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Preface

This thesis presents (part of) the research activities I carried out during my PhD
in Information Technology at Politecnico di Milano in the period Nov. 2017 - Sep.
2020. The PhD program has been designed to go deep in advanced localization
and communication techniques for vehicular, maritime and industrial applications.
Vehicular scenario is the primary interest of my research, where both localization
and communication aspects are deeply analyzed. Maritime application has been
introduced in my PhD journey thanks to a collaboration with NATO STO CMRE
(North Atlantic Treaty Organization - Science and Technology Organization -
Centre for Maritime Research and Experimentation), which hosted me as a visiting
researcher for few months in 2019. At CMRE I had the opportunity to interact
with expert scientists to whom I will always be grateful for having grown my
research expertise and provided a scientific attitude towards problems.

The contents of this thesis mostly rely on published and unpublished works
on cooperative localization and communication in multi-agent systems. A minor
published research on localization in Industry 4.0 is intentionally not included as
it does not accommodate the cooperative framework here addressed. To guide the
reader in easy access to the published documents, the relations among research
topics and publications are as follows:
• Vehicular localization ⇒ [1, 2],
• Vehicular communication ⇒ [3–7],
• Maritime localization ⇒ [8],
• Industrial localization ⇒ [9].
My gratitude goes to all co-authors who helped me in formulating, developing

and validating the cited research works [1–9].
The intention of this thesis is to provide the reader insights on practical

applications as well as sufficient mathematical principles behind algorithms. This
way to proceed is led by my personal interests in providing practical engineering
solutions to problems, still keeping a scientific background. This attitude also
emerges in the use of real data for testing the developed solutions. I hope this
approach allows the interested reader to go deep in technicalities, and to provide
intuition and practical implications for the non-expert who might come across this
thesis.
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Abstract

This thesis presents research advances on cooperative localization and communi-
cation. These two macro trends are investigated in the general context of mobile
multi-agent networks for situational awareness applications, where time-varying
agents of unknown absolute location are asked to fulfill positioning and information
sharing tasks.

The research on localization aims to develop an integrated solution where
cooperative self-localization of agents is combined with multitarget detection,
localization and tracking. Targets are not only considered as unknown objects to
be just localized, but their statistical properties represent valuable information to
be used upside-down to refine the agents’ positioning coming from self-definition of
the multi-agent network. The operating framework is based on belief propagation, a
massage passing algorithm working on the factor graph describing all relationships
among agents, measurements and external variables. The final result is the
development of a generalized solution that is flexible enough to accommodate
heterogeneous measurements of diverse agent types, ensuring a wide range of
applications. The two primary scenarios addressed in this thesis are maritime and
vehicular uses cases, but internet of things in industrial and surveillance contexts
are other major applications of interest.

The research on communication is focused on vehicular applications, where the
use of Vehicle-to-Everything (V2X) links to extend vehicle’s sensing capability
by establishing connections with nearby users represents an upgrade for a safer
mobility. Such paradigm is here reverted: this thesis proposes the use of vehicles’
sensors to enhance communication performances. The specific research topic
consists in developing sensor-assisted beam alignment techniques, where narrow
directional V2X beams are steered according to the information extracted from
perception sensors. Attention is given not only to the specific technical aspects of
the methodology and technologies, namely Millimeter-Wave (mmWave) and Free-
Space Optics (FSO), but a system-level architecture is proposed too. Inter-vehicle
cooperation and intra-vehicle sensor data fusion are combined in a unified system
targeted to guarantee reliable beam-based V2X links in mobility scenarios.

Both macro-researches deal with a tight integration of heterogeneous sensors
with communication in dynamic multi-agent systems. The volatility of intercon-
nections among agents due to mobility and instability of links mandatorily calls
for flexible and adaptive techniques, capable of profitably fuse diverse types of
information. The outcomes of this thesis demonstrate how a statistical approach
is capable of handling realistic problems and developing versatile solutions.
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Notation

The following univocal notation is used throughout the thesis.
Bold letters describe matrices, column vectors or sets, which can belong to natural
numbers N, real numbers R or complex numbers C.
An ordered and known indexing of elements characterizes a vector j = [j1 · · · jN]
of N entries, while a randomly sorted disposition of entries is typical of a set
j = {jn}Nn=1 of N elements.
The cardinality of set is identified by the symbol | · |, leading to |j| = N for the
previous case.
Ad-hoc notation is given to widely adopted matrices: 0m×n is a null matrix of size
m×n, while Im denotes the identity matrix of size m (a square matrix with unitary
entries on the diagonal, while the off-diagonal terms are all zeros).
Vector 1N is a shortcut for describing a vector of N entries all equal to 1.
Notation diag(j) refers to a N× N diagonal matrix: i.e., a matrix which is all null
except for the entries on the diagonal, which are exactly j.
Common vector/matrix operators are the transposition (·)T, Hermitian transpose
(·)H, the Hadamard product (element-wise multiplication) ◦ and the vector norm
‖·‖.
Symbol ∠(·) is used as shortcut for angle definition: considering a vector j =
[j1 j2]T, then ∠(j) = atan2(j2, j1).
Notation Pr(·) is a shortcut for probability, while Dirac’s delta is indicated with
the symbol δ(·). Pay attention that a similar symbol is also used: the Kronecker
delta δa,b, which is δa,b = 1 if a = b, otherwise δa,b = 0 for a 6= b.
Symbol , literally means “defined to be equal to”.
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Introduction

This chapter introduces the thesis work (Sec. 1.1), starting by illustrating the
motivations and personal vision of the addressed localization and communication
problems. Main contributions are highlighted in Sec. 1.2 and the thesis structure
is outlined in Sec. 1.3.

1



Chapter 1. Introduction

1.1 Motivations
Where is what? What is where?
This thesis aims to provide (partial) answers to these two questions. The estimation
of kinematic properties of objects (such as position and velocity) is a main research
topic of this work. The localization problem is addressed in the cooperative
framework of multi-agent networks, where multiple agents share heterogeneous
information that needs to be properly processed. We use the concept of agent as a
generic device with sensing and wireless communication capabilities (in principle,
wired is also possible but not of interest for the considered applications). Agents
can refer to static sensors as well as mobile ones. In the second case, sensing
and/or communication devices are typically only a subset of the complete hardware
equipment of the agent itself.

Two main application scenarios of multi-agent systems are addressed in this
work: namely, vehicular and maritime environments. We will use the term
“vehicular” to refer to land vehicles, being this connotation the most widespread
for readers. In principle, also maritime scenarios deal with vehicles but we prefer
to use the reference “maritime” as it should be of immediate understanding. In
these contexts, agents can thus refer to fixed ground-based stations (e.g., Road
Side Units - RSUs or coastal radar), seabed or sea surface anchored sensors (e.g.,
buoys), land vehicles (e.g., cars), sea surface vehicles (e.g., ships), underwater
vehicles (e.g., Autonomous Underwater Vehicles - AUVs), or satellites (e.g., Global
Navigation Satellite Systems - GNSSs). An illustrative example of possible agents
in maritime and vehicular scenarios is sketched in Fig. 1.1.

Knowing the position of agents is a prerequisite that enables diverse services:
from navigation systems to geofencing applications (position-triggered applications).

Figure 1.1: Representation of maritime and vehicular scenarios with some examples of agents.
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Except from static ground-based agents, whose position can be uniquely determined
once for all, the localization of all the others is a non trivial problem.

Thanks to worldwide coverage, GNSS offers a practical and widely adopted
radio-based solution for agent positioning. However, its accuracy might not fill
positioning requirements of all applications. The accuracy of GNSS measurements
can vary from few meters (< 5 m) in clear sky condition (full visibility) till
about 36 m in the worst site [11, 12]. Moreover, in urban canyons or tunnel,
GNSS signals can be lost for several seconds or minutes, preventing any update in
position estimate and increasing the localization error. It follows that, for instance,
GNSS data can be suited for ship localization and navigation of surface static
agents. Also land vehicles can rely on GNSS only, but its performance only fits
few applications (geofencing and routing) and cannot be the primary localization
method for incoming enhanced (automated) mobility services where a sub-meter
accuracy is required. Special care, instead, is to be given to underwater agents,
as GNSS signal cannot propagate inside water [13]. In this case, acoustic signals
need to be used. These preliminary considerations represent the starting point of
the research projects that are presented in this thesis, whose major contribute are
highlighted in next section.

1.2 Contributions
It is goal of this doctoral research to propose augmentation solutions capable
of improving localization accuracy and communication efficiency in multi-agent
networks, with primary scopes in vehicular and maritime applications. The
underlying motivation behind the whole thesis work is the development of solutions
where sensing and communication systems profitably interact, helping each other.
It is studied how to improve localization of agents by exploring communication
techniques as well as how to enhance communication performances by extracting
information from perception sensors. Such interactions aim at integrating different
aspects (e.g., self localization and target tracking, or sensing and communication),
thus differentiating with respect to the historical trend of considering each task as
independent. In the following, we detail the contributions on how we integrate the
concepts of agent self-localization inside a network and the detection, localization
and tracking of unknown objects (targets) outside the network (i.e., not connected),
followed by details on how to mutually integrate (helping each other) the sensing
and communication tasks within each agent for future mobility systems.

In multi-agent network, a primary task impending agents is the self-localization,
such that a network topology is reconstructed through information exchange.
Interconnection of agents is a typical task of a communication equipment (radiofre-
quency/optical/acoustic signals), from which agents can retrieve the reciprocal
positioning to be used in localization. By repeated information exchanges, an
iterative and cooperative refinement of the geometrical topology allows for a
more precise self-localization of agent themselves. A precise agent positioning is
fundamental for passive detection, localization and tracking of unknown objects
(targets). A reduced uncertainty on agents’ location, in fact, strongly helps in a
more accurate target identification through noisy measurements. The MultiTarget
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Tracking (MTT) problem is studied for both maritime and vehicular application
scenarios (with respective peculiarities), with a common goal of showing benefits of
a cooperative localization solution that intrinsically takes into account uncertainties
on agents’ positions (as well as measurement errors). Target individualization is
not perceived as a stand-alone task, but the statistical properties of targets are
implicitly used as valuable information to refine agents’ positions as well. These
unknown objects (targets) can be static (parked vehicles or road signs, rocks or
wrecks) or mobile (cyclists or pedestrians, vessels or submarines), thus facilitating
or hindering their estimation, but a same implicit role is played. A general formu-
lation for Cooperative Self-Localization (CSL) and MTT in multi-agent networks
is provided in Chapter 3, where we present a flexible algorithm that integrates het-
erogeneous data, time-variant network topology and resilient capabilities for jointly
performing both CSL and MTT tasks. The algorithm is also capable of handling
data association issues related to unknown target observations. Despite being
specifically targeted to maritime application, the general properties of stochastic
formulation allows to tailor it in any multi-agent system, where each agent might
have different sensing and/or communication capabilities (different types of data).
Cooperative localization is also the content of Chapter 4, where a distributed vari-
ant of a preliminary version of the algorithm in Chapter 3 is specifically proposed
for the vehicular environment. A distributed implementation exploiting message
passing over inter-vehicle communication links is developed to enable a cooperative
consensus-based MTT to implicitly enhance vehicle positioning.
To summarize in a tweet: the contribution of the developed joint CSL and MTT
technique resides in a flexible graph-based processing that improves localization ac-
curacy and target detection by fusing heterogeneous sources of data and extracting
valuable information “hidden” in detected targets.

Agent localization is of high importance also for a second major aspect ad-
dressed in this thesis, which is related to communication techniques. Specifically,
it is analyzed (in this case for vehicular applications only) how to get bene-
fits from precise positioning information to improve vehicular communications.
Vehicle-to-Everything (V2X) communications represent a game-changer for mobil-
ity (r)evolution of incoming years, as they convey the basic support for streaming
huge amount of data from vehicles to infrastructure to manufactures (or service
providers), but also among vehicles themselves for advanced driving solutions. At
the time of writing this thesis, examples of commercial vehicles or aftermarket
devices with V2X connectivity are being offered to customers, either based on
WiFi or cellular (4G LTE) technologies. The fifth generation (5G) of cellular
networks has just been standardized, and it has been designed with a specific
intent of improving V2X communications. Many 5G research experiments and
demonstration of 5G V2X are being carried out, demonstrating that 5G is reason-
ably expected to become a pervasive technology for V2X market in the incoming
years. The research area investigated in this thesis goes beyond 5G systems, which
still consider telecommunications as independent. By this thesis, we propose
to integrate automotive-specific vehicle information in the V2X communication
systems, paving the way for possible new research areas and market trends. The
mobility (r)evolution in this sense is expected to foresee strong integration of
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multiple sectors, creating an heterogeneous ecosystem that combines together
multiple sources of data of different origins. In Chapter 5 we specifically propose a
system architecture for sensor-assisted beam-based V2X communications, where
the information on vehicle position and orientation (acquired through on-board
sensors) plays a key role in guaranteeing a reliable multi-gigabit V2X link. We
consider the use of narrow beam as primary mean of communications, and go
deep into the research topic of Beam Alignment (BA) techniques. The use of
vehicle sensors for V2X communications can also be found in Appendix A, which
is focused on channel modeling for testing BA solutions.
To summarize in a tweet: the contribution of the developed sensor-assisted BA
technique resides in overturning the paradigm of using communication as a mean
to extend sensing capabilities, by letting the pointing of narrow beams to be driven
by vehicle dynamics-related inputs, improving V2X efficiency.

1.3 Outline
The thesis is structured as follows.

Chapter 2 introduces the basic notions of statistical processing which would
help the reader to familiarize with key technical contents that will be used in the
following of the thesis. The reader will come across introduction on distributions,
localization problem and filtering techniques.

Chapter 3 proposes a generalized version of the conceptualized cooperative
self-localization (CSL) and multitarget tracking (MTT) algorithm for multi-agent
networks. The solution makes use of graph theory and message passing algorithms
to perform statistical inference, allowing agents to fuse heterogeneous information
and detect, localize and track targets. Performance analyses in the maritime use
case show the benefits of the proposed joint solution with respect to the case of
considering CSL and MTT as independent tasks.

Chapter 4 develops a distributed implementation of cooperative self-localization
and target tracking in the vehicular context. Information exchange and consensus
algorithms allow vehicles to agree on a common target space and use it as implicit
source of information to refine their positioning. Performance analysis on simulated
realistic traffic flows highlight the potentials of the proposed technique for next
generation mobility systems.

Chapter 5 presents a sensor-assisted beam alignment architecture and method-
ology for beam-based vehicular communications. The use of sensors let the V2X
beam to be proactively steered along the desired direction, speeding up the align-
ment and improving the communication efficiency. A general 3D system model,
suited for both mmWave and FSO technologies is developed, and performances
are evaluated in the most challenging vehicle-to-vehicle use case considering errors
on both 3D position and 3D orientation.

Chapter 6 draws conclusions of the researches carried out during my PhD
journey, combining scientific achievements with personal accomplishments.
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Fundamentals of statistical process-
ing, localization and filtering

This chapter is targeted to provide a background on statistical processing, which
is at the basis of the whole thesis. It is thus goal of next sections to get the reader
acquainted with basics notions that are relevant for a faster understanding of
technical contents. Firstly, the concept of distribution is introduced, followed by
a focus on the statistical approach to localization problems, presenting different
types of measurement of interest. We then move to present filtering techniques
enabling a real-time estimate of a time-varying agent state, the specific focus is on
Bayesian approaches (Kalman Filter, Extended Kalman Filter and Particle Filter)
that combine the measurement information with the state evolution model. Lastly,
we introduce the concept of a different filtering technique that operates on graphs:
belief propagation. The latter solution is the basis of algorithms in Chapters 3
and 4, thus we detail the basic working principles by means of a simple example
to facilitate the reader approach.

The chapter is organized as follows. Sec. 2.1 introduces basic concepts of
statistical processing. The localization problem is discussed in Sec. 2.2, while the
concept of Bayesian filtering is in Sec. 2.3.
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Chapter 2. Fundamentals of statistical processing, localization and filtering

2.1 Introduction to statistical processing
We would like to introduce the reader the basic notions of the statistical approach
used in this thesis starting from introducing the concepts of distributions, providing
thir mathematical definition (Sec. 2.1.1) and describing how they can be of handled
in practical problems (Sec. 2.1.2). It is our intention to provide the reader the
intuition and an easy understanding of distributions. For this reason, key and
intuitive examples with continuous and discrete random variables/vectors are
provided.

2.1.1 Continuous and discrete distributions
For a better understanding of mathematical formulation, we would like to introduce
some key concepts related to random variable/vector. To this extent, we start
with a 1D random variable x. If x is a discrete random variable, it can assume
finite values within the support it is defined in. On the other hand, if x is a
continuous random variable, it can assume infinite values within the support it
is defined in. In the first case (discrete), x is described by a Probability Mass
Function (pmf), which gives the probability of the random variable to belong to a
countable set X = {x1, . . . , x|X |}. An example can be a random drawn of x from
X (consider, for instance, the set X as the possible six results of a roll dice, i.e.,
X = {1, 2, 3, 4, 5, 6}). In this case, the pmf is:

p(x) =
|X |∑
m=1

Pr(x = xm) δ(x− xm) , (2.1)

being Pr(x = xm) the probability of assuming the m-th value. In case each output
has the same probability, we have that Pr(x = xm) = 1/|X | (in the famous roll
dice example, we have Pr(x = xm) = 1/6, having each number the same chance of
occurring). Note that, for statistical consistency, it follows that:

|X |∑
m=1

Pr(x = xm) = 1 . (2.2)

In the other case (continuous), the random variable x can assume any value in
the support it is defined in. Examples of sets are, for instance, the set of natural
numbers N, real numbers R or complex numbers C. A continuous random variable
is described by its Probability Density Function (pdf) rather than pmf. Despite
pmf and pdf are intrinsically different, we indicate both of them with a same
notation p(x), letting the reader to distinguish the type according to the context
and reference random variable. The pdf is a non-negative function such that:

Pr(a 6 x 6 b) =
∫ b

a
p(x) dx . (2.3)

A widespread example of pdf in engineering and research area is the Gaussian pdf.
The underlying motivation resided in the central limit theorem [14], which states
that the pdf for the standardized sum of independent and identically distributed
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random variables with finite variance converges to the normal density function in
the sense of relative entropy. A random variable x is Gaussian distributed around
a mean value m and with variance σ2 in case its pdf is:

p(x) = 1√
2πσ2

e
−

1
2

(x−m

σ

)2

. (2.4)

We will refer to this distribution with the shortcut notation p(x) ∼ N (m, σ2).
Another example of common pdf is the Laplace one. A random variable x is drawn
from a Laplace pdf if:

p(x) = 1
2b

e

(
−
|x−m|

b

)
, (2.5)

where m is the mean value and the scale parameter b > 0 (also known as diversity)
affects the variance: var(x) = 2b2. We will refer to this pdf with the shortcut
notation p(x) ∼ L (m, b). To conclude the brief recap on basics of distributions,
we also provide one example of pmf: the Poisson pmf. A random variable has a
Poisson pmf with mean parameter m > 0 if:

Pr(x = k) = mk e−m
k! , (2.6)

where the support is for k ∈ N0 (set of natural numbers, including 0). We will
refer to this pmf with the shortcut notation p(x) ∼ P (m). A representation of
probability distribution p(x) for the three considered cases is illustrated in Fig. 2.1
for N (0, 1), L (0, 1) and P (2), respectively.

Up to now, we considered a single random variable x. However, the extension to
a random vector is (almost) straightforward. In a random vector x = [x1 · · · xN]T,

Figure 2.1: Three examples of distributions: Gaussian pdf, Laplace pdf and Poisson pmf.
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each entry xn, n = 1, . . . ,N is a random variable, thus the intuition suggests to
consider a random vector as a combination of random variables. A first extension
is to consider the case for N = 2, i.e., x = [x1 x2]T. The distribution of x is a
combination of the individual distribution of x1 and x2, respectively. For instance,
if both entries are Gaussian distributed, meaning that p(x1) ∼ N (m1, σ

2
1) and

p(x2) ∼ N (m2, σ
2
2), also p(x) is Gaussian as well, and it is defined as:

p(x) = 1
(2π)|C|1/2 exp

(
−1

2(x−m)TC−1(x−m)
)
, (2.7)

where m = [m1 m2]T ∈ R2×1 is the vector containing the mean values and C ∈ R2×2

is the 2× 2 covariance matrix of the random vector x. An example for N = 2 is
shown in Fig. 2.2a, where the distribution of each random variable is, respectively,
p(x1) ∼ N (5, 32) and p(x2) ∼ N (0, 52), and the two variables are uncorrelated.
Two Gaussian random variables are uncorrelated when the covariance matrix
has a diagonal structure C = diag([σ2

1 σ
2
2]) = diag([32 52]) - or, equivalently, if

the covariance matrix of two random variables x1 and x2 is diagonal, then x1
and x2 are uncorrelated. In case x1 and x2 are correlated, the covariance matrix
presents non-zero values in correspondence of the off-diagonal terms. An example
of correlated Gaussian random variables is shown in Fig. 2.2b for a correlation
coefficient c12 = c21 = 0.5. In the latter case, the covariance matrix becomes:

C =
[
σ2

1 c12
c21 σ2

2

]
=
[

32 0.5
0.5 52

]
. (2.8)

A peculiarity of a random vector x is that it is possible to have a mix of
continuous and discrete random variables xn, which creates a lattice of distribution
of diverse types. An example is given in Fig. 2.3, where a combination of Gaussian
pdf p(x1) and Poisson pmf p(x2) is shown. In this specific case, we considered
x1 ∼ N (0, 22) and x2 ∼ P (2).

From the examples, it is easy to generalize the concept of random vector to
the case where N > 2. An increase in the dimension of x prevents a visual
representation, but the intuition should assist the reader. Increasing N also might
lead to complex (potentially mathematically intractable) probability distributions.
However, it exists a specific case where a closed-form expression fully characterize
a pdf of a random vector x: the Gaussian case. In the case where x is composed of
N Gaussian random variables xn, n = 1, ...,N, it is possible to provide the general
formulation as:

p(x) = 1
(2π)N/2|C|1/2 exp

(
−1

2(x−m)TC−1(x−m)
)
, (2.9)

and the probability distribution of the complete random vector x is denoted as
multivariate Gaussian pdf, with m ∈ RN×1 and C ∈ RN×N.
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Figure 2.2: Example of probability distribution p(x) of a random vector x. The individual
distributions of each random variable composing x are p(x1) ∼ N

(
5, 32) and p(x2) ∼ N

(
0, 52).

(a) uncorrelated random variables; (b) correlated random variables. Scatter plot of realization
of x and individual probability distribution (left), 3D pdf (right).
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Figure 2.3: Example of probability distribution p(x) of a random vector x. The individual
distributions of each random variable composing x are p(x1) ∼ N

(
5, 32) and p(x2) ∼ P (2).

Scatter plot of realization of x and individual probability distribution (left), 2D probability
distribution (right).
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2.1.2 Representation of probability distribution
Despite pdfs are defined (in theory) for an infinite set, in practical applications
it is common to approximate them through a set of finite samples (this is also
how previous figures have been generated). We use the Gaussian case to help the
disclosure on how it is possible (and convenient) to sample a pdf. The methodology,
however, is also valid for any other pdf.

Fig. 2.4a reports a Gaussian pdf p(x) ∼ N (0, 32). Being a pdf, its support is
infinite (here limited between -15 and +15 for visualization purposes). In practical
applications, there are cases in which it is possible to (theoretically and practically)
handle such pdf, but sometimes this aspect might be unfeasible. Approximation
is a powerful tool for describing pdf in a convenient way, limiting the loss of
information. Widely adopted techniques approximate the pdf by set of samples.

By selecting convenient sample points and assigning proper weights it is possible
to have an approximation of the pdf. This concept is illustrated in Figs. 2.4b and
2.4c, where NP samples are used to characterize the Gaussian pdf in Fig. 2.4a. The
choice of sampling (uniform or non-uniform), as well as the number of points is a
key factor in determining the accuracy of approximation. Intuition suggests that a
higher number of points NP leads to a more accurate approximation. Regarding
the distribution of points, a similar reasoning apply: it is more convenient to place
points where the pdf assumes higher values, relaxing the accuracy in areas where
the pdf assumes lower values. For Gaussian pdf, this means to increase the density
in correspondence of the Gaussian peak (around the mean value), and reduce the
sampling at the tails. This idea is depicted in Fig. 2.4c, where the difference with
respect to an equi-spaced sampling (Fig. 2.4b) immediately pops up. The concept
of non-uniform sampling allows us to introduce particle representation.

Representing a pdf p(x) by particles means to use a set of non-uniform weighted
Dirac’s deltas. Each particle comprises a state vector xp, p = 1, . . . ,NP, and a
weight wp, such that the pdf is approximated as:

p(x) ≈
NP∑
p=1

wp δ (x− xp) , (2.10)

meaning that any pdf can be approximated as the sum of weighted (random)
particles. The accuracy of approximation is strictly related to the chosen number
of particles NP. Being a pdf, the following condition applies:

NP∑
p=1

wp = 1 . (2.11)

Each single particle {xp,wp} is representative of (part of) the selected pdf. Through-
out this thesis, particles are widely used to model non-linear localization problems
as they allow to characterize pdfs of unknown type and definition.
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(b) Uniform sampling of a Gaussian pdf.
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(c) Non-uniform sampling of a Gaussian pdf.

Figure 2.4: Example of sampling a continuous Gaussian pdf. (a) uniform sampling. (b)
non-uniform sampling. Two different number of samples NP are considered.
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2.2 Introduction to localization
This section aims at introducing the localization problem at hand. The statistical
formulation is alternated with illustrative examples to combine theoretical aspects
with practical applications.

2.2.1 Problem formulation
Let us define a generic sensing agent by the state vector x. For simplicity, we do
not consider the time dependence at the moment, focusing on a single temporal
snapshot. According to the specific problem and needs, the vector x can contain
position information as well as velocity or other kinematic (e.g., acceleration,
orientation, etc.) or non-kinematic (e.g., binary variables, biases, etc.) parameters.
To introduce the localization problem in an intuitive way, we start considering the
2D position (axis x and y) as characterizing the agent state: namely, x = [px py]T.

The localization problem reverts in determining the values of x. The only ap-
proach is to use measurements. The intuition suggests to use a direct measurement
of each entry of the state vector: i.e., to evaluate individually the values of px
and px. This approach, indeed, represents a straightforward solution for many
human-related problems that can be summarized as determining the coordinates of
a given point (agent) with respect to a known reference position. An example is the
widely known Global Positioning System (GPS), which provides information on the
2D (or 3D) location of the receiving device over the Earth. Alternatively, indirect
approaches retrieve localization information by processing other position-related
parameters such as distance or angular information. By this approach, the state is
somewhat hidden with respect to the available measurements.

Despite the type of available measurement, let us define a generic measurement
of the agent state as zm, while the vector z = {z1, . . . , zM}Mm=1 collects all the M
measurements related to agent x. The entries of z are, in general, arbitrarily sorted
but the specific measurement model (i.e., how they have been obtained and which
type of information they carry) is known.

The statistical localization problem is the evaluation of x given all measurements
in vector z. This problem is formulated as an optimization problem where the
agent position estimate x̂ is computed by maximizing the a-posteriori distribution
of agent position given the available set of measurements, i.e., p(x|z), as:

x̂ = arg max
x

p (x|z) . (2.12)

In most of applications it is common to have an a-priori knowledge of the agent
state x. An example is represented by the confinement of a GPS receiver in a given
region. Any information that is known in advance or considered as assumption
falls withing the so-called a-priori distribution p(x). The availability of such an
additional information can be of extremely high importance for the localization
problem, as it can be combined with the information coming from measurements.
To this extent, a powerful tool comes from the Bayesian theory [15]. According to
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Bayesian theory, the a-posteriori distribution (2.12) can be written as:

p (x|z) = p (z|x) p (x)
p (z) ∝ p (z|x) p (x) , (2.13)

where p (z|x) represents the likelihood function of all measurements. It may be
common to find a representation of the likelihood as L (x|z) ≡ p (z|x), however
we prefer to not adopt this convention as to avoid misunderstandings on the
conditioned variables (x in this case).

Under the assumption of measurement independence, it is possible to rewrite
the likelihood p (z|x) as:

p (z|x) =
M∏
m=1

p (zm|x) , (2.14)

where p (zm|x) identifies the single measurement likelihood.
By replacing (2.12) with (2.13) and inserting (2.14), it follows that the agent

state can be inferred by combining a-priori information and measurement likelihood
as:

x̂ = arg max
x

p (x|z)

∝ arg max
x

p (z|x) p (x)

= arg max
x

p (x)
M∏
m=1

p (zm|x) . (2.15)

Equation (2.15) incorporates the localization concept of combining the information
of measurements with what is already available in a general Bayesian-optimum
way. In the following subsection, more details on the impact of measurements and
examples are given.

2.2.2 Localization measurements
A measurement (direct or indirect) of the agent state allows to statistically char-
acterize the distribution of the agent state, shaping and modifying the a-priori
information. The combination of multiple measurements allows for a stronger and
more reliable update of agent distribution. Further benefits arise when different
types of measurements are used. In the following sections, we briefly introduce
direct and indirect measurements, with specific focus on the information they carry
on rather than lingering on how they are obtained.

2.2.2.1 Direct measurements

A direct measurement provides an immediate estimate of each entry (or part of
them) of the agent state vector x. In case there are no errors, the measurement and
the true agent state coincide (being the measurement distribution a Dirac’s delta
centered at the true agent state), meaning that the estimate is exact. However,
any hardware device introduces unavoidable errors that lead to an incorrect agent
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Figure 2.5: Example of direct measurements: distribution and error visualization.

localization. The distribution of error characterizes the likelihood function of each
measurement p (zm|x). The measurement distribution (e.g., Gaussian, Rayleigh,
Poisson, Laplace, etc.) depends on the specific sensor and properties, and it is
evaluated in calibration setups. To introduce the intuition of direct measurement,
we now provide an example in the case of Gaussian measurement pdf. We consider
the agent state x = [px py]T = [0 0]T and a set of 1000 measurements. For clarity
of explanation, we identify a direct measurement as z(D)

m , zm.
A noisy direct measurement of a the agent state x is computed as:

z(D)
m = x + w(D) , (2.16)

where the noise term w(D) is drawn from an uncorrelated Gaussian distribution
with variance σ(D)2

x on the x-axis and σ(D)2
y on the y-axis, i.e., w(D) ∼ N (0,C(D)

w ),
being C(D)

w = diag([σ(D)2
x , σ(D)2

y ]). This concept is shown in Fig. 2.5a for standard
deviations σ(D)

x = 3 m and σ(D)
y = 5 m. Noise introduces an error in the agent

state estimation, whose magnitude (statistically) depends on noise distribution
and power.

The noisy-induced distance error εm of a direct single-measurement zm of agent
x can be computed as the norm (Euclidean distance in case of 2D positioning of
the considered example) of the difference between the measurement and the real
agent state as (see Fig. 2.5b):

εm =
∥∥∥z(D)
m − x

∥∥∥ =
√

∆2
x,m + ∆2

y,m . (2.17)

A more statistically valid metric for quantifying the error of an estimation method
is the Root Mean Square Error (RMSE), which provides a statistical evaluation of
all M measurements in z. The RMSE is computed as:

RMSE =
√
E[‖x̂− x‖2] =

√√√√∑M
m=1

∥∥∥z(D)
m − x

∥∥∥2

M
. (2.18)
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Direct measurements are extremely powerful and they require few processing
of collected data. However in many practical applications (e.g., radar or sonar
systems), the information for localization is extracted from radio/acoustic/opti-
cal/etc. signals (which clearly do not contain absolute position information), thus
requiring further processing. Next section deals with these indirect solutions.

2.2.2.2 Indirect measurements

An indirect measurement typically comes from an elaboration of the radio/acous-
tic/optical/etc. signal. The information extracted from the signal is manipulated
in order to be used for localization purposes. The following subsections refer to
two types of indirect measurements that are obtained from signal processing. In
particular, the discussion is focused on range and angular information.

Range measurement
Range measurement refers to a scalar value representing the Euclidean distance

of an agent with respect to another one. For simplicity, we denote them as x1 and
x2, respectively. In most applications, the position of one of them is known, and
the localization problem reverts to the other one. An example localization through
Access Points (APs) placed at known location. On the other hand, it is possible
to deal with applications where none of agents has known positions, but both of
them are only statistically described through their distribution (this case will be
considered later on in Chapters 3 and 4.

Range information can be retrieved, for instance, by processing radio signals
and using temporal or power information. Time Of Arrival (TOA) and Time
Difference Of Arrival (TDOA) are two examples of measurements that use temporal
information, while Received Signal Strength (RSS) refers to power-based techniques.
We focus our attention only on TOA technique, as the others are not considered
in any research of interest of this thesis.

TOA-based technique uses the time difference between the transmission and
reception of a given signal of interest. This concept can be alternatively identified
with the so-called Time Of Flight (TOF) of the signal itself. Range measurement
reverts in the conversion of the TOF in distance, by using the propagation speed c.
The latter is proportional the speed of light (for radio signal) or the speed of sound
(for acoustic signal), where the proportionality includes any type of medium the
signal propagates in. By denoting with tTX the time of transmission at agent x1
and by tTOA the time of reception at agent x2, it follows that TOF = tTOA − tTX.
By defining the range as the norm between the two agents, the range measurement
z(R)m (as for the previous section, we introduce the superscript to distinguish the
type of measurement for an immediate comprehension) is computed as:

z(R)m = ‖x1 − x2‖+ w(R) = cTOF + w(R) = c (tTOA − tTX) + w(R) . (2.19)

The noise term w(R) this time is a scalar value that, in case of zero-mean Gaussian
distribution, has variance σ(R)2, i.e., w(R) ∼ N (0, σ(R)2).

To visualize the impact of range (indirect) measurement, we consider the example
in Fig. 2.6, where five agents are involved. Four static agents (x1, x2, x3, x4) are
located at known positions, for this reason we conveniently refer them as APs.
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Figure 2.6: Static localization scenario where four agents of known positions (access points)
x1, x2, x3, x4 localize an unknown agent x5 (target).

The AP positions are (-50,50) m, (50,50) m, (50,-50) m, (-50,-50) m, respectively.
Each of them has a range measurement of a fifth agent x5 located in an unknown
(to the four APs) location. We equivalently refer to this fifth agent as a target,
i.e., an object of unknown location that needs to be localized. We assume that its
a-priori distribution is uniform in the area of interest (i.e., p(x5) = U(−200, 200)).
The likelihood functions of the range measurements of each AP are illustrated (top
view) in Figs. 2.7a, 2.7b, 2.7c, 2.7d, respectively. Likelihoods are here normalized
such that the integral in the considered 200× 200 m area of interest is exactly 1.
The example considers a Gaussian-distributed range error with σ(R) = 5 m. It is
possible to visualize how a range measurement creates a concentric distribution
around the AP that generates it (green triangle in the figures). By considering all
the four likelihood functions in the area of interest, we obtain the representation
in Fig. 2.7e, where it is intuitive to discern the contribution of each APs as well
as the most-likely position of the target. Lastly, Fig. 2.7f presents the maximum
likelihood function in (2.14) (measurement independence is assumed).

The example presented in Fig. 2.7 visually shows the working principle of
localization through range measurements. This example highlights how it is not
possible to provide a unique estimation of the target location by using one (or two)
agent(s) only. In fact, the minimum number of APs for range-based localization
is three (this phenomenon is commonly known as trilateration). This aspect is a
peculiarity of using range information and it also represents the basic principle of
GPS-based localization.
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Figure 2.7: Range-based localization of a target agent by four APs: top view of likelihood
functions. (a-d) single-likelihood of each APs. (e) sum of all the four likelihoods. (f) product
of all likelihoods. The distribution in each figure is normalized such that the integral is 1 over
the whole area.

Politecnico di Milano Page 19 Mattia Brambilla



Chapter 2. Fundamentals of statistical processing, localization and filtering

Angle measurement
Angle measurement refers to a scalar value indicating the angular displacement

between two agents. As for the range measurement case, we still have many
applications where the position of one agent is known, as well as the case where
both agents are only statistically described (through their distributions). The
same disclosure on the example of APs localizing a UE (or target) applies also in
this case.

The information of the angle can be obtained, for instance, by an ad-hoc
processing of a same signal collected at different receivers. This is the case of
Multiple-Input Multiple-Output (MIMO) systems, where an array of many antenna
elements (or microphones) receives a same radio (or acoustic) signal and exploits
spatial and temporal information to estimate the Angle Of Arrival (AOA). As
for the range measurement case, it is out of the scope of this thesis to analyze
techniques for determining the AOA, we limit the discussion to the use of the AOA
measurement for localization purposes.

Considering the case of two agents x1 and x2 where the agent state is char-
acterized by the 2D position, an angular measurement z(A)m (also in this case
the superscript is used to distinguish the type of measurement for an immediate
comprehension) is defined as:

z(A)m = ∠ (x1 − x2) + w(A) . (2.20)

The noise term w(A) is a scalar value that, in case of Gaussian distribution, has
variance σ(A)2, i.e., w(A) ∼ N (0, σ(A)2).

To visualize the effect of angular measurement availability, we replicate the
same plots of Fig. 2.7. Results are shown in Fig. 2.8, for a standard deviation of
the noise σ(A) = 5 deg. In this case, the effect of angular measurement is to cut
the area of interest with a conical distribution, with a linearly growing uncertainty
from the vertex (the AP). Differently from range measurements, in this case two
measurements are sufficient for a non-ambiguous estimate. Nonetheless, a higher
number of measurements improves the localization accuracy.

After having presented the top view of likelihood functions, we think it is worth
helping the reader by showing the 3D (normalized) likelihood functions for both
TOA and AOA cases. To this purpose, the 3D equivalent of Figs. 2.7e and 2.8e
are given in Figs. 2.9a and 2.9b.

Despite stand-alone measurements are enabling factors for a localization problem,
it is possible to use them in combination with other types of information. Such
approach is described in the following section through the concept of Bayesian
filtering.
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Figure 2.8: Angle-based localization of a target agent by four APs: top view of likelihood
functions. (a-d) single-likelihood of each APs. (e) sum of all the four likelihoods. (f) product
of all likelihoods. The distribution in each figure is normalized such that the integral is 1 over
the whole area.
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(a) TOA

(b) AOA

Figure 2.9: 3D visualization of likelihood function of all APs for (a) TOA and (b) AOA
measurements.
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2.3 Introduction to Bayesian filtering
The Bayes rule of probability theory in (2.13) has been previously introduced for the
localization problem, showing how it is possible to combine an a-priori information
with a likelihood function obtained from measurements. This approach can be
extended such that it becomes iterative. Measurements of a same agent x can be
available at different time instances. Thus, we introduce the time dependability
by the index t. In this way, we have the time-dependent measurement vector
zt = {z1,t, . . . , zM,t}Mm=1. If the agent of interest is static, meaning that none of the
components of its state varies over time, it is possible to stack all the measurements
collected at different time instants and process all together. However, most of
applications include time-variant agents, where at least one component of its state
varies over time. Thus, we define this type of agent with the state variable xt.

The time-variant case represents the most challenging aspect for localization
purposes, as the position of the agent changes due to mobility. Bayesian theory
helps the localization problem as it allows to conveniently handle the evolution of
agent prior distribution at each time t. The time-varying equivalent of (2.13) for
a given time t is:

p (xt|z1:t) ∝ p (zt|xt) p (xt|z1:t−1) , (2.21)

where z1:t = {z1, . . . , zt} collects all the measurements up to time t. Equation
(2.21) states that the posterior distribution of agent xt at time t is proportional to
the current likelihood p (zt|xt) and the prior pdf p (xt|z1:t−1) (i.e., the distribution
of the agent before the availability of the current measurement vector zt). Special
care needs to be assured for the first time instant t = 1, as z0 is not defined. This
special case is handled by assigning a default (or convenient) a-priori pdf such that
p (xt|z1:t−1) = p (x0), for t = 1. In all other cases (t > 1), the agent prior pdf is
computed according to the Chapman-Kolmogorov equation as:

p (xt|z1:t−1) =
∫
p (xt|xt−1) p (xt−1|z1:t−1) dxt−1 . (2.22)

With respect to any pdf encountered up to know, in (2.22) it appears for the first
time the transition pdf p (xt|xt−1) of the agent state from the previous time instant.
The definition of such pdf requires a model of the agent state xt. In a general
formulation, we indicate this model as:

xt = ft (xt−1,ut) , (2.23)

meaning that the current agent state xt depends on the previous state xt−1 and an
additional input ut, and the relations are described by the problem-specific function
ft(·). The latter is deterministic, but in principle non linear and time-variant.

In a similar way, we conveniently refer to a measurement of the agent state in a
general way by defining a measurement related to the agent state xt as:

zt = gt (xt,wt) , (2.24)

where the deterministic (but possibly time-varying) function gt(·) depends on the
specific problem (thus it can represent either a direct measurement or an indirect
one), while vector wt carries information on measurement noise.
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To summarize the introduction on Bayesian filtering, it has been shown that
it is possible to conveniently combine two models: the agent state transition
model (2.23) with the measurement model (2.24). The impact of measurement
information is in the likelihood function p (zt|xt), while the state transition rules
the prediction from the previous time to the current one by linking the previous
posterior pdf p (xt−1|z1:t−1) to the current prior p (xt|z1:t−1) through the transition
in (2.22).

To implement Bayesian filtering techniques, many approaches are possible. Next
subsections are devoted to describe popular ones, which are also useful for the
purposes of this thesis.

2.3.1 Kalman filter
The most widespread technique for Bayesian filtering is the Kalman Filter (KF).
The motivations that make KF so popular mainly resides in its simplicity and
optimality: KF is easy to be implemented and it is the optimal estimator for
time-varying systems in case of Gaussian processes and linear systems [16]. Here,
optimality means that it provides the Minimum Mean Square Error (MMSE)
between the ground truth value of the agent of interest xt and its estimate x̂t. This
means that in case both functions ft(·) and gt(·) in, respectively, (2.23) and (2.24)
are linear, with Gaussian distributed terms ut and wt, there are no other filtering
techniques that can provide better estimate of the time-varying agent state xt.
These two peculiarities strongly motivate the use of KF in diverse engineering
applications.

