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Abstract

The telecommunications sector is characterized by an increasing demand for user—
friendliness and interactivity. This explains the growing interest in hands—free com-
munication systems. Signal quality in current hands—free systems is unsatisfactory.
To overcome this, advanced signal processing techniques such as the subband and
frequency—domain adaptive filter are employed to enhance the signal. These tech-
niques are known to have computationally efficient solutions. Furthermore, thanks
to the frequency—dependent processing and adaptivity, highly time-varying sys-
tems and signals with a continuously changing spectral content such as speech can
be handled.

This thesis deals with subband and frequency—domain adaptive filtering techniques
for speech enhancement in hands—free communication. The text consists of four
parts. In the first part design methods for perfect and nearly perfect reconstruc-
tion DFT modulated filter banks are discussed. Part II deals with subband and
frequency—domain adaptive filtering. The subband adaptive filter and the PBFDAF—
algorithm are discussed. Next, the interrelation between both approaches is studied
and a novel subband adaptation scheme is proposed. In part III of the thesis an
extension to the PBFDAF algorithm is presented, called the PBFDRAP adaptive
filter. The algorithm is analyzed and fast implementation schemes are derived. In
the final part we describe applications of our algorithms to the acoustic echo can-
cellation problem. It is seen that the algorithms discussed in parts I-III can be
successfully applied to real-world signal enhancement applications.
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Glossary

Mathematical Notation

vector v

vector v, function of the z—transform variable
matrix M

matrix M, function of the z—transform variable
frequency—domain equivalents of v and M
transpose of matrix M

complex conjugate of matrix M

Hermitian transpose of matrix M

inverse of matrix M

pseudo—inverse of matrix M

determinant of matrix M

adjugate of matrix M

square diagonal matrix with vector v as diagonal
complex conjugation of the coefficients of M(z)
without changing z

paraconjugate of M(z)

m~th element of vector v

m—th element of vector function v(z)

element on the m—th row and n—th column of
matrix M

element on the m—th row and n—th column of
matrix function M(z)

Kronecker product of matrix A and B
discrete—time filter or time sequence h
z—transform of h[k]

Discrete Fourier Transform of h[k]

convolution of z[k] and y[k]

circular convolution of z[k] and y[k]

circular correlation of z[k] and y[k]

the [-th out of L polyphase components of FIR
filter H(z), z—transform of h[l + Lk]
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AEC Acoustic Echo Cancellation

ALU Arithmetic Logic Unit

ANC Adaptive Noise Cancellation

APA Affine Projection Algorithm

ASIC Application—Specific Integrated Circuit

BLMS Block-LMS adaptive filter

CD Compact Disk

cf. confer : compare with

CPU Central Processing Unit

D/A Digital-to—Analog converter

DCT Discrete Cosine Transform

DFT Discrete Fourier Transform

DRAM Dynamic Random Access Memory

DSP Digital Signal Processor

e.g. exempli gratia : for example

Eq. equation

ERLE Echo Return Loss Enhancement

FDAF Frequency-Domain Adaptive Filter

FFT Fast Fourier Transform

FIR Finite Impulse Response filter

HiFi High Fidelity

IDFT Inverse Discrete Fourier Transform

i.e. id est : that is

iff if and only if

IFFT Inverse Fast Fourier Transform

IIR Infinite Impulse Response filter

LMS Least Mean Square adaptive filter

MAC Multiply—Accumulate operation

MFlops Millions of Floating point Operations Per Second

MIMO Multi-Input Multi-Output system

MIPS Millions of Instructions Per Second

NLMS Normalized Least Mean Square adaptive filter

op. number of equivalent real Operations

ops. number of equivalent real Operations per Second

P/S Parallel-to—Serial converter

PBFDAF Partitioned Block Frequency—Domain Adaptive
Filter

PBFDRAP Partitioned Block Frequency—Domain RAP
adaptive filter

PC Personal Computer

PRA Partial Rank Algorithm



QMF
RAP
RLS
S/P
SNR
SPL
SRAM
SVD
VME

vs.
w.r.t.

Ows

xi

Quadrature Mirror Filters

Row Action Projection

Recursive Least Squares adaptive filter
Serial-to—Parallel converter
Signal-to—Noise Ratio

Sound Pressure Level

Static Random Access Memory
Singular Value Decomposition

VERSA Module Eurocard (IEEE 1014) computer
architecture

versus

with respect to

at

zero wait state memory



xii Glossary



Contents

Voorwoord i
Abstract iii
Korte Inhoud v
Glossary vii
Contents xiii
Samenvatting xX1
1 Introduction 1
1.1 Problem statement . . . .. .. .. ... ... ... .. 1
1.2 Hands—free communication . . ... ... ... ... ... ... .. 3
1.2.1 Definition . . . . . . .. .. Lo 3

1.2.2  Examples of hands—free communication systems . . . .. .. 4

1.2.3 Signal deterioration . . . . ... ... ... ... ... .. 6

1.3 Characteristics of speech and the acoustic environment . . . . . . .. 7
1.3.1 Speechsignals . .. ... ... ... ... ... .. 7

1.3.2 The acoustic environment . . . . . . . . ... ... ... 8

xiii



Xiv

Contents

1.4 Enhancement techniques . . . . . . ... ... .. ... ... .. ... 10
1.4.1 Acoustic echo cancellation . . . . . ... ... ... ... ... 10
1.4.2 Noise suppression and interference cancellation . . . . . . . . 13
1.4.3 Dereverberation . . . ... .. ... ... ... ... 14

1.5 Outline of the thesis and contributions . . . . . . .. ... ... ... 15
1.5.1 Motivation . . ... .. .. ... 15
1.5.2 Chapter by chapter overview and contributions . . . . . . . . 15

1.6 Conclusions . . . . . . . . ... 20

Basic Concepts 21

2.1 Signal processing basics . . . . ... ..o oo 22
2.1.1 Representation of variables . . . . ... ... ... ..., .. 22
2.1.2 Multirate signal processing . . . . ... ... ... ... ... 22
2.1.3 Some definitions related to matrix algebra . . . . . . .. . .. 23

2.2 Filter bank basics . . . . . . ... oL 24
2.2.1 General subband scheme . . . . . ... ... oL, 24
2.2.2 Modulated filter banks . . . . .. ... oL 25
2.2.3 Polyphase implementation . . . . . ... ... ... ... 28
2.2.4  Perfect reconstruction . . . . . ... ..o 30
2.2.5 Overview of filter bank design techniques . . ... ... ... 30

2.3 Adaptive filtering techniques for speech enhancement . . . . . . . .. 33
2.3.1 Standard adaptive filtering techniques . . . . . ... ... .. 35
2.3.2 Block-based techniques . . . ... ... ... ... ... .. 39

24 Computational cost . . . . . .. .. L 44

25 Conclusions . . . .. . .. 46



Contents XV

I DFT Modulated Filter Bank Design for Oversampled
Subband Systems

3 Perfect Reconstruction Oversampled DFT Modulated Filter Bank

Design 47
3.1 Oversampled DFT modulated subband systems . . . . ... ... .. 48
3.1.1 DFT modulated analysis filter bank . . . ... ... ... .. 48
3.1.2 DFT modulated synthesis filter bank . . . . . . ... ... .. ol
3.1.3 Implementation issues . . . . .. ... ... ... .. ..... 55
3.2 Perfect reconstruction . . . . ... ..o 55

3.2.1 Smith-McMillan decomposition based perfect reconstruction

filter bank design . . . . . . .. ... oo oo o7

3.2.2 Para—unitary filter banks . . .. ... o000 L 60

3.3 Para-unitary filter bank design . . . . ... ..o Lo 61
3.3.1 Imposing para—unitarity . . . . . ... . ... ... ... ... 61
3.3.2 Para-unitary lattices . . . . . .. ... oo oL 63
3.3.3 Optimization of the para—unitary lattices . . ... .. .. .. 64
3.3.4 Adjusting the prototype filter length . . . . . . ... ... .. 65
3.3.5 Designexamples . . ... ... .. ... ... ... ... 68

3.4 Conclusions . . . . . . ..o 71

4 Nearly Perfect Reconstruction DFT Modulated Filter Bank De-

sign 73
4.1 Nearly perfect reconstruction DFT modulated filter banks . . . . . . 74
4.2 Frequency—domain optimization . . . . . . ... ... ... 75
4.3 Mixed time/frequency—domain optimization . . . . . .. .. ... .. 7
4.4 Application . . . . .. .. 83

4.5 Conclusions . . . . . . . . ... 86



xvi

Contents

II Subband and Frequency—Domain Adaptive Filtering

5 Subband Adaptive Filtering 89
5.1 Subband adaptive systems . . . . . .. ..o 90
5.1.1 General subband adaptive filtering setup . . . . . . . ... .. 90
5.1.2  Subband versus fullband adaptive filtering . . . . . . ... .. 91
5.1.3 Filter bank selection . . . . ... ... .. ... ... ... .. 92
5.1.4 Polyphase implementation . . . . . ... ... ... ... ... 93
5.1.5 DFT modulated subband adaptive filters . . . . .. .. ... 93

5.2 Design criteria for subband adaptive systems . . . . ... . ... .. 94
5.2.1 Frequency selectivity . . . . . . . ... 95
5.2.2 Perfect reconstruction . . . ... ... ... 95
5.2.3 Perfect path modelling . . . . . ... .. ... ......... 97

5.3 Downsampling and aliasing : two extreme cases . . . . . ... .. .. 98
5.3.1 Critically downsampled subband schemes . . ... ... ... 98
5.3.2 Two—fold oversampled subband systems . . . ... ... ... 98

5.4 Subband adaptive filter length . . . . .. ... ... ... .. 99
5.4.1 Infinite-length subband filters . . . . . . ... . ... ... .. 99
5.4.2 Introducing anti-causal filter taps . . . . . . ... . ... .. 104

5.5 Implementation cost and complexity gain with respect to LMS . . . 110
5.5.1 Rough cost estimate . . . . ... ... ... ... .. .. ... 110
5.5.2 Detailed cost analysis . . . .. ... ... ... ... 111
5.5.3 Costevaluation . . . . ... ... ... 112

5.6 Conclusions . . . . . . . . ... 115

6 Analysis of the Partitioned Block Frequency—Domain Adaptive Fil-
ter as a Subband Adaptive System 117

6.1

Partitioned Block Frequency—Domain Adaptive Filter . . . . . . .. 118



Contents xvii

6.1.1 Derivation of the PBFDAF algorithm . .. ... .. ... .. 118
6.1.2 PBFDAF algorithm : equations and properties . . . . . . . . 122
6.1.3 Normalization. . . . .. ... ... ... ... ... . ... . 123
6.1.4 Constrained versus unconstrained updating . . . . . ... .. 124
6.1.5 Ambiguity compensation for M > P+ L -1 . ... ... .. 125

6.2 The PBFDAF as a special case of subband adaptive filtering . . . . 127
6.3 PBFDAF : design criteria . . . . . . ... ... ... ... . ..... 133
6.4 Implementation cost . . . . . ... ... ... ... ... ..., 135
6.4.1 Cost computation . . . . .. .. ... ... ... 135
6.4.2 Cost evaluation and optimal parameter setting . . . . .. .. 136

6.5 Conclusions . . . . .. ... ... 140
7 Fullband Error Adaptation Scheme 145
7.1 Fullband error adaptation . . . . . ... ... ... ... .. 146
7.2 Computational complexity . . . . . ... ... . oL 150
7.3 PBFDAF weight updating revisited . . . . . . . ... ... ...... 153
74 Conclusions . . . . . . .. 155

IIT Iterated Partitioned Block Frequency—Domain Adap-
tive Filtering

8 Partitioned Block Frequency—Domain RAP 157
8.1 Partitioned block frequency—domain RAP . . . . ... ... ... .. 158
8.1.1 Definition . . . . . . . . ... .. 158

8.1.2 Mechanism . . . .. ... ... Lo 159

8.2 On iterating the PBEFDRAP . . . . . ... ... ... ... ...... 160
8.2.1 Computation of lim w(™® .. ... . 161

R—o00
8.2.2 Unconstrained PBFDRAP : lim w{™® ... .. .. . . . .. 165

R—oo™ P



xviii

8.2.3 Constrained PBFDRAP : lim ﬂl()”’R) ..........
R—o00

824 Summary . . ... ...

8.3 Simulation examples . . . . ... ... L.

84 Conclusions . . . . . . . . e

9 Fast Partitioned Block Frequency—Domain RAP
9.1 Fast PBFDRAP . . . ... ... . . . . ...
9.1.1 Fast PBFDRAP, version 1. . . . . ... .. ... ....
9.1.2 Fast PBFDRAP, version 2. . . . . ... ... ......
9.1.3 Fast PBFDRAP, version 3 . . . . . . ... ... .....
9.1.4 Fast constrained PBFDRAP . . . ... ... ... ...
9.1.5 Summary . . . . .. ..
9.2 Computational cost . . . . . . .. ... L
9.2.1 Unconstrained PBFDRAP . . . . . . .. ... ... ...
9.2.2 Constrained PBFDRAP . . ... ... ... .......
9.2.3 Unnormalized constrained PBFDRAP versus PRA . . .

9.3 Conclusions . . . . . . . .. ...

Contents

IV Acoustic Echo Cancellation, Implementation and Ex-

periments

10 Acoustic Echo Cancellation, Implementation & Experiments
10.1 Robust operation and control . . . . .. ... ... ... .. ..
10.1.1 Short—time energy . . . . . . .. ... ... ... ...

10.1.2 Far-end activity detection . . . . . . . . ... .. .. ..

10.1.3 Double-talk detection . . . ... .. .. ... ......

10.1.4 Post—processing . . . . . . . ... ...

10.2 Design examples and off-line comparison. . . . . . . .. .. ..

195



Contents Xix

10.3 A real-time implementation of an acoustic echo canceller on DSP . . 204
10.3.1 DSP equipment . . . . . . . .. ..o 205

10.3.2 Software . . . . . . . ... 206

10.3.3 Experiments . . . . .. .. ... . ... oo 207

10.4 Conclusions . . . . . . . ... e 214
11 Conclusions and Further Research 217
11.1 Conclusions . . . . . . . .. .. e 217
11.2 Suggestions for further research . . . . . . ... ... ... ... ... 220
Bibliography 223
Appendices 241
A Some definitions related to matrix algebra . . . . . . .. ... ... 241

B AppendixtopartI . . .. .. ... ... 245
B.1  Proofof theorem 3.1 . . . . . ... ... ... ... ... 245

B.2  Propertiesof B(z) . .. .. ... ... ... L. 246

B.3  Proofoftheorem 3.2 . . . . ... ... ... ... ... ..., 248

B4 Proofoftheorem 3.3 . . .. ... ... ... ... ... ..., 250

B.5  Proofof theorem 3.4 . . . . ... ... . ... ... . ... 251

B.6  Inverse decomposition of para—unitary lattices. . . . . . . .. 253

B.7  Para—unitary parameterization for M =2N . . . ... .. .. 255

B.8  Para—unitary DFT modulated filter banks revisited . . . . . . 259

C Appendix topart IT . . . . .. .. oo L 261
C.1  Proofoftheorem 5.2 . . ... ... ... ... ......... 261

C.2  Proofoftheorem 5.3 . . ... ... ... ... ... ...... 265

C.3  Detailed complexity analysis for the subband adaptive filter . 267

C.4 Proof of theorem 6.1 . . . . . . . .. .. ... .. .. ..... 271



XX

Contents

C.5 Proofof theorem 6.2 . . . . ... .. ... .. ......... 272
C.6 “Time-reversed” PBFDAF . ... ... ... ... ...... 273
C.7  Proofof theorem 6.3 . . . . . ... ... ... ......... 276
C.8 Proofoftheorem 6.4 . . . .. ... ... ... ... ...... 279
C.9  Complexity analysis for the PBFDAF . . ... ... ..... 280
C.10 Proof of theorem 7.1 . . . . . ... ... ... ... . ..., . 283
Appendix topart TIT . . . . . . . ... .. 287
D.1  Proof of theorem 81 . . . . . ... ... ... ... ..... 287
D.2  Proofoftheorem 82 . . .. ... ... ... ... .. ..... 288
D.3 Proofoftheorem 83 . . . . ... ... ... ... .. ..... 289
D4  Proof of theorem 84 . . . . . .. ... ... ... ... .. 290
D.5 Proofoftheorem 85 . . . . . ... ... ... ... . ... 290
D.6 Constrained PBFDRAP : Lpg < L. . . ... ... ...... 291
D.7  Proof of theorem 87 . . . . . ... ... ... . ... ..., 293



Chapter 1

Introduction

In the first section of this introductory chapter a motivation is given for the tech-
niques that will be developed in the forthcoming chapters of the thesis and we
will present some future perspectives on hands—free communication, which is the
application we have in mind.

In section 1.2 a few examples of hands—{ree communication systems are given and
the different types of signal degradation that occur are identified.

It appears that the characteristics of speech and the properties of the acoustic en-
vironment impose specific constraints on the type of signal enhancement algorithm
that can be used and on the way the algorithms are applied. Hence, in section 1.3
some basics of speech and acoustics are discussed.

For each type of signal degradation that can be identified in the hands—free commu-
nication setup, a number of enhancement techniques are known from the literature.
In section 1.4 several signal enhancement algorithms are briefly addressed.

An outline and an overview of the different chapters and parts of the thesis will
be presented in section 1.5. The main contributions are summarized and references
will be given to the publications that were brought about in the frame of this work.

Some conclusions to this chapter are formulated in section 1.6.

1.1 Problem statement

The telecommunications market has rapidly expanded in recent years. This has
brought about an important industrial activity with a huge economic impact. The
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Figure 1.1: Number of worldwide cellular subscribers [39] [179]

annual revenue of the global telecommunications market in 1996 was estimated at
US$ 645 billion and is expected to surpass US$ 1 trillion in 2002 [85]. This growth
is partly due to the expansion of the mobile phone industry. As indicated in figure
1.1 the estimated number of worldwide cellular subscribers now exceeds one billion
and it is expected that this number will continue to increase substantially in the
near future.

The telecommunications industry is characterized by an ongoing tendency towards
innovation and optimization. This implies, among other things, a focusing towards
user—friendliness and interactivity and hence explains the increasing demand for
hands—free communication systems today. As it is believed that more and more
telecom applications will become hands—free in the near future, a large potential
is expected for innovative and product—oriented research in the field of hands—free
communication in the coming years. This is confirmed by the observation that the
global hands—free market can grow from US$ 3 billion today to over US$ 9 billion
in the next five years [151].

In present—day hands—free communication systems the signal quality is often un-
satisfactory. Several types of signal deterioration can be distinguished, as will be
indicated in section 1.2.3. To each of them a specific set of enhancement techniques
can be applied.
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Figure 1.2: Hands—free communication setup

In this thesis subband and frequency—domain adaptive filtering techniques are stud-
ied. These signal processing algorithms can be used in a wide variety of applications
where signal enhancement is required. In part I, IT and III of the thesis several signal
processing algorithms will be considered. In part IV it will be shown that these sig-
nal processing techniques can be applied to enhance the signal quality in hands—free
communication systems. We will concentrate on one form of degradation in partic-
ular, which is caused by so—called acoustic echoes, and illustrate how the algorithms
discussed in part I, IT and III of the thesis can be employed.

1.2 Hands—free communication

1.2.1 Definition

Consider figure 1.2, which shows a typical hands—free communication setup. The
conference room accommodates one or more correspondents, which interact with
other people at a remote site via a wireless or wired communication channel. The
room shown in figure 1.2 is called the near—end conference room as it accommodates
the local or near—end speaker(s). At the remote site there is a similar room, called
far—end conference room, with the far-end speaker(s).

As we are dealing with a hands—free communication system the correspondents
don’t wear a headset or hold a microphone. Contrary to classical communication
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systems they are granted the freedom to walk around and to interact with each
other in a natural way.

To establish hands—free communication, in each conference room a number of mi-
crophones are installed to record the local conversation. The recorded signals are
then sent to the remote site where they are fed into a set of loudspeakers.

1.2.2 Examples of hands—free communication systems

Hands—free telephony

Different sorts of applications fit in the hands—free communication framework. Most
important from an economic point of view is certainly hands—free telephony. Re-
cently in many countries all over the world mobile telephony has been forbidden
while driving. Mobile phone calls in cars are allowed only if hands—free kits are used.
This is motivated by the observation that hand—held mobile phone calls distract the
driver and increase the number of accidents. During a mobile phone call the driver
misses 4 out of 10 road signs and fails to give way to other vehicles in 25% of the
cases. It appears that the accident risk increases with 75%, which reduces to 24%
if a hands—free kit is used [171].

It was found that people in North America spend a combined 500 million passenger—
hours in their vehicles each week. Although 65 percent of all cell-phone conversa-
tions take place in a car or other form of transport, less than 15 percent of the
cell-phone users in the US have hands—free accessories [25]. So, a huge market for
hands—free kits is expected in the near future.

A little side-remark is however that cell-phone usage is responsible for only 1.5
percent of all accidents in the US. On the other hand outside distraction was re-
sponsible for almost 30 percent of all crashes. Adjusting the radio or changing a
tape or CD was the second—biggest cause of accidents, amounting to 11 percent.
Furthermore, it appears that the conversations themselves lead to a dangerous driv-
ing behavior, not the type of phone that is used [25]. It should be added however
that in contrast to the US manual gear changes are still very popular in Europe. It
is clear that it is almost impossible to change the gear, to use a mobile phone and
to steer and drive safely at the same time.

The most common low—cost hands—free kits for mobile telephony in cars, such as
the KX-TCAS87 of Panasonic (£ US$ 25), are headsets with a (directional) micro-
phone and headphone. The quality is satisfactory, but according to our definition
of hands—free systems in section 1.2.1 these systems are not true hands—free solu-
tions. A second class of products, such as the hands—free car adapter NTN1583 of
Motorola (£ US$ 100), use a hands—free microphone and a built—in speaker, which
are connected to the dashboard. These are hands—free systems, but the quality is
not so good. Complete hands—free car kits on the other hand, such as the Nokia
CARK-91US (+ US$ 149 without installation), can be connected to the car radio
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and guarantee a better sound quality. These systems however need to be built in
and are integrated in the dashboard. The most advanced products rely on echo
cancellation and noise suppression techniques. The Sonata III echo cancellation
and voice enhancement system of NMS Communications® was developed for service
providers of E1 long distance and digital wireless technology. It is expected that in
the near future smaller and more advanced solutions for hands—free telephony will
be developed, which can be integrated in the hand—held mobile phones themselves
and provide high quality wideband speech enhancement.

Teleconferencing

Apart from hands—free telephony also teleconferencing fits in the hands—free com-
munication framework presented in section 1.2.1. Teleconferencing systems are
commonly used in business meetings today. Teleclassing, which enables students to
attend classes and lectures from a remote classroom, is a special case of this. As
the participants in a teleconferencing meeting can stay in their local office unnec-
essary traveling is avoided. Hence, a large cost reduction is obtained and the loss
of precious time is kept to a minimum. A market research report from Wainhouse
Research states that the market for audio, video and web conferencing services will
reach US$ 9.8 billion by 2006, up from US$ 2.8 billion in 2000 [135].

Powerful teleconferencing systems are already commercially available. Polycom,
Inc., which acquired PictureTel Corporation in 2001, brings a range of full duplex
audioconferencing equipment to the market. These solutions have a limited band-
width and are suited for small business meetings. Larger systems are also available,
such as the iPower™ 900 series of Polycom, Inc. They provide integrated audio and
videoconferencing and offer better audio quality. Future systems will have to cope
with higher bandwidths and multi—channel signal enhancement, for which efficient
signal processing algorithms are needed.

Domotic and voice—controlled systems

Nowadays there is an increasing interest in so—called domotic systems. More and
more voice controlled systems are encountered in daily life at home and at work.
These hands—free systems can be used for the automatic conditioning of a living
room or the office at work (switching the light or the central heating on and off,
opening the curtains, ...). Other examples are voice controlled electronic devices or
HiFi systems, the on—board computer in your car, voice controlled PC software, ... .
Telematics seems to be the next big challenge in the automotive industry, providing
cellular voice and internet services in vehicles. In North America alone the market
for telematics equipment is expected to grow to US$ 7 billion in 2007 [180].

INMS Communications acquired the product line of echo cancellers and voice enhancement
systems of Lucent Technologies in 2001.
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Figure 1.3: Full-duplex hands—free communication setup

In 2001 Ford and Vodafone announced a strategic partnership to provide in—car
telematic services. Within five years nearly all new Ford vehicles will be fitted with
some telematics system. These systems will include voice recognition and text—
to—speech technology to recognize spoken phone numbers as well as the names of
previously entered contacts. Advanced signal processing techniques will be needed
for adequate signal conditioning and preprocessing.

1.2.3 Signal deterioration

Consider again figure 1.2. Ideally, the desired near—end speech signal, which stems
from a local correspondent, is sent to the remote site without any quality losses. It
is clear that in a hands—free system the signal quality is degraded in many ways.
Due to the large speaker—to—microphone distance undesired background signals are
recorded and are transmitted to the correspondent as well.

A first type of disturbance are so—called acoustic echoes, which arise whenever a
far—end loudspeaker signal is picked up by the near—end microphone(s) and is sent
to the remote site. At the far—end site the same coupling might exist between loud-
speaker and microphone and hence the signal can circle around in the system. The
local speaker hears an echo or a delayed version of his/her own speech (figure 1.3).
Such delayed signals hinder smooth conversation and lower the speech intelligibil-
ity. Delays could be quite long (several hundreds of milliseconds), especially when
satellite links are involved. In the worst case the closed-loop gain might become too
large and the echo gets unstable, resulting in a harmful sinusoidal tone. A number
of techniques can be called for to cancel the echo, hence the name acoustic echo
cancellation.
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A second source of signal deterioration is “background noise”. This type of dis-
turbance can e.g. be generated by a ventilator or a computer fan. It can also
come from people in the conference room not participating in the discussion but
having a discussion among themselves in the background (cf. cocktail party). In
car applications noise is being generated by the engine or by the car radio. It may
also come from the wind passing around the car cabin or from the contact between
road and tires [94] [160]. Signal processing techniques that are applied to reduce
the background noise level are referred to as noise suppression or source separation
algorithms. If a reference of the disturbing signal can be obtained, e.g. in the case
of radio or engine noise, more specific enhancement techniques can be used. This
is called interference cancellation and is very similar to acoustic echo cancellation.

Finally, remark that all signals propagate through the recording room. As a conse-
quence reverberation is added to the signals, which leads to another type of signal
distortion. Although signals (especially music) may sound more pleasant when re-
verberation is added, in general the intelligibility is lowered. In order to cope with
this kind of deformation dereverberation or deconvolution techniques are called for.

1.3 Characteristics of speech and the acoustic en-
vironment

The characteristics of speech and the properties of the acoustic environment have
an influence on the type of algorithm that is used and on the way the algorithms
are applied. In this section some characteristics and peculiarities of speech and
acoustics are discussed. Only those properties are mentioned that are important for
the algorithms and techniques considered in this thesis. More detailed information
on speech and signal processing for speech signals can be found in [29] [124]. A
good reference on acoustics is [93].

1.3.1 Speech signals

Very often in hands—free applications the signal to be enhanced is speech. Speech
is a signal with highly time—varying characteristics. Sometimes speech is quasi—
periodic (e.g. vowels), at other instances it acts like colored noise (fricatives) or it is
impulse-like (plosives). For example, in the word “peace” there is a clear difference
between the plosive /p/, the vowel /i:/ and the fricative /s/.

Speech is a wideband signal with frequency components between 100 and 8000 Hz,
hence covering more than 6 octaves. For speech understanding frequencies between
300 and 3400 Hz, i.e. 3.5 octaves, are of most interest. Hence, a sampling rate of
8 kHz is sufficient for low—quality (e.g. classical telephony) speech recording and
speech transmission. Nowadays, there is a demand for higher quality, resulting into
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so—called wideband speech systems for which higher sampling rates, e.g. 16 kHz,
are used.

It is observed that both the time envelope and the spectral content of speech are
continuously changing : the energy of the speech signal is both time— and frequency—
dependent. The mean frequency envelope of voiced speech is about -6 dB/octave.
Signal enhancement algorithms have to cope with the changing frequency depen-
dence and hence often rely on frequency—domain and subband techniques.

The time—domain evolution of the speech signal is characterized by its high dynamic
range : speech pauses alternate with high energetic vowels or plosives, which sig-
nificantly increase the short-time energy. This can e.g. be verified in figure 10.12
(chapter 10) were a speech signal is shown at the top. It is found that the ampli-
tude of speech varies between 30 and 90 dB SPL [124]. In order to cope with these
amplitude variations 12 to 16 bits linear quantization is commonly used for speech.

Furthermore, due to the high dynamic range of the speech signal, signal enhance-
ment algorithms have to be normalized by the actual signal energy. In this way the
algorithm can be prevented from diverging and at the same time slow convergence
can be avoided.

1.3.2 The acoustic environment

It is observed from figure 1.2 that acoustic waves travel from source to listener
and thereby propagate through the recording room. This propagation results in
a signal attenuation and spectral distortion. It appears that the attenuation and
the distortion can be modelled quite well by a linear filter. Nonlinear effects are
typically of second order and mainly stem from the nonlinear characteristics of
the loudspeakers. The linear filter that characterizes the acoustics and relates the
emitted signal to the received signal, is called the acoustic impulse response and
plays an important role in many signal enhancement techniques.

Acoustic impulse responses can be measured quite easily, an example of which is
given in figure 1.4. Observe that the acoustic impulse response is characterized by
a dead time. The dead time is the time needed for the acoustic wave to propagate
from source to listener via the shortest, direct acoustic path. After the direct path
impulse a set of early reflections are encountered, whose amplitude and delay is
strongly determined by the shape of the recording room and the position of source
and listener. Next come a set of late reflections, also called reverberation, which
decay exponentially in time. These impulses stem from multi—path propagation as
acoustic waves reflect on walls and objects in the recording room. Acoustic impulse
responses are typically highly time—varying, as shown by the following experiment.

Experiment 1.1 Consider the acoustic impulse response w; shown in figure 1.4.
To compute w; a white noise signal x was sampled at 44100 Hz and fed into a loud-
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Figure 1.4: Acoustic impulse response of the ESAT speech laboratory

speaker. The response y = w; * ¢ was recorded with a microphone. The distance
between loudspeaker and microphone was approximately 180 cm. Based on the
loudspeaker and microphone signal, w; could be determined. Then the experiment
was repeated. The configuration was slightly changed, moving the microphone 1 cm
to the left and leaving the position of the loudspeaker and the rest of the environ-
ment unchanged. Again the acoustic impulse response was computed, resulting in
wy. Despite the small change in microphone position the impulse response changed
substantially : it was found that

||[wi — wa[2

w1 ]2

=72%.

To simulate the effect of moving correspondents in the recording room a dummy
was placed between loudspeaker and microphone and the impulse response (ws)
was computed. Then the dummy was moved approximately 1 cm. All other objects
were left unchanged. Again the acoustic impulse response wy was determined. In
this case

||ws — wall2

= 34%.
l[ws ]2

\Y

In order to cope with these time variations adaptive signal processing techniques
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are called for. Thanks to the continuous updating these algorithms are more or less
robust against possible system variations.

To characterize the amount of reverberation in a recording room the reverberation
time (RTgo) is defined as the time that the sound pressure level or the intensity
needs to decay to e.g. -60 dB of its original value. It is therefore a measure of
the decay and of the duration of the acoustic impulse response. It appears to be
independent of the actual position of source and listener. The reverberation time
was computed for the impulse response shown in figure 1.4 following the method
described in [60]. It appeared that RTsp &~ 240 ms.

Typical reverberation times are in the order of hundreds or even thousands of mil-
liseconds. For a typical office room RTgq is between 100 and 400 ms, for a church
RTgo can be several seconds long. If therefore in a digital signal enhancement
application the acoustic impulse responses are characterized by FIR filters many
hundreds or several thousands of filter taps are needed, depending on the sampling
rate. Hence, computationally efficient algorithms are required.

In order to reduce the filter order, i.e. the number of delay elements, IIR models
could be called for. It appears that although the order can be reduced in this way
it still remains quite large, i.e. in the order of several hundreds [75] [108]. IIR-
based enhancement techniques have to be relied on in that case, typically leading
to either an increased computational load, or stability problems and convergence to
local minima [108] [141].

In order to optimally control the experiments carried out in the frame of this the-
sis simulated room impulse responses were often used. These simulated acoustic
impulse responses were designed following the method described in [4] [129] [154].

1.4 Enhancement techniques

Each of the three forms of signal degradation that arise in hands—free communication
are now discussed in more detail, emphasizing existing algorithmic solutions that
are known from the literature.

1.4.1 Acoustic echo cancellation

Experiments have shown that suppressing the acoustic echoes with 45 dB leads
to satisfactory perceptual results, as long as the overall delay introduced by the
echo canceller doesn’t exceed a certain upper bound. The input—output delay is
clearly constrained in hands—free telephony for instance, but is less stringent if no
reaction from the remote site is required. Internationally standardized requirements
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Figure 1.5: Adaptive acoustic echo cancellation

with respect to echo cancellation are contained in the ITU-T recommendations?
(G.167) on acoustic echo controllers [86]. For instance, the end—to—end delay is
recommended not to exceed 16 ms for wideband teleconferencing. The far—end
signal suppression (when no near—end signal is present) should reach 40 dB for
teleconferencing systems and 45 dB in hands—free telephony. In presence of near—
end signals (double talk) the suppression should be at least 25 dB. Convergence to
a 3 dB attenuation level should last less than 20 ms in the case of single talk.

To suppress the echo several conventional acoustic echo cancellation techniques can
be applied [77]. For instance, highly directional loudspeakers and microphones
and sound absorbing materials can be used to avoid reflections. Another popular
technique is voice controlled switching or loss control, which mutes channels in
which no or very low—energetic activity is measured. It is clear that these techniques
rely on accurate voice activity detection and hence quickly degrade. Further, the
stability margin of the closed—loop system can be improved using so—called howling
control. Thereto almost inaudible nonlinear operations are inserted in the signal
path to avoid instability of the closed—loop system, as this would result in a harmful
sinusoidal tone circling around in the network. Frequency—shifting, comb filters and
resonant peak removal are often used. Finally, nonlinear post—processing devices
can be added to remove residual error signals and to make the signal more pleasant
to listen to.

In practice nowadays acoustic echo cancellers are based on adaptive filtering tech-
niques [76] [77] [L06] [176]. Adaptive filters will be discussed in section 2.3. A general
adaptive acoustic echo cancellation setup is shown in figure 1.5. If the adaptive filter
w is a good estimate of the acoustic impulse response w it is observed that

elk] = d[k] - y[k] (1.1)
= (s[k] + wxz) —wxz (1.2)
~ s[k], (1.3)

2ITU stands for International Telecommunication Union and replaces the CCITT since 1993.
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Figure 1.6: Stereo acoustic echo cancellation setup

hence the echo can be removed. The adaptive filter w is a self-designing system
that uses a gradient algorithm that minimizes the error signal energy. In this way
a good replica of the unknown system w can be obtained. Apart from the ability
to obtain a good echo path replica, time variations of the acoustic impulse response
can be tracked as well, thanks to the adaptivity. However, accurate tracking of the
acoustic impulse response w is still a challenge even if fast and hence expensive
adaptive filtering structures are applied [62] [162] as acoustic impulse responses are
known to be highly time-varying (cf. experiment 1.1).

In more advanced systems two or more loudspeaker channels have to be cancelled
as shown in figure 1.6. It can be proven that stereo or —in general multi-channel—
acoustic echo cancellation inherently suffers from a non—uniqueness problem [113].
In practice however, a unique solution to the stereo echo cancellation problem does
exist, but the underlying optimization that drives the adaptive filters appears to
be severely ill-conditioned. Several techniques were developed that cope with this
issue. They try to decorrelate the stereo channels by insertion of nonlinearities in
the signal paths or by applying psycho—-acoustic noise masking techniques [58] [68]
[87] [121].

Although commercial adaptive echo controllers are available on the market nowa-
days, providing a merely satisfactory solution to the single—channel acoustic echo
cancellation problem, further improvement and research will be necessary in the
coming years. It is for instance clear that in the near future there will be a need
for N—channel acoustic echo controllers (e.g. for stereo, surround systems, Dolby
Digital 5.1). Remark that the number of adaptive filters in an N-—channel echo
cancellation system equals N2 (cf. figure 1.6), hence computationally efficient and
intelligent controllers are needed. Further, whereas present—day echo cancellers
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mostly operate at rather low sampling rates (8 kHz) higher quality will be required
in the near future (16 kHz, or even higher). As the complexity of an echo cancella-
tion system using a linear adaptive filtering algorithm, changes quadratically with
the sampling rate, again efficient adaptive structures will be needed. Finally, there
will be a request for a better overall performance and more robustness in highly
non—stationary and complex acoustic environments. This requires reliable control
software, which is added to the adaptive filtering scheme.

1.4.2 Noise suppression and interference cancellation

Single—channel noise reduction methods have been known for a long time now. They
exploit the characteristics of speech and the noise and enhance the SNR, by appro-
priate (matched or Wiener) filtering operations [149]. More advanced techniques,
commonly used today, rely on spectral subtraction [11] [182].

Noise suppression is a difficult problem. It is observed that the signal of interest and
the background noise typically overlap both in the time and in the frequency domain.
This is certainly true when both signals are speech. The signal of interest and the
“noise” are therefore difficult to separate if classical spectro—temporal enhancement
techniques are employed.

It is observed however that the correspondent and the background noise source are
typically at a different position in the conference room. Hence, multi—-microphone
techniques can be called for, which exploit the spatial information present in the
different microphone signals. This in general leads to spatio—temporal filtering
operations and increases the performance.

A first class of enhancement techniques that rely on this spatial diversity is beam-
forming. The beamforming idea comes from telecommunications where it was in-
troduced to design antenna arrays. Later it was successfully applied to acoustic ap-
plications as well. As the acoustic environment is inherently time—varying adaptive
beamforming techniques are often called for. Broadband beamforming for speech
enhancement is still a topic of ongoing research [17] [18] [34] [66] [74] [91] [92] [97]
[122] [123] [125] [136] [150] [158] [161] [164] [165] [172] [174] [175].

More recently optimal filtering techniques have been proposed for the suppression
of additive broadband noise. These techniques rely on powerful matrix decompo-
sitions such as the SVD and the Quotient SVD [33] [148]. They show a superior
performance compared to classical beamforming approaches but are computation-
ally more demanding.

If a reference of the noise signal can be obtained more specific signal enhancement,
techniques can be applied. For instance, in the case of engine noise in a car the spark
signal can be measured and used to suppress the noise in the car cabin. Adaptive
filtering techniques are then typically called for. Remark also that echo cancellation
can be viewed as a special case of this.
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Echo cancellation and noise suppression have been addressed independently for
many years now. Recently, it has been recognized that both problems are better
tackled in a combined approach, especially if multi-microphone settings are being
used. Initial results indicate that the combined approach yields a better perfor-
mance at a lower computational cost [1] [31] [63] [102] [103] [104] [105].

Multi—microphone noise reduction schemes are being commercialized nowadays.
The systems that are available on the market however are typically rather basic
solutions with a limited number of microphones and often relying on simple, not
fully adaptive signal processing tools. There is certainly a need for more powerful
and robust systems with a higher performance at an acceptable cost in the forth-
coming years.

1.4.3 Dereverberation

Of the three types of signal deterioration that occur in hands—free communication
dereverberation is least prominent. However, in rooms with a high reflectivity rever-
beration effects have a clearly negative impact on the intelligibility. Dereverberation
techniques have been developed over the last years but the solutions available today
are not yet satisfactory.

Single—channel dereverberation techniques were reported first. Inverse filtering can
be called for, by trying to invert the acoustic impulse response. However, as the
impulse responses are known to be non—minimum phase systems they have an un-
stable inverse [112] [120]. Cepstrum—-based techniques are more promising [6] [126]
[131] and rely on the separability of speech and the acoustics in the cepstral domain.

Through multi—channel processing the spatial diversity of the hands—free setup can
be exploited, in general leading to a better performance. Acoustic beamforming
techniques are being used, as apart from noise suppression they are known to par-
tially dereverberate the signals as well. A second class of multi—channel dereverbera-
tion techniques is based on cepstral processing. It was shown that the single—channel
cepstral based dereverberation algorithms can be extended to the multi—channel case
[96].

Matched filtering algorithms were reported in [2] [167]. They rely on subspace
tracking techniques. These algorithms show an improved dereverberation capability
with respect to classical approaches but as some environmental parameters are
assumed to be known in advance these approaches may be less suitable in practical
applications.

During the last years MIMO blind system identification techniques have been de-
veloped for equalization in digital communications [80] [118] [163] [166]. These
techniques might be extendible to speech enhancement applications but this is still
a topic of ongoing research [67].
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1.5 Outline of the thesis and contributions

In this section an outline and an overview of the thesis can be found. The main
contributions are summarized and references will be given to the publications that
were brought about in the frame of this work.

1.5.1 Motivation

In this thesis subband and frequency—domain adaptive filtering techniques are stud-
ied, putting forward acoustic echo cancellation as a possible and straightforward
application.

Acoustic echo cancellation, as well as other signal enhancement problems in hands—
free communication, deals with the retrieval of degraded speech embedded in “noise”.
To enhance the speech signal the acoustics of the recording room need to be esti-
mated. In section 1.3 we discussed some properties of speech and the acoustic
environment that impose specific constraints on the signal enhancement algorithm
that is used. It was for instance observed that acoustic impulse responses are time—
varying high—order systems. It was further indicated in section 1.4.1 that there
will be a need for (multi—channel) acoustic echo controllers in the near future that
offer a high performance at increasing sampling rates. Hence, computationally effi-
cient and adaptive algorithmic solutions should be called for. Finally, as the time
envelope and the spectral content of speech are continuously changing time— and
frequency—dependent signal processing is required.

It will appear in the forthcoming chapters of the thesis that subband and frequency—
domain adaptive filtering techniques meet all the requirements specified above, com-
bining adaptivity and frequency—dependent processing, and offering a high perfor-
mance at a low cost. Hence, subband and frequency—domain adaptive filters will be
put forward as being appropriate approaches to solve the acoustic echo cancellation
problem.

It is not only our objective to present existing and novel subband and frequency—
domain adaptive solutions for acoustic echo cancellation, we will also dwell on the
structures and principles that lie behind these techniques, in an attempt to get
more insight in the underlying fundamentals. Whereas acoustic echo cancellation
was presented as the starting point and a motive for this research, the main part
of the text deals with signal processing as such. The presented techniques can be
employed in many applications, going far beyond acoustic echo cancellation alone.

1.5.2 Chapter by chapter overview and contributions

The thesis consists of four parts. Each of them is divided in one or more chapters.
A schematic overview of the different parts and chapters is presented in figure 1.7.
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The introductory and concluding chapter are omitted however in the figure.

In chapter 2 some basic concepts are discussed and the necessary signal processing
tools will be presented to understand the main part of the text.

Part I : DFT modulated filter bank design for oversampled subband
systems

It was motivated in this introductory chapter that frequency—dependent adaptive
signal processing is required for adequate acoustic echo suppression. Frequency de-
pendency can be achieved through the use of digital filter banks and the integration
of these structures in existing adaptive filtering schemes, leading to so—called sub-
band adaptive filters. In general however, digital filter banks introduce considerable
signal and aliasing distortion. In part I of the thesis design methods for perfect and
nearly perfect reconstruction DFT modulated filter banks are discussed. These fil-
ter banks introduce no or almost no signal distortion and are easily integrated in
subband adaptive filtering structures.

In chapter 3 design methods for perfect reconstruction oversampled DFT
modulated filter banks are presented. A para—unitary filter bank design
method is discussed, which was presented in [22]. With this method how-
ever the order of the filter banks cannot be adjusted accurately. We present
an extension to this method, which basically allows to choose any desired
filter length. Further, we show that based on the inverse parametrization
of the filter bank parameters appropriate starting values can be obtained,
which reduces the optimization time.

The stopband attenuation of perfect reconstruction filter banks is typically
unsatisfactory if intermediate operations, such as adaptive filtering, are per-
formed on the subband signals. In chapter 4, the perfect reconstruction
condition is relaxed to nearly perfect reconstruction. Both a frequency—
domain and a mixed time/frequency—domain based design method are pre-
sented for nearly perfect reconstruction DFT modulated filter banks. Sub-
band adaptive filtering is taken as an example to illustrate that thanks to
their lower stopband level nearly perfect reconstruction filter banks outper-
form perfect reconstruction systems.

Publications related to the first part of the thesis are [43] [45] [52].

Part II : Subband and frequency—domain adaptive filtering

In section 1.5.1 subband and frequency—domain adaptive filters were put forward
as being appropriate approaches to solve the acoustic echo cancellation problem. In
this part we will concentrate on subband and frequency—domain adaptive filtering
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in more detail and discuss some of their properties. Although both approaches
were developed independently in the literature they are strongly connected to each
other. We will focus on the interrelation between both techniques and combine
their mechanisms to obtain improved algorithmic structures.

The subband adaptive filter is discussed in chapter 5. A comparison is
made between the subband approach and standard fullband adaptive fil-
ters in terms of complexity and performance. It will be shown that sub-
band adaptive filtering structures suffer from a considerable residual under-
modelling error unless extra (anti—)causal subband filter taps are inserted.
Although the complexity gain w.r.t. the fullband approach is less than
expected, still a considerable cost reduction can be obtained. Next, we
formulate three design criteria for subband adaptive systems, which deal
with frequency selectivity, perfect reconstruction and perfect path mod-
elling. These conditions are necessary requirements to ensure satisfactory
performance of the subband adaptive filter.

In chapter 6 the partitioned block frequency—domain adaptive filter
(PBFDAF) is studied. It appears that this algorithm, which is known from
the literature for some years now, outperforms standard subband systems in
terms of convergence behavior and modelling capabilities. It will be proven
that the PBFDAF can be considered as a special subband adaptive filter-
ing structure, which fulfills two out of the three design criteria for subband
adaptive systems that are specified in chapter 5. It is further shown that the
frequency—domain adaptive filter relies on a special error correction mecha-
nism. Thanks to the error correction the filter coefficients can be updated
with aliasing—free error signals, which leads to improved performance.

In an attempt to generalize the error correction mechanism of the frequency—
domain approach to subband adaptive systems we propose a novel fullband
error adaptation scheme for subband adaptive filters in chapter 7. The
alternative adaptation scheme adjusts the subband filters based on the full-
band error instead of using the subband errors, as is done in a classical
subband adaptive system. In this way improved performance is obtained.
It is shown that for some common parameter settings the weight update
mechanism of the so—called unconstrained PBFDAF corresponds to that
of the fullband error adaptation algorithm presented in this chapter. This
proves that the fullband error adaptation algorithm can be considered as an
extension of the frequency—domain error correction mechanism to a more
general class of subband adaptive filters.

Publications related to this part are [41] [42] [47] [48] [49] [51] [53] [56] [57].
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Part III : Iterated partitioned block frequency—domain adaptive filtering

In part III an extension to the PBFDAF is proposed, called the PBFDRAP, which
is an adaptive filtering algorithm combining partitioned block frequency—domain
adaptive filtering with so—called row action projection. The algorithm is presented
and analyzed and fast implementation schemes are derived.

In chapter 8 the PBFDRAP is defined and it is explained how extra error
suppression can be achieved w.r.t. the PBFDAF. Further, the asymptotic
properties of the algorithm are analyzed : for some parameter settings the
PBFDRAP algorithm approaches well-known adaptive filtering algorithms.
Finally, it is shown that the PBFDRAP outperforms the PBFDAF in a
realistic echo cancellation setup.

Fast implementations are derived for the PBFDRAP algorithm in chapter
9. The different fast implementation schemes are compared with the stan-
dard implementation of the PBFDRAP for different parameter settings.
It appears that a significant complexity reduction can be obtained. The
PBFDRAP adaptive filter is then compared with the PRA algorithm from
a computational complexity point of view. It is seen that for large block
lengths the PBFDRAP is a cheaper alternative to the PRA.

Publications related to this part are [50] [54] [55].

Part IV : Acoustic echo cancellation, implementation and experiments

In the final part of the thesis the acoustic echo cancellation problem is revisited. It
was pointed out in section 1.4.1 that in the near future there will be a request for
more robust acoustic echo cancellation schemes offering a better overall performance
in highly non—stationary and complex acoustic environments. This requires reliable
control software, which is added to the adaptive filtering scheme to monitor the
adaptation speed.

Chapter 10 illustrates how the different adaptive filters developed in the
preceding chapters can be applied to an acoustic echo cancellation setup,
providing them with control and so—called double—talk detection techniques,
known from the literature. Several experiments are discussed, different
adaptive filtering solutions are compared and some observations concern-
ing a real-time implementation of an acoustic echo canceller on DSP are
presented.

Publications related to this part are [44] [46].

The final conclusions and some suggestions for further research are formulated in
chapter 11.
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1.6 Conclusions

In the first section of this chapter the economic impact of telecommunication tech-
nology and hands—free communication in particular was highlighted and a motiva-
tion was given for the work that was performed in the frame of this thesis.

In section 1.2 hands—free communication was defined, examples were given and it
was pointed out that different sorts of signal degradation do occur.

In section 1.3 some basics of speech and acoustics were studied.

It was shown in section 1.4 that a large variety of signal enhancement techniques
are known from the literature. They can be employed in present—day hands—free
communication systems to obtain a better signal quality.

In section 1.5 an outline and an overview was given of the different chapters and
parts of the thesis and the main contributions were presented.



Chapter 2

Basic Concepts

In this chapter some basic concepts are discussed and the necessary signal processing
tools are presented to fully understand the forthcoming chapters of the thesis.

Many of the algorithms described in this thesis are so—called block based adaptive
filters. Often in this kind of algorithms signals with different sampling rates coexist,
hence the name multirate systems. In section 2.1 some basics of signal processing
and of multirate signal processing in particular are therefore discussed.

Part I of the thesis focuses on digital filter bank design. These filter banks can then
be integrated in the subband adaptive filtering structures that are discussed in part
II. Section 2.2 therefore discusses some filter bank fundamentals and presents the
necessary background information that is needed to fully understand part I and II
of this work.

The algorithms presented in part II and III are adaptive filters. A brief overview of
existing adaptive filtering techniques will be given in section 2.3.

For many of the algorithms that are discussed further on, a cost analysis will be
performed. The assumptions we will make for these cost analyses are summarized
in section 2.4.

Section 2.5 formulates the conclusions to this chapter.

21
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2.1 Signal processing basics

2.1.1 Representation of variables

Most of the signals, filters and systems that are referred to in this thesis are discrete—
time variables. They are represented in the time, the frequency or in the z—domain.

The time—domain representation of a variable h
hlk)={ ... h[=1] h[0] A[l] A[2] ...} (2.1)

depends on the discrete time k, which relates to the actual time ¢t = k/f, via the
sampling frequency f;.

H(z) is the z—transform of h[k] and is defined as

H(z) = Z hlk]z=*. (2.2)

k=—o0

An in—depth discussion of the use and validity of the z—transform can be found in
many books on signal processing [126] [134] or control theory [65] [110].

By evaluating H(z) on the unit circle, i.e. replacing z by €2/ in Eq. 2.2, the
frequency—domain representation of h[k] is obtained :

H(f) = i hlk]e 927k7, (2.3)

k=—o00

H(f) is periodic in the frequency f € R. For the evaluation of the frequency—
domain characteristics the fundamental interval (1 period) is usually considered,
1

ie. —5 < f < %, in which f = 0.5 corresponds to the Nyquist frequency. The

inverse frequency—domain transformation

nik = [ H(p)e ™ (2.4)

—1
2

computes h[k] from H(f).

2.1.2 Multirate signal processing

In many of the adaptive filtering algorithms discussed in this thesis signals with
different sampling rates are encountered. As different sampling rates coexist within
the same algorithm these adaptive filtering structures are called multirate systems.
The main reason to change the sampling rate is the complexity reduction that can
be achieved.
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To fully describe a multirate system in the time domain several discrete—time vari-
ables should be defined and used in parallel. It is however more convenient to
represent these systems in the z—domain.

To describe the conversion from one sampling rate to another, two operations will
be discussed here : the reduction of the sampling rate with an integer factor, called
downsampling, and the increase of the sampling rate with an integer factor, which
is referred to as upsampling.

Downsampling
f[m] is an N—fold downsampled version of h[k] if
flm] = hlk]ny = h[mN], VYm € Z,N € INy. (2.5)

In this way the sampling rate is reduced by a factor N. In signal flow graphs N—fold
decimators or downsamplers are represented as m . It can be shown [156] that

N-1
1 2
F(z)==Y H('/Ne % 2.
()= X HE ) (26)
holds, in which f[k] +— F(z) and h[k] +— H(z) are z—transform pairs.

Upsampling
f[m] is an N—fold upsampled version of h[k] if

him/N] if m =pN, Vpe Z,N € Ny

flm] = hlk]ny = { 0 otherwise, (2.7)

which increases the sampling rate by a factor N. In signal flow graphs N—fold
expanders or upsamplers are marked as m . It can be shown [156] that

F(z) = H(ZN). (2.8)

Both operations introduce artifacts. In the case of downsampling aliasing is added
to the signal. Upsampling invokes so—called mirror frequencies. More information
about this and how to get rid of the artifacts can be found in any good book on
(multirate) signal processing, e.g. [156].

2.1.3 Some definitions related to matrix algebra

In appendix A a few matrix algebra definitions and properties are combined that
will be used and referred to in the forthcoming chapters of the thesis. A good
reference on matrix algebra that focuses on numerical aspects and implementation
issues is [73].
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Figure 2.1: A general subband scheme : all intermediate operations can be done at
the downsampled rate, which typically leads to a reduced implementation cost and
improved performance.

2.2 Filter bank basics

Filter banks are widely used in digital signal processing [156]. Typical applications
are subband coding [87] [169] and subband adaptive filtering [53] [142]. Subband
techniques can improve the performance of standard fullband algorithms for speech,
audio or image processing, as they allow an optimal tuning of the algorithm in each
subband. In this way subband algorithms often outperform their globally tuned full-
band counterparts. Furthermore, by using multirate techniques the implementation
cost can typically be reduced.

2.2.1 General subband scheme

A general subband scheme is shown in figure 2.1. The so—called analysis filter bank
splits the input z in a set of smallband signals : the input is filtered with each of the
M analysis filters Hy, ..., Hy—1 and each subband signal is N—fold downsampled.
Hence, intermediate operations can be performed on the subband signals at the
downsampled rate and this typically leads to a cheaper implementation. Finally,
a recombination operation takes place in the synthesis filter bank Go,...,Gp 1,
which operates on the N—fold upsampled subband channels and results in the output

Y.

A filter bank is a set of parallel filters, which each filter out a part of the fre-
quency spectrum. If all filters have the same bandwidth the filter bank is said to be
uniformly spaced. In some cases non—uniformly spaced filter banks are preferred.
Non—uniformly spaced filter banks more closely approach the mechanism of human
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perception and therefore the bandwidth of the different filters is changed in a log-
arithmic way. Non—uniformly spaced filter banks are often tree— or wavelet—based
[156] [169] and might be more suitable for applications such as audio or video. In
this thesis only uniformly spaced filter banks will be considered.

Uniformly spaced filter banks are typically obtained by modulating, i.e. frequency
shifting a well-designed lowpass prototype filter. Hence, they are called modulated
filter banks. Each of the analysis filters Hy, ..., Hy; 1 then filters out a part of the
frequency spectrum and as there are M subbands in total the bandwidth of each of
the analysis filters is equal to (or larger than) %, in which f; represents the sampling
frequency corresponding to the input signal signal x. Modulated filter banks can
easily be implemented by decomposing the prototype filter in polyphase components
and applying a DFT or DCT operation (see sections 2.2.3, 3.1 and [156]). The latter

operations can be implemented efficiently using fast signal transforms.

