
Multichannel SAR

Interferometry based on

Statistical Signal Processing

Giampaolo Ferraioli
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Abstract

Interferometric SAR systems allow to reconstruct height profile of ear-

th surfaces. The height reconstruction is based on phase unwrapping

operation, which is an ill-posed problem since it admits infinite num-

ber of solutions. The phase unwrapping problem can be solved using

the multichannel InSAR approach, based on the combination of dif-

ferent images of the scene obtained by slightly different positions. An

effective way to combine the different interferograms is using stati-

stical estimation theory. In particular the Maximum Likelihood and

Maximum a Posteriori multichannel approach have proved to be ef-

fective and to be able to restore the uniqueness of the solution. In

this thesis the statistical multichannel phase unwrapping is deeply

analysed. In particular, instruments and methods to use InSAR mul-

tichannel configuration on real data and in urban areas are provided.

Moreover, a new fast and efficient multichannel phase unwrapping al-

gorithm is provided. The presented innovative techniques have been

tested on simulated data and real data, showing the consistence and

effectiveness of the proposed approaches.



Sommario

I sistemi Interferometrici SAR permettono la ricostruzione di profili di

quota della superficie terrestre. La ricostruzione di quota è basata sul-

lo dello srotolamento della fase. Il problema dello srotolamento della

fase è un problema mal posto in quanto ammette un numero infinito

di soluzioni. Tale problema può essere risolto utilizzando l’approccio

interferometrico multicanale, basato sulla combinazione di diverse im-

magini della stessa scena, ottenute da posizioni leggermente diverse.

Un metodo efficace per combinare i diversi interferogrammi è fornito

dalla teoria della stima statistica. In particolare, è stato dimostrato

che gli stimatori Maximum Likelihood e Maximum a Posteriori so-

no efficaci e sono in grado di restaurare l’unicità della soluzione. In

questo lavoro di tesi lo srotolamento di fase statistico multicanale è

esaminato a fondo. In particolare, sono forniti strumenti e metodi per

utilizzare la configurazione interferometrica multicanale su dati reali

e in ambiente urbano. Infine, un nuovo algoritmo veloce ed efficiente

per lo srotolamento multicanale della fase è mostrato. Le innovative

tecniche presentate sono state testate su dati simulati e su dati reali,

mostrando la consistenza e l’efficacia degli approcci proposti.
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Introduction

Statistical Signal Processing provides useful instruments to solve many problems.

In particular, Statistical Signal Processing is widely used to analyse and solve

labeling problems that occur in computer vision.

A labeling problem consists in finding the optimal configuration of image pixels

(i.e. attribution of labels to pixels) according to a specific criterion. Due to the

uncertainties in vision problem, the labeling problem is defined according to an

optimal criterion.

The best way to find the optimal solution for the labeling problem is to exploit

the instruments provided by the statistical estimation theory. There exist two

branches of the statistic estimation theory. The first one is known as Classical Es-

timation, the second one is the known as Bayesian Estimation. This two branches

give arise to two optimal criteria widely used: respectively the maximum likeli-

hood and maximum a posteriori criterion.

In particular, one of the most popular instruments provided by the statistical

estimation is the so-called MAP-MRF framework, that arises from the union of

Markov Random Fields theory and Bayesian estimation.

In this thesis statistical estimation instruments are applied to Synthetic Aperture

Radar (SAR) image processing, in the interferometric configuration (InSAR). In-

SAR technique allows the reconstruction of height profiles of earth surface. The

main task of InSAR processing is to solve the Phase Unwrapping (PhU) problem.

This is an ill posed problem if the so called Itoh condition is violated. An efficient

approach to solve the PhU problem is to use MAP-MRF framework together with

1



1. INTRODUCTION

a multifrequency and or a multibaseline SAR raw datasets. In this approach a

Local Gaussian MRF (LGMRF) is used to model the a priori distribution and the

Iterated Conditional Modes (ICM) algorithm is used for the optimization step.

The aim of this thesis is to deeply study and analyze the InSAR processing based

on Statistical Signal Processing. Recalls of Statistical Estimation theory are

made in the second chapter, with a particular attention to Markov Random Field

theory. Interferometric SAR systems and the height reconstruction problem are

addressed in the third chapter.

In the fourth chapter of the thesis the problem of the phase offset on interfer-

ometric data is considered and investigated. Real multichannel interferometric

data are known except for not controllable phases. This phase offset results as the

combination of various factors such as a nonperfect synchronization in the acqui-

sition system, SAR processing errors, atmospheric effects, and parallel-baselines

uncertainty. The phase offset is different for each different interferogram, but it

can be reasonably supposed to be slowly varying or spatially homogeneous on a

single interferogram. Estimation of these offsets is mandatory in order to retrieve

the absolute height profile using the multichannel LGMRF-ICM approach. A

technique to estimate phases offset, based on ML estimation is proposed. The ef-

fectiveness of this approach on height surface reconstruction problem is validated

and assessed on simulated data and real data.

In the fifth chapter the attention is focused on multichannel InSAR systems in

urban scenario. First an approach based on multichannel InSAR systems for the

edge detection in urban areas is proposed. The algorithm works on the difference

height between pixels. It is based on the estimation of the local hyperparameters

characterizing the Local Gaussian MRF (LGMRF) used to model the unknown

pixels height. The hyperparameters can be seen as an index of spatial correla-

tion between adjacent pixels. The method is tested on simulated and real data,

showing its capacity to overcome the problems typical of SAR edge detection,

due to the multiplicative behaviour of speckle. Then, an improvement of the

MAP multichannel phase unwrapping technique in case of urban layovered areas

is proposed. A methodology exploiting auxiliary data in DEM reconstructions is

applied, using optical data or the shadowing information from the SAR image.

2



These additional information are used in order to improve the a priori informa-

tion, from which the MAP multichannel height estimation starts. The results

obtained on simulated data show the goodness of the method.

In the sixth chapter a new fast algorithm, based on the MAP-MRF framework,

for the multichannel phase unwrapping problem is proposed. The idea is to im-

prove the LGMRF-ICM multichannel phase unwrapping. Despite is effectiveness

especially dealing with noisy data and big discontinuities, the LGMRF-ICM ap-

proach can be excessively time consuming and computationally heavy due to both

a priori model and optimization step. The proposed idea is to overcome these

limits by introducing a new a priori model based on Total Variation and using

energy optimization algorithms based on graph-cut theory. The new approach

gives similar solutions to the previous one but in much less computation time.

Furthermore, the exact solution of the phase unwrapping problem, related to the

new model, can be provided. A set of experimental results on both simulated

and real data illustrates the effectiveness of the approach.

Finally a quick overview on future developments of this work are shown. First

SAR Tomography is investigated in order to separate and to discriminate the

three complex contributions which collapse in layover pixels. A new solution

based on statistical signal processing and multichannel systems for the previous

problem is proposed. Then, Ground Based Interferometric systems are anal-

ysed. Preliminary studies on the achievable height reconstruction accuracy using

a multichannel configuration in the Ground Based systems are conducted.

3
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Statistical Signal Processing

2.1 Introduction

In this first chapter the labeling problem in computer vision is addressed. A

labeling problem consist into assigning a label configuration to a set of sites. Due

to the uncertainties in vision problem, the labeling solution is defined according

to an optimal criteria. The most used optimal criteria used in vision problems are

provided by the Maximum Likelihood Estimation and the Maximum a Posteriori

Estimation. The latter, together with Markov Random Field theory gives arise

to the MAP-MRF framework, which is a convenient and consistent instrument to

solve the mentioned problem. In the first part of the chapter, after introducing

the labeling problem, recalls of Statistical Estimation theory are made, related to

both Classical estimation theory and Bayesian estimation theory. Then, Markov

Random Fields are introduced. Their definition and their characteristic properties

are presented. Finally the MAP-MRF framework is analyzed providing useful

instruments (algorithms) to allow its implementation.

2.2 Labeling Problems

Many vision problem can be studied in terms of a labeling problem [1]. Formally

speaking a labeling problem is specified defining a set of sites and a set of labels.

5



2. STATISTICAL SIGNAL PROCESSING

If we define a set of sites S :

S = {1, ..., S} (2.1)

and we define a set of label

L = {1, ..., K} (2.2)

where S is the size of the site and K is the number of involved labels, a labeling

problem consists in assigning a label f taken form the label set L to a particular

pixel s that belongs to S. So a labeling can be seen as a mapping from S to L

according to an established criterion. The set of labels:

F = {f1, ..., fS} (2.3)

is called a configuration of the set S using the label set L. The sites are normally

the pixels of an image (S =row × columns), while the labels are some particular

features that have to be assigned to the involved pixels (i.e. pixels intensity in

restoration problems, one of the possible mutually exclusive regions in segmenta-

tion problems).

When the S sites have the same label set, the configuration space, which is the

set of all possible labels, is the given by:

F = L× L× L...× L = LS (2.4)

Among this configuration set only a limited number of labels can be applied

to a particular site, providing a good solution for the labeling problem. Due

to the presence of many uncertainties in vision problems, i.e. noise and other

degradation factors, the exact solution can be hardly determined. So the idea

in labeling problems, is often to find an inexact but optimal configuration of the

sites in terms of a specific criterion.

The best way to find the optimal solution for the labeling problem, due to the

inevitable uncertainties in vision problems, is to exploit the instruments provided

by the statistical estimation theory [2]. There exist two branches of the statistic

estimation family. The first one is known as Classical Estimation, the second one

is the known as Bayesian Estimation. This two branches give arise to two optimal

criteria widely used: the Maximum Likelihood and the Maximum a Posteriori

criteria, respectively [3].

6



2.3 Classical Statistical Estimation Theory

2.3 Classical Statistical Estimation Theory

The aim of the statistical estimation theory is to estimate unknown parameters,

considered as deterministic parameters, from a set of data, related to the unknown

parameters via a known relationships [2]. Consider the label f the parameter to

be estimated and d the set of N available data.

d = [d(0), d(1), ..., d(N − 1)] (2.5)

The target of the statistical estimation theory is to find an estimator f̂ for the

unknown parameter f , starting form the available data d and the data acquisi-

tion model. Since the collected data are implicitly random, they have to be de-

scribed in probabilistic terms using the probability density function (pdf) P (d; f).

Clearly, the data pdf depends on the parameters to be estimated. All the esti-

mation techniques based on the pdf are called classical statistical methods [2].

Since the estimator f̂ is a function of the data

f̂ = g(d) (2.6)

it has to be considered as a random variable. Thus its assessment has to be

performed in probabilistic terms (expectation and variance). With reference to

the expectation, we look for an estimator that has to be unbiased. This means

that its expectation has to be equal to the real value of the parameter:

E(f̂) = f (2.7)

In terms of variance, we look for an estimator that has the minimum possible

variance. If this estimator can be found, it will be the so called Minimum Variance

Unbiased (MVU) estimator. Note that the MVU estimator does not necessarily

exist.

To evaluate the performances of any Unbiased estimator (not necessarily the MVU

estimator) a fundamental instrument is given by the Cramer Rao Lower Bounds

(CRLB) theorem. This theorem provides the lower bound for the variance of any

unbiased estimator. Moreover, it provides a method to calculate under certain

conditions, in the case it exists, the MVU estimator [2]

7



2. STATISTICAL SIGNAL PROCESSING

Theorem 1 It is assumed that the data pdf P (d; f) satisfy the regularity condi-

tion:

E

(
∂ logP (d; f)

∂f

)
= 0 ∀f (2.8)

where the expectation is taken with respect to P (d; f). Then the variance of any

unbiased estimator f̂ must satisfy the follow inequality:

var
(
f̂
)
≥ 1

−E
(
∂2 lgP (d;f)

∂f2

) (2.9)

where the derivate is evaluated at the true value of f and the expectation is taken

with respect to p(d; f). Moreover, an unbiased estimator that reaches the limits

for any value of f can be found if and only if:(
∂ lgP (d; f)

∂f

)
= I (f) (g (d)− f) (2.10)

The estimator will be provided by:

f̂ = g (d) (2.11)

and the minimum variance will be:

var
(
f̂
)

=
1

I (f)
(2.12)

The term I (f) is known as Fisher Information and it equal to:

I (f) =
1

−E
(
∂2 lgP (d;f)

∂f2

) (2.13)

Any unbiased estimator that reaches the CRLB is defined to be an efficient esti-

mator.

Often the MVU estimator is difficult to be determined or in some cases it does

not exist at all. This leads to the introduction of a class of estimator based on

the so called Likelihood function. These estimators are easier to be determined

and have a wide practical use.

When the data d are observed, the pdf P (d; f) becomes a function of the un-

known parameter. This function is called likelihood function. The Maximum

8



2.3 Classical Statistical Estimation Theory

Likelihood Estimator (MLE) is defined as the estimator that maximizes the Like-

lihood function.

f̂ = arg maxfP (d; f) (2.14)

The MLE can be shown to be asymptotically efficient. This mean that, consider-

ing a large data set, the MLE is an unbiased estimator and it reaches the CRLB.

Moreover, asymptotically it has a Gaussian distribution. Often, the asymptotic

conditions are practically reached even if the data set is not so large.

Its practical definition and its asymptotically properties make the ML one of the

most used optimization criterion in vision problem.

Referring to the labeling restoration problem, d is the collection of noisy data

referred to a pixel and f is the true intensity for the pixel that has to be esti-

mated. Let consider, for example, the restoration problem in case of Additive

White Gaussian Noise (AWGN) with a variance equal to σ2. Suppose we have N

available data. The acquisition model is given by:

d(n) = f + w(n) for n = 0...N − 1 (2.15)

The maximum Likelihood solution, obtained starting from the noise pdf (the joint

pdf of all the noise samples w(n)), consist in

f̂ = arg maxfP (d; f) = arg maxf
1

(2πσ2)
N
2

exp

(
− 1

2σ2

N−1∑
n=0

(d(n)− f)2

)
(2.16)

which is equal to the the minimization of the Energy function

f̂ = arg minf

N−1∑
n=0

(d(n)− f)2 (2.17)

In case of ill-posed problems (or ill-conditioned problems), to restore the capa-

bility to reach a solution, some constraints have to be added. These constraints

are given by the regularization terms [4]. These regularization terms are based

on physical hypothesis and force the algorithm to a solution with some specific

characteristics. Considering the previous restoration example, if a regularization

is needed, the solution can be obtained by minimizing an energy function given

by:

f̂ = arg minf

[
N−1∑
n=0

(d(n)− f)2 + µr(f)

]
(2.18)

9
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where r(f) is the so called regularization term and µ is weighting factor which

balances between the data constraints (Likelihood function) and regularization

constraints.

2.4 Bayesian Estimation Theory

Bayesian Estimation theory is based on the hypothesis that the unknown param-

eter f is considered a random variable. With this assumption the configuration

set of a labeling problem (2.3) becomes a Random Field. A random field

F = {F1, F2, ..., FS} (2.19)

is a family of random variables defined on the set S where each random variable

Fs takes a value fs in L. The joint event (F1 = f1, F2 = f2, ..., FS = fS), denoted

with F = f , is a configuration of the field and it corresponds to a realization of

the random field. A random field is described by its joint probability distribution

PF (f) (pedix F is omitted in the following). The P (f) is the a priori distribution

of the labels.

According to the Bayes theory, when both Likelihood distribution P (d; f) and

priori distribution P (f) are known, the best solution is given by the Bayesian

Labeling.

In Bayesian Labeling, the estimator is obtained by minimizing a Bayesian Risk

R. The Bayesian Risk R is defined as:

R = E
(
C(f̂ , f)

)
=
∫ ∞
−∞

C(f̂ , f)P (f |d)df (2.20)

where d are the observed data, f is the true value, C(f̂ , f) is a Cost Function

and P (f |d) is the posteriori distribution. The posteriori distribution is defined,

according to Bayes Law as:

P (f |d) =
P (d|f)P (f)

P (d)
(2.21)

where P (d|f) is the Likelihood function, P (f) is the labels a priori distribution

and P (d) is the data distribution. The last term, P (d), does not give any con-

tribution to the estimation of the labels since it is a constant once the data are

10
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observed (it does not depend on the labels). The choice of the Cost Function

give arise to different estimators, with different characteristics. The choice of the

Cost Function is driven by the different weight given to the difference between

the estimate value f̂ and the true value f .

Mainly, two choices of the Cost Functions are made: a quadratic Cost Function

and a “hit or miss” function (see fig. 2.1).

Figure 2.1: Cost Functions - Quadratic Cost Function and a “hit or miss” Cost
Function where ε = ‖f̂ − f‖

The quadratic Cost Function (figure 2.1) defined as:

C(f̂ , f) = ‖f̂ − f‖2 (2.22)

assign a cost to the error between the estimate value f̂ and the true value f which

grows according to a quadratic law.

The “hit or miss” function (figure 2.1)

C(f̂ , f) =

{
0 if ‖f̂ − f‖ ≤ δ
1 otherwise

(2.23)

assigns a null cost to small errors and a cost equal to 1 in case of errors bigger

then a threshold δ. It can be shown that in case of a quadratic Cost Function

(2.22), the minimization of the Bayesian Risk is equivalent to find an estimator

which is the mean of the a posteriori distribution

f̂ =
∫ ∞
−∞

fP (f |d)df (2.24)

11
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In the case of the ‘hit or miss‘ Cost Function (2.23) the minimization of the

Bayesian Risk is equivalent to the maximization of the a posteriori distribution.

f̂ = arg maxfP (f |d) = arg maxf
P (d|f)P (f)

P (d)
(2.25)

For a detailed demonstration see [1]. Because P (d) is constant when the data

are observed,

P (f |d) =∝ P (d|f)P (f) (2.26)

the MAP estimator is found by

f̂ = arg maxfP (f |d) = arg maxfP (d|f)P (f) (2.27)

The latter estimator, known as the Maximum a Posteriori Estimator (MAP), is

one of the most popular and used estimator in labeling problems.

Lets focus on the MAP estimator (2.27) and in particular lets consider the ex-

ample of the restoration problem seen in the previous section. Suppose again

that the collected pixels are corrupted by an AWGN (2.15). The a posteriori

distribution is given by:

P (f |d) =
1

(2πσ2)
N
2

exp

(
− 1

2σ2

N−1∑
n=0

(d(n)− f)2

)
P (f) (2.28)

The MAP estimator is given by the minimization of

f̂ = arg minf

N−1∑
n=0

(d(n)− f)2 + lgP (f) (2.29)

This expression is very similar to the expression (2.17) obtained in the ML case.

There is a big and fundamental difference between (2.29) and (2.17). In the

Bayesian case, the additive term lgP (f) does not have anything of arbitrary, but

it comes directly from the labels distribution. In the Bayesian case the solution

is not forced towards a particular solution. The obtained solution is the most

natural possible solution.

As it can be easily understand, using the MAP approach, it is fundamental to well

describe and define the a priori Information, in order to do not obtain optimal

results. A common and widely spread method to model the a priori information

12
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is the one based on Markov Random Field theory. This theory allows to model

mainly any kind of processes, introducing contextual dependencies between the

site. The MAP approach together with the MRF theory give arise to the MAP-

MRF framework [5], which is one of the most used instruments in vision and

imaging problems.

