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Abstract

Compressed Sensing (CS) is a widely used technique for ef�cient signal acquisition, in which

a very small number of (possibly noisy) linear measurements of an unknown signal vector are

taken via multiplication with a designed `sensing matrix' in an application-speci�c manner, and

later recovered by exploiting the sparsity of the signal vector in some known orthonormal basis

and some special properties of the sensing matrix which allow for such recovery. We study

three new applications of CS, each of which poses a unique challenge in a different aspect of

it, and propose novel techniques to solve them, advancing the �eld of CS. Each application

involves a unique combination of realistic assumptions on the measurement noise model and

the signal, and a unique set of algorithmic challenges.

We frame Pooled RT-PCR Testing for COVID-19 – wherein RT-PCR (Reverse Tran-

scription Polymerase Chain Reaction) tests for COVID-19 (COronaVIrus Disease of 2019) are

saved in a low infection rate setting by performing them on a small number of pooled samples

instead of individual samples and inferring the viral loads of the individual samples from

the viral loads of the pools – as a CS problem. Our proposed Tapestry algorithm effectively

combines traditional group testing (GT) algorithms with some conventional CS algorithms,

in such a way that the combination exhibits superior performance to other standalone GT or

standalone CS techniques. The combination exploits the inherent heteroscedasticity of the

noise in RT-PCR measurements, in particular the fact that negative pooled tests are always

noiseless in RT-PCR, unlike positive pooled tests. We demonstrate the superiority of our

method over traditional GT and CS via in-silico experiments, validate it in wet lab experiments

with oligomers, and prove theoretical guarantees for it.

For Ef�cient Automated Image Moderation , we bring CS methods to the domains of

imbalanced binary classi�cation and outlier detection for images. The �rst task is to use a
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neural network to classify images as objectionable or not. We propose the quantitative matrix-

pooled neural network, which takes a superposition of multiple images as input andef�ciently

outputs the counts of objectionable images in a small number of pools of these images speci�ed

by the rows of a binary matrix. From these (possibly noisy) counts, the classi�cation of the

images, as being objectionable or not, is inferred via CS decoding if only a small fraction of

input images are objectionable. We empirically demonstrate that computation is saved relative

to a network which processes the images separately, while maintaining suf�cient accuracy. Our

extension of this method to deep outlier detection infers the count of outlier images in a pool

by comparing it with a pre-learned distribution of pool-level feature vectors extracted from our

network, and is applied to the problem of moderation of off-topic images on topical forums.

Lastly, we propose theCompressive Perturbed Graph Recoveryproblem, in which

the signal vector to be recovered from compressive measurements is sparse in the domain of

the eigenvectors of the Laplacian matrix of an undirected, unweighted graph known only up

to a few edge perturbations. This makes signal recovery challenging due to uncertainty in our

knowledge of the orthonormal sparsifying basis. Our method solves this by performing joint

signal and graph recovery, using cross-validation error on a held-out set of measurements to

disambiguate between candidate graphs generated via a greedy edge selection strategy. We

extend our method to solve the problem of recovery of images containing sharp edges (whose

locations are not known a priori) from compressive measurements, generating candidate graphs

in a structured manner from hypothesis linear image edges. We demonstrate the ef�cacy of our

methods via extensive experiments, and prove theoretical guarantees for a brute-force version

of our algorithms.
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Chapter 1

Introduction

Compressed Sensing (also known as Compressive Sensing, shortened as CS) is a technique

for measuring a signal using far fewer linear measurements of the signal than its number of

dimensions, by exploiting its sparsity in some domain [1, 2, 3]. The signal, represented as a

vectorx � 2 Rn , is measured using am � n sensing matrix� , with m � n, with the vector of

measurementsy 2 Rm given by

y = � x � + � = �	 � � + � ; ; (1.1)

where� 2 Rm is a vector of measurement noise,	 is an orthonormal basis (	 T = 	 � 1),

� � = 	 T x � is the representation of the signal in this basis, withk� k0 = s � n. The signal

measurement in 1.1 is implemented in a domain-speci�c manner, and depending on the domain,

is cheaper in terms of either the number hardware elements, the amount of computation, the

amount of manual labour, the time of acquisition, or the monetary cost of acquisition, than

measuring the full signalx � . The general problem of recovering a vector ofn elements from

m < n linear measurements is under-determined. However, sincex � is known to be sparse in

the orthonormal basis	 , hence for appropriate measurement matrices� , the original signal
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x � may be estimated with good accuracy fromy via an appropriate recovery algorithm. The

intuition behind why this is possible is as follows: when there is no measurement noise (i.e.,

� = 0), thenA� = y = A� � has a uniques-sparse solution for� if no 2s-sparse vector (other

than0) lies in the nullspace of the matrixA = �	 . For any others-sparse solution~� , it must

be thatA ~� = A� � , or A ( ~� � � � ) = 0 . Since~� � � � is a2s-sparse vector, and the null-space

of A does not contain any2s-sparse vectors other than0, it must be that~� = � � .

A typical recovery problem P0 consists of optimizing the following cost function:

mink� k0 s.t. ky � �	 � k2 � "; (1.2)

where" is an upper bound (possibly a high probability upper bound) onk� k2, andk� k0 is the

number of non-zero elements in� . In the absence of noise, a unique and exact solution to this

problem is possible with as few as2s measurements iny if � hass non-zero elements [4].

Unfortunately, this optimization problem P0 is NP-Hard and the algorithm requires brute-force

subset enumeration. Some examples of practical recovery algorithms are Basis Pursuit De-

noising (BPDN) [4], LASSO (Least Absolute Shrinkage and Selection Operator) [5, 6], Sparse

Bayesian Learning (SBL) [7, 8], Orthogonal Matching Pursuit (OMP) [9], etc. These typically

act as approximation algorithms for the NP-Hard P0 problem, and also requireO(s log n
s ) mea-

surements for successful recovery. A BPDN estimate is given by a convex relaxation of P0,

which gives the following quadratically constrained`1-norm minimization problem:

�̂ bpdn = arg min
�

k� k1; s.t. ky � �	 � k2 � ": (1.3)

A LASSO estimate is given by a penalized form of the above problem:

�̂ lasso= arg min
�

ky � �	 � k2
2 + � k� k1; (1.4)

where� is an appropriately chosen parameter.

Various classes of random matrices exist such that if� is drawn from such a class then for

any orthonormal	 , A satis�es a condition such as the Restricted Isometry Property [4], Re-

stricted Eigenvalue Condition [6], Robust Nullspace Property [10], etc, with high probability.
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These conditions are suf�cient for recovery of� � from noisy measurements as in Eqn. 1.1 via

BPDN, LASSO, or other recovery algorithms, with appropriate bounds on the error of the re-

covered vector. Typically, for random matrices onlym = O(s log n
s ) measurements are needed

for A to satisfy such a condition. Some examples of these classes of matrices include matrices

whose entries are independent and identically distributed (i.i.d.) random variables from any

sub-Gaussian probability distribution with mean0 [11], or a Bernoulli with some probability

p of being1 and1 � p of being0 [12]. In case	 is the identity matrix, makingA = � ,

explicit deterministic constructions of matrices satisfying some of these conditions also exist –

for example matrices constructed from Steiner Systems [13] have the RIP in`1-norm [14]. In

some cases, such as if	 is a (discrete) Fourier basis matrix,� may even be chosen to a subset

of the identity matrix [15]. Due to the simplicity in the scheme of measurement which arises

naturally in many problems (a matrix-vector product), the �exibility in the design of sensing

matrices, and the inherent sparsity of the signal being measured in some basis in these prob-

lems, the technique of Compressed Sensing �nds applicability in a number of domains, such as

image or video acquisition (computational photography), Magnetic Resonance Imaging (MRI),

radar, signal processing, error correcting codes, etc [15, Chapter 1].

In this thesis, we employ Compressed Sensing to solve problems in three new domains –

COVID-19 Testing, image moderation, and graph signal processing, and present the following

novel applications:

1. Pooled RT-PCR Testing for COVID-19 Detection (Chapter 2) [14, 16],

2. Ef�cient Automated Image Moderation (Chapter 3) [17], and

3. Compressive perturbed graph recovery (Chapter 4) [18].

Each of these applications presents a unique challenge in a different aspect of compressed sens-

ing, and new techniques needed to be developed to address these challenges. Fig. 1.1 summa-

rizes the different aspects of compressed sensing worked on in this thesis for each application.

First, in Chapter 2 we consider a case where some additional information about the noise

vector � is available. In particular, we consider the case when the vectorx � is sparse in the

canonical basis andx � as well as the measurementsy have only non-negative entries, with the

sensing matrix� having binary entries (0 or 1). While there may be noise in the non-zero
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Figure 1.1: Compressed Sensing and the different aspects of it tackled in this thesis are illustrated.

Compressed Sensing is the problem of ef�ciently acquiringm � n linear measurementsy of an n-

dimensional unknown signal vectorx � = 	 � � using a sensing matrix� in a domain-speci�c manner,

and later recovering the signalx � from y , � , 	 , and an upper bound on the magnitude of measurement

noise,� . Each problem solved in this thesis advanced a different aspect of Compressed Sensing: (1)

For Pooled RT-PCR testing for COVID-19 Detection, additional information of the noise being one-

sided was exploited by a new algorithm. (2) For Ef�cient Automated Image Moderation, a new Neural

Network architecture was developed for ef�ciently acquiring measurements of the signal vector. (3) For

Compressive Perturbed Graph Recovery, a new algorithm was developed for handling uncertainty in the

orthonormal basis.

entries ofy , an entry ofy is equal to0 if and only if the corresponding entry of� x � is also

0. We exploit this kind of one-sided noise by combining algorithms from the �eld of group

testing [19] with CS decoding algorithms to create a new kind of algorithm. This is applied to

the problem of pooled RT-PCR Testing for COVID-19 detection (see Sec. 1.1).

Next, in Chapter 3 we devise a new signal acquisition method for acquiring signals ef�-

ciently via deep neural networks, opening a new application area for compressed sensing. The

entries of the signal vectorx � represent the classi�cation ofn images into two classes in an

class-imbalanced classi�cation setting, with a1 indicating the rare class, and a0 indicating the

background class. Similarly, for an outlier detection setting, a1 represents an outlier image, and
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a0 represents an in-distribution image. Without this method, the entries of the signal vectorx �

are acquired using a deep neural network performing binary classi�cation or outlier detection

on n images separately. However, most images are known to belong to one particular class, or

are not outliers, makingx � sparse in the canonical domain. We devise a new neural network

architecture which can be trained to output the product of a binary sensing matrix and the sig-

nal vectorx � . This is more ef�cient than acquiring each entry ofx � separately. CS decoding

algorithms are then used to retrievex � . We apply this to the problem of Automated Image

Moderation, detailed in Sec. 1.2

Finally, in Chapter 4, we handle the case where there is uncertainty in the knowledge of

the orthonormal basis	 . The signalx � is assumed to be sparse in the basis formed by the

eigenvectors of the Laplacian matrix of an undirected, unweighted graph which is known up to

a few edge perturbations (i.e., a few edges of which have been added or dropped). As the Lapla-

cian matrix is symmetric, its eigenvector matrix	 is orthonormal. Furthermore, uncertainty in

the Laplacian matrix induces uncertainty in	 . Given compressive measurements of signals de-

�ned on the true graph, we develop a cross-validation based algorithm to disambiguate between

the possible graphs from which these measurements could have originated, jointly recovering

the graph as well as the the signal. We apply this technique to graph signals de�ned on sev-

eral well known graphs, as also the problem of recovering compressively acquired images with

sharp edges in them.

In the following sections, we give an overview of each of the problems considered in our

work, our approaches to solve them, and some glimpses of experimental and theoretical results.

1.1 Pooled RT-PCR testing for COVID-19 Detection

The COVID-19 pandemic severely affected almost all inhabitants of the globe, either directly

or via economic disruption due to lockdowns and social distancing [20]. Timely testing of

symptomatic people was critical to quick diagnosis and making medical interventions at the

appropriate time. However, during the peak of the pandemic, the testing infrastructure was

strained, with lab technicians working round the clock, potential shortages of reagents, and

people waiting many days to get test results or even being denied testing [21, 22]. Hence rapid
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expansion of COVID-19 testing capacity was needed at the time. Furthermore, widespread

screening of people for COVID-19 could help slow down its spread and prevent or reduce

lockdowns, and help quicker re-opening of of�ces, campuses and public spaces. Hence to

prevent the spread of the disease, rapid scaling of testing infrastructure was needed.

The gold standard test for COVID-19 is the RT-PCR (Reverse Transcription Polymerase

Chain Reaction) test [23, 24], which is used to test nasal swab sample collect from a person

for the presence of the SARS-nCOV-2 virus. The test proceeds with extraction of viral RNA

from the sample, conversion of the RNA to complementary DNA (cDNA), and ampli�cation

of the cDNA in a sample over many heating and cooling cycles, which is detected by �uores-

cent markers when its amount reaches a threshold value. The cycle time at this threshold value

(threshold cycle orCt ) is reported. Since the cDNA roughly doubles in each cycle, the amount

of virus present originally may be determined from theCt value. If the �uorescence does not

reach the threshold value even after some maximum number of cycles, then it is inferred to not

have the virus. RT-PCR is known to detect even very small amounts of virus molecules in a

sample – even a single molecule may be detected, due to repeated ampli�cation [25, 26]. How-

ever, the test usually requires 3-4 hours, is labour-intensive, and requires expensive chemical

reagents. Moreover, since only a small fraction of the population had COVID-19 even at the

peak of the pandemic, most of the tests are “wasted” on people who did not have the disease.

Pooled testing (or Group Testing) [19, 27] is an effective way of reducing the number of

tests needed for testing a disease and increasing the testing capacity when the fraction of people

having the disease is small. In the earliest form of pooled testing, called Dorfman Testing [28],

the samples to be tested fromn distinct individuals are divided into groups of sizer each and

combined to formn
r pooled samples, which are tested for the presence of the disease. The

key idea is that if a pooled sample tests negative, then all ther samples constituting it must

be negative (assuming accurate test results). If a pooled sample tests positive, then at least

one of ther samples constituting it must be positive – hence these samples are re-tested in a

second round of testing. Dorfman testing is an adaptive group testing method since the samples

to be tested in the second round depend on the results of the tests in the �rst round. Non-

adaptive group testing methods also exist (such as Combinatorial Orthogonal Matching Pursuit

(COMP) [29]), in which only a single round of testing needs to be performed. In COMP,m < n

pooled samples are tested, with each sample being part one or more pooled samples as given
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Figure 1.2: Illustration of the Tapestry method for pooled RT-PCR Testing of COVID-19

by a pooling scheme, and the samples which take part in negative tests are determined to be

negative, and remaining samples are declared to be positive. If the number of positive sampless

is suf�ciently small and for pooling schemes with certain properties in case of COMP, Dorfman

Testing and COMP are able to signi�cantly reduce the number of tests needed for testing then

samples.

However, both of these methods have some drawbacks in the context of RT-PCR testing

for COVID-19. In Dorfman Testing, one must wait for a second round of testing to determine

the positivity of all samples. Since each round of RT-PCR tests takes 3-4 hours and is labour-

intensive, this is undesirable. In COMP, only the positivity of the samples may be determined

– not the amount of virus in each sample. However, RT-PCR tests done on individual samples

return a measure of the viral load in each sample. This information is crucial to determining

the severity of the disease or whether a person might be infectious [30, 31]. One way of

determining the viral loads from fewer thann pooled tests might be Compressed Sensing. The

amount of viral load in a pool sample is equal to the sum of viral loads in the constituent

samples. If equal volume of liquid from ther samples is mixed to create a pooled sample, then

that pool may be represented by a binary vector of lengthn, with thej th entry being equal to1

indicating that a unit volume of thej th sample has been added to that pool, and0 indicating that

the pool does not contain thej th sample. In the same vein,m pools may be represented by the
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Matrix: 93x961 Kirkman

COMP NNL ASSO COMP-NNL ASSO

s #FP #FN #FP RMSE #FN #FP RMSE

5 1.6 0.1 78.2 0.254 0.0 0.8 0.047

8 7.9 0.2 82.2 0.326 0.1 4.0 0.069

10 15.3 0.5 85.4 0.418 0.2 7.8 0.100

12 25.3 0.9 83.5 0.558 0.6 13 0.149

15 46.1 1.9 95.1 0.656 1.0 28.7 0.295

17 62.3 2.3 113.2 0.723 1.0 46.5 0.404

20 91.5 2.8 141.4 0.787 1.1 77.6 0.563

Table 1.1: Performance of COMP, NNLASSO, and COMP-NNLASSO on synthetic data for93 � 961

Kirkman triple matrix. For each criterion and eachs mean value across 1000 signals is reported. See

Chapter 2 for more details.

rows of anm � n binary `pooling matrix'� . The viral loads in each sample may be represented

by an unknown sparse real vectorx of sizen. The viral loads in the pooled samples may be

represented by a vectory of sizem, with the entries ofy measured via RT-PCR of the pooled

samples. The relationshipy = � x holds, withm < n . Hence a CS decoding algorithm may be

used to recover the sparse vectorx from y, provided� obeys conditions such as RIP which are

suf�cient for CS recovery. However, CS decoding algorithms assume noise in all entries ofy

and ignore the following property of RT-PCR tests – RT-PCR will returns0 viral amount for a

negative pool, and a non-zero viral amount for a positive pool. This additional information can

be used to enhance the accuracy of CS decoding algorithms.

In our work, we propose Tapestry, a new kind of algorithm which combines non-adaptive

group testing and compressed sensing methods, and has advantages of both the methods. The

overall Tapestry method is sketched in Fig. 1.2. Tapestry decoding has two stages – in the �rst

stage, COMP decoding is used, i.e., all samples which took part in at least one negative test are

declared as negative i.e., having viral load equal to0. A reduced matrix�� is obtained from�

by eliminating the columns corresponding to such samples, as well as rows corresponding to

negative tests. Entries ofy which are0 are removed to obtain a reduced measurement vector�y .

CS decoding is performed using�y and �� to recover the viral loads in the remaining samples.
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This CS step after the COMP step ensures that we have fewer false positives than COMP (at

the cost of a small number of false negatives). The COMP step before performing the CS step

ensures that the additional information about pool noise is utilized to reduce the problem size

for CS, which greatly improves its accuracy. This is readily observed in an empirical result –

Table 1.1 shows the performance of COMP, NNLASSO (a CS decoding method), and COMP-

NNLASSO (i.e., the Tapestry method with COMP followed by NNLASSO) for various metrics

on some synthetically generated data. We see that COMP-NNLASSOhas fewer false positives

than COMP, fewer false positives and false negatives than COMP-NNLASSO, and much smaller

RRMSE than NNLASSO.

We summarize the main contributions made in this part of the thesis below:

1. We present Tapestry, a novel algorithm which is a combination of non-adaptive group

testing and compressed sensing methods, designed to take advantage of the one-sided

noise characteristic to pooled RT-PCR testing of COVID-19, which is not taken into ac-

count by standard CS recovery algorithms. Tapestry reduces the number of tests, gives

results in a single round, and gives a quantitative readout of the viral loads in each sample.

2. We develop a novel noise and synthetic data generation model for readouts obtained from

RT-PCR.

3. We perform extensive empirical evaluation of the Tapestry method using synthetic data

generated via the above model, for a range of pooling matrix sizes and rate of infection.

Tapestry can reduce the number of tests required by2:5 to 10times depending on the frac-

tion of infected people, while achieving clinically acceptable sensitivity and speci�city.

4. We validate the Tapestry method in wet labs using synthetic oligomers.

5. We use ultra-sparse binary pooling matrices derived from Kirkman Triple Systems [32],

which require a low degree of effort for pooling, conserves samples, and allow for �exible

matrix sizes while keeping the number of samples in each pool equal [33]. We prove

that such matrices have the disjunctness property which is useful for group testing, are

adjacency matrices of expander graphs, and consequently have the RIP in`1 norm, which

is a suf�cient condition for CS recovery.
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6. Detection of false positive or false negative tests (e.g., due to cross-contamination of

samples or pooling errors) is possible.

7. We prove that conditions suf�cient for recovery via CS such as the RIP are preserved

for the matrix obtained via reduction after COMP. Using this result and drawing on the

literature for CS and group testing, we prove that for guaranteed recovery ofs-sparse

vectors, the Tapestry method requires onlym = O(s logn) pooled tests using a particular

class of random binary matrices.

8. We also prove that RIP and other properties suf�cient for CS recovery are preserved by a

wider class of reductions of a matrix, which includes reductions via noisy group testing

algorithms such as NCOMP [29]. Thus the Tapestry method may be enhanced to recover

from false negative pooled tests by using NCOMP in the �rst stage instead of COMP.

9. We developed the Byom app [34] for easy manual pooling of samples, decoding test

results, and keeping track of tests. This was important because many labs lacked robotic

liquid handlers to perform the pooling.

Lastly, the Tapestry method is not limited to COVID-19 testing – it may be used for pooled RT-

PCR testing of any kind, or in any problem where both group testing and compressed sensing

might be applicable. A preprint [16] explaining usage of the Tapestry method for COVID-19

RT-PCR testing was shared on medRxiv. Technical details of the Tapestry method were pub-

lished in [14]. The research in this work has been well-received by the community and has

received over a hundred citations. Furthermore, [14] was one of the top 25 most downloaded

papers of the IEEE Open Journal of Signal Processing in 2021. A patent for this method has

been �led [35]. The work in this part of the thesis led to the founding of a company called

Algorithmic Biologics [36] by Prof. Manoj Gopalkrishnan, which provides wet labs with com-

putational and algorithmic services for pooled RT-PCR testing for COVID-19 and other kinds

of RT-PCR based molecular testing.
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Figure 1.3: Overview of our Compressed-Sensing based Image Moderation Engine

1.2 Ef�cient Automated Image Moderation

Millions of images get uploaded daily on social media platforms such as Facebook, Instagram,

Twitter, Imgur, etc. Care must be taken to not unwittingly expose the users of such websites

to images containing objectionable content – such as images depicting weapons, illegal drugs,

pornography, etc. Image Moderation is the process of determining whether an image has objec-

tionable content. This may be performed by human moderators by inspection of each image.

Automated moderation engines, which typically employ neural networks to examine the con-

tent of an image to determine whether it is objectionable (e.g., detection of �rearms/guns [37],

knives [38, 39] or violent scenes [40]), can reduce the labour cost and manual work involved

in image moderation. However, since large neural networks require several giga �oating point

operations for every forward pass [41] and consume considerable amounts of power [42], such

automated moderation incurs huge costs in terms of amount of computation and energy.

While the number of images to be moderated is large, the actual fraction of images which

may be objectionable is small (e.g.,0:1% for Facebook [43] and up to6% for Reddit [44]).

Such inherent sparsity of objectionable images indicates that this problem may be amenable

to Compressed Sensing, which can make the detection of objectionable images more ef�cient.
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Considern images which need to be processed and determined to be objectionable or not.

An (unknown)n-dimensional binary vectorx � may be used to indicate whether each of the

n images is objectionable or not, with a1 indicating that the image is objectionable, and0

indicating that it is not. Since the fraction of objectionable images is small, only somes � n

entries ofx � will be non-zero. Typically, classi�cation of thesen images as being objectionable

or not will be performed individually for each image by a neural network – we refer to this

as an `individual neural network' or INN. Prior work in [45] uses a `pooled neural network'

to perform classi�cation of a `pool' of somer images as having at least one objectionable

image or not. If the pooled network determines that the pool contains at least one objectionable

image, their algorithm runs the INN on each of ther images to classify them as objectionable

or non-objectionable; otherwise all ther images are declared to be not objectionable. This is

a two-stage Dorfman Testing method, which makes detection of objectionable images more

ef�cient if s � n. In a pooled neural network �rstl layers of the INN are run for allr images

to obtainr Intermediate Feature-Maps (IFMs). An entry-wise max is performed over theser

IFMs to obtain a single Superposed Feature-Map (SFM), which has the same dimensions as

each of the IFMs. The remaining layers of the INN are run only on this SFM. Thus, running

a pooled neural network onr images is more ef�cient than runningr INNs separately on the

images, since processing ofr � 1 IFMs is not performed. Note that the number of parameters

of the pooled neural network is same as the INN, but the pooled neural network needs to be

separately trained to output the presence or absence of an objectionable image in a pool.

In our work, we propose the `quantitative matrix-pooled neural network' (QMPNN), which

takes as inputn images and a speci�cation ofm pools of images given by a binarym� n matrix

� , computes IFMs for each of then images, computes an SFM for each of them pools from

these IFMs, and is trained to output thecountof objectionable images in each of them pools in

a single forward pass. The pooling scheme is speci�ed as follows: if thej th image is present in

thei th pool,� ij is 1, otherwise it is0. Lety be the vector of outputs from the QMPNN, with each

entry ofy indicating the count of objectionable images in the corresponding pool as predicted

by the QMPNN. Hence the relationshipy = � x � holds if the prediction is perfect. In practice,

since the QMPNN may not make perfect predictions, the relationship may be represented as:

y = N(� x � ); (1.5)
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where the operatorN(:) represents noise or errors in the QMPNN predictions. The vectorx �

may be recovered by a CS decoding algorithm and binarized to have only0 or 1 entries. We use

the following two variants of LASSO:

1. Constrained LASSOor CLASSO:

�x , argmin
x

ky � � x k2 + � kx k1; s.t. 8i 2 [n]; x i 2 [0; 1]

x̂ = [ x̂1 : : : x̂n ]T where8i 2 [n]; x̂ i =

8
><

>:

1 if �x i � �

0 otherwise
; (1.6)

in which the LASSOobjective is minimized with constraints on the entries of vectorx to

lie between0 and1. The �nal estimatex̂ is obtained via thresholding the entries of the

intermediate estimate�x with the parameter� .

2. Mixed Integer Programming (MIP):

x̂ , argmin
x

ky � � x k2
2 + � kx k1; s.t. 8i 2 [n]; x i 2 f 0; 1g; (1.7)

in which the LASSO objective is minimized with the entries of the vectorx constrained

to be0 or 1, using a branch and bound method.

The complete architecture of our system is presented in Fig. 1.3. A sample numerical result on

important measures such as sensitivity and speci�city [46] of detection of objectionable content,

as well as amount of computation used by various image moderation methods is presented in

Fig. 1.4 – see Chapter 4 for precise de�nitions.

Finally, we extend our method to outlier detection, creating a novelpooled deep outlier

detectionmethod, which we employ to the problem of ef�cient automated moderation of off-

topic images on topical forums on the internet such as Reddit. For example, on a forum meant

for sharing images of cars, an image of an aeroplane may be off-topic and needs to be removed

from the forum. Currently such moderation is done either manually or via text-based automated

moderators [44, 47]. In general, the off-topic images may be from classes not known a-priori at

the time of training. In our setting, training data is available for on-topic class and from some
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Figure 1.4: Left, Center: Sensitivity and Speci�city of our methods (CLASSO and MIP) compared

with various baselines on a �rearms classi�cation task. Our compressed sensing based methods exhibit

signi�cantly higher sensitivity than binary group testing methods Right: Image Moderation cost in giga

�oating point operations (GFLOPs) for various methods. Our method (QMPNN) has uses signi�cantly

lower amount of computation than Individual testing of each image (INDIVIDUAL ), and lower than the

Dorfman method used in [45] for higher prevalence rate fo objectionable images. See Chapter 3 for a

detailed discussion of this and other results.

known off-topic classes, whereas test data may have off-topic images from unknown classes.

In this method, the output of the last-but-one layers in a QMPNN are treated as feature vectors

for the m pools of images. A distribution of the feature vectors of pools containing on-topic

images is learned on the training data, modelled using a Gaussian Mixture Model (GMM). At

test time, the negative log likelihood given by the GMM is used as an anomaly score for a pool,

which is then used to predict the number of outlier images in the pool. This is then decoded

by the CS algorithms described above to predict which images were outliers. We also use the

same method with an individual neural network for outlier detection on individual images. We

also propose using Dorfman Testing for outlier detection, using the outlier detection method

for a single pool of images to predict if a pool contained outliers, and if so, using the outlier

detection method for individual images on each image of the pool to predict which one of them

were outliers.

To summarize, we make the following contributions in this part of the thesis:

1. We frame the problem of detection of objectionable images via a neural network as a

compressed sensing problem. We present QMPNN, which ef�ciently recovers linear mea-

surements of the vectorx � of objectionable status of each image with a binary sensing
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matrix � .

2. Our innovations in the QMPNN open a new application area of compressed sensing and

non-adaptive group testing. Crucially, in the QMPNN, the IFMs for each image are com-

puted only once per image and all of the computation for them pools is done in a single

forward pass on the GPU. Without these innovations, the QMPNN would be too inef�cient

and may even require more time and/or computation than the INN for pooling schemes

in which one image takes part in multiple pools, and compressed sensing would not have

been applicable.

3. We evaluate our methods over a wide range of prevalence rates of objectionable images.

Our method is much more ef�cient than individual testing of images for being objection-

able, while maintaining reasonable accuracy. Our method is also more ef�cient than the

Dorfman Testing method used in [45] for higher prevalence rates.

4. The CS decoding algorithms employed are noise-tolerant, as opposed to the group testing

(GT) methods employed in [45], which do not handle the case of a pool falsely testing

negative. As a result, our methods have higher sensitivity than those in [45] and other

baseline binary GT methods.

5. To the best of our knowledge, our pooled deep outlier detection method is the �rst method

to employ CS or GT methods to the problem of ef�cient deep outlier detection.

A paper based on the work done in this part of the thesis has been submitted to a reputed peer-

reviewed journal. A preprint version is available [17].

1.3 Compressive Perturbed Graph Recovery

Graphs are ubiquitous data structures, and are naturally found in many application domains,

such as transportation networks, biological networks, epidemiology, social networks, etc. In

some other applications domains, such as image processing, computer graphics, statistics, etc,

a latent graph may be present, such as a 2D lattice, a mesh representing a 3D model, a proba-

bilistic graphical model. Typically, data is arranged on the nodes of such graphs, such as pixel
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values in an image, or positivity for a virus on a contact trace graph. Such data are known as

graph signals – a vector of values representing a mapping from the nodes of a graph to a real

number. Typically, the values in such graph signals are intimately tied to the structure of the

graph. For example, there is correlation in pixel values of the neighbouring pixels of an image.

Similarly, if two people are frequently in contact with each other, they are more likely to both

be positive or negative for a virus. Often these graph signals have a sparse or compressible rep-

resentation in the basis formed by the eigenvectors of the Laplacian matrix of the graph, which

is known as the Graph Fourier Transform (GFT) basis in the �eld of Graph Signal Processing

(GSP) [48, 49, 50]. The Laplacian matrix of an undirected, unweighted graph isL = D � W,

whereW is the adjacency matrix, andD is the degree matrix (a diagonal matrix with the entries

containing the degrees of the nodes of the graph). For example, piece-wise smooth images and

natural images have sparse or compressible representation in the 2D Discrete Cosine Transform

(DCT) basis – due to which they are used in image compression [51] – and the 2D DCT basis

vectors are a set of eigenvectors of the 2D lattice graph of the same size [52]. The GFT may be

seen as a generalization of the Discrete Fourier Transform to graphs [48]. GFT basis vectors are

themselves graph signals. Similar to the Fourier Transform, GFT basis vectors have a notion

of frequency, with low-frequency eigenvectors having values which vary smoothly along the

edges of the associated graph, and high-frequency eigenvectors having values which vary more

rapidly along the edges.

Graph signals may be compressively acquired as in Eqn. 1.1 – for example, a single-pixel

camera [53] can directly acquire linear measurements of a raster image corresponding to a scene

such that the number of measurements is much fewer than the number of pixels in the image;

similarly, viral loads of a virus in samples collected from some people may be acquired in a

pooled form, using much fewer pools than the number of samples. Recovery of the graph signal

from compressive measurements may be performed by exploiting the sparsity of its GFT, for

example, by using the GFT matrix as the orthonormal basis	 in the LASSO (Eqn. 1.4). In our

work, we consider the case when the underlying graph – termed as theactual graph – is not

fully known. Instead, version of it with a fewedge perturbationsis known, which we term as

the nominalgraph. That is, the nodes of the nominal graph are the same as that in the actual

graph, but a few edges present in the actual graph are not present in the nominal graph, and

a few edges not present in the actual graph are present in the nominal graph. For example,

in a pooled testing with contact tracing application such as [54], some edges may not show
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Figure 1.5: Main steps of the Greedy Edge Selection Algorithm

up due to bluetooth connectivity issues; similarly some spurious edges may show up if two

people are in adjoining rooms separated by a wall. The eigenvectors of the Laplacian matrix

get perturbed upon perturbation of a graph – hence if signal recovery is performed using the

GFT basis of the nominal graph, it will have a larger error than if the GFT basis of the actual

graph were to be used. Hence it is desirable to recover the actual graph as well. We term

the problem of the recovery of the actual graph and the graph signal from the nominal graph,

compressive measurements of the graph signal, and an upper boundd0 on the number of edge

perturbations between the actual and the nominal graph as thecompressive perturbed graph

recoveryproblem. In this work, we consider undirected and unweighted graphs only. From the

perspective of compressed sensing, in this problem there is uncertainty in the basis matrix	 .

There are some works in the CS literature which handle uncertainty in the basis matrix, such

as perturbation of the sinusoid frequencies of a Fourier matrix [55, 56, 57], or direct additive

perturbation, such as in [58]. However, in our problem, the uncertainty comes in an indirect

manner, from the perturbation of the eigenvectors of the Laplacian matrix of a graph, hence

these related methods are not directly applicable. To the best of our knowledge, this is the �rst

work to consider this problem.

We solve this problem by iteratively re�ning the nominal graph, �nding a better approxi-

mation of the actual graph in each iteration, using cross-validation, which is a popular technique
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typically employed in compressed sensing for the selection of the hyperparameter(s) of a CS

recovery algorithm (e.g., [59, 60, 61]). The main idea is that for any two graphs, the graph

which has fewer edge perturbations relative to the actual graph will typically have GFT basis

vectors which are closer to the actual graph; hence the signal recovered using the GFT basis

of this graph will have a smaller error, and correspondingly the cross-validation (CV) error for

this signal will also be lower. First, the signal measurementsy and the sensing matrix� are

divided into two sets –y r and� r to be used for signal recovery, andycv and� cv to be used

for computing cross-validation error. At each iteration, all graphs which are at most a single

edge perturbation away from the current graph are considered. The GFT basis for each of these

graphs is computed by performing the eigendecomposition of the corresponding Laplacian ma-

trices. A signal is recovered for each such graph via a CS recovery algorithm such the LASSO

(Eqn. 1.4), usingy r and� r, and the corresponding GFT basis as	 . Cross-validation errors for

each of the recovered signals are computed, using the formula� cv(x ) = kycv � � cvx k2
2. The

edge perturbation for which the recovered signal had the lowest CV error is selected. If the CV

error does not decrease in an iteration, or if its value is within some factor of the variance of the

noise, the algorithm stops and outputs the currently selected graph as the actual graph and the

signal recovered using it as the graph signal. We call this the Greedy Edge Selection algorithm,

illustrated in Fig. 1.5.

Figure 1.6: Illustration of the ILECIR algorithm

We �nd an application of the compressive perturbed graph recovery problem in the recov-

ery of an image from compressive measurements taken patch-wise such as in [62, 63]. Typ-

ically, each image patch may be recovered via LASSO with the DCT basis, which is a GFT

of the 2D lattice graph of same size as the patch. This works because in natural images and

piece-wise smooth images, adjacent pixels have correlated values, which is modelled well by
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(a) GES RMSE (b) GES Graph Recovery (c) NYU Depth, DCT (d) NYU Depth, ILECIR

Figure 1.7: A sample result using GES and ILECIR. (a) Mean value of the Relative Root Mean Square

Error (RRMSE) of the recovered signal. (b) Fraction of cases in which actual graph was recovered. (c)

Recovery of a depth-map image via DCT-based recovery. (d) Recovery of the same image via ILECIR.

See Chapter 4 for a detailed discussion on these results.

the low-frequency vectors of the GFT basis. However, if an image has a sharp edge, then such

correlation is broken for the pixels on the opposite sides of the edge. Hence the representation

of an image patch containing a sharp edge in the DCT basis will not be very sparse, resulting

in poor recovery from compressive measurements. An alternative is to use the GFT basis of

the graph obtained after dropping the edges of the 2D lattice graph which go across the image

edge, so that the correlation of the value of these basis vectors on nodes which are on opposing

sides of the image edge gets broken. We call this the image edge partitioned graph. However,

since the location of the image edge is unknown a-priori, this graph is not known. Thus we have

an instance of the compressive perturbed graph recovery problem. This problem is solved in a

similar manner as the GES algorithm by comparing cross-validation errors of signals recovered

using the GFT of different image edge partitioned graphs, where only linear image edges are

considered. Notably, the graph edges are dropped in a structured manner rather than one by

one. We call this algorithm Inferred Linear-Edge Compressive Image Recovery (ILECIR), illus-

trated in Fig. 1.6. A sample image reconstruction result using GES and ILECIR is illustrated in

Fig. 1.7.

The contributions made in this part of the thesis are summarized below:

1. We present the Compressive Perturbed Graph Recovery problem, which is a new kind of

basis perturbation problem in the context of compressed sensing.

2. We solve this problem via a novel algorithm called the Greedy Edge Selection algorithm,

which iteratively re�nes the nominal graph one edge at a time, using cross-validation to

disambiguate between candidate graphs to recover the actual graph and the signal.
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3. We frame the problem of edge-aware recovery of compressively acquired images as a

compressive perturbed graph recovery problem, and solve it via a new algorithm called

Inferred Linear-Edge Compressive Recovery, which performs structured edge perturba-

tions as opposed to the GES.

4. Using cross-validation theory for compressed sensing [60, 61], we prove guarantees for

recovery of the signal and the actual graph fromnoisymeasurements for a brute-force

version of the GES algorithm, and give similar solution improvement guarantees for the

GES and ILECIR algorithms.

5. We perform an extensive empirical evaluation of GES using synthetic data on commonly

used graphs from the Network Science literature [64]. A sample result in Fig. 1.7 shows

that our method makes signal recovery viable for up to5 edge perturbations.

6. We evaluate ILECIR performance on image recovery from compressive measurements

on a variety of images – synthetically generated piece-wise smooth images, natural im-

ages, cartoon images, and depth-maps. A sample recovered image is shown in Fig. 1.7,

demonstrating superiority of ILECIR over DCT-based recovery.

7. Our cross-validation based approach is agnostic to the underlying signal model (e.g.,

sparsity in GFT) and recovery method (e.g., LASSO), and may be used for graph signals

which obey some other signal model than sparsity of GFT. As an example, we demon-

strate empirically that sparsity in Graph Total Variation [50] may be exploited in ILECIR.

A manuscript for this part of the thesis is being prepared for submission to a reputed peer-

review journal.

1.4 Organization of the thesis

The remaining chapters are organized as follows. Chapter 2 contains the details for the Pooled

RT-PCR Testing for COVID-19 work. Chapter 3 gives the details for the Ef�cient Automated

Image Moderation work. Chapter 4 gives the details for the Compressive Perturbed Graph Re-

covery work. Each chapter is self-contained and outlines the relevant background, literature
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review, detailed description of experiments, data used, training methodology, empirical results,

as well as proofs of theoretical results. Some lengthy material such as elaborate proofs, side

investigations, additional results, or details necessary for reproduction of experiments, are in-

cluded as appendices of the relevant chapter. Concluding remarks are made in Chapter 5, with

a discussion on possible extensions of the work done in this thesis.
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Chapter 2

Pooled RT-PCR Testing for COVID-19

Detection

2.1 Introduction

The coronavirus disease of 2019 (COVID-19) crisis led to widespread lockdowns in several

countries, and had a major negative impact on the economy. Early identi�cation of infected

individuals was desirable for quarantining of the individuals and thus controlling the spread of

the disease. Such individuals could often be asymptomatic for many days. Widespread testing

with the RT-PCR (reverse transcription polymerase chain reaction) method could help identify

the infected individuals. However, widespread testing was not an available option in many

countries due to constraints on resources such as testing time (� 3 � 4 hours per round), basic

equipment, skilled manpower and reagents.

The low rate of COVID-19 infection in the world population [65] meant that most samples

tested were not infected, so that most tests were wasted on uninfected samples. Group testing

is a process of pooling together samples ofn different people into multiple pools, and testing
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the pools instead of each individual sample. A negative result on a pool implies that all samples

participating in it were negative. This saves a huge amount of testing resources, especially with

low infection rates. Group testing for medical applications has a long history dating back to the

1940s when it was proposed for testing of blood samples for syphilis [28]. Simple two-round

group testing schemes had already been applied in the �eld by several research labs [66, 67]

for COVID-19 testing. Such two-round group testing schemes require pooling of samples and

a second round of sample handling for all samples in positive pools. This second round of

sample handling can increase the time to result and be laborious to perform since it requires

the technician to wear PPE one more time, do another round of RNA extraction, and PCR. In

situations where the result needs to be delivered fast, a second round of sample handling and

testing must be avoided. In such situations, these schemes are less attractive.

In this chapter, we present Tapestry, a novel combination of ideas from combinatorial

group testing and compressed sensing (CS) [3] which uses the quantitative output of PCR tests

to reconstruct the viral load of each sample in a single round. Tapestry has been validated

with wet lab experiments with oligomers [16]. In this work, we elaborate on the results from

the algorithmic perspective for the computer science and signal processing communities. We

enumerate the salient features of the Tapestry method and our contributions in this chapter,

below:

1. Tapestry delivers results in a single round of testing, without the need for a second con�r-

matory round, at clinically acceptable false negative and false positive rates. The number

m of required tests is onlyO(k logn) for random binary pooling matrix constructions, as

per compressed sensing theory for random binary matrices [12]. In the targeted use cases

where the number of infected samplesk � n, we see thatm � n. However, our deter-

ministic pooling matrix constructions based on Kirkman Triple Systems [32, 68] require

fewer tests in practice (see Sec. 2.3.7.8 for a discussion on why this may be the case).

Consequently, we obtain signi�cant savings in testing time and resources such as number

of tests, quantity of reagents, and manpower.

2. Tapestry reconstructs relative viral loads, i.e., ratio of viral amounts in each sample to

the highest viral amount across pools. It is believed that super-spreaders and people with

severe symptoms have higher viral load [30, 31], so this quantitative information might

have epidemiological relevance.
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3. Tapestry takes advantage of quantitative information in PCR tests. Hence, it returns

far fewer false positives than traditional binary group testing algorithms such as COMP

(Combinatorial Orthogonal Matching Pursuit)[29], while maintaining clinically accept-

able false negative rates. Furthermore, it takes advantage of the fact that a pool tests

negative if and only if it has viral load exactly zero. Traditional CS algorithms do not

take advantage of this information. Hence, Tapestry demonstrates better sensitivity and

speci�city than CS algorithms.

4. The combination of COMP and CS as done in Tapestry is theoretically valid – we prove

that conditions suf�cient for recovery via CS such as the Restricted Isometry Property

(RIP) [4] are preserved for the matrix obtained via reduction after COMP. We prove that

such conditions are also preserved by a wider class of reductions of a matrix, which

includes reductions via noisy group testing algorithms such as Noisy COMP (NCOMP)

[29]. Thus, the Tapestry method may be enhanced to recover from false negative pooled

tests by using NCOMP in the �rst stage instead of COMP.

5. Because each sample is tested in three pools, Tapestry can detect some degree of noise in

terms of cross-contamination of samples and pipetting errors.

6. Tapestry allows PCR test measurements to be noisy. We develop a novel noise model

to describe noise in PCR experiments. Our algorithms are tested on this noise model in

simulation.

7. All tuning parameters for execution of the algorithms are inferred on the �y in a data

driven fashion.

8. Each sample contributes to exactly three pools, and each pool has the same number of

samples. This simpli�es the experimental design, conserves samples, keeps pipetting

overhead to a minimum, and makes sure that dilution due to pool size is in a manageable

regime.

9. We developed the Byom app [34] for easy manual pooling of samples, decoding test

results, and keeping track of tests.

The organization of this chapter is as follows. We �rst present a brief overview of the RT-

PCR method in Sec. 2.2. The precise mathematical de�nition of the computational problem
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being solved in this chapter is then put forth in Sec. 2.3.1. We describe traditional and CS-

based group-testing algorithms for this problem in Sec. 2.3.2, 2.3.3 and 2.3.4. The Tapestry

method is described in Sec. 2.3.4. Theorems on RIP preservation are given in Sec. 2.3.5. The

sensing matrix design problem, as well as theoretical guarantees using Kirkman Triple Systems

or random binary matrices, are described in Sec. 2.3.7. Results on synthetic data are presented

in Sec. 2.4. This is followed by results on data from lab experiments performed with oligomers

to mimic the clinical situation as closely as possible. In Sec. 2.5, we compare our work to recent

related approaches. We conclude in Sec. 2.6 with a glance through different scenarios where

our work could be deployed. The appendices contain several additional experimental details as

well as proofs of some theoretical results.

