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ABSTRACT

This thesis considers the development of synchronization and signal processing techniques
for digital communication receivers, which is greatly influenced by the digital revolution of
electronic systems. Eventhough synchronization concepts are well studied and established
in the literature, there is always a need for new algorithms depending on new system re-
quirements and new trends in receiver architecture design. The new trend of using digital
receivers where the sampling of the baseband signal is performed by a free running oscil-
lator reduces the analog components by performing most of the functions digitally, which
increases the flexibility, configurability, and integrability of the receiver. Also, this new de-
sign approach contributes greatly to the software radio (SWR) concept which is the natural
progression of digital radio receivers towards multimode, multistandard terminals where
the radio functionalities are defined by software.

The first part of this research work introduces a new technique for jointly estimating the
symbol timing and carrier phase of digital receivers with non-synchronized sampling clock
for both data-aided and non-data-aided systems using a block-based feed-forward architec-
ture. This technique is a practical, rapidly converging, fully digitally implemented synchro-
nization concept based on a low-order polynomial approximation of the likelihood functions
using the Farrow-based interpolator. A review of maximum likelihood theory, which is the
basis for coherent theory of synchronization, defines first the criteria and general framework
for developing near-optimum synchronization schemes for digital communication systems.
Then, efficient Farrow-based polynomial approximations of the typical likelihood func-
tions are derived for systematic symbol timing, carrier phase and fine acquisition frequency
synchronization algorithms.

Another important receiver functionality closely related to synchronization is propagation
delay estimation which is the basis of positioning technologies. Mobile phone positioning is
becoming unavoidable after the mandate imposed by communications regulatory bodies on
emergency call positioning. The second part of this thesis reviews and develops new tech-
niques with subchip resolution capabilities for estimating closely-spaced multipath delays in
spread-spectrum CDMA systems. Generally, multipath delays caused by distant reflectors
have relatively large delay spread, with more than one chip interval between different paths,
that can be resolved using conventional delay-locked-loop techniques. However, shorter
excess path delays result in overlapped fading multipath components that introduce signifi-
cant errors to the line-of-sight path delay and gain estimation. Overlapping fading multipath
components are considered as one of the major sources of error that have strong impact on
high precision mobile positioning solutions, as well as, on mobile applications of dedicated
systems like the Global Positioning System (GPS). An overview of the most promising ge-
olocation positioning techniques for wireless systems that are being standardized is first
provided with a survey of fundamental concepts and major problems in positioning. Then,
the characteristics of different channel models and conventional multipath delay estimation
techniques based on maximum likelihood theory are also discussed. Two new techniques
with subchip resolution capabilities are proposed for estimating closely-spaced overlapped
multipath components. These techniques are intended to improve the accuracy of location
estimates by estimating correctly the delay of the line-of-sight path.
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Chapter 1
Introduction

The high competition between Americans, Asians, and Europeans has led to the coexistence
of several radio communication systems and promises a very difficult path towards the con-
vergence to a unique standard wireless mobile system, despite of the benefits of common
worldwide standard. This competition introduces new challenges in receiver architecture
design to accommodate the different air interfaces. The natural progression of digital ra-
dios towards multimode, multistandard terminals is a potential pragmatic solution which
is known as the Software Radio (SWR) concept. The main idea is that the radio function-
alities of user terminals are defined by software which allows them to dynamically adapt
to different radio environments. Even though, the software radio was first introduced for
military applications, the digital revolution of electronic systems has enabled software ra-
dio to gradually enter also commercial communication systems. The popularity of digital
solutions over their analog counterparts resides mainly on their greater flexibility, high inte-
gration efficiency, and configurability, as well as on the fast speed at which semiconductor
technologies, digital signal processors, and VLSI circuits are developing.

The rapid evolution of communication systems and the new requirements imposed by
the standardization authorities have brought various consumer electronics device types and
a high demand on new communication services, such as mobile phone positioning with
high accuracy. Even if safety was the primary motivation for mobile positioning, a lot
of commercial applications have already emerged in the market. For the public interest,
mobile phone positioning in a cellular network with reliable and rather accurate position
information has become unavoidable after the Federal Communications Commission man-
date, FCC-E911 docket on emergency call positioning in USA, and the coming E112 in the
European Union [1]. The basic rule of emergency services requires mobile operators to au-
tomatically transfer caller location details to the emergency authorities without regard to
validation procedures intended to automatic caller identification and localization.

International analysts have also predicted that mobile location services are commercially
potential and the most compelling value-added services to the forthcoming third generation
mobile systems, taking into consideration the huge range of services that can be provided
to the mobile users. Recently, several potential technologies enabling the development of
mobile location techniques have emerged and are already competing in the market [2]. A
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2 INTRODUCTION

large number of commercial location-based services are being provided, such as fleet and
resource management, vehicle tracking and person to person location and messaging appli-
cations [3], [4], location specific traffic information, yacht position, map-based guidance,
and navigation [5]. Location based services will allow mobile users to receive personalized
and lifestyle-oriented services relative to their geographic location, and provide enormous
opportunities for companies and organizations to effectively reach their target groups of
strong purchasing power. However, the successful evolution of the mobile location services
to a massmarket industry relies mainly on its accuracy, interoperability, end user privacy and
availability of attractive services. In view of the sensitivity of location data to the end user
privacy and security, appropriate technical solutions that satisfy requirements for security
issues must be established to ensure compliance with regulatory rules in this area.

Since the introduction of the software radio concept, several architectures for designing
SWR radio platforms have been recently developed through the efforts of commercial and
noncommercial organizations [6], [7], [8], [9], [10], [11]. The ultimate goal of designing a
single-chip, flexible wireless transceiver supporting multimode and multistandard compati-
bility introduced new architectures more suitable for integration. The current trend is to push
the analog/digital interface towards the antenna to simplify the analog parts and allow the
implementation of most receiver functions digitally, increasing therefore the flexibility, con-
figurability, and integrability. As one important functionality, these new receivers require
flexible and efficient synchronization algorithms which depend on the system requirements
and receiver architecture design.

In digital communication systems, the continuous-time received signal is sampled and
these samples are used to make the decisions on the transmitted symbols. The sampling of
the received signal must be synchronized to the incoming data symbols. In conventional re-
ceivers, the synchronization is performed using a feedback or feed-forward loop to control
the phase of the sampling clock which generally requires complicated phase-locked-loop
circuits [12]. The new trend of using digital receivers where the sampling of the baseband
signal is not synchronized to the incoming data symbols, reduces the analog components
since most of the functions are performed digitally [13], [14], [15]. In this receiver archi-
tecture, the sampling of the baseband signal is clocked by a free running oscillator, and thus
the sampling is not synchronized to the incoming symbols. Therefore, timing adjustment,
and in practice also the carrier phase estimation must be done by digital methods after sam-
pling. One way to perform this is to calculate the value of the signal at the desired time
instants using interpolation. Maximum likelihood (ML) estimation theory is the basis for
coherent theory of synchronization [13]. It provides a general framework for developing
near-optimum synchronization schemes for digital communication systems. Joint estima-
tion of signal parameters using the ML approach yields usually to better estimates with
respect to the lower bound on the variance, known as the Cramer Rao bound, compared to
estimates obtained from separate optimization of the likelihood functions [16].

Another essential receiver functionality closely related to synchronization is the propa-
gation delay estimation which is the basis for positioning technologies. Multipath effects of
the mobile channel could degrade the location estimate substantially, and they are regarded
as a killer issue in location estimation, and still a challenging topic for research work.

The main goal of the first part of this thesis work is to develop flexible and efficient all-
digital synchronization algorithms with good performance and fast convergence. The work
focuses on new algorithms for jointly estimating the symbol timing and carrier phase of
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digital receivers with non-synchronized sampling clock for both data-aided and non-data-
aided systems. To achieve efficient implementation, modest oversampling is used and yet
good timing accuracy is achieved by developing low-order polynomial approximations of
the likelihood functions. The main emphasis is on the derivation of efficient Farrow-based
polynomial approximations of the likelihood function for systematic and practical symbol
timing, carrier phase, and fine acquisition frequency synchronization algorithms.

The second main topic is to develop new techniques with subchip resolution capabilities
for estimating closely-spaced multipath delays in spread-spectrum CDMA systems in order
to estimate correctly the delay of the LOS path. Overlapped closely-spaced multipath com-
ponents are considered as one of the major sources of error for accurate mobile terminal
positioning solutions.

This thesis is organized as follows: In Chapter 2, the polynomial-based maximum like-
lihood technique for parameter synchronization in digital receivers with non-synchronized
sampling clock is established for both DA and NDA systems. Chapter 3 provides an overview
of the most promising geolocation solutions, and introduces new techniques for estimating
overlapped closely-spaced multipath components. A summary of the main results of this
thesis and the author’s contribution to the publications are clarified in Chapter 4. The results
of this work are given in the publications included in the appendices. Finally, conclusions
are drawn in Chapter 5.





Chapter 2
Polynomial-Based ML Technique
for Synchronization in Digital
Receivers

2.1 INTRODUCTION

In this chapter, new symbol timing and carrier phase estimators are introduced based on ML
theory for both data-aided (DA) and non-data-aided (NDA) systems, using a block-based
feed-forward architecture. This new technique is a practical, fully digitally implemented
synchronization concept using interpolation for jointly estimating the symbol timing and
the carrier phase. The interpolation method used in this context is efficiently implemented
using the so-called Farrow structure [17] which is characterized by its simple and flexible
realization. The likelihood function is expressed in terms of the polynomial coefficients
obtained from the Farrow-based interpolator. The feed-forward architecture we are consid-
ering provides rapid acquisition characteristics, which are very important especially in the
mobile communication systems where the channel characteristics are rapidly changing, and
in the case of TDMA system, also the transmission is bursty. Furthermore, the used interpo-
lation approach allows to use modest oversampling (typically twice the symbol rate) while
providing the temporal resolution of a highly oversampled system in a computationally ef-
ficient manner. In [18], [19], a somewhat similar idea was developed for symbol timing
estimation through polynomial approximation of the log-likelihood function. Our approach
differs from this earlier idea in that the polynomial approximation of the log-likelihood
function is here derived from the piecewise polynomial approximation of the signal in an
efficient way. This allows the use of lower sampling rate (oversampling factor of 2 instead
of 4). For other approaches to all-digital symbol timing recovery we refer to [14], [15], [20].

This chapter is organized as follows. Section 2.2 discusses briefly the importance of syn-
chronization function and different timing recovery techniques. Section 2.3 gives a brief
overview of the maximum likelihood principle for optimum receivers, and presents the typ-

5



6 POLYNOMIAL-BASED ML TECHNIQUE FOR SYNCHRONIZATION IN DIGITAL RECEIVERS

ical likelihood functions required for deriving systematic symbol timing and carrier phase
synchronization algorithms. Timing adjustment using polynomial interpolation concept for
digital receiver with non-synchronized sampling is reviewed in Section 2.4. The polynomial
approximation of the likelihood functions for both DA and NDA systems is derived in Sec-
tion 2.5. Finally, a summary of the simulation results which are provided in the Publications
[P1]-[P5] is presented in Section 2.6.

2.2 SYNCHRONIZATION AND TIMING RECOVERY TECHNIQUES

Synchronization is one of the fundamental functions in communication systems. Its task is
to lock the synchronization parameters of the receiver with the received signal. Estimation
of synchronization parameters, such as symbol timing, carrier phase and frequency is very
essential for performing demodulation and detection of the data from the transmitted signal
with high reliability. In conventional receivers, the synchronization is performed using a
feedback or feed-forward loop to control the phase of the sampling clock as shown in Fig.
2.1 (a) and (b). These analog and hybrid methods of synchronization are well established
in the literature and studied thoroughly [13], [21]. However, their major drawbacks are the
large amounts of board space, power consumption, and circuit complexity of phase-locked-
loops (PLLs) which are used to control the sampling of incoming signals [12]. Another
synchronization method suitable for digital receiver implementation has been introduced
during the last decade as shown in Fig. 2.1 (c). In this architecture, the received signal
is sampled by a free running clock and thus sampling is not synchronized to the incoming
data symbols. Consequently, the synchronization parameters are estimated by digital meth-
ods after sampling. This new type of receiver architecture with non-synchronized sampling
clock is very relevant to the context of software radio. In fact, existing communication stan-
dards are using different data rates, and consequently they employ different master clock
rates. In order to reduce the receiver complexity, we can use a single master clock with this
receiver architecture and generate the different clock rates virtually by means of sampling
rate conversion [10].

The synchronization function is generally very critical to the error performance. Typical
examples shown in Figs. 2.2 and 2.3 illustrate the effect of timing offset and phase error on
theoretical symbol error probability using QPSK modulation [15], [16].

2.3 MAXIMUM LIKELIHOOD ESTIMATION

In this section, the maximum a posteriori (MAP) and maximum likelihood (ML) estimation
criteria are shortly reviewed. Then, the ML criterion is used to device the symbol timing
and carrier phase estimators for both DA and NDA systems.

2.3.1 ML Principle for Optimum Receivers

The optimum decision rule to detect the symbol sequence a in a received signal corrupted
by noise is based on the maximum a posteriori probability (MAP) estimation criterion, also
known as Bayesian estimation [16]. This decision criterion is trying to select the values of
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(c) Digital Recovery

(b) Hybrid Recovery
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Fig. 2.1 Timing recovery methods.

a in each transmitted signal interval based on the observation vector r, such that the set of
posteriori probabilities is maximized. Under the condition that the prior probabilities are
all equal (symbols are uniformly distributed), a detector based on the MAP criterion re-
duces to the decision criterion based on the maximum of the conditional probability density
functions, known as maximum-likelihood (ML) criterion [15].

An optimal ML receiver would perform joint estimation of data a and synchronization
parameters� = f�; �g simultaneously [20]. Here, � and � denote the time delay and carrier
phase, respectively. The ML criterion for both data detection and synchronization param-
eter estimation is trying to select the set of values fâ;�̂g which maximizes the likelihood
function p(rja;�) as follows

(â; �̂) = arg max
a;�

p(rja;�): (2.1)
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Fig. 2.3 Degradation of symbol error probability due to different phase errors, ��, using QPSK
modulation.