Critically downsampled subband schemes

For a uniformly spaced modulated filter bank the bandwidth of each of the filters is
larger or equal to fﬁ Hence, if the downsampling factor NV is larger than M a con-
siderable amount of aliasing will be inserted in the subbands by the downsampling
operation. Aliasing is often detrimental for the performance of the intermediate
subband operations (e.g. subband adaptive filtering, see also figure 5.10). Hence
in practice, N is restricted to be smaller or equal to M, with M = N being an
upper bound for N. A subband system for which M = N is called a critically
downsampled subband scheme. In this case the implementation cost can be opti-
mally reduced : the intermediate operations and in many cases also the filter bank
operations (see section 2.2.3) can be done at the lowest sampling rate, as N is as
large as possible.

Oversampled subband schemes

In practice however, finite order filter banks have to be used in order to limit the
processing delay and the computational complexity. Finite order filters have a
non—negligible transition bandwidth and therefore aliasing will be inserted in the
subbands even if the downsampling factor N is smaller than M. Critically down-
sampled finite order subband schemes are strongly sensitive to aliasing and in many
cases the loss in performance due to the critical downsampling is not acceptable.
From this point of view oversampled subband schemes (M > N) are more attractive
as they trade off between complexity reduction and aliasing distortion.

2.2.2 Modulated filter banks

Computationally efficient subband systems are often based on modulated filter
banks, which typically involves DFT or DCT operations [156].
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DFT modulated filter bank
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Figure 2.2: 4-band DFT modulated filter bank : frequency amplitude response

The M subband filters of a DFT modulated filter bank are derived by frequency

shifting a well-designed lowpass prototype filter ho[k] of length L¢ in the following
way :

hlk] = ho[kle=7*%, { 0l (2.9)
<

Hp(z) = Hy(el 5" 2) (2.10)
=

Ho(f) = Hb(f+%%). (2.11)

Equation 2.10 follows from Eqs. 2.2 and 2.9 and Eq. 2.11 can be obtained from
Eq. 2.10 by replacing z by e/27/. The filters are frequency shifted versions of each
other and the complete set of M filters covers the whole frequency spectrum. An
example of a DFT modulated filter bank, with M = 4 is shown in figure 2.2.

A variant of this is the Inverse DFT modulated filter bank, which is defined as

m=0:M-1
k=0:L;—1

;2mkm

h[k] = holk]e? 5, { (2.12)
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DCT modulated filter bank
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Figure 2.3: 4-band DCT modulated filter bank : frequency amplitude response

The z—transform and frequency—domain representation are given by

Hp(z) = Hy(e 7% ). (2.13)
=
Hm(f) = Ho (f—%). (2.14)

IDFT modulation differs from DFT modulation only in the order in which the filters
are frequency shifted.

Apart from DFT modulated filter banks cosine or DCT modulated filter banks are
often used. Based on a well-designed FIR prototype filter p[k] of length L, the
different DCT analysis filters h,,[k] can be derived as follows [156] :

hu[k] = 2p[K] cos <% (m+ %) (kz— sz_ 1) +(—1)m%> L m=0:M—1.

(2.15)
An example of a DCT modulated filter bank, with M = 4 is shown in figure 2.3.
Whereas DCT modulated filter banks are typically used in critically downsampled
subband systems, they are less suitable for oversampled schemes. Cosine modu-
lated filters have a positive and negative frequency band. The positive and negative
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frequent subbands tend to overlap when the subband signals are not—critically down-
sampled. In this way a large amount of aliasing is inserted in the subbands. As
it is our goal to design oversampled filter banks (M > N) that introduce only a
small quantity of subband aliasing, standard DCT modulated filter banks are not
applicable. Some schemes have been proposed that combine real filter banks with
unequal subsampling in different bands to overcome this problem [78].

In the case of DFT modulated filter banks on the other hand the subband filters
filter out a single contingent frequency region. If there are M subbands and the
lowpass prototype filter has a good stopband rejection, the bandwidth of the band-
passed signals that are filtered out by each of the subband filters is approximately
%. Hence, the subband signals are correctly projected into the new fundamental
interval [;1{,, fo\,] by the downsampling operation if M > N, avoiding severe alias-
ing distortion. As a consequence, oversampled subband schemes are often based
on DFT modulated filter banks because of their aliasing robustness and ease of

implementation.

2.2.3 Polyphase implementation

The analysis and the synthesis filter bank are immediately followed, respectively
preceded by downsampling or upsampling units (see figure 2.1). Hence, it is cheaper
to do not only the intermediate processing, but also the filter bank operations at
the downsampled rate, which can be achieved through polyphase decomposition.

Analysis bank

If the signals passing through the M—band analysis bank are subsequently N—fold
downsampled, each subband filter h,,[k] can be decomposed in its N-th order
polyphase components :

Hp(2) =Y 27 "Hp, .y (27), (2.16)

in which H,,, . (2) is the n—th out of N polyphase components of the m—th subband
filter hy,[k], in other words the z—transform of h,,[n + Nk], k=0,1,... .

Swapping the polyphase components and the downsamplers leads to a more efficient
implementation. The filtering operations can now be done at the lower sampling
rate, as shown in figure 2.4 for the m—th subband.

The analysis bank can now schematically be represented as shown in figure 2.5.
H(z) is called the analysis polyphase matrix [156]. Element (m,n) of H(z) is

[H(2)] 5, = Hmpon (2)

)

(2.17)

m=0:M-1
n=0:N-1
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Figure 2.4: Analysis filter polyphase decomposition

Synthesis part

For the synthesis part a similar derivation can be made. By polyphase decomposi-
tion

N—-1
Gm(z) = Z 2 "Gm,n (ZN)a (2.18)
n=0

and swapping the polyphase components and the upsamplers figure 2.6 is obtained.

All N-th order polyphase components are contained in the synthesis polyphase
matrix G(z) [156] :

G ()], = G (2): { m=0: -1 (2.19)

By combining the analysis and synthesis part figure 2.1 can be re—arranged, resulting
in figure 2.7 (omitting the intermediate processing for a while). It is observed that
for the analysis part the analysis polyphase matrix H(z) is used whereas at the
synthesis side J GT(z) is found. J is the exchange matrix with ones along its main
anti—diagonal and zeros elsewhere. Remark that matrix J needs to be inserted as
the ordering of the delay—and—sum line in figure 2.7 was changed w.r.t. figure 2.6.
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Figure 2.5: Analysis filter bank : polyphase decomposition

2.2.4 Perfect reconstruction

Ideally, in the absence of intermediate processing, the overall effect of a subband
system is that of a pure delay, i.e. output y is a delayed copy of the input = (see
figure 2.1). A subband system for which this property holds is called a perfect
reconstruction system.

It can be observed that if
JGT(2)H(z) = Ix (2.20)

the inner filtering operations in figure 2.7 cancel each other out and the system
reduces to a combined analysis and synthesis tapped delay line. It can be verified
that this leads to perfect reconstruction [156].

The design of critically downsampled DFT or DCT modulated filter banks having
the perfect reconstruction property is well-known and leads to the design of para—
unitary or unimodular polyphase matrices [156] [170] [181]. Some references on
perfect reconstruction design for oversampled DFT modulated filter banks can be
found in more recent publications such as [22] [23] [24] [89] [168]. In chapter 3 design
techniques for perfect reconstruction oversampled DFT modulated filter banks will
be discussed.

In practice, small amplitude or phase distortion, aliasing and quantization related
errors can be tolerated. In some applications the perfect reconstruction property
can therefore be relaxed to “nearly” perfect reconstruction by admitting some am-
plitude, phase and aliasing distortion as long as the distortion is not noticeable or is
acceptably low. In chapter 4 two design techniques for nearly—perfect reconstruction
DFT modulated filter banks will be presented.

2.2.5 Overview of filter bank design techniques

In this section some common filter bank design techniques will be briefly addressed.
A tutorial on filter bank design is [156]. More in—depth information can also be
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Figure 2.6: Synthesis filter polyphase decomposition

found in [156] as well as in many of the references given in this section.

Some design techniques lead to filter banks having the desired perfect reconstruc-
tion property discussed in section 2.2.4, implying amplitude, phase and aliasing
distortion—ree input—output behavior. However, in many applications imposing the
perfect reconstruction property would be too restrictive. Hence, if perfect recon-
struction behavior is not strictly required, some amplitude, phase and/or aliasing
distortion can be tolerated. Several design procedures exist, which eliminate one
or more of the artifacts (amplitude, phase and aliasing distortion) or reduce them
to an acceptably low level. Apart from the kind and the amount of distortion tol-
erated other design criteria are considered, as there are frequency selectivity and
implementation cost.

For almost 20 years a lot of attention has been paid to the design of aliasing—free
and perfect reconstruction FIR digital filter banks. Initially, a maximally decimated,
two—channel Quadrature Mirror Filter bank (QMF) was proposed [21] [156].
A simple relation between the analysis and synthesis filters ensures aliasing—free
operation. Power symmetry! of the lowpass analysis filter and a special relation

1A filter F(z) is called power symmetric if F(2)F(z) + F(—2)F(—=2) = 1, F(z) = Fe(271).
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Figure 2.7: Subband system : polyphase implementation

between the lowpass and highpass analysis filter leads to perfect reconstruction. The
extension to M—channel maximally decimated filter banks was done via polyphase
decomposition of the analysis and synthesis filter bank [156].

Optimal computational savings are obtained for critically or maximally decimated
subband schemes (see section 2.2.1). For maximally decimated FIR filter banks
perfect reconstruction is easily obtained if the determinant of the analysis polyphase
matrix H(z) takes on the form az~%, with a € R, a # 0 and § € Z. In that case
an FIR inverse for H(z) can be found by choosing

%)

G(z) = H(z) T3 = ZE (adj H(2))T J. (2.21)
Square para—unitary and unimodular polyphase matrices® have a determinant of the
form az~? and are therefore used to design maximally decimated perfect recon-
struction FIR filter banks [107] [111] [156] [157] [170] [181].

Contrary to DFT modulated filter banks, the filters of a cosine (DCT) mod-
ulated filter bank are restricted to be real, which is very appealing : roughly
speaking, complex operations are 4 times more expensive than real operations. In
this case 2M complex filters are combined to obtain a set of M real cosine modu-
lated filters (figure 2.3). The prototype filter p[k] is supposed to be a good lowpass
filter, blocking frequencies above %, so only aliasing effects from neighboring bands
have to be taken into account. An optimization procedure trying to reconcile good
bandpass characteristics with a small amplitude distortion has been proposed and
leads to so—called pseudo—QMF cosine modulated filter banks [156]. However, these
filter banks do not have the perfect reconstruction property. By imposing para—
unitarity on the analysis polyphase matrix perfect reconstruction cosine modulated
filter banks can be designed [156]. The para—unitary constraint comes down to
pairwisely imposing power complementarity on a set of prototype polyphase com-
ponents. This technique is similar to the design procedure for para—unitary DFT

2See also section 2.1.3.
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Figure 2.8: Adaptive filtering setup

modulated filter banks with 2—fold oversampling, which is discussed in appendix
B.7. Finally, it is mentioned that computationally efficient and numerically stable
implementations of DCT modulated filter banks are based on fast cosine transforms
and lossless lattices.

Most, oversampled subband schemes are based on DFT modulated filter banks
for their aliasing robustness and ease of implementation (cf. section 2.2.2). The
subsampling factor IV then typically varies between % and M, with M the number
of subbands. Remark that overall aliasing cancellation does not exclude aliasing
distortion in the subbands. In the case of subband adaptive filtering for instance,
high aliasing levels will cause the convergence of the adaptive filter to degrade,
which is not acceptable. However, it is possible to design DFT modulated filters
with sufficiently low aliasing levels. Perfect reconstruction design for oversampled
DFT modulated filter banks can be found in more recent publications such as [10]
[22] [89] [168]. In chapter 3 design techniques for perfect reconstruction oversampled
DFT modulated filter banks will be discussed.

2.3 Adaptive filtering techniques for speech en-
hancement

In figure 2.8 a typical adaptive filtering setup is presented. Input signal x passes
through an unknown system w leading to the so—called desired signal d. Parallel
to w a filter w is updated such that @ mimics the unknown system w. This can
be done by minimizing the energy of the error output e. Hence, the adaptive filter
consists of two major parts : a filtering operation and a weight update. If the
adaptive filter models the unknown system w perfectly, the error signal will be 0.
The adaptation is done continuously through feedback of the error signal e. In this
way W can track possible time—variations of w.

The unknown system w is typically assumed to be linear and for many applications
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this is a realistic assumption. In this thesis we will also assume that w is an FIR sys-
tem, or that w can at least be described fairly well using an FIR model. As it is our
intention to develop adaptive filtering techniques for audio and speech enhancement
applications, the unknown system w corresponds to an acoustic transfer function.
Hence, @ will be a high order FIR filter (see section 1.3.2) of many hundreds or
even several thousands of filter taps (see also figure 1.4), that models w.

Different applications can be considered. In this thesis we will mainly concentrate
on the echo cancellation problem (see figure 1.5), which fits in the adaptive filtering
setup of figure 2.8. Typically in this kind of application a local signal source s is
added such that d = s +w % x. It is assumed that « and d are known and that w
is estimated in order to reduce the error output e and to retain only the signal of
interest s. Both in the acoustic field as well as in digital communications adaptive
filters are widely used to solve the echo cancellation problem. Another application
is system modelling, in which not the error signal e but the model w itself is of
interest. Adaptive filtering techniques can be used to obtain reliable models of
room acoustics for instance. More advanced adaptive filtering setups are used for
interference and noise cancellation (see section 1.4.2) and equalization in digital
communications e.g. where the output of the adaptive filter y = @ * z is of main
interest.

Adaptive filtering algorithms are a powerful signal processing tool for signal en-
hancement and system modelling thanks to their self-learning capabilities. Adap-
tive filters can start from zero a—priori knowledge and by their inherent feedback
structure and the continuous updating they autonomously form a model of the
unknown system and can track possible system variations.

A large set of adaptive filtering techniques was developed in the literature during
the last decades [81] [114] [178], all providing a solution for the different applica-
tions mentioned above. The algorithms differ in terms of performance (convergence,
tracking, algorithmic delay), implementation cost (number of operations per second,
memory requirements), stability (numerical stability, intrinsic stability) and imple-
mentability (algorithmic structure, modularity, parallelisability). In general it is not
easy to decide which algorithm is optimal for a certain application, as it strongly
depends on the available computational power and the designer’s preference.

If the adaptive filter is used for audio processing or speech enhancement applications
—as is the intention with the techniques discussed in this thesis— typically cheap
algorithms are preferred. The complexity of the acoustic environment (see section
1.3.2) requires long adaptive filters to be updated and this in general leads to a
high computational burden. Advanced adaptive filtering structures having a high
complexity such as the RLS algorithm (see section 2.3.1) are therefore not often
taken into consideration. For acoustic applications cheap algorithms such as the
LMS and NLMS algorithm (see section 2.3.1), frequency—domain techniques (see
section 2.3.2, chapter 6 and part III) and subband algorithms (see section 2.3.2 and
part IT) are commonly used. Thanks to the rapidly growing performance of silicon
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based devices more advanced structures are being considered nowadays such as the
APA algorithm and fast versions thereof as well as fast implementations of the RLS
algorithm, both briefly discussed in section 2.3.1.

2.3.1 Standard adaptive filtering techniques

In this section and in section 2.3.2 some well-known adaptive filtering techniques
will be discussed and references will be given to the literature, mainly serving as
background information and as a starting point for the forthcoming chapters.

Least Mean Square adaptive filter

The most popular adaptive filtering algorithm for speech enhancement during the
last decades is certainly the Least Mean Square (LMS) adaptive filter [81] [83] [114]
[115] [178]. Although first proposed in 1960 by Widrow and Hoff it still serves as a
standard and is used to benchmark more advanced algorithms nowadays.

The update equations defining the LMS algorithm are :

ylk] = xIw, (2.22)
e[k] = d[k] — y[k] (2.23)
Wit1 = Wi + uxgelk], (2.24)

with x; and wy, (complex—valued) column vectors of length Lpp representing the
input data

(k]
zlk — Lrp + 1]
and the adaptive filter weights at time k
w“”[o]

" [Lpp —1]
respectively® and p a stepsize controlling the adaptation speed.

Like many adaptive filtering algorithms the LMS adaptive filter minimizes the cost
function £{|e[k]|?}, using instantaneous estimates of the gradient vector correspond-
ing to £{|e[k]|*}. In this way LMS approximates the well-known steepest—descent
algorithm. It can indeed be proven that the expected convergence behavior of the
LMS adaptive filter is that of the steepest—descent algorithm.

3Check figure 2.8 for signal conventions.
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The time—evolution of the filter weights of the steepest—descent algorithm is gov-
erned by (I — uAxx)¥, where k is the discrete-time index. Matrix Axx = diag{\;}
contains the eigenvalues \; € R™ of the input autocorrelation matrix, which is de-
fined as Rxx = £{x}x} }. It follows that for convergence 0 < pu < 12—. The larger
i, the faster the convergence, but the larger the so—called excess mean—squared
error : even when the algorithm has converged the filter coefficients will continue to
bounce around. If u is too large the algorithm becomes unstable. Furthermore, for
input signals x with a large eigenvalue spread (i.e. Amin <€ Amax), such as speech
and audio signals, the convergence of the LMS algorithm is expected to be slow.
This is a main disadvantage of the LMS adaptive filter. In practice, the eigenvalue
decomposition of Ryx is hard to compute. Hence, a more conservative criterion

0<p< (2.27)

2
Lrp E{|x[k]]?}
is used to determine the adaptation stepsize. For some applications a time—depen-
dent stepsize py, is preferred.

Although very simple the LMS algorithm works remarkably well. Its biggest ad-
vantage is the simplicity and hence low implementation cost. The LMS updating
(Eqgs. 2.22-2.24) amounts to 16Lrp + 2 operations if complex signals are involved
and 4Lrp + 1 operations for real signals*.

Normalized LMS adaptive filter

From Eq. 2.27 it can be observed that the upper bound for the LMS stepsize
constant is inversely proportional to the input signal energy. For signals with a
high dynamic range, such as speech for instance, the instantaneous signal energy
continuously varies. If a fixed stepsize is applied, p has to be taken smaller than
# with Fax the maximum input signal energy. However, for this value of
5 "the Bifer will converge too slowly during low input data levels. The Normalized
LMS (NLMS) algorithm was therefore defined as an extension to the LMS algorithm,
having a stepsize that is inversely proportional to the actual input signal energy.
Hence, the weight update equation (compare with Eq. 2.24) becomes

Wit = Wi + m xrelk], (2.28)

X +0
in which Lpp &{|z[k]|?} was approximated by xxj + §, with § € R" a small
constant preventing overflow if £{|z[k]|?} ~ 0. It can be proven that the NLMS
algorithm is convergent in the mean square, i.e. E{|z[k]|?} converges to a finite
steady—state value, if (compare with Eq. 2.27)

0<p<2 (2.29)

4The cost is expressed in number of equivalent real operations : a real multiplication and a
real addition are assumed to be equally expensive. More information on cost computation can be
found in section 2.4.
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For speech and audio applications this normalized version of the LMS algorithm is
typically used. In order to reduce the effect of the excess mean—squared error p is
typically chosen around 0.2.

Compared to the LMS algorithm, p has to be divided by the energy of the input
data vector. If the energy is computed using updating techniques (see Eqgs. 10.1
and 10.3), the extra cost w.r.t. LMS is rather small.

Recursive Least Squares adaptive filter

It can easily be proven that the weight vector that minimizes the least squares
criterion

L1
min Y~ le[k — []|* = min [|d), — X} wg]|? (2.30)
Wi =0 Wi
with
dlk — L+1]
d, = : L (2.31)
d[k]
and
zlk — L + 1] z[k]
X, = ; : Lrp (2.32)
zlk—L—Lrp+2] ... z[k—Lrp+1]
is given by®
wi = R, ' X} dy, (2.33)

if L > Lrpg. Matrix Ry, is defined as XZX;‘C. Due to the matrix inverse in Eq. 2.33
the computational complexity of this least-squares algorithm is a function of L% .

The complexity can be reduced by recursively updating R,;l starting from R,;ll.
This leads to the so—called Recursive Least Squares (RLS) algorithm, having a
weight update of the form

Wit1 = Wi + kke[k], (234)

in which kj, is the so—called Kalman gain. The complexity of the RLS adaptive
filter depends on L% . Different versions exist, such as the sliding-window RLS or
the exponentially weighted RLS algorithm [114].

Unfortunately, the RLS algorithm suffers from numerical problems. Numerically
stable implementations of the RLS algorithm do exist and rely on the QR—decompo-
sition [81] [114].

5For this the gradient of ||dj, — X% wy||2 w.r.t. wy, has to be computed and set to 0. Information
about how to compute the gradient of a real scalar w.r.t. a complex vector can be found in [81]
and on page 265.
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Owing to the fact that the filter weights are updated using R,:l, RLS is definitely
superior to LMS as far as convergence is concerned. Unlike the LMS algorithm
RLS does not suffer from slow convergence for signals having an ill-conditioned
autocorrelation matrix Rxx = E{x}x7 }.

The complexity of the RLS algorithm depends quadratically on the filter length and
therefore RLS is not taken into consideration for applications were long filters need
to be adapted (e.g. speech enhancement).

Many fast versions can be derived for the RLS adaptive filter [81] [114]. They
have a complexity that linearly depends on the filter length, therefore being much
cheaper than the standard RLS algorithm if long filters are adapted. Still, the cost
is considerably higher than that of the LMS algorithm : the Fast Transversal Filters
algorithm e.g., one of the cheapest fast RLS variants, is still 4 times more expensive
than LMS.

The use of fast RLS adaptive filters in the context of acoustic echo cancellation has
already been reported in the literature [12] [58]. With the continuous increase in
hardware performance it is expected that fast RLS techniques will gain importance
in the field of speech enhancement in the coming years.

Affine Projection Algorithm

An extension to the NLMS algorithm is the Affine Projection Algorithm (APA) [69]
[116] :

er = dj — X{wy (2.35)

-1
\ilk+1 W]g + ,ukXZ (XZX;) €. (236)
X}, is an Lpp x L Toeplitz matrix containing the input data samples, defined by
Eq. 2.32 and dy, is shown in Eq. 2.31. The Lrg X 1 vector wy, contains the adaptive
filter weights and uy is the stepsize. Equation 2.36 is valid for L < Lpp.

Typically, py is chosen equal to 1. In this case APA solves the underdetermined set
of equations

X} wy = dy (2.37)

such that the a—posteriori error eZOSt =d; — X{vAka is 0, while minimizing the

energy of the a—priori error output ey.

If L =1, APA reduces to the NLMS algorithm. Hence, APA is scalable between
the NLMS algorithm (L = 1) and the sliding—window RLS algorithm (L = Lgp).
Very often a regularization term 61, with d a small positive constant, is added to
X{ X5 to protect the algorithm against overflow. Moreover in this case, Eq. 2.36
is also valid for L > Lgpg.
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Fast versions of the APA algorithm can be derived [69] [137], leading to a consider-
able complexity reduction.

2.3.2 Block—based techniques

In this section block—based adaptive filtering techniques will be discussed. The data
is now processed in blocks, i.e. the algorithm gets its input data from input buffers
as soon as they are full, and dumps a set of processed samples to the output buffer.
Through the use of downsampling techniques and fast signal transforms such as the
FFT, a considerable cost reduction can be obtained w.r.t. sample-based adaptive
filters.

A disadvantage of block processing is the delay introduced by the algorithm, as the
error signal is sent to the output only after a complete block of samples has been
processed. On the other hand, in some applications such as echo cancellation for
instance, some small delay is desirable as “looking ahead” leads to a more robust
signal/noise and double-talk detection (see chapter 10), essential for good real-time
operation. Furthermore, the usage of input and output buffers is the natural way to
feed and extract data to and from the algorithmic core during a real-time operation
on a microprocessor or DSP.

Contrary to the previous sample-based adaptive algorithms that are characterized
by the discrete—time variable k, we will use the block index n to indicate time in
this section. By convention in this thesis block n processes a set of L data samples
corresponding to time indices nL + 1 to (n + 1)L.

Block-LMS

Block-LMS (BLMS) is similar to standard LMS. The filter weights however are
updated only at regular periods, i.e. each time a block, being a complete set of L
new input samples, has arrived. The equations defining the BLMS algorithm for
block n are :

z[nL + 1] z[(n+ 1)L]
Xn = : ; Les  (2.38)
| zlnL—Lrp+2] ... z[(n+1)L—Lrp+1]
d[nL + 1]
d, = : L (2.39)
| dl(n+1)L]
e, = d, — X w, (2.40)
Wil = Wy + pn X ep. (2.41)

Each time a BLMS iteration is performed, as described by Eqs. 2.38-2.41, L new
z—samples are taken in, and L new filter output samples e are produced. Vector d,,
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contains the L most recent values of the desired signal d. For signal conventions,
see figure 2.8. Further, n is the block time index and u, is a block dependent
stepsize controlling the adaptation speed. L is called the block length, and hence
the corresponding input/output delay of the algorithm is 2L — 1. Observe that the
BLMS algorithm reduces to LMS if L = 1.

Equation 2.41 can also be written as

L
Wptl = Wy + Up Z XnL+l1 e[nL + l]: (242)
=1

in which vector x,,1,4; is an Lpp X 1 vector defined as

z[nL +1]
XnL+1l = Lrp. (243)
z[nL+1— Lrp + 1]

The gradient estimates of the BLMS algorithm are expected to be better than
those of LMS thanks to the averaging in Eq. 2.42. They become more accurate
as L becomes larger. However, the larger L the less frequently the weights are
updated, which has a negative effect on the tracking capabilities of the algorithm.

For wide—sense stationary processes the time constants, misadjustment and final
filter weights of the BLMS algorithm are identical to those of the LMS adaptive
filter, if both are adapted with the same stepsize p. In practice, the convergence be-
havior of the BLMS algorithm is typically comparable to that of LMS or is slightly
worse. However, the maximum stepsize pumax ensuring stability reduces proportion-
ally with the block size L [19], which makes the BLMS adaptive filter less favorable
than LMS if fast convergence is preferred.

Frequency—Domain Adaptive Filter

As a cheaper alternative to the LMS algorithm, the frequency—domain adaptive filter
(FDAF) was introduced, which is a direct translation of BLMS to the frequency
domain [64] [101] [142].

The core and hence most expensive operations of the BLMS algorithm are a linear
convolution, i.e. the filtering operation (see Eq. 2.40) and a correlation, being the
weight updating (see Eq. 2.41). However, as they are computed in the time domain
their implementation is suboptimal.

It appears that these core operations can be implemented in a more efficient way by
replacing the linear time-domain convolution and correlation by circular convolu-
tions/correlations in the frequency domain. This requires some “restore” operations,
which basically cope with the error that is introduced when circular instead of linear
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operations are used. These “restore” operations are typically based on overlap—save
or overlap—add techniques [20] [142].

Overlap—add and overlap—save correction techniques are equivalent as far as compu-
tational complexity and performance is concerned [142]. The algorithmic equations
are slightly different however. As no further insight or additional performance may
be expected from overlap—add techniques, overlap—save correction will be consis-
tently applied throughout the following chapters.

The adaptive filter
W™ [0]
Wy = : (2.44)
W™ [Lpp — 1]
is transformed to the frequency domain as follows :
w, =F [ "B” HLMFBLFB . (2.45)

27wpg

F is the M x M DFT matrix : element (p,q) of F is given by F(p,q) = e~/ .

The overlap-save FDAF essentially comes down to the following procedure :

z[(n+ 1)L — M + 1]
XM = diag{ F : M, (2.46)
z[(n + 1)L]
m — | Ov—L 0 pix(m
y —{ 0 IL}FX w, (2.47)
0 11 dinL + 1]
(n) _ M-—L _ .
d™ = {dn ]M . dy,= : L (2.48)
d[(n+1)L]
e = g _ y(m (2.49)
I FB 0 — n * n
W, = En+F[ Lo Ourso. ]F LAX (™ Fel™ (2.50)

In each iteration, L new xz—samples are taken in, and L new filter output samples e
are produced. Vector d,, has length L and contains the L most recent values of the
desired signal d. Equation 2.47 and 2.50 perform the filtered input signal correction
and the gradient estimate correction respectively. These are the essential steps that
transform the circular convolution and correlation into linear operations.

L is called the block length, and hence the corresponding input/output delay of the
FDAF algorithm is 2L — 1. A necessary condition for appropriate operation of the
FDAF is that M = Lpp + L — 1 + 0, with ¢ an integer such that ¢ > 0. In most
applications Lrg = L, 0 = 1 and M is a power of 2.
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The standard version of the algorithm, for which the stepsize matrix A = ulyy,
corresponds to an exact translation of Block—LMS to the frequency domain. In the
most general case however, A = diag{ugn)} contains frequency—dependent stepsizes
that can vary from block to block. The stepsizes can be optimally tuned to the
actual signal energy in each frequency band. Hence, improved convergence can be
obtained.

There exist two variants of the algorithm, called the constrained and the uncon-
strained FDAF. The algorithm described by Eqs. 2.46-2.50 is the constrained
FDAF. For the unconstrained version the “projection” type operation

| . 0

F
0 Or-—Lyp

F! (2.51)
is left out of Eq. 2.50. The unconstrained updating requires 3 (I)DFTs per itera-
tion. The constrained FDAF is more expensive with 5 (I)DFTs per iteration. The
constrained and the unconstrained algorithm both converge to the same Wiener
solution under certain conditions. The maximum allowable stepsize for the uncon-
strained algorithm still guaranteeing stability, is reduced by a factor 2 with respect
to the constrained case. Its convergence speed therefore is also approximately 2
times slower [95].

The implementation cost of this frequency—domain algorithm is typically consider-
ably lower than that of its time—-domain equivalent. A detailed cost analysis and
discussion can be found in section 6.4. It appears e.g. that the FDAF algorithm is
computationally attractive only if the block length L has the same order of mag-
nitude as the filter length Lrp. In practice however, this leads to unacceptable
input/output delays : in a realistic acoustic echo cancellation setup for instance,
with an adaptive filter @ modelling 1000 taps in the time domain and sampled at
8 kHz, the delay is twice as long as the acoustic impulse response, i.e. 250 ms.

In general, one can state that frequency—domain algorithms such as the FDAF
have mainly two advantages over time-domain techniques. First, a considerable
cost reduction can be obtained thanks to block processing and the use of fast sig-
nal transforms. Secondly, better convergence properties are expected through the
decorrelation capabilities of the signal transforms and hence the use of optimally
tuned stepsizes per frequency band. The main disadvantage is the larger algorithmic
delay.

Subband adaptive filtering

The combination of the adaptive filtering techniques discussed in section 2.3.1 with
the filter banks of section 2.2 gives rise to a promising block based adaptive system,
known as the subband adaptive filter.

A general subband adaptive filtering setup is shown in figure 2.9. The input signals
x and d are fed into identical M—band analysis filter banks. After subsampling by
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analysis filter bank adaptive filters synthesis filter bank

Figure 2.9: General subband adaptive filtering setup

a factor N, (typically LMS—-based) adaptive filtering is done in each subband. The
outputs of the subband adaptive filters are recombined in the synthesis filter bank,
leading to the final output e. Due to aliasing effects, this setup will only work for
M > N.

By splitting signals into subbands and subsampling better convergence and tracking
properties are hoped for. As the adaptive computations as well as the filter bank
operations can be done at the lower sampling rate, the subband approach is expected
to give a better performance at a lower cost.

Subband adaptive filtering will be the key topic of part II of this thesis. More
detailed information, performance as well as cost estimates and references to the
literature can be found in chapter 5.

Partial Rank Algorithm

The Partial Rank Algorithm (PRA) [69] is a block version of the Affine Projection
Algorithm, which was defined in section 2.3.1. Hence, the PRA can be interpreted
as a block—normalized version of the BLMS algorithm. Contrary to BLMS, which
is a block version of the LMS algorithm with an improved gradient estimate, the
performance of PRA is degraded w.r.t. the Affine Projection Algorithm, of which
it is a mere block version.
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For each block of L samples the PRA performs the following steps :

z[nL + 1] z[(n+ 1)L]
Xn = : : Les  (252)
| z[nL—Lrp+2] ... z[(n+1)L—Lrp+1]

d[nL + 1]

d, = : L (2.53)
| d[(n+1)L]

e, =d, - X w, (2.54)

—1
Wnit = Wo + e X5 (XZXQ) en. (2.55)

X, is an Lpp x L Toeplitz matrix containing the z—samples. The Lrp x 1 vector
W, contains the adaptive filter weights and models the unknown system. Further,
In is a block dependent stepsize.

If L =1 the PRA reduces to the NLMS algorithm. Hence, the PRA is scalable and
lies in between the NLMS algorithm (L = 1) and a block adaptive least squares
estimate of the unknown system (L = Lgp). Very often a regularization term 61,
with 0 a small positive constant, is added to XSX:L to prevent the algorithm from
overflowing.

More details on PRA and a cost analysis are given in section 9.2.3 and table 9.7.

2.4 Computational cost

A cost analysis will be performed for most of the algorithms that are discussed in
this thesis. In this section it is pointed out what kind of assumptions are made for
a series of elementary arithmetic operations. The cost or execution time associated
with other operations such as memory accesses or data copying is not taken into
account.

The cost will be expressed in number of equivalent real operations (op.) or number
of equivalent real operations per second (ops.). An equivalent real operation is
defined as the cheapest arithmetic operation on a general purpose floating point
processor, which typically corresponds to an addition of 2 real-valued variables.
Obviously, the implementation cost and corresponding execution time of a signal
processing algorithm will strongly depend on the software (programmed in C or
optimized assembler code, single or double precision floating point) and on the
hardware (ALU architecture, dedicated signal processing functionality (e.g. DSP
or ASIC), memory structure and access time, fixed point vs. floating point). In this
thesis we try to predict the expected execution times under the assumption that the
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algorithm is executed on a general purpose floating point CPU (e.g. a PC-based
system).

The presented cost formulas give an idea about the dependence of the total cost on
each of the algorithmic parameters and the weight of each of the terms in the cost
formula. Furthermore, in this way computational bottlenecks can easily be detected
and it can be determined how the cost should be further reduced if necessary.

It is assumed that a real multiplication and a real addition have the same com-
plexity. A complex multiplication amounts to 6 equivalent real operations and a
complex addition to 2 equivalent real operations. An elementary filter or multiply—
accumulate operation (MAC) can be efficiently computed on dedicated processors
such as DSPs and corresponds to 1 machine cycle on this type of CPU. Dedicated
processors reach their optimal speed of 1 cycle per elementary instruction only if the
data can be stored in specific fast registers or on—chip memory. Fast memory has a
limited storage capacity however. Hence, a considerable amount of machine cycles
are typically lost by data storage, initialization, subroutine calls and pipeline stalls.
For a MAC, basically being a combined addition and multiplication, 2 equivalent
real operations are counted, as the cost analysis is primarily intended for general
purpose floating point CPUs. A total of 8 equivalent real operations are counted if
complex signals are involved.

The equivalent cost for more advanced operations such as an inversion, division,
sine, logarithm, ... seems to depend significantly on the type of processor, the
software coding, the compiler and data buffer sizes. Furthermore, the arithmetic
operations as such are hard to measure as they always involve data fetching and
pointer in/decrements. Nevertheless, an attempt was made to obtain an indicative
cost estimate.

Experiment 2.1 Thereto some speed tests were performed on two general pur-
pose processors, making realistic assumptions for the kind of application envisaged
(speech enhancement). The results are presented in table 2.1. The software for
the experiment was coded in C using double—precision floating point arithmetic.
Positive reals were applied to the square—root and the logarithm. The test was run
on random signal buffers of length 256 in 200000 consecutive loops for averaging.
Observe from table 2.1 that the cost for the addition was taken as a reference. The
Sun workstation appeared to be approximately 4 times slower than the PC in this
experiment. \V4

For the computation of FFTs and IFFTs efficient numerical schemes such as the
Radix Split algorithm can be used. In the case of real, complex conjugated or
zero—padded inputs the algorithmic scheme can be simplified resulting in a lower
implementation cost than that of the standard algorithm for complex—valued inputs.
A short discussion on this can be found in [28]. The cost of an M—point real-input
FFT is assumed to be 2M log, M — 4M + 6 operations [100]. For an M-point
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Sun UltraSparc—2 | Pentium ITT-Xeon
@ 200 MHz @ 933 MHz

—a 1.0 0.85
a+b 1 1
a—b 1.0 1.0
axb 1.0 1.0

1/a 6.1 8.1

a/b 6.3 8.1

Va 6.3 14.5
sina 41.9 21.2
cosa 39.8 20.2
tana 48.0 27.7
loga 26.1 20.9

e? 31.3 31.6

Table 2.1: Comparative speed test on two general purpose processors : the relative
execution times for a set of common arithmetic operations were computed

real-output IFFT 2M log, M operations are counted.

2.5 Conclusions

In this chapter the necessary background information was provided to make the
forthcoming chapters of the thesis more accessible to the reader.

In section 2.1 the very basics of signal processing and multirate systems were dis-
cussed.

Section 2.2 discusses digital filter banks. Different concepts were defined and an
overview of existing filter bank design methods was given.

A brief survey of adaptive filtering techniques was presented in section 2.3. A set
of algorithms that relate with the adaptive filters presented further on in the thesis
were discussed in more detail.

In section 2.4 some remarks on cost and complexity estimation were presented.



Part 1

DFT Modulated Filter Bank
Design for Oversampled

Subband Systems



In the introductory chapter it was motivated that frequency—dependent adaptive
filtering techniques such as the subband adaptive filter are required for adequate
acoustic echo suppression. Subband adaptive filters combine existing adaptive fil-
tering techniques with digital filter bank schemes and multirate signal processing.
Filter banks however, introduce considerable signal and aliasing distortion. In this
part design techniques for perfect and nearly perfect reconstruction oversampled
DFT modulated filter banks will be presented. These filter banks introduce no or
almost no signal distortion and are easily integrated in subband adaptive filtering
structures.

In chapter 3 we discuss some properties of oversampled filter banks and derive
a perfect reconstruction condition. In section 3.3 a design technique for perfect
reconstruction oversampled DFT modulated filter banks is considered, which was
presented in [22]. With this method however the order of the filter banks cannot
be finely adjusted. We present an extension to this method, which basically allows
to choose any desired filter length.

In chapter 4 two design techniques for nearly perfect reconstruction oversampled
DFT modulated filter banks are presented. A first technique is based on frequency—
domain optimization, the other is a mixed time/frequency—domain based method.
Finally, subband adaptive filtering is taken as an example to illustrate that thanks
to their lower stopband level nearly perfect reconstruction filter banks outperform
perfect reconstruction systems.



Chapter 3

Perfect Reconstruction
Oversampled DFT
Modulated Filter Bank

Design

Filter banks are widely used in digital signal processing systems. They are often
integrated in multirate schemes to reduce the implementation cost and to improve
algorithmic performance. DFT modulated filter banks are commonly used to design
oversampled subband schemes. In contrast to critically subsampled systems over-
sampled subband schemes trade off between complexity gain and aliasing distortion.
Small aliasing levels are required for the adequate performance of the intermediate
subband operations such as adaptive filtering.

Ideally, the overall effect of a subband system is that of a pure delay, i.e. the subband
system has the perfect reconstruction property. In the absence of intermediate
subband operations perfect reconstruction guarantees distortionless input/output
behavior : the output of the subband system is an exact, delayed copy of the input.

In this chapter design techniques for perfect reconstruction oversampled DFT mod-
ulated filter banks are presented. In section 3.1 oversampled DFT modulated sub-
band systems are discussed. It is shown, both for the analysis and the synthesis
part, how the filter bank polyphase matrix can be decomposed in a structured
polynomial matrix and a DFT operation.

In section 3.2 the perfect reconstruction property is analyzed in more detail. The
perfect reconstruction requirement is translated into a mathematical definition for

47
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the synthesis polynomial matrix C(z) and it is pointed out under which conditions
a perfect reconstruction DFT modulated subband system can be obtained.

In section 3.3 a para—unitary filter bank design method is discussed, which was
presented in [22]. Designing a para—unitary structured polynomial matrix B(z) is
equivalent to imposing para—unitarity on a set of dense polynomial matrices, which
can be parameterized using para—unitary lattices. It is shown how the parameter-
ization can be optimized to obtain a perfect reconstruction subband system with
good bandpass characteristics. With the method presented in [22] however the or-
der of the filter banks cannot be adjusted accurately. We present an extension to
this method, which basically allows to choose any desired filter length. Further, we
show that based on the inverse parametrization appropriate starting values can be
obtained for the lattice parameters, which reduces the optimization time.

Section 3.4 formulates the conclusions.

3.1 Oversampled DFT modulated subband systems

In section 2.2 the basics of digital filter bank theory were presented. It was pointed
out that digital filter banks can be implemented efficiently using polyphase decom-
position. In this chapter we will concentrate on uniformly spaced FIR filter banks
based on DFT modulation. Oversampled DFT modulated filter banks introduce
only a small amount of subband aliasing, which is a necessary condition for the
adequate performance of the intermediate operations such as subband adaptive fil-
tering. Not only the overall performance of the algorithm can be improved if DFT
modulation filter banks are employed, also the filter bank cost can be reduced sig-
nificantly if polyphase decomposition and fast signal transforms are used, as will be
illustrated in section 3.1.3.

3.1.1 DFT modulated analysis filter bank

In [22] a general framework for oversampled DFT modulated filter banks was pro-
posed. The analysis polyphase matrix H(z) contains the polyphase components of
all analysis filters (Eq. 2.17, figure 2.5). In the case of a DFT modulated filter bank
H(z) can be factorized as

H(z) = FB(z). (3.1)
F is the M x M DFT matrix, i.e.

F(p,q)=e /", 0<pge N< M (3.2)

and polynomial matrix B(z) characterizes the filter bank.
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Figure 3.1: An M-band DFT modulated analysis filter bank followed by N-fold
downsamplers. By employing FFT techniques (F) and polyphase decomposition
(B(z)) an efficient implementation is obtained.

Theorem 3.1 B(z) is a structured M x N polynomial matriz, containing polyphase
components of the analysis prototype filter ho. Element (m,n) of B(z) is given by :

B(2)],,, = z*qu(nHN):K(zQ) if (m—n)modg=0

)

=0 if (m —n) mod g #0 (3:3)
in which 0 <Km e N< M and 0 < n € N < N. Further, (n 4+ qN) mod M = m,
from which q can be computed, g = ged(M,N), Q = % and K = MN [, - (2) is
the k—th out of K polyphase components of the prototype filter holk]|.

Proof: A proof can be found in [22] [24] and in appendix B.1.

Theorem 3.1 proves that an M—band DFT modulated analysis filter bank with N—
fold downsampling can be implemented as a tapped delay line of size N followed by a
structured M x N polynomial matrix B(z), containing polyphase components of the
prototype hg, and an M x M DFT matrix F (see figure 3.1). The product FB(z) can
be computed efficiently by means of a Fast Fourier Transform if M = 2",r € IN. If
M is not a power of 2 less computationally attractive schemes have to be employed.

Example 3.1 A 4-fold downsampled DFT modulated subband system with 6
subbands is considered. For this example

M=6

N=4

g =gecd(6,4) =2 (3.4)
K="51=12

2

Q = 3.
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Let Hy(z) be the lowpass prototype filter and Hy, ,,(z) the polyphase components
of Hy(z). Following Eq. 3.3,

H00:12 (ZB) 0 Z71H05;12 (Z3) 0
0 H01;12 (Z3) 0 z H07 12('23)
B(Z) — Z_2H08 12(Z ) 0 H02 12 (23) 0
0 Z_2H09:12(Z3) 0 H03 12(23)
Z71H04 12(Z ) 0 z H010 12(2 ) 0
0 z H05 12('23) 0 z H011 12(Z )
(3.5)
is obtained. Now, if Hy(z) is e.g. defined as follows
kE+1 ifO0< k<23
holk] = { 0 itk <0ork> 23, (3.6)
then
1413273 0 Tzl +19274 0
0 2+ 14273 0 8271 +20274
B(z) = 9272 +2127° 0 3+ 15273 0
0 10272 4+ 2227° 0 4416273
5271 + 17274 0 11272 423270 0
0 6271+ 18274 0 12272 424270
(3.7)
is found. A

Matrix B(z) has the following properties :

e entry (m,n) of B(z) contains the k—th (out of K) polyphase component of
the prototype hg if m = k mod M and n = k mod N.

e B(z) has M N entries of which only % can be non—zero. All entries for
which m — n is divisible by g will have a contribution of just one polyphase
component of hg.

e it is observed that B(z) is an M x N structured matrix in which on each row
and each column g —1 zero entries alternate with a single non—zero entry. The
polyphase filters appear as diagonals in B(z) (cf. Eq. 3.5).

e B(z) can be thought of as a set of overlaid M x N submatrices of a diagonal
K x K matrix. This is illustrated for the (M = 6, N = 4)—case in figure 3.2.

e if M and N are relatively prime, B(z) is a dense matrix, if M and N have
common divisors, B(z) has several zero entries

e consider just the delay elements. The matrix containing the delay elements
277 is Toeplitz. Moreover, it can be seen as a part of an extended right—
circulant M x M matrix. This is illustrated in figure 3.3 for M = 6 and
N = 4.
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Figure 3.2: B(z) can be thought of as a set of overlaid M x N submatrices of a
diagonal K x K matrix. This is illustrated for the (M = 6, N = 4)-case.

0 x 1 x]|2 x
x 0 x 1|x 2
2 x 0 x |1 x
x 2 x 0]x 1
1 x 2 x]|0 x
x 1 x 2|x 0

Figure 3.3: The Toeplitz matrix containing the delays for M = 6 and N = 4 can
be embedded in a 6 x 6 right—circulant matrix

More detailed information and a formal proof can be found in appendix B.2.

3.1.2 DFT modulated synthesis filter bank

In the previous section it was shown how the analysis polyphase matrix of a DFT
modulated filter bank can be factorized as H(z) = FB(z). The synthesis polyphase
matrix G(z) can be decomposed in an analogous way as

JIGT(z) =C(z)F! (3.8)

where C(z) is an N x M matrix. If both the analysis and the synthesis polyphase
matrix are decomposed, figure 2.7 can be redrawn resulting in figure 3.4.

At first sight it is not clear whether C(z) has the same structure as B(z) in Eq.
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Figure 3.4: A DFT modulated subband system with polyphase decomposition for
both the analysis and the synthesis filter bank.

3.3 if the synthesis filter bank is DFT or IDFT modulated. On the other hand, if
C(z) is constructed having a sparse structure similar to that of B(z), it needs to
be verified that indeed a modulated synthesis filter bank is obtained.

IDFT modulated synthesis filter bank

First, C(z) is defined in a similar way as B(z) (cf. Eq. 3.3). In that case, C(2) is a
structured N x M matrix . Element (N — 1 —n,m) of C(z) can be chosen equal to

[C(Z)]N—l—n,m = MZ—qGO(nJqu):K (ZQ)v if (n - m) mod 9= 0 (3 9)
=0 if (n —m) mod g # 0, ’
in which 0 < m € N< M and 0 < n € N < N. Further, (n + ¢N) mod M = m,
g =gcd(M,N), Q = % and K = %. Glo,.x (#) is the k—th out of K polyphase
components of a prototype filter go[k]-.

G(z) can be computed from Eq. 3.8 as

1
G(2) = 7 F"CT(2)J. (3.10)
By comparing Eq. 3.10 with Eq. 3.1 and Eq. 3.9 with Eq. 3.3 and assuming
that the coefficients of G(z) are real-valued, it appears that Q(z) = G.(z) is the
polyphase matrix of a DFT modulated filter bank, with

2

el (3.11)

¢ [k] = golk]e™

From this, it follows that

2wrkm

gm[k] :go[k]ej Mo, (3.12)

Hence, it can be concluded that the synthesis filters are IDFT modulated equivalents
of the synthesis prototype (cf. Eq. 2.12).
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Example 3.2 Consider the following example for which M =3, N = 2 and

[ k+1  ifog<k<11
golk] = { 0 if k< 0or k> 11. (3.13)
Following Eq. 3.9
- 4271+ 1027 2+8z73 6272 + 12275
Clz) =3 { 14723 52724 112=5 31 49,4 (3.14)
is obtained. A

A disadvantage of this approach is that the analysis bank is DFT modulated,
whereas the synthesis part is IDFT modulated. As prototype filters are typically
lowpass, corresponding subband filters in the analysis and synthesis part do not
match as they cover different spectral intervals.

Modified DFT modulated synthesis filter bank
A more appropriate choice for C(z) might be

[C(2)]n,m(z) = MZ_JZQE(nJqu):K(Z_Q): if (n —m) mod g =0

=0 if (n —m) mod g # 0, (3.15)

in which0 <m € N< M and 0 < n € IN < N. Further, (n + ¢N) mod M = m,
g = gcd(M,N), Q = % and K = %. Ey.k(z) is the k—th out of K polyphase
components of a prototype filter e[k] having real coefficients. If L3 is the length of

elk], a delay
LS
= [ﬂ ~1 (3.16)

is inserted to make the synthesis filters causal.

From Eq. 3.15 ~
C(z) = M27°B,(2) (3.17)

is found, with B,(z) = BZ; (z~1) the paraconjugate of B,(z). Matrix B.(z) is ob-
tained by transposing B.(z), replacing all filter coefficients by their complex con-
jugate and replacing z by z7! (see also appendix A). By comparing Eq. 3.15, 3.17
and 3.3 it follows that B, (z) is the prototype polyphase matrix of a DFT modulated
filter bank based on e[k].

By filling in definition 3.17 in Eq. 3.8,
G'(2) = M2 °JIB,(2)F* (3.18)
is obtained. So,

G(z) = MF'B] ()30 (3.19)
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= H, ()32, (3.20)

with H.(z) = FB.(z) the polyphase matrix corresponding to a DFT modulated
analysis filter bank based on the prototype e[k]. This implies that

G,y (2) = [G(2)] 0 (3.21)
= z¢ [He*(z_l)]m’(Nilin) (3.22)
=2E;, . (z7h) (3.23)

with E,,, . (z) polyphase components of E,,(z) = E(e/ "3 z). Hence from Egs.
2.16, 3.16 and 3.23,

N-1
Gn(z) = Z z_nz_N‘iE,’anflme(z_N) (3.24)
n=0
N—-1
_ Zf(N6+N71) Z ZNflanr*nN_l_n:N(sz) (325)
n=0
s
_(N|ZL| =
=y [#] Vg (Y (3.26)

is obtained. If L} is a multiple of IV, the synthesis filters g, [k] can be expressed as

gml[k] = conj (e, [LF — 1 — k]) (3.27)
s '27r(L‘.sf—17k)m
= e[L} — 1 —k]e/ Y (3.28)
2m(L}—Dm ok
= I gg[k]e_J%, (3.29)

with go[k] = e[L} — k — 1]. From Eq. 3.29 it can be concluded that in this case the
synthesis filters are modified DFT modulated equivalents of the synthesis prototype

go[k]-

Example 3.3 Consider the following example for which M =4, N = 2 and

| k+1 if0<k<9
golk] = { 0 if k<Oork>9. (3:30)
Based on Eq. 3.15
Clz) = 4 9+5272+1274 0 Tzt + 3273 0
o 0 10+ 6z 2+2271 0 8271 +4273
(3.31)

is found. A
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3.1.3 Implementation issues

By employing FFT techniques and polyphase decomposition of the lowpass proto-
type an efficient implementation is feasible. For a real-valued FIR filter bank with
filters of length L; implemented in the standard way as in figure 2.1, the number
of elementary filtering operations' per second amounts to (& + 1) Ly f,, where f;
is the sampling frequency of the input signal . As the input signal is assumed to
be real, only about half of the filters have to be computed, hence the factor % +1
for even values of M.

The number of elementary operations per second required to implement a DFT
modulated filter bank in an efficient way using FFT and polyphase decomposition as
in figure 3.4 is (2M log, M — 4M + 6)% for the FFT plus Lff—l\s, for the computation
of B(z), as only K of the M N entries of B(z) are non—zero filters of length %
Also here the filter bank and the input signal are assumed to be real. Instead of
% + 1 filters in the standard approach, in this case only the equivalent of 1 filter is
implemented together with an FFT, both at the downsampled rate.

Example 3.4 For a realistic setup for which M = 16, N = 12, Ly = 48 and
fs = 8000 Hz the standard implementation comes down to 3456000 operations per
second. For the efficient implementation the total cost amounts to 78667 operations
per second. This proves that the cost reduction that can be achieved by efficiently
implemented DFT modulated banks is considerable. A

3.2 Perfect reconstruction

Ideally, signal y at the output of the subband scheme (see figure 3.4) is an exact
(delayed) copy of the input . A DFT modulated analysis/synthesis filter bank set
is therefore designed such that the following conditions are met :

1. for the analysis/synthesis filter bank set the perfect reconstruction property
holds. A condition ensuring perfect reconstruction is

C(z)B(z) =2"°Iy, 6€eNN. (3.32)

In this case the inner filtering operations (see figure 3.4) cancel each other out
and the subband scheme reduces to a combined analysis and synthesis tapped
delay line. It can be verified that this leads to perfect reconstruction [156].
The smallest § is determined such that both the analysis and synthesis filters
are causal and hence implementable.

LAn elementary filtering or multiply—accumulate operation can be efficiently computed on ded-
icated processors (DSPs) and counts for 1 machine cycle. For more information about cost com-
putation, see section 2.4.
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Condition 3.32 can be relaxed leading to nearly perfect reconstruction up to a
delay, which will be discussed in chapter 4.

In a practical design § is initially set equal to zero, which in general leads to
non—causal filters. The a—causality is then removed after the design has been
completed.

2. the (analysis) filters are frequency selective. This reduces the amount of alias-
ing components inserted in the subbands. Inter—subband aliasing often has
a negative impact on possible intermediate operations performed on the sub-
band signals (e.g. subband adaptive filtering). Highly frequency selective
filter banks on the other hand are expensive and introduce a substantial pro-
cessing delay. This puts a constraint on the frequency selectivity, and hence
on the downsampling factor N. However, computational savings are more or
less proportional to N.

In practice the filter bank order is finite, hence there will always be some aliasing
inserted in the subbands. Nevertheless, if a set (B(z), C(z)) is found satisfying Eq.
3.32 the overall input—output behavior is distortionless and aliasing—free.

Further, it is clear that once a perfect reconstruction subband system has been
obtained changing the subsampling factor NV will in general not preserve the perfect
reconstruction property.

Theorem 3.2 However, if an M -band, N —fold downsampled filter bank set satisfies
the perfecut reconstruction condition, perfect reconstruction will also hold for N = %,
with N,N,p € No. Furthermore, it is found that the output/input level increases

by a factor p when N is divided by p.

Proof: Surprisingly no reference to this theorem has been found in the literature
that was available to us. Hence, a proof of theorem 3.2 is given in appendix B.3.

Example 3.5 If a 10-band filter bank set is designed such that y = z for N =6
(as will be done in example 3.12), perfect reconstruction will also hold for N = 3
(for which then y = 2z), for N = 2 (with y = 3z) and in the case where the signals
are not subsampled (y = 6z). A

In order to fulfill Eq. 3.32, C(z) has to be a left inverse of B(z). This left inverse
exists if M > N. However, the synthesis filter bank that is obtained by inversion is
not necessarily FIR or DFT modulated. In the most general case C(z) is a dense
rational matrix and hence, the corresponding filter bank is IIR. This is discussed in
more detail in the next section.
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3.2.1 Smith—McMillan decomposition based perfect recon-
struction filter bank design

Assume that the Smith—-McMillan decomposition of the M x N polynomial matrix
B(z) is given by (see also appendix A)

B(z) = R(2)X(2)T(z) (3.33)

where R(z) and T(z) are respectively M x M and N x N unimodular matrices.
Further, ¥(z) is an M x N pseudo-diagonal polynomial matrix, which can be
expressed as
S(z) = [ D(z) } (3.34)
O Nyxn
if M > N, with
D(z) = L : : (3.35)
0 e dN_1 (Z)

In order to obtain a filter bank set for which the perfect reconstruction condition
(Eq. 3.32) is fulfilled, C(z) can be chosen equal to

C(z) = Bi(2) + N(2) (3.36)
=T '(2)([D'(2) Onxar—n)] + [Onxnv X(2)])R '(2), (3.37)

provided D(z) is a full rank polynomial matrix. N(z) is an N x M rational matrix
that lies in the left null space of B(z). X(z) is an N x (M — N) random ratio-
nal matrix. R(z) and T(z) are unimodular polynomial matrices, so their inverse
R™!(z) = adjR(z)/det R(z) is also polynomial.

