the perceived characteristics of the signal, such as its
pitch or timbre. It is possible, then, to alter these parameters, or to excite the
model with a synthetic excitation sequence, and thereby synthesise a new signal,

which despite being entirely synthetic, retains qualities of the original.

For example, if we have an AR model for a musical tone then we may synthesise
a new, similar tone by exciting the AR filter with a suitable synthetic excitation
sequence. Furthermore, we create a similar tone of a different pitch by scaling
the frequency axis of the power spectral density (recall that this is simply related
to the AR model coefficients by equation 2.27), and then suitably exciting this

new filter.

Example techniques and applications are given in [88, 85, 65, 4, 21].

2.7 Audio Signals and the Human Ear

The human ear is a complex detector of acoustic signals (i.e. pressure waves in
air). The approximate frequency range over which the ear operates usefully is
20 Hz to 20 kHz, and it has a dynamic range of approximately 120 dB. It is not
uniformly sensitive, and these ranges vary significantly between individuals. A
valuable reference for the workings of the ear and the human auditory system is

given by Moore [73].

Transducers (microphones and loudspeakers) are available to convert acoustic
signals to and from an electrical analogue. The electrical form may be recorded by
converting it to a physical form, such as magnetisation on a tape, or modulations
of a groove on a gramophone disc?. Furthermore, an electrical signal from a
microphone, or retrieved from a recording, may be sampled (and quantised) and
subsequently stored and processed in a digital form. It is also possible to generate
synthetic signals (by means of electronics or a computer algorithm), and convert

them to sound with a loudspeaker.

Signals in any of these acoustic, electrical, physical or digital forms, that are

2The earliest recordings were made by using the acoustic signal energy to cut a groove, often

in a wax substrate, by purely mechanical means.
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destined ultimately for the human ear, are referred to as audio signals.

2.7.1 Microphones

The microphone is a device for converting an acoustic signal into an electrical
analogue. Many technologies exist to perform this function [1], the principal ones

using electromagnetic or electrostatic effects.

Microphones are characterised by their frequency response, and how that response
varies with the angle of incidence of the acoustic wave (the polar pattern). The
microphones used for music and speech recording are usually first-order designs.

That is, their polar response pattern (for a distant source) is given by
H(O) =+ (1—«)cosB (2.61)

where « controls the pickup pattern, and 0 is the incident angle of the pressure
wave. The restriction that the source be distant ensures that the incident wave
is effectively a plane-wave. Microphone designs with fixed polar pattern are most

common, but some elaborate designs allow the user to alter « as required.

Four common patterns are shown in figure 2.1, though it should be noted that
the names corresponding to the particular values of « are not standardised, and
variations are often encountered. Each pattern can be considered as the weighted
sum of an omnidirectional microphone which measures pressure, and a figure-8
microphone which measures velocity. Note that the rear lobe (which appears
for o < %) is of opposite polarity to the front lobe. Thus turning a figure-8

microphone through 180° results in a polarity inversion of the signal from it.

If a pressure-sensing (omnidirectional) microphone and a velocity-sensing (figure-
eight) microphone are mounted in close proximity then the weighted sum of their
outputs results in a signal that effectively comes from a virtual microphone at
the effective centre of the pair. The polar pattern of this microphone may be
set arbitrarily between the extremes of omnidirectional and figure-8 simply by
changing the weights.

The ultimate extension of this idea is the Soundfield microphone [33] which, in
concept at least, has a pressure output, and three mutually-orthogonal velocity
outputs. This set of four signals gives a complete description of the soundfield
at the acoustic centre of the microphone. A suitable weighted sum of the four
signals effects a virtual microphone of arbitrary (first-order) pattern, pointing

arbitrarily in three dimensions. By generating several such sums, any number of
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omni, alpha = 1 cardioid, alpha = 0.5
1207760 1207760

FIGURE 2.1: The four most common microphone polar patterns, omnidirectional,
cardioid, hyper-cardioid and figure-of-eight. The radial scale is in dB, with 10dB

per division. The microphone is in each case nominally pointing to the right.
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coincident microphones may be simulated together.

Further information about the design and engineering of microphones used for

high quality audio may be found in [1] and [29].

2.7.2 Stereophonic Signals

The vast majority of music recordings made today are stereo, or two-channel
recordings. Two channels are used to generate an illusion of spatial separation
between different signal sources, and also an illusion of the acoustic space sur-
rounding those sources. There is frequently some redundancy between the two
channels which can be exploited in a signal-modelling scheme, and it this area

which is explored in chapter 5.

Stereo recording was pioneered by Blumlein in the 1930’s [10] (reprinted in [26]),
and since then a number of techniques for making spatially-illusory recordings of
this type have been developed. Stereo recordings have been widespread since the

mid 1950s [26, 72]; a comprehensive treatment of the subject is given in [26].

The classes of stereo signal which we will consider here are:

Phase Stereo, where the stereo illusion is brought about by the difference in path

length from the source to each of a pair of omnidirectional microphones,

Intensity Stereo, where intensity differences between the two channels create the

stereo illusion,

Hybrids of intensity and phase, that use a microphone arrangement which re-

cords both intensity for each channel, and phase difference information,

Binaural recordings, in which small pressure-measuring microphones are placed
in the ear canals of a real or dummy head, so as to capture direction-of-

arrival information in the same way as the human head and pinnae, and

Synthetic Stereo , in which the left and right signals are generated electronically,

and not by microphones in an acoustic space.

A compact reference to these and many other microphone arrangements used for
stereo recording is provided by [93].
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2.7.2.1 Phase Stereo

Phase stereo is captured by a pair of spaced omnidirectional microphones. The
spatial illusion is brought about through the time-of-arrival differences caused by
unequal path lengths from the source to the two microphones. This mimics the
fact that the ears are separated by several inches, though microphones are often

spaced further apart than this.

For a microphone separation of 2d and a distant source at angle 0, the signals at

the microphone outputs are

xi (1) = x(t + 1) 2.62)
xg(t) = x(t— 1), (2.63)
where T is given by
d
T= Esin 9, (2.64)

and c is the speed of sound in air (figure 2.2).

Incoming
Wavefront

2d

2dsin®

FIGURE 2.2: Spaced Omnidirectional Microphones

2.7.2.2 Intensity Stereo

The second class of stereo signals includes those in which the illusion of space
is brought about by amplitude differences in the two channels. Such signals

are created by a pair of directional microphones which are spatially coincident.
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This mimics, to a degree, the shading effect of the head over one ear, of sounds

originating from the opposite side.

The most famous intensity technique described by Blumlein [10] is that commonly
known to recording engineers as Blumlein or X-Y. A pair of figure-8 microphones
(o« = 0) are mounted at right angles, and as close together as possible. The

resulting axis of symmetry points towards the major sound source.

More generally, other types of microphones may be used, and with different an-

gular spacings. The microphone signals are then ideally given by

le (¢4 (1 — o) cos(0; — Bg)) (2.65)

le (1T — ) cos(0; + 6g)). (2.66)

where « determines the polar response of the microphones, and 6y is half the

angular separation between them.

2.7.2.3 Hybrid Techniques

A large number of stereo signals are generated by microphone techniques that
draw on a combination of both phase and intensity illusions. An overview is
given in [26]; particularly interesting examples are the sphere microphone [96],
the Jecklin Disc [50], the Faulkner array [27] and ORTF [93].

It is the prevalence of these types of signals that is the primary motivation for
wishing to devise a generalised model for stereo signals. In general a signal source
will appear in both channels, but with a differing amplitude and phase in each.
These differences occur as a result of the differing incidence angles and unequal

path lengths to the microphones respectively, as discussed previously.

2.7.2.4 Binaural Stereo

Arguably giving the most realistic psycho-acoustic illusion, binaural recordings
are only really useful where headphones are employed for replay. This is because
they rely on the signal from the left microphone reaching just the left ear, and

similarly for the right; any cross-talk destroys the illusion.

Binaural recordings are most prevalent in multi-media and virtual-reality applica-
tions. There has, in recent years, been significant effort made towards identifying
the transfer functions associated with the head and pinnae in order to simulate

binaural signals without the use of a dummy head.
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2.7.2.5 Synthetic Stereo

Much use is made of electronics and DSP to enhance musical signals during
recording, particularly of “pop” music (which tends to be recorded one part at
a time on a multi-track tape machine). Localisation of the sources in the stereo
spread is traditionally done with a pan-pot. This device splits a single signal
in some proportion, and routes each part to one of the channels. This system
essentially simulates the intensity stereo described above; there is no phase or

frequency response modification of the signal.

Also classed as synthetic stereo are those recordings which are derived from large
numbers of “spot” microphones spread around an acoustic space. The signals
from each is generally placed in a realistic position in the stereo spread with a

pan-pot.

Increasingly, advanced DSP techniques are being used to introduce phase cues,
either in addition to, or instead of the intensity cues generated by the pan-pot.
The use of this synthetic phase information gives an enhanced impression of
“space”, and can even allow sources to be made to appear outside the angle

subtended by the loudspeakers.

2.7.3 Multi-Channel Audio Signals

There has, in recent years, been an increasing interest in multi-channel audio,
particularly in the production of audio for films. This has lead to the development
of a number of multi-channel audio coding schemes, such as MPEG, AC3 and
DTS.

They all incorporate a multi-channel audio track, which typically comprises five
full-bandwidth channels (left, right, centre, left rear, right rear) and an additional
low frequency, low bandwidth “sub-woofer” channel. The formats are hence fre-

quently referred to as “5.1 channel” schemes.

The multi-channel coding used for these audio formats is relatively simple. The
channels are typically treated as independent audio streams, and channel band-
width is allocated to each from a common pool according to a psycho-acoustic
model. Exploitation of redundancy in the signals is limited; details are difficult to
obtain as many of these schemes are commercial secrets, but MPEG, for example,
allows the sum and difference of a stereo pair to be coded, instead of the left and

right components themselves [13].
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The most well-known of these psycho-acoustic phenomena is that of tonal mask-
ing [73]; a strong tone masks a weaker tone at a nearby frequency. In addition
these multi-channel coders make use of spatial masking. A sound source at a
particular position has a greater masking effect over a second source at a similar
position than over a second source that is separated from it by some angular
displacement relative to the listener. In addition, multi-channel sound is often
accompanied by pictures which are very suggestive at drawing the listener’s at-

tention to predominant sound sources.

2.8 Conclusions

We have seen that signal modelling provides a framework for parameterisation
of an audio signal. Various methods for estimating the parameters of a model
of assumed structure have been described. The Auto-Regressive (AR) model has
been described in detail, and algorithms for determination of its parameters have

been compared.

The nature of recorded sound signals has been described, with particular emphasis
on stereo signals, which format represents the vast majority of the recorded sound
archive. The present emergence of systems that convey more than two discrete
channels has been noted, and also the fact that current coding standards for

signals of this type make little use of possible inter-channel redundancy.



Multiply-Observed AR (MO-AR) Model

3.1

3.2

3.3

3.4

3.5

Model Analysis . . . . . ..o i v v it e 39
3.1.1 Conditional PDF of the True Signal . . ... ... .. 39
3.1.2  Signal Likelihood Function . ... ... ... ... .. 41
Signal Estimation . . . . . ... ... ... ... ..., 41
3.2.1 Maximum Likelihood Signal Estimation . . .. .. .. 42
3.2.2  Noise Estimation — Two-Channel . . . . .. ... .. 43
3.2.3 Noise Estimation — Multi-Channel . . . . . . ... .. 44
3.2.4  Verification of the Signal Estimation Algorithm . . . . 45
Maximisation of the Conditional Density . . . . . ... .. .. 47
3.3.1 Model Parameter Estimation . .. ... ... ..... 48
Application to Audio Restoration . . . . . ... ... ..... 49
3.4.1 Audio Demonstration . ... ... ... ... ..... 50
Conclusions . . . . . .. .. o i i i it ittt 53



Multiply-Observed AR (MO-AR) Model

A SYSTEM in which a single signal is corrupted by a number of interference
signals can give multiple observations of the same underlying signal. The system
is shown as a block-diagram in figure 3.1, with the underlying signal modelled as

autoregressive.

The system outputs are the Q observed signals x4. A white excitation signal
drives an all-pole filter 1/A(z) to give the true signal u. This unobservable signal

is contaminated by Q noise sources to give the observations xq =u +nq.

We wish to analyse the observable signals, and from them derive estimates of

ny ]

Ty PO X
ubit

9& x2[n|
ng(nl

L& xq[nl

FiGurE 3.1: Multiple Observations of an AR Process
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the true signal and the model parameters. First we derive expressions for the
p.d.f. of the true signal samples. We then show how, in two distinct cases, some
statistical properties of the interference sources may be estimated. These two are
then combined to give an estimate of the true signal, dependent on the observed
data alone.

3.1 Model Analysis

3.1.1 Conditional PDF of the True Signal

Assume, for the moment, that the model parameters 0 = {a', 02} are known.

The true AR signal u[n] is given by the expression

P

umn] = Z a,un —pl +enj (3.1)
p=1

um] = UMnm]+eMmj (3.2)

where {i[n] = u[n] — e[n] can be considered an estimate of the signal, and e[n] is

a white, Gaussian random variable of variance o2.

Since e[n] is drawn from a random process N(0, 02) it is clear from equation 3.2
that the p.d.f. of u[n] given the model parameters is given by

pue(ulm]|6) = N({im], o3), (3:3)

assuming an implicit conditionality on w = [uln—1] -+ un — P]]T, the initial

condition vector.

Further, the p.d.f. of the observation x4[n] given u[n| and O‘Tzlq, and assuming

Gaussian (though not necessarily white) noise sources, is

Paulxqml|ulml, o7 ) =N(unl, o7 ), (3.4)

Tq Y Vg

where O‘ﬁq is the variance of the g noise source. Note that this is a scalar

equation, including just one sample from the noise source, and hence does not

include the noise source covariance matrix.

If the noise sources are independent, then the joint p.d.f. of the observations is
the product of the Q individual p.d.f’s:

Q
pﬁu()_(Q [TL] ‘ LL[TL], gi) = H pxlu(xq [TL] ‘ U[TL], O—Tzlq), (35)
q=1
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where
xqMml =Ml - -xqMmll", 3.6
or = o7, -~ o5 1" 3.7

Bayes’ Theorem states that

p(B|xv) plx]y)
p(B|v)

and in this context we treat o as the hidden data we wish to estimate, $ as the

plx|B,y) = (3.8)

noisy observations of that data, and y as a set of model parameters.

We can use Bayes’ Theorem to combine equations 3.3 and 3.5 to give

_ —p>_c|u()_<Q [TL] ‘U[TL], C_Ti) *Pule (LL[TL] ‘ C_Ti) e)

pux(uml | xqMl, o7, 6) px(xqMl | 02,6)

Y =Zno

which expresses the p.d.f. of the true data given the observations as a function
of the p.d.f. of the observations given the data (equation 3.5), and the p.d.f. of
the data given the model (equation 3.3).

For convenience we define ¢(un])
d(unl) = pur(unl |xqnl, o3, 6) (3.10)
as given by equation 3.9.

The denominator of equation 3.9 is constant over variations in u[n], and may
therefore be replaced by a constant of proportionality K. Furthermore, u[n] has

no dependence on 0%. Substituting terms into equation 3.9 therefore gives

[ Q
d)(u[n]) =K prlu(xq[n] ‘U[TL], O—Tzlq)] . pu\@(u—[n] ‘ 9) (311)

Lg=1

[ Q 2
1 —n%Mn| 1 —e?n]
=K | | ————exp d exp ( > 3.12
L4 V277, ( 207, )] 2702 203 (312)

and if we define

y? = 2mo? 12[ (271012%[> (3.13)
=T

then we may simplify further, giving

Q .2
bluml) = = exp ( Tgnl ez[n]> (3.14)
q
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Substituting for e[n] = un] — a'u and nyn] = x4[nl — unl gives the p.d.f. of
the signal sample u[n| conditional on the observed data, the noise variances, and

the AR model parameters as

dluln) = ¢ exp (qzi L [’;]Ggq“[“”z - (“[“]ZE%QT‘-*V) (3.15)

where
a=la...ap|" (3.16)
u=un-1...un—PpPJ" (3.17)

Note that there is an implicit conditionality on the initial condition vector u.

3.1.2 Signal Likelihood Function

By consideration of the signals alone, and disregarding for the time being their
origins in a common AR model, we may derive the likelihood function for the

signal sample u[n] given the multiple observations.

The p.d.f. of u[n] given x4l is straightforwardly given by

_ 2
pu(umnl | xqMml) oc exp (- (u[n]z zxq ) ) (3.18)
07,
The noise sources are assumed to be independent, so the p.d.f.
dm(uml) = py(uml | xml) (3.19)
for un] given the Q observed samples x[n] = [x;[n]---xgMmll is given by the
product
Q
Gm(uml) =] [ puluml | xmn) (3.20)
q=1
S (uln] — xgMml)?
= Kexp ; — foiq (3.21)

where K is a normalising constant such that firzz ®m du is unity.

3.2 Signal Estimation

It has been shown in section 3.1.2 that the likelihood function ¢, (u[n]) can be an-

alytically derived, using no assumptions other than Gaussianity and independence
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of the interfering signals. We can use this p.d.f., along with knowledge of the noise

source variances, to estimate the underlying signal.

3.2.1 Maximum Likelihood Signal Estimation

Differentiation of the likelihood function ¢, (un]) in order to maximise it with

respect to u[n| yields the signal estimate

Q e XqMJ
iyl = (Z ?) > 5 (3.22)

q:] Mg

which is a weighted sum of the observations only, with the weights inversely
proportional to the noise source variances O‘iq. It can be seen from equation
3.22 that as the signal-to-noise ratio of a particular channel decreases, so does its
contribution to the signal estimate.

It is straightforward to show that {l,[n] is unbiased by making the observation

that the expected estimation error E{u[n] —1in]] = 0. Further, it can be shown!

that the estimation error variance is given by

—1

Q
E [(um] —m)?] = (Z %) (3.23)

q:] Tq

and hence the signal to noise ratio of the estimated signal is given by

Q
SNR- = 10 log;, (oi > G%) (3.24)

q:] Nq

By comparison, taking the unweighted mean of the observations

Q
1
xn] = =3 x4l (3.25)
Q4
as the signal estimate gives an estimation error variance of
1 Q
E [(un] - xM])?*] = oy %, (3.26)
q=1

! Derivations of equations 3.23 and 3.26, and a proof of equation 3.28 all appear in appendix
D.



3.2. Signal Estimation 43

and corresponding signal to noise ratio
1 B
SNR¢ =10 log;, | o2 (@ > ﬁq) (3.27)
q=1
The signal to noise ratio SNR+~ is guaranteed to be at least as high as SNRy since
Q 1 Q -
10 logyo (fﬁz O‘T) > 10 logy, | o3, (@ Z Uiq) (3.28)
q=1 q=1

Tq

with the case of equality being when all the noise variances are equal.

3.2.2 Noise Estimation — Two-Channel

In the two-channel case the observed signals are given by
xim] =um] +nyn] (3.29)
x2n] =um] + nzn] (3.30)

and we assume that the noise sources my, n; are independent but identically
distributed (i.i.d.). This is a good model for the continuous broadband noise
inherent to many recording media used for music and speech (such as vinyl and
magnetic tape) when replayed with a two-channel pickup or head. In this case

we may use the difference between the two observed signals

din] = xi;n] — x2[n| (3.31)
=nn| —nyMm| (3.32)

to estimate the noise distribution.
First we calculate the autocorrelation of this difference signal
Raa(m) = E|dm)din—m]] (3.33)
= E[un] —nm]) (uin—m —moln—ml)|  (3.34)
and since ny and n; are independent it follows that

Rga(m) = E [m mlnyn — m]] +E [nz[n] nn — m]} (3.35)
= Run, (M) 4+ Ryn, (M). (3.36)

Furthermore, since the statistical properties of n; and n, are identical

Rnn(m) = % Rdd(m) (337)
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where R, (m) is the noise source autocorrelation function.
Thus the noise autocorrelation function R,,,(m) and its power spectral density

Sin(w) = i Run(m)exp (—jwmT) (3.38)

m=—00

may be estimated from the observed signals x; and x;.

3.2.3 Noise Estimation — Multi-Channel

In the multi-channel case where Q > 3 we may extend the two-channel anal-
ysis, and thereby remove the requirement that the noise sources be identically

distributed. We continue to assume independence of the noise sources.

Consider two of the signals x;, x; in isolation, and define their difference to be
dijm] = xi[n] —x;n/. (3.39)

For Q observed signals there are RC, possible difference relationships of this form

for which 1 #j.

From equation 3.36 (note that up to this point we have assumed only indepen-

dence of the noise sources) we may write
Rdij dij (m) - RTL{TL{ (m) —I_ RTLjTLj (m) (340)

which relates the autocorrelation of the difference signal di; to the autocorrela-

tions of the two noise sources n; and nj.

In systems of three or more channels (i.e. if Q > 3) we can calculate an estimate of
the noise autocorrelations by constructing the following matrix equation (shown,

for example, for Q = 4), which encapsulates equation 3.40 for all i # j.

11 0 0] [Ray,a, (M)
101 0f Ry, (m) Ray5d,5 (M)
1.0 0 1| [Run(m)| _ |Raypap,(m) (3.41)
01 1 0| [Rusn,(m) Ra,sa,5 (M)
01 0 1| [Ruymn,(m) Ra,,d,4 (M)
0 0 1 1 Rasqdss (M) ]
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Equation 3.41 is solvable in a least-squares sense when Q > 3 to give

Rd1zd1z (m)
RTL]TL] (m) Rd]gd]g(m)
Rﬂzﬂz(m) — (MTM)f] MT Rd14d14(m) (342)
RTL3T13 (m) Rd23d23 (m)
RTL4T14 (m) Rd24d24 (m)
Rd34d34 (m)_

which is the estimate of the autocorrelations at lag m as required. Matrix M is
the “combination” matrix and has RC, rows. The condition Q > 3 is equivalent
to the condition that M"M be non-singular. This matrix is of simple structure,
having the value Q—1 on the leading diagonal, and 1 elsewhere. It is Toeplitz, and
we may therefore solve the system efficiently by Durbin’s method [25], although

this is unlikely to be necessary for systems with few channels.

Once the autocorrelation functions have been estimated, the power spectral den-
sities follow from equation 3.38.

3.2.4 Verification of the Signal Estimation Algorithm

Consider an eight-channel system.

A block of synthetic simulation data u[n], T < n < 2000, was generated using
a resonant AR(10) process. This data was corrupted with eight independent
Gaussian AR(1) signals

ngml = oy, (1 — ocﬁ)(wq[n] +og - ngm—1]) (q=1---8) (3.43)
to generate eight observed signals
XqMm] =uMml] +ngyn] (3.44)
each of 2000 samples. Signal wq is a white Gaussian source of unit variance.
3.2.4.1 Experiment One

The first experiment checks the match between the theoretical SNR of the esti-

mated signal with that which is achieved in practice.

In the eight-channel system described above the SNR of channels 1-7 was held
constant. The SNR of channel 8 was swept from -20dB to +20dB relative to

this. Two estimates of the original signal were made from the corrupted data.
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The first, X was the unweighted mean of simultaneous samples (equation 3.25),

and the second, {i, the weighted sum given by equation 3.22.