Unfortunately, the optimal joint detection/estimation approach is rather complicated for
practical receiver implementation [15], [20]. Therefore, separate data detection algorithms,
and independent estimates of each synchronization parameter are commonly derived for re-
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alizable receiver structures. Depending on the data dependency, there are three main classes
of ML synchronizers:

� The ML data-aided (DA) synchronization algorithms use known data sequence a0
(preamble, training sequence) at the receiver for the estimation as follows

(�̂)DA = arg max
�

p(rja = a0;�): (2.2)

� The ML decision-directed (DD) synchronization algorithms use detected data se-
quence â instead of the true symbol values for the estimation,

(�̂)DD = arg max
�

p(rja = â;�): (2.3)

� The third class is the ML non-data-aided (NDA) synchronization algorithms. They
are using neither the data symbol values nor their estimates. However, they remove
the data dependency by averaging over all prior probabilities as follows

p(rj�) =
X
a

p(rja;�)P (a): (2.4)

Then, by maximizing the above likelihood function (2.4) with respect to each/all
synchronization parameter, the ML NDA algorithms are given by

(�̂)NDA = arg max
�

p(rj�): (2.5)

2.3.2 Likelihood Function for Systematic Synchronization Algorithms

A linearly modulated transmitted signal in baseband is given by

s(t;�) = ej�0
X
n

a(n)gT (t� nT � �0); (2.6)

where the couple (�0; �0) are the true values of the unknown clock timing and carrier phase
offsets, respectively, fa(n)g is the sequence of independent equiprobable data symbols,
gT (t) is the transmitter filter pulse shape, and 1=T is the symbol rate.

We assume that s(t;�) is completely known at the receiver except for the synchroniza-
tion parameter vector�which consists of the time delay � and carrier phase �, and possibly
the data symbols. The parameter vector � is also assumed to remain unchanged over an
observation interval T0 (or sufficiently large number N = T0=T of transmitted symbols).

The linearly modulated received signal is given by

r(t) = s(t;�) + �(t); (2.7)

where �(t) is an independent white stationary Gaussian noise with flat power spectral den-
sity N0. Recalling the Gaussian nature of the random process, the likelihood function that
is to be maximized is given by [15], [16]

p(rja;�) = � exp

�
�

1

�2

Z
T0

���r(t)� ~s(t; ~�)
���2dt�; (2.8)
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where � is a positive constant, independent of the synchronization parameters which can be
neglected, and ~s(t; ~�) is the trial local replica generated at the receiver defined by

~s(t; ~�) = ej
~�
X
n

a(n)gT (t� nT � ~�): (2.9)

Maximum likelihood estimation (MLE) is simply trying to minimize the distance between
the corrupted received signal r(t) and the trial local replica ~s(t; ~�). Equivalently, MLE
is trying to estimate one or both values from the parameter set �̂ = f�̂ ; �̂g using the trial
vector ~� = f~� ; ~�g in order to maximize the likelihood function p(rja;�).

As mentioned earlier, consistent approximations of the above likelihood function are
needed to derive systematic ML synchronization algorithms. By expanding the integral in
Eq. (2.8), and observing that the energy quantities resulting from the received noisy signal
and the local trial signal can be ignored since they are independent of the synchronization
parameters, it follows [16]

p(rja;�) � � exp

�
2

�2

Z T0

0

Re
n
r(t) ~s�(t; ~�)

o
dt

�
: (2.10)

The above approximation is accurate for constant envelope signals (equal symbol energies),
e.g., M-PSK, but it is commonly used also for QAM signals.

In the basic system model of Fig. 2.4, after down-conversion to the baseband through
mixing and filtering, the received signal is first applied to a receiver matched filter gMF (t),
then sampled with a fixed sampling rate 1=Ts . In practice, the order of sampling and matched
filter can be reversed. Under the assumptions that the transmitter and receiver matched filters
satisfy the Nyquist properties and the channel is ideal, there is no inter-symbol interference
provided that the samples are taken at the correct time instant, i.e., �0 = �̂ . By replacing
the local trial signal replica (2.9) in Eq. (2.10), after some manipulations, the likelihood
function or objective function becomes [20]

�(a;�) = � exp

�
2

�2
Re
n
e�j�

X
n

a�(n)m(n; �)
o�

; (2.11)

where m(n; �) denotes samples from the output of the matched filter given by

m(n; �) =

Z T0

0

r(t)gMF (nT + � � t)dt: (2.12)

Taking the logarithm of (2.11) and dropping the resulting constants, we obtain the log-
likelihood function (LLF)

�(a;�) = Re
n
e�j�

X
n

a�(n)m(n; �)
o
: (2.13)

An illustrative example of the likelihood function and its first order derivative is depicted
in Fig. 2.5 using QPSK constellation signal and an oversampling factor equal to 50. Sev-
eral techniques for searching the maximum location of the likelihood function have been
devised with a complexity mostly related to the data sample rate and used technology. The
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Fig. 2.4 Digital receiver with non-synchronized sampling.
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Fig. 2.5 Illustrative example of a typical log-likelihood function for �0 = 0:52T and �0 = 0, as
well as its first order derivative.

straightforward approach of calculating the log-likelihood function from the discrete-time
matched filter output samples would require excessive oversampling factor to achieve suf-
ficient temporal resolution, especially with high-order modulations. Generally, the most
straightforward approaches are based on the partial derivatives of the LLF. Namely, the
iterative search procedure or the error tracking feedback method [20]. However, the maxi-
mum search can be facilitated and optimized using the proposed idea of polynomial-based
approximation of the maximum likelihood function.

2.3.3 Data-Aided Estimation

In this case, the symbols fa(n)g used for synchronization (preamble, training sequence)
are known at the receiver. Similarly, the decision-directed synchronization algorithms use
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detected data sequence instead of the true symbol values. For jointly estimating the sym-
bol timing and carrier phase (�̂ ; �̂), the log-likelihood function has to be maximized with
respect to the two parameters � and � as follows [15]

(�̂ ; �̂) = argmax
�;�

�(�; �) (2.14)

where the LLF (2.13) can be expressed as

�(�; �) =
���X

n

a�(n)m(n; �)
���Rene�j���argPn

a�(n)m(n;�)
�o

: (2.15)

By observing that the magnitude term in Eq. (2.15) is independent of �, the joint estimation
of (�̂ ; �̂) can be performed by first estimating �̂ by finding the maximum of the magnitude
term

�̂ = argmax
�

���X
n

a�(n)m(n; �)
��� (2.16)

and then, the carrier phase estimate �̂ is easily deduced as

�̂ = arg
X
n

a�(n)m(n; �̂ ): (2.17)

2.3.4 Non-Data-Aided Estimation

Under the assumptions of low SNR and independent equiprobable transmitted data symbols,
using quadratic Taylor series expansion of the exponential term in the objective function in
Eq. (2.11) and then removing of the data dependency by averaging, the desired approxima-
tion of the marginal likelihood function is given by [20]

�(�; �) =
X
n

E
�
ja(n)j2

���m(n; �)
��2 +Re

nX
n

E[a2(n)]
�
m�(n; �)

�2
e�2j�

o
: (2.18)

Detailed mathematical derivations of the above marginal likelihood function are provided
in [20], Chapter 5.

Consequently, for a uniformly distributed phase, the likelihood function of Eq. (2.18) is
reduced to

�(�) =
X
n

��m(n; �)
��2: (2.19)

Hence, the NDA timing estimate for any linear digital modulation is given by [15]

�̂ = argmax
�

X
n

��m(n; �)
��2: (2.20)

For M-PSK signalling, joint symbol timing and carrier phase estimate is feasible and carrier
phase estimate is given by

�̂ =
1

M
arg

X
n

�
m(n; �̂ )

�M
: (2.21)
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2.4 TIMING ADJUSTMENT USING POLYNOMIAL INTERPOLATION

This section reviews and demonstrates how the symbol timing adjustment can be done dig-
itally using an interpolator if the sampling of the receiver signal is not synchronized to
the symbol timing instants. It is also discussed how the polynomial-based interpolation
methods can be efficiently implemented using the so-called Farrow structure. In the next
section, the polynomial-based interpolation and the Farrow structure are utilized to derive
the proposed ML based symbol timing and carrier phase estimation algorithm.

2.4.1 Receiver with Non-Synchronized Sampling

In this work we consider the receiver structure where the sampling is done using a fee-running
oscillator and the symbol timing and carrier phase estimation and correction are done com-
pletely in the digital part of the receiver, as shown in Fig. 2.4. Here the received baseband
signal after the matched filter, denoted by m(t), is sampled using the over-sampling ratio
of � = T=Ts, where T and Ts are the symbol and sampling intervals, respectively. In the
digital part of the receiver, the timing error (�̂i) and phase error (�̂) are estimated (to be dis-
cussed in the next section) and the symbol timing adjustment is done first using interpolator
and, after that, the phase error is corrected using a phase rotator.

For convenience, it is assumed that the ADC sampling rate is an integer multiple of the
symbol rate, and the interpolator output sampling rate is equal to the symbol rate. In this
case, the fractional interval is constant, �i = �, in stationary conditions. The fractional
interval and timing offset are related as follows:

� =
�

Ts
�
j �

Ts

k
where � 2 [0; 1): (2.22)

Here, bxc stands for the integer part of x.

2.4.2 The Farrow Structure

It has turned out that the polynomial-based interpolation methods are the most widely used
solution for performing the symbol timing adjustment in digital receivers. The reason for
the popularity of these methods lies in the fact that interpolator can then be efficiently imple-
mented using the Farrow structure [17]. This filter structure, shown in Fig. 2.6, consists of
L+1 parallel FIR filters having the transfer functions Cl(z) for l = 0; 1; � � � ; L. HereL de-
notes the degree of the polynomial interpolation. The impulse response of the interpolator
in each Ts-segment with basepoints k = I1 to I2:

h(t) = h(iT ) = h[(k + �̂i)Ts] =
LX
l=0

cl(k)�̂
l
i (2.23)

with cl(k)’s being the fixed coefficients of the FIR filters of length I2 � I1 + 1.
The synchronized output samples of this structure are be given by

y(i) =

I2X
k=I1

m(ni � k)h[(k + �̂i)Ts] =

LX
l=0

vl(ni)�̂
l
i; (2.24)
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Fig. 2.6 The Farrow structure for polynomial-based interpolation filter.

Fig. 2.7 Example of the input and output samples for the Farrow structure. Here the over-sampling
ratio is � = T=Ts = 2.

where

vl(ni) =

I2X
k=I1

m(ni � k)cl(k): (2.25)

The FIR filter coefficients for the Lagrange interpolation are given, e.g., in [14] and for more
general interpolation techniques, see [17], [22], [23].

The idea of the Farrow structure is that the output samples of the FIR filters vl(ni) as
given by Eq. (2.25) form a polynomial approximation for the continuous-time signal m(t)
in the interval niTs � t < (ni + 1)Ts. The output sample y(i) is then calculated by eval-
uating the value of the polynomial at the time instant determined by �̂i according to Eq.
(2.24). Therefore, the time instant for the output sample y(i) = y(iT ) is determined by
(see Fig. 2.7)

iT = (ni + �̂i)Ts with 0 � �̂i < 1: (2.26)

The advantage of the Farrow structure is that the filter coefficients cl(k) are fixed and the
time instant for the output sample can be easily controlled by the fractional interval �̂i.
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2.5 POLYNOMIAL APPROXIMATION FOR THE LOG-LIKELIHOOD
FUNCTION

In this section, we derive the polynomial approximation for the log-likelihood function for
both DA and NDA cases. We consider the case of a non-synchronized receiver where the
sampling rate is twice the symbol rate (T = 2Ts), consequently, we are going to use � and �
in the following to denote the timing error as fractions of the symbol and sampling interval,
respectively. The function of the interpolation filter is to calculate the correct output sample,
y(i) = y(iT ), at a time using a set of adjacent input samples, m(n) = m(nTs), obtained
from the output of the matched filter based on a timing error estimate �̂. Here n denotes the
largest integer for which nTs � iT .

2.5.1 Data-Aided Estimator

In the following, the polynomial approximation for the log-likelihood function is derived
by utilizing the fact that the output samples of the FIR filters in the Farrow structure, de-
noted by vl(n), form an Lth order polynomial approximation for the input signal m(n).
This approximation is piecewise polynomial, i.e., there are different polynomial approxima-
tions for each sample interval. Because we are using two samples per one symbol interval,
there are two different polynomial approximations of the log-likelihood function [P2] cor-
responding to the two halves of the symbol interval. Consequently, from expression (2.16)
the symbol timing is estimated by

�̂ = argmax
�

�
j�1(2�)j for 0 � � < T=2
j�2(2� � 1)j for T=2 � � < T

(2.27)

where the LLF functions �1(2�) and �2(2� � 1) are generated using odd and even samples
of the matched filter output m(n; �), as follows(

�1(2�) =
PN

n=1 a
�(n)m(2n � 1; 2�) for 0 � � < T=2

�2(2� � 1) =
PN

n=1 a
�(n)m(2n; 2� � 1) for T=2 � � < T .

(2.28)

Also, by using the timing estimate �̂ in the corresponding symbol time interval, the carrier
phase estimate (Eq. (2.17)) becomes

�̂ =

�
arg �1(2�̂ ) for 0 � �̂ < T=2
arg �2(2�̂ � 1) for T=2 � �̂ < T :

(2.29)

The above expressions can be rewritten with respect to the sample interval denoted here
by the fractional interval �. The LLF equation (2.28) becomes(

�1(�Ts) =
PN

n=1 a
�(n)m(2n � 1; �Ts)

�2(�Ts) =
PN

n=1 a
�(n)m(2n; �Ts):

(2.30)

The values of m(n; �Ts) can be interpolated for different values of � 2 [0; 1) by utilizing
the Farrow structure and the original samples m(n). Thus, the interpolated sample values
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expressed as a function of the FIR branch filter outputs in the Farrow structure, vl(n), and
the fractional interval, �, are given by [P2]

(
m(2n� 1; �Ts) =

PL

l=0 vl(2n� 1)�l

m(2n; �Ts) =
PL

l=0 vl(2n)�
l:

(2.31)

where L is the degree of polynomial approximation. Finally, by substituting Eq. (2.31) into
(2.30), the polynomial approximation of the log-likelihood function can be written as:

8<
:

�1(�Ts) =
PL

l=0

�PN

n=1 a
�(n)vl(2n� 1)

�
�l

�2(�Ts) =
PL

l=0

�PN

n=1 a
�(n)vl(2n)

�
�l:

(2.32)

Consequently, the symbol timing and the carrier phase estimation can be performed easily
with the aid of the Farrow structure. First, the polynomial coefficients of the log-likelihood
functions are calculated by averaging the product of a�(n) and vl(n) over N symbols ac-
cording to Eq. (2.32). It has turned out through simulations that the values of N between
16 and 64 provides good results. Second, the value of the timing error estimate �̂ that max-
imizes either of the log-likelihood functions f�1(�Ts);�2(�Ts)g is computed. Finally, by
using the timing estimate, the carrier phase estimate �̂ is calculated. A formal description
of this algorithm is written as follows:

If max j�1(�Ts)j > max j�2(�Ts)j then
�̂ = argmax� j�1(�Ts)j

�̂ = arg[�1(�̂Ts)]
else

�̂ = argmax� j�2(�Ts)j

�̂ = arg[�2(�̂Ts)]
end If

The overall scheme of the proposed DA block-based symbol timing and carrier phase
recovery is illustrated in Fig. 2.8. After the parameters �̂ and �̂ are estimated, timing ad-
justment is performed by evaluating the value of the polynomial at the given value of �̂.
Subsequently, the carrier phase is corrected by the factor e�j�̂.