In the most general case D™ *(z) is rational and hence the synthesis filter bank is
IIR. A true FIR inverse can be obtained if D(z) has monomial diagonal elements,
ie. dn(z) = anz®, a, € Ry, d, € Z, ¥n, and N(z) is polynomial (see also [24]). It
is our experience that in most practical applications D(z) has monomial elements
and that hence an FIR synthesis filter bank can be obtained. It is however not clear
to us which conditions B(z) has to satisfy for this to be true.

In order to obtain a modulated synthesis bank, C(z) should be a polynomial matrix
with a structure similar to that of B(2) (see section 3.1.2). In that case the synthesis
filters have equal spectral characteristics, up to a frequency shift. Furthermore, a
cheap implementation would be possible thanks to the sparse structure of C(z).

The Smith-McMillan decomposition diagonalizes B(z) by means of a finite number
of elementary row and column operations, which are contained in the unimodular
matrices R(z) and T(z) [156]. Hence, R™*(z) and T~ '(z) perform the inverse
elementary operations on [D*(2) 0], which apparently put B(2) in the desired
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format described by Eq. 3.15. If the analysis bank is therefore DFT modulated
a modified DFT modulated synthesis filter bank can be obtained, as desired. If
N(z), which is based on a random X(z), is added to Bf(z) the structure will not
be maintained in general.

Example 3.6 A 12-taps FIR filter was randomly generated and is chosen to be the
analysis prototype filter of a 4-band, 2—fold downsampled DFT modulated subband
system. The corresponding analysis polynomial matrix B(z) is equal to

B(z) =
0.456 — 0.3632 2 + 0.2582 % 0
0 0.539 — 0.4632 2 + 0.07162 4 (3.38)
—0.052z71 — 0.06427% — 0.27727° 0 '
0 0.163271 +0.344273 — 0.3672°

The Smith-McMillan decomposition of B(z) can be computed and is given by

B(z) = R(2)X(2)T(2) (3.39)
with
(111 =1-0.79272 +0.56z~*
rig3 = —0.49271 —0.19273
ri1 0 ri3 0 Too2 = 1-— 0.862_2 + 0.132_4
R( ) o 0 9292 0 24 Toq4 = 3.1z71 —0.62272
i rsn 0 rzz 0 | rsp = 0.112~1 — 0.14273 — 0.612~5
0 49 0 T44 rsz3 =1+ 0.85272 + 0.2274
rge = 0.3271 +0.64273 — 0.6827°
rqa =1+ 1.8272 +3.2274
(3.40)
0.456 0
0 0.539 0.456 0
3(z) = 0 0 , D(z2)= [ 0 0.539 ] (3.41)
0 0
and
1 0
T(z) = [ 01 } . (3.42)

Based on Eqgs. 3.40, 3.41 and 3.42 and taking N(z) = 0, C(z) can be computed as

C(z) = T '(2)[D () 0]R'(2) (3.43)
c11 =2.2+1.9272 4044274
C11 0 C13 0 c13 = 1.1271 + 0.41z73
- 0 C22 0 Coa |’ oo = 1.9+ 3.3272 + 5.9z~4
Coqa = 5.7z 1 +1.1273

(3.44)
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Figure 3.5: A 4-band, 2—fold downsampled perfect reconstruction DFT modulated
filter bank set corresponding to Eqs. 3.38 and 3.44 and designed using the Smith—
McMillan decomposition

such that
C(2)B(z) = H (1’] (3.45)

It can be verified that the structure of matrix C(z) is in agreement with Eq. 3.15,
i.e. the corresponding synthesis filter bank will be a modified DFT modulated filter
bank. The analysis and synthesis filter bank are plotted in figure 3.5. A

For many realistic scenarios the synthesis filter bank coefficients turn out to be
large in amplitude, typically much larger than the coefficients of the analysis filter
bank. Due to the limited numerical precision during the computation of the Smith—
McMillan decomposition on the one hand as well as during filtering when the filter
banks eventually are in operation on the other hand, perfect reconstruction will not
be achieved in practice. An appropriate choice for matrix N(z) may lead to a more
robust solution, with smaller filter bank coefficients. This matrix should preferably
be chosen such that the sparse structure of C(z) is maintained. It is however not
clear how a suitable N(z) can be found.
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Another disadvantage is that, although the analysis filter bank is designed before-
hand and can be chosen to be highly frequency selective, this design method does
not guarantee that also the synthesis prototype has a satisfactory lowpass charac-
teristic.

3.2.2 Para—unitary filter banks

The Smith—McMillan decomposition is a very powerful design technique as for ba-
sically any analysis filter bank a synthesis filter bank can be computed leading to
perfect reconstruction input/output behavior. In practice however the synthesis fil-
ter bank characteristics are not always as desired, suggesting that a more restrictive
design technique might be more appropriate.

As an alternative to the previous design method now para—unitary filter banks are
discussed. The analysis filter bank has to fulfill a para—unitary condition in this
case, and cannot be chosen completely freely anymore. However, a numerically
stable perfect reconstruction DFT modulated filter bank set can be obtained.

Starting again from Eq. 3.37 an elegant solution results when X(z) = 0, D(z) and
T(z) are chosen to be unit matrices and R(z) is para—unitary, i.e.

R(z2)R(z) =1y, D(2)=T(z)=1Iy, X(z)=0. (3.46)
From Eq. 3.33 and 3.46 it follows that
B(2)B(z) = Iy. (3.47)
Now, C(z) can be chosen to be the paraconjugate of B(z), i.e.
C(z) = B(2). (3.48)

Hence, ~
C(2)B(z) = B(2)B(z) = Iy, (3.49)

so that a perfect reconstruction subband system is obtained. If C(z) is designed
following Eq. 3.48 a polynomial matrix is obtained having a sparse structure cor-
responding to Eq. 3.15.

As paraconjugation implies time inversion, C(z) = B(z) leads to a non—causal
synthesis filter bank, which can easily be made causal by inserting a delay :

i Ly
C(z) = 27°B(z), deN> v 1, (3.50)
in which L} is the length of the analysis prototype filter hql[k].
The synthesis polyphase matrix can be computed based on Eqs. 3.8 and 3.50 :

IGT(z)=C(z)F! (3.51)
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so that ~
GT(2) = 279JB(2)F L. (3.52)

Further, as for a DFT modulated filter bank the analysis polyphase matrix can be
expressed as
H(z) = FB(z) (3.53)
finally
-5

G(z) = %H*(z_l)J (3.54)

is found. The synthesis filters can be derived from Eqgs. 2.9 and 3.54 (cf. Eq. 3.29).
If L is a multiple of N,

1 .
gl = Trconi(hn[L§ 1~ ) (3.55)
1 .2r(L$-1m ok
= Mefi& ho[L% — 1 — k]e™7*%r (3.56)

It appears that the synthesis filter bank is a modified oversampled DFT modulated
filter bank. The synthesis filters g,,[k] are shifted versions of each other and have
the same frequency amplitude characteristic as the analysis filters.

3.3 Para—unitary filter bank design

If a para—unitary analysis polynomial matrix B(z) can be found (cf. Eq. 3.47)
having the special format specified in Eq. 3.3, a perfect reconstruction oversampled
DFT modulated filter bank set is straightforwardly obtained from Egs. 3.50 or 3.55.
In this section a para—unitary parameterization for the analysis polynomial matrix
is discussed, which can be optimized to obtain a frequency selective subband system
fulfilling the perfect reconstruction property.

3.3.1 Imposing para—unitarity

From appendix B.2 it is known that B(z) is a structured M x N matrix with
non—zero entries appearing in a specific pattern (e.g. Eq. 3.5).

Theorem 3.3 After appropriate row and column permutations P and Q a block

diagonal matriz

PB(2)Q = o : (3.57)
0 N Sg,1 (Z)
is obtained consisting of g dense submatrices S+ (z) of dimension Moy %. As already

defined in Eq. 3.3, g is the greatest common divisor of M and N. Further, v is an
integer between 0 and g — 1.
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Proof: The theorem is formulated in [22] [24], but no explicit proof is given. A
proof of theorem 3.3 can be found in appendix B.4.

Example 3.7 Referring to example 3.1 and Eq. 3.5, B(z) can be transformed into
the following block diagonal matrix :

H00;12 (Z3 Z71H05;12 (Z3) 0 0
Z73H08;12 (zz) ]2-{02:12('23)3 0 0
_ | & H04;12(z ) z H010;12(z ) 0 0
PB(Z)Q_ 0 0 H01:12(Z3) Z_1H07:12(Z3)
0 0 272H09:12(23) H03;12 (Z3)
0 0 zilHos:lz(ZB) 272H011:12(23)
(3.58)
A

All MN polyphase components of ho[k] are now contained in one of the submatrices
S, (z). Note that the left and right multiplication with permutation matrices P and
Q does not affect the para—unitarity of B(z), as for a permutation matrix PP =1

Block diagonal matrix PB(z)Q is para—unitary if each submatrix S,(z) itself is
para—unitary. Hence, if we can find a set of para—unitary matrices S,(z) also
PB(z)Q and B(z) will be para—unitary.

It appears that the non—zero elements of PB(2)Q, namely z*qu(nHN):K(zQ) (cf.
Eq. 3.3), are delayed @—fold upsampled polyphase filters. In practice the down-
sampled polyphase filters Ho, v« (z) are optimized instead of their upsampled
form in order to reduce the optimization time. At first sight, the delays z~¢ pose
a problem : they cannot simply be downsampled as they are not powers of z%.
Theorem 3.4 however shows that the delays can always be made multiples of @) by
pre— and post—multiplying S, (z) with appropriate para—unitary diagonal matrices.

Theorem 3.4 By pre— and post-multiplication of S(z) with appropriate para—
unitary diagonal matrices L(z) and R+(2), all the elements of

S,(29) = L, (2)S,(2)R, (2) (3.59)
depend on 2.
Proof: Theorem 3.4 is illustrated in [22] [24] by means of two examples, but is

not explicitly formulated or proven for the general case. A formal proof is given in
appendix B.5.

Example 3.8 We return to example 3.1 : the submatrices S, (z) have dimensions
3 x 2. After pre— and post-multiplication of So(z) (Eq. 3.58) for instance by Lg
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and Ry respectively

R 1 0 0 1 0 H00:12 (ZB) H05;12 (ZB)
Soe) =102 1 0| Sl {0 z] = | 2 Hon (") Hopna(2) | (3.60)
0 0 Z —— H04 12('23) H010 12 (Z3)
Ro(z)
Lo(Z)
is obtained in which all elements depend on z>. A

As S, (29) depends on 2%, now S, (z) can be optimized : if S (z) is para-unitary,
so will SW(zQ). Designing a para—unitary B(z) then comes down to imposing para—
unitarity on a set of dense matrices S.(z). Once S, (z) has been found, S,(z) and
B(z) can be computed.

Each of these rectangular blocks év(z) of size % X % can now be embedded in

a larger % x M hara-unitary matrix M, (z) whose para—unitarity automatically

implies the para—unitarity of a subset of its columns. More information about
M, (z) and its parameterization using para—unitary lattices can be found in the
next section.

3.3.2 Para—unitary lattices

Square polynomial matrices can be made para—unitary by parameterizing them
as para-unitary lattices. A causal real-valued 4 x Y4 FIR para-unitary matrix
M, (z) of degree L., can be decomposed as [24] [156]

M, (2) = VL, (2)VL,1(2)... Vi(2)U (3.61)
where V;(z) are degree-1 para—unitary building blocks (Householder type)
Vi(z) = I% —vivi + 27 v (3.62)
U is an orthonormal matrix, which itself can be decomposed as
U:Ule...U%fl. (3.63)
in which U; are Householder matrices

U, =1ux —2uu. (3.64)

All v; and u; are % x 1 unit norm vectors.

From Egs. 3.63 and 3.64 it follows that the X x X orthonormal matrix U is
characterized by & — 1 vectors u;. It can be proven (see [156]) that without any
loss of generality the description matrix

wouwy . uM (3.65)
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can have the following lower triangular form :

u;(0) 0 0
u; (1) uz(1) 0
: : (3.66)
w (5 -2) u (X - uu (4 -2)
u A;—l) up %—1 u%fl(%—l)

3.3.3 Optimization of the para—unitary lattices

A total of g square % X % matrices M, (z) are parameterized as in Eq. 3.61 to

guarantee their para—unitarity, from which then automatically follows the para—
unitarity of the 24 x & submatrices Sw(z) The lattices are optimized so to obtain
a perfect reconstruction filter bank set with acceptable frequency selectivity. For
this an optimization procedure will be proposed that in each iteration step computes
the filter bank prototype filter and tries to maximize its frequency resolution.

The analysis prototype filter ho[k] can easily be computed starting from the param-
eter sets (vy,u;),, which parameterize each of the g para—unitary lattices. From
(vi,u;), first M,(z) and then S,(z) can be reconstructed following Eqs. 3.61-
3.64. From Eqs. 3.59 and 3.57 the polyphase components z~“Ho,,, ., (29) of the
analysis prototype ho[k] and hence B(z) can be obtained, from which immediately
follows the filter bank characteristic.

The parameter sets (v;,u;), are optimized such that the para—unitary filter bank
has a good frequency selectivity and hence aliasing insertion due to the subsampling
process is minimal. Therefore the stopband energy of the analysis prototype is
computed and minimized by a steepest descent optimization procedure :

i [ ()P (3.67)
vi,ug)y ﬁ

Equation 3.67 can be computed based on the autocorrelation of hy[k] and a sinc—
function [156]. In this way expensive frequency transforms are avoided.

The delays present in S, (2) (cf. Eq. 3.60) are taken into account once the polyphase
components of hy[k] are computed based on S, (z). The delays force the polyphase
components to be shifted into the anti—causal direction. Although the number of
non—zero coefficients of ho[k] is not affected by this, the length of the prototype
filter increases. As a consequence, some of the coefficients of hy[k] will typically be
zero. The number of operations needed to implement the filter remains unchanged,
but the required amount of storage elements typically increases.

Finding a good initialization for v; and w; is not trivial : the time needed to ob-
tain a good lowpass prototype hg[k] depends on the quality of the initial values.
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Furthermore, the optimization function (stopband energy) to be minimized is not
unimodal and hence multiple local minima might exist. However, random initial-
ization will typically lead to satisfactory results after some trial rounds. Another
option is to start from a well-chosen lowpass filter p[k], obtained from any FIR filter
design toolbox, and derive the v; and w; parameters corresponding to it. In general
this will not be possible as a “randomly” designed lowpass filter will not lead to
a para—unitary filter bank and hence a (v;, w;),—parameterization simply does not
exist for p[k]. However, p[k] will be approximated by its “nearest” para—unitary
filter, typically leading to better starting values. The (v;,u;),—parameterization of
a para—unitary prototype can be found by inverse decomposition of Egs. 3.61 and
3.63. This can be done using the singular value decomposition, pseudo-inverses and
Householder factorization and is explained in appendix B.6.

For the special case of 2—fold oversampling (M = 2N) a more dedicated parame-
terization is possible, which is based on 2—channel lossless lattices. In this case the
so—called lattice rotation angles are optimized in order to obtain good lowpass filter
characteristics. More information can be found in appendix B.7. On page 257 and
figure B.2 a design example is given. Inverse parameterization of 2—channel lossless
lattices is also explained in appendix B.7 and can be used to find good starting
values for the steepest descent optimization procedure.

3.3.4 Adjusting the prototype filter length

L., the order of the para—unitary lattices (see Eq. 3.61) can be chosen freely and
defines the length of the analysis prototype filter and hence the order of the filter
bank. If the order of one of the para—unitary lattices is increased from L, to L, +1,
each of the Agév polyphase filters defined by that specific lattice, becomes longer and
the analysis prototype gets an extra A;IZN coefficients. As a consequence at first sight,
the number of effective (i.e. non-zero) coefficients of the prototype ho[k] can only
vary in steps of XX This can be quite unattractive for some coprime parameter
settings. For example if M = 16 and N = 15, one has ¢ = 1 and Ngfgv = 240. The
larger the greatest common divisor of M and N, the more para—unitary lattices are
involved and the better the length of the prototype can be adjusted.

The minimum number of effective filter coefficients is obtained when all lattices
have order 0. In that case all lattices M, (z) = U, would be orthonormal matrices
and the number of non-zero coefficients of hg[k] amounts to ¥ which still can be
quite large. However, with a special choice for U, the identity matrix for instance,
the number of effective coefficients can be further reduced.

More generally, each of the g para—unitary lattices can be restricted to be a block
diagonal matrix
M%g (Z) e 0

M,(2)=| : : (3.68)
0 M%val(z)
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Each of the R, square blocks M, ,(2) is an N, , x N, , matrix such that

—
M

> Ny ==, (3.69)

r=0 9

i.e. the size of M,(z). If all M, ,.(z) are parameterized as in Eqgs. 3.61 and 3.63
with unit-norm vectors v; and w; to guarantee that M, ,(2)M, ,(z) = Iy, ., also
M., (z) and S ~(2) will be para—unitary. Depending on the block partitioning N,
and the order L., . assigned to each of the blocks M, ,(z), some of the coefficients
of ho[k] can be forced to be 0. In this way the effective length, i.e. the number of
non-zero coefficients of hg[k], can be adjusted more precisely and is not forced to

vary in steps of A;Iév

Two special cases may be considered : on the one hand, if N, , >1 and L., =0,
then M, ,(z) = U is an orthonormal matrix. On the other hand, if N, . =1, only
one coefficient can be different from 0 as M, (2)M, »(z) = 1. Hence,

M, . (2) = 27 Frr. (3.70)

It is best to choose the lowest order in this case and take L., = 0. If N, , =1 no
optimization is possible however as the corresponding coefficient of hg[k] is restricted
to be 1.

Example 3.9 In figure 3.6 a typical block partitioning is shown for a DFT mod-
ulated subband system with 12 subbands (M = 12) and downsampling factor 10
(N =10) . As g =2, M,(2) is a 6 x 5 block diagonal matrix with R, = 3 blocks
of length Nyo =3, N,1 =1and Nyp=2. A

Given the size IV, ra and order L. , of all lattices and all blocks, and keeping in mind
that only the first & columns of M, (z) define S, (z) and hence ho[k], the effective
length of the prototype filter ho[k] can be computed and is given by

g—1 R,—1
La=Y (N, a,QL,p +1)+ > N (Ly,+1) (3.71)
=0 r=0
in which B
-1
N 24
Q==—-5S N, (3.72)
9 r=0
and R, is such that
7"(—1 R'Y
N
Nyp <2 < 3 Ny (3.73)
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Figure 3.6: Typical block partitioning of M, (2) for M =12 and N = 10.

Example 3.10 Consider again the example of figure 3.6. It can be verified that
Ry=2,N, g =2and @, =1 AN

Basically all effective filter lengths Ler can be obtained with IV being the minimum.
This minimum is reached when all M, (z) are equal to the identity matrix. In the
case of subband oversampling Ler can be changed in steps of 2, starting from this
minimum N, as for M > N

N M
1< —< —. (3.74)
g g
Hence, we can always find a block partitioning N, , for which N, p = 2 and

@y = 1 such that Ler changes in steps of N, g Q) = 2 (see Eq. §.71). The
effective filter length can be further refined using 1 x 1 para—unitary blocks, as a
1 x 1 block defines 1 coefficient, be it restricted to 1. For the special case of critical
downsampling (M = N), there are M para—unitary blocks M (z) of size 1 x 1. As
a consequence the prototype filter will consist of M filter coefficients equal to 1 (cf.
Eq. 3.70).

Finding the optimal block partitioning N, , and orders L., , to obtain a subband sys-
tem with a desired effective filter length Lef requires a computationally rather inten-
sive search over all possibilities. Typically, there exist multiple settings (N, L)
leading to the same Ler. The optimal partitioning should be found that minimizes
the number of coefficients forced to 0. Although the number of operations required
to implement the filter bank is only determined by the effective length Les, the
number of coefficients forced to 0 should be kept as small as possible. The larger
this number, the more memory is required to implement the filter bank.
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Furthermore, a large number of inserted zeros or ones restricts the design freedom
and makes the optimization of the para—unitary lattices harder. It will in general be
more difficult to obtain a good lowpass frequency characteristic and an acceptable
stopband level for the filter bank prototype when the number of inserted zeros and
ones is large, as these filter coefficients are fixed and cannot be changed by the
optimization procedure. Nearly perfect reconstruction filter banks (see chapter 4)
may be employed to overcome this problem.

A flow chart of the para—unitary filter bank design method, which was discussed in
section 3.3.1-3.3.4, is presented in figure 3.7.

3.3.5 Design examples

The above procedure for designing perfect reconstruction DFT modulated filter
banks is illustrated by means of two examples.

Example 3.11 First the M = 6, N = 4 case is considered (cf. Eq. 3.5, 3.58 and
3.60). As g = gcd(6,4) = 2, there are 2 para—unitary matrices Mo (z) and M;j(z)
of size 3 x 3 to be optimized (cf. section 3.3.2). In this example My(z) and M, (z)
were not further split up into block diagonal matrices and hence Ry = R; = 1 and
Noo = Nip = 3 (see section 3.3.4 for notation). Both Mjy(z) and M;(z) were
chosen to be of second order, i.e. Lyo = Lio =2. As a consequence, the length of
the prototype L% is 40 and 36 taps appear to be non-zero as can be verified using
Eq. 3.71. Through optimization a lowpass FIR prototype filter hg[k] is obtained.
The frequency response of the analysis prototype Ho(f) is shown in figure 3.8. The
relative aliasing level i introduced by the analysis (or the synthesis) filter bank,
defined as

1
[ Ho(h) df
n= | (3.75)
[ D
is -37.8 dB. The characteristics of the synthesis prototype filter
1 a
golk] = MhO[Lf —1—k] (3.76)

are similar. By optimizing the parameters v; and u; following the design procedure
of section 3.3 the parameter set converges to a para—unitary filter bank set with a
relatively good frequency characteristic, as can be observed from figure 3.8. A

As Ry = Ry =1 in this first example the number of coefficients fixed to 0 is fairly
small. Hence, a lowpass frequency response could easily be obtained. However,
for some applications the stopband energy still remains too high. Nearly perfect
reconstruction filter banks may be employed to overcome this problem (see chapter
4).
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Figure 3.7: Para—unitary filter bank design method : flow chart
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Figure 3.8: Perfect reconstruction oversampled filter bank (M = 6, N = 4) :
prototype frequency characteristic

When a different block partitioning IV, , is chosen that forces more coefficients to
zero, the optimization problem will be harder and it will be more difficult in general
to obtain a good lowpass characteristic.

Example 3.12 To illustrate this a second example is considered. A perfect re-
construction subband system was designed with 10 subbands (M = 10) and 6—fold
subsampling (N = 6). The greatest common divisor g = ged(10,6) = 2, so there are
2 para—unitary matrices My(z) and M;j(z) of size 5 x 5. The optimal partitioning
N, of Mp(z) and M;(z) was found such that the effective length of the filters
was 77 and the number of filter coefficients fixed to 0 or 1 was minimized. For this
My(z) was fully parameterized (Ry = 1) and the number of parameters defining
M, (z) was reduced by splitting M; (z) up as a block diagonal matrix (R; = 2) with
N070 = 5, N170 =1 and N171 = 4, and L070 = 3,L170 = 0 and L171 = 1. In this
way the effective length of ho[k] could be fixed to 77. The total length of ho[k] is
135, of which 76 coefficients can be changed by the optimization procedure and 1
coefficient is fixed to 1. The frequency response of the analysis prototype Hy(f)
that was obtained is shown in figure 3.9. The relative aliasing level is -13 dB. The
lowpass characteristics of the prototype filter are clearly inferior compared to the
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Figure 3.9: Perfect reconstruction oversampled filter bank (M = 10,N = 6) :
prototype frequency characteristic

first example (figure 3.8). Due to the large number of filter coefficients that cannot
be changed by the optimization routine, it is much harder to obtain a satisfactory
lowpass behavior. Certainly in this case nearly perfect reconstruction filter banks
(see chapter 4) will easily outperform the perfect reconstruction filter bank in terms
of frequency selectivity and subband aliasing insertion. A

3.4 Conclusions

In this chapter design techniques for perfect reconstruction oversampled DFT mod-
ulated filter banks were presented. Following the instruction of [22] it was shown in
section 3.1 that oversampled DFT modulated filter banks can be efficiently param-

eterized by decomposing the polyphase matrix into a structured polynomial matrix
and a DFT operation.

In section 3.2 perfect reconstruction was discussed. A condition for perfect recon-
struction was formulated in terms of the synthesis polynomial matrix C(z). We
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considered the Smith—McMillan decomposition as a design method for perfect re-
construction filter banks. In practice however, several problems arise. Para—unitary
filter bank design turns out to be a better alternative to impose perfect reconstruc-
tion.

In section 3.3 para—unitary DFT modulated filter bank design was considered. We
discussed a design method that was presented in [22]. It was shown how DFT
modulated filter banks can be parameterized and optimized to obtain a perfect
reconstruction subband system with good bandpass characteristics. With this ap-
proach however the order of the filter banks cannot be adjusted accurately. We
presented an extension to this method based on which the parameterization can
be further refined. In this way the filter bank length can be better adjusted to
the specifications. Further, we showed that based on the inverse parametrization
appropriate starting values can be determined, which reduces the optimization time.

In order to fine—tune the effective length of the filter bank prototype some filter
coefficients need to be fixed to 0 or 1. By means of some examples it was indicated
that if the number of fixed filter coefficients is large, it is in general much harder
to obtain a satisfactory lowpass behavior. It will be shown in the next chapter
that nearly perfect reconstruction filter banks are a good alternative as they easily
outperform perfect reconstruction filter banks in terms of frequency selectivity and
subband aliasing insertion.



Chapter 4

Nearly Perfect
Reconstruction DFT
Modulated Filter Bank

Design

Contrary to the previous chapter, which deals with perfect reconstruction DFT
modulated filter bank design, we discuss nearly perfect reconstruction DFT mod-
ulated filter banks in this chapter. It was shown in section 3.3 how the analysis
polyphase matrix of a DFT modulated filter bank can be made para—unitary, lead-
ing to perfect reconstruction. In section 3.3.5 some design examples were given.
The frequency selectivity that can be obtained with these perfect reconstruction
filter banks is limited however. It appears that this has a negative impact on the
performance of intermediate subband operations such as adaptive filtering.

In section 4.1 and throughout the other sections of this chapter nearly perfect
reconstruction filter banks are proposed as an alternative, as they easily outperform
perfect reconstruction filter banks in terms of frequency selectivity and subband
aliasing insertion.

Section 4.2 presents a frequency—domain design method for nearly perfect recon-
struction DFT modulated filter banks. The lowpass properties of the analysis
and/or synthesis prototype are traded off against overall amplitude distortion. In
order to reduce the complexity of the optimization procedure the amplitude distor-
tion is minimized here instead of checking a true perfect reconstruction condition.

A mixed time/frequency—domain design method for nearly perfect reconstruction

73
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DFT modulated filter banks is proposed in section 4.3. Contrary to the frequency—
domain based procedure, true perfect reconstruction can be traded off against fre-
quency selectivity in this case.

In section 4.4 subband adaptive filtering is taken as an example to illustrate that
nearly perfect reconstruction filter banks easily outperform perfect reconstruction
subband systems without adding severe audible distortion to the near—end signal.

Section 4.5 finally formulates the conclusions.

4.1 Nearly perfect reconstruction DFT modulated
filter banks

In chapter 3 perfect reconstruction subband systems were discussed. Perfect recon-
struction guarantees distortionless input/output behavior : signals pass through
the subband system without any quality losses. However, the perfect reconstruc-
tion property does not necessarily hold anymore when intermediate operations are
performed on the subband signals such as coding or filtering. Furthermore, in prac-
tice perfect reconstruction is often cancelled by non-linearities in the signal path
coming from A/D—converters and loudspeakers, by injected noise and by algorith-
mic imperfections (residual errors for instance in the case of adaptive filtering).
Perfect reconstruction can therefore be relaxed to ‘nearly’ perfect reconstruction by
admitting some amplitude, phase and aliasing distortion, as long as the distortion
is not noticeable or is acceptably low. It depends on the application how far this
nearly perfect behavior can divert from the ideal, perfect reconstruction case.

One of the disadvantages of perfect reconstruction filter banks is that the subband
filters typically have a non-negligible stopband level. In this way a considerable
amount of aliasing is inserted in the subbands, which could have a negative effect
on the intermediate operations. A nearly perfect reconstruction filter bank is then
more appropriate and leads to better perceptual results as a better filter bank
characteristic and hence reduced aliasing levels result in a better performance of
the intermediate algorithm. For example, it will be shown in section 4.4 that the
performance of subband adaptive filtering schemes can be enhanced if nearly perfect
reconstruction filter banks are employed.

Furthermore, in the approach taken in section 3.3 the analysis and the synthesis
bank always have the same frequency amplitude characteristic. On the other hand,
it is easy to design nearly perfect reconstruction systems for which the analysis and
the synthesis filter bank characteristics or the order of the filter banks are different.
Both a frequency—domain and a mixed time/frequency—domain based optimization
algorithm were developed to design nearly perfect reconstruction subband systems.
They will be presented in the next sections.
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4.2 Frequency—domain optimization

Consider the general subband setup of figure 2.1 and ignore the intermediate pro-
cessing. It was shown in [156] and in appendix B.3 that the system output y relates
to the input z as follows :

1 M—-1
Y(2) = 5 X(2) (Z Gm(Z)Hm(Z)>

v~

amplitude + phase distortion

aliasing distortion

Perfect reconstruction is obtained if Y (z) = 27¥ X (2), ¢ € N, i.e. if

M-—1
> Guml(2)Hp(z) =Nz (4.2)
m=0
M-1

G(2)Hp(ze %) =0, forn=1:N—1 (4.3)
m=0

are both fulfilled.

In some applications, such as hands—free communication, small amplitude distortion
will not lead to significant quality losses and phase distortion is not detrimental, as
long as abrupt phase transitions are avoided. It is furthermore observed that the
aliasing distortion will be small if the frequency selectivity of the filter banks is suf-
ficiently high. Hence, instead of checking the true perfect reconstruction conditions,
i.e. Egs. 4.2 and 4.3, the lowpass properties of the analysis and/or synthesis proto-
type on the one hand and the overall amplitude distortion on the other hand can
be optimized and traded off. In this way a nearly perfect reconstruction DFT mod-
ulated filter bank set can be designed. Instead of the overall amplitude distortion
only the distortion from neighboring bands is taken into account in practice.

The frequency—domain cost function to be optimized may then for instance be
defined as

min /N (alHo(f)| + BIGo(£)])df

+ \//OM (Ho(f)Go(f) + Har—1 (f)Gr—1 (f)> = N2)>df, (4.4)
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where M is the number subbands and N is the subsampling factor (cf. figure 2.1).
Hy(f) and Go(f) are the frequency responses of respectively the analysis and the
synthesis prototype, Hyr—1(f) and Gas—1(f) are shifted versions of the prototypes
and filter out frequency band 5k, 537] as in figure 2.2. Finally, a and 8 can be
used to weigh the different terms in the cost function with respect to each other.
The first term in Eq. 4.4 weighs the stopband level of the analysis and the synthesis
prototype. The second term in Eq. 4.4 approximates the amplitude distortion in the
interval [0, 47|, taking into account the contributions of band 0 and M — 1 only. As
can be observed from Eq. 4.1 aliasing and phase distortion are not considered here.
Further, the factor N? in Eq. 4.4 ensures that the input—output gain approaches 1
when the subband signals are N—fold downsampled.

Starting from a perfect reconstruction filter bank set (designed e.g. based on the
procedure of section 3.3), one may want to relax the perfect reconstruction condition
and enhance for instance the stopband level of the analysis prototype by minimizing
Eq. 4.4 with a large value for «.

Another starting point might be a filter bank set, based on an analysis and/or
synthesis prototype with a sufficiently low stopband level obtained from a standard
filter design tool [126] [134], not fulfilling the perfect reconstruction condition. In
this case one may approach perfect reconstruction by changing the prototypes and
minimizing the amplitude distortion (take 0 < a, f < 1 and optimize Eq. 4.4).

Example 4.1 An example of a subband filter bank set, designed using this frequen-
cy—domain optimization approach can be found in figure 4.1. The subband system
has 8 subbands, which are 6—fold downsampled. The analysis and synthesis bank
characteristics are different. The 60—taps analysis prototype was designed with the
Parks—McClellan exchange algorithm [134] and has a uniform stopband attenuation.
The synthesis filter has 54 taps and was optimized following Eq. 4.4. The relative
aliasing level (Eq. 3.75) introduced by the analysis bank is around -46.7 dB. The
relative aliasing level of the synthesis bank prototype is -24.3 dB. The maximum
amplitude distortion of the analysis—synthesis pair is 4.17% at 0.45 Hz and the
maximum phase distortion is 16° at 0.09 Hz. The subband system was tested
for audio and speech processing. It was verified that the perceptual distortion is
sufficiently small. A

Example 4.2 In a second example a 6—subband, 4—fold downsampled subband
system was designed. The frequency characteristics of the analysis and synthesis
prototype are shown in figure 4.2 (compare with figure 3.8). Both the analysis
and synthesis prototype have 36 filter taps. The analysis prototype was designed
with the Parks—McClellan exchange algorithm. The relative aliasing level (Eq.
3.75) introduced by the analysis bank is -57.6 dB. The relative aliasing level of the
synthesis bank is -20.5 dB. The maximum amplitude distortion of the analysis—
synthesis pair is 0.21% at 0.25 Hz and the maximum phase distortion is 0.0018° at
0.352 Hz. It was verified that the perceptual distortion is sufficiently small. A
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Figure 4.1: An 8-subband 6—fold downsampled nearly perfect reconstruction filter

bank set obtained by frequency—domain optimization : prototype frequency char-
acteristics

4.3 Mixed time/frequency—domain optimization

Another approach leading to nearly perfect reconstruction systems builds on the
relation in the time domain between the subband signals on the one hand and the
analysis bank input and the synthesis bank output on the other hand. A similar
approach was found in [3].

Consider an N—fold downsampled subband system with M subbands (cf. figure
2.1). The input of the subband system z is related to the output y via the analysis
and synthesis filter bank. The samples z[k], which are the input to the analysis
bank, are put in an infinitely long vector x in the following way :

x = x[k] . (4.5)
zlk +1]
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Figure 4.2: A 6-subband 4—fold downsampled nearly perfect reconstruction filter

bank set obtained by frequency—domain optimization : prototype frequency char-
acteristics

The downsampled subband samples z,[n], m = 0: M — 1 (see also figure 2.7) can
be put in vector s :

TM—1 [n —1]
zo[n]

:z:M_.l[n]
xo[n + 1]

Time—-index n = kN corresponds to the lower sampling rate. The relation between
x and s is expressed as

s = Tyx, (4.7)

in which matrix Tx has a block Toeplitz structure and takes on the form shown in
figure 4.3. The bar indicates that the elements appear in time-reversed order.
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H

Figure 4.3: T visualized

H in figure 4.3 contains the analysis filter bank coefficients :

holly =1 ... hol0]
N /- i hlz[O] | s
harea[Ly 1] .. hara[0]

If Ly = PN, with P € IN, the analysis filters can be partitioned in P blocks as

shown in figure 4.4 :

_ L
Hp_1|Hp_» H, M
Ty =
N |_ _ _
Hp_ 1| Hp_» H,

Figure 4.4: Block partitioning of Ty
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Figure 4.5: Block partitioning of Tg

Similar expressions can be given for the synthesis part. An output vector y

ylk - 1]
y= y[k] (4.9)
ylk +1]

and a synthesis matrix T are defined such that
y =TLs, (4.10)

with T having a band diagonal structure containing matrix

1 1|Le —
oo | O ol .
g0 e gualDy —1]

with the synthesis filter bank coefficients. For the sake of conciseness, the analysis
and synthesis filters are assumed to have equal length. If not, H or G should be
padded with zeros. Partitioning T in the same way as T, using blocks G, leads
to figure 4.5.

By combining Eq. 4.10 with 4.7 one obtains

y = TETax. (4.12)
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Hence, the perfect reconstruction property follows from the inner matrix product
TGT m- Taking into account the filter partitioning, TGT g can be computed based
on the block convolution of

V=[G) Gi{ ... Gp_,|*x[Hy Hy ... Hp_] (4.13)

i.e. (assuming that H, = G, =0,ifp<Oorp> P)

V= ZGP 1-p p+q- (4.14)

Perfect reconstruction is obtained if

Vo = Iy (4.15)
V, =0, Vg€ Z,. (4.16)

In the case of a para—unitary DFT modulated filter bank for which Ly = PN, Egs.
3.47, 3.48, 3.53 and 3.54 hold. It can be proven (see appendix B.8) that Eqgs. 4.15
and 4.16 are fulfilled in this case.

A modulated filter bank can now be designed that optimally meets conditions
4.15 and 4.16. A trade—off between these conditions and the lowpass properties
of the analysis and/or the synthesis prototype filter should lead to a nearly per-
fect reconstruction subband system with a good stopband rejection. The mixed
time/frequency—domain cost function to be optimized may be defined as

% VV*P+1
win [ (oD + 8GN +| ¢ | (4.17)

Ho,Go

N Wp_y )
with Wy = Vo — Iy and W, =V if ¢ # 0. Finally, o and  are weighting factors
taking into account the stopband level of the analysis and synthesis prototype filter.

The first term of Eq. 4.17 can be extended so that the filter banks do not have to be
modulated. In this way however the optimization criterion becomes more complex
and the optimization time is increased.

The mixed time/frequency—domain method is more advanced than the frequency—
domain approach of section 4.2 as it trades off true perfect reconstruction against
frequency selectivity and does not take into account amplitude distortion of neigh-
boring bands only.

Example 4.3 Figure 4.6 (compare with figure 3.8 and 4.2) shows the analysis and
synthesis prototype filters for a 6—subband, 4—fold downsampled subband system.
Both the analysis and synthesis prototype have 36 filter taps. The analysis proto-
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Figure 4.6: A 6—subband 4—fold downsampled nearly perfect reconstruction filter
bank set obtained by mixed time/frequency—domain optimization : prototype fre-
quency characteristics

type was designed with the Parks—McClellan exchange algorithm and is the same as
in figure 4.2. The relative aliasing level (Eq. 3.75) introduced by the analysis bank
is -57.6 dB. The relative aliasing level of the synthesis bank is -19.6 dB. The maxi-
mum amplitude distortion of the analysis—synthesis pair is 0.38% at 0.211 Hz and
the maximum phase distortion is 0.0023° at 0.319 Hz. The perceptual distortion
was verified to be sufficiently small. A

Example 4.4 In example 3.12 a perfect reconstruction subband system was de-
signed with 10 subbands and 6-fold subsampling. Due to the large number of fixed
filter coefficients the optimization routine outputs a filter bank with a limited fre-
quency selectivity (see figure 3.9). Nearly perfect reconstruction techniques can
be employed to design a higher frequency selective filter bank. A 77-taps analysis
prototype filter was designed using a simple FIR design toolbox. The relative alias-
ing level (Eq. 3.75) introduced by the analysis bank is -54.9 dB. Using the mixed
time/frequency—domain approach explained in this section a 78-taps synthesis pro-
totype filter was designed. The relative aliasing level of the synthesis bank is -48.5
dB. The frequency characteristics of the analysis and synthesis prototype filter are
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Figure 4.7: A 10-subband 6—fold downsampled nearly perfect reconstruction fil-
ter bank set obtained by mixed time/frequency—domain optimization : prototype
frequency characteristics

shown in figure 4.7. The maximum amplitude distortion of the analysis—synthesis
pair is 0.17% at 0.26 Hz and the maximum phase distortion is 0.09° at 0.46 Hz. The
perceptual distortion was verified to be sufficiently small. The filter bank set pre-

sented in figure 4.7 clearly outperforms the perfect reconstruction system of figure
3.9. AN

4.4 Application

One of the disadvantages of perfect reconstruction filter bank design is that the
stopband level of the analysis prototype filter is difficult to control and to reduce
to a sufficiently low level. The algorithms presented in this chapter offer more
design freedom. As a result, it is easier to design and to specify the filter bank
characteristics. In this way the amount of aliasing inserted in the subbands for
instance can be kept small. This could have a positive impact on the operations
performed on the subband signals, as will be illustrated in this section, taking
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Error suppression curves
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Figure 4.8: Simulation example : convergence curves for 2 subband adaptive systems
(M =6,N =4), one based on a perfect reconstruction filter bank set, the other on
nearly perfect reconstruction filter banks

subband adaptive filtering as an example. The general setup for a subband adaptive
system is shown in figure 2.9. More information on subband adaptive filtering can
be found in section 2.3.2 and in part II of the thesis.

Example 4.5 An experiment was carried out in which a Gaussian white noise
signal = was fed through a random 60—-taps linear FIR filter w. There was no near—
end signal s added to d = w % z in this experiment. A subband system as shown in
figure 2.9 was used to estimate the unknown w. In this example M =6 and N = 4.

In a first simulation the perfect reconstruction DFT modulated filter bank set of
order 35, described in example 3.11 and shown in figure 3.8, was used. The adaptive
filters have length 25 each. The error output of the algorithm is plotted in figure
4.8. Apparently some residual error remains. This is a well-known phenomenon
and has to do with injected subband aliasing on the one hand and is related to an
undermodelling problem that occurs with subband adaptive filtering on the other
hand. More information on the residual error can be found in chapter 5.
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Figure 4.9: Simulation example : convergence curves for 2 subband adaptive systems
(M = 10,N = 6), the curve at the top corresponding to a perfect reconstruction
filter bank set, the bottom curve to a nearly perfect reconstruction system

In a second simulation the nearly perfect reconstruction filter banks, obtained by
the frequency—domain and mixed time/frequency—domain optimization procedure
of section 4.2 and 4.3 (see example 4.2, example 4.3, figure 4.2 and figure 4.6), were
applied. The order of the filter banks and the length of the adaptive filters were the
same as in the first simulation. As the characteristics of the mixed time/frequency—
domain and frequency—domain based filter banks are similar, the error curves lie
almost on top of each other. Hence, only the error curve corresponding to the mixed
time/frequency—domain based filter bank set is shown in figure 4.8. It appears that
with the nearly perfect reconstruction system a higher error suppression is obtained.

A

Example 4.6 In a second experiment again a Gaussian white noise signal = was
applied to the input of a 60—taps linear FIR filter w, with no near—end signal s
added to d = w x = (for signal conventions, see figure 2.9). In this second example
M = 10 and N = 6. The perfect reconstruction DFT modulated filter bank set
of example 3.12 and figure 3.9, was applied here, resulting in the upper curve of
figure 4.9. Further, the filter banks designed in example 4.4 and figure 4.7 were
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employed to illustrate the effect of nearly perfect reconstruction. The error output
of the nearly perfect reconstruction algorithm is also plotted in figure 4.9 and cor-
responds to the bottom curve. Both for the perfect reconstruction as for the nearly
perfect reconstruction system the length of the adaptive filters was taken equal to
15 and 5 anti-causal taps (see chapter 5) were added to obtain a satisfactory noise
suppression. Also in this case the nearly perfect reconstruction system is superior
to its perfect reconstruction counterpart. A

It appears that although the maximum convergence rate that can be reached may
be somewhat slower, a lower error energy and hence a better modelling can be
achieved with the nearly perfect reconstruction systems. Apparently the reduced
stopband level of the nearly perfect reconstruction filter banks leads to a better
modelling of the unknown system.

The number of perfect reconstruction filter bank coefficients fixed to 0 was small
in the first example. Hence, a perfect reconstruction filter bank with a relatively
good stopband attenuation could be designed (see also section 3.3.5). If more coef-
ficients are fixed to 0, worse filter bank characteristics and higher aliasing levels are
obtained. In that case the nearly perfect reconstruction system easily outperforms
the perfect reconstruction scheme (figure 4.9).

Example 4.5 and 4.6 prove that thanks to their better filter bank characteristics
nearly perfect reconstruction filter banks can outperform perfect reconstruction
systems without introducing unacceptable audible distortion.

4.5 Conclusions

In this chapter nearly perfect reconstruction DFT modulated analysis/synthesis
filter bank sets were designed. In this way it is prevented that too much inter—
subband aliasing is inserted during the downsampling operation. Inter—subband
aliasing has a negative impact on possible intermediate operations performed on
the subband signals (adaptive filtering for instance).

In section 4.2 a frequency—domain optimization design algorithm was presented for
nearly perfect reconstruction subband systems. The frequency selectivity of the
filter banks is traded off against the amplitude distortion between two neighboring
bands.

A mixed time/frequency—domain design procedure was proposed in section 4.3.
Here, the frequency selectivity of the filter banks and a measure for the perfect
reconstruction of the subband system are weighed and traded off against each other.

In section 4.4 subband adaptive filtering was taken as an example to illustrate and
compare the different design techniques. The examples proved that thanks to their
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better frequency characteristics nearly perfect reconstruction systems outperform
their perfect reconstruction counterparts without introducing unacceptable audible

distortion.
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Part 11

Subband and

Frequency—Domain Adaptive
Filtering



In the second part of the thesis subband and frequency—domain adaptive filters
are studied. These multirate schemes are a good alternative to standard fullband
algorithms if long FIR filters need to be adapted. Thanks to the use of subband
or frequency—dependent stepsizes and multirate techniques improved convergence
behavior and a reduced computational complexity can be obtained.

The combination of standard adaptive filtering schemes with filter bank techniques
gives rise to a promising adaptive system, known as the subband adaptive filter,
which is studied in chapter 5. A comparison is made between the subband ap-
proach and standard fullband adaptive filters. It will appear that the increase in
performance and the complexity reduction w.r.t. the fullband approach are less
than expected. Nevertheless, a considerable cost reduction can be obtained. It is
further shown that a substantial residual undermodelling error appears if the length
of the subband adaptive filters is not chosen appropriately. Next, three design cri-
teria are formulated, which are necessary conditions for proper operation of the
subband adaptive filter.

Frequency—domain adaptive filtering techniques are studied in chapter 6. It ap-
pears that this class of adaptive algorithms, which is known from the literature for
several years now, outperforms standard subband systems in terms of convergence
behavior and modelling capabilities. It will be shown that frequency—domain adap-
tive filters can be considered as a special subband adaptive system that relies on
an overlap—save based error correction mechanism and that does not suffer from
residual errors. It is further shown that two out of the three design criteria for sub-
band adaptive systems specified in chapter 5 are fulfilled by the frequency—domain
adaptive filter.

It is observed that frequency—domain adaptive algorithms have a desired conver-
gence behavior thanks to the overlap—save error correction. In chapter 7 an alter-
native fullband error adaptation scheme will be presented. In this way improved
performance is obtained. It is shown that the fullband error adaptation algorithm
can be considered as an extension of the frequency—domain error correction mech-
anism to a more general class of subband adaptive filters.



Chapter 5

Subband Adaptive Filtering

Multirate schemes such as the subband adaptive filter have been a topic of interest
for many years now [142]. They are employed to identify high—-order FIR systems
and are a promising alternative to the classical LMS algorithm. For this kind of
application the LMS adaptive filter is less attractive as it has a larger complexity
and its convergence behavior is generally worse.

It is often claimed that subband processing leads to a considerable complexity re-
duction w.r.t. the fullband approach, offering a complexity gain equal to the number
of subbands in the limiting case where the subbands are maximally, i.e. critically
downsampled. Furthermore, better performance is expected owing to the fact that
after appropriate subsampling each subband signal will have a flatter spectrum than
the fullband signal.

In section 5.1 a general subband adaptive filtering setup is presented. A first
comparison is made with the standard fullband approach, mentioning some of the
(dis)advantages of subband processing. Next, it is briefly discussed how the filter
banks should be selected.

Three design criteria for subband adaptive systems, which deal with frequency selec-
tivity, perfect reconstruction and perfect path modelling, are formulated in section
5.2. These conditions are necessary requirements for the satisfactory performance
of the subband adaptive filter.

Section 5.3 discusses the effect of the downsampling operation. Thanks to the
downsampling a significant reduction of the implementation cost can be obtained.
The side—effect of this intrinsically nonlinear operation is the insertion of aliasing
in the subbands, which has a negative impact on the convergence of the adaptive
filters. As a consequence, critically subsampled adaptive filtering schemes, although
leading to the largest computational savings, are not be taken into consideration

89
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for subband adaptive processing.

Next it is shown in section 5.4 that a residual undermodelling error will remain
unless infinitely long adaptive filters are employed in each subband. It will be
shown that the adaptive filter has to model (many) more coefficients than usually
expected and that extra filter taps have to be added both in the causal as well as
in the anti—causal direction. Two design methods will be presented based on which
the appropriate subband filter order can be estimated.

It will be shown in section 5.5 that the expected cost reduction w.r.t. the fullband
approach is often overestimated : in order to reduce the residual error more subband
filter coeflicients need to be adapted than usually expected. Furthermore, as crit-
ically subsampled schemes suffer from aliasing, oversampled subband schemes are
called for, which are less attractive from a computational complexity point of view.
Although the complexity gain w.r.t. the fullband approach is less than expected,
still a considerable cost reduction can be obtained.

The conclusions are formulated in section 5.6.

5.1 Subband adaptive systems

Subband adaptive filtering schemes have been a topic of interest for many years now.
They are employed to identify long FIR systems as they provide a reduced com-
plexity solution for high—order problems and in this way outperform the standard
fullband adaptive approaches.

5.1.1 General subband adaptive filtering setup

A general subband adaptive filtering system is shown in figure 5.1. Both input
signals = and d are fed into identical M—band analysis filter banks, with d being a
filtered version of by the unknown system w(k]. In most applications a so—called
near—end signal s is added to w xz such that d = s + wxx. The ultimate goal is to
suppress w x x at the output e and to retain a non—distorted version of s.

After N—fold subsampling, adaptive filtering is done in each subband separately.
Basically any kind of adaptation algorithm (see section 2.3.1) can be employed for
the update. It is however common to use (N)LMS to adapt the subband filters
fmlk]. Remark that in contrast to classical adaptive filtering structures, in this
setup w[k] is estimated using a set of parallel, independently adapted filters f,[k].

The outputs of the subband adaptive filters are recombined in the synthesis filter
bank leading to the final output e. The ideal frequency amplitude characteristics of
the analysis filters H,,(z) and synthesis filters G, (z) are also shown (ideal bandpass
filters).
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i

analysis filter bank adaptive filters synthesis filter bank

Figure 5.1: General subband adaptive filter with ideal filter banks

5.1.2 Subband versus fullband adaptive filtering

By splitting signals into subbands and using subsampling techniques faster (ini-
tial) convergence and better tracking properties are hoped for. Subband processing
seems very promising since for colored input signals with a large eigenvalue spread
such as speech, fullband adaptation algorithms like the LMS algorithm show slow
convergence (see also section 2.3.1). In the subband case the subband signals will
have a flatter frequency amplitude spectrum. The stepsizes of the subband adap-
tive filters can then be fine—tuned per subband, in general leading to improved
convergence behavior.

A second advantage of subband systems over classical fullband adaptation is the
lower implementation cost thanks to the downsampling (see also section 5.5.1).
Optimal computational savings are expected whenever the signals are maximally,
i.e. critically downsampled. In this way subband adaptive systems can outperform
their frequency—domain counterparts for which two—fold oversampling is typically
used (see chapter 6).

Unfortunately, this picture of the subband approach is certainly too optimistic.
First, the achievable cost reduction w.r.t. fullband adaptive filtering is typically
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less than expected. Further, —as will be illustrated further on in this chapter—
various effects occur, which affect the performance. A reduced modelling capability
is observed through the appearance of residual errors and convergence is typically
slowed down by inter—subband aliasing.

5.1.3 Filter bank selection

The performance of the subband adaptive system depends (partly) on the quality of
the filter banks. Hence, the filter banks should be chosen with care. A discussion on
filter banks and filter bank design can be found in section 2.2. Filter banks however
introduce aliasing, an inherent delay, extra cost and signal distortion. Aliasing will
cause the convergence of the adaptive filters to degrade, which is not desirable.

Oversampled subband systems are most appropriate as aliasing insertion can be
reduced in that way (see also section 5.3.1). It is further recommended to employ
DFT modulated filter banks in the oversampling case. It was already suggested
in section 2.2.2 that DCT modulated filter banks are less suitable if non—critically
subsampled schemes are preferred. Cosine modulated filters have a positive and
negative frequency band, which tend to overlap when they are not—critically down-
sampled, resulting in an unacceptable amount of aliasing insertion.

At first sight it is a pity that DFT instead of DCT modulated filter banks have
to be employed : contrary to their DCT counterparts DFT modulated filters are
complex—valued, which requires more complicated arithmetic.

However, looking in more detail into this, it is observed that a DFT modulated filter
bank does —roughly speaking— not lead to a more expensive implementation than
a cosine modulated bank. If the input signals « and d and the unknown system
w(k] are real, as is the case in the applications envisaged in this thesis, only half of
the complex bands need to be processed as the other half are pairwisely complex
conjugated.

Now, compare a DFT modulated with a DCT modulated filter bank having an
equal number of processed bands. In the DFT modulated case, M processed bands
correspond to about 2M filters modelling the unknown system wl[k], as the bands
are pairwisely complex conjugated. Hence, they can be downsampled at most 20
times. If the unknown system w(k] has length Lpg, typically LS5 = LEE taps are
chosen per subband filter. If we now assume that a linear adaptation algorithm
such as LMS is employed® and that f, is the sampling frequency corresponding to

z and d, the cost for the adaptation of M filters is 16M L% 2’;\54 = 4LF—A’/3[fS ops.

For the corresponding cosine modulated bank on the other hand w[k] is modelled
by M subbands, which are all processed. Hence, they can be maximally decimated

only M times. The number of filter taps equals L3%" = L%, the total cost being

IThe cost for adapting an L-taps filter using the LMS algorithm is around 4L for real arith-
metics and around 16L for complex arithmetics. See also section 2.3.1.
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Figure 5.2: Subband adaptive filter : polyphase implementation

4M L[S)CBTf—A; = 4LFTBfS ops. Apparently this compensates more or less for the extra
factor 4, which is needed for complex arithmetic.

In the literature many references can be found on subband adaptive filtering. For
more information, implementations and design suggestions we refer to [3] [13] [14]
[15] [26] [27] [70] [71] [79] [90] [99] [109] [117] [119] [130] [132] [152] [177].

5.1.4 Polyphase implementation

Observe from figure 5.1 that the analysis filters are immediately followed by down-
samplers. Hence, it is cheaper to do all filtering operations at the downsampled
rate. Figure 5.1 can be re-arranged resulting in figure 5.2. H(z) and G(z) are
respectively called the analysis and synthesis polyphase matrix. We refer to Egs.
2.17, 2.19, section 2.2.3 and figure 2.7 for more information.

5.1.5 DFT modulated subband adaptive filters

It was motivated in section 5.1.3 that DFT modulated filter banks are most ap-
propriate for subband adaptive filtering applications. DFT modulated filter banks
may be implemented efficiently using polyphase decomposition and fast signal trans-
forms. In section 3.1 a general framework for oversampled DFT modulated subband
systems was discussed : a DFT modulated analysis filter bank with subsequent N—
fold downsampling can be implemented as a tapped delay line of size N with N—fold
downsampling, followed by a structured M x N matrix B(z), containing polyphase
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Figure 5.3: DFT modulated subband adaptive filter

components of the analysis prototype holk|, and an M x M DFT matrix F. The
synthesis bank is constructed in a similar fashion with an N x M matrix C(z).
Hence, figure 5.2 can be redrawn resulting in figure 5.3.

5.2 Design criteria for subband adaptive systems

In this section three design criteria for subband adaptive systems are formulated,
which should lead to subband adaptive filters exhibiting better properties, similar
to what can be obtained with frequency—domain techniques.

