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Abstract
This thesis deals with minimum mean square error (MMSE) speech enhancement schemes
in the short-time Fourier transform (STFT) domain with a focus on statistical models for
speech and corresponding estimators.

MMSE speech enhancement approaches taking speech presence uncertainty (SPU) into
account usually consist of a common MMSE estimator for speech and an a posteriori speech
presence probability (SPP) estimator. It is shown that both estimators should be based
on the same statistical speech model, as they are in the same estimation framework and
assume the same a priori knowledge. In order to give a synopsis of consistent MMSE
estimation under SPU, typical common MMSE estimators and a posteriori SPP estimators
are recapitulated. Furthermore, a new specific a posteriori SPP estimator is derived based
on a novel statistical model for speech. Then, a synopsis of approaches to consistent MMSE
estimation under SPU is given.

In the context of statistical modeling, we enhance a modern a posteriori SPP estimation
approach based on fixed parameters. More precisely, the conservative speech model of this
reference approach is replaced by an improved one. Then, a new a posteriori SPP estimator
is derived and its fixed parameters are trained. The resulting proposed approach unifies the
advantages of fixed parameters and a novel statistical speech model.

Although both speech enhancement and error concealment deal with distorted (speech)
signals, there has not yet been an attempt to relate both fields to each other. However,
since there are many commonalities between these disciplines, many interesting links be-
tween them are discussed based on recursive MMSE estimation. Furthermore, besides these
commonalities, also interesting differences are analyzed and a general advantage of error
concealment is identified. Based on this finding, research perspectives for the field of speech
enhancement are sketched, inspired by error concealment.

This thesis provides a new statistical framework for recursive MMSE speech enhancement.
This advantageously allows for applying the improved statistical models from classical, non-
recursive speech enhancement to the recursive case. As a specific enhancement scheme, we
extend recursive MMSE estimation by taking SPU into account.

Finally, a new reference-free signal-to-noise ratio (SNR) measurement approach is pro-
posed in this thesis. This approach aims at estimating the SNR of a speech signal distorted
by car noise as close as possible to reference-based measurement approach according to ITU-T
Recommendation P.56, but in a reference-free fashion. The proposed approach achieves small
estimation errors and shows high correlation with the ITU-T P.56 measurement within a
typical SNR range. Furthermore, it provides relaxed computational complexity and can be
applied to narrowband and wideband signals. Within ITU-T Study Group 12, the Focus
Group on Car Communication (FG CarCOM) has decided to adopt the new reference-free
SNR measurement approach for the draft of a recommendation proposal.
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Zusammenfassung
Die vorliegende Arbeit beschäftigt sich mit Störgeräuschreduktion (engl. speech enhance-
ment) für Sprachsignale mittels frequenzbereichsbasierter MMSE-Schätzer (minimum mean
square error, engl. für kleinster mittlerer quadratischer Fehler). Hierbei liegt ein besonderer
Fokus auf den statistischen Sprachmodellen und den resultierenden Schätzregeln.

Spezifische MMSE-Verfahren, die die Unsicherheit der Sprachpräsenz (engl. speech
presence uncertainty, SPU) berücksichtigen, bestehen aus einem allgemeinen MMSE-
Sprachschätzer und einem Schätzer der Wahrscheinlichkeit von Sprachanwesenheit (engl.
speech presence probability, SPP). Es wird gezeigt, dass beide Schätzer auf demselben statis-
tischen Sprachmodell basieren, zudem werden üblicherweise verwendete allgemeine MMSE-
und SPP-Schätzer rekapituliert. Darüber hinaus wird ein neuer SPP-Schätzer hergeleitet,
der auf einem verbesserten statistischen Sprachmodell basiert. Danach wird ein Überblick
über konsistente MMSE-Schätzverfahren mit SPU gegeben.

Im Kontext der statistischen Sprachmodellierung wird auch ein spezifisches, auf festen Pa-
rametern basierendes SPU-Verfahren weiterentwickelt. Das konservative Sprachmodell die-
ses SPU-Verfahrens wird durch ein verbessertes ersetzt und ein weiterer neuer SPP-Schätzer
wird hergeleitet. Anschließend werden die festen Parameter der resultierenden Schätzregel
trainiert. Dieses weiterentwickelte Verfahren vereint die Vorteile der festen Parameter und
des verbesserten Sprachmodells.

Obwohl sich Störgeräuschreduktion und Fehlerverdeckung (engl. error concealment) mit
der Aufgabe beschäftigen, gestörte (Sprach-)Signale zu verbessern, werden diese Verfahren
typischerweise nicht in Beziehung zueinander gesehen. Da es jedoch viele Gemeinsamkei-
ten zwischen beiden Disziplinen gibt, werden bisher unbekannte Bezüge diskutiert. Darüber
hinaus werden auch Unterschiede behandelt und ein grundsätzlicher Vorteil von Fehlerverde-
ckungsverfahren identifiziert. Motiviert durch diese Erkenntnis werden Forschungsperspek-
tiven für das Themenfeld der Störgeräuschreduktion aufgezeigt.

Ferner wird eine neue, statistische Darstellung von rekursiver MMSE-Schätzung der Spra-
che präsentiert. Diese ermöglich es, die modernen statistischen Modelle der klassischen,
nicht-rekursiven Verfahren auf den rekursiven Fall anzuwenden. In diesem Kontext wird
die rekursive MMSE-Schätzung mit einem SPU-Verfahren erweitert.

Schließlich wird ein neues, referenzfreies Messverfahren für das Signal-Rausch-Verhältnis
(SNR) vorgestellt. Das Ziel des Verfahrens ist, das SNR eines von Fahrzeuggeräuschen ge-
störten Sprachsignals referenzfrei zu schätzen. Das Schätzergebnis soll so nah wie möglich
am referenzbasierten Messverfahren nach ITU-T Recommendation P.56 liegen. Das neue
Verfahren zeichnet sich durch kleine Messfehler und eine hohe Korrelation der Messwerte
zum Referenzverfahren aus und kann mit Schmalband- sowie Breitbandsignalen verwendet
werden. Die Focus Group on Car Communication (FG CarCOM) der ITU-T Study Group 12
hat beschlossen, das Verfahren in den Entwurf eines zukünftigen Standards aufzunehmen.
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Chapter 1

Introduction

Speech communication nowadays is widely supported by electronic devices which aim at,
e. g., enhancing speech intelligibility (hearing aids), enabling speech conversations between
distant users (telephones), or even reducing the distraction of communicating drivers in
vehicles (hands-free systems). These devices are becoming increasingly popular, for example
mobile phones are usually considered as personal assistants by their users, and are often
meant to allow for robust speech communication also under harsh acoustic conditions. Speech
enhancement deals with speech signals distorted by acoustic noise and aims to reduce the
level of the distorting noise as much as possible, while keeping speech as unaffected as
possible. Since these are conflicting goals, speech enhancement is a challenging task.

It is typically assumed in speech enhancement that speech is only observable through
an acoustic channel adding distortion by superimposed acoustic noise. Commonly, both
speech and acoustic noise are modeled as random processes, therefore, speech enhancement
is typically a probabilistic approach. Generally, the goal is to estimate speech using the
observed noisy speech and some a priori knowledge about the statistics of speech and the
acoustic channel. This is the basic idea of Bayes estimation.

Being a specific Bayesian approach, minimum mean square error (MMSE) estimation
is maybe the most popular estimation approach in speech enhancement and it is typically
carried out in the short-time Fourier transform (STFT) domain. MMSE speech enhance-
ment utilizes a statistical model of speech called speech prior and a statistical model of
the acoustic channel called likelihood as a priori knowledge. Speech is then estimated by
means of the observations and the underlying a priori knowledge. While first publications
about MMSE speech enhancement were based on a Gaussian assumption for speech, e. g.,
[McAulay and Malpass, 1980], [Ephraim and Malah, 1984], it was later shown in [Porter
and Boll, 1984], [Martin, 2002], and [Lotter and Vary, 2005] that the speech prior is ac-
tually a more heavy-tailed probability density function (PDF) than a Gaussian. Such a
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2 1 Introduction

PDF is also called super-Gaussian. Furthermore, speech enhancement approaches based
on a super-Gaussian speech prior are shown to outperform approaches with a Gaussian
assumption, e. g., [Martin, 2002], [Lotter and Vary, 2005], [Andrianakis and White, 2006],
[Erkelens et al., 2007]. In [Dat et al., 2005] and [Erkelens et al., 2007] a generalized distribu-
tion is introduced which covers often employed speech spectral amplitude models as special
case. Using typical assumptions, we will extend this so-called generalized gamma PDF for
complex-valued speech STFT coefficients, resulting in a bivariate generalized gamma speech
prior being a parametric statistical model. Usually employed (Gaussian or super-Gaussian)
speech priors turn out as special case, each with an individual parameter set. Utilizing the
new bivariate generalized gamma speech prior, a synopsis of typically employed speech sta-
tistical models and corresponding MMSE estimators will be given. Moreover, redefining the
MMSE estimation formula by a further generalization step, the synopsis will be extended by
the so-called estimation domains, namely the short-time spectral (STS), short-time spectral
amplitude (STSA), and the log-spectral amplitude (LSA) domain. As a consequence, the
synopsis will cover typically employed speech priors and estimation domains.

Common MMSE speech enhancement assumes that the speech signal is always present.
This is clearly not fulfilled for natural speech as uttered by human beings, e. g., during
natural speech pauses. Therefore, it is shown, e. g., in [McAulay and Malpass, 1980] and
[Ephraim and Malah, 1984], that MMSE speech enhancement can be improved by taking
speech presence uncertainty (SPU) into account. MMSE speech enhancement under SPU
turns out to be a combination of two estimators: A common MMSE estimator for speech
and an a posteriori speech presence probability (SPP) estimator. Similar to the former,
the latter estimator also utilizes a priori knowledge about speech and the acoustic channel
which, according to estimation theory, is the same as that of the common MMSE estima-
tor [Middleton and Esposito, 1968]. Accordingly, we argue that both estimators have to
be based on the same signal spectral assumptions, henceforth called consistent assumptions.
Therefore, employing MMSE estimation under SPU, the same PDF assumptions should be
employed for both the common MMSE estimator and the a posteriori SPP estimator. In
order to see which a posteriori SPP estimator known from literature can be combined in a
PDF-consistent way with respective common MMSE estimators, we will give a clear synopsis
of SPP estimators. Furthermore, based on the new bivariate generalized gamma speech prior
we will derive a new generalized a posteriori SPP estimator covering specific a posteriori SPP
estimators from literature based on either Gaussian or super-Gaussian speech priors [Fodor
and Fingscheidt, 2012a]. Moreover, we will derive a new specific a posteriori SPP estimator
based on a super-Gaussian speech assumption. Then, a synopsis of PDF-consistent MMSE
speech enhancement approaches under SPU will be given in different estimation domains.

Common a posteriori SPP estimators typically suffer from the random fluctuations of
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the observations, often resulting in estimation outliers which may be perceived as annoying
musical noise. In order to enhance estimation robustness and reduce estimation outliers, it
is proposed in, e. g., [Suhadi and Fingscheidt, 2007] and [Gerkmann et al., 2008], to base
a posteriori SPP estimation on averaged observations. This approach, however, does not
take into account the super-Gaussian nature of speech STFT coefficients. The derivation
of a posteriori SPP estimators using averaged observations and assuming super-Gaussian
speech models turns out to be mathematically complex, therefore, only approximate solutions
have been proposed yet [Fodor and Gerkmann, 2014a]. In this thesis, however, we will
provide a closed-form solution instead of the approximate one [Fodor and Gerkmann, 2014b].
Furthermore, while common a posteriori SPP estimators are able to robustly achieve values
close to one in speech presence, they typically output the a priori SPP during speech absence.
Since values of 0.5 or larger are generally chosen as a priori SPP [McAulay and Malpass,
1980], the resulting a posteriori SPP estimates are less accurate in speech absence. To
overcome this issue, fixed prior parameters (a fixed a priori signal-to-noise ratio (SNR) and
a fixed a priori SPP) will be employed for SPU estimation as in [Gerkmann et al., 2008],
resulting in more precise a posteriori SPP estimates.

MMSE estimation is a widely employed approach to, e. g., estimate signals which can
only be observed through an error-prone channel. Therefore, it is often used in speech en-
hancement, but also in error concealment dealing with speech (or audio) signals distorted
while passing through a transmission channel. While both disciplines seem to have similar
tasks, there has rarely been an attempt to relate these disciplines to each other. In this
thesis, we will show interesting links between speech enhancement and error concealment
based on recursive MMSE estimation [Fodor et al., 2015]. In particular, utilizing the same
PDF-based description as for the synopses, we will recapitulate recursive MMSE estimation
in speech enhancement [Fodor et al., 2015] and recursive MMSE estimation in error conceal-
ment [Fingscheidt, 1998], [Pflug and Fingscheidt, 2013b], [Pflug, 2013] in strong analogy.
Then, we will show interesting commonalities and differences between these disciplines and
identify a specific strength of error concealment. Motivated by this finding, we will sketch
possible research perspectives for speech enhancement. Please note that, to the best of our
knowledge, the PDF-based description of recursive MMSE speech enhancement presented
in this thesis is new; in speech enhancement rather a state-space representation is usual
based on matrix notation. The new PDF-based framework allows for applying enhance-
ment schemes of classical non-recursive speech enhancement to the recursive case. Such a
PDF-related enhancement of recursive MMSE estimation is proposed in [Esch and Vary,
2008a], where the update step of the Kalman filter is intuitively recognized as a classical
MMSE estimation step. Accordingly, the Kalman gain was replaced in a heuristic way by
more modern spectral weighting rules based on a super-Gaussian assumption for the speech.
We will show that this replacement is indeed optimal in an MMSE sense, if the employed
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spectral weighting rule belongs to an MMSE STS estimator.

As a further PDF-related enhancement scheme, the recursive MMSE speech enhancement
framework will be extended by SPU estimation in this thesis for the first time. Both a
general recursive MMSE estimation formula under SPU and a general a posteriori SPP
formula taking signal history into account will be derived. Moreover, specific a posteriori
SPP estimators will be provided based on either Gaussian or super-Gaussian speech PDF
assumptions. Different from the non-recursive case, the a priori SPP will turn out to make
use of the signal history, therefore, a tracking algorithm will be proposed.

The knowledge of the SNR of speech signals plays an important role in speech signal pro-
cessing. A possible example is the measurement of SNR improvement of speech enhancement
approaches or, as an automotive example, the optimization of hands-free microphone posi-
tions with respect to (w. r. t.) the acoustic SNR. A typical reference-based SNR measurement
approach is provided by Recommendation P.56 of the Telecommunication Standardization
Sector of the International Telecommunication Union (ITU-T). Here, the term reference-
based means that the SNR of a noisy speech signal is measured signal-component-wise, i. e.,
the SNR is computed by measuring the signal level of the speech and noise components
separately. In this thesis, we will propose an SNR measurement approach which aims at
estimating the SNR of a speech signal distorted by car noise as close as possible to the
ITU-T P.56 reference, but without using a reference. The proposed approach, therefore,
is able to measure the SNR by using the noisy speech signal only and can be applied to
both narrowband and wideband signals. Within ITU-T Study Group 12, the Focus Group
on Car Communication (FG CarCOM) has decided to adopt the new reference-free SNR
measurement approach within the draft of a current recommendation proposal.

1.1 Outline of the Thesis

Chapter 2 will give a short introduction of MMSE speech enhancement, focusing on usual
statistical models for speech STFT coefficients in the polar domain. Furthermore, using
some assumptions, a new bivariate generalized gamma speech prior will be derived which
covers typically employed Gaussian or super-Gaussian speech priors as special case. A further
generalization will cover typical estimation domains, such as the STS, the STSA, and the LSA
domain as special case. Utilizing the new bivariate generalized gamma prior, a synopsis of
common MMSE estimators for speech enhancement will be given in each estimation domain.

Chapter 3 will introduce instrumental measures for speech enhancement and the simula-
tion setup employed in this thesis. In particular, first employed databases, simulation setup,
and a white box test setup will be described which are employed in this thesis for performance
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evaluation of speech enhancement approaches. This will be followed by the introduction of
performance measures used for evaluation. Finally, a reference-based SNR measurement
approach according to ITU-T Recommendation P.56 and a proposed reference-free SNR
measurement approach will be introduced.

Chapter 4 will provide a synopsis of a posteriori SPP estimators w. r. t. statistical as-
sumptions for speech in analogy to the synopsis of common MMSE estimators in Chapter 2.
This synopsis will be based on a new generalized a posteriori SPP estimator which covers
a posteriori SPP estimators from literature as special case. Furthermore, a new specific a
posteriori SPP estimator will be proposed based on a super-Gaussian speech prior. Finally,
both the new SPU-based approach as well as non-SPU and SPU-based approaches from
Chapter 2 will be assessed by performance measures.

Chapter 5 will deal with an enhancement scheme of a posteriori SPP estimation. More
precisely, we will replace the Gaussian speech prior of a state-of-the-art a posteriori SPP
estimator based on averaging and fixed prior parameters by a modern, super-Gaussian speech
prior. First, we will derive the new estimator which will be followed by a training of its
parameters. Finally, the performance of the proposed approach along with some SPU-based
approaches from Chapter 4 will be evaluated.

Chapter 6 will aim at revealing links between speech enhancement and error concealment
based on recursive MMSE estimation. First, we will recapitulate recursive MMSE estimation
in speech enhancement and the Kalman filter in a PDF-based manner, similar to the notation
in the previous chapters. Then, we will introduce recursive MMSE estimation in error
concealment, presented in analogy to speech enhancement. Next, some interesting links
between those two disciplines will be shown and a general strength of error concealment will
be identified. Based on this finding, possible research directions for speech enhancement will
be sketched.

Chapter 7 will deal with the extension of recursive MMSE speech enhancement by SPU
estimation. Using the new PDF-based recursive MMSE framework from Chapter 6, a general
recursive MMSE estimation formula under SPU and a general a posteriori SPP estimation
formula will be derived. Furthermore, the a priori SPP turns out to take signal history
into account, thus, a tracking algorithm will be provided. Moreover, specific a posteriori
SPP estimators will be derived utilizing either Gaussian or super-Gaussian speech PDF
assumptions. Finally, the performance of recursive MMSE estimation under SPU with a
Gaussian signal assumption will be evaluated.

Finally, Chapter 8 will shortly summarize this thesis.
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Chapter 2

Synopsis of

Minimum Mean Square Error

Speech Enhancement Approaches

In this chapter a synopsis of speech enhancement approaches will be given based on MMSE
estimation and carried out in the STFT domain. Accordingly, Section 2.1 will give an intro-
duction to the problem of speech enhancement and will shortly recapitulate the idea behind
Bayesian estimation which is a typically employed solution to this problem. Section 2.2 will
give a short overview of MMSE estimation which is widely employed in speech enhance-
ment. As a specific Bayesian approach, MMSE estimation is carried out by means of the
observed noisy speech and the underlying a priori knowledge about the speech signal to
be estimated and the acoustic channel. Generally used a priori knowledge will be intro-
duced in Section 2.3, where a generalized, parametric statistical model will be employed
for speech, nicely covering all commonly employed statistical speech models as special case,
each with an individual parameter set. This new bivariate generalized gamma speech prior,
being a real-valued PDF with a complex-valued argument, is an extension of the univariate
generalized gamma probability density, often employed for modeling the speech spectral am-
plitudes. MMSE speech enhancement is typically carried out in the STS, the STSA, or the
LSA estimation domain which will be introduced in Section 2.4. Based on the generaliza-
tion w. r. t. the speech model, we will derive general (parametric) MMSE estimators for each
estimation domain. This allows for a hierarchical overview of MMSE speech enhancement
approaches in Section 2.5: Applying the parameter set of a specific speech spectral model to
the generalized (parametric) estimator leads to a specific MMSE estimator from literature.
By this means, relations among the resulting estimators can easily be shown. In Section 2.6
we will extend the parametric MMSE estimation formula from Section 2.2 by taking SPU
into account. This allows for an overview of SPU estimation in the STS, STSA, and LSA

7
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estimation domain. Furthermore, state-of-the-art a posteriori SPP estimators will shortly be
reviewed. Finally, Section 2.7 will briefly recapitulate state-of-the-art SNR and noise power
spectral density (PSD) estimators.

2.1 Introduction

Reduction of annoying background noise is a non-trivial task and implies a big challenge for
the design of speech enhancement systems. In speech enhancement the following model is
widely employed: We have an acoustic speech signal (e. g., that of the user of a hands-free
system) and acoustic background noise signals (e. g., engine noise, wheel noise, wind noise,
etc. in a vehicle which the user of the hands-free system is located in), both propagating in
air and both captured by the microphone(s) of the, e. g., hands-free device. The (analog)
electrical signal at the output of the microphone is subsequently digitized and the resulting
digital signal is commonly modeled on signal level as follows: The samples of a time-domain
random speech process spnq with n being the discrete time index are transmitted through
an acoustic channel which distorts these samples by superimposing statistically independent
samples dpnq being outcomes of a random noise process. While the speech and noise samples
are inaccessible in practice, the resulting noisy speech samples ypnq “ spnq ` dpnq can be
observed. The aim of a speech enhancement system is to reduce the background noise
component dpnq of the observed noisy speech signal ypnq in such a way that the desired
speech component spnq remains as unaffected as possible.

The speech may be distorted in a different manner along the frequencies, thus, speech
signals are usually processed in the frequency domain, in order to allow for a corresponding
fine, frequency-dependent processing. More specifically, most often the STFT domain is
employed [Vary and Martin, 2006]. This means, that the noisy speech samples ypnq are
processed block-wise and sequentially, within so-called frames. Frames are built by applying
an analysis window function wa of the length L to a portion of speech samples s with the same
length L. The frame length L is normally chosen from the range of 5–30 ms. This range is
justified by the fact that although the speech signal spnq is naturally non-stationary [Brehm
and Stammler, 1987], the resulting short-time speech portions can be assumed to be quasi-
stationary [Vary and Martin, 2006]. As a next step, the noisy speech samples within the
frame can be transformed into the STFT domain by, e. g., a discrete Fourier transform (DFT)
of the size L. Then, the analysis window is shifted forwards ΔL samples and the process
starts over. These steps in summary are called signal analysis and can be expressed by
the STFT as [Vary and Martin, 2006]

Y�pkq “
L´1ÿ
n1“0

wapn1q ¨ yp� ¨ ΔL ` n1q ¨ e´j2π n1k
L (2.1)
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Acoustic
Channel
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S�pkq

D�pkq

Y�pkq pS�pkq

ObservableUnobservable

Figure 2.1: Block diagram of speech enhancement with an underlying signal and channel
model

with � “ 0, 1, 2, . . . being the frame index, k “ 0, 1, . . . , L ´ 1 denoting the frequency bin
index, n1 indexing samples within the frame, and ΔL standing for the frame shift in samples.
Please note that a possible criterion for choosing the frame overlap pL ´ ΔLq{L and the
employed analysis window wa is that the STFT coefficients Y�pkq yield exactly the original
signal ypnq after signal synthesis which is the inverse operation to signal analysis. Signal
synthesis is commonly divided into an inverse discrete Fourier transform (IDFT) operation

υ�pn1q “ 1

L

L´1ÿ
k“0

Y�pkq ¨ ej2π n1k
L , n1 “ 0, 1, . . . , L ´ 1, (2.2)

and, e. g., an overlap-add (OLA) step

yp� ¨ ΔL ` n1q “ yp� ¨ ΔL ` n1q ` wspn1q ¨ υ�pn1q (2.3)

with n1 “ 0, 1, . . . , L´1 being the sample index within a frame and ws denoting the synthesis
window. Please note that (2.3) only holds for pL ´ ΔLq{L ď 50%.

Due to the DFT properties [Proakis and Manolakis, 2007] the acoustic noise remains
additive in the STFT domain resulting in the signal and channel model as depicted in
Figure 2.1: The unobservable random, complex-valued speech STFT coefficient S�pkq passes
through an acoustic channel which distorts it by superimposing a random, complex-valued
acoustic noise STFT coefficient D�pkq, i. e.,

Y�pkq “ S�pkq ` D�pkq. (2.4)

Employing polar notation, (2.4) can equivalently be written as

R�pkqejϑ�pkq “ A�pkqejα�pkq ` D�pkq (2.5)

with R�pkq “ |Y�pkq|, ϑ�pkq “ argtY�pkqu, A�pkq “ |S�pkq|, and α�pkq “ argtS�pkqu being
the noisy speech spectral amplitude, the noisy speech spectral phase, the speech spectral
amplitude, and the speech spectral phase, respectively.

It is widely assumed (and will be assumed in the following chapters of this thesis) that
the speech STFT coefficients S�pkq are statistically independent of each other both along the
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frequency bins k and frames �. The same assumption holds for the noise and the noisy speech
STFT coefficients [Ephraim and Malah, 1984]. However, employing a dynamic speech model
in the form of an autoregressive (AR) process, temporal correlation of STFT coefficients can
be exploited as we will see in Chapters 6 and 7. Furthermore, it is widely assumed in speech
enhancement that the speech STFT coefficient S�pkq and the noise STFT coefficient D�pkq
are statistically independent.

While the speech STFT coefficient S�pkq and the noise STFT coefficient D�pkq are unob-
servable, the resulting noisy speech STFT coefficient Y�pkq can be observed, thus, it is also
called observation. The aim of a speech enhancement system is to recover the speech com-
ponent S�pkq when only its distorted replica Y�pkq is observed. For this purpose, generally
the well-known Bayesian estimation theory is employed.

While there are approaches utilizing merely the observations for the estimation process,
Bayesian estimation further exploits a priori knowledge to enhance the estimation perfor-
mance [Kay, 1993]. More specifically, besides the observations Y�pkq, statistical models of
both the desired speech STFT coefficients S�pkq and the channel including the noise STFT
coefficients D�pkq are employed prior to the observation for the estimation process. The
underlying a priori knowledge, i. e., the signal and the channel models will be discussed
in Section 2.3.

As a next step, we wish to carry out an estimation of the clean speech STFT coeffi-
cient S�pkq using some a priori knowledge and the observation Y�pkq. According to Bayesian
estimation theory, this can be achieved by minimizing the so-called Bayes risk which is
defined as1 [Eykhoff, 1974], [Lotter and Vary, 2005]

Rp pS q “ E
Y

tE
S

tCpS, pS “ fpY qquu (2.6)

with E
Y

t¨u and E
S

t¨u being the expectation operator w. r. t. the noisy STFT coefficient Y

and the speech STFT coefficient S, respectively, and with CpS, pS “ fpY qq being a (mostly
real-valued) cost function, e. g., CpS, pS q “ |S´ pS|2. The function fp¨q models the estimation
process which maps each observation Y to a speech estimate pS. The goal is to find a speech
estimate pS which minimizes the risk Rp pS q as [Eykhoff, 1974]

pS “ argminpS Rp pS q “ argminpS
ż
C

ż
C

CpS, pS q ¨ pS,Y pS, Y q dS dY (2.7)

with pS,Y pS, Y q being the joint PDF of the clean speech STFT coefficient S and the noisy
speech STFT coefficient Y and C being the set of complex-valued numbers. Employing
Bayes’ rule pS,Y pS, Y q “ pY pY qpS|Y pS|Y q, (2.7) can be rewritten as [Vary and Martin, 2006]

1Please note that for ease of simplicity the indices � and k will be omitted in the remainder of this chapter.
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pS “ argminpS
ż
C

pY pY q
ż
C

CpS, pS q ¨ pS|Y pS|Y q dS dY (2.8)

with pY pY q and pS|Y pS|Y q being the so-called evidence and the so-called posterior, respec-
tively. The posterior pS|Y pS|Y q is the PDF of the speech STFT coefficient S given a specific
observation Y (being an outcome of the random speech process after passing through the
acoustic channel), thus, it contains a priori knowledge about the speech and the channel.
The inner integral in (2.8), namely EtCpS, pS q|Y u, is called the conditional mean error, the
outer integral is called the total mean error. Substituting a specific cost function CpS, pS q
into (2.8), the minimization problem could be solved. Considering, however, that we want
to minimize the total mean error w. r. t. pS, the evidence pY pyq is non-negative by definition,
and in this case an integral is minimal, if its integrand is minimal, it is sufficient to minimize
the conditional mean error as [Van Trees, 1968], [Vary and Martin, 2006]

pS “ argminpS
ż
C

CpS, pS q ¨ pS|Y pS|Y q dS. (2.9)

This is the basic concept of Bayesian estimation and (2.9) is its general formula. Now in
order to solve the minimization problem (2.9), a specific cost function CpS, pS q is needed. In
this thesis we employ the cost function according to the MMSE criterion. This cost function
and a few more will briefly be introduced in the next section.

2.2 Error Criteria

2.2.1 Minimum Mean Square Error (MMSE) Criterion

The cost function of the MMSE criterion is generally defined as [Van Trees, 1968], [Hendriks
et al., 2009a]

CMMSE
`
gpSq,zgpSq ˘ “

ˇ̌̌
gpSq ´ zgpSq

ˇ̌̌2
(2.10)

with gp¨q being an arbitrary function2. This means, that a linearly increasing absolute
estimation error produces quadratically growing costs. Applying (2.10) to the Bayes esti-

mator (2.9) and using that EtgpXqu “
8ş́
8
gpXq ¨ ppXq dX [Papoulis and Pillai, 2002], we

obtain zgpSq “ argminzgpSq

ż
C

ˇ̌̌
gpSq ´ zgpSq

ˇ̌̌2 ¨ pS|Y pS|Y q dS. (2.11)

2Please note, that this generalization allows for introducing later in Section 2.4 the so-called estimation
domains, i. e., the STS, the STSA, and the LSA estimation domain. Applying, e. g., the STS estimation
domain gpXq “ X with X P C results in the cost function CMMSE STSpS, pSq “ |S ´ pS|2 which is widely used
in literature, e. g., in [Vary and Martin, 2006].
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This means, that the cost function |gpSq ´ zgpSq|2 is calculated for all possible zgpSq values,
while the posterior pS|Y pS|Y q is fixed. The optimal zgpSq results by minimizing the integral of
the product |gpSq ´ zgpSq|2 ¨ pS|Y pS|Y q. Please note the special case gpXq “ X leading to the
parabolic cost function |S ´ pS|2. Within the optimization process, this paraboloid is shifted
through the whole complex plain by changing the value of pS, while the posterior pS|Y pS|Y q is
fixed. Still assuming gpXq “ X, the integral (2.11) is minimal, if pS is equal to the argument
of the maximum of the posterior, assuming that the latter is a rotationally symmetric PDF.
Accordingly, the optimal speech estimate turns out to be pS “ argmax

S
pS|Y pS|Y q which

coincides with the maximum a posteriori (MAP) solution, as we will see in Section 2.2.2 (cf.
(2.14)).

Assuming that CMMSE
`
gpSq,zgpSq ˘

is a convex function (which is fulfilled for usually
employed functions gp¨q), the solution of the optimization problem in (2.11) turns out to
be [Porter and Boll, 1984], [Hendriks et al., 2009a]

zgpSq “ E tgpSq|Y u “
ż
C

gpSq ¨ pS|Y pS|Y q dS “
ş
C

gpSq ¨ pY |SpY |Sq ¨ pSpSq dSş
C

pY |SpY |Sq ¨ pSpSq dS (2.12)

with pY |SpY |Sq being the likelihood which can be associated with the underlying channel
model for observation Y , pSpSq being the prior which can be associated with the underlying
(speech) signal model, as well as with

ş
C

pY |SpY |Sq ¨ pSpSq dS “ pY pY q being the evidence

which is usually calculated by marginalizing the PDF product in the numerator of (2.12).
Please note, that the well-known Wiener filter is optimal in the MMSE sense [Kay, 1993].

Common priors and likelihoods are recapitulated in Section 2.3, then, typical functions gp¨q
in (2.12) are discussed in Section 2.4.

2.2.2 Other Error Criteria

There are other error criteria which are utilized in speech enhancement. Assuming linearly
growing costs as a consequence of linearly increasing absolute estimation errors, i. e., em-
ploying [Van Trees, 1968]

CMAPpS, pS q “
$&%0, if |S ´ pS| ” 0,

1, otherwise
(2.13)

for the Bayesian estimation formula (2.9), leads to the MAP estimation formula [Van Trees,
1968] pS “ argmax

S
pS|Y pS|Y q “ argmax

S
pY |SpY |SqpSpSq. (2.14)
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Please note that the Wiener filter is optimal also in a MAP sense [Vary and Martin, 2006].
However, in speech enhancement the MAP estimator is employed in a slightly modified form
either merely for the spectral amplitude |S| “ A [Lotter and Vary, 2005]

Â “ argmax
A

pR|ApR|Aq ¨ pApAq (2.15)

or separately for the speech spectral amplitude A “ |S| and phase α “ argtSu [Lotter and
Vary, 2005]

α̂ “ argmax
α

pY |A,αpY |A,αqpA,αpA,αq, (2.16)

pA “ argmax
A

pY |A,αpY |A, α̂qpA,αpA, α̂q, (2.17)

respectively, leading to estimators such as those in [Wolfe and Godsill, 2003b], [Lotter and
Vary, 2005], [Dat et al., 2005].

There are perceptually motivated error criteria taking psychoacoustics into account, e. g.,
[Wolfe and Godsill, 2000], [Gustafsson et al., 2002], [Wolfe and Godsill, 2003a], and [Loizou,
2005].

In [Fingscheidt et al., 2008, Eq. (17)] the cost function
ˇ̌|S| ´ x|S|ˇ̌2{|Y |2 is proposed in

the context of data-driven speech enhancement. It is interesting to note that employing
this cost function for (2.9) leads to the MMSE solution (2.12) with gpXq “ |X|, because
the denominator |Y |2 in the cost function has only a scaling effect on the integrand in (2.9)
(being optimized w. r. t. S) which does not influence the position of its extrema.

2.3 Signal PDF Assumptions

As can be seen in (2.12), the estimation is based on statistical models for the clean speech
STFT component S and the acoustic channel in the form of the prior pSpSq and the likeli-
hood pY |SpY |Sq, respectively. In this section, typically employed priors and likelihoods are
recapitulated.

2.3.1 Speech Spectral PDF Assumptions

The prior pSpSq in (2.12) provides a statistical model of the (unobservable) speech STFT
coefficient S and is a bivariate PDF, i. e., a real-valued function with a complex-valued
argument S. Usually, however, the prior is described as a function of either the real part Sre “
RetSu and the imaginary part Sim “ ImtSu of the speech STFT coefficient S or the spectral
amplitude A “ |S| and phase α “ argtSu, i. e., S “ Sre`jSim “ Aejα. While there are speech
enhancement schemes based on models for the real and imaginary parts, e. g., [Martin, 2002],
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[Martin, 2005], [Erkelens et al., 2007], in this thesis we consider approaches based on the
polar representation using A and α, just as in, e. g, [McAulay and Malpass, 1980], [Ephraim
and Malah, 1984], [Wolfe and Godsill, 2003b], [Lotter and Vary, 2005], [Erkelens et al., 2007].

Histogram measurements and corresponding contour plots in [Lotter and Vary, 2005],
[Erkelens et al., 2007] showed that the PDF of the speech STFT coefficients pSpS “ Aejαq
is approximately circular. Thus, it can be assumed that the speech prior is rotationally
symmetric which implies for its polar description that [Erkelens et al., 2007]

• the speech spectral amplitude A and the speech spectral phase α are statistically
independent and

• the speech spectral phase α is uniformly distributed on r0, 2πq, i. e., pαpαq “ 1
2π

for 0 ď α ă 2π.

Note that these are very commonly employed assumptions in speech enhancement. Conse-
quently, the following relationship turns out between the bivariate speech spectral PDF pSpSq
and the polar representation with A and α (the derivation is given in Appendix A)

pSpAejαq “ 1

A
¨ pA,αpA,αq “ 1

A
¨ pApAq ¨ pαpαq. (2.18)

This means that under the aforementioned assumptions the prior pSpS “ Aejαq can fully
be described by the speech spectral phase PDF pαpαq and the speech spectral amplitude
PDF pApAq. Furthermore, since pαpαq is commonly modeled by a constant, it has a
rather marginal role in speech spectral modeling. Meanwhile, the speech spectral ampli-
tude PDF pApAq has a very significant role in the description of the prior pSpS “ Aejαq.
Moreover, it is rather unusual to describe the prior by a bivariate PDF. Instead, mostly a
(univariate) speech spectral amplitude PDF pApAq is employed in conjunction with a sta-
tistically independent and uniformly distributed speech spectral phase assumption which
allows for a full description of the speech prior pSpSq according to (2.18). Thus, whenever
the prior is modeled by merely pApAq in literature, the assumptions leading to (2.18) are
implicitly made.

In speech enhancement the following priors are generally utilized which also have great
influence on the speech spectral amplitude model:

• A Gaussian prior [McAulay and Malpass, 1980], [Ephraim and Malah, 1984], [Ephraim
and Malah, 1985], [Wolfe and Godsill, 2003b],

• a super-Gaussian prior [Martin, 2002], [Lotter and Vary, 2005], [Andrianakis and
White, 2006], [Erkelens et al., 2007], [Hendriks et al., 2009b], or

• a generalized prior which covers Gaussian and super-Gaussian priors as special case
[Dat et al., 2005], [Erkelens et al., 2007].
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Figure 2.2: PDF of Rayleigh-distributed speech spectral amplitudes

Gaussian Prior

The assumptions that the speech spectral amplitude and phase are statistically independent,
with the latter being uniformly distributed, are fulfilled, if we assume a bivariate Gaussian
distribution for the speech STFT coefficient S as [Martin, 2002]

pG
S pSq “ 1

πσ2
S

¨ e´ |S|2
σ2
S , S P C (2.19)

with superscript G denoting the Gaussian assumption and σ2
S “ Et|S|2u being the PSD

of the speech STFT coefficient S. This assumption is widely used in literature, e. g.,
in [McAulay and Malpass, 1980], [Ephraim and Malah, 1984], [Ephraim and Malah, 1985],
[Wolfe and Godsill, 2003b] and is usually justified by the asymptotic properties of STFT
coefficients [Brillinger, 2001]: Assuming that the DFT length is sufficiently large and the
span of correlation of the random samples to be transformed is sufficiently short, the central
limit theorem can be applied. Thus, the STFT coefficient S can be modeled by a zero-mean
bivariate Gaussian with statistically independent and identically distributed (i. i. d.) real and
imaginary parts, each being a univariate Gaussian with variance σ2

S{2. The corresponding
speech spectral amplitude A “ |S| follows the Rayleigh distribution [Papoulis and Pillai,
2002] and its PDF is defined as [Ephraim and Malah, 1984]

pR
ApAq “ 2βR ¨ A ¨ e´βRA2

, βR ą 0, A ě 0 (2.20)

with index R denoting the Rayleigh distribution and βR “ 1{σ2
S. Please note that besides A

the omitted indices p�, kq also apply to βR and σ2
S. As can be seen, this PDF only has the

parameter βR which is basically related to the width of the PDF (cf. Figure 2.2). Please
note that a Rayleigh-distributed speech spectral amplitude A always implies a bivariate
Gaussian-distributed speech STFT coefficient under the assumptions that the speech spectral
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Figure 2.3: PDF of chi-distributed speech spectral amplitudes with σ2
S “ 1

amplitude and the phase are statistically independent and that the speech spectral phase is
uniformly distributed [Papoulis and Pillai, 2002].

Super-Gaussian Priors

The asymptotic assumptions for speech STFT coefficients are not fulfilled in practice, e. g.,
due to a limited frame length (cf. Section 2.1). Accordingly, it is shown in [Martin, 2002]
that the real and imaginary parts of a speech STFT coefficient S rather follow a distribution
with a sharper peak and heavier tails compared to a Gaussian. Furthermore, histogram
measurements in [Porter and Boll, 1984] and [Lotter and Vary, 2005] showed that the speech
spectral amplitudes can better be modeled by a more heavy-tailed distribution than the
Rayleigh one. Accordingly, it can be assumed that speech STFT coefficients rather follow a
super-Gaussian distribution instead of a Gaussian. An arbitrary random variable X (e. g.,
a speech STFT coefficient) is super-Gaussian distributed (or leptokurtic or heavy-tailed), if
its excess [Abramowitz and Stegun, 1972]

ψpXq “ EtpX ´ EtXuq4u
E2tpX ´ EtXuq2u ´ 3 (2.21)

is positive [Vaseghi, 2008]. If X is Gaussian distributed, its excess yields zero.

Please note that the adjectives Gaussian and super-Gaussian will be related to the bivari-
ate speech prior pSpSq in the rest of this thesis. The Rayleigh distribution and the speech
spectral amplitude distributions which will be introduced in the following all belong to the
class of super-Gaussian distributions, i. e., have a positive excess.

In the context of super-Gaussian priors, most often the chi distribution [Andrianakis
and White, 2006], [Hendriks et al., 2009b] or the gamma distribution [Martin, 2002], [Lotter
and Vary, 2005], [Andrianakis and White, 2006], [Erkelens et al., 2007] is employed as speech
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Figure 2.4: PDF of gamma-distributed speech spectral amplitudes with σ2
S “ 1

spectral amplitude model together with a statistically independent and uniformly distributed
speech spectral phase assumption.