The efficiency of this algorithm is due to the fact that here the block averaging of the like-
lihood function is done in the polynomial coefficient domain, and the multiplications with �̂
are needed only for the whole estimation block. The above procedure can be used as such in
the data-aided (DA) systems where the symbol values are known in advance. For example,
GSM does have a known synchronization symbol sequence. In case of decision-directed
(DD) systems, a reasonably good initial estimate for the sampling phase must be known.
This scheme can also be utilized in non-data-aided (NDA) systems with some modifications
as shown in the following section.
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Fig. 2.8 DA symbol timing and carrier phase synchronization scheme.

2.5.2 Non-Data-Aided Estimator

Similarly to the DA estimators, the symbol timing for the NDA case is derived from expres-
sion (2.20) as follows [P3]

�̂ = argmax
�

(
�1(2�) for 0 � � < T=2
�2(2� � 1) for T=2 � � < T

(2.33)

where the likelihood functions �1(2�) and �2(2� � 1) are given by(
�1(2�) =

PN

n=1

��m(2n� 1; 2�)
��2 for 0 � � < T=2

�2(2� � 1) =
PN

n=1

��m(2n; 2� � 1)
��2 for T=2 � � < T:

(2.34)

The likelihood functions (2.34) can also be expressed as a function of the fractional interval
and interpolation filter branches as follows;(

�1(�Ts) =
PN

n=1

��PL

l=0 vl(2n� 1)�l
��2

�2(�Ts) =
PN

n=1

��PL

l=0 vl(2n)�
l
��2: (2.35)

The carrier phase estimate for an M-PSK signal is deduced by using the above timing esti-
mate �̂ , as follows

�̂ =

8><
>:

1
M

arg
PN

n=1

�PL

l=0 vl(2n� 1)�̂l
�M

1
M

arg
PN

n=1

�PL

l=0 vl(2n)�̂
l
�M

:
(2.36)

By noticing that the summation inside the parentheses is actually the output sample of the
Farrow structure y(i) for both 0 � � < T=2 and T=2 � � < T , Eq. (2.36) can be rewritten
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Fig. 2.9 NDA symbol timing recovery scheme.

as

�̂ =
1

M
arg

NX
n=1

�
y(i)

�M
: (2.37)

Finally, the symbol timing estimate is reduced to the search of the value of �̂ that maximizes
either of the likelihood functions f�1(�Ts);�2(�Ts)g. Then, the timing estimate is used
for computing the carrier phase estimate �̂. Alternatively, this algorithm is described as
follows;

If max[�1(�Ts)] > max[�2(�Ts)] then
�̂ = argmax�[�1(�Ts)]

�̂ = 1
M

arg
PN

n=1

�
y(i)

�M
else

�̂ = argmax�[�2(�Ts)]

�̂ = 1
M

arg
PN

n=1

�
y(i)

�M
end If

The overall scheme of the NDA block-based symbol timing and carrier phase recovery is
illustrated in Figs. 2.9 and 2.10. Notice that the influence of the data symbols of this NDA
feed-forward phase estimator is removed by the Mth power. Remark also that in this case,
the averaging of the likelihood function cannot be done in the polynomial coefficient do-
main. Consequently, the algorithm is not as efficient as in the DA case with respect to the
computational complexity.

2.6 SUMMARY OF SIMULATION RESULTS

Simulations have been performed to analyze the performance of digital receivers with non-
synchronized sampling using the proposed polynomial-based ML synchronization algo-
rithms for both DA and NDA cases and the results are shown in the publications [P1]-[P5].
The proposed schemes are simulated using an AWGN channel model, and different signal
constellation types (i.e., PAM, QPSK, 16-QAM, and 64-QAM) for different block lengths
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Fig. 2.10 NDA carrier phase estimation scheme for M-PSK modulations.

N . The transmitter and receiver pulse-shaping filters are square root raised cosine filters
with excess bandwidth of 35%.

A frequency domain optimized third order interpolation filter (L = 3) of length 8 de-
signed by using a minimax synthesis technique [24] is compared in the simulations with the
conventional cubic Lagrange interpolator [13]. The length of the FIR filters in the Farrow
structure for the optimized interpolator is twice as long as for the Lagrange interpolator.
However, the filter coefficients are symmetrical for this optimized design which makes its
complexity of the same order with the Lagrange interpolator. The number of the FIR filter
branches is four for both interpolators. Also, the simulations are done using the worst-case
timing offset and some selected values of the phase error.

Several sets of experiments have been conducted for both DA and NDA synchronization
approaches. Theoretical expectations are compared with simulated worst case (with respect
to timing offset) SEP as a function of Eb=N0 using different types of modulations. Also,
variance and mean of the timing jitter as well as symbol error probability (SEP) of both
interpolators are compared. The effect of a relatively small frequency error, compared to
the symbol rate, on the synchronization scheme is analyzed in [P4]. The simulation results
demonstrate the efficiency and excellent performance of the proposed block-based feedfor-
ward estimators even in the presence of a small frequency error. Also, the results show
the excellent performance of the frequency domain optimized interpolator compared to the
traditional Lagrange interpolator specially if we want to make use of shorter block lengths
which provide fast acquisition. In [P5], a new frequency estimator for fine acquisition suit-
able for this digital reciever type is derived. The simulation results of this work are given in
the publications [P1]-[P5] included in the appendices, and a summary of the main results is
presented in Chapter 4.





Chapter 3
Multipath Delay Estimation for
Accurate Positioning

3.1 INTRODUCTION

In this chapter, we provide an overview of the most promising geolocation positioning tech-
niques for wireless systems that are being standardized, including a survey of fundamental
concepts and major problems in positioning. Then we briefly review the GPS system. Fi-
nally, we discuss and introduce new techniques with subchip resolution capabilities for
estimating closely-spaced multipath delays in spread spectrum CDMA systems. Generally,
multipath delays caused by distant reflectors have relatively large delay spread, more than
one chip interval, that can be detected using conventional techniques [25], [26]. However,
shorter excess path delays result in overlapped fading multipath components that introduce
significant errors to the LOS path time and gain estimation. The proposed algorithms are
intended to improve the accuracy of location estimates of GPS, as well as, mobile phone
positioning using the cellular network assisted GPS technology by estimating correctly the
LOS path. In the sequel, we will focus our study mainly on the GPS case.

3.2 TECHNIQUES FOR PERSONAL POSITIONING: PRINCIPLES AND
PROBLEMS

Although mobile location is an enhanced feature of cellular systems which are primarily
designed only for voice and data transmission, there exist some basic parameters avail-
able to the network that can be used to generate a rough position estimate. These available
pieces of information, such as serving cell identity (CI), timing advance, and measured sig-
nal strengths of the serving and neighboring cells, can provide only a limited precision of
location which cannot in any case satisfy the FCC requirements [1]. Even though, mobile
positioning is a rather new concept and it is still in its infancy, various geolocation tech-
nologies have been recently devised using either cellular network-based, mobile-based,

21
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or hybrid approaches [2]. Hereafter, we briefly discuss the most prominent positioning
methods that have been approved for standardization within the 3rd Generation Partnership
Project (3GPP)1, by the sub-committee T1P1.5 of the American T1 Standards Committee,
and subsequently in ETSI Technical Committee SMG. The methods that are being standard-
ized by T1P1.5 for GSM are Time of Arrival (TOA), Enhanced Observed Time Difference
(E-OTD), and Assisted GPS (A-GPS) [27]. In addition, Observed time difference of Ar-
rival - Idle Period Down Link (OTDOA-IPDL) and Cell Identity methods have been added
to allow easy migration to the upcoming 3G systems [28].

� Time of Arrival

Time of Arrival positioning method with known time of transmission (TOT), is a
multilateral and pure network-based approach where multiple base stations listen to
handover access bursts and triangulate the position of the mobile. Measurements of
the exact time of arrival of at least three MS to BSs radio links has to be performed
with respect to a synchronized and common reference time clock [53]. The location
of the user equipment is consequently given by the intersection of the three TOA cir-
cles. TOA positioning requires full network synchronism, which is not the case for
GSM and the forthcoming 3G networks [2].

A more practical and suitable technique for the asynchronous networks is the Time
Difference of Arrival (TDOA) positioning where TOA differences are used in order
to eliminate the unknown TOT from the observations. TDOA technique relies sim-
ply on the time difference at which signal arrives at multiple BSs, rather than on the
absolute arrival time like the TOA method [29]. TOA estimates of a serving BS and
its neighbor yield one TOA difference which result in a hyperbola that lies between
the two BSs. Measurements of TOA from at least four serving neighbor BSs result
in three hyperbolas. The intersection of the three hyperbolas determines the mobile
device position, and this is known as hyperbolic trilateration [29].

� Enhanced Observed Time Difference

Enhanced Observed Time Difference is basically reversed TOA or mobile terminal
based TOA, where the handset is much more actively involved in the positioning pro-
cess. E-OTD is a unilateral approach that involves the mobile station in estimating
the timing differences between the various base stations [30]. In E-OTD, the mobile
station listens to bursts from several base stations and measures the observed time
differences, which are then used for trilateration of the mobile position as shown in
Figure 3.1.

Unilateral E-OTD principle has been approved for standardization in different cellu-
lar systems. For GSM it is called E-OTD, in 3G systems it is OTDOA-IPDL, and in
US-CDMA it is called Advanced Forward Link Trilateration (AFLT). These systems
have different names mainly because of the different network types and measurement
processes of TOA signals [27].

� Assisted Global Positioning System (A-GPS)

13GPP is a joint activity of the European ETSI, American National Standards Institute, and Japanese ARIP to
standardize next generation wireless communication systems.
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Fig. 3.1 Principles of E-OTD and A-GPS methods in cellular network.

Assisted Global Positioning System relies on mobile stations having an integrated
GPS receiver aided by the cellular network assistance and support to enhance the
positioning, especially for the non-line-of-sight (NLOS) conditions and indoor en-
vironments. Assistance data is transmitted from the network to the MS in order to
expedite the GPS signal acquisition search and therefore shortening the time-to-first-
fix from minutes to a second or less [31]. GPS-based positioning appears to be the
most prominent and the leading candidate for wireless systems in terms of accuracy,
reliability, latency, availability, and continuity of service [2].

The major problem of the above described geolocation solutions, with the exception of
A-GPS, is that they are unable to deliver reliable positioning to the end user with homo-
geneous performance in urban, suburban, rural, and indoor environments. Currently, the
efforts are aiming at defining hybridised solutions that satisfy all the imposed requirements,
involving the lowest possible cost and minimal impact on the network and handset equip-
ment. For example, network-based positioning systems have the advantage of working with
all existing mobiles, but have the disadvantage of limited accuracy and requiring additional
investments in the supporting infrastructure. Similarly, mobile station based on stand-alone
GPS provides location capability with high accuracy, also in the absence of wireless cover-
age or network assistance using the same infrastructure, but requires handset modifications,
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receiver could take several minutes to acquire the satellite signals, and generally fails in
radio shadows and indoor environments.

Another major source of error that has a strong impact on the accuracy of most ge-
olocation solutions, including GPS, is due to the multipath signal propagation that may
be due to atmospheric reflection or refraction, or reflections from buildings and other ob-
jects. Commonly, in most applications of radio communications and navigations [25], the
line of sight (LOS) signal is succeeded by multipath components that arrive at the receiver
within a short delay spread, that can be less than one chip interval. This causes overlap-
ping fading multipath components and introduces significant errors in the LOS path time of
arrival and gain estimation. In spread spectrum CDMA systems, such as third generation
mobile communications or GPS receivers, it is important to achieve accurate delay estima-
tion (or code synchronization) before despreading and data detection. Also, most spread
spectrum systems use spreading codes with non-ideal correlation properties which result
in co-channel interference, or multiuser-interference, for radio communication systems,
which is also called multi-transmitter interference in radio-navigation systems [25]. Gener-
ally, the performance of radio communication systems is heavily affected by the multipath
and multiuser-interferences.

3.3 FUNDAMENTALS OF GPS

The principle of GPS positioning is based on the concept of TOA ranging to determine the
user location. This concept entails measuring the propagation time of signals broadcast si-
multaneously from satellites at known locations. Ideally, the distance between a satellite
and a user receiver is obtained by multiplying the propagation-time (or transit-time) with the
speed of light. The GPS satellites, or space vehicles (SVs), are put in medium earth orbital
planes and they are moving in space at a speed of about 4 km/s along their orbits, repeat-
ing almost the same ground track once each day. Although each SV is equipped onboard
by a pair of ultra-stable atomic clocks, the satellite clocks are maintained in synchronism
by the monitoring control segment that uploads the updated parameters for each SV clock,
together with the navigation message broadcast by each satellite [32].

In theory, a receiver can estimate its position using three TOA measurements if the satel-
lite and receiver clocks are synchronized. However, in practice the user’s receivers typically
employ inexpensive and low-accuracy quartz oscillators as local clocks, which are set ap-
proximately to GPS time. Therefore, the receiver clock introduces certain timing offset
or clock-bias to the true GPS time which affects the observed transit-time for all satel-
lites equally. The receiver can overcome this problem by measuring the distance to four
SVs in view. These measured distances are usually too short, or too long, compared to the
’real’ range by a common amount and they are called pseudo-ranges. In addition to the
3-dimensional coordinates of spatial position, a user needs to estimate the receiver clock
offset. The user position can then be determined by solving the four pseudo-ranges for the
four unknowns [33].
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Fig. 3.2 GPS signal structure.

3.3.1 Satellite Signals

GPS satellite transmissions utilize direct sequence spread spectrum (DS-SS) modulation
[32]. Spread spectrum techniques have been widely in military use because they can com-
bat strong interference and prevent message recovery by unauthorized receivers, and they
have also been adopted for commercial applications [16]. Spread spectrum communication
systems involve the transmission of a signal in a radio frequency bandwidth much greater
than the data information bandwidth to be conveyed. These systems spread the transmitted
signal spectrum over a frequency range substantially greater than the bandwidth of the mod-
ulating data message. In Direct sequence (DS) systems, the spectral spreading is performed
by multiplying the data signal by an auxiliary pseudo random-noise (PRN) code [34].