2.4.1 Markov Random Fields

Markov Random Field is a theory widely used in image processing. Even if it

was already known before, it is with the work of Geman and Geman [5] in 1984

that MRF became very popular in image processing community. MRFs have

been used in the last two decades in many vision problems, such as restoration,

segmentation, edge detection and in reference to various application domains,

such as satellite imaging, medical imaging.

In vision problem the introduction of contextual information is fundamental.

Markov Random Field is a theory that provides an efficient instrument to model

the a priori distribution P (f) taking into account the contextual dependencies

of physical phenomena. To introduce Markov Random Field is necessary to first

introduce the concepts of Neighborhood Systems and Cliques (figure 2.2).

A Neighborhood System for the set S is defined as

N = {Ns|∀s ∈ S} (2.30)

where Ns is the set of neighbors of the site s. The neighboring relationship has

two properties:

• a site s is not neighbor to itself: s /∈ Ns;∀s ∈ S;

• the relation is mutual: s ∈ Nj ⇔ j ∈ Ns;

Commonly two structures are used for Ns in case of a 2-dimensional lattice S: the

4-connexity neighboring system and the 8-connexity neighboring system (figure

2.2). In the first one each site has the top, bottom, right and left site as it

neighbors. The latter includes also the 4 diagonal sites as neighbors.

A Cliques is a set of sites where each member of the set is a neighbor of all

the other members. A clique can be of different order (figure 2.2). The set of

13
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all the order cliques is denoted by C = C1 ∪ C2 ∪ . . .. Normally, first-order

and second order cliques are used, because higher order cliques cause too much

computational complexity. First order and second order cliques over S are denoted

by C1 = {s|s ∈ S} and C2 = {s, j|s ∈ S j ∈ Ns}. The interaction between sites

in a clique is referred as pixel interaction and is modelled by a clique potential.

Figure 2.2: Neighborhood Systems and Cliques - 8-connexity neighboring
system and Cliques of different orders

Let now consider the random field defined in (2.19). A random field is a

Markov Random Field (MRF) if and only if it satisfies two conditions:

P (f) > 0,∀f ∈ F (2.31)

P (fs|fS−{s}) = P (fs|fNs) (2.32)

The first condition is related to the positivity of the joint distribution. The sec-

ond condition, named Markovianity, implies that the the information of one site

s depends only on the information carried by its neighbors belonging to the con-

sidered neighboring system Ns. This second property allows to model the spatial

interactions between sites.

An MRF can be specified either by the joint distribution or by the local con-

ditional distributions. The first approach is preferred since the second one as
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different disadvantages [6]. Thanks to equivalence between MRFs and Gibbs dis-

tributions established by the Hammersley-Clifford Theorem [7], an MRF can be

conveniently analytically expressed in terms of joint distribution.

Theorem 2 F is an MRF on a system S with respect to the neighboring system

N if and only if F is a Gibbs Random Field on S with respect to N.

Many proof of this theorem exist [1; 6]. This equivalence makes the MRFs a

powerful and above all mathematically tractable instrument for signal processing.

A Gibbs random field is specified by a Gibbs distribution:

P (f) = Z−1 · exp (−U(f)) = Z−1 · exp

− ∑
C∈C

VC(f)

 (2.33)

where U(f) is the energy function C is the set of all cliques, Z is the so called

partition function and VC(f) are the clique potentials. Thus, after specifying

the energy function U(f) or equivalently the clique potential functions VC(f),

an MRF can be easily described using the same distribution as Gibbs Random

Fields (2.33).

Therefore, the a priori information, can be modelled by an MRF using a Gibbs

distribution, simply defining the energy function U(f). The choice of the energy

function is related to the particular problem to be solved.

Often the energy function U(f) depends on some parameters θ. These parameters

are introduced to allow the a priori model to be tuned or adjusted to achieve

the best possible results for each available data set. This parameters are called

hyperparameters. The hyperparameters θ have to be estimated (section 2.5.1).

2.4.1.1 Sampling an MRF

Once the MRF has been expressed in terms of Gibbs distribution, it is interesting

and useful, in order to use the MRF, to see how to generate the samples of an

MRF, starting from the Gibbs distribution P (f) (2.33). To obtain realizations of

a MRF two main algorithm have been developed: the Gibbs Sampler [5] and the

Metropolis Algorithm [8].

Both of the methods are based on Markov Chain Monte Carlo (MCMC). In

MCMC, a time sequence (Markov Chain) is generated, using the rule that at
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each time t, the next random state f (t+1) is generated according to the Markov

transition probability P (f (t+1)|f (t)). If an opportune transition probability is

chosen, the chain converges after a certain time t0 to the considered distribution

P (f). Thus the samples generated starting from the transition probability, after

the time t0, can be considered as the samples of the P (f). The time between the

starting time and t0 is known as burn-in period.

The steps of a MCMC are the follows:

1. set t = 0; generate an initial configuration f 0;

2. repeat until the maximum t is reached

• generate the next configuration f (t+1) according to the Markov transi-

tion probability P (f (t+1)|f (t))

• increase t

3. return the samples f t, with t > t0

So the procedure for the time t < t0 does not provide samples, since the chain is

not converged yet to the distribution P (f). The useful samples are only the ones

generated after the burn-in period. The choice of the transition probability func-

tion leads to different sampling algorithms, such as, for example, Gibbs sampler

and Metropolis Algorithm.

The Gibbs sampler generates the next configuration based on the conditional

probability. A candidate fs′ for the pixel s is randomly picked up from the con-

ditional distribution P (fs′|fNs). Basically the Gibbs sampler works as follows:

1. set an initial label fs;

2. repeat until a prescribed number of iterations have been performed (until

the convergence is reached);

• generate fs′ sampling from P (fs′|fNs)

• set fs = fs′

3. return the samples fs

16



2.4 Bayesian Estimation Theory

The Gibbs sampler can be difficult to be implemented, since the conditional

distribution has to be calculated, which can be a not easy task in some cases.

The Metropolis Algorithm generates the next configuration based on a energy

change, rather than on conditional probability. At each step, for each site a label

f ′ is generated starting from an uniform distribution in L (L is the set of the

possible labels). The energy related to this new configuration is computed and

it is compared to the energy related to the previous configuration. If the energy

is decreased ∆U < 0 (where ∆U is the difference between the two energies)

the configuration change is accepted. If the energy is increased ∆U > 0 the

configuration change is accepted or refused with probability p = exp(−∆U) and

1− p. The process is continued until the equilibrium is reached. The Metropolis

Algorithm generates the samples as follows:

1. set an initial label f ;

2. repeat until a prescribed number of iterations have been performed (until

the convergence is reached);

• generate the next configuration f ′ uniformly sampling from L;

• calculate the energy difference ∆U = U(f ′)− U(f);

• calculate p = min{1, exp(−∆U)}

• generate a random number v between 0 and 1

• if v < p then set f = f ′

3. return the samples f

It has been shown that both Gibbs sampler and Metropolis algorithm have the

Gibbs distribution as equilibrium [5]. Comparatively speaking the Metropolis

Algorithm is easier to be implemented since it does not involve the evaluation

of the conditional distribution. Anyway, the choice of the sampling algorithm is

strictly related to considered problem.
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2.5 MAP-MRF framework

MRFs together with Bayes law give rise to the MAP-MRF framework introduced

by Geman and Geman [5] , which is one of the most popular framework used in

labeling problems. In MAP-MRF framework the labeling is carried out using the

Maximum a Posteriori (MAP) estimation technique using an a priori distribution

modelled by an MRF.

The main aspect of this framework is that it considers the a posteriori distribution,

under some hypothesis, as a MRF.

Let consider again the a posteriori distribution:

P (f |d) =
P (d|f)P (f)

P (d)
=∝ P (d|f)P (f) (2.34)

where P (f) is a MRF and the P (d|f) is the likelihood term that depends on the

data. For the latter a valid hypothesis is to suppose the conditional independence

of the sites:

P (d|f) =
∏
s

P (ds|fs) (2.35)

Under this assumption and considering P (f) equal to the first term of equation

(2.33), the a posteriori distribution can be written as:

P (f |d) =∝ P (d|f)P (f) =∝ elgP (d|f)−U(f) =∝ e−U(f |d) (2.36)

where

U(f |d) =
∑
s∈S
− lgP (ds|fs) +

∑
C∈C

VC(f) (2.37)

Thus, the a posteriori distribution is still a Gibbs distribution. This means that

the a posteriori distribution is a Markov Random Field.

The procedure of the MAP-MRF framework to solve the labeling problem can be

summarized in three steps.

• Choose an appropriate MRF to model the a priori information: in order to

perform this step a neighboring system, a set of cliques and cliques potential

have to be defined.
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• Calculate the a posteriori distribution adding the likelihood function (ob-

tained from the acquisition model and the available data) to the a priori

distribution.

• Estimate the hyperparameters of the a posteriori distribution.

• Find the MAP solution.

2.5.1 Parameter Estimation

As stated before, the MAP-MRF model can largely improve the quality of the

achievable results in labeling problems. But, the MAP-MRF framework can also

create potential error when the model is not well adapted to the data. To avoid

these problems, and to allow the tuning of the model for different available data

set, some hyperparameters θ are introduced in the distribution P (f |θ).
The hyperparameters are not a priori known, so they have to be estimated. To

perform the hyperparameters estimation an ML estimation is carried out:

θ̂ = arg maxθlgP (f |θ) (2.38)

The previous estimation can be applied if the labels f are known. This is an

ideal situation, because in this case it is possible to find the optimal value of the

hyperparameter representing the image. Clearly, the hypothesis that the labels f

are known is a nonsense, since the knowledge of the labels is what we are looking

for. This case is the so called complete-data problem [1]. The incomplete-data

problem [1], instead, is the estimation problem when the labels f are not known,

so the hyperparameters have to be estimated indirectly from the available data

d (the classical situation).

2.5.1.1 Complete data problem

The complete data problem turns to be an interesting problem for two reasons.

First, as it will be clear successively, the complete data problem is the basis for

the solution of the incomplete data problem. It can be considered as a step for

the incomplete data problem solution.
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Secondly, the complete data problem can be used for simulation purposes, in or-

der to assess the estimation quality in the incomplete data problem. Suppose, we

have a known image. We can find the true hyperparameter using the complete

data problem. Then we simulate the the direct problem, generate the measured

data and estimate the hyperparameter using the incomplete data estimation on

these data. The comparison between the complete data results and the incom-

plete data estimation provides an idea of estimation technique accuracy.

The estimation in the complete data case is carried out maximizing (2.38). Any-

way, even in the complete data problem, finding the hyperparameter θ̂ can be

a not easy task [9]. The maximization of (2.38) includes the evaluation of the

partition function Z, which depends on the hyperparameter. A particular useful

MRF model that allows to avoid the problems related to this maximization is the

Generalized Gaussian MRF (GGMRF), for which a closed form of the estimation

problem can be provided [10]. The distribution of a GGMRF model P (f |θ, p) is

characterized by two hyperparameters θ and p, which are respectively a scale pa-

rameter and a shape parameter, with p ∈ [1, 2]. For our application, in the next

chapters, we will use the shape parameters set to p = 2, providing the Gaussian

MRF (GMRF).

The distribution of a GGMRF is given by:

P (f |θ, p) =
1

θSz(p)
· exp

(
−1

p
U(f |θ, p)

)
=

=
1

θSz(p)
· exp

−1

p

∑
C∈C

VC(f |θ, p)

 =

=
1

θSz(p)
· exp

− 1

θpp

S∑
s=1

∑
j∈Ns

(fs − fj)p
 (2.39)

where the partition function as been replaced by Z(θ) = θSz(p) [10] and S are

the number of involve sites.

For a given p, we perform the estimation of θ, using (2.38).

θ̂ML = arg maxθlgP (f |θ, p) = arg maxθ (−U(f |θ, p)− S log θ − log z(p)) (2.40)

The ML estimator can be found setting:

∂P (f |θ, p)
∂θ

|θ=θ̂ML
= 0 (2.41)
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Using (2.41) and (2.40), we obtain:

θ̂ML
1

Sp

∂U(f |θ, p)
∂θ

|θ=θ̂ML
= −1 (2.42)

U(f |θ, p) can be written as U(f |θ, p) = 1
θpU(f |p) (scalability properties of GGMRF

[10]). Thus

θ̂pML =
1

S
U(f |p) =

1

S

S∑
s=1

∑
j∈Ns

(fs − fj)p (2.43)

The estimation in closed form for the hyperparameter for a GGMRF, is a very

interesting and useful result, that will be used in next chapters.

2.5.1.2 Incomplete data problem

The incomplete data problem can be effectively solved using the Expectation-

Maximization (EM) algorithm [11]. The idea of EM algorithm is to first estimate

the missing data f as given the current estimation of θ̂, use f to “complete” the

data and then estimate a new θ̂ by maximizing the complete-data log likelihood.

This procedure is done iteratively. However, the complete-data log likelihood is

a function of the missing variables f . The EM algorithm proposes to use the

expectation of the complete-data log likelihood to remove this dependency. The

iterative steps of the EM algorithm are the follows:

• E-step: Compute the Expectation of the Conditional log-Likelihood func-

tion at the n-th step

Q (θ|θn) = E (lgP (f |θ)|d, θn) (2.44)

• M-step: Maximize Q (θ|θn) in order to update θ to the new value θn+1

θn+1 = arg maxθQ (θ|θn) (2.45)

The E-step computes the conditional expectation of the unobservable labels f

given the observed data d and the current estimation θn. The M-step performs

ML estimation as if there are no missing data.
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2.5.2 Optimization in the MAP-MRF framework

In order to search the minimum energy configuration of a Markov Random Field

(i.e. to maximizes the a posteriori distribution) different algorithms have been

developed. There exist deterministic and stochastic algorithms. Most of the de-

terministic algorithm works as follows: for a label f , the algorithm searches a

new configuration f ′ in the neighborhood of that label f ; if f ′ leads to an im-

provement, U(f ′) < U(f), than f is replaced by f ′; the process continues until

no further improvement can be made.

In the stochastic search, the condition U(f ′) < U(f) does not have to be neces-

sarily satisfied. Whether to accept f ′ for which U(f ′) > U(f) is decided to some

probabilistic rules. Two of the most used minimization algorithms are Simulated

Annealing [5] that belongs to the stochastic algorithms family and the Iterated

Conditional Modes (ICM) [6] that belongs to deterministic one.

2.5.2.1 Simulated Annealing

To explain the algorithm a quick introduction to Gibbs distribution with temper-

ature parameter is needed.

A Gibbs distribution with a temperature parameter T is defined as:

PT (f) = Z(T )−1 · exp

(
−U(f)

T

)
(2.46)

with T > 0.

It is interesting to see the different behavior of the distribution PT (f) at different

values of the temperature T . It can be shown that:

• when T → ∞ PT (f) converges to an uniform distribution, so all the con-

figuration have the same probabilities;

• when T → 0 PT (f) is uniformly distributed on the global minima (i.e. on

the configuration providing the minimum energy).

The algorithm is based on the following steps:

1. set a starting temperature T very high
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2. set an initial configuration f 0

3. at the n-th stage

• simulate a configuration by sampling the Gibbs distribution (2.46)

using the Metropolis Algorithm for a fixed temperature T n (see section

2.4.1.1)

• once the Metropolis algorithm converges to the equilibrium at current

T n, decrease T according to a carefully chosen schedule.

4. iterate until T is close to 0, when the system is “frozen” near the energy

minimum.

The decreasing schedule normally used is

T n >
C

log(1 + n)
(2.47)

where C is a constant (normally set to C = 3).

Kirkpatrick et al.(1983) [12] choose another decreasing schedule given by:

T n = kT (n−1) (2.48)

where k takes its values between 0.8 and 0.99.

Note that, opposite to the Gibbs sampler or the Metropolis algorithm that gener-

ate samples of the Gibbs distribution, the Simulated Annealing isolates only the

most probable values (global minima of the energy).

Geman and Geman showed in [5] that Simulated Annealing can reach the global

optimum regardless the initial configuration f 0. Simulated Annealing allows to

obtain the global optimum since it accepts to rise in energy. When the tem-

perature decreases the risings become less possible. The temperature decreasing

has to be performed very slowly to avoid the algorithm being trapped in a local

minima.

The Simulated Annealing even tough it can reach the global optimum, it can be

excessively time demanding, since many configurations have to be simulated for

each value of the temperature parameter T . Moreover the temperature parameter

T has to be decreased very slowly in order to avoid local minima.
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2.5.2.2 Iterated Conditional Modes

The Iterated Conditional Modes (ICM) algorithm has been proposed by Besag

[6]. The ICM is a deterministic minimization algorithm. ICM is still an iterative

algorithm that modifies at each step the labels fs of each site, but differently from

Simulated Annealing and others stochastic algorithm, the new value is chosen in

a deterministic way.

The algorithm goes through all the sites s and for each site s:

• calculate the local conditional probabilities P (fs|d, fNs) for each possible

value of fs

• update the label assigned to the site s at the k-th iteration using the value

that maximizes the conditional posteriori distribution:

fk+1 = arg maxfs
P (fs|d, fkNs

) (2.49)

So, given the data d and the other labels fkNs
, the algorithm sequentially updates

each fks into fk+1
s by maximizing P (fs|d, fkNs

) with respect to fs. The process

ends when the number of updates between two consecutive iteration becomes

small.

This algorithm, opposite to the Simulated Annealing is very fast and is not com-

putational heavy, since it just needs to evaluate the conditional a posteriori dis-

tributions. By the way the effectiveness of this algorithm is strictly related to the

initialization f 0 provided to the algorithm. The ICM, as a matter of fact, can

be seen as a Simulated Annealing but with a temperature parameter fixed to 0,

T = 0. This doesn’t make possible the energy rising of the Simulated Annealing,

so the ICM can often be trapped in the local minimum nearest to the initial

solution. How to properly set the initialization to obtain a good solution in not

known. A natural choice for f 0 is the MLE.

2.6 Conclusions

In this chapter the labeling problem in computer vision has been faced. The

labeling problem consists in finding the optimal configuration of a set of sites
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(attribution of labels to sites, normally the pixels of an image). The labels are

some particular features that have to be assigned to the involved sites. The con-

figuration is searched according to an optimal criteria. Two main criteria are

adopted in labeling problems: the Maximum Likelihood Estimation (MLE) and

the Maximum a Posteriori (MAP) Estimation [1]. In both approaches the idea is

to infer the estimation of the unknown parameter (the labels) from the available

measured data and the acquisition model.

The MLE belongs to the Classical Estimation theory which is based on the Like-

lihood function (i.e. the probability density function of the data, once the data

have been observed) which is a function of the unknown parameter. The unknown

parameter is considered as a deterministic value. In the Classical Estimation the-

ory a “good” estimator has to be unbiased (i.e the expectation of the estimator

returns the true value of the parameter) and has to reach by the CRLB. It can

be shown that the MLE is unbiased and reach the CRLB when enough data are

available [2].

The MAP estimator belongs to the Bayesian Estimation theory which is based on

Bayes’ Law. The main difference between the to theories is that in the Bayesian

theory, the unknown parameter is considered as a random variable, which can be

modelled by statistical distribution. A common way to model the a priori infor-

mation is provided by Markov Random Fields (MRF). The estimator is provided

by the maximization of the a posteriori distribution, given by the product of the

Likelihood function and the a priori distribution.

