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Abstract

The radio spectrum remains a scarce resource under increasing demand for wireless
communication despite evolving technologies. Cognitive Radio (CR) addresses this by
allowing secondary users (SUs) to access underutilized licensed spectrum. A key func-
tion of CR systems is spectrum sensing, which detects primary users (PUs) and identi-
fies available spectral opportunities for secondary use. Therefore, this thesis presents a
set of advanced signal processing techniques for broadband array systems that address
three challenges in the context of CR systems: detecting weak transient signals, de-
signing targeted jamming strategies against hostile sources, and characterizing dynamic
noise environments.

Firstly, we investigate the detection of weak broadband transients, such as emerg-
ing PUs, using a polynomial subspace approach and simple energy detection. In order
to benchmark this method, it is compared to a likelihood ratio test (LRT). Although
the LRT is statistically optimal, it can be computationally demanding and is shown to
be numerically sensitive to data with high temporal correlation. Simulations demon-
strate that restricting the LRT to the subspace data can significantly enhance its de-
tection performance. We show that this is due to fact that the subspace projection
step whitens and compacts the data, reducing dimensionality and improving numerical
stability. This explains the generally improved performance of the LRT when operating
on subspace data rather than raw sensor data. This also establishes the polynomial
subspace detector as a simple technique that, in such situations, can perform close to
the LRT, even though the former does not require any knowledge of the channel or the

statistics of the transient signal on which the LRT relies.
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Secondly, if any transient sources are detected and might be deemed a hostile, this
thesis addresses the design of jamming signals to interfere with these sources while
preserving friendly users. Two scenarios are considered: one with known transmis-
sion paths, using a broadband multiple-input multiple-output (MIMO) beamforming
approach based on an analytic singular value decomposition (SVD); and another that
relies on channel reciprocity and on employing a time-reversal technique. The former
sets an upper bound on performance, while the latter provides a robust alternative if
the channel to the hostile source is unknown.

Lastly, we develop methods for estimating the time-varying power spectral density
(PSD) of noise to identify opportunities for detecting weak signals. For simplicity, a sin-
gle noise source is assumed. The framework combines a basis expansion model (BEM)
with space—time covariance estimation, and the estimate is enhanced by optimal lag
support selection and rank-one approximation via an analytic eigenvalue decomposi-
tion (EVD). These techniques yield significant improvements in estimation accuracy,
particularly in environments with slow variations.

Collectively, the contributions of this thesis provide robust and efficient solutions for
signal detection, interference control, and noise characterisation in complex broadband

array processing scenarios.
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Chapter 1

Introduction

1.1 Motivation

The rapid growth of wireless communication technologies has led to an increasing
demand for access to the radio frequency (RF) spectrum, creating significant global
challenges to address and exploit spectrum scarcity [6] and underutilization. The RF
spectrum, a finite and valuable natural resource [7], is used in a wide range of appli-
cations, typically spanning 10 MHz to 6 GHz [8]. However, the traditional approach
to spectrum management, in which specific frequency bands are licensed exclusively to
particular users, has proven to be inflexible and inefficient. This static allocation results
in large portions of the spectrum being underutilized and remaining vacant most of the
time [9, 10], while other parts of the RF spectrum experience severe congestion.

As wireless systems increasingly integrate with computing technologies for enter-
tainment, information, and multimedia services, competition for spectrum continues
to intensify [11,12]. Recognizing the inefficiencies in conventional spectrum alloca-
tion, regulatory bodies such as the Federal Communications Commission (FCC) in the
United States and the Office of Communications (Ofcom) in the United Kingdom have
introduced policies to allow unlicensed devices to opportunistically access underutilized
frequency bands, particularly those in the television (TV) broadcast spectrum [13,14].

Measurements in e.g. [1] — illustrated also in Fig. 1.1 — have shown that spectrum
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-100
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Figure 1.1: Example of locally measured radio spectrum occupancy from 0-6 GHz,
showing received power (dBm) versus frequency and integrated over a 24h time window
in an urban environment (Singapore) [1].

utilization in the 0 to 6 GHz range varies widely, from as low as 15% to as high as 85%
with variation in time [15,16], suggesting significant room for improvement in spectral
efficiency. Various studies highlight substantial unused resources in frequency, time,
and space [13,17,18]. Cognitive (CR) aims to utilize underutilized spectrum resources
by opportunistically reusing unused spectrum in various domains [19-21], particularly
by permitting access to additional non-legacy users, which are generally referred to as
secondary users (SUs).

To address these issues, the IEEE formed the 802.22 Working Group to develop
a standard for wireless regional area networks (WRANSs) [22,23], which provides the
required specifications for using for operation in the TV white space spectrum. CR-
enabled WRANS detect the presence of Primary Users (PUs) to avoid interference and
provide broadband access in rural and underserved areas [24-26], with performance

comparable to digital subscriber lines (DSL) or cable [27-29]. According to the IEEE
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Figure 1.2: Cognitive radio capabilities, after [2].

802.22 standard, for example secondary users in the TV white space bands are required
to reliably detect TV and wireless microphone signals and vacate the channel within 2
seconds of detection, thereby ensuring adequate protection of incumbent systems.

CR [2] is an adaptive wireless communication paradigm that enables unlicensed
users, also known as Secondary Users (SUs) or cognitive users (CUs), to access li-
censed spectrum opportunistically, without interfering with the operation of incumbent
PUs [19,30]. CR technology employs intelligent software-driven algorithms to observe,
learn from, and adapt to the RF environment in real time [31], as shown in Fig. 1.2. Its
key capabilities, observation, adaptability, and intelligence enable dynamic spectrum
access (DSA), allowing radios to make decisions based on spatiotemporal spectrum
availability.

The concept of CR communications [32] was first introduced in [2] to improve
spectrum efficiency by exploiting unused or underutilized frequencies, often referred to
as ’spectrum holes’ or 'white spaces’ [33,34]. The spectrum resource available for SUs
is known as a spectrum hole [35]. Fig. 1.3 conceptually illustrates how DSA enables

SUs to identify and utilize unused frequency bands. Through DSA technology, CR
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Figure 1.3: Spectrum band with spectrum holes or white spaces [3]

systems aim to maximize the utilization of available spectrum resources [3,19] while
minimizing interference [2,19,27,36-38]. These technologies have shown great potential
for a range of applications, including next-generation wireless communication systems,
commercial broadband services, and military communications [39-41].

Despite their promise, CR systems face numerous challenges. The most fundamental
requirement is that the SUs must vacate the spectrum when a PU becomes active [42].
Achieving this requires highly accurate and low-latency sensing mechanisms. Moreover,
ensuring reliable communication under varying noise conditions, designing intelligent
interference management techniques, and making real-time decisions in dynamic envi-
ronments remain open research problems [43]. These challenges underscore the need
for advanced sensing, learning, and adaptive decision-making techniques to realize the
potential of CR networks.

The advancement of CR systems from theory to practice is based on four main
areas: environmental awareness, intelligent decision-making, secure operation, and in-
tegration of real-time systems. While significant progress has been made, many of these
challenges are exacerbated in non-stationary or contested wireless environments, where
uncertainty and limited information are the norm.

To address these challenges, this research tackles three key problems in CR systems

aimed at enhancing adaptive and intelligent wireless communication:
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a) Detection of Weak Transient Signals. This work develops methods to reliably
identify short-duration, low-power transmissions in noisy and dynamic environ-

ments for accurate PU detection.

b) Design of Targeted Jamming. This research introduces a judicious jamming ap-
proach in order to suppress undesired users. This method operates effectively in
mixed-user environments without disrupting authorized users, thereby improving

interference management and security.

c¢) Estimation of Time-Varying Noise Power Spectra. To support adaptive sensing,
this work proposes techniques for real-time estimation of noise characteristics.
This can help to identify windows of opportunity when e.g. weak PU signals
may be detected, or may allow for more efficient identification and exploitation

of spectrum holes or white spaces [33].

Together, these contributions address core issues in signal detection, adversarial ro-
bustness, and environmental estimation, advancing the reliability and spectral efficiency
of CR systems operating in complex wireless environments.

By addressing these key issues, this work contributes to the development of more
agile, reliable, and spectrum-efficient CR systems. The proposed methodologies are
based on principles from signal processing and statistics, resulting in a robust and ex-
tensible framework that advances the capabilities of next-generation wireless cognitive

communication technologies.

1.2 Contributions of Thesis
To the best of our knowledge, the novel contributions reported in this thesis are:

e In order to verify a broadband subspace detection method likelihood ratio test
(LRT) and generalised likelihood ratio test (GLRT) approaches are formulated
using covariance terms derived from polynomial matrix methods [44,45]. A com-

parison between this subspace technique and the LRT/GLRT leads to an inves-
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tigation and justification why simple energy-based methods can outperform LRT
and GLRT-based methods despite the latter requiring addition system informa-
tion [46].

e In order to design jamming signals for broadband arrays that can target emerging
sources or non-stationary users [47], this thesis introduces a time-reversal tech-
nique that leverages channel reciprocity to detect transient broadband sources
from their emissions. Such jamming is performed while ensuring that existing

users are protected by spatial nulls utilizing broadband beamforming techniques.

e For the estimation of noise power spectral density in a time-varying scenario based
on a single noise source and across a sensor array [48], a space-time covariance
estimation approach exploits an optimal support estimation which minimises the
estimation error. This can be combined with a low-rank approximation to further
enhance performance. The techniques are assessed and compared to the classical

Welch method of power spectral density estimation.

1.3 Overview of Study

In Chapter 2, we review the literature and the essential background necessary to under-
stand current methods in signal detection, and set the stage for broadband multiple-
input multiple-output (MIMO) techniques based on polynomial matrix formulations
and factorisations. This forms the basis on which the contributions Chapters 3 to 5 are
built to address one of the key problems stated in Sec. 1.1, with Fig. 1.4 illustrating
how these chapters interlink.