Each SV broadcasts two types of PRN ranging signals, as well as navigation data which
consists of satellite ephemeris data and satellite health data, allowing users to measure their
pseudo-ranges and hence estimating their positions, velocity, and time [32]. Figure 3.2 il-
lustrates the GPS signal structure. The ranging signals are pseudo-random noise codes that
modulate the satellite carrier frequencies using binary phase shift keying (BPSK). Each
satellite transmits continuously two microwave carrier signals called the primary carrier,
L1 = 1575:42 MHz, and secondary carrier, L2 = 1227:60 MHz. The carrier frequencies
are modulated by spread spectrum codes with a unique PRN sequence associated to each
satellite and by the navigation data [33]. The near orthogonality of the PRN code sequences
permits all the satellites to transmit on the same carrier frequencies without incurring signif-
icant mutual interference [34]. PRN codes are simply deterministic binary sequences with
specific statistical random noise-like properties [34]. The family of PRN codes is mainly
characterized by the low cross-correlation between the codes, they are nearly orthogonal,
and the autocorrelation function is almost zero except at zero delay [32].
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3.3.2 Signal Characteristics

The carrier frequency L1 is BPSK modulated by two PRN codes, the coarse acquisition
code (C/A-code) and the precision code (P-code), while L2 is BPSK modulated only by the
P-code. Low rate navigation data is modulated to both carriers. The P-code is available only
for USA Department of Defense (DoD) authorized users and, when encrypted, is called Y-
code. P-code is a very long PRN code with a repetition period of one week and chipping
rate of 10:23 MHz and is the basis for precise position services (PPS). The C/A-code is a
gold code sequence of length 1023 chips, with a repetition period of 1 ms, and a null to null
bandwidth of about 2:046 MHz, ten times smaller that of the P-code [32]. C/A codes are
intended for civil standard position services (SPS) and available for all users. TheL1 carrier
is modulated by C/A code sequence combined with the navigation data inphase quadrature
with the precision P-code combined with the data [36]. Thus, as shown in Fig. 3.3, the
modulation of the civil C/A-code combined with the data is orthogonal to the modulation
of the P-code added with the data on the L1 signal. The navigation data consists of a low-
rate (50 bits/sec) bit-stream describing the satellite orbits (ephemeris and almanac), clock
corrections, and other parameters.

The received power levels on earth of the three GPS signals transmitted by the SVs are
extremely weak and depend on the user elevation angle [32]. The minimum received signal
power level, correspond at an elevation angle of 5Æ from the user’s horizon are �160 dBW
for the C/A-code, �163 dBW for P(Y)-code at L1, and �166 dBW for P(Y)-code at L2.
Table 3.1 summarizes the GPS signal structure and the minimum received signal power at

C/A-Code

P(Y)-Code

P(Y)-Code

f

1L

20.46 MHz

2.046 MHz

2L

Fig. 3.3 GPS signal spectrum (positive side).

an elevation of 5Æ. The change in the received power levels with respect to the user eleva-
tion angle and signal structure is illustrated in 3.4. GPS is limited by the weak penetration
indoor of the satellite signal. Multipath effects are considered as one major sources of error
in precise GPS positioning services. It affects the code range, the carrier phase measure-
ments, and also the signal power which is an average of the composite of signal power of
the direct and multipath components.
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Table 3.1 GPS signal structure and minimum received signal power.

Signal P(Y) &L1 C/A &L1 P(Y) &L2

Carrier Frequency (MHz) 1575:42 1575:42 1227:60

PRN Codes (Mchips/sec) 10:23 1:023 10:23

Navigation Data (bits/sec) 50 50 50

Minimum Received Power (dBW) �163 �160 �166

-157

-160

-163

-166

4050 20 60 80 90

User elevation angle in deg

Received power
      in dBW

Fig. 3.4 User received minimum power levels with respect to the user elevation angle and signal
structure.

3.4 MULTIPATH DELAY ESTIMATION TECHNIQUES

3.4.1 Channel Models

In a multipath fading environment, the channel can be modeled by a linear time-variant filter
characterized by the complex-valued lowpass equivalent impulse response [26]

h(�; t) =
NX
n=0

�n(t)e
j�n(t)Æ(� � �n(t)) (3.1)

where N represents the number of propagation paths, �n(t), �n(t) and �n(t) are the ampli-
tude, the phase, and the propagation delay of nth path, respectively. The channel is assumed
to remain stationary during the considered observation time interval. In the sequel, the no-
tation �n, �n and �n will be adopted for simplicity.
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By assuming that h(�; t) is a zero mean, complex Gaussian random variable and wide-
sense stationary, it can be described by the following fading autocorrelation function [16]

Rh(�;�t)
4
= E[h�(� ; t)h(� ; t +�t)] (3.2)

which gives a measure of the speed of channel variations. For �t = 0, the autocorrela-
tion reduces to Rh(�; 0) � Rh(�), called the intensity profile of the channel measuring the
expected received power as a function of the delay � . The delay-spread of the channel, de-
noted by Tm, is given by the region over which theRh(�) is not equal to zero and it indicates
the degree of the time spreading in the channel. Thus, the reciprocal Bc = 1=Tm is defined
as the coherence bandwidth of the channel and it is a measure of the frequency selectivity.
The multipath components have different path lengths resulting in different propagation de-
lays. The delay spread of a channel depends in part on the proximity of scattering objects
to the transmitter and receiver.

Due to the time variations in the medium structure, multipath delays are generally time-
varying. The rate at which these-time delays vary, influences strongly the multipath channel
effects on the signal. Time-variant multipath characteristics of the channel are analyzed
using the spaced-time spaced-frequency correlation function of the channel given by [16]

RH(�f ;�t)
4
= E[H�(f ; t)H(f +�f; t+�t)]: (3.3)

Here H(f ; t) is the Fourier transform of h(� ; t) and the time variations in the channel are
measured by the time spacing parameter �t.

Another way to express the rapidity of the channel variations and to reflect the Doppler
effects, is by means of the Fourier transform ofRH (�f ;�t)with respect to the time spacing
�t as follows [26]

SH(�f ; �)
4
=

Z +1

�1

RH(�f ;�t)e
�j2�� �td�t: (3.4)

In particular for �f = 0, the Doppler power spectrum of the channel is defined by

S(�) � SH(0; �) =

Z +1

�1

RH(�t)e
�j2���td�t: (3.5)

The width of the region over which S(�) is non-zero, is called the Doppler spread of the
channel, denoted here by Bd, and its reciprocal is called the coherence time (�t)c = 1=Bd.
The Doppler spread function characterizes the rapidity of the fading and is used in model-
ing Doppler shifts in the frequency domain caused by the relative motion of the transmitter,
scatterers, and receiver. Slowly fading channel has a small Doppler spread Bd, which
corresponds to a long coherence time.

Different types of fading channels do exist depending on the value of spread factor TmBd

of the channel, as well as, on the bandwidth W = 1=T of the lowpass equivalent received
signal [35]. For example, for a frequency nonselective flat and slowly fading channel, the
spread factor is less than unity, TmBd < 1. In this case, the signal bandwidth is very small
compared to the coherence bandwidth of the channel W � Bc, also the signalling interval
is very small compared to the coherence time T � (�t)c and the channel properties re-
mains constant during a symbol interval. Similarly, if the spread factor is greater than unity
TmBd > 1, it indicates that we have either a frequency selective channel W > Bc or a fast
fading channel T > (�t)c.
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3.4.2 Conventional ML Based Approaches

After down-conversion of the received civil signal to baseband through mixing and filter-
ing, the received GPS signal from one satellite in the presence of M -path channel can be
modeled as [25], [37]

r(t) = x(t) + n(t)

=

M�1X
i=0

aiC(t� �i)e
j�i + n(t); (3.6)

where C(t) is the real spread-spectrum code with a chipping rate 1=TC much higher than
the navigation data stream rate 1=TD = 50 bits/s, and n(t) is an additive white Gaussian
noise with power spectral density N0. The time-variant ai, �i and �i represent the attenua-
tion factor, time delay, and phase for the ith path, respectively. The estimation of the set of
parameters fai; �i; �ig is very essential for locating the line-of-sight path, and consequently
for determining the GPS position, velocity and/or time.

Assuming that the down-converted signal r(t) is completely defined in the observation
time interval TD, the conditional likelihood function based on the observation vector r for
a given set of synchronization parameters � = fa; �; �g is given by

p
�
r
���� = � exp

�
�

1

N0

Z
TD

[r(t)� x̂(t)]2dt

�
(3.7)

where � is just a positive constant independent of the synchronization parameters which can
be neglected, and x̂(t) is the local trial signal replica generated at the receiver, modeling the
estimated line-of-sight and multipath signals

x̂(t) =

M�1X
i=0

âiC(t� �̂i)e
j�̂i : (3.8)

Multipath delay estimation techniques are based on the maximum likelihood theory [25]
which are trying to estimate the set of parameters fâ; �̂ ; �̂g by minimizing the mean squared
error of the log-likelihood function (LLF) given by

LML(â; �̂ ; �̂) = Re

�Z
TD

[r(t)� x̂(t)]2dt

�
: (3.9)

Thus, the synchronization parameters are determined by differentiating the above LLF func-
tion with respect to the synchronization parameters, then setting the partial derivatives equal
to zero. The partial derivative with respect to the time-delay estimate is given by [25]

@

@�
LML(âi; �; �̂i)

����
�=�i

= 2
@

@�

�
Re
nh

Rrc(�)�

M�1X
l=0;l6=i

âlRc(� � �̂l)e
j�̂l

i
e�j�̂i

o�
�=�i

:

(3.10)
In the above equation, Rrc(�) is the inphase/quadrature time-average cross-correlation func-
tion over the observation time interval TD, given by

Rrc(�) =
1

TD

Z
TD

r(t)C(t� �)dt; (3.11)
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and Rc(�) is the reference time-average correlation function of the spreading code, given
by

Rc(�) =
1

TD

Z
TD

C(t)C(t� �)dt: (3.12)

Different methods have been derived for finding the multipath delays, including coherent
and non-coherent delay locked loops (DLLs) with proper early and late code spacings [34],
[37] [38]. These methods are just trying to track the delay of the line-of-sight path by corre-
lating the down-converted received signal with replicas of spreading codes locally generated
by the DS-SS receiver.

Normally, by spreading the transmitted signal over a bandwidth larger than the coherence
bandwidth of the channel, we can decrease the effects of multipath fading. The bandwidth
spread makes it possible to separate different multipath signals if their relative delay dif-
ference exceeds one chip interval. Typically, distant reflectors have relatively large delay
spread with more than one chip interval between successive paths, therefore, resulting multi-
paths can be removed by correlator-based mitigation techniques [25]. Thus, by maximizing
the partial derivative equation of the LLF (3.9) with respect to the time-delay, the desired
ith path estimate can be written as follows,

�̂i = argmax
�

�
Re
nh

Rrc(�)�

M�1X
l=0;l6=i

âlRc(� � �̂l)e
j�̂l

i
e�j�̂i

o�
: (3.13)

Similarly, by differentiating equation (3.9) with respect to the carrier phase and ampli-
tude, and by solving the partial derivative equations for the M multipath components, the
estimated carrier phase and amplitude for the ith path are, respectively, given by [25]

�̂i = arg
h
Rrc(�̂i)�

M�1X
l=0;l6=i

âlRc(�̂i � �̂l)e
j�̂l

i
(3.14)

âi = Re
nh

Rrc(�̂i)�

M�1X
l=0;l6=i

âlRc(�̂i � �̂l)e
j�̂l

i
e�j�̂i

o
: (3.15)

Basic DLLs can estimate efficiently the multipath propagation delays if they are not over-
lapping and spaced at more (1 + �)TC , where � being the loop discriminator value or
early-late code spacing. However, the effects of offset paths are ignored. Several stud-
ies have been conducted to analyze the effects of multipath delays on coarse acquisition
techniques [39] and fine acquisition techniques [40]. Delay locked loop (DLL) circuits gen-
erally fail to estimate closely-spaced multipaths with less than one chip interval, besides
their convergence can be quite slow [25], [26], [37], [38]. Fig. 3.5 shows an example of
S-curves obtained via a non-coherent DLL (NCDLL) with SNR = 20 dB for half chip and
two chips spaced taps. We clearly notice that NCDLL fails to detect very closely spaced
multipaths [35].

Another illustrative example in Fig. 3.6 shows the effect of multipath propagation on the
S-curve with different early-late spacing values. Notice that the multipath components bias
the tracking of the DLL. Smaller discriminator values may reduce this bias effect but are not
able to eliminate it completely. However, as the excess path delays becomes smaller, they
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Fig. 3.5 Non-coherent DLL S-curve for a multipath channel.

result in shorter delays spread. Consequently, the LOS signal overlaps with the succeeding
multipath components of short delays introducing significant error to the LOS path time and
gain estimation.

Generally, multipath delay estimation techniques are based on the cross-correlation func-
tion (Eq. 3.11) of the down-converted signal de-spread with a copy of the spreading code
locally generated by the DS-SS receiver. The advanced multipath estimating DLL tech-
niques [38] are trying to approximate the overall cross-correlation using a set of reference
correlation functions (Eq. 3.12) with certain delays, phases and amplitudes according to
Eqs. (3.13), (3.14) and (3.15).

Many other techniques for mitigating the effects of multipath delays have been devel-
oped, including several subspace-based approaches. However, they are usually too complex
for practical purposes and suitable only for systems employing short codes [41], [43], and
the topic remains still an open area of research.

3.4.3 Multipath Delay Estimation Using Peak Tracking with Pulse
Subtraction

Assuming that the locally generated code at the receiver side is locked to the received signal
code (locally generated real code corresponds to the SV received signal code), by substitut-
ing equation (3.6) into (3.11), the cross-correlation function is simply expressed by

Rrc(�) =
1

TD

M�1X
i=0

aie
j�i

Z
TD

C(t� �i)C(t� �)dt+
1

TD

Z
TD

n(t)C(t� �)dt: (3.16)
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Fig. 3.6 Effect of multipath propagation on the S-curve of a non-coherent DLL using different
discriminator values � and two paths channel.

Generally, practical GPS receivers perform averaging over short-time observation intervals
less than the navigation data interval TD to speed up the SV signals tracking. Normally,
even-though we are considering averaging over a sufficiently large observation time interval,
we shall consider the following biased estimator

R
T

0

D

(�) =

(
1
T

0

D

R
T

0

D

C(t)C(t� �)dt for j� j < T
0

D

0 otherwise

whose expected value or mean is given by [42]

EfR
T

0

D

g = R(�)

�
1�

j� j

T
0

D

�
= R(�)4 (�; T

0

D): (3.17)

Here, 4(�; T
0

D) denotes a triangular function defined as follows

4(�; T
0

D) =

�
1� j� j=T

0

D j� j � T
0

D

0 otherwise:
(3.18)

Recalling the Gaussian nature of the random process as well as the mean of the biased
estimator (3.17), the expectation of the above cross-correlation function (3.16) becomes

EfRrc(�)g =
M�1X
i=0

aie
j�iRc(� � �i)

�
1�

j� � �ij

T
0

D

�

=

M�1X
i=0

aie
j�iRc(� � �i)4 (� � �i; T

0

D): (3.19)
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Notice that the expected value of the cross-correlation function is expressed simply as a
weighted sum of delayed correlation functions times triangular windows with certain am-
plitude and phase specific to each signal path. The correlation effectively amplifies the
underlying BPSK data signal, with an amplification factor equal to the length of the PRN
Gold code sequence.