Together the MAP approach and MRF give arise to the MAP-MRF framework

introduced by Geman and Geman [5] which is the most used framework in label-

ing problems. The MAP-MRF framework can be summarized in 4 steps: chose an

appropriate MRF model for the a priori information, calculate of the a posteriori

distribution, estimate the parameters involved in the a posteriori distribution and

finally find the MAP solution.

In order to estimate the involved parameters, the Expectation Maximization al-

gorithm can be used [11]. In order to find the MAP solution, several optimization

algorithms have been developed. Two of the most used in vision problem are the

Simulated Annealing proposed bu Geman and Geman [5] and the ICM proposed

by Besag [6].
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Multichannel SAR

Interferometry

3.1 Introduction

In this chapter Multichannel InSAR systems are analysed. Multichannel InSAR

systems consist in combining two or more independent interferograms of the same

scene. Using the Multichannel InSAR configuration, together with a statistical-

based approach, in order to efficiently combine the different acquisitions, it is

possible to reconstruct the height profile of the considered scene. The height

reconstruction of a scene can be a ill-posed problem. Two statistical approaches

can be used: Maximum Likelihood and the Maximum a Posteriori approach. In

both cases the uniqueness of the solution is assured. While in the first case a

large number of interferograms is needed in order to achieve high reconstruction

accuracy, using MAP approach together with Markov Random Field the number

of interferograms needed is largely reduced.

In the first part of the chapter an introduction on Synthetic Aperture Radar is

given. Then Interferometric configuration and the height reconstruction problem

are introduced and deeply analysed. Finally the Multichannel InSAR configu-

ration together with ML and MAP solution for the reconstruction problem are

explained.
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3.2 Synthetic Aperture Radar

Synthetic Aperture Radar is a microwave active systems. Like others active sys-

tems, it emits microwave radiation to the ground and measures the electric field

backscattered by the illuminated area. The aim of SAR processing is to transform

the received signal into a high resolution image of the observed scene.

SAR, like the others Radar systems, is able to produce images from the backscat-

tered signal, starting form the measurement of time delay between transmitted

signal and received signal. The time delay is a function of the distance between

the sensor and the scatterer.

The obtained SAR images are available in the two radar conventional coordinates,

azimuth and range. The azimuth is the flight direction, while the range, which

is orthogonal to the first one, is the looking direction of the antenna (i.e. the

distance between the the sensor and the scatterer). Radar acquisition geometry

is shown in figure 3.1.

With this geometry, a pixel on a SAR image is identified by an azimuth coordi-

Figure 3.1: Radar acquisition geometry - The sensor flies in the azimuth
direction and looks in the range direction
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3.2 Synthetic Aperture Radar

nate and a range coordinate. SAR has different resolution on the two directions.

The resolution is defined as the minimum distance that two scatters points must

have in order to be solved. For the range direction the resolution is a function

of the band of the compressed signal. If τ is the length of the compressed signal

(and W is the bandwidth of the signal), the range achievable resolution is given

by [13]:

δr =
cτ

2
=

c

2W
(3.1)

where c is the speed of light. The range resolution is independent to the distance

between the sensor and the scatterer points.

To achieve a high resolution, a linear frequency modulated signal is transmitted,

the chirp. Using a chirp the energy of the signal is spread over a large bandwith

W . The energy is compressed again in a short time interval in the receiver using

a matching filter.

The given definition of the range is the one referred to slant range. It exists,

anyway, another definition of range: the ground range. Ground range is the

direction orthogonal to the azimuth on the ground. Clearly, the resolution in

ground range is different from the resolution is slant range. The relation between

the two is given by:

δg '
δr

cosψ
(3.2)

where ψ is the so called grazing angle, which is defined as the angle between the

radar line of sight and the local tangent plane at the point of the reflection on

the earth. The ground range resolution is coarser than the slant range resolution.

For azimuth resolution the SAR is different from conventional Radar systems. In

conventional radar systems the azimuth resolution at a given range r0 is given by

[13]:

δa ∝
λr0
L

(3.3)

where λ is the wavelength and L is the antenna length. So in order to increase

the azimuth resolution, it is necessary to use larger antennas and working at a

small distance from the scatters.

SAR systems take advantage of the fact that the response of a scatterer is con-

tained in more than one single radar echo. A scatterer point, in fact, remains in

the antenna beam for a significant period of time. So a scatter point is observed
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3. MULTICHANNEL SAR INTERFEROMETRY

by the SAR from different positions during the movement of the antenna on its

orbit (figure 3.2).

Figure 3.2: SAR acquisition system - The scatterer point is seen by the
antenna from different positions

Exploiting this, instead of using a large antenna, by coherently combining

the different echos relative to a scatterer point, SAR realizes a synthetic enlarged

antenna, a sort of antenna array.

Using this configuration [13] the azimuth resolution is completely independent of

the range distance and is determined only by the size of the real antenna L. At

a given range r0 SAR azimuth resolution is given by:

δa =
L

2
(3.4)

It would appear that a finer resolution can be obtained by simply making the

real antenna length L very small. This is true, but some ambiguities conditions

(in particular related to Pulse Repetition Frequency and the ground coverage ca-

pability of the SAR) place certain limits on this. A trade off between these and

other involved parameters is necessary [14], [15].

3.2.1 SAR images

SAR images are not very easy to be interpreted, differently from optical remote

sensing images. Due to the coherent data processing, SAR images show ampli-
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tude values characterized by the salt and pepper effect and a phase randomly dis-

tributed. Inside a resolution cell, many different scatterers are located, providing

a backscattered signal which is the coherent sum of all contributes characterized

by a random distribution.. This coherent interference is the basis for the scintil-

lation of SAR images, an effect often referred to as speckle. Thus, there is a wide

variation in the SAR image, even over homogeneous areas [16].

Another interesting aspect of SAR images is due to the fact that since in SAR

systems time delays are measured, points having the same distance to the an-

tenna are located in the same position in the image. This can become a problem,

or a source of misunderstanding of SAR images when areas with strong topogra-

phy are investigated. In such cases, different geometrical distortion induced by

the terrain can appear on SAR images. Three main geometrical distortion can

appear: foreshortening, layover and shadowing. The three effects are shown in

figure 3.3

Figure 3.3: SAR geometrical distorsions - Foreshortening, layover and shad-
owing effects in areas with strong topography

Let consider, first the foreshortening. A simplified terrain element (a trian-

gular mountain) A, B, C, is illuminated by the radar. The echos from points A,
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B, C are received at travel times that correspond in the slant range plane (image

plane in figure 3.3) to A′ B′ and C ′. It is clear that A′B′ is much shorter than

AB providing a tilting of the top of the mountain towards the sensor.

The layover is illustrated in the third subfigure 3.3. The layover phenomenon

arises when the slope of the mountain becomes bigger, from the side the slope is

seen. The point on the top of the mountain B is nearer to the sensor, so it is

mapped on the image plane before the point at the bottom of the mountain A

(farther from the sensor). The echo from AB is distributed in a reverse order on

the image plane (A′B′).

The shadowing effect is represented in the last subfigure of figure 3.3. This effect

happens when the radar signal is shadowed by the topography. Backscattered in-

formation is lost and no signal is collected from point A to point B. This causes

an area A′B′ on the image plane that contains no signal, but only systems noise.

The same geometrical distortions afflict urban scenario which is also character-

ized by strong topography (i.e. tall buildings). For a more detailed discussion

and analysis on the geometrical distortion and in particular on the layover phe-

nomenon in urban areas, refer to chapter 6.

3.2.2 SAR processing

A brief explanation of SAR processing is provided. For a more detailed one refer

to [13].

In a SAR signal processor specific operations are required to convert the raw

data (i.e. the acquired data) into an interpretable image. A SAR raw data is not

an image yet since point targets are spread out in range and in azimuth. The

spreading in range is due to the use of the chirp signal. The spreading in azimuth

is due the fact that the echo of a point target is contained in many received radar

pulse. The echo of a target point is received from the moving antenna for a time

defined as integration time. The core of SAR processor is to correctly and coher-

ently combine all this echo referred to the same target point received during the

integration time. The focusing is needed both in azimuth and in range dimension,

in order to create the image.
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The focusing of the signal is made using some reference function, opportunely

built. The reference functions are different for the range and for the azimuth

compensation. Moreover for the azimuth compensation, the reference functions

have to be adopted to the current range distance under investigation.

A simplified SAR processing sequence can be summarized as follows. The input

is a complex signal (the raw data). After a one dimensional Fourier Transform

(FFT) in range direction, each range line is multiplied with the FFT of the range

reference function. After the inverse FFT the data are compressed in range. An

FFT in azimuth direction is performed, followed by the multiplication with the

FFT of the azimuth reference functions. An inverse FFT is applied, providing a

compressed and focused SAR image. Note that after the range compression, the

so called range migration effect can happen and has to be compensated [13].

3.3 SAR Interferometry

SAR image is a complex image, whose phase is randomly distributed (section

3.2.1). However, the phase signal contains a lot of useful information. SAR In-

terferometric systems are based on the use of the SAR complex image phase the .

The term SAR Interferometry (InSAR) is referred to all methods that employ at

least two complex SAR images, exploiting the phase of the complex SAR signals,

in order to derive more information about an object respect to the information

provided by a single SAR image [17]. To provide additive information it is nec-

essary that at least one of the acquisition parameters is different from the first

acquisition.

There exist two possible configuration of SAR Interferometry: across track in-

terferometry and along track interferometry. In the across track configuration, 2

SAR sensors fly on two parallel flight lines and look at the ground from slightly

different position. In the along track configuration the 2 sensors fly on the same

flight direction, looking the scene from the same position but with a small tem-

poral delay. This system is mainly used for measurement of ocean currents [18]

and for moving target detection [19]. In this thesis the first configuration is con-

sidered.
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The geometry of an across track interferometric system is shown in figure 3.4.

Two SAR systems (SAR1 and SAR2) look at the scene from two different posi-

tions. SAR1 is the so called master antenna, SAR2 is the slave antenna. The

distance between the flight lines of the two SAR systems is called baseline B. The

component of the baseline orthogonal to the look direction is called orthogonal

baseline B⊥. The distance between SAR1 and the target point and SAR2 and

the target point are respectively R1 and R2. θ1,2 denote the look angle of the

sensors.

Across Track Interferometry is used to reconstruct earth topography, providing

high precision Digital Elevation Model (DEM) of earth surface. For the across

track configuration two approaches are possible. In the first one (repeat pass in-

terferometry) the same sensor comes back and take a second image from a slightly

different position In the second approach two antennas are mounted on the sensor

platform and operate in parallel (single pass interferometry).

Figure 3.4: InSAR geometry - The scene is seen from two different positions

Let consider the two complex images collected by the two sensors SAR1 and

SAR2, u1 and u2. The interferogram φ of the two images is obtained by taking

the phase of the product of the first image for the complex conjugate of the second

one:

φ = ∠u1u2
∗ (3.5)

φ = 〈φ1 − φ2〉2π (3.6)
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where φ1 and φ2 are the phases of a the pixels in the complex images and < . >2π

is the modulo-2π operation. It has to be noted, in fact, that the the acquisition

system can only measure the wrapped value of the phase. The phase is measured

in the principal interval φ ∈ [−π.π). The problem of recovering the absolute

value of the phase will be addressed in section 3.3.3.

The phase φ1 of a SAR image pixel consists of two terms (the same can be stated

for φ2): the first one is a geometrical term due to the distance between sensor and

object (proportional to the range distance R1). This is a strictly deterministic

term. The second one is the object-phase which results from the scattering process

on the object. The latter is a random value.

φ1 =
4π

λ
R1 + φobj1 (3.7)

φ2 =
4π

λ
R2 + φobj2 (3.8)

If the same object is observed two times from nearly the same position, it can

be assumed that the object phase φobj is the same for both observations. In this

case the phase difference between the two images (the interferogram) reflects the

difference in the sensor-scatterer distance. It provides a very accurate measure of

the difference in range [20], [21]:

φ = 〈4π
λ

∆R〉2π (3.9)

∆R can be estimated with a very high precision. In fact, while the absolute val-

ues of range distances are only known with the sensor resolution (some meters),

the interferometric phase can be measured with a subwavelength precision (mil-

limeters).

Since there is a relation between ∆R and h, the height of the observed scene, this

results allow to have very accurate and high resolution estimation of the height.

Let see how to obtain the measure of the height (which is what we are interested

in) from the knowledge of the phase.

3.3.1 Interferometer Height Sensibility

The measured phase is related to the height of that pixel. Let see how a topo-

graphic height change causes a proportional change in the interferometric phase.

35



3. MULTICHANNEL SAR INTERFEROMETRY

Figure 3.5 presents schematically the considered situation. The interferogram

Figure 3.5: InSAR height Sensitivity - A topographic height change ∆z causes
a proportional change in the interferometric phase ∆φ

related to the point S is given by (3.9). ∆R, the difference between the two dis-

tances sensor-scatterer R1 and R2 can be written as the projection of the baseline

B on the first antenna line of sight:

∆R ≈ R1 −R2 = B sin(θ − α) (3.10)

where α is the angle between the baseline B and the horizontal plane. B sin(θ−α)

is known as parallel baseline B‖.

Considered point S ′. It has a different height respect to point S. The difference

in height of the two points is set to be ∆z. The interferogram related to the point

S ′ is given by (3.9):

φ′ = 〈4π
λ

∆R′〉2π (3.11)

The variation ∆z determines a variation of the look angle ∆θ. Thus ∆R′ can be

written as:

∆R′ = R′1 −R′2 = B sin(θ + ∆θ − α) (3.12)
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Let see, now the change in height ∆z is reflected in the difference of the interfer-

ometric phases ∆φ:

∆φ = 〈φ− φ′〉2π = 〈4π
λ

(∆R−∆R′)〉2π =

= 〈4πB
λ

(sin(θ − α)− sin(θ + ∆θ − α))〉2π = 〈4πB
λ

(cos(θ − α)∆θ)〉2π
(3.13)

where a small angle approximation has been used. ∆θ is related to ∆z according

to the following relation:

∆z = H −R1 cos ∆θ = R1 cos θ −R1 cos(θ + ∆θ) =

= R1 cos θ −R1 cos θ cos ∆θ +R1 sin θ sin ∆θ =

= R1 sin θ∆θ (3.14)

where, again, a small angle approximation has been used. Substituting (3.14) in

(3.13) we finally obtain:

∆φ = 〈 4πB

λR1 sin θ
cos (θ − α) ∆z〉2π (3.15)

This relation provides the Interferometer Height Sensibility and provides the re-

lation between the measured phase and the height in absence of noise (nominal

phase).

3.3.2 Statistical Description

Let see how an interferogram can be characterized in statistical terms. As said

before, the resolution cell contains many scatterers. A convenient way to model

this situation can be obtained using a Gaussian scattering model [17]. This as-

sumption allow to obtain analytical expressions for the statistical characterization

of the interferograms [17].

Let consider the two SAR complex images u1 and u2 as two Jointly Circular Gaus-

sian processes (both real part and imaginary part of each of the two processes

are Gaussian). The joint probability density function is [22]:

P (w) =
1

π2|C|
exp

(
−w∗TC−1w

)
(3.16)
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where w = [u1u2]
T and C is the covariance matrix. the covariance matrix is

defined as:

C =

(
E[|u1|2] γI
γI E[|u2|2]

)

where I =
√
E|u1|2E|u2|2 and γ is the so called coherence coefficient. The phase

of the coherence coefficient is the expected interferometric phase of the considered

pixel. Its magnitude of γ is related to the noise affecting the interferograms (see

section 3.3.2.1 for more details on the coherence coefficient).

The marginal pdf of the phase can be derived from the joint pdf of phase and

amplitude of the product u1u2
∗ [23].

Its expression is [22; 23]:

P (φ) =
1

2π

1− |γ|2

1− |γ|2 cos(φ− φ0)2

(
1 +
|γ| cos(φ− φ0) arccos(−|γ| cos(φ− φ0))

(1− |γ|2 cos(φ− φ0)2)1/2

)
(3.17)

This pdf is described by two parameters φ0, the nominal phase used for the

height reconstruction and |γ| the magnitude of the coherence coefficient. If only

an interval centered in φ0 is considered, corresponding to the principal interval

(i.e. φ ∈ [−π, π)), the expectation and the variance of φ are given by [17]:

E[φ] = φ0 (3.18)

σφ
2 =

π2

3
− π arcsin(|γ|) + arcsin2(|γ|)− Li2(|γ|)2

2
(3.19)

where Li2() is the Euler’s dilogarithm. The behaviour of the phase pdf (3.17) for

different values of the parameter |γ| is shown in figure 3.6.

In case |γ| = 0 (noisy data), the pdf becomes a uniform pdf, while in case

|γ| = 1 (noise-free data) it becomes a Dirac function.

3.3.2.1 Coherence Coefficient

The coherence coefficient γ is defined as the the normalized complex cross corre-

lation between the two images [17] u1 and u2:

γ =
E[u1u2

∗]√
E|u1|2E|u2|2

(3.20)
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Figure 3.6: Interferometric phase pdf - Pdf of the interferometric phase
(3.17), for different values of the coherence coefficient |γ|

An expectation is needed for its evaluation. Since only one measurement is avail-

able to calculate the coherence coefficient γ of a pixel, in practice the expectation

value has to be replaced by a spatial averaging of the considered pixels with his

neighboring pixels [17].

The magnitude of γ assumes value between 0 and 1 (0 ≤ |γ| ≤ 1). A value of

|γ| = 1 comes from a perfect smooth phase, a value of |γ| = 0 means only noise.

The interferometric phase is noisy because the assumption that the object phase

φobj is identical in both SAR images is not always correct.

The coherence coefficient can be seen as the product of different terms:

γ = γSNRγtγH (3.21)

These three terms influence the global γ behaviour.

γSNR is related to the influence of finite Signal to Noise Ratio (SNR). γt is related

to the temporal decorrelation in repeat pass mode (see beginning of section 3.3).

The decorrelation can happen because the scatterer orientation slightly changes

in the two passes. Finally, γH describes the decorrelation caused by the fact that
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the two SAR images are acquired using different positions. This latter term can

be written as:

|γH | = 1− 2 cos θδgB⊥
λR1

(3.22)

where all the symbols have been defined previously. Equation (3.22) can be

written as:

|γH | = 1− B⊥
Bcrit

(3.23)

The Bcrit is the so called critical baseline. It corresponds to a complete decorre-

lation of the interferometric images (|γH | = 0). The two interferometric images,

in this case, cannot be used to form the interferogram (i.e. they see a different

scene) [17].

3.3.3 Phase Unwrapping

SAR Interferometry allows to reconstruct height profile starting from the measure

of the interferometric phase, using the relation (3.15). As mentioned before, the

measured phase φ is known only in the principal interval φ ∈ [−π.π). The relation

between height h and phase φ is, in absence of noise: has to written as:

φ = 〈 4πB

λR1 sin θ
cos(θ − α)h〉

2π

(3.24)

In order to reconstruct the height profile it is mandatory to restore the absolute

values of the phase (ϕ ∈ (−∞∞)). This problem is defined as Phase Unwrapping

operation.

