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RÉSUMÉ EN FRANÇAIS

Titre

Étude de la texture de données biomédicales : contributions à partir de carac-
téristiques multiéchelles et multidimensionnelles basées sur des mesures d’entropie

Mots clés

Algorithmes d’entropie ; analyse de texture ; apprentissage automatique ; maladies pul-
monaires ; théorie de l’information ; traitement d’images.

Abstract

Objectifs et motivation : Le projet de thèse de doctorat visait à proposer de nouveaux
algorithmes d’extraction de caractéristiques de texture basés sur la théorie de l’information. Plus
précisément, notre objectif était de proposer de nouveaux algorithmes basés sur l’entropie (ABE)
et d’étudier la texture de jeux de données biomédicales et, grâce à l’utilisation de techniques
d’intelligence artificielle, d’aider au diagnostic de pathologies pulmonaires.

Introduction : En 1948, Shannon a introduit l’entropie pour quantifier l’information d’un
message. L’entropie de Shannon est une métrique basée sur le logarithme pour évaluer la quantité
d’informations dans un message contenu dans un système de communication. Pour un signal,
l’entropie de Shannon, ou entropie de premier ordre, peut être facilement déterminée grâce à
une analyse de l’histogramme de ce signal. Plus récemment, selon la théorie de l’information,
plusieurs ABE ont été proposés pour étudier le désordre ou l’irrégularité inhérente aux signaux.
Ces ABE ont été développés sous forme d’algorithmes d’entropie basés sur l’entropie de Shannon,
utilisant un ensemble de probabilités à appliquer à une métrique logarithmique, ou sous forme
d’algorithmes d’entropie conditionnelle, qui calculent la probabilité d’apparition de motifs pour
une taille donnée, m, puis pour une taille de motif de m + 1. Par ailleurs, ces ABE ont été
développés pour traiter des données multidimensionnelles et des analyses multi-échelles.

Matériels et méthodes : Dans un premier temps, nous avons mené une recherche bibli-
ographique sur l’utilisation de l’entropie en tant que mesure de texture, et ce pour diverses ap-
plications biomédicales. Nous avons donc, tout d’abord, listé les méthodes d’analyse de texture
basée sur l’entropie. Ces méthodes s’appuient sur l’entropie de Shannon, ou bien sur l’entropie
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conditionnelle, ou encore sur la matrice de co-occurrence des niveaux de gris, ou encore sur
l’entropie du second ordre, entre autres. Par la suite, nous avons proposé de nouveaux al-
gorithmes d’entropie basés sur l’entropie de Shannon et conditionnelle, et avons analysé leur
efficacité informatique et leurs performances en analyse de texture d’images médicales. Les al-
gorithmes d’entropie basés sur l’entropie de Shannon développés dans cette thèse et décrits
pour la première fois sont les suivants : l’entropie approchée bidimensionnelle (AAPE2D), les
algorithmes d’entropie d’ensemble bidimensionnels et l’entropie dynamique symbolique bidimen-
sionnelle (SDE2D). Ces algorithmes ont également été comparés aux algorithmes précédemment
proposés dans la littérature. De plus, ces ABE développés ont été validés à l’aide de données
synthétiques telles que les images MIX2D(p) et ont ensuite été testés avec des données biomédi-
cales. De même, les algorithmes d’entropie conditionnelle sont décrits en détail et sont ensuite
validés et appliqués dans un contexte biomédical donné. Les algorithmes d’entropie condition-
nelle développés au cours de cette thèse sont notamment basés sur l’entropie diffuse et l’entropie
d’échantillon. L’entropie diffuse tridimensionnelle (FuzEn3D), précédemment développée dans le
cadre d’un projet de Master, a également été mise en œuvre afin d’étudier les propriétés de tex-
ture du COVID-19. Tout au long de cette thèse de doctorat, plusieurs pathologies pulmonaires
sont décrites, à savoir la pneumonie, l’emphysème, la tuberculose et le COVID-19.

Principaux résultats : Les résultats démontrent que les algorithmes basés sur l’entropie
de Shannon nécessitent moins de calculs intensifs et présentent des résultats intéressants dans la
détection de la pneumonie, de l’emphysème et de la tuberculose. Dans l’étude des radiographies
de la poitrine de patients atteints de tuberculose, SDE2D se distingue par sa précision dans la
détection de la tuberculose dans les poumons gauche et droit – 86,4% et 85,2%, respectivement.
AAPE2D conduit à une précision de 75,7% dans la détection de la pneumonie. Les algorithmes
conditionnels, en revanche, présentent une stabilité et une cohérence supérieures à celles des
autres algorithmes d’entropie. En outre, ceux-ci ont également donné des résultats satisfaisants
dans la détection de l’emphysème et du COVID-19. L’entropie floue d’ensemble bidimensionnel
basée sur plusieurs valeurs de dimension m (EnsFuzEnM2D) a été considérée comme la meilleure
mesure d’entropie parmi les algorithmes d’ensemble développés, conduisant à une précision de
93,7% dans la détection de tissus pulmonaires sains et de deux types différents d’emphysème.
De plus, l’algorithme multi-échelle FuzEn3D mis en œuvre a permis d’atteindre une précision
de 89,6 % et une sensibilité de 96% dans la détection du COVID-19 dans les tomographies.
Par la suite, une analyse globale est présentée comparant les algorithmes basés sur l’entropie de
Shannon et les algorithmes conditionnels, démontrant que l’algorithme SDE2D a une plus grande
précision (87,3%) dans la détection des patients atteints d’emphysème par rapport aux autres
ABE testés. Enfin, en appliquant les caractéristiques d’entropie bidimensionnelle obtenues par
les huit ABE bidimensionnels développés au cours de cette thèse, il a été possible de détecter
les patients souffrant d’un emphysème avec une précision de 89,1% et une aire sous la courbe
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(AUC) de 95 %.
Conclusion : Dans l’ensemble, les ABE développés dans ce travail de doctorat se révèlent

efficaces pour évaluer différentes textures d’images. À l’avenir, ceux-ci pourraient être utilisés
dans diverses applications biomédicales et pour différentes types d’images médicales.
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RESUMO

Título

Estudo da textura de dados biomédicos: contribuições de características de multi-
escala e multi-dimensionais com base em medidas de entropia

Palavras-chave

algoritmos de entropia; análise de textura; doenças pulmonares; "machine learning"; proces-
samento de imagem; teoria da informação;

Resumo

Objetivos e motivação: O doutoramento teve como objetivo propor novos algoritmos de
extração de caraterísticas de textura baseados na teoria da informação. Mais precisamente, o
objetivo foi propor novos algoritmos baseados em entropia (ABE) para estudar a textura de
dados biomédicos e, através do uso de técnicas de inteligência artificial, auxiliar no diagnóstico
de patologias pulmonares.

Introdução: Em 1948, Shannon introduziu a entropia para quantificar a informação de
um sinal na sua proposta da teoria de informação. A entropia de Shannon aplica uma métrica
que utiliza um logaritmo para avaliar a quantidade de informação numa mensagem de um
sistema de comunicação. Esta mesma quantidade está associada a um aumento de desordem. Este
mesmo sistema apresentou uma desordem maior quando os valores de entropia obtidos foram
maiores. A entropia de Shannon, ou entropia de primeira ordem, pode ser facilmente determinada
através de uma análise de histograma de um sinal. Posteriormente, de acordo com a teoria da
informação, vários ABE foram propostos para investigar a desordem ou irregularidade inerente
aos sinais. Esses ABEs foram desenvolvidos como algoritmos de entropia baseados em entropia
de Shannon, utilizando um conjunto de probabilidades para aplicar numa métrica logarítmica,
ou como algoritmos de entropia condicionais, que calculam a probabilidade de ocorrência de
padrões para um determinado tamanho desses mesmos padrões, m, e depois para m+ 1. Deste
modo, estes ABEs foram desenvolvidos por forma a incluir dados multidimensionais e análises
de multiescala.
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Materiais e métodos: Um estudo de revisão sistemática foi conduzido para verificar a util-
idade e o potencial da entropia como uma medida de textura em várias aplicações biomédicas.
Neste estudo, foram apresentados diferentes métodos existentes baseados em entropia para ex-
trair características de textura são referenciados. Alguns destes métodos utilizam a entropia de
Shannon, outros utilizam algoritmos de entropia baseados em entropia de Shannon, algoritmos
de entropia condicionais, e ainda, entropia baseada na matriz de co-ocorrência de níveis cinza
(GLCM) ou entropia de segunda ordem, entre outros. Além disso, foram desenvolvidos algoritmos
de entropia baseados em entropia de Shannon e condicionais, comparando sua eficiência com-
putacional e desempenho na análise de textura de imagens médicas. Os algoritmos de entropia
baseados em entropia de Shannon desenvolvidos neste doutoramento descritos pela primeira
vez são os seguintes: entropia aproximada bidimensional (AAPE2D), algoritmos de entropia de
conjunto bidimensionais, e entropia dinâmica simbólica bidimensional (SDE2D). Estes algorit-
mos foram ainda comparados com algoritmos propostos anteriormente na literatura. Além disso,
estes ABEs desenvolvidos foram validados utilizando dados sintéticos como o caso das imagens
MIX2D(p) e depois foram testados com dados biomédicos. De forma semelhante, os algoritmos de
entropia condicionais estão descritos detalhadamente e posteriormente são validados e aplicados
num dado contexto biomédico. Os algoritmos de entropia condicionais desenvolvidos durante
este doutoramento são designadamente as técnicas de entropia condicional de conjunto baseadas
em entropia difusa e entropia de amostra. A entropia difusa tridimensional (FuzEn3D), que foi
anteriormente desenvolvida num projeto de mestrado, foi também implementada de forma a
estudar as propriedades de textura da COVID-19. Ao longo desta dissertação de doutoramento,
diversas patologias pulmonares são descritas nomeadamente pneumonia, enfisema, tuberculose
e COVID-19.

Principais Resultados: Os resultados demonstram que os algoritmos baseados em entropia
de Shannon são menos intensivos em termos computacionais e apresentam resultados interes-
santes na deteção de pneumonia, enfisema e tuberculose. No estudo de raios X da zona do tórax
de pacientes com tuberculose, SDE2D destaca-se pela sua exatidão na deteção de tuberculose
quer no pulmão esquerdo quer no direito – 86,4% e 85,2%, respetivamente. A entropia de per-
mutação aproximada bidimensional desenvolvida leva a uma precisão de 75,7% na detecção de
pneumonia. Os algoritmos condicionais, por outro lado, apresentam estabilidade e consistên-
cia superiores a outros algoritmos de entropia. Além disso, estes também tiveram resultados
satisfatórios na deteção de enfisema e COVID-19. A entropia difusa de conjunto bidimensional
baseada em múltiplos valores de dimensão m (EnsFuzEnM2D) foi considerada como o melhor al-
goritmo entre os restantes algoritmos de conjunto desenvolvidos, tendo obtido uma exatidão de
93, 7% na detecção de tecido pulmonar saudável e dois tipos diferentes de enfisema. Por outro
lado, o algoritmo FuzEn3D de multiescala implementado obteve uma exatidão de 89, 6% e sen-
sibilidade de 96% na deteção da COVID-19 em tomografias computadorizadas. Posteriormente,
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uma análise global é apresentada comparando algoritmos baseados em entropia de Shannon e
condicionais, demonstrando que o algoritmo SDE2D tem uma maior exatidão (87,3%) na de-
teção de pacientes com enfisema quando comparado com os restantes ABEs testados. Por fim,
ao aplicar as caraterísticas de entropia bidimensional obtidas pelos oito ABEs bidimensionais
desenvolvidos durante este doutoramento, foi possível detetar os pacientes diagnosticados com
enfisema com uma exatidão de 89,1% e área sob a curva (AUC) de 95%.

Conclusão: De forma global, os ABEs desenvolvidos neste doutoramento demonstram ser
eficazes na avaliação de diferentes texturas. No futuro, estes mesmos têm o portencial de ser uti-
lizados em diversas aplicações biomédicas e diferentes imagens médicas para rastreios, sistemas
de diagnóstico auxiliares, etc.
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ABSTRACT

Title

Study on the texture of biomedical data: Contributions from multiscale and
multidimensional features based on entropy measures

Key-words

entropy algorithms; image processing; information theory; machine learning; pulmonary dis-
eases; texture analysis.

Abstract

Goals and motivation: The PhD aimed at proposing new texture feature extraction al-
gorithms based on information theory. More precisely, new entropy-based algorithms (EBA)
were proposed to study the texture of biomedical datasets and, through the use of artificial
intelligence techniques, to help diagnose pulmonary pathologies.

Introduction: In 1948, Shannon introduced entropy to quantify a signal’s information con-
tent in his information theory proposal. Shannon’s entropy determination was accomplished by
employing a logarithm-based metric to assess the quantity of information in a message con-
tained within a communication system. This quantity is associated with an increase in disorder.
The system had a higher disorder content when the entropy values were higher. Shannon’s en-
tropy, or first-order entropy, can be easily determined by conducting a histogram analysis of
a signal. Subsequently, in accordance with information theory, numerous EBAs were proposed
to investigate the disorder or irregularity inherent in signals. These EBAs were developed as
Shannon-based entropy algorithms, which use a set of probabilities to rely on the logarithm
metric, or as conditional-based entropy algorithms, which calculate the probability of patterns
occurrence for a specific embedding size, m, and then for m+1. Based on this, these EBAs were
also expanded to include multidimensional data and multiscale analysis.