Author Contributions: The author of this thesis has worked on the Tapestry method under

the guidance of Prof. Manoj Gopalkrishnan and Prof. Ajit Rajwade. This work was done in

collaboration with a number of other researchers, and was published in [14, 16, 69]. The con-

tents of this chapter �rst appeared in [14] and have been reproduced here with minor changes,

except the proof of RIP preservation by NCOMP-reduction, which is new. The author of this

thesis has made the following contributions to the work: proposal and implementation of the

Tapestry method, derivation of noise and data generation model, experimentation with syn-

thetically generated data, proof of RIP preservation, proofs of disjunctness, expansion, RIP-1,

and large COMP-reduction properties of Kirkman matrices, comparison with Dorfman pooling,

implementation of graceful failure mode, comparison with related work.

2.2 RT-PCR Method

We present here a brief summary of the RT-PCR process, referring to [24] for more details. In

the RT-PCR method for COVID-19 testing, a sample in the form of naso- or oro-pharyngeal

swabs is collected from a patient. The sample is then dispersed into a liquid medium. The RNA

molecules of the virus present in this liquid medium are converted into complementary DNA

(cDNA) via a process called reverse transcription. DNA fragments called primers complemen-

tary to cDNA from the viral genome are then added. They attach themselves to speci�c sections

of the cDNA from the viral genome if the virus is present in the sample. The cDNA of these spe-
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ci�c viral genes then undergoes a process of exponential ampli�cation in an RT-PCR machine.

Here, cDNA is put through several cycles of alternate heating and cooling in the presence of Taq

polymerase and appropriate reagents. This triggers the creation of many new identical copies

of speci�c portions of the target DNA, roughly doubling in number with every cycle of heating

and cooling. The reaction volume contains sequence-speci�c �uorescent markers which report

on the total amount of ampli�ed DNA of the appropriate sequence. The resulting �uorescence

is measured, and the increase can be observed on a computer screen in real time. The time when

the amount of �uorescence exceeds the threshold level is known as the threshold cycleCt , and

is a quantitative readout from the experiment. A smallerCt indicates greater number of copies

of the virus. UsuallyCt takes values anywhere between16 to 32 cycles in real experiments.

PCR can detect even single molecules. A single molecule typically would haveCt value of

around40cycles. A typical RT-PCR setup can test 96 samples in parallel. The test takes about

3-4 hours to execute.

2.3 Testing Methods

2.3.1 Statement of the Computational Problem

Let x denote a vector ofn elements, wherex i is the viral load (i.e., viral amount) of thei th

person. Throughout this chapter, we assume that only one sample per person is extracted.

Hence,x contains the viral loads corresponding ton different people. Note thatx i = 0 implies

that thei th person is not infected. Due to the low infection rate for COVID-19 even in severely

affected countries [65],x is considered to be a sparse vector with at the mostk � n positive-

valued elements. In group testing, small and equal volumes of the samples of a subset of these

n people are pooled together according to a sensing or pooling matrixA = ( A ji )m� n whose

entries are either0 or 1. The viral loads of the pools are given by:

zj =
nX

i =1

A ji x i = A j x ; 1 � j � m; 1 � i � n; (2.1)

27



whereA ji = 1 if a portion of the sample of thei th person is included in thej th pool, andA j is

the j th row of A . In all, somem < n pools are created and individually tested using RT-PCR.

We now have the relationshipz = Ax , wherez is them-element vector of viral loads in the

mixtures, andA denotes anm� n binary `pooling matrix' (also referred to as a `sensing matrix'

in CS literature). Note that each positive RT-PCR test yields a noisy version ofzj , which we

refer to asyj . The relation between the `clean' and noisy versions is given as follows (also see

Eqn. 2.7):

yj = zj (1 + q)ej = (1 + q)ej A j x ; (2.2)

whereej � N (0; � 2) andq 2 (0; 1) is the fraction of viral cDNA that replicates in each cycle.

The factor(1 + q)ej re�ects the stochasticity in the growth of the numbers of DNA molecules

during PCR. Here� is known and constant. Equivalently, for positive tests, we have:

logyj = log( A j x ) + log(1 + q)ej : (2.3)

In case of negative tests,yj as well aszj are 0-valued, and no logarithms need to be computed.

In non-adaptive group testing, the core computational problem is to estimatex giveny andA

without requiring any further pooled measurements. It should be noted that though we have

treated each element ofx to be a �xed quantity, it is in reality a random variable of the form

x i � Poisson(� i ) where� i � 0. This Poisson assumption comes from the fact that if the

concentration of viral molecules in a samplei is � i
V molecules per unit volume, then the number

of moleculesx i in volumeV taken from a large volume of the sample is a Poisson random

variable with expected value� i . If the matrixA contains only ones and zeros, this implies that

zj � Poisson(
P

i
A ji � i ) because the sum of Poisson random variables is also a Poisson random

variable. We leave an exploration of modelling the entries ofx as Poisson random variable as

future work.

2.3.1.1 Derivation of Noise Model

For a positive poolj , the quantitative readout from RT-PCR is not its viral load but the observed

cycle timet j when its �uorescence reaches a given thresholdF (see Sec. 2.2). In order to be
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able to apply CS techniques (see Sec. 2.3.3), we derive a relationship between the cycle time of

a sample and its viral load. Because of exponential growth (see [70]), the number of molecules

of viral cDNA in pool j at cycle timet, denoted byvj (t) is given by:

vj (t) = zj (1 + q)t : (2.4)

Also, t is a real number, withbtc indicating the number of PCR cycles that have passed, and

t � b tc indicating the fraction of wall-clock time within the current cycle. The �uorescence of

the pool,f j (t), is directly proportional to the number of virus moleculesvj (t). That is,

f j (t) = Kv j (t) = Kz j (1 + q)t ; (2.5)

whereK is a constant of proportionality. Suppose the �uorescence of poolj should reach the

threshold valueF at cycle time� j , according to Eqn. 2.5. Due to the stochastic nature of the

reaction, as well as measurement error in the PCR machine, the threshold cycle output by the

machine will not re�ect this true cycle time. We model this discrepancy as Gaussian noise.

Hence, the true cycle time� j and the observed cycle timet j are related as� j = t j + ej , where

ej � N (0; � 2) as before. Now, sincef j (� j ) = F , using Eqn. 2.5, we have

F = Kz j (1 + q)� j = Ky j (1 + q)t j : (2.6)

The latter equality holds since we use the noisy cycle thresholdt j to compute viral load, where

yj is de�ned to be the noisy viral load of poolj . Hence, we �nd

yj = zj (1 + q)� j � t j = zj (1 + q)ej = (1 + q)ej A j x ; (2.7)

obtaining the relationship from Eqn. 2.2.

ConstantsF andK are unknown. Hence, it is not possible to directly obtainyj from t j

without additional machine-speci�c calibration. However, we can �nd the noisy viral load of a
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pool relative to the viral load corresponding to some reference cycle time� ref . Let

vref ,
F
K

(1 + q)� � ref (2.8)

be the reference viral load, for which the �uorescence value would reachF in cycle time� ref .

We de�ne relative viral loads as:

eyj ,
yj

vref
; ezj ,

zj

vref
; ex ,

x
vref

; (2.9)

whereezj is the relative viral load of a pool,eyj is its noisy version, andex is the vector of relative

viral loads of each sample. From the de�nitions ofvref andyj (Eqn. 2.6), we have:

yj (1 + q)t j = vref (1 + q)� ref =
F
K

; (2.10)

=) eyj =
yj

vref
= (1 + q)� ref � t j : (2.11)

Thus, the relative noisy viral loads of the pools may be derived directly from the corresponding

Ct values ifq is known, even ifF andK are unknown. Furthermore, from Eqn. 2.7, we have

yj = zj (1 + q)ej ; (2.12)

=)
yj

vref
=

zj

vref
(1 + q)ej ; (2.13)

=) eyj = ezj (1 + q)ej ; (2.14)

=) eyj = (1 + q)ej A j ex : (2.15)

Hence, we can apply CS techniques from Sec. 2.3.3 to determine the relative magnitudes of

viral loads without knowingF andK . We choose the reference cycle time to be the minimum

observed cycle time amongst all pools, i.e.,� ref = tmin , min
j

t j . This makes the reference viral

load equal to the maximum noisy viral load amongst all pools, i.e.,vref = ymax , max
j

yj . We

provide more comments about the settings of various noise model parameters for our experi-

ments, in Sec. 2.4, particularly in Sec. 2.4.1.6.
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2.3.2 Combinatorial Group-Testing

Combinatorial Orthogonal Matching Pursuit (COMP) is a binary non-adaptive group testing

method [71, Sec. 2.3]. Here one uses the simple idea that if a mixtureeyj tests negative, then any

sampleex i for whichA ji = 1 must be negative. Note that pools which test negative are regarded

as noiseless observations, as argued in Sec. 2.3.1.1. The other samples are all considered to be

positive. This algorithm guarantees that there are no `false negatives'. However, it can produce

a very large number of `false positives'. For example, a sampleexk will be falsely reported to

be positive if every mixtureeyj it is part of, also contains at least one other genuinely positive

sample. The COMP algorithm is largely insensitive to noise. Moreover, a small variant of it

can also produce a list of `high con�dence positives', after identifying the (sure) negatives.

This happens when a positive mixtureeyj contains only one sampleex i , not counting the other

samples which were declared sure negatives in the earlier step. Such a step of identifying `high

con�dence positives' is included in the so-calledDe�nite Defectives(DD) Algorithm [71, Sec.

2.4]. However, DD labels all remaining items to be negative, potentially leading to a large

number of false-negatives. The performance guarantees for COMP have been analyzed in [29]

and show that COMP requiresek(1 + � ) log n tests for an error probability less thann� � (see

Sec. 2.3.7.8). This analysis has been extended to include the case of noisy test results as well

[29]. However, COMP can result in a large number of false positives if not enough tests are

used, and it also does not predict viral loads.

2.3.3 Compressed Sensing for Pooled Testing

Group testing is intimately related to the �eld of compressed sensing (CS) [72], which has

emerged as a signi�cant sub-area of signal and image processing [3], with many applications in

biomedical engineering [73, 74, 75]. In CS, an image or a signalx with n elements, is directly

acquired in compressed format viam linear measurements of the formy = Ax + � . Here, the

measurement vectory hasm elements, andA is a matrix of sizem � n, and� is a vector of

noise values. Ifx is a sparse vector withk � n non-zero entries, andA obeys the so-called

restricted isometry property (RIP), thenexactrecovery ofx from y; A is possible [4] if� = 0.
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In the case of measurement noise, the recovery ofx produces a solution that is provably close

to the originalx . A typical recovery problem P0 consists of optimizing the following cost

function:

minkx k0 s.t. ky � Ax k2 � "; (2.16)

where" is an upper bound (possibly a high probability upper bound) onk� k2, andkx k0 is the

number of non-zero elements inx . In the absence of noise, a unique and exact solution to this

problem is possible with as few as2k measurements iny if x hask non-zero elements [4].

Unfortunately, this optimization problem P0 is NP-Hard and the algorithm requires brute-force

subset enumeration. Instead, the following problem P1 (often termed `Basis Pursuit Denoising'

or BPDN) is solved in practice:

minkx k1 s.t. ky � Ax k2 � ": (2.17)

P1 is a convex optimization problem which yields the same solution as the earlier problem (with

similar conditions onx ; A ) at signi�cantly lower computational cost, albeit withO(k logn)

measurements (i.e., typically greater than2k) [3, 4].

The orderk restricted isometry constant (RIC) of a matrixA is de�ned as the smallest

constant� k , for which the following relationship holds for allk-sparse vectorsx (i.e., all vec-

tors with at the mostk non-zero entries):(1 � � k)kx k2
2 � k Ax k2

2 � (1 + � k)kx k2
2. The

matrix A is said to obey the orderk restricted isometry property (RIP) if� k is close to 0. This

property essentially implies that nok-sparse vector (other than the zero vector) can lie in the

null-space ofA . Unique recovery ofk-sparse signals requires that no2k-sparse vector lies in

the nullspace ofA [4]. A matrix A which obeys RIP of order2k satis�es this property. It has

been proved that matrices with entries randomly and independently drawn from distributions

such as Rademacher or Gaussian, obey the RIP of orderk with high probability [11], provided

they have at leastO(k logn) rows. There also existdeterministic binary sensing matrix de-

signs(e.g., [76]) which requireO(max(k2;
p

n)) measurements. However, it has been shown

recently [10] that the constant factors in the deterministic case aresigni�cantly smaller than

those in the former random case whenn < 105, making the deterministic designs more practi-
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cal for typically encountered problem sizes. The solution to the optimization problems P0 and

P1 in Eqns. 2.16 and 2.17 respectively, are provably robust to noise [3], and the recovery error

decreases with decrease in noise magnitude. The error bounds for P0 in Eqn. 2.16 are of the

form, for solutionx̂ [77]:

"
p

1 + � 2k
� k x � x̂ k2 �

"
p

1 � � 2k
; (2.18)

whereas those for P1 in Eqn. 2.17 have the form [77]:

kx � x̂ k2 � "� (� 2k): (2.19)

Here � (� 2k) is a monotonically increasing function of� 2k 2 (0; 1) and has a small value in

practice.

The Restricted Isometry Property as de�ned above is also known as RIP-2, because it uses

the`2-norm. Many other suf�cient conditions for recovery ofk-sparse vectors exist. We de�ne

the following, which we use later in Sec. 2.3.7 and Appendix 2.D to prove theoretical guarantees

of our method.

De�nition 2.1. RIP-1: [78, Defn. 8] Am � n matrix A is said to obey RIP-1 of orderk if 9

� k 2 (0; 1) such that for allk-sparse vectorsx 2 Rn ,

kx k1 � k Ax k1 � (1 + � k)kx k1

.

De�nition 2.2. RNSP: [10, Eqn. 12] Am � n matrix A is said to obey the Robust Nullspace

Property (RNSP) of orderk if 9 � < 1 and� > 0 such that for allx 2 Rn it holds that

jjx Sjj 2 � � jj x �Sjj 1 + � jjAx jj 2

for all S � f 1: : : ng with jSj � k.

De�nition 2.3. `2-RNSP: [12, Defn. 1] A m � n matrix A is said to obey thè2-robust

Nullspace Property (̀2-RNSP) of orderk if 9 � 2 (0; 1) and� > 0 such that for allx 2 Rn it
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holds that

jjx Sjj 2 �
�

p
k

jjx �Sjj 1 + � jjAx jj 2

for all S � f 1: : : ng with jSj � k.

Over the years, a variety of different techniques for compressive recovery have been pro-

posed. We use some of these for our experiments in Sec. 2.3.4. These algorithms use different

forms of sparsity and incorporate different types of constraints on the solution.

2.3.4 CS and Traditional GT Combined

Algorithm 2.1 Tapestry Method

Input: n samples,m � n pooling matrixA

1: Perform pooling according to pooling matrixA and createm pooled samples

2: Run RT-PCR test on thesem pooled samples and receivem � 1 vector of cycle threshold

valuest

3: Computem � 1 vector of relative viral loadsey from t

4: Use COMP to �lter out negative tests and sure negative samples. Compute sub-matrix

A �X ; �Y , ey �Y and listHCP of `high-con�dence positives' along with their viral loads (see

Sec. 2.3.2).

5: Use a CS decoder to recover relative viral loadsex �X from ey �Y ; A �X ; �Y

6: Computen � 1 relative viral load vectorex by setting its entries fromex �X , and setting

remaining entries to0.

7: return ex , HCP.

The complete pipeline of the Tapestry method is presented in Algorithm 2.1. First, a wet

lab technician performs pooling ofn samples intom pools according to am � n pooling matrix

A . Then they run the RT-PCR test on thesem pools (in parallel). The output of the RT-PCR

tests – the threshold cycle (Ct ) values of each pool – is processed to �nd the relative viral load

vectorey of them pools (as shown in Eqn. 2.9). This is given as input to the Tapestry decoding

algorithm, which outputs a sparse relative viral load vectorex .
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The Tapestry decoding algorithm, our approach toward group-testing for COVID-19, in-

volves a two-stage procedure1. In the �rst stage, we apply the COMP algorithm described in

Sec. 2.3.2, to identify the sure negatives (if any) inex to form a setX . Let Y be the set of zero-

valued measurements iney (i.e., negative tests). Please refer to Sec. 2.3.1.1 for the de�nition

of ex ; ey . Moreover, we de�ne �X ; �Y as the complement-sets ofX ; Y respectively. Also, lety �Y

be the vector ofm � jYj measurements which yielded a positive result. Letx �X be the vector

of n � jX j samples, which does not include thejX j surely negative samples. LetA �X ; �Y be the

sub-matrix ofA , having size(m � jYj ) � (n � jX j ), which excludes rows corresponding to

zero-valued measurements iny and columns corresponding to negative elements inx . In the

second stage, we apply a CS algorithm to recoverex �X from ey �Y ; A �X ; �Y . To avoid symbol clutter,

we henceforth just stick to the notationy ; x ; A ; m; n, even though they respectively refer to

ey �Y ; ex �X ; A �X ; �Y ; m � jYj ; n � jX j .

Note that the CS stage following COMP is very important for the following reasons:

1. COMP typically produces a large number of false positives. The CS algorithms help reduce

the number of false positives as we shall see in later sections.

2. COMP does not estimate viral loads, unlike CS algorithms.

3. In fact, unlike CS algorithms, COMP treats the measurements iny as also being binary, thus

discarding a lot of useful information.

4. COMP preserves the RIP-1, RIP-2, RNSP, and`2-RNSP of the pooling matrix, i.e., ifA obeys

any of RIP-1, RIP-2, RNSP or`2-RNSP of orderk, thenA �X ; �Y also obeys the same property

of the same orderk with the same parameters. We formalize these claims in Sec. 2.3.5 and

prove them in Appendix 2.D.

However, the COMP algorithm prior to applying the CS algorithm is also very important

for the following reasons:

1. Viral load in negative pools is exactly0. COMP identi�es the sure negatives inx from the

negative measurements iny . Traditional CS algorithms do not take advantage of this infor-

mation, since they assume all tests to be noisy (Eqns. 2.16 and 2.17). It is instead easier to

discard the obvious negatives before applying the CS step.
1The two-stage procedure is purely algorithmic. It does not require two consecutive rounds of testing in a lab.
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2. Since COMP identi�es the sure negatives, therefore, it effectively reduces the size of the

problem to be solved by the CS step from(m; n) to (m � jYj ; n � jX j ).

3. In a few cases, a (positive) pool in�Y may contain only one contributing sample in�X , after

negatives have been eliminated by COMP. Such a sample is called a `high-con�dence pos-

itive', and we denote the list of high-con�dence positives asHCP. In rare cases, the CS

decoding algorithms we employed (see further in this section) did not recognize such a pos-

itive. However, such samples will still be returned by our algorithm as positives, in the set

HCP (see last step of Alg. 2.1, and `de�nite defectives' in Sec. 2.3.2).

For CS recovery, we employ one of the following algorithms after COMP: the non-negative

LASSO (NNLASSO), non-negative orthogonal matching pursuit (NNOMP), Sparse Bayesian

Learning (SBL), and non-negative absolute deviation regression (NNLAD ). For problems of

small size, we also apply a brute force (BF) search algorithm to solve a problem similar to P0

from Eqn. 2.16 combinatorially.

2.3.4.1 The Non-negative LASSO (NNLASSO)

The LASSO (least absolute shrinkage and selection operator) is a penalized version of the con-

strained problem P1 in Eqn. 2.17, and seeks to minimize the following cost function:

Jlasso(x ; y ; A ) := ky � Ax k2
2 + � kx k1: (2.20)

Here� is a regularization parameter which imposes sparsity inx . The LASSO has rigorous

theoretical guarantees [6, Chapter 11] for recovery ofx as well as recovery of the support of

x (i.e., recovery of the set of non-zero indices ofx ). Given the non-negative nature ofx ,

we implement a variant of LASSO with a non-negativity constraint, leading to the following

optimization problem:

Jnnlasso (x ; y ; A ) := ky � Ax k2
2 + � kx k1 s.t. x � 0: (2.21)

Selection of� : There are criteria de�ned in [6] for selection of� under i.i.d. Gaussian

noise, so as to guarantee statistical consistency. However, in practice,cross-validation (CV)
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can be used for optimal choice of� in a purely data-driven fashion from the available measure-

ments. The details of this are provided in Appendix 2.B.

2.3.4.2 Non-negative Orthogonal Matching Pursuit (NNOMP)

Orthogonal Matching Pursuit (OMP) [79] is a greedy approximation algorithm to solve the opti-

mization problem in Eqn. 2.16. Rigorous theoretical guarantees for OMP have been established

in [80]. OMP proceeds by maintaining a setH of `selected coef�cients' inx corresponding

to columns ofA . In each round a column ofA is picked greedily, based on the criterion of

maximum absolute correlation with a residual vectorr := y �
P

k2H A k x̂k . Each time a col-

umn is picked,all the coef�cients extracted so far (i.e., in setH) are updated. This is done

by computing the orthogonal projection ofy onto the subspace spanned by the columns inH .

The OMP algorithm can be quite expensive computationally. Moreover, in order to maintain

non-negativity ofx , the orthogonal projection step would require the solution of a non-negative

least squares problem, further adding to computational costs. However, a fast implementation

of a non-negative version of OMP (NNOMP) has been developed in [81], which is the imple-

mentation we adopt here. For the choice of" in Eqn. 2.16, we can use CV as described in

Sec. 2.3.4.1.

2.3.4.3 Sparse Bayesian Learning (SBL )

Sparse Bayesian Learning (SBL) [7, 8] is a non-convex optimization algorithm based on

Expectation-Maximization (EM) that has empirically shown superior reconstruction perfor-

mance to most other CS algorithms with manageable computation cost [82]. In SBL, we

consider the case of Gaussian noise iny and a Gaussian prior on elements ofx , leading to:

p(y jx ) =
exp(�k y � Ax k2

2=(2� 2
sbl))

(2�� 2
sbl)n=2

(2.22)

p(x i ; ' i ) =
exp(� x2

i =(2' i ))p
2�' i

; ' i � 0: (2.23)

Since bothx and' (the vector of thef ' i gn
i =1 values) are unknown, the optimization for these

quantities can be performed using an EM algorithm. In the following, we shall denote� :=

diag(' ). Moreover, we shall use the notation� (l ) for the estimate of� in thel th iteration. The
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E-step of the EM algorithm here involves computingQ(� j� (l )) := Ex jy ;� ( l ) [logp(y ; x ; � )]. It

is to be noted that the posterior distributionp(x jy ; � (l )) has the formN (� ; � ) where� :=

� A T y=� 2
sbl and � := ( A T A =� 2

sbl + ( � (l ))� 1)� 1. The M-step involves maximization of

Q(� j� (l )), leading to the update� (l+1) = diag(� 2
i + � ii ). The E-step and M-step are ex-

ecuted alternately until convergence. Convergence to a �xed-point is guaranteed, though the

�xed point may or may not be a local minimum. However, all local minima are guaranteed to

produce sparse solutions forx (even in the presence of noise) because most of the' i values

shrink towards 0. The SBL procedure can also be modi�ed to dynamically update the noise

variance� 2
sbl in the M-step (as followed in this work), if it is unknown, as below:

(� 2
sbl)

(l+1) =
1
m

n
ky � A� k2

2 + ( � 2
sbl)

(l )
nX

i =1

�
1 �

� ii

' (l )
i

� o
: (2.24)

All these results can be found in [8]. Unlike NNLASSO or NNOMP, the SBL algorithm from

[8] expressly requires Gaussian noise. However we use it as is in this work for the simplicity

it affords. Unlike NNOMP or NNLASSO, there is no explicit non-negativity constraint imposed

in the basic SBL algorithm. In our implementation, the non-negativity is simply imposed at

the end of the optimization by setting to 0 any negative-valued elements in� , though more

principled, albeit more computationally heavy, approaches such as [83] can be adopted.

2.3.4.4 Non-negative Absolute Deviation Regression (NNLAD )

The Non-Negative Absolute Deviation Regression (NNLAD ) [84] and Non-negative Least

squares (NNLS) [12] seek to respectively minimize

Jnnlad (x ; y ; A) := ky � Ax k1 s.t. x � 0; (2.25)

Jnnls (x ; y ; A) := ky � Ax k2 s.t. x � 0: (2.26)

It has been shown in [84] that NNLAD is sparsity promoting for certain conditions on the sensing

matrix A , and that its minimizerx � obeys bounds of the formjjx � x � jj 1 � Cjj � jj 1, where

C is a constant independent ofx ; x � ; � ; y . A salient feature of NNLAD /NNLS is that they do

not require any parameter tuning. This property makes them useful for matrices of smaller size

where cross-validation may be unreliable.
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2.3.5 Preservation of conditions suf�cient for CS recovery

Consider the following class of reductions of a0=1 binary matrixA of sizem � n , which we

term “consistent reduction” orC-reduction :

1. Remove arbitrary columns.

2. Remove rows which have only0 entries in the remaining columns. No other rows are

removed.

Let the indices of the removed columns be denoted by a setX , those of the removed rows

be denoted by a setY , those of the remaining columns be denoted by the complement set

�X = f 1: : : ng � X , and those of the remaining rows be denoted by the complement set�Y =

f 1: : : ng � Y . The reduced matrix is denoted byA �X ; �Y .

First, we note that the reduction of a matrix via COMP is a C-reduction , since the

removed rows – which corresponded to negative tests – could not have had a1 entry in the

remaining columns. Otherwise those columns would have been removed since it would mean

that the corresponding samples took part in a negative test, leading to a contradiction. Moreover,

any such row which had a1 entry in only those columns which were removed by COMP must

have corresponded to a negative test (since all samples in that pool are surely negative), and it

would have been removed by COMP. Hence COMP-reduction is an instance ofC-reduction .

We state the following lemma which is important for proving preservation of RIP, RNSP,

etc:

Lemma 2.4. Let �x denote aj �X j dimensional vector. Consider an-dimensional vectorx such

that x �X = �x andx X = 0. Then,kAx kp = kA �X ; �Y �x kp for anyp 2 Z+ .

Essentially, the product of the reduced matrix with any vector�x in the reduced space has

the samèp-norm as the product of the original matrix with a vectorx which contains the same

entries as�x in the indices in�X and0 entries in the remaining indices. Next, the following

theorem states that RIP-1 is preserved byC-reduction , with the same RIC for the reduced

matrix:
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Theorem 2.5. Let d be a constant. If the scaled matrix1
dA satis�es RIP-1 of orderk with k-

order RIC� k 2 (0; 1), andk � j �X j, then the scaledC-reduced matrix 1
dA �X ; �Y also satis�es

RIP-1 of orderk with RIC� k . That is, if

kx k1 �
1
d

kAx k1 � (1 + � k)kx k1;

for all n-dimensionalk-sparse vectorsx then,

k�x k1 �
1
d

kA �X ; �Y �x k1 � (1 + � k)k�x k1

for all j �X j-dimensionalk-sparse vectors�x .

Similar theorems for the preservation of RIP-2 (Theorem 2.6),`2-RNSP (Theorem 2.7)

and RNSP (Theorem 2.8) byC-reduction are stated in Appendix 2.D to avoid repetition.

The proofs of Lemma 2.4 and the above mentioned theorems are also provided in Appendix 2.D.

Since COMP-reduction is an instance ofC-reduction , the above theorems hold for COMP-

reduction, due to which COMP may be used in the �rst stage of Tapestry while preserving CS

recovery guarantees for the second stage of Tapestry.

In case of false negative tests arising from pooling errors, reduction via COMP may er-

roneously eliminate some positive samples, leading to error in the �nal output by Tapestry.

To handle such cases, one may use a noise-resilient version of COMP instead, called Noisy

Combinatorial Orthogonal Matching Pursuit or NCOMP [29]. In NCOMP, a sample is declared

negative only if at least a fraction� of the tests it take part in are negative. The work in [29]

gives high-probability guarantees for recovery with NCOMP. Intuitively, one may see that if

less than a fraction� of the tests for a positive sample are falsely negative, then NCOMP will

not declare it as negative, and thus can recover from such erroneous tests.

We de�ne NCOMP-reduction as follows: (1) remove all columns corresponding to samples

which have been declared negative by NCOMP, and (2) remove all rows which have only0

entries in the remaining columns. We see that such a reduction is also aC-reduction – hence

the theorems regarding preservation of conditions suf�cient for CS recovery are applicable to

NCOMP-reduction as well. Thus NCOMP may be used in the �rst stage of the Tapestry method

in order to recover from pooling errors leading to false negative tests, with the guarantees as
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given in [29]. The samples which are not eliminated by NCOMP due to false positive tests may

be handled in the CS stage of Tapestry.

2.3.6 Generalized Binary Search Techniques

There existadaptive group testingtechniques which can determinek infected samples in

O(k logn) tests via repeated binary search. These techniques are impractical in our setting

due to their sequential nature and large pool sizes. We provide details of these techniques in

Appendix 2.A. We also compare with a two-stage approach called Dorfman Testing [28] in

Sec. 2.4.1.7.

2.3.7 Sensing Matrix Design

2.3.7.1 Physical Requirements of the Sensing Matrix

The sensing matrixA must obey some properties speci�c to this application such as being non-

negative. For ease and speed of pipetting, it is desirable that the entries ofA be (1) binary

(whereA ji = 0 indicates that samplei did not contribute to poolj , andA ji = 1 indicates

that a �xed volume of samplei was pipetted into poolj ), and (2) sparse. Sparsity ensures that

not too many samples contribute to a pool, and that a single sample does not contribute to too

many pools. The former is important because typically the volume of sample that is added in

a PCR reaction is �xed. Increasing pool size means each sample contributes a smaller fraction

of that volume. This leads to dilution which manifests as a shift of theCt value towards larger

numbers. If care is not taken in this regard, this can affect the power of PCR to discriminate

between positive and negative samples. The latter is important because contribution of one

sample to a large number of pools could lead to depletion of sample.
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2.3.7.2 RIP-1 of Expander Graph Adjacency Matrices

The Restricted Isometry Property (RIP-2) of sensing matrices is a suf�cient condition for good

CS recovery as described in Sec. 2.3.3. However the matrices which obey the aforemen-

tioned physical constraints are not guaranteed to obey RIP-2. Instead, we consider sensing

matrices which are adjacency matrices ofexpander graphs. A left-regular bipartite graph

G((VI ; VO ); E � V I � V O ) with degree of each vertex inVI beingd, is said to be a(k; � )-

unbalanced expander graphfor some integerk > 0 and some real-valued� 2 (0; 1), if for

every subsetS � V I with jSj � k, we havejN (S)j � (1 � � )djSj. HereN (S) denotes the

union set of neighbors of all nodes inS. Intuitively a bipartite graph is an expander if every

`not too large' subset has a `large' boundary. It can be proved that a randomly generated left-

regular bipartite graph withjVO j � O(k logn), n = jVI j is an expander, with high probability

[85, 86]. Moreover, it has been shown in [78, Thm. 1] that the scaled adjacency matrixA =dof

a (k; � )-unbalanced expander graph obeys RIP-1 (De�nition 2.1) of orderk. Here columns of

A correspond to vertices inVI , and rows correspond to vertices inVO . That is, for anyk-sparse

vectorx , the following relationship holds:kx k1 � k Ax k1=d � (1 + C� )kx k1 for some abso-

lute constantC > 1. This property again implies that the null-space ofA cannot contain vectors

that are `too sparse' (apart from the zero-vector). This summarizes the motivation behind the

use of expanders in compressive recovery of sparse vectors, and also in group testing [78].

2.3.7.3 Matrices derived from Kirkman Triple Systems

Although randomly generated left-regular bipartite graphs are expanders, we would need to

verify whether aparticular such graph is a good expander, which may take prohibitively long

in practice [85]. In the application at hand, this can prove to be a critical limitation since

matrices of various sizes may have to be served, depending on the number of samples arriving

in that batch at the testing centre, and the number of tests available to be performed. Hence, we

have chosen to employ deterministic procedures to design such matrices, based on objects from

combinatorial design theory known asKirkman triples (see [32, 68]).

We �rst recall Kirkman Triple Systems (an example of which is illustrated in Fig. 2.1)

which are Steiner Triple Systems with an extra property. Steiner Triple Systems consist of

n =
� m

2

�
=3 column vectors withm elements each, with each entry being either0 or 1 such that
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Figure 2.1: A full Kirkman matrix with m = 15 rows andn =
� m

2

�
=3 = 35 columns. Each cell

denotes an entry of the matrix, with white cells denoting the location of a0 entry and the greyed out

cells indicating the location of a1 entry. Each column has exactly3 entries with value1. Each row has7

entries with value1. There are(m � 1)=2 = 7 groups of columns, each consisting ofm=3 = 5 columns.

Each row in a column group has exactly one1 entry. Matrices of size15 � 20, 15 � 25, 15 � 30 or

15� 35 may be served by choosing the �rst4, 5, 6, or 7 column groups, while keeping the number of1

entries in each row equal.

each column has exactly three1s, every pair of rows has dot product equal to1 and every pair

of columns has dot product at most1 [13]. This means that each column of a Steiner Triple

System corresponds to a triplet of rows (i.e., contains exactly three 1s), and every pair of rows

occurs together in exactly one such triplet (i.e., for every pair of rows indexed byi; j , there

exists exactly one column indexk for whichA ik = A jk = 1). If the columns of a Steiner Triple

System can be arranged such that the sum of columns fromi to i + m=3� 1 equals1 2 Rm for

everyi � 1 modulom=3 then the Steiner Triple System is said to beresolvable, and is known

as aKirkman Triple System [68]. That is, the set of columns of a Kirkman Triple System

can be partitioned into(m � 1)=2 disjoint groups, each consisting ofm=3 columns, such that

each row has exactly one1 entry in a given such group of columns. Because of this property,

we may choose anyl such groups of columns of a Kirkman Triple System to form am � n

matrix, n > m , with n = lm=3, and3 < l � (m � 1)=2, while keeping the number of1

entries in each row the same. From here on, we refer to such matrices asKirkman matrices .

If l = ( m � 1)=2, then we refer to it as afull Kirkman matrix, else it is referred to as apartial

Kirkman matrix. Note that in a partial Kirkman matrix, the dot product of any two rows may be

at most1, whereas in a full Kirkman matrix, it must be equal to1.

Notice thatm = 6t + 3 for somet 2 Z � 0 for a Kirkman Triple System to exist, since

m � 1 must be divisible by2, andm must be divisible by3. This, and the existence of Kirkman
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Triple Systems for allt 2 Z � 0 have been proven in [32]. Explicit constructions of Kirkman

Triple Systems form � 99 exist [68]. Generalizations of Kirkman Triple Systems under the

name of the Social Golfer Problem is an active area of research (see [87, 88]). The Social

Golfer Problem asks if it is possible forg� p golfers to play ing groups ofp players each forw

weeks, such that no two golfers play in the same group more than once [89, Sec. 1.1]. Kirkman

Triple Systems withm rows and
� m

2

�
=3 columns are a solution to the Social Golfer Problem

for the case whenp = 3, g = m=3 andw = ( m � 1)=2. Full or partial Kirkman matrices

may be constructed via greedy search techniques used for solving the Social Golfer Problem

(such as in [90]). Previously, Kirkman matrices have been proposed for use as Low-Density

Parity Check codes in [33], due to high girth2 of Kirkman matrix bipartite graphs and the ability

to serve only part of the matrix while keeping the row weights3 equal. Matrices derived from

Steiner Triple Systems have previously been used for pooled testing for transcription regulatory

network mapping in [91]. Further, matrices derived from Steiner Systems [92], a generalization

of Steiner Triple Systems, have been proposed for optimizing2-stage binary group testing in

[93].

2.3.7.4 RIP-1 and Expansion Properties of Kirkman Matrices

We show that Kirkman matrix bipartite graphs are(k; � )-unbalanced expanders, with� = ( k �

1)=2d, whered is the left-degree of the graph and is3 for Kirkman matrices. Given a setS of

column vertices such thatjSj � k, we note that the size of the union set of neighbours ofS,

jN (S)j, is at leastjSjd� pr, wherep =
� jSj

2

�
is the number of (unordered) pairs of columns inS,

andr is the maximum number of row vertices in common between any two column vertices. For

a Kirkman matrix, since any two columns have dot product at most1, hencer = 1. Therefore,

jN (S)j � djSj(1 � (jSj � 1)=2d). SincejSj � k, thereforejN (S)j � djSj(1 � (k � 1)=2d).

This implies that Kirkman matrix bipartite graphs are(k; � )-unbalanced expanders, with� =

(k � 1)=2d. If we put in the requirement thatd = 3 for Kirkman matrices and� < 1, we �nd

thatk < 7. Hence it follows from [78, Thm. 1] that the scaled Kirkman matrix has RIP-1 of

orderk for k < 7 and� = ( k � 1)=6. This suggests exact recovery for up to3 infected samples

using CS. However, in practice, we observe that using our method we are able to recover much

higher number of positives, at the cost of an acceptable number of false positives and rare false

2The girth of a graph is equal to the length of the shortest cycle in it.
3de�ned as the number of1 entries in a row
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negatives (Sec. 2.4).

2.3.7.5 Optimality of Girth 6 Matrices

A Steiner Triple System bipartite graph does not have a cycle of length4. If it did, then there

would exist two rowsa andb, and two columnsu andv of the Steiner Triple System matrix

A such thatAau = Abu = 1 and Aav = Abv = 1. This would violate the property that

dot product of any two rows of the Steiner Triple System must be equal to1. Furthermore,

[33, Lemma 1] show that Steiner Triple System bipartite graphs have girth equal to6. Since

Kirkman Triple Systems are resolvable Steiner Triple Systems (see de�nitions earlier in this

section), their bipartite graphs also have girth equal to6. For a bipartite graph constructed from

a partial Kirkman matrix, the girth is at least6, since dropping some column vertices will not

introduce new cycles in the graph. Furthermore, it is shown in [10, Thm. 10] that adjacency

matrices of left-regular graphs with girth at least 6 satisfy RNSP (De�nition 2.2) of orderk (for

suitablek). Consequently, they may be used for CS decoding [10, Thm. 5]. They also give

lower bounds on the number of rowsm of left-regular bipartite graph matrices whose column

weight4 is more than2, for them to have high girth and consequently satisfy RNSP of orderk,

givenk andn [10, Eqn. 32, 33]. Givenk andn, these lower bounds are minimized for graphs

of girth 6 and 8, and the bounds are, respectively,m � k
p

n andm � k3=2p
n ([10, Eqn. 37]).

However, with the additional requirement thatm < n for CS, it is found that girth 6 matrices

can recoverk <
p

n defects, while girth 8 matrices can only recoverk < 3
p

n defects. Hence,

matrices whose bipartite graphs have girth equal to 6 are optimal in this sense. Full Kirkman

matrix bipartite graphs are left-regular and have girth 6, as argued earlier, and hence they satisfy

RNSP, may be used for compressive sensing, and are optimal in the sense of being able to handle

most number of defects while minimizing the number of measurements. We note that since we

employ Kirkman triples, each column has only three 1s. The theoretical guarantees for such

matrices hold for signals with̀0 norm less than or equal to 2. However, we have obtained

acceptable false positive and false negative rates in practice for much larger sparsity levels, as

will be seen in Sec. 2.4.

4de�ned as the number of 1 entries in a column
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2.3.7.6 Disjunctness Property of Kirkman Matrices

In order for a matrix to be suitable for our method, it should not only be good for CS decoding

algorithms, but also for COMP. Kirkman matrices are2-disjunct, and can recover up to2 defects

exactly using COMP. In a k-disjunct matrix, there does not exist any column such that its

support is a subset of the union of the support ofk other columns [71]. Matrices which are

k-disjunct have exact support recovery guarantee fork-sparse vectors, using COMP (see [71]).

Disjunctness follows from the following properties of Kirkman matrices – that two columns in

a Kirkman matrix have at most one row in common with an entry of1, and that each column has

exactly three1 entries. ConsiderRa, Rb, andRc, the sets of rows for which the three columns

a, bandc respectively have a1 entry. Note thatjRaj = jRbj = jRcj = 3, andjRp \ Rqj � 1 for

p; q 2 f a; b; cg; p 6= q. If Rc � Ra [ Rb, then eitherjRc \ Raj > 1 or jRc \ Rbj > 1, which

presents a contradiction.

Empirically we �nd that even fork > 2, COMP reports only a small fraction of the total

number of samples as positives when using Kirkman matrices (Table 2.1). In Appendix 2.K

(Proposition 6), we prove thatif a fraction f 2 (0; 1) of the tests come out to be positive, then

COMP reports strictly less than fractionf 2 of the samples as positive for a full Kirkman matrix.

This provides intuition behind why Kirkman matrices may be well-suited for our combined

COMP + CS method, since most samples are already eliminated by COMP. On the other hand,

CS decoding (without the earlier COMP step) on the full Kirkman matrix does not perform as

well, as shown in Appendix 2.M.

2.3.7.7 Advantages of using Kirkman Matrices

As we have seen in earlier sections, Kirkman matrices are suitable for use in compressed sensing

due to their expansion, RIP-1 and high girth properties, as well as for binary group testing due

to disjunctness. Furthermore, the dot product between two columns of a Kirkman matrix being

at most1 ensures that no two samples participate in more than one test together. This has

favourable consequences in terms of placing an upper bound on themutual coherenceof the

matrix, de�ned as:

� (A ) := maxi 6= j
jA t

i A j j
kA i k2kA j k2

; (2.27)
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whereA i refers to thei th column ofA . Matrices with lower� (A ) values have lower values

of worst case upper bounds on the reconstruction error [94]. These bounds are looser than

those based on the RIC that we saw in previous sections. However, unlike the RIC, the mutual

coherence is ef�ciently computable.

A practical bene�t of Kirkman triples that is not shared by Steiner triples is that the former

can be served for number of samples far less thann =
� m

2

�
=3 while keeping pools balanced (i.e.,

ensuring that each pool is created from the same number of samples). In fact, we can choosen

to be any integer multiple ofm=3, and ensure that every pool gets the same number of samples,

as discussed in section 2.3.7.3. Notice that the expansion, RIP-1, high girth and disjunctness

properties hold for full as well as partial Kirkman matrices, as proven in previous sections. This

allows us to characterize the properties of the full Kirkman matrix, and use that analysis to

predict how it will behave in the clinical situation where the pooling matrix to be served may

require very speci�c values ofm; n depending on the prevalence rate.

Column weight: Kirkman matrices have column weight equal to3 - that is, each sample

goes to3 pools. It is possible to construct matrices with higher number of pools per sample

(such as those derived from the Social Golfer Problem [87], which will retain several bene�ts

of the Kirman matrices: (1) They would have the ability to serve only part of the matrix; (2)

They would retain the the expander and RIP-1 properties, following a proof similar to the one

in Sec. 2.3.7.4; (3) They would not have any4-cycles in the corresponding bipartite graph,

following a similar argument as in Sec. 2.3.7.5; and (4) They would possess the disjunctness

property following a proof similar to the one in Sec. 2.3.7.6). Nevertheless, the time and effort

needed for pooling increases with more pools per sample. Further, higher pools per sample will

come at the cost of a larger number of tests (if pool size is kept constant), or larger pool size

(if number of tests is kept constant). Higher number of tests is undesirable for obvious reasons,

while larger pool size may lead to dilution of the sample within a pool, leading to individual

RT-PCR tests failing.

2.3.7.8 Optimal Binary Sensing Matrices with Random Construction

While Kirkman matrices which satisfy RNSP of orderk must have at leastk
p

n measurements,

we can get much better bounds in theory if we use random constructions. From [12, Prop. 10]

we see that with high probability,0=1Bernoulli(p) matrices need onlyO(k logn) measurements
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in order to satisfỳ 2-RNSP (De�nition 2.3) of orderk, with p 2 (0; 1) being the probability

with which each entry of the matrix is independently1.

In Appendix 2.D, we prove that̀2-RNSP is preserved by COMP. That is, the reduced

matrix A �X ; �Y obeys`2-RNSP of orderk with the same parameters as the original matrixA .

Hence our method only needsO(k logn) measurements for robust recovery ofk-sparse vectors

with such random matrix constructions. Bernoulli(p) matrices are also good for COMP – [29,

Thm. 4] shows that Bernoulli(p) matrices withp = 1=k need onlyO(k logn) measurements

for exact support recovery ofk-sparse vectors with COMP with vanishingly small probability of

error.

In practice, we observe that Kirkman matrices perform better than Bernoulli(p) matrices

using our method in the regime of our problem size. This gap between theory and practice may

be arising due to the following reasons: (1) Thek
p

n lower bound for Kirkman triples is for a

suf�cient but not necessary condition for sparse recovery; (2) TheO(k logn) may be ignoring

a very large constant factor which affects the performance of moderately-sized problems such

as the ones reported in this work; and (3) The theoretical bounds are for exact recovery with

vanishingly small error, whereas we allow some false positives and rare false negatives in our

experiments. Similar comparisons between binary and Gaussian random matrices have been

recently put forth in [10]. Moreover, the average column weight of Bernoulli(p) matrices ispm,

wherem is the number of measurements. This is typically much higher than column weight3

of Kirkman matrices and hence undesirable (see Sec. 2.3.7.7). In Appendix 2.E, we compare

the performance of Kirkman matrices with Bernoulli(0:1) and Bernoulli(0:5) matrices.