The PDF of chi-distributed speech spectral amplitudes is defined as [Andrianakis and
White, 2006], [Hendriks et al., 2009b]

pχApAq “ 2β
νχ
χ

Γpνχq ¨ A2νχ´1 ¨ e´βχA2

, βχ ą 0, νχ ą 0, A ě 0 (2.22)

with index χ denoting the chi distribution, Γp¨q being the gamma function [Abramowitz
and Stegun, 1972, Chapter 6], and βχ “ νχ{σ2

S. Please note that besides A the omitted
indices p�, kq also apply to σ2

S and βχ. Compared to the Rayleigh PDF (2.20), the chi
distribution has an additional (frequency-independent and time-invariant) parameter νχ.
The influence of parameter νχ on the shape of the chi PDF is illustrated in Figure 2.3.
Please note the following special case: Applying νχ “ 1 to (2.22) results in the Rayleigh
PDF (2.20) (cf. Figures 2.2 and 2.3).

Based on histogram measurements, in [Lotter and Vary, 2005] a new parametric PDF
is proposed for modeling the speech spectral amplitudes. However, it was later shown
in [Erkelens et al., 2007] that Lotter et al. implicitly modeled the speech spectral ampli-
tudes as gamma distributed by the new PDF with the proposed parameters. The PDF of
the gamma-distributed speech spectral amplitudes is defined as [Andrianakis and White,
2006], [Erkelens et al., 2007]

pΓApAq “ βνΓ
Γ

ΓpνΓq ¨ AνΓ´1 ¨ e´βΓA, βΓ ą 0, νΓ ą 0, A ě 0 (2.23)

with index Γ denoting the gamma distribution and βΓ “ a
νΓpνΓ ` 1q{σS. Please note that

besides A, the omitted indices p�, kq also apply to σS and βΓ. Similar to the PDF of the chi
distribution (2.22), (2.23) has a (frequency-independent and time-invariant) parameter νΓ
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Figure 2.5: Hierarchy of typically employed speech spectral amplitude PDFs pApAq

which influences the shape of the gamma PDF (cf. Figure 2.4), offering a nice flexibility in
modeling the distribution of speech spectral amplitudes.

As mentioned earlier, Rayleigh-distributed speech spectral amplitudes with statistically
independent and uniformly distributed speech spectral phases can be associated with bivari-
ate Gaussian-distributed speech STFT coefficients with Gaussian i. i. d. real and imaginary
parts. However, this does not hold for super-Gaussian speech STFT coefficients: Assuming
chi- or gamma-distributed speech spectral amplitudes with statistically independent and uni-
formly distributed speech spectral phases, the real and imaginary parts of the corresponding
super-Gaussian speech STFT coefficient will not be statistically independent [Erkelens et al.,
2007].

An overview of approaches to PDF parameter identification is given in Appendix B.

Generalized Prior

In [Dat et al., 2005] and [Erkelens et al., 2007] a generalized probability density, the so-called
generalized gamma PDF is introduced to classify commonly employed distributions for speech
spectral amplitudes. This is a parametric PDF which nicely covers the previously mentioned
distributions as special cases, each with an individual parameter set. This generalized gamma
PDF is defined as [Erkelens et al., 2007]

pgΓA pAq “ ηβν

Γpνq ¨ Aην´1 ¨ e´βAη

, η ą 0, β ą 0, ν ą 0, A ě 0 (2.24)

with superscript gΓ denoting the term ’generalized gamma’ as well as with η, β, and ν

being the parameters of the generalized gamma PDF. Please note that parameter β is a
function of the speech spectral variance: From the second moment of (2.24) being EtA2u “ş8
0
A2 ¨ pgΓA pAq dA “ Et|S|2u “ σ2

S results

β “
ˆ
Γp2{η ` νq

Γpνq ¨ 1

σ2
S

˙ η
2

. (2.25)
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Speech Spectral
Amplitude PDF

(Prior)

Parameters of the
Generalized Gamma PDF (2.24)

η β ν

Rayleigh (2.20)
2 βR “ 1

σ2
S

1
(Gaussian Prior)

Chi (2.22)
2 βχ “ νχ

σ2
S

νχ
(Super-Gaussian Prior)

Gamma (2.23)
1 βΓ “

a
νΓpνΓ ` 1q

σS

νΓ
(Super-Gaussian Prior)

Table 2.1: Parameter sets of the generalized gamma PDF leading to a Rayleigh, chi, or
gamma speech spectral amplitude model

Please note that while η and ν are modeled to be frequency-independent and time-invariant,
the omitted indices p�, kq apply to A, β, and σ2

S.

A summary of PDF dependencies and the respective parameters can be seen in Fig-
ure 2.5 and Table 2.1. The (univarite) generalized gamma distribution covers all previ-
ously recapitulated speech spectral amplitude models as special case, i. e., the Rayleigh,
the chi, and the gamma distribution. By choosing η “ 1, the gamma distribution results
with β “ βΓ “ a

νΓpνΓ ` 1q{σS and the shape parameter ν “ νΓ. The chi or the Rayleigh
distribution is obtained by setting η “ 2: While the chi distribution results with the shape
parameter ν “ νχ, the Rayleigh PDF is obtained if ν “ νχ “ 1 is employed. Thus, the chi
distribution can be considered as a generalization of the Rayleigh distribution.

Still assuming statistically independent speech spectral amplitudes and phases with the
latter being uniformly distributed, the prior pSpSq can be modeled by a bivariate generalized
gamma distribution by applying (2.18) to (2.24), leading to [Fodor and Fingscheidt, 2012a]

pgΓ
S pSq “ pαpαq ¨ 1

|S|p
gΓ
A p|S|q “ 1

2π
¨ ηβν

Γpνq |S|ην´2e´β|S|η (2.26)

with η, β, and ν referring to the same parameters as those in the univariate case (2.24).
A specific (bivariate) prior with a Rayleigh-, chi-, or gamma-distributed speech spectral
amplitude and statistically independent, uniformly distributed speech spectral phase turns
out if corresponding parameter sets from Table 2.1 are applied to (2.26). Thus, we will employ
the generalized prior in this thesis which covers the speech spectral amplitude models from
Table 2.1 and maps them into a (bivariate) prior pSpS “ Aeαq which is needed for MMSE
estimation in (2.12).
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2.3.2 Noise Spectral PDF Assumptions

It is a generally employed model in speech enhancement that the speech STFT coefficient S
is superimposed with a statistically independent noise STFT coefficient D while passing
through the acoustic channel, resulting in the noisy speech STFT coefficient Y “ S ` D

(cf. Figure 2.1). Usually, the noise STFT coefficient D is modeled by a bivariate Gaussian
distribution and its PDF is defined as (cf. (2.19))

pDpDq “ 1

πσ2
D

¨ e
|D|2
σ2
D , D P C (2.27)

with σ2
D “ Et|D|2u being the PSD of the noise STFT coefficient D. Similar to the as-

sumptions for speech STFT coefficients, the Gaussian assumption is commonly justified by
the central limit theorem [Brillinger, 2001]. Consequently, the real and imaginary parts
of the noise STFT coefficient are assumed to be univariate Gaussian i. i. d. each with the
variance σ2

D{2. Accordingly, (2.27) is a rotationally symmetric PDF.

The a priori knowledge about the acoustic channel is contained in the likelihood pY |SpY |Sq
which is a bivariate PDF describing the probability density of the complex-valued noisy
speech STFT coefficient Y given a specific speech STFT coefficient S. The specific speech
STFT coefficient S can be interpreted as a deterministic point in the complex plain and
the noisy speech STFT coefficients Y scatter around this point according to the distribution
of the noise STFT coefficient D “ Y ´ S. Thus, the likelihood actually describes the
distribution of the noise and by applying (2.27), the likelihood can be written as [McAulay
and Malpass, 1980]

pY |SpY |Sq “ 1

πσ2
D

¨ e
|Y ´S|2

σ2
D (2.28)

which is still a rotationally symmetric PDF centered at S. Please note that besides Y , S, and
D, the omitted indices (�, k) also apply to σ2

D. Due to the property of rotational symmetry,
the Gaussian likelihood (2.28) can be rewritten as (the proof can be found in Appendix C)

pY |SpY |S “ Aejαq “ pY |A,αpY “ Rejϑ|A,αq “ 1

πσ2
D

¨ e
R2`A2´2AR cospϑ´αq

σ2
D . (2.29)

It is common to use (2.29) for the derivation of specific estimators. Nevertheless, in the
following we will employ the likelihood (2.28) instead.

2.4 Estimation Domains

In Section 2.2 we introduced a general MMSE estimation formula (2.12) with an arbitrary
function gp¨q. This function corresponds to estimation domains of speech enhancement, such
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as the STS estimation domain with gpXq “ X, the STSA estimation domain gpXq “ |X|,
and the LSA estimation domain gpXq “ ln |X| with lnp¨q being the natural logarithm, which
will be introduced in the following.

2.4.1 Short-Time Spectral (STS) Estimation Domain

Employing the simple function gpXq “ X, the general MMSE estimation formula (2.12)
turns out to be the general MMSE STS estimation formula (cf. [Erkelens et al., 2008])

pSSTS “ EtS|Y u “
ş
C

S ¨ pY |SpY |Sq ¨ pSpSq dSş
C

pY |SpY |Sq ¨ pSpSq dS (2.30)

which estimates the complex-valued speech STFT coefficient pSSTS. Please note that the well-
known Wiener filter [Scalart and Filho, 1996] is a typical MMSE STS estimator. Further
MMSE STS estimators can be found in, e. g., [Erkelens et al., 2008].

Please note that employing a polar representation using (2.18), (2.29), and polar integra-
tion with S “ Aejα and dS “ Adα dA [Papoulis and Pillai, 2002], (2.30) can be rewritten
as [Erkelens et al., 2008]

pSSTS “

8ş
0

2πş
0

A ¨ ejα ¨ pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dAdα

8ş
0

2πş
0

pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dAdα

. (2.31)

However, in order to have a consistent notation with Section 2.6, we will use (2.30) in the
following.

2.4.2 Short-Time Spectral Amplitude (STSA) Estimation Domain

Motivated by the fact that human perception is rather insensitive to the speech phase [Lim
and Oppenheim, 1979], many speech enhancement proposals focus on estimating the speech
spectral amplitude A “ |S| only, i. e., employ gpXq “ |X| in the general MMSE estimation
formula (2.12). The resulting MMSE STSA estimation formula is as follows (cf. [Ephraim
and Malah, 1984])

pASTSA “ E
�|S| ˇ̌

Y
( “

ş
C

|S| ¨ pY |SpY |Sq ¨ pSpSq dSş
C

pY |SpY |Sq ¨ pSpSq dS . (2.32)

MMSE STSA estimators are very successful which is reflected by their variety and the
considerable number of publications on these estimators, e. g., [Ephraim and Malah, 1984],
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[Andrianakis and White, 2006], [Erkelens et al., 2007], [Chen and Loizou, 2007], [Fodor and
Fingscheidt, 2012a].

Again, employing polar representation using (2.18), (2.29), and polar integration as
for (2.31), (2.30) yields [Ephraim and Malah, 1984]

pASTSA “

8ş
0

2πş
0

A ¨ pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dAdα

8ş
0

2πş
0

pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dAdα

(2.33)

which is the well-known MMSE STSA estimation formula. However, we will use (2.32) in
the following in order to have a consistent notation with Chapter 2.6.

Employing MMSE STSA estimation, the speech spectral phase α is out of focus. How-
ever, in order to obtain complex-valued STFT coefficients for the signal synthesis step, the
estimated speech spectral amplitudes are typically combined with the noisy spectral phase.
It is shown in [Ephraim and Malah, 1984] by minimizing the error criterion Et1´cospα´α̂qu
w. r. t. α̂ that the noisy spectral phase is indeed an optimal speech spectral phase estimate

α̂STSA “ ϑ. (2.34)

Please note that this optimization result is independent of (2.32). Interestingly, it is shown
in [Erkelens et al., 2008] that (2.34) is also optimal in the MMSE sense by minimizingş2π
0

pα ´ α̂q2 ¨ pα|Y pα|Y q dα w. r. t. α̂, under the assumption that the speech and noise STFT
coefficients are statistically independent, the speech spectral amplitudes and phases are also
statistically independent with the latter being uniformly distributed. Moreover, Gaussian
i. i. d. real and imaginary parts of the noise STFT coefficient D are assumed. Please note that
(2.34) holds independently of any assumptions on the speech spectral amplitude PDF pApAq.
Finally, the estimated speech STFT coefficient is obtained by pSSTSA “ pASTSA ¨ ejϑ.

It is worthwhile to mention that speech spectral amplitude estimation can further be
improved by exploiting information carried by the spectral phase for the estimation process,
as shown in [Gerkmann and Krawczyk, 2013], [Mowlaee and Saeidi, 2013].

2.4.3 Short-Time Log-Spectral Amplitude (LSA)

Estimation Domain

Motivated by the logarithmic sensitivity of human perception of sound, in [Ephraim and
Malah, 1985] the LSA estimation domain is proposed. Applying gpXq “ ln |X| to the
general MMSE estimation formula (2.12), the MMSE LSA estimation formula is obtained
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by (cf. [Ephraim and Malah, 1985])

{ln p|S|q “ zlnpAq “ E
�
lnp|S|q ˇ̌

Y
( “

ş
C

lnp|S|q ¨ pY |SpY |Sq ¨ pSpSq dSş
C

pY |SpY |Sq ¨ pSpSq dS . (2.35)

Further publications dealing with MMSE LSA estimation are, e. g., [Hendriks et al., 2009b],
[Borgström and Alwan, 2011], [Fodor and Fingscheidt, 2012b], [Fodor and Fingscheidt,
2012d]. Please note that employing polar representation using (2.18), (2.29), and polar
integration as for (2.31), (2.35) can be rewritten as [Ephraim and Malah, 1985]

zln |S| “ zlnpAq “

8ş
0

2πş
0

lnpAq ¨ pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dα dA

8ş
0

2πş
0

pY |A,αpY |A,αq ¨ pApAq ¨ pαpαq dα dA

(2.36)

which is widely used in literature. However, we will use (2.35) in the following in order to
have a consistent notation with Section 2.6.

Please note that different from the MMSE STSA estimate from (2.32) or (2.33), the
MMSE LSA estimate from (2.35) or (2.36) is commonly transformed back from the loga-
rithmic domain into the linear domain. Accordingly, the speech STFT coefficient is then
generally computed as

pSLSA “ pALSA ¨ ejϑ « exp
´ zlnpAq

¯
¨ ejϑ (2.37)

where the speech spectral amplitude is approximated by pALSA « exp
´ zlnpAq

¯
and the

term ejϑ is the optimal spectral spectral phase estimate according to (2.34).

2.5 Synopsis of MMSE Estimation

As outlined before, for MMSE estimation an underlying signal and channel model (cf. Sec-
tion 2.3) as well as an estimation domain (cf. Section 2.4) are required. The combination
of a specific speech prior and a specific likelihood leads then to a specific MMSE estimator
in each estimation domain. Assuming a Gaussian likelihood (2.28), the three speech priors
from Section 2.3 and the three estimation domains from Section 2.4 lead to nine specific
MMSE estimators which will be introduced in this section. First, we will give a generalized
estimation formula for each estimation domain employing the bivariate generalized gamma
PDF (2.26) as prior, and then, each specific estimator turns out as special case. By this
means, the relation among the resulting estimators can easily be shown.

The resulting speech spectral (amplitude) estimates usually feature a multiplicative rela-
tionship of the noisy speech spectrum (spectral amplitude) and a spectral gain which is also
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called spectral weighting rule, typically denoted by G. Weighting rules are always real-valued
and non-negative, if we assume that the speech spectral amplitude and phase are statistically
independent, the speech spectral phase is uniformly distributed, and the noise STFT coeffi-
cients are bivariate Gaussian distributed (2.28) (circular symmetry of the likelihood) [Erke-
lens et al., 2008]. Furthermore, spectral weights are time-varying and frequency-dependent,
i. e., are a function of the omitted indices p�, kq.

2.5.1 MMSE STS Estimation

Generalized Prior

Employing the bivariate generalized gamma distribution (2.26) for the speech STFT coeffi-
cients and a Gaussian likelihood (2.28), the general MMSE STS estimation formula (2.30)
turns out to be

pSgΓ-STS “
ş
C

S ¨ exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dSş

C

exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dS

(2.38)

with subscript gΓ-STS denoting the generalized gamma prior and the MMSE STS estimation
domain. After employing polar integration as for (2.31) and integrating w. r. t. the spectral
phase α using [Gradshteyn and Ryzhik, 1965, Eq. (8.431.5)], the MMSE STS estimation
formula (2.38) yields

pSgΓ-STS “

8ş
0

Aην ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I1
´
2AR
σ2
D

¯
dA

8ş
0

Aην´1 ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I0
´
2AR
σ2
D

¯
dAlooooooooooooooooooooooooooomooooooooooooooooooooooooooon

Spectral amplitude estimate

¨ ejϑ

loomoon
Spectral phase estimate

(2.39)

with I0p¨q and I1p¨q being the modified Bessel function of the zeroth and first or-
der [Abramowitz and Stegun, 1972, Chapter 10.2], respectively. Since the integrands
of (2.39) are real-valued (I0p¨q and I1p¨q are real-valued if their arguments are real and posi-
tive [Abramowitz and Stegun, 1972]), both integrals turn out to be real-valued. Therefore,
their ratio can be associated with the spectral amplitude estimate pAgΓ-STS.

It is interesting to note that integrating the numerator of (2.38) w. r. t. the spectral phase α
results in the product of the numerator in (2.39) and a spectral phase term ejϑ. Thus, the
noisy speech spectral phase ϑ turns out to be the optimal speech spectral phase estimate pαSTS

for STS estimation in general, as the denominator of (2.38) does not influence the spectral
phase estimate. Interestingly, this result coincides with the speech phase estimate in STSA
estimation, cf. (2.34).
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Figure 2.6: MMSE STS weighting rule with an underlying Rayleigh speech spectral ampli-
tude model (Wiener filter) (2.41)

In the following, each of the speech spectral models from Section 2.3.1, i. e., the Rayleigh,
chi, and gamma distributions, will be employed to derive specific MMSE STS estimators.

Gaussian Prior

Assuming the Rayleigh distribution (2.20) for the speech spectral amplitudes (Gaussian
speech prior), i. e., using the parameters η “ 2, β “ 1{σ2

S, and ν “ 1 (cf. Table 2.1), the
general MMSE STS formula (2.39) results in

pSR-STS “

8ş
0

A2 ¨ exp
´

´A2
”

1
σ2
D

` 1
σ2
S

ı¯
¨ I1

´
2AR
σ2
D

¯
dA

8ş
0

A ¨ exp
´

´A2
”

1
σ2
D

` 1
σ2
S

ı¯
¨ I0

´
2AR
σ2
D

¯
dA

¨ ejϑ (2.40)

with subscript R-STS denoting a Rayleigh-distributed speech spectral amplitude model
(Gaussian assumption for the complex speech spectral value) and the MMSE STS esti-
mation domain. By using [Gradshteyn and Ryzhik, 1965, Eqs. (6.631.1), (8.406.3)], (2.40)
yields the Wiener filter [Scalart and Filho, 1996]

pSR-STS “ GR-STS ¨ Rejϑ “ ξ

1 ` ξ
¨ Y (2.41)

with the so-called a priori SNR which is defined as [McAulay and Malpass, 1980]

ξ “ σ2
S

σ2
D

. (2.42)

Please note that besides of σ2
S and σ2

D the omitted indices p�, kq also apply to ξ. The resulting
MMSE speech spectral estimator turns out to be a product of the weighting rule GR-STS and
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Figure 2.7: MMSE STS weighting rule with an underlying chi speech spectral amplitude
model (2.43)

the noisy speech STFT coefficient Y . The spectral weights of the Wiener filter (2.41) are
depicted in Figure 2.6 as a function of the a priori SNR ξ. As can be seen, noisy speech
STFT coefficients are penalized by low spectral gains if the a priori SNR is low. In contrary,
they are less attenuated in case of high SNRs.

Super-Gaussian Priors

Assuming the chi distribution (2.22) for the speech spectral amplitudes, i. e., utilizing the
parameters η “ 2, ν “ νχ, and β “ νχ{σ2

S (cf. Table 2.1), the general MMSE STS estimation
formula (2.39) can be rewritten by means of [Gradshteyn and Ryzhik, 1965, Eqs. (6.631.1),
(8.406.3)] as [Erkelens et al., 2008]

pSχ-STS “ Gχ-STS ¨ Y “ νχ ¨ ξ
νχ ` ξ

¨ 1F1

´
νχ ` 1; 2; γξ

νχ`ξ

¯
1F1

´
νχ; 1;

γξ
νχ`ξ

¯ ¨ Y (2.43)

where subscript χ-STS denotes the chi-distributed speech spectral amplitude model and the
MMSE STS estimation domain and 1F1p¨q is the confluent hypergeometric function [Grad-
shteyn and Ryzhik, 1965, Chapter 9.21]. In addition to the a priori SNR ξ, the resulting
estimator (2.43) is a function of the so-called a posteriori SNR γ “ |Y |2{σ2

D [McAulay and
Malpass, 1980]. Please note that besides Y and σ2

D, the omitted indices p�, kq also apply to
the a posteriori SNR γ.

Again, the MMSE STS estimator (2.43) is a product of the weighting rule Gχ-STS and the
noisy speech STFT coefficient Y . The resulting spectral weights are plotted in Figure 2.7.
Please note that for νχ “ 2, spectral weights larger than one occur in case of small a
posteriori SNRs and large a priori SNRs. We will observe this phenomenon for several
estimators which can be explained by the phase relationship of the speech and noise STFT
coefficients: If the speech PSD is large enough (reflected by a large a priori SNR), but a
destructive phase relationship produces a small observed noisy spectral amplitude (indicated
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Figure 2.8: MMSE STS weighting rule with an underlying gamma speech spectral amplitude
model (2.45)

by a small a posteriori SNR), large spectral weights amplify the attenuated speech spectral
amplitudes. Please note the following special case: Applying νχ “ 1 to (2.43), the Wiener
filter (2.41) results (cf. [Gradshteyn and Ryzhik, 1965, Eq. (9.215.1)]).

Assuming the gamma distribution for the speech spectral amplitudes (2.23), i. e., employ-
ing the parameters η “ 1, ν “ νχ, and β “ a

νΓpνΓ ` 1q{σS (cf. Table 2.1), the general
MMSE STS estimation formula (2.39) turns out to be (cf. [Erkelens et al., 2008, Eq. (18)])

pSΓ-STS “

8ş
0

AνΓ ¨ exp
ˆ

´ 1
σ2
D
A2 ´

?
νΓpνΓ`1q
σS

A

˙
¨ I1

´
2 R
σ2
D
A

¯
dA

8ş
0

AνΓ´1 ¨ exp
ˆ

´ 1
σ2
D
A2 ´

?
νΓpνΓ`1q
σS

A

˙
¨ I0

´
2 R
σ2
D
A

¯
dA

¨ ejϑ (2.44)

with subscript Γ-STS denoting the gamma-distributed speech spectral amplitude model and
the MMSE STS estimation domain. Unfortunately, the integrals in (2.44) do not have closed-
form solutions. Therefore, in [Erkelens et al., 2008] some approximations are given and two
different closed-form solutions are derived for low and high SNRs. Different from this we
will employ numerical methods to solve the integrals. Assuming that—similar to (2.41) and
(2.43)—the estimator (2.44) is a product of a (real-valued) weighting rule and the noisy
speech STFT coefficients, (2.44) can be rewritten using variable substitution with A “ g ¨R
and dA “ dg ¨ R as

pSΓ-STS “ GΓ-STS ¨ Y “

8ş
0

gνΓ ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I1 p2γgq dg

8ş
0

gνΓ´1 ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I0 p2γgq dg

¨ Rejϑ.

(2.45)
By this means, the integrands can be obtained as a function of the a priori SNR ξ and
the a posteriori SNR γ. These integrals can be calculated numerically, e. g., by using the
Gauss-Kronrod quadrature [Brass and Petras, 2011]. The resulting approximated weighting
rule is depicted in Figure 2.8. Please note that although the exemplary spectral weights in
Figure 2.8 are not larger than one, values GΓ-STS ą 1 are generally possible.
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Figure 2.9: MMSE STSA weighting rule with an underlying Rayleigh speech spectral am-
plitude model (2.48)

2.5.2 MMSE STSA Estimation

Generalized Prior

Employing the bivariate generalized gamma distribution (2.26) as speech prior and a Gaus-
sian likelihood (2.28) for the general MMSE STSA estimation formula (2.32) leads to

x|S|gΓ-STSA “ pAgΓ-STSA “
ş
C

|S| ¨ exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dSş

C

exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dS

(2.46)

where subscript gΓ-STSA denotes the generalized gamma prior and the STSA estimation
domain. Utilizing polar integration as for (2.31) and integrating w. r. t. the spectral phase α

using [Gradshteyn and Ryzhik, 1965, Eq. (8.431.5)], (2.46) turns out to be [Fodor and
Fingscheidt, 2012a]

pAgΓ-STSA “

8ş
0

Aην ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I0
´
2AR
σ2
D

¯
dA

8ş
0

Aην´1 ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I0
´
2AR
σ2
D

¯
dA

. (2.47)

Note that different from the MMSE STS estimation formula (2.39), (2.47) uses a Bessel
function of zeroth order in the nominator and naturally does not have a spectral phase term
(due to the different estimation domain). As a similarity, its integrals are real-valued, just
as those in (2.39).

In the following, each of the speech spectral models from Section 2.3.1 (Rayleigh, chi, and
gamma) will again be reemployed to derive specific MMSE STSA estimators.
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Figure 2.10: MMSE STSA weighting rule with an underlying chi speech spectral amplitude
model (2.49)

Gaussian Prior

Assuming the Rayleigh distribution for the speech spectral amplitudes (2.20) (Gaussian
assumption for the speech), i. e., using the parameters η “ 2, β “ 1{σ2

S, and ν “ 1 (cf.
Table 2.1), the general MMSE LSA estimation formula (2.47) can be rewritten by means
of [Gradshteyn and Ryzhik, 1965, Eqs. (6.631.1), (8.406.3)] as [Ephraim and Malah, 1984]

pAR-STSA “ GR-STSA ¨ R “ Γp1.5q
d

ξ

γp1 ` ξq1F1

ˆ
´0.5; 1; ´ γξ

1 ` ξ

˙
¨ R (2.48)

with subscript R-STSA denoting the Rayleigh speech spectral amplitude model and the
STSA estimation domain. The resulting weighting rule GR-STSA is depicted in Figure 2.9.

Super-Gaussian Priors

Assuming a chi -distributed speech spectral amplitude model (2.22), i. e., utilizing the pa-
rameters η “ 2, ν “ νχ, and β “ νχ{σ2

S (cf. Table 2.1) as well as using [Gradshteyn and
Ryzhik, 1965, Eqs. (6.631.1), (8.406.3)], the general MMSE LSA estimation formula (2.47)
yields [Andrianakis and White, 2006], [Erkelens et al., 2007]

pAχ-STSA “ Gχ-STSA ¨ R “ Γpνχ ` 0.5q
Γpνχq

d
ξ

γpνχ ` ξq
1F1

´
νχ ` 0.5; 1; γξ

νχ`ξ

¯
1F1

´
νχ; 1;

γξ
νχ`ξ

¯ ¨ R (2.49)

where subscript χ-STSA denotes the chi-distributed speech spectral amplitude model and the
STSA estimation domain. The resulting weighting rule Gχ-STSA is illustrated in Figure 2.10.
Please note that employing νχ “ 1, (2.49) yields the MMSE STSA estimator (2.48) with an
underlying Gaussian speech prior as special case.

Assuming a gamma-distributed speech spectral amplitude model (2.23), i. e., incorporat-
ing the parameters η “ 1, ν “ νΓ, and β “ a

νΓpνΓ ` 1q{σS (cf. Table 2.1), the general
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Figure 2.11: MMSE STSA weighting rule with an underlying gamma speech spectral ampli-
tude model (2.51)

MMSE LSA estimation formula (2.47) can be reformulated as (cf. [Andrianakis and White,
2006, Eqs. (7) and (8)], [Erkelens et al., 2007, Eq. (13)])

pAΓ-STSA “

8ş
0

AνΓ ¨ exp
ˆ

´A2

σ2
D

´
?

νΓpνΓ`1q
σS

A

˙
¨ I0

´
2AR
σ2
D

¯
dA

8ş
0

AνΓ´1 ¨ exp
ˆ

´A2

σ2
D

´
?

νΓpνΓ`1q
σS

A

˙
¨ I0

´
2AR
σ2
D

¯
dA

(2.50)

with subscript Γ-STSA denoting the employed gamma speech spectral amplitude model
and the STSA estimation domain. Similar to (2.44), the integrals in (2.50) do not have
closed-form solutions, therefore, in [Erkelens et al., 2007] some approximations are applied
in order to yield an analytical solution. Due to the corresponding approximations, two
separate speech spectral amplitude estimators are obtained one for low and one for high
SNRs. However, we will employ numerical methods to solve these integrals just as in the
STS estimation case. First, we reformulate (2.50) by variable substitution as for (2.45)
leading to [Fodor and Fingscheidt, 2012a]

pAΓ-STSA “ GΓ-STSA ¨ R “

8ş
0

gνΓ ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I0 p2γgq dg

8ş
0

gνΓ´1 ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I0 p2γgq dg

¨ R.

(2.51)

By this means, the integrands can be obtained as a function of the a priori SNR ξ and the
a posteriori SNR γ. Again, solving these integrals by the Gauss-Kronrod quadrature [Brass
and Petras, 2011] results in the approximated weighting rule in Figure 2.11.
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2.5.3 MMSE LSA Estimation

Generalized Prior

Employing the bivariate generalized gamma PDF (2.26) as speech prior and a Gaussian
likelihood (2.28), the general MMSE LSA estimation formula (2.35) yields

{ln p|S|qgΓ-LSA “ zlnpAqgΓ-LSA “
ş
C

ln p|S|q ¨ exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dSş

C

exp
´

|Y ´S|2
σ2
D

¯
¨ |S|ην´2 ¨ exp p´β|S|ηq dS

(2.52)

where subscript gΓ-LSA denotes the generalized gamma prior and the LSA estimation do-
main. Utilizing polar integration as for (2.31) and integrating w. r. t. the spectral phase α

using [Gradshteyn and Ryzhik, 1965, Eq. (8.431.5)], (2.52) turns out to be

zlnpAqgΓ-LSA “

8ş
0

lnpAq ¨ Aην´1 ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I0
´
2AR
σ2
D

¯
dA

8ş
0

Aην´1 ¨ exp
´

´A2

σ2
D

´ βAη
¯

¨ I0
´
2AR
σ2
D

¯
dA

. (2.53)

Similar to the STS and STSA estimation domains (cf. (2.39) and (2.47)), its integrals are
real-valued, thus, (2.53) is also real-valued. Using variable substitution as for (2.45), (2.53)
can be rewritten as [Fodor and Fingscheidt, 2012d, Eqs. (6) and (7)]

zlnpAqgΓ-LSA “ lnpRq `

8ş
0

lnpgq ¨ gην´1 ¨ exp
´

´g2R2

σ2
D

´ βgηRη
¯

¨ I0
´
2gR2

σ2
D

¯
dg

8ş
0

gην´1 ¨ exp
´

´g2R2

σ2
D

´ βgηRη
¯

¨ I0
´
2gR2

σ2
D

¯
dg

. (2.54)

Furthermore, the introduced MMSE LSA estimators will turn out to the general form

zlnpAqLSA “ lnpGLSAq ` lnpRq “ lnpGLSA ¨ Rq (2.55)

with GLSA being an LSA spectral weighting rule. Therefore, instead of the approxima-
tion pALSA « expp zlnpAqq in (2.37) we can write

pALSA “ GLSA ¨ R (2.56)

which generally holds for MMSE LSA estimation. Accordingly, (2.54) can be rewritten as

pAgΓ-LSA “ exp

¨̊
˚̋

8ş
0

lnpgq ¨ gην´1 ¨ exp
´

´g2 R2

σ2
D

´ gηβRη
¯

¨ I0
´
g 2R2

σ2
D

¯
dg

8ş
0

gην´1 ¨ exp
´

´g2 R2

σ2
D

´ gηβRη
¯

¨ I0
´
g 2R2

σ2
D

¯
dg

‹̨‹‚¨ R. (2.57)

In the following, each of the speech spectral models from Section 2.3.1 (Rayleigh, chi, gamma)
will again be employed to derive specific MMSE STSA estimators.
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Figure 2.12: MMSE LSA weighting rule with an underlying Rayleigh speech spectral ampli-
tude model (2.58)

Gaussian Prior

Assuming a Rayleigh-distributed speech spectral amplitude model (2.20) (Gaussian assump-
tion for the speech), i. e., using the parameters η “ 2, β “ 1{σ2

S, and ν “ 1 (cf. Table 2.1),
(2.53) can be solved by means of the moment generating function [Papoulis and Pillai, 2002,
Chapter 5-5] and the result turns out to be [Ephraim and Malah, 1985]

pAR-LSA “ GR-LSA ¨ R “ ξ

1 ` ξ
exp

¨̋
1

2

8ż
v

e´t

t
dt‚̨¨ R (2.58)

with subscript R-LSA denoting the Rayleigh speech spectral amplitude model and the LSA
estimation domain as well as with v “ γ ¨ ξ{p1 ` ξq. The resulting weighting rule GR-LSA is
depicted in Figure 2.12.

Super-Gaussian Priors

Assuming a chi -distributed speech spectral amplitude model (2.22), i. e., utilizing the pa-
rameters η “ 2, ν “ νχ, and β “ νχ{σ2

S (cf. Table 2.1), (2.53) can also be obtained in closed
form by means of the moment generating function [Hendriks et al., 2009b]

pAχ-LSA “ Gχ-LSA ¨ R “
d

ξ

pξ ` νχqγ exp

¨̋
ψpνχq
2

` T pνχ, γ, ξq
1F1

´
νχ; 1;

γξ
νχ`ξ

¯‚̨¨ R (2.59)

with

T pνχ, γ, ξq “
8ÿ
t“0

Γpνχ ` tqrψpνχ ` tq ´ ψpνχqs
2Γpνχq

ˆ
γξ

νχ ` ξ

˙t
1

pt!q2 , (2.60)
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Figure 2.13: MMSE LSA weighting rule with an underlying chi speech spectral amplitude
model (2.59)

ψp¨q being the psi function [Abramowitz and Stegun, 1972, Chapter 6], and subscript χ-LSA
denoting the chi-distributed speech spectral amplitude model and the LSA estimation do-
main. Please note that employing νχ “ 1, (2.59) yields the MMSE STSA estimator with
an underlying Rayleigh speech spectral amplitude model (2.58) as special case. The func-
tion T pνχ, γ, ξq is calculated by means of an infinite series which is commonly truncated
for practical implementations to an upper limit. In [Hendriks et al., 2009b] an upper limit
of 1.5 ¨ 104 iterations is found to be sufficient.

The spectral weights Gχ-LSA can also be solved by quadrature: Using (2.57) and the PDF
parameters of the chi distribution from Table 2.1, the estimator (2.59) can be also be written
as

pAχ-LSA “ Gχ-LSA ¨R “ exp

¨̊
˚̋

8ş
0

lnpgq ¨ g2νχ´1 ¨ exp
´

´g2
”
γ ` νχ

γ
ξ

ı¯
¨ I0 p2γgq dg

8ş
0

g2νχ´1 ¨ exp
´

´g2
”
γ ` νχ

γ
ξ

ı¯
¨ I0 p2γgq dg

‹̨‹‚¨R. (2.61)

Solving these integrals by the Gauss-Kronrod quadrature [Brass and Petras, 2011] results in
the approximated weighting rule Gχ-LSA in Figure 2.13.

Assuming a gamma-distributed speech spectral amplitude model (2.23), i. e., employing
the parameters η “ 1, ν “ νΓ, and β “ a

νΓpνΓ ` 1q{σS (cf. Table 2.1), (2.53) turns out to
be

zlnpAqΓ-LSA “

8ş
0

lnpAq ¨ Aν´1 ¨ exp
ˆ

´A2

σ2
D

´
?

νΓpνΓ`1q
σS

A

˙
¨ I0

´
2AR
σ2
D

¯
dA

8ş
0

Aν´1 ¨ exp
ˆ

´A2

σ2
D

´
?

νΓpνΓ`1q
σS

A

˙
¨ I0

´
2AR
σ2
D

¯
dA

(2.62)

with subscript Γ-LSA denoting the employed gamma speech spectral amplitude model and
the LSA estimation domain. Similar to the MMSE STS and MMSE STSA equivalents (cf.
(2.44) and (2.50)), the integrals in (2.62) do not have closed-form solutions. Therefore,
in [Borgström and Alwan, 2011] some approximations are applied in order to obtain an (ap-
proximated) analytical solution. However, just as in the STS and STSA estimation domains,



34 2 Synopsis of MMSE Speech Enhancement Approaches

-20
0 20

-20
020

0

2

4

ξ [dB]γ [dB]

G
Γ
-L

SA

νΓ “ 1

-20
0 20

-20
020

0

2

4

ξ [dB]γ [dB]

G
Γ
-L

SA

νΓ “ 0.5

-20
0 20

-20
020

0

2

4

ξ [dB]γ [dB]

G
Γ
-L

SA

νΓ “ 2

Figure 2.14: MMSE LSA weighting rule with an underlying gamma speech spectral ampli-
tude model (2.63)

we utilize numerical methods to solve these integrals. Using the generalized MMSE LSA es-
timation formula (2.57) and the PDF parameters of the gamma distribution from Table 2.1,
the MMSE LSA estimator assuming gamma-distributed speech spectral amplitudes can be
obtained by (cf. [Fodor and Fingscheidt, 2012d, Eq. (7)])

pAΓ-LSA “ GΓ-LSA ¨ R

“ exp

¨̊
˚̋

8ş
0

lnpgq ¨ gνΓ´1 ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I0 p2γgq dg

8ş
0

gνΓ´1 ¨ exp
´

´γg2 ´ a
νΓpνΓ ` 1q

b
γ
ξ
g

¯
¨ I0 p2γgq dg

‹̨‹‚¨ R.

(2.63)
Solving these integrals by means of the Gauss-Kronrod quadrature [Brass and Petras, 2011]
results in the approximated weighting rule GΓ-LSA depicted in Figure 2.14.

An overview of MMSE estimators recapitulated in this section is given in Table 2.2. It
can be concluded that the hierarchy of speech spectral amplitude PDFs in Figure 2.5 is also
true for corresponding MMSE estimators. This is due to the fact that MMSE estimators
based on a specific speech spectral amplitude PDF inherit its hierarchy properties.
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2.6 MMSE Estimation

Under Speech Presence Uncertainty (SPU)

The general MMSE estimation formula (2.12) and the resulting specific estimators in Sec-
tion 2.5 (summarized in Table 2.2) assume that speech is always present. However, this is
not fulfilled for natural speech as uttered by human beings, e. g., during speech pauses or in
frequency bins located between spectral harmonics of voiced speech sounds which generally
have extreme low energy. Therefore, it was shown in several publications, e. g., [McAulay
and Malpass, 1980], [Ephraim and Malah, 1984], [Azirani et al., 1996], [Cohen and Berdugo,
2001], [Gerkmann et al., 2008], that speech enhancement approaches can successfully be
enhanced by taking speech presence uncertainty (SPU) into account.

Accordingly, extending the Bayesian estimation formula (2.9) in terms of total probability
by the hypotheses H0 and H1 denoting speech absence and speech presence, respectively,
results in the general Bayesian estimation formula under SPU (cf. [Middleton and Esposito,
1968])

pS “ argminpS
ż
C

CpS, pS q ¨ pS|Y pS|Y q dS

“ argminpS
ż
C

CpS, pS q ¨
hkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkjÿ
HPtH0,H1u

P pH|Y q ¨ pS|Y,HpS|Y,Hq dS (2.64)

“ argminpS
ż
C

C
`
S, pS ˘ ¨

”
P pH0|Y q ¨ pS|Y,H0pS|Y,H0q ` P pH1|Y q ¨ pS|Y,H1pS|Y,H1q

ı
dS

with P pH1|Y q, P pH0|Y q “ 1 ´ P pH1|Y q, pS|Y,H1pS|Y,H1q, and pS|Y,H0pS|Y,H0q being the
a posteriori speech presence probability (SPP), the a posteriori speech absence probability
(SAP), the posterior under speech presence H1 and absence H0, respectively. Applying the
MMSE cost function (2.10) to (2.64), leads to the general MMSE estimation formula under
SPU zgpSq “ P pH0|Y q ¨ E tgpSq|Y,H0u ` P pH1|Y q ¨ E tgpSq|Y,H1u (2.65)

with EtgpSq|Y,H0u and EtgpSq|Y,H1u being the MMSE estimate for speech zgpSq under
the hypothesis of speech absence H0 and speech presence H1, respectively. As can be seen,
the MMSE estimation formula under SPU is a sum of two products: Each product consists
of an MMSE estimate EtgpSq|Y,Hu and an a posteriori SPP or SAP P pH|Y q with H P
tH0, H1u. The latter is also called soft weight. Please note that since the MMSE estimation
formula (2.12) assumes permanent speech presence, it corresponds to EtgpSq|Y,H1u in (2.65).