It will be shown in chapter 6 that frequency—domain adaptive algorithms can be
considered as a special kind of subband adaptive filtering, typically relying on simple
filter banks and often using two—fold oversampling. Most subband adaptive systems
perform better on this part as their oversampling factors are normally less than 2 and
more advanced filter banks are employed. A better performance at a lower cost is
therefore expected from these true subband adaptive filtering structures. However,
due to their error correction mechanism frequency—domain adaptive filters exhibit
superior performance and outperform most subband structures, sometimes even at
a lower cost (see chapter 6).

Bringing the ideas behind the subband and the frequency—domain algorithms to-
gether into a “hybrid” approach and trying to transplant and extend the mech-
anisms behind the frequency—domain algorithms to the broader class of subband
adaptive filters should ultimately lead to a better overall performance of subband
adaptive systems.
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In this section therefore three design criteria are defined. These conditions are
necessary requirements for the satisfactory performance of the subband adaptive
filter. An attempt to extend the frequency—domain error correction mechanism to
true subband adaptive filtering is treated in chapter 7.

An analysis/synthesis filter bank set is (preferably) designed such that three design
criteria are met. First of all, the filter banks have to be frequency selective. The
second condition is about perfect reconstruction and the third requirement deals
with perfect path modelling. In the following sections each of these conditions are
discussed in more detail.

5.2.1 Frequency selectivity

In order to reduce the amount of aliasing components that are inserted in the
subbands the analysis filters should be frequency selective. Inter—subband aliasing
has an inhibitive effect on the convergence of the adaptive filters, as will be shown
in section 5.3.

The residual error, which occurs in any standard subband adaptive setup, then
basically consists of four parts : an excess mean—squared error because of near—
end source activity, an excess mean—squared error due to aliasing components, an
undermodelling error and finally a so—called “lag error” as the adaptive system fails
to track time-varying setups and will lag behind.

At first sight, the frequency characteristics of the synthesis bank do not seem to have
an influence on the convergence of the subband adaptive filters (see figure 5.1 or
5.3). In chapter 7 however, an alternative adaptation scheme will be introduced for
which the adaptation of the subband filter coefficients does depend on the synthesis
filter bank. In that case the characteristics of the synthesis bank may be important.

Highly frequency selective filter banks introduce a substantial processing delay. This
puts a constraint on the frequency selectivity, and hence on the downsampling factor
N as delay constraints make subband schemes unattractive. On the other hand,
computational savings appear to be more or less proportional to N.

5.2.2 Perfect reconstruction

Both signal # and d = s + w x « pass through the filter bank system (see figure
5.1). Ideally, signal  is completely suppressed by the adaptive filtering operations
and the desired part s of signal d passes to the output of the subband scheme
without distortion, being an exact (delayed) copy of s. To minimize the distortion
of s (nearly) perfect reconstruction filter banks are called for. Remark that overall
aliasing cancellation does not exclude aliasing insertion in the individual subbands,
which leads to degraded convergence behavior of the adaptive filters.
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Perfect reconstruction is obtained when (see figure 5.2)
JGT(2)H(z) =2 °Iy, decIN. (5.1)

The smallest § is determined such that Eq. 5.1 is fulfilled and such that both the
analysis and synthesis filters are causal and hence implementable. It can be shown
that if Eq. 5.1 holds the perfect reconstruction conditions Eqs. 4.2 and 4.3 are
fulfilled for » = N — 1+ N.

In the case of DFT modulated filter banks the perfect reconstruction property
reduces to (see figure 5.3 and Eq. 3.32)

C(2)B(z) = 2 %Iy, § €N (5.2)

The design of critically downsampled perfect reconstruction filter banks is well-
known and is treated in the literature [156] [170] [181]. However, as discussed in
section 5.3.1 these maximally decimated filter banks are not appropriate for subband
adaptive filtering applications. So, oversampled subband systems should be called
for.

Some references on perfect reconstruction design for oversampled DFT modulated
filter banks can be found in more recent publications [22] [89] [168]. A discussion on
perfect reconstruction oversampled filter bank design can also be found in chapter 3.
Both the Smith-McMillan decomposition (section 3.2.1) and a para—unitary filter
bank design method (section 3.2.2 and 3.3) were discussed.

Condition 5.1 can be relaxed to
JGT(2)H(z) 2 °Iy, JdeN (5.3)

leading to mearly perfect reconstruction up to a delay. The approximation in Eq.
5.3 implies that
¥ = [IGT(2)H(z) — 2 Iy, (5.4)

is small. Remark that Eq. 5.4 is similar to the second term of Eq. 4.17. If Eq.
5.4 is near zero, also Egs. 4.2 and 4.3 will be almost zero. As a consequence, the
amplitude, phase and aliasing distortion will be small.

In the same way condition 5.2 can be relaxed to
C(2)B(2) ~ z %Iy, § €N (5.5)

More information on nearly perfect reconstruction filter bank design can be found
in chapter 4.

Finally, note that adaptive filtering operations need to be done in each subband.
Perfect reconstruction will only hold for the desired part s of d (upper branch of
figure 5.1), as the adaptive filters in between the analysis and synthesis filter bank
(lower branch of figure 5.1) do not preserve perfect reconstruction.
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5.2.3 Perfect path modelling

Apart from the perfect reconstruction or nearly perfect reconstruction condition,
another constraint has to be imposed on the filter banks to guarantee appropriate
time—invariant system modelling.

Consider the lower, adaptive branch of figure 5.2. If perfect cancellation of the
input signal z is aimed at, the lower branch should model the unknown system w[k]
exactly.

It is known from the literature [156] that the lower branch can only model a time
invariant system if

71VA[/0(Z) Wi(z) ... Waoa(2)
IGT (2)diag{Fy(:)}H(z) = | Wi“(z) WO:(Z) WNTZ(Z) (5.6)
U (2) 2 Wa(z) ... Wo(2)

=pseudo—circulant

is a pseudo—circulant matrix (see appendix A).

In the case of DFT modulated filter banks equation 3.1 and 3.8 can be plugged in
in Eq. 5.6, leading to

_IVTA/O(Z) Wi(z) ... Waoi(2)
C(2)Fdiag{F,()}FB(z) = | WT -1(2) WO:(Z) Wiv—2(2)
W (2) 2 YWA(z) ... Wo(2)

~ v
~~

=pseudo—circulant

(5.7)

Theorem 5.1 It is observed that if Eq. 5.6 or 5.7 is fulfilled the following time—
imvariant path

N-1
W(z) =2 N~V Z 2 "W (2N) (5.8)
n=0

is being modelled by the lower branch of figure 5.2.
Proof: The proof can be found in [156].

Remark that Eq. 5.8 is an N-th order polyphase decomposition of W (z) (cf. Eq.
2.16).
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If complete modelling of an unknown system W (z) using a set of subband adaptive
filters Fj(z) is aimed at, equation 5.6 should be fulfilled and the order of W (z) has
to be sufficiently high to model W (z). In general, condition 5.6 will only be satisfied
if the adaptive filters F;(z) are infinitely long, as will be shown in section 5.4.

It is not clear however which constraints have to be imposed on the filter bank
polyphase matrices {H(z), G(z)} such that any finite-order system W(z) can be
modelled with finite-length filters F;(z) following equation 5.6. It will be shown
however in chapter 6 that a solution does exist, as for the frequency—domain adap-
tive filter Eq. 5.7 is fulfilled for finite-length filters F;(z).

5.3 Downsampling and aliasing : two extreme cases

5.3.1 Critically downsampled subband schemes

For critically downsampled subband systems A = N. Critical downsampling seems
attractive because optimal computational savings can be obtained as N is as large
as possible.

In the (apparently) ideal case with an infinite order filter bank the analysis and
synthesis filters are ideal bandpass and their impulse response is a modulated sinc
function (see figure 5.1). A causal implementation however would introduce an
infinite delay, which obviously is intolerable. In practice however, filter banks have
a restricted filter order. As a consequence there will always be a transition band in
between the passband and the stopband of the filter characteristic. Hence, aliasing
insertion cannot be avoided whenever critically downsampled subband schemes are
employed.

In [70] [71] it is shown that critically downsampled subband adaptive systems suffer
from a considerable residual error unless cross filters are included between neighbor-
ing subbands. Another solution to this problem could be the introduction of spectral
gaps. Cross filters increase the complexity, which is unwanted. Furthermore, cross
filters fail to converge quickly to the optimal solution. This suggests the use of
oversampled subband schemes for which M > N. Whereas critically downsampled
subband schemes inherently suffer from subband aliasing, in oversampled subband
adaptive systems reduced aliasing distortion is traded off for extra computational
costs and slower steady—state convergence.

5.3.2 Two—fold oversampled subband systems

In this case the subband signals are subsampled 2 times less compared to the critical
scheme, i.e. M = 2N. From a computational complexity point of view two—fold
oversampled subband systems are less interesting as —roughly speaking— their im-
plementation cost is 4 times higher compared to the case with critical subsampling.
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The required subband adaptive filters are roughly twice as long and operate at twice
the sampling rate.

As will be shown in chapter 6, frequency—domain adaptive filters can be cast in
the subband framework as a special oversampled subband system. For a typical
parameter setting for the frequency—domain adaptive filter the oversampling factor
% is equal to 2. Frequency—domain adaptive filters have desirable convergence
properties, and hence provide probably the best solution in those cases where two—
fold oversampling is affordable.

In conclusion, two extremes were presented : the critically downsampled scheme,
interesting at first sight from a computational complexity point of view but with
poor performance, and the two—fold oversampled system with the frequency—domain
scheme in mind, more expensive but with desirable convergence properties. The
ultimate goal may then be to find subband schemes with an acceptable performance
for which & < N < M.

5.4 Subband adaptive filter length

Subband adaptive filters are attractive as they offer a low complexity alternative
to standard adaptive filtering schemes such as the LMS algorithm. Instead of a
single fullband Lrp—taps FIR filter, M shorter subband filters are adapted in par-
allel. At first sight one could suggest to choose the subband filter lengths equal to
Lsp = L%, where N is the downsampling factor. As the adaptive computations
as well as the filter bank convolutions can be done at the reduced sampling rate,
the subband approach is supposed to give a better performance at a lower cost. It
appears however that with L%flength subband filters the performance is typically
unsatisfactory. A discussion on this and some design rules to choose the appropriate
subband filter length will be the topic of this section.

5.4.1 Infinite-length subband filters

We consider figure 5.1 and pick out one subband, as shown in figure 5.4. Assume
now that the unknown system can be modelled as an Lpp—taps FIR filter w[k].
This implies that samples of input x are correlated with samples of d within a time
horizon of LEE if z is white, with f, being the sampling rate corresponding to z.
As wlk] is a ﬁsniteflength FIR system no correlation is supposed to exist between x
and d beyond this horizon.

One could expect that during the (ideal) bandpass filtering and N—fold downsam-
pling the time horizon over which z{ and d; are correlated would stay unchanged.
As the sampling rate has been reduced with a factor NV, the expected equivalent
subband filter length Lsp would then be Z£2.
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Figure 5.4: Adaptive filtering in subbands : lifting out one band.

As already suggested, this reasoning, based on physical relations between x and d,
is somewhat imprecise. The downsampling operation implies a kind of interpolation
resulting in a much larger correlation time. It appears that Lgp should be taken
significantly larger than L% in order to obtain a satisfactory error suppression.

Theorem 5.2 In the case of an M -band, N-fold downsampled ideally frequency
selective DF'T modulated filter bank the i—th subband adaptive filter f;[k] in a setup
as in figure 5.4 converges to

wm

filk] = (w[m] * (e—f%smc(w)))m, (5.9)

i.e., filk] can be obtained by downsampling the convolution of the impulse response
of the unknown system wlk| and a modulated double—sided sinc.

Proof: The proof is given in appendix C.1.

The sinc spreads out the impulse response in both directions of the time axis. Even
when w[k] is an FIR filter, f;[k] in general is not FIR. The adaptive identification
process therefore has to track (many) more than L% samples and due to the
spreading—out in both directions of the time axis, an extra delay has to be inserted in
the upper signal path. Neglecting the extra delay and the additional subband filter
taps strongly limits the convergence of the adaptive filters and leads to a residual

undermodelling error. This is illustrated by means of the following experiments.

Experiment 5.1 In a first experiment an acoustic echo cancellation setup is con-
sidered (figure 1.5). The recording room (4 x 3 x 2.5 m?) is strongly reverberant.
The room impulse response is shown in figure 5.5, subplot 1. The distance between
loudspeaker and microphone is 20 cm. The room response is an approximation and
was generated following the method of Allen and Berkley [4] assuming a sampling
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acoustic impulse response
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Figure 5.5: Impulse response (subplot 1) and the downsampled convolution with
the sinc (subplot 2). The loudspeaker—to—microphone distance is 20 cm, N = 10,
1=0.

rate of 8 kHz. The downsampled convolution of the acoustic impulse response with
the sinc following Eq. 5.9 with N = 10 and ¢ = 0 is shown in subplot 2. v

Not providing additional subband filter taps can strongly hamper the convergence
of the adaptive filters and leads to a residual undermodelling error (cf. experiment
5.5 and figure 5.10). Extending the adaptive filtering horizon in negative time
direction seems most effective in reducing the residual error if acoustic impulse
responses are involved. The spreading—out of the impulse response in the anti—
causal direction is considerable because of the small loudspeaker—to—microphone
distance in experiment 5.1. In this case, the acoustic impulse response contains a
large dominant direct path peak and additional reverberant peaks with decaying
amplitude. For larger microphone—to—loudspeaker distances, this effect is somewhat
reduced, which is illustrated by the following experiment.

Experiment 5.2 The configuration of this second experiment is the same as for the
first experiment except that the distance between loudspeaker and microphone is
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acoustic impulse response
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Figure 5.6: Impulse response (subplot 1) and the downsampled convolution with
the sinc (subplot 2). The loudspeaker—to-microphone distance is 150 cm, N = 10,
1=0.

now 150 cm. In figure 5.6 the impulse response and the downsampled convolution
with the sinc is shown. The number of extra taps needed is smaller than in the
previous experiment. The spreading—out in the anti—causal direction starts at the
dominant peak and hence falls partly within the causal part of the filter. \V4

Experiment 5.3 Experiment 5.1 is considered again, but now with 5—fold subsam-
pling. The results are plotted in figure 5.7. Compare with figure 5.5. Lowering the
downsampling factor reduces the spreading—out of the coefficients, i.e. the spreading
seems to die out more quickly. \V/

Experiment 5.4 In the following experiment theorem 5.2 is verified using real—
world data. The first (left, top) subplot of figure 5.8 shows an acoustic impulse
response obtained from measured data. In subplot 2 (right, top), the acoustic
impulse response is convolved with sinc(’lf—g). In subplot 3 (left, bottom), the down-
sampled version of subplot 2 is shown, corresponding to Eq. 5.9 with N = 10 and
i = 0. On the other hand the input data (z and d) were filtered with a sharp
lowpass filter with cutoff 0.05 and were 10—fold downsampled (cf. figure 5.4). The
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acoustic impulse response

T T
0.1 8
0 Liikoinsn
-0.1p I i i I I I L il
-0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25
time (s)
downsampled acoustic impulse response convolved with sinc, N=5
T T T T T T
0.1 8
0 b Wit
-0.11 I ! | I I I L il
-0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25
time (s)

Figure 5.7: Impulse response (subplot 1) and the downsampled convolution with
the sinc (subplot 2). The loudspeaker—to—microphone distance is 20 cm, N = 5,
1=0.

impulse response between the subband data was identified and is shown in subplot
4. Apart from some measurement noise it matches the downsampled convolution
of subplot 3, which was theoretically obtained following Eq. 5.9. \V4

Note that it was assumed in the derivation of Eq. 5.9 that the filter bank is ideally
frequency selective, i.e. that no aliasing is inserted by the subsampling. In practice
this condition is not fulfilled. Strictly speaking, in that case Eq. 5.9 is not valid any
longer. Furthermore, due to the aliasing an excess mean—squared error will appear
on top of the undermodelling error as the aliasing will move the adaptive filters
away from their Wiener solution.

Remark also that the spreading—out of f;[k] in the anti—causal direction is caused by
the downsampling and not by the fact that ideal, hence infinite—order, anti—causal
filter banks are applied.

Referring again to the three design criteria for subband adaptive systems specified
in section 5.2, it follows from Eq. 5.9 that for the standard subband adaptive
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Figure 5.8: The first (left, top) subplot shows an acoustic impulse response obtained from
measured data. In subplot 2 (right, top), the acoustic impulse response is convolved with
sinc(’lr—’g). In subplot 3 (left, bottom), the downsampled version of subplot 2 is shown,
corresponding to Eq. 5.9 with N = 10 and ¢ = 0. The input data (z and d) were also
filtered with a sharp lowpass filter with cutoff 0.05 and were 10—fold downsampled (cf.
figure 5.4). The impulse response between the subband data was identified and is shown
in subplot 4. Apart from some measurement noise it matches the downsampled convolution

of subplot 3, which was theoretically obtained following Eq. 5.9.

filter as presented in figure 5.1 all three conditions can be fulfilled if a high—order,
frequency—selective perfect reconstruction filter bank set is applied with infinite
length subband adaptive filters. The latter requirement can however not be fulfilled
in practice. In the forthcoming chapters we will try to find solutions for which
the third criterion on perfect path modelling is fulfilled for finite length subband
adaptive filters.

5.4.2 Introducing anti—causal filter taps

In this section two design rules are presented to determine the number of extra
subband filter taps that are needed to reduce the residual error. It was shown in the
previous section that in acoustic signal enhancement applications the spreading—out
effect is most clearly present in the anti—causal direction. Hence, we will concentrate
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on the negative time axis in this section. The results are readily applicable to the
causal direction as well.

It is observed from Eq. 5.9 that f;[k] is infinitely long. In practice the adaptive
filter f;[k] (see figure 5.4) has finite length and hence is an approximation of f;[k].
Some of the coefficients of f;[k] will not be modelled, resulting in a residual error.
Evidently, the more coefficients are modelled, the lower the residual error.

It is clear that in practice a certain residual error will always remain, whatever the
number of extra added filter taps may be. It should be noted however that for
many applications this is not necessarily a big issue. In the case of acoustic echo
cancellation for instance the echo suppression is typically limited to 25 or 30 dB in
practice due to non-linearities in the signal path, time variations of the acoustic
transfer function and misdetection in the adaptation control algorithm (see also
chapter 10). If the error due to the residual undermodelling then has the same
order of magnitude as the errors mentioned before no significant performance loss
is expected w.r.t. standard fullband adaptive filtering structures.

In a straightforward implementation filk] would be an Lebs taps filter for which
filk] =0 for k < 0 and k > ££2. From section 5.4.1 it is known that some causal
and anti—causal taps should be added. In the sequel L,. refers to the number of
anti—causal taps and L. represents the extra taps added in the causal direction.
The subband adaptive filter then has L% main coefficients, complemented with
L,. anti—causal taps and L. extra coefficients to compensate for the spreading—out

in the causal direction. Therefore,
_ Lpp
Lsp=—— + L4c+ L. (5.10)
N
Threshold—based method
From Eq. 5.9 it follows that if w[m] = §[m], i.e. if there is a Dirac impulse at the

time origin,
1

| filk]| = |sinc(mk)| < ek (5.11)
It is observed that for all unmodelled coefficients on the negative time axis
1
|filk]l < , if —co<k< =Ly, keZ. (5.12)
TLge
Hence, if a threshold 7 is defined the following design rule
1
Lac 2 - (513)
T

determines the number of anti—causal taps that are needed such that all neglected
coefficients fall below the threshold.
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It is observed from Eq. 5.13 that L,. is a function of the desired threshold 7 and
that L, is not depending on M or N, i.e. independently of the downsampling factor
a fixed number of coefficients are needed to reduce the residual error. Remark that
L, extra filter taps correspond to a delay of Lacf—l\s,, which does depend on IN. This
was also observed in experiment 5.3.

From a complexity point of view L,. should not be considered as such, but must
be compared with the total filter length Lgp. As L% is inversely proportional
to N equation 5.10 shows that L,.~ Lsp > L% for large values of N. As a
consequence, the complexity gain of the subband adaptive filter w.r.t. the LMS
algorithm will be smaller than expected for “large” values of N. On the other
hand, for large values of N the filter banks tend to dominate the cost such that the
effect of L, is somewhat masked (see also section 5.5.3).

Residual error—based method

Instead of thresholding the amplitude of the unmodelled coefficients as in equation
5.13 it is better to concentrate on the residual error to find an appropriate value for
L,..

Theorem 5.3 Consider the general adaptive filtering setup of figure 2.8. Define
L., x 1 vectors x and w, containing the input samples x and the coefficients of the
unknown system w respectively, and an Ly X 1 vector w representing the adaptive
filter. If Ly < Ly, W is an approzimation of w, modelling only a part of the
unknown system. Under these assumptions the expected minimum residual error is
given by

-1
min E{[e[k]?} = E{|d[K]]*} — WH R, E (ETRME) 2 R,,w, (5.14)

in which E{|d[K]|?} = wHR,,w and Ry, = E{xx}. Further, E is an L, x Ly
matriz containing ones and zeros indicating which coefficients of w are modelled,
such that e[k] = wlx — (Ew)"x.

Proof: The proof is given in appendix C.2.

From theorem 5.3 it follows also that the maximum residual error suppression is
given by
2 H
s SUP) WIRaw 1)
v SlelEPY SR, w - wiR,,E (E"RwB) E'Re.w

Formula 5.15 can now be applied to figure 5.4 to estimate the maximum subband
error suppression
E{|ds|? E{|d|?
o = e EPY _EQPY
w 5{|61| } 5{|62| }min

(5.16)



5.4. Subband adaptive filter length 107

w in Eq. 5.15 corresponds to fi[k] as obtained from Eq. 5.9 and W matches the
Lsp x 1 vector f;[k]. In theory w is infinitely long, in practice however we will
consider an L,, x 1 vector w containing only the central part of f;[k], with L,, being
significantly larger than Lgp. Matrix = indicates which coefficients of f;[k] will be
modelled. Given the numbers Lsg, L, and L. matrix 2 can be constructed as in
Eq. C.29. Further, R, is the autocorrelation matrix corresponding to z;. Hence,
R, depends on the intrinsic coloring of the fullband input x and on the frequency
characteristic of the i—th analysis filter, and is affected by the downsampling oper-
ation. If z can be written as ¢ x n, with n a stationary white noise source and ¢
a coloring filter, the coloring of z? is approximately given by & = (cx h;)ny. It is
explained in appendix C.2 how R, can be computed once the coloring filter « is
known.

Hence, applying the preceding procedure to each subband i of the general subband
adaptive scheme (see figure 5.1), a set of M values p, can be obtained. It is
observed from figure 5.4 that the optimal suppression of the upsampled and filtered
error e;
E{ldi|*}
oy = — =~ (5.17)
£{lei]?}min

From figure 5.1 and 5.4 it follows that

=

M
e= Z em (5.18)

=0

and hence
2

E{lel}=¢

M-1 M—-1
dem| pr D> Eleml’) (5.19)
m=0 m=0

The approximation will be exact if the signals e,, are uncorrelated. However,
E{er.en} # 0 for m # n because of the overlapping of the different subbands.

From Eq. 5.19 it follows that the global residual error suppression can be approxi-
mated by

M-1
£{lds, )

(1 [ B =

{forfra—1} g{|e[k]|2}

vy . (5.20)
> Eleml* hmin
m=0

Although the maximum subband error suppression y., to which the subband adap-

tive filters converge can be estimated fairly well using this method the estimate of
the global measure is less accurate.

From Eq. 5.15 the (subband dependent) parameters L,., L. and Lsp can now be
computed such that p., or ue is as desired.
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Frequency characteristic of the analysis prototype
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Figure 5.9: Frequency characteristic of the analysis prototype filter

Experiment 5.5 For this experiment a randomly generated FIR system of order
31 was identified using a white noise input. Three different adaptive algorithms are
compared :

a) a 10-band, 8—fold downsampled standard subband adaptive system (see fig-

ure 5.1) was designed with subband adaptive filters having length L% =
The NLMS algorithm was used to adapt the subband filters. Both the anal-
ysis and the synthesis filters are FIR, DFT modulated and are of order 223.
The relative aliasing level introduced by the filter banks (Eq. 3.75) is around
-38.4 dB. The filter bank set was designed such that the perfect reconstruc-
tion condition 3.32 is fulfilled. The frequency characteristic of the analysis
prototype filter is shown in figure 5.9. From figure 5.10 it is clear that for
the subband adaptive filter without extra taps a considerable undermodelling
error remains.
Formula 5.15 was applied to each subband. It appeared that at the end of the
simulation for each subband the error suppression was less than 1 dB below
the optimum pu,. The global residual error suppression was estimated using
Eq. 5.20 and appeared to be 13.4 dB, which is a fair approximation of the
suppression observed from figure 5.10.

b) To the same subband system then extra filter and anti—causal taps were added
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Figure 5.10: Convergence curves of 3 different adaptive systems. The FIR system
to be identified is of order 31.

to allow a better modelling. From Eq. 5.13 it is observed that two anti—causal
taps (Lge = 2) corresponds to a threshold 7 = —16 dB. Hence 2 anti-causal
taps were added per filter and there were a total of 10 filter taps per subband
(Loe = 2, L, = 4), increasing the number of modelling parameters from 40 to
100. It can be observed from figure 5.10 that the steady—state undermodelling
error is strongly reduced.

Also for this simulation the global residual error suppression was computed
using Eq. 5.20. p. = 28.8 dB was found, apparently being a less accurate
estimate (being about -32 dB in figure 5.10).

Note that the unknown system was randomly generated. As a consequence,
adding extra taps in the causal direction seems to be as effective as providing
anti—causal filter taps. Furthermore, the error suppression obtained from the
first simulation with L,. = L. = 0 is rather limited. If acoustic impulse
responses are involved typically more error suppression is obtained even for
L,. = L. = 0 and extending the adaptive filter to the negative time axis
appears to be most effective.

Finally, the error convergence curve of a well-known frequency—domain adap-
tive filter, the so—called subband—normalized constrained PBFDAF (Egs. 6.28-
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6.32 and 6.35) is also shown in figure 5.10. Apparently, perfect modelling is
possible with the PBFDAF as the residual error curve goes to 0. It will be
proven in paragraph 6.2 that the PBFDAF can be considered as a kind of
subband adaptive system. The filter applied here has 10 subbands, which are
2—fold downsampled. The subband adaptive filters of the PBFDAF used in
this experiment have length 4, and hence, having the same number of mod-
elling parameters as the first subband adaptive filtering scheme, the PBFDAF
clearly outperforms both subband adaptive filters in terms of error suppres-
sion.

Note that the adaptation stepsizes were not optimized to obtain the fastest conver-
gence, so no conclusions should be made about the relative convergence speed of
the different adaptive filters based on figure 5.10. v

5.5 Implementation cost and complexity gain with
respect to LMS

Subband adaptive filtering techniques provide a reduced complexity solution w.r.t.
fullband algorithms such as the LMS adaptive filter. In this section the computa-
tional complexity of the subband adaptive filter will be estimated and the complexity
gain w.r.t. the LMS algorithm will be computed.

Throughout this section it will be assumed that all input signals (z and d) and the
unknown system w[k] (see figure 2.8) are real-valued. This is a realistic assumption
for many applications such as acoustic echo cancellation. Further, it is assumed
that fs is the sampling rate corresponding to the input signals x and d.

5.5.1 Rough cost estimate

Making some assumptions a first rough cost estimate can be obtained. For small

oversampling factors %, i.e. for setups for which M =~ N, the adaptive filtering

cost —being the cost for the adaptation of a subband filter times the number of

subbands to be processed times the sampling rate at which the adaptation is done—
M f;

equals MLpsf Lenf
FBJs FBJs
=16Lsp— == = ~
c 6Lsp 5 N 8 N2 8 N ops
It is assumed here that only about half of the subbands need to be processed as

they are pairwisely complex conjugated, that a linear adaptation algorithm such as
LMS? is applied and that Lsp ~ L%

(5.21)

2A formula for the implementation cost of the LMS algorithm can be found in section 2.3.1.
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A fullband approach using the LMS adaptive filter amounts to 4Lppfs ops. ap-
proximately. Hence, the subband algorithm appears to be a factor % cheaper than
a standard fullband solution.

5.5.2 Detailed cost analysis

It was already shown in section 5.4 that in practice Lgp > L%, whereas it is often
claimed that Lgp =~ L% Further, subband oversampling is mandatory, which
implies that M > N, although one often assumes that critical subsampling will do.
Finally, the inherent filter bank cost was neglected in the above computation. Hence,
the computation presented in section 5.5.1 underestimates the implementation cost
and overestimates the expected complexity gain w.r.t. LMS.

In this section a more detailed analysis is performed, leading to a more reliable
estimate of the implementation cost and the complexity gain w.r.t. LMS. It will
be shown in section 5.5.3 that the rough cost estimate of section 5.5.1 is a good
approximation if M = N and Lgg = L%, but that for realistic parameter settings
the complexity gain w.r.t. LMS is smaller than %

It is assumed that Lgp is the length of the subband adaptive filters, that M rep-
resents the number of subbands and that N is the downsampling factor. The filter
banks are (modified) DFT modulated. The length of the analysis prototype filter is
L%, the length of the synthesis prototype is L}. The major cost contributions are :
e the adaptive filtering cost
e the filter bank cost, which implies

— a DFT or IDFT operation

— cost of the structured polynomial matrices B(z) and C(z)

A detailed cost analysis can be found in appendix C.3. The results are summarized
here.

If M is a power of 2 fast signal transforms can be called for, leading to

¢ = (4Lgpnp + 16Lspn, + 2ncp + npp + 4L% +2L%
+6Mlog, M — N —10M + 12)% ops. (5.22)
For M #2",r € N,
¢ = (4Lgpn.p + 16Lspn., — 2ncp — npp + 4L% +2L% — N

—3M +3Mn,p + 12Mncb)% ops. (5.23)
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is obtained. n,; stands for the number of real subbands to be processed and n. is

the number of processed complex subbands. If M is even, n,, = 2 and ne = MQ_ 2

as only about half of the complex subbands need to be computed. For odd M on
M—1

the other hand, n,; =1 and ng = ~5—.

5.5.3 Cost evaluation

For different combinations of the parameters the implementation cost of the subband
adaptive filter is computed by evaluating formula 5.22 and 5.23.

Four simulations were done in which the complexity gain w.r.t. the LMS algorithm
was computed as a function of the number of subbands M, changing the length
of the (fullband) LMS adaptive filter Lrp, the number of causal and anti-causal
taps L. and L,. and the oversampling factor % from one simulation to another.
The subband adaptive filter length was taken equal to Lsp = Lg. + L% + L. It is
further assumed that both the analysis and the synthesis filter bank have the same
number of coefficients, i.e. L} = L} =30+ 5M : the filter bank order is increased
proportionally to the number of subbands M. This is a realistic assumption if e.g.
FFT-based filter design techniques are used to generate the filter bank prototype
filter.

Example 5.1 Figure 5.11 shows the complexity gain for a subband adaptive filter
with critically downsampled subbands. The fullband filter length was Lrp = 2000,
leading to about 8000 op. per sample for the fullband LMS algorithm. Further,
L,. = L. = 0. The highest complexity gain is expected in this simulation as M = N
and no (anti—)causal taps were added to reduce the residual error.

It is observed that for M = 2", r € IN the complexity gain strongly increases as fast
signal transforms can be used. The dashed line indicates how the complexity gain
would evolve if fast signal transforms were used also for intermediate values of M,
not being a power of 2. Values of M for which M = 2" are highlighted with an
asterisk. A

Example 5.2 In a second simulation the downsampling factor is chosen equal to
N = rd(0.75M), leading to 33% oversampling. By applying formula 5.13 with
T = —20 dB, it is found that L,. = 3. Further, L. was chosen equal to 2 and
Lpp = 2000. The results are plotted in figure 5.12. A

Example 5.3 In figure 5.13 a similar simulation is shown now with Lrp = 500
being much shorter. The cost of the fullband LMS algorithm now decreases to 2000
op. per sample. Further, L,. =3, L, = 2 and N = rnd(0.75M). A

Example 5.4 In the last simulation, shown in figure 5.14, 100% oversampling is
considered, i.e. N =rnd(0.5M). Further, Lrp is again 2000, L,. = 3 and L. = 2.
A
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Figure 5.11: Cost analysis for a critically subsampled subband adaptive filter for
which Lrp = 2000 : complexity gain w.r.t. LMS
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Figure 5.12: Cost analysis for an oversampled subband adaptive filter for which
N =rnd(0.75M) and Lrp = 2000 : complexity gain w.r.t. LMS
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subband adaptive filter, N=0.75M, LFB=500, Lac=3, Lc=2
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Figure 5.13: Cost analysis for an oversampled subband adaptive filter for which
N =rnd(0.75M) and Lpp = 500 : complexity gain w.r.t. LMS
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Figure 5.14: Cost analysis for an oversampled subband adaptive filter for which
N =rnd(0.5M) and Lrp = 2000 : complexity gain w.r.t. LMS
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By evaluating figures 5.11-5.14 it is observed that the complexity gain is substantial
if fast signal transforms can be used, i.e. if M = 2", r € IN. An explicit computation
of the DF T—matrix times the signal vector for values of M not being a power of 2
on the other hand leads to a complexity gain that is rather limited or sometimes
even smaller than 1 and is therefore not a viable option.

Observe that the complexity gain for a 32-band critically subsampled system for
which no extra (anti-)causal taps were added is almost 15 (see figure 5.11). This
corresponds more or less to %, the rough estimate made for the complexity gain
in section 5.5.1. Remark however that critically subsampled systems severely suffer
from aliasing insertion and residual errors. In order to reduce the residual error
extra filter taps are added and N is taken smaller than M to decrease the aliasing
level. For a more realistic scenario for which e.g. M =32, N = 24, L,. = 3 and
L. = 2 (as in example 5.2) the complexity gain reduces from 15 to 8. It can be
concluded that as the oversampling increases and more extra taps are added the
complexity gain decreases, as could be expected.

Finally, it is observed that if M is increased the complexity gain initially increases.
However, for large values of M (not shown on the plots) the gain decreases again.
In that case also NV will be large and hence the subband filters have their smallest
order, i.e. max(Lg. + L. — 1,0), which is now independent of N. Whereas for small
M the cost associated with the adaptive filters is most important, for large M the
filter banks start to dominate the implementation cost.

Finally, figures 5.11-5.14 show that for realistic parameter settings —as would be
used in an acoustic echo cancellation setup for instance— the subband adaptive filter
outperforms the LMS algorithm in terms of computational complexity. Although
the complexity gain is smaller than suggested in section 5.5.1, still a substantial
cost reduction can be obtained w.r.t. the LMS algorithm.

5.6 Conclusions

The identification of high—order FIR systems requires efficient adaptive algorithms
such as the subband adaptive filter, which outperforms standard fullband approaches
both from a complexity and a performance point of view.

In section 5.1 subband adaptive filtering was discussed in general, making a compar-
ison with the standard fullband approach and discussing the choice of appropriate
filter banks.

In section 5.2 three design criteria for appropriate subband modelling were pre-
sented. They are necessary requirements to ensure satisfactory performance of the
subband adaptive filter.

In section 5.3 it was indicated that the downsampling inserts aliasing components
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in the subbands, which hamper the convergence of the adaptive filters. It was
argued that critically subsampled adaptive filters, although leading to the largest
computational savings, are not a good candidate for subband adaptive processing.

It was shown in section 5.4 that subband adaptive filters suffer from a residual
undermodelling error unless extra (anti—)causal subband filter taps are inserted.
A formula was derived that describes the phenomenon and two design methods
were presented from which the appropriate subband adaptive filter order can be
computed.

In section 5.5 a cost analysis was performed. It appeared that although the com-
plexity gain w.r.t. the fullband approach is less than expected, still a considerable
complexity reduction can be obtained with subband adaptive filtering techniques.



Chapter 6

Analysis of the Partitioned
Block Frequency—Domain

Adaptive Filter as a Subband
Adaptive System

As a cheaper alternative to the LMS algorithm, the frequency—domain adaptive filter
(FDAF) was introduced, being a direct translation of Block—-LMS to the frequency
domain [142]. Instead of linear convolutions and correlations component—wise op-
erations are performed in the frequency domain. This requires some “restore” op-
erations, which are based on overlap—save or overlap—add techniques. A detailed
discussion of the FDAF algorithm can be found on page 40.

The performance and the convergence properties of the FDAF algorithm are com-
parable to those of the LMS algorithm. It appears that the FDAF algorithm is
computationally attractive only if the block length L has the same order of mag-
nitude as the filter length Lpp. In practice however, this leads to unacceptable
input/output delays. Partitioning may then be used to reduce the overall delay.
This leads to the so—called Partitioned Block Frequency—Domain Adaptive Filter
(PBFDAF) [128] [145] [147], which is discussed in this chapter.

In section 6.1 the PBFDAF algorithm is derived from the Block-LMS adaptive
filter. The overlap—save correction is explained and it is shown how the adaptive
filter can be partitioned. Some properties of the PBFDAF are summarized and an
ambiguity that can occur with the so—called unconstrained PBFDAF is discussed.

It will be shown in section 6.2 that the PBFDAF fits into the subband framework
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presented in chapter 5. The PBFDAF can be viewed as a DFT modulated subband
system using filter banks with a poor frequency selectivity, to which a special error
correction module has been added. Thanks to the error correction the algorithm

has good convergence characteristics despite the low frequency selectivity of its filter
banks.

It will be proven in section 6.3 that the design criteria on perfect reconstruction and
perfect path modelling as presented in section 5.2 for the subband adaptive filter
are fulfilled for the PBFDAF algorithm.

In section 6.4 a cost analysis will be performed. A global cost estimate is derived for
different algorithmic settings. The influence of the different algorithmic parameters
on the total cost will be examined. It appears that for realistic parameter settings
the PBFDAF is a cheaper alternative to the LMS algorithm.

The conclusions are formulated in section 6.5.

6.1 Partitioned Block Frequency—Domain Adap-
tive Filter

The frequency—domain adaptive filter (FDAF) as defined in section 2.3.2 is known
as a cheaper alternative to the popular LMS algorithm. The main drawback of the
FDAF is the large block length, leading to a processing delay that is unacceptable
for real-time applications.

By splitting the adaptive filter w shown in figure 2.8 in equal parts and transform-
ing these parts separately to the frequency domain, a mixed time/frequency—domain
adaptive filter is obtained, called the Partitioned Block Frequency—Domain Adap-
tive Filter (PBFDAF) [5] [38] [59] [61] [128] [145] [147]. In this way the block length
can be reduced, resulting in a cheap adaptive filter with acceptable processing de-
lay. An interesting algorithm results, which is used in many commercial applications
nowadays. It is known for instance that several advanced echo cancellation systems
brought to the market these days are based on this kind of algorithm.

6.1.1 Derivation of the PBFDAF algorithm

Consider the Block—LMS algorithm presented in section 2.3.2. Recall equation 2.40,
which defines the filtering operation w x x :
Y, = Xfwn (6.1)
znL +1] ... z[nL — Lpp + 2] (™ (0]
zln+1)L] ... z[(n+1)L—Lrp+1]| |0 [Lpg —1]
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The Lpp-taps adaptive filter (™ [k] can be partitioned in £E2 parts u?,(,n) [k] of
length P each, whereby P is a divisor of Lpp :

Wo
T T .
y, = [Xmo S S : , (6.3)
w)
BE-1
with
znL — pP + 1] z[(n + 1)L — pP]
Xnp = (6.4)
xz[nL — pP — P + 2] z[(n+ 1)L —pP — P+ 1]
and
wm [pP] .
wi = : . =051 (6.5)
W™ [(p+1)P — 1]
If now the M X 1 vector -
n
(n) — Wp
ol = 6.6
b [O(M—P)xl] (6.6)

is defined and the P x L matrix X,, , is embedded in the right top of the following
M x M right—circulant matrix

(>§,<,"> (0) x%";(1) x%”;(M ~1)
_ xy (M —1) x3,7(0 (M —2
Xn,p: D ( ) p'( ) ‘ Xp ( ) (6.7)
1) =@ . x(0)
with
x\(0) z[(n+ 1)L — pP — M + 1]
Xl(?n) — = M, (6.8)
xW(M - 1) a[(n +1)L - pP]

equation 6.3 can be extended to

p=0
Equation 6.9 can be written as a sum of circular convolutions :

LrB _q

Vo= >, wiexim. (6.10)
p=0
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It is observed that only the last M — P + 1 elements of y,, are meaningful and
correspond to {y[(n + 1)L — M + P],...,y[(n + 1)L]}. As we want to compute the
L x 1 vector y,, it follows that M — P 4+ 1 > L, being equivalent to

M>L+P-1. (6.11)
As a consequence,

=[0 I.]¥,. (6.12)

Remark also that the M x M matrix X,, , defined in Eq. 6.7 is right—circulant. As
a consequence, the diagonal elements of FX, F_1 are the DFT coefficients of the
first row of X,, ,, where F is the M x M DFT matrix (see also appendix A).

Applying this property to szp it follows from Eqs. 6.9 and 6.12 that

LFB ]
v, = [0 Ip] Z F L(FX, F 1)Fw{” (6.13)
=[0 I]F Z X(")w<") (6.14)
with
w( = Fro{" (6.15)
(n)
Wp $ P
=F { ; ] e (6.16)
and
z[(n+ 1)L —pP — M +1]
XM = diag {Fxg,”)} = diag{ F : ] (6.17)
z[(n+ 1)L — pP]

The procedure described by Egs. 6.9 and 6.12 or 6.14 is the so—called overlap—
save correction method used to retransform the circular convolutions into linear
convolutions.

As the filtering operation w x x is now done partly in the time (multiply—add) and
partly in the frequency domain (element—wise multiply) —which can be verified from
Eq. 6.14— a substantial cost reduction is expected from the use of fast convolution
techniques (FFT) on the one hand and signal subsampling on the other hand.

For the weight updating part a similar reasoning can be followed. Starting from the
weight updating of the BLMS algorithm (Eq. 2.41) and partitioning in the same
way as in Eq. 6.3 it follows that

wl()”'H) = WI()") + un X}, pen. (6.18)
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If
e — {O(M—L)Xl} (6.19)

€n

is defined, it follows from Eqs. 6.6, 6.7 and 6.18 that

Ip 0] g+
(" = w4+, [5’ 0] X, e (6.20)
n Ir O n)* n
:mg>+un[0 0] x(" @ e, (6.21)

which corresponds to a circular correlation. Equation 6.21 can also be written as a
circular convolution

oy el 4 g, [I[f g] " @ (6.22)

with
z[(n+ 1)L — M — pP + 1]
.(n) z[(n + 1)L — pP)]
() = . (6.23)

4 .

z[(n+ 1)L —'M —pP + 2]

Observe that only the first M — L + 1 elements of )”cl(,”)* ®e(™ are meaningful. As
P values are needed to compute wpn"_1 , it is required that M — L + 1 > P, from
which again condition 6.11 follows.

From Eq. 6.20,

Ipr O

Fro"t) = Fro( + p,F {0 0

} F~'(FX; F")Fe™, (6.24)
is obtained, which is equivalent to (see Eq. 6.15)

wl D = wlv) 4y, F [Ig g] F—lzl(,")HFe("), (6.25)

Ir O

where F {0 0

} F ! performs the gradient overlap-save correction.
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6.1.2 PBFDAF algorithm : equations and properties

Summarizing, for block n the Lpp-taps fullband adaptive filter @™ [k] is parti-
tioned in £52 parts! wén) of length P each, which are transformed to the frequency
domain :

wm) [pP] .
n) Y . FB
win = : , p=0:—p -1 (6.26)
@M [(p+1)P —1]
(n)
g W [TP
w,” = F{ 0 ]iM-P (6.27)
F is the M x M DFT matrix.
The equations defining the overlap—save PBFDAF are :
z[(n+1)L —pP — M + 1] I
XM 2 giag{ F : M, p=0:=58 —1 (6.28)
z[(n + 1)L — pP]
Ov—z O -1
e[ 2 e
p=0
d[nL + 1]
am — { N ] %f‘L L d, = : L (6.30)
" d[(n +1)L]

e = q™ —y( (6.31)
EI()n+1) vp EI()n) + GAX,(,")*Fe(n)v p=0: LLPB -1 (6.32)

Each time an iteration of the PBFDAF is performed, as described by Eqs. 6.28—
6.32, L new x—samples are taken in, and L new filter output samples e are produced.
Vector d,, contains the L most recent values of near—end signal d. Parameter L is
called the block length, and hence the corresponding input/output delay is 2L — 1.
Further, M = P+ L — 1 + o, with o an integer larger than or equal to zero.

Matrix A is called the stepsize matrix and G defines the type of updating. The
updating can be constrained or unconstrained, depending on whether the gradient
overlap—save correction is performed or not. More information on A and G can be
found in section 6.1.3 and 6.1.4 respectively.

If P is divisible by L —which is typically the case in practice— it follows that
XI(,") = Xén_pP/L). Hence, equation 6.28 requires only 1 DFT operation, i.e. the

1t is assumed that LFTB € INp. Otherwise, w(")[k] has to be padded with zeros.
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one that corresponds to p = 0. The other Xl(,n) can be recovered from previous
iterations. In most practical applications P = L, 0 = 1 and M is a power of 2.
Notice that the PBFDAF algorithm reduces to the FDAF presented in section 2.3.2
if P=Lpp.

The block length L of the PBFDAF can be adjusted, resulting in a cheap adaptive
filter with acceptable processing delay. Consider for example a realistic acoustic echo
cancellation setup in which an unknown system w is modelled using the PBFDAF
with an adaptive filter @ having 1000 equivalent filter taps in the time domain. If
the signals are sampled at 8 kHz and a block length L = 128 is applied, the delay
is 32 ms, which is acceptable, compared to the delay of 250 ms introduced by the
FDAF algorithm as shown in section 2.3.2.

6.1.3 Normalization

The stepsize matrix A controls the adaptation speed. If A = plys, with p a
positive constant no normalization is applied. It was proven in section 6.1.1 that
the unnormalized PBFDAF algorithm corresponds to an exact translation of Block—
LMS to the frequency domain.

If signals such as e.g. speech are involved with a time—varying short—time energy, a
global normalization is preferred. Therefore, A = p, I is defined with?

by = H (6.33)
M— ) n)*
MWZ: Z (m)
= a . (6.34)
Z [(n+1)L —pP —m]’

m=0 p=0

IfA = diag{p,gn)} with ugn) a vector of frequency and/or block dependent stepsizes
the algorithm performs a subband normalization. If the stepsize matrix is chosen
equal to

A =Pt (6.35)
with diagonal matrix P,, defined as
P,= Y XXM (6.36)
p=0

the adaptation stepsize u is divided by the subband energy in each frequency bin. As
the PBFDAF —as will be shown in section 6.2— takes on the form of an oversampled
subband adaptive filter the convergence can be improved in this way.

2X;E,")(m) is the m~th diagonal element of diagonal matrix X:E,").
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If P is divisible by L, it follows that X{® = X{**"/") such that

LFB 4

P *
P, = Y X{PTP(x{rP) (6.37)
p=0
and
LgB _1
P(n,%) — X(()”*(P+1)P/L) (X(()”*(P+1)P/L)) . (638)
p=0
Hence,
P, =P, g +X{"X{) - X e/ (x (el ) (6.39)

can be used to update P, instead of Eq. 6.36. Although numerically less robust
the complexity is significantly reduced in this way for large values of L%.

Finally, remark that Eq. 6.33 can also be written as

_ o
Hn = 1 M-l

Mmz P,(m)

=0

(6.40)

6.1.4 Constrained versus unconstrained updating

Just like with the FDAF there exist two variants of the algorithm, called the con-
strained and the unconstrained PBFDAF. Matrix G in equation 6.32 defines the
type of updating : for the unconstrained PBFDAF, G = I,;, while for the con-
strained PBFDAF I 0
P -1

G_F{ 0 0y p }F . (6.41)
The unconstrained updating requires 3 (I)DFTs per iteration, provided P is divis-
ible by L, whereas the constrained PBFDAF is more expensive, having an extra
u% (I)DFTs to compute. The latter on the other hand has better convergence
properties. This can be verified in figure 10.2 where the PBFDAF was tested in
an acoustic echo cancellation setup. Note that for the FDAF one has Lpg = P
and hence the number of (I)DFTs for unconstrained and constrained updating are
respectively 3 and 5.

As for the unconstrained PBFDAF G = I,;, the filters ﬂ,(,n) will in general not
maintain the format initially imposed by Eq. 6.27, as will be explained more in
detail in the next section. To reconstruct (™ from ﬂén)

W™ 0] LEB { 0,pPx1 -I
: =[L.s O] Z Flwi" (6.42)
wm) [Lrp — 1] p=0 O(LFB*(P+1)P)><1J
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should then be applied.

Recall that from a computational complexity point of view, constrained updating is
less favorable than unconstrained updating. Modified schemes trying to reach the
performance of the constrained algorithm but almost operating at the cost of the
unconstrained PBFDAF can be called for.

In [146] for instance the gradient corrector of the FDAF algorithm was approximated
by a cosine window leading to a modified scheme having the complexity of the
unconstrained FDAF with a performance almost as good as the constrained FDAF.
This alternative will only work if the energy of the unknown system response decays
sufficiently with time, which is a reasonable assumption if an acoustic setup is
envisaged.

Other solutions rely on partial or round-robin based gradient correction. In the case
of the partially update scheme only the gradients corresponding to the first filter
partitions are being restored. The first part of the impulse response of the unknown
system typically contains most of the energy and a significant performance increase
is therefore expected for a small additional cost.

In the round-robin scheme a selected number of partitions are updated in turn
every now and then. Also a mixed option is possible in which a first partition and
a part of the remaining tail is updated. A round-robin scheme can then be used
for the tail.

Each of these alternatives will improve the convergence speed, but the performance
of the constrained algorithm will only be reached when none of the restore operations
is left out. Further extensions try to reduce the implementation cost or to enhance
the performance by decoupling the filtering and weight updating part, each with
its own optimal partitioning. Unequal partitioning of w is another option [36] [37].
Finally, a multi-channel version of the PBFDAF was reported in [7] [139].

6.1.5 Ambiguity compensation for M > P+ L — 1

The PBFDAF is most attractive from a computational complexity point of view
if M is a power of 2, as an efficient FFT—based implementation is then possible.
Hence, M is typically chosen equal to M = P+ L -1+ 0 = 2" with 0 > 0 and
o,7 € IN. In that case the last L 4+ o elements of y(™ are significant and not
affected by the circular convolution. However, an ambiguity can then occur with
the unconstrained PBFDAF, such that the subband filters are not uniquely defined
anymore.

If unconstrained updating is applied it is not guaranteed that the vectors ﬂén) will

obtain the format set in equation 6.6 or 6.27.
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Theorem 6.1 A random value € can appear as an extra (P + q + 1)—st element
of wén) in equation 6.27 if q=0:0—-1 andp=0: L% — 2 and as long as it is
compensated for, e.g. at the (¢ + 1)-st element of ng_)l.

Proof: The proof can be found in appendix C.4.

As e is random its amplitude cannot be controlled, so there is a possibility of running
into numerical trouble. For the constrained PBFDAF the format set in equation 6.6
or 6.27 is re-imposed in each iteration step by the weight updating formula 6.32,
hence no ambiguity is found. It can not occur either with the FDAF as L% =1lin
that case and hence there is no p for which 0 < p < L% -2

Theorem 6.2 The ambiguity can be removed by taking into account L + o instead
of L samples to determine the error e™ . Therefore Eqs. 6.29 and 6.30 are slightly
changed into

dinL — o + 1]
am = H %fﬁ ;o da= : Lo (6.43)
" d[(n+1)L]
(n) _ Op_1 0 F—l X(n) (n) 44
y o= 0 | Z S (6.44)

p=0

The other equations remain unchanged and hence the additional algorithmic cost
is almost negligible.

Proof: The proof can be found in appendix C.5.

The ambiguity compensation has an additional advantage : a more accurate gra-
dient estimate is now computed as L + o instead of L estimates are being aver-
aged. Block length L has remained unaltered, so the tracking performance has not
changed.

By applying Eqs. 6.43 and 6.44 the unconstrained PBFDAF converges to a set of
filters for which Eq. 6.27 is fulfilled. Remark that during the adaptation basically
all elements of F_lﬂén) are non—zero and that Eq. 6.27 will only be satisfied upon
convergence. Indeed, as the gradient error correction is omitted if unconstrained
updating is applied, the unconverged unconstrained PBFDAF will model a time—
varying system, not being a replica of the Block—-LMS algorithm in the frequency
domain.

Experiment 6.1 An experiment was carried out in which a Gaussian white noise
signal was taken as the input to a random 5-th order linear FIR system w. The
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without with

ambiguity compensation ambiguity compensation

F_lw(()n) F_lwgn) F_lwgn) F_lw(()n) F_lwgn) F_lwgn)

1.1462 -0.2255 -0.4285 1.1462 -1.2892 -0.1238

1.0435 -1.0675 0.5837 1.0435 -1.0675 0.5837
-1.0637 0.3047 0 0 0 0
0 0 0 0 0 0

Table 6.1: Random values € do appear and create an ambiguity.

filter coefficients were {1.1462,1.0435, —1.2892, —1.0675, —0.1238,0.5837}. The un-
constrained PBFDAF with M =4, L = P =2 and Lrp = 6 was used to identify the
system with and without the ambiguity compensation discussed in this paragraph.
It is observed that —as predicted— random values € do appear. Each of the 3 ex-
tended filter partitions of length 4 are shown in table 6.1 both for the unconstrained
PBFDAF with and without ambiguity compensation. Observe for instance that if
the third coefficient of the most left column —1.0637 is added to the first element
of the second column —0.2255, the first element of the fifth column, —1.2892 | also
being the third coefficient of w, is obtained. Further, if instead of using Eq. 6.42
w is estimated following Eq. 6.27, i.e. by just retaining the first P coefficients
from each column and forgetting about the (P + 1)-the element a wrong estimate
is obtained if no ambiguity compensation is applied. \V4

6.2 The PBFDAF as a special case of subband
adaptive filtering

This section aims at presenting the PBFDAF algorithm as a subband adaptive filter.
Through a graphical representation of the equations defining the PBFDAF and a
comparison with the general DFT modulated subband adaptive scheme shown in
figure 5.3 it will appear that the PBFDAF can be viewed as a DFT modulated
subband adaptive filtering scheme to which an extra error correction module has
been added.

Figure 6.1 represents the PBFDAF algorithm in a graphical way. It is indicated
how Egs. 6.28, 6.29 and 6.30, which define the filtering part of the PBFDAF, can
be situated in the scheme. In figure 6.1 it is assumed that P is divisible by L such
that Xl(,n) for p > 0 can be recuperated from previous block iterations, as was shown
in section 6.1.2.

The adaptive filters have L% non—zero filter taps as can be verified from Eq. 6.29.
Remark that the signal buffers leading to the diagonal matrices Xl(,") in Eq. 6.29 are
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Eq. 6.30

-]
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Eq. 6.28 Eq. 6.29

Eq. 6.59 time reversed

Figure 6.1: Partitioned block frequency—domain adaptive filtering : graphical rep-
resentation

shifted P time samples w.r.t. each other. In figure 6.1 however, as the signals are
L—fold downsampled, the analysis filter bank passes an input to the subband filters
every L samples. The subband filters as depicted in figure 6.1 therefore depend on
2L, Hence, from Eq. 6.29 and figure 6.1

LFB_l
Fiz)= > wiM(i)z 7?7 (6.45)
p=0

is found, which illustrates how the vectors El(;n) relate to the M subband filters

By comparing figure 6.1 with figure 5.2 it appears that the PBFDAF can be viewed
as a kind of subband adaptive system. Remark that the tapped delay lines are
ordered differently. Further, instead of using the (aliased) subband errors —which
could be found by subtracting the signals entering the left most IDFT block of the
lower branch in figure 6.1 from those entering the IDFT block in the upper branch—
to update the adaptive weights as in the standard subband scheme of figure 5.1, a
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Figure 6.2: PBFDAF as an oversampled DFT modulated subband system : inter-
mediate scheme

“restore” operation of the type

0 0 1
F { 0 I, ]F (6.46)
acts on the subband error vectors. Equation 6.46 represents the overlap—save com-
pensation, which restores the aliased subband errors : the errors are computed in
the time domain, are zero—padded and are then transformed back to the frequency—
domain to adapt the subband filters.