2.3.7.9 Mutual Coherence optimized Sensing Matrices

As mentioned earlier, the mutual coherence from Eqn. 2.27 is ef�cient to compute and opti-

mize over. Hence, there is a large body of literature on designing CS matrices by minimizing

� (A ) w.r.t. A , for example [95]. We followed such a procedure for designing sensing matrices

for some of our experimental results in Sec. 2.4.2. For this, we follow simulated annealing to

update the entries ofA , starting with an initial condition whereA is a random binary matrix.

For synthetic experiments, we compared such matrices with Bernoulli(p) random matrices, ad-

jacency matrices of biregular random sparse graphs (i.e., matrices in which each column has

the same weight, and each row has the same weight - which may be different than the column
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weight), and Kirkman matrices. We found that matrices of Kirkman triples perform very well

empirically in the regime of sizes we are interested in, besides facilitating easy pipetting, and

hence the results are reported using only Kirkman matrices.

2.4 Experimental Results

In this section, we show a suite of experimental results on synthetic data as well as on real data.

2.4.1 Results on Synthetic Data

2.4.1.1 Choice of Sensing Matrix

Recall from section 2.2 that a typical RT-PCR setup can test 96 samples in parallel. Three of

these tests are used as control by the RT-PCR technician in order to have con�dence that the

RT-PCR process has worked. Hence, in order to optimize the available test bandwidth of the

RT-PCR setup, the number of tests we perform in parallel should be� 93, and as close to93

as possible. Since in Kirkman matrices, the number of rows must be6t + 3 for somet 2 Z � 0,

hence we choose93. With this choice, the number of samples testedn has to be a multiple of

93=3 = 31, hence we chosen = 961. This matrix is not a full Kirkman matrix – a full matrix

with 93rows will have1426columns. However, we keep the number of columns of the matrix

under1000due to challenges in pooling large number of samples. Furthermore,n = 961,

m = 93 satis�es more than10x factor improvement in testing while detecting1% infected

samples with reasonable sensitivity and speci�city and is in a regime of interest for widespread

screening or repeated testing.

We also present results with a45 � 105 partial Kirkman matrix in Appendix 2.L. This

matrix gives2:3x improvement in testing while detecting9:5%infected samples with reasonable

sensitivity and speci�city. Further, two such batches of105 tests in45 pools may be run in

parallel in a single RT-PCR setup.
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2.4.1.2 Signal/Measurement Generation

For the case of synthetic data, we generatedk-sparse signal vectorsx of dimensionn = 961,

for eachk in f 5; 8; 10; 12; 15; 17; 20g. We choose a wide range ofk in order to demonstrate

that not only do our algorithms have high sensitivity and speci�city for large values ofk, they

also keep performing reasonably, well beyond the typical operating regime. The support of

each signal vectorx – givenk – was chosen by sampling ak-sparse binary vector uniformly at

random from the set of allk-sparse binary vectors. The magnitudes of the non-zero elements of

x were picked uniformly at random from the range[1; 32768]. This high dynamic range in the

value ofx was chosen to re�ect a variance in the typical threshold cycle values (Ct ) of real PCR

experiments, which can be between16and32. From Eqn. 2.6, we can infer that viral loads vary

roughly as2� Ct (settingq = 1), up to constant multiplicative terms. In all cases,m = 93 noisy

measurements iny were simulated following the noise model in Eqn. 2.3 with� = 0:1 and

q = 0:95. A 93� 961Kirkman sensing matrix was used for generating the measurements. The

Poisson nature of the elements ofx in Eqn. 2.3 was ignored. This approximation was based

on the principle that ifX � Poisson(� ), then Std. Dev.(X )=E(X ) =
p

�=� = 1=
p

� which

becomes smaller and smaller as� increases. The recovery algorithms were tested onQ = 1000

randomly generated signals for each value ofk.

2.4.1.3 Algorithms tested

The following algorithms were compared:

1. COMP (see Table 2.1)

2. COMP followed by NNLASSO (see Table 2.2)

3. COMP followed by SBL (see Table 2.3)

4. COMP followed by NNOMP (see Table 2.4)

5. COMP followed by NNLAD (see Table 2.5)

6. COMP followed by NNLS (see Table 2.16 in the Appendix)
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For each algorithm any positives missed during the CS stage but caught by DD were declared

as positives, as mentioned in Sec. 2.3.4. For small sample sizes we also tested COMP-BF, i.e.,

COMP followed by brute-force search for samples inx with non-zero values. Details of this

algorithm and experimental results with it are presented in Appendix 2.C.

2.4.1.4 Comparison Criteria

In the following,x̂ denotes the estimate ofx . Most numerical algorithms do not produce vectors

that are exactly sparse and have many entries with very tiny magnitude, due to issues such as

choice of convergence criterion. Since in this application, support recovery is of paramount

importance to identify which samples inx were infected, we employed the following post-

processing step: All entries in̂x whose magnitude fell below a threshold� := 0:2 � xmin were

set to zero, yielding a vector�x . Herexmin refers to the least possible value of the viral load, and

this can be obtained of�ine from practical experiments on individual samples. In these synthetic

experiments, we simply setxmin := 1. We observed that varying the value of� over a fairly

wide range had negligible impact on the results, as can be observed in Tables 2.20, 2.21 and

2.22 in Appendix 2.I. For SBL, we set� to 0 and also set the negative entries in the estimate

to 0. For NNOMP, such thresholding was inherently not needed. The various algorithms were

compared with respect to the following criteria:

1. RMSE :=kx � �x k2=kx k2

2. Number of false positives (FP) :=jf i : x i = 0; x̂ i > 0gj

3. Number of false negatives (FN) :=jf i : x i > 0; x̂ i = 0gj

4. Sensitivity (also called Recall or True Positive rate) :=# correctly detected positives/# actual

positives

5. Speci�city (also called True Negative Rate) :=# correctly detected negatives/# actual nega-

tives.
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Table 2.1: Performance of COMP and DD (on synthetic data) for93 � 961Kirkman triple matrix. For

each criterion and eachk value, mean and standard deviation values are reported, across 1000 signals.

k RMSE #FN #FP Sens. Spec. # HCP

5 1.000� 0.000 0.0� 0.0 1.6 � 1.2 1.0000� 0.0000 0.9983� 0.0013 4:7

8 1.000� 0.000 0.0� 0.0 7.9 � 3.0 1.0000� 0.0000 0.9918� 0.0031 4:3

10 1.000� 0.000 0.0� 0.0 15.3� 4.5 1.0000� 0.0000 0.9839� 0.0048 2:5

12 1.000� 0.000 0.0� 0.0 25.3� 6.7 1.0000� 0.0000 0.9733� 0.0070 1:1

15 1.000� 0.000 0.0� 0.0 46.1� 10.3 1.0000� 0.0000 0.9512� 0.0109 0:2

17 1.000� 0.000 0.0� 0.0 62.3� 13.7 1.0000� 0.0000 0.9340� 0.0146 0:1

20 1.000� 0.000 0.0� 0.0 91.5� 18.1 1.0000� 0.0000 0.9028� 0.0192 0:0

Table 2.2: Performance of Comp followed by NNLASSO (on synthetic data) for93 � 961 Kirkman

triple matrix. For each criterion and eachk value, mean and standard deviation values are reported,

across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0:047� 0:020 0:0 � 0:1 0:8 � 0:9 0:9990� 0:0141 0:9991� 0:0009

8 0:069� 0:028 0:1 � 0:2 4:0 � 2:1 0:9925� 0:0307 0:9958� 0:0022

10 0:100� 0:049 0:2 � 0:5 7:9 � 3:4 0:9780� 0:0454 0:9917� 0:0035

12 0:149� 0:092 0:6 � 0:7 12:9 � 5:0 0:9538� 0:0591 0:9864� 0:0052

15 0:295� 0:166 1:0 � 1:1 28:5 � 16:5 0:9316� 0:0722 0:9699� 0:0175

17 0:404� 0:184 1:1 � 1:4 46:3 � 23:5 0:9355� 0:0817 0:9509� 0:0249

20 0:563� 0:172 1:1 � 1:8 78:4 � 26:7 0:9452� 0:0923 0:9167� 0:0284
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Table 2.3: Performance of COMP followed by SBL (on synthetic data) for93 � 961 Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported, across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.043� 0.017 0.0� 0.0 0.9 � 0.9 0.9998� 0.0063 0.9991� 0.0010

8 0.058� 0.021 0.0� 0.2 4.3 � 2.1 0.9958� 0.0227 0.9955� 0.0023

10 0.071� 0.025 0.1� 0.2 8.2 � 3.1 0.9937� 0.0247 0.9913� 0.0033

12 0.094� 0.035 0.1� 0.4 13.6� 4.4 0.9886� 0.0310 0.9856� 0.0046

15 0.123� 0.108 0.3� 0.6 25.1� 6.9 0.9804� 0.0396 0.9735� 0.0073

17 0.165� 0.179 0.5� 0.8 35.1� 9.9 0.9713� 0.0491 0.9628� 0.0105

20 0.318� 0.305 1.3� 1.6 54.5� 13.2 0.9349� 0.0803 0.9420� 0.0140

Table 2.4: Performance of COMP followed by NNOMP (on synthetic data) for93� 961Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported, across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.043� 0.019 0.0� 0.1 0.3 � 0.6 0.9982� 0.0209 0.9997� 0.0006

8 0.060� 0.025 0.1� 0.4 1.8 � 2.0 0.9831� 0.0472 0.9981� 0.0021

10 0.077� 0.035 0.3� 0.5 3.7 � 3.2 0.9739� 0.0541 0.9961� 0.0034

12 0.115� 0.067 0.5� 0.7 7.8 � 4.9 0.9565� 0.0560 0.9918� 0.0051

15 0.242� 0.190 1.5� 1.4 15.6� 6.0 0.9013� 0.0951 0.9835� 0.0064

17 0.361� 0.243 2.8� 2.2 20.8� 5.6 0.8329� 0.1268 0.9780� 0.0059

20 0.589� 0.282 6.1� 3.0 27.0� 5.2 0.6941� 0.1520 0.9713� 0.0055
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Table 2.5: Performance of COMP followed by NNLAD (on synthetic data) for93� 961Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported, across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0:050� 0:021 0:0 � 0:0 1:0 � 1:0 0:9996� 0:0089 0:9990� 0:0010

8 0:077� 0:034 0:0 � 0:2 4:9 � 2:3 0:9939� 0:0270 0:9949� 0:0024

10 0:107� 0:050 0:2 � 0:4 9:3 � 3:0 0:9809� 0:0441 0:9903� 0:0032

12 0:167� 0:095 0:5 � 0:7 14:4 � 5:1 0:9574� 0:0586 0:9848� 0:0054

15 0:296� 0:160 0:9 � 1:0 29:7 � 16:7 0:9393� 0:0687 0:9686� 0:0176

17 0:401� 0:171 0:8 � 1:2 50:2 � 23:9 0:9549� 0:0717 0:9468� 0:0253

20 0:530� 0:166 0:2 � 0:9 87:9 � 25:1 0:9884� 0:0427 0:9066� 0:0267

2.4.1.5 Main Results

It should be noted that all algorithms were evaluated on 1000 randomly generated sparse signals,

given the same sensing matrix. The average value as well as standard deviation of all quality

measures (over the 1000 signals) are reported in the Tables 2.1, 2.2, 2.3, 2.4, 2.5 and 2.16. A

comparison of Table 2.1 to Tables 2.2, 2.3, 2.4, 2.5 and 2.16 indicates that COMP followed by

NNLASSO/SBL/NNOMP/NNLAD /NNLS signi�cantly reduces the false positives at the cost of a

rare false negative. The RMSE is also signi�cantly improved, since COMP does not estimate

viral loads. At the same time, COMP signi�cantly reduces the size of the problem for the CS

stage. For example, for the93 � 961Kirkman matrix, when number of infected samplesk is

12, the average size of the matrix after COMP �ltering is � 30 � 37. From Table 2.1 we see

that De�nite Defectives classi�es many positives as high-con�dence positives, fork up to 8.

We note that the experimental results reported in these tables are quite encouraging, since these

experiments are challenging due to smallm and fairly largek; n, albeit with testing on synthetic

data. We noticed that running the CS algorithms without the COMP step did not perform as

well, results for which are presented in Appendix 2.M. We observed that the advantages of our

combined group testing and compressed sensing approach hold regardless of the sensing matrix

size. For comparison, results of running our algorithms using a45� 105Kirkman matrix instead

of the93� 961Kirkman matrix are presented in Appendix 2.L.

54



2.4.1.6 Parameter Selection

As mention earlier, the regularization parameters in various estimators such as COMP-

NNLASSO, COMP-NNLAD , COMP-NNOMP, etc. are estimated via cross-validation. For these

estimators, we therefore do not require knowledge of the� parameter in the noise model from

Eqn. 2.3. Theq parameter in the noise model is set to0:95 in all our experiments. It is a

reasonable choice as the molecule count is known to roughly double in each cycle of RT-PCR

[70]. Moreover, variation ofq in the range from 0.7 to 1 showed negligible variation in the

results of our wet-lab experiments as can be seen in Appendix 2.H and Tables 2.18 and 2.19.

Also note that we only report viral loads relative toymin (see Eqn. 2.9) - we do not attempt to

estimateymin . These relative viral loads are interpretable by the RT-PCR technicians since they

know tmin , the minimumCt (threshold cycle) value observed in that experiment. Note as well

that sinceymin is the viral load of the pool with the minimumCt value – it corresponds to the

pool with the maximum viral load in that experiment.

2.4.1.7 Comparison with Dorfman Pooling

Table 2.6: Expected number of tests needed by optimal Dorfman Testing for number of samples (n)

105 and 961 for variousk. Note that our proposed methods based on CS require much fewer tests (45

and 93) typically, and do not require two rounds of testing.

N = 105 N = 961

k # Tests Pool Size k # Tests Pool Size

5 43.7 5 5 136.5 14

8 55.3 4 8 172.2 11

10 61.3 4 10 192.2 11

12 67.0 4 12 209.6 9

15 73.9 3 15 233.7 9

17 78.2 3 17 248.7 8

20 84.3 3 20 269.4 7

We also performed a comparison of our algorithms with the popular two-stage Dorfman

pooling method (an adaptive method), with regard to the number of tests required. In the �rst
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stage of the Dorfman pooling technique, then samples are divided inton=g pools, each of

sizeg. Each of thesen=g pools are tested, and a negative result leads to all members of that

pool being considered negative (i.e., non-infected). However, the pools that are tested positive

are passed onto a second stage, where all members of those pools are individually tested. The

optimal pool sizeg� will minimize the expected number of tests taken by this process (given

that the membership in each pool is decided randomly). A formula for the expected number of

tests taken by Dorfman testing is derived in [28]. The derivation in [28] assumes the following:

(1) Any given sample may be positive with probabilityp, independently of the other samples;

(2) The number of samplesn is divisible by the pool sizeg. We modify the formula from [28]

for the case thatn is not divisible byg (Appendix 2.J), and �ndg� by choosing the value ofg

which minimizes this number. We setp = k=n, so that out ofn samples, the number of infected

samples isk in expectation. Table 2.6 shows the expected number of tests computed from the

formula in Appendix 2.J, assuming that the expected number of infected samplesk (and thus the

optimal pool sizeg� ) is known in advance. We also empirically veri�ed the expected number of

tests by performing1000Monte Carlo simulations of Dorfman testing with the optimal pool size

g� for each case, and did not observe much deviation from the numbers reported in Table 2.6.

Comparisons of Tables 2.1, 2.2, 2.3, 2.4 with the two-stage Dorfman pooling method in 2.6

show that our methods require much fewer tests, albeit with a slight increase in number of false

negatives. Moreover, all our methods are single-stage methods and therefore require less time

for testing, unlike the Dorfman method which requires two stages of testing.

2.4.1.8 Estimation of number of infected samples

The number of CS measurements for successful recovery depends on the number of non-zero

elements (̀0 norm) of the underlying signal. For example, this varies asO(k logn) for random-

ized sensing matrices [3] or asO(max(k2;
p

n) for deterministic designs [76]. There is a lower

bound ofk
p

n measurements for certain types of expander matrices to satisfy a suf�cient (but

not necessary) condition for recovery [10]. However, in practicek is always unknown, which

leads to the question as to how many measurements are needed as a minimum for aparticular

problem instance. To address this, we adopt the technique from [96] to estimatek on the �y

from the compressive measurements. This technique does not require signal recovery for es-

timating k. The relative error in the estimate ofk is shown to beO(
p

logm=m) [97], which
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Table 2.7: Estimated sparsitykest versus true sparsityk (on synthetic data) for93 � 961 Kirkman

matrix. Mean and standard deviation of estimated sparsity is computed over 1000 signals for eachk.

k kest

5 5.01� 0.33

10 10.07� 0.69

15 15.13� 1.17

20 20.26� 1.63

25 25.54� 2.03

30 30.53� 2.61

Table 2.8: Comparison of mean number of false negative and false positives for COMP, COMP-SBL

and COMP-SBL with graceful failure mode for high values ofk for the93 � 961Kirkman matrix. The

algorithm goes into graceful failure mode when estimated sparsity is greater than or equal to20

COMP COMP-SBL COMP-SBL-graceful

k #FN #FP #FN #FP #FN #FP

15 0 45.3 0.3 24.9 0.3 24.8

20 0 92.7 1.3 55.4 0.4 80.2

25 0 151.2 4 97.5 0 151.2

30 0 212.1 6.9 140.6 0 212.1
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diminishes asm increases (irrespective of the truek). Table 2.7 shows the accuracy of our

sparsity estimate on synthetic data.

The advantage of this estimate ofk is that it can drive the COMP-BF algorithm, as well

as act as an indicator of whether there exist any false negatives. We can use this knowledge to

enable agraceful failure mode. In this mode, if our estimate ofk is larger than what the CS

algorithms can handle, we return only the output of the COMP stage. Hence in such rare cases,

it minimizes the number of false negatives, at the cost of many false positives. In these cases a

second stage of individual testing must be done on the samples which were declared positive.

Table 2.8 shows the effect of using graceful failure mode with COMP followed by SBL for large

values ofk. In these experiments, output of COMP is returned if the estimated sparsity,kest,

is greater than or equal to20. We see that COMP-SBL with graceful failure mode matches the

behaviour of COMP-SBL at sparsity value lower than20, and that of COMP at sparsity value

greater than20. At sparsity equal to20, it compromises between the high false positives of

COMP, and the high false negatives of COMP-SBL. This is because of the variability inkest,

which can occasionally be less than20even ifk is equal to20.

2.4.2 Results on Real Data

We acquired real data in the form of test results on pooled samples from two labs: one at the

National Center of Biological Sciences (NCBS) in India, and the other at the Wyss Institute

at the Harvard Medical School, USA. In both cases, viral RNA was arti�cially injected intok

of the n samples wherek � n. From thesen samples, a total ofm mixtures were created.

For the datasets obtained from NCBS that we experimented with, we hadm = 16, n = 40,

k 2 f 1; 2; 3; 4g. For the data from the Wyss Institute, we hadm = 24, n = 60, k = 2;

m = 30, n = 120, k = 2; andm = 90, n = 1140, k = 11. The results for all these datasets

are presented in Table 2.9 and Table 2.10. The16 � 40 and24 � 60 pooling matrices were

obtained by performing a simulated annealing procedure to minimize the mutual coherence (see

Sec. 2.3.7.9), starting with a random sparse binary matrix as initial condition. The30 � 120

and the90� 1140pooling matrices were derived from social golfer problems and had column

weight 3. We usedq = 0:95 in all cases to obtain relative viral loads fromCt values, using

Eqn. 2.9. Whileqmay be estimated from raw RT-PCR data (Appendix 2.H), we foundq = 0:95
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to be a reasonable choice, and did not observe any variation in the number of reported positives

when this parameter was changed between 0.7 to 1. For NNLASSO, NNLS and NNLAD , we use

� = 0:2 � eymax as the threshold below which an estimated relative viral load is set to0, since

value ofxmin may not always be available for real experiments. Hereeymax is the relative viral

load of the pool with the largestCt value, and consequently the smallest viral amount. We see

that the CS algorithms reduce the false positives, albeit with an introduction of occasional false

negatives for higher values ofk. We also refer the reader to our work in [16] for a more in-depth

description of results on real experimental data.

2.4.3 Discussion

Each algorithm we ran presented a different set of tradeoffs between sensitivity and speci�city.

While COMP provides us with sensitivity equal to1, it suffers many false positives, especially

for higherk. For other algorithms, in general both the sensitivity and the speci�city decrease

ask is increased. COMP-NNOMP (Table 2.4) has the highest speci�city, but it comes at the

cost of sensitivity. COMP-SBL (Table 2.3) has the best sensitivity for most values ofk amongst

the CS algorithms. COMP-NNLASSO (Table 2.2) has better speci�city than COMP-SBL for

small values ofk, but loses out fork � 15. COMP-NNLAD and COMP-NNLS (Tables 2.5 and

2.16) start behaving like COMP for higher values ofk, effectively bounding the number of false

negatives. However, their number of false positives is almost as much as those with COMP.

Ideally, we want both high sensitivity and high speci�city while catching a large number

of infected samples. Hence, we look atk� , which is the maximum number of infected samples

k for which the sensitivity and speci�city of the algorithm are greater than or equal to some

threshold values. For the45� 105Kirkman matrix, we chose the sensitivity threshold as0:99

and the speci�city threshold as0:95. For the93� 961Kirkman matrix, we chose both thresholds

to be0:99, since a speci�city threshold of0:95gives too many false positives for961samples.

We observed that COMP-SBL hask� = 10 for both matrices, which is the highest amongst

all algorithms tested. Typically we do not know the number of infections, but a prevalence

rate of infection. The number of infected samples out of a given set ofn samples may be

treated as a Binomial random variable with probability of success equal to the prevalence rate.

Under this assumption, using COMP-SBL with the93� 961Kirkman matrix, we observed that
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Table 2.9: Results of wet lab experiments with each algorithm (continued in Table 2.10)

Dataset Algorithm # true pos # false neg #false pos

Harvard 24� 60; k = 2

COMP 2 0 1

COMP-SBL 2 0 1

COMP-NNOMP 2 0 0

COMP-NNLASSO 2 0 1

COMP-NNLAD 2 0 1

COMP-NNLS 2 0 1

Harvard 30� 120; k = 2

COMP 2 0 1

COMP-SBL 2 0 1

COMP-NNOMP 2 0 1

COMP-NNLASSO 2 0 1

COMP-NNLAD 2 0 1

COMP-NNLS 2 0 1

Harvard 90� 1140, k = 11

COMP-SBL 11 0 6

COMP-NNOMP 11 0 3

COMP-NNLASSO 11 0 13

NCBS-016� 40; k = 0

COMP 0 0 0

COMP-SBL 0 0 0

COMP-NNOMP 0 0 0

COMP-NNLASSO 0 0 0

COMP-NNLAD 0 0 0

COMP-NNLS 0 0 0

NCBS-116� 40; k = 1

COMP 1 0 0

COMP-SBL 1 0 0

COMP-NNOMP 1 0 0

COMP-NNLASSO 1 0 0

COMP-NNLAD 1 0 0

COMP-NNLS 1 0 0
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Table 2.10: Continuation of Table 2.9

Dataset Algorithm # true pos # false neg #false pos

NCBS-216� 40; k = 2

COMP 2 0 0

COMP-SBL 2 0 0

COMP-NNOMP 2 0 0

COMP-NNLASSO 2 0 0

COMP-NNLAD 2 0 0

COMP-NNLS 2 0 0

NCBS-316� 40; k = 3

COMP 3 0 1

COMP-SBL 2 1 1

COMP-NNOMP 2 1 0

COMP-NNLASSO 2 1 1

COMP-NNLAD 3 0 1

COMP-NNLS 2 1 1

COMP-BF 2 1 1

NCBS-416� 40; k = 4

COMP 4 0 3

COMP-SBL 3 1 2

COMP-NNOMP 2 2 2

COMP-NNLASSO 3 1 2

COMP-NNLAD 2 2 2

COMP-NNLS 3 1 2

COMP-BF 2 2 2
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the maximum prevalence rate for which sensitivity and speci�city are both above0:99 is 1%.

Similarly, using COMP-SBL with the45� 105Kirkman matrix, we observed that the maximum

prevalence rate for which sensitivity is above0:99and speci�city is above0:95 is 9:5%. Thus,

Tapestry is viable at prevalence rates as high as9:5%, while reducing testing cost by a factor of

2:3. On the other hand, if the prevalence rate is only1%or less, it can reduce testing cost by a

factor of10:3.

Comments about sensitivity and speci�city: We observe that the sensitivity and speci-

�city of our method on synthetic data iswithin the recommendations of the U.S. Food and

Drugs Administration (FDA), as provided in this document [98]. The document provides rec-

ommendations for percent positive agreement (PPA) and percent negative agreement (PNA)

of a COVID-19 test with a gold standard test (such as RT-PCR done on individual samples).

PPA and PNA are used instead of sensitivity and speci�city when ground-truth positives are not

known. Since for synthetic data we know the ground truth positives, we compare their PPA and

PNA recommendations with the sensitivity and speci�city observed by us. We use COMP-SBL

for comparison, since we consider it to be our best method.

For `Testing patients suspected of COVID-19 by their healthcare provider' (point G.4.a,

page 7 of [98]), the document considers positive and negative agreement of� 95%as acceptable

clinical performance (page 9, row 2 of table in [98]). The sensitivity and speci�city of our

method on the93 � 961 Kirkman matrix is within this range fork � 17 infected samples

(Table 2.3). For the45 � 105 matrix, it is within this range fork � 10 infected samples

(Table 2.25).

For `Screening individuals without symptoms or other reasons to suspect COVID-19 with

a previously unauthorized test' (point G.4.c, page 10 of [98]), the document considers positive

agreement of� 95%and negative agreement of� 98%as acceptable (along with the lower

bounds of two-sided95%con�dence interval to be> 76%and> 95%respectively). Similarly,

for `Adding population screening of individuals without symptoms or other reasons to suspect

COVID-19 to an authorized test' (point G.4.d, page 12 of [98]) the document has the same

criterion as for point G.4.c. Our sensitivity and speci�city are within the ranges speci�ed for

the 93 � 961 Kirkman matrix for k � 12 (Table 2.3). While we do not report con�dence

intervals (as suggested for point G.4.c and G.4.d of [98]), the standard deviation of sensitivity

and speci�city reported by us are fairly low, and we believe the performance of our method is

62



within the recommendations of [98]. Since our numbers are on synthetic data - these numbers

may vary upon full clinical validation, especially considering that there may be more sources of

error in a real test. Nonetheless, we �nd these numbers to be encouraging.

Further, we note that while our method incurs an occasional false negative, the viral loads

of these false negative values are fairly small. This means that super-spreaders (who are believed

to have high viral load [30]) will almost always be caught by our method. We discuss this in

more detail in Appendix 2.G, and provide a table of mean and standard deviations of viral loads

of false negatives (Table 2.17) for all our methods on synthetic data.

Detection of pool errors: Tapestry can detect certain errors caused by incorrect pipetting,

pool contamination, or failed RT-PCR ampli�cation of some pools. A failed RT-PCR ampli�-

cation leads to the pool falsely testing negative for the virus. While we do not explicitly model

cross-contamination and pipetting errors, in many cases, incorrect pipetting may lead to a pool

falsely testing positive or negative, and pool contamination may lead to a pool falsely testing

negative. For example, consider a pool to which only negative samples were supposed to con-

tribute, but it accidentally became contaminated with the solution from a positive pool – this

will lead to a false positive test for that pool (case A). Similarly, consider a pool which had only

one positive sample according to the pooling scheme, but that sample was missed for this pool

during pipetting, leading to a false negative pooled test (case B). Such false positive or false

negative pools are detected by performing a consistency check after the COMP stage.

We expand on the consistency check mechanism. In case A, suppose that the samples

contributing to the false-positive pool each took part in at least one pooled test which was

negative. In such a case, each sample belonging to the false-positive pool would be declared to

be negative by COMP, leading to the positivity of this pooled test being unexplained. Similarly,

in case B, suppose that the positive sample which was missed for a pool took part in at least

one other pool which had no other positive samples. Since this sample will be declared as

negative by COMP, hence the positivity of the other pool will remain unexplained. Hence, such

unexplained positive pooled tests are indicative of false-positive or false-negative pools. In case

of error, we list all samples, categorized by the number of tests that they are positive in.

We note that such a consistency check may not catch all errors, because false-positive

or false-negative pooled tests do not necessarily lead to unexplained tests after COMP. For

example, in case A, if the other pooled tests of a sample contributing to the falsely positive
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pool were all positive (due to those pools containing other positive samples), then that sample

will be declared as positive by COMP, and the false-positive pool will not remain unexplained.

Similarly, in case B, if each of the other pooled tests of the sample which was missed for a pool

contain another positive sample, then those tests will not remain unexplained.

As an alternative to error detection, the NCOMP [29] algorithm may be used to correct

for errors in the �rst stage of Tapestry since suf�cient conditions for CS recovery are preserved

by reduction via NCOMP, as mentioned in Sec. 2.3.5. However, the recovery of the same

number of infected samples along with pool error correction will necessitate each sample to

take part in more than three pools, which will make the sensing matrix denser (leading to the

dilution of samples in a pool, making ampli�cation errors more likely) or increase the number

of pools, making testing less ef�cient. Furthermore, cross-contamination and pipetting errors

may not lead to false-positive or false negative pooled tests at all – e.g., if a positive pool gets

contaminated, it still remains positive, and if a pool contained two positive samples but only

one was missed, it will still test positive. However, these may still lead to errors in the CS

stage, due to abnormally high or low viral loads in the corresponding pools. This necessitating

the development of new CS and GT algorithms which take into account such contamination

and pipetting errors. We leave a full investigation on modelling, catching, and correction of

contamination and pipetting errors as future work.

Alternative sensing matrix designs:Although Tapestry can work with a variety of sens-

ing matrix designs, we found Kirkman matrices to be most suitable for our purposes. This is due

to lower column weight and smaller pool sizes presented by Kirkman matrices. Our algorithms

also exhibit a more stable behaviour over a wide range of the number of infected samplesk

when using Kirkman matrices. We compare some alternative matrix designs in Appendix 2.E.

Algorithms speci�c to lognormal noise: Most of the CS algorithms employed in this

chapter assume an additive noise model (Sec. 2.3.3) with Gaussian noise, whereas the noise in

the pooled RT-PCR testing is multiplicative and lognormal (Eqn. 2.3). In a recent work [99], an

upper bound on the RMSE of a signal recovered via LASSO from compressive measurements

with multiplicative lognormal noise has been derived, under the condition of small variance.

However, such recovery guarantees may not hold for the other CS algorithms. Nevertheless, in

practice, the Tapestry algorithm performs well in terms of the RMSE, sensitivity and speci�city

of the recovered signals for all the CS algorithms employed. One reason for this could be that the
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COMP step in the Tapestry algorithm drastically reduces the size of the problem to be solved by

the CS step, leading to low error. We leave the development and analysis of algorithms speci�c

to lognormal noise as future work.

2.5 Relation to Previous Work

We review some recent work which apply CS or combinatorial group testing for COVID-19

testing. The works in [100, 101, 102] adopt a nonadaptive CS based approach. The works

in [103, 104, 105] use combinatorial group testing. Compared to these methods, our work is

different in the following ways (also see [16]):

1. Real/Synthetic data: Our work as well as that in [101] have tested results on real data, while

the rest present only numerical or theoretical results.

2. Quantitative Noise model: Our work uses the physically-derived noise model in Eqn. 2.3 (as

opposed to only Gaussian noise). This noise model is not considered in [100]. The work in

[102] considers unknown noise. Combinatorial group testing methods [103, 104, 105] do not

make use of quantitative information. The work in [101] uses only binary test information,

even though the decoding algorithm is based on CS.

3. Algorithms: The work in [100] adopts the BPDN technique (i.e P1 from Eqn. 2.17) as well

as the brute-force search method for reconstruction. The work in [101, 106] uses the LASSO,

albeit with a ternary representation for the viral loads. The work in [102] uses NNLAD . We

use the LASSO with a non-negative constraint, the brute-force method, NNLAD , as well as

other techniques such as SBL and NNOMP, all in combination with COMP. The work in

[100] assumes knowledge of the (Gaussian) noise variance for selection of" in the estimator

in Eqn. 2.17, whereas we use cross-validation for all our estimators. The technique in [101]

uses a slightly different form of cross-validation for selection of the regularization parameter

in LASSO. Amongst combinatorial algorithms, [105] uses COMP, while [103] and [104] use

message passing.

4. Sensing matrix design: The work in [100] uses randomly generated expander graphs, whereas

we use Kirkman matrices. The work in [101] uses randomly generated sparse Bernoulli
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matrices or Reed-Solomon codes, while [104] uses Low-Density Parity Check (LDPC) codes

[107]. The work in [102] uses Euler square matrices [108], and the work in [105] uses the

Shifted Transversal Design [109]. Both are deterministic disjunct matrices like Kirkman

matrices. Each sample in our matrix participates in 3 pools as opposed to 5 pools as used in

[104], 6 pools as used in [101] and [105], and 8 pools as used in [102], which is advantageous

from the point of view of pipetting time.

5. Sparsity estimation:Our work uses an explicit sparsity estimator and does not rely on any

assumption regarding the prevalence rate.

6. Numerical comparisons:We found that COMP-NNLAD works better than the NNLAD method

used in [102] on our matrices (see Tables 2.5 and 2.32). We also found that COMP-NNLASSO

and COMP-SBL have better sensitivity and speci�city than COMP-NNLAD (see Tables 2.2,

2.3, and 2.5). The method in [101] can correctly identify up to 5/384 (1.3%) of samples

with 48 tests, with an average number of false positives that was less than 2.75, and an

average number of false negatives that was less than 0.33. On synthetic simulations with

their 48� 384Reed-Solomon code based matrix (released by the authors) for a total of 100

x vectors with`0 norm of 5 using COMP-NNLASSO, we obtained 1.51 false positives and

0.02 false negatives on an average with a standard deviation of 1.439 and 0.14 respectively.

Using COMP-SBL instead of COMP-NNLASSOwith all other settings remaining the same, we

obtained 1.4 false positives and 0.0 false negatives on an average with a standard deviation of

1.6 and 0.1 respectively. As such, a direct numerical comparison between our work and that

in [101] is not possible, due to lack of available real data, however these numbers yield some

indicator of performance.

7. Number of Tests:We use93tests for961samples while achieving more than0:99sensitivity

and speci�city fork = 10 infections using COMP-SBL. In a similar setting, [104] use108

tests forQ = 1000 samples under prevalence rate0:01 for exact 2-stage recovery. The work

in [105] uses186tests for961samples under the same prevalence rate, albeit for sensitivity

equal to1 and very high speci�city. Matrix sizes studied in other work are very different than

ours. The work in [110] builds on top of our Tapestry scheme to reduce the number of tests,

but it is a two-stage adaptive technique and hence will require much more testing time.
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2.6 Conclusion

We have presented a single-round technique for prediction of infected samples as well as the vi-

ral loads, from an array ofn samples, using a compressed sensing approach. We have advanced

the �eld of compressed sensing via our method which takes advantage of the heteroscedastic-

ity inherent in RT-PCR testing by combining group testing with compressed sensing. We have

proven theoretical guarantees for our method. We have empirically shown on synthetic data

as well as on some real lab acquisitions that our technique can correctly predict the positive

samples with a very small number of false positives and false negatives. Moreover, we have

presented techniques for appropriate design of the mixing matrix. As of December 2023, the

main thrust of the COVID-19 pandemic is over – however, our single-round testing method may

be quickly deployed in many different scenarios in the future if such a need arises:

1. Testing of 105 symptomatic individuals in 45 tests.

2. Testing of 195 asymptomatic individuals in 45 tests assuming a low rate of infection. A good

use case for this is airport security personnel, delivery personnel, or hospital staff.

3. Testing of 399 individuals in 63 tests. This can be used to test students coming back to

campuses, or police force, or asymptomatic people in housing blocks and localities currently

under quarantine.

4. Testing of 961 people in 93 tests, assuming low infection rate. This might be suitable for

airports and other places where samples can be collected and tested immediately, and it might

be possible to obtain liquid handling robots.

Outputs: We have designed an Android app named Byom Smart Testing to make our Tapestry

protocol easy to deploy in the future. The app can be accessed at [34]. We also share our code

and some amount of data at [111]. More information is also available at our website [112].

Future work: Future work will involve extensive testing on real COVID-19 data, and extensive

implementation of a variety of algorithms for sensing matrix design as well as signal recovery,

keeping in mind the accurate statistical noise model and accounting for occasional pipetting

errors.
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Appendices

Appendix 2.A Generalized Binary Search Techniques

In the class of `adaptive group testing' techniques, then samples are distributed into two or

more groups, each of smaller size, and the smaller groups are then individually tested. In one

particular adaptive method called generalized binary splitting (GBS) [27], this procedure is

repeated (in a binary search fashion) until a single infected sample is identi�ed. This requires

O(log n) sequential tests, where each test requires mixing up ton=2 samples. This sample is

then discarded, and the entire procedure is performed on the remainingn � 1 samples. Such a

procedure does not introduce any false negatives, and does not require prior knowledge of the

number of infected samplesk. It requires a total of onlyO(k logn) tests, ifk is the number

of infected samples. However such a multi-stage method is impractical to be deployed due

to its sequential nature, since each RT-PCR stage requires nearly 3-4 hours. Moreover, each

mixture that is tested contains contributions from as many asO(n) samples, which can lead to

signi�cant dilution or may be dif�cult to implement in the lab. Hence in this work, we do not

pursue this particular approach. Such an approach may be very useful if each individual test

had a quick turn-around time.

Appendix 2.B Details of Cross-Validation for Compressed

Sensing

For this, the measurements iny are divided into two randomly chosen disjoint sets: one for re-

construction (R) and the other for validation (V). A decoding algorithm such as NNLASSO is ex-

ecuted independently on multiple values of the regularization parameter� from a candidate set

� . (Other decoding algorithms will have their own parameters. For example, NNOMP or BPDN

will use the parameter" , i.e., the bound on the noise magnitude.) For each� value, an estimate

x̂ � is produced using measurements only fromR, and the CV errorve(� ) :=
P

i 2V (yi � A i x̂ � )2

is computed. The value of� which yields the least value ofve(� ) is chosen, and a �nal estimate
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of x is obtained by executing the algorithm again, but now using all measurements fromR [ V .

If V is large enough, thenve(� ) is shown to be a good estimate of the actual errorkx � x̂ � k2, as

has been shown for Gaussian noise [60]. Nonetheless, it should be noted that CV is a method of

choice for parameter selection in CS even under a variety of other noise models such as Poisson

[113], etc, and we have experimentally observed that it works well even in the case of our noise

model in Eqn. 2.3.

Appendix 2.C Brute-force search method

We refer to COMP-BF as a method where we apply COMP followed by a brute-force search to

minimize the cost function in Eqn. 2.28 below. The brute-force search is computationally fea-

sible only whenC(n; k) is `reasonable' in value (note that the effectiven is often reduced after

application of COMP), and so we employ it only for small-sized matrices. The method essen-

tially enumerates all possible supports ofx which have sizek. For each such candidate support

setZ , the following cost function is minimized using thefmincon routine of MATLAB which

implements an interior-point optimizer5:

J (x Z ) := k logy � logA Z x Z k2 such thatx Z � 0: (2.28)

Results with the COMP-BF method are shown in Table 2.11. The special advantage of the brute-

force method is that it requires onlym = 2k pools, which is less thanO(k logn). However,

such a method requires prior knowledge ofk, or an estimate thereof. We employ a method

to estimatek directly from y ; A . This is described in Sec. 2.4.1.8. The results in Table 2.11

assume that the exactk was known, or that the estimator predicted the exactk. However, we

observed that the estimator from Sec. 2.4.1.8 can sometimes over-estimatek. Hence, we also

present results with COMP-BF where the brute-force search assumed that the sparsity was (over-

estimated to be)k + 1 instead ofk. These are shown in Table 2.12. A comparison of Tables

2.11 and 2.12 shows that RMSE deteriorates ifk is incorrectly estimated. However there is no

adverse effect on the number of false negatives, and only a small adverse effect on the number

5https://in.mathworks.com/help/optim/ug/choosing-the-algorithm.html#bsbw

xm7
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of false positives.

Table 2.11: Performance of COMP followed by brute-force search (COMP-BF) to minimize the function

in Eqn. 2.28 for a16 � 40 matrix optimized on mutual coherence, with different values ofk, assuming

that the true value ofk was known. Results for both methods are reported on synthetic data.

Method k RMSE #false neg. #false pos. sens. spec.

COMP 2 1.00 0.00 0.50 1.00 0.99

COMP-BF 2 0.03 0.00 0.00 1.00 1.00

COMP 3 1.00 0.00 1.85 1.00 0.95

COMP-BF 3 0.05 0.00 0.00 1.00 1.00

COMP 4 1.00 0.00 3.35 1.00 0.91

COMP-BF 4 0.05 0.00 0.00 1.00 1.00

Table 2.12: Performance of COMP followed by brute-force search (COMP-BF) to minimize the cost

function in Eqn. 2.28 for16 � 40 matrix optimized on mutual coherence, with different values ofk,

assuming that the sparsity value was estimated to bek + 1 . Results for both methods are reported on

synthetic data.

Method k RMSE #false neg. #false pos. sens. spec.

COMP 2 1.00 0.00 0.75 1.00 0.98

COMP-BF 2 0.47 0.00 0.55 1.00 0.99

COMP 3 1.00 0.00 1.70 1.00 0.95

COMP-BF 3 0.24 0.00 0.80 1.00 0.98

COMP 4 1.00 0.00 3.00 1.00 0.92

COMP-BF 4 0.15 0.00 0.90 1.00 0.97

Appendix 2.D RIP and RNSP Preservation after COMP and

NCOMP

We prove that the reduced matrixA �X ; �Y obtained afterC-reduction (Sec. 2.3.5) preserves

RIP-1, RIP-2, RNSP, and̀2-RNSP of the full matrixA , of same order and with the same
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parameters. Since reductions via COMP and NCOMPare instances ofC-reduction as shown

in Sec. 2.3.5, the results proven here hold for them. Recall de�nition ofX , Y , �X and �Y from

Sec. 2.3.5 –X is the set of indices of the columns removed byC-reduction , Y is the set of

indices of the rows removed by it, and�X , and �Y are the corresponding complement sets.

First, from the de�nition ofC-reduction , we have that

A ij = 0 8i 2 Y ; j 2 �X ; (2.29)

since rows were removed byC-reduction if and only if they contained only0 entries in the

remaining columns. Second, we restate and prove Lemma 2.4:

Lemma 2.4. Let �x denote aj �X j dimensional vector. Consider an-dimensional vectorx such

that x �X = �x andx X = 0. Then,kAx kp = kA �X ; �Y �x kp for anyp 2 Z+ .

Proof. Let A i denote the1 � n i th row vector of the matrixA .

kAx kp =
� X

i

jA i x jp
� 1=p

=
� X

i 2 �Y

jA i x jp +
X

i 2 Y

jA i x jp
� 1=p

=
� X

i 2 �Y

jA i x jp +
X

i 2 Y

�
�
�
X

j 2 �X

A ij x j +
X

j 2 X

A ij x j

�
�
�
p� 1=p

: (2.30)

Using Eq. (2.29), the second term in Eq. (2.30) is0. The third term is0 as well, sincex j = 0

8j 2 X . Hence,

kAx kp =
� X

i 2 �Y

jA i x jp
� 1=p

=
� X

i 2 �Y

�
�
�
X

j 2 �X

A ij x j +
X

j 2 X

A ij x j

�
�
�
p� 1=p

: (2.31)

Again, sincex j = 0 8j 2 X , the second term in Eq. (2.31) is0. Hence,

kAx kp =
� X

i 2 �Y

�
�
�
X

j 2 �X

A ij x j

�
�
�
p� 1=p

: (2.32)

71



Notice that the RHS in Eq. (2.32) is simplykA �X ; �Y �x kp by de�nition of A �X ; �Y and �x . Hence,

kAx kp = kA �X ; �Y �x kp.

Next, we prove Theorem 2.5 (restated below) and other theorems regarding preservation

of suf�cient conditions for CS recovery byC-reduction using Lemma 2.4:

Theorem 2.5. Let d be a constant. If the scaled matrix1
dA satis�es RIP-1 of orderk with k-

order RIC� k 2 (0; 1), andk � j �X j, then the scaledC-reduced matrix 1
dA �X ; �Y also satis�es

RIP-1 of orderk with RIC� k . That is, if

kx k1 �
1
d

kAx k1 � (1 + � k)kx k1;

for all n-dimensionalk-sparse vectorsx then,

k�x k1 �
1
d

kA �X ; �Y �x k1 � (1 + � k)k�x k1

for all j �X j-dimensionalk-sparse vectors�x .