In the following, we will focus first on the soft weights, then we will take a look at the
MMSE estimates E tgpSq|Y,H0u and E tgpSq|Y,H1u as well as the final MMSE estimators
under SPU. In Section 2.6.1, a very common description of the soft weights is presented, while
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in Section 2.6.2 a more sophisticated soft weight computation with averaging and fixed prior
parameters is introduced. Finally, the application of the soft weights into the final MMSE
estimation under SPU in different estimation domains will be presented in Section 2.6.3.

2.6.1 A Posteriori SPP Estimation with Adapted Prior Parameters

In terms of total probability, the relationship between the a posteriori SPP and the a pos-
teriori SAP is P pH1|Y q ` P pH0|Y q “ 1. Furthermore, the a posteriori SPP can be written
as [Middleton and Esposito, 1968], [Ephraim and Malah, 1984]

P pH1|Y q “ Λ

1 ` Λ
(2.66)

with the so-called generalized likelihood ratio (GLR)

Λ “ P pH1q
P pH0q ¨ pY |H1pY |H1q

pY |H0pY |H0q (2.67)

where P pH1q, P pH0q “ 1´P pH1q, pY |H1pY |H1q, and pY |H0pY |H0q are the a priori SPP, the a
priori SAP, the PDF of the noisy speech assuming speech presence and absence, respectively.
The PDFs pY |H0pY |H0q and pY |H1pY |H1q are also called the likelihood of speech absence and
speech presence, respectively. The a priori SPP and SAP are usually modeled as constant
quantities with, e. g., P pH1q “ 0.5 [McAulay and Malpass, 1980], or P pH1q “ 0.8 [Ephraim
and Malah, 1984], but there are also approaches based on adaptive tracking of the a priori
SAP [Malah et al., 1999], [Cohen and Berdugo, 2001]. In this thesis, we will employ P pH0q “
P pH1q “ 0.5.

The conditional PDF pY |H0pY |H0q models the probability density of the noisy speech
STFT coefficient in absence of speech. That means that only the noise is present, i. e.,
Y “ D, therefore,

pY |H0pY |H0q ” pDpY q (2.68)

with pDp¨q being, e. g., (2.27). Under hypothesis H1, however, the speech STFT coefficient S
is non-zero, thus, the likelihood of speech presence is defined as

pY |H1pY |H1q ” pY pY “ S ` Dq “
ż
C

pY |SpY |Sq ¨ pSpSq dS. (2.69)

It turns out that the desired PDF pY |H1pY |H1q is identical to the evidence in the general
MMSE estimation formula (2.12) and can be calculated by marginalizing the product of the
likelihood pY |SpY |Sq and the prior pSpSq. In the following, we will recapitulate common a
posteriori SPP estimators P pH1|Y q.

Analog to the PDF assumptions of the speech spectral amplitude estimator (2.48),
in [Ephraim and Malah, 1984] a Gaussian speech spectral model (2.19) (Rayleigh-distributed
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speech spectral amplitude assumption) and a Gaussian likelihood (2.28) are proposed for
calculating the likelihood of speech absence (2.68) and speech presence (2.69), respectively.
Utilizing [Gradshteyn and Ryzhik, 1965, Eq. (6.631.1)] for determining the former, the like-
lihoods finally yield

pY |H1pY |H1q
ˇ̌
R “ 1

πσ2
D

¨ exp
ˆ |Y |2

σ2
D

˙
¨ 1

1 ` ξ
¨ exp

ˆ |Y |2
σ2
D

ξ

1 ` ξ

˙
,

pY |H0pY |H0q
ˇ̌
R “ 1

πσ2
D

¨ exp
ˆ |Y |2

σ2
D

˙ (2.70)

with subscript R denoting the Rayleigh-distributed speech spectral amplitude model. Sub-
stituting the likelihoods (2.70) into the GLR (2.67) results in [Ephraim and Malah, 1984]

ΛR “ P pH1q
P pH0q ¨ 1

1 ` ξ
¨ exp

ˆ
γξ

1 ` ξ

˙
. (2.71)

Please note that (2.71) and the corresponding a posteriori SPP P pH1|Y qˇ̌
R “ ΛR{p1 ` ΛRq

are a function of the a priori and the a posteriori SNR ξ and γ, respectively, just as the
spectral weighting rules in Section 2.5.

Arguing that the speech STFT coefficients rather follow a super-Gaussian distribution
than a Gaussian, in [Breithaupt and Martin, 2011] the chi distribution (2.22) is utilized for
modeling the speech spectral amplitudes. The corresponding GLR is calculated as [Brei-
thaupt and Martin, 2011]

Λχ “ P pH1q
P pH0q ¨

ˆ
νχ

νχ ` ξ

˙νχ

¨ 1F1

ˆ
νχ; 1;

γξ

νχ ` ξ

˙
(2.72)

with subscript χ denoting the chi-distributed speech spectral amplitude assumption. The
corresponding a posteriori SPP is computed straightforwardly by (2.66).

A gamma-distributed speech spectral amplitude model in conjunction with SPU estima-
tion will be proposed in Section 4.2.

2.6.2 A Posteriori SPP Estimation

with Averaging and Fixed Prior Parameters

The estimators in the previous section yield a posteriori SPP values close to one relatively
robust during speech presence. In absence of speech, however, they typically output the a
priori SPP which is usually not close to zero (cf. P pH1|Y q in (2.66) tends to the a priori
SPP P pH1q instead of zero, if the a priori SNR in (2.71) or (2.72) approaches zero). To
overcome this issue, an adaptive tracking of the a priori SPP is proposed in [Cohen and
Berdugo, 2001]. Different from this adaptive solution, an approach with fixed a priori SPP
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and fixed a priori SNR for SPU estimation is introduced in [Gerkmann et al., 2008] arguing
that these quantities should be independent of the observations and, thus, reflect true a
priori knowledge. Furthermore, it is shown that the use of a fixed a priori SPP and a fixed a
priori SNR can enhance SPU estimation and can outperform approaches with adapted prior
parameters by achieving a posteriori SPP estimates close to zero when speech is absent.

Since the a posteriori SPP estimator (2.66) is a function of the noisy observations (cf.
(2.71) or (2.72)), the random fluctuations of the observations may result in estimation outliers
which may be perceived as musical noise [Gerkmann et al., 2008]. In order to improve
estimation robustness and reduce estimation outliers, in [Gerkmann et al., 2008] averaged
observations are employed for SPU estimation. As can be seen in (2.71) or (2.72), the a
posteriori SPP estimator (2.66) is not a function of the spectral phase of the noisy speech
STFT coefficient Y . Therefore, assuming that hypothesis H1 is independent of the spectral
phase of the noisy speech STFT coefficient Y , the a posteriori SPP can also be written as
a function of γ, i. e., P pH1|Y q “ P pH1|γq. Employing averaged a posteriori SNR values γ̄

for SPU estimation, the corresponding GLR (2.67) and the corresponding likelihoods (2.68)
and (2.69) have to be determined. The averaged a posteriori SNR γ̄ is simply obtained
by calculating the moving average of γ. However, the choice of the averaging window size
is crucial: The larger the window, the more random fluctuations of γ can be reduced, but
simultaneously the more speech distortion occurs since averaging strongly affects the fine
spectral structure of speech. As a tradeoff, two averaging processes of different window sizes,
i. e., a small local window and a large global window, can be applied and combined [Cohen
and Berdugo, 2001]. Accordingly, the averaging is carried out as follows [Gerkmann et al.,
2008]

γ̄Θ,�pkq “ 1

|LΘ| ¨ |KΘ| ¨
ÿ

λΘPLΘ

ÿ
κΘPKΘ

γ�“λΘ
pk “ κΘq (2.73)

with Θ standing for either local or global, LΘ “ t�´Δ�Θ, �´Δ�Θ `1, . . . , �´1, �u and KΘ “
tk ´ ΔkΘ, k ´ ΔkΘ ` 1, . . . , k ´ 1, k, k ` 1, . . . , k ` ΔkΘ ´ 1, k ` ΔkΘu being a set of frames
and a set of frequency bins within the corresponding averaging window, respectively, as well
as with |LΘ| and |KΘ| being the number of these frames and frequency bins, respectively.
Besides the current frame �, the previous Δ�Θ frames are also considered for averaging,
thus, each averaging window covers |LΘ| “ Δ�Θ ` 1 frames. Furthermore, each window
utilizes |KΘ| “ 2 ¨ΔkΘ `1 frequency bins for averaging, comprising the current frequency
bin k, ΔkΘ lower frequency bins, and ΔkΘ upper frequency bins. By this means, each
averaging window has the size |KΘ|¨|LΘ|. Please note that at low and high frequency bins,
where the shape of the averaging windows would be reduced due to side effects, the missing
observations are replaced by mirroring available ones using the smallest and largest frequency
bins, respectively, as symmetry axes. Moreover, at k “ 0 and k “ L{2 ` 1 no averaging is
applied.
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The corresponding local and global a posteriori SPPs driven by the averaged a posteriori
SNRs γ̄Θ are multiplicatively combined to a final a posteriori SPP estimate [Gerkmann et al.,
2008] (cf. also [Cohen and Berdugo, 2001] and [Sørensen and Andersen, 2005])3

P pH1|γq “ P pH1|γ̄localq ¨ P pH1|γ̄globalq. (2.74)

Please note that (2.74) estimates speech presence H1 in a robust way: The a posteriori
SPP P pH1|γq only achieves values close to one, if both the local and the global a posteriori
SPPs are close to one. The local and global a posteriori SPPs are calculated as (cf. (2.66))

P pH1|γ̄Θq “ Λ̄Θ

1 ` Λ̄Θ

(2.75)

with the GLR for the averaged observations (cf. (2.67))

Λ̄Θ “ P pH1q
P pH0q ¨ pγ̄Θ|H1pγ̄Θ|H1q

pγ̄Θ|H0pγ̄Θ|H0q (2.76)

where pγ̄Θ|H1pγ̄Θ|H1q and pγ̄Θ|H0pγ̄Θ|H0q are the likelihood of speech presence and the like-
lihood of speech absence, respectively, both for averaged observations. These PDFs can be
determined similar to those in (2.67) and the derivation steps will briefly be described in the
following.

Starting with hypothesis H1, the noisy speech STFT coefficient Y turns out to be Gaus-
sian distributed, if statistically independent Gaussian-distributed speech and noise STFT
coefficients are assumed. Accordingly, |Y | is Rayleigh distributed (cf. (2.20)), and |Y |2 is
exponential distributed [Papoulis and Pillai, 2002]. The a posteriori SNR (being only a
scaled version of |Y |2) is also exponential distributed. The sum of exponential-distributed
random variables (averaged γ values) can be modeled by the gamma distribution [Papoulis
and Pillai, 2002]. Thus, after derivation, the PDF of averaged a posteriori SNR values under
hypothesis H1 is obtained as (cf. (2.23) and [Gerkmann et al., 2008, Eq. (6)])

pR
γ̄Θ|H1

pγ̄Θ|H1q “
ˆ

μΘ

1 ` ξ

˙μΘ

¨ γ̄
μΘ´1
Θ

ΓpμΘq ¨ exp
ˆ

´μΘγ̄Θ
1 ` ξ

˙
(2.77)

with superscript R denoting the Rayleigh assumption for the speech spectral amplitudes
(Gaussian speech prior) and with the shape parameter μΘ. Please note that if the a posteriori
SNRs are uncorrelated the shape parameter yields μΘ “ |LΘ| ¨ |KΘ|. Furthermore, if no
averaging is applied μΘ “ 1 results.

3Please note that in a strict mathematical sense, (2.74) should be written as P pH1|γq “
1
C ¨ P pH1|γ̄localq ¨ P pH1|γ̄globalq with C such that P pH1|γq `P pH0|γq “ 1. Using (2.74), we implicitly
assume that P pH0|γq “ 1 ´ P pH1|γ̄localq ¨ P pH1|γ̄globalq resulting in C “1. Please note that we obtain then
P pH0|γq“1´r1´P pH0|γ̄localqs¨r1´P pH0|γ̄globalqs“P pH0|γ̄localq`P pH0|γ̄globalq´P pH0|γ̄localq¨P pH0|γ̄globalq
‰ P pH0|γ̄localq ¨ P pH0|γ̄globalq.
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Θ ΔkΘ Δ�Θ |KΘ| ¨ |LΘ| μΘ ΞR
Θ P pH1q

local 1 2 9 5.4 8 dB 0.5
global 8 2 51 25.7 3 dB 0.5

Table 2.3: Parameters of the a posteriori SNR averaging framework with a Gaussian speech
prior (cf. [Gerkmann et al., 2008]) assuming a frame length of 32 ms, 50% frame overlap, and
a Hann window

In speech absence ξ “ 0 holds and (2.77) reduces to (cf. [Gerkmann et al., 2008, Eq. (4)])

pR
γ̄Θ|H0

pγ̄Θ|H0q “ μΘ
μΘ ¨ γ̄

μΘ´1
Θ

ΓpμΘq ¨ expp´μΘγ̄Θq (2.78)

with μΘ being the same parameter as in (2.77).

Finally, using the likelihood of speech presence (2.77) and absence (2.78), the correspond-
ing GLR can be calculated by (2.76) resulting in (cf. [Gerkmann et al., 2008, Eq. (7)])

Λ̄R
Θ “ P pH1q

P pH0q ¨
ˆ

1

1 ` ξ

˙μΘ

¨ exp
ˆ

μΘξ

1 ` ξ
¨ γ̄Θ

˙
(2.79)

with superscript R denoting the Rayleigh assumption for the speech spectral amplitudes
(Gaussian speech prior). Please note that if no averaging is applied, i. e., μΘ “ 1, (2.79)
reduces to the GLR (2.71) assuming also Rayleigh-distributed speech spectral amplitudes.

Although the averaging approach can nicely reduce estimation outliers, the a posteri-
ori SPP still does not approach zero at low a priori SNRs [Gerkmann et al., 2008]: The
GLR (2.79) still tends to the value of P pH1q{P pH0q and, thus, the a posteriori SPP delivers
a value close to P pH1q if ξ Ñ 0. To overcome this issue, it is proposed in [Gerkmann et al.,
2008] to use a fixed a priori SPP and a fixed a priori SNR for SPU estimation as summarized
in Table 2.3 together with the parameters for a posteriori SNR averaging. Please note that
the fixed a priori SNR ΞR

Θ is used now in (2.79) instead of the adapted one ξ.

The derivation of likelihood functions for averaged observations assuming a super-
Gaussian speech model is mathematically challenging. Nevertheless, a new a posteriori
SPP estimator using averaged observations and a chi-distributed speech spectral amplitude
model in conjunction with fixed prior parameters will be proposed in Section 5.

So far, we have introduced the soft weights assuming different spectral assumptions for the
speech prior as well as adapted and fixed prior parameters for MMSE speech enhancement
under SPU. In the following, we will take the estimation domains STS, STSA, and LSA (cf.
Chapter 2.4) into account, employing gpXq “ X, gpXq “ |X|, and gpXq “ ln |X| for (2.65),
respectively.
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2.6.3 Estimation Domains

MMSE STS Estimation Under SPU

Employing gpXq “ X for the general MMSE STS estimation formula under SPU (2.65)
and considering that the expectation E tS|Y,H0u is zero under hypothesis H0 (in absence of
speech), the general MMSE STS estimator under SPU yields

pSSTS-SPU “ P pH1|Y q ¨ E tS|Y,H1u “ P pH1|Y q ¨ GSTS ¨ Y (2.80)

with subscript STS-SPU denoting MMSE STS estimation under SPU. In (2.80) it is eligible
to compute E tS|Y,H1u by (2.30), because a permanent speech presence has already been
assumed for (2.30). It turns out that a specific MMSE STS estimator from Section 2.5.1
with the weighting rule GSTS and an a posteriori SPP estimator P pH1|Y q are required for
MMSE STS estimation under SPU, both with the same underlying signal PDF assumptions.

An MMSE STS estimator under SPU with an underlying Gaussian speech prior, i. e., a
combination of the common MMSE STS estimator (2.41) and the a posteriori SPP esti-
mator (2.66) with the GLR (2.71) is proposed in [Azirani et al., 1996]. To the best of our
knowledge, approaches based on super-Gaussian speech priors have not been published yet
in literature and will be proposed in Section 4.2.1.

MMSE STSA Estimation Under SPU

Employing gpXq “ |X| for the general MMSE STSA estimation formula under SPU (2.65)
and considering that E

�|S| ˇ̌
Y,H0

(
is zero under hypothesis H0 (in absence of speech), the

MMSE STSA estimator under SPU is computed as [McAulay and Malpass, 1980, Eq. (22)]

x|S|STSA-SPU “ ÂSTSA-SPU “ P pH1|Y q ¨ E tA|Y,H1u “ P pH1|Y q ¨ GSTSA ¨ R (2.81)

with subscript STSA-SPU denoting MMSE STSA estimation under SPU and with
E tA|Y,H1u being (2.32), due to the assumption of permanent speech presence.

An MMSE STSA estimator under SPU with an underlying Rayleigh-distributed speech
spectral amplitude assumption, i. e., a combination of the common MMSE STSA esti-
mator (2.48) and the a posteriori SPP estimator (2.66) with the GLR (2.71), is pro-
posed in [Ephraim and Malah, 1984]. A further PDF-consistent proposal with an un-
derlying chi-distributed speech spectral amplitude model, i. e., a combination of the com-
mon MMSE STSA estimator (2.49) and the a posteriori SPP estimator (2.66) with the
GLR (2.72), is introduced in [Breithaupt and Martin, 2011]. To complete the picture, a new
proposal for MMSE STSA estimation under SPU with an underlying gamma-distributed
speech spectral amplitude model will be introduced in Chapter 4 [Fodor and Fingscheidt,
2012a].
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MMSE LSA Estimation Under SPU

Employing gpXq “ ln |X|, the general MMSE estimation formula (2.65) turns out to be

zln |S| “ zlnpAq “ P pH0|Y q ¨ E tlnpAq|Y,H0u ` P pH1|Y q ¨ E tlnpAq|Y,H1u . (2.82)

Using the approximation in (2.37), (2.82) can be rewritten as

x|S|LSA-SPU “ ÂLSA-SPU (2.83)

« expp zlnpAqq “ exp
´
P pH0|Y q ¨ E tlnpAq|Y,H0u ` P pH1|Y q ¨ E tlnpAq|Y,H1u

¯
with subscript LSA-SPU denoting MMSE LSA estimation under SPU. Unfortunately, the
MMSE estimate for speech absence E tlnpAq|Y,H0u tends to minus infinity, since the speech
spectral amplitude A approaches zero under hypothesis H0. Consequently, if P pH0|Y q is
larger than zero, the speech spectral amplitude estimate ÂLSA in (2.83) tends to zero. Several
approaches are proposed to overcome this issue which will be recapitulated in the following.

Nonlinear MMSE LSA Estimation In this approach proposed in [Ephraim and Malah,
1985] the term E tlnpAq|Y,H0u is implicitly assumed to be zero. Therefore, (2.83) reduces
to exppP pH1|Y q ¨ E tlnpAq|Y,H1uq which can be rewritten as exppP pH1|Y q ¨ lnpGLSA ¨ Rqq
according to (2.55). After rearranging this expression, the MMSE LSA estimation formula
under SPU results in [Ephraim and Malah, 1985]

ÂNL-LSA “ exp
´
P pH1|Y q ¨ E tlnpAq|Y,H1u

¯
“ pGLSA ¨ RqP pH1|Y q (2.84)

with subscript NL-LSA denoting the nonlinear MMSE LSA estimator under SPU. As can be
seen, the speech spectral amplitude estimate ÂNL-LSA turns out to be a nonlinear function
of the noisy speech spectral amplitude R.

It is worthwhile to mention that in [Ephraim and Malah, 1985] the nonlinear MMSE LSA
estimator under SPU was not found to achieve convincing results due to a low-pass effect on
the enhanced signal. In [Fodor and Fingscheidt, 2012b], however, this low-pass effect could
not be observed, but a strong noise attenuation in conjunction with a slight degradation of
the speech quality is reported. This different observation may be produced due to the use
of a different, modern noise PSD estimator in [Fodor and Fingscheidt, 2012b].

Multiplicatively Modified MMSE LSA Estimation Since the nonlinear MMSE LSA
estimator under SPU was reported to be not worth to use in [Ephraim and Malah, 1985], the
multiplicatively modified MMSE LSA estimator under SPU was proposed in [Malah et al.,
1999]. Following the concept of the other estimation domains (cf. (2.80) and (2.81)), this
estimator is forced to be a linear function of the noisy speech spectral amplitude R as

ÂMM-LSA “ P pH1|Y q ¨ exp pEtlnpAq|H1uq “ P pH1|Y q ¨ GLSA ¨ R (2.85)
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with subscript MM-LSA denoting multiplicatively modified MMSE LSA estimation under
SPU. Please note that according to (2.64), this modification is not optimal in the MMSE
sense.

Optimally Modified MMSE LSA Estimation To overcome the issue that the mul-
tiplicatively modified MMSE LSA estimator is not optimal in the MMSE sense, optimally
modified (OM) MMSE LSA estimation was introduced in [Cohen and Berdugo, 2001]. It
provides an optimal MMSE estimate and, simultaneously, a nice solution for the concep-
tional issue in speech absence. Contrary to the previous approaches, optimally modified
MMSE LSA estimation assumes that E tlnpAq|Y,H0u “ lnpG0 ¨ Rq (cf. (2.55)) is not zero.
Allowing for a small constant spectral weight G0 in absence of speech H0 results in a low,
naturally sounding residual noise level. Accordingly, applying E tlnpAq|Y,H1u “ lnpGLSA ¨Rq
and E tlnpAq|Y,H0u “ lnpG0 ¨Rq to the general MMSE estimation formula under SPU (2.65)
and using (2.55) leads to [Cohen and Berdugo, 2001]

ÂOM-LSA “
´
G

P pH1|Y q
LSA ¨ GP pH0|Y q

0

¯
¨ R (2.86)

with subscript OM-LSA denoting optimally modified MMSE LSA estimation under SPU. It
turns out that the speech spectral amplitude estimate ÂOM-LSA is a linear function of the
noisy speech spectral amplitude R. Similar to the previous MMSE STS estimator under
SPU (2.80) and MMSE STSA estimator under SPU (2.81), the noisy speech spectral ampli-
tude R is weighted by a total spectral gain consisting of a weighting rule and a soft weight.
Different from the previous estimators, the relationship between GLSA and P pH1|Y q is not
multiplicative but nonlinear. Moreover, the total spectral gain also contains a new multiplica-
tive term G

P pH0|Y q
0 where the exponent is generally calculated as P pH0|Y q “ 1 ´ P pH1|Y q.

Optimally modified MMSE LSA estimators under SPU are employed in, e. g., [Cohen
and Berdugo, 2001] using a Gaussian speech prior. New, super-Gaussian variants with a
chi-distributed and a gamma-distributed [Fodor and Fingscheidt, 2012d] speech spectral
amplitude model will be introduced in Chapter 4 (cf. Table 4.2).

2.7 Estimation of Noise Power, A Priori SNR,

and A Posteriori SNR

So far, we have introduced various MMSE estimators for speech enhancement both with and
without taking SPU into account. All estimators have in common that they are driven by
the a priori SNR ξ�pkq and/or by the a posteriori SNR γ�pkq, both being a function of the
noise PSD σ2

D,�pkq “ Et|D�pkq|2u. Although the noise process D�pkq is assumed to be quasi-
stationary, the noise PSD is naturally time-varying in practice. Therefore, it is necessary to
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track the noise PSD during processing time. Typical tracking approaches are introduced in
Section 2.7.1.

The a posteriori SNR is a function of the instantaneous value of the observations Y�pkq
and the noise PSD which is usually estimated by a noise PSD estimator. While the calcu-
lation of the a posteriori SNR is rather simple, the computation of the a priori SNR is not
straightforward: Being a function of the speech PSD σ2

S,�pkq “ Et|S�pkq|2u, it is a strongly
time-varying quantity and, therefore, its estimation is challenging. Typical a priori and a
posteriori SNR estimators are recapitulated in Section 2.7.2.

2.7.1 Noise Power Estimation

As mentioned above, the noise PSD is essential in speech enhancement. Therefore, the
accuracy of the noise PSD estimate is crucial: Underestimation may result in annoying
residual noise, while overestimation may lead to a degradation of speech intelligibility due
to speech distortions. The estimation of the noise PSD is a nontrivial task, since it can be
estimated by merely the observations Y�pkq and some a priori knowledge, but without any
useful reference. In the following, typical noise PSD estimation approaches will briefly be
summarized.

Noise PSD Estimation Based on Voice Activity Detection (VAD)

A very simple noise PSD estimation approach is based on the fact that the observations Y�pkq
are dominated by the noise spectrum D�pkq in speech pauses. This approach measures the
PSD of Y�pkq first, e. g., by recursive averaging of the noisy periodogram. Then, a voice
activity detection (VAD) is used to control whenever the noise power estimate should be
updated by the measured power of the observations Y�pkq. Such an approach will fully
be described in Section 3.3.2. Further VAD-based noise PSD estimators are proposed in,
e. g., [McAulay and Malpass, 1980], [Compernolle, 1989]. A disadvantage of VAD-based
approaches is that they are only able to track the noise power in speech pauses.

Noise PSD Estimation Based on Minimum Statistics (MS)

Noise PSD estimation based on minimum statistics (MS) is proposed in [Martin, 1994] and
[Martin, 2001]. Based on a statistical independence assumption between the speech and the
noise STFT coefficients, this approach makes use of the fact that even during speech activity,
the power of the noisy speech STFT coefficients Y�pkq often decreases to the level of the noise
power. Therefore, the noise PSD can be estimated by tracking the minimum of the noisy
speech PSD which can be measured by calculating the recursive average of the periodogram
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of the observations |Y�pkq|2. Therefore, no VAD is required and—as a clear advantage over
VAD-based approaches—the noise PSD estimate can even be updated during speech activity.

Since there are different requirements regarding the smoothing of the noisy peri-
odogram |Y�pkq|2 in speech absence and speech presence, the MS approach employs
an adaptive, frequency-dependent smoothing parameter. Furthermore, since the mini-
mum of smoothed |Y�pkq|2 values is generally smaller than (or equal to) their desired
mean Et|Y�pkq|2|H0u, tracking the minimum of power spectral values leads to an underesti-
mation of the noise PSD. Therefore, a bias compensation is utilized to obtain an unbiased
estimate xσ2

D,�pkq.

Noise PSD Estimation

Based on (Improved) Minima Controlled Recursive Averaging ((I)MCRA)

Minima controlled recursive averaging (MCRA) is proposed in [Cohen and Berdugo, 2001].
Similar to the MS approach, MCRA noise PSD estimation is based on recursive averaging
of the periodogram |Y�pkq|2 with an adaptive smoothing factor. Different from the MS
approach, this smoothing factor is driven by the SPP which is controlled by the smoothed
periodogram |Y�pkq|2. Analog to MS, the MCRA approach is also able to update its noise
PSD estimate during speech activity.

The improved minima controlled recursive averaging (IMCRA) is proposed in [Cohen,
2003]. In this paper the minimum tracking during speech activity and the SPP estimation
of the MCRA approach is further enhanced and a new bias compensation factor is derived.
According to [Cohen, 2003], the strengths of the IMCRA approach arise in presence of non-
stationary noise or in low input SNR conditions.

MMSE Noise PSD Estimation Based on Speech Presence Probability

This approach is published in [Gerkmann and Hendriks, 2012] and it is based on an MMSE
noise PSD estimator. Similar to the (I)MCRA approach, the MMSE noise PSD estimation
employs also a recursive average with a smoothing factor controlled by SPPs. Different from
the (I)MCRA solution, the SPP is calculated based on the a posteriori SPP using fixed
prior parameters as in Section 2.6.2, but without any averaging of the a posteriori SNR. A
considerable advantage of this approach over the previous ones are low estimation delay and
low computational complexity.
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2.7.2 A Priori and A Posteriori SNR Estimation

Once the noise PSD has been estimated, the a priori SNR and the a posteriori SNR can be
computed.

A Posteriori SNR Estimation

The a posteriori SNR is defined as a function of the noisy speech STFT coefficient Y�pkq and
the noise PSD σ2

D,�pkq, and it is usually estimated by means of the estimated noise PSD as

pγ�pkq “ |Y�pkq|2xσ2
D,�pkq

. (2.87)

Decision Directed A Priori SNR Estimation

For sure the most prevalent a priori SNR estimator is the decision directed (DD) approach
[Ephraim and Malah, 1984]

pξ�pkq “ p1 ´ βDDq ¨ maxtpγ�pkq ´ 1, 0u ` βDD ¨ | pS�´1pkq|2xσ2
D,�´1pkq

(2.88)

with βDD P r0, 1s being the smoothing parameter. Please note that the a priori SNR esti-
mate (2.88) is a weighted sum of the maximum likelihood (ML) a priori SNR estimate pγ�pkq́ 1

and an instantaneous SNR of the last frame based on estimated values | pS�´1pkq|2{xσ2
D,�´1pkq.

The ML a priori SNR estimation assumes a Gaussian-distributed noisy speech STFT coef-
ficient (with statistically independent, Gaussian-distributed speech and noise spectral com-
ponents) and it maximizes the resulting exponentially-distributed likelihood [Ephraim and
Malah, 1984, Eq. (20)]

ppγ|ξq “ 1

1 ` ξ
¨ exp

ˆ
´ γ

1 ` ξ

˙
(2.89)

w. r. t. ξ, resulting in pξML,�pkq “ γ�pkq ´ 1. The lower bound of the ML estimate enforced
by maxt¨, 0u ensures a plausible, non-negative SNR estimate. Since the a posteriori SNR
is of a random nature, the ML a priori SNR estimate γ�pkq´1 suffers from its fluctuations
which can result in unnatural sounding musical noise [Cappe, 1994]. Therefore, the ML
estimate is combined with the fraction | pS�´1pkq|2{xσ2

D,�´1pkq which can be interpreted as a
very conservative a priori SNR estimate with significantly less estimation variance. On the
other hand, this conservative a priori SNR estimate introduces a delay, thus, speech may
be distorted, especially during speech onset or offset. Therefore, the smoothing factor βDD

in (2.88) controls the tradeoff between musical noise and speech distortion during speech
transition. A typical choice for βDD is 0.98 [Ephraim and Malah, 1984], however, it is shown
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in [Yu and Fingscheidt, 2011] and [Yu, 2013] that βDD “ 0.98 is not a universally best choice
for all speech enhancement approaches in terms of the amount of noise reduction, the amount
of musical noise, and the quality of the speech component.

Please note that under SPU the a priori SNR is defined slightly different from (2.42),
i. e., Et|S|2|H1u{σ2

D. However, a priori SNR estimators, such as the DD approach (2.88),
measure Et|S|2u{σ2

D. Nevertheless, the a priori SNR under SPU is easily obtained by the
unconditioned a priori SNR (estimated by, e. g., the DD approach) as [Ephraim and Malah,
1984]

E
�|S|2 ˇ̌

H1

(
σ2
D

“ 1

P pH1q ¨ Et|S|2u
σ2
D

. (2.90)

A Priori SNR Estimation in the Cepstral Domain

An a priori SNR estimator using temporal smoothing in the cepstral domain is proposed
in [Breithaupt et al., 2008]. As mentioned above, the ML a priori SNR estimate should be
smoothed in order to reduce its fluctuations which may lead to musical noise. However, a
smoothing in the STFT domain is rather adversely, because it may distort the fine spectral
structure of speech, leading to speech distortion.

A cepstral domain representation of the noisy speech, i. e., the IDFT of the logarithm
of a noisy speech spectrum, however, has the advantage over the spectral domain that the
speech and the noise can be related with specific cepstral coefficients [Breithaupt et al., 2008].
Therefore, a selective smoothing of the ML a priori SNR estimate in the cepstral domain
allows for an adequate smoothing of the noise and a moderate smoothing of the speech,
resulting in more naturally sounding residual noise and less speech distortion compared to
a smoothing in the spectral domain.

2.8 Summary

In this chapter we gave an overview of MMSE speech enhancement. We used a general
MMSE estimation formula which can be employed in different estimation domains, i. e., the
STS, STSA, and LSA domain. Furthermore, typically employed a priori knowledge incor-
porated for MMSE speech enhancement was recapitulated with a focus on speech spectral
modeling. We derived a new bivariate generalized speech prior which nicely covers usu-
ally employed speech priors as special case. Using the generalized speech prior, a generalized
MMSE estimator was derived for each estimation domain. Then, a synopsis of MMSE speech
enhancement approaches was given by means of the generalized estimators: Utilizing the pa-
rameter set of a specific speech spectral model leads to any of the specific MMSE estimators
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known from literature. As a further refinement to MMSE speech enhancement, SPU was
taken into account. Common SPU approaches from literature both with adapted and fixed
prior parameters were recapitulated. Finally, typical noise PSD and SNR estimators were
introduced.

We identified new research topics: The a posteriori SPP estimation formula (2.69) can be
generalized by employing a generalized speech prior, such as the new bivariate generalized
gamma PDF from Section 2.3. Based on the generalized PDF, new SPP estimators can
potentially be identified. Accordingly, an overview of a posteriori SPP estimators will be
given in Chapter 4. Furthermore, an a posteriori SPP estimator with an underlying gamma
speech spectral amplitude assumption will be derived. Then, a new a posteriori SPP estima-
tor with fixed prior parameters and an underlying chi-distributed speech spectral amplitude
model will be proposed in Chapters 5. MMSE estimation exploiting temporal correlation of
speech STFT coefficients will be investigated and some interesting links to error concealment
will be shown in Chapter 6. Finally, the approach from Chapter 6 will be enhanced by SPU
estimation in Chapter 7.
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Chapter 3

Simulation Setup and

Instrumental Measures

This chapter will deal with instrumental evaluation of speech enhancement systems and di-
verse instrumental measures. In Section 3.1, the simulation setup which is employed in this
thesis for instrumental evaluation of speech enhancement systems will briefly be introduced.
Besides the speech and noise data utilized for simulations, the data preprocessing steps will
be recapitulated. Furthermore, a signal-component-wise evaluation procedure of the speech
enhancement system under test will be described, in a so-called white box test scenario.
This approach allows for analyzing the effects of signal enhancement on the speech and the
noise component of the noisy signal separately. In Section 3.2 the instrumental measures
will be summarized which are used in this thesis for performance evaluation. Section 3.3 will
deal with the instrumental measure SNR: First, a reference-based SNR measurement ap-
proach will be recapitulated and then a new reference-free SNR measurement approach will
be introduced. The reference-based SNR measurement approach will allow for measuring
the SNR of noisy speech signals, e. g., those being fed into the speech enhancement system,
by means of separately accessible speech and noise components as reference. The new SNR
measurement approach will aim at estimating the SNR of speech signals distorted by car
noise as close as possible to the measured SNR of the reference-based approach, however, in
a reference-free fashion by means of the observed noisy speech only [Fodor and Fingscheidt,
2012c]. Furthermore, the new approach will be applicable to both narrowband and wideband
signals. Such a reference-free SNR measurement approach allows for, e. g., finding advan-
tageous microphone positions in the context of automotive hands-free system development.
Within the ITU-T Study Group 12, the Focus Group on Car Communication (FG CarCOM)
has decided to adopt the new reference-free SNR measurement approach within the draft
of the recommendation proposal “Subsytem Requirements for Automotive Speech Services”.
Finally, Section 3.4 will give a short summary of this chapter.

51
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Figure 3.1: Overview of the simulation setup

3.1 Simulation Setup

In this section, we recapitulate the simulation setup employed in this thesis which can be
divided into four main parts as depicted in Figure 3.1: First, the employed speech and noise
recordings are provided by separate databases. The data is then preprocessed in the next
step consisting of, e. g., artificial noisy signal generation and SNR adjustment. Then, the
preprocessed data is fed into the speech enhancement system under test being analyzed in a
white box test scenario. The signals gained in a white box test allow then for evaluating the
speech enhancement system under test by means of performance measures. In the following,
these steps will be described in detail.

3.1.1 Databases

As speech data, speech signals from the NTT Multi-Lingual Speech Database for Tele-
phonometry [NTT, 1994] are employed in this thesis. This database provides 21 languages:
Four female and four male speakers are assigned to each language and there are 12 recordings
per speaker with 16 bit resolution, a sampling rate of 16 kHz, and a duration of 8 s each. For
performance evaluation in this thesis, the English subset of the database is employed with a
total of 96 recordings.

For evaluating speech enhancement approaches, car, factory, and babble noise signals
from the NTT Ambient Noise Database [NTT, 1996] are employed in this thesis as noise
data. This database provides recordings with 16 bit resolution, a sampling rate of 8 kHz,
and a duration of 3 min each. The car noise subset consists of 84 car noise recordings made
in 13 different cars. Please note that four recordings in the car noise data set made in
buses were blacklisted due to the strong non-stationary nature of the recordings caused by
announcements, speaking passengers, etc. The factory noise subset consists of 3 factory
noise recordings. As babble noise data, a total of 14 noise files are used for simulations being
recorded in environments with many different talkers, such as offices, cafes, amusement parks,
exhibitions, etc.

For evaluating the proposed reference-free SNR measurement approach in Section 3.3.2
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at 8 kHz and 16 kHz sampling rate, car noise signals from the ETSI database [ETSI, 2008]
are employed as noise data. This database provides 9 recordings with 16 bit resolution, a
sampling rate of 48 kHz, and a duration of 30 s each.

The databases provide clean speech recordings and noise only recordings. The noisy speech
signals employed for evaluation in this thesis are generated artificially by superimposing clean
speech and noise recordings as will be explained in the next section.

3.1.2 Preprocessing

The input signals are taken from the databases described above and decimated (if necessary)
to 8 kHz sampling rate using software from the ITU-T Software Tool Library [ITU-T G.191,
2010]. During processing, the speech recordings from the database are processed sequentially.
To each speech recording a pseudo-randomly chosen noise recording is assigned. Since the
noise recordings are longer than the speech recordings (cf. Section 3.1.1), a randomly chosen
noise sequence of the same length as the speech is taken from the assigned noise recording. All
approaches are assessed in different SNR conditions, namely, input SNR values between -5 dB
and 20 dB in 5 dB steps are used for evaluation. The pseudo-randomly chosen noise sequence
remains exactly the same for different input SNR conditions apart from different scaling of
course. The SNR is adjusted by scaling the speech and noise components separately, so that
the resulting noisy speech being the sum of both components yields the desired SNR. Signal
scaling is based on signal level measurements according to the ITU-T Recommendation
P.56 [ITU-T P.56, 1993]. This recommendation defines the so-called active speech level for
the speech recordings and the root mean square (RMS) signal level for the noise recordings.
The active speech level is defined as a signal level measured only during speech activity, more
precisely, it is an RMS signal level which is calculated by means of speech samples assigned
by a time-domain VAD [ITU-T P.56, 1993]. This procedure ensures that the desired SNR is
predominant during speech activity. In this thesis, an active speech level of ´26 dBov with
index ov denoting the clipping level (the highest signal amplitude corresponds to 0 dBov) and
RMS noise levels of ´26 dBov ´SNR [dB] are employed. Accordingly, after superimposing
the adjusted speech and the noise signal, the resulting noisy speech signal exibits the desired
SNR.

3.1.3 White Box Test Setup

Maybe the most common test scenario in speech enhancement is depicted in Figure 3.2.
This is a so-called white box test scenario [Gustafsson et al., 1996] and it assumes that
the structure and the parameters of the speech enhancement system under test are known
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Figure 3.2: White box test setup for STFT-domain speech enhancement

and the internal variables are accessible from the outside. In case of STFT-domain speech
enhancement, a white box test scenario means that the signal analysis and synthesis param-
eters (analysis window wa, synthesis window ws, frame length L, frame shift ΔL, OLA signal
reconstruction) are perfectly known to the test environment. Moreover, it is assumed that
the output signal is a linear function of the input signal, more precisely, the estimated speech
STFT coefficients pS�pkq are obtained by multiplying the noisy speech STFT coefficients Y�pkq
by (real-valued) total spectral weights Gtot

� pkq (being either a plain spectral weighting rule
or a combination of a spectral weighting rule and an a posteriori SPP) with the latter being
accessible from the outside. Furthermore, it is also assumed in a white box test scenario
that the signal components of the noisy speech ypnq, namely the speech component spnq
and the noise component dpnq, are accessible separately which is easy to achieve under lab
conditions. Accordingly, since spectral weighting is a linear operation, the weighted noisy
speech equals the sum of the weighted speech and the weighted noise, i. e.,

pS�pkq “ Gtot
� pkq ¨ Y�pkq “ Gtot

� pkq ¨ S�pkq ` Gtot
� pkq ¨ D�pkq “ S̃�pkq ` D̃�pkq (3.1)

with S̃�pkq “ Gtot
� pkq ¨ S�pkq and D̃�pkq “ Gtot

� pkq ¨ D�pkq being the processed speech compo-
nent and the processed noise component, respectively. Furthermore, since the analysis and
synthesis steps are also linear transformations, the time-domain equivalent of (3.1) exactly
yields

ŝpnq “ s̃pnq ` d̃pnq (3.2)

with s̃pnq and d̃pnq being the time-domain equivalents of S̃�pkq and D̃�pkq, respectively. A
considerable advantage of a white box test scenario is that it allows for a signal-component-
based assessment of the speech enhancement system under test. That means that the effects
of signal enhancement on the speech and noise components can be analyzed separately.
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After the preprocessing step (cf. Section 3.1.2) the noisy speech signal ypnq with the
desired SNR is fed into the speech enhancement system under test (cf. Figure 3.2). Here,
the noisy speech is first transformed in the STFT domain employing (2.1) resulting in the
noisy speech STFT coefficients Y�pkq. For the frame-based processing at 8 kHz sampling
frequency a frame length of L “ 256 samples, a frame shift of ΔL “ 128 samples, and a
square root Hann window as analysis and synthesis window [Vary and Martin, 2006]

wapn1q “ wspn1q “ wpn1q “
d
0.5 ´ 0.5 ¨ cos

ˆ
n1 ¨ 2π

L ´ 1

˙
, n1 “ 0, 1, . . . , L ´ 1 (3.3)

are employed.

