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Abstract
The use of multiple antennas at base stations and user devices is a key compo-
nent in the design of cellular communication systems that can meet the capacity
demands of tomorrow. The downlink transmission from base stations to users is
particularly limiting, both from a theoretical and a practical perspective, since
user devices should be simple and power-efficient, and because many applications
primarily create downlink traffic (e.g., video streaming). The potential gain of
employing multiple antennas for downlink transmission is well recognized: the
total data throughput increases linearly with the number of transmit antennas
if the spatial dimension is exploited for simultaneous transmission to multiple
users. In the design of practical cellular systems, the actual benefit of multiuser
multiantenna transmission is limited by a variety of factors, including acquisition
and accuracy of channel information, transmit power, channel conditions, cell
density, user mobility, computational complexity, and the level of cooperation
between base stations in the transmission design.

The thesis considers three main components of downlink communications:
1) estimation of current channel conditions using training signaling; 2) efficient
feedback of channel estimates; and 3) allocation of transmit resources (e.g., power,
time and spatial dimensions) to users. In each area, the thesis seeks to provide
a greater understanding of the interplay between different system properties.
This is achieved by generalizing the underlying assumptions in prior work and
providing both extensions of previous outcomes and entirely new mathematical
results, along with supporting numerical examples. Some of the main thesis
contributions can be summarized as follows.

A framework is proposed for estimation of different channel quantities using
a common optimized training sequence. Furthermore, it is proved that each user
should only be allocated one data stream and utilize its antennas for receive
combining and interference rejection, instead of using the antennas for reception
of multiple data streams. This fundamental result is proved under both exact
channel acquisition and under imperfections from channel estimation and limited
feedback. This also has positive implications on the hardware and system design.

Next, a general mathematical model is proposed for joint analysis of cellular
systems with different levels of base station cooperation. The optimal multicell
resource allocation can in general only be found with exponential computational
complexity, but a systematic algorithm is proposed to find the optimal solution for
the purpose of offline benchmarking. A parametrization of the optimal solution
is also derived, creating a foundation for heuristic low-complexity algorithms
that can provide close-to-optimal performance. This is exemplified by proposing
centralized and distributed multicell transmission strategies and by evaluating
these using multicell channel measurements.
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Nomenclature

Abbreviations and Acronyms

The following abbreviations and acronyms are used in the thesis:

3GPP 3rd Generation Partnership Project
4G Fourth Generation of Cellular Wireless Standards
BD Block-Diagonalization
BER Bit Error Rate
BRB Branch-Reduce-and-Bound
BS Base Station
c.u. channel use
CDF Cumulative Distribution Function
CDI Channel Directional Information
CoMP Coordinated Multipoint
COOPCOM Cooperative and Opportunistic

Communications in Wireless Networks
CQI Channel Quality Information
CSI Channel State Information
CVSINR Centralized Virtual SINR
DVSINR Distributed Virtual SINR
ECM Exponential Correlation Model
FDD Frequency Division Duplex
FM Frequency Modulation
FPO Fairness-Profile Optimization
GPS Global Positioning System
HARQ Hybrid Automatic Repeat Request
KKT Karush-Kuhn-Tucker
LMMSE Linear Minimum Mean Square Error
LSM Local Scattering Model
LTE 3GPP Long Term Evolution
MAP Maximum A Posteriori
MESC Maximum Estimated SINR Combiner
MIMO Multiple-Input Multiple-Output

xi
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MISO Multiple-Input Single-Output
ML Maximum Likelihood
MMSE Minimum Mean Squared Error
MRC Maximum Ratio Combining
MRT Maximum Ratio Transmission
MS Mobile Station (i.e., user device)
MSE Mean Squared Error
MVDR Minimum-Variance Distortionless Response
MVU Minimum Variance Unbiased
NP-hard Non-Deterministic Polynomial-Time hard
NS Norm-Supported
OFDM Orthogonal Frequency-Division Multiplexing
PAM Pulse Amplitude Modulation
PDF Probability Density Function
PSK Phase-Shift Keying
QAM Quadrature Amplitude Modulation
QBC Quantization-Based Combining
QoS Quality-of-Service
RVQ Random Vector Quantization
SDMA Space Division Multiple Access
SER Symbol Error Rate
SINR Signal-to-Interference-and-Noise Ratio
SLNR Signal-to-Leakage-and-Noise Ratio
SNR Signal-to-Noise Ratio
TDD Time Division Duplex
TDMA Time Division Multiple Access
UCA Uniform Circular Array
ULA Uniform Linear Array
WINNER+ Wireless World Initiative New Radio+
WLAN Wireless Local Area Network
ZF Zero-Forcing
ZFC Zero-Forcing with Receive Combining

Mathematical Notation

Upper-case boldface letters are used to denote matrices (e.g., X,Y), while
(column) vectors are denoted with lower-case boldface letters (e.g., x,y).
Scalars are denoted by italic letters (e.g., X,Y ) and sets by calligraphic
letters (e.g., X ,Y). The following mathematical notations are used:

CN×M The set of complex-valued N ×M matrices.
RN×M The set of real-valued N ×M matrices.
RN×M+ The set of non-negative real-valued N ×M matrices.



CONTENTS xiii

ZN×M+ The set of non-negative integer N ×M matrices.
xi = [x]i Two ways of writing the ith element of a vector x.
xij = [X]ij Two ways of writing the i, jth element of a matrix X.
diag(x1, . . . , xN ) The diagonal matrix with x1, . . . , xN at the diagonal.
diag(X1, . . . ,XN ) The block-diagonal matrix with X1, . . . ,XN

at the diagonal.
XT The transpose of X.
X∗ The conjugate of a each element of X.
XH The conjugate transpose of X.
X−1 The inverse of a square matrix X.
X† The Moore-Penrose pseudo inverse of X.
ΠX The orthogonal projection matrix onto the column

space of X (i.e., ΠX = X(XHX)−1XH).
Π⊥X Projection matrix onto the orthogonal complement

of the column space of X (i.e., Π⊥X = I−ΠX).
<{x} Real part of a scalar x.
={x} Imaginary part of a scalar x.
|x| Absolute value of a scalar x.
∠x Phase of a complex-valued scalar x.
dxe The smallest integer not less than the scalar x ∈ R.
loga(x) Logarithm of x using the base a ∈ R+.
O(·) Big O notation where f(x) = O(g(x)) means that it exist

c ∈ R+ and x0 ∈ R such that |f(x)| ≤ c|g(x)| for x > x0.
tr{X} The trace of a square matrix X.
rank{X} The rank of a matrix X (i.e., non-zero singular values).
span{X} Orthonormal basis for the row space of X.
null{X} Orthonormal basis for the null space to the rows of X.
radius{X} The spectral radius of a matrix X.
vec(X) The vector obtained by stacking the columns of X.
N (x,R) The multivariate Gaussian distribution with mean

x and covariance matrix R.
CN (x,R) The circular symmetric complex Gaussian counterpart.
E{X} The mathematical expectation of a stochastic X.
‖x‖p The Lp-norm ‖x‖p = (

∑
i |xi|p)1/p of x.

‖X‖F The Frobenius norm ‖X‖F =
√∑

i,j |xij |2 of X.
|S| The cardinality (i.e., number of members) of a set S.
S\{k} The remaining set when member k is removed.
S1 ∪ S2 Union set with all members which are in S1 and/or S2.
S1 ∩ S2 Intersection set with all members which

are in both S1 and S2.
S(n) The nth member of a set S.
∀x Means that a statement holds for all x

(in the set that x belongs to).
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x ∈ S If S is a set: x is a member.
If S a stochastic distribution: x is a realization.

X⊗Y The Kronecker product of two matrices X and Y.
X � Y Means that X−Y is positive definite.
X � Y Means that X−Y is positive semi-definite.
x � y Means that the vector x majorizes y (see (2.14)).
x > y (x ≥ y) Means that xi > yi (xi ≥ yi) for all vector indices i.
IN The N ×N identity matrix.
1N The N × 1 matrix (i.e., vector) of only ones.
0N The N ×N matrix of only zeros.
0N×M The N ×M matrix of only zeros.

Thesis Specific Notation

Symbols and functions that are commonly used in the thesis are summa-
rized as follows:

a Lowest performance levels in a FPO problem.
α Fairness-profile vector in a FPO problem.
B Total number of channel feedback bits per user.
Bd Number of feedback bits for CDI per user.
Bq Number of feedback bits for CQI per user.
BSj Base station j.
Cj Set of users that BSj coordinates interference to.
Ck Diagonal matrix such that hHk Ck is the channel

that carries non-negligible interference to user k.
Cjk Equal to INj if BSj coordinates interference to user k.
Dj Set of users that BSj can send data to.
Cjk Equal to INj if BSj can send data to user k.
Dk Diagonal matrix such that hHk Dk is the channel that carries data.
d(·, ·) Chordal distance between the spaces spanned by two matrices.
δ Predefined accuracy of the solution to FPO problems.
ε Predefined accuracy of the solution in the BRB algorithm.
ek Denotes the kth column of an identity matrix.
Ek Error covariance matrix for channel estimation to user k.
f(·) System performance function.
gk(·) Performance function of user k.
g̃k(·) Performance function of user k under worst-case robustness.
GN,M̄ Complex Grassmannian manifold with all M̄ -dimensional

subspaces passing through the origin of an N -dimensional space.
hk Effective channel vector from all transmit antennas to user k

(i.e., hk = HH
k rk if M > 1).

hjk Effective channel vector from BSj to user k.
Hk Channel matrix from all transmit antennas to a
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multi-antenna user k.
H̄k Mean value of the channel matrix for user k.
Kr Number of receiving users.
Kt Number of transmitting base stations.
L Total number of constraints in the system.
Lp Number of power constraints in the system.
Lk Number of soft-shaping constraints for user k.
M∞ Multiplexing gain of a transmit strategy.
m Equal to min(N,B) in channel estimation.
Mk Number of antennas at the kth user.
MSk User k.
MSEk Mean squared error for user k.
M̃SEk Worst-case robust mean squared error for user k.
N Total number of transmit antennas in the system.
Nj Number of antennas at the jth base station.
N Set of boxes in the BRB algorithm.
% Total training power for channel estimation.
Pk Training matrix designated for user k.
P̃k Kronecker version (PT

k ⊗ IM ) of the training matrix.
Ql Weighting matrix for the lth power constraint.
ql Upper limit for the lth power constraint.
rk Receive combining vector for user k.
rk Equalizing coefficient for user k.
R Performance region.
R̃ Robust performance region under worst-case robustness.
R∞ Asymptotic rate offset of a transmit strategy.
Rk Channel covariance matrix for user k.
RT,k Transmit-side channel covariance matrix for user k.
RR,k Receive-side channel covariance matrix for user k.
Sk Signal correlation matrix for user k.
σ2
k Noise variance for user k (if white noise).

Σ̄Q Temporal disturbance covariance matrix.
Σ̄R Received spatial covariance matrix of disturbance.
Σk Covariance matrix of the (colored) disturbance for user k.
SINRk Signal-to-interference-and-noise ratio of user k.
t Index of current time instant.
T Set of time instants with a static channel under block fading.
Tik The ith soft-shaping matrix of user k.
τik Upper limit for the ith soft-shaping constraint of user k.
vk Precoding vector for user k.
yk Received data signal at user k.
Yk Received training signal at user k.





Chapter 1

Introduction

This chapter gives a basic introduction to the topics of this thesis: digi-
tal communication, wireless channels, multiantenna transmission, and the
physical operation of cellular networks. The purpose of the chapter is to
provide sufficient background to be able to understand the basic research
problems that are considered herein and how the thesis contributes to these
areas. The mathematical system model, research background, and exact
problem formulations are given in Chapter 2.

1.1 Digital Communication

The purpose of digital communication is to transfer some kind of informa-
tion from one device to another. Digital information is represented by a
(finite) sequence of bits—that is, digits that are either zero or one. These
bits can be used to describe any kind of information, either exactly or ap-
proximately. Written language contains a limited number of letters and
can therefore be perfectly described with bits; a sequence of 8 bits can
have 28 = 256 different appearances and represent all letters/symbols in
Western languages. This was recognized by Samuel Morse and his fellow
inventors in the 19th century when they created the Morse code for trans-
mission of textual information using the electrical telegraph. Each letter
in the Morse code was represented by a sequence of short and long tones,
which corresponds exactly to a bit sequence.

As opposed to written language, sound and pictures can only be ap-
proximately described by a (finite) sequence of bits, as they are not limited
in their sound or appearance. The digital approximation of such infor-
mation consists of two steps: sampling and quantization. As an example,
sampling makes a picture consist of a certain number of pixels (i.e., points
having a certain color), while quantization approximates the color of each
pixel using a limited color palette (e.g., 24 bits can represent millions of

1
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Receiver 1

Receiver 2

Receiver 3

Data signal 1
Data signal 3

Data
signal

2

Figure 1.1: This thesis considers a scenario where one transmitter sends
(independent) data signals wirelessly to multiple user devices.

different colors). Similarly, sampling means that sound is only recorded a
certain number of times per second (e.g., 44,100 times/second on a CD),
while quantization approximates the sound at each recorded time instant
using a limited number of bits (e.g., 16 bits on a CD). If the sampling
and quantization is fine enough, meaning that the number of bits is large
enough, it is almost impossible for a human to perceive the difference be-
tween the original information and the approximate version described by
the bit sequence.

In this thesis, each sequence of bits is called a data signal and it might
describe any kind of information (i.e., the information source is not impor-
tant in this thesis). We consider a scenario where one transmitting device
should provide a set of wireless user devices with independent data signals;
see Figure 1.1. The signals are sent as radio waves and the overall goal is to
transfer each data signal to its designated receiver as fast and efficiently as
possible. The transfer speed is called the data rate and describes how many
bits that can be transferred to a certain user per second. It is desirable to
have high data rates since that means fast transmissions, but it also makes
the transmission more vulnerable to disturbances (e.g., interference from
other systems and background noise). The data rate basically depends
on the amount of power used to transmit the data signal divided by the
power level of the disturbances. The power resources are limited, by fac-
tors such as power supplies, national frequency spectrum regulations, and
money. From an engineering perspective, efficient transmission therefore
means using the available power to achieve as high data rates as possible.
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The data rate is not a perfect way of describing the performance. At
any data rate, there is a risk that the disturbances happen to be so strong
that the receiving device cannot recover the exact transmitted data signal;
certain zeros might be incorrectly interpreted as ones, and vice versa. One
can imagine this as listening to a Morse code transmission; in a silent room,
it is easy to hear if the tones are long or short, but if a jet plane happens
to fly over the roof you will not hear anything of the Morse code.

The risk of errors increases with the data rate and errors can have large
consequences, for example making “yes” seem like “no”. These mistakes
can be avoided by adding a mechanism to detect errors. If we send a text
message, we can for example add a few error control bits that describe how
many times each letter occurs. The receiver can then check if the received
message contains the right set of letters. If not, the receiver knows that
some error has occurred and can request that the message is retransmitted.
The error control design is a rich research area by itself and is not covered
by the thesis, but it clarifies one of the main motivations behind sending
digital information (although it might be an approximation of the origi-
nal information): with error control, we can be sure that user will receive
exactly the same information as was originally transmitted. Since retrans-
missions create delays, efficient transmission means finding a good balance
between having a high (original) data rate and a low risk of error.

1.2 Wireless Channels

When digital information is transferred from one device to another, it
passes through some kind of physical medium called the channel. There are
basically two types of channels: wired and wireless. In the former category,
data signals are sent as electrical impulses in cables or as light impulses
in optical fibers. In this thesis, we concentrate on the category of wireless
channels where the data is sent through the air as electromagnetic radio
waves. Cellular telephony and WLAN (i.e., wireless computer networks)
are examples of communication systems that operate over wireless chan-
nels. Wireless communication is more flexible than its wired counterpart,
since wireless devices are allowed to move around freely. The downside is
that the properties of the wireless channel will change as the user is mov-
ing around, making it harder to adapt the transmission by, for example,
finding the appropriate data rate.

The following properties provide understanding of wireless channels:

• Path loss: When radio waves are emitted from an antenna, they
spread in all directions as the water from a sprinkler would do. There-
fore, one can imagine that the further apart the transmitter and the
receiver are, the less signal power (or similarly, water) will arrive at
the receiver (or similarly, the plants). This decay is called the path
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Re�ection
(Smooth Edge)

Scattering
(Rough Edge)

Di�raction
(Sharp Edge)

Figure 1.2: Illustration of three propagation effects for radio waves.

loss and decides how large portion of the transmitted power that
will be received. This portion decays rapidly with distance: as the
squared distance if the transmitter and receiver can “see” each other
and with even larger exponents (e.g., 2− 6) in urban areas with only
multipath propagation (described next).

• Multipath propagation: Since radio waves propagate in all direc-
tions, they will reach many objects in the surroundings: buildings,
streets, cars, trees, etc. These objects will absorb parts of the sig-
nal power carried by the radio waves. Depending on the geometry
and material of the objects, the waves will also be reflected (on flat
surfaces), scattered (on rough surfaces), or diffracted (if the object
has sharp edges). These phenomena are illustrated in Figure 1.2.
The implication is that the transmitted radio waves can bounce on
a multitude of different objects and arrive at the receiver through
different paths, see Figure 1.3. At a first glance, multipath propaga-
tion is advantageous since more signal power arrives at the receiver
(each path component carries some signal power). However, the com-
ponents have traveled different distances and might arrive with un-
synchronized phases, meaning that they interfere with (rather than
support) each other. This is illustrated in Figure 1.4 and one can
think of it as waves in the ocean: the receiver wants to be at a lo-
cation where the water waves are large. But just as the water waves
are constantly moving and changing, multipath propagation creates
continuous variations in the received signal power. Even if the device
is not in motion, other objects will move around and influence the
different paths.

• Shadowing: In certain environments, there are large buildings or
hills that block the way from the transmitter to the receiver. This
phenomenon is called shadowing and basically means that the re-
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Figure 1.3: Schematic illustration of a wireless channel in an urban environ-
ment. There is no direct path between the transmitting base station and
the receiving device, but the signal reaches the receiver through multipath
propagation (e.g., reflections in buildings, scattering in trees, etc.).

ceived power in a certain area can be much worse than described by
the path loss. As opposed to multipath propagation, shadowing typ-
ically creates slow variations in the received signal power—one needs
to leave the shadowed area before the situation improves.

In principle, the wireless channel can be perfectly described by calculat-
ing exactly how the radio waves propagate between the transmitter and
receiver. But this is not very meaningful since the environment is rapidly
changing. Instead, it is common to summarize the channel properties as

• Large-scale fading: Slow variations as the device moves over a large
area (e.g., path loss and shadowing).

• Small-scale fading: Rapid variations that occurs all the time (e.g.,
multipath propagation).

This thesis assumes that the large-scale fading properties are known for
each user (i.e., its slow variations can be tracked), to concentrate the anal-
ysis on some methods for acquiring accurate knowledge of the current small-
scale fading. To simplify the analysis, we assume that the small-scale fading
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Two Multipath Components

Receiving Device

}
}

Sum of Components with Same Phase

Sum of Components Out-of-Phase

Figure 1.4: Illustration of multipath propagation, where the radio signal
arrives at the receiver through multiple paths. If all components arrive with
the same phase, the received signal becomes stronger. However, the com-
ponents have traveled different distances and might cancel out each other
by being out-of-phase. The rapid channel variations induced by changes in
the phases of the multipath components are called small-scale fading.
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is constant for a short period called the coherence time (e.g., a few millisec-
onds) and only needs to be estimated once per such time period.

1.2.1 Frequency Spectrum: Narrowband and Wideband
The radio frequency spectrum is a global resource used for many different
things: FM radio, television broadcasting, mobile communications, WLAN,
satellite services, navigation, amateur radio, military applications, etc. In
other words, the frequency spectrum is very crowded and it is difficult
to find unused frequency bands that can be used for new wireless ser-
vices. Recently, many countries have replaced analog television broadcast-
ing with more spectrally efficient digital techniques. This has allowed for
reallocation of some frequency bands to enable the deployment of emerging
4G wireless communication systems. But the frequency resources are still
scarce, which makes licensing of radio spectrum a major cost for network
operators. From an engineering perspective, wireless communication sys-
tems should therefore be designed to use their assigned frequency bands as
efficiently as possible.

Most wireless communication systems operate at a center frequency
somewhere in the band of 0.7−5 GHz and has a total system bandwidth of
about 10− 40 MHz around their center frequency. Such large bandwidths
are called wideband and are complicated since the small-scale fading be-
haves differently in different parts of the frequency band. Therefore, it is
common to divide the bandwidth into many smaller frequency bands that
are narrowband, meaning that the channel properties are approximately
the same in the whole band and thereby easier to acquire. Recent wireless
standards, such as LTE/4G and WLAN, use a technique called orthogonal
frequency-division multiplexing (OFDM) to divide a wideband channel into
many narrowband subchannels. This thesis considers narrowband channels
and the analysis can be applied directly to each of the subchannels of an
OFDM system.

1.3 Cellular Networks

In principle, two mobile devices can send wireless signals directly to each
other (as walkie-talkies do), but this is often impractical since the distance
should be small or else they will consume massive amounts of transmit
power. The common solution is to divide a geographic area into to cells,
where each cell is governed by a base station. These base stations are
placed on fixed locations, preferably at roof-tops or other elevated places
where radio waves more easily find their ways to devices everywhere in the
cell (i.e., to limit the risk of shadowing). Base stations are connected to
each other by a backhaul network, which could consist of both cables and
fixed wireless links.
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Backhaul Network Receiving DeviceTransmitting Device

Base Station Base Station

Figure 1.5: Schematic illustration of cellular communication from one user
to another: The transmitting user sends data to its base station, the data
is forwarded to another base station through the backhaul network, and
the receiving user obtains the data from its base station.

When a device wants to send a data signal to another device, it will
first send it wirelessly to the nearest base station. This station forwards the
signal over the backhaul network to the base station closest to the receiving
device. Finally, the receiving base station sends the signal wirelessly to the
receiving device. This example is illustrated in Figure 1.5.

Cellular networks have many advantages over direct transmission:

1. Shorter distances imply higher data rates and lower power usage;

2. Efficient use of frequency resources since the same frequency band
can be used simultaneously in multiple cells that are geographically
separated (with only limited interference);

3. It is simple to connect wireless devices to regular corded telephones
and to access Internet services.

This thesis considers cellular networks and studies how the transmis-
sions within a cell should be designed to optimize the performance and how
to coordinate the operation of multiple cells. The main focus is on trans-
mission from a base station to multiple user devices, which is commonly
viewed as more difficult then transmission in the opposite direction.

1.3.1 Multiantenna Transmission
The performance of cellular systems can be improved by employing more
than one antenna at each base station and user device. Such systems are
called multiple-input multiple-output (MIMO). Each transmit antenna can
be viewed as a mouth and each receive antenna as an ear. The extra mouths
and ears can be used for diversity or multiplexing:
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Multi-Antenna Transmission
(Beamforming & Multiplexing)

Single-Antenna Transmission

Data Stream 1

Data Stream 2

One Data Stream

Figure 1.6: Comparison of single-antenna and multi-antenna transmission.
With a single antenna, the signal propagates in all directions (and most
directions will not lead to the user). With multiple antennas, the signal
can be directed towards the users (called beamforming). Multiple signals
can be sent in parallel using different beamforming (called multiplexing).

• Diversity: The multipath propagation between each pair of transmit
and receive antennas will be different. This creates a diversity of
routes that the transmitted signal can travel to the destination. One
of these routes will carry the strongest signal and should be used
for transmission. Certainly, by selecting the best route out of many
possibilities we will achieve better performance than if we are stuck
with only one possibility (as in the single antenna case). The result
can be viewed as speaking with many mouths in such a way that
the voice is directed towards the user and using the ears to listen
carefully in this direction. Note that the best route is usually not to
select one antenna/mouth at the transmitter and one antenna/ear at
the receiver, but to combine all of them in a smart way to achieve one
strong voice that is easy to hear. This directing is called beamforming
since it forms a directed signal beam towards the receiver, instead of
sending in all directions as with a single antenna; see Figure 1.6.
The best beamforming direction can be quite different from a line
drawn between the transmitter and the receiver, because there are
often no direct path in cellular systems but only (indirect) multipath
propagation (see Figure 1.3).

• Multiplexing: Instead of using only the best route as in the diversity
case, MIMO techniques can be used to send multiple data signals in
parallel. The idea can be viewed as listening to different voices with
each ear and is calledmultiplexing. It can be achieved by directing the
signals toward different ears using the beamforming idea in Figure 1.6.
To multiplex four data signals, both the transmitter and the receiver
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need to have four antennas—it is the minimum of the number of
mouths and the number of ears that decides how many signals that
can be multiplexed.

It is not obvious whether the antennas should be used to achieve diver-
sity or to perform multiplexing, or a little bit of both. Diversity reduces
the risk of errors in the transmission (since all ears are focused on the
same signal), while multiplexing increases the total data rate (since ears
are listening to different signals). Beamforming requires knowledge of how
the channel behaves; otherwise the desirable beam direction will remain
unknown. Therefore, multiplexing is preferred if the channel knowledge is
accurate (so we can be sure that each ear will hear a different voice), while
diversity can protect against inaccuracies. How to achieve reliable channel
knowledge is one of the main topics of the thesis.

The advantages of multiantenna transmission all depend on whether the
channels from each transmit antenna to each receive antenna experience
different multipath propagation (i.e., the signals travel different routes).
This is not necessarily the case: if the transmitter and receiver are located
in a tunnel that acts like a waveguide, there is basically just one route
between them irrespectively of how many antennas we employ. Fortunately,
such closed environments are rare in practice. Instead, the important thing
is that the antennas are sufficiently separated to be able to observe different
signal routes. The wavelength decides what is a good separation, and it
is short when the frequency is high and vice versa. For frequencies in the
range of 0.7− 5 GHz, a good separation is one or a few decimeters. Thus,
we can expect the next generation of communication systems to employ,
for example, two antennas in handheld devices, up to four antennas in
laptops, and perhaps even more at the base stations (which are less size-
constrained). Of course, there will always be some similarities between the
antennas; this is called spatial correlation. Geometrically, it means that
transmissions in some spatial directions are more probable to arrive at
the receiver and that the receiver is more probable to hear strong signals
from certain directions. This behavior is natural; if the base station is
placed on a roof top, it is probably better to use beamforming to send
signals along a street leading towards the receiver than to send it in a
completely different direction; see Figure 1.3. This thesis analyzes how
spatial correlation impacts on various aspects of cellular networks.

1.3.2 Multiuser MIMO
There are often many users in a cell that would like to communicate at
a given time instant. The demand for data traffic is continuously grow-
ing since both the number of user devices and the use of them increase
rapidly. This puts cellular networks under pressure and motivates the de-
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Multi-Antenna Transmission
(Multiuser MIMO)

Data  to User 1

Multi-Antenna Transmission
(Beamforming & Multiplexing)

Data  to User 2

User 1 User 2

Data Stream 1

Data Stream 2

Figure 1.7: Two types of multi-antenna transmission: Send many streams
to one users or one stream each to many users. The latter can make user
devices less complex and is more resilient to bad channel properties, but
accurate channel knowledge is required to find the user directions.

sign of efficient methods for dividing the available transmit resources be-
tween users. Such resource allocation should allocate users to time slots,
frequency subchannels, spatial beamforming directions, and different por-
tions of the transmit power.

An advantage of having many users is that it creates a multiuser di-
versity, meaning that we can decide to transmit to a given user when the
small-scale fading makes the channel strong. We can also select users that
are evenly distributed in the cell, to make their respective beamforming di-
rections as different as possible. By prioritizing users with strong channel
conditions and select spatially separated users, the total performance can
be greatly improved. In general, resource allocation is a very complex and
difficult problem to solve, since it involves both finding strong users and
maintain some kind of fairness between users that are located at different
distances from the base station (so that users in the cell center will not
“steal” all transmission resources).

At a given time and subchannel, the base station has to decide whether
it should serve one of the users (perhaps with multiplexing) or if multiple
users should be served in different spatial directions; see Figure 1.7. The
latter is known as multiuser MIMO and has several practical advantages
over single-user transmission (described in Section 1.3.1):

• Simple user devices: Recall that the number of parallel signals
in the single-user case was limited by the minimum of the number
of transmit antennas (mouths) and receive antennas (ears). In mul-
tiuser MIMO, there are very many ears located at different user de-
vices and all of these receive antennas are counted. The same total
performance can therefore be achieved by having many simple user
devices with few antennas and limited processing power, instead of
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one large and complicated device with many antennas. In addition,
multiuser MIMO could enable more parallel data signals since the
number of streams is no longer limited by the number of antennas at
each user, but mainly depends on how many antennas that are placed
at the base station.

• Better channel properties: Each user is located in a certain di-
rection from the base station, thus there will naturally only be a few
beamforming directions that lead to this user. Even if the receive
antennas are sufficiently separated, they can only hear signals that
arrive to a small part of the cell; it is hard to imagine an environment
where the base station can send signals in any direction and expect
them all to arrive at the user (with equal strength). With multiuser
MIMO, we can select users that are located in completely different
directions (from the base station) and thereby have ears all over the
cell. Beamforming can be used to direct each signal towards its user,
without creating much interference between users; see Figure 1.7.

Recall that multiplexing required knowledge of how the channel be-
haves, to enable proper beamforming selection. The downside of multiuser
MIMO is that this requirement becomes even more critical. We would like
each user to only hear its designated signal, but the base station must have
accurate knowledge of the direction of the user to achieve low interference.
If the channel knowledge is uncertain, the signals will be mixed up and
each user will only hear a clutter of interfering signals. The thesis analyzes
how the accuracy of channel knowledge impacts the performance and how
to improve the accuracy in scenarios with many users.

1.3.3 Multicell Coordination
A cellular network consists of a large number of cells and each user con-
nects to the closest base station (i.e., the one with the strongest channel).
Thus, there are invisible edges between each cell where user devices switch
between the corresponding base stations. The activities in one cell will be
influenced by activities in neighboring cells. The extreme case is that two
users are next to each other, but at different sides of the cell edge and thus
belong to different cells. If these users are served in parallel (at the same
subchannel), their respective data signals will cause severe interference to
each other; see Figure 1.8a. In other words, there needs to be some kind
of coordination of resource allocation between adjacent cells.

The simplest coordination scheme would be to forbid adjacent cells
to use the same subchannels. This will basically remove the interference
between cells, but leads to poor exploitation of the scarce frequency re-
sources. Multiantenna transmission enables more intricate coordination
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Strong
Interference

Signal
Signal

(a) Uncoordinated Multicell: Strong interference might be caused to cell edge users.

(b) Coordinated Interference: Base stations cooperate by only sending parallel trans-
missions to users in different directions.

(c) Coordinated Multipoint Transmission: Base stations cooperate and jointly serve
cell edge users from both base stations.

Figure 1.8: Three levels of multicell coordination. More coordination leads
to lower interference and higher performance, but requires more signaling
between base stations and more accurate channel knowledge.
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schemes where base stations avoid allocating the same time/frequency-
resource to adjacent users at the cell edge; see Figure 1.8b. Such schemes
require that base stations share decisions with neighboring base stations.
In addition, each base station needs to know the channels to all users in
adjacent cells that they might cause interference to.

In addition to interference avoidance, multicell coordination can also
be used to jointly serve certain users through multiple base stations and
thereby remove the strict cell edges; see Figure 1.8c. Joint transmission
to a user is called coordinated multipoint (CoMP) transmission and will
ideally make all the cells act as just one cell (with transmit antennas at
different locations). This has great potential as it makes the the number of
parallel data signals limited by the total number of antennas (mouths) at
all base stations. But just as every other advanced transmission scheme,
CoMP transmission requires very accurate channel knowledge and good
backhaul networks between base stations to enable fast coordination.

This thesis shows how to jointly model and analyze different level of
multicell coordination. We derive a method for finding the optimal trans-
mission scheme (which requires extensive computations) and propose more
practical schemes that still achieves good performance.

1.4 System Operation

There are two transmission directions in cellular systems; transmission from
the base station to the users is called the downlink, while transmission from
the users to the base station is known as the uplink. As mentioned earlier,
this thesis concentrates on downlink transmission on a single subchannel,
but we assume that there also exist uplink subchannels so that the base
station and the users can exchange information and decisions.

The MIMO techniques and multicell coordination schemes described in
Section 1.3 all require accurate channel knowledge. At the same time, the
channels are constantly changing due to small-scale fading. It is therefore
necessary to have a mechanism that acquires channel knowledge at a reg-
ular intervals to keep it up-to-date. The common way is to use so-called
training signaling; that is, sending a known signal and trying to estimate
channel properties by comparing the transmitted signal with the received
signal. Training signaling provides the receiver with channel knowledge.
This information can be fed back to the base station, but it should be done
in a concise way to save resources. When both the base station and the
users have learned the channel, this information is used for resource alloca-
tion, multiuser MIMO transmission, multicell coordination, and processing
of the received data signals. After a while (e.g., a few milliseconds), the
small-scale fading has changed the channel and made the acquired channel
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Restart When Channel Estimates are Outdated

Training Signaling:
Channel Estimation

at Each User

Resource Allocation:
Base Stations Perform

User Selection & Beamforming

Data Transmission

Feedback:
Send Channel Estimates

to Base Stations

Figure 1.9: Schematic illustration of the system operation in a wireless
communication system. The three main components are training signal-
ing for channel estimation, feedback of channel information, and resource
allocation. These are also the three main topics of the thesis.

information outdated. It is time for new training signaling and the system
operation starts all over again.

The cyclic operation is illustrated in Figure 1.9. This thesis follows the
basic system operation structure in that figure and analyzes its components:
1) training signaling for channel estimation; 2) limited feedback of channel
information; and 3) resource allocation for multicell systems.

1.4.1 Aim and Contributions of the Thesis
The aim of the thesis is to analyze channel estimation, channel feedback,
and resource allocation aspects of multiantenna cellular networks. Using
optimization theory, we study the optimal solution to a collection of prob-
lems and then use the obtained insights to propose practical solutions.
More details and background are given in Chapter 2, but this chapter will
be concluded with a brief description of the thesis contributions.

• Training signaling for channel estimation: Multiuser MIMO
and multicell coordination require very accurate channel knowledge.
Estimation of the channel propagation is a well-studied area and it is
known that the estimation performance can be improved by having
a good statistical model of the channel. While prior works have con-
centrated on a small set of specific statistical structures, this thesis
shows how these results can be gathered in a joint framework with
more general conditions. It is shown how the design and length of the
training signaling depends on the statistical model. It is also shown
how to estimate other properties than the channel propagation, which
for example might be the total received power.

• Limited feedback of channel information: The feedback of chan-
nel information needs to be very concise and accurate, so that the
transmission can start as quickly as possible. The thesis investigates
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how to maximize the amount of information that each feedback bit
provides and analyze the relative importance of knowing user direc-
tions and the strength of the channels. In addition, we prove that
each user should only receive one data signal and that the additional
user antennas should be used to improve the feedback accuracy.

• Resource allocation in multicell systems: A general multicell
coordination framework is proposed to emulate practical conditions
and enable joint analysis of basically any type of multicell coordina-
tion scheme. The optimal resource allocation in such systems is very
complicated to calculate; it requires huge computational resources
and cannot be applied in practical systems. However, we propose
an algorithm that calculates the optimal resource allocation for the
purpose of comparing it with practical approaches. We also extract
certain properties of the optimal solution and show how these can
be used to achieve simple but well-performing practical algorithms
for resource allocation. Finally, the performance is evaluated under
practical conditions, based on real channel measurements.



Chapter 2

Problem Formulation:
Background & Contributions

In this chapter, we introduce the mathematical system model, describe our
system operation, and formulate the problems that are considered in the
thesis. We provide an extensive background to the research on these topics
and outline the main contributions of the thesis, including references to our
published and submitted articles.

The fundamental system assumptions are given in Section 2.1, along
with preliminaries on how to measure performance, on different statistical
models, and on the concept of spatial correlation. The cyclic system op-
eration is described in Section 2.2 and consists of three main components.
The thesis analyzes and tries to optimize these components. The first part
is training-based channel estimation and this area is outlined in Section
2.3. The second part is feedback design and a survey is provided in Sec-
tion 2.4. The third component is resource allocation in multicell systems,
which is discussed in Section 2.5. Finally, research results that have not
been included in the thesis are summarized in Section 2.6.

2.1 System Model

We consider a downlink multiuser MIMO system where a base station with
N antennas communicates with Kr users; see Figure 2.1. We assume that
there are many users in the system, such that Kr ≥ N is satisfied. The
kth user is denoted MSk and has Mk antennas. The channel to MSk is
narrowband and represented in the complex baseband by the matrix Hk ∈
CMk×N . The complex-valued element [Hk]ij describes the channel from
the jth transmit antenna to the ith receive antenna. Its norm represents
the strength/gain of the channel, while its argument describes the phase-
shift created by the channel. For tractability, the multipath propagation

17
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is modeled as quasi-static block fading; that is, the channel matrix Hk is
constant for a set of consecutive discrete time instants T ⊂ Z+ and then
replaced with a new independent realization.1 The number of time instants,
|T |, is called the coherence time. The transceiver hardware is assumed to
be ideal, without other impairments or distortions than can be included in
the channel matrix and background noise (cf. [GGLF08,SWB10]).

At the discrete time instant t ∈ T , the symbol-sampled complex-
baseband received signal at MSk is yk(t) ∈ CMk×1 and is given by the
linear input-output model

yk(t) = Hkx(t) + nk(t) (2.1)

where nk(t) ∈ CMk×1 is the combined vector of additive noise and inter-
ference. It is modeled as circular symmetric complex Gaussian distributed
with nk(t) ∈ CN (n̄k(t),Σk(t)), where n̄k(t) ∈ CMk×1 is the mean value
and Σk(t) ∈ CMk×Mk is the covariance matrix. Further statistical details
and motivations are provided in Section 2.1.2.

The transmitted signal x(t) ∈ CN×1 contains data signals intended for
each of the users and is given by

x(t) =
Kr∑

k=1
sk(t) (2.2)

where sk(t) ∈ CN×1 is the signal designated to MSk. These stochastic data
signals are modeled as zero-mean and having signal correlation matrices

Sk(t) = E{sk(t)sHk (t)} ∈ CN×N . (2.3)

These matrices are important design parameters that are used in the thesis
to optimize the system performance. The selection of S1(t), . . . ,SKr (t) is
called resource allocation and implicitly includes selecting which users to
transmit to at a given time instant, the design of beamforming directions,
and power allocation. Basically, tr{Sk(t)} describes the power allocated
for transmission to MSk, while the eigenvectors and eigenvalues of Sk(t)
describe the spatial distribution of this power. The general case when
multiple users are served simultaneously is called space division multiple
access (SDMA), while the special case when only one user is given non-
zero power at each time instant is known as time division multiple access
(TDMA). To enable efficient multiuser SDMA transmission, the resource
allocation should preferably be based on the current channel state infor-
mation (CSI)—that is, the collection of current channel matrices Hk.

Multiuser transmission is a main focus of the thesis and we assume that
there is an infinite queue of data to be sent to each user; thus, all users are

1The actual channel may be time-correlated, but we assume that this correlation
cannot be modeled and tracked in a reliable way.
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Figure 2.1: Illustration of the downlink multiuser MIMO system in this
thesis. A base station with N antennas serves Kr multi-antenna users.

available for transmission at every time instant and using any data rate.
The data is delivered to the base station through a backhaul network, which
also will be used for multicell coordination when we extend the single-cell
model of this section to a general multicell model in Chapter 5.

The transmission resources need to be limited somehow to model the
inherent restrictions of practical systems. We assume that there are L linear
constraints, which are divided into two categories: Lp power constraints
and

∑Kr
k=1 Lk user-specific shaping constraints. The power constraints are

defined as
Kr∑

k=1
tr{QlSk} ≤ ql l = 1, . . . , Lp, (2.4)

where Ql ∈ CN×N are Hermitian positive semi-definite weighting matrices
and ql ≥ 0 for all l. To ensure that the power is constrained in all spatial
directions, these matrices satisfy

∑Lp
l=1 Ql � 0N . These power constraints

are given in advance and are based on, for example,

• physical limitations (e.g., dynamic range of power amplifiers);

• regulatory constraints (e.g., radiated power in different directions);

• economical decisions (e.g., long-term cost of running a base station).

Two simple examples are a total power constraint (i.e., Lp = 1 and Q1 =
IN ) and per-antenna constraints (i.e., Lp = N and Ql is only non-zero
at the lth diagonal element). While these examples can be viewed as two
extremes, practical systems can certainly be limited in both respects.

The second category of constraints is user-specific and controls the
shape of the transmission to this user. MSk has Lk constraints

tr{TikSk} ≤ τik i = 1, . . . , Lk, (2.5)
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where Tik ∈ CN×N are Hermitian positive semi-definite matrices and
τik ≥ 0 for all i. Each matrix Tik � 0N identifies a subspace where the
output power should be kept below a certain threshold (e.g., to not disturb
neighboring systems [HP10]). These constraints are called soft-shaping,
because the shape of the transmission is only affected if the power is above
the threshold defined by τik. In the extreme case, these constraints can be
used to prohibit transmission to MSk from certain antennas, which will be
used in Chapter 5 to turn the single-cell system in (2.1) into a multicell
system. The total number of constraints is L = Lp +

∑Kr
k=1 Lk.

Remark 2.1. This thesis concentrates on the design of downlink multiuser
MIMO transmission (also known as the broadcast channel). This problem
is commonly viewed as more challenging than uplink transmission (also
known as the multiple access channel) [GKH+07], and there many good
arguments supporting this statement. Firstly, efficient multiantenna trans-
mission requires accurate channel knowledge at both sides in the downlink
(to achieve the full multiplexing gain, see the next section), while channel
information is only critically needed at the base station during uplink trans-
mission [Tel99,GJJV03]. Secondly, user devices should have power-efficient
hardware and are therefore limited to low-complexity signal processing al-
gorithms, while the base station can apply advanced algorithms for signal
reception in the uplink. Thirdly, many services primarily create downlink
traffic (i.e., video streaming), making the downlink throughput the limiting
factor for the user experience. However, there are important connections
between the downlink and uplink, which have enabled researchers to gain
intuition on the design of downlink transmission by solving mathematically
more convenient uplink problems [BS02,VT03]. Many results in this thesis
could therefore be useful also for the design of uplink transmissions.
Remark 2.2. The input-output model in (2.1) can describe many other
types of systems than narrowband MIMO communication. In OFDM sys-
tems, (2.1) can model each of the subchannels [Böl04]. In addition, trans-
mission over frequency-selective channels using filterbanks [SGB99], wire-
less wideband MIMO channels [RC98], and transmission over bundles of
cables with crosstalk [HSG90] can all be expressed in the form of (2.1).
Thus, the analysis in this thesis can be applied to a much wider range of
problems than narrowband communication. In those parts of the thesis
where we assume certain statistical properties, one should keep in mind
that the alternative applications listed above may impose certain struc-
tures on Hk (e.g., it being Toeplitz) and on nk(t) that may be possible to
exploit to improve on our results. In addition, the Rician statistical model
defined in Section 2.1.2 is not necessarily a good model for all applications.
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2.1.1 Data Rate and Multiplexing Gain
The performance of a downlink multiuser MIMO system can be measured in
a variety of ways, which we discuss in detail in Chapter 5. As a preliminary,
and to support the analysis in Chapter 4, we consider the concepts of
mutual information, sum rate, and multiplexing gain in this section.

The data throughput of the downlink system in (2.1) can be charac-
terized using information theory, which is an area pioneered by Claude
Shannon in his seminal work of [Sha48]. The mutual information between
the transmitted signal x(t) and the received signal yk(t) at MSk is

Ik(S1(t), . . . ,SKr (t)) = log2




det
(

Σk(t) +
Kr∑
k̄=1

HkSk̄(t)HH
k

)

det
(

Σk(t) +
∑
k̄ 6=k

HkSk̄(t)HH
k

)



, (2.6)

for a fixed Hk and under the assumption of Gaussian distributed data sig-
nals (i.e., sk(t) ∈ CN (0,Sk(t))∀k) [Tel99, VVH03]. We will call Ik the
data rate for MSk, as the mutual information represents the number of
bits that can be conveyed to user k (per time instant t ∈ T ) with an ar-
bitrarily low probability of decoding error [CT91]. The data rate is a very
common way of measuring performance, but its definition hinges on many
idealized assumptions: perfect CSI at the receiver, data signals from infi-
nite constellations, error-control coding over very long data blocks, and no
computational complexity constraints (see [DHL+11] for a further discus-
sion). Therefore, alternative performance measures such as the signal-to-
interference-and-noise ratio (SINR), mean squared error, and bit/symbol
error rates are studied in Chapter 5.

The data rate in (2.6) is a function of the transmit correlation matrices
S1(t), . . . ,SKr (t). Thus, the performance of MSk depends on the transmis-
sions to all other users. The total data throughput is the achievable sum
rate

fsum(S1(t), . . . ,SKr (t)) =
Kr∑

k=1
Ik(S1(t), . . . ,SKr (t)). (2.7)

The sum rate can be optimized by finding the signal correlation matri-
ces S1(t), . . . ,SKr (t) that maximizes (2.7), while satisfying the power con-
straints in (2.4) and the soft-shaping constraints in (2.5). Instead of max-
imizing the sum of each user’s performance, other functions such as the
geometric/harmonic mean or the worst-user performance can be used. A
framework with general performance functions is introduced in Chapter 5.
Remark 2.3. In the mutual information expression of (2.6), it was implic-
itly assumed that the base station applies linear precoding and that each
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user only decodes its own data signal, while treating co-user interference as
part of the background noise. The sum rate can be improved by allowing
non-linear interference pre-subtraction at the base station; the dirty paper
coding approach in [CS03,VT03,WSS06] achieves the single-cell sum capac-
ity (i.e., the largest sum rate over all transmission strategies). The mutual
information can also be improved if each user decodes and subtracts signals
intended for other users (e.g., using superposition coding and successive in-
terference cancelation) [LG01,SCG06]; for example, we can achieve the sum
capacity if all users are allowed to collaborate. If transmission in multiple
interfering cells is considered, the exact sum capacity is typically unknown
but the recent area of interference alignment has demonstrated that the
optimal sum rate scaling (when the transmit power grows large) can be
attained with linear precoding by expanding the transmission dimension
over, for instance, a collection of channel realizations [CJ08]. However, all
these potential improvements come at the cost of a higher sensitivity to in-
accurate CSI at the transmitter, require complicated signal processing, and
may cause delays and additional signaling overhead. To achieve practically
appealing transmit strategies and low-complexity receivers, this thesis as-
sumes linear precoding over a single subchannel (and coherence time) and
users that treat co-user interference as noise.

The advantage of multiantenna and multiuser transmission can be char-
acterized in terms of how the sum rate scales with the total transmit power.
This scaling is of great importance as practical systems preferably operate
at large signal-to-noise ratios (SNRs). Similar to [ZT03], we give the fol-
lowing definition.
Definition 2.1. Let the parameters ql, τik of all constraints in (2.4) and
(2.5) be linearly increasing (i.e., non-decreasing) functions of q. Assume
that we have a strategy for selecting S1(t), . . . ,SKr (t) for every given set
of constraints. This strategy achieves the multiplexing gain2 ofM∞ if the
sum rate satisfies

lim
q→∞

fsum(S1(t), . . . ,SKr (t))
log2(q) =M∞. (2.8)

This means that the sum rate behaves asM∞ log2(q)+constant when
the transmit power is large. If we apply TDMA and only transmit to a
single user (say MSk) having a total power constraint, the multiplexing
gain is limited by min(N,Mk); that is, the minimum of the number of
transmit and receive antennas. This typically means that MTDMA

∞ = Mk

because the user device is small and therefore has fewer antennas than the
2The multiplexing gain was originally introduced for spatial multiplexing in single-

user systems, and the generalization to multiuser systems has sometimes been referred to
as the spatial division multiplexing gain; see for example [ZKAH11]. The multiplexing
gain has also been named degrees of freedom and pre-log factor.
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base station. If we instead transmit to many users in parallel using SDMA,
the largest/full multiplexing gain is MSDMA

∞ = min(N,
∑
kMk) and can

be achieved using both non-linear techniques (e.g., dirty paper coding)
and linear precoding (e.g., block diagonalization) [LJ07,SP09]. Recall that
we have assumed that there are more users than transmit antennas (i.e.,
Kr ≥ N), which simplifies the full multiplexing gain into MSDMA

∞ = N .
In other words, a benefit of multiuser SDMA transmission over single-user
TDMA transmission is that the multiplexing gain is limited by the number
of transmit antennas instead of the number of antennas at the selected
user. The drawback is that the base station requires perfect CSI to realize
this benefit in practice [GKH+07]. The good news is that linear precoding
can achieve the optimal sum rate scaling, which further motivates why this
thesis only considers the use of practical linear precoding techniques.

In this thesis, we use the notion of multiplexing gain to investigate
how inaccurate CSI affects the performance (see Chapter 4). We will also
propose low-complexity multicell precoding strategies in Chapter 7 and
analyze the achievable multiplexing gains of these strategies.

2.1.2 Rician Statistical Model
When a probabilistic system model is required in the thesis, we model the
small-scale fading by having a channel matrix Hk with circular-symmetric
complex Gaussian elements. Although very simple, this model makes sense
in scenarios with rich multipath propagation (e.g., based on the Lindeberg
Central Limit Theorem [Zab95]) and has been validated by extensive mea-
surements (see e.g., [WJ01,KSP+02,CLW+03,YBO+04,WHOB06]).

To achieve a proper multivariate channel distribution, we first transform
Hk into a vector by stacking its columns and denote it by vec(Hk). We
then let

vec(Hk) ∈ CN (vec(H̄k),Rk) (2.9)

where the mean H̄k ∈ CMk×N describes the line-of-sight component. The
positive definite covariance matrix Rk ∈ CNMk×NMk describes the spatial
properties of the multipath propagation. This matrix depends on the large-
scale fading and varies at a much slower pace than the small-scale fading.
Throughout the thesis, we therefore assume that both the base station and
MSk can keep track of H̄k and Rk perfectly, either using a negligible feed-
back overhead or reverse-link estimation [AFFM98,CHC04,WJ09a] (e.g.,
exploiting that the large-scale fading is relatively frequency independent).

The statistical model in (2.9) is known as Rician fading, because the
magnitude of each element in Hk is Rician distributed. In many urban sce-
narios, there is no line-of-sight link between the base station and MSk mean-
ing that H̄k = 0Mk×N . This important special case is called Rayleigh fad-
ing, because the magnitude of each element in Hk is Rayleigh distributed.
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It is also common to model the additive noise and interference, nk(t), as
circular-symmetric complex Gaussian distributed, because white Gaussian
noise is a safe worst-case assumption and since interfering signals from
other communication systems with Gaussian signaling also experience rich
multipath propagation. To achieve a general model, we consequently let

nk(t) ∈ CN (n̄k(t),Σk(t)) (2.10)

where n̄k(t) is the mean disturbance and Σk(t) is a positive definite co-
variance matrix. We will call this stochastic model Rician disturbance,
because the magnitude of each element in nk(t) is Rician distributed. The
disturbance is statistically independent from the channel. Throughout the
thesis, we assume that both the base station and MSk can keep track of
n̄k(t) and Σk(t) perfectly, through estimation at the user and a negligi-
ble low-rate feedback overhead. Observe that we have implicitly assumed
that the disturbance is an ergodic process, which is not necessarily satisfied
if unknown communication systems with fast adaptive resource allocation
strategies are creating the interference; a further discussion is available
in [YBB11].

2.1.3 Spatial Correlation and Majorization
The channel distribution in (2.9) was defined using an arbitrary covariance
matrix Rk, but physical channels have certain characteristics that are not
captured by just any arbitrary covariance matrix. The virtual channel rep-
resentation in [Say02] and the jointly-correlated model in [WHOB06] (also
known as the Weichselberger model) have both shown that realistic physical
propagation can be well-modeled using simple rules on the eigenstructure
of Rk. For analytical and simulation purposes, we will sometimes use a
special case of the jointly-correlated model known as the Kronecker model.
This model assumes that the antenna correlation at the transmitter and
the receiver are separable, such that the structure of the antenna array at
one side does not affect the spatial properties at the other side. This gen-
eral property is formalized into mathematical conditions on Rk in [Oes06],
but we concentrate on the following definition:
Definition 2.2. Under the Kronecker model, the channel covariance matrix
Rk can be factorized as

Rk = RT
T,k ⊗RR,k (2.11)

where RT,k ∈ CN×N and RR,k ∈ CMk×Mk represent the spatial covariance
matrices at the transmitter and receiver side, respectively.