The results are plotted in figure 3.2, which shows the recovered signal noise power
against the noise power of channel eight. The match between the theoretical

curves (solid lines) and the simulation data (crosses) is good.
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FiGURE 3.2: Noise Power of Signal Estimates

The MAP signal estimate i, is seen to be at least as good as the mean X, and

much better where there are extreme SNR differences between the channels:

e When the noise power of xg is relatively low, the MAP signal estimate is

dominated by this signal xg.

e When the noise power of xg is relatively high, the MAP signal estimate

rejects this noisy signal, and bases the signal estimate on x; to x;.

Where the signals all have equal noise powers the two signal estimates coincide.
3.2.4.2 Experiment Two

Experiment two fixes the SNR of all channels to a range of values spanning
approximately 20dB, and verifies that the improvement noted with the MAP
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estimate is consistent. The set of parameters {Gﬁq, ocq} of the noise sources chosen

for experiment two is given in table 3.1.

o2, | aq | SNR/AB
0.01 090 535
0.04 | 0.93| 475
0.09 | 0.92 | 44.0

0.16 | 0.85 41.5

2 | aq | SNR/AB
q

0.25 | 0.88 39.5
0.36 | 0.95 38.0
0.49 | 0.98 36.6

0.64 | 0.97 35.9

VI VN e el
o~ O Oov Qo

TABLE 3.1: Experimental Parameters

The noise variances were estimated via equation 3.42 with m = 0, and these were

subsequently used to estimate the underlying data via equation 3.22.

Over one thousand trials x was found to be, on average, 2.4 dB more noisy than
the quietest of xq...xs, whereas {i, was 2.3dB quieter. In other words, with
an approximate 20 dB difference between the observed SNR extremes, the MAP
estimate was an average of 4.7dB better than the unweighted estimate. The
MAP estimate was better than the unweighted mean for every one of the 1000
blocks of trial data.

3.3 Maximisation of the Conditional Density

As an alternative to marginalisation, ¢(u[n]) may be maximised directly to give

the true ML estimate based on the conditional density,

Q T Q 1\
Uy mmn] = (Z X;'z[n] + i—}) (Z =t 9) : (3.45)

q:] Mg q:]

This has the same form as equation 3.22 and treats the estimate of u[n] derived

from the model as a further observation with noise variance o2.

The estimation error variance is therefore given by

Q —1
E [(uln] -t um)?] = (Z 1 l) : (3.46)

Thus, if the model excitation variance is small compared with the smallest ad-
ditive noise variance, then ﬁX‘M [n] will be a better estimate of the signal than

{i[n]. In order for this to be useful we need to know the model parameters.
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3.3.1 Model Parameter Estimation

To estimate a it is convenient to consider the data in blocks of length N. We can

write down two p.d.f’s, the block equivalents of equations 3.3 and 3.4 respectively.

_ T T
Puelu]| g, 03) = (2n07) = exp ( %) (3.47)
_1 1
Py (Xq |1, Ruy) = (270N |Ri, ) % exp (i (xq —u) Ry! (xq — u)) (3.48)

where the column vectors x4 and u are each of length N. R, is the correlation

matrix for the ' noise source, and A is the matrix

—ap —ap.q - —ay 1 0 . 0 0
0 —ap —Aap_1 - —a 1 0 e 0
A= 1. (3.49)
0 e 0 —dp —Qp_1 e — 1T 0
| 0 0 e 0 —ap —ap_j; -+ —ay 1]

These equations represent the p.d.f. of a finite block of true data u given the
model parameters, and the p.d.f. of a block of observed data x4 given the true

data u and the noise correlation matrix Ry, .

Using the probability chain rule and the assumption that the noise sources are
independent we may write the p.d.f. of all the observed data given u and the
noise correlations as

Q

[ [psnlxa|u,Rey) (3.50)
1

Q

[T (@™ [R.,)) “exp (—% (xq — W) Ry (xq — u)) (3.51)

1

th;L(X ‘ u, R

Kl

el

where X is the complete set of observed data
X=|x - x (3.52)

and R, represents the correlations of all the noise processes Ry, -+ - Ry,,.

Once again we can use Bayes’ Theorem and the probability chain rule to give

pX|l_l(X ‘ u, Rn) pg\g(l;t ‘ a, 0%) pg((_l> 0%) pR(Rn)

(X (3.53)

ngX((_l ‘ X) O—i RTL) -
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where py(a, 02) and pg(R,) represent any a-priori knowledge of the model and

noise parameters that we may have. Since px(X) is constant over a we may write
pg\X((_l ‘ X> 6; Rn) X th_L(X ‘ u, Rn) pl_i\g(l;L ‘ a, O—i) pg(9> Ui) pR(Rn)- (354)
The MAP parameter estimate apmap is given by

amap = argmax { pxu(X | 1, Rn) Pua(u | a,02) pala, 02) pr(R)}  (3.55)

whose two component likelihood functions are given by equations 3.51, and 3.48,
and where py(a, 02) and pg(R,) are Bayesian priors on the model parameters

and noise correlations respectively.

Equation 3.55 represents a difficult optimisation problem and its full solution
is outside the scope of the present work. There has been much study of high-
dimensionality probability density functions of this type, and it is likely that, for
example, Monte Carlo Markov Chain and Gibbs’ sampling methods [34] would be
applicable to the present problem. These methods have been successfully applied

to associated audio signal problems by a number of researchers [75, 76, 99, 41].

We have shown previously that R, may be estimated by independent means,
and these estimates may be incorporated as strong Bayesian priors. Sampling
methods are highly computationally expensive, owing primarily to their iterative
nature; incorporating such priors is expected to be of great benefit in speeding
the convergence to a solution, particularly where there is a large number of these

parameters in a multi-channel system.

3.4 Application to Audio Restoration

Multiple copies of musical recordings are frequently available, and in most cases
the noise sources that contaminate each are approximately independent. For
example, if a microphone signal were recorded simultaneously to two tapes, then
the noise inherent to the recording medium (the tape hiss) is independent for the
two. This practice of making a simultaneous backup has been common since the
earliest days of recording. In this case it is clear that the algorithms presented in
this chapter are applicable.

If only a single copy of a recording is available it may be possible to extract
multiple signals from it by use of, for example, a multi-track tape head. Recording

studios regularly record two tracks onto tape half an inch wide. Off-the-shelf
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tape heads can be bought today which have sixteen tracks across this width, thus

enabling eight copies of each signal to be extracted.

3.4.1 Audio Demonstration

Four copies of an archive disc were available for study. A two-channel transcrip-

tion of each provided a total of eight signals from which to prepare a restored

copy.
3.4.1.1 Pre-processing

These raw two-channel transcriptions can be heard on tracks of the demon-
stration CD. The impulsive noise was removed from each of these transcriptions
with the commercial CEDAR audio restoration system [18]. They were then

synchronised using techniques from chapter 6.

3.4.1.2 Signal Restoration — Spectral Subtraction

Firstly, each track was restored using the spectral subtraction method [37], based
on automatically-estimated noise spectra. The noise spectrum contaminating
each signal was estimated by averaging equation 3.42 (on an on-going basis) over

several seconds (and hence over several revolutions of the disc).

Figure 3.3 shows a short excerpt of the signal from the two groove walls of [2]
The spectrum of the outer wall signal is shown as the upper part of figure 3.4,

and the estimated spectrum of the noise content is shown below it.

The multi-channel nature of this system allows continual update of the estimated
noise spectra through the course of the extract. This is not possible in the case of a
single-channel system because signal components contaminate the noise estimate.
These single-channel systems typically require a noise estimate to be made from
an otherwise silent part of the track, and then assume the noise to be of constant
spectral density throughout the extract.

Following the spectral subtraction algorithm the eight resulting signals were av-

eraged, and this average signal is presented as track [5].
3.4.1.3 Signal Restoration — Statistical Method

Secondly, the signal was estimated using equation 3.22, and this restoration is

presented on track [6]. We would expect this restoration not to be so good as the
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spectral subtraction method since it does not take into account the colours of the
interfering signals, and this is found to be the case. It is, however, a useful noise

reduction and requires very little computational effort.

3.5 Conclusions

In this chapter we have examined a system in which a single signal is contaminated

by several noise sources to generate a number of noisy observations of that signal.

The underlying signal was modelled as an AR process. Based on the assumption
that the interfering sources are independent we showed that the noise spectra
may be estimated from the noisy observations. A Bayesian method for parameter
estimation of the underlying AR process was shown to be feasible in principle,

but also highly computationally intensive.

The estimation of the noise spectra was shown to be effective by the demonstra-

tion of a broadband noise reduction of several copies of a gramophone disc.
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Ensemble-AR (E-AR) Model

CONSIDER a multi-input, multi-output system in which an all-pole filter is driven
by an ensemble of white excitation sources to give the multiple observations, as
shown in figure 4.1. The filter parameters are common, so the system constrains
all its output signals to have the same power spectrum shape. The excitations,
however, are unique, thus allowing the output signals to have different time ori-
gins, different amplitudes, and different phase relationships between the various

signal components.

e[ - A ——=X n]

€2 [Tl]  —— A

eqml— - -~ xqnl

=
S

FIGURE 4.1: Ensemble-AR Signal Model




4.1. Ensemble-AR Parameter Estimation 57

For Q signals we may write

xg() = eq) + Y _alpixgn—p), q=1...Q, (4.1)

or in equivalent matrix notation

Xq = €q + Xqa, (4.2)
where
= [xq(1) ... xq(1) ... xq(N)]T, (4.3)
eq = leq(1). . eq(i)...eq(N)IT, (1.4)
=[a(1)...a(P)]", (4.5)
and the 1™ row of X is [xq(1—1),... ,xq(i — P)I.

4.1 Ensemble-AR Parameter Estimation
The parameters a may be estimated by a number of means. Two alternatives are
described here, which are extensions of the covariance and correlation methods

described in section 2.4.

4.1.1 Covariance Method

The covariance method for estimating AR model parameters is outlined in section

2.4.1. In the multi-channel extension we minimise the total excitation energy

Q
E = Z gggq) (4.6)

over a finite block of data. Substituting for eq from 4.2 we obtain
Q
=) (x§—a'X)lxs—X,0) (4.7)
q=1

Minimising £ with respect to a by differentiation yields

Q /0
a= (Z xgxq> (Z xg>_<q> : (4.8)
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This estimation procedure treats the signals as independent samples from the
ensemble of processes AR(P). If the observations x4 are truly samples from the
ensemble of Gaussian processes AR(P), then so will the excitations eq be white
samples from the process N(O, o%q). In the single-channel case where Q = 1,
equation 4.8 gives the same parameter estimates as the covariance method de-

scribed in section 2.4.1.

The parameter estimation is robust to power differences between the channels,
although altering the amplitude of just some of the signals will change the pa-
rameter estimates to some degree. This may be exploited by adjusting the signal
amplitudes (in accordance with some a-priori knowledge) such that the channels
in which we have most trust make a more significant contribution to equation 4.8

than those we distrust.

4.1.2 Correlation Method

For the correlation method we proceed along the same path as far as equation

4.7, but then take the expectation to obtain

Q
ElEl=E [Z(&Z —a"™X{)(xq — Xq0) (4.9)
q=1
and for a block of N samples of each of Q channels
Q
EIE1=E|Y (] a'X])(x, xqg>] (4.10)
q=1
Q Q
=(N=P) ) of, +) (2E[a"™XX,a] — E [xgX a] — E [a"Xqx,])
q=1 q=1
(4.11)
Let us define Rq and 14
Txaxq (O) TXqu(]) cr Txgxg (P_ 1)
Txgxq (1 Txoxq (O cr Txexg (P—2
g | e ) (P2 o)
Txaxq (P_ 1) Txaxq (P—Z) Txqxq (O)
Txqxgq (1)
Tq= : (4.13)
Txaxq (P)

Txaxq (1) = E [xqM] xg[m —1]] (4.14)
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such that Rq is the autocorrelation matrix of signal x4, and 14 similarly contains

auto-correlations of signal x4.

Equation 4.11 may now be rewritten in terms of Rq and 14

Q Q
5:(N—P)Zoiq —I—PZ(ZQTng—Zﬂg) (4.15)
q=1 q=1

Minimising £ by differentiation yields the result
Q 1 Q

i-(1v) In (110
q=1 q=1

This system, as for the single-channel case, is Toeplitz and so may be solved
efficiently using Levinson-Durbin recursion [61]. Once again the solution for the
single-channel case where Q = 1 coincides with the standard result for the AR

model given in section 2.4.2.

4.2 Interpolation of Missing Data

Suppose that some of the data from one of the channels is missing. If the model
parameters are known (or can be reliably estimated from the known data) then
this missing data can be interpolated, using the model structure to constrain the

nature of the interpolated section.

4.2.1 Single-Channel Interpolation

This single-channel interpolation is due to Vaseghi [101]. It uses the known
portion of the data from the corrupted channel and the model parameters to
calculate an interpolant which is continuous with the known data either side of

the missing data burst.

Suppose we have a single-channel system X7, with model parameters a, in which
there is a burst of L missing data samples. We consider a block of data which
comprises these L unknown samples and P known samples both before and after
the corrupted section. The data block under consideration is, therefore, of total
length N = L 4 2P samples.

The excitation sequence for this block may be written as
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where

and A is the (N — P) by N matrix

—ap —ap.q - —ay 1 0 e 00
0 —ap —dp_7 - —ay 1 0 e 0

A —
0 e 0 —ap —0p_1 e —a; 1 0
e 0 0 —ap —ap_y; --- —aj 1]

(4.20)

Equation 4.17 may be partitioned so as to separate the samples of x7 into the
known samples prior to the corruption (subscript ka), the known samples after

the corruption (subscript kb), and the unknown samples (subscript ).

X1 ka
e1 = [Aka AL Al | X1 (4.21)

’

X1 kb

Grouping the known samples of x; together, and permuting the columns of A

equivalently gives

_ | X1 ka
er = |:Aka Ao Aul [X1kb (4.22)
X1u
X
_ |:Ak Au] 1k (4.23)
X1u
= Ax1x + AuXiu. (4.24)

Vaseghi goes on to minimise e] e; with respect to the unknown data samples x; ,,

to give

721 = (AlAu)il AILAkXLk (4.25)

U
provided that the inverse (AlAu)f] exists.

The interpolant X, « 1s shown to be continuous with the original signal at both
ends of the gap, and to display many of the characteristics of the surrounding
data.
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A significant limitation of this method is that the amplitude of the interpolant
tends to decay towards the middle of long gaps [83]. This is a result of the
minimisation doing “too good” a job of minimising the error energy. The resulting
signal is highly probable, but is not typical. By analogy, the most probable
observation of a Gaussian variable is its mean, but the ensemble of observations

will not typically all be equal to the mean.

4.2.2 Enhanced Interpolator for Two-Channel Systems

In systems where we have two channels (for example, if a monophonic gramophone
record is replayed with a stereo pickup—this example is discussed in detail in
section 4.5) then it would seem reasonable to use information from a second

channel to enhance the performance of the interpolator.

In these cases it is not usually acceptable simply to substitute signal samples
from the good channel into the bad one. There are frequently dc-level offsets, low
frequency interference, broadband noise and the like which would lead to signal
discontinuities if this were attempted. Instead we calculate the excitation signal
for the uncorrupted channel, and use this as an estimate for the excitation in the

channel we wish to restore.

If we assume that at some time signal x, is uncorrupted, but signal x; contains

a burst of L missing samples. In this case we may use the channel 2 excitation
as an estimate of the true excitation for channel 1, by simply setting €; = e».

In this case we may rewrite equation 4.24, subtracting this estimate €; from each
side

e1 — €1 = Ax1x + AuXiu — €4 (4.27)

We then minimise (e; — €)' (e; — €;) with respect to the unknown samples,
obtaining

21 = (AlAu)il

U

Al (Arx, — &) (4.28)
as the estimate of the missing data.

The inclusion of the excitation estimate transfers information from the good chan-
nel to the interpolant, while retaining the benefits of the single-channel interpola-

tor. In particular, the interpolant is guaranteed to be continuous with the known
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data either side of the gap. It is, therefore, robust to low frequency interference,

dc-level shifts and the like which may differ across the ensemble.

4.2.3 Interpolator for Multi-Channel Systems

A further extension allows inclusion of many excitation estimates in optimal pro-
portion. Suppose that in a Q-channel system there is a burst of missing data
in channel 1, but that the corresponding samples in channels 2 to Q are not

corrupted. We wish to estimate the data missing from channel 1.

In this case we take a weighted sum of the excitations for all of the uncorrupted

channels,

Q
=) qeq (4.29)

q=2
X2

- [ & - eo } : (4.30)
XQ

=Ex (4.31)

and use this as the excitation estimate for the unknown channel.

The excitation for channel 1 is split into known and unknown parts, as before,

and expressed
€ = Akl‘k,] + Aulcu‘l (432)

and as for the two-channel case the excitation estimate is subtracted from each

side to give

er1 — €= A1+ Auxy1 — € (4.33)
er — € = Ayxi1 + Auxy — Ea. (4.34)

We now group the unknown signal samples x,, ; with the unknown weights « into

a single column vector to obtain

e1—€= Axxi1 + [ A, —E ] [ XuT ] (4.35)
o

e1 —€=Axx1+M

’—‘:‘ ] . (4.36)
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Finally we minimise (e; — €)' (e; — €) with respect to the vector of unknowns,

|

This interpolant possesses all the properties of the two-channel interpolation of

giving

12>

u,
A
&

1 ] ——(M™M) ' M"Ax (4.37)

section 4.2.2, and adds two significant benefits:

e it allows incorporation of an excitation estimate derived from more than

one alternative channel, and

e it is robust to a scale-factor difference between the original signals.

This method can be used directly in place of the two-channel algorithm described

above, where it adds the benefit of scale-factor robustness.

4.2.4 Verification of Interpolation Algorithms

Four channels of synthetic data were generated from an AR model, and each
was contaminated with an independent interference signal. One hundred samples
from channel 1 were treated as missing, and interpolated using each of the follow-
ing schemes: single-channel AR (section 4.2.1), two-channel AR (section 4.2.2),
ensemble-AR (section 4.2.3).

Figure 4.2 shows the comparison between a single-channel interpolation and a
two-channel interpolation that uses an excitation estimate taken directly from
one of the other channels. The two-channel interpolation is clearly superior,
retaining much more of the character of the original signal than the single-channel

interpolator.

Figure 4.3 shows the superior result from using all three other channels to provide

the excitation estimate, using the system described in section 4.2.2.

Finally, the robustness of the Ensemble-AR interpolator, compared with the two-
channel interpolator, is demonstrated in figure 4.4. The true excitation for the
corrupt channel was halved, and then used as the estimate for the two-channel
method

e =-¢e (4.38)
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FIGURE 4.2: Two-Channel Interpolation
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FIGURE 4.3: Ensemble-AR Interpolation
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and this same estimate was used in the Ensemble-AR interpolator. The optimal
weight o« = 2.0 was correctly determined automatically by the Ensemble-AR
interpolator.
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FIGURE 4.4: Interpolations with non-optimal excitation estimate amplitude

4.3 Impulsive Noise Detection

The AR model has been used for some time as the basis for detection of impulsive
noise in musical signals [101, 35, 83]. This section outlines a basic single-channel
probabilistic impulsive noise detector of this type. Section 4.4 describes a new
extension of this detector to two-channel and multi-channel Ensemble-AR sys-

tems.

4.3.1 Introduction

We model the impulsive interference as zero-mean substitutive Gaussian noise.
Thus there are two random processes to consider; that which generates the noise
itself, and that which determines whether a given observed signal sample is a true

signal sample or whether it is an interference sample.



4.3. Impulsive Noise Detection 66

This model is shown diagrammatically in figure 4.5; the noise signal N(0, 02)
is represented by N(z), and the true signal is given by the AR process X(z) =
E:«(z)/A(z). The switching is accomplished by the random binary signal S(z),
and this results in the observed signal Y(z). We may filter Y(z) with the inverse

AR filter A(z) to give an observed excitation sequence E(z).

E((2) 1 X(z)
A®z)

Y(z) E(z)
S@z) o= A® [——=

N(z)

FIGURE 4.5: Model for Signal corrupted by Substitutive Impulsive Noise

Let us assume that we have access to the true signal model A(z). In practice we
will have an estimate of this model based on known good data, or data that is

known to be only mildly contaminated with impulsive noise.

The calculation of E(z) can be implemented as an FIR filtering operation with

the model coefficients
P
en] = — Z aixn — 1] (4.39)
i=0

where ay = —1.

Since the model parameters a; are optimal to whiten the true signal we can
assume that the filtered noise N(z)A(z) is large compared with the true excitation
E:(z). Under this assumption we may model a filtered error burst as Gaussian
substitutive noise N(0, 03) where 03 ~ 02 since |ag| = 1. The correlation of the
noise is altered by the filtering operation, but this need not presently concern
us since the simple detectors presented here make no assumptions about this

correlation.

For impulsive noise in musical signals some 30-40dB of increased noise/signal

separation is achieved by this filtering [101].

The detection process may now be defined as determining whether a given ex-
citation sample is drawn from the true excitation distribution p;(e) = N(0, o2),
or from the interference distribution p,(e) = N(0,03). These distributions are
plotted in figure G.1.
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There is a “smearing” of impulses in the observed excitation which has been noted
by a number of authors ([101, 35]). This results in practice in the end of each
noise burst being less accurately determined than the start, but this problem is
readily overcome by consideration of both the forward and backward observed

excitation sequences.

4.3.2 Single-Channel Probabilistic Detector

Suppose that some proportion p. of the total number of samples is drawn from
2. Assume also that they are randomly and uniformly distributed, and that this
proportion p. is unknown. A threshold e; may be chosen, and the samples e[n]

classified as follows:

e if [e[n]| > e; then sample n is flagged as corrupt, or

e if [e[n]| < e; then sample n is flagged as valid.

This process is repeated independently for each of the channels of observed data.

The threshold e is chosen to minimise the probability of misclassification. In
the absence of further a-priori information it is given by setting the p.d.f’s to be

equal and solving for e.

2 <2 2
0.0 (0}

et =51 (—g) (4.40)
05 — 0% 0%

The misclassification probabilities depend upon the ratio of the variances, and

are given by

Puled) = Ltpz(e) de (4.41)
pile) =2 | pile) de (4.42)

where p,, and py are the probabilities of a “miss” and a “false-alarm” respectively,

defined as follows:

e p..(T) is the probability that a sample e[n] drawn from distribution py,
when thresholded at threshold T, is incorrectly classified as being drawn

from p;

e p;(T)is the probability that a sample e[n] drawn from distribution py, when

thresholded at threshold T, is incorrectly classified as being drawn from p;.
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The total probability of misclassification of a given sample is given by

PT,pe) = (1 =p) Pe(T) + pe Pm(T) (4.43)

where p. is the proportion of samples that are genuinely drawn from p,. These

probabilities are evaluated for various ratios 03/02 in table 4.1.