The proposed peak tracking with pulse subtraction approach for estimating the multi-
path delays is analogous to the advanced DLL techniques [25] in the sense that it is trying
to estimate the overall cross-correlation function using a set of reference functions, but with
different and simpler implementation. This approach is based on the search of the global
maxima of the cross-correlation function (Eq. 3.16). Then, the contribution of each selected
maximum is reduced from the overall cross-correlation using the autocorrelation function
of a rectangular pulse [54]. The proposed technique is described further by the following
algorithm:

� find the global maximum

�̂1 = argmax�
�
jRrc(�)j

�
:

� compute the residual cross-correlation function

Rrc;1(�) =
��Rrc(�)�Rrc(�̂1)4 (� � �̂1)

��:
� find the global maximum of the residual cross-correlation function

�̂2 = argmax�
�
jRrc;1(�)j

�
:

� estimate successively the next Mest � 1 maxima

�̂k = argmax�

h��Rrc(�) �
Pk�1

l=1 Rrc;l(�̂l)4 (� � �̂l; TC)
��i; k = 2; 3; : : : ;Mest:

HereRrc;l(�) is the residual cross-correlation function after lth peak subtraction, Mest is an
estimate for the number of multipaths of the channel (it can be taken equal to the number of
fingers (or correlators) as in a Rake receiver). By using the ideal code correlation pulse for
subtracting the contribution of each channel path, we are able to detect very closely-spaced
multipaths within less than one chip period (j�l � �kj < TC) [54].

Only a simplified generic structure is presented above to describe the algorithm. How-
ever, instead of choosing the global maximum of the envelope of the residual correlation
function as a true multipath component, we can take into account the merging phenomena.
Hence, we try a set of multipath delays within a certain window around the global maxima
with different weights, and the final estimates are those which give the best approximation
of the correlation function in the mean square error sense.

3.4.4 Multipath Delay Estimation Based on Teager-Kaiser Operator

In this section, we introduce an innovative multipath delay estimation approach based on the
nonlinear quadratic Teager-Kaiser operator that exploit the structure of the cross-correlation
function (Eq. 3.11) for estimating sub-chip spaced multipath components.

The nonlinear quadratic TK operator was first introduced for measuring the real physi-
cal energy of a system [44], [45]. The energy of a generating system of a simple oscillation
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signal was computed as the product of the square of the amplitude and the frequency of the
signal. It was found that this nonlinear operator exhibits several attractive features such as
simplicity, efficiency and ability to track instantaneously-varying spatial modulation pat-
terns. Since its introduction, several applications have been derived for one-dimensional
signal processing [S3], [46] (note that proposition 3 in [46] is erroneous as pointed in [47])
and two-dimensional signal processing [48], [55].

The continuous-time TK energy operator of a complex-valued signal x(t) is defined as
follows [S3]

	c[x(t)] = _x(t) _x�(t)�
1

2
[�x(t)x�(t) + x(t)�x�(t)]: (3.20)

Similarly, the discrete-time Teager operator of a complex valued signal is given by

	d[x(n)] = x(n� 1)x�(n� 1)�
1

2
[x(n� 2)x�(n) + x(n)x�(n� 2)]: (3.21)

Many useful properties of this nonlinear quadratic operator have been derived, and the
analogy with the discrete-time domain has also been established [49], [56].

We notice that applying the continuous-time TK operator to the ideal reference corre-
lation function of the spreading code which is characterized by the triangular shape (Eq.
3.18), we obtain

	c[4(t; TC)] =
�(t; TC)

T 2
C

+
4(t; TC)Æ(t)

TC
; (3.22)

where Æ(t) is the Dirac function, and �(t; TC) stands for a rectangular function with unit
amplitude and duration 2TC centered at t = 0 defined as

�(t; TC)
4
=

�
1 jtj � TC
0 otherwise.

Obviously, Eq. (3.22) shows that the TK operator applied to a triangular function provides
a clear time-aligned peak location of the triangular pulse in the presence of a certain ’noise’
floor.

Assuming now that the cross-correlation function is the sum of M triangular pulses as
follows

R(t) =
MX
i=0

ai 4 (t� ti; TC)e
j�i ; (3.23)

where ai, ti and �i denote the amplitude, delay and phase, respectively. By applying the
TK operator to the above equation we obtain

	c[R(t)] =
1

T 2

C

"� MX
i=0

aisign(t� ti)�(t� ti; TC) cos �i

�
2

+

� MX
i=0

aisign(t� ti)�(t� ti; TC) sin �i

�
2
#

+
1

2TC

"
R�(t)

� MX
i=0

aiÆ(t� ti)e
j�i

�
+ R(t)

� MX
i=0

aiÆ(t� ti)e
�j�i

�#
:(3.24)



MULTIPATH DELAY ESTIMATION TECHNIQUES 35

Notice that the above expression becomes very large if the time variable t is equal to one of
the true delays ti. Thus, equation (3.24) shows that the TK operator is capable of tracking
very accurately the peak locations of the triangular pulses within certain ’noise’ floor [57]
independently of the delay spacing between the multipaths.

By exploiting the above properties of the quadratic operator, we found out that by ap-
plying this nonlinear TK operator to the specific cross-correlation function (Eq. 3.11) of
a GPS receiver, one can easily estimate the multipath delays introduced by the channel.
The multipath delays are simply estimated by selecting the time location of the highest
(strongest) peaks of the Teager-Kaiser operator output function (equal to the number of fin-
gers in the Rake receiver). Simulation results provided in publications [P6]-[P8] show the
high performance of this innovative technique.





Chapter 4
Summary of Publications

4.1 RECEIVER SYNCHRONIZATION STUDIES

A general approach for discrete-time modeling and simulation of continuous-time signals
and systems based on digital interpolation techniques is introduced in [P1]. We demonstrate
that polynomial interpolation utilizing the generalized Farrow structure results in efficient
polynomial signal processing models with moderate computational complexity. Normally,
the lowest sampling rates which are sufficient for system modeling, are not sufficient for
obtaining informative and accurate models. In cases where computational efficiency is an
issue, different sampling rates can be used in different blocks to reduce the computational
burden. In cases where there is a need to locate, e.g., the local maxima, minima, or zero
crossings of a signal, higher order oversampling rate is needed. It is common practice also
to use oversampling factors which are an order of magnitude higher than what is required
from the sampling theory point of view.

The generalized Farrow structure allows, with low additional computational complexity,
to compute several new samples at arbitrary points between the existing samples. Thus, it is
very easy to get the signal sample values in a flexible way in what ever time instances they
are needed. Furthermore, it is possible also to implement iterative procedures for estimating
accurately, e.g., the maximum value of a continuous-time signal as well as the location of
the maximum. In [P1] we also develop simple modifications of the Farrow structure which
result in efficient polynomial-based differentiators for approximating the continuous-time
derivative of a signal from its discrete-time samples. The Farrow structure discussed in [P1]
is the basis of the proposed ML-based synchronization algorithms. As another potential
application and a topic for future studies, Farrow-based derivative approximations could be
utilized for efficiently calculating the continuous-time Teager function of a discrete-time
signal. This could lead to efficient implementation structures for the Teager-based delay
estimation techniques.

In [P2], a polynomial-based maximum likelihood technique for jointly estimating the
symbol timing and carrier phase of digital receivers for the data-aided case is established.
This technique is based on low order polynomial approximation of the log-likelihood func-
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tion by using the Farrow structure. An extension of the proposed polynomial-based ML
technique to the non-data-aided systems is derived in [P3]. Different simulations using
the Lagrange and optimized interpolator are performed for both DA and NDA systems and
compared with the theoretical case. The results show the high performance of the opti-
mized interpolator compared to the Lagrange interpolator especially if we want to make use
of shorter block lengths to obtain fast acquisition. However, the NDA approach requires
more computation than the DA approach for estimating the polynomial-based likelihood
function. Also, NDA based phase estimation is feasible only in case of PSK modulations.

In [P4], the effect of the frequency offset or Doppler shift on the performance of the
digital receiver is analyzed while adjusting the symbol timing and the carrier phase. We
demonstrated that the proposed synchronization scheme performs quite well within a rela-
tively small range of frequency offset values with respect to the symbol period. Under the
same assumption that the frequency offset is much smaller than the symbol period, sym-
bol timing and carrier phase recovery can be done prior to the frequency error correction.
Thus, we introduced in [P5] a frequency estimator that is directly derived from the carrier
phase estimate. The proposed estimator is simple to implement and is particularly suited
for this type of digital receiver architectures. Also, it performs fairly well when compared
with the Fitz [50] and the Luise-Reggiannini [15] frequency estimators, in the presence of
substantial carrier frequency offset.

4.2 MULTIPATH DELAY ESTIMATION STUDIES

Correlation estimation properties related to DS-CDMA receivers have been studied in [P6].
We showed the influence of the coherent integration and the non-coherent averaging length
on multipath delay estimation, and the importance of the considered observation time in-
terval length. In [P7], we introduced two techniques with subchip resolution capability for
estimating closely-spaced overlapped multipath components suited for GSP system as well
as for other spread spectrum CDMA systems. The first innovative technique is very sim-
ple and quite efficient based on Teager-Kaiser operator. It exploits the properties of the
cross-correlation function between the received signal and the reference despreading code
replica generated at the receiver in order to estimate accurately overlapped multipath de-
lays independently of the delay spacing between the multipaths. The second algorithm is
based on peak tracking with pulse subtraction which approximates the input correlation
function using the superposition of a set of reference correlation pulses. Simulation results
of a GPS receiver using different Rayleigh fading channels show the good performance of
the proposed techniques. Also the obtained results are considered to be remarkable con-
sidering the computation complexity of these approaches in comparison to the advanced
maximum likelihood based DLL techniques. Extension of the proposed algorithms to the
case of asynchronous multiuser WCDMA systems is presented in [P8]. Simulation results
in the presence of multiple interfering users and Rayleigh fading multipath channels are
presented. It is demonstrated that the Teager-Kaiser technique is near far-resistant, and its
performance in the presence of closely spaced multipaths is much better compared to the
peak tracking with subtraction method.

The problem of resolving closely-spaced overlapped multipath components can be con-
sidered new, and has recently raised up the interest after its strong influence on the high
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precision accuracy of geolocation solutions. Few good research articles exist in the liter-
ature dealing with this problem, they generally treat the case of only two paths that are
present, and not very practical for implementation [37], [43], [51], [52].

4.3 AUTHOR’S CONTRIBUTION TO THE PUBLICATIONS

The research work of this thesis was carried out at the Institute of Communications En-
gineering (formerly Telecommunications Laboratory), Tampere University of Technology
as one partner in the projects "Advanced Transceiver Architectures and Implementations
for Wireless Communications" and "Analog and Digital Signal Processing Techniques for
Highly Integrated Transceivers". The author has been a member of an active research group
involved in studying and developing DSP algorithms for highly integrated digital receivers,
as well in building COSSAP and Matlab simulation models. The members of the research
group have been in close collaboration with the author and the whole project has been
supported and guided by the thesis supervisor Prof. Renfors. However, the author’s con-
tribution to all of the publications has been essential in that he developed the theoretical
framework, prepared the manuscript, and performed the experiments.

This thesis includes eight publications [P1]-[P8]. They are categorized under two
main topics: estimation of the synchronization parameters for digital receivers with non-
synchronized sampling clock [P1]-[P5], and estimation of closely-spaced multipath delays
in CDMA systems [P6]-[P8]. In particular, the author’s main contributions to these publi-
cations are as follows. In [P1], the author formulated and simulated the general approach
for discrete-time modeling of continuous-time signals and systems based on the generalized
interpolation technique which is efficiently implemented using minor modifications to the
Farrow structure. Originally, the author introduced the concept of derivative approximation
and the preliminary idea for integration using simple modifications of the Farrow structure.
In [P2] and [P3], the author derived the likelihood functions for systematic synchroniza-
tion schemes, made the extension for jointly estimating the symbol timing and carrier phase
for both DA and NDA systems, and carried out the simulations. In [P4] and [P5], the au-
thor studied and simulated the effect of frequency offset on the synchronization scheme,
and derived a new frequency estimator suitable for the proposed digital receiver type. Op-
timization of the Farrow structure based filters, needed in [P1]-[P5], are performed by Dr.
Vesma.

In [P6] and [P7], the author is the founder of the multipath delay estimation techniques
based on Teager-Kaiser operator. The idea of pulse subtraction technique was originally
proposed by Prof. Renfors. The author derived and simulated the algorithms. In [P8], these
algorithms have been applied and tested in the WCDMA multiuser environment using ex-
isting COSSAP simulation model. The author conducted experimental studies and wrote
the manuscript.





Chapter 5
Conclusions

Currently, the main driving force behind the software radio development is the coexis-
tence of several radio communication systems as a result of the high competition between
Americans, Asians, and Europeans. The ultimate goal of designing a single-chip, flexible
wireless transceiver supporting multimode and multistandard compatibility introduced new
challenges in receiver architecture designs. The current trend is to push the analog/digital
interface towards the antenna to simplify the analog parts and allow the implementation
of most receiver functions digitally, increasing therefore the flexibility, configurability, and
integrability. In fact, existing communication standards are using different data rates, and
consequently they employ different master clock rates. By using a digital receiver architec-
ture with a free running clock oscillator, receiver complexity can be substantially reduced
by employing only a single master clock, and the other needed clock rates can be gener-
ated virtually by means of sampling rate conversion. As one important functionality, these
new receivers require flexible and efficient synchronization algorithms which depend on the
system requirements and receiver architecture design.

The first part of this research work introduces new maximum likelihood based symbol
timing and carrier phase estimators suitable for digital receivers with non-synchronized sam-
pling clock. Polynomial approximations of the likelihood functions using the Farrow-based
interpolation technique were established for both DA and NDA forms. The simulations
demonstrate the efficiency and excellent performance of the block-based feedforward esti-
mators. The proposed approach provides an efficient and practical way for approximating
very closely the ideal maximum likelihood estimate, especially for the DA case. The Farrow
structure we are considering is particularly suitable for digital implementation.

However, the NDA case requires more computational burden because the averaging of
the likelihood function can not be done in the polynomial coefficient domain as for the DA
case. Therefore, further studies with respect to the computational complexity of the NDA
technique are needed for practical applications.

Another essential receiver functionality closely related to synchronization is propagation
delay estimation which is the basis for geolocation positioning solutions. The rapid evolution
of digital communication systems and the new requirements imposed by the standardiza-
tion authorities brought various consumer electronics device types and a high demand on
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new communication services, such as mobile phone positioning with high and reliable accu-
racy. Even if safety was the primary motivation for mobile positioning, a lot of commercial
applications have already emerged in the market.

However, multipath effects of the mobile channel could degrade the location estimate
substantially, specially in the case of shorter excess path delays which result in overlapped
fading multipath components that introduce significant errors to the LOS path time and gain
estimation. Estimation of closely-spaced multipath components is regarded as a killer issue
in location estimation, considered as one of the major sources of errors in high precision
geolocation solutions, and still it is an open topic for research work.