Observe that there is a scaling ambiguity in the covariance matri-
ces RT,k,RR,k of the Kronecker model, but this has no impact on the
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analysis of the thesis since these matrices are assumed to be given.
The Kronecker model has been verified by field measurements (see e.g.,
[CLW+03,YBO+04]), but is not necessarily applicable in all highly corre-
lated scenarios [OCVJP05,Oes06]. However, the Kronecker model enables
separate analysis of the impact of spatial correlation at the transmitter
and the receiver (i.e., the correlation between channel direction and chan-
nel quality). In urban cellular systems, base stations are typically ele-
vated and exposed to little near-field scattering, thus large antenna separa-
tions are necessary to achieve low spatial correlation. The receiving users
might on the other hand be exposed to rich local scattering and thereby
experience weak spatial correlation (if the antenna spacing is sufficiently
large [ECS+98] or polarized antennas are used [ABH+07]).

One way to study the impact of spatial correlation is to use a model
for the channel covariance matrices RT,k,RR,k that explicitly includes the
correlation. There are a variety of ways to generate synthetic channel
covariance matrices, based on different assumptions on the scattering en-
vironment, the angle between transmitter and receiver, the antenna array
geometry, and antenna spacing. The exponential correlation model (ECM)
in [Loy01] is among the simplest models as it only depends on a single
complex-valued parameter r. The covariance matrix RECM(r) is given by

[RECM(r)]kl =
{
rl−k, k ≤ l,

([RECM(r)]lk)∗, k > l,
|r| ≤ 1. (2.12)

This model approximates a uniform linear array (ULA) where the antennas
are equally spaced on a line. The magnitude |r| of the correlation coeffi-
cient r can be interpreted as the correlation between adjacent antennas
in the array, while the phase ∠r describes the angle of arrival/departure
(depending on the use of the array). A main advantage of the ECM is that
we can vary between no correlation (|r| = 0) and full correlation (|r| = 1)
by simply changing the magnitude of r, but it should be noted that the
scale between these extremes is non-linear; typical spatially correlated en-
vironments correspond to |r| ≈ 0.9 [BHO09].

Another channel covariance model is the local scattering model (LSM)
that considers a scenario where the antenna array is exposed to little scat-
tering, while the other side is surrounded by rich local scattering. In
this highly correlated scenario it is valid to model the multipath com-
ponents as Gaussian distributed around an angle of arrival/departure θ
and with a standard deviation σθ which is called the angular spread
[ZO95, TO96, Str03]. Observe that high spatial correlation corresponds
to having a small angular spread. We consider a uniform circular array
(UCA) where N antennas are equally distributed on a circle with radius ϑ
(measured in fractions of the carrier wavelength). If the angular spread is
small [Str03,Bjö07], the corresponding covariance matrix RLSM(θ, σθ, ϑ) is
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well-approximated by

[RLSM(θ, σθ, ϑ)]kl

= ej4πϑ sin(π k−lN ) sin(π k+l−2
N −θ)e−

σ2
θ
2 (4πϑ sin(π k−lN ) cos(π k+l−2

N −θ))2
.

(2.13)

This covariance model has three real-valued parameters and should provide
more accurate results in highly correlated scenarios than the ECM in (2.12),
but the LSM lacks the ability to move between no correlation and full
correlation. Therefore, both models will be used for numerical evaluation
in the thesis. Note that (2.12) and (2.13) will give covariance matrices with
tr{RECM} = tr{RLSM} = N , thus the scaling of these matrices needs to be
adapted to the large-scale fading (e.g., path loss) when used for analysis.

Instead of assuming a certain covariance matrix model, one can ana-
lyze the spatial correlation in terms of the eigenvalue distribution of RT,k

and RR,k; weak correlation is represented by almost identical eigenvalues,
while strong correlation means that a few eigenvalues dominate. Thus,
in a highly correlated system, the channel is approximately confined to
a small eigensubspace, while all eigenvectors are equally important in an
uncorrelated environment.

The notion of majorization in [MO79, JB07] provides a useful measure
of the spatial correlation and will be used herein for various purposes. Let
x = [x1, . . . , xn]T and y = [y1, . . . , yn]T be two non-negative real-valued
vectors of arbitrary length n. We say that x majorizes y if

l∑

k=1
x[k]≥

l∑

k=1
y[k], for l=1, . . . , n− 1, and

n∑

k=1
xk=

n∑

k=1
yk,

(2.14)

where x[k] and y[k] are the kth largest ordered elements of x and y, respec-
tively. This majorization property is denoted as x � y and is illustrated in
Figure 2.2. If x and y contain eigenvalues of channel covariance matrices,
then x � y corresponds to that x is more spatially correlated than y. Ma-
jorization only provides a partial order of vectors, but is still very powerful
due to its connection to certain order-preserving functions:
Definition 2.3. A function f(·) : Rn → R is said to be3

• Schur-convex if x � y implies that f(x) ≥ f(y).

• Schur-concave if x � y implies that f(x) ≤ f(y).
3This definition is consistent with [MO79, JB07], while alternative definitions of

Schur-convexity have appeared in other works.
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x1 x2 x3 x4 y1 y2 y3 y4

Majorization:
x� y

Figure 2.2: Illustration of a majorization relationship between x =
[x1, . . . , x4]T and y = [y1, . . . , y4]T . The total height of all piles (i.e., sum
of all elements) is the same for both vectors, but x majorizes y since the
total height is more spread out between the piles.

Thus, Schur-convex functions increase with the spatial correlation,
while Schur-concave functions decrease. We will use Schur-convexity in
the thesis to analyze how the system performance varies with correlation.

2.1.4 Summary of System Assumptions
To be concise, the following are main assumptions of the thesis:

• Downlink transmission in one (or multiple) cells with many users.

• Multiple transmit antennas and more users than transmit antennas.

• Each user has one or multiple antennas and infinite data queues.

• Narrowband channels with ideal distortionless transceivers.

• Block fading channels with coherence time |T |.

• Linear precoding and users that treat co-user interference as noise.

• Rapid resource allocation with tight delay-constraints, which moti-
vates alternative performance measures to the mutual information.

• When needed, the channel and interference plus noise are complex
Gaussian distributed with known mean and covariance matrices.

2.2 System Operation

The performance at a given time instant depends on the resource allocation
(i.e., selection of S1(t), . . . ,SKr (t)). If the base station can achieve some
instantaneous channel knowledge, it can select users to serve in parallel
based on their current channel conditions and spatial separability. The
signal correlation matrices of the selected users are designed to maximize
the sum rate in (2.7), or some other system performance measure. Based
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(a) Basic cyclic operation of an FDD system.
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(b) Basic cyclic operation of a TDD system.

Figure 2.3: Illustration of the system operation for FDD systems and TDD
systems. The main components are training signaling, feedback, and re-
source allocation. These will be considered in the thesis, one at the time.

on the block fading assumption, the channel matrices Hk are constant
during the coherence time |T |. In this time period, we should first try to
obtain accurate estimates of Hk at user k and at the base station and then
use it for resource allocation and data transmission until the end of the
coherence time. The common way of obtaining CSI is to send a known
training sequence and compare it with the received signal.

Block fading makes it easy to describe the system operation as a cyclic
process that is restarted every time the channel matrices are updated. This
thesis focus on two types of systems: Frequency Division Duplex (FDD)
and Time Division Duplex (TDD). The main difference is that each sub-
channel in an FDD systems is used for either downlink or uplink transmis-
sion, while each subchannel in a TDD system switches between downlink
and uplink transmission. Thus, TDD systems can send training sequences
in both directions,4 while FDD systems only can send it in the downlink
direction and needs another way to achieve CSI at the base station.

4The physical channel in the downlink and the uplink are reciprocal [VP07,And09];
that is, the multipath propagation of the radio waves are reversed but otherwise identical.
However, the transceiver hardware is typically different between the downlink and the
uplink, which requires careful calibration when exploiting the channel reciprocity.
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First, we describe the basic operation of FDD systems. It is illustrated
in Figure 2.3a and consists of five steps [VP07,LHL+08,CJKR10]:

1. Training: The base station sends a training sequence that enables
each user to estimate its channel.

2. Feedback: Each active user feeds back a quantized version of its
channel estimate to the base station, using an uplink subchannel.

3. Resource Allocation: The base station perform resource alloca-
tion (i.e., selects users and their signal correlation matrices). The
allocation is either fixed throughout the coherence time or consists of
a collection of scheduling/precoding strategies.

4. Training: The base station can send a second training sequence, to
enable selected users to adapt to the signal correlation matrices (both
their own and the interfering ones). This is often necessary to achieve
coherent reception.

5. Data: Transmission of data until the end of the coherence time.

FDD systems enable parallel downlink and uplink transmissions at different
subchannels, which implies short communication delays. The drawback is
that the antennas are used for transmission of strong signals and reception
of weak signals (due to path losses) in parallel. To avoid interference within
the hardware, the downlink and uplink subchannels need to be sufficiently
separated in frequency. FDD systems can handle asymmetric data traffic
(e.g., access to webpages and video streaming) by using more subchannels
for downlink transmission, but cannot adapt to traffic variations (e.g., users
that switch between symmetric voice calls and asymmetric internet traffic).

Next, we describe the basic operation of TDD systems. It is illustrated
in Figure 2.3b and consists of four steps [VP07,GPS08,And09,JAWV11]:

1. Training: Each active user sends training sequences in the uplink
direction that enables the base station to estimate the downlink chan-
nels using the reciprocity between the uplink and downlink channels.

2. Resource Allocation: The base station performs resource alloca-
tion, while the system switches from uplink to downlink transmission.
The allocation is either fixed throughout the coherence time or con-
sists of a collection of scheduling/precoding strategies.

3. Training: The base station sends a training sequence that enables
the selected users to estimate their effective channels (with the se-
lected signal correlation matrices), to enable coherent reception.

4. Data: Data is transmitted until the end of the coherence time.
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TDD systems can be very flexible to asymmetric data traffic, since more
time can be used for the downlink when needed. It also reduces the hard-
ware complexity, because devices can concentrate on either transmitting
or receiving at a given time. The drawback is the need for silent so-called
guard periods when switching direction, to make sure that the signal has
reached the destination before it starts transmitting in the opposite direc-
tion. The communication delays are longer in TDD systems than in FDD,
as only one transmission direction is active at a time.

Both FDD and TDD are used in current cellular networks and is sup-
ported by the emerging 4G-standards. The choice of system operation
depends on many other considerations than described in this section, in-
cluding regulatory aspects that make certain frequency bands suitable for
FDD and others for TDD. It is worth noting that the described FDD and
TDD operations are idealized. In practical systems, adjacent cycles are
overlapping (e.g., data transmission using old CSI takes place during the
feedback step) and there is a variety of control signaling. However, our
point is that the basic system operation has three main components: 1)
channel estimation based on training signaling; 2) quantized channel feed-
back (not in TDD systems that exploit channel reciprocity); and 3) resource
allocation based on instantaneous channel information. This thesis consid-
ers all these components, one at the time. For analytical convenience, it will
often be assumed that the previous components have been performed per-
fectly (e.g., feedback quantization of perfect CSI instead of estimated CSI
and resource allocation based on perfect instead of estimated/quantized
CSI). The next three sections provide an overview of the state-of-the-art
on each of these three areas, along with details on the thesis contributions.

2.3 Problem Formulation: Training-Based Estimation

2.3.1 Background
The seminal works of [MF70,FG98,Tel99] provide the motivation behind
multi-antenna communication; the data rate in single-user MIMO systems
increases rapidly with the number of antennas (with a multiplexing gain
of M∞ = min(N,Mk)). Similar encouraging results for the multiuser
downlink (also known as broadcast channels) were developed in [CS03,
VT03]. All these results are based on the idealized assumption of having full
channel state information (CSI)—that is, perfect knowledge of the channel
matrix Hk for all users k. In practice, the channel statistics can often be
regarded as known (see Section 2.1.2), but the instantaneous realization of
Hk needs to be estimated with limited resources (e.g., few time instants
and constrained power) due to short-term fading, interference, and noise.
Having accurate CSI is critical for multiuser downlink transmission, since
this information is required for spatial separation of users [Jin06, SH07,
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GKH+07]. The gain of having multiple antennas can easily be lost under
CSI errors, which motivates research on channel estimation that exploits
the available resources efficiently.

Channel estimation is a type of system identification [Gev05, Hja05]
where the quasi-constant channel matrix Hk should be identified. Com-
mon channel estimation techniques can be divided into three categories:
training-based, semi-blind, and blind. In the former, the estimation is en-
tirely based on transmission of training sequences (known a priori to both
the transmitter and the receiver). The other extreme is blind estimation,
which only exploits some known structure of the received data signals. The
combination of these techniques is called semi-blind estimation. None of
the approaches is overall superior; training improves the estimation quality,
but the time and power spent on training is taken away from the actual
data transmission. It is indicated in [CS97] that the semi-blind approach is
preferable over blind estimation, but the optimal choice certainly depend
on the coherence time of the channel (i.e., we can spend more resources on
estimation if |T | is large). In this thesis, we consider training-based esti-
mation since this is the common approach in wireless standards [DPSB08].

By nature, the channel matrix is stochastic, which motivates Bayesian
estimation—that is, modeling of the current channel state as a realiza-
tion from a known multi-variate probability density function (PDF). How-
ever, there is a large amount of literature on estimation of deterministic
MIMO channels which are analytically tractable but in general provide
less accurate channel estimates, as shown in [DU05,BG06]. Early works on
Bayesian minimum mean square error (MMSE) estimation of the channel
matrix are provided in [KS04] and [MYG05], where the authors consid-
ered noise-limited systems with Σk(t) = IMk

. A first step towards MMSE
estimation under colored interference was taken in [LWH07], where the au-
thors disregard the noise and consider an interference-limited system where
the interference has similar statistical properties as the channel (which is
a rather limiting assumption, but enables analysis).

The estimation can be based on any known training sequence, but the
training can also be adapted to optimize the estimation accuracy. Un-
der their respective system conditions, [KS04,MYG05, LWH07] optimize
the training sequence to minimize the MSE of the estimation at a certain
user. Interestingly, they all derive similar structures of the optimal train-
ing sequence. Note that finding the training sequence that minimizes the
MSE of the channel matrix estimate will not necessarily result in the best
system performance, which typically corresponds to some other function
of the channel. The alternative approach of maximizing the entropy be-
tween the channel and the received training signal is taken in [BGS09].
Training sequence design with robustness to imperfect statistical knowl-
edge is considered in [SB11b]. When mentioning previous work, it is
worth noting that simplified channel matrix estimators have been developed
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in [BG06,KKT07,NMB09] and claimed to be linear MMSE estimators, but
we show in the thesis that these estimators are in general restrictive.

The optimal length of the training sequence (i.e., the sufficient number
of time instants to minimize the MSE) was analyzed in [HH03] for un-
correlated channels and white noise. Under these conditions, the training
sequence length should be at least equal to the number of transmit anten-
nas, N , and can be even longer if the maximum training power per time
instant is limited. This result was clarified in [KCJ08] by showing that
either the length of the training sequence or the power per time instant
should optimally be scaled proportionally to

√
|T |, when the coherence

time |T | is large. For general spatially correlated channels, the optimal
length can be smaller than the number of transmit antennas [PLZL07].

2.3.2 Contributions of the Thesis
The main contributions of the thesis in the channel estimation area are:

• We consider MMSE estimation of the channel matrix under arbi-
trary Rician channel statistics and Rician disturbance. This enables
joint analysis of channel estimation under different types of distur-
bances, including the noise-limited and interference-limited scenarios
in the prior work of [KS04,MYG05,LWH07,JJZ+08]. We clarify un-
der which conditions the MSE minimizing training sequence can be
calculated by solving a convex optimization problem and when it can
be solved in closed form. Based on this insight, we propose a heuristic
training sequence that can be used for arbitrary Rician statistics.

• We prove that the MSE decreases with the spatial correlation at both
the transmitter and the receiver side. Based on this observation,
we show that the optimal length of the training sequence can be
considerably shorter than the number of transmit antennas.

• We extend the framework by deriving MMSE estimators of the
squared Frobenius norm of the channel and the received SNR, which
all can be calculated using the same training sequence. We illustrate
numerically that direct estimation of such channel quantities yield
more accurate results than indirect calculation using an estimated
channel matrix. It is also shown how the training sequence can be
optimized to minimize the estimation error of such channel quantities.
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These novel results are presented in Chapter 3 (Training-Based Channel
Estimation under Arbitrary Rician Statistics) and most of the results have
previously appeared in:

[BO10] E. Björnson and B. Ottersten, “A framework for training-
based estimation in arbitrarily correlated Rician MIMO chan-
nels with Rician disturbance,” IEEE Trans. Signal Process.,
vol. 58, no. 3, pp. 1807–1820, 2010

[BO09b] E. Björnson and B. Ottersten, “Training-based Bayesian
MIMO channel and channel norm estimation,” in Proc. IEEE
ICASSP’09, 2009, pp. 2701–2704

[BO08b] E. Björnson and B. Ottersten, “Pilot-based Bayesian channel
norm estimation in Rayleigh fading multi-antenna systems,”
in Proc. Nordic Radio Science and Commun. (RVK’08), 2008

The research articles [BO09b] and [BO10] are published under © 2009-2010
IEEE. Textual material and illustrations are reprinted with permission.

Some of the results were developed within the European project Wire-
less World Initiative New Radio+ (WINNER+) and have been republished
in deliverables of that project and in:

[KTS+10] P. Komulainen, A. Tölli, B. Song, F. Roemer, E. Björnson,
and M. Bengtsson, “CSI acquisition concepts for advanced
antenna schemes in the WINNER+ project,” in Proc. Future
Network and MobileSummit, 2010

2.4 Problem Formulation: Feedback Design

2.4.1 Background
The optimal data throughput can only be achieved in multiuser MIMO sys-
tems with perfect CSI at both the base station and the users [GKH+07], but
a bounded performance loss is achievable if sufficient resources are allocated
for CSI estimation and feedback [Jin06,CJKR10]. The channel matrix Hk

can be estimated at user k by analyzing the received signal (see Section
2.3), but the base station cannot make similar channel observations. In
FDD systems, the base station and users have fixed roles at each subchan-
nel and thus the base station can only achieve CSI of downlink channels
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if users feed it back over uplink subchannels. Downlink multiuser systems
require accurate CSI at the base station to benefit from multiuser diversity
or achieve the full multiplexing gain [Jin06,SH07,GKH+07], but every time
instant used for channel feedback is also removed from data transmission
on the reverse links. In block fading systems, the data throughput of each
block can be optimized by finding the optimal tradeoff between acquiring
accurate CSI and having enough time left to benefit from efficient data
transmission; see [SH06,KCJ08]. In this thesis, we are not seeking the op-
timal tradeoff since it highly depends on channel characteristics such as the
coherence time |T |, channel statistics, user distribution, available transmit
power, etc. Instead, we assume that B bits are available for CSI feedback
per user and analyze how to use them efficiently. We refer to this as limited
feedback because B is typically small and finite [LHL+08], but B naturally
increases with the SNR since the SNR improves the uplink throughput.

Continuous multidimensional variables, such as Hk, need to be quan-
tized to be described by a finite number of bits. When the number of feed-
back bits is very limited, the quantization should concentrate on channel
properties that are essential for data transmission and exploit the avail-
able statistical information [LHS04]. For example, if only a single data
stream should be sent to a user, it is more efficient to quantize the pre-
ferred beamforming direction and its corresponding channel quality (i.e.,
the dominating eigenvector and eigenvalue of HH

k Hk, respectively) than
trying to quantize the complete channel matrix [LHS03].

CSI is often divided into two categories: channel directional information
(CDI) and channel quality information (CQI). The directional part is useful
for user selection and precoding [KKGK09], while the quality part is used
for user selection and rate adaptation [ZJOP09]. Spatial correlation makes
CDI and CQI correlated, since the average channel quality is larger in some
directions than in others. However, it is convenient to quantize the CDI and
CQI separately to simplify the adaptation to statistical variations [LH06,
HBO08b] and enable the CQI feedback to account for CDI quantization
errors when reporting the anticipated channel quality [TBT07,KdFG+07,
dFS08]. It also reduces the quantization complexity.

The common approach to CDI quantization is to have a finite code-
book of vectors, determine which element in the codebook that best de-
scribes the preferred beamformer, and then feed back this index to the
base station [LHL+08]. The simplest approach is to generate the codebook
randomly, using the same distribution as the vector that should be quan-
tized [AYL07]. This gives a lower bound in terms of performance, but the
randomness provides a simple structure that can be exploited for analy-
sis [Jin06,YJG07, Jin08,RJ08a]. The optimal choice of codebook depends
on how the quantization distortion is defined and can be calculated nu-
merically using the generalized Lloyd algorithm [LBG80]. For uncorrelated
Rayleigh fading channels (i.e., Rk ∝ I), the beamforming direction that
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maximizes the received signal power (i.e., the dominating right singular
vector of Hk) is uniformly distributed over the unit sphere and it makes
sense to distribute the codeword vectors over the same sphere such that
the worst-case Euclidean distance to a codeword is minimized. This distor-
tion measure leads to the Grassmannian codebook of [LHS03], which can
be calculated numerically using the algorithm in [DHST08].

The design of good CDI quantization codebooks is more complicated
under general spatial correlation. For a given statistical scenario, an op-
timal codebook can be designed through computationally expensive algo-
rithms. Such optimization needs to be performed offline, meaning that
a large set of fixed codebooks are required to cover any possible statis-
tical scenario. This is infeasible in practice and motivates the design of
suboptimal codebooks that can adapt to statistical variations under a mi-
nor performance loss. Such algorithms have been proposed for single-user
transmission in [LH06, RHS07, KBLS08] by basically having preliminary
codebooks that are rotated in different ways depending on the current chan-
nel statistics. In principle, the codebook design can also exploit properties
of multiuser systems [CMJH08], but it is hard to define proper distortion
measures in these scenarios.

The CQI feedback can be based on the actual coding rates supported by
the system [LTE10], but it is hard for a user to predict the interference level
under multiuser transmission—it depends on user selection in both the own
cell and neighboring cells. In addition, only parts of such a list are relevant
for each user if their channel statistics are known. Intuitively, the CQI
variable should describe the channel norm (i.e., the channel power gain),
but better practical performance can often be achieved by feeding back
some SINR-like variable that also includes the loss in channel gain and
the amount of interference leakage that is expected due to quantization
errors [TBT07,KdFG+07,YJG07, dFS08]. Any scalar CQI variable needs
to be quantized to enable feedback, which typically is achieved by dividing
the range of possible values into disjoint intervals based on its statistics
[KdFG06,BO08c,YRT09,KY12].

An alternative to CQI feedback is to select an optimistic data rate (e.g.,
based on the statistics) and reduce it iteratively if the data signal is incor-
rectly decoded. Using a hybrid automatic repeat request (HARQ) protocol
to combine the received signal over multiple time instants, this approach
can ideally achieve the same average performance as with perfect CQI feed-
back in single-antenna single-user systems [SLF09]. Since retransmissions
are performed until all data signals can be correctly decoded, the worst-
case delay is very long. In addition, multiuser diversity cannot be properly
exploited without having some explicit CQI feedback [YJG07]. Thus, it
is necessary to combine quantized CQI feedback with HARQ protocols in
delay-sensitive multiuser MIMO systems, which is the approach taken in
many existing wireless standards. It has recently been shown that the ma-
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jority of bits should be used to achieve fairly accurate CQI, while HARQ
with a few retransmission takes care of CQI errors [YRT09,ME10]. In this
thesis, CQI feedback is utilized for efficient user selection and to find data
rates that are supported with a given probability, while the few cases with
unsupported rates are assumed to be handled by an HARQ protocol.

If the total number of feedback bits is limited but can be allocated
freely among the users, the system should concentrate on achieving accu-
rate CSI from a few users [RJ08b]. Multiuser diversity can still be achieved
by first obtaining course CSI feedback from many users and then request
refinements for the selected users [ZG07]. When the number of bits per
user, B, has been determined, an important question is how these bits
should be divided between CDI and CQI feedback. This tradeoff is of-
ten ignored by assuming perfect CQI feedback [SH05, HBO08a, YJG07]
or long-term averaging without CQI feedback [Jin06, LH06, RJ08a], but
can have a substantial impact on the multiplexing gain and the ability
to exploit multiuser diversity [KdFG06]. By applying zero-forcing precod-
ing on uncorrelated Rayleigh fading channels, it has been shown that the
number of CDI feedback bits needs to increase with the transmit power
to achieve the full multiplexing gain [Jin06, Jin08]. This result was im-
proved in [KdFG06,YJG07] by showing that the optimal portion of CDI
bits increases with the transmit power, but decreases with the number of
users that feed back. A similar setup was used in [KY12] to analyze the
asymptotic regime when B →∞, with given SINR constraints and outage
probability constraints. This analysis shows that 2(N −1) times more CDI
bits than CQI bits should be used. Thus, [Jin06,YJG07,KY12] are aligned
in the view that CDI feedback should be prioritized under zero-forcing pre-
coding. But other conclusions are possible if we broaden the perspective to
other precoding strategies. Random beamforming with SINR-based feed-
back and a few bits indicating the preferable beamforming direction can
achieve the optimal sum rate scaling if the number of users is large [SH05],
while additional CQI feedback can be used to achieve reasonable perfor-
mance at practical number of users [KGS08]. Similarly, CDI feedback can
be completely excluded in spatially correlated channels if eigenbeamform-
ing is applied and the number of users is large [HBO08a].

2.4.2 Contributions of the Thesis
The main contributions of this thesis in the feedback quantization area are:

• We analyze whether the system should send one stream per scheduled
user (i.e., utilize receive antennas for receive diversity) or selecting a
smaller number of users and multiplex multiple streams to each of
them. This affects the number of channel directions that the base
station needs to acquire per user. The former alternative is repre-
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sented by zero-forcing precoding with receive combining, while the
latter is represented by block-diagonalization precoding. We show
both analytically and numerically that zero-forcing with receive com-
bining is the better choice as it is more resilient to spatial correlation
and benefits more from multiuser diversity. A notable exception is
when the CSI accuracy is poor, but single-user TDMA transmission
is the best choice in these scenarios.

• We define the ε-outage sum rate as a robust estimate of the achiev-
able performance that only exploits CSI available at the transmitter.
We explain why this is a more practical performance measure, un-
der imperfect CSI and the considered system operation, than the
highest achievable sum rate. We show how the low-complexity pre-
coding strategies of maximum estimated SINR combiner (MESC)
from [TBH08] and norm-supported minimum-variance distortionless
response (NS-MVDR) from [HBO08a, HBO08b] can be adapted to
optimize the ε-outage sum rate.

• We investigate how B feedback bits per user should be split be-
tween conveying CDI and CQI, under more general condition than
in [Jin06,KdFG06,KY12]. We show that the ε-outage sum rate can
achieve the full multiplexing gain if only CDI feedback, only CQI
feedback, or neither is available at the base station—all depending
on the number of users, number of receive antennas, and the spatial
correlation. Thus, asymptotic analysis can be used to draw very dif-
ferent conclusions depending on the system conditions and studied
precoding strategy. This analysis is complemented with numerical
examples that show the impact of spatial correlation and the number
of users on the optimal division of feedback bits at practical values on
SNR, B, M , and Kr. The results show that the asymptotic conclu-
sions in [Jin06,KdFG06,KY12] are quite reasonable under practical
system conditions.

These novel results are presented in Chapter 4 (Fundamental Properties
of Feedback Design) and most of the results have previously appeared in:

[BHO09] E. Björnson, D. Hammarwall, and B. Ottersten, “Exploiting
quantized channel norm feedback through conditional statis-
tics in arbitrarily correlated MIMO systems,” IEEE Trans.
Signal Process., vol. 57, no. 10, pp. 4027–4041, 2009

[BBO11b] E. Björnson, M. Bengtsson, and B. Ottersten, “Receive com-
bining vs. multistream multiplexing in multiuser MIMO sys-
tems,” in Proc. IEEE Swe-CTW’11, 2011, pp. 109–114
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[BNO10] E. Björnson, K. Ntontin, and B. Ottersten, “Channel quanti-
zation design in multiuser MIMO systems: Asymptotic versus
practical conclusions,” in Proc. IEEE ICASSP’11, 2010, pp.
3072–3075

[BO08c] E. Björnson and B. Ottersten, “Post-user-selection quanti-
zation and estimation of correlated Frobenius and spectral
channel norms,” in Proc. IEEE PIMRC’08, 2008

[BO08a] E. Björnson and B. Ottersten, “Exploiting long-term
statistics in spatially correlated multi-user MIMO systems
with quantized channel norm feedback,” in Proc. IEEE
ICASSP’08, 2008, pp. 3117–3120

These research articles are published under © 2008-2011 IEEE. Textual
material and illustrations are reprinted with permission.

Some of the results on feedback design (and also on multicell transmis-
sion) were developed within the FP6 project Cooperative and Opportunis-
tic Communications in Wireless Networks (COOPCOM) and have been
republished in deliverables of that project and in:

[BHZ+08] E. Björnson, D. Hammarwall, R. Zakhour, M. Bengtsson,
D. Gesbert, and B. Ottersten, “Feedback design in multiuser
MIMO systems using quantization splitting and hybrid in-
stantaneous/statistical channel information,” in Proc. ICT
Mobile and Wireless Communications Summit, 2008

2.5 Problem Formulation: Multicell Transmission

2.5.1 Background
In conventional cellular systems, each user belongs to one cell at a time and
resource allocation is performed autonomously by its base station. Multi-
ple users can be assigned to each subchannel using space division multiple
access (SDMA) and MIMO techniques that manage co-user interference
within the cell [GKH+07]. However, with base stations performing au-
tonomous single-cell processing, the performance is fundamentally limited
by interference from other cells—especially for users close to cell edges.

The limiting inter-cell interference can be handled by cooperation be-
tween base stations. By sharing CSI over the backhaul network, base sta-
tions can take the interference caused to adjacent cells into consideration in
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the resource allocation. The interference channel is among the simplest ex-
amples of multicell coordination and represents the special case when each
base station only serves a single unique user, but can share CSI to manage
intercell interference [HK81, ETW08, LDL11, SCP11]. Coordinated beam-
forming represents the more practical scenario when each base station can
serve multiple users in its cell, but still coordinates the resource allocation
with other cells to limit the interference [RL06,GKGØ07,KK08,DY10]. By
sharing both data and CSI over the backhaul, cell edge users can be jointly
served through multiple base stations [SZ01,ZD04,KFV06,GHH+10]. This
advanced level of cooperation has recently been termed network MIMO
[VLV07] and coordinated multi-point transmission (CoMP) [PDF+08], and
it basically transforms the multicell system into a single wide-area cell with
distributed antenna arrays. The sum capacity of ideal network MIMO sys-
tems was derived in [WSS06], while more practical performance gains over
conventional single-cell processing were reported in [MF08,SSPS09] under
constrained backhaul signaling.

In practical multicell systems, only a small subset of base stations will
take the interference generated at a given user into consideration (to limit
the backhaul signaling and computational complexity, and to avoid esti-
mating negligibly weak channels). Static disjoint cooperation clusters were
considered in [MF08,HTH+09,ZCA+09] to coordinate transmissions within
each cluster. While easily implementable for co-located base stations (such
as sectors connected to the same eNodeB in an LTE system), each clus-
ter only becomes a fully coordinated super-cell with distributed antenna
arrays. Thus, fixed clustering can only remove some of the interference;
the performance will still be limited by out-of-cluster interference. More
dynamic approaches were taken in [TCJ08,KK10] where each base station
has its own set of users to serve and these sets are partially overlapping.
However, these works still consider global interference coordination, making
their approaches infeasible in large networks. This thesis extends previous
work and proposes multicell system models that are feasible in practice.

The selection of the signal correlation matrices S1(t), . . . ,SKr (t) should
be based on some system performance measure, which creates a mathemati-
cal resource allocation problem. There are two particular multicell resource
allocation problems that can be solved exactly and efficiently (i.e., in poly-
nomial time). The first one is based on minimizing the power necessary to
fulfill pre-defined quality-of-service (QoS) constraints for all users (which
is a very strong assumption, because it is not easy to find good QoS con-
straints). This problem was shown to be convex in [BO01] and the convex
formulation has gradually been extended in [WES06,YL07,DY10,BJBO11]
to include general power constraints and multicell conditions. These con-
vex problems can be solved in polynomial time using general-purpose im-
plementations of interior-point methods [TTT03,GB10,Löf04], while fixed
point algorithms can be used under certain conditions to achieve even faster
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convergence [SB04, SB05]. The second problem that can be solved effi-
ciently is to maximize the worst performance among all users (also known
as max-min fairness), which can be formulated as solving a series of convex
QoS problems [WES06,YL07,SB04,SB05]. This approach provides a kind
of absolute fairness, which could be a reasonable goal of resource alloca-
tion but cannot really exploit that cellular users often are highly hetero-
geneous (both in average channel gain and delay sensitivity [HCML10]).
These two resource allocation problems are normally studied under per-
fect CSI, but can also be solved under CSI uncertainty. Exact results
under worst-case robustness (with ellipsoidal uncertainty regions) were
considered in [SD09, VBS09, TPW11], while approximations under prob-
abilistically uncertainty (i.e., with outage probabilities) were considered
in [CSCG07,SD08,WCWKM11].

Apart from the two aforementioned problems, most resource alloca-
tion problems in multiantenna multicell systems are non-convex and NP-
hard [LDL11], meaning that the optimal solution cannot be obtained in
polynomial time. Thus, only heuristic suboptimal precoding strategies can
be applied in practice when trying to optimize, for example, the sum per-
formance, proportional fairness, or harmonic mean. Still, it is very im-
portant to compute the optimal solution to use it as a benchmark and
to characterize its properties. The key to solving non-convex resource
allocation problems systematically is to find a suitable parameter space
that represents all feasible and some infeasible strategies, and then apply
some global optimization technique to iteratively reduce this space with
guaranteed convergence to a global optimum [Tuy00,TAKT05]. Recently,
parameter spaces have been proposed based on precoding parametriza-
tions [JL10], power allocation [ESV+10], user data rates [BU10], and re-
ceived interference [RTSH11]. In these works, the global optimization was
either based on the outer polyblock approximation algorithm [JL10,BU10]
or the branch-and-bound algorithm [ESV+10,RTSH11]. In addition, only
[BU10, RTSH11] handle arbitrary multicell systems and all of the men-
tioned papers assume perfect CSI between all base stations and all users
in the system, which is unreasonable in practice.

The set of all achievable combinations of user performance is called
the achievable performance region. The solution to any (reasonable) re-
source allocation problem thus corresponds to a point on the upper bound-
ary of this region, which is called the Pareto boundary.5 Many subop-
timal iterative algorithms have been suggested for handling various non-
convex multicell resource allocation problems in practice; see for exam-
ple [CACC08, ZWN08b, TCJ08, TPK09, NSGS10, VPW10]. These algo-

5To be correct, the Pareto boundary is only a subset of the upper boundary where
the performance cannot be improved for any user without degrading for other users.
But it is only in certain special cases that the Pareto boundary is a strict subset, see
Chapter 5.
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rithms can be viewed as search procedures in the performance region and
have shown good performance on synthetic channels, but the choice of start-
ing point will of course have great impact since these algorithms only have
local convergence. The search for good starting points (or non-iterative low-
complexity strategies in general) can be simplified by the Pareto boundary
parameterizations in [JLD08,SCP11,ZC10,MJ11a,MJ11b,LKL11]. These
provide necessary conditions for strategies that attain the Pareto boundary
(except for the necessary and sufficient conditions for two-user interference
channel in [MJ11b,LKL11]), which greatly reduce the search-space for op-
timal strategies. For general multicell systems with Kt base stations and
Kr users, the characterization in [MJ11a] requires Kt(Kr − 1) parameters
from the interval [0, 1] for beamforming directions (and additional power-
control parameters). The special case of the multiple-input single-output
(MISO) Kr-user interference channel has received particular attention. A
characterization with Kt(Kr − 1) complex-valued parameters was derived
in [JLD08] and it was improved in [SCP11] to [0, 1]-parameters. Later, a
similar6 characterization was proposed in [ZC10].

A major consideration in the design of practical multicell transmission
strategies is to which extent the cooperation is managed centrally. Cen-
tralized resource allocation requires both sharing of CSI over the backhaul
network and a central station with high computational power for analyz-
ing the joint CSI. In other words, centralized multicell coordination is not
really feasible in large cellular networks. There is therefore a great inter-
est in distributed forms of cooperation that reduce the backhaul signaling
and precoding complexity, while still benefiting from efficient interference
coordination. In the initial work of [JTS+08,NEHA08], base stations were
assumed to only affect immediate neighboring cells. The impact of hav-
ing a limited backhaul capacity for sharing CSI and data was analyzed
in [SSPS09,MF09, ZG10b, ZG11]. In addition, centralized user selection
schemes that only require partial CSI were considered in [SGH08,KDB09]
and combined with distributed precoding that only require local CSI (i.e.,
for channels from the base station to all users). While these works represent
partially distributed resource allocation, a fully distributed resource allo-
cation strategy was proposed in [HBYB11] based on having local CSI and
base stations that inform neighboring cells of their scheduling decisions.

Finally, it is worth noting that the performance of downlink multi-
cell resource allocation strategies have mainly been evaluated on synthetic
channels. However, synthetic and real channels usually differ due to the
simplifications used in the channel model assumptions. Thus, the impact
of characteristics such as the correlation between channels from different
base stations have not been properly analyzed [JZOG07].

6Positive parameters are used in [ZC10] instead of [0, 1]-parameters, but there are
bijective functions from [0,∞) to [0, 1] making the parameter complexity identical.
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2.5.2 Contributions of the Thesis
The main contributions of this thesis the multicell resource allocation area
are presented in a collection of chapters.

Chapter 5 (Framework for General Multicell Coordination):

• We propose a general multicell cooperation framework with dynamic
overlapping clusters that enables unified analysis of everything from
interference channels to ideal network MIMO systems. The main
characteristic is that each base station is responsible for the inter-
ference caused to a set of users (those with non-negligible channel
gains), while only serving a subset of them with data (to limit back-
haul signaling). This framework also supports arbitrary monotonic
user performance functions (e.g., representing data rates, error rates,
or mean square errors) and arbitrary monotonic system performance
functions (e.g., sum performance, proportional fairness, or max-min
fairness).

• The concept of performance regions is extended to our multicell
framework. We prove that the performance region is compact and
normal, and that the global optimum to any system optimization
lies on its upper boundary. In addition, we prove that the upper
boundary always can be attained by strategies that use single-stream
beamforming and satisfy some constraints with equality.

Chapter 6 (Optimal Solutions to Multicell Resource Allocation):

• We introduce a novel extension to classic max-min performance op-
timization problems that we call fairness-profile optimization. It in-
cludes both a lowest acceptable performance level for each user and a
division of the remaining resources with predefined proportions. This
multicell problem is shown to be quasi-convex under both perfect CSI
and worst-case robustness, thus it can be solved in polynomial time.

• We propose a systematic multicell algorithm for solving arbitrary
resource allocation problems with monotonic user performance func-
tions. Convergence to the global optimum of these NP-hard prob-
lems is achieved by an adaptation of the branch-reduce-and-bound
(BRB) algorithm in [TAKT05]. A fairness-profile optimization is per-
formed in each iteration, meaning that the framework can be applied
whenever this problem can be solved efficiently. As the BRB algo-
rithm solves a problem with exponential worst-case complexity, it is
mainly useful as a benchmark in system level evaluations of subopti-
mal low-complexity algorithms, although good lower bounds on the
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optimum are achieved in quite few iterations. We show by simula-
tions that the proposed BRB algorithm has faster convergence than
the outer polyblock approximation algorithm, confirming observa-
tions in [TAKT05].

Chapter 7 (Practical Solutions to Multicell Resource Allocation):

• We show that the optimal beamforming directions for each base sta-
tion belong to certain subspace defined using only local CSI; thus,
the difficulty of multicell coordination is not the lack of CSI but the
need for coordinated decision making. In addition, we parameter-
ize the optimal resource allocation strategy by deriving a new ex-
plicit Pareto characterization. This parametrization is based on the
idea of uplink-downlink duality [WES06,YL07,BJBO11] and requires
Kr+L−1 parameters in the interval [0, 1], where L is the total number
of power and soft-shaping constraints. This is fewer parameters than
in the prior work of [MJ11a,JLD08,SCP11,ZC10] (with exception for
the two-user MISO interference channel in [MJ11b, LKL11]). Inter-
estingly, the signal-to-leakage-and-noise ratio (SLNR) beamforming
of [STS07, HSHS08, LJS+08, ZG10a] is achieved by simple parame-
ter selection, which explains why many papers have achieved good
performance with this heuristic approach.

• Two low-complexity strategies for resource allocation are proposed
based on our new parametrization of optimal resource allocation and
a multicell extension of the efficient ProSched scheduling algorithm of
[FGH06,FGH07]. The first strategy is centralized and provides close-
to-optimal performance, while the distributed version is suitable for
large systems with limited computational complexity and backhaul
signaling.

Chapter 8 (Evaluation of Multicell Resource Allocation):

• The proposed low-complexity strategies for resource allocation are
evaluated under both synthetic and realistic channel conditions, us-
ing measured channels from a typical urban macro-cell environment.
The proposed BRB algorithm is used for benchmarking of the pro-
posed low-complexity strategies. It is shown that a large portion of
the optimal performance can be achieved by simple means. Impor-
tant properties of coordinated multicell transmission are revealed by
comparing the average cell performance with random user locations
and the performance with fixed user locations. We also evaluate the
robustness to synchronization imperfections.
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These novel results have previously appeared in:

[BZGO10] E. Björnson, R. Zakhour, D. Gesbert, and B. Ottersten,
“Cooperative multicell precoding: Rate region characteri-
zation and distributed strategies with instantaneous and
statistical CSI,” IEEE Trans. Signal Process., vol. 58, no. 8,
pp. 4298–4310, 2010

[BJBO11] E. Björnson, N. Jaldén, M. Bengtsson, and B. Otter-
sten, “Optimality properties, distributed strategies, and
measurement-based evaluation of coordinated multicell
OFDMA transmission,” IEEE Trans. Signal Process., 2011,
to appear

[BZBO11] E. Björnson, G. Zheng, M. Bengtsson, and B. Ottersten,
“Robust monotonic optimization framework for multicell
MISO systems,” IEEE Trans. Signal Process., mar 2011,
submitted, arXiv:1104.5240v2

[BBO11a] E. Björnson, M. Bengtsson, and B. Ottersten, “Pareto char-
acterization of the multicell MIMO performance region with
simple receivers,” IEEE Trans. Signal Process., may 2011,
submitted, arXiv:1105.4880v1

The research articles [BZGO10] and [BJBO11] are published under © 2010-
2011 IEEE. Textual material and illustrations are reprinted with permis-
sion. Preliminary versions of the results have also appeared in:

[BBO10] E. Björnson, M. Bengtsson, and B. Ottersten, “Optimal-
ity properties and low-complexity solutions to coordinated
multicell transmission,” in Proc. IEEE GLOBECOM’10,
2010

[BZGO09] E. Björnson, R. Zakhour, D. Gesbert, and B. Ottersten,
“Distributed multicell and multiantenna precoding: Char-
acterization and performance evaluation,” in Proc. IEEE
GLOBECOM’09, 2009

[BO09a] E. Björnson and B. Ottersten, “On the principles of mul-
ticell precoding with centralized and distributed coopera-
tion,” in Proc. WCSP’09, 2009
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2.6 Contributions Outside the Scope of the Thesis

Certain results that were achieved during my doctoral studies have not
been included in the thesis, mainly to achieve a coherency among the sys-
tem assumptions and transmit strategies used herein. Based on my Master
of science thesis, a generalization of the norm-supported precoding strate-
gies of [HBO08a,HBO08b] was proposed in [BHO07] to enable the use of
multiple receive antennas. A framework for CQI codebook design was pro-
posed in [BO08c] and applied for quantization of the Frobenius norm and
the spectral norm of a Rayleigh fading channel matrix. This framework
tries to maximize the feedback-entropy by making every codeword equally
probable to be fed back by those users that are eventually scheduled. In
addition, the BRB algorithm in Chapter 6 was applied in [BBZO11] to co-
ordinated beamforming systems. By assuming perfect CSI from the serving
base station and uncertain CSI from all other base stations, a more efficient
type of convex subproblem formulations was achieved. Next, some of the
precoding parametrization results and low-complexity strategies proposed
in Chapter 7 have been extended for systems were the base station only
have statistical CSI; see [BO09a,BZGO10]

We have analyzed the impact of spatial correlation under system con-
ditions that are quite different from those in this thesis: one transmit-
ter and one receiver, the transmitter has either statistical or no CSI, and
the transmission is based on linear precoded orthogonal space-time block
codes. These assumptions enable analysis based on majorization theory
(see Section 2.1.3). We have proved that spatial correlation at the receive
antennas always degrades the performance, while correlation is actually
advantageous at the transmitter side if transmitter has statistical CSI. In
addition, conditions were given for the optimality of single-stream beam-
forming (i.e., rank-one signal correlation matrices) in these systems. These
results are published in:

[BJO10] E. Björnson, E. Jorswieck, and B. Ottersten, “Impact of
spatial correlation and precoding design in OSTBC MIMO
systems,” IEEE Trans. Wireless Commun., vol. 9, no. 11,
pp. 3578–3589, 2010

[BOJ09] E. Björnson, B. Ottersten, and E. Jorswieck, “On the im-
pact of spatial correlation and precoder design in MIMO
systems with space-time block coding,” in Proc. IEEE
ICASSP’09, 2009, pp. 2741–2744
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[BDMJ08] E. Björnson, P. Devarakota, S. Medawar, and E. Jorswieck,
“Schur-convexity of the symbol error rate in correlated
MIMO systems with precoding and space-time coding,” in
Proc. Nordic Radio Science and Commun. (RVK’08), 2008

Finally, the collaboration with fellow doctoral students has resulted in:

[YBB11] J. Yang, E. Björnson, and M. Bengtsson, “Receive beam-
forming design based on a multiple-state interference
model,” in Proc. IEEE ICC’11, 2011

[HBYB11] X. Hou, E. Björnson, C. Yang, and M. Bengtsson, “Cell-
grouping based distributed beamforming and scheduling
for multi-cell cooperative transmission,” in Proc. IEEE
PIMRC’11, 2011

In [YBB11], we recognize the variability in interference characteristics
that appears when neighboring wireless systems apply scheduling and other
resource allocation strategies with fast channel-adaptivity. This is modeled
by a multiple-state interference model and the usefulness of such a model
is illustrated through two receive beamforming problems: maximization
of the average data rate and of the worst-case data rate. We observe
that exploiting such a interference structure can improve the performance,
especially for cell-edge users in interference-limited systems.

In [HBYB11], we analyze the special coordinated beamforming case of
the multicell cooperation framework in Chapter 5. The cells are divided
into groups such that neighboring cells (i.e., those that create interference
to each other) belong to different groups. Thus, the base stations in a
given cell-group will not impact each other and can perform resource al-
location independently and in parallel. Since the number of cell-groups
can be small and does not depend on the network size, the cell-groups
can perform resource allocation in an iterative fashion with limited back-
haul signaling. This approach achieves similar performance as previous
low-complexity centralized resource allocation strategies, but requires less
backhaul signaling and computational complexity.



Chapter 3

Training-Based Channel
Estimation under Arbitrary
Rician Statistics

In this chapter, we propose a framework for training-based estimation of
instantaneous channel information under Rician channel and Rician distur-
bance statistics. This framework unifies and generalizes results that have
appeared in prior work. We focus on estimation at a certain user and drop
all user indices for notational convenience.

The model for training-based estimation is given in Section 3.1. The
preliminaries of minimum mean squared error (MMSE) estimation are
given in Section 3.2, where we also derive closed-form MMSE estimators
for the channel matrix, its squared Frobenius norm, and the received SNR.
In Section 3.3, we show how the training sequence can be designed to
maximize the estimation performance. Analytical results on the optimal
training structure are achieved under the Kronecker model and these re-
sults are used to propose heuristic strategies that can be applied under
arbitrary statistics. The optimal length of the training sequence and the
impact of spatial correlation are investigated in Section 3.4. Finally, the
results are illustrated and evaluated numerically in Section 3.5.

3.1 Training-Based Channel Estimation

In this chapter, both the transmitter and the receiver are assumed to know
the long-term statistics of the channel and of the disturbance. In order
to estimate properties of the current channel realization H ∈ CM×N , the
transmitter can send a sequence of known training vectors. We consider
sequences of arbitrary length B ≥ 1, represented by the training ma-
trix P ∈ CN×B . This matrix fulfills a total training power constraint

47
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tr(PHP) ≤ % and its maximal rank is m = min(N,B), which represents
the maximal number of spatial channel directions that the training se-
quence can excite. The columns of P are used as transmit signals in the
system model of (2.1) for B time instants, which are not necessarily consec-
utive and thus denoted t = T (1), . . . , T (B). The collective received matrix
Y = [y(T (1)), . . . ,y(T (B))] ∈ CM×B from the training transmission is

Y = HP + N (3.1)

where N = [n(T (1)), . . . ,n(T (B))] ∈ CM×B is the collective disturbance
matrix. In Section 2.1.2, the disturbance at each time instant was modeled
as n(t) ∈ CN (n̄(t),Σ(t)). The training signaling lasts over B time instants,
and to allow the disturbance to contain temporally correlated interference
we extend the statistical model by assuming that

vec(N) ∈ CN (vec(N̄), Σ̄) (3.2)

where Σ̄ ∈ CBM×BM is the positive definite covariance matrix and N̄ ∈
CM×B is the mean disturbance.

3.2 MMSE Channel Estimation

Suppose that we would like to estimate some function h(·) of the channel
matrix H. This might, for example, be the channel matrix itself h(H) =
H (useful to improve the receive processing) or the total received SNR
h(H) = tr{HSHH} for a given signal correlation matrix S (useful for
rate adaptation and precoding selection). The estimation of h(H) should
be based on all available information; that is, the observation Y and the
long-term statistics. We consider MMSE estimation, which minimizes the
average estimation error and is one of the principal estimators in practice
[Kay93].

In general, the MMSE estimate of a function h(h) of a random vector
h (with known statistics) is

ĥMMSE = E{h(h)|y} =
∫
h(h)p(h|y)dh (3.3)

where y is the observation and p(h|y) is the conditional (posterior) PDF
of h given y. Thus, the MMSE estimator is the conditional mean of h(H)
and it minimizes the mean squared error (MSE) defined as

MSE = E
{
‖h(h)− ĥMMSE‖2F

}
, (3.4)

where the expectation is taken over both the random vector h and the
observation y. The MMSE estimator can be viewed as the Bayesian coun-
terpart to the minimum variance unbiased (MVU) estimator developed for
deterministic channels [Kay93, Section 3.4].



3.2. MMSE CHANNEL ESTIMATION 49

3.2.1 Estimation of the Channel Matrix
By vectorizing the received signal in (3.1) and applying the rule
vec(ABC) = (CT ⊗A)vec(B), the observation in our system becomes

vec(Y) = P̃vec(H) + vec(N) (3.5)

where P̃ = (PT ⊗ IM ). By pre-subtracting the mean disturbance vec(N̄)
from vec(Y), it is straightforward to apply the results of [Kay93, Chapter
15.8] to conclude that the conditional PDF is

p(vec(H)|vec(Y)) = e−(vec(H)−m)HE−1(vec(H)−m)

πNM det(E) , (3.6)

which is a circular symmetric complex Gaussian distribution with

m = vec(H̄) + EP̃HΣ̄−1(vec(Y)− P̃vec(H̄)− vec(N̄)),

E =
(
R−1 + P̃HΣ̄−1P̃

)−1 (3.7)

as mean value and covariance matrix, respectively. Using the conditional
PDF, it is trivial to achieve the MMSE estimator of the channel matrix.
Lemma 3.1. The MMSE estimate, ĤMMSE, of the channel matrix H and
its corresponding MSE are

vec(ĤMMSE) = m,

MSEĤ = tr{E},
(3.8)

respectively, where m and E are defined in (3.7).
We stress that the general MMSE estimator in (3.8) is in fact linear

(affine), but nonetheless it has repeatedly been referred to as the linear
MMSE (LMMSE) estimator (see e.g., [KS04, MYG05, LWH07]) which is
correct but could lead to the incorrect conclusion that there may exist
better non-linear estimators. The MMSE estimator in (3.8) is also the
maximum a posteriori (MAP) estimator of H [Kay93, Chapter 15.8] and
the LMMSE estimator in the case of non-Gaussian fading and disturbance
(with known first and second order statistics, independent fading and dis-
turbance, and arbitrary types of distributions [Kay93, Chapter 12.3]).