Materials and methods: Initially, a systematic review study was conducted to examine the
utility and potential of entropy as a texture feature in various biomedical fields. Consequently,
first, different existing entropy-based techniques to extract texture features are listed. Some of
them use Shannon’s entropy, Shannon-based entropy algorithms, conditional-based algorithms,
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and gray-level co-occurrence matrix entropy (GLCM) or second-order features, among others.

Subsequently, the research focused on the development of Shannon-based and conditional-based

entropy algorithms, comparing their computational e�ciency and performance in texture anal-

ysis of medical images. Shannon-based entropy algorithms developed in this PhD are �rst de-

scribed, namely, two-dimensional approximate entropy (AAPE2D ), two-dimensional ensemble

entropy algorithms, and two-dimensional symbolic dynamic entropy (SDE2D ). These algorithms

were also compared with algorithms proposed in the literature. These developed EBAs were val-

idated in synthetic data like MIX 2D (p) images and then tested with biomedical data. Similarly,

conditional-based algorithms are described in detail and subsequently validated and applied in

a biomedical context. The conditional-based entropy algorithms developed in this PhD are en-

semble conditional entropy techniques based on fuzzy and sample entropy. Three-dimensional

fuzzy entropy (FuzEn3D ), developed in a previous master project, was also implemented to study

the texture properties of COVID-19. Throughout this PhD, several pulmonary pathologies are

depicted like pneumonia, emphysema, tuberculosis, and COVID-19.

Main Results: The results show that the Shannon-based algorithms are less computation-

ally intensive and exhibit interesting results in detecting pneumonia, emphysema, and tuberculo-

sis. From the study of SDE2D applied to tuberculosis chest X-rays, one can highlight its accuracy

for the detection of tuberculosis in the left and right lung�86.4% and 85.2%, respectively. The

developed two-dimensional approximate permutation entropy leads to 75.7% accuracy in detect-

ing pneumonia. The conditional-based algorithms, on the other hand, show superior stability

and consistency than other entropy algorithms and also had satisfactory outcomes in detecting

emphysema and COVID-19. The two-dimensional ensemble fuzzy entropy based on multiple em-

bedding dimensional values (EnsFuzEnM2D ) is the best algorithm out of the developed ensemble

algorithms, with an accuracy of 93:7% for the detection of healthy lung tissue and two di�erent

types of emphysema. Furthermore, the implemented multiscale FuzEn3D leads to 89:6% accu-

racy and 96% sensitivity when detecting COVID-19 in CT scans. Moreover, in a global analysis

comparing Shannon-based and conditional-based algorithms, SDE2D shows to be more accurate

(87.3%) in detecting emphysema patients when compared with the other remaining EBAs tested.

In the end, when using two-dimensional entropy features provided by the eight two-dimensional

EBAs developed in this PhD, emphysema patients are detected with 89.1% accuracy and 95%

area under the curve.

Conclusion: Overall, the developed EBAs prove to be e�ective in texture evaluation. They

could be applied, in the future, to various biomedical applications through di�erent medical

image sources.
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Chapter 1

INTRODUCTION

Recently, several automated systems were implemented for disease detection using multiple

imaging techniques like computed tomography, chest X-rays, or magnetic resonance imaging.

These methods are focused on aiding diagnosis in a clinical environment. Moreover, these tech-

niques are not only based on arti�cial intelligence but also on texture-based parameters. This

dissertation will describe several state-of-the-art methods in image and texture analysis. Based

on this, the goal is to demonstrate the utility of using entropy-based algorithms (EBA) as texture

descriptors, particularly for distinct pulmonary diseases.

Multiple techniques have been proposed to extract features from biomedical images to

produce parameters, such as statistical-based ones, morphological and shape-based features,

entropy-based algorithms characteristics, and deep-learning-based parameters.

The development of multi-dimensional EBA has evolved over the years, being used for several

applications and facing challenges. However, these EBA have a common goal, which is to provide

useful information to physicians. Recently, these techniques have been considered in feature

extraction procedures. EBA can be very resourceful in extracting texture information from both

two- and three-dimensional data.

At the end of this dissertation, a global analysis of these EBA and their main advantages and

challenges will be discussed. The dissertation will compareShannon-basedand conditional-based

EBAs and discuss their utility in describing texture properties of pulmonary diseases.

1.1 Goals and motivations

The role of biomedical engineering is to equip clinicians with the best resources and tools to

support the medical decision process. In this scope, one of the main goals is to show that EBAs

can provide useful and meaningful information to medical professionals. Furthermore, to prove

the powerfulness and robustness of these algorithms, they were targeted towards pulmonary

disease applications, an evolving imaging and texture-based analysis �eld.
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1.2 Project framework and planning

The project included institutional collaboration between the Laboratory for Instrumentation,

Biomedical Engineering, and Radiation Physics (LIBPhys) in the University of Coimbra, Coim-

bra, Portugal, and the Laboratoire Angevin de Recherche en Ingénierie des Systèmes (LARIS),

in the University of Angers, Angers, France. This project plan also included some stays in LARIS

to ful�ll the goals and strengthen the working relationship between the research groups of the

project.

This work also involved specialized teams in radiology from the University Hospital of

Rennes, France (UHR).

1.3 Team and partners

The development of the project occurred mainly with the support of LIBPhys and LARIS.

The main team members of these international partners are shown in table 1.1.

Table 1.1 � Team members involved in this Ph.D. project.

Team Members Institution Function
Professor Anne Humeau-Heurtier LARIS Supervisor
Professor João Cardoso LIBPhys Supervisor
Ph.D. Pedro Vaz LIBPhys Consultant
Ph.D. Mirvana Hilal LARIS Consultant
Dr. Mathieu Lederlin UHR Radiologist
Dr. Guillaume Mahé UHR Vascular Medicine

1.4 Publication List

This project led to several publications in international journals such as:

� Gaudêncio, A. S., Mota, M., Vaz, P. G., Cardoso, J. M., & Humeau-Heurtier, A. (2024).

Tuberculosis detection on chest X-rays using two-dimensional multiscale symbolic dy-

namic entropy. Under review in the Biomedical Signal Processing and Control journal.

� Gaudêncio, A. S., Azami, H., Cardoso, J. M., Vaz, P. G., & Humeau-Heurtier, A. (2023).

Bidimensional ensemble entropy: Concepts and application to emphysema lung comput-

erized tomography scans. Computer Methods and Programs in Biomedicine, 242, 107855.

� Gaudêncio, A. S., Hilal, M., Cardoso, J. M., Humeau-Heurtier, A., & Vaz, P. G. (2022).

1. http://libphys.pt/
2. http://laris.univ-angers.fr/fr/activites-scientifiques/recherche/equipe-isisv-1.html
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Texture analysis using two-dimensional permutation entropy and amplitude-aware per-

mutation entropy. Pattern Recognition Letters, 159, 150-156.

� Lebret, D., Gaudêncio, A. S., Hilal, M., Saib, S., Haidar, R., Nonent, M., & Humeau-

Heurtier, A. (2022). Three-dimensional dispersion entropy for uterine �broid texture

quanti�cation and post-embolization evaluation. Computer Methods and Programs in

Biomedicine, 215, 106605.

� Hilal, M., Gaudêncio, A. S., Vaz, P. G., Cardoso, J., & Humeau-Heurtier, A. (2022).

Colored texture analysis fuzzy entropy methods with a dermoscopic application. Entropy,

24(6), 831.

� Gaudêncio, A. S., Vaz, P. G., Hilal, M., Mahé, G., Lederlin, M., Humeau-Heurtier, A., &

Cardoso, J. M. (2021). Evaluation of COVID-19 chest computed tomography: A texture

analysis based on three-dimensional entropy. Biomedical Signal Processing and Control,

68, 102582.

The following work was presented in an international conference:

� Abstract and poster presentation of Bi-dimensional colored fuzzy entropy applied to

melanoma dermoscopic imagesat the Entropy 2021: The Scienti�c Tool of the 21st Cen-

tury conference (May, 2021).

Moreover, during the Ph.D., from work in other projects the following publications were

produced:

� Vaz, P. G., Gaudêncio, A. S., Ferreira, L. R., Humeau-Heurtier, A., Morgado, M., &

Cardoso, J. (2022). Re-ordering of Hadamard matrix using Fourier transform and gray-

level co-occurrence matrix for compressive single-pixel imaging in low resolution images.

IEEE Access, 10, 46975-46985.

� Santos, P. P., Vaz, P. G., Gaudêncio, A. S. F., Morgado, M., Pereira, N. A., Pineiro, M.,

Melo, M., Pinho, TMVD & Cardoso, J. (2021, April). Compressive single pixel phospho-

rescence lifetime and intensity simultaneous imaging: a pilot study using oxygen sensitive

biomarkers. In Integrated Optics: Design, Devices, Systems and Applications VI (Vol.

11775, pp. 142-152). SPIE.

Finally, the following paper is also being prepared:

� Gaudêncio, A. S., Cardoso, J. M., & Humeau-Heurtier, A. (2024). Entropy methods for

texture analysis: a systematic review.

1.5 Courses attended during PhD

Along with the dissertation preparation, I attended 5 subjects (6 ECTS each) at the Uni-

versity of Coimbra for a total of 260 hours of training, obtaining a grade of 18.6 out of 20. The

subjects attended were:
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1. Biomedical temporal data analysis;

2. Multivariate biomedical data analysis;

3. Biomedical data pattern detection;

4. Image and video signals compression;

5. Cognitive Vision systems.

Besides, as part of my co-supervision agreement, I also attended the following courses at the

University of Angers in a total of 36.5 hours:

1. "Physique des transferts de chaleur et métrologie thermique";

2. "Introduction à l'éthique de la recherche et à l'intégrité scienti�que";

3. "How to Write and Publish your Paper";

4. "Bibliométrie et évaluation de la recherche scienti�que".

1.6 Additional activities

During November 2020 and July 2021, I was an invited Assistant Professor at the School of

Health, Polytechnic Institute of Porto, Portugal. During this period, I taught the Bioelectronics

and Acoustic Physics subjects of the Audiology bachelor course and the Radiology Protection

and Radiation Physics subjects of the Medical Image and Radiotherapy bachelor course.

During my PhD, I was also the supervisor of the following bachelor and master projects:

1. BSc internship co-supervisor of Delphine Lebret in "Three-dimensional entropy techniques

for uterine �broid texture quanti�cation" at the University of Angers (Jun-Sep, 2021).

2. MSc supervisor of the master thesis "Texture Entropy Features for Quanti�cation of

Interstitial Lung Diseases Using Multidimensional Radiological Data" of Miguel Mota

Carvalho at the University of Coimbra (Academic year 2022/2023).

3. BSc supervisor of the bachelor project "Texture entropy features for quanti�cation of

interstitial lung diseases using volumetric computed tomography data" of Maria Silva

(Academic year 2023/2024).

Finally, I also participated in other additional activities, such as:

1. Attending the EUSIPCO 2024 - 32th International European signal processing conference

held in Lyon, France.

2. Participation in the International Week of the University of Angers in 2024 by teaching

a course on "Introduction to Machine Learning using Python".

3. Speaker at the 1st edition of SoapBox Science Coimbra, 2022, organized by the University

of Coimbra.
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4. Student member of EMBS (Engineering in Medicine and Biology Society) Chapter of

IEEE UC student branch from November, 2021, to July, 2022.

1.7 Document structure

This thesis is organized as follows:

� Chapter 2 presents a bibliographic systematic review study on entropy-based texture

descriptors for biomedical applications; moreover, the main state-of-the-art entropy-based

algorithms proposed in the last years are described.

� Chapter 3 includes a brief description of each pulmonary pathology depicted in this

dissertation as well as the latest methods used for their detection.

� Chapter 4 starts with the mathematical description of the Shannon-based EBAs that

were proposed and developed; then, the materials and methods used to evaluate these

algorithms are depicted; �nally, the results obtained with these EBAs are detailed and

discussed.

� Chapter 5 includes, similarly to the previous chapter, the mathematical description of

the conditional-based EBAs that were proposed and developed; then, the methods and

materials used to optimize and characterize the algorithms are described; to conclude,

the results are reported and these are thoroughly discussed.

� Chapter 6 includes a comparison study of the proposed and developed Shannon-based

and conditional-based entropy algorithms in this dissertation. Additionally, some global

remarks and characteristics of these EBAs are discussed.

� Chapter 7 summarizes the main results, with �nal remarks regarding the proposed EBAs

depicted in this dissertation. Some perspectives for this work are also presented.
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Chapter 2

ENTROPY FOR TEXTURE ANALYSIS

Over time, multiple texture analysis methods have been proposed. Herein, a number of

techniques usingentropy for texture analysis are detailed.

First, a systematic bibliographic review is described. This study highlights the main methods

and applications of entropy-related techniques with the purpose of image and texture analysis.

Then, based on information theory, Shannon and Conditional entropy-based algorithms are

depicted, highlighting the literature advances in these topics so far.