In the second part of this thesis work, we introduced innovative techniques with sub-
chip resolution capability for multipath delay estimation based on peak tracking with pulse
subtraction and Teager-Kaiser quadratic operator both suited for spread spectrum CDMA
systems, and we focused our study to the case of GPS receivers. Simulations results con-
firmed the high performance of Teager-based technique compared to the peak tracking with
pulse subtraction method for all cases of closely-spaced multipaths within less than half chip
period. The ability of solving closely-spaced paths in the presence of overlapped multipath
components comes from the exploitation of the properties of the cross-correlation function.
This new techniques are extremely simple and very efficient for estimating closely-spaced
multipaths with much less computational complexity compared, e.g., to the conventional
delay-locked loops and subspace-based multipath delay estimation methods [25], [41].

In general, for each shape of the reference correlation function or pulse shaping filter
used, there may exist a linear or nonlinear operator capable of estimating easily the multipath
delays. It remains as a challenging topic for future work is to generalize the Teager-based
technique, and to derive other linear or nonlinear operators capable of tracking multipath
delays in different communication systems.
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ABSTRACT

This paper presents a general approach for mod-
elling and computer simulation of continuous-time
signals and systems. The idea is based on utilizing
a polynomial approximation of the continuous-time
signal between the existing discrete-time samples.
The so-called Farrow structure provides a computa-
tionally efficient implementation making it possible
to get the interpolated signal values at arbitrary
time instances between the existing samples. This
results in efficient overall simulation models, be-
cause with the aid of the proposed techniques it is
possible to obtain visually correct continuous-time
waveforms while using a modest oversampling fac-
tor. This paper proposes a family of optimized poly-
nomial interpolators for modelling purposes and
discusses the filter criteria in terms of the required
accuracy and other simulation parameters. In
addition, a numerical approach for estimating the
derivative and integral of a discrete-time signal is
established.

1. INTRODUCTION

Discrete-time modelling and simulation of con-
tinuous-time signals and systems is a common prac-
tice in many fields for research, development, and
education purposes. From computational efficiency
point of view, the smallest sampling rate sufficient
for accurate system modelling is determined by the
sampling theory. In cases where computational effi-
ciency is an issue, different sampling rates can be
used in different blocks to reduce the computational
burden. Anyway, the lowest sampling rates which
are sufficient for system modelling are typically not
sufficient for obtaining informative and visually
pleasing waveform plots of the signals. For this rea-
son, it is a common practice to utilize oversampling
factors which are an order of magnitude higher
than what is needed for accurate system modelling.

Also in cases where there is a need to locate,
e.g., the local maxima, minima, or zero-crossings
of a signal, considerably higher sampling rates are
needed. Other difficult cases are, for example, con-
version between incommensurate sampling rates
that might be used in different model blocks to be
connected together.

Partial solutions to these problems are offered by
”classical” sampling rate conversion techniques
(Crochiere and Rabiner 1983) which allow
sampling rate conversion by integer or fractional
factors. Adjusting the sampling phase is difficult
with these classical techniques, but the so-called
fractional delay filters (Laakso et al. 1996; Vesma
and Saramäki 1996a; Vesma and Saramäki 1996b;
Vesma and Saramäki 1997; Saramäki and
Ritoniemi 1996) help in this task. Another classical
approach is the Lagrange interpolation (Erup et al.
1993), which however also has its limitations.

In this paper, we consider polynomial interpola-
tion with the so-called Farrow structure (Farrow
1988) implementation as a general-purpose solution
to the above-mentioned tasks. The Farrow structure
allows, with low additional computational complex-
ity, to compute several new samples at arbitrary
points between the existing samples. Thus, it is very
easy to get the signal sample values in a flexible
way in what ever time instances they are needed.
Furthermore, it is possible also to implement itera-
tive procedures for estimating accurately, e.g., the
maximum value of a continuous-time signal as well
as its location.

Also the Lagrange interpolation can be imple-
mented using the Farrow structure, but we have
demonstrated that a clearly better performance can
be achieved by utilizing filter optimization tech-
niques (Vesma and Saramäki 1996a; Vesma and
Saramäki 1996b; Vesma and Saramäki 1997) and



also that the performance of the Lagrange
interpolation is not sufficient for all purposes
(Vesma et al. 1996).

In Section 2 of this paper, we first describe the
ideas of polynomial interpolation and Farrow struc-
ture. In Section 3, we discuss the use of the Farrow-
structured interpolators in signal and system model-
ling and give some examples of interpolation
filters. In Section 4, we show how the derivative
and integral functions of a continuous-time signal
can be approximated using the Farrow-structured
interpolators.

2. POLYNOMIAL INTERPOLATION

A continuous-time signal can be approximated at
any point between the discrete-time samples using a
polynomial-based interpolation. This is illustrated
in Fig. 1. The approximating polynomial (solid
line) is formed by adding together weighted and
shifted basis functions (dashed line). These
functions are weighted by the corresponding sample
values (circles). The sample values which are used
in the approximation form a base-point set. Now
the value of the original continuous-time signal can
be estimated by evaluating the value of the ap-
proximating polynomial at the desired point.

It should be pointed out that the best approxima-
tion is obtained in the middle interval of the base-
point set, [0,1) in the figure. In this paper, we use
only basis functions which are piecewise polynomi-
als because of the efficient implementation.
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Fig. 1.  Weighted basis functions (dashed line) and
approximating polynomial (solid line).

The polynomial-based interpolation can be effi-
ciently implemented using a special discrete-time
filter structure (terms ‘ interpolator’  and
‘ interpolation filter’  are used). This filter is the so-
called Farrow structure (Fig. 2) (Farrow 1988). In
the Farrow structure, all the filter coefficients are
fixed and the only changeable parameter is the
fractional interval µ ∈ [0,1), which is defined by

t mT Ts s= + µ , (1)

where Ts is the input sampling interval and

 m t Ts= / . (2)

Here x  stands for the integer part of x. In this
case, [mTs, (m+1)Ts] forms the middle interval of
the base-point set.

With different values of µ, the output of the Far-
row structure gives the following approximation to
the continuous-time signal:

~( ) ( )( ) ( ) ,y t f m
t mT

T
f ml

s

s

l

l

L

l
l

l

L

=
−

=
= =
∑ ∑

0 0

µ (3)

where L is the degree of the interpolation and the
fl(m)’ s are given by

f m c m x ml l( ) ( ) * ( )= (4)

with the cl(m)’ s being the coefficients of the Farrow
structure. The total number of coefficients is
N(L+1), where N is the length of the branch filters.

In many applications, the output of the Farrow
structure is computed at a fixed output rate, 1/Ti,
which may have an arbitrary ratio to the input sam-
pling rate. In some other applications, the outputs
may be needed at arbitrary time instances, e.g., ac-
cording to some iterative search procedure.

The Farrow structure has a time-varying impulse
response. The impulse response values of this digi-
tal filter are determined by the fractional interval µ
and they are obtained from the underlying continu-
ous-time impulse response h(t) (Fig. 3). Actually,
this continuous-time impulse response is the same
as the basis function. Therefore, the Farrow
structure can be analyzed and synthezised using
this continuous-time filter h(t). In the ideal case,
the continuous-time filter is an ideal low-pass filter
and in the time domain it is the sinc-function. This



fact can be utilized in the filter optimization
(Vesma and Saramäki 1996a).

Fig. 2.  The Farrow structure for the general case. N is
the length of the filter and L is the degree of the

interpolation. Also the modifications needed for the
derivative approximation are shown.
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Fig. 3.  Impulse response h(t) and impulse response of
the Farrow structure for µ = 0.25.

3. POLYNOMIAL INTERPOLATION IN
SIMULATIONS

The basic problem in the computer simulations
is that we have just discrete-time samples from
some, possibly stochastic, continuous-time system.
There are also situations where the signal value is
needed between these discrete-time samples. One
solution is to increase the sampling rate. However,
this makes the simulation very slow and the signal
is still discrete time.

In this paper, we introduce a new approach to
this problem. In this approach, the original
continuous-time signal is estimated using
polynomials, and the value of the signal can be
approximated by evaluating the value of the
polynomial at the desired point. This polynomial
interpolation (or estimation) can be efficiently
implemented using the Farrow structure as dis-
cussed earlier.

The block diagram of the interpolation function
is shown in Fig. 4. x(mTs) is the input sample
vector and y(kTi) is the output sample. The location
of this output sample t = kTi is determined by the
input parameters µ and m according Eq. (1).

Interpolator
y(kTi)x(mTs)

µ m

Fig. 4.  The block diagram of the interpolation function
and the input and output parameters.

What is inside the interpolation function in Fig.
4 is just the implementation of the Farrow structure
with a suitable length N and order L (to be
discussed later on). The advantage of this
interpolation function when modelling some
continuous-time system is that there is no need for
high over-sampling factor at the input. In addition
to that, the output is really continuous time because
the fractional interval µ is practically continuous
valued (of course this is limited by the number of
bits used to represent µ).

3.1. Interpolation Filters

The complexity of the interpolation filter
depends on the accuracy requirements of the
simulation model. The approximation error in the
interpolation (that is the error between the original
continuous-time signal at point kTi and the
interpolated value y(kTi)) can be decreased by
increasing the length of the branch filters or the
degree of the interpolation.

The design parameters of the interpolation filters
are related to its frequency response, as normally in
the case of linear filters. The parameters include the
tolerated passband amplitude response variation,
the minimum stopband attenuation, and the



passband and stopband cut-off frequencies.
Basically, the task of the filter is to attenuate the
aliasing/imaging components appearing due to the
change of the sampling rate. Time-domain accuracy
requirements cannot be converted easily to the
corresponding frequency-domain requirements. In
practice, the performance of candidate interpolation
filters may be evaluated by trial simulations in
order to be able to select the most suitable one.

As mentioned earlier, interpolation filters can be
analyzed and synthezised using the continuous-time
impulse response h(t). In the filter design criteria,
the frequency response of this filter h(t) should ap-
proximate unity in the signal band and zero else-
where.

Table I shows four different interpolation filters.
For these filters, the stop band attenuation varies
from 53 dB to 91 dB and the number of multiplica-
tions from 50 to 216. It should be noted that the
complexity of these filters can be decreased by in-
creasing the sampling rate by an integer factor
which allows to use a wider transition band
(Saramäki and Ritoniemi 1996). For example, by
using the over-sampling factor of two, the highest
component of the signal is below 0.25fs which helps
to reduce the filter complexity.

Table I.  Four different interpolation filters. Passband
ripple δp, stopband attenuation As, passband and

stopband edges (normalized frequency), and the number
of coefficients in the Farrow structure N(L+1).

δp
As
[dB]

fp fs N*(L+1)

1 0.01 53 0.38 0.62 10(4+1)=50

2 0.009 80 0.38 0.62 14(6+1)=98

3 0.008 67 0.425 0.575 20(7+1)=160

4 0.012 91 0.425 0.575 24(8+1)=216

The frequency and impulse responses for the last
filter in Table I are shown in Figs. 5 and 6. The im-
pulse response in Fig. 6 is truly piecewise polyno-
mial. This is difficult to see because it does not in-
clude high frequency components (see Fig. 5)
which makes it very smooth.

Figure 7 shows a part of a discrete-time ECG
signal and its approximated continuous-time
waveform. This waveform is obtained using the

second interpolation filter in Table I. The ECG
signal has been obtained from a patient during
anaesthesia at Helsinki University Hospital.
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Fig. 5.  Frequency response for the interpolation filter.
N = 24 and L = 8 (the last entry in Table I).
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Fig. 6.  Impulse response for the interpolation filter.
N = 24 and L = 8 (the last entry in Table I).
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Fig. 7.  Discrete-time ECG signal and its approximated
continuous-time waveform.



4. POLYNOMIAL APPROXIMATION OF
DERIVATIVE AND INTEGRAL

In this section, we will show how the polynomial
based interpolation can be used for estimating the
continuous-time derivative and integral from a
sampled signal. The design criteria for polynomial-
based differentiators have been discussed in (Ridha
et al. 1997).

4.1. Differentiator

The derivative of the continuous-time approxi-
mating signal at an arbitrary time instant is
obtained from Eq. (3) and it is expressible by

dy t

dt
lf m

t mT

T
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s

s
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l
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l
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l
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=
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1

1

1

µ  (5)

From this equation it is seen that the Farrow
structure used in the polynomial-based interpolation
can also be used for approximating the derivative of
the original continuous-time signal at any desired
time instant.

The modifications needed in the Farrow struc-
ture are shown in Fig. 2, whereas the frequency and
impulse responses for the differentiator are shown
in Figs. 8 and 9, respectively in the case of the last
interpolator in Table I. Figure 10 depicts the
resulting approximated continuous-time derivative
for the discrete-time ECG signal in Fig. 7.
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Fig. 8.  Frequency response for the differentiator. N = 24
and L = 8 (the last entry in Table I).
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Fig. 9.  Impulse response for the differentiator. N = 24
and L = 8 (the last entry in Table I).
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Fig. 10.  Approximated continuous-time derivative for
the discrete-time ECG signal in Fig. 7.

4.2. Integrator

In the following we introduce a new integration
method for simulating continuous-time systems
using discrete-time computations. The developed
"integrator" is also based on the polynomial gener-
alized interpolation techniques.

The continuous-time integration of a signal at an
arbitrary time instant is approximated from the fun-
damental equation of digital interpolation, Eq. 3, as
follows

~( ) ( ) .y t dt f m
ll

l

l

L

∫ ∑=
+

+

=

µ 1

0
1

(6)

The above equation represents the continuous-
time integrator and is easily implemented by intro-



ducing a small modifications to the Farrow
structure used in the polynomial-based interpolation
purpose.

Assuming that the frequency response of the in-
terpolation filter is H(ω), then the ideal frequency
response for the integrator filter is equal H(ω)/(jω)
(see Fig. 11).

ω

|H(ω)/jω|

Fig. 11.  Ideal frequency response for integrator.

Most of the developed digital integrators are de-
signed from a polynomial perspective (Regolia
1993). Further work to treat the design aspects of
the continuous-time integrator is needed.

5. CONCLUSION

In this paper a novel approach for modelling and
computer simulation of continuous-time signals and
systems has been introduced. We have shown how
this approach is based on the fundamental equation
of digital interpolation, and that it provides a gener-
alized method for approximating the continuous-
time derivative and integral of a discrete-time
signal. Moreover, efficient and simple
implementation are obtained using the Farrow
structure.

Simulation results show that accurate and good
continuous-time interpolation and derivative ap-
proximations can be obtained by designs based on
optimized piecewise polynomial interpolators.