The assumptions of linearity and Gaussian distributions lead (2.23) and (2.24)
to be:

xt = Ftxt−1 + ut , (2.25)

with ut ∼ N (0,Cu
t ), and

zt = Gtxt + wt , (2.26)

with wt ∼ N (0,Cw
t ). The matrices Ft in (2.25) and Gt in (2.26) are deterministic

and in some circumstances time variant, according to the considered problem.
It is not scope of this thesis to derive the steps for obtaining the final equations of

KF. We limit the discussion to provide the final results which is of high importance
for practical applications. The MMSE estimate x̂t of agent state xt by KF is [16]:

x̂t|t = x̂t|t−1 + Kt

(
zt − Gtx̂t|t−1

)
, (2.27)

where Kt is the Kalman gain, which is computed as:

Kt = Cx
t|t−1G

T
t

(
GtC

x
t|t−1G

T
t + Cw

t

)−1
, (2.28)

being Cx
t|t−1 the predicted covariance of the agent state estimate, obtained from

the covariance of the estimate Cx
t according to the agent state model in (2.25).

These two covariance matrices are computed as:

Cx
t|t−1 = FtC

x
t−1|t−1F

T
t + Cu

t (2.29)
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and

Cx
t|t = Cx

t|t−1 −KtGtC
x
t|t−1 . (2.30)

The last term to be defined is x̂t|t−1. It is the predicted agent state, which is
computed from the model in (2.25) as:

x̂t|t−1 = Ftx̂t−1|t−1 , (2.31)

meaning that the previous estimate is propagated in a predictive way according to
the considered model.

2.3.2 Extended Kalman filter
In the previous section it has been presented the Kalman filter as the optimal
estimator for time-varying agents in case of linearity and Gaussian processes.
These two constraints are quite strong and might not be satisfied in all application
scenarios. In case one constraint is not met anymore, KF may not be the best option
and other filters have to be considered (but optimality may not be guaranteed).

The straightforward extension of KF is the Extended Kalman Filter (EKF). It
is a modified version of KF for non linear but Gaussian problems. This means
that at least one function between ft(·) in (2.24) and gt(·) in (2.24) is not linear.
This leads to rewrite (2.23) and (2.24) as:

xt = ft(xt−1) + ut , (2.32)
zt = gt(xt) + wt . (2.33)

EKF operates by linearizing ft(·) and/or gt(·) around the available agent estimate.
Linearization is computed by considering Taylor expansion, commonly truncated
to the first order, such that the following approximations are used:

ft(xt−1) ≈ ft(x̂t−1|t−1) + ∂ft(xt−1)
∂xt−1

∣∣∣∣∣
xt−1=x̂t−1|t−1︸ ︷︷ ︸
F̃t

(
xt−1 − x̂t−1|t−1

)
(2.34)

gt(xt−1) ≈ gt(x̂t−1|t−1) + ∂gt(xt−1)
∂xt−1

∣∣∣∣∣
xt−1=x̂t−1|t−1︸ ︷︷ ︸
G̃t

(
xt−1 − x̂t−1|t−1

)
(2.35)

Apart from the computation of the Jacobian matrices F̃t and G̃t, the steps of
EKF are the same as for KF (with required adaptations). In particular, we have
the prediction phase to compute the predicted agent state and covariance as:

x̂t|t−1 = ft(x̂t−1|t−1) , (2.36)
Cx
t|t−1 = FtC

x
t−1|t−1F

T
t + Cu

t , (2.37)
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and the update step that modifies the prediction according to the current available
measurement as:

x̂t|t = x̂t|t−1 + Kt

(
zt − gt(x̂t|t−1)

)
, (2.38)

Kt = Cx
t|t−1G

T
t

(
GtC

x
t|t−1G

T
t + Cw

t

)−1
, (2.39)

Cx
t|t = Cx

t|t−1 −KtGtC
x
t|t−1 . (2.40)

The relatively simplicity of EKF makes it a valid solution in many applications,
however it may happen that linearization is too coarse and divergence problems
arise. Moreover, the assumption of Gaussian distribution of uncertainty still
remains.

2.3.3 Particle filter
Another possibility for Bayesian filtering is represented by Particle Filter (PF). PF
is a sample-based technique where all pdfs of interests in (2.21) are approximated
by a set of particles. A particle is identified by a state vector xp,t and an associated
weight wp,t, leading to the full set of particles {xp,t,wp,t}Np

p=1. The approximation
of a continuous pdf with a discrete set of samples clearly introduces a loss of
information, but if the number of particles Np is high enough, the loss can be
negligible for the specific application.

With the same approach as in Sec. 2.1.2, we have that the prior pdf is
approximated by equally weighted particles such that:

p (xt|z1:t−1) ∝ 1
NP

NP∑
p=1

δ (xt − xp,t) . (2.41)

Recalling (2.24), we have that the posterior pdf is computed as:

p (xt|z1:t) ∝ p (zt|xt) p (xt|z1:t−1) = p (zt|xt)
1

NP

NP∑
p=1

δ (xt − xp,t) (2.42)

=
NP∑
p=1

p (zt|xt = xp,t)
NP︸ ︷︷ ︸
w̃p,t

δ (xt − xp,t) (2.43)

The weight term w̃p,t represents the scaled likelihood of the p-th particle, thus it
violates the importance sampling principle in (2.10). To let (2.43) representing a
pdf, a normalization must be applied such that:

p (xt|z1:t) ∝
NP∑
p=1

wp,t δ (xt − xp,t) , (2.44)

with

wp,t = w̃p,t∑NP
p=1 w̃p,t

. (2.45)

Politecnico di Milano Page 26 Mattia Brambilla



Chapter 2. Fundamentals of statistical processing, localization and filtering

To summarize: (2.43) becomes the real pdf (2.44) by applying a normalization
(2.45) to particles’ weights.

Once obtained the posterior pdf, differently from KF and EKF, the MMSE
estimate of agent state is computed as the average sum of samples:

x̂t|t =
NP∑
p=1

wp,t xp,t . (2.46)

The last step that still needs to be described for PF is the prediction. In
PF, prediction is more critical with respect to KF and EKF. By inspecting the
definitions of (2.44) and (2.41), it immediately raises that the unequal (but with
unity norm) weights of the posterior needs to be somehow transformed such that
all of them are equal to (NP)−1. The operations that allows to modify the weights
by equalizing them is resampling, while the time transition happens through
propagation of all particles.

Considering the set of particles that represent the posterior pdf at time t− 1,
i.e., {xp,t−1,wp,t−1}Np

p=1, and the set {xp,t, (NP)−11Np}
Np

p=1 describing the prior pdf at
time t, resampling allows to transform the former set into the latter one such that

p (xp,t = xp,t−1) = wp,t−1 , ∀p = 1, . . . ,Np . (2.47)

Resampling operation turns to generate new (time t) particles in correspondence
of the old (time t− 1) particles that had the higher weights, avoiding to generate
new particles in unlikely hypotheses of the agent state. This operation, however,
might lead to overconfident results if there is one dominating weight wp,t−1. The
resampled set of particles has equal weights among all particles, but the states of
many particles coincide. The new set of samples is then propagated according to
the motion model in (2.23) of the specific application.

A representation of these key steps that characterize PF is provided in Fig.
2.10, where fifteen particles describe a bimodal posterior pdf at time t− 1 (Fig.
2.10a). The corresponding unequal (but with unitary norm) weights are shown
in Fig. 2.10b through circles (bigger the circle, bigger the associated weight).
The resampling step is in Fig. 2.10c, where it is shown how the particles with
higher weights give rise to multiple copies of new particles, while the particles
with negligible weights are discarded. Lastly, in Fig. 2.10d, the propagation step
shows how the particles describe a same state are spread and assume the same
value (Np)−1.

By inspecting the definitions of pdfs for PF, an immediate concern with respect
to KF or EKF is about the complexity. In fact, for instance, the computation of
the likelihood (which is computed once for KF and EKF implementations) has to
be performed for each p-th particle, thus linearly increasing the complexity with
Np. This is an unavoidable drawback of PF technique.

2.3.4 Factor graph and belief propagation
This section present a filtering technique which is different from previous approaches.
This time we concentrate on a message passing algorithm that performs statistical
inference (i.e., draw consistent conclusions in the presence of uncertainty) on a
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(a) Posterior p (xt−1|z1:t−1)

(b) Weights of p (xt−1|z1:t−1)

(c) Resampled weights

(d) Prior p (xt|z1:t−1)

x

x

Resampling
t− 1
t

Propagation

1

Figure 2.10: Summary of resampling and propagation of particle filter. (a) posterior pdf at
time t. (b) values of weights of posterior pdf at time t. (c) resampled weights. (d) particles of
the prior at time t with equal weights.

graphical model. We start by introducing the concept of Factor Graph (FG)
which is instrumental to describe Belief Propagation (BP) technique. FG is a
graphical-based intuitive way to represent the factorization of a given pdf p(x)
by building a suitable graph with nodes, factors and (bidirectional) links among
them [17]. In order to get acquainted with FG, this section is structured in such a
way that a step-by-step construction of a generic (and simple) graph is proposed.
The primary intent is to provide practical evidence of FG, rather than lingering on
derivations of mathematical properties. We will thus highlight how to identify the
starting point(s) of message passing, compute messages and evaluate the beliefs.

FG operates on the factorization of a pdf. Considering the pdf p(x) =
p(x1, . . . , xN), a factorization allows to express p(x) as the product of K local
functions fk(·) as:

p(x) =
K∏

k=1

fk (x̃k) , (2.48)

where x̃k is a subset of x (i.e., x̃k ⊆ x). Each variable xn of x is identified as a node
(circle) in the graph, while each function fk(·) as a factor (square). For instance,
in the localization problem each agent is depicted as a node, while the available
measurements are the factors.
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x1

x2

x3

f1 f2

f3

f4

f5
1

Figure 2.11: Example of factor graph of p(x) for x = {x1, x2, x3} and K = 5 factors. Variables
are indicated by circles, while squares are for factor nodes.

In Fig. 2.11 an example of graph is shown for x = {x1, x2, x3} and K = 5 local
functions. The example indicates that the following five local functions exists:
f1(x1), f2(x1), f3(x1, x2), f4(x1, x3), f5(x3), leading to rewrite (2.48) as:

p(x) =
5∏

k=1

fk (x̃k) = f1(x1)f2(x1)f3(x1, x2)f4(x1, x3)f5(x3) . (2.49)

The rules to generate the graph in Fig. 2.11 are as follows: draw a circle for each
variable xn, draw a square for each local function (factor) fk(·), connect each factor
fk(·) with the related subset x̃k (only if x̃k is an argument of fk(·)).

The factorization in (2.49) and the related FG in Fig. 2.11 suggest that graph-
based technique are particularly suitable for multidimensional problems (i.e., when
the dimension of x is large enough), where closed-form expressions for p(x) may not
exist. The multidimensional problem is reduced as the product of lower dimensional
marginal pdfs which can be easily computed.

Intuition suggests that it is possible to share information over the links of the
graphs, from one node to the other. This sharing is the basis of Belief Propagation
(BP), where the information of a node is propagated to the neighboring nodes
in terms of messages. Each message outgoing or incoming a variable node is a
function of the associated variable itself (if it is not its function, there are no
reasons for the existence of the link). The graph topology depends on the specific
problem and, moreover, on a single graph it is possible to exchange messages in
multiple ways (scheduling) leading to different solutions (if loops are present, while
in case of tree structure the outcome is unique and exact). Lastly, it may occur
that loops are present and a decision criteria to go out the loop must be taken.

Despite of the problem-specific issues, two simple common rules enable message
passing. These rules defines the messages from a factor node to a variable node
and viceversa, and can be summarized as:
• the outgoing message of a variable node is the product of incoming messages
from the other connected factors;
• the outgoing message of a factor node is the sum of the product of incoming
messages from the other connected variables.

Politecnico di Milano Page 29 Mattia Brambilla



Chapter 2. Fundamentals of statistical processing, localization and filtering

Admissible configurations Non-admissible configurations
1

Figure 2.12: Admissible and non-admissible configurations of the graph.

These rules also justify the reason why BP can also be equivalently known as
Sum-Product Algorithm (SPA) and highlight that it is not possible to have neither
two variables nodes directly connected each other (i.e., without a factor node
in between) nor two factor nodes directly connected each other (i.e., without a
variable node in between). The admissible and non-admissible configurations are
sketched in Fig. 2.12.

By indicating with mxn→fk(xn) a generic message from variable xn to factor fk
and with mfk→xn(xn) a generic message from factor fk to variable xn (both of them
associated to the variable xn), the above two statements ruling BP become:

mxn→fk(xn) =
∏

k′∈Fxn\{k}
mfk′→xn(xn) , (2.50)

mfk→xn(xn) =
∫

fk (x̃k)
∏

n′∈Vfk\{n}
mxn′→fk(xn′) dx−n , (2.51)

being Fxn and the set of adjacent (i.e., connected) factors to the variable node xn
and Vfk the set of adjacent (i.e., connected) variables to the factor node fk. The
integration in (2.51) is performed with respect to all variables xn′ except xn (the
integral has to be replaced by summation in case of discrete variables).

After the definition of messages, the final goal of BP (or SPA) is to calculate
the beliefs (i.e., the approximation of pdf). The belief of a given variable xn is
denoted with p̃ (xn) and it is obtained by multiplying all the incoming messages to
xn (i.e., all the messages from the factors that are adjacent to the variable) and
normalizing such that

∫
p̃ (xn) dxn = 1. It follows that the belief is computed as:
p̃ (xn) = Cn

∏
k∈Fxn

mfk→xn(xn) , (2.52)

where Cn is introduced to guarantee the consistency of pdf (integral equal to 1).
By referring to the example in Fig. 2.11, we now take advantage of Fig. 2.13 to

step-by-step illustrate how to perform BP over that graph. The starting point of
BP is to identify the leaf nodes (those with single edges) and begin computing the
messages for them. In our example, leafs are represented by factors f1, f2 and f5
and variable x2, as highlighted in Fig. 2.13a.

As second step (Fig. 2.13b), the messages mf1→x1(x1), mf2→x1(x1) and mf5→x3(x3)
from the factor leafs are calculated as:

mf1→x1(x1) = f3 (x1) , (2.53)
mf2→x1(x1) = f2 (x1) , (2.54)
mf5→x3(x3) = f5 (x3) . (2.55)
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(a) Step 1 (leaf identification)
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(b) Step 2 (messages from the leafs)
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(d) Step 4 (messages)
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(e) Step 5 (messages and belief)
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(f) Step 6 (messages and belief)

Figure 2.13: Example of message passing over a graph. Belief propagation is used to compute
the beliefs in order to have a representation of p(x) = p(x1, x2, x3).

We also have the message mx2→f3(x2) from variable x2 to factor f3. In this case, no
information is available, so a uniform uninformative information is assigned to the
message.

In the third step (Fig. 2.13c), messages mf3→x1(x1) and mx3→f4(x3) are computed
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as:

mf3→x1(x1) =
∫

f3 (x1, x2)
∏

n′∈Vf3\{1}
mxn′→f3(xn′) dx−1 =

∫
f3 (x1, x2)mx2→f3(x2) dx2 ,

(2.56)
mx3→f4(x3) =

∏
k′∈Fx3\{4}

mfk′→x3(x3) = mf5→x3(x3) . (2.57)

At this point, the only link which has not been used yet is the one connecting
factor f4 and variable x1, but it is possible to compute both messages mf4→x1(x1)
and mx1→f4(x1) (fourth step, Fig. 2.13d) as:

mf4→x1(x1) =
∫

f4 (x1, x3)mx3→f4(x3) dx3 , (2.58)

mx1→f4(x1) =
∏

k′∈Fx1\{4}
mfk′→x1(x1) = mf1→x1(x1)mf2→x1(x1)mf3→x1(x1) . (2.59)

As a fifth step (Fig. 2.13e), the belief p̃ (x1) is evaluated as:

p̃ (x1) = C1
∏

k∈Fx1

mfk→x1(x1) = C1mf1→x1(x1)mf2→x1(x1)mf3→x1(x1)mf4→x1(x1) ,

(2.60)

and it is also possible to compute the message mf4→x3(x3) as:

mf4→x3(x3) =
∫

f4 (x1, x3)mx1→f4(x1) dx1 . (2.61)

The next step (Fig. 2.13f) is to evaluate the belief p̃ (x3) and to compute message
mx1→f3(x1), the latter being fundamental to further compute message mf3→x2(x2)
and, lastly, the belief p̃ (x2). These final passages are not detailed nor shown in
Fig. 2.13 as they can be easily derived from the previous disclosure.

The presented examples allows a first understanding on the principles running
BP. The problem has been taken in a generic and simple graph, without explicitly
tailoring it to a specific problem. Next section tries to match mathematical graph
theory with a possible practical use cases.

2.3.4.1 Practical aspects of belief propagation

In Sec. 2.3.4, the concept of FG and BP have been introduced in an abstract way,
denoting a generic vector of variables x and factors fk(·). Practical needs require
BP to solve specific problems, thus assigning a physical identity to the various
abstract variables and factors. For the purposes of this thesis, we would like to give
a parallelism between FG and the considered scenario presented in the introduction
(Fig. 1.1). The intent is to introduce the mathematical formulation approach that
will be used in the remainder of the thesis to solve specific estimation problems by
an illustrative example.

Fig. 2.14a presents the relation between a possible scenario of interest and the
associated FG. In the considered example, variables in x represent the unknown
position of agents such as land and underwater vehicles or ships. Factors, instead,
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are related to measurements of the agents’ states, thus they are associated to
sensors (GPS, seabed, sea floating, radar, RSU, etc.). The goal is to infer the
estimated state x̂ via message passing in a Bayesian-optimum fashion through the
factorization of the joint posterior, i.e., by computing the marginal pdfs of each
entry of xn from (the factorization of) p (x|z). As shown in Fig. 2.14b we can have
factor-to-variable connections for GPS measurements with ships and land vehicles.
A radar can be connected to both types of agents, while RSU only to land vehicles,
as well as sea sensors are only connected to AUVs. This example allows to fully
characterize a complex problem making it tractable for processing algorithms. It
also allows to highlight that, according to the specific problem formulation, it may
happen that disconnected subgraphs exist, meaning that independency properties
can be explored to simplify the framework. In this example, two graphs arise,
highlighting for instance that sea sensors for AUV estimation do not have any
impact on land vehicles. Another aspect that appears is related to variable nodes
of ship and AUV. It may be possible (this case will be considered later in Chapter
3) that relative measurements between ship and AUV are available. In this case,
being a direct connection between the two variable nodes non-admissible, a new
factor has to be introduced in between.

After the introduction on FG and BP of this section, the reader might perceive
that the flexibility of this technique is of high interest in data fusion problems,
where multiple sources of information (e.g., sensors) need to be combined together.
By properly creating relations among the players (agents, sensors, etc.) in a
suitable graph, message passing allows to share and use the intrinsic information
carried out in each message. It follows that any link a variable node is connected
to represents a partial information on (part of) the variable itself. By combining
all the messages from the multiple links, all the information on that variable is
conveniently fused together.

Fusion context is also of interest in cooperative environments, where multiple
agents have individual measurements and relative measurements with nearby ones.
Such a specific collaborative scenario with multiple agents and different sources of
measurements will be considered from now on in this thesis with applications in
maritime (Chapter 3) and vehicular (Chapter 4) domains. Clearly, the complexity
of graph increases with respect to the simple example presented in this chapter.
Loops will arise and abstract variables needs to be introduced. Details on how to
handle these aspects will be given, but the concepts and rules described in this
section will always be valid.
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(a) Variables and nodes

(b) Factor graph

Figure 2.14: Example of nodes and factors in a use case scenario of interest. Agents of
unknown locations (to be estimated) are the nodes (circles) while the factors indicate the
available measurements (such as GPS navigation measurement, or inter-agent measurements).
a) Relations between nodes/variables and the localization scenario of the multi-agent network.
b) Related factor graph representation.
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Cooperative localization in maritime
scenarios

This chapter addresses the problem of cooperative localization in multi-agent
systems with known and unknown agents. The developed theoretical framework
is derived to be suited to any multi-agent network, but the primary targeted
application scenario is the maritime environment, where the time varying multi-
agent system might be constituted by Autonomous Underwater Vehicles (AUVs),
ships/vessels, sea sensors and targets. A general problem formulation is used,
where agents are considered as moving nodes of a sensor network. Agents have
to both localize themselves in the network and, at the same time, perform target
tracking. These two problems are jointly resolved in a holistic approach where
the graph theory is used to describe the relationships among agents, targets,
and observations. The contents of this chapter refer to a joint probabilistic self-
localization and multitarget tracking technique that allows to statistically handle
unknown and arbitrary number of targets. Following a Bayesian approach, a
message passing technique based on the sum-product algorithm (SPA) (or belief
propagation) is used to approximate the marginal posterior distributions of both
agents and targets. All the relationships among agents and targets due to mutual
measurements are used to create a factor graph where messages are exchanged. The
derivation is general enough to be adapted to any multi-agent network comprising
transmit and receive agents and heterogeneous types of data. The contents of this
chapter are yet1 unpublished, but preliminary considerations are in publication [8].

The chapter is organized as follows. Sec. 3.1 introduces the self-localization and
multitarget tracking problem, which is here customized according to the system
model presented in Sec. 3.2. The stochastic formulation for multitarget tracking is
in Sec. 3.3, while the derivation of the proposed approach is in Sec. 3.4. Numerical
analysis and performance comparison are in Sec. 3.5, while Sec. 3.6 contains
concluding remarks.

1at the time of writing this thesis (Dec. 2020)

35
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3.1 Introduction to self-localization and multitar-
get tracking

Detecting unknown objects or features, understanding their intentions and take
reactive countermeasures are common tasks in Situational Awareness (SA) appli-
cations, such as maritime surveillance or autonomous systems [18–23]. Different
type of sensors (acoustic-based, radio frequency-based, optics-based, visual-based,
etc. [24]) fulfill the tasks of sensing the environment, providing the desired informa-
tion in the specific use case. Most of SA applications require a knowledge on target
(we refer to target as an unknown agent) kinematics which is preferably inferred by
multiple cooperative sensors [25–28] rather than single-sensor systems. Cooperative
approaches dramatically increase the perception capabilities, as they rely on larger
dataset of multiple type of measurements [29]. Examples can be found in many
domains such as underwater networks [30,31], vehicular scenario [32–34] or Internet
of Things (IoT) world [35–38]. Mobility of sensors can further improve the target
tracking performance by combining a spatial sensing under different geometries,
also enabling an optimized trajectory control for improved localization [39]. On
the other hand, the main difference with respect to static (ground-based) sensors,
is a mandatory localization of sensors themselves [40].

Cooperative Self-Localization (CSL) techniques have been widely investigated
in the literature. Among these, solutions based on Belief Propagation (BP), also
known as Sum-Product Algorithm (SPA) [41]) are common as their computa-
tional complexity linearly scales with the number of cooperative sensors [42–45].
The advantages of SPA methods are represented by the scalability, the possibil-
ity to handle non-linear and non-Gaussian models and the ability to cope with
unknown and time-varying parameters. Alternative solutions exploring neigh-
borhood collaboration among connected sensors are based on cooperative least
square [46], Gaussian mixture [47], expectation maximization optimization [48],
multi-dimensional scaling [49], convex hull constraint [50], second-order cone pro-
gramming [51], semidefinite programming [52] or modified parallel projection
method [53].

By combining CSL and SA, a network of cooperative agents detecting targets
is established. MultiTarget Tracking (MTT) refers to the capability of a system
to firstly detect and localize, and then track over time a number of hypothesized
targets which behave as non-cooperative entities, i.e., they do not share direct
information with the surveillance system. Usually, the presence of these targets
represents a potential threat; for example targets can be illegal ships in the
maritime domain, or vulnerable road users in vehicular scene, but also thieves
in IoT surveillance systems. It follows that the development of robust, reliable,
scalable and efficient MTT systems becomes of paramount importance as safety
issues are involved.

Abundant literature on MTT is available, starting from pioneering works
in [54–56] until very recent researches [57–61]. MTT is a probabilistic-based topic,
as it deals with unknown targets to be localized by using set of measurements with
unknown origin. Moreover, practical algorithm deal with the capability to easily
remove a track in case of a death (i.e., which is no more present) target as well as
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rapidly create a new track for a born target (i.e., which appears for the first time).
To manage time-variant target behaviors, different categories of MTT algorithms

can be used. Following [62], MTT techniques can be distinguished as vector-based
or set-based approaches. In the former, random vectors are used to describe the
target states, while in the latter random sets are used as to enclose the states of
hypothesized targets. In the following, more details on these two categories are
provided, followed by the selected graph-based approach.

Vector-type approaches.
This category is well represented by largely adopted Joint Probabilistic Data
Association (JPDA) filter and Multiple Hypothesis Tracking (MHT). The JPDA
filter [63–66] is an MTT algorithm with DA that computes all possible combinations
of target-measurement probabilities for a consistent combination in evaluating the
target pdfs. It only works if the number of targets is fixed and a-prior known and
has a complexity that exponentially grows with the number of targets. In case
of unknown target cardinality, the extension to the Joint Integrated Probabilistic
Data Association (JIPDA) [67,68] must be considered as it allows to model the
target existence/nonexistence. It uses a binary Markov chain to determine the
existence/nonexistence of a target, initializing a new track if a measurement
falls out the neighborhood of existing declared targets. This approach, however,
suffers in case of closed targets and it may discard meaningful information as
it approximates target pdfs to Gaussian at each time step by collapsing more
hypotheses in one, thus oversimplifying the handling of multimodal pdfs. On
the other hand, MHT reconstructs tracks by inspecting multiple measurements
over time [69,70], but it is unfavorable for large scale networks at the number of
association hypotheses exponentially scales with the number of sensors.

Set-type approaches.
In this category, the most common techniques are the probability hypothesis density
(PHD) filter [71], the cardinalized PHD (CPHD) filter [72], the Bernoulli filter [73],
and the multi-Bernoulli filter [74]. By using sets, the modeling of hybrid (continuous
and discrete) and time-varying problems (as MTT) is facilitated. The mentioned
filters bypass the data association problem and estimate the joint posterior pdf of
target state in a Bayesian way. The PHD filter approximates the target posterior
pdfs by a Poisson random finite set pdf, while the cardinalized version introduces
the calculation of cardinality distribution and uses an approximation based on the
pdfs of independent and identically distributed clusters [75]. The multi-Bernoulli
filter, instead, approximates the target state posterior pdfs by a multi-Bernoulli
random finite set pdf. The mentioned set-based solutions are appropriate for
single-sensor MTT. To include multi-sensors processing, the PHD and CPHD
have been extended in [76–78], with a separate filter processing solution (one for
each sensor) [76] or a joint single CPHD [77], as well as consensus-based Gaussian
mixture CPHD [78]. The extension of Bernoulli filters to multi-sensors case can
be found in [79], which shows superior performances with respect to multi-sensor
CPHD filter, at a lower computational complexity too (note that the complexity
of CPHD scales exponentially in the number of sensors and measurements per
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sensors [38,80]). These finite set techniques aims to approximate the joint posterior
pdf of all detected targets.

Message passing over factor graph.
A different approach is to represent the MTT problem through a factor graph
with the aim of approximating the marginal pdfs rather than the joint posterior
one by message passing. A graph representation of an inference problem allows to
include both continuous and discrete variables in a same framework, thus being
inherently appropriate for time-varying MTT problems (where discrete variable
model the existence/nonexistence of potential targets) as well as data association
resolution. Additionally, time-varying graph easily accommodate for multi-sensors
scenario making them particularly useful for multi-agent systems, in which many
targets are detected by multiple sensors. As a matter of fact, graphical model
well captures the intrinsic network-like structure of multi-agent networks, where
nodes are the sensors and the links are the connections among them. Such a graph
structure allows for parallel information exchange (messages) among the nodes,
speeding up the flooding of individual information (at each node) to rapidly reach
all nodes in few multi-hop exchanges in case of distributed implementations (as
will be shown in Chapter 4). With respect to PHD, CPHD and multi-Bernoulli
solutions, BP-based methods are more performing [18,38] and, at the same time,
they are suitable for large scale networks having a computational complexity that
quadratically scales in the number of targets, linearly in the number of sensors,
and linearly in the number of measurements per sensor. Moreover, they can
handle any pdf of agents, targets and measurements [18]. The data association
problem is not bypassed, but it is addressed through a direct marginalization of
association variables which are iteratively refined by messages over DA iterations.
In case of single-sensor single-target, BP reduces to a Bernoulli filter, while in
case of contemporary presence of all targets (a known parameter) it reverts to the
JPDA [38], with similar performances but with meaningfully reduced complexity,
as shown in [81]. Essentially, the high flexibility and adaptability of SPA make
it an ideal candidate for multi-agent systems, where multiple types of input data
(observation, measurements, etc.) can be combined to provide multiple estimates
of diverse variables (either continuous or discrete), as on a same backbone graph
structure it is easy to customize the processing algorithm to get the desired
functionalities [18].

Message passing algorithms working on graph and relying on the SPA have been
proposed in the literature for both static sensor networks, with known [18,82,83] or
unknown [84] locations, and mobile ones [2, 85–88], even if not all of them handle
typical MTT problems like false alarm, missed detection and measurement origin
uncertainty [89] or with possible failure in the communication. The cited works
are affected by the following limitations: (i) sensors do not localize themselves
cooperatively [87], (ii) neither clutter nor missed detections are considered and
the number of targets is fixed and known [2], and (iii) the number of targets is
limited and must be set a-priori [85,86].

In this chapter, a BP technique for MTT is used as it allows an easy integration
of target tracking capabilities with cooperative localization of agents. As a matter
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of fact, a graph representation of in a unique framework of two different tasks (CL
and MTT) facilitates their merging in a single solution.

3.1.0.1 Scientific contributions and main limitations

In this chapter, we resolve the above issues by relaxing all the constraints by
proposing a global framework where multiple cooperative sensors can detect and
track an arbitrary time-varying number of targets. We propose a holistic approach
that can be applied in any SA context, even in the case of agents acting as possible
sources of signal reflections. This generalization leads to include agents that are
neither the Transmitter (Tx) nor the Receiver (Rx) of the signal into the Data
Association (DA) problem, as they cannot be a-priori distinguished from targets.
In the proposed BP-based technique, we combine CSL and MTT in a unified
framework such that agents are capable of jointly localizing themselves and, at
the same time, detect and track unknown targets. The proposed method performs
message passing on the factor graph of the joint posterior distribution of all agent
and target states given all measurements.

Compared to existing literature, the method developed in this thesis extends
state-of-the-art solutions by considering (i) joint cooperative localization of agents,
(ii) an unknown and arbitrary number of targets, and (iii) agent location uncer-
tainty due to their intrinsic mobility. Another peculiarity of this research is related
to the problem geometry, which considers both monostatic (direct) and bistatic
(indirect) configurations. We would like to show that the challenging bistatic
configuration can be fruitfully exploited to enhance the localization of agents. This
aspect is of extremely high importance for the primary application scenario we
target (i.e., the maritime domain), as the proposed joint CSL and MTT allows
for a profitable use of target information, despite high errors in measurements
and association uncertainties. This concept is shown in Fig. 3.1 for the case
of three agents network and one target, where it is shown the improvement on
agent distribution of self-navigation only due to inter-agent cooperation (CSL) and
inter-agent cooperation with the exploitation of target information (CSL+MTT).
Moreover, being the DA problem related to associate reflected measurements from
unknown objects, we include into the DA process the agents as well (those who
are not Tx or Rx) as the system cannot be able to discern if a bistatic reflection
comes from a scattering target or from a reflecting agents.

The developed solution assumes each agent and target as represented by single
point in a 2D space. Regarding the agents, this condition is common for multi-
agent networks that operate on a confined area, where altitude coordinate is
almost constant (e.g., a surveillance maritime network). Regarding the targets,
instead, even if they can be located at different altitude with respect to agents
(e.g., underwater targets), the specific maritime applications is characterized by
unavoidable communication impairments (e.g., water channel medium) which
automatically exclude the depth/altitude component. However, in case the same
developed methodology has to be adapted for a 3D layout, the extension is quite
straightforward as the theoretical formulation do not vary. It should be advised,
however, that a particle-based representation might lead a significant increase
in the number of required particles for sampling the pdfs, thus increasing the
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Figure 3.1: Intuition of working principle: agent s1 pdf by considering (left) self-navigation
measurements only, (middle) cooperation with other agents (CSL), (right) cooperation with
other agents and exploitation of target information (CSL+MTT).

computational complexity. Another strong assumption is that each measurement
is considered as unique. This reduces to have no more than one measurement for
navigation and inter-agent measurements (easily verified in practice) but it also
prevents to have multiple copies of target-related measurements (which might not
be an exact representation of practical applications). On the other hand, it is to
be noticed that in maritime applications, also the one-target-one-measurement
assumption is often verified. In case the algorithm has to be applied to real data
which do not verify this condition, it is recommended to develop another theoretical
framework that relaxes this constraints at the expenses of significantly increase
both the statistical formulation and the computational complexity (examples
of DA for extended objects has been recently addressed in [90] for the SPA
algorithm, and in [91] for a variant of the PHD filter). In case of not modifying
the algorithm, a first result should be the detection of more targets than the
real ones, most of them closely located (meaning that they are copies of a same
target). Relative proximity of targets also complicates the data association task,
as higher uncertainty is present in assigning a measurement to a target. This
implies that a same measurement turns to update more than one target pdfs,
thus introducing a non-optimal processing (unavoidable in practice). Lastly, all
the formulation assumes measurement availability at specific time instants. In
practice, it may occur that sensors are not synchronize and have to be aligned in
time to effectively match the proposed algorithm. However, this should not be
a problem in maritime applications as the time scanning in the order of several
seconds easily accommodates for measurement aggregation. Alternatively, each
time a measurement is available, it is possible to run the presented algorithm by
considering only the available information.
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3.2 System model
In this section we detail the modeling of agent space and measurements. The model
is provided in the most general configuration possible as to fit any multi-agent
networks. Unlike from chapters 1 and 2 where variable xt indicated a generic agent,
different notations are used to denote agents and targets to avoid ambiguities.

3.2.1 Agent state-space model
We denote with A the set of known agents, whose cardinality A = |A| is known and
time-invariant. The cardinality may be modeled as being time-variant, however
this does not change the following derivation. The state of agent a∈A at time
t, consisting of position and further kinematic parameters, is represented by the
vector sa,t. The time evolution of the state of agent a is modeled as:

sa,t = ε
(
sa,t−1,u

(a)
t

)
. (3.1)

Function ε(·) and the statistics of u(a)
t define the agent transition pdf τ(sa,t|sa,t−1).

We define the joint agent state vector at time t as st ,
[
s(1)T
t · · · s(|A|)T

t

]T
, and the

joint agent state vector at all times as s1:t ,
[
sT1 · · · sTt

]T
. Assuming that (A1)

the joint agent states evolve according to a first-order Markov process and (A2)
each agent state evolves independently of other agent states, the joint agent state
transition pdf factorizes as:

f(st|st−1) =
∏
a∈A

τ(sa,t|sa,t−1) . (3.2)

Each agent is equipped with a transmitter and/or a receiver. We indicate with
T ⊆ A the set of agents equipped with a transmitter and with R ⊆ A the set of
agents equipped with a receiver. Note that T ∪ R=A and that T ∩ R represents
the set of agents equipped with both a transmitter and a receiver. We formally
consider the Cartesian product set r × T of all the possible agents pairs receiver-
transmitter and rearrange them in an arbitrary order. We denote with J the index
set J = {1 · · · J} with J = |R||T | and we define an indexing φ : J → r × T ,
such that φ(j) represents j-th receiver-transmitter pair (φ(j)(1), φ(j)(2)), with
φ(j)(1) ∈ r and φ(j)(2) ∈ T . In order to ease the notation, we denote with
j1 , φ(j)(1) and with j2 , φ(j)(2), the receiver and transmitter of the j-th
pair, respectively. Note that, agent j1 and agent j2 might also coincide. We
also introduce the receiver-transmitter pair state vector s̈(j)

t , which is defined as
s̈(j)
t ,

[
sTj1,t s

T
j2,t

]T
when the receiver j1 and the transmitter j2 do not coincide, i.e.,

if j1 6= j2 and s̈(j)
t , sj1,t when the receiver j1 and the transmitter j2 coincide, i.e.,

if j1 = j2.

3.2.2 Target state-space model
As in [62, 83], we account for the time-varying and unknown number of targets by
introducing the concept of potential targets (PTs). In order to reduce ambiguity
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between known agents and unknown agents, we prefer to indicate such passive
and unknown agents as targets. The set of PTs at time t is denoted as Lt. The
existence/nonexistence of PT `∈Lt is modeled by a binary variable r`,t∈{0, 1},
i.e., PT ` exists at time t if and only if r`,t=1. The state of PT ` is denoted by
x`,t and is formally considered also if r`,t=0. The time evolution of an existing PT
` is modeled as:

x`,t = ς
(
x`,t−1, e`,t

)
. (3.3)

The function ς(·) and the statistics of e`,t define the transition pdf f(x`,t|x`,t−1).

3.2.3 Measurement models

In this section we detail all the possible measurements that each agent a∈A might
produce at a given time t. Specifically, we differentiate among navigation measure-
ments, direct (inter-agent) measurements and indirect (reflected) measurements.
Fig. 3.2 provides an intuitive visualization of the different types of measurement.
By referencing to agent s1 (the bottom one), we show the availability of one
navigation measurement (Fig. 3.2a), two direct measurements (Fig. 3.2b) and
three different indirect measurements (Fig. 3.2c), both monostatic and bistatic
(the latter originating from reflections either on target or another agent). The
following section do not pose any constraint on the pdf of measurements, however
we will use the Gaussian distribution to visualize each specific likelihood pdf for
convenience. In practice, the knowledge of measurement pdf should be available
for an optimal design of the algorithm, meaning that hardware calibration has to
be performed. In case of inaccurate choice of measurement distribution, it may
occur to come across over-confidentiality issues of the measurements or, on the
other side, an underestimation of the same.
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(c) Indirect

Figure 3.2: Visualization of possible types of measurement available at a given agent. All
measurements are referred to agent s1.
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Figure 3.3: Visual representation of a navigation measurement likelihood of agent s1.

3.2.3.1 Navigation measurement

The navigation measurement collected by agent a∈A at time t, represented by

g(a)
t = θ

(
sa,t,n

(a)
t

)
, (3.4)

is an observation made by agent a of its own state, e.g., acquired with an on-board
system, such as GPS or Inertial Navigation System (INS). The function θ(·)
and the statistics of n

(a)
t define the likelihood function g(g(a)

t |sa,t). The effect of a
navigation likelihood is reported in Fig. 3.3 for the case of a Gaussian measurement
of agent position, for the same scene as in Fig. 3.2a. We indicate with Ag

t ⊆ A the
set of agents that have a navigation measurement available at time t. Therefore,
we can define the vector of all the navigation measurements from all the agents
at time t as gt =

[
g(a)T
t

]T
a∈Ag

t

, and the vector of all the navigation measurements

from all the agents at all times as g1:t ,
[
gT

1 · · · gT
t

]T
. Assuming that (A3) the

navigation measurements are conditional independent over a ∈ Ag
t given the agent

states st, the joint likelihood f(gt|st) factorizes as:

f(gt|st) =
∏
a∈Ag

t

g(g(a)
t |sa,t) . (3.5)

3.2.3.2 Direct measurement

The direct measurement collected at time t by an agent-receiver a∈R from an
agent-transmitter a′∈T − {a} is represented by:

ρ
(a,a′)
t = ϑ

(
sa,t, sa′,t,w

(a,a′)
t

)
. (3.6)

The direct measurement ρ(a,a′)
t is therefore an observation of the state of agent

a′ made by agent a. The function ϑ(·) and the statistics of w(a,a′)
t define the

likelihood function d(ρ(a,a′)
t |sa,t, sa′,t). The effect of a direct measurement likelihood

is reported in Fig. 3.4 for the separate cases of Gaussian-distributed range and
bearing measurements between agents s1 and s2, and used to localize s1. We
further indicate with T (a)

t ⊆T − {a} the set of agents that have provided a direct
measurement to agent a at time t. The vector of all the direct measurements
acquired by a from its neighbors at time t is ρ(a)

t =
[
ρ

(a,a′)T
t

]T
a′∈T (a)

t

. We further
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1Figure 3.4: Visual representation of likelihood in the cases of Gaussian-distributed range and
bearing direct measurements between agents s1 and s2, and used to localize agent s1.
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1Figure 3.5: Visual representation of likelihood in the cases of Gaussian-distributed (bistatic)
range and bearing indirect measurements between agent s3 (Tx) and s1 (Rx), and used for the
localization of target x1.

define the vector of all the direct measurements acquired by all the agents at time
t is ρt =

[
ρ

(a)T
t

]T
a∈R

, and the vector of all the direct measurements acquired by

all the agents at all times as ρ1:t ,
[
ρT1 · · · ρTt

]T
. Assuming that (A4) the direct

measurements are conditional independent over a ∈ R and a′ ∈ T (a)
t given the

agent states st, the joint likelihood f(ρt|st) factorizes as:

f(ρt|st) =
∏
a∈R

∏
a′∈T (a)

t

d(ρ(a,a′)
t |sa,t, sa′,t) . (3.7)

For convenience, we also define with R(a)
t ⊆R− {a} the set of agents that have

received a direct measurement from a at time t.