Proof. Let �x be aj �X j dimensionalk-sparse vector. Consider an-dimensional vectorx such

thatx �X = �x andx X = 0. x is also ak-sparse vector. By de�nition of RIP-1,

kx k1 �
1
d

kAx k1 � (1 + � k)kx k1:

Using Lemma 2.4,kAx k1 = kA �X ; �Y �x k1. Hence,

kx k1 �
1
d

kA �X ; �Y �x k1 � (1 + � k)kx k1:

Also note thatkx k1 = k�x k1. Hence,

k�x k1 �
1
d

kA �X ; �Y �x k1 � (1 + � k)k�x k1

.
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Theorem 2.6.Letd be a constant. If the scaled matrixA =dsatis�es RIP-2 of orderk with RIC

� k 2 (0; 1) andk � j �X j, then the scaledC-reduced matrix A �X ; �Y =d also satis�es RIP-2 of

orderk with RIC� k . That is, if

(1 � � k)kx k2
2 �

1
d2

kAx k2
2 � (1 + � k)kx k2

2:

for all n-dimensionalk-sparse vectorsx then,

(1 � � k)k�x k2
2 �

1
d2

kA �X ; �Y �x k2
2 � (1 + � k)k�x k2

2

for all j �X j-dimensionalk-sparse vectors�x .

Proof. Let �x be aj �X j dimensionalk-sparse vector. Consider an-dimensional vectorx such

thatx �X = �x andx X = 0. Hencex is also ak-sparse vector. By de�nition of RIP-2,

(1 � � k)kx k2
2 �

1
d2

kAx k2
2 � (1 + � k)kx k2

2:

Using Lemma 2.4,kAx k2 = kA �X ; �Y �x k2. Hence,

(1 � � k)kx k2
2 �

1
d2

kA �X ; �Y �x k2
2 � (1 + � k)kx k2

2:

Also note thatkx k2 = k�x k2. Hence,

(1 � � k)k�x k2
2 �

1
d2

kA �X ; �Y �x k2
2 � (1 + � k)k�x k2

2

.

Theorem 2.7. If the matrixA satis�es`2-RNSP of orderk with parameters� and � , then the

C-reduced matrix A �X ; �Y also satis�es`2-RNSP of orderk with the same parameters� and

� . That is, if

kx Sk2 �
�

p
k

kx �Sk1 + � kAx k2 8x 2 Rn
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holds for allS � f 1: : : ng with jSj � k then,

k�x B k2 �
�

p
k

k�x �B k1 + � kA �X ; �Y �x k2 8�x 2 Rj �X j

holds for allB � f 1: : : j �X jg with jB j � k.

Proof. Let �x be aj �X j-dimensional vector. Consider an-dimensional vectorx such thatx �X =

�x andx X = 0. For any setB � f 1; : : : ; j �X jg, consider the setS � �X , such thatx S = �x B ,

and the set�S = X [ ( �X � S). By de�nition of `2-RNSP,

kx Sk2 �
�

p
k

kx �Sk1 + � kAx k2

Using Lemma 2.4,kAx k2 = kA �X ; �Y �x k2. Also note thatkx Sk2 = k�x B k2, andkx �Sk1 =

k�x �B k1. Hence,

k�x B k2 �
�

p
k

k�x �B k1 + � kA �X ; �Y �x k2:

Theorem 2.8. If the matrixA satis�es RNSP of orderk with parameters� and � , then the

C-reduced matrix A �X ; �Y also satis�es RNSP of orderk with the same parameters� and � .

That is, if

kx Sk2 � � kx �Sk1 + � kAx k2 8x 2 Rn

holds for allS � f 1: : : ng with jSj � k then,

k�x B k2 � � k�x �B k1 + � kA �X ; �Y �x k2 8�x 2 Rj �X j

holds for allB � f 1: : : j �X jg with jB j � k.

Proof. The proof follows the same argument as for Theorem 2.7, except the coef�cient�p
k

is

replaced by� .
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Appendix 2.E Sensing Matrix Comparison

We generated sensing matrices optimized to have low mutual coherence, as described in

Sec. 2.3.7. We have observed that these matrices, besides originating from randomly generated

matrices, have a much higher number of non-zero elements and higher pool sizes compared to

Kirkman or STS matrices. This leads to dif�culty in pooling, increased pooling time, wastage

of sample, and sample dilution. A well-tuned93 � 961 matrix that we generated using this

method had6517non-zero elements, with its smallest pool being of size66. In comparison,

the Kirkman triple matrix of the same dimensions had2883non-zero elements and a pool

size equal to31. Table 2.13 shows the performance of COMP followed by SBL on this matrix

designed to minimize coherence, using synthetic data. For smaller values ofk (up to 12), it

has lower false negatives and false positives than the same algorithm on the93� 961Kirkman

matrix (Table 2.3). However, the number of false positives increases signi�cantly for higher

number of infections.

We also considered Bernoulli(p) random matrices, whose entries are1 with probability

p, and0 otherwise. Herep is the Bernoulli parameter and lies in the range(0; 1). It is shown

in [12] that Bernoulli(p) matrices are good for compressed sensing. That is, they satisfy a

robust nullspace property of orderk if the number of rowsm = O(k logn=k), with very high

probability. On the other hand, Bernoulli(1=k) sensing matrices withO(k logn) rows incur

low probability of error when COMP is used to determine the support ofk-sparse vectors [29].

Table 2.14 shows the performance of COMP followed by SBL on a93 � 961 Bernoulli(0:5)

matrix. The COMP step does not help that much in this case, leading to a large number of false

positives in the subsequent SBL step. Table 2.15 shows the performance of COMP followed by

SBL on a93� 961Bernoulli(0:1) matrix. Results on this matrix are better than the Bernoulli(0:5)

matrix. However, neither of these matrices come close to the performance exhibited by Kirkman

triple matrices (e.g., Table 2.3).
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Table 2.13: Performance of COMP followed by SBL (on synthetic data) for93� 961matrix optimized

for low mutual coherence. For each criterion, mean and standard deviation values are reported, across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.031� 0.012 0.0� 0.0 0.1 � 0.3 1.0000� 0.0000 0.9999� 0.0003

8 0.041� 0.013 0.0� 0.1 1.8 � 1.5 0.9996� 0.0068 0.9982� 0.0015

10 0.049� 0.013 0.0� 0.2 5.7 � 3.3 0.9973� 0.0168 0.9940� 0.0034

12 0.062� 0.018 0.1� 0.3 13.0� 6.3 0.9920� 0.0262 0.9863� 0.0066

15 0.098� 0.030 0.2� 0.5 32.0� 12.8 0.9843� 0.0320 0.9662� 0.0135

17 0.120� 0.029 0.4� 0.6 49.8� 18.4 0.9777� 0.0356 0.9473� 0.0195

20 0.126� 0.029 0.6� 0.7 86.2� 28.6 0.9718� 0.0368 0.9084� 0.0304

Table 2.14: Performance of COMP followed by SBL (on synthetic data) for93 � 961Bernoulli(0:5)

matrix. For each criterion, mean and standard deviation values are reported, across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.123� 0.051 0.1� 0.3 127.9� 127.8 0.9840� 0.0543 0.8662� 0.1337

8 0.147� 0.027 0.3� 0.5 405.9� 132.3 0.9675� 0.0652 0.5741� 0.1388

10 0.167� 0.026 0.4� 0.6 466.4� 65.7 0.9580� 0.0603 0.5096� 0.0690

12 0.190� 0.033 0.5� 0.6 475.1� 49.5 0.9558� 0.0533 0.4994� 0.0521

15 0.254� 0.050 1.0� 0.9 479.5� 37.0 0.9353� 0.0607 0.4932� 0.0391

17 0.288� 0.064 1.3� 0.9 484.6� 37.1 0.9241� 0.0554 0.4867� 0.0393

20 0.365� 0.096 1.9� 1.3 488.7� 44.9 0.9040� 0.0651 0.4806� 0.0477
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Table 2.15: Performance of COMP followed by SBL (on synthetic data) for93 � 961Bernoulli(0:1)

matrix. For each criterion, mean and standard deviation values are reported, across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.035� 0.015 0.0� 0.0 1.5 � 1.6 0.9998� 0.0063 0.9985� 0.0017

8 0.052� 0.018 0.0� 0.1 8.0 � 5.6 0.9974� 0.0179 0.9916� 0.0058

10 0.073� 0.028 0.1� 0.2 17.9� 9.7 0.9940� 0.0242 0.9811� 0.0102

12 0.106� 0.039 0.2� 0.4 33.7� 18.3 0.9863� 0.0334 0.9645� 0.0193

15 0.137� 0.034 0.4� 0.6 68.8� 30.9 0.9757� 0.0386 0.9273� 0.0327

17 0.138� 0.031 0.5� 0.6 98.6� 38.5 0.9720� 0.0382 0.8955� 0.0408

20 0.141� 0.031 0.6� 0.8 155.8� 51.7 0.9679� 0.0394 0.8345� 0.0549

Appendix 2.F Non-negative Least Squares (NNLS)

We present the results of running COMP followed by Non-negative least squares (NNLS, section

2.3.4.4) on synthetic data for the93� 961Kirkman matrix in Table 2.16.

Table 2.16: Performance of COMP followed by NNLS (on synthetic data) for93� 961Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported, across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0:046� 0:018 0:0 � 0:1 0:8 � 0:9 0:9992� 0:0126 0:9992� 0:0009

8 0:070� 0:031 0:1 � 0:3 4:0 � 2:2 0:9912� 0:0324 0:9958� 0:0023

10 0:097� 0:044 0:2 � 0:5 7:9 � 3:1 0:9777� 0:0468 0:9917� 0:0032

12 0:154� 0:093 0:5 � 0:7 13:1 � 5:5 0:9566� 0:0586 0:9862� 0:0058

15 0:288� 0:164 0:9 � 1:0 29:1 � 17:0 0:9397� 0:0685 0:9692� 0:0180

17 0:397� 0:174 0:8 � 1:2 50:0 � 24:1 0:9547� 0:0715 0:9470� 0:0256

20 0:528� 0:167 0:2 � 0:9 87:8 � 25:3 0:9883� 0:0428 0:9067� 0:0269
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Appendix 2.G Viral Loads of False Negatives

Table 2.17: Viral loads of false negative samples for the COMP followed by CS algorithms using a

93� 961Kirkman matrix on synthetic data, normalized by the maximum possible viral load. Mean and

standard deviation reported over1000randomly generated signals.

k COMP-SBL
COMP-

NNOMP

COMP-

NNLASSO

COMP-

NNLAD
COMP-NNLS

5 0:013� 0:007 0:028� 0:031 0:021� 0:011 0:012� 0:014 0:011� 0:008

8 0:015� 0:017 0:023� 0:024 0:024� 0:022 0:029� 0:032 0:029� 0:030

10 0:023� 0:026 0:032� 0:052 0:035� 0:040 0:034� 0:036 0:030� 0:031

12 0:047� 0:080 0:066� 0:099 0:057� 0:066 0:067� 0:075 0:059� 0:067

15 0:093� 0:134 0:151� 0:181 0:098� 0:107 0:084� 0:083 0:081� 0:082

17 0:192� 0:227 0:224� 0:217 0:110� 0:113 0:085� 0:083 0:086� 0:088

20 0:306� 0:250 0:299� 0:240 0:192� 0:164 0:104� 0:120 0:105� 0:122

As seen in Tables 2.1 through 2.5, our method gives far fewer false positives when com-

pared to COMP, at the cost of a rare false negative. Furthermore, due to the numerical nature of

our method, there is asymmetry in our mode of failure, and we fail less on samples with high

viral load. That is, even the rare false negatives that we fail to detect have very small viral loads.

Table 2.17 shows the mean and standard deviation of viral loads of false negative samples for

obtained by our method on synthetic data for a range of values ofk. We see that fork up to10,

these false negative viral load values are very small. For example, if we use COMP followed by

SBL, the average viral load value of false negative samples is0:023� 0:026, around40 times

lower than the maximum viral load (1:0). This means that our method almost never misses a

sample with high viral load. This matters particularly because COVID-19 super-spreaders are

believed to have a high viral load [30].

78



Appendix 2.H Dependence of relative viral loads on param-

eter q

Typical RT-PCR output will not give us viral loads of the pools, rather, only the threshold cycle

(Ct ) values (see Sec. 2.2). In order to convert from theCt values to the relative viral load vector,

we use Eqn. 2.9, as explained in Sec. 2.3.1.1. For this, we need the value of the parameterq,

which we set to0:95, since we expect the viral amount in each pool to roughly double in each

RT-PCR cycle.

The parameterqmay be estimated from raw RT-PCR data, which contains the �uorescence

values found at the end of each RT-PCR thermal cycle for each pool. If we take the natural

logarithm on both sides of Eqn. 2.5, we can see that the logarithm of the �uorescence of a

pool has a linear dependence on cycle time. Hence,q may be obtained by performing linear

regression on log �uorescence values for any (positive) pool [70].

The value ofq thus obtained will have some dependence on the pool so chosen. How-

ever, the relative viral loads of declared positives obtained by our algorithm show negligible

variance in most cases, especially for samples with high viral load, over a large range ofq (see

Table 2.18). In some cases, especially for samples with low viral loads, we do observe some

variance. However, it never happens that a sample with high relative viral load is reported to

have low relative viral load, or vice-versa. Moreover, the declared positives do not change for

any experiment.
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Table 2.18: Effect of parameterq on the reported relative relative viral loads of real data, using COMP-

SBL. Viral loads reported are relative to the viral load content of the pool with the smallest threshold

cycle (Ct ) value in that particular experiment. Sample IDs are the indices of the estimated viral load

vector ex which have value more than0 in that experiment, for any value ofq. In some cases, there

may be more sample ID entries for an experiment than the number of ground truth positive samplesk

in that experiment, due to false positives. Reported viral load of remaining samples is0. (continued in

Table 2.19)

Harvard

24� 60,

k = 2

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample IDs

10 0.13 0.11 0.09 0.07 0.06 0.04 0.03

28 0.86 0.85 0.84 0.84 0.83 0.82 0.82

54 0.08 0.09 0.09 0.10 0.10 0.11 0.11

Harvard

30� 120,

k = 2

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample IDs
20 0.86 0.85 0.85 0.84 0.83 0.83 0.82

114 0.90 0.89 0.89 0.88 0.88 0.87 0.87

NCBS-1

16� 40,

k = 1

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample ID 14 0.78 0.77 0.77 0.76 0.75 0.74 0.73

NCBS-2

16� 40,

k = 2

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample IDs
9 0.59 0.58 0.58 0.57 0.57 0.56 0.56

22 0.60 0.59 0.59 0.59 0.58 0.58 0.57

NCBS-3

16� 40,

k = 3

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample IDs

4 0.011 0.008 0.005 0.004 0.003 0.003 0.002

6 0.07 0.06 0.05 0.05 0.04 0.04 0.03

23 0.77 0.76 0.76 0.75 0.75 0.74 0.74
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Table 2.19: Continuation of Table 2.18.

NCBS-4

16� 40,

k = 4

q ! 0.7 0.75 0.8 0.85 0.9 0.95 1

Sample IDs

11 0.014 0.009 0.006 0.004 0.003 0.003 0.003

17 0.04 0.04 0.04 0.04 0.03 0.03 0.03

18 0.001 0.002 0.002 0.003 0.003 0.003 0.004

33 0.94 0.94 0.94 0.94 0.94 0.93 0.93

36 0.11 0.10 0.09 0.08 0.07 0.06 0.05

Appendix 2.I Sensitivity of results to choice of threshold�

Table 2.20: Sensitivity of COMP-NNLASSO to the choice of threshold� . Reported numbers are for

1000signals withk = 10 on the93� 961Kirkman matrix.

COMP-NNLASSO

� RMSE #FN #FP Sens. Spec.

0 0:0989� 0:0538 0:0000� 0:0000 15:1620� 4:44521:0000� 0:0000 0:9841� 0:0047

0.1 0:0989� 0:0538 0:2570� 0:4870 7:7850� 3:3660 0:9743� 0:0487 0:9918� 0:0035

0.2 0:0989� 0:0538 0:2570� 0:4870 7:7760� 3:3540 0:9743� 0:0487 0:9918� 0:0035

0.3 0:0989� 0:0538 0:2590� 0:4880 7:7730� 3:3530 0:9741� 0:0488 0:9918� 0:0035

0.4 0:0989� 0:0538 0:2590� 0:4880 7:7670� 3:3520 0:9741� 0:0488 0:9918� 0:0035

0.5 0:0989� 0:0538 0:2600� 0:4885 7:7660� 3:3527 0:9740� 0:0489 0:9918� 0:0035

0.6 0:0989� 0:0538 0:2600� 0:4885 7:7640� 3:3516 0:9740� 0:0489 0:9918� 0:0035

0.7 0:0989� 0:0538 0:2600� 0:4885 7:7640� 3:3516 0:9740� 0:0489 0:9918� 0:0035

0.8 0:0989� 0:0538 0:2600� 0:4885 7:7620� 3:3497 0:9740� 0:0489 0:9918� 0:0035

0.9 0:0989� 0:0538 0:2610� 0:4890 7:7620� 3:3497 0:9739� 0:0489 0:9918� 0:0035

1 0:0989� 0:0538 0:2610� 0:4890 7:7610� 3:3513 0:9739� 0:0489 0:9918� 0:0035

As discussed in section 2.4.1.4, we use a threshold of� = 0:2� xmin , below which entries

of the estimated viral load vector̂x are set to0. Herexmin = 1:0 for our synthetic data. This

is needed for the algorithms COMP-NNLASSO, COMP-NNLAD and COMP-NNLS. Tables 2.20,

2.21 and 2.22 show the variance in performance of these algorithms for different choices of� ,

for the case when the number of infected samplesk = 10. We see that� = 0 gives many false
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Table 2.21: Sensitivity of COMP-NNLAD to the choice of threshold� . Reported numbers are for1000

signals withk = 10 on the93� 961Kirkman matrix.

COMP-NNLAD

� RMSE #FN #FP Sens. Spec.

0 0:1060� 0:0527 0:0000� 0:0000 15:4640� 4:62991:0000� 0:0000 0:9837� 0:0049

0.1 0:1060� 0:0527 0:2030� 0:4242 9:3480� 3:1325 0:9797� 0:0424 0:9902� 0:0033

0.2 0:1060� 0:0527 0:2030� 0:4242 9:3450� 3:1308 0:9797� 0:0424 0:9902� 0:0033

0.3 0:1060� 0:0527 0:2030� 0:4242 9:3440� 3:1298 0:9797� 0:0424 0:9902� 0:0033

0.4 0:1060� 0:0527 0:2030� 0:4242 9:3420� 3:1309 0:9797� 0:0424 0:9902� 0:0033

0.5 0:1060� 0:0527 0:2030� 0:4242 9:3420� 3:1309 0:9797� 0:0424 0:9902� 0:0033

0.6 0:1060� 0:0527 0:2030� 0:4242 9:3400� 3:1315 0:9797� 0:0424 0:9902� 0:0033

0.7 0:1060� 0:0527 0:2030� 0:4242 9:3380� 3:1314 0:9797� 0:0424 0:9902� 0:0033

0.8 0:1060� 0:0527 0:2030� 0:4242 9:3360� 3:1319 0:9797� 0:0424 0:9902� 0:0033

0.9 0:1060� 0:0527 0:2030� 0:4242 9:3340� 3:1315 0:9797� 0:0424 0:9902� 0:0033

1 0:1060� 0:0527 0:2030� 0:4242 9:3310� 3:1317 0:9797� 0:0424 0:9902� 0:0033

Table 2.22: Sensitivity of COMP-NNLS to the choice of threshold� . Reported numbers are for1000

signals withk = 10 on the93� 961Kirkman matrix.

COMP-NNLS

� RMSE #FN #FP Sens. Spec.

0 0:0981� 0:0520 0:0000� 0:0000 15:4250� 4:40201:0000� 0:0000 0:9838� 0:0046

0.1 0:0981� 0:0520 0:2540� 0:4896 7:9430� 3:2712 0:9746� 0:0490 0:9916� 0:0034

0.2 0:0981� 0:0520 0:2540� 0:4896 7:9430� 3:2712 0:9746� 0:0490 0:9916� 0:0034

0.3 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.4 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.5 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.6 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.7 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.8 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

0.9 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034

1 0:0981� 0:0520 0:2540� 0:4896 7:9420� 3:2701 0:9746� 0:0490 0:9916� 0:0034
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positives as compared to the other choices. For other values of� , only COMP-NNLASSO shows

some variance. We chose� = 0:2 to provide good tradeoff between sensitivity and speci�city.

Appendix 2.J Optimal Expected Number of Dorfman Tests

A formula for the expected number of tests using Dorfman Testing is presented in [28]. How-

ever, it is valid only for the case when the number of samples is a multiple of the pool size.

We slightly modify their derivation to handle the case when it is not so. Let there ben samples

f 1: : : ng, with disease prevalence ratep = k=n. That is, any given sample is positive with prob-

ability p = k=n, independently of other samples. Thus, out ofn samples, the expected number

of samples which are infected isk. Let the samples be divided intobn=gc pools of sizeg � 2,

and one pool of sizer = n � b n=gcg. Sincep is the probability that a given sample is infected,

hence1 � p is the probability that a given sample is not infected. Thenp0(l ) = 1 � (1 � p) l is

the probability of a pool of sizel being infected. LetTg be the total number of �rst stage and

second stage tests taken by the Dorfman testing method, given the pool sizeg. Let the pools

thus formed be numberedf 1: : : bn=gc+1g, with a0-sized last pool ifr = 0 for the purposes of

our computation. Also, lett j = 1 if the j th pool tested positive,0 otherwise. The0-sized pool

is considered to be tested as negative. Also note that ifr = 1, the last pool need not be retested

even if it tested as positive. Let�r denote the number of tests done for the last pool if it tested

positive. Hence�r = 0 if r � 1, else�r = r . Then,

Tg =
bn

g cX

j =1

t j g + �rt bn
g c+1 +

�
n
g

�
: (2.33)

By linearity of expectations, we get

E[Tg] = g
�

n
g

�
p0(g) + �rp0(r ) +

�
n
g

�
: (2.34)

The optimal expected number of tests ismin
g

E[Tg], and the optimal pool size is

83



g� = arg min
g

E[Tg]. Since there is no closed form for this, we implemented this numerically

in practice – see Table 2.6 and Sec. 2.4.1.7.

Appendix 2.K Fraction of samples remaining after COMP

using Kirkman matrices

Proposition 2.9. Let A be anm � n full Kirkman matrix. Lety = Ax be a measurement

vector for somex 2 Rn such thatkx k0 = k. Letf := kyk0=m 2 (0; 1) be the fraction of pools

that are tested positive. Then the fraction of samples declared positive byCOMP is strictly less

thanf 2.

Proof. We will prove the proposition for the case whenA is a Steiner Triple System matrix.

Since every full Kirkman matrix is also a Steiner Triple System matrix, the same proof holds.

Let �Y be the set of pools that tested positive and�X be the set of samples declared positive

by COMP. Then, we havej �Y j = fm . Recall from Sec. 2.3.7.3 that sinceA is a Steiner Triple

System matrix each column consists of3 entries with value1. Notice that any column which

does not have all three of its1 entries in�Y would have gotten eliminated by COMP. Hence the

reduced matrixA �X ; �Y also has the property that each column consists of3 entries with value1.

Recall from Sec. 2.3.7.3 that in a Steiner Triple System matrix, each column corresponds

to a triplet of rows, and each (unordered) pair of rows occurs together in exactly1 such triplet.

Hence each column ofA corresponds to
� 3

2

�
= 3 unique pairs of rows ofA . Consequently, in

the reduced matrixA �X ; �Y , each column corresponds to3 unique pairs of rows ofA �X ; �Y , since

for each column inA �X ; �Y , all the rows with1 entries are in�Y .

Hence, forA �X ; �Y , total number of such unique pairs of rows as enumerated by its columns

is 3j �X j. This number must be less than or equal to the maximum number of unique pairs of

rows ofA �X ; �Y , which is
� j �Y j

2

�
= fm (fm � 1)=2. Therefore, we have

j �X j �
fm (fm � 1)

6
<

fm (fm � f )
6

= f 2 m(m � 1)
6

: (2.35)
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Recall from Sec. 2.3.7.3 that the number of columnsn of a Steiner Triple System matrix is

equal to
� m

2

�
=3 = m(m � 1)=6. Hence,

j �X j
n

< f 2: (2.36)

This gives some intuition as to why COMP eliminates so many samples when using Kirk-

man matrices, as observed from Table 2.1, especially in the regimek � m. Since each sample

can only make3 tests positive, number of positive tests is at most3k. Hencef � 3k=m for

Kirkman matrices. For example, when using a full Kirkman matrix, if the fractions of positive

testsf is 0:1, fraction of samples that remain after COMP is at mostf 2 = 0:01. Similarly, if

f = 0:3, thenf 2 = 0:09, and so on.

Appendix 2.L Synthetic data results on45 � 105Kirkman

triple matrix

We present performance of COMP followed by CS algorithms on synthetic data for the Kirkman

triple matrix of size45� 105in Tables 2.23, 2.24, 2.25, 2.26, 2.27, and 2.28. We followed the

same methodology as in Sec. 2.4.1.1 for these experiments. Using COMP without the CS step

gives acceptable performance up tok = 8. For larger values ofk, signi�cant improvements

are seen by performing the additional CS step after COMP. COMP-SBL is the best algorithm,

achieving high sensitivity and speci�city for a wide range ofk. It is followed closely by COMP-

NNLAD , COMP-NNLASSO, and COMP-NNLS, all of which give higher false negatives than

COMP-SBL for high values ofk. COMP-NNOMP provides the highest speci�city, albeit at the

cost of lower sensitivity than the other algorithms, especially for high values ofk. We note that

COMP-SBL and COMP-NNLAD achieve greater than0:99 sensitivity and0:95 speci�city for k

up to10. COMP-SBL 's performance degrades gracefully for higher values ofk.
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Table 2.23: Performance of COMP and DD (on synthetic data) for45� 105Kirkman triple matrix. For

each criterion and eachk value, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec. # HCP

5 1.000� 0.000 0.0� 0.0 1.0 � 1.0 1.0000� 0.0000 0.9899� 0.0099 4:8

8 1.000� 0.000 0.0� 0.0 4.4 � 2.2 1.0000� 0.0000 0.9541� 0.0223 5:2

10 1.000� 0.000 0.0� 0.0 8.0 � 3.2 1.0000� 0.0000 0.9163� 0.0338 4:0

12 1.000� 0.000 0.0� 0.0 12.2� 4.1 1.0000� 0.0000 0.8689� 0.0446 2:5

15 1.000� 0.000 0.0� 0.0 19.9� 5.8 1.0000� 0.0000 0.7791� 0.0647 0:9

17 1.000� 0.000 0.0� 0.0 24.9� 6.6 1.0000� 0.0000 0.7174� 0.0747 0:5

20 1.000� 0.000 0.0� 0.0 32.0� 8.1 1.0000� 0.0000 0.6233� 0.0955 0:1

Table 2.24: Performance of COMP followed by NNLASSO (on synthetic data) for45 � 105Kirkman

triple matrix. For each criterion and eachk value, mean and standard deviation values are reported across

1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0:047� 0:020 0:0 � 0:1 0:5 � 0:7 0:9994� 0:0109 0:9949� 0:0072

8 0:064� 0:024 0:0 � 0:2 2:3 � 1:6 0:9941� 0:0265 0:9761� 0:0165

10 0:079� 0:031 0:1 � 0:3 3:9 � 2:2 0:9892� 0:0317 0:9585� 0:0230

12 0:100� 0:041 0:3 � 0:5 6:1 � 2:9 0:9783� 0:0409 0:9340� 0:0313

15 0:143� 0:076 0:5 � 0:7 9:4 � 3:9 0:9654� 0:0465 0:8956� 0:0432

17 0:178� 0:097 0:9 � 0:9 12:0 � 5:3 0:9493� 0:0521 0:8639� 0:0605

20 0:256� 0:131 1:2 � 1:1 17:1 � 9:5 0:9380� 0:0557 0:7993� 0:1123
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Table 2.25: Performance of COMP followed by SBL (on synthetic data) for45 � 105Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported across 1000

signals.

k RMSE #FN #FP Sens. Spec.

5 0.046� 0.019 0.0� 0.1 0.5 � 0.7 0.9994� 0.0109 0.9945� 0.0075

8 0.058� 0.020 0.0� 0.1 2.4 � 1.6 0.9974� 0.0179 0.9749� 0.0169

10 0.070� 0.023 0.1� 0.3 4.3 � 2.3 0.9930� 0.0255 0.9550� 0.0241

12 0.085� 0.035 0.1� 0.3 6.7 � 2.9 0.9911� 0.0271 0.9281� 0.0312

15 0.112� 0.041 0.2� 0.5 10.8� 4.0 0.9846� 0.0319 0.8799� 0.0445

17 0.142� 0.081 0.4� 0.6 13.7� 4.5 0.9754� 0.0376 0.8445� 0.0517

20 0.195� 0.145 0.7� 0.9 18.0� 5.8 0.9628� 0.0443 0.7885� 0.0685

Table 2.26: Performance of COMP followed by NNOMP (on synthetic data) for45� 105Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported across 1000

signals.

k RMSE #FN #FP Sens. Spec.

5 0.046� 0.020 0.0� 0.1 0.2 � 0.5 0.9984� 0.0178 0.9980� 0.0047

8 0.060� 0.024 0.1� 0.3 1.0 � 1.3 0.9882� 0.0377 0.9895� 0.0134

10 0.073� 0.029 0.2� 0.5 2.2 � 2.1 0.9774� 0.0478 0.9769� 0.0217

12 0.090� 0.036 0.3� 0.6 3.9 � 2.8 0.9713� 0.0503 0.9582� 0.0300

15 0.135� 0.069 0.6� 0.8 7.7 � 3.7 0.9573� 0.0528 0.9139� 0.0414

17 0.175� 0.103 1.0� 1.0 10.2� 3.8 0.9406� 0.0590 0.8842� 0.0426

20 0.266� 0.169 2.0� 1.6 12.7� 3.8 0.8998� 0.0789 0.8502� 0.0448
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Table 2.27: Performance of COMP followed by NNLAD (on synthetic data) for45� 105Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported across 1000

signals.

k RMSE #FN #FP Sens. Spec.

5 0:050� 0:022 0:0 � 0:0 0:6 � 0:8 0:9998� 0:0063 0:9936� 0:0079

8 0:068� 0:028 0:0 � 0:2 2:7 � 1:7 0:9968� 0:0199 0:9721� 0:0174

10 0:087� 0:037 0:1 � 0:3 5:0 � 2:3 0:9903� 0:0309 0:9479� 0:0246

12 0:105� 0:041 0:2 � 0:4 7:3 � 3:0 0:9841� 0:0356 0:9215� 0:0318

15 0:150� 0:070 0:5 � 0:7 10:5 � 3:9 0:9693� 0:0441 0:8837� 0:0431

17 0:195� 0:100 0:8 � 0:8 13:0 � 5:7 0:9554� 0:0491 0:8527� 0:0644

20 0:261� 0:126 1:1 � 1:1 18:1 � 10:2 0:9438� 0:0548 0:7870� 0:1203

Table 2.28: Performance of COMP followed by NNLS (on synthetic data) for45 � 105Kirkman triple

matrix. For each criterion and eachk value, mean and standard deviation values are reported across 1000

signals.

k RMSE #FN #FP Sens. Spec.

5 0:046� 0:019 0:0 � 0:0 0:5 � 0:7 0:9998� 0:0063 0:9947� 0:0071

8 0:063� 0:023 0:0 � 0:2 2:2 � 1:5 0:9944� 0:0265 0:9772� 0:0159

10 0:079� 0:033 0:1 � 0:4 4:1 � 2:2 0:9863� 0:0358 0:9565� 0:0234

12 0:097� 0:036 0:2 � 0:5 6:2 � 2:9 0:9810� 0:0382 0:9337� 0:0313

15 0:138� 0:068 0:5 � 0:7 9:3 � 4:0 0:9660� 0:0469 0:8966� 0:0444

17 0:183� 0:099 0:8 � 0:8 12:1 � 5:9 0:9525� 0:0500 0:8629� 0:0667

20 0:251� 0:129 1:2 � 1:1 17:6 � 10:5 0:9425� 0:0553 0:7935� 0:1231
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Appendix 2.M Synthetic data results using CS algorithms

only

We provide results of running CS algorithms on synthetic data for the93� 961and45� 105

Kirkman triple matrices, without doing the COMP preprocessing step, in Tables 2.29, 2.30, 2.31,

2.32, 2.33, 2.34, 2.35, 2.36, 2.37 and 2.38. We �nd that running the CS algorithms without the

COMP step increases false negatives or false positives by a large factor for each algorithm. We

observed that this method was computationally more expensive due to the algorithms running

on the full matrix. We used the same methodology as in Sec. 2.4.1.1. Results for all algorithms

are over1000randomly generated signals for eachk, except for NNLASSOon93� 961Kirkman

triple matrix, for which only100signals were used.

Table 2.29: Performance of NNLASSO without COMP (on synthetic data) for93 � 961Kirkman triple

matrix. For each criterion, mean and standard deviation are reported over 100 signals.

k RMSE #FN #FP Sens. Spec.

5 0.254� 0.368 0.1� 0.3 78.2� 28.2 0.9780� 0.0690 0.9182� 0.0295

8 0.326� 0.360 0.2� 0.5 82.2� 33.3 0.9738� 0.0672 0.9137� 0.0349

10 0.418� 0.346 0.5� 0.7 85.4� 36.3 0.9470� 0.0717 0.9102� 0.0382

12 0.558� 0.295 0.9� 0.9 83.5� 30.9 0.9283� 0.0759 0.9120� 0.0326

15 0.656� 0.196 1.9� 1.4 95.1� 34.2 0.8713� 0.0915 0.8995� 0.0362

17 0.723� 0.161 2.3� 1.4 113.2� 43.2 0.8635� 0.0823 0.8801� 0.0457

20 0.787� 0.099 2.8� 1.8 141.4� 43.2 0.8580� 0.0887 0.8497� 0.0459
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Table 2.30: Performance of SBL without COMP (on synthetic data) for93� 961Kirkman triple matrix.

For each criterion, mean and standard deviation are reported over 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.105� 0.213 0.0� 0.0 388.4� 63.2 1.0000� 0.0000 0.5937� 0.0661

8 0.113� 0.211 0.1� 0.2 420.2� 55.5 0.9925� 0.0297 0.5591� 0.0582

10 0.065� 0.024 0.0� 0.1 443.9� 42.9 0.9990� 0.0099 0.5332� 0.0452

12 0.070� 0.024 0.1� 0.4 449.9� 38.1 0.9942� 0.0295 0.5259� 0.0401

15 0.108� 0.139 0.1� 0.4 450.0� 29.1 0.9913� 0.0277 0.5243� 0.0308

17 0.179� 0.236 0.6� 1.2 456.5� 30.0 0.9659� 0.0702 0.5165� 0.0318

20 0.317� 0.351 1.4� 2.2 467.4� 30.5 0.9290� 0.1098 0.5033� 0.0324

Table 2.31: Performance of NNOMP without COMP (on synthetic data) for93 � 961 Kirkman triple

matrix. For each criterion, mean and standard deviation are reported over 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.048� 0.022 0.0� 0.2 2.6 � 8.5 0.9940� 0.0341 0.9973� 0.0089

8 0.062� 0.025 0.2� 0.4 9.5 � 17.7 0.9750� 0.0559 0.9900� 0.0186

10 0.168� 0.280 0.8� 1.7 16.7� 22.1 0.9180� 0.1740 0.9825� 0.0232

12 0.242� 0.331 2.0� 3.3 19.4� 21.7 0.8292� 0.2745 0.9795� 0.0229

15 0.526� 0.416 6.4� 5.3 11.9� 16.9 0.5747� 0.3565 0.9874� 0.0178

17 0.734� 0.410 10.3� 6.2 9.8 � 15.5 0.3918� 0.3632 0.9897� 0.0164

20 0.902� 0.306 15.4� 5.4 6.2 � 10.1 0.2290� 0.2697 0.9934� 0.0107
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Table 2.32: Performance of NNLAD without COMP (on synthetic data) for93 � 961 Kirkman triple

matrix. For each criterion, mean and standard deviation are reported over 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.080� 0.028 0.0� 0.1 19.9� 6.3 0.9972� 0.0235 0.9791� 0.0066

8 0.103� 0.036 0.1� 0.3 43.8� 16.2 0.9914� 0.0322 0.9541� 0.0170

10 0.130� 0.050 0.2� 0.5 45.9� 23.6 0.9750� 0.0479 0.9517� 0.0249

12 0.178� 0.086 0.6� 0.7 38.3� 24.1 0.9539� 0.0596 0.9597� 0.0254

15 0.293� 0.150 0.9� 1.0 37.7� 18.3 0.9390� 0.0672 0.9602� 0.0193

17 0.404� 0.177 0.8� 1.2 53.9� 22.9 0.9558� 0.0721 0.9429� 0.0243

20 0.542� 0.163 0.3� 1.0 88.1� 24.8 0.9855� 0.0489 0.9063� 0.0263

Table 2.33: Performance of NNLS without COMP (on synthetic data) for93 � 961 Kirkman triple

matrix. For each criterion, mean and standard deviation are reported over 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.072� 0.024 0.1� 0.2 64.0� 5.6 0.9880� 0.0492 0.9330� 0.0058

8 0.091� 0.031 0.2� 0.5 66.7� 4.2 0.9739� 0.0564 0.9300� 0.0044

10 0.120� 0.052 0.4� 0.6 69.0� 4.1 0.9634� 0.0564 0.9275� 0.0043

12 0.164� 0.087 0.6� 0.8 70.1� 7.8 0.9472� 0.0634 0.9261� 0.0082

15 0.301� 0.160 1.0� 1.1 67.2� 12.0 0.9359� 0.0706 0.9289� 0.0127

17 0.412� 0.170 0.7� 1.2 69.3� 10.9 0.9561� 0.0713 0.9266� 0.0115

20 0.538� 0.155 0.3� 1.0 92.1� 18.0 0.9855� 0.0499 0.9021� 0.0192
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Table 2.34: Performance of NNLASSO without COMP (on synthetic data) for45 � 105Kirkman triple

matrix. For each criterion, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.066� 0.022 0.0� 0.2 19.6� 2.8 0.9914� 0.0416 0.8037� 0.0283

8 0.082� 0.024 0.1� 0.3 21.5� 2.7 0.9840� 0.0433 0.7788� 0.0277

10 0.096� 0.030 0.2� 0.4 22.2� 2.7 0.9785� 0.0442 0.7666� 0.0283

12 0.111� 0.040 0.4� 0.6 22.6� 2.7 0.9699� 0.0488 0.7573� 0.0289

15 0.150� 0.075 0.7� 0.8 23.3� 5.1 0.9561� 0.0526 0.7414� 0.0562

17 0.182� 0.089 0.9� 0.9 24.3� 7.4 0.9467� 0.0537 0.7239� 0.0845

20 0.258� 0.136 1.2� 1.1 29.7� 16.9 0.9379� 0.0567 0.6504� 0.1983

Table 2.35: Performance of SBL without COMP (on synthetic data) for45� 105Kirkman triple matrix.

For each criterion, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.078� 0.026 0.0� 0.0 49.9� 3.6 0.9996� 0.0089 0.5012� 0.0364

8 0.088� 0.029 0.0� 0.2 48.9� 3.8 0.9959� 0.0230 0.4962� 0.0395

10 0.095� 0.029 0.1� 0.3 47.8� 4.0 0.9898� 0.0316 0.4968� 0.0418

12 0.105� 0.034 0.2� 0.4 47.2� 3.9 0.9865� 0.0331 0.4924� 0.0420

15 0.122� 0.051 0.3� 0.6 46.3� 4.1 0.9789� 0.0377 0.4855� 0.0457

17 0.138� 0.081 0.4� 0.7 45.6� 4.2 0.9736� 0.0383 0.4815� 0.0474

20 0.202� 0.154 0.8� 0.9 45.4� 4.6 0.9595� 0.0470 0.4663� 0.0542
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Table 2.36: Performance of NNOMP without COMP (on synthetic data) for45 � 105 Kirkman triple

matrix. For each criterion, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.050� 0.023 0.0� 0.1 1.6 � 3.7 0.9986� 0.0167 0.9836� 0.0365

8 0.070� 0.027 0.1� 0.4 5.7 � 6.3 0.9819� 0.0515 0.9408� 0.0646

10 0.085� 0.032 0.2� 0.5 9.9 � 6.8 0.9759� 0.0520 0.8960� 0.0720

12 0.103� 0.036 0.4� 0.6 14.4� 6.5 0.9667� 0.0509 0.8451� 0.0700

15 0.141� 0.066 0.6� 0.8 18.8� 5.0 0.9575� 0.0509 0.7912� 0.0555

17 0.182� 0.108 1.1� 1.1 20.0� 3.7 0.9368� 0.0639 0.7724� 0.0421

20 0.278� 0.177 2.1� 1.7 20.1� 2.8 0.8944� 0.0828 0.7634� 0.0332

Table 2.37: Performance of NNLAD without COMP (on synthetic data) for45 � 105 Kirkman triple

matrix. For each criterion, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.067� 0.026 0.0� 0.1 5.6 � 2.4 0.9986� 0.0167 0.9441� 0.0242

8 0.089� 0.031 0.1� 0.2 11.4� 4.1 0.9926� 0.0305 0.8822� 0.0419

10 0.106� 0.040 0.1� 0.4 14.5� 5.0 0.9865� 0.0362 0.8475� 0.0529

12 0.128� 0.047 0.3� 0.5 15.8� 5.3 0.9778� 0.0404 0.8301� 0.0565

15 0.166� 0.076 0.6� 0.7 16.7� 5.0 0.9615� 0.0478 0.8141� 0.0560

17 0.201� 0.094 0.9� 0.9 17.1� 5.5 0.9494� 0.0513 0.8052� 0.0629

20 0.272� 0.125 1.2� 1.2 21.3� 9.9 0.9404� 0.0578 0.7500� 0.1164
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Table 2.38: Performance of NNLS without COMP (on synthetic data) for45 � 105 Kirkman triple

matrix. For each criterion, mean and standard deviation values are reported across 1000 signals.

k RMSE #FN #FP Sens. Spec.

5 0.066� 0.021 0.1� 0.2 19.3� 2.8 0.9882� 0.0471 0.8067� 0.0285

8 0.082� 0.025 0.1� 0.4 21.4� 2.5 0.9831� 0.0452 0.7793� 0.0261

10 0.094� 0.029 0.3� 0.5 22.0� 2.7 0.9745� 0.0492 0.7684� 0.0284

12 0.110� 0.037 0.3� 0.5 22.4� 2.8 0.9722� 0.0446 0.7596� 0.0304

15 0.147� 0.068 0.6� 0.7 23.1� 3.0 0.9571� 0.0493 0.7435� 0.0332

17 0.183� 0.089 0.9� 0.9 23.6� 3.8 0.9474� 0.0537 0.7324� 0.0429

20 0.262� 0.131 1.3� 1.2 25.3� 7.2 0.9368� 0.0599 0.7026� 0.0843

Appendix 2.N Computational complexities of CS decode al-

gorithms

The average amount of time taken by various algorithms discussed in this work is presented in

Fig. 2.39. The time taken for cross-validation is included in the presented times.

The theoretical convergence rates of CS decode algorithms are presented in Fig. 2.40.
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Algorithm

Average Decode Time

(seconds) with 45 � 105

Kirkman Matrix, k = 8

Average Decode Time

(seconds) with 93 � 961

Kirkman Matrix, k = 10

COMP 0.0079 0.1359

COMP-NNLASSO-CV 26.7081 37.3419

COMP-SBL 0.0229 0.3063

COMP-NNOMP-CV 0.1900 0.5419

COMP-NNLS 0.0233 0.3223

COMP-NNLAD 0.0372 0.3721

Table 2.39: Average decode time for various algorithms for pooled RT-PCR Testing using a single CPU

thread on a machine with Intel(R) Xeon(R) E5-2620 v4 CPU, computed over100 randomly generated

signals each. The suf�x CV in an algorithm name indicates that cross-validation has been used. COMP-

NNLASSO-CV uses cross-validation over 400 values of� . COMP-NNOMP-CV uses multi-fold cross-

validation, with the CV error averaged over 100 random samplings of the CV measurements. No cross-

validation is needed for COMP, COMP-SBL, COMP-NNLS, and COMP-NNLAD .
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Algorithm
Convergence Rate /

Number of Iterations
Notes

LASSO(ISTA) O( 1
T )

Iterative soft-thresholding

algorithm (ISTA) [114].

Non-negative constraint not

taken into account.

LASSO(FISTA) O( 1
T 2 )

Fast iterative soft-thresholding

algorithm (ISTA) [114].

Non-negative constraint not

taken into account.

SBL –
Theoretical convergence rate not

known.

NNOMP k̂

Number of iterations [81].̂k is

an estimate of sparsity, supplied

as a hyper-parameter.

NNLS O( 1
T 2 ) [84]

NNLAD O( 1
T )

[84]. Not worse than NNLS

because the objective is`1-norm

of residue vector, instead of

squared̀ 2 norm.