Suppose that:

ϕ = φ+ 2kπ (3.25)

where ϕ is the true value (the absolute value) and φ is the wrapped measured

phase value (the modulo-2π) and k is an integer accounting the number of 2π

multiples. For a detailed treatment on phase unwrapping refer to [24]. Phase

unwrapping (PhU) is the process of recovering ϕ from φ. This is, however, an

ill-posed problem, since it admits an infinite number of solutions, if no further in-

formation is added. A regularization based on physical considerations, is needed

to solve the problem.

Most phase unwrapping algorithms are effective only in case the Itoh condition
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[25] is respected. The Itoh condition sets that the absolute value of phase differ-

ence between neighboring pixels is less than π. If this assumption is not violated,

the absolute phase can be easily determined, up to a constant. Itoh condition can

be violated in InSAR systems if the true phase surface is discontinuous, or if the

wrapped phase measured phase is noisy. In both cases PhU operation becomes a

very difcult task.

Phase unwrapping approaches belong mainly to three classes: path following [21],

[26], minimum norm [27], [28], and statistical estimation approaches [29], [30].

Path following algorithms apply line integration schemes over the wrapped phase

image, and basically rely on the assumption that Itoh condition holds along the

integration path. Wherever this condition fails, different integration paths may

lead to different unwrapped phase values. This approach includes the so-called

Branch Cuts [24; 26]. In this approach the problem is not solves by a global

approach (i.e all the observed phases are used to solve the problem), preventing

these methods to be robust.

Minimum Norm methods try to find a phase solution φ for which the Lp norm of

the difference between absolute phase differences and wrapped phase differences

is minimized. This is, therefore, a global minimization in the sense that all the

observed phases are used to compute the solution. In the case p = 2, we have a

least squares method [31]. A drawback of the L2 norm-based criterion is that it

tends to smooth discontinuities, unless they are provided as binary weights. L1

norm based criterion [28] performs better than L2 norm in preserving disconti-

nuities.

However, as said, these algorithms suffer of important limitation concerning dis-

continuities. Moreover most of these approaches do not exploit statistical proper-

ties of the noise present on the data so that these algorithms are not optimal from

the information-theoretic point of view. The least squares method can provide

the optimal solution only in the case of Gaussian noise. Since the interferometric

noise is not Gaussian (the Gaussian nature of interferometric noise is an approx-

imation) but it has a distribution provided by (3.17), the solution provided by

least squares method is a suboptimal solution.

Statistical approaches relies on a data observation mechanism model. In case also

the a priori knowledge of the phase is considered, these approaches are known as
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Bayesian approaches. Bayesian approaches can be optimal from the information-

theoretic point of view but they are not able to restore uniqueness of the solution

[29], [30].

An efficient solution for PhU problem, both from a information-theoretic point

of view and from the ability to restore the uniqueness of the solution, even in

case of high discontinuities, is the Multichannel phase unwrapping (MCPhU).

This method can be used in case several related SAR interferometric data are

available [32], [33], [34], [35]. In the next section the MCPhU solution will be

presented and analysed.

3.4 Multichannel SAR Interferometry

In this section the Multichannel Phase Unwrapping (MCPhU) approach is exam-

ined. MCPhU approach consists in combining two or more interferograms of the

same scene [32], [33], [36], [35]. The MCPhU approach can be realized using two

different configurations: multifrequency and multibaseline configurations.

Multifrequency configuration consists in using sensors operating at different fre-

quencies and/or by partitioning the Fourier spectrum in non-overlapped sub-

bands [36]. Since the sub-bands are not overlapped, it easy to show that the

different obtained interferograms are statistically independent.

Suppose we have image pairs, each pair acquired in N non overlapped subbands

(i.e. obtained by band pass filtering the full bandwidth images through N non

overlapping Linear Filters). We combine the image pairs related to the same

subbands in order to obtain the N interferograms:

φn = ∠u1,nu2,n
∗ with n = [1, 2, · · · , N ] (3.26)

where n is one of the N available subbands. The two images u1 and u2, for each

n, are assumed to be correlated narrowband Gaussian processes (section 3.3.2).

The processes u1,n are Gaussian and uncorrelated from each other because they

are obtained by passing the Gaussian process u1 through N linear time invariant

(LTI) filters whose passbands are non overlapped (figure 3.7). Thus, they are

also statistically independent from each other. The same can be stated for u2,m.
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Figure 3.7: Multifrequency interferograms generation - Generation of mul-
tifrequency InSAR data using N linear time invariant filters

By the same considerations it follows that the processes u1,n u2,m are independent

if n 6= m, while they remain correlated if n = m. Consequently, the N interfero-

grams are statistically independent.

In order to have a larger number of subbands, and equivalently more independent

interferograms, a multilook process can be applied. The multilook operation con-

sists in dividing the azimuth bandwidth of the system in different non overlapped

subbands. An example of multifrequency configuration using 2 different frequen-

cies (no subbands on the range spectrum) and an azimuth spectrum partition

(multilook) is shown in figure 3.8. Note that partition of the spectrum in sev-

eral subbands, determines that the images are processed at a reduced bandwidth.

Since the spatial resolution is proportional to the processing bandwidth, the final

images exhibit a loss of spatial resolution [37]. So, if we reduce the bandwidth of

a factor equal to k, the spatial resolution will results k times lower. A trade off

between the spatial resolution and the number of subbands has to considered

Multiple interferograms can be obtained also by considering the multibaseline

configuration. The multibaseline approach consists in considering more than

two SAR images obtained with slightly different view angles. The multibase-
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Figure 3.8: Multifrequency configuration - Fourier spectrum partition with
2 working frequencies (X-band and C-band) and 4 azimuth subbands, allowing
N = 8 channels

line configuration in case of 2 baselines is shown in figure 3.9. The indepen-

Figure 3.9: Multibaseline configuration - Dual baseline InSAR system geom-
etry

dence between interferograms obtained in multibaseline configuration is not easily

achieved. Consider a dual baseline configuration, the independence is satisfied

only when four images are used to form the interferograms, and such four im-

ages are chosen in such a way that the spectrum of the first image pair and the

spectrum of the second image pair are not overlapped. An interesting study on
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multibaseline configuration, in case the interferograms are not statistical inde-

pendent is provided by [38].

To achieve this condition, the two image pairs have to be acquired at a distance

larger than the critical baseline (3.23) [36].

Starting from the relation (3.24) between the nominal phase φ0 and the height

of the considered pixel h, in case of N independent interferometric channels and

considering the interferometric noise, the interferometric measured phase signal

of a pixel can be written as:

φ(s) =< αnh(s) + wn(s) >2π (3.27)

where

• αn =
4πB⊥,n

λR0sin(θ)
in case of multibaseline method,

• αn = 4πB⊥
λnR0sin(θ)

in case of multifrequency method.

The index s refers to the pixel position inside the image of size S, index n to

the considered channel which is one of the N possible interferograms (frequencies

or baselines), w is the phase decorrelation noise. The others parameters have

been previously defined (section 3.3). Defining these notations, the height re-

construction problem consists in estimating the height values h(s) of the whole

scene, using the S ×N measured available wrapped phases φn(s).

Different methods to estimate the height values, exploiting N independent chan-

nels exist [32]. In the next sections the attention will be focused on the two

methods proposed by [36; 39], both based on statistical signal processing. The

first one relies on Maximum Likelihood (ML) estimation (section 2.3), the second

one on Maximum a Posteriori (MAP) estimation (section 2.4).

3.4.1 Maximum Likelihood Estimation

In the Maximum Likelihood (ML) Estimation (section 2.3) approach the height

value h(s) is seen as a deterministic parameter. The approach is based on finding

the value of h(s) that maximizes the likelihood function. This problem can be

seen as a labeling problem (section 2.2) where the sites are the image pixels s,

the data are the measured interferograms φ(s) and the labels are the height value
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h(s) to be assigned to the site s.

To explain how the methods works let start from the singlechannel case and then

move to the multichannel one. Consider the probability density function of the

interferometric measured phase φ(s) given the actual phase φ0(s) (nominal phase)

(3.17), in the principal interval (φ ∈ [−π.π)) Substitute the nominal phase φ0(s)

with its relation to the height (3.15) and taking into account the periodicity of

the cosine function we obtain the pdf of the measured phase φ(s) given the actual

elevation h(s):

P (φ(s);h(s)) =
1

2π

1− |γ(s)|2

1− |γ(s)|2 cos(φ(s)− αh(s))2

×
(

1 +
|γ(s)| cos(φ(s)− αh(s)) arccos(−|γ(s)| cos(φ(s)− αh(s)))

(1− |γ|2 cos(φ(s)− αh(s))2)1/2

)
(3.28)

Once the data have been observed (3.28) becomes the likelihood function, a

function of the unknown parameter h(s) (section 2.3). The plot of the likelihood

function (3.28) for a given value of the interferometric phase φ(s) and for a fixed

value of γ(s) is shown in figure 3.10(a).

The likelihood function is periodic with period Th = 2π
α

= R1 sin θλ
B⊥

and then it

exhibits an infinite number of global maxima. Note that the period Th depends on

λ and on B⊥, in particular it increases when λ increases (when working frequency

decreases), and decreases when B⊥ increases. The ML solution is given by [36]:

ĥ(s)ML = arg maxhP (φ(s);h(s)) (3.29)

that provides infinite solutions as likelihood function is periodic.

To avoid these ambiguities multichannel interferograms can be used. Considering

N independent measured interferograms (φn con n ∈ 1, 2, ·N), obtained using N

independent channels (section 3.4). The overall multifrequency likelihood func-

tion is given by the product of the N singlechannel likelihood functions (3.28):

F (Φ(s);h(s)) =
N∏
n=1

P (φn(s);h(s)) (3.30)

where Φ(s) = [φ1(s), φ2(s), · · ·φN(s)]T is the measured wrapped data vector rel-

ative to the pixel s. The multiplication of N single-channel likelihood functions
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with different periods (effect of different baselines and/or working frequencies)

avoids multiple global maxima which are presented in single-channel likelihood

function, at least in the range of interest for h. This is shown in figure 3.10 . The

(a) (b)

(c) (d)

Figure 3.10: Singlechannel likelihood functions (3.10(a), 3.10(b), 3.10(c)) and
multichannel likelihood function 3.10(d) given by the product of the previous three

plot of N = 3 singlechannel likelihood function, with different period, for given

values of the interferometric phase (Φ(s) = [φ1(s), φ2(s), φ3(s)]
T ) are shown in

figs 3.10(a),3.10(b), 3.10(c). The multichannel likelihood function (product of the

N = 3 singlechannel likelihood function) is shown in figure 3.10(d). The multi-

plication of the N = 3 singlechannel likelihood function avoids multiple global

maxima.

47



3. MULTICHANNEL SAR INTERFEROMETRY

The multichannel ML (MCML) solution is given by:

ĥ(s)MCML = arg maxhF (Φ(s);h(s)) = arg maxh

N∏
n=1

P (φn(s);h(s)) (3.31)

The solution of (3.30) represents the solution of the problem.

The MCML approach is able to restore the uniqueness of the solution. The

drawback of MCML solution is that its performances depend significantly on the

number of interferograms used. Reliable and good accuracy reconstructions (also

in presence of critical scenario) can require a large number of channels, especially

in presence of low coherence areas [36]. An effective way to reduce the number

of needed interferograms and to increase the reconstruction accuracy is the MAP

method proposed by [39].

3.4.2 Maximum a Posteriori Estimation

In the Maximum a Posteriori (MAP) Estimation approach (section 2.3) the height

value h(s) is seen as a random variable, modelled by an a priori distribution.

Therefore, introducing an a priori information about the profile, the MAP ap-

proach is based on finding the value of h(s) that maximizes the a posteriori

distribution [39]. Like the ML estimation, also this problem can be seen as a

labeling problem (section 2.2) where the sites are the image pixels s, the data are

the measured interferograms φ(s) and the labels are the height value h(s) to be

assigned to the site s. In this case the labels are seen as random variables.

Let h = [h(1)h(2) · · ·h(S)]T the unknown image, seen as a realization of the ran-

dom vector H. The unknown random image can be modelled by some statistical

distribution. The distribution is usually defined in such a way to assign high

probability to particular pixel configurations. In our case, being the unknown

image representative of the elevation of a geographic area, a strong contextual

pixel information is very likely to be. In section 2.4.1 we have seen that an ex-

cellent and powerful instrument to model the a priori information, taking into

account the spatial constraints between image pixels are the Markov Random

Fields (MRF).

Any MRF can be expressed in terms of Gibbs distribution (section 2.4.1, theorem
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2). Therefore, the a priori can be modelled by (2.33):

P (h, θ) = Z(θ)−1 · exp (−U(h, θ)) (3.32)

For our aim a valid choose for the energy function U(h, θ) is the Local Gaussian

MRF (LGMRF). According to this model, the energy function is set to be:

U(h,θ) =
S∑
s=1

∑
j∈Ns

(h(s)− h(j))2

2θ2
s,j

(3.33)

This model is actually a particular case of the GMRF (GGMRF (2.39) with

shape parameter p = 2) [10]. Differently from the GMRF model the LGMRF

is locally defined. In the GMRF the hyperparameter θ is a scalar (i.e. one

hyperparameter for all the image). In the case of LGMRF the hyperparameter

θ is a vector (i.e. one hyperparameter for each couple of pixels). Note that the

hyperparameter θ and the neighbouring system Ns have been defined in (section

2.4.1). In the LGMRF model the hyperparameter θs,j is seen as an index of

the spatial correlation of neighboring pixels. High value of θs,j means that the

probability that to neighboring pixels s and j assume very different height values

is high. Low value of θs,j means that the probability that h(s) and h(j) are

different is small. By changing the hyperparameter θs,j, the LGMRF can be

adapted to describe the image local nature. This leads to a powerful and general

model, well suited to represent a wide class of height profiles.

The local hyperparameters turns to be a very powerful instrument, because they

allows to localize the flat regions and the discontinuities of the image, taking into

account the local characteristics of the profile, and generating a hyperparameter

map for the profile, very useful for the height reconstruction.

θs,j are not known but they have to be estimated (see section 2.5.1). Once the

hyperparameter θs,j have been estimated the MAP solution is given by, following

Bayes law

ĥ = arg maxhF (Φ|h)P (h,θ)

= arg maxh log

[(
S∏
s=1

F (Φ(s)|h(s))

)
P (h,θ)

]

= arg minh

− S∑
s=1

logF (Φ(s)|h(s)) +
S∑
s=1

∑
j∈Ns

(h(s)− h(j))2

2θ2
s,j

 (3.34)
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where

Ppost(h|Φ) = F (Φ|h)P (h,θ) (3.35)

is the a posteriori distribution of h.

As said, the hyperparameter vector θ has to be estimated (2.5.1). The estimation

of θ is carried out using Maximum Likelihood estimation.

Suppose the pixels height h(s) are known. The estimation problem in this case is

the complete data problem. An effective way to estimate the scalar hyperparame-

ter θ in the complete data problem is provided in closed form by [10] (see section

2.5.1.1). Using the closed form (2.43) and considering a local hyperparameter

and 8-connexity neighbouring system Ns, the hyperparameter θs of the pixel s

can be calculated in closed form as:

θ̂s
2

=
∑
j∈Ns

(h(s)− h(j))2

9
(3.36)

So if h(s) is known for all the pixels image, (3.36) provides the estimation of the

parameters θ̂s
2

foo the complete data problem.

Since h(s) is not known (incomplete data problem), it has to be first estimated and

then used to implement (3.33). To solve this problem an efficient algorithm is the

Expectation Maximization algorithm, which is a technique for finding the MLE

of hyperparameters in case of incomplete data problems (section 2.5.1). Using

the EM algorithm the hyperparameter estimation at the (k + 1)-th iteration is

θ̂s
2
(k + 1) = E

∑
j∈Ns

(h(s)− h(j))2

9
|Φ, θ̂s

2
(k)

 (3.37)

For the evaluation of the conditional expectation, thanks to the ergodicity of the

a posteriori distribution [5], the expectation can be approximated by sample av-

eraging. Samples of h(s) at the k-th iteration are mandatory. The sampling is

performed starting from the a posteriori distribution of h (3.35). The a posteriori

distribution can be considered as the probability density function of a MRF. It

has the expression of a Gibbs distribution. So, to obtain realizations of this MRF

the Gibbs Sampler [5] or the Metropolis Algorithm [8] can be used (see 2.4.1.1).

Once estimated all the hyperparameters, the hyperparameter ˆθp,q is set to be the

mean of the hyperparameter θ̂s and of the hyperparameter θ̂j.
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After the hyperparameter estimation is performed, the height reconstruction is

carried out using (3.34). In order to isolate the modal value of (3.34), the Simu-

lated Annealing (2.5.2.1) can be used. This can be excessively time demanding,

so a semi-deterministic solution is achieved using the ICM (section 2.5.2.2) al-

gorithm. The ICM is initialized with high-probability samples of the image gen-

erated in the hyperparameter estimation step (3.37). This approach guarantees

a good grade of effectiveness in terms of convergence, and at the same time a

realistic convergence time.

The presented MAP method can be particularly useful to solve the reconstruction

problem (3.24) when no permanent scatterers [40] are present in the considered

are (coherent target reflecting structures on the ground) and when the interfero-

grams are characterized by low coherence coefficients.

Starting from the point that the multichannel methods (both the MAP and ML)

are able, exploiting different channels, to restore the uniqueness of the solution

for the height reconstruction problem (section 3.24) and to get the corrthe ect

solution, an interesting work on the high accuracy achievable using the Multi-

channel (in particular a multibaseline configuration) approaches has been recently

conducted [41]. The results of this analysis show that MAP approach always out-

performs the ML one and its attainable accuracy is not sensitive to the baseline

choice, while mainly depends on the ground slope.

3.5 Conclusions

In this chapter the Multichannel Interferometric Synthetic Aperture Radar sys-

tems have been considered. Synthetic Aperture Radar are microwave active sys-

tems that like others active systems, emit microwave radiation to the ground

and measure the electric field backscattered by the illuminated area [37]. Differ-

ently from other radar systems, SAR can achieve high azimuth resolution, even

if mounted on moving platforms far away from the target (satellites).

InSAR systems consist in combining at least two complex SAR images of the

same scene, seen from two slightly different position. Exploiting the phase of the

two complex images, InSAR systems are able to reconstruct the height profile of
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earth surfaces. In order to perform the height reconstruction the Phase Unwrap-

ping (PhU) operation has to be performed [17].

The PhU operation consists in the transformation of the wrapped interferometric

phase signal (that assumes its values in the principal interval), into an unwrapped

phase signal whose values are not limited to the principal interval. As the un-

wrapped phase signal is related to the height profile of the earth surface, the PhU

operation allows to recover the terrain topographic map.

The PhU problem is an ill-posed problem, since infinite height profiles exist such

that they can be wrapped in the same interferogram, so this problem must be

regularized. Many techniques have been applied trying to regularize the PhU

problem [24], [28]. Often these techniques are not able to restore the uniqueness

of the solution when the Itoh condition is not satisfied (images characterized by

high discontinuities between adjacent pixels, bigger than π). Moreover, most of

them do not exploit statistical properties of the noise present on the data, so that

these algorithms are not optimal from the information theoretic point of view.