2.1 Systematic bibliographic review

2.1.1 Preamble

Using Elsevier's Scopus search tool, the following keywords were used to select the papers

for this systematic literature review:

� entropy;

� imag* OR volum* OR multidimensional OR three-dimensional OR two-dimensional OR

2d OR 3d;

� medical OR bio* OR physiologi*;

� texture;

where the symbol � indicates several possible word endings, for example, forimag* the search

includes every word started with imag like image, images, imaging, etc.

Besides these keywords, only papers written in english after 2018 were considered, making

the �nal list of papers a total of 549 papers. This research was conducted by 10th of june of

2024. Once this list was obtained, several factors were considered to proceed the analysis and

include the papers. Whenever a paper did not ful�ll these requirements, it was excluded. The

requirements were as follows:

� Human data only (excluding phantoms and data of mice or other animals);

� Case studies were not considered (N<5);

� Entropy was applied for texture analysis on images and/or volumes (excluding entropy

as a metric evaluation);

� Book chapters, review papers, and abstracts were not considered;
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� Papers must have a Digital Object Identi�er (DOI);

� Finally, retracted papers were immediately excluded.

After going through all 549 papers to verify if they ful�lled these requirements, this led to

a total of 326 papers from the original list. Given the criteria, 63 papers were excluded for not

having studied human data, one paper had a sample of less than �ve observations, and 121

papers were excluded for not using entropy as a texture descriptor. In addition, 2 documents

were excluded for being book chapters, 23 review papers, 1 abstract, 10 papers without DOI,

and 2 retracted papers were also excluded.

2.1.2 Bibliographic review

Image analysis and processing can be of great importance, especially for the medical �eld.

Several techniques have been proposed for texture analysis. As of now, multiple techniques exist

for extracting features with entropy-based texture analysis.

The information about all the papers chosen for this bibliographic study is summed up

in Appendix A, Table A.1. It shows the authors, the entropy de�nition used on the paper, the

biomedical application, the datasets used for the study (if they are public, citations are included),

and a short summary of the methods and results of the paper. The most recent papers are shown

�rst. The order of these papers is according to the �le produced by Elsevier's Scopus searching

tool.

As indicated below, Table A.1 lists four distinct categories of techniques. Shannon's entropy

measure will �rst be detailed. Subsequently, the section will discuss Gray-level Co-occurrence

matrix (GLCM) entropy, entropy-based algorithms, and alternative methods for extracting en-

tropy. In the end, a global analysis is presented by discussing the main imaging sources and

biomedical applications, among other topics.

Shannon's entropy or �rst-order entropy (ShEn)

Entropy relates to the degree of randomness and irregularity present in data [1]. Shannon

[1] �rst de�ned entropy as an amount of information [1]. From the histogram analysis of images

and volumes, Shannon's entropy (ShEn) can be derived as follows [1]:

H (X ) = �
NX

i

p(i ) log(p(i )) ; (2.1)

where p(i ) (with i = 1 ; : : : ; N ) represents the set of probabilities of the intensity i occurring

within the image or volume X X . This technique is also often referred as the �rst-order statistics

entropy feature (entropy1st ). The Shannon information theory equation allows to quantify the

statistical complexity of a nonlinear system that can be composed of order and disorder [2]. As
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indicated in Table A.1, numerous studies included the extraction of ShEn to study the texture

of images and volumes [3�112].

Please notice that ShEn or entropy1st is a speci�c entropy-based algorithm. However, given

that this is a widely used technique in the literature to describe texture, as indicated in Table

A.1, this section was dedicated to entropy1st . The remaining used EBA are discussed later on.

Gray-level co-occurrence matrix (GLCM) entropy or second-order entropy

On the other hand, sometimes referred to as second-order statistics, entropy can also be

de�ned through the use of a gray-level co-occurrence matrix (GLCM). Haralick et al. [113] were

the ones who �rst proposed this matrix. It allows the extraction of several texture features, like

entropy, homogeneity, and correlation, among others. This matrix is implemented to quantify

the texture properties of an imageI using a matrix of relative frequenciesP(i; j ), with resolution

cells at a certain distanced, for the intensity levels i and j . TheseP(i; j ) frequencies are also a

function of the angular relationship � between these resolution cells [113].

Usually, only 45-degree quantized angles are established, i.e.,� = 0 ; 45; 90 or 135 degrees

[113]. Haralick's features or GLCM-based features can be obtained for a speci�edd and � .

However, in most cases, when using these texture parameters, the �nal values are based on

averaged results for several� and d-values, for example, using1 � d � 10 and � = [0 ; 45; 90; 135].

In Figure 2.1, the representation of the possible directions� given a certain d for a pixel

(i; j ) (in green) is shown. The di�erent possible directions are represented in di�erent colors for

the hypothetical distance d. The pixels within the angle � = 0 are shown in red; pixels within

45 degrees are in blue, pixels within 90 degrees are in yellow; and pixels within 135 degrees are

in orange.

Figure 2.1 � Schematic diagram of the angular� and distanced relationships for a certain pixel
(i; j ) of an imageI .
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Accordingly, these features can be de�ned using the probability estimationp(i; j ) for each

value in the co-occurrence matrixP as follows [113]:

p(i; j ) =
P(i; j )

n
; (2.2)

where P(i; j ) represents the number of times the pixel(i; j ) of intensity i and j occur in the

image I , and n is the sum of the co-occurrence matrix's elements.

In Figure 2.2, an example of how theP(i; j ) matrix can be obtained is shown. The co-

occurrence matrix P(i; j ) is shown for an imageI that is 5 � 5 and has 8 possible gray-level

intensities. The distance is set to 1 and the direction is set to � = 0 . In the red rectangles

on the left, one can observe that the pair of intensity levels [1, 2] occur twice. Given this, the

co-occurrence matrix, on the right, is �lled with this occurrence for the corresponding position.

Similarly, in another red rectangle, the pair [5,1] occurs once and therefore, this is indicated in

the corresponding position ofP(i; j ) on the right.

Figure 2.2 � Example of a co-occurrence matrixP(i; j ) (right), using d = 1 and � = 0 , for an
image I (left) with 5 � 5 pixels and 8 possible gray-level intensities.

Given the previous steps, once GLCM is established, GLCM-based entropy can be de�ned

according to equation 2.3 [113].

Ent GLCM =
NgX

i

NgX

j

p(i; j ) log p(i; j ) ; (2.3)

where Ng is the number of intensity levels, andi and j are the intensity levels occurring in the

image I .

As shown in Table A.1, a number of authors used this GLCM-based entropy feature to

describe texture in images [21, 30, 45, 46, 48, 65, 108, 114�140].
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In addition, besides using GLCM entropy, in Table A.1, one can observe that additional

GLCM-based de�nitions of entropy appear. Some authors de�ne alternative de�nitions obtain-

ing, for example, di�erence entropy (Di�E) as follows [141]:

Dif fE =
NgX

k=0

px� y(k) log2 px� y(k) ; (2.4)

where Ng is the number of intensity levels, k is set according tok = ji � j j and 0 � k � Ng � 1,

and px� y(k) is de�ned as:

px� y(k) =
NgX

i =1

NgX

j =1

p(i; j ); where k = ji � j j: (2.5)

Moreover, sum entropy (SumEnt) can also be applied [141]. Please see equation 2.6.

SumEnt =
2NgX

k=2

px+ y(k) log2 px+ y(k) ; (2.6)

where Ng is the number of intensity levels,k is set according tok = i + j and 2 � k � 2Ng, and

px+ y(k) is de�ned as:

px+ y(k) =
NgX

i =1

NgX

j =1

p(i; j ); where k = i + j: (2.7)

In [55, 58, 137, 142�147] the authors use some of these GLCM-alternative entropy de�nitions.

Entropy-based algorithms (EBA)

Several EBA [120, 148�150] have also been proposed to extract texture descriptors of di�erent

imaging modalities applied to multiple biomedical applications.

As it will be described later on, EBA can be derived from Shannon's entropy de�nition or

from conditional-based algorithms. The �rst type of EBA implements techniques to obtain a

set of probabilities related to the image or volume, and then Shannon's entropy equation (see

equation 2.1) is applied. When these probabilities are obtained through a histogram technique,

we obtain entropy values according Shannon's entropy [1] as mentioned earlier. Nevertheless,

when using more sophisticated methods to obtain these probabilities, one de�nes these entropy

algorithms as Shannon-based EBA. One example of Shannon-based EBA is Tsallis' entropy [151]

as shown in [120]. In this study, besides studying GLCM-based entropy and Tsallis' [151] entropy,

Tsallis-Fuzzy's [152], Kapur's [153], Rényi's entropy [154], and maximum entropy (MaxEnt) [155]

were also used to automatically detect epilepsy data [120].

In another study, Pham et al. [156] also applied several Shannon-based EBAs like Rényi's
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[154] and MaxEnt [155] to identify arrhythmias in EEG. In addition, based on a more recent

technique, two-dimensional multiscale permutation entropy (MPE2D ) has also been used to

detect malignant cells [157].

Furthermore, EBAs can also be obtained through conditional-based techniques where entropy

is no longer obtained using equation 2.1. Shortly, squared windows of sizem � m (or cubes of

m3 for 3D data) are de�ned and called m-sized templates. The number of similarm-sized, � m ,

and m + 1-sized templates,� m+1 , obtained within the image (or volume) is calculated and then

used to obtain entropy as follows:

Ent EBA = � ln(
� m+1

� m ) : (2.8)

These conditional methods can be di�erent, for example, given the technique they use to

account for templates' similarity or which templates should be accounted for in calculations.

Some examples of this type of entropy-extraction procedures can be named: the conditional-

based technique for colored two-dimensional data given the fuzzy entropy, FuzEn, de�nition

[148], two-dimensional approximate entropy (ApEn2D ) [158, 159], used in [149] to study RNVG

phase images of breast cancer patients, and three-dimensional multiscale dispersion entropy

(MDE 3D ) used to look for biomarkers that could predict patients' prognosis and symptoms

severity of uterine �broids [150].

Other methods

Additional options can include entropy based on gray level run length matrix (GLRLM) [160],

zone entropy obtained with gray level size zone matrix (GLSZM) [161], or entropy obtained with

gray level dependence matrix (GLDM) [162]. For example, Subhawong et al. [24] used several

texture features, namely, entropy1st , and GLCM entropy, but also entropy de�nitions using

GLRLM, GLSZM, GLDM [24].

GLRLM features are based on "gray level runs," which are sets of consecutive equal intensity

values within an image, with the length of the run being the number of points included in the

run [160]. Therefore, it is possible to compute a GLRLM,P(i; j j� ) based on(i; j ) pixels for runs

of length j and intensity levels i , for a certain direction � [141, 160]. Given this, among the

possible GLRLM features, run entropy (RE) can be de�ned as [141, 160]:

RE = �
NgX

i =1

N rX

j =1

p(i; j j� ) log2(p(i; j j� )) ; (2.9)

whereNg is the number of discrete intensity values,N r is the number of run lengths, andp(i; j j� )

is the normalized P(i; j j� ) matrix by N r (� ), where N r (� ) is the number of runs in the image for

� [141]. This run entropy de�nition and/or other GLRLM texture features [160] have been used
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in [24, 32, 40, 46, 55, 57, 76, 98, 137, 142, 143, 147, 163�167].

Moreover, zone entropy (ZE) can be de�ned using GLSZM concept of "gray level zone" [161].

A gray-level zone can be de�ned as an area with the same intensity. In opposition to GLCM and

GLRLM, this matrix is independent on rotation, i.e., only one matrix is computed regardless

of direction [161]. Therefore, this matrix P(i; j ) can be de�ned as the number of zones whose

element (i; j ) has zones ofi -level intensity and j -size. This leads to a de�nition of zone entropy

as in equation 2.10 [141, 161].

ZE = �
NgX

i =1

N sX

j =1

p(i; j ) log2(p(i; j )) ; (2.10)

where Ng is the number of discrete intensity values,Ns is the number of zone sizes, andp(i; j )

is the normalized P(i; j ) matrix version by Nz (number of zones within the ROI) [141, 161].

Studies like [24, 32, 40, 55, 76, 142, 147] also used zone entropy and other GLSZM features

such as gray-level non-uniformity or gray-level zone emphasis to describe texture.

On the other hand, as an alternative to these matrices, GLDM was proposed to quantify

gray-level dependencies [162]. A dependency can be depicted as a certain number of neighboring

voxels j that are connected within a distance (d) and dependent of the center voxeli . This

dependency must meet the conditionji � j j � � . ConsideringP(i; j ) as the gray level dependence

matrix, let dependence entropy (DE) be de�ned as [162]:

DE = �
NgX

i =1

NdX

j =1

p(i; j ) log2(p(i; j )) ; (2.11)

where Ng is the number of discrete intensity values,Nd is the number of dependency sizes, and

p(i; j ) is the normalized P(i; j ) matrix version by Nz (number of dependency zones) [141, 162].

Herein, a variety of studies have employed dependence entropy or GLDM features to describe

texture properties [24, 55, 76, 97, 167, 168].

Besides these entropy matrices de�nitions, other techniques have also been employed.

Tzalavra et al. [169] implemented ShEn after obtaining curvelet coe�cients. On the other hand,

Shi et al. [163] applied a di�erent method designated as wavelet run entropy (WRE) besides

GLCM, GLRLM, and GLSZM based features.