3.2.3.3 Multiobject tracking (MOT) measurement

We consider the j-th receiver-transmitter couple (j1, j2) with j ∈ J , j1 ∈ R and
j2 ∈ T . The agent-receiver j1∈R produces M (j)

t MOT measurements from the
signal broadcasted by the agent-transmitter j2∈T . Note that we consider both
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bistatic MOT measurements if j1 6= j2 and monostatic MOT measurements if
j1 = j2. As for the navigation and direct measurements cases, in Fig. 3.5 we
provide a visual representation of indirect measurement likelihood referred to the
case of target localization, for the separate cases of Gaussian-distributed range
and bearing measurements, for the same scene as in Fig. 3.2c. These MOT
measurements, that result from a detection process, are due to reflections from
targets, reflections from agents (except that from j1 and j2), or clutter. The m-th
MOT measurement is represented by the vector z(j)

m,t, m ∈M
(j)
t , {1 · · · M (j)

t }
(we use the vector and not a scalar variable as a same measurement can be
composed of multiple observations, e.g., TOA+AOA). We define the vector of
all the MOT measurements produced at time t by agent-receiver j1 ∈ R from
agent-transmitter j2 ∈T as z(j)

t =
[
z(j)T

1,t · · · z
(j)T
M

(j)
t ,t

]T
, the vector of all the MOT

measurements produced by all the agents at time t as zt =
[
z(j)T
t

]T
j∈J

, and the
vector of all the MOT measurements produced by all the agents at all times as
z1:t ,

[
zT1 · · · zTt

]T
. For convenience, we also define the vector of numbers of MOT

measurements produced by all the agents at time t as mt =
[
M

(j)
t

]
j∈J

, and the
vector of numbers of MOT measurements produced by all the agents at all times
as m1:t , [mT

1 · · · mT
t ]T. Note that MOT measurements, unlike navigation and

direct measurements, have unknown origins, i.e., it is unknown if a given MOT
measurement is generated by an object — either target or agent — and by which
object.

3.3 Stochastic MTT problem formulation
This section presents a stochastic approach to the cooperative localization problem.
We first provide the modeling of new and old PTs and respective creation of a
target space, then the statistical characterization of association hypothesis of MOT
measurements, which leads to the derivation of the conditional pdf of new PTs
with respect to old ones and of the MOT likelihood.

3.3.1 Object state model

We define the augmented PT state as y`,t, [xT`,t r`,t]T, the joint augmented state
vector at time t as yt, [yT1,t · · · yT|Lt|,t], and the joint augmented state vector at all
times as y1:t , [yT1 · · · yTt ]T. We also define the joint state vector at time t and
the joint state vector at all times i.e., xt, [xT1,t · · · xT|Lt|,t] and x1:t , [xT1 · · · xTt ]T,
respectively, as well as the joint existence vector at time t and the joint existence
vector at all times, i.e., rt, [r1,t · · · r|Lt|,t] and r1:t , [rT1 · · · rTt ]T. The states x`,t of
nonexisting PTs are obviously irrelevant. Therefore, all the pdfs defined for PT
states f(y`,t) = f(x`,t, r`,t) are such that:

f(x`,t, r`,t = 0) = f`,t fD(x`,t) , (3.8)
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where f`,t ∈ [0, 1] is a constant and fD(x`,t) is an arbitrary “dummy pdf”. Each PT
at time t and agent pair j is either a “legacy” PT or a “new” PT.

New PTs are used to incorporate in the state space those targets that are
detected for the first time at time t and by the agent pair j. Each new PT
corresponds to a measurement z(j)

m,t. The augmented state of a new PT is denoted
by ȳ(j)

m,t = [x̄(j)T
m,t , r̄

(j)
m,t]T, m ∈ M

(j)
t , and r̄

(j)
m,t = 1 meaning that measurement m

was generated by a target that was never detected before. The states of newly
detected targets at time t and agent pair j are a-priori independent and distributed
according fn(x̄(j)

m,t). We define the joint augmented state vector of all the new PTs
at time t and agent pair j as ȳ(j)

t ,
[
ȳ(j)T

1,t · · · ȳ
(j)T
M

(j)
t ,t

]T
, and the joint augmented

state vector of all the new PTs introduced at time t as ȳt ,
[
ȳ(1)T
t · · · ȳ(|J |)T

t

]T
.

A legacy PT is a PT that was already established in the past, either at current
time t at a previous agent pair j − 1, or at previous time t− 1 at the last agent
pair J . Therefore, the set of legacy PTs at time t and agent pair j ∈J − {1},
denoted by L(j)

t , is the union of legacy PTs and new PTs established at current
time t at the previous agent pair j − 1: L(j)

t = L(j−1)
t ∪M(j−1)

t . Note that, at the
first agent pair, i.e., j = 1, L(1)

t coincides with the set of PTs at time t− 1, i.e.,
Lt−1, which is the union of legacy PTs and new PTs established at previous time
t− 1 at the last agent pair J , i.e., L(1)

t = Lt−1 = L(|J |)
t−1 ∪M

(|J |)
t−1 . (This relations

are understood to include a suitable reindexing of the elements ofM(j)
t [62, Sec.

VIII-B]). The number of PTs does not actually grow by |M(j)
t | because the set

of PTs is pruned, i.e., PTs with small existence probability are discarded. The
augmented state of a legacy PT is denoted by

¯
y(j)
`,t = [

¯
x(j)T
`,t ¯

r
(j)
`,t ]T `∈L(j)

t . The
joint augmented state vector of all the legacy PTs at time t and agent pair j ∈ J
is defined as

¯
y(j)
t , [

¯
y(j)T

1,t · · ·
¯
y(j)T
|L(j)

t |,t
]T, and can also be written (for j ∈ J − {1})

as y(j−1)
t ,

¯
y(j)
t =[

¯
y(j−1)T
t ȳ(j−1)T

t ]T. Note that, at time t at the first agent pair, i.e.,
j = 1, there is one legacy PT

¯
y(1)
`,t =

¯
y`,t for each PT y`,t−1 at time t− 1, and that

y(0)
t , yt−1. Then, assuming that (A5) the single augmented state of legacy PTs

¯
y`,t

evolves independently, (A6) the joint augmented state vector
¯
yt, [

¯
yT1,t · · · ¯

yT|Lt−1|,t]
T

of the legacy PTs evolves according to a first-order Markov process and, recalling
that L(1)

t = Lt−1, the augmented state transition pdf of legacy PTs
¯
yt factorizes as:

f(
¯
yt|yt−1) =

∏
`∈Lt−1

f(
¯
x`,t,¯

r`,t|x`,t−1, r`,t−1) , (3.9)

where [62]

f(
¯
x`,t,¯

r`,t|x`,t−1, r`,t−1 = 0) =

fD(
¯
x`,t) , ¯

r`,t = 0 ,
0 ,

¯
r`,t = 1 ,

(3.10)

and

f(
¯
x`,t,¯

r`,t|x`,t−1, r`,t−1 = 1) =

(1− ps(x`,t−1)) fD(
¯
x`,t) , ¯

r`,t = 0 ,
ps(x`,t−1), f(

¯
x`,t|x`,t−1) ,

¯
r`,t = 1 .

(3.11)
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where ps(x`,t−1) is the survival probability of the target. Note that, given the
definitions of

¯
yt and ȳt introduced above, it follows that yt = [

¯
yTt ȳ

T
t ]T.

3.3.2 Modeling the measurement unknown origin

As mentioned above, the MOT measurements z(j)
m,t, m ∈ M

(j)
t , have unknown

origins, i.e., it is unknown if a given MOT measurement originated from clutter
or from an object, either target or agent, and from which object. Intuitively, by
referring to Fig. 3.6, the goal is to consistently combine the likelihood of each
MOT measurement, a task which is far from being straightforward especially in
case the proximity of objects with respect to measurement uncertainty. In the
figure it is highlighted that it may occur the case of close targets with overlapped
bistatic (range and bearing) likelihoods.

To handle this uncertainty, we first introduce the joint object state vector as
the vector stacking the legacy PT states at time t and agent pair j, and the
agent states at time t, i.e., o(j)

t =[
¯
x(j)T
t sTt ]T. Thus, the vector o(j)

t includes all the
O

(j)
t = |L(j)

t |+ |A| objects that can generate a MOT measurement at time t and
agent pair j. Note that the object o(j)

i,t , i∈O
(j)
t , {1 · · · O(j)

t } coincides with ¯
x(j)
`,t

if i = `, and with s(a∗)
t if i = |L(j)

t |+ a∗.
An existing object i is detected by the receiver-transmitter pair j — i.e., it

generates a measurement z(j)
m,t at agent pair j — with a probability Pd(

¯
x(j)
`,t , s̈

(j)
t ), if

i = `, or, with a probability Pd(sa∗,t, s̈(j)
t ) if i = |L(j)

t |+ a∗. If z(j)
m,t is generated by

PT ` then its conditional distribution given PT state x(j)
`,t is described by the pdf

f(z(j)
m,t|x`,t, s̈

(j)
t ) if i = `, or by the conditional pdf f(z(j)

m,t|sa∗,t, s̈
(j)
t ) if i = |L(j)

t |+ a∗.
On the other hand, z(j)

m,t may also be due to some interfering source, e.g., sea
clutter in a maritime radar application. Such a measurement is referred to as a
false alarm. The number of false alarm measurements at agent pair j is modeled
by a Poisson pmf with mean µ(j)

c , i.e., P(µ(j)
c ) , and each false alarm measurement

at agent pair j is distributed according to the pdf f (j)
c (z(j)

m,t).
To model the measurement-origin uncertainty, we make the following data

association assumption: (A7) each MOT measurement z(j)
m,t originates from an

object (PT or agent) or from clutter (false alarm), and it cannot originate from
more than one object simultaneously. Conversely, at time t, one object can generate
at most one measurement z(j)

m,t. Additionally, the measurement z(j)
m,t can originate

s1

s3
x1 x2

f (z
(1,3)
1 |x(1,3)1 , s̈(1,3))

(range & bearing)

f (z
(1,3)
2 |x(1,3)1 , s̈(1,3))

(range & bearing)x

y

1

Figure 3.6: Illustrative example of measurement uncertainty for the case of two closed targets
with overlapped bistatic likelihoods.
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neither from the receiver agent j1 nor from the transmitter agent j2, i.e., neither
from object i = |L(j)

t |+ j1 nor from object i = |L(j)
t |+ j2.

Following [62, 83], to model (A7) we introduce the set N (j)
t of new PTs that

exist at time t and agent pair j, that is, N (j)
t , {m ∈M(j)

t : r̄(j)
m,t = 1}; the object-

oriented association vector a(j)
t ,

[
a

(j)
1,t · · · a

(j)
O

(j)
t ,t

]T
; and the MOT measurement-

oriented association vector b(j)
t ,

[
b

(j)
1,t · · · b

(j)
M

(j)
t ,t

]T
. Here, a(j)

i,t , i ∈ O
(j)
t , is defined

as m ∈ M(j)
t if object i generates MOT measurement m, and 0 if object i does

not generate any MOT measurement; and b
(j)
m,t, m ∈M

(j)
t , is defined as i if MOT

measurement m originates from object i, and 0 if MOT measurement m does not
originate from an object. The point-target assumption can therefore be expressed
by the indicator function Φ(a(j)

t ,b(j)
t ), defined as:

Φ
(
a

(j)
t ,b(j)

t

)
, Ψ

(
a

(j)
t ,b(j)

t

) ∏
m∈N (j)

t

Γm
(
b

(j)
t

)
, (3.12)

where

Γm
(
b

(j)
t

)
,

0 , if b(j)
m,t ∈ O

(j)
t ,

1 , if b(j)
m,t = 0 ,

(3.13)

and

Ψ
(
a

(j)
t ,b(j)

t

)
,

∏
i∈O(j)

t

∏
m∈M(j)

t

ψ
(
a

(j)
i,t , b

(j)
m,t

)
, (3.14)

with

ψ(a(j)
i,t , b

(j)
m,t) ,

0 , ifa(j)
i,t = m and b

(j)
m,t 6= i, or a(j)

i,t 6= m and b
(j)
m,t = i,

1 , otherwise .
(3.15)

(We observe that the indicator function Φ(a(j)
t ,b(j)

t ) formally depends also on the
existence variables r̄

(j)
m,t, m ∈M

(j)
t .) Stated differently, function Ψ(a(j)

t ,b(j)
t ) is 0

if an MOT measurement is associated with two or more different objects (and,
vice versa, if an object is associated with two or more MOT measurements), and 1
otherwise; and the product over m ∈ N (j)

t of Γm(b(j)
t ) is 0 if a new PTs is associated

with an MOT measurement that is also associated with an object, and 1 otherwise.
Note that, for convenience, we also define the vectors at, [a(1)T

t · · · a(J)T
t ]T and

bt, [b(1)T
t · · · b(J)T

t ]T, as well as a1:t, [aT
1 · · · aT

t ]T and b1:t, [bT1 · · · b
T
t ]T.

3.3.3 Conditional pdf of new PT states, DA vector and
number of measurements

In order to obtain an expression of f
(
ȳt,at,bt,mt|

¯
yt, st

)
, i.e., the joint conditional

pdf of ȳt, at, bt, mt given
¯
yt and st, we additionally make the following commonly

used assumptions: (A8) at time t, the MOT measurements of different pairs j are
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conditionally independent given all the agents states and the legacy PTs states,
and that (A9) the new PT states ȳ(j′)

t related to pairs j′ = 1, . . . , j − 1 become
legacy PT states at the successive pairs j, . . . , |J |. Then, using the assumptions
(A8) and (A9), we get:

f
(
ȳt,at,bt,mt|

¯
yt, st

)
=

C(mt)
J∏
j=1

Φ(a(j)
t ,b(j)

t )
∏

`∈L(j)
t

q1
(
¯
x(j)
`,t ,¯

r
(j)
`,t , s̈

(j)
t ,a

(j)
`,t ; M

(j)
t

)

×
∏
a∈A

h1
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; M

(j)
t

) ∏
m∈M(j)

t

υ1
(
x̄(j)
m,t, r̄

(j)
m,t,b

(j)
t

)
.

(3.16)

Here, C(mt) is a normalization factor that depends only on the vector mt and
q1
(
¯
x(j)
`,t ,¯

r
(j)
`,t = 1, s̈(j)

t ,a
(j)
`,t ; M

(j)
t

)
is defined as:

q1
(
¯
x(j)
`,t ,¯

r
(j)
`,t = 1, s̈(j)

t ,a
(j)
`,t ; M

(j)
t

)
=


Pd(

¯
x(j)
`,t , s̈

(j)
t )

µ
(j)
c

, a
(j)
`,t ∈M

(j)
t ,

1− Pd(
¯
x(j)
`,t , s̈

(j)
t ) , a

(j)
`,t = 0 ,

q1
(
¯
x(j)
`,t ,¯

r
(j)
`,t = 0, s̈(j)

t ,a
(j)
`,t ; M

(j)
t

)
= δ

a
(j)
`,t
,0 , (3.17)

where δ
a

(j)
`,t
,0 is 1 if a(j)

`,t is equal to zero, and 0 otherwise. For a 6= j1 or a 6= j2, the

function h1
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; M

(j)
t

)
is defined as:

h1
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; M

(j)
t

)
=


Pd(sa,t, s̈(j)

t )
µ

(j)
c

, a
(j)
|L(j)

t |+a,t
∈M(j)

t ,

1− Pd(sa,t, s̈(j)
t ) , a

(j)
|L(j)

t |+a,t
= 0 ,

(3.18)

while for a = j1 or a = j2, h1
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; M

(j)
t

)
= δ

a
(j)

|L(j)
t
|+a,t

,0, where

υ1
(
x̄(j)
m,t, r̄

(j)
m,t = 1,b(j)

t

)
is defined as:

υ1
(
x̄(j)
m,t, r̄

(j)
m,t = 1,b(j)

t

)
=


0 , if b(j)

m,t ∈ O
(j)
t ,

µ(j)
n

µ
(j)
c
fn(x̄(j)

m,t) , if b(j)
m,t = 0 ,

(3.19)

v
(j)
1

(
x̄(j)
m,t, r̄

(j)
m,t = 0,b(j)

t

)
= fD(x̄(j)

m,t) , (3.20)

where µ(j)
n is the mean number of newly born targets.
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3.3.4 Likelihood function of MOT measurements

To find an expression of the joint likelihood function f
(
zt|ȳt,at,mt,

¯
yt, st

)
, we

make the following further commonly used assumptions [62]: (A10) at time t and
agent pair j the clutter-originated MOT measurements are independent of the
object-originated MOT measurements; (A11) at time t and agent pair j the clutter-
originated MOT measurements are independent and identically distributed with pdf
f (j)
c (z(j)

m,t); (A12) at time t and agent pair j, given all the target states, the target-
originated MOT measurements are conditionally independent of each other and also
conditionally independent of all the clutter-originated MOT measurements. Then,
using the assumptions from (A8) to (A12), the joint likelihood f(zt|ȳt,at,mt,

¯
yt, st)

can be expressed as [62, Eq. (63)]:

f
(
zt|ȳt,at,mt,

¯
yt, s

(t)
)

=

C(zt)
J∏
j=1

∏
`∈L(j)

t

q2
(
¯
x(j)
`,t ,¯

r
(j)
`,t , s̈

(j)
t ,a

(j)
`,t ; z

(j)
t

)

×
∏
a∈A

h2
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; z(j)
t

) ∏
m∈M(j)

t

υ2
(
x̄(j)
m,t, r̄

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)
,

(3.21)

where, C(zt) is a normalization factor, which depends on the measurements zt,
and, the function q2

(
¯
x(j)
`,t ,¯

r
(j)
`,t , s̈

(j)
t ,a

(j)
`,t ; z

(j)
t

)
is defined as:

q2
(
¯
x(j)
`,t ,¯

r
(j)
`,t = 1, s̈(j)

t ,a
(j)
`,t ; z

(j)
t

)
=


f
(
z(j)
m,t

∣∣∣̄x(j)
`,t , s̈

(j)
t

)
f

(j)
c
(
z(j)
m,t

) , a
(j)
`,t = m ∈M(j)

t ,

1 , a
(j)
`,t = 0 ,

q2
(
¯
x(j)
`,t ,¯

r
(j)
`,t = 0, s̈(j)

t ,a
(j)
`,t ; z

(j)
t

)
= 1 . (3.22)

For a 6= j1 and a 6= j2, h2
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; z(j)
t

)
is defined as:

h2
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; z(j)
t

)
=


f
(
z(j)
m,t

∣∣∣sa,t, s̈(j)
t

)
f

(j)
c
(
z(j)
m,t

) , a
(j)
|L(j)

t |+a,t
= m ∈M(j)

t ,

1 , a
(j)
`,t = 0 .

(3.23)

Instead, when a = j1 or a = j2, we have that h2
(
sa,t, s̈

(j)
t ,a

(j)
|L(j)

t |+a,t
; z(j)
t

)
= 1.

Finally, an expression of the function υ2
(
x̄(j)
m,t, r̄

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)
is provided by:

υ2
(
x̄(j)
m,t, r̄

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)
=


f
(
z(j)
m,t

∣∣∣x̄(j)
m,t, s̈

(j)
t

)
f

(j)
c
(
z(j)
m,t

) , r̄
(j)
m,t = 1 ,

1 , r̄
(j)
m,t = 0 .

(3.24)
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3.4 The proposed solution for cooperative self-
localization and multitarget tracking

In this section, we develop the proposed BP-based joint localization and target
tracking algorithm, where CSL and MTT are combined in a unique framework.
The conceptualization of the algorithm is depicted in the block scheme in Fig.
3.7, which should help the reader in an easier understanding of the contents of
this section. The block scheme, in fact, is intended to provide an intuition of how
the CSL and MTT problem is perceived and how the different players (agents
and targets) interact in the pair-by-pair processing. The intention of the block
scheme is also to highlight the different layers that coexist, namely CSL, MTT
and DA. The colors are chosen such that the reader is facilitated in pairing the
nodes/factors of FG with the boxes of the block scheme.

3.4.1 Target detection and state estimation
The ultimate task of the proposed MTT algorithm is to determine at each time
instant t if a legacy PT ` ∈ L(J)

t exists (i.e., to detect the binary target existence
variables

¯
r
(J)
`,t ), if a new PTm ∈M(J)

t exists (i.e., to detect the binary variables r̄
(J)
m,t),

to estimate the states
¯
x(J)
`,t and x̄(J)

m,t of the detected legacy and new PTs, respectively,
and finally estimate the states sa,t of the agents. This detection/estimation is
based on the past and present measurements of all the agents, i.e., on the total
measurement vector z1:t.

In the Bayesian setting, target detection and state estimation essentially
amount to calculating the marginal posterior existence probabilities p(

¯
r
(J)
`,t =1|z1:t),

…
…

…

…

… …

…

…

… …

…

… …

…
…

t− 1

st
at
e
tr
an

si
ti
on

agents
A

PTs
Lt−1

t

CSL

pair j = 1

L(1)
t A∗

DA

M(1)
t

pair j

L(j)
t A∗

DA

M(j)
t

pair j = |J |

L(|J |)
t A∗

DA

M(|J |)
t

CSL: Cooperative Self-Localization
DA: Data Association
A∗ ≡ A− {j1, j2}

t+ 1

A

Lt

1

Figure 3.7: Bloch scheme providing the intuition of the proposed solution. Three agent pairs
are represented: the first one, a generic one and the last one. Grey box refers to agents,
pink for legacy PTs, new PTs are in pale green. Agent cooperative self- localization (CSL)
layer is in orange, while data association (DA) is in red and pairwise MTT box in light blue.
For convenience, we added the set A∗ which contains all the agents but the transmitter and
receiver of the specific agent pair j.
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p(̄r
(J)
m,t = 1|z1:t) and the marginal posterior state pdfs f(

¯
x(J)
`,t |¯

r
(J)
`,t = 1, z1:t) and

f(x̄(J)
m,t |̄r

(J)
m,t=1, z1:t), respectively. The former and latter pdfs are obtained by direct

marginalization from f(
¯
x(J)
`,t ,¯

r
(J)
`,t =1|z1:t) and f(x̄(J)

m,t, r̄
(J)
m,t=1|z1:t), respectively. A

legacy PT ` or a new PT m are detected (i.e., declared to exist) if p(
¯
r
(J)
`,t =1|z1:t) or

p(̄r
(J)
m,t=1|z1:t) are larger than a suitably chosen threshold Pex. For each detected

legacy PT ` and new PT m, estimates of
¯
x(J)
`,t and x̄(J)

m,t are provided by the MMSE
estimators:

x̂MMSE
`,t ,

∫
¯
x(J)
`,t f(

¯
x(J)
`,t |¯

r
(J)
`,t =1, z1:t) d

¯
x(J)
`,t , (3.25)

and

x̂MMSE
m,t ,

∫
x̄(J)
m,t f(x̄(J)

m,t |̄r
(J)
m,t=1, z1:t) dx̄(J)

m,t. (3.26)

The agent state estimation is instead performed by calculating the marginal
posterior agent state pdfs f(sa,t|z1:t). The agent state estimate for an agent a is
provided by the MMSE estimator:

ŝMMSE
a,t ,

∫
sa,t f(sa,t|z1:t) dsa,t. (3.27)

Thus, the remaining problem is to calculate f(
¯
x(J)
`,t ,¯

r
(J)
`,t |z1:t), f(x̄(J)

m,t, r̄
(J)
m,t|z1:t) and

f(sa,t|z1:t).

3.4.2 Joint posterior distribution and factor graph
The proposed SPA-based multisensor-multitarget tracking algorithm is based on a
factor graph [41,92] representing the factorization structure of the joint posterior
pdf f

(
y1:t, s1:t,a1:t

∣∣∣g1:t,ρ1:t, z1:t
)
(to be derived later).

The posterior distributions f(
¯
x(J)
`,t ,¯

r
(J)
`,t |z1:t), f(x̄(J)

m,t, r̄
(J)
m,t|z1:t) and f(sa,t|z1:t), that

are used for PT detection-estimation and for agent state estimation, are marginal
pdfs of the joint posterior pdf f

(
y1:t, s1:t,a1:t

∣∣∣g1:t,ρ1:t, z1:t
)
.

The following assumptions are used in the derivation of the factorization:
(A13) Given the PTs augmented states and the agents states at time t − 1, i.e.,

yt−1 and st−1, respectively, the current PTs augmented states yt, the current
agents states st, the current PT-oriented association vector at, the current
measurements gt, ρt and zt, and the current number of MOT measurements
mt, are conditionally independent of the previous PTs augmented states,
agents states, association vectors and measurements;

(A14) Given yt−1 and st, the variables yt, at, gt, ρt, zt and mt are conditionally
independent of st−1;

(A15) Given st−1, the agents states vector at time t, i.e., st, is conditionally inde-
pendent of yt−1;

(A16) Given
¯
yt and st, the variables ȳt, at, gt, ρt, zt and mt are conditionally

independent of yt−1;
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(A17) Given yt−1, the legacy PTs augmented states vector at time t, i.e.,
¯
yt, is

conditionally independent of st;

(A18) Given
¯
yt and st, the navigation measurements vector gt and the direct mea-

surements vector ρt are conditionally independent of ȳt, at, zt and mt;

(A19) Given st, gt is independent of ¯
yt, and ρt is independent of ¯

yt.

We note that g1:t, ρ1:t and z1:t are observed and thus fixed. The number of
measurements M (j)

t and the corresponding vector m1:t are fixed as well.
The steps to derive the joint posterior pdf (final expression in (3.37)) are as

follows:

f
(
y1:t, s1:t,a1:t

∣∣∣g1:t,ρ1:t, z1:t
)

(3.28)

= f
(
y1:t, s1:t,a1:t

∣∣∣g1:t,ρ1:t, z1:t,m1:t
)

(3.29)

∝ f
(
y1:t, s1:t,a1:t, g1:t,ρ1:t, z1:t,m1:t

)
(3.30)

= f
(
yt, st,at, gt,ρt, zt,mt

∣∣∣y1:t−1, s1:t−1,a1:t−1, g1:t−1,ρ1:t−1, z1:t−1,m1:t−1
)

× f
(
y1:t−1, s1:t−1,a1:t−1, g1:t−1,ρ1:t−1, z1:t−1,m1:t−1

)
(3.31)

= f
(
yt, st,at, gt,ρt, zt,mt

∣∣∣yt−1, st−1
)

× f
(
y1:t−1, s1:t−1,a1:t−1, g1:t−1,ρ1:t−1, z1:t−1,m1:t−1

)
(3.32)

=
t∏

t′=1
f
(
yt′ , st′ ,at′ , gt′ ,ρt′ , zt′ ,mt′

∣∣∣yt′−1, st′−1
)

(3.33)

=
t∏

t′=1
f
(
yt,at, gt,ρt, zt,mt|st, yt−1, st−1

)
f
(
st|yt−1, st−1

)
(3.34)

=
t∏

t′=1
f
(
ȳt,at, gt,ρt, zt,mt|

¯
yt, st, yt−1

)
f
(
st|st−1

)
f
(
¯
yt|st, yt−1

)
(3.35)

=
t∏

t′=1
f
(
ȳt,at, zt,mt|

¯
yt, st

)
f
(
st|st−1

)
f
(
¯
yt|yt−1

)
f
(
gt|¯

yt, st
)
f
(
ρt|

¯
yt, st

)
(3.36)

=
t∏

t′=1
f
(
zt|ȳt,at,mt,

¯
yt, st

)
f
(̄
yt,at,mt|

¯
yt, st

)
f
(
st|st−1

)
f
(
¯
yt|yt−1

)
f
(
gt|st

)
f
(
ρt|st

)
,

(3.37)

where it has been used Bayes’ rule in (3.31), assumption (A13) in (3.32), Bayes’
rule in (3.34), Bayes’s rule and assumptions (A14) and (A15) in (3.35), Bayes’s
rule and assumptions (A17) (A18) in (3.36), and Bayes’ rule and A19) in (3.37).
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The factorization of (3.37) is:

f
(
y1:t, s1:t,a1:t

∣∣∣g1:t,ρ1:t, z1:t
)
∝

t∏
t′=1

 ∏
a∈A

τ(s(a)
t′ |s

(a)
t′−1)


︸ ︷︷ ︸
agent states prediction

 ∏
a∈Ag

t′

g
(
g(a)
t′ |s

(a)
t′

) ∏
a∈R

∏
a′∈T (a)

t′

d
(
ρ

(j)
t′ |s

(a)
t′ , s

(a′)
t′

)
︸ ︷︷ ︸

cooperative self-localization

×

 ∏
`∈Lt′−1

f(
¯
x`,t′ ,¯

r`,t′ |x`,t′−1, r`,t′−1)


︸ ︷︷ ︸
PT states prediction

×
|J |∏
j=1


 ∏
`∈L(j)

t′

(
q
(
¯
x(j)
`,t′ ,¯

r
(j)
`,t′ , s̈

(j)
t′ ,a

(j)
`,t′ ; z

(j)
t′

) ∏
m∈M(j)

t′

ψ
(
a

(j)
`,t′ , b

(j)
m,t′

))

×

 ∏
a∈A

(
h
(
s(a)
t′ , s̈

(j)
t′ ,a

(j)
|L(j)

t′ |+a,t
′ ; z

(j)
t′

) ∏
m∈M(j)

t′

ψ
(
a

(j)
|L(j)

t′ |+a,t
′ , b

(j)
m,t′

))

×

 ∏
m∈M(j)

t′

v
(
x̄(j)
m,t′ , r̄

(j)
m,t′ , s̈

(j)
t′ , b

(j)
m,t′ ; z

(j)
m,t′

) , (3.38)

which has been obtained by using (3.2), (3.5), (3.7), (3.9), (3.16) and (3.21) into
(3.37), where the function υ

(
x̄(j)
m,t, r̄

(j)
m,t = 1, s̈(j)

t , b
(j)
m,t; z

(j)
m,t

)
replaces the product

υ1
(
x̄(j)
m,t, r̄

(j)
m,t = 1,b(j)

t

)
υ2
(
x̄(j)
m,t, r̄

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)
which can be rewritten as [38]:

υ
(
x̄(j)
m,t, r̄

(j)
m,t = 1, s̈(j)

t , b
(j)
m,t; z

(j)
m,t

)
=


0 , b

(j)
m,t ∈ O

(j)
t ,

µ(j)
n

µ
(j)
c
fn(x̄(j)

m,t)
f(z(j)

m,t|x̄
(j)
m,t, s̈

(j)
t )

f
(j)
c (z(j)

m,t)
, b

(j)
m,t = 0 ,

(3.39)

υ
(
x̄(j)
m,t, r̄

(j)
m,t = 0, s̈(j)

t , b
(j)
m,t; z

(j)
m,t

)
= fD(x̄(j)

m,t) . (3.40)

The computation of the marginal posterior pdfs f(
¯
y(J)
`,t |z1:t)=f(

¯
x(J)
`,t ,¯

r
(J)
`,t |z1:t) of

legacy PTs, f(ȳ(J)
m,t|z1:t) =f(x̄(J)

m,t, r̄
(J)
m,t|z1:t) of new PTs and f(sa,t|z1:t) of agents is

obtained by running iterative SPA message passing [41, 92] on the factor graph
representing the factorization in (3.38). Details on the message passing algorithm
are provided in next section.

3.4.3 BP-based algorithm for joint CSL and MTT
We now apply the SPA algorithm to the problem of calculating the marginal
posterior pdfs f(

¯
y(J)
`,t |z1:t) = f(

¯
x(J)
`,t ,¯

r
(J)
`,t |z1:t) for the legacy PTs, f(ȳ(J)

m,t|z1:t) =
f(x̄(J)

m,t, r̄
(J)
m,t|z1:t) for the new PTs and f(sa,t|z1:t) for the agents. Since the factor

graph contains loops, we have to choose an order of calculating the individual
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messages. In our algorithm, the order is defined by two rules: first, messages are
not sent backward in time, and second, iterative message passing is only performed
for data association, and at each time step sequentially from the first agent pair
j = 1 until the last agent pair J . Combining these rules with the generic SPA
rules for calculating messages and beliefs we have the following operations to be
carried out at each time step in the stated order:

1. agent states prediction,

2. agent CSL,

3. legacy PT states prediction,

4. measurement evaluation,

5. data association,

6. measurement update,

7. belief calculation.

In the following, we provide descriptions of these operations, including expressions
of the various messages and beliefs.

Agent states prediction
To predict the state of each agent, the messages ζτa→sa(sa,t) from the factor nodes
“τa , τ(sa,t|sa,t−1)” to the variable nodes “sa , sa,t” have to be calculated as:

ζτa→sa(sa,t) =
∫
τ(sa,t|sa,t−1)f̃(sa,t−1) dsa,t−1 . (3.41)

Agents cooperative self-localization
In this phase, agents use navigation and direct measurements to perform CSL.
Note that in this step, targets are not involved, nor DA issues are present as
the type of measurement is exact (i.e., it is well known which are the agents
affected by each measurement). The CSL-specific FG is shown in Fig. 3.8,
where the incoming steps are performed for NSL iterations. At each iteration n =
1, . . . , NSL, the messages η(n)

sa→d(a,a′)(sa,t) and η
(n)
sa→d(a′,a)(sa,t), from the variable nodes

“sa” to the factor nodes “d(a,a′) , d(ρ(a,a′)
t |sa,t, sa′,t) and “d(a′,a) , d(ρ(a′,a)

t |sa′,t, sa,t)”,
respectively, are calculated as:

η
(n)
sa→d(a,a′)(sa,t) = ζτa→sa(sa,t) ζga→sa(sa,t)

∏
a′′∈T (a)

t −{a′}

ζ
(n−1)
d(a,a′′)→sa

(sa,t)
∏

a′′∈R(a)
t

ζ
(n−1)
d(a′′,a)→sa

(sa,t) ,

(3.42)
η

(n)
sa→d(a′,a)(sa,t) = ζτa→sa(sa,t) ζga→sa(sa,t)

∏
a′′∈T (a)

t

ζ
(n−1)
d(a,a′′)→sa

(sa,t)
∏

a′′∈R(a)
t −{a′}

ζ
(n−1)
d(a′′,a)→sa

(sa,t) ,

(3.43)
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d

(2,A)
d

(A,2)

1Figure 3.8: Factor graph corresponding to the agent self-localization step at the beginning of
each time step t. In the graph, all agents are assumed to have both navigation and direct
measurements. Shortcuts s−a , sa,t−1 and ga , g(g(a)

t |sa,t) are used.

where the message ζga→sa(sa,t), that is passed from factor node “ga” to variable
node “sa”, is computed as:

ζga→sa

(
sa,t
)

=

g
(
ga,t

∣∣∣sa,t) , if a ∈ Ag
t ,

1 , if a /∈ Ag
t .

(3.44)

Then, the messages ζ(n)
d(a,a′)→sa

(sa,t) and ζ(n)
d(a′,a)→sa

(sa,t) from the factor nodes “d(a,a′)”
and “d(a′,a)” to the variable nodes “sa” are calculated as:

ζ
(n)
d(a,a′)→sa

(sa,t) =
∫

d(ρ(j)
t |sa,t, sa′,t) η

(n)
sa′→r(a,a′)(sa′,t) dsa′,t , (3.45)

ζ
(n)
d(a′,a)→sa

(sa,t) =
∫

d(ρ(a′,a)
t |sa,t, sa′,t) η(n)

sa′→r(a′,a)(sa′,t) dsa′,t . (3.46)

The initial belief of each agent state after self-localization is calculated as:

f̃0(sa,t) ∝ ζτa→sa(sa,t) ζga→sa(sa,t)
∏

a′∈R(a)
t

ζ
(NSL)
d(a′,a)→sa

(sa,t)
∏

a′∈T (a)
t

ζ
(NSL)
d(a,a′)→sa

(sa,t) .

(3.47)
At this time, CSL lead to an estimate of the multi-agent network. The next

phases introduce targets in the localization processes, which have to be detected
and localized but also used upside-down to possibly refine the beliefs at the end of
CSL. The following steps are then performed for each receiver-transmitter couple
j ∈ J . The relative FG for the MTT part is provided in Fig. 3.9 for a generic
agent pair j at a given time t.

Legacy PT states prediction
To predict the states of legacy PTs (i.e., the targets that were hypothesized to exist
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Figure 3.9: Factor graph for MTT at time step t and agent pair j, with j1 = 1 and j2 = 2.

at the previous time instant) the messages ζf`→
¯
y`

(
¯
y(j)
`,t ) passed from the factor nodes

“f` , f(
¯
x(j)
`,t ,¯

r
(j)
`,t |x

(j−1)
`,t , r

(j−1)
`,t )” to the variable nodes “

¯
y` , ¯

y(j)
`,t ” are calculated for

each PT ` ∈ L(j)
t as:

ζf`→
¯
y`

(
¯
y(j)
`,t ) =∑

r
(j−1)
`,t

∈{0,1}

∫
f(

¯
x(j)
`,t ,¯

r
(j)
`,t |x

(j−1)
`,t , r

(j−1)
`,t )δj,1 δ(y(j−1)

`,t −
¯
y(j)
`,t )1−δj,1 f̃(x(j−1)

`,t , r
(j−1)
`,t ) dx(j−1)

`,t ,

(3.48)
where δj,1 is the Kronecker delta that is equal to 1 when j = 1 and 0 when
j 6= 1, and δ(y(j−1)

`,t −
¯
y(j)
`,t ) is the Dirac Delta function, which is equal to 0 when

y(j−1)
`,t 6=

¯
y(j)
`,t and equal to +∞ when y(j−1)

`,t =
¯
y(j)
`,t . For j = 1, we have that

y(j−1)
`,t = y`,t−1, therefore:

ζf`→
¯
y`

(
¯
y(j)
`,t ) =

∑
r`,t−1∈{0,1}

∫
f(

¯
x(j)
`,t ,¯

r
(j)
`,t |x`,t−1, r`,t−1) . (3.49)

For j > 1, we have instead that

ζf`→
¯
y`

(
¯
y(j)
`,t ) =

∑
r
(j−1)
`,t

∈{0,1}

∫
δ(y(j−1)

`,t −
¯
y(j)
`,t ) f̃(x(j−1)

`,t , r
(j−1)
`,t ) dx(j−1)

`,t

= f̃(
¯
y(j)
`,t ) , (3.50)

where the last step follows from the Dirac delta function δ(x) general property,
i.e.,

∫
δ(x− x0)f(x)dx = f(x0) for all x0.

Measurement evaluation
Once the messages ζf`→

¯
y`

(
¯
y(j)
`,t ) have been evaluated, a “measurement evalua-

tion” step is performed for the legacy PTs, the new PTs and the agents. For
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the legacy PTs, the messages ζq`→α`
(a(j)

`,t ), passed from the factor nodes “q` ,
q(

¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t )” to the variable nodes a` , a
(j)
`,t are calculated as:

ζq`→a`
(a(j)

`,t ) =∑
¯
r
(j)
`,t
∈{0,1}

∫∫∫
q(

¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t ) f̃ (j−1)(sj1,t)1−δj1,j2 f̃ (j−1)(sj2,t)

× δ(sj1,t − sj2,t)δj1,j2 ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t dsj1,t dsj2,t . (3.51)

In the particular case of j1 6= j2, we have that δj1,j2 = 0 and δ(sj1,t − sj2,t) = 0.
Therefore:

ζq`→a`
(a(j)

`,t ) =∑
¯
r
(j)
`,t
∈{0,1}

∫∫∫
q(

¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t ) f̃ (j−1)(sj1,t) f̃ (j−1)(sj2,t)

× ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t dsj1,t dsj2,t . (3.52)

On the contrary, when the receiver and transmitter of the j-th couple coincide,
i.e., j1 = j2, we have that δj1,j2 = 1 and δ(sj1,t − sj2,t) = 1. Therefore:

ζq`→a`
(a(j)

`,t )

=
∑

¯
r
(j)
`,t
∈{0,1}

∫∫∫
q(

¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t ) f̃ (j−1)(sj2,t)

× δ(sj1,t − sj2,t) ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t dsj1,tdsj2,t

=
∑

¯
r
(j)
`,t
∈{0,1}

∫∫
q(

¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t ) f̃ (j−1)(sj1,t) ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t dsj1,t .

(3.53)

For the new PTs, the messages ζυm→bm(b(j)
m,t) passed from the factor nodes

“υm , υ
(
x̄(j)
m,t, r̄

(j)
m,t, b

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)
” to the variable nodes “bm , b

(j)
m,t” for the a 6= j1

and a 6= j2 are calculated as:

ζυm→bm(b(j)
m,t) =∑

r̄
(j)
m,t∈{0,1}

∫∫∫
υ
(
x̄(j)
m,t, r̄

(j)
m,t, b

(j)
m,t, s̈

(j)
t ; z(j)

m,t

)

× f̃ (j−1)(sj1,t)1−δj1,j2 f̃ (j−1)(sj2,t) δ(sj1,t − sj2,t)δj1,j2 dx̄(j)
m,t dsj1,t dsj2,t .

(3.54)

For the agents, the messages ζha→α
|L(j)

t
|+a

(a(j)
|L(j)

t |+a,t
) passed from the factor

nodes “ha , h(sa,a(j)
|L(j)

t |+a,t
, s̈(j)
t ; z(j)

t )” to the variable nodes “a|L(j)
t |+a

, a
(j)
|L(j)

t |+a,t
”
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are calculated as:

ζ
ha→a|L(j)

t |+a
(a(j)
|L(j)

t |+a,t
) =∫∫∫

h(sa,t,a(j)
|L(j)

t |+a,t
, s̈(j)
t ; z(j)

t ) f̃ (j−1)(sj1,t) f̃ (j−1)(sj2,t)1−δj1,j2

× δ(sj1,t − sj2,t)δj1,j2 f̃ (j−1)(sa,t) dsa,t dsj1,t dsj2,t . (3.55)

Data association
At this time, the a statistical characterization of MOT measurements is required
to calculate the association beliefs. DA is an iterative procedure where the mes-
sages ζq`→a`

(a(j)
`,t ), ζha→a

|L(j)
t
|+a

(a(j)
|L(j)

t |+a,t
) and ζυm→bm(b(j)

m,t) are converted into the

messages ηa`→q`
(a(j)

`,t ), ηa|L(j)
t
|+a
→ha(a(j)

|L(j)
t |+a,t

) and ηbm→υm(b(j)
m,t), respectively. This

step involves the calculation of iterated messages and is equal to the corresponding
step in [62]. For this reason, we remind that work for details. Alternatively, a
detailed description of DA and related messages is provided in Chapter 4, in which
a Maximum-A-Posteriori (MAP) implementation is also discussed so as to reduce
DA complexity by selectively associate a measurement to the originating target.
In the last case, performance degradation has to be evaluated for the specific
application scenario.