Chapter 3 investigates the problem of broadband transient signal detection via poly-
nomial matrix subspace methods. This builds on previous work, which is reviewed and
for which a comprehensive framework is provided. This approach works particularly
well in the presence of stronger users, i.e. when aiming to detect weak signals. We
introduce an LRT and GLRT method to understand how well the subspace method

works against statistically optimal approaches, and provide some insight into the ben-
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Figure 1.4: Links between research presented in the different core chapters of this thesis.

efits of the subspace approach by applying LRT and GLRT to both measurement data
as well as data projected onto a broadband subspace. As depicted in Fig. 1.4, this
approach can in principle be utilized to detect emerging primary users, or potentially
hostile sources as in the originally proposed application of this broadband subspace
approach. The chapter demonstrates that for these cases, a simple energy detection
applied to the subspace method can perform close to or, due to enhanced conditioning,
even outperform, LRT and GLRT implementations, even though the latter methods
require more knowledge of the environment.

In Chapter 4, the design of jamming signals for broadband arrays is addressed
in the presence of known stationary users. Two scenarios are considered: when the
transmission paths to hostile sources are known and when the sources are unknown
but have been previously detected. In this first case, we extend MIMO downlink
techniques to the broadband setting using analytic singular value decomposition (SVD).
In the second case, exploiting channel reciprocity, we apply a time reversal method to
focus the interference on the target user, while aiming at null interference for known
desired users. This method relates to the investigation in Chapter 3 in using the weak
transient signal received for time reversal, as indicated in Fig. 1.4, and can be used to

suppress secondary users, i.e. for aggressive forms of spectrum policing. We compare the
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performance and robustness of the time-reversal approach with that of the well-known
channel beamforming case through simulations. The results show that time reversal
is effective when the reverse signal has sufficient SNR but degrades under high-noise
conditions. Beamforming with full channel knowledge provides an upper performance
bound and offers insight into time-reversal behaviour in more complex scenarios. The
chapter provides a review of the signal detection background, presents interference
design methods, and concludes with an evaluation and discussion of the key findings.

Chapter 5 addresses a key problem within Chapters 3 and 4: finding a window of op-
portunity when, in a fluctuating noise environment, the noise power is sufficiently low,
i.e. the SNR sufficiently benign, to detect weaker environmental signals such as transient
source and to record sequences that can be employed for time-reversal-based jamming.
The simplified problem in this chapter is to estimate the PSD of noise originating from
a single source and measured across an array of sensors. We employ a basis expansion
model (BEM) for this scenario, from which the time-varying ground truth PSDs. We
then explore and compare several data-driven estimation methods. As a baseline, the
standard Welch method is applied. Beyond this, a framework for space-time covariance
estimation is proposed. Recognizing that empirical covariance matrices derived from
finite data are subject to perturbation, we introduce two enhancements: (1) optimal lag
support truncation using a recently proposed criterion and (2) a rank-one approxima-
tion derived via analytic eigenvalue decomposition (EVD). The chapter also provides
the necessary theoretical background to support these approaches. Through examples
and simulations, we examine how key parameters, such as the number of sensors and
properties of the BEM, affect estimation performance.

Chapter 6 summarises the research presented in this thesis and suggests potential

routes that arise for future work.



Chapter 2

Background

2.1 Introduction

This chapter introduces key concepts and contributions to the research presented in
this thesis. Some of the subsequent chapters will contain separate reviews, but there
are two central aspects to the thesis for which some explicit background is provided
below. This includes, firstly, the discussion of recent efforts to detect PU signals within
an RF band in the context of CR communications; to this end, Sec. 2.2 focuses on
energy detection methods.

Secondly, this chapter motivates the analysis of multiple-antenna CR systems using
broadband techniques based on polynomial matrix algebra and provides some back-
ground on these techniques. Here, Sec. 2.3 reviews broadband description of the chan-
nel matrix describing a MIMO system, i.e., co-located antennas (compact array at a
single receiver), the required broadband second order statistics, and discusses when
such broadband descriptions need to be taken into account for problem formulations
instead of the simpler narrowband case. Both the channel matrix and the statistics,
expressed by the space-time covariance matrix, lead to a polynomial matrix notation
with a z-transform. In order to solve such broadband problem formulations, matrix
decompositions are required for such polynomial matrices. A first factorisation, the

parahermitian matrix EVD applied to a space-time covariance matrix, is reviewed in
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Sec. 2.4. This includes the existence of the EVD of parahermitian matrices, some of its
properties such as strong decorrelation and its application for subspace decompositions,
and relevant algorithms. Sec. 2.5 focuses on the polynomial matrix SVD, including the
analytic SVD, its relation to the analytic EVD, and related algorithms and applications.

Sec. 2.6 concludes with a summary of the chapter.

2.2 Energy Detection-Based Spectrum Sensing

In CR systems, SUs must reliably determine whether PUs occupy a frequency band
before accessing the spectrum. There must also be a mechanism to sense whether
a potential PU is entering frequency bands where SUs are currently active. Conse-
quently, spectrum sensing is a fundamental operation whose performance directly af-
fects both the level of interference imposed on PUs and the overall spectral utilisation
efficiency [49]. Accurate detection of primary transmissions are therefore essential for
effective coexistence between PUs and SUs. Generally, the task of spectrum sensing
involves several key sub-tasks [50], including the detection of spectrum holes, spectral
resolution of each detected hole, estimation of the spatial directions of incoming inter-
ferers, and signal classification. A wide range of spectrum-sensing techniques has been
developed for CRs, forming a fundamental component of both standalone CR opera-
tion and cooperative sensing in CRNs, to identify available frequency bands. However,
reliable detection of very weak PU signals remains a significant challenge, particularly
under uncertainty of the noise, fading, and limited sensing time, while also requiring low
computational complexity and implementation cost. Among the various approaches,
energy detection has attracted significant attention due to its simplicity and the fact
that it does not require prior knowledge of the PU’s signal structure. More broadly,
spectrum sensing techniques can be classified based on the bandwidth of the target fre-
quency range into narrowband and wideband sensing. This distinction is fundamental,
as it directly influences algorithm design and problem formulation.

In narrowband sensing, the CR system focuses on a single frequency band, allowing

the use of relatively low-complexity techniques such as energy detection, cyclostation-
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ary feature detection, and matched filtering. In contrast, wideband sensing involves
the simultaneous analysis of multiple frequency bands, necessitating more advanced
approaches, including multiband joint detection, compressive sensing, and Fast Fourier
Transform (FFT)-based spectral analysis.

However, wideband sensing introduces several challenges, including high sampling
rate requirements, increased computational complexity, and the need for fine spec-
tral resolution. Furthermore, classical detection techniques—primarily developed for
narrowband scenarios—are not directly applicable to wideband contexts without mod-
ification, often requiring enhanced or hybrid frameworks.

Understanding the distinction between narrowband and wideband sensing is there-
fore essential for a comprehensive literature review. It provides a structured basis for
evaluating the applicability of different sensing techniques and helps define the scope

of analysis, particularly in relation to energy detection and its advanced variants.

2.2.1 Performance Criteria

Ahead of reviewing a number of methods for energy detection, first, a number of per-
formance criteria are defined. This includes parameters relating to, e.g., probability of
detection (Pp), probability of false alarm (Pga ), detection time, computation cost, and
CSI.

Probabilities of Detection and of False Alarm. Energy detection often involves
detecting the difference in energy or power levels between cases with and without a
PU. This closely relates to hypotheses of a PU being absent or present. As an example,
Fig. 2.1 shows the probability density functions (PDFs) of signal energy measurements
x given that a PU is present or absent, denoted as p(z|PU) and p(z|PU), respectively.
Based on the PDF of energy measurements with a PU present and an arbitrary decision
threshold ¢ (as indicated by the dashed line in Fig. 2.1), we define a probability of

missed detection, Pyp,
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xT

Figure 2.1: Examples PDFs of energy measurements z, p(x|PU) and p(x|PU); ¥ denotes
a decision threshold, which defines the probabilities of missed detection, Py, and of
false alarm, Ppa.

Its complement defines the probability of detection,
Pb=1—-Py. (2.2)
A third metric is the probability of false alarm,
Ppa = /;0 p(x|PU)dx . (2.3)

Ideally, in applications we would like to operate with energy measurements (or other
criteria) where the Pp is as high as possible, i.e. Pp — 1, and the Ppy is as low as
possible, i.e. Ppa — 0.

Separability of Distributions. Setting the decision threshold ¥ therefore results in a
trade-off between Pp and Pga. In order to measure how well two distributions such as
the ones in Fig. 2.1 separate, a receiver operating characteristic (ROC) draws Pp versus
Pra as a function of the threshold 1. The area under the ROC curve then provides a
threshold-independent measure of separability of the two PDFs [51].

Computational Complexity. The computational complexity of a method is impor-
tant as it determines whether it is technically feasible to run on a suitable computational
platform. Computational complexity can be measured e.g., via multiply-accumulate
(MAC) operations, which are the main signal processing operations for digital filter-

ing, such as averaging or discrete/fast Fourier transforms, floating point operations
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(FLOPS), or computation time. These can yield different results, since, e.g., MACs do
not account for overheads such as memory moves.

Accuracy/Robustness. The accuracy and robustness of an algorithm are influenced
not only by the signal-to-noise ratio (SNR) but also by implementation-specific factors
such as finite word length effects, which introduce quantization and rounding errors.
These effects become particularly critical in ill-conditioned problems, where numerical
operations such as matrix inversion may significantly amplify small perturbations.