Note that the computation of the MMSE estimate in (3.8) only requires
a multiplication of vec(Y) with a matrix and adding a vector, which both
only depend on the system statistics. Thus, the computational complexity
of the estimator is small.
Remark 3.1. For Rayleigh fading channels, the MMSE estimator in (3.8)
has the general linear form vec(ĤMMSE) = Avec(Y). A special kind of
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linear estimators with the alternative structure Ĥ = YAo were studied
in [BG06,KKT07,NMB09] and claimed to give rise to LMMSE estimators.
In general, this claim is incorrect, which is seen by vectorizing the estimate:
vec(Ĥ) = (AT

o ⊗ I)vec(Y). Thus, the estimators in [BG06,KKT07,NMB09]
belong to a subset of linear estimators with A = (AT

o ⊗ I). The gen-
eral MMSE estimator belongs to this subset when applied to Kronecker-
structured systems with identical receiver-side channel and disturbance co-
variance matrices,1 while the difference between vec(ĤMMSE) and vec(Ĥ)
increases with the difference in receive-side correlation and how far from
Kronecker-structured the statistics are.
Remark 3.2. The MSE in (3.8) is independent of the channel mean H̄ and
the disturbance mean N̄, thus the estimation quality is identical under Ri-
cian and Rayleigh statistics (with the same covariance matrices). Observe
that we consider general Rician fading and not the special case with a Ri-
cian K-factor (see [TV05]). The K-factor represents the ratio between the
average power in the direct path (i.e., the squared mean value H̄HH̄) and
in the scattered paths (i.e., the covariance matrix R) under a fixed total
power ‖H̄‖2F +tr{R}. Increasing theK-factor will therefore make the chan-
nel more deterministic and easier to estimate; the MSE in (3.8) decreases
if we reduce all elements of R with a common factor. This natural result
was also illustrated in [NMB09].

3.2.2 Estimation of the Squared Frobenius Norm
and the Received SNR
Using the conditional PDF in (3.6), we can also achieve a closed-form
MMSE estimator of the total channel power, represented by the squared
Frobenius norm h(H) = ‖H‖2F . This channel quantity corresponds directly
to the SINR in space-time block coded systems and has a large impact on
the performance of many other types of systems [BO08c].
Lemma 3.2. The MMSE estimate, ρ̂MMSE, of the squared channel norm
‖H‖2F and its corresponding MSE are

ρ̂MMSE = ‖m‖22 + tr {E} ,
MSEρ̂ = tr {E(2R −E)}+ 2vec(H̄)HEvec(H̄),

(3.9)

respectively, where m and E are defined in (3.7).

Proof. The proof is given in Appendix 3.A.2.

Based on this result, we can also achieve a closed-form MMSE estimator
of the received SNR h(H) = tr{HSHH}.

1In this special case, the estimation of each row of H can be separated into indepen-
dent problems with identical statistics.
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Lemma 3.3. Consider the received SNR tr{HSHH} for a fixed determin-
istic signal correlation matrix S � 0N . The MMSE estimate, ŜNRMMSE,
and its corresponding MSE are

ŜNRMMSE = mH S̃m + tr
{

S̃E
}
,

MSEŜNR = tr
{

S̃ES̃(2R −E)
}

+ 2vec(H̄)H(S̃ES̃)vec(H̄),
(3.10)

respectively, where S̃ = (ST ⊗ IM ) and with m and E from (3.7).

Proof. Observe that ‖H‖2F = tr{HHH} and thus Lemma 3.2 derives the
MMSE estimator of the received SNR in the special case of S = IN . For
a general S � 0N , we can apply the proof of Lemma 3.2 to estimate the
squared Frobenius norm of HS1/2. The conditional distribution of HS1/2

is easily achieved from the conditional PDF of vec(H) in (3.6).

The estimators of the squared Frobenius norm and the received SNR
have rather different properties than the estimator of the channel matrix
in Lemma 3.1. Firstly, the estimators are not linear but quadratic in m
(and thereby in the observation vector Y). Secondly, the MSE performance
depends on the mean value H̄ of the channel, which was not the case for
the channel matrix estimate.

Observe that we use the same training signaling and observation Y to
estimate different channel quantities. The message is that if the system
requires estimates of several arbitrary functions h1(H), h2(H), . . . , of the
channel, we should calculate the MMSE estimate of each of them sepa-
rately (as in Lemma 3.1-3.3). For example, we show in Section 3.5 that
ρ̂MMSE yield much better MSE performance than indirect estimation as
‖ĤMMSE‖2F . For general functions h(·), it might be difficult to find a
closed-form MMSE estimator, but the simple posterior PDF in (3.6) en-
ables efficient numerical integration.

3.3 Training Sequence Optimization

The MMSE estimators in Section 3.2 can used with any training matrix
P, but their error covariance matrices depend on the selection of P. We
will try to select the training matrix to minimize the estimation error. In
multi-user systems where users with different statistical properties want
to estimate their channels simultaneously, any unitary matrix (scaled to fit
the power constraint) can be used;2 the reason is that the training sequence
needs to be based on information available at all receivers. Alternatively,

2If the base station only covers a certain cell sector, there might be other matrices
that better describe the average characteristics of this area.
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a codebook of training matrices can be used, but this requires additional
codeword signaling.

In this section, we consider a training sequence dedicated to a single
user and we try to tailor it for the considered estimator and the statistical
properties and of this user. This is called experiment design in the area of
system identification [Gev05,Hja05] and should ideally shape the inevitable
estimation errors such that the final system performance is maximized. In
multi-antenna transmission, this typically means allocating more power to
estimate the channel along strong eigendirections of R than along weak
eigendirections. Dedicated training is useful to achieve very accurate CSI
for certain users.3

Motivated by analytical convenience, rather than claiming any optimal-
ity, this chapter considers training sequences that minimize the MSE for
MMSE estimation of some function h(H). If this function represents the
channel matrix itself, h(H) = H, the training sequence should be selected
to minimize the MSE in Lemma 3.1. This problem can be formulated as

minimize
P

tr
{(

R−1 + (PT⊗ IM )HΣ̄−1(PT⊗ IM )
)−1}

subject to tr(PHP) ≤ %.
(3.11)

This MSE only depends on the training matrix P and on the covariance ma-
trices of the channel and disturbance statistics. Thus, the MSE-minimizing
training matrix in (3.11) will be a function of the second-order statistics (as
in [KS04,MYG05,JJZ+08,LWH07]). For general channel and disturbance
statistics, the problem in (3.11) is non-convex and the MSE-minimizing
training matrix will not have any special structure that can be used for
simplification. However, if the covariance matrices R and Σ̄ are struc-
tured, the optimal P may inherit this structure.

3.3.1 MSE Optimization under the Kronecker Model
From the training model in (3.1), we see that the training matrix P only
affects the channel matrix, H, from the right hand (transmitter) side.
Therefore it is convenient to analyze the special case when the covari-
ance matrices also can be separated between the transmitter and receiver
side. This is achieved by the well-known Kronecker model (see Section
2.1.3). Under this model, it has previously been shown that for both noise-
limited [KS04,MYG05,JJZ+08] and interference-limited systems [LWH07],
the optimal training matrix has a certain structure that can be exploited to

3In practice, a common training sequence can be used to achieve preliminary chan-
nel estimates for all users and select the best ones for transmission. These estimates
are then improved by sending dedicated sequences to the selected users. The estima-
tion framework herein can be applied also in this scenario, by simply letting H̄ be the
preliminary MMSE estimate and R be the corresponding error covariance matrix.
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convexify (3.11). In this chapter, these results are generalized by showing
that the same optimal structure appears in systems with both noise and
interference. In our notation, the Kronecker model means that

R = RT
T ⊗RR (3.12)

where RT ∈ CN×N and RR ∈ CM×M represent the spatial covariance
matrices at the transmitter and receiver side, respectively. In addition, we
assume that the disturbance covariance Σ̄ is Kronecker-structured as

Σ̄ = Σ̄T
Q ⊗ Σ̄R (3.13)

where Σ̄Q ∈ CB×B and Σ̄R ∈ CM×M represent the temporal covariance
matrix and the received spatial covariance matrix, respectively. For ana-
lytical tractability, we also assume that RR and Σ̄R have identical eigen-
vectors. This means that the disturbance is either spatially uncorrelated
or shares the spatial signature of the channel (e.g., arriving from the same
spatial directions). This assumption was first made in [LWH07] for estima-
tion in interference-limited systems. Under this assumption, we can jointly
describe several types of disturbance, including the following examples:

• Noise-limited:
Σ̄ = σ2IBM with some noise variance σ2.

• Interference-limited (with a set S of interferers):
Σ̄ = (

∑
l∈S Σ̃l)⊗RR with Σ̃l as temporal covariance of interferer l.4

• Noise plus temporally uncorrelated interference:
Σ̄ = σ2IBM + (

∑
l∈S ΣlIB)⊗RR = IB ⊗ (σ2IM +

∑
l∈S ΣlRR).

• Noise plus spatially uncorrelated interference:
Σ̄ = σ2IBM + (

∑
l∈S Σ̃l)⊗ IM = (σ2IB +

∑
l∈S Σ̃l)⊗ IM .

To simplify the notation, we use the following eigen decompositions

RT = UTΛTUH
T , RR = URΛRUH

R , (3.14)
Σ̄Q = VQΥQVH

Q , Σ̄R = URΥRUH
R , (3.15)

where ΛT = diag(λ(T )
1 , . . . , λ

(T )
N ) and ΥQ = diag(σ(Q)

1 , . . . , σ
(Q)
B ) contain

eigenvalues in decreasing and increasing order, respectively. The eigenvalue
matrices ΛR = diag(λ(R)

1 , . . . , λ
(R)
M ) and ΥR = diag(σ(R)

1 , . . . , σ
(R)
M ) can be

ordered arbitrarily.
4It worth noting that since a flat and block fading channel model was assumed in

Chapter 2, the potential unequal temporal covariance in Σ̃l primarily originates from
the interfering signals and not from their channels. Also observe that if RR 6= IM , the
interference will be received from the same spatial direction as the training signal.
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Strength of Channel
Eigendirections

Strength of Disturbance
Eigendirections︸ ︷︷ ︸
Eigendirections

Combined in
Opposite Order

Figure 3.1: Illustration of the optimal training structure in Kronecker-
structured systems. Each pile represents an eigendirections and the height
is proportional to the corresponding eigenvalue. Theorem 3.1 proves that
eigendirections of the channel and the disturbance are assigned to each
other, but in opposite order of magnitude.

Based on these assumptions, we search for a feasible P that minimizes
the MSE for estimation of h(H) = H (other functions are considered in
Section 3.3.3). The following theorem solves the training optimization in
(3.11) by transferring it into a convex problem. It also provides the optimal
structure of the MSE-minimizing training matrix.
Theorem 3.1. Under the Kronecker-structured assumptions, the solution
to (3.11) has the singular value decomposition P = UTDVH

Q , where
D ∈ CN×B has √p1, . . . ,

√
pm on its main diagonal. The MSE-minimizing

training power allocation p1, . . . , pm is achieved by solving the convex prob-
lem

minimize
p1≥0,...,pm≥0

m∑

j=1

M∑

l=1

λ
(T )
j λ

(R)
l

1 + pj
λ

(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ tr(RR)
N∑

j=m+1
λ

(T )
j

subject to
m∑

j=1
pj ≤ %.

(3.16)

The solution to (3.16) allocates power such that pj/σ(Q)
j decreases with j

(i.e., it has the same order as λ(T )
j ).

Proof. The proof is given in Appendix 3.A.3.
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This theorem proves that the MSE-minimizing training matrix P in
Kronecker-structured systems has a special structure based on the eigen-
vectors of the channel at the transmitter side and the temporal disturbance;
the jth strongest channel eigendirection is assigned to the jth weakest dis-
turbance eigendirection (i.e., in opposite order of magnitude). In other
words, the strongest channel direction is estimated when the disturbance
is as weak as possible (and vice versa); see Figure 3.1. This was proved
in [LWH07] for interference-limited systems, while the noise-limited coun-
terpart was shown in [KS04,MYG05]. Theorem 3.1 generalizes these results
to cover various combinations of noise and interference.

Theorem 3.1 has transferred the non-convex optimization problem in
(3.11) into a convex power allocation problem. The convex structure is very
useful since it means that the global solution can be achieved through ef-
ficient general-purpose algorithms (e.g., the interior-point method [BV04])
with polynomial computational complexity. For real-time applications, it
might still be necessary to have closed-form solutions. The following corol-
lary state the necessary and sufficient conditions for the optimal power
allocation and provides closed-form asymptotical expressions.
Corollary 3.1. The MSE-minimizing power allocation, p1, . . . , pm, for
(3.16) is achieved from the following system of equations:

α =
M∑

l=1

(λ(T )
j λ

(R)
l )2σ

(Q)
j σ

(R)
l

(σ(Q)
j σ

(R)
l + pjλ

(T )
j λ

(R)
l )2

(3.17)

for all j with α <
∑M
l=1(λ(T )

j λ
(R)
l )2/(σ(Q)

j σ
(R)
l ) and pj = 0 otherwise. The

Lagrange multiplier α > 0 is chosen to fulfill the constraint with equality.
The limiting power allocation at high power % is given by

pj = %

√
σ

(Q)
j

m∑
i=1

√
σ

(Q)
i

∀j. (3.18)

At low power %, let m̃ be the minimum of the multiplicities of the largest
λ

(T )
j and the smallest σ(Q)

j . Then, the limiting training matrix is given by
allocating all power in an arbitrary manner among p1, . . . , pm̃, while pj = 0
for all j > m̃.

Proof. The proof is given in Appendix 3.A.4.

At high training power, non-zero power should be allocated to the m
statistically strongest eigendirections of the channel, and the power alloca-
tion is proportional to the square root of the m weakest eigendirections of
the disturbance. At low training power, all power can be allocated in the
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strongest eigendirection. These asymptotic results unify previous results,
including the special cases with uncorrelated noise in [KS04, JJZ+08] and
with single-antenna receivers in [HLW06].

Under certain additional conditions, the system of equations in (3.17)
can be solved in closed form. These conditions are summarized by the
following corollary.
Corollary 3.2. If RT = IN and Σ̄Q = IB , then equal power allocation
(pj = %

m for all j) minimizes the MSE.
If RR = Σ̄R, then the MSE-minimizing power allocation is given by

pj = max



√
σ

(Q)
j

α
−
σ

(Q)
j

λ
(T )
j

, 0


 ∀j (3.19)

where the Lagrange multiplier α > 0 is chosen to use all available power.

Proof. In the first case, the conditions in (3.17) are identical for all j and
thus all power allocation coefficients are equal. In the second case, an
explicit expression for each pj can be achieved from (3.17) since each term
of the sum is identical. See [LWH07, Theorem 5.3] for details.

This corollary unifies and generalizes the closed-form solutions derived
in prior work. The first part of the corollary represents the case of uncorre-
lated transmit antennas and temporal disturbance, and has previously been
analyzed in [JJZ+08] for noise-limited systems. The waterfilling solution
in the second part of the corollary was derived in [LWH07] for interference-
limited disturbance, but is also valid in noise-limited systems with uncor-
related receive antennas as shown in [KS04,MYG05,JJZ+08].

3.3.2 MSE Optimization under Arbitrary Statistics
In the previous section, the non-convex training optimization problem in
(3.11) was reformulated into a convex problem under the Kronecker model
assumption. Based on these analytical results, we now propose a heuristic
training matrix that can be used under arbitrary statistics.
Strategy 3.1. Let R̃T = E{HHH} and Σ̃Q = E{NHN}. Let their eigen
decompositions be R̃T = ŨT Λ̃T ŨH

T and Σ̃Q = ṼQΥ̃QṼH
Q where the eigen-

values are ordered decreasingly and increasingly, respectively. We propose
to use the training matrix P = ŨT D̃ṼH

Q , where the elements√p1, . . . ,
√
pm

of the rectangular diagonal matrix D̃ are calculated by inserting the eigen-
values of Λ̃T and Υ̃Q into (3.19).

This strategy minimizes the MSE if the Kronecker-structured conditions
in Corollary 3.2 are satisfied. Its performance under general Rician statis-
tics is evaluated in Section 3.5 and the conclusion is that it performs well,
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even when the covariance matrices are clearly non-Kronecker-structured.
This was also validated in [SB11a] under statistics that are as far from
Kronecker-structured as possible. An explanation of the good performance
is that approximations are only applied to the training matrix, while the
MMSE estimator in (3.8) is used without approximations.

3.3.3 MSE Optimization for Squared Norm Estimation

The training sequence optimization in Section 3.3.1 and 3.3.2 considered
minimization of the MSE for estimation of h(H) = H. However, the train-
ing sequence can also be optimized towards some other criteria, which
might be closer coupled to the actual performance of data transmission.
In this section, we try to select P to minimize the MSE in Lemma 3.2 for
estimation of the squared Frobenius norm, ‖H‖2F , of the channel. This
problem can be formulated as

minimize
P

tr {E(2R −E)}+ 2vec(H̄)HEvec(H̄),

subject to E =
(
R−1 + (PT⊗ IM )HΣ̄−1(PT⊗ IM )

)−1
,

tr(PHP) ≤ %.

(3.20)

This problem is considerably more involved than the corresponding prob-
lem for the channel matrix estimation, because the objective of (3.20) has
multiple terms and depends on the mean value H̄. To achieve analyti-
cal tractability, we make the same Kronecker-structured assumptions as
in Section 3.3.1. We also limit the analysis to training matrices with the
structure P = UTDVH

Q (i.e., the optimal structure under channel ma-
trix estimation). It is our conjecture that this is the optimal structure for
(3.20).5

Based on these assumptions, the following theorem reformulates the
training optimization in (3.20) into a power allocation problem.

Theorem 3.2. Consider a Kronecker-structured systems with a training
matrix structure P = UTDVH

Q , where the rectangular diagonal D ∈ CN×B
has√p1, . . . ,

√
pm on its diagonal. The training power allocation p1, . . . , pm

5If the mean channel component H̄ is strong and has different directivity than the
strongest eigenvectors, it might be necessary to permute the eigenvectors in UT when
constructing the MSE-minimizing training matrix P. To simplify the notation, this has
been ignored herein, but it is only a matter of reordering the eigenvalues in (3.14).
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that minimizes (3.20) is achieved by solving the problem

minimize
p1≥0,...,pm≥0

M∑

l=1

m∑

j=1




(λ(T )
j λ

(R)
l )2 + 2pj(λ(T )

j
λ

(R)
l

)3

σ
(Q)
j

σ
(R)
l

(pjλ(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ 1
)2 +

2|h̃lj |2λ(T )
j λ

(R)
l

pjλ
(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ 1




+
M∑

l=1

N∑

j=m+1
(λ(T )
j λ

(R)
l )2 + 2|h̃lj |2λ(T )

j λ
(R)
l ,

subject to
m∑

j=1
pj ≤ %,

(3.21)

where ỹlj and h̃lj are the ljth elements of Ỹ = UH
R (Y − N̄)VQ and ˜̃H =

UH
R H̄UT , respectively. This problem is convex in pj if 2|h̃lj |2 ≥ λ

(T )
j λ

(R)
l

for all l. In general, the MSE can however be non-convex in certain training
powers, but the set of pj that minimizes the MSE is always given as one of
the solutions to the following system of equations:

α =
M∑

l=1

2 (λ(T )
j

λ
(R)
l

)4

(σ(Q)
j

σ
(R)
l

)2

(
pj + |h̃lj |2

( pj

λ
(T )
j

λ
(R)
l

+ σ
(Q)
j

σ
(R)
l

(λ(T )
j

λ
(R)
l

)2

))

(
pj

λ
(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ 1
)3 (3.22)

for all pj > 0 and pj = 0 otherwise. The Lagrange multiplier α > 0 is
chosen to fulfill the power constraint with equality.

Proof. The proof is given in Appendix 3.A.5.

In contrast to training sequence optimization for estimation of h(H) =
H, the power allocation problem in (3.21) for h(H) = ‖H‖2F is not always
convex. The convexity only holds if the mean value is almost as strong as
the covariance (or stronger), in each spatial eigendirection. Although the
MSE cannot be guaranteed to be convex, the next corollary shows that
the limiting power allocation at high and low training power can always be
derived in closed form.
Corollary 3.3. The limiting power allocation in (3.21) at high power % is
given by pj = %

√
cj/
∑m
i=1
√
ci, where ci=

∑M
l=1 σ

(Q)
i σ

(R)
l (λ(T )

i λ
(R)
l +|h̃li|2).

At low power %, the limiting solution is given by pj∗ = % for j∗ =

arg max
j

∑M
l=1

λ
(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

(λ(T )
j λ

(R)
l +2|h̃lj |2) and pj = 0 for all j 6= j∗. If there

are multiple j∗, the power can be allocated arbitrarily among these pj∗ .



3.3. TRAINING SEQUENCE OPTIMIZATION 59

Proof. The proof is given in Appendix 3.A.6.

When comparing Corollary 3.3 with the asymptotic results for channel
matrix estimation in Corollary 3.1, we see that the limiting solutions are
similar in the sense that all power is allocated to a single eigendirection at
low training power and are spread in all m spatial directions at high power.
The definition of the strongest direction at low power and the relative power
distribution at high power are however different, which means that the
MSE-minimizing training matrices usually are different between estimation
of H and ‖H‖2F .

Irrespectively of whether the problem in (3.21) is convex or not, the
system of equations in (3.22) provides necessary conditions that can be
used to find a set of solutions that contain the global optimum. The next
corollary shows that under certain conditions, all possible solutions have
explicit expressions and can thus be tested with relatively low complexity.
Corollary 3.4. If RR = Σ̄R, then the solution to (3.21) is given by either
pj = 0 or

pj =

√√√√8σ(Q)
j (γj + νj)

3λ(T )
j α

cos
(π(−1)k − φj

3

)
−
σ

(Q)
j

λ
(T )
j

(3.23)

for k = 0 or k = 1, where

γj =
M∑

l=1
(λ(T )
j λ

(R)
l )2,

νj =
M∑

l=1
λ

(T )
j λ

(R)
l |h̃lj |

2,

φj = arctan

√√√√8λ(T )
j (γj + νj)3

27σ(Q)
j γ2

jα
− 1.

(3.24)

The Lagrange multiplier α > 0 is chosen to use all power and the solutions
in (3.23) are only feasible if α ≤ 8λ(T )

j
(γj+νj)3

27σ(Q)
j

γ2
j

and when they are positive.

Depending on α, the potential solutions in (3.23) belong to the intervals

σ
(Q)
j (γj − 2νj)

2λ(T )
j (γj + νj)

≤ pj <∞ for k = 0 and (3.25)

−
σ

(Q)
j

λ
(T )
j

<pj ≤
σ

(Q)
j (γj − 2νj)

2λ(T )
j (γj + νj)

for k = 1. (3.26)

Thus, if γj − 2νj < 0 for some j, then k = 1 cannot give an optimal pj .
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Proof. The proof is given in Appendix 3.A.7.

In an interference-limited system or when the receive antennas are un-
correlated, the implication of Corollary 3.4 is that the optimal solution can
be achieved by testing three possibilities for each training power. Thus, the
worst case complexity of finding the optimal solution to the (potentially)
non-convex problem scales with N and B as 3m.

The power allocation problem in (3.22) can be convexified by adding a
constraint on the minimal amount of training power in each eigendirection.
Corollary 3.5. Problem (3.22) becomes convex if we add the constraints

pj ≥ max
(
σ

(Q)
j σ

(R)
l (λ(T )

j λ
(R)
l − 2|h̃lj |2)

2λ(T )
j λ

(R)
l (λ(T )

j λ
(R)
l + |h̃lj |2)

, 0
)
∀l, j. (3.27)

In the special case RR = Σ̄R, this new constraint can be tightened to

pj ≥ max
(
σ

(Q)
j (γj − 2νj)

2λ(T )
j (γj + νj)

, 0
)

(3.28)

and the optimal power allocation is given by k = 0 in (3.23) for all active
pj (i.e., those larger than the new lower bound).

Proof. The proof is given in Appendix 3.A.8.

Observe that in some cases (e.g., for channels with strong mean compo-
nents), the suggested additional constraints in Corollary 3.5 are identical
to pj ≥ 0 for some j and then the MSE is convex with respect to these pj
without the need of imposing any additional constraints.

3.4 Impact of Spatial Correlation

In this section, we will analyze the impact of spatial correlation on the
MSE and on the optimal length of the training sequence. For analyti-
cal simplicity, we concentrate on estimation of h(H) = H and make the
same Kronecker-structured assumptions as in Section 3.3.1. Under these
conditions, we have the following impact of spatial correlation.
Theorem 3.3. If an MSE-minimizing training matrix is used under the
Kronecker model, then the MSE for channel matrix estimation is Schur-
concave6 with respect to the eigenvalues of RT (for fixed RR). If Σ̄R = IM ,
then the MSE is also Schur-concave with respect to the eigenvalues of RR

(for fixed RT ).
6The definition of Schur-convexity is given in Section 2.1.3.
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Proof. The proof is given in Appendix 3.A.9.

The interpretation of Theorem 3.3 is that the MSE with an optimal
training matrix decreases with increasing spatial correlation. This result
is intuitive if we consider the extreme: it is easier to estimate the channel
in one eigendirection with full training power, than in two eigendirections
where each direction receive half the training power. If combined with
Corollary 3.2, Theorem 3.3 provides insight to the selection of the total
training power %; as the spatial correlation increases, less power is required
to achieve a given MSE and this power will be concentrated in the most
important eigendirections of the channel.

Next, we provide guidance on how to select the training sequence length
B under different system statistics and based on the rank of P. Recall from
Corollary 3.1 that all power is allocated in a single eigendirection for low %
(i.e., rank(P) = 1). Corollary 3.2 derived a waterfilling power allocation—
that is, strong eigendirections receive more power than weak and only a
subset of p1, . . . , pm with cardinality m̃ ≤ m will receive non-zero power.
Under these conditions, the rank of P is equal to m̃, which basically means
that the training power is spread in the temporal dimension at the m̃ best
time instants out of the B allocated for training. Unless the disturbance
varies heavily over time, it is not worth wasting B−m̃ time instants just to
find slightly better disturbance conditions. Thus, we should select B = m̃.
This observation is formalized by the following theorem.

Theorem 3.4. Let P = UPDPVH
P denote the singular value decomposition

of a training matrix with B ≥ m̃, where m̃ = rank(P). If Σ̄ = IBM ,
then an identical MSE is achieved by the m̃-dimensional training matrix
P′ = UP [DP ]1:m̃. Here, [·]k1:k2 denotes the minor matrix that contains
column k1 to k2 of the given matrix (with k1 ≤ k2).

Proof. The proof is given in Appendix 3.A.10.

The interpretation of Theorem 3.4 is that the optimal training sequence
length in noise-limited systems is equal to the rank of P. In this case,
optimal means that it is the smallest B that can achieve the minimal MSE.
In general, the rank of P can only be calculated numerically. In certain
Kronecker-structured systems, the rank can however be derived explicitly.

Corollary 3.6. In a Kronecker-structured system with RR = Σ̄R, the MSE-
minimizing training matrix P ∈ CN×B will have rank m = min(N,B) if

% >
m−1∑

j=1

√
σ

(Q)
j σ

(Q)
m

λ
(T )
m

−
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(Q)
j

λ
(T )
j

(3.29)
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and otherwise have rank(P) = m̃ < m where m̃ is the positive integer that
fulfills

m̃−1∑
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. (3.30)

In addition, if rank(P) = m̃ < m and there exists an integer B′′ in
m̃ ≤ B′′ < B that factorizes VQ as

VQ =
[

V(1)
Q 0
0 V(2)

Q

]
(3.31)

for some V(1)
Q ∈ CB′′×B′′ and V(2)

Q ∈ CB−B′′×B−B′′ . Then, an identical
MSE is achieved by the B′′-dimensional training sequence P′′ = [P]1:B′′ =
UT [D]1:B′′(V(1)

Q )H ∈ CN×B′′ .

Proof. The proof is given in Appendix 3.A.11.

This corollary shows that P is rank deficient in systems with pronounced
spatial correlation and/or limited total training power %. It therefore ex-
tends Theorem 3.4 by showing that the optimal B depends on rank(P)
also under correlated disturbances. The condition in (3.31) is, for example,
satisfied when Σ̄Q = IB .

It was shown in [HH03] that the optimal B for R = INM and Σ̄ =
IBM is exactly equal to N . Theorem 3.4 and Corollary 3.6 generalize this
result by showing that the optimal B can be smaller than N under spatial
correlation. This result stands in contrast to the belief that the training
sequence length needs to excite all channel directions also in correlated
systems [KKT08].

Under general system statistics, one can expect that P is rank deficient
when the training power is limited and there is a strong eigenvalue spread
in either R or Σ̄. Even when Theorem 3.4 cannot be applied, the training
sequence length can sometimes be reduced towards rank(P) with only a
slight MSE degradation and with an improved overall data throughput
(since more time instants are available for data transmission). The optimal
training sequence length under non-Kronecker conditions will be illustrated
numerically in Section 3.5.

3.5 Numerical Examples

Next, the results of this chapter will be illustrated and evaluated numeri-
cally. The MMSE estimator of the channel matrix will be compared with
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other recently proposed estimators and the potential gain of training se-
quence optimization is exemplified. We will also show how the optimal
length of training sequence depends on the spatial correlation and available
training power. Finally, the importance of direct estimation of functions of
the channel matrix is illustrated.

The MSE performance of channel matrix estimation was thoroughly
evaluated in [LWH07] for interference-limited Kronecker-structured sys-
tems. Therefore, we consider the opposite setting of noise-limited non-
Kronecker-structured systems. The channel statistics is generated using
the jointly-correlated model [WHOB06]; see Chapter 2.1.3. The chan-
nels are zero-mean to enable comparison of different estimators, but re-
call from Remark 3.2 that the performance of channel matrix estimation
is unaffected by the mean component. In the jointly-correlated model, the
channel matrix can be expressed as H = UAHΩUH

B , where UA,UB are
unitary matrices and HΩ ∈ CM×N has independent elements with vari-
ances given by the corresponding elements of the coupling matrix Ω. The
unitary matrices will not affect the MSE performance (with optimal train-
ing matrices) and are therefore selected as identity matrices. Without loss
of generality, we scale the coupling matrices such as ‖Ω‖1 = NM , which
makes the average training SINR identical to the total training power:
SINRtraining = %tr(R)/tr(Σ̄) = %.

3.5.1 Comparison of Different Estimators
First, we will compare the MMSE estimator of the channel matrix in
Lemma 3.1 with three other estimators:

1. The MVU/ML channel estimator7 Ĥ = YPH(PPH)−1 [BG06];

2. The one-sided linear estimator in [BG06,KKT07] that was incorrectly
claimed to be the linear MMSE estimator;

3. The two-sided Bayesian linear estimator proposed in [KKT08].

The performance measure is the average normalized MSE, defined as
E{‖H− ĤMMSE‖2F }/tr(R), over scenarios with different coupling matrices
with N = B = 8, M = 4, and independent χ2

2-distributed elements in
Ω. The results are shown in Figure 3.2, as a function of the total training
power %. The MVU/ML estimator does not exploit channel statistics (i.e.,
non-Bayesian) and therefore provides suboptimal estimation performance,
but has asymptotic optimality. The two-sided linear estimator is also sub-
optimal under the given premises, but can provide good performance in

7For this problem, the maximum likelihood (ML) estimator is equivalent to the MVU
estimator [Kay93, Theorem 7.5].
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Figure 3.2: The average normalized MSEs of channel matrix estimation as
a function of the total training power in a system with jointly-correlated
statistics and χ2

2-distributed coupling matrices. The performance of four
different estimators with MSE-minimizing training matrices is compared.
The performance with the training matrix in Strategy 3.1 is also given.

certain special cases; see [KKT08]. The performance gap between the one-
sided linear estimator and the MMSE estimator (which is also linear) is
noticeable, while the difference is small between employing the optimal
training matrix and our heuristic Strategy 3.1.

It should be pointed out that the use of independent χ2
2-distributed

elements in the coupling matrix induces a spatially correlated environment
with a few dominating paths. In less correlated scenarios, the difference
between the estimators decreases, but the order of estimation quality is
usually the same. The conclusion is that the MMSE estimator provides a
clearly better MSE performance than other Bayesian estimators, while it
clearly outperform non-Bayesian estimators at most training powers %.

3.5.2 Comparison of Training Sequences

Next, we illustrate the potential gain of training sequence optimization. To
this end, we consider a difficult scattering environment proposed in [VLS05]
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Figure 3.3: The normalized MSEs of channel matrix estimation as a func-
tion of the total training power in a system with jointly-correlated statistics
and the coupling matrix in (3.32). The MMSE estimator with three differ-
ent training matrices is compared with the one-sided linear estimator.

with N = M = B = 5 and the coupling matrix

Ω = 25
5.7




0.1 0 1 0 0
0 0.1 1 0 0
0 0 1 0 0
0 0 1 0.25 0
0 0 1 0 0.25



. (3.32)

This matrix describes an environment with two small scatterers, two big
scatterers, and one large scattering cluster.

In Figure 3.3, the normalized MSE is given for MMSE estimation of
the channel matrix. We consider the optimal training matrix, the simple
training matrix in Strategy 3.1, and uniform training with P =

√
%
N IN .

The one-sided linear estimator is given as a reference. It is clear that
the gain of employing an MSE-minimizing training sequence is substantial,
although uniform training is asymptotically optimal at high training power.
However, the proposed Strategy 3.1 captures most of this gain. Thus, our
conclusion is that training optimization is important, but it is relatively
easy to find well-performing heuristic sequences.
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Figure 3.4: The average optimal training sequence length (smallest length
that minimizes the MSE) as a function of the total training power %. The
system statistics is jointly-correlated and the jth column of the coupling
matrix has independent χ2

2-distributed elements scaled by αj−1, for differ-
ent α. Decreasing α means increasing the spatial correlation.

3.5.3 Optimal Training Length
Next, we illustrate how the optimal length of the training sequence varies
with the spatial correlation and training power. Recall that the optimal
length is the smallest B that can achieve the minimal MSE. Theorem 3.4
proved that this is equal to the rank of P (in noise-limited systems).

We consider jointly-correlated statistics with the system dimensions
N = 8, M = 4, and with coupling matrices with independent χ2

2-
distributed elements. To induce random transmit-side correlation, the jth
column of the coupling matrix is scaled by αj−1 for different values on α:
0.33, 0.66, and 1. The average optimal training sequence length (i.e., aver-
age rank of P) is shown in Figure 3.4 for both an MSE-minimizing training
matrix and the matrix proposed in Strategy 3.1.

In the case of identically distributed elements of the coupling matrix
(α = 1), there is sufficient spatial correlation to have rank(P) < N at low
training power. As the spatial correlation increases (i.e., α decreases), the
optimal training length decreases and the convergence towards full rank
becomes slower. The simulation shows that the heuristic Strategy 3.1 on
average gives a slightly longer training sequence than necessary.

The simulation shows that the optimal B in general can be smaller than
N , thus the results of [HH03] (i.e., B = N in uncorrelated systems) does
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Figure 3.5: The normalized MSEs of channel squared norm estimation as a
function of the total training power in a system with uncorrelated receive
antennas and a transmit antenna correlation of 0.8. The MMSE estimator
is compared with indirect estimation from an MMSE estimated channel
matrix for different training matrices.

not hold in general. We conclude that careful system analysis is required
to determine the optimal length under general statistics. Note that the
loss in performance by employing an even shorter training sequence may
be minor compared with the gain of having more time instants available
for data transmission in each fading block.

3.5.4 Channel Norm Estimation
Finally, we will illustrate the importance of estimating functions h(H) di-
rectly, instead of indirectly as h(ĤMMSE). We will use the squared Frobe-
nius norm of the channel matrix as an example and its MMSE estimator
was given in Lemma 3.2. Since the training sequence analysis is quite in-
volved (see Section 3.3.3), we limit the simulations to Kronecker-structured
systems (i.e., rank-one coupling matrices). We let the receive antennas be
uncorrelated, while the correlation between adjacent transmit antennas is
0.8 (using the exponential correlation model in Chapter 2.1.3).

The normalized MSE is defined as E{|‖H‖2F − ρ̂|2}/tr(RRH) and is
shown in Figure 3.5 as a function of the total training power. We compare
the MMSE estimator with the ĤMMSE-based indirect estimator ‖ĤMMSE‖2F
and consider some different training matrices: uniform training and the
optimal training matrix for each of the two estimators.
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The first observation from Figure 3.5 is that the indirect approach yields
poor performance at low training power (even worse than the purely sta-
tistical estimator ρ̂stat = tr(R), which would give unit normalized MSE)
and is not even asymptotically optimal at high power. The MSE perfor-
mance can be considerably improved by proper training sequence design. A
training sequence designed for ĤMMSE will improve the performance over
uniform training at low power, but they both share the same suboptimal
asymptotic behavior. For the MMSE estimator, using a training matrix
optimized for ĤMMSE gives good performance, but with a non-vanishing
gap to the optimal performance.

We conclude that it is crucial to estimate functions of the channel di-
rectly, especially if the training power is limited. MMSE estimators for
different functions might have different optimal training sequences and dif-
ferent asymptotic properties. However, a given training matrix might work
well for other estimators than it is optimized for. This is good news for
practical applications, where the training sequence probably will be opti-
mized for the channel matrix (or some receive filter) but also can be used to
simultaneously estimate the squared norm or received SNR for the purpose
of accurate feedback.

3.6 Summary

Training signaling can be used to estimate different types of channel in-
formation at the receiver and it is important to have a separate estimator
for every application. Closed-form expressions for MMSE estimation of
the channel matrix, its squared Frobenius norm, and the received SNR
have been derived in this chapter under Rician channel and disturbance
statistics. We have also shown how the training sequence can be designed
to maximize the estimation performance. This optimization problem is
convex under certain statistical conditions and can sometimes even have
closed-form solutions. A heuristic training strategy was proposed based
on these insights and it shows close-to-optimal performance and large po-
tential improvements over uniform training. Finally, it was shown that
both the optimal length of the training sequence and the estimation error
reduces with the spatial correlation.
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3.A Collection of Proofs

3.A.1 Two Main Lemmas

First, we state and prove two lemmas that are essential in the proofs of
the main mathematical results of this chapter. The first lemma provides
the necessary structure of the training matrix when the weighted sum of n
MSEs is minimized. It is basically a generalization of [LWH07, Corollary
5.1] where a single MSE was minimized (i.e., n = 1).

Lemma 3.4. Let a1, . . . , an and b1, . . . , bn be positive scalar coefficients, and
let Λ ∈ RN×N and Υ ∈ RM×M be diagonal matrices with strictly positive
elements ordered decreasingly and increasingly, respectively. Then, the
optimization problem

minimize
P̄∈CN×M

n∑

j=1
tr
{(
ajΛ−1 + bjP̄Υ−1P̄H

)−1}

subject to tr(P̄HP̄) ≤ %

(3.33)

is solved by P̄ ∈ CN×M being a rectangular diagonal matrix that satisfies
tr(P̄HP̄) = % and gives decreasingly ordered diagonal elements of P̄Υ−1P̄H

(i.e., the same order as for Υ−1 and Λ).

Proof. We will derive the structure of the optimal P̄ by contradiction;
that is, for every P̄ that fulfills the constraint with equality we can find a
solution that satisfy the given structure and achieves a smaller or identical
function value. Observe that the function tr{(·)−1} is strictly convex in
each eigenvalue of its argument. Therefore, if the constraint is not fulfilled
with equality for a given P̄, we can always achieve a smaller function value
by replacing it by βP̄ for some β > 1 and still satisfy the constraint.

For any given P̄ that fulfills the constraint with equality, let its singular
value decomposition be denoted P̄ = UPDPVH

P . We will first show that
VP can be removed if the diagonal elements of DP are reordered. For this
purpose we introduce the notation W = P̄Υ−1/2 and let its singular value
decomposition be denoted W = UWDWVH

W , where the singular values
in DW are ordered decreasingly. Now, observe that P̄ only appears in the
cost function as P̄Υ−1P̄H = UWDWDH

WUH
W and thus we can modify VW

without affecting the function value. Using the new notation, we can select
W arbitrarily as long as the following modified constraint is satisfied

% = tr(P̄HP̄) = tr(WHWΥ)

≥
M∑

i=1
λi(WHW)λM−i+1(Υ)

(3.34)
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where λi(·) denotes the ith largest eigenvalue. The inequality is given
by [MO79, Theorem 20.A.4] and is fulfilled with equality if and only if
WHW = VWDH

WDWVH
W is diagonal and have elements in the opposite

order of Υ (i.e., decreasingly ordered). This means that if VW 6= IM ,
we can set VW = IM and thereby reduce the power usage without affect
the performance. The ideal structure VW = IM gives the following ideal
structure on P̄:

P̄ = WΥ1/2 = UWDWΥ1/2. (3.35)

By comparing with the singular value decomposition of P̄, we see that
we want VP = IM and the eigenvalues in DP to be ordered such that
DPΥ−1/2 is in decreasing order. If this is not satisfied for the given P̄, we
can find a better solution by first reordering the diagonal elements of DP

and then setting VP = IM . This will give strict inequality in the constraint,
thus a smaller function value can be achieved by scaling the new solution
to use all power. The conclusion is that optimal solution must have the
structure P̄ = UPDP with DP having the prescribed ordering.

Finally, for a given solution of the type P̄ = UPDP , we will show that
we always can set UP = IN without increasing the function value. Let
Aj = ajΛ−1 + bjP̄Υ−1P̄H , and observe that

tr{A−1
j } =

N∑

l=1

1
λl(Aj)

. (3.36)

As mentioned in the beginning of the proof, each component of the sum is
strictly convex in its eigenvalue. Thus, (3.36) is a Schur-convex function
for all j [JB07, Proposition 2.7]. Recall that Aj is a linear combination
of Λ−1 and P̄Υ−1P̄H with positive coefficients for each j. Therefore, we
can use [JB07, Theorem 2.11] to show that each tr{A−1

j } is minimized
when the eigenvalues of Λ−1 and P̄Υ−1P̄H are added together in opposite
order. If UP 6= IN , we can therefore decrease the function value by setting
UP = IN , without affecting the power constraint.

To summarize, we have shown that for every given P̄, we can reduce
the cost function by removing the unitary matrices of its singular value
decomposition, reordering the diagonal elements, and scaling the remaining
matrix to satisfy the constraint with equality. Thus, the optimal solution
should be unaffected by these changes, which is only achieved for P̄ with
the structure given in the lemma.

The next lemma provides a condition for when a function that originates
from an optimal power allocation is Schur-convex or Schur-concave.

Lemma 3.5. Consider a continuous and twice continuously differentiable
function f(λ,p) of two non-negative vectors λ = [λ1, . . . , λN ]T and p =
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[p1, . . . , pm]T . For every λ such that f(λ,p) is convex and the Hessian and
all its square minors are non-singular with respect to p, the solution to

g(λ) = min
p
f(λ,p) subject to

m∑

l=1
pl = % and pl ≥ 0 (3.37)

is differentiable. The partial derivatives of the solution at the optimal
power allocation popt(λ) are

∂g(λ)
∂λj

= f ′λj (λ,p)|p=popt(λ) ∀j. (3.38)

Then, g(λ) is Schur-convex with respect to λ if and only if ∂g(λ)
∂λi

≥ ∂g(λ)
∂λj

for all λi ≥ λj , and Schur-concave if and only if ∂g(λ)
∂λi

≤ ∂g(λ)
∂λj

.

Proof. Since the cost function is convex with respect to p for every given
λ and the domain of p is compact, the Karush-Kuhn-Tucker (KKT) condi-
tions guarantee the existence of one or several solutions to (3.37) and these
are given by the following system of stationarity equations

0 = f ′pl(λ,p)− α (3.39)

for all pl > 0 (otherwise pl = 0), where the Lagrangian multiplier α makes
sure that

∑m
l=1 pl = % [BV04]. Let Sp denote the index set of all pl > 0 and

those pl = 0 for which the corresponding equation in (3.39) is also satisfied
with equality (i.e., parameters that are on the boundary of becoming ac-
tive). For the indices in Sp, the Jacobian of the equation system in (3.39)
will be identical to a minor of the Hessian of f(λ,p) with respect to p,
and thus non-singular by assumption. If we denote the power allocation
solution in (3.37) as a function popt = popt(λ), we can then apply the Im-
plicit function theorem in [Rud76, Theorem 9.28] to conclude all elements
in popt(λ) with indices in Sp are differentiable with respect to λ. For those
pl = 0 with l 6∈ Sp, this variable can be replaced with a zero in the op-
timization problem without affecting the solution, and thus its derivative
can be defined as being zero.

We can now use that popt(λ) is differentiable with respect to λ to
calculate the partial derivative of g(λ) with respect to λj :

∂g(λ)
∂λj

= ∂

∂λj
f(λ,popt(λ))

= f ′λj (λ,p)|p=popt(λ) +
m∑

l=0
f ′pl(λ,p)|p=popt(λ)

∂pl
∂λj
|p=popt(λ).

(3.40)
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Since f ′pl(λ,p)|p=popt(λ) = α for l ∈ Sp and ∂pl
∂λj
|p=popt(λ) = 0 for l 6∈ Sp,

we have that
m∑

l=0
f ′pl(λ,p)|p=popt(λ)

∂pl
∂λj
|p=popt(λ) = α

∑

l∈Sp

∂pl
∂λj
|p=popt(λ) = 0 (3.41)

where the last equality follows from that
∑
l∈Sp pl = % implies that

∑
l∈Sp

∂pl
∂λj

= 0. Thus, we have proved the differentiation procedure in
(3.38). The last sentence of the lemma follows directly from Schur’s condi-
tion in [MO79, Theorem 3.A.4], which states that g(λ) is Schur-convex if
and only if

(λi − λj)
(
∂g(λ)
∂λi

− ∂g(λ)
∂λj

)
≥ 0 (3.42)

for all i and j, and Schur-concave if the conditions are fulfilled with inverted
inequalities.

3.A.2 Proof of Lemma 3.2
For convenience, we use the notation h = vec(H). To calculate the MMSE
estimate of ‖H‖2F , observe that

‖H‖2F = hHh = tr
{
hhH

}
. (3.43)

We then apply the posterior distribution h|Y ∈ CN (m,E) from (3.6) to
achieve the MMSE estimate

E
{

tr{hhH}|Y
}

= tr{mmH + E} = ‖m‖22 + tr {E} (3.44)

using the last expression in (3.43). To find the corresponding MSE, we
first need to calculate E{‖H‖4F |Y}. We use the notation h̃ = h −m and
observe that

E
{
‖H‖4F |Y

}
= E

{
‖h̃ + m‖42|Y

}

= E
{
‖h̃‖42|Y

}
+ 2mHEm + 2tr{E}‖m‖22 + ‖m‖42

(3.45)

where the second equality is achieved by expanding the norm, disregarding
all terms that contain an odd number of h̃ (these are zero, see [HBO08a,
Section IV.C]), and evaluating all the simple expectations. The remaining
expectation, E{‖h̃‖42|Y}, can be viewed as the squared sum of exponentially
distributed variables and is evaluated as

E{‖h̃‖42|Y} = tr{EE}+ (tr{E})2. (3.46)



3.A. COLLECTION OF PROOFS 73

Using (3.44), (3.45), and (3.46), the conditional variance of ‖H‖2F becomes

Vm,E = E{‖H‖4F |Y} − (E{‖H‖2F |Y})2 = tr{EE}+ 2mHEm. (3.47)

Finally, we achieve the MSE by averaging the variance over m (or Y):

MSEρ̂ = E{Vm,E} = tr{EE}+ 2tr
{
EE{mmH}

}

= tr{EE}+ 2tr
{
E(vec(H̄)vec(H̄)H + R −E)

} (3.48)

where the expression for E{mmH} was calculated using (3.7) and then
simplified using some algebra and the Woodbury identity (see [PP08]).

3.A.3 Proof of Theorem 3.1
First, we derive the structure of the MSE-minimizing training matrix. For
Kronecker-structured systems, the MSE can be expressed as

MSE = tr
{(

R−TT ⊗R−1
R + (P∗Σ̄−TQ PT )⊗ Σ̄−1

R

)−1
}
. (3.49)

For analytical convenience, we would like to swap the order in the Kronecker
products. This is achieved by taking the conjugate transpose of the training
transmission model in (3.1) and then continue as in Section 3.2 to achieve
an alternative expression for the MSE:

MSE = tr
{(

R−TR ⊗R−1
T + Σ̄−TR ⊗ (PΣ̄−1

Q PH)
)−1

}

=
M∑

l=1
tr
{( 1

λ
(R)
l

Λ−1
T + 1

σ
(R)
l

UH
T PVQΥ−1

Q VH
QPHUT

)−1
} (3.50)

where the second equality follows from that RR and Σ̄R have identical
eigenvectors and these are not affecting the trace. In addition, the trace of
block matrices is equal to the sum of the traces for each block.

By setting aj = 1/λ(R)
l , bj = 1/σ(R)

l , and P̄ = UH
T PVQ, we can apply

Lemma 3.4 in Appendix 3.A.1 to conclude that the MSE-minimizing P̄
should be rectangularly diagonal, fulfill the element ordering given in the
theorem, and satisfy the power constraint with equality. With a training
matrix of this type, the argument in the trace of (3.50) becomes diagonal,
and the MSE can be expressed as

MSE =
m∑

j=1

M∑

l=1

λ
(T )
j λ

(R)
l

1 + pj
λ

(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ tr(RR)
N∑

j=m+1
λ

(T )
j (3.51)

which is a convex function with respect to each pj (since a
1+bpj is a convex

function for all a, b > 0).
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3.A.4 Proof of Corollary 3.1
The power allocation problem in (3.16) is convex and strictly feasible, thus
the KKT conditions give necessary and sufficient condition for the optimal
power allocation [BV04, Chapter 5.5]. The stationary condition is exactly
the one given in (3.17). Next, we consider the two asymptotic cases. At
high power, we approximate the MSE in (3.51) as

MSE ≈
m∑

j=1

M∑

l=1

λ
(T )
j λ

(R)
l

pj
λ

(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ tr(RR)
N∑

j=m+1
λ

(T )
j

= tr(Σ̄R)
m∑

j=1

σ
(Q)
j

pj
+ tr(RR)

N∑

j=m+1
λ

(T )
j

(3.52)

and straightforward Lagrangian methods show that it is minimized by
(3.18). At low power, we approximate (3.51) as

MSE ≈
m∑

j=1

M∑

l=1
λ

(T )
j λ

(R)
l

(
1−

pjλ
(T )
j λ

(R)
l

σ
(Q)
j σ

(R)
l

)
+ tr(RR)

N∑

j=m+1
λ

(T )
j

= tr(RT )tr(RR)−
M∑

l=1

(λ(R)
l )2

σ
(R)
l

m∑

j=1

pj(λ(T )
j )2

σ
(Q)
j

(3.53)

using a first order Taylor polynomial. This expression is minimized by
assigning all power in an arbitrary manner among the strongest term/terms
of the second sum.

3.A.5 Proof of Theorem 3.2
First, we will show that the MSE expression in (3.9) can be rewritten as
in (3.21) for training matrices with the assumed structure. To this end, we
begin with the special case ofN = M = B = 1. We let the received training
signal be denoted y = p̃h+n, where p̃ is the training signal, h ∈ CN (h̄, λ),
and n ∈ CN (n̄, σ̄). We then get the conditional variance

E = (λ−1 + |p̃|2σ̄−1)−1 = λ

(
λ|p̃|2

σ̄
+ 1
)−1

. (3.54)

Substituting this new notation into the MSE expression in (3.9) gives

MSEρ̂ = 2λ2
(
λ|p̃|2

σ̄
+ 1
)−1

− λ2
(
λ|p̃|2

σ̄
+ 1
)−2

+ 2|h̄|2λ
(
λ|p̃|2

σ̄
+ 1
)−1

(3.55)
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which is straightforward to rewrite into the MSE expression in (3.21).
In the MIMO case, observe that the elements of UH

RYVQ are statis-
tically independent. Since the squared Frobenius norm is the sum of the
squared magnitude of each element, we therefore have the sum of NM
independent variables that can be estimated separately. We achieve the
expression in (3.21) by summation over these dimensions (observe that
pj = 0 for j > m).