03, 0% = e | prled) | pmled) | peles, pe), pe =5%
P 1.177 | 23.9% | 59.5% 25.7%
10 1.600 | 11.0% | 38.7% 12.4%
20 1.776 | 7.58% | 30.9% 8.74%
100 2.157 | 3.10% | 17.1% 3.08%
200 2.308 | 2.10% | 13.0% 2.65%
1000 | 2.630 | 0.855% | 6.63% 1.14%
2000 | 2.758 | 0.582% | 4.91% 0.799%
10000 | 3.035 | 0.241% | 2.42% 0.350%

TABLE 4.1: Misclassification Probabilities for Basic Detector

4.3.3 A-Posteriori Detector

The performance of this detector can be improved by incorporating some ad-
ditional statistics about the substitutive noise process. This information may
be included as priors, and a detector derived which minimises the a-posterior:

probability of misclassification.

Suppose that we know or can estimate by some independent means the proportion
0 < p. < 1T of samples e[n] that are corrupted and therefore drawn from p,. We
can then say that the a-priori probability pr(pz) that a given sample is drawn

from p; is

pr(p2) = pe. (4.44)

Once we have made the measurement of a given sample value e[n] Bayes’ Rule
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states that pr(p; ‘ e[n]) is given by

pr(eMm] | p2) pr(pz)

pr(p2|el) = e (4.45)
- p2(em]) pr(p2)

"~ pi(eMm])pr(pr) + pa(eMm])pr(p,) (4.46)

P (4.47)

~ pilem) (T —pe) + paleml)pe

which is the a-posteriori probability that sample e[n] is drawn from distribution
P2, i.e. that it is corrupt. These probabilities (02 = 1, 04 = 100, p. = 5%) are
plotted in figure G.1.

The posterior probabilities lead to a new classification threshold

2.2 2 2
2 0c0gq Ud“ — pc)
= 1 4.48
= e (M A9
which gives miss and false-alarm rates
Cp
pmiep) = ZJ p2(e) de (4.49)
0
prlep) :2J pi(e) de (4.50)
ep
pilep, Pe) = PePmlep) + (T —pe) pelep) (4.51)

where p, ps and p are defined as before. Misclassification rates are tabulated
in table 4.2, and it can be seen from the table that these are reduced over the

simpler detector of table 4.1.

4.3.4 Bayes’ Risk

It is interesting to note that for 03/02 close to unity then the miss rate for the
a-posteriori detector approaches 100%. This is because for relatively infrequent
degradation (in our example just 5% of the samples are from the second distri-
bution) the lowest misclassification rate is achieved by simply assuming that all
the samples are from the a-priori more probable distribution. In contrast, table
4.1 shows that the basic detector has a much worse overall misclassification rate,

but that the probability of missing a corrupt sample is much lower.

In a context where there is a limit on the maximum miss or false alarm rate that

is acceptable then further constraints may be included in the derivation of the
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detector which will put a limit on the range of values adopted for the threshold.

For example we could derive a detector with a maximum 1% miss rate by setting
T

Pm(T)=2 J p2(e) de < 0.01 (4.52)
0

from the definition of p,, (equation 4.41) and deriving from this a constraint on
T.

A more general method for optimising the detector is to define a loss function
A(si, sj) with estimating the system state to be s; when the true state is s;.
This provides a flexible framework within which we can penalise each type of
misclassification independently. The loss associated with choosing the correct

state is taken as A(s;, s;) = 0.

We then define the risk as the expected loss associated with estimating the state

to be s; given the observed data, given by
N
p(sieml) =D Alsi, s;)pr(s; | enl) (4.53)
j=1

where Ny is the number of possible system states.

The Bayes’ Risk is then defined by

Ny
R=) plsi|em) (4.54)
i=1

Ns N

=2 Asi|spr(s; |eln]) (4.55)

i=1 j=1
and the optimal detector is the one which minimises R.

In the simple detector described above we have just two system states, so the

Bayes’ Risk function simplifies to
R = A(s2, s1)pr(s1 | em]) + A(s1, s2)pr(sz | en]) (4.56)

which may be minimised with respect to the decision threshold T.

If A(s2, 1) = A(s1,s2) then this procedure results in the same threshold as for the
a-posteriori detector given by equation 4.48. A non-uniform loss function causes
the detection threshold to be adjusted one way or the other so as to minimise the

Bayes’ Risk, as opposed to minimising the misclassification probability.
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03, 0o=1| e, | peley) | pmlep) | Pelep, Pe), Pe = 5%
P 3.628 | 0.029% | 99.0% 4.98%
10 3.017 | 0.255% | 66.0% 3.54%
20 3.058 | 0.223% | 50.6% 2.74%
100 3.256 | 0.113% | 25.5% 1.38%
200 3.353 | 0.080% | 18.7% 1.01%
1000 | 3.579 | 0.035% | 9.01% 0.48%
2000 | 3.674 | 0.024% | 6.54% 0.35%
10000 | 3.886 | 0.010% | 3.10% 0.16%

TABLE 4.2: A-Posteriori Misclassification Probabilities for Detector
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4.4 Two-Channel Impulsive Noise Detection

In the preceding sections we have been treating the excitation samples individ-
ually and in isolation. If, in a two-channel system, we group them into pairs
corresponding to the two channels at the same sampling instant and consider
their joint distribution then an impulsive noise detector of superior performance

may be derived.

4.4.1 Two-Channel A-Posteriori Detector

Once again we assume that we know a-prior: the proportion p. of samples that
is corrupt, and we also assume that the time-distribution of the impulsive noise
is independent in the two channels.

Let us define the vector sample

e= [ ernd ] (4.57)

where each of ej[n] and e;[n] may be drawn from either of distributions p; or
p2. There are then four bi-variate distributions from which e may be drawn,

corresponding to the cases where:

neither channel is corrupt; e; and e, both drawn from p;

channel 2 is corrupt; e; is drawn from p;, and e; from p-

channel 1 is corrupt; e; is drawn from p,, and e; from p;

both channels are corrupt; e; and e, both drawn from p,.

Let us call these bi-variate distributions pyy, P12, P21, and pyy respectively. The
two-channel impulsive noise detection procedure may now be defined as deter-

mining from which of these four distributions is drawn each sample e.
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The covariance matrices Cy1, Ci2, C27 and Cy; are

2 2
Cor — 02 0%
B xoZ o2
L e e
o2 0
I 0 o3 |
oz 0
Cy = 5
I 0 o2 |
[ 2 2
Cy — oy Pog
i d d

(4.58)

(4.59)

(4.60)

(4.61)

where 02 and 0% are the variances of the true excitation and corrupted excita-

tion samples respectively, and « and 3 reflect the degree of correlation between

the channels. The zero terms reflect the fact that the degradation is assumed

independent of the true signal.

Based on the initial assumptions and the proportion of corrupt samples p, we

may determine the a-priori probabilities for each of the distributions as

Using Bayes’ Rule we may derive

pr(pe|€) = pr(e|pi) pr(pi)
o pr(e)

__ pile)pr(py)
2y prle) pripx)

o ok=1{11,12,21,22}

which is the a-posteriori probability that e is drawn from distribution 1.

Evaluating equation 4.67 for each of the candidate distributions
i1={11,12,21,22}

and choosing the most likely enables the sample e to be classified.

4.4.2 Analysis of Two-Channel Detector

4.62
4.63
4.64

(
(
(
(4.65

)
)
)
)

(4.66)

(4.67)

(4.68)

For the purposes of illustration the parameters for the distributions used for the

figures in this section are (unless stated otherwise) o2 = 1, 04 = 100, o« = 0.8,
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= —0.8. These are reasonable figures for the application described in section
4.5 except that the ratio of 04/0, has been lowered to improve clarity of the
figures. The most significant effect of this is that the real-world performance of
the detector will be somewhat better than the figures and tables in this section

would suggest. As before the a-priori probability p. is set to 5%.

The posterior probabilities pr(p; ‘ e) given by equation 4.67 are plotted in figure
.2 against the two components of the vector excitation sample e. The classi-
fication of the sample e is made by determining which of these probabilities is

largest for that sample value.

Figure G.3 is the combination of the four parts of figure G.2 viewed from directly

above, and shows more clearly the decision boundaries for this detector.

The boundaries are seen to have a complex shape, which may be analysed further
by considering the values of e at which the classification changes from distribution

Pi to distribution p;. This gives a line which splits the e-plane into the regions

® Ryp.>p; in which distribution p; is more probable than p;, and

® Rp.<p; in which distribution p; is less probable.

Equation 4.67 gives the posterior probabilities as

- ) pr(pi)
(P )= = T pripd (4.69)
. p;(e) pr(p;)
pr(pi €)= = T oripnd (4.70)
for k = {11,12,21,22}.
Setting these equal gives
pile) pr(pi) p;(e) pr(p;) (4.71)
2 Prle)pr(pk) 2 prle) pripy) '
pi(e) pr(pi) = pj(e) pr(p;) (4.72)
pr(m)zﬂlci% exp (—%@TQ] @) = pr(Pj)m]? exp (—%?Tleﬁ) (4.73)
pr(p:) |Gyl _ (_1 e, —¢! ) 4.74
iy G P TG TG e @

Squaring both sides of equation 4.74 (noting that it is guaranteed by its form to



4.4. Two-Channel Impulsive Noise Detection 75

be positive) and then taking its logarithm reduces it to a quadratic in e.

" (%) =—e'(C1 = C e (4.75)
" (%) =e' (G - Cl)e (4.76)

The left hand side of equation 4.76 is a scalar k and we also substitute
M =C' - (4.77)
to give
k=e'M e (4.78)
which defines an ellipse or hyperbola in the e-plane.

Since C; and Cj are symmetric it follows that M is also symmetric and therefore

has an eigenvalue decomposition

M = RAR' (4.79)
M~ =RART (4.80)

where A is a diagonal matrix of the eigenvalues of M, and R is an orthogonal

matrix consisting of the corresponding eigenvectors.

Making this substitution, equation 4.78 becomes

k=e"RA'RTe (4.81)
k=u'ATu (4.82)

whereupon it can be seen that RT represents the rotation from e-space to u-space,

and A1 is a simple scaling matrix.

The region of the e-plane over which the sample is classified to be from distri-
bution p; is the intersection of three such ellipses/hyperbolae, each being the
boundary with one of the other candidate distributions. For example, the sample
is classified as being from distribution pi1, 4.e. uncorrupted in both channels, in

the region

an = RD11>D22 N RP11>D21 N RP11>D12' (483)

This region is illustrated in figure G.4, and is seen to match the shape of the

central region in figure G.3.
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4.4.3 Computational Considerations

The one-channel threshold detector is very cheap, whereas the two-channel a-
posteriori detector requires the evaluation of 4.67 (which includes an exp(-) func-

tion and a division) four times to calculate each of the posterior probabilities.

Possible optimisations include:

e use of log probabilities instead of true probabilities,

e devising of a simple derived test that passes for the vast majority of samples

that are non-corrupt in both channels,

and we examine each of these in turn.

4.4.3.1 Log Probabilities

Taking the logarithm of equation 4.67 we obtain

In (pr(p1|e)) =In (pi(e)) + In (pr(p;)) —In (Z pk(g)pr(pk)> (4.84)
k

1
= *EQTCiQ + 1 —In (; m(@pdm)) +k (4.85)
= —%QTC@ +1li—L(e)+k (4.86)

where 1; = In(pr(p;)) is the log prior probability of distribution i which may be
pre-calculated once. The log-evidence L(e) and the scalar constant k may be cal-
culated once, and then equation 4.86 is evaluated for each candidate distribution.
The requirement to calculate four exponential functions per excitation sample
has been eliminated. Furthermore, if just a detector is required (as opposed to
a complete evaluation of the posterior p.d.f’s) then there is no need to calculate

either the log evidence L(e) or the scaling constant k.
4.4.3.2 Derived Test

Figure G.4 shows the non-trivial region R,,, in which the majority of the exci-
tation samples fall. From the component equations of this boundary it may be
possible to calculate, for example, an ellipse of maximum area which fits wholly
within region R,,,,. The test for whether a given sample e falls within this ellipse
will be relatively straightforward, and this will be satisfied for the majority of
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the samples. Only when a sample falls outside the ellipse will all of the posterior

probabilities need to be calculated.

The u-space defined by the rotation u = RTe may well be useful in the derivation
of such a test; the test for a sample to be inside an elipse whos axes are aligned
with the co-ordinate system is relatively straightforward. The details of this
derived test are left as an issue which requires further research, and which would
become particularly important in a multi-channel system. For a two-channel,
non-real-time system it is viable to use the log posterior probabilities given by

equation 4.86.

4.4.4 Two-Channel Detector Performance

Because the regions in the e-plane over which the integrals need to be evaluated
are difficult we rely on simulations to assess the performance of this detector. The
results of these simulations show that for data fitting the model the two-channel
detector gives superior results (table 4.3) to the single-channel detector (table
4.2).

03, 02 =11 peley) | Pmlep) | Pelep, Pe)s Pe = 5%

P 2.86% | 51.1% 4.54%

10 1.48% | 32.0% 2.68%

20 1.05% | 25.0% 2.04%
100 0.418% | 13.6% 0.974%
200 0.291% | 10.1% 0.711%
1000 | 0.123% | 4.95% 0.338%
2000 | 0.072% | 3.56% 0.239%
10000 | 0.036% | 1.70% 0.112%

TABLE 4.3: A-Posteriori Misclassification for Two-Channel Detector

4.4.5 Multi-Channel Detector

Extensions are clearly possible to make a multi-channel detector. With Q chan-
nels there are Q? distributions to choose from, each having Q variables. The
mathematics concerning the decision boundaries is a direct extension of the two-
channel system. Because of the increased dimensionality the computational op-

timisations described in section 4.4.3 will become highly important.
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4.4.6 Bayes’ Risk

It is clearly possible, and will often be desirable, to use the concept of Bayes’
Risk and a non-uniform loss function in a practical application of either the two-

channel or multi-channel detector.

4.5 Application to Gramophone Record Restoration

The ensemble model has been used successfully to enhance the algorithms pre-
sented by Vaseghi [101] for gramophone record restoration. Two signals are read
from a monophonic record and the additional information that this provides over
a single-channel transcription allows improvements to be made both in the de-
tection of impulsive noise, and in the subsequent interpolation of the missing
data.

This application has been summarised in [48].

4.5.1 Two-channel Replay of a Gramophone Record

A conventional stereo record-player cartridge may be used to sample the two
groove walls of a monophonic gramophone record independently, providing two
spatial samples of the stored signal. Such a cartridge has two electrical outputs,
which ideally correspond to stylus motion along a pair of perpendicular axes at
45° to the vertical, and perpendicular to the longitudinal axis of the cartridge
body.

A positive output is produced on the left electrical output by motion along vector
L, and on the right output by motion along vector R. The vast majority of
78 rpm records are recorded with a single signal which modulates the horizontal
displacement of the groove. It can be seen from figure 4.6 that this motion ideally
produces an equal, in-phase output on the electrical outputs corresponding to L
and R.

A further possible refinement would be to extract more signals from different
depths in the groove by using several styli of varying sizes, or more exotic tech-
niques such as scanning electron microscopy. However, the use of a standard
two-channel pickup with a single appropriate stylus represents an inexpensive
transcription system and already yields significant advantages over using a single-

channel transcription as we shall show.



4.5. Application to Gramophone Record Restoration 79

A few early discs were produced using hill & dale modulation, where the signal
modulates the groove depth; such recordings produce out-of-phase outputs, but
it is a trivial matter to invert one channel to allow for this. Blumlein’s patent
[10] describes a stereo recording system in which one channel is recorded laterally
and the other vertically. Due to implementational difficulties, largely due to the
asymmetry of the setup, this format never gained popularity and was dropped

for commercial systems in favour of the scheme illustrated above.

4.5.2 Model Parameter Estimation

Figure 4.7 shows a pair of signals recovered from a record by using a stereo pickup.
It can be seen that the musical information is very similar in the two channels,

but that the impulsive noise is very different.

A set of model parameters was estimated from this data using equation 4.8, with
the model order P being 25. This figure is chosen somewhat arbitrarily, but proves
to be a good compromise between performance and computational complexity for

a wide range of audio material.

4.5.3 Two-Channel Impulsive Noise Detection

In order to maximise the performance of the a-posterior: two-channel detector in

this application we make use of the following observations and assumptions:

e Since both channels represent the same musical data we expect the true

excitation signals to be highly correlated.

e For a given type of groove-wall degradation the impulses in one channel
will be of opposite polarity to those in the second channel. In other words,
if degradation occurs simultaneously on the two channels there will be a

negative correlation between the sample values of the two channels.

e The impulsive noise distribution in time is uniform and random, and is

independent between the channels.

The first of these observations is almost self-evident because if the two original
signals were identical then so would be the two excitation signals. Since we are
assuming that the musical information is the same in the two grove walls then we
would expect that the part of the excitation signals which represents the music to

be equal also. However, noise and errors inherent in the model-estimation process
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FIGURE 4.6: Typical Stylus and Groove Geometry.
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FiGURE 4.7: Signals from a monophonic 78 rpm record
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(largely arising from the presence of impulsive noise) will tend to degrade this

equality to some extent, but we assume that we are left with a strong correlation.

The negative correlation of the impulsive-noise samples arises from the fact that,
for a given type of simultaneous groove-wall degradation (e.g. small amounts of
material eroded from the groove walls), the resulting stylus motion is predomi-
nantly vertical. With reference to figure 4.6 it can be seen that this results in
positive output on one channel, and negative on the other. This polarity inversion

is observed in figure 4.7.

The assumption of time-independence between the channels is found to hold
adequately true in practice and may also be observed qualitatively in the signals

shown in figure 4.7.
4.5.3.1 Practical Considerations

The one-sided nature of the predictor means that impulses in the original signal
are smeared in the excitation waveform by the impulse response of the detection
filter. In order to determine accurately both the onset and the finish of a particu-
lar disturbance it is necessary to apply this filter to both the forward and reverse

prediction errors.

4.5.4 Two-Channel Interpolation

For interpolation the data is split into sections which have P uncorrupted samples
at each end of both channels; call these y; and y,. The one with the shorter
maximum burst length of corrupt samples is interpolated first (if necessary); let
us assume that this is channel one.

Any uncorrupted excitation samples from channel two may be used as an estimate
of the excitation to be incorporated via equation 4.28; the excitation samples that
are corrupted in channel two are assumed to be zero. This yields an estimate of

the uncorrupted channel one data, Xj.
An excitation estimate can be calculated for channel two as
e = AXy (4.87)

and this can be used with equation 4.28 to give an interpolation of the second,

more highly-degraded channel.

Interpolations made in this manner over long gap lengths retain much more of

the expected character of the signal than single-channel interpolations. In the
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single-channel case the interpolated excitation power tends to drop in the gap as
the minimisation does “too good” a job of reducing the excitation energy. This
observation stems from the fact that a stream of near-zero excitation samples is
highly likely as the model excitation, but is not typical of the excitation sequences

that are encountered in practice.

Single-Channel Interpolation

2000

1000

-1000

-2000 ‘ ‘ ‘ ‘
100 120 140 160 180 200

Dual-Channel Interpolation
2000 :

1000
Or.

-1000

_2000 1 1 1 1
100 120 140 160 180 200

FI1GURE 4.8: Two-Channel Interpolation of Musical Data

Figure 4.8 shows interpolations of the example two-channel signal of figure 4.7
around the large noise pulse in channel one. The dotted line is the channel two
signal, and the solid line is the interpolated estimate of channel one in each case.
The two-channel interpolation transfers much of the high-frequency information
from channel two into channel one over the interpolated section; this is particu-

larly noticeable around samples 110-135.

4.5.5 Audio Demonstration

Tracks | 7] and [8] on the accompanying CD demonstrate the efficacy of the com-
plete two-channel impulsive noise detection and removal algorithm presented in

this chapter.
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Track [7]is a two-channel transcription of a monophonic disc made in 1935. The
impulsive noise is heard to be significantly different in the two channels, this

being particularly clear if headphones are used instead of loudspeakers.

This track was restored using the two-channel impulsive noise detector and in-

terpolation algorithms described in this chapter, and the result can be heard on

track [8].

4.6 Conclusion

We have extended the AR model to multi-channel systems by treating the signals
as members of an ensemble of identical AR processes. We have shown that the

parameters of such a model may be estimated from observed data.

The model has been used to detect impulsive outliers in the observed data, and
subsequently to interpolate the data samples destroyed by this impulsive inter-
ference. The multi-channel model was shown to be superior to the single channel

model for both of these operations.

As a demonstration of the practical application of this model and the associated
algorithms, the theory was used to develop a restoration algorithm for use on
two-channel transcriptions of monophonic gramophone discs. This restoration

was demonstrated to be effective on real archive material.
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Coupled ARMA (C-ARMA) Model

TWO-CHANNEL SIGNALS that are designed to convey the illusion of spatially
separated sources when replayed over a pair of loudspeakers or over headphones
are referred to as stereophonic signals. Such signals form the vast majority of
available recorded material, and this is also the most common format for audio
data distribution; there is, therefore, a strong motivation for generating good
models for applications such as coding, data-reduction and sound analysis and

synthesis.

The Coupled-ARMA (C-ARMA) model is put forward here as a possible model for
these types of signal, its justification being drawn principally from consideration
of the practicalities of typical recording scenarios. It is a general model, applicable
to any stereo signal in which there is inter-channel redundancy. We show also how
it relates to the special cases of intensity and phase stereo that were described in

section 2.7.

5.1 Introduction

The C-ARMA model is shown diagrammatically in figure 5.1. We attempt to

model the sound source itself as an AR process, comprising the all-pole filter

ﬁ and a white excitation signal. The propagation transfer functions to the two

microphone electrical outputs are modelled as the pair of moving-average filters
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Bi(z) and Bgr(z).

B(z) ———= L(»

1 U(z)

E(z) —=| ——

B(#) |—= R@

FIGURE 5.1: General C-ARMA Model for a Stereo Signal

The system may be described by the equations

L(z) = E(Z)AEZ)BL(Z) (5.1)
R(z) = E(Z)%Z)BR(Z) (5.2)

which describe each of the signal components L and R as an ARMA process, but
whose recursive sections (which model the sound source itself) are identical. The
excitation is represented by E(z), the z-transform of the excitation samples for a

known, finite block of data. For convenience we also define the signal

(5.3)

which is internal to the model.

5.2 Application to Stereo Audio Signals

The C-ARMA model may be effectively applied to two-channel audio signals when
there is significant inter-channel redundancy. Many stereo signals fall into this
class since the two channels of information originate in the same acoustic space.
Even a signal component that is present in one channel only may be modelled,
since poles in the recursive section may be precisely cancelled by zeros in only one
of the moving-average sections. This situation is, in fact, frequently encountered,
and does not present difficulties for the model parameter estimation problem as
is demonstrated later.



5.2. Application to Stereo Audio Signals 87

The sound source itself is modelled as an autoregressive process as was mentioned
previously. It has been shown in previous chapters and extensively in the litera-
ture that this model may be successfully applied to audio signals of many types,

including music and speech.

Stereo signals rely on both time of arrival differences and amplitude differences
between the left and right channels to convey a spatial illusion. Both of these
may be applied by the FIR parts of the model. The length of the FIR part needs
to be sufficient that this is possible, and in practice an order of 50-80 for this
part of the model has been found satisfactory. This allows general shaping of the
power spectrum, and allows time of arrival differences of up to 50-80 samples
between the channels. This corresponds to up to approximately 1.5ms, or 0.5m
path difference for sound in air, which is a realistic figure for acoustically-recorded

stereo signals as discussed in section 2.7.