Measurement update
A “measurement update” step is now performed for both the legacy PTs and the
new PTs. For the legacy PTs, the messages ζq`→

¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) from the factor nodes

“q`” to the variable nodes “
¯
y`” are calculated as:

ζq`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) =

M
(j)
t∑

a
(j)
`,t

=0

ηa`→q`
(a(j)

`,t )
∫∫

q(
¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t )

× f̃ (j−1)(sj1,t)1−δj1,j2 f̃ (j−1)(sj2,t) δ(sj1,t − sj2,t)δj1,j2dsj1,t dsj2,t . (3.56)

For the new PTs, the messages ζυm→ȳm
(x̄(j)
m,t, r̄

(j)
m,t) passed the factor nodes “υm”

to the variable nodes “ȳm” are calculated as:

ζυm→ȳm
(x̄(j)
m,t, r̄

(j)
m,t) =

|L(j)
t |∑

b
(j)
m,t=0

ηbm→υm(b(j)
m,t)

∫∫
v(x̄(j)

m,t, r̄
(j)
m,t, b

(j)
m,t, s̈

(j)
t ; z(j)

m,t)

× f̃ (j−1)(sj1,t)1−δj1,j2 f̃ (j−1)(sj2,t) δ(sj1,t − sj2,t)δj1,j2dsj1,t dsj2,t . (3.57)

For the agents, the messages ζha→sa(sa,t) passed from the factor nodes “ha” to the
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variable nodes “sa” for a 6= j1 and a 6= j2 are calculated as:

ζha→sa(sa,t) =
M

(j)
t∑

a
(j)
`,t

=0

ηα`→q`
(a(j)

`,t )
∫∫

h(sa,t,a(j)
|L(j)

t |+a,t
, s̈(j)
t ; z(j)

t )

× f̃ (j−1)(sj1,t)1−δj1,j2 f̃ (j−1)(sj2,t)δ(sj1,t − sj2,t)δj1,j2 dsj1,t dsj2,t . (3.58)

The next step consists of calculating the messages from the factor nodes “q`”, “υm”
and “ha” to the variable nodes “sji”, for i ∈ {1, 2}. In particular, the messages
ζq`→sji

(sji) from the factor nodes “q`” to the variable nodes sji are calculated for
i = 1 and i′ = 2 or i = 2 and i′ = 1 as:

ζq`→sji
(sji,t) =

M
(j)
t∑

a
(j)
`,t

=0

∑
¯
r
(j)
`,t
∈{0,1}

ηa`→q`
(a(j)

`,t )
∫∫

q(
¯
x(j)
`,t ,¯

r
(j)
`,t ,a

(j)
`,t , s̈

(j)
t ; z(j)

t )

× f̃ (j−1)(sji′ ,t)
1−δji,ji′ δ(sji,t − sji′ ,t)

δji,ji′ ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t dsji′ ,t .

(3.59)

Next, the messages ζha→sji
(sji,t) from the factor nodes “ha” to the variable nodes

“sji” are calculated as:

ζha,t→sji
(sji,t) =

M
(j)
t∑

a
|L(j)

t
|+a

=0
ηa
|L(j)

t
|+a
→ha(a(j)

`,t )
∫∫

h(sa,t,a(j)
|L(j)

t |+a,t
, s̈(j)
t ; z(j)

t )

× f̃ (j−1)(sji′ ,t)
1−δji,ji′ δ(sji,t − sji′ ,t)

δji,ji′ f̃ (j−1)(sa,t) dsa,t dsji′ ,t . (3.60)

Note that when a = j1 or a = j2 we have that:

ζha,t→sji
(sji,t) = ηa

|L(j)
t
|+a
→ha(a|L(j)

t |+a
= 0) . (3.61)

as the function h(·) is non-zero if and only if a|L(j)
t |+a

= 0.
Finally, the messages ζυm→sji

(sji,t) from the factor nodes “υm” to the variable
nodes “sji” are calculated as:

ζυm→sji
(sji,t) =
|L(j)

t |∑
b

(j)
m,t=0

∑
r̄
(j)
m,t∈{0,1}

ηbm→υm(b(j)
m,t)

∫∫
v(x̄(j)

m,t, r̄
(j)
m,t, b

(j)
m,t, s̈

(j)
t ; z(j)

m,t)

× f̃ (j−1)(sji′ ,t)
1−δji,ji′ δ(sji,t − sji′ ,t)

δji,ji′ dx̄(m)
`,t dsji′ ,t . (3.62)

Belief calculation
Finally, for the legacy PTs, beliefs f̃(

¯
y(j)
`,t ) = f̃(

¯
x(j)
`,t ,¯

r
(j)
`,t ) approximating the marginal
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posterior pdfs f(
¯
y(j)
`,t |z1:t) = f(

¯
x(j)
`,t ,¯

r
(j)
`,t |z1:t) are calculated as:

f̃(
¯
x(j)
`,t ,¯

r
(j)
`,t ) = 1

¯
C

(j)
`,t

ζf`→
¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) ζq`→

¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) , (3.63)

where the normalization constant
¯
C

(j)
`,t is defined as:

¯
C

(j)
`,t ,

∑
¯
r
(j)
`,t
∈{0,1}

∫
ζf`→

¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) ζq`→

¯
y`

(
¯
x(j)
`,t ,¯

r
(j)
`,t ) d¯

x(j)
`,t . (3.64)

Similarly, for the new PTs, beliefs f̃(ȳ(j)
m,t) = f̃(x̄(j)

m,t, r̄
(j)
m,t) approximating the

marginal posterior pdfs f(ȳ(j)
m,t|z1:t) = f(x̄(j)

m,t, r̄
(j)
m,t|z1:t) are calculated as:

f̃(x̄(j)
m,t, r̄

(j)
m,t) = 1

C̄
(j)
m,t

ζυm→ȳm
(x̄(j)
m,t, r̄

(j)
m,t) , (3.65)

where C̄(j)
m,t is a normalization constant equal to C̄(j)

m,t ,
∫
ζυm→ȳm

(x̄(j)
m,t, r̄

(j)
m,t) dx̄

(j)
m,t.

Finally, the last step consists of updating the agent’s beliefs, which are calculated
as:

f̃ (j)(sa,t) =
1
C

(j)
a,t

f̃ (j−1)(sa,t)
[∏
m

ζυm→sji,t
(sji,t)

∏
a∈A
ζha→sji

(sji)
∏
`

ζq`→sji
(sji,t)

]δji,a

ζha→sa(sa,t)1−δji,a ,

(3.66)

where C(j)
a,t is a normalization constant to the consistency of belief.

3.4.3.1 Implementation aspects

The statistical problem formulation deeply detailed in this section is implemented
following a particle-based approach, where each pdf is described by a set of NP
particles. This choice is particularly appropriate for non-Gaussian settings and
pdf, which intrinsically appear in data association problems [43,82,83,87]. The use
of particles, on the other hand, impacts on the complexity of the algorithm, which
cubically scales with NP. This drawback is unavoidable due to the introduction of
both agents and targets’ uncertainties, differentiating this approach with respect
to previous works which assumed perfect knowledge of agents’ positions [62,82,83].

Practically speaking, considering the CSL of agents (i.e., excluding the MTT
issue) the complexity linearly scales with the iterations NSL and quadratically
with the number of connected agents (in case of full connectivity and direct
measurement availability), To be more rigorous, it scales quadratically with the
number of neighboring agents with direct measurements. The MTT part, instead,
impacts on the overall complexity as follows. The sequential MTT procedure
linearly scales with the number of agents’ pair. For each pair, a linear contribution
to the complexity has to be ascribed to the number of indirect measurements per
pair, while the heaviest burden comes from the number of hypothesized legacy
targets which quadratically affect the complexity due to DA operations [93].
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3.5 Performance assessment of joint CSL andMTT
in maritime scenario

The performance assessment of the proposed joint CSL and MTT approach is here
provided in simulated environment. We target maritime surveillance as primary
use case of the proposed technique. The kinematics of agents, targets, accuracy of
measurement and other parameters are chosen accordingly.

3.5.1 Simulation settings for maritime scenario
As simulation scenario we consider the 10× 10 km area of Fig. 3.10, with three
agents (s1, s2 and s2) moving counterclockwise at a constant radial velocity of
2.5 km/h around a circle of radius 3.5 km, while another one (s4) is anchored in
the center (e.g., it can represent a buoy with sensing and communication devices).
Agents can communicate and sense over the whole area (i.e., no limitation on
sensing/communication range). The state of each agent sa,t = [pT

a,t, v
T
a,t]T ∈ R4

comprises both position and velocity over a 2D space. We represent the pdf of
each agent a ∈ A through a set of NP = 1000 particles. Navigation measurements
g(a)
t = pa,t + n

(a)
t are available at agents s2,t and s4,t ∀t = nTs, n = 1, ..., 50,

with sampling time Ts = 30 s. The noise term has a Gaussian distribution, i.e.,
n

(a)
t ∼ N (pa,t, σ2

a,g), where the noise statistics are defined as:

σa,g =

20m , a = 2 ,
5m , a = 4 ,

(3.67)

to differentiate between the two agents. Each agent’s prior pdf is set as a uniform
in a circle of 150 m radius around the true position.

Agents localize themselves by combining state measurements g(a)
t (if available)

with direct measurements ρ(a,a′)
t (if available). The latter here include range and

bearing between an agent-transmitter a′∈T − {a} and an agent-receiver a∈R as
follows:

ρ
(a,a′)
t =


∥∥∥pa,t − pa′,t

∥∥∥+ w(a,a′)
r,t , (range) ,

∠(pa′,t,pa,t) + w(a,a′)
b,t , (bearing) ,

(3.68)

with noise terms w(a,a′)
r,t ∼ N (0, σ2

r ) and w(a,a′)
r,t ∼ N (0, σ2

b ) equal for each agent pair
(a, a′) and time instance t and with noise standard deviation (std.) σr = 20 m and
σb = 1 deg. The latter value is a typical accuracy for towed array of hydrophones
which have been used for decades in the underwater domain as to compensate
for the heavy power loss of acoustic propagation in water medium [19, 38]. To
avoid over confidentiality issues, we opt for NSL = 1 iterations of self localization,
also considering the fully connected graph which does not need multi-hop message
passing.

The scenario includes a time-variant number of mobile targets x`,t = [pT
`,t, v

T
`,t]T ∈

R4 which are moving at constant speed. Target velocities are randomly chosen
between ±3 knots. Also for target, a particle-based modeling of NP = 1000
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Figure 3.10: Simulation scenario with four agents circularly counterclockwise moving and four
mobile targets.

is adopted. Target a-priori pdf is a Gaussian pdf centered around the true
target position (non-practical but still widely adopted initialization) and with
standard deviation of 500 m. In order to assess the tracking robustness in the
detection of new targets, they appear at different time instants and persists for
a limited amount of time. The `-th target is in the scenario for time instants n
as follow: n ∈ {5, 35} for ` = 1, n ∈ {10, 40} for ` = 2, n ∈ {20, 40} for ` = 3 and
n ∈ {30, 45} for ` = 4.

The presence of agents and targets gives rise to MOT measurements z(j)
m,t (see

Sec. 3.2.3.3) at each j-th pair of agents. These measurements are subject to data
association issues, as well as to missed detection and clutter. Also in this case,
we consider range and bearing information, with noise terms as for the direct
measurement case. The detection probability is assumed as constant among each
agent pair, it is also independent on the type of origin (i.e., if a MOT measurement
is originated from a target or an agent) and set equal to Pd = Pd(¯

x(j)
`,t , s̈

(j)
t ) =

Pd(sa∗,t, s̈(j)
t ) = 0.7. For each agent pair j, clutter measurements are distributed

as: P(µ(j)
c ) = P(3), while the false alarm distribution f (j)

c

(
z(j)
m,t

)
is considered as

uniform in the whole area. For algorithmic tractability, at each time instant t a
pruning step of PTs is performed after the last agent pair: any PT ` with existence
probability p(

¯
r
(J)
`,t =1|z1:t) < Γpr and p(̄r

(J)
m,t=1|z1:t) < Γpr is removed from the set

Lt of legacy PTs. Table 3.1 summarizes the main simulation parameters used for
the performance evaluation.
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Table 3.1: Simulation parameters for cooperative localization in maritime environment.

Parameter Symbol Value
Number of agents A 4
Set of Tx agents T {s4}
Set of Rx agents R {s1, s2, s3}
Set of agents with state meas. Ag {s2, s4}
Navigation meas. accuracy (std.) - s2 σ2,g 20 m
Navigation meas. accuracy (std.) - s4 σ4,g 5 m
Direct/indirect meas. range accuracy (std.) σr 20 m
Direct/indirect meas. bearing accuracy (std.) σb 1 deg
Detection probability Pd 0.7
Mean number of clutter per pair µ

(j)
c 3

Mean number of new PTs per pair µ
(j)
n 0.1

Target survival probability ps(x`,t−1) 0.99
Pruning threshold Γpr 0.01
Target existence threshold Pex 0.75
Number of particles NP 1000

3.5.2 Performance evaluation of joint CSL and MTT
This section aims to evaluate the localization performance of the proposed CSL and
MTT technique. Specifically, we test the capability of estimating agent positions
as well as detecting unknown targets.

In the previously detailed settings, we compare the performance of the proposed
joint CSL and MTT algorithm with a solution which first performs CSL and then
MTT, without combining them. To ease the notation and facilitate the reader, we
refer to these two methodologies as Joint Localization and Tracking (JLT) and
Separate Localization and Tracking (SLT). In following figures, JLT is marked
with a dotted line, while SLT with a dashed line. It is important to stress that
in the JLT approach targets are not only unknown objects to be just localized,
but they represent a valuable information used upside-down by the agents to
refine their own localization through the proposed cooperative mechanism. To
highlight this, in the simulation we induce an outage condition to agents s1,t and
s3,t for t = [300, 1200] s, where no direct nor navigation measurements are available.
Such condition, in practical use cases, can be related to hardware malfunctioning,
interference or hacking issue, meaning that the agent is going to be lost if target
information is not used. Results are averaged over 100 Monte Carlo iterations.

As first result, in Fig. 3.11 we report the position error over time for each agent
individually, for both JLT and SLT. The most interesting result is related to the
agents in outage conditions (s1,t and s3,t): we show that it is still possible to localize
them by exploring target information (JLT) even during the outage period. In
case of SLT, instead, targets cannot contribute in localizing “lost” agents, and the
estimate of agent positions can only rely on the motion prediction model, leading
to high errors. Considering practical implementation, the use of JLT might allow,
for instance, the recovery of the agent, which would be hardly achieved in case of
SLR. Regarding other agents, we report that moderate improvements on agent
s2,t localization can be achieved by combining target information with navigation
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Figure 3.11: Localization accuracy of agents over time. Performance comparison between JLT
and SLT.
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Figure 3.12: Zoom on reconstructed trajectories of agents in outage conditions.

measurements, while no benefits are for agent s4,t as navigation measurements are
extremely precise (the intended scenario is a GPS-based positioning of a buoy).

A deeper focus on the agents with outage condition is provided in Fig. 3.12,
where the reconstructed trajectories of agents s1,t (Fig. 3.12a) and s3,t (Fig. 3.12b)
are plotted in the 2D space. This visualization allows to highlight the huge drifts
are induced by SLT on the agent localization in case of relying only on prediction
model (SLS), and remarks, on the other hand, how profitable is the use of target
information (JLT) in “keeping the track”.

After the analysis on agent localization, we now analyze the capability of the
proposed technique in performing MTT, which is a primary task of the application.
Results are given in terms of Mean Optimal Subpattern Assignment (MOSPA),
Fig. 3.13a, and number of detected targets, Fig. 3.13b. The MOSPA metric [94]
of order 1 is used, with a cut off parameter of 5000. Results in Fig. 3.13a indicate
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Figure 3.13: Performance comparison between JLT and SLR in MTT. a) MOSPA. b) Number
of existing targets.

superior tracking capabilities of JLT with respect to SLT. Major benefits are in the
detection of the fourth new target (t = 900 s), where the outage condition of agents
s1,t and s3,t significantly affect a SLT system. In SLT the contribution of the joint
sensing is missing, and MOT measurements of the not-in-outage agent s2,t are not
confirmed over time (or poorly confirmed in the very first outage time instants).
The tardiness in target detection is also highlighted in Fig. 3.13b, where a target
(either legacy or new one) is declared to exist at time t if p(

¯
r
(J)
`,t =1|z1:t) > Pex or

p(̄r
(J)
m,t=1|z1:t) > Pex, with Pex = 0.75.
Another metrics that might be of interest for MTT is the Time On Target

(TOT), which characterizes the percentage of time in which the MTT system is
capable of detecting an existing target x`,t and localizing it with an error less than
a threshold d. We report in Tab. 3.2 a summary for three different threshold
values d = {50, 100, 200} m, highlighting superior detection capabilities for the
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proposed JLT with respect to SLT, especially related to the third target.

Table 3.2: Performance comparison of JLT and SLT in terms of percentage of Time On Target,
for three different threshold distances d.

d = 50 m d = 100 m d = 200 m
target SLT JLT SLT JLT SLT JLT
x1 73.1% 87.2% 92.3% 95.3% 95.4% 95.4%
x2 50,7% 89.2% 84.3% 95.0% 94.2% 95.0%
x3 28.5% 86.6% 61.0% 93.8% 89.4% 93.8%
x4 48.0% 73.1% 71.3% 91.0% 78.6% 91.0%

Results demonstrate how target information is of high importance for practical
application, e.g., in maritime surveillance. We proved the convenience of considering
a joint CSL and MTT solution rather than perform the two tasks independently.
A JLT approach allows for a more robust localization of both agents and targets,
despite the coarse measurement accuracies of the maritime scenario.

3.6 Concluding remarks
In this chapter, we developed a cooperative technique for self-localization and
multitarget tracking in multi-agent networks. Despite being primary intended
to maritime scenarios, the algorithm is general enough to be tailored to any
multi-agent system with agents equipped with diverse perception systems and
communication devices. The proposed solution performs the mandatory tasks of
determining the agent positions in the network (i.e., create the multi-agent network)
and detecting and localizing an unknown and arbitrary number of targets ,where
existence probabilities are used to declare their existences as well as for opting for
their removal (pruning). Surveillance systems are thus an immediate application of
this technique. Besides joint Cooperative Self-Localization (CSL) and MultiTarget
Tracking (MTT), the developed solution also takes advantage of target information
to update and refine the agent positions obtained during CSL. This latter benefit
might provide few enhancements in case of large availability of navigation and/or
inter-agent direct measurements, but has been proven through simulations to be of
utmost importance in case malfunctioning or outage conditions which may occur
in daily operations at sea and require recovery of the agent. An important aspect
of belief-propagation technique as the proposed one is the flexibility: the algorithm
intrinsically handles time-variant properties of agents and network topology (such
as a connection of a new agent, or the disappearing of an existing one) and it also
admits the coexistence of different type of measurements (navigation, direct or
indirect) of (part of) the agent state. Lastly, the extension of data association
issues to include agent as well (and not only targets) allows to consider realistic
conditions of signal propagation, where multiple reflections from both agents and
targets are unavoidably present and affect the signal processing chain.

Future research directions: the performance developed algorithm presented in
this chapter has been validated by simulations. However, to assess its robustness
and resilient capabilities in real operations, a validation over collected real data
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is mandatory to fill the gap between research and real systems. As anticipated
by the disclosure on main limitations, the use of real measurements might lead to
an overestimation of the number of targets due to multiple reflections of a same
signal at different locations of a same target due to unavoidable physical properties
and space occupancy. Thus, it would be suggested to relax the assumption that
only one measurement can originate from one target, and develop a more complex
stochastic formulation. If this might not be the case of a maritime environment,
we deem the extension to be highly recommended for indoor scenarios, where it is
more likely to have multiple reflections of a same target. Moreover, multiple data
association hypothesis would be helpful in discriminating among many multipath
components of a same reflected signals, enhancing the localization in non-ideal
environments.
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Cooperative localization in vehicular
scenarios

This chapter addresses the problem of cooperative localization in vehicular networks.
The time varying multi-agent systems is constituted by land vehicles and targets
(here generically referred as “features”). A scenario of connected vehicles exchanging
information on detected targets (obtained through processing on-board perception
sensors, e.g., radar, lidar, ultrasound and camera) in the environment is used to
formulate a cooperative localization algorithm where both vehicles and target need
to be localized. A cooperative vehicles/targets localization solution is developed
based on the sum-product algorithm working on a time-varying graph created
by vehicle connections, customizing the centralized implementation of previous
chapter into a fully distributed implementation. Direct Vehicle-to-Vehicle (V2V)
communications allow information exchange among vehicles, being thus the enabler
of distributed approaches. Cooperative target localization is used as hidden
information for refining GPS-based positioning, leading to the definition of the
Implicit Cooperative Positioning (ICP) algorithm, with nested data association on
multitarget measurements (ICP-DA). The objective is to demonstrate potentialities
of cooperative localization in vehicular application, which not only leads to a more
accurate estimation of targets but can also be correspondingly used to improve
GPS-based vehicle positioning as well.

The chapter is organized as follows. Sec. 4.1 introduces the problem of
cooperative localization in cooperative intelligent transportation systems which
is here customized according to the system model presented in Sec. 4.2. Sec.
4.3 is entirely devoted to explain the details of the data association issue of
multiple measurements originating from unknown targets, which is fundamental
for the proposed distributed cooperative localization solution describe in Sec. 4.4.
Performances are evaluated in simulated ad-hoc scenarios in Sec. 4.5 as well as in
realistic urban arterials in Sec. 4.6. Lastly, Sec. 4.7 contains concluding remarks.

The contents of this chapter are adapted from publications [1, 2].

69



Chapter 4. Cooperative localization in vehicular scenarios

4.1 Introduction to localization in C-ITS

Cooperative Intelligent Transportation Systems (C-ITS) rely on V2X communi-
cations to enable data sharing among road users, to increase situation awareness
and take preventive actions to anomalous events, improving road safety. The
existing V2X standards are based on a WiFi mode (i.e., IEEE 802.11p WAVE [95]
and ETSI ITS-G5 [96], for US and EU respectively) or on cellular communica-
tions (i.e., the recently released 3GPP LTE C-V2X standard [97]), while new
millimeter-wave technologies are emerging in the context of the fifth-generation
(5G) mobile networks to cover higher levels of automation [98,99]. 5G and beyond
technologies enable cooperative perception and maneuvering functionalities by
direct Vehicle-to-Vehicle (V2V) exchange of massive sensor data and mobility
patterns among vehicles, paving the way for a new cooperative, connected and
automated mobility [100–104]. The V2V interactions allow vehicles to fuse local
data (ego-sensors) with information from nearby road users, extending the field
of view of individual perception sensors and thus improving road safety [105].
Vehicles can also share the intended trajectories and synchronize mobility patterns,
forming high-density platoons and enhancing traffic efficiency [106].

In many safety-critical C-ITS applications [107–110], a fundamental requirement
is precise vehicle positioning. GPS, even when augmented by inertial sensors,
differential corrections or multi-constellation receivers, cannot guarantee the re-
quired navigation performance in terms of availability and accuracy, especially
in highly built-up areas, where the satellite signal is severely attenuated or even
denied [11,12]. To improve GPS performance, many approaches are available in the
literature and are here grouped into non-cooperative and cooperative solutions. In
non-cooperative methods, vehicles rely only on their own sensors, without any data
fusion with other vehicles. An example is Simultaneous Localization And Mapping
(SLAM) [111,112], where an ego vehicle builds detailed map by integrating GPS
information in the mapping process, enhancing the localization accuracy [113,114].
On the other hand, Cooperative Positioning (CP) techniques [115–123] make use
of V2X technologies to perform data sharing and enrich the set of locally available
information. Overviews on CP technologies, protocols and algorithms can be found
in [124–126]. Most of CP methods rely on explicit inter-vehicle measurements
(distance, velocity or angle) extracted from the received V2X radio signals, such as
time-of-flight [127], received signal strength [128], angle of arrival [129] or Doppler
shift of the carrier frequency [122].

Recently, the Implicit Cooperative Positioning (ICP) technique has been pro-
posed where vehicles use on-board sensing equipment to detect passive objects in
the driving environment. Indeed, common on-board perception sensors (e.g., radar,
lidar, ultrasound and camera) let a vehicle to acquire environmental awareness
of the surroundings by detecting objects. In the ICP, the processed output of
multi-sensor fusion (i.e., the position of estimated objects and related pdfs), is
used as input for a cooperative localization mechanism. ICP is multi-agent MTT
methods [62,88], where non-cooperative objects (targets) are sensed by a network
of cooperative mobile agents and used for localization. With respect to other CP
methods, the advantage is that ICP relies on conventional communication and
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sensing devices already available on current vehicles (e.g., radar, lidar, camera),
and it does not require any inter-vehicle ranging procedure. The location statistics
of detected targets are the only information that is exchanged among vehicles (or
RSU) and it is enough to enable inter-vehicle cooperative localization [130,131].

The first version of ICP method was developed in [130, 131], where perfect
association between measurements and sensed objects was assumed. Such strong
assumptions do not fit real C-ITS scenarios, where DA is a mandatory step to
be performed before any fusion of measurements from multiple vehicles. The DA
issue, in fact, consists of solving (or at least handling) the uncertainty on the origin
of measurements. A solution to the DA problem has been proposed in [83] for cen-
tralized tracking of passive targets in sensor networks with known sensor locations,
using an efficient association algorithm [93]. A similar centralized approach has
been developed in [132] for vehicular environments. These methods employ parti-
cle filtering to sample the location statistics, which are non-Gaussian due to the
association uncertainty. Unfortunately, in highly dynamic C-ITS scenarios where
both vehicles and features have to be tracked, precise positioning requirements
strongly impact on the number of required particles to accurately describe the
vehicle/feature pdfs, easily leading the computational burden unfeasible. Moreover,
these DA-enabled methods rely on a central unit for data gathering and processing,
whereas decentralized techniques are preferred in vehicular networks that rapidly
vary according to mobility patterns.

4.1.0.1 Scientific contributions and main limitations

In this chapter, we develop and propose a fully distributed DA-enabled CP solutions,
extending the original ICP method. An in-depth performance analysis in realistic
environments with large numbers of vehicles/features and varying traffic conditions
is provided in order to highlight how the localization accuracy scales with the
traffic demand and to validate the method robustness.

The first main contribution is the extension of the ICP method [131] to integrate
the DA task into the distributed framework for localization of features and vehicles.
The proposed ICP method with Data Association (ICP-DA) relies on two Belief
Propagation Algorithms (BPA) [133]: one for data association (BPA-DA), and
the other for localization of features and vehicles (BPA-L). At first, vehicles
use their on-board sensing equipment to detect a number of nearby features
and individually run to solve the association task through BPA-DA. Then, they
use BPA-L to combine the Vehicle-To-Feature (V2F) information with the local
GPS measurement, sharing the information with neighbors by V2V interactions.
Regarding the practical implementation, we design a PF algorithm which relies
on a particle-based representation of the non-Gaussian vehicle/feature location
beliefs, combined with a consensus algorithm [134] for distributed computation of
feature-related information at vehicles. We also propose a low-complexity (LC)
suboptimal method, referred to as ICP-DA-LC, based on a hard Maximum-A-
Posteriori (MAP) Bayesian detection for feature-measurement pairing, which keeps
Gaussian properties of message passing. The proposed MAP-based solution uses a
threshold detector to exclude ambiguous association hypothesis, mitigating the
impact of association errors.
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The second main contribution is the validation of the proposed technique in
a realistic urban road network by simulating traffic flow along an urban arterial
in Turin, Italy, including primary roads and several secondary junctions. With
respect to other studies where the positioning precision is randomly and exogenously
generated, as in [135], in this work the vehicle localization accuracy is considered as
dependent on traffic conditions over the roads and the related traffic control systems,
that rule the spatial distribution of the vehicles and their mutual interactions.
A key element is the control strategy implemented at road intersections which
affects the traffic flow in terms of delays, queues and capacity at the nodes, as
well as the density of vehicles along the arterials. Two different traffic scenarios
are analyzed: a standard one, where traffic lights regulate the vehicles dynamics
at intersections, and a vehicle self-regulated scenario (representative of higher
levels of automation) where vehicles individually and autonomously decide if they
can safely cross an intersection avoiding conflicts. The simulation of real-life
traffic conditions is instrumental for the assessment of the potential benefits of
the proposed cooperative methods in typical urban conditions. An important
goal is to show the strengths and drawbacks of one method with respect to the
other, with main focus on the localization performance in terms of accuracy and
computational complexity, which are key points to be addressed in vehicular
applications. Furthermore, we aim to demonstrate that a sub-meter accuracy can
be reached by the proposed cooperative localization approach which thus enables
new C-ITS services, such as turn-by-turn route guidance, including lane selection,
or queue length monitoring for optimal tuning of traffic light control [136].

The developed solution assumes each vehicle and target (feature) as represented
by a single point in a 2D space. The vertical component is not considered as
in the vehicular environment the localization operates on a limited area (due to
communication technology coverage constraints) with nearly-constant altitude.
Moreover, current on-board ranging sensors (e.g., radar, lidar, camera) might
not be able to provide vertical information. On the other hand, the mentioned
sensors often produced multiple observation of a same detected objects (especially
lidar and radar, less for camera). An example regards the detection of a parked
car, which occupancy leads to multiple reflections of a same lidar/radar sounding
signal. This unavoidable physical effect is not taken into account as the statistical
formulation assumes unique measurements (i.e., a target can generate at most one
detection measurement). The link between the considered assumption and the
realistic use case is represented by the sensor processing chain, in the sense that
raw sensing data (where multiple observations of a same target can be present)
are assumed to be processed (either by the chipset of the sensor itself or by
the vehicle) such that a unique output measurement is provided. This outcome
represents the unique input for the cooperative localization algorithm discussed in
this chapter. Another non-negligible assumption behind the theoretical formulation
of the vehicular cooperative localization problem resides in considering ideal target
detection (differently from Chapter 3), i.e., there are no false measurements and all
targets within the vehicle sensing range are detected. As before, also this case is
not matching a real vehicular operation condition in which detection sensors gather
noise data from background. However, also in this case the relation filling the gap
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between practice and developed algorithm resides in the sensor or vehicle capability
to produce a unique single output for each detected target. As a final comment, it
is to be mentioned that latency constraints have been neglected. Latency both
regards the target detection (with negligible impact) and inter-vehicle cooperation
(with strong impact). Regarding the latter, a distributed solution where vehicles
need to exchange local information to reach a consensus unavoidably has to deal
with latency issue of the communication protocol (V2X in this case). However,
by considering the 5G communication technology which should allow ultra-low
latency (down 1 ms in perspective), if cooperative measurements are available at 1
Hz, it would mean that hundreds of V2V interactions (message exchange) can be
performed to reach a consensus among vehicles, guaranteeing the feasibility of the
proposed solution.

4.2 Model of the vehicular scenario
We consider a 2D C-ITS scenario with a set V = {1, ...,Nv} of interconnected
vehicles as illustrated in Fig. 4.1. Each vehicle i ∈ V is characterized by time-
varying (time index t) position p(V)

i,t =
[
p(V)
xi,t

p(V)
yi,t

]T
and velocity v(V)

i,t =
[
v(V)
xi,t

v(V)
yi,t

]T
vectors. We denote with Ji,t = {j ∈ V : ||p(V)

i,t − p(V)
j,t || 6 Rc}, the set of neighbors

that directly communicate with vehicle i ∈ V , which has a communication range
Rc. The scenario also comprises a set F = {1, ...,Nf} of non-cooperative features
(objects to be detected) described in terms of position p(F)

k,t =
[
p(F)
xk,t

p(F)
yk,t

]T
and

velocity v(F)
k,t =

[
v(F)
xk,t

v(F)
yk,t

]T
as well. Features that fall within the sensing range Rs

of the vehicle are detected through relative position-velocity measurements. The
subset of features detected by vehicle i is Fi,t = {k ∈ F : ||p(F)

k,t − p(V)
i,t || 6 Rs}.

The vector x(V)
i,t of vehicle kinematic states is assumed to evolve over time t

according to the inertial sensor model [137]:

x(V)
i,t =

[
p(V)
i,t

v(V)
i,t

]
= Ax(V)

i,t−1 + Ba(V)
i,t−1 + w(V)

i,t−1 , (4.1)

with

A =
[

I2 Ts I2
02×2 I2

]
and B =

[
0.5T 2

s I2
Ts I2

]
. (4.2)

The matrix A describes the state transition while B relates the vehicle state to
the acceleration information a(V)

i,t−1, provided by an on-board inertial sensor. Ts is
the sampling interval and w(V)

i,t−1 is the Gaussian driving noise (modeling sensor
measurement error and non-deterministic behaviors not accounted by matrices A
and B) with pdf p(w(V)

i,t−1) = N (0,Q(V)
i,t−1).

The state x(F)
k,t of each feature evolves over time t according to the first order

Markov model as:

x(F)
k,t =

[
p(F)
k,t

v(F)
k,t

]
= Ax(F)

k,t−1 + w(F)
k,t−1 , (4.3)

Politecnico di Milano Page 73 Mattia Brambilla



Chapter 4. Cooperative localization in vehicular scenarios

730 735 740 745 750 755 760 765 770

730

735

740

745

750

755

760

765

770

x
(V)
3,t

x
(F)
3,t

x
(V)
2,tx

(F)
4,t

x
(V)
1,t

x
(F)
1,tx

(F)
2,t

R s

R
c

1

Figure 4.1: Example of C-ITS scenario with Nv = 12 connected vehicles and Nf = 10 passive
features. Red links indicate V2V connections (with communication range Rc), while black
ones the V2F connections (with sensing range Rs) of vehicle i = 1.
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Figure 4.2: Ego vehicle measurements: GPS (red dotted ellipse) and V2F (black dashed ellipse).

where w(F)
k,t−1 is the Gaussian driving noise with pdf p(w(F)

k,t−1) = N (0,Q(F)
k,t−1).

At each vehicle, two different types location measurement are available, as
highlighted in Fig. 4.2. The first one is the (direct) measurement provided by
a GPS receiver of the vehicle state (indicated with the red dotted line) which is
modeled as:

z(V)
i,t = x(V)

i,t + n(V)
i,t , (4.4)

where the GPS measurement noise n(V)
i,t has pdf p(n(V)

i,t ) = N (0,R(V)
i,t ). Moreover,

each vehicle collects a set of V2F observation Oi,t = {1, ..., Oi,t} of the surrounding
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features k ∈ Fi,t. Note that these are relative location/velocity measurements
referred to vehicle i and their association to the features is unknown. Assuming
that at vehicle i each feature k ∈ Fi,t can generate at most one V2F measurement
` ∈ Oi,t, the relative V2F observation (e.g., as a result of radar, lidar, ultrasound
or camera processing) is:

z(V2F)
i,`,t = x(F)

k,t − x(V)
i,t + n(V2F)

i,`,t , (4.5)
where k is the (unknown) feature associated to measurement ` and the V2F
uncertainty n(V2F)

i,`,t has pdf p(n(V2F)
i,`,t ) = N (0,R(V2F)

i,`,t ).
The V2F measurements available at each vehicle are shared with neighbors

in order to enable a cooperative sensing of the surrounding environment with
enhanced localization performance. This process is a part of the ICP method
which is described in the following sections.

4.3 Deepening the data association problem
The ICP method is a CP technique that augments the GPS positioning of the
ego vehicle by combining local GPS data with high-resolution information on
cooperative features localization. The GPS initial measurement z(V)

i,t is refined by a
cooperative iterative procedure that fuses the V2F measurements z(V2F)

j,`,t of multiple
vehicles j ∈ V through the V2V links. Multiple observations of a same feature at
different vehicles enables to cooperatively localize these objects with an enhanced
accuracy. This information is then used upside-down to improve positioning of
the vehicles themselves. Being features passively detected, the association with
originating V2F measurements represents a main issue to be solved. Details on
DA process are now provided.

The ICP-DA working principle is illustrated in Fig. 4.3, where two vehicles
jointly sense two features. As shown in Fig. 4.3a, in order to consistently fuse the
measurements collected by the two vehicles, each vehicle i ∈ {1, 2} needs at first to
pair each observation z(V2F)

i,`,t , ` ∈ {1, 2}, with the corresponding feature k ∈ {1, 2}
that generated that measurement. In the specific example, the observation z(V2F)

1,2,t
must be fused with the observation generated by the same feature at the second
vehicle, i.e. z(V2F)

2,1,t . Only by associating these two measurements to the same
features it is possible to properly combine them and get a more accurate information
on the feature itslf, as shown in Fig. 4.3b and, as a consequence, an enhanced
localization of both vehicles observing the features.

We propose to solve the association problem jointly with localization using a
Bayesian approach. Let x(V)

t = [x(V)
i,t ]i∈V ∈ R4Nv×1 and x(F)

t = [x(F)
k,t ]k∈F ∈ R4Nf×1 be

the vehicles’ and features’ states at time t, and jt =
[
x(V)T
t x(F)T

t

]T
∈ R(4Nv+4Nf)×1

the combined state vector for the overall set of connected vehicles and sensed
features. A complete recap of variables, with their dimensions and meanings is
presented in Table 4.1.

By defining the aggregate vector of GPS measurements z(V)
t = [z(V)

i,t ]i∈V ∈ R4Nv×1

and of V2F measurements z(V2F)
t = [z(V2F)

i,t ]i∈V ∈ R4O×1, with O = ∑Nv
i=1 Oi,t

Politecnico di Milano Page 75 Mattia Brambilla



Chapter 4. Cooperative localization in vehicular scenarios

V2V V2V

GNSS V2F ICP-DA

a) b)

?

?

{z(V2F)2,`,t }2`=1

x
(F)
1,t

z
(V2F)
1,2,t z

(V2F)
2,1,t

x
(F)
2,t

z
(V2F)
1,1,t z

(V2F)
2,2,t

x
(V)
2,t

x
(V)
1,t

z
(V2F)
2,1,t

z
(V2F)
2,2,t

x
(F)
1,t

x
(F)
2,t

z
(V2F)
1,1,t

z
(V2F)
1,2,t

x
(F)
1,t

x
(F)
2,t

{z(V2F)1,`,t }2`=1

x
(F)
1,t

x
(F)
2,t

x
(V)
2,t

x
(V)
1,t

1

Figure 4.3: Details on data association, where vehicles x
(V)
i,t , i ∈ {1, 2} jointly sense features

x
(F)
k,t , k ∈ {1, 2}, with unknown measurement-feature association. b) V2F measurements fusion

after association for feature localization (filled ellipses) and enhancement of GPS accuracy
(contours).

denoting the total number of V2F observations z(V2F)
i,t = [z(V2F)

i,`,t ]`∈Oi,t
∈ R4Oi,t×1,

the MMSE estimate of the vehicle-feature states based on the whole aggregated
measurements zt = [z(V)T

t z(V2F)T
t ]T is calculated as:

ĵt|t =
 x̂(V)

t|t

x̂(F)
t|t

 =
∫
jt p(jt|z1:t) djt , (4.6)

where z1:t = [zτ ]τ=1,...,t collects all measurements up to time t and p(jt|z1:t) is the
pdf of the vehicle-feature state.

The evaluation of p(jt|z1:t) requires a preliminary pairing of the measurements
z(V2F)
t with the features states in jt, in order to compute the related observation
likelihoods. To this aim, we model the association problem according to [93] by
introducing the feature-oriented (F→O) association variable ai,k,t, ∀i ∈ V ∧ k ∈ F ,
defined as:

ai,k,t =


` ∈ Oi,t, if at time t feature k generates

measurement ` at vehicle i ,
0, if at time t feature k does not generate any

measurement at vehicle i (i.e., k /∈ Fi,t) ,
(4.7)

which relates each observation ` ∈ Oi,t of vehicle i to the corresponding feature
k ∈ Fi,t. Defining the Nf × 1 stacked association vector of all the features sensed
by vehicle i as ai,t = [ai,k,t]k∈F and the overall NvNf × 1 association vector at time
t as at = [ai,t]i∈V , we model at as a random process and we evaluate the posterior
pdf of the vehicle-feature dynamic states as:

p(jt|z1:t) =
∑
at∈A

p(jt,at|z1:t) =
∑
at∈A

p(jt|at, z1:t) p(at|z1:t) , (4.8)

Politecnico di Milano Page 76 Mattia Brambilla



Chapter 4. Cooperative localization in vehicular scenarios

Table 4.1: Summary of main variables.

Symbol Dimension Meaning

x
(V)
i,t 4× 1 position-velocity of veh. i

x
(V)
t 4Nv × 1 aggregated states of all vehicles

x
(F)
k,t 4× 1 position-velocity of fea. k

x
(F)
t 4Nf × 1 aggregated states of all features
jt 4(Nv + Nf)× 1 global vehicle and feature states
z

(V)
i,t 4× 1 GPS measurement at veh. i
z

(V)
t 4Nv × 1 aggregated GPS measurements
z

(V2F)
i,`,t 4× 1 V2F measurement ` at veh. i
z

(V2F)
i,t 4Oi,t × 1 overall V2F measurements at veh. i
z

(V2F)
t 4O × 1 aggregated V2F measurements
zt 4(Nv +O)× 1 global GPS and V2F measurements
ai,k,t 1× 1 F→O association for fea. k at veh. i
ai,t Nf × 1 overall F→O associations at veh. i
at NvNf × 1 global F→O associations
bi,`,t 1× 1 O→F association for meas. ` at veh. i
bi,t Oi,t × 1 overall O→F associations at veh. i
bt O × 1 global O→F associations

where the summation is over the set A of all the admissible association values at,
i.e. such that each feature can generate at most one measurement at vehicle i and
each measurement at vehicle i can be generated by at most one feature.

Since a centralized solution is undesirable in vehicular scenarios, in the following
section, we propose a distributed method for the evaluation of the marginal pdfs in
(4.8). The choice of a distributed offload of processing task is led by the application
itself, which is characterized by a fast-varying evolution of connectivity and creation
of clusters of locally-connected vehicles. It results that it is preferable not to collect
the whole dataset of vehicle measurements in a single processing unit (e.g., RSU)
but it would be an advantage to let the vehicles iteratively refine their knowledge
by combining information from neighbors. In this way, an improved robustness to
communication and data aggregation failures allows for a more resilient solution.
The method extends the former ICP method for known association [131], by
the integration of an algorithm that solves the association problem through the
computation of p(at|z1:t). Note that, differently from [131], here the pdf (4.8) is
not Gaussian due to the association ambiguity. For this reason, we design the
ICP-DA method leveraging on a PF-based approach.