Time to Decision. Related to the computation time and accuracy is how long it
takes to reach a decision, e.g. in order to detect the presence of a PU. This may depend
on the computational complexity of a method, but also on the amount of data that
needs to be acquired or buffered if e.g. averaging over time is performed. Performance
criteria usually are interdependent, and the time to decision may have to be traded off

against the accuracy of an approach.

2.2.2 Energy Detection Methods

Energy detection is one of the most widely adopted spectrum sensing techniques in
CR due to its computational complexity, low power consumption, very short sensing
time, and generic implementation.  Although recent studies such as [52, 53] inves-
tigate practical implementations and performance enhancements of energy detection
under various channel conditions, they do not constitute foundational contributions.
The theoretical basis and early applications of energy detection in CR systems can be
traced to seminal works such as [54,55], which established its performance over fading
channels and its applicability to opportunistic spectrum access. These contributions,
along with early CR frameworks introduced by [19], form the primary justification for
the widespread use of energy detection, while later works primarily focus on refinements
and implementation aspects. Unlike spectrum sensing methods that use matched fil-
ters [56], energy detection does not require prior knowledge of the PUs’ signal structure.
However, knowledge of some signal statistics, such as the noise variance, is crucial for

accurate detection. Energy detection often struggles to distinguish the PU signal from

13
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noise at low SNR, leading to a high Pgpa. This can reduce detection performance at low
SNR, increase power consumption, and render the technique unsuitable, e.g., low-SNR
techniques such as spread-spectrum methods [57]. In operation, the SU monitors the
spectrum allocated to the PU and transmits data to its receiver as long as it detects
no PU transmission.

In recent years, numerous studies have focused on spectrum sensing and energy
detection methods within CRNs. Articles [58-67] highlight the improvement of detec-
tion performance while minimizing disruptions caused by SUs for licensed operators.
The authors in [58] introduce a new generalized spectral detection technique called
constant energy, which enables the quick and reliable detection of all PU signals. They
utilize theoretical analysis and computational simulations to evaluate the performance
of this approach. The results demonstrate that the proposed method achieves higher
detection probabilities and faster detection times than conventional energy (i.e., clas-
sical threshold-based energy comparison method used in CRNs to detect primary users
without prior knowledge of their signals) detection, with only a slight increase in com-
putational complexity. Spectrum sensing schemes, despite their popularity, have no-
table limitations, as summarized in [57]. Energy detection is cost-effective but highly
sensitive to noise, resulting in poor detection at low SNR and high false-alarm rates.
Cyclostationary feature detection enhances performance under low SNR but requires
significant computational resources and longer sensing times. Matched filter detection
is optimal when the PU signal is known, though this increases complexity and costs.
Covariance-based methods are robust to noise without requiring knowledge of the PU
signal. Still, they perform poorly with uncorrelated signals and typically require longer
sensing times and more computational power.

The study presented in [59] demonstrates the effectiveness of global adaptive thresh-
old estimation, wherein sensing statistics collected from multiple SUs are aggregated
to compute a network-wide detection threshold. Such cooperative approaches enhance
detection reliability by mitigating the effects of fading and shadowing. However, this

framework is developed under the assumption of a stable (stationary) environment,
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where the statistical properties of the received signal and noise—particularly noise vari-
ance and signal power—remain constant or vary negligibly over time. Under these sta-
tionary conditions, threshold adaptation based on globally estimated statistics can be
performed reliably. In contrast, the present work addresses transient and non-stationary
scenarios, characterized by time-varying signal, interference, and noise statistics due to
mobility, dynamic spectrum access, or intermittent jamming. In such environments, the
assumption of statistical stability no longer holds, rendering global threshold estima-
tion potentially outdated or inaccurate. Rather than emphasizing threshold adaptation,
the proposed approach exploits the relative temporal behavior of the received signal,
thereby reducing sensitivity to noise uncertainty and abrupt environmental changes.
Consequently, a direct comparison with global adaptive-threshold-based energy detec-
tion methods is not straightforward, as the underlying statistical assumptions differ
fundamentally. Future work may explore hybrid frameworks that incorporate coop-
erative (global) sensing statistics while maintaining robustness under non-stationary
conditions.

In [60], a novel spectral detection strategy is proposed that emphasizes both energy-
and spectrum-efficient sensing. The method performs wideband sensing to identify va-
cant sub-bands within a PU’s licensed spectrum and subsequently monitors energy
variations to detect the PU’s reappearance. Compared with conventional periodic
wideband sensing and traditional energy detection schemes, the proposed algorithm
reduces sensing duration and processing overhead, thereby lowering the energy con-
sumption of secondary users. This reduction in sensing overhead limits unnecessary
interference with both PUs and other SUs while enabling more frequent data trans-
mission, which improves throughput without compromising the reliable protection of
licensed users. The authors evaluate their approach against conventional spectrum
sensing techniques through theoretical analysis and CRN simulations, demonstrating
improved channel detection performance and spectrum utilization efficiency. Further-
more, the study in [61] provided a comprehensive survey of recent advances in spectrum

detection, examining the effectiveness and limitations of narrow-band and wide-band
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spectrum detection techniques, as well as the challenges associated with their imple-
mentation. However, these works primarily focus on the mathematical models that
underpin spectrum sensing metrics, which limits insight into how such methods per-
form under practical operating conditions. In particular, many existing studies assume
idealised conditions and do not adequately account for non-ideal factors such as hard-
ware impairments, noise uncertainty, non-stationary interference, dynamic jamming,
and spatially varying channels. These factors can significantly degrade sensing perfor-
mance and are critical in practical systems. As a result, the robustness and scalability
of these techniques remain insufficiently explored in realistic scenarios, especially in
MIMO and beamforming-based systems, where additional complexities such as chan-
nel estimation errors, antenna coupling, and beam misalignment may arise.

Window-based energy detection has been widely explored to improve signal de-
tectability in challenging environments and for bursty transmissions. In cooperative
sensing scenarios, window-based energy detection has been shown to significantly en-
hance detection performance by exploiting spatial diversity. For instance, in rural prop-
agation environments, window-based energy detection was evaluated alongside a local-
ization approach based on double-thresholding and forward-consecutive-mean excision,
with both techniques estimating individual detection probabilities [62]. Simulation re-
sults demonstrated that window-based energy detection consistently outperformed the
double-thresholding localization method. At the same time, cooperation among sensing
nodes extended the signal detection range by up to five times, depending on system
parameters such as signal bandwidth, decision rules, and the number of cooperating
nodes.

Beyond cooperative window-based processing, energy detection techniques have also
been extended to address practical receiver impairments. In this context, the Wavelet-
based energy detection spectrum-sensing technique was introduced in [64], employ-
ing double-resolution spectral cooperative detection and a high-frequency harmonic-
rejection mixer to mitigate harmonic mixing. The proposed approach achieved sub-

stantial harmonic rejection, making it suitable for energy-efficient ultra-wideband CR
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systems.

Complementary to cooperative sensing gains, window-based energy detection has
also been investigated for detecting burst signals without prior knowledge of their struc-
ture. By employing short observation windows, an energy sensing scheme was proposed
that enables reliable detection of bursty signals while maintaining a prescribed Pra [63].
The analysis identifies the optimal window length that maximizes captured burst en-
ergy and characterizes the resulting detection performance (Py) and energy efficiency,
demonstrating clear performance improvements over conventional energy detection ap-
proaches.

Meanwhile, in [68], the author presents a theoretical formulation of a spectral de-
tection technique based on the standard condition number (i.e., the matrix condition
number) within an asynchronous CRN. The study examines how asynchronous scenar-
ios—where the SU must learn or estimate the PU communication timing—impact the
spectral detection performance. The proposed analytical framework for cooperative
asynchronous spectrum detection does not assume synchronization among the SUs; in-
stead, asynchrony is defined relative to the timing relationships among the SUs and
the PU.

Reference [65] investigated energy detection—based spectrum sensing to determine
the presence of a PU. The study analyzed the Pp and the Pga for an individual sensing
node (SU) operating over an AWGN channel. The results showed that Pp is strongly
influenced by the energy detection decision threshold and improves with increasing
SNR. Additionally, employing different modulation schemes across both fading and
non-fading channels was shown to enhance detection performance, while more extended
observation intervals further improved sensing reliability.

Extending conventional energy detection, [67] evaluated the performance of CRNs
using an enhanced (generalized) energy detector under various fading channel models
and different relative velocities of SUs. The enhancement is achieved by introducing
an arbitrary power parameter that generalizes the conventional energy detector by

raising the received signal energy to a tunable exponent. Simulation results showed
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that the optimal value of this parameter depends on both SU mobility and the number
of cooperating SUs, thereby significantly affecting detection performance.

Several studies have investigated adaptive threshold-based energy detection tech-
niques to improve spectrum sensing performance, particularly in low SNR environ-
ments. The works in [69-73] highlight various adaptive strategies to overcome the limi-
tations of conventional fixed-threshold energy detection approaches. In [74], a modified
dual-threshold cooperative energy detection scheme was proposed to mitigate PU em-
ulation attacks. The study reports a significant reduction in the impact of such attacks
while maintaining reliable detection performance.

A subset of these studies focus on optimizing the trade-off between detection prob-
ability and false alarm rate. In [69], the authors proposed a method to identify an
optimal detection threshold at low SNR that simultaneously satisfies Ppa < 0.1 and
Pp > 0.9. Unlike traditional constant false alarm rate and constant detection rate
approaches [75], the proposed method aims to minimize the probability of error while
maximizing throughput across varying SNR levels.

Another research direction addresses the uncertainty in adaptive threshold design
due to noise. In [71], an adaptive spectrum energy detection approach was developed
under AWGN assumptions, with performance evaluated in terms of Pp and Pga. The
results indicate that the detection probability increases with SNR, whereas expanding
the bandwidth factor reduces detection performance. Furthermore, the same study in-
troduced an adaptive threshold computed from a noise uncertainty factor estimated via
sliding-window resampling of the received signal, demonstrating improved robustness
compared to conventional constant-threshold energy detection.