A function is convex if and only if its second derivative is non-negative.
The second derivative of the MSE in (3.21) with respect to pj is

∂2MSE
∂p2

j

=

M∑

l=1

4pj
(λ(T )
j

λ
(R)
l

)4

(σ(Q)
j

σ
(R)
l

)3

(
λ

(T )
j λ

(R)
l + |h̃lj |2

)
+ 2 (λ(T )

j
λ

(R)
l

)3

(σ(Q)
j

σ
(R)
l

)2

(
2|h̃lj |2 − λ(T )

j λ
(R)
l

)

(
pj

λ
(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

+ 1
)4

(3.56)

which can be negative in the neighborhood of pj = 0 and thus the MSE can
be non-convex (for small values of pj). If the condition for convexity in the
theorem is fulfilled, all terms in the second sum of (3.56) are positive at pj =
0 and thus the problem is convex. Even if the MSE is non-convex, the KKT
conditions give necessary condition for the optimal power allocation [BV04,
Chapter 5.5]. By a straightforward Lagrangian approach, the stationarity
conditions for (3.21) can be expressed as in (3.22).

3.A.6 Proof of Corollary 3.3
At high training power, the necessary condition in (3.22) can be approxi-
mated and simplified as

α ≈
M∑

l=1

2σ(Q)
j σ

(R)
l (λ(T )

j λ
(R)
l + |h̃lj |2)

p2
j

(3.57)

which has the unique solution pj = %
√
cj/
∑
i

√
ci for all j.

At low training power, the MSE in (3.21) can be approximated as

MSE ≈
M∑

l=1

N∑

j=1
(λ(T )
j λ

(R)
l )2 + 2|h̃lj |2λ(T )

j λ
(R)
l

−
M∑

l=1

m∑

j=1

pjλ
(T )
j λ

(R)
l

σ
(Q)
j σ

(R)
l

(λ(T )
j λ

(R)
l + 2|h̃lj |2)

(3.58)
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by first disregarding the second term in the numerator and then use a first
order Taylor polynomial of the remaining expression. Hence, the MSE is
minimized by allocating all the power to the pj-coefficient associated with

the largest
∑M
l=1

λ
(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

(λ(T )
j λ

(R)
l + 2|h̃lj |2). If there is multiplicity in the

largest value of this sum, the power can be allocated arbitrarily among
these eigendirections.

3.A.7 Proof of Corollary 3.4

The condition RR = Σ̄R means that λ(R)
l = σ

(R)
l for all l, and therefore

we can remove the dependence on l in the denominator of (3.22). For all
active training powers (pj > 0), the remaining expression in (3.22) can be
formulated as a third degree polynomial equation in pj :

2pjb2jγj + 2bjνj(pjbj + 1) = α(pjbj + 1)3, (3.59)

using the notation bj = λ
(T )
j /σ

(Q)
j . Its three solutions (for k = −1, 0, 1) are

pj =
(bjγj
α

)1/3 ei
2π
3 k

bj
Aj +

2(γj + νj)b2/3j

3α2/3γ
1/3
j

e−i
2π
3 k

bj

1
Aj
− 1
bj

(3.60)

where

Aj =
(
−1 +

√
1− 8bj(γj + νj)3

27γ2
jα

)1/3

. (3.61)

Observe that this expression has the form C1|Aj |ei(arg(Aj)+ 2π
3 k) +

C2
|Aj |e

−i(arg(Aj)+ 2π
3 k) − C3, where Ci are positive real-valued constants.

Thus, in order for any of the solutions to be real-valued we need C1|Aj | =
C2
|Aj | .

8 If α > 8bj(γj+νj)3

27γ2
j

, this condition can be expressed as

(
−1 +

√
1− 8bj(γj + νj)3

27γ2
jα

)
= 8bj(γj + νj)3

27γ2
jα

(3.62)

which has no solutions in the given α-interval. For all 0 < α ≤ 8bj(γj+νj)3

27γ2
j

,

we observe that |Aj | =
( 8bj(γj+νj)3

27γ2
j
α

)1/6 which satisfies the condition

8We also get real-valued solutions when ei(arg(Aj)+ 2π
3 k) = e−i(arg(Aj)+ 2π

3 k) = 1
but this will only happen for specific values on the Lagrange multiplier α and will not
be robust to small perturbations in the total training power. Since the power allocation
is a continuous function of %, we disregard this special case.
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C1|Aj | = C2
|Aj | . Thus, for these α we can rewrite (3.60) as

pj = 2<
{(bjγj

α

)1/3 ei
2π
3 k

bj
Aj

}
− 1
bj

= 2

√
2(γj + νj)

3bjα
cos
(π

3 (1 + 2k)− φj
3

)
− 1
bj

(3.63)

where we used that arg(Aj) = π−φj
3 with φj defined as in the corollary.

Since φj ∈ [0, π2 ], k = 1 will only give negative solutions. For k = −1
and k = 0, we see that the interval boundary α = 8bj(γj+νj)3

27γ2
j

gives the

coinciding solution pj = γj−2νj
2bj(γj+νj) , while the limit α → 0 gives p → − 1

bj

and p→∞, respectively. In order to show the intervals in (3.25) and (3.26),
it remains to show that pj is monotonically decreasing in α for k = 0 and
increasing in α for k = −1. The derivative of pj with respect to α can be
expressed as

dpj
dα

=−

√
2(γj + νj)

33bjα3
cos
(
π
3 (1 + 2k)− φ

3
)

√
8bj(γj+νj)3

27γ2
j
α
− 1

×
(

tan
(π

3 (1 + 2k)− φ

3
)

+ 3
√

8bj(γj + νj)3

27γ2
jα

− 1
)

(3.64)

where the multiplicative term outside the brackets is positive for all α and
k. The bracketed term can be expressed as

tan
(
π

3 (1 + 2k)− arctan(x)
3

)
+ tan(arctan(3x))

for x =
√

8bj(γj + νj)3

27γ2
jα

− 1.
(3.65)

Then, the intervals follow from the observation that π
3 −

arctan(x)
3 +

arctan(3x) > 0 and −π3 −
arctan(x)

3 + arctan(3x) < 0.

3.A.8 Proof of Corollary 3.5
Observe that the second derivative of the MSE in (3.56) is positive if we
limit ourself to pj that satisfies

pj ≥
σ

(Q)
j σ

(R)
l (λ(T )

j λ
(R)
l − 2|h̃lj |2)

2λ(T )
j λ

(R)
l (λ(T )

j λ
(R)
l + |h̃lj |2)

∀l, (3.66)
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since then each term in the sum is positive. Thus, the MSE will be con-
vex with respect to these pj and the KKT conditions in (3.22) becomes
necessary and sufficient.

In the special case RR = Σ̄R, we can strengthen the condition since
the necessary KKT conditions only give a single feasible solution if

pj ≥
σ

(Q)
j (γj − 2νj)

2λ(T )
j (γj + νj)

. (3.67)

In both the general and special case, these conditions need to be combined
with the original constraint pj ≥ 0.

3.A.9 Proof of Theorem 3.3

First, we will prove that the MSE in (3.51) is Schur-concave with respect to
the eigenvalues λ(T )

1 , . . . , λ
(T )
N . It is straightforward to show that the MSE

is convex in the power allocation coefficients, differentiable with respect to
λ

(T )
j and pj for all j, and that the determinant of the Hessian is non-zero

if the eigenvalues of RT and RR are distinct. Thus, we can apply Lemma
3.5 in Appendix 3.A.2. According to this lemma, Schur-concavity follows
if ∂MSE

∂λ
(T )
i

≤ ∂MSE
∂λ

(T )
j

for all i, j such that λ(T )
i ≥ λ(T )

j , where MSE denotes the

pre-optimization MSE in (3.51) evaluated at the optimal power allocation
p∗1, . . . , p

∗
m. Thus, we can calculate the partial derivatives of (3.51) as

∂MSE
∂λ

(T )
j

=
M∑

l=1

λ
(R)
l(

1 + p∗j
λ

(T )
j

λ
(R)
l

σ
(Q)
j

σ
(R)
l

)2 for j = 1, . . . ,m (3.68)

and ∂MSE
∂λ

(T )
j

= tr(RR) for j = m + 1, . . . , N . Observe that the derivatives

are positive and that λ(T )
j and p∗j/σ

(Q)
j only appear in the denominators.

From Corollary 3.1, we have that p∗i /σ
(Q)
i ≥ p∗j/σ

(Q)
j whenever λ(T )

i ≥ λ(T )
j .

Hence, it follows that ∂MSE
∂λ

(T )
i

≤ ∂MSE
∂λ

(T )
j

and thus the MSE is Schur-concave.

Next, we have the case of Σ̄R = IM and then the MSE in (3.51) can be
expressed as

MSE =
M∑

l=1

( m∑

j=1

λ
(T )
j

1
λ

(R)
l

+ pj
λ

(T )
j

σ
(Q)
j︸ ︷︷ ︸

(a)

+λ
(R)
l

N∑

j=m+1
λ

(T )
j

︸ ︷︷ ︸
(b)

)
(3.69)
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which is a concave function in λ(R)
l for all l. We apply [MO79, Proposition

3.C.1] to conclude that (a) and (b) are both Schur-concave with respect to
λ

(R)
1 , . . . , λ

(R)
M , and thus the MSE is Schur-concave.

3.A.10 Proof of Theorem 3.4
For Σ̄ = IBM , the MSE in (3.11) becomes

tr
{(

R−1 + (PT⊗ IM )HΣ̄−1(PT⊗ IM )
)−1}

= tr
{(

R−1 + (UPDPDPUH
P ⊗ IM )T

)−1}
.

(3.70)

The theorem follows from that (3.70) is independent of VP and that
PPH = UPDPDPUH

P = P′(P′)H .

3.A.11 Proof of Corollary 3.6
The rank of P is equal to the number of active training powers pj . Let
α be the optimal Lagrange multiplier. From Corollary 3.1, we know that
the m̃th training power is active if and only if α < (λ(T )

m̃ )2/σ
(Q)
m̃ . Suppose

that we only have m̃ − 1 active training powers, then α ≥ (λ(T )
m̃ )2/σ

(Q)
m̃ .

Substitution into the power constraint gives

% =
m̃−1∑

j=1

√
σ

(Q)
j

α
−
σ

(Q)
j

λ
(T )
j

≤
m̃−1∑

j=1

√
σ

(Q)
j σ

(Q)
m̃

λ
(T )
m̃

−
σ

(Q)
j

λ
(T )
j

(3.71)

for 1 ≤ m̃ < m. All pj will be active if and only if % is larger than the
constraint for m̃ = m− 1.

Finally, if there exist a B′′ that fulfills the requirements, then Y =
HP + N can be factorized as

[[Y]1:B′′ [Y]B′′+1:B ] = [[HP]1:B′′ 0] + [[N]1:B′′ [N]B′′+1:B ] (3.72)

where [N]1:B′′ and [N]B′′+1:B are independent. Thus, [Y]B′′+1:B neither
contains information of the channel matrix nor is correlated with previous
disturbance in [N]1:B′′ and will therefore not affect the estimation. We can
therefore use the shorter training sequence P′′ without any loss in MSE
performance.





Chapter 4

Fundamental Properties of
Feedback Design

In this chapter, we consider some fundamental aspects in the design of mul-
tiuser MIMO systems with imperfect CSI: 1) Should one or multiple data
streams be allocated to each scheduled multi-antenna user?; 2) What is the
relative importance of feeding back directional and quality information?;
3) How is rate adaptation affected by having imperfect CSI?

Preliminaries on linear precoding under perfect and imperfect CSI are
given in Section 4.1, including definitions of the well-known zero-forcing
(with receive combining) and block-diagonalization precoding strategies.
These strategies are exploited in Section 4.2 to analyze whether receive
antennas should be used for receive combining (as with zero-forcing) or
multistream multiplexing (as with block-diagonalization). The ε-outage
sum rate is defined in Section 4.3 as a better performance measure un-
der imperfect CSI than the achievable sum rate. This measure is shown
to achieve the full multiplexing gain using only directional feedback, only
quality feedback, or neither—it all depends on the number of users, spatial
correlation, and number of receive antennas. Finally, two low-complexity
precoding strategies that exploit quantized CSI are outlined in Section 4.4
and extended to fit our system conditions: maximum estimated SINR Com-
biner (MESC) strategy and norm-supported minimum-variance distortion-
less response (NS-MVDR) strategy. These are evaluated numerically, to
clarify the tradeoff between feedback of directional and quality information
under practical conditions.

4.1 Introduction to Linear Precoding

We consider the downlink system model introduced in Chapter 2.1, but
make some assumptions that simplify the notation and analysis. All time

81



82 CHAPTER 4. FUNDAMENTAL PROPERTIES OF FEEDBACK

indices are dropped and we assume that all users have the same number of
antennas Mk = M ∀k. The received signal yk ∈ CM×1 at MSk is

yk = Hk

Kr∑

k=1
sk + nk. (4.1)

The channel matrix Hk ∈ CM×N is assumed to satisfy the Kronecker model
(see Chapter 2.1.3) with Hk = R1/2

R,kH̃kR1/2
T,k, where RT,k and RR,k are the

correlation matrices at the base station and user side, respectively, and H̃k

has independent CN (0, 1)-entries. The correlation matrices are typically
different for each user, describing different spatial properties and directions.
We let the noise nk ∈ CN (0M ,Σk) be white with Σk = IM , which can be
achieved through prewhitening at the user without loss of generality.1

Under linear precoding, the data signal to MSk can be factorized as

sk = Vkdk (4.2)

where Vk ∈ CN×dk is the precoding matrix, dk ∈ CN (0, Idk) is the data
vector signal, and dk is the number of multiplexed data streams to user k.
The achievable data rate of this user is (see the definition in (2.6))

gk(q) = log2

det
(

IM +
Kr∑
k̄=1

HkVk̄VH
k̄

HH
k

)

det
(

IM +
∑
k̄ 6=k

HkVk̄VH
k̄

HH
k

) (4.3)

and we assume a total power constraint (i.e., L = 1)

Kr∑

k=1
tr{VkVH

k } ≤ q. (4.4)

4.1.1 Two Simple Precoding Strategies
Two linear precoding strategies that are simple and have good asymptotic
properties are: block-diagonalization (BD) [SSH04] and zero-forcing with
receive combining (ZFC) [Jin08,TBH08]. Under perfect CSI, these strate-
gies can be defined as follows.
Definition 4.1. (Block-Diagonalization Precoding) Let SBD be a scheduling
set with at most N

M users. For each user k ∈ SBD, we set dk = M and Vk =

1Noise prewhitening means multiplying the received signal vector with Σ−1/2
k

and
interpreting Σ−1/2

k
Hk as the actual channel.
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VBD
k Υ1/2

k , where VBD
k is a semi-unitary matrix that satisfies VBD,H

k VBD
k =

IM and Hk̄VBD
k = 0 for all k̄ ∈ SBD\{k}. The power allocation is given

by the diagonal matrix Υk � 0M . The data rate becomes

gBD
k (q) = log2 det

(
IM + HkVBD

k ΥkVBD,H
k HH

k

)
. (4.5)

Definition 4.2. (Zero-Forcing Precoding with Receive Combining) Each user
combines its antennas using some channel-dependent unit-norm vector rk ∈
CM×1 (e.g., the dominating left singular vector of Hk). Based on the
effective channels hHk = rHk Hk ∈ C1×N , a scheduling set SZFC with at
most N users is selected. For each user k ∈ SZFC we set dk = 1 and Vk =√
pkvZFC

k , where vZFC
k is a unit-norm vector that satisfies hH

k̄
vZFC
k = 0 for

all k̄ ∈ SZFC\{k}. The power pk ≥ 0 is allocated to user k and the data
rate becomes

gZFC
k (q) = log2

(
1 + pk|rHk HkvZFC

k |2
)
. (4.6)

For both BD and ZFC, the sum-rate maximizing power allocation is
achieved through water-filling (see [SSH04]), but the asymptotic anal-
ysis in this chapter often assumes equal power allocation (i.e., Υk =

q
M |SBD|IM ∀k ∈ S

BD and pk = q
|SZFC| ∀k ∈ S

ZFC) since this becomes
optimal as q →∞.

Both BD and ZFC are designed to create zero co-user interference,
but the difference is that ZFC only sends one data stream per scheduled
user while BD selects fewer users but multiplexes M streams to each of
them. BD and ZFC are identical when each user only has one antenna (i.e.,
M = 1), which is a special case that we call zero-forcing (ZF) precoding.
However, this does not mean that BD is a generalization of ZFC, since
there are many good reasons for applying ZFC when M > 1:

1. The base station only needs to acquire the effective channels hk;

2. The effective channels hk have better properties and can be adapted
for interference rejection (e.g., using only the strongest singular di-
rection of Hk or applying interference-aware combining);

3. User devices with simplified hardware that only decodes one stream.

The interference mitigation is, on the other hand, less restrictive under BD
since fewer users and dimensions are involved. This provides more degrees
of freedom for efficient precoding to the scheduled users [RJ08a]. We will
compare the performance of ZFC and BD in Section 4.2.

Apart from zero-forcing with receive combining in Definition 4.2, an-
other downlink zero-forcing strategy for multi-antenna users have been an-
alyzed in prior work [YG06, LJ07]. That strategy views each receive an-
tenna as a separate virtual user and sends a separate stream to each receive
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Figure 4.1: Illustration of the achievable sum rate performance with SDMA
and TDMA, under perfect and inaccurate CSI. The potential performance
gain of SDMA comes at the price of requiring accurate CSI.

antenna while creating zero inter-antenna interference. That approach is
nothing else than BD with stricter interference mitigation and can never
perform better than BD. The ZFC considered in this chapter exploits re-
ceive diversity and has therefore the potential of outperforming BD.

4.1.2 Imperfect Channel State Information

The current channel realizations, Hk, represent the instantaneous channel
state information (CSI) of the system. Practical systems can never achieve
perfect CSI at the base station. If the base station acquires CSI through
feedback from the users, the number of feedback bits will limit the CSI
accuracy. If the base station exploits channel reciprocity and acquires CSI
through reverse-link estimation (as in TDD systems), the CSI accuracy
is limited by estimation errors. Hardware deficiencies and delays in CSI
acquisition also impact the accuracy, but are neglected in this chapter.

An important factor in the design of multiuser MIMO systems is the
CSI accuracy that can be achieved. Space division multiple access (SDMA)
strategies, such as ZFC and BD precoding, can achieve the full multiplex-
ing gain of N through simultaneous transmission to multiple users, but
require high CSI accuracy to keep the co-user interference under control.
The alternative of only transmitting to one user at a time, known as time
division multiple access (TDMA), can only achieve a multiplexing gain of
M ≤ N , but is relatively robust to CSI deficiencies [GKH+07]. This fact
is illustrated in Figure 4.1 in a scenario with N = 4, M = 1, and either
perfect CSI or a fixed CSI accuracy. In this scenario, ZF precoding can
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achieve a high-SNR slope of 4 under perfect CSI (i.e., multiplexing gain
4), but the sum rate becomes interference-limited under inaccurate CSI.
TDMA-based single-user transmission only achieves a high-SNR slope of
1, but the loss of having imperfect CSI is almost invisible. In other words,
the gain of multi-user transmission comes at the price of requiring accurate
CSI. The system should choose between SDMA and TDMA based on CSI
accuracy [ZHKA09], but we should not forget that there are other factors
that affect the position of the curves without affecting the high SNR-slopes
(e.g., spatial correlation and user distribution [LTV05]). If the resources
for CSI acquisition are fixed (e.g., fixed length of training sequence or fixed
number of feedback bits), the question is how to utilize these resources to
achieve high CSI accuracy. Channel estimation was considered in Chapter
3, while this chapter primarily considers quantized CSI feedback.

4.1.3 Preliminaries of Quantized Feedback
We consider a scenario where each user (or possibly a subset of users) feeds
back B bits of CSI to the base station over an error-free uplink connection.
These bits are divided into Bd bits of channel direction information (CDI)
and Bq bits of channel quality information (CQI), where B = Bd +Bq.

The CDI feedback should be used to identify suitable transmit direc-
tions. For BD, this corresponds to the Mk-dimensional subspace spanned
by the rows of Hk, because this is the subspace where co-user interference is
forbidden. Similarly, the one-dimensional direction of the effective channel
hk should be fed back to enable ZFC.

The common approach to quantize a (linear) subspace of dimension
M̄ (in an N -dimensional space) using Bd bits is to have a codebook
C = {U1, . . . ,U2Bd } with codewords Ui ∈ CN×M̄ ; see [LHS03, DLR08,
RHS07,LHL+08,RJ08a]. Each codeword forms an orthonormal basis of an
M̄ -dimensional subspace—that is, Ui is a semi-unitary matrix satisfying
UH
i Ui = IM̄ . The codewords are selected from the (complex) Grassman-

nian manifold GN,M̄ , which is the set of all M̄ -dimensional linear subspaces
(passing through the origin) in an N -dimensional space. Each user feeds
back the index of the codeword that is closest to its channel, based on some
distance metric. Herein, we consider the chordal distance [DHST08]

d(V,Ui) =
√
M̄ − tr{VHUiUH

i V} (4.7)

which is closely related to the leakage of signal power due to quantization
and enables efficient codebook design [ZL06]. Different ways of construction
the codebook C will be exemplified later in this chapter.

The CQI is usually a positive scalar that depends on the channel
gain and CDI quantization error [KdFG+07, dFS08]. It is often prefer-
able to have a scalar metric in the form of an approximate SINR expres-
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sion [YJG07]. The particular choice of CQI metric depends on the resource
allocation strategy (i.e., the basis on which users are selected and how the
precoding matrices are designed). For example, the CQI metric with BD
and ZFC precoding should enable selection of spatially separated users that
have strong channel gains and small CDI quantization errors.

The common approach to quantize a positive CQI scalar νk using Bq
bits is to divide its range [0,∞) into 2Bq disjoint intervals; see [KdFG06,
BO08c,YRT09,KY12]. Denote the interval boundaries by ak,0, . . . , ak,2Bq .
Each user k feeds back the index of the ith interval if νk ∈ [ak,i−1, ak,i).

4.2 Receive Combining vs. Multistream Multiplexing

If only one user is selected for transmission at a time, the M receive anten-
nas should be used to enable multiplexing [LJ10]. The situation is different
under multiuser transmission, where only the number of transmit anten-
nas limits the multiplexing gain (see Chapter 2.1.1). Without affecting the
multiplexing gain and for any given number of data streams, the system
has the choice between allocating these streams to many users or few users.
This tradeoff is investigated in this section. The analysis is based on ZFC
and BD precoding (see Section 4.1.1), which represent the two extremes.
ZFC only sends one data stream per scheduled user, thus each user can
combine the received signals on its antennas to achieve receive diversity
and interference rejection (i.e., an effective channel with better properties).
BD selects fewer users than ZFC but multiplexes M streams to each of
them, which relaxes the interference mitigation and enables joint/iterative
detection of each user’s streams. In other words, ZFC exploits receive com-
bining and BD exploitsmultistream multiplexing. The multimode switching
technique in [CSAH08] is an example of a practical scheme that operates
in between these extremes.

In this section, the tradeoff between receive combining and multi-
stream multiplexing is analyzed using asymptotic analysis and performance
bounds. The base station has either perfect CSI or imperfect CSI, and the
results are confirmed with numerical examples. To achieve a fair compari-
son, we assume in this section that N

M is an integer so that BD can divide
the N streams among the M -antenna users in a simple way.

Each user device is assumed to have a perfect estimate of its own channel
matrix, to concentrate on the impact of imperfect CSI at the base station.
It also enables coherent signal reception, making the data rate in (4.3) a
measure of the highest achievable performance. The system performance
will be measured by the achievable sum rate

fsum(q) =
Kr∑

k=1
gk(q). (4.8)
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4.2.1 Comparison of BD and ZFC under perfect CSI
If both the base station and the users have perfect CSI, the achievable sum
rate in (4.8) asymptotically becomes (as q →∞) [LJ07]

fBD
sum(q) ∼= N log2

( q
N

)
+
∑

k∈SBD

log2 det(HkVBD
k VBD,H

k HH
k ),

fZFC
sum (q) ∼= N log2

( q
N

)
+
∑

k∈SZFC

log2(|rHk HkvZFC
k |2),

(4.9)

for BD and ZFC, respectively. This result is based on having scheduling
sets that satisfy |SBD| = N

M and |SZFC| = N and equal power allocation
(which is asymptotically optimal).

For both strategies, the asymptotic sum rate behaves asM∞ log2(q) +
R∞, whereM∞ is the multiplexing gain and R∞ is the rate offset. Both
BD and ZFC achieve a multiplexing gain ofM∞ = N , which is the same
high-SNR slope as the sum capacity achieves. We thus need to compare
the rate offsets R∞ to conclude which strategy is preferable.
Theorem 4.1. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k), receive correlation matrices RR,k have eigenvalues λk,M ≥
. . . ≥ λk,1 > 0, and random user selection with |SBD| = N

M , |SZFC| = N .
The expected asymptotic difference between BD and ZFC is bounded as

β̄ = lim
q→∞

E{fBD(q)− fZFC(q)}

≤ N log2(e)
M

M−1∑

i=1

M − i
i

+ log2

(∏
k∈SBD

∏M
m=1 λk,m∏

k̄∈SZFC λk̄,M

)
.

(4.10)

Proof. The proof is given in Appendix 4.A.1.

The expected asymptotic difference in Theorem 4.1 consists of two
terms. The first term is positive and is an upper bound on the expected
gain of BD in an uncorrelated system (see [LJ07, Theorem 3]). The second
term contains a ratio of eigenvalues. If all RR,k have the same eigenvalues
λk,m = λm, it becomes N log2((

∏M
m=1 λm)1/M )/λM ) which contains the

geometric mean of all eigenvalues divided by the largest eigenvalue. This
ratio is smaller than one (or equal in uncorrelated channels). As we take
the logarithm of this quantity, the second term is negative and approaches
−∞ as the eigenvalue spread increases. In other words, Theorem 4.1 shows
that BD has a (bounded) advantage on uncorrelated channels, while ZFC
becomes the best choice as the receive-side correlation grows. The expla-
nation is that BD has less restrictive interference mitigation, but is more
sensitive to poor channels since it uses all channel dimensions for transmis-
sion. Therefore, we can expect a similar impact of any channel property
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that increases the eigenvalue spread in HkHH
k (on average or in some other

way). This could for example be spatial correlation at the transmitter side
or a strong (low-rank) line-of-sight component. Such properties are not in-
cluded in analysis of this section as it both creates complicated mathemat-
ical structures and requires limiting assumptions on the user distribution
geometry and fading environment.

Observe that this result was derived assuming random selection of the
maximal number of users (NM with BD and N with ZFC), although schedul-
ing of spatially separated users is necessary to achieve the full potential of
multiuser transmission [KKGK09]. We have assumedKr ≥ N users, mean-
ing that only a subset of users are scheduled at each channel use. If the users
are unevenly distributed in the cell, it could be beneficial to intentionally
schedule fewer users than possible. Scheduling is also used to achieve user
fairness and exploit multiuser diversity. The following theorem considers
its impact on BD and ZFC.
Theorem 4.2. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k). For any given scheduling sets SBD,SZFC (with |SBD| = N

M
and |SZFC| = N) suppose that we replace one of the users in each set with
the best one among Kr random users. If the best user is the one minimiz-
ing the expected asymptotic loss2 compared with single-user transmission,
these losses for BD and ZFC, respectively, can be lower bounded as

E{LossBD} ≥ −M log2(1− c1K
− 1
M(N−M)

r )

E{LossZFC} ≥ − log2(1− c2K
− 1
N−M

r )
(4.11)

when Kr is large (c1, c2 are positive constants).

Proof. The proof is given in Appendix 4.A.2.

This theorem indicates that it is easier to find users with near-
orthogonal channels under ZFC than under BD, which is reasonable since
the channels of BD users occupy M dimensions and should be compatible
to the other users in all these dimensions, while ZFC users only have one di-
mension. If the scheduling also prioritizes strong users, recall from Theorem
4.1 that the performance of ZFC depends on the dominating eigenvalue,
while BD depends on the geometric mean of the eigenvalues. The dominat-
ing eigenvalue among Kr users certainly scales faster than the geometric
mean, thus ZFC should also be superior when it comes to exploiting strong
channels (i.e., multiuser diversity).

To illustrate the results of Theorem 4.1 and Theorem 4.2, we adopt the
exponential correlation model (ECM) from [Loy01] that was discussed in

2If Bk = span(Hk) is an orthonormal basis of the row space of Hk, then the expected
asymptotic loss becomes −E{log2 det(BkVkVH

k BH
k )}.
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Chapter 2.1.3. In this model, the magnitude parameter |r| is the corre-
lation factor between adjacent antennas, where |r| = 0 means no spatial
correlation and |r| = 1 means full correlation. For simplicity, we assume
that all users have the same path loss and correlation factor, but different
uniformly distributed directions ∠r ∈ U [0, 2π).

The dominating left singular vector of Hk is used as a preliminary re-
ceive combiner rk for user k in the precoding design. This choice maximizes
the channel gain and is known as maximum ratio combining (MRC). Once
the base station has fixed the precoding, user k can update its receive com-
bining to balance between signal gain and interference rejection. For fixed
vZFC
k̄
∀k̄ ∈ SZFC, the SINR of user k ∈ SZFC becomes

SINRk =
rHk
(
pkHkvZFC

k vZFC,H
k HH

k

)
rk

rHk

(
IM +

∑
k̄∈SZFC\{k}

pk̄HkvZFC
k̄

vZFC,H
k̄

HH
k

)
rk

. (4.12)

The maximization of SINRk is a generalized eigenvalue problem and is
solved by the MMSE combiner [Win84]

rMMSE
k =

(
IM +

∑
k̄∈SZFC\{k}

pk̄HkvZFC
k̄

vZFC,H
k̄

HH
k

)−1

HkvZFC
k

∥∥∥∥∥∥

(
IM +

∑
k̄∈SZFC\{k}

pk̄HkvZFC
k̄

vZFC,H
k̄

HH
k

)−1

HkvZFC
k

∥∥∥∥∥∥
2

. (4.13)

This update can have a major impact on the performance and can be
achieved with limited overhead, since the precoded channels already have
to be estimated to enable coherent reception [TBH08]. Observe that this
update is supported by the system operation in Chapter 2.2, where the
second training sequence is used to estimate the precoded channels.

The expected asymptotic difference between BD and ZFC is shown in
Figure 4.2 and as a function of the correlation factor, using N = 8 transmit
antennas and M = 2 receive antennas. This simulation confirms that BD
is advantageous in uncorrelated systems, while ZFC becomes beneficial as
the correlation increases (|r| > 0.4 under receive-side correlation, |r| >
0.7 under transmit-side correlation, and |r| > 0.25 when both sides are
correlated). The bound in Theorem 4.1 is only tight at high correlation.
Note that |r| impacts the perceived spatial correlation non-linearly; typical
spatially correlated environments correspond to |r| ≈ 0.9 [BHO09].

To exemplify the impact of user selection, we consider the capacity-
based suboptimal user selection algorithm in [SCA+06]. This is a greedy
algorithm that adds one user at the time based on the achievable sum rate
performance. It remembers the performance in each iteration and selects
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Figure 4.2: The expected asymptotic difference between BD and ZFC in
a system with N = 8 transmit antennas, M = 2 receive antennas per
user, and random user selection. The impact of spatial correlation at the
receiving users, transmitting base station, and both sides is shown (using
the exponential correlation model from [Loy01]).

the user constellation with the highest performance, which might include
fewer than N data streams. The average achievable sum rate is shown in
Figure 4.3 in a scenario with N = 8 transmit antennas, M = 2 or M = 4
receive antennas, and a total transmit power of q = 10 dB or q = 20 dB.
Since the system is spatially uncorrelated, it is remarkable that the inclu-
sion of user selection makes ZFC superior to BD. Fewer than N streams are
used when the number of users is small, while the number of active streams
increases with Kr. ZFC clearly benefits more from scheduling than BD,
which also confirms Theorem 4.2.

The conclusion is that ZFC is the method of choice in multiuser MIMO
systems with perfect CSI. Although it is possible to find scenarios when BD
is better than ZFC, these disregard spatial correlation and user selection.

4.2.2 Comparison of BD and ZFC under Quantized CSI
Next, we analyze the impact of having quantized CSI at the base sta-
tion. The codebooks are based on random vector quantization (RVQ)
[SH04,AYL07,Jin08,RJ08a], meaning that we average over codebooks with
random codewords from the Grassmannian manifold. As any judicious
codebook design is better than RVQ, the upper bounds on the performance
loss that we will derive are valid for any reasonable codebook. We assume
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Figure 4.3: The average achievable sum rate with BD and ZFC in a system
with N = 8 transmit antennas and different number of receive antennas.
A low-complexity user selection algorithm from [SCA+06] is used.

error-free feedback and perfect CSI at each user for analytical simplicity,
but the conclusions are expected to hold true under imperfect feedback and
imperfect receive-side CSI [CJKR10].

Block-Diagonalization Precoding

Under BD precoding, the CDI quantization codebook for user k is denoted
CBD
k ⊂ GN,M and the best codeword is selected as

H̄k = arg min
U∈CBD

k

d (span{Hk},U) (4.14)

where span{Hk} gives an orthonormal basis of the row space of Hk. When
only the quantized subspaces H̄k are known at the base station, zero co-
user interference cannot be achieved. There is a variety of ways to handle
the channel uncertainty, but a simple approach is to treat H̄1, . . . , H̄Kr as
being the true channels [RJ08a] and calculate approximate BD precoding
matrices V̄BD

k ∀k ∈ SBD as in Definition 4.1. This results in a lower bound
on the performance and the data rate of user k ∈ SBD (under equal power
allocation) is

gBD-QUANT
k (q) = log2

det
(
IM+ q

M |SBD|
∑

k̄∈SBD
HkV̄BD

k̄
V̄BD,H
k̄

HH
k

)

det
(
IM+ q

M |SBD|
∑

k̄∈SBD\{k}
HkV̄BD

k̄
V̄BD,H
k̄

HH
k

). (4.15)
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The following theorem provides an upper bound on the performance loss
of having quantized CSI.
Theorem 4.3. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k), that RR,k has arbitrary correlation, and that N

M users are
scheduled randomly. The average rate loss for user k ∈ SBD due to CSI
quantization is upper bounded as

∆BD-QUANT = E{gBD
k (q)− gBD-QUANT

k (q)}

≤ log2 det
(
IM + q

M
DBDRR,k

) (4.16)

where the average quantization distortion is

DBD = E{d2(Hk, Ĥk)}

≈
Γ
(

1
M(N−M)

)

M(N −M)

(
2−Bd

(M(N −M))!

M∏

m=1

(N − i)!
(M − i)!

)− 1
M(N−M)

.
(4.17)

Proof. The proof is given in Appendix 4.A.3.

This theorem will be compared with the corresponding result for ZFC.

Zero-Forcing Precoding with Receive Combining

Under ZFC precoding, the CDI quantization codebook for user k is denoted
CZFC
k ⊂ GN,1. The best codeword depends on the effective channel hHk =

rHk Hk, which is a function of the receive combining vector rk. There are
primarily two factors to consider when selecting the receive combiner: the
gain of the effective channel ‖hk‖22 and the quantization distortion of hk.
The results of [KdFG06,RJ08b] indicate that the top priority in multiuser
MIMO systems is to achieve small quantization errors. The error can be
minimized by the quantization-based combining (QBC) approach in [Jin08],
where we select the codeword and the receive combiner jointly as

(rQBC
k , h̄k) = arg max

r:‖r‖2=1
u∈CZFC

k

d

(
HH
k r

‖HH
k r‖2

,u
)
. (4.18)

This can be solved by finding the error-minimizing receive combiner for
every codeword and check which combination that gives the smallest er-
ror; the exact details are available in [Jin08]. The alternative maximum
expected SINR combiner (MESC) in [TBH08] achieves better practical per-
formance by maximizing an approximate SINR expression, but is asymp-
totically equal to QBC at high SNR. Since this is the regime of interest
in this section, we will exploit the analytical simplicity of QBC. Observe



4.2. RECEIVE COMBINING VS MULTISTREAM MULTIPLEXING93

that QBC (and MESC) is only used for improved feedback accuracy; the
MMSE combiner in (4.13) should be used to maximize the performance
during transmission (this was not included in the original QBC framework
in [Jin08]).

If the quantized effective channels h̄1, . . . , h̄Kr are treated as the true
channels, we can apply Definition 4.2 to calculate approximate ZFC pre-
coding vectors v̄ZFC

k . This results in a lower bound on the performance
and the data rate of user k ∈ SZFC (under equal power allocation) is

gZFC-QUANT
k (q) = log2


1+

q
|SZFC| |r

H
k Hkv̄ZFC

k |2

1 + q
|SZFC|

∑
k̄∈SZFC\{k}

|rHk Hkv̄ZFC
k̄
|2


 ∀k ∈ SZFC.

(4.19)
The following theorem provides an upper bound on the performance loss
under quantized CSI.
Theorem 4.4. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k), that RR,k has eigenvalues λk,M > . . . > λk,1 > 0, and that
N users are selected randomly. The average rate loss for ZFC (using the
same rQBC

k ) due to quantized CSI can be upper bounded as

∆ZFC-QUANT = E{gZFC
k (q)− gZFC-QUANT

k (q)}

≤ log2

(
1 + q

N
DQBCG

) (4.20)

where the average quantization distortion is

DQBC = E{d2(hk, h̄k)} ≈ 2−
Bd
N−M

(
N − 1
M − 1

)− 1
N−M (4.21)

and average channel gain G with QBC is (where µn = 1/λk,n)

G =
M−1∑

m=1

m∑

n=1

M∑

l=m+1

(N −M + 1)Am,n,l
(µn − µl)

∏m
i=1,i6=n(µn − µi)

∏m
j=1,j 6=l(µj − µl)

,

Am,n,l = loge(
µm+1

µm
)µm−1
n (−µl)M−m−2 (mµl + µn(M −m− 1))

+
m−1∑

s=0

M−m−1∑

r=0

(
m
s

)(
M −m− 1

r

) (−1)sµm−sn (−µl)M−m−1−r

1 + s+ r

×
(
m−s
µn

+ M−m−1−r
µl

)
(µr+sm − µr+sm+1).

(4.22)

Proof. The proof is given in Appendix 4.A.4.
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Asymptotic Comparison under Quantized CSI

The rate loss expressions in Theorem 4.5 and Theorem 4.6 indicate the
impact of spatial correlation (at the receiver side) and CSI quantization
on the performance, but are certainly not easy to quantify. However, the
important result is that spatial correlation will not have any large effect
on the required number of feedback bits; the sufficient number of CDI
feedback bits to achieve the full multiplexing gain has the same scaling as
for uncorrelated channels in [RJ08a].
Corollary 4.1. To achieve the full multiplexing gain with BD or ZFC under
quantized CSI and arbitrary receive correlation, it is sufficient to scale the
total number of CDI feedback bits for the scheduled users as

Bd,tot ≈ N(N −M) log2(q) +O(1). (4.23)
While this corollary only provides a sufficient condition, we can expect

the scaling law in (4.23) to also be necessary.3 It might seem unreasonable
that the number of feedback bits should approach infinity with increasing
SNR, but if we can achieve the full multiplexing gain in the downlink it is
natural to assume that it is also achievable in the uplink [CJKR10]. There-
fore, the uplink sum rate behaves as N log2(q) +O(1) and it is sufficient to
allocate (approximately) N −M channel uses for CSI feedback.

Observe that this result is based on random user selection among users
with homogenous channel conditions. To achieve multiuser diversity, both
CDI and CQI feedback from additional users is required. As BD requiresM
times more bits per user, ZFC can typically achieve feedback fromM times
more users. We therefore expect ZFC to be better than BD at exploiting
multiuser diversity, just as in the case of perfect CSI. In addition, spatial
correlation at the transmitter-side (and other factors that make the channel
matrices ill-conditioned) will inflict larger performance losses to BD than
ZFC, just as in the case of perfect CSI.

4.2.3 Comparison of BD and ZFC under Estimated CSI
Next, we assume that the base station acquires CSI through imperfect CSI
estimation. The primary focus will be on TDD systems, where channel
estimates are obtained through training signaling on the uplink (assuming
perfect channel reciprocity). But it is worth noting that this approach is
similar to having analog CSI feedback in FDD systems, where the unquan-
tized channel coefficients are sent on an uplink subcarrier (to avoid the
codebook complexity) [RJ08a,CJKR10].4

3The necessary scaling can be proved for ZFC with QBC using a technique from
[Jin06, Theorem 4], while simulations in [RJ08a] shows that quantized ZFC and BD has
the same scaling in the necessary number of bits.

4Digital/quantized feedback can offer substantial performance improvements over
analog/unquantized feedback. But if very accurate CSI is required, Corollary 4.1 shows
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The reciprocal uplink counterpart to the channel in (4.1) is

ỹk = HT
k x̃k + ñk (4.24)

where ỹk ∈ CN×1 is the received uplink signal, x̃k ∈ CM×1 is the trans-
mitted uplink signal, and ñk ∈ CN (0, σ2IN ) is the noise vector.5

As in Chapter 3, user k sends an MSE-minimizing training matrix Pk ∈
CM×M overM uplink channel uses to estimate the channel Hk. The MMSE
estimate of Hk and its error covariance matrix Ek are given by Lemma 3.1
and become

vec(ĤT
k ) = 1

σ2 EkP̃H
k vec(Yk),

Ek =
(

(RR,k⊗RT
T,k)−1 + 1

σ2 P̃H
k P̃k

)−1 (4.25)

where P̃k = (PT
k⊗ IM ) and Yk is the received signal from training signaling.

The training matrix Pk has a total power constraint tr{PH
k Pk} = %.

Block-Diagonalization Precoding

As under quantized CSI, we calculate the approximate BD precoding
V̂BD
k ∀k ∈ SBD by treating Ĥ1, . . . , ĤKr as the true channels [RJ08a].

This results in a lower bound on the performance and the data rate of user
k ∈ SBD is

gBD-EST
k (q) = log2

det
(
IM+ q

M |SBD|
∑

k̄∈SBD
HkV̂BD

k̄
V̂BD,H
k̄

HH
k

)

det
(
IM+ q

M |SBD|
∑

k̄∈SBD\{k}
HkV̂BD

k̄
V̂BD,H
k̄

HH
k

). (4.26)

The following theorem provides an upper bound on the performance
loss due to imperfect CSI estimation.
Theorem 4.5. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k), that RR,k has arbitrary correlation, and that N

M users are
scheduled randomly. The average rate loss for user k ∈ SBD due to CSI
estimation is upper bounded as

∆BD = E{gBD
k (q)− gBD-EST

k (q)}

≤ log2 det
(

IM + q(N −M)
N

(
R−TR,k + PH

k Pk

σ2

)−1)
.

(4.27)

that the quantization codebooks grow very large and thus the search for the best code-
word becomes computationally infeasible.

5The downlink noise vector was normalized towards the channel matrix. To account
for a different noise level at the base station, σ2 is the (relative) uplink noise variance.
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Proof. The proof is given in Appendix 4.A.5.

This theorem will be compared with the corresponding result for ZFC.

Zero-Forcing Precoding with Receive Combining

When users are unaware of the channels of other active users, MRC is a
reasonable combining strategy as it maximizes the effective channel gain.
ZFC precoding is very similar to applying BD precoding to the effective
channels hHk = rHk Hk, but an important difference is that the effective
channels are not Rayleigh fading (since rk is based on the current channel
realization). This makes it difficult to derive the MMSE estimator of hk,
but fortunately the linear MMSE (LMMSE) estimator is given by Lemma
3.1 (as discussed in Chapter 3.2). To apply this LMMSE estimator, we
need the statistics of hk.
Lemma 4.1. Assume that the transmit antennas are uncorrelated (i.e.,
RT = IN ) and that RR has eigenvalues λM > . . . > λ1 > 0, where the user
indices were dropped for convenience. If r is the dominating left singular
vector of H, it holds that

• the direction h/‖h‖2 is isotropically distributed on the unit sphere;

• the gain ‖h‖22 is independent of the direction and

E{‖h‖22} =
M∑

l=1

∑

ζ∈AM

M∏
k̄=1

λN−k̄+1
ζk̄

N∏
k̄=N−M+1

(k̄ − 1)!

(−1)per(ζ)+l+1 det(∆)

×
∑

β∈Bl,M

Kl(β)∑

k̄=0

∑

k̃∈Ω̃(l)
k̄

k̄!
k̃1! · · · k̃l!

(
l∑
i=1
λ−1
ζβi

)−(k̄+1)

l∏
i=1
λk̃iζβi

,

(4.28)

where the ijth element of ∆ ∈ RM×M is given by

[∆]ij = λN−i+1
j (N − i)!. (4.29)

In (4.28), the set of all permutations of {1, . . . ,M} is denoted AM . The
sign of a given permutation ζ = {ζ1, . . . , ζM} ∈ AM is denoted (−1)per(ζ),
where per(·) is the number of inversions6 in the permuted sequence. Next,
Bl,M is the collection of all subsets of AM with cardinality l and increasing
elements (i.e., β1 < . . . < βl for β = {β1, . . . , βl} ∈ Bl,M ). The upper
bound in the summation over k̄ is Kl(β) =

∑l
i=1(N − βl). Finally, Ω̃(l)

k̄
is

6An inversion in a sequence is a pair of numbers that are in incorrect order (i.e., not
in ascending order).
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the set of all l-length partitions {k̃1, . . . , k̃l} of k̄ (i.e.,
∑l
i=1 k̃i = k̄) that

satisfy 0 ≤ k̃i ≤ N − βi:

Ω̃(l)
k̄

=
{
{k̃1, . . . , k̃l} :

k̄∑

j=1
k̃j= k̄, 0 ≤ k̃j ≤ N − βj ∀j

}
. (4.30)

Proof. The proof is given in Appendix 4.A.6.

As for BD precoding, we treat ĥ1, . . . , ĥKr as being the true channels
and the resulting data rate of user k ∈ SZFC is

gZFC-EST
k (q) = log2


1 +

q
|SZFC| |r

H
k Hkv̂ZFC

k |2

1 + q
|SZFC|

∑
k̄∈SZFC\{k}

|rHk Hkv̂ZFC
k̄
|2


 . (4.31)

Once the base station has fixed the precoding v̂ZFC
k , user k can maximize

the performance by applying the MMSE combiner in (4.13). The following
theorem upper bounds the performance loss due to CSI estimation.
Theorem 4.6. Assume that the transmit antennas are uncorrelated (i.e.,
RT,k = IN ∀k), that N users are scheduled randomly, and that rk is se-
lected as in Lemma 4.1. The average rate loss for user k ∈ SZFC due to
CSI estimation is upper bounded as

∆ZFC-EST = E{gZFC
k (q)− gZFC-EST

k (q)}

≤ log2

(
1 + q(N − 1)

N

1
E{‖hk‖22}−1 + %/σ2

)
.

(4.32)

Proof. The proof is given in Appendix 4.A.7.

Asymptotic Comparison under Estimated CSI

The rate loss expressions in Theorem 4.5 and Theorem 4.6 indicate the
impact of spatial correlation and channel estimation on the performance.
BD is slightly more resilient to channel uncertainty, since the BD expression
contains (N−M) where the ZFC expression has (N−1). But observe that
the performance losses are calculated against the same precoding strategy
with perfect CSI; we know from Section 4.2.1 that ZFC often has better
performance than BD under perfect CSI, making it hard to analytically
conclude which strategy to use under imperfect CSI estimation. However,
the important result is the following extension of [CJKR10] to correlated
scenarios with M ≥ 1.
Corollary 4.2. To achieve the full multiplexing gain with BD or ZFC pre-
coding under imperfect CSI estimation and arbitrary receive correlation, it
is sufficient to scale the training power % as

q/%→ constant <∞ when q →∞. (4.33)
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Figure 4.4: The average achievable sum rate with BD and ZFC under im-
perfect CSI estimation and using a (modified) low-complexity user selection
algorithm from [SCA+06].

This corollary says that the training power should increase linearly with
the transmit power to achieve the optimal sum rate scaling. This is for ex-
ample satisfied by setting the total training power to % = q under ZFC
and % = Mq under BD, which corresponds to the reasonable assumption
of having the same average SNR in the downlink and in the uplink.7 The
demands for higher CSI accuracy with increasing SNR is therefore automat-
ically fulfilled by the reduced estimation errors. Observe that one uplink
channel use is consumed per user antenna dimension that is estimated, thus
creating a practical bound on how many user channels that can be esti-
mated in block fading systems [CJKR10]. As ZFC only has one effective
antenna per user, it can accommodateM times more users than BD on the
same estimation overhead.

4.2.4 Numerical Examples under Imperfect CSI

First, we compare BD and ZFC by repeating the simulation in Figure 4.3
for the case of imperfect CSI estimation. The approximate BD and ZFC
precoding are implemented as described earlier in this chapter. We use a
training power of q per channel dimension and the capacity-based schedul-

7Battery-powered user devices might operate at lower power than the base station,
but Corollary 4.2 is satisfied as long as q and % exhibit the same scaling. In practical
scenarios, the path loss is the main source of SNR variations and affects the downlink
and uplink equally.
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Figure 4.5: The average achievable sum rate with BD and ZFC under quan-
tized CSI and using a (modified) low-complexity user selection algorithm
from [SCA+06]. The number of feedback bits is scaled with the transmit
power according to Corollary 4.1.

ing algorithm in [SCA+06] is modified8 to include the average interference
due to CSI estimation errors. The average achievable sum rate is shown
in Figure 4.4 as a function of the number of users that we obtain CSI es-
timates for using ZFC (while BD only obtains channel estimates for 1/M
of them). We consider N = 8 transmit antennas, M = 2 or M = 4 receive
antennas, and a total transmit power of q = 10 dB or q = 20 dB. The
performance loss compared with having perfect CSI is about 10%, but the
conclusions are otherwise the same: ZFC outperforms BD both in terms of
performance with few users and in exploiting multiuser diversity.

Next, we consider quantized CSI and let the number of feedback bits
(per channel dimension) be scaled as (N −M) log2(q) − constant, where
the constant is selected as in [RJ08a, Eq. (17)] to maintain a 3 dB gap
between BD with perfect and quantized CSI. We consider N = 4 transmit
antennas,M = 2 receive antennas, random vector quantization (RVQ), and
modify9 the capacity-based scheduling algorithm in [SCA+06] to include
the average interference due to quantization. We compare BD precoding
(having either quantized or perfect CSI) with quantized ZFC precoding

8Estimation errors contribute with an average interference of q(|S| − 1)/|S|Eest,
where Eest =(R−T

R,k
+PHk Pk/σ2)−1 for BD and Eest =(1/E{‖hk‖22}+%/σ2)−1 for ZFC.

9Quantization errors contribute with an average interference of q(|S|−1)/|S|Equant,
where Equant = N/(M(N −M))DBDRR,k for BD and Equant = DQBCG/(N − 1) for
ZFC. In these formulas, BD uses M times more feedback bits per user than ZFC.



100 CHAPTER 4. FUNDAMENTAL PROPERTIES OF FEEDBACK

5 10 15 20 25 30
0

5

10

15

20

Total Transmit Power [dB]

 

 
Single−User Transmission
Block−Diagonalization
Zero−Forcing (QBC+MMSE)
Zero−Forcing (QBC)

N=6, M=2

3 users, 10 bits/user

6 users, 5 bits/user

A
ve

ra
ge

 A
ch

ie
va

bl
e 

S
um

 R
at

e 
[b

its
/c

.u
.]

Figure 4.6: Comparison of single-user transmission, BD, and different forms
of ZFC under quantized CSI feedback. The scenario is the same as in
[RJ08a, Fig. 6], where the superior single-user strategy was not included.

based on MESC-MMSE [TBH08] and with single-user SVD-based trans-
mission (to a randomly selected user). The quantized effective channels
are obtained from 8 users under ZFC, while the quantized complete chan-
nels are acquired from 4 users under BD. The average achievable sum rate
is shown in Figure 4.5 as a function of the transmit power q. At low SNR,
quantized BD precoding only selects one user and performs similarly to
single-user transmission. As two data streams are transmitted to the se-
lected user, both strategies are slightly better than ZFC in this regime. But
quantized ZFC precoding quickly improves with q and becomes the method
of choice at practical SNRs. The simulation was stopped at q = 14.3 dB
where BD requires feedback of 22 bits per user, meaning that the best
codeword should be selected in a codebook with over a million entries.10

BD is therefore suboptimal both in terms of sum rate and computational
complexity.