It remains as a topic for future work to device ef-
ficient and sufficiently accurate polynomial-based
integrators.
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ABSTRACT

In this contribution, we extend the polynomial-based
ML approach derived earlier for synchronization pur-
poses to the non-data-aided (NDA) case. We propose a
fully digitally implemented synchronization concept us-
ing interpolation for jointly estimating the timing and
phase. The interpolation methods used in this context
can be implemented using the so-called Farrow struc-
ture. The ML function is also expressed in terms of
the polynomial-based interpolator �lter branches. Sim-
ulation results for both NDA and DA synchronization
principles using two types of interpolators are provided
and compared with the theoretical case. We notice that
the optimized interpolator performs much better com-
pared to the Lagrange interpolator.

1. INTRODUCTION

In conventional receivers, the sampling of the received
signal must be synchronized to the incoming data sym-
bols. The synchronization is performed by using a feed-
back or feed-forward loop. Currently, there is a trend
of using digital receivers where the sampling of the re-
ceived signal is not synchronized to the incoming data
symbols. With this approach, there is no need for the
complex PLL circuits used in the conventional receivers.

In this receiver architecture, the sampling of the re-
ceived signal is performed by a �xed sampling clock and
thus sampling is not synchronized to the incoming sym-
bols. Therefore, timing adjustment and consequently
phase estimation must be done by digital methods af-
ter sampling. One way to perform this is to calculate
the value of the signal at the desired time instants using
interpolation. Hence, a polynomial-based interpolation
technique using �lters for the calculation of the tim-
ing and phase error estimates is applied. The so-called
Farrow structure has been used in this context because
it o�ers an e�cient and 
exible realization for such an
interpolation task [1]. Simulation results show that the

This work was carried out in the project "Analog and Digital

Signal Processing Techniques for Highly Integrated Transceivers"

supported by the Academy of Finland.

optimized interpolator [2] performs much better com-
pared to the Lagrange interpolator [3]-[4].

The best synchronization algorithms for digital com-
munication systems are based on the maximum likeli-
hood (ML) estimation theory. Estimation of joint sig-
nal parameters using the ML approach provides usually
better estimates with respect to the variance compared
to estimates obtained from separate optimization of the
likelihood functions [5]. The feedforwad architecture we
are considering provides rapid acquisition characteris-
tics, which are very important especially in the mobile
communication systems where the channel character-
istics are rapidly changing, and in the case of TDMA
system, also the transmission is bursty.

In this paper, we extend our previous DA approach
for clock and/or carrier phase synchronization of digi-
tal receivers to the case of NDA systems. The proposed
method is based on the ML function for jointly estimat-
ing the symbol timing and carrier phase using a block-
based feed-forward architecture. This approach is valid
for M-PSK type of modulations which are commonly
used in mobile communication systems.

2. TIMING AND PHASE ADJUSTMENT

USING INTERPOLATION

The block diagram of the digital receiver with non-
synchronized sampling is shown in Figure 1. The sam-
pling of the received signal r(t) is performed by a �xed
sampling clock, and thus, the timing adjustment and
consequently the carrier phase estimation must be done
after the sampling using interpolation.

~

µθ
FIXED
CLOCK
f = 1/T

m(t)r(t)

RECEIVED
SIGNAL

h(-t)
INTERPOLATION

FILTER
m(k)

DECISION
SYMBOLS

y(n) a(n)

TIMING & PHASE
ESTIMATION

ss

Figure 1: Digital Receiver with non-synchronized sam-
pling.

Assuming an AWGN channel, the complex envelope



r(t) of the received noisy M-PSK modulated signal is
given by

r(t) =
X
i

cih(t� iT � � )ej� + n(t); (1)

where the couple (� ,�) are the unknown clock and car-
rier phase respectively, 1=T is the symbol rate, h(t) is
the baseband pulse shape, ci is a sequence of indepen-
dent equiprobable M-PSK data symbols

ci 2 fe�j�=M ; e�j3�=M ; � � �g;

and n(t) is white Gaussian noise.
The interpolation �lter in Fig. 1 can be used for

both up-samplingand down-sampling, and furthermore,
the output is not synchronized to the input. The func-
tion of the interpolation �lter is to calculate one output
sample y(nTi) at a time using a set of adjacent input
samplesm(kTs), within a timing error estimate (�) and
a phase error estimate (�) obtained from the synchro-
nization control unit. In the ideal case these output
samples are the same sample values that would occur
if the original sampling had been synchronized to the
received symbols.

The fractional interval � determines the time instant
t = nTi where the original continuous-time received
signal r(t) is approximated. This relation is given by

nTi = (� + k)Ts; (2)

where � 2 [0; 1) is the fractional interval, Ts is the sam-
pling interval, and Ti is the output interval, whereas k
is the largest integer for which kTs � nTi. In this pa-
per, we assume that the original sampling rate is twice
the symbol rate T = 2Ts. Also, we use � and � to de-
note the timing error with respect to the symbol and
sampling interval, respectively. In addition, the error
in the carrier phase is corrected using the phase error
estimate denoted by � as shown in Fig. 1.

The polynomial-based interpolation �lters are very
easily implemented using the Farrow structure [1]. This
structure is characterized by the �xed values of all the
�lter coe�cients and by only one changeable parameter
which is the fractional interval �. In the general case,
the Farrow structure shown in Fig. 2 consists of L + 1
FIR �lter branches and the length of each branch �lter
is N , where L is the degree of the interpolation and N
is the length of the impulse response.

Timing adjustment in digital receivers using La-
grange interpolation was �rst introduced by Erup et.
al. [3]. Lagrange interpolation represents the conven-
tional time-domain approach to the interpolation prob-
lems. A new synthesis technique for polynomial-based
interpolation �lters is proposed in [2]. In this synthe-
sis technique, the design parameters are edge frequen-
cies for passbands and stopbands, desired amplitude
and weight for every band, the length of the �lter, and
the degree of the interpolation. After giving these pa-
rameters, the �lter coe�cients of the Farrow structure


 ����

����

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

��
�

�	�
�

�	��� �����

���
�

�����

���	�

�	���

�	�	� ���	� �
�	�

�
��������

�
���

�
�
����
�

�����

�	��� ����� �
��������

Figure 2: Farrow structure for the cubic (L = 3) inter-
polator.

are optimized in the frequency domain in the minimax
sense. The new designs are shown to provide clearly
lower complexity or much better performance with the
same complexity as the Lagrange designs [6].

3. NDA MAXIMUM LIKELIHOOD

ESTIMATION OF PHASE AND TIMING

Under the assumption that the sequence of M-PSK data
symbols are independent and equiprobable, the likeli-
hood function for NDA estimation of timing (� ) and
carrier phase (�) is given by [7];

�(~�; ~�) =
NX
n=1

jm(n; ~�)j2 + Re

"
NX
n=1

m2(n; ~�)e�j2
~�

#
;

(3)
where m(n; ~� ), ~� 2 [��; �], and ~� 2 [0; T ) are the sam-
ples from the output of the matched �lter (one sample
per symbol), carrier phase and symbol timing error tri-
als, respectively. N is the number of symbols used in
the calculation and T is the symbol interval.

The above NDA likelihood approximation is only
valid for single amplitude type of modulations, e.g., M-
PSK modulated signals.

Synchronization algorithms for digital receivers esti-
mating jointly the timing and phase are based on Max-
imum Likelihood estimation (MLE) theory as mention
earlier. These algorithms are trying to �nd the timing
and the phase error estimates (�̂ ; �̂) which maximize
Eq. (3). By means of the above likelihood function,

the following algorithm for jointly estimating (�̂ ; �̂) can
be established as follows [7]:

�̂ = max
~�

NX
n=1

jm(n; ~�)j2 (4)

�̂ =
1

M
arg[

NX
n=1

(m(n; �̂ ))M ]; (5)

where M is the number of constellation points.



An important feature here is that the ML-estimate
of the timing is independent of the carrier phase. We
consider here a block processing scheme which takes the
data samples for a block of N symbols.

In the following section, we will form a polynomial
approximation for the above likelihood function by us-
ing the Farrow structure, then di�erent schemes for
�nding the maximumof this polynomial can be devised.

4. POLYNOMIAL APPROXIMATION OF

THE NDA LIKELIHOOD FUNCTION FOR

TIMING AND PHASE ESTIMATION

In this section, we will extend this polynomial-based
likelihood function for jointly estimating the timing and
phase with respect to Eqs. (4) and (5). This procedure
is derived for the non-data-aided (NDA) systems where
the symbol values are not known in advance in the case
of single amplitude type of modulations. In general we
should expect some degradation of performance when
ignoring the data values [4].

Here we assume that the original sampling rate is
twice the symbol rate T = 2Ts and cubic interpola-
tion �lter (L = 3) is used. Because the symbol in-
terval is divided into two parts (two samples per one
symbol), there are two di�erent polynomial approxi-
mations for the log-likelihood function as in [8]-[9]-[10].
Consequently, from expression (4) the symbol timing is
estimated by

�̂ = argmax
~�

�
�1(2~� ) 0 � ~� < 0:5
�2(2~� � 1) 0:5 � ~� < 1

(6)

where

�1(2~� ) =
NX
n=1

jm(2n� 1; 2~�)j2;

and

�2(2~� � 1) =
NX
n=1

jm(2n; 2~� � 1)j2:

Also, by using the above timing estimate �̂ , the carrier
phase estimate is given by

�̂ =
1

M
arg

( PN
n=1[m(2n� 1; 2�̂)]M for 0 � ~� < 0:5PN
n=1[m(2n; 2�̂ � 1)]M for 0:5 � ~� < 1:

(7)

The value of m(n; ~� ) can be interpolated for di�erent
values of ~� by utilizing the cubic Farrow structure and
the original samples m(k). Eqs. (6) and (7) can also
be expressed as a function of the fractional interval ~� 2
[0; 1), and the output samples of the FIR �lter branches
in the Farrow structure fi(n) in the case of a cubic
interpolation �lter, as follows:

If max[�1(~�)] > max[�2(~�)] then

�̂ = argmax
~�
[�1(~�)];

else

�̂ = argmax
~�
[�2(~�)]:

Where

�1(~�) =
NX
n=1

�����
3X

i=0

~�ifi(2n� 1)

�����
2

;

and

�2(~�) =
NX
n=1

�����
3X
i=0

~�ifi(2n)

�����
2

:

Finally, the above symbol timing estimate is used for
computing the carrier phase estimate:

If max[�1(~�)] > max[�2(~�)] then

�̂ =
1

M
arg

NX
n=1

"
3X

i=0

�̂ifi(2n� 1)

#M

else

�̂ =
1

M
arg

NX
n=1

"
3X

i=0

�̂ifi(2n)

#M
:

The overall scheme for our proposed block-based sym-
bol timing and phase recovery is illustrated in Fig. 3.
For the NDA feedforward (FF) phase estimator, the in-

uence of the symbols is removed by the M th power
[11] (see Fig. (3)).
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Figure 3: NDA Phase estimation and symbol timing
recovery scheme.

After the parameters �̂ and �̂ are estimated, tim-
ing adjustment is performed by evaluating the value of
the polynomial at the given value of �̂. At the same
time, sampling rate is decreased by two. Here, even
samples are discarded if max[�1(~�)] > max[�2(~�)], and
odd samples otherwise. Subsequently, the carrier phase

is corrected by the factor e�j�̂.



5. SIMULATIONS

The proposed algorithm is simulated using M-PSK con-
stellations. The transmitter and receiver pulse-shaping
�lters are square root raised cosine �lters with excess
bandwidth of 35%. Two interpolation �lters, cubic La-
grange and third order interpolation �lter of length 8
designed by the new synthesis technique [2], are com-
pared. The simulations are done using the worst-case
timing o�set and some selected values of the phase er-
ror.
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interpolator, and the dashed-dot line phase jitter of the
Lagrange interpolator.

Figure 4 shows the phase jitter of 4-PSK signal when
Eb=N0 = 9 dB, phase error equal 0:6 rad, and block
length N = 64. Variance and mean of the phase jitter
for the interpolation �lters are also provided in Fig.
5. Similarly, Figs. 6 & 7 illustrate the timing jitter,
variance and mean of the timing jitter.

We noticed a dramatic di�erence in performance be-
tween the conventional Lagrange and the new interpo-
lator when using 4-PSK-type of modulations as shown
in �g. 8. The same experiments compare the SEP as
a function of the signal-to noise-ratio Eb=N0 of the DA
and NDA systems with the theoretical expectations.
The performance of the scheme was found to be close to
ideal for the DA systems even with short block lengths
[10], thus having a rapid acquisition time. Similarly, by
using a longer block length, the NDA systems perform
fairly well.

Binary and M-PSK -type of modulations are gener-
ally used in mobile telecommunications systems. These
modulations types do not have very demanding require-
ments for the interpolator. However, linear or cubic
Lagrange interpolator may not be su�cient for the new
synchronization scheme. Fortunately, better interpola-
tion �lters than the cubic Lagrange which are not more
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complicated to implement are derived in [6].
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6. CONCLUSIONS

An extension of the polynomial-based maximum likeli-
hood technique for jointly estimating the symbol tim-
ing and carrier phase of NDA systems is established.
Di�erent simulations using the Lagrange and the new
interpolator are also performed for both DA and NDA
systems and compared with the theoretical case. The
results show the high performance of the new interpo-
lator compared to the Lagrange interpolator. However,
the NDA approach requires more computation than the
DA approach for estimating the polynomial-based like-
lihood function. Therefore, further studies considering
the computation complexity of this new NDA technique
will be carried out. Normally, by omitting decision op-
erations one may reduce equipment complexity and ob-
tain fast acquisition. Besides, in some circumstances
NDA systems may perform better than DD specially
for poor quality data decisions.
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Abstract

Accurate detection and estimation of overlapping fading multi-
path components is vital for many communication systems. In
this paper, we analyze the effect of the coherent integration and
non-coherent averaging length over the correlation function for
estimating correctly the delays introduced by a multipath chan-
nel. Study of correlation estimation properties paves the way
to derive simple and efficient multipath delay estimation tech-
niques with subchip resolution capability for use in direct se-
quence CDMA systems.

1. Introduction
Commonly, in most applications of radio communications and
navigations [1], the line of sight (LOS) signal is succeeded by
multipath components that arrive at the receiver within short
delays, that can be smaller than the pulse shape. This causes
overlapping fading multipath components and introduces sig-
nificant errors in the LOS path time of arrival and gain estima-
tion. In spread spectrum CDMA systems, such as Third gen-
eration mobile communications or Global Positioning System
(GPS) receivers, it is important to achieve accurate delay esti-
mation (or code synchronization) before despreading and data
detection. Most spread spectrum systems use spreading codes
with non-ideal correlation properties which result in co-channel
interference, or multiuser-interference, for radio communica-
tion systems, which is also called multi-transmitter interference
in radio-navigation systems [1]. Generally, the performance of
radio communication systems is heavily affected by the multi-
path and multiuser-interference.