Looking closer, figure 6.1 can be fit into the oversampled subband framework of
figure 5.3. Figure 6.2 represents the PBFDAF with size L (instead of size M)
tapped delay lines and with the delay lines ordered upside-down. Observe that the
exchange matrix J was inserted to compensate for the reversed order of the delay
lines. An extra module called “error correction” was included, which represents the
“restore operation”, and which is an addition to the usual subband scheme.

The lower branch of figure 6.2 can be expressed as C(z)M(z)B(z) with

M(z) = JF 'diag{Fi(2)}FJ (6.47)
= F'FIF 'diag{F;(z)}FIF'F (6.48)
= F 'diag{F;(z)}F. (6.49)

As diag{F;(z)} is diagonal M(z) is a circulant matrix, which again can be diago-
nalized by DFT operations. Hence, figure 6.2 can be redrawn, resulting in figure
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Figure 6.3: PBFDAF as an oversampled DFT modulated subband scheme

6.3 depicting the PBFDAF now completely in the subband “jargon”. Remark that
also the error correction was changed to cope with the time-reversed signals. In
appendix C.6 the “time-reversed” PBFDAF is derived, which is an equivalent de-
scription of Eqgs. 6.28-6.32 but with time-reversed signal vectors. It can be verified
from the equations derived in appendix C.6 that the error correction now equals

F { I(f g }F_l. (6.50)

The analysis prototype polyphase matrix B(z), which characterizes an M-band
L—fold downsampled DFT modulated analysis filter bank, is a structured matrix
satisfying equation 3.3. By comparing figure 6.2 with figure 6.1 it is observed that
for the PBFDAF

I
ZillL
B(z) = : (6.51)
MxL z_(L%J_l)IL
R(z)
in which R(z) is an (M — L|#=]) x L matrix :
P . 0
R(z) = : C (6.52)
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amplitude
£
T

frequency

Figure 6.4: Frequency characteristics of the PBFDAF analysis prototype filter

Hence, from Eqs. 6.51 and 3.3 it follows that the analysis filter bank used by the
PBFDAF is a simple DFT filter bank whose prototype ho[k] is defined as

=0 ifk>M. (6.54)

Example 6.1 The frequency response of the PBFDAF analysis prototype filter
ho[k] has a sinc-like shape with a low frequency selectivity. The amplitude response
of the analysis prototype filter is shown in figure 6.4 for M =8 and L = 4. A

For the synthesis part a similar derivation can be made. Compare again figure 6.2
with figure 6.1 and observe that the synthesis prototype polyphase matrix C(z) is
given by :
C(Z): [IL OL OL 0]. (6.55)
——
LxM
From Eq. 3.8 it follows that

G(z) = “C(2)"y (6.56)

F [%D*J. (6.57)
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Figure 6.5: Frequency characteristics of the PBFDAF synthesis prototype filter

Hence, the synthesis filters can be obtained as time-reversed and complex conju-
gated versions of a DFT modulated filter bank with prototype polyphase compo-
nents Ey.x (z) = 47, k < L. The other polyphase components are zero. This follows
also from Eq. 3.27.

Example 6.2 The frequency response of the PBFDAF synthesis prototype go[k] is
shown in figure 6.5 also for M = 8 and L = 4. By comparing figure 6.5 with figure
6.4 it is observed that the main lobe of the synthesis prototype is twice as wide as
that of the analysis prototype. A

A filter bank with sinc—shaped frequency amplitude response only shows a poor fre-
quency selectivity. Inter—subband aliasing can not be avoided in this case. However,
the overlap—save procedure apparently makes the adaptive filters converge properly.
This is illustrated by means of the following simulation example.

Experiment 6.2 A random FIR system of order 15 was generated and a white
noise sequence was applied to the input. Three frequency—domain/subband algo-
rithms are compared : the constrained PBFDAF, the unconstrained PBFDAF and
a true subband adaptive filter. All adaptation schemes are unnormalized. The true
subband algorithm uses the same filter banks as the (un)constrained PBFDAF but
the overlap—save compensation on the error signal (cf. error correction in figure
6.2) is left out. In this way the subband filters are adapted on the subband errors
directly.
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Figure 6.6: Convergence curves of 3 frequency-domain algorithms

Remark that all algorithms can be considered as subband adaptive systems. They
all have 8 subbands, which are 4—fold subsampled, and the subband filters have 4
taps each. No anti—causal taps were added.

The convergence curves for each of the three algorithms are shown in figure 6.6. The
constrained PBFDAF clearly outperforms the unconstrained PBFDAF, whereas for
the subband algorithm without error compensation a considerable residual error re-
mains. It is remarkable how unselective filter banks such as those used by the
PBFDAF can lead to satisfactory results if appropriate error compensation is pro-
vided. v

6.3 PBFDATF : design criteria

In section 5.2 three design criteria on frequency selectivity, perfect reconstruction
and perfect path modelling were defined for the subband adaptive filter. These
conditions are necessary requirements for the satisfactory performance of the sub-
band adaptive filter. In this section it will be verified whether these conditions are
fulfilled for the PBFDAF.
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The first criterion requires that the filter banks are frequency selective. A frequency
selective analysis filter bank reduces the amount of aliasing components inserted in
the subbands. Aliasing is known to have an negative impact on the convergence of
the adaptive filters. It was shown in figure 6.4 and 6.5 that the PBFDAF uses poor
filter banks with a sinc-like frequency amplitude response. So, it can be concluded
that the first criterion is not fulfilled for the PBFDAF, although the algorithm
doesn’t seem to suffer from slow convergence due to aliasing, as can be observed in
figure 6.6.

By filling in Eqgs. 6.51 and 6.55 in Eq. 5.2 it is easily verified that the perfect
reconstruction condition is fulfilled for the PBFDAF :

I
ZillL

(1, 0, ... 0]| .7 |=L. (6.58)
R(z2)

As very simple filter banks are used no extra algorithmic delay is introduced by the
filter banks.

For the time—invariance condition ensuring perfect path modelling equation 5.7 has
to be satisfied. Eqs. 6.51 and 6.55 are therefore filled in in Eq. 5.7.

Theorem 6.3 For the constrained PBFDAF

[I, 0L ... O]F 'diag{F;(z)}F : (6.59)
R(2)

is a pseudo—circulant L X L matriz. In the case of unconstrained updating Eq. 6.59
is guaranteed to be pseudo—circulant only after convergence.

As indicated in figure 6.1 equation 6.59 is represented by the lower branch of the
adaptive scheme.

Proof: The proof is given in appendix C.7.

Theorem 6.4 A time—invariant finite—order system can be exactly modelled by the
PBFDAF adaptive filter with a finite number of filter coefficients if P is a multiple
of L.

Proof: The proof is given in appendix C.8.
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It can be concluded that the PBFDAF fulfills the above mentioned conditions of
perfect reconstruction and perfect path modelling. The first criterion requiring
frequency selective filter banks is not fulfilled. Nevertheless, the PBFDAF shows
fast convergence.

6.4 Implementation cost

In this section the implementation cost of the PBFDAF will be estimated following
the guidelines of section 2.4. A cost analysis will be performed and the influence of
the different algorithmic parameters on the total complexity will be examined.

6.4.1 Cost computation

The cost analysis of the PBFDAF will be based on formulas 6.28-6.32, which are
also summarized in table 8.1 for R = 1. The results of this cost computation are
included in the same table as well.

A list of parameters and assumptions :

e f, is the sampling rate
e Lpp is the equivalent fullband adaptive filter length
e [ is the block length

e P is the filter partition length. The effective length of the subband filters is
therefore L%. It is assumed that P is a divisor of Lgg.

e M is the size of the (I)DFTs and is supposed to be a power of 2 such that
fast signal transforms can be called for.

e all operations are done at the downsampled rate ff

e only [#] +1 out of M subbands need to be processed as the input signals z
and d and the unknown system w are assumed to be real-valued

The detailed computations can be found in appendix C.9 and leads to the following
cost estimates :

unnormalized unconstrained PBFDAF :

% (6Mlog2 M +8

M;FB + 16% —8M + L+ 12) ops.
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globally normalized unconstrained PBFDAF :
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fo
L

MLgg
P

(GM log, M + 8

Lrp

+16T —3M+L+35) ops.

subband-normalized unconstrained PBFDAF :

Lrp
P

% (6M10g2M+8M

Lrp

16=22 4L +2
+16=5- + L +28

> ops.

unnormalized constrained PBFDAF :

fs Lrp MLrp Lrp

T (2Mlog, M (342757 | +4= 57 + 22757 —8M + L+12) ops.
globally normalized constrained PBFDAF :

fs Lrp MLrp Lrp

T (2Mlog, M (342757 | + 4= 57 + 22757 —3M + L +35) ops.
subband-normalized constrained PBFDAF :

fs (leog2 M (3 + 2LIFDB> + 4Mff3 + 22L;B +L+ 28> ops.

If P is not a multiple of L an extra

% ((L% - 1) (2M log, M — 4M + 6)) ops. (6.60)
are required to compute Xé”).
For the normalization an extra
I (yMLes | Lrs M _
7 2 P +4 P 5 9) ops. (6.61)

are needed if L% < 2 orif P is not a multiple of L.

6.4.2 Cost evaluation and optimal parameter setting

Based on the results of the complexity analysis in appendix C.9 the influence of the
algorithmic parameters on the total cost is now examined. As it is our objective to
use the PBFDAF for acoustic signal enhancement realistic parameter settings were
chosen for this application, in order to obtain relevant cost estimates.
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Experiment 6.3 In this first experiment the PBFDAF algorithm is evaluated
w.r.t. its ability to model long impulse responses. It is assumed that a sampling
frequency of 8000 Hz is applied and that Lrp = 2048 (cf. an acoustic impulse re-
sponse of 256 ms @ 8 kHz). Furthermore, the FFT size is given by M = 2P = 2L.
In table 6.2 a cost estimate is given in MFlops for a set of increasing block lengths L
and hence increasing input/output delays. A cost estimate was computed for the un-
normalized (un)constrained PBFDAF and the subband-normalized (un)constrained
PBFDAF.

block in/out unconstr. | constr. unconstr. const,.
length delay unnorm. | unnorm. | sub.—norm. | sub.—norm.
L=2 0.375 ms 196.7 286.8 196.9 287.0
L=4 0.875 ms 82.1 153.8 82.3 154.0
L =16 3.88 ms 17.8 50.9 17.9 51.0
L =064 15.9 ms 4.71 17.0 4.84 17.2
L =128 31.9 ms 2.71 9.89 2.84 10.0
L =256 63.9 ms 1.77 5.87 1.90 6.00
L =1024 | 256 ms 1.19 2.47 1.31 2.59
L =2048 | 512 ms 1.16 1.86 1.25 1.95

Table 6.2: Cost estimate in MFlops for the PBFDAF as a function of L

The last line of the table corresponds to the Frequency-Domain Adaptive Filter
(FDAF) presented in section 2.3.2. It is observed that a large complexity reduc-
tion can be obtained for large values of L at the expense however of a considerable
algorithmic delay. If large delays are undesired L can be decreased and block par-
titioning is called for.

Remark that the constrained PBFDAF is clearly more expensive than its uncon-
strained counterpart. The extra cost for the normalization on the other hand is
rather small in general.

Finally, it is observed that a real-time implementation of the PBFDAF algorithm
is feasible, as realistic cost estimates are obtained for acceptable algorithmic delays.
In the framework of this thesis an unconstrained PBFDAF-based long acoustic echo
cancellation system was implemented in real time on a DSP. Further details and
real cost measurements on the DSP are presented in section 10.3. v

Experiment 6.4 In figure 6.7 a cost estimate for the unnormalized PBFDAF is
plotted against the fullband filter length Lrp for both the unconstrained and the
constrained updating mode. It was further assumed that M = 2P = 2L = 128.

It appears that the cost increases quasi—linearly for realistic values of Lpg. To
obtain realistic experimental results the fullband filter length was set equal to
Lpp =P [L%] Hence, steps appear in the curves indicating that an extra fil-
ter partition was assigned as the order of the fullband adaptive filter w increases.

\Y
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Figure 6.7: Cost estimate for the PBFDAF as a function of Lpp

In a practical design the block length L is constrained by the maximum acceptable
input/output delay. In an acoustic echo cancellation setup with f,=8 kHz for
instance the maximum delay could be 16 ms, i.e. L is constrained to be smaller or
equal to 64. A value for P is then preferred that e.g. maximizes the complexity
gain w.r.t. the LMS algorithm :

cost LMS

P = argmax R DAT

Experiment 6.5 In this experiment the optimal filter partition length P is com-
puted that maximizes the complexity gain w.r.t. the LMS algorithm. The block
length L was constant and set to 64. The DFT size was chosen equal to M = P+ L
as it is required that M > P 4+ L — 1. The implementation cost will show a local
minimum whenever M is a power of 2 and when P is divisible by L.

In figure 6.8 the complexity gain w.r.t. LMS is plotted for the subband—normalized
unconstrained PBFDAF as a function of P. The results for the subband-normalized
constrained PBFDAF are shown in figure 6.9. The different curves correspond to
Lpp =16, 64, 256 and 2048.

The non—smoothness in these curves again comes from the fact that the fullband
filter is zero—padded until Lgpg is a multiple of P. “Spikes” correspond to situations
for which P is divisible by L. Highlighted (x) parts on the curves refer to setups
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Figure 6.8: Complexity gain of the subband—normalized unconstrained PBFDAF
w.r.t. LMS as a function of P

for which M is a power of 2. For values of M not being a power of 2 the complex-
ity gain is over—estimated as fast signal transforms were assumed throughout the
experiment. Apparently the “classical” PBFDAF with L = P = % is preferred,
except for large values of the fullband filter length, e.g. Lrp = 2000. In general, one
can state that L = P = % is a good choice. Only for large fullband filter lengths,

% > 1 leads to a larger complexity gain. \V4

Experiment 6.6 In a last experiment the parameter set (L, P, M) that maximizes
the complexity gain w.r.t. the LMS algorithm was computed as a function of the
maximum acceptable algorithmic delay. The experiment was carried out for both
the constrained and the unconstrained subband-normalized PBFDAF. It was as-
sumed that the adaptive filter operates at a sampling rate of 8 kHz. The delay was
changed between 1 and 519, corresponding to 0.125 ms and 64.9 ms respectively.
For a given maximum delay the parameters L and P were changed over a broad
range to find the optimum. The DFT size was set equal to M = 2/log2(L+P—1T
The experiment was carried out for a set of realistic fullband filter lengths.

The maximum complexity gain that could be obtained for a given delay is plot-
ted in figure 6.10 and 6.11. Figure 6.10 corresponds to the subband—normalized



140 Analysis of the PBFDAF as a Subband Adaptive Filter

* L=64,M =P+ L

»
2]
T
i

Lpp = 2048

3 -

IN
T

w
o
T
1

w

n
&)

-
- n N

o
&

complexity gain subband-normalized constrained PBFDAF vs. LMS

0 1 1 1 1 1 1
50 100 150 200 250 300 350 400 450 500
filter partition length P

Figure 6.9: Complexity gain of the subband-normalized constrained PBFDAF w.r.t.
LMS as a function of P

unconstrained PBFDAF and in figure 6.11 the results are shown for the subband-
normalized constrained PBFDAF. The larger Lrp the larger the complexity gain.
Remark the non-smoothness in the curves.

In figure 6.12 the optimal P/L is shown for the subband-normalized unconstrained
PBFDAF, which maximizes the complexity gain as a function of the maximum de-
lay. It is observed that P/L increases as the block length decreases and as Lrp
becomes larger, which confirms the conclusions made based on experiment 6.5.
Finally, in figure 6.13 the optimal block length L was plotted for the subband-
normalized unconstrained PBFDAF for which Lyrg = 2048. The curve rises linearly
on the average, as could be expected. Nevertheless, deviations are found, which
again illustrates the complex interrelation between the algorithmic parameters of
the PBFDAF on the one hand and the global cost on the other hand. v

6.5 Conclusions

In this chapter the Partitioned Block Frequency-Domain Adaptive Filter (PB-
FDAF) was discussed. It is known from the literature that with the PBFDAF
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a substantial cost reduction w.r.t. the LMS algorithm can be obtained without in-
troducing unacceptable algorithmic delays as was the case with the FDAF discussed
in section 2.3.2.

In section 6.1 it was shown how the PBFDAF algorithm can be derived from the
Block-LMS adaptive filter and some of its properties were discussed. We showed
that an ambiguity can occur with the unconstrained PBFDAF, which can easily be
compensated for.

Based on a graphical representation of the algorithm it was shown in section 6.2
that the PBFDAF fits into the subband adaptive framework presented in chapter
5. Although the filter banks used by the PBFDAF have a rather poor frequency
selectivity, thanks to an extra error correction module the algorithm has a superior
convergence behavior compared to standard subband adaptive filters.

It was shown in section 6.3 that two out of the three design criteria for subband
adaptive systems, which were formulated in chapter 5, are fulfilled for the PBFDAF.
Although the first criterion requiring frequency selective filter banks is not fulfilled,
the PBFDAF convergences remarkably fast.

In section 6.4 a cost analysis was performed for the PBFDAF. It was illustrated
how the global cost changes as a function of different algorithmic parameters. It
appears that for realistic parameter settings the PBFDAF is a cheaper alternative
to the LMS algorithm.
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Chapter 7

Fullband Error Adaptation
Scheme

From experiment 5.5 and figure 5.10 it was observed that despite their low im-
plementation cost frequency—domain adaptive filters such as the PBFDAF clearly
outperform standard subband systems in terms of convergence behavior and mod-
elling capabilities. It is therefore believed that a class of subband adaptive systems
can be defined that adopt mechanisms and properties of the frequency—domain ap-
proach and in this way approximate the performance of the PBFDAF at a low
implementation cost.

It was proven in section 6.3 that for the PBFDAF algorithm two out of three de-
sign criteria for subband adaptive systems are fulfilled. These criteria were defined
in section 5.2 and are necessary conditions to let the standard subband adaptive
filter, as presented in figure 5.1, operate properly. Apart from the design criteria it
was shown in section 6.2 that the PBFDAF can be described as a special subband
adaptive filter having an extra error correction module doing the overlap—save com-
pensation. Thanks to the error correction the subband filters can be updated with
aliasing—free error signals, which leads to improved performance.

In this chapter we extend the error correction of the frequency—domain approach to
subband adaptive systems in general, which leads to a novel fullband error adapta-
tion scheme. The alternative adaptation scheme adjusts the subband filters based
on the fullband error instead of using the subband errors as in a classical subband
adaptive system. The fullband error adaptation scheme is presented in section 7.1.

In section 7.2 the computational complexity of the fullband error adaptation scheme
is discussed. Thanks to the fullband error adaptation the convergence behavior
improves w.r.t. the standard subband adaptive filter. The computational cost is

145
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Figure 7.1: Oversampled subband adaptive filter : synthesis part

higher however as the subband errors pass through the synthesis filter bank twice.

It is further shown in section 7.3 that the weight update mechanism of the uncon-
strained PBFDAF algorithm, which was discussed in chapter 6, corresponds to that
of the fullband error adaptation algorithm, as long as the filter partition length P
is a multiple of the block length L. This proves that the fullband error adaptation
algorithm can be considered as an extension of the PBFDAF overlap—save error
correction mechanism to a more general class of subband adaptive filters.

The conclusions are presented in section 7.4.

7.1 Fullband error adaptation

In this section an alternative adaptation scheme is presented that adjusts the sub-
band adaptive filters F},, as shown in figure 7.1 based on the fullband error e instead
of the subband error signals €, = d,;, — Y, as is normally done in the standard sub-
band scheme presented in figure 5.2. In order to derive the fullband error adaptation
algorithm several signal vector and matrices need to be defined first.

The subband signals z,, are filtered with the subband filters F},, which can be
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written as

yﬁ\’})_l 0

Yo
in which (see figure 7.1)

xm[n—Lp-i—l] .rm[n—Lp—LgB+2]

X = : : Ly,
Tm[n] Tm[n — Lsp + 1]
) LSB 7
and

£ [0 ymln = Ly +1]

f,gf) = : Lss, y™ = : L.
7(,?)[.[453 — 1] ym[n]
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(7.2)

(7.3)

w,, is the adaptive filter vector. Lgp is the length! of the subband adaptive filters

and L, is the length of the synthesis bank polyphase filters. Further, define

(n)

eo[n] S00: v SM—1o.n €
€N71[’n] SOn_1:n SM—1n_1.n 65\7/})_1
~ ~ Nl
e’ sT es®
in which
55\?—1 dg&l)_l yg\r/})—1
e;S:B Ci'n };;l
dpn — Ly + 1] €m[n — Lp + 1]
d%}) = Ly, e(n) = : Ly,
dm[n] €m|[n]
and
Smyin = [ Imi.n [LP - 1] s ng:N[O] ]

Z
<

11t is assumed that all filters are FIR.

(7.4)
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Hence, ef” is the fullband error vector, ej” contains the subband errors, S rep-
resents the synthesis filter bank and gy, »[n] = gm[nN + [] is the I-th out of N
polyphase components of the m—th synthesis filter g,,[k].

Optimal error suppression is obtained when Eq. 7.4 is as small as possible :
min € {][ef?|[3} (7.8)

Instead of the expected value of the fullband error energy its instantaneous value
will be minimized. The optimal w,, can then be found from Eqgs. 7.1, 7.4 and 7.5 :

woP = argmin J7? (7.9)
= argmin||S”d,, — "X, w,|2. (7.10)

In practice, the optimal subband filters woP? are estimated adaptively using a steep-

est descent algorithm. For this the gradient of J:® with respect to w,, has to be
computed. Following the instruction of Eqs. C.36—C.38

Ve =2XH78 8T (X, w, — d,) (7.11)
is found. Therefore, woP' can be computed iteratively using a fullband error block
adaptation algorithm :

w1 = w, +2AX78*87(d,, - X, w,) (7.12)
= w, +2AX7g*sTes” (7.13)

with A = diag(p,) a diagonal matrix with subband dependent stepsizes. Remark
that the subband errors pass through the synthesis bank twice (S*S”) before they
are combined with X

In a true subband adaptation scheme the subband errors are minimized, leading to

min € {|e3|13} (7.14)

Also in this case a steepest descent algorithm can be obtained. Then the gradient
of J5% = ||d,, — X,,w,,||3 with respect to w,, is computed, leading to

VI =2X" (X, w, —d,). (7.15)

Therefore, the optimal w,, can be found iteratively now using subband errors :
Wil = wy, +2AX eS8, (7.16)

In standard subband adaptive systems as presented in chapter 5 the following weight
update equation

Q@ ... 0
Woi1 =W, +2AXH | 0 - el (7.17)
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Figure 7.2: Simulation example : frequency characteristic of the analysis prototype
filter

is applied to adapt w,, with @ an L, x L, diagonal matrix with only 1 element
different from O :

o- O(L,,—l)ox(Lp—l) (1) _ (7.18)

Equation 7.17 then corresponds to a standard subband weight updating using the
LMS algorithm in each subband. Equation 7.16 on the other hand uses the block-
LMS algorithm to adapt the subband weights.

Remark that the compensation matrix S*S?, which is used by the fullband error
adaptation algorithm, is absent in Eqs. 7.16 and 7.17. It is therefore hoped that
thanks to S*ST the fullband error adaptation scheme will outperform the standard
subband weight updating of Eqs. 7.16 and 7.17.

Example 7.1 A random FIR system of order 15 was generated and white noise was
applied to the input. A 6-band, 4—fold downsampled analysis/synthesis filter bank
set was designed (M = 6 and N = 4) fulfilling the perfect reconstruction property
(Eq. 3.47). Both the analysis and the synthesis filters are FIR, DFT modulated
and are of order 27. The frequency characteristic of the analysis prototype filter is
shown in figure 7.2.

Based on this filter bank set different subband adaptive filters are compared. They
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Figure 7.3: Simulation example : convergence curves of 3 different adaptive systems.
The FIR system to be identified is of order 15.

all have subband filters of length L% =4, so no extra taps were added. The time
evolution of the error output is shown in figure 7.3 for three different subband adap-
tive systems : 7) a standard subband adaptive filter with LMS-adapted subband
filters as presented in figure 5.1, whose weight updating corresponds to Eq. 7.17
(upper curve), i) a subband adaptive filter using block-LMS weight updating ac-
cording to Eq. 7.16 (middle curve) and i) a subband implementation using the
fullband error adaptation scheme presented in Eq. 7.13 (bottom curve). The full-
band error adaptation scheme clearly outperforms the subband error adaptation
algorithm and the standard subband adaptive filter. A

7.2 Computational complexity

To update the subband filter weights with the fullband error adaptation algorithm
the subband errors pass through the synthesis bank twice, as can be verified from
Eq. 7.13. As a consequence at first sight, the corresponding implementation cost is
rather high.
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Now, from Eq. 7.4 it is observed that Eq. 7.13 can be written as
Wni1 =W, +2AX/1S%er”. (7.19)

Notice that vector e, ® has to be computed anyway whether fullband error updating
is applied or not, for e’ ”? is the output of the algorithm independent of the updating
mode. Hence, as S is an ML, x N complex matrix the additional cost compared
to the subband error based adaptation of Eq. 7.16 is then given by

to compute €-° = S*ef” — NML, complex MACs ~ 8NML, op.

The cost reduces however when the synthesis filter bank is (modified) DFT modu-
lated and e is a real signal. Only half of the subbands need to be computed in that
case and furthermore S*S” can be simplified.

Recall from Eq. 3.8 that the transpose of the polyphase matrix of a (modified) DFT
modulated synthesis filter bank can be written as

GT(z) =JC(2)F . (7.20)
S” as defined by Eq. 7.4 and 7.7 is then closely related to G (z) and can be

expressed as

s” = JQF (7.21)

where F is an extended DFT matrix, which is defined as the Kronecker product of
the DFT matrix F and the identity matrix :

F=F®l,, (7.22)
i.e.

[0 0
CILP CILP

=SB
I
]
d
ja—
h

(7.23)

_2n(M=1)(M—1)
€1, .. L.oed M

L P

It follows that F_l =F! ®1p,. Further, Q is a block N x M matrix and is
constructed from C(z) in the same way as ST was derived from G”(z). Hence,
each block element of Q is a real-valued 1 x L, vector such that

I

p

‘ Co,o[Lp —1] 00,0[0] ‘ ‘ CO,M_l[Lp—l] CO,M_l[O] ‘

‘CN—I,O[LP —1] CN_1,0[0]‘ ‘CN_l,M_l[Lp—l] CN—l,M—l[O]‘

(724)
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Cn,m refers to element (n,m) of C(z), which is equal to

[C(2)]n,m = cn,m[0] + zflcmm[l] 4+ 4 Zf(Lfl)cn,m[Lp —1]. (7.25)

From Eqs. 7.13, 7.19 and 7.21 it is found that
2
M

Wpt1 = Wy +

AXTRQT Jer® (7.26)

with .
e, =JQF €7, (7.27)

n
Recall that for DFT modulated filter banks C(z) typically has the same structure
as B(z) and hence it is a sparse matrix as can be verified in Eq. 3.3. As a result
only about N L, of the NM L, elements of Q are non—zero.

The matrix—vector product f‘ilefLB in Eq. 7.27 comes down to a set of IFFT—
operations. For each of the L, time-lags in e}” an M-point IFFT has to be
computed. Now, L, — 1 IFFTs can be recuperated from previous blocks. Remark
however that all elements of y,, and hence of e;? depend on w,,. Through recuper-
ation of the IFFTs from previous blocks the algorithm is therefore slightly changed.
Although this is a simplification w.r.t. the fullband error algorithm, it has been
observed that the performance stays more or less the same. On the other hand it
appears that the maximum stepsize is somewhat lower than for the true fullband

error approach.

The recuperation of IFFTs from previous blocks highlights another difference be-
tween the fullband error approach of Eq. 7.13 and the subband error based approach
of Eq. 7.16 on the one hand and the standard subband adaptive filter whose weight
update was given in Eq. 7.17 on the other hand. Whereas in the standard subband
adaptive filtering scheme only one new set of M subband error signals is fed into
the synthesis filter bank and the other M (L, — 1) samples are being delayed and
collected from previous block updates, in the block adaptation schemes of Eqs. 7.13
and 7.16 the synthesis bank is fed with a complete new set of A/ L, samples each
time.

The cost associated with Eq. 7.27 is

_ . —1
fore;? =F e — 2MLpylog,M op.

2Mlog, M op. (if IFFTs are recuperated)
for e, =JQe}® — NL,real MACs ~ 2NL, op.
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The additional cost for the fullband error update compared to the subband error
based scheme of Eq. 7.16 follows from Eq. 7.26 and is

for ef” = Q"Jer” — NL, real MACs ~ 2N L, op.
for e’® = Fel® —s  L,(2Mlog,M — 4M + 6) op.
Compared to the standard subband adaptive filter of chapter 5 it is furthermore

observed that additional computations are required for the fullband and the subband
error update scheme, which amount to?

equation 7.1  —» +1)L,Lsp cplx MACs = (4M + 8)L,Lsp op.
+ 1)L, cplx adds = (M + 2)L, op.
+1)L,Lsp cplx MACs + (4 + 1)Lgp cplx adds

~ (4M + 8)L,Lsp + (M + 2)Lgp op.

SMSESINS

(
equation 7.5  — (
(

equation 7.16 —

The cost corresponding to equation 7.1 and 7.5 is reduced when buffers are recu-
perated from previous blocks (cf. Eq. 7.27). In that case Eqs. 7.1 and 7.5 cost
as much as the subband filtering operation and the subband error update in a the
standard subband adaptive filter, i.e. as in the case for which L, = 1.

The cost corresponding to Eq. 7.16 can be quite high if L, and Lgp are large. By
comparing Eq. 7.16 with 7.17 it is found that the cost for the block weight update
of Eq. 7.16 is L, times higher than for the sample-based update of Eq. 7.17.

7.3 PBFDAF weight updating revisited

It was shown in section 6.2 that the PBFDAF can be considered as a special subband
adaptive filtering structure relying on filter banks with a poor frequency selectiv-
ity. Thanks to the overlap—save error correction mechanism the performance of
the PBFDAF is remarkably good. The alternative adaptation scheme, which was
studied in paragraph 7.1 and which leaded to the fullband error weight update
equation 7.13, is now applied to a subband system whose filter banks are those of
the PBFDAF. It will be shown that in this case the fullband error weight update
equation corresponds to the weight updating of the unconstrained PBFDAF.

It is observed from Eq. 3.8 that the polyphase matrix of a (modified) DFT modu-
lated synthesis filter bank can be written as

G(z) =FTCT(2)J. (7.28)

2For Eq. 7.16 we make abstraction of A and replace e3P by 7P if fullband error updating is
required.
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For the PBFDAF for which P is a multiple of L, it was proven (see Eq. 6.55) that
C(Z): [IL OL OL 0], (729)

~ v

M
which is independent of z. Hence,
Ciz)=C=Q (7.30)

and also G(z) is independent of z. This means the synthesis polyphase filters have
length L, < 1.

As the PBFDAF was presented as an L—fold downsampled subband system, whereas
the fullband error adaptation algorithm as derived in section 7.1 assumes N-fold
downsampling, it follows that S as defined in Eq. 7.4 is given by

S=G()=FT1C"J (7.31)
in which N was replaced by L.

For a subband system using the filter banks of the PBFDAF the update equation
7.13 becomes

A
Wnt1 = Wp + QMXnHFCTCFil(dn - ann) (7'32)
_ A_ g I 0 —-1_s8
= w, +2MXnF [ 0 OM—L} F e”, (7.33)

where €57 are the subband errors and FCTCF~! does the error correction.

Theorem 7.1 The weight update equation of the unconstrained PBFDAF
w(D) Z w(n p AX( e (7.34)
for which P is a multiple of L, corresponds to equation 7.33, which was obtained by

applying the fullband error adaptation update equation 7.18 to a subband systems
with the filter banks of the PBFDAF.

Proof: The proof can be found in appendix C.10.

It is observed from Eq. 7.19 that the subband filters w, are adapted based on
corrected subband errors. The correction implies that the subband errors pass
through the synthesis filter bank in order to obtain a fullband, i.e. an aliasing—free
error signal. Theorem 7.1 proves that this fullband error adaptation algorithm can
be viewed as an extension to the overlap—save or overlap—add procedure upon which
frequency—domain techniques are based. A class of subband adaptive systems can
therefore be designed that fulfill the two design criteria on frequency selectivity and
perfect reconstruction, formulated in section 5.2, and that rely on the adaptation
mechanism presented in this chapter.
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7.4 Conclusions

In this chapter a novel fullband error adaptation scheme for subband adaptive filters
was proposed. This alternative adaptation scheme, which was presented in section
7.1, adjusts the subband filters by feeding back the fullband error instead of the
subband errors, as is done in a classical subband adaptive system.

A cost analysis was performed in section 7.2. It was shown from a computational
complexity point of view how the standard subband adaptive filter relates to the
different adaptation schemes presented in this chapter. Although the fullband error
adaptation scheme outperforms the standard subband adaptive filter in terms of
convergence behavior, the computational cost is higher as the subband errors pass
through the synthesis filter bank twice.

In section 7.3 we showed that the weight updating of the unconstrained PBFDAF
algorithm for which P is a multiple of L, corresponds to the fullband error adapta-
tion algorithm using the filter banks of the PBFDAF. This demonstrates that the
fullband error adaptation scheme presented in this chapter can be considered as
an extension of the PBFDAF overlap—save error correction mechanism to a more
general class of subband adaptive filters.
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Part 111

Iterated Partitioned Block
Frequency—Domain Adaptive
Filtering



In part IIT the Partitioned—Block Frequency—Domain RAP (PBFDRAP) adaptive
filter will be discussed, which combines frequency—domain adaptive filtering with
so—called “row action projection”. The PBFDRAP is obtained by iterating the filter
and weight updating part of the PBFDAF algorithm, leading to an improved error
output and better estimated filter weights.

In chapter 8 the PBFDRAP is presented. As the PBFDRAP is an iterated version
of the PBFDAF it will be checked what happens if the number of iteration steps goes
to infinity. It is found that for some parameter settings the PBFDRAP approaches
well-known adaptive filtering algorithms such as the PRA, which was defined in
section 2.3.2. It is furthermore shown that the PBFDRAP algorithm outperforms
the PBFDAF in a realistic echo cancellation setup.

In chapter 9 fast implementations are derived for the PBFDRAP algorithm. The
different fast implementation schemes are compared with the standard implementa-
tion of the PBFDRAP for different parameter settings. It appears that a significant
complexity reduction can be obtained. It is also shown that the fast PBFDRAP is
a viable alternative to the PRA, if large block lengths are preferred.



Chapter 8

Partitioned Block
Frequency—Domain RAP

For high quality acoustic echo cancellation long echoes have to be suppressed. Clas-
sical LMS—based adaptive filters are not attractive as they are suboptimal from a
computational complexity point of view (see section 2.3.1). Multirate adaptive
filtering schemes such as the partitioned block frequency—domain adaptive filter
(PBFDAF) are a good alternative and are widely used in commercial echo cancellers
nowadays. The PBFDAF was discussed in detail in chapter 6. In this chapter the
PBFDRAP is analyzed, which combines partitioned block frequency—domain adap-
tive filtering with so—called “row action projection” (RAP). The RAP algorithm
was initially proposed as an improvement to the LMS adaptive filter [69].

The PBFDRAP is defined in section 8.1 starting from the equations describing the
PBFDAF. It will be shown that the PBFDRAP basically is an iterated variant of
the PBFDAF algorithm. The mechanism of the algorithm is explained and it is
pointed out how extra error suppression can be achieved w.r.t. the PBFDAF.

In section 8.2 it is checked how the algorithm behaves if the number of iteration steps
goes to infinity. Different algorithmic settings are considered. For some parameter
settings it is found that the PBFDRAP algorithm approaches well-known adaptive
filtering algorithms such as the PRA, which was defined in section 2.3.2.

In section 8.3 it is shown that the PBFDRAP outperforms the PBFDAF in a realistic
echo cancellation setup.

Conclusions are formulated in section 8.4.
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8.1 Partitioned block frequency—domain RAP

8.1.1 Definition

Stepping several times through the filter and weight updating part of the PBFDAF
algorithm (Egs. 6.29, 6.31 and 6.32) while the block index n is kept constant, leads
to an improved estimate of the error output and filter weights. The Lpp-taps
fullband adaptive filter (™ [k] is partitioned in L% parts! w,(,n) of length P each,
which are transformed to the frequency domain :

@™ [pP] .
win 2 : : pzoz%—l (8.1)
@M [(p+1)P —1]
(n)
) g | W | TP
w, —F[ 0 } T a-p (8.2)
The equations defining the overlap—save PBFDRAP are
z[(n+ 1)L —pP — M + 1] I
vp .. . . LFB
XM 2 diag{ F : M, p=0:-p -1 (83)
z[(n + 1)L — pP]
dlnL + 1]
av=| o i =] ] 89
" d[(n+1)L]
for r=1to Rdo {
Lﬂ_l
(nr) _ | OP-146 O 1N (n) o (1,17)
p=0
e(mr) — g _ () (8.6)
1) Y2 (n, * , _ . Lrp
winrt) 2wl 4 GAX Fe™, p=0: 5 -1 87
}
L

wir D vp wim Ry =0 _ZB —1. (8.8)
in which Eé”’r), y(™7) and e(™") are respectively the adaptive filter weights, the

reconstructed system output and the error output at iteration step r.

This extension to the PBFDAF algorithm, which iterates several times on the same
block of data (Xl(,”),dn), will be called the partitioned block frequency—domain

1t is assumed that LfDB is integer.
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RAP (PBFDRAP) adaptive filter. RAP stands for Row Action Projection and was
initially proposed as an improvement to the LMS algorithm. A good reference on
Row Action Projection is [69].

Also in this case there exist two variants of the algorithm, called the constrained
and the unconstrained PBFDRAP. For the unconstrained PBFDAF, G = I, while
for the constrained PBFDAF

Ip 0 .
G=F F . 8.9
[ 0 O0p 1406 ] (89)

The PBFDRAP is strongly related to the PBFDAF. More information on the algo-
rithmic parameters can therefore be found in section 6.1.2.

In section 6.1.5 it was explained that an ambiguity can occur with the unconstrained
PBFDAF algorithm if ¢ > 0. As the PBFDRAP algorithm is an extension of the
PBFDAF the same ambiguity can occur in this case. The ambiguity can easily be
compensated for by slightly changing Eqs. 8.4 and 8.5, i.e. computing e based
on L + o instead of L signal samples :

dnL — o + 1]
am — { ;’n ]%Zi o od, = : Lre  (8.10)
d[(n+1)L]
Lis

p=0

The other equations remain unchanged and the additional algorithmic cost is almost
negligible.

The formulas defining the PBFDRAP adaptive filter and the complexity of the
different algorithmic steps are summarized in table 8.1. Remark that the PBFDRAP
reduces to the PBFDAF if R = 1.

8.1.2 Mechanism

The PBFDRAP algorithm iterates R times on the same data (Xé"),dn). Hence,
an improved weight update Eénﬁ“) and a smaller a—posteriori error output e(™ %)
are obtained. If the number of iteration steps R is increased the algorithm further
reduces the a—posteriori error, partly by exploiting the signal characteristics, i.e.
adapting the filter coefficients towards a solution that minimizes e for data
block (Xén),dn), rather than trying to improve the model of the unknown system
w as such. Therefore, a small a—posteriori error e(™®) does not necessarily imply
a good system modelling. Hence, the quality of the model approximation should
be evaluated by plotting the norm between the unknown system w and the model
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w (see figure 2.8) or, if w is not known, by looking at the time evolution of the
so—called a—priori error e(™1).

At first sight, iterating several times on the same block of data seems rather ex-
pensive (see table 8.1). However, in chapter 9 it is shown how the complexity can
be reduced, leading to the fast PBFDRAP algorithm. Furthermore, nowadays echo
cancellation is just one of the many signal processing building blocks that are com-
bined to build a signal enhancement system, which includes apart from the echo
cancellation also e.g. noise suppression and dereverberation. The signal enhance-
ment unit may be used as a preprocessor to a more complex building block such
as a speech recognizer for instance. Depending on the mode in which each of these
units operate, the overall complexity of the system can vary from time to time such
that at some time instances more processing power may be available for the prepro-
cessing and the echo cancellation in particular. As the PBFDRAP is typically used
to cancel long echo paths the number of iteration steps R can therefore be adapted
based on the available processing power, leading to better echo suppression if R can
be chosen large.

8.2 On iterating the PBFDRAP

The following equations?

yBr) = Ty lkr) (8.12)
eBr) = k] — y(br) (8.13)
W(k),?"+1) f— W(kﬂn) + ux;;e(kVT) (8].4:)

define the iterated LMS algorithm (compare with Eqs. 2.22-2.24), with r = 1,2, ...
being the iteration index and xj and w1 column vectors of length Lpp repre-
senting the input data buffer and the initial adaptive filter at time k respectively. It
was shown [116] that reiterating the LMS algorithm leads to the normalized LMS
adaptive filter. In other words, based on Eqs. 8.12-8.14, it can be proven [40] that

lim wiff) = wkD 4 xx (d[k] — xFwk1)), (8.15)

R—o0 Xy Xk
which is the weight update equation of the normalized LMS algorithm with stepsize
u =1 (cf. Eq. 2.28), guaranteeing maximum convergence speed.

The same sort of derivation can be done for the PBFDRAP algorithm to investigate
what happens if the number of iteration steps R goes to infinity. For the analysis
different algorithmic settings will be considered, making a distinction between un-
constrained and constrained updating on the one hand and subband normalization
and unnormalized implementation of the PBFDRAP on the other hand. In this
section the results of these computations are presented and discussed.

2For signal conventions : see figure 2.8
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8.2.1 Computation of lim ﬂl()"’R)
R—o0
In order to compute lim Eé”’R), we define
R— 0
EB 2
_p-1 o B
Pp=F ZO XMGAXV'F = [ c D } (8.16)
p:
and
L
0 0 i (n) (n) 0 0
_ P—1+40 1 n n)* o
Nn—{ 0 IL:|F Zozp GAX/ F_[C D} (8.17)
p:

where D is an L x L matrix. It is further assumed that the eigenvalue decomposition
of N, is given by

Op14e 0 [ Ve Vg1 [Ve V5][T1 0 (5.18)
c DV, Vi| 7|V, Vs 0 Op_1yy |’ '

N, A% A% r

/

in which I'y is a full rank diagonal L x L matrix, i.e. the rank of N, is L. In section
8.2.2 and 8.2.3 it will be pointed out under which conditions this assumption is true.

The structure of N, and its rank deficiency force V, to be 0. It follows that Vg
and V,, are square and invertible matrices. Hence, the eigenvector matrix has the
following structure

(8.19)

"ERA

V, V;
Furthermore, it is easily verified using Eq. 8.18 that the eigenvalue decomposition
of D is given by

D=V,I\V' (8.20)

and that

v

v ivyvit vt
-1 _ v YoVg
v { vyl 0 ] (8.21)

Theorem 8.1 At the end of iteration step R the error output e™™ of the PBF-
DRAP algorithm can be written as

tpn R—-1
(n.R) _ _| 0140 O | g1 (n) (n)* (n.1)
e = | 1y { 0 IL]F z;) XWGAX!"'F el™l) (8.22)
o

and the adaptive filter weights are given by

R
JR+1) VP 1 * , _ . LrB
win A 2 gl | gAX (™ F;e(”r), p=0:"5 -1 (8.23)
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Proof: The proof is given in appendix D.1.

As Eqgs. 8.22 and 8.23 are fulfilled for all R € Ny, it follows from Egs.
8.18 that
R
Ze(n,r) — Z IM N e(n,l)
r=1 r=1

-1
[ I, -T,; 0 ]’" V-l
IP71+U ’

As T'; is assumed to be a full rank diagonal matrix
R 1 R
D et =v T (IL ~ @I —Th) ) 0 Vv olelm),
r=1 0 RIP—1+0'
By inserting Eqgs. 8.19 and 8.21 in Eq. 8.27 and defining
g® — ;! (IL (I — rl)R)

it is found that

r=1

From Eqs. 8.4, 8.5 and 8.6 it is verified that e(™!) can be written as

o) — { Op_14ox1 } 7

e,
with e, an L x 1-vector. Hence,
R
K 0
(nr) — [ } (n.1)
e - :(R) —1 € )
in which I and £ can be any matrix having the correct dimensions.

If 7;, the diagonal elements of I'y, are such that 0 < |1 — ;| < 1,

lim =) =11t
R— oo 1

= ) Rlpiis 0 (n,1)
Ze = (—VWE(R)V,;l +RIL) Vﬁvgl V,YE(R)V;l e .

8.22 and

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)
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and hence from Eq. 8.20 it is found that

u K 0
lim el™”) = { e ]e(”’l) 8.33
R%o; L V,r'v! (8:33)
- { ’2 Do,l }e(n’l). (8.34)

Notice that the eigenvalues ~; depend on the stepsize matrix A.

From Eqgs. 8.23 and 8.34,

Jim Z wiD + GAX(Y'F { ’LC D0_1 }e(”’l) (8.35)

v Koo -
vp n,1 n)* —1 n,l
£ wi + Gax <F[_,D£K_1 D}F ) Fel™!

(8.36)

is found. Choose for instance £ = —D~'CK. Then,
1

-1 —
(n,R) Y2 _ (n,1) (n)* K 0 | -1 (n,1)
Rh_r}rloow = w," + GAX, (F { c D F Fe (8.37)
-1
) (n)* g H||A B |pa (n,1)
= w," + GAX, (F{ 0 I, c D F Fe
(8.38)
with L
g =((A-BD 'C)K) (8.39)
and .
H=-((A-BD 'C)K) BD ', (8.40)
provided (A — BD™'C)K is invertible. Hence from Eq. 8.16
LFB -1
. n \ n n * n
Jim wit® 2wt + GAXEYT | P Z MGAX(M ) Fel™!  (8.41)
is found, where P is a projection matrix
w9 H |
P=F| g IL]F . (8.42)

Both A and Xé”) are diagonal matrices. Therefore Eq. 8.41 reduces to

-1

n,R n n)* n,
Rh_r)noow( ) 2w 4 gx (v (’P Z X Xﬁﬂ) Fe(™),  (8.43)
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Notice that A has disappeared from the weight update equation. However in gen-
eral, P is still dependent on A.

Observe that equation 8.43 also can be written as

-1

LFB 4
P
Jim w(mR 2w gxmT [ ST XWexWT) PR, (8.44)
— 00
p=0
with

(8.45)

| g' -G &

0 I,

By choosing I = 0 and applying Eq. 8.30,

LrB 4
P -1
: n,R V_p n,l n)* n n)* 0 BD n,l
Jim w2 i) cax()” (Y x(Iexy F[O 4 }e( )
p=0
(8.46)
LrB 1 -1
() o [ 3 xmgx®* BD e,
=w," +GX, X, GX, F ..
p=0
(8.47)
is found.
Both Eq. 8.43 and 8.47 give a closed expression for lim El(,n’R) under the assump-
tion that Froo

1. T’y is a full rank diagonal L x L matrix, i.e. for all diagonal elements ~;,

v #£0, i=0:L-1, (8.48)

2. the weighted subband energy matrix

> xWeax(m” (8.49)
p=0

is invertible and
3. all eigenvalues 7; of T'y are such that (see Eq. 8.32)

0<1—v <1, i=0:L—1. (8.50)
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From Eqs. 8.43 and 8.47 it follows that under conditions 8.48, 8.49 and 8.50 the
PBFDRAP approaches a normalized variant of the PBFDAF that is based on pro-
jected subband energies with stepsize p = 1, if the number of iteration steps R
goes to infinity. In section 8.2.2 and 8.2.3 it is verified whether and when the
above—mentioned conditions are met.

Remark that Eqs. 8.17-8.50 are also applicable to the PBFDRAP with ambiguity
compensation (Eqgs. 8.10-8.11) by replacing L by L+ o and P — 1+ 0 by P — 1.

8.2.2 Unconstrained PBFDRAP : lim w{™%

Rooo™ P
For the unconstrained PBFDRAP, G = Ij; and hence equation 8.16 becomes

LrB

P
—1 *
P,=F" Y XVAX]V'F=
p=0

[ A B } . (8.51)

c D
where D is again an L x L matrix. A = diag(ugn)) contains subband dependent
stepsizes ugn) (m) and is therefore real-valued. If the PBFDRAP is adapted, all

(n)

ws  (m) > 0.

Theorem 8.2 For the unconstrained PBFDRAP, P,, as defined in Eq. 8.51 is a
right—circulant hermitian matriz having the Toeplitz structure. If the PBFDRAP
is adapted in a real-life identification setup, i.e. based on real-life signals, P, is a
full-rank positive definite matriz, i.e.

vxe ), x"P,x>0. (8.52)
If furthermore all input signals and the unknown system w are real-valued P, will
be real-valued as well.

Proof: The proof can be found in appendix D.2.

As P, has full rank, the rank of N,, (Eq. 8.17) will be L. As a consequence, I'; will
be a full rank diagonal matrix (first condition, Eq. 8.48?. Also the second condition
(Eq. 8.49) is fulfilled as it is assumed that the data Xén is obtained from a real-life
adaptive identification scenario.

Theorem 8.3 If the unconstrained PBFDRAP is adapted in a real-life identifica-
tion setup, matriz D, as defined by Eq. 8.51, is hermitian and positive definite.

Proof: The proof can be found in appendix D.3.
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Hence, the eigenvalues of D, i.e. the diagonal elements of I'; (see Eq. 8.20), are
real and strictly positive. If the stepsizes py" (m) and therefore [|A|| are sufficiently
small all eigenvalues of I'; are between 0 and 2. Then also the third condition (Eq.
8.50) is fulfilled and hence E,(,"’R) converges to equation 8.43 if R goes to infinity.

Unnormalized and globally normalized unconstrained PBFDRAP

For the unnormalized unconstrained PBFDRAP, G = I); and A is defined as
pIns, with p a constant. More generally, A = u, Iy, with p, a block dependent
stepsize. For instance, if u, is as defined in Eq. 6.34 the algorithm performs a
global normalization, leading to better convergence if signals with a high dynamic
range (such as speech) are involved.

As A = p, Iy, the elements of A, B,C,D and N,, linearly depend on u,, (see Eq.
8.16 and 8.17). From Egs. 8.39, 8.40 and 8.42 it follows that P will be independent
of p, if K is chosen inversely proportional to p,,. Hence, Eq. 8.43 is equivalent to

L -1
FB _ ]
P

lim w(® 2wl 4 X | p X(Mxm™ ) Felml) (8.53)

Reoo P P £p Lp
p=0

which can be made independent of u,, with an appropriate choice for IC.

From Eq. 8.53 it can be concluded that the unnormalized and globally normal-
ized unconstrained PBFDRAP approach a normalized variant of the unconstrained
PBFDAF that is based on projected subband energies

LEB ]
Py xXPIX( (8.54)
p=0

and that is adapted with stepsize p, = 1, if the number of iteration steps R goes to
infinity.

Example 8.1 In this example it is illustrated how the convergence speed of the
unnormalized unconstrained PBFDRAP algorithm improves as R increases. A ran-
dom FIR filter w of order 31 was generated and fed with a white noise signal z. The
unknown system was estimated using the standard adaptive identification setup of
figure 2.8. The unnormalized unconstrained PBFDRAP (P = L = 16, M = 32
and Lrpp = 32) was used to identify w. The ambiguity, which typically occurs
with unconstrained updating, was compensated for by applying Eq. 8.10 and 8.11.
In figure 8.1 the norm between w and the equivalent time—domain representation
w of the adaptive filter coefficients (Eqs. 8.1 and 8.2) is plotted as a function of
time. It appears that if R is increased the bottom curve (R = o0) is approached,
corresponding to Eq. 8.53. A
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Figure 8.1: A random FIR filter w of order 31 was generated and fed with a white
noise signal. The unnormalized unconstrained PBFDRAP was used to identify
w. The norm between w and the equivalent time—-domain representation w of the
adaptive filter coefficients is plotted as a function of time. It appears that if R is
increased the bottom curve (R = 00) is approached, corresponding to a normalized
variant of the PBFDAF that is based on projected subband energies and adapted
with stepsize u, = 1.

Subband—normalized unconstrained PBFDRAP

The PBFDRAP may be considered as a subband adaptive system (see also section
6.2). The convergence can be optimized by applying different stepsizes to each of
the subband adaptive filters. Therefore, matrix A is typically chosen as in Eq. 6.35.
In this way in each subband the adaptation stepsize p is divided by the subband
energy.

Also in this case the elements of N, linearly depend on u (see Eq. 8.17). From Egs.
8.39, 8.40 and 8.42 it follows that projection matrix P will become independent of
p if KC is inversely proportional to p.

By inserting Eqgs. 6.35 and 6.36 in Eq. 8.22,

n,r) _ Ip—ito 0

(n,1)
o a_ o | (8.55)

el
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is obtained. Therefore, if p # 0

R
;e(m) _ RIP(;1+U' 1—(1;(1)RIL ]e(n,l)_ (8.56)
If 0 < p < 2 equation 8.56 converges to
I S _ [ X0 ]
Rgnoorz::le = { 0 %IL } el (8.57)

in which x can be any matrix having the correct size, thanks to the special structure
of e(m1) (see also Eq. 8.30). If x is chosen equal to in_HU for instance,

R
1
: (n,r) — = aln,l)
R!gnoo;e Rl (8.58)
which implies that IC = %IP,HU and P = Ij;, so that finally by inserting Egs.
6.35 and 8.58 in Eq. 8.23

LrB 1 -1

P
Jim w3 XIXT ) X R (8.59)
p=0

is obtained.

It follows from FEq. 8.59 that the subband-normalized unconstrained PBFDRAP
converges to the subband—normalized unconstrained PBFDAF with u =1 : increas-
ing the number of iteration steps R has the same effect as applying a larger stepsize

.

Example 8.2 A random FIR filter w of order 15 was generated and fed with a
noise signal z (see figure 2.8) that was obtained by filtering a white noise sequence
with a first order lowpass IIR filter having a pole at 0.4. The subband—normalized
unconstrained PBFDRAP (P = L =8, M = 16 and Lrp = 16) was applied to
identify w. The ambiguity, which typically occurs with unconstrained updating,
was compensated for by applying Egs. 8.10 and 8.11. In figure 8.2 the norm
between w and the equivalent time—domain representation w of the adaptive filter
coefficients (Eqs. 8.1 and 8.2) is plotted as a function of time. It appears that if
R is increased the bottom curve (R = c0) is approached, which corresponds to the
subband—normalized unconstrained PBFDAF with p = 1. A

8.2.3 Constrained PBFDRAP : lim w{"

R—o0

In section 8.2.2 it was verified whether and when conditions 8.48, 8.49 and 8.50 are
met if unconstrained updating is applied. In this section the constrained PBFDRAP
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Figure 8.2: A random FIR filter w of order 15 was generated and fed with a noise sig-
nal, which was obtained by filtering a white noise sequence with a first order lowpass
IR filter having a pole at 0.4. The subband-normalized unconstrained PBFDRAP
was applied to identify w. The norm between w and the equivalent time—domain
representation w of the adaptive filter coeflicients is plotted as a function of time.
It appears that if R is increased the bottom curve (R = o0) is approached, which
corresponds to the subband-normalized unconstrained PBFDAF with 4 = 1 : in-
creasing the number of iteration steps R has the same effect as applying a larger
stepsize p.

is analyzed, also making a distinction between the unnormalized implementation
and subband normalization.

If it is assumed that the data (z,d) as defined in figure 2.8 come from a real-life
scenario and that all stepsizes are different from zero, the rank of Xé”)GAzén) is
P, due to the structure of G (see Eq. 8.9). The rank of P,, (Eq. 8.16) on the other
hand will be equal to min(M, P2E£2) = min(M, Lpp) under the same assumptions.
The rank of

LrB 4
Op 1t 0 o1 S xmgax™®
N, = F X(MGAX('F (8.60)
0 I . P P
p:

is then given by min(min(M, Lrp), L).
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Theorem 8.4 For the constrained PBFDRAP

LEB ]
N I 0 N x
P,=F! XWF{ e F'aAX"W'F 8.61
pE::O o 0 0L_1+0- - ( )

is a real-valued matriz if the adaptive filter is applied to a real-life identification
setup as in figure 1.5, for which all input signals and the unknown system w are
real-valued.