To recover the solution uniqueness without imposing any constraint on the height

profile of the ground surface even in the case where the Itoh condition is violated,

different solutions have been designed exploiting the availability of many interfer-

ograms referred to the same scene, obtained, for example, using different baselines

or different frequencies. This case is generally indicated as multichannel InSAR

configuration [32], [33], [36]. In such situation, to solve the problem of the height

reconstruction, a solution consists of adopting a statistical-based approach, in

order to efficiently combine the different acquisitions. Two main approaches have

been developed: a Maximum Likelihood estimation approach and a Maximum a

Posteriori (MAP) estimation one. Both of the approaches are able to restore the

uniqueness of the solution. The drawback of ML approach is the large number of

interferograms required to assure high reconstruction accuracy [33], [36].

This problem can be overcome using the Maximum a Posteriori (MAP) estima-

tion approach, where the number of needed interferograms in order to obtain

high reconstruction accuracy, is reduced respect to the ML case. This is possible

thanks to the introduction of an a priori statistical term to model the unknown

height profile. In particular a Gaussian Markov Random Field is used, charac-

terized by a set of local hyperparameters (Local Gaussian MRF - LGMRF). By
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changing the hyperparameters the LGMRF can be adapted to describe the image

local nature. This leads to a powerful and general model, well suited to represent

a wide class of height profiles.
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4

Phase Offset Estimation in

Multichannel SAR

Interferometry

4.1 Introduction

In this chapter the problem of the presence of phase offset in the real interfero-

metric data is considered. The interferograms are known except for a not known

slowly varying phase. This phase is the results of several factors. Estimation

of the offsets is mandatory in order to implement the Multichannel phase un-

wrapping technique and retrieve the absolute height profile from data, whatever

statistical estimation method (ML or MAP) we adopt. The estimation of the

phase offsets is based on Maximum Likelihood estimation, using the Expectation

Maximization. The procedure is validated and assessed using simulations, and

then it is applied to a real data case. In the first part of the chapter the phase

offset problem is exposed. Then the estimation procedure of the phase offsets is

considered, and finally some results both on simulated and real data are shown

in order to prove the effectiveness of the method.
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4.2 Phase Offset in Multichannel InSAR Sys-

tems

InSAR systems allow to estimate the altimetric profile of the Earth Surface using

the PhU operation (section 3.3). PhU is an ill posed problem, admitting an in-

finite number of solutions. Using the multichannel InSAR configuration (section

3.4), it is possible to restore the uniqueness of the solution. In order to efficiently

combine the different channels acquisitions, a statistical based approach is used

(Maximum Likelihood and Maximum a Posteriori). For more details see sections

3.4.1 and 3.4.2.

However, despite the particular solution method used, the problem with multi-

channel Interferometry is that interferograms can be affected from the presence of

undetermined phase offsets. The multichannel interferograms are known except

for a not known slowly varying phase, which makes difficult to get correct height

estimation in any case. This phase offset is the combination of different factors.

In particular it results from the combination of a non-perfect synchronization

in the acquisition system, from SAR processing errors, from some atmospheric

effects and from the parallel baselines uncertainty [42].

The phase offset is different for each different interferogram, but it can be rea-

sonably supposed to be slowly varying or spatially homogeneous on a single in-

terferogram, for not very large acquisition areas. Estimation of these offsets is

mandatory in order to retrieve the absolute height profile from data, whatever

statistical estimation method (ML or MAP) we adopt. Considering that each

interferogram has a different offset value, the problem can be formulated as the

estimation of a set of unknown real values, starting from the knowledge of the

interferograms, the acquisition model, and the noise statistics. Once the phase

offsets values have been estimated, the multichannel height reconstruction ML

(3.31) or MAP (3.34) procedure can be applied to retrieve the height profile.

Then, if we suppose that each interferogram is known except for a phase offset,

generally speaking we have:

φ′ = φ+ ψ (4.1)
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where φ is the “normal” noisy wrapped phase in a pixel, while ψ is the phase

offset. We suppose the phase offset is constant, in the area where the height

estimation is performed, for a fixed baseline (or frequency); then, we have to

estimate a vector of constant phases:

ψ = [ψ1, ψ2, · · · , ψN ]T (4.2)

where ψn is the phase offset of the N -th interferogram, associated to the N -th

channel. To restore the correct relation between the interferograms, and conse-

quently to make possible to perform the height’s reconstruction, an estimation of

these offsets is mandatory.

4.3 Phase Offset Estimation

Let us now consider a subset of the entire image pixels S. In particular M pixels

are chosen. The adopted criterion leads to consider the highest coherence pixels

among the image. Only the data related to such subset are used to estimate

phase offsets. Let introduce the vector

s = [s(1)s(2) · · · s(M)]T (4.3)

with s(m) ∈ {0, · · · , S}, which is the collection of the indexes that identify the

considered M pixels in the image. Then, the collected phase data values can be

written as:

φ′ = {φ′s(m)n} (4.4)

whit m = 1, · · · ,M and n = 1, · · · , N . M is the number of considered pixels and

N is the number of available interferograms.

The collected phase data values are related to the unknown offset through (4.1),

which can be written, considering only M high coherence pixels, as:

φ′s(m)n = φs(m)n + ψn (4.5)

This is shown in figure 4.1.

Moreover, the vector collecting the height values, corresponding to the considered
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Figure 4.1: High Coherence Pixels - Choice of the M highest coherence pixels
in the N available interferograms

cluster of pixels in the image, can be expressed as:

hM = [hs(1)hs(2) · · ·hs(M)]
T (4.6)

where hs(m) is the m-th pixel height value in the considered set. The value

assumed by this vector has to be estimated, too. So, the data of the problem are

M × N (i.e. the elements of vector φ′), and the unknowns of the problem are

M +N (i.e. the elements of vectors hM and ψ).

This problem is solved using a complete data and an incomplete data procedure

(see section 2.5.1). First the problem of estimating the offset values is solved

supposing that height values are known (i.e. complete data problem). Then, the

incomplete data problem is solved, where the only available data are the measured

phase values (4.4). Let start with the complete data problem. To estimate the

vector ψ, the Maximum Likelihood (ML) estimation method is adopted. In order

to use this approach, first the likelihood function of our problem has to be built.

In particular, exploiting the statistical independence between the phase values at

different acquisitions (frequency/baseline), and in different pixels, we can factorize

the likelihood function, as the product of each single likelihood function. The

single likelihood function is the likelihood function for a single pixel and for a

single frequency/baseline. The Likelihood function of our problem is:

L(φ′, hM |ψ) =
N∏
n=1

M∏
m=1

P
(
φ′s(m)n, hs(m)|ψn

)
(4.7)
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where P
(
φ′s(m)n, hs(m)|ψn

)
is the single likelihood function. The single likelihood

function can be obtained starting from the likelihood function (3.28) adding the

unknown phase offsets:

P
(
φ′s(m)n, hs(m)|ψn

)
=

1

2π

1− |γs(m)n|2

1− |γs(m)n|2 cos(rs(m)n)2

×
(

1 +
|γs(m)n| cos(rs(m)n) arccos[−|γs(m)n| cos(rs(m)n)]

(1− |γs(m)n|2 cos(rs(m)n))2)1/2

)
(4.8)

where:

rs(m)n = φ′s(m)n − αnhs(m) − ψn (4.9)

where γs(m)n is the coherence at pixel s(m) in the n-th interferogram and αn has

been defined in case of multibaseline and in case of multifrequency in section 3.4.

The ML estimation consists of the maximization, respect to the vector ψ of the

multichannel likelihood function (4.7). The maximum of the likelihood function

can be found in an exhaustive way, supposing that the true height values are

known (complete data case). Moreover, the ML estimation can be decoupled in

N different maximization problems:

ψ̂n = arg maxψn
L(φ′,hM |ψ) =

= arg maxψn

N∏
n=1

M∏
m=1

P
(
φ′s(m)n, hs(m)|ψn

)
(4.10)

For simplicity in the notation let set:

Un(hM) = arg maxψn

N∏
n=1

M∏
m=1

P
(
φ′s(m)n, hs(m)|ψn

)
(4.11)

To solve the problem in the incomplete data case, Expectation Maximization

(EM) algorithm is used , which is an iterative algorithm, based on alternating

a maximization step to the evaluation of an expected value (see section 2.5.1).

This method exploits the complete-data solution in (4.11), and converges to a

local maxima of the likelihood function, iteratively updating the parameter value

at (i+1)-th iteration, by evaluating the following expectation:

ψ̂n(i+ 1) = E [Un(HM)|φ′,ψ(i)] (4.12)
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with n = 1, · · · , N . HM is a vector of random variables. For the evaluation of

the expected value over HM an analytically closed form can not be derived in this

case. However, thanks to the ergodicity of the a-posteriori distribution [5], this

expected value can be approximated by “time” averaging. Then, for the latter it

is necessary to sample from the a posteriori distribution at the i-th step, whose

expression is:

P i
post(hM |φ′,ψ = ψ(i)) ∝ L(φ′,ψ = ψ(i)|hM)P (hM) (4.13)

For the a priori distribution P (hM), it is supposed, regarding the offset estimation,

that a uniform distribution is adopted. This is done to leave the estimation

procedure complexity as lower as possible. In order to generate the samples

needed to realize the expectation step, we adopt the Metropolis Algorithm; for

more details about its implementation, see section 2.4.1.1.

4.4 Simulated Experiments

In order to asses the validity of the offset estimation procedure (section 4.3), in

this section numerical example for the phase offset estimation are presented. As

first example, let consider the height profile shown in figure 4.2. It consists of

a 64×64 pixels linear ramp with a 1.1 m/pixels slope. 5 interferometric phases

obtained with 5 different baselines have been simulated. The simulated system

parameters are from the ENVISAT-ASAR sensor. The adopted baseline set is

inspired to a real data set acquired by the ENVISAT-ASAR sensor, and is the

following: [237.72 255.90 322.59 399.92 544.81 m]. For the simulation of the

interferograms the coherence value is assumed homogeneous (γ = 0.85). The

vector of phase offsets is assumed equal ψ = [2.3 2 2.5 0.8 1]T . To perform

the phase estimation M = 900 pixels have been used.

The results of the phase offset estimation are shown in figure 4.3(a) and in the

third row of table 4.1. Once the phase offsets are estimated, ψ̂ are used for

the MAP multichannel reconstruction of the profile. A cut of the height profile

(solid line) together with a cut of the reconstructed height profile obtained with

the estimated phase offsets (dotted line) and without the phase offset estimation

(dashed line) are shown in figure 4.3(b). The normalized reconstruction square
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Figure 4.2: Phase offset simulated experiment - ramp profile - Reference
height profile

Interferogram 1st 2nd 3rd 4th 5th

True Offsets 2.3 2 2.5 1 0.8

Estimated Offsets (γ = 0.85) 2.323 2.004 2.510 0.987 0.816

Estimated Offsets (γ = 0.7) 2.341 1.976 2.551 1.061 0.844

Table 4.1: Phase Offset Estimation, Ramp-like Profile

error on the height profile, defined as:

εh =
‖ĥ− h‖2

‖h‖2
(4.14)

using the true offsets is equal to εh = 9.3259× 10−4, while the normalized recon-

struction square error using the estimated offsets is equal to εh = 1.0105× 10−3.

As a second experiment, the same height profile and same systems parameters

are considered, but in a more noisy situation, reducing γ = 0.7. The results of the

phase offset estimation are shown in the forth row of table 4.1. The normalized

reconstruction error on the height profile, using the estimated offsets is equal to

εh = 2.0× 10−3, while the normalized reconstruction error using the true values
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(a) (b)

Figure 4.3: (a) Phase offset estimation with γ = 0.85. Point, star, plus, solid,
and dotted lines represent 1st, 2nd, 3rd, 4th, and 5th phase offset estimation; (b)
cut of the height profile (solid line), and of the reconstructed height profile using
the estimated phase offsets (dotted line and without the phase estimation (dashed
line

is equal to εh = 1.7× 10−3. As expected, the performances for γ = 0.7 are worse

respect to the case with γ = 0.85.

As a third experiment, a different height profile with the same systems conditions

is considered. It consists of a Gaussian profile with a maximum height of 70 m

(figure 4.4). The coherence is set to γ = 0.85. The offset estimation results are

summarized in the third row of 4.2 and represented in figure 4.5(a).

Interferogram 1st 2nd 3rd 4th 5th

True Offsets 2.3 2 2.5 1 0.8

Estimated Offsets (γ = 0.85) 2.324 2.010 2.515 1.006 0.819

Estimated Offsets (γ = 0.7) 2.389 2.023 2.576 1.101 0.908

Table 4.2: Phase Offset Estimation, Gaussian Profile

Once again, after the estimation of the phase offset, ψ̂ are used for the MAP

multichannel reconstruction of the profile. The normalized reconstruction error
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Figure 4.4: Phase offset simulated experiment - Gaussian profile - Refer-
ence height profile

on the height profile, using the estimated offsets is equal to εh = 3.1×10−3, while

using the true values is equal to εh = 3× 10−3 3×. The MAP reconstructions of

the height profile using the true offsets, the estimated offsets and without using

the offsets estimation procedure are represented respectively in figures 4.5(b),

4.5(c) and 4.5(d). As a forth example, the Gaussian height profile of the previous

example 4.4 is considered but with coherence γ = 0.7. The offset estimation

results are summarized in forth row of 4.2. Once again, the results for γ = 0.7

are worse respect to the Gaussian case with γ = 0.85.

The obtained results, in all the simulations, prove the effectiveness of the method,

and assess the overall quality of the height estimation procedure.

4.5 Real Data Experiments

The offset estimation procedure presented in section 4.3 has been tested also on

real data. An ENVISAT data set acquired over the area of Las Vegas has been

investigated. The acquisition parameters and baselines are the same of the pre-

vious simulation examples, already introduced in section 4.4. Each interferogram

is composed of 1596× 796 pixels, among which M = 1400 high coherence pixels
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(a) (b)

(c) (d)

Figure 4.5: (a) Phase offset estimation, with γ = 0.85: point, star, plus, solid,
and dotted lines represent 1st, 2nd, 3rd, 4th, and 5th phase offset estimation; (b)
reconstructed height profile, using the true offset; (c) reconstructed height profile,
using the estimated offset; (d) reconstructed height profile without using the phase
offset estimation procedure

have been selected. In order to select the M pixels needed for the phase offset

estimation procedure, a threshold of γ ≥ 0.68 on each interferogram has been set.

With this experiment we show how an optimal estimation of the phase offsets can

be used to improve the resolution of an available SRTM DEM, which is known to

be provided with a low resolution. For this reason an SRTM DEM of the same

area is considered.

We first estimate the phase offsets of the 5 interferograms (figure 4.6(a)) using the
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above described procedure. The number of iterations needed to the convergence

of the phase offset estimation is of about 50 iterations.

Then using the estimated phase offset, we perform the height reconstruction using

the MAP multichannel technique. After the height reconstruction, the difference

between the obtained height reconstruction of the area under test and the SRTM

DEM of the same area is calculated. This difference is shown in figures 4.6. In

particular 4.6(b) shows the difference between the MAP reconstruction and the

SRTM DEM when the MAP reconstruction is realized ignoring the existence of

phase offsets (i.e. without recurring to their estimation). Figure 4.6(c) represents

the same difference, when the phase offset estimation is carried out. As it is clear,

using the offset estimation technique and the multichannel MAP reconstruction

method, we can improve the accuracy of the SRTM DEM. This is more clear if

we look at the representation of the residual gradient in figure 4.6(d). In this

figure all the added details of our MAP multichannel reconstruction with phase

offset estimation respect to the SRTM DEM are highlighted. The presented re-

sult is consistent with the one presented in [33], where, working on the same data

set, but using a completely different methodology, a comparable improvement of

SRTM DEM accuracy is obtained.

4.6 Conclusions

The problem of phase offsets presence in multichannel interferometric SAR data

has been discussed in this chapter. The presence of phase offsets on the interfero-

grams is due to several factor, such as processing errors, parallel baseline inaccu-

racy. The estimation of these phase offsets is mandatory in order to restore the

correct relation between the different interferograms used in the MAP (or ML)

height reconstruction procedure. A statistical method based on ML technique

to estimate these offset has been proposed. In particular the EM algorithm has

been used. The estimation procedure has been tested on both simulated and real

data. The offset estimation procedure in simulated data case, has been tested

with different height profiles and with different noise condition. It has shown

good performances in all the examined cases and it has assessed the overall qual-

ity of the height estimation procedure. Referring to the real data case, it has
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(a) (b)

(c) (d)

Figure 4.6: (a) Phase offset estimation; (b) difference between our MAP recon-
struction and the SRTM DEM, without offsets estimation; (c) difference between
our MAP reconstruction and the SRTM DEM, after using phase offsets estimation;
(d) residual gradient

been shown that, once the phase offsets have been estimated using the proposed

procedure, using the MAP-based height reconstruction algorithm it is possible to

successfully improve the accuracy of an existing DEM (SRTM).
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5

Multichannel InSAR in Urban

Areas

5.1 Introduction

In this chapter the Multichannel InSAR systems in urban areas are discussed.

Urban scenarios are difficult to be processed due to the presence of SAR geomet-

rical distortions, layover above all. Two fields of research have been investigated.

The first one regards the use of Multichannel InSAR systems for buildings edge

detection. An approach based on LGMRF is proposed. The algorithm finds the

edges of the image starting from the estimation of the hyperparameters of the

LGMRF model. The hyperparameters are seen as an index of the spatial correla-

tion between adjacent pixels. The second research field regards the introduction of

auxiliary data, optical data or SAR shadowing, in the MAP multichannel height

reconstruction in order to improve the reconstruction in urban areas affected by

the layover effect. In the first part of the chapter the layover phenomenology in

SAR images of urban areas is described. Then the algorithm to detect edges in

urban areas is described. Finally the procedure to improve the height reconstruc-

tion in layovered areas is explained.
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5.2 InSAR Layover Phenomenology in Urban

Scenario

The layover is a geometrical SAR distortion effect typical of very steep height

profiles (see section 3.2.1) as the ones present in urban areas. Due to the SAR

geometry (the SAR image is available in the slant range coordinate), in urban

areas the echo of roof anticipates the echo coming from the ground close to the

vertical wall of the building, since the slant range of the roof-wall edge is smaller

than the other one. In urban scenarios, layover always affects buildings: echoes

from flat earth near building, vertical wall and roof are always overlapped. The

geometry of a building subject to layover is shown in figure 5.1. It can be

Figure 5.1: Layover Building Geometry - Representation of a building af-
fected by the layover

observed that the roof-wall edge E1 is seen from the SAR sensor at a range rE1

smaller than the wall-ground edge E2 at range rE2. All the range between rE1

and rE2 is characterized by multiple contributions in the same range resolution

cell, whose spatial resolution is δr. In particular, in the case reported in 5.1, the

three small areas A, B and C give contribution in the same range cell positioned

at a distance rABC from the sensor. Moreover, it has to be considered that areas

positioned in the dihedral formed by ground and vertical wall provide single scat-

tering contribution (direct single path reflection toward the SAR antenna) and
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5.2 InSAR Layover Phenomenology in Urban Scenario

multiple scattering contribution. This latter can be summarized as a dihedral

corner reflector whose contribution to the SAR final image is localized at a range

rE2.