It should be noted that there is a gross time delay associated with the transit
time from the sound source to the microphone system, which is not included in
the model. This simplification is justified by the fact that the source is assumed
to be distant compared with the microphone spacing, and that therefore this
delay (from the source to the “acoustic centre” of the microphone system can be
assumed to be common to both signals, and hence taken outside of the model for
purposes of coding and data interpolation etc. If the C-ARMA model were to
be employed in a feedback loop (such as, for example in an active noise control
system) then this delay is likely to become important and should be included

between the recursive and non-recursive model components.

5.2.1 Phase Stereo

Phase stereo records the acoustic pressure at a pair of points which are separated
in space, but which are close together compared with the distance to the source.
Pressure is a scalar field in 3-D space, and thus the signals from the two micro-
phones have the same power spectrum, but the signals arrive at the microphones
at different times according to the microphone spacing and source angle relative

to the line joining the microphones.

This scenario is precisely reproducible within the C-ARMA structure. In this
special case the FIR filters become all-pass designs and are responsible for repro-
ducing the relative time/phase shifts of the signal components. Since the FIR

sections are all-pass, the power spectrum of the left and right signals are both



5.3. C-ARMA Model Parameter Estimation 88

wholly determined by the AR section of the model. This is common to both

signals, so the power spectra at the two outputs are identical.

5.2.2 Intensity Stereo

Intensity stereo records air particle velocity along two axes at one point in space.
Particle velocity is a vector field and the recorded signal amplitudes depend on the
angle the wavefront makes with the microphone axis. Since in a typical scenario
different signals come from many directions the signals recorded may differ in
power spectrum, but the times of arrival will be simultaneous for the coincident

microphone pair.

This situation is modelled by a C-ARMA system in which the zeros form a pair of
minimum-phase filters. These preserve the time of arrival information, which is
effectively coded in the excitation signal. The AR section generates a redundant
power spectrum, which is then shaped for the individual channels by the separate

FIR model sections.

5.3 C-ARMA Model Parameter Estimation

There is no straightforward unimodal solution to the model parameter estimation
problem for a general ARMA model, as there is for the AR, MO-AR and E-AR
models considered in previous chapters. The C-ARMA may be considered as a
pair of ARMA models whose AR sections are identical. From this point of view
it may be expected that no straightforward algorithm is available for estimation

of the parameters.

In a few special cases, where the recording setup is known and simple, it may
be possible to make some estimation of the model parameters by (i) and bg(i)
from physical principles. However, for the model to be generally useful we need

a means of estimating the parameters from the stereo signal itself.

However, the constraint that the recursive sections are identical allows a signif-
icant simplification. We may estimate the MA sections first by considering the
inter-channel transfer function between the left and right output signals. This
allows us to estimate the model zeros for both channels, By (z) and Bg(z). Once
these filters are known we can generate a pair of signals from which we may

estimate A(z) and hence the model poles.
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5.3.1 Estimation of Model Zeros

Some manipulation of the z-domain equations 5.1 and 5.2 yields the relationship
L(z)Br(z) = R(z)Br(z) (5.4)

which allows us to express the interchannel function without reference to the
originating excitation signal E(z) or the source model 1/A(z). Solution of this
equation may also be regarded as the determination of Bg(z)/B(z) which is the

inter-channel transfer function.

If we restrict ourselves to consideration of a causal system whose FIR parts are

of order P then we may rewrite 5.4 as the time-domain difference equation

ZbR noi o= Y bl (5.5)

thereby expressing a direct relationship between the samples of one channel and
the samples of its partner. In order to make use of this relationship we require

knowledge of the model parameters by [i] and bgl[i].

With no loss of generality we may set br[0] = 1. Separating this term from the

summation, and introducing a small modelling error € we obtain
P
nl+ ) belil Un -1l ZbL n—1i] + efnl. (5.6)
i=1

Equation 5.6 may be rearranged in two ways. Firstly it may be viewed as a
prediction of 1[n] based on r[n], and past samples of both channels l[n—i], r[n—i]:

<—
E
I
™=

b [i] ZbR n—1il + en] (5.7)

o

?

] + enl. (5.8)

In this context e[n] is regarded as the prediction error, and a successful model

ln] =

will minimise this error.

Rearranging alternatively gives

em] = ln]—1n (5.9)
P P

eml = lnj+ ) belilUn—1—> bl rln—il (5.10)
i=1 i=0

and in this form it can be used to estimate the model parameters {br, bgr} by

minimising the error € over a block of known data.
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5.3.1.1 Covariance Method

Expressing 5.10 as a matrix equation for a finite block of stereo samples gives

€ = l+Lbg—RbL (5.11)
br
§—L+[LR}[L}L] (5.12)
e = 1+M bR] (5.13)
br

and minimising €' yields coefficients {br, bg} given by the solutions to the linear

equation

(MTM)[bR] = —M'r. (5.14)
br

This method is analogous to the covariance method for AR parameter determi-
nation that was described in chapter 2. The matrix MM contains terms which
represent both the auto-covariances and the cross-covariances of the observed sig-
nals, as may be seen by splitting equation 5.14 into two sets of equations, one for
by and one for bg. Resubstituting [ — R] = M we obtain

LT by | LT

a7 ] L —R ti == |7 (5.15)
'L —L"R | [ bg | L]

R'L R®R ||b || RT|T (5.16)

and solution of this linear system for [1_){ l_)HT gives the model parameters.
5.3.1.2 Correlation Method

A similar set of equations analogous to the correlation method may be derived

Cuu —Cr br _ CLr (5 17)
—Crr Cgr br —CRrr

where C,, and c,, are the appropriate correlation matrices and vectors.

This system is not Toeplitz and so Levinson’s efficient recursive algorithm [61]
is not directly applicable. We can, however, use its block-Toeplitz structure and

split equation 5.16 into two parts
Crrbr — Crrbr = —crr (5.18)
—Crrbr + Crrbr = Cge (5.19)
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which may be solved simultaneously for the two unknown vectors

(CRR T CLR) by = Cpr Crilery + Crr (5.20)
(CLL - CLRCE]]?CRL) br = CLrCrrCry + Cpp- (5.21)

Estimation of the parameters by this correlation method requires the solution of
these two Toeplitz systems, and additionally calculation of the inverses C[L] and
Cgp- For large systems this will be more efficient than direct solution of equation
5.14.

5.3.2 Estimation of Model Poles

To estimate the model poles we wish to invert the zeros of the model given by
B (z) and Bg(z), and filter the observations L(z), R(z) by these inverses to obtain
two estimates of the model internal signal U(z) defined in equation 5.3. From
these we can then estimate the model poles by any of the standard AR model

parameter estimation techniques.

However, the FIR filters By (z) and Bg(z) will not in general be minimum-phase;
in fact one of the justifications for the model structure given above is that these
filters can model time delays. Therefore the filters do not, in general, have stable

inverses and hence direct calculation of U(z) is impossible.

We can transform B (z) and Bg(z) into minimum-phase equivalents by reflecting

in the unit circle any zeros z; for which |z;| > 1 by the transformation

Z = (5.22)

1
-
This yields a pair of minimum-phase filters Bj (z), Bx(z) whose power responses

are identical to the power responses of the true model filters:

B; (¢)B"(¢°) = B (¢°)B}(e?) (5.23)
Br(e)By () = Bg(e)Bg(e). (5.24)

The original channel filters By (z) and Bg(z) may now be expressed in terms of
these minimum phase filters and a pair of all-pass filters which provide the excess

phase shift. Thus we may write

Bu(z) = Bi(z) H.(2) (5.25)
Be(z) = Bilz) Hy(z) (5.26)
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where [H (e/?)] = [Hg(e®)| = 1. These expressions lead to the expanded block

diagram shown in figure 5.2.

The minimum-phase filters have stable inverses so we may generate two new

signals
U (z) = L(Z)BI](Z) (5.27)
L
Uelz) = Rizlg (5.28)
R

neither of which, in general, is the model internal signal U(z) defined in equation

5.3, but both of whose power spectra are equal, and also equal to that of U(z).

U (9Uf () = Ug(e®)Uz(e®) = U(®)Uur(e?) (5.29)

Each of the original FIR filters has been expanded into the combination of the
equivalent minimum-phase filter, and an all-pass filter which provides the excess
phase shift.

This expanded model is then transformed by manipulation of the blocks into the
form shown in the lower half of the figure. The recursive part of the original
C-ARMA can now be extracted as shown in figure 5.3. This is now seen to
consist of two distinct (though non-independent) white noise sources driving two
instances of the same all-pole filter to produce the signals U (z) and Ug(z). The
form of this part of the C-ARMA model is identical to the Ensemble-AR system
discussed in chapter 4 and the model poles may therefore be estimated by the

methods discussed there.

5.3.3 Verification of Parameter Estimation Algorithm

Synthetic data was generated using a number of different C-ARMA models to
assess the parameter estimation algorithm described above. In each of the figures
(5.4, 5.5, 5.6) the true model and the estimated model for each of the left and

right output signals is shown.

The three tests shown are of

e a system with non-minimum-phase zeros (figure 5.4),

e a system in which zeros in the FIR part cancel poles in the recursive part
(figure 5.5),
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e a system which has zeros on the unit circle (figure 5.6).

Each of these cases has been chosen to test a particular aspect of the model

estimation algorithm.

5.3.3.1 Test One — Non-Minimum-Phase Zeros

Firstly, non-minimum-phase zeros are included to test the stabilisation of the in-
verse system, and to verify that this does not affect determination of the system
poles. Both the zeros and the poles are accurately estimated; note that in this
system both channels have non-minimum-phase zeros. Also note that the poles
are accurate in spite of the non-minimum-phase zeros, verifying that the trans-
formation to a minimum-phase system does not adversely affect the estimation

of the system poles.

The fact that the system has non-minimum-phase zeros in both channels is par-
ticularly interesting. This results in both By (z) and Bg(z) having roots outside
the unit circle, which further implies that both inter-channel transfer functions

5;8 and E’ES have poles outside the unit circle, and are therefore unstable.

5.3.3.2 Test Two — Pole-Zero Cancellation

The second case we consider is that in which poles in the source signal model
are cancelled by zeros in the FIR part. All the model poles and zeros are accu-
rately determined; note that in this case it would be impossible to estimate these
cancelled poles and zeros without the presence of the second signal. Thus the
multi-channel approach shows a great benefit in determining the parameters of

the underlying audio signal.
5.3.3.3 Test Three — Zeros on the Unit Circle

Thirdly, zeros on the unit circle are investigated. These are a potential source of
problems since the inter-channel transfer function becomes marginally stable in
this case, and therefore cannot be transformed into a pair of stable inverse filters.
The zeros have been estimated to be just inside the unit circle, but this has not

significantly affected the accuracy with which the system poles are determined.

5.3.4 Total Least Squares Zero-Estimation

The pole-zero estimations shown in figures 5.4-5.6 are good, but the procedure

described in section 5.3 has been found to be inaccurate in two particular scenar-
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10s:

e when the two FIR sections have similar but non-identical zeros, and

e when the signals are contaminated by significant observation noise.

Both of these problems affect determination of the zeros more seriously than
determination of the poles. It has been suggested [42] that for problems of this
type the Total Least Squares (henceforth TLS) method can give superior results.

The TLS method is detailed in appendix E. It provides a solution brig to systems

of the form
Xba~d (5.30)

which assumes that there are errors associated with both the matrix X and the
vector d. The ordinary least squares method, by contrast, assumes that the errors

are associated with d alone.

We repeat equation 5.5
D belilln—1 = } befil rin—1 (5.31)

for clarity. Once again we constrain, with no loss of generality, br[0] = 1, and
because of observational noise and modelling error we replace the equality with

an approximation to give
P
Unl+ ) belilln—i] ~ ) bililvln—il. (5.32)
i=1 i

Writing this as a matrix equation for a finite block of N samples we obtain
1+ Lbg ~ Rby (5.33)

which may be rearranged thus
b
R L] [ o ]
br
Xb

which is seen to be of the same form as equation 5.30. Furthermore, both the

&Q

L (5.34)

e
le—

(5.35)

matrix X and vector | are subject to observation error, the primary justification
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for use of the TLS algorithm. Inclusion of these errors allows restoration of the

equality
(X E)b=1 e (5.36)
and solution by the TLS method.
The TLS solution is given wvia the singular value decomposition of the matrix
usv’ = [ X L] (5.37)
and minimises the Frobenius norm of the error matrix

W:[E g}. (5.38)

The solution is given by the right-hand singular vector vp,; which corresponds
to the smallest singular value. The final element v of vp_; is partitioned from the

rest
v
Vpy1 = [ N ] (5.39)
v
and the solution is then given by

1
bris=-—-v (5.40)
5

and is thus readily computed, though with a larger number of computations than

for the ordinary least squares solution given by 5.14.

The TLS method was tested by estimating the parameters for synthetic data
under a number of conditions. In each test, ten different random data sets were
prepared, and the zeros estimated by both the ordinary LS and TLS methods,

the results of which were then compared.
5.3.4.1 Test One — Near-ldentical Zeros

Figure 5.7 shows an example where there is a pair of zeros which are similar, but
not identical, in both channels. In this, and subsequent, figures the true system
zeros are shown by the symbol o, and the estimated zeros by x. The TLS method

has been markedly more successful at correctly identifying the system zeros.
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FIGURE 5.7: Similar zeros in both channels
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5.3.4.2 Test Two— Varying SNR

Figures 5.8-5.10 show zero estimates for the same system at different signal to

noise ratios of approximately 66 dB, 46 dB and 26 dB respectively.

From figure 5.8 it is seen that at 66dB SNR both the ordinary LS and TLS
methods give accurate results. As the SNR decreases the accuracy of the ordinary
LS deteriorates first, as shown in figure 5.9, which is for signals of approximately
46 dB.

As the SNR decreases further, neither algorithm accurately determines the system
zeros. However, whereas the LS algorithm estimates a minimum-phase system,
the system estimated by the TLS method frequently includes zeros outside the
unit circle. This difference is clearly seen in figure 5.10. Furthermore, the lack of
clustering of the zero estimates in the TLS case implies that the model estimate
is taking little regard of the signal characteristics, but rather modelling the noise
component of the signal. This feature of the TLS algorithm in this application
stems from the fact that the problem formulation includes many more error terms

than observed sample values.

5.3.4.3 Test Three — Over-Estimated Model Order

Figure 5.11 shows the systems estimated when the model order has been over-
estimated. In this case five zeros were estimated for a system with only three
true zeros. The ordinary LS method puts the extra zeros close to the origin,
whereas the TLS method places them close to the unit circle where they can have
a large impact on the frequency response of the model. The figure shows just
one representative example of the ten systems estimated for the ten original data

sets.
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5.4 Interpolation of Missing Data

We have chosen estimation and interpolation of missing data as an illustrative
application of the C-ARMA model. This problem arises, for example, in the
removal of impulsive noise from audio recordings. An interpolator for signals
modelled as ARMA processes has been developed by Soon Leng Ng [74], and we
use this work in the form presented by Godsill and Rayner [40] as the basis for
development of a C-ARMA interpolator.

We first outline the description of the method given by Godsill and Rayner for
MAP interpolation of a Gaussian signal of known covariance, and the application
of this to ARMA signals. We then extend the method to the joint interpolation
of samples from both channels of a C-ARMA system.

5.4.1 MAP Interpolation of Gaussian Signals

Consider a frame of data x from a Gaussian process whose covariance matrix Ry
is known. Some of the data samples contained within this frame are known, and

some are unknown. We wish to obtain an estimate of the unknown samples.

5.4.1.1 Zero-mean Signals

We partition the data vector x into those samples which are known (xyx) and
unknown (x,). We also define two matrices K and U which reassemble x from
the partitioned data such that

x = Kxp 4 Uxy, (5.41)

Matrices U and K are complementary column-wise partitions of the identity ma-

trix.

We may write the p.d.f. for the data vector as

p(x) = plxu | x) pxi) (5.42)
using the probability chain rule. Rearrangement, and substitution of expression

5.41 gives

P(Kxy + Uxy,)
pxk)

plxu | xi) = (5.43)

as the p.d.f. of the unknown samples, conditional on the known samples.
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The general form for the zero-mean multivariate Gaussian is given in equation

C.1, and is repeated here

1 xR x
Px(x) = WGXP <— 2 ) (5.44)

for the case of zero mean, and where the vector x is of length N.

Substituting 5.41 for x in 5.44 gives

(x) = 1 (K U TR (K + Uxyy)
P = g 72 P 2

(5.45)

The MAP interpolation is given by maximisation of 5.43 with respect to the
unknown samples. Since p(xy) is constant, and exp(-) is a monotonically in-
creasing function, this maximisation is directly equivalent to minimisation of the

expression

(Ko + W) R (Ko 4 Uxy,) (5.46)
again with respect to the unknown samples.
This minimisation is tractable by standard vector-matrix calculus and yields

Ru = —(URTU)TUR Ty (5.47)

as the estimate of the unknown data samples. The interpolated data vector is

reassembled by equation 5.41, substituting X,, for the unknown samples.
5.4.1.2 Non-zero Mean Signals
If the signal x has non-zero mean m, MAP interpolation is given by
R = —(UTR,'W) "UTR, (K — m). (5.48)

The derivation is a simple extension to the zero-mean case.

5.4.2 Interpolation of Gaussian ARMA Signals

It was shown in section 5.3.2 that in the case of a non-minimum-phase C-ARMA
system we can express the MA model sections as the combination of a minimum-
phase filter and an all-pass filter. Figure 5.2 shows that the system may be
re-arranged so as to separate these all-pass filters from the rest of the system.
We are now able to extract two minimum-phase ARMA systems as shown in
figure 5.12.
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The ARMA interpolator described above is directly applicable to each of these
component systems. In the following description of the algorithm we assume that
the MA parameter vector has been transformed to this invertible form. We also
assume that N > 2P where N is the data vector length, and P is the model order.

In order to apply the MAP interpolator to an ARMA signal an expression for the

covariance matrix Ry is required. In section 2.5 we gave matrix expressions

B
A

(5.49)
(5.50)

X
I
e

I3
I
e

for the ARMA difference equation in terms of an internal AR process un|, where

matrix B is defined as

" bp bpy -+ by O cee e 0]
0 bp bpg -+ Dby o ... 0
. ) . : (5.51)
0 0 Dbp bp_ by O
_0 “e S O bp bP,] o bO_
and A as
[ —ap —ap ;4 —a 1 0 0]
0 —ap —ap_j —a 0 0
. (5.52)
0 0 —ap —apy - —a 1 0
i 0 0 —ap —ap_1 See — 1 i
E(2) 1 U, (2)

A Bl () ——=L(z)

E(2) L U@
A(z)

BL.(zZ) ——=R(z)

FIGURE 5.12: Two minimum-phase ARMA systems extracted from C-ARMA

system
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If we partition A and B column-wise to split the first P columns (subscript 0)
from the rest (subscript 1), then an equivalent partitioning of u enables us to

write

x = Boup + By (5.53)
e =Aouo+ Auy. (5.54)

We also define the matrix A, as the final P columns of A.

Since By is lower triangular, has a non-zero leading diagonal (by), and represents
a minimum-phase filter, it is invertible. We may therefore re-arrange equation
0.53 as

u =By (x — Bou) (5.55)

and substitute u; in equation 5.54 to give

e = Ay, +ABy! (x — Byuy) (5.56)
= A;B7x + (Ag — AB7 ' By) U (5.57)
= Fx + Guo (5.58)

It can be shown [40] that the p.d.f. of the data is given by

1

- x'F'I-G(G'c+M)! GT)F>_<)> (5.59)

Px(x) oc exp (
and, by comparison with equation 5.44, the inverse covariance matrix by
2R, = FT (I ~G(G'G+Mm ! GT) F (5.60)
where M~ is the inverse covariance matrix
M = (ATA,)" — ATA, (5.61)

for P samples of the AR process. The operator R reverses the rows and columns

of a matrix.

The complete interpolator is formed by substitution of the inverse covariance,
given by equation 5.60, into the general MAP interpolator given by equation
5.47.
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5.4.3 Stereo C-ARMA Interpolator

The two-channel C-ARMA system is described by the matrix equations

e=Au (5.62)
1=BLu (5.63)
T=Bru+e€ (5.64)

where € is the modelling error described in section 5.3.

If we can find an expression for p(l, 1), the joint p.d.f. of the observed data, then
maximisation of this with respect to any unknown samples of both channels will

give an interpolation of the stereo data, based upon this joint p.d.f.

5.4.3.1 Conditional PDF of Two-Channel Data

The first stage in calculating the joint p.d.f. is to derive an expression for the
p.d.f. of the right channel data, given the left channel data, p(r[l).

By partitioning analogous to that of section 5.4.2 the latent AR process can be

expressed as

W = By (L— Brouy) (5.65)

Uy = BE]] (r— € — Bgolo) - (5.66)
Elimination of uy allows us to express € as

€E=T+ (BmBE]] Bro— BRO) Uy — By lell (5'67)
It Guo — FL (5.68)

Assuming ¢ is distributed as a white zero-mean Gaussian, and is independent of

€ we can write

1

p(r| L, 1) o exp <F§T§) (5.69)
1 1

p(r,uo |1) o exp (g@Tg — ﬁ@gM]y—o> (5.70)

and substituting for € from equation 5.68

1 . 1
l — —Fl —Fl) — oM
p(r,uo | 1) o< exp ( 202 (r4 Guo— FI)' (r+ Guo — F1) Tzt I_Lo>

(5.71)
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Marginalising uo using the results from appendix C we obtain

p(r|l) o

1
exp (zl% ((r Fy' (I -G (GTG - Z—?\A‘) GT) (r— Fl))) (5.72)

as the required conditional p.d.f.

5.4.3.2 PDF of Single-Channel ARMA Data

The second step is to derive the p.d.f. of the single channel L. This is identical to
the p.d.f. of the ARMA process x (equation 5.59) and we may write immediately

p(l) o exp (202 I'D'1-c(c'c+m ! CT)D1)> (5.73)
where C = A, — A;B;/B;, and D = A;B;.
5.4.3.3 Stereo Data Joint PDF

We may now derive the required joint p.d.f. as
p(L,) =p(r|YpQ) (5.74)
by the standard rules of conditional probability.

Substituting terms into equation 5.74 from 5.72 and 5.73 gives

1
p(l,T) o exp (i (r—F)'R M (r—FU) + lTRz‘l)> (5.75)
where
~1 1 T 0% g1 - T
R; =2 I—G(G G+G—%M ) G (5.76)
_ 1 1
R, :gDT (I-c(c'c+mH'chD (5.77)

€

Some algebraic manipulation allows us to write the joint p.d.f. in the standard

form

Tr+ 1| FRYF+RT —FTRyT | [ 1
p(l, 1) o exp (E[l T ][ RF R, ; (5.78)

and defining the combined data vector d gives

d'R,’ 4) (5.79)

N —

p(L, 1) oc exp (—
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where

d=

1= e

] (5.80)

FIR'TFL+R,T —FTR;

Ry = AR - (5.81)
—R,'F R;

This form may be used directly in the MAP interpolator (equation 5.47) to cal-

culate joint estimates of both channels of data.