Then, the total spectral gain Gtot
� pkq in Figure 3.2 is computed by the following steps: A

noise PSD estimate xσ2
D,�pkq is calculated by means of the noisy speech STFT coefficients Y�pkq

utilizing the widely employed MS approach (cf. Section 2.7.1). The a priori SNR is estimated
by the well-known DD estimator (2.88) with parameter βDD “ 0.98, the a posteriori SNR
is determined by (2.87). Please note that both approaches with and without SPU will be
evaluated in this thesis. As mentioned in Section 2.7.2, the a priori SNR is defined slightly
different depending on whether SPU is taken into account or not (cf. (2.90)). Instead, to
allow for a fair comparison, all approaches incorporating the a priori SNR were driven by
the DD estimate (2.88). Accordingly, the desired spectral weights (with or without taking
SPU into account) are driven by the resulting a priori SNR pξ�pkq and/or the a posteriori
SNR pγ�pkq. Subsequently, the noisy speech STFT coefficients Y�pkq are enhanced by the
resulting spectral weights Gtot

� pkq, resulting in the estimated speech spectrum pS�pkq. The
weighting rules and the a posteriori SPPs were implemented as lookup tables (using either
numerical quadrature or, if exists, a closed-form formula) as a function of the a priori SNR ξ

and the a posteriori SNR γ within the range [-20 dB, 20 dB] in 0.2 dB steps.

After signal enhancement, the estimated speech STFT coefficients pS�pkq are transformed
back into the time domain, employing an IDFT (2.2), applying the synthesis window (3.3),
and performing an OLA (2.3) step, resulting in the enhanced speech signal ŝpnq.

The performance of the speech enhancement approaches is evaluated by instrumental
measures which will be introduced in the next section.

3.2 Speech Enhancement Performance Measurement

The signal-component-wise performance evaluation approach employed in this thesis assesses
the speech and noise components separately. Therefore, the effects of signal enhancement on
the speech are investigated by means of the speech component spnq and the processed speech
component s̃pnq. Meanwhile, the effects of signal enhancement on the noise are analyzed by
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means of the noise component dpnq and the processed noise component d̃pnq. The processed
signal components s̃pnq and d̃pnq are obtained from a white box test scenario (cf. Figure 3.2).

3.2.1 Speech Component

In this thesis, we measure the quality degradation of the speech component with the seg-
mental speech-to-speech distortion ratio SSDRseg [Fingscheidt et al., 2008]. This measure
compares the power of the speech component spnq to the power of the difference between
the speech component and the processed speech component spnq´s̃pnq within frames. More
specifically, based on frames with the length of T “ 256 samples and a frame shift of also
256 samples (at a sampling rate of 8 kHz), SSDRseg is defined as [Fingscheidt et al., 2008]

SSDRseg “ 1

|Φ|
ÿ
λPΦ

SSDRpλq,

SSDRpλq “ L

#
10 ¨ log10

řT´1
τ“0 s

2pτ ` λT qřT´1
τ“0 rspτ ` λT q ´ s̃pτ ` λT qs2

+
(3.4)

with Φ and |Φ| being the frames with speech activity and the number of those frames. Please
note that in a white box test setup, the speech component is accessible, thus, frames with
speech activity can be identified with high reliability. Operator Lt¨u limits SSDRpλq to the
range [-10, 30] dB. In order to identify speech active frames Φ, a fixed threshold can be used.
A frame is detected as speech active and becomes part of the set Φ, if the mean power of
the speech frame 1{T ¨ řT´1

τ“0 s
2pτ ` λT q exceeds this threshold. In this thesis, the threshold

is chosen to be 10% of the mean power of the whole speech signal.

Large SSDRseg values mean a small amount of speech distortion, since in this case the
power of the error spnq´s̃pnq is significantly smaller than the speech power. A small SSDRseg

value means that the speech component may have significantly been distorted by the speech
enhancement system.

3.2.2 Noise Component

Using the same frame structure as SSDRseg, the amount of attenuated noise is measured by
the segmental noise attenuation measure [Fingscheidt et al., 2008]

NAseg “ 10 ¨ log10 1

Nλ

Nλ´1ÿ
λ“0

řT´1
τ“0 d

2pτ ` λT qřT´1
τ“0 d̃

2pτ ` λT q (3.5)

with Nλ being the number of all frames. Due to noise reduction, the residual noise
power d̃2pnq decreases compared to the input noise power d2pnq, thus, the larger the NAseg

value the larger the amount of attenuated noise.
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Since the noisy speech Y�pkq has a random nature, the a posteriori SNR γ�pkq “
|Y�pkq|2{σ2

D,�pkq being a function of the periodogram of the noisy speech |Y�pkq|2 is also
random with a large variance [Papoulis and Pillai, 2002, Chapter 12]. Therefore, driven by
a randomly fluctuating a posteriori SNR, speech enhancement approaches (common MMSE
estimators with or without a posteriori SPP estimators) may produce estimation outliers
which may be perceived as annoying musical noise [Gerkmann, 2010], typically during speech
absence.

The amount of musical noise can be measured by the weighted log-kurtosis ratio
(LKR) [Yu and Fingscheidt, 2012], [Yu, 2013] in the STFT domain employing the same
signal analysis structure and parameters as for speech enhancement (cf. Section 3.1.2). This
measure is motivated by the fact that estimation outliers influence the statistical parameters
of the noise. The idea is to compare the kurtosis of the noise component of the noisy speech
signal before and after processing in absence of speech, resulting in the kurtosis ratio. The
weighted kurtosis is calculated for the noise component of the noisy speech signal (denoted
by subscript D) as [Yu and Fingscheidt, 2012]

Ψw
D “ 1

|L|
ÿ
�PL

1
NK

NK´1ř
k“0

”
αnpkq ¨ |D�pkq|2 ´ μwn,�

ı4
ˆ

1
NK

NK´1ř
k“0

”
αnpkq ¨ |D�pkq|2 ´ μwn,�

ı2˙2 (3.6)

with μwn,� “ 1
NK

NK´1ř
κ“0

αnpκq¨|D�pκq|2, as well as with L, |L|, and NK being the set of frames

with speech absence, the total number of speech absent frames, and the number of frequency

bins, respectively. The weights are computed as αnpkq “
ˆ

1
|L|

ř
�PL

|D�pkq|2
˙´1

. For the

processed noise component D̃, the weighted kurtosis Ψw
D̃

can be calculated in the same way.
The weighted log-kurtosis ratio is finally obtained by ΔΨw

ln “ ln
`
Ψw

D{Ψw
D̃

˘
.

The smaller the value of ΔΨw
ln the less estimation outliers affected the noise component

and the less the amount of musical noise.

3.3 SNR Measurement

The knowledge of the SNR of noisy speech signals is substantial in speech enhancement. A
typical example from the lab environment is performance evaluation: In order to prove the
robustness of speech enhancement approaches, they are typically assessed under different
SNR conditions (cf. Section 3.1.2). For this, the SNR of the noisy speech signal has to be
measured. In a lab environment the SNR can be measured by using the separately accessible
speech and noise components as references (cf. Section 3.1.2). However, outside a lab in a
real environment these signal components are typically inaccessible, thus, SNR measurements
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have to be carried out in a reference-free fashion just on the basis of the noisy speech signal.
In this section, first a reference-based SNR measurement approach is recapitulated which is
followed by a proposal of a new, reference-free SNR measurement approach, inspired by the
reference-based one.

3.3.1 Reference-Based SNR Measurement

A widely employed SNR measurement approach is provided by the ITU-T Recommendation
P.56 [ITU-T P.56, 1993] (cf. Section 3.1.2): The SNR of a noisy speech signal being a sum of
the speech component and the noise component is determined by measuring the signal level
of these components separately, as they are typically accessible under lab conditions. Thus,
this approach is considered as reference-based. Thereby, the level of the speech and noise
components are defined by the active speech level and the RMS signal level, respectively.
After superposition of both signal components, the SNR of the resulting noisy speech signal
is the ratio of the measured active speech level and the measured RMS noise level. PC
software to measure speech and noise signal levels according to the ITU-T Recommendation
P.56 is provided by the ITU-T Software Tool Library [ITU-T G.191, 2010].

3.3.2 New Reference-Free SNR Measurement

While the reference-based approach in Section 3.3.1 yields exact SNR values, it always re-
quires its reference signals which are typically not accessible in a real environment. A possible
example is the measurement of the SNR improvement of speech enhancement systems be-
ing fed by real recordings. In this case, the signal components are not accessible and the
SNR at the input and the output of the system under test have to be measured in order
to determine the SNR improvement. A further, automotive example is the investigation of
advantageous hands-free microphone positions in a car with the lowest SNR levels measured
in a noisy environment. In this context, often the signal components cannot be measured
separately or such measurements are cost-intensive, e. g., due to the need of a free-field
room. Since the new reference-free SNR measurement approach does not assume the signal
components separately, the investigation of advantageous hands-free microphone positions
or similar experiments become possible or can be carried out faster and more cost-effective.

We propose an STFT-domain reference-free SNR measurement approach which measures
the SNR of a speech signal in the presence of car noise as close as possible to the reference
SNR according to the ITU-T Recommendation P.56 [ITU-T P.56, 1993], but without a
reference, i. e., without having access to the speech and noise signal components [Fodor and
Fingscheidt, 2012c]. While we intended to develop an approach which measures the SNR
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accurately, we aimed at keeping the computational complexity as low as possible (this means
that we tried not to use approaches such as minimum statistics from Section 2.7.1). A further
motivation to an as-simple-as-possible approach was that we targeted widely stationary noise
conditions (automotive applications). Furthermore, the new STFT-domain approach should
be able to work with narrowband (fs “ 8 kHz) and wideband (fs “ 16 kHz) signals, within
a typical SNR range.

Algorithmic Approach

As introduced in Section 3.3.1, the reference SNR of a noisy speech signal is defined by
the active speech level and the RMS noise level, according to the ITU-T Recommendation
P.56. Accordingly, in order to determine the SNR, our STFT-domain approach estimates
the active speech level and the RMS noise level by observing the noisy speech only, i. e.,
without any reference [Fodor and Fingscheidt, 2012c]. The RMS noise level is estimated
by means of a noise power estimate and, to improve the estimation robustness, a speech
pause detection (SPD). Assuming that speech and noise are statistically independent, the
speech power can be approximated by the difference between the noisy speech power and the
previously estimated noise power. Furthermore, based on the fact that the active speech level
is measured only during voice activity, the final speech power estimate is obtained by applying
a voice activity detection (VAD) to the previous approximation. Since the robustness of the
employed algorithms (noise power estimation, VAD, SPD) decreases significantly below 0 dB
input SNR, systematic estimation errors occur in this region. In order to achieve unbiased
SNR values, the raw SNR estimates are corrected by a mapping curve.

SNR Measurement Using the signal model from Chapter 2, we define the SNR in the
STFT domain similar to the time-domain definition in Section 3.3.1 as [Fodor and Fing-
scheidt, 2012c]

SNR “
1

|L1|¨Nk

ř
�PL1

ř
k

|S�pkq|2
1

N�¨Nk

ř
�

ř
k

|D�pkq|2 “ PS

PD

(3.7)

with L1, |L1|, N�, Nk, and PS, PD being a set of speech active frames, the number of speech
active frames, the number of all frames and frequency bins, as well as the speech and the
noise power, respectively.

As the signal components S�pkq and D�pkq are not accessible in practice, PS and PD have to
be estimated. Since speech and noise are statistically independent, the instantaneous speech
power can be calculated as xPS,�pkq “ maxt|Y�pkq|2 ´ xσ2

D,�pkq, 0u with |Y�pkq|2, xσ2
D,�pkq, and

maxt¨, 0u being the periodogram of the noisy speech signal, the estimated noise PSD, and the
maximum operator which avoids negative, implausible speech power estimates, respectively.



60 3 Simulation Setup and Instrumental Measures

Taking only speech active frames into account, just as in the case of active speech level
measurement, the speech power PS in (3.7) can be estimated by means of the instantaneous
speech power as [Fodor and Fingscheidt, 2012c]

xPS “ 1

|L1| ¨ Nk

ÿ
�PL1

ÿ
k

max
!

|Y�pkq|2 ´ xσ2
D,�pkq, 0

)
(3.8)

with L1 and |L1| being the set and the number of speech active frames detected by a VAD,
respectively.

As can be seen above, a significant contribution to the estimation of the speech power is
the noise PSD estimate and it will also be employed for the estimation of the noise power PD,
as we will see. Therefore, an accurate noise PSD estimate is crucial for SNR estimation. In
order to ensure a robust noise power estimate even in low SNR regions, where the noise PSD
update in the presence of speech is significantly more challenging, PD in (3.7) is estimated
in frames with speech pause [Fodor and Fingscheidt, 2012c]

xPD “ 1

|L0| ¨ Nk

ÿ
�PL0

ÿ
k

xσ2
D,�pkq (3.9)

with L0 and |L0| being the set and the number of speech pause frames detected by a SPD,
respectively. Please note that for robustness reasons, a separate conservative SPD is used.

As can be seen, the SNR estimation is based on a noise PSD estimation, a VAD, and an
SPD which will be introduced in the following.

Noise PSD Tracking The noise PSD estimate xσ2
D,�pkq in (3.8) and (3.9) is based on a 3–

state classifier for each time-frequency unit p�, kq. Controlled by the smoothed periodogram
of the noisy speech signal [Fodor and Fingscheidt, 2012c]

PY,�pkq “ 0.5 ¨ PY,�´1pkq ` 0.5 ¨ |Y�pkq|2 (3.10)

and an adaptive threshold Θ�pkq, one state H�pkq out of the following three is chosen [Fodor
and Fingscheidt, 2012c]:

Hsa : Speech activity is assumed if PY,�pkq ą 2 ¨ Θ�´1pkq,

Hsp : Speech pause is assumed if PY,�pkq ď 2 ¨ Θ�´1pkq and PY,�pkq ă xσ2
D,�´1pkq,

Hst : Speech transition is assumed if PY,�pkq ď 2 ¨ Θ�´1pkq and PY,�pkq ě xσ2
D,�´1pkq.

The noise PSD estimate xσ2
D�pkq is computed by recursive averaging by means of the smoothed

noisy speech periodogram PY,�pkq as [Fodor and Fingscheidt, 2012c]

xσ2
D,�pkq “ ε�pkq ¨ xσ2

D,�´1pkq ` r1 ´ ε�pkqs ¨ PY,�pkq (3.11)
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with the initial value xσ2
D,�“0pkq “ 0 and ε�pkq being the time-varying smoothing factor which

is controlled by the hypothesis of the current frame H�pkq as [Fodor and Fingscheidt, 2012c]

ε�pkq “

$’’’&’’’%
1 if H�pkq “ Hsa,

0.5 if H�pkq “ Hsp,

0.875 if H�pkq “ Hst.

(3.12)

As can be seen, the noise PSD estimate xσ2
D,�pkq is not updated during speech activity hy-

pothesis Hsa, updated moderately by the smoothed noisy periodogram in the state speech
pause Hsp, and updated slightly by the smoothed noisy periodogram during speech tran-
sitions under hypothesis Hst. The adaptive threshold Θ�pkq is calculated by [Fodor and
Fingscheidt, 2012c]

Θ�pkq “

$’’’&’’’%
Δ ¨ Θ�´1pkq if PY,�pkq ą 2 ¨ Θ�´1pkq,
PY,�´1pkq if PY,�pkq ă Θ�´1pkq,
Θ�´1pkq else

(3.13)

with a very large initial value Θ�“0pkq Ñ 8 and the parameter Δ “ 1.07 for narrowband
signals (Δ “ 1.2 for wideband signals). During speech activity (PY,�pkq ą 2 ¨ Θ�´1pkq), the
threshold Θ�pkq is increased slightly, in order to steadily decrease the probability of choosing
state Hsa. In the case PY,�pkq ă Θ�´1pkq, which can be interpreted as a more conservative
speech absence detector than just state Hsp, the adaptive threshold can be adapted quickly
by the last smoothed periodogram value PY,�´1pkq. In all other cases, the threshold is not
updated.

Voice Activity Detection (VAD) In order to identify speech active frames L1 in (3.8), a
VAD is needed. We employ a frame-based VAD which is connected to the three hypotheses
of the noise PSD estimator introduced above. Accordingly, frame � is detected as speech
active and becomes an element of the set L1, if at least 90% of its frequency bins from the
range 500. . . 2500 Hz containing relevant speech information are classified as speech active
(Hsa) or transient (Hst) hypothesis.

Speech Pause Detection (SPD) In order to identify frames with speech pause L0

in (3.9), an SPD is needed. Different from the VAD, we employ a separate SPD algo-
rithm which is independent of the noise PSD estimation. The SPD works frame-wise and is
based on the noisy frame power [Fodor and Fingscheidt, 2012c]

PY,� “ 1

|K|
ÿ
kPK

PY,�pkq (3.14)



62 3 Simulation Setup and Instrumental Measures

with PY,�pkq from (3.10) and with K and |K| being a set of frequency bins between 500 Hz and
2500 Hz and the number of elements in this set, respectively. This frequency range contains
relevant speech information and excludes frequencies below 500 Hz where usually car noise is
dominant. Similar to the noise PSD estimation, the SPD is also based on three hypotheses
determined by an adaptive threshold Ξ� and the noisy frame power PY,�. Accordingly, one
state HSPD

� out of the following three is chosen [Fodor and Fingscheidt, 2012c]:

HSA : Speech activity is assumed if PY,� ą Ξ�,

HST : Speech transition state follows every HSA decision with a duration of Ltrans frames,

HSP : Speech pause is assumed in all other situations.

We assign HSPD
� “ HSP, if frame � is detected as part of a speech pause and, thus, becomes el-

ement of L0. The adaptive threshold Ξ� is calculated independently of the classifier as [Fodor
and Fingscheidt, 2012c]

Ξ� “ ζ ¨ Φ�´1 ` φ (3.15)

with ζ and φ being constant terms and Φ� being the SPD floor signal which is calculated by
recursive averaging (cf. (3.11)) [Fodor and Fingscheidt, 2012c]

Φ� “ βSPD,� ¨ Φ�´1 ` p1 ´ βSPD,�q ¨ PY,� (3.16)

where the initial value is Φ�“0 “ 0. The smoothing of the SPD floor signal Φ� is time-varying
and controlled by the smoothing factor (cf. (3.12)) [Fodor and Fingscheidt, 2012c]

βSPD,� “

$’’’&’’’%
0.875, if HSPD

� ‰ HST and PY,� ď 2 ¨ Υ�´1 and PY,� ą Φ�´1,

0.5, if HSPD
� ‰ HST and PY,� ď 2 ¨ Υ�´1 and PY,� ď Φ�´1,

1, else.

(3.17)

Accordingly, the SPD floor signal Φ� is adapted only under hypotheses HSA and HSP. It
is updated slightly by the noisy frame power PY,� during speech transitions and updated
moderately by the noisy frame power in speech pauses. The above conditions, however,
ensure a more conservative SPD floor signal update than just conditioning on the three
hypotheses. The SPD control parameter Υ� is defined as (cf. (3.13)) [Fodor and Fingscheidt,
2012c]

Υ� “

$’’’&’’’%
δ ¨ Υ�´1, if PY,� ą 2 ¨ Υ�´1,

PY,�, if PY,� ă Υ�´1,

Υ�´1, else

(3.18)

with the control update constant δ and the initial value Υ�“0 Ñ 8. During speech activity
(PY,� ą 2 ¨ Υ�´1), the SPD control parameter Υ� is increased slightly, in order to steadily
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Parameter Ltrans ζ φ δ

fs “ 8 kHz 6 5 107 1.085

fs “ 16 kHz 7 5 108 1.055

Table 3.1: Parameters of the SPD [Fodor and Fingscheidt, 2012c]

decrease the probability of choosing state HSA. In the case PY,� ă Υ�´1 speech is absent and,
therefore, the SPD control parameter Υ� can quickly be adapted by the last noisy frame
power PY,�. In all other cases, the control parameter is not updated.

The SPD parameters differ for the narrowband and the wideband implementation and
are summarized in Table 3.1 (please note that φ is a signal-level-dependent quantity: The
large parameter values occur due to the fact that the parameter training was carried out by
16 bit pulse-code modulation (PCM) signals).

Training of the Mapping Curve In order to prove the accuracy of the proposed
reference-free SNR measurement approach, we performed the following simulations on our
training speech and noise data set: 720 speech files (48 speech files in 15 different languages)
recorded with a sampling rate of 16 kHz were taken from the NTT Multi-Lingual Speech
Database for Telephonometry [NTT, 1994], each with a length of 8 s. Car noise signals
were randomly taken from the ETSI database [ETSI, 2008] recorded with a sampling rate
of 48 kHz. Both narrowband speech and narrowband noise signals signals were generated by
downsampling the database signals to 8 kHz and filtering according to the ITU-T modified
IRS filter mask [ITU-T P.830, 1996] separately in order to simulate the sending frequency
characteristics of narrowband telephony terminals (including, amongst others, the frequency
characteristics of the microphone). Both wideband speech and wideband noise signals signals
were simulated by downsampling the database signals to 16 kHz and filtering according to
the ITU-T P.341 filter mask [ITU-T P.830, 1996] separately in order to simulate the send-
ing frequency characteristics of wideband telephony terminals (including, amongst others,
the frequency characteristics of the microphone). Next, both narrowband and wideband
speech signals was adjusted to an active speech level of -26 dBov, according to the ITU-T
Recommendation P.56 [ITU-T P.56, 1993]. The RMS level of both narrowband and wide-
band noise signals were adjusted in such a way, that after superimposing the corresponding
speech and noise signals, the resulting noisy speech signals revealed the desired reference
SNR value SNRref “ t´15,´14, . . . , 35u dB. The noisy speech signals were transformed into
the STFT domain by signal analysis consisting of a segmentation step with a frame length
of 256 (512) samples, a frame shift of 128 (256) samples, and a Hann window function, as
well as a DFT step for 8 kHz (16 kHz) signals.

The raw SNR was estimated in the STFT domain using (3.8) and (3.9) as [Fodor and
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Figure 3.3: Mean (x- and +-marks) and standard deviation (error bars) of the raw measure-
ment. The ideal linear relationship is represented by the diagonal gray line. Measurement
duration was 8 s.

Fingscheidt, 2012c]

zSNRrawpiq “ 10 log10
xPS piqxPDpiq (3.19)

for the ith database file. For (3.8) we utilized the noise PSD tracking algorithm introduced
above for estimating the noise PSD xσ2

D,�pkq and the VAD algorithm introduced above for
identifying speech active frames L1. For (3.9) we utilized the noise PSD tracking algorithm
introduced above for estimating the noise PSD xσ2

D,�pkq and the SPD algorithm introduced
above for recognizing frames with speech pause L0. Since reliable SNR estimates can only
be expected in the steady state of the algorithms, the first 15 frames were not considered
both in set L0 and L1. The SNR estimation (3.19) was repeated for all speech files from the
training data set and all reference SNR values, resulting in raw SNR estimates depicted in
Figure 3.3. As can be seen, the SNR estimate is biased and at low SNRs, where the accuracy
of the employed algorithms is affected, a non-linear relationship between the reference and
the raw SNRs can be observed. In order to correct these systematic measurement errors, we
employ mapping curves which map the measured raw SNR values to the correct ones. The
mapping curves can be approximated by the inverses of the mean curves in Figure 3.3. In
practice, however, there is an issue to deal with: Due to the very low gradient of the curves in
Figure 3.3 in the reference SNR region below 0 dB, the resulting mapping curves (being the
inverses of the raw measurement curves) show very large gradients in this SNR region which
leads to an unacceptable attenuation of the standard deviation (the height of the error bars)
of the corrected estimates. Thus, we decided to saturate the mapping curves at -11 dB (cf.
Figure 3.4). In the residual part we applied a polynomial fit [Mathews and Fink, 2004] to the
inverses raw measurement curves, resulting in the mapping function [Fodor and Fingscheidt,
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Figure 3.4: Measured mapping points (x- and +-marks) and the fitted mapping func-
tion zSNR “ fpzSNRrawq (gray curves) according to (3.20)

fs c a
pμ

p0 p1 p2 p3 p4 p5

8 kHz 16.043 11.252 -2.1312 6.4129 2.0957 -19.199 5.0992 19.709

16 kHz 15.461 11.798 -0.80823 2.8537 -0.3609 -7.5337 4.3304 7.2828

fs p6 p7 p8 p9 p10

8 kHz -7.7268 -6.6348 2.0857 13.066 11.555

16 kHz -5.0623 -1.8734 0.88424 13.06 11.48

Table 3.2: Scaling parameters a, c and polynomial coefficients pμ of the mapping curve [Fodor
and Fingscheidt, 2012c]

2012c]

zSNR “ max

#
10ÿ
μ“0

pμ ¨
˜ zSNRraw

dB ´ c

a

¸μ

, ´ 11

+
(3.20)

with zSNRraw being calculated by (3.19) and with the scaling parameters a and c as well as
the polynomial coefficients pμ as shown in Table 3.2. The result of the fit is depicted in
Figure 3.4.

Performance Evaluation

We evaluated the proposed method including mapping (3.20) by the following simulations:
Both the test speech set and the noise data set arise from the same databases and are of the
same size as the training data set, however, the training and test data sets are disjoint. The
test database signals were preprocessed in the same way as the training database signals
and the reference SNRs were chosen to be SNRref “ t´15,´14, . . . , 35u dB. The SNR of each
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Figure 3.5: Mean (x- and +-marks) and standard deviation (error bars) of the corrected
measurement. The ideal linear relationship is represented by the diagonal gray line. Mea-
surement duration was 8 s.

noisy speech signal was estimated by (3.19) and corrected by (3.20) with the parameters from
Table 3.2. After simulating all test database files, the mean and the standard deviation of the
corrected SNR values zSNR was measured. The result is depicted in Figure 3.5. Compared
to Figure 3.3, the estimation bias and the nonlinearity could significantly be reduced by the
mapping function.

The proposed approach was assessed by means of the absolute measurement error and
the correlation coefficient between the reference-based SNR measurement according to Sec-
tion 3.3.1 employing ITU-T P.56 reference levels and the proposed, reference-free approach.

Based on a measurement duration of Tm “ 8 s according to an underlying database signal
length of 8 s, the proposed SNR measurement approach achieved a maximum of 1 dB absolute
estimation error in at least 64.5% (67.8%) and a maximum of 2 dB absolute estimation error
in at least 88.4% (91.6%) of the measurements for narrowband (wideband) signals, as can be
seen in Table 3.3. However, applying longer speech sequences, e. g., by averaging estimation
results in groups, the absolute error can substantially be decreased. This can be observed
in Table 3.3 for groups of 10 and 60 files of 8 s each, reflecting a measurement duration of
Tm “ 80 s and Tm “ 480 s, respectively. As a conclusion, we recommend averaging SNR
measurements based on groups of 8 s signals, if the absolute measurement error needs to be
reduced.

The correlation coefficient was calculated for all test speech signals and reference SNR
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fs
Absolute

Estimation Error
Relative frequency

Tm “ 8 s Tm “ 80 s Tm “ 480 s

8 kHz
ď 2 dB 88.4 % 99.7 % 100 %
ď 1 dB 64.5 % 93.8 % 97.6 %

16 kHz
ď 2 dB 91.6 % 99.7 % 100 %
ď 1 dB 67.8 % 94.9 % 97.4 %

Table 3.3: Relative frequency of absolute estimation error for different measurement dura-
tions Tm [Fodor and Fingscheidt, 2012c]

fs
Correlation coefficient ρ

Tm “ 8 s Tm “ 80 s Tm “ 480 s

8 kHz 0.9923 0.9981 0.9993

16 kHz 0.9940 0.9989 0.9996

Table 3.4: Correlation coefficient (3.21) between the corrected SNR measurements and the
reference SNR values for different measurement durations Tm [Fodor and Fingscheidt, 2012c]

values by means of Pearson’s formula [Burington and May, 1970]

ρ “
ř
i

´zSNRpiq ´ zSNR
¯

¨ `
SNRrefpiq ´ SNRref

˘
dř

i

´zSNRpiq ´ zSNR
¯2

¨ ř
i

`
SNRrefpiq ´ SNRref

˘2 (3.21)

with i, SNRref and p¨q being the test database file index, the reference SNR value of a
reference-based measurement according to ITU-T Recommendation P.56, and the mean op-
erator over i, respectively. The resulting correlation coefficients at different measurement
durations Tm (simulated by building groups of the 8 s database signals) are depicted in Ta-
ble 3.4. As can be seen, the proposed method achieves a correlation coefficient being larger
than 0.99 in all cases.

3.4 Summary

In this chapter, the simulation setup was recapitulated which is used in this thesis for per-
formance evaluation of speech enhancement approaches. Then, a brief description of the
employed databases, data preprocessing steps, and a white box test setup were provided.
This was followed by a summary of speech enhancement performance measures which are
utilized in this thesis for a signal-component-based quality assessment in a white box test
scenario. As further instrumental measurement tools first a typical, reference-based SNR
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measurement method according to the ITU-T Recommendation P.56 was recapitulated and
then a new reference-free SNR measurement method was proposed. The latter aims at
estimating the P.56 reference SNR without using any reference as well as provides low com-
putational complexity, small measurement errors, and a high correlation of the measurement
results with the reference SNR. Moreover, it can be applied to both narrowband and wide-
band speech signals. Furthermore, within ITU-T Study Group 12, the Focus Group on Car
Communication (FG CarCOM) has decided to adopt the new reference-free SNR measure-
ment approach within the draft of the recommendation proposal “Subsystem Requirements
for Automotive Speech Services”.



Chapter 4

Consistent MMSE Estimation

Under Speech Presence Uncertainty

As shown in Section 2.6, MMSE estimation under SPU turns out to consist of a common
MMSE estimator for speech and an a posteriori SPP estimator. Furthermore, since both
estimators are in the same Bayesian estimation framework, they assume the same a priori
knowledge, reflected by the same statistical models for speech and the acoustic channel.
Thus, we argue that in order to obtain specific MMSE speech enhancement approaches under
SPU, common MMSE estimators and a posteriori SPP estimators have to be combined
consistently w. r. t. the PDF assumptions. Accordingly, this chapter will deal with PDF-
consistent MMSE estimation under SPU.

In Section 4.1, a synopsis of a posteriori SPP estimators will be provided in analogy
to Section 2.5. This synopsis will be based on the generalized gamma speech model from
Section 2.3.1, resulting in a new generalized a posteriori SPP estimator [Fodor and Fing-
scheidt, 2012a]. The new generalized estimator covers existing a posteriori SPP estimators
from literature, based on either a Rayleigh-distributed or a chi-distributed speech spectral
amplitude model (cf. Section 2.6) as special case. Applying the parameter set of the gamma
distribution to the generalized estimator, we will propose the respective a posteriori SPP
estimator based on a gamma-distributed speech spectral amplitude model [Fodor and Fing-
scheidt, 2012a]. Then, in Section 4.2 an overview of consistent MMSE speech enhancement
approaches under SPU will be given. A specific MMSE estimator with SPU is obtained, if a
common MMSE estimator from Section 2.5 is coupled with a corresponding PDF-consistent
a posteriori SPP estimator. Furthermore, it was shown in Section 2.6.3 that the a posteriori
SPP estimator is always the same in all estimation domains. Therefore, the same a poste-
riori SPP estimators can be combined with respective common MMSE STS, MMSE STSA,
or MMSE LSA estimators from Section 2.5. In Section 4.3, a performance evaluation of
PDF-consistent MMSE estimation approaches under SPU will be given. To investigate the

69
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effect of SPU estimation, respective approaches without SPU will also be taken into account.
Finally, Section 4.4 will give a short summary of this chapter.

4.1 Synopsis of A Posteriori SPP Estimation

As can be seen in Section 2.6, the a posteriori SPP estimator is a function of both the
prior pSpSq and the likelihood pY |SpY |Sq from Chapter 2 (cf. (2.66)-(2.69)). Furthermore,
since the a posteriori SPP (2.66) is in the same estimation framework with the common
MMSE estimator EtgpSq|H1u according to (2.65), they are based on the same a priori
knowledge. Thus, it is obvious that the same PDF assumptions should be taken both for SPU
estimation and for common MMSE estimation. Nevertheless, there are various approaches
inconsistently combining different spectral PDF assumptions for the common MMSE es-
timator EtgpSq|Y,H1u and the soft weights P pH1|Y q, e. g., [Lotter, 2004], [Chang, 2007],
[Boubakir and Berkani, 2010], and [Saha and Shimamura, 2011]. Motivated to obtain such a
consistency throughout this chapter we will propose MMSE speech enhancement approaches
under SPU employing consistent spectral PDF assumptions. Moreover, just as in Chapter 2,
the generalization of the speech prior pSpSq can be applied here: Employing the generalized
gamma speech model, a more generalized definition of GLR can be derived. Specific GLRs
and respective specific a posteriori SPP estimators with an underlying Rayleigh, chi, or
gamma speech spectral amplitude model can be obtained by applying their parameter set
to the generalized GLR.

Utilizing the bivariate generalized gamma speech prior (2.26) and a Gaussian likeli-
hood (2.28), the likelihood of speech presence (2.69) can be reformulated as

pY |H1pY |H1q
ˇ̌
gΓ “

ż
C

1

πσ2
D

¨ e´ |Y ´S|2
σ2
D ¨ 1

2π
¨ ηβν

Γpνq ¨ |S|ην´2e´β|S|η dS (4.1)

with subscript gΓ denoting the generalized gamma speech prior (2.26) together with its
parameters η, ν, β (cf. Table 2.1). Employing polar integration as for (2.31), as well as using
(2.29) and [Gradshteyn and Ryzhik, 1965, Eq. (8.431.5)], (4.1) yields

pY |H1pY “Rejϑ|H1q
ˇ̌
gΓ “ 1

πσ2
D

¨ e´ |Y |2
σ2
Dloooooomoooooon

pY |H0
pY |H0q

¨ ηβ
ν

Γpνq ¨
8ż
0

Aην´1 ¨ e´βAη ¨ e´ A2

σ2
D ¨ I0

ˆ
2AR

σ2
D

˙
dA. (4.2)

Please note that pY |H0pY |H0q (cf. (2.68) and (2.27)) turns out to be a prefactor in (4.2) and
it is simultaneously also the denominator of the GLR (2.67). Thus, after inserting (4.2)
into (2.67), pY |H0pY |H0q cancels out and the new GLR based on a generalized speech prior
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Figure 4.1: A posteriori SPP estimator P pH1|Y q|R with an underlying Rayleigh speech
spectral amplitude model (Gaussian speech prior) for two different a priori SPPs

yields (cf. [Fodor and Fingscheidt, 2012a, Eq. (14)])

ΛgΓ “ P pH1q
P pH0q ¨ ηβν

Γpνq ¨
8ż
0

Aην´1 ¨ e´βAη ¨ e´ A2

σ2
D ¨ I0

ˆ
2AR

σ2
D

˙
dA (4.3)

where subscript gΓ denotes the generalized gamma speech prior with the parameters η, β,
and ν (cf. Table 2.1). The corresponding generalized a posteriori SPP estimator is obtained
by (2.66), i. e., P pH1|Y q|gΓ “ ΛgΓ{p1 ` ΛgΓq. In the following we will derive specific a
posteriori SPP estimators by employing speech spectral PDF models from Section 2.3 by
inserting the parameter set of a specific distribution from Table 2.1 into (4.3) and then
utilizing (2.66).

Gaussian Speech Prior

Employing a Rayleigh-distributed speech spectral amplitude model (2.20) (Gaussian speech
prior), i. e., utilizing the parameters η “ 2, β “ 1{σ2

S, and ν “ 1 (cf. Table 2.1), as well
as using [Gradshteyn and Ryzhik, 1965, Eq. (6.631.1)] results in the GLR (2.71) [Ephraim
and Malah, 1984]. Employing the GLR (2.71) for (2.66) results in the a posteriori SPP
estimate P pH1|Y q|R “ ΛR{p1 ` ΛRq which is depicted in Figure 4.1.

Super-Gaussian Speech Priors

Utilizing a chi -distributed speech spectral amplitude model (2.22) (super-Gaussian speech
prior), i. e., incorporating the parameters η “ 2, ν “ νχ, and β “ νχ{σ2

S (cf. Table 2.1), as well
as using [Gradshteyn and Ryzhik, 1965, Eq. (6.631.1)] results in the GLR (2.72) [Breithaupt
and Martin, 2011]. The corresponding a posteriori SPP P pH1|Y q|χ “ Λχ{p1 ` Λχq is shown
in Figure 4.2. Please note that applying νχ “ 1 to (2.72) results in (2.71), since the chi
distribution is a generalization of the Rayleigh distribution (cf. Figure 2.5).
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Figure 4.2: A posteriori SPP estimator P pH1|Y q|χ with an underlying chi speech spectral
amplitude model (super-Gaussian speech prior) for two different a priori SPPs (top, bottom)
and three different parameters νχ (left, center, right)

Employing a gamma-distributed speech spectral amplitude model (2.23) (super-Gaussian
speech prior), i. e., inserting the parameters η “ 1, ν “ νΓ, and β “ a

νΓp1 ` νΓq{σS (cf.
Table 2.1) into the generalized GLR (4.3) results in a new specific GLR (cf. [Fodor and
Fingscheidt, 2012a, Eq. (14)])

ΛΓ “ P pH1q
P pH0q ¨ rνΓ ¨ p1 ` νΓqs νΓ

2

ΓpνΓq ¨ σνΓ
S

¨
8ż
0

AνΓ´1 ¨ e´
?

νΓp1`νΓq
σS

A ¨ e´ 1

σ2
D

A2

¨ I0
ˆ
2AR

σ2
D

˙
dA (4.4)

with subscript Γ denoting the gamma-distributed speech spectral amplitude assumption.
Similar to (2.44), (2.50), and (2.62), (4.4) cannot be obtained in closed form [Fodor and
Fingscheidt, 2012a]. Therefore, we employ numerical methods to calculate ΛΓ. For conve-
nience, however, we first reformulate (4.4) by utilizing variable substitution as for (2.45),
resulting in a function of the a priori SNR ξ and the a posteriori SNR γ as (cf. [Fodor and
Fingscheidt, 2012a, Eq. (14)])

ΛΓ “ P pH1q
P pH0q ¨ rνΓ ¨ p1 ` νΓqs νΓ

2

ΓpνΓq ¨
ˆ
γ

ξ

˙ νΓ
2 ¨

8ż
0

gνΓ´1 ¨ e´
?

νΓpνΓ`1q? γ
ξ
g ¨ e´γg2 ¨ I0 p2γgq dg.

(4.5)
Employing the Gauss-Kronrod quadrature [Brass and Petras, 2011] to solve the integral
in (4.5), the new a posteriori SPP is obtained by P pH1|Y q|Γ “ ΛΓ{p1`ΛΓq which is depicted
in Figure 4.3.
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Figure 4.3: A posteriori SPP estimator P pH1|Y q|Γ with an underlying gamma speech spec-
tral amplitude model (super-Gaussian speech prior) for two different a priori SPPs (top,
bottom) and three different parameters νΓ (left, center, right)

An overview of a posteriori SPP estimators w. r. t. the speech spectral amplitude assump-
tions is given in Table 4.1 (cf. Table 2.2). Just as in the case of MMSE speech estimation,
the hierarchy of speech spectral amplitude models in 2.5 also holds for respective a posteriori
SPP estimators.

Speech Spectral Amplitude PDF
A Posteriori SPP Estimator

(Speech Prior)

Generalized Gamma (2.24) (2.66) + (4.3)
(Generalized Speech Prior) [new], [Fodor and Fingscheidt, 2012a]

Rayleigh (2.20) (2.66) + (2.71)
(Gaussian Speech Prior) [Ephraim and Malah, 1984]

Chi (2.22) (2.66) + (2.72)
(Super-Gaussian Speech Prior) [Breithaupt and Martin, 2011]

Gamma (2.23) (2.66) + (4.5)
(Super-Gaussian Speech Prior) [new], [Fodor and Fingscheidt, 2012a]

Table 4.1: Overview of a posteriori SPP estimators w. r. t. speech spectral amplitude as-
sumptions
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4.2 Synopsis of Consistent MMSE Estimation

Under SPU

A PDF-consistent MMSE estimation approach under SPU can be obtained by combining
a common MMSE estimator from Table 2.2 with a PDF-consistent a posteriori SPP esti-
mator from Table 4.1, according to (2.80), (2.81), and (2.86) in the STS, STSA, and (OM)
LSA estimation domain, respectively (cf. Section 2.6.3). An overview of MMSE estimation
under SPU based on a consistent PDF assumption for both the common MMSE estima-
tor EtgpSq|Y,H1u and the a posteriori SPP estimator P pH1|Y q is given in Table 4.2. In the
following, we will revisit each table entry, separated by estimation domains.