In [72], an adaptive multi-stage threshold model was presented to enhance energy
detection performance at low SNR. The approach focuses on maximizing Pp while
maintaining constraints on the false alarm rate by determining appropriate thresholds
at each detection stage. The reported results show improved utilization of spectrum
holes compared to traditional energy-detection schemes.

From an algorithmic perspective, the three-event energy detection algorithm pro-
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posed in [73] incorporates an adaptive detection threshold approximated by the Newton
method, thereby ensuring convergence to an optimal decision threshold. Simulation re-
sults demonstrate that this approach outperforms conventional energy detection across
various wireless network environments.

A summary of the above energy-based detection for spectrum sensing methods for

CR applications is provided in Table 2.1.

2.2.3 Cyclostationary Feature Detection

Cyclostationary feature detection (CFD), introduced by [76], is a signal detection tech-
nique that utilizes periodic statistical properties inherent in communication signals.
These properties arise from factors such as carrier frequencies and modulation schemes,
leading to variations in statistical measures such as the mean and autocorrelation func-
tion. Unlike stationary noise processes, communication signals exhibit periodic behav-
ior, enabling CFD to effectively distinguish between noise and structured signals, even
in low SNR conditions.

In narrowband CR systems, the received discrete-time signal can be expressed as
y[n] = h - z[n] + wln], (2.4)

where z[n] denotes the transmitted PU signal, h represents the channel gain, and w[n]
is AWGN. A signal is cyclostationary if its statistical moments, like mean and auto-
correlation, show periodicity over time [77,78]. Practical examples include sinusoidal
carriers, pulse trains, and spreading sequences. These periodic structures are crucial for
cognitive radio, allowing for reliable detection of PU signals. Cyclostationarity refers
to the correlation of a signal with its frequency-shifted versions [76,79], quantified by

the cyclic autocorrelation function (CAF) defined as
Ry [T] = E{y[n]y* [n — T]e*ﬂmn} (2.5)
where a denotes the cyclic frequency and 7 represents the time lag. The spectral rep-
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Table 2.1: Summary of energy detection

Ref. Method Complexity Accuracy Speed
[52,53] Classical energy detection | Very low Poor at low SNR; | Very fast
(ED) without prior PU sensitive to noise
knowledge uncertainty;  high
Pra
[58] Constant Energy general- | Low—moderate Higher Pp than | Faster than
ized spectral detection conventional ED classical ED
[59] Adaptive threshold ED | Moderate Global  adaptive | Moderate
(local vs global) methods  outper-
form local ones
[60] Energy- and spectrum- | Moderate Improved channel | Faster sens-
efficient ED with wide- detection and uti- | ing than con-
band sensing lization ventional ED
[62] Window-based ED and | Moderate Window-based ED | Moderate
double-threshold localiza- yields higher Pp
tion (cooperative)
[63] Short-window ED  for | Low Improved Pp and | Very fast
burst signal detection reduced Py
[64] Wavelet-based ED with | High High detection | Moderate
harmonic rejection accuracy in ultra-
wideband CR
[65] Threshold-based ED un- | Very low Pp improves with | Very fast
der AWGN SNR and observa-
tion length
[67] Enhanced ED under fad- | Moderate Improved robust- | Moderate
ing and SU mobility ness; sensitive to
SU velocity
[69] Optimal adaptive thresh- | Moderate High Pp (>0.9) | Moderate
old ED at low SNR with controlled
Pra
[71] Adaptive threshold ED | Moderate Outperforms Moderate
using noise uncertainty es- constant energy
timation detection under
noise uncertainty
[72] Multi-stage adaptive | Moderate-high | Significant Pp im- | Moderate
threshold ED provement at low
SNR
[73] Three-event ED  with | Moderate-high | Higher  detection | Moderate
Newton-based  adaptive accuracy than tra-
threshold ditional ED
[74] Dual-threshold coopera- | High Excellent  robust- | Moderate
tive ED for PU emulation ness against PU

attack mitigation

emulation attacks
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resentation of this function, known as the cyclic spectral density or spectral correlation

function (SCF), is obtained by taking the Fourier transform, such that

o

Sy, a) = Y Ro[r]le 1 (2.6)
T=—00
where f is the spectral frequency. The presence of distinct peaks in Sy(ejg,a) at
non-zero cyclic frequencies (« # 0) indicates cyclostationarity and, consequently, the
presence of a structured communication signal. In contrast, AWGN does not exhibit
such features, as its spectral correlation is theoretically zero for all non-zero cyclic
frequencies.

CFD operates as a first-order or second-order detector based on statistical proper-
ties, with second-order detection being more common due to its reliance on the period-
icity of the autocorrelation function. Higher-order cyclostationary techniques improve
robustness in challenging environments but add computational complexity. CFD excels
at detecting signals at low SNR, distinguishing structured signals from noise by their
signal-specific periodicities. However, it requires significant computational resources,
longer observation times, and often depends on prior knowledge of signal parameters,

which may be unavailable in dynamic conditions.

2.2.4 Matched Filter Detection

Matched filter detection (MFD) maximizes output SNR in additive noise and is the
optimal method for detecting known deterministic signals in Gaussian noise [56, 80].
It plays a vital role in CR systems by accurately determining spectrum occupancy
using prior knowledge of PU signal characteristics. The MFD scheme enables SUs
to demodulate signals by requiring knowledge of PU signaling characteristics such as
frequency, modulation type, bandwidth, and frame structure. It is most effective with
pre-known PU patterns, such as pilot signal, preamble, etc., to assist synchronisation,
signal detection, and other purposes [81]. Wideband matched filter techniques enable

multiband CR to dynamically identify spectral opportunities by correlating received
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signals with PU patterns.

MFD differs from energy detection and CFD by requiring precise knowledge of the
transmitted PU waveform. It uses a matched filter for correlation with a known refer-
ence template, maximizing output SNR and achieving optimal detection performance
in ideal conditions. The received discrete-time signal is modelled as in (2.4), where
the matched filter output yyr[n] is obtained by convolving the received signal with the

filter’s impulse response, expressed as

+oo
ymr[n] = Y hln = vyl , (2.7)
V=—00
where the impulse response h[n] is designed as a time-reversed and conjugated version
of the known PU signal:
h[n] = s*[T — n], (2.8)

with s[n] representing the reference PU signal and T its duration. In practical imple-
mentations, the received signal is digitized using an analog-to-digital converter (ADC)
and then correlated with stored pilot sequences of the PU signal. The matched fil-
ter output acts as a decision statistic, compared to a predefined threshold for binary
hypothesis testing to determine the presence of the PU signal.

The matched filter maximizes output SNR and requires fewer samples for a desired
detection probability compared to non-coherent methods like energy detection. Specif-
ically, the number of required samples scales proportionally to O(1/SNR), whereas
energy detection typically requires O (1/SNR?) samples [82]. This property makes
MFD particularly attractive in low SNR environments.

MFD offers optimal performance but has key limitations, primarily the need for
complete and accurate prior knowledge of PU signal parameters, which isn’t always
available in dynamic environments. Mismatches in timing, frequency, or phase can
degrade detection. Additionally, in heterogeneous scenarios with multiple PU signal
types, the need for multiple matched filters increases computational complexity and

power consumption, making MFD less suitable for energy-constrained devices. MFD
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optimizes performance by maximizing output SNR through coherent detection, making
it effective with accurate prior knowledge of the PU signal. However, its reliance on pre-
cise signal information, sensitivity to parameter mismatches, and high implementation

complexity limit its practical use in CR environments.

2.2.5 Covariance-Based Detection

A covariance-based feature detection scheme identifies the presence of a PU signal using
singular value decomposition (SVD) and the sample covariance matrix of the received
signal y[n]. The statistical covariance matrices of the received signal and noise differ,
allowing for the differentiation of the desired signal from noise [83,84]. In an AWGN
channel, the noise samples correlate with zero in different time instances, while the sig-
nal samples exhibit a positive correlation if the duration of the data symbol exceeds the
time separation [85,86]. The eigenvalues of the covariance matrix R, (M) are computed
via a singular value decomposition (SVD), and the ratio of the maximum eigenvalue to
the minimum eigenvalue can be calculated using random matrix theory [87,88]. This
ratio is compared to a predetermined threshold to assess the presence of the primary

signal. The sample covariance matrix of y[n| is estimated using:

P—-2+M

S ylnlyin, (2.9)

1 P~
n=P—1

R, = L
where y(n) € CK is the received signal vector, M denotes the number of samples
used for averaging, and P defines the starting index of the observation window (e.g.,
related to smoothing or subarray selection). An analysis of covariance matrix-based
detection reveals that the CoFD scheme performs poorly in fast-varying fading channels
compared to slower ones. Increasing the smoothing factor and the correlation in the
decision metric improves the detection rate. This method enhances spectrum sensing in
CRNs and is incorporated into the IEEE standard 802.11af for TV white space usage.
Its threshold value is independent of SNR, ensuring robustness against noise uncertainty

without prior knowledge of the primary signal, noise, or channel. Additionally, a cost-
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effective mean-square extreme eigenvalue method has been proposed for blind primary

signal detection in [89].

2.2.6 MIMO-Based Change-Point and Energy Detection

The use of multiple co-located antennas in the CR receiver can significantly enhance
spectrum sensing performance by exploiting spatial diversity and array processing gains.
These advantages improve detection reliability, spectral efficiency, and energy efficiency,
enabling robust operation even in low SNR regimes [90]. In sequential detection set-
tings, multi-antenna processing is particularly valuable, as it improves the reliability of
test statistics under short sensing intervals and uncertain channel conditions.