Furthermore, using tissue signature probability matrix (TSPM), tissue signature histogram

(TSH), tissue signature �rst-order statistics (TSFOS), tissue signature co-occurrence matrix

(TSCM), among other matrices, multiple entropy features were extracted in [170].

Overall Analysis

Figure 2.3 shows each of the entropy techniques categories previously mentioned and the

corresponding number of papers including them: entropy1st , EBAs, GLCM-based entropy, or
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Figure 2.3 � Amount of papers that used each of the described techniques: Shannon's entropy,
GLCM-based entropy, EBA, and other methods.

other methods (such as zone entropy, run-length entropy, etc.). For more details, please see

Table A.1.

Herein, entropy has been used as a texture-related feature for multiple purposes, one of

them being the detection of diseases by implementing classi�cation models [40, 45, 48, 58, 81,

102, 115, 118, 120, 124, 145, 156, 166, 171�183]. Additionally, these entropy features have also

been used to di�erentiate subtypes of diseases [6, 12, 13, 15, 70, 82, 106, 130, 184, 185], as

potential biomarkers for prognosis, recurrence free survival (RFS) [186], overall survival (OS)

and/or progression-free survival (PFS) [6, 17, 22, 23, 25, 26, 28, 53, 64, 65, 68, 71, 77, 80, 83,

86, 92, 103, 112, 129, 131, 132, 136, 142, 147, 187, 188].

The primary objective is to characterize the information contained in the images or volumes

of their datasets in order to o�er valuable insight into these diseases. In light of this, numerous

biomedical �elds were included, like cancer [4�6, 8, 10, 12�15, 17�19, 22, 23, 25�29, 114�117,

119, 121�123, 125�127, 129�131, 148, 149, 157, 169, 189, 190], lung diseases [6, 16, 21, 25, 29,

117, 124, 131, 189], prostate-related applications [4, 11, 122], and diabetes [118], among others.

In Figure 2.4, the most common biomedical applications in this review study are displayed, as

well as the number of papers that approach them.

Additionally, entropy-based texture analysis is an interdisciplinary tool that can be employed

in several imaging techniques. Here, a variety of imaging methods are used to extract entropy,

such as magnetic resonance imaging (MRI) in [4, 11, 12, 18, 20, 24, 26, 28, 30, 31, 37, 38, 40,
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Figure 2.4 � The most common biomedical applications in the review bibliographic study (in
squares) and the quantity of papers that address them (in circles).

45�47, 49, 56, 58, 65, 71, 73, 75, 79, 81, 84, 85, 89, 90, 94�96, 101�103, 109, 112, 114, 118, 122,

126, 128, 130, 138, 140, 143�145, 150, 164, 166, 170, 174, 175, 180, 184, 185, 191�235], ultrasound

(US) images in [5, 50, 54, 69, 97, 100, 110, 134, 137, 145, 165, 171, 179, 236�241], computed

tomography (CT) scans in [8, 10, 14�17, 21, 23, 27, 29, 33, 34, 36, 41, 44, 47, 52, 53, 57, 59�62,

64, 68, 70, 74, 76�78, 80, 82, 83, 88, 90�93, 104�107, 117, 125, 135, 146, 163, 173, 181, 186, 189,

193, 242�273], positron emission tomography (PET) scans in [26, 55, 90, 98, 108, 132, 133, 203,

274�279], positron emission tomography and computed tomography (PET/CT) images in [6, 22,

25, 32, 39, 43, 51, 86, 121, 123, 129, 131, 142, 147, 167, 188, 231, 280�283], X-rays scans in [48,

118, 284�289], dermoscopic images in [139, 148, 290�292], �uid-attenuated inversion recovery

(FLAIR) MRI in [102, 166, 221, 293], and microscopic images in [190, 294�296]. One important

remark is that many of these techniques also apply texture analysis to �ltered images [11�15,

23, 26, 28, 29, 36, 41, 44, 47, 52, 53, 56, 60, 64, 74, 75, 77, 80, 82, 83, 87, 91�93, 96, 99, 104�

106, 112, 144, 175]. In MRI, for example, it is quite common to have images processed using

Gaussian �lters, i.e., spatial scale �lters (SSF). Spatial �ltering refers to the selective removal

of certain spatial frequencies, leading to image changes [297]. These �lters can be classi�ed as

�ne- to coarse-�ltering (from 2 to 6 mm). As described in Table A.1, Laschkar et al. [11] used

spatial �ltering to extract features from MRI to evaluate prostate zonal anatomy. This has been

revealed useful since entropy of the peripheral zone of prostate was only signi�cantly linked with

transitional zone-whole gland ratio when SSF images were used [11]. In [13], entropy was found

to be signi�cant for several assumptions when �ltering was applied. Furthermore, when using

SSF with �rst-order characteristics, instead of extracting only 6 parameters (skewness, entropy,

kurtosis, MPP, mean, SD) without �ltering, one can obtain at least 18 more features based on
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3 di�erent SSF [26, 28]. Andersen et al. [29] also used SSF, however, this was applied to CT

images. Finally, Cao et al. [44] showed that, when using both �ltered-based and non-�ltered

texture features, a model to predict colorectal cancer (CRC) can lead to excellent results (AUC

of 0.995; sensitivity of 100%, and speci�city of 93.7%).

Entropy can be, in fact, a powerful texture descriptor for imaging purposes. For example,

Subasree et al. [116] reported that including entropy in the classi�cation model actually im-

proved the performance by at least 25% in detecting the di�erent conditions (normal, benign,

and malignant images) [116]. Several studies also show that entropy-based features can be the

determining factors in predicting a certain condition. For example, in [86], authors showed that

entropy1st (extracted from standardized uptake value - SUV) was one of the strongest indepen-

dent predictors of OS [86]. In another study, when comparing mutated gliomas and non-mutated

gliomas, GLCM-based entropy was the best independent feature (AUC of 0.724) [166].

Furthermore, in some studies, greater entropy values have been signi�cantly associated with

benign lesions [7, 110]. Nonetheless, the opposite has also been veri�ed [29], leading to the

conclusion that this comparison perhaps depends on the application, imaging source, entropy

de�nition, etc. Choudhery et al. [13] reported that tumors before treatment had higher entropy

[13]. Additionally, when analyzing metastatic patients, higher entropy values were found to be

signi�cantly associated with shorter PFS and shorter OS [22]. Kimura et al. [132] also found that

higher entropy was statistically linked to worse PFS and OS when analyzing preoperative images

of oral squamous cell carcinoma patients [132]. When studying metastatic urothelial cancer,

patients who had higher entropy on the �rst follow-up consult were signi�cantly correlated with

PFS lower to 12 months [52]. Finally, Lebret et al. [150] also veri�ed that patients with previous

history of �broids had a signi�cant relationship with higher entropy values [150].

2.2 Shannon entropy-based algorithms

The following section will �rst describe one-dimensional Shannon-based algorithms. Then,

two- and three-dimensional methods will be discussed.

2.2.1 One-dimensional (1D) algorithms

Shannon's Entropy (ShEn)

In 1948, when Shannon [1] introduced entropy, its concept was to quantify the information

content within a signal. Within this domain, entropy denotes the transformation of a quantity

from a state of order to disorder, or a rise of uncertainty [298]. Shannon's entropy (ShEn) is a

statistical method to determine the entropy of a given signal [1, 298�300].

Shannon [1] suggested the implementation of a logarithm-based metric to evaluate the

amount of information in a message contained within a communication system (see equation
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2.1). Furthermore, ShEn neglects temporal dependencies [300]. Many studies [3�11, 13, 15�17,

19, 138, 149, 176, 301�309] have been proposed as alternative entropy algorithms but based on

the famous equation 2.1. For more regular system dynamics, a lower entropy value is expected.

For higher irregularity and disorder systems, higher entropy values should be obtained. A signal

is associated with a higher entropy value when it has high variability and a random implicit na-

ture [310]. Fig.2.5 presents the chronological order of the proposed EBA (inspired by the �gure

in [299]).

Figure 2.5 � Timeline of the major entropy-based algorithms proposed for biomedical applica-
tions.

Tsalli's Entropy (TEn)

Also based on ShEn, Tsallis' entropy (TEn) de�nition was subsequently introduced [151].

Knowing the probability distribution of a �nite set, pi , and considering the order � , TEn is

de�ned as [151, 299]:

TEn =
1

� � 1

 

1 �
nX

i =1

(pi ) �

!

: (2.12)

Rényi's Entropy

Additionally, Rényi entropy [154] was suggested for reducing the problems involved when

studying mutually independent random variables. Similarly to the Tsallis' approach, given an
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order � and a set of probabilities, pi , Rényi entropy is de�ned as [154, 299]:

R =
1

� � 1
ln

 nX

i =1

(pi ) �

!

: (2.13)

Maximum and Minimum Entropy (MaxEnt and MinEnt)

A few years after ShEn, Jaynes [155] proposed the Maximum Entropy (MaxEnt), which is

a less biased entropy method than ShEn. Its main goal was to improve the estimation of given

information [155, 298].

In 1975, Posner [311] proposes to use the following de�nition of minimum entropy (MinEnt):

H " = min
Gi �A "

X

i

p(Gi ) log
1

p(Gi )
; (2.14)

where" represents the partitions of the variable (based on Borel sets),p represents the probability

distribution, A " is the class of the countable partitions. According to this, H " corresponds to

the minimum bits required to describe the variable in question within " [311].

Permutation Entropy (PerEn)

In 2002, Bandt and Pompe [312] suggested the use of permutation entropy (PerEn) [312].

This Shannon-based algorithm is one of the most simple, robust, and low-cost computational-

based entropy metrics [300, 312]. Based on permutation patterns to determine entropy, the idea

for PerEn was to overcome some of the drawbacks of previous entropy-based algorithms. For

example, as ShEn does not consider temporal patterns in the calculations, the dependency in

the time domain is neglected [300]. Other methods rely on the probability distribution of the

time series, as will be described later on, but there can be some parameters to adjust. Also,

although these techniques might allow describing the global dynamics of the time series, they

are not necessarily equivalent in how the details are characterized [300].

Consider a time seriesf x i g with i = 1 ; : : : ; N (N -length) [312]. The order of permutation, D ,

corresponds to the size of the permutation patterns,� . This means that each pattern � has m

elements. Therefore, one can state that there arem! possible permutation patterns. The pattern

� is obtained by rearranging the original D -sized pattern intensities in ascending order. The

permutation pattern is derived from the rearranged positions of the intensity values. Figure 2.6

shows the main procedures involved in calculating PerEn.

Consider, for instance, a signalx = f 0:1; 0:6; 0:2; 0:1; 0:9; 0:7; 0:8; 0:2; 0:5; 0:3; 0:5; 0:4g. This

signal is represented in step 1 of Figure 2.6. First, vectors ofm length are extracted (step 2).

When m = 2 , this means that in this case, N � m + 1 = 11 vectors are extracted and then

transformed into permutation patterns. The vectors are f 0:1; 0:6g, f 0:6; 0:2g, f 0:2; 0:1g, and
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so on, until obtaining the last vector f 0:4; 0:5g. Once these vectors have been rearranged in

ascending order, the intensity values are substituted with their original (initial) positions. As

only m! = 2 permutations are possible, the pattern can be either� j = f 0; 1g or � j = f 1; 0g

(please see step 3 of Figure 2.6). For the vectorf 0:1; 0:6g, since the vector is already sorted in

an ascending order, the corresponding permutation pattern is� j = f 0; 1g. On the other hand,

the vector f 0:6; 0:2g must be rearranged, which leads to the permutation pattern� j = f 1; 0g. If

m = 3 , there will be m! = 6 permutation patterns ( f 0; 1; 2g, f 0; 2; 1g, f 2; 0; 1g, f 1; 0; 2g, f 1; 2; 0g,

and f 2; 1; 0g). The authors suggest that the length of the series should be considerably greater

than the number of possible permutations (N � m!) and to use 3 � m � 7 [312].

According to Bandt and Pompe [312], the probability of each� j must be obtained to deter-

mine the entropy value:

p(� j ) =
C(� j )

N � m + 1
; (2.15)

where C(� j ) represents the occurrence of the pattern� j . In Figure 2.6 this procedure is rep-

resented in the fourth step. For the signal here exempli�ed, it is easy to see that there are 6

� j = f 1; 0g and 5 � j = f 0; 1g.

Using the de�nition of Shannon [1], we can de�ne the quantity of entropy for D � 2 normal-

ized by the size of permutation pattern (m) as [312]:

PerEn = �
1

m � 1

D !X

j =1

p(� j ) log(p(� j )) : (2.16)

As mentioned in [300], some patterns do not occur in a time series. These are calledforbidden

patterns. This can happen as a result of the intrinsic nature of the time series such as its �nite

length. Zanin et al. [300] studied the decay of forbidden patterns as a function of bothm and

N . They concluded that for stochastic based time series, using a �xedm-value, these depend

on the N and its correlation structure. On the other hand, the standard deviation (SD) of

the decay decreases for increasingm values, which is consistent with longer patterns having

more temporal information [300]. One of PerEn [312] problems is that there is the assumption

of a continuous distribution, therefore, when equal values are rare they can be ignored when

ranked. The authors proposed to rank the equal permutation vectors according to their order of

emergence or by adding noise. The �rst approach can lead to equal PerEn values anyway, and

the second one might lead to imprecise results [312, 313]. This can reveal to be not the best

strategy for digitized signals. In addition, PerEn [312] can also be very sensitive to noise [304].