4.2.1 MMSE STS Estimation Under SPU

In this section, specific MMSE STS estimators under SPU of the form (2.80) are employed.

Generalized Speech Prior

Our new generalized MMSE STS estimator under SPU uses the generalized gamma speech
model (2.26) (generalized speech prior) consistently for the common MMSE STS estima-
tor (2.39) and the a posteriori SPP estimator (2.66) with the GLR (4.3) and will be denoted
as gΓ-STS-SPU (cf. Table 4.2). Its equivalent non-SPU approach in Table 2.2 is gΓ-STS.

Gaussian Speech Prior

The first special case of the gΓ-STS-SPU estimator employs a Rayleigh-distributed speech
spectral amplitude model (Gaussian speech prior) consistently for the common MMSE STS
estimator being the Wiener filter (2.41) [Scalart and Filho, 1996] and the a posteriori SPP
estimator (2.66) with the GLR (2.71) [Ephraim and Malah, 1984] and will be denoted as R-
STS-SPU (cf. Table 4.2) [Azirani et al., 1996]. Its equivalent non-SPU approach in Table 2.2
is R-STS.

Super-Gaussian Speech Priors

The second special case of the gΓ-STS-SPU estimator utilizes a chi -distributed speech spec-
tral amplitude model (super-Gaussian speech prior) consistently for the common MMSE STS
estimator (2.43) [Erkelens et al., 2008] and the a posteriori SPP estimator (2.66) with the
GLR (2.72) [Breithaupt and Martin, 2011] and will be denoted as χ-STS-SPU (cf. Table 4.2).
Its equivalent non-SPU approach in Table 2.2 is χ-STS.
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The third special case of the gΓ-STS-SPU estimator is based on a consistent gamma-
distributed speech spectral amplitude model (super-Gaussian speech prior) for both the
common MMSE STS estimator (2.45) [Erkelens et al., 2008] and the a posteriori SPP es-
timator (2.66) with the GLR (4.5) [Fodor and Fingscheidt, 2012a] and will be denoted as
Γ-STS-SPU (cf. Table 4.2). Its equivalent non-SPU approach in Table 2.2 is Γ-STS.

To the best of our knowledge, neither the generalized approach gΓ-STS-SPU, nor the
super-Gaussian approaches χ-STS-SPU and Γ-STS-SPU have been proposed yet.

4.2.2 MMSE STSA Estimation Under SPU

In this section, specific MMSE STSA estimators under SPU of the form (2.81) are employed.

Generalized Speech Prior

Our new generalized MMSE STSA estimator under SPU employs the generalized speech
model (2.26) (generalized speech prior) consistently for the common MMSE STSA estima-
tor (2.47) [Fodor and Fingscheidt, 2012a] and the a posteriori SPP estimator (2.66) with
the GLR (4.3) [Fodor and Fingscheidt, 2012a] and will be denoted as gΓ-STSA-SPU (cf.
Table 4.2) [Fodor and Fingscheidt, 2012a]. Its equivalent non-SPU approach in Table 2.2 is
gΓ-STSA.

Gaussian Speech Prior

The first special case of the gΓ-STSA-SPU estimator assumes a Rayleigh-distributed speech
spectral amplitude model (Gaussian speech prior) consistently for the common MMSE STSA
estimator (2.48) [Ephraim and Malah, 1984] and the a posteriori SPP estimator (2.66)
with the GLR (2.71) [Ephraim and Malah, 1984] and will be denoted as R-STSA-SPU (cf.
Table 4.2) [Ephraim and Malah, 1984]. Its equivalent non-SPU approach in Table 2.2 is
R-STSA.

Super-Gaussian Speech Priors

The second special case of the gΓ-STSA-SPU estimator is based on a consistent chi -
distributed speech spectral amplitude model (super-Gaussian speech prior) for both the
common MMSE STSA estimator (2.49) [Andrianakis and White, 2006] and the a posteriori
SPP estimator (2.66) with the GLR (2.72) [Breithaupt and Martin, 2011] and will be de-
noted as χ-STSA-SPU (cf. Table 4.2) [Breithaupt and Martin, 2011]. Its equivalent non-SPU
approach in Table 2.2 is χ-STSA.
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A further proposed approach is the third special case of the gΓ-STSA-SPU estimator. It
utilizes a gamma-distributed speech spectral amplitude model (super-Gaussian speech prior)
consistently for the common MMSE STSA estimator (2.51) [Erkelens et al., 2007] and the a
posteriori SPP estimator (2.66) with the GLR (4.5) [Fodor and Fingscheidt, 2012a] and will
be denoted as Γ-STSA-SPU (cf. Table 4.2) [Fodor and Fingscheidt, 2012a]. Its equivalent
non-SPU approach in Table 2.2 is Γ-STSA.

4.2.3 MMSE LSA Estimation Under SPU

In this section, specific OM MMSE LSA estimators of the form (2.86) are employed.

Generalized Speech Prior

Our new generalized OM MMSE LSA estimator utilizes the generalized speech model (2.26)
(generalized speech prior) consistently for the common MMSE LSA estimator (2.57) [Fodor
and Fingscheidt, 2012d] and the a posteriori SPP estimator (2.66) with the GLR (4.3)
[Fodor and Fingscheidt, 2012a] and will be denoted as gΓ-LSA-SPU (cf. Table 4.2) [Fodor
and Fingscheidt, 2012d]. Its equivalent non-SPU approach in Table 2.2 is gΓ-LSA.

Gaussian Speech Prior

The first special case of the gΓ-LSA-SPU estimator uses a Rayleigh-distributed speech spec-
tral amplitude model (Gaussian speech prior) consistently for the common MMSE LSA esti-
mator (2.58) [Ephraim and Malah, 1985] and the a posteriori SPP estimator (2.66) with the
GLR (2.71) [Ephraim and Malah, 1984] and will be denoted as R-LSA-SPU (cf. Table 4.2)
[Cohen and Berdugo, 2001]. Its equivalent non-SPU approach in Table 2.2 is R-LSA.

Super-Gaussian Speech Priors

The second special case of the gΓ-LSA-SPU estimator is a further proposal. It is based on
a consistent chi -distributed speech spectral amplitude model (super-Gaussian speech prior)
for both the common MMSE LSA estimator (2.59) [Hendriks et al., 2009b] (implemented
as (2.61)) and the a posteriori SPP estimator (2.66) with the GLR (2.72) [Breithaupt and
Martin, 2011] and will be denoted as χ-LSA-SPU (cf. Table 4.2). Its equivalent non-SPU
approach in Table 2.2 is χ-LSA.

A further proposed approach is the third special case of the gΓ-LSA-SPU estima-
tor [Fodor and Fingscheidt, 2012d]. It employs a gamma-distributed speech spectral am-
plitude model (super-Gaussian speech prior) consistently for the common MMSE LSA es-
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timator [Borgström and Alwan, 2011] (implemented as (2.63)) and the a posteriori SPP
estimator (2.66) with the GLR (4.5) [Fodor and Fingscheidt, 2012a] and will be denoted as
Γ-LSA-SPU (cf. Table 4.2) [Fodor and Fingscheidt, 2012d]. Its equivalent non-SPU approach
in Table 2.2 is Γ-LSA.

4.3 Performance Evaluation

In the following, we will evaluate the performance of PDF-consistent MMSE estimation
approaches under SPU from Table 4.2 using the simulation setup and the instrumental
measures from Chapter 3. Furthermore, to see the effect of SPU estimation, we will also
compare the estimators under SPU to respective approaches from Table 2.2 without taking
SPU into account.

It can be seen in [Andrianakis and White, 2006] and [Erkelens et al., 2007] that the best
choice for the shape parameter νχ of the chi distribution as a speech spectral amplitude
model are values below 1. Therefore, all evaluated approaches based on a chi-distributed
speech spectral amplitude model employ the shape parameter νχ “ 0.5, which is shown
in [Breithaupt and Martin, 2011] to achieve a good tradeoff between speech distortion and
noise attenuation. All evaluated approaches with an underlying gamma-distributed speech
spectral amplitude model utilize the shape parameter νΓ “ 1.126, as proposed1 in [Lotter
and Vary, 2005]. Furthermore, for OM MMSE LSA approaches (2.86) G0 “´25 dB was used
as proposed in [Cohen and Berdugo, 2001].

MMSE STS Estimation

The evaluation results of MMSE STS estimation approaches are depicted in Figure 4.4. In
the upper, middle, and lower figures the resulting NAseg, SSDRseg, and LKR values are
shown, respectively. The noise conditions are separated column-wise corresponding to car
noise, factory noise, and babble noise.

In terms of residual noise levels, approaches with SPU (R-STS-SPU, χ-STS-SPU, Γ-STS-
SPU) show a significant larger amount of noise attenuation reflected by larger NAseg values,
compared to approaches without SPU (R-STS, χ-STS, Γ-STS) at all input SNR levels and in
all noise conditions. In the case of car noise, approaches without SPU achieve approximately
the same NAseg values in the range 26..28 dB. Considering approaches with SPU, Γ-STS-SPU
achieves slightly larger NAseg values than χ-STS-SPU, while R-STS-SPU performs best in
this test. In presence of factory noise, approaches without SPU show the same ranking order
as in presence of car noise. Considering approaches with SPU, however, the approach Γ-STS-

1Please note that the shape parameter ’ν’ in [Lotter and Vary, 2005] equals νΓ ´ 1 [Erkelens et al., 2007].
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Figure 4.4: Performance evaluation results of MMSE STS approaches (R-STS, χ-STS, Γ-
STS) and PDF-consistent MMSE STS approaches under SPU (R-STS-SPU, χ-STS-SPU, Γ-
STS-SPU) in terms of segmental noise attenuation (NAseg, the larger the better), segmental
speech-to-speech distortion ratio (SSDRseg, the larger the better), and weighted log-kurtosis
ratio (LKR, the smaller the better) (cf. Table 4.2)
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SPU performs best, followed by the approaches χ-STS-SPU and R-STS-SPU. This ranking
order is also true for approaches with SPU in presence of babble noise, while all approaches
without SPU (R-STS, χ-STS, Γ-STS) achieve approximately the same NAseg values.

Considering the speech component, all approaches achieve approximately the same speech
component quality reflected by close SSDRseg values with an expected slight advantage for
approaches without SPU. Moreover, approaches with SPU (without SPU) based on super-
Gaussian speech priors perform slightly better than approaches with SPU (without SPU)
based on a Gaussian speech prior. Furthermore, approaches with a gamma speech spectral
amplitude assumption show slightly larger SSDRseg values compared to approaches with a
chi speech spectral amplitude assumption which have a slight advantage over approaches
with a Gaussian speech prior for all input SNR levels and in all noise conditions.

It can be observed in the evaluation w. r. t. the musical noise level that approaches with
SPU generate slightly more musical noise than approaches without SPU reflected by larger
LKR values. Furthermore, in case of car noise and factory noise, approaches based on a
gamma speech spectral amplitude model produce the largest musical noise levels reflected
by the largest LKR values, while approaches based on a Gaussian speech prior achieve the
lowest musical noise levels reflected by the smallest LKR values. In the presence of babble
noise, all approaches with SPU achieve approximately the same LKR levels, while among
the approaches without SPU Γ-STS and χ-STS perform approximately equally and R-STS
produces the lowest musical noise level (lowest LKR value).

MMSE STSA Estimation

The evaluation results of MMSE STSA estimation approaches are plotted in Figure 4.5. As
in the case of MMSE STS estimation, the resulting NAseg, SSDRseg, and LKR values are
shown in the upper, middle, and lower figures, respectively. Furthermore, car noise, factory
noise, and babble noise results can be found in the first, second, and third column of plots,
respectively.

Regarding the amount of residual noise, approaches with SPU (R-STSA-SPU, χ-STSA-
SPU, Γ-STSA-SPU) achieve a significantly larger amount of noise attenuation reflected by
larger NAseg values, compared to approaches without SPU (R-STSA, χ-STSA, Γ-STSA).
Furthermore, the Γ-STSA-SPU (Γ-STSA) estimator outperforms the approaches χ-STSA-
SPU (χ-STSA) and R-STSA-SPU (R-STSA) at all input SNRs and in all noise conditions.
Furthermore, while the approach χ-STSA clearly outperforms the approach R-STSA, the
approaches R-STSA-SPU and χ-STSA-SPU perform approximately equally.

Concerning the amount of speech component quality, approaches without SPU perform
again slightly better than approaches with SPU reflected by slightly larger SSDRseg values
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Figure 4.5: Performance evaluation results of MMSE STSA approaches (R-STSA, χ-STSA,
Γ-STSA) and PDF-consistent MMSE STSA approaches under SPU (R-STSA-SPU, χ-STSA-
SPU, Γ-STSA-SPU) in terms of segmental noise attenuation (NAseg, the larger the better),
segmental speech-to-speech distortion ratio (SSDRseg, the larger the better), and weighted
log-kurtosis ratio (LKR, the smaller the better) (cf. Table 4.2)
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at all input SNRs and in all noise conditions. Just as in MMSE STS estimation, super-
Gaussian speech models achieve a better speech component quality than Gaussian ones; a
gamma speech spectral amplitude assumption is slightly superior to a chi speech spectral
amplitude assumption reflected by slightly larger SSDRseg values.

With respect to the amount of musical noise, approaches with SPU reveal larger LKR
levels than respective approaches without SPU. Furthermore, approaches with a gamma
speech spectral amplitude model produce higher musical noise levels (larger LKR values)
than approaches with a chi speech spectral amplitude model. The lowest musical noise level
(smallest LKR value) is yielded by approaches with a Gaussian speech prior at all SNR levels
and in all noise conditions.

MMSE LSA Estimation

The evaluation results of MMSE LSA estimation approaches are shown in Figure 4.6. Just
as in the previous figures, the resulting NAseg, SSDRseg, and LKR values are shown in the
upper, middle, and lower figures, respectively. Meanwhile, car noise, factory noise, and
babble noise results can be found in the first, second, and third column of plots, respectively.

Just as in the previous two estimation domains, approaches with SPU (R-LSA-SPU, χ-
LSA-SPU, Γ-LSA-SPU) achieve a significantly larger amount of noise attenuation reflected
by larger NAseg values than approaches without SPU (R-LSA, χ-LSA, Γ-LSA), as shown in
the upper figures. Furthermore, similar to MMSE STSA estimation, approaches based on
a gamma speech spectral amplitude model perform better than respective approaches with
a chi speech spectral amplitude model, while the latter achieve larger NAseg values than
respective approaches with a Gaussian speech prior.

As can be seen in the middle figures, approaches without SPU achieve slightly better
speech component quality than approaches with SPU reflected by slightly larger SSDRseg

values at all input SNRs and in all noise conditions. Furthermore, a gamma speech spectral
amplitude model gives the best speech preservation, followed by the chi and Rayleigh speech
spectral amplitude models.

The lower figures show that approaches with SPU produce larger musical noise levels than
respective approaches without SPU reflected by larger LKR values. Furthermore, approaches
with a gamma speech spectral amplitude model show higher musical noise levels (larger LKR
values) than approaches with a chi speech spectral amplitude model. The lowest musical
noise level (smallest LKR value) yield approaches with a Gaussian speech prior at all SNR
levels and in all noise conditions.

The performance evaluation results were also confirmed by informal listening tests.
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Figure 4.6: Performance evaluation results of MMSE LSA approaches (R-LSA, χ-LSA, Γ-
LSA) and PDF-consistent MMSE LSA approaches under SPU (R-LSA-SPU, χ-LSA-SPU, Γ-
LSA-SPU) in terms of segmental noise attenuation (NAseg, the larger the better), segmental
speech-to-speech distortion ratio (SSDRseg, the larger the better), and weighted log-kurtosis
ratio (LKR, the smaller the better) (cf. Table 4.2)
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4.4 Summary

MMSE estimation under SPU can clearly be divided into common MMSE estimation for
speech and a posteriori SPP estimation. It was shown in this chapter that both are based
on the same a priori knowledge, therefore, the common MMSE estimator and the a poste-
riori SPP estimator should assume the same statistical models. In order to identify PDF-
consistent MMSE speech enhancement approaches under SPU, a speech PDF-based overview
of a posteriori SPP estimators was given in this chapter, similar to the synopsis of common
MMSE estimators in Chapter 2. The overview was based on a new parametric a posteriori
SPP estimator which is a generalization of the existing a posteriori SPP estimators from
literature, based on either a Rayleigh-distributed or a chi-distributed speech spectral ampli-
tude model. Moreover, a new specific a posteriori SPP estimator was derived, based on a
gamma-distributed speech spectral amplitude model.

Furthermore, a synopsis of PDF-consistent MMSE approaches under SPU was given in
this chapter, in analogy to Section 2.5. By sketching possible MMSE estimators under SPU,
new PDF-consistent approaches could be identified. Then, both MMSE speech enhancement
approaches with SPU and respective approaches without SPU from Section 2.5 were assessed
using instrumental measures. It turned out that for all estimation domains and for almost all
noise types that compared to non-SPU, approaches with SPU achieve much higher segmental
noise attenuation at the cost of a slightly lower segmental speech-to-speech distortion ratio
and higher musical noise levels reflected by larger LKR values.

Approaches assuming a gamma distribution for the speech spectral amplitudes showed
best performance w. r. t. segmental speech-to-speech distortion ratio and segmental noise
attenuation except for car noise and STS estimation domain. However, these approaches
performed worst in terms of musical noise levels, reflected by the highest LKR values. In the
next chapter, we will deal with PDF-consistent MMSE estimation approaches under SPU
which can produce less musical noise and provide more accurate a posteriori SPP estimates.



Chapter 5

Consistent MMSE Estimation

Under Speech Presence Uncertainty

with Averaging and Fixed Parameters

Amongst others, recent improvements in SPU estimation include a posteriori SPP estima-
tors based on either averaged observations or on a super-Gaussian speech model instead of a
Gaussian. In this chapter, these two aspects will be combined [Fodor and Gerkmann, 2014a],
[Fodor and Gerkmann, 2014b]. Furthermore, the resulting enhanced a posteriori SPP esti-
mator will make use of the advantage of fixed prior parameters, i. e., a fixed a priori SPP and
a fixed a priori SNR. This provides a more accurate a posteriori SPP estimation compared
to usual techniques based on a fixed a priori SPP and an adapted a priori SNR. Moreover,
similar to the previous chapter, we will propose to combine the enhanced a posteriori SPP
estimator with a PDF-consistent common MMSE estimator in order to obtain an MMSE
speech enhancement approach under SPU.

In Section 5.1, we will shortly recapitulate the motivation of enhanced a posteriori SPP
estimation using averaged observations, a super-Gaussian assumption for speech, and fixed
prior parameters. Then, Section 5.2 will give a detailed description of the algorithmic ap-
proach. In Section 5.3, the performance of the combination of the enhanced a posteriori
SPP estimator and a PDF-consistent common MMSE estimator will be evaluated. Finally,
Section 5.4 will give a short summary of this chapter.

5.1 Introduction

This chapter deals with an enhancement scheme of a posteriori SPP estimators based on the
idea introduced in [Gerkmann et al., 2008], [Gerkmann, 2010, Ch. 6] and recapitulated in

85
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Section 2.6.2. In particular, we will focus on a typical disadvantage of usual SPU estimation:
A posteriori SPP estimators being a function of the noisy observations (cf., e. g., (2.66) and
(2.71)) usually suffer from random fluctuations of the noisy speech. This often results in
estimation outliers which may be perceived as annoying musical noise. Estimation outliers
can successfully be reduced by averaging the observations as proposed in [Gerkmann et al.,
2008].

However, the proposal in [Gerkmann et al., 2008] does not take into account the super-
Gaussian nature of speech STFT coefficients (cf. Chapter 2). Therefore, in this chapter we
will present a new a posteriori SPP estimator for averaged observations, assuming a super-
Gaussian speech model. The derivation of the corresponding GLR turns out to be mathe-
matically complex, therefore, only approximate solutions have been proposed yet [Fodor and
Gerkmann, 2014a]. In this chapter, however, we will give a closed-form solution for the GLR
and, therefore, the corresponding a posteriori SPP estimator [Fodor and Gerkmann, 2014b].

While usual a posteriori SPP estimators are able to robustly achieve values close to one
during speech presence, they typically output the a priori SPP in absence of speech, which
is generally not close to zero (cf. Section 2.6.2). To overcome this issue, a tracking algorithm
is proposed in [Cohen and Berdugo, 2001] which achieves small a priori SPPs and, thus,
small (close to zero) a posteriori SPP values during speech absence. As a different solution,
in [Gerkmann et al., 2008] a fixed a priori SPP and a fixed a priori SNR are proposed
for a posteriori SPP estimation arguing that these quantities should reflect true a priori
knowledge and should be independent of the observations. As a result, the a posteriori SPP
estimates robustly achieve values close to zero in absence of speech, providing potentially
more accurate estimation results. Our enhanced a posteriori SPP estimator will also make
use of the advantage of fixed prior parameters.

5.2 Algorithmic Approach

The proposed approach, just as the reference approach recapitulated in Section 2.6.2 [Gerk-
mann et al., 2008], consists of two modifications of usual SPU estimation approaches (e. g.,
those from Section 2.6.1 or from Chapter 4), namely, an a posteriori SNR averaging and a
fixed a priori SNR instead of an adapted one. These two modification steps will be described
in the following.

First, we will derive the new GLR assuming a super-Gaussian speech model and averaged
observations. It will be assumed for the derivation that the speech STFT coefficients are
super-Gaussian distributed with chi-distributed speech spectral amplitudes (2.22) and a
statistically independent uniformly distributed phase. Furthermore, just as in [Gerkmann
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et al., 2008], we will assume that the statistically independent noise STFT coefficients are
Gaussian distributed and that the hypothesis H1 is statistically independent of the spectral
phase of the noisy speech Y (cf., e. g., (2.71) or (2.72)). In this case the a posteriori SPP can
be rewritten as P pH1|Y q“P pH1|γq (cf. Section 2.6.2). Then, the averaging procedure (2.73)
will be taken into account and the corresponding new a posteriori SPP estimator P pH1|γ̄q
will be derived under a super-Gaussian speech assumption for observed, averaged a posteriori
SNRs γ̄. Finally, the fixed a priori SNR is optimized using the resulting new a posteriori
SPP P pH1|γ̄q.

5.2.1 A Posteriori SNR Averaging

In this chapter we employ the same averaging framework as in [Gerkmann et al., 2008] to
reduce estimation outliers: The a posteriori SNRs are smoothed by calculating the moving
average (2.73) simultaneously within both a local and a global averaging window of the
sizes μΘ “ |KΘ| ¨ |LΘ|. Here, Θ stands for either local or global. Please note that we utilize
the proposed window sizes from [Gerkmann et al., 2008]. The a posteriori SPP is obtained
by multiplying the local and the global a posteriori SPP estimates (2.74) which are driven by
the averaged a posteriori SNRs (cf. (2.75) and (2.76)). The local and the global a posteriori
SPP can be calculated by the GLR (cf. (2.75))

P pH1|γ̄Θq|χ “ Λ̄χ
Θ

1 ` Λ̄χ
Θ

(5.1)

where index χ denotes our chi-distributed speech spectral amplitude assumption. The GLR
in (5.1) is obtained by (cf. (2.76))

Λ̄χ
Θ “ P pH1q

P pH0q ¨ p
χ
γ̄Θ|H1

pγ̄Θ|H1q
pχγ̄Θ|H0

pγ̄Θ|H0q (5.2)

with superscript χ denoting the assumption of chi-distributed speech spectral amplitudes.
Furthermore, pχγ̄Θ|H1

pγ̄Θ|H1q and pχγ̄Θ|H0
pγ̄Θ|H0q are the PDFs of averaged a posteriori

SNRs γ̄Θ assuming speech presence and absence, respectively, which will be derived in the
following.

Considering the likelihood of speech presence pχγ̄Θ|H1
pγ̄Θ|H1q for averaged observations, we

start its derivation with obtaining the PDF of noisy speech STFT coefficients pχY |H1
pY |H1q.

For this, we assume a chi-distributed speech spectral amplitude model and a statistically in-
dependent uniformly distributed speech spectral phase (super-Gaussian speech prior) as well
as a statistically independent Gaussian acoustic channel noise. Next, the PDF pχY |H1

pY |H1q
is transformed to the PDF of the a posteriori SNR pχγ|H1

pγ|H1q according to the variable
transformation γ “ |Y |2{σ2

D. Then, the PDF of averaged (i. e., summed and normalized) a
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posteriori SNRs pχγ̄|H1
pγ̄|H1q can be derived by means of convolution and mathematical induc-

tion: The PDF of two statistically independent a posteriori SNRs is obtained by convolving
the PDF pχγ|H1

pγ|H1q by itself. Convolving the resulting PDF again by pχγ|H1
pγ|H1q results in

the PDF of the sum of three a posteriori SNRs and so forth. Using mathematical induction,
the likelihood of speech presence for averaged observations under a chi-distributed speech
spectral amplitude assumption turns out to be (the derivation can be found in Appendix D)
[Fodor and Gerkmann, 2014b]

pχγ̄Θ|H1
pγ̄Θ|H1q “

ˆ
νχ

νχ ` ξ

˙μΘνχ

¨ μΘ
μΘ

ΓpμΘq ¨ γ̄μΘ´1
Θ ¨ e´μΘγ̄Θ ¨ 1F1

ˆ
μΘνχ, μΘ, γ̄Θ

μΘξ

νχ ` ξ

˙
(5.3)

with νχ and μΘ being the shape parameter of the speech model (cf. Table 2.1) and the
number of averaged a posteriori SNR values (μΘ “ |KΘ| ¨ |LΘ|, cf. (2.73)), respectively.
Please note that in the special case νχ “1 the new likelihood (5.3) based on a chi-distributed
speech spectral amplitude model reduces to (2.77) being based on a Gaussian speech model.
Generally, the more a posteriori SNR values are averaged, the larger the parameter μΘ, and
the smaller the width of the resulting likelihood (5.3). Please note that different from the
reference approach [Gerkmann et al., 2008], we assume uncorrelated adjacent a posteriori
SNR values within the averaging windows, i. e., we employ μΘ “|KΘ| ¨ |LΘ|.

In speech absence ξ “ 0 holds and (5.3) reduces to the likelihood of speech absence for
averaged observations

pχγ̄Θ|H0
pγ̄Θ|H0q “ μΘ

μΘ

ΓpμΘq ¨ γ̄μΘ´1
Θ ¨ e´μΘγ̄Θ (5.4)

with μΘ being the same parameter as in (5.3). Please note that the likelihood of speech
absence for averaged observations (5.4) can also be obtained as follows: In speech absence,
the noisy speech STFT coefficients are Gaussian-distributed, the a posteriori SNRs are expo-
nentially distributed, and the averaged a posteriori SNRs turn out to be gamma-distributed
with the PDF (5.4) being a function of parameter μΘ (cf. (2.23), (2.78), and (5.4)).

Substituting the likelihoods (5.3) and (5.4) into (5.2), the proposed GLR for averaged
observations assuming a chi-distributed speech spectral amplitude model (super-Gaussian
prior) can be expressed as [Fodor and Gerkmann, 2014b]

Λ̄χ
Θ “ P pH1q

P pH0q ¨
ˆ

νχ
νχ ` ξ

˙μΘνχ

¨ 1F1

ˆ
μΘνχ, μΘ, γ̄Θ

μΘξ

νχ ` ξ

˙
(5.5)

with νχ being the shape parameter of the speech model (which should be chosen consistently
with the same parameter of the common MMSE estimator) and μΘ being the number of
averaged a posteriori SNRs. Please note that (5.5) generalizes both a GLR for averaged
observations under a Gaussian speech model and a GLR for non-averaged observations but
a super-Gaussian speech model: In case of νχ “ 1 we obtain the GLR (2.79) for averaged
observations assuming a Gaussian speech model, while in case of μΘ “ 1 we obtain the
GLR (2.72) assuming chi-distributed speech spectral amplitudes and no averaging.
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5.2.2 Training of the Fixed A Priori SNR

While the averaging approach can nicely reduce estimation outliers, it still does not allow
for achieving a posteriori SPPs close to zero at low a priori SNRs: If variable ξ approaches
zero, the new GLR (5.5) still tends to P pH1q{P pH0q (note that 1F1pa, b, 0q “ 1) and, thus,
(5.1) tends to P pH1q. To overcome this issue, in [Gerkmann et al., 2008] the use of fixed
prior parameters, i. e., fixed a priori SPPs and fixed a priori SNRs, is proposed for SPU
estimation (for controlling the weighting rule, still adapted ξ values can and should be used).
Similar to ξ “ 0 under hypothesis H0, a fixed a priori SNR ξ “ Ξχ

Θ can be defined for the
likelihood of speech presence (5.3) which can be interpreted as a typical a priori SNR value
under hypothesis H1. In this case, ξ“0 and ξ“Ξχ

Θ can be understood as model parameters
for speech absence and speech presence, respectively. Then, the likelihoods pχγ̄Θ|H0

pγ̄Θ|H0q
and pχγ̄Θ|H1

pγ̄Θ|H1q can be interpreted as measures for how well the observations γ̄Θ fit the
underlying model parameters. As a consequence, GLR values and a posteriori SPP values
close to zero can be achieved in absence of speech.

The fixed a priori SNR Ξχ
Θ can be optimized as follows: Interpreting the a posteriori SPP

as a detector for speech presence/absence, the probability of misdetection can be defined.
This probability turns out to be a function of the a priori SNR ξ. The optimal fixed a
priori SNR ξ “ Ξχ

Θ can be obtained by minimizing the average cost of misdetection, i. e.,
a combination of the miss probability PM and the false alarm probability PF [Gerkmann
et al., 2008]. Miss occurs, if speech is present, but the a posteriori SPP estimate is less than
0.5, while false alarm is defined by estimated a posteriori SPPs larger than 0.5 in absence
of speech. The joint decision threshold for miss and false alarm is at observation values γ̄Θ

at which the a posteriori SPP yields 0.5. In this case the weighted likelihoods are equal
P pH0q ¨ pχγ̄Θ|H0

pγ̄Θ|H0q “ P pH1q ¨ pχγ̄Θ|H1
pγ̄Θ|H1q and the GLR (5.5) is one (cf. (5.1))

P pH1q
P pH0q ¨

ˆ
νχ

νχ ` ξ

˙μΘνχ

¨ 1F1

ˆ
μΘνχ, μΘ, γ̄Θ

μΘξ

νχ ` ξ

˙
“ 1. (5.6)

Solving this equation w. r. t. γ̄Θ, the decision threshold

ΦΘ “ fpξ, νχ, μΘq (5.7)

for testing γ̄Θ
H1ż
H0

ΦΘ turns out to be a function of the a priori SNR. We were not able to find

a closed-form solution for (5.7), therefore, we employed numerical methods and the result
is depicted in Figure 5.1. Please note that given a specific a priori SNR ξ, a miss occurs,
if γ̄Θ ă ΦΘ assuming H1 and a false alarm occurs, if γ̄Θ ą ΦΘ assuming H0, as shown in
Figure 5.2.

As can be seen the probability of miss and the probability of false alarm are dependent
on the same threshold ΦΘ which is a function of the a priori SNR (5.7). Therefore, the
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Figure 5.1: Result of the equation (5.7) (decision threshold) for the local and the global
averaging window assuming νχ “ 0.5; the curves show specific combinations of γ̄Θ and ξ

values which lead to a unity GLR

fixed a priori SNR Ξχ
Θ can be optimized by minimizing the average cost of misdetection

[Gerkmann et al., 2008]: Assuming a fixed a priori SNR Ξχ
Θ (and a corresponding fixed

threshold ΦΘ “fpΞχ
Θq), the probability of miss is defined as [Gerkmann et al., 2008]

PM,ΘpΞχ
Θ, ξq “

ΦΘ“fpΞχ
Θqż

0

pχγ̄Θ|H1
px|H1qloooooomoooooon

“fpξq

dx (5.8)

and the probability of false alarm can be calculated as [Gerkmann et al., 2008]

PF,ΘpΞχ
Θq “

8ż
ΦΘ“fpΞχ

Θq
pχγ̄Θ|H0

px|H0q dx. (5.9)

The average cost of misdetection can be determined by [Gerkmann et al., 2008]

RΘpΞχ
Θ, ξq “ P pH0q ¨ PF,ΘpΞχ

Θq ` P pH1q ¨ PM,ΘpΞχ
Θ, ξq. (5.10)

The desired fixed a priori SNR can be obtained by minimizing the average cost RΘpΞχ
Θ, ξq

over a typical a priori SNR range rξl, ξus as [Gerkmann et al., 2008]

Ξχ
Θ “ argmin

Ξχ
Θ

ξuż
ξl

RΘpΞχ
Θ, ξq dξ. (5.11)

Assuming νχ “ 0.5 as in the previous chapter (cf. Section 4.3) as well as employing (5.3)
and (5.4), respectively, for (5.8) and (5.9) with μlocal “ 9 and μglobal “ 51, calculating (5.11)
with the parameters ξl “´20 dB, ξu “20 dB results in the optimal fixed a priori SNR values
summarized in Table 5.1. The integrals in (5.8), (5.9), and (5.11) were calculated by the
Gauss-Kronrod quadrature [Brass and Petras, 2011].
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Figure 5.2: Probabilities of miss and false-alarm for P pH1q“P pH0q “ 0.5

Θ ΔkΘ Δ�Θ μΘ “ |KΘ| ¨ |LΘ| Ξχ
Θ P pH1q

local 1 2 9 12.56 dB 0.5
global 8 2 51 10.42 dB 0.5

Table 5.1: Parameter set of the a posteriori SNR averaging framework and the proposed
GLR (5.5) assuming νχ “0.5

These optimization steps can be interpreted as follows: Assuming a fixed thresh-
old ΦΘ “fpΞχ

Θq, the average cost of misdetection is measured for a typical a priori SNR
range rξl, ξus. As can be seen in Figure 5.2, the probability of miss and the probability
of false alarm (and, thus, the cost of misdetection) are dependent on the position of this
threshold: Lower thresholds increase the probability of false alarm (residual noise level)
and higher thresholds increase the probability of miss (speech distortion). Thus, repeating
the average cost measurement for different fixed thresholds ΦΘ “ fpΞχ

Θq, the fixed a priori
SNR Ξχ

Θ leading to the lowest average cost can be considered as optimal.

The proposed a posteriori SPP estimation steps using the fixed prior parameters can be
summarized as follows:

• Average the a posteriori SNRs by means of (2.73) within a local and a global window
using the parameters from Table 5.1.

• Calculate the local and global GLR (5.5) using the averaged a posteriori SNRs as well
as the parameters from Table 5.1, namely, the fixed a priori SNR Ξχ

Θ (instead of the
adapted one ξ), P pH1q, and μΘ. The shape parameter νχ should be chosen consistently
with the shape parameter of the common MMSE estimator (the fixed a priori SNRs
in Table 5.1 are trained assuming νχ “0.5).

• Calculate the local and global a posteriori SPPs (5.1) using the resulting GLRs.

• Combine the resulting local and global a posteriori SPPs to a final a posteriori SPP
estimate using (2.74).
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5.3 Performance Evaluation

In order to see the effect of enhanced a posteriori SPP estimation, we will assess the pro-
posed approach and some reference approaches from the previous chapter without averaging
and without fixed prior parameters in the following. For this, the simulation setup and the
performance measures from Chapter 3 will be utilized. Since the proposal enhances SPU es-
timation only and SPU estimation is independent of the estimation domains (cf. Section 2.6),
the following simulations will be based on MMSE STSA estimation under SPU (2.81). Nev-
ertheless, the proposed approach can also be utilized in the other estimation domains.

We will use two reference approaches based on PDF-consistent MMSE STSA estimation
under SPU from the previous chapter, both with an adapted a priori SNR. The first one
assumes Rayleigh-distributed speech spectral amplitudes (denoted as R-STSA-SPU, cf. Ta-
ble 4.2), while the second one assumes chi-distributed speech spectral amplitudes with the
parameter νχ “0.5 (denoted as χ-STSA-SPU, cf. Table 4.2).

A further reference approach is from [Gerkmann et al., 2008]: It is based on MMSE STSA
estimation under SPU (2.81) assuming Rayleigh-distributed speech spectral amplitudes con-
sistently. It utilizes R-STSA (2.48) as common MMSE estimator and employs averaged a
posteriori SNR values and a fixed a priori SNR for the calculation of the a posteriori SPP.
This approach will be denoted as R-STSA-SPU-enh. The a posteriori SPP is estimated
as follows: The GLR is controlled by smoothed a posteriori SNRs (2.73) averaged within
a local and a global averaging window and calculated by (2.79) using the parameters from
Table 2.3, i. e., a shape parameter and a fixed a priori SNR. The local and global a posteriori
SPPs are calculated by (2.75) and then multiplicatively unified to a final a posteriori SPP
estimate by (2.74).

The proposed approach is an MMSE STSA estimation approach under SPU (2.81) as-
suming chi-distributed speech spectral amplitudes with νχ “0.5 (cf. Section 4.3) consistently
for common MMSE estimation (2.49) and a posteriori SPP estimation (5.1) with the new
GLR (5.5) from the last section. The GLR is driven by averaged observations and has fixed
prior parameters shown in Table 5.1. The proposed approach will be denoted as χ-STSA-
SPU-enh.

The evaluation results are depicted in Figure 5.3. As in the previous chapter, the re-
sulting NAseg, SSDRseg, and LKR values are shown in the upper, middle, and lower plots,
respectively. Furthermore, car noise, factory noise, and babble noise results can be found in
the left, middle, and right column of figures, respectively.

Considering the amount of residual noise, approaches based on fixed prior parameters
for SPU estimation (χ-STSA-SPU-enh and R-STSA-SPU-enh) achieve significantly larger
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Figure 5.3: Performance evaluation results of MMSE STSA estimators with SPU based on
an adapted a priori SNR for a posteriori SPP estimation (R-STSA-SPU, χ-STSA-SPU)
and MMSE STSA estimators with SPU based on averaging and a fixed a priori SNR for
a posteriori SPP estimation (R-STSA-SPU-enh, χ-STSA-SPU-enh) in terms of segmental
noise attenuation (NAseg, the larger the better), segmental speech-to-speech distortion ratio
(SSDRseg, the larger the better), and weighted log-kurtosis ratio (LKR, the smaller the
better)
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noise attenuation reflected by larger NAseg values, compared to approaches with an adapted
a priori SNR (χ-STSA-SPU and R-STSA-SPU). This is due to the fact that approaches
with fixed prior parameters for SPU estimation output significantly smaller (close to zero)
a posteriori SPP values in speech absence. Furthermore, considering approaches with fixed
prior parameters and averaging, the proposed approach with a super-Gaussian speech model
χ-STSA-SPU-enh outperforms the reference approach with a Gaussian speech model R-
STSA-SPU-enh w. r. t. NAseg at all input SNR levels and in all noise conditions.

In terms of speech component quality, all approaches perform approximately the same,
reflected by close SSDRseg levels. Interestingly, approaches with fixed prior parameters
(R-STSA-SPU-enh, χ-STSA-SPU-enh) show slightly larger SSDRseg values than approaches
without fixed prior parameters (R-STSA-SPU, χ-STSA-SPU). Furthermore, approaches with
a chi speech spectral amplitude model (super-Gaussian prior) perform slightly better than
approaches with a Rayleigh speech spectral amplitude model (Gaussian prior), regardless
whether an adapted or a fixed a priori SNR is used.

Regarding musical noise levels, the proposed approach nicely achieves the smallest LKR
values in presence of car and babble noise at all input SNR levels. In case of factory noise,
the proposed approach reaches the lowest LKR level only above 5 dB input SNR.

5.4 Summary

This chapter presented an improved MMSE estimation approach under SPU based on an en-
hanced a posteriori SPP estimator which unifies the advantages of a super-Gaussian speech
model, averaged observations, and a fixed a priori SNR. Accordingly, an enhanced GLR for
averaged a posteriori SNRs was derived by taking chi-distributed speech spectral amplitudes1

(super-Gaussian speech model) into account. In order to overcome a typical disadvantage of
common SPU estimation and to obtain a posteriori SPP estimates close to zero in speech
absence, fixed SNR and SPP prior parameters were employed. The proposed approach was
shown to outperform reference approaches that consider averaged observations but a Gaus-
sian speech model, a super-Gaussian speech model but no averaging, and also approaches
that are based on a Gaussian model without averaging.

1Please note that the presented approach can theoretically be combined with a gamma assumption for
the speech spectral amplitudes. However, the corresponding PDFs (such as the likelihoods for averaged
observations) and, thus, the final a posteriori SPP estimator cannot be obtained in closed-form. Accordingly,
the optimization of the fixed a priori SNR has to be carried out by using numerically calculated PDFs.



Chapter 6

Recursive MMSE Estimation

in Speech Enhancement

and Some Links to Error Concealment

Contrary to the previous chapters dealing with non-recursive approaches, this chapter will
focus on MMSE estimation carried out in a recursive manner. Recursive MMSE estimation is
widely employed, there are applications in, e. g., speech enhancement, error concealment, etc.
Although the aim of both speech enhancement and error concealment is to enhance disturbed
(speech) signals, there has not yet been much research focus on relating these disciplines to
each other. In this chapter, for the first time, we will show interesting commonalities and also
differences between respective fields [Fodor et al., 2015]. Moreover, by analyzing differences, a
general strength of error concealment over speech enhancement will be identified. Motivated
by this finding, possible research directions for speech enhancement will briefly be sketched.