5.5 Interpolation Tests

5.5.1 Synthetic Data

Figure G.9 shows independent ARMA interpolations of a two-channel C-ARMA
signal, using the method described in section 5.4.2. The interpolated signal is
smooth and continuous with the original, but the interpolated section deviates

significantly from the original.

Figure G.10 shows a two-channel C-ARMA interpolation made by maximisation
of the joint p.d.f., equation 5.79. In this case the interpolations are seen to be
a close match to the original data. In the case where there is no overlap of the
interpolated regions the interpolated signal is indistinguishable (by eye, from such

a figure) from the original.

5.5.2 Audio Data

The performance of the interpolation algorithm on real stereo audio data is dis-
appointing, and it is unclear why this is so. Excerpts from modern CD recordings
were used as test material, and attempts were made to estimate model parame-
ters, and perform interpolations of the data using the various techniques devel-

oped in previous sections.

The parameter estimation procedure seems to work adequately; a pole-zero plot
for an order 10 model generated in this way is shown in figure G.11. As expected
there are non-minimum-phase zeros in the estimated model; note that, in this
case, they occur only in the right channel. The estimated poles are all inside the

unit circle.

The upper part of figure G.12 shows the stereo signal in question, and the mod-
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elling error, €, associated with this signal and the estimated parameters. The
modelling errors are seen to be small, and analysis has shown that they are also
substantially white. In addition, the model excitation signal e was found to be
many orders of magnitude smaller than u, the internal signal, and again substan-
tially white. The fact that the excitation and modelling error are both small and
white implies that significant information regarding the structure of the signal is

being carried by the model parameters.

Using the estimated model parameters to perform a single-channel ARMA inter-
polation yields the result shown in the lower half of figure G.12. The result is in
qualitative agreement with the corresponding result for synthetic data, shown in
figure G.9.

The interpolation deviates in detail from the original signal, but is smooth and
continuous with it, and would undoubtedly be useful in many contexts as it re-
tains much of the character of the original. This result further confirms that the
model parameters are an accurate representation of the signal structure. Further-
more, this interpolation of 40 samples has been achieved with a model of order
10; this is a significantly lower order than has been found necessary for similar

interpolations, assuming an AR model [101].

Figure G.13 shows a joint interpolation of both channels. In this case the inter-
polants do not follow the original signal in character. This is surprising given the
previous results, and given that a similar interpolation of synthetic data (figure

G.10) produced excellent results.

The reason for this discrepancy is not clear, though it is possible that the assump-
tions regarding whiteness and independence of e and € are not valid in practice.
Given that the result with synthetic data is good, and that there is little, qual-
itatively, to distinguish the synthetic and real data sets, this result is surprising

and worthy of further investigation.

5.6 Conclusions

We have devised a new Coupled-ARMA model for two-channel signals which
comprises a recursive part, common to both channels, and two moving-average

sections, a separate one for each channel.

We have investigated methods for efficient determination of the model parameters,
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based on the methods of Least Squares, and have also investigated the Total
Least Squares method for this application. The TLS method was found to be

more accurate under some circumstances.

Methods for calculating MAP interpolations of the C-ARMA data were inves-
tigated. An existing interpolator for ARMA signals was found to be directly

applicable, and to perform satisfactorily in many circumstances.

An algorithm for making joint interpolations of both channels was derived. This
was found to work excellently on synthetic data sets, but its performance on

stereo audio data was lack-lustre.
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Channel Synchronisation

MULTI-CHANNEL audio work usually requires that the signals under examina-
tion are accurately aligned with other, sharing a common time origin. This is,
however, difficult to achieve in practice; multiple copies of an audio tape or gramo-
phone record will never play in exact synchronisation, and similarly it cannot be

generally assumed that the recording device ran at a constant speed.

In this chapter we examine the problem of realigning audio signals under the
condition of a varying time offset, and in the case where different media have

imparted different frequency response anomalies on them.

6.1 Introduction

Consider a continuous-time band-limited signal u(t). By processes of recording

and transcription this signal is transformed into two observed signals
x1(t) = hy % u(fi(t)) (6.1)
x2(t) = hy x u(f2(t)) (6.2)

where h; and h, represent a pair of linear filters, and x represents the convolution
operator. The time axis functions f; and f; represent two “warpings” of the true

time axis t.

The problem is to determine the mapping between f;(t) and f,(t) given the
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pair of observed signals, x; and x;. We are interested in restoring the relative
synchronisation of the signals, rather than estimating the original time axis t.
The estimation of the original time axis t from a single observed signal x; has

been explored by Godsill [35, 36] in the correction of pitch variation defects.

If we define

f] (t) =t+ (t) (63)
fa(t) =t + 12(t) (6.4)

then from equation 6.1 we obtain

x1(t—T11(1) + 1,(t)) = hy xu(t + 1,(1)) (6.5)
=h; xhy ! x,(t). (6.6)

If we now define the time offset s(t) = T1(t) — T2(t) then we obtain

where h =h, xh;, .

This analysis does not take account of the effects of the time axis warping on the
filters hy and h,. If, however, the warping is slight, and the frequency responses

not too drastic then this becomes an insignificant problem.

In practice the predominant feature of the filters is likely to be low-pass filtering,
caused by ageing of tape, mechanical wear of gramophone records, RC filtering
of analogue signals by cable and other equipment, and other similar mechanisms.
The vast majority of such systems are expected to be zero-phase (in the case of
mechanical processes) or minimum-phase (for the electrical mechanisms). The

low-frequency phase response will, in this case, be constant and close to zero.

The effects of slight time warping on such filters will be a small modulation of the
cut-off frequency, and possibly the introduction of low-level non-linear distortion
artifacts. The exact effects are difficult to predict as the filtering may result from
processes or transfers that occurred before, after, or even simultaneously with the

processes that produce the time offset.

The non-uniform time axis will affect the audio signal (as distinct from the filter
responses) in a similar way to phase modulation of the original signal. Phase
modulation produces sidebands on the tonal components of the signal, whose

width depends on the frequency and depth of the modulation.
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6.1.1 Problem Statement

The problem we wish to solve, therefore, is to determine the instantaneous time
offset between a pair of signals which represent the same musical information;
subsequently we wish to resample the signals such that they are accurately syn-
chronised. In addition to being offset in time, the signals may have undergone
different linear or non-linear operations, but these and the time-axis warpings are

assumed sufficiently small that the musical information is substantially intact.

6.1.1.1 Example: Shift between two copies of the same recording

If multiple copies of a single recording are available (there are many examples
on the demonstration CD) then we would usually wish to synchronise them for
purposes of multi-channel signal processing. Mechanical means ensure that the
playback speed remains approximately constant, and this may be enhanced by
electronic feedback control of the capstan or turntable motor to achieve a long-

term speed stability of typically 100 p.p.m.!

To ensure that a substantial section of music remains in synchronisation to within
one sample period clearly requires a much higher degree of speed stability than
is available by these mechanical and electronic means. For example, a side of
an LP plays for approximately 30 minutes; one sample period over this time
span represents a speed stability of 0.001 p.p.m. at the standard sample rate of
44.1 kHz.

Furthermore, playback speed fluctuations (wow, [8]), disc eccentricity, uneven
tape tension and stretch, and so on result in a time offset between the channels

which varies in an unpredictable manner.

Finally, there are great problems to be expected if we attempt to start a pair of
tape players or turntables in exact synchronisation. This may be circumvented
by loading the signals into a computer-based audio editor, whereupon a single,
well-defined event may be aligned with good accuracy by visual inspection of the
waveforms. The signals may then be replayed independently or together with

complete confidence that the data will be replayed identically every time.

This procedure does not, however, solve the time-varying offset problem between

multiple sources, and it is to this that we presently turn our attention.

IParts per million.
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6.1.1.2 Example: Inter-channel shift on a single disc

It was shown in chapter 4 that it is possible to improve the restoration of a
monophonic gramophone disc by extracting two signals from it, one from each
groove wall. Similarly it is possible to perform multi-channel processes on single-
channel tape recordings using a multi-track head, whose total span is the same

as the span of the original single-channel head.

Time-shifts can exist between multiple signals extracted thus from a single carrier.
The following are three commonly encountered mechanisms by which this can

occur.

e The cutting stylus used to make a master for mass duplication of gramo-
phone discs usually moves radially across the disc. By contrast, the replay
arm of most high-quality transcription turntables moves in a circular arc
about its pivot. Thus the sides of the replay stylus make contact with the
disc at a different pair of points from the sides of the cutting stylus. This
results in an offset between the channels on playback that varies across the

disc. A thorough analysis of the geometry of this problem is given in [107].

e Many discs made up to about 1940 were cut on an EMI system in which
the cutting stylus was mounted on a round shank. Careless alignment, and
rotation of this shank in its mounting while cutting is in progress both cause

groove wall offset on such discs [55].

e Inter-channel offset occurs on magnetic tape recordings as a result of inaccu-
rate head alignment. Ideally the head gap is perpendicular to the direction
of travel of the tape, and identical for both the record and replay heads.
Poor alignment or inadequate mechanical integrity of either the record-
ing or replay tape machine results in a time shift between the channels,
which again can vary with time. This mechanism also results in significant

frequency-response anomalies due to the effect of the finite head width.

A commercial device [18] exists which attempts to re-align two-channel signals
under these conditions of a slight, slowly-varying time-offset, and which also
allows realignment of stereo signals for restoration of the stereophonic illusion

and improvement of mono-compatibility.
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6.2 Adaptive Filtering Method

The form of this problem suggests that standard system identification procedures
may be appropriate. Essentially we have a pair of signals which are related by an
unknown, slowly-varying transfer function. Knowledge of this transfer function
would allow us to compensate for the time offset between the channels as we

require.

Let us apply an FIR filter with impulse response b[m] to x;[n], such that b[m] %
x2[n] & x;[n] where x represents the discrete convolution operator. If the approx-
imation is close then the amplitude response of b will approach the amplitude
response of h, and the phase response of b will be composed of the phase shift
associated with the time-shift s, plus the phase response of filter h. This system

is shown diagrammatically in figure 6.1.

X {[n]
Outputs
[n] - [n]
X2 n B(Z) @ e|ln
b; min
e?[n]

FIGURE 6.1: Channel Synchroniser based on Adaptive Filtering

The standard block-LMS algorithm [106] allows efficient calculation of this filter
and allows tracking of a slowly-varying time offset. Furthermore, since the FIR
filter may incorporate an arbitrary gain the method is robust to level differences
between the two channels. Haykin [44] gives a full analysis of the convergence

and tracking properties of this algorithm.

If we require simply to shift the signals into alignment, without equalising fre-
quency response anomalies, then we may determine the low frequency group delay
of b from the filter phase response and shift signal x; by this amount. Note that
the group delay may be a non-integer number of samples; the mechanism for shift-

ing a sampled signal by fractional parts of the sample period is closely related to
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sample rate conversion. Appendix F outlines the method.

6.2.1 Test on Real Data

This adaptive filtering algorithm was used to estimate the variation of time offset
between [9] and [10] throughout the extracts.

The starts of the two recordings were aligned as accurately as possible using the
SADIE digital audio workstation [94]. This was accomplished by examining the
waveform and aligning by eye one musical event that was clearly visible in the
waveform near the start of the extract. The remaining offset was then estimated

independently for the two groove walls, and the results are plotted in figure 6.2.
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FIGURE 6.2: Inter-channel offset estimated by the adaptive filtering method

The estimated time offset shows a long-term drift, plus an oscillatory component

at the revolution rate of the disc. The varying speed discrepancy is well below
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audibility when the discs are played separately, but is obvious (as time-varying
comb filtering) when they are summed, as demonstrated by track on the

demonstration CD.

The estimated offset shows a number of outliers, as well as its low-frequency vari-
ations. These outliers are due to inadequacies in the procedure used to estimate

the low-frequency group delay of the filter.

6.3 Correlation Method

If we know the cross-correlation function Ry,x,(s) of x;(t) and x,(t), then the
position of the maximum of the cross-correlation as a function of the lag s can
be taken as an estimate of the time-shift between the pair of signals. The cross-
correlation may be readily estimated from the data, and so this forms the basis

of a detector for the inter-channel shift.

In this most basic detector the estimated time offset will always be an integer
number of samples. However, bearing in mind that the origin of the time shift
may operate in the continuous-time domain, we would expect to observe, at any

given sample point, a non-integer shift between the channels.

It is not clear that an interpolation of the estimated cross-correlation gives a valid
offset estimate of sub-sample accuracy, since the sampled signal simply does not
exist between the sample points. Furthermore, the cross-correlation of random,
band-limited signals x(t), y(t), given by

] +T
Ry (s) = lim ﬁJT X(t)y(t—s) dt (6.8)

is non-trivially related to the discrete cross-correlation function

N-—1
Ray[k] = lim % > xnjym—x. (6.9)
n=—N

In particular, the latter is not a straightforward sampled form of the former.

6.3.1 Resampling of a Windowed Signal

Let us treat a given, finite block of data from a single channel as a known,
isolated, set of constant data points, as opposed to treating them as a finite-

length observation of a random process which is infinite in duration. We may
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then justify interpolation of the cross-correlation function to obtain sub-sample

accuracy by the following arguments.

Consider the set of real samples x[nT], where T is the sample period. If we assume
the signal is zero outside the window 0 < n < N, then we may construct a real

continuous-time interpolation x(t) from these samples. Furthermore, if we restrict

% then the sampling theorem

states that the continuous-time signal x(t) is uniquely defined by the samples

our consideration to signals x(t) of bandwidth B <

x[nT]. For simplicity we limit the discussion to baseband signals, although this

restriction is not necessary.

Now that we have reconstructed a continuous-time signal we may resample it at
whatever rate we choose. In doing so we retain all of its information provided
that the sampling theorem is not contravened. In particular, we are guaranteed
to satisfy this criterion if we raise (not lower) the sampling rate, compared with
the original rate 1/T. Note, however, that the oversampled signal will not, in

general, be windowed in the same way as the original finite data block.

Suppose that we choose to sample at a rate ? which is some integer factor P
greater than the original rate. That is, we sample x(t) and obtain the set of
oversampled data points x"MTP], where the notation TP is used to denote 4,
the new sampling period. This set represents the signal in a discrete-time form

suitable for numeric processing, but measured on a finer time-scale than before.

It can be shown that the samples x"[nTF] may be calculated from the original

samples by the application of the linear filtering operation
+o00
=Y hax™[(n—1)T" (6.10)

where xP°[nTP] has P — 1 zero samples interposed between each of the original
samples. We may thus calculate the oversampled signal directly from the original

samples without reconstructing the continuous-time signal x(t).

Figure 6.3 shows diagrammatically the relationships between the continuous-time
signal x(t), the sampled signal x[nT], the oversampled signal x"[nT"] and the

zero-interleaved oversampled signal x7o[nTP].



6.3. Correlation Method 125

Sampled and Continuous Signals
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FIGURE 6.3: Relationship of Sampled and Oversampled Signals
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6.3.2 Cross-Correlation of Oversampled Signals

We now turn our attention to the estimation of the cross-correlation of a pair
of signals, x}'[n] and x5[n], which have been oversampled in this manner. The
cross-correlation function is defined as

1 N-1
Ryx, [kl = lim Nn_Zle MT]xa[(n— k)T (6.11)

N—o0

If we substitute the oversampled signals we obtain

RY [kl = lim 1 Y TG k)T (6.12)

RE]XZ [k] =
] N-1 +00 +o0
Jim o > (Z hox* (=T Y hszp"[(n—k—j)TP]). (6.13)
n=-N \i=—o0 j=—00

We may rearrange the order of the summations, to express R k] as a filter

X]XZ[

applied to the zero-interleaved signals thus

Ry Kl =
400 +oo
Jim. Zm_zoo (h,Lh]ZN Z xP —i)TP]xzp"[(n—k—j)TP]> (6.14)

and hence as a filter applied to the cross-correlation of those signals

RE K = Z (m > RE?XZkJrji])) (6.15)

i=—00 j=—00

where

RPo Ryxix; [k/P], if k(mod P) =0

Po [kl = (6.16)

0, otherwise.

[k] are identical to the

cross-correlation estimates of the original sampled signals Ry, [k/P]. We have

It is clear that the non-zero values of the function REOXZ

now, therefore, expressed the cross-correlation estimate of the oversampled signals

in terms of the cross-correlation estimate of the original signal samples.
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It can be seen from equation 6.15 that the cross-correlation of the oversampled
signal may be obtained from the cross-correlation of the original signal by filter-
ing it twice, once with the oversampling filter h;, and once with the same filter

reversed h_;.

The above analysis shows that bandlimited interpolation of the cross-correlati-
on function is justifiable from signal processing theory. In order to perform this
calculation in a practical system it will be necessary to further window the infinite
summations, and the degree to which this is done will affect the accuracy of the
interpolation, and hence its ability to accurately measure the inter-channel time
offset.

In practice it has been found that even relatively short (for example, 7-11 taps)
interpolating filters are useful in estimating the shift to sub-sample resolution. If
filters of higher order are chosen then consideration should be given to computa-

tionally efficient FFT-based methods for performing the convolutions.

6.4 Model-Enhanced Correlation Method

Recall the Ensemble-AR model of chapter 4 where we had an ensemble of white
excitation sequences driving an all-pole filter to give multiple observed signals. If
we treat x; and x, as the outputs of such a system then we can determine the

time-offset in the excitation domain, instead of in the signal domain.

This has the advantage that the estimated excitation is approximately white,
due to the whitening effect of the inverse model filter. The cross-correlation of
the excitation will more closely approximate a 8(-) function than will the cross-
correlation of the original signals, and this enables a more accurate estimation of

the inter-channel shift.

The comparison between the signal cross-correlation and excitation cross-corre-
lation is shown in figure 6.4. A block of 1024 signal samples was taken from each
of [9] and [10]. The cross-correlation between these signals is plotted in the upper
part of the figure.

An E-AR model of order 10 was estimated from this data and the excitation
sequences corresponding to each of the original sources were calculated. The
cross-correlation of these excitation sequences is plotted in the lower half of the

figure. The position of the peak in the lower figure gives a more precise indication
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FIGURE 6.4: Excitation and signal cross-correlations
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of the inter-channel offset than more rounded peak in the upper half of the figure.

6.5 Statistical Method

The offset fluctuation with time shows great structure, and this provides the
motivation for investigating a model-based statistical method for estimating the
offset. Given two signals x; and x, which are similar, but offset in time by s,
we can derive an expression for the likelihood p(x2/x1,s) and hence derive the

estimate sy for the time offset.

Furthermore we can put a prior on s, based on some model of the offset variation,
and thence calculate estimates for the time offset within a fully Bayesian frame-
work. The intention is that the model-based prior will improve the resilience
of the algorithm to noise in the original signals by the rigorous incorporation of

qualitative prior information about the expected offset variations.

These methods have strong parallels with work by Godsill [35, 39] in the estima-
tion of pitch fluctuations in a single recording. In the present study, however, we
are concerned not with the speed fluctuations of a single recording, but rather the

speed differences between a pair of transcriptions of otherwise identical nature.

6.5.1 Offset Likelihood Function

Of the two observed signals, let us arbitrarily treat x;(t) as the reference signal,

and x;(t) as the second signal whose time offset s(t) from x; we wish to determine.
We may model the second signal x,(t) as

x2(t) = axq(t —s(t)) + e(t) (6.17)
where o compensates for any amplitude mismatch between the channels.

Let us assume, as before, that the offset varies sufficiently slowly and smooth-
ly that we may treat frames of N consecutive signal samples as each having a
constant offset?. By doing this, we may replace the function s(t) with the constant
s in our consideration of a single data block. We may now write a discrete-time

equivalent of equation 6.17 as

x| = ax;(nT — s) + e[n] (6.18)

2This assumption seems justifiable given the mechanical mechanisms by which the offset

originates.
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1

T+ is the sample rate.

where
For the block of N samples

x2 = [x[1]-- - xa[N] ]! (6.19)
we may write the vector equation

X2 = ax1(s) +e. (6.20)

The reference channel data is represented by

x1(1 —s)
xi(s) = i (2: ¥ (6.21)
x1(N —s)

which is effectively a vector-function of time determined by band-limited inter-

polation of the observed reference channel samples x;[n].

If the error vector e is zero-mean Gaussian and has auto-correlation matrix Ree

then we may write the likelihood function

Lxz;xi(t), 0,8) = plx2 | xa(t), «, 5) (6.22)
X exp (%QTRQQ g) (6.23)
enp (3 e = oonls) TR e — (5] (620

This formulation treats the first observed signal x; as a known vector-function
of time. We model the random signal x, as being closely related to this function
x1(t) by equation 6.17. Although we are dealing directly with the sampled rep-
resentation x>[n] of x,(t), equation 6.22 still contains the continuous-time x;(t).
We can evaluate this function for any value of t by band-limited interpolation of

the signal samples x;q[n].

6.5.1.1 Maximum Likelihood

The likelihood is not analytically differentiable, since x;(t) is a non-analytic func-
tion of t, and therefore calculation of the Maximum Likelihood offset estimate sy
requires application of numerical maximisation techniques. The dimensionality
of the problem is sufficiently small, however, that this is a realistic option. Fur-
thermore, a numerical approximation to the differential can easily be calculated

to assist in such an optimisation scheme.
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6.6 Bayesian Formulation

The next step of sophistication is to treat the sequence of offsets measured by

any of the preceding methods of sections 6.2 to 6.5 as a noisy observation

solm| = s[m] + es[m| (6.25)

of the true offset at frame m, given by s[m]. The observation noise is represented

by es. The likelihood for the observed offset sequence is given by

L(s0; 8) = Psopsmlso | s, M) (6.26)
& exp (%QZRJ §s> (6.27)
X exp (]z (so — §)T jo (so — §)> (6.28)

assuming Gaussian errors with correlation matrix R, , and where the model struc-

ture is represented by M.

Bayes’ Rule allows us to combine this likelihood with a prior for the offset, giving

the posterior p.d.f. of the offset s given the observed data sg as

_ Psolsm(so] s, M) Psuls, M)
Pso,m (80, M)

pslso,./\/l(§ ‘ §O>M) (629)

from which we can make estimates of the true time offset.

We will assume the model structure M from here on, and also that any pa-
rameters of that model are known. Furthermore, for a given set of observations
Psom (80, M) is constant, and we may therefore write
Psols (S0 | 8) Ps(s)
Pslso (8 | S0) = 6.30
wols] Panl50) 16:30)

X Psyis(S0 | 8) Ps(s) (6.31)

where the prior p.d.f. ps(s) will depend upon the model that is chosen for the
offset.

6.7 Models and Priors for the Offset

In the absence of further information a uniform prior may be chosen for ps(s), and

in this case the posterior p.d.f. is equal to the likelihood. However, a consistency
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of character has been noted in the offset variation (figures 6.2, 6.5) and this
implies that there are common underlying mechanisms which can be exploited in

a model-based approach.

We will consider now various specific forms for the model and this prior.

6.7.1 AR plus Sinusoids

The first model we propose for the sampled offset s[nT,] is the “AR plus sinusoidal
basis” model which combines a stochastic component with an oscillatory compo-
nent of fixed period®. This has been found to give highly satisfactory results in a

variety of situations, and will therefore be examined in detail.