4.4 Distributed ICP-DA method
In this section we present the distributed implementation of the ICP-DA method
that allows the estimate of marginal pdfs based on belief propagation. The
computation of p(jt,at|z1:t) in (4.8) is performed after factorizing p(j1:t,a1:t|z1:t)
over vehicles and performing a sequential approximate marginalization by running
BPA over the related FG [81]. In the following, we first derive the factorization
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(Sec. 4.4.1) and then the distributed ICP-DA method based on BPA and consensus
algorithms (Sec. 4.4.2). Finally, a PF-based implementation of the ICP-DA
method is discussed (Sec. 4.4.3) together with a hard-decision low-complexity (LC)
algorithm (Sec. 4.4.4).

4.4.1 Factorization of the joint posterior pdf
Following [93], besides the feature-oriented (F→O) association variable ai,k,t, we
introduce the observation-oriented (O→F) association variable bi,`,t defined as:
bi,`,t = k, if at time t the measurement ` at vehicle i is generated by feature k ∈ Fi,t,
bi,`,t = 0, if the measurement ` is not related to any feature. Despite the fact that
clutter measurements are not present in the considered scenario, the case bi,`,t = 0
is introduced to exclude ambiguous measurements and reduce errors during the
detection process as it will be detailed in the performance analysis. Though this
formulation is redundant - as bi,`,t can be derived from ai,k,t and vice-versa - the
use of ai,k,t alongside with bi,`,t allows to efficiently enforce the constraint that at
any time t each feature k can generate at most one measurement ` at vehicle i
and vice-versa (i.e., a one-to-one F-O mapping). This is enabled by introducing
the exclusion-enforcing function

Ψ(ai,k,t, bi,`,t) =
{

0 , if (ai,k,t = ` ∧ bi,`,t 6= k) ∨ (ai,k,t 6= ` ∧ bi,`,t = k) ,
1 , otherwise , (4.9)

which is null for any inconsistent F-O pairing.
By defining the Oi,t×1 vector bi,t = [bi,`,t]`∈Oi,t

and the O×1 vector bt = [bi,t]i∈V
collect all the O→F associations for, respectively, vehicle i and all vehicles, the
joint posterior pdf of the association and the vehicle-feature states p(j1:t,a1:t|z1:t)
is rewritten as:

p(j1:t,a1:t,b1:t|z1:t) ∝ p(z1:t|j1:t,a1:t,b1:t) p(j1:t,a1:t,b1:t) . (4.10)

where the likelihood function is p(z1:t|j1:t,a1:t,b1:t) = p(z(V)
1:t |x

(V)
1:t ) p(z(V2F)

1:t |j1:t,a1:t)
under the hypothesis of conditionally independent measurements (4.4)-(4.5). As-
suming also the measurements as independent over time and vehicles, and the
V2F observations as independent over features, the likelihood factorizes as:

p(z1:t|j1:t,a1:t) =
t∏

t′=1

Nv∏
i=1

p(z(V)
i,t′ |x

(V)
i,t′ )

Nf∏
k=1

p(z(V2F)
i,t′ |x

(V)
i,t′ , x

(F)
k,t′ ,ai,k,t′) . (4.11)

Moreover, assuming the observation-feature association as independent over time
and from vehicle/feature states, the prior pdf in (4.10) simplifies to p(j1:t,a1:t,b1:t) =
p(a1:t,b1:t) p(j1:t) with, according to (4.9),

p(a1:t,b1:t) ∝
t∏

t′=1

Nv∏
i=1

Nf∏
k=1

Oi,t′∏
`=1

Ψ(ai,k,t, bi,`,t) . (4.12)

Recalling that vehicle and feature states evolve independently according to Marko-
vian dynamic models (4.1) and (4.3), the prior pdf of the overall vehicle/feature
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states factorizes as:

p(j1:t) =
(

Nv∏
i=1

p(x(V)
i,0 )

t∏
t′=1

p(x(V)
i,t′ |x

(V)
i,t′−1)

)
×
(

Nf∏
k=1

p(x(F)
k,0 )

t∏
t′′=1

p(x(F)
k,t′′|x

(F)
k,t′′−1)

)
,

(4.13)

where p(x(V)
i,0 ) and p(x(F)

k,0 ) denote the prior pdfs at time t = 0.
Considering (4.11), (4.12) and (4.13), it is possible to derive the factorization

of the joint posterior pdf (4.10) as:

p(j1:t,a1:t,b1:t|z1:t) ∝(
Nv∏
i=1

p(x(V)
i,0 )

t∏
t′=1

p(x(V)
i,t′ |x

(V)
i,t′−1)p(z(V)

i,t′ |x
(V)
i,t′ ) (4.14)

×
Nf∏
k=1

p(z(V2F)
i,t′ |x

(V)
i,t′ , x

(F)
k,t′ ,ai,k,t′)

Oi,t′∏
`=1

Ψ(ai,k,t′ , bi,`,t′)
)

×
(

Nf∏
k=1

p(x(F)
k,0 )

t∏
t′′=1

p(x(F)
k,t′′|x

(F)
k,t′′−1)

)
, (4.15)

where the V2F likelihood p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ,ai,k,t) is:

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ,ai,k,t) =

p(z
(V2F)
i,`,t |x

(V)
i,t , x

(F)
k,t ) , if ai,k,t = ` ∈ Oi,t ,

1 , if ai,k,t = 0 ,
(4.16)

where p(z(V2F)
i,`,t |x

(V)
i,t , x

(F)
k,t ) is Gaussian with mean x(F)

k,t − x(V)
i,t and covariance R(V2F)

i,`,t ,
while p(z(V2F)

i,t |x(V)
i,t , x

(F)
k,t ,ai,k,t = 0) is set to 1 to guarantee the coherency of factor-

ization in the case of undefined V2F measurement z(V2F)
i,`=0,t. Furthermore, p(x(V)

i,0 )
and p(x(F)

k,0 ) denote the prior pdfs at time t = 0, while p(z(V)
i,t |x

(V)
i,t ) stands for the

GPS likelihood. This factorization enables the joint association and localization
problem to be solved locally at vehicles in a distributed manner, as discussed in
the following section.

4.4.2 Belief propagation algorithm for data association and
localization

The ICP-DA problem is solved by running a loopy BP Algorithm (BPA) [93, 133]
on the factor graph (FG) in Fig. 4.4 describing the factorization of (4.15) at time
t. For visualization purposes, the DA part in Fig. 4.4 is highlighted in a green box
and it is expanded in Fig. 4.5. According to [138] and FG principles described in
Sec. 2.3.4, vehicle/feature state variables and association variables are indicated
with circles, while squares stands for the factors. Being the presence of cycles,
the BPA is iterative and consists of the cascade of two BPAs. The first one is
a BPA for data association (BPA-DA). It approximates through the iterations
p = 1, ...,P the marginal posterior pdf of the association variable by the belief
b

(p)
i,k,t(ai,k,t) ≈ p(p)(ai,k,t|zi,t). This iterative algorithm operates on the FG in Fig.
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𝐱𝐱𝑘𝑘
(F)

𝐱𝐱𝑚𝑚
(F)

𝑏𝑏𝑖𝑖,𝑡𝑡
N (𝐱𝐱𝑖𝑖,𝑡𝑡

(V)) 𝑏𝑏𝑗𝑗,𝑡𝑡
N (𝐱𝐱𝑗𝑗,𝑡𝑡

(V)) 𝑏𝑏𝑘𝑘,𝑡𝑡
N (𝐱𝐱𝑘𝑘,𝑡𝑡

(F)) 𝑏𝑏𝑚𝑚,𝑡𝑡
N (𝐱𝐱𝑚𝑚,𝑡𝑡

(F) )

𝑏𝑏𝑖𝑖,𝑚𝑚,𝑡𝑡
P (𝛼𝛼𝑖𝑖,𝑚𝑚,𝑡𝑡)

BPA − DA

𝑏𝑏𝑖𝑖,𝑘𝑘,𝑡𝑡
P (𝛼𝛼𝑖𝑖,𝑘𝑘,𝑡𝑡)

𝜂𝜂(𝛼𝛼𝑖𝑖,𝑚𝑚,𝑡𝑡)

𝜂𝜂(𝛼𝛼𝑖𝑖,𝑘𝑘,𝑡𝑡)

Figure 4.4: Factorization of p(jt,at, bt|z1:t). Shortcuts hi = p(x(V)
i,t |x

(V)
i,t−1), si = p(z(V)

i,t |x
(V)
i,t ),

fk = p(x(F)
k,t |x

(F)
k,t−1), gik = p(z(V2F)

i,k,t |x
(V)
i,t , x

(F)
k,t ) are used.

Ψ 1,1

Ψ 1,𝑙𝑙

Ψ 𝑘𝑘,𝑙𝑙

α𝑖𝑖,1

α𝑖𝑖,𝑘𝑘β𝑖𝑖,𝑙𝑙
. . .

𝜁𝜁1→𝑙𝑙

β𝑖𝑖,1

Ψ 𝑘𝑘,1

. . .
. . .

BPA-DA at vehicle i, at time t

𝑏𝑏𝑖𝑖,1,𝑡𝑡
P (𝛼𝛼𝑖𝑖,1,𝑡𝑡)

𝑏𝑏𝑖𝑖,𝑘𝑘,𝑡𝑡
P (𝛼𝛼𝑖𝑖,𝑘𝑘,𝑡𝑡)

𝜂𝜂(𝛼𝛼𝑖𝑖,1,𝑡𝑡)

𝜂𝜂(𝛼𝛼𝑖𝑖,𝑘𝑘,𝑡𝑡)

. . .

Figure 4.5: Factor graph of the BPA-DA. Shortcuts ν`→k = m
(p)
`→k(ai,k,t), ζk→` = m

(p)
k→`(bi,`,t),

Ψk,` = Ψ(ai,k,t, bi,`,t) are used.

4.5 and it is implemented following the approach in [93]. The second BPA, instead,
aims at estimating the vehicle/feature states. For this reason, we refer to it as
BPA for localization (BPA-L). It takes the outputs of BPA-DA to perform the ICP
localization and it computes over the iterations n = 1, ...,N the beliefs of all the ve-
hicles’ and features’ states: b(n)

i,t (x(V)
i,t ) ≈ p(n)(x(V)

i,t |z1:t) and b(n)
k,t (x

(F)
k,t ) ≈ p(n)(x(F)

k,t |z1:t),
respectively. In the following, we detail the steps required to successfully per-
form the ICP-DA algorithm. We first provide a general formulation and then we
specifically describe the PF-based version, which is extremely useful for handle
non-Gaussian beliefs. We also describe the log-likelihood consensus algorithm for
distributed evaluation of features’ beliefs.

The ICP-DA algorithm is structured in such a way that following steps are
executed:

1. Prediction
The beliefs of all vehicles’ and features’ states at iteration n = 0 at time t
are initialized using the final beliefs of previous time step (b(N)

i,t−1(x(V)
i,t−1) and
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b
(N)
k,t−1(x(F)

k,t−1)), the state models in (4.1)-(4.3) and the current GPS data as:

b
(0)
i,t (x(V)

i,t ) = p(z(V)
i,t |x

(V)
i,t )

∫
p(x(V)

i,t |x
(V)
i,t−1) b(n)

i,t−1(x(V)
i,t−1) dx(V)

i,t−1 , (4.17)

b
(0)
k,t(x

(F)
k,t ) =

∫
p(x(F)

k,t |x
(F)
k,t−1) b(n)

k,t−1(x(F)
k,t−1) dx(F)

k,t−1 , (4.18)

where the motion transition pdfs are p(x(V)
i,t |x

(V)
i,t−1) = N (x(V)

i,t−1 +Ba(V)
i,t−1,Q

(V)
i,t−1)

and p(x(F)
k,t |x

(F)
k,t−1) = N (x(F)

k,t−1,Q
(F)
k,t−1), and p(z(V)

i,t |x
(V)
i,t ) = N (x(V)

i,t ,R
(V)
i,t ) is the

likelihood of the GPS measurement from (4.4).

2. V2F measurement evaluation for association.
Each vehicle i evaluates each O→F association by integrating the V2F mea-
surement likelihood over all possible feature locations, and weighting with
the prior beliefs (4.17)-(4.18):

h(ai,k,t) = p(z(V2F)
i,t |ai,k,t) =∫∫

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ,ai,k,t) b

(0)
i,t (x(V)

i,t ) b(0)
k,t(x

(F)
k,t ) dx(V)

i,t dx(F)
k,t .

(4.19)

where p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ,ai,k,t) = N (x(F)

k,t−x
(V)
i,t ,R

(V2F)
i,ai,k,t,t

), see (4.16).

3. BPA-DA for measurement-feature association.
Following [93], in this step each vehicle i computes the association beliefs
b

(p)
i,k,t(ai,k,t) by a repeated exchange of messages from the F→O association
variable ai,k,t to the O→F association variable bi,`,t and vice-versa, so as to
exclude inconsistent pairings (e.g., the same measurement associated to two
different features) and restrict the belief evaluation to one-to-one associations.
The message from ai,k,t to bi,`,t is initialized at BPA-DA iteration p = 0 as:

m
(0)
k→`(bi,`,t) =

Oi,t∑
ai,k,t=0

h(ai,k,t)Ψ(ai,k,t, bi,`,t) , (4.20)

while at subsequent iterations, p = 1, 2, . . ., the messages are updated as
follows:

m
(p)
`→k(ai,k,t) =

|Fi,t|∑
bi,`,t=1

Ψ(ai,k,t, bi,`,t)
∏

k′∈F\{k}
m

(p−1)
k′→` (bi,`,t) , (4.21)

m
(p)
k→`(bi,`,t) =

Oi,t∑
ai,k,t=0

h(ai,k,t)Ψ(ai,k,t, bi,`,t)
∏

`′∈Oi,t\{`}
m

(p)
`′→k(ai,k,t) . (4.22)

At the last iteration, p = P, the belief of the association variable ai,k,t is
obtained as:

b
(P)
i,k,t(ai,k,t) =

∏
`∈Oi,t

m
(p)
`→k(ai,k,t) . (4.23)

4. V2F measurement evaluation for localization.
The association beliefs (4.23) (output of BPA-DA) are here used by each

Politecnico di Milano Page 81 Mattia Brambilla



Chapter 4. Cooperative localization in vehicular scenarios

vehicle to compute the V2F likelihood as:

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ) =

Oi,t∑
ai,k,t=0

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ,ai,k,t) b

(P)
i,k,t(ai,k,t) , (4.24)

which are fundamental for the ICP localization in the next step.

5. BPA-L for localization.
The BPA algorithm for vehicle/feature localization approximates the poste-
rior pdf of vehicles’ and features’ states over the iterations n by the beliefs
b

(n)
i,t (x(V)

i,t ) ,∀i, and b(n)
k,t (x

(F)
k,t ) ,∀k. The procedure starts from the vehicle/feature

beliefs obtained at step n− 1. In order to evaluate a belief for the kth feature
x(F)
k,t , vehicle i combines the belief of its own state x(V)

i,t from step n− 1 with
the V2F likelihood p(z(V2F)

i,t |x(V)
i,t , x

(F)
k,t ) in (4.24), leading to the definition of

the following message from vehicle i to feature k:

m
(n)
i→k(x

(F)
k,t ) ∝

∫ b
(n−1)
i,t (x(V)

i,t )
m

(n−1)
k→i (x(V)

i,t )
p(z(V2F)

i,t |x(V)
i,t , x

(F)
k,t ) dx(V)

i,t . (4.25)

All the messages received by feature k are then gathered to compute the
refined belief as follows:

b
(n)
k,t (x

(F)
k,t ) ∝ b

(0)
k,t(x

(F)
k,t )

∏
i∈Vk,t

m
(n)
i→k(x

(F)
k,t ) , (4.26)

where Vk,t is the set of vehicles that sense feature k. Note that if a feature
x(F)
k,t is not observed by any vehicle i ∈ V , the related belief (4.26) is reset to
a uniform distribution. Based on the updated feature’s belief (4.26) and the
V2F likelihood, vehicle i receives the following message from feature k:

m
(n)
k→i(x

(V)
i,t ) ∝

∫ b
(n)
k,t (x

(F)
k,t )

m
(n)
i→k(x

(F)
k,t )

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ) dx(F)

k,t . (4.27)

Finally, vehicle i refines its own belief by combining the local information
with all messages coming from the sensed features k ∈ Fi,t:

b
(n)
i,t (x(V)

i,t ) ∝ b
(0)
i,t (x(V)

i,t )
∏

k∈Fi,t

m
(n)
k→i(x

(V)
i,t ) . (4.28)

The BPA-L steps (4.25)-(4.28) are repeated until convergence is reached.
In the above algorithm we treated the features as cooperative entities that are

actively involved in the message passing procedure. However, being passive objects,
features cannot compute their own belief in (4.26) nor communicate with vehicles.
Following [131], this problem can be solved by using a consensus algorithm which
enables vehicles to compute the feature belief in (4.26) in a distributed way by
exchanging data through V2V links. More details are given in the following section
where a PF-based implementation is discussed.
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4.4.3 ICP-DA: particle filter implementation

The introduction of the non-Gaussian variables, ai,k,t and bi,`,t, makes the use of
Kalman filtering, as originally proposed in [131], suboptimal for the extension of
ICP with data association. To deal with non-Gaussian statistics, we propose a
PF-based ICP-DA algorithm (ICP-DA-PF) where each vehicle belief b(n)

i,t (x(V)
i,t ) is

described by the set of Jv particles and related weights,
{
s(v)
i,t ,w

(v)
i,t

}Jv
v=1

, ∀i ∈ V.
Similarly each feature belief b(n)

k,t (x
(F)
k,t ) is represented by the set of Jf particles with

associated weights
{
s(f)
k,t,w

(f)
k,t

}Jf
f=1
, ∀k ∈ F . The iteration index n is dropped to

simplify the notation. The computation of particles and weights is performed as
described below.

Following the previously described BPA steps, vehicles’ and features’ beliefs
(4.26)-(4.28) are initialized (Step 1 ) as:

b
(0)
i,t (x(V)

i,t ) ≈ 1
Jv

Jv∑
v=1

p(z(V)
i,t |s

(v)
i,t ) δ(x(V)

i,t − s(v)
i,t ) , (4.29)

b
(0)
k,t(x

(F)
k,t ) ≈ 1

Jf

Jf∑
f=1

δ(x(F)
k,t − s(f)

k,t) , (4.30)

with equal weights and particles distribution compliant with the prediction of the
beliefs of previous time-instant according to the state models in (4.1)-(4.3). The
GPS likelihood function is evaluated for each particle as p(z(V)

i,t |s
(v)
i,t ) = N (s(v)

i,t ,R
(V)
i,t )

according to (4.4).
In Step 2, the likelihood function for association can be computed by inserting

(4.29)-(4.30) in (4.19) as follows:

h(ai,k,t) ≈
1

JvJf

Jv∑
v=1

Jf∑
f=1

p(z(V)
i,t |s

(v)
i,t ) p(z(V2F)

i,t |s(v)
i,t , s

(f)
k,t,ai,k,t) , (4.31)

where p(z(V2F)
i,t |s(v)

i,t , s
(f)
k,t,ai,k,t) = N (s(f)

k,t − s(v)
i,t ,R

(V2F)
i,ai,k,t ,t),∀ai,k,t ∈ Oi,t, according to

(4.5) and (4.16).
The BPA-DA procedure in Step 3 does not involve particles and can thus be

implemented by simply using (4.31) in the association equations (4.20)-(4.22).
The likelihood function for localization can now be computed (Step 4) using

(4.24) for each pair of feature-vehicle particles.
The BPA-L procedure (Step 5 ) requires particle-based definition of messages as

follows. The message mi→k,t(x(F)
k,t ) in (4.25) is represented by the set of particles

and weights
{
s(f)
k,t,w

(f)
h→k,t

}Jf
f=1

, with

w
(f)
h→k,t ∝

1
Jv

Jv∑
v=1

p(z(V)
i,t |s

(v)
i,t )

∏
h∈Fi,t

h6=k

w
(v)
h→i,t p(z

(V2F)
i,t |s(v)

i,t , s
(f)
h,t) . (4.32)
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The PF representation of the kth feature belief in (4.26) is:

b
(n)
k,t (x

(F)
k,t ) ∝

Jf∑
f=1

1
Jf

∏
i∈Vk,t

w
(f)
h→k,t︸ ︷︷ ︸

w̃
(f)
k,t

δ(x(F)
k,t − s(f)

k,t) , (4.33)

with w̃
(f)
k,t denoting the weight related to feature particle f , that has to be normalized

as w
(f)
k,t = w̃

(f)
k,t∑Jf

f=1 w̃
(f)
k,t

. Similarly, the message from feature k to vehicle i, m(n)
k→i(x

(V)
i,t ),

is represented by the set
{
s(v)
i,t ,w

(v)
k→i,t

}Jv
v=1

, with weights computed according to
(4.27) as:

w
(v)
k→i,t ∝

1
Jf

Jf∑
f=1

∏
j∈Vk,t

j 6=i

w
(f)
j→k,t p(z

(V2F)
i,t |s(v)

j,t , s
(f)
k,t) . (4.34)

The PF representation of the ith vehicle belief is then given by:

b
(n)
i,t (x(V)

i,t ) ∝
Jv∑
v=1

1
Jv
p(z(V)

i,t |s
(v)
i,t )

∏
k∈Fi,t

w
(v)
k→i,t︸ ︷︷ ︸

w̃
(v)
i,t

δ(x(V)
i,t − s(v)

i,t ) , (4.35)

where w̃
(v)
i,t is the non-normalized weight, related to vehicle particle s(v)

i,t , to be

normalized as w
(v)
i,t = w̃

(v)
i,t∑Jv

v=1 w̃
(v)
i,t

. All vehicle and feature particles finally undergo
importance resampling so as to avoid the particle degeneracy [139]. Note that
identical sets of particles are assumed to be sampled at all vehicles for feature k
and at all features for vehicle i to enable message fusion as in in (4.33)-(4.35), i.e.
the set

{
s(f)
k,t

}Jf
f=1

is the same for all vehicles i ∈ V and
{
s(v)
i,t

}Jv
v=1

is the same for all
features k ∈ F . This requires local random number generators to be synchronized
at all vehicles. At convergence, the estimates of the feature/vehicle states are
obtained according to the MMSE criterion, respectively as:

x̂(F)
k,t =

Jf∑
f=1

w
(f)
k,ts

(f)
k,t , ∀k , (4.36)

x̂(V)
i,t =

Jv∑
v=1

w
(v)
i,t s

(v)
i,t , ∀i . (4.37)

The ICP-DA-PF method requires the computation of the belief (4.33) at each
feature k, which is however unfeasible since features are not actively involved in
the localization process. We thus propose this belief to be evaluated cooperatively
by the vehicles by a consensus-based algorithm that enables the distributed
computation of the features’ weights w

(f)
k,t, ∀f ∈ Jf ,∀k ∈ F . By defining the product

of messages over the vehicles sensing the same feature k in (4.28) as:

q
(f)
k,t =

∏
i∈Vk,t

w
(f)
h→k,t , ∀f = 1, ..., Jf , (4.38)
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and taking the logarithm L(q
(f)
k,t) = log(q

(f)
k,t), we get:

L(q
(f)
k,t) =

∑
i∈Vk,t

log
(

w
(f)
h→k,t

)
= 1
|Vk,t|

|Vk,t|∑
i=1

log
(

w
(f)
h→k,t

)
, (4.39)

which is an arithmetic average that can be evaluated in a distributed manner
by vehicles through average consensus [134]. We thus propose the distributed
computation of the feature weights by successive refinements of local weights at
vehicles based on information exchange with neighbors. Once a consensus is reached
by all vehicles on the L(q

(f)
k,t), the weight in (4.33) is obtained as q

(f)
k,t = exp

(
L(q

(f)
k,t)
)

and is used for the evaluation of the feature belief. It may occur, on the other hand,
that the number of average-consensus operations to reach a unique convergence is
high, thus not guaranteeing a practical feasibility. To cope with the unavoidable
effect of real-life constraint, a max-consensus algorithm to be performed after the
exceeding of a fixed pre-established threshold (e.g., given by latency constraints)
on the number of iterations is suggested as to obtain the same feature weights at
each vehicle.

4.4.4 ICP-DA: low-complexity implementation
The PF-based method presented in the previous section represents an optimal ap-
proach for solving the non-Gaussian ICP-DA estimation problem. However, as the
BPA-DA quadratically scales with the number of features [83], the computational
complexity at single vehicle i for each BPA-DA iteration scales as O(JvJfNf

2). Note
that the evaluation of the complexity is done considering all-to-all V2V and V2F
connectivity (i.e., |Oi,t| = Nf , |Ji,t| = Nv) and assuming Jv � Nv and Jf � Nf .

To reduce the computational burden, in this section we propose a suboptimal
low-complexity (LC) implementation of the ICP-DA method (ICP-DA-LC), in
which a hard decision is made on the association variable at the end of BPA-DA, so
as to approximate the features’ beliefs with Gaussian pdfs and implement the BPA-
L in a Gaussian fashion where only the first two moments of the vehicle/feature
beliefs are needed. In the proposed method, each vehicle performs a Bayesian
detection to decide if it has sensed a feature k ∈ Fi,t, by comparing the belief
of the association variable to any of its measurements with a threshold ΓTH. If
b

(P)
i,k,t(ai,k,t = 0) < ΓTH, the feature k is detected and paired with the most probable
measurement:

âi,k,t = arg max
`∈Oi,t

b
(P)
i,k,t(ai,k,t) . (4.40)

With the above MAP decision the V2F likelihood in (4.24) is substituted by:

p(z(V2F)
i,t |x(V)

i,t , x
(F)
k,t ) = p(z(V2F)

i,t |x(V)
i,t , x

(F)
k,t , âi,k,t) . (4.41)

The ICP-DA-LC solution still has a computational complexity that quadratically
scales with the number of features, but it avoids the intensive computations of the
huge number of particles that is required in dynamic vehicular scenarios to sample
both feature and vehicle beliefs.
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Table 4.2: Order of magnitude of BPA-DA computational complexity at each vehicle per each
time step t.

ICP (known DA) ICP-DA-PF ICP-DA-L

BPA-DA − O(JvJfNf
2) O(Nf

2)
BPA-L O(NBPA−LNconsNvNf) O(NBPA−LNconsNvJvJfNf) O(NBPA−LNconsNvNf)

4.4.5 Implementation aspects
The ICP-DA algorithm presented in this section has a computational complexity
per each vehicle that scales as follows. A distinction between the two BPAs is
provided as to discriminate the individual complexities. The computational burden
of BPA-L linearly scales with the number of features Nf and (neighboring) vehicles
Nv, as well as it linearly depends on the number of iterations the localization
(NBPA−L) and consensus (Ncons) tasks have to be performed, leading to a complexity
order of O(NBPA−LNconsNvNf). The latter value further increases in case of particle
representation of vehicle/feature pdfs, as the number of particles strongly increases
the number of required operations as O(NBPA−LNconsNvJvJfNf). On the other hand,
the BPA-DA complexity quadratically scales with the number of features, i.e.,
O(Nf

2), a value that is linearly increased by the number of vehicle and feature
particles.

A comparison of computational complexity of the ICP-DA methods (for both
particle-based implementation and the low-complexity one) and the ICP without
DA is summarized in Table 4.2. As it can be easily inferred from the table,
the dominant term of ICP-DA-PF complexity is represented by the number of
particles used to sample the vehicle/feature beliefs. Note also that, while in the
ICP-DA-PF implementation both the average consensus and the max-consensus
algorithms are computed for each particle of the feature belief, by considering
the ICP-DA-LC solution only the average consensus on the first two moments
of b(n)

k,t (x
(F)
k,t ) is required [131]. Based on this, the ICP-DA-LC can provide high

benefits in term of computational complexity and communication overhead, which
would make it recommended for practical implementations.

4.5 Performance assessment in specific road con-
figurations

In this section, we analyze the performance of the proposed cooperative position-
ing method in simulated road scenarios, to highlight the benefits provided by
the ICP-DA approach with respect to GPS-based tracking. The first scenario
(Sec. 4.5.1) is a single straight road (Sec. 4.5.1), in which we compare the two
different implementations of the ICP-DA method, i.e. PF and LC, in a controlled
environment with two features, to highlight the impact of feature spacing on
the association process. The straight road use case is also used to analyze the
effect of association error with respect to feature density. The second scenario
(Sec. 4.5.2), instead, is a crossroad junction, a more complex environment with
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more vehicle interactions, in which we extend the analysis for varying number of
features and degree of feature mobility. The GPS benchmark is implemented as a
non-cooperative tracking filter (i.e., a KF) that uses model (4.1) for integrating the
position-velocity estimate provided by the GPS receiver with the inertial sensor
measurement at the single vehicle. The performance assessment is also targeted
to evaluate the impact of DA uncertainty and the feature mobility on the vehicle
localization accuracy.

4.5.1 Single-road scenario with static features
We consider two interconnected vehicles traveling in the same direction at an
average speed of 25 km/h, with space headway of 5 m, on the straight road
scenario in Fig. 4.6a. The vehicle motion is simulated according to the iner-
tial sensor model in (4.1) with zero mean acceleration a(V)

i,t−1 and sampling time
Ts = 1 s. The covariance of the Gaussian driving noise in (4.1) is Q(V)

i,t−1 =
B diag

(
σ(V)2
ai,x

, σ(V)2
ai,y

)
BT, where σ(V)

ai,x
and σ(V)

ai,y
represent the acceleration fluctu-

ations along the vehicle longitudinal and transversal directions. They are set
to σ(V)

ai,x
= 0.2m/s2 σ(V)

ai,y
= 0.001m/s2, respectively. The GPS accuracy on the

whole area is set to R(V)
i,t = blockdiag(σ(V)2

p I2, σ(V)2
v I2) with standard deviations

of σ(V)
p = 8 m and σ(V)

v = 0.1 m/s, respectively. Vehicles simultaneously sense
Nf = 2 static features placed along the sidewalk at a relative distance df with V2F
measurement accuracies of σ(V2F)

p = 0.2 m for the position and σ(V2F)
v = 0.1 m/s

for the velocity. The choice of these values matches the specifications of typical
automotive sensors [140].

In this first result, the performance of the ICP-DA method is assessed using both
the PF and LC implementations. A conventional (non-cooperative) Kalman filter
over GPS measurements and ICP with known data association are simulated as well
as benchmarks. For the ICP implementation, the stopping criterion of the iterative
BPA-L procedure is obtained by comparing the MMSE location/velocity estimates
(for both features and vehicles) with those obtained in the previous iteration. When
the difference between the two consecutive estimates is below 10 cm for the position
and below 0.1 m/s for the velocity, the iterations are stopped. For the ICP-DA-PF
method, the vehicle/feature beliefs are approximated by using Jv = Jf = 5 · 103

particles. For ICP-DA-LC, the threshold on the association belief is set to ΓTH = 1,
meaning that all the V2F measurements are paired to the originating features.
The performance is evaluated in terms of position/velocity accuracy computed
according the Root Mean Square Error (RMSE) of the position/velocity estimate,
by averaging over Monte Carlo simulations.

The performance of the localization methods are shown in Fig. 4.6 for feature
spacing df = 0.5 m (a) and df = 3 m (b). For the ICP-DA-LC method, we
measured a probability of correct measurement-feature association of, respectively,
54% and of 92% in the two cases. The results in Fig. 4.6a show that for df = 0.5 m
the ICP-DA-PF and ICP-DA-LC accuracies on vehicles reach the lower bound for
known data association, as the errors due to wrong associations are compensated
by the proximity of features. The worse performance of the ICP-DA-PF method in
the first two seconds of V2F sensing is due to the limited number of particles which
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Figure 4.6: Vehicle and feature location accuracy versus time. a) single-road scenario with
feature spacing df = 0.5 m (b) and df = 3 m (c). The ICP-DA-PF (orange line) and
ICP-DA-LC (green line) methods are compared GPS-based KF approach (blue dotted line)
and ICP with known association (black line).

affects the tracking capability in the transitory. For higher feature inter-distance as
in Fig. 4.6b for df = 3 m, the association errors decrease the positioning accuracy
for both the ICP-DA-PF and ICP-DA-LC methods, with slightly better results
for the PF implementation. The performance loss due to the wrong association is
more evident on features than on vehicles, as inaccuracies on feature localization
have minor impact when they are propagated back to vehicles. We also tested
the performance for feature spacing up to df = 6 m and we found that above this
threshold the association is not critical anymore, as the ICP-DA methods reach
the same performance of the ideal ICP with known association, with similar results
as in Fig. 4.6a.

From the above results, we can conclude that DA is a crucial issue for cooperative
positioning but, if features are close enough (i.e., with spacing comparable with
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the vehicle localization accuracy) the effect on positioning is negligible. The same
is observed for well separated features (i.e., df = 6 m in the considered setting) as
data association can be easily solved in this case. For intermediate feature spacing
(for df from 3 m to 6 m), a moderate performance loss is observed due to DA errors
and PF slightly outperforms LC. Considering the computational complexity, that
for ICP-DA-PF scales quadratically with the number of particles, the preferred
solution is ICP-DA-LC which guarantees both high accuracy and efficiency.

Being the LC implementation more favorable, a more in depth analysis is
provided in the following. In a similar straight road scenario, the ICP-DA-LC
method is validated to assess the impact of DA error in a more complex scene. To
this purpose, we consider the scenario in Fig. 4.7(top), where a convoy of Nv = 6
vehicles, interconnected with V2V range Rc = 250 m and traveling in open sky
with average velocity 60 km/h and average inter vehicle distance of 20 m, enters a
road section of length 200 m where the GPS accuracy suddenly degrades (e.g., a
tunnel/canyon use case). GPS measurement are simulated with accuracies σ(V)

p = 5
m and σ(V)

v = 0.1 m/s outside the canyon, and σ(V)
p = 17 m and σ(V)

v = 2.5 m/s
inside. A set of Nf = 200/∆ static features is uniformly distributed over the canyon
area, with spacing ∆ ∈ {1, 1.5, 2, 4} m. Vehicles sense these features with V2F
range Rs = 50 m and V2F accuracies σ(V2F)

p = 0.1 m and σ(V2F)
v = 0.1 m/s. In Fig.

4.7(bottom) the RMSE of the location estimate (averaged over vehicles) is plotted
along the road for ICP-DA-LC, ICP with known DA [131] and GPS-based Kalman
filtering. As the feature density increases, it can be seen that the probability of
correct association, PCA, decreases and the ICP-DA-LC performance degrades
with respect to ICP, still maintaining a significant gain over GPS in the canyon.
On the other hand, when the feature spacing is large enough compared to the
location accuracy (∆ > 1.5 m), the association becomes highly reliable and the
ICP-DA-LC closely approaches the ICP method with perfect association. After
having analyzed the behavior of ICP-DA-LC method in straight road scenarios,
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Figure 4.7: Vehicular C-ITS scenario (top). Vehicle position accuracy along the road for
varying spacing ∆ between features (bottom).
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we now move to consider a more complex intersection.

4.5.2 Crossroad scenario with dynamic features
We consider the crossroad scenario of Fig. 4.1, in which Nv = 12 interconnected
vehicles (Rc = 250 m), grouped in four clusters of three vehicles each, are driving
straight ahead along their respective lanes approaching a cross-junction. Spatial
coordinates are referred to the center of the junction located in (0, 0). The edges of
the considered area are placed at 250 m in any direction from the center, thus each
lane is 500 m long. The vehicle motion is simulated as in (4.1), with sampling time
Ts = 1 s and average velocity of 50 km/h along the motion direction. The driving
process standard deviations for the longitudinal and lateral directions are set to
σ

(V)
ai,‖ = 0.35m/s2 and σ

(V)
ai,⊥ = 0.001m/s2, respectively. Then, the uncertainties

along the axes x and y (σ(V)
ai,x

and σ(V)
ai,y

) are defined according to the vehicle motion
direction. The GPS provides measurements with the same accuracy over the whole
area of, respectively, σ(V)

p = 9 m and σ(V)
v = 0.25 m/s, as to simulate a mid-urban

environment.
The scenario also includes a set of Nf features, randomly deployed on the

sidewalks, and sensed by vehicles in proximity (Rs = 75 m). The feature’s prior
pdf is uniformly distributed within a circle of radius 150 m centered in (0, 0).
Feature motion is simulated as in (4.3), with initial velocity vf and driving process
covariance G(F)

k,t = G diag(σ(F)2
vx

, σ(F)2
vy

)GT, with G = [TsI2 I2]T. As for vehicles, a
higher mobility is assumed along the road direction, i.e., the velocity standard
deviation in the direction of sidewalk is σ(F)

v,‖ = vf

100 m/s, while in the orthogonal
direction it is σ(F)

v,⊥ = 0.5σ(F)
v,‖ m/s. Thus, depending on the driving direction

of the feature, the velocity uncertainties along the axes x and y, σ(F)
v,x and σ(F)

v,y
respectively, are defined accordingly. The V2F covariance matrix is structured as
R(V2F)

i,`,t = blockdiag(σ(V2F)2
p I2, σ(V2F)2

v I2), with σ(V2F)
p = 0.1 m and σ(V2F)

v = 0.1 m/s
for each vehicle.

We evaluate the RMSE positioning performance by averaging over 5000 Monte
Carlo simulations. Fig. 4.8 shows the vehicle location accuracy in the proximity
of the junction for Nf = {3, 10, 20, 60} static features. The GPS-based KF (blue
dotted line) is plotted as a reference, while the ICP method with perfect associ-
ation (continuous line) is the lower bound. The proposed ICP-DA-LC method
is implemented in two different versions, using for feature detection in (4.40) the
threshold ΓTH = 0.5 (i.e., discarding ambiguous V2F measurements) and ΓTH = 1
(i.e., using all V2F measurements). The results in Fig. 4.8 show a negligible
performance loss of the proposed ICP-DA-LC method with respect to the ICP
with perfect association. It can be noticed that a selection criteria is required when
the number of features increase and they get closer, while for moderate feature
densities (Nf 6 20) the ICP-DA-LC method without measurement selection does
not have significant drawbacks. In fact, for Nf = 60, the vehicle location accuracy
of the ICP-DA-LC with ΓTH = 1 is even worse than the reference GPS one, unless
in close proximity of the junction, where all vehicles are connected each other and
can sense a higher number of features thanks to the geometry of the selected cross
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line) and to GPS-based KF tracking (blue dotted line).
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Figure 4.9: Percentages of association errors (blue line) and discarded measurements (orange
line) versus the number of features Nf .

junction. For Nf = 60, the reduced spacing between features generates ambiguity
problems in the association, as proved by the performance loss of ICP-DA-LC
with ΓTH = 1 compared to ICP with perfect association. Increasing the number of
features from Nf = 20 to Nf = 60 does not provide any benefit, as the performance
is limited by the association errors.

The probability of correct association for the different values of Nf , together
with the percentage of discarded measurements, is presented in Fig. 4.9. The
figure shows a reduction on the probability of correct association as the number of
features increases. This reduction is far more evident for the implementation which
uses all measurements (ΓTH = 1) rather than for the ICP-DA-LC with association
selection (ΓTH = 0.5). In this latter case the number of discarded measurements
increases with Nf and contributes to a significant improvement of the probability
of correct association as unreliable measurements (which are likely to be wrongly
associated) are discarded.

The results in Fig. 4.8 and 4.9 indicate that a moderate number of features, i.e.
Nf = 20 corresponding approximately to an average of four features simultaneously
sensed by each vehicle (this value is obtained considering the selected sensing
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Figure 4.11: Percentages of correct association (blue line) and of discarded measurements
(orange line) versus the number of feature’s velocity vf .

radius), is enough for the ICP-DA-LC method to significantly outperform the
GPS-based localization. A higher number of features, on the other hand, does
not provide any meaningful benefit, as it increases both the probability of erro-
neous association and the computational complexity. Moreover, the comparable
performance obtained by ICP-DA-LC with measurement selection and ICP with
known data association demonstrates that a low-complexity solution avoiding the
computational overhead of PF is an efficient approach for vehicular environments.

Fig. 4.10 illustrates the impact of feature mobility on the ICP-DA performance
in a scenario with Nf = 20 features moving at an average velocity vf = {1, 2, 5}
m/s. The analysis shows that in case of highly dynamic scenarios (i.e., with
feature mobility above the typical pedestrian velocity of 1.5 m/s) the positioning
performance degrades but the ICP-DA-LC method with measurement selection is
still able to significantly improve the conventional GPS solution. This conclusion
is also confirmed by the analysis of the probability of correct association and
measurement discarding in Fig. 4.11.
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4.6 Performance assessment in a realistic urban
scenario in Turin road network

In this section, we assess by simulation the performance of the ICP-DA method
in realistic traffic conditions along an urban arterial in Turin, Italy. We focus on
the ICP-DA-LC implementation with association selection (i.e., with ΓTH = 0.5),
as this solution was shown to provide the best trade-off between performance
and computational complexity in Sec. 4.5. This analysis aims at evaluating the
impact on the proposed ICP-DA method of traffic control systems, which affect
the vehicle distributions over the selected area. The degree of V2V connectivity
(and the impact of cooperative sensing) is highly dependent on control strategies
which determines the traffic flows and queues at nodes. For this reason, two
different traffic conditions are analyzed, as will be detailed later on. Moreover, this
analysis in a real urban environment is intended to show that ICP-DA can provide
a sub-meter accuracy on vehicle positioning and, thus, it can enable advanced
C-ITS services for high levels of automated driving.

4.6.1 Traffic modeling
We consider the Turin road network in Fig. 4.12, which includes an urban
arterial crossed by three primary roads and several secondary junctions along
approximately 2 km. We divide the area into three zones with different GPS
performance, ranging from open sky to built-up scenarios, namely: two external
regions (zone A) characterized by high GPS accuracy σ(V)

p = 3 m and σ(V)
v = 0.1

m/s, an intermediate zone B with σ(V)
p = 8 m and σ(V)

v = 0.17 m/s and an extreme
urban area (zone C) with very poor GPS accuracy σ(V)

p = 15 m and σ(V)
v = 0.45 m/s.