After a short introduction in Section 6.1, recursive MMSE estimation in speech enhance-
ment and the Kalman filter as special case will be recapitulated in Section 6.2. This will
be done in analogy to the non-recursive case in Chapter 2 based on PDFs. To the best of
our knowledge, recursive MMSE estimation has not been derived for speech enhancement
in this form before. This PDF-based description provides a basis for applying enhancement
techniques of non-recursive speech enhancement (e. g., super-Gaussian speech priors, speech
presence uncertainty estimation, etc.) to the recursive case. In Section 6.3, a recursive
MMSE application for error concealment will be introduced in analogy to Section 6.2. In
Section 6.4, interesting links between the applications for speech enhancement and error con-
cealment will be shown. In Section 6.5, possible research directions for speech enhancement
motivated by error concealment will briefly be sketched. Finally, Section 6.6 will provide a
short summary.
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6.1 Introduction

In Chapter 2 it was assumed that the speech process is memoryless, i. e., its out-
comes S�pkq, S�´1pkq, . . . are independent of each other. Assuming further that the noise
process D is also memoryless, the resulting observations Y�pkq, Y�´1pkq, . . . turn out to also
be independent of each other. Thus, the speech is estimated sequentially in a way that each
speech estimate pS�pkq is obtained by means of one corresponding observation Y�pkq only,
signal history is merely exploited for smoothing purposes of the a priori SNR estimation (cf.
the decision directed SNR estimator (2.88)).

However, utilizing a dynamic signal model, such as an AR speech process motivated by,
e. g., the source-filter model of speech production [Rabiner and Schafer, 1978], [Vary and
Martin, 2006], the resulting optimal MMSE estimator exploits signal redundancy using the
current and the previous observations [Kalman, 1960]. Furthermore, under certain assump-
tions, the estimation can be performed recursively consisting of two steps, nicely relaxing
computational complexity and memory usage [Haykin, 2002]. The first estimation step is
called propagation (or prediction or a priori estimation) step which exploits signal redun-
dancy by utilizing the previous observations and provides an a priori speech estimate. The
second step, called the update step, corrects the a priori speech estimate using the current
observation, resulting in an a posteriori speech estimate.

In speech enhancement, a typical recursive MMSE estimator is the well-known Kalman
filter [Kalman, 1960]. A Kalman filter is a specific recursive MMSE estimator assuming
a Gaussian distribution for both the speech prior and the likelihood. A Kalman filter is
proposed in [Paliwal and Basu, 1987] for time-domain speech enhancement: Assuming an
AR speech process based on a predictor and a memoryless acoustic channel, the speech
estimation process turns out to be recursive, consisting of two subsequent steps. The first
step utilizes the previous observations resulting in an a priori speech estimate which is
corrected in the second step employing the current observation, resulting in an a posteriori
speech estimate. A Kalman filter-based speech enhancement is proposed in [Wu and Chen,
1998] and [Puder, 2002] operating in subbands. The STFT-domain Kalman filter for speech
enhancement in [Zavarehei and Vaseghi, 2005] assumes an AR process for the complex-
valued speech STFT coefficients and a memoryless noise process. In [Esch and Vary, 2008a],
different approaches to calculate the AR coefficients for determining the a priori speech
estimate as well as different estimators for obtaining the a posteriori speech estimate are
investigated. Furthermore, in [Esch and Vary, 2008b], the assumption of a memoryless noise
process is replaced by an AR noise model. An STFT-domain Kalman filter for estimating
the speech spectral amplitudes is introduced in [So et al., 2010].

While speech enhancement deals with speech signals distorted by acoustic noise, error con-
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cealment is related to speech or audio signals distorted by transmission channel noise. More
specifically, the aim of error concealment is to conceal residual bit errors after demodulation
or channel decoding. Please note that different from speech enhancement, error concealment
often operates in the time domain. As mentioned in Chapter 2, in speech enhancement
the acoustic channel is assumed to distort the speech signal by superimposing statistically
independent noise. In error concealment, however, the a priori knowledge about the chan-
nel is even richer: It is assumed that on transmitter side, speech samples or source-coded
parameters are quantized, mapped to corresponding bit combinations, and transmitted over
digital error-prone transmission channels. Therefore, since the number of possible channel
inputs is finite and the transmitted symbols have fixed positions in the constellation dia-
gram, channel reliability information can be exploited by the decoder on receiver side. Then,
the speech samples or source-coded parameters can be estimated by MMSE estimation us-
ing a likelihood enriched by channel reliability information and a prior containing a priori
knowledge about the speech. Here, similar to speech enhancement signal redundancy can be
exploited assuming a dynamic speech model, resulting in a recursive MMSE estimator. This
approach can be employed for, e. g., robust source decoding of speech signals [Görtz, 1998],
[Fingscheidt and Vary, 2001], [Lahouti and Khandani, 2007], [Pourmir and Lahouti, 2008],
[Jameel et al., 2009], [Han et al., 2013], source-coded audio signals [Adrat et al., 2000], [Pflug
and Fingscheidt, 2013a], or uncompressed audio [Pflug and Fingscheidt, 2013b], [Pflug, 2013]
that exploit signal redundancy in sample values or various source codec parameters (such
as scaling factors, line spectral frequencies (LSFs) vectors, vector-quantized gains, adaptive
codebook indices). Thereby, the signal redundancy is exploited by a time-variant modeling
of the prior either using Markov chains [Görtz, 1998], [Fingscheidt and Vary, 2001], [Lahouti
and Khandani, 2007], [Pourmir and Lahouti, 2008], [Jameel et al., 2009], [Adrat et al., 2000],
[Han et al., 2013] or employing approaches based on linear prediction in [Fingscheidt, 1998],
[Pflug and Fingscheidt, 2013a], [Pflug and Fingscheidt, 2013b], [Pflug, 2013]. Typical appli-
cations are speech and audio transmission systems such as mobile phones or digital wireless
microphones.

6.2 Recursive MMSE Estimation

in Speech Enhancement

The aim of recursive MMSE estimation is to estimate the speech STFT coefficient S�pkq
using the observations Y�

0pkq “ rY0pkq, Y1pkq, . . . , Y�pkqsT and some a priori knowledge,
resulting in the speech estimate pS�pkq (cf. Figure 6.1). The a priori knowledge incorporates
models about the speech process S and the (acoustic) channel. Accordingly, the speech is
modeled by the following AR process: The speech STFT coefficient is a sum of the predicted
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Figure 6.1: Signal model, channel, and recursive MMSE estimation

speech S`
� pkq and the prediction error E�pkq, i. e., [Fodor et al., 2015]

S�pkq “ S`
� pkq ` E�pkq. (6.1)

The prediction error E�pkq can be associated with the input signal of the human vocal tract
and is assumed to be a zero-mean (random) signal which is statistically independent of S`

� pkq.
The predicted speech S`

� pkq can be interpreted as a contribution of the vocal tract and it
is assumed to be the output of a predictor using the previous Lp speech STFT coefficients
S�́ 1
�́ Lp

pkq “ rS�́ Lppkq, S�́ Lp̀ 1pkq, . . . , S�́ 1pkqsT , i. e., [Fodor et al., 2015]

S`
� pkq “ AHpkq ¨ S�´1

�´Lp
pkq (6.2)

with Apkq “ rALppkq, ALp´1pkq, . . . , A1pkqsT and p¨qH being the prediction coefficients and
the conjugate transpose operator, respectively. The fact that the predictor delays input
coefficients S�pkq by at least one frame during computing any contribution to S`

� pkq is
expressed in Figure 6.1 by an explicit delay unit ’T’. Assuming that the prediction coefficients
are slowly time-varying, they are treated as constants for the moment. The output of the
vocal tract S�pkq “ S`

� pkq`E�pkq can be observed through an acoustic channel which distorts
it by superimposing the outcomes of a statistically independent random noise process D�pkq,
resulting in the observed noisy speech STFT coefficients Y�pkq “ S�pkq ` D�pkq.

Our objective is to estimate the speech STFT coefficient S�pkq utilizing the observa-
tions Y�

0pkq we have made so far as well as the a priori knowledge about the speech process
and the acoustic channel introduced above. Since the current speech STFT coefficient S�pkq
is dependent of the previous ones (cf. (6.1) and (6.2)), it is also dependent on the previous
observations, therefore, the MMSE estimator (2.12) with the underlying signal and channel
model from Figure 6.1 turns out to be [Fodor et al., 2015]

pS�pkq “ E
�
S�pkq|Y�

0pkq( “ E
�
S�pkq|Y�pkq,Y�´1

0 pkq( “
ż
C

S ¨ ppS|Y�pkq,Y�´1
0 pkqq dS (6.3)

with Y�´1
0 pkq “ rY0pkq, Y1pkq, . . . , Y�´1pkqsT and with ppS�pkq|Y�pkq,Y�´1

0 pkqq being the pos-
terior. Please note that in this chapter, we omit the subscript of PDFs for ease of readability.
Analog to the MMSE estimator in Chapter 2.2, the posterior is calculated by Bayes’ rule as

ppS�pkq|Y�pkq,Y�´1
0 pkqq “ ppY�pkq|S�pkq,Y�´1

0 pkqq ¨ ppS�pkq|Y�´1
0 pkqq

ppY�pkq|Y�´1
0 pkqq (6.4)
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where ppY�pkq|S�pkq,Y�´1
0 pkqq is the likelihood, ppS�pkq|Y�´1

0 pkqq is the speech prior, and
ppY�pkq|Y�´1

0 pkqq is the evidence. Please note that the evidence is typically calculated by
marginalizing the product of the prior and the likelihood (cf. Chapter 2.2).

A block diagram of recursive MMSE estimation is depicted in Figure 6.2. Please note that
the lower signal path can be associated with the likelihood computation, the upper signal
path is related to the speech prior computation, and the center represents the recursive
MMSE estimator itself. Starting with the lower left-hand corner of Figure 6.2, the noisy
speech signal ypnq being a sum of the speech spnq and the noise signal dpnq is transformed into
the STFT domain by segmentation, windowing, and a DFT (cf. Section 2.1). As a next step,
the likelihood is computed by means of the resulting noisy speech STFT coefficients Y�pkq.

6.2.1 The Likelihood

The a priori knowledge about the acoustic channel is contained in the likelihood (cf. Chap-
ter 2.3). According to Figure 6.1, we assume a memoryless acoustic channel, thus, the
likelihood reduces to the likelihood in (2.12) [Martin et al., 2008]

ppY�pkq|S�pkq,Y�´1
0 pkqq “ ppY�pkq|S�pkqq “ pDpD�pkq “ Y�pkq ´ S�pkqq (6.5)

meaning that the speech S�pkq is a sufficient statistic for the noisy speech Y�pkq. Just as in
Section 2.3.2, the likelihood (6.5) can be associated with the PDF of the noise process D,
thus, it is a function of the noise PSD σ2

D,�pkq which is typically estimated in practice
(cf. (2.28)). As introduced in Section 2.7, the noise PSD is estimated by the noisy speech
STFT coefficients. Thus, in Figure 6.2 the noisy speech Y�pkq is fed into a noise power
estimator and the likelihood is subsequently calculated by the resulting noise PDF xσ2

D,�pkq
and the noisy speech Y�pkq. The resulting likelihood (6.5) turns out to be a function of the
speech hpS�pkqq which will be the integration variable of the estimator (cf. lower signal path
in Figure 6.2).

6.2.2 The Estimator

Inserting the likelihood (6.5) into the posterior (6.4), the MMSE estimator (6.3) turns out
to be [Fodor et al., 2015]

pS�pkq “
ş
C

S ¨ ppS|Y�´1
0 pkqq ¨ ppY�pkq|Sq dS

ppY�pkq|Y�´1
0 pkqq (6.6)

with the evidence

ppY�pkq|Y�´1
0 pkqq “

ż
C

ppS|Y�´1
0 pkqq ¨ ppY�pkq|Sq dS (6.7)
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and with ppS|Y�´1
0 pkqq being the speech prior. As can be seen, both the prior and the like-

lihood are a function of the integration variable S “ S�pkq, namely bpS�pkqq and hpS�pkqq in
Figure 6.2, respectively. The result of the integration is the a posteriori speech estimate pS�pkq
which is transformed back into the time domain by an IDFT of (6.6) and a subsequent OLA
step, resulting in the speech estimate ŝpnq (cf. Figure 6.2).

6.2.3 The Prior

As mentioned in Section 6.1, within the first step of recursive MMSE estimation an a priori
estimate for the speech S�pkq is calculated by means of the previous observations Y�´1

0 pkq.
The a priori speech estimate is then corrected within a second estimation step employing the
current observation Y�pkq. By this means, the information carried by the previous observa-
tions becomes successively part of the a priori knowledge. This is reflected by the fact that
the speech prior is a function of the previous observations Y�´1

0 pkq, as can be seen in (6.4).

Since the objective of the propagation step is to estimate the current speech STFT coef-
ficient S�pkq by incorporating the previous observations Y�´1

0 pkq only, it can be defined in
an MMSE sense as EtS�pkq|Y�´1

0 pkqu. This expression is actually the statistical expectation
of the speech prior ppS�pkq|Y�´1

0 pkqq from (6.4) and is the so-called a priori speech estimate
(or propagation step) [Esch, 2012]

EtS�pkq|Y�´1
0 pkqu “ EtE�pkq|Y�´1

0 pkqu ` EtS`
� pkq|Y�´1

0 pkqu

“ 0 ` AHpkq ¨

¨̊
˚̊̊̊
˚̋̊

EtS�´Lppkq|Y�´Lp

0 pkqu
EtS�´Lp`1pkq|Y�´Lp`1

0 pkqu
...

EtS�´2pkq|Y�´2
0 pkqu

EtS�´1pkq|Y�´1
0 pkqu

‹̨‹‹‹‹‹‹‚
“ AHpkq ¨ pS�´1

�´Lp
pkq.

(6.8)

Here1, we employed the speech signal model (6.1) and (6.2). Furthermore, we made use of
the fact that the prediction error E�pkq (or innovation, e. g., [Haykin, 2002]) is zero-mean
as well as orthogonal to the previous speech STFT coefficients and, therefore, also to the
previous observations Y�´1

0 pkq (cf., e. g., [Haykin, 2002], [Papoulis and Pillai, 2002]). As can
be seen from (6.8), the a priori speech estimate is a predicted quantity calculated by the

1Strictly speaking, the expectation of the predicted speech in (6.8) should be defined
as EtS`

� pkq|Y�´1
0 pkqu “ AHpkq¨rEtS�´Lppkq|Y�´1

0 pkqu, EtS�´Lp`1pkq|Y�´1
0 pkqu, . . . , EtS�´1pkq|Y�´1

0 pkqusT .
However, we do not employ so-called Kalman smoothing which means that we do not recalcu-
late the �th a posteriori speech estimate EtS�pkq|Y�

0pkqu after the �th observation Y�pkq has been
made, i. e., we assume EtS�´Lppkq|Y�´1

0 pkqu “ EtS�´Lppkq|Y�´Lp

0 pkqu, EtS�´Lp`1pkq|Y�´1
0 pkqu “

EtS�´Lp`1pkq|Y�´Lp`1
0 pkqu, etc.
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same predictor as in our speech production model (cf. Figure 6.1 and Equation (6.2)) and
the last Lp speech estimates as [Esch, 2012]

pS`
� pkq “ EtS�pkq|Y�´1

0 pkqu “ AHpkq ¨ pS�´1
�´Lp

pkq (6.9)

which is the result of the propagation step. Assuming that the a priori speech esti-
mate pS`

� pkq “ fpY�´1
0 pkqq is a sufficient statistic for S�pkq, the speech prior yields [Fodor

et al., 2015]

ppS�pkq|Y�´1
0 pkqq “ ppS�pkq| pS`

� pkqq. (6.10)

This new speech prior is the PDF of the speech STFT coefficient S�pkq given a fixed a
priori speech estimate pS`

� pkq. The specific a priori speech estimate can be interpreted as a
deterministic point in the complex plain and the speech coefficient S�pkq scatter around this
point according to the distribution of Ē�pkq “ S�pkq ´ pS`

� pkq which is called the propagation
error. Thus, the speech prior actually describes the distribution of the propagation error
[Fodor et al., 2015]

ppS�pkq| pS`
� pkqq “ pĒpĒ�pkq “ S�pkq ´ pS`

� pkqq (6.11)

with the variance [Esch, 2012]

Et|S�pkq ´ pS`
� pkq|2u “ Et|S`

� pkq ` E�pkq ´ pS`
� pkq|2u “ Et|E�pkq|2u ` Et|S`

� pkq ´ pS`
� pkq|2u

“ σ2
E,�pkq ` σ2

E`,�pkq “ σ2
Ē,�pkq

(6.12)
which is not accessible directly in practice, therefore, it is typically estimated during pro-
cessing [Zavarehei and Vaseghi, 2005], [Esch, 2012]. For (6.12), we employed (6.1) and
made use of the fact that the prediction error E�pkq is orthogonal to the previous speech
STFT coefficients and, therefore, to the predicted speech S`

� pkq and the a priori speech
estimate pS`

� pkq “ fpY�´1
0 pkqq. Please note that (6.12) holds independently of the type of

the PDF of the propagation error.

It turned out that the speech prior is a PDF being a function of the speech bpS�pkqq
which is the integration variable in the estimator (cf. (6.6) and Figure 6.2). Furthermore,
the expectation of the speech prior is the a priori speech estimate (6.9) being calculated by
a predictor of the order Lp which employes the prediction coefficients Apkq and the last Lp

a posteriori speech estimates (cf. upper signal path in Figure 6.2).

Since the prediction coefficients Apkq in (6.9) are not accessible directly in practice, they
have to be estimated. Introducing again time variability, the prediction coefficients can be
calculated by, e. g., the Levinson-Durbin algorithm [Markel and Gray, 1976] as being em-
ployed in [Esch, 2012] or the least-mean-squares (LMS) algorithm [Haykin, 2002] utilized in
[Wu and Chen, 1998]. Alternatively, the widely-used normalized least-mean-squares (NLMS)
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algorithm is also able to calculate the prediction coefficients recursively as [Haykin, 2002]

pA�`1pkq “ pA�pkq ` μ ¨ pE�̊ pkq
||pS�´1

�´Lp
pkq||2 ` Δ

¨ pS�´1
�´Lp

pkq (6.13)

with pE�pkq “ pS�pkq´ pS`
� pkq as well as with μ, p¨q˚, Δ, and ||¨|| denoting the step size constant,

the complex conjugate, the regularization parameter, and the Euclidean norm, respectively.
So far, a recursive MMSE estimation framework has been described, in the following we will
introduce a specific recursive MMSE estimator assuming a Gaussian distribution for both
the speech prior (6.11) and the likelihood (6.5).

6.2.4 The Kalman Filter

Assuming a zero-mean bivariate Gaussian-distributed propagation error Ē�pkq, the speech
prior (6.11) turns out to be (cf. (2.19)) [Fodor et al., 2015]

ppS�pkq| pS`
� pkqq “ pĒpĒ�pkq “ S�pkq ´ pS`

� pkqq “ 1

πσ2
Ē,�

pkq ¨ exp
˜

|S�pkq ´ pS`
� pkq|2

σ2
Ē,�

pkq

¸
(6.14)

with σ2
Ē,�

pkq being the propagation error variance (6.12). Furthermore, assuming Gaussian-
distributed acoustic noise D�pkq, the likelihood turns out to be (2.28). In this case, the
estimator from (6.6) can be obtained in closed form (the derivation can be found in Ap-
pendix E) and the result of the integration turns out to be the Kalman filter equations
(cf. [Zavarehei and Vaseghi, 2005, Eq. (12)])

pS�pkq “ pS`
� pkq ` pE�pkq (6.15)

with pS`
� pkq being the a priori speech estimate from (6.9) which merely utilizes signal history

and with pE�pkq being an update which corrects the a priori estimate employing the current
observation Y�pkq. Accordingly, the update is defined as [Esch and Vary, 2008a]

pE�pkq “ K�pkq ¨ M�pkq (6.16)

with the Kalman gain K�pkq and with [Esch and Vary, 2008a]

M�pkq “ Y�pkq ´ pS`
� pkq. (6.17)

The Kalman gain is calculated as (cf. (2.41)) [Esch, 2012]

K�pkq “ ζ�pkq
1 ` ζ�pkq (6.18)

with (cf. (2.42))

ζ�pkq “ σ2
Ē,�

pkq
σ2
D,�pkq (6.19)
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being the a priori SNR as defined in recursive MMSE estimation. Please note that if no
AR speech process is assumed, the prediction coefficients in (6.2) are zero and the a priori
speech estimate yields also zero in (6.9). Furthermore, the propagation error variance (6.12)
results in the speech spectral variance σ2

S,�pkq in the numerator of (6.19). Accordingly, (6.19)
reduces then to σ2

S,�pkq{σ2
D,�pkq being the classical a priori SNR (2.42).

The a priori SNR ζ�pkq can be estimated by [Esch and Vary, 2008a]

ζ̂�pkq “ p1´βqmax

$&% |M�pkq|2xσ2
D,�pkq

´1, 0

,.- ` β
| pE�´1pkq|2xσ2

D,�´1pkq
(6.20)

with β P r0, 1s being a smoothing factor. Please note the similarity between (6.20) and the
decision-directed a priori SNR estimator (2.88). Therefore, concerning the calculation of the
update pE�pkq, M�pkq “Y�pkq´ pS`

� pkq can be associated with the observation (cf. (2.41) and
(6.17)), the fraction |M�pkq|2{xσ2

D,�pkq with the a posteriori SNR γ�pkq (cf. (2.88) and (6.20)),
and pE�pkq with the MMSE STS estimate (cf. (2.41)).

Please note that applying Y�pkq “ S�pkq `D�pkq to (6.17), (6.16) turns out to be pE�pkq “
K�pkq ¨ rS�pkq ` D�pkq ´ pS`

� pkqs “ K�pkq ¨ rD�pkq ` Ē�pkqs. Assuming that in an ideal case
the Kalman gain was able to eliminate the noise D�pkq completely, the last equation would
reduce to pE�pkq “ Ē�pkq “ S�pkq ´ pS`

� pkq and (6.15) would reduce to pS�pkq “ S�pkq.

6.3 Recursive MMSE Estimation in Error Concealment

Contrary to the previous practice, this section deals with speech or audio signals which
are distorted by passing through a transmission channel. The aim of error concealment
is to conceal residual bit errors after demodulation or channel decoding. Theoretically,
residual bit errors could be concealed on sample level using hard-decoded, transmitter-sided
samples, e. g., by employing the time domain equivalent of the equations in the previous
section2. However, in error concealment we typically have more a priori knowledge about
the (transmission) channel than in speech enhancement and reliability information on a
bit level can be exploited, typically improving the estimation performance [Fingscheidt and
Vary, 2001], [Pflug and Fingscheidt, 2013b], [Pflug, 2013]. As we will see, this is a particular
strength of bit error concealment and is a clear advantage over the speech enhancement task.

Similar to the speech enhancement approach in the previous section, in conjunction with
an AR process for speech (or audio), signal redundancy can be exploited in error concealment,
resulting in a recursive MMSE estimation formula. More specifically, we assume the same

2Due to the properties of the DFT, the equations in the previous section are also valid in the time domain.
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Figure 6.2: STFT domain recursive MMSE estimation for speech enhancement assuming a
memoryless acoustic channel

AR process for speech as in Figure 6.1: The speech sample is modeled as a sum

spnq “ s`pnq ` epnq (6.21)

with s`pnq and epnq being the predicted speech and the prediction error, respectively. It is
assumed that the prediction error is a zero-mean (random) signal and independent of s`pnq.
The predicted speech is assumed to be the output signal of a predictor of the order Np [Pflug
and Fingscheidt, 2013b]

s`pnq “ aT ¨ sn´1
n´Np

(6.22)

with a “ raNp , aNp´1, . . . , a1sT being the prediction coefficients and with sń 1
ń Np

“ rspn´Npq,
spn´Np`1q, . . . , spn´1qsT . Assuming that the prediction coefficients are slowly time-varying,
they are treated as constants for the moment.

A block diagram of bit error concealment is given in Figure 6.3. As in the previous section,
the lower signal path can be associated with the likelihood computation, the upper signal
path can be related to the speech prior computation, and the center represents the recursive
MMSE estimator itself. The input is in the lower left-hand corner of Figure 6.3.

6.3.1 The Likelihood

Here, the speech (or audio) samples spnq are quantized with M bit, mapped to natural-
binary bit combinations xpnq “ rx0pnq, x1pnq, . . . , xmpnq, . . . , xM 1́pnqs (cf. ’Quantization
and Bit Mapping’ in Figure 6.3), and transmitted through the transmission channel. As-
suming a binary phase-shift keying (BPSK) modulation, the transmitted bits (BPSK sym-
bols) xmpnq P t´1, 1u are modeled to be distorted in the transmission channel by a statis-
tically independent, real-valued additive noise dmpnq. Therefore, the resulting real-valued
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ŝpnq
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Figure 6.3: Time domain recursive MMSE estimation for error concealment assuming a
memoryless transmission channel

noisy symbols ympnq can be observed at the output of the channel (cf. ’Transmission Channel’
in Figure 6.3). Then, the demodulator calculates the log-likelihood ratio (LLR) reflecting the
likelihood of a possibly transmitted bit xmpnq (cf. ’Demodulator’ in Figure 6.3) [Hagenauer,
1995]

Lpx̂mpnqq “ ln
P px̂mpnq|xmpnq “ `1q
P px̂mpnq|xmpnq “ ´1q (6.23)

where x̂mpnq “ signpympnqq is the observation being the receiver-sided hard-decided bit. In
case of BPSK modulation, however, the LLR is calculated as [Hagenauer, 1995]

Lpx̂mpnqq “ 4 ¨ Eb{N0 ¨ ympnq (6.24)

with Eb{N0 being the so-called energy per bit to noise PSD ratio which is calculated by a
channel estimator (cf. ’Channel Estimator’ below ’Demodulator’ in Figure 6.3).

Using the LLR, the bit-error probability [Hagenauer, 1995]

BERmpnq “ 1

1 ` e|Lpx̂mpnqq| (6.25)

can be calculated which reflects the probability that the transmitted bit xmpnq does not
match the receiver-sided hard-decoded one x̂mpnq “ signpympnqq due to channel distortions.

Since the transmitter-sided speech sample spnq is quantized, it assumes a discrete value
from a finite set of elements spiq with i P t0, 1, . . . , 2M 1́u. Moreover, each possible discrete
value spiq can bijectively be mapped to a bit combination xpiq “rxpiq

0 , x
piq
1 , . . . , x

piq
m , . . . , x

piq
M 1́s.

The bit likelihood reflects the probability of the observed received bit given possible
channel inputs and can be computed by means of the bit-error probability as [Fingscheidt
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and Vary, 2001]

P px̂mpnq|xpiq
m q “

$&%BERmpnq, if x̂mpnq ‰ x
piq
m ,

1 ´ BERmpnq, else.
(6.26)

Assuming a memoryless transmission channel and statistical independence of the bit dis-
tortions dmpnq along the bit indices m, the sample likelihood is obtained by multiplying the
bit likelihoods (cf., e. g., [Fingscheidt and Vary, 2001])

P px̂pnq|xpiqq “
M´1ź
m“0

P px̂mpnq|xpiq
m q (6.27)

with x̂pnq “ rx̂1pnq, x̂2pnq, . . . , x̂mpnq, . . . , x̂M 1́pnqs. Please note that while the likelihood
computation starts on bit level, the resulting likelihood (6.27) is a sample likelihood (cf. the
input and output of ’Likelihood Computation’ in Figure 6.3). Moreover, further processing
will be carried out on sample level, as we will see.

6.3.2 The Estimator

Due to the fact that the transmitter-sided samples are quantized and, therefore, their possible
values are from a finite set of elements spiq, the MMSE estimator turns out to be a sum instead
of an integral (cf. (6.6)) [Fingscheidt, 1998]

ŝpnq “
2M´1ř
i“0

spiq ¨ P pxpiq|x̂n´1
0 q ¨ P px̂pnq|xpiqq

P px̂pnq|x̂n´1
0 q (6.28)

with the evidence

P px̂pnq|x̂n´1
0 q “

2M´1ÿ
i“0

P pxpiq|x̂n´1
0 q ¨ P px̂pnq|xpiqq (6.29)

and with P pxpiq|x̂n´1
0 q and P pxpiq|x̂n´1

0 q being the sample likelihood (6.27) and the speech
prior, respectively. Please note that both the prior and the sample likelihood are functions
of the summation index i of the estimator, namely bpiq (cf. upper signal path in Figure 6.3)
and hpiq (cf. lower signal path in Figure 6.3), respectively. The result of (6.28) is the a
posteriori speech estimate ŝpnq (cf. right-hand side of the MMSE estimator in Figure 6.3).

6.3.3 The Prior

Since each possible bit combination xpiq can bijectively be mapped to a discrete value spiq, the
speech prior can be rewritten as P pxpiq|x̂n´1

0 q“P pspiq|x̂n´1
0 q. Similar to the previous section,
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the a priori speech estimate is calculated by means of the previous Np speech estimates
(cf. ’Predictor’ in Figure 6.3) [Fodor et al., 2015]

ŝ`pnq “ aT ¨ ŝn´1
n´Np

“ fpx̂n´1
0 q (6.30)

with ŝn´1
n´Np

“ rŝpń Npq, ŝpń Np̀ 1q, . . . , ŝpń 1qsT and with a being the prediction coefficients
from (6.22). Assuming that the a priori speech estimate is a sufficient statistic for spiq, the
speech prior can be rewritten as [Fodor et al., 2015]

P pxpiq|x̂n´1
0 q “ P pspiq|ŝ`pnqq. (6.31)

It turns out that the speech prior is driven by the a priori speech estimate (cf. the connection
between ’Predictor’ and ’Prior Computation’ in Figure 6.3). Please note that spiq is a discrete
real-valued quantity, while ŝ`pnq P R. Nevertheless, the speech prior (6.31) can be calculated
by integration [Fingscheidt and Vary, 1997]

P pspiq|ŝ`pnqq “
ż
Ii

pēps ´ ŝ`pnqq ds (6.32)

with Ii being the PCM quantization intervals (i P t0, 1, . . . , 2M 1́u) and pēpspnq́ ŝ`pnqq being
the propagation error PDF (cf. (6.11)). Please note that in real implementations, online in-
tegration is not necessary: The discretized prior (6.32) can be implemented as a table lookup
within a training process and driven by a quantized a priori speech estimate ŝ`piqpnq [Pflug
and Fingscheidt, 2013b]. The training process consists of the following steps: Assuming
a stationary propagation error ēpnq, the propagation error PDF pēpēpnqq in (6.32) can be
obtained by histogram measurements. Then, quantizing ŝ`pnq with M bits and integrating
the propagation error PDF over the PCM quantization intervals, the discrete probabili-
ties P pspiq|ŝ`pnqq result. Given ŝ`pnq the new speech prior P pspiq|ŝ`pnqq is a function of the
summation index of the estimator i only and can directly be fed into the estimator (cf. the
connection between ’Prior Computation’ and ’Estimator’ in Figure 6.3). By this means, the
speech prior can be obtained in a computationally efficient way during processing.

Since the prediction coefficients a in (6.30) are not accessible directly in practice, they
have to be estimated. Introducing again time variability, the prediction coefficients can be
calculated by, e. g., the NLMS algorithm [Haykin, 2002]

âpn ` 1q “ âpnq ` μ ¨ êpnq
||ŝn´1

n´Np
||2 ` Δ

¨ ŝn´1
n´Np

(6.33)

with êpnq“ ŝpnq´ŝ`pnq as well as with μ and Δ being the step size constant and the regular-
ization parameter, respectively. Alternatively, the prediction coefficients can also be obtained
by a slightly modified NLMS algorithm [Schuller et al., 2002], [Pflug and Fingscheidt, 2013b].
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6.4 Linking Speech Enhancement and

Error Concealment

In the previous sections, we have introduced an example application of recursive MMSE
estimation for both speech enhancement and error concealment. In this section, we will
show some interesting links between these two disciplines by means of these applications.
Just as in the previous sections, we will first focus on the likelihood, then on the estimator,
and finally on the speech prior.

6.4.1 The Likelihood

Starting with the likelihood, it can be seen that while in speech enhancement the acous-
tic channel is modeled by a continuous PDF (6.5), the likelihood in error concealment
is discrete (6.27). The latter is due to the fact that the transmitted-sided samples
are quantized by M bit. Thus, they assume a value from a finite set of elements spiq

with i P t0, 1, . . . , 2M ´ 1u which can bijectively be mapped to a bit combination xpiq being
the input of the channel. The receiver-sided observations x̂pnq are also discrete and from a
finite set of elements, therefore, the sample likelihood (6.27) is also discrete.

Comparing the lower signal paths in Figures 6.2 and 6.3, the introduced approaches for
speech enhancement and error concealment have in common that the likelihood is computed
by means of the channel output (Y�pkq or ympnq) and the channel noise PSD (σ2

D,�pkq or N0).
However, there is a clear difference between the disciplines regarding the estimation of the
noise PSD: While in speech enhancement the noise power is estimated without a reference by
using the noisy speech STFT coefficients and some a priori knowledge only (cf. Section 2.7.1),
the amount of noise in error concealment is dependent on the distance between the received
symbol and all possibly transmitted symbols in the constellation diagram, the latter having
fixed positions depending on the modulation scheme. Therefore, in error concealment we
have more information about possible channel inputs which is a clear advantage over speech
enhancement.

It is also interesting to note that while in speech enhancement usually a common PDF is
employed for the likelihood (6.5) (mostly the Gaussian probability density (2.28), typically
justified by the central limit theorem [Ephraim and Malah, 1984]), in error concealment the
likelihood depends on the employed bit mapping. In order to compare the likelihoods from
both disciplines, in the following we define the noise in error concealment as the difference
between the received-sided hard-decided speech samples and the quantized transmitted ones.
For 16 bit uniform PCM quantization, natural binary bit mapping, and BPSK modulation,
the histogram of the transmission channel noise turns out to be spiky as can be seen on the
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Figure 6.4: Left: Normalized time domain histograms and waveforms of car noise; right:
Normalized time domain histograms and waveforms of transmission channel noise applied
to 16 bit speech samples with underlying natural-binary bit mapping. The SNR values were
calculated by means of a fixed speech signal level of ´26 dBov and respective noise signal
levels, both measured according to ITU-T P.56 [ITU-T P.56, 1993].

right-hand side of Figure 6.4 for different signal SNRs. The bottom and top spikes in the
histograms and the higher amplitudes in the waveforms can be related to bit errors at bit
positions close to the most significant bit (MSB).

Considering acoustic noise, a decrease of the noise power (an increase of the SNR) is
associated with a decrease of the noise signal levels. Furthermore, as a result the time-
domain noise histogram becomes narrower and its height increases (cf. car noise example
on the left hand-side of Figure 6.4). Considering transmission channel noise, a decrease of
the noise power (an increase of the SNR) can be associated with a decreasing number of bit
errors, resulting in lower peaks belonging to d ‰ 0 in the histogram on the right-hand side
of Figure 6.4. However, it can be observed that the height of all high spikes (referring to
single bit errors) belonging to d‰ 0 are scaled approximately equally due to the decreased
noise power. Thus, while in case of acoustic noise the noise power can be linked with the
width of the noise PDF, in error concealment (more specifically, in case of uniform PCM
quantization, natural-binary bit mapping, and BPSK modulation) the noise power can be
related to the height of spikes in the noise histogram belonging to d‰0.
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6.4.2 The Estimator

Maybe the most obvious difference between the estimators in speech enhancement and in
error concealment is that while the first one (6.6) is an integral, the latter one (6.28) is a
finite sum.

In case of speech enhancement, the a posteriori speech estimate (6.6) is obtained by
calculating an integral over the whole complex plane. Unfortunately, since two-dimensional
PDFs are part of its integrands, online numerical computation of (6.6) is typically hard to
manage in practice. However, employing a common distribution for the speech prior and the
likelihood potentially allows for a closed form solution. As we have seen in Section 6.2.4 for
the example of a Gaussian speech prior and a Gaussian likelihood, the well-known Kalman
filter equations (6.15)-(6.18) result as an analytical solution of (6.6).

In case of error concealment, the a posteriori speech estimator (6.28) cannot be obtained
in closed form, since the likelihood (6.27) is usually not a common PDF. However, both the
speech prior (6.32) and the likelihood (6.5) are one-dimensional PDFs and the sums in (6.28)
are real-time computable (cf. [Pflug and Fingscheidt, 2013b]).

6.4.3 The Prior

As can be seen, assuming an AR speech process, the speech prior is the PDF of the propa-
gation error in both speech enhancement and error concealment (cf. (6.11) and (6.32)).

In Section 6.2, we introduced the Kalman filter as a recursive MMSE application in
speech enhancement. In Kalman filtering, the propagation error is assumed to be Gaus-
sian distributed. In [Zavarehei and Vaseghi, 2005], this is justified by a tradeoff between
mathematical tractability of the estimator and PDF model mismatch. Based on histogram
measurements, it is shown in [Esch and Vary, 2008a] that the propagation error follows a
super-Gaussian density rather than a Gaussian density (cf. left-hand side of Figure 6.5). Ac-
cordingly, MMSE estimators with an underlying super-Gaussian speech prior are proposed
for obtaining the estimation update pE�pkq in (6.15). Furthermore, since the a priori speech
estimate depends on the channel, the propagation error also depends on the channel. Subse-
quently, an SNR-dependency of the propagation error is observed in [Esch and Vary, 2011]
and an SNR-dependent propagation error PDF is proposed.

The non-Gaussianity of the propagation error is also observed in [Pflug and Fingscheidt,
2013b] for a recursive MMSE application to error concealment. Here, the propagation
error PDF is obtained by histogram measurements assuming no channel distortions, i. e.,
Etps`´ŝ`q2u“0. The resulting histogram turns also out to be rather super-Gaussian than
a Gaussian (cf. right-hand side of Figure 6.5). Furthermore, in [Pflug and Fingscheidt, 2013b]
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Figure 6.5: Left: Normalized frequency domain histogram of the propagation error Ē�pkq“
S�pkq´ pS`

� pkq measured in a speech enhancement system from Section 6.2; right: Normal-
ized time domain histogram of the propagation error ēpnq “ spnq´ ŝ`pnq measured in an
error concealment system from Section 6.3 assuming that Etps` ´ ŝ`q2u is zero [Pflug and
Fingscheidt, 2013b].

the dependency of ŝ` on the propagation error PDF pēpēq is investigated and propagation
error PDFs with different shapes and variances for different ŝ` values are proposed.

In Sections 6.2 and 6.3, we employed the NLMS algorithm to obtain the prediction co-
efficients due to its robustness and low computational complexity requirements. However,
there are other approaches to estimate these coefficients, such as the Levinson-Durbin al-
gorithm [Markel and Gray, 1976]. Please note that since the propagation error depends on
the a priori speech estimate ((6.8) or (6.30)), it also depends on the estimated prediction
coefficients. Therefore, a change of the estimation algorithm for obtaining the prediction
coefficients requires a new training of the propagation error PDF.

6.5 Outlook

In this section, we briefly introduce possible research directions for speech enhancement in-
spired by error concealment. As we have seen in Section 6.3, a crucial advantage of error
concealment is the ability of exploiting bit reliability information. Thus, it is possible that
the speech enhancement approach from Section 6.2 can benefit from using bit likelihoods.
This means that the STFT coefficient likelihood (6.5) could be calculated by means of bit
likelihoods as in Section 6.3 instead of (2.28). As can be seen in (6.26), the bit likelihoods
can be obtained by means of the bit error probabilities (6.25). Accordingly, we experimen-
tally measured BERmpk, SNRq values by comparing the real parts of 16 bit quantized noisy
speech STFT coefficients QtRetY�pkquu to real parts of 16 bit quantized clean speech STFT
coefficients QtRetS�pkquu at bit position m, frequency bin k and SNRs of 0 dB and 20 dB,
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Figure 6.6: Bit error probabilities BERmpk, SNRq measured by comparing the real parts of 16
bit quantized noisy speech STFT coefficients QtRetY�pkquu to real parts of quantized clean
speech STFT coefficients QtRetS�pkquu, for different SNRs and frequencies. Qt¨u denotes
the quantization operation. Natural binary bit representation with the MSB (bit position
M´1 “ 15) being the sign bit is used.

respectively. The speech was distorted by car noise. It turned out that the bit likelihoods
depend on the SNR and the frequency bin index k, as can be seen in Figure 6.6 for k “ 1 and
k “ 33 (at 8 kHz sampling rate and a DFT length of 256 samples), reflecting f=31.25 Hz and
f=1000 Hz, respectively. The SNR dependency is reflected by the fact that at SNR=20 dB
less bits are in error than at SNR=0 dB. Furthermore, at higher frequencies less bits are erro-
neous compared to lower frequencies which is typical for car noise. Therefore, bit likelihoods
seem to provide a useful, SNR-dependent channel model, individually for each frequency bin.