Among multi-antenna spectrum sensing techniques, the generalize likelihood ratio
test (GLRT) has emerged as a natural extension of sequential detection frameworks, as
it can accommodate unknown signal and noise parameters. GLRT-based approaches
that exploit spatial information, such as beamforming and direction-of-arrival (DOA)
estimation, have demonstrated superior detection performance [91]. However, their
reliance on accurate spatial parameter estimation limits robustness in dynamic en-
vironments. More general GLRT formulations developed for adaptive MIMO systems
have shown improved resilience to unknown disturbance covariance matrices [92], albeit
at the cost of increased hardware complexity and power consumption.

To address CSI uncertainty, several studies have derived LRT for MIMO CR net-
works under imperfect CSI, providing analytical expressions for performance metrics
such as Pra [93]. Bayesian extensions of the GLRT have further improved detection
performance in limited-sample multi-antenna scenarios [94], while cooperative GLRT-
based sensing schemes have enhanced robustness through spatial diversity [95]. Despite
their effectiveness, these methods are primarily designed for batch processing and do
not explicitly optimize detection delay, a key consideration in sequential sensing.

Eigenvalue- and subspace-based detection methods constitute another important
class of multi-antenna spectrum sensing techniques. By exploiting the structure of the

received signal covariance matrix, these methods offer robustness to noise uncertainty
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and reduced dependence on CSI. Eigenvalue-based detectors have been shown to out-
perform classical energy detection in both single- and multi-antenna CR systems [96],
while interference-aware subspace methods further improve detection performance by
mitigating structured interference [97,98]. However, the need for reliable covariance
estimation often necessitates relatively long observation windows, limiting their appli-
cability in fast sequential detection scenarios.

To overcome the limitations imposed by CSI uncertainty and estimation overhead,
CSlI-free and low-complexity multi-antenna detection schemes have been proposed.
Generalized F-test-based detectors eliminate the need for CSI while providing closed-
form performance analysis [99]. Tensor-based detection frameworks extend these ideas
to higher-dimensional signal representations and have demonstrated improved detec-
tion capability in fading environments [100], though at increased computational cost.
Recent work has also emphasized energy efficiency and practical deployment consider-
ations, with two-stage MIMO sensing frameworks reducing energy consumption while
enhancing detection performance [101] and weighted eigenvalue detection improving
throughput and detection reliability in IoT-oriented multi-user MIMO systems [102].
Additional studies have examined the impact of fading, antenna correlation, and mo-
bility, highlighting the sensitivity of conventional detectors to dynamic operating con-
ditions [103].

The above MIMO techniques for energy and change point detection in the context

of CR applications are summarised in Table 2.2.

2.2.7 Discussion

Tables 2.1 and 2.2 collectively reveal the inherent trade-offs among spectrum sensing
techniques in CRNs, particularly with respect to computational complexity, detection
accuracy, sensing speed, and implementation feasibility. Classical energy detection re-
mains attractive due to its low complexity and fast sensing; however, its performance
deteriorates significantly under low-SNR conditions and in the presence of noise un-

certainty. Sequential and GLRT-based detectors achieve reduced detection delay and
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Table 2.2: Multiple Antennas-Based Spectrum Sensing

’ Ref. ‘ Method ‘ Complexity ‘ Accuracy ‘ Speed
[91] | GLRT with DOA and | High Outperforms clas- | Moderate
beamforming sical detectors
[92] | Adaptive MIMO GLRT | Very high High robustness | Slow
detectors to disturbances
[93] | LRT under CSI uncer- | Moderate Improves  with | Moderate
tainty SNR
[94] | Bayesian GLRT for | High Superior  detec- | Moderate
multi-antenna CR tion with limited
samples
[96] | Eigenvalue-based Moderate Better than | Moderate
MIMO sensing Energy detection-
based methods
[99] | MIMO generalized F- | Moderate Accurate without | Moderate
test via SVD CSI
[102] | Weighted eigenvalue de- | Moderate Improved detec- | Moderate
tection tion gain and
throughput
[101] | Two-phase inten- | Moderate—high | Significant Pp im- | Moderate
sive/precise MIMO provement
detection
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improved low-SNR performance by leveraging statistical modelling and prior informa-
tion. However, their effectiveness is sensitive to modelling inaccuracies and parameter
uncertainty.

Multiple-antenna-based sensing techniques provide the highest detection reliability
by exploiting spatial diversity and beamforming gain, yet their increased hardware
requirements and algorithmic complexity can limit practical deployment in energy and
cost-constrained systems. However, when overall focusing less on what is technically
feasible and more on what is scientifically possible, a multi-antenna approach utilising
LRT or GLRT techniques is advantageous, particularly when it is considered as a

performance benchmark.

2.3 Broadband Multiple-Input Multiple-Output Systems

Descriptions

2.3.1 Broadband Channel Description

If we assume a CR system that involves potentially several transmitters and receivers,
the system between transmit and receive antennas is described as a MIMO system.
Transmission should generally be considered as a broadband system if the delay spread
of the channel between any pair of transmit and receive antennas exceeds one period
of symbols. Thus, channels need to be characterised by their impulse responses. This
type of channel is described below.

Given L transmit and M receive antennas, and a channel impulse response ¢, ¢[n]
between the fth transmit and the mth receive antenna, £ =1,..., L,andm =1,..., M.

The arising MIMO channel matrixcan be compactly represented by a matrix-valued
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x[n] ﬁ O f yln]

L —M

Figure 2.2: Block diagram of MIMO system C[n] € CM*L a with input x[n] € C* and
output y[n] € CM |

c (CMXL

impulse response C|[n] , whose (m, £)-th entry is ¢, ¢[n].

cialn] capqln] ... cnn]
Cn] = 62’1-[71] 2l _ Cz’L-[n] (2.10)
i cemiln]  emz2(n] e, n] |
If L transmit signals xy[n], £ = 1,..., L and M receive signals y,,[n], m =1,..., M

are organised into vectors x[n] and y[n] such that

[ aifn] | [l
x[n] = a:gz[n] , and y[n|= yg[n] (2.11)
| zLln] | | ymln] |

then the input-output behaviour can be written as
o0
yln] =Y Clx[n — v] = C[n] * x[n] (2.12)
v=0

where * is the short-hand notation for the convolution operation in (2.12). The block
diagram illustrates this system in Fig. 2.2. It is assumed that C[n] only contains causal
filters, such that C[n] = 0¥n < 0 1.

When taking the z-transform for Cn|, we obtain a matrix of transfer functions

! Causality combined with stability will be an important property for C[n] to be a matrix of analytic
functions. Otherwise, causality and stability may be traded off against each other; consider e.g. the
causal but unstable 1/(1+2z") = 3°° 12”27 " versus 1/(1+227") = 232 (($)"2", which is stable
but anti-causal.
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C(z),
C(z) = Z Cln]z"", (2.13)
n=0

or for short C[n] o—e C(z), which assumes that all channel impulse responses are
absolutely convergent, such that ) |¢, ¢[n]| < co. The resulting transfer functions are
then analytic within some region of convergence that includes at least the unit circle.
Analyticity implies important properties such as infinite differentiability, i.e., smooth
behavior of the functions contained in C(z). Because it only contains power in 271,
the transfer function matrix C(z) is generally a power series. If the channel in (2.10)
comprises of finite impulse responses such that also C[n] = 0 for n > N, then the
entries of C(z) are polynomials, and C(z) is referred to as a polynomial matrix. The

name ‘polynomial matrix’ is often used beyond this narrow definition, and also covers

matrices with elements consisting of more general powers or Laurent series.

Example 1 For a randomly created channel Cln] with M = L = 2, Fig. 2.3 shows the
channel impulse responses ¢y, ¢[n] of order 10, i.e. of length N = 11. Thus, the impulse

responses outside the window 0 < n < N are zero.

2.3.2 Space-Time Covariance Matrix

In order to describe the statistics of a signal vector, say x[n] in Fig. 2.2, the space-time
covariance matrix R[7] has played a major role in solving various problems related to
the processing of broadband signals [104-107]. Given the signal samples x[n] € C¥, the
statistical expectation operator £{-}, and the Hermitian transpose operator {-}1, the

space-time covariance matrix [107-110]
R[7] = & {x[n]x"[n — 7]} (2.14)

captures both spatial and temporal correlations. In (2.14), 7 € Z denotes the discrete

lag parameter [107], which generalises the standard narrowband or instantaneous co-
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Figure 2.3: Channel Cn] for Example 1 comprising of channel impulse responses
cmeln], m,¢ = 1,2, with (o) and (x) symbolising real and imaginary parts, respec-
tively.
variance R = € {x[n]x"[n]} to include temporal correlations; note that for zero lag in
(2.14), we have R = R[0].

The definition in (2.14) implies that R[7] comprises of cross-correlation functions.

In the mth row and pth column of R[7], we find the element 7y, ,[7] = Z[n]x),[n — 7].