Proof: The proof of theorem 8.4 can be found in appendix D.4.

Unnormalized and globally normalized constrained PBFDRAP

Theorem 8.5 For the unnormalized and globally normalized constrained PBFDRAP
for which A = p, Iy,

LEB 4
P
_ 1 )y | IP 0 i) | A B
P, = i, F p§:o X F[ o 0., |FXS F_[C o s

is a hermitian positive semi—definite matriz. Further, also L x L matrix D is
hermitian and positive semi—definite.

Proof: Theorem 8.5 is proven in appendix D.5.

From theorem 8.5 it can be concluded that the eigenvalues of D, i.e. the diagonal
elements of T'; are real and positive.

In the following paragraphs it is checked which of the conditions 8.48, 8.49 and 8.50
are valid. Three cases can be distinguished depending on the relation between the
equivalent time—domain length Lpp of the adaptive filter w (Egs. 8.1 & 8.2), the
block length L and the DFT size M.

Lrg > L

For the type of application the PBFDRAP is typically used for, e.g. for the iden-
tification of high—order FIR systems, Lrpp > L is a realistic assumption. Hence,
the rank of N, is min(min(M, Lrg),L) = L, if the filter is adapted. T'; will be
a full rank diagonal matrix and D is strictly positive definite. If the stepsizes uy
and hence ||A|| are sufficiently small all eigenvalues of I'; are between 0 and 2 and
2" converges to T;' if R goes to infinity (Eq. 8.32). As conditions 8.48 and 8.50
are fulfilled for the unnormalized and globally normalized constrained PBFDRAP
if Lrp > L, equations 8.18-8.37 are applicable and the algorithm converges to
equation 8.35 if R goes to infinity.
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Lrp 2 M

If furthermore Lgp > M > L, which is a more restrictive, but still realistic assump-
tion if the PBFDRAP is used for the identification of high—order FIR systems, P,
has rank M if p, # 0. All conditions (Eqgs. 8.48, 8.49 and 8.50) are now fulfilled,
hence equations 8.38-8.47 are valid and the algorithm converges to equation 8.43 if
R goes to infinity.

Lrp < L
If Lrp < L, the algorithm still converges, but the formulas derived in Eqs. 8.19—
8.21 and 8.27-8.47 are not applicable anymore. Nevertheless, also in this case

R}im Eé”ﬁ) can be computed. The derivations can be found in appendix D.6.
—00

Relation with the Affine Projection Algorithm

Theorem 8.6 The weight updating of the unnormalized and globally mormalized
constrained PBFDRAP for which Lpg > L (i.e. Eqs. 8.35, 8.43) approaches the
weight updating of the Partial Rank Algorithm (PRA) with p = 1. Stepsize u =1
guarantees maximum convergence speed.

The PRA is a block version of the Affine Projection Algorithm (APA) and can
be interpreted as a block—normalized variant of the block—-LMS algorithm. More
information on the Affine Projection Algorithm can be found in section 2.3.1. Block-
LMS and the PRA are discussed in section 2.3.2.

Proof: In [40] it was proven that iterated block—-LMS approaches PRA with step-
size u, = 1, if the number of iteration steps goes to infinity. Stepsize u, = 1 guar-
antees maximum convergence speed. As the unnormalized constrained PBFDAF is
an exact representation of block—LMS in the frequency domain, the unnormalized
and also the globally normalized constrained PBFDRAP will approach the PRA, if
R goes to infinity. |

Theorem 8.7 The unnormalized and globally normalized constrained PBFDRAP
for which Lpp > L approach the PRA by series expansion of the matriz inverse in
Eq. 2.55.

Proof: The proof can be found in appendix D.7.

Experiment 8.1 An artificial acoustic environment was simulated using the image
method presented in [4] : an FIR filter w of 1024 taps was generated and fed with
a colored noise signal z (see figure 1.5) that was obtained by filtering a white noise
sequence with a first order lowpass IIR filter having a pole at 0.4. The globally
normalized constrained PBFDRAP (P = L = 128, M = 256 and Lrp = 1024) was
used to identify w. The number of iteration steps R was increased from 1 to 10.
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Figure 8.3: An artificial acoustic path was generated and fed with colored noise z.
The globally normalized constrained PBFDRAP was used to identify w. The norm
between w and the equivalent time—domain representation w of the adaptive filter
coefficients is plotted as a function of time. It appears that if R is increased the
bottom curve (R = co) is approached, which corresponds to the PRA with stepsize

tn = 1.

For each curve the adaptation constant u (see Eq. 6.34) was optimized to obtain
maximum convergence speed. In figure 8.3 the norm between w and the equivalent
time—domain representation @ of the adaptive filter coefficients (Egs. 8.1 and 8.2)
is plotted as a function of time. It appears that if R is increased the bottom curve
(R = o0) is approached, which corresponds to the PRA (L = 128, Ly = 1024)
with stepsize u, = 1. \V4

Subband—normalized constrained PBFDRAP

Also for the subband—normalized constrained PBFDRAP a similar derivation can be
made to check what happens if R goes to infinity. Stability problems arise however
in this case as it is found that sometimes the algorithm diverges for large values of
R.
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Unlike in section 8.2.3, matrix D, defined by Eq. 8.16, is typically not hermi-
tian here. In the case of the subband-normalized constrained PBFDRAP for
which A = diag(ugn)), being a diagonal matrix with subband dependent stepsizes
ugn) (m), the eigenvalues of D, i.e. the diagonal elements of I';, are not always real
and positive. Hence, for Lpp > L, (see Eq. 8.28)

lim £ = lim T; (IL — (I —rl)R) (8.63)
R—o0

may not be bounded and for some data sets the algorithm will convergence to
an unstable filter. However, this does not automatically imply divergence of the
algorithm for finite R, but indicates that for some data sets iterating this algorithm
is expected to invoke stability problems. It appears that like with the subband—
normalized unconstrained PBFDRAP (section 8.2.2) also in this case increasing the
number of iteration steps R has the same effect as applying a larger stepsize p.

Experiment 8.2 A white noise signal « was fed into a randomly generated FIR fil-
ter w of order 15. Filter w was adaptively estimated using the subband—normalized
constrained PBFDRAP (Lpp = 16, M = 16, P = L = 8, u = 0.2). The results
are shown in figure 8.4. If R is increased from 1 to 10 the bottom curve (Rjim) is
approached. If R is further increased to 50 and higher the filter becomes unstable.

Y

In order to overcome the instability problem and avoid divergence, regularization
can be applied to the subband energy estimates. The subband adaptation stepsizes
are then chosen inversely proportional to both the subband energy (Eq. 6.35) and
a global energy estimate (Eq. 6.33) :

Lo 1 1 EpE
A=pl1-a)d XMxM + 37 Z Z X ()XW (m) | Ing |
p=0

(8.64)
in which a weighs the subband energy versus the global energy and is typically a
small positive real number for which 0 < a € 1, a € R. If @ = 0 the subband
normalized PBFDRAP is obtained. On the other hand, o = 1 corresponds to the
globally normalized PBFDRAP. If « is increased from 0 to 1 stability will improve,
but convergence typically will go down.

8.2.4 Summary

In section 8.2 it was shown that the PBFDRAP algorithm approaches well-known
adaptive filtering algorithms if the number of iteration steps R goes to infinity.
Different algorithmic settings were considered : unconstrained versus constrained
updating on the one hand and subband normalization versus an unnormalized or
globally normalized implementation on the other hand.
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Figure 8.4: Subband-normalized constrained PBFDRAP : the norm between w
and w, the equivalent time—domain representation of the adaptive filter coefficients,
is plotted as a function of time. It appears that if R is increased the subband-
normalized constrained PBFDRAP becomes unstable.

It was found that

e the unnormalized unconstrained PBFDRAP approaches a normalized variant
of the unconstrained PBFDAF that is based on projected subband energies
and that is adapted with stepsize p,, = 1.

e for the subband—normalized unconstrained PBFDRAP increasing the number
of iteration steps R has the same effect as applying a larger stepsize u.

e the unnormalized constrained PBFDRAP on the other hand approaches the
PRA with p = 1 by series expansion of the expensive matrix inverse operation,
if R goes to infinity.

e iterating the subband-normalized constrained PBFDRAP algorithm invokes
stability problems.

These results are similar to the conclusions formulated in [40] and [116], which sug-
gests that in general iterated unnormalized algorithms converge to their normalized
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Figure 8.5: The globally normalized PBFDRAP was used to estimate an unknown
stationary acoustic path, varying the type of updating (unconstrained, constrained)
and the number of iteration steps R. The following parameters were applied :
L =P =128, M = 256, Lrp = 1024. The time evolution of the a—priori error
output e is shown for each of the adaptive filters.

counterparts with u = 1, leading to maximum convergence speed.

8.3 Simulation examples

The different algorithms presented in this chapter were applied to an acoustic echo
cancellation setup (see figure 1.5) for validation and comparison. A lowpass noise
signal having the spectral characteristics of speech was fed into a loudspeaker and
recorded with a microphone in a controlled stationary laboratory environment. No
near—end signal s was added on top.

Experiment 8.3 In a first experiment the unknown acoustic path was estimated
using the globally normalized PBFDRAP (cf. Eq. 6.34), varying the type of updat-
ing (unconstrained, constrained) and the number of iteration steps R. The other
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parameters were kept constant and were chosen as follows : L = P = 128, M = 256,
Lrp = 1024 (see table 8.1 for more explanation). For the unconstrained update
Egs. 8.10 and 8.11 were employed to compensate for the ambiguity that can occur
(see section 8.1.1).

For each of the algorithms presented here the optimal stepsize was computed that
maximizes the convergence speed. This stepsize was divided by 10 and applied to
the adaptive filter, in order to simulate the performance of the algorithms in the
presence of double-talk. During double-talk (see also section 10.1.3) the local signal
source s is active (see figure 1.5). If double-talk is detected the adaptation constant
o must be set immediately to zero in order to freeze the coefficients of the adaptive
filter. If the adaptation is not switched off the filter coefficients easily drift away
from their Wiener solution, leading to a bad model and a larger error output e. If
the adaptation constant p is kept significantly smaller than the theoretical optimum
large deviations of the filter coefficients can be avoided. The time evolution of the
a—priori error output e for each of the adaptive filters is shown in figure 8.5. v

Experiment 8.4 In a second experiment the unknown acoustic path was estimated
using the subband-normalized PBFDRAP (cf. Eq. 6.35), varying the type of
updating (unconstrained, constrained) and the number of iteration steps R. Also
in this experiment L = P = 128, M = 256, Lrp = 1024. The ambiguity was
compensated for in the case of unconstrained updating and the adaptation stepsizes
were kept an order of magnitude below the optimum. The time evolution of the
a—priori error output e for each of the adaptive filters is shown in figure 8.6. v

It is clear that by increasing the number of iteration steps R the performance of the
PBFDAF can be improved. As the input signal is colored, the subband—normalized
PBFDRAP convergences faster than the globally normalized PBFDRAP. Although
stability is not guaranteed for R — 0o, the subband—normalized constrained PBF-
DRAP offers the best performance for real-life signals and realistic values of R.
Finally, if the a—posteriori errors are plotted instead of the a—priori errors extra
echo enhancement can be obtained. However, during double-talk a—priori errors
should be passed to the output to avoid near—end signal cancellation.

8.4 Conclusions

In this chapter the PBFDRAP algorithm was considered, an adaptive filtering tech-
nique that combines partitioned block frequency—domain adaptive filtering and row
action projection. In section 8.1 the algorithm was defined and its working mecha-
nism was explained.

In section 8.2 it was investigated what happens if the number of iterations goes
to infinity. Different algorithmic settings were considered. It appears that the
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Figure 8.6: The subband-normalized PBFDRAP was used to estimate an unknown
stationary acoustic path, varying the type of updating (unconstrained, constrained)
and the number of iteration steps R. The following parameters were applied :
L =P =128, M = 256, Lrp = 1024. The time evolution of the a—priori error
output e is shown for each of the adaptive filters.

unnormalized unconstrained PBFDRAP approaches the unconstrained PBFDAF
that is normalized based on projected subband energies and that is adapted with
stepsize 1. The unnormalized constrained PBFDRAP approaches the PRA with
stepsize p = 1 by series expansion of the expensive matrix inverse operation. For
the subband-normalized PBFDRAP increasing the number of iterations has the
same effect as applying a larger stepsize. Stability is not guaranteed however in the
case of the subband—normalized constrained PBFDRAP.

It was shown in section 8.3 that the PBFDRAP outperforms the PBFDAF in a
realistic echo cancellation setup.
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Partitioned Block Frequency—Domain RAP

for each block of L samples do {
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Table 8.1: Standard implementation of the PBFDRAP



Chapter 9

Fast Partitioned Block
Frequency—Domain RAP

In chapter 8 the PBFDRAP was discussed, which is an iterated version of the
PBFDAF algorithm presented in chapter 6. If the number of iteration steps is
large the PBFDRAP outperforms the PBFDAF adaptive filter (see section 8.3).
The additional cost for reiterating the algorithm following Eqs. 8.1-8.8 however is
considerable.

Hence in section 9.1, fast implementations are derived for the PBFDRAP algorithm,
making a large number of iteration steps more attractive. Some of the fast imple-
mentations presented in section 9.1 are specifically tuned towards the unconstrained
PBFDRAP, others to the constrained PBFDRAP. Some versions are applicable to
both update schemes.

In section 9.2 different fast implementation schemes are compared with the stan-
dard implementation of the PBFDRAP (see section 8.1.1) from a computational
complexity point of view. Both for the unconstrained and for the constrained al-
gorithm the complexity gain w.r.t. the standard implementation is computed. It
appears that a significant complexity reduction can be obtained.

Theorem 8.6 shows that the infinitely iterated unnormalized and globally normalized
constrained PBFDRAP approach the PRA adaptive filter presented in section 2.3.2.
In section 9.2.3 therefore the unnormalized and globally normalized constrained
PBFDRAP are considered as an alternative for the PRA algorithm. The PBFDRAP
is compared with the PRA from a computational complexity perspective. It is seen
that for large block lengths the PBFDRAP is a cheaper alternative to the PRA.

The conclusions are formulated in section 9.3.

179
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9.1 Fast PBFDRAP

In the previous chapter partitioned block frequency—domain adaptive filtering was
combined with the “row action projection” technique, leading to an iterated version
of the PBFDAF algorithm, which we called the PBFDRAP. The equations defining
the PBFDRAP were presented in section 8.1.1 and are summarized in table 8.1,
together with the corresponding computational complexity. The cost estimates are
based on the cost analysis performed in appendix C.9.!

The PBFDRAP can be considered as an improvement or extension to the PBFDAF
algorithm, as by increasing the number of iteration steps R better convergence
rates are obtained (see section 8.3). However, the additional cost per iteration is
considerable if the standard implementation of table 8.1 is used : iterating R times
on the same block of data increases the implementation cost almost by a factor R.

In this section fast versions will be derived for the PBFDRAP, leading to a cheaper
implementation without changing the algorithmic performance. Some of the pre-
sented algorithms put constraints on certain algorithmic parameters (e.g. unnor-
malized /globally normalized /subband-normalized) or are only valid for one specific
updating mode (e.g. unconstrained or constrained). Other fast versions do not
impose any restrictions and are applicable to all settings.

9.1.1 Fast PBFDRAP, version 1

Referring to the update equations of the PBFDRAP (table 8.1) it is found that at

the end of iteration step R the error output e(™®) can be written as
Lrg R-1
0r1i0 0 Jpt S xmgax(” (n.1)
n,R) __ — o — n n n,
e(mF) = IM_[ o IL}F > XMGAXV'F e (9.1)
p=0
and that the adaptive filter weights are given by
v u L
n,R+1) VP n,1 * n,r _n.YFB
wim At Lwlnh) 4 GAXVF Y el p=0:"5" -1 (9.2)

r=1
The proof was given in appendix D.1.

Using relations 9.1 and 9.2 the PBFDRAP can be reformulated. Matrix

LrB ]
P

B, =1y — { OP*O”” I‘; }Fl > X(MGAX(MF (9.3)
p=0

INote that for the complexity analyses performed in this chapter it is always assumed that all
signals and the unknown system w are real-valued.
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is defined and can be plugged in in Eq. 9.1. Hence, e(™") can be written as
e(nm) — B:L—le(ml) — Bne(n,rfl) (94)

for r € IN > 1, such that only e(™!) needs to be computed explicitly following Eqs.
8.4-8.6. B,, is computed once for each data block and then e(™") r > 1, follow

from Eq. 9.4.
In order to compute ﬂ,(,n’RH), Eq. 9.2 can be used. The intermediate error outputs
e(™") are accumulated and stored in vector ¢(™7)

c(n71) — e(n,l) ,

c(nﬂ‘) — C(n,rfl) + e(n,r)7 r>1 (95)
such that Eq. 9.2 becomes
EI()n,RJrl) — EI()n,l) + GAXén)*FC(n’R) (96)

The different algorithmic steps of this first fast version of the PBFDRAP and a cost
estimate are presented in table 9.1.

9.1.2 Fast PBFDRAP, version 2

The explicit matrix—vector multiplication B,e(™"=1) in Eq. 9.4, however, is quite
expensive. The algorithm can be simplified by replacing the matrix—vector multi-
plications by FFT operations. Matrix D, is introduced and is defined as

-
D,= Y XWWeax(’, (9.7)
p=0

such that Eq. 9.4 can be written as

(nr) _ glnr=1) _ | OP—14¢ 0 | 5 (n,r=1)
e e [ 0 1, }F D,Fe . (9.8)
For the unconstrained PBFDRAP for which G = I/, D, is a diagonal matrix.
The matrix—vector product D, Fe(™"=1) can therefore be replaced by an element—
wise vector—vector multiplication, which leads to a reduced cost. The algorithm is
summarized in table 9.2.

9.1.3 Fast PBFDRAP, version 3

If the order of the unknown FIR system w (see figure 2.8) is high w.r.t. the filter
partition length P, the algorithm can be further simplified. Note that A and Xl(,")
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in Eq. 9.7 are diagonal matrices and hence commute. If P = L equation 9.7 can be
replaced by the following update equations :

D, = D, +X{Vax{" - x exi; (9.9)
P P
D, = D,A. (9.10)

It this way extra savings can be made : for the unconstrained PBFDRAP the cost
for updating D,, reduces from 2% +4L% to %M+9, if A = plps and all inputs
and system w are real. The algorithm is presented in table 9.3.

9.1.4 Fast constrained PBFDRAP

The algorithmic schemes presented in table 9.2 and 9.3 are less attractive if con-
strained updating is used. The matrix—vector product D,Fe(™"~1) cannot be re-
placed by an element—wise vector—vector multiplication as matrix D, is not diagonal
in this case (see Egs. 9.7 and 8.9).

Starting from the algorithm presented in table 9.1 another fast algorithm can be
derived. From Egs. 8.4, 8.5 and 8.6 it can be verified that e(™") can be written as

n,r 0* o 0 r
emz{ P};Xl]:{h]e;), (9.11)

€n

if constrained updating is applied, with eg) an L x 1 vector (cf Eq. 8.30). Hence,

equation 9.4 can be rewritten as

. 0] (i
el =[0 I.]B, [ I }e% b. (9.12)
Now,
B,=[0 I,]B, [ I(l } (9.13)

can be updated instead of B,,. If constrained updating is considered and A = pu,, I/,
Eq. 9.3 can be plugged in in Eq. 9.13, such that

Lﬂ_l
P
5 - Ip 0] oty () [0
B,=I; -y, [0 I,]F ZO XI()”)F[O O]F XIQ”)F[IL] (9.14)
p:
e
. “ivmp I O] [Ip 0| o1 (n)* 0
=I, — n ZO [0 I.]F XP”F[O oHo ol FIXF |
p:

(9.15)

is obtained.
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As Xl(,n) is a diagonal matrix, defined by Eq. 8.3, Xzyp = F_lxl(,n)F is a right—
circulant M x M matrix (see also appendix A). Hence, the discrete Fourier transform
of the first row of X,, ;, are the diagonal elements of XI(,”). Taking into account Eq.
8.3,

X, = (F'XVF)" (9.16)
z[((n+1)L —pP—-M+1] ... z[(n+ 1)L — pP]
z[(n + 1)L — pP] z[(n + 1)L —pP — 1]
= : § : (9.17)
z[(n+ 1)L f.prM+2} ... z[(n+1)L f.pr M +1]
is found.

< * -1 -1 *
Now, as X, , = (F'X(VF)7 = F'X(V'F

LrB

o1 H
S Ip 0|5+ |O Ir 0|5+« |O
B=nme 3 ([0 )% [0]) (6 % (i)
p:
(9.18)
Le
= I - Hn Z XZ,pX:L,p (919)
p=0
with X, , the following P x L Toeplitz matrix :
z[nL — pP + 1] z[(n + 1)L — pP)]
Xnpp = : : . (9.20)
zlnL —pP—P+2] ... z[(n+1)L —pP—P+1]
If P = L equation 9.19 can be replaced by the following update equation
B, =B, 1 +X, X0 X" 1, X 1y (9.21)
TP TP
B, = I, — u,B,. (9.22)

It this way extra savings can be made. The algorithm is presented in table 9.4.

9.1.5 Summary

In this section four fast implementations of the PBFDRAP adaptive filter were
discussed. Which of the algorithmic schemes, presented in table 8.1, 9.1, 9.2, 9.3
or 9.4, will lead to the cheapest implementation, depends on the actual values of
the parameters (M, Lyp, L, P and R) and the type of updating ((un)normalized/
(un)constrained) that is used. For a typical application for which the PBFDRAP is
used, i.e. for the identification of high—order FIR systems, the scheme presented in
table 9.3 will in general be most appropriate if unconstrained updating is preferred.
For the constrained PBFDRAP the first (non—fast) and the last scheme (table 8.1
and 9.4) seem most attractive.
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for each block of L samples do {
z((n+ 1)L —pP — M +1)
K:E,") w diag{ F :
z((n+ 1jL — pP)

— 2Mlog, M — 4M + 6

(assuming lgn) — lg“*pP/L))
LrB _4
0 0 P .
B, =1, — { P61+a IJ F! Z K;TL)GAXI(,") F
p=0

‘—>2M10g2M+2”L% +4L% 1

(if 6 =1Iy, A = puly)
Lre _,
P

n,l) _ 0P—1+o’ 0 —1 . n n
ymh) = { o IJ F ZO XM wlm
p=

< 2Mlog, M+ 4™FB 4 g8 _ M 2
dnL + 1]
0 P-1
= {dn}%L T da = : L
d[(n+1)L]
e(ml) = g(m) _ y(n,1)

— L
c(m1) — g(n,1)

for r=2to Rdo {
e(n,r) — Bne(n,r—l)
— (R —1)(2L? — L)
c(nr) — ¢(n,r—1) + e(n,r)
— (R—1)L

}

w2 W gax (Y Fen )
< 2Mlog, M — 3M + 8 4 4Mr 4 glrs

(if G = Iy)
}
p = 0:%f5B M = P+L-1+40c
_ j27pg . (n)

F(p.q) = M A = diag{ps"}

o > 0

unconstrained constrained PBFDAF PBFDRAP
G-Iy G:F{IP 0 }F_l R=1 R>1
0 Or-14s

Table 9.1: Fast PBFDRAP, version 1
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for each block of L samples do {
z((n+ 1)L —pP — M +1)
X 2 diag { F -

z((n+ 1)L — pP)

— 2Mlog, M — 4M + 6

(assuming Lg“)

L,;B 1
D= Y X{GAX(
p=0

— 2MFB 4 4B
(if G = Iy,
LrB
—£B 1

(1) _ |OP-14c 0| p-1 () g(n)
Yy n — |: 0 IL:| F ZO Kpn Epn
by

< 2Mlog, M+ 4B 4 gXEB

d[nL + 1]
d(n) _ 0 $P71+a' d, — . I
T |dn|lcL > :
d[(n+ 1)L
em1) = () _ y(n,1) [ 0

c(ml) — g(n1)

for r=2to Rdo {
g(n,r—l) — Fe(n,r—1)

— lg“*PP/L) )

A = puly)

— (R —1)(2Mlog, M — 4M + 6)

anr) — {0P51+a IO} F-1D,e(nr—1)

< (R — 1)(2Mlog, M + M + 2)

L
(if G = Iy)
e(17) — g(nyr=1) _ g(n,r)
— (R—1)L
cn,r) — ¢(n,r—1) + e(n,r)
— (R —1)L

}

Wi L W) 4 GAXE) Fetn)

ML, L
< 2Mlog, M — 3M + 8 + 4 "B 4+ glEB

2

(if G = Iy)
}
p = 0: LFTB -1 M = P+L—-1+c0
_i27pg . (n)
F(p,q) = e ™M A = diag{ps '}
o > 0
unconstrained constrained PBFDAF PBFDRAP
G-Iy G:F{IP 0 }F_l R=1 R>1
0 Or-14s

Table 9.2: Fast PBFDRAP, version 2
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for each block of L samples do {
z((n+ 1)L —pP — M +1)
Vp ..
XM 2 diag{ F :

z((n+ 1)L — pP)
< 2Mlog, M — 4M + 6

(assuming lgﬂ) — lgn—pP/L))
D, =D () (n)* (n) (n)*
Dy, = I_)n—l + X5 'GX, - XLFB/PGXLFB/p
D, =D,A
— M+ 9
(if G =1Iy and A = ply)
Lrp
o O its D SR (n) g ()
y,:{ 0 IL:|F > XMwy
p=0
‘—>2M10g2M+4”’-% +8L% CM_o2
1 d[nL +1]
(n) _ | 0T P-14c B .
d[(n+1)L]

e(m1) = d(») _ y(n,1)

(1) — g(n,1)

for r=2to Rdo {
g(n,rfl) — Fe(n,r—1)
< (R — 1)(2Mlog, M — 4M + 6)
alnr) — |:0P—1+O' 0] F-'D,e(nr—1)
0 IL -
< (R— 1)(2Mlog, M+ M + 2)

(if G = Iy)
e(n,r) — g(n,r=1) _ 4(n,r)
— (R— 1)L
c(nr) — ¢(nr=1) | g(nr)
— (R—1)L

}

Wi 2 W) G Fetn )
< 2Mlog, M — 34 + 8 + 4™FB | glfB

(if G = Iy)
}
p = 0:ige_3 M = P+4+L-1+40
- _i27pq . . (n)

Flp,q) = e ™™ A diag{ps"’}

o > 0 P = L

unconstrained constrained PBFDAF PBFDRAP
G=1, G:F{IP 0 }F*l R=1 R>1
0 Or_14c

Table 9.3: Fast PBFDRAP, version 3 : P =L
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for each block of L samples do {
z((n+ 1)L —pP — M +1)
X0 2 diag { F :
z((n+ le — pP)
— 2Mlog, M — 4M + 6

(assuming l}(,“) = 15“"’””)
z[nL —pP +1] z[(n + 1)L — pP]
v
Xnp = : . :
znL —pP—-P+2] ... z[(n+1)L—pP—P+1]

B,

B T * T *
Br1+ X5 0X00 =X, Lpp/PXnLpp/P
=L+ 3%+ L
(assuming P = L)
B, =1 —unBy
172, 3
s 1124 3L
LrB _4
P

n,l) _ 0P71+0' 0 —1 n n
you =[Ot Pl > X{w
p=

< 2Mlog, M+ 4B + 8MB ¥ — 2
; d[nL +1]
|0 P—1+4c o .
a0~ [P e
d[(n+1)L]
e(ml) — g(m) _ y(n1)
— L

c(m,1) — a(n,1)
eﬁf) = [0 IL} e(m1)

for r=2to Rdo {
egf) = Bneﬁfl)
— (R—1)(2L? — L)

0
c(n,r) — ¢(n,r—1) + |:e(7‘):|

n

— (R—1)L
}

(n+1) Yp _ (n) Ip 0 — 15 (") * . (n,R)

wy = wy  + pnF {0 06110 F X, Fc

, < (2M+ 4" ) log, M — 4M + 6 + L 4 1418
p = O:LII’;B—I M = P+L-1+40
j2m

F(p,q) e” po= 1L

Table 9.4: Fast unnormalized constrained PBFDRAP : P = L
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9.2 Computational cost

In this section the PBFDRAP algorithm is analyzed from a computational com-
plexity point of view. Both for the unconstrained and the constrained updating the
“standard” (non—fast) implementation (table 8.1) is compared with fast versions of
the algorithm.

9.2.1 Unconstrained PBFDRAP

The equivalent number of real operations (for a definition, see section 2.4) to pro-
cess a block of L samples using a “standard” (non—fast) implementation of the
unnormalized unconstrained PBFDRAP (table 8.1), is

RL RML
2Mlog, M(1+2R) —4M(R+1) +6(1+ R) + RL + 16 PFB +8—— I8 (9.23)
It is assumed that P is divisible by L, that M is a power of 2 and that x and d and

the unknown system w are real-valued.

The cost for processing a block of L samples with the fast unnormalized uncon-
strained PBFDRAP for which P = L (table 9.3) is

1 L ML
2M log, M(1+2R)—M(3R+§)+(13+8R)+2RL—L+16% +8 LFB

. (9.24)

Example 9.1 Cost estimates for the standard PBFDRAP and the fast PBFDRAP
algorithm are presented in figure 9.1. For a realistic comparison the following pa-
rameters were chosen : M = 256, P = L = 128, Lrp = 1024. It appears that the
fast PBFDRAP outperforms the standard PBFDRAP, except for R = 1, for which
it is slightly more expensive. A

Experiment 9.1 Some MATLAB® test were performed based on the same assump-
tions (M = 256, P = L = 128, Lpp = 1024). The executions times (in seconds)
were measured for a data set of 100000 samples and are presented in table 9.5. Both
the standard and the fast implementation give the same output, the fast algorithm
being significantly cheaper. Iterating twice with the standard approach for instance
is as expensive as iterating 4 times with the fast algorithm. \V4

9.2.2 Constrained PBFDRAP

For the constrained PBFDRAP the standard implementation presented in table 8.1
and the fast algorithm of table 9.4 seem most appropriate and typically lead to the
smallest implementation cost. The equivalent number of real operations needed to
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Figure 9.1: Cost standard unnormalized unconstrained PBFDRAP (table 8.1) vs.
fast unnormalized unconstrained PBFDRAP (table 9.3) for a realistic parameter

setting (M =256, P = L =128, Lpp = 1024)

standard fast

PBFDRAP | PBFDRAP

(table 8.1) | (table 9.3)
R=1 6.26 6.75
R=2 11.78 8.63
R=3 17.34 10.27
R=14 22.89 11.86
R=5 28.49 13.57
R=10 55.93 22.28

Table 9.5: The standard unconstrained unnormalized PBFDRAP is compared with
a fast version of the algorithm. Some MATLAB® test were performed. The execu-
tions times (in seconds) were measured for a data set of 100000 samples, M = 256,

P=L=128, Lpp = 1024.

process a block of L samples with the unnormalized constrained PBFDRAP using
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the “standard” (non—fast) algorithm of table 8.1 is
RL RL RML
2M(1+2R+2 PFB)10g2 M —4M(R+1)+6(1+R)+ RL+22 PFB 4 rB
(9.25)
Also in this case it is assumed that P is divisible by L, that M is a power of 2 and
that  and d and the unknown system w are real-valued.

The equivalent formula for the fast algorithm of table 9.4 is (P = L)

Lrp MLFpp

L
2M(3+2%)1og2M—9M+10+L3+QRL2+4L+22T+4 z

. (9.26)

Example 9.2 In table 9.6 the equivalent number of real operations to process a
block of data using the algorithms of table 8.1 and 9.4 (formula 9.25 and 9.26) are
given for a set of realistic parameter settings. A

standard fast
PBFDRAP | PBFDRAP
(table 8.1) | (table 9.4)
L=P | M | Lpgp Eq. 9.25 Eq. 9.26

R

1 16 32 | 128 7052 11674
2 16 32 | 128 13906 12186
1 16 32 | 256 13372 17994
2 16 32 | 256 26546 18506
1 32 64 | 256 16348 51194
3 32 64 | 256 48008 55290
1 64 128 | 512 37372 307770
10 64 128 | 512 362146 381498
1 128 256 | 512 47332 2177378
10 128 256 | 512 445618 2472290
1 128 256 | 1024 84284 2214330
10 128 256 | 1024 815138 2509242

Table 9.6: The equivalent number of real operations needed to process a block of
data using the unnormalized constrained algorithms of table 8.1 and 9.4 (formula
9.25 and 9.26) are shown for some realistic parameter settings.

Example 9.3 In figure 9.2 the number of iteration steps R is plotted for which the
standard implementation of the unnormalized constrained PBFDRAP (table 8.1)
is as expensive as the fast implementation of table 9.4. Each curve corresponds to
a different block length L. For a parameter set (Lpp, R) above the curve, the fast
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Figure 9.2: Number of iteration steps R for which the standard implementation
of the unnormalized constrained PBFDRAP (table 8.1) is as expensive as the fast
implementation of table 9.4. For a parameter set (Lppg, R) above the curve, the
fast algorithm leads to the lowest cost.

algorithm leads to the lowest cost. Below the curve the standard algorithm of table
8.1 is most appropriate. A

It appears that Eq. 9.26 is more or less insensitive to changes in R, whereas Eq.
9.25 strongly depends on R. For small values of L, and Lrp and R sufficiently
large, the algorithm of table 9.4 leads to the smallest cost.

9.2.3 Unnormalized constrained PBFDRAP versus PRA

Infinitely iterating the unnormalized constrained PBFDRAP leads to the PRA al-
gorithm (see section 8.2.3). The equations defining the PRA algorithm are repeated
in table 9.7. For the weight updating of the PRA the inverse of a hermitian matrix
M, = XZX; has to be computed (see Eq. 2.55). For stability reasons matrix M,
is regularized, i.e. the inverse of XZX; + 61y, is applied i.o. XZX;, with ¢ a small
positive real number.
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As the data is shifted block by block efficient QR-based updating of XZX; is not
possible for L > 1. However, if Lrp is a multiple of L,

z[nL —IL + 1] ... z[nL+ L —1L]
! . : Lrp
zginL—L+2-1L] ... z[nL—-IL+1]
can be defined and X?'X* is updated as
M, = XX (9.28)
X0°
X!
T T T "
= | x°" xtT (XﬁFB/L—l) ] : (9.29)

(xﬁm/ Lil) '
T * T *
= M,_; +X°7Xx0" — (xﬁFB/L) (XﬁFB/L) . (9.30)
This reduces the cost substantially if Lpp/L is large. As M, is hermitian and
T *
() (xk)

can be recuperated from a previous iteration, the cost for updating M,, amounts to
L3+ 3L?+ L if it is assumed that real signals are applied. Furthermore, it appears
that p,, = (M, + 6I1) e, (see table 9.7) can be computed efficiently by solving
the linear set of equations (M, + 6I1)p,, = e, using Gauss elimination (cost %)

and back substitution (cost L?) [73].

The equivalent number of real operations needed to process a block of L real samples
with the PRA (see table 9.7) is then equal to

5L 5L%> 5L
4LFBL+T+T+7' (931)

R.rit, the value for R for which the unnormalized constrained PBFDRAP is as
expensive as PRA, can now be computed. By combining Eq. 9.25 and 9.31 (PRA
vs. non—fast PBFDRAP), it is found that

4LppL + 3L* 4+ 5L* + 3L — 2Mlog, M +4M — 6

Rerinn = . 9.32
T UM logy M(1 + LEE) —4M + 6 + L+ 22255 4 4MLes (9.82)
In most practical applications, M = 2L = 2P. Hence,
4LppL+ 3L* 4+ 2L* + 3L —4Llog, L+ 4L —6
Repitn = —22 T 3% 727 T3 o5 (9.33)

8Llog, L(1+ ££2) + 6 + L + 22442 4+ 16Lyp
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for each block of L samples do {

[ znL—IL+1] ... z[nL+L—IL]
xt 2 : : :
" : . :
lz[nL — L +2—1L] ... z[nL—IL+1]
- X0
X?
n
X, = .
x (e /L)

dnL + 1]

d[(n + 1)L]

Yo = XgWn <3 2LLgy — L
e, =dp — Yn

M = Moi + X07X0" — (xkrn/t)" (xkew/ty’
Pp = (Mn +6I) " en

Wntl = Wo + ILnX:;Pn

— L
3 372 L
— L4+ 2+ L
— 213 4+ 12+ L
< 2LLg + L

— . L
I = 0:Llr=

Table 9.7: Partial Rank Algorithm (PRA)

By combining Eq. 9.26 and 9.31 (PRA vs. fast PBFDRAP), one obtains

ALppL + 2L% + 3L* — 3L — 2M (3 + 2££8) log, M
202

Rcritz =

N 9M — 10 —22Les _ g Mbrs |

ST (9.34)

Example 9.4 In figure 9.3, R.it = max(R.,it1, Rerit2) is plotted for L%:l, 2,5,
10 and 20. Block length L varies between 2 and 1024 and M = 2L = 2P. A

It can be concluded that for large block lengths, the iterated PBFDRAP is a cheaper
alternative to the PRA.
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1 2

10
block length L

Figure 9.3: The number of iteration steps R..; for which the unnormalized con-
strained PBFDRAP is as expensive as the PRA, is plotted for different parameters
settings.

9.3 Conclusions

In this chapter the fast PBFDRAP was discussed. If the number of iteration steps
is large the standard (non—fast) PBFDRAP as presented in chapter 8 requires a
considerable amount of processing power.

Several fast implementations were derived in section 9.1 leading to a significant
reduction in the computational complexity. The different fast versions of the PBF-
DRAP are presented in tables 9.1-9.4.

Section 9.2 focussed on the complexity gain. The fast PBFDRAP was compared
with the standard implementation of the algorithm presented in chapter 8 and table
8.1. Depending on the mode in which the algorithm operates and the choice of the
parameters, a significant cost reduction can be obtained.

The unnormalized and globally normalized constrained PBFDRAP were compared
with the PRA algorithm from a computational complexity point of view. It appears
that for large block lengths, the PBFDRAP is a cheaper alternative to the PRA.



Part 1V

Acoustic Echo Cancellation,
Implementation and

Experiments



In the final part it is shown that the different adaptive filters that are developed
in the preceding chapters can be successfully applied to a real signal enhancement
setup.

Practical problems are encountered whenever adaptive filtering algorithms are ap-
plied to a real signal enhancement setup. Apart from the adaptive filter, “control”
software has to be included for proper and robust operation. This will be illus-
trated in chapter 10 taking the acoustic echo cancellation problem as an example.
Different adaptive algorithms will be compared under realistic echo cancellation
conditions and a real-time DSP implementation of an acoustic echo cancellation
system will be discussed.



Chapter 10

Acoustic Echo Cancellation,
Implementation &
Experiments

In the previous parts of the thesis different adaptive filtering and filter bank schemes
were discussed, mainly putting emphasis on the design, as well as on algorithmic
and complexity aspects. The presented techniques can be employed in many fields
and applications, some of which were briefly addressed in chapter 1 and 2. In this
chapter we focus on one specific application, namely acoustic echo cancellation, and
illustrate how the different algorithms can be applied and embedded in a real-world
engineering application.

It was motivated in chapter 2 that acoustic echo cancellation is an example of adap-
tive identification. The adaptive filters discussed in this thesis are therefore readily
applicable to the echo cancellation problem. However, a real-life echo canceller has
to cope with some practical and implementation related issues such as time—varying
acoustics, non—linearities and double talk, making it still a long way from the algo-
rithmic concept towards a consumer electronics product that can actually be sold
and that is appreciated by its users.

In section 10.1 it is explained that apart from the adaptive filter a “control” algo-
rithm has to be included, which basically monitors the adaptation stepsize p. In
this way proper operation is ensured during double talk. Further, it is briefly ex-
plained how the short—time energy of the different signals can be computed. These
energies are used for double-talk detection and stepsize normalization. Finally, a
post—processing unit is typically added to the echo canceller to remove the remaining
residual errors.

195
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In section 10.2 two experiments are discussed in which some of the algorithms of
the previous chapters are applied to a simulated acoustic echo cancellation setup
for comparison.

A real-time acoustic echo canceller was programmed on a DSP system. Some
observations and experiments related to the DSP implementation are considered in
section 10.3.

The conclusions to this chapter are presented in section 10.4.

10.1 Robust operation and control

Consider the echo cancellation problem, which was introduced in section 1.4.1. In
present—day echo cancellation systems adaptive filtering techniques are called for to
cancel the echo : the adaptive filter is self-learning and can be initialized with zero
knowledge. Furthermore, due to the time variations of the acoustic path the echo
cancellation problem is far from trivial, as was explained in section 1.3.2. Thanks
to the adaptivity these time variations can be tracked.

For proper operation the stepsize(s) controlling the adaptation speed of the adaptive
filter(s) should be carefully monitored. The input to the echo cancellation system
will typically be a speech signal having a continuously varying short—time energy, as
was explained in section 1.3.1, hence applying stepsize normalization is mandatory.
Secondly, during near—end signal activity in so—called double-talk situations, i.e.
when both the far-end as the near—end speaker (see figure 1.3) are active, the
adaptation must be frozen. The stepsizes should be immediately set to zero or kept
very small in order to avoid system mismatch.

To make the echo canceller robust against double talk the adaptive filtering core
has to be supplemented with intelligent control software. Different types of control
parameters are therefore included. Intensive testing and tuning should eventually
lead to a cheap control system having as much of the desired properties as possible.
Some control issues will be discussed in this section and a few solutions will be
given. More information can be found in [128]. In this paper the design of a
complete PBFDAF echo canceller is presented and a lot of attention is paid to the
robustness issue.

A more elaborated scheme replacing figure 1.5 is shown in figure 10.1. The A/D and
D/A units represent analog—to—digital and digital-to—analog converters respectively
and S/P and P/S stand for serial-to—parallel and parallel-to-serial converters. It
is common to process the data in blocks, also called frames in this context. Frame—
based processing facilitates the supervision and control as “looking ahead” leads to
a more robust double—talk detection. Furthermore, block—based adaptive filters can
be called for, which have desirable properties as was shown in section 2.3.2. The
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Figure 10.1: Adaptive acoustic echo canceller with control : layout

acceptable frame length is typically in the order of tens of milliseconds and hence
corresponds to the length of elementary speech blocks.

10.1.1 Short—time energy

In acoustic echo cancellation short—time energy estimates are needed for stepsize
normalization in the adaptive filtering procedure on the one hand (see e.g. Eq. 2.28,
section 6.1.3, ...) and for far—end activity and double-talk detection in the “control”
algorithm on the other hand. For far—end and double-talk detection basically four
signals of interest are encountered : the far—end signal x, the near—end signal d,
the reconstructed far—end echo y and the error output e. The short—time energy of
each of these four signals E,, E4, E, and E. can then be computed. For stepsize
normalization only the energy E, of the far—end signal buffer has to be estimated.

For complexity reasons energy estimates E, are typically not recomputed from
scratch (i.e. as E, = x'x) but are obtained by up- and downdating. If for instance
a sample-based update is required, E, (k) can be computed as!

E,(k) = Ey(k — 1) + z[k]* — 2[k — N]? (10.1)

in which N is the time horizon over which the energy is computed. The cost for this
up— and downdate amounts to 4 real instructions per sample instead of 2N — 1 op.
if computed from scratch.

Many echo cancellation algorithms however are frame-based (figure 10.1), i.e. the
data is processed in block of, say, L samples. As a consequence block—based rather

LAs this chapter deals with acoustic echo cancellation all signals and the unknown system w
are assumed to be real-valued.
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than sample-based energy estimates are required. If N is a multiple of L for in-
stance, E,(n) can be computed as

E.(n)=E;(n—1)+e,—e (10.2)

n—

&

where e, = xx,, is the energy of the far-end buffer during frame n. Equation 10.2
2

reduces to 10.1 for L = 1 and e,, = x[n]*.
Formula 10.1 and 10.2 are not so robust however, as round—off errors could dominate
E, after a while. An appealing alternative, having the same low complexity, uses a
first—order IIR update, leading to

Ey(n) = (1 - B)Ex(n—1) + Ben. (10.3)

Round-off errors fade away as long as 0 < f < 2, for § € R. E, then is a smoothed
estimate of the far—end energy.

For the adaptive weight update equation (e.g. Eq. 2.28) the inverse of E, is
required. Inversion is an expensive operation on a DSPZ2. For small values of 3
however the inverse of E, may be updated instead of E, itself, leading to [36]

E,(n) '~ (1+B)E;(n—1)"' - Be,E,(n —1)"2 (10.4)

10.1.2 Far—end activity detection

Once the energies have been computed, some control decisions can be made. For
instance, if the far—end signal energy E, is lower than a certain threshold e, no
far-end stimulus is assumed to be present. The adaptation process is frozen and
the near—end signal d is passed to the output without correction (e = d), which is
symbolized by a controlled switch in the y—channel in figure 10.1. By continuing
the adaptation the adaptive filter(s) could drift away from the acoustic path replica
due to the activity of background noise at the near—end side.

E, might be recuperated from the normalization part of the adaptation algorithm as
stepsize normalization is mandatory and hence F, is computed anyway. However,
the horizon over which the energy is calculated does not always match the frame
length of the control algorithm.

More robust far—end activity detectors than the simple threshold—based energy
method presented here can be applied. More information on voice activity de-
tection and related topics can be found in [30] [32] [35] [72] [84] [88] [98] [127] [13§]
[140] [143] [144] [159] [183].

2An inversion takes 7 machine cycles on a TMS320C4x floating—point DSP for instance.
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10.1.3 Double—talk detection

As soon as a local near—end speaker is active or in the case of double talk, for which
both speakers are active, the adaptation process must be frozen. This is indicated in
figure 10.1 by a controlled switch in the adaptation arrow. Otherwise, the adaptive
filter is driven away from its Wiener solution by the local non—stationary source.
The adaptive coefficients would be moving around, agitated by the local source,
resulting in an annoying echo-like disturbance. Near—end speech detection is thus
crucial for a proper operation of the echo canceller.

Block—based algorithms can look into the near future and by doing so, (hopefully)
detect near—end speaker activity as soon as possible. In the case of double talk
this is a far from easy task as it comes down to the detection of speech in speech.
The onsets of speech are difficult to detect and to separate from a non—stationary
far—end signal. Furthermore, sudden changes in the acoustic path increase the error
energy and hence can be confused with an upcoming near—end source.

A double-talk detector that is too sensitive will generate a lot of false alarms. The
adaptation is regularly stopped, so the overall convergence speed will be low. On the
other hand, when the detector is critically tuned, even a slightly too late detection
of the near—end speech onset could lead to a significant misfit of the adaptive filter.

The echo path is supposed to attenuate the far-end signal level. Therefore, a
comparison between the far-end and near—end instantaneous energy, E, and Ejg,
gives an idea about near—end source activity. A threshold 0 < 7 < 1 can then be
defined. If now

Ey>T1E,, (10.5)

double talk is detected. Fine tuning threshold 7 is crucial however. This method is
not so robust. Another more advanced measure could be [128] :

EyE.

= —— 10.
2 + B2 (106)

P

p is smaller than 1 in the absence of double talk. When a local correspondent starts
to speak, p will rise.

The problem so far is that the adaptation is switched either off or on. A sliding
stepsize u may be more appropriate. Stepsize p can then vary between 0 (near—
end activity) and pimq. (only far—end activity) based on the probability that the
near—end source is active.

In [82] a correlation based method was proposed. In the absence of near—end speech
the loudspeaker and microphone signal are highly correlated. An estimate of the
attenuation oo = & {g—z} can then be updated. If the short-time energy E. of the
adaptive filter output is larger than expected (E. > aFE,), double talk occurs and
the adaptation must be stopped. By comparing the short—time and long—time
energies of both z and e, the activity at the far—end side as well as the level of the
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near—end background noise can be estimated. If no significant near—end activity is
detected the adaptation stepsize is computed based on this near—end background
noise level and the short—time error energy.

More advanced double-talk detectors are based on spectral content. Only that
part of the frequency spectrum that contains important speech information is then
analyzed. Twin—structures were also proposed and appeared to be more robust than
classical schemes [133]. Other double-talk detection algorithms and a comparison
study can be found in [8] [16] [173].

10.1.4 Post—processing

In practical applications a residual error g—z is observed at the output of the adap-
tive filter. This residual error is typically about -30 dB and depends on both the
algorithmic and the hardware quality of the setup. Reasons for the existence of the

residual error are :

e the slow convergence of the adaptive algorithm

the finite length of the adaptive filter (undermodelling error)

e time—variations in the environment (resulting in a lag error)

local background noise (leading to an excess mean—squared error)

e wrong control decisions (double-talk misdetection)

nonlinear distortion (e.g. due to loudspeaker nonlinearities [9])

A nonlinear enhancement module is typically inserted at the output of the echo
canceller to reduce the residual error. A very simple device removing the residual
error is the center clipper. It is a threshold device for which

Tin +0 Tin < —0
Tout = & 0 —0< i <6 (10.7)
Tin — ) Tin > )

Threshold § is a positive constant typically of the same order of magnitude as
the mean background noise level. Remark that the center clipper also clips the
near—end signal. Too high thresholds § would result in an unacceptable near—end
signal distortion. More advanced post—processing units are then applied and rely
on spectral subtraction based noise attenuation or Wiener filtering for instance [11]
[155] [182].

In commercial echo cancellers the post—processing can often be considered as the
magic “black box” making the difference between a working algorithm that simply
reduces the echo and a vendible product that is appreciated by its users and that
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outperforms its competitors. Advanced post—processing modules not only reduce
the residual error, but also try to make the output of the echo canceller more natural
and pleasant to listen to.

Remark that a residual error will appear in practice, whatever adaptive filtering
algorithm is being used. This fact pleads in favor of subband adaptive filtering,
discussed in chapter 5, one of the disadvantages of which was the residual under-
modelling error. As long as this residual error stays below, say, -30 dB, it will be
masked by the residual error coming from the imperfections mentioned before and
hence can be removed by the post—processing as well. More crucial are the initial
convergence speed and the tracking capabilities of the adaptive filter.

10.2 Design examples and off-line comparison

In this section realistic tests will be performed with some of the adaptive algorithms
discussed in the previous chapters. The different adaptive filters are compared
and tested in an acoustic echo cancellation setup. For the tests a simulated echo
environment was used.

Experiment 10.1 In a first experiment the PBFDAF algorithm (chapter 6) is
considered. The recording room is a strongly reverberating 4 x 5 x 3 m? rectangular
office. Loudspeaker and microphone are close to each other (20 cm). A simulated
acoustic impulse response was generated using the image method presented in [4]
and is 250 ms long. The sampling frequency is 10 kHz.

First, the subband-normalized unconstrained PBFDAF was used to identify the
stationary acoustic path with a white noise reference input. The block length L
was taken equal to the filter partition length P and is 64. Hence, the input—output
delay of the algorithm is 12.7 ms. The FFT—size M was 128. The fullband equivalent
filter length Lpp was taken equal to 2432. The computational load is estimated
based on the results of section 6.4 and is 7.03 MFlops. The stepsize was optimized
to obtain the fastest convergence. The time evolution of the short—time energy of
the error output is shown in figure 10.2.

A subband-normalized constrained PBFDAF algorithm was also applied with the
same parameters, i.e. L =P = % =64 and Lrpp = 2432, representing a cost of
25.3 MFlops. It appears from figure 10.2 that thanks to the constrained updating
superior convergence behavior is obtained. \V4

Experiment 10.2 In a second experiment five adaptive algorithms are compared.
Two different input signals were applied to the adaptive filters :

1. Gaussian distributed white noise
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Figure 10.2: Short—time output energy for the PBFDAF

2. Gaussian distributed colored noise, which was obtained by filtering Gaussian
white noise with a first order lowpass IIR filter, having a pole at 0.9, i.e.

1
HG) = 151
Further, the algorithmic and environmental parameters are chosen so to simulate a
realistic acoustic echo cancellation scenario. The sampling frequency is assumed to
be 8 kHz. An artificial echo path of 250 ms was generated using the image method
of [4]. The loudspeaker-to-microphone distance is 10 cm and the volume of the
recording room is 3 x 3.2 x 2.6 m?. The reflection coefficients of the walls are chosen
equal to 0.85. This corresponds to a RTg reverberation time of 278 ms [60]. There
are no active local near—end sources and the acoustics are stationary.

Five adaptive algorithms are compared :
1. fullband normalized LMS (section 2.3.1) [NLMS]

2. standard subband adaptive filter with NLMS adaptation in the subbands (sec-
tion 5.1) [SUBI]
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| parameter | symbol |

equivalent fullband adaptive filter length Lrp
subband adaptive filter length Lsp
number of subbands, FFT size M
downsampling factor N
block length L
filter partition length P
stepsize relative to maximum stepsize 1/ Bmax
initial filter weights Wo
input—output delay in ms 0LO
estimated cost in MFlops Ce
simulated cost in MFlops using MATLAB® Cs
filter bank prototype filter length Ly
number of anti—causal filter taps L.
number of extra causal filter taps L.
number of iteration steps R

Table 10.1: Algorithmic parameters : definition

3. subband adaptive filter with NLMS adaptation in the subbands and extra
(anti-)causal filter taps (section 5.4.2) [SUB2]

4. subband-normalized unconstrained PBFDAF (section 6.1.2) [PBFDAF]
5. subband-normalized unconstrained PBFDRAP (section 8.1.1) [PBFDRAP]

For the subband adaptive filters a 16-band nearly—perfect reconstruction filter bank
set was designed. An up- and downdating mechanism as in Eq. 10.1 was applied to
normalize each of the five adaptation algorithms. Finally, for the PBFDRAP the
standard implementation of table 8.1 was applied.

The algorithmic parameters used in this experiment are defined in table 10.1. The
actual values of the parameters that were applied to each of the adaptive filters can
be found in table 10.2.

The error convergence curves for the setup with the white noise input are shown
in figure 10.3. For the PBFDRAP both the a-priori and the a—posteriori error
are shown. Recall from section 8.1.2 that for proper assessment of the quality of
the PBFDRAP model approximation the a—priori error should be considered. It
is observed that the NLMS algorithm shows the fastest convergence. Further, a
significant residual undermodelling error remains in the case of the first subband
adaptive filter SUBI.

The convergence curves for the colored noise input are shown in figure 10.4. Observe
that the performance of the NLMS now drops considerably, while the other algo-
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[ [ NLMS | SUBI | SUB2 | PBFDAF | PBFDRAP ||

Lrg 1152 | 1152 | 1296 1152 1152
Lss - 96 108 18 18
M - 16 16 128 128
N,L - 12 12 64 64
P - - - 64 64
4/ Pmax 0.5 0.5 0.5 0.5 0.5
Wo 0 0 0 0 0
0.0 0.125 | 16.6 | 31.6 15.9 15.9
Ce 369 | 832 | 9.28 3.02 5.76
Cs 46.2 | 129 | 14.2 5.90 11.1
L; - 110 | 110 - -
Lac 0 0 10 0 0
L. 0 0 2 0 0
R - - - - 2

Table 10.2: Parameter values for each of the five adaptive filters

rithms do not seem to suffer from the coloring of the input, thanks to the subband
processing.

The same conclusions can be drawn from table 10.3, in which the ERLE after 5
seconds, the initial convergence speed and the “time-to—20dB-ERLE” are given.
The initial convergence speed was computed based on the time the algorithm needs
to go from 3 dB to 10 dB ERLE. For the PBFDRAP two numbers are given. The
first corresponds to the a—priori error output, the second to the a—posteriori error

output.

Taking into account the observations from figures 10.3 and 10.4 and table 10.3 it
can be concluded that the NLMS algorithm is not a good candidate for acoustic
echo cancellation as the performance for colored inputs (cf. speech) is inferior and
the implementation cost is rather high. Taking all observations into account the
PBFDAF algorithm is preferred for this kind of application. v

10.3 A real-time implementation of an acoustic
echo canceller on DSP

A real-time acoustic echo cancellation system was programmed on DSP. It now
serves as a demo setup in the ESAT speech laboratory of the KULeuven to illustrate
the effectiveness of adaptive acoustic echo cancellation and the necessity of signal
enhancement techniques in hands—free communication systems. The echo canceller
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Figure 10.3: Error convergence curves for Gaussian white noise

basically consists of an adaptive filtering core and additional control software as in
figure 10.1. Several adaptive filters can be plugged in for evaluation and comparison.