As a practical implementation, a speech enhancement approach as in Section 6.2 could be
modified to include bit likelihoods. The bit likelihoods could be controlled by the bit error
probabilities being trained as a function of the a priori SNR ξ�pkq “ Et|S�pkq|2u{σ2

D,�pkq
individually for each frequency bin k and bit index m. The resulting BERmpk, ξ�pkqq values
could be stored in a lookup table and indexed by, e. g., a decision-directed a priori SNR
estimate (2.88). The bit likelihood could be calculated by (6.26) with x̂mpnq and x

piq
m being

the mth bit of the quantized real or imaginary part of an observed noisy speech STFT
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coefficient and the mth bit of the real or imaginary part of a possible quantized speech
STFT coefficient, respectively. Then, the coefficient likelihood (cf. (6.5)) could be obtained
by (6.27) with x̂ being the mapped bit combination of the quantized real or imaginary part
of the observed noisy speech STFT coefficient and with xpiq being a possible bit combination
for a clean speech STFT coefficient.

By this means, the simple Gaussian assumption for the noise STFT coefficients (2.28)
could be replaced by such a new approach which allows for an environment-specific processing
(cf. [Fingscheidt et al., 2008]). Further work towards such an approach would be to formulate
the estimator and the predictor as in Section 6.3 in the STFT domain.

6.6 Summary

In this chapter a synopsis of recursive MMSE estimation was given for the disciplines speech
enhancement and error concealment. Then, some interesting links between these research
fields were shown. It turned out that recent approaches to bit error concealment based
on an AR speech model are well comparable to iterative methods in speech enhancement,
such as the Kalman filter approach. However, the channel models are quite different: In
error concealment, powerful bit reliability information can be exploited in order to obtain
robust estimation results, while in speech enhancement the channel is modeled on an STFT
coefficient level without reliable reference. Motivated by this finding, some new research
directions for speech enhancement were identified, inspired by error concealment.

Furthermore, the synopsis of respective approaches was given in a PDF-based manner.
To the best of our knowledge, there has not been an attempt to review recursive MMSE esti-
mation in speech enhancement based on PDFs as in Chapter 2. It advantageously provides a
basis for applying enhancements of non-recursive speech enhancement to the recursive case.
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Chapter 7

Recursive MMSE Estimation

Under Speech Presence Uncertainty

With a specific focus, recursive MMSE estimation for speech enhancement was recapitulated
in the previous chapter. Different from the usual practice, the description of the recursive
MMSE speech estimator was based on PDFs with a similar notation as in Chapter 2 instead
of the typical matrix notation. The new PDF-based description allows for applying (PDF-
based) improvements of state-of-the-art non-recursive speech enhancement to the recursive
case. Accordingly, as a typical enhancement scheme in non-recursive speech enhancement,
SPU estimation will be applied to recursive MMSE speech enhancement in this chapter.
First, a general recursive MMSE estimation formula under SPU will be given which will
turn out to be a product of a common recursive MMSE speech estimator and an a posteriori
SPP estimator as in the non-recursive case. Then, a general a posteriori SPP estimation
formula will be provided taking signal history into account. Furthermore, specific a posteriori
SPP estimators will be derived based on either a Gaussian or a super-Gaussian speech PDF
assumption. The a priori SPP will also be dependent on signal history, therefore, an adaptive
tracking of the a priori SPP will be proposed inspired by an approach known from literature
employed in non-recursive speech enhancement. Finally, the performance of the a recursive
MMSE approach under SPU assuming a Gaussian speech model will be evaluated.

This chapter is organized as follows: Section 7.1 will give a short introduction to recursive
MMSE estimation under SPU. Then, Section 7.2 will describe the algorithmic approach in
detail by introducing a new general recursive MMSE estimation formula under SPU and
corresponding a priori and a posteriori SPP estimators. Furthermore, specific a posteriori
SPP estimators will be derived assuming either a Gaussian or a super-Gaussian distribution
for the propagation error. Section 7.3 will provide the instrumental evaluation of a recursive
MMSE estimation approach under SPU assuming a Gaussian propagation error. Finally,
Section 7.4 will summarize this chapter.
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7.1 Introduction

As can be seen in Chapter 2, there are a lot of improvement perspectives for classical non-
recursive MMSE speech enhancement, such as MMSE estimation in diverse estimation do-
mains, MMSE estimation with a super-Gaussian speech model, e. g., [Martin, 2002], [Lotter
and Vary, 2005], or MMSE estimation under SPU, e. g., [McAulay and Malpass, 1980],
[Ephraim and Malah, 1984]. While classical, non-recursive MMSE speech enhancement has
been a vital research field over the past decades, the number of STFT-domain recursive
MMSE speech enhancement proposals is comparatively small. Furthermore, most often the
Kalman filter is employed as recursive MMSE STS estimator which is based on a Gaussian
assumption for the a priori estimation error (i. e., for the speech prior, cf. Chapter 6) and
the acoustic noise (i. e., for the likelihood) [Zavarehei and Vaseghi, 2005]. Due to the un-
derlying AR speech model and the corresponding temporal dependencies (cf. (6.1), (6.2),
and Figure 6.1), the Kalman filter is commonly described using a state space representation
based on a matrix notation. More specifically, due to the Gaussian assumptions the Kalman
filter is typically characterized by mean and variance matrices (cf., e. g., [Kalman, 1960],
[Zavarehei and Vaseghi, 2005]). However, a description using these two matrices does not
allow for assuming a super-Gaussian speech prior or extending the Kalman filter by SPU es-
timation. The description of recursive MMSE estimation from the previous chapter employs
a PDF-based notation similar to Chapter 2 and allows for applying enhancement schemes
of non-recursive speech enhancement to the recursive case.

In [Esch and Vary, 2008a] it was argued that the update step in recursive MMSE esti-
mation can be associated with classical non-recursive MMSE estimation and, therefore, the
Kalman gain K�pkq in (6.16) can be related to the common spectral weighting rule. Accord-
ingly, the Kalman gain in (6.18) was intuitively recognized as a Wiener spectral weighting
rule (2.41) and replaced in a heuristical way by more modern spectral weighting rules with
underlying super-Gaussian speech priors. It is shown in Appendix E by means of the new
PDF-based recursive MMSE framework from Section 6.2 that this replacement is indeed op-
timal in an MMSE sense, if the employed spectral weighting rule belongs to an MMSE STS
estimator (cf. Section 2.5.1). Furthermore, the chosen MMSE STS weighting rule can di-
rectly be employed in the update step (6.16) by substituting the a priori SNR ξ�pkq and the
a posteriori SNR γ�pkq by their recursive MMSE estimation equivalents (cf. (6.19))

ζ�pkq “ σ2
Ē,�

pkq
σ2
D,�pkq

and

ς�pkq “ |Y�pkq ´ pS`
� pkq|2

σ2
D,�pkq , (7.1)

respectively. Please note that if no AR speech process is assumed, the prediction coefficients
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in (6.2) are zero and the a priori speech estimate pS`
� pkq yields also zero in (6.9). Accordingly,

(7.1) reduces to |Y�pkq|2{σ2
D,�pkq being the a posteriori SNR γ�pkq as used in non-recursive

speech enhancement.

As a further PDF-related improvement scheme, the new recursive MMSE speech en-
hancement framework will be extended by SPU estimation in this chapter. First, a general
recursive MMSE estimation formula under SPU will be derived, followed by a general a pos-
teriori SPP formula taking signal history into account. Moreover, specific a posteriori SPP
estimators will be provided assuming either a Gaussian or a super-Gaussian model for the
propagation error. Furthermore, the a priori SPP will turn out to make use of signal history,
therefore, a tracking algorithm will be proposed. Interestingly, the resulting estimators will
turn out to be very similar to those in the non-recursive case in Chapter 2.

7.2 Algorithmic Approach

Please note that in the remainder of this chapter, we will omit the subscript of PDFs and
the frequency bin index k due to readability. Furthermore, we will assume the same signal
and channel models as in the previous chapter (cf. Figure 6.1), therefore, due to temporal
dependencies the frame indices will still be used. Just as in Section 2.6 and in Chapters 4
and 5 we argue that the assumption of permanent speech presence made in recursive MMSE
estimation (cf. Chapter 6) is not fulfilled in practice. Therefore, we extend the general
recursive MMSE estimation formula (6.3) in terms of total probability by the hypothesis of
speech absence H0 and speech presence H1 (cf. Section 2.6) resulting in the general formula
of recursive MMSE estimation under SPU

pS� “ P
`
H0|Y�

0

˘ ¨ E�
S�|Y�

0, H0

( ` P
`
H1|Y�

0

˘ ¨ E�
S�|Y�

0, H1

(
(7.2)

with P pH0|Y�
0q, P pH1|Y�

0q “ 1´P pH0|Y�
0q being the a posteriori SAP, the a posteriori SPP

as well as with EtS�|Y�
0, H0u, EtS�|Y�

0, H1u being a recursive MMSE clean speech estimator
for speech absence and for speech presence, respectively. Please note that this is also a
generalization of the general formula of non-recursive MMSE estimation under SPU (2.65),
extended by an AR speech model (cf. (6.1), (6.2), and Figure 6.1). Under hypothesis H0,
the speech is assumed to be absent, thus, EtS�|Y�

0, H0u ” 0 results. Furthermore, the
expectation E

�
S�|Y�

0, H1

(
is equal to (6.3), since it is assumed for (6.3) that speech is

always present. Therefore, only the a posteriori SPP P
`
H1|Y�

0

˘
is unknown in (7.2) which

will be derived in the following.
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7.2.1 A Posteriori SPP Estimation

Using Bayes’ rule, the a posteriori SPP can be rewritten as

P
`
H1|Y�

0

˘ “ P
`
H1|Y�,Y

�´1
0

˘ “ P
`
H1|Y�´1

0

˘ ¨ p
`
Y�|Y�´1

0 , H1

˘
p

`
Y�|Y�´1

0

˘ (7.3)

with P
`
H1|Y�´1

0

˘
and p

`
Y�|Y�´1

0 , H1

˘
being the a priori SPP and the likelihood of speech

presence, respectively, both based on the previous observations Y�´1
0 . The denominator

in (7.3), namely p
`
Y�|Y�´1

0

˘
, can be obtained in terms of total probability as

p
`
Y�|Y�´1

0

˘ “ p
`
Y�, H0|Y�´1

0

˘ ` p
`
Y�, H1|Y�´1

0

˘
“ P pH0|Y�´1

0 q ¨ p `
Y�|Y�´1

0 , H0

˘ ` P pH1|Y�´1
0 q ¨ p `

Y�|Y�´1
0 , H1

˘
(7.4)

with p
`
Y�|Y�´1

0 , H0

˘
and P pH0|Y�´1

0 q “ 1 ´ P pH1|Y�´1
0 q being the likelihood of speech

absence and the a priori SAP, respectively, both based on the previous observations Y�´1
0 .

Applying (7.4) to the a posteriori SPP formula (7.3) allows for introducing the GLR

Λ�
0 “ P pH1|Y�´1

0 q
P pH0|Y�´1

0 q ¨ p
`
Y�|Y�´1

0 , H1

˘
p

`
Y�|Y�´1

0 , H0

˘ . (7.5)

Please note the similarity to the GLR (2.67): The only difference to the non-recursive case
is that (7.5) takes signal history into account in the form of the previous observations Y�´1

0 .
Using the GLR (7.5), the a posteriori SPP (7.3) can alternatively be defined as (cf. (2.66))

P pH1|Y�
0q “ Λ�

0

1 ` Λ�
0

. (7.6)

Let us investigate the likelihoods p
`
Y�|Y�´1

0 , H1

˘
and p

`
Y�|Y�´1

0 , H0

˘
in (7.5). Similar

to (2.69), the likelihood of speech presence can be calculated by marginalization as

p
`
Y�|Y�´1

0 , H1

˘ “
ż
C

p
`
Y�|S,Y�´1

0 , H1

˘ ¨ p `
S|Y�´1

0 , H1

˘
dS (7.7)

with p
`
Y�|S�,Y

�´1
0 , H1

˘
and p

`
S�|Y�´1

0 , H1

˘
being the likelihood (6.5) and the speech

prior (6.10), respectively, both assuming permanent speech presence. As in Section 4.1,
we argue that the a posteriori SPP estimator (7.6) and thus the GLR (7.5) should be
based on the same signal PDF assumptions as the common recursive MMSE speech esti-
mator (6.3). Therefore, the speech prior (6.10) is employed here assuming that the a priori
speech estimate pS`

� is a sufficient statistic for the speech S� (cf. Section 6.2.3). Accordingly,
the speech prior turns out to be ppS�|Y�´1

0 , H1q “ ppS�| pS`
� , H1q. Furthermore, the likeli-

hood (6.5) from Section 6.2.1 is utilized here assuming a memoryless acoustic channel, i. e.,
p

`
Y�|S�,Y

�´1
0 , H1

˘“p pY�|S�, H1q.
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For the likelihood of speech absence in the denominator of (7.5) we can write

p
`
Y�|Y�´1

0 , H0

˘ “
ż
C

p
`
Y�|S,Y�´1

0 , H0

˘ ¨ p `
S|Y�´1

0 , H0

˘
dS

“
ż
C

p pY�|S,H0q ¨ ppS| pS`
� , H0q dS

“
ż
C

p pY�|S,H0q ¨ δpS ´ pS`
� q dS

“ ppY�| pS`
� , H0q.

(7.8)

Here, we assumed a memoryless acoustic channel, i. e., ppY�|S,Y�´1
0 , H0q “ p pY�|S,H0q,

and that the a priori speech estimate pS`
� is a sufficient statistic for the speech S�, i. e.,

p
`
S|H0,Y

�´1
0

˘ “ ppS| pS`
� , H0q. Furthermore, since speech absence is assumed the speech

prior ppS| pS`
� , H0q is a dirac delta function δp¨q at pS`

� , i. e., ppS| pS`
� , H0q “ δpS´ pS`

� q. The
rationale behind this assumption is that even if speech is absent H0, the a priori speech
estimate pS`

� may be non-zero, e. g., because of erroneous previous a posteriori speech es-
timates pS�´1

�´Lp
or erroneous prediction coefficients A (cf. (6.8)). Then, making use of the

sampling property of the dirac delta function, the likelihood of speech presence turns out to
be the PDF of the noise STFT coefficients shifted by the a priori speech estimate (cf. (6.5))

p
`
Y�|Y�´1

0 , H0

˘ “ ppY�| pS`
� , H0q “ pDpY� ´ pS`

� q (7.9)

with pDp¨q being the noise PDF, e. g., (2.27).

Using the likelihoods (7.8) and (7.7) the GLR (7.5) turns out to be

Λ�
0 “ P pH1|Y�´1

0 q
P pH0|Y�´1

0 q ¨
ş
C

p pY�|S,H1q ¨ ppS| pS`
� , H1qdS

ppY�| pS`
� , H0q

. (7.10)

Assuming a specific speech prior ppS| pS`
� , H1q and a likelihood ppY�|S,H1q for (7.10), a specific

GLR can be calculated. Accordingly, employing Rayleigh-distributed propagation error am-
plitudes and a statistically independent and uniformly distributed propagation error phase
leading to a bivariate Gaussian-distributed speech prior (6.14) and utilizing a Gaussian like-
lihood (2.28), the GLR (7.10) turns out to be (the derivation can be found in Appendix F)

Λ�
0

ˇ̌̌
R

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ p

`
Y�|Y�´1

0 , H1

˘ ˇ̌
R

p
`
Y�|Y�´1

0 , H0

˘ ˇ̌
R

“ P
`
H1|Y�´1

0

˘
P

`
H0|Y�´1

0

˘ ¨ 1

1 ` ζ�
exp

ˆ
ς�ζ�

1 ` ζ�

˙
(7.11)

with index R denoting the Rayleigh assumption for the propagation error amplitudes and
with ζ� and ς� being the a priori and a posteriori SNR, respectively, as defined in recursive
MMSE speech enhancement. Please note the similarity between (7.11) and (2.71): The
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resulting GLR (7.11) taking signal history into account has the same form as the GLR in
the non-recursive case (2.71).

Further GLRs assuming super-Gaussian speech priors instead of a Gaussian as for (7.11)
as well as a Gaussian likelihood are derived in Appendix F.

7.2.2 A Priori SPP Estimation

Due to the underlying AR speech model (cf. Figure 6.1), the a priori SPP P
`
H1|Y�´1

0

˘
and the a priori SAP P

`
H0|Y�´1

0

˘
in (7.11) take signal history into account in the form

of the previous observations Y�´1
0 . Please note the difference to the non-recursive case

in Section 2.6.1, where the a priori SPP is typically a constant (although there are also
proposals to track this quantity adaptively). However, in the case of an underlying AR
speech model and the corresponding temporal dependencies, the a priori SPP turns out
to take signal history into account. In order to estimate the a priori SPP recursively, we
assume that the a priori speech estimate pS`

� is a sufficient statistic for the hypothesis of
speech presence H1 and speech absence H0. Accordingly, the a priori SPP and the a priori
SAP can be rewritten as

P
`
H1

ˇ̌
Y�´1

0

˘ “ P pH1

ˇ̌ pS`
� q (7.12)

and

P pH0

ˇ̌
Y�´1

0 q “ P pH0

ˇ̌ pS`
� q “ 1 ´ P pH1

ˇ̌ pS`
� q, (7.13)

respectively. Here, we make use of the fact that the a priori speech estimate pS`
� pkq is able to

reliably signalize whether speech is present or absent in the current time-frequency unit p�, kq
using signal history. This allows for an efficient adaptation of the a priori SPP (and SAP),
as we will see in the following.

An a priori SAP tracking is proposed, e. g., in [Malah et al., 1999], however, in the context
of non-recursive MMSE speech enhancement. Applying the idea to recursive MMSE speech
enhancement, the a priori SPP (7.12) can be tracked by (cf. [Malah et al., 1999, Eq. (13)])

P
`
H1

ˇ̌ pS`
� pkq˘ “ βSPP ¨ P`

H1

ˇ̌ pS`
�´1pkq˘ ` p1 ´ βSPPq ¨ I�pkq (7.14)

with βSPP P r0, 1s being a smoothing factor and with I�pkq P t0, 1u being the result of a
decision rule. The idea here is to adaptively increase (decrease) the a priori SPP if speech
is present (absent) using the decision I�pkq.

Assuming that the hypotheses H0 and H1 are statistically independent of the spectral
phase of the a priori speech estimate pS`

� pkq, it would be meaningful to base the decision I�pkq
on the spectral amplitudes of the a priori speech estimate | pS`

� pkq|: Using a small fixed
threshold, hypothesis H1 could be detected if the spectral amplitude of the a priori speech
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estimate is larger than this threshold. Otherwise, hypothesis H0 would be chosen. However,
this approach would strongly be dependent on the actual signal level of pS`

� pkq. Therefore,
we argue that a normalized quantity should be utilized for the decision I�pkq.

In [Malah et al., 1999] the a posteriori SNR γ�pkq is employed for the decision process,
arguing that attempts to base the decision process on the a priori SNR, was not fruitful. Ap-
plying the idea to recursive MMSE estimation, we propose to carry out the decision I�pkq by
means of the a posteriori SNR ς�pkq instead of merely the a priori speech estimate pS`

� pkq. An
advantage of ς�pkq “ |Y�pkq ´ pS`

� pkq|2{σ2
D,�pkq over pS`

� pkq regarding a priori SPP estimation
is that ς�pkq is a normalized quantity being independent of actual signal levels. Furthermore,
it is still a function of the a priori speech estimate pS`

� pkq, i. e., ς�pkq implicitly contains the
a priori knowledge carried by pS`

� pkq which we aim at exploiting for the decision

I�pkq “
$&%1, if ς�pkq ą Φ�pkq,
0, else

(7.15)

with the decision threshold Φ�pkq.
The decision threshold Φ�pkq can be optimized by means of a likelihood ratio test us-

ing ς�pkq [Kay, 1998]: Starting with the a posteriori SPP P pH1|ς�pkqq and the a posteriori
SAP P pH0|ς�pkqq, the decision rule for a 2-class problem is as follows

P pH1|ς�pkqq H1ż
H0

P pH0|ς�pkqq (7.16)

or, alternatively, after applying Bayes’ rule and neglecting ppς�pkqq which does not affect the
decision rule

ppς�pkq|H1q ¨ P pH1q
H1ż
H0

ppς�pkq|H0q ¨ P pH0q (7.17)

with ppς�pkq|H1q and ppς�pkq|H0q being the likelihood of speech presence and absence, re-
spectively. According to (7.17), hypothesis H1 is chosen if the weighted likelihood of
speech presence ppς�pkq|H1q ¨ P pH1q is larger than the weighted likelihood of speech ab-
sence ppς�pkq|H0q ¨ P pH0q. Meanwhile, hypothesis H0 is preferred if this relation is inverted.
Rearranging this decision rule by introducing the likelihood ratio ppς�pkq|H1q{ppς�pkq|H0q,
the likelihood ratio test turns out to be

ppς�pkq|H1q
ppς�pkq|H0q

H1ż
H0

P pH0q
P pH1q . (7.18)

The derivation of the likelihoods ppς�pkq|H1q and ppς�pkq|H0q is given in Appendix G. Em-
ploying their ratio (G.10) for the likelihood ratio test (7.18) results in

1

1 ` ζ�pkq ¨ exp
ˆ
ς�pkq ¨ ζ�pkq
1 ` ζ�pkq

˙
H1ż
H0

P pH0q
P pH1q . (7.19)
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The decision threshold is at a posteriori SNRs at which both sides of (7.19) are equal, i. e.,

Φ�pkq “ argmin
ς�pkq

"ˇ̌̌̌
ppς�pkq|H1q
ppς�pkq|H0q ´ P pH0q

P pH1q
ˇ̌̌̌*

“ 1 ` ζ�pkq
ζ�pkq ¨ ln

ˆ
P pH0q
P pH1qp1 ` ζ�pkqq

˙
. (7.20)

It was shown in [Gerkmann et al., 2008] and [Gerkmann, 2010] (cf. Section 2.6.2) that an
adaptive decision threshold being a function of the a priori SNR ζ�pkq is rather disadvan-
tageous. Assuming P pH1q “ P pH0q “ 0.5, the right side of (7.19) becomes one and the
left side yields also one, if speech is absent, i. e., ζ�pkq “ 0. Thus, in speech absence H0

no clear decision between H0 and H1 is possible. This can be observed in Figure 7.1: The
adapted threshold Φ�pkq follows the a posteriori SNR ς�pkq while speech is absent (the
employed recordings consist of two utterances, the first one between frame indices 20 and
170, the second one between frame indices 280 and 430). As a consequence, the a priori
SPP P pH1| pS`

� pkqq is not decreased during speech absence, resulting in values larger than
0.5, although speech is not present. Furthermore, the a posteriori SPP estimator outputs
the a priori SPP estimate in speech absence (just as in the case of non-recursive MMSE
estimation, cf. Section 2.6.2 and Chapter 5), instead of values close to zero.

To overcome this issue, in [Gerkmann and Hendriks, 2012] a fixed a priori SNR is proposed
for the decision threshold (7.20) in the context of non-recursive MMSE estimation. As a
consequence, the likelihood ratio in (7.19) successfully yields values larger than one during
speech presence and values smaller than one in speech absence, resulting in more robust
detection results. The fixed a priori SNR is optimized in [Gerkmann and Hendriks, 2012]
w. r. t. misdetections (cf. Chapter 5) and the optimal fixed a priori SNR yields 15 dB. Please
note that the optimization process in [Gerkmann and Hendriks, 2012] is based on Gaussian
assumptions leading to the same likelihood ratio as in (7.19), however, with a priori and a
posteriori SNRs as defined in non-recursive MMSE estimation. Therefore, a fixed a priori
SNR optimization using the likelihood ratio in (7.19) leads to the same optimal fixed a priori
SNR ζfix “ 15 dB. Applying this fixed a priori SNR to (7.20) results in a fixed decision
threshold Φfix “ 5.5 dB.

We repeated the simulations whose results are depicted in Figure 7.1 with the fixed
threshold Φfix for decision I�pkq. The result is shown in Figure 7.2. As can be seen in the
third figure from the top, the initial value of the a priori SPP P pH1| pS`

� pkqq was set to 0.5.
Then, starting from this value the a priori SPP steadily decreases during the speech absence
prior to the first sentence. During the first utterance, P pH1| pS`

� pkqq increases and achieves
values larger than 0.5. After the first utterance, the a priori SPP decreases again and yields
values below 0.5. After a certain period of time, even close to zero values are possible. The
same behavior can be observed for the second utterance. As can be seen, the proposed
algorithm is able to adaptively track the a priori SPP.
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7.3 Performance Evaluation

In this section we will evaluate the performance of recursive MMSE estimation under SPU.
Moreover, in order to see the effect of SPU estimation we will also evaluate the recursive
MMSE estimation approach without SPU from Section 6.2. The reference approach is,
therefore, the Kalman filter (6.15)-(6.20) employing an a priori estimation step consisting of
the prediction step (6.9) and the prediction coefficients update (6.13). We will denote this
reference approach in the following as rec-R-STS standing for a recursive estimation approach
working in the MMSE STS estimation domain and based on a Rayleigh distribution assumed
for the propagation error amplitudes (Gaussian speech prior). The proposed approach under
SPU, denoted by rec-R-STS-SPU in the following, is of the form (7.2) and consists of a
common speech estimator being the reference approach rec-R-STS and an a posteriori SPP
estimator (7.6) with the GLR (7.11) and the adaptive a priori SPP tracking (7.14). For the
decision I�pkq in (7.15) a fixed threshold Φfix “ 5.5 dB is used for all frequencies.

Both evaluated approaches are based on the Kalman filter (6.15)-(6.20) employing a priori
speech estimation (6.9) consisting of a prediction step and a prediction coefficients update.
Parameter Lp of the prediction step (6.9) and the parameters μ and Δ of the prediction
coefficients update (6.13) were trained as follows: The step size was set to μ “ 1 being an
ideal parameter value if there is no interference, i. e., the input of the NLMS algorithm (here:
prediction error pE�pkq “ pS�pkq´ pS`

� pkq) is not distorted [Hänsler and Schmidt, 2005]. The
prediction order Lp and the regularization parameter Δ were optimized by means of the
prediction gain (cf. [Vary and Martin, 2006], [Esch, 2012])

Gp “

NL´1ř
�“0

NK´1ř
k“0

| pS�pkq|2
NL´1ř
�“0

NK´1ř
k“0

| pS�pkq ´ pS`
� pkq|2

(7.21)

with NL and NK being the total number of frames and frequency bins, respectively. Within
an STFT-domain Kalman filter structure (cf. (6.15)-(6.20)), speech signals distorted by
car noise with an input SNR of 20 dB were processed and the prediction gain (7.21) was
measured. These simulations were repeated for a large number of different parameter values
Lp and Δ. The parameter set producing the largest prediction gain was considered as
optimal and yielded the values Lp “ 1 and Δ “ 1010 (please note that Δ is a signal-level-
dependent quantity: The parameter training was carried out by 16 bit PCM signals). The
small prediction order Lp “1 may result from the fact that the employed frame overlap was
50 % at a frame length of 256 samples and a sampling frequency of 8 kHz (cf. Section 3.1.2)
which may be close to the span of correlation for speech signals.

In order to assess both the reference and the proposed approach by instrumental measures
and to compare the respective performance to each other, we utilized a white-box test (cf.
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Figure 7.1: Example curves for a posteriori SPP estimation using adaptive a priori SPP
estimation (7.14) with an adaptive decision threshold (7.20) for (7.15) (SNR=20 dB, k=32
(f=1000 Hz))
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Figure 7.2: Example curves for a posteriori SPP estimation using adaptive a priori SPP
estimation (7.14) with βSPP “ 0.95 and a fixed decision threshold Φfix “ 5.5 dB for (7.15)
(SNR=20 dB, k=32 (f=1000 Hz))
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Section 3.1.3). Please note, that both the recursive MMSE estimation formula (7.2) and the
Kalman filter equations (6.15)-(6.20) including the a priori speech estimation step (6.9) are
linear, i. e., they represent pS “ fpY q with fp¨q being a linear function, therefore, a signal-
component-wise evaluation is possible. Accordingly, we applied the recursive MMSE estima-
tion formula under SPU (7.2) to the speech component S�pkq and the noise component D�pkq,
resulting in the processed speech component S̃�pkq“P pH1|Y�

0q¨pS̃`
� pkq̀ K�pkq¨rS�pkq́ S̃`

� pkqsq
and the processed noise component D̃�pkq “ P pH1|Y�

0q ¨ pD̃`
� pkq`K�pkq ¨ rD�pkq´D̃`

� pkqsq,
respectively (in case of the reference approach rec-R-STS, P pH1|Y�

0q ” 1 holds). The speech
and noise components of the a priori speech estimate S̃`

� pkq and D̃`
� pkq were calculated by

applying the prediction coefficients from (6.9) to the Lp last processed speech and noise com-
ponents, respectively. The instrumental measures from Section 3.2 were calculated by means
of the the processed speech component S̃�pkq and the processed noise component D̃�pkq.

The noise PSD estimate xσ2
D,�pkq was calculated by the MS approach (cf. Section 2.7.1). The

smoothing parameter in (6.20) was β “ 0.99 [Esch, 2012], the a priori SPP was initialized
with P pH1| pS`

� q “ 0.5, and the parameter to smooth the a priori SPP in (7.14) was set
to βSPP “0.95 [Malah et al., 1999].

The performance evaluation results are depicted in Figure 7.3. Just as in the previous
figures, the resulting NAseg, SSDRseg, and LKR values are shown in the upper, middle, and
lower figures, respectively. Furthermore, car noise, factory noise, and babble noise results
can be found in the left, middle, and right column of figures, respectively.

Analog to the case of non-recursive MMSE speech enhancement (cf. Figures 4.4, 4.5, 4.6,
and 5.3) the proposed approach with SPU achieves a larger amount of noise reduction at
all input SNR levels and for all employed noise types, reflected by larger NAseg values in
the upper figures in Figure 7.3. Furthermore, the approach rec-R-STS-SPU shows a slightly
lower speech component quality as the rec-R-STS approach without SPU, reflected by slightly
smaller SSDRseg values in the middle figures. Finally, the proposed approach with SPU rec-
R-STS-SPU yields a slightly larger amount of musical noise than rec-R-STS, reflected by
slightly larger LKR values as shown in the lower plots. These are very similar results to
those of the non-recursive MMSE approaches in Chapters 4 and 5: Utilizing SPU estimation
allows for achieving significantly smaller residual noise levels at the cost of slight speech
component quality degradation and slightly increased musical noise levels. Please note that
the difference between the NAseg values achieved by non-SPU and SPU approaches shown
in the upper plots are not as large as in the case of non-recursive MMSE estimation (cf.
Figures 4.4, 4.5, 4.6, and 5.3).
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Figure 7.3: Performance evaluation results of a recursive MMSE STS estimator without SPU
(rec-R-STS) and a recursive MMSE STS estimator with SPU (rec-R-STS-SPU) both based
on a Rayleigh distribution assumed for the propagation error amplitudes (Gaussian prior)
in terms of segmental noise attenuation (NAseg, the larger the better), segmental speech-
to-speech distortion ratio (SSDRseg, the larger the better), and weighted log-kurtosis ratio
(LKR, the smaller the better)
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7.4 Summary

In this chapter recursive MMSE estimation under SPU was introduced, to the best of our
knowledge, for the first time. It was shown that, just as in the non-recursive case, the
recursive MMSE estimator under SPU is a product of a common recursive MMSE estimator
for speech, e. g., the Kalman filter, and an a posteriori SPP estimator. Furthermore, a
general formula for a posteriori SPP estimation was derived which, similar to the common
recursive MMSE estimator for speech, turned out to be a function of the current and the
previous observations. Different from non-recursive MMSE estimation, the a priori SPP
(and SAP) being a function of the a posteriori SPP turned out to be dependent on signal
history, therefore, an adaptive algorithm to track the a priori SPP was proposed. This
algorithm was inspired by an approach known from literature employed in non-recursive
speech enhancement.

By assuming either a Gaussian or a super-Gaussian distribution for the propagation error,
specific a posteriori SPP estimators were derived. Interestingly, the resulting estimators have
a very similar form as their non-recursive equivalents from Chapter 2. Then, the a posteriori
SPP estimator with a Gaussian propagation error assumption was evaluated in conjunction
with a Kalman filter as common recursive MMSE estimator. It was shown by performance
evaluation that SPU estimation can successfully enhance recursive MMSE estimation by
achieving a significantly larger amount of noise attenuation. At the same time, slight speech
component quality degradation and slightly larger amount of musical noise have to be faced.
It can be concluded that SPU estimation in recursive MMSE speech enhancement provides
a similar contribution as SPU estimation in classical non-recursive MMSE estimation.



Chapter 8

Conclusions

This thesis deals with MMSE speech enhancement schemes. More specifically, there is a
strong focus on statistical modeling of speech STFT coefficients and resulting estimators.
Extending a generalized speech spectral amplitude PDF from the literature to complex
arguments, a new bivarite generalized gamma speech prior was proposed. Based on the new
speech prior, which covers typically employed Gaussian and super-Gaussian speech models, a
synopsis of MMSE speech enhancement approaches was given. This also took the estimation
domains, such as STS, STSA, and LSA estimation domain, into account.

As an improvement of MMSE speech enhancement we considered SPU estimation. Based
on the new bivariate generalized gamma speech model, we derived a new generalized a
posteriori SPP estimator. Furthermore, as a special case of the generalized estimator, a
new super-Gaussian a posteriori SPP estimator was proposed. Moreover, we argued that
according to estimation theory, the same PDF assumptions have to be applied to both the
common MMSE estimator and the a posteriori SPP estimator. Therefore, based on the new
bivariate generalized speech prior, a synopsis of PDF-consistent MMSE speech enhancement
approaches under SPU was given in analogy to the synopsis of common MMSE estimation
approaches in different estimation domains. These approaches were evaluated and it turned
out that the new super-Gaussian a posteriori SPP estimator in conjunction with a PDF-
consistent common MMSE estimator outperforms the reference approaches w. r. t. residual
noise levels in almost all estimation domains and noise conditions at the cost of a decreased
amount of musical noise.

As an improvement to SPU approaches, we also took a look at a posteriori SPP estimation
with averaging and fixed prior parameters. More precisely, we replaced the Gaussian speech
model of the reference approach from literature by a super-Gaussian assumption for speech.
Accordingly, the enhanced a posteriori SPP estimator makes use of the advantages of a super-
Gaussian speech prior, averaged observations, and fixed prior parameters. The proposed
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approach was shown to perform better than the reference and, as a further advantage, it
achieves low musical noise levels comparable with non-SPU approaches.

Amongst non-recursive MMSE approaches, this thesis also deals with recursive MMSE
estimation. Particularly, we investigated some links between speech enhancement and er-
ror concealment based on recursive MMSE estimation. Since both disciplines deal with
noisy (speech) signals, there are many interesting commonalities between those disciplines.
Analyzing the differences, however, a general strength of error concealment over speech en-
hancement could be identified. Based on this finding, possible research perspectives were
sketched for speech enhancement inspired by error concealment. Furthermore, a synopsis
of recursive MMSE estimation was given in both disciplines based on consistent PDF-based
notation similar to the description of non-recursive approaches.

To the best of our knowledge, this PDF-based description of recursive MMSE estimation
for speech enhancement (leading to the classical Kalman filter equations as special case) is
new and provides a basis for applying PDF-based enhancement techniques from non-recursive
speech enhancement to the recursive case. Accordingly, as a PDF-related improvement,
we extended recursive MMSE estimation taking SPU into account. We defined a general
recursive MMSE estimation formula under SPU which turned out to be a product of a
recursive MMSE estimator for speech and an a posteriori SPP estimator. Just as in the
non-recursive case, the a posteriori SPP is a function of a priori SPP which, different from
the non-recursive case, is dependent on signal history. Therefore, we proposed an a priori
SPP tracking algorithm inspired by an approach known from literature employed in non-
recursive speech enhancement. Furthermore, we derived specific common recursive MMSE
speech estimators and specific a posteriori SPP estimators based on either Gaussian or
super-Gaussian speech models. The results of a performance evaluation showed that SPU
estimation in the context of recursive MMSE estimation has similar effects on the signal
components as in the non-recursive case in Chapters 4 and 5.

We also proposed a new reference-free SNR measurement approach which aims at estimat-
ing the SNR of a speech signal distorted by car noise as close as possible to the ITU-T P.56
reference. The proposed approach provides small estimation errors and the measurement
results show a high correlation with the P.56 reference. Furthermore, it provides relaxed
computational complexity and can be applied to narrowband or wideband signals. Within
ITU-T Study Group 12, the Focus Group on Car Communication (FG CarCOM) has decided
to adopt the new reference-free SNR measurement approach within the draft of an ITU-T
recommendation.



Appendix A

Bivariate and Polar Description

of the Speech Prior

This appendix aims at showing that pSpSq “ 1
A

¨ pA,αpA,αq “ 1
A

¨ pApAq ¨ pαpαq holds if

• the bivariate PDF of speech STFT coefficients pSpSq is rotationally symmetric,

• the PDFs of the speech spectral amplitude pApAq and phase pαpαq are statistically
independent, and

• the speech spectral phase α is uniformly distributed on r0, 2πq.

The (cumulative) distribution function of the speech amplitude A “ |S| can be calculated
by integrating the joint PDF pSpS “ Aejαq over a circle with the radius A [Papoulis and
Pillai, 2002]. Furthermore, the PDF of the speech amplitude can be calculated by the first
derivative of this (cumulative) distribution function w. r. t. A. Therefore, pApAq can be
written by employing polar integration with S “ Aejα and dS “ Adα dA as

pApAq “ B
BA

Aż
0

2πż
0

pSpÃejαq Ã dα dÃ. (A.1)

Using that B
Bψ

ψş
0

gpxqdx “ gpψq, (A.1) reduces to

pApAq “ A

2πż
0

pSpAejαq dα. (A.2)

Considering the property of rotational symmetry of the speech prior pSpSq, i. e., pSpAejαq ‰
fpαq and

2πş
0

pSpAejαqdα “ 2π ¨ pSpAejαq, (A.2) can be rewritten as

pApAq “ A ¨ 2π ¨ pSpAejαq. (A.3)
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Extending both sides of the equation (A.3) by pαpαq “ 1
2π

results in

pApAq ¨ pαpαq “ A ¨ 2π ¨ pSpAejαq ¨ 1

2π
“ A ¨ pSpSq. (A.4)

Hence, under the assumptions listed above, the PDF of speech STFT coefficients pSpSq can
be expressed using the speech spectral amplitude PDF pApAqand the speech spectral phase
PDF pαpαq as

pSpS “ Aejαq “ 1

A
¨ pApAq ¨ pαpαq. (A.5)



Appendix B

Approaches to

PDF Parameter Identification

This appendix briefly summarizes approaches to identify speech spectral amplitude PDF
parameters (cf. Table 2.1). A typical approach is to measure a histrogram of a large amount
of speech data and, subsequently, perform curve fitting using the measured histogram and
the PDF whose parameters have to be identified. Since speech STFT coefficients S�pkq are
naturally non-stationary and not ergodic, their statistical moments, such as the variance
of S�pkq, are time-varying. However, an accurate histogram measurement requires a large
amount of stationary data. Therefore, the crucial part of PDF parameter identification is
the measurement of a speech spectral (amplitude) histogram. Relevant literature on speech
spectral histogram measurement can be found, e. g., in [Martin, 2002], [Lotter, 2004], [Martin,
2005], [Lotter and Vary, 2005], and [Gerkmann and Martin, 2010]. Once a speech spectral
histogram has been measured, the PDF parameters can be identified. In [Lotter, 2004] and
[Lotter and Vary, 2005], the PDF parameters are obtained by minimizing the Kullback-
Leibler divergence [Kullback, 1959] between the measured (and normalized) histogram and
the analytical PDF.

In [Martin, 2002] and [Martin, 2005] a histogram of the real part of speech STFT coeffi-
cients RetS�pkqu is measured, while in [Lotter and Vary, 2005] and [Lotter, 2004] a histogram
of speech spectral amplitudes A�pkq “ |S�pkq| is determined. In [Gerkmann and Martin,
2010] both quantities are investigated. In this appendix, we will introduce the measurement
steps for the spectral amplitudes only. The measurement consists of basically the same steps
for the real part of speech STFT coefficients as for speech spectral amplitudes, therefore, a
histogram for the former can be obtained in a similar way.
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Speech Histogram Measurement Based on Selected Data

In [Lotter, 2004] and [Lotter and Vary, 2005] a histogram of the absolute value of speech
STFT coefficients is measured as follows: Taking speech data from a database, wideband
noise dpnq such as white noise is superimposed artificially to the speech signal spnq in such
a way that the resulting noisy speech signal ypnq “ spnq ` dpnq has a high SNR, e. g.,
40 dB. Then, the noisy speech ypnq and the clean speech spnq are transformed into the
STFT domain using the same synthesis parameters (frame length, frame shift, analysis
window) as for common processing, resulting in the noisy speech STFT coefficients Y�pkq
and the clean speech STFT coefficients S�pkq, respectively. Then, the noisy speech Y�pkq
is processed as in a usual speech enhancement system: The noise PSD xσ2

D,�pkq is tracked
by a noise PSD estimator and then the a priori SNR is calculated, e. g., by the decision-
directed estimator (2.88) with the same smoothing parameter as for later processing. If the
resulting a priori SNR ξ�pkq is within a predefined range, e. g., 19-21 dB, the absolute value
of the corresponding clean speech STFT coefficient S�pkq becomes part of the histogram data
pool. This selecting procedure ensures that the pool contains quasi-stationary data. After
normalizing the variance of the pool data to one, a histogram can be measured. Please
note that this approach can also be carried out in a frequency-discriminant way: In [Lotter,
2004] only speech STFT coefficients S�pkq with frequency bins k belonging to frequencies
within 500...2000 Hz were considered for histogram measurement, in order to collect data
with essential speech information.