Table 2.40: Theoretical convergence rates of various CS decoding algorithms. The convergence rate

refers to the difference in the value of theobjectivewith the minimum value of the objective, afterT

iterations. For NNOMP, the number of iterations taken by the algorithm is reported.
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Chapter 3

Ef�cient Automated Image Moderation

3.1 Introduction

Compressed sensing (CS) has been a very extensively studied branch of signal/image process-

ing, which involves acquiring signals/images directly in compressed form as opposed to per-

forming compression post acquisition. Consider a possibly noisy vectory 2 Rm of measure-

ments of the signalx 2 Rn with m � n, where the measurements are acquired via a sensing

matrix � 2 Rm� n (implemented in hardware). Then we have the relationship:

y = � x + � ; (3.1)

where� 2 Rm is a vector of i.i.d. noise values. CS theory [3, 6] states that under two conditions,

x can be stably and robustly recovered fromy; � , with rigorous theoretical guarantees, by

solving convex optimization problems such as the LASSO [6], given as follows:

x̂ , argminx ky � � x k2 + � kx k1; (3.2)
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where� is a carefully chosen regularization parameter. The two conditions are: (C1) x should

be a suf�ciently sparse vector, and (C2) no sparse vector, except for a vector of all zeroes, should

lie in the null-space of� . C1 andC2 ensure thaty andx are uniquely mapped to each other via

� even thoughm � n. C2 is typically satis�ed when the entries of� belong to sub-Gaussian

distributions and whenm � O(k logn=k). If these conditions are met, then successful recovery

of a vectorx with at the mostk non-zero elements is ensured [3, 6].

Group testing (GT), also called pooled testing, is an area of information theory which is

closely related to CS [72]. Given a set ofn samples (for example, blood/urine samples) that

need to be tested for arare disease, GT replaces tests on the individual samples by tests onpools

(also calledgroups), where each pool is created using a subset of then samples. Given the test

results on each pool (as to whether or not the pool contains one or more diseased samples), the

aim is to infer the status of the individualn samples. This approach dates back to the classical

work of Dorfman [28] and has been recently very successful in saving resources in COVID-

19 RT-PCR testing [14, 101]. In some cases, side information in the form of contact tracing

matrices has also been used to further enhance the results, using approximate message passing

and the concept of group sparsity [54]. If the test results report thenumberof defective/diseased

samples in a pool instead of just a binary result, it is referred to as quantitative group testing

(QGT) [115].

Image moderation is the process of examining image content to determine whether it

depicts any objectionable content or violates copyright issues. In this work, we are concerned

with semantic image moderation to determine whether the imagecontentis objectionable, for

example depiction of violence (such as images of weapons), or whether it is off-topic for the

chosen forum (such as images of a tennis game being shared on an online forum for baseball).

Manually screening the millions of images shared on online forums like Facebook, In-

stagram, etc. is very tedious. There exist many commercial solutions for automated image

moderation (Amazon, Azure, Picpurify, Webpurify). However, there exists only a small-sized

body of academic research work in this area, mostly focused on speci�c categories of objec-

tionable content, such as �rearms/guns [37], knives [38, 39] or detection of violent scenes in

images/videos [40]. Most of these papers employ NNs for classi�cation, given their success in

image classi�cation tasks since [116]. However large-scale NNs require several Giga-�ops of

operations for a single forward pass [41] and consume considerable amounts of power as shown
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Figure 3.1: Main Components of our Image Moderation Engine for Classi�cation (see also Alg. 3.1),

which takesn input images and combines them intom < n pools using a binary pooling matrix� such

that � ij = 1 if the j th image takes part in thei th pool and� ij = 0 otherwise. The QMPNN is trained

to predict the number of objectionable images in each pool, producing vectory 2 Zm
+ . For details of

QMPNN, IFM, SFM, refer to Sec. 3.3.1. The IFM is the output of �rstl layers of the QMPNN, and the

SFM for thei th is the entry-wise maximum of the IFM of images belonging to that pool. Giveny ; � ,

a CS decoding step with suitable binarization obtains the status (objectionable or not) of each of then

images.

in [42]. Thus, methods to reduce the heavy load on moderation servers are the need of the hour.

Besides reduction in power consumption, it is also helpful if the computational cost for image

moderation engines is reduced signi�cantly.

In this part of the thesis, we present a CS approach to speed up image moderation. Con-

sider a set ofn images, each of which may independently have objectionable content with a

small probabilityp, called theprevalence rateof objectionable images (henceforth referred to

as OIs). A small value forp is justi�ed by independent reports from forums such as Facebook

(0:03� 0:14%) [43] or Reddit (6%) [44], where millions of images are regularly uploaded and

where image or content moderation is an important requirement. Instead of invoking a NN

separately on each image to classify it as objectionable or non-objectionable, we introduce the

quantitative matrix-pooled neural network(QMPNN), which takes in a speci�cation ofm < n

pools of images – each pool being a selection ofr out of n images – and ef�ciently predicts

the count of OIs in these pools. Similar to [45], the QMPNN runs the �rst few layers of the
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NN on each image of a pool and computes their Intermediate Feature Maps (IFMs), computes

the superposed feature map (SFM) of the pool from its constituent IFMs, and processes only

the SFM using the remaining layers of the network (see Fig. 3.1 and the example in Fig. 3.6 in

Appendix 3.B). However, unlike [45], the IFM for each image is computed only once, and all

n images are processed in a single forward pass to produce them pool outputs. Such a design

ensures that the computational cost of running the network on them pools is lower than that of

running the network on then images individually. The pool speci�cation is given by anm � n

binary pooling matrix. The output of the QMPNN is thus the product of the pooling matrix

and thesparseunknown binary vector specifying whether each image was objectionable or not.

This enables the usage of CS in the domain of image classi�cation. We employ CS algorithms

followed bybinarizationusing a threshold pre-determined by a validation set, to determine the

status of each of then images from the QMPNN's results on them pools. The CS algorithms

run at very little additional computational cost as compared to the QMPNN.

The above method and the one used in [45] are applicable only to classi�cation problems,

where the objectionable images belong to a single or a limited number of classes. However, in

many commonly occurring cases, the the objectionable images may belong to a large number, in

fact even an unknown number of classes. For example, on a topical forum dedicated to sharing

information about tennis, any image whose content is not related to tennis can be considered

objectionable. Hence, this is an outlier detection problem, as opposed to a classi�cation prob-

lem. We extend our earlier approach of combining NNs and CS algorithms to deal with this

application via a novel technique.

Our work is inspired by that in [45] which was the �rst work to apply GT principles to the

problem of binary classi�cation in the presence of class imbalance. However, we signi�cantly

build up on their setup and technique, and make the following contributions (see also Sec. 3.3.5

for more details):

1. We show that the problem of classifying the originaln images (as OI or not) from these

m counts (each count belonging to a pool) can be framed as a CS problem with some

additional constraints (Sec. 3.3.2). We employ various algorithms from the CS and GT

literature for this purpose (Sec. 3.3.2). Via an ef�cient implementation of our network

called QMPNN, we enable usage of pooling matrices in which one image can be a part

of manypools, bringing in innate resilience to any errors in the network outputs. As
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opposed to this, in the approach in [45], each new pool that an image contributes to,

incurs an additional cost, which makes it impractical to have an image contribute to more

than two pools.

2. We test our method for a wide range of prevalence ratesp and show that it achieves sig-

ni�cant reduction in computation cost (number of �oating point operations or the compu-

tation time) compared to individual moderation of images, while remaining competitive

in terms of classi�cation accuracy despite noisy outputs by the pooled NN (Sec. 3.4).

3. We show that our method outperforms binary GT methods, as used in [45], for highp,

where quantitative information is more important due to a higher probability of more than

one objectionable images being part of the same pool (Sec. 3.4).

4. Our decoding algorithms are designed to be noise-tolerant, as opposed to existing GT

algorithms used for this problem which do not handle the case of a pool falsely testing

negative for the presence of an objectionable image as done in [45] (also see Sec. 3.4).

5. Finally, we present a novelpooled deep outlier detectionmethod for computationally

ef�cient automatic identi�cation of off-topic images on internet forums such as Reddit

(Sec. 3.3.4). Moderation of such off-topic content is currently either done manually or

via text-based tools [47]. Note that off-topic images do not belong to a set of pre-de�ned

classes, making this problem different from the one where OIs belonged to a single class.

To the best of our knowledge, the approach proposed in this work is the �rst one in the

literature to present this problem in the context of CS or GT.

In this work, we combine the capabilities of NNs and CS algorithms in a speci�c manner.

NNs have been used in recent times for end-to-end image recovery from CS measurements [62]

with excellent results. However, in this paper, we are using NNs for either a noisy classi�cation

or a noisy outlier detection task, retaining the usage of classical CS or GT algorithms.

This chapter is organized as follows. A brief background of group testing is presented in

Sec. 3.2. The main approach is presented in Sec. 3.3: the pooled NN architectures are described

in Sec. 3.3.1, and the decoding algorithms are presented in Sec. 3.3.2. A non-trivial extension

of the technique to pooled outlier detection is presented in Sec. 3.3.4. Comparisons to related

work are presented in Sec. 3.3.5. Experimental results are for the one-class OI and multi-class

101



Table 3.1: List of Abbreviations

List of Abbreviations

BMPNN Binary Matrix-Pooled Neural Network

BPNN Binary Pooled Neural Network

CLASSO Constrained Least Absolute Shrinkage and Selection Operator

COMP Combinatorial Orthogonal Matching Pursuit

CS Compressed Sensing

FLOPs Floating Point Operations

GFLOPs Giga Floating Point Operations

GMM Gaussian Mixture Model

GT Group Testing

IFM Intermediate Feature Map

INN Individual Neural Network

KFLOPs Kilo Floating Point Operations

MFLOPs Mega Floating Point Operations

M IP Mixed Integer Programming Method

NCOMP Noisy Combinatorial Orthogonal Matching Pursuit

NLPD Negative Log Probability Density

NN Neural Network

OD Outlier Detection

OI Objectionable Image

QGT Quantitative Group Testing

QMPNN Quantitative Matrix-Pooled Neural Network

QPNN Quantitative Pooled Neural Network

SFM Superposed Feature Map
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OI are presented in Sec. 3.4.1 and Sec. 3.4.2 respectively. We conclude in Sec. 3.5. A list of

useful abbreviations is presented in Table 3.1.

Author Contributions: The work in this chapter has been done under the guidance of Prof.

Ajit Rajwade, in collaboration with one more researcher. The contents of this chapter will be

submitted to a reputed peer-reviewed journal for publication. A preprint version is available

at [17]. The author of this thesis has made the following contributions to this work: concep-

tualization and implementation of the problem and the basic framework for the classi�cation

setting, formulation of, partial implementation of and guidance on the methods for the outlier

detection setting, proof of concept and experiments with the IMFDB dataset for classi�cation,

instrumentation for the experiments, guidance for experimentation with the remaining datasets.

3.2 Group Testing Background

We �rst de�ne some important terminology from the existing literature, which will be used in

this chapter. Inbinary group testing, there aren items, of whichk � n unknown items are

defective. Instead of individually testing each item, a pooled test (or group test) is performed

on a pool/group of items to determine whether there exists at least one defective item in the

pool, in which case the test is said to be `positive' (otherwise `negative'). The goal of group

testing is to determine whichk items are defective with as few tests as possible. Inquantitative

group testing, pooled tests give thecountof the number of defective items in the pool being

tested. Innon-adaptive group testing, the number of tests and the pool memberships do not

depend on the result of any test, and hence all tests can be performed in parallel. Inadaptive

group testing, the tests are divided into two or more rounds, such that the pool memberships

for tests belonging to roundt r + 1 depend on the test outcomes from rounds[t r ] , f 1; � � � ; t r g.

Dorfman Testing is a popular2-round binary, adaptive algorithm [28], widely used in COVID-

19 testing. In round 1 of Dorfman testing, then items are randomly assigned to one out ofn=g

groups, each of sizeg. All items which are part of a negative pool are declared non-defective.

All items which are part of a positive pool are then tested individually in round 2. The optimal

pool sizeg which minimizes the number of tests in the worst case is
p

n=k and the number of

tests is at most2
p

nk [28].
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A pooling matrix � is am � n binary matrix, where� ij = 1 indicates that itemj was

tested as part of pooli and� ij = 0 otherwise. Letx be the unknown binary vector withx j = 1

if item j is defective,0 otherwise. Then the outcome of the pooled tests in binary GT may

be represented by the binary vectory , such thatyi =
Wn

i =1 � ij ^ x j where_ and^ denote

the Boolean OR and AND operations respectively. The outcome of pooled tests in quantitative

GT may be represented by the integer-valued vectory = � x obtained by multiplication of the

matrix � with the vectorx . In both binary and quantitative GT, adecoding algorithmrecovers

x from knowny and� . GT is termednoisy or noiselessdepending on whether or not the test

resultsy contain noise.

3.3 Main Approach

Algorithm 3.1 Pseudocode for Pooled Classi�cation using CS/non-adaptive GT
Input: set ofn imagesI , a trained QMPNN or BMPNN (see abbreviations in Table 3.1 and

Sec. 3.3.1) parameterized by~� or � , m � n pooling matrix� , CS/non-adaptive GT decoding

algorithmF

Output: binary vectorx representing whether each of the images is OI or not

1: If F is not a binary GT algorithm, run the QMPNN on then images and obtain the predicted

vectory of the number of OIs in each pool:

yq  arg max
s2f 0:::r g

QMPNN~� (I ; � )(q; s) 8q 2 f 1: : : mg,

2: Otherwise, run the BMPNN on then images and obtain the predicted vector�y indicating

whether each pool contains an OI or not:

�yq  arg max
s2f 0;1g

BMPNN� (I ; � )(q; s) 8q 2 f 1: : : mg,

3: Decodey or �y using the CS/non-adaptive GT algorithmF and obtainx  F (y ; � ) from

the QMPNN or x  F ( �y ; � ) from the BPNN.

4: return x

Fig. 3.1 shows the main components of our approach to image moderation (see also

pseudocode in Alg. 3.1). Consider a set ofn images,I = f I 1; : : : ; I ng, and an unknownn-

dimensional binary vectorx , with x i = 1 if the i th image has objectionable content andx i = 0

otherwise. The binarypooling matrix� of dimensionsm � n speci�es them image pools

f P1; : : : ; Pmg, to be created from the images inI . Each row of� has sum equal tor , which
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means that each pool hasr images. The pooling matrix� and then images inI are passed

as input to a so-calledquantitative matrix-pooled neural network(QMPNN, see Sec. 3.3.1)

which is speci�cally trained to output the number of OIs in each pool in the form of am-

element vectory . If the output of the QMPNN is perfect, then clearly, for allq 2 f 1; : : : ; mg,

yq =
P

I i 2 Pq
1(x i = 1) =

P n
i =1 � qix i , which gives usy = � x just as in Sec. 3.2. Hence,

recovery of the unknown vector of classi�cationsx given the outputy of QMPNN (the vector of

m different quantitative group tests) and the pooling matrix� can be framed as a CS problem.

Such an approach is non-adaptive because the pool memberships for each image are decided

beforehand, independent of the QMPNN outputs. Furthermore, comparing with Eqn. 3.1, we

see that this CS problem has boolean constraints on eachx i , and withyq 2 f 0; : : : ; rg for each

q. In general the QMPNN will not be perfect in reporting the number of OIs, hence they vector

predicted will be noisy. This is represented as:

y = N(� x ); (3.3)

whereN(:) is a noise operator, which may not necessarily be additive or signal-independent

unlike the case in Eqn. 3.1. However, we experimentally �nd that CS algorithms coupled with

appropriate binarization techniques, which are speci�cally designed for signal-independent ad-

ditive noise, are effective even in the case of noise in the outputs of the QMPNN.

3.3.1 Pooled Neural Network for Classi�cation

The idea of a pooled NN was �rst proposed in [45]. We make two key changes to their design

– (1) incorporate the pooling schemewithin the NN which enables ef�cient non-adaptive (one-

round) testing, and (2) have quantitative outputs instead of binary, which enables CS decoding.

We discuss the signi�cance of our architectural changes in detail in Sec. 3.3.5. Below, we

describe the pooled NN architecture from [45] and then our network models.
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3.3.1.1 Neural Group Testing [45] architecture

Consider a feed-forward deep NN which takes as input a single image for classifying it as ob-

jectionable or not. We term such a network anindividual neural network, or INN. Furthermore,

let this NN have the property that it may be decomposed intoL blocks parameterized by the

(mutually disjoint) sets of parameters� j ; j 2 f 1; : : : ; Lg, with � ,
S L

j =1 � j , so that for any

input imageI ,

INN� (I ) , f (L )
� L

� f (L � 1)
� L � 1

� � � � � f (1)
� 1

(I ); (3.4)

where� represents function composition, and where each block computes a functionf (j )
� j

; j 2

f 1; : : : ; Lg. Furthermore, theL th block is a linear layer with bias, and has two outputs which

are interpreted as the unnormalized log probability of the image being objectionable or not. We

derivepooled neural networksbased on an INN parameterized by� , and which take as input

more than one image.

The output of the �rstl < L blocks of the INN on an input imageI is called itsintermediate

feature-map(IFM), with

IFM� (I ) = f (l )
� l

� � � � � f (1)
� 1

(I ): (3.5)

A superposed feature map(SFM, known as `aggregated features' in [45]) of a pool ofr im-

agesP , f I 1; I 2; : : : ; I r g is obtained by taking an entry-wise max over the feature-maps of

individual images, i.e.,

SFM� (P)(:) , max
I 2 P

IFM� (I )( :): (3.6)

In abinary pooled neural network(BPNN), the SFM of a pool of imagesP is processed by

the remainingL � l blocks of the INN, i.e.,BPNN� (P) , f (L )
� L

� f (L � 1)
� L � 1

� � � � � f (l+1)
� l +1

� SFM� (P).

The two outputs of a BPNN are interpreted as the unnormalized log probability of the pool

P containing an image belonging to the OI class or not. A BPNN has the same number of

parameters as the corresponding INN. This is referred to as `Design 2' in [45].
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3.3.1.2 Our Modi�cations

In this work, we introduce a quantitative matrix-pooled neural network (QMPNN). First, we

de�ne aquantitative pooled neural network(QPNN), which is the same as a BPNN except that

it hasr + 1 outputs instead of2. Due to this there are more parameters in the last linear layer

(theL th block). Let these parameters be denoted by~� L , with theL th block computing a function

f (L )
~� L

, and

QPNN~� (P) , f (L )
~� L

� : : : f (l+1)
� l +1

� SFM� (P); (3.7)

with ~� ,
S L � 1

j =1 � j [ ~� L : The r + 1 outputs of a QPNN are interpreted as the unnormal-

ized log probabilities of the poolP containing0 throughr OIs. Finally, we introduce the

quantitative matrix-pooled neural network(QMPNN), which takes as input a set ofn images

I , f I 1; : : : ; I ng, a speci�cation ofm pools containingr out of n images in each pool via a

binary matrix� , and outputsr + 1 real numbers for each of them pools, in a single forward

pass. That is,

QMPNN~� (I ; � ) , (QPNN~� (P1); : : : ;QPNN~� (Pm )) (3.8)

wherePq , f I i j� qi = 1; I i 2 Ig 8 q 2 f 1; : : : ; mg:

For a poolq, thesth output (s 2 f 0; : : : ; rg) is interpreted as the unnormalized log probability

of the poolq containings images belonging to the OI class.As illustrated in Fig. 3.1, the

IFM for each of then images is computed only once by theQMPNN, and is re-used for each

pool that it takes part in.An alternative implementation, wherein the IFM for an image is re-

computed for each pool that it is a part of (such as in the implementation of `Algorithm 3' of

[45]) would be inef�cient, and non-adaptive group testing or compressed sensing with such an

implementation would not be viable. For ef�ciency, all of the QMPNN outputs are computed

in a single forward pass on the GPU. In particular, all the SFMs for the pools speci�ed by the

matrix � are computed in a single forward pass on the GPU. Otherwise, some IFMs would

need to either be re-computed or cached, which would require the transfer of large amounts of

data between the GPU memory and the system memory.
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We note that while the �rstl blocks of the NN are run for each of then images, the

remainingL � l blocks are only run for each ofm SFMs. However, if an individual neural

network (INN) is run on then images, then both the �rstl blocks and the lastL � l blocks will

be runn times. Hence, sincem < n , the QMPNN requires signi�cantly less computation than

running the INN on then images, which we verify empirically in Sec. 3.4.

Analogous to the QMPNN, we also introduce abinary matrix-pooled neural network

(BMPNN) for ef�cient non-adaptive binary group testing, which is exactly the same as a QMPNN

except that each pool has only two outputs.

Training: Let D be a dataset of images labelled as OI or non-OI. Apooled datasetDpooled is

obtained fromD in the following manner: each entry ofDpooled is a pool ofr images, and has a

labels in f 0; : : : ; rg, equal to the number of images in that pool which belong to the OI class.

Thes OIs and ther � s non-OIs in each pool are chosen uniformly at random fromD. A total of

N = N0+ � � � + Nr pools each of type0: : : r respectively are created. Due to the rare occurrence

of OIs at test time, the fraction of pools which contains images at test time will be small for

large values ofs. Hence we maintain such imbalance while creating the pooled training dataset

Dpooled, with N0 � � � � � Nr . The parameters~� of a QPNN are trained via supervised learn-

ing onDpooled using the cross-entropy loss function,L( ~� ) = E
(P;c)�D pooled

[� log� (QPNN~� (P))c];

where� (:) is the softmax function, given by� (z)s , ezs
P r

t =0 ezt . The parameters� of a BPNN

are trained similarly, except that each training pool has a label inf 0; 1g, with 1 indicating pools

which contain at least one OI.

Inference: The trained parameters~� , and a pooling matrix� are then used to instantiate a

QMPNN. The entries of the vectory , containing pool-level predictions of the count of OIs in

each pool, are obtained from a QMPNN as:

yq = arg max
s2f 0;1;:::;r g

QMPNN~� (I ; � )(q; s) 8q 2 f 1; : : : ; mg: (3.9)

In Sec. 3.3.2, we present CS algorithms to decode this vectory to recover the vectorx for

classi�cation of each image inI . Similarly, a BMPNN may be instantiated using the trained

parameters� of a BPNN, and its prediction vector – representing whether each pool contains

an OI or not – can be decoded by the non-adaptive binary GT decoding algorithms presented in

Sec. 3.3.2.

108



3.3.2 CS/GT Decoding Algorithms

Given Eqn. 3.3, the main aim is to recoverx from y (the prediction of the QMPNN, Eqn. 3.9)

and� . For this, we propose to employ the following two algorithms:

1. Mixed Integer Programming Method (MIP): We minimize the objective in Eqn. 3.2

with boolean constraints on entries ofx , i.e., 8i 2 [n]; x i 2 f 0; 1g, i.e., we employ the

following estimator:

x̂ , argmin
x

ky � � x k2
2 + � kx k1; s.t. 8i 2 [n]; x i 2 f 0; 1g: (3.10)

We use the CVXPY [117] package with the Gurobi solver, which uses a branch and bound

method for optimization [118, 119].

2. Constrained LASSO (CLASSO): This is a variant of the LASSO from Eqn. 3.2, with the

values inx constrained to lie in[0; 1], yielding the following estimator:

�x , argmin
x

ky � � x k2 + � kx k1; s.t. 8i 2 [n]; x i 2 [0; 1]

x̂ = [ x̂1 : : : x̂n ]T where8i 2 [n]; x̂ i =

8
><

>:

1 if �x i � �

0 otherwise
(3.11)

The relaxation fromf 0; 1g to [0; 1] is done for computational ef�ciency. The �nal estimate

x̂ regarding whether each of the images is an OI is obtained by thresholding�x , i.e.,

8i 2 [n], I i is considered to be an OI if�x i � � , where� is the threshold.

The hyperparameters in our algorithms (� for M IP, and� and� for CLASSO) are chosen via

grid search by maximizing the product of speci�city and sensitivity (both de�ned in Sec. 3.4)

on a representative validation set of images.

We also compare MIP and CLASSO with some popular algorithms from the binary GT

literature, which act as a baseline. For the non-adaptive methods, the binary vector�y containing

predictions of a BMPNN is provided to the decoding algorithms. The algorithms are:
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1. Dorfman Testing: See Sec. 3.2. This is referred to as Two-Round testing in [45, Algorithm

1]. In the �rst stage, a binary pooled neural network (BPNN) is used to classify a pool

of images as containing at least one objectionable image or not. If the BPNN predicts

that the pool contains an objectionable image, then each image is tested individually in a

second round using an individual neural network (INN). Otherwise, all images in the pool

are declared as not being objectionable, without testing them individually. Because of a

second round of testing, Dorfman Testing is inherently resistant to a pool being falsely

declared as positive, but not to a pool being falsely declared as negative.

2. Combinatorial Orthogonal Matching Pursuit (COMP) [29]: This is a simple decoding

algorithm for noiseless non-adaptive binary GT, wherein any image which takes part in at

least one pool which tests negative (i.e., no OIs in the pool) is declared as a non-OI, and

the remaining image are declared as OIs. The One-Round Testing method in [45] uses

COMP decoding, albeit with a different pooling matrix than ours.

3. Noisy COMP (NCOMP) [29]: a noise-resistant version of COMP. An image is declared

to be OI if it takes part in strictly greater thant positive pools (or equivalently in strictly

less thanc� t negative pools, wherec is the number pools that each image takes part in).

3.3.3 Choice of Pooling Matrix

A good pooling matrix� is crucial for the performance of these algorithms. We choose random

binary matrices with the following constraints: (i) equal number of ones in each column, (ii )

equal number of ones in each row, (iii ) with the dot product of each pair of columns and each

pair of rows at most1. We argue that such a matrix obeys three key properties of a good

sensing matrix from the point of view of CS/GT theory: (1)k-disjunctness, (2) low mutual

coherence, and (3) RIP-1 (`1 restricted isometry property) with high probability. The de�nitions

of these properties and arguments that our matrix satis�es these properties are presented in

Appendix 3.A.
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3.3.4 Pooled Deep Outlier Detection

Algorithm 3.2 Pseudocode for Pooled Outlier Detection using CS/non-adaptive GT

Inputs: set ofn imagesI , trained QMPNN parameterized by~� , m � n pooling matrix� ,

GMM G �t to feature vectors of training pools with no off-topic images,

histogram of training pool anomaly scoresHG,

CS/non-adaptive GT decoding algorithmF

Output: binary vectorx representing whether each of the images are off-topic or on-topic

1: Run the QMPNN with pooling matrix � on the n images and obtain feature vectors

f � (P1); : : : ; � (Pm )g for them poolsP1; : : : ; Pm speci�ed by� .

2: Use the GMMG to obtain the vector of anomaly scores for them pools,

S := f NLPDG(� (P1)) ; : : : ;NLPDG(� (Pm ))g

3: Find the bin indices of the anomaly scores inS in the histogramHG and use Eqn. 3.14 to

obtain each entry of the predicted vectory of the number of off-topic images in the pools

4: If F is a binary GT algorithm, binarizey by setting each non-zero entry to 1

5: Decodey using the CS/non-adaptive GT algorithm and obtainx  F (y ; � )

6: return x

Here, we consider the case where the set of allowed images belong to one underlying class,

and any image not belonging to that class is considered `off-topic'. Such a situation arises in

the moderation of topical communities on online forums such as Reddit (e.g., see [47]). For

example, an image of a baseball game is off-topic on a forum meant for sharing of tennis-related

images. As the off-topic images could belong to an unbounded variety of classes, instances of

all or some of which may not be available for `training',classi�cationbased approaches (such

as the QMPNN from Sec. 3.3.1, and [45]) may not be directly applicable, and instead,deep

outlier detectionbased methods are more suitable.

Recent deep outlier detection methods [120, 121] approximate the distribution of the

feature vectors of images belonging to some particular class of interest using a high dimen-

sional Gaussian distribution characterized by a mean vector� 2 Rd and a covariance matrix

� 2 Rd� d, whered is the dimension of the feature vectors. Then, the Mahalanobis distance of

the feature vector of a test image from the distribution of feature vectors of the training images

is computed as
p

(� � � )T � � 1(� � � ), where� 2 Rd is the feature vector. This Maha-
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Algorithm 3.3 Pseudocode for Dorfman Pooled Outlier Detection

Inputs: PoolP := f I 1; : : : ; I r g of r images, trained QPNN parameterized by~� 1, trained INN

parameterized by� 2, GMM G1 �t to feature vectors of training image pools with no off-topic

images, HistogramHG1 of anomaly scores of training image pools, GMMG2 �t to feature

vectors of on-topic training images, HistogramHG2 of anomaly scores of training images,

Output: binary vectorx representing whether each of the images are off-topic or on-topic

1: Run the QPNN on poolP and obtain its feature vector� (P)

2: Use the GMMG1 to obtain the anomaly score for the pool,NLPDG1 (� (P)),

3: Find the bin index of the anomaly scoreNLPDG1 (� (P)) in the histogramHG1 and use

Eqn. 3.14 to obtain the number of off-topic images in poolP, L(P)

4: If L(P) is 0, output is vector of all zeros, i.e.,x  0 andreturn x

5: Otherwise, run the INN on each imagef I 1; : : : ; I r g to obtain r image feature vectors,

f � (I 1); : : : ; � (I r )g

6: Obtain the vector of anomaly scores of the images using the GMMG2, S :=

f NLPDG2 (� (I 1); : : : ;NLPDG2 (� (I r )g

7: Find the bin indices of the anomaly scores inS in the histogramHG2 and obtain the set of

labels of each imagef L(I 1); : : : ; L(I r )g, similar to Eqn. 3.14

8: Setx  (L(I 1); : : : ; L(I r )) andreturn x
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lanobis distance acts as the anomaly score to perform outlier detection, i.e., test feature vectors

with a Mahalanobis distance greater than some threshold (say�� md ) are considered outliers. The

feature vectors can be represented by the outputs of a suitably trained NN. One may think of

using such an approach with a pooled NN to detect pools containing outlier images. However

a single Gaussian distribution is often inadequate to represent a suf�ciently diverse class, and

hence we resort to using a Gaussian Mixture Model (GMM). We note that for a multi-variate

Gaussian distribution, the negative log probability density of any vector under that distribution

is equal to half of the square of the Mahalanobis distance of that vector from that distribution.

Hence, we use the negative log probability density of a vector under a GMM as the anomaly

score, as a natural generalization of the notion of Mahalanobis distance to GMMs. We put for-

ward a novel approach which uses a pooled NN combined with a GMM, to detect anomalous

pools, i.e., pools which contain at least one off-topic image, which we termpooled deep outlier

detection. This enables us to use binary GT methods from Sec. 3.3.2 - such as COMP, NCOMP

and Dorfman Testing - for pooled outlier detection. Furthermore, we also detect the number of

outlier images in a pool, thus enabling CS methods to be used for pooled outlier detection. To

the best of our knowledge, this is the �rst such work in the literature, which enables GT and CS

methods to be used for outlier detection.

We consider the setting where for training we have available a set of images which are

either on-topic or are off-topic images from known classes, but at test time the off-topic images

may be from unknown classes. We train a QPNN using the method in Sec. 3.3.1.2, with the

label L(P) for any training poolP set to the number of off-topic images in it. The output of

the last-but-one layer of the QPNN (i.e., the(L � 1)th layer – see Sec. 3.3.1) is considered to

be the feature vector� (P) for the pool of imagesP which is input to it. First, we createM

pools from the on-topic training data images (i.e., these pools have0 off-topic images), and

�t a GMM G with someK clusters to the feature vector� (:) of all these pools, using the

well-known expectation-maximization (EM) algorithm. The optimal value ofK is chosen via

cross-validation, by selecting theK with the maximum likelihood given a held-out set of pools

containing only on-topic images.

For any pool P, we use the negative log probability density of its feature vector

NLPDG(� (P)) (negative log probability density) under the GMMG as an anomaly score, given
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by:

NLPDG(� (P)) := � log

 
KX

j =1

pj N (� (P)j� j ; � j )

!

; (3.12)

wheref � 1; � 2; � � � ; � K g are theK mean vectors,f � 1; � 2; � � � ; � K g are theK covariance

matrices andf p1; p2; � � � ; pK g are theK membership probabilities of the GMMG, and for any

vectorz, N (zj� j ; � j ) is its probability density given the multivariate normal distribution with

mean� j and covariance matrix� j .

The distance of a pool-level feature vector from the distribution of pool-level feature vec-

tors containing zero off-topic images contains information about how many off-topic images

were part of that pool. In general, if this distance is small, the pool will likely not contain any

off-topic images, whereas if this distance is large, it will contain many off-topic images. If in

some small range[s1; s2] of this distance, if most pools are found to containk off-topic images,

then it is imperative that a new pool with distance in the range[s1; s2] is most likely to contain

k off-topic images, as well. We use this idea to create a histogram of anomaly scores of pools

with different number of off-topic images in them, and assign to a new pool the label which is

most common in its bin. This is accomplished as follows.

From thevalidationset of images, someN poolsf Pi gN
i =1 are created, each containingr

images. Since off-topic images are expected to be rare at test time, we only consider pools which

contain up to somet < r off-topic images. ThusL(P) 2 f 0; 1; : : : ; tg. For each poolPi , the

valueNLPDG(� (Pi )) is computed. These NLPD values are divided into someQ bins/intervals

and an anomaly score histogramHG is created in the following manner:

8j 2 f 1; 2; � � � ; Qg; 8l 2 f 0; 1; � � � ; tg;

HG(j; l ) =
# pools in binj containingl outlier images

N
: (3.13)

That is,HG(j; l ) represents the fraction of pools fromf Pi gN
i =1 which containl outlier images

and whose NLPD value falls into thej th bin. This histogramHG is created at the time of

training.

Each non-empty binj is assigned a labelL (j ) equal to argmaxl2f 0;1;��� ;tgHG(j; l ), i.e., the
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label with the most number of pools in that bin. An empty bin is assigned the label of its nearest

non-empty bin. If there is more than one nearest non-empty bin, then the bin is assigned the

label of the bin with the larger index. At test time, given the feature vectors� (Ptest) of a pool

Ptest created from somer test images, �rst its anomaly scoreNLPDG(� (Ptest)) is computed using

the GMM. If the anomaly score lies in binj test, thenPtest is assigned the labelL (j test). If the

anomaly score is greater than the right bound (smax ) of the rightmost bin, then it is assigned

the labelt. If the anomaly score is less than the left bound (smin ) of the leftmost bin, then it is

assigned the label0. That is,

L(Ptest) =

8
>>>>><

>>>>>:

L (j test) if NLPDG(� (Ptest)) 2 bin j test

0 if NLPDG(� (Ptest)) < s min

t if NLPDG(� (Ptest)) > s max

: (3.14)

The ef�cacy of using this method for obtaining the number of off-topic images in a pool is

shown in Fig. 3.2 (right) and discussed in Sec. 3.4.2 (paragraph "Confusion Matrix").

At the time of deployment,m pools are created fromn images to be tested for off-topic

content using a QMPNN and a pooling matrix� , and feature vectors of them pools are obtained.

For each pool, we determine the number of off-topic images it contains using the GMM and

histogram-based method just described. Given thesem numbers and the pooling matrix� ,

we predict whether or not each of then images is off-topic using the CS and non-adaptive GT

decoding algorithms described in Sec. 3.3.2. See Alg. 3.2 for a pseudocode.

We also perform Dorfman Testing for outlier detection. Feature vectors of a pool ofr

images are obtained by running a QPNN, and the GMM and histogram-based method is used

to predict the number of off-topic images in the pool. If the pool is predicted to contain at

least one off-topic image, then each image is individually tested for being off-topic using the

same method, but using an individual neural network (INN). That is, the features of each image

are obtained using the INN, and a previously trained GMM and histogram (of validationimage

anomaly scores) are used to label the images as off-topic or not. See Alg. 3.3 for a pseudocode.
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3.3.5 Comparison with Related Work

There exists very little literature on the combination of GT algorithms with NNs. The sole

published work on this topic (to our knowledge) can be found in [45]. The NNs in [45] use

only binary outputs, while the NNs proposed in our methods have quantitative outputs, and

are trained to predict thenumber of OIsin a given SFM. This enables usage of CS decoding

algorithms. CS methods have better recovery guarantees than non-adaptive binary GT (see

Appendix 3.A.3). In [45], non-adaptive pooling is implemented byseparatelyrunning a BPNN

for each pool, due to which the IFM for an image is re-computed for each pool that it takes

part in, making it computationally inef�cient. Due to this, the scheme in [45] is limited to

using pooling matrices in which each image takes part in at most two pools. Such matrices can

be at most1-disjunct (see Appendix 3.A.1 for the de�nition), and hence guarantees of exact

recovery via COMP is for only 1 OI per matrix (see [122, Prop. 2.1] and Appendix 3.A.4 for

an explanation). Thus their scheme is applicable for only very low prevalence rates (p) of OIs.

In our implementation, an IFM for each image is computed only once, and is re-used for each

pool that it takes part in. This enables usage of pooling matrices with3 or more entries per

column. A larger number of1 entries per column are necessary for handling a higher number

of defective items, since it enables high `disjunctness' for GT decoding [123], or restricted

isometery property (RIP) of high orders – see Appendix 3.A.1 for de�nitions of disjunctness

and RIP, and Appendix 3.A.4 for an upper bound on the disjunctness of a matrix, given a �xed

number of1 entries per column. Hence our method is applicable for high values ofp as well.

Furthermore, there are no guarantees for binary GT for recovery from noisy pool observations

using matrices which have only two1 entries per column. This is because if one test involving

an item is incorrect but the other one is correct, there is no way to determine which of them is

the incorrect one. Noise-tolerant recovery algorithms for binary GT exists for suitable matrices

with 3 or more1 entries per column. For example, consider NCOMP with a pooling matrix

with 3 tests per item and which has the properties such as disjunctness. When testing in the

presence of up to one defective item, NCOMP can recover from an error in one test of that item

by declaring it defective if two of the tests are positive, or non-defective if two of its tests are

negative. Moreover, higher number of1 entries per column implies better noise tolerance for

CS algorithms for the matrices described in Appendix 3.A.5.
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Over and above these differences, we also extend binary GT and CS to deep outlier de-

tection as earlier described in Sec. 3.3.4, whereas the approach of [45] is limited to the clas-

si�cation setting. In the case of OIs with a single class, our test datasets also contain a much

larger number of objectionable images (see details in Appendix 3.B), and these are mixed with

non-OIs to form datasets of size 1M or 100K for a wide range of prevalence ratesp, so that each

OI gets tested many times in combination with other OIs and different non-OIs. Moreover in

[45], prediction measures are presented only for a single dataset for the case whenp = 0:001,

with the number of unique OIs being only50and each OI being tested only once.

3.4 Experiments

We present an extensive set of experimental results, �rst focusing on the classi�cation case in

Sec. 3.4.1, and then on the outlier detection case in Sec. 3.3.4.

3.4.1 Image Moderation using Pooled Classi�cation

Here the objectionable images belong to a single underlying class, and the goal is to classify

each image as objectionable or not objectionable.

Tasks We use the following two tasks for evaluation: (i) �rearms classi�cation using the Inter-

net Movie Firearms Database (IMFDB) [124], a popular dataset used for �rearms classi�cation

[39]; and (ii ) Knife classi�cation using the Knives dataset [38], a dataset of CCTV images, la-

belled with the presence or absence of a handheld knife. In (i), the �rearm images from IMFDB

are mixed with non-�rearm images from ImageNet-1K [125] as IMFDB contains only �rearm

images. The �rearms and the knife images are respectively considered as objectionable images

(OIs) in the two tasks.

Data Splits, Training Details, Data Transformations Details of the number of images in

the training/validation/test splits in each dataset and the choice of various hyper-parameters for

training are provided in Appendix 3.B.
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Figure 3.2: Pool-level Confusion Matrices for Classi�cation (Left) and Pooled Outlier Detection

(Right) on IMFDB pooled validation data : true #OIs (rows) versus predicted #OIs (columns). Ob-

serve that in most cases, the predicted and actual number of OIs are very close.

Confusion Matrix As can be seen in Fig. 3.2 (Left), ifg is the ground truth number of

OIs, the predictions of the QMPNN lie in the interval[max(0; g � 1); min(g + 1; r )] with high

probability. This is presented as a confusion matrix of size(r + 1) � (r + 1) of the ground truth

number of OIs in a pool versus the predicted number. In Fig. 3.2 (Left), we haver = 8.

Neural Network Implementation We use the of�cial PyTorch implementation of ResNeXt-

101 (32 � 8d)[126, 127], a highly competitive architecture which has produced compelling

results in many image classi�cation tasks, with weights pre-trained on ImageNet-1K. The last

linear layer of this network has1000outputs by default. We replace the last layer to have only

9 outputs for the QPNN or QMPNN (since pool sizer = 8), and2 outputs for the BPNN or

BMPNN (recall discussion in Sec. 3.3.1). Each image is passed through �rst three stages of

the ResNeXt-101 to create IFMs, which are then combined to create SFMs for the pools in the

QMPNN, QPNN, BMPNN, or BPNN. The remaining two stages of the ResNeXt-101 process

only the SFMs in QMPNN, QPNN, BMPNN, or BPNN. This con�guration is exactly the same

as Design 2 in [45, Sec. II.A]. In initial experiments, we also tried using Design 3 of [45],

but the accuracy of this con�guration was not good on the IMFDB dataset. The networks are

trained using the method speci�ed in Sec. 3.3.1, with training data and epoch, learning rates etc

as speci�ed in Appendix 3.B.
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Prediction We randomly sampledpN OIs and(1 � p)N non-OIs from the test split and shuf-

�ed theseN images to create our test datasets. Here,p 2 f 0:001; 0:002; 0:005; 0:01; 0:02; 0:03;

0:04; 0:05; 0:1g is the prevalence rate of OIs, andN is 1M for IMFDB and 100K for Knives. We

use a50� 100balanced pooling matrix� with the construction as described in Appendix 3.A,

with r = 8 ones per row andc = 4 ones per column. That is,50 SFMs are created from

100 IFMs, with each SFM being created from8 different IFMs, and each IFM contributing

to 4 different SFMs. Each test set is divided into chunks of size100each and passed to the

QMPNN to retrieve the prediction vectory (of length 50 ) for each chunk. As can be seen

in Fig. 3.2 (left), if g is the ground truth number of OIs, the predictions lie in the interval

[max(0; g � 1); min(g + 1; r )] with high probability. These pool-level predictions are decoded

using the algorithms CLASSOand MIP. We compare them with the baselines of COMP, Dorf-

man Testing with pool-size 8 (DORFMAN-8, same as Design 2 + Algorithm 1 of [45]), NCOMP

with t = 2 (NCOMP-2) and individual image testing (referred to as INDIVIDUAL ) on images of

the same size. The numerical comparison is based on the following two performance measures:

1. Sensitivity(also calledRecallor True Positive rate),
# correctly detected OIs

# actual OIs

2. Speci�city(also called True Negative Rate),
# correctly detected non-OIs

# actual non-OIs

For both the measures, larger values indicate better performance.

Discussion on Results Fig. 3.3 shows the sensitivity and speci�city of each of these algo-

rithms for different values ofp, for the two classi�cations tasks (i) and (ii ) de�ned earlier. We

see that for IMFDB and Knives, the CS/GT methods remain competitive with INDIVIDUAL . In

general, CLASSO and MIP havemuch higher sensitivitythan COMP and DORFMAN-8. This

is because if a pool gets falsely classi�ed as negative (i.e., containing no OIs), then all OIs in

that pool get classi�ed as negative by COMP and DORFMAN. However, CLASSOand MIP can

recover from such errors as they inherently consider the results of other pools that the OI takes

part in. Such false negative pools are more common at lowerp values, where most positive

pools have only a single OI, which may remain undetected by the pooled NN (see also the

confusion matrix of the pooled NN in Fig 3.2). NCOMP-2 improves upon the sensitivity of

COMP and DORFMAN-8 by allowing for one false negative pool for each OI. However, it incurs

a corresponding drop in speci�city because non-OIs which take part in three positive pools in-
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Figure 3.3: Performance of Image Moderation via Pooled Classi�cation methods for various prevalence

rates (p), over 1M images for IMFDB and 100K images for Knives. Sensitivity (left) and Speci�city

(right) on IMFDB (top row), Knives (middle row), and IMFDB-Downsampled (bottom row).
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correctly get classi�ed as OI. Whenp is high, it is likely that such non-OIs are common, and

hence the steep drop in speci�city makes NCOMP-2 unviable. At high prevalence rates of OIs,

it is common for a non-OI to test positive in all of its pools. Since COMP uses only such binary

information, it incorrectly declares all such images as OIs, and we observe a sharp decline in

speci�city. However, CLASSOand MIP use the quantitative information of the number of OIs

in the pools, and can eliminate such false positives. For example, if it is known that a positive

pool has only two OIs, then in general only two images from that pool will be declared as be-

ing an OI, whereas COMP may declare anywhere from1 through8 positives for such a pool.

Among the CS algorithms, CLASSOhas better sensitivity, while MIP has better speci�city.

Comparison with Downsampling In Fig. 3.3, we also compare our method to individual

testing of images downsampled by a factor of4 (size112� 112) (referred to in Fig. 3.3 as

DOWNSAMPLE) for the �rearms task. We �nd that downsampling lowers the speci�city of

prediction of individual testing, and both MIP and CLASSO have better speci�city for both

IMFDB and Knives.