Generally, multipath delay estimation techniques in most
DS-CDMA receivers are based on the maximum likelihood
theory [1]. Different methods have been derived, considering
mainly coherent and non-coherent delay lock loops (DLL) with
arbitrary early and late code spacings [2],[3],[4]. These meth-
ods are just trying to track the delay of the line-of-sight path by
correlating the down-converted received signal with replicas of
spreading codes locally generated by the DS-SS receiver. How-
ever, phase lock loop circuits generally fail to estimate closely-
spaced multipaths with less than one chip interval, besides their
convergence can be quite slow [1],[2]. Several subspace-based
approaches have also been derived, however, they are usually

This work was carried out in the project ”Advanced
Transceiver Architectures and Implementations for Wireless
Communications” supported by the Academy of Finland. This
work is also supported by Tampere Graduate School in Informa-
tion Science and Engineering (TISE), and Graduate School in
Electronics, Telecommunications and Automation (GETA).

too complex for practical purposes, and suitable only for sys-
tems employing short codes [5],[6].

The paper is organized as follows. In Section 2, we briefly
review the correlation estimation principles over short and in-
finite time observations. In Section 3, we analyze multipath
delay estimation techniques based on the maximum likelihood
theory, and we demonstrate with simulations the impact of the
coherent and the non-coherent averaging length of the correla-
tion function on multipath delay estimation. Finally, Conclud-
ing remarks are drawn is Section 4.

2. Correlation Estimation Principles
Consider that the autocorrelation function of a stationary pro-
cess ������� is expressed as	 ��
���
�� ��� ������
�����
�� � ����������������
������ (1)

The time average of the process
� ������
�� is defined by	�� ��
�� 
 !"$# %'&)( � ������
*��+,��� (2)

The stationary process ������� is called ergodic in the autocorre-
lation function if it satisfies the following two conditions. First,
the time average approaches the ensemble average in the limit
as the observation interval

" #
approaches infinity,-/.10&2(4365 	 � ��
�� 
�� �7� ������
�����
 	 ��
*��� (3)

and then the variance of the time average approaches zero in
the limit as the observation interval

" #
approaches infinity [Pa-

poulis, Chap. 11],-/./0&2(8365�9;:� 
 -/./0&)(<365 !" # % : &2(>= 	 : ��? �;@ (4)	 ��
6@A? � 	 ��
��B? �DCFE ! �HG ? G" #�I +�?�
�J'�
Thus, provided that the observation time interval

" #
is suffi-

ciently large, the time average
	 � ��
�� is an unbiased estimator

and can be used to estimate
	 ��
�� .

However, if we are averaging over a finite short-time interval,
we shall consider the following biased estimator	 &)( ��
���
LK M&2(AN &2( ���������������B
���+,� for G 
 GPO " #J otherwise

whose expected value or mean is given by [Papoulis, Chap. 11]� � 	 &2( �Q
 	 ��
��RE ! �SG 
 G"$# I 
 	 ��
���T���
R� "$# ��� (5)



and its variance is expressed as follows9 :��� ( 
 !" # % : &2( � 	 : ��? �$@ 	 ��? @A
�� 	 ��? � 
*���
E ! � G 
 G @ G ? G" # I +�?4� (6)

Here, T���
P� " # � denotes a triangular function defined as followsT���
P� " # � 
 K ! � G 
 G � " # G 
 G � " #J otherwise � (7)

By computing the mean of the power spectrum of each of the
above estimators, we obtain� �
	 � ��� ��� 
 % : &2( 	 ��
���
��������2+�
 
 	 ��� ����� .�� "$# �� � (8)

� ��	 &2( ��� ��� 
 % : &2( 	 ��
*��T���
���
��������2+�


 	 ��� ��� � .�� : " # � �� � " # � : �� � (9)

where
	 � ��� � , 	 & ( ��� � , and

	 ��� � represent the power spectra
corresponding to the functions

	�� ��
�� , 	 &)( ��
�� and ������� , re-
spectively, defined over the finite observation interval

" #
.

Notice that both estimators are biased if we are consider-
ing finite time observation. However, if the observation interval
tends to infinity, both of the kernel windows � .�� � ";# � � � � � � �and � .�� : � "$# � �� � � � � "$# � : �! � tend to one. Consequently,
both estimators become unbiased.

3. Timing Estimation for a Multipath
Signal Based on the Correlation Estimation

Principles
After down-conversion of the received signal to baseband
through mixing and filtering, the received DS-CDMA signal in
the presence of " -path channel is modeled as [1],[4]# ����� 
 $ ����� @&%8����� (10)
 ')(�*,+-. /�021 .43 � M- 5 /�076 5 8 . ������� 
 5 8 . �:9 "�;�<>= ��
��,?A@CB D@E%8�������
where ������� is the spread-spectrum code, and % ����� is additive
white Gaussian noise with power spectral density F 0 �! , "�;�<G=
is the symbol interval, and 1 . is the 9�HJI transmitted complex
data symbol. The time-variant 6 5 , 
 5 and K 5 represent the at-
tenuation factor, time delay, and phase for the L�HJI path, respec-
tively. The estimation of the set of synchronization parameters� 6 5 ��
 5 �,K 5 � is very essential for locating the line-of-sight path,
and consequently, for achieving accurate delay estimation (or
code synchronization) before despreading and data detection.

Assuming that the down-converted signal # ����� is com-
pletely defined in the time interval

" #
, the conditional likeli-

hood function of # ����� for a given set of synchronization param-
eters

� 6 � 
R�,K,� is given byM = # ������NN � 6 � 
R�,K,� C 
PO4QGR�S KB� !F 0 %R& ( � # �������UT$ ������� : +,�WV
(11)

where O is just a positive constant independent of the synchro-
nization parameters which can be neglected, and T$ ����� is the lo-
cal trial signal replica generated at the receiver, modeling the
estimated line-of-sight and multipath signals. Without loss of
generality, we consider that the desired symbol is the zeroth
symbol, the trial signal replica generated at the receiver is given
by T$ ������
 3 � M- 5 /�0 T6 5 8 0 �������UT
 5 8 0 ��
X��Y? @JB Z � (12)

We assume that during the observation interval
" #

, the chan-
nel is very slowly changing, therefore the subscript 9 can be
ignored for convenience.

In conventional receivers, multipath delay estimation tech-
niques are based on the maximum likelihood theory [1] which
are trying to estimate the set of parameters

� T6 ��T
 � TK�� by min-
imizing the mean square error of the log-likelihood function
(LLF) given by[ 37\ ��T6 �]T
F� TK,� 
 	 
PK %R&2( � # �������UT$ ������� : +,�WV � (13)

Thus, the synchronization parameters are determined by differ-
entiating the above LLF function with respect to the synchro-
nization parameters, then setting the partial derivatives equal to
zero. The partial derivative with respect to the time-delay esti-
mate is given by [1]^^ 
 [ 3�\ ��T6 5 ��
P� TK 5 � NNNN � / � @ 
  ^^ 
`_ 	 
]acb 	Ed�� ��
��� 3 � M-e /�0 8 eCf/ 5 T6 e 	 � ��
 �gT
 e ��
 �hY?,iCj 
 �]�kY? @
lnm � / � @ (14)

In the above equation,
	 d�� ��
�� is the in-phase/ quadrature time-

average cross-correlation function over the observation time in-
terval

" #
, given by	Ed�� ��
�� 
 !" # %'&2( # ����������� �B
���+,��� (15)

and
	 � ��
*� is the reference time-average correlation function of

the spreading code, given by	 � ��
*� 
 !" # % &2( ��������������� 
*��+,��� (16)

Consequently, the desired time delay for the L HoI path that maxi-
mizes the above expression (14) is given byT
 5 
qpWr,s 0 pWR� _ 	 
 aEb 	 d�� ��
�� (17)

� 3 � M-e /�0 8 eCf/ 5 T6 e 	 � ��
��UT
 e ��
��)Y?,i j 
����hY? @ l m��
Generally, multipath delay estimation techniques are based on
the cross-correlation function (Eq. 15) of the down-converted
signal de-spread with a copy of the spreading code locally
generated by the DS-SS receiver. The multipath estimating
DLL techniques [2] are trying to approximate the overall cross-
correlation using a set of reference correlation (Eq. 16) func-
tions with certain delays, phases and amplitudes.



When the locally generated code is locked to the re-
ceived code, by substituting equation (11) into (15), the cross-
correlation function is simply expressed by	Ed�� ��
�� 
 !"$# 3 � M- 5 /�0�6 5 
���? @ %P&2( 1 0 ��������
 5 �������;� 
*��+,�@ !"$# % &2( % ����������� �B
���+,��� (18)

If the data symbols,
� 1 . � , are known in advance, then we can

perform coherent integration over several symbols. Otherwise,
we perform the integration over one symbol and then apply a
non-coherent averaging over several symbols in order to reduce
the interference.

Normally, even-though we are considering averaging over
a sufficiently large observation time interval, we shall con-
sider the previously mentioned biased estimator. Recalling the
Gaussian nature of the random process as well as the mean of
the biased estimator (5), the expectation of the above cross-
correlation function becomes

� � 	 d�� ��
*����
 3 � M- 5 /�0 6 5 
X�,? @ 	 � ��
��B
 5 ��T���
 �B
 5 � "$# ��� (19)

Notice that the expected value of the cross-correlation function
is expressed simply as a weighted sum of delayed correlation
functions times triangular windows with certain amplitude and
phase specific to each signal path. Thus, the correlation effec-
tively amplifies the underlying data signal, with an amplifica-
tion factor equal to the length of the PRN code sequence. Fig-
ure 1 shows an example of a normalized autocorrelation func-
tion using a Gold code sequence of length 1023 weighted by a
triangular window.
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Figure 1: The upper figure shows a normalized autocorrelation
function of one Gold code sequence within a triangular window.
The lower curve illustrates their product.

Here,
" #

can also be referred to as a coherent integration
length, since the integral from Eq. (18) is performed coher-
ently. However, if the data modulation is not known or esti-
mated in advance, the integration length

" #
is limited to one

symbol interval, which is usually not sufficient to diminish the

effect of noise. Therefore, a non-coherent averaging can also be
employed in such away that the decision variable becomes

� 
 '����-. /�0 NNNN
3 � M- 5 /�0 6 5 
��,? @ 	�� ��
 �B
 5 ��T���
�� 
 5 � " # D � NNNN � (20)

where F���� denotes the number of blocks used in the non-
coherent block averaging, and

";# D is the coherent integration
interval for the 9 HJI symbol.

Also, we noticed by increasing either the coherent integra-
tion length or the non-coherent averaging length, the peaks in
the correlation function can be clearly distinguished and the side
lobes decrease as illustrated in Figs 2 and 3. The coherent in-
tegration provides lower side lobes in the correlation function
compared to the non-coherent averaging, but data decisions or
pilot symbols are required for performing the coherent integra-
tion. It is clear that the more we increase the averaging length
(coherent or non-coherent), the more the correlation function
approaches to the ideal one (i.e., superposition of two triangular
pulse shapes at the positions corresponding to the path delays).
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Figure 2: Correlation function with a spreading factor of 	  at��
 � F 0 

� dB, using 2-path channel, with path locations at� 	P�  �����R� ��� � chips and average path powers of
� JP�F��	
� dB.

By exploiting the above study, a new technique for multi-
path delay estimation using peak tracking with subtraction has
been derived. This approach is analogous to the DLL tech-
niques in the sense that it is trying to estimate the overall cross-
correlation function using a set of reference functions, but with
different and simpler implementation [7],[8]. Also, based on
the above analysis an innovative multipath delay estimation ap-
proach based on a nonlinear quadratic Teager-Kaiser operator
is introduced [9],[10]. This new technique is extremely sim-
ple and very efficient for estimating closely-spaced multipaths
with much less computational complexity compared, e.g., to the
subspace-based multipath delay estimation methods [5],[6].

4. Conclusions
Generally, the transmitted signal arrives at the receiver via mul-
tiple propagation paths at different delays, which can be smaller
than the pulse shape duration, introducing overlapped multipath
components and causing significant errors to the prompt LOS
signal time and amplitude of arrival estimation. Correlation es-
timation properties related to DS-CDMA receiver signal have



been studied. We demonstrated the influence of the coherent
integration and the non-coherent averaging length on multipath
delay estimation, and the importance of the considered observa-
tion time interval length. This analysis paves the way to derive
simple and very efficient multipath delay estimation methods
with subchip resolution capability .
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1/2 chip − spaced taps  
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Correlation Function   
TK Energy Operator     
Multipath Channel      
Delay=[2 3 7 8]        
Ampl.=[1.0 0.8 0.7 0.5]
SNR = 5 dB             
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SNR [dB]

4−path Rayleigh fading channel, paths spaced at half chip distance

Teager−Kaiser, Velocity = 5 m/s      
Pulse subtraction, Velocity = 5 m/s  
Teager−Kaiser, Velocity = 50 m/s     
Pulse subtraction, Velocity = 50 m/s 
Teager−Kaiser, Velocity = 150 m/s    
Pulse subtraction, Velocity = 150 m/s
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SNR [dB]

4−path Rayleigh fading channel, paths spaced at half chip distance

Teager−Kaiser, Velocity = 5 m/s      
Pulse subtraction ,Velocity = 5 m/s  
Teager−Kaiser, Velocity= 50 m/s      
Pulse subtraction, Velocity = 50 m/s 
Teager−Kaiser, Velocity = 150 m/s    
Pulse subtraction, Velocity = 150 m/s
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The paths are spaced at half chip distance, Velocity = 5 m/s

Teager−Kaiser, 4 paths    
Pulse subtraction, 4 paths
Teager−Kaiser, 3 paths    
Pulse subtraction, 3 paths
Teager−Kaiser, 2 paths    
Pulse subtraction, 2 paths

ìM�¤·"¨« ¦��îaï�ðM»l �¥"Å��¯Å��¤­��±�_¸{¥¯´M§����¦�a©r�¦�¤��·��¦�«�d�¦ �¨��6���¯������¢T�¤���«���ª¥"�«�6�¦�¯®j�«­��d�a � ¦¥/ £�s�£���¯­¤´Ç©��«���ª�����/©n�a§j���¯����¨����¤��·
§��¤ÌJ�a ��a���dÍ&�i¸�­¤�a�¤·"�+´Î�"§��¤��·j©��X�¯�«�«�a­¾�« ¦¥¯÷�­��a�aÄ

−20 −15 −10 −5 0 5 10 15 20
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
ro

ba
bi

lit
y 

of
 A

cq
ui

si
tio

n 
w

ith
in

 O
ne

 S
am

pl
e 

E
rr

or

SNR [dB]

4−path Rayleigh fading channel, Velocity = 5 m/s

Teager−Kaiser, paths spaced at 1/4 Tc distance     
Pulse subtraction , paths spaced at 1/4 Tc distance
Teager−Kaiser, paths spaced at 1/2 Tc distance     
Pulse subtraction, paths spaced at 1/2 Tc distance 
Teager−Kaiser, paths spaced at  Tc distance        
Pulse subtraction, paths spaced at  Tc distance    
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