For the histogram measurement of speech spectral amplitudes, we first define M intervals

Ipmq “

$’’’&’’’%
“

0, Apmq ` Δ
2

˘
for m “ 1,“Apmq ´ Δ

2
, Apmq ` Δ

2

˘
for m “ t2, 3, . . . ,M ´ 1u,“Apmq ´ Δ

2
, 8˘

for m “ M

(B.1)

with m P t1, 2, . . . ,Mu, Apmq ě 0, and Δ being the histogram bin index, the center of the
mth histogram bin being a specific spectral amplitude value, and the width of intermediate
intervals (i. e., intervals with index m P t2, 3, . . . ,M ´ 1u), respectively. A meaningful choice
for the first histogram bin center is Ap1q “ Δ{2 allowing for interval width Δ also for the first
interval Ip1q. For the remaining centers holds Apmq “ Apm ´ 1q ` Δ with m“2, 3, . . . ,M .

During histogram measurement, each data pool entry is analyzed and a counter hpmq
for the mth histogram bin is incremented by one, if the absolute value of the currently
measured speech STFT coefficient is within interval Ipmq. After histogram measurement,
hpmq represents the total number of speech spectral amplitudes from the data pool which are
within Ipmq. In order to obtain the relative frequency of speech spectral amplitudes, hpmq
has to be divided by the total number of pool data

řM
m“1 hpmq. Then, hpmq{ řM

m“1 hpmq
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describes the empirical probability that an arbitrary speech spectral amplitude from the data
pool is within the interval Ipmq. However, instead of empirical probabilities we are interested
in the probability density of speech spectral amplitudes at arguments Apmq. Therefore,
the empirical probabilities hpmq{ řM

m“1 hpmq should be divided by the interval width Δ1.
Accordingly, using the histogram counts hpmq, the empirical speech spectral amplitude PDF
for argument Apmq can be calculated as

pHpApmqq “ hpmq
Δ ¨

Mř
m“1

hpmq
. (B.2)

Please note that (B.2) is an inaccurate estimator of the true speech spectral amplitude PDF
for argument ApMq, because the corresponding interval IpMq has an infinite length instead
of Δ. Therefore, pHpApMqq should not be employed for PDF parameter identification.

Speech Histogram Measurement Based on All Data

It is argued in [Gerkmann and Martin, 2010] that the speech spectral histograms should be
measured incorporating all speech STFT coefficients belonging to speech presence, instead
of just selected ones in the aforementioned approach. Furthermore, it is proposed to collect
variance-normalized contributions |S�pkq|{σS,�pkq in order to obtain quasi-stationary data.
Accordingly, the histogram pool data can be acquired as follows: First, speech data (no
noise data is required) is transformed into the STFT domain with the same signal anal-
ysis parameters as for later processing. The resulting speech STFT coefficients S�pkq are
employed then for speech PSD estimation employing a modified decision-directed estimator
assuming no acoustic noise [Gerkmann and Martin, 2010]

σ2
S,�pkq “ βDD ¨ |S�´1pkq|2 ` p1 ´ βDDq ¨ |S�pkq|2 (B.3)

with βDD being the same smoothing parameter as employed for a priori SNR estimation
in (2.88). Then, the absolute value of each speech STFT coefficient S�pkq is normalized by the
square root of (B.3) and |S�pkq|{σS,�pkq becomes part of the histogram data pool if speech is
present in the corresponding time-frequency unit p�, kq. Speech presence is detected for p�, kq,
if |S�pkq| is larger than or equal to a constant threshold2. Due to variance normalization, the
resulting pool data exhibits unity variance and its histogram can be measured as described

1Here, we assume that Δ is small enough so that the true (but unknown) PDF of speech spectral ampli-
tudes can be linearized with a good accuracy within the narrow interval Ipmq.

2In [Gerkmann and Martin, 2010] a file-based threshold is employed: First, a whole speech database file
is processed and all corresponding speech spectral amplitudes |S�pkq| are calculated. Then, the threshold is
defined as a value 65 dB below the largest speech spectral amplitude belonging to this particular database
file.
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in the previous section. The corresponding empirical probability density pH can then be
obtained by (B.2).

PDF Parameter Identification

Once the empirical speech spectral amplitude PDF pHpApmqq has been measured, the pa-
rameters of an analytical speech spectral amplitude PDF pApAq can be identified. In [Lotter,
2004] and [Lotter and Vary, 2005] it is proposed to optimize the parameters of the analytical
PDF pA by means of the Kullback-Leibler divergence. Focusing on speech spectral ampli-
tude modeling and assuming a distribution with η “ 1 or η “ 2 (cf. Table 2.1), a difference
between the empirical speech spectral amplitude PDF pH and the analytical PDF pA “ fpνq
(e. g., (2.22) or (2.23)) can be measured by means of the symmetric Kullback-Leibler diver-
gence [Kullback, 1959]

JH,Apνq “
M´1ÿ
m“1

”
pHpApmqq ´ pApApmq, νq

ı
¨ ln

ˆ
pHpApmqq
pApApmq, νq

˙
. (B.4)

Please note that the analytical PDF has to be sampled at the center of the histogram
bins Apmq when employed for (B.4), i. e., values pApApmqq has to be calculated for PDF
parameter identification. Furthermore, the marginal histogram bin m “ M should not be
employed for parameter identification due to side effects.

Then, the optimal shape parameter νopt is obtained by minimizing (B.4) as

νopt “ argmin
ν

JH,Apνq. (B.5)

The corresponding function pApA, νoptq can be considered as an optimal speech spectral
amplitude PDF estimate (of the pool data) in terms of the Kullback-Leibler divergence.



Appendix C

Bivariate and Polar Description

of the Likelihood

This appendix aims at showing that pY |SpY |Sq “ pY |A,αpY |A,αq. Please note that for ease
of readability the subscript of the PDFs will be omitted in this appendix.

Applying Bayes rule, the likelihood (2.28) can be rewritten as

ppY |Sq “ ppS|Y q ¨ ppY q
ppSq . (C.1)

It can be shown that the posterior ppS|Y q is rotationally symmetric if ppSq and ppY |Sq
(and accordingly ppY q, too) are rotationally symmetric. This is fulfilled if a Gaussian like-
lihood (2.28) and a speech prior with a uniformly distributed phase and statistically inde-
pendent speech spectral amplitude and phase, e. g., (2.26) are assumed (cf. Section 2.3.1).
Thus, (2.18) can be applied to the posterior leading to

ppS “ Aejα|Y q “ 1

A
¨ ppA,α|Y q. (C.2)

Inserting the resulting posterior into (C.1) and using (2.18) yields

ppY |Sq “ ppS|Y q ¨ ppY q
ppSq

“ 1

A
¨ ppA,α|Y q ¨ ppY q

1
A

¨ ppA,αq
“ ppA,α|Y q ¨ ppY q

ppA,αq
“ ppY |A,αq.

(C.3)
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Appendix D

Derivation of the PDF

of Averaged a Posteriori SNRs

Assuming Chi-Distributed

Speech Spectral Amplitudes

In this appendix we will derive the PDF of averaged a posteriori SNR values γ̄ assuming chi-
distributed speech spectral amplitudes. We will start with the PDF of the noisy speech STFT
coefficients Y , then we will derive the PDF of the noisy speech amplitudes |Y |, the squared
amplitudes |Y |2, followed by the derivation of the PDF of the a posteriori SNR γ “ |Y |2{σ2

D,
and the PDF of averaged a posteriori SNRs γ̄. Please note that we will omit the window
index Θ in this appendix for ease of readability.

We assume that the speech spectral amplitudes are chi-distributed (2.22), the statisti-
cally independent speech spectral phase is uniformly distributed (super-Gaussian speech
prior (2.26) with the parameters η “ 2, β “ νχ{σ2

S, and ν “ νχ), and the noise STFT
coefficients D are Gaussian distributed (2.28). Assuming further that the speech STFT co-
efficients S and the noise STFT coefficients D are statistically independent, the distribution
of the noisy speech signal Y “ S`D can be calculated as (cf. [Breithaupt and Martin, 2011,
Eq. (20)])

pχY |H1
pY |H1q “ ppY |H0q ¨

ˆ
νχ

νχ ` ξ

˙νχ

¨ 1F1

ˆ
νχ; 1;

1

σ2
D

ξ

νχ ` ξ
|Y |2

˙
(D.1)

with superscript χ denoting the assumption of chi-distributed speech spectral amplitudes
and with

pY |H0pY |H0q “ 1

πσ2
D

e
´ |Y |2

σ2
D . (D.2)

According to [Papoulis and Pillai, 2002, Example 6-22], the distribution function of |Y | can
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be calculated by integrating (D.1) w. r. t. Y over a circle with the radius |Y |. Furthermore,
the first derivative of the distribution function is the PDF of |Y |. Accordingly, using polar
integration with Y “ |Y |ejϑ and dY “ |Y | ¨ dϑ ¨ d|Y | we obtain

pχ
|Y |

ˇ̌
H1

´
|Y |

ˇ̌̌
H1

¯
“ B

B|Y |
|Y |ż
0

2πż
0

|Ỹ | ¨ pχY |H1
p|Ỹ |ejϑ|H1q dϑ d|Ỹ |. (D.3)

Using B
Bρ

ρş
0

fpxqdx “ fpρq, and integrating w. r. t. the phase ϑ, (D.3) can be rewritten as

pχ
|Y |

ˇ̌
H1

´
|Y |

ˇ̌̌
H1

¯
“ 2|Y |

σ2
D

¨
ˆ

νχ
νχ ` ξ

˙νχ

¨ e´ 1

σ2
D

|Y |2 ¨ 1F1

ˆ
νχ; 1;

1

σ2
D

ξ

νχ ` ξ
|Y |2

˙
. (D.4)

Please note that this is a generalization of the Rayleigh PDF; applying νχ “ 1 to (D.4)
results in the Rayleigh PDF (2.20).

According to [Papoulis and Pillai, 2002, Example 5-2], the PDF of the square of the
random variable |Y | can be calculated by

pχ
|Y |2

ˇ̌
H1

`|Y |2 ˇ̌
H1

˘ “ 1

2|Y | ¨ p|Y |
ˇ̌
H1

`|Y |ˇ̌H1

˘
, (D.5)

thus, using (D.4) the PDF of the squared noisy speech spectral amplitudes turns out to be

pχ
|Y |2

ˇ̌
H1

´
|Y |2

ˇ̌̌
H1

¯
“ 1

σ2
D

¨
ˆ

νχ
νχ ` ξ

˙νχ

¨ e´ 1

σ2
D

|Y |2 ¨ 1F1

ˆ
νχ; 1;

1

σ2
D

ξ

νχ ` ξ
|Y |2

˙
. (D.6)

Following [Papoulis and Pillai, 2002, Eq. (5-18)], the PDF of |Y |2{σ2
D with σ2

D being a
deterministic (slowly time-varying) quantity can be obtained from p|Y |2

ˇ̌
H1

`|Y |2 ˇ̌H1

˘
as

pχ
|Y |2
σ2
D

ˇ̌̌
H1

ˆ |Y |2
σ2
D

ˇ̌̌̌
H1

˙
“ σ2

N ¨ pχ
|Y |2

ˇ̌
H1

ˆ
σ2
N ¨ |Y |2

σ2
N

ˇ̌̌̌
H1

˙

“
ˆ

νχ
νχ ` ξ

˙νχ

¨ e´ |Y |2
σ2
D ¨ 1F1

ˆ
νχ; 1;

ξ

νχ ` ξ

|Y |2
σ2
D

˙
.

(D.7)

Next, utilizing variable substitution γ “ |Y |2{σ2
D, (D.7) can be rewritten as

pχγ|H1
pγ|H1q “

ˆ
νχ

νχ ` ξ

˙νχ

¨ e´γ ¨ 1F1

ˆ
νχ; 1; γ

ξ

νχ ` ξ

˙
(D.8)

which is the PDF of a posteriori SNR values in speech presence H1 assuming chi-distributed
speech spectral amplitudes (denoted by superscript χ) with the shape parameter νχ. The a
posteriori SNR in absence of speech H0 (special case of (D.8) with ξ “ 0) is exponentially
distributed pχγ|H0

pγ|H0q “ e´γ.

As a next step, we aim at deriving the PDF of averaged a posteriori SNRs. This can
be achieved by mathematical induction (cf. [Nelson, 1995]): The PDF of the sum of two
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i. i. d. a posteriori SNR values γ̄2 “ γ `γ can be calculated by convolving their PDFs. Using
[Gradshteyn and Ryzhik, 1965, Eq. (7.613.4)] and assuming the PDF (D.8)

pχγ̄2|H1
pγ̄2|H1q “

γ̄2ż
0

pχγ|H1
px|H1q ¨ pχγ|H1

ppγ̄2 ´ xq|H1q dx

“
ˆ

νχ
νχ ` ξ

˙2νχ

¨ Γp1q
Γp2q ¨ γ̄2 ¨ e´γ̄2 ¨ 1F1

ˆ
2νχ, 2, γ̄2

ξ

νχ ` ξ

˙
(D.9)

results as the PDF1 of γ ` γ. Then, the PDF of the sum of three i. i. d. a posteriori SNR
values γ̄3 “ γ̄2`γ can be calculated by the convolution of (D.9) and (D.8). Using [Gradshteyn
and Ryzhik, 1965, Eq. (7.613.4)] the PDF of the sum of three a posteriori SNRs yields

pχγ̄3|H1
pγ̄3|H1q “

γ̄3ż
0

pχγ̄2|H1
px|H1q ¨ pχγ|H1

ppγ̄3 ´ xq|H1q dx

“
ˆ

νχ
νχ ` ξ

˙3νχ

¨ Γp1q
Γp3q ¨ pγ̄3q2 ¨ e´γ̄3 ¨ 1F1

ˆ
3νχ, 3, γ̄3

ξ

νχ ` ξ

˙
. (D.10)

Using [Gradshteyn and Ryzhik, 1965, Eq. (7.613.4)] once again, the PDF of the sum of four
i. i. d. a posteriori SNR values γ̄4 “ γ̄3 ` γ can be calculated by the convolution of (D.10)
and (D.8) resulting in

pχγ̄4|H1
pγ̄4|H1q “

γ̄4ż
0

pχγ̄3|H1
px|H1q ¨ pχγ|H1

ppγ̄4 ´ xq|H1q dx

“
ˆ

νχ
νχ ` ξ

˙4νχ

¨ Γp1q
Γp4q ¨ γ̄3

4 ¨ e´γ̄4 ¨ 1F1

ˆ
4νχ, 4, γ̄4

ξ

νχ ` ξ

˙
. (D.11)

Therefore, using mathematical induction, it can be concluded that the PDF of the sum of N
i. i. d. a posteriori SNR values γ̄N “ řN

i“1 γi generally is

pχγ̄N |H1
pγ̄N |H1q “

ˆ
νχ

νχ ` ξ

˙Nνχ

¨ 1

ΓpNq ¨ γ̄N´1
N ¨ e´γ̄N ¨ 1F1

ˆ
Nνχ, N, γ̄N

ξ

νχ ` ξ

˙
. (D.12)

However, instead of the PDF of the sum of a posteriori SNRs γ̄N (D.12), we are interested
in the PDF of the average of a posteriori SNRs γ̄ “ 1{N ¨ γ̄N . According to [Papoulis and
Pillai, 2002, Eq. (5-18)], this can be obtained by

pχγ̄|H1
pγ̄|H1q “ N ¨ pχγ̄N |H1

pN ¨ γ̄|H1q (D.13)

which finally results in (5.3) if we substitute N by the number of averaged a posteriori SNR
values μ.

1Please note that due to the fact that the argument of pγpγq in (D.9) is non-negative, the upper bound
of the convolution integral (D.9) reduces to γ̄2 from 8, cf. [Bronshtein et al., 2007, Eq. (15.93)]
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Appendix E

Synopsis of Recursive MMSE Estimation

Please note that for ease of readability, we will omit the indices � and k in this appendix.
The aim of this appendix is to derive the Kalman filter equations (6.15)-(6.17) using a PDF
notation. Different from the commonly employed matrix notation, a PDF-based description
allows for assuming super-Gaussian signal models, but of course, a Gaussian assumption is
also applicable.

Employing the speech prior (6.10), (6.11), and the likelihood (6.5), the recursive
MMSE STS estimator (6.6) turns out to be

pS “
ş
C

S ¨ pĒpS ´ pS`q ¨ pDpY ´ Sq dSş
C

pĒpS ´ pS`q ¨ pDpY ´ Sq dS (E.1)

with pĒp¨q and pDp¨q being the propagation error PDF and the acoustic noise PDF, respec-
tively. Introducing a new integration variable Ē “ S´ pS` being the propagation error (cf.
(6.11)), (E.1) can be rewritten as

pS “ pS` `
ş
C

Ē ¨ pĒpĒq ¨ pDpY ´Ē´ pS`q dĒş
C

pĒpĒq ¨ pDpY ´Ē´ pS`q dĒ “ pS`loomoon
A priori speech estimate

` pEloomoon
Update

. (E.2)

As can be seen, the recursive MMSE estimator turns out to be a sum of the a priori speech
estimate pS` and a fraction being the estimation update pE. While the a priori speech esti-
mate pS` employs the previous observations only (cf. (6.9)), the second term pE“fpY ´ pS`q
takes the current observation into account and performs an estimation update, resulting in
the a posteriori speech estimate pS. Please note that pE in (E.2) is a classical (non-recursive)
MMSE STS estimator, however, with an extra term ’´ pS`’ in the argument of the PDF pDp¨q
(cf. (2.30)).

Assuming that the amplitude and the phase of the propagation error Ē are statistically
independent and the phase of Ē is uniformly distributed, i. e., the PDF of the propagation
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error pĒpĒq is rotationally symmetric, the generalized framework from Chapter 2 based
on the bivariate generalized gamma PDF (2.26) can be employed here. Therefore, different
estimators can be derived for the update step assuming either a Gaussian or a super-Gaussian
propagation error. Interestingly, the resulting estimators will turn out to be the MMSE STS
estimators from Section 2.5.1, however, with different variables: The a priori SNR ξ and the
a posteriori SNR γ are defined in recursive MMSE estimation as (cf. (6.12))

ζ “ σ2
E ` σ2

E`

σ2
D

“ σ2
Ē

σ2
D

(E.3)

and

ς “ |Y ´ pS`|2
σ2
D

“ |M |2
σ2
D

, (E.4)

respectively. Furthermore, within the update step the observation is defined as M “ Y ´pS`,
instead of the noisy speech STFT coefficient Y only. In the following, we will derive a general
formula for the update step based on a generalized speech prior and then specific estimators
will be introduced, assuming a specific statistical model for the propagation error.

Generalized Speech Prior

Employing the new bivariate generalized gamma PDF (2.26) as speech prior pĒp¨q and a
bivariate Gaussian PDF (6.5) as likelihood pDp¨q, the fraction in (E.2) yields the estimation
update (cf. (2.38))

pE “
ş
C

Ē ¨ |Ē|ην´2 ¨ e´β|Ē|η ¨ e´ |Y´Ḗ pS`|2
σ2
D dĒ

ş
C

|Ē|ην´2 ¨ e´β|Ē|η ¨ e´ |Y´Ḗ pS`|2
σ2
D dĒ

. (E.5)

Employing polar integration with Ē “ |Ē|ejε and dĒ “ |Ē| d|Ē| dε, as well as employing
M “ Y ´ pS` “ |M |ej�, we obtain

pE “

8ş
0

2πş
0

|Ē|ην ¨ ejε ¨ e´β|Ē|η ¨ e´ |M |2̀ |Ē|2́ 2¨|Ē|¨|M |¨cospε´
q
σ2
D dεd|Ē|

8ş
0

2πş
0

|Ē|ην´1 ¨ e´β|Ē|η ¨ e´ |M |2̀ |Ē|2́ 2¨|Ē|¨|M |¨cospε´
q
σ2
D dεd|Ē|

. (E.6)

Integrating w. r. t. the spectral phase ε using [Gradshteyn and Ryzhik, 1965, (8.431.5)], (E.6)
can be rewritten as

pE “

8ş
0

|Ē|ην ¨ e´ |Ē|
σ2
D

´β|Ē|η ¨ I1
´

2|M |
σ2
D

|Ē|2
¯
d|Ē|

8ş
0

|Ē|ην´1 ¨ e´ |Ē|2
σ2
D

´β|Ē|η ¨ I0
´

2|M |
σ2
D

|Ē|
¯
d|Ē|loooooooooooooooooooooooooomoooooooooooooooooooooooooon

Spectral amplitude estimate

¨ ej�

loomoon
Spectral phase estimate

. (E.7)
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The formula of the update step of recursive MMSE STS estimation based on a generalized
speech prior turns out to be the same form as the classical non-recursive MMSE STS esti-
mator (2.39) consisting of well separated amplitude and phase estimates. In order to obtain
specific estimators, one of the specific speech priors from Table 2.1 has to be chosen, each
having an own parameter set. Therefore, employing the speech priors from Section 2.3.1
for (E.7) results in specific estimators for the update step which will be introduced in the
following.

Gaussian Speech Prior

Assuming the Rayleigh distribution for the propagation error amplitudes (Gaussian propa-
gation error), i. e., using the parameters η “ 2, β “ 1{σ2

Ē
, and ν “ 1 (cf. Table 2.1), the

generalized update step (E.7) turns out to be

pER “

8ş
0

|Ē|2 ¨ e´|Ē|2
„

1

σ2
Ē

` 1

σ2
D

j
¨ I1

´
2|M |
σ2
D

|Ē|
¯
d|Ē|

8ş
0

|Ē| ¨ e´|Ē|2
„

1

σ2
Ē

` 1

σ2
D

j
¨ I0

´
2|M |
σ2
D

|Ē|
¯
d|Ē|

¨ ej� (E.8)

with subscript R denoting the Rayleigh assumption for the the propagation error amplitudes.
Integrating w. r. t. the propagation error amplitudes |Ē| using [Gradshteyn and Ryzhik, 1965,
(6.631.1)], (E.8) yields

pER “ σ2
Ē

σ2
Ē

` σ2
D

¨ |M |ej� “ KR ¨ pY ´ pS`q “ ζ

1 ` ζ
¨ pY ´ pS`q (E.9)

with ζ and KR “ ζ{p1` ζq being the a priori SNR and the Kalman gain (6.18), respectively.
Please note that the Kalman gain KR and the update step pER can be associated with
the Wiener spectral weighting rule GR-STS in (2.41) and the MMSE STS estimator (2.41),
respectively.

Super-Gaussian Speech Priors

Assuming the chi distribution for the propagation error amplitudes (super-Gaussian distri-
bution for the propagation error), i. e., using the parameters η “ 2, ν “ νχ, and β “ νχ{σ2

Ē

(cf. Table 2.1) as well as [Gradshteyn and Ryzhik, 1965, Eqs. (6.631.1), (8.406.3)], the gen-
eralized update step (E.7) can be rewritten as (cf. (2.43))

pEχ “ Kχ ¨ pY ´ pS`q “ νχ ¨ ζ
νχ ` ζ

¨ 1F1

´
νχ ` 1; 2; ςζ

νχ`ζ

¯
1F1

´
νχ; 1;

ςζ
νχ`ζ

¯ ¨ pY ´ pS`q (E.10)
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where subscript χ denotes the chi assumption for the propagation error amplitudes. Different
from the Gaussian case (E.9), (E.10) is also a function of the a posteriori SNR ς which is
only following a slightly different definition as in the non-recursive case. Please note that,
just as in the non-recursive case, (E.9) is a special case of (E.10) with νχ “ 1. Furthermore,
the Kalman gain Kχ and the update step pEχ can be associated with the MMSE STS spectral
weighting rule Gχ-STS in (2.43) and the MMSE STS estimator (2.43), respectively.

Assuming the gamma distribution for the propagation error amplitudes (super-Gaussian
distribution for the propagation error), i. e., using the parameters η “ 1, ν “ νΓ, and
β “ a

νΓpνΓ ` 1q{σĒ (cf. Table 2.1), the generalized update step (E.7) results in (cf. (2.44))

pEΓ “

8ş
0

|Ē|ν ¨ exp
ˆ

´ 1
σ2
D

|Ē|2 ´
?

νΓpνΓ`1q
σĒ

|Ē|
˙

¨ I1
´

2|M |
σ2
D

|Ē|2
¯
d|Ē|

8ş
0

|Ē|ν´1 ¨ exp
ˆ

´ 1
σ2
D

|Ē|2 ´
?

νΓpνΓ`1q
σĒ

|Ē|
˙

¨ I0
´

2|M |
σ2
D

|Ē|
¯
d|Ē|

¨ ej� (E.11)

with subscript Γ denoting the gamma assumption for the propagation error amplitudes. Just
as in the non-recursive case, the integrals in (E.11) do not have closed form solutions, there-
fore, either some approximations or numerical methods are required. Just as in Chapter 2 we
propose calculating the integrals in (E.11) by quadrature. For convenience, we first rewrite
(E.11) using variable substitution with |Ē| “ k ¨ |M | and d|Ē| “ dk ¨ |M | in order to obtain
the integrands as a function of ζ and ς as

pEΓ “ KΓ ¨ pY ´ pS`q “

8ş
0

kνΓ ¨ exp
ˆ

´ςk2 ´ a
νΓpνΓ ` 1q

b
ς
ζ
k

˙
¨ I1 p2ςkq dk

8ş
0

kνΓ´1 ¨ exp
ˆ

´ςk2 ´ a
νΓpνΓ ` 1q

b
ς
ζ
k

˙
¨ I0 p2ςkq dk

¨ pY ´ pS`q.

(E.12)
These integrals can be calculated numerically by, e. g., the Gauss-Kronrod quadrature for a
typical range of ζ and ς [Brass and Petras, 2011]. Please note that the Kalman gain KΓ and
the update step (E.12) can be associated with the MMSE STS spectral weighting rule GΓ-STS

in (2.45) and the MMSE STS estimator (2.45), respectively.



Appendix F

Synopsis of

Recursive A Posteriori SPP Estimation

The aim of this appendix is to derive specific GLRs for a posteriori SPP estimation assuming
Gaussian or super-Gaussian propagation errors. Just as in Chapter 4, we will first derive a
generalized GLR based on the bivariate generalized gamma PDF as speech prior. Specific
GLRs assuming either Gaussian or super-Gaussian distributions for the propagation error
will turn out as special case. Please note that for ease of readability, we will omit the indices
� and k in this appendix. However, sequences will still keep their time indices.

Generalized Speech Prior

Employing the bivariate generalized gamma PDF (2.26) as speech prior ppS| pS`, H1q and
a bivariate Gaussian PDF (6.5) as likelihood ppY |S,H1q, the common GLR formula (7.10)
yields (cf. (2.38))

Λ�
0

ˇ̌̌
gΓ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨

ş
C

1
πσ2

D
¨ ηβν

2πΓpνq ¨ e´ |Y ´ pS`|2
σ2
D ¨ |S ´ pS`|ην´2 ¨ e´β|S´ pS`|η dS

1
πσ2

D
¨ e´ |Y ´ pS`|2

σ2
D

(F.1)

with subscript gΓ denoting the generalized gamma model for the propagation error. By
introducing a new integration variable Ē“S´ pS` being the propagation error, (F.1) can be
rewritten as

Λ�
0

ˇ̌̌
gΓ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨

ηβν

2πΓpνq ¨ ş
C

e
´ |Y ´ pS`´Ē|2

σ2
D ¨ |Ē|ην´2 ¨ e´β|Ē|η dĒ

e
´ |Y ´ pS`|2

σ2
D

. (F.2)
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Employing polar integration with Ē “ |Ē|ejε and dĒ “ |Ē| d|Ē| dε as well as employing
M “Y ´ pS` “|M |ej�, we obtain

Λ�
0

ˇ̌̌
gΓ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨

ηβν

2π¨Γpνq ¨
8ş
0

¨|Ē|ην´1 ¨ e´β|Ē|η
2πş
0

e
´ |M |2`|Ē|2´2|M |¨|Ē| cosp
´εq

σ2
D dε d|Ē|

e
´ |M |2

σ2
D

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ ηβν

2π ¨ Γpνq ¨
8ż
0

|Ē|ην´1 ¨ e´β|Ē|η ¨ e´ |Ē|2
σ2
D

2πż
0

e
2|M |¨|Ē| cosp
´εq

σ2
D dε d|Ē|.

(F.3)

Integrating w. r. t. the spectral phase ε using [Gradshteyn and Ryzhik, 1965, (8.431.5)], (F.3)
can be rewritten as

Λ�
0

ˇ̌̌
gΓ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ ηβν

Γpνq ¨
8ż
0

|Ē|ην´1 ¨ e´β|Ē|η ¨ e´ |Ē|2
σ2
D ¨ I0

ˆ
2|M | ¨ |Ē|

σ2
D

˙
d|Ē|. (F.4)

This is a generalized GLR formula for recursive MMSE estimation under SPU. The corre-
sponding generalized a posteriori SPP estimator can be obtained by (7.6). Please note the
similarity to (4.3) being the non-recursive equivalent of (F.4). In the following, we will derive
specific GLRs assuming either a Gaussian or a super-Gaussian propagation error.

Gaussian Speech Prior

Assuming the Rayleigh distribution for the propagation error amplitudes (Gaussian speech
prior), i. e., using parameters η “ 2, β “ 1{σ2

Ē
, and ν “ 1 (cf. Table 2.1), the generalized

GLR (F.4) can be rewritten as

Λ�
0

ˇ̌̌
R

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ 2

σ2
Ē

¨
8ż
0

|Ē| ¨ exp
ˆ

´|Ē|2
„
1

σ2
Ē

` 1

σ2
D

j˙
¨ I0

ˆ
2|M | ¨ |Ē|

σ2
D

˙
d|Ē| (F.5)

with R denoting the Rayleigh assumption for the propagation error amplitudes. Utiliz-
ing [Gradshteyn and Ryzhik, 1965, Eq. (6.631.1)], (F.5) turns out to be (7.11). The corre-
sponding a posteriori SPP estimator can be obtained by (7.6).

Super-Gaussian Speech Priors

Assuming the chi distribution for the propagation error amplitudes (super-Gaussian speech
prior), i. e., using parameters η “ 2, β “ νχ{σ2

Ē
, and ν “ νχ (cf. Table 2.1), the generalized

GLR (F.4) turns out to be

Λ�
0

ˇ̌̌
χ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ 2ν

νχ
χ

Γpνχq ¨ σ2νχ
Ē

¨
8ż
0

|Ē|2ν´1 ¨ e´νχ
|Ē|2
σ2
Ē ¨ e´ |Ē|2

σ2
D ¨ I0

ˆ
2|M | ¨ |Ē|

σ2
D

˙
d|Ē| (F.6)
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where subscript χ denotes the chi assumption for the propagation error amplitudes. Us-
ing [Gradshteyn and Ryzhik, 1965, Eq. (6.631.1)] to solve the integral w. r. t. |Ē|, (F.6) can
be redefined as (cf. (2.72))

Λ�
0

ˇ̌̌
χ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨

ˆ
νχ

νχ ` ζ

˙νχ

¨ 1F1

ˆ
νχ; 1;

ςζ

νχ ` ζ

˙
. (F.7)

The corresponding generalized a posteriori SPP estimator can be obtained by (7.6)

Assuming the gamma distribution for the propagation error amplitudes (super-Gaussian
speech prior), i. e., employing parameters η “ 1, ν “ νΓ, and β “ a

νΓpνΓ ` 1q{σĒ for the
generalized estimator (E.7) (cf. Table 2.1), the generalized GLR (F.4) yields (cf. (4.4))

Λ�
0

ˇ̌̌
Γ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ rνΓpνΓ ` 1qs νΓ

2

ΓpνΓq ¨ σνΓ
Ē

¨
8ż
0

|Ē|νΓ´1 ¨ e´
?

νΓpνΓ`1q |Ē|
σĒ ¨ e´ |Ē|2

σ2
D ¨ I0

ˆ
2|M | ¨ |Ē|

σ2
D

˙
d|Ē|

(F.8)
with subscript Γ denoting the chi assumption for the propagation error amplitudes. Similar
to (4.4), the integral in (F.8) cannot be obtained in closed form. Using quadrature, however,
the result can be calculated numerically. For this, it is meaningful to reformulate (F.8) using
variable substitution |Ē|“k ¨ |M | and d|Ē|“k ¨ d|M | leading to (cf. (4.5))

Λ�
0

ˇ̌̌
Γ

“ P pH1|Y�´1
0 q

P pH0|Y�´1
0 q ¨ rνΓpνΓ ` 1qs νΓ

2

ΓpνΓq ¨
ˆ
ς

ζ

˙ νΓ
2 ¨

8ż
0

kνΓ´1 ¨ e´
?

νΓpνΓ`1q? ς
ζ
k ¨ e´ςk2 ¨ I0 p2ςkq dk.

(F.9)
This reformulation allows for obtaining the GLR as a function of the a priori SNR ζ and
the a posteriori SNR ς. The GLR (F.9) based on a super-Gaussian propagation error as-
sumption with gamma-distributed amplitudes can be computed by, e. g., the Gauss-Kronrod
quadrature [Brass and Petras, 2011]. Finally, the corresponding generalized a posteriori SPP
estimator can be obtained by (7.6).
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Appendix G

Derivations for

Recursive A Priori SPP Estimation

The aim of this appendix is to derive the likelihoods ppς�pkq|H1q and ppς�pkq|H0q for the
likelihood ratio test (7.18). For ease of readability, we will omit the frequency bin index k

in the following.

Starting with the likelihood of speech presence, we have to derive the PDF ppς�|H1q with
ς� “ |Y� ´ pS`

� |2{σ2
D,�. Please note that the argument within the absolute value operator

can be rearranged using the signal and channel model from Figure 6.1 as follows Y� ´ pS`
�

“ pS� ` D�q ´ pS`
� “D� ` pS� ´ pS`

� q “D� ` Ē� with D� and Ē� being the acoustic noise and
the propagation error, respectively. Since D� and Ē� are statistically independent, we can
write

pM�|H1pM� “ Y� ´ pS`
�

ˇ̌
H1q “ pM�|H1pM� “ D� ` Ē�

ˇ̌
H1q

“
ż
C

pD�
pY� ´ S�q ¨ pĒ�

pS� ´ pS`
� q dS�.

(G.1)

Assuming Gaussian noise (2.27) and Gaussian propagation errors (6.14) as well as employ-
ing polar integration using [Gradshteyn and Ryzhik, 1965, Eqs. (6.631.1), (8.406.3), and
(8.431.5)], the PDF (G.1) yields

pM�|H1pM� “ Y� ´ pS`
�

ˇ̌
H1q “ 1

πpσ2
D,� ` σ2

Ē,�
q ¨ e´ |Y�´ pS`

�
|2

σ2
D,�

`σ2
Ē,� “ 1

πpσ2
D,� ` σ2

Ē,�
q ¨ e´ |Y�´ pS`

�
|2

σ2
D,�

¨ 1
1`ζ�

(G.2)
which is still a Gaussian PDF with the variance σ2

D,�`σ2
Ē,�

. The quantity |M�|“|Y�´pS`
� | will

accordingly follow the Rayleigh distribution. Its PDF can be obtained by polar integration
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of (G.2) using M� “|M�| ¨ ejρ as (cf. (D.3))

p|M�|
ˇ̌
H1

´
|M�| “ |Y� ´ pS`

� |
ˇ̌̌
H1

¯
“ B

B|M�|
|M�|ż
0

2πż
0

pM�|H1

´
|M̃�| ¨ ejρ̃

ˇ̌̌
H1

¯
¨ |M̃�| dρ̃ d|M̃�|

“ 2|Y� ´ pS`
� |

σ2
D,� ` σ2

Ē,�

¨ e´ |Y�´ pS`
�

|2
σ2
D,�

¨ 1
1`ζ� .

(G.3)

Then, |Y�´ pS`
� |2 will follow the exponential distribution and its PDF is calculated according

to [Papoulis and Pillai, 2002, Example 5-2] as

p|M�|2
ˇ̌
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´
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� |2
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¯
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� |
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¯
“ 1
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Ē,�
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D,�

¨ 1
1`ζ� .

(G.4)

Finally, ς� “|Y�´ pS`
� |2{σ2

D remains also exponential distributed and its PDF can be obtained
according to [Papoulis and Pillai, 2002, Eq. (5-18)] as

pς�|H1

˜
ς� “ |Y� ´ pS`

� |2
σ2
D,�

ˇ̌̌̌
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¸
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� |2
σ2
D,�

ˇ̌̌̌
ˇH1

¸
“ 1

1 ` ζ�
¨ e´ ς�

1`ζ� .

(G.5)

Assuming speech absence, the likelihood ppς�|H0q can be derived in a similar way. Starting
with (G.1) and assuming that pĒ�|H0

pĒ� “ S� ´ pS`
�

ˇ̌
H0q “ δpĒ� “ S� ´ pS`

� q as in (7.8), the
likelihood of speech absence turns out to be (7.9). Assuming a bivariate Gaussian distribution
for the noise D�, the likelihood of speech absence yields

pM�|H0pM� “ Y� ´ pS`
�

ˇ̌
H0q “ 1

πσ2
D,�

¨ e´ |Y�´ pS`
�

|2
σ2
D,� . (G.6)

The absolute value of Y�´ pS`
� will than follow the Rayleigh distribution with the PDF
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|2
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D,� .

(G.7)

Then, the square of Rayleigh-distributed |Y�´ pS`
� | values will follow the exponential distri-

bution, i. e., the PDF of |Y�´ pS`
� |2 in speech absence turns out to be

p|M�|2
ˇ̌
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´
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(G.8)
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Finally, ς� “|Y�´ pS`
� |2{σ2

D,� will also follow the exponential distribution and the likelihood of
speech absence can be written as

pς�|H0

˜
ς� “ |Y� ´ pS`

� |2
σ2
D,�

ˇ̌̌̌
ˇH0

¸
“ σ2
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� |2
σ2
D,�

ˇ̌̌̌
ˇH0

¸
“ e´ς� .

(G.9)

Accordingly, the ratio of the likelihood of speech presence and the likelihood of speech
absence yields

ppς�|H1q
ppς�|H0q “ 1

1 ` ζ�
¨ e ς�¨ζ�

1`ζ� . (G.10)
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List of Symbols

1F1p¨q confluent hypergeometric function

A�pkq speech spectral amplitude

α�pkq speech spectral phase

A prediction coefficients

β parameter of the generalized gamma PDF

βDD smoothing factor of the decision-directed SNR estimator

C set of all complex numbers

D�pkq noise STFT coefficient

dpnq noise signal

Et¨u statistical expectation operator

Ē propagation (a priori estimation) error

η parameter of the generalized gamma PDF

expp¨q exponential function

ep¨q exponential function

fp¨q arbitrary function

Γp¨q gamma function

γ�pkq a posteriori SNR

gp¨q function to model estimation domains, such as the STS, the STSA, or the
LSA domain

H0 hypothesis of speech absence
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H1 hypothesis of speech presence

K�pkq Kalman gain

k frequency bin index

Λ generalized likelihood ratio (GLR)

� frame index

lnp¨q natural logarithm

ν parameter of the generalized gamma PDF

n discrete time index

P pH0 | Y q a posteriori SAP

P pH0q a priori SAP

P pH1 | Y q a posteriori SPP

P pH1q a priori SPP

pY |Sp¨q likelihood

pAp¨q speech spectral amplitude PDF

pS|Y p¨q posterior

pSp¨q prior

pY p¨q evidence

R�pkq noisy speech spectral amplitude

R set of all real numbers

S�pkq speech STFT coefficient

σ2
D,�pkq noise PSD

σ2
S,�pkq speech PSD

σ2
Ē,�

pkq propagation (or a priori estimation) error PSD

ς�pkq a posteriori SNR as defined in recursive MMSE estimation

pS�pkq estimated speech STFT coefficient
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pS`
� pkq a priori estimate of the speech STFT coefficient

spnq clean speech signal

ϑ�pkq noisy speech spectral phase

ξ�pkq a priori SNR

Y�pkq noisy speech STFT coefficient

ypnq noisy speech signal

ζ�pkq a priori SNR as defined in recursive MMSE estimation
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List of Abbreviations

AR autoregressive
BPSK binary phase-shift keying
DD decision directed
DFT discrete Fourier transform
GLR generalized likelihood ratio
i. i. d. statistically independent and identically distributed
IDFT inverse discrete Fourier transform
IMCRA improved minima controlled recursive averaging
ITU-T International Telecommunication Union, Telecom. Standardization Sector
LLR log-likelihood ratio
LMS least-mean-squares
LSA log-spectral amplitude
MAP maximum a posteriori
MCRA minima controlled recursive averaging
ML maximum likelihood
MMSE minimum mean square error
MS minimum statistics
MSB most significant bit
NLMS normalized least-mean-squares
OLA overlap-add
OM optimally modified
PCM pulse-code modulation
PDF probability density function
PSD power spectral density
RMS root mean square
SAP speech absence probability
SNR signal-to-noise ratio
SPP speech presence probability
SPU speech presence uncertainty
STFT short-time Fourier transform
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STS short-time spectral
STSA short-time spectral amplitude
VAD voice activity detection
w. r. t. with respect to
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