Figure 3.4: Image Moderation cost in (Left) giga �oating point operations (GFLOPs), (Right) Compu-

tation Time (see Sec. 3.4.1 and Sec. 3.4.2, paragraphs titled `Computational Cost'). GFLOPs for running

non-adaptive or individual methods is the same for classi�cation and outlier detection. GFLOPs for

DORFMAN-8 and DORFMAN-8-OD and computation times for all methods averaged over 1M images

for IMFDB and 100K images for Knives and Cars. Timing experiments performed with one NVIDIA

GeForce RTX 2080 Ti GPU (11GB RAM) and one AMD Ryzen Threadripper 2920X 12-Core CPU,

64GB RAM. Batch-sizes chosen to �ll GPU RAM.
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Computational Cost Fig. 3.4 (Left) compares the average number of �oating point opera-

tions (FLOPs) needed for processing an image by the QMPNN against those needed by DORF-

MAN -8 and INDIVIDUAL , for different prevalence rates on IMFDB. We used the Python pack-

agept�ops 1 for estimation of FLOPs used by the NNs. The FLOPs needed by the INN to

process one image is 16.5 GFLOPs, whereas for QMPNN with 50 � 100pooling matrix it is

10.1 GFLOPs, i.e. only61%of the INN. While DORFMAN-8 uses less computation for smallp,

the QMPNN is signi�cantly more ef�cient forp > 0:05.

In Fig. 3.4 (Right), we present the end-to-end wall-clock time (normalized by the number

of images) for processing 1M images from IMFDB using QMPNN with M IP (our most compute-

intensive method), for a range of prevalence rates. We see that this is signi�cantly faster than

individual testing of the images for allp, and forp � 0:04than DORFMAN-8.

CS decoding time is much smaller than the overall time taken by the pipeline. The overall

time taken by the QMPNN + M IP pipeline is around3 � 10� 3 seconds per image for vari-

ous prevalence rates. CS decoding forp = 0:1 takes the most time – CLASSO took around

1:1� 10� 5 seconds per image and MIP around1:6� 10� 4 seconds per image, using a parallelized

implementation with 12 processes. An alternate implementation of CLASSOusing FISTA (fast

iterative shrinkage thresholding algorithm), which has a theoretically optimal rate of conver-

gence [114], takes only4:4 � 10� 6 seconds per image. Even single-threaded implementations

of our methods take only9:6 � 10� 5 seconds using the default CLASSO, 2:1 � 10� 3 seconds

using MIP, and2:3 � 10� 5 seconds using FISTA, per image. In general these times are be-

tween one to three orders of magnitude lower than the time taken by the QMPNN, except for

the single-threaded version of MIP which takes around two-thirds of the time required by a

QMPNN. Moreover, a sensible implementation of our pipeline will perform the CS decoding

for one batch of images in parallel with the QMPNN decoding for a second batch of images as

we have done in our experiments, so that overall, no additional time is needed for CS decoding.

The savings attained in GPU usage translate to monetary cost – for example, on Google Cloud

Platform, NVIDIA T4 GPU usage costs0:35 U.S. dollars per hour, whereas an N1 machine

type single-core CPU usage costs only0:032U.S. dollars per hour [128, 129].

We also �nd that the FLOPs required for all of our CS methods are more than four orders

of magnitude lower than the FLOPs required for QMPNN. FLOPs needed for CS decoding was

1https://github.com/sovrasov/flops-counter.pytorch
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measured by counting the number of �oating point operations retired by the processor, using the

AMD µProf [130] and linuxperf [131] tools. The FLOPs needed for the methods forp = 0:1

are26:3KFLOPs (Kilo FLOPs) for our default CLASSOimplementation,162KFLOPs for MIP,

and10:2 KFLOPs for FISTA, per image. We see that the additional compute requirements and

the time taken by the CS methods are negligible as compared to those needed by the QMPNN.

Combining Pooling with Downsampling GT and CS methods may be combined with down-

sampling for further reduction in computation cost while maintaining acceptable performance.

Fig. 3.3 (sub-�gures labelled IMFDB-Downsampled, rightmost column, top and bottom rows)

shows the performance of non-adaptive GT and CS methods on IMFDB images downsampled

by a factor of4 to 112� 112. We note that while all the algorithms observe a drop in sensi-

tivity, it may be within an acceptable range depending on the particular use-case, especially for

CLASSO. Speci�city also drops, but less severely. CLASSO and MIP present the best balance

of speci�city and sensitivity across the entire range ofp.

Multiple Objectionable Elements in the Same Image We created100random pools con-

taining one OI (�rearm image) each, but whereeach OI depicted two �rearms. Out of100, the

QPNN correctly reported97times that the pool contained only one OI, and incorrectly reported

two OIs3 times. We conjecture that the QPNN detects unnatural edges between �rearms in the

SFM, due to which it does not get confused by a single image containing multiple �rearms.

3.4.2 Off-topic Image Moderation using Pooled Outlier Detection

Here, the on-topic images are from a single underlying class and off-topic images may be from

classes not seen during training. The goal is to detect such off-topic images, which do not

belong to the underlying class. We do this by treating this as an outlier detection task, where

the on-topic images are considered `normal' and off-topic images are considered to be outliers.

Tasks We consider two off-topic image moderation tasks, wherein the on-topic images are

(i) �rearm images from IMFDB used in Sec. 3.4.1, and (ii ) car images from the Stanford Cars
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Dataset2. During training, we use non-�rearm or non-car images from ImageNet-1K as off-

topic images from known classes for the two tasks, respectively. In Appendix 3.C, we pro-

vide additional details such as training/validation/test data splits and hyper-parameter tuning

for these experiments. Off-topic images for testing are from some 182 non-�rearm or 179 non-

car randomly selected classes which are in ImageNet-21K [125] but not in ImageNet-1K.

GMM and Histogram Creation Recall the steps for GMM �tting and creation of histograms

of anomaly scores in Sec. 3.3.4. We created40850and 18750pools respectively from the

training splits of IMFDB and Cars datasets and obtained their feature vectors by passing them to

the trained ResNeXt-101 QPNN. For each dataset, we �t a GMM on these feature vectors. The

optimal number of clusters in the GMM for the pooled case was 30 and 6 respectively for the

IMFDB and Cars dataset, and 5 and 1 respectively for the individual case. We usedN = 100K

pools from the validation split to compute the anomaly score histogram, with pool sizer = 8

and the number of outlierst between0 and5. The number of outliers was capped, since for

small prevalence rates, having more than5 outlier images out of8 is improbable. Recall from

Sec. 3.3.4 that the same histogram method can be used for testing individual images as well.

For this we used 5000 off-topic and 5000 on-topic images, and usedQ = 500 bins.

Confusion Matrix Fig. 3.2 (Right) presents the(t + 1) � (t + 1) confusion matrix of the

ground truth number of OIs in a pool versus the number predicted by the histogram method. The

method predicts up tot = 5 outlier images in a pool. We see that ifg is the ground truth number

of OIs, the predictions of our proposed method lie in the interval[max(0; g � 1); min(g + 1; t)]

with high probability.

Prediction For each dataset, we created9 test sample sets (one per prevalence rate) each of

size 100K with different prevalence rates of off-topic images, similar to Sec. 3.4.1. For pooled

outlier detection using CS or non-adaptive GT methods in Sec. 3.3.2, Algorithm 3.2 was used,

with the same50 � 100pooling matrix� as in Sec. 3.4.1, processingn = 100 images at a

time. For Dorfman pooled outlier detection, Algorithm 3.3 was used, processingr = 8 images

at a time. We refer to these outlier detection methods as CLASSO-OD, COMP-OD, NCOMP-2-

OD, and DORFMAN-8-OD in the discussion that follows. Individual testing using our outlier

2https://www.kaggle.com/datasets/jessicali9530/stanford-cars-dataset
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Figure 3.5: Performance of Off-topic Image Moderation via Pooled Outlier Detection methods for

various prevalence rates (p), over 100K images each for IMFDB and Cars. Sensitivity (top row) and

Speci�city (bottom row) on IMFDB (left), Cars (middle), and IMFDB-Downsampled (right).
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detection method is referred to as INDIVIDUAL -OD, and individual testing of downsampled

images as DOWNSAMPLE-OD.

Discussion on Results Fig. 3.5 shows the sensitivity and speci�city of each of these algo-

rithms for different values ofp, for the two off-topic image detection tasks de�ned earlier.

We see that for both IMFDB and Cars dataset, the CS/GT methods for oulier detection re-

main competitive with INDIVIDUAL . We observe that CLASSO-OD has higher sensitivity than

COMP-OD for the entire range of prevalence rates considered and higher than DORFMAN-8-

OD for p � 0:01. The reason for this has been discussed in Sec. 3.4.1: when a pool gets

falselyclassi�ed as negative (i.e., containing no outlier image), then all outlier images in that

pool get classi�ed as negative by COMP-OD and DORFMAN-8-OD. In the higherp regions,

DORFMAN-8-OD starts to perform better than CLASSO-OD. This is because, as we can see in

Fig. 3.2 (Right), the prediction model gets confused for pools having� 2 outlier images. At

high prevalence rates of off-topic images, it is common for an on-topic image to test positive in

all of its pools. As discussed in Sec. 3.4.1, COMP-OD uses only such binary information and

declares incorrectly all such images as off-topic, so we observe a sharp decline in speci�city.

However, CLASSO-OD uses the quantitative information of the number of off-topic images in

the pools, and can eliminate such false positives.

Comparison with Downsampling In Fig. 3.5, we compare our method to individual test-

ing of images downsampled by a factor of4 (size 112 � 112) (referred to in Fig. 3.5 as

DOWNSAMPLE-OD). We �nd that both CLASSO-OD and DORFMAN-8-OD show better speci-

�city than individual testing of downsampled images.

Computational Cost Fig. 3.4 (Left) shows the computational cost in terms of number of

�oating point operations (FLOPs). The amount of computation for CS or non-adaptive GT

methods is the same in the classi�cation and outlier detection case since the same NN is used.

The GMM and histogram steps in the pooled outlier detection case need only 9.9 MFLOPs

(MegaFLOPs) per image and in the individual outlier detection case need 3.2 MFLOPs per

image (measured using AMD µProf as in Sec. 3.4.1). The FLOPs needed for CS decoding

are given in Sec. 3.4.1. These are orders of magnitude smaller than the FLOPs needed by

the QMPNN and may be neglected. For DORFMAN-8-OD, the amount of computation needed
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is slightly higher than for DORFMAN-8. This is because more pools falsely test positive in

case of pooled outlier detection. For example, the top-left entries in the confusion matrices

presented in Fig. 3.2 indicate that in case of pooled outlier detection,11%of negative pools

falsely test as positive, as compared to only2%for pooled classi�cation. However, we see that

the computation costs for both adaptive and non-adaptive pooled outlier detection methods are

well below those of individual testing.

The end-to-end wall-clock time (normalized by the number of images) for pooled outlier

detection of 100K images of the Cars Dataset with CLASSO decoding and using DORFMAN-

8-OD, are presented for a range of prevalence rates in Fig. 3.4 (Right). We �nd that CLASSO-

OD is signi�cantly faster than individual testing of the images for allp, and DORFMAN-8-

OD is signi�cantly faster than individual testing forp � 0:05. CLASSO-OD is also faster

than DORFMAN-8-OD for p � 0:02. The presented times include the execution of QMPNN,

the GMM and histogram steps, as well as CS decoding. The GMM and histogram steps take

2:1 � 10� 4 seconds per image for pooled outlier detection using the50 � 100pooling matrix,

and9:9� 10� 5 seconds per image for outlier detection on individual images. Computation time

and GFLOPs for CS decoding are given in Sec. 3.4.1. Overall, these are orders of magnitude

lower than the time required by the QMPNN step or by an INN.

Combining Pooling with Downsampling We show the performance of our pooled outlier

detection methods on IMFDB images downsampled by a factor of4 to 112� 112in Fig. 3.5

(sub-�gures labelled IMFDB-Downsampled, rightmost column, top and bottom row). We note

that while all the algorithms observe some drop in sensitivity, it remains above90%across all

prevalence rates for all algorithms. The speci�city also drops, but to an even smaller extent.

3.5 Conclusion and Future Work

We presented a novel CS based approach for ef�cient automated image moderation, achieving

signi�cant reduction in computational cost for image moderation using deep NNs with very

little loss of accuracy. We also presented a novel method for pooled deep outlier detection for

off-topic image moderation, bringing CS and GT methods to the problem of outlier detection
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for the �rst time in the literature. A key strength of our approach is that it could, in principle,

be combined with any good NN model for classi�cation or outlier detection.

Our approach currently has some limitations, dealing with which presents several direc-

tions for possible future work. The optimal number of poolsm (smallest number to yield a

desired accuracy) depends on the prevalence ratep; exploring the exact relationship between

the two may improve the throughput. Because we output the number of OIs for each pool,

recovering the original OIs is also a quantitative group testing (QGT) [115] problem. For this

QGT decoding algorithms [132] may also be used. Moreover, in this work, we assumed that

the errors in the different elements ofy are independent of each other and the underlyingx ,

neither of which is strictly true for NN outputs. Though our algorithms still produce good re-

sults, incorporating a more sophisticated noise model may improve the decoding, and will also

indirectly contribute to the CS and GT literature, where such noise models have not been an-

alyzed. Another avenue of improvement might be the incorporation of the con�dence values

output by the softmax layer of the QMPNN or BMPNN in a downstream CS or GT algorithm

– i.e. using the full probability distribution over the possible count values instead of taking the

argmax. To the best of our knowledge, existing formulations of the CS or GT problems do not

take into account such probabilistic measurements or tests. Our approach reduces the number

of tests and is orthogonal to approaches such as network pruning or weights quantization which

reduce the complexity of each test. We could combine these two approaches, just as we (al-

ready) explored the combination of pooled testing and image downsampling. In practice, image

moderation engines may have access to side information such as IP addresses or past user his-

tory, incorporation of which can further improve decoding. Finally, it will also be of interest to

extend our work to higher level semantic problems such as violence detection or detection of a

wide variety of objectionable items in cluttered backgrounds.
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Appendix 3.A Choice of Pooling/Sensing Matrix

3.A.1 Properties of Good Sensing Matrices

In a k-disjunct pooling matrix , the support of any column is not a subset of the union of

supports of anyk other columns. In noiseless binary group testing, COMP can identify up tok

defectives exactly if the pooling matrix isk-disjunct [123, Sec 2.2].

Mutual Coherenceof a matrix is the maximum value of the dot product of any of its two

columns. Sensing matrices with low mutual coherence are preferred for compressed sensing as

they allow for reduction of the upper bounds on recovery errors [94, Theorem 1].

The 1-norm Restricted Isometry Property (RIP-1) of order 2k is a suf�cient condi-

tion on the sensing matrix� for recovery ofk-sparsex from noisy y via LASSO [78]. A

pooling matrix � satis�es RIP-1 of order2k if it holds for some constants2k and � that

kx k1 � k � x k1 � (1 + � )kx k1 for all 2k-sparse vectorsx .

3.A.2 Choice of Pooling Matrix

Randomly generated matrices from zero-mean Gaussian or Rademacher distributions have been

popular in CS because they are known to obey the Restricted Isometry Property (RIP) with high

probability [11], which is a well-known suf�cient condition to guarantee accurate recovery

[4]. RIP-obeying matrices also satisfy conditionC2 mentioned in Sec. 3.1. Despite this, such

matrices are not suitable for our image moderation application, as they will lead to alln images

contributing to every SFM – that too in unequal or both positive and negative amounts – and

complicate the job of the QMPNN that predictsy . Random Bernoulli (f 0; 1g) matrices have

been known to allow for very good recovery [12] due to their favorable null-space properties.

But randomly generated matrices will contain different number of ones in each row, due to

which each pool would contain contributions from a different number of images. Instead, we

use binary matrices which are constrained to have an equal number of ones in each of then

columns, denoted byc (i.e., `column weight'c), and an equal number of ones in each of the
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m rows, denoted byr (i.e., `row weight'r ). This implies thatnc = mr . Such a construction

ensures that the QMPNN must produce outputs constrained to lie inf 0; 1; :::; rg, and also ensures

that each of then images contributes to at least one pool (actually to exactlyc different pools,

to be precise). These matrices can be made very sparse (r � n), which ensures that noise in the

output of the QMPNN can be controlled. We put an additional constraint, that the dot product

of any two rows must be at most1, and similarly the dot product of any two columns must be

at most1. It can be shown that such matrices are(c � 1)-disjunct, obey the `RIP-1' property of

order2c [14, Sec. III.F], and have low mutual coherence [133], which makes them bene�cial

for GT as well as CS based recovery. These properties are de�ned in Sec. 3.A.1.

3.A.3 Recovery Guarantees for CS and binary GT

Quantitative group testing (see Sec. 3.2), which is closely related to CS, has some conceptual

advantages over binary group testing, as it uses more information inherently. We summarize

arguments from [123, Sec. 2.1], [134, Sec. 1.1] regarding this: Consider binary group test-

ing with m pools fromn items with k defectives. The total number of outputs is2m . The

total number of ways in which up tok defective items can be chosen fromn is
P k

i =0 C(n; i ).

We must have2m �
P k

i =0 C(n; i ), which producesm � k log(n=k). If we instead consider

quantitative group testing, then the output of each test is an integer inf 0; 1; :::; kg. The total

number of outputs would thus be(k + 1) m . Thus(k + 1) m �
P k

i =0 C(n; i ), which produces

m �
k log(n=k)
log(k + 1)

. Thus, the lower bound on the required number of tests is smaller in the case

of quantitative group testing by a factor oflog(k + 1) . Moreover, work in [135] argues that in

the linear regime wherek = O(n) (even ifk � n), individual testing is the optimal scheme for

binary non-adaptive group testing. This is stated in Theorem 1 of [135] which argues that if the

number of tests is less thann, then the error probability is bounded away from 0. On the other

hand CS recovery with binary matrices is possible withm = O(k log(n=k)) measurements [78,

Theorem 9].
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3.A.4 Upper bound on disjunctness of column-regular matrices

We explain in this section that matrices with column weightk (i.e., with k ones per col-

umn, equivalent with each image participating ink pools) which have strictly fewer rows than

columns cannot bek-disjunct. The work in [122, Prop. 2.1] gives an upper bound on the car-

dinality of a uniformr -cover-free family of sets. They consider the power set of a setX of n

elements. Ak-uniform family of sets is any set of subsets ofX containing exactlyk elements.

Let F = f S1; : : : ; SK g be ak-uniform family of sets of cardinalityK . If F is r -cover-free, it

means that no element ofF is a subset of the union of anyr other sets inF . The work in [122,

Prop. 2.1] gives the following bound on the cardinality ofF :

K �

� n
t

�

� k� 1
t � 1

� ; (3.15)

wheret = dk
r e.

We can construct an � K pooling matrix� from F , where each column is a0=1-binary

vector with column weightk. If we have� ij = 1, it indicates that the elementi is in the set

Sj (i.e., thej th image participates in thei th pool). Recall from Appendix 3.A.1 that in anr -

disjunct matrix, the support of any column is not a subset of the union of supports of anyr other

columns. From the de�nition of disjunctness andr -cover-free families, if the matrix� is to be

r -disjunct, then the family of setsF must ber -cover free. Moreover, ifr = k, thent = 1, and

K � n
k� 1 . Hence, matrices with column weightk and fewer rows than columns i.e.,n < K

cannot bek-disjunct.

For the case from Sec. 3.3.5 where column weight can beup tok = 2, we note that for

any column with column weight1, the corresponding row in which it has a1 entry also has a

row weight equal to1, otherwise the matrix cannot be2-disjunct. Thus, we can remove such

rows and columns from the matrix, and the reduced matrix will also be2-disjunct and will have

column weight equal to2 for all columns. From the above result, the number of columns in this

reduced matrix must be less than or equal to the number of rows. Since we removed an equal

number of rows and columns from the original matrix, the original matrix also has number of
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columns less than or equal to the number of rows, and hence cannot be used for achieving a

reduction in number of tests using group testing.

3.A.5 Noise-tolerance of balanced binary matrices with row and column

dot product at most 1

The work in [14, Sec. III.F.4] shows that such matrices with column weightc are adjacency

matrices of(k; � )-unbalanced expander graphs, and consequently [78, Theorem 1] have RIP-1

for anyk < 2c + 1, with � = k� 1
2c , and0 � � < 1. Robust recovery guarantees using the RIP-1

for such adjacency matrices exist – for example, [136, Theorem 6.1] states that the`1-norm of

the recovery error of [136, Algorithm 1] is upper-bounded by7� 4�
1� 2� � , where� is the`1-norm of

the noise in measurements. For a �xed magnitude of noise in the measurements, the amount of

error in the recovered vector depends on the value of� , with smaller values being better. For a

�xed k, � can be made smaller by having a larger value ofc, the column weight of the matrix.

Hence matrices with higher values of the column weight i.e., ones in which each item takes part

in a larger number of pools are more robust to noise for CS recovery.

Appendix 3.B Experimental Details: Pooled Classi�cation

Individual Dataset Splits For the �rearm classi�cation task, we use �rearm images from

IMFDB and Imagenet-1K [125] as the OI class, with9458and3617(total 13 075) images in

the training set from the two datasets respectively. Additionally, 667 �rearam images from

IMFDB were used in the validation set, and 931 images were used in the test set. The validation

and test images were manually cleaned to remove images which did not contain a �rearm, or

images in which the �rearm was not the primary object of interest. For the non-OI images, we

used images from 976 classes in ImageNet-1K [125], which did not belong to a �rearm class

– 1 200 764in the training set,50 000in the validation set, and48 800in the test set (leaving

out weapon images from ImageNet-1K such as `tank', `holster', `cannon', etc., following [45]).

During training of the INN, the classes were balanced by selecting all13 075OIs and the same

number of random non-OIs for training at each epoch. Classes were balanced in the validation
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split as well, by using all50 000non-OIs and randomly sampling with replacement50 000OIs.

Figure 3.6: Top Row (left): A pool of 8 images from the IMFDB dataset, of which two are �rearm

images. Top row (right): The �rst 9 channels of Superposed Feature Maps (SFM) for this pool. The

SFM has size512� 28 � 28. Second row: Data Samples from Knives dataset [38]. First three images:

Images containing a knife; Next three images: Images not containing a knife.

The Knives dataset [38] used for the knife classi�cation task consists of 12,899 images of

which 3559 are knife images and 9340 are non-knife images. Some images were taken indoors,

while some were taken through a car window in the street. We randomly selected 2159 knife

and 6140 non-knife images for training, 700 knife and 1600 non-knife images for validation,

and 700 knife and 1600 non-knife images for testing. During training of the individual neural

network, classes were balanced by sampling (without replacement) 2159 random non-knife

images at each epoch. The validation set was also balanced by sampling (with replacement)

1600 random knife images. See Fig. 3.6 for examples of images from the IMFDB and Knives

datasets, and also channels from the SFM (superposed feature map) for an example pool from

the IMFDB dataset.

Pooled Dataset Splits For �rearms classi�cation, during training of the QPNN, at each epoch,

6248pools of sizer = 8 were created, each pool containingk randomly selected OIs and
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8 � k randomly selected non-OIs, for eachk in f 0: : : 8g. Of these,40%pools contained no

OIs,24%contained 1 OI,12%contained 2 OIs,6%each containing 3 and 4 OIs, and3%each

contained 5 through 8 OIs. Such a distribution was chosen because OIs are assumed to have low

prevalence rate in the test dataset. Hence greater accuracy is desired on pools with low number

of OIs – however, enough instances of pools with high number of OIs must be seen during

training for good accuracy. The pooled validation set used for selection of neural network

weights contained63 325pools of size8, created with the same method as the pooled training

set. For testing, we created9 mixtures of the test data split of the individual dataset, each

containingN = 1 Million images, with each mixture containingpN OIs, with the prevalence

ratep 2 f 0:001; 0:002; 0:005; 0:01; 0:02; 0:03; 0:04; 0:05; 0:1g.

For knife classi�cation, 12496 pools of size 8 were created for training following the

same distribution of OIs as for the �rearms classi�cation case. The pooled validation set used

for selection of neural network weights contained 2873 pools of size 8, created with the same

method as the pooled training set. The pooled test dataset consisted of9 mixtures of 100K

images, created with the same method as for the �rearms classi�cation task.

Data Transformations Images were padded with zeros to equalize their height and width,

and resized to224� 224, during both training and testing. We also added a random horizontal

�ip during training. For the pooled datasets, a random rotation rotation between[� 30� ; 30� ]

was applied to each training image. This rotation was also applied to test data for the knife

classi�cation task.

Training We train all our networks for 90 epochs using stochastic gradient descent with learn-

ing rate0:001and momentum0:9, using cross-entropy loss and weight decay of0:0001. Model

weights are checkpointed after every epoch. The best model weights are selected from these90

checkpoints using classi�cation accuracy on the validation set. For the �rearms classi�cation

task, a weighted accuracy is used for selection of the best checkpoint of the pooled neural net-

works, viz.,Accweighted =
P 8

k=0 Binom(8; p; k)Acck , whereAcck is the classi�cation accuracy

on pools withk OIs in them, andBinom(8; p; k) is the probability of havingk OIs in a pool of

size8 if the prevalence rate of OIs isp. This accounts for the fact that accuracy on pools with

higher number of OIs is more important for high values ofp, while pools with0 or 1 OI are

more important for low values ofp.
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Hyperparameter Selection We created mixtures of images from the validation split of the

same sizes and the same prevalence rates as for the test split. For a given prevalence ratep,

grid search was performed on the corresponding validation split mixture with the same value

of p to determine the optimum value of� and� for CLASSO and� for M IP (see Sec. 3.3.2).

The hyperparameter values which maximized the product of sensitivity and speci�city on the

validation mixture were chosen.

Appendix 3.C Experimental Details: Pooled Outlier Detec-

tion

Individual Dataset Splits The �rearm images in training, validation and test splits of IMFDB

as described in Appendix 3.B are taken to be on-topic images for the respective splits for the

off-topic image moderation task. From the 976 non-�rearm classes of ImageNet-1K in Ap-

pendix 3.B, we randomly sample10 000and1000images and add them to the training and

validation split, respectively, as off-topic images. For testing, we choose1000images from182

random non-�rearm classes of ImageNet-21K as off-topic images.

For the Cars dataset, we take 8041 cars images for testing, 2144 cars images for valida-

tion, and 6000 cars images for training from the Stanford cars dataset as on-topic images. The

1000off-topic images for testing come from 179 non-car classes of ImageNet-21K, whereas

for training and validation, we sample 10000 and 1000 images from 955 non-cars classes of

Imagenet-1K. We created9 test sample sets (one per prevalence rate) of the test data split,

each containing 100K images, using the same procedure and the same prevalence ratesp as in

Appendix 3.B. At each epoch of INN training, classes in the training split were balanced by us-

ing all 10 000off-topic images from known classes and randomly sampling (with replacement)

an equal number of on-topic images. The validation split classes were not balanced since the

imbalance in class proportions was not too much.

Pooled Dataset Splits The pooled dataset training split was created using the same procedure

as in Appendix 3.B, with the same pool size (i.e., 8), number of pools, and distribution of pools

with different number of off-topic images in them. The pooled dataset validation split had625
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pools and was also created using the same procedure.

Neural Network, Data Transformation, Training We use the same neural network

(ResNeXt-101 [126]) and train an INN and a QPNN using the same procedure as for the

classi�cation case (Appendix 3.B) on the IMFDB and Cars datasets. The data transformation

used was the same as for the classi�cation case, except that random rotation transformations

were also applied to the images during testing to create more arti�cial edges in the SFMs and

aid in detection of outliers in a pool.

Hyperparameter Selection The hyperparameters for CLASSO-OD were chosen in exactly

the same manner as for the classi�cation case (Appendix 3.B).
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Chapter 4

Compressive Perturbed Graph Recovery

4.1 Introduction

In many applications domains, data are naturally arranged on the nodes of a graph, such as in

sensor networks, transport networks, biological networks, social networks, and epidemiology.

In some other domains, such a latent graph may be derived or inferred from available measure-

ments, such as in image processing, computer graphics, and statistics. Such data are known

as graph signals – a vector of values indicating a mapping of each node of the graph to a real

number. Typically, the data on such graphs are results of processes on the graph, and its char-

acteristics are intimately tied with the structure of the graph. For example, consider a contact

tracing graph tracking the spread of a viral infection. Here, people who come in contact with

each other frequently are more likely to either both be positive or both be negative for the virus.

Each person represents a node, the data at the node represents the infection status or extent,

and the edges represent the contact between the people. Similarly, in a grayscale 2D image,

the image intensity value at neighbouring pixels are correlated. Here, each pixel is a node and

neighboring pixels are connected by an edge. Such graph signals can often be approximated by
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Figure 4.1: Illustration of Actual Graph (left) vs Nominal Graph (right) in the Compressive Perturbed

Graph Recovery problem (Sec. 4.3). The actual Graph is not known, but the nominal graph is known.

The nominal graph has a small number of edge perturbations relative to the actual graph.

the linear combination of a small number of eigenvectors of the Laplacian matrix of the graph

– a key property which is used in the �eld of Graph Signal Processing [48, 49, 50] to process

such data. For example, the 2-D Discrete Cosine Transform (DCT) basis is an eigenbasis of the

Laplacian matrix of a 2-D lattice graph where the nodes of the graph represent pixels and the

edges connect neighbouring pixels [52], and is commonly used in image compression [51]. The

representation of a graph signal in the domain of the eigenvectors of the Laplacian matrix of the

graph is known as the Graph Fourier Transform (GFT), analogous to the Fourier Transform in

classical signal processing. Using the GFT, the �eld of GSP brings classical signal processing

techniques such as �ltering, convolution, sampling, etc., to signals on graphs [48].

One such technique is the compressive acquisition of graph signals. Instead of recording

the data at each node of the graph separately, a small number of random linear measurements of

the graph signal may be taken. These measurements may later be decoded to recover the original

graph signal by using a Compressed Sensing (CS) decoding algorithm by exploiting the sparsity

of the GFT of the graph signal. CS techniques allow the recovery of a high-dimensional vector

from a small number of linear measurements, provided the vector has a sparse representation in

a known orthonormal basis, and the measurements obey certain properties [3, 4].

In this part of the thesis, we consider the case when a graph signal has been compressively

acquired, but there is some uncertainty in the knowledge of the graph from which it was ac-
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quired. Anominalgraph is known, which has the same nodes as theactual (unknown) graph,

but has a small number of edge perturbations (edge additions and deletions) relative it (see

Fig. 4.1). Due to this, some uncertainty is induced in the GFT basis of the graph, since the

perturbation of a few edges of the graph will perturb its Laplacian matrix, and correspondingly

its eigenvectors. Hence the graph signal will not be recovered accurately by a CS decoding al-

gorithm if the GFT basis of the nominal graph is used, and some alternative approach is needed

for recovery of the graph signal. In some applications, it may be desirable to recover the actual

graph as well. We refer to the problem of recovery of the actual graph and the graph signal from

compressive measurements as theCompressive Perturbed Graph Recoveryproblem.

We present a method called Greedy Edge Selection (GES), which solves this problem by

re�ning the nominal graph one edge at a time, based on the cross-validation (CV) errors of the

signals recovered using these graphs on a held-out set of measurements. The algorithm keeps

proceeding as long as the CV errors of the successive graphs keep decreasing. Finally, the

re�ned graph as well as the graph signal recovered using it are output. To summarize, we make

the following main contributions in this work:

• We present the novel problem of Compressive Perturbed Graph Recovery, in which there

is uncertainty in the orthonormal basis used for CS recovery, induced via perturbations of

a graph.

• We present the Greedy Edge Selection (GES) method (Sec. 4.4.2) and its brute-force

version (Sec. 4.4.1) for solving the compressive perturbed graph recovery problem.

• Based on the same idea – i.e., of comparison of CV errors of signals recovered using can-

didate graphs – we propose Inferred Linear-Edge Compressive Image Recovery (ILECIR,

Sec. 4.4.3), an algorithm which performs the recovery of patch-wise compressively ac-

quired images (such as in [62] and [63]) along with inferring linear image edges in the

patches of the image via structured perturbation of the edges of a 2-D lattice graph (unlike

unstructured edge perturbations done in GES).

• Using CV theory for compressed sensing [60], we prove suf�cient conditions for signal

and graph recovery using the brute-force algorithm with high probability (Sec. 4.4.4) .

We also provide similar conditions for solution improvement in ILECIR and at each step

of the GES.
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• We empirically validate the GES algorithm on signals on a variety of graphs commonly

used in the Network Science [64] literature, such as the Erdos-Renyi graph, the Planted

Partition Model, the Barabasi-Albert graph, etc, and also validate the ILECIR algorithm on

40 images of various kinds – natural images, synthetically generated piece-wise smooth

images, cartoon images, and depth-maps of indoor scenes (Sec. 4.5 and Sec. 4.6). Our

algorithms outperform the baseline method of using the GFT basis of the nominal graph

in a standard CS decoding algorithm. We also evaluate the suitability of replacing an

eigendecomposition step in the GES algorithm with a faster approximation (Sec. 4.4.5

and Sec. 4.4.5).

• We demonstrate that our method is applicable to graph signals which admit some other

forms of structure dependent on the graph, apart from just the sparsity of the GFT of the

signal. Examples of such structural forms include the sparsity of the difference of the

graph signal value across the edges of the graph (Sec. 4.4.6 and Sec. 4.6.2.6), which is

often called graph total variation.

The remainder of this chapter is organised as follows: Sec. 4.2 presents an overview of

Graph Signal Processing and Compressed Sensing. Sec. 4.3 de�nes the Compressive Perturbed

Graph Recovery problem formally and gives an overview of the literature tackling similar prob-

lems. Sec. 4.4 describes the methods presented in this chapter in detail. Sec. 4.5 details the

setup of empirical evaluation of our methods. The results of the evaluation are presented in

Sec. 4.6. Finally, conclusions and future work are discussed in Sec. 4.7.

Author Contributions: The work presented in this chapter has been performed entirely by

the author of this thesis, under the guidance of Prof. Ajit Rajwade.

4.2 Background

This section presents relevant background in Graph Signal Processing (Sec. 4.2.1) and Com-

pressed Sensing (Sec. 4.2.2) for readers unfamiliar with these areas.
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4.2.1 Graph Signal Processing

We present a very brief overview of the concept of graph signal processing for completeness.

Survey articles such [49, 50] contain a much more extensive exposition. Consider an undirected,

unweighted graphG := ( V; E), whereV denotes the set ofn vertices (also referred to as nodes)

of G, labelled asf 1; : : : ; ng, andE denotes the set of edges inG, where each edgee 2 E is an

unordered pair of nodes inV, i.e., e = f i; j g wherei; j 2 V . Let n = jVj be the number of

nodes inG, andr = jEj be the number of edges inG. The adjacency matrix ofG is denoted

by then � n binary matrixW, such thatwij = 1 if f i; j g 2 E, else it is equal to0. Note that

W is a symmetric matrix becauseG is an undirected graph. The degree matrix ofG is an � n

diagonal matrixD whose diagonal entries are the degrees of the corresponding node inV, i.e.,

dij = 0 if i 6= j anddii = jN (i )j, whereN (i ) = f j : f i; j g 2 Egdenotes the set of neighbours

of the nodei . The Laplacian matrix of the graph is then � n matrix L := D � W. Besides

being symmetric, it turns out that the Laplacian matrix is positive semi-de�nite. This can be

proved by a straightforward application of the Gershgorin circle theorem, which states that the

eigenvalues of an � n complex matrix lie in the union ofn closed discs on the complex plane,

with each disc centered at a diagonal entry of the matrix, and the radius of the disc being equal

to the sum of the absolute values of the off-diagonal entries of the corresponding row of the

matrix. The eigendecomposition of the Laplacian matrix is denoted by

L = V� V T ; (4.1)

whereV is an orthonormal matrix of the eigenvectors ofL (sinceL is symmetric), and� is

the diagonal matrix of the eigenvalues ofL. That is, if v1; : : : vn denote the eigenvectors of

L (which are also then columns ofV in that order), and� 1; : : : ; � n denote the corresponding

eigenvalues, thenLv i = � i v i . Also, � ii = � i and� ij = 0 if i 6= j . SinceL is a real, symmetric

matrix, all of its eigenvalues and eigenvectors are real-valued. Moreover, it can be easily veri�ed

that sinceL = D � W, the vector of all1's is an eigenvector ofL with eigenvalue0, hence the

smallest eigenvalue is exactly equal to0. For convenience, we assume that the eigenvalues are
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listed in increasing order of magnitude, that is,

0 = � 1 � � 2 � � � � � � n : (4.2)

A graph signal on the graphG is a mapping from the nodes of a graph to the set of real

numbers, and can be represented as a vectorx of lengthn, with x i being the value at nodei .

The vectorx is known as thevertex domain representation of the graph signal. TheGraph

Fourier Transform (GFT) of the graph signalx is a a vector� which is the representation of

x in the basis of the eigenvectors of the Laplacian matrixL of the graphG. That is,

� = V T x ; (4.3)

andx = V� : (4.4)

In this context, the Laplacian matrixL is known as thegraph shift operator, and the set of

eigenvectors ofL are known as theGFT basisof the graphG.

The Laplacian matrix on graphs is an analogue of the Laplace operator in Euclidean space

[137, Slides 20-24], de�ned asr 2z :=
P d

i =1
@2

@z2i
wherez 2 Rd represents thed-dimensional

coordinate. Just as the eigenfunctions of the Laplace operator form the Fourier basis, the eigen-

vectors of the Laplacian matrix forms the Graph Fourier basis. In fact, the Fourier basis vectors

of the n-element 1-D Discrete Fourier Transform are eigenvectors of the Laplacian matrix of

then-node ring graph. There exists a formal relationship between Laplacian matrices and the

Laplace-Beltrami operator, a generalization of the Laplace operator for Riemannian Manifolds.

Namely, the Laplacian matrices of a particular in�nite sequence of weighted, undirected graphs

de�ned on a manifold converge to the Laplace-Beltrami operator of the manifold [138]. There

may be other reasonable choices for the graph shift operator than the Laplacian matrix, such as

the adjacency matrix, normalized Laplacian matrix, etc.

We note that the eigenvectorsv1; : : : ; vn are also graph signals onG. Each eigenvector

has a notion of frequency associated with it, with low eigenvalues signifying low frequency,

and high eigenvalues signifying high frequency – thus eigenvectorsv1; : : : ; vn are ordered in

increasing order of frequency. The value at each node of a high frequency eigenvector varies

rapidly when moving along an edge of the graph, whereas for a low frequency eigenvector it
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Figure 4.2: Eigenvalues and Eigenvectors of a community-structured graph with100 nodes,5 com-

munities, and20 nodes per community, generated using a Planted Partition Model (Sec. 4.5.1.1). (a)

– Eigenvalue vs Eigenvector #. First5 eigenvectors have small eigenvalue, after which there is a large

jump in the eigenvalue. (b) to (g) – Eigenvectors. Node color represents the value of the eigenvector at

that node, indicated by the colorbar.

varies more smoothly.

This is because the eigenvectors of the Laplacian are successive orthogonal minimizers

of the Rayleigh quotientx T Lx (given kx k2 = 1). The semi-normS(x) ,
p

x T Lx may

be interpreted as a measure of the variation of the signalx across the edges, sincex T Lx =
P

f i;j g2E (x i � x j )2 [49, 139]. See [50, Sec. II-D, II-E, and III-A], for a detailed discussion

on frequency in graph signal processing. Indeed, as illustrated in [49, Fig. 2] and also here in

Fig. 4.2, the number of zero crossings of the values of the eigenvector at the endpoints of each

edge increases as the eigenvalue corresponding to the eigenvector increases. Hence, analogous

to the classical Fourier Transform literature, the representation of a graph signal in the basis

formed by the eigenvectors of the graph's Laplacian matrix (Eqn. 4.3) is also known as its

frequency domainrepresentation.

For some intuition of the frequency domain of a graph, see Fig. 4.2, which shows some

eigenvectors of a community-structured graph with100nodes and5 communities, as well as
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the plot of the eigenvalues versus the eigenvector index, with eigenvectors sorted in ascending

order of eigenvalue. In a community-structured graph, the set of nodes of the graph may be

partitioned into two or more communities, such that most edges are between two nodes of the

same community, and very few edges have endpoints in two different communities. We see

that the �rst eigenvector has the same value at all nodes. Analogous to Fourier Transform,

this eigenvector represents the DC component of the graph signal. The next4 eigenvectors

vary smoothly within a community, but the values on edge endpoints across two communities

vary more. In general, for a graph withk communities, the �rstk eigenvectors vary smoothly

within a community. For some intuition regarding this, note that if there were no edges going

across communities, then the membership indicator vector of a community (having a1 if a

node is a member, and0 otherwise) will be an eigenvector of this graph, having eigenvalue

exactly equal to0. This property has been used widely in spectral clustering of graphs and in

image segmentation [140]. From eigenvector6 onwards, the eigenvalue rises sharply, and we

start seeing variation even within a community, which becomes more and more pronounced for

eigenvectors with larger eigenvalues.

The action of certain naturally occurring discrete-time linear dynamical systems de�ned

on the graphG run for an arbitrary amount of timeT, transforming an initial graph signal into

another graph signal, can be expressed as a polynomial of the Laplacian matrix of the graph.

Graph signals typically under consideration are outputs of such dynamical systems, including

diffusion processes [141, 142], de�ned on the graph. By the Cayley-Hamilton theorem, which

states that a matrix satis�es its own characteristic polynomial, the matrix powers of degreen or

higher for ann � n matrix may be written as polynomials of degreen � 1, and thus any matrix

polynomial of arbitrary degreeT may be converted to a polynomial of degree at mostn � 1

(even ifT = 1 ). A linear graph �lter H is an arbitrary polynomial of the graph's Laplacian

matrix of degree at mostn � 1:

H =
n� 1X

i =0

ai L i : (4.5)

Hence, the action of a discrete-time linear dynamical system is a linear graph �lter. Using the

eigendecomposition of the Laplacian matrixL from Eqn. 4.1, the linear graph �lter expression
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in Eqn. 4.5 can be rewritten as:

H = V
� n� 1X

i =0

ai � i
�

V T : (4.6)

Hence, the action of the graph �lter on a graph signalz with GFT � = V T z is:

H z = V
� n� 1X

i =0

ai � i
�

V T z = V
� n� 1X

i =0

ai � i
�

� : (4.7)

We note that since� is a diagonal matrix, any polynomial of� is a matrix with each diagonal

entry being equal to the polynomial of the corresponding entry of� . Thus, a linear graph �lter

suppresses or ampli�es thej th frequency component of a graph signal by multiplying it with a

valueh(� j ), where

h(� ) =
n� 1X

i =0

ai � i (4.8)

is known as thegenerating functionof the graph �lter.

A sparse-spectrumgraph signal is one for which most of the frequency components are

equal to0. Such a graph signal may arise naturally as the output of linear graph �lters for which

most of the roots of their generating functions are equal to some eigenvalues of the Laplacian

matrix L, i.e., for whichh(� ) is equal to0 for most of the eigenvalues inf � 1; : : : ; � ng. In fact,

any generating function of the form

h(� ) =
Y

i 2 [n]=S

(� � � i )
jSj� 1X

j =0

bj � j ; (4.9)

whereS is a set of indices and[n] = f 1; : : : ; ng, will produce output signals for which the

frequency components in[n]=S are always0. A band-limited graph signal is a special case

of a sparse-spectrum graph signal, for which all frequency components higher than some given

frequency are equal to 0. Sparse-spectrum and band-limited signals may be recovered from

compressive measurements using compressed sensing techniques if the GFT matrixV is known.
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4.2.2 Compressed Sensing

Compressed Sensing (or Compressive Sensing) [3] is a technique for acquiring a signalx � 2 Rn

from fewer thann linear measurements, by exploiting its sparsity in some orthonormal basis	

(i.e., 	 T = 	 � 1). The signalx � is known to be sparse in the basis	 , i.e.,x � = 	 � � , such that

k� k0 = s � n. Typically, the sparsitys is not known, but the orthonormal basis	 is known.

The measurements are acquired via a known sensing matrix (or a measurement matrix)� of

dimensionsm � n, with m � n (typically m = O(s log n
s )) is used to acquire the measurement

vectory , with the relationship:

y = � x � + � = �	 � � + � ; (4.10)

where� is a noise vector, whose entries are typically assumed to be i.i.d. Gaussian with mean

0 and variance� 2. The acquisition of the measurements via Eqn. 4.10 is implemented in some

domain-speci�c hardware such as the Rice Single Pixel Camera [53], and is typically much

cheaper than acquiring the entire signalx � in terms of number of hardware elements needed,

time of acquisition, or monetary cost. The original signal needs to be recovered from the com-

pressive measurements using a decoding algorithm which incurs some cost, the aim here is to

saveacquisitionresources including acquisition time. The signal in its transform domain rep-

resentation may be estimated via Basis Pursuit Denoising (BPDN) [3], which is the following

`1-norm minimization problem with a quadratic constraint:

�̂ bpdn = arg min
�

k� k1; s.t. ky � �	 � k2 � " (4.11)

where" � k � k2 is an upper bound on the magnitude of the noise vector� . Due to the method of

Lagrangian multipliers for strictly convex functions, Eqn. 4.11 may be expressed in a penalized

form, known as the LASSO(Least Absolute Shrinkage and Selection Operator) [5], as follows:

�̂ lasso= arg min
�

ky � �	 � k2
2 + � k� k1: (4.12)
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with some value of the regularization parameter� � 0 corresponding to" in Eqn. 4.11. The

`1 penalty on� again promotes the sparsity of�̂ . The canonical domain representation of the

estimated signal may be retrieved asx̂ lasso = 	 �̂ lasso. Alternatively, LASSOmay be performed

directly in terms ofx as:

LASSO: x̂ lasso= arg min
x

ky � � x k2
2 + � k	 T x k1: (4.13)

The estimatêx bpdn := 	 �̂ bpdn is close tox̂ � if the matrix A := �	 possesses the so-called

Restricted Isometry Property [4]:

9� 2s 2 (0; 1) s.t. 8� with k� k0 � 2s; (1 � � 2s)k� k2
2 � k A� k2

2 � (1 + � 2s)k� k2
2: (4.14)

The constant� 2s is known as the Restricted Isometry Constant (RIC) of order2s. If the entries

of � are i.i.d. Gaussian or sub-Gaussian with mean0 and variancem, andm � O(s log n
s ),

then with high probability, the matrixA = �	 has the RIP [11].