10.3.1 DSP equipment

The echo canceller was programmed on two DSP boards, which are placed in a
VME-rack as shown in figure 10.5. The specifications of the DSP equipment are
briefly described in table 10.4.

For this application only two of the seven available DSPs are used. A 25-MIPS
TMS320C443-processor clocked at 50 MHz is responsible for the data acquisition.
The loudspeaker and microphone channel are first sampled at 16 kHz and are then
digitally downsampled to 8 kHz to minimize the aliasing distortion. The input
channels = and d are sent to a second processor, a 25-MIPS TMS320C40-DSP also
clocked at 50 MHz, which does the echo cancellation. The output samples e are
transferred back to the first DSP and after digital upsampling, they are sent to a
loudspeaker for evaluation.

3The TMS320C4x—family are standard floating—point DSPs from Texas Instruments.
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Error convergence curves for Gaussian colored noise
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Figure 10.4: Error convergence curves for Gaussian colored noise

10.3.2 Software

Different adaptive algorithms were implemented on the DSP system, mainly pro-
grammed in assembler language. In this way some specific DSP operations such as
circular addressing and parallel instructions are optimally used [153]. The different

I/O module
DBV4s |—=| DBV4 |— 9L
BOARD |==| BOARD -+

=

C40 C44

Figure 10.5: VME-based DSP system
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NLMS | SUB1 | SUB2 | PBFDAF | PBFDRAP
white noise 42.3 20.0 36.0 32.4 33.1/39.1
colored noise | 20.6 20.7 294 37.5 38.1/44.2

Table 10.3.a: ERLE in dB after 5 seconds

NLMS | SUB1 | SUB2 | PBFDAF | PBFDRAP
white noise 241 20.8 19.9 15.3 19.3/25.6
colored noise | 9.75 19.2 17.7 16.6 19.9/24 .4

dB

Table 10.3.b: Initial convergence speed % in <

NLMS | SUB1 | SUB2 | PBFDAF | PBFDRAP
white noise 0.89 4.95 1.34 1.59 1.31/0.85
colored noise | 4.43 2.04 1.68 1.69 1.27/0.83

Table 10.3.c: Time-to-20dB—ERLE in seconds

Table 10.3: Three performance indices for both the white and the colored noise
input

echo cancellation algorithms were first developed in MATLAB® and C and were
then programmed on the DSP system. For all algorithms there exist parallel ver-
sions in MATLAB® | C and on the DSPs, all giving consistent results up to within
machine precision.

The control algorithm we used is based on [82] and was mainly programmed in
C. Some of its features were already described in section 10.1.3. The adaptive
filtering algorithms available on DSP are the NLMS algorithm (section 2.3.1), the
subband-normalized unconstrained PBFDAF (section 6.1.2) and the unconstrained
PBFDRAP (section 8.1.1).

10.3.3 Experiments

Some tests were carried out in the ESAT speech laboratory of the KULeuven in
order to validate different sorts of algorithms under realistic conditions.

Experiment 10.3 A loudspeaker (far—end signal z) and a microphone (near—end
signal d) were placed 40 cm apart as shown in figure 10.6. In this first experiment
there was no near—end speaker present in the recording room. The acoustic path
was identified off-line and is shown in figure 10.7 for fs = 8 kHz. The room was
found to be moderately damped.

Then a white noise signal was sampled at 8 kHz and only the frequencies between
200 and 3700 Hz were retained using a bandpass filter. The noise signal was sent to
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|| board | # modules memory ||
SUN Sparc 4m 16 Mb DRAM
@ 110 MHz 2 Gb hard disk
LSI DBV41 1x TMS320C44 4 Mb Ows SRAM
@ 50 MHz

4x  AM/D16SA-200  f,_. =200 kHz
daughter modules 16 bit A/D D/A
2 ch. in & 2 ch. out

LSI DBV46 2X TMS320C40 4 Mb Ows SRAM
@ 50 MHz
1x 16 Mb shared DRAM
4x TMS320C44 1 Mb Ows SRAM
@ 50 MHz

Table 10.4: Specifications of the DSP setup

the far—end loudspeaker and its echo was recorded by the near—end side microphone.

Three adaptive algorithms are compared, which estimate the acoustic echo path
with an FIR filter of Lpp = 768 (96 ms) equivalent taps in the time domain? :

1. subband-normalized unconstrained PBFDAF with L = P = & = 64 (Eqs.
6.28 6.32 and G = I)

2. subband-normalized constrained PBFDAF® with L = P = % = 64 (Egs.
6.28-6.32 and 6.41)

3. NLMS (Eqs. 2.22, 2.23 and 2.28)

All data were processed in frames of 64 samples. The results are shown in figure
10.8. It is observed that after a fast initial convergence a residual error remains.
This is mainly due to the finite length of the adaptive filters. v

In practice the echo suppression will not go below approximately 30 dB as was
explained in section 10.1.4. Identifying very long acoustic paths is therefore not
advised. It will slow down the convergence while improving the error suppression
only marginally. By tracking only the dominant part of the acoustic path —100 ms
e.g., as was done in this experiment— sufficient echo suppression is obtained.

The largest adaptive filter that could be implemented in real-time on the DSP using
the unconstrained PBFDAF algorithm with L = P = % = 64 was 325 ms. For

4For more information on the algorithmic parameters we refer to previous chapters.
5No true DSP implementation was available for the constrained updating. The results were
therefore obtained in MATLAB® based on the recorded signals.
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Figure 10.6: Demo setup experiment 10.3

the NLMS algorithm this number was limited to 100 ms : the on—chip memory of
the C4x is very fast, but rather small and hence puts an upper bound on the filter
length of the NLMS adaptive filter.

Experiment 10.4 Returning to experiment 10.3, the execution times of the most
important blocks of the DSP—code were measured for the unconstrained PBFDAF
and the NLMS algorithm and are presented in table 10.5. The cost for the con-
strained updating or the PBFDRAP (standard implementation of table 8.1) can
easily be extrapolated based on this table. It should be mentioned that the compu-
tationally intensive parts of the algorithm were optimized in assembler. Only less
complex control operations were programmed in C.

It is observed that the PBFDAF is computationally more attractive than the NLMS
algorithm. Furthermore, as Lpp = 768 the NLMS filter coefficients fitted in the
small on—chip memory of the C40—processor. For larger filter lengths less efficient
memory banks have to be addressed, which strongly increases the execution time
for the NLMS. v

Experiment 10.5 Next, an experiment was set up to test the convergence and
tracking properties of some of the many algorithms that were discussed in the the-
sis. A clean speech signal, sampled at 16 kHz, was played through a loudspeaker
and recorded under realistic non—stationary acoustic conditions. The distance be-
tween loudspeaker and microphone was approximately 180 cm. The reverberation
time was computed following [60]. It appeared that RTg9 &~ 265 ms. The acous-
tic path was left unaltered during the first 15 seconds of the recording. During
the last 5 seconds the acoustic impulse response was substantially changed through
hand movements in between the loudspeaker and microphone. The amount of in-
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Figure 10.7: Acoustic impulse response of the ESAT speech laboratory, fs = 8 kHz

serted near—end background noise was kept to a minimum throughout the complete
recording. The following adaptive filtering algorithms are compared :

1.
2.

normalized LMS [Egs. 2.22, 2.23 and 2.28]

subband-normalized constrained PBFDAF (L = P = & = 256) [Eqs. 6.28-
6.32 and 6.41]

subband-normalized constrained PBFDRAP (L = P = & =256 and R = 5)
[Egs. 8.3-8.8 and 6.41]

subband adaptive filter with NLMS—based subband adaptation using nearly
perfect reconstruction filter banks [chapter 4 and 5], (M = 16, N = 12,
Lsp =148, Loe = 20, L, = 0, Ly = 110)°

subband adaptive filter with normalized fullband error adaptation [Eq. 7.13],
using the same filter bank set and parameters as the previous algorithm

The number of equivalent time—domain filter taps that were modelled equals 1536
for all algorithms, which corresponds to an echo path of 96 ms. The stepsize was

6Consult table 10.1 for symbol conventions.
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Figure 10.8: Convergence behavior of three adaptive algorithms : corresponds to
the subband—normalized unconstrained PBFDAF, to the subband—normalized
constrained PBFDAF and is the NLMS algorithm.

optimized for each algorithm such that the fastest convergence was obtained during
the first 3 seconds of the experiment. In figure 10.9 the different convergence curves
are shown. It is observed that after about 17 seconds the error suppression is reduced
somewhat due to the severe time variations of the acoustic path. The PBFDRAP
and the NLMS algorithm apparently have the best performance. Further, it appears
that in this experiment there is almost no difference in convergence behavior between
the standard subband adaptive filter and the subband system using the fullband
error adaptation algorithm. \V4

The good performance of the NLMS algorithm in experiment 10.5 should be rela-
tivized somewhat. This is proven by the following experiment.

Experiment 10.6 Experiment 10.5 was repeated : the same algorithms were
validated on the first 13.5 seconds, i.e. on the stationary part of the recording.
After 10.5 seconds the adaptation was switched off. It is observed from figure 10.10
that the error suppression reduces again as soon as the adaptation is switched off.
Although the error is suppressed significantly during the first 10.5 seconds, the
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cost per block Unconstrained NLMS
of 64 samples PBFDAF

fill signal buffers 579.9 us 310.9 us
first control block 840.9 us 846.3 us
copying frames 80.8 us -
FFT 342.0 us -
power estimation 52.5 us -
filtering 794.9 ps -
IFFT 381.4 us -
loop 98.6 us -
FFT 342.2 us -
gradient estimation 624.2 us -
adaptation 498.0 us -
NLMS—updating - 6046.7 us
second control block 22.3 ps 11.0 ps
nonlinear processing 261.0 us 251.2 us
total 4922 us 7478 us

Table 10.5: Execution times measured on a 25-MIPS TMS320C40 DSP

adaptive filters apparently have not converged sufficiently : a small error signal
does not automatically imply a good model. The effect is most prominent in the
case of the NLMS algorithm. Although the error output is small the acoustic model
is inferior to that of the other algorithms. v

The echo canceller was further validated through listening tests in the speech lab-
oratory, as shown in figure 10.11. Both the far-end and near—end source were
activated. The near—end speaker was simulated by another loudspeaker to which a
CD signal can be sent. In this way unwanted time—variations of the echo path by
speaker’s motion are avoided. Several tests were done under different conditions :
multiple signals ((colored) noise, speech, music, ...) were applied, the sampling rate
was changed and the source volume was modified.

Experiment 10.7 In a final experiment the setup of figure 10.11 was used to
test the acoustic echo cancellation algorithm under double—talk conditions. To the
far—end loudspeaker a prerecorded radio news signal x was sent. A set of isolated
words s were played through the near—end loudspeaker (about one word every 5
seconds). With a microphone the near—end signal d was recorded. The test was
carried out under stationary acoustics and with (almost) no background noise. Both
the far—end and the near—end signal were sampled at 8 kHz.

The echo path was modelled with the subband—normalized unconstrained PBFDAF.
Block length L and filter partition length P were 128 and the FFT-size M = 256.
The equivalent time—domain filter length Lrp was set to 896. In this way an echo
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Figure 10.9: Tracking experiment : simulation results

path of 112 ms is being modelled and the input/output delay of the algorithm is
31.875 ms. The energy estimates for the subband normalization were computed
following Eq. 10.3.

Apart from the adaptive filter a control algorithm was added that is based on [82].
At the output a center clipper was included as described by Eq. 10.7. The signals
were processed off-line using MATLAB®. A time estimation of the same algorithm
on DSP showed that using the settings described before 8027 us were needed per
128 input samples, which is twice as fast as real-time.

In figure 10.12 the near—end signal d and the error output e of the algorithm are
plotted at the top and at the bottom respectively. The middle curve shows the
adaptation stepsize u as defined in formula 6.35. Double—talk periods were identified
off-line and are shown in the same figure as well to serve as a reference to validate
the automatic double—talk detection algorithm. It is observed from the error curve
that the algorithm converges quite well and that after a while the near—-end words
can be clearly identified. In the near—end signal d they are almost completely
masked by the far-end radio news signal. Also the control algorithm is doing quite
well. The adaptation stepsize is kept to zero during double—talk periods. At the
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Figure 10.10: Tracking experiment : modelling validation

beginning of these periods large stepsizes are sporadically encountered due to too
late double-talk detection. This leads to audible (but acceptable) signal distortion,
which was confirmed by listening tests. Observe that as the double-talk detector is
far from optimal also during single-talk periods the adaptation is switched off from
time to time. \V4

The signals that are shown in figures 10.9, 10.10 and 10.12 can be downloaded from
http://www.esat.kuleuven.ac.be/ eneman/demo_echo

for evaluation.

10.4 Conclusions

In this chapter the acoustic echo cancellation problem was studied. Some realistic
experiments were carried out and different adaptive algorithms that were described
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in previous chapters of this work were compared.

In section 10.1 it was motivated that, apart from the adaptive filtering core, echo
cancellation systems require a control module, which basically steers the adaptation
speed of the adaptive filter(s). Double-talk detection there plays an important role.
Although accurate double-talk detection is crucial for proper operation of the echo
canceller, reliable detectors are hard to find. Misdetection and other algorithmic
artifacts can be neutralized by a post—processing unit, which is indispensable if high
quality echo cancellation is aimed at.

Several adaptive filtering algorithms were applied to the acoustic echo cancella-
tion problem and were compared in section 10.2. It appeared that the NLMS
algorithm is inferior to subband adaptive filtering if colored signals are involved.
Furthermore, it was shown that its implementation cost is higher. The PBFDRAP
algorithm and subband adaptive filters using the fullband error adaptation algo-
rithm have improved convergence characteristics, but at the expensive of a higher
implementation cost. In general, the PBFDAF algorithm offers the best overall
performance/cost-ratio and is hence preferred in most practical applications.

A real-time acoustic echo canceller was implemented on DSP. It was demonstrated
in section 10.3 that with a present—day real-time system acoustic channels up to
325 ms can be modelled using the unconstrained PBFDAF algorithm. For the
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Figure 10.12: Real-time acoustic echo cancellation experiment : simulation results

NLMS algorithm this number was limited to 100 ms : the on—chip memory of the
TMS320C4x processor is very fast, but rather small and hence puts a upper bound
on the filter length of the NLMS adaptive filter.



Chapter 11

Conclusions and Further
Research

In the first section of this chapter the global conclusions are formulated. In section
11.2 some suggestions are given for further research.

11.1 Conclusions

In part I of the thesis the design of perfect and nearly perfect reconstruction DFT
modulated filter banks was considered.

Perfect reconstruction filter bank design was discussed in chapter 3. Following the
method of [22] it was shown how the polyphase matrix of an oversampled DFT
modulated filter bank can be parameterized as a structured polynomial matrix and
a DFT operation. Conditions for perfect reconstruction input/output behavior were
formulated in terms of the synthesis polynomial matrix C(z). We considered the
Smith—-McMillan decomposition as a design method for perfect reconstruction DFT
modulated filter banks. Para—unitary filter bank design however turns out to be a
better alternative. A design method was discussed that was presented in [24]. It was
shown how DFT modulated filter banks can be parameterized and optimized leading
to a perfect reconstruction subband system with good bandpass characteristics. We
presented an extension to this method based on which the parameterization can
be further refined. Hence, the filter bank length can be better adjusted to the
design specifications. We further showed that appropriate starting values can be
determined using the inverse parametrization. In this way the optimization time is
reduced.
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In chapter 4 two design procedures for nearly perfect reconstruction oversampled
DFT modulated filter banks were presented. First we developed a frequency—
domain optimization algorithm that trades off the frequency selectivity of the filter
banks against the amplitude distortion between two neighboring bands. A mixed
time/frequency—domain design procedure was further proposed. Here, the frequency
selectivity and a measure for perfect reconstruction are weighed. It was shown by
means of an example that thanks to their better frequency characteristics nearly
perfect reconstruction systems outperform their perfect reconstruction counterparts
without introducing unacceptable audible distortion.

In part II we studied subband and frequency—domain adaptive filters.

The subband adaptive filter was examined in chapter 5. We made a comparison
with the standard fullband approach and gave an overview of the most important
properties. Three design criteria for appropriate subband modelling were presented.
They are necessary requirements to ensure satisfactory performance of the subband
adaptive filter. It was indicated that the downsampling operation inserts aliasing
components in the subbands, which hamper the convergence of the adaptive filters.
It was further shown that subband adaptive filters suffer from a residual undermod-
elling error. We derived a formula that describes the phenomenon and presented
two design methods from which the appropriate subband adaptive filter order can
be computed. Finally, we performed a cost analysis for the subband adaptive fil-
ter. It appeared that although the complexity gain w.r.t. the equivalent fullband
algorithm is less than expected, still a considerable complexity reduction can be
obtained.

In chapter 6 the Partitioned Block Frequency—Domain Adaptive Filter (PBFDAF)
was discussed. It is known from the literature that with the PBFDAF a substan-
tial cost reduction can be obtained w.r.t. the LMS algorithm, without introducing
unacceptable algorithmic delays. It was shown how the PBFDAF algorithm can
be derived from the Block—-LMS adaptive filter and some of its properties were dis-
cussed. We showed that an ambiguity can occur with the unconstrained PBFDAF,
which can easily be compensated for. Based on a graphical representation of the
algorithm it was shown that the PBFDAF fits into the subband adaptive frame-
work presented in chapter 5. Although the filter banks used by the PBFDAF have
a rather poor frequency selectivity, thanks to an extra error correction module the
algorithm has a superior convergence behavior compared to standard subband adap-
tive filters. It was also shown that two out of the three design criteria for subband
adaptive systems, which were formulated in chapter 5, are fulfilled by the PBFDAF.
Finally, we performed a cost analysis for the PBFDAF. It was illustrated how the
global cost changes as a function of different algorithmic parameters.

A fullband error adaptation scheme for subband adaptive filters was proposed in
chapter 7. This novel update scheme adjusts the subband filters by feeding back
the fullband error instead of using the subband errors as in a classical subband
adaptive system. Different variants of the adaptation algorithm were discussed and
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a cost analysis was performed. Although the fullband error adaptation scheme out-
performs the standard subband adaptive filter in terms of convergence behavior,
the computational cost is higher as the subband errors pass through the synthesis
filter bank twice. We furthermore proved that the weight updating of the uncon-
strained PBFDAF algorithm corresponds to that of the fullband error adaptation
algorithm if P is a multiple of L. This demonstrates that the fullband error adap-
tation algorithm can be considered as an extension of the PBFDAF overlap—save
error correction mechanism to a more general class of subband adaptive filters.

In part IIT the PBFDRAP algorithm was considered, which combines partitioned
block frequency—domain adaptive filtering and row action projection.

In chapter 8 the PBFDRAP algorithm was defined and its working mechanism
was explained. Next, the asymptotic properties of the algorithm were analyzed,
for which different algorithmic settings were considered. It was found that the
unnormalized unconstrained PBFDRAP approaches the unconstrained PBFDAF
that is normalized based on projected subband energies and that is adapted with
stepsize 1. The unnormalized constrained PBFDRAP approaches the PRA with
stepsize 1 by series expansion of the expensive matrix inverse operation. For the
subband—normalized PBFDRAP increasing the number of iteration steps has the
same effect as applying a larger stepsize. Stability is not guaranteed however for
the subband-normalized constrained PBFDRAP. Finally, it was shown that the
PBFDRAP outperforms the PBFDAF in a realistic echo cancellation setup.

In chapter 9 fast versions for the PBFDRAP algorithm were derived, leading to a
significant reduction of the computational complexity. The fast PBFDRAP variants
were compared with a standard implementation of the algorithm. It was verified
that a significant cost reduction can be obtained depending on the mode in which
the algorithm operates and depending on the choice of the parameters. Finally,
the unnormalized and globally normalized constrained PBFDRAP were compared
with the PRA algorithm. We concluded that for large block lengths, the iterated
PBFDRAP is a cheaper alternative to the PRA.

In part IV we described applications of our algorithms to the acoustic echo cancel-
lation problem. It was seen that the algorithms that were designed in the preceding
chapters can be successfully applied to a real-world signal enhancement setup.

We motivated in chapter 10 that, apart from the adaptive filtering core, echo can-
cellation systems require an adequate control module, which basically steers the
adaptation speed of the adaptive filter(s). Double-talk detection there plays an
important role. Although correct double-talk detection is crucial for proper op-
eration of the echo canceller it is difficult to design reliable and robust detectors.
Misdetection and other algorithmic artifacts can be neutralized by adding a post—
processing unit, which is indispensable if high quality echo cancellation is aimed
at. Several adaptive filtering algorithms were applied to the acoustic echo cancel-
lation problem for comparison. It appeared that the NLMS algorithm is inferior to
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subband echo cancellers if colored signals are involved and that its implementation
cost is higher. The PBFDAF algorithm showed the best performance/cost-ratio
and is hence preferred in many applications. A real-time acoustic echo canceller
was implemented on DSP. It was demonstrated that with a real-time system based
on the unconstrained PBFDAF algorithm acoustic channels up to 325 ms can be
modelled.

11.2 Suggestions for further research

In chapter 3 several design methods were presented for perfect reconstruction filter
banks. Through para—unitary parameterization perfect reconstruction DFT modu-
lated filter banks could be obtained. The order of these filter banks can be adjusted
to the designer’s wishes. However, it appears that only for certain filter orders, for
which a minimum number of coefficients is fixed to zero or one, the optimization
procedure easily converges to a solution with frequency selective spectral charac-
teristics. It is not clear whether more advanced techniques can be found by means
of which frequency—selective perfect reconstruction filter banks with arbitrary filter
order can be designed.

Further, throughout this thesis DFT modulated FIR filter banks were applied. Al-
though the different filters have uniform frequency characteristics the performance
of these filter banks is satisfactory in many practical applications. The main draw-
back of this approach is the inherent delay that is introduced by FIR filter banks.
It is known on the other hand that with IIR filters an equal frequency selectivity
can be obtained with a reduced filter order. On the other hand, polyphase decom-
position, which forms the basis of the considerable complexity reduction that can
be achieved with FIR filter banks, is not straightforwardly extendible to the IIR
case. It would be interesting to look into IIR-based filter banks and check whether
IIR perfect or nearly perfect reconstruction filter banks can easily be designed and
implemented at an acceptable cost.

In part II subband and frequency—domain adaptive filtering techniques were dis-
cussed. It appeared that the partitioned block frequency—domain adaptive filter
(PBFDAF) fits into the subband adaptive framework. Although the filter banks
used by the PBFDAF have a rather poor frequency selectivity, the algorithm easily
outperforms the standard subband adaptive filter in terms of cost and convergence
behavior. The leitmotiv throughout part II therefore was first trying to figure out
which properties of the PBFDAF make the algorithm perform so well, and then
finding a way to extend these properties to a more general class of subband adap-
tive filters. As a result three design criteria were specified and a fullband error
adaptation algorithm was proposed. Filter banks systems could be designed that
use this fullband error adaptation algorithm and fulfill the first and the second
criterion on frequency selectivity and perfect reconstruction. However, their per-
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formance was still inferior to that of the PBFDAF. It is believed that this inferior
performance is due to the fact that the third criterion on perfect path modelling
could up till now not be fulfilled for a more general class of subband adaptive filters,
unless infinite—order subband filters were employed. An interesting research topic
would therefore be to check first whether there are subband systems apart from
the PBFDAF that fulfill the third criterion with finite-length filters, and if so, how
they can be designed.

The fullband error adaptation algorithm, which was proposed in chapter 7, can be
considered as an extension of the PBFDAF overlap—save correction on the error
output to a more general class of subband adaptive filters. Apart from an overlap—
save compensation on the error also the weight vectors of the constrained PBFDAF
undergo a similar transformation. In the same way we could try to derive a general-
ized weight update equation for the subband adaptive filter. It would be interesting
to investigate the effect of such generalization on the overall performance of the
subband adaptive system.

In part IV several subband and frequency—domain adaptive algorithms were applied
to the acoustic echo cancellation problem to illustrate their validity and applicabil-
ity to this real-life engineering problem. As argued several times in the text, it is
believed that multirate techniques, of which the subband and the frequency—domain
adaptive filter are typical examples, are a powerful means to reduce the complexity
and to increase the performance w.r.t. standard fullband approaches in enhance-
ment applications were time—varying broadband signals such as speech are involved.
It would therefore be interesting to look also into other kind of enhancement ap-
plications, for instance noise reduction or dereverberation, to see whether subband
or frequency—domain techniques and their underlying principles can be successfully
applied to these applications as well.
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Appendix

A Some definitions related to matrix algebra

In this appendix a few matrix algebra definitions and properties are combined that
will be used and referred to in the thesis. A good reference on matrix algebra that
focuses on numerical aspects and implementation issues is [73].

Hermitian matrix

Matrix M is hermitian iff M = (M*)” = M. It can be shown that all the eigen-
values of a hermitian matrix are real.

Unitary matrix

A square complex matrix M is unitary if MM = M#M =1L

Positive (semi—)definite matrix
If M is hermitian and
xHMx > 0, vx € ¢}, (A1)

then M is a positive definite hermitian matrix. All the eigenvalues of a positive
definite matrix are strictly positive.

If M is hermitian and
xHMx > 0, vx € ¢, (A.2)

then M is positive semi—definite. All the eigenvalues of a positive semi—definite
matrix are positive.

Toeplitz matrix

An M x N matrix T has the Toeplitz structure if
T(m+1,n+1) =T(m,n) (A.3)

for all valuesm =0: M —2and n=0: N —2,i.e. T is constant along each of its
diagonals.
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Circulant matrix

An M x N matrix T is (right—)circulant if T is Toeplitz and
T(m+1,0) =T(m,N —1) (A4)
for all values m =0: M — 2.

If T is a square (M = N) right—circulant matrix, FTF' is diagonal, where F is
the M -dimensional DFT matrix. Hence, F~' are the eigenvectors of T. It can
furthermore be proven that the eigenvalues, i.e. the diagonal elements of FTF™!,
are the DFT coefficients of the first column of T.

Pseudo—circulant matrix

An M x N rational matrix! T(z) is called pseudo-circulant if for all m = 0 : M — 2
andn=0:N —2

[T(2)]m+1,n41 = [T(2)]m,n (A.5)
and
[T()mt1,0 = 27 [T(2)]m, N1 (A.6)
Paraconjugate
H(z) =H[(z" ) (A7)

is the paraconjugate of H(z).

Para—unitary matrix

An M x N rational matrix H(z) is para—unitary if
H(2)H(z) = dI, ce RT\ {0}. (A.8)

If H(z) is a square para—unitary polynomial matrix, %I;I(z) is the FIR inverse of
H(z) and hence

det H(z) =az % a€cR, a#0, dcZ. (A.9)

Unimodular matrix

An M x M rational matrix H(z) is unimodular if the determinant of H(z) is a
non-zero constant.

LA rational matriz is a matrix whose elements are rational transfer functions, i.e. a fraction of
two polynomials. A polynomial matriz is a matrix whose elements are polynomials.
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Singular value decomposition
The singular value decomposition of an M x N complex matrix M is given by
M =UxzvH (A.10)

where U is an M x M unitary matrix containing the left singular vectors, V is
an N x N unitary matrix with the right singular vectors and X is an M x N
pseudo—diagonal matrix containing o,,, the min{M, N} singular values of M :

¥y = [0 D } if M > N,
(M=N)xN D = diag{o,}, o0, € R".
3= [D OMX(NfM)] if M <N,
(A.11)
Pseudo—inverse
The pseudo—inverse of M is defined as
M = vxiu# (A.12)
where
2= D' Onym—n)] if M >N
t (A.13)
st = [ D } if M < N
O(N—myxm
D' is a diagonal matrix whose n-th diagonal element equals
1
— if o, >0
Df(n,n)={ 7" (A.14)
0 ifo, =0

with o, the n—th singular value of M and M = USVH the singular value decom-
position of M.

Smith—McMillan decomposition
The Smith—-McMillan decomposition of an M x N rational matrix H(z) is given by
H(z) = R(2)X(2)T(z) (A.15)

where R(z) and T(z) are respectively M x M and N x N unimodular matrices.
Further, ¥(z) is an M x N pseudo-diagonal polynomial matrix, which can be
expressed as

E(z):{ D(z) ] (A.16)

Om—N)xN
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if M > N, and as
B(z) = [D(2) Onrx(N—1p)] (A.17)

if M < N, with

D= | 5 _ (A.18)
0 ... duinm,np-1(2)

It can be proven [156] that d;(z) is a factor of d;+1(2) for 0 <4 < min{M,N} — 1.
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B.1 Proof of theorem 3.1

Theorem 3.1 B(z) is a structured M x N polynomial matriz, containing polyphase
components of the analysis prototype filter hg. Element (m,n) of B(z) is given by :
[B(Z)]m n Z_qHO(n+qN):K (ZQ) if (m - n) mod g =0

)

=0 if (m —n) mod g #0 (B-1)

in which 0 <m e N< M and 0 <n € IN< N. Further, (n+ qN) mod M = m,
from which q can be computed, g = ged(M,N), Q = % and K = MN [, (2) is
the k—th out of K polyphase components of the prototype filter ho[kT.

Proof: Starting from Eq. 3.1 and using Eq. 2.17, element (m,n) of B(z) can be
computed :

1 M-1 —
B =12 3 ¢ Hy, 0 (). (B.2)

Define K as the least common multiple of M and N, then K = PM = QN and P
and ) are coprime. Now as

hu[n + Kk it Kk = Nk
haln + NK| = huln+ N + Kk] if N+ Kk =Nk (B.3)
huln+(Q — UN + Kx] if (Q — )N + Kr = Nk,
with n,k,x € IN and h, the p—th analysis filter, then
Q-1
Hy o (2) =Y 27 Hy o (29). (B.4)
q=0

Using Egs. 2.2, 2.9 and 2.10 it can be shown that for the u—th analysis filter of a
DFT modulated filter bank

2n (vt KR)u

hulv + K] = holv + Krle™/ ™ @ 0<rvelN<K (B.5)

and that its z—transform is given by

2mvp 2mp K 2mvp

HHV:K(z):e_j M HOV:K(ej M z):e_j M Hy, . (2). (B.6)

Taking into account Eq. B.6, equation B.4 can be rewritten as

Q-1

_g —i2r(n+gN)p
HHn:N (Z) = Z z e M HO(n+qN);K (ZQ) (B7)
q=0
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Plugging in equation B.7 in Eq. B.2 :

M— Q-1
1 . 2rmp 27r(n+qN),,L
B)mn = 37 Doy e Ho, o (29) (BB)
=0 q=0
1 Q! —q M- jRmnomiaN)u
= M Z c HO(n+qN) K Z . (B.9)
q=0 n=0

In section B.2 it will be shown that there exists at most one value ¢ € IN smaller

than @) for which
M—1

Z e*jw (B].O)

©n=0
differs from 0 and that this unique value of ¢ exists if m — n is a multiple of
g = ged(M, N). In that case ¢ can be found from

{0<q€]N<Q (B.11)

n+qN =m+ pM, 0<peN<P

If condition B.11 is fulfilled, Eq. B.10 equals M and due to the uniqueness of ¢
equation B.9 reduces to

B(2)]mn = z_qu(nHN):K(zQ), (n+¢N)mod M =m (B.12)

provided m — n is a multiple of g. This completes the proof. O

B.2 Properties of B(z)

In section 3.1.1 and section B.1 it was shown that H(z) can be factorized as H(z) =
FB(z), with F an M x M DFT matrix and B(z) defined as (Eq. B.9 is repeated
here) :

M-1
[B(= ]m n Z z Ho(n+qzv) K Q) Z esz"("—’l\';IHN)#_ (B.13)

K is the least common multiple of M and N, K = PM = QN and P and () are
coprime. In order to simplify Eq. B.13 the last term

M-1

Z e*jw (B14)

n=0
is analyzed in more detail. In general we can state that

-1 M-1
Ze‘jhﬂ'ﬂ"": ZeOZM ifn=pM, peZ (B.15)

m=0
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and as it is a geometric series,

27rMn

__i2mmn ej -1 .
ZeJM :7:0 if dp€ Z:n=pM. (B.16)

27n

e Jr —1

Hence, Eq. B.14 will be different from 0 if a value p € Z can be found such that
n+qgN =m+ pM, m,n,q € N, (B.17)
with 0 <m < M,0<n<N and 0 < ¢ < Q. Equation B.17 is equivalent to
(n4+¢N) mod M =m. (B.18)

Asg< @, m < M and n < N, it follows that n+¢N < QN = K = PM. Therefore
p in Eq. B.17 has to be smaller than P.

If g is the greatest common divisor of M and N, then N = v,g and M = p,g, with

vy and p, coprime. As K 1s the least common multiple of M and N, K = N
This also implies that P = ? =vy and Q = <~ = py and hence also P and @) are
coprime.
Theorem B.1 There is at most one value ¢ € IN smaller than Q) for which
Z 27r(n m+qN)# (B].g)
in Eq. B.13 differs from 0.
Proof: Suppose there are two values for ¢ for which
N 2nm(n—m+qN)
D eI T . (B.20)
Then from Eq. B.17 it follows
n+qaN=m+p M & n+qgN =m+p,M
4
(1 —q@2)N = (p1—p2)M. (B.21)
Dividing Eq. B.21 by g leads to
(@1 —q2)P = (p1 — p2)@Q. (B.22)
As P and Q) are coprime,
G1=q+sQ & p =ps+tP with s,t € Z. (B.23)

As 0 < g1,0 € N < Q and 0 < p1,p2 € IN < P, Eq. B.23 can only hold for
S—t—O. So, p and ¢ in n + ¢N = m + pM must be unique. O
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Theorem B.2 Element (m,n) of B(z) can only be different from 0 if m —n is a
multiple of g.

Proof: Theorem B.1 proofs that there is at most one ¢ for which Eq. B.19 differs
from 0, i.e. at most one K—th order polyphase component of hg can contribute to
[B(2)]m,n- In order to find out for which (m,n) Eq. B.19 differs from 0, we check
if there exist p, ¢ € Z such that

n+qgN = m+pM (B.24)
=

n+queg = m+pugg (B.25)
=

m—n = (qy = Phg)y; (B.26)

in other words, m —n must be divisible by g. In that case [B(2)]m,» will be different
from zero. i

Theorem B.3 Entry (m,n) of B(z) contains the k—th (out of K) polyphase com-
ponent of the prototype hy if m = k mod M and n =k mod N.

Proof: From Eqs. B.12 and B.17 it follows that if the k—th polyphase component
of hy contributes to [B(2)]m,n,

k=n+¢N =m+pM. (B.27)

Now, every 0 < k£ € IN < K can be decomposed in an integer part and remainder
modulo M or N. At most one polyphase component k can contribute to entry (m,n)
(theorem B.1) and as decomposition B.27 is unambiguous for m,n,p,q, M, N € IN
and n < N and m < M, each polyphase filter has its unique entry (m,n). All K
polyphase filters are located at different places. Hence, B(z) has M N entries of
which only K = % can be non—zero, i.e. all entries for which m — n is divisible

by g. O

B.3 Proof of theorem 3.2

Theorem 3.2 If an M -band, N —fold downsampled filter bank set satisfies the per-
fect reconstruction condition, perfect reconstruction will also hold for N = %, with
N,N,p € Ny. Furthermore, it is found that the output/input level increases by a
factor p when N is divided by p.

Proof: Consider figure B.1, which shows a general subband scheme. The output
y can now be written as a function of the input x in the z—domain.
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Zo S0 Yo
Ho NV N} Go
z1 51 Y1
H, N ¢ N q\ Gy \
T Y
TM-1 SM—1 YM—1
Hpyy N N Gu-1
analysis filter bank synthesis filter bank

Figure B.1: A general subband scheme

As X, (2) = Hp(2) X (2) the m—th subband signal
| N2
(2) = — H,, (2 /N e i3 ) X (21/Ne3%F" B.28
S(Z)an_% (z/7e )X (2 e ) (B.28)

is found using Eq. 2.6. Hence, following Eq. 2.8

Yi(2) = % 1:2::: Hy, (26~ ) X (eI 5) (B.29)
is obtained such that finally
1 M—-1N-1 o o
Y(z) = N mz::() nz::() Gn(2)Hp(ze™ 7N )X (ze™7N ) (B.30)
1 NﬁlX(ze_jer") <le Gm(z)Hm(ze—j“T")> . (B.31)
N n=0 m=0

X (ze79*%") with n > 0 are aliased versions of X(z). A perfect reconstruction
system is obtained if Y (2) = 27 ¥ X (2), ¥ € NN, i.e. if

M-—1
> Guml(2)Hp(z) =Nz (B.32)
m=0
M-1
G(2)Hp(ze %) =0, forn=1:N—1 (B.33)
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are both fulfilled.

If we assume that Egs. B.32 and B 33 are satisfied for IV, it should now be proven
that they are also valid for N = , with N, N ,p € Ny, i.e. for all divisors of N.

It is found that for N—fold downsamphng

N—
Z ze R (Z G ze 12?)> (B.34)

n=0

/p 21rn 27r7|,

= Z 9 (ZG N”)) (B.35)
= ( )

as Eq. B.32 is still valid and

Y(z) =

ZIH

(B.36)

~iip N
ZG e ") =0, forii=1:—-1, (B.37)
because Eq. B.33 is valid for n = fip, i.e. n =p,2p,..., N — p. O

B.4 Proof of theorem 3.3

Theorem 3.3 After appropriate row and column permutations P and Q the analysis
polynomial matriz B(z) can be transformed into a block diagonal matrix

PB(2)Q = : : (B.38)
0 . Sg_l (Z)
consisting of g dense submatrices S,(z) of dimension M o N with g being the

greatest common divisor of M and N and v an integer between 0 and g — 1.

Proof: As g is the greatest common divisor of M and N,

M = gpq
I pg, vy € N: ¢ N =g, (B.39)

ged(pg,vg) = 1.
Now, Eq. B.12 can be written as
[B(2)]ks = Z_qHO(l+ngg):K (ZQ)v L+ qgvg =k + pgpyg (B.40)

= ZﬁqHO(’Y*’g()‘g*’qu)):K (ZQ): Y+ 9(Ag +avg) =7+ g(Ag + a + puy)
(B.41)
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using the fact that [ can be decomposed as v+ g\, and that k-1 = ag (see theorem
B.2) with v, A\; € IN, v < g and o € Z. Equation B.41 can be rewritten as

[B(Z)]kJ = Zqu0(1+g(Ag+qu)):gngg (Zug)’ Ag + qvg = kg +p/j’!} (B42)

defining k = (v+g\g) +ag = v+ gk, and using the fact that K = % and Q = %.
By comparing Eq. B.42 with B.12 it is observed that if k—I is a multiple of g, element

(k,1) of B(z) corresponds to the (k4, Ay)—th element of an % X % submatrix S, ()

[S'Y(Z)]Ngy)\g = z*qﬁéjjgﬂyg)(zug), Ag +qug = kg + Py (B.43)
with
() _
HO?%gHVg) (Z) - H0(7+9(/\g+ql/g)):gygug (Z) (B44)

As M and ¥ are coprime, S, (z) will be a dense matrix, i.e. all elements contain a
singlge polypilase component of B(z). Submatrix Sy(z) for instance can be regarded
as the analysis polyphase matrix of a DFT modulated filter bank with 2, %f
fold downsampled subbands that contains polyphase component Hggr:K(Z% with
0 < r < pgvy. Submatrices S, (z) for which v > 0 will have the same overall form
and equal delay structure as So(z). The polyphase component indices however are
augmented with v (see Eq. 3.58).

All elements on position (k,l) in B(z) whose column coordinate ! belongs to the
same remainder class v (with respect to g), are gathered in a single dense % x ¥
matrix S,(z). In this way the total of & non-zero elements of B(z) can be
divided in g subgroups, which can be shifted towards each other, resulting in the

decomposition presented in Eq. B.38. a

B.5 Proof of theorem 3.4

Theorem 3.4 By pre- and post-multiplication of S,(z) with appropriate para—
unitary diagonal matrices L (z) and R+(2)

$,(:9) = L, ()8, (=) R, (2), (B.45)

can be obtained, i.e. all elements of ,AS'V(ZQ) depend on 29.

Proof: Consider the following procedure, which is applicable to any of the sub-
matrices S,(z), defined by Eq. B.43. As all S,(z) have an equal delay structure
the same decomposition holds for all submatrices S (z).

Applying the following steps to S.(z) will result in a matrix S, (z?) depending on
Q
2¢.
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1. Multiply each column [ with z% so to get a first row containing anything but

zero delays. Referring to Eq. B.12, this comes down to looking for appropriate
integers ¢; and p; such that

N M
l+q—=p—. (B.46)
g g

In this way element (0,1) will be made delayless. Hence all elements on the

first row of
z . 0

S,(z) | .. : (B.47)

0 ... zivN/e—1

e

R, (2)

have zero delay.

. For each row k now values pgi, g € IN can be found such that

N M
l+qu— =k+pr—. (B.48)
g g
Combining Eq. B.48 with Eq. B.46 leads to
N M
(qrt — Ql); =k+ (P —pz)?- (B.49)

As column [ has been multiplied with the appropriate z%, the delay corre-
sponding to element (k,l) now equals Agy = qr — q;- From Eq. B.49 it

follows that
(k + (P — 1)) M
N .
The same reasoning holds for any other column [ on the same row. Hence,

(B.50)

Aqy =

(ke —m) — (Pki—pi))M
¥ .

(Agqri — Aqyp) € Z, 50 pri — pL — Py + pr must be a multiple of %, and hence
Agpy — Agyg is a multiple of % = Q.

(B.51)

Aqu — Aqyr =

Now for each row k, find the appropriate

(Sk = min {Aqkl} (B52)

all columns !
such that the minimum delay on each row of
AL 0 z90 . 0
S, =]+ .. S,z) | + .. (B.53)
0 ... z0m/e-1 0 ... zW/e1

L, (2) R, (2)
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is zero. For all 0 < I, € N < % it was proven that Agy — Agyy is a multiple
of ). Further, there is at least one filter having delay 0 on each row and
taking into account that the structure of the polynomial elements of S, (z) is
given by Eq. B.43, it follows that S., will depend on z%.

The procedure has been applied to example 3.1. The results are shown in Eq. 3.60.

It can easily be verified that L, (z) and R-(z) are para—unitary diagonal matrices.
So, if S, (2@) is para—unitary also S, (z) will be a para—unitary polynomial matrix.
O

B.6 Inverse decomposition of para—unitary lattices

Whereas in the decomposition problem (Eq. 3.61) M,(z) is parameterized such
that the underlying filter bank is para—unitary, inverse decomposition deals with
finding the unit-norm vectors v; and w; for a given M, (z).

The polyphase components of the prototype filter of a para—unitary filter bank can

A~

be put into submatrices S, (z) (Eq. 3.59). Now, if M > N each of the para—unitary
& M., M

submatrices S, (z) is rectangular and is embedded in a larger square 5 X <y matrix
M, (z). We repeat formula 3.61 :
M) (2) = Vi (2)Vi,—1(2) ... Vi(2)U. (B.54)
Vi(z) are degree—1 para—unitary building blocks :
Vi(z) =1 —vivi + 27 vv] (B.55)
and UTU = I. Further, v; are % x 1 column vectors having unit norm.
So,
S,(2) =M (2) = Vi, () Vi, -1 (2) .. Vi(2)Ul,x (B.56)
in which U|1:% contains the first % columns of U. By introducing
M) =V i(z). ..V (2)Ul,x (B.57)
it appears that
M () = Vi, ()M Y (z), (B.58)
From Eqs. B.55 and B.58 it follows that the z~ L —part of MEYL”)(,Z) is
VL, Va. (z_(LV_l)fpart of M(WL”il)(z)) , (B.59)

which is a rank—1 mat_riXL. Therefore vr,, can be found as the first left sin 1L11ar1vector
of the z=F~—part of MEY ’)(z). The next step will be the recovery of M, )(z)
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Consider the general case Where v; and VA )( ) are known and M( )(z) needs to
be found. Define A; =1 — vlvl and B; = vlvl . Now from Eq. B. 55

MY () = (A + 2" B)MY Y (2). (B.60)
Define l
M (z) =Y BNt (B.61)
k=0
then
ZHk) —k = (A, +27'By) Z ik .k, (B.62)
k=0

If it is assumed that Hz( )= 0fork<0andk > [, then
a = aa” +Ba"Y, Vi (B.63)

This leads to the following set of linear equations :

— 0 T
a" A, 0 ... 0 7
(1) -1
Hl B, A ... 0 (1)
. . . . . H,
= - _ . (B.64)
(1-1) 0 0 ... A .
H, : gD
_ A | 0 0 ... B H_,

Msfl)(z) can therefore be found based on M(l)( ) and the pseudo—inverse of the
double block diagonal matrix in the previous equation. Agam vi_1 is found as
the first left singular vector of the z~('""-part of matrix M( 1)(zg. This proce-
dure can be repeated until a zero—order rectangular orthonormal M, ( ) remains.
However, a square orthonormal matrlx U is needed to compute the u;’s. By QR~-
decomposmon of M( )( ) aset of £ — ¥ column vectors can be computed orthog—
onal to M( )( ). They can be combined with M( )( ) and serve as the ¥ — X

missing columns to form an orthonormal U. ! !
The decomposition of U is based on its Householder factorization (Eq. 3.63) :
U=0U,U,...Un_;. (B.65)

U, are Householder matrices : U, = I — 2ululT in which uw; are 2 x 1 column
vectors having unit norm. They can be contained in a description matrix having

the special format given in Eq. 3.66.

It can be proven (see [156]) that there exists a unit-norm vector u; such that

U,U=(I-2uu])U= [ [1) 19 } ,  with T/ T; =L (B.66)
1
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So, with U|; being the first column of U,
T 1
—2111111 U|1 = 0 —U|1. (B67)

Normalizing both sides

(B.68)

1
—211111{U|1 o |: 0 :| _U|1
V4U|[Twyulwu?U|, H[ 1 } —uj,
0

2

and taking into account that uf u; = 1 and that Ul|{ u; is a scalar,

|-l

(B.69)

u; = —

1
0
1
0

Il

From Eq. B.66 now T; can be computed. Applying Eqs. B.66 and B.69 recursively
to Ty leads to us. Ts can be computed from T; and uy using Eq. B.66. This
procedure can then further recursively be applied to obtain us,...,uax _;.

|-ul

2

is obtained.

B.7 Para—unitary parameterization for M = 2N

For the special case of 2—fold subband oversampling, i.e. for M = 2N, a more
dedicated parameterization can be applied. In this case so—called lattice rotation
angles are optimized instead of the parameter sets (v;,u;), as presented in section
3.3.2. A similar procedure can be applied to design perfect reconstruction cosine
modulated filter banks [156].

Para—unitary parameterization based on 2 X 1 lossless lattices

If M =2N, B(z) is a 2N x N matrix :

[ H00:2N (22) 0 ) e 0 1
0 H01:2N (zZ) U 0
_ 0 0 e HON—1:2N (Z2)
B(z) = 1 Hy (2 0 o g (B.70)
0 Z71H0N+1:2N (Zz) 0
L 0 0 ZﬁlHOszl:zN(Zz) |
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in which Hy, ,,(z) is the n—th out of 2N polyphase components of the prototype
filter ho[k] (see also Eq. 3.3). After appropriate row permutations a block diagonal
matrix

H00:2N (22) 0 0
2 Y Hop o (22) 0 0
0 H01:2N (zZ) 0
PB(z) = 0 Z_1H0N+1 an (27) 0 (B.71)
0 0 HON—1:2N (zZ)
L 0 0 Z_lHOZN—l:ZN(Z2) J

can be obtained. Hence, perfect reconstruction is guaranteed through para—unitarity

of the following set :
{ |: HOn:2N (Z) :| } (B72)
Hoxynon(2) 1S mon 1

which comes down to finding a set of N power complementary pairs :

{IN{OnﬂN (Z)Hon:2N (Z) + I:ION+n:2N (Z)H0N+n:2N (Z) = l}n:0—>N—1 (B73)

Power complementarity can be imposed by means of a 2—channel lossless lattices
[156].

A causal real-valued 2 x 1 lossless FIR system of order L,, can be factorized as

M) (2) = Ry, A(z)Rp, _1 ... RiA(2) [ cos o } (B.74)
—sin 6y
where R; are Givens rotations :
_ cosf; sing,

R, = [ —sinf; cos6; ] (B.75)

and A(z) is a first—order 2 x 2 para—unitary building block :

1 0

Az) = { 0 o-1 ] . (B.76)

A lossless lattice MF7)(2) is now assigned to each pair

{ Hljziflﬁ)@ ] - (B.77)

Starting from the lattice rotation angles ; the lattices M(¥»)(2) can be computed
using Eq. B.74. Then from Eq. B.71 B(z) and the prototype ho[k] can easily be
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Prototype filter amplitude response
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Prototype filter phase response
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Figure B.2: Perfect reconstruction 2—fold oversampled filter bank : prototype fre-
quency characteristic

obtained. A procedure optimizing the lattice rotation angles ; for all N power com-
plementary pairs finds a prototype filter with good lowpass characteristics. In this
way the inserted aliasing level due to the subsampling is minimized. The stopband
energy of holk] is computed and minimized using a steepest descent optimization
procedure.

Example B.1 An 8-channel perfect reconstruction filter bank set was designed
through optimization of Eqs. B.74-B.76. In this example M = 8 N = 4 and
L, =9 for each of the 4 power complementary pairs. The length of the prototype
filter is 80. The frequency characteristic of the analysis prototype is shown in figure
B.2. The aliasing level (Eq. 3.75) introduced by 1 filter bank is around -40.8 dB. A

By inverse decomposition of the lossless lattices the lattice rotation angles corre-
sponding to a prototype time response can be computed. This inverse parameteri-
zation can be used to find good starting values for the steepest descent optimization
procedure.
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Inverse decomposition of 2 X 1 lossless FIR systems

A causal real-valued 2 x 1 lossless FIR system of order L can be factorized as (see
also Egs. B.74-B.76) :

M) (2) = RLA(2) ... Ry A(z2) MY (2) (B.78)
where
M©D(z) = RiA(2) ... Ry A(2) { cos 6o ] : (B.79)
—sin fy
R, are Givens rotations
_ cosf; siné,
R, = [ —sinf; cos@; ] (B-80)
and A(z) is a first—order 2 x 2 para—unitary building block :
1 0
A(z) = { 0 51 ] . (B.81)
Call "
Wiy — | AV (2)
MO = | ol | (B.52)
then
A (2) = AD(2) cosh) + 27 'BY (2) sin 6 (B.83)
B (2) = —AD(2)sin ) + 2 BY(2) cos b, (B.84)

follow from Eqs. B.78, B.80, B.81 and B.82. By inversion of Egs. B.83 and B.84

AD(z) = A (2) cos§; — BHY (2)sin b, (B.85)
z7'BW(z) = A (2)sin g + BUT(2) cos b, (B.86)

is obtained. The order of A®(z) and B"W(z) is I, so they can be expressed as

l
AD(z) =Y allet (B.87)
k=0
l
BO(z) = ol (B.88)
k=0
From Eqgs. B.85-B.88
al’ = al"™™ cosb — b\ sing, (B.89)

b, = al"™sing + /" cosby,  Vk (B.90)
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are found. As al’ = b =0 for k <0 and k > 1,

al(fll) cosf; — bl(fll) sinf; = 0 (B.91)
a(()H_l) sing; + b(()H_l) cosf = 0. (B.92)
Hence,
l(l++11) pU+D)
— _ 0
6, = atan 0 = —atanW. (B.93)
I+1 0

Once M"*Y(2) and 6, are known, M()(z) can be obtained from Eqs. B.85 and
B.86.

Once the prototype is given M®) (z) can be computed for all lattices. Starting from
M) (2) and applying the same procedure MY~V (2) and 6y, can be computed. This
procedure can be recursively applied to M _1)(z) until all rotation angles 6; are
known.

B.8 Para—unitary DFT modulated filter banks revisited

In this section it will be proven that a para—unitary DFT modulated filter bank
as described by Eqs. 3.47, 3.48, 3.53 and 3.54 fulfills the perfect reconstruction
conditions presented in Eqgs. 4.15 and 4.16.

For an M—band, N—fold downsampled para—unitary DFT modulated filter bank
B(z)B(z) = Iy, (B.94)
of. Eq. 3.47. As H(z) = FB(z) (Eq. 3.53),
H(z)H(z) = M1y. (B.95)
Now the analysis polyphase matrix H(z) can be written as

P—-1
H(z) = > 2~'HY. (B.96)
[=0

H" is a matrix containing the [-th order coefficients of H(z), assuming that L; =
PN and P € IN. Element (m,n) of H therefore equals

HY (m,n) = hy[n + IN], (B.97)
which follows from Eq. 2.17.
In figure 4.4 and 4.5 matrices H and G were partitioned, resulting in
ho[pN] ... ho[pN + N —1]
H, = : : (B.98)
hy—1[pN] ... hpy—1[pN + N —1]
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and

go[pN] ... go[pN + N —1]
Gp = : : , (B.99)
gM,1@N] gM,1@N+N—1]

where 0 < p € IN < P. As for a para—unitary DFT modulated filter bank set Eq.
3.54 holds,

. |-
G'p = MHP?I?I) = MHPilipJ (B].OO)

is obtained, assuming that Ly = PN, P € IN and § = % — 1. Now, Eq. 4.14 can
be expressed as

P-1 P-1
_ 1 .
V= E : Ggflprpﬂz M E :JHpTHp+qJ> (B.101)
p=0 p=0

which should be unity for ¢ = 0 and zero elsewhere for perfect reconstruction.

Comparing Eq. B.97 with B.98 it appears that HY corresponds to H; as defined
in Eq. B.98. So, Eq. B.96 becomes

P-1
H(z) = ) z7'H,. (B.102)
=0

Hence, equation B.95 can be rewritten as

HT 4+ 21T 4 4 2P 1 Y Ho 4+ 27 H 4 -+ 2 P YHp ) = My,

(B.103)
being equivalent to
P—1
LN wTH, -1 t ding to 2° (B.104)
i » Hp = In erm corresponding to z .
p=0
pP-1
H;THp+q = Oy terms corresponding to 279, (B.105)
p=0

q € Zy, which is in accordance with Eqgs. 4.15, 4.16 and B.101.
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C Appendix to part II

C.1 Proof of theorem 5.2

Theorem 5.2 In the case of an M-band, N-fold downsampled ideally frequency
selective DF'T modulated filter bank the i—th subband adaptive filter f;[k] in a setup
as in figure 5.4 converges to

filk] = (w[m] * (e—j%smc(%)))m, (C.1)

i.e., filk] can be obtained by downsampling the convolution of the impulse response
of the unknown system w[k] and a modulated double—sided sinc.

Proof: Call z the input to the unknown system and d = w * x the output (see
figure 5.4), then ¢ and df can be related to z in the Fourier domain (apply Eq. 2.6
and change z into e/ = ¢/27/) :

S(edv) =

ZIH

N- s w— 27rn cw—27n
Z X(5F) (C.2)

cw—27n

Di(ei) = ZW SR () X (2, (C.3)

W (z) is the z—transform of w[k] and H;(z) is the i—th analysis filter. In the case of a
DFT modulated filter bank equation 2.10 can be applied, i.e. H;(z) = Ho(el % z).

Apparently, there is no simple relation between X? and D? due to the frequency
shifting and summation.

Lemma C.1 If the subband filters H;(z) in Egs. C.2 and C.3 are frequency
selective, i.e. the corresponding prototype filter Hy(z) is capable of blocking every
frequency component above 2fN, the N—fold downsampling will not introduce any
aliasing.

Proof: There will not be any overlap of different frequency components in this
case because a complex and frequency selective DFT modulated filter bank produces
subband signals having a joint, non—zero bandpass frequency spectrum with a band-
width equal to fw This is thanks to the lowpass characteristics of the prototype
filter.