This conclusion stands in contrast to the numerical results in [RJ08a],
where BD clearly beats ZFC under quantized CSI. To explain the differ-
ence, we repeat the simulation in [RJ08a, Fig. 6] with N = 6 transmit
antennas andM = 2 receive antennas. In this simulation, the quantization
codebooks contain 10 bits/user under BD and 5 bits/user under ZFC. The
achievable sum rate is shown in Figure 4.6 for the quantized BD approach

10An approach to emulate the quantization procedure for very large random code-
books was proposed in [RJ08a], but this will not change the fact that the quantization
complexity becomes infeasible much faster under BD precoding than under ZFC.
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in [RJ08a] and the ZF-QBC approach in [Jin08]. We have also included:
1) an improved version of ZF-QBC where the MMSE combiner in (4.13) is
applied during transmission; and 2) single-user SVD-based transmission to
a randomly selected user. Our simulation confirms that BD is better than
ZFC in this scenario, but the difference becomes much smaller when the
MMSE combiner is applied. However, none of these strategies should be
used in this scenario since single-user transmission is vastly superior.

To summarize, ZFC achieves better performance than BD if the CSI
accuracy is sufficient to support multiuser transmission. If the transmit-
ting base station has inaccurate CSI (compared with the transmit power),
single-user transmission should be used instead of BD and ZFC.

4.2.5 Conclusion: Receive Combining vs. Multistream
Multiplexing

There are two modes in multiuser MIMO systems: single-user and multi-
user transmission. When the base station has relatively accurate CSI,
multi-user transmission is beneficial as it can achieve the full multiplexing
gain. In this scenario, we have analyzed whether the receive antennas at
each user should be combined for achieving receive diversity (as with ZFC)
or for multistream multiplexing (as with BD). The unexpected conclusion
is that receive combining is the favorable choice, since ZFC is better at
exploiting spatial correlation and multiuser diversity than BD. This result
has positive implications for the design of multiuser systems as it reduces
the hardware constraints, especially in terms of processing at the user de-
vices and the required CSI accuracy per user. When only inaccurate CSI
can be achieved, the performance is limited by co-user interference making
single-user transmission advantageous over multi-user transmission strate-
gies such as BD and ZFC. In this regime, BD is certainly better than ZFC
since it creates less co-user interference, but this observation has no further
implications since single-user transmission is the method of choice.

4.3 ε-Outage Sum Rate and Feedback Design

The analysis so far in this chapter has considered the (average) achievable
sum rate, which provides an achievable upper bound on the information
throughput with a given precoding strategy. To achieve this throughput
with zero probability of error, the transmitting base station needs to know
the highest achievable rate of each user and apply channel coding over a
block-length of data that grows without bound [CT91]. This is not feasible
under the system operation of this thesis (see Chapter 2.2), where the
resource allocation is updated rapidly (at least once per the coherence time
of the channel) to exploit multiuser diversity and achieve small delays. In
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addition, each user only knows its own channel, while the base station has
imperfect CSI of the user channels. If the precoding and user selection
cannot be based on perfect CSI, it is unreasonable that the base station
can select optimal data rates that are only computable using perfect CSI.
In principle, the achievable rate can be estimated at each user during data
reception and then fed back to the base station, but this is not possible
in the considered system operation. Instead, the supported data rates in
a block fading system need to be estimated at the base station under CSI
uncertainty, leading to a probability of outage due to overestimation.

The maximum coding rate at a given outage probability and block-
length is still an open research problem, although recent work provides close
approximations [PPV10]. For simplicity, we assume that the coherence
time of the channel is sufficient to neglect the effect of having an insufficient
coding block-length. Instead, we concentrate on the effect of imperfect rate
adaptation. Based on the analysis in Section 4.2, we let the effective channel
of user k be hk ∈ CN×1. To enable analysis, we model it as Rayleigh
fading with hk ∈ CN (0,RT,k), where the transmit-side correlation RT,k

might have a different scaling than it had for the original channel (as an
effect of receive combining). If M > 1, the analysis basically considers
a lower bound on the performance (corresponding to a fixed suboptimal
receive combining that only exploits statistical CSI and thereby maintains
the Rayleigh fading distribution), which is fine since we will only consider
the achievability of the different asymptotic properties.

If S is the set of scheduled users, then the instantaneous SINR of user
k ∈ S becomes

SINRk = |hHk vk|2
1 +

∑
k̄∈S\{k} |hHk vk̄|2

(4.34)

where vk ∈ CN×1 denotes some precoding vector. Let FSINRk(·) be the
CDF of SINRk, based on the CSI available at the base station. Then,
having an acceptable outage probability of ε > 0 means that

Pr{log2(1 + SINRk) < Rk,out} = FSINRk(2Rk,out − 1) = ε. (4.35)

To satisfy this probability, we thus transmit at the ε-outage rate Rk,out =
log2(1 + F−1

SINRk(ε)) to user k ∈ S. The ε-outage sum rate is

Rsum(q, ε) =
∑

k∈S

Rk,out =
∑

k∈S

log2
(
1 + F−1

SINRk(ε)
)
. (4.36)

Data sent in outage is not lost, but can be handled by an HARQ protocol
at the expense of some additional transmission delay. To achieve a good
tradeoff between high throughput and short delays, [WJ09b] shows that a
good value on the outage probability is ε = 0.1.
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4.3.1 Tradeoff between CDI and CQI feedback
In a limited feedback system, the ε-outage sum rate depends on the feed-
back accuracy. This raises the question of how the B feedback bits that
are available per user should be split between CDI and CQI. While CDI
provides good beamforming directions, CQI shows which users that have
strong channels. Both quantities impact the transmitter’s ability to esti-
mate the instantaneous SINR. Next, we will analyze this tradeoff in the
high SNR regime, where the multiplexing gain of the ε-outage sum rate is
defined as

lim
q→∞

Rsum(q, ε)
log2(q) =M∞. (4.37)

To achieve the full multiplexing gain of N , each interference term∑
k̄∈S\{k} |hHk vk̄|2 in (4.34) needs to be bounded by a constant as q →∞.
As proved in Corollary 4.1 (and in [Jin06] for uncorrelated channels),

the achievable sum rate achieves the full multiplexing gain if ZF precoding
is applied under sufficiently accurate CDI (and without any CQI feedback).
The following theorem provides a similar result for the ε-outage sum rate:

Theorem 4.7. For any selection of N users, let the channel directions h̄k =
hk
‖hk‖2 be known to the transmitter while the channels gains ‖hk‖22 are
unknown. With probability one, ZF precoding makes the ε-outage sum
rate achieve the full multiplexing gain of N .

Proof. The proof is given in Appendix 4.A.8.

Based on this theorem, one might believe that CDI feedback is of dom-
inating importance in multiuser MIMO systems. But apart from the mul-
tiplexing gain, the high SNR performance is also characterized by the con-
stant rate offset. This parameter depends on CQI feedback and might
have great impact at practical SNRs. In addition, Theorem 4.7 is not say-
ing whether the full multiplexing gain is achievable under other conditions,
for instance, using only CQI feedback. Remarkably, it can be achieved
if a set of random beamforming directions are used and the number of
users is large [SH05], such that each random beamformer closely models
the channel of some user. The long-term average sum rate was considered
in [SH05], based on feedback of the index of the best beamforming vector
and the corresponding channel quality. The next theorem shows a similar
result for the ε-outage sum rate using only CQI feedback and beamforming
based on the dominating eigenvector uk of each RT,k.

Theorem 4.8. Assume that the transmitter knows the quality indicator

γk = q|hHk uk|2
1 + q(‖hk‖22 − |hHk uk|2)

(4.38)
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for all k = 1, . . . ,Kr, while the channel directions hk
‖hk‖2 are unknown. If

all RT,k have the same distinct dominating eigenvalue λN > 0 but different
eigenvectors11, then precoding exploiting only statistics can (with proba-
bility one) make the ε-outage sum rate achieve the full multiplexing gain
of N if Kr →∞ such that q

log(Kr) → c <∞.

Proof. The proof is given in Appendix 4.A.9.

Some scepticism is in order when interpreting Theorem 4.8; the number
of users should scale exponentially fast to find users that are sufficiently
aligned with their dominating eigendirection (i.e., hk

‖hk‖2 ≈ uk) to achieve
the full multiplexing gain. Then, a multiuser diversity gain also appears
since the strongest channel gain approaches infinity [SH05], which violates
the law of energy conservation (i.e., more power cannot be received than
was transmitted) and basically is a modeling artifact of Rayleigh fading
channels [DHL+11, GK11]. To the best of our knowledge, the scaling of
the strongest channel gain in a set of randomly located users has not been
investigated by measurements. However, it is reasonable to believe that
increasing the number of users can suppress interference by making the
selected user channels near-orthogonal.12

Despite these observations, the performance under pure CQI feedback
might be good at practical SNRs and number of users. When quantization
is considered, one should keep in mind that the one-dimensional CQI is
easier to quantize accurately than the (N − 1)-dimensional CDI.

Other important factors are spatial correlation and the number of re-
ceive antennas; the channel direction is more or less given by the covariance
matrix in strongly correlated environments, while receive antennas can cre-
ate effective MISO channels with predefined properties. The next theorem
shows that the full multiplexing gain can be achieved without any feedback
if the correlation is strong or M is sufficiently large.
Theorem 4.9. Assume that the transmitter only has statistical CSI and has
selected |S| = N users such that RT,k have different dominating eigenvec-
tors uk for each k ∈ S. In addition, let each user haveM ≤ N uncorrelated
receive antennas.

If λk,N > λk,N−1 ≥ . . . ≥ λk,1 denotes the eigenvalues of RT,k, then
precoding that only exploits statistics can achieve the full multiplexing gain
of N if λk,N

λk,N−M
→∞ such that q

λk,N/λk,N−M
→ ck <∞ for all k ∈ S.

Proof. The proof is given in Appendix 4.A.10.

11This is satisfied by the exponential model in [Loy01] with equal antenna correlation
and random user directions [BHO09], but is merely assumed to simplify the derivation.

12In multicell systems, increasing the number of users also enhances the probability
of finding users where the intercell interference is carried by weak channel realizations.
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If M = 1, this theorem says that statistical precoding will satisfy the
full multiplexing gain if the spatial correlation is sufficiently strong. This
effect can be amplified by employing multiple antennas at each user and use
these to cancel out certain eigendirections. In the special case of M = N ,
we let λk,0 = 0 for notational convenience. The condition λk,N

λk,N−M
→∞ is

therefore always satisfied, meaning that the full multiplexing gain can be
achieved without any constraints on the spatial correlation. This is quite
expected, given that single-user transmission can achieve the full multi-
plexing gain without having instantaneous CSI when M = N [GKH+07].

The bottom line of this section is that asymptotic analysis can pro-
vide very diverse answers to feedback design questions in multiuser MIMO
systems. The actual performance depends on the relationship between
transmission strategy, SNR, number of users, number of receive antennas,
spatial correlation, and feedback design. This dependence will be evaluated
numerically in the next section.

4.4 Low-Complexity Feedback Quantization

Next, we evaluate the performance of two practical precoding strategies
that try to maximize the ε-outage sum rate under quantized CSI feed-
back. The first scheme builds upon themaximum estimated SINR combiner
(MESC) strategy of [TBH08] and is expected to work well in spatially
uncorrelated systems. The second scheme is an extension of the norm-
supported minimum-variance distortionless response (NS-MVDR) strategy
of [HBO08a,HBO08b] that only needs CQI feedback as it exploits the CDI
provided by the channel statistics in spatially correlated systems. By com-
paring these strategies using low-complexity quantization codebooks, the
tradeoff between CDI and CQI feedback will be studied numerically.

4.4.1 Scheme 1: Maximum Estimated SINR Combiner
(MESC) Strategy

The MESC strategy of [TBH08] is basically an adaptation of ZFC precoding
for the case of quantized CSI. We will outline this technique, including its
main feature of joint selection of receive combining and CDI codewords.
Based on the system model, users cannot predict the co-user interference
at the point of feedback. Therefore, the quantization in MESC is based on
an (approximative) lower bound on the SINR:

SINRk ' |uHk vk|2
q
N |rHk Hkuk|2

1 + q
N ‖rHk Hk − (rHk Hkuk)uHk ‖22︸ ︷︷ ︸

γbound
k

(4.39)
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where vk is the unit-norm precoding vector used for transmission and
uk ∈ Ck is a quantization of effective channel direction HH

k rk/‖HH
k rk‖2.

The approximate SINR expression is achieved by assuming equal power al-
location, a scheduling set S with |S| = N , and that interference is equally
spread in the space orthogonal to uk [YJG07,TBT07].

The SINR approximation in (4.39) consists of two parts. The first term,
|uHk vk|2, is the signal loss due to the precoding strategy (i.e., the price of
avoiding interference with ZFC) and cannot be optimized at the user as
the co-user interference is unknown at this point. The second part, γbound

k ,
can however be maximized by joint selection of rk and the codeword uk:

(rMESC
k ,uk) = arg max

r:‖r‖2=1
u∈Ck

rH( qNHkuuHHH
k )r

1 + rH( qNHk(IN − uuH)HH
k )r . (4.40)

For every codeword, the optimal receive combining can be achieved in
closed form by solving (4.40) as a generalized eigenvalue problem [TBH08].
Thus, the joint selection in (4.40) can be performed by finding the best
receive combiner for every codeword and check which combination that
gives the largest approximate SINR.

In the MESC strategy, each user feeds back the CDI codeword uk from
(4.40) along with CQI feedback of the corresponding value of γbound

k . The
base station uses some greedy scheduling algorithm to select the user set
S to maximize the approximate sum rate

∑

k∈S

log2(1 + |uHk v̄ZFC
k |2γ̄bound

k ), (4.41)

where γ̄bound
k is the quantization of γbound

k and v̄ZFC
k is the approximate

ZFC vector achieved by treating {uk}k∈S as the true channels.
Finally, the base station selects a transmission rate based on the pes-

simistic SINR estimate

ŜINRk = ζk|uHk v̄ZFC
k |2γ̄bound

k (4.42)

where ζk is a fade-margin (or back-off factor) selected numerically to make
Pr{log2(1 + SINRk) < log2(1 + ŜINRk)} = ε [HBO08a]. At the point of
reception, each selected user replaces its preliminary receive combiner from
(4.40) with the MMSE combiner in (4.13).

4.4.2 Scheme 2: Norm-Supported Minimum-Variance
Distortionless Response (NS-MVDR) Strategy

In spatially correlated environments, the long-term statistics provide di-
rectional channel information. If the statistics are combined with CQI
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feedback of the instantaneous channel norm ‖hk‖22, this information is
sufficient to perform efficient user selection and precoding (without any
instantaneous CDI feedback) [HBO08b]. A particular feature of this ap-
proach is its ability to estimate the instantaneous SINR for any set of
precoding vectors, which enables efficient rate adaptation [HBO08a]. This
stands in contrast to the CQI feedback in MESC and similar strategies
[TBT07,KdFG+07,YJG07,dFS08], which try to predict the SINRs at each
user (although users are uninformed about co-user locations).

Prior works on the NS-MVDR strategy have thoroughly analyzed both
user selection and precoding design, but assumed perfect/unquantized CQI
feedback and single-antenna users [HBO08a,HBO08b]. In this section, we
show how efficient receive combining can be achieved while maintaining the
nice statistical structure and how to improve the SINR estimation.

Receive Combining and Quantization

As discussed in Section 4.2, each user can apply a preliminary receive com-
biner that simplifies the precoding design and replace it with the MMSE
combiner in (4.13) during reception. Since only CQI is fed back (i.e.,
Bq = B), the preliminary receive combiner rprel

k should be designed such
that the statistics of the effective channel hk = HH

k rprel
k are deterministic

at both the user and the base station. At first sight, this seems to require
that rprel

k is independent of the current channel realization Hk, but we can
actually do better than that.

For ease of exposition, we drop the user indices and assume a Kronecker-
structured system with uncorrelated receive antennas (i.e., RR = IM ).
Let the eigen decomposition (with λN ≥ . . . ≥ λ1) of the transmit-side
correlation matrix be partitioned as

RT = UΛUH

=
[
u(D) U(I) U(0)]diag(λN , . . . , λ1)

[
u(D) U(I) U(0)]H (4.43)

where u(D) ∈ CN×1 is the dominating eigenvector and is suitable for trans-
mission. Similarly, U(I) ∈ CN×M−1 spans the subspace associated with
the M − 1 following eigenvalues. The user will be sensitive to interfer-
ence in this subspace. Finally, U(0) ∈ CN×N−M spans the subspace of the
remaining eigendirections. Under high spatial correlation (and M > 1),
these eigenvalues are close to zero, meaning that the interference from
these eigendirections is small. In other words, the main interference is ex-
pected from U(I). We therefore select rprel to completely cancel out the
interference in these directions:

rprel = null
(
(HU(I))H

)
(4.44)
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Dominating Eigendirection

Non-Dominating Non-Negligible Eigendirections

Weak Eigendirections

Receive Combining

Dominating Eigendirection

Figure 4.7: Illustration of the average transmit power carried by differ-
ent eigendirections. Each beam represents an eigendirection and its size
describes the corresponding eigenvalue. The eigenvalue spread is large
in highly correlated scenarios. The proposed receive combining cancels
out the strongest non-dominating eigendirections, which leaves one strong
eigenvalue and a few very small ones. This essentially makes the effec-
tive channel aligned with the dominating eigendirection, which is already
known to the transmitter.

where null(·) gives an orthonormal basis to the right null space. Although
this receive combining exploits instantaneous CSI to cancel out certain
eigendirections, the base station knows that the effective channel h = HHr
will be Rayleigh fading with covariance matrix

R̃T = Udiag(λN , 0, . . . , 0, λN−M , . . . , λ1)UH . (4.45)

In other words, the base station does not need to know how the eigendirec-
tions of U(I) were nulled, but only that the corresponding eigenvalues will
be zero. If M is sufficiently large (compared with the spatial correlation),
this receive combining transforms the MIMO channel into a Rayleigh fad-
ing MISO channel with a covariance matrix that essentially has rank one
and is aligned with u(D). Thus, accurate instantaneous CDI is achieved
without explicit CDI feedback. This is illustrated in Figure 4.7.

Estimation of the SINR

Efficient user selection and precoding can be achieved by combining the
quantized norm feedback with the statistics of the effective channels. A
greedy user-selection algorithm and precoding based on the MVDR crite-
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rion13 was proposed in [HBO08b]. In this section, we simply assume that
the user selection S and the precoding vectors vk ∀k ∈ S are given.

If the CQI feedback says that a ≤ ‖hk‖22 < b for some quantization
boundaries a and b, we estimate the SINR pessimistically as14

ŜINRk = max
(

0,
E{‖B1,khk‖22|a, b}−ζ

√
MSE{‖B1,khk‖22|a, b}

E{‖B2,khk‖22|a, b}+ζ
√

MSE{‖B2,khk‖22|a, b}+ 1

)

(4.46)

where B1,k = vHk is the precoding vector to user k and B2,k =
[vS̃(1) . . . vS̃(|S̃|)]H contains the prevoding vectors to the co-users in S̃ =
S \ {k}. The back-off parameter ζ is selected numerically (and adap-
tively) to satisfy a given outage probability [HBO08a]. To calculate the
estimates E{‖Bhk‖22|a, b} and the corresponding MSE{‖Bhk‖22|a, b} =
E{‖Bhk‖42|a, b} − E{‖Bhk‖22|a, b}2, we first need the following theorem.

Theorem 4.10. Let υ = [υ1, . . . , υN ]T ∈ CN (0,diag(µ1, . . . , µN )), where
the eigenvalues µi are distinct and strictly positive. If it is known that
a ≤ ‖h‖22 < b, the pth order conditional moment of |υi|2 and (pi, pj)th
order conditional cross-moment between |υi|2 and |υj |2 (i 6= j) are

E{|vi|2p|a, b} =
1
µi

Cprob

N∑

k=1
k 6=i

G
(1)
p,0,i,k(a, b)

µk
∏

l 6∈{i,k}
(1− µl

µk
) ,

E{|vi|2pi |vj |2pj |a, b} =
1

µiµj

Cprob





N∑
k=1

k 6∈{i,j}

G
(2)
pi,pj,i,j,k

(a,b)

µk
∏

l6∈{i,j,k}

(1− µl
µk

)
, N >2,

(−1)pjG(1)
pi,pj ,i,j

(a, b), N=2,

(4.47)

where Cprob =
∑N
k=1(e−

a
µk − e−

b
µk )/(

∏
i6=k(1− µi

µk
)) and we have

G
(1)
N,M,i,j(a, b) =

M∑

k=0

(
M
k

) (N + k)!(−1)M−k

( 1
µi
− 1

µj
)N+k+1

×
(
G

(3)
M−k,j(a, b)−

N+k∑

m=0

G
(3)
M+m−k,i(a, b)

m!( 1
µi
− 1

µj
)−m

)
,

(4.48)

13MVDR is a classic criterion where the beamforming direction is selected to minimize
the expected received interference subject to a fixed received signal power. Only the
expected signal power along the dominating eigendirection is counted in the NS-MVDR
approach of [HBO08b].

14A similar estimator was used in [HBO08b,HBO08a], but these papers estimate each
interference term separately which increases the estimation error.



110 CHAPTER 4. FUNDAMENTAL PROPERTIES OF FEEDBACK

G
(2)
N,M,i,j,m(a, b) = M !

( G
(1)
N,0,i,m(a, b)

( 1
µj
− 1

µm
)M+1 −

M∑

l=0

G
(1)
N,l,i,j(a, b)

(−1)ll!( 1
µj
− 1

µm
)M−l+1

)
,

(4.49)

G
(3)
N,i(a, b) = N !

( 1
µi

)N+1

N∑

m=0

(
a
µi

)m
e
− a
µi −

(
b
µi

)m
e
− b
µi

m! . (4.50)

Proof. The proof is given in Appendix 4.A.11.

Observe that this theorem considers quantized norm feedback, while
the case of perfect feedback was considered in [HBO08a]. Theorem 4.10
is limited to channel covariance matrices where all eigenvalues are dis-
tinct. Eigenvalues that are measured in practice are naturally distinct, but
clustering of those that are close-to-identical may be necessary to achieve
numerical stability. The general case with multiple sets of repeated eigen-
values is not included in the thesis for brevity, but is available in [BHO09].
This extension builds upon results in [Sch88,AM97].

Using Theorem 4.10, the following corollary shows how to calculate
E{‖Bh‖22|a, b} and E{‖Bh‖42|a, b} in the SINR expression of (4.46). The
special case of NB = 1 was given in [HBO08a] (for exact norm feedback).
Corollary 4.3. Let h ∈ CN (0,R), where R = UΛUH is the eigen decom-
position of the covariance matrix with Λ = diag(λ1, . . . , λN ). For any fixed
B ∈ CNB×N , we have

E{‖Bh‖22|a, b} = 1TA|·|2Λ̂1,

E{‖Bh‖42|a, b} = 1
2pTTp + 1

2

NB∑

k1=1

NB∑

k2=1
p̃Hk1k2

Tp̃k1k2 ,
(4.51)

where A = BU, [A|·|2 ]ij = |aij |2, 1 = [1, . . . , 1]T , p = AT
|·|21, p̃k1k2 =

[ak11a
∗
k21, . . . , ak1Na

∗
k2N

]T , and

[Λ̂]ij =
{
E{|υi|2|a, b}, i=j,

0, i 6=j,

[T]ij =
{
E{|υi|4|a, b}, i=j,

2E{|υi|2|υj |2|a, b}, i 6=j.

(4.52)

For all i with λi = 0, E{|υi|2|a, b} = E{|υi|4|a, b} = E{|υi|2|υj |2|a, b} = 0.
The remaining conditional moments in (4.52) are achieved by Theorem 4.10
(by only considering non-zero eigenvalues).

Proof. The proof is given in Appendix 4.A.12.
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To summarize, the combination of norm feedback and long-term statis-
tics enables estimation of the SINR for any set of precoding vectors. The
estimation quality increases with the spatial correlation, and the proposed
receive combining increases the effective correlation by nulling the M − 1
strongest non-dominating eigendirections. During the transmission, the
MMSE combiner in (4.13) will be used to enhance performance.

4.4.3 Numerical Evaluation

Next, we will evaluate the performance of the described low-complexity
strategies: MESC and NS-MVDR. As an upper bound, we consider ZFC
with perfect CSI (using MRC in the capacity-based suboptimal user selec-
tion algorithm of [SCA+06] and the MMSE combiner during transmission).
We also consider the random beamforming strategy of [SH05] (with MMSE
combining if M > 1), which selects a set of N random beamforming direc-
tions and let each user feed back the preferred direction (using log2(N) bits)
and the corresponding quantized SINR. This strategy is presumably good
at exploiting multiuser diversity, but has rather mediocre performance at
practical number of users [YG06,HBO08b,KGS08] and can thus be viewed
as a lower bound on the performance.

A Grassmannian codebook15 Cgrass = {g1, . . . ,g2Bd } is used for CDI
feedback in the MESC strategy [LHS03,DHST08]. To account for spatial
correlation, the codebook is rotated according to each user’s channel statis-
tics: Ccorr-grass

k = {uk,1, . . . ,uk,2Bd } with uk,n = R1/2
T,kgn/‖R

1/2
T,kgn‖2 ∀n

[LH06]. All CQI codebooks are generated such that every codeword is
equally probable to be fed back [BO08c,YRT09].

To concentrate on the tradeoff between CDI and CQI feedback, we
consider a simple setup where the users are equally spaced on a circle
around a base station with N = 4 antennas. Hence, users have identical
average SNRs, which becomes q · tr(RT,k) under single-user transmission.
Based on [WJ09b], the outage probability is fixed at 10% (i.e., ε = 0.1).

In Figure 4.8, we consider an uncorrelated scenario with a total trans-
mit power of q = 15 dB, M = 1 antennas per user, and different numbers
of feedback bits. The performance increases with the number of users, but
the highest ε-outage sum rate is always achieved with MESC by allocat-
ing 2 bits for CQI feedback and the remaining bits for CDI feedback. The
MESC strategy provides much better performance than random beamform-
ing, but the number of feedback bits is only sufficient to achieve half the
optimal ZF performance. Random beamforming performs rather poorly,
which indicates that the optimal asymptotic behavior proved in [SH05]

15The Grassmannian codebook maximizes the minimal angle between the codeword
vectors gl. We generated the codebooks using the algorithm in [DHST08].
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Figure 4.8: Average ε-outage sum rate as a function of the number of users
at a total transmit power of q = 15 dB. Different transmission strategies
and uses of feedback bits are compared.

(and similarly in Theorem 4.8) has little impact on the performance at
practical Kr.

The same setup is considered in Figure 4.9, but the number of users
is fixed at Kr = 15 and the number of receive antennas M is varied. Ap-
parently, there is a large gain of employing additional antennas for receive
combining; adding an extra antenna per user increases the throughput with
50% without affecting the number of feedback bits. The gap towards per-
fect CSI continues to decrease rapidly with the number of antennas. CQI
feedback also becomes increasingly important, explained by the improved
CDI accuracy achieved through receive combining. In addition, MESC
increases faster with the number of antennas than random beamforming.
This indicates that the more accurate CSI we have, the more important it
is to design beamforming directions based on it.

Next, we consider an outdoor scenario where the transmit-side correla-
tion is generated using the local scattering model (see Chapter 2.1.3) with
an UCA and half a wavelength antenna separation. The performance is
shown in Figure 4.10 as a function of the angular spread (as seen from
the base station)—small spread means high spatial correlation. The total
transmit power is q = 15 dB, there are Kr = 20 users, M = 1 antennas
per user, and B = 8 feedback bits are available per user. In highly cor-
related scenarios, we observe a higher importance of CQI feedback than
in the uncorrelated case. This is mainly since the covariance matrix RT,k
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Figure 4.9: Average ε-outage sum rate as a function of the number of
antennas per user at a total transmit power of q = 15 dB and Kr = 15
users. Different transmission strategies are compared.

already provides much CDI [HBO08a]. NS-MVDR demonstrates that good
performance is achievable in highly correlated systems using only CQI feed-
back. As the angular spread increases, additional CDI feedback is necessary
to pertain high performance, which explains why the performance of NS-
MVDR drops rather quickly. The different feedback divisions for MESC
confirms that CQI is increasingly important under high correlation, but
the differences are on the other hand quite small. Random beamforming
ignores the correlation and is therefore almost unaffected by it.

As the NS-MVDR strategy only exploits CQI feedback, it can operate
under very low feedback load per user.16 This is illustrated in Figure 4.11
with a total transmit power of q = 15 dB, Kr = 20 users, M = 2 antennas
per user, and only B = 3 feedback bits per user. In this scenario, NS-
MVDR clearly outperforms MESC.

To summarize, recall from Section 4.3.1 that the full multiplexing gain
can be achieved with only CDI feedback, only CQI feedback, or without any
feedback (if the number of receive antennas or spatial correlation is large).
The numerical evaluation shows that it is often sufficient to allocate 2− 3
bits for CQI feedback while the remaining bits should be used for CDI
feedback. The importance of CQI increases with the spatial correlation

16If the total number of feedback bits is fixed, there is a tradeoff between achieving
accurate CSI from a few users and course CSI from many users (to exploit multiuser
diversity) [RJ08b]. In the latter case, the number of bits per user can be very small.
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Figure 4.10: Average ε-outage sum rate as a function of the angular spread
at a total transmit power of q = 15 dB. The spatial correlation is based on
the local scattering model in Chapter 2.1.3.
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Figure 4.11: Average ε-outage sum rate as a function of the angular spread
at a total transmit power of q = 15 dB. Different transmission strategies
are compared when B is very small.
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and overall CSI accuracy, but it is fair to say that CDI feedback is of
dominating importance under practical non-asymptotic conditions. This
conclusion is in line with Theorem 4.7 and with the prior work in [KdFG06,
RJ08b], where achieving accurate CDI is shown to be essential for multiuser
transmission while the exploitation of multiuser diversity is of secondary
importance.17 Employing additional receive antennas to enable receive
combining has a large impact on the performance and can be viewed as an
alternative to increasing the feedback load.

4.5 Summary

Practical multiuser MIMO systems operate under imperfect CSI, but can
still achieve the full multiplexing gain if sufficient resources are allocated
for CSI acquisition (i.e., training-signaling and CSI feedback). This chap-
ter has shown that if such sufficient resources are available, only one
data stream should be allocated per scheduled user (and users should use
their antennas for receive combining). This is explained by more efficient
scheduling, exploitation of multiuser diversity, and greater resilience to-
wards ill-conditioned channels. It also has positive implications for the
hardware design of user devices. Our result stands in contrast to prior
work that shows a benefit of allocating multiple streams per user when the
CSI accuracy is insufficient. But we have shown that prior results are mis-
leading since single-user transmission is the best choice in these scenarios.

In addition, we have proved that depending on the number of users,
number of receive antennas, and the spatial correlation, the full multi-
plexing gain can be achieved with only CDI feedback, only CQI feedback,
or without any feedback at all. Thus, asymptotic analysis provides very
diverse answers to the tradeoff between CDI and CQI feedback in practi-
cal systems. To clarify this tradeoff, we considered different low-complexity
precoding strategies that utilize quantized CSI. These were adapted to max-
imize the ε-outage sum rate, which is entirely based on the CSI available at
the transmitter and thus is a better measure of the practical performance
in block-fading systems than the achievable sum rate. The numerical eval-
uation reveals that 2-3 bits of CQI feedback is often sufficient, while the
remaining bits should be used for CDI feedback. The importance of CQI
increases with the spatial correlation and number of receive antennas, while
it is well-known that the CDI accuracy needs to increase with the SNR.

17For a fixed number of bits per user, CDI feedback is essential when there are few
users. It becomes less important as the number of users increases [KdFG06]. When the
total feedback load is limited, it is beneficial to acquire very accurate CSI from a few users
rather than dividing the bits among many users to exploit multiuser diversity [RJ08b].
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4.A Collection of Proofs

4.A.1 Proof of Theorem 4.1
Using (4.9), the asymptotic difference can be expressed as

β =log2

(∏
k∈SBD det(HkVBD

k VBD,H
k HH

k )∏
k∈SZFC |rHk HkvZFC

k |2

)
. (4.53)

Assume that rk is selected suboptimally as the dominating eigenvector of
RR,k. This is a lower bound because every judicious selection based on
perfect CSI (e.g., MRC or MMSE combining) achieves better performance,
but it is convenient since rHk Hk =

√
λk,M h̃Hk with h̃k ∈ CN (0, IN ). The

asymptotic difference can thus be upper bounded as

β ≤ log2

(∏
k∈SBD det(H̃kVBD

k VBD,H
k H̃H

k )
∏
k∈SZFC |h̃Hk vZFC

k |2

)

+
∑

k∈SBD

log2 det(RR,k)−
∑

k∈SZFC

log2(λk,M ).
(4.54)

The expectation of the first term can be rewritten as the first term in (4.10)
by applying [LJ07, Theorem 3]. The cited theorem is valid for uncorrelated
channels, but can be applied since VBD

k is the same regardless of RR,k̄ for
all k̄ ∈ SZFC. This is understood by the following lemma which shows that
receive correlation will not affect the row space of channels, which are the
spaces where co-user interference are canceled.
Lemma 4.2. Let A � 0M be any Hermitian positive-definite matrix and let
H̃ ∈ CM×N be an arbitrary matrix. Then, span(H̃) = span(AH̃), where
span(·) denotes the row space.

Proof. Let A = UAΛAUH
A be an eigen decomposition of A. The lemma

follows by observing that UA only rotates the basis vectors of the row space
and ΛA scales the rows without affecting their span.

Finally, observe that the last two terms of (4.54) are deterministic and
correspond to the second term in (4.10).

4.A.2 Proof of Theorem 4.2
The expected asymptotic loss (compared with single-user transmission) is
defined for BD precoding as

E{LossBD} = E{log2 det(HkHH
k )− log2 det(HkVBD

k VBD,H
k HH

k )}

= −E{log2 det(BkVBD
k VBD,H

k BH
k )}

(4.55)
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where Bk = span(Hk) ∈ CM×N is an orthonormal basis of the row space
of Hk. Assume that there are Kr candidates to become the new user k,
K = {1, . . . ,Kr}, while the other users in SBD are fixed. Since |SBD| = N

M ,
all available degrees of freedom are consumed by the interference cance-
lation. The precoding matrix VBD

k is therefore completely determined by
the common null space of the co-users’ channels and fixed in this proof.

Minimizing (4.55) corresponds to finding the user k̄ ∈ K with a row
space of Hk̄ that is at most compatible with VBD

k . Observe that (4.55) for
user candidate k̄ can be lower bounded as

−E{log2 det(Bk̄VBD
k VBD,H

k BH
k̄

)}

= −ME{log2(det(Bk̄VBD
k VBD,H

k BH
k̄

)1/M )}

≥ −ME

{
log2

(
tr{Bk̄VBD

k VBD,H
k BH

k̄
}

M

)}

≥ −M log2

(
E{tr{Bk̄VBD

k VBD,H
k BH

k̄
}}

M

)

= −M log2

(
1 +

E{tr{Bk̄VBD
k VBD,H

k BH
k̄
} −M}

M

)
.

(4.56)

The first inequality is the classic inequality of arithmetic and geometric
means, while the second inequality follows from applying Jensen’s inequal-
ity to the convex function − log2 det(·). The final expression in (4.56)
containsM−tr{Bk̄VBD

k VBD,H
k BH

k̄
}, which is the squared chordal distance

between Bk̄ and VBD
k .

Since the matrices Bk̄, for k̄ ∈ K, are independent and isotropically
distributed on the Grassmannian manifold GN,M (see Lemma 4.2 and its
preceding discussion), we can bring in results from quantization of Grass-
mannian manifolds using Kr random codewords [DLR08]. From [DLR08,
Theorem 4], we have the following lower bound on the average squared
chordal distance (for sufficiently large Kr):

min
k̄∈K

E
{
M−tr{Bk̄VBD

k VBD,H
k BH

k̄
}
}

≥ M(N −M)
M(N −M) + 1c

− 1
M(N−M)

N,M,M,2 K
− 1
M(N−M)

r

(4.57)

where cN,M,M,2 is a positive constant defined in [DLR08, Eq. (8)]. Plugging
(4.57) into (4.56) yields the lower bound for BD precoding in the theorem.

A similar approach can be taken under ZFC precoding (by setting
M = 1 in the derivation), but the receive antennas provide degrees of free-
dom to select the effective channel as the vector in the row space of Hk̄ that
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minimizes the chordal distance to vZFC
k . This is achieved by the quantized-

based-combining (QBC) approach in [Jin08], which was derived for uncor-
related channels but can be applied under receive correlation due to Lemma
4.2. We apply [Jin08, Lemma 1], which says that the minimal chordal dis-
tance is the minimum of Kr independent β(N−M,M)-distributed random
variables. This quantity can be lower bounded by taking the minimum of
Kr independent β(N −M, 1) and further lower bounded by applying the
quantization bound in [DLR08, Theorem 4]:

min
k̄∈K

E



1−

∣∣∣∣∣
hH
k̄

‖hk̄‖2
vZFC
k

∣∣∣∣∣

2


 ≥

(N −M)
(N −M) + 1c

− 1
(N−M)

N−M+1,1,1,2K
− 1

(N−M)
r

(4.58)

where cN−M+1,1,1,2 is a positive constant defined in [DLR08, Eq. (8)]. Plug-
ging (4.58) into (4.56) (with M = 1) yields the lower bound for ZFC pre-
coding in the theorem.

4.A.3 Proof of Theorem 4.3
Using Lemma 4.2, we observe that the row space of the correlated channel
Hk = R1/2

R,kH̃k is the same as for the uncorrelated channel H̃k. Conse-
quently, the BD precoding matrices V̄BD

k are the same as for uncorrelated
channels, which enables us to reuse the approach in the proof of [RJ08a,
Theorem 1]. The average rate under perfect CSI is smaller or equal to the
numerator of (4.15), thus both terms can be removed to achieve an upper
bound. Therefore, the loss is upper bounded by the denominator of (4.15).
Using Jensen’s inequality, we achieve a new upper bound by moving the
expectation inside log det(·). Next, observe that

E{HkV̄BD
k̄

V̄BD,H
k̄

HH
k }

= R1/2
R,kE{LkQkV̄BD

k̄
V̄BD,H
k̄

QH
k LHk }R

1/2,H
R,k

(4.59)

using that Hk = R1/2
R,kH̃k = R1/2

R,kLkQk, where Lk ∈ CM×M is the lower
triangular matrix and Qk ∈ CM×N is the semi-unitary matrix of an LQ
decomposition of H̃k. Observe that Lk and Qk are independent, thus we
can calculate their expectations sequentially as

E{LkQkV̄BD
k̄

V̄BD,H
k̄

QH
k LHk }

= DBD

N −M
E{LkIMLHk } = NDBD

N −M
IM .

(4.60)

The first equality follows from [RJ08a, Eq. (43)-(45)], while the second is
based on E{LkLHk } = NIM (since E{H̃kH̃H

k } = NIM ). Plugging (4.60)
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into [RJ08a, Eq. (40)] yields

∆BD ≤ log2 det
(

IM + q

N

(
N

M
− 1
)
NDBD

N −M
RR,k

)
(4.61)

from which (4.16) follows directly. The approximate expression for DBD is
given in [RJ08a, Eq. (26)].

4.A.4 Proof of Theorem 4.4

The proof follows along the lines of [Jin08, Theorem 1], with the difference
that 1) we include spatial correlation at the receiver side; and 2) we use
QBC also under perfect CSI. Using Lemma 4.2, we observe that the row
space of the correlated channel Hk = R1/2

R,kH̃k is the same as for the un-
correlated channel H̃k. Since the gain of the effective channel is ignored
in (4.18), the error-minimizing codeword is the same as for uncorrelated
channels and we can still apply [Jin08, Lemma 2] to conclude that the direc-
tion of the effective channel is isotropically distributed. The only difference
compared with [Jin08] is the distribution of the norm of the effective chan-
nel, which will affect the bound. Let rQBC

k be the QBC for the correlated
channel Hk and let rUNCORR

k be the QBC for the uncorrelated channel H̃k,
then

rQBC
k =

R−1/2
R,k rUNCORR

k

‖R−1/2
R,k rUNCORR

k ‖2
. (4.62)

We can therefore express the effective channel as

hk = HH
k rQBC

k = HH
k

R−1/2
R,k rUNCORR

k

‖R−1/2
R,k rUNCORR

k ‖2
= H̃H

k rUNCORR
k

‖R−1/2
R,k rUNCORR

k ‖2
(4.63)

and its squared norm will be

‖hk‖22 = ‖H̃H
k rUNCORR

k ‖22
1

rUNCORR,H
k R−1

R,krUNCORR
k

. (4.64)

The first part is the same as under uncorrelated fading and has the mean
value N −M + 1 (see [Jin08, Lemma 4]), while the second part depends on
RR,k. Since both the quantization codebook and H̃k are isotropically dis-
tributed, rUNCORR

k is also isotropic and the two terms in (4.64) are indepen-
dent. To characterize the second term, observe that rUNCORR

k can be viewed
as a normalized uncorrelated complex Gaussian vector. By exploiting that
the eigenvectors of RR,k will not affect the distribution and that squared
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magnitudes of CN (0, 1)-variables are exponentially distributed [HBO08a],
we conclude that the second term of (4.64) has the same distribution as

∑M
i=1 ξi∑M

i=1 ξi/λk,i
(4.65)

for independent exponentially distributed variables ξi ∈ Exp(1). For any a
in the interval λk,m ≤ a ≤ λk,m+1, we can write the CDF as

Pr
{ ∑M

i=1 ξi∑M
i=1 ξi/λk,i

≤ a

}

= Pr
{ m∑

i=1

(
a

λk,i
− 1
)

︸ ︷︷ ︸
≥0

ξi −
M∑

i=m+1

(
1− a

λk,i

)

︸ ︷︷ ︸
≥0

ξi ≥ 0
}
.

(4.66)

This is the difference of two sums of exponentially distributed variables
(with distinct positive variances). The PDF of each sum is characterized
by [HBO08a, Theorem 4] and by calculating their convolution and integrate
over all positive values, we achieve the CDF

Pr
{ ∑M

i=1 ξi∑M
i=1 ξi/λk,i

≤ a

}

=
m∑

n=1

M∑

l=m+1

(µn − a−1)m(a−1 − µl)M−m−1)
(µn − µl)

∏m
i=1,i6=n(µn − µi)

∏m
j=1,j 6=l(µj − µl)

(4.67)

where we use the simplifying notation µn = 1
λk,n

. The corresponding mean
value can be achieved from this CDF by simply taking the derivative and
sum up the mean values over each a-interval. By multiplying the achieved
mean value expression with N −M + 1 (i.e., the contribution of the first
part in (4.64)), we achieve the expression for G in the theorem.

4.A.5 Proof of Theorem 4.5

The proof follows along the lines of [RJ08a, Proof of Theorem 1], with
the difference that we consider CSI estimation errors (instead of quantiza-
tion errors) and include spatial correlation. First, observe that both VBD

k̄

and V̂BD
k̄

are isotropically distributed on the Grassmannian manifold GN,M
(since receive-side correlation is not affecting the row space of Hk and Ĥk;
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see Lemma 4.2). The average rate loss can therefore be bounded as

∆BD-EST
(a)
≤ E



log2 det


IM + q

N

∑

k̄∈SBD\{k}

HkV̂BD
k̄

V̂BD,H
k̄

HH
k







(b)
≤ log2 det


IM + q

N

∑

k̄∈SBD\{k}

E{HkV̂BD
k̄

V̂BD,H
k̄

HH
k }


 ,

(4.68)

where (a) follows from removing the term

log2 det
(
IM + q

N
HkVBD

k VBD,H
k HH

k

)

− log2 det
(
IM + q

N

∑

k̄∈SBD

HkV̂BD
k̄

V̂BD,H
k̄

HH
k

) (4.69)

which is negative since HkVBD
k VBD,H

k HH
k has the same distribution as

HkV̂BD
k V̂BD,H

k HH
k (and the second term contains additional positive semi-

definite matrices). The inequality (b) follows from applying Jensen’s in-
equality on the concave function log2 det(·). From (4.25) we have

Hk = Ĥk +
(

R−TR,k + PH
k Pk

σ2

)− 1
2

Ẽk (4.70)

where the second term is the estimation error and Ẽk has CN (0, 1)-entries.
By exploiting that ĤkV̂BD

k̄
= 0 for k̄ 6= k, we achieve

E{HkV̂BD
k̄

V̂BD,H
k̄

HH
k }

=
(
R−TR,k + PH

k Pk

σ2

)− 1
2

E{ẼkV̂BD
k̄

V̂BD,H
k̄

ẼH
k }
(
R−TR,k + PH

k Pk

σ2

)− 1
2

.
(4.71)

Observe that E{ẼkV̂BD
k̄

V̂BD,H
k̄

ẼH
k } = MIM since Ẽk is complex Gaussian

and independent of V̂BD
k̄

. The final expression is achieved by plugging
this into (4.68) and observing that each of the (NM − 1) interference terms
becomes M(R−TR,k + PH

k Pk/σ
2)−1.

4.A.6 Proof of Lemma 4.1
Observe that H = R1/2

R H̃ has the same distribution as HU for any uni-
tary matrix U. Thus, we can rotate h arbitrarily without changing the
statistics, meaning that h/‖h‖2 must be isotropically distributed. Next,
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note that ‖h‖22 = ‖rHHU‖22 = ‖rHH‖22, thus unitary rotations will not
affect the effective channel gain and thus the direction and the channel
gain are statistically independent. ‖h‖22 is the dominating eigenvalue of
the correlated complex Wishart matrix HHH ∈ WM (N,RR). The mean
value expression in (4.28) can be achieved directly from [BO08c, Theorem
3] or by using the moment generating function in [MCS06] (which gives an
equivalent expression that looks slightly different).

4.A.7 Proof of Theorem 4.6
This theorem is proved in the same way as Theorem 4.5. The only notable
difference is that we use the effective channel hk, which has a single effective
receive antenna, instead of the original channel Hk. The effective channel
is zero-mean and has an average channel gain E{‖hk‖22} given by (4.28).
Thus, the effective channel and its channel estimate is related as hHk =
ĥHk + (1/E{‖hk‖22}+ %/σ2)−1/2ẽHk , where ẽk ∈ CN (0, IN ).

4.A.8 Proof of Theorem 4.7
With probability one, the random channel directions are different:
|h̄H
k̄

h̄k| < 1 ∀k̄ 6= k. Thus, ZF precoding exists and can be used to cancel
out all co-user interference. Let v(ZF)

k denote the ZF vector of user k ∈ S
and let qpk be the corresponding power allocation, for some fixed pk > 0.
The conditional CDF of SINRk becomes

FSINRk|h̄k(x) = Pr
{
qpk‖hk‖22|h̄Hk v(ZF)

k |2 ≤ x
}

= F‖hk‖22|h̄k

(
x

qpk|h̄Hk v(ZF)
k |2

)
= ε.

(4.72)

The second equality follows from using the (conditional) CDF of ‖hk‖22,
which is the only random variable when h̄k is given. This CDF can be de-
rived using Bayes’ theorem and by rewriting the PDF of a complex Gaus-
sian vector in a similar manner as in [HBO08a]:

F‖hk‖22|h̄k
(x) = 1− e−xh̄Hk R−1

T,k
h̄k

N−1∑

m=0

(xh̄Hk R−1
T,kh̄k)m

m! . (4.73)

Using this expression, we can evaluate the ε-outage rate expression (defined
in (4.35) and (4.36)) by inverting the CDF expression in (4.72):

Rk,out = log2

(
1 + F−1

SINRk|h̄k
(ε)
)

= log2

(
1 + qpk|h̄Hk v(ZF)

k |2F−1
‖hk‖22|h̄k

(ε)
)
.

(4.74)
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For any ε > 0, F−1
‖hk‖22|h̄k

(ε) has a strictly positive and constant value. Thus,
Rk,out behaves as log2(q) + constant at high q. By repeating this for all
the N selected users, we conclude that the ε-outage sum rate achieves the
full multiplexing gain of N .

4.A.9 Proof of Theorem 4.8
For any user selection with |S| = N , the dominating eigenvectors {uk}k∈S
satisfy |uHk uk̄| < 1 ∀k̄ ∈ S\{k}. Thus, there exist ZF-like vectors {w̃k}k∈S
such that uHk w̃k̄ = 0 for k̄ 6= k. Assuming power allocation qpk for some
fixed pk > 0, the SINR of user k can be lower bounded as

qpk|hHk w̃k|2

1 +
∑
k̄∈S\{k} qpk̄|hHk w̃k̄|2

≥ qpkβk|hHk uk|2
1 + q(‖hk‖22 − |hHk uk|2)

= pkβkγk > 0
(4.75)

for some βk > 0 that satisfy |hHk w̃k|2 ≥ βk|hHk uk|2 (with probability one).
The bound is achieved by pretending that all co-user transmissions create
maximal interference (i.e., |hHk w̃k̄|2 is replaced by ‖hk‖22 − |hHk uk|2) and
by identifying the quality indicator γk in (4.38) which is known to the
transmitter. If we can show that γk scales linearly with q at high q (and
large Kr), we have proved the multiplexing gain.

For notational convenience, assume there are NKr users, which are
divided into N equally large groups. In each group, we schedule the user
with the largest γk. We will show that

Pr
{

max
1≤k≤Kr

γk ≥ qλN log(Kr)− qNλN log(q log(Kr)) +O(1)
}

≥ 1−O
(

1
Kq
r

) (4.76)

by applying the results from extreme value theory that are summarized
in [SH05, Theorem A.2]. First, observe that for any c ≥ 0 we have

Pr
{

max
1≤k≤Kr

γk ≥ c
}
≥ Pr

{
max

1≤k≤Kr
γ̃k ≥ c

}
(4.77)

where γ̃k is achieved by replacing the covariance matrix RT,k with λNIN for
all k (i.e., increasing the non-dominating eigenvalues and thereby increasing
the interference). From [SH05, Eq. (14)-(15)], we then have that the PDF
and CDF of γ̃k are

fγ̃k(x) = e−x/(qλN )

(1 + x)N

(
1 + x

qλN
+N − 1

)
x ≥ 0,

Fγ̃k(x) = 1− e−x/(qλN )

(1 + x)N−1 x ≥ 0.
(4.78)
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In addition, it follows from [SH05, Eq. (20)] that

g(x) = 1− Fγ̃k(x)
fγ̃k(x) = qλN −

qλN (N − 1)
(1 + x)/(qλN ) + (N − 1) . (4.79)

To apply [SH05, Theorem A.2], we need to check that limx→∞ g(x) = qλN
is strictly positive, which is satisfied. Next, we need to find the unique
value uKr that solves the equation 1− Fγ̃k(uKr ) = 1/Kr:

e−uKr/(qλN )

(1 + uKr )N−1 = 1
Kr
⇒ (4.80)

uKr = qλN log(Kr)− (N − 1)qλN log(1 + uKr )
= qλN log(Kr)− (N − 1)qλN log(qλN log(Kr)) +O(1)

(4.81)

where O(1) is bounded when Kr, q →∞ such that q
log(Kr) → c <∞.

Let u = − log(qλN log(Kr)), then [SH05, Theorem A.2] says that

FKrγ̃k
(uKr + ug(uKr )) = e−e

−u−u2g′(uKr )/2!+...+O( e
−u+O(u2g′(uKr ))

Kr
)

= e−e
log(q log(Kr))+O(1)

= e− log(Kq
r )·O(1)

= O
(

1
Kq
r

)
.

(4.82)

To achieve the final expression, we exploited that ul+1g(l)(uKr ) =
log2(qλN log(Kr))O(1/(q log(Kr))l+1)→ 0 when Kr, q →∞ as prescribed.
Finally, we interpret (4.82) as

1−O
(

1
Kq
r

)
= 1− FKrγ̃k

(uKr + ug(uKr ))

= Pr
{

max
1≤k≤Kr

γ̃k ≥ uk − log(qλN log(Kr))g(uKr )
}

≤ Pr
{

max
1≤k≤Kr

γk ≥ uk − log(qλN log(Kr))g(uKr )
}

= Pr
{

max
1≤k≤Kr

γk ≥ uk − qλN log(qλN log(Kr)) +O(1)
}

(4.83)

where the inequality follows from (4.77) and the last equality from that
g(uKr ) = qλN − O(1/(q log(Kr))). Substituting (4.81) into (4.83) gives
(4.76). Based on (4.76), observe q log(Kr)−qN log(q log(Kr)) is dominated
by q log(Kr) when q

log(Kr) → c < ∞. For sufficiently large Kr and q,
the rate of the user with the largest γk scales as log2(q log(Kr)) with a
probability larger than 1− ε. This holds for the user with the largest γk in
each of the N groups, yielding a total multiplexing gain of N .
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4.A.10 Proof of Theorem 4.9
The channel matrix of user k ∈ S is Hk = H̃kR1/2

T,k, where RT,k =
Ukdiag(λk,N , . . . , λk,1)UH

k can be partitioned as in (4.43). The domi-
nating eigenvectors uk are different for each selected user (by assump-
tion). We achieve an effective channel hk ∈ CN (0, R̃T,k) with R̃T,k =
Ukdiag(λk,N , 0, . . . , λk,N−M , . . . , λk,1)UH

k by selecting the receive com-
biner rk in the left null space of HkU(I)

k .
Using this receive combiner, there exist ZF-like precoding vectors

{w̃k}k∈S such that uHk w̃k̄ = 0 for k̄ 6= k. Thus, the signal term in SINRk
scales like qλk,N while the interference term scales as qλk,N−M (i.e., the
second largest eigenvalue of R̃T,k). If q

λk,N/λk,N−M
→ ck < ∞, then the

signal term goes to infinity with q while the interference term is bounded.
Therefore, the full multiplexing gain is achieved.