Any compressive recovery algorithm is typically evaluated in terms of the mean squared

error given by

" x , kx̂ � x � k2
2: (4.15)

The recovery error for BPDN (Eqn. 4.11) has the following guarantee [4]:

kx̂ bpdn � x � k2 = k�̂ bpdn � � � k2 � C"; (4.16)

where the constantC depends only on� 2s and is a monotonically increasing function of it. A

stronger guarantee holds for LASSO for some� which is lower bounded as
( �
p

s logn=m)

[6, Thm. 11.1]. The guarantee itself is given by

kx̂ lasso� x � k2 = k�̂ lasso� � � k2 � Cl �

r
s logn

m
; (4.17)

whereCl > 0 is a constant. The recovery guarantees for the LASSO do not use the RIP but
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a somewhat weaker condition onA called the Restricted Eigenvalue Condition (REC). This

imposes thatkA� k2
2 � 
 k� k2

2 for all error vectors� which are naturally restricted to lie in a

cone-shaped set. Here
 > 0 is the so-called order-s restricted eigenvalue constant. See [6, Sec.

11.2.2] for more details.

Cross-validation for selection of the regularization parameter: Typically, the best regular-

ization parameter� for LASSOis not known in advance, as the signal sparsity is often unknown.

Hence� is determined via grid search over a set of possible values� � , using a method called

cross-validation [60]. Cross-validation in the context of compressed sensing [59, 60] is executed

in a slightly different manner as compared to its conventional usage in machine learning. Out

of a total ofm compressive measurements, somemr randomly chosen measurements are used

for signal reconstruction, and the remainingmcv measurements are chosen for cross-validation.

Let the sub-vectory r contain themr measurements chosen for reconstruction and� r be the

sub-matrix containing the corresponding rows of the sensing matrix. Letycv be the sub-vector

of measurements used for cross-validation, and let� cv be the corresponding sub-matrix. Then

the cross-validation using LASSO(termed LASSO-CV) proceeds as follows:

LASSO-CV(y ; � ; 	 ; �) :

x̂ �
r = arg min

x
ky r � � rx k2

2 + � k	 T x k1; � �
cv = kycv � � cvx̂ �

r k2
2; (4.18)

�̂ = arg min
� 2 �

� �
cv; x̂ lasso-cv= arg min

x
ky � � x k2

2 + �̂ k	 T x k1: (4.19)

Note that the subsets of measurements used for reconstruction and validation are completely

disjoint. Since onlymr measurements are used for recovery, we needmr � O(s log n
s ) for

REC-based recovery guarantees to hold for LASSO-CV. The work in [60, 61] presents a prob-

abilistic guarantee for the success of using CV error comparison as a proxy for recovery error

comparison in the compressed sensing setting when the matrix� is Gaussian, which we use in

Sec. 4.4.4 and the Appendix for proving bounds on the recovery error for the methods presented

in our work.
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4.3 Problem Statement

Consider that we are given linear, and possibly noisy, compressive measurementsy 2 Rm of

an unknown signalx � de�ned on the vertices of an undirected, unweighted graphGactual :=

(V; Eactual) wherejVj = n. Hence, we have

y = � x � + � ; (4.20)

where� is am � n measurement matrix withm � n (since we are in the compressive regime),

and� is a vector of noise, each of whose entries is i.i.d. Gaussian with mean0 and variance

� 2. In some scenarios, the graphGactual is not known with full accuracy. Instead, we have access

to the graphGnominal = ( V; Enominal), such that� (Eactual; Enominal) = d, where� (Eactual; Enominal) ,

jEactual � E nominalj + jEnominal � E actualj is the number of edge additions or removals needed to

obtain the actual graph from the nominal graph, andd is an unknown butsmallpositive integer.

That is, while the set of nodes ofV is fully known, the set of edgesEactual is known only up

to a few perturbations. This means that while most of the edges inEactual andEnominal are the

same, a few edges present inEactualmay not be present inEnominal, and a few edges not present in

Eactual may be present inEnominal. While d is not known, we can assume that an upper boundd0

is known (i.e.,d � d0)). Let Lactualbe the unknown Laplacian matrix ofGactual, and letLactual =

Vactual� actualV T
actual be its eigendecomposition. In addition, we will assume that the unknown

signalx � = Vactual� � is sparse inVactual. That is� � is the GFT ofx � , andk� � k0 = k � n for

some unknownk. The goal is to recover the original signalx � , as well as the actual graphGactual

given justy ; � andGnominal. This is formally de�ned as follows:

Problem 4.1(Compressive Perturbed Graph Recovery Problem). Giveny , � , Enominal andd0,

�nd x � andEactual.

This is a novel computational problem, and has not been explored in the literature. In the

following section, we present a literature review of closely related work.
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4.3.1 Related Work

4.3.1.1 Graph Spectral Compressed Sensing

Note that here we are concerned with compressive measurements of signals de�ned on a graph,

and wish to make use of the graph structure in signal recovery viaVactual. This is sometimes

called graph spectral compressed sensing. There exists only a moderately sized literature on

this speci�c topic: [143, 144] are two references. In both these papers and in a large body of

graph signal processing literature in the non-compressive regime (see for example references

in [49]), the signalx � is considered to be band-limited, i.e., it is considered to be a linear

combination of only low frequency eigenvectors inVactual. In a departure from this, we consider

the signalx � to be justsparsein the graph spectral domain in the work presented here, and

band-limited signals are a special case of this more general model. Furthermore, the work in

[143, 144] assumes a measurement model where the data at only a subset of all nodes of a

graph are observed. The purpose of compressive recovery is then to �ll in the missing data

at other nodes. Another orthogonal set of works in the network tomography literature focuses

on performing compressed sensing on graphs with matrices which may be de�ned via random

walks on the graph [145, 146]. In such works, the signals represent properties of the edges of

the graphs rather than the nodes.

As against this, our work focuses on compressive measurements which are random linear

combinations of the values at the different nodes, more in line with traditional compressed sens-

ing as described in Sec. 4.2.2. To the best of our knowledge, the only work which uses linear

combinations of the values at different nodes along with using the sparsity of GFT in the decod-

ing algorithm is [147], which performs compressive recovery of multi-channel EEG signals.

In their case, the graph connects channels whose electrodes are physically closer than some

threshold distance, and the edge weights decrease exponentially as the square of the distance.

4.3.1.2 Compressed Sensing of Signals over Graphs with Partly Erroneous Topology

There exists a decent body of literature on inferring the graph topology (i.e., the edges and

their respective weights) from a large number of signals de�ned at each node of the graph.

150



These signals could represent information at each node that varies dynamically across time.

The graph Laplacian or the underlying adjacency matrix are then inferred from these signals

under the assumption that the signals would besmooth, i.e., expressible accurately as a linear

combination of low-frequency eigenvectors of the Laplacian. This is the approach followed

in a large variety of papers – see for example references such as [148, 149, 150], and other

references in [151]. Our work here differs from these approaches in three ways:

1. First, we operate in the compressive regime, and hence have access to signi�cantly less

data, as opposed to a large number of signals at each node.

2. Second, we assume sparsity of the signal in the eigenvectors of the graph as opposed to

smoothness or band-limitedness.

3. Last, we are not operating in the regime when the graph is completely unknown. Rather,

we are given a graphGnominal with error in asmall number of edges, and wish to infer

the erroneous edges along with the signal coef�cients from compressive measurements.

Thus, we are interested in correcting a small number of errors from the given graph topol-

ogy. These errors manifest themselves as either missing edges or extra edges as compared

to an underlying `ground truth' graph.

The approach of correcting a small number of edges has been followed in a small number of

papers, albeit in the non-compressive regime given a single signal vector – [152, 153, 154].

In [153], the effect of perturbations in the form of deletion or addition of a small number of

edges on the eigenvectors and eigenvalues of the Laplacian matrix is studied, and scenarios

where the effect is negligible or very adverse are analyzed. The derived results are compared

to those produced in matrix perturbation theory. Moreover, the effect of the perturbations on

applications such as (non-compressive) signal and graph recovery with known signal priors,

clustering and label propagation, are examined. Furthermore, approximate closed form expres-

sions for the perturbations of eigenvectors and eigenvalues are derived, under the assumption

that the perturbation to the Laplacian matrix is small. A total least squares approach to robust

graph signal recovery given structural equation models is presented in [152]. The work in [154]

develops models for perturbations to edges in a graph and examines their effect on graph sig-

nal �ltering and independent components analysis. The stability of polynomial graph �lters to

edge perturbations is proved in [155], but the importance of the location of the perturbed edge
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is emphasized. As opposed to this, in our work, we present a method for robust graph signal

recovery fromcompressive measurementsgiven a small number of perturbations in the graph

topology, and assuming the signal has asparse, but not necessarily band-limited, representation

in the eigenvectors of the underlying graph Laplacian.

Lastly, the work in [156] performs joint recovery of an undirected, weighted, data-

dependent graph and a graph signal in the compressive regime. They use graph total variation

based regularization along with wavelet-based regularization for tomographic reconstruction

of a 2-D image. The graph in consideration is an undirected, data-dependent weighted graph

of overlapping patches of the images, wherein the weights may be directly computed from

the pixel values of the patches of the unknown image, with only the top few weighted edges

for each patch being retained. Graph total variation regularization using such a graph exploits

similarity in parts of the image which are not spatially close to each other. They alternately

compute an approximation of the graph from an approximation of the image, and compute an

approximation of the image from the approximation of the graph, in a �xed-point iteration. The

initial approximation for the image is found using �ltered back-projection. While there is some

similarity in the problem setting – since they are in the compressive regime with an unknown

graph (or an initial approximation of the graph) – their method is not directly applicable to a

case where the graph is unweighted and is not data-dependent. In our setting, the underlying

graph cannot be directly computed from the graph signal. Moreover, each node of the graph

in [156] maps to a vector of values – the constituent pixel values of the patch, whereas in our

case each node maps to only a single value in the graph signal. Furthermore, regularization via

graph total variation implies that the signal is smooth over the graph, whereas in our setting

the signal is a linear combination of a small number of arbitrary eigenvectors of the Laplacian

matrix of the graph. We provide suf�cient conditions for successful signal and graph recovery

using one of our methods in Sec. 4.4.4, whereas no such guarantees are given for the algorithm

in [156].

4.3.1.3 Compressed Sensing with Perturbed Models

We conclude this literature review, with an overview of techniques in compressed sensing that

deal with model mismatches. Referring to Eqn. 4.10, we could have perturbations in either

the sensing matrix� or the representation matrix	 or both. The former problem has been
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explored in terms of perturbations to speci�ed Fourier frequencies in Fourier sensing matrices

in magnetic resonance imaging in work such as [157, 158]. More unstructured and dense per-

turbations to� are considered in [58, 159, 160, 161, 162, 163]. The focus of the work here,

however, is related to perturbations in	 , because perturbations to the graph topology induces

changes in the eigenvectors of the Laplacian matrix, which is the signalrepresentationmatrix

(and not the sensing matrix which is completely independent). The problem of perturbations in

	 has been extensively explored in the context of perturbations to frequency speci�cations in

sinusoidal bases such as the Fourier or discrete cosine transform in work such as [55, 56, 57].

Various approaches such alternating minimization [56], perturbation correction in greedy algo-

rithms like orthogonal matching pursuit (OMP) [9], or structured sparsity [57, 159] have been

considered. The problem of estimating a small number of complex sinusoids with off-the-grid

frequencies from a subset of regularly spaced samples has been explored in [164]. Many ap-

plications of this framework in radar signal processing for problems such as direction or arrival

(DoA) estimation have been explored in [57, 159, 165]. The problem ofadditiveperturbations

in both the sensing matrix as well as the representation matrix has been analyzed in [58], using

several assumptions on both perturbations. In contrast to this, in this work, we explore per-

turbations in the representation matrix in anindirect manner. That is, we explore methods to

correct for perturbations in edge speci�cations in the adjacency matrix within our optimization

framework. Given changes to the adjacency matrix, the Laplacian matrix and its eigenvectors

are recomputed. We also note that small perturbations in the Laplacian matrix may lead to large

perturbations of some of its eigenvectors – especially in those with high frequency. Hence the

methods which make the assumption of small perturbation in	 are not directly applicable to

the problem considered in our work.

4.4 Method

We note that ifEactualwas known in Problem 4.1, then it becomes a standard compressed sensing

problem (Sec. 4.2.2), with the orthonormal basis	 being equal to the GFT basis of the actual

graph,Vactual. Hence an estimate ofx � could be recovered via LASSO(Eqn. 4.13) or LASSO-CV

(Eqn. 4.18) by putting	 = Vactual, with recovery guarantees from compressed sensing theory.

A naive method of estimatingx � whenEactual is not known is to use the GFT matrix of the
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nominal graph,Vnominal as the orthonormal basis	 in LASSO or LASSO-CV from Eqn. 4.18.

Thus we have the following estimates:

x̂ actual = LASSO-CV(y ; � ; Vactual; �) ; x̂ nominal = LASSO-CV(y ; � ; Vnominal; �) : (4.21)

We refer to the technique of using the GFT basis in LASSOas GFT-LASSO. If the actual graph

is used, we call it AGFT-LASSO, and if the nominal graph is used, it is called NGFT-LASSO .

If cross-validation is used to determine the value of the parameter� , then these techniques are

termed GFT-LASSO-CV , AGFT-LASSO-CV , and NGFT-LASSO-CV , respectively.

Since the set of edgesEnominal differs slightly fromEactual, the GFT matrix of the nominal

graph,Vnominal will be a perturbed version of the actual GFT matrixVactual. From CS Theory,

for an appropriate value of� , the estimatêx nominal will be an s-term approximation ofx � in

the eigenbasisVnominal, as given by Eqn. 4.16. Due to this, the estimatex̂ nominal will not be

accurate, depending on the amount of perturbation of the eigenvectors constitutingx � . Indeed,

x � may not even be sparse inVnominal if the perturbation is signi�cant, and hence the bests-term

approximation itself may yield a large error. In the following subsections, we present methods

which use the cross-validation error of GFT-LASSO-CV to select from potential re�nements of

the nominal graph.

4.4.1 Brute-Force Method

First, we consider a brute-force approach (illustrated in Fig. 4.3 and detailed in Alg. 4.1) which

is guaranteed to recover the original signal with high probability. While this brute-force ap-

proach is not practical, it will aid in understanding the other (more computationally ef�cient)

algorithms which will follow. We consider only thenoiselesssetting to begin with, i.e., the

case where there is no additive noise in the compressive measurements. The main idea is to

compare the GFTs of all graphs which are at mostd0 edge perturbations away from the nominal

graphGnominal, using the cross-validation error of the estimated graph signals on a held out set

of measurements. Here, a perturbation of somes = s1 + s2 edges means that a new graph was

obtained from the nominal graphs, such that somes1 edges originally not present in the nominal

graph are present in the new graph, and somes2 edges originally present in the nominal graph

154



Figure 4.3: Main steps of the Brute-Force algorithm

are not present in the new graph. All other edges which were originally present or absent in

the nominal graph are also respectively present or absent in the new graph. The nodes in the

new graph are the same as in the nominal graph. From all such graphs which are at mostd0

perturbations away from the nominal graph, the graph with the lowest cross-validation error

(see Eqn. 4.18) is chosen, and the signal is estimated using it. For cross-validation, the lastmcv

rows of� and the corresponding entries ofy are held out – they arenot used for reconstruction

but only for computing the validation error, as described in the last paragraph of Sec. 4.2.2 and

also mentioned in Eqn. 4.18. (Since the entries of the matrix� are chosen randomly, anymcv

rows can be chosen as the validation set. We refer to the lastmcv rows only for convenience.)

The ideal value of the LASSOregularization parameter� for each GFT matrix is also found via

cross-validation, using grid search over a list of possible values� . The algorithm is presented

in Alg. 4.1, and the cross-validation method is presented in Alg. 4.2.

Each cross-validation invocation involves solving the LASSOoptimization problem once.

Since there are
� n

2

�
possible edges, hence the total number of graphs enumerated via brute-force

is
� (n

2)
0

�
+

� (n
2)
1

�
+ � � � +

� (n
2)

d0

�
= O(n2d0 ). For grid search over� , j� j values are tried. Hence a

total ofO(j� jn2d0 ) LASSOoptimization steps are performed by the brute-force algorithm. This

is clearly too expensive, which motivates the need for a greedy edge selection procedure.
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Algorithm 4.1 Brute-force enumeration
Input: y : Compressive measurements,� : measurement matrix,Enominal : nominal graph

edge set,d0 : upper bound on number of edge perturbations needed to obtain the actual graph

from the nominal graph,� : list of values for grid search of the hyperparameter� , CVE: the

cross-validation function,mcv : number of measurements to use for the held-out set

Output: Estimated graph signal̂x bf

1: for each edge setP of size inf 1; : : : ; d0g do

2: Compute perturbed edgesetEP as follows:

3: Initialize EP  E nominal

4: for each edgee 2 P do

5: if e 2 Enominal then EP  E P � f eg

6: elseEP  E P [ f eg

7: end if

8: end for

9: Compute Laplacian matrixLP from EP

10: Compute GFT matrixVP by eigendecomposition ofLP

11: Compute cross-validation loss:� P
cv  min

� 2 �
CVE(VP ; � jy ; � ; mcv)

12: Compute best value of LASSOregularization parameter:

13: � P  arg min
� 2 �

CVE(VP ; � jy ; � ; mcv)

14: end for

15: Compute the best set of perturbations:Pbest  arg min
P

� P
cv. Let � Pbest denote the associate

regularization parameter value.

16: Estimatex̂ bf via LASSOusingy , � , VPbest, and� Pbest:

x̂ bf  arg min
x2 Rn

ky � � xk2
2 + � PbestkV T

Pbest
x k1

17: return x̂ bf
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Algorithm 4.2 Cross validation error computation:CVE
Input: y : Compressive measurements,� : m � n Measurement Matrix,V : GFT Matrix,mcv

: number of measurements to use for the held-out set,� : LASSOregularization parameter

Output: Cross-validation error,� cv

1: Let � r be the �rstmr = m � mcv rows of� , andy r be the �rstmr entries ofy

2: Let � cv be the lastmcv rows of� , andycv be the lastmcv entries ofy

3: Estimate the signal via LASSO: x̂r  arg min
x2 Rn

ky r � � r x k2
2 + � kV T x k1

4: return Cross validation error,� cv = kycv � � cvx̂ r k2
2

4.4.2 Greedy Edge Selection

We propose a greedy exploration (illustrated in Fig. 4.4 and detailed in Alg. 4.3) of the search-

space explored by the brute-force algorithm in Sec. 4.4.1. The main idea is to keep re�ning the

edges of a candidate graph – initialized with the edges of the nominal graph – by perturbing

one edge at a time, as long as the cross-validation error of the retrieved signal on a held-out set

of measurements keeps decreasing. The hope is that each greedy re�nement of the candidate

graph brings it closer to the actual graph, such that eventually the actual graph as well as the

original graph signal are recovered.

The algorithm is presented in Alg. 4.3. The algorithm performs at mostd0 greedy re�ne-

ment steps. The edges of the candidate graph after greedy re�nement stept are referred to as

E(t )
candidate. The initial set of edges,E(0)

candidate, is initialized with the edges of the nominal graph,

Enominal. In the greedy stept of the algorithm, all graphs which can be obtained by perturbing

one edge of the candidate graphE(t � 1)
candidate(except those which have already been perturbed in

greedy steps1; : : : ; (t � 1)) are considered. There are
� n

2

�
� (t � 1) such graphs. The Lapla-

cian matrices of these graphs are computed. The GFT matrices of these graphs are obtained

via eigendecomposition of the respective Laplacian matrices. The ideal value of the LASSO

regularization parameter� is chosen via grid search of the minimum of the cross-validation

loss from Eqn. 4.18 over a list of parameter values� . For each GFT matrix and each value

of the LASSO regularization parameter in� , the cross-validation error is computed using the

method presented in Alg. 4.2 The edgee(t )
best, for which the corresponding GFT matrix has the

smallest value of cross-validation error, is greedily chosen in stept, conditioned on the fact
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that the cross-validation error shows substantial improvement over the cross-validation error

obtained forE(t � 1)
candidate. That is, the cross-validation error must decrease by more than a suitably

chosen factor� 2 (0; 1]. In such a case, the set of edgesE(t � 1)
candidateis perturbed withe(t )

best to

obtainE(t )
candidate, and the algorithm proceeds to the next greedy re�nement step. Otherwise, the

algorithm stops, and an estimate of the signal is returned by performing GFT-LASSOusing the

GFT matrix obtained fromE(t � 1)
candidate.

Figure 4.4: Main steps of the Greedy Edge Selection algorithm

Noise-based Stopping Criterion: Additionally, before the beginning of a greedy step, the

algorithm checks whether the cross-validation loss is within a high con�dence interval of the

noise variance� 2. In this case, the algorithm stops and returns an estimate of the signal by

performing LASSO using the GFT matrix obtained fromE(t � 1)
candidate. Such a stopping criterion is

needed in order to prevent estimation of the signal on the noise in the measurements. We note

from Eqn. 4.20 that the cross-validation error using the ground-truth signalx � is:

� �
cv = kycv � � cvx � k2

2 = k� k2 =
mcvX

i =1

� 2
i ; (4.22)

a sum ofmcv random variables� 2
i for i 2 f 1: : : mcvg. Since each� i is i.i.d. Gaussian with mean

0 and variance� 2, hence� 2
i are i.i.d. � 2, with mean� 2, and standard deviation

p
2� 2. Hence
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the expected value of� �
cv is mcv� 2, and its standard deviation is

p
2mcv� 2. For suf�ciently large

mcv, the estimator may be taken to be normally distributed, using the Central Limit Theorem.

Thus if the cross-validation error is someg standard deviations higher than the expected value

of � �
cv, the underlying signal is unlikely to be close tox � , and we continue with the next greedy

step, otherwise the algorithm is stopped. That is if at the beginning of thet th step, the CV error

� (t � 1)
cv is such that� (t � 1)

cv � (mcv� 2 + g
p

2mcv� 2), then the algorithm stops.

Running time: The algorithm performs a maximum ofd0 greedy steps. In each greedy step,

GFT-LASSOis performed for a maximum of
� n

2

�
graphs. Grid search for� is performed overj� j

values. Hence the total number of GFT-LASSOoptimizations performed isO(j� jd0n2), which

is a signi�cant improvement over theO(j� jn2d0 ) GFT-LASSO optimizations performed by the

brute-force algorithm.

Signal Recovery Accuracy: While the greedy algorithm is not guaranteed to recover the orig-

inal graph and the signal, we �nd empirically (Sec. 4.6.1) that the mean error in the recovered

signal is much lower than that using the nominal graph, and in many cases, the original graph

is recovered. In Theorem 4.3, we present conditions under which the solution is guaranteed to

improve at any step of the GES algorithm.

4.4.2.1 Practical Modi�cations

We use a few heuristics to make the greedy edge selection method more practical for real-world

settings.

Ef�cient L ASSO regularization parameter selection: In real-world settings, even the

greedy edge selection method may be performing too many LASSO optimization steps to be

feasible. Hence, instead of choosing the LASSO regularization parameter� separately for each

perturbed graph (steps 20 and 21 in Alg. 4.3), we reuse the value chosen for the candidate set

of edgesE(t � 1)
candidate. That is, steps 20 and 21 of Alg. 4.3 set� = � (t � 1), instead of choosing the

minimum over all values of� in the set� . Step 29 of Alg. 4.3 is modi�ed to give� (t ) by per-

forming cross-validation for all values of� in the set� , with the GFT matrix �xed toV (t ) , i.e.,

� (t )  arg min
� 2 �

CVE(V (t )
e ; � jy ; � ; mcv). The best cross-validation loss for greedy stept is also
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Algorithm 4.3 Greedy Edge Selection
Input: y : Compressive measurements,� : measurement matrix,Enominal : nominal graph edge

set,� 2 : variance of pool noise,� : list of values for grid search of the hyperparameter� , CVE

: function to compute the CV error,� 2 (0; 1] : CV error improvement factor,mcv : Number

of CV measurements,d0 : upper bound on number of edge perturbations needed to obtain the

actual graph from the nominal graph,g : CV error con�dence interval factor

Output: Estimated graph signal̂x greedy

1: Initialize E(0)
candidate E nominal

2: Initialize Laplacian and GFT matrices:L (0)  Lnominal andV (0)  Vnominal

3: Initialize cross-validation error :� (0)
cv  min

� 2 �
CVE(V (0) ; � jy ; � ; mcv)

4: Initialize LASSOregularization parameter:� (0)  arg min
� 2 �

CVE(V (0) ; � jy ; � ; mcv)

5: Initialize set of perturbed edges:P (0) = ;

6: Initialize iteration number to use for �nal estimate:Test  0

7: for t in 1; : : : ; d0 do

8: if � (t � 1)
cv � (mcv� 2 + g

p
2mcv� 2) i.e., CV error is close to noisethen

9: break, since further improvement is likely to �t noise

10: end if

11: for each possible edgee which is not inP (t � 1) do

12: if e 2 E(t � 1)
candidatethen

13: Remove edgee to get the set of edges of the perturbed graph:

14: E(t )
e  E (t � 1)

candidate� f eg

15: else

16: Add edgee to get the set of edges of the perturbed graph:E(t )
e  E (t � 1)

candidate[ f eg

17: end if

18: Compute the Laplacian matrix of perturbed graph,L (t )
e , from E(t )

e

19: Compute the GFT matrix of perturbed graph,V (t )
e , by eigendecomposition ofL (t )

e

20: Compute the best cross-validation loss over� usingV (t )
e :

� (e;t)
cv  min

� 2 �
CVE(V (t )

e ; � jy ; � ; mcv)

21: Compute the best LASSOregularization parameter value usingV (t )
e :

� (t )
e  arg min

� 2 �
CVE(V (t )

e ; � jy ; � ; mcv)

22: end for
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23: if min
e

� (e;t)
cv < � � (e;t� 1)

cv then

24: Select edge:e(t )
best  arg min

e
� (e;t)

cv

25: Update best CV error:� (t )
cv  min

e
� (e;t)

cv

26: Update perturbed edge set:P (t )  P (t � 1) [ f e(t )
bestg

27: Update candidate edge set:E(t )
candidate E (t )

e( t )
best

28: Update Laplacian and GFT matrices:L (t )  L (t )

e( t )
best

andV (t )  V (t )

e( t )
best

29: Update hyperparameter:� (t )  � (t )

e( t )
best

30: else

31: break, since solution doesn't improve signi�cantly.

32: end if

33: Update iteration number to be used forx̂ greedy: test  t

34: end for

35: Estimatex̂ greedyvia LASSO from y , � , V (test) , and� (test) using all the measurements:

x̂ greedy  arg min
x2 Rn

ky � � xk2
2 + � (test)kV (test)T x k1

36: return x̂ greedy

modi�ed accordingly, i.e., step 25 of Alg. 4.3 becomes� (t )
cv  min

� 2 �
CVE(V (t )

e ; � jy ; � ; mcv). Due

to this modi�cation, each greedy step needs to perform onlyO(j� j + n2) LASSOoptimizations

instead ofO(j� jn2) LASSO optimizations. However, since the best value of� is not used for

the best edge at stept for comparing CV errors, the error in the signal recovered using it may

be higher than if� was chosen by grid search. Consequently, the CV error for the best edge

may also be higher. Hence, the probability that an incorrect edge gets selected at a greedy step

increases due to this modi�cation. Hence the �nal recovered signal may have higher error than

if � was chosen using grid search for each edge.

Ef�cient Edge Selection based on prior knowledge: In some real-world problems, it may

be known as to which kinds of edges have a higher probability of having been added to or

removed from the actual graph to create the nominal graph. For example, in the case of contact

tracing for monitoring the spread of an infectious disease in a population, there might be a

chance that if the phones of two people use the same WiFi access points, then those people

may have come in contact, even though the Bluetooth-based contact tracing may suggest that

those people may not have come in contact (e.g., by being located in the same of�ce room at
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Algorithm 4.4 Multi-fold Cross-validation
Input: y : Compressive measurements,� : m � n Measurement Matrix,V : GFT Matrix,F :

number of cross-validation folds,� : LASSOregularization parameter

Output: Multi-fold Cross-validation error

1: Let mcv =
�

m
F

�

2: for f 2 f 1; : : : ; Fg do

3: Let � (f )
cv be themcv rows of � with indicesf (f � 1)mcv + 1; : : : ; fm cvg, andy (f )

cv be

the correspondingmcv entries ofy

4: Let � (f )
r be the remainingmr = m � mcv rows of� , andy (f )

r be the correspondingmr

entries ofy

5: Estimate the signal via LASSOusing the remaining entries:

x̂ (f )
r  arg min

x 2 Rn
ky (f )

r � � (f )
r x k2

2 + � kV T x k1

6: end for

7: return
FP

f =1

1
F m cv

ky (f )
cv � � (f )

cv x̂ (f )
r k2

2

a far-enough distance). In some other problems, certain kinds of edge perturbations might be

more important than others. For example, if the graph has a community structure and the graph

signal is band-limited in the GFT domain, the perturbations of intra-cluster edges may not lead

to signi�cant perturbations of the relevant (low-frequency) eigenvectors, and only perturbations

of the inter-cluster edges may be important. In some other problems, it might be that edges only

got addedto the the actual graph to create the nominal graph (for example, see the edge-aware

compressive image acquisition problem in Sec. 4.4.3), hence the only kinds of perturbations

of the nominal graph that need to be considered are those whichremoveexisting edges of the

nominal graph. We modify our algorithm to take advantage of such prior knowledge by only

considering perturbations of edges from a known set of edges
 instead of all possible edges

(step 10 of Alg. 4.3). With this modi�cation, along with the heuristic for LASSOregularization

parameter selection, onlyO(j� j+ j
 j) LASSOoptimizations may be performed by the algorithm

in each greedy edge selection step.

Multi-fold Cross-validation: While we assume that the number of linear measurementsm

is large enough such thatmcv measurements can be held-out for cross-validation, this may

not be the case ifn is small. In such cases, if too many measurements are used for cross-
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validation, good quality recovery using the remaining (reconstruction) measurements may not

be guaranteed by compressed sensing. On the other hand, if too few measurements are used for

cross-validation, then the cross-validation error may not be a good approximation of the signal

error (see Sec. 4.4.4 for relevant discussion). In such cases, we may resort to performing multi-

fold cross-validation. InF -fold cross-validation, cross-validation is performedF times, each

time with a different subset of them measurements, and the average of theF cross-validation

errors is returned. The measurement matrix� and the vector of measurementsy are divided into

F folds each of size
�

m
F

�
. For each foldf 2 f 1; : : : ; Fg, the rowsf (f � 1)

�
m
F

�
+1; : : : ; f

�
m
F

�
g

of � and the corresponding entries ofy are held-out for computing the cross-validation error,

whereas the remaining entries ofy and the corresponding rows of� are used for estimation

of the signal via LASSO. The details of multi-fold cross-validation are provided in Alg. 4.4.

If multi-fold cross-validation is used, then the number of foldsF is passed to the greedy edge

selection algorithm (Alg. 4.3), instead ofmcv (the number of measurements to be used for

single-fold cross-validation). The stopping criterion in step 6 of Alg. 4.3 is modi�ed to� (t � 1)
cv �

( em� 2+ g
p

2em� 2) since a total ofem , F
�

m
F

�
measurements are used to compute the multi-fold

cross-validation error. We note that the cross-validation error of some folda is not independent

of the cross-validation error of some other foldb, since the measurements used for computing

the cross-validation error in one fold are included in the measurements used to estimate the

signal in the other fold. Hence the Central Limit Theorem may not directly apply in this case

(though there are variants of the Central Limit Theorem with weak dependence). However, in

Sec. 4.6.1 and Sec. 4.5.2, we �nd that multi-fold cross-validation works well in practice, both

for selection of the best GFT, as well as for the stopping criterion.

4.4.3 Inferred Linear-Edge Compressive Image Recovery

In this section, we use the term `edge' in two ways – as an element of a graph connecting a pair

of vertices, or as an image edge which separates two regions. For the sake of disambiguation, we

will use the term `image-edge' for the latter, and simply use the word `edge' in the former case.

The greedy edge selection method presented in Sec. 4.4.2 is a generally applicable technique

on any graph. However, if the graph has some well-known structure to it, it may be possible

to select the edges for perturbation in a more structured manner, instead of greedily one at a
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time. In this section, we present such a method for image reconstruction from compressive

measurements. Any 2-D (two-dimensional) grayscale raster image can be considered to be a

graph signal, with each pixel being a node and horizontal and vertical neighbours connected

to each other via an edge, with each pixel node mapped to its value in the image. Such a

graph is called a `lattice graph' (Fig. 4.5(a)). The 2-D Discrete Cosine Transform (DCT) basis

(Fig. 4.5(c)) – a commonly-used basis for sparse encoding of natural images – is known to form

an eigenbasis of the Laplacian matrix of a 2-D lattice graph, even though it is not a unique

eigenbasis due to eigenvalue multiplicity [52, Proposition 1].

Each edge of a graph naturally induces a correlation between the intensity values at the dif-

ferent nodes that it links together. Pixel values are spatially correlated in many image domains,

such as natural images, and also in depth-maps or other piece-wise smooth images. Such spa-

tial correlation can be exploited for compression by encoding the image in the DCT basis and

keeping only the largest few coef�cients. That is, an image of sizeh � w may be represented

by onlyk � hw coef�cients of the DCT basis. This fact is in fact heavily exploited in the well

known JPEG standard for image compression [51]. If compressive acquisition of such images

is performed, the sparsity or compressibility of images in the DCT basis is a useful prior for re-

construction. That is, instead of acquiring data forhw pixels for anh � w image, onlym � hw

linear combinations of thehw pixels may be acquired. Later, recovery of the original image

from thesem linear measurements may be done using a compressed sensing decoding algo-

rithm such as LASSO using the DCT basis, exploiting the fact that the image is compressible

in this basis. Compressive image acquisition saves on the number of sensor hardware elements

needed to capture an image, thus lowering the cost of image acquisition (at the cost of some

computation needed for decoding).

If the image being acquired has a sharp image-edge in it, then the pixel values across the

image-edge will not be correlated to each other, even though they are spatially close to each

other. Since the DCT-based compressive image acquisition takes advantage of correlation in

pixel values which are spatially close to each other, DCT-based decoding of compressively ac-

quired images which contain a sharp image-edge will not be accurate near the image-edge. In

such cases, it may be better to use some other transform basis whose vectors maintain no cor-

relation in their values across the image edge. Since the DCT basis is the GFT basis of the

2-D lattice graph, one possible basis is the GFT basis of the graph obtained by dropping those
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(a) A 5 � 5 2-D lattice graph (b) An image-edge partitioned graph

(c) DCT basis vectors for an8� 8 patch

(d) A Patch with a

sharp edge (e) Segmentation-aware basis vectors

Figure 4.5: (a) A 5 � 5 2-D lattice graph. The nodes represent pixels of a5 � 5 patch, which are

connected to the four neighbouring pixels. This forms the nominal graph for the problem of recovery

of an image patch from compressive measurements. (b) the lattice graph partitioned by an image edge

(orange line). The graph edges going across the image edge are removed (dotted purple lines). Since

the image edge is unknown before reconstruction, the image-edge partitioned graph is the (unknown)

actual graph for the problem of recovery of an image patch from compressive measurements. (c) All 64

2-D DCT basis vectors of an8 � 8 patch. (d) An8 � 8 patch with a sharp edge (e) Segmentation-aware

basis vectors for this patch, obtained by computing the eigenvectors of the Laplacian matrix of the graph

created by dropping the edges of the8 � 8 lattice graph whose endpoints lie in different segments of the

patch.
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Figure 4.6: Illustration of the ILECIR algorithm (see Alg. 4.5)

edges of the 2-D lattice graph which link nodes that are located on two different sides of an

image-edge. We may call this graph the `image-edge partitioned graph' (see Fig. 4.5(b)). How-

ever, since the image is acquired compressively, it is not straightforward to know the location of

the image-edges, and hence the image-edge partitioned graph is unknown. Hence the problem

of decoding of the compressively acquired image using the GFT of the unknown image-edge-

partitioned graph while knowing only the 2D lattice graph may be formulated as Problem 4.1.

The 2D lattice graph is the nominal graph, the set of pixel values is the unknown graph signal,

and the image-edge partitioned graph is the actual graph. The actual graph is obtained by per-

turbation of the nominal graph, i.e., by dropping appropriate edges of the nominal graph. Note

that the graph signal is sparse or compressible in the GFT of theactualgraph.

One may apply the greedy algorithm from Sec. 4.4.2 to solve this problem. However, the

graph edges which should be dropped from the nominal graph to obtain the actual graph possess

some additional structure. For example, image-edges have an inherent smoothness. Hence, it

may be better to drop the edges in a different manner than what the greedy algorithm from

Sec. 4.4.2 suggests. In Alg. 4.5 (also illustrated in Fig. 4.6), we present a method for patch-

wise edge-aware compressive image recovery. The image is assumed to have been acquired in a

patch-by-patch manner, each patch of sizeh� w, with each patch being acquired compressively.

This follows the architecture of a block-based version [62, 63] of the Rice Single Pixel Camera

discussed in Sec. 4.2.2 [53]. Each image patch is assumed to either contain no image-edge or

at most a single linear image-edge, i.e., a straight line with its endpoints at the boundary of

the patch. While this assumption might not be perfect, it is a reasonable approximation for

small-sized patches, and will yield better results than assuming no image-edge as done by the
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Algorithm 4.5 Inferred Linear-Edge Compressive Image Recovery (ILECIR)
Input:

y : vector ofm Compressive measurements of the image patch of sizeh � w,

� : m � n Measurement Matrix wheren = hw is the number of pixels in the patch and

m < n ; with columns of the matrix corresponding to the pixels in row-major order,

VDCT: matrix of 2-D DCT basis vectors of anh � w patch; rows indices of this matrix corre-

spond to pixels in the patch in row-major order,

� : set of all possible linear image edges in anh � w patch with endpoints at the boundary,

Vh;w : set of precomputed GFT matrices for all possible linear-image-edge-partitioned graphs

for anh � w patch (each graph represents a particular partition of the patch via a single linear

image edge),

� 2 : variance of pool noise,

� : list of values for grid search of the hyperparameter� ,

CVE: the cross-validation function,

mcv : number of measurements to use for the held-out set,

� 2 (0; 1] : ratio by which the CV error should improve over DCT for a image-edge-

partitioned graph to be selected.

g : CV error con�dence interval factor

Output: P̂ : estimated image patch of sizeh � w

1: Compute cross-validation error using DCT:� DCT
cv  min

� 2 �
CVE(VDCT; � jy ; � ; mcv)

2: Compute LASSOregularization parameter using DCT:

� DCT  arg min
� 2 �

CVE(VDCT; � jy ; � ; mcv)

3: Initialize Vest  VDCT

4: Initialize � est  � DCT

5: if � DCT
cv > (mcv� 2 + g

p
2mcv� 2) i.e., DCT CV error is far from noisethen

6: for Each linear image edgei 2 � do

7: Retrieve precomputed GFT matrixVi 2 Vh;w corresponding toi

8: Compute best cross-validation error usingi : � (i )
cv  min

� 2 �
CVE(Vi ; � jy ; � ; mcv)

9: Compute best LASSOregularization parameter usingi :

� i  arg min
� 2 �

CVE(Vi ; � jy ; � ; mcv)

10: end for
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11: if min
i

� (i )
cv < � � DCT

cv then

12: Vest  Vi

13: � est  � i

14: end if

15: end if

16: Estimate the vectorized patch using LASSO:x̂ ilecir  arg min
x2 Rn

ky � � x k2
2 + � estkV T

estx k1

17: Convertx̂ ilecir to h � w patchP̂, assuming row-major order

18: return P̂

DCT implicitly. For each such linear image-edge, we consider the graph formed by dropping

those graph edges of the 2-D lattice graph of sizeh � w whose nodes lie on opposite sides of

the image-edge. That is, the lattice graph is partitioned into two components along the linear

image edge, and the GFT of this partitioned graph is considered. Reconstruction of the patch

is performed using the GFTs corresponding to each image-edge (as well as the nominal graph)

using the reconstruction subset of the compressive measurements for that patch. Here again,

we use the cross-validation technique to not only determine the best regularization parameter,

but also the best graph representation. In other words, the GFT corresponding to the estimated

signal with the lowest cross-validation error is selected. The �nal estimation of the signal is

performed on all the available measurements (including those which were previously held out

for cross-validation) using the selected image-edge and the selected regularization parameter.

The complete image is output by stitching together all the reconstructed patches.

The noise-based stopping criterion used in Alg. 4.3 is also used in the edge-aware com-

pressive image reconstruction algorithm. The algorithm �rst performs decoding using the GFT

of the nominal graph (i.e., the 2-D DCT). If the cross-validation error using the DCT is within

two-standard-deviations of its expected value, then recovery using image-edge-partitioned

graphs is not performed. The DCT is used for �nal patch recovery in this case. The complete

procedure is presented in Alg. 4.5.

We also incorporate the following practical modi�cations as discussed in Sec. 4.4.2.1.

Firstly, multi-fold cross-validation is used instead of using only one fold for cross-validation, in

order to handle small number of available measurements. Secondly, the LASSO regularization

parameter� is chosen only for the nominal graph. For comparing the image-edge-partitioned
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graphs, the value of� used for the nominal graph is reused. If a graph other than the nominal

graph is selected, then for the �nal estimation of the signal, a better value of� is selected via

cross-validation. Hence, step 9 of Alg. 4.5 becomes� (i )
cv  CVE(Vi ; � DCTjy ; � ; mcv), step 10 is

deleted, and in step 13,� est  arg min
� 2 �

CVE(Vest; � jy ; � ; mcv).

The idea of using the GFT of a modi�ed lattice graph has been used in [166] for com-

pression of piecewise smooth images. In this application, however, there is access to the entire

graph. Graph edges whose nodes have signi�cantly different intensities are deleted, and the

GFT of the thus modi�ed lattice graph are used as a representation basis for compression,

yielding superior results as compared to DCT or the GFT of a standard lattice graph. We wish

to emphasize that in compressed sensing, we do not have access to the graph, nor do we have to

access to the intensity values at each pixel. Instead, these must be inferred on the �y from the

compressive measurements.

4.4.3.1 Procedure for Choice of Linear Image-Edges

Figure 4.7: Some8 � 8 patch segmentations (cols 1, 3, 5, 7) generated by linear edges (cols 2, 4, 6, 8).

The linear image-edges are chosen according to the following algorithm. All pairs of

pointsa := ( x1; y1) andb := ( x2; y2), such thata andb are on different boundaries of the

patch, are enumerated. For each such pair we have a straight line joining two boundary pixels

(x1; y1) and(x2; y2). The patch is segmented into two regions – the pixels which satisfy(x2 �

x1)(y � y1) � (y2 � y1)(x � x1) form the �rst region, whereas the remaining pixels form

the second region. Re�ected versions of this segmentation are also considered – in general

there are8 such re�ections (original, horizontal re�ection, vertical re�ection, horizontal and
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vertical re�ection, transposed, and the three re�ections of the transposed version). We ignore

the possible segmentation given by the equation(x2 � x1)(y � y1) > (y2 � y1)(x � x1) (strict

inequality) so as to keep the number of considered image edges small. Across all enumerated

pointsa andb, only unique segmentations are kept.

For each segmentation, an adjacency matrix is created by dropping the edges of the 2-D

lattice graph whose two endpoints lie in two different segments. We compute the eigenvectors of

Laplacian matrices of the two segments in each patch separately, and compute the eigenvectors

of the Laplacian matrix of the complete segmented patch from those. Note that the eigenvectors

of the Laplacian matrix of a graph with more than one connected components are the same as

the eigenvectors of each component, with the entries corresponding to nodes of the remaining

components set to zero. This is done in order to avoid introducing correlations between the two

segments, which may happen in case there are repeated eigenvalues. Notably, the eigenvalue of

0 gets repeatedk times if there arek connected components in a graph. These computed GFTs

are used in Alg. 4.5.