In general, when a bandlimited signal s[k] with bandwidth fﬁ is N—fold downsam-
pled, the subsampled signal v[k] can be expressed as (Eq. 5.9) :

V(e = ZS T Nl (C.4)
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Aliasing would occur if for any w in V (e/*), there is more than one value of n for

w—27mn

which S(e/~~ ) #0.

Suppose there are 2 different values of n for which V' (e/*) is non-zero. Then S(e/®)

would be evaluated at 0 = % — 2“% and Qs = % — 27\?2, with ny,no € IN and

n1 #na. AsQy —Q = MN_M), S(e7?) would have to be evaluated at 2 values of

 being further apart than its bandwidth ZW” This would be in contradiction with
the assumption that s[k] is a bandlimited signal with bandwidth fﬁ &

Lemma C.2 The summation in Eqs. C.2 and C.3 runs over at most 2 values of n.

Proof: N-fold downsampling comes down to dividing the frequency spectrum in
N equal bins. The total input spectrum is scanned and evaluated going through
the different bins simultaneously at a sampling rate that is IV times lower than the
original sampling rate and summing the results together (see figure C.1 or Eq. C.4).
When different bins lead to scans having overlapping contributions, aliasing occurs.

1/M
n=1/q], 3 \ n=|q] n=0
\L 1/N 1/N f
~lql/N —lal/N
—i/M = —q/N

Figure C.1: Downsampling mechanism visualized

As there are N frequency bins in total the position of the n—th bin is given by
[5m% — &, 5% — %], whereas the i—th subband appears at [5% — 2, 5 — 77, With
n,i € IN. For uniformity reasons [—ﬁ -1, ﬁ], is considered as the fundamental
interval in this proof.

If index ¢ € Q in figure C.1 is now defined as
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it is observed that only the bins with index |¢]| and [¢] lead to non—zero contribu-
tions in Eqgs. C.2 and C.3

Y Hi(e T X (¢05F) (C-6)
n=|q],[q]

X () =

2=

cw—27n s w—2mn s w—2mn

Z W™ )Hi(e v )X(77 ), (C.7)
n=|q],[q]

D3 (e) =

2=

due to the bandlimited character of the subband signals. This proofs the lemma.
&

In general, ¢ is rational and there will be 2 values of n contributing. Within frame
n = [q], there is a contribution for 7+ — £ < &£ < L — % as can be observed

from figure C.1. The downsampling process folds these back to A < w < 7, with
A =m(—1+2[q] —2¢). (C.8)

Similarly, frame n = |¢| gives a contribution for -5 — L2 < 3

SN~ folded
back to —7m < w < A.

1 3
<3y

The subband filter to be identified is therefore :

w—2r[q] .
peiey 2 Dty ) i Asesm
¢ o Xl-s(ej‘”) - cw—2r|q] i ’
Wi~ ) if —m<w<A

As w rises from —7 to m, W (e/?) is being evaluated for increasing values of €,
except at w = A where () suddenly drops by QW’T

The time sequence f;[k] corresponding to (C.9) can be found by inverse Fourier
transformation (Eq. 2.4) :

1 ™

filk] = o Fi(e?*)el“* dw (C.10)
= i ’ W(ejw*zlzfrmJ )ej“’kdw + i /WW(ejW%\”rr(ﬂ )ejw'“dw (C.11)
Co2m ), 2m Jy '

N %—21\7;LQJ N 7r—21\7]rftﬂ
- Jvyeiv(NE) - Jvyeiv(NE)
5 | ranta) W(e')e du+27T /A_%rm W(el")e dv (C.12)
N N
N . .
= 2—/ W (e)el V8 dy, (C.13)
T Jp

with D = [*ﬂ*}@ﬂm 7 H&rm] U [Af%rm 7 ﬂf?vrm]
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N / Gi(e?)el"NE) dy (C.14)
2r J_,

= gi[kN]. (C.15)
Hence, f;[k] is an N—fold downsampled version of
gi[m] = Nw[m] x p;[m] (C.16)

in which p;[m] is a frequency clipper removing all frequency components outside D:

1 (7 .
pim] = — P;(e?)e!" ™ dv (C.17)
2 J_,
1 .
= — [ &""dv (C.18)
2 D
1 jvm
=== (C.19)
2 gm
1 O m _oi(==Fm | iR m (A5 m
= — . . (C.20)
2T Jm
If [¢] = lq] = ¢, D reduces to [—% — 2%‘1, N 2—]{#] and A = —w. Hence,
jimam
pi[m] = ¢ NN sinc(%). (C.21)
By inserting Eq. C.5
_jM
pilm] = & NM sinc(%) (C.22)
is obtained.
. 27 27
If [q] # L], Dis [ — 252, & - 22ll], hence
IR (A=m(2la]+1))
pilm] = %sinc(%) (C.23)
and by inserting Eqs. C.5 and C.8
—jimam
pilm] = £ N” sinc(%) (C.24)
T o C.25
=N SIHC(W) (C.25)

is obtained.

In both cases, P;(z) = P,(e? 3 z), so —as could be expected— the frequency clipper
P;(z) is just a frequency translated version of the lowpass clipper Py(z). This
translation corresponds to the frequency shift between H; and Hy. O
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C.2 Proof of theorem 5.3

Theorem 5.3 Consider the general adaptive filtering setup of figure 2.8. Define
L., x 1 vectors x and w, containing the input samples x and the coefficients of the
unknown system w respectively, and an Ly X 1 vector W representing the adaptive
filter. If Ly < Ly, W is an approximation of w modelling only a part of the unknown
system. Under these assumptions the expected minimum residual error is given by

-1
min E{[e[k]2} = E{|d[K]]2} — WP R, E (ETRME) 2 R,.w,  (C.26)

in which E{|d[K]|?} = wHR,,w and Ry, = E{xx}. Further, E is an L, x Ly
matriz containing ones and zeros indicating which coefficients of w are modelled,
such that elk] = wix — (Ew)Hx.

Proof: From figure 2.8 it is found that
e[k] = d[k] — y[k] (C.27)
H ) x, (C.28)

=w'x— (Ew

with E an L,, X Ly matrix containing ones and zeros indicating which coefficients
of w are modelled. For instance, if the coefficients w(Lg) till w(Lo + L, — 1) are
modelled, take
OroxL,
E= I, . (C.29)
O(L,—Lo—Ls)xLa
Now from Eq. C.28, it follows that

Wopt = argmin £{|e[k]|*} (C.30)
= argmin (w — Ew)? & {xx }(w — EW). (C.31)
If R, = &{xx} is defined, the cost function J = £{|e[k]|*} becomes
J = (w—Ew)T{xx}(w - Ew) (C.32)
= wiR,,w — wiR,,BEw — w!ETR,,w + w'ETR,,Ew  (C.33)

In order to find W,p the gradient of J w.r.t. w has to be computed.

Intermezzo
It is explained in [81] how the gradient of a real cost function w.r.t. a complex—
valued vector can be computed.

If J € R is a real scalar depending on w € CV such that
w-(0) +jwi(0)
W =W, +jw; = ) (C.34)
w, (N —1) +jw;(IN — 1)
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with w,., w; € ]RN, the gradient vector is defined as

oJ +] oJ

ow..(0) ow; (0)
vi=227 _ : . (C.35)
Ow 8J i aJ
W (N=1) T Jawi(N=D)
It is shown in [81] that
if J=wlx then 0J =x, (C.36)
ow*
oJ
if J=x"w then =0, (C.37)
ow*
. H oJ
if J=w'Rw then = Rw. (C.38)
ow*
[
By applying Eqs. C.35-C.38 to Eq. C.33 one finds
VvJ=-28"R,,w+2E"R,,.EW. (C.39)
Setting the gradient to 0 gives
E'R,,w = ETRyp EWopt (C.40)
such that
—1
Wopt = (ETRME) =R, W. (C.41)

If now z is a stationary white noise source, R,, = 02I,_ and hence by plugging in
Eq. C.29

Wopt = 2L w (C.42)

is found, i.e. Wop¢ exactly corresponds to

w(Lo)
: (C.43)
w(Lo+ Ly — 1)

If z is a stationary colored signal, it is assumed that z can be written as k *n, with
n a stationary white noise signal and x a coloring filter. Hence,

x = K¥"n, (C.44)
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with K an (L, + L, — 1) x L,, matrix such that

k[0] ... &[Lg—1] 0 ... 0 .. 0
KH 0 «[0] klLy,—1] ... 0 ... 0
0o ... 0 0 ... K[0] ... K[Lx—1]
(C.45)
From Eq. C.44 it follows that R,, = c2K”K and that
-1
Wopt = (ETKH KE) =TKHKw. (C.46)
Further from Eqs. C.33, C.40 and C.41,
min E{le[k]]*} = (W — EWopt) " Ryp (W — EWopt) (C.47)
= wiR,,w— WHRMEWON (C.48)
= &{|d[k]]*} — W R,z EWopt (C.49)
-1
= £{|d[K]]*} — W R, E (ETRME) = R,ow,  (C.50)

which completes the proof. a

C.3 Detailed complexity analysis for the subband adaptive
filter

In this section a detailed cost analysis will be performed for the subband adaptive
filter. We will assume that both the input signals  and d and the unknown system
w(k] (see figure 2.3) are real-valued and that f; is the sampling rate corresponding to
z and d. Further, Lgp is the length of the subband adaptive filters, M represents
the number of subbands and N is the downsampling factor. All filter banks are
assumed to be (modified) DFT modulated. The length of the analysis prototype
filter is L}, the length of the synthesis prototype filter is L}. More information on
the assumptions made for the cost computation can be found in section 2.4.

The major cost contributions are :

e the adaptive filtering cost
e the filter bank cost, which implies

— a DFT or IDFT operation

— cost of the structured polynomial matrices B(z) and C(z)
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Adaptive filtering cost

Recall that only about half of the subbands need to be processed as most subbands
are two by two complex conjugated. If the number of subbands M is even, two
subbands are real and only # of the M — 2 remaining complex bands have to
be computed thanks to the symmetry. For odd M, there is only one real band and
M-1

~5— complex bands to be processed.

In the sequel two variables will be used : n,, stands for the number of real subbands
to be processed and n., is the number of complex subbands to be processed. If M
is even, ny, = 2 and ne, = 232, For odd M on the other hand, n, = 1 and
M—1

5

Nep =

It will be assumed that the LMS adaptive filter is used to update the subband
filter weights. The cost for adapting an Lgp—taps filter using the LMS algorithm
amounts to (see section 2.3.1) 16Lgsp + 2 op. if complex signals are involved, and
4Lsp + 1 op. for real signals.

Hence, taking into account that n,; subband filters are updated using the real LMS
algorithm and ng filters using the complex LMS, and that all operations are done
at the lower sampling rate f—AS,, the total cost for the adaptive filtering part is

Caf = ((4Lsg + V)npp + (16Lsp + 2)ncp) % ops. (C.51)

fo

= (4Lspnys + 16Lspney + 2ncp + Nyp) N

ops. (C.52)

Filter bank implementation cost

In the general subband adaptive filtering scheme of figure 5.1 there are three filter
banks : one synthesis bank and two analysis banks. For this cost analysis it is
assumed that the filter banks are (modified) DFT modulated and FIR.

For the analysis banks, the incoming signals are fed into an N—th order tapped delay
line and are subsequently N—fold subsampled (figure 5.2). The filter bank operations
come down to a multiplication of the set of delayed and downsampled signals with
a polyphase matrix H(z). As shown in section 5.1.5, H(z) can be factorized as
FB(z) in which F is the M x M DFT matrix and B(z) is a real-valued structured
M x N matrix containing the K = lem(M, N) polyphase components of the filter
bank prototype filter ho[k]. To the synthesis part an analogous decomposition does

apply.

Computation of B(z)
It was shown in section 3.1.1 (see Eq. 3.3) that

B(2)],,, = 27 Ho 4 onyx (zQ) if (m—n)modg=0

)

= 0 if (m —n) mod g # 0, (C.33)
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with ¢ = ged(M,N) and @ = M/g, i.e. the entries of B(z) contain products of
upsampled polyphase components HO(n+qN);K(ZQ) of the analysis prototype Ho(z)
and signal delays z79.

L;% is the length of the analysis prototype Ho(z). If it is assumed that L;% is a
multiple of K, the length of Ho, , (29) equals %Q As Q —1 (L)gt of the @
elements of Ho, ., (29) are zero, the effective filter length equals 7. As there
are K polyphase components in total the number of elementary filtering operations
required for B(z) is K¢ = L$. Hence, the computational load corresponding to

B(z) is equivalent to that of a single Lj-taps FIR filter.

On DSP processors elementary FIR filtering operations (MACs) can be computed
efficiently in one machine cycle. However, here it is assumed that the filtering
operations are explicitly computed as a multiplication and an addition.

Recall that all filtering operations are real (also those in the synthesis filter bank)
and are done at the lower sampling rate. The total cost therefore amounts to
KQ2# -1)= 2L} — K op. The synthesis bank prototype polyphase matrix C(z)
is completely analogous and hence also requires 2L} — K op.

The filter contributions are added up resulting in M entries for the DFT matrix.

On each row of B(z) there are % polyphase components. This requires another

M(% —1) = K — M additions. For the synthesis bank the equivalent formula is
K —N.

This leads to a total number of

cbr = (2LF — M)% ops. (C.54)
for the computation of B(z) and
s fS
ez = (2LF — N)N ops. (C.55)

for C(z).

Frequency—domain transformation

Whenever M is a power of 2, the (I)DFT matrix can be implemented efficiently
by means of an (I)FFT. For an M —point real-input FFT 2M log, M —4M + 6 op.
are counted, whereas 2M log, M op. for an M-point real-output IFFT (see also
section 2.4).

When M # 27,r € IN, less efficient computational schemes have to be called for. In
the worst case the product of the (I)DFT matrix with the signal vector should be
explicitly computed.

In the case of an explicit computation of the matrix—vector product for the analysis
part only half of the DFT matrix is needed as the complex subbands are complex
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conjugated. For the real subband(s) M — 1 real additions/subtractions need to be
done, leading to n,;(M — 1) 4+ ngp(4M — 2) op.

For the synthesis part the product of a signal vector u with the M x M IDFT
matrix has to be computed. Now, the i—th output of this matrix—vector product is

| M
ui = 7 mz_:o e/ "M u(m). (C.56)
As, if M is even, u(m) = u*(M —m) for m =1: M — 1, Eq. C.56 becomes

M 2rmi -2m(M—m)i

Mu; = 0(0) + (=D'u(—) + D e ¥ u(m) + ¢/~ u(M —m) (C.57)

= u(0) + (—1)’2(%) + 3 5 u(m) + e 55w (m) (C.58)
= u(0) + (~D'uE) +2 Y R {e F uim)} (C.59)

So, the matrix—vector product requires 2M? —3M = 4Mn, + M (n,, — 1) op. For
odd values of M

Mu; = u(0) + Z ej%g(m) + el 2W(MM_m)ig(M —m) (C.60)
=1
= u(0)+ Y &/ u(m) + e 5w (m) (C.61)
m=1
—u0)+2> R {ej 2Wiu(m)} (C.62)
m=1

is obtained, the cost being also 4Mn., + M (n,;, — 1) op. in this case.

Total cost

Summing all partial cost factors together and taking into account that there are
two analysis filter banks and one synthesis filter bank leads to

c = (4L53nrb + 16Lspney + 2nep + npp + 2(2L(} - M) + (2L§c — N)

+2(2M logy M — 4M + 6) + (2M log, M)) % ops. (C.63)
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= (4Lspnpy + 16Lspncy + 2ney + npp + 4L + 2L%
+6M log, M — N — 10M + 12) % ops. (C.64)
if M =2",r € IN and
¢ = (4Lspnyy + 16Lspncy + 2ney + npp + 2(2LG — M) + (2L — N)

+2(nrb(M - 1) + ncb(4M - 2)) + M(4ncb + Ny — 1)) % ops. (065)

= (4L53nrb + 16Lspney — 2nep — npp + 4L31c + 2L§c - N

—3M + 3Mn, + 12Mn.) fN ops. (C.66)

for M #2",r € IN.

C.4 Proof of theorem 6.1

Theorem 6.1 A random value € can appear as an extra (P + q + 1)—st element of
wl(,n) in equation 6.27 if ¢ = 0:0—1and p=0: L% — 2 and as long as it is
compensated for, at the (q + 1)-st element of wéi)l for instance.

Proof: It is observed from Egs. 6.5, 6.6, 6.7 and 6.13 that if [0 IL] F_lxl(,n)ﬂl(,n)
is added to Eq. 6.14 such that

0 L]F'XMw = [0 L]X, n" (C.67)
_ 0(Pq)x1
=0 I,]X,, € (C.68)
O(M—P—g-1)x1

=€ |g(n+ DL—pP—P—q-1||L  (C69)
rl(n+ 1)L —pP — P — g]

is obtained. As X,,,, defined by Eq. 6.7, is circulant Eq. C.69 contains a set of
subsequent samples of = only if

(n+1)L—pP—-M+1 (C.70)

M-P-L (C.71)
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such that Eq. C.69 becomes
z[(n+1)L —pP — P —q—L+1]
—1 n)x,.(n) _ .
[0 L]F X[ w = e : (C.72)
z[(n+1)L —pP — P —q]
_ T 0q><1
[0 Ip] X pt1 € . (C.73)
Ovr—1-g)x1

Hence, the extra (P+g+1)-st element of ro;)n) can be compensated for at rol(ﬁr)l (g+1).

If now ¢ % uP with u € INy, values can also be exchanged between vector rol(,n) and
vector roprjr)Hu :

T O(q—uP)Xl
0 IJF'XMw™ = [0 I.]X, 100 € (C.74)
O(Mm—1-g+uP)x1

or e.g. can be spread out over ml(,i)l and ml(,i)Hu. Observe also that p cannot be

equal to L% —1lin Egs. C.67-C.74 as X 1, does not exist.
TP

Observe from Eq. C.69 that for values of ¢ equal to or larger than M —P—L+1 =0
(cf. Eq. C.71), aliased components of z are inserted in

LrB
=EB 1

yo=[0 L]JF" Xwi,

p=0
which has an negative effect on the convergence of the adaptive filters. Hence, the
adaptive filter will not converge to a solution for which ¢ > o unless e = 0. As a
consequence, after convergence random values € are only encountered as an extra
(P + q + 1)—st element of w,(,n) provided g =0:0 —1 and p=0: £ — 2, which

P
concludes the proof. a

C.5 Proof of theorem 6.2

Theorem 6.2 The ambiguity can be removed by taking into account L + o instead
of L samples to determine the error e™ . Therefore Eqs. 6.29 and 6.30 are slightly
changed into

0 dnL — o + 1]

d{(n + 1)Ll

n Op_1 0 1 n n
yu_[ . IW]F S XMW, (C.76)

p=0
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Proof: It is observed that in this case Eq. C.69 becomes

[0 L] FOXVW =€ | iy 1)L —pp—pP—q—1]| | L+o- (CTD)
z[(n+ 1)L —pP — P —q]

Hence, a set of subsequent samples of x is obtained if
q<M—-P—-L-o, (C.78)

i.e. ¢ < —1, which is not possible. Vector y,, would therefore always contain aliased
components of x. Hence, all € have to be 0 if the algorithm has converged. a

C.6 “Time-reversed” PBFDAF

Eqs. 6.28-6.32 define the PBFDAF algorithm. Remark that in Eq. 6.28, 6.30
and 6.31 the most recent samples are encountered in the lower part of the signal
vectors. Here, we will derive an equivalent formulation of the PBFDAF algorithm
with time-reversed buffers, i.e. with the most recent samples encountered at the
top. The “time-reversed” PBFDAF is the mathematical equivalent of the signal
flow graph shown in figure 6.3.

By time-reversing the filter equation 6.29,

- - trs
m_ | 0 -1 () (1)
=10 0prs, |TF 1)2::0 XM w (C.79)
Lﬂ_l
_ [ 0 Jp 3 FIF ' XWFFHFHIF1w(®  (C.80
10 0pig, | I;) Lp w,"  (C.80)
_ - tre
_ | 0 -1 () ()
T 1 0 Op_ite F Z: X, % (C81)
L B p—O
is obtained with
wi = FIF tw( (C.82)
and )
o\ -1 —-H
X, = FIF'X(WFF~1. (C.83)
It can easily be verified that
FF Y =FF ' =F HF =F 'F¥ = 1 O“Ml} : (C.84)
Op—1x1 Jm—t

Hence, from Eq. C.82 it follows that ﬁl(,”) is obtained by swappin E,(,")(l) till
wi (M = 1). If now w\® = F'w'" is a real-valued vector, then w," = wi
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Further, as Xl(,n) is a diagonal matrix, F_lzl(,n)F in Eq. C.83 is a right—circulant
matrix and therefore the DFT coefficients of its first column are the diagonal ele-
ments of Xl(,") (see appendix A). Hence,

zl[(n+1)L —pP—-M+1] ... z[(n+1)L—pP — M + 2]
F'XWF = : : (C.85)
z[(n + 1)L — pP] ... z[(n+1)L—pP — M +1]
Now,
X" = FIFXME)FHFF (C.86)
= FX, ,F! (C.87)
is found and from Eqgs. C.84 and C.85 the right—circulant matrix
< _ “iygmpy |10
Xnp = JETXVF) {0 JM1:| (C.88)
z[(n + 1)L — pP] ... z[(n+1)L —pP —1]
z[(n+1)L—pP-M+1] ... z[(n + 1)L — pP]

can be obtained. From Eqs. C.87 and C.89 it is now observed that
" z[(n+ 1)L — pP]

X, =diag{F : , (C.90)
z[(n+ 1)L —pP — M + 1]

which corresponds to a “time-reversed” version of XI(,”).

By time-reversing also the other equations of the PBFDAF, Egs. 6.30 and 6.31 for
instance become

d[(n + 1)L]
gam = | 0 : , (C.91)
0 0P71+o' :
d[(n+ 1)L — M +1]
and
Jel = Ja® — gy, (C.92)

Hence, Egs. C.81, C.90, C.91 and C.92 replace Eqs. 6.28-6.31. All vectors appear
to be “time-reversed”.

The same transformation can be applied to the weight update equation (Eq. 6.32)
of the PBFDAF. Using Eqgs. C.82 and C.84, we obtain

w(D) w4 GAX(W Fel (C.93)
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FAP 1w 2 FAR-1w( 4 GAX (Y FIJe™, (C.94)
which reduces to

W) 2 () FF-TGAX () FIF ' FIe™. (C.95)

From Eq. C.83 it is observed that

X(" = FIF'X,"

P

FAF! (C.96)
and hence that

« H o (n)*
X = (x(")" = FAEX)Y PR (C.97)
= F X" FIF. (C.98)
Combining Egs. C.95 and C.98 leads to
W) 2 4 FFHGAF HFX" FIFFIF ' FJe) (C.99)
2 %"+ (FF7GFIF)(FF-7 AFTF)X" FIe™ (C.100)
2 %+ GAX) Fre, (C.101)
It is observed from Eq. C.84 that
A = FFPAF-HF (C.102)
1 0 1 0
RN cm

Diagonal matrix A can therefore be obtained by swapping diagonal elements A(1)
till A(M — 1). This is in according with the transformation of Eén) into ﬁl()”).
Furthermore,

]

G = FF “GFHF! (C.104)

B [(1) Jﬂ3—1:| G [(1) Jﬂg_l]' (C.105)

In the case of unconstrained updating G = I;; and hence also G = I,,. For the
constrained PBFDAF Eqs. 6.41 and C.84 are plugged in :

G = FF UF [Ig g] 2 Dl D (C.106)
1 o0 e 0]t o 1
_F{O JMJ {0 0} {0 JMJF (C.107)
{1 0 0]
=F{0 0 0 |F!. (C.108)
[0 0 Ip_,
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C.7 Proof of theorem 6.3

Theorem 6.3 For the constrained PBFDAF

[I, 0L ... O]F 'diag{F;(z)}F Zi:IL (C.109)

R(z)
is a pseudo—circulant L x L matriz. In the case of unconstrained updating Eq. C.109
is guaranteed to be pseudo—circulant only after convergence.

Proof: On page 129 it was shown that
F 'diag{F;(2)}F = M(z) = IM(2)J (C.110)

with M(z) = F~'diag{ F;(2)}F and Fj(z) the subband adaptive filters of the inter-
mediate scheme 6.2.

It is known from appendix A that
F~'diag{F;(z)}F = M(z) (C.111)

is a circulant matrix and that the filters Fj(z) correspond to the DFT coeffi-
cients of the first column of M(z). Now, from Eq. C.110 it is observed that
M(z) = IM(2)J = MT(Z) as M(z) is circulant. Hence, the filters F}(z) correspond
to the DFT coefficients of the first row of M(z).

Eq. 6.45 shows how the frequency—domain transformed filter partitions ﬂ,(,n) relate
to the filters Fj(z). As the filters F;(z) correspond to the DFT coefficients of the
first column of M(z) it follows from Eqs. 6.45 and 6.27 that this first column of

M(z) is given by

LFiBfl LFB —1
P » P (n)
F! Z ﬂl()”)z*pf = Z {WOP }z”b (C.112)
p=0 p=0
Flen
(n) —pk
| 2 W (C.113)
p=0
L Ov-pPyx1
Wo(z£) ]
= |Wpalem)| (C.114)
0
L 0 _
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in which W), (2) is the p-th out of P polyphase components of ™ ie.

Wy(z) = Z w™[p+ Pk] z7F. (C.115)
k=0
Observe that Eq. 6.27 and hence Eq. C.114 are valid only for the constrained

PBFDAF and for the converged unconstrained PBFDAF with ambiguity compen-
sation. For the unconstrained PBFDAF without ambiguity compensation

[ WO(Z%) 1
LFiBfl ;
) £ |Weoiio (1)
F'oy o wizre = |P-lte (C.116)
p=0 0
L 0 _

will be valid after convergence, in which the filters W, (z) don’t have a direct physical
meaning.

Hence, for the constrained PBFDAF

[ Wo(27T) 0 o W(zT) ]
Wo(z1)
T ol It
Wp_1(z2T) : ’ 0
0 Wp_1(2T) :
I 0 0 Wo(zT) |

is found. The subband filters F;(z) are the DFT coefficients of the first row of M(z),
ie.

W) ) Wl )
Wo(2%) 5 5
P 0 - [1 0 } Wp_1(2%) | Ea._C5a [1 0 } F Wp_1(2T)
: 0 Ju—1 0 0 Ju—1 0 ’
Wi (2T) :
L 0 i L 0
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hence

Fo(z) = Fo(z) (C.119)
Fu(2) = Fyrom(2), form=1:M—1. (C.120)

If furthermore the input signals = and d and the unknown system w are real,
Fn(z) = E}(2), Ym.

If Egs. 6.55, C.110 and C.117 are plugged in in Eq. 5.7

Wo(2Z) ... ...  Wp(zZ) 0 cee ... 0
B
0 . Wol(zT) . Wpoa(zZ) 0 ... 0
(C.121)
is obtained. Using Eq. 6.51 equation C.121 can also be written as
Wo(2Z) ... Wpoi(zf)] 2.4 War(22) ... Wypar 1(2L)
0 +2 7" : - :
0 0 Wo(z%) n=1 WnL7L+1(Z%) WnL(Z%)
0 0 0
| Weoi(zZ) ... 0 0
+z L ] ) (C.122)
Wp_pi1(22) ... Wp_1(22) 0

Hence, element (i, j) of the L x L matrix C(z)F'diag{ F;(z) }FB(z) can be written
as

o0
— P
Z 27" Wiitnr (27

n=—oo

) with Wp(z) =0 if p<Oorp> P. (C.123)

For the unconstrained PBFDAF Eq. C.121 becomes

Wol(zZ) ... o Wpieo1(zT) ... 0
: : B(z). (C.124)
0 ... Wo(z1) oo Wpyo 1(2T)

Hence, in this case element (i, j) of C(z)F~'diag{Fi(z)}FB(z) is given by

S TWiiipnr(2T),  with Wy(2) =0 ifp<Oorp>P+o. (C.125)

n=-—0o0
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An L x L matrix T(z) is pseudo—circulant if for all 4 =0: L —2and j=0: L —2
(see also appendix A)
[T(2)]it1,541 = [T(2)]i; (C.126)
and
T irr0 = = T 1. (Cc.127)

Expression C.123 and C.125 depend on j—t, hence all elements on the same diagonal
are equal. Furthermore, element (i, L — 1) of Eq. C.123 is

o0 o0
_ P m=n+l _ P
E 27" Wiroiignrn(2T) = 2 E 27" W_iciymr (2T

n=—oo m=—00

), (C.128)

which is element (i + 1,0) multiplied by z. The same holds for Eq. C.125. Hence
equation C.109 is indeed pseudo—circulant. O

C.8 Proof of theorem 6.4

Theorem 6.4 A time—invariant finite—order system can be exactly modelled by the
PBFDAF adaptive filter with a finite number of filter coefficients if P is a multiple
of L.

Proof: From Egs. 5.7, 5.8 and C.123 we know that for the constrained PBFDAF
equation 6.59 models the following time—invariant system :

o0

L—-1
W(z) =2 E DN N 2w, (2F) (C.129)

[=0 n=—o0
P-1

=z DN 2w, () (C.130)
p=0

in which W), are the P—th order polyphase components of the fullband adaptive
filter w(™. Eq. C.130 is also valid for the unconstrained PBFDAF with ambiguity
compensation after convergence.

For the unconstrained PBFDAF without ambiguity compensation the equivalent
expression is (see also Eq. C.125)

P—1+4+0
W(z)=2"""1 N 2P, (2h), (C.131)
p=0

which is valid only after convergence.

If the filters W), or Wp have finite length and P is a multiple of L, also the F;
will be finite length filters because of Eq. C.110, and hence exact modelling of a
finite—order system w using finite-length filters F;(z) is possible. ad
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C.9

Appendices

Complexity analysis for the PBFDAF

In this section the global cost for the PBFDAF will be computed. We will refer to
formulas 6.28—6.32 and the concepts presented in section 6.1.

It is assumed that :

fs is the sampling rate
Lpp is the equivalent fullband adaptive filter length
L is the block length

P is the filter partition length. The effective length of the subband filters is
therefore L%, hence p =0: L% — 1. It is further assumed that P is a divisor
of LFB-

M is the size of the (I)DFTs and is supposed to be a power of 2 such that
fast signal transforms can be called for.

all operations are done at the downsampled rate ff

only L%J + 1 out of M subbands need to be processed as the input signals x
and d and the unknown system w are assumed to be real-valued

other assumptions concerning the cost of elementary arithmetic operations
can be found in section 2.4

Recall that the update equations of the PBFDAF are summarized in table 8.1 for
R =1, including the results of this complexity analysis.

To process a block of L samples with the PBFDAF a number of algorithmic steps are
performed. Hereafter, the different algorithmic steps are enumerated chronologically
and a cost is assigned to each step :

1.

2.

for the computation of Eq. 6.28 one real-input FFT is counted if P is divisible
by L :

X 2 diag {Fx,} — 2Mlog, M —4M + 6 op.
On the other hand, L% FFTs are needed if P is not divisible by L.
normalization :

e no normalization

@ = constant — 0 op.

A=ul
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e subband normalization (Eq. 6.35 and 6.39)

n n * n—Lrpp /L n—Lrpp /L *
Po =P g+ XX - Xm0 (x (e trn/n)

— 2% +1)) +2(Z +1) op.
A=uP;" — 8(& +1) op.

If L% < 2 it is better to compute P, directly from Eq. 6.36 instead of

using Eq. 6.39. In that case 2MLrs 4 4Lps _ M _ 1 op are counted
for P,. If P is not divisible by L Eq. 6.36 has to be applied anyway.
Note that 8 op. were counted for a real division. This value was obtained
from table 2.1 and also corresponds e.g. to the number of cycles for an
inversion plus multiplication on a TMS320C4x DSP.

e global normalization (Eq. 6.39 and 6.40)

P, = P(n_%) + X(()H)X(()n)* _ X(()’nfLFB/L) (X(()”*LFB/L))
— 2(3(5 +1)) +2(5 +1) op.

1 M—1
Pn:MmZ;OPn(m) — M +7 op.

n, = p/P, —> 8 op.
A=p,l
3. in each of the % + 1 subbands to be processed

(a) a complex filtering operation (Eq. 6.29) is done with L%ftaps filters :
LF_B,1
P
yW = > XWwl — 4Mles ygles A2 op.
p=0

(b) y(™ is computed, which requires an M—point real-output IFFT :
y( = {OA/B_L IOJ F_lz(n) —  2M log, M op.
4. for Eq.6.31
e =qm — y(® — L op.

are counted.
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5. for the weight update (Eq. 6.32)

(a) a real-input FFT is needed
e =Fe™ — 2Mlog, M —4M + 6 op.

weighing each subband wi e appropriate stepsize requires one multi-
b ighi h subband with th iate stepsi i 1ti
plication of a real and a complex number per subband

Q(An) =A™ — 2(% +1) op.
(c) for each subband and for each filter tap a complex multiplication is
needed to compute the gradient :
v, \QX;")*Q(ATL) — 6455 (LL + 1) op.
(d) gradient error correction
e unconstrained updating : no extra calculations involved
V, b4 V, — 0 op.

e constrained updating : for each p a real-input FFT and a real-
output IFFT are required

Vp IP 0 = L
V,=F [0 OM—P:| F'V, — =E(2Mlog, M —
4M + 6 + 2M log, M) op.

(e) ﬂén) has to be updated : one complex addition for each p and for each

subband

E;()TH_l) Vzpﬂl(,n) +V, — 2Lz 41)op.

This leads to the following global cost :

e unconstrained updating

— no normalization

f

s ML L
L (6Mlog, M +8—L2 4162522 _8M + L+12) ops.  (C.132)
L P P
— global normalization
% (6Mlog2 M+ 8M§;FB + 16% —3M + L+ 35) ops.  (C.133)

— subband normalization

ff <6M10g2M+8M§;FB + 16% +L+28> ops. (C.134)
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e constrained updating

— no normalization

% (2M10g2M (3+2LFB) +aMLrs | goLrs —8M+L+12) ops.

P P P
(C.135)
— global normalization
fs Lrp MLpp Lrs
: (2Mlog2M (3+2 = ) +a—5 £ 270 3M+L+35> ops.
(C.136)

— subband normalization

, L ML L
%<2M10g2M<3+2 ;B> 448 9ot +L+28> ops. (C.137)

P P

If P is not a multiple of L an extra of

% ((% - 1) (2M log, M —4M + 6)) ops. (C.138)

are required to compute Xé”).

An extra of

fs (MLen | Lrn M _
T (2 iz +4 P 5 9) ops. (C.139)

are needed if L% < 2 or if P is not a multiple of L.

C.10 Proof of theorem 7.1

Theorem 7.1 The weight update equation of the unconstrained PBFDAF
w2y m L A X" Fe) (C.140)

for which P is a multiple of L, corresponds to equation 7.33, which was obtained by

applying the fullband error adaptation update equation 7.138 to a subband systems
with the filter banks of the PBFDAF.

Proof: We first give a slightly different, but equivalent description of the fullband
error adaptation algorithm presented in paragraph 7.1. The definition of X,, and
w,, is changed and can be obtained by re—arranging the corresponding equations in
paragraph 7.1 :

vy £
| =[XW] ... X-Lss+1]| |, (C.141)
yS\T/}ll X _1(42)371

Yn Wn
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in which
Xo[] - 0
X[n] = : : MLy, (C.142)
0 Xn—1(n]
< v >
and
mln — Ly + 1] bl
x,.[n] = : , = : . (C.143)
Zm[1] yany

The other equations 7.4, 7.5, 7.6 and 7.7 are left unchanged.

Apparently, .
w, = Pw,, X,=X,P7, (C.144)

with P a permutation matrix, such that w, being a vector with Lgp blocks of M
elements is projected on w,, having M blocks of Lgp elements. It appears that
y,, = X, W, = X,,w,, has not changed. Hence, the set of equations C.141-C.143 is
equivalent to the definitions given in paragraph 7.1.

The weight update equations 7.13 and 7.33 are still valid with A = PTAP :

S H I, 0 —~1. 58
XnF{ o ou, }F es”. (C.145)

It was proven in section 6.2 that, if P is a multiple of L, the PBFDAF can be
regarded as a subband adaptive system for which in each of the M subbands there
is an adaptive FIR filter with L% non—zero coefficients.

Recall now Eqs. 6.28-6.32, which define the PBFDAF algorithm. In section C.6
an equivalent set of equations C.81, C.90, C.91, C.92 and C.101 was derived, which
describe the PBFDAF with reversed time—domain buffers.

By stacking the weight update equation C.101 for all p, assuming G = I,

w( Y w( A ..o X\

: = : + 0 : FJe™ (C.146)
. (nt1) . (n) X o (n)"
EL%_l EL%_l o ... A X(an)g .

is obtained in which

Fle™ (C.147)
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and
v (n)
dl(n +1)L] Wo
e = F : — % X(ZEB ) (C.148)
d[(n+ 1)L — M + 1] wi,

follow from Eqs. C.81, C.91 and C.92.

By comparing Egs. C.141 and 7.5 with C.148, and C.145 with C.146 and C.147, it
is observed that the following conversion rules hold if P = L :

fullband error| <— |PBFDAF (C.149)
N = P (C.150)
L
Lsg = —IiB (C.151)
wy”
w, = : (C.152)
LF
£ o= w0 (C.153)
L, = 1 (C.154)
X, =[x . XGa, (C.155)
Xn—1] = x" (C.156)
es? = e (C.157)
dl(n +1)L]
d, = F (C.158)

W
ve =[x . XD, || ¢ (C.159)
P ‘i’/(Ln)
Wips
) A ... 0
A = oo : . 1
i : o (C.160)
0 A

This proves that the weight update equation of the unconstrained PBFDAF, as it
is mostly used in practice with P = L, corresponds to Eq. C.145 and hence to Eq.
7.33, which were derived based on fullband error feedback.
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If P is multiple of L with % > 1, the equations do not match exactly anymore. In
that case it suffices to replace X,, in Eq. C.141 with

X, =[X[n] X[n-%£] ... X[n-(Lsg—-1)%])] (C.161)

Sl

which corresponds to a slightly different fullband error adaptation algorithm. O
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D Appendix to part III

D.1 Proof of theorem 8.1

Theorem 8.1 At the end of iteration step R the error output €™ of the PBF-
DRAP algorithm can be written as

L R—1
i
n,R) _ Op_110 O —1 (n) (n)* n,1
e™h) — IM—{ 0 I F 2} xMgax(m'F e™) (D.1)
p:

and the adaptive filter weights are given by

R
n,R+1 V_P n,l n)* n,r — . LFB
w(t D L) 4 GAXF S e p=0:"5 -1 (D2

r=1

Proof: Taking into account Eq. 8.7, it is seen that Egs. D.1 and D.2 are trivially
fulfilled for R = 1. Now, assuming that Eqs. D.1 and D.2 hold for iteration step
R—1,ie.

L R—2
Lga
e(n,Rfl) — IM _ |: 0P—1+0‘ 0 :| F—l X(n)GAX(n)*F e(n,l)
0 IL /4 /4
p=0
(D.3)
and
R-1
El(,n’R) b ﬂl(,”’l) + GALZ(,”)*F Z e, (D.4)
r=1

it should be proven that equation D.1 and D.2 also hold for iteration step R.

After the (R — 1)-th iteration (see Eq. 8.7)
E§)n,R) V:P E§)n,Rfl) + GAX£n)*Fe(n’R71)7 (D5)

such that after iteration step R (using Eqgs. 8.5, 8.6, D.3 and D.5)

Lﬂ_l
P
(nR) _ g _ | Op—140 0 |y (1) g (n,R)
Rt sl Ll D (D.6)
p=0
ﬂ,l
(n,R—1) Op_14+, O 1N (n) (n)* o (n,R—1)
= e —~ o1, |F ZO XWGAX!" Fe
p:

(D.7)
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ﬂ,1
_ Op-1460 O 1N (n) (n)* (n,R—1)
-\ { 0 IL]F ,;)X"GAXP °)e
(D.8)
Lt R-1
Op—14e 0 ]t S (n) (n)* (n.1)
= | Im 0 I, F pz:;) X,'GAX,V F €
(D.9)
is obtained and from Eqs. 8.7 and D.4
win D) 2 (R | GAX() FelmR) (D.10)
R
2 W) § GAX(VF Y el (D.11)
r=1

is found, which completes the proof. Hence, Eqs. D.1 and D.2 are fulfilled for all
R € INp. O

D.2 Proof of theorem 8.2

Theorem 8.2 For the unconstrained PBFDRAP

!
P,=F"! Y XMAX("'F (D.12)
p=0

is a right—circulant hermitian matriz having the Toeplitz structure. If the PBF-
DRAP is adapted in a real-life identification setup, P, is a full-rank positive definite
matriz. If furthermore all input signals and the unknown system w are real-valued,
P,, will be real-valued as well.

Proof: Taking into account that F = MF~! and that A and Xé") are diagonal
matrices, it can be verified from Eq. D.12 that P,, = Pg, hence P,, is hermitian. As
FP,F~'is diagonal, P, is a right—circulant matrix (see appendix A) and therefore
also Toeplitz. The diagonal elements of FP,F~! correspond to the eigenvalues of
the hermitian matrix P,. Hence, they are all real. If the data XI(,") come from a
real-life scenario and if all stepsizes are different from zero, the diagonal elements
of FP,,F ! are strictly positive. Hence, P, is a full rank positive definite matrix,
i.e.

vxe ), x"P,x>0. (D.13)



D. Appendix to part IIT 289

If P, is multiplied with a random real vector x,

LrB _q

P
Px=F" Y XMAX" Fx (D.14)
p=0 X

x
is found. As x is real, its frequency—domain representation x has the following
symmetry property? :

(0) = x*(0)
{ i(m) ZXX*(M —m), for0<m < M. (D.15)

Both A and XI(,") are diagonal matrices and as x, d and e (see figure 2.8) are
assumed to be real-valued, the m—th and (M — m)-th diagonal elements of A and
X are complex conjugated numbers. Therefore, T is a real diagonal matrix and

P
Y(m)=Y(M—m)for 0 <m < M3 If € = Yx is defined,

£(m) = X(m)x(m) (D.16)
= Y(M —m)x* (M —m) (D.17)
= ¢&(M —m) (D.18)

for 0 < m < M and £(0) = £€*(0). Hence, F~'¢ = P,x will be real-valued. As this
holds for any random vector x € RM | the imaginary part of P,, must be zero. O

D.3 Proof of theorem 8.3

Theorem 8.3 If the unconstrained PBFDRAP is adapted in a real-life identification
setup, matriz D, as defined by Eq. 8.51, is hermitian and positive definite.

Proof: By inserting Eq. 8.51 in Eq. 8.52 and making a special choice for x :

L ml A B 0
Vxy € Cp, 0 x¥] { c D ] [Xz} >0 (D.19)
is obtained, which is equivalent to
Vxs € C§,  xPDx, >0. (D.20)

From Eq. D.20 it can be concluded that D is positive definite. Furthermore, as P,,
is a hermitian matrix, also D is hermitian. O

2x(m) is the m~th element of vector x.

37 (m) is the m-th diagonal element of matrix Y.
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D.4 Proof of theorem 8.4

Theorem 8.4 For the constrained PBFDRAP

0
Z {0 Or—140

=0

—1 n)*
F'AX("'F (D.21)

is a real-valued matriz if the adaptive filter is applied to a real-life identification
setup as in figure 1.5, for which all input signals and the unknown system w are
real-valued.

Proof: If P, is multiplied with a random real vector x,

L

-1

0 *
P,x F_lx(”)F[ ]F_lAX(”) F D.22
pz_;) 0 0p 140 Ny ,\5’ ( )
by

is obtained. Now x(m) = x (M m) and Y(m) = X*(M —m) for 0 < m < M
and x(0) = x*(0) and Y(0) = Y*(0) as all signals entering the adaptive filter are
assumed to be real. If & = Yx is defined, £&(m) = Y (m)x(m) = &€ (M — m) for
0 <m < M and £(0) = £*(0). Hence, F~¢ and also

n:{xp 0

F! D.23
0 0, 14, ¢ ( )

will be real-valued. Using the same arguments, it is found that also F~ 1X(")Fn
and hence P, x are real. As this holds for any random x € R | the imaginary part
of P, must be zero. O

D.5 Proof of theorem 8.5

Theorem 8.5 For the unnormalized and globally normalized constrained PBFDRAP
for which A = p, Iy,

1 0 ) | A B
P, = p,F~ Z X {0 0, HU]F X F_{C s (D.24)

is a hermitian and positive semi—definite matriz. Further, also L x L matrixz D is
hermitian and positive semi—definite.

Proof: It is easily verified that if A = p, Iy matrix P, is hermitian. Further,
from Eq. D.24 it follows that ¥x € CM,
xTPx = pn Y, x"FIX(VF [ 0 ] F'X(" Fx (D.25)

0 Or_140
p=0
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LF871 o
Hp « — 3 Ip 0| gy Ip 0 poixm*p
xPox = i Y 0 0 By FX 0 0 Sp  EX
p=0
(D.26)
xAP,x > 0, (D.27)

i.e. P, is a positive semi—definite matrix. As P,, is hermitian and positive semi—
definite all eigenvalues are real and positive. Now, for a special choice for vector x
it holds that

Vxy € CF, 0 x¥] { 'él g } [)?2] >0, (D.28)

which is equivalent to
Vx, € CF, xPDx, >0. (D.29)

From Eq. D.29 it can be concluded that D is positive semi—definite. Furthermore,
D is hermitian, just as P,,. Hence, the eigenvalues of D, i.e. the diagonal elements
of 'y, are real and positive. O

D.6 Constrained PBFDRAP : Lyp < L

Remark that if Lrpp < L the rank of N, (Eq. 860) is min(min(M, LFB), L) = Lpp
if py, # 0. Hence, Ty (Eq. 8.18) is not of full rank and can be expressed as

_ Fll 0
Ty = { 0 0. 1,, ]

with T'y; a full rank Lpp X Lpp diagonal matrix.

(D.30)

Based on Eqs. 8.5-8.6, taking into account that d = wz and partitioning both the
unknown system w as its model (™ according to Eq. 8.2, e»!) can be written as

LgB ]
(n1) _ | Op—140 O -1 (n) & (n)
e = { 0 I, ]F X, 'w,", (D.31)
p=0
with ﬁl(,") M x 1 vectors of the form
(1) L
W) PR | W 1P _o.Lrs _
w, —F{ (I; } ¥ Lot4o p=0: P 1 (D.32)
and the j—th element of vNVZ(,n) such that
o . e L
WV (j) = wlj + pP] = 0™ [j +pP),  p=0: 5" 1. (D.33)
Equation D.31 can also be written as
e (n)
n1) _ | Op—145 O 1 | Ip 0 W,
e _[ o IL}F > X F[ 0 0p1rs 5| (D39

p=0
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Theorem D.1 It can be shown that an M x 1 vector v, can be found, such that

w2 Ip 0 ]F XV Fv,. (D.35)

Proof: Taking into account Eq. 8.1, equation D.35 can be rewritten as

Wy Ip 0 - 0 0 FXF
L= s e : Vo (D30)
wi ) Lo o o] e
L ~ v P
N———— h 2, i
W . R

For randomly chosen data the (L%M ) x M matrix R, has full rank M as Lpp is
always equal to or larger than P, whereas the rank of the Lpp X (L%M ) matrix
Lis PL% = Lpp. Hence, the Lpp x M matrix LR, has full rank min(Lpg, M) =
Lrppas Lrp < L < M.
For every w,, an M x 1 vector v,, can be found as the product of the pseudo—inverse
of LR, and vector w,, :

v = (LR,) W, (D.37)

which completes the proof. a

Hence Eq. D.34 becomes (see also Eq. 8.17)

LrB 4
P
(n,1) _ 0P71+o' 0 —1 (n) IP 0 —1~(n)*
) - { 0 IL}F ZO X F{ 0 Or-140 FoX," Fva
p:
(D.38)
1
= —Npvn. (D.39)
fon
Now, by inserting Eqgs. 8.18, D.30 and D.39 in equation 8.25,
R 1 R
et = — VY (I -T) 7 VTIN,, (D.40)
r=1 Fn =1
1 R ILFB - Fll 0 0 rt
= —VZ 0 IL—LFB 0
fn s 0 0 Ipiio
{1"11 0 0 ]
0 O0r_1,, 0 Vv, (D.4l)
L 0 0 0P—1+aJ
1 Iy (ILFB = (Ipps — I‘11)R) ' 0 0 )
= EV 0 OL—LFB 0 V Vn (D42)

0 0 Op 1y,
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is obtained. As D is positive semi-definite and hermitian (Eq. D.29) and I'y; is of
full rank, all elements of I'y; are real and strictly positive. Hence, if u,, is sufficiently
small

R 1 ILFB 0 0
Jim. e =—VI| 0 0, 0 |Vitv, (D.43)
r= n 0 0 0p 110

and the filter weights (Eq. 8.23) converge to

lim w™ R) 7 2wt + GX" n*py | Tes 0

—1
Jim 0 Oms,, Vv, (D.44)

D.7 Proof of theorem 8.7

Theorem 8.7 The unnormalized and globally normalized constrained PBFDRAP
for which Lpg > L approach the Partial Rank Algorithm (PRA) by series expansion
of the matriz inverse in Eq. 2.55.

Proof: Consider the constrained PBFDRAP and assume that the stepsize matrix
is given by A = p,Iy. Plugging in Eq. 8.22, which holds for all R > 0, in Eq.
8.23, leads to

(n,B+1) Y2 (n,1) Ip 0 F-l r=1g(n,1)
w w +unF{ 0 0, . X FZB (D.45)
in which
LF_B
_ _ Op_i4o F-! (n) 0 —1x(nm)*
B, =1y un{ 0 } ZX F 0 0rres F'X("V'F.
(D.46)
From Eqgs. 8.2 and 8.8 it is observed that
(n+1)
n v
w2 R [WPO ] (D.A7)
and that
() Yo g (W
wyt ) ZE |V (D.48)

Hence, inserting Eqs. D.47, D.48 and 8.30 into Eq. D.45 gives

(n+1) (n) I 0 & 0
Wp vp Wp P —1y(n) r—1
F[ 0 ]_FG ; }-th{o 0L1+U:|F XM F> B {IJen :

r=1
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As XI(,”) is a diagonal matrix, defined by Eq. 8.3, szp = F71X§)”)F is a right—
circulant M x M matrix (cf. Eqgs. A.3 and A.4). Hence, the discrete Fourier
transform of the first row of X,, , are the diagonal elements of XI()”). Taking into
account Eq. 8.3,

X, = (FT'XUVF)T (D.50)
z[(n+ 1)L —pP —-M+1] ... z[(n+ 1)L — pP]
z[(n + 1)L — pP] z[(n+ 1)L —pP — 1]
z[(n+ 1)L f.prM+2} z[(n+ 1)L f.pr M +1]
(D.51)
is found. Hence,
T* _ (p-lyxw(mp\H _ p-ly(n)*
X, ,=F'XP)f =F'X"'F. (D.52)

From equation D.52 it follows that Eq. D.49 can be written as

R
o 110
wi ) 2wl 4o, [T 01X, B {IJ en. (D.53)
r=1
Now, from Eq. D.46 it is observed that
LEB 1
0 _ _ 0 0 1 (n) IP 0 1 (n)* 0
B”{IJ— Lt “”{0 IL]F ZOXPF{ o ol % Fli
=
(D.54)
. 0| 0 O 1~ (n) Ip O I (n)* 0
- [IL] “”{0 IL] ZOF XPF[O o |F % Fip |
=
(D.55)

Recall that D was defined by equation 8.16 and that D therefore can be written as

0
D= [0 IL] P, {IJ . (D.56)
Hence, Eq. D.55 becomes
0 0
501 | 5

From Eq. D.57 it follows that

B |9 |=-p-B, |0 (D.58)
n| I, n I
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0
_ r—1
=B’ L-D (D.59)
r—1 0
=B’ _IL](IL—D) (D.60)
:BT_Q- 0 -(IL—D) (D.61)
r I,-D | . )
By recursion
B | 9= 0% |@-Dr (D.62)
I 7 I A P '
is obtained.
Now, from Eqs. 8.16, 8.22, D.51, D.52 and D.56
—1 IP 0 —1 * 0
D = p, [0 I]F 2) X,(;”F[ 0 o ]F x{m F[IJ (D.63)
p:
_ 1~ (n) Ir O Ir 0 i) | 0
= 3 0 nE XPF{O OHO ol xrE |
p:
(D.64)
S H
_ Ir 0]o« [0 Ipr 0]o« [O
e s (80 ]xR]) ([0 2]xln])  om
p:
= oy, Xp,Xh, (D-66)
p=0

is found in which X,, , is the following P x L Toeplitz matrix (cf. Eq. 6.4) :

z[nL — pP +1] z[(n+ 1)L — pP]
Xnp = : : . (D.67)
znL —pP —P+2] ... z[(n+1)L—pP—P+1]

Observe that the rows of X,, , are delayed versions of each other, only if the time
index of the left bottom element of X,, , is larger than or equal to the time index
of the left top element of X,, , in Eq. D.51. This implies that

(n+1)L—pP—-M+1< nL—pP—P+2, (D.68)
which is equivalent to

M>P+L-1, (D.69)
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being the well-known condition 6.11 that must be true for the PBFDAF.

Finally, Eq. D.66 becomes

D = p, XIX* (D.70)
where
z[nL + 1] z[(n + 1)L]
X, = : : (D.71)
zlnL —Lrpp+2] ... z[(n+1)L—Lpp+1]

is as defined in Eq. 2.52.

By plugging in Eqs. D.70 and D.62, Eq. D.53 becomes

R

n A4 n G * 0 * r—1
witt) ol (1 0] X, [ o2 (- mXiX:) e
r=1
(D.72)
VP _(n) * = Toe) 71
D ) g X5, S (IL i XI Xn) en (D.73)
r=1
in which X, ,, is defined in Eq. D.67 and X,, in Eq. D.71.
By stacking Eq. D.73 for all p
wy wy" Xio 1 &
r
: - S y (IL - unxfx;;) en
W(LnJrl) W(Ln) x* Lrp r=1
S tre m=p—l
(D.74)
R T r—1
Woit = Wot X5y (IL - unxnx;;) en (D.75)
r=1

is obtained. As it is assumed that Lrp > L and that real-life data are used, XZX:L
is invertible. Hence,

* T ~r* -1 Ty n
Wptl = Wy + up Xy, (/"nxn Xn) Iy - (IL — HnXy Xn) en
(D.76)

* T ~r* -1 T~r* R
Wi+ X5 (xnxn) <IL - (IL - uanXn) ) en. (D.77)

XPX* is a hermitian positive definite matrix if the data are obtained from a real-
life identification scenario and if Lrp > L. Hence, if the stepsize u,, is small enough,
all the eigenvalues of Iy, — i, X1, X7 lie within the unit circle.



D. Appendix to part IIT 297

Further, from Eqgs. 8.2, 8.4, 8.5, 8.6, 8.30 and D.50

LrB _q

P
en =d,— [0 IJF" > XM w () (D.78)
p=0
LFB _q
F ) w®
=d,—[0 I)] Y F- &(,")F[ 3 ] (D.79)
p=0
LF_B_1
P o Wl()n)
=d, - ,,Z:(:) [0 1] Xn,p[ ; } (D.80)
LFiBfl
P
=d,— Y XP wi (D.81)
p=0

is obtained and finally using Eqs. D.74 and D.75 we find

e, =d, — X w,. (D.82)

If R goes to infinity
—1
Wit = wa + X;, (XIX3) e (D.83)

is obtained from Eq. D.77, which confirms the conclusion made based on theorem
8.6 : by comparing Eq. 2.54 with D.82 and Eq. 2.55 with D.83, it is verified
that if wg = wy, also w,, = w,,,V¥n and u, = 1. Hence, the unnormalized and
globally normalized constrained PBFDRAP converge to the PRA if Lpp > L and
the number of iteration steps goes to infinity.

From Eq. D.75 it follows that the unnormalized and globally normalized constrained
PBFDRAP for which Lpp > L approach the PRA by series expansion of the matrix
inverse in Eq. 2.55. o