Since

rum|7] = E{zpunzy, [n — 7]} = E{a}, [n|zun+ 7]} =€ {xm[n]x;[n + T]}* (2.15)

= -7, (2.16)

m,p

the space-time covariance matrix satisfies the parahermitian symmetry
R[7] = RH[—1], (2.17)

which generalises the Hermitian property of the narrowband, instantaneous covariance
matrix R = R[0] = R"[0]. The property in (2.17) is sometimes also referred to as

palindromic symmetry [111]. For the case of M = 2 sensors, the space-time covariance
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takes the form

R[r] = (2.18)

_ _ . (2.19)
ro1[7] roo[7] ria[=T] rool7]

The diagonal entries correspond to the autocorrelation functions of each signal in
x([n], while the off-diagonal entries capture cross-correlations between pairs of signals.
When taking the z-transform of the space-time covariance matrix R|[7], we obtain
the cross-spectral density (CSD) matrix R(z) e—o R[n] [108]. Because of (2.17), we
find that from (2.17) which establishes the Hermitian symmetry property in the lag
domain. Taking the z-transform of R[r], we obtain the cross-spectral density (CSD)

matrix

R(z)= > Rl (2.20)

T=—00

Using the symmetry property R[r] = RH[—7], we have

R(z) = > RF[-7]z7". (2.21)

T=—00

By substituting £k = —7, this becomes

R(z) = i R (k)" (2.22)

k=—oc0

Recognizing that zF = (1/ z*)fk and taking the Hermitian transpose, we obtain
R(2) - {R(1/2")}" (2.23)
Therefore, the CSD matrix satisfies the parahermitian symmetry property
RP(:) = {R(1/=")}" = R(2), (2.24)
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where {-}¥ is the parahermitian transpose operator, which applies a Hermitian trans-
position and time reversal. A matrix that satisfies the property (2.24) is termed a
parahermitian matrix. CSD matrices, therefore, are parahermitian matrices by con-
struction; this impacts the EVD, which we will explore further.

In order to compare the CSD matrices between the input and the output of a
system as in Fig. 2.2, we define the space-time covariances R[] = & {x[n]x"[n — 7]}
and Ry[7] = &{y[n]yf[n — 7]}, and their associated CSD matrices Ryx(z) e—o Ry[T]
and Ry(z) e—o Ry[7]|. Using the time domain relation (2.12),

H
Ry[r] =€) Clyx[n —v] (Z Clulx[n — 7 — M]) (2.25)
v M

=Y CWE{x[n—vix[n — 7 — u)"} CH[y] (2.26)
= ClWRx[7 + 1~ v] CH[y] (2.27)
= CJ7] * Rx[7] * CH[—1]. (2.28)

For CSD matrices, the result in (2.28) is equivalent to
Ry (2) = C(2)Ry(2)C" (2). (2.29)

If Fig. 2.2 is an innovation model [112] with temporally and spatially uncorrelated input
signals that are zero mean and unit variance s.t. Rx(z) = I, with I, an L x L identity
matrix, then Ry (z) = C(2)C"(z), and the system C(z) explains the spatio-temporal
correlations of y[n]. In that case, note that if C(z) is a polynomial, C(2)C¥ (z) will
be Laurent polynomial (i.e. of finite order); if C(2) is a power series, the C(2)C¥(z)
will be Laurent series (i.e. potentially of infinite order). As opposed to polynomials
and power series, Laurent polynomials and Laurent series, respectively, are finite and

infinite order expressions in both z and z7!.

Example 2 If the channel matriz C[n] from Ezample 1 is excited by an input x[n]
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Figure 2.4: Space-time covariance matrix for Example 2 comprising of cross-correlation
sequences Ty, ,[T], m, = 1,2, with (o) and (*) symbolising real and imaginary parts,
respectively.

that is spatially and temporally uncorrelated with zero mean and unit variance, then the
space-time covariance matriz of the output y[n] = C[n] xx[n] is Ry[r] = C[r]* C![-7]
as shown in Fig. 2.4. Note the conjugate symmetry of the diagonal elements with

rialr] =15, [=7].

2.3.3 Broadband versus Narrowband Consideration

Secs. 2.3.1 and 2.3.2 covered broadband generalisation of narrowband concepts — chan-
nel matrices containing impulse responses rather than complex gain factors, and space-
time instead of instantaneous covariance matrices. We will now briefly review under
which circumstances it is important to ensure that such broadband aspects are cap-
tured, i.e., when it is insufficient to rely on narrowband description only.

For channel characterisation, such as in Sec. 2.3.1, a narrowband system applies a
complex gain that can impose a frequency-independent amplitude and phase change
on a signal. This is suitable if, e.g., the delay spread of the channel is small relative to
the symbol time or sampling period of the transmitted signal. Another rule of thumb
is that channels should be characterised as broadband if the fractional bandwidth —

the ratio between bandwidth and carrier frequency — exceeds a certain percentage.
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This fractional bandwidth limit is typically stated between 5 and 10%, but in array
configurations also depends on the array aperture [113]: the wider the aperture, the
lower the fractional bandwidth limit for a scenario to be considered broadband.

Since we address CR systems with multiple antennas, the spatial information of
signals is important. Given a signal arriving at different receive antennas, the direction
of propagation resides in the relative delays with which the signal arrives at the different
antenna array elements. In the narrowband case, these delays reduce to phase shifts,
and the spatial correlation between different antenna signals is entirely captured by the
complex-valued elements of the instantaneous covariance matrix expressed in terms of
these phase shifts. In the broadband case, we must consider explicit time delays, and
hence a lag value must be included in the space-time covariance matrix R[7]. The
boundary between the two cases is somewhat fluent, but a number of indicators can be
found in the literature. For example, if the signals received by different elements of the
array are not fully correlated — which happens when the array is large compared to
the signal wavelength or when the signal has a wide bandwidth — the system should
be treated as broadband [114]. There are other indicators, for example, if the rank
of the instantaneous covariance matrix exceeds the number of independent sources in
the environment [115], or if performance metrics such as for angle-of-arrival (AOA)
estimation start to drop [116-119].

By selecting the correct description via narrowband or broadband considerations,
e.g. optimisation problems based on channels or signal power can be adequately for-
mulated. The solution to such problems then often requires factorising, e.g., channel
matrices or covariances in the narrowband case. To extend this utility of the broadband
case, Secs. 2.4 and 2.5 review factorisation techniques for polynomial matrices that will

be exploited in later chapters of this thesis.
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2.4 Eigenvalue Decomposition of a Parahermitian Matrix

2.4.1 Parahermitian Matrix EVD

The standard EVD [120] applies to ordinary matrices with real- or complex-valued
entries. If evaluated for a space-time covariance matrix R[7] or a CSD matrix R(z), the
EVD can generally only diagonalise such a system for one specific parameter 7 or z. To
extend the diagonalisation across all parameter values for 7 or z, we require to extend
the EVD to a polynomial matrices [107]. Specifically, for a parahermitian, analytic

matrix R(z), there exists in almost all cases a parahermitian matrix EVD [109,110,121]

R(z) = Q(2)A(2)Q"(2) (2.30)

such that A(z) is a diagonal, parahermitian matrix of eigenvalues, and the paraunitary
matrix Q(z) = [q,(2),...,q,s(z)] contains in its columns the corresponding eigenvec-

tors. Both factors can be selected to be analytic, paraunitarity implies that [108,122]

Q()Q"(2) = Q"()Q(2) = L. (2.31)

For A(z) = diag {\1(2), ..., A\m(2)}, the parahermitian property AP (z2) = A\, (2),m =
1,..., M implies that when evaluated on the unit circle, A (eJQ) € R. These properties
are generalizations of the EVD of a Hermitian matrix.

The analytic eigenvalues A, (z) in (2.30) are distinct up to their ordering within
A(z). If there are no identical eigenvalues, i.e., if Ay, (2) = A, (2) only holds for m = p,
then their corresponding eigenvectors are unique up to an arbitrary allpass function

dm(2): if q,,(2) is a valid mth eigenvector of R(z), then so is ¢, (2)g,,,(2)-

Example 3 For the CSD matriz of Example 2, the factorisation R(z) = Q(2)A(2)QF (2)
is shown in Fig. 2.5. Note that in this case Q(z) is a polynomial of order 4, while the
parahermitian and diagonal A(z) is a Laurent polynomial of order 8. An arbitrary
allpass can modify the eigenvalues. If this allpass is anything other than a delay, then

Q(z) is generally a power series of infinite order. In addition, the evaluation of the
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Figure 2.5: Parahermitian matrix EVD factors (a) Q[n] c-e Q(z) and (b) A[7] o A(z)
for Example 3, with (o) and (*) symbolising real and imaginary parts, respectively.

eigenvalues in the unit circle, A\, (ejQ), m = 1,2, is illustrated in Fig. 2.6.

2.4.2 Application to Strong Decorrelation and Subspace Decomposi-

tion

Assume that a measurement vector x[n] has a CSD matrix Rx(z) with the paraher-
mitian matrix EVD Ry(2) = Q(2)A(2)QF (z). We now use the parahermitian of the
eigenvector matrix, QY (2), to process the data as shown in Fig. 2.7(a). Because Q(z) is
paraunitary, the transformation y[n] = Q" [—n]*x[n] with Q[n] o—e Q(z) reserves the
total signal power & {|ly[n][3} = € {|x[n]||3}. This is analogous to a unitary rotation
in frequency space: it changes the basis to one in which the signals are decorrelated
but does not amplify or attenuate energy. For the CSD of y[n| we find based on (2.29)
that Ry(2) = QY (2)Rx(2)Q(2) = A(2). The diagonal CSD matrix indicates that all
elements of y[n] in Fig. 2.7(a) are decorrelated, but do not amplify or attenuate energy.
The diagonal matrix A(z) resulting from this transformation contains the individual
power spectra of the decorrelated components, providing both a measure of their en-
ergy distribution for all possible lag values 7, and this property of y|[n| is referred to
as a strong decorrelation [108,123]. This is a useful property for applications such as

subband coding [124] or source enumeration [125].
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Figure 2.7: Applying parahermitian matrix factors for (a) strong decorrelation and (b)
subspace decomposition.

The parahermitian matrix EVD can also be used for defining subspaces. To explore
this, assume the situation of Fig. 2.2 with an input CSD matrix Rx(z) = I, of dimen-
sion L x L with L < M, and an output y’[n] = y[n] + v[n] where v[n] is spatially and
temporally uncorrelated zero mean noise of variance o2 that is independent of y|[n].