Finally, the most frequent applications of PerEn [312] are electroencephalogram (EEG) [313,

314] and heart rate variability (HRV) [306] analysis. There are also applications in the economic

�eld [176, 315], automatic recognition using vibration signals [316], and fault diagnosis [317].

65



Part, Chapter 2 � Entropy for texture analysis

Figure 2.6 � Main steps of PerEn algorithm with practical examples (in blue).

Distribution Entropy (DistEn)

Another approach is distribution entropy (DistEn), which emerged from a probability density

estimation-based technique [301]. As it will be explained further on, some conditional-based ap-

proaches may exhibit unstable behaviors for shorter signals and are parameter-sensitive. DistEn

was developed with the goal of addressing this [301].

First, given a certain signal, x , vectors with a starting position i and length m are obtained

[301]:

xm
i = f x i ; : : : ; x i + m� 1g ; (2.17)

with m being the embedding dimension parameter,xm
i the m-sized template vector, and1 �

i � N � m + 1 . In Figure 2.7, this procedure is represented by steps 1 and 2 (�rst two green

boxes).
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Then, a distance matrix, D , is de�ned by sweeping the total number of templates,Nm =

N � m+1 , and obtaining the distance between them,dij . Therefore,D = dij , where the elements

with i = j are removed to reduce bias. The distancedij between the two templates is de�ned as

in equation 2.18 (please see step 3 in Figure 2.7).

dij = d[xm
i ; xm

j ] = max jxm
i � xm

j j ; (2.18)

dij , represents the maximum absolute di�erence between the elements of the templatei and j .

Afterwards, the distribution is obtained using a histogram for the estimation of the empirical

probability density function (ePDF). This histogram allows de�ning the set of probabilities, pt ,

for t = 1 ; : : : ; M , where M is the number of bins of that histogram (step 4 of Figure 2.7). The

probability corresponds to the frequency of each bin. Then, the authors apply the ShEn [1].

However, as one can observe in Figure 2.7, step 5, the �nal entropy value is normalized and

DistEn is de�ned as follows [301]:

DistEn (m) = �
1

log2(M )

MX

t=1

pt log2(pt ) : (2.19)

DistEn [301] compared to other conditional-based metrics was considered to be independent

to variance, and less dependent on parameters [301, 318]. Furthermore, DistEn achieved highly

distinctive curves for a variety of signals (periodic and stochastic) and lower SD values for

shorter signals, surpassing other metrics [301]. However, the DistEn curves are not as steady for

instance, fuzzy entropy (FuzEn) curves.

Dispersion Entropy (DispEn)

Another method for determining entropy is dispersion entropy (DispEn) [319]. This algorithm

aimed to overcome some constraints of a few conditional- and Shannon-based metrics, like slow

computation and amplitude mean value exclusion [319].

Figure 2.8 shows how DispEn can be obtained. Let us examine a signalx consisting of N

points. Each elementx i (i = 1 ; : : : ; N ) is assigned an integer value that ranges from 1 toc, where

c represents the number of classes [319]. The mapped signal is now called� (see step 2 of Figure

2.8). The number c allows to balance the quantity of entropy estimation with the possible loss

of information [304].

The mapping procedure can be done in multiple ways, such as linear mapping, sorting map-

ping, and the normal cumulative distribution function (NCDF), among others. In the example

of Figure 2.8 for simpli�cation purposes, the linear mapping was chosen. When using a linear

approach, the mapping is fast. Nevertheless, if the extreme values of the signal (minimum and

maximum values) are much smaller or larger than the mean or median value ofx, the x i values
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Figure 2.7 � Diagram of DistEn algorithm main calculation steps with an example of how to
obtain the distance values and extract templates.

will be distributed through a few classes [319]. Therefore, alternatively, the NCDF technique

can be applied. Rostaghi and Azami chose the latter where, �rst, the signalx is transformed to

x0 so it varies from 0 to 1. Afterwards, each of thesex0
i elements is assigned to an integer from

1 to c, obtaining � with a linear approach [319].

Then, the embedding vectors� m;c
i are extracted from the mapped signals as follows [319]:

� m;c
i = f � c

i ; � c
i +1 ; : : : ; � c

i + m� 1g (2.20)

with i = 1 ; : : : ; N � m + 1 , m is the embedding parameter, andc is the number of classes [319]

(see step 3 in Figure 2.8).

From each embedding vector, � m;c
i , dispersion patterns, � m;c

j are obtained, where j =

1; : : : ; cm (see step 4 in Figure 2.8), whose elements are the mapped valuesf � m;c
i ; : : : ; � m;c

i + m+1 g

[319].

Once the dispersion patterns are established, the relative frequency of each� m;c
j is obtained

as [319]:

p(� m;c
j ) =

C(� m;c
j )

N � m + 1
; (2.21)
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where j = 1 ; : : : ; cm , and C(� j ) corresponds to the number of times� m;c
j repeats itself within � .

Finally, using ShEn de�nition [1], DispEn is obtained [319]:

DispEn (m; c) = �
1

cm

cm
X

� =1

p(� m;c
j ) ln( p(� m;c

j )) : (2.22)

One of the advantages of this metric is that the time and frequency dependencies are included

[320]. Compared with PerEn, this algorithm is sensitive to frequency, amplitude, and bandwidth

changes, and also demonstrates better discrimination of several biomedical and mechanical dy-

namics [304].

Symbolic dynamic entropy (SDE)

In 2017, Li et al. [321] introduced a new entropy algorithm: symbolic dynamic entropy

(SDE). This algorithm is based on a symbolization technique of the signal and computation of

state patterns and their transitions [321].

For a time series x of length N , the amplitudes of its elements x i (1 � i � N ) can be

transformed into " symbols (symbolization). Therefore, the time seriesx can now be represented

by its symbolized versionz. This step is represented in Figure 2.9 (step 1). For the elementx i ,

if the amplitude corresponds to the " th cell, then the corresponding symbolizedzi element

corresponds to the symbol� " . The amplitude values can be partitioned into " cells using a

uniform partition or maximum entropy partitioning (MEP) procedures [322, 323]. Here, it is

chosen by the authors to use MEP given its adaptive segmentation [321].

Afterwards, embedding vectors are constructed based on an embedding dimensionm and

time delay � . For simpli�cation purposes, let's consider � = 1 . Therefore, the embedding vectors

zm
j with j = 1 ; : : : ; N � m + 1 can be represented as follows [321]:

zm
j = f zi ; : : : ; zi + m� 1g ; (2.23)

where 1 � i � N and j = 1 ; : : : ; N � m + 1 [321].

Figure 2.9 shows how vectors of size m = 2 points can be constructed

(step 2) after obtaining the symbolized version (" = 2 ) of the time series

f� 1:3; 3:0; 0:7; � 0:1; 0:7; � 0:2; � 0:1; 1:5; 1:4; 1:4g.

Then, it is veri�ed if these embedding vectors correspond to a speci�c state patternq";m
k

with k = 1 ; 2; : : : ; "m . Since eachzm
j vector has m-points and can have di�erent " symbols, the

number of possible state patternsq";m
k is de�ned as "m [321]. Step 2 of Figure 2.9 also shows

how to obtain the possible state patternsq";m
k when m = 2 and " = 2 .

For "m possible independent state patterns, the probability of a potential state pattern

P(q";m
k ) can be computed as:
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Figure 2.8 � Diagram of DispEn main procedures with an example based on linear mapping of
the signal.
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P(q";m
k ) =

C(q";m
k )

N � m + 1
; (2.24)

where C(q";m
k ) corresponds to the occurrence ofq";m

k within the set of embedding vectors (or

templates) z";m
i . This algorithm can compute the state patterns associated withN � m � 1

vectors but, the last vector does not have an associated transition [321]. Please see step 3 of

Figure 2.9 to verify how one can compute these probabilities based on the example given in this

diagram.

Furthermore, as mentioned earlier, for each vector the associated transition must be identi-

�ed. Given that the transition can correspond to one of the possible� b symbols with b = 1 ; : : : ; " ,

there are" possible transitions. The state transition probability, P(� bjq
";m
k ), associated with each

q";m
k can be de�ned as a conditional probability of the transition � b given that the vector z";m

i

corresponds to the state patternq";m
k . Assuming that the condition represented in equation 2.25

is satis�ed, then, the state transition probability is de�ned as in equation 2.26 [321] (please see

step 4 of Figure 2.9).

"X

b=1

P(� bjq
";m
k ) = 1 : (2.25)

P(� bjq
";m
k ) =

# f � i = � b when z";m
� = q";m

k g
# f z";m

� producesq";m
k g

; (2.26)

where # represents thenumber of.

Finally, based on ShEn, the entropy value can be de�ned as the sum of the state pattern

entropy and the state transition entropy, de�ned in equation 2.27 [321] (step 5 of Figure 2.9).

H ("; m ) = �
" m
X

k=1

P(q";m
k ) � ln(P(q";m

k )) �
" m
X

k=1

"X

b=1

P(q";m
k ) ln( P(q";m

k )) : (2.27)

The H ("; m ) maximum value is ln( "m+1 ) given that P(q";m
k ) =

1
"m and P(� bjq

";m
k ) =

1
"

.

Therefore, as shown in Figure 2.9, step 6, SDE is de�ned as the normalizedH ("; m ) [321]:

SDE(x; m; " ) =
H ("; m )
ln("m+1 )

: (2.28)

Other alternatives

Dai et al. [303] proposed a measure based on PerEn [312] relying on a statistical complex-

ity measure and power spectral entropy for the analysis of the frequency domain. The authors

proposed the complexity-entropy causality plane (CECP) [303] measure. Their motivation was

to obtain an entropy-based method that did not require optimizing several parameters. CECP
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Figure 2.9 � Diagram of the main steps of SDE with practical examples throughout the theo-
retical steps.
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is obtained by combining the following quantities: the information, the disequilibrium, and the

complexity measure [303]. The latest is based on theLópes-Mancini-Calbert complexity (LMC)

[2]. Using CECP it is possible to describe systems' dynamics and to have more powerful dis-

crimination of several periodicities and chaos degrees [303].

The amplitude-aware permutation entropy (AAPE) [313] can be another alternative. This

technique can be applied to signal segmentation and spike detection. Although PerEn has some

useful advantages, when the amplitudes of embedding vectors are equal, this particular informa-

tion is also not considered [313]. The information given by amplitude might be crucial in many

classi�cation problems [324]. As the information given by amplitude can be crucial, the authors

developed the AAPE that is sensitive to variation of both amplitude and frequency, being also

more �exible than PerEn [313].

Another variation of permutation entropy is bubble entropy (BEn) [314]. The main goal was

to reduce the in�uence of parameters similarly to CECP [303] strategy. The BEn [314] approach

relies on sorting relations in opposition to ordinal patterns. This approach counts the number

of sample swaps required to �nd the ordered sub-sequences instead of counting order patterns

or permutation patterns. BEn does not require a tolerance parameter and is independent of

m� values when this parameter is very large. Moreover, peaks are given additional importance

without discarding lower values. A reduction of possible unique values is also observed, converg-

ing faster than PerEn. Overall, in [314], BEn is shown as a more stable technique with better

discriminating power than PerEn [314].

The authors of [325] also proposed the �ne-grained permutation entropy (FGPE) to overcome

the lack of amplitude information in PerEn. This approach maintains the simple, robust, and fast

computation; however, it improves the performance of determining dynamic variation within the

time series. To obtain the amplitude information of the time series, FGPE calculations include

a quanti�cation factor, q, that quanti�es the di�erence between the neighboring elements of a

given point. The authors were able to verify, when using a EEG dataset, that FGPE achieves

better curve discrimination between normal and seizure groups than the standard PerEn [325].

As an alternative metric, weighted permutation entropy WPE was proposed to detect abrupt

signal variations in amplitude. This approach is known for relying on a weight factor, wj . This

wj factor is included when the relative frequencies are obtained. The authors concluded that for

signals with high amplitude variations, WPE [326] is a better choice than PerEn [326].

Cuesta Frau [324] compared several metrics like PerEn, WPE, FGPE, and AAPE. The

authors concluded that metrics including amplitude's information perform better than the stan-

dard PerEn in the classi�cation of several datasets. Although some of these alternatives achieve

better results in a particular dataset than others, in general, the PerEn underperformed when

comparing accuracy values. From this analysis, it was possible to conclude that FGPE is the

most accurate but complex measure. Moreover, if a simpler measure is required, the WPE can
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be a good choice [324].

Based on symbolic patterns and amplitude information, a novel metric was proposed: Slope

entropy (SlopEn) [327]. This approach was designed to be simple, requires low memory usage,

has a low computational cost, and a low dependency on parameters. This metric uses a dictionary

(� 2; � 1; 0; +1 ; +2 ) with each symbol referring to a certain number of slopes. These slopes are

obtained for segments that correspond to joint links between consecutive samples. There are

thresholds applied to the values of the di�erences of consecutive samples to de�ne the ordinal

patterns. Then, the relative frequency is obtained and the Shannon entropy de�nition is used

[327].