4.A.11 Proof of Theorem 4.10
If all non-zero eigenvalues are distinct, the CDF of ρ = ‖h‖22 is well-known
in the field of renewal theory [Sch88] and was derived for communications
purposes in [HBO08a]:

F‖h‖22(ρ) =
(

1−
N∑

k=1

e
− ρ
µk∏

i6=k
(1− µi

µk
)

)
H0(ρ), (4.84)

where H0(ρ) = 1 for ρ ≥ 0 and zero otherwise. The conditional moments
can be expressed as

E{|υi|2p|a, b}=
∫ b

a

E{|υi|2p|ρ}f‖h‖22|a,b(ρ|a, b)dρ =
∫ b
a
E{|υi|2p|ρ}f‖h‖22(ρ)dρ
∫ b
a
f‖h‖22(ρ)dρ

(4.85)

where ρ represents the exact value of ‖h‖22. The conditional moment
E{|υi|2p|ρ} was given in [HBO08a, Corollary 5-6] for p = 1, 2 and in
[BHO09, Theorem 1] for arbitrary p. The integral in the numerator of
(4.85) can be solved through straightforward integration, while the integral
in the denominator is F‖h‖22(b)−F‖h‖22(a). The conditional cross-moments
are derived using the same approach.

4.A.12 Proof of Corollary 4.3
Let h̃ = UHh and observe that h̃ ∈ CN (0,Λ). The corollary fol-
lows from straightforward and tedious expansion of ‖Bh‖22 = ‖Ah̃‖22 =∑NB
k=1 |

∑N
l=1 aklvl|2 and ‖Ah̃‖42 = (‖Ah̃‖22)2. The expectations are evalu-

ated using Theorem 4.10.





Chapter 5

Framework for General
Multicell Coordination

In this chapter, we propose a general framework for modeling multicell
systems and measuring their performance. This framework resolves some
feasibility issues of previous models and enables unified analysis of every-
thing from interference channels to ideal network MIMO systems.

The motivation behind our new system model is given in Section 5.1,
along with the theoretical details of the proposed dynamic cooperation clus-
ters. A general way of measuring performance is proposed in Section 5.2,
where the user performance is represented by arbitrary increasing functions
of the SINRs (e.g., representing data rates, error rates, or mean square er-
rors) while the system performance function combines the user performance
using a criterion (e.g., sum performance, proportional fairness, or max-min
fairness). The performance region is defined as a concept that ties the user
and system performance together and basic properties of the region are
derived. Finally, Section 5.3 shows that the optimal solution to our general
multicell resource allocation problem applies single-stream beamforming
and satisfies some constraints with equality.

5.1 Extending Multiuser MIMO to Multicell MIMO

If reliable CSI can be achieved at the transmitter and receivers, multiuser
MIMO transmission is a promising way of enhancing the throughput of
wireless systems with one base station and many users; a survey on this
immense research area is provided in [GKH+07]. The main idea is to
employ multiple transmit antennas to exploit the spatial dimension and
serve multiple users on a given frequency band. As a single base station is
in charge in multiuser MIMO, it can make autonomous resource allocation
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decisions and be sure that no uncoordinated interference appears within
the cell.

A different story emerges in multicell MIMO systems, where many base
stations are employed to serve many users simultaneously using the same
frequency resources. The counterpart of multiuser MIMO in cellular net-
works have been given many names, including network MIMO and coor-
dinated multi-point (CoMP) transmission. It is based on the same idea
of exploiting the spatial dimension for serving multiple users in paral-
lel while still controlling the interference. The initial work on network
MIMO in [SZ01,ZD04,KFV06] assumed perfect co-processing at the base
stations and modeled the whole network as one large multiuser MIMO sys-
tem where the transmit antennas happen to be distributed over a large
area; the multicell characteristics were basically reduced to just constrain-
ing the transmit power per transmitter array or antenna, instead of the
total transmit power. While mathematically convenient, this approach
leads to several implicit assumptions that are hard to justify in practice.
Firstly, global CSI is required, which puts huge demands on the channel
estimation, feedback links, and backhaul networks [MF08]. Secondly, co-
herent multicell transmission requires very accurate synchronization (see
Chapter 8) and increases the delay-spread [ZMM+08], potentially turning
flat-fading channels into frequency-selective. Thirdly, the complexity of
centralized scheduling and precoding algorithms is infeasible in terms of
computations, delays and scalability.

Various alternative models have been proposed to capture multicell-
specific characteristics. The CSI requirements were reduced in [JTS+08,
NEHA08] by using the one-dimensional Wyner model where interfer-
ence only comes from immediate neighboring cells. The base stations
in [MF08, HTH+09, ZCA+09] are divided into static disjoint cooperation
clusters, where each cluster basically is operated as a multiuser MIMO
system. If the clusters are sufficiently small, this approach enables prac-
tical channel acquisition and coordination within each cluster. Networks
with static clusters will unfortunately provide poor spectral efficiency when
the user distribution is heterogenous [MBG+11] and will still suffer from
out-of-cluster interference. The impact of these drawbacks can be reduced
by having different static disjoint cooperation clusters on different sub-
carriers [MF11], by increasing the cluster size and serve each user by a
subset of its base stations [BTO+11], by having fractional frequency reuse
in the cell edge areas [LZX+10], and by changing the disjoint clusters over
time [PGH08,MBG+11]. But since the clustering in these approaches is
built on a base station-perspective, the consequence is that there will be
strict boundaries between the clusters where uncoordinated interference
arises. Steps toward more dynamic and flexible multicell coordination were
taken in [TCJ08,KK10] by creating clusters from a user-centric perspec-
tive. This means that each base station has its own set of users to serve.
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For each user, the base station coordinates with those base stations that
also serve this user. However, global CSI and interference coordination was
assumed in these works, which is not feasible in large networks.

5.1.1 Dynamic Cooperation Clusters
Next, we extend the downlink single-cell system model in Chapter 2.1 to
a multicell environment with Kt base stations, where the jth base station
is denoted BSj and is equipped with Nj antennas. The total number of
transmit antennas is still denoted N =

∑Kt
j=1Nj . Our general multicell

system model will acknowledge the following observations:

• Each user is jointly served by a subset of all base stations;

• Some base stations and users are very far apart, making it impractical
to estimate and separate the interference on these channels from the
background noise.

Based on these observations, we propose a coordination structure:
Definition 5.1. Dynamic cooperation clusters means that BSj

• has channel estimates to users in Cj ⊆ {1, ...,Kr}, while interference
generated to users k̄ 6∈ Cj is negligible and can be treated as part of
the background noise;

• serves the users in Dj ⊆ Cj with data.

This coordination framework is characterized by the sets Cj ,Dj ∀j,
which are illustrated in Figure 5.1. The mnemonic rule is that Dj de-
scribes data from BSj , while Cj describes coordination from BSj . The
membership of users to these sets changes dynamically during opera-
tion (e.g., based on individual user locations and the user density in dif-
ferent areas), such that the system only accepts the overhead involved
in interference coordination and joint transmission if the expected per-
formance gains are substantial. How to select these sets efficiently is
a very interesting and important problem, but the solution depends
on the system architecture and is beyond the scope of this thesis (see
[ZL04, FGH06, PDF+08, XCL10, BTO+11,MBG+11]). However, a simple
scheme would be to include MSk in Cj if the (current) average channel
gain from BSj is above a certain threshold. If the gain is also above a
second (larger) threshold, the user is also included in Dj . Observe that
although Cj ,Dj can be selected decentralized at BSj and varies relatively
slowly (e.g., with the long-term statistics), the network needs to know if
it should route a certain user’s data to the base station and some rapid
coordination mechanism between adjacent base stations is required during
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Figure 5.1: Schematic intersection of three cells. BSj serves users in the
inner circle (Dj), while coordinating interference to users in the outer circle
(Cj). Ideally, negligible interference is caused to users outside both circles.

each resource allocation decision. This can be achieved through local mes-
sage passing [NEHA08] and imperfections can be handled by decentralized
decision making [ZG10b].

The intention of our coordination framework is two-fold. Firstly, it
enables joint analysis of different levels of multicell coordination (including
everything from interference channels to ideal network MIMO systems).
Secondly, it resolves some of the issues that appear when multicell MIMO is
viewed as a multiuser MIMO system with distributed power constraints. In
our framework, BSj only needs to know its own channel to users that receive
non-negligible interference from it—a natural assumption since these are
the users for which BSj can achieve reliable channel estimates.1 In addition,
only neighboring base stations need to be phase synchronized and only
a limited increase in delay-spread will occur (which is easy to handle in
OFDM systems by increasing the cyclic prefix [ZMM+08]).

1In TDD systems, multiple base stations can exploit the same uplink training se-
quence to estimate their respective channels. The CSI acquisition is more demanding in
FDD systems, since more resources are required for CSI feedback to the additional base
stations (and possibly some extra backhaul signaling).
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5.1.2 General Multicell System Model
Motivated by the analysis in Chapter 4.2 and for analytical convenience, we
assume that each user only has one effective antenna.2 The channel from all
base stations to MSk is denoted hk = [hT1k . . .hTKtk]T ∈ CN×1, where hjk ∈
CNj×1 is the channel from BSj . Based on the coordination framework in
Definition 5.1, only certain channel elements in hk will carry data and/or
non-negligible interference. These can be selected by the diagonal matrices
Dk ∈ CN×N and Ck ∈ CN×N , which are defined as

Dk =
[
D1k 0. . .
0 DKtk

]
where Djk =

{
INj , if k ∈ Dj ,
0Nj , otherwise, (5.1)

Ck =
[
C1k 0. . .
0 CKtk

]
where Cjk =

{
INj , if k ∈ Cj ,
0Nj , otherwise. (5.2)

Thus, hHk Dk is the channel that carries data to MSk and hHk Ck is the
channel that carries non-negligible interference. It is necessary to have
both Dk and Ck, to make sure that only the correct base stations transmit
to MSk when solving a resource allocation problem.

Extending the single-cell input-output model in (2.1), the symbol-
sampled complex-baseband received signal at MSk is yk ∈ C and is given
by

yk = hHk Ck

Kr∑

k̄=1

Dk̄sk̄ + nk, (5.3)

where the time instant has been removed for notational convenience. The
additive term nk is assumed to be zero-mean, to have variance σ2

k, and to
model both noise and weak interference from all BSj with k 6∈ Cj (see Def-
inition 5.1). This assumption limits the amount of CSI required to analyze
the transmission and is reasonable if base stations coordinate interference
to all cell edge users of adjacent cells. When nothing else is said, BSj is
assumed to know the channels hjk perfectly to all users k ∈ Cj .

Just as in the single-cell scenario, the transmission is limited by the Lp
linear power constraints in (2.4) and each user k has the Lk soft-shaping
constraints in (2.5). Each power constraint in multicell systems will typi-
cally only affect one base station, but the analysis in this and succeeding
chapters can be applied to any set of linear constraints. As mentioned
briefly in Chapter 2, the matrices Dk can be viewed as being soft-shaping
constraints with T1k = IN −Dk, which forbid all BSj with k 6∈ Dj from
transmitting to MSk.

2This model applies to low-complexity multi-antenna users that fix a receive combin-
ing prior to transmission optimization to achieve good channel conditions and accurate
CSI feedback; see Chapter 4.2.
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5.1.3 Examples: Two Simple Multicell Scenarios
We conclude this section by illustrating that the proposed dynamic cooper-
ation clusters can describe a variety of multicell scenarios. We provide two
simple examples: ideal network MIMO systems [KFV06] (where all base
stations serve all users) and interference channels [SCP11] (with only one
unique user per base station).
Example 5.1 (Ideal Network MIMO System). All base stations serve
and coordinate interference to all users, thus Dk = Ck = IN for all k.
If a total power constraint is used, then L = 1 and Q1 = IN . If per-
antenna constraints are used, then L = N and Ql is only non-zero on the
lth diagonal element. If per-transmitter constraints are used, then L = Kt

and Ql is block-diagonal and only the lth block is non-zero.
Example 5.2 (Two-user MISO Interference Channel). Let BSk serve
MSk and coordinate interference to the other user. Then, D1 =

[ IN1 0

0 0

]

and D2 =
[

0 0

0 IN2

]
, while C1 = C2 = IN . If each base station has its own

total power constraint, then L = 2 and Ql = Dl for l = 1, 2.

5.2 Multicell Performance Measures

In this section, we propose a general way of measuring the performance in
multicell systems. It is instructive to separate the performance into two
parts: 1) the performance that each user experiences; and 2) a system-level
criterion that determines if the resources are allocated among the users in
a good way. These two parts are considered in the following subsections.

5.2.1 User Performance
Recall that we assumed the use of single user detection in Chapter 2.1
to achieve simple and practical user devices. Under this assumption, the
signal-to-interference-and-noise ratio (SINR) for MSk is

SINRk(S1, . . . ,SKr ) = hHk CkDkSkDH
k CH

k hk
σ2
k + hHk Ck(

∑
k̄ 6=k

Dk̄Sk̄DH
k̄

)CH
k hk

= hHk DkSkDH
k hk

σ2
k + hHk Ck(

∑
k̄∈Ik

Dk̄Sk̄DH
k̄

)CH
k hk

(5.4)

where Sk = E{sksHk } is the signal correlation matrix to MSk and the second
equality follows from CkDk = Dk and CkDk̄ 6= 0 only for users k̄ in

Ik =
⋃

{j∈J ; k∈Cj}

Dj\{k}. (5.5)
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This is the set of co-users being served by the same base stations that serve
MSk. For brevity, we will write SINRk instead of SINRk(S1, . . . ,SKr ).

The achievable performance of a user can be measured in different ways,
for example the data rate, mean squared error (MSE), and bit/symbol error
rate (BER/SER) [PCL03]. Each quality measure has its merits and demer-
its. The data rate has a simple and marketable interpretation, but builds
on idealized coding and complexity assumptions. The MSE often gives
simple expressions, but is only vaguely connected to the user-experienced
service quality. The BER/SER (at a given signal constellation) is self-
explaining, but typically has complicated expressions. Fortunately, most
common quality measures (including those mentioned above) are mono-
tonic functions of the SINR and therefore we describe the performance
of MSk by an arbitrary continuous function gk(SINRk) of the SINR that
is strictly monotonically increasing and satisfies gk(0) = 0 (for notational
convenience). Good user performance thus means large positive values of
gk(SINRk).3

The user performance is limited by the power and soft-shaping con-
straints in (2.4) and (2.5), respectively, but also by co-user interference.
The SINR in (5.4) improves if the interference is decreased, but this will
on the other hand degrade the SINRs for other users. This relationship is
characterized by the performance region:
Definition 5.2. The achievable performance region R ⊂ RKr+ is

R =
{(
g1(SINR1), . . . , gKr (SINRk)

)
: (S1, . . . ,SKr ) ∈ S

}
(5.6)

where S is the set of feasible transmit strategies:

S=
{

(S1, . . . ,SKr ) : Sk � 0N ,
Kr∑

k=1
tr{QlSk}≤ql ∀l, tr{TikSk}≤τik ∀i, k

}
.

(5.7)

This region describes the performance that can be guaranteed to be
simultaneously achieved by the users. The shape of the Kr-dimensional
performance region depends strongly on the effective channels, constraints,
and dynamic cooperation clusters. In general, it is a non-convex set, but
it can be characterized as being normal [Tuy00]:
Definition 5.3. A set T ⊂ Rn+ is called normal if for any point x ∈ T , all
x′ ∈ Rn+ with x′ ≤ x also satisfy x′ ∈ T (with componentwise inequality).
Lemma 5.1. The performance region R is a compact and normal set.

3We use the convention that the performance measure is a function to be maximized.
Thus, if the problem is to minimize the error (e.g., MSE, BER, or SER), we maximize
either its inverse or the error with a negative sign.
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∂+RUpper Boundary

(b) Non-Convex & Normal(a) Non-Convex & Non-Normal (c) Convex & Normal

Not a Performance Region!

Performance Region RPerformance
  Region R

∂+RUpper Boundary

Figure 5.2: Examples of three compact regions with different shapes. Only
(b) and (c) are normal and can thus be performance regions.

Proof. The proof is given in Appendix 5.A.1.

This means that for any point x ∈ R, all points that give weaker perfor-
mance than x are also in R. This property is very natural and rational. In
fact, if a region is not normal it looks very unnormal; see the illustrations
in Figure 5.2 where only (b) and (c) are possible shapes for a performance
region, while (a) is not a simply-connected set (i.e., contains holes) and
has a strange boundary. Knowing that R is a normal and compact set
simplifies the search for performance-optimizing points in R; they all lie
on the upper boundary ∂+R and this boundary is easy to identify since R
is simply-connected (i.e., contains no holes).
Definition 5.4. A point y is an upper boundary point of a compact normal
set T , if y ∈ T while {y′ ∈ Rn+ : y′ > y} ∩ T = ∅. The set of all upper
boundary points is called the upper boundary of T and is denoted ∂+T .

To determine which point on ∂+R that is preferable, we need a system
performance perspective.

5.2.2 System Performance
While the achievable user performance is given by the multi-dimensional
performance region R, the system performance is represented by a function
f : R → R that takes a point in R as input and produces a scalar value.
For a given point g = (g1, . . . , gKr ) ∈ R, typical examples are

• Sum performance: f(g) =
∑
k gk;

• Proportional fairness: f(g) =
∏
k g

1/Kr
k (i.e., geometric mean);

• Harmonic mean: f(g) = Kr(
∑
k g
−1
k )−1;

• Max-min fairness: f(g) = mink gk.
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Weights can be included in all these examples to compensate for heteroge-
neous channel conditions, handle delay constraints, etc. A typical example
is the weighted sum performance f(g) =

∑
k wkgk with weights wk ≥ 0 ∀k.

The system performance function f(g1(SINR1), . . . , gKr (SINRKr )) is
assumed to be Lipschitz continuous and strictly increasing4. This is satis-
fied by the aforementioned examples, and by all reasonable system perfor-
mance measures.5 The resulting system-wide resource allocation problem
can either be expressed as

maximize
g∈R

f(g) (5.8)

or identically in the following extensive way that includes all constraints:

maximize
S1�0N ,...,SKr�0N

f (g1(SINR1), . . . , gKr (SINRKr ))

subject to
Kr∑

k=1
tr{QlSk} ≤ ql ∀l,

tr{TikSk} ≤ τik ∀i, k.

(5.9)

By exploiting the fact that the performance region R is compact and nor-
mal, we have the following important result.
Lemma 5.2. If f(·) is a strictly increasing function and R is a compact and
normal set, the global optimum (if it exists) to (5.8) and (5.9) is attained
on ∂+R. In addition, for any g̃ ∈ ∂+R there exists a strictly increasing
f(·) with g̃ as global optimum.

Proof. The proof is given in Appendix 5.A.2.

Based on this lemma, we only need to search the upper boundary ofR to
solve any system performance optimization problem (5.9). Unfortunately,
this is not as simple as it seems; [LZ08] showed that sum performance max-
imization is NP-hard for any number of transmit antennas, while [LDL11]
showed NP-hardness for the harmonic mean and proportional fairness if
Nj > 1. A main characteristic of NP-hard problems is that there are no
known algorithms that solve them in polynomial time, and it is widely
believed that there exist no such algorithms. The analysis in Chapter 6
reveals that the user dimension, Kr, is the limiting factor in multicell re-
source allocation. Although the computational complexity is exponential

4A function f : Rn+ → R is strictly increasing if for any x,x′,x′′ ∈ Rn+ such that
x ≥ x′ and x > x′′, it follows f(x) ≥ f(x′) and f(x) > f(x′′).

5Every continuously differentiable function is locally Lipschitz continuous, but some
functions are not globally Lipschitz since the first derivative becomes infinite in the
origin. The geometric mean

∏
k
g

1/Kr
k

has such problems, but these can be resolves by
optimizing

∏
k
gk instead. The harmonic mean also needs additional treatment.



136 CHAPTER 5. GENERAL MULTICELL COORDINATION

in Kr, it is actually polynomial in the number of antennas N and in the
number of constraints L.

Based on the results of [LZ08,LDL11] it is fair to say that the system
performance optimization problem in (5.9) is generally NP-hard. However,
there is a useful problem that can be solved efficiently (i.e., in polynomial
time), namely the max-min fairness optimization (defined above) [LDL11].
It belongs to a larger category of problems, fairness-profile optimization
(FPO), that we introduce in Chapter 6. It is also an essential subproblem of
the branch-reduce-and-bound (BRB) algorithm that we propose in Chapter
6 for solving (5.9) in a systematic way that guarantees finding the solution
in finitely many iterations. The BRB algorithm therefore provides an ideal
performance bound for practical resource allocation strategies, although
the NP-hardness makes the convergence of the BRB algorithm unsuitable
for real-time implementation.

5.3 Basic Properties of Optimal Strategies

In this section, we derive two properties of the optimal solutions to (5.9):

• Optimality of single-stream beamforming;

• Conditions for full power usage.

Taking these optimality properties into account when solving (5.9) will
greatly reduce the search space for optimal solutions. We will exploit the
derived properties for improved resource allocation in Chapters 6 and 7.

5.3.1 Optimality of Single-Stream Beamforming
The first property is the sufficiency of considering signal correlation ma-
trices Sk that are rank one. This might seem intuitive when each user
only has a single effective antenna and is often assumed without discus-
sion (see [YL07,DY10,TCJ08, ZWN08b,TPK09,VPW10]). However, the
following toy example shows that it is actually not a necessary condition
under general system performance functions and power constraints (i.e.,
high-rank solutions can give the same performance, but never better, than
the rank-one solutions).
Example 5.3. Consider a point-to-point system (Kt = Kr = 1) with two
transmit antennas, the channel vector h1 = [1 0]T , and the per-antenna
power constraints tr

{[ 1 0

0 0

]
S1
}
≤ 1 and tr

{[ 0 0

0 1

]
S1
}
≤ 1. Under these

conditions, (5.2) is solved optimally by both the rank-one single correlation
matrix S1 =

[ 1 0

0 0

]
and by the rank-two matrix S1 =

[ 1 0

0 1

]
.

To prove the sufficiency of rank-one signal correlation matrices, we start
with a lemma from [WES08].
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Lemma 5.3. The convex optimization problem

maximize
X�0

aHXa

subject to tr{BiX} ≤ bi for i = 1, . . . ,M,
(5.10)

with arbitrary Hermitian matrices Bi � 0 and scalars bi ≥ 0 ∀i, has optimal
solutions with rank(X) ≤ 1.

Proof. The proof is given in [WES08, Appendix III].

By applying this lemma, we achieve the following main result.
Theorem 5.1. If there exist feasible solutions to (5.9), there exist optimal
solutions that apply single-stream beamforming (i.e., rank(Sk) ≤ 1 ∀k).

Proof. The proof is given in Appendix 5.A.3.

The optimality of single-stream beamforming both decreases the search
space for optimal solutions and makes the solution easier to implement in
practice (since vector coding or successive interference cancelation are re-
quired if rank(Sk) > 1 [GJJV03]). Observe that rank(Sk) ≤ 1 in Theorem
5.1 implies that the rank might be zero, which corresponds to Sk = 0N
(i.e., no transmission to MSk at the current time instant).

Recently, similar optimality results for single-stream beamforming have
been derived for a few special multicell scenarios. The MISO interference
channel was considered in [SCP11] and a certain class of multicell systems
was considered in [MJ11a] under per-transmitter power constraints. Theo-
rem 5.1 generalizes these results by considering arbitrary linear constraints
and our general multicell framework.

5.3.2 Conditions for Full Power Usage
If only the total power usage over all base station is constrained, it is
trivial to prove that the optimal solution to (5.9) will use all available
power. Under general linear power and soft-shaping constraints, it may
be better to not use full power at each transmitter or antenna; there is a
balance between increasing signal gains and limiting the interference. This
is illustrated by the following toy example:
Example 5.4. Consider a two-user interference channel with single-antenna
base stations (Kt = Kr = 2, N1 = N2 = 1) and the channel vectors h1 =
[1
√

1/10]T and h2 = [
√

1/2 1]T . BSj transmits to MSj and coordinates
interference to both users, meaning that D1 =

[ 1 0

0 0

]
, D2 =

[ 0 0

0 1

]
, and C1 =

C2 = I2. The per-transmitter power is constrained as tr {DjSj} ≤ 20 ∀j.
Under max-min data rate optimization with f(S1,S2) = mink log2(1 +

SINRk), the optimal transmit strategy for (5.9) is S1 = 10D1 and S2 =
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20D2. This strategy gives SINR1 = SINR2 = 10/3, and observe that only
BS2 uses full power. If BS1 would increase its power usage, then SINR2
would decrease and thus the performance would be degraded.

In principle, knowing that a certain constraint is active removes one
dimension from the optimization problem. The following theorem provides
conditions for when full power should be used in general multicell systems.
Theorem 5.2. For the resource allocation problem in (5.9) it holds that

• There exist optimal strategies that satisfy at least one constraint with
equality.

• If only the total power per transmitter is constrained, BSj should use
full power if |Cj | ≤ Nj .

Proof. The proof is given in Appendix 5.A.4.

The interpretation is that at least one constraint should be active in
the optimal solution. In addition, the fewer users that a base station co-
ordinates interference to, the more power can be used at this base station.
BSj should use full power if there are fewer than Nj users in Cj , which can
be relaxed by only considering those users in Cj that are actually scheduled
(i.e., receive non-zero signal power).

5.4 Summary

There are many similarities between multiuser MIMO and multicell MIMO,
but also important differences that need to be managed when multiuser
MIMO techniques are extended to multicell systems. In this chapter, we
proposed a novel and flexible multicell framework that can describe ev-
erything from interference channels to ideal network MIMO systems. In
particular, we suggest that intercell interference is managed by having dy-
namic cooperation clusters where each base station coordinates interference
to exactly those users that it causes non-negligible interference to, while
only sending data to a subset of them. In addition, we have proposed a
general way of measuring the performance in such multicell systems. The
user performance was based on arbitrary monotonic increasing functions of
the SINRs, while the system performance criterion is an increasing function
of each user’s performance. The performance region is a concept that ties
the user and system performance together. This region is in general non-
convex, but we have shown that it satisfies the properties of being compact
and normal. Finally, we proved that the optimal system performance can
be achieved using single-stream beamforming and derived conditions on
the use of full transmit power.
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5.A Collection of Proofs

5.A.1 Proof of Lemma 5.1
To prove that the set is normal, take x = (x1, . . . , xKr ) ∈ R and assume
that S∗1, . . . ,S∗Kr is a feasible strategy that attains this point. We want
show that any given x′ = (x′1, . . . , x′Kr ) ∈ RKr+ with x′ ≤ x also belongs to
R. To this end, we consider the transmit strategy p1S∗1, . . . , pKrS∗Kr , where
p1, . . . , pKr is a set of power allocation coefficients that should belong to

P =
{

(p1, . . . , pKr ) :
Kr∑

k=1
pktr{QlS∗k} ≤ ql ∀l, pktr{TikS∗k} ≤ τik ∀i, k

}

(5.11)
to make the strategy feasible. Obviously, the point x is achieved by select-
ing p∗ = [p∗1, . . . , p∗Kr ]

T = 1N . To prove that the given x′ belongs to R, we
need to find (p1, . . . , pKr ) ∈ P that gives the SINRs

γ′k = g−1
k (x′k) = pkhHk CkDkS∗kDH

k CH
k hk

σ2
k + hHk Ck(

∑
k̄ 6=k

Dk̄pk̄S∗k̄D
H
k̄

)CH
k hk

= pk
bk +

∑
k̄ 6=k

pk̄akk̄

(5.12)

for all k, where we introduced the notation6

akk̄ =
hHk CkDk̄S∗k̄D

H
k̄

CH
k hk

hHk CkDkS∗kDH
k CH

k hk
,

bk = σ2
k

hHk CkDkS∗kDH
k CH

k hk
.

(5.13)

In matrix form, we can summarize (5.12) as



γ′1 0 0

0
. . . 0

0 0 γ′Kr




︸ ︷︷ ︸
=Γ′







0 a12 . . .

a21
. . .

...
aKr1 . . . 0




︸ ︷︷ ︸
=A



p1
...

pKr




︸ ︷︷ ︸
=p

+



b1
...
bKr




︸ ︷︷ ︸
=b




=



p1
...

pKr




︸ ︷︷ ︸
=p

(5.14)

or equally
(IN − Γ′A)p = Γ′b. (5.15)

As noted in [PSC05], the necessary and sufficient condition for (5.15) to
have a positive solution p for every b ≥ 0Kr×1 is that the spectral radius

6If S∗k = 0N for some user k, meaning that xk = x′k = 0, we should remove these
users from the analysis to make akk̄ and bk well-defined.
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of Γ′A is strictly bounded by unity. Assume for a moment that this holds
true, then we can find a power allocation that attains x′ by solving (5.15)
as

p = (IN − Γ′A)−1Γ′b =
(

I +
∞∑

n=1
(Γ′A)n

)
Γ′b. (5.16)

The second equality follows from a Taylor expansion of (IN −Γ′A)−1 and
shows that each pk is given by a polynomial in γ′1, . . . , γ

′
Kr

with positive
coefficients. Thus, any increase in γ′k will increase at least one of the power
allocation coefficients. This means that p ≤ p∗ since γ′k ≤ γk = g−1

k (xk)
for all k. In other words, p ∈ P since each user requires less power than
with the feasible strategy that attained x.

We have now given a constructive proof of that any x′ ∈ RKr+ (with x′ ≤
x) belongs to R, if only radius{Γ′A} < 1. To show that radius{Γ′A} < 1
is satisfied, we bring in [SB05, Theorem 3.5] from the theory of interference
functions, which basically says that

radius{Γ′A} = min
p>0N : ‖p‖1=N


 max

1≤k≤Kr

γ′k
∑
k̄ 6=k

pk̄akk̄

pk




< max
1≤k≤Kr

γk



bk +

∑
k̄ 6=k

p∗
k̄
akk̄

pk




︸ ︷︷ ︸
=1/γk

= 1.
(5.17)

The inequality follows from plugging in the power allocation p = 1Kr
(which might not minimize the expression), replacing γ′k with γk and adding
bk > 0 to the numerators. We observe that this strict upper bound is
nothing else than γk/γk = 1 and thus the spectral norm is strictly bounded
by unity.

Finally, we should prove that R is a compact set. First, observe that
the set of feasible transmit strategies S in (5.7) is compact. Next, observe
that SINRk(S1, . . . ,SKr ) is a continuous function and that the user per-
formance functions gk(SINRk) are continuous by definition. Finally, we
invoke [Rud76, Theorem 4.14], which says that the continuous mapping of
a compact set is also a compact set. Since R is the image of a continuous
mapping from S, the performance region is compact.

5.A.2 Proof of Lemma 5.2
The first statement is proved in [Tuy00, Proposition 7]. The second state-
ment is proved using the strictly increasing function f(g) = mink gk/g̃k for
the given g̃ = (g̃1, . . . , g̃Kr ) ∈ ∂+R. Obviously, maxg∈R f(g) ≥ f(g̃) = 1
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and assume for the purpose of contradiction that there exists g∗ ∈ R that
achieves strict inequality. This means that g∗ > g̃ and thus g̃ cannot be an
upper boundary point since that would require {y′ ∈ Rn+ : y′ > g̃}∩R 6= ∅
(according to Definition 5.4). This contradiction yields maxg∈R f(g) =
f(g̃) and thus g̃ is the (non-unique) global optimum.

5.A.3 Proof of Theorem 5.1
Let S∗1, . . . ,S∗Kr be an optimal solution to (5.9). For each such optimal
signal correlation matrix S∗k, we can create the problem

maximize
Sk�0

hHk DkSkDH
k hk

subject to hH
k̄

Ck̄DkSkDH
k CH

k̄
hk̄ ≤ z2

kk̄
∀k̄ 6= k,

tr{QlSk} ≤ q̃lk ∀l,
tr{TikSk} ≤ τ̃ik ∀i,

(5.18)

where z2
kk̄

= hH
k̄

Ck̄DkS∗kDH
k CH

k̄
hk̄, q̃lk = tr{QlS∗k}, and τ̃ik = tr{TikSk}.

This problem tries to maximize the signal gain under the constraint that
neither more interference is caused nor more transmit power is used than
with S∗k. Obviously, S∗k is an optimal solution to (5.18) (if strictly better
solutions would have existed, these could have be used to improve the
performance in (5.9), which is a contradiction).

Now, observe that (5.18) has the structure of (5.10) in Lemma 5.3 (since
hH
k̄

Ck̄DkSkDH
k CH

k̄
hk̄ = tr{DH

k CH
k̄

hk̄hHk̄ Ck̄DkSk}). Thus, if S∗k has rank
greater than one, Lemma 5.3 shows that there exist an alternative solution
S∗∗k with rank(S∗∗k ) ≤ 1. This solution can be used instead of S∗k without
decreasing the performance.

5.A.4 Proof of Theorem 5.2
If τik = 0 for some i, k or ql = 0 for some l, the first part of the theorem
is always satisfied. Now assume that τik > 0 ∀i, k and ql > 0 ∀l. Let
S∗1, . . . ,S∗Kr be a given optimal strategy and assume that all power con-
straints in (2.4) and all soft-shaping constraints in (2.5) are inactive. We
define

ζ = max
(

max
l

∑

k

tr{QlS∗k}/ql, max
k,i

tr{TikS∗k}/τik

)
(5.19)

and note that ζ > 1 since all constraints are inactive. The alternative
strategy ζS∗1, . . . , ζS∗Kr will satisfy all constraints and at least one of them
will be active. The performance is not decreased since the factor ζ can be
seen as decreasing the relative noise power in each SINR in (5.4). Thus,
there always exist a solution that satisfies at least one active constraint.
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The second part is proved by contradiction. For a given optimal strategy
S̃1, . . . , S̃Kr , suppose that BSj is not using full power; that is,

∑

k

tr
{

Qper-BS
j S̃k

}
< qj

where Qper-BS
j = diag(0N1 , . . . ,0Nj−1 ,1Nj ,0Nj+1 , . . . ,0NKt ).

(5.20)

We require the existence of a k ∈ Dj with

hjk 6∈ span


 ⋃

k̄∈Cj\{k}

{hjk̄}


 . (5.21)

This is a very mild requirement when |Cj | ≤ Nj (e.g., it is satisfied with
probability one when the channel realizations are drawn stochastically from
a distribution with non-singular covariance matrices).

Since hjk 6∈ span(
⋃
k̄∈Cj\{k}{hjk̄}), it exists a unit-norm ZF vector

v 6= 0Nj×1 such that hHjkv 6= 0 and hH
jk̄

v = 0 for all k̄ ∈ Cj\{k}. Then, the
alternative signal correlation matrix Sk = S̃k + ṽṽH with

ṽ =


01×N1 . . . 01×Nj−1

√
qj −

∑

k

tr{Qper-BS
j S̃k}vT 01×Nj+1 . . . 01×NKt



T

(5.22)
will strictly increase the signal power and will cause exactly the same co-
user interference as S̃k. This contradiction to the optimality of S̃k means
that BSj must use full transmit power if |Cj | ≤ Nj .



Chapter 6

Optimal Solutions to
Multicell Resource Allocation

In this chapter, we consider the general multicell resource allocation prob-
lem that was defined in Chapter 5. We show that a certain instance of this
problem, which we call fairness-profile optimization (FPO), is quasi-convex
and can be solved efficiently. This stands in contrast to the general resource
allocation problem which is NP-hard and thus has exponential complexity.
Solving this difficult problem is still important, as a benchmark, to enable
evaluation of suboptimal strategies. To this end, this chapter proposes an
algorithm for solving the general problem to global optimality. Our results
are applicable under both perfect and uncertain CSI.

The considered multicell resource allocation problem is given in Section
6.1. The special case of FPO, which generalizes classic max-min optimiza-
tion, is solved efficiently in Section 6.2. The FPO problem turns out to be
an essential subproblem of the branch-reduce-and-bound (BRB) algorithm
in Section 6.3, which solves any multicell resource allocation problem opti-
mally. Section 6.4 shows that the BRB algorithm can be applied whenever
the performance region is compact and normal and the FPO problem can
be solved efficiently. In particular, we provide the details for applying it
under worst-case robustness towards CSI uncertainty. Finally, some prop-
erties of the proposed algorithms and of performance regions in general are
illustrated numerically in Section 6.5.

6.1 Multicell Resource Allocation

In this chapter, we consider a general multicell resource allocation prob-
lem based on the dynamic cooperation clusters introduced in Chapter 5.
By exploiting the optimality of using (single-stream) beamforming vectors
vk ∈ CN×1 (proved in Theorem 5.1), the general resource allocation prob-

143
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lem in (5.9) can rewritten as

maximize
v1,...,vKr

f (g1(SINR1), . . . , gKr (SINRKr ))

subject to SINRk = |hHk CkDkvk|2
σ2
k +

∑
k̄ 6=k
|hHk CkDk̄vk̄|2

∀k,

Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(6.1)

Recall that the user performance functions gk(·) are continuous and strictly
monotonic increasing, while the system performance function f(·) is Lips-
chitz continuous and strictly monotonic increasing. Based on these prop-
erties, (6.1) belongs to the category of monotonic optimization problems
[Tuy00,TAKT05].

This resource allocation problem will be solved to global optimality
in this chapter. In general, (6.1) is a non-convex and NP-hard problem
[LZ08, LDL11], which calls for the use of systematic but computationally
costly algorithms from global/monotonic optimization theory to guarantee
global convergence [Tuy00, TAKT05]. In preparation for this, the next
section considers a particular f(·) that makes (6.1) solvable in polynomial
time and is an essential subproblem of our general algorithm.

6.2 Fairness-Profile Optimization

In this section, we consider a particular f(·) for which we will see that (6.1)
can be solved efficiently:1

maximize
v1,...,vKr

min
k

gk(SINRk)− ak
αk

,

subject to gk(SINRk) ≥ ak ∀k,
Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(6.2)

1 Using the standard convention that supremum of the empty set is −∞, fairness-
profile optimization corresponds to the system performance function

f(g) =
{

mink(gk − ak)/αk, if mink gk/ak ≥ 1,

−∞, otherwise.
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(a) (b) (c)

Line for fairness-profile 
                    optimization 

a+α

a

∂+RUpper boundaries

fupper
RFO

Figure 6.1: Examples of performance regions with different shapes: (a)
is normal but non-convex, (b) is neither normal nor convex, and (c) is
both normal and convex. Simple bisection along a fairness-profile is not
guaranteed to find the upper boundary of non-normal regions.

This problem can be seen as a generalization of classic max-min optimiza-
tion (see e.g., [WES06]) where two fairness constraints have been added:

1. Each user has a lowest acceptable level gk(SINRk) ≥ ak;

2. The total performance above this level is divided such that each user
gets a predefined portion αk ≥ 0.

The first constraint is represented by a = [a1, . . . , aKr ]T ≥ 0Kr×1. The
second constraint is called a fairness-profile2 and is symbolized by a vector
α = [α1, . . . αKr ]T that satisfies

∑Kr
k=1 αk = 1 (without loss of generality).

We call (6.2) a fairness-profile optimization (FPO) problem and observe
that it has a simple geometric interpretation in terms of the performance
region R (see Definition 5.2); we start in a ∈ R and follow a ray in the
direction of α until a point on the upper boundary ∂+R is found.3 In
general search regions, the ray might leave the region and come back again
which makes the search very complicated. Fortunately, Lemma 5.2 proved
that R is a compact and normal set and thus the ray intersects the upper
boundary in a unique point. This is illustrated in Figure 6.1, where (a)

2The terminology rate-profile has been used for similar problems in prior work
[ZH10, KL10, MZC06], but herein we extend these works by having arbitrary perfor-
mance measures and general multicell scenarios.

3This geometric approach finds an optimal solution to (6.2) where (gk(SINRk)−
ak)/αk is the same for all MSk. In certain special cases (e.g., when the upper bound-
ary is flat in some dimension), there also exist solutions where a few users get higher
performance than this worst-case level. This discussed in [MAMK09].
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and (c) are normal sets while (b) is non-normal and thus some rays from
within the set cross the upper boundary multiple times.

If we can find an upper bound fupper
FPO on the optimal value of (6.2), we

know geometrically that the optimum lies on the line-segment between a
and a + αfupper

FPO ; see the illustration in Figure 6.1. Hoping to simplify the
FPO problem, we rewrite (6.2) as a bisection over this line-segment.
Lemma 6.1. For fixed a,α and a given upper bound fupper

FPO on the optimal
value of (6.2), the problem can be solved by bisection over the range F =
[0, fupper

FPO ]. For a given f candidate
FPO ∈ F , the feasibility problem

find v1, . . . ,vKr
subject to SINRk ≥ γk ∀k,

Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k,

(6.3)

is solved for γk = g−1
k (ak+αkf candidate

FPO ). If the problem is feasible, all f̃ ∈ F
with f̃ < f candidate

FPO are removed. Otherwise, all f̃ ∈ F with f̃ ≥ f candidate
FPO

are removed. The initial feasibility of (6.2) is checked by solving (6.3) for
f candidate

FPO = 0.

Proof. The proof is given in Appendix 6.A.1.

Obviously, the FPO problem is infeasible if a is outside of R, which can
be checked as described in the lemma. A successful bisection also requires
an initial selection of fupper

FPO such that a + αfupper
FPO is outside R. If not

given in advance, fupper
FPO can be achieved in different ways:

• fupper
FPO = Kr supk limp→∞(gk(p)− ak). Cannot be used if gk(p)→∞
as p→∞.

• fupper
FPO =

∑
k gk(σ2

k/(κk‖DH
k hk‖22 +σ2

k))−ak, where κk is a bound on
the transmit power and is calculated as the smallest positive eigen-
value of DH

k QlDk

qltr(Dk) among all l.

• fupper
FPO =

∑
k gk(SINRsu,k)− ak, where SINRsu,k is the optimal SINR

if MSk is the only active user.

The first one is the simplest and ignores the power and soft-shaping con-
straints, while the second one ignores co-user interference and assumes that
the highest power available in some spatial direction can be used in any
direction. The third one takes the SINRs achieved in a single-user system.
This requires that these problems are solved (which is simple under some
power constraints), but achieves the tightest value on fupper

FPO .
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6.2.1 Convexity of Feasibility Subproblems
Solving the FPO problem using bisection, as suggested in Lemma 6.1, is
appealing as the range is halved in each iteration; thus, the number of
iterations scales only logarithmical with the desired accuracy δ of the solu-
tion, also known as linear convergence. To be precise, the lemma will solve
dlog2(fupper

FPO /δ)e feasibility problems to achieve the desired accuracy. As
this variable is bounded by a constant, the computational complexity of
the FPO problem is just a constant times the complexity of the feasibility
problem (6.3) solved in each iteration. Next, we will see that (6.3) can be
solved efficiently using an approach from [WES06,YL07].
Lemma 6.2. The feasibility problem in (6.3) can be rewritten into the
following convex feasibility problem:

find v1, . . . ,vKr

subject to

∥∥∥∥∥∥∥∥

hHk CkD1v1
...

hHk CkDKrvKr
σk

∥∥∥∥∥∥∥∥
≤
√

1 + γk
γk

(hHk CkDkvk) ∀k,

={hHk CkDkvk} = 0 ∀k,
Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(6.4)

Proof. The proof is given in Appendix 6.A.2.

Knowing that each subproblem of the bisection algorithm in Lemma 6.1
is convex, we conclude that fairness-profile optimization is a quasi-convex
problem [BV04]. Thus, the computational complexity of both the feasi-
bility problem and the FPO problem (for a fixed δ) is polynomial in the
number of antennas N , users Kr, and power constraints L [BTN01, Chap-
ter 6]. The exact complexity depends both on current systems conditions
and the choice of solver algorithm (e.g., interior-point methods [TTT03]),
but we illustrate the complexity in Section 6.5. For example, faster prac-
tical convergence can be achieved by fixed point algorithms under total
power constraints [SB05], while such algorithms need to be combined with
outer optimization procedures under general power constraints [YL07]. The
polynomial complexity is quite affordable, making the FPO problem a rea-
sonable candidate for resource allocation in practical systems. To put it
differently, the system designer basically has the choice between solving an
FPO problem optimally or solving some other NP-hard resource allocation
problem in (6.1) suboptimally.

The bisection algorithm for solving (6.2) is given in Algorithm 6.1.
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Algorithm 6.1 Centralized Fairness-Profile Optimization
1: input starting-point a and fairness-profile α

2: input accuracy δ, f lower
FPO = 0, and fupper

FPO (see suggestions)
3: while fupper

FPO − f lower
FPO > δ

4: set f candidate
FPO = (f lower

FPO + fupper
FPO )/2

5: set γk = g−1
k (ak+αkf candidate

FPO ) ∀k
6: if problem (6.3) is feasible for these γk: set f lower

FPO = f candidate
FPO

7: else: set fupper
FPO = f candidate

FPO end
8: end
9: return [f lower

FPO , fupper
FPO ] and last feasible solution to (6.3) from step 6

6.2.2 Distributed Implementation

Algorithm 6.1 is centralized in the sense that each feasibility problem re-
quires full CSI. In practice, backhaul signaling is constrained and thus it
might be worthwhile to decompose the centralized optimization into dis-
tributed subproblems only requiring local CSI, which in this section means
channels that can be estimated at the base station in a TDD system. The
transmission to each user will be optimized separately, and if multiple base
stations serve a given user they will have to pool their local CSI.

Using dual decomposition theory [PC06], CSI signaling between base
stations can be replaced by iterative interference control signaling. As a
first step, the feasibility problem in (6.3) is rewritten as

find {vk}∀k, {Ik̄k}∀k,k̄, {Ĩk̄k}∀k,k̄, {qlk}∀l,k

subject to |h
H
k CkDkvk|2

σ2
k +

∑
k̄ 6=k

Ĩk̄k
≥ γk ∀k,

|hHk CkDk̄vk̄|2 ≤ Ik̄k, Ik̄k ≤ Ĩk̄k ∀k, k̄, k 6= k̄,

vHk Qlvk ≤ qlk,
Kr∑

k̄=1

qlk̄ ≤ ql ∀l, k,

vHk Tikvk ≤ τik ∀i, k.

(6.5)

Here, Ik̄k is the actual interference generated at MSk by transmissions
to MSk̄, while Ĩk̄k is its believed value in the transmission optimization for
MSk. Similarly, the power constraints are separated between users by using
the variables qlk. To perform dual decomposition, a partial Lagrangian is
formed for the consistency constraints Ik̄k ≤ Ĩk̄k and

∑Kr
k̄=1 qlk̄ ≤ ql. If the

corresponding Lagrange multipliers are denoted xk̄k and zl, (6.5) can be
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decomposed into Kr subproblems where the kth is

minimize
vk,{Ikk̄}∀k̄,{Ĩk̄k}∀k̄,{qlk}∀l

∑

k̄ 6=k

(
xkk̄Ikk̄ − xk̄k Ĩk̄k

)
+

Lp∑

l=1
zlqlk

subject to |h
H
k CkDkvk|2

σ2
k +

∑
k̄ 6=k

Ĩk̄k
≥ γk ∀k,

vHk Qlvk ≤ qlk, qlk ≤ ql ∀l,
|hH
k̄

Ck̄Dkvk|2 ≤ Ikk̄ k̄ 6= k,

vHk Tikvk ≤ τik ∀i,

(6.6)

and a master dual problem

maximize
{xk̄k}∀k,k̄,{zl}∀l

∑

k

∑

k̄ 6=k

xk̄k

(
I∗
k̄k
− Ĩ∗

k̄k

)
+
∑

l

zl

(∑

k

q∗lk − ql
)

(6.7)

where I∗
k̄k
, Ĩ∗
k̄k
, q∗lk,v∗k are the subproblem solutions. We assume that it

exists a central station that updates the master problem, while the sub-
problems are solved distributively.

The resulting algorithm is summarized in Algorithm 6.2 on the next
page, where we for notational convenience have assumed that ql > 0 ∀l
and that there are no soft-shaping constraints.

This distributed algorithm requires the decomposition step length ξ > 0
and the search step length ν > 0 to be selected appropriately (they could
either be fixed or updated iteratively). In addition, some stopping criterion
is required (e.g., on |f step

FPO| or on the number of iterations).
In comparison with Algorithm 6.1, this modified algorithm is dis-

tributed. In each iteration, the subproblem for MSk only requires local
CSI (i.e., hjk̄ ∀k̄ ∈ Cj) for all base stations j with k ∈ Dj (typically, one
or a few adjacent base stations) and is solved at one of these base stations.
The solutions (i.e., I∗

kk̄
, Ĩ∗
k̄k
, q∗lk, βk) are sent to a central station that con-

structs a solution with feasible power usage. If it is better than previous
solutions, the search parameters are updated. If the improvement is small,
the Lagrange multipliers xkk̄, zl are updated and their new values are sent
to the distributed solvers. The convergence is validated in Section 6.5.

6.3 Multicell Monotonic Optimization

In this section, we aim at solving the monotonic optimization problem in
(6.1) for any system performance function f(·). Recall from Lemma 5.2
that the optimum lies on the upper boundary. Hence, we can in principle
look for an approximate solution in a large set of boundary points of R
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Algorithm 6.2 Distributed Fairness-Profile Optimization
1: input starting-point a and fairness-profile α

2: input f lower
FPO = 0, and f step

FPO = fupper
FPO (see suggestions)

3: set xk̄k = 0 and zl = 0 ∀k, k̄ 6= k, l

4: while stopping criterion is not satisfied
5: set γk = g−1

k (ak + αk(f lower
FPO + νf step

FPO)) ∀k
6: send γk to distributed solvers, which solve (6.6) for each k
7: send I∗

kk̄
, Ĩ∗
k̄k
, q∗lk, and βk = |hHk CkDkv∗k|2 to central station

8: set c = max(maxl
∑
k
q∗lk
ql
, 1)

9: set ψk = (gk( βk
cσ2
k
+
∑

k̄ 6=k
I∗
k̄k

)− ak)/αk ∀k

10: if mink ψk < f lower
FPO + νf step

FPO:
11: set xk̄k=xk̄k− ξ(Ĩ∗k̄k − I

∗
k̄k

) and zl=zl− ξ(ql −
∑
k q
∗
lk)

12: if mink ψk > f lower
FPO :

13: set f lower
FPO = mink ψk and f step

FPO = (maxk ψk −mink ψk)
14: send updated parameters to distributed solvers end while
15: return f lower

FPO and last solution satisfying the condition in Step 12

achieved by solving the FPO problem in Section 6.2 for a very fine grid of
fairness-profiles α. However, this naive approach has huge computational
complexity, which calls for a more systematic approach that concentrates
on the boundary in good directions.

Next, we propose a branch-reduce-and-bound (BRB) algorithm for solv-
ing (6.1) systematically and with global convergence. It can be seen as an
adaptation of the generic BRB algorithm in [TAKT05] to general multicell
resource allocation.

The algorithm maintains a set N with non-overlapping hyperrectangles
that surely covers the parts of the performance region R where the optimal
solutions lie (the solution might be non-unique). Iteratively, we split certain
hyperrectangles and try to improve a lower bound fmin and an upper bound
fmax on the optimal value of (6.1). To aid this process, a local upper
bound β(M) is also stored for eachM∈ N . The algorithm proceeds until
fmax − fmin < ε, for a predefined solution accuracy ε.

In what follows, hyperrectangles are called boxes:

Definition 6.1. For given a,b ∈ RKr+ with a ≤ b, the set of all x such that
a ≤ x ≤ b is called a box and is denoted [a,b].