The offset shown in figure 6.5 seems to show a type of oscillatory behaviour, but
with an additional random component such that it is not perfectly periodic, and

which adds a long-term drift.

If we sample the offset at the rate 1/T; the model equation is given by

Pa Ph
sin] = Z agsn — k| + Z (o cos(kwonT) + Py sin(kwenTs)) +em] (6.32)
k=1 k=1

and this may be written for a set of N consecutive frames

s = [s[1]---s[N]]" (6.33)
as the matrix equation
s=Sa+0Q.a+Qp+e (6.34)
where
s[0] <o 8P+ 1]
G _ s[.1] s[—P?—i—Z] (6.35)
S[N.—l] s[—P(;—i—N]
cos(woTs)  cos(QwoTs) -+ cos(PrwoTy)
0. — COS((J).O 2T,) Cos(Zcf)o 2T - COS(Ph%Uo 2T,) (6.36)
COS(w'o NT,) COS(ZG;O NT) --- COS(Ph(;)O NT,)

3From here on, n is used to denote the frame number, and T, the frame period. The sample

frames do not overlap.
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sin(wo TS) sin(Zwo TS) s Sin(Pth TS)
sin(wgo2T)  sin(2wo2Ts) -+ sin(Prwo 2T,

o, _ | sin(we2T sin2wo2 (Pacwo 2T, 65
Sin((l)() NTS) Sin(sz NTS) s sin(Phwo NTS)

and a, o« and (3 are the vectors of weights for the AR, cosine and sine model

components respectively.
6.7.1.1 AR+Sinusoidal Prior

We assume that, when the correct model parameters are known or have been
accurately estimated, the error sequence e is white and Gaussian. The Bayesian

prior which corresponds to this signal model is therefore

le'e
ps(s) o exp (7 52 > (6.38)

where e is given as follows.

A trivial rearrangement of 6.32 gives

Pq Phr
em] =sMn| — Z osn — k| — Z (ax cos(kwonTs) + by sin(kwoenT,))  (6.39)
k=1 k=1

and we may write this in matrix form
e=As—Qcax—Qp (6.40)

where A is the matrix of AR model coefficients defined in equations 2.35 and 2.36
on page 19.

Simple algebraic manipulation allows us to write this in a more compact form

I
I

s
A —Q. O, ||« (6.41)
§

=M (6.42)

R IR In

and hence the Gaussian prior as

1
ps(s) xexp [ —5—= | sT o« B' |M'M

2 =
20%

(6.43)

> IR In
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6.7.2 Parameter Estimation

Least squares estimation of the parameters of 6.34 is straightforwardly linear by

minimisation of e'e if wy is known and is given by the solution of

ST a ST
Qr|1|s 0. Q|| x| =|0Q |s (6.44)
Qg B Qg

for the composite parameter vector [a' «' B']".

However, it will be more usually the case that the fundamental frequency is not
precisely known, and should therefore be treated as an unknown parameter, and
the problem becomes non-linear in this parameter. Given a suitable starting value
for wy, iterative minimisation of the modelling error with respect to, alternately,
the linear parameters (by equation 6.44) and the fundamental frequency (e.g. by

Newton-Raphson iteration) quickly and reliably converges.

The prediction error is given by
e=Sa+Q.a+Qp—s (6.45)

and its energy by £ = e'e.

The differential of the energy with respect to w, the fundamental frequency is

given by
T T
33 “ 20 | ¢ “ 20 20T &
— =2(sla|l-s| —=|a|+|al| |Q—=+"S 0] | «
ow ow ow OJw
B B B B
(6.46)

where Q = [Q, Q). This is an analytic function and can therefore be used

straightforwardly in the optimisation.

6.7.3 Test Results

Figure G.5 shows the prediction of the offset given by a simple model of this type.
This example uses just one AR coefficient (P, = 1) and two sinusoidal harmonics
(Pn = 2). This model gives a lower prediction error than an AR model with an
equivalent number of parameters (P, = 3, Py = 0), but the latter would require

less computation.
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The initial estimate of the period was 33.00 r.p.m. and this was refined to
33.34 r.p.m. at the end of the optimisation. Calculation of the model param-
eters in this example represents an overhead of 8 x 10° floating point operations
over 30 seconds. This represents approximately 0.5% of the computational ca-
pacity of an inexpensive DSP chip, despite the non-linear iterative nature of the

problem.

6.7.4 Alternative Offset Models and Priors

The AR plus sinusoid model has been shown to work well for the time offset that
occurs as a result of turntable wow. There are other well-known mechanisms
that can generate time offsets, such as the uneven stretch that affects magnetic
tape that has been handled poorly. Furthermore there may be an overall speed

discrepancy between the signals, or one may increase steadily in speed.

In these cases the AR plus sinusoid model may not perform well, and we suggest

here some possible alternatives.

6.7.4.1 AR Model

The AR model provides a very general framework which, depending on its param-
eters, can model a wide range of offset characters. With poles close to the origin
the modelled offset is highly random, whereas the model becomes quasi-periodic

if the poles are close to the unit circle.

The formulation for the AR model is identical to the AR+sinusoid model with
the number of sinusoidal harmonics Py, set to zero. In this case the Gaussian prior

becomes
1
Ps(s) o exp (ngATM) (6.47)

where A is the matrix of AR model coefficients defined in equations 2.35 and 2.36
on page 19.

6.7.4.2 Differential Smoothness Model

The offset may frequently be expected to vary smoothly, without sudden changes.
In this case some objective measure of smoothness 0 is maximised for the esti-

mated offset variation. One such measure that has been suggested for the con-
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tinuous case is the integral of derivatives

to
e:J
0

and in the discrete case this may be approximated in terms of the finite differences

2

st " ¢ (6.48)

dtd

dll = 8n — Sn—1 (649)
2 =d! —d2 (6.50)
and so on.

These differences may readily be expressed in matrix form and we can then form

the sum of the squared order q differences as

N
0a=) (d%)? (6.51)
q+1
=s'DgDgs (6.52)

where D is the matrix which generates order-q differences from the vector s of
length N.

Godsill has used this formulation in work on restoration of pitch defects on a

single signal [38] and suggests the Gaussian prior

p(s) o exp (—“79‘1> (6.53)

where o is set appropriately to reflect the expected degree of smoothness for a

particular problem.

The differential smoothness model of order @ may be shown to be a special case
of the AR model with all of its poles at z = 1. It therefore removes the need for

estimation of the model parameters.
6.7.4.3 Polynomial Model

Where there is a speed discrepancy between the two signals there will be a lin-
ear dependence s(t) = yt of the offset upon time. If this situation, or some
other deterministic, non-oscillatory phenomenon is suspected then incorporation
of such a term in the offset model and prior will be expected to yield substantially

improved results.
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More generally, polynomial terms of any degree may be incorporated by inclusion

of the terms

sn] = iyi (;)1 (6.54)
i=0 s
in the offset predictor. This may be expressed in matrix form
s=Ty (6.55)
where
RRORORNGON
N OROEERON 030

kX

N

Ts

9

N
Ts

;)2

(

N

Ts

y

These deterministic terms may be readily incorporated in the same way as the
sinusoidal terms in the AR+sinusoid model described in section 6.7.1, and the

form of the prior is therefore identical.

6.8 Offset Posterior PDF

Combination of the offset measurements sy and a prior based on a model M

using Bayes’ rule allows determination of the posterior p.d.f. for the offset s as

_ Psolso[8)psls, M)
pSo(§O)M)

Investigation of this p.d.f. allows a-posterior: estimates to be made of the offset.

Ds(s | s0, M) (6.57)

6.8.1 MAP Offset Estimate
The posterior p.d.f. may be maximised for the MAP estimate

smap = argmax {ps(s | so) } (6.58)

of the offset variation.

Dependent on the choice of prior this maximisation may be analytic by standard

differential calculus of vectors. For example, in the case of the AR+sinusoid prior
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(equation 6.43) we obtain the posterior p.d.f.

ps(s|so) ox
s
(so—5) (so—s) | g | o
exp | — 20 T st o B8 MM | « (6.59)
§
where M is defined in equation 6.42.
This p.d.f. may be directly differentiated to give the offset estimate
o2 - 02
Swiap = (G—;ATA " 1) (§o + T (Ot Qs@)) (6.60)
€ [

6.8.2 Joint estimate of Model Parameters and Offset

It is possible to estimate the model parameters corresponding to fixed basis func-

tions jointly with the offset in this framework. Let us define the vectors

(6.61)

1D
I
™ IR I

(6.62)

o)
o

Il
=
R

and the matrix
o’ 0 0
Ro'=| 0 R Ry (6.63)
0  Rgp Rgp
such that Py, Ba; Raa, Rap, Rpx and Rgp form the parameters of a Gaussian prior

on « and 3, the weights applied to the constant basis vectors.

The posterior p.d.f. for 0 is given by

1 1
ps(8 | s0) o< exp (5 (80— 0)" Ry (80— 0) — Z—C%QTMTM@ (6.64)
from which the MAP estimate
SMAP 1 1
Omar = | amar | = (Re] + EMTM> RQ]QO (6.65)
e

@ MAP

of the offset and model parameters is obtained by differentiation.
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6.9 Tests of Model-Based Bayesian Estimator

The Bayesian estimator was tested using the raw offsets (shown in figure 6.5)
measured by the model-enhanced correlation method described in section 6.4.
This data was treated as the observation s, and a MAP offset estimate obtained

using equation 6.31 with various priors.

6.9.1 AR+Sinusoidal Prior

The AR plus Sinusoidal basis prior gives the result shown in figure G.6. The
curve in the figure is the result of the joint offset and parameter estimate given

by equation 6.65.

LS | MAP
o | 0.5714 | 0.5686
oo | 0.1754 | 0.1737
B1 | 0.2894 | 0.2886
B> | 0.8095 | 0.8055

TABLE 6.1: Harmonic amplitudes; AR plus sinusoid offset model.

The harmonic amplitudes estimated by the MAP procedure are compared with
those obtained by the least squares algorithm (equation 6.44) in table 6.1. The

two methods are seen to give harmonic amplitudes that are in close agreement.

The MAP offset curve appears, as expected, to be a noise-reduced version of the
observed data. In particular, various points in the measured data which appear

to be outliers have been effectively suppressed.

6.9.2 Differential Smoothness Prior

Figure G.7 shows the results using the differential smoothness prior. This is an
attractive option since it does not require the estimation of any parameters. The
example shown uses a second-order smoothness measure, and this has been found
to be widely applicable. The single parameter o« can be set by hand, and very
intuitively relates to the degree of smoothness expected in the result. Curves for
two values of « are shown, and the difference between them illustrates the effect

of this parameter.
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6.10 Audio Demonstration

The model-enhanced correlation algorithm was used to estimate the time offset

throughout [9] and [10].

The starts of the two recordings were aligned as accurately as possible using the
SADIE digital audio workstation [94]. This was accomplished by examining the
waveform and aligning by eye one musical event that was clearly visible in the

waveform near the start of the extract.

The model-enhanced algorithm was then used to measure the time offset be-
tween the two recordings using finite frames of samples from each as previously
discussed. The measurement was made independently for each of the groove
walls, and the two measured time offsets are shown in figure 6.5. The MAP offset

was then estimated using the AR+sinusoidal basis prior.

Track [9] was then shifted to be in alignment with [10]. To demonstrate the
effectiveness of the algorithm the sum of the unprocessed tracks is presented
(track [11]) as well as the sum of the resynchronised signals [12].

The sum of the unprocessed signals shows high degrees of colouration due to
time-varying comb-filtering. This artifact is not present in the sum of the resyn-

chronised tracks.

6.11 Conclusions

We have examined a number of methods for estimating the offset between a pair of
similar audio signals. Such a pair of signals might be transcriptions of two copies
of the same gramophone disc, or two magnetic tapes that have been recorded on

different machines.

A number of methods for estimating the offset for a single frame of data were in-
vestigated. It was shown that the offset may be measured to sub-sample accuracy

by consideration of an oversampled discrete cross-correlation function.

The cross-correlation method for offset measurement was enhanced by pre-whi-
tening the signals using an AR model framework. The cross-correlation of the
excitation sequences was shown to give a more precise estimate of the offset than

the cross-correlation of the signals themselves.
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FiGURE 6.5: Time shift between two copies of pressing SPA-31. The time axis

is calibrated in revolutions of a 33% r.p.m. gramophone record.
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Model-based methods for regularising the measurements within a Bayesian frame-
work were derived. These were shown to be robust for estimation of the offset
over several frames. Various models were proposed for the offset variation, and
it was shown how these can be incorporated as priors in the Bayesian estimation

framework.

It is interesting to note that the turntable speed variations measured by Axon
and Davies ([8], figure 5) in 1948, and those measured in the course of the present
study are remarkably similar in character but that the modern turntable shows
speed fluctuations an order of magnitude smaller (the speed difference between
the transcriptions is obtained as the differential of the offset with respect to
time). The former method is based on measurement of a constant tone on a
single disc, while the present method is measuring the offset between two separate

transcriptions.
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Model-Based Quantisation

IN ORDER to manipulate signal samples using a computer each sample must be
represented by a finite number of bits. Thus the resolution with which each
sample is represented is not infinite. Amplitude errors are therefore introduced

when a signal is converted to this digital form.

Quantisation occurs not just at the point of digitisation of the signal, but can
also occur whenever the machine representation of a sample is changed. It will
most often be significant when the number of bits used to represent a signal
sample is reduced. This may be done as a deliberate part of, for example, a data
compression algorithm. Alternatively it may be implicit such as when the 64-bit
floating point result of a calculation is converted to a 16-bit integer for storage

and transport on a compact disc.

7.1 Scalar Quantisation

Quantisation introduces errors into the signal, and the nature of these errors is
dependent on the exact design of the quantiser and on the signal itself. We limit
our consideration to quantisers of uniform step size, and we do not consider the
effects of saturation of the digital word. We assume, unless stated otherwise and

with no loss of generality, a stepsize of g = 1 throughout this chapter.

We may model the quantisation of a signal under these conditions as the process
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of rounding a real number x[n] to the nearest integer!

1
XqMml = Lx[n] + ZJ (7.1)
where |-| represents the “floor” function which returns the greatest integer less

than or equal to its argument?.

The quantisation process may be abstracted further by modelling it as the addi-

tion of an error signal eq[n] such that
XqMm] =xM] + eqm]. (7.2)

It can be shown that, under certain conditions, eq[n] has a uniform p.d.f. given
by

1 1
]) _§<6q<§>

Pe,(egM]) = , (7.3)
0, otherwise

The principal conditions for this to hold are that x[n] is itself random, and that
its amplitude p.d.f. spans a range much greater than the stepsize of the quantiser.
1

Under these conditions the variance O%q = 13-

7.1.1 Dither

In the basic quantiser the error eqn] = x[n] — x4[n], although random, may
be highly correlated with the signal samples x[n] [43, 87]. If x is itself a highly
correlated audio signal then this is particularly undesirable as the effect of the
quantisation is more akin to audible distortion of the signal than the addition of

noise [68]. A demonstration of this phenomenon is given in [46].

This problem is readily circumvented by the addition of a random dither signal

d prior to quantisation [87] as shown in figure 7.1 such that

xqMm] = Lx[n] +dn] + %J : (7.4)

!Note that it is the default behaviour of many programming languages, including C, to
round floating point numbers towards zero when performing an implicit floating point to integer

conversion.
2When equation 7.1 is implemented as a computer algorithm there will be a small bias

introduced as a result of the representation of the real number x[n] in a finite floating-point

format. In typical audio applications this bias is negligible.
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In audio applications a white signal with the triangular p.d.f.

1+d, -1<d<0,
paldml)=<1-d, 0<d<T, (7.5)

0 otherwise

is frequently chosen for the dither signal (for example see [66, 31, 105]). This
gives improved audio quality by ensuring that the first moment E[eq[n]] =0 and
the second moment O‘éq = E[eq[n]z] are independent of the original signal samples
x[n] [66].

Since E[eq4[n]] is zero, independent of x[n], the quantiser can be said to have been

linearised by the dither, since

E [xqmll = E[x[n] + eqMl] (7.6)
= x[n] + E [eqn]] (7.7)
= x[n] (7.8)

The penalty for dithering the quantiser in this manner is that the noise power of
the quantised signal is increased. The error variance for a quantiser incorporating
this TPDF dither is O‘éq = }1, and is 4.77 dB greater than for the undithered
quantiser [66].

7.1.2 Noise-Shaped Quantisation

Consider the system shown in figure 7.2, in which we have added a feedback
loop containing a filter with transfer function H(z) around the dithered quantiser
(comprising the additive dither source and the quantiser Q). Systems similar to

this have been used extensively for analogue to digital and digital to analogue

d[n] \L

X[n] @ Q Xy[n]

FIGURE 7.1: Dithered Quantiser
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converters (for example [45, 95]), signal coding applications (for example [58]) and

more recently baseband digital audio systems (for example [31, 103, 32, 104]).

d[n]\l/

®

x[n] R u[n]
()

H(z)

FI1GURE 7.2: Noise-Shaped Quantiser

The output from the system is quantised (we continue to assume a stepsize of 1)

and may be derived as follows. From the block diagram it is clear that
umn] =xMn] — (xqMm] —uMmn]) x hli] (7.9)

where x represents the discrete convolution operator, and hl[i] is the impulse

response
hli] = H(z) (7.10)
of the feedback filter.
It is also clear that
xqMm] =uMm] + eqnl (7.11)

where the dithered quantisation function is modelled by the addition of e4[n] as

before.
A trivial re-arrangement gives
umn] =xqm] —eqnl (7.12)

and substitution for u[n| in equation 7.9 gives

xqnl — eqn] = x[n] — eq[n] * hi] (7.13)
+00
=x[n]— > hiil eqm —1l. (7.14)

i=—00
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For the system to be realisable we require that
hlil]=0, i<0 (7.15)

and hence
Xqm] —eqn Z hli] eqn —1l. (7.16)

We may re-arrange this further to give the system output signal

Xqml =xMn] +eqn Zmeq n —i (7.17)
n| + Z hieqm — il (7.18)
i=0
where
0, i<0
Wil=41, i=0 (7.19)
—h;, 1>0

The filter h' has the z-domain transfer function
h'[i] = 1—H(z) (7.20)
where
hli] = H(z) (7.21)
is the actual filter implemented in the system.

The quantisation error that appears in the output signal (equation 7.18) is fil-
tered by the function (1 — H(z)). Hence the power spectral density of the noise
component of the output signal is no longer white, but has been shaped by the
noise-shaping function (1 — H(z)) such that

Seelw) = [1—H(e )" o2, . (7.22)

€q

The filter H(z) is frequently (but not necessarily) chosen to be the FIR filter

H(z) =) hliz. (7.23)
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The summation starts from 1 = 1 for realisability as discussed above. In this case

the effective noise-shaping function becomes
Pr
1-H(z)=) Wilz" (7.24)
i=0

Note that this choice of an FIR filter is merely a convenience, and not a restriction,
and in principle noise-shaping systems with recursive feedback filters are entirely

practical.

There are a number of points to note regarding this noise-shaped quantiser:

e There is an implicit term hj = 1 in the noise shaping function. As a
result, the noise shaping function (1 — H(z)) cannot be chosen completely

arbitrarily.

e If H(z) itself is FIR (and is therefore unconditionally stable) then so is the
complete system unconditionally stable, despite having a feedback path.
This is clear from consideration of the transfer functions from each of X(z)

and E(z) to X4(z), neither of which contains poles.

e The system has a recursive nature and can therefore suffer from limit cy-
cles and idle tones when implemented in finite-precision arithmetic. This
statement holds even if H(z) itself is FIR. The dither helps to alleviate this
problem [24, 67].

None of these points represents a significant hindrance to the implementation
of such a noise shaper, and indeed this topology is used widely in many audio

applications.

The total noise power P at the output of the noise-shaped quantiser is given by

1

7t
_ 2
P:EJ oz, [1—H(e )| de. (7.25)

—T7T

It was shown above that for a system using triangular p.d.f. dither O‘éq = 3—1.
Furthermore, if an FIR filter is chosen for H(z) the noise power gain may be
readily evaluated as the sum of the squares of the filter coefficients [46], giving

the noise output power

l —
P=y ; h (7.26)
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where h’ is as defined before.

Equation 7.26 implies a law of diminishing returns. As we try to exercise in-
creasing control on the noise power spectrum by increasing the length P of the

noise-shaping filter, so the total noise power rises.

Note that 1 — H(z) should ideally be chosen to be a minimum-phase design, as
this gives minimum output noise power for a given noise spectral shape. For

example, a pair of conjugate minimum-phase zeros z = re™® (1> < 1) is given by
1—Hy(z) =1—2z"2rcos@+z*1* (7.27)

and the same amplitude response is given by the non-minimum-phase filter
] LT\
1—Hy(z)=1—-z Z;Cose—i—z o) (7.28)

For 2 < 1 it is clear that equation 7.26 will evaluate to a greater noise power
total for the non-minimum-phase filter (equation 7.28) than for the minimum-
phase filter (equation 7.27).

This does not necessarily imply that H(z) itself will be a minimum-phase filter.

In our second-order example the zero of Hi(z) is at z = which is not

_r
2cos0?

constrained to be within the unit circle.

7.2 Model-Based Quantisation

We can tailor the noise-shaping function adaptively in accordance with the signal
we are quantising. This makes the noise-shaping filter H(z) some (non-trivial)
function of the signal samples x[n], and hence can alter the shape of the quanti-

sation noise spectrum depending on the signal content.

If we have a model for the signal the we may base the filter upon the parameters of
that model. The arrangement is shown diagrammatically in figure 7.3. We term

this new extension to the noise-shaped quantiser “model-based quantisation”.

Possibilities include the use of AR or ARMA model filters as the feedback filter
H(z). Either the forward or the inverse forms of the filters may be used, provided
that the system remains causal and stable. In an adaptive system it is particularly
attractive to use the FIR form for H(z) since, as noted above, it guarantees that

the system will be stable. It is also important to remember that it is desirable
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that the noise-shaping function (and not the filter itself) be minimum-phase, as

this minimises the noise amplification of the system.

The model-based quantiser is not inherently limited in application to audio sig-
nals, but for illustration two audio applications based on the AR model are shown

in the following sections.

7.3 Quantisation of Narrowband Signals

Many audio signals are relatively narrow-band compared with the Nyquist band-
width for the sample rate being used. The first application of the model-based
quantiser is to manipulate the quantisation noise adaptively according to the sig-
nal characteristics. In particular we show how the noise may be either reduced
in those areas of the passband which are occupied by the signal, or alternatively

concentrated close to the strong signal components.

We may wish to do either of these things in different circumstances.

e If we have a signal which we are transmitting over a channel and we wish
to recover it at the far end using some from of adaptive filter, then the
recovered signal will be improved if we can reduce the noise power in the
passband of the filter. This can be accomplished by pushing the noise away

from the signal components using the model-based quantiser.

e In quantising an audio signal we may wish to exploit the phenomenon of
tonal masking [73] to hide the quantisation noise. Perhaps this may be
accomplished by using the model-based quantiser to move the noise close

to the tonal components of the signal.
If the signal may be modelled as auto-regressive then the AR parameters form

the basis of filters H(z) which, incorporated in the model-based quantiser, will

perform either of these functions.