When comparing SlopEn, PerEn, and sample entropy (SampEn) in terms of classi�cation

accuracy, the authors of [327] show that SlopEn is superior to the other two approaches. Addi-

tionally, the authors show that, for several types of signals, SampEn is not as a�ected by the

m-value as SlopEn. On the other hand, PerEn shows approximately a constant behavior when

evaluating the m-values. However, SampEn and PerEn are not always e�ective in di�erentiating

distinct groups and �nding statistical di�erences. Even though the parameters of SlopEn were

not optimized, this metric was still able to achieve better performances than other literature

PerEn-based methods using the same datasets (like for example, WPE). To conclude, SlopEn is

relatively robust to di�erent signal-lengths and relatively robust to added noise [327].

In 2019, the average entropy (AvgEn) [306] was developed, particularly for heart rate time

series. One of the motivations was that ShEn does not consider sequential irregularity within

a signal. Furthermore, if using SampEn, the time series are usually normalized to have a unit

standard deviation and, therefore, the original discrete probability distribution of the time series

is not accounted for. AvgEn was proposed to re�ect the probability distribution of the time series

and its irregularity. This measure divides the original signal into consecutive and non-overlapping

sub-series. The Shannon de�nition of entropy is applied for each sub-series, and the �nal value

of entropy is given by averaging the local ShEn entropy values. AvgEn achieved very high values

of accuracy when di�erentiating subjects su�ering from atrial �brillation and congestive heart

failure, and healthy individuals [306].

In that same year, Rohila and Sharma [305] suggested using phase entropy (PhEn) also

to study HRV. The main idea was to quantify the second-order plot of phase that is broadly

used in HRV studies. Besides using real HRV time series, PhEn was tested on simulated signals

and synthetic HRV signals to study the stability, discriminating power, and computational cost.

PhEn obtains the slopes for each scatter point from the origin. The plot is divided intok sections,

each with a 2�=k angle span, wherek behaves like a coarse-graining parameter, de�ning how �ne

a section is. By adding all of the slopes within a sector, one can determine the cumulative slope

for each sector. The probabilities,p(i ), are obtained and then, the ShEn is applied. PhEn was

compared to other approaches like SampEn, FuzEn, and PerEn, obtaining better computational
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times [305]. The study also reveals that PhEn is very consistent for several data lengths. However,

it shows limited power of discrimination between colored noise signals [305].

Based on DispEn, Azami and Escudero [304] proposed the amplitude and �uctuation-based

dispersion entropy (FDispEn). FDispEn was intended to evaluate �uctuations given that the

trends of some signals are removed and, then the �uctuations are analyzed. For real datasets,

the authors concluded that DispEn is still more advantageous than FDispEn since it can have

more stable and consistent results. The authors used blood pressure and gait maturation to show

this. However, the results for these datasets using either DispEn or FDispEn show that these

measures are better than PerEn at di�erentiating several types of biomedical dynamics [304].

2.2.2 Multidimensional approaches

Based on the one-dimensional entropy algorithms, several multidimensional EBA versions

have emerged since then. These measures can be of great interest for medical imaging. Besides,

several types of two-dimensional EBA were used to extract texture feature information, and

recently some three-dimensional algorithms were proposed.

Two-dimensional permutation entropy (PerEn 2D )

PerEn is one of the simplest one-dimensional approaches that can be adjusted for images,

hence, the two-dimensional permutation entropy (PerEn2D ) [328]. This technique used the dis-

tribution of permutation probability to obtain the entropy value. PerEn 2D was reported as very

fast, like the one-dimensional version. However, it can be very sensitive to added noise [328].

Recently, Antonelli et al. [329] also adapted PerEn [312] to be applied on images to charac-

terize the roughness. The authors obtained a characteristic vector to study the mammary tissue

density which is a very important indicator for breast cancer. Using this metric the authors of

[329] were able to analyze texture allied to the best features of PerEn [312] such as simplicity,

fast computation, robustness, and invariance to certain transformations. Several strategies based

on PerEn were proposed by Antonelli et al. [329] and the best 11 descriptors were chosen as

inputs to a feed-forward network of 4 outputs. These strategies were [329]:

� Permutation entropy 2D (PE2D ) - the adaptation of the original algorithm by transform-

ing the image into a vector.

� Weighed permutation entropy 2D(WPE 2D ) - each embedding vector has a weight assigned

when the relative frequencies are being computed for each permutation pattern.

� Threshold permutation entropy 2D (TPE 2D ) - procedure as the alternatives above but

the distance is evaluated using a threshold value, obtaining, therefore, two techniques:

TPE 2D and TWPE 2D .

� Permutation entropy 2D of a binary image (PEB 2D ) - the image is clustered ton classes

according to the range of gray levels. Each pixel is replaced by its corresponding class.
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Then, this new image is processed as in PE2D .

� Permutation entropy 2D of a �ltered image (PEF 2D ) - this approach uses three low-pass

�lters in the original image and then, the PE 2D is applied to each image obtained after

the �lter.

� Permutation entropy 2D of average values(PEA 2D ) - the original image is divided into

squared sub-images with a certain embedding size. After averaging each sub-matrix,

these values are stored in a new location matrix. When weights are assigned, the WPEA

strategy is obtained.

� Permutation entropy 2D of matrix entropy values (PEM 2D ) - for each pixel and its neigh-

boring region, the PE2D , WPE2D , or TPE 2D value is calculated, obtaining a new matrix

of entropy values. Then, for each matrix, the PE2D or the WPE2D is applied.

Two-dimensional amplitude-aware approximate entropy (AAPE 2D )

Gaudêncio et al. [286] proposed an alternative two-dimensional technique: two-dimensional

amplitude-aware permutation entropy (AAPE 2D ). This method was applied to detect pneumo-

nia. Besides having statistically di�erentiated both groups, pneumonia and controls, AAPE2D

was able to classify pneumonia with 75% accuracy [286].

The implementation of this algorithm is similar to the original AAPE; however, �rst, squared

templates are extracted from the image, and then, transformed to vectors to proceed with the

PerEn calculations [286]. This technique will be further discussed and described in Chapter 4.

Two-dimensional distribution entropy (DistEn 2D )

Based on DistEn [301], Azami et al. [330] proposed the bidimensional distribution entropy

(DistEn 2D ). Herein, the templates are also squared. The following steps are very similar to

DistEn [301]. This metric revealed to be more independent of parameters than other conditional-

based algorithms, for example, less a�ected by the size of data, and with a good performance

even for smaller patterns [330].

Two-dimensional dispersion entropy (DispEn 2D )

Later on, two-dimensional dispersion entropy (DispEn2D ) [320] was also proposed. This tech-

nique also maps the pixels (instead of samples) into di�erent classes, assigning the possible dis-

persion patterns to the template. This method did not present unde�ned values, is fast, and

shows stable results [320].
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Two-dimensional complexity-entropy causality plane (CECP 2D )

In 2016, Zunino and Ribeiro [302] proposed the two-dimensional complexity-entropy causality

plane (CECP2D ) to obtain a robust, quantitative method for spatial structures in images. For

this approach, the image is considered as a 2D ordered array [302]. By analyzing the Brodatz

texture dataset, the authors of [302] concluded that two similar textures can have the same

ShEn value but, when using the Jensen-Shannon divergence concept, the entropy value is not

necessarily the same [302].

2.3 Conditional entropy-based algorithms

Since the 2000s, numerous conditional EBAs have been proposed. In the following sections,

one-dimensional algorithms will �rst be introduced and, then, multidimensional algorithms will

be discussed.

2.3.1 One-dimensional (1D) algorithms

Approximate entropy (ApEn)

One of the �rst conditional-based EBA, approximate entropy [331, 332] (ApEn), was pro-

posed to estimate the value of entropy. In this approach, the comparison between vectors was

introduced to verify if these were considered similar. Let's consider a time seriesx with N points,

where i is the position of the elementx i within the time series. A smaller vector, or template, is

de�ned as equation 2.17 [331, 332]. Figure 2.10 shows the main steps of this algorithm.

Once all possible vectors are de�ned, the next step will be obtaining the distance between

two vectors for all possible combinations (step 2 in Figure 2.10) [331, 332]. This distance,dij ,

represents the maximum absolute di�erence between the elements ofxm
i and xm

j (see equation

2.18) [331, 332].

Furthermore, this distance is evaluated using a tolerance parameter to verify if the vectors

are similar or not. For ApEn, this implies the use of the Heaviside function (see equation 2.29)

[331, 332].

� (i; j ) =

8
<

:

0 dij > r

1 dij � r
; (2.29)

wherer represents the tolerance value to determine if the vectors are similar or not. A drawback

of ApEn is that it does not restrict the equality i = j and, therefore, it allows self-matches to

occur (see step 4 of Figure 2.10). This leads to a biased analysis [333, 334].

Afterwards, the probability of the vector xm
i being within the tolerance of xm

j must be

obtained as in equation [331, 332]. This �nal calculation is represented by the �nal stage of
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Figure 2.10.

B m =
1

Nm

N � m+1X

i =1

Cm
i (r ) ; (2.30)

where Nm = N � m + 1 , and Cm
i (r ) represents the number of times that the conditiondij � r

holds and similarity between vectors is veri�ed. Then, the previous steps from equations 2.17 -

2.30 must be repeated for vectors ofm + 1 points. After that, the �nal value of ApEn can be

obtained as [331, 332]:

ApEn = ln
B m

B m+1 : (2.31)

Figure 2.10 � Diagram of ApEn main steps with practical examples of these steps.
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Sample Entropy (SampEn)

Although ApEn was introduced to di�erentiate the behavior of systems, this entropy measure

is length-dependent and not reliable (particularly for short signals), resulting in a lack consis-

tency and robustness in determining entropy values [299, 333, 334]. In light of this, Richman

and Moormanl [333] proposed the use of SampEn to determine the irregularity of time series.

The mathematical approach to determine entropy by using SampEn is very similar to ApEn.

Figure 2.10 shows the �rst 3 steps that are coincident for both ApEn and SampEn. However,

SampEn does not include self-matches, i.e., does not introduce the comparison of a vector with

itself in the calculations [333, 334] (see step 4 in Figure 2.11).

In fact, for SampEn, the mathematical description is similar to the one shown above for

ApEn, where the only di�erence is in equation 2.18, wherei must be di�erent from j . Figure

2.11 shows the �nal procedures of SampEn. Therefore, once the templates are obtained and

distances are calculated, SampEn can be de�ned as follows [333]:

SampEn1D = ln
B m

B m+1 : (2.32)

The introduction of SampEn was signi�cant to the pursuit of a more consistent and reliable

entropy metric. However, it also has some drawbacks, like the possibility of unde�ned and

unreliable values for shorter signals [304, 335, 336]. For longer signals, the computation can

be revealed to be very long [304]. SampEn depends on the frequency relationship between the

signal's dynamics and its sampling rate. If the time series is oversampled, this means that the

sampling frequency is very high compared to the signal's frequency. Therefore, SampEn can

lead to unreliable results [337]. Please note that, in some applications, the given signal can be

normalized to get a unit standard deviation, removing the in�uence of its original probability

distribution [306].

ApEn [331] and SampEn [333] were breakthroughs and relevant algorithms that led to further

developments and applications in multidimensional entropy analysis.

Fuzzy Entropy (FuzEn)

In 2007, Chen et al. [335] proposed FuzEn based on the concept of fuzzy sets introduced

by Zadeh [338]. This algorithm is based on measuring similarity between templates using a

continuous function, in contrast to the Heaviside function employed in SampEn and ApEn.

Figure 2.12 represents the main calculations of FuzEn. The algorithm of FuzEn [335, 336] �rst

considers an embedding dimensionm to de�ne the template vectors as follows:

xm
i = f x i ; x i +1 ; : : : ; x i + m� 1g � x0(i ) ; (2.33)

where x0(i ) represents the local mean value, i.e.,x0(i ) = 1
m

P m� 1
k=0 x(i + k).

79



Part, Chapter 2 � Entropy for texture analysis

Figure 2.11 � SampEn diagram with the last steps of calculations and respective examples.

In ApEn and SampEn approaches, to determine the similarity of two template vectors, a

boundary is established using the tolerance value. This is based on theHeaviside function and

the samples in question are treated equally when inside the considered boundary. Therefore, the

tolerance value will strongly in�uence the Heaviside function contribution [336, 339].

FuzEn [335, 336] can measure the similarity degree between two templates instead of con-

sidering the binary classi�cation: similar and not similar. To measure the similarity, a fuzzy

function, � , must be chosen and in the original de�nition of FuzEn, an exponential function

was chosen (see equation 5.13). The fuzzy function must respect two properties: continuity to

avoid abrupt changes in the similarity values, and convexity to guarantee that self-similarity

corresponds to the maximum value [335, 336, 339].

Although the original FuzEn algorithm includes the removal of a baseline vector, i.e., the

local mean value in the templates, further on, other approaches were proposed [139, 339�341].

When the baseline vector is removed, the algorithm considers local characteristics, ignoring the

global characteristics. It is relevant to consider both local and global characteristics [139, 339�

341].