The SAR received signal is characterized by a single contribution from the ground

(at the left of point P in figure 5.1) at slant ranges smaller than rE1, by the three

contributions given by ground (A), vertical wall (B), and roof (C) in the layover

region at slant range between rE1 and rE2, by a corner reflector contribution po-

sitioned at the range rE2, and then by a single contribution given by the roof at

slant ranges larger than rE2. After, there is the shadowing effect generated by

the building at ranges larger than rs. In this case, the signal corresponding to

the layover region depends both on amplitude (related to the material, rough-

ness, viewing angle) and phase (related to the object and to the distance between

sensor and object) of each single contributions.

Vertical wall contribution is normally stronger than the other two contributions

(note that this is not the only possible case, but is what we focused on), basically

for the presence of window shutters and balconies: their effect is similar to the

one due to small corner reflectors. Moreover, often there are metallic parts that

reinforce the backscattered signal.

In this hypothesis the layover phenomenon in SAR images produces two partic-

ular effects. SAR intensity image u, in layover area, is characterized by high

reflectivity. SAR interferogram φ is characterized by a ramp with two disconti-

nuities, one at the beginning of the layover, one at the end of the layover area,

with a ramp-like trend between them. This can be better understood, consid-

ering figure 5.2. Consider first figure 5.2(a). Suppose it represents the intensity

V = |u|2 of the SAR image. Before point A there is a certain reflectivity due to

the ground floor. The area between point A and point B represents the layover

area, with an higher reflectivity. Finally after point B the roof of the building,

with a third reflectivity is represented. The layover effect in the interferogram

can be seen in figure 5.2(b): before point A the phase φ is constant and represents

the ground floor height. The area between point A and point B represents the

layover area (a ramp with two discontinuities), after point B phase is constant

again and represents the roof height.
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(a)

(b)

Figure 5.2: (a) Intensity image of a building affected by layover, (b) Interferogram
of a building affected by layover

5.3 Urban Edge Detection

In this section edge detection in urban areas is investigated. Edge detection is an

important tool in many image processing spheres, such as segmentation, feature

extraction and classification. An edge can be defined as a change in the reflectiv-

ity or the intensity of the image pixels [43].

Most of the edge detection techniques are based on the evaluation of the gradient

(in practice they compute the different pixels intensities). The Sobel edge filter

is one of the most effective and used edge detector based on gradient techniques

[44], [45].These techniques, however, need a previous smoothing and/or filtering,

to work correctly since differential operations are sensitive to noise.
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In case of Synthetic Aperture Radar images, the edge detection based on gradient

techniques do not exhibit good results, essentially due to the multiplicative na-

ture of SAR noise, i.e. the speckle [37]. Due to the multiplicative characteristic of

the speckle, gradient based techniques detect more false edges in high reflectivity

areas than in low ones. This lead to the problem of a non Constant False Alarm

Rates (CFAR). Improved detection can be obtained by speckle filtering [16] the

image prior to edge detection, with some trade-off in resolution and computa-

tional complexity.

Attempts to deal with the problem of speckle in SAR edge detection has led to

the development of statistical or ratio-based techniques for edge detection, that

guaranty CFAR [46] [47]. These techniques have shown to be optimal only in

the case of mono-edge case (i.e. a single edge can be found within the analysis

window, which may be quite large to suppress the speckle). An improvement of

these approaches, that makes possible the multi-edge detection, is obtained us-

ing windows of different size [48]. Stochastic methods based on Markov Random

Field and Simulated Annealing have shown to be effective and to provide good

results [49].

In a urban scenario we are interested in edges detection in order to discriminate

buildings form the surrounding areas. Often, the edges corresponding to the tran-

sition from different parts of the buildings (vertical wall, ground floor and roof)

can be discriminated only if they show very different intensity. Otherwise the

edge detection can easily fail using traditional techniques. An interesting work

on edges detection in urban ares is [50], where the buildings edges are detected

using the fusion of SAR data and Optical data.

The approach we proposed is a stochastic approach based on the idea of finding

edges in a urban scenario image by modeling can be seen as an index of the spatial

correlation of the pixels. The estimation of the edge is carried out by estimating

the hyperparameters.

The edge estimation is performed starting from interferometric phase signals, as

finding the edges in urban areas which corresponds to the localization of different

reflectivity areas in the intensity image V (ground floors, vertical walls, roofs), is

equivalent to find the edges of InSAR images (due to phase jumps between ad-

jacent pixels). Consider the building affected by layover of figure 5.2. The edge
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detection on the two images finds in both cases two edges: one at the beginning

of the layover area in point A (where the vertical wall starts), one at the end of

the layover area in point B (where the vertical wall ends). The detected edges in

case of SAR intensity image V (figure 5.2(a)) and in case of InSAR data φ (figure

5.2(b)) are shown respectively in figure 5.3(a) and in figure 5.3(b). Moreover,

(a)

(b)

Figure 5.3: (a) edges detected from the intensity image V of figure 5.2(a), (b)
edges detected from the interferogram φ of figure 5.2(b)

in InSAR systems exploiting the Multichannel approach it is possible to obtain

more independent data, that if correctly combined can help in providing a good

solution, without having a loss of resolution.
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5.3.1 InSAR Urban Edge Detection

The idea is to perform, starting from interferometric data of a scene, the edge

detection based on different height of the pixels instead of on the difference re-

flectivity of the pixels. Consider h = [h(1)h(2) · · ·h(S)]T the height of the pixels

image. We have seen in chapter 3 that h is not known and it has to be estimated

starting from the wrapped measured interferometric data. The unknown heights

can be modelled by some statistical distribution. An effective way to model the

unknown pixels height is to use LGMRF (see section 3.4.2). In the LGMRF

model the energy function is characterized by a vector of local hyperparameters

θ (3.33).

On the vector of hyperparameter θ, the proposed edge detection is based. As

said in section 3.4.2, the hyperparameter θs,j, where s and j are two neighbor

pixels, can be seen as an index of the spatial correlation of neighboring pixels.

High value of θs,j means that the probability that two pixels h(s) and h(j) assume

very different height values is high. Low value of θs,j means that the probability

that h(s) and h(j) are very different is small. For the edge detection problem, this

practically means that an high value of θs,j corresponds to a transition between

different height values (an edge between s and j); a low value of θs,j means no

height transition (no edge). It is important to note that θs,j is not known but it

has to be estimated. The estimation can be performed exactly in the same way

as explained in section 3.4.2. Estimation of θs,j corresponds to perform an edge

detection.

Once the hyperparameters have been estimated, a comparison with a threshold is

made. Since an hyperparameter bigger then 1 means that the two neighbor pixel

can have a different height value, the threshold is set to be 1. If θ̂2
s,j is bigger than

the threshold than an edge is detected between pixel s and pixel j. Otherwise no

edge is detected.

In order to improve the performances of the proposed algorithm, multichannel

InSAR systems can be exploited (section 3.4). The use of a multichannel In-

SAR system has a two folded effect: first, using more independent data, a clearer

result (less noisy, i.e. less false alarm) is reached without loosing in resolution.

Secondly, the use of multichannel data avoids problems related to the wrapping
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of the interferometric phase. Suppose the height of a building is such that, ac-

cording to relation (3.15), it corresponds to a phase value multiple of 2π. This

value will wrap and it will provide a phase value equal to 0. In this case, using

a single interferogram the edge detection would fail, providing no edges. Using a

second interferogram, obtained using a different channel, the same height value

will be mapped into a different phase value (no more multiple of 2π). Combining

the two interferograms, the algorithm will perform correctly the edge detection.

Using this approach the a posteriori distribution used for generating samples in

the hyperparameter estimation step is given by (3.35).

5.3.1.1 Numerical Experiments on Simulated and Real Data

As a first experiment we consider a simulated profile (64×64 pixels), consisting

of 5 buildings of different height (see figure 5.4(a)). We suppose that there is

no layover and only the roof can be seen (no vertical wall). An interferogram

is simulated using SRTM parameters, with a coherence γ = 0.8 and frequency

f = 5 GHz (figure 5.4(b)). First, we apply a gradient based edge detection on the

interferogram. The results are shown in figure (5.4(c)). Due to the noise char-

acterizing the interferogram, the gradient based edge detector fails to correctly

locate the edges. Then we apply our edge detection algorithm to the interfero-

grams. the results are shown in figure 5.4(d). As it can be seen the edge detection

correctly finds the edges.

The obtained results can be improved using the Multichannel edge detection. We

simulated for this purpose a second interferogram with a coherence γ = 0.8 (fig-

ure 5.4(e)) and frequency f = 9 GHz. As expected the performances improved.

Note that the improvements have been obtained without filtering or reducing

the spatial resolution. As expected the performances improved. Note that the

improvements have been obtained without filtering or reducing the spatial reso-

lution.

As a second experiment we considered a simulated profile (64×64 pixels), con-

sisting in a building characterized by layover phenomenon. Figure 5.5(a) shows

the simulated SAR intensity image without noise. There is an high reflectivity

area corresponding to the layover area (brighter area), two areas of similar inten-

sity (roof and ground floor), and a dark area representing the shadowing. Note
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(a) (b)

(c) (d)

(e)

Figure 5.4: (a) Considered Height Profile, (b) simulated interferogram, (c) in-
terferogram edge detection using gradient based techniques, (d) singlechannel edge
detection using the proposed algorithm, (e) multichannel edge detection using the
proposed algorithm
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that the roof is the area between the beginning of the layover and the shadow-

ing. We generated multiplicative noise (speckle) in order to simulate noisy SAR

intensity data (fig 5.5(b)). Then we generated the noisy interferograms of the

scene (figures 5.5(c) and 5.5(d)). To generate the interferograms we used EN-

VISAT parameters with two baselines [230m 430m], with a coherence γ = 0.6

and frequency f = 5GHz. We generated two azimuth looks for each baseline,

allowing a total number of 4 channels. To generate the interferometric phase we

considered a building having an height of 30m. This height value is such that

the wrapped phase, in the case of the second baseline, corresponds to 2π, falling

in the case discussed before (figure 5.5(d)). In this conditions the singlechannel

edge detection would fail.

We performed the multichannel edge detection on the interferometric data, ob-

taining the results of figure 5.5(f). It can be seen how the algorithm is able to

well locate the expected edges: the one due to the vertical wall, and the one

due to the roof. We performed the edge detection on the combination of the 6

available SAR intensity image, using a gradient based technique. As expected

the detection recovers many false alarm in high reflectivity areas than in low one

(figure 5.5(e)).

Finally, for the real data experiments, we considered a real data set of the city of

Dresden. We used 2 L-Band E-SAR interferograms obtained with two baselines

[10m and 40m]. We applied the multichannel edge detection algorithm on this

data set. Figure 5.6(a) shows the SAR intensity image of the considered scene.

Figure 5.6(b) shows one of the two available interferograms (smallest baseline).

The multichannel edge detection has been performed on the interferograms, pro-

viding the edges of Figure 5.6(d). Figure 5.6(c) shows a gradient based edge

detection on the three available intensity images. Many false edges have been

detected in this case. The good performances of the proposed method can be

easily seen, especially if the result are compared with an optical image of the

zone provided by Google Earth (figure 5.6(e)). The edges found using the pro-

posed approach agree with the real buildings edges. Buildings edges are very well

recognized and there are not many false alarm.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.5: (a) Considered Profile, (b) Noise free intensity Image, (c) Simulated
interferogram (baseline 230m), (d) Simulated interferogram (baseline 430m), (e)
Gradient based Edge detection of the 6 available intensity images, (f) multichannel
edge detection using the proposed algorithm
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(a) (b)

(c) (d)

(e)

Figure 5.6: (a) One of the three available intensity images, (b) One of the two
available interferograms (baseline 10m), (c) gradient based edge detection using the
three available intensity images, (d) multichannel edge detection using the proposed
algorithm, (e) Optical image of the area (thanks to Google)
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5.4 MAP multichannel DEM reconstruction us-

ing Auxiliary Data

In this section the introduction of auxiliary data in the MAP multichannel height

reconstruction (section 3.4.2) in order to improve the reconstruction in urban

areas is investigated.

As previously said, urban areas are a difficult to be processed due to the presence

of geometrical distortions, especially for the effect of the layover (section 5.2). In

case of layovered areas, the classical phase unwrapping methods fail to retrieve

the correct solution. In fact the two discontinuities, one at the beginning and one

at the end of the layover (figure 5.2), are often bigger then π. Furthermore the

interferometric phase is corrupted by interferometric noise (characterized by low

coherence areas). These conditions make the phase unwrapping using a single

interferogram an impossible task [51].

A dual-channel InSAR system, using the MAP approach (see section 3.4.2) can

overcome this problem, providing a good reconstruction of the area, both of the

two discontinuities and the ramp between them, also in the case of a narrow lay-

over area (in case of wide view angles or in case of vertical wall not orthogonal to

the floor). Even if the dualchannel MAP results are good, the idea is to improve

the height reconstruction in particular on the discontinuities that layover implies.

To do that, some auxiliary information are introduced in the multichannel MAP

height estimation procedure. How to take advantage of these information is ex-

plained in the next section.

A key part of the implementation of a successful MAP multichannel approach is a

good knowledge of the local hyperparameters. Auxiliary data can be used to help

the generation of hyperparameters map localizing discontinuities in the scene. In

order to improve height reconstruction estimation, in the case of a vertical wall

orthogonal to the ground (typical of urban scenario), we considered two different

types of auxiliary external data: the information carried by an optical sensor and

the shadowing areas of SAR images.

Optical images are usually characterized by multiple bands, and even using a

single date acquisition they provide significant classification performance. Unfor-

tunately, the availability of optical images of a given area strongly depends on
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weather conditions, while SAR images are not largely affected by atmospheric

phenomena.

The geometrical model for optical image acquisition is completely different com-

pared to the SAR one and is based on the optical center. Each point of the image

is obtained by the intersection of the image plane and the line joining the 3-D

point and the optical center. The length of a surface in optic image is related to

viewing angle it covers (α in figure 5.7). .

Figure 5.7: Optical and SAR geometry - Representation of a building seen
from a SAR and from an optical sensor

Anyway, even if optic images permit an easier object and boundaries identifica-

tion, they are not accurate enough to allow digital elevation model generation

(basically due to the sensor incoherence and to uncontrolled build geometry).

Fusion of SAR and optical data is possible only in case of a good co-registration

of the signals [52] (i.e. images have to be superposable), which is an easy task to

be performed if SAR and optical sensors share the same point of view and look

at the same region, otherwise a transformation has to be applied.

The basic idea of registration is to use ground control points, which we expect to

have the same position in both images. In SAR images suitable points are those

at the bottom of vertical wall of each building (point E2 of figure 5.7), where

scene configuration traces a corner reflector. The corner reflector is characterized

by a strong return and it is easy to be detected. The building vertical wall signal

finishes in this point in the SAR case, while it starts in this point in the optical
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domain. Although in SAR domain (i.e. slant range domain) we dont know the

vertical wall signal length (which is the layover length, FE2 in figure 5.7), in

optical domain it is easy to measure it, once identified. To identify it in optical

domain optical segmentation techniques can be used [53].

The idea is to compute this length in optical domain (FE1 in figure 5.7) and there-

fore estimate layover length (FE2 in figure 5.7) using the trigonometry identity

FE2 =
FE1

tan θ
(5.1)

Note that FE2 ≈ rE2 − rE1 of figure 5.1.

In this way we are able to identify and locate discontinuities in SAR interfero-

gram and therefore to improve the hyperparameters map which is then used for

multichannel MAP reconstruction.

The other auxiliary information sources that can be exploited are the shadowing

areas (see section 3.2.1). Shadowing areas are always present in urban scenar-

ios; they are complementary to layovers areas and occur when a structure makes

certain ground areas not covered by radar beam (E4G in figure 5.7); these zones

produce no echoes and appear dark (zero amplitude signal) in the slant range

domain, with any changes due solely to system noise, sidelobes, and other effects

normally of small importance. As stated for the optical case, shadowing area

length can be related to the height of the building and to viewing angle via the

trigonometric identity

E3E4 = E4G · cos θ (5.2)

allowing us to estimate layover area length by:

FE2 = E1E2 · cos θ = E3E4 · cos θ = E4G · cos2 θ (5.3)

to properly build an hyperparameters map. Clearly this is valid in case of build-

ing with the same height on the two sides. To localize the layover area on the

interferogram we use SAR amplitude image, where the location of point E2 (the

end of the layover area) in figure 5.1 is characterized by an easy to find strong

echo due to corner reflector shape.

Note that of an improvement of the hyperparameters map also the edge detection

technique of section 5.3 would be positively affected. So the proposed method
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can be applied also for the edge detection problem.

5.4.1 Simulated Experiments

In order to asses the validity of the procedure presented before, in this section

some results on simulated data are presented. A building of 30m height with a flat

roof is considered. Two interferometric phase signals are generated using 2 base-

lines (230m e 430m), coherence γ = 0.8, range distance R = 700 km, wavelength

λ = 0.0566m and look angle θ = 40. Two azimuth looks are generated for each

baseline, so allowing N = 4 independent channels. In figure 5.8 the reference pro-

(a) (b)

(c) (d)

Figure 5.8: (a) Reference profile (230m baseline), (b) Interferometric ramp, (c)
Unwrapped reference ramp, (d) Interferometric ramp affected by noise

file, the interferometric reference ramp, the interferometric reference unwrapped
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ramp and one of the four noisy interferograms, all in case of 230 m baseline are

shown It is important to notice that even the first interferogram (smaller baseline)

is ambiguous. In fact the height discontinuity of 30m corresponds respectively

to 3.6rad and 6.3rad. In these conditions (discontinuity bigger than π) a clas-

sical phase unwrapping method based on a singlechannel would fail. The dual

channel MAP reconstruction is applied to the considered data set. We use the

hyperparameter vector estimated using the EM algorithm, as in section 3.4.2.

The result is shown in figure 5.9(a). The normalized reconstruction square error

is εh = 3 × 10−3. Although the reconstruction, considering the limited number

of available data (N = 4 channels), is good, the idea is to improve its quality,

especially on the discontinuities.

The procedure based on the introduction of auxiliary external data is then ap-

plied. In particular, the auxiliary optical data are exploited. To do this, data

provided by a an optical sensor located in the same position of the SAR are sim-

ulated, with the same look-angle θ. After the co-registration of the data (optical

and InSAR), the optical information is introduced in order to correct the a priori

term and perform the MAP estimation. Note that the same can be done starting

from the shadowing present in the SAR images. Figure 5.9(b) shows the MAP

reconstruction of the building obtained using auxiliary external data. Compared

to the reconstruction obtained without the additional data, the reconstruction

appears less noisy and more precise especially on the discontinuities. The nor-

malized reconstructed error in this case decreases to εh = 9 × 10−4. The im-

provements can be better appreciate if we compare the geocoded reconstructions

(figures 5.9(c) and 5.9(d)). Figure 5.9(e) shows a cut of the reconstructed and

georeferenced profile points (triangles) obtained exploiting auxiliary data, over-

lapped to the reference profile (solid line). The georferenced profile is obtained

by transforming the reconstructed profile from the coordinate system slant range

- azimuth - height to the coordinate system ground range - azimuth - height. It

can be noticed how accurate the vertical wall estimation is.