Then we have Ry(z) = 021, and we obtain
Ry/(2) = Ry(2) + 021y (2.32)

for the CSD matrix of the noise output of y’[n]. Because Ry(z) is generated by the
source model of Fig. 2.2, it will be rank L. The parahermitian EVD of the rank-L matrix
Ry(z) is given by Ry (2) = QY (2)A(2)Q(2), whereby A(z) = diag {\1(2),. .., Ar(2),0,...,0}.
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Due to Q(2)Q¥ (z) = Iy, we can write

Ry/(2) = Q7 (2)A(2)Q(2) + o3Iy = Q(2) (A(2) + 071n) Q" (2) (2.33)
N(2) + 021, ()

_ : 2.34

[QII(Z) Q. (2) s | | v (2.34)

where A'(z) = diag{A\1(2),...,A\r} is an L x L matrix. The L eigenvectors corre-

sponding to A’ are gathered in the M x L matrix Q|/(z), while the remaining (M — L)
eigenvectors reside in the M x (M — L) matrix Q(z). Because Q”(z),QJ_(z)} is
paraunitary, we have Qﬁ)(z)Q 1(2) = 0. Akin to the case of ordinary matrices [120],
(2.34) offers subspace partitioning, where the columns of @(z) span the signal-plus-
noise subspace and the columns of @ | (z) the noise-only subspace.

This subspace partitioning can be exploited as in Fig. 2.7(b) the matrix Q%(z) gen-
erates an output yo[n] that contains only noise, while all structured signal components
are contained in the output yj[n] generated by Q‘I‘)(z). This can be used for applications
such as denoising for speech enhancement [105,126], broadband angle of arrival estima-
tion [127-129], localisation and path discovery [130,131], dimensionality reduction and
compaction [132], or energy detection [5,133,134]. This is driven by the statistics of
a multichannel signal, and the fact that these signals only occupy a limited subspace;
sparsity in some domain can also be driven by other criteria, such as the £y-norm in

compressive sensing, see e.g. [135,136].

2.4.3 Parahermitian Matrix EVD Algorithms

A number of algorithms to approximate the parahermitian matrix EVD in (2.30) have
been proposed. Initial attempts preceded the existence proof for (2.30), and included
time domain algorithms such as second-order sequential best rotation (SBR2) algo-
rithms and its variants [106, 107,124, 137] as well as sequential matrix diagonalisaton
(SMD) algorithms [138-140]. These techniques iteratively eliminated off-diagonal ele-

ments of R(z) by means of elementary paraunitary operations until a sufficient level
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of diagonalisation is achieved. These algorithms encourage spectral majorisation, such

that the extracted eigenvalues are generally ordered at every frequency such that
A () > Ao () > ..o > A (69) VO (2.35)

In the case of the SBR2 algorithm, spectral majorisation is a proven property of the al-
gorithm [141]. Both SBR2 and SMD algorithms have worked sufficiently well for many
applications, but spectral majorization in (2.35) limits in how closely they can approx-
imate (2.30): even though it has been suggested that approximation can be arbitrarily
close for sufficiently high polynomial order of the decomposition factors [142], if the
ground-truth analytic eigenvalues intersect, SBR2 and SMD are trying to approximate
piece-wise analytic functions, resulting in non-differentiable eigenvalues and discontin-
uous eigenvectors [109]. Because of the above spectral majorisation, the eigenvalues
approximated by SBR2 and SMD algorithms are switched where the ground truth an-
alytic eigenvalues intersect, leading to non-differentiability. For their corresponding
eigenvectors, SBR2 and SMD therefore recover also switched functions, which, because
of the orthogonality of the eigenvectors, leads to the approximation of discontinuous
functions compared to the ground truth analytic eigenvectors. This is, for example,
evidenced in AOA estimation applications [143].

In order to directly target the analytic factorisation in (2.30), a number of frequency-
domain methods have emerged. This includes a smooth DFT-domain decomposition
in [144] for a given DFT-size, and iterative DFT-domain algorithms that grow the
DFT-length until sufficient accurate eigenvalues [145-148] and eigenvectors [149-151],

with proven convergence for [146,151].

Example 4 To demonstrate two algorithms, applying SMD [138] to the CSD matriz
R(z) of Example 2 with a mazimum of 200 iterations results in the matrices Q(2)
and A(z) in Fig. 2.8, which shows truncated polynomials. Fvaluating the eigenval-
ues on the unit circle results in the curves in Fig. 2.9, which compared to the ground

truth in Fig. 2.6 are now spectrally magjorised and no longer intersect. Reconstructing
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(a) 0 20 40 0 20 40 (b) 5 0 5 5 0 5
time index n time index n lag index 7 lag index 7

Figure 2.8: Results of the SMP algorithm in Example 4 approximating the EVD factors
(a) Q[n] o—e Q(z) and (b) A[r] o—e A(z) of R(z) from Example 2, with (o) and (x)
symbolising real and imaginary parts, respectively.

R(z) = Q(Z)A(Z)QP(Z) with the shown precision with R[r] o—e R(z) yields an error
> IR[T] — R[7]||2 = 8.334, where || - ¢ is the Frobenius norm. In contrast, run-
ning the analytic eigenvalues and eigenvector extractions from [1/6, 151] results in an
error of 6.571 - 10719, which matches the selected precision of 10719 in the extraction
algorithms [146,151].

The SMD algorithm is iterative with typically linear convergence. Its convergence
rate depends on etgenvalue separation, matriz size, and polynomial truncation. For
Ezxample 2, 200 iterations yield a Frobenius norm error of 8.334, significantly higher
than the precision 10719 achieved by the analytic extraction methods of eigenvalue and
eigenvectors [146, 151]. This highlights that SMD provides only an approximate para-
hermitian EVD and may converge slowly, particularly for near-degenerate eigenvalues
or truncated representations. Although SMD is computationally cheaper per iteration,
it often requires many iterations to achieve acceptable accuracy. In contrast, analytic
methods incur a higher per-pass cost but deliver high-precision results in a single step,

making them preferable for accuracy-critical applications.
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Figure 2.9: Approximate eigenvalues 5\m (ejQ), m = 1,2, obtained with the SMD al-
gorithm, with the ground truth analytic eigenvalues of Example 3 underlaid in grey.

2.5 Polynomial Matrix Singular Value Decomposition

The parahermitian matrix EVD or analytic EVD in Sec. 2.4 applies to parahermitian
matrices only. In order to diagonalise general polynomial matrices, such as the MIMO
channel matrix in (2.10), in the following we review an extension of the SVD, which
plays a central role in signal processing [152—154] and is, for example, widely used for

the factorization of MIMO communication channels [155], to the broadband case.

2.5.1 Analytic SVD

Assume an analytic matrix C(z) : C — CM*N which for M # N includes the non-
square case. Analyticity implies that the entries of C[n| o—e C(z) are causal and stable
filters, such that the elements ¢, ,[n] decay at least exponentially. If C(z) is not tied

to multiplexing, it generally admits an analytic SVD [121, 156]
Cz) =U()Z(2)VP(2), (2.36)

where 3(z) is an analytic diagonal, parahermitian matrix containing analytic singular
values, and U(z) : C — CM*M and V(z) : C — CV*¥N are paraunitary matrices

that hold the corresponding analytic left- and right-singular vectors [121, 156]. Recall
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that paraunitarity implies that e.g., {U(2)}™1 = U (2) = {U (1/2*)}" with {-}¥ the
parahermitian transposition as defined in (2.24), while a matrix being parahermitian
means that X% (z) = X(z), which implies that on the unit circle, 3 () is real-valued.

The singular values oy, (z) within 3(z) = diag{o1(2),...,0m(2)} are unique up to
their ordering. Unlike the ordinary SVD of the matrix [120], where singular values are
sorted in descending order, analytic singular values can intersect, making the majorisa-
tion less meaningful. To ensure 0,,(z) is analytic [156], similar to the continuous time
case [157,158], singular values must be allowed to become negative.

Similar to the analytic eigenvectors, the left- and right-singular vectors can be mod-

ified by arbitrary allpass functions, but are coupled. With U (z) = [u1(2),...,ur(2)]

and V(z) = [v1(2),...,vn(2)], we can write (2.36) alternatively as
min(M,N) min(M,N)
C= Y auwvi() = Y ouz)(ul=)e2) (¢ (2)v) (2))  (2:37)
=1 =1

where ¢;(2) is an allpass, noting that ¢,(2)¢} (2) = 1. Thus, if us(z) and ve(z) are a
pair of valid left- and right-singular vectors, then so are ¢;(z)uy(z) and ¢p(z)ve(2).

In some contrived cases, the analytic SVD in (2.36) may not exist because the
singular values exhibit an odd number of zero crossings, leading to 4m-periodicity on
the unit circle. This can be resolved by either seeking the decomposition of C/(z?),
i.e. the twice oversampled matrix [156], or by including a half-sample delay in the

offending singular values — which then are no longer parahermitian [159, 160].

2.5.2 Relation to Analytic EVD

Recall from the innovation model in Fig. 2.2 and (2.29) that for a temporally and
spatially uncorrelated input, the output of a system C(z) possesses the CSD matrix

R(z) = C(2)C"(2). If C(2) can be factored as shown in (2.36), then

R(z)=C(z)CY(2) =U(2)Z(2) VY (2)V(2)ZF (2)UT (2) (2.38)

=U(2)2(2)2F (2)UT(2) (2.39)
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Figure 2.10: Singular values o, (eiQ), m = 1,2, of Example 5.

Thus, w.r.t. the parahermitian matrix EVD in (2.16), we find that Q(z) = U(z)
and A(z) = X(2)EF(2). If we were to set R(z) = CT(2)C(z), then its parahermitian

matrix EVD will yield the same eigenvalues as before, but we have Q(z) = V (2).

Example 5 The singular values of the channel matriz C(z) of Example 1, evaluated
on the unit circle, is shown in Fig. 2.10. Note that o9 (eJQ) takes on negative values
between 2 = 0 and approzimately 2 = 3.