7.3.1 Dynamic Range Enhancement

Let us suppose that we have an AR signal

xn] =em] + ) aix[n — i (7.29)
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and that we wish to quantise the samples x[n]. If we use the noise-shaped quan-

tiser of figure 7.2 then the quantised signal is given via equation 7.18 as
Pa Pr
xn] =em+ ) axin—il+ ) hiegn—1i (7.30)
i=1 i=0

where addition of eq[n] represents the noise added by the dithered quantiser, and

h{ ? 1 — H(z) is the noise-shaper impulse response as previously defined.

It was shown above that the power spectral density (p.s.d.) at the system output

comprises the signal, given by

2
Swlw) =0e |-— Zf_“: T (7.31)
where P, is the AR model order, and the noise
S 1 0" —jiT :
(W) =7 1;h¢e , (7.32)

which is dependent on the noise-shaping filter H(z).

If we set H(z) = A(z) (and hence Py, = P,) then the expression for the noise

p.s.d. becomes

2
1 & “jwiT
Snn(w) =7 |1 ; aje’ (7.33)
and by substitution from equation 7.31 we obtain
1 o?
Shn =— <. 7.34
@ =35 (734)

We have succeeded in moving the quantisation noise away from parts of the spec-
trum occupied by the signal since there is now a reciprocal relationship between
the signal p.s.d. Sy, (w) and the quantisation noise p.s.d. Syn(w).

The relationship between the signal and noise spectra is illustrated in figure 7.4.
The upper graph shows the power spectrum of a two-tone test signal quantised
using a straightforward dithered quantiser. The noise floor is flat, and shows
no distortion spuriae. The lower graph shows the output of the model-based
quantiser, which is set to the same stepsize. Notice that the quantisation noise

has been moved away from the area of the spectrum occupied by the signal.
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d[n]
x[n] u[n] Xq[n]
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H(z)
Signal Calc
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FIGURE 7.3: Model-based Quantiser
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FIGURE 7.4: Model-based Quantisation of a Narrowband Signal
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The total noise power P in the resultant signal may be calculated from equation

7.26 and is given by

1 S
Pl (1 +Za) (7.3

Assuming the model parameters a = [a; - - - ap]" are estimated by the correlation
method described in section 2.4 then this noise power may be expressed in terms

of the signal autocorrelation

P=-(1+d"a) (7.36)

TN

(T+r"RTR 1) (7.37)

where R and 1 are defined in section 2.4.2, and R™" denotes the inverse transpose

of matrix R.

It was noted in section 2.4 that the autocorrelation method is guaranteed to
generate a stable AR model. This is equivalent to the property that the noise-
shaping function in the model-based quantiser be minimum phase, since poles in

the AR model are converted directly to zeros in the noise shaping function.

This was shown in section 7.1.2 to be a desirable feature, since it guarantees
minimum output noise power for a given noise floor shape. Thus this model-
based quantiser is guaranteed to give the optimum noise-shaping filter for the

noise p.s.d. it generates.

7.3.2 Tonal Masking

In order to make the quantisation noise appear close to the tonal components of
the signal we can arrange that the noise has the same spectral shape as the AR
spectrum of the signal. In order to achieve this we require that the noise-shaping

function is equal to the transfer function of the model filter

1
1—H(z) = ——. 7.38
(2) = 7= Al (7.38)
Some manipulation determines that the filter H(z) is then given by
—Alz)
H(z) = — = .
@)= Tas (7.39)

Note that although this filter is not FIR, it is stable (if the model from which it is

derived is stable), and that the noise-shaping function 1—H(z) is minimum-phase,
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as was noted above to be a desirable feature. The close relationship between the
numerator and denominator polynomials gives an efficient filter structure which

requires just P + 2 MAC3operations.

Incorporation of this filter in the quantiser yields results shown in figure 7.5.
The upper part of the figure shows the spectrum of a two-tone signal which has
been quantised using a conventional dithered quantiser. The lower part shows
the spectrum at the output of the model-based quantiser, and it is clear that
the quantisation noise has been concentrated near the signal components, and

reduced elsewhere.

Dithered Quantiser
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150

100

dB

50

_50 ! ! ! !
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Model-based Quantiser
200 T

150 .

100 .
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50 KM .

|
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frequency /kHz

FIGURE 7.5: Model-based Quantisation of a Narrowband Signal

30ne Multiply-Accumulate operation calculates a < a + b - ¢. This function is typically
provided as a single DSP instruction.
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The output noise p.s.d. is given by

2
1 1

Sin(w) == — 7.40

( ) 4 1 o Z]l):a] aleflwlT ( )
which may be compared with the signal p.s.d.

| 2
Sxx(w) = o — 7.41
( ) e 1— Zf:a] aief]wlT ( )

The signal to noise ratio SNRy, at the output of the model-based quantiser is

therefore given by

SNRy = SS"" (7.42)
= 402 (7.43)

which is independent of the signal spectrum shape. Note that the model predic-

tion error energy o% appears in this expression.

In some situations the effect of auditory masking results in the model-quantised
signal sounding “cleaner” than the other, despite having a poorer signal to noise
ratio. It has been found in many cases, however, that the increased noise power
undoes the beneficial effect of the tonal masking. The noise power at lower
frequencies than the signal peak is thought to be more audible than the noise
slightly higher in frequency, since the masking effect of a tonal signal is greater

at frequencies higher than the tone than at frequencies lower than the tone [73].

Furthermore, the output SNR is degraded as 02 becomes smaller (that is, as the
model becomes a better description of the signal). This in some ways implies
that this is a poor algorithm, since as the model becomes a better predictor of

the data, so the auditory performance of the algorithm is degraded.

A possible counter these problems would be to artificially degrade the resonances
of the AR model. By reducing the gain and Q of the model resonances the
noise-shaping effect will be reduced in magnitude but without altering the centre
frequencies of the peaks. The obvious method to accomplish this end is to solve
the pole poynomial 1 —A(z) = 0, and move each of the conjugate pole-pairs away
from the unit circle. This is, however, computationally expensive for non-trivial

model orders.

These issues do not dictate that the model-based quantiser has no application
in this area, but do suggest that the particular filter we have examined, while

sometimes useful, is not generally suitable.
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7.3.3 Audio Demonstration

The accompanying CD contains an audio demonstration of these applications,
but it should be noted that the technique is not inherently applicable only to

audio signals.

Tracks demonstrate the quantisation of a narrowband signal using the
model-based quantiser. Track serves as a reference, and consists of two tones.
The first is at a constant 1 kHz, while the second rises in steps from approximately
100 Hz to a little over 3 kHz. Both decay gradually in amplitude.

Track is this same signal quantised to an effective resolution of 8 bits using
the conventional dithered quantiser of figure 7.1. The signal to noise ratio of
the resulting tones decays from approximately 35 dB to -15 dB as they decay.
Notice that the noise floor remains absolutely constant in perceived colour and
level. The tones become almost inaudible at the end as they are masked by the

quantisation noise.

Track is the two-tone signal quantised to the same resolution using the model-
based quantiser of figure 7.3 with H(z) = A(z). At the start the low-frequency
noise is audibly attenuated, compared with track [14], and the colour changes
as the frequencies of the tones vary. Notice also that the tones are more easily
perceptible at the end of track than at the end of due to the shaping of

the noise floor away from the tonal components of the signal.

Track demonstrates the concentration of noise near the signal components.
The quantisation noise is audibly highly coloured, and its spectrum varies with
the signal spectrum. It is highly audible due to the fact that the noise shaping

filter is overly aggressive as discussed above.

7.4 An Enhanced Linear Prediction Coder

Linear Prediction (LP) Coding is based on the fact that for many signals, such
as speech and music, each signal sample may be predicted, with some degree of

accuracy, as the linear sum of P previous signal samples.

The prediction weights are calculated adaptively, on a block-by-block basis, in the
coder so as to minimise the prediction error energy over the current finite block
of samples. The prediction error samples are quantised to a shorter wordlength

than was the original signal. These quantised error samples plus the calculated
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weights for the block are then transmitted to the decoder.

The decoder reconstructs the original signal by filtering the quantised error sam-
ples with a reconstruction filter formed from the LP coefficients. The system is

shown as a block diagram in figure 7.6.

A(z) Scale Q ‘ IZ)

Scale Factor s
|
Signal Model Coefficients a;

Model \

CODER DECODER —>

FIGURE 7.6: Linear Prediction CODEC system

Quantisation of the error sequence introduces quantisation noise and results in
imperfect reconstruction of the coded signal. The enhancement to the basic LP
coder presented here uses the model-based quantiser to whiten and reduce the
amplitude of the errors in the reconstructed signal from this simple CODEC*

system.

We ignore for the present discussion two factors which affect the overall system

performance:

e The linear prediction coefficients will be calculated in the coder in (typi-
cally) a 32 or 64 bit floating point format. In a specific CODEC imple-
mentation, however, they may be transmitted at a lower precision. Since
the overhead of transmitting these coefficients is small in the system we

describe we ignore the effect of this quantisation of the coefficients.

e The action of the model-based quantiser slightly increases the amplitude
of the error signal w. Therefore the scale factor s will have to be smaller
for the system using the model-based quantiser than for the basic system.
The noise floor of the decoded signal is raised slightly, but this effect is very
small (typically less than 1 dB).

4The combination of a “COder” and “DECoder” is frequently referred to as a “CODEC”.
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The system analysis is largely unaffected by these simplifications, but an imple-
mentation of this system would, of course, require that attention be paid to both
of these details.

7.4.1 Analysis of the LP CODEC

Suppose the signal we wish to code may be modelled as the auto-regressive signal
Pq

xn] = swnl+ ) axn—i (7.44)
i=1

where wn] is a white excitation sequence. The factor s is chosen for a given block

of data such that w[n] is scaled suitably for the quantiser, as shown in figure 7.6.

From the definition of the AR model the optimal LP coefficients which minimise
the prediction error are the model coefficients a;, and thus the prediction error

signal is identical to the excitation sequence e[n] = s win| for this AR signal.

Quantisation of the white error signal may be modelled by the addition of uncor-
related white noise eq[nl, of variance o%q = ]]—2 Note that we choose not to use
dither in this application; the signal being quantised is approximately white, and
so the quantisation will itself add white noise without the use of dither. Thus the

transmitted error sequence
wgnl = wn]+eqM] (7.45)

is the sum of the scaled white excitation signal w and the white quantisation

noise €g.

At the decoder the quantised error sequence is applied to the reconstruction filter.

The decoded signal is therefore given by

Pa
xal = swgml+ ) axan — i (7.46)
i=1 o
= s(eqn] —|—w[n])—|—Zaixd[n—i] (7.47)
Pal:]
= x[n]+sesml+ ) apxqgn—i (7.48)
i=]

and the error in the decoded signal is

Paq
xaml —x[n] = seqml+ ) axan—il. (7.49)
i=1



7.4. An Enhanced Linear Prediction Coder 160

Notice that the white quantisation noise e is filtered by the reconstruction filter
such that the resulting reconstruction error x4 — x has the same power spectral

shape as the original signal x.
The noise power Pq of the decoded signal is given by

B Gﬁqsz e
Pa = 27

—7T

2

1
14+ 7 ae?
+ 2 i aie’)

de (7.50)

where O%q = ]]—2, and the signal to noise ratio at the decoder output is given by
o2
SNRq = =~ (7.51)
P

7.4.2 Application of Model-based Quantisation

Many schemes have been put forward to improve the performance of this basic
CODEC ([58]). The new enhancement presented here replaces the quantiser in
the LP coder with the model-based quantiser of figure 7.3. Once again we choose
the filter H(z) = A(z) for the quantiser. Note that we have made no change to

the decoder, as may be seen from figure 7.6.

The error signal transmitted by the coder, which now incorporates the model-

based quantiser, is given by
Paq
wynl =wln] + Z ajeqmn — i (7.52)
i=0

where aj =1 and o} = —a;, T <1< P,

By comparison with equation 7.45 it can be seen that the quantisation error
component of the transmitted error sequence wyq is no longer white, but rather
has been shaped by a function of the signal model. Note that incorporation of the
noise-shaper into the coder is efficient, requiring approximately P + 1 additional
MAC operations per sample to apply the filter itself; the filter coefficients have

already been calculated as a part of the original coder.

The decoder is unchanged, and thus the decoded signal, as before, is obtained by
applying the quantised excitation to the reconstruction filter formed from the LP

coefficients, and is therefore given by

Paq
xall = swgnl+ Y aixqmn — i (7.53)
i=1
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The output signal may most easily be analysed by transforming into the z-domain.
It may, at first, seem incorrect to do so, owing to the stochastic nature of the
signals; however, since we are processing a finite, known block of data, we may
treat this observed data as a set of known constants whose z-transforms are well-
defined.

Taking the z-transforms of equations 7.52 and 7.53 we obtain

W(z) = W(z) + Eg(2)(1 — Al2) (7.54)
and
w
Xalz) = 4L (7.55)

respectively. Eliminating W(z) gives
W(z) + Eq(z)(1 — Al(z))

Xa(z) = T AlZ) (7.56)
_ 1-Alz)
= X(z) + s Eq(2) Al (7.57)
= X(z) + sEq(2) (7.58)
and hence via the inverse z-transform
xa[m] = x[n] + s eqnl. (7.59)

This output signal comprises the desired original signal x[n], and the white in-

terference signal s eq[nl.

The output noise power and signal to noise ratio are given by

Pm = o‘iqsz (7.60)
o2
SNRm = =5 7.61
M 02,52 (7.61)
where once again O‘éq = ]]—2 The system therefore represents an improvement, of
2 —1

1
P s
T+2 e

SNRo  2m

N 1 ([
SNRy J e (7.62)

—T7T

over the basic CODEC.

The model-based quantiser can never give worse performance than the basic quan-
tiser in this application. In the worst case all the predictor coefficients a; collapse
to zero, and equation 7.62 equates to unity. Once again we note that the noise-
shaping filter is guaranteed to be minimum-phase and hence is the optimum for

its associated noise shape.
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7.4.3 Performance Tests

The performance improvement clearly depends on the success with which the
model predicts the data. For resonant audio signals such as speech or music, the

error signal is typically reduced by 30-60 dB and very effectively whitened.

The enhanced CODEC was compared with the simple CODEC for the synthetic
AR signal shown as the upper graph in figure 7.7. This was compressed by 4:1
in each case, and the decoded signals are shown as the lower part of the same

figure.

Both CODECs seem to have preserved the nature of the signal, but the perfor-
mance difference becomes very much clearer by examination of the reconstruction
error, shown in figure 7.8. The upper graph shows the error resulting from the
basic CODEC, while the lower shows, on the same scale, the error when the

model-based quantiser is substituted in the coder.
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FiGure 7.8: CODEC Signal Reconstruction Error
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7.4.4 Coder Demonstration

Items demonstrate the CODEC systems for high quality musical source

material. Track is the reference, taken directly from a modern digital record-
ing.

Tracks and have been compressed 4:1 with the basic and enhanced coders
respectively. The basic coder imparts a modulation on the signal spectral peaks
(i.e. the strong tonal components of the signal) which gives them a “warbling”
quality. This is the result of concentrating the error energy close to the tonal

peaks.

The enhanced CODEC, heard on track [19], is of an audibly higher quality. The
tonal modulation is not present, and the perceived noise floor is raised little over

the original material.

7.5 Conclusions

In this chapter we have shown that quantisation of signal samples introduces
errors which can be made to have any desired spectral shape by the addition of
feedback around the quantiser. We have presented a new technique in which the
filter in such a feedback loop is based on a signal model, and have termed systems

of this type “model-based quantisers”.

Two applications were illustrated. The first showed how the system can be used to
automatically move quantisation noise away from parts of the spectrum occupied
by desired signal components. This is of use pricipally when a signal occupies a

small proportion of the available bandwidth.

The second application showed how the model-based quantiser can be used to
enhance the performance of a simple Linear Prediction CODEC. Its incorporation
into the coder results in the reconstruction error being both whitened and reduced

in amplitude. This is achieved with no modification to the decoder.



Conclusions

THis DISSERTATION has analysed a number of models for multi-channel au-
dio signals, and developed algorithms for estimation of their parameters. Their
application to audio restoration and coding algorithms has been demonstrated.
Additionally, methods for accurately resynchronising a number of audio signals

have been developed.

8.1 Signal Models

Two models were considered for the case where multiple observations are available
of a single underlying signal. This situation occurs, for example, when multiple
copies of a disc or tape are available, or when multiple signals are extracted from

a single carrier by means of a multi-channel head or pick-up.

In the Multiply-Observed AR (MO-AR) model, a single AR signal is degraded by
a number of independent interference signals to give the multiple observations.
This framework allows separation of the signal and noise statistics to a greater
extent than the equivalent single-channel model. Under the assumption of Gaus-
sianity and independence of the interference sources their autocorrelations and
spectra may be estimated from the observed signals. These noise spectra may
then be used as the basis for a signal subtraction or frequency domain Wiener

filtering approach to broadband noise reduction.
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The second model is the Ensemble-AR (E-AR) model. In this case we use an
ensemble of excitation sources to drive identical AR filters. The outputs of these
filters are the multiple observations. The parameters of this model may be ef-
ficiently estimated from the observed data. This model was used to develop a
multi-channel system for detection and removal of impulsive noise. This system

with just two channels is much superior to equivalent single-channel systems.

The Coupled-ARMA (C-ARMA) system was put forward as a possible model for
stereo audio signals. Stereo signals comprise two sub-signals, generally referred to
as “left” and “right”, and use these to generate the auditory illusion of spatially-
separated sources. The C-ARMA model has a single recursive section, and two
separate moving average sections. A white excitation signal drives the recursive
section, and the output of this is applied to each of the moving average sections.
The outputs of these are the left and right channels of the stereo signal.

Parameter estimation for the single-channel ARMA model is a difficult and com-
putationally expensive problem. The structure of the C-ARMA system allows
efficient estimation of all the parameters. Various interpolators for this for this
system were derived, and all worked well on synthetic data. The single-channel
ARMA interpolator was found to work satisfactorily given model parameters de-
rived for the C-ARMA model. Stereo audio data appears qualitatively to fit the
C-ARMA model, but the most powerful of the interpolation algorithms, the joint

MAP interpolator, performs poorly on such audio data.

8.2 Synchronisation

It was found to be important that the various channels in a multi-channel audio
system are accurately aligned. A method for measuring the time-offset between a
pair of signals and compensating for it has been developed, and was demonstrated

to be effective at aligning a pair of transcriptions from gramophone records.

8.3 Applications

The dissertation has been illustrated with engineering applications of audio sig-
nal models. These have principally been in audio restoration and noise reduc-
tion, where the multi-channel methods have significant advantages over equivalent

single-channel methods. In particular, algorithms for multi-channel broadband
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noise reduction, and multi-channel impulsive noise detection and removal have

been demonstrated which outperform their single-channel counterparts.

In addition, a novel application of signal models was suggested, in which the
behaviour of a quantiser can be made dependent on the modelled characteristics
of the signal passing through it. Two applications were shown. Firstly the sys-
tem was used to manipulate the noise floor of a quantised narrow band signal.
Secondly, the system was used to enhance the performance of a simple linear

prediction coder.

8.4 Further Research

8.4.1 Multi-channel Impulsive Noise Detection/Interpolation

The impulsive noise detection and removal system is essentially the multi-channel
extension of work done by Vaseghi, Rayner and Godsill between 1987 and 1991.
Since then many advances have been made in the single-channel system (see [39]
for and overview and bibliography), and many of these could also benefit from a

multi-channel approach.

For example, incorporation of the time-distribution statistics of impulsive degra-
dation would allow it to take account of the “bursty” nature of such noise. This
would be expected to yield greater robustness in the determination of exactly
which samples are corrupt, particularly if incorporated in a Bayesian detec-

tion/interpolation scheme such as that presented in [39].

8.4.2 Statistical Signal Processing

There has been, with the increasing availability of computational power, an up-
surge of interest in statistical sampling methods [34]. Such methods enable inves-

tigation of probability density functions which are intractable to analytic solution.

The parameter estimation problem for the MO-AR model was found to be a
complicated p.d.f., but whose solution may well yield to a sampling approach.
This would, in turn, allow the development of a model-based broadband noise

reduction system based on that model.

Sampling techniques also facilitate the exploration of p.d.f’s which are not so
analytically convenient as the Gaussian. As a result of this it is sometimes possible

to remove assumptions of Gaussianity, and closer approach the true distributions
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of, for example, the impulsive noise found in many audio recordings.

8.4.3 General Audio Signal Research
8.4.3.1 Stereo Signals

It is felt, through this research, that a deeper investigation of the nature of
stereo signals would be profitable. Stereo signals are so prevalent, yet, it seems,
little understood. Few current audio coding algorithms make use of inter-channel
redundancy at all, choosing instead to code the two signals independently. Those
that do code stereo signals as a single entity use primitive sums and differences of
the signals to obtain marginal increases in coding gain for the majority of signals.
Such an investigation might also shed light on why the C-ARMA interpolator

developed in chapter 6 performs poorly on audio signals.

Further to this, coders for multi-channel audio signals are becoming more impor-
tant. Home cinema systems of the relatively near future will require high quality
multi-channel audio to be delivered as part of video-on-demand and similar ser-
vices. At the time of writing the coding gain of video coders is very much higher

than that of audio coders.

8.4.3.2 One-bit Signals

An interesting area, but one which I feel is likely to remain something of a niche in
terms of the audio industry at large, is the coding and processing of one-bit PCM
audio signals. Most of the analogue to digital and digital to analogue convert-
ers used for digital audio are sigma-delta modulators which naturally produce
a highly-oversampled single-bit representation of the audio. The high level of
quantisation noise associated with a one-bit PCM signal is noise-shaped out of

the audio passband by feedback around the quantiser.

The possibility of processing and coding this bit-stream directly is interesting,
as it eliminates the need for the decimation and oversampling filters that are
otherwise required for conversion to and from baseband PCM. A system that can
mix a number of such signals, and apply some audio-band equalisation to them
has been demonstrated by Sony Corporation. More complex processing of the

signals represents a severe intellectual challenge.
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Demonstration CD

THE DEMONSTRATION CD accompanying this dissertation illustrates many of
the techniques and algorithms presented in the text. The following is a listing
and brief description of each track, with details of the source material where
these are known. For full details of each track, and the phenomena which each

demonstrates, the reader is referred to the main text.

The assistance of Mr E Kendall in researching the source material and making
the transcriptions for items [1][{4], [7], [¢] and [10] is gratefully acknowledged.

Item is copyright (©1997 of the Classical Recording Company, and is repro-

duced with permission.