According to Chen et al. [335, 336], after de�ning the templates, the similarity degree must

also be de�ned:

D m
ij = � = exp( � (dij =r)n ) ; (2.34)

with dij being the distance of two templatesi and j , i.e., xm
i and xm

j (see equation 2.18),n is

denominated as the exponential boundary gradient or fuzzy power, andr is the tolerance value.

Then, the previous steps are repeated for templates ofm + 1 -points. Afterwards, the average of

the similarity is obtained for m-sized templates [335, 336]:
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� m (n; r ) =
1

(Nm )2

NmX

i =1 ;j =1

D m
ij ; (2.35)

where Nm = N � m.

At last, the natural logarithm of the � m (n; r ) and � m+1 (n; r ) ratio represents the fuzzy

entropy value [335, 336]:

FuzEn(m; n; r ) = ln
� m (n; r )

� m+1 (n; r )
: (2.36)

FuzEn [335, 336] is characterized by being an entropy algorithm with higher consistency

when compared, for example, with ApEn or SampEn. On the other hand, FuzEn, even for

short signals, can determine entropy values when other measures like SampEn and ApEn can

not. This algorithm also adapts a no-template-wise strategy and excludes self-matches during

calculations. Due to the introduction of the similarity degree de�nition, there is more �exibility

in parameter selection, even though them and r parameters should be optimized [335, 336, 339,

340]. However, in the original FuzEn de�nition, as shown before, only the local characteristics of

the signal are accounted for. Other approaches can be more useful in signal analysis because both

local and global characteristics are analyzed [339�341]. Another drawback is the computational

cost. PerEn, a Shannon-based algorithm, can be more advantageous since it is faster and less

dependent on parameters than FuzEn [312].

Other entropy alternatives

Later on, Liao and Jan [337] proposed a modi�cation in SampEn to include a time delay.

Their goal was to remove the in�uence of the sampling rate on this method. When the authors

de�ned the templates, a time delay � was included. The templates were de�ned asx �
m (i ) =

x(i + k� ) where k = 0 ; : : : ; m � 1 and i = 1 ; : : : ; N � m� . Besides this modi�cation, only

the comparisonsjj � i j > � were allowed for distance calculation purposes. This algorithm was

applied to micro-vascular assessment, demonstrating the ability to discriminate between the

baseline and maximum vasodilation periods as well as discriminating between the young and

older people groups [337]. Furthermore, this modi�ed version was more consistent than SampEn

for several sampling rates [318, 337].

Local sample entropy (LSampEn) [342] also aimed to improve SampEn performance. When

none or very few matches occur for a particular template vector, the value of the conditional

probability is replaced by the maximum uncertainty possible for the signal, i.e., 1
N � m+1 , to limit

the bias e�ect in entropy values. The original SampEn version and LSampEn were compared with

each other using deterministic periodic, deterministic chaotic, and stochastic linear signals [342].

LSampEn was more robust to added noise and to had a better ability to determine nonlinear
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Figure 2.12 � FuzEn diagram of the main steps.
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dynamics [318, 342].

Although ApEn and SampEn use a distance de�nition between templatesdij (see equation

2.18) that provides useful information regarding changes of similarity state, both of these mea-

sures are not normalized as there is no upper limit de�ned. In addition, only maximum element-

wise di�erences are considered, discarding the lower limit of those di�erences. Therefore, range

entropy (RangEn) [343] was proposed. RangEn represents a modi�cation to the classical dis-

tance de�nition in entropy measures by using a di�erent normalized metric (that is not exactly

a distance mathematically speaking). That metric was applied to ApEn and SampEn, giving

rise to two new entropy approaches: RangEnA and RangEnS [343], respectively. These two new

approaches were compared with the classical ones. Overall, both RangEn measures are more ro-

bust to non-stationary amplitude variations and self-similarity, and more consistent for shorter

signals, having a stable mean value and small variance for the studied signals. ApEn showed

a less stable behavior and SampEn has higher variance values. When studying tolerance sensi-

tivity, SampEn had the highest SD values, and RangEnA had the highest number of unde�ned

values [343].

Zhang et al. [344] proposed the use of permutation fuzzy entropy (PFE). Their analysis in-

cluded discriminating between stochastic and deterministic signals. Overall, PFE [344] showed

more discriminating power of di�erent signals when compared to FuzEn [335, 336] and PerEn

[312]. The authors base their analysis on the fact that PerEn might ignore di�erent order struc-

tures and FuzEn considers the in�nite norm to determine the distance between two template

vectors, which can lead to loss of details [344]. PFE [344] is obtained by using an inversion opera-

tion. An m-dimensional array is inverted a certain number of times to obtain them-dimensional

natural ordered array. If considering two patterns � a and � b, the distance between these patterns

can be de�ned as the inversion of the permutation� b to � a. After obtaining the distance, the

similarity degree is computed as in FuzEn. From this step forward, the method of PFE is very

similar to FuzEn, but using a di�erent fuzzy function [344].

When analyzing both stochastic and deterministic signals, PFE [344] showed to be more

stable for stochastic signals, being more stable for shorter signals than the original two methods

[344].

To summarize, in Fig. 2.13, the main entropy measures algorithms (Shannon- and

conditional-based) are shown.

2.3.2 Multidimensional approaches

Two-dimensional and three-dimensional approximate entropy (ApEn 2D and

ApEn 3D )

Two-dimensional approximate entropy (ApEn2D ) [158] was introduced to discriminate cancer

cells from healthy ones. Later on, the three-dimensional approximate entropy (ApEn3D ) [159,

83



Part, Chapter 2 � Entropy for texture analysis

Figure 2.13 � Short summary of the main one-dimensional entropy measures proposed in the
last years.

345] was also proposed. Both ApEn2D and ApEn3D modi�ed the distance concept between

templates, using the mean of absolute di�erences of corresponding pairs. The authors state that

the unreliability of ApEn is reduced in ApEn 3D [159, 345]. However, ApEn [331] is known for

lacking in accuracy [310, 334�336, 339, 341, 346�348].

Two-dimensional sample entropy (SampEn 2D )

Silva et al. [346] extended the SampEn [333], proposing the two-dimensional sample entropy

(SampEn2D ). The main di�erence between SampEn [333] and SampEn2D [346] is that in the
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latter case the templates are now squared windows ofm � m and (m + 1) � (m + 1) pixels

instead of vectors. When analyzing di�erent images, the authors veri�ed that SampEn2D was

robust but, the computational cost increased a lot with the size of the image. Compared to more

classical descriptors, like for exampleHaralick features or wavelet descriptors, SampEn2D was

demonstrated to be a better classi�er of several textures [346]. Nevertheless, one of the issues

of SampEn was the unde�ned values for shorter signals. Consequently, as an extension of the

original SampEn, SampEn2D also presents unde�ned and/or inaccurate results [330, 339].

Two-dimensional fuzzy entropy (FuzEn 2D )

Hilal et al. [292] proposed the use of two-dimensional fuzzy entropy (FuzEn2D ) to assist in

the diagnosis ofPseudoxanthoma Elasticum, a skin condition [292]. FuzEn2D also used squared-

window templates. However, a baseline removal was not performed to consider both local and

global characteristics of the images. FuzEn2D has de�ned values regardless of them-value pa-

rameter in opposition to SampEn2D . The FuzEn2D curves were also consistent even for smaller

images [292].

Moreover, in [349], the authors validated FuzEn2D behavior using synthetic images to study

the behavior regarding rotation and translation of images. The algorithm is both invariant upon

translation and rotation. This method was also applied on dermoscopic images for evaluation of

skin lesions like melanoma [349].

Although useful, FuzEn2D does not account for color information. In [139], the bi-dimensional

colored fuzzy entropy (FuzEnC2D ) was proposed. The red (R), green (G), and blue (B) color

channels in images were evaluated independently in terms of entropy. Therefore, FuzEnC2D

corresponds to a set of three entropy values [139] to analyze biomedical images. For example, in

[339], FuzEnC2D was used to study melanoma and for microvascular assessment.

Santos et al. [350] introduced multidimensional and fuzzy sample entropy (SampEnMF) to

evaluate colored histological images from colorectal cancer. Even though SampEnMF accounts

for color-based information [350], this measure does not consider the information of each color

channel independently.

Later on, Hilal et al. [148] suggested two FuzEn2D alternatives that consider the inter-channel

properties of colored images: two-dimensional multi-channel fuzzy entropy (FuzEnV2D ) and two-

dimensional modi�ed multi-channel fuzzy entropy (FuzEnM 2D ). The �rst procedure considers

templates as cubes of maximum size equal to2� 2� 2 since the images have 3 channels, whereas

the second method is not that strict and allows to choose templates ofm � m � 3. FuzEnM2D

method limits the third direction of the templates to the number of channels and allows to

choose more freely them-parameter. When di�erentiating malignant from melanocytic lesions,

FuzEnV2D and FuzEnM2D obtained an AUC of 0.96 and 0.95, respectively.
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Three-dimensional fuzzy entropy (FuzEn 3D )

Finally, Gaudencio et al. [341] proposed the use of three-dimensional fuzzy entropy

(FuzEn3D ). This algorithm was validated using several three-dimensional synthetic textures.

FuzEn3D [341] was reported to have the capacity to di�erentiate multiple noisy structures,

discriminate several irregularity levels, and have relatively low sensitivity to parameters. Fur-

thermore, the utilization of entropy measures to characterize this disease was demonstrated

through the utilization of a small private dataset of IPF [341].

2.4 Multiscale approaches

In 2002, Costa et al. [347] introduced multiscale entropy analysis. As mentioned below,

this analysis can be useful to discriminate between di�erent dynamics associated with di�erent

complex behaviours.

2.4.1 Original multiscale approach

Costa et al. [310, 347] proposed the use of multiple scale to analyse di�erent types of signals.

The authors introduced a down-sampling procedure calledcoarse-graining [310, 347]. Through

multiple scale factors (� ), it is possible to describe the intrinsic complexity of biomedical signals

[351].

The original procedure consisted of determining several entropy values for down-sampled

signals that were obtained using multiple� . In Figure 2.14, one can observe how this procedure

works. First, the coarse-graining procedure is applied to obtain� down-sampled versions of the

original signal [310, 347] .

When Costa et al. [310, 347] �rst described this method, they used SampEn [333] to extract

the � entropy values after getting the multiple down-sampled signals. However, as mentioned

in Figure 2.14, any entropy algorithm can be applied once the coarse-graining procedure is

done. Therefore, itis possible to represent the dynamics of a system in several scales [347]. This

technique is called multiscale sample entropy (MSE) [310, 347].

Consider a signalx of N points. The coarse-graining process, which can be seen in Figure

2.14, reduces the size of the original signal,x , by averaging the data into shorter time series of

N=� , y(� ) , where � is the scale factor (see equation 2.37). For� = 1 , for example, this means

that the coarse-grained signal corresponds to the original signal. For� = 2 , the coarse-grained

signal has only half the length (N=2) compared to the original signal [310, 347, 352].

yi
( � ) =

1
�

i�X

j =( i � 1)� +1

x j ; 1 � i �
N
�

(2.37)
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where� is the scale factor,x j is an element of the signalx, and yi corresponds to thei th element

of the down-sampled signaly [310, 347].

Generally speaking, multiscale entropy analysis can be useful to discriminate di�erent dy-

namics, like biological-sourced ones, by allowing to characterize the entropy curves of, for ex-

ample, pathological systems and healthy systems [339, 347]. When performing a single-scale

analysis misleading conclusions regarding the complexity of the system can be taken since only

irregularity is being considered [347].

MSE [310, 347] can be used to evaluate the complexity of a time series with some e�ciency.

There can be some issues with short-lengthened data, which happens due to using SampEn as an

entropy measure [339] and because the smallest coarse-grained series can be too short [353]. For

that reason, the process of coarse-graining above can be applied with other entropy measures

[339].

Zhang [354] applied the multiscale approach using ShEn [1]. This approach requires that the

data is noise-free, thus making it di�cult to analyze biomedical systems [347].

In [355] the multiscale procedure was applied using FuzEn, obtaining the multiscale fuzzy

entropy (MFE). In this case, MFE was used for bearing fault analysis. Since this method re-

lied on FuzEn it obtained improved accuracy, increased consistency, and less strict parameter

optimization than other EBA [339, 355].

In [340] and [356], another multiscale version of fuzzy entropy was also proposed. However,

the changes were made to the original FuzEn de�nition.

Given the advantages of MFE over MSE, Gaudêncio [339] analyzed snoring-related audio

signals to analyze the complexity of di�erent apnea stages.

MSE procedure can have some drawbacks. The most obvious one is that, with the averaging

procedure, the length of the coarse-grained signal gets shorter as the scale factor goes up. This

makes the entropy values more variable. This may reduce the reliability of the method [352].

For the larger scale factors, as the down-sampled signals are shorter, the probability of having

unde�ned entropy values is higher, especially when using SampEn. This might result in imprecise

entropy values or even in unde�ned entropy values due to the absence of similar template vectors

[352]. Consequently, the lack of accuracy and validity may re�ect on a reduced reliability [357].

Additionally, this process can also be seen as similar to a FIR �lter, a low pass �lter [358]. These

�lters are known for having a poor response, with aliasing also not being prevented upon down-

sampling, resulting in a biased analysis [352]. This led to modi�cations in the coarse-graining

procedure, as mentioned below.