Initially, N = {M0} for a boxM0 = [0,b0] ⊂ RKr+ where b0 is based
on some suitable upper bound that guarantees R ⊆ M0 (see suggestions
in Section 6.2). The initial lower and upper bounds can be taken as fmin =
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Figure 6.2: An iteration of the BRB algorithm: A box is selected and
branched into two new boxes. These are reduced based on the current
bounds on the optimal value. Finally, line search between the lower and
upper corners of the outmost box is applied to improve the bounds.

f(0) = 0 and fmax = f(b0), but some low-complexity resource allocation
strategy can be used to obtain a better lower bound.

Each iteration of the BRB algorithm consists of three steps:

1. Branch: Divide a box from N into two new boxes.

2. Reduce: Remove parts of these new boxes that cannot contain opti-
mal solutions.

3. Bound: Search for a feasible solution in one of the new boxes and use
it to improve fmin, fmax, and β(·).

These steps are illustrated in Figure 6.2 and the details are explained
in the next subsections. The final algorithm is given in Section 6.3.4. For
notational convenience, the kth element of any vector x is denoted xk.

6.3.1 Branching

Each iteration begins with selecting a boxMmax = [amax,bmax] that con-
tains the current upper bound fmax:

Mmax = arg max
M∈N

β(M). (6.8)

The intention is to improve the upper bound by partitioning Mmax into
two new boxes M̃1,M̃2. New boxes of equal size are achieved by bisecting
Mmax along its longest side (see Figure 6.2). The index of this side is
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dim = argmaxk(bmax,k − amax,k) and the new boxes are

M̃1 = [amax,bmax − sedim],

M̃2 = [amax + sedim,bmax],
(6.9)

where s = (bmax,dim − amax,dim)/2 and ek is the kth column of a Kr-
dimensional identity matrix IKr . The (local) upper bounds over these new
boxes are also based onMmax:

β(M̃1) = min (β(Mmax), f(bmax − sedim)) ,

β(M̃2) = β(Mmax).
(6.10)

Finally, the setMmax is replaced with M̃1 and M̃2 in N .

6.3.2 Reduction
In this step, the new boxes M̃l = [ãl, b̃l], for l = 1, 2, are reduced by
cutting off parts that cannot achieve function values between the lower
bound fmin and (local) upper bound β(M̃l). If β(M̃l) < fmin, the whole
box is removed from N . Otherwise, it is replaced by a (potentially) smaller
box [ã′l, b̃′l] based on the following lemma.

Lemma 6.3. If fmin ≤ β(M̃l), all points g ∈ [ãl, b̃l] satisfying fmin ≤
f(g) ≤ β(M̃l) are also contained in [ã′l, b̃′l] ⊆ [ãl, b̃l], where

ã′l = b̃l −
Kr∑

k=1
νk(b̃l,k − ãl,k)ek (6.11)

b̃′l = ã′l +
Kr∑

k=1
µk(b̃l,k − ã′l,k)ek (6.12)

with νk and µk (for k = 1, . . . ,Kr) calculated as

νk = max
{
ν; 0 ≤ ν ≤ 1, f(b̃l − ν(b̃l,k − ãl,k)ek) ≥ fmin

}

µk = max
{
µ; 0 ≤ µ ≤ 1, f(ã′l + µ(b̃l,k − ã′l,k)ek) ≤ β(M̃l)

}
.

(6.13)

Proof. The proof is given in Appendix 6.A.3.

The reduction procedure in Lemma 6.3 is illustrated in Figure 6.2 and
observe that it needs to be implemented sequentially; first, the lower point
ãl is updated using (6.11) and then it is used to update the upper point b̃l
using (6.12). Each reduction requires calculation of the parameters νk, µk in
(6.13), generally solved by standard line search procedures. However, closed
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form expressions can be attained in many cases. For example, weighted sum
performance with f(g) =

∑Kr
k=1 wkgk (with weights wk > 0) gives

νk = min
(∑Kr

k̄=1 wk̄ b̃l,k − fmin

wk(b̃l,k − ãl,k)
, 1
)
,

µk = min
(
β(M̃l)−

∑Kr
k̄=1 wk̄ã

′
l,k

wk(b̃l,k − ã′l,k)
, 1
) (6.14)

where the min-operator makes sure that νk, µk ≤ 1.

6.3.3 Bounding
Each iteration ends with a bounding step where we search for feasible
solutions in M̃2 = [ã′2, b̃′2], which is the new box with the largest (local)
upper bound (i.e., β(M̃2) ≥ β(M̃1)). These solutions are used to improve
fmin, fmax, and β(M̃2).

First, the feasibility of the lower corner ã′2 is checked by solving (6.3)
with γk = g−1

k (ã′2,k) ∀k. If this problem is infeasible, then M̃2 contains
no feasible solutions and is removed from N . If the problem is feasible,
the following lemma is used to find lower and upper bounds on the feasible
performance in M̃2 by solving a single FPO problem:
Lemma 6.4. Consider a box M = [a,b] ⊂ RKr+ such that M∩R 6= ∅. If
R is compact and normal, the highest feasible performance in M can be
bounded as [f̄min, f̄max] for

f̄min = f(a + αfmin
FPO)

f̄max = max
k

f(b− (bk − nk)ek) (6.15)

where n = [n1, . . . , nKr ]T = a + αfmax
FPO, α = (b − a)/‖b − a‖1, and ek

denotes the kth column of IKr . The variables fmin
FPO, f

max
FPO are the interval

endpoints achieved by Algorithm 6.1 with starting-point a, fairness-profile
α, fupper

FPO = ‖b− a‖1, and some given line-search accuracy δ.

Proof. The proof is given in Appendix 6.A.4.

The lemma is illustrated in Figure 6.2, where a line-search is performed
between the lower and upper corner of the box. The best feasible point
on this line provides a local lower bound f̄min on the feasible performance.
Since the region is normal, the outer points mk = b̃′2 − (b̃′2,k − nk)ek are
candidates for giving a new upper bound on the feasible performance in
the box. Observe that if the size of the box ‖b̃′2 − ã′2‖1 is smaller than
the line-search accuracy δ, then no line-search is performed. This will not
affect the convergence, as proved in the next subsection.
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The local lower bound f̄min from Lemma 6.4 replaces the global
lower bound fmin if f̄min ≥ fmin. Similarly, we set β(M̃2) = f̄max
if f̄max < β(M̃2). Finally, we update fmax with the largest upper
bound maxM∈N β(M) among the remaining boxes. The stopping crite-
rion fmax − fmin < ε is checked before a new iteration is started.

6.3.4 Final BRB Algorithm
The BRB algorithm that solves the general monotonic optimization prob-
lem in (6.1) is summarized in Algorithm 6.3.

Algorithm 6.3 Branch-Reduce-and-Bound (BRB) for Resource Allocation

1: inputM0 = [0, gmax1Kr ], accuracy ε, line-search accuracy δ
2: set fmin, fmax based on the available prior knowledge.
3: set N = {M0} and β(M0) = fmax
4: while fmax − fmin > ε

5: setMmax = argmaxM∈N β(M)
6: for l = 1, 2:
7: create new box M̃l using (6.9) and set β(M̃l) using (6.10)
8: if fmin ≤ β(M̃l): reduce M̃l using Lemma 6.3
9: else: set M̃l = ∅ end
10: end
11: Check feasibility of ã′2 by solving (6.3) for γk = g−1

k (ã′2,k)
12: if feasible:
13: Calculate bounds f̄min, f̄max for M̃2 using Lemma 6.4
14: set fmin = max(fmin, f̄min)
15: set β(M̃2) = min(β(M̃2), f̄max)
16: else: set M̃2 = ∅ end
17: set N = (N \Mmax) ∪ {M̃1,M̃2}
18: set fmax = maxM∈N β(M)
19: end
20: return [fmin, fmax] and a feasible solution that achieved fmin

The global convergence of the BRB algorithm is established by the
following theorem.
Theorem 6.1. For any given accuracy ε > 0, the BRB algorithm finds an
interval [fmin, fmax] for the optimal value of (6.1) that satisfies fmax−fmin ≤
ε, in a finite number of iterations. The line-search accuracy δ > 0 can be
selected arbitrarily.

Proof. The proof is given in Appendix 6.A.5.
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In other words, the BRB algorithm converges to the global optimum
fopt of (6.1) in the sense that an ε-approximate interval fopt ∈ [fmin, fmax],
with fmax − fmin ≤ ε, is achieved in finitely many iterations for any ε > 0.
Observe that the line-search accuracy δ is used (and can be varied) in the
bounding step to improve convergence speed, but there are no constraints
on it to achieve convergence.

Although the algorithm converges, the worst-case convergence speed
is generally exponential in the number of users Kr because the general
problem is NP-hard. On the other hand, N and L are not affecting the
convergence scaling of the BRB algorithm. The main computational com-
plexity lies in the feasibility problem (6.3), which is solved individually in
Step 11 and as part of Lemma 6.4 (an FPO problem) in Step 13. A convex
formulation was given in Lemma 6.2 making it solvable in polynomial time,
but as the BRB algorithm solves a long sequence of convex subproblems
the total complexity makes it unsuitable for real-time applications. How-
ever, we show numerically in Section 6.5 that the proposed BRB algorithm
has better convergence behavior than the outer polyblock approximation
in [BU09,JL10,BU10].
Remark 6.1. The BRB algorithm in Table 6.3 is formulated to be applicable
to any monotonic optimization problem. If only a certain type of user and
system performance functions is of interest, this knowledge can be used to
improve convergence. In particular, the bounding step should exploit any
additional structure added to the problem. Instead of searching for feasible
solutions on a straight line through the box (as the FPO does), the search
can take place along any continuously componentwise-increasing curve be-
tween the lower and upper corner. The special case of weighted sum rate
optimization was recently considered in [ESV+10] and [WCLaE10]. Un-
der a total power constraint, [ESV+10] formulated the search in a box
as an approximate convex problem, which greatly improves the bounding
step. With single-antenna transmitters, [WCLaE10] showed that the fea-
sibility problems can be solved by simply checking the spectral radius of
a matrix. The special case when f(·) is a (jointly) concave function and
gk(SINRk) = SINRk was considered in [RTSH11]. This structure enables
convex bounding operations based on interference-temperature levels.

The BRB algorithm can also be applied to more general problems, for
example, including CSI uncertainty. This is considered in the next section.

6.4 Extensions to the System Model

The proposed BRB algorithm in Section 6.3 relies on two basic properties:

• The performance region R is compact and normal;

• The fairness-profile optimization problem can be solved efficiently.
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It is therefore possible to extend the multicell system model, as long as
these conditions are still satisfied. The compactness of R is natural, given
that the power constraints and soft-shaping constraints are compact (and
the user performance functions are continuous). It might be more difficult
to prove that R is normal, although it is hard to imagine a scenario where
this property is not satisfied. The FPO problem can be solved efficiently if
the feasibility problem in (6.4) is solvable in polynomial time (e.g., if the
feasibility problem is convex).

Two straightforward extensions are to add non-linear precoding (e.g.,
Tomlinson-Harashima precoding [SD09]) and multiple subcarriers (by view-
ing the signal received at each subcarrier as a separate user [BJBO11]). It
is more challenging to relax the CSI accuracy at the base stations from
being perfect to include some uncertainty. However, this is an important
extension since practical transmitters have uncertain CSI. The uncertainty
originates from a variety of sources, including channel estimation, feedback
quantization, hardware deficiencies, and delays in CSI acquisition on fad-
ing channels. It is common to assume an additive error model [BTGN09,
ZWN08a,VB09,VBS09,SD09,TPW11,CSCG07,SD08,WCWKM11] with

hk = ĥk + εk ∀k (6.16)

where ĥk = [ĥT1k . . . ĥTKtk]T ∈ CN×1 is the uncertain CSI of the combined
channel vector hk and εk ∈ CN×1 is the combined error vector. This model
can, for instance, be motivated by viewing channel estimation as the main
source of uncertainty [BO10].4 Observe that both the channel estimate and
the error should be set to zero for all hjk with k 6∈ Cj .

The stochastic distribution for εk is unbounded,5 thus communication
cannot be robust towards any error. This is usually handled by only con-
sidering a subset of error vectors, the uncertainty set, that has high prob-
ability [BTGN09, ZWN08a, VB09, VBS09, SD09, TPW11, CSCG07, SD08,
WCWKM11]. If the design of this set is included in the resource allocation
(i.e., optimization with acceptable outage probabilities), conservative ap-
proximations of each user’s performance are required to achieve tractable
problem formulations [CSCG07, SD08, WCWKM11]. The alternative of
having fixed uncertainty sets and maximizing the worst-case performance
over this set is more convenient as it can provide convex problem formu-
lations [SD09,VBS09,TPW11]. This section will therefore concentrate on
this case and show that the properties for applying the BRB algorithm

4Under the training-based MMSE channel estimation in Chapter 3, the error takes
the form of (6.16). The stochastic error vector is εk ∈ (0,Ek) under Rayleigh fading. If
the channel from each base station to user k is estimated separately, then the estimation
error covariance matrix Ek becomes block-diagonal.

5This holds for Rayleigh fading channels, while practical estimation errors of course
are bounded but can be very large.
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are satisfied. It should be noted that having fixed uncertainty sets often
is accused of giving conservative performance results [GSS+10], although
this is the result of using ill-structured sets and can be avoided by proper
selection of them.6

6.4.1 Worst-case Robustness to CSI Uncertainty
For analytical convenience and motivated by channel estimation7 [VBS09,
SD09,TPW11], we consider (compact) ellipsoidal channel uncertainty sets

Uk(ĥk,Bk) =
{

hk : hk = ĥk + Bkε̃k, ‖ε̃k‖2 ≤ 1
}

(6.17)

where Bk ∈ CN×N defines the shape of the ellipsoid. Since many un-
certainty sources are independent between base stations (e.g., estimation
and quantization are done separately), Bk is typically block-diagonal in
multicell systems. However, the analysis herein is not limited to such Bk.

The user performance under CSI uncertainty will based on the MSE
instead of the SINR, to enable exact analysis. MSk is assumed to use an
equalizing coefficient rk to achieve an estimate ŝk = rkyk of the transmitted
data signal sk. Thus, the MSE in the data estimation at MSk is MSEk =
E{|ŝk − sk|2} and becomes

MSEk = ‖rkhHk Ck[D1v1 . . . DKrvKr ]− eTk ‖22 + |rk|2σ2
k

= |rkhHk CkDkvk − 1|2︸ ︷︷ ︸
signal distortion

+
∑

k̄ 6=k

|rkhHk CkDk̄vk̄|2

︸ ︷︷ ︸
co-user interference

+ |rk|2σ2
k︸ ︷︷ ︸

noise
(6.18)

where ek denotes the kth column of IKr . For MSE optimization, it suffices
to consider real-valued rk ≥ 0 as any complex phase can be included in
the beamforming vector vk without affecting the MSE in (6.18). A block
diagram of this extended system model is shown in Figure 6.3.

While U1, . . . ,UKr represents the CSI at the transmitter side, each MSk
is assumed to only have a local estimate of hk. Thus, the users are unaware

6In the probabilistic approach, the guaranteed performance is maximized under a
given outage probability. Using an optimal precoding solution, one can create a set U
of all error vectors that gives exactly the optimal guaranteed performance (or better).
If U is used as the uncertainty set in the worst-case approach, it will provide the same
optimal precoding solution.

7Continuing the estimation example in a previous footnote, recall that εk ∈
CN (0,Ak). Thus, εk belongs with probability ρ to the ellipsoidal set {εk : 2εHk E−1

k
εk ≤

χ2
ρ(2N)}, where χ2

ρ(n) is the ρ-percentile of the χ2(n)-distribution. If we limit
the robustness to this set, the channel uncertainty is given by (6.17) using Bk =√
χ2
ρ(2N)/2E1/2

k
. To enforce higher or lower robustness to errors on channels from

some base stations, one can use different weights on the diagonal blocks of Bk.
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Figure 6.3: Block diagram of the extended multicell system under channel
uncertainty. Linear precoding is applied to each data stream and Dk de-
cides which antennas that can transmit to user k. The channel uncertainty
is modeled by additive errors εk, while Ck removes negligible channels
that are included in the additive noise nk. User k applies the equalizing
coefficient rk to estimate its data signal.

of co-user interference and precoding vectors, and are therefore assumed to
be optimized by the base stations and told how to process their received
signals. Observe that the actual performance can be improved by, for
example, estimating the optimal equalizing coefficient at each user based
on the precoded channels; see the system operation in Chapter 2.2.

Since the MSE is the average squared distance between sk and its esti-
mate ŝk, it should be small. The range of reasonable8 MSE values is

0 < MSEk ≤ E{|sk|2} = 1 (6.19)

where the lower bound assumes negligible noise and interference, while the
upper bound is the original signal variance. By following our convention
that good performance corresponds to large positive values, the user per-
formance under CSI uncertainty is measured by a continuous and strictly
decreasing9 function g̃k(MSEk) that satisfies g̃k(1) = 0. The following
lemma from [SD09] clarifies the relationship between having user perfor-
mance functions based on MSEs and SINRs.
Lemma 6.5. If a given transmit strategy achieves MSEk = γ̃k for user k,
this user is also guaranteed to achieve SINRk ≥ 1

γ̃k
− 1.

MSE-based user performance functions therefore provide lower bounds
on the SINR-based performance, such that gk(SINRk) ≥ gk( 1

γ̃k
−1). Equal-

ity is only achieved if the optimal equalizing coefficient is found (which
requires perfect CSI at each user).

The robust counterpart to performance region in Definition 5.2 is:
8We can always disregard the received signal at user k by setting rk = 0 and achieve

MSEk = 1, thus MSEk > 1 is always suboptimal.
9A function g̃ : R+ → R is strictly decreasing if for any x, x′ ∈ R+ such that x > x′

it follows that g̃(x) < g̃(x′).
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Definition 6.2. The robust performance region R̃ ⊂ RKr+ is

R̃ =
{(
g1(M̃SE1), . . . , gKr (M̃SEKr )

)
: (v1, . . . ,vKr ) ∈ V, rk ≥ 0 ∀k

}

(6.20)
where the worst-case MSE is denoted

M̃SEk = min
(

max
hk∈Uk

MSEk, 1
)

(6.21)

and V is the set of feasible transmit strategies:

V =
{

(v1, . . . ,vKr ) :
Kr∑

k=1
vHk Qlvk ≤ ql ∀l, vHk Tikvk ≤ τik ∀i, k

}
.

(6.22)
This region describes the performance that can be guaranteed to be

simultaneously achievable by the users. The shape and size of this Kr-
dimensional region depends on the uncertainty sets, but the region is always
compact and normal (even if the sets are non-ellipsoidal):
Lemma 6.6. The robust performance region R̃ with compact uncertainty
sets U1, . . . ,UKr is a compact and normal set.

Proof. The proof is given in Appendix 6.A.6.

This lemma proves the first of the two basic properties that are required
to apply the BRB algorithm. In other words, the robust resource allocation
problem

maximize
g̃∈R̃

f(g̃), (6.23)

where the system performance function f(·) is the same as under perfect
CSI (i.e., Lipschitz continuous and strictly increasing), has an optimal so-
lution on the upper boundary ∂+R̃ of the robust performance region.

The robust counterpart to the FPO problem is

maximize
v1,...,vKr
r1,...,rKr

min
k

g̃k(M̃SEk)− ak
αk

,

subject to g̃k(M̃SEk) ≥ ak ∀k,
Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(6.24)

This problem seems difficult to solve since there are infinitely many MSE
constraints (one for each hk ∈ Uk). Fortunately, the following theorem
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shows that the problem still can be solved by bisection, by exploiting well-
known results from robust optimization [BTGN09].
Theorem 6.2. Consider (6.24) under the compact uncertainty sets in (6.17)
for fixed a,α and a given upper bound fupper

FPO on the optimal value. This
problem can be solved by bisection over the range F = [0, fupper

FPO ]. For a
given f candidate

FPO ∈ F , the convex feasibility problem

find v1, . . . ,vKr , r̃1, . . . , r̃Kr , λ1, . . . , λKr

subject to Ak � 0N+Kr+2 ∀k,
Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k,
r̃k ≥ 0, λk ≥ 0 ∀k,

(6.25)

where V̄ = [D1v1 . . . DKrvKr ] and

Ak =




√
γ̃kr̃k−λk ĥHk CkV̄−r̃keTk σk 0

V̄HCH
k ĥk−r̃kek

√
γ̃kr̃kIKr 0 −V̄HCH

k Bk

σk 0
√
γ̃kr̃k 0

0 −BH
k CkV̄ 0 λkIN


 (6.26)

is solved for γ̃k = g̃−1
k (ak+αkf candidate

FPO ) as part of the bisection.

Proof. The proof is given in Appendix 6.A.7.

This theorem only has one (linear) semi-definite constraint per user and
has replaced the uncertainty set Uk by a variable λk that indirectly repre-
sents the worst channel; if we can find λk ≥ 0 that satisfies the constraint,
then MSEk ≤ γ̃k for all hk ∈ Uk. Having CSI uncertainty naturally in-
creases the computational complexity, compared with the case of perfect
CSI in Lemma 6.1. The number of constraints are the same, but there
are more variables under CSI uncertainty and the user performance con-
straints have larger dimension. However, the robust FPO problem is still
convex, thus the computational complexity is polynomial in the number of
antennas N , users Kr, and power constraints L [BTN01, Chapter 6]. In
addition, CSI uncertainty reduces the performance region R̃, thus fewer
feasibility problems need to be solved to attain a given accuracy δ.

Single-cell counterparts to the convex feasibility problem in Theorem
(6.2) have recently been derived in [ZWN08a,VB09,SD09], while the mul-
ticell generalization is novel. In the special case of g̃k(MSEk) = MSE−1

k −1
and a = 0, the robust FPO problem is equivalent to minimization of the
(weighted) worst MSE among the users and can be posed as a generalized
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eigenvalue problem [BG93,WES06, SD09], which improves the computa-
tional complexity.

To summarize, Lemma 6.6 showed that the robust performance region
R̃ is compact and normal, while Theorem 6.2 showed that the fairness-
profile optimization can be solved efficiently. Thus, the BRB algorithm in
Section 6.3 can be applied under worst-case robustness to find the solution
to (6.23). The only difference compared with Algorithm 6.3 is that the
feasibility problems (in Steps 11 and 13) are solved using Theorem 6.2.

Finding the optimal resource allocation strategy is very important as a
benchmark for suboptimal transmission strategies under CSI uncertainty.
To evaluate some given precoding vectors v1, . . . ,vKr and equalizing co-
efficients r1, . . . , rKr , we need to know the worst-case robust MSE γ̃k =
maxhk∈Uk MSEk that each MSk achieves. With the notation γ̄k =

√
γ̃k,

the robust MSE γ̃k is easily obtained by solving

minimize
γ̄k≥0,λk≥0

γ̄k

subject to Ak � 0N+Kr+2
(6.27)

which is a convex problem in γ̄k and λk. The matrix Ak is given in (6.26)
using r̃k = r−1

k and γ̄ =
√
γ̃k.

6.5 Numerical Illustrations

Some properties of our framework for optimal resource allocation will be
illustrated numerically in this section, under both perfect and uncertain
CSI. The implementation is based on the YALMIP toolbox of [Löf04] and
the numerical convex optimization solver SDPT3 from [TTT03]. First, the
concepts of performance regions and system performance functions are il-
lustrated. Then, the computational complexity of solving FPO problems
is exemplified and the convergence of the BRB algorithm is compared with
the outer polyblock approximation algorithm. The BRB algorithm is ap-
plied for benchmarking in realistic multicell systems in Chapter 8.

6.5.1 Performance Regions
To illustrate the shape of the (robust) performance regions, we consider a
simple network MIMO scenario with Kr = 2 users. The total number of
transmit antennas is N = 3, all channels are Rayleigh fading and spatially
uncorrelated, and we use per-antenna constraints with ql = 10 (i.e., 10
dB). The average SNR E{‖hk‖22}/σ2

k is N for user 1 and N/4 for user 2,
creating an asymmetry that will highlight properties of different system
performance functions. Spherical uncertainty sets Uk(ĥk,Bk) are assumed
with Bk =

√
ξIN in (6.17), where the parameter

√
ξ is the radius of the
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sphere. If one standard deviation of the channel estimation error is used
as uncertainty set, then ξ equals the estimation error variance.

Figure 6.4 shows the robust performance regions for a random chan-
nel realization and different ξ, including perfect CSI (ξ = 0). In Fig-
ure 6.4a, the inverse MSE is considered (i.e., g̃k(MSEk) = MSE−1

k − 1 to
make g̃k(1) = 0, or gk(SINRk) = SINRk under perfect CSI), but the fig-
ure axes show MSEs to enhance viewing. The guaranteed data rate (i.e.,
g̃k(MSEk) = log2(MSE−1

k ) or gk(SINRk) = log2(1 + SINRk) under perfect
CSI) is the user performance measure in Figure 6.4b. In both figures, the
optimal system performance points are shown for the four functions exem-
plified in Chapter 5.2.2: sum performance, proportional fairness, harmonic
mean, and max-min fairness.

Robustness towards channel uncertainty decreases the size of the perfor-
mance regions, but without affecting the general shape (in this scenario).
The optimal points with the four system performance functions are all
on the upper boundaries (confirming Lemma 5.2), but at quite different
places. By introducing user weights in the system functions, the optimal
points can be moved around on the upper boundary; in fact, the upper
boundaries in Figure 6.4 were generated by solving (weighted) max-min
fairness optimization problems for a large set of weights (i.e., Algorithm
6.1 with a = 0Kr×1 and different α).

Figure 6.4 also shows the approximate max-min fairness point obtained
by the distributed FPO approach (Algorithm 6.2). Using 30 iterations
as stopping criterion and the parameter values ξ = 1 and ν = 1/3, the
distributed algorithm achieves a point corresponding to 99% of the optimal
max-min data rate. Increasing the number of iterations will only result in
slight improvements, which indicates that ξ and ν should be varied to
achieve exact convergence.

6.5.2 Computational Complexity
Next, the computational complexity of the fairness-profile optimization
problem is evaluated. We consider the same multicell scenario as in the
previous subsection, but we fix the transmit power per base station at 10
dB and vary the number of users Kr ∈ {4, 8, 12, 16, 20} and the number of
transmit antennas N1 = N2 ∈ {4, 8, 12}. Recall that the FPO problem is
solved by iterating the feasibility problem in (6.3) or (6.25) until a given
line-search accuracy is achieved (10-15 iterations usually give a good accu-
racy, but it depends on the user performance functions). Therefore, Figure
6.5 shows the average computational time for solving this subproblem. The
simulation was performed at a standard PC running Linux/Ubuntu with
an Intel Core2Duo Q8400 at 2.66 GHz using all four cores.

Figure 6.5 shows how the computational time increases with both the
number of users and total number of antennas. It is clear that the com-
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Figure 6.4: Robust performance regions with different squared radius ξ of
the channel uncertainty sets. The user performance measure is either (a)
the inverse MSE or (b) the guaranteed data rate. The optimal points with
different system performance functions are shown.
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Figure 6.5: Example of the average computational time of solving the fea-
sibility problems in (6.3) and (6.25) with perfect and uncertain CSI, re-
spectively. Different number of users and total number of antennas are
considered.

plexity under channel uncertainty (ξ = 0.1) is several times higher and
has a steeper slope than under perfect CSI. This was expected from the
discussion in Section 6.4. Comparing all the scenarios, it is clear that the
computational time spans from a fraction of a second to a fraction of a
minute; thus, the FPO problem can be solved quite efficiently (even at a
standard PC with a general-purpose numerical solver) and is applicable for
future real-time applications.

6.5.3 Convergence Comparison

Finally, the convergence of the proposed BRB algorithm is compared with
the outer polyblock approximation in [BU10]. As these algorithms are
rather different, it is not meaningful to compare the number of iterations.
Instead, we consider the performance as a function of the number of feasi-
bility evaluations of the type in (6.3). This convex subproblem is the main
source of complexity in both algorithms.

We only consider perfect CSI, which is the case in [BU09,JL10,BU10].
We consider a multicell scenario with Kt = 2 base stations with N1 = N2 =
3 antennas. Each base station serves two unique users (i.e., Kr = 4), while
coordinating interference to all users. The average SNR E{‖hjk‖22}/σ2

k is
Nj if user k ∈ Dj and Nj/2 if k 6∈ Dj . Each base station has its own total
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Figure 6.6: Relative error of lower and upper bounds on the sum rate as a
function of the number of feasibility evaluations.

power constraint with qj = 10 (i.e., 10 dB for single-user transmission) and
the sum rate is used as performance measure.

Figure 6.6 shows the average relative deviations10 (over 250 channel
realizations) of the lower and upper bounds on the sum rate as a function
of the number of feasibility evaluations. The BRB algorithm is used with
a line-search accuracy δ of either 0.1 or 1, while δ = 0.1 was used for the
polyblock algorithm. Both algorithms quickly find feasible solutions within
a few percent from the optimal value, but many evaluations are required to
achieve a tight upper bound. However, the proposed BRB algorithm shows
much faster convergence in both the lower and the upper bound; after 5000
feasibility evaluations, the polyblock algorithm has still not reached the
accuracy that the BRB algorithm achieved with 1000 evaluations. This
is consistent with observations in [TAKT05], where the difference is also
claimed to increase with the number of users. Thus, in terms of achieving an
ε-approximation on the optimal performance, the proposed BRB algorithm
shows much faster convergence. For the BRB algorithm, δ = 1 gives faster
convergence than δ = 0.1, indicating that having many BRB iterations
with loose line-search bounds could be more efficient than having few BRB
iterations with tight bounds.

10If fopt is the optimal solution, the relative deviations of the lower and upper bound
are (fmin − fopt)/fopt and (fmax − fopt)/fopt, respectively.
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6.6 Summary

Resource allocation in multicell systems is generally a non-convex problem
and even NP-hard. An important exception is the category of fairness-
profile optimization problems (a novel generalization of max-min optimiza-
tion), which we have shown to be quasi-convex under both perfect CSI
and worst-case robustness to CSI uncertainty. The explanation for its
polynomial complexity is that the general problem only has exponential
complexity in the number of users, and the FPO problem avoids this by
searching on a one-dimensional curve in the multi-dimensional performance
region. Whenever the FPO problem can be solved efficiently (and the per-
formance region is compact and normal), we can apply our proposed BRB
algorithm to solve any multicell resource allocation problem. The compu-
tational complexity will certainly be high (since exponential complexity is
expected from NP-hard problems), but the BRB algorithm has guaranteed
convergence and is suitable for evaluating suboptimal strategies toward
the optimal solution. The BRB algorithm was shown to provide far bet-
ter convergence than the previously known outer polyblock approximation
algorithm, and its benchmarking capability is exemplified in Chapter 8.
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6.A Collection of Proofs

6.A.1 Proof of Lemma 6.1

From Lemma 5.1, R is a compact and normal set. For such sets, a ray
from a point within the region (in a positive direction) meets ∂+R in a
unique point (see [Tuy00, Proposition 6]). This point is the optimum of
(6.2), since the optimum must be on ∂+R (as proved in Lemma 5.2). As
the ray only meets the upper boundary once, it can be divided into two
parts: one part is inside of R and one part is outside. The intersection can
be found (to any accuracy) by a line search (e.g., bisection) that iteratively
checks if a point a + αf candidate

FPO is inside R by solving (6.3).

6.A.2 Proof of Lemma 6.2

Since the power and soft-shaping constraints in (6.3) are semi-definite,
only the SINR constraints need reformulation. Following the approach
in [YL07], observe that we can select the phase of vk in an arbitrary way
and thus can decide that hHk CkDkvk > 0 (making the square root of
|hHk CkDkvk|2 well-defined). By moving around in the SINR constraints,
it is straightforward to achieve the convex second-order cone form given in
(6.4).

6.A.3 Proof of Lemma 6.3

First, consider the reduction of the box from [ãl, b̃l] to [ã′l, b̃l] (i.e, from
below). If the boxes are identical, no solutions are lost and we are finished.
Otherwise, ãl ≤ ã′l with strict inequality in at least one element. For
elements with strict inequality we have νk < 1, while νk = 1 holds for all
other elements. There exist g ∈ [ãl, b̃l] such that g 6∈ [ã′l, b̃l]. For any
such g there is one dimension k such that gk < ã′l,k and νk < 1. Thus,
g ≤ b̃l − ν̃(b̃l,k − ãl,k)ek for some ν̃ with νk < ν̃ ≤ 1. For the (strictly
increasing) system performance functions, we have

f(g) ≤ f(b̃l − ν̃(b̃l,k − ãl,k)ek)
< f(b̃l − νk(b̃l,k − ãl,k)ek) = fmin.

(6.28)

The strict inequality follows since νk is selected to be the largest value that
gives equality in the set defined in (6.13). From (6.28) it is clear that any g
removed in the reduction (from below) has a function value strictly below
fmin. The reduction from above is proved analogously. Finally, observe
that [ã′l, b̃′l] ⊆ [ãl, b̃l] since each element in ã′l and b̃′l are calculated as
convex combinations of ãl and b̃l.
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6.A.4 Proof of Lemma 6.4
The line-search procedure in Algorithm 6.1 finds the best feasible solution
(with accuracy δ) on the line segment between a and b. Thus, a+αfmin

FPO is
feasible and can be used for a lower bound on the performance. Similarly,
n is either on the upper boundary or infeasible. Since R is normal, there
are no feasible points x ∈ M with x > n. The corner points where all
element but one are larger than in n are b− (bk−nk)ek for k = 1, . . . ,Kr.
These can be used to calculate an upper bound on the performance.

6.A.5 Proof of Theorem 6.1
The convergence of the algorithm in Table 6.3 can be studied as a stan-
dard branch-and-bound algorithm, treating the reduction step (which does
not remove the solution) as part of the bounding step. In the appendix of
[BBB91], two sufficient conditions are given for achieving an ε-approximate
solution in a finite number of iterations: 1) The bounding step truly cal-
culates lower and upper bounds on the optimal value; 2) The difference
fmax − fmin converges (uniformly) to zero. The first condition was proved
in Lemma 6.4, while the second condition follows from the exhaustiveness
of bisection and the Lipschitz continuity of f (i.e., ‖b − a‖ ≤ constant1
means that f(b) − f(a) ≤ constant2). Finally, observe that bounding the
performance in a box using only the lower and upper corners satisfies these
conditions; thus, any δ > 0 can be used.

6.A.6 Proof of Lemma 6.6
To prove that the set is normal, take x = (x1, . . . , xKr ) ∈ R̃ and assume
that {r∗k}

Kr
k=1 and {v∗k}

Kr
k=1 is a feasible strategy that attains this point.

We want to show that any x′ = (x′1, . . . , x′Kr ) ∈ RKr+ with x′ ≤ x also
belongs to R̃. To this end, we fix the precoding vectors at {v∗k}

Kr
k=1 and

search for equalizing coefficients {rx′,k}Krk=1 that gives M̃SEk = γ̃′k for all k,
where γ̃′k = g̃−1

k (x′k). For a given channel realization hk, denote the MSE
in (6.18) as MSEk(rk,hk). Observe that MSEk(rk,hk) is a second-order
polynomial in rk that has a unique minimum and then approaches infinity
continuously as rk → ∞. Thus, we can solve the second-order equation
MSEk(rk,hk) = γ̃′k to derive the largest root

r′k(hk) =
ak +

√
a2
k − (1− γ̃′k)bk
bk

(6.29)

where ak = <(hHk CkDkvk) and bk = ‖hHk Ck[D1v1 . . . DKrvKr ]‖22 + σ2
k.

This solution will be real-valued, because it is real-valued for x′ = x and
increases with γ̃′k. Since we consider the largest root, MSEk(rk,hk) > γ̃′k
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for all rk > r′k(hk). By selecting

rx′,k = min
hk∈Uk

r′k(hk) ∀k (6.30)

we can make sure that g̃k(M̃SEk) = x′k and thus that x′ ∈ R̃.
Next, we prove that R̃ is a compact set. First, observe that the set

of feasible precoding vectors, V, in (6.22) is compact. Next, observe that
it is sufficient to search for equalizing coefficients rk in the compact set
Ek = [0, 1/σk], since greater values make the noise part of the MSE in
(6.18) larger than one (and thus, MSEk ≥ 1). The MSEs are continu-
ous functions of the precoding and equalizing coefficients, and the per-
formance functions g̃k(M̃SEk) are continuous by definition. Therefore,
g̃k(min(maxhk∈Uk MSEk, 1)) is continuous for any compact set Uk. Finally,
we invoke [Rud76, Theorem 4.14], which says that the continuous mapping
of a compact set is also a compact set. Since R̃ is the image of a continuous
mapping from V and Ek, the robust performance region is compact.

6.A.7 Proof of Theorem 6.2
Since the robust performance region R̃ is compact and robust (see Lemma
6.6), the robust fairness-profile optimization problem in (6.24) can be solved
using the bisection approach in Lemma 6.1. The only exception is that the
feasibility problems are replaced by

find v1, . . . ,vKr , r1 ≥ 0, . . . , rKr ≥ 0

subject to M̃SEk ≤ γ̃k ∀k,
Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(6.31)

To see that this problem is convex, we need to reformulate the MSE con-
straints into a convex form. To this end, we use the following well-known
result in robust worst-case optimization theory:
Lemma 6.7. Given A,P,Q, with A = AH , the expression

A � PHZQ + QHZHP ∀Z : ‖Z‖2 ≤ %̃ (6.32)

holds if and only if

∃λ ∈ R+ s.t.
[

A− λQHQ −%̃PH

−%̃P λI

]
� 0. (6.33)

Proof. The proof is given in [EM04, Proposition 2].
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Lemma 6.7 can be used to reformulate each MSE constraint

max
hk∈Uk

MSEk ≤ γ̃k (6.34)

into a (linear) semi-definite constraint. First, we replace hk with ĥk+Bkε̃k
in the MSE expression of (6.18). Next, we apply Schur complement lemma
[Zha05, Theorem 1.12] to rewrite (6.34) as




√
γ̃kr
−1
k ĥHk CkV̄−r−1

k eTk σk
V̄HCH

k ĥk−r−1
k ek

√
γ̃kr
−1
k IKr 0

σk 0
√
γ̃kr
−1
k




+
[

0 ε̃Hk BH
k CkV̄ 0

V̄HCH
k Bkε̃k 0Kr 0
0 0 0

]
� 0 ∀ε̃k : ‖ε̃‖2 ≤ 1.

(6.35)

Finally, we apply Lemma 6.7 with A being the first matrix in (6.35),
P = [0 BH

k CkV̄ 0], Q = [−1 0 0], Z = ε̃k, and %̃ = 1. The ob-
tained reformulation of (6.35) is the constraint in (6.25). By optimizing
over r̃k = r−1

k instead of rk, we observe that this constraint is linear in
v1, . . . ,vKr , r̃k. Thus, the reformulated feasibility problem is convex. Fur-
ther details are available in similar proofs (under different system assump-
tions) in for instance [BTGN09,ZWN08a,VB09,SD09].



Chapter 7

Practical Solutions to
Multicell Resource Allocation

In this chapter, we analyze the general multicell resource allocation prob-
lem that was defined in Chapter 5. Solving this problem optimally is not
feasible in large cellular networks with tight delay constraints, limited back-
haul capacity, and limited computational power. To gain some intuition
on the optimal solution structure, we derive two precoding characteriza-
tions. The first one shows that the optimal precoding vector for a base
station belongs to a subspace defined using only local CSI; thus, the dif-
ficulty of multicell coordination is not the lack of CSI but the need for
coordinated decision making. The second one gives an explicit expression
for the optimal resource allocation strategy, which is parameterized using
Kr + L − 1 numbers between zero and one. Finding the optimal parame-
ters is difficult, but we propose two low-complexity strategies that exploit
this structure. The CVSINR strategy is centralized and provides close-to-
optimal performance, while the distributed DVSINR strategy only requires
limited backhaul signaling of scheduling decisions.

The considered multicell resource allocation problem is given in Section
7.1. In Section 7.2, the optimal precoding vectors are shown to be linear
combinations of maximum ratio transmission and zero-forcing vectors. In
addition, the optimal strategy is parameterized and it is shown how this
provides a characterization of the Pareto boundary of the performance
region. These results are exploited in Section 7.3 to propose low-complexity
strategies that are either centralized or distributed. Their performance is
evaluated in Chapter 8. Many of the results of this chapter can easily be
extended for systems with multiple subchannels; see [BJBO11] for details.
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7.1 Multicell Resource Allocation

This chapter considers the multicell resource allocation problem
maximize
v1,...,vKr

f (g1(SINR1), . . . , gKr (SINRKr ))

subject to SINRk = |hHk CkDkvk|2
σ2
k +

∑
k̄ 6=k
|hHk CkDk̄vk̄|2

∀k,

Kr∑

k=1
vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k,

(7.1)

which is the same problem as in Chapter 6 and is based on the dynamic
cooperation clusters introduced in Chapter 5. The optimal solution to (7.1)
was derived in Chapter 6, but since the problem is generally NP-hard we
cannot operate at the optimum in practice [LZ08, LDL11]. The search-
space for optimal resource allocation strategies consists of all Kr vectors
vk ∈ CN×1 that satisfy the constraints in (7.1). Next section shows how
this search-space can be greatly reduced without removing the optimum.

7.2 Characterization of Optimal Resource Allocation

In this section, we analyze the multicell resource allocation problem in (7.1)
and show: 1) Optimal precoding vectors belong to sets that are defined
using only local CSI; 2) Optimal precoding vectors can be characterized
using Kr + L − 1 parameters from zero to one. We also show that this
parametrization can be used to characterize the Pareto boundary of the
performance region R.

7.2.1 Precoding Parametrization Based on Local CSI
The collective precoding vectors can be decomposed as vk =
[vT1k . . .vTKtk]T , where vjk ∈ CNj×1 is the precoding vector from BSj to
MSk. Two classic ways of selecting these vectors are maximum ratio trans-
mission (MRT) and zero-forcing (ZF), which maximizes the received signal
power and minimizes the co-user interference, respectively. In the special
case of Kr = 2, these precoding vectors are aligned with hjk and Π⊥hjk̄hjk,
respectively, for k̄ 6= k. The optimal resource allocation for the two-user
MISO interference channel can only be achieved by precoding vectors that
are linear combinations of MRT and ZF [JLD08]. This optimal structure
is interesting from a game theoretical perspective, since it can be inter-
preted as a combination of the selfish MRT approach and the altruistic ZF
approach [LELM09].
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The multicell resource allocation problem in (7.1) is fundamentally dif-
ferent from the two-user MISO interference channel, since it enables joint
transmissions and an arbitrary number of transmitters and receivers. But
the following theorem provides a precoding characterization that turns out
to be a similar combination of MRT and ZF.
Theorem 7.1. The optimal solution to (7.1) can be achieved if BSj selects
vjk = 0Nj×1 for all k 6∈ Dj and

vjk ∈ span
(
{hjk}

⋃

k̄∈Cj\{k}

{Π⊥hjk̄hjk}
)
∀k ∈ Dj . (7.2)

Proof. The proof is given in Appendix 7.A.1.

This theorem implies that (7.1) is solved by using

vjk = υ
(k)
jk

hjk
‖hjk‖2︸ ︷︷ ︸
=MRT

+
∑

k̄∈Cj\{k}

υ
(k̄)
jk

Π⊥hjk̄hjk
‖Π⊥hjk̄hjk‖2︸ ︷︷ ︸

=ZF towards user k̄

for all j and k ∈ Dj ,

(7.3)
for some coefficients υ(k̄)

jk ∈ C. This is a linear combination of MRT and
|Cj | − 1 ZF vectors, each inflicting zero interference at user k̄ ∈ Cj\{k}. A
special case of (7.3) is the system-wide ZF vector that inflicts zero inter-
ference to all co-users in Cj \{k} and only exists if Nj ≥ |Cj |.1 This case
can also be expressed as vjk (for k ∈ Dj) being parallel to

Π⊥Hinterf
jk

hjk where Hinterf
jk = span

( ⋃

k̄∈Cj\{k}

{hjk̄}
)
. (7.4)

The insights provided by Theorem 7.1 can be summarized as follows.
Firstly, the optimal beamforming direction is a linear combination of the
selfish MRT approach and altruistic interference control towards each co-
user. Secondly, the optimal precoding vector belongs to a subspace that
is defined using only local CSI (i.e., CSI for channels from BSj to users
in Cj). The optimal choice within this subspace certainly depends on the
decisions taken by other base stations, but Theorem 7.1 shows that the
difficulty in multicell resource allocation is not the lack of CSI but the
need for coordinated selection of the υ-parameters; the magnitude of υ(k̄)

jk

describes the (relative) importance of interference-avoidance towards MSk̄,
while the phase can be coordinated to enable joint interference cancelation.
The distributed resource allocation strategy that we propose in Section 7.3
can be viewed as a heuristic selection of these υ-parameters.

1Through joint multicell transmission, the total interference at a user can be zero
although the interference caused by each base station is non-zero. In other words,
multicell coordination makes more degrees of freedom available for zero-forcing.
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7.2.2 Precoding Parametrization Based on Global CSI
While the precoding parametrization in Theorem 7.1 provides insight, it
does not constitute any major reduction of the search-space (merely from
Nj complex-valued parameters per transmitter-receiver pair to |Cj | such
parameters). The following theorem provides a novel explicit parametriza-
tion that uses much fewer parameters than the original search-space.
Theorem 7.2. The optimal solution to (7.1) can be expressed as vk =√
pkv̄k. If ql > 0∀l and τik > 0∀i, k, the positive parameters {µk}Krk=1,
{λl}

Lp
l=1, and {κik}

Lk
i=1∀k can be selected such that the optimal power allo-

cation pk and unit-norm precoding vectors v̄k are given by

v̄k =

(Lp∑
l=1

λl
ql

Ql +
Lk∑
i=1

κik
τik

Tik +
∑
k̄ 6=k

µk̄DH
k CH

k̄
hk̄hHk̄ Ck̄Dk

)†
DH
k hk

∥∥∥
(Lp∑
l=1

λl
ql

Ql +
Lk∑
i=1

κik
τik

Tik +
∑
k̄ 6=k

µk̄DH
k CH

k̄
hk̄hHk̄ Ck̄Dk

)†
DH
k hk

∥∥∥
2

(7.5)
and [p1 . . . pKr ] =

[
γ1σ

2
1 . . . γKrσ

2
Kr

]
M†, (7.6)

where

γk = µkhHk Dk


∑

l

λl
ql

Ql +
∑

i

κik
τik

Tik+
∑

k̄ 6=k

µk̄DH
k CH

k̄
hk̄hHk̄ Ck̄Dk



†

DH
k hk

(7.7)
and the ijth element of M ∈ RKr×Kr is

[M]ij =
{
|hHi Div̄i|2, i = j,

−γj |hHj CjDiv̄i|2, i 6= j.
(7.8)

In addition, it is sufficient to select positive parameters that satisfy
∑

k

µk +
∑

l

λl +
∑

i,k

κik = 1. (7.9)

Proof. The proof is given in Appendix 7.A.2.

The characterization in Theorem 7.2 uses Kr+L parameters from [0, 1],
but we only need to selectKr+L−1 parameters since the last one is given by
the unit sum constraint in (7.9). These parameters are actually Lagrange
multipliers related to the optimal solution (see the proof in Appendix 7.A.2
for details) and there are important links between our parametrization and
the idea of uplink-downlink duality in [WES06,YL07,BJBO11].

Our novel characterization only has a single parameter per user, al-
though multiple base stations are involved. This reduces the number of
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parameters compared with the prior work in [MJ11a,JLD08,SCP11,ZC10],
where each base station has its own parameter for each user. As an ex-
ample, consider the Kr-user MISO interference channel where the previous
state-of-the-art characterization was given [SCP11] and uses Kr(Kr − 1)
parameters from [0, 1]. In this scenario, Theorem 7.2 only requires 2Kr−1
parameters (since L = Kt = Kr under per-transmitter power constraints).
Thus, our characterization is advantageous whenever Kr ≥ 3, and the
benefit increases with Kr. In the special case of Kr = 2, recent work
in [MJ11b,LKL11] only requires a single parameter; a similar reduction is
not possible in our general multicell scenario without removing the support
for arbitrary power and soft-shaping constraints. For general multicell sys-
tems, Kt(Kr − 1) [0, 1]-parameters were used per transmitter-receiver pair
in [MJ11a], which is also more than Kt +Kr − 1 in our parametrization.

The parameter selection in Theorem 7.2 implicitly determines each
user’s performance. Corollary 7.1 provides some intuition to how the dif-
ferent parameters affect the performance.

Corollary 7.1. If gk(·) is differentiable, the parameters in Theorem 7.2 have
the following impact on the performance of MSk:

∂

∂µk̄
gk(SINRk)

{
≥ 0, k = k̄,

≤ 0, k 6= k̄,

∂

∂λl
gk(SINRk) ≤ 0 ∀l,

∂

∂κik
gk(SINRk) ≤ 0 ∀i.

(7.10)

Proof. Observe that Theorem 7.2 gives SINRk = γk. Differentiation of the
γk−expression in (7.7) gives the expressions in the corollary, in conjunction
with the monotonicity of gk(·).

Since increasing µk improves the performance for MSk and degrades
it for other users, µk represents the system priority of MSk. The λ- and
κ-parameters are related to power and soft-shaping constraints, respec-
tively, and should be small to boost performance; they should in fact be
zero for inactive constraints. It is non-trivial which parameters to mod-
ify to improve system performance and fulfill all constraints. In fact, it is
unlikely to find exact optimal solutions by trial-and-error parameter selec-
tion. Main applications of Theorem 7.2 are to search for good parameter
values iteratively or to select them heuristically. An example of the for-
mer application is the search algorithm in [ZC10], which cannot guarantee
global convergence but satisfies a necessary condition on optimality. The
well-known signal-to-leakage-and-noise ratio (SLNR) beamforming strat-
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egy2 in [STS07,LJS+08,HSHS08,ZMM+08,ZG10a] corresponds to a certain
heuristic selection of our parameters, and the regularized zero-forcing ap-
proach in [PHS05] resembles the optimal structure in Theorem 7.2. Thus,
Theorem 7.2 explains why these strategies perform well and demonstrates
that even better performance can be achieved by fine-tuning the parame-
ters. We will propose new heuristic ways of selecting the parameters later
in this chapter.

Finally, we observe that Theorem 7.2 will not produce feasible precoding
strategies for all parameter selections. Feasibility can however be assured
through a simple scaling.
Corollary 7.2. Let v1, . . . ,vKr be a resource allocation strategy suggested
by Theorem 7.2. The modified resource allocation strategy with ṽk =
vk/
√
c ∀k and c = max(maxl

∑
k(vHk Qlvk)/ql, maxi,k(vHk Tikvk)/τik) will

always be feasible (i.e., satisfy all constraints).
This modification only affects suboptimal and infeasible strategies since

optimal strategies have c = 1 (i.e., satisfy at least one constraint with
equality, as proved in Theorem 5.2).

7.2.3 Characterization of the Pareto Boundary
The performance region R (see Definition 5.2) is characterized by its upper
boundary ∂+R. This upper boundary surely contains the optimal solution
to (7.1), as proved by Lemma 5.2. In fact, only a subset of the upper
boundary is of interest, namely the Pareto boundary where the performance
cannot be increased for any user without degrading for other users.
Definition 7.1. The Pareto boundary ∂R ⊆ R consists of all g ∈ R for
which there is no g′ ∈ R\{g} with g′ ≥ g (componentwise inequality).

Based on this definition, one can say that any efficient outcome of a mul-
ticell resource allocation lies on the Pareto boundary ∂R. The parametriza-
tion in Theorem 7.2 also provides a characterization of ∂R.
Corollary 7.3. Each Pareto optimal point g∗ ∈ ∂R is attained by some
precoding strategy √p1v̄1, . . . ,

√
pKr v̄Kr achieved by (7.5) and (7.6) for

some selection of the parameters {µk}Krk=1, {λl}
Lp
l=1, and {κik}

Lk
i=1∀k that

satisfies
∑
k µk +

∑
l λl +

∑
i,k κik = 1. In addition, the conditions for full

power usage in Theorem 5.2 need to be fulfilled.

Proof. Any given g∗ ∈ ∂R is the optimal solution to (7.1) if f(g) =
mink gk/g∗k. Thus, Theorem 7.2 provides a parametrization for achieving
this point.

2This heuristic strategy has been suggested by multiple authors and is based on
maximizing the ratio between the signal gain at the intended user and the noise plus
the total interference leakage towards other users. The interference leakage was called
“caused-interference” in [HSHS08] and “generating-interference” in [LJS+08].
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Figure 7.1: Rate region for a three-user MISO interference channel with
four antennas per base station and per-transmitter constraints. The color-
bar shows the sum rate. The region resembles a box with rounded edges.