This variability aims at emulating random behavior of a GPS receiver, artificially
creating a variability that (on top of Gaussian noise) increases the randomness
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Figure 4.12: Urban arterial scenario in Turin, Italy. The area has been divided in three different
zones (A, B and C) associated to different GPS accuracies. Features (red triangles) have been
placed along the road infrastructure. Map data copyrighted OpenStreetMap contributors and
available from https://www.openstreetmap.org [10].
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of location fixes. Clearly, it cannot match real conditions where GPS accuracy
rapidly varies according to the multipath propagation due to the environment and
road topology, however it is a good tool to simulate such a non-static characteristic.
Vehicles randomly enter the road network according to observed traffic demands,
and are localized by simulating a GPS receiver in fast start condition, with prior
location belief centered around the true vehicle state, with standard deviations
σ(V)
p = 2 m and σ(V)

v = 0.1 m/s. Since the analysis on feature mobility in Sec.
V proved that static features are more beneficial for localization enhancement,
Nf = 64 static features are considered in correspondence of bus stops, traffic lights,
road signs and car parks. V2F measurement accuracies are set to σ(V2F)

p = 0.1
m and σ(V2F)

v = 0.1 m/s, and features are sensed if they fall withing the vehicle
sensing range Rs = 50 m.

Traffic flow is simulated by using the micro-simulator AIMSUM (Advanced
Interactive Microscopic Simulator for Urban and Non-Urban Networks) [141],
which updates the vehicles’ dynamics every time step of duration Ts = 0.75 s. The
simulations replicates realistic conditions, including the observed road geometry
and traffic control systems at junctions, traffic flows and public transport lines
affected by vehicles behaviors and their interactions. The model has been calibrated
using real data and describes a common urban scenario with traffic lights affecting
the vehicular patterns. The traffic demand in the time slot 20:30-21:30 is chosen,
with calibrations on real observations of the number of trips performed by the
considered vehicle types from origins to destinations. Five traffic control systems
regulate the main nodes along the arterial, which is divided in road sections. Each
section is composed by one or more lanes according to the vehicle maneuvers
detected during the observation phase, as described in [142]. Vehicular traffic
along the road sections is simulated by modeling the following components:

• lane changing for the lateral behavior along the sections,

• car following for the longitudinal behavior along the sections,

• traffic control and gap acceptance model for the crossing behavior at nodes.

Traffic control is expected to have a significant impact on the cooperative
positioning accuracy. Control strategies tend to form platoons of vehicles closed
together and improve the road capacity, thereby they contribute to increase the
V2V connectivity and ease the cooperation between vehicles. To investigate the
impact of traffic control on the ICP localization techniques, we consider two
different scenarios of traffic regulation as follows:

1. Traffic-Light Regulated (TLR) scenario: intersections are regulated by traffic
lights. This scenario represent current mobility systems (no automation, no
self-driving vehicles);

2. Vehicle Self-Regulated (VSR) scenario: vehicles apply gap acceptance models
to decide whether they can safely cross the intersection, avoiding conflicts [143].
This scenario emulates at first approximation an automated driving use-case,
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where vehicles autonomously detect other vehicles in the conflict area and act
during the crossing maneuvers on the basis of gap availability decisions.1

The VSR scenario can be considered as representative of a vehicle automated
driving system of level 4 (according to the definition in [144]), which can also
evolve to a cooperative scenario where safety issues can be improved by V2X
applications [145]. In both settings, the flow level is decreasing from the peak-hour
to off-peak. Therefore, it is possible to observe over the same simulation a variable
saturation rate of the arterials and its impact on the positioning accuracy.

The simulated traffic conditions are shown in Fig. 4.13, where we show the
total flow exiting from the network in the VSR and TLR scenarios. According to
the traffic demands of the selected slot, the flow ranges from about 2800[veh/h] at
the beginning of the considered period to 1800[veh/h] at the end. This similarity
on the output flow trend between TLR and VSR scenarios is not maintained inside
the road network, as expected. As shown in Fig. 4.14, the number of vehicles
inside the network for the TLR scenario is higher with respect to the VSR one.
The explanations resides in the fact that in the second settings vehicles are more
distributed over the arterial and more fluently (less stops) travel across the arterials.
This is confirmed by the results in Figs. 4.15a and 4.15b which show the mean
queue and stop time for, respectively, the TLR and VSR scenarios. In Fig. 4.15a,
the mean queue decreases from almost 40 to 20 vehicles during simulation and
the stopped time decreases from 40 s to 35 s per km, while in Fig. 4.15b the
values are considerably lower. A mean queue less than 1 vehicle and a stop time of
approximately 1 s prove the reduction on the number of vehicles inside the arterial.

These two different traffic conditions create two completely independent vehicu-
lar network scenarios with different V2V and V2F connections. This diversity is
compared in the next section to assess the performance of the proposed cooperative
positioning method.

4.6.2 Evaluation of ICP-DA localization accuracy
In this section, we compare the performance of ICP-DA-LC method with the
conventional GPS-based tracking in both the TLR and VSR traffic scenarios. In
Fig. 4.16, the aggregate RMSE (with aggregation interval of 5 minutes) of the
vehicle/feature state estimates, is plotted versus time for the two different traffic
conditions, i.e. the TLR scenario (continuous line) and the VSR one (dashed line).
The RMSE has been obtained by averaging over vehicles and features. Top figure
(Fig. 4.16a) is referred to vehicle position, while the bottom one (Fig. 4.16b) is
dedicated to the vehicle velocity. Blue and red lines denote the accuracy of vehicle
tracking for, respectively, the GPS and ICP-DA-LC methods, while the green line
indicates the ICP-DA-LC accuracy on features.

The results in Fig. 4.16a prove that the ICP-DA-LC method outperforms
the conventional GPS over the whole simulation time, thanks to the dense V2V
connectivity that eases the cooperation in the urban area. The improvement is far
more relevant in the TLR scenario (continuous line) than in the VSR one (dashed

1Although automated vehicles have lower reaction times with respect to human drivers, in our experiments
we used the same reaction time to compare the two scenarios in the same conditions and focus on the effects of
traffic light control.
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Figure 4.13: Traffic flow over time for the two considered traffic conditions: traffic light
regulated (TLR) and vehicle self regulated (VSR). Data are aggregated over 5 minutes.
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vehicle self regulated (VSR) scenarios. Data are aggregated over 5 minutes.
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(b) Vehicle Self Regulated (VSR) scenario

Figure 4.15: Mean queue and stop time for the TLR (a) and VSR (b) scenarios. Data are
aggregated over 5 minutes.
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Figure 4.16: Averaged accuracy of position (a) and velocity (b) over time for the two considered
scenarios: TLR (continuous line) and VSR (dashed line). The GPS-based accuracy on vehicles
(blue line) is taken as reference for the ICP-DA-LC estimate on vehicle position (red line).
The green line in (a) indicates the accuracy on features.

line), due to the higher number of vehicles and the continuous refinement of the
feature estimates performed by vehicles during the stop periods. On the other
hand, the average GPS tracking accuracy is better in VSR than TLR, as vehicles do
not stop at the numerous intersections of the built-up zone C and thus spend less
time in this area with highly degraded GPS signals. For the cooperative approach,
Fig. 4.16a shows similar accuracy results for vehicles and features, confirming
that the precise localization of features obtained by the V2V cooperation directly
reflects on the vehicle location accuracy. In the ideal case of perfectly localized
features, the ICP method behaves as an augmented positioning system with many
fixed anchors (i.e., the features) along the road infrastructure.

The analysis on the location estimate accuracy is extended to the velocity in
Fig. 4.16b. Again, the performance of the ICP-DA-LC method is better in TLR
scenario than in VSR one. This now holds also for the GPS method, as the length
of time the vehicle remains stationary at junctions allows the averaging effect of
the observations.

A deeper analysis of the location accuracy over the space domain is carried out
in Fig. 4.17a for the TLR traffic scenario. The road network is divided into six
areas characterized by different GPS accuracies and feature densities, as indicated
in Fig. 4.17a. The Cumulative Distribution Function (CDF) of the vehicle position
accuracy averaged over the whole simulation time is computed for each area in
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(a) Area of analysis of the Turin traffic scenario
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Figure 4.17: (a) Map of the Turin road network divided into six areas, characterized by different
densities of features and GPS conditions, with highlighted locations of vehicles (blue dots)
and features (red triangles). (b) CDF of vehicle position accuracy observed in the in TLR
scenario over the different areas.

Fig. 4.17b. The performance augmentation provided by the ICP-DA-LC method
is significantly different from one area to the other. In particular, a meaningful
gain is obtained in the critical built-up areas 4 and 5, while minor improvements
are observed in areas 1 and 6 where the GPS tracking is already highly reliable.
Specifically, the highest improvement in localization is in Area 5, where the CDF
at 95% of confidence for the GPS solution indicates a vehicle position error of 5 m,
while the ICP-DA is able to improve this value to 1 m.

The analysis of vehicle location accuracy over time is given in Fig. 4.18, for the
along-track and the cross-track directions in areas 2 (Fig. 4.18a) and 5 (Fig. 4.18b).
Numerical results show that the ICP-DA-LC method is able to provide a sub-
meter level accuracy in both directions, compensating the degradation introduced
by higher GPS measurement errors. The large number of sensed features along
with a road configuration that facilitates, with its numerous intersections, the
formation of platoons of cooperative vehicles continuously refining their estimates
on the surrounding features, has an extremely positive impact on the localization
performance. The figure also highlights a marked periodicity of the GPS accuracy
pattern over time in Area 2, due to the cyclic regulation of the traffic flows by the
sequence of traffic lights along the arterial. During stop phases vehicles can refine
their positioning accuracy by averaging over time. The ICP-DA-LC method, on
the other hand, provides a more stable performance over time, as the accuracy
benefits from space averaging thanks to the cooperation among spatially distributed
vehicles. This equalization effect is more evident in the cross-track direction, as
expected. This important remark, along with the high precision provided by
ICP-DA-LC (below 1 m), makes the proposed method a reliable solution for lane
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Figure 4.18: Vehicle location accuracy over time for both the along-track and cross-track
directions in areas 2 (a) and 5 (b) for the TLR scenario.
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Figure 4.19: Vehicle location accuracy over time for both the along-track and cross-track
directions in area 2 for the VSR scenario.

detection in urban contexts.
Finally, Fig. 4.19 presents a similar analysis for the VSR scenario in area 2. In

this case, the GPS estimate is no more affected by traffic lights and the localization
accuracy pattern is non periodic. The overall average accuracy is worse than in
the TLR scenario for both GPS and ICP-DA-LC, but the performance gain of
the proposed cooperative method is still remarkable, especially in the cross-track
direction.
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4.7 Concluding remarks
In this chapter, it has been developed a distributed Bayesian framework for
cooperative localization of vehicles and targets. The analysis has been carried out
considering smart vehicles capable of extracting information from the surrounding
environment through sensing and communicating with Vehicle-to-Everything (V2X)
devices, as envisioned in the Cooperative Intelligent Transportation Systems (C-
ITS) context. Two solutions for solving the data association issue have been
provided, leading to two versions of the Implicit Cooperative Positioning with
Data Association (ICP-DA) technique: a PF-based solution that handles the non-
Gaussian statistics and a low-complexity solution that hardly select the association
hypothesis and keeps a Gaussian formulation and implementation. The latter,
was shown to provide the best trade-off between complexity and accuracy, closely
attaining the performance of the ICP method with known association.

The validation in realistic traffic scenarios confirmed the improvements of ICP-
DA over GPS filtering, reaching a sub-metric accuracy. The investigation on the
DA performance highlighted the importance of a feature selection mechanisms, to
avoid association errors that could degrade the cooperative positioning performance.
Quasi-stationary features have to be preferred as they can be localized with higher
accuracy acting as virtual anchors for the positioning process.

Traffic flow micro-simulation over a real urban network showed how traffic
control systems affect the distribution of vehicles over the roads and impact on
the graph connectivity for inter-vehicle cooperation. In particular, a high density
of vehicles and features, as well as the formation of vehicle platoons as induced
by traffic-light systems (or, in perspective, by cooperative maneuvering strategies)
guarantees a high degree of Vehicle-to-Vehicle (V2V) connectivity and increases
the accuracy of the cooperative sensing method. The analysis also showed that
in urban scenarios the vehicle dynamics and the severe degradation of satellite
signals induce high fluctuations of the GPS tracking over space and time, while
the ICP-DA method is capable to mitigate this non-stationary behavior, reducing
the impact of external factors on the localization performance.

The performance assessment demonstrated that the diffusion of smart vehicles
with on-board ranging sensors and V2X communication technologies enables coop-
erative strategies for perception and localization which can significantly improve
vehicle positioning in urban areas. This enhancement is expected to enable new in-
novative C-ITS services especially in emerging automated driving scenarios, where
the formation of tight convoys or platoons of vehicles facilitate the cooperation
process. Examples of services include high-precision traffic monitoring, lane-change
assistance, infractions detection, inter-vehicle communication efficiency and so
forth.

Future research directions: as for the previous chapter, the performance has
been validated by simulations. Also in this case it would be useful to integrate real
measurements from positioning (GPS) sensing (radar/lidar/camera) automotive
hardware as to deeply assess the benefit of joint cooperative localization. With
respect to the centralized algorithm of the previous chapter where an assessment
over real data fills the gap between the research and practical implementation,
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in the case of the distributed approach of this chapter the evaluation with real
data is only instrumental to better understand the potentials. Indeed, a real-time
operability is still far from research, due to technological (5G V2V communication
links) and software limitations. Regarding the properties of technology, on the
other hand, it might be clever to introduce active direct measurements among
vehicles, e.g., by extracting the range from time of arrivals of V2V direct link
for instance, thus letting the distributed approach of this chapter to match the
conceptualized general solution of the previous one.
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Sensor-assisted V2X communications

This chapter addresses the problem of vehicular communications, where road users
act as agents. Among them, we can have static (e.g, infrastructure/road side unit),
fast moving (vehicles) or slowly-moving (e.g., pedestrians) agents. Multi-agent
connectivity is ensured by Vehicle-to-Everything (V2X) communications. Among
V2X possibilities, the focus of this chapter is on the Vehicle-to-Vehicle (V2V) use
case where vehicles need to exchange information each other. Specifically, the
analyses of this chapter refer to beam-based V2V communications. Communicating
at narrow beam is currently considered as the frontier for next generation mobility
systems, as it is deemed as the only technology able to meet high-data rate require-
ments for advanced autonomous automotive systems. The two key technologies for
beam-based communication, namely millimeter Wave (mmWave) and Free-Space
Optics (FSO), are here considered and compared. In this chapter it is proposed
a solution where beam-based V2V communications take advantage of available
on-board sensors that are capable of accurately estimating the vehicle state. The
exchange of vehicle navigation information is used as enabler to fasten the align-
ment of narrow V2V beams such that the benefits of high frequency links are fully
exploited. The entire work is focused on the V2V link degradation due to beam
misalignment as a consequence of vehicle mobility and a sensor-assisted solution
for this specific problem is designed for V2V systems operating in line-of-sight.

The chapter is organized as follows. Sec. 5.1 introduces the concepts of
connected mobility and details the use of mmWave and FSO technologies in V2X.
Sec. 5.2 describes the considered vision of the V2X ecosystem and details how the
proposed sensor-assisted solutions fits therein. The model of vehicle dynamics is in
Sec. 5.3 while Sec. 5.4 contains communication channel models for both mmWave
and FSO. Performance analysis are presented in Sec. 5.5 for multiple conditions,
technologies and scenarios. Lastly, Sec. 5.5.3 contains concluding remarks.

The contents of this chapter are adapted from publications [3–7].

103



Chapter 5. Sensor-assisted V2X communications

5.1 Introduction to connected mobility

The technological development of connected, cooperative and automated systems
is expected to represent a game-changer for mobility, with benefits for individual
road users and effects on the societal impact in terms of sustainability and quality
of life, changing the perspective of cities’ design [146–148]. C-ITS are expected
to improve the mobility experience in terms of efficiency, safety and comfort.
New technology are emerging in the context of 5G networks, which go beyond
a simple upgrade of current mobile radio networks [149, 150]. In the incoming
years V2X communications are required to guarantee fast sharing of massive
mobility data, with unprecedented requirements on latency, data rate and reliability
[151]. Examples include the exchange of raw sensor data among vehicles to
provide “extended sensors” functionalities for active safety applications such as
“see-through” and “bird’s eye view”, enabling high Levels of Automation (LoAs).
High-LoA services are based on the exchange of heavy data streams, coming from
a huge number of different sensors that equip modern vehicles and in the order
of tens/hundreds of Mbps each [152]. The demand of such services cannot be
fulfilled by the currently available V2X technologies, namely the WiFi-based IEEE
802.11p [153] and the C-V2X [97]. These two standards are operating in the 5.9 GHz
spectrum, as decided by the European Commission [154], providing interoperable
and non-interfering C-ITS services targeted to improve safety in mobility [155],
but they are not ready for the game-changing breakthrough of automated and
connected automotive services. In this perspective, two partnerships, namely the
Car 2 Car Communication Consortium (C2C-CC) [156] and the 5G Automotive
Association (5GAA) [157], are being working towards the development of new
standards specifically intended for the automotive vertical sector. The IEEE
802.11bd and 5G New Radio (NR) V2X standards are planned to fulfill the
demand of high-LoA services [158, 159], introducing operating capabilities at
Millimeter-Wave (mmWave) bands (as well as at sub-6 GHz).

The mmWave radio is a viable candidate to match the challenging V2X require-
ments thanks to wide transmission bandwidth availability. The latter aspect is
also experienced by considering Free-Space Optics (FSO) technology. Although
presenting several peculiarities, both technologies can be categorized as beam-
based communications relying on near pencil propagating beams. This implies
that both mmWave and FSO need extremely precise Beam Alignment (BA), a
condition which is not trivial to be met in high mobility. In this rapidly-varying
scenario, two main aspects limit high-speed V2X communications: Line-Of-Sight
(LOS) blockage and beam pointing misalignment. The analyses carried out in
this chapter are entirely devoted to the latter problem, meaning that full focus
is for BA-related issues, neglecting any analysis on blockage. The modeling of
LOS/NLOS channel propagation is a different research area, still extremely useful
to validate BA strategies. The interested reader can refer to Appendix A for a
mmWave channel modeling in a V2I LOS and NLOS mobility scenario.

A dedicated introduction to mmWave and FSO V2X technologies is provided
in the following sections 5.1.1 and 5.1.2, where we discuss about their major
benefits and challenges, highlighting how we conceive them as suitable solutions
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for next-generation mobility.

5.1.1 Millimeter-Wave V2X communication
Today, mmWave is considered the only viable Radio Frequency (RF) technology
capable of satisfying the extreme requirements (latency and data rate) of enhanced
V2X (eV2X) services thanks to the huge bandwidth available in this spectrum
portion. Nevertheless, the use of mmWave for eV2X scenarios presents several
challenges. Firstly, high frequencies are subject to severe path loss, leading to
significant communication performance degradations. Mobility, Doppler effect,
blockage and lack of context information are also critical issues that need to be
properly addressed in the system design. In this regard, a promising solution is to
deploy antenna arrays with a large number of elements at both Transmitter (Tx)
and Receiver (Rx) sides, i.e., massive Multiple-Input Multiple-Output (mMIMO)
systems. The mMIMO technology allows to shape multiple highly directive
radiation beams in a confined spatial region, counteracting the severe path loss
and minimizing the mutual interference. Furthermore, the reduced wavelength of
mmWave (10 mm at 30 GHz) allows packing hundreds of antennas in a small array,
making mMIMO suitable for short-range (< 1 km) smart-mobility applications.

Practical implementation of mmWave mMIMO technology poses two main issues:
(i) traditional MIMO systems require dedicated RF and baseband hardware at
each antenna element to control signals’ amplitude/phase, and this is not viable
for such a massive number of antennas, thus forcing mmWave mMIMO systems to
heavily rely on analog or RF processing; (ii) mmWave mMIMO systems require
precise BA and tracking procedures to keep the pencil beams aligned along the LOS
directions. Regarding the former (still open) issue, the implementation of full digital
baseband beamforming is currently prohibitive for complexity and cost reasons of
using a dedicated RF chain for each antenna element, and hybrid solutions are
discussed in [160–162]. They consists in a trade-off between analog and digital
beamforming, where the precoding circuit is jointly designed in both analog and
digital domains as to reduce the number of RF chains but still having satisfactory
beamforming capabilities. Indeed, performance results in [163, 164] show that
hybrid solutions closely approach ideal full-digital beamforming by adaptive optical
analog processing [163] or exploiting the sparse-scattering structure of mmWave
channels [164]. The latter issue, instead, is the main focus of the research presented
in this chapter, which is entirely targeted to analyze communication performance
degradation due to beam mis-pointing. Conventional BA solutions that perform
an exhaustive search of the optimal Tx/Rx beam pair are too time demanding
for vehicular scenarios due to the latency constraints. Different solutions have
been proposed in the literature to speed up the BA procedure [165–170]. The
authors of [171] propose to explore the channel and queue state information to
optimize both transmission and reception beamwidths. Other approaches exploit
side information such as location data provided by a radar signal operating in
a different mmWave band [172], motion prediction [173, 174] or GPS [175]. As
detailed in the following, we follow a different approach, whereby BA and tracking
are carried out based on the information retrieved from on-board sensors that are
mutually exchanged among vehicles.
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5.1.2 Free-Space Optics V2X communication

FSO is a mature form of optical wireless communication where the information
is exchanged through a modulated laser link, mostly operating in the visible or
infrared spectrum portions [176,177]. Although currently not standardized, FSO
is envisioned for a wide range of applications: from high-capacity back-haul links
for next generation cellular networks [178] to multi-agent networks of unmanned
aerial vehicles, aircrafts, satellites, trains and cars [179–183].

For the considered V2X context, FSO is interesting for many different as-
pects: (i) huge optical bandwidth (currently unlicensed); (ii) immunity from
RF interference; (iii) immunity from Doppler effect when inexpensive Intensity
Modulation/Direct Detection (IM/DD) is employed; (iv) availability of low-cost,
small-size, high-speed integrated components and, more importantly, (v) high
spatial collimation of beams, which allows to achieve wide operational ranges (from
few meters to kilometers, depending on the visibility conditions) with low power
expenditure and no interference between different FSO links in dense multi-agent
networks. Most of the benefits of FSO in terms of signal coverage come from the
use of extremely directive beams. However, beside being highly sensitive to atmo-
spheric conditions such as turbidity (fog, haze, rain, etc.) and turbulence [184,185],
FSO systems are subject to frequent loss of the optimal LOS direction due to
random obstacles and, mostly, Tx-Rx misalignments. A straightforward solution
to cope with this issue is to widen the optical beam: this approach, although
useful for very short range systems [186], would lead to an unacceptable power
density reduction at typical V2X distances, nullifying the advantages of a naively
directive modulated laser beam. The most fruitful solution to exploit the high
collimation of laser beams is, instead, to employ sophisticated acquisition, tracking
and pointing mechanisms to keep a seamless connection [187]. The FSO system
must be able to firstly acquire the position of the receiver (scanning phase), and
successively perform a continuous steering of the beam based on Rx tracking.

Diverse techniques have been proposed in the literature in order to address
the laser pointing issue [187]. Works [183] and [188] are particularly interesting
for our purposes as they provide an experimental proof-of-concept land-mobile
FSO V2I system, which capable of transmitting information from a moving vehicle
(max speed of 30 km/h) to a fixed receiver (road infrastructure) at a distance
of approximately 1 km. The mobile transmitter knows the position of the fixed
platform and combines it with its own location (using GPS) to coarsely steer
the laser towards the receiver, while the tracking is performed with the aid of
two cameras and a beaconing system. Although interesting, [183, 188] do not
consider the more challenging V2V scenario with higher mobility of all vehicles
(i.e., � 30 km/h), in which the locations of Tx and Rx terminals cannot be known
in advance. This is precisely the V2V context considered in this paper, which
proposes to share information of the instantaneous dynamics of the vehicles by a
data fusion of on-board sensor data. The exchange of pose data over a parallel
low-rate control link provides each vehicle a precise and timely information to be
used for an accurate laser pointing.
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5.1.2.1 Scientific contributions and main limitations

In the remainder of this chapter we introduce the envisioned dual-layer C-ITS
architecture enabling highly directive beam-based V2X communications assisted
by on-board sensors. We describe the different tasks a vehicle has to perform
to guarantee a reliable mmWave or FSO V2X link, by differentiating between
intra-vehicle data fusion and inter-vehicle cooperation. In the first case, the pose
of the V2X terminal of the ego-vehicle is estimated by fusing data from different
on-board sensors accounting for their temporal variability. In the second case,
instead, such pose information is broadcasted through a parallel low-rate, low-
latency signaling channel such that any connected road user is aware of the V2X
geometry and can proactively determine the optimal beam for the mmWave/FSO
link. Then, we evaluate the feasibility of the proposed high data-rate mmWave-
and FSO-based V2X solutions by simulations. Preliminary 2D analysis are firstly
shown, then the performance is assessed on a more complete 3D system model.
The performance assessment is entirely focused on the impact of vehicle dynamics
on the beam pointing, with the evaluation of the impact of misalignment on the
V2V Signal-to-Noise ratio (SNR), outage probability and duration of fade events,
by considering different beam dimensions and vehicle sensors’ accuracies.

A primary limitation of the developed solution resides in the applicability, which
is restricted to V2X communication in visibility (i.e., in Line-Of-Sight - LOS),
where there is no blockage between Tx and Rx. As a matter of fact, determining
the optimal beam pointing direction using the positions of both vehicles, i.e., Tx
and Rx, does not take into account the real propagation condition of mmWave/FSO
signal. If FSO communications cannot work in case of blockage, meaning that
only LOS conditions are applicable, mmWave communications can work even in
Non-Line-Of-Sight (NLOS) conditions thanks to multipath propagation, at the
expenses of reducing the communication efficiency due to a lower Rx power. The
scope of the addressed beam alignment issue is primary related to V2V links,
where vehicles need to exchange massive data only to close neighbors (which are
mostly in visibility). It is more likely to experience NLOS propagation for V2I
communications, while it is more opportunistic to consider multi-hop V2V mesh
networks of connected vehicles with short-range LOS links. Another unavoidable
consequence of relying on vehicle estimate for beam alignment is trusting on
such information, if it is not accurate it leads to a completely mis-pointing of
the beams, unavoidably impeding the communication itself. A same consequence
comes if the broadcasting of vehicle state information is denied or unreliable, as it
prevents an exact knowledge of near real-time vehicular network topology. For this
reasons, accurate sensing and reliable communication links become fundamental
for both automated driving functionalities and sensor-assisted V2X communication
capabilities. The envisioned tight integration between sensing and communication
fails in case one of the two core building blocks stops working properly. Lastly,
the research presented in this chapter deals with ideal communication channels:
there is no mmWave/FSO communication channel modeling. If, on one side, this
decision is motivated by the intended goal to assess misalignment performance
degradation only, without introducing other propagation impairments (such as
multipath and NLOS condition, blockage, depolarization, atmospheric effects or

Politecnico di Milano Page 107 Mattia Brambilla



Chapter 5. Sensor-assisted V2X communications

inaccurate channel estimation), on the other side it does not perfectly match
realistic channel conditions. Decoupling multiple effects allows for the analysis on
ad-hoc countermeasure to each specific impairment, but at the same time it exclude
possible correlations among diverse effects. A more complete work would integrate
a realistic channel modeling as to assess a joint effect of as many detriments
as possible. Nevertheless, it would enable a comparison with geometry-based
beamforming and subspace-based techniques that do not rely on the LOS angles
for beamforming but exploit the channel structure to discriminate the dominant
eigenvectors to be used as precoder/combiner.

5.2 Envisioned V2X system architecture
Even though mmWave and FSO present different peculiarities, both leverage a V2X
communication over narrow beams (beam-based communications). A common
challenge is keeping the alignment between transmitter and receiver units, and
this is the addressed topic of interest herein. Conventional beam tracking is based
on various scanning strategies that are activated once the alignment is lost and
the connection interrupted, or in setting up the first connection. This approach is
undoubtedly effective and provides precise results, but it implies a severe reduction
of the communication efficiency due to the additional signaling overhead and wast
of time resources. Scanning is highly time-consuming, preventing to fulfill the V2X
latency requirements [189]. In contrast, the proposed solution is a seamless BA
strategy based on V2V sharing of sensor data. A non standalone V2X architecture,
combined with a sensor-assisted control system for tracking highly directive beams,
is the envisioned V2X ecosystem. The coexistence of two parallel communication
technologies allows for the exchange of vehicle pose data on a low-rate control
channel, such that the multi-gigabit link (either FSO- or mmWave-based) is fully
exploited to meet the stringent requirements of advanced C-ITS services and
high-LoAs. The low data-rate link (e.g., sub-6 GHz C-V2X or 5G NR Frequency
Range (FR) 1) is only used for signaling vehicle dynamics information for BA
control. This is in line with the 5G vision for V2X communications which foresees
a multi-connectivity approach (non-standalone architecture [190]) to guarantee
the reliability constraints of V2X Ultra-Reliable Low-Latency Communications
(URLLC) through the combination of different communication modes (e.g., V2X
and Vehicle-to-Network-to-Everything - V2N2X) or different radio access technolo-
gies. In the proposed approach, the low-rate V2X link is a parallel control link
used to improve the reliability of the high data-rate V2X link.

Sensor data are typically collected in vehicles by on-board Inertial Measurement
Units (IMU, including 3D accelerometers, 3D gyroscopes and magnetometers),
along with camera systems, radar, GNSS and other technologies. Nowadays,
vehicles on the market use these heterogeneous sensors for driver assistance and
partial automation applications. In our solution, we suggest to process these sensor
data not only to infer the ego vehicle dynamics, but primarily to extract information
on the relative V2V dynamics by distributed processing of such data over the
vehicular cloud. Seamless BA and tracking is designed based on the exchange
of dynamic pose information (position and orientation) among the networked
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vehicles. A key aspect is the integration of sensing with communication: in the
proposed architecture, sensing and communication are tightly coupled. It is widely
acknowledged that V2X can extend the on-board sensing capability, here the
novelty is the other way round: i.e., the use of (shared) on-board to augment the
V2X performance, by implementing a system for signaling information of vehicles’
dynamics for predictive beam control.

The envisioned V2X architecture is represented in Fig. 5.1. It comprises a
number of inter-connected vehicles, which are assumed to be fully equipped with
many different sensors such as IMU, cameras, GNSS, radar, lidar and others. The
RSUs, whenever existing, enhance the V2V network performance, e.g., by providing
internet connection, forwarding control messages in case of Non-Line-Of-Sight
(NLOS) conditions or providing updated road maps. The role of the RSU can
be covered by the radio access network such as 5G macro/micro cells. The main
feature of the proposed architecture is the two-layer V2X system, which operates in
parallel to provide (i) a high data-rate link (either mmWave or FSO) for high-LoA
scenarios (green beams in Fig. 5.1) and (ii) a low data-rate link (either V2V or
V2I) for exchanging locally processed information about vehicles’ states (yellow
arcs in Fig. 5.1).

As stressed in the introduction, both mmWave and FSO require advanced
beam tracking mechanisms to comply with the reliability and latency requirements
of V2X communications, and this is where the need of a low-rate, low-latency,
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Figure 5.1: Overview of the proposed sensor-assisted cooperative V2X architecture.
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dedicated control link comes from. As shown in Fig. 5.1, at first each vehicle fuses
the data from the many various on-board sensors in order to estimate/predict
the temporal evolution of its own pose (data fusion unit). Then pose data are
shared among all vehicles in the network through the low-rate control link. The
distributed processing unit of each vehicle has then an accurate knowledge of the
updated V2X network geometry, consisting in the position and orientation in space
and time of all the V2X agents (vehicles and possibly RSUs). In this way, all
agents have the information needed to compute the pointing directions without
scanning.

The proposed architecture comprises different types of V2X links, but we will
specifically focus the attention to the V2V case, which is the most challenging
one due to the high mobility of both Tx and Rx terminals. The sensor-assisted
methodology, however, also applies to any V2X communication system with
straightforward adaptations. For example, it can be easily extended to V2I
communications, in which one Tx/Rx terminal is fixed and, thus, it is not required
to continuously estimate its pose.

5.3 Vehicle dynamics modeling and beam point-
ing

In this section we provide a 3D geometrical model for V2V communications
generalized to an arbitrary number of vehicles and capable of describing the
alignment for both mmWave and FSO V2V communication scenarios. A correct
alignment of the beams relies on the knowledge of the relative pose of Tx and Rx
vehicles. Each vehicle is described by 6 Degrees of Freedom (DoFs), collecting its
position and orientation with respect to a local navigation frame, that is Earth-fixed
and common to all connected vehicles.

In this direction, the problem at hand is twofold: at each time instant we first
need to determine the pose of each vehicle with respect to the common local
navigation reference system, and then to derive the pointing directions in each
individual vehicle reference system. These directions are the input to the beam
pointing, that is composed by Tx and Rx beamformers for mmWave, and by a
Micro Electro-Mechanical System (MEMS) mirror at the Tx side for FSO. As
shown in Figs. 5.2-5.3, the reference systems are defined as follows: the local
navigation reference system is fixed with respect to the Earth, centered in a suitable
point to describe the local vehicular network, and with the x axis pointing towards
East, y axis towards North and z axis upwards. Each vehicle reference system,
identified by the superscript v, is fixed with respect to the corresponding vehicle,
centered at the mmWave/FSO transceiver (that we place on top of the vehicle,
unless otherwise specified as for preliminary 2D performance assessment), and
with yv axis pointing towards the front bumper, xv to the right, zv towards the
sky.
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Figure 5.2: Navigation and vehicle frames showing the separate effect of the three Cardan
angles. a) top view with fv, jv = 0,yv 6= 0; b) front view with fv,yv = 0, jv 6= 0 ; c) side
view with jv,yv = 0,fv 6= 0.

5.3.1 Vehicle dynamics modeling
The time-varying vehicle pose is typically affected by vibrations and tilting, and it
can be modeled as the superimposition of a low-pass random process, modeling
the "smooth" motion of the vehicle (e.g., a sharp turn, or a high-speed curve
that induces a roll rotation), and a fast-varying random process induced by road
roughness, bumps, etc. Their combination induce a time variability of the vehicle
pose that requires a fast tracking of beam pointing directions to steer the V2X
beams. In this scenario, also the sensors’ sampling frequency and their accuracy,
as well as the latency on the low-data rate link play a major role to guarantee the
robustness and reliability of the whole systems.

The dynamics of each vehicle (which is modeled as a rigid body in this paper),
is uniquely described by its position vector with respect to the navigation reference
system:

pv(t) = [pv,x(t) pv,y(t) pv,z(t)]T , (5.1)
and its orientation gv(t). The latter can be represented in many different ways
such as quaternion notation or composing three elemental rotations. Here we use
the Cardan angles convention, leading to the orientation vector:

gv(t) = [fv(t) jv(t) yv(t)]T , (5.2)
that collects the pitch, roll and yaw, respectively. The separate effect of the three
Cardan angles on the vehicle orientation with respect to the navigation frame
is in Fig. 5.2. The reference system of vehicle v is therefore obtained from a
roto-translation of the navigation reference: a translation by pv(t) composed with
a rotation described by the matrix Rv(gv(t)). This matrix is the result of three
successive rotations around x (by fv(t)), y (by jv(t)) and z (by yv(t)), and its
final expression (for a given time t and vehicle v, thus omitted to fit page limits)
is [191]:

Rv(gv)=

 cos j cosy − cos j sin y − sin j
cosf sin y− sin f cosy sin j cosf cosy− sin f sin j cosy − sin f cos j
sin f sin y + cosf cosy sin j sin f cosy + cosf sin j cosy cosf cos j

.
(5.3)

The dynamics of vehicle v as a rigid body is then described by 6 DoFs, summa-
rized by the position pv(t) and the Cardan angles gv(t) with respect to an absolute
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Figure 5.3: Geometry for a 2-vehicles network, with navigation and vehicle frames and LOS
angles for Tx vehicle v1.

reference system. These position and orientation vector are now used to derive
the optimal LOS direction of V2V communication link.

5.3.2 Derivation and estimation of Line-Of-Sight direction
Let us consider a V2V communication between two vehicles as in Fig. 5.3, in which
v1 is the transmitter and v2 is the receiver: the pose vector of two vehicles in the
navigation reference system are pv1(t) and pv2(t), and the two rotation matrices
Rv1(t) = Rv(gv1(t)) and Rv2(t) = Rv(gv2(t)).

At the transmitter side (v1), the V2V distance vector is computed as:

∆pv1
21(t) = Rv1(t)

(
pv2(t)− pv1(t)

)
=
[
∆pv1

21,x(t) ∆pv1
21,y(t) ∆pv1

21,z(t)
]T
, (5.4)

and the LOS direction for vehicle v1 is identified by the couple of azimuth αv1(t)
and elevation βv1(t) angles, respectively defined as:

αv1(t) = atan
∆pv1

21,x(t)
∆pv1

21,y(t)
, βv1(t) = asin

∆pv1
21,z(t)

‖∆pv1
21‖

. (5.5)

Similarly, at the receiver side, the vector connecting the two vehicles is ∆pv2
12(t) =

Rv2(t)
(
pv1(t)− pv2(t)

)
, and the computation of the pointing angles αv2(t) and

βv2(t) directly follows from (5.5) with straightforward modifications.
Ideally, the best communication performance are obtained when the Tx and Rx

are perfectly aligned along the LOS direction. This means that, for mmWave, the
radiating beams of both Tx and Rx vehicles point towards the LOS angles in (5.5)
for every time t, while for FSO that the Tx laser is always perfectly illuminating
the Rx photodiode (or array of photodiodes). In practice, the knowledge of the
optimal time-varying pointing angles (corresponding to the LOS directions) is
a crucial issue, and the update rate of the pointing directions is a key design
parameter for the system.
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Pose estimation consists in evaluating the dynamics over time of each vehicle
frame (orientation and position) with respect to the navigation frame, which
represents a highly challenging task. As a matter of fact, GPS typically provides a
position estimate that is not accurate enough for eV2X applications. Concerning
the orientation estimation, gyroscope, accelerometer and magnetometer data from
the IMU can be integrated, provided that techniques are used to handle integration
drift [192]. Measurement and dynamic models can be included in an extended
Kalman filtering approach, possibly combining also camera and radar data [191].

Position and orientation estimates for each vehicle are thus affected by various
noise sources yielding to noisy pose estimates as:

p̂v(t) = pv(t) + wp,v(t) , (5.6)
ĝv(t) = gv(t) + wg,v(t) , (5.7)

where wp,v ∼ N (0,Cp) and wg,v ∼ N (0,Cγ) can be modeled as stationary Gaussian
processes [191]. It is to be noticed that the errors on Cardan angles are in general
mutually correlated. The same holds for the errors on position and orientation, as
these are jointly obtained by a pose estimator, and the estimation of LOS angles,
i.e., the outcome of the BA, is from the pose of at least two different vehicles. A
thorough characterization of these stochastic terms is beyond the scope of this
research.

5.4 Communication system model
In the following, we first describe how the proposed V2X architecture fits into
standardized communication protocols (Sec. 5.4.1 and 5.4.2), and then detail the
peculiarities of the mmWave and FSO communication channels in Sec. 5.4.3 and
5.4.4, respectively.

5.4.1 Conventional time-slotted frame structure
The following description is intended to provide a generalized overview of a Time
Division Duplex (TDD) frame, without referring to any specific existing protocol.
The frame structures of the IEEE 802.11ad standards and the draft of IEEE
802.11ay amendment [193,194] are used as references, since they are both tailored
for mmWave communications operating at 60 GHz, even if originally intended for
stationary/quasi-stationary applications. Since no communication protocol has
been standardized yet for FSO communications [195], we assume here that the
reference frame structure adopted for mmWave is suitable for FSO as well.

As a general rule, the TDD communication frame comprises two main access
periods: the first is allocated to the exchange of signaling information related to
protocol and network management, the latter to data transmission. In this way,
the whole Beacon Interval (BI) of duration TBI consists of a signaling interval (TS),
which is further subdivided into general control signaling (TC) and BA-specific
signaling (TBA), and a data transmission interval (TD), as illustrated in Fig. 5.4a.
When dealing with highly directional communications, most of signaling is intended
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Figure 5.4: TDD frame structure. (a) a conventional protocol with BA included in the signaling;
(b) the proposed architecture; (c) Sequence of frames and an example of variation of pointing
angles αv and βv in a typical vehicular scenario, normalized with respect to a beamwidth of
2θBp

x
= 2θBp

z
= 0.1 deg (an achievable value for FSO systems). The frame duration is chosen

TBI = 10 ms to match 5G specifications.

for the implementation of beam alignment/tracking procedures which are time-
consuming, especially in vehicular scenarios [175]. In conventional BA techniques,
Tx and Rx discover the best direction of transmission using a closed-loop beam
training strategy, based on testing some predefined beam patterns that could have
different resolutions. The overall transmission efficiency h is given by the ratio of
the time interval dedicated to data transfer over the whole BI as:

hconv = 1− TC + TBA
TBI

. (5.8)

From (5.8) it is straightforward to conclude that a reduction of TBA would sig-
nificantly increase the communication efficiency, that is even worse for multiple
vehicles. To this aim, the next section is fully dedicated to describe how the
proposed V2X architecture addresses this issue and suggests an alternative frame
structure.

5.4.2 Proposed frame structure and beam alignment pro-
cedure

In the proposed architecture, the beam alignment is assisted by the vehicle pose
estimated from sensors data. Indeed, the angles αv(t) and βv(t) in (5.5) describing
the LOS direction evolve over time according to the dynamics of the vehicles(
pv(t) and gv(t)

)
. Exchanging the pose estimates through the low-rate control

link allows to update the beam pointing direction virtually without any beam
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alignment signaling, and the resulting transmission efficiency would be

h =
1− TC

TBI

1 + RL

RH

≈ 1− TC
TBI

, (5.9)

where RH � RL are the data rates on the high-speed (mmWave or FSO) V2X link
and on the low-rate parallel control link, respectively. This reduction is highlighted
in the frame representation in Fig. 5.4b.