It can be also noted the absence of reconstructed points in the ground and roof

regions involved in layover phenomenon; this is due to the hypothesis of a bigger

vertical wall contribute which leads us to reconstruct only this part of the layover

area. To avoid this, and to obtain a reconstruction of the roof and of the ground
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(a) (b)

(c) (d)

(e)

Figure 5.9: (a) MAP 3D reconstruction, (b) MAP 3D reconstruction with aux-
iliary information, (c) georeferenced MAP 3D reconstruction, (d) georeferenced
MAP 3D reconstruction with auxiliary information, (e) cut of georeferenced MAP
3D reconstruction with auxiliary information profile (triangles) overlapped to ref-
erence one ( solid line)
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regions involved in the layover, the SAR tomography approach can be used. A

preliminary study on this technique has been conducted (see chapter 7.

Some final words about robustness on imperfect estimation of auxiliary data in-

formation: first note that the estimation procedure is carried out using MAP

approach, and auxiliary data are used to improve the obtained estimation, in

particular on discontinuities. In this context, the proposed algorithm is able to

take into account small (few pixels) misregistration errors (and/or segmentation

errors using optical data). Otherwise, in case of larger errors, the algorithm does

not exploit the auxiliary data providing a final solution that agrees with the MAP

reconstruction. Note that only one optical image is used, so that the length ob-

tained by FE1 is only a rough indication of build height which can be validated

only after fusion with SAR interferometric data.

5.5 Conclusions

Multichannel InSAR systems in urban areas have been discussed in this chap-

ter. In the first part a new approach based on multichannel InSAR systems

for the edge detection in urban areas has been proposed. The algorithm is a

stochastic approach based on Markov Random Field, in particular based on Lo-

cal Gaussian MRF (LGMRF). The approach is based on the estimation of the

local hyperparameters of the LGMRF model, which can be seen as an index of

spatial correlation between adjacent pixels. The proposed algorithm overcomes

the problems typical of SAR edge detection, due to the multiplicative behaviour

of noise. We have tested this approach on simulated data and we obtained good

results compared to classical gradient based edge detectors. The algorithm has

been also tested on a real data set showing the effectiveness of the method. In

the second part a methodology to improve the MAP multichannel height recon-

struction in urban areas affected by layover has been presented; the approach

is based on the combination of the MAP multichannel approach with auxiliary

data. In particular the presented method has been developed to correctly manage

high phase discontinuities that layover implies. Additional information have been

obtained by optical data or from SAR shadowing areas. The proposed method
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has been applied on simulated data. The results obtained on simulated data have

shown the effectiveness of the method.
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6

Fast InSAR Multichannel Phase

Unwrapping

6.1 Introduction

In this chapter a new approach for the multichannel phase unwrapping problem

is presented. Statistical approaches, especially the Bayesian ones, have proved

to be effective dealing with noisy data and big discontinuities. However, the

Gaussian Markov Random Field with local parameters (section 3.4.2) can be

time consuming and computationally heavy due to the a priori model and to

the optimization step. The idea is to overcome these limits by introducing a

new a priori model based on Total Variation and optimization algorithms based

on graph-cut technique. A set of experimental results on both simulated and

real data illustrates the effectiveness of our approach. In the first part of the

chapter some recalls on the multichannel phase unwrapping are made. Then the

new fast multichannel phase unwrapping approach is presented. Finally, some

experiments on simulated and real data are performed showing the effectiveness

of the proposed method.
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6.2 Fast MAP Multichannel Phase Unwrapping

The LGMRF model used in [39] (see section 3.4.2) is a model well adapted to any

kind of profile (smooth, non-smooth and big discontinuities) thanks to its local

behavior. It has been proved that this model combined with the ICM optimiza-

tion step gives good results for the height reconstruction problem. However, this

approach can suffer of some limits.

First, it needs of estimating a parameter θs,j for each couple of pixels s, j which is

computational heavy and excessively time demanding. In fact if we consider an

image of S pixels, for each pixel s the EM (2.5.1) procedure has to be carried out,

until convergence, in order to estimate the hyperparameter θs. Secondly, once the

hyperparameters θs,j have been estimated, to find the MAP solution (3.34) [39]

proposes two options: the first option is to use the Simulated Annealing; the

second option is to use the ICM providing a semi-deterministic minimization ap-

proach. In the first case the algorithm would be excessively time demanding, due

to the characteristic slowly convergence of Simulated Annealing. In the second

case, the semideterministic approach, when very noisy and wrapped interfero-

grams are considered, does not guarantee to reach the global optimum, since the

ICM is known to be sensitive to local minima. The previous situation can happen

when due to not enough available data, the energy function presents local minima

very near to the global one.

The idea exposed in this chapter is to provide a fast and efficient (in term of

global optimization) algorithm to unwrap the interferometric phase in the multi-

channel configuration. To reduce the computational time needed to unwrap the

multichannel interferometric phase, we worked in two directions: first, we con-

sidered a non-local a priori energy function and secondly, we used optimization

algorithms based on graph cuts [54].

In order to use a notation more similar to the notation of graph cuts users (and

to computer vision problems section 2.5) we can address the MAP multichannel

solution as an Energy Minimization problem. In fact the (3.34) can be written

as the sum of two energy term, one related to the data, one related to the pixel
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interaction (or constraints):

ĥ = arg maxhF (Φ|h)P (h,θ)

= arg minh (U(Φ|h) + U(h,θ)) (6.1)

The term related to the data (data energy) is:

U(Φ|h) = −
S∑
s=1

logF (Φ(s)|h(s)) (6.2)

while the term related to the pixel interaction (a priori energy) is, in case of

LGMRF:

U(h,θ) =
S∑
s=1

∑
j∈Ns

(h(s)− h(j))2

2θ2
s,j

(6.3)

For our purposes we will work on the a priori energy (6.3), providing a different

model for it, and on the optimization step, providing a different way to minimize

(6.1), giving arise to the GC-TV multichannel approach. It is important to men-

tion the works of Bioucas et al. [55] who proposed graph-cut based optimization

algorithms to solve the PhU problem and the work of Costantini [28] based on

network programming optimization technique. It has to be underlined that these

two approaches belong to minimum Lp norm unwrapping methods. So, they do

not exploit statistical properties of the noise present on the data and therefore

they are not optimal from the information theoric point of view.

6.3 Local Energy function

As said in the previous section, the idea is to develop a multichannel phase

unwrapping algorithm that can overcome the possible limits of the one proposed

in the work of [39] (we will call it ICM-LGMRF multichannel approach). In order

to achieve this target, a different a priori energy model is proposed: the Total

Variation (TV) model. The TV model introduced in 1992 [56] is one of the most

used prior model in image processing due to its suitability to different contextual

information [57; 58]. In SAR applications, TV model is mainly used for image

restoration [59]. Our proposal is to apply it to the PhU problem.
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The a priori energy corresponding to the discretization of TV can be written [60]

as follows :

U(h, θ) = θ
S∑
s=1

∑
j∈Ns

ws,j|h(s)− h(j)| (6.4)

where ws,j depends on neighbor connexity. ws,j = 1 for 4 − connexity and

ws,j = 1√
2

for the 4 diagonal neighbors in the case of 8 − connexity. Note that

in this expression, θ is a scalar and not a vector of hyperparameters as in the

LGMRF model.

TV model is a non local model. The choose of a non local a priori energy is

done in order to make the algorithm faster. A non local a priori model avoids

the estimation of local hyperparameters θs,j. Only one parameter θ for the whole

image has to be estimated.

Between the existing non local a priori energy model TV has been chosen. Its

main advantage, towards other non local a priori energy model model, is that it

does not penalize discontinuities in the image while simultaneously not penalizing

smooth functions either [56]. TV, in fact, looks for an approximation of the orig-

inal noisy image which has minimal total variation but without particular bias to

discontinuity or smooth solution. As the TV a priori model is well adapted when

dealing with strong discontinuities, it can be used in case of InSAR applications

and particularly it well fits to urban areas. So, in order to develop a faster al-

gorithm, we considered an a priori energy, which is not as good as the LGMRF

one, since it is not local, but between the non local models, it is the one more

adapted to our problem.

Given the TV a priori energy model (6.4), the function to be minimized, to recover

the multichannel height reconstruction solution, becomes:

ĥ = arg maxhF (Φ|h)P (h,θ)

= arg minh

− S∑
s=1

logF (Φ(s)|h(s)) + θ
S∑
s=1

∑
j∈Ns

ws,j|h(s)− h(j)|

 (6.5)

In the next section the proposed method to minimize this energy is explained.
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6.4 Graph-cut Based Optimization

In recent years, energy optimization with graph-cut has becomes very popular in

computer vision [61; 62]. Graph-cut optimization is successful because the exact

minimum or an approximate minimum with certain guaranties of quality can be

found. Compared to the classical optimization algorithm, Simulated Annealing

[5], it provides comparable results with much less computational time and com-

pared to the deterministic algorithm ICM [6], it avoids the risk of being trapped

in local minima solution which can be far from the global one.

Two families of graph-cut based optimization algorithms have been developed in

recent years. The first one provides the global optimum of the Markovian energy

with some constraints on the prior model [60; 63; 64]. The second one provides a

local optimum within a good quality and in more general cases of prior energies

[61]. To solve the multichannel phase unwrapping problem, which means find the

value of h that minimizes (6.1), we used for the optimization procedure two differ-

ent graph-cut based algorithms. The first one belongs to the exact optimization

algorithm family. In particular, we used the one proposed by Ishikawa [63]. The

second is a non-exact optimization algorithm based on α-expansion move [61].

Suppose G = (V,E) is a directed graph with non negative edge weights, where V

is the set of vertexes and E the set of edges. This graph has two special vertexes

(terminals) called the source r and the sink t. Note that in the graph cut com-

munity the two special vertex source and sink are commonly denoted by s and

t. In this thesis the notation r for the source is used in order to avoid confusion

with previously defined quantities (s in this thesis is used to denote the pixels or

the sites of an image).

A r-t-cut C = {R,T} is defined as a partition of the vertexes into two disjoint sets

R and T such that r ∈ R and t ∈ T. A cost of this cut is defined as the sum of

weights of all edges that go from R to T. Figure 6.1 shows a simple graph made

of 4 vertexes, two vertexes (x, y) plus the sink and the source (t, r). The edges

are the links between the vertexes. An example of a cut is represented with the

dashed line.

The minimum r-t-cut problem is to find a cut C with the smallest cost. This

problem is exactly equivalent to its dual problem which consists in computing the
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Figure 6.1: Graph representation - Example of a graph construction and of a
cut on it (dashed line)

maximum flow from the source to the sink. Many algorithms have been proposed

to solve the maximum flow problem with a polynomial time [65]. In our work,

we used the maximum flow algorithm given by [66] which is the most adapted to

computer vision problems. Let see the two different graph-cut based algorithms

that we used for the optimization procedure.

6.4.1 Ishikawa algorithm

The optimization algorithm proposed by Ishikawa [63] belongs to the exact opti-

mization family. Under some hypothesis on the energy to be minimized and if the

graph is correctly constructed, Ishikawa algorithm provides the global optimum

of the considered energy. Two hypothesis are at the base of Ishikawa algorithm:

convexity of the a priori energy and a linear order on the label set. Using the TV

model the first hypothesis is satisfied. For the second hypothesis we recall from

section 2.2 that the labels are some particular features that have to be assigned to

the involved pixels. In the case of multichannel phase unwrapping the labels are

the height of the image pixels. We suppose that the labels (the heights) can be

represented as integers in the range {1, 2, .., K} , where K is the size of the label

sets. This condition satisfies the second hypothesis necessary for the Ishikawa

graph construction.

Ishikawa method is based on computing a minimum cut in a particular graph.

This graph G = (V,E) contains S ×K nodes (S is the size of the image and K

is the size of the label set) denoted by {vs,k; s = 1..S; k = 1..K} plus two special
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nodes r and t. For each pixel s, we associate K nodes {vs,k; k = 1..K} that

represent all the possible heights that the pixel s can take. The construction of

Ishikawa graph, in case of a 1D image, for legibility, is shown in figure 6.2.

Figure 6.2: Ishikawa Graph Construction - On the axes there are the pix-
els and the labels; data edges are depicted as black arrows; constraint edges are
represented by horizontal arrows and penalty edges are depicted as dotted arrows

Ishikawa graph contains three families of edges E = ED ∪ EC ∪ EI. ED is a

set of directed edges called data edges (black arrows of figure 6.2). It represents

the data energy term. EC is a set of directed edges called penalty edges (dotted

arrows of figure 6.2). It ensures that only one data edge is in the minimum cut

for each pixel s. Finally, EI is a set of constraint edges between all neighbor pixels

(horizontal arrows in figure 6.2). It represents the a priori energy term To better

understand how to set the edges weight for the multichannel phase unwrapping

problem let consider figure 6.3.

The vertex vs,k is the vertex identified by the pixel s and the label k. The

cost of the direct edge between vertex vs,k and vertex vs,k+1 (black arrow in figure

6.3)is set to be:

c(vs,k, vs,k+1) = F (Φ(s)|k) (6.6)

which is the multichannel likelihood value (6.2), calculated for the pixel s and the

height value h(s) = k. Note that for the two special vertex r and t, the weight of
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Figure 6.3: Ishikawa edges weights - Representation of the edges for a vertex

the directed edge are, conventionally, set to be:

c(r, vs,0) = +∞ (6.7)

c(vs,K , t) = F (Φ(s)|K − 1) (6.8)

The cost of the penalty edge between vertex vs,k+1 and vertex vs,k (dotted arrow

in figure 6.3) is set to be:

c(vs,k+1, vs,k) =∞ (6.9)

Finally the weight of the constraint edges between vertex vs−1,k and vertex vs,k

(horizontal arrows in figure 6.3) is set to:

c(vs−1,k, vs,k) = 1 (6.10)

This last results comes from the hypothesis of TV model (6.4) for the a priori

energy. The results is demonstrated in [63]. In case the TV model is not used,

the graph construction becomes more complex and the weight of the constraint

edges changes. For more details on this point see [63].

Constructing the Ishikawa graph as shown and finding the cut with a minimum

cost on this particular graph allows to find the exact (global) optimum solution

for the multichannel phase unwrapping problem (6.5). The main disadvantage
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of Ishikawa method is related to the memory occupation. In fact, the algorithm

stores the whole graph and then performs the cut. This can be a problem when

the size of the image increases.

6.4.2 Alpha-expansion algorithm

Alpha-expansion (α-expansion) algorithm has been proposed by Boykov et al.

[61] to solve the non-exact optimization problem. This approach is based on the

concept of move space. A move is defined as a change of an image configuration

f to a new configuration f ′. Different types of move exist and in this section we

will focus on the expansion move type. An α-expansion move allows any set of

image pixels to change their current label into α. It finds a new configuration f̂

that minimizes the energy E over all labels f ′ within this move. This technique is

based on computing a labeling corresponding to a minimum cut on a particular

graph Gα = (Vα,Eα). The structure of the graph is determined by the current la-

beling f and the label α. The graph contains S nodes (S is the size of the image)

denoted by {vs; s = 1..S} plus two special nodes r and t (the source and the sink).

The set of edges Eα contains two families of edges: data edges and interaction

edges. The data edges are related to the multichannel likelihood function (6.2),

while the interaction edges are related to the a priori energy function (6.4).

An assumption is made related to the a priori energy function called submodu-

larity. In the case of α-expansion move, this assumption implies that the a priori

energy function (6.4) has to be a metric to be graph representable, i.e. it has

to satisfy a triangular inequality [61]. It is easy to prove that TV function is a

metric.

For the construction of the graph, two possible representations exist. The first

one is given by Boykov et al. [61] and the second one is given by Kolmogorov et

al. [67]. The one given by [61] is used for our purposes. The considered graph,

in one dimension, is shown in figure 6.4, in the case of three pixels. The graph

is made of 3 vertexes (the pixels s, s − 1 and s + 1) plus two special vertexes

(α, α representing respectively the new proposed label and the current labels).

In addition, for each pair of neighboring pixels such that their current labels are

different, an auxiliary vertex is created. In the case shown in figure, we suppose
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Figure 6.4: α-expansion graph - Representation of the edges for a vertex

that the pixels s − 1 and s have different labels (fs−1 6= fs), while pixels s and

s+ 1 have the same labels (fs = fs+1). An auxiliary vertex a is created between

the first two pixels (vertex a). Each pixel is connected to the special vertex α

with the edges tαs and to the vertex α with the edge tαs . The pixels s and s + 1

are connected by an edge e{s, s + 1}, while for the pixels s − 1 and s a triplet

of edges is created (e{s − 1, a}, e{a, s}, tαa ). In order to be representative of the

multichannel phase unwrapping problem, we set the edges as in table 6.1. In table

6.1 Vs,s+1(y, x) is equal to the a priori energy function U(h, θ), calculated using

the label x for the pixel s and the label y for the pixel s+ 1. We remind that the

expression of the data energy is provided by (6.2) and of the a priori energy is

provided by (6.4). Constructing the α-expansion graph as shown and finding the

cut with the minimum cut on this particular graph, iteratively for all the possible

values of the label α allows to find a local optimum within a good quality for the

multichannel phase unwrapping optimization problem (6.5). It is proved in [61]

that the expansion move algorithm produces a labeling f such that the provided

local solution is within a constant factor from the optimal one. Differently from

Ishikawa algorithm, α-expansion does not have any problem related to memory
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edge weight for

tαs ∞ fs = α

tαs F (Φ(s)|α) fs 6= α

tαs F (Φ(s)|α) all s

e{a, s} Vs,s+1(α, fs) fs 6= fs+1

e{s, a} Vs,s+1(fs, α) fs 6= fs+1

tαα Vs,s+1(fs, fs+1) fs 6= fs+1

e{s, s+ 1} Vs,s+1(fs, α) fs = fs+1

Table 6.1: α-expansion edge weights

capacity. For this reason α-expansion can be used in case of large images. Note

that in this case, also the LGMRF model for the a priori energy could be used.

This would not make the graph more complicated as stated for Ishikawa case.

Anyway, using the LGMRF, the algorithm would suffer again of the time limits

underlined before.

6.4.3 Hyperparameter estimation

In both cases, either using with Ishikawa or α-expansion, the hyperparameter θ

has to estimated. Its estimation is essential to obtain a good reconstruction. The

hyperparameter θ depends both on data energy and on a priori energy term. Dif-

ferent automatic hyperparameter estimation methods exist and have been mainly

developed for the restoration problem [68]. One of the possible methods to per-

form the hyperparameter parameter is the analysis of the so called L − curve

[69]. This curve is the graphical representation of the regularization energy term

respect to the likelihood energy term. The corner of the curve corresponds to a

good trade off between under regularization (where the regularization term can

be largely improved with minor likelihood modification) and over regularization

proposed (where the regularization term can no longer be improved whatever the

likelihood price). To find automatically the corner of the L−curve, we have used

the triangular method described in [70] providing good results in limited time.
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6.5 Simulated Experiments

In order to prove the effectiveness of the proposed method, some results are

shown obtained both on simulated and real data (see section 6.6). The results

presented were obtained with MATLAB coding (max-flow algorithm is imple-

mented in C++ [62]), using a Pc Core 2 duo 2.66GHz with 2G memory.