4.4.4 Recovery Guarantees and Bounds

Let x̂ G denote the signal recovered using GFT-LASSO-CV with the GFT of graphG. We present

the following recovery guarantee for the brute-force algorithm presented in Alg. 4.1:

Theorem 4.2(Brute-Force Algorithm Recovery Guarantee). If in the brute force algorithm in

Algorithm 4.1 the number of CV measurementsmcv obeys

mcv � 4
�

1 +
2c

(c � 1)2

�n
ln j� j + ln ( d0 + 1) + 2 d0 ln n + ln

1
�

o
(4.23)

for arbitrary constantsc 2 (1; 1 ) and� 2 (0; 1), then its recovery error is bounded as

kx̂ bf � x � k2
2 < ckx̂ actual � x � k2

2 + ( c � 1)� 2 (4.24)

170



with probability more than1 � � . As a consequence, if

kx̂ G � x � k2
2 � ckx̂ actual � x � k2

2 + ( c � 1)� 2; (4.25)

for all graphsG 6= Gactual which are up tod0 perturbations fromGnominal, then with probability

more than1 � � , x̂ bf = x̂ actual, and the actual graph is recovered.

The proof is provided in the appendix. It is based on a theorem from [60] regarding how

well cross-validation error predicts the recovery error for compressed sensing with Gaussian

random matrices. We use this theorem and the union bound to lower bound the probability that

the CV error of signal recovered using GFT-LASSO-CV with the actual graph is lower than all

CV errors for signals which have a recovery error higher than that speci�ed in Eqn. 4.24.

The result shows that there is a tradeoff between the number of CV measurements used

and the quality of recovery, encapsulated by the parameterc. If c is close to1, the recovery error

is close to or equal to that achieved using GFT-LASSO-CV on the actual graph. However in such

a case,mcv will be large. On the other hand, a large value ofc will allow for a smaller value of

mcv – however in that case, the recovered signal may have error higher than if the actual graph

was known. It also illustrates that if the recovery error using the nominal graph is close to that

using the actual graph or if the noise level is too high, then it is harder to distinguish between

the two. This may be case when perturbing the actual graph did not signi�cantly perturb the

eigenvectors on whichx � had support. Dependence of the bound ond0 in Eqn. 4.23 shows that

the method works well if the nominal graph and the actual graph are only a few perturbations

away from each other. In particular, if a nominal graph were not known, then the brute-force

algorithm must enumerate all graphs, makingd0 =
� n

2

�
. In this case,mcv = 
( n2 ln n), and we

are no longer in the regime of compressive sensing. The dependence of the bound in Eqn. 4.23

on j� j seems to be an artifact of our proof technique. Our proof does not exploit the fact that

there may be many `bad' graphs in the search space, for which the recovery error (and the

CV error) will be high regardless of the value of� 2 � used. Instead, the proof proceeds by

assuming that the CV errors for a `bad' graph with different values of� are not correlated,

leading to an overestimation of the bound formcv. Perhaps some other proof technique might

be used which removes or weakens the dependence of the bound onj� j.
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Remark on Graph Recovery: While the brute-force method is guaranteed to recover the sig-

nal, we do not know if it always recovers the actual graph, even in the absence of measurement

noise. For example, there might be cases wherein a graph signal has a sparser or equally-sparse

representation in the GFT basis of a graph which is not the actual graph, which might get cho-

sen by the algorithm. In particular, it is known that the eigenvectors of the Laplacian matrix of

a graph and its complement graph1 are the same. The author does not know if there exist two

graphs which are a small number of perturbations from each other and share some eigenvectors

or have eigenvectors which are the linear combination of a small number of the eigenvectors of

the other graph. Interestingly, the signal recovery bound in Eqn. 4.24 does not depend on the

structure of the graph – it only depends onmcv and� .

Analogous to Theorem 4.2, we present two theorems for solution improvement using the

greedy GES method (Algorithm 4.3) and ILECIR (Algorithm 4.5). Letx̂ (t ) be the estimate by

the greedy edge selection algorithm aftert steps, and let̂x (t )
best be the estimate with the lowest

recovery error amongst the signals recovered at stept.

Theorem 4.3(Greedy Edge Selection Solution Improvement Guarantee). If in the greedy edge

selection algorithm (Algorithm 4.3) with� = 1 the number of CV measurementsmcv obeys

mcv � 4
�

1 +
2c

(c � 1)2

�n
ln j� j + ln

n(n + 1)
2

+ ln
1
�

o
(4.26)

for arbitrary constantsc 2 (1; 1 ) and� 2 (0; 1), then the recovery error after stept is bounded

as

kx̂ (t ) � x � k2
2 < ckx̂ (t )

best � x � k2
2 + ( c � 1)� 2 (4.27)

with probability more than1 � � . As a consequence, if

kx̂ (t � 1) � x � k2
2 � ckx̂ (t )

best � x � k2
2 + ( c � 1)� 2; (4.28)

then the solution is guaranteed to improve at stept with probability more than1 � � .

1The complement of a graph is a graph in which every edge present in the original graph is absent in the

complement graph and every edge which is absent in the original graph is present in the complement graph.
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Let x̂ best-edgedenote the (vectorized) patch estimate with the lowest recovery error amongst

all the patch estimates in the ILECIR algorithm for a single patch.

Theorem 4.4(ILECIR Solution Improvement Guarantee). If in the ILECIR algorithm (Algo-

rithm 4.5) with� = 1 the number of CV measurementsmcv obeys

mcv � 4
�

1 +
2c

(c � 1)2

�n
ln j� j + ln( j� j + 1) + ln

1
�

o
(4.29)

for arbitrary constantsc 2 (1; 1 ) and � 2 (0; 1) and where� is the set of all possible linear

image edges in anh � w patch with endpoints at the boundary, then the recovery error is

bounded as

kx̂ ilecir � x � k2
2 < ckx̂ best-edge� x � k2

2 + ( c � 1)� 2 (4.30)

with probability more than1 � � . As a consequence, if

kx̂ dct � x � k2
2 � ckx̂ best-edge� x � k2

2 + ( c � 1)� 2; (4.31)

then the solution is guaranteed to improve overDCT-LASSO-CV with probability more than

1 � � .

We omit the proofs for Theorems 4.3 and 4.4 since they are very similar to that for Theo-

rem 4.2. The main difference is in the lower bound formcv, which is due to the different number

of perturbed graphs considered in each algorithm.

4.4.5 Alternatives to Eigendecomposition for GFT basis computation

The Greedy Edge Selection algorithm requires performing the eigendecomposition (step 16 in

Alg. 4.3) of the Laplacian matrixL (t )
e of the perturbed graph obtained by perturbing the can-

didate edge setE(t � 1)
candidatewith edgee, for each possible edgee, at each time stept. This step

may take a long time for large graphs. It may be made more ef�cient by using an approxi-

mate formula given by Ceci and Barbarossa in [153], to obtain the eigenvectors ofL (t )
e from
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the eigenvectors ofLnominal, and the set of perturbationsP (t � 1) [ f eg, instead of performing

eigendecomposition ofL (t )
e . If an original Laplacian matrixL is perturbed by a set of edges

P to obtain a perturbed Laplacian matrix~L, and their eigenvectors arev1 : : : vn and ~v1 : : : ~vn

respectively, then from [153, Eqn. 7 and 11] we have the approximation:

~vk ' vk +
X

f i;j g2P

� i;j (vk(i ) � vk(j ))
nX

l=2
l6= k

v l (i ) � v l (j )
� k � � l

v l ; (4.32)

where� i;j = 1 for edge addition, and� i;j = � 1 for edge deletion. The approximation for~vk is

valid only under the condition that

� k� 1 � � k �
X

f i;j g2P

� i;j (vk(i ) � vk(j ))2 � � k+1 � � k : (4.33)

We discuss some intuition behind this approximation and the condition under which it is

valid. First, note that each new edgef i; j g in P introduces a rank-one perturbation of

L with the matrix � i;j a i;j aT
i;j , wherea i;j is a vector witha i;j (i ) = 1 ; a i;j (j ) = � 1, and

the remaining entries ofa i;j are equal to zero. That is,~L = L + � L, where the per-

turbing matrix � L =
P

f i;j g2P
� i;j a i;j aT

i;j . Note thataT
i;j vk = ( vk(i ) � vk(j )) and hence

vT
k � Lvk =

P

f i;j g2P
� i;j vT

k a i;j aT
i;j vk =

P

f i;j g2P
� i;j (vk(i ) � vk(j ))2. It is easily veri�ed that if

aT
i;j vk = 0 (i.e., (vk(i ) � vk(j )) = 0 ) for all the perturbing edgesf i; j g 2 P , thenvk is also

an eigenvector of~L. Recall that the normalized eigenvectors of a matrixL are the critical

points of the Rayleigh quotientx T Lx on the unit spherex T x = 1, with the eigenvalue being

the value of the Rayleigh quotient at the corresponding eigenvector. Eqn. 4.33 means that the

perturbation of the Rayleigh quotient atvk must be much smaller than the difference in values

of the Rayleigh quotient at the closest critical points. In Eqn. 4.32, the perturbation ofvk by

edgef i; j g is negligible if jaT
i;j vk j is small. Similarly, ifjaT

i;j v l j is small, then the perturbation

of other eigenvectors in the direction ofv l due to the edgef i; j g is small. Finally, a small

eigengap� k � � k� 1 or � k+1 � � k means that the Rayleigh quotient is relatively �at between the

two critical points, and hence the critical point may be changed easily via a perturbation.

We evaluate the suitability of this approximation to our method in Sec. 4.6.1.5.
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4.4.6 Alternatives to Graph Fourier Transform for Regularization

The methods presented in this section can be easily extended to settings where some other

graph-based regularizer may be more appropriate than the`1-norm of the Graph Fourier Trans-

form of the graph signal. For example, if the graph signal under consideration is known to be

piece-wise constant (i.e., the graph can be partitioned into sets of topologically close nodes each

having the same value of the graph signal), it may be more appropriate to use the Graph Total

Variation of the signal as the regularization term. The graph total variation of a signal is the

sum of the absolute differences of the value of the graph signal at the endpoints of all the edges

of the graph. That is, we have:

TVG(x ) =
X

f a;bg2E

jxa � xbj: (4.34)

It is straightforward to see that piece-wise constant signals will have very small graph total

variation.

For recovery of an unknown graph signalx � from compressive measurementsy (see

Eqn. 4.20) using an arbitrary regularizerRG : Rn ! R� 0 on some graphG, one may use:

x̂ RG = arg min
x

ky � � x k2
2 + � RG(x ): (4.35)

Accordingly, for a problem setting similar to Sec. 4.3, when only a nominal graphGnominal is

known, and the graph signalx � has a small value of the regularizerRG(x � ) for G = Gactual,

the LASSOsteps in the brute-force algorithm (Alg. 4.1), cross-validation and multi-fold cross-

validation (Alg. 4.2 and Alg. 4.4), greedy edge selection (Alg. 4.3), or ILECIR (Alg. 4.5) may

be replaced appropriately by Eqn. 4.35. When the underlying signal is known to be piece-

wise constant, one may use the graph total variation for the respective graphs in each of these

algorithms, i.e., withRG(x � ) := TVG(x � ).
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4.5 Empirical Evaluation

We performed an empirical evaluation of our greedy edge selection (GES) and the inferred

linear-edge compressive image recovery (ILECIR) methods. We describe the experimental setup

for both in this section. In each case, we compare with the baseline method of recovery using

the nominal graph, as given in Eqn. 4.36 below:

x̂ N := arg minx ky � � x k2
2 + � estkV T

N x k1; (4.36)

whereVN refers to the eigenvectors of the Laplacian of the nominal graph.

We also compare with the ideal case of recovery using the actual graph, i.e., as given in

Eqn. 4.37 below:

x̂ GT := arg minx ky � � x k2
2 + � estkV T

GT x k1: (4.37)

4.5.1 Greedy Edge Selection (GES)

First, we describe the experimental setup for evaluating the greedy edge selection algorithm.

4.5.1.1 Actual Graph Types

We test our greedy edge selection model on a number of commonly used random graph models

in the network science literature. We also use a real social network graph used in the literature.

For the random graphs, the number of nodes is set ton = 100. Efforts are made to set the model

parameters in each case so that the expected number of edges for each random graph model is

roughly equal (except in some cases as stated below).

Planted Partition Model (PPM): The Planted Partition Model (PPM) is a random graph

with a community structure. The nodes of the graph are divided into somel communities (or

clusters), with each community having an equal number of nodes,r . The total number of nodes
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is thusn = lr . The edges can be thought of as belonging to two categories – intra-cluster, or

inter-cluster. An intra-cluster edge has both of its endpoints in the same cluster, whereas an

inter-cluster edge has its two endpoints in two different clusters. The edge between any given

pair of nodes is included or not included in the graph at random, independent of other edges.

Each intra-cluster edge is included in the graph with a probabilityp, whereas each inter-cluster

edge is included with a probabilityq, with p > q. For our experiments, we setn = 100 nodes,

l = 5 clusters,r = 20 nodes per cluster, intra-cluster edge probabilityp = 0:9, and inter-

cluster edge probabilityq = 0:01. This PPM has895edges in expectation, out of which855are

intra-cluster, and40are inter-cluster.

Stochastic Block Model (SBM): The Stochastic Block Model (SBM) is a generalization of

the PPM. It is also a community-structured graph, but the community sizes may be different,

and the edge probabilities depend on the which cluster(s) the endpoints of the edge belong to.

There arel communities withf r1; : : : ; r lg nodes respectively, so that the total number of nodes

n = r1+ � � �+ r l . Each intra-cluster edge with both endpoints in some communitya 2 f 1; : : : ; lg

is independently included in the graph with probabilitypa. Each inter-cluster edge with one

end-point in some communitya and the second end-point in a different communityb (i.e.,

a; b 2 f 1; : : : ; lg; a 6= b) is independently included in the graph with probabilityqab (note that

qab = qba). We use an SBM withn = 100 nodes, with5 communities, with community sizes

beingf r1; : : : ; r5g = f 5; 10; 20; 25; 40g. The intra-cluster probabilities are the same for each

cluster and is equal top = 0:9, and the inter-cluster edge probabilities are also the same for

each pair of clusters, and is equal toq = 0:01 (both parameters equal to the one used for the

PPM). The expected number of edges for the SBM is1228:75, which is much higher than in

the PPM. The expected number of intra-cluster edges is1192:5, whereas the expected number

of inter-cluster edges is36:25.

Erd �os–Rényi Graph: The Erd�os–Rényi Graph is the simplest random graph model, with

only two parameters – the number of nodesn, and the probability of each edge independently

being included in the graph or not,p. We setn = 100, andp = 895
4950 � 0:18, so that the expected

number of edges is the same as for the PPM.
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Random Geometric Graph (RGG): In a Random Geometric Graph (RGG), each node rep-

resents a point. Somen points in a unit square are selected uniformly at random, and points

within a radiusr from each other are connected by an edge, whereas others are not. RGGs

model real-world graphs where nodes are on a plane, and spatially close nodes are connected

(for example, the highway network of cities which are within 100km of each other by road, or

the social network of people who know each other in a neighbourhood). We setn = 100 and

r = 0:27 in our experiments. Empirically, we found that the expected number of edges in this

graph was close to the expected number of edges of the PPM.

Barabasi-Albert Graph [167]: Barabasi-Albert Graphs model preferential attachment seen

in social networks – for example, new customers are more likely to buy items from popular

brands. The graph is generated iteratively, one node at a time. The graph is initialized as a star

graph ofr + 1 nodes. For each newly added node, connections are made from it tor existing

nodes. Ther existing nodes to which a new node connects, are chosen with a probability

proportional to their current degree. The process continues until there are a total ofn nodes in

the graph. We setn = 100, andr = 10. The number of edges in this graph is900, which is

close to the expected number of edges of the PPM.

Zachary's Karate Club This is a real-world friend network ofn = 34 members of a karate

club, observed by a person named Wayne Zachary over a two-year period from 1970 to 1972.

This graph has a community structure, with two clusters. At some time during the observation,

the karate club split into two factions. Zachary was able to correctly predict the faction that

each member would join (except for node19 of the graph) by partitioning the graph into two

clusters with the minimum cut (or ratio cut) [168, 169].

4.5.1.2 Nominal Graph Generation

Nominal graphs are generated by perturbingd 2 f 1; 2; 5; 10g edges of the actual graph. For

each signal, a different nominal graph is generated, even though the actual graph may be the

same. The set of edges to be perturbed – known as the perturbation set! , with j! j = d –

is chosen to be a subset of a prior set
 of 100 “faulty edges” decided at the time of data

generation. For each graph, all
� n

2

�
possible edges are categorized into different categories, and
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an approximately equal number of edges from each of these categories are sampled to form
 .

The edges are categorized in the following manner. For the Erd�os–Rényi and

random geometric graphs, the edges are categorized aspresent or absent , de-

noting whether the edge was present or absent in the actual graph. For the PPM,

SBM, and Karate club graphs, i.e., graphs which have a community structure, there

are four categories – intra-cluster-present , intra-cluster-absent ,

inter-cluster-present , and inter-cluster-absent . Intra-cluster and inter-

cluster are as de�ned in Sec. 4.5.1.1 in the paragraph on Planted Partition Model (PPM). For

the Barabasi Albert graphs, nodes are categorized as having high degree or low degree. Nodes

with high degree have degrees strictly greater than the nodes with low degree, and account

for approximately50%of the edges of the graph. We empirically found that for the class of

Barabasi Albert graphs instantiated withn = 100 andr = 10, around31:5%of the nodes have

high degree on an average. Edges are categorized by whether their two endpoints have low

or high degrees, as well as whether they are present or absent in the actual graph, making a

total of six categories:low-low-present , low-low-absent , low-high-present ,

low-high-absent , high-high-present , andhigh-high-absent .

Each perturbation set withd > 1 perturbations may contain edge removals, edge additions

or both. Each perturbation set withd = 1 perturbation may contain either an edge removal or

an edge addition.

4.5.1.3 Signal Model

We test both band-limited as well as sparse-spectrum signals (see Sec. 4.2.1 for de�nition of

these signal models). For the signals on the random graphs with the number of nodesn = 100,

we set sparsity tok = 5 for both models. For the signals on Zachary's Karate club graph, we set

k = 2. For the sparse-spectrum signals, the underlying graph signalx � is a linear combination

of k randomly chosen eigenvectors of the Laplacian matrix. For the band-limited signals,x �

is a linear combination of thek eigenvectors with the smallest eigenvalues. The coef�cient of

each eigenvector is chosen independently from a standard Normal distribution.
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4.5.1.4 Sensing Matrix

We use a sensing matrix� of size50� 100whenn = 100. The entries of the matrix are i.i.d.

Gaussian with mean0 and variance1. The same sensing matrix is used for all experiments in

order to minimize variance introduced by the choice of matrix. The17� 34sub-matrix formed

by the �rst 17 rows and �rst34 columns of the50 � 100matrix is used as the measurement

matrix whenn = 34.

4.5.1.5 Measurement Noise

The sparse-spectrum signals are tested in the noiseless setting for all graphs. For the PPM, more

extensive testing is done – both band-limited as well as the sparse-spectrum signals are tested

on the PPM, under both noisy and noiseless settings. For the noisy setting for sparse-spectrum

signals, the noise standard deviation is set to� = � k� x � k1

m , with � 2 f 0:01; 0:02; 0:05g, for

each ground-truth signalx � , and the measurement vectory is set using Eqn. 4.20. For the noisy

setting for band-limited signals,� is chosen fromf 0:0001; 0:001; 0:01g.

4.5.1.6 Experiment Setup

We generate10 instances of each random graph type described in Sec. 4.5.1.1, with10sparse-

spectrum graph signals for each graph, making it a total ofN = 100 sparse-spectrum signals for

each random graph type. We use the measurement matrix from Sec. 4.5.1.4 and add noise from

N (0; � 2) to each measurement. Corresponding to each signal, a nominal graph is generated, as

described in Sec. 4.5.1.2. For each signal, the greedy edge selection algorithm (Alg. 4.3) with

the practical modi�cations mentioned in Sec. 4.4.2.1 is run.

4.5.1.7 Algorithms Compared

The Greedy Edge Selection (GES) algorithm from Alg. 4.3 is run with the practical modi�ca-

tions mentioned in Sec. 4.4.2.1. Comparison is done with the baseline method of recovery using

the nominal graph (NGFT-LASSO-CV), and also the ideal method of recovery using the actual

graph (AGFT-LASSO-CV ) from Sec. 4.4, Eqn. 4.21. See also Eqns. 4.36 and 4.37. Greedy

Edge Selection using the Ceci-Barbarossa eigenvector perturbation approximation (Sec. 4.4.5)
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is also evaluated on some graphs. We refer to this method as GES-CB.

4.5.1.8 Evaluation Metric

The metric used for evaluation of the graph signal recovery algorithms is RRMSE (Relative

Root Mean Square Error):

RRMSE(x̂ ) =
kx̂ � x � k2

kx � k2
; (4.38)

wherex̂ is the estimated signal, andx � is the ground-truth signal.

4.5.1.9 Algorithm Settings

A prior set of edges
 containing100 edges is used as mentioned in Sec. 4.5.1.2. The set

of LASSO regularization parameter values used for the grid search is:� = f 10� 3+ 6
19 t : t 2

f 0; 1; 2; : : : ; 19gg (i.e., 20 values between0:001and1000, evenly spaced in logarithm). The

number of folds used for cross-validation isF = 5. The loss improvement factor is� = 0:99.

The upper boundd0 on the number of edges perturbed to obtain the nominal graph is set to

twice the number of edges perturbed – i.e.,d0 = 2d, for eachd 2 f 1; 2; 5; 10g.

4.5.2 Inferred Linear Edge Compressive Image Recovery

We simulate the patch-wise compressive acquisition of images from some real-world and syn-

thetically generated image datasets, and evaluate the reconstruction performance of the Inferred

Linear Edge Compressive Image Recovery (ILECIR) algorithm both quantitatively and qualita-

tively.

4.5.2.1 Datasets

We use the following image datasets for the evaluation. For each image dataset, either a ground-

truth segmentation, a human-labelled segmentation, or a machine-computed segmentation of
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the image is available. The segmentation information is used for patch recovery with the actual

graph.

Synthetic Dataset: Union of Polynomial Intensity Regions We create a dataset of10 syn-

thetic images, each of size256� 256, with each image being the average image of6 randomly

generated component images. Each component image is generated in the following manner.

First, a fourth degree polynomial of two variables,g(x; y), is chosen by sampling its coef�cients

from the uniform distribution on the interval(� 1; 1). This function is rescaled to have values

between0 and255and rounded to the nearest integer when the variablesx andy form a valid

pixel in a256� 256image, to get another functionh(x; y). That is,h(x; y) = b255g(x;y )� a
b� a e,

wherea = min g(x; y)
x;y 2f 0;:::;255g

, b = max g(x; y)
x;y 2f 0;:::;255g

, andb:e denotes rounding to the nearest integer. In

the �nal step of the component image generation, the intensity is set toh(x; y) in regions where

h(x; y) � h(x0; y0) where(x0; y0) is a randomly chosen pixel, and0 otherwise. This step en-

sures that a sharp edge is formed in the �nal image, given by the curveh(x; y) = h(x0; y0),

and not all of the polynomials are “active” at the same time in a given region of the �nal image,

ensuring piece-wise smoothness of the intensity. We refer to each image in this dataset with an

arbitrarily assigned `Image ID', from0 to 9.

Berkeley Segmentation Dataset [170] This is a popular image dataset used for segmentation

tasks. We use10randomly chosen images from BSDS500, the version of the dataset containing

500images. The images are of size640� 480or 480� 640. The provided images are color

– we convert them to greyscale. The dataset provides segmentations for each image by up to

�ve human labellers. For each image, we use the segmentation performed by the �rst human

labeller for computing the actual graph. We refer to the �le name (sans the �le type suf�x) of

an image in this dataset as its `Image ID'.

Tom and Jerry Dataset [171] This is a dataset consisting of video frames from the popular

Tom and Jerry cartoon. The images are classi�ed according to the presence of the main char-

acters Tom and Jerry, as containing only Tom, only Jerry, both Tom and Jerry, or neither Tom

nor Jerry. We use10randomly chosen images containing both Tom and Jerry from this dataset.

We center-crop each image to make the height and width equal, and resize to256� 256. We

segment the images using the Chan-Vese segmentation algorithm [172] to compute the segmen-
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tation information for the actual graph. We refer to the �le name (sans the �le type suf�x) of an

image in this dataset as its `Image ID'.

NYU Depth Dataset [173] These are depth maps of indoor scenes, collected using a Mi-

crosoft Kinect. The dataset contains segmentation information for each depth map, as well.

The depth maps are of width640and height480pixels. We use the depth maps from the pro-

vided test dataset. The labelled dataset is provided as a single `.mat' �le. We refer to the index

(starting from0) in the matlab variable `depth' in the provided `.mat' �le as the `Image ID' of

an image in this dataset.

4.5.2.2 Patch Size

The size of each patch used for simulation of patch-wise compressive image acquisition is8� 8.

Thus there are64pixels in each patch.

4.5.2.3 Sensing Matrix

We create a64� 64 matrix whose entries are sampled independently from a standard Normal

distribution. We perform our experiments with the �rstm 2 f 20; 30; 40g rows of this matrix.

The same matrix is used for all experiments.

4.5.2.4 Measurement Noise

Evaluation in the noiseless setting is performed for all images in all of the datasets. Evaluation

in the noisy setting is performed for one image from the Synthetic dataset. We add noise to each

measurement as described in Sec. 4.5.1.5, with� 2 f 0:01; 0:02; 0:05g.

4.5.2.5 Experiment Setup

Patch-wise compressive image acquisition is simulated for an image in the following manner.

The image is divided into non-overlapping patches of size8 � 8. Each patch is linearized in

row-major order to a vector ofn = 64 dimensions, which forms the signalx � . Measurements

are generated using Eqn. 4.20, withm � n sensing matrix (Sec. 4.5.2.3), and noise is added to
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the measurements. These measurements are then decoded using the ILECIR algorithm, and the

8 � 8 patch is estimated. For greyscale images, the estimated values are clipped to be between

0 and255and rounded to the nearest integer. For depth maps, negative values are set to0. The

recovered patches are stitched together to reconstruct the image.

4.5.2.6 Evaluation Metrics

We use RRMSE (Eqn. 4.38), as well as the Structural Similarity (SSIM) which has been shown

to be superior to RRMSE [174], between the recovered and the original image, for quantitative

evaluation of the recovery methods. For some common types of image defects, such as constant

intensity shifts, sparse impulse noise, etc, SSIM is a better indicator of perceptual similarity

than RRMSE (e.g., see Fig. 2 in [174]). Images are also visually inspected for recovery quality

and to explore the strengths and weaknesses of each recovery method.

4.5.2.7 Algorithms Compared

We use the ILECIR algorithm presented in Alg. 4.5, with the practical modi�cations as men-

tioned in Sec. 4.4.3. Comparison is done with the baseline method of recovery using LASSO-

CV with the GFT basis of the nominal graph (i.e., the 2-D DCT basis) as in Eqn. 4.36 – we refer

to this method as DCT-LASSO-CV in �gures. Comparison is also done with recovery using

GFT-LASSO-CV with the GFT basis of the human-labelled or ground-truth segmented patch

as in Eqn. 4.37 – this method is referred to as SEGGFT-LASSO-CV in �gures. Performance

of Greedy Edge Selection (GES, Alg. 4.3) on compressive image recovery is also evaluated,

with perturbation budgetd0 2 f 1; 2; 5; 10g, referred to as GES-1, GES-2, GES-5 and GES-10

respectively.

We also evaluate ILECIR with graph total variation regularization instead of GFT regu-

larization on some images of the Synthetic dataset. We refer to this algorithm as GRAPHTV-

ILECIR. It is compared with the baseline method of using graph total variation regularization

on the nominal graph (i.e., the 2-D lattice graph), along with cross-validation to choose the

regularization parameter, which is referred to as GRAPHTVREG-CV.

184



4.5.2.8 Algorithm Settings

For cross-validation, we useF = 5 folds. The set� of possible LASSOregularization parameter

values used for grid search is same as for the greedy edge selection algorithm Sec. 4.5.1.9.

4.6 Results and Discussion

We discuss the results of the empirical evaluation of our algorithms.

4.6.1 Greedy Edge Selection on synthetic graphs

We discuss the results of empirical evaluation of Greedy Edge Selection (GES) on synthetic

graphs in this section.

Figure 4.8: RRMSE of signal recovered via Greedy Edge Selection (GES), LASSO with the nominal

graph (NGFT-LASSO), and LASSO with the actual graph (AGFT-LASSO), for various number of per-

turbed edges. RRMSE for AGFT-LASSOand in some cases for GES are close to zero, hence the bars are

not visible.
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Figure 4.9: Fraction of cases in which actual graph was recovered by Greedy Edge Selection (GES),

for various number of perturbed edges

Figure 4.10: The number of edge perturbations successfully detected and the number of spurious

edge perturbations reported by Greedy Edge Selection (GES), for various number of perturbed edges on

different graph models.
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4.6.1.1 Sparse-Spectrum signals

The RRMSE of the Greedy Edge Selection (GES) algorithm for sparse-spectrum signals is

presented in Fig. 4.8, for each graph or graph model mentioned in Sec. 4.5.1.1, withd =

f 1; 2; 5; 10g edges perturbed to create the nominal graph. We see that for each graph type,

GES outperforms the baseline method of recovery using the nominal graph, i.e., NGFT-LASSO.

As expected, the RRMSE increases as the number of perturbations are increased. For one

or two edge perturbations, the RRMSE is close to zero or very small, whereas for up to �ve

perturbations, the RRMSE is at most half of that obtained using NGFT-LASSO, and often much

lower than that. Even for ten edge perturbations, the RRMSE of GES is signi�cantly lower than

NGFT-LASSO. Recovery using the actual graph gives an RRMSE close to zero, and hence the

bars for it are not visible in Fig. 4.8.

Fig. 4.9 presents the fraction of cases in which GESsuccessfully recovers the actual graph

from the nominal graph. We see that for most graph types, the actual graph is recovered in close

to 100%cases when up to two edges are perturbed. Despite being a greedy algorithm, the actual

graph gets recovered in a signi�cant fraction of cases even when �ve edges perturbations were

performed. Surprisingly, in some cases the actual graph is recoverable via GES even if ten edge

perturbations were induced.

Fig. 4.10 show the average number of edge perturbationscorrectlydetected by GES, and

the average number of spurious edge perturbations reported by it. Notably, the number of edge

perturbations correctly detected falls down rapidly when more than �ve edge perturbations are

made to the actual graph.

Overall, we �nd empirically that the technique of using cross-validation error to select the

edges for re�ning the nominal graph has merit. Even in case of a large number of perturba-

tions, the RRMSE of signal recovered by GES is signi�cantly lower than the baseline of using

LASSO with the GFT basis of the nominal graph. This is true despite the edge perturbations

made to the actual graph not all being identi�ed correctly and some spurious edge perturbations

being reported. The greedy edge selection technique is most suitable when up to �ve edges

perturbations are made to the actual graph.
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4.6.1.2 Band-limited Signals

Figure 4.11: Performance of Greedy Edge Selection on band-limited signals on the Planted Partition

Model. Top Left: RRMSE of recovery via GES, LASSOwith the nominal graph (NGFT-LASSO-CV), and

LASSO with the actual graph (AGFT-LASSO-CV), for various number of perturbed edges. The bar for

AGFT-LASSO-CV is too small to be visible. Top Right: Fraction of cases in which the actual graph was

recovered by GES. Bottom: Number of correctly detected and spuriously detected edge perturbations by

GES.

We also evaluate the GES algorithm for compressive recovery of band-limited signals on

the Planted Partition Model random graphs in the presence of edge perturbations. We again �nd

signi�cant reduction in RRMSE when using GES instead of NGFT-LASSO(Fig. 4.11, top-left).

In Fig. 4.11 bottom, we �nd that even though the RRMSE of GES is close to zero for one or two

edge perturbations, only around50� 60%of the edge perturbations are successfully detected.

Successful recovery of the full graph happens in only60%of the cases (Fig. 4.11, top-right)

when one edge perturbation is made, only20%of the time when two edge perturbations are

made, and close to0% when5 or more edge perturbations are made. In Sec. 4.6.1.4, we will

discuss the possible reasons behind this anomaly. Regardless, we �nd that greedy edge selection

using cross-validation is a competitive method for recovery of the signal.

4.6.1.3 Effect of Measurement Noise

Fig. 4.12 shows the results of performing recovery via GESon measurements which have added

Gaussian noise as described in Sec. 4.5.1.5, with the actual graph being a Planted Partition

Model, and the signals the nominal graphs generated in the same manner as the previous sec-

tions (Sec. 4.5.1). We �nd that the GES algorithm performs well even in the presence of noise.

Its RRMSE is signi�cantly less than the RRMSE of NGFT-LASSO-CV for up to5 edge pertur-

bations, and is comparable to that of AGFT-LASSO-CV when the number of edge perturbations
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Figure 4.12: Performance of Greedy Edge Selection with measurement noise

is 1 or 2. Occasionally, we �nd that GES is able to do slightly better than AGFT-LASSO-CV.

We suspect that this is because only20 different values were tried during grid search for the

LASSO regularization parameter� , due to which GES could �nd a better graph than the actual

graph for the given values of� for the purpose of signal recovery. A more �ne-grained grid

search would lead to the expected behaviour of AGFT-LASSO-CV performing better than GES.

4.6.1.4 Recovery Analysis

Figure 4.13: Fraction of Edge Perturbations of each type recovered via Greedy Edge Selection for the

Planted Partition Model in the band-limited (left) and sparse-spectrum (right) cases.

Fig. 4.13 shows the fraction of edge perturbations which were detected by GES on the

Planted Partition Model, categorized by edge type, for the band-limited (left) and the sparse-

spectrum (right) cases. We note that for band-limited signals, inter-cluster edges are highly

likely to be recovered by GES. For sparse-spectrum signals, all edge types are equally likely to

be recovered. In general, an edge perturbation is more likely to be detected by GES if perturbing
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that edge signi�cantly perturbs a least one of the eigenvectors on which the original signal

x � has a non-zero component. From the formula in Eqn. 4.32 (Sec. 4.4.5), we note that an

edge perturbs an eigenvector signi�cantly only if the absolute difference of the values of that

eigenvector on the two nodes of the edge is large. Since the PPM is a community-structured

graph, hence for a PPM withk clusters, the value of the eigenvector within a cluster does not

change much for the �rstk eigenvectors (see Fig. 4.2 and relevant background in Sec. 4.2.1).

Hence adding or removing an intra-cluster edge does not signi�cantly perturb the �rstk

eigenvectors of the PPM. On the other hand, the value of the �rstk eigenvectors of such PPMs

vary a lot across clusters. Hence, adding or removing an inter-cluster edge causes a signi�cant

perturbation in the �rstk eigenvectors, which is easily detected by GES. For high-frequency

eigenvectors, both inter-cluster and intra-cluster edges are highly likely to have different values

at the endpoints. Hence for signals which are sparse-spectrum but not band-limited, GES is able

to recover both inter-cluster and intra-cluster edges.

4.6.1.5 Using Ceci-Barbarossa approximation for eigenvector perturbation

Figure 4.14: Performance of Greedy Edge Selection with the Ceci-Barbarossa approximation for eigen-

vector perturbation (GES-CB). In some cases, the error for GESor AGFT-LASSO is close to 0, and hence

the error bars for them are not visible.

Fig. 4.14 shows the RRMSE obtained using the GES-CB algorithm, in which the Ceci-

Barbarossa eigenvector perturbation approximation (Eqn. 4.32) is used in place of eigendecom-

position in GES (see Sec. 4.4.5 and Sec. 4.5.1.7), for compressive recovery of sparse-spectrum

and band-limited signals on PPMs with a few edge perturbations. We �nd that for both sparse-

spectrum and band-limited signals, the RRMSE of GES-CB is signi�cantly higher than that for

190



GES, across a range of edge perturbations. Moreover, the RRMSE of GES-CB is close to the

RRMSE of Nominal, and sometimes slightly worse. Hence we do not �nd the Ceci-Barbarossa

eigenvector perturbation approximation (a �rst order approximation) to be useful when applied

to greedy edge selection with cross-validation. Perhaps a better approximation with higher

order terms in it might be more useful.

One reason for the poor performance of GES-CB could be that the condition under which

the Ceci-Barbarossa approximation is applicable – given by Eqn. 4.33 – gets violated often. We

empirically �nd the likelihood of this condition getting violated for single-edge perturbations.

We deem the condition to be violated for an edgef i; j g and thekth eigenvectorvk if (vk(i ) �

vk(j ))2 > 4(� k+1 � � k)) for edge addition or(vk(i ) � vk(j ))2 > 4(� k � � k� 1) in case of edge

deletion. The fraction of times this condition is violated for at least one eigenvector out of the

�rst �ve (i.e., the band-limited eigenvectors) for a PPM graph withn = 100; l = 5; p = 0:9; q =

0:01 is 87:7%, if an inter-cluster edge is perturbed. Similarly, we found that the condition in

Eqn. 4.33 is violated74:7% of the times for at least one eigenvector out of �ve for a random

choice of �ve eigenvectors and any kind of edge. While this condition does not get violated for

intra-cluster edges in the band-limited case, the amount of perturbation in the low-frequency

eigenvectors by such edges is very small, such that the RRMSE for these cases is close to

zero even for NGFT-LASSO-CV, and hence these cases do not contribute much to the average

RRMSE.

4.6.1.6 Phase transition analysis of RRMSE and graph recovery

Fig. 4.15 and Fig. 4.16 show the RRMSE values for various sparsity levels and number of per-

turbed edges for GES and NGFT-LASSO-CV, respectively, for graph signals on SBM graphs

with 100nodes, recovered fromm = 50 compressive measurements taken using a50 � 100

Gaussian random matrix. A total of10 random SBM graphs were generated, and10 random

sparse signals were generated for each graph for each sparsity level. For perturbation levels1

through5, the mean RRMSE over all100signals is reported, whereas for perturbation levels

6 through10, the mean RRMSE over50 signals (5 signals per graph) is reported. In general,

the mean RRMSE at each sparsity and perturbation level is signi�cantly lower for the GES

algorithm, as compared to the NGFT-LASSO-CV algorithm. The mean RRMSE using the ac-

tual graph (i.e., AGFT-LASSO-CV) was very close to0 for all the sparsity values tested. The
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Figure 4.15: RRMSE of signals recovered via GES for various number of edges perturbed in the

nominal graph (Y axis) and sparsity of the signal in the GFT basis of the actual graph (X axis), using

m = 50 measurements. Compare with Fig. 4.16

.
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Figure 4.16: RRMSE of signals recovered via NGFT-LASSO-CV for various number of edges per-

turbed in the nominal graph (Y axis) and sparsity of the signal in the GFT basis of the actual graph (X

axis), usingm = 50 measurements. Compare with Fig. 4.15

.
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Figure 4.17: Fraction of cases in which actual graph was recovered correctly by GES, i.e., all edge

perturbations were correctly detected, and no spurious perturbations were reported, for various number

of edges perturbations in the nominal graph (Y axis) and sparsity of the signal in the GFT basis of the

actual graph (X axis), usingm = 50 measurements.
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RRMSE values increase upon increasing sparsity level and number of perturbed edges.

In Fig. 4.17, we report the fraction of cases in which the actual graph was fully recovered

by the GESalgorithm – i.e., cases in which all edge perturbations were detected, and no spurious

perturbations were reported. Interestingly, we �nd that for low perturbation levels, the fraction

of successful graph recoveries is larger for higher sparsity levels. We suspect that this is because

the graph signal may contain more information about the graph if it is composed of a larger

number of GFT bases of the graph. For high values of edge perturbations, the fraction of actual

graphs fully recovered �rst increases, then decreases, with increasing sparsity levels (e.g., see

the case for7edge perturbations). There appears to be a tension between the information present

in the signal about the graph, and signal identi�cation. While a higher value of sparsity means

that more information is present in the signal about the graph, it also means that recovery of the

signal from the measurements is more challenging. We expect that if sparsity levels higher than

9 were to be tried for small number of edge perturbations (1 through5), then we would observe

the fraction of successful graph recoveries to decrease.

4.6.2 Comparison of Recovery Algorithms for Compressive Image Acqui-

sition

We present the results of evaluation of the Inferred Linear-Edge Compressive Image Recovery

(ILECIR) algorithm and comparison with the baseline methods as described in Sec. 4.5.2.

4.6.2.1 Quantitative comparison in the noiseless setting

Fig. 4.18 shows the RRMSE and SSIM of images recovered using ILECIR, the baseline method

DCT-LASSO-CV and the SEGGFT-LASSO-CV method which uses knowledge of either ground-

truth, machine-generated or human-labelled segmentation of the images, fromm 2 f 20; 30; 40g

linear measurements, for 10 images from the Synthetic, Berkeley, Tom and Jerry, and the NYU

Depth datasets, as discussed in Sec. 4.5.2. We note that ILECIR substantially improves over

DCT-LASSO-CV in terms of the RRMSE and SSIM of the recovered images on the Synthetic

and the NYU Depth datasets. It also shows some improvement for the images in the Tom and

Jerry dataset. For Tom and Jerry and the NYU Depth datasets, the improvement is most pro-
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Figure 4.18: RRMSE and SSIM using ILECIR, DCT-LASSO-CV and SEGGFT-LASSO-CV

(Segmentation-aware recovery) in the noiseless regime
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nounced whenm = 20 linear measurements are used. Such improvement is expected since

these are piece-wise smooth images – while the smooth regions are accurately recovered by

DCT-LASSO-CV, the patches containing sharp edges are not recovered very accurately. ILECIR

performs better on such patches, while maintaining the accuracy afforded by DCT-LASSO-CV

on smooth patches. The SEGGFT-LASSO-CV method has near-perfect recovery for the Syn-

thetic dataset. This substantiates the rationale behind using the GFT basis of the 2-D lattice

graph partitioned according to the segments of a patch for recovery. Since ILECIR only models

linear image edges and does not model more than one image edge in a patch, recovery using it

is not perfect. Notably, ILECIR often performs better than the SEGGFT-LASSO-CV method for

the Tom and Jerry and NYU Depth Datasets. This means that it is able to perform edge detec-

tion slightly better than the algorithm used to perform edge detection for the images from the

Tom and Jerry dataset. For the NYU Depth Dataset, we found that the provided segmentation

(a) Patch, Original (b) Seg, Original (c) Patch, SEGGFT (d) Seg, ILECIR (e) Patch, ILECIR (f) Patch, DCT

Figure 4.19: An 8 � 8 patch (a), and itsincorrectly labelled segmentation (b), from an image in the

NYU depth dataset, resulting in poor signal recovery by SEGGFT-LASSO-CV (c). ILECIR recovers

the correct segmentation (d) and patch (e). Patch recovered via DCT-LASSO-CV (f) is also shown for

comparison. Note: the two regions of the segmentation maps in (b) and (d) are coloured arbitrarily.

.

maps were not properly aligned with the depth map images (see Fig. 4.19 for an example of an

incorrectly labelled segmentation map of a patch from this dataset). Due to this, the SEGGFT-

LASSO-CV method performsworsethan DCT-LASSO-CV for the NYU Depth dataset. This

demonstrates a strength of the ILECIR method – since the underlying segmentation is automat-

ically inferred, it circumvents possible errors in the segmentation map if it were available.

RRMSE and SSIM of images recovered using ILECIR are marginally better than those

recovered using DCT-LASSO-CV for some images of the Berkeley dataset. For some other

images, they are marginally worse. Since natural images contain vast regions of detailed texture

and not just gradient of intensity, it is hard to improve upon the baseline DCT-LASSO-CV
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method by modelling just a single linear edge. This is also substantiated by the performance of

the SEGGFT-LASSO-CV method, which is similar to DCT-LASSO-CV and ILECIR. However,

a visual inspection of the images recovered by ILECIR, SEGGFT-LASSO-CV and DCT-LASSO-

CV would reveal that ILECIR and SEGGFT-LASSO-CV perform better along the edges in these

images (See Sec. 4.6.2.2).

Figure 4.20: PieAPP error comparison between DCT-LASSO-CV, SEGGFT-LASSO-CV, and ILECIR

on one image from each dataset (smaller values are better). Images recovered patchwise fromm = 40

compressive measurements of8 � 8 patches (n = 64).

Comparison on the PieAPP error metric Fig. 4.20 shows a comparison between DCT-

LASSO-CV, SEGGFT-LASSO-CV, and ILECIR on four images (one from each dataset) using the

PieAPP error metric (Perceptual Image-Error Assessment through Pairwise Preference, [175]).

The PieAPP metric is trained on human preferences between pairs of distorted images, when

provided with the reference image, on various kinds of distortion – hence, it closely re�ects

human perception of image quality [175]. Comparison on the PieAPP error metric very clearly

shows that ILECIR outperforms DCT-LASSO-CV for all images, and also outperforms SEG-

GFT-LASSO-CV when human-labelled or machine-generated segmentation information is used

(i.e., for the Berkley, Tom and Jerry, or NYU Depth datasets).
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Figure 4.21: Zoomed view of images from the Synthetic (top row), Berkeley (second row), Tom and

Jerry (third row), and NYU Depth (bottom row) datasets, recovered patch-wise fromm = 40 compres-

sive measurements per8 � 8 patch via various algorithms in the noiseless setting. The columns denote,

from left to right: Col 1 – the original image, Col 2 – image recovered via SEGGFT-LASSO-CV, Col 3 –

image recovered via DCT-LASSO-CV, Col 4 – image recovered via ILECIR.
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