The CD is not included with this copy of the dissertation; please refer to the Signal

Processing Group website (http://www-sigproc.eng.cam.ac.uk) for further details.
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1

EIE

19

Est, Rihards Dubra,
CRC701-2 (1997)

TRACK | SEC. | DETAILS DESCRIPTION
3.4.1 | QHCF, Minor Swing, Two-channel transcriptions of four copies of a
OLA 1990-1 (1937) single pressing.
Eight-channel restoration of using
spectral subtraction.
@ Eight-channel restoration using marginalised
p.d.f.
4.5.5 | It don’t mean a thing, | Monophonic disc showing independent
Stéphane Grappelli, impulsive noise in the two channels of this
Polydor 2083 HPP transcription.
(1935)
restored using two-channel impulsive noise
detector and interpolator.
[9] 6.2.1 | Intermezzo from Two-channel transcriptions of two copies of a
Symphony No. 10, monophonic LP.
Mahler, SPA31
(c.1955)
Sum of [ 9] and exhibits comb-filtering due
time offset.
Sum of [ 9] and after resynchronisation.
7.3.3 | Synthetic Narrowband two-tone test signal.
quantised conventionally.
quantised with model-based quantiser,
moving quantisation noise away from spectral
peaks.
quantised with model-based quantiser,
moving quantisation noise towards spectral
peaks.
7.4.4 | Hodie Christus Natus High quality stereophonic test material

compressed approx. 4:1 using conventional
LPC.

compressed approx. 4:1 using enhanced
LPC.




Correlation Calculations

IT 1s WELL KNOWN that the auto-correlation of a random signal and its power
spectral density are related by the Fourier transform. Similarly the cross-spectr-
um of a pair of signals is the Fourier transform of their cross-correlation. Thus,
correlation functions for disrcete-time signals may be efficiently estimated via the
Fast Fourier Transform (FFT) algorithm. The method is outlined here, as details

of the implementation are scarce in the literature.

The discrete cross-correlation of a pair of random signals x[n] and y[n] is given
by

Ryyltl = lim — x[n] ym — 1] (B.1)

where T is the lag.

We describe here one specific, straightforward algorithm which calculates the

function

Ryt = N xMym—1, —N<1T<N (B.2)

as an approximation to the true cross-correlation, where x[n] and y[n] are both

zero outside the range —% <n< %
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The method may be trivially adapted to calculation of the auto-correlation func-
tion by the substitution y[n] = x[n]. It should be noted that R,,[T] is zero outside
the range —N < 1 < N.

B.1 Efficient Estimation of the Cross-correlation Function

We start by generating zero-padded signals x’[n] and y’[n], each of length 2N, by
adding % zeros at each end of each of x and y. These padded sequences therefore

begin at index n = —N and end at index n =N — 1.

Let X[k] and Y[k] be the Discrete Fourier Transforms (evaluated via the FFT) of
these padded sequences, given by

N-1

Xk = Y xm) exp (_’éLNmk> (B.3)
m=—N
- 27k

Y[k] = Z y'[n] exp( 7N ) (B.4)
n=—N

for —N<k<N-—-1.

The product Syylk] = X*[k]Y[k] is known as the cross-spectrum. Taking the

inverse FF'T of this product we obtain

LE E - jremk E ) —jrmk jrkt
ZNk:7N ]n:7;c1ﬂ,exp <N nzfgy exp <N exp _$I_

(B.5)
which can be rearranged
1 NP N N-1 ik
m=—Nn=—N k=—N

by swapping the order of the summations.

By orthogonality, the complex exponential in equation B.6 sums to zero except
when T4+ m —n = 2pN for integer p. Thus multiplying expression B.6 by two

we obtain

N—1 N-1
117 S Y Xmly'm] 8l(t+m—n)o2N] (B.7)

m=—Nn=—N

where o denotes the modulo operator.
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The discrete delta function &(-) selects only the summation terms for which T =
(n — m) o 2N. Thus expression B.7 for —N < 7 < N evaluates identically to

expression B.2.

B.1.0.3 Summary

The cross-correlation function calculation may be summarised as follows:

zero-pad the sequences x[n|, y[n] to length 2N,

calculate the FFT of both sequences, X[k], Y[k,

calculate the product Sy, (k) = X*[k]Y[k],

take the IFFT of Sy, and divide by 2to give Ry [T].

Beware that there is little consensus as to the indexing associated with FF'T
algorithms; for an N-point FFT, some sources assume 0 < m < N, whereas

others take —% <n< % as we have done here.

Partial Cross-Correlation Function

Frequently we are interested only in lags close to T = 0. If we require lags up to
only T = £(P —1) then there are small additional savings to be made by splitting
the data sequences into sub-sequences of P samples each. The correlation is then
calculated in terms of the correlations of the sub-sequences, each of which is
calculated by the method above.

B.1.1 Computational Considerations

The computational requirement for this algorithm splits down as follows:

e two FF'Ts, each of length 2N,
e 2N complex multiplications,
e one inverse FFT of length 2N.
The number of multiply-accumulate (MAC) instructions required for a 2N point

(inverse) FFT is approximately 4N log,(2N), so the total requirement for this
algorithm is approximately N(8 + 121og,(2N}) instructions.
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This compares with approximately N2 instructions for direct evaluation of equa-
tion B.2. The exact data set size at which the FFT-based method becomes more
efficient than direct calculation depends on the detail of the DSP architecture

and instruction set.

Solution of the inequality based purely on the arithmetic calculations suggests
that it is beneficial to use the FFT-based algorithm for N > 128.



Integrals and the Gaussian PDF

THE GAUSSIAN P.D.F. for a real vector u is given by

1 (__ _u)TRa](__ il )
PE(E)ZWGXP ( =T P = mu> (C.1)

where u is of length N, with mean m,, and covariance matrix R,,.

Integrals of the form
1
[= J exp (—— (x"ATAx +s'x + d)> dx (C.2)
RN 2

appear at a number of places in the dissertation. The infinitessimal volume

element dx is interpretted as
N
dx = H dxn (C.3)
n=1

and the integration is performed over the infinite N-dimensional real space RN.

In other words the symbol IRN is interpretted as

[ ]

2™\ ° 1 sT(ATA) s

The result
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may be derived by completing the square

XTATAXx+s'x+d = (x—m)"ATA(x —m,) + k (C.5)
where
k= (d - M) (C.6)
4
m, = AL 7

We may now rewrite the integral as
1
1=| oo (—5 ((x— m)TATA G — my) + K)) dx ()
RN
— TAT _
2 RN 2

By comparison with the Gaussian p.d.f. (equation C.1) which has unit volume

we may determine that

2 N I 1 T(ATA )]
1:(%) exp (7 (d—%)) (C.10)



MO-AR Model Error Variances

IN THIS appendix we derive the results quoted in chapter 3 concerning the ex-

pected errors associated with various signal estimates.

D.1 Weighted Estimate Error Power

The weighted signal estimate for the multiple additive noise source model was

given as

Q L)
i ml = (Z ) . (D.1)
Substituting xq[n] = un] + ny4[nl and
Q
-3 o

and dropping the time index [n] for clarity gives

Ul =

Q

K |
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The error power is given by

Q 2
N 1 u+n
E[(u—1,)% =E ( _EZ > q) (D.3)
q=1 Tta
1| Qg
U+ ng
= E (Ku—z . )] (D.4)
L q_] T
I Q Q 2
1 1 g
i q=1 "4 g=1 Td
1| 2 ’
_ q
= E (KuKuZGT> (D.6)
- q:] mt
[ Q Q
1 g g
= E Zozlzozzl (D.7)
Lgi=1 T4y gp=1 T3
The expectation of every product term is zero, except for those where q; = qy;
we may therefore write
5 1 Q n2
Ellu—0)) =53 Bl (D.8)
q=1 i
Q 2
1 Gn
= Z 0_4“ (D.9)
q=1 T
1
= K (D.10)
-1
2
- Z p— (D.11)
g=1 "M

as quoted in equation 3.23.

D.2 Unweighted Estimate Error Power

The unweighted signal estimate x[n] is given by

Q
xn] = ]—qu [n] (D.12)
Q=
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Dropping the time index, and substituting xq = w+mn4 gives the estimation error

power

Q 2
Eku—@ﬂ:E <u%21m+n@> (D.13)

1\
=L (uuGan> (D.14)

o ) (B)) e

Q
=— > E[n]] (D.16)

Q
== on (D.17)

as quoted in equation 3.26.

D.3 Comparison of weighted and unweighted signal estimates

We wish to prove that
Q 1 Q -
10 logyg (Ui; Gan> > 10 logy, | o7, (@ ; (7121q> (D.18)

as was asserted in equation 3.28. In order to do this it will be adequate to show

that the noise powers observe the relationship

E [(u— i)z} >E [(u— ﬁo_()z] (D.19)
since the signal power in each case is identical.
Rewriting the expectations as a ratio gives

M:é (i%) (i%) (D.20)

E [(u—ﬁ&)z}

1 Q Q o2

~ N2 Z Z sz (D-21)
1R Q Q o2 ol

- — [Z ) ) (—02 i 2)] (D.22)

qr1=1q2=q1+1 Tq, My
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Since ¢ + % > 2 we may write
E [(u— 72)2] 1 Q0
el RPN I (D23
E [(u_ u’&) ] d1=1qz2=q1+1
Q + ZT( -1)
> TQ (D.24)
where Ty is the N*® triangular number
N(N +1
Tn = NN+ D (D.25)
2
Substituting D.25 into D.24 gives
12
Elux]  q+Q 1Q
— 02 (D.26)
E [(u — Uy) ]
QZ
> @ (D.27)
> 1 (D.28)



Least Squares and Associated Algorithms

THE TOTAL LEAST SQUARES method [42] provides an alternative solution for
parameter estimation problems, in which the assumptions made about the errors

in the observed data differ from those made in the ordinary least squares method.

E.1 Ordinary Least Squares Method

The least squares method provides solutions to systems of the form

Xb = d—e (E.1)
where X and d are known, and we wish to find b such that the error e'e is
minimised. The solution brg is well-known and given by

(X"™X)brs = X'd (E.2)

assuming that the system is not rank-deficient.

E.2 Approximate Least Squares

In some cases the matrix X'X is approximately Toeplitz; that is, each of the
diagonals of matrix X" X contains elements which are approximately equal. This

situation occurs, for example, in the estimation of AR model coefficients.
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If an appropriate Toeplitz approximation can be found for X' X then an approxi-

mate LS solution may be found very efficiently using Levinson recursion [61, 97].

E.3 Total Least Squares Method

The explanation of the TLS algorithm presented here is based on that given
by Therrien in [97]. The principal simplification over the more general method
presented by Golub and Van Loan [42], is that the latter is not limited to vector
b and d.

The form of equation E.1 implicitly associates the errors with vector d. However,
it is often the case that both X and d contain measured experimental data, and
as a result that both are subject to observation noise. It therefore would seem

desirable to re-formulate the problem as
(X—E)b = d—e (E.3)

and to find a solution which, in some sense, minimises both e and E. The method

of “Total Least Squares” provides one such solution.

Let us suppose, for the following discussion, that matrix X has K rows and P
columns, and that K> P + 1.

Equation E.3 may be rearranged as follows

(X—E)b—d+e=0 (E.4)
[x-8) | @-o]| % |=0 (65
:b:
((x 1 al=[E | el)| % |=0 (E:6)
(M—W) b] =0 (E.7)
where _ _
M:[x | (_1} (E.8)
WZ[E | g} (E.9)

Note that equation E.7 implies that the matrix (M — W) is, by definition, rank-
deficient.
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The root sum of the squares of the elements of a matrix M

IM[[r = (ZZM@) (E.10)

i=1 j=1
is known as the Frobenius norm. It may be shown that the squared Frobenius

norm is equal to the sum of the squared singular values.

Pl
M = Z O-il_li\_)iT (E.11)
i=1
Pt
IM[IF =) o (E.12)

i=1

The Total Least Squares method calculates a matrix Wy, such that equation
E.7 is satisfied for some b, and such that the squared Frobenius norm of Wj is

minimised.

The SVD of M is given by equation E.11 and it can be shown that the matrix
W, of smallest squared Frobenius norm that makes (M — W) rank-deficient is

given by
W, = 0-P+11;LP+1\_);+1 (E.13)
where op,; is the smallest singular value of M.

In order to find the solution by s we substitute Wy from E.13 into equation E.7

to give
T bTLS
(M = 0p_1Up.1Vpy1) 1| T 0 (E.14)
P - b Z
(Z Uﬂ_ii\_)f) =0 (B.15)
i=1 L —1 i
For this condition to be satisfied it is clear that [ b%s | —1 1" must be propor-

tional to vp,1, since it is required by equation E.15 to be orthogonal to all of vy,

i=1---P. Hence

bris
—1

[ ngs ] —c [ 3 ] (E.17)

] = CVp1 (E.16)

and by partitioning vp,q
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Solving the bottom elemental equation in E.17 gives ¢ = —1/v, and hence

1
brg=——V (E.18)
%
There are two degeneracies associated with the TLS method.

e The TLS solution does not exist if M is rank-deficient.

e If the smallest singular value has multiplicity Q > T then there are Q

possible solutions.

In the former case it is possible that X" X is of full rank, in which case the ordinary
least squares solution given by E.2 may be used. In the latter case it has been

suggested that the solution with smallest Euclidean norm be selected [42].

E.4 Computational Considerations

The TLS method is considerably more computationally expensive than the ordi-

nary LS method.

The computation for the LS algorithm is dominated by the matrix inverse of the
P x P matrix X"X. This operation is order @(P3). If the problem is such that
the Toeplitz approximation may be made then an approximate LS solution may
be found in O(P?) operations using Levinson recursion [61, 77]. For very large
Toeplitz systems there exist algorithms of order P(log(P))? but these are highly

memory intensive [22].

By contrast, the TLS algorithm requires the calculation of the SVD of a (P41) xN
matrix. For N > (P+1) this operation is order O((P+1)N?+N>3) [42]. Although
this cubic order is no worse than the LS algorithm we typically have N > P in
this application, and the number of calculations required for the TLS method is

vastly greater.

Figure G.8 shows the logarithm (base 10) of the number of calculations (counted
using MATLAB) for each of the algorithms (LS, Toeplitz approximation to LS,
TLS) for a range of typical problem sizes. It is clear from the figure that the TLS
method requires orders of magnitude more computation than LS or the Toeplitz

approximation to LS for this range of problem sizes.

Code for both the Levinson recursion and for the SVD are given in [77].



Resampling of a Sampled Signal

In chapter 6 we examined methods for determining the time offset between a pair
of signals which convey the same audio information, but which have distorted or
degraded by independent mechanisms. Various techniques were examined for the
determination of the time-axis warping function which maps the time axis of one

signal to the time axis of the second.

Once the relative time axis warping function is known, one of the signals may be
aligned with the other by use of a variable time shifter, set by the offset function
derived during the detection phase. The shifter will need to be of sub-sample
accuracy, and as such may be implemented as a polyphase filter similar to those

used for sample rate conversion.

We have chosen a polyphase filterbank interpolator since it is simple to implement,
and has adequate performance in this application. There are other interpolation
algorithms in use for interpolation of sampled audio signals; a useful overview is
given by Zolzer [108], where polynomial, Lagrange and spline interpolators are

compared.
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F.1 Filter Design

Suppose we wish to shift the signal x[n] by the (non-integer) number of samples

1. The discrete impulse response h.[i] for a pure timeshift T is given by
h i] =sinc(mt(i— 1)), —00 <1< 400 (F.1)

which represents a perfect bandpass filter whose amplitude response is unity
across the whole Nyquist passband —5 < w < 7 and zero elsewhere. The shifted

signal x;[n] is given by
+00
xdnl = > helil x[n —1l. (F.2)

Note that an integer shift is a straightforward special case of this filter. For

integer T we obtain

hi={ " T (F.3)

0, otherwise.

and this accords with our intuition that a shift of an integer number of samples

is achieved simply by re-indexing the signal samples.

We clearly cannot implement equation F.2 directly as it requires an infinite sum-
mation for non-integer 1. The solution is to design a filter with a finite number

of terms whose response approximates a pure time shift.

Simply windowing the impulse response F.1 is not usually a satisfactory approach
since this introduces a finite transition band and significant aliasing results. It
is usually preferable to design a low-pass filter with a cut-off slightly lower than
the Nyquist bandwidth and then to window this suitably to obtain a finite set of

filter coefficients.

In order to apply an integer shift in a system which uses windowed low-pass
filters, we are required to filter the signal with the filter corresponding to T = 0.
Simple re-indexing of the signal does not have the low-pass filtering effect and

signal inconsistencies could result if it is not incorporated.

The choice of filter length, bandwidth and window will be dependent upon the
application. The examples on the CD are of high quality musical recordings, and
for these the filter cutoff is 0.97. A Hanning window was used to generate a filter

of length 61 samples.
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Where computation is at a premium, and where the signals are somewhat over-
sampled, Rossum [86] gives an innovative technique for the design of low-order,
high-performance interpolation filters. A 7-tap FIR filter with >120 dB attenu-

ation in regions close to all multiples of the sample rate is demonstrated.

F.2 Efficient Implementation

The nature of this problem implies that we need to calculate a set of windowed
filter coefficients for each value of T that is encountered. We can, however, limit
our consideration to shifts in the range —% <T< % since larger shifts may be
implemented as the superposition of an integer shift and a fractional shift in this

range.

It is computationally expensive to calculate online the filter coefficients for each
value of T that may be encountered during the operation of a practical system. A
convenient solution is to choose a desired time-shift resolution and pre-calculate
the filters required to meet that resolution specification. For example, if we wish
to be able to shift the signal with a resolution of 0.1 samples then we may pre-
calculate windowed filters for T = {—0.5, —0.4 ---, 0.3, 0.4} samples and store
the coefficients in a table. It is then a simple matter to choose the filter from the

table which gives the closest time shift to the desired value at a given instant.

For typical DSP chip architectures and instruction sets it is at filter lengths
greater than 64 or 128 samples that FF'T methods are more efficient than direct
calculation. If an FFT method is chosen, the transforms of the filters can, of

course, be stored in the table rather than the coefficients themselves.

Variable Time Shift

The correction of varying time offsets clearly required that we apply a non-
constant time shift to one of the signals. The offsets in the present applications
vary sufficiently slowly that signal discontinuities rarely result from varying the
time shift.

In other applications the shift may be be faster than this, and in this case measures
must be taken to ensure that the output signal is free of audible artifacts. For
example, if FF'T methods are employed to implement the filters, some block
overlap will help to smooth the transitions between filters. It may also be desirable

to limit the time-shift slew rate, such that effects such as an audible pitch shift
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cannot occur.

Relationship to Sample Rate Conversion

Many sample rate conversion algorithms are based around similar resampling
methods that use a windowed low-pass filter [20, 80]. For a fixed, rational sample
rate ratio, the set of filters required is finite. These filters are applied to the
incoming data samples in a deterministic sequence which mirrors the rotating
phase relationship between the input and output samples at their respective rates.
In this application the set of stored filters is often referred to as a polyphase
filterbank.

The present application differs from this “synchronous” sample rate converter in
that the effective instantaneous sample rate ratio is neither fixed nor necessarily
rational. This situation is close to the “asynchronous” sample rate conversion
problem [2, 3, 108], which ideally requires the calculation of a set of dedicated
filter coefficients for each output sample. The calculated filter then corresponds
to the precise instantaneous phase relationship between the input and output

samples.

Online Correction

If the signal sources are free-running then it is difficult to apply the time-shift
correction in the general case because there may be an average speed discrepancy
between them. If the reference is the faster of the two signals we will potentially
require infinite memory; if the reference is the slower, the channel to be shifted

will have passed by us before we know what timeshift to apply to it.

The problem may in both cases be resolved by use of a signal delay long enough to
contain the entire signal of interest. The most practical approach to implementing
this delay is to transcribe the signals independently and store them on a computer
in separate files. The starts may then be readily aligned to sufficient accuracy
using an audio editor. It is then straightforward to read through each file at the
required rate; we are guaranteed by the random-access nature of computer files

always to have access to the required samples.

It may be possible, alternatively, to use the detected time-shift to control, via a
suitable feedback system, the playback speed of one of the sources. While such
a system would be academically pleasing it is not felt to be sufficiently practical

for the present application to warrant further investigation here.
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Excitation PDFs
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F1GURE G.1: Excitation sample p.d.f’s and posterior probabilities (section 4.3.3)
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FIGURE G.2: Two-Channel E-AR Detector Posterior Probabilities (section 4.4.2)
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Fi1GURE G.3: Posterior Probabilities, top view, showing classification boundaries
(section 4.4.2). This figure is the combination of the four subfigures of figure G.2

viewed from directly above.




Independent Channels
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Non-independent Channels

FIGURE G.4: Region R,,, where both channels of a two-channel E-AR system
are classified as uncorrupted (section 4.4.2). Region R,,, is defined as the inter-
section of Ry, ,~p,, (inside blue elipse), R,,,=p,, (between red lines) and R,,,>p,,
(between green lines). Two cases are shown; the first for independent channels,
and the second illustrating the modification of the region for the non-independent
two-channel detecor. The lines in the lower figure which appear straight are in
fact hyperbolae with distant foci.
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FiGure G.5: AR(1) plus sinusoidal basis (2 harmonics) as a model for inter-
channel time offset (section 6.7). The blue line is the measured data, and the

green predicted by the model.




MAP Inter—channel Offset
6 T

Offset/samples

—2 - | V A i

_6 ! ! ! !
0 5 10 15 20 25 30

Time/s

MAP Inter—channel Offset (detail)

Offset/samples

|
10 11 12 13 14 15 16 17 18 19 20
Time/s

FIGURE G.6: MAP offset estimate from equation 6.65 with AR(1) plus sinusoidal
basis (2 harmonics) as a model for inter-channel time offset (section 6.9.1). The
blue line is the raw measured offset, and the green is the MAP estimate based on

the measured data and the model-based prior.
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FiGureE G.7: MAP offset estimate using differential smoothness prior. The blue
line is the raw measured offset. The green line is the MAP estimate based on the
measured data and the differential smoothness prior with o« = 1, and the red line

with oo = 10.
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FIGURE G.8: Operations count (logarithm to base 10) for TLS (top), LS (middle)
and Toeplitz LS (bottom) algorithms (section E.4). Over this range of problem
sizes the TLS complexity is almost independent of the model order P as it is

dominated by the data vector length N.
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FIGURE G.9: Independent ARMA interpolations of two-channel data (section
5.5). The green and red lines are channels 1 and 2 of a C-ARMA system. Sections
of each have been interpolated (blue lines) using an independent ARMA model

for each channel.




C-ARMA Interpolation of channel 1 samples 45-80
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FIGURE G.10: Two-channel C-ARMA interpolation of synthetic data (section
5.5). The green and red lines are channels 1 and 2 of a C-ARMA system. Over-
lapping sections of each have been assumed unknown and interpolated (blue lines)
using the joint C-ARMA interpolator.
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FIGURE G.11: Estimated poles and zeros for C-ARMA model (section 5.5). The
green and red circles show the positions of the estimated zeros for the left and

right channel signals respectively. The model poles are shown by blue crosses.
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F1GUrRE G.12: ARMA interpolation of stereo audio data (section 5.5). The green
and red lines are the left and right signals of a genuine stereo audio signal. The
blue line in the upper figure shows the modelling error. The blue line in the lower
figure is the order-10 ARMA interpolation of 40 samples of the left channel.
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FI1GUureE G.13: C-ARMA interpolation of stereo audio data (section 5.5). The
green and red lines are the left and right signals of a genuine stereo audio signal.
The blue lines show joint order-10 C-ARMA interpolations of the stereo data.
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