For the simulated data two simulation have been conducted. In the first one,

the effectiveness of the proposed approach concerning both the model and the

optimization algorithms based on graph-cuts is shown. In the second one, an

analysis of which kind of optimization algorithm (exact or non-exact) has to be

used for different phases that have to be unwrapped has been conducted.

In the first experiment, we considered a height profile (64 × 64 pixels) with a

maximum height of 140m exhibiting both smooth and discontinuous areas (Fig.

6.5(a)). We used two frequencies (5 GHz and 9 GHz) to generate interfero-

grams and we added interferometric noise with a coherence of γ = 0.5. In figure

6.5(b), we show the 5 GHz noisy interferogram. For each working frequency we

generated 4 azimuth looks allowing to generate a total of N = 8 independent

interferograms. It is important to note that the profile is ambiguous for both

the working frequencies. In fact, there are phase jumps of about 1.3π at 5 GHz

and 2.4π at 9 GHz which violates the Itoh condition (section 3.3.3), i.e. phase

differences between neighboring pixels are bigger than π. For this reason, a clas-

sical single frequency phase unwrapping method like Branch Cuts (section 3.3.3)

would fail. In figures 6.5(c) and 6.5(d) we show the results obtained respectively

with the ICM-LGMRF multichannel approach and with the GC-TV approach.

We can easily note that both reconstruction profiles appear very similar to the

reference one (figure 6.5(a)). The normalized reconstruction square error is equal

to 2.05× 10−2 in the first case and 1.93× 10−2 in the second.

It is very interesting to see, looking at the square object at the right bottom of

figure 6.5(d), how the TV model is well adapted for this kind of profile which

simulates a typical urban building as we will see next in real data experiments.

Although reconstruction results are mainly the same using the previous and new

approach, their performances in term of execution time are not comparable. In

fact, while the new algorithm takes less than one minute, the classical one is 10
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(a) (b)

(c) (d)

Figure 6.5: (a) Original profile, (b) noisy interferogram at 5 GHz with γ = 0.5, (c)
reconstruction with the multichannel ICM-LGMRF approach, (d) reconstruction
with the multichannel GC-TV approach.

times slower (60 seconds for GC-TV and 600 seconds for ICM-LGMRF).

Another point has to be remarked. Since the optimization algorithm based on

graph-cut used in this experiment is Ishikawa algorithm, we are sure to obtain

the global optimum. Whereas, using ICM in the optimization step we still risk of

being trapped in local minima solution. Note that in this case, due to the energy

function used in this experiment, also α-expansion algorithm provided the global

solution.

In the second experiment, we compare the two graph-cut based optimization

algorithms: Ishikawa and α-expansion. The analysis will be based on two charac-

teristics of the wrapped interferogram: size of interferogram and the phase rate.
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First we fix the phase rate and we consider different interferogram sizes S. We

use the reference profile of the first experiment figure 6.5(a) with the same system

parameters (coherence, frequencies and channels) and a fixed value of the hyper-

parameter θ. The results given by the two optimization algorithms are the same

(global solution is provided). The computational times (in seconds) are shown in

table 6.2. We note two important aspects: first we can see that α-expansion is

faster than Ishikawa in all the considered cases. Secondly there exist a thresholds

after which using Ishikawa algorithm is impossible. This is due to the memory

problem intrinsic in Ishikawa algorithm. Clearly, the threshold depends on the

computer architecture. Then, the size of the images is fixed and different inter-

64× 64 128× 128 192× 192 256× 256

TV+α-expansion 5 22 57 92

TV+Ishikawa 27 114 259 not completed

Table 6.2: Comparison between α-expansion and Ishikawa

ferogram phase rates are considered. In this case, the analysis will be based on

the Gaussian profile (160 × 160 pixels) of figure figure 6.6(a). The maximum

height of the profile is 90 rad. The system parameters are the same as for the

first experiment. In figure 6.6(b), the 5 GHz noisy interferogram is shown. Due

to the large phase rate, large enough to produce aliasing, the energy function

presents many local minima that are very near to the global one. This does not

allow α-expansion algorithm to reach the global solution. In this case, Ishikawa

is the only one adapted and provides the best solution for the multichannel phase

unwrapping problem. Figures 6.6(c) and 6.6(d) represent respectively the recon-

struction obtained using α-expansion and Ishikawa algorithms. As stated before,

the α-expansion fails to retrieve the correct solution, while using Ishikawa we

obtain a normalized square reconstruction error of 9.4 × 10−4. We also note

that α-expansion algorithm could be used in this case if additional channels are

available. In fact, using more channels, the energy function becomes smoother,

the local minima farther to the global one, allowing α-expansion to provide the

optimal solution.
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(a) (b)

(c) (d)

Figure 6.6: (a) Original Gaussian profile, (b) noisy interferogram at 5 GHz with
γ = 0.5, (c) reconstruction with α-expansion algorithm, (d) reconstruction with
Ishikawa algorithm.

6.6 Real Data Experiments

We tested our new proposed algorithm on real data set of an urban scenario. We

used a set of 8 L-Band E-SAR interferograms (2 interferograms for each of the four

polarization) acquired on the city of Dresden. The smallest baseline is of about

10m and the biggest is of about 40m. We applied our new proposed approach

based on Ishikawa algorithm and TV model. Even if the height of the building in

the first interferogram is less than the ambiguous height (hamb ∈ {37.5m, 11.1m})
figure 6.7(a), due to the presence of noise, the Itoh condition is violated in some
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areas. So, if we apply a classic single channel approach, the solution will show

some errors in that areas (figure 6.7(b)). Using our approach, it is possible to

retrieve the correct height of the building also in these areas. Note that the height

of the roof building is almost constant figure 6.7(c). Moreover, it is possible to

note the goodness of the TV model. Thanks to this model, the contours of

buildings are recovered very efficiently (figure 6.7(d)).

(a) (b)

(c) (d)

Figure 6.7: (a) Noisy interferogram (smallest baseline), (b) reconstruction with
branch-cut algorithm, (c) reconstruction with the proposed multichannel approach,
(d) 3D view of the reconstruction with the proposed multichannel approach.

6.7 Conclusions

In this chapter, the development of a new fast and robust multichannel MAP

phase unwrapping methodology has been shown. The proposed new method over-
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comes the limits that in some cases the multichannel phase unwrapping method

based on ICM and LGMRF can presents. The main limits are due to the com-

putational time, which can be in some case large due the estimation of the local

hyperparameters. Moreover, the ICM does not give the guarantee to reach the

the global optimum. For these reasons a new algorithm is developed. In order

to reduce the computational time, a non local energy is used to model the a pri-

ori energy. Among the possible non local energy, the Total Variation model has

been chosen, since it does not penalize discontinuities in the image while simul-

taneously not penalizing smooth functions either. In order to reach the global

optimum in the minimization step, graph cut based algorithms are used. Two

graph-cut based optimization algorithms have been used: Ishikawa algorithm that

provides the global optimum and α-expansion algorithm that provides a local op-

timum within a good quality. The proposed algorithm overcomes the problem of

excessively computational times that characterizes the ICM-LGMRF approach.

Moreover, with Ishikawa optimization algorithm, we are able to reach the exact

energy optimum. The approaches have been tested on simulated data showing

good results both in term of reconstruction error and computational time. The

approach have been tested also on a real data set, showing a good reconstruction

accuracy.
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7

Further Works

7.1 Introduction

In this chapter further conducted works are presented. In the first part some

preliminary studies on Multichannel SAR tomography are presented. Then some

preliminary studies on Ground Based SAR are discussed.

7.2 Multichannel SAR Tomography

In chapter 5 the phase unwrapping in urban scenarios has been investigated,

underlying the importance of developing a procedure able to correctly manage

layover areas. The procedure proposed in section 5.4, based on Map multichan-

nel reconstruction together with auxiliary external data, has proved to guarantee

good results under the hypothesis of considering among the three contributes

which collapse in each resolution cell only the dominant one. Due to this hypoth-

esis a generalization to all real situations is not ensured. The proposed approach

allows to well localize and reconstruct the contribute related to the vertical wall.

The geocoded obtained results highlight a drawback: a loosing of the signal com-

ponents relatives to regions of weak echo response is implicit, producing no signal

areas in final DEM (ground and roof area involved in the layover).

Preliminary studies on another solution to handle layover have been conducted.

These studies are related to SAR Tomography [71], [72].

105



7. FURTHER WORKS

SAR tomography consists of trying to separate and distinctly estimate each of the

three complex contribute which collapse in layover pixels, overcoming the limits

of the previous approach. To do this, a classical statistical estimation techniques

can be adopted, in particular Maximum Likelihood Estimation (MLE). To avoid

the limitations due to the presence of ambiguous solutions, which are intrinsic in

the single interferogram configuration, and to improve the performances of the

estimator, the multichannel configurations (either multifrequency or multibase-

line) is used allowing to exploit multiple independent data.

Consider two SAR complex images, u1 and u2, acquired with a certain baseline

b. The two complex signals can be modelled as:

u1 = s1a + s1b + s1c + n1 = u1R + ju1I

u2 = s2a + s2b + s2c + n2 = u2R + ju2I (7.1)

where s1x and s2x for x = a, b, c are the complex signals acquired by the two

antennas related to the three scatterers a, b, c (see figure 7.1 for the geometry

of the problem) which collapse in the resolution cell (rabc of figure 7.1) relative

to the layover area. Suppose that the three signals come from three different

Figure 7.1: Layover Geometry - The three scatterers collapse in the same
resolution cell

quotas ha, hb and hc, (see figure 7.1). n1 and n2 represent the thermal noise at
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the receivers. s1a and s2a, s1b and s2b , s1c and s2c will exhibit different phases

related to the three different quotas (3.24):

φa = 〈 4πB

λR1 sin θ
cos(θ − α)ha〉

2π

φb = 〈 4πB

λR1 sin θ
cos(θ − α)hb〉

2π

φc = 〈 4πB

λR1 sin θ
cos(θ − α)hc〉

2π

(7.2)

All the parameters have been previously defined (section 3.3).

We assume:

s1a = a1, s2a = a2e
jφa

s1b = b1, s2b = b2e
jφb

s1c = c1, s2c = c2e
jφc (7.3)

a1 and a2 are assumed Gaussian complex signals with zero mean, equal variance

2σ2
a, real and imaginary part uncorrelated. The same assumption is made for b1

and b2, with variance 2σ2
b , and for c1 and c2, with variance 2σ2

c . Moreover we

assume signals scattered by a, b and c of figure 7.1 independent from each other

and from the noise. The expression of the coherence γ between two SAR complex

images u1 and u2 is given by:

γ =
E [u1u

∗
2]√

E [|u1|2]E [|u2|2]
=

=
γa2σ

2
ae
−jφa + γb2σ

2
be
−jφb + γc2σ

2
ce
−jφc

2(σ2
a + σ2

b + σ2
c + σ2

n)

(
1− B

Bc

)
(7.4)

where γa, γb and γc are the coherence of each scatterer echo received by the first

antenna and the same scatterer echo received by the second antenna without con-

sidering the interferometric phase difference between the two signals (i.e. related

to the height) and the decorrelation due to distance between acquisition. The

term
(
1− B

Bc

)
, where Bc is the critical baseline, takes into account the decorre-

lation due to baseline length (3.3.2.1).

The two processes u1 = u1R + ju1I and u2 = u2R + ju2I are still Gaussian, have
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zero mean and a covariance matrix Σ, given by:

Σ = (σ2
a + σ2

b + σ2
c + σ2

n)


1 0 Re(γ) −Im(γ)
0 1 Im(γ) −Re(γ)

Re(γ) Im(γ) 1 0)
−Im(γ) Re(γ) 0 1


. Then the joint probability density function of w = [u1R, u1I , u2R, u2I ]

T , is

Gaussian:

P (w) =
1

2π2|Σ|
1
2

exp
(
−1

2
wTΣ−1w

)
(7.5)

The unknown parameters are ϑ = [σ2
a, σ

2
b , σ

2
c , ha, hb, hc]

T ; once the data are ob-

served w, the likelihood function is obtained. By taking its logarithmic we obtain:

L(ϑ) = − log
(
2π2|Σ(ϑ)|

1
2

)
− 1

2
wTΣ−1w (7.6)

Using the multichannel configuration N + 1 different and independent images

(u1, u2, · · · , uN) are obtained using N independent channels. In this configuration

the log likelihood function has the same form as (7.6) but with a covariance matrix

2(N + 1)× 2(N + 1) dimensional.

Future works on this subject will regard an analysis of the performances of an

unbiased estimators, using the presented model and the implementation of a

Maximum Likelihood Estimator in order to retrieve the unknown parameters.

Moreover some considerations on the chosen model have to be done in case of

different scenarios and different scattering mechanisms.

7.3 Ground Based SAR

Recently a new terrain monitoring technique has been developed based on the use

of a Ground Based Synthetic Aperture Radar (GB-SAR) Interferometer [73]. As

satellite sensors, GB-SAR acquires complex images of the observed area, where

phase is related to the distance from the sensor to the scene. Interferometry

exploits this information to recover topography profile and to estimate terrain

movements.

In the Interferometric configuration the GB-SAR can monitor deformation of un-

stable areas having an extension of a few squares kilometres, at time intervals
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ranging from few minutes up to several days. The continuous monitoring allows

understanding the spatial distribution of deformation and, consequently, to pre-

dict the dynamics of the observed phenomenon [74]. Real time capabilities and

flexibility, the main features of GB-SAR interferometer, are the main character-

istics required to an instrument for the landslide monitoring in emergency cases.

Consider the GB-SAR system shown in 7.2 in the orthogonal plane respect the rail

along that the synthetic aperture is performed, coinciding with the x axis, where

M and S are respectively the master and slave radar positions and P (x, y, z) is

the observed target position. Master and slaves antennas are separated by a

Figure 7.2: Interferometric GB-SAR system - The scatterer point is by the
antenna M and by the antenna S, separated by a baseline B

baseline B in which Bv and Bh are the vertical and horizontal components. H

represents height of the master antenna respect to the reference plane and rm is

the distance between the master antenna and the target point, rm is the distance

between the slave antenna and the target point, ϑ represents the radar look angle.

We assume that the plane passing between observed target and radar is parallel

to yz plane, or equivalently the tilt angle between the radar-to-target direction

and the orthogonal direction respect to the rail is zero.

Under this assumption, the interferometric phase is given by:

φ = 〈4π
λ

(rm − rs)〉2π (7.7)
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The nominal phase φ0, (the phase in absence of noise) can be related to the

topographic height h above the reference plane through the relationship [73]:

φ0 = 〈4π
λ

Bv

[(
h−H
rm

)
− Bv

2rm

]
+Bh


√√√√1−

(
h−H
rm

)2

− Bv

2rm


〉2π (7.8)

The nominal phase differs from the measured phase φ, since the measured phase

is corrupted by the interferometric noise. The probability density function of

φ, given the nominal phase φ0 is the same as conventional interferometric SAR

systems (3.17).

Like for conventional Interferometric SAR systems, also in GB-SAR interferom-

etry, in order to retrieve the height h, the PhU problem has to be solved. A

statistical multichannel approach is an effective method also in this case. The

derivation of the multichannel likelihood function is the same as in conventional

SAR Interferometry (see section 3.4). The only difference is given by the relation

between nominal phase φ0 and height h.

Some interesting studies have been conducted on the achievable performances

of the ML estimator for the height reconstruction problem in GB-SAR Interfer-

ometry. In particular the performances analysis has been conducted evaluating

the CRLB. As previously said (see section 2.3), CRLB is an important instru-

ment that can be used to evaluate the performances of an estimation algorithm.

We analyze how typical geometric parameters of GB-SAR system can influence

CRLBs.

We considered two available frequency bands, C-band and S-band, and a base-

lines B such that the horizontal baseline Bh is set to zero. Figure 7.3(a) shows

the CRLBs square root as function of vertical baseline length Bv: specifically

square-marked line refers to estimation using C-band interferogram, while circle-

marked line refers to S-Band interferogram. We note that better performance

are given by C-Band and also that baseline increasing improves estimation qual-

ity. Figure 7.3(b) shows CRLB square root in case of estimation using jointly

C and S Bands interferograms: comparing with previous figure, we derive that

performance mostly depends on the lower wavelength. However, higher wave-

lengths give greater robustness to ML estimation approach. Then we evaluated

how coherence influences performance: in figure 7.4 CRLBs square root using
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(a)

(b)

Figure 7.3: (a) Behaviour of CRLBs square root for increasing vertical baseline
length, in C-band and S-band, (b) Behaviour of CRLBs square root for increasing
vertical baseline length, using jointly C-band and S-band

jointly C and S Bands data, for increasing vertical baseline length are displayed,

considering coherence values varying from |γ| = 0.75 to |γ| = 0.95. It has to be
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noted that even for high coherence value, small variations of the vertical baseline

length cause strong variations in CRLB. .

Figure 7.4: GBSAR Interferometry: CRLBs vs coherence - Behaviour
of CRLBs square root for increasing vertical baseline length, considering different
values of the coherence |γ|

The next step for this study is to apply the reconstruction procedure to simu-

lated and real data. Moreover, the MAP approach will be implemented in order

to improve height reconstruction accuracy.
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Conclusion

In this thesis the multichannel interferometric systems have been discussed and

analysed. Different innovative research contributes in the field of interest have

been presented. First, a ML based technique to retrieve the phase offsets that

affect multichannel interferometric data has been presented. The interferograms

are, in fact, known except for a not known slowly varying phase, that arise from

the contribution of several factors. If the phase offsets estimation is not per-

formed, it is not possible to restore the correct relation between the available

interferograms. The correct relation between the interferograms is needed by the

MAP or ML multichannel phase unwrapping in order to retrieve the height of

the considered scene.

The second interesting contribute provided in this thesis is related to the edge de-

tection in urban areas. The proposed idea is to use multichannel interferometric

data in order to retrieve buildings edges in urban areas. The approach is based

on the estimation of some hyperparameters, used to model the unknown height

of the pixels image. The method overcomes the traditional problems typical of

SAR edge detectors.

Then a new technique in order to improve the height reconstruction in urban

areas, affected by the layover phenomena, has been presented. This technique

is based on the use of multichannel InSAR data, in combination with auxiliary

data. The auxiliary data can be provided by the shadowing areas in SAR in-

tensity images or by an optical image of the same area. The auxiliary data are

used to refine the hyperparameters map, on which the MAP multichannel height
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reconstruction is based. This allows to improve the height reconstruction, in par-

ticular on the phase discontinuities that the layover implies.

The last innovative aspect presented in the thesis is a new fast multichannel phase

unwrapping method. The proposed method is based on Total Variation Energy

Model and Graph cuts optimization algorithm. Towards other classic phase un-

wrapping techniques, thanks to the multichannel approach the methods is able

to restore the solution in many critical cases. Moreover, the method overcomes

some limits that can arise using other multichannel phase unwrapping techniques.

In particular, the proposed method is at the same time not time demanding and

robust, since it is able to guarantee the global optimum solution for the consid-

ered problem.

Finally a preliminary study on another solution for the height reconstruction in

layover areas, and a preliminary study on GB-SAR multichannel interferometric

systems have been presented.
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