On the other hand, the proposed sensor-based beam tracking opens the following
two issues: the update rate of the beam pointing with respect to the frame duration
and the reliability of the geometry-based beam pointing alone. As far as the first
issue is concerned, the latency of the parallel control link plays a main role in
determining the accuracy of pose information. A high latency would be detrimental
as the exchanged information easily becomes obsolete. Regarding the second issue,
instead, the technical characteristics of sensors are pivotal to provide accurate and
timely measurements of vehicle position p̂v(t) and orientation ĝv(t). In fact, the
pose information is updated with a frequency given by the sampling rate of the
sensors data. If 1 kHz update is deemed adequate for the V2X application at hand,
and assuming 16-bit quantization of the 6 pose DoFs, each vehicle generates a 96
kbps stream on the control link. If a more frequent update is necessary, the data
rate on the control link increases still satisfying the condition RL � RH .

Basing the beam pointing solely on the estimated dynamics of vehicles makes
the whole high-speed V2X link prone to errors in position and orientation esti-
mation. To improve systems robustness in this respect, it may be convenient
to design a system that includes the presence, every once in a while, of a frame
with a conventional sweeping procedure. Such sequence of transmission frames is
sketched in Fig. 5.4c, together with the variation of the pointing angles in a typical
vehicular scenario (details in Sec. 5.5). In particular, Fig. 5.4c shows the variation
in pointing directions normalized to a typical beamwidth of a FSO system (2θBp

x

and 2θBp
z
, better defined in (5.23) in Sec. 5.4.4.2), which highlights the need for a

frequent update of the beam pointing. As the overhead introduced by conventional
protocol is inefficient for a low-latency and multi-gigabit V2X communication, in
the proposed V2X architecture, the period between two consecutive conventional
BA frames (in which a sweeping search of the optimal pointing angles is carried
out) is extended by introducing a series of BA-free frames with meaningful re-
duction of overhead. Clearly, the overall transmission efficiency depends on both
types of frame, but an evaluation of the optimal combination is left to future
research activities. We limit the discussion in introducing this possible realistic
implementation, but all results will be provided considering a sensor-assisted only
BA, meaning that no sweeping is carried out at all.

5.4.3 Millimeter-Wave V2V
The V2V scenario considered in this subsection includes two vehicles equipped
with mMIMO arrays that communicate through a mmWave LOS link. In this
subsection we define a mathematical model for the mmWave channel, as well
as the array geometry, which is functional to evaluate the impact on the V2V
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Figure 5.5: Cylindrical array configuration of Nr rings of Na elements each.

performance of the mismatch between the real LOS and the estimated beam-
pointing directions (i.e., [αv, βv]T and [α̂v, β̂v]T). Being the scope of the research
presented in this chapter the evaluation of degradation induced by misalignment,
any channel related perturbations are neglected, meaning that there is no mmWave
channel modeling. This choice allows a separation of degradation effects such
that ad-hoc countermeasure for a specific impairment can be taken and evaluated
numerically. The mmWave channel is thus considered as ideal, without any
stochastic modeling of multipath propagation, neither considering inaccurate
channel estimation nor depolarization effects. Regarding the latter detriment,
we recall that for LOS communications the depolarization between vertical and
horizontal polarization components is minimized due to reduced reflections and
scattering [196], and switchable beam polarization patterns can be used in wide-
band mmWave systems to dynamically adapt to the environments and maximize
the spectral efficiency [197].

5.4.3.1 Cylindrical array geometry

We consider 3D mmWave communication scenario in which each vehicle is assumed
to be equipped with a conformal array (such as a 3D cylindrical array) to guarantee
an isotropic radiation (this general 3D geometry is replaced by a uniform linear
array configuration in the preliminary results where only the vertical component of
the vehicle dynamics is considered). The cylindrical array is depicted in Fig. 5.5,
and it is composed of Nr rings with Na antennas each, i.e., N = NrNa antenna
elements overall. This choice of array is led by the application, where the Tx
and Rx can be randomly displaced all over the horizontal plane. Thus, a circular
symmetric array design allows to have an array gain that is independent from
the pointing direction. In order to compute the steering vector for the considered
cylindrical array, it is first necessary to define the position vector rvk of the k-th
antenna element in the vehicle reference system, which is given by the array radius
r, the array height hc and the angular position γk of the k-th antenna element.
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Assuming the peripheral distance between two adjacent antenna elements belonging
to the same ring equal to λ

2 (with λ denoting the carrier wavelength), the radius of
the cylindrical array yields r = 1

2π
λ
2Na, where λ

2Na is the ring perimeter. Similarly,
considering half-wavelength-spaced rings, the array height yields hc = λ

2Nr, and
the angular position of the k-th antenna element of each ring is γk = k

Na
2π − π. It

follows that, locating the origin of the reference system in the center of the array,
the position vector rvk for the k-th antenna element is computed as:

rvk =
[
r cos γk r sin γk − hc

2 +
⌈
k

Na

⌉
λ

2

]T
. (5.10)

Given the pair of pointing angles (αv, βv) of vehicle v, the steering vector ā(αv, βv) ∈
C1×N for the cylindrical array with omnidirectional antenna elements is defined as:

ā(αv, βv) =

e−j2πλ rvT

1 uv

· · · e
−
j2π
λ

rvT

N uv


T

, (5.11)

where

uv = [cos βv sinαv cos βv cosαv sin βv]T (5.12)

identifies the instantaneous wave propagation direction in the vehicle reference
system.

The steering vector in (5.11) denotes a conventional beamforming technique
which is used by Tx/Rx vehicle to irradiate/capture the electromagnetic energy
in/from a confined spatial region for omnidirectional pattern of the antenna
elements [16]. Clearly, this model does not perfectly match a commercial hardware
and its adoption could lead to inaccurate results. For this reason, along with the
steering vector, we introduce a directivity vector D(αv, βv), where the k-th entry
is computed (under far field assumption) as [198]:

Dk(αv, βv) = b cosc
(
min

(
|αv − γk|,

π

2

))
cosc(βv) , (5.13)

providing a cosinusoidal pattern (on both azimuth and elevation) and baffling the
back of each element1. The resulting cylindrical array response is thus

a(αv, βv) = D(αv, βv) ◦ ā(αv, βv) . (5.14)

In this way, along the LOS direction, the overall gain Gv of the cylindrical array is
a function of the beam-pointing direction (α̂v, β̂v) and it is computed as:

Gv = G
(
α̂v, β̂v|αv, βv

)
= 1
N

∣∣∣∣∣aH(α̂v, β̂v)a(αv, βv)
∣∣∣∣∣
2

. (5.15)

To highlight the effect on antenna gain Gv of introducing a directional pattern on
each antenna, we provide in Fig. 5.6a a comparison with the case of omnidirectional

1Note that the analysis of different tapering or processing techniques of the array vector is out of the scope of
this work, despite significant variations on the overall antenna array gain can be experienced.
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(a) Antenna array gain (b) Single element directivity

Figure 5.6: (a) Comparison of antenna gain in azimuth (left) and elevation (right) for directional
(5.13) and omnidirectional directivity of each antenna element. (b) Directivity of the single
antenna element for the adopted cosinusoidal pattern (5.13).

directivity for a cylindrical array of Na = 32 and Nr = 8 at 60 GHz. It is shown
how the introduction of directional emitters leads to a wider main lobe with lower
directivity overall (due to limited contribution of rear antennas), but with higher
suppression capability on grading lobes.

The gain in (5.15) is maximum when the pointing and LOS directions coincide.
Unavoidable errors in the knowledge of the instantaneous pose (mainly due to
mobility) lead to a beam-pointing mismatch that reduces the antenna gains Gv

and can completely hinder the communication. This problem needs to be handled
in the proposed architecture where vehicles share information on a low-rate link,
as the latency makes the information slightly obsolete. We will consider this
effect later on in Sec. 5.5, showing how the relatively slow evolution of vehicle
dynamics with respect to communication delay impact on the V2V performance.
In addition, among all parameters impacting a V2V link budget, Gv is the most
affected by errors on the knowledge of the reciprocal pose, thus demonstrating that
the occurrence of moderate antenna gain losses is a key aspect for the assessment
of the V2V mmWave capacity, which is derived in the next section.

5.4.3.2 Millimeter-Wave V2V performance

The used metric for performance evaluation is the Signal-to-Noise Ratio (SNR),
defined as the ratio between the signal and the noise powers at the receiver:

SNRmmWave = PmmWave
rx
Pnoise

. (5.16)

The received power Prx is influenced by the transmit power Ptx, the antenna gains
at both Tx and Rx sides, G1 and G2, respectively, and the signal path loss PLdB.
The latter is computed as:

PLdB = 20log10

(
4π
λ

)
+ 10κ log10 ‖∆pv1

21‖+ χsh , (5.17)

where κ is the path loss exponent and χsh ∼ N (0, σ2
dB) is the log-normal distributed

shadowing [199]. Thus, the received power (in dBm) can be expressed as:

P dBm
rx = P dBm

tx +GdB
v1 +GdB

v2 − PL
dB. (5.18)
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On the other hand, the noise power Pnoise at the receiver is evaluated as:

P dBm
noise = Nfl + 10 log10B +NF , (5.19)

where Nfl is the noise floor, B is the signal bandwidth and NF is the noise figure.
The system capacity is evaluated as:

CmmWave = B log
(
1 + SNRmmWave

)
, (5.20)

and the maximum effective data-rate of the V2V link is:

RmmWave = hCmmWave . (5.21)

5.4.4 Free-Space Optics V2V
Similarly to the mmWave case, this section describes the laser and photodetectors
(PDs) arrangements for the proposed FSO-based V2X communication.

5.4.4.1 Laser and photodetector circular array geometry

While the mmWave beam steering procedure is well known, changing the pointing
direction of a laser beam involves a completely different technology. Among the
available ones, we consider to employ a four-quadrant MEMS Fast Steering Mirror
(FSM), which provides the best trade-off among angular range (typically, ±10
degrees in both horizontal and vertical directions), resolution (sub-µrad), integra-
bility, reduced size and power consumption [187]. Since, in general, horizontal
variations of the pointing are much larger than the vertical ones due to the relative
drifting of the two vehicles during their motion, we assume the presence of multiple
laser beams placed in a circular-like array (as in Fig. 5.7a) to guarantee a com-
plete coverage, similarly to the cylindrical antenna array outlined in the previous
subsection. The sizing of the angular spacing must enable the continuous sampling
of the azimuth direction, and must account for the MEMS’ steering capability.
Here we use 18 laser-mirror couples that are independently controlled to transmit
up to 18 V2X data-streams. These can be reduced to 8 laser-mirror pairs if a
wide-angle lens is employed (±22.5 degrees scanning capability [200]). Dually, the
receivers are configured to be isotropic by a cylindrical PD array, where each PD is
equipped with a proper telescope (or, in general, a set of focusing lenses to increase
the received signal). In this way there is always one or more PDs of the receiving
unit oriented towards the transmitting laser to guarantee the Tx-Rx alignment.

5.4.4.2 Free-Space Optics V2V performance

We consider a FSO transmission between one laser and one or more PDs belonging
to the receiving unit, operating in clear sky conditions (neither turbidity nor
turbulence), without obstacles. As common to standard single-mode laser diodes,
the emitted signal can be well approximated by a Gaussian beam (first Transverse
Electromagnetic mode, TEM00), whose propagation along a given direction is
described by diffraction theory [201]. Differently from the mmWave case, the
analytic description of the laser beam propagation is greatly simplified by the
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Figure 5.7: FSO V2V system. (a) laser/MEMS array. (b) propagation reference system for
the description of the laser beam, translated along the pointing direction.

use of a Tx-based reference system in which one of the axis is pointed along the
direction of propagation, as shown in Fig. 5.7b. By virtue of the geometrical
model described in Sec. 5.3, this can be obtained by rotating the v1 reference
system according to the estimated pointing angles [α̂v1 , β̂v1 ]T, i.e. by applying the
following rotation matrix:

Rpv1 = Rx(β̂v1)Rz(α̂v1) , (5.22)

where the superscript p indicates an additional propagation reference system used
to describe the laser beam. The new axes are referred to as (xp, yp, zp), where yp
identifies the location of maximum intensity of the beam, which has a Gaussian
decay in the transversal directions (xp, zp). In this framework, the divergence half
angles along the transversal xp and zp coordinates are equal to:

θBp
x

= λ

πW0xp

, θBp
z

= λ

πW0zp

, (5.23)

where λ is the wavelength of the transmitted lightwave, W0xp and W0zp are the
beam waist sizes (minimum widths) of the beam along xp and zp, respectively,
defining an ellipse on the plane normal to the laser direction enclosing 86.5% of
the transmitted power Ptx. Without loss of generality, we can assume that the
beam waist of the laser beam is located at the transmitting side, resulting in the
Gaussian approximation for the beam intensity at distance d:

I(d, xp, yp) = 2Ptx

πWxp(d)Wzp(d) exp
(
− 2(xp)2

Wxp(d)

)
exp

(
− 2(zp)2

Wzp(d)

)
, (5.24)

where the transversal power decay is controlled by the spot size parameters

Wxp(d) = W0xp

√√√√1 +
(

λ d

πW 2
0xp

)2

≈ θBxpd ,

Wzp(d) = W0zp

√√√√1 +
(

λ d

πW 2
0zp

)2

≈ θBzpd , (5.25)

Politecnico di Milano Page 120 Mattia Brambilla



Chapter 5. Sensor-assisted V2X communications

that are linearly dependent on d if d > πW 2
0xp/zp/λ (far-field condition). The

optical signal is then captured by all the PDs that are in visibility with the laser.
The received power at each PD is function of both the effective area Arx, and
of the position of the receiver with respect to the laser spot. This is defined by
the distance (∆x, δz along the coordinates xp, zp) between the PD and the center
of the laser beam, as a result of a pointing misalignment (αv1 − α̂v1 , βv1 − β̂v1).
Furthermore, the non-orthogonal incidence of the laser beam onto the PD is
represented by two angles (βv2 and ζv2). The overall effect is to project Arx in the
Rx-Tx direction.

The link budget between the Tx and the single PD is obtained by integrating
the received power density as expressed in (5.24) over the collecting aperture:

PFSO
rx ≈ I(d,∆x,∆z)Arx · cos βv2 · cos ζv2 , (5.26)

where the approximation holds for the receiver collection area much smaller than
the laser spot, i.e. Arx � Wxp(d)Wzp(d). The displacements can be computed as
(paraxial approximation):

∆x ' d tan(αv1 − α̂v1) , ∆z ' d tan(βv1 − β̂v1 ) . (5.27)
Finally, the electrical SNR for a IM/DD transmission and Positive-Intrinsic-
Negative (PIN)-based PDs is obtained by summing up all the power received by
each single element. The final expression is [186,201]:

SNRFSO =
∑NP D
k=1

(
ρPFSO

rx,k

)2

2 eB

Eb ∆λ︸ ︷︷ ︸
Ib

NPDArx ρ+∑NP D
k=1 ρPFSO

rx,k

+ NEP2 ρ2B

, (5.28)

where:
• NPD denotes the number of PDs on which the signal impinges;
• the numerator is the sum of the squared electrical currents produced by the
signal incident on each PD, having a responsivity of ρ;
• the first term at the denominator is the shot noise associated to the background
light-induced current (i.e., the solar radiation), and to the useful signal.
Symbol e denotes the electron’s charge. The solar irradiance Ib [W/m2]
is assumed to be isotropic and it is obtained by multiplying the spectrum
Eb [W/m2/nm] and the receiver’s optical bandwidth ∆λ (limited by the
responsivity or by a proper optical filter);
• the second term at the denominator is the current noise power comprising
both the dark current of the photodetector and the overall electronic noise
generated by the receiving circuitry (mostly from the first amplifying stage). It
is summarized by the input-referred Noise Equivalent Power NEP [W/

√
Hz].

As the employed IM/DD transmission techniques is based on real-valued only
constellation symbols, the data-rate is now computed as:

RFSO = h
B

2 log
(
1 + SNRFSO

)
. (5.29)
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5.5 Sensor-assisted beam alignment: performance
assessment

This section presents numerical results of sensor-assisted beam alignment and
tracking technique. We first provide a preliminary analysis on the benefits of
the proposed technique by considering the impact of vehicle vibrations along the
vertical axis (pitch angle) only (Sec. 5.5.1), then we consider a complete 3D
evolution of vehicle dynamics (Sec. 5.5.2). Performances are evaluated in terms
of SNR, throughput, outage/service probability and Fade Duration Distribution
(FDD).

5.5.1 2D preliminary assessment of sensor-assisted V2V
performance

This section presents preliminary results on sensor-assisted mmWave and FSO
V2V communications, where the analysis is intentionally focused only on vibration
on the vertical axis. The goal is to analyze the impact on beam alignment of
the chassis pitch induced by road imperfections. To this extent, a measurement
campaign has been carried out to acquire accelerometer data to be used in the
evaluation of the vehicle stroke δzv(t). The data have been collected on a high-end
passenger car (sedan), for an acquisition interval of 200 s at a sampling frequency of
50 Hz. These data are plotted in Fig. 5.8a, while their statistical properties, namely
the normalized autocorrelation and the power spectral density, are presented in Fig.
5.8b. The availability of such data allows us to model a calibrated autoregressive
(AR) process with same statistical properties to be used in trajectory generation.
To match the strokes resolution to the BI duration TBI (Sec. 5.4.1), interpolation
has been applied.

5.5.1.1 mmWave V2V: preliminary results

This section provides results for mmWave V2V technology, in a straight lane
scenario case (see Fig. 5.9) where two vehicles travel at a constant V2V distance
(constant speed v) of ∆pv1

21(t) = ∆pv2
12(t) = 5 m, which is a typical value in pla-

tooning applications. The resulting position vectors are pv1(t) = [v t 0 δzv1(t)]T

and pv2(t) = [v (t−∆T ) 0 δzv2(t)]T. The estimate of V2V distance is updated
by the vehicles every 200 ms and it is computed with an accuracy of σr. These
preliminary simulations considers linear vertical mMIMO antennas mounted on
the rear bumper for the front vehicle and on the front bumper for the following
vehicle (this configuration is going to be replaced by the cylindrical array placed
on top of vehicles in later analyses). The non idealities of antenna elements are
considered by introducing the RF mismatch, which accounts for the mismatches of
the transceivers RF circuits at the antenna elements and array calibration errors
due to hardware themselves and properties of surrounding environments (e.g.,
temperature and moisture). The RF mismatch is modeled as random multipli-
cation complex coefficient for each antenna element n, defined as hn = ρnejψn ,

with log-normally distributed amplitude 10log(ρn) ∼ N
(
0, σ2

RF

)
and uniformly
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Figure 5.8: Properties of vehicle stroke measurements: a) time series of measured stroke; b)
stroke statistical properties.

distributed phase ψn ∼ U
(
− φ,+φ

)
[202, 203]. All simulation parameters are

summarized in Tab. 5.1.
The goal of the analysis is to demonstrate the benefits of using sensor data to

track the pitch inside the BI and dynamically steers the beam accordingly. To this
purpose, at the beginning of each BI, a predictor of order 11 (the last 11 samples)
is used to predict the stroke evolution for the entire frame duration, until new
information is available at next frame.

We compare the performance of the proposed inertial sensor-assisted beam
tracking approach with respect to conventional BA techniques, taking the IEEE
802.11ad standard as a reference protocol. We also consider as upper bound the
performance of an ideal V2V communication system with perfect BA based on
exact knowledge of the geometrical parameters at each time t. The maximum
achievable V2V data rate (in Gbps) is used as a performance indicator and it is
presented versus the array resolution (in elevation ) ∆θ3dB in Fig. 5.10-(a) and
versus the BI duration TBI in Fig. 5.10-(b). The results are presented for three
different values of radar accuracy σr, which impacts the performance only in the
sensor-assisted technique. In the throughput evaluation, we consider a frame to be
erroneously received if ∃t ∈ BI s.t. SNR(t) < SNRideal(t)− 6 dB.

Results in Fig. 5.10 indicate that sharp beams (or equivalently small ∆β3dB)
increase the throughput as the power is concentrated in a narrower angular space,
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Figure 5.9: Straight lane scenario for preliminary analysis on the impact of vibrations over the
vertical direction.

Table 5.1: Simulation parameters for preliminary mmWave V2V analyses.

Parameter Symbol Value
v1 length `1 4.5 m
v2 length `2 5 m
v1 antenna height h1 0.5 m
v2 antenna height h2 1 m
BA overhead TBA 1.9 ms
Control signaling overhead TC 0.1 ms
Carrier frequency f 60 GHz
System bandwidth B 2.16 GHz
Tx Power Ptx 1 dBm
Path loss exponent κ 2
Shadowing σdB 5.8 dB
Noise factor NF 6 dB
RF amplitude mismatch σRF 1 dB
RF phase mismatch φ 3 deg

however they are more sensitive to the variation of vehicle dynamics and to the
inter-distance accuracy in the V2V distance estimate. A sensor-assisted beam
tracking method can closely approach the performance of an ideal communication
system with perfect alignment if the V2V distance is perfectly estimated (i.e., for
σr = 0 cm). On the other hand, degrading effects due to poor ranging systems
(e.g., for σr = 30 cm) occur at small ∆β3dB. Considering that a typical accuracy
in V2V application is σr = 10 cm, we can conclude that a sensor-assisted beam
tracking system can provide a higher V2V throughput for β3dB > 0.2◦ for any TBI
with respect to conventional BA protocols. Note that for long BI (TBI = 50 ms),
the use of sharp beams reduces the throughput even for conventional BA systems,
as vehicles are likely to be in misalignment conditions.

5.5.1.2 FSO V2V: preliminary results

Similarly to the mmWave case, we stil consider the straight lane trajectory with
stroke perturbations. We focus on the communication between two vehicles
traveling straight ahead in a platoon formation, where v2 is the leader and v1 is the
follower. The FSO Tx and Rx units are assumed to be installed on top of vehicles.
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Differently from the mmWave case where it was shown how to take advantage
of vehicle prediction inside a BI, the FSO analysis addresses the misalignment
problem from a different perspective: we consider three case studies for beam
compensation by vehicles, as detailed in the following.

1. Case 1: V2V FSO with no pointing compensation.
This case represents a condition where vehicle v1 is unable to orientate the
laser to the desired direction: the laser is solid with the vehicle chassis and it
always points at a frontal direction. Clearly, this is the worst possible case,
especially in high mobility applications.

2. Case 2: V2V FSO with static compensation.
This case refers to a scenario where a compensation of the nominal values
of the height of the FSO units. This case depicts a common condition in
mobility where the transmitter knows the location of the receiver but the
presence of undesired and unpredictable perturbations (on the vertical axis
in this case) impairs the performance.

3. Case 3: V2V FSO with dynamic compensation.
This case study is the one representing the proposed dual-layer architecture,
with two parallel channel (a low rate one and the FSO link) where on-board
sensors measure the vehicle dynamics. By using sensors’ information, v1 is
able to compensate its own vibrations and tilting and, at the same time, it
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Figure 5.10: V2V communication throughput comparison. The inertial sensor-assisted beam
tracking is compared to conventional BA protocol and to an ideal communication with perfect
alignment. a) V2V throughputversus BI duration TBI for three different beamwidth. b) V2V
throughput versus beamwidth for three different TBI .
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Table 5.2: Simulation parameters for preliminary FSO V2V analyses.

Parameter Symbol Value
v1 height h1 1.4 m
v2 height h2 1.7 m
Emitted optical power PTx 1, 10 mW
Tx laser wavelength λ 1550 nm
Beam widths at the Tx W0,x,W0,y 1 mm, 1 mm
Signal bandwidth B 1 GHz
Rx area Arx 1 mm2

PD responsivity ρ 0.8 A/W
Optical filter bandwidth ∆λ 50 nm
Solar irradiance Ib 5.58 W/m2

Noise Equivalent Power NEP 20 pW/
√

Hz [205]

receives an updated information from v2 on the receiver position (through the
parallel link). Ideally, if no processing and/or communication delay exists,
vehicle v1 always knows the exact location of v2 at each time t. In practice,
the information on the dynamics of vehicle v2 which is available at v1 is
slightly obsolete due to latency. In this preliminary analysis, we consider the
information on v2 dynamics to be available at v1 with 20 ms delay.

We evaluate the performance of the proposed V2V FSO communication link in
clear sky conditions, without any adverse weather effect, focusing the attention on
the impact of misalignments. We assume to employ a laser transmitter at 1550
nm, for which there is a large availability of high-speed integrated Distributed
Feed-Back (DFB) sources with emitting power ranging from 1 up to 10 mW (Class
1 lasers [204]). As common, the laser spot diameter at its waist is in the order
of few mm (2 mm in our case), which is compatible for integrated MEMS-based
steering mirrors. The receiver comprises a GHz-bandwidth InGaAs PIN PD with
an active area of 0.1 mm2 covered by a focusing lens (or set of lenses) whose
size is determined by the specific application. For V2V FSO, one of the design
drivers is to reduce as much as possible the extra-size and weight of the system:
in this regard, we make the hypothesis to use a receiving telescope of 1 mm2

area, comparable with the one of a typical gradient-index lens. A summary on
simulation parameter is in Table 5.2.

Fig. 5.11 provides the V2V FSO performance, for two reference values of
transmitted power Ptx (1 and 10 mW) at different inter-vehicle distance, ranging
from 5 to 100 m. Results in Fig. 5.11 highlight that a compensation mechanism
is strictly required to fully exploit the V2V FSO channel, enabling the desired
high-capacity (multi-Gbps) communications when Ptx = 10 mW.

The convincing results of the proposed sensor-assisted technique for both
mmWave and FSO technologies motivated us to pursue that research area. Thus,
the first natural enhancement consider th extension of the analyses to the complete
3D model, where variations on vehicle dynamics occur on each of the three axis
and the alignment has to be carried out in both azimuth and elevation jointly.
From now on, all the results consider this complete system model.
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Figure 5.11: V2V throughput for three different levels of compensation of vehicle dynamics and
for two values of transmitted power PTX .

5.5.2 3D assessment of sensor-assisted V2V performance

After having provided an initial assessment of sensor-assisted BA technique for
V2V communications, we now extend the analysis to a complete system model,
where the position and orientation of the vehicles evolve over time along each
of the three axis. The effect of vertical component is only one of the issues for
3D BA, whose effect is mainly experienced over the elevation pointing angle. On
the other hand, a strong variation on azimuth pointing arises due to the vehicle
motion (variation of the heading/yaw). In this section we provide a performance
comparison of mmWave and FSO technologies, considering two different degrees of
beam directivity, i.e., High Directivity (HD) and Low Directivity (LD), respectively.
However, investigating two different technologies that have specific and sensibly
different physical properties, it happens that a low directivity for FSO is considered
as high for mmWave, since it is relatively easy to manipulate the optical beam.
Nonetheless, we adopted at the best of our possibilities comparable simulation
parameters for mmWave and FSO communication links, in order to guarantee a
fair performance comparison. The common simulation parameters are in Table
5.3, together with main settings of mmWave and FSO technologies.

5.5.2.1 Simulated vehicular scenario

Vehicles v1 and v2 are assumed to travel close each other as in a platoon formation.
To evaluate the robustness of each technology and the impact of vehicles’ spatial
dynamics, two completely different vehicular scenarios (namely, S1 and S2) have
been considered, differentiating the modeling of p(t). In particular, S1 represents
a platooning scenario with vehicles that move along a straight road with constant
inter-distance and mutual dynamics only on the vertical axis z (due to vibrations
and tilting), while S2 describes a more complex trajectory with curves and height
changes, so that the motion varies on all axes (as can be seen in the bottom right
part of Fig. 5.13b). For each scenario, we define a position vector (expressed in
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the navigation frame) as:

p(t) =




vt

0
0

 , for S1 ,


r0(1 + Ah cos(ωht)) cos(ω0t)
r0(1 + Ah cos(ωht)) sin(ω0t)

Av cos(ωvt)

 , for S2 ,

(5.30)

where the trajectories’ parameters are in Table 5.3. The 3D vehicle position for v1
is modeled as:

pv1(t) = p(t) + [0 0 hv1 + δzv1(t)]T , (5.31)

where the term hv1 defines the vehicle height with respect to the road pavement
and δzv1(t) accounts for the vehicle stroke (calibrated on measured data). Similarly,
the position of vv2 is:

pv2(t) = p(t−∆t) + [0 0 hv2 + δzv2(t)]T , (5.32)

where ∆t stands for the vehicle time gap between v1 and v2.
The quality and timeliness of the pointing information exchanged between

the two vehicles across the parallel low-rate control link depend on two critical
parameters: the sensors sampling rate fdata and the delay τ (mainly due to the
end-to-end latency over the low-rate control link). This last parameter, in fact,
introduces a delay in the update of pointing angles (αv, βv) leading to an incorrect
BA. Here we assume that the sampling rate is fixed to fdata = 1 kHz that implies
the use of high-performance IMUs, and τ ∈ [1, 15] ms. The choice of this value of
delay is lead by considering the targeted performance of 5G (and beyond) systems
which are planned to provide ultra-low latency (<1 ms) communications, while
a more realistic short-term hardware foresees a delay in the order of 10 ms. The
signal bandwidth B and the Tx power are set to B = 2.16 GHz [193] and Ptx = 1
mW (0 dBm) for both mmWave and FSO.

Moreover, to better evaluate the mmWave and FSO robustness with respect
to pose estimation errors, the covariances of measurement noise in (5.6) and (5.7)
are set to

Cp = σ2
pI3 , Cγ = σ2

γI3 , (5.33)

with σp = 10 cm and σγ = 0.1 deg, unless otherwise specified. Position accuracy σp
is chosen as to meet the 5G service requirements for eV2X scenarios [189]. Angular
accuracy can be achieved by very accurate state of the art automotive IMU.

5.5.2.2 Millimeter-Wave settings

In this work we assume a mmWave V2X link operating at 60 GHz carrier frequency.
In order to fairly compare mmWave and FSO and analyze the impact of vehicle
dynamics and vibrations (we recall that a characterization of blockage is out of
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Table 5.3: Simulation parameters for mmWave and FSO V2V over two trajectories.

Parameter Symbol Value
Tx power Ptx 1 mW
Signal bandwidth B 2.16 GHz
Update delay τ 1 - 15 ms
Sensor sampling frequency fdata 1 kHz
Vehicle height h1, h2 1.5 , 1.7 m
Vehicle length `1, `2 4.7 m
Position error σp 10 cm
Angular error σγ 0.1, 1, 2 deg
mmWave-specific
Carrier frequency f 60 GHz
Path loss exponent κ 2
Shadowing std. σdB 0 dB
Noise floor Nfl -174 dBm/Hz
Rx Noise Figure NF 6 dB
Pattern parameters b , c 1.8 , 1.6
FSO-specific
Tx Laser wavelength λ 1550 nm
Rx aperture (single PD) Arx 1 cm2

Rx array diameter D 10 cm
Rx array height H 5 cm
PD responsivity ρ 0.9 A/W
Optical filter bandwidth ∆λ 50 nm
Solar irradiance Ib 5.58 W/m2

Noise Equivalent Power NEP 20 pW/
√

Hz [205]
Trajectories - according to (5.30)
Vehicle speed v 50 km/h
Angular velocity ω0 0.04π rad/s,
Horizontal angular velocity ωh 0.8π rad/s
Vertical angular vel. ωv 0.08π rad/s,
Horizontal amplitude Ah 0.1 m
Vertical amplitude Av 10 m
Radius r0 v/ω0 m
Vehicle time gap ∆t 0.5 - 5 s

the scope of this work), we shall consider a scenario where no obstacles are present
within the LOS path, for which a FSO system would be in outage. For this reason,
we assume to have a free space propagation (i.e., κ = 2 and χsh = 0), and the
interaction of the propagating wave with the vehicle roof is neglected. The choice
of LOS V2V link is led by the need to isolate and evaluate the impact of vehicle
motion and vibrations, ignoring additional sources of perturbation that are typical
of a communication link (such as shadowing, fading, blockage or interference). The
cylindrical array configuration (defined by the number of rings Nr and antenna
elements of each ring Na) described in Sec. 5.4.3.1 changes across simulations in
order to provide performance results under different degrees of beam directivity. We
consider two mmWave configurations described in Tab. 5.4. The first configuration,
mmWave LD (with N = 256 antenna elements) represents a mmWave solution that
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Table 5.4: Beamwidth-related parameters for mmWave and FSO in LD and HD configurations.

mmWave FSO
Na Nr ∆α−3dB ∆β−3dB 2θBp

x
2θBp

z

LD 32 8 ∼ 34.5 deg ∼ 12.5 deg 1 deg 1 deg
HD 180 90 ∼ 9 deg ∼ 1.12 deg 0.1 deg 0.1 deg

is not extremely directive and which implementation is feasible considering today’s
hardware limitations. The second one (mmWave HD), instead, considers an overly
directive beam obtained with N = 16200. This second sample scenario allows
us, firstly, to evaluate the potential that mmWave could achieve with prospective
hardware technology and, secondly, to have a beam dimension closer to the narrow-
laser FSO solution, and so to have meaningful comparisons. An example of array
directivity for mmWave LD is illustrated in Fig. 5.12, for pointing directions
coinciding with LOS at broadside (αv = 0 deg, βv = 0 deg) and per-antenna
directivity as in (5.13).

5.5.2.3 Free-Space Optics settings

The performance of the FSO V2V link is evaluated here in clear sky conditions, in
order to focus only on the impact of beam misalignments and to avoid the loss
by adverse weather conditions (this is beyond the scope of the paper and is left
as future research activity). We consider a Tx laser at λ = 1550 nm, for which
there is a large availability of high-speed integrated distributed feed-back sources
with emitting power ranging from fractions to few mW (eye-safe lasers [204]). As
done for mmWave, we simulate two configurations of the FSO system, reported
in Tab. 5.4. Our aim is to investigate the performance and the requirements of
the system in case of extremely narrow beam widths, that are hardly obtainable
with RF antenna arrays. Since it is relatively easy to obtain large directivity for
FSO systems (by employing mm-size lenses), we explore divergences down to a
full angle of 0.1 deg. The resulting laser spot diameters at their waist is bounded
to be less than 2 mm, a value compatible with integrated MEMS-based steering
mirrors [200]. Once more, as for mmWave, we neglect the interaction of the laser
beam with the car roof. In order to collect the largest possible fraction of power
while limiting as much as possible the extra-size and weight of the system, we
assume the cylindrical array of receivers to be of 10 cm diameter and 5 cm height.
Each single receiver comprises a GHz-bandwidth InGaAs PIN PD covered by a
focusing telescope. The outer diameter (sensible area) of each single receiving unit
(Arx) is set to 1 cm2. We evaluate the background light for a vertical surface in
the worst possible case, i.e., when both the direct sunlight and the skylight are
maximum. Therefore, we consider the solar spectrum obtained for the geographical
area of Milan, on July 20th, 2018, at 12 a.m., assuming a very clear day. Finally,
the receiver is also equipped with an optical filter with a bandwidth of 50 nm [206],
centered around 1550 nm, in charge of reducing the background light.
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Figure 5.12: Array pattern for mmWave LD pointing towards broadside direction (α = 0 deg,
β = 0 deg): (a) tridimensional representation of the radiation pattern and (b) the array gain
in dB towards different azimuth and elevation angles. The pattern is obtained by considering
directional directivity on each antenna element (5.13).

5.5.2.4 Performance evaluation in two distinct vehicular scenarios

This section presents the performance evaluation of the proposed sensor-assisted
V2X beam tracking obtained in the two different driving scenarios. The trans-
mission scheme for the proposed method considers a frame structure as in Fig.
5.4b for the whole simulation, meaning that the system fully relies on sensor’s
information and never performs an exhaustive search of the optimal beam. Results
are presented in terms of Cumulative Distribution Function (CDF) of the SNR,
service probability and FDD. We choose the CDF rather than the average SNR
as it allows to understand the range of achieved values, providing an assessment
of the V2V outage. In safety critical V2X applications, the peak (or the average)
value of SNR and, in turn, of the data rate represents only one quality indicator.
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Figure 5.13: CDF of the SNR for the proposed sensor-assisted beam tracking method in two
different scenarios. Results are plotted for both mmWave and FSO LD/HD configurations
for three different values of delay τ (vehicle time gap ∆t = 1 s). In the inset, part of the
trajectory is shown.

The timeliness in providing information is another key performance indicator that
must be considered in the assessment as any delay in communication or data rate
drop could have a severe impact on road user safety. For this reason, it is also
important to analyze the FDD as it characterizes the duration of outage periods,
where the SNR persists below a given threshold Γ and, thus, the communication
is prevented.

The CDFs of mmWave and FSO V2V systems, in both configurations and
scenarios, are illustrated in Fig. 5.13, for a vehicle time gap ∆t = 1 s. By this
result, besides providing insights on the maximum achievable data rate and the
average one, we want to analyze the impact of delay on the V2V link as well as the
type of trajectory and geometry. Referring to Fig. 5.13a, we demonstrate that in a
scenario where the mutual vehicle dynamics occurs only along the z axis, meaning
that vehicles oscillate around the height hv at rest condition, it is possible to have
a reliable V2V communication both at mmWave and FSO: the SNR is almost
constant for any HD and LD configuration, only for FSO HD a slight degradation
is present, due to the extreme directivity of the laser. Moreover, in these settings,
no performance degradation has been experienced as a consequence of a delay in
updating the pointing parameters caused by latency. On the other hand, results in
Fig. 5.13b indicate that the type of trajectory and, in turn, the relative geometry,
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Figure 5.14: CDF of the SNR in scenario S2: comparison of the proposed sensor-assisted beam
tracking method with a conventional beam sweeping (CBS) approach (markers). For CBS,
frame durations of 10 and 30 ms are considered.

can play a major role in determining the quality of the V2V link. In fact, although
the peak values of SNR are the same as in S1, in S2 the CDFs present broader
tails, especially for FSO, confirming that the vehicle motion can easily lead to
misalignment conditions that induce a SNR degradation on the V2V link. This
reduction in SNR is directly related to the beam dimension and the timeliness of
the shared information. Indeed, a significant worsening of the SNR is experienced
by increasing the delay and narrowing the beam dimension, as expected.

In the challenging scenario S2, it also interesting to compare the performance
of the proposed sensor-assisted beam tracking method with a Conventional Beam
Sweeping (CBS) procedure. CBS periodically performs an exhaustive search over
pre-determined equispaced spatial sectors scanning all the horizontal and vertical
dimensions. The periodicity coincides with the frame duration TBI (see Fig. 5.4a),
while the spatial spacing is given by the system resolution on both azimuth (∆α−3dB
or 2θBp

x
) and elevation (∆β−3dB or 2θBp

z
). To this extent, two different TBI are

Politecnico di Milano Page 133 Mattia Brambilla



Chapter 5. Sensor-assisted V2X communications

10 20 30 40 50 60 70
0

0.2

0.4

0.6

0.8

1

2θBpx = 2θBpz = 0.1 deg

2θBpx = 2θBpz = 1 deg

P
S

τ = 5 ms

τ = 3 ms

τ = 1 ms

10 20 30 40 50 60 70

0.8

0.9

1

P
S

average V2V distance [m]

average V2V distance [m]

τ = 1 ms
τ = 3 ms
τ = 5 ms

1

(a) FSO
10 20 30 40 50 60 70

0

0.2

0.4

0.6

0.8

1

2θBpx = 2θBpz = 0.1 deg

2θBpx = 2θBpz = 1 deg

P
S

τ = 5 ms

τ = 3 ms

τ = 1 ms

10 20 30 40 50 60 70

0.8

0.9

1

P
S

average V2V distance [m]

average V2V distance [m]

τ = 1 ms
τ = 3 ms
τ = 5 ms

1

(b) mmWave

Figure 5.15: Service probability of the proposed sensor-assisted method versus distance (obtained
from the time gap ∆t) on trajectory S2 for different values of delay τ . (a) FSO V2V for HD
and LD configurations, (b) mmWave V2V for mmWaveLD (Na = 32 , Nr = 8).

considered: 10 ms (as in 5G specifications) and 30 ms [175]. Results are shown
in Fig. 5.14 for both mmWave (Fig. 5.14a) and FSO (Fig. 5.14b) technologies.
The comparison highlights how the proposed sensor-assisted tracking allows for
remarkable improvements in terms of SNR, especially for mmWave. It is important
to mention that the considered CBS simulation assumes that the exhaustive search
is instantaneously completed. This aspect, in practice, is a major impairment for
the feasibility of CBS. Taking the mmWave case as example, equispaced steering
vectors consider a uniform sampling of the azimuth and elevation, leading to a
number of spatial sectors proportional to the square of antenna elements (i.e.,
O(NaNr)2). The latest 5G New Radio standard foresees a search over up to 64
sectors per frame. On one side, this limitation poses significant limitations to CBS
with mMIMO systems (or, in general, narrow beam systems), on the other calls
for new BA strategies. This loss of efficiency is a main motivation behind the
proposed integration of sensors’ information in the BA and tracking process which,
besides providing improvements on the absolute value of SNR, also improves the
channel capacity by significantly increasing the efficiency of the mmWave/FSO
link (see Sec. 5.4.1).

Referring to the results in Figs. 5.13 and 5.14, the latency is a significant
V2X degradation impairment for the proposed sensor-assisted technique, with a
meaningful detrimental impact for FSO, as the transmitted power is confined in
a very restricted area. This impact is deeply analyzed in Fig. 5.15, where the
service probability PS for FSO is evaluated versus the average V2V distance for
S2. This probability is computed as PS = Pr (SNR > Γ) , with Γ = 10 dB for both
technologies in order to guarantee a fair comparison2. According to Fig. 5.15a,

2This value for FSO corresponds to the threshold value that guarantees a Bit Error Rate (BER) 6 1.3×10−2 for
a Return to Zero On-Off Keying (RZ-OOK) modulation, which is the standard value for employing a 20%-overhead
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Figure 5.16: CDF of FDD for the proposed sensor-assisted method in scenario S2 for FSO
technology and three different values of update delay τ .

we can conclude that in a complex scenario as S2, where the vehicle dynamic is
over-complicated by the presence of multiple road turnings across a contour, a
relatively reliable FSO V2V communication is enabled only by a very low latency
control signaling (1 ms, as foreseen by 5G systems) and for distances up to 30 m
(for which 1−PS 6 10−2). By contrast, mmWave appears to be much more robust
to delay, as can be expected from the use of less directive beams and observed
from Fig. 5.15b. It is to be noticed that for distances greater than 55 m, the
reduction of PS for mmWave LD is to be attributed to the high path loss.