2.4.2 Modi�ed multiscale approach

Wu et al. [353] suggested the modi�ed multiscale sample entropy (ModMSE), which is similar

to MSE but uses an overlapping moving average, as shown in Figure 2.15. Although the authors
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chose to use SampEn with an associated time delay, similarly to the original multiscale procedure,

any entropy measure can be chosen to evaluate these alternative versions of the initial signalx.

Besides using a time delay, ModMSE has a higher computational cost than MSE because

it uses an overlapping average. However, the probability of unde�ned values occurring is re-

duced [353]. Hence, ModMSE showed increased precision and reliability compared to MSE for

shorter time series [353]. For larger signals, the two methods are very similar and the increased

computational time of ModMSE is unjusti�ed [339, 353].

2.4.3 Multiscale based on variance and SD approaches

In 2015, Costa and Goldberger [348] proposed multiscale sample entropy based on variance,

MSE� 2 . The coarse-graining of MSE� 2 was based on variance instead of the mean value to

analyze heart rate data [348].

This down-sampling procedure is similar to the original multiscale since it leads to� -length

segments and the �nal down-sampled signal will haveN=� samples. Here, instead of using the

average, the variance is applied to that local� -length segment [348]. In Figure 2.14, the �rst

steps are very similar. However, instead of using the equation 2.37 shown in the orange box, the

new samplesy(� )� 2

i are obtained as follows [348]:

yi
( � );� 2

=
1
�

i�X

j =( i � 1)� +1

(x j � yi
( � ) )2; 1 � i �

N
�

(2.38)

where � is the scale factor,x j is an element of the signalx, and yi
( � );� 2

corresponds to thei th

element of the new signaly using variance, andyi
( � ) is the i th element of the down-sampled

signal y using the mean moment (see equation 2.37) [348].

It was suggested in [351] that instead of variance, SD could be used to do the coarse-graining

procedure (MSE� ), since variance dimensions might not be stable across all samples of the signal

x. For this procedure, MSE� must follow the equation 2.39.

yi
( � );� =

1
�

vu
u
u
t

i�X

j =( i � 1)� +1

(x j � yi
( � ) )2; 1 � i �

N
�

(2.39)

where � is the scale factor,x j is an element of the signalx, yi
( � );� corresponds to thei th element

of the down-sampled signaly using SD, andyi
( � ) is the i th element of the down-sampled signal

y using the mean moment [351].
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2.4.4 Composite and re�ned multiscale approaches

Furthermore, composite multiscale sample entropy (CMSE) [359] was also developed to over-

come some problems of MSE. This multiscale approach used� down-sampled signals for each

scale factor: f y�
1 ; y�

2 ; : : : ; y�
k g with 1 � k � � . Figure 2.16 shows the work�ow of this algorithm.

In contrast, MSE only used one down-sampled signal for each scale factor,y�
1 [352, 359]. The

�nal CMSE entropy value of each scale factor is the mean value of the� entropy values, leading

to higher reliability for larger scale factors. Nevertheless, for smaller� , the results of CMSE are

only slightly better than MSE [359]. In Figure 2.16, the process of coarse-graining is shown for

� = 2 and k = 1 and 2 (left side, orange box).

Each k coarse-grained signal, given a certain� , can be de�ned according to equation 2.40

[359].

y(� )
k;j =

1
�

j� + k� 1X

i =( j � 1)� + k

x i ; (2.40)

where 1 � k � � and 1 � j � N
� .

For feature extraction of bearing vibration signals, the results obtained with CMSE were

reported to be better than MSE [359]. However, CMSE still led to unde�ned entropy values

for larger scale factors. In fact, the probability of having unde�ned values was veri�ed to be

higher than MSE. When applying � times the entropy algorithm, in this case, SampEn, more

logarithmic calculus is performed. This explains the increased possibility of inconsistent results

by CMSE. Additionally, given the extra calculations, the computational cost is also higher [357,

359].

Given the last drawback, re�ned composite multiscale sample entropy (RCMSE) was intro-

duced [357]. Similarly to CMSE, the multiscale approach of RCMSE is obtained for each scale

factor � coarse-grained time series,y(� )
k . However, in RCMSE, �rst, the mean value of the num-

ber of matches form and m + 1-points is obtained for every � , and then, the �nal entropy value

is obtained. This procedure reduced the probability of having unde�ned entropy values, which

led to better results in terms of validity and accuracy. This algorithm was also shown to be less

dependent on the length of data and to have slightly better computational times than CMSE

[357]. Despite that, MSE still outperforms in terms of computational cost and has been shown

to have similar results for relatively large signals [351].

Further on, Azami et al. [351] introduced re�ned composite multiscale fuzzy entropy

(RCMFE) and RCMFE based on standard deviation. These algorithms were based on coarse-

graining methods that are like RCMSE and MSE� , which use either a mean- or variance-based

method [351]. Azami et al. [351] reported better results for both RCMFE algorithms, stating

these were the most stable metrics [351].
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To conclude, the multiscale analysis has been proved useful in several �elds and has been

used in several other works besides the ones mentioned above [176, 306, 309, 320, 344, 360�363].

2.5 Multidimensional entropy algorithms

The multiscale analysis can also be used in the context of images. This approach was adapted

to bidimensional data for a more detailed analysis of images. In several papers, the original

multiscale analysis of Costa et al. [310, 347] was adapted to two-dimensions and has been used

[247, 286, 292, 349, 364]. In [339, 341, 365] the multiscale approach was adapted to three-

dimensional data.
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Figure 2.14 � Multiscale approach diagram.



Figure 2.15 � Modi�ed multiscale approach diagram.



Figure 2.16 � Composite multiscale approach diagram.





Chapter 3

B IOMEDICAL APPLICATIONS

This chapter is dedicated to the description of some radiological hallmarks, symptoms, and

risk factors, among other characteristics, of the pulmonary pathologies depicted in this disser-

tation. Afterwards, some of the methods dedicated to the diagnosis of these diseases in the

literature are presented.

3.1 Pulmonary pathologies

In the following sections, the pulmonary diseases used as biomedical applications for the

entropy-based algorithms developed in this dissertation are presented. Some symptomatic and

radiological characteristics are presented herein.

3.1.1 Idiopathic Pulmonary Fibrosis (IPF)

Pulmonary �brosis is a deathly disease associated with a very destructive, irreversible, and

progressive scar formation in the pulmonary tissue, and unfortunately, the only e�ective treat-

ment is lung transplantation [366].

Idiopathic pulmonary �brosis (IPF) is a chronic and progressive type of pulmonary �brosis.

The hallmark of IPF is the presence of usual interstitial pneumonia (UIP) patterns [367�369].

Figure 3.1 shows an example of high-resolution CT (HRCT) scans from an IPF-diagnosed pa-

tient and a healthy individual. The cause behind this disease is still unknown [367] but its life

expectancy is very short [366]. The average mortality is 3 years once diagnosed [370], making an

early diagnosis imperative. In addition, the assessment of the disease stage is also of the utmost

importance.

The IPF incidence is mainly on male elderly subjects [367, 370] and subjects with a smok-

ing history [367]. Both incidence and mortality rates are rising [370]. Smoking habits, gastroe-

sophageal re�ux, chronic viral infections, hepatitis C, and family history of other interstitial

lung diseases (ILD) are the main risk factors [367].

To con�rm a diagnosis of IPF, other known ILD causes, such as environmental exposures,

must be ruled out. The UIP pattern must be seen on HRCT scans, and when a biopsy is done,

certain combinations of HRCT and histological patterns in patients must be veri�ed [367].
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(a) Healthy individual. (b) IPF-diagnosed individual.

Figure 3.1 � HRCT scan from the lower pulmonary region of a healthy and an IPF case obtained
from the study in [341].

The wound repair process involves coagulation, migration of in�ammatory cells, migration,

proliferation, and activation of �broblasts, and �nally, tissue remodeling [366]. When a wound

repair process is disrupted, wound severity or persistently damaged tissue will occur, and this

leads to the development of �brosis [366, 370].

Many stages during the wound repair process can go wrong, which might explain the complex

nature associated with pulmonary �brosis [366]. In the particular case of IPF, its intrinsic defects

in the wound healing response can explain �brosis progression in IPF [366].

For IPF diagnosis, several HRCT scans are acquired from the chest region of the patient,

obtaining a volumetric scan [367, 368]. As mentioned earlier, the radiologist needs to identify a

probable UIP pattern [367�369]. This might exclude the need for a surgical lung biopsy [368].

If a UIP pattern is identi�ed by a radiologist, it can be classi�ed as a typical UIP CT pattern,

probable CT UIP pattern, CT pattern undetermined for UIP, and CT features most consistent

with non-IPF diagnosis [368].

One of the most important characteristics to identify the UIP pattern is honeycombing(see

Figure 3.2a). This feature is characterized by clustered and thick-wall cystic spaces of usually 3 to

5 mm [367�369]. Other markers can be identi�ed, like traction bronchiectasis and bronchiolectasis

which are also important in the identi�cation of UIP [367�369]. Bronchiectasis corresponds to

irreversible bronchial dilation, which can be derived from chronic infection, proximal airway

obstruction, etc. Traction bronchiectasis results from bronchial dilation due to retractile �brosis

(see Figure 3.2b) [371]. On the other hand, bronchiolectasis results from bronchioles dilation

[371].

Honeycombing is especially prevalent in the peripheral region of the lungs and presents itself
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as irregular, with reticulation, and having ground-glass opacity [368]. To determine the presence

of a typical UIP pattern, the honeycombing must be present. It is usually associated with traction

bronchiectasis, and is typically found in the basal and peripheral pulmonary structures. This

is why IPF is known for being predominant in the basal and peripheral regions of the lungs

[367�369].

(a) Honeycombing. (b) Traction bronchioectasis.

Figure 3.2 � Examples of common CT characteristics observed in IPF: honeycombing and trac-
tion bronchioectasis. Images obtained from [372] and [373], respectively.

3.1.2 Coronavirus 2019 (COVID-19)

In 2019, a brand new virus called SARS-CoV-2 emerged and led to the appearance of Coro-

navirus disease 2019 (COVID-19), a highly infectious disease [374, 375]. According to the World

Health Organization (WHO), at least 3 million deaths are estimated to have occurred by the

end of 2020 [376]. Moreover, between April 28 and May 26, 2024, 128 899 cases of COVID-19

were reported globally (data consulted on June 12, 2024) [377].

The infection caused by SARS-CoV-2 a�ects the pulmonary interstitial tissue, which can

result in severe pneumonia, acute respiratory distress syndrome, multiple organ failure, and

death [374, 375, 378, 379]. Therefore, screening can be important to reduce the transmission

of the virus. However, Talbot et al. [380] indicates the main challenges of having screening of

SARS-CoV-2 among asymptomatic people like strain on testing and laboratory resources, cost,

unnecessary isolation, etc [380]. In fact, the global emergency phase is over, although COVID-19

can still pose a risk for the elderly, patients with chronic diseases, immunocompromised subjects,

or pregnant women [381].

Many studies have emphasized the importance of CT to evaluate COVID-19 patients [375,

379, 382]. Figure 3.3 shows examples of HRCT scans from two patients diagnosed with COVID-

19. Li and Xia [383] reported that only around 4% of positive cases were missed when using chest

CT of 51 COVID-19 patients [383]. However, the severity of the disease and time course can
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result into multiple CT patterns. One of the main hallmarks is ground glass opacities (GGO).

Figure 3.4 shows a CT scan from a COVID-19 patient with GGO. Additionally, consolidated

pulmonary opacities can also be veri�ed [384]. Most of the patients had GGO identi�ed and

present predominantly bilaterally in the posterior, subpleural, and peripheral lung areas [375,

379, 384]. This CT hallmark reveals a hazy area with increased opacity where the pulmonary

vessels are still visible. GGO can appear due to, for example, partial �lling of air spaces, intersti-

tial thickening, among other causes [371], and is usually one of the earliest and most common CT

manifestations [375]. After the �rst symptoms, as time passes, consolidation is more frequent, in

both bilateral and peripheral areas [384]. Furthermore, these CT characteristics associated with

COVID-19 infection are not speci�c to COVID and can be veri�ed in other lung diseases [385].

In addition, since there are multiple SARS-CoV-2 variants, this may a�ect the diagnosis [385].

Computer-aided diagnosis systems based on CT texture features and other biomarkers might be

useful in detecting the presence of COVID-19, its progression, and its long-term e�ects.

(a) COVID-19 case. (b) COVID-19 second case.

Figure 3.3 � HRCT scans from COVID-19 obtained from the study in [365].

3.1.3 Lung cancer

Lung cancer is the most common cancer in the world, associated with a high case fatality

rate [387, 388]. According to WHO [388], smoking is the leading cause of lung cancer. Moreover,

smoking habits are responsible for about 85% of all cases [388]. Usually, when detected, the

treatment options are limited [388]. Therefore, early diagnosis is crucial, and surgical resection

is typically the next step. The diagnosis using CT scans allows for the identi�cation of some

lung cancers with low aggressiveness and at early stages [389].

The two main types of lung cancer are non-small cell carcinoma (NSCLC) and small cell
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