In other words, there is a duality between characterizing the optimal
solution to any multicell resource allocation problem and characterizing
the Pareto boundary of the corresponding performance region. This ex-
plains why previous work in this area has concentrated on characterizing
performance regions [JLD08,SCP11,ZC10].

The Pareto characterization in Corollary 7.3 can be used to simulate
performance regions. Consider a MISO interference channel with Kt =
Kr = 3, N = 4 transmit antennas, and an average SNR of 10 dB (under
MRT). Figure 7.1 shows R for a random uncorrelated Rayleigh fading
channel realization and with the data rate gk(SINRk) = log2(1 + SINRk)
as performance measure. The region was generated using Corollary 7.3 by
changing the five parameters in steps of 0.02 and filling the space between
the achieved points. As it is hard to interpret 3D-plots, observe that the
region resembles a box with rounded edges and that the colorbar shows the
sum rate.

7.3 Low-Complexity Multicell Resource Allocation

In this section, we propose two low-complexity strategies for multicell re-
source allocation that exploit the precoding parametrization in the previous
section. The first strategy requires joint coordination and computations
by some central station, while the second strategy is distributed and de-
signed to require very little backhaul signaling. Both strategies greatly
reduce the computational complexity compared with the optimal solution
to (7.1) in Chapter 6, while still showing close-to-optimal performance in
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the evaluation in Chapter 8. In addition, asymptotic optimality in terms
of multiplexing gain can be achieved in certain scenarios.

Theorem 7.2 parameterized the optimal solution to (7.1), thus good
performance can be achieved by judicious selection of {µk}Krk=1, {λl}

Lp
l=1,

and {κik}Lki=1∀k. An important observation is that (7.1) performs user
selection and precoding design as a joint optimization problem. In the
parametrization, this user selection is represented by having µk > 0 for all
users k that are selection for transmission in the current scheduling slot.
Thus, every heuristic parameter selection requires a separate scheduling
mechanism. Herein, we adopt the state-of-the-art ProSched algorithm from
[FGH06,FGH07].

For notational convenience, this section only considers per-transmitter
power constraints (i.e., L = Kt and Lk = 0)

Kr∑

k=1
vHk Qper-BS

j vk ≤ qj for j = 1, . . . ,Kt,

where Qper-BS
j = diag(0N1 , . . . ,0Nj−1 ,1Nj ,0Nj+1 , . . . ,0NKt ).

(7.11)

In addition, we consider the weighted sum performance f(g1, . . . , gKr ) =∑Kr
k=1 wkgk (with wk ≥ 0) and user performance functions gk(·) that are

concave. This structure holds for both data rates, mean squared errors
(MSEs), and symbol error rates (SERs), as will be seen later on.

7.3.1 Centralized Resource Allocation
As the parametrization in Theorem 7.2 builds upon the duality between
transmission in the downlink and in a virtual uplink, we call the central-
ized version of our strategy centralized virtual SINR (CVSINR) resource
allocation. It is outlined as follows:

1. Consider weighted sum optimization f(g1, . . . , gKr ) =
∑Kr
k=1 wkgk for

some collection of weights wk ≥ 0.

2. Allocate users S̃ ⊆ {1, . . . ,Kr} for transmission using an appropriate
algorithm (e.g., ProSched [FGH06,FGH07]).

3. Set µk = wk|S̃|/(σ2
k

∑
k̄∈S̃ wk̄) if user k ∈ S̃ is scheduled, otherwise

set µk = 0.

4. Set λj = 1 and calculate v(CVSINR)
k using Theorem 7.2.

5. Rescale all v(CVSINR)
k , according to Theorem 5.2, to satisfy all power

constraints (and at least one with equality).
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The CVSINR strategy first selects users and then calculates a trans-
mit strategy in compliance with the single-stream beamforming optimality
and conditions for full power usage in Chapter 5.3, and with the precod-
ing parametrization in Theorem 7.2. The parameters λj , µk are selected
heuristically, and the details are provided later in this section.

The CVSINR strategy can be applied right way (and shows good per-
formance in Chapter 8), but it is not guaranteed that the transmit power
will be allocated efficiently; some base stations could in principle use very
little power. This can be arranged by fixing the interference that each user
experience zk =

∑
k̄ 6=k |hHk CkDk̄v

(CVSINR)
k |2 and solving the following op-

timization problem

maximize
v1,...,vKr
χ1,...,χKr

Kr∑

k=1
wkgk(χk)

subject to |h
H
k CkDkvk|2
σ2
k + zk

≥ χk ∀k,
∑

k̄ 6=k

|hHk CkDk̄vk̄|2 ≤ zk ∀k,

Kr∑

k=1
vHk Qper-BS

j vk ≤ qj ∀j.

(7.12)

This problem is called interference-constrained beamforming [BZBO11] and
will maximize the performance under the condition that the interference
levels may not excess those with the original CVSINR strategy. The fol-
lowing lemma shows that (7.12) can be solved efficiently, using convex
optimization theory (e.g., interior-point methods [TTT03]).
Lemma 7.1. The semi-definite relaxation of (7.12) is

maximize
V1�0,...,VKr�0

χ1,...,χKr

Kr∑

k=1
wkgk(χk),

subject to tr{DH
k CH

k hkhHk CkDkVk}
σ2
k + zk

≥ χk ∀k,
∑

k̄ 6=k

tr{DH
k̄

CH
k hkhHk CkDk̄Vk̄} ≤ zk ∀k,

Kr∑

k=1
tr{Qper-BS

j Vk} ≤ qj ∀j.

(7.13)

This problem is convex and has rank-one solutions V∗k = v∗k(v∗k)H , where
v∗k solves the original problem in (7.12).
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Proof. The proof is given in Appendix 7.A.3.

The resource allocation obtained by (7.12) will be called the modified
CVSINR resource allocation strategy and its performance will be illustrated
in Chapter 8. This centralized approach can be used to achieve an initial
lower bound for the BRB algorithm in Chapter 6 and thereby improve its
convergence speed.

7.3.2 Distributed Resource Allocation
The drawback of any centralized strategy, including the proposed CVSINR
strategy, is that the resource allocation requires global CSI. In a system
with many base stations and many active users, this requires huge amounts
of backhaul signaling. In addition, joint CSI processing typically means
large computational demands. Therefore, our main focus is to derive a
low-complexity distributed version of the CVSINR strategy that only uses
local CSI. It will be suboptimal in terms of performance, but have much
more reasonable system requirements than centralized approaches.

The collective precoding vectors vk can be decomposed as vk =
[√p1kv̄T1k . . .

√
pKtkv̄TKtk]T . Here, v̄jk ∈ CNj×1 is the unit-norm precod-

ing vector and pjk ≥ 0 is the power allocated by BSj for transmission
to MSk (only non-zero for k ∈ Dj). With this notation, weighted sum
performance optimization with per-transmitter power constraints becomes

maximize
{v̄jk}

Kt,Kr
j=1,k=1

{pjk}
Kt,Kr
j=1,k=1

Kr∑

k=1
wkgk(SINRk)

subject to SINRk =

∣∣∣∣∣
Kt∑
j=1

√
pjkhHjkCjkDjkv̄jk

∣∣∣∣∣

2

σ2
k+

∑
k̄ 6=k

∣∣∣∣∣
Kt∑
j=1

√
pjk̄hHjkCjkDjk̄v̄jk̄

∣∣∣∣∣

2 ∀k,

Kr∑

k=1
pjk ≤ qj ∀j,

pjk ≥ 0, ‖v̄jk‖2 = 1 ∀j, k.

(7.14)

An important question is how to maximize SINRk in (7.14) in a dis-
tributed manner using only local CSI. Starting with the numerator, co-
herent signal reception can be achieved, for instance by synchronizing the
joint transmissions such that √pjkhHjkCjkDjkv̄jk is positive real-valued
(or zero) for each BSj . Achieving coherent interference cancelation (i.e.,
|
∑Kt
j=1
√
pjk̄hHjkCjkDjk̄vjk̄|2 is small without enforcing that every term is
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small) is more difficult under local CSI, if not impossible in large multiuser
systems.3 Without coherent interference cancelation, there are few reasons
for joint transmission; it is more power efficient and reliable to only use
the base station with the strongest link, although somewhat more unbal-
anced interference patterns may be generated. Therefore, we assume that
each user is only served by one base station in our distributed strategy.4
This assumption greatly reduces the synchronization requirements, while
the performance loss may be small or even non-existent (see Chapter 8).

The resource allocation problem in (7.14) can be divided into three
parts: 1) User selection; 2) Power allocation {pjk}; and 3) Beamforming
directions {v̄jk}. Our distributed strategy solves them sequentially, only
requiring local CSI at each base station in each part (i.e., hjk is known at
BSj for all users k ∈ Cj). In between each step, a small amount of signaling
is used to inform each base station which users that are served by adjacent
base stations (to enable interference coordination). Next, we describe the
steps in detail.

7.3.3 Step 1: User Selection
The goal of this step is to select the set S(j, n) with users that are served
by BSj at the current scheduling slot n. The proposed scheme is based on
the ProSched algorithm in [FGH06, FGH07], but generalized to take the
interference generated on users served by other base stations,

A(j, n) =
⋃

i6=j
(S(i, n) ∩ Cj) , (7.15)

into consideration. For a given set A, the scheduling metric for user k is

η
(S,A)
jk = wkgk

(
qj‖hHjkP̃

(S,A)
jk ‖22

σ2
k|S|

)
(7.16)

where P̃(S,A)
jk denotes the projection matrix onto the null space of channels

for all users in (S ∪ A) \ {k}. Thus, η(S,A)
jk represents the performance

with equal power allocation and zero-forcing precoding. To lower the com-
putational complexity, the ProSched algorithm calculates P̃(S)

jk using effi-
cient projection-based approximations (see [FGH07]). In the search for the
scheduling set S with the highest sum metric

η̄
(S,A)
j =

∑

k∈S

η
(S,A)
jk , (7.17)

3Iterative optimization can be used to achieve coherent interference cancelation, but
it requires backhaul signaling and is sensitive to CSI uncertainty, delays, etc.

4If there are many subchannels, different base stations can be used on each of them.
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the ProSched algorithm avoids the complexity of evaluating the sum metric
for every possible S ⊆ Dj by performing a greedy tree search. Despite all
simplifications, ProSched has shown good performance under reasonable
computational complexity [FGH06,FGH07]. Our distributed ProSched al-
gorithm exploits time correlation (i.e., that users that were scheduled at
the previous scheduling slot are more probable to also be scheduled at the
current slot) and selects S(j, n) as follows:

1. Input Stmp(j, n) = S(j, n− 1) and A(j, n− 1).

2. Use the “Tracking and Adaptivity”-procedure in [FGH07] to add and
remove users from Stmp(j, n), while zero interference is generated to
users in A(j, n − 1). The sum metric is evaluated using (7.17). The
final set needs to satisfy |Stmp(j, n) ∪ A(j, n− 1)| ≤ Nj .5

3. Set S(j, n) = Stmp(j, n) and send it to the central station.

4. Central station calculates A(j, n) using (7.15) and sends it to BSj .

The main difference from the original ProSched algorithm is the existence
of A(j, n − 1), which are users that BSj must coordinate interference to-
wards. The algorithm exploits time correlation by taking new decisions
based on previous ones; it tries to remove users from the selected set and
then add other users. The user weights can updated between scheduling
slots, although not reflected in our notation. The initialization can be
achieved in some arbitrary way, for example by selecting the strongest user
as S(j, 0) = argmaxk∈Djη

({k},∅)
jk . The last step of the algorithm prepares

for the next scheduling slot and A(j, n) will also be used in the next steps
to adapt the precoding to the current user selection.

7.3.4 Step 2: Power Allocation
The difficulty in distributed power allocation is that the interference pow-
ers generated by other base stations are unknown. Fortunately, the pro-
posed user selection is designed to make |S(j, n) ∪ A(j, n)| ≤ Nj so that
zero-forcing precoding exists.6 Power allocation based on zero-forcing sim-
plifications has been shown to provide accurate results (e.g., in the context

5A feature of the approximate zero-forcing precoding in ProSched is that the sum
metric is well-defined also for |Stmp(j, n) ∪ A(j, n − 1)| > Nj , but this corresponds to
an interference-limited system and should be avoided.

6Since the user selection makes |Stmp(j, n) ∪ A(j, n − 1)| ≤ Nj with A(j, n − 1)
instead of A(j, n), it might occasionally happen that |S(j, n) ∪ A(j, n)| > Nj . This is
either handled by having a central mechanism that removes users or by ignoring the
weakest unserved users in A(j, n) in the power allocation step. The latter will have
limited impact on performance since most of the interference coordination comes from
the beamforming directions and not from power allocation.
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of the ProSched algorithm), although better precoding vectors are used in
the end. This will be illustrated in Chapter 8.

Based on this assumption, the SINR of MSk becomes

SINRk = pjk
|hHjkv̄ZF

jk |2

σ2
k︸ ︷︷ ︸

=ρjk

∀k ∈ S(j, n) (7.18)

where v̄ZF
jk is the unit-norm zero-forcing vector for users in S(j, n)∪A(j, n).

For fixed ρjk, the power allocation can be solved as follows.
Lemma 7.2. For a given BSj , some given constants ρjk > 0, and differen-
tiable concave functions gk(·) with invertible derivatives, the power alloca-
tion problem

maximize
pjk≥0 ∀k∈S(j,n)

∑

k∈S(j,n)

wkgk(pjkρjk)

subject to
∑

k∈S(j,n)

pjk ≤ qj
(7.19)

is solved by

pjk = max
(

1
ρjk

g′−1
k

(
α

wkρjk

)
, 0
)

(7.20)

where d
dxgk(x) = g′k(x) and α ≥ 0 is selected to use full power.

Proof. This convex optimization problem is solved by standard Lagrangian
techniques; see [BV04].

The distributed power allocation depends on the inverse of the deriva-
tive of the user performance function gk(·). To exemplify the structure,
we let the performance functions either describe the data rate, MSE, or
Chernoff bound7 on the SER for an uncoded M -ary modulation:

grate
k (x) = log2(1 + x) ⇒ g′−1

k (y) = 1
y
− 1, (7.21)

gMSE
k (x) = − 1

1 + x
⇒ g′−1

k (y) = 1
√
y
− 1, (7.22)

gcSER
k (x) = −M−1

M
e−xz ⇒ g′−1

k (y) = 1
z

loge
(M−1)z
My

. (7.23)

In (7.23), z = 3/(M2 − 1) for pulse amplitude modulation (PAM), z =
sin2(π/M) for phase-shift keying (PSK), and z = 3/(2M−2) for quadrature
amplitude modulation (QAM) [SA98].

7The exact SER can also be used, but there are no closed-form expressions for the
inverse of its derivative.
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For these user performance functions, the power allocation in Lemma
7.2 has the waterfilling behavior, meaning that strong users receive more
power than weak users. In addition, the system prioritizes users with large
weights. Some users might be allocated zero or negligible power (below
some threshold pthres). These users should immediately be removed from
S(j, n), and adjacent base stations should be informed so that all A(j, n)
can be adjusted. This requires some extra signaling, but will avoid unnec-
essary interference coordination and improves the user selection in the next
scheduling slot.

7.3.5 Step 3: Beamforming Directions
The parametrization in Theorem 7.2 provides the optimal precoding struc-
ture. Since at most one base station serves each user in our distributed
approach, we have the following corollary.
Corollary 7.4. Assume that all S(j, n) are disjunct and that BSj has a
per-transmitter power constraint of qj . For BSj , the optimal beamforming
direction to user k ∈ S(j, n) is given by

v̄jk =

(
λj
qj

INj +
∑

k̄∈SA(j,n)\{k}
µk̄hjk̄hHjk̄

)†
hjk

∥∥∥
(
λj
qj

INj +
∑

k̄∈SA(j,n)\{k}
µk̄hjk̄hHjk̄

)†
hjk
∥∥∥

2

, (7.24)

where SA(j, n) = S(j, n) ∪ A(j, n), for some positive parameters λj and
{µk̄}

Kr
k̄=1.

To apply Corollary 7.4, the parameters λj and µk̄ need to be selected
heuristically. For this reason, recall that the parametrization is achieved us-
ing uplink-downlink duality. Thus, λj is inversely proportional to the SNR
of the (virtual) uplink channels. As the parameter is user-independent, it is
only affected by the transmit power of BSj and not of any noise parameter.
Since λj is already multiplied with 1

qj
, we select

λ
(heuristic)
j = 1. (7.25)

Next, we consider µk̄ and recall from Section 7.2.2 that µk̄ represents the
priority of MSk̄, and whether or not the user is scheduled. The best priority
indicators we have are the weights wk, but we need to normalize them
based on which users are scheduled. In addition, µk̄ should be inversely
proportional to the noise power σ2

k̄
of MSk̄, since this term could not be

included in the user-independent λj-parameters. We therefore select

µ
(heuristic)
k =





wk
σ2
k

∑
k̄∈SA(j,n)

w
k̄

|SA(j,n)|
, if k ∈ SA(j, n),

0, otherwise,
(7.26)
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where SA(j, n) = S(j, n)∪A(j, n). Observe that different base stations can
have different heuristic values on µ

(heuristic)
k , representing different local

user priorities.

7.3.6 Final DVSINR Strategy
The proposed strategy is named distributed virtual SINR (DVSINR) re-
source allocation, since the parametrization in Theorem 7.2 builds upon
the duality between transmissions in the downlink and in a virtual uplink.
It is summarized in Algorithm 7.1.

Algorithm 7.1 Distributed Virtual SINR (DVSINR) Resource Allocation

1: input power threshold pthres.
2: for each base station j at scheduling slot n:
3: set Stmp(j, n) = S(j, n− 1).
4: perform the “Tracking and Adaptivity”-procedure [FGH07] on
Stmp(j, n) with the special rules in Section 7.3.3.

5: set S(j, n) = Stmp(j, n) and send it to the central station.
6: achieve A(j, n) from the central station.
7: calculate pjk for k ∈ S(j, n) using Lemma 7.2.
8: remove users with pjk < pthres from S(j, n).
9: send updates of S(j, n) to the central station and attain updates of
A(j, n).

10: calculate λj and µk using (7.25) and (7.26).
11: calculate v̄jk for k ∈ S(j, n) using Corollary 7.4.
12: end

The proposed CVSINR and DVSINR strategies are both suboptimal,
but for a given user selection they can achieve asymptotic optimality:
Theorem 7.3. Let S ⊆ {1, . . . ,Kr} be the users scheduled for transmission.
If |S ∩Cj | ≤ Nj for all j, then the CVSINR and DVSINR strategies achieve
the largest possible multiplexing gain of |S| (with probability one).

Proof. The proof is given in Appendix 7.A.4.

This means that the weighted sum rate behaves as |S| log2(q) +
constant at high transmit power q. Thus, the absolute performance losses
(i.e., rate offsets) of the CVSINR and DVSINR strategies are bounded
compared with the optimal solution, and the relative loss goes to zero as
constant/ log2(q) with increasing transmit power.
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7.4 Summary

The difficulty in multicell resource allocation is not the lack of CSI (the
optimal precoding vectors are linear combinations of local CSI), but the co-
ordination of scheduling and interference cancelation. The optimal solution
was characterized using Kr +L− 1 parameters between zero and one. But
since the general resource allocation problem is NP-hard, we should expect
the search for optimal parameters to also be very difficult. However, it is
relatively easy to find heuristic parameter values that provide good per-
formance. The well-known SLNR strategy corresponds to a heuristic se-
lection of our parameters, which explains why many papers have achieved
good performance with this strategy. The parametrization demonstrates
that even better performance can be achieved by fine-tuning the param-
eters, which was done in our proposed CVSINR and DVSINR strategies
for weighted sum performance optimization. The CVSINR strategy is cen-
tralized and the evaluation in Chapter 8 establishes its close-to-optimal
performance. The distributed DVSINR strategy only requires backhaul
signaling of scheduling decisions, and we note that coherent interference
cancelation is not possible without extensive coordination signaling. Both
strategies contain a scheduling step based on an extension of the ProSched
algorithm from [FGH06,FGH07].
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7.A Collection of Proofs

7.A.1 Proof of Theorem 7.1
Let an optimal solution to (7.1) be denoted v∗jk for all j, k. If k 6∈ Dj , we
can replace v∗jk with a zero-vector without affecting the performance, since
v∗jk only appears as Djkv∗jk in the SINR expressions in (7.2) and since
Djk = 0Nj for these k.

For k ∈ Dj , the following approach can be taken to replace v∗jk with
a precoding vector vjk that fulfills (7.2) and reduces the power usage,
without degrading the performance. Let Bjk = {hjk}

⋃
k̄∈Cj\{k}{Π

⊥
hjk̄hjk}

and observe that the vector v∗jk can be expressed as the linear combination

v∗jk = υkhjk +
∑

k̄∈Cj\{k}

υk̄Π⊥hjk̄hjk +
N∑

n=rank(Bjk)+1

υnan (7.27)

for some coefficients υk ∈ C and some orthogonal basis {an}Nn=rank(Bjk)+1
of the orthogonal complement to Bjk. Now, observe that

hjk̄ =
‖hjk̄‖2

‖Πhjk̄hjk‖2

(
hjk −Π⊥hjk̄hjk

)

for all k̄ ∈ Cj\{k} that are non-orthogonal to hjk (while orthogonal channels
can be removed from Bjk, since these directions only carry interference).
Thus, hH

jk̄
an = 0 for all k̄ ∈ Cj and all n = rank(Bjk) + 1, . . . , N . Observe

that vjk only appears in the SINR expressions in (7.2) as inner products
hH
jk̄

Cjk̄Djkvjk. Since Cjk̄ = 0Nj if k̄ 6∈ Cj (see the definition in (5.2)), vjk
is (effectively) only multiplied with hjk̄ for k̄ ∈ Cj . Therefore, exactly the
same user performance is achieved by the precoding vector

vjk = υkhjk +
∑

k̄∈Cj\{k}

υk̄Π⊥hjk̄hjk. (7.28)

This vector will not increase any of the constraints, since it basically is the
orthogonal projection of v∗jk onto the span of Bjk. Thus, we have proved
that the optimal solution to (7.1) can be achieved by vjk ∈ span(Bjk).

7.A.2 Proof of Theorem 7.2
Denote the optimal user performance in (7.1) by gk(SINRk) = g∗k (if the
optimal solution is non-unique, we can take any of the possibilities) and let
the corresponding SINRs be denoted γk = g−1

k (g∗k). These γk are of course
unknown, but we include them in the analysis and will later observe that the
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same parametrization structure is achieved for any collection of g∗1 , . . . , g∗Kr .
In addition, we will find an alternative expression for γk that only depends
on our parametrization. Now, observe that the optimal resource allocation
also solves the convex feasibility problem

find v1, . . . ,vKr

subject to |hHk Dkvk|2
σ2
k+

∑
k̄ 6=k
|hHk CkDk̄vk̄|2

≥ γk ∀k,

∑

k

vHk Qlvk ≤ ql ∀l,

vHk Tikvk ≤ τik ∀i, k.

(7.29)

Using Lagrange multipliers {µk}Krk=1, {λl}
Lp
l=1, and {κik}Lki=1∀k, the La-

grangian of (7.29) becomes (similarly to [YL07, Proof of Proposition 1])

L =
∑

k

µkσ
2
k −

∑

l

λl −
∑

i,k

κik +
∑

k

vHk
( Lp∑

l=1

λl
ql

Ql +
Lk∑

i=1

κik
τik

Tik

+
∑

k̄ 6=k

µk̄DH
k CH

k̄
hk̄hHk̄ Ck̄Dk −

µk
γk

DH
k hkhHk Dk

)
vk.

(7.30)

The stationarity for vk (i.e., ∂L/∂vk = 0) and multiplication with a Moore-
Penrose inverse gives

vk =
( Lp∑

l=1

λl
ql

Ql +
Lk∑

i=1

κik
τik

Tik +
∑

k̄ 6=k

µk̄DH
k CH

k̄
hk̄hHk̄ Ck̄Dk

)†

×DH
k hk

µk
γk

hHk Dkvk
︸ ︷︷ ︸

=scalar

.
(7.31)

Since the phase of vk will not affect the Lagrangian and since µk
γk

hHk Dkvk
is a scalar, the optimal vk can without loss of generality be expressed as
vk = √pkv̄k with v̄k as in (7.5) and for some pk ≥ 0. To determine pk for
k = 1, . . . ,Kr, observe that since we consider the optimal solution, all SINR
constraints in (7.29) are satisfied with equality. These SINR equalities give
Kr linear equations that can be expressed and solved as in (7.6). The
achieved SINRs γk can be expressed as in (7.7) by multiplying (7.31) with
hHk Dk from the left and remove hHk Dkvk from both sides. Observe that
this expression only depends on our Lagrange multipliers and not on the
unknown optimal user performance.

Finally, observe that (7.30) (and all equations in Theorem 7.2) is unaf-
fected by a common scaling of all Lagrange multipliers. The sufficiency of
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having unit parameter sum is proved by observing that for any optimal set
of multipliers, we can rescale them to satisfy a unit parameter sum without
affecting the optimality.

7.A.3 Proof of Lemma 7.1
The methodology in [WES08] and in Theorem 5.1 can be used to
show the existence of rank-one solutions. If an optimization proce-
dure still delivers a high-rank solution V∗k, we can find v∗k by maximiz-
ing <{hHk CkDkvk} under the interference constraints |hH

k̄
Ck̄Dkvk|2 ≤

tr{DH
k CH

k̄
hk̄hHk̄ Ck̄DkV∗k} ∀k̄ 6= k and power constraints vHk Qper-BS

j vk ≤
tr{Qper-BS

j V∗k} ∀j.

7.A.4 Proof of Theorem 7.3
We concentrate on the DVSINR strategy and assume that BSj transmits
to S(j) ⊆ S. At high transmit power, the waterfilling behavior in Lemma
7.2 makes the power allocation become pjk = qj/|S(j)|. If |S ∩ Cj | ≤ Nj ,
then with probability one

hjk 6∈ span
( ⋃

k̄∈(S∩Cj)\{k}

{hjk̄}
)

(7.32)

for all k ∈ S(j). To achieve the multiplexing gain of |S|, we need to show
that all interference terms in (7.14) for the selected users are bounded as
qj → ∞. This is sufficient since the signal gains increase linearly with qj .
In fact, we will show that √qjhHjkCjkDjk̄v̄jk̄ → 0 for k 6= k̄ when qj →∞
when using the DVSINR strategy. We use the eigen decomposition notation∑
ǩ∈(S∩Cj)\{k̄} µ

(heuristic)
ǩ

hjǩhHjǩ = UΛUH , where rank(Λ) = |S ∩ Cj | − 1,
to see that

v̄jk̄ =
( 1
qj

INj + UΛUH)−1hjk̄
‖( 1
qj

INj + UΛUH)−1hjk̄‖2

=

(
qj(INj −

∑rank(Λ)
m=1 umuHm) +

∑rank(Λ)
m=1

qj
λmqj+1umuHm

)
hjk̄

‖
(
qj(INj −

∑rank(Λ)
m=1 umuHm) +

∑rank(Λ)
m=1

qj
λmqj+1umuHm

)
hjk̄‖2

(7.33)

where λm is themth largest eigenvalue of UΛUH and um is the correspond-
ing eigenvector. Observe that hHjkCjkDjk̄(INj −

∑rank(Λ)
m=1 umuHm)hjk̄ = 0

since the bracketed term is the orthogonal projection matrix onto the sub-
space spanned by the co-user channels of the scheduled users (including
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hjk). Therefore,
√
qjhHjkCjkDjk̄v̄jk̄

=
√
qjhHjkCjkDjk̄

(∑rank(Λ)
m=1

qj
λmqj+1umuHm

)
hjk̄

‖
(
qj(INj −

∑rank(Λ)
m=1 umuHm) +

∑rank(Λ)
m=1

qj
λmqj+1umuHm

)
hjk̄‖2

=
hHjkCjkDjk̄

(∑rank(Λ)
m=1

√
qj

λmqj+1umuHm
)

hjk̄

‖
(√

qj(INj −
∑rank(Λ)
m=1 umuHm) +

∑rank(Λ)
m=1

√
qj

λmqj+1umuHm
)

hjk̄‖2
→ 0,

(7.34)

since the numerator is bounded when qj →∞ while the denominator grow
without bound.

The same result (i.e., that the signal terms grows towards infinity while
the interference terms approach zero) can be shown for CVSINR strategies
using a similar approach.



Chapter 8

Evaluation of Strategies for
Multicell Resource Allocation

In this chapter, we evaluate the performance of different multicell resource
allocation strategies. The BRB algorithm from Chapter 6 is used to achieve
optimal solutions and serves as a benchmark for the low-complexity strate-
gies that were proposed in Chapter 7. The evaluation is divided into two
parts. In Section 8.1, different aspects of the low-complexity strategies are
illustrated and compared with the optimal solution. This evaluation is car-
ried out on synthetic channels under simple Rayleigh fading assumptions, to
emphasize resource allocation properties rather than channel assumptions.
In Section 8.2, we evaluate the performance in actual multicell scenar-
ios based on multiantenna channel measurements. Thus, the simulations
include realistic fading distributions, path losses, and base station correla-
tion. This evaluation both confirms that the proposed strategies achieve
good performance under low computational complexity and reveals impor-
tant properties of coordinated multicell transmission.

8.1 Evaluation on Simple Synthetic Channels

This section will illustrate aspects of optimal and suboptimal resource al-
location strategies. First, we consider the performance behavior with dif-
ferent heuristic selections of beamforming directions. We consider a 4-user
MISO interference channel with Nj = 4 antennas per base station, where
the channels hjk are modeled as uncorrelated Rayleigh fading. The aver-
age channel gain E{‖hjk‖22}/σ2

k is Nj from the serving base station and
Nj/2 from all interfering base stations. We compare the DVSINR strat-
egy (which builds upon the precoding parametrization in Chapter 7) with
classic ZF and MRT precoding. The average sum rate is shown in Fig-
ure 8.1 as a function of the total transmit power (per base station). As
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Figure 8.1: Average sum rate (over channel realizations) with DVSINR,
MRT, and ZF in a 4-user MISO interference channel, as a function of the
transmit power. MRT and ZF are good strategies at low and high SNR,
respectively, while DVSINR shows good performance at all SNRs.

expected, MRT is good at very low SNR while ZF is good at high SNR.
However, the DVSINR strategy is a more versatile heuristic strategy as it
combines the respective asymptotic benefits of MRT and ZF, and clearly
outperforms them at medium SNRs. This illustrates that the optimal pre-
coding vectors are linear combinations of MRT and ZF vectors, as proved
by Theorem 7.1. Observe that in this scenario, the DVSINR strategy is
equivalent to the signal-to-leakage-and-noise ratio (SLNR) beamforming
strategy of [STS07,ZMM+08].

Next, we investigate which percentages of the performance with opti-
mal precoding and user selection that can be attained with low-complexity
techniques. We separate the impact of these two parts of resource alloca-
tion by considering precoding with fixed user selection, and vice versa. The
transmission scenario includes Kt = 2 base stations (with Nj = 3 antennas
each) that jointly serve a set of Kr users. The channels hjk are modeled
as uncorrelated Rayleigh fading and for each base station we assume that
E{‖hjk‖22}/σ2

k is Nj for half the users and Nj/2 for the others, and vice
versa for the other base station. In others words, Kr/2 users are located
in each of the cells but they are all close to the common cell edge.

The average sum rate with Kr = 6 users and different precoding strate-
gies is shown in Figure 8.2, as a function of the transmit power (per base
station). The optimal precoding strategy is achieved using the BRB al-
gorithm from Chapter 6. We consider both the original and the mod-
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Figure 8.2: Average sum rate (over channel realizations) with different
precoding strategies in a scenario with two base stations and six users close
to the common cell edge. The low-complexity CVSINR strategy (without
user selection) achieves a major part of the optimal performance, but can
be further improved by solving a convex optimization problem.

ified version of the low-complexity CVSINR strategy from Chapter 7.3,
where the modified version solves a convex optimization problem to en-
hance performance (without increasing the co-user interference). We also
consider ZF precoding, which due to the per-base station power constraints
is achieved by solving a convex optimization problem [WES08]. Depending
on the transmit power, 80 − 95% of the optimal performance is achieved
by the original CVSINR strategy.1 This is remarkably since the CVS-
INR strategy only exploits the precoding parametrization in Theorem 7.2,
without solving any mathematical optimization problem. The modified
version increases the performance by a few percentage points, especially at
low transmit power. However, our conclusion is that a major part of the
maximal performance is achievable by heuristic utilization of the precoding
parametrization, while optimization algorithms only are required to achieve
the last few percentage points of the maximal performance. Iterative algo-
rithms such as those in [TCJ08,ZWN08b,CACC08,NSGS10,VPW10] can
be applied to approach the optimal value.

1We can expect all the heuristic strategies to have asymptotic optimality in this sce-
nario, but the convergence is somewhat slow since the optimal solution also includes user
selection (i.e., the per-base station power constraints sometimes makes it beneficial to
serve fewer than six users when the transmit power is low), while the heuristic strategies
always try to serve all users.
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Figure 8.3: Average sum rate (over channel realizations) with CVSINR
precoding and different user selection algorithms in a scenario with two base
stations and six users close to the common cell edge. The low-complexity
algorithms from [SCA+06, FGH06] achieve close-to-optimal performance
and greatly outperform simple norm-based or random user selections.

The average sum rate with CVSINR precoding and different user se-
lection schemes is shown in Figure 8.3. We consider Kr = 20 users and
vary the transmit power. The optimal user selection is based on exhaustive
search, while the capacity-based suboptimal user selection algorithm was
proposed in [SCA+06] and the ProSched algorithm in [FGH06, FGH07].
These are two quite similar greedy algorithms based on ZF precoding, but
the ProSched algorithm has lower computational complexity as it avoids
channel inversions by projection-based approximations. Irrespectively of
the SNR, 96 − 97% of the optimal performance is achieved by the two
greedy algorithms. This confirms that ZF-based user selection is efficient
even in the low SNR regime, as long as the final precoding vectors are
selected in a good way. It is hard to see any difference between the two
algorithms, meaning that the complexity improvements of the ProSched
algorithm comes at almost no cost. Figure 8.3 also shows the performance
with norm-based user selection (the six strongest users are selected) and
random user selection, which both performs rather poorly. We conclude
that close-to-optimal user selection can be achieved by simple means, but
the algorithm should take both channel gains and directions into account.
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8.2 Evaluation on Channel Measurements

The theoretical performance of coordinated multicell transmission has been
thoroughly studied on synthetic channels, assuming uncorrelated Rayleigh
fading, simple large-scale fading models, and perfect base station synchro-
nization (see e.g., [ZD04,TCJ08,ZWN08b,BSXZ10,VPW10]). These works
have reported large improvements over single-cell processing. Especially
cell edge users seem to benefit from multicell interference coordination.
However, results obtained from numerical simulations are highly depen-
dent on the assumptions in the underlying channel models. For example,
it is common to model the channel characteristics between a user and mul-
tiple base stations as uncorrelated, although correlation appears in prac-
tice [JZOG07]. Along with other idealized assumptions (e.g., on fading
distributions and path losses), such channel dependencies may affect the
performance of any multicell system.

The purpose of this section is to evaluate the performance of the opti-
mal and low-complexity resource allocation strategies on realistic multicell
scenarios based on channel measurements. We consider the following six
strategies:

1. Optimal Resource Allocation: This represents the optimal lin-
ear precoding strategy and is calculated using the BRB algorithm in
Chapter 6. The implementation is based on the CVX toolbox of [GB10]
and the YALMIP toolbox of [Löf04], which both use the numerical
convex optimization solver SDPT3 from [TTT03].

2. Optimal Resource Allocation with Incoherent Interference
Reception: This approach is similar to the optimal resource alloca-
tion, but under the additional assumption that base stations cannot
cancel out each other’s interference through joint transmission. This
case is relevant since it is difficult to enable (robust) coherent in-
terference cancelation over wide areas (as discussed in Chapter 5).
Thus, this strategy becomes an upper bound for distributed resource
allocation strategies. Mathematically, it solves the weighted sum per-
formance problem in (7.14), but with SINRk replaced by

SINRincoherent
k =

∣∣Kt∑
j=1

√
pjkhHjkCjkDjkv̄jk

∣∣2

σ2
k+

∑
k̄ 6=k

Kt∑
j=1

∣∣√pjk̄hHjkCjkDjk̄v̄jk̄
∣∣2
. (8.1)

3. Centralized virtual SINR (CVSINR) strategy: Proposed in
Chapter 7.3.1 and combines the precoding parametrization in Theo-
rem 7.2 with ProSched user selection.
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4. Distributed virtual SINR (DVSINR) strategy: Distributed
version of CVSINR that exploits the precoding parametrization in
Theorem 7.2 and a new distributed version of the ProSched user
selection scheme (see Chapter 7.3.2).

5. Coordinated ZF precoding: Classic coordinated precoding ap-
proach where each base station performs independent power alloca-
tion and zero-forcing precoding using local CSI. The user selection is
achieved using the distributed ProSched scheme (see Chapter 7.3.2)
and each user is only served by one base station.

6. Single-cell processing: Performs resource allocation as if there is
only one cell in the system. The average out-of-cell interference is
included in the σ2

k-terms. The resource allocation is based on the
DVSINR strategy (pretending that Kt = 1).

The evaluation is based on channel data collected in Stockholm, Sweden,
using two base stations2 with four-element uniform linear arrays (ULAs)
with 0.56λ antenna spacing and one user device. The user had a uniform
circular array (UCA) with four directional antennas, but herein we aver-
age the signal over its antennas to create a single virtual omni-directional
antenna. The system bandwidth was 9.6 kHz at a carrier frequency in the
1800 MHz band. The measurement environment can be characterized as
typical European urban with four to six story high stone buildings. Figure
8.4 shows the measurement area with roads illustrated in light gray and
blue routes showing the GPS coordinates of the user locations used for
the simulations in this chapter. Further measurement details are available
in [JZOG07]. The collected channel data is utilized to generate two evalu-
ation scenarios where users are moving around in the area covered by both
base stations:

• Scenario A: The performance behavior is evaluated over different
random user distributions. In each snapshot, users can be located
anywhere on the measured routes in Figure 8.4a with uniform prob-
ability. To create balance, at least two users are placed to have their
strongest channel gains (‖hjk‖22) from BS1, while at least two users
have their strongest gains from BS2.

• Scenario B: To study the impact of base station coordination on
individual users, four users are now placed at certain locations and
moved as indicated in Figure 8.4b.

2Channel data from a third base station, co-located with BS1, was also measured
in [JZOG07]. However, the overlap in coverage area between this base station and BS1
and BS2 in Figure 8.4 is small and therefore it is not used in our simulation.
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(a) Routes in Scenario A.
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(b) Routes in Scenario B.

Figure 8.4: The downlink performance evaluation is based on measure-
ments in an urban environment. Two four-antenna base stations are serv-
ing multiple single-antenna users. These users are either randomly located
on the measured routes marked in Scenario A or move along four fixed
routes as in Scenario B.
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In both scenarios, the performance will be evaluated as a function of
the output power per base station (in dBm). The noise level is set to
−131 dBm (i.e., thermal noise and a few dBs of transceiver noise) and the
measured path losses from the strongest base station varies between −37
dB and −85 dB for different user locations in Figure 8.4.

The performance measure is the weighted sum rate with weights

wk = cw/E
{

log2

(
1 + Kt

Krσ2
k

max
j
Pj‖hjk‖22

)}
, (8.2)

where cw is a scaling factor making
∑Kr
k=1 wk = Kr. This can be interpreted

as a type of fairness balancing (with equal power allocation).

8.2.1 Results for Scenario A
The scheduling performance is evaluated in Figure 8.5 over different ran-
dom user locations, each used for 10 channel realizations (i.e., using con-
secutive channel measurements). The average weighted sum rate is given
as a function of the total number of users at 20 dBm and 0 dBm output
power per base station. The proposed CVSINR strategy provides close-
to-optimal performance, especially when the number of users increases.
The gap to the optimal solution is remarkably small, given that CVSINR
is a simple combination of ProSched scheduling and heuristic use of the
precoding parametrization in Chapter 7.2.2—further parameter tweaking
can certainly reduce the gap. The distributed strategies (DVSINR and
coordinated ZF) stabilize on about half the performance of the centralized
strategies, representing that only half the number of users can be simul-
taneously accommodated. One might think that this is due to that only
one base station serves each user, but the actual explanation is that (non-
iterative) distributed strategies cannot achieve coherent interference can-
celation. This is understood by the comparably small difference from the
optimal strategy under incoherent interference reception, and it confirms
the discussion in Section 7.3.2. The proposed centralized and distributed
strategies provide performance improvements over single-cell processing,
and the differences increase rapidly with the output power.

Next, we want to study how multicell coordination impacts the perfor-
mance of each user and we set Kr = 4 to make sure that all six strategies
consider the same set of users. In Figure 8.6, the cumulative distribution
functions (CDFs) of the individual user rates are given for output powers
of 0 dBm and 20 dBm. The proposed CVSINR strategy is very close to
the optimal solution, in particular at high output power. The difference
between the optimal solution and the DVSINR strategy increases with the
SNR, but the distributed approach is close to the optimum under inco-
herent interference reception, which might be the most reasonable upper
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(a) 20 dBm output power per base station.

4 6 8 10 12 14 16 18 20
0

5

10

15

20

25

30

35

Total Number of Users

A
ve

ra
ge

 W
ei

gh
te

d 
S

um
 R

at
e 

[b
its

/c
.u

.]

 

 

Optimal
CVSINR
Optimal (incoherent)
DVSINR
Coordinated ZF
Single−cell process.
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Figure 8.5: Average weighted sum rate (over random user locations) for
Scenario A with different number of users. The performance is shown for
different resource allocation strategies.



200 CHAPTER 8. EVALUATION OF RESOURCE ALLOCATION

0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

Individual User Rates [bits/channel use]

C
um

ul
at

iv
e 

D
is

tri
bu

tio
n 

Fu
nc

tio
n 

(C
D

F)

 

 

Optimal
CVSINR
Optimal (incoherent)
DVSINR
Coordinated ZF
Single−cell process.

0 dBm

20 dBm

Figure 8.6: Cumulative distribution function of the individual user rates
(over random user locations) for Scenario A with Kr = 4 users. The
performance is shown for different resource allocation strategies at 0 dBm
and 20 dBm output power.

bound for distributed strategies. Both CVSINR and DVSINR provide great
improvements over single-cell processing—especially at high output power.
The primary reason is the interference coordination, which gives immedi-
ate improvements for cell edge users but also enables a power reallocation
that all users can benefit from. The coordinated ZF strategy performs
poorly at low output power, but approaches DVSINR at higher power. To
summarize, users that move around in the cell will benefit from multicell
coordination through higher average performance. In Scenario B, we will
however see that users that are fixed at certain locations may experience
performance degradations.

8.2.2 Results for Scenario B
For Scenario B, the average weighted sum rate (per channel use and over
750 channel realizations) is shown in Figure 8.7. Once again, the proposed
CVSINR strategy provides close-to-optimal performance. As in Scenario
A, there is a clear gap to the distributed approaches, explained by fewer
degrees of freedom in the interference cancelation. However, both DVSINR
and coordinated ZF precoding achieve the optimal multiplexing gain (see
Theorem 7.3), while the performance of single-cell processing is bounded at
high output power. Observe that the major gain over single-cell processing
comes from interference coordination, while the difference between DVS-
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Figure 8.7: Average weighted sum rate as a function of the output power
for Scenario B. The performance is shown for different resource allocation
strategies, including the proposed CVSINR and DVSINR strategies.

INR and optimal joint transmission is comparably small (and bounded).
Figure 8.8 shows the average individual user rates for DVSINR (marked

with triangles) and single-cell processing, as a function of the output power.
Interestingly, the increased weighted sum rate with multicell coordination
does not translate into a monotonic improvement of all user rates. Recall
that the user locations are shown in Figure 8.4b. User 3 has almost equally
strong channels from both base stations and therefore gain substantially
from interference coordination. However, User 2 has a very weak link to
BS2 and sees a decrease in performance for output powers below 10 dBm.
This is explained by BS1 modifying its precoding to avoid causing interfer-
ence to Users 3 and 4. In other words, cell edge users benefit from inter-
ference coordination, while users that are untroubled by interference (e.g.,
shadowed from neighboring cells) might see deteriorations.3 The generic
claim that multicell coordination improves both the total throughput and
the fairness is therefore not necessarily true in practice. However, Scenario
A showed that users that move around in the whole coverage area will on
average benefit from multicell coordination.

The analysis has thus far considered perfect base station synchroniza-
tion, which cannot be guaranteed in practice due to estimation errors, CSI
acquisition and hardware delays, clock drifts, oscillator phase noise, doppler

3This drawback can be alleviated through coordinated user selection. Users that are
located in similar directions should not be scheduled together, even if only some of them
are troubled by interference.
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Figure 8.8: Average individual user rates for Scenario B with and with-
out multicell coordination. The proposed DVSINR strategy (triangles) is
compared with single-cell processing.

spread, and insufficient cyclic prefixes. We emulate these mismatches by
letting the actual channels be hactual

jk = hjkeiφjk for some random phase
deviations φjk ∈ N (0, σ2

φ) (where σφ = 0 means perfect synchronization).
In Figure 8.9, the average weighted sum rate is shown as a function of
the phase standard deviation σφ (at 20 dBm output power). The optimal
resource allocation and the CVSINR strategy are very sensitive to syn-
chronization errors as they rely on coherent interference cancelation where
the interfering signals from different base stations should cancel out per-
fectly. The DVSINR and coordinated ZF strategies are unaffected by such
synchronization errors, and the gap to the optimal strategy based on in-
coherent interference reception reduces with σφ. We conclude that tight
synchronization is required to gain from centralized multicell coordination
with joint transmission.

8.3 Summary

Multicell resource allocation is a very difficult problem to solve optimally,
but the simulations on synthetic channels indicate that a very large por-
tion of the optimal performance can be achieved by simple means. The
precoding parametrization in Chapter 7 provides a clear structure of the
optimal precoding directions (it is a combination of MRT and ZF) that
can be exploited without having to solve any mathematical optimization
problem—although, a convex problem can be solved for further improve-
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Figure 8.9: Weighted sum rate for Scenario B as a function of the phase
standard deviation σk (at 20 dBm output power). The actual channels are
modeled as hactual

jk = hjkeiφjk , where φjk ∈ N (0, σ2
φ).

ments. User selection has also a great impact on the performance, but
classic algorithms that maximize the performance greedily attain almost
the optimal performance. There is a natural coupling between precoding
and user selection; it is easier to find good precoding for spatially separated
users, and easier to determine a good user set if a sound precoding strat-
egy is used. While ideal resource allocation solves these problems jointly,
successive solutions that first select users based on ZF precoding and then
refine the precoding show very promising results.

The performance of multicell resource allocation was also evaluated on
actual measured channels in a typical urban macro-cell scenario. Sub-
stantial performance gains over single-cell processing were observed for the
proposed CVSINR and DVSINR strategies. The former is even close-to-
optimal, while the latter performs closely to what can be expected from
distributed strategies (since coherent interference cancelation is more or
less impossible to achieve). This is remarkable since both CVSINR and
DVSINR are just simple applications of the precoding parametrization in
Chapter 7—further parameter tweaking and adaptation to special scenarios
is possible.

Ideal joint transmission includes both coherent signal reception and co-
herent interference cancelation. While the former is quite robust, the inter-
ference cancelation is very sensitive to synchronization errors (since the sum
of the interference is minimized, instead of each transmitter’s contribution).
The gain of joint transmission that only exploits coherent signal reception
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is marginal, leading to the conclusion that joint transmission should only
be used if tight synchronization can be guaranteed. In addition, we have
confirmed that multicell coordination improves the average performance
for users that are moving in the cell. But the overall signal/interference
pattern is modified such that static users might experience performance
degradations if they are located in certain parts of the cells (e.g., where the
intercell interference is already small due to shadowing).



Chapter 9

Conclusions

The performance of multiantenna cellular communications greatly depends
on the availability of channel state information and its utilization for
channel-aware transmission design. This thesis considered the simplify-
ing block fading model to emphasize three main components of downlink
communications: 1) channel estimation; 2) channel feedback; and 3) re-
source allocation exploiting instantaneous channel information. In each of
these areas, the thesis generalized system assumptions in prior work and
provided novel mathematical results, along with supporting numerical ex-
amples. This chapter summarizes the main conclusions of the thesis, which
provide insights on the design of efficient cellular systems.

In the area of channel estimation, we have shown the importance of
directly estimating each quantity of interest, instead of only estimating the
channel matrix and use it for calculating different quantities. We consid-
ered training-based MMSE estimation under general Rician statistics and
showed under which conditions the optimal training strategy is easily ob-
tained. These insights were utilized for proposing a low-complexity training
strategy that performs well in the numerical evaluation, even under non-
ideal statistics. This indicates that most of the potential gain of training
optimization can be achieved by simple means.

In the area of channel feedback, we have shown that better performance
is achieved by serving many users with one data stream each, than by
multiplexing several streams to a smaller number of users. This is proved
analytically under both quantization errors and estimation errors, and the
conclusion is that each user should use its antennas for receive combining
and interference rejection. This has positive implications on the hardware
design of user devices and on the quantization complexity. In addition,
feedback of the channel direction is shown to be of primary importance,
while 2-3 bits of quality feedback is sufficient in many scenarios. The
demands for accurate directional information increases with the SNR, but
will not affect the number of uplink channel uses spent on CSI acquisition.
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We proposed a generalized mathematical model for multicell systems to
enable joint analysis of different levels of transmission coordination between
base stations. This model reveals both the similarities and differences be-
tween cellular systems and the well-established research area of multiuser
MIMO. Multicell user selection and precoding design were posed as a joint
resource allocation problem, which unfortunately is NP-hard under most
conditions. The optimal solution is therefore unattainable in practice, but
it is still important to find the solution for benchmarking purposes. We
derived an algorithm that guarantees optimal convergence, but with ex-
ponential complexity in the number of users. As a subproblem, it solves
so-called fairness-profile optimization problems that avoid the high com-
plexity by searching along one-dimensional curves in the user dimension
space.

The thesis also showed that the multicell resource allocation problem
becomes convex and can be solved in closed form if a certain set of pa-
rameters are fixed. This leads to a parametrization of the optimal solu-
tion, which both provides intuition and a foundation for designing low-
complexity strategies through heuristic parameter selection. We proposed
two such strategies, one requiring centralized resource allocation and an-
other one suitable for distributed implementation with little backhaul sig-
naling. The performance of these strategies was compared with the optimal
solution using measured multicell channels in an urban macro-cell system.
This evaluation showed that a remarkably large portion of the optimal per-
formance can be achieved by low-complexity strategies. On the other hand,
we observed that joint multicell transmission requires tight synchronization
and that not all users will benefit from multicell coordination.

9.1 Future Work

There is an endless road of possible improvements and generalizations to
the results of this thesis. Some extensions have intentionally been left out to
make the thesis coherent, while other limitations were necessary to achieve
analytical tractability or to avoid making assumptions that would affect
the generality. However, several ideas for future work have been conceived
in the process of writing the thesis:

• When channel statistics are exploited for improved CSI acquisition,
the robustness to inaccurate statistical knowledge deserves attention.
In the area of channel estimation, one can raise the fundamental
question on how accurate the prior distribution should be in order
to benefit from Bayesian estimation (compared with classic estima-
tion without any prior). In addition, the length and structure of the
optimal training sequence might be affected by including a power
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constraint per training symbol (instead of only constraining the total
training power).

• The downlink performance of multiuser FDD systems is limited by
the feedback accuracy. In practice, this requires the development of
large and adaptive codebooks that enable the best codeword to be
found with low computational complexity. The feedback design is
also influenced by hardware impairments that are often overlooked.
In particular, those can create transmission noise that scales with
the output power and greatly affects the asymptotic analysis since
the practical multiplexing gain then becomes zero.

• There are many open problems in the design and deployment of cel-
lular systems. For example, the selection of the dynamic coopera-
tion clusters was not considered in the thesis. Although the optimal
resource allocation problem is NP-hard, there are room for conver-
gence improvements (especially for the upper bound in the BRB algo-
rithm). The numerical analysis showed that close-to-optimal perfor-
mance is possible to achieve by heuristic utilization of our precoding
parametrization. However, the validity and robustness of these re-
sults remain to be analyzed in practical systems.
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