Besides the analysis of the service probability, in eV2X applications it is impor-
tant to characterize the outage events. In this regard, we report the distribution
of the outage event, evaluating not only its occurrence but also its duration in
terms of FDD. The fade duration is defined the time interval by which the SNR
persists to be below 10 dB (SNR < Γ). It can be proved that the fade duration is
negative exponentially distributed, with the CDF shown in Fig. 5.16 for both FSO
configurations in S2. Once again, we further highlight the importance of sharing
timely information to achieve a virtually continuous beam tracking. It is to be
noticed that the stand-alone analysis of FDD might lead to misleading conclusions
on the use of wide/narrow beams. Considering the curves for a delay of 5 ms,
one may conclude that a HD system is more performing than a LD one, as it has
shorter fade events. Clearly, this is not valid as it is extremely more challenging
to use narrow beams rather than large ones for the considered applications, as
largely motivated and proved in this article. This unexpected behavior is to be
attributed to the susceptibility of narrow beams, which produces a jumping-like
radiating spot at the receiver side. We found that in this specific case the number
of fade events for the FSO HD system (yellow solid line) is 54% higher than for
FSO LD (yellow dashed line), leading us to conclude that a narrow beam system
has a higher number of fade events of shorter duration each.

To summarize, V2X over mmWave, and especially mmWave HD (180×90
antenna elements), guarantees a seamless service (no outage has been observed for
the considered scenario), and it is a valid candidate for high-speed V2X. However,

Hard Detection-Forward Error Correction Code (HD-FEC) for optical communications [207,208].
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Figure 5.17: CDF of SNR for the proposed sensor-assisted method in scenario S2 for mmWave
technology under different angular accuracies. Results are plotted for mmWaveHD for
different values of delay τ (vehicle time gap ∆t = 1 s).

it is to be noticed that the angular accuracy strongly impacts on the overall
performance. In case of inaccurate sensors or orientation estimates, such that
σγ is in the order of 1 − 2 deg, the best performing mmWave HD V2V system
experiences a meaningful performance degradation, as shown in Fig. 5.17 for a
reference vehicle gap ∆t = 1 s and different delay values. This result highlights
the need for a very precise pose estimation that can be achieved either by single
precise sensor or by proper data fusion algorithms of on-board IMU and external
sensors.

5.5.2.5 Sensor-assisted V2V with map integration

This section present an augmentation approach for the considered sensor-assisted
BA technique, where the accuracy on vehicle localization is augmented by integrat-
ing map data of the road environment. The a-priori information of road digital
map can be made accessible to vehicles through V2X communications and each
vehicle can combine its own pose information (obtained by GPS and IMU, for
instance) with map matching, increasing positioning accuracy. A more accurate
estimation of the ego vehicle location allows for a more accurate sensor-assisted
beam pointing. This approach is here applied to FSO V2V, even though same
considerations are still valid for mmWave as well.

The FSO performance is evaluated for V2V communications between two
vehicles traveling over the winding trajectory in Fig. 5.18 (as defined in (5.31),
(5.32)), with parameters r0 = v/ω0 m, v = 50 km/h, ω0 = 0.04π rad/s, ωh = 0.6π
rad/s, ωv = 0.08π rad/s, Ah = 0.1 m, Av = 3 m, ∆t = 1.5 s. By indicating with
σLp the error (affecting the covariance Cp in (5.6)) on vehicle position provided by
the localization systems (e.g., GPS) and by σMp the one due to map matching, it
is goal of the analysis to evaluate how different combinations of such accuracy
impact on BA performance. Since map only contribute in position estimation, the
vehicle orientation is estimated only by vehicle on-board sensors (e.g., IMU). The
error on orientation (roll, pitch and roll) measurements (affecting the covariance
Cγ in (5.7)) is assumed to be σγ = 0.1 deg, a value which reflects state of the art
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Figure 5.18: Simulated winding trajectory with variations over three axis.

automotive IMU [209].
The performance of the FSO V2V system rely on both timeliness and quality of

the pose information exchanged between the two vehicles via the parallel signaling
control link. The first depends on two critical parameters: the end-to-end latency
τ and the sensors’ sampling rate fdata. The former is hereafter assumed to be
equal to 3 ms, as foreseen in 5G eV2X applications [189], whereas the sampling
rate fdata varies from 100 Hz (a standard value for commercial IMU) to 1 kHz
(high-performance IMU).

We explore four different configurations of the FSO V2V communication system,
ranging from an extremely directive one (2θB = 0.1 deg) to a relatively low directive
one (2θB = 2 deg). Note that we conveniently refer to 2θB = 2θBp

x
= 2θBp

z
= as we

consider a symmetric laser spot and the reference frame is known to the reader
at this point. Higher angles are not considered here as this would jeopardize the
native FSO directivity. The background light is evaluated by means of the method
detailed in [210], for the worst case possible in which both the direct sunlight and
the skylight are maximum. The receiving unit consists of a cylindrical PD array
of height H and diameter D.

We assess the performance of the proposed sensor-assisted FSO V2V beam
tracking, with and without kinematic prediction and prior information on map data
for map matching. Performances are evaluated for different FSO configurations
and sensors’ settings. Simulation parameters are summarized in Table 5.5.

The CDFs of SNR for a vehicle time gap ∆t = 1.5 s (average distance of 25.65
m), are presented in Fig. 5.19, where four different methods are compared. A
clairvoyant system with oracle knowledge of all 6 DOF at any time instant is shown
as upper bound (solid red line). Then, we consider the possibility for vehicles to
exchange pose information without adopting any prediction algorithm (triangles
in Fig. 5.19a). Lastly, the two proposed prediction-based approaches are shown,
where vehicles are able to predict the respective pose with (circles) or without
(crosses) map data integration. The considered localization accuracies σLp are
differentiated by the line type. In line with off-the-shelves IMU, all the results are
obtained with sensor sampling fdata = 100 Hz. Results in Fig. 5.19a highlights
the importance of a precise vehicle information in order to enable a reliable FSO
V2V communication. In fact, even if the localization accuracy is poor, a motion
prediction significantly improves the performance. This improvement is further
enhanced when map data are integrated in the whole prediction process. Fig.
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Table 5.5: Simulation parameters for FSO V2V with map integration.

Parameter Symbol Value
Tx power Ptx 10 mW
Signal bandwidth B 2.16 GHz
Tx laser wavelength λ 1550 nm
Tx divergence angle 2θB 0.1, 0.5, 1, 2 deg
Rx aperture (single PD) Arx 1 cm2

Rx array diameter D 10 cm
Rx array height H 5 cm
PD responsivity ρ 0.9 A/W
Solar irradiance Ib 5.58 W/m2

Noise Equivalent Power NEP 20 pW/
√

Hz
Signaling channel latency τ 3 ms
Sensor sampling fdata 100 Hz, 1 kHz
Vehicle height h1, h2 1.65 m
Vehicle length `1, `2 4.7 m

5.19b shows that the proposed enhanced pointing system is capable of improving
the FSO V2V performance to the point of being comparable with that of a system
with a tenfold data sampling frequency without prediction. In other words, a
combination of map data with a location prediction obtained with fdata = 100 Hz
provides comparable results with respect to a system without prediction but with
a faster sampling (fdata = 1 kHz).

Another result regards the CDF of FDD, which is illustrated in Fig. 5.20 for
the proposed prediction based system (with and without map integration). It
is shown that integrating map information significantly reduces the fade events,
which in most of the cases are below 10 ms even if the accuracy of the localization
system is moderately poor (50/100 cm).

The last analysis is an assessment of the robustness with respect to the laser
divergence angle 2θB. In particular, the selected metrics in this case is the outage
probability Pout. The impact of θB on Pout is shown in Fig. 5.21. With lower laser
divergence the system attains a high outage probability (Pout > 10%), although the
gain provided by the combination of prediction and maps is apparent. Moreover,
the outage probability lowers as θB increases, even though we expect that this
trend would change for longer distances (time gaps), whose analysis goes beyond
the scope of this paper and it is left as a future work.
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(a) Fair comparison of different methods for FSO alignment in V2V
systems, with fdata = 100 Hz.
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(b) Comparison of the proposed prediction-based architecture with map
integration at sensors’ sampling frequency fdata = 100 Hz and a

system without prediction but with fdata = 1 kHz.

Figure 5.19: CDF of the SNR for the different considered methods and localization accuracies
σL
p = {10, 50, 100} cm. Results are obtained for a time gap ∆t = 1.5 s and laser divergence

angle 2θB = 1 deg.
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Figure 5.20: CDF of the FDD for the proposed prediction-based system (with and without map
integration) for different values of localization accuracies σL
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Figure 5.21: Outage probability Pout versus the laser full divergence angle 2θB, for different
values of localization accuracy and for the different considered methods.

5.5.3 Concluding remarks

In this chapter, we introduced a Cooperative Intelligent Transportation Systems
(C-ITS) architecture for Vehicle-to-Everything (V2X) communications based on
either millimeter-Wave (mmWave) or Free-Space Optics (FSO) technologies. In
order to keep the extremely narrow beams of both FSO and mmWave aligned,
and thus to guarantee a seamless connectivity, we propose to integrate data from
on-board sensors, which nowadays largely installed on vehicles, integrating typical
mechanical information with telecommunication apparatus. Each vehicle first
estimates its own pose from these sensor data, and then exchanges this information
with all the others so that all vehicles in the network acquire a full knowledge
of the system geometry and do not need to scan the whole beam space before
transmitting. In the proposed architecture, this sensor data exchange among
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vehicles is over a parallel low-rate control channel, so that vehicles can take full
advantage of the multi-gigabit V2X link, i.e., either FSO- or mmWave-based, to
meet the stringent low-latency and high data-rate requirements of enhanced C-ITS
services.

Convincing initial numerical simulations on the effect of vertical vibrations
motivated us tu pursue the research to a complete and general 3D geometrical
model. Performance analyses on realistic vehicles motions over a winding road
confirm the feasibility of the proposed sensor-assisted mmWave- or FSO-based
C-ITS architecture for Vehicle-to-Vehicle (V2V) communications, demonstrating
remarkable improvements with respect to conventional beam sweeping scheme and
providing an alternative to the onerous exhaustive beam search. The mmWave
and FSO solutions have been compared in high and low directivity configurations
in order to assess the robustness of the proposed technique with respect to the
beam dimension and pose estimation errors, the latter being also considered to
be reduced by integrating road map information. We verified the intuition that
misalignment errors have a more detrimental impact on narrow beams by assessing
the performance degradation in terms of Cumulative Distribution Function (CDF)
of the Signal-to-Noise Ratio (SNR). This analysis has been used to statistically
characterize the outage events in terms of occurrence probability and distribution
of fade events. In particular, the main takeaways are: (i) mmWave and FSO
technologies are attractive candidates for V2X communications, but the latter
solution is viable only if precise pose information is available; (ii) under the
same power and bandwidth settings, FSO is potentially able to provide superior
performance due to its highly directive laser beams, but it is extremely sensitive to
pointing errors; (iii) in the presence of complex motion scenarios, it is convenient to
employ technologies that rely on wider beams, such as those achieved by mmWave
technology; (iv) mmWave is in principle capable to attain the capacity of FSO,
but only by deploying thousands of antenna elements, e.g., 180× 90, which is not
feasible considering today’s commercial hardware.

As a final remark, we have proposed the integration of two engineering domain
that might have been considered ad standalone up to now. In our view, the
evolution of connected mobility and related service requirements calls for a new
paradigm of V2X communications. We deem it is highly recommended to support
the telecommunication apparatus with vehicle kinematics data, using sensors’
information for both advanced driving functionalities and telecommunication
purposes. This is the leading idea behind the proposed approach, whose feasibility
has been studied herein.

Future research directions: the conceptualized dual-layer sensor-assisted V2X
methodology for seamless and accurate beam alignment has been intentionally
assessed over artificial vehicle trajectory as to stress the misalignment induced
by vehicle dynamics only. This represents a part of a more complex vehicular
communication system, where multiple propagation effects (such as blockage or
multipath) interact. It would be recommended to investigate the overall effect
of communication and dynamics impairments to propose a robust alternative to
the inefficient sweeping procedure of standardized V2X protocols. At the same
time, the analysis of which on-board sensors (and motion models) should be used
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for a more accurate ego-vehicle positioning as well as the possible integration of
sensing sensors (such as radar, lidar, camera) to accurately estimate inter-vehicle
relative distance should be considered. As a final remark, the evaluation of accurate
signaling overhead has been neglected in simulations so far. This means that the
exchanged information about vehicle state did not considered any quantization.
On the other hand, in real systems this aspect is of high relevance, as it affects
the design of the communication packet structure and the allocation of sufficient
number of bits. It is then to be evaluated how quantization effect would degrade
the proposed sensor-assisted solution, and at the same time understand how often
should this information be exchanged not to induce significant degradation.
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Conclusions of the PhD journey

It is time to draw conclusions. I would like to first thank the reader who have
dedicated his/her time in a careful reading of this thesis. My gratitude goes
both to scientists who deeply dwell on technicalities of (part of) the contents
and to any reader who got a glimpse on some ideas/concepts/applications here
presented, or anyone who might have accidentally run into this work. At this
point, it should be acquired to the reader that Chapters 3, 4 and 5, as well as
Appendix A, deal with specific researches I carried out during my PhD and can
be treated as self-consistent. Concluding remarks for each of them are present
in the corresponding sections, thus I would like to devote this chapter to general
conclusions about my PhD journey, where technical achievements are combined
with personal aspects.

As it can be easily inferred from the contents of previous chapters, my last
three years of life have been entirely devoted to scientific research in localization
and communication. This PhD journey embodies the natural continuation of my
previous studies in Telecommunication Engineering at Politecnico di Milano. My
primary inclination to localization topics has been complemented by studies on
enhancing communication techniques by feeding information from sensors. The
integration of heterogeneous sensors and communications is a leitmotif of my PhD:
it has been studied how to improve localization by exploring communication tech-
niques (Chapters 3 and 4) as well as how to enhance communication performances
by extracting information from perception sensors (Chapter 5 and Appendix A).

Multi-agent networks are the targeted use cases of the developed localization
and communication techniques, with main (but not exclusive) applications to
maritime (Chapter 3) and vehicular (Chapters 4, 5 and Appendix A) contexts. We
referred to agents as static or mobile devices capable of sensing and communicating
heterogeneous information. Their dynamic properties generate a time-variant
network topology, where links among agents can appear and disappear according
to geometrical and/or communication conditions. In the cooperative localization
area (Chapters 3 and 4), graph theory has been used to describe the relations
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among agents, where the existence/absence of links allows/precludes the exchange
of information, enabling a robust/weak data fusion for localization. On the other
hand, in the research on sensor-assisted communications (Chapter 5 and Appendix
A) it has always been consider a single inter-agent (vehicle-to-vehicle) link, which
is always available (LOS condition) for beam-based communication (Chapter 5) or
it can be obstructed (NLOS condition) statistically (Appendix A).

Cooperative localization has been investigated in both centralized (Chapter
3) and distributed (Chapter 4) implementations, where the distinction reflects
the specific targeted applications (maritime and vehicular, respectively). It is
more likely to develop fully distributed solutions for vehicular networks, where
the complexity and fast (order of seconds or less) variation in network topology
are peculiar, and latency constraints call for decentralized processing at vehi-
cles. Indeed, intuition suggests that in next-generation mobility vehicles directly
communicate each other, without requiring support from the infrastructure, and
perform a local data processing by fusing information from neighbors. On the
other hand, in maritime surveillance, a different time scale (order of minutes)
facilitates a centralized solution, where data from multiple agents/sensors are
collected in a single fusion center. Moreover, processing offload is preferred due to
intrinsic autonomy limitation of battery-powered vehicles, which are preferable to
be long-lasting sensors rather than fast-processing units.

In my PhD journey I learned (or at least tried to learn) how to use a scientific
attitude to statistically characterize real (existing or foreseen in the next future)
problems and how to provide consistent stochastic solutions. A major contribute
on this has to be ascribed to strong interactions with NATO CMRE scientists,
who played a main role in building my scientific expertise, despite the few months
we collaborated. The results of this collaboration are all included in Chapter 3,
which represents the latest scientific enhancement of this thesis (and of my PhD
journey). I am proud to succeed in finalizing the collaboration with the develop-
ment of a cooperative localization technique for multi-agent systems, where a fully
statistical characterization of agents allows the time-variant multi-agent network
to self-localize itself and, at the same time, perform multitarget detection and
tracking. A main result of the developed solution is the flexibility of adaptation in
diverse contexts: from maritime to vehicular, from IoT in surveillance to industrial
applications. The mere ingredients are: connected agents capable of sensing. Then,
a manipulation of measurements plays it all. An initial similar technique charac-
terizing my background on the topic is the one shown in Chapter 4 (cooperative
localization in vehicular environments), where non-negligible assumptions on target
existence and characterization were present, resulting in solution slightly far from
being implemented in real time, but still providing evidence of the potentials. The
latter being strongly supported by the simulation in realistic traffic conditions.

I also learned how beneficial (maybe mandatory) is the integration of different
engineering areas. By studying sensor-assisted technique for beam-based V2X
communications, I understood the need of combining telecommunications with
automotive engineering in order to fasten the spread of telco in a new market.
Jumping in new markets requires a fast growing of expertise, as competition is
tight. Take the more advantages as possible is crucial for leading a market of new
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applications, and the integration of existing facilities embodies the intention to grow,
enhance and upgrade something that already exists, without imposing constraints.
In this years of research, I raised the awareness of upgrading without revolutionizing,
of carefully improving state of the art solutions with original contributions that
may come from past experience, intuition or dame fortune (why not?). The
participation in multidisciplinary projects helped me in acquiring awareness on the
need of integration such that telecommunications can fulfill the demand of specific
services and, at the same time, be driven by side information. This process has
been considered as mandatory in the evolution of telecommunication technologies
(5G and beyond) where the flexibility and adaptability to specific use cases (with
different requirements) are a “must have” for success.

To conclude this thesis, I would like to recall the starting point: Where is
what? What is where?. I hope I have managed to (partially) give answers to
these questions throughout the dissertation. I wish it is clear to the reader how
cooperative localization and communication have been addressed, which services
can be delivered and how important is the flexibility of algorithms such that
diverse types of data can be fused together. The theoretical formulation and
performance assessment through simulations represent only first mandatory steps
for developing and testing a given technique. Validating techniques with real
data, on the other hand, is the ultimate research stage for checking robustness
to unpredictable events that may occur in daily-life working conditions, refining
and finalizing the algorithmic modules. This aspect has been intentionally not
included here, being the works with real data in the last stage of development or
currently under scientific review process. Thus, I would encourage the reader to
keep updated on these aspects if he/she wishes and if I managed to grab his/her
attention.
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Modeling a mmWave channel and de-
veloping subspace-based beam align-
ment techniques

The contents of this appendix refers to a minor research on the mmWave channel
modeling and BA techniques, which can also be found in publication [6]. The
research is strictly related to the major investigation on sensor-aided BA presented
in Chapter 5, but instead of focusing on technical aspects of sensor-assisted BA,
it is related to the mmWave propagation modeling in a vehicular environment.
Channel modeling is not for its own sake but it is instrumental for testing different
BA techniques. Specifically, we consider CBS and position sensor-aided BA, but
we also develop a subspace-based technique that exploits the Low-Rank (LR)
algebraic structure of the sparse mmWave channel. Another difference with respect
to the V2V use case considered in Chapter 5 is that the focus of this appendix is
V2I communication. We thus have a fixed agent (e.g., RSU) and a moving one
(vehicle).

Besides the main challenges of mmWave communications highlighted in Chapter
5, a channel modeling specific main issue is the few availability of experimental
measurements (due to the very recent hardware availability), especially in high-
mobility scenarios. To overcome this limitation, mmWave channel models [211–215]
are being developing. However, a complete modeling of mmWave V2X channels
that also handle the evolution over space in vehicular scenarios is not yet available,
being the V2X application a work in progress. Furthermore, a reliable and time
efficient BA technique for high mobility has not been standardized yet, nor tested
on realistic mmWave channel models.

In this research, we start from the available New York University Channel
Simulator (NYUSIM) [215] mmWave channel model and we propose an extension
in order to incorporate the dynamics over space of the multipath parameters.
The extended NYUSIM model is then used as a tool for testing a number of BA
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Figure A.1: V2I communications at two different time instants, with beampointing depending
on vehicle location. Blue refers to LOS path, red to NLOS ones.

techniques. To this extend, besides CBS and sensor-assisted technique, we develop
a novel BA approach that exploits the Low-Rank (LR) structure [216,217] of the
mmWave MIMO channel to select the best pair of eigen-beamformers at the two
link sides based on long-term channel statistics (i.e., Angles of Arrival/Departure,
AOA/AOD, and average power of dominant paths). Compared to conventional
geometric BA approaches, this method does not require the computation of
AOA/AOD, as it relies on a “virtual” representation of the channel. We here
focus on a V2I use case and we harness the repetitiveness of the geometrical
multipath pattern when vehicles travel through a same road segment several times.
With this assumption, we propose to pre-compute BA codebooks constituted from
the dominant eigen-beamformers of the V2I MIMO channel for each given road
segment, by averaging over multiple vehicle passages. For real-time BA, location
information is predicted based on GPS tracking, while eigen-beamformers are
selected from pre-computed codebooks. In this way, the sequential and periodical
research of the optimal beamformer is substituted by a subspace-based precoding
(and combining) vector that takes into account the historical data.

A.1 V2I mmWave scenario

The chosen V2I scenario is sketched in Fig. A.1, where a vehicle is moving along
a straight lane at a constant velocity v and it communicates with a RSU. We
consider a 2D geometry for both channel modeling and BA techniques, neglecting
the vertical dimension. However, the methodology is general enough to be extended
to the 3D domain. A mmWave time-slotted uplink communication is considered
where the V2I transmission runs over time according to the scheduled transmission
frames of duration Tf . The communication devices at Tx and Rx consist in
antenna arrays of NTx and NRx elements, respectively. The multipath MIMO
channel between the vehicle and the RSU at discrete time t (sampling interval is
∆t) is described as the superposition of C(t) clusters of MPc(t) paths each. The
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NRx × NTx complex-valued baseband channel matrix is:

H (w, t) =
C(t)∑
c=1

MPc(t)∑
p=1

ac,p(t)A(jc,p(t))g(wT − Pc,pc,p(t)) , (A.1)

where w = 0, . . . ,W −1 denotes the channel tap (at symbol rate T−1) andW is the
maximum temporal support of the channel response. Each path p in cluster c has
complex fast-fading amplitude ac,p(t) (including Doppler), AOA and AOD jc,p(t) =[
jRxc,p j

Tx
c,p

]
, and delay tc,p(t). The path mean power Pc,p(t) = E[|ac,p(t)|2] (averaged

over fast fading) accounts for path-loss and shadowing effects, while the cluster
mean power is Pc(t) = ∑

p Pc,p(t). The matrix A(jp,c) = aRx(jRxp )aTx(jTxp )H ∈
CNRx×NTx embeds the antenna array responses at Tx and Rx, respectively aRx(jRxp )
and aTx(jTxp ), while g(t) is the impulse response of the cascade between the Tx
and Rx filters. We observe that the number of clusters, paths, angles and delays
are slowly varying compared to the fast fading amplitudes. Details on how these
channel parameters are modeled are given in Sec. A.2, while in Sec. A.3 we
comment on how the properties of such parameters can be handled to design BA
strategies.

A.2 Modeling the mmWave LOS/NLOS V2I chan-
nel

In this section, we briefly recall the NYUSIM model [215] used as selected tool
for mmWave channel modeling, then we detail how we extend it to include the
mobility of the specific V2I scenario.

The NYUSIM model provides a stochastic description of the multipath pa-
rameters of the mmWave channel in (A.1). It is a data-driven models based on
experimental data at mmWave frequencies. It groups multipath components that
are close in time in temporal clusters and those that are close in space in Spatial
Lobes (SL). The model comprises a number of parameters that are, in general,
dependent on the specific propagation scenario (e.g., LOS or NLOS) and frequency,
and evolve over time according to the wide-sense stationary uncorrelated scattering
assumption. The Large Scale Parameters (LSP) model the cluster-related features
while Small Scale Parameters (SSP) model the variations due to multipath propa-
gation. Tab. A.1 summarizes the main LSP and SSP, while we remind to [215] for
a complete characterization.

The NYUSIM channel model is here extended to include spatially consistent

Table A.1: NYUSIM classification for large scale and small scale channel parameters.

Class Parameters
LSP N. of clusters C(t), of paths per cluster MPc(t) and of spatial lobes;

cluster shadowing and multipath shadowing; cluster delay and angle spread.
SSP Cluster mean delay and angle; multipath amplitude ac,p(t),

delay tc,p(t) and angles jc,p(t).
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…

` = 1 ` = L

u = 1 u = 2 u = 3 u = U
∆uf = vTf

RSU

∆u∆θ
∆τ

1Figure A.2: Grid-based modeling of the road with U road segments of length ∆u, each comprising
L transmission frames of spatial duration ∆uf = v Tf .

dynamics of parameters, which evolve as the vehicle travels along the road. The
aim is to capture fast and smooth transitions of the channel characteristics, which
comprise slow variations of angles, delays and cluster mean powers when the
surrounding scattering scenario is stationary, as well as sudden variations that
occur when scattering objects appear/disappear generating cluster birth and death
(B&D). The primary challenge is to extend a static channel model to a dynamic
one, which takes into account for the fast mobility [218]. We update the channel
coefficients in an iterative way along the vehicle trajectory, differentiating LSP
and SSP as follows.

A grid-based approach is used to model the evolution of the LSP. The trajectory
plane is divided into U road segments (see Fig. A.2) and LSP are simulated as
spatially correlated over the road segments by applying an exponential spatial
filter with correlation distance dcorr that depends on the specific scenario. 3GPP
Release 14 [211] indicates a LSP correlation distance for LOS and NLOS UMi
scenarios of 12 m and 15 m, respectively, even though measurements at 73 GHz in
a LOS street canyon scenario suggest a smaller value of 2-5 m [219]. Here we set
dcorr = 5 m.

The road segment dimension ∆u (see Fig. A.2) is chosen so that angles and
delays, that are typically slowly-varying [217], can be assumed as constant within
∆u (this property will be exploited for BA design in Sec. A.3). For delays, assuming
the worst case of motion along the LOS path, the delay variation ∆t is constrained
to be lower than the system temporal resolution

∆t = ∆u
c

<
1
B
, (A.2)

where c is the propagation speed and B the signal bandwidth. For angles, in case
of motion orthogonal to the LOS path, at distance d from the RSU, the angle
variation ∆j is set to be lower than the antenna array resolution

∆j ≈ ∆u
d

<
2
N
, (A.3)

(here we assumed an ULA of N antennas with half-wavelength spacing). By
combining (A.2)-(A.3), it follows that

∆u < min
(

2 d
N
,

c

B

)
. (A.4)
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As an example, for d = 10 m, B = 400 MHz, N = 20, we get ∆u < 0.75 m.
Assuming a time frame Tf = 10 ms (or 1 ms for most dynamic applications) and
a vehicle velocity v = 50 km/h, this road segment of length ∆u corresponds to
L = 5 (or 50) transmission blocks of spatial length ∆uf = v Tf . Notice that fading
amplitudes are fast varying and are assumed to change block by block. The update
of main channel parameters over the road segments is described in the following.

Path loss.
Following the path loss model in [220], the evolution of path loss varies with the
Tx-Rx distance d as:

PL(d)[dB] = 20 log10
4π
λ

+ 10κ log10(d) + χ , (A.5)

where κ is the Path Loss Exponent (PLE) and χ is the log-normal shadow-fading
with mean 0 dB and variance σ2.

Time clusters and spatial lobes.
These LSP do not rapidly change in time and they are pre-computed for each road
segment. Their evolution from a road segment to the other is spatially correlated
with correlation distance dcorr and thus it depends on the scenario and frequency.
A B&D Poisson process models the variation of the mean number of clusters C(t)
over the road segments. We assume that B&D always happens to the weakest or
oldest cluster with a probability of occurrence

Pr(t) = 1− exp(−lc(t− t0)) , (A.6)

where lc is the B&D mean rate here set to lc = v/dcorr [221]. Assuming only one
occurrence of B&D per time instant, the following three cases can occur:
• birth: a new cluster appears alone;

• death: a cluster disappears without a new appearance;

• regeneration: a cluster disappears and a new one appears with different mean
angle, delay and power.

Cluster mean delay and power
When the terminal moves, the excess delay of each cluster c evolves according
to the 3GPP specifications in [211], where the update is based on the velocity,
direction, and the time-variant AOA and AOD. This procedure is valid for each
cluster c, except for the LOS one (if present) that has null delay. Vehicle mobility
introduces variations also on the cluster power according to [211]. Thus, the
shadowing factor of each cluster is generated as correlated over the road segments
by applying a spatial exponential filter with correlation distance dcorr.

Cluster mean angles
According to [219], the cluster mean angles for AOA (jc,AOA) and AOD (jc,AOD)
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evolve as:

jc,AOD(t) = jc,AOD(t0) + Sc,AOD · (t− t0) , (A.7)
jc,AOA(t) = jc,AOA(t0) + Sc,AOA · (t− t0) , (A.8)

where Sc,AOA and Sc,AOD are the slopes of the changing rates:

Sc,AOD =
v sin

(
fv(t0)− fc,AOD(t0) + yc,AOD

)
d

, (A.9)

Sc,AOA =
v sin

(
fv(t0)− fc,AOA(t0) + yc,AOA

)
d

, (A.10)

with yc,AOA and yc,AOD cluster specific reflection surface angles which, for NLOS
clusters, are modeled as uniform random variables yc,AOD ∼ U(0, π), yc,AOA ∼
U(−π, 0), while they are set to 0 for the LOS cluster. fv(t0) is the vehicle motion
direction on the horizontal plane.

To summarize, the evolution of SSP and LSP is simulated using different space
scales, as illustrated in Fig. A.2. LSP are constant within each road segment u
and spatially correlated from segment to segment, while SSP evolve also within
the road segment according to the above models. The length of the road segment
∆u is selected such that angles, delays and mean powers are almost invariant
within the road segment itself, while fading amplitudes change rapidly within the
segment and also from one transmission block to the other. These different varying
rates are used in next section to propose channel-based BA techniques. A visual
representation of the evolution over space of some LSP/SSP is in Sec. A.4.

A.3 Beam alignment strategies
This section is dedicated to the description of BA strategies. We describe the
proposed Sensor-Assisted (SA) subspace-based BA technique that exploit the
sparsity characteristics of mmWave channel, highlighting the differences with
respect to a geometric approach and CBS technique. We recall that in CBS, Tx and
Rx perform an exhaustive scanning procedure over a pre-defined set of precoding
and combining vectors to find the optimal pair that maximizes the received power.
As intuition might suggest, such a divide and conquer approach is extremely time
consuming. We would like to avoid such a waste of resources by taking advantage
of vehicle on-board location sensors and LR channel structure [216,217], such that
precoding/combining vectors can be selective proactively. The idea is to explore
long-term Channel State Information (CSI) to estimate the dominant channel
eigen-components and accordingly tune the BA. Since the geometrical structure of
the multipath channel is strongly correlated to the location (i.e., the road segment)
and is slowly varying over time, these eigen-beamformers can be pre-computed
from geo-referenced long-term CSI data within each road segment. As a reference,
we also consider geometrical location-aided BA approaches that use as codebooks
the canonical steering vectors associated with equispaced AOA/AOD [161].

According to Sec. A.3, the MIMO channel (A.1) within the road segment u
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Figure A.3: An example of three temporal snapshots of the mmWave V2I channel corresponding
to the vehicle positions indicated in the figure.

and the transmission block ` is reparametrized as:

H`(w, u) =
C(u)∑
c=1

MPc(u)∑
p=1

ac,p,`(u) A(jc,p(u)) g(wT − tc,p(u)) , (A.11)

where the slow index u = 1, . . . , U runs over the road segments, while the fast
index ` = 1, . . . , L over the transmission blocks within the road segment (see Fig.
2). Angles jc,p(u), delays tc,p(u) and average powers Pp,c(u) are approximated
as constant within the road segment for BA design, while fading amplitudes
ac,p,`(u) change block by block. We also assume that the sparse mmWave channel
matrix has a LR structure, with spatial and temporal subspaces (depending on
slowly-varying angles and delays, respectively) that are constant within the road
segment [216,217].

To motivate the use of the LR model, in Fig. A.3 we give an example of three
snapshots of the NYUSIM mmWave V2I LOS channel with dynamics modeled as
in Sec. A.2 (referring to the scenario in Fig. A.1-A.2, further details in Sec. A.4)
at three different time instants corresponding to the starting, middle and ending
point of the considered road. The figure is intended to show how the channel is
characterized by a dominant cluster (the LOS one) and few secondary clusters
with much lower power (red areas). This motivates the use of a BA LR codebook
with one or few eigen-beamformers.
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A.3.1 Sensor-assisted low-rank beam alignment
The SA-LR method herein proposed uses the eigen-beamformers associated to the
dominant Tx/Rx channel components as precoding/combining vectors according to
the model (A.11) and the LR assumption. The repetitiveness of channel conditions
occurring when vehicles pass over a same road segment (similar LSP values) allows
to precompute the eigen-beamformers. Under this assumption, we claim the
availability of a dataset (denoted with UTx(u) and URx(u)) containing geolocalized
pre-computed eigen-beamformers to be used at both Tx and Rx sides. This
dataset is obtained by computing channel sample correlations over repeated vehicle
passages m = 1, ...,M on a same road segment. Though channel realization of the
m-th passage H(m)

` (w, u) differs from another due to fast fading, they share similar
trajectories and LSP conditions, as dominant cluster components are likely not to
change significantly over time. The underlying idea is the availability of a common
data center, such that any vehicle traveling along a specific road segment can
query the database and use the given eigen-beamformer. The optimal precoding
and combining vectors at road segment u are thus obtained as:

ŵRx(u) = arg max
wRx∈URx(u)

wRxH(u)RRx
S (u)wRx(u) = uRx1 , (A.12)

ŵTx(u) = arg max
wTx∈UTx(u)

wTxH(u)RTx
S (u)wTx(u) = uTx1 , (A.13)

where URx(u) and URx(u) denote the eigenvectors of the sample spatial correlation
matrices RRx

S (u) and RTx
S (u), while uRx1 and uTx1 are the dominant ones.

The sample spatial correlation matrices are computed as:

RRx
S (u) = 1

MLW

M∑
m=1

L∑
`=1

W−1∑
w=0

H(m)
` (w, u)H(m)H

` (w, u) , (A.14)

RTx
S (u) = 1

MLW

M∑
m=1

L∑
`=1

W−1∑
w=0

H(m)H
` (w, u)H(m)

` (w, u) . (A.15)

The operational assumption is that the geometrical configuration of the main
clusters of scattering/shadowing objects in the surroundings of road segment u
remains quasi-stationary over vehicle passages. The approach can be extended so
as to exploit multiple eigen-beamformers rather than a single one, to account for
possible slight changes in the environment (e.g., the LOS cluster is blocked and the
second one becomes dominant). This increases the complexity but better exploits
the channel properties as will be shown Sec. A.4 when we assess the performance.

A.3.2 Sensor-assisted long-term geometrical beam align-
ment

The Sensor-Assisted Long-Term Geometrical BA method (SA-LTG) is the geomet-
rical equivalent of the SA-LR one. As SA-LR, it uses the location information
to select the optimal precoding/combiner vector among pre-defined codebooks
WTx and WRx. This time the codebooks do not contain the long-term eigen-
beamformers but equi-spaced steering vectors than span all over the angular space
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(e.g., 180 deg for an ULA) [161]. Similarly to CBS, BA is based on the geometrical
steering vectors but, in this case, it is road-segment dependent as:

ŵRx(u) = arg max
wRx∈WRx

wRxH(u)RRx
S (u)wRx(u) , (A.16)

ŵTx(u) = arg max
wTx∈WTx

wTxH(u)RTx
S (u)wTx(u) . (A.17)

As for SA-LR, the codebooks are pre-computed using the long-term sample corre-
lation matrices (A.15)-(A.15) that average over L blocks and M vehicle passages.

A.3.3 Sensor-assisted geometrical beam alignment
The Sensor-Assisted Geometrical (SA-G) BA technique is based on the exchange
of location information between vehicle and RSU. In this way, Tx and Rx are able
to compute estimates of the LOS directions here modeled as:

ĵRx` (u) = jRx` (u) + eRx` (u) , (A.18)
ĵTx` (u) = jTx` (u) + eTx` (u) , (A.19)

where eRx` (u) and eTx` (u) define angle estimate errors as a consequence of inaccurate
vehicle positioning (e.g., GPS errors). Precoding and combining vectors are selected
as:

ŵRx
` (u) = aRx(ĵRx` (u)) , (A.20)

ŵTx
` (u) = aTx(ĵTx` (u)) , (A.21)

thus coinciding with conventional steering vectors for that estimated AOA and
AOD (with a spatial granularity of approximately 180

N
deg). Clearly, this method

relies only on the geometry of the LOS link connecting Tx and Rx, without
considering multipath and possible NLOS conditions. In NLOS channels, it is
clearly impracticable, as will be shown in Sec. A.4.

A.4 Performance assessment in a LOS/NLOS V2I
scenario

In this section we provide BA performance comparison among the diverse sensor-
assisted BA strategies discussed in Sec. A.3 and CBS. The mmWave V2I channel
is simulated between a vehicle and a RSU in a 2D NYUSIM UMi environment
as in Figs. 1-3. The vehicle drives along 150 m on a straight road at constant
v = 50 km/h. The RSU is located in the middle of the simulated lane, 10 m apart
the road. The whole scenario is divided into road segments of ∆u = 0.7 m to
guarantee both spatial and temporal consistency, while the channel is updated
every ∆t = Tf = 10 ms (frame duration of 5G systems). The V2I link operates at
the carrier frequency of fc = 73 GHz with a bandwidth of B = 400 MHz, and a
Tx power of 40 dBm. Both Tx vehicle and Rx infrastructure are equipped with
half-wavelength spaced ULAs of NTx = NRx = 20 elements each. The mmWave
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dynamic MIMO channel is simulated according to the NYUSIM model extended
as in Sec. A.2 for both LOS and NLOS scenarios, with simulation parameters as
in [215]. The pulse waveform g(t) is a raised cosine pulse with roll-off 0.3. The
performances of BA algorithms are evaluated in terms of power loss with respect
to an ideal clairvoyant system. BA performances are evaluated in terms of SNR,
which requires the computation of the received power as:

PRx(u) = E
[∣∣∣ŵRxH(u)H`(u) ŵTx(u)

∣∣∣2] , (A.22)

where the precoding/combining vectors are chosen for each BA method as described
in Sec. A.3. The impact of position accuracy for all methods is considered by
simulating a Gaussian localization error with standard deviation of 10 cm (for all
methods but CBS, which is position-independent). This value is chosen to match
eV2X requirements [189].

Fig. A.4 shows the channel dynamics and the BA performances versus the
vehicle location over the road in LOS (left) and a NLOS (right) propagation
conditions, respectively. The reported channel parameters are the number of
clusters, the cluster mean power (normalized with respect to the LOS one), the
cluster mean delay (with respect to the LOS one) and the cluster mean angle. The
performance analysis is provided for SA-G, SA-LR, SA-LTG and CBS methods.
For SA-LR, results for both solutions with one or two dominant eigen-beamformers
are provided.

In order to distinguish between LOS and NLOS scenarios, a first and straightfor-
ward intuition is to observe the evolution of the cluster mean angles: the permanent
presence of a cluster (i.e., the LOS one) with time continuous evolution of the
mean angle is prevailing. Such a dominant effect is also confirmed by the power
ratio: in the left column (LOS) the secondary clusters have a normalized powers
which are order of magnitude lower, while in the right column (NLOS) all the
cluster mean powers are comparable. Similar considerations can be made for the
cluster mean delay.

Analyzing the BA performance in LOS and NLOS cases, it is of interest to
examine the behavior in the most critical condition, where the LOS angle most
rapidly evolves. This is verified in the middle of the road (at location 0 m), where
the vehicle is in front of the RSU. The SA-G technique is suited only for LOS
environments, where it provides meaningful gain with respect to CBS. The SA-LR
solution emerges as the most reliable BA technique in LOS/NLOS scenarios, as it
is able to capture the dominant rank-1 channel component (which typically does
not reduce to a single AOA/AOD) and it is more robust to space-varying multipath
channel conditions (e.g., the disappearance of the LOS cluster). Furthermore, SA-
LR does not require AOD/AOA computation. This confirms that the adoption of
eigen-beamformers instead of classical angle-based steering vectors could strongly
improve the BA performance. Moreover, we would also like to remark that a SA-LR
BA technique does not require a beam sweeping procedure as CBS, thus reducing
the signaling overhead and the latency due to BA, improving the communication
efficiency.
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Figure A.4: mmWave V2I communication in LOS (left) and NLOS (right) conditions: scenario,
BA performance, evolution of cluster angle, power and delay.

A.5 Concluding remarks
In this research, we extended the NYUSIM channel model to characterize a
mmWave V2I communication. The extension accounts for spatial consistency and
different space/time scales of the channel parameters’ dynamics. The extended
channel model has been used as a tool for designing and testing a number of
BA techniques, comparing sensor-assisted solutions with conventional sweeping.
Results demonstrate the enhancements due to the use of the sparse LR structure
of the channel, jointly with the repetitiveness of channel statistics over multiple
vehicle passages, showing the profitability of sensor-assisted solutions that avoid
time-consuming exhaustive sweeping procedures. The proposed SA-LR BA, relying
on eigen-beamformers obtained by averaging over multiple available datasets and
using precise location tracking, is shown to provide meaningful performance gains
compared to conventional geometrical techniques, both in LOS and NLOS cases.
Besides gains in terms of higher received power, the access to geo-referenced eigen-
beamformers allows to avoid onerous sweeping which are extremely time-consuming
and severely impacting on the efficiency by increasing signaling overhead over data.
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