For the eigenvalues of Example 3 in Fig. 2.6, A\, (e]Q) = }am (e]Q) 2, and the eigen-

vectors in Fig. 2.5(a) match the left-singular vectors in U(z) due to (2.39).

2.5.3 Polynomial Matrix SVD Algorithms and Applications

Initial approximate SVD algorithms for applications in e.g., communications [161-165]
exploited the EVD relationship as outlined in Sec. 2.5.2. This approach solved two
parahermitian matrix EVDs of C(z)C¥ (z) and C¥(2)C(z) to obtain U(z) and V (2),
respectively, and then obtained the singular values via 3(z) = UY(2)C(2)V () as
suggested in [107]. Dedicated time-domain algorithms have emerged for the SVD,
including an extension of the Kogbetliantz method to the broadband case [166], as well
as an extension of an SMD-like scheme in [167]. However, similar to SBR2 and SMD

algorithms, such methods favour spectrally majorised singular values, and hence may
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not recover the ground truth where analytic singular values o, (eiﬂ), m=1,...,.M,
intersect as in the example of Fig. 2.10.

More recently, some initial attempts at frequency domain methods aligned with the
DFT-domain parahermitian matrix EVD algorithms in [146, 151] have also emerged
in [168-172], but require some further efforts to robustly yield the analytic SVD de-
composition in (2.36). Meanwhile, it is possible to use the parahermitian matrix EVD
algorithms in [146, 151] to approximate the analytic SVD factors via the connection in

Sec. 2.5.2.

2.6 Chapter Summary

This chapter has provided some background on the area of research addressed in this
thesis. This firstly concerned energy detection techniques for CRNs, where the use
of MIMO-based GLRT techniques appears to be particularly appealing. To address
MIMO techniques, and particularly broadband MIMO scenarios, this chapter has fur-
ther introduced some fundamentals of polynomial matrix representations, which is a
convenient way to express second-order statistics and terms such as signal power or
energy. This can lead to straightforward formulations for broadband MIMO problems;
solutions can often be obtained by way of polynomial matrix algebra, where generali-
sations of the EVD and SVD to polynomial matrices have been reviewed.

In the remainder of this thesis, we will use these mathematical techniques in Chapter
3 to explore a subspace detector for transient signals such as from emerging PUs, which
we then benchmark against the optimal detection based on the LRT and GLRT. This
then sets the basis for targetted interference in Chapter 4 and for fluctuating noise PSD
across arrays, which also utilise the polynomial matrix techniques reviewed in this this

background chapter.
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Detection of Weak Transient

Broadband Signals

3.1 Introduction

Detecting the emergence of weak broadband transient signals presents a significant
challenge for various applications. In CR environments [21,173-175], for example, it is
vital to identify emerging primary users. Recognizing faint speakers among background
noise [133] or multiple voices [134] is a key task in the audio domain. Similarly, detecting
weak transient sources in the RF or sonar domains is essential in military contexts [5].

Energy-based methods, including the short-time Fourier transform (STFT) and
wavelet-based approaches, are frequently used to detect transient signals by analyzing
their correlation structures [176-178]. For multisensory data, data-dependent trans-
forms such as the Karhunen-Loeve transform [179] efficiently achieve optimal energy
compaction in lower-dimensional subspaces through the EVD of the covariance ma-
trix. In addition, subspace partitioning techniques have been utilized in various source
detection applications [180-184].

An interesting method is the proposed polynomial subspace projection approach
for broadband signals [5]. This method resembles the filter bank-based joint source-

channel coder discussed in [185], where the projection away from the code subspace as
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defined by the code’s generator matrix is termed a ‘syndrome vector’. This syndrome
helps to identify and correct transmission errors [185]. In broadband signal detection,
an increase in energy within the noise-only polynomial subspace indicates the presence
of a new transient signal. This methodology detects weak transient signals by pro-
jecting received data onto the orthogonal complement of the subspace spanned by the
stationary sources. This eliminates the need for channel state information w.r.t. the
transient source, which is often unreliable in practice, and instead focusses on energy
within the noise-only subspace to identify emerging signals.

In this chapter, first the approach in [5] is explored by providing polynomial matrix
representations for subspace detection in the context of this thesis. = This approach
extends existing subspace detection approaches such as [180-184], which use standard
linear algebraic tools [120], to the domain of polynomial matrices, capable of addressing
broadband problems as outlined in Chapter 2. Specifically, we here demonstrate the
structure of the space-time covariance and the resulting subspace decomposition. The
norm of the projection onto the noise-only subspace of the space-time covariance ma-
trix, termed the syndrome vector, follows a generalized y? distribution; as a criterion,
its discrimination w.r.t. to data with transients either absent or present can be en-
hanced by averaging. A threshold-independent framework indicates that weak sources
can be identified reliably, provided that sufficient temporal support is available to es-
timate the covariance matrix. Based on the existing algorithmic approach in [5], the
contribution of this chapter lies in understanding and characterising the performance
of this broadband subspace method with respect to suitable benchmarks.

In order to explore the performance of this broadband subspace-based energy test, it
is here benchmarked against an LRT/GLRT optimal detector [186,187]. Such detectors
rely on the statistics or channels to be known or estimated. While this is impractical
for an emerging, transient broadband source, assuming such knowledge nevertheless
lets us deploy LRT or GLRT approaches in order to provide a comparison for the
syndrome energy approach. We apply the LRT/GLRT approaches to both directly the

sensor data, but also explore its application to the syndrome vector, which can reveal
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some of the appeals of the syndrome approach: optimal test such as LTR/GLRT,
when evaluated, can suffer from numerical problems such as large matrix dimensions
and ill-conditioning for high-dimensional data, high temporal correlation, and at low
SNR [44,46], and can be computationally very demanding. This comparison can thus
highlight how the syndrome-based method approximates optimal detection performance
without channel information while ensuring numerical stability and scalability. This
trade-off benefits practical applications, making the syndrome vector a more feasible
option for real-world broadband detection systems.

In the remainder of this chapter, the system model and broadband subspace decom-
position are detailed in Secs. 3.2 and 3.3, which leads to a broadband subspace detector
in Sec. 3.4 and in turn to an examination of the subspace energy. Temporal correlation
complicates the description of subspace energy, but a decimated processor facilitates
the use of statistical results for generalized x? distributions to define discrimination
metrics. Sec. 3.5 reviews the LRT method, with the key contribution in Sec. 3.6 focus-
ing on the LRT applied to measurement and projected data. Sec. 3.7.1 analyzes the
sample cross-correlation sequence as a linear unbiased estimator using Gaussian data,
characterizing its variance and estimating error against ground truth, with simulations

in Sec. 3.8. A summary for Chapter 3 is provided in Sec. 3.9.

3.2 Data Model and Space-Time Covariance Matrix

3.2.1 Data model

We consider a scenario with M sensors measuring emission from L < M stationary
sources in the environment, as shown in Fig. 3.1. The sources are modelled as mutu-
ally independent, temporally uncorrelated signals with zero mean and unit variance,
represented by ugn],¢ = 1,..., L organized in a vector u[n] = [ui[n],...,ur[n]]" ~
CN (0,1I1). The power spectral density of the individual sources, affected by the con-
volutive mixing, is represented by a matrix of impulse responses H[n] € CM*L  which

also functions as an innovation filter [112]. Measurements are corrupted by additive
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vin]
L s M-1L
u[n] o/~ Hin| @® /X[n] H[=n] —F—o s[n]

ug[n] o——— hy[n]

Figure 3.1: Signal model for measurement x[n] € CM, containing stationary sources
ufn] € CL, and a transient source us[n] and processing by Q'[[—n] to yield a subspace
projection s[n] € CM—L.

Gaussian noise v[n] € CM with covariance € {v[n]vin — 7]} = 026[7]L, where £{-}
is the mathematical expectation operator performed on n, where wide-sense temporal
stationarity is assumed. The quantity 7 € Z is a lag parameter and {-}!! the Hermitian
transposition [107,108]. A transient signal potentially illuminates the array through a
vector of filters hy[n] € CM via another uncorrelated signal u¢[n] ~ CN (0,07). Our

objective is to detect the presence of this signal.

3.2.2 Space-Time Covariance Matrices

The space-time covariance matrix of the measurement vector x[n| is given by R[r] =
& {x[n]x"[n — 7]} of the measurement vector x[n]. In the absence of the transient
signal, i.e. for u¢[n] = 0, the z transform of the space-time covariance or CSD matrix is
expressed as R(z) =) _R[r]z77, or simply R[r] o—e R(z). The notation with square
brackets expresses the dependency on the discrete variable, while the round brackets
denote a continuous dependency variable. Based on the system model in Fig. 3.1, as

well as (2.29) and (2.32), the parahermitian matrix R[7] can be written as

R(z)=H(2)H"(2) + 0’1, (3.1)

48



Chapter 3. Detection of Weak Transient Broadband Signals

where in (3.1), H(z) e H[n| represents the transfer function matrix of the mixing sys-
tem. As introduced in Chap. 2, the parahermitian operator {-}P performs a Hermitian
transposition and time reversal, defined as HY (z) = {H (1/z*)}* [108]. Consequently,
R(z) is a parahermitian matrix satisfying R(z) = RY(z). A polynomial matrix can
be interpreted as a matrix-valued polynomial or a polynomial with matrix coefficients,

T

R|[7] denoting the coefficient of z~7. The matrix R[] can also be understood as a
matrix containing cross-correlation sequences of elements between sensor pairs.

In the case of ug[n] # 0, the contribution of this signal to the overall CSD matrix is
Ri(2) = hi(2)hf (2) (3.2)

where hi(z) e—o h¢[n]. Note that R;(z) has rank one and that for the overall CSD
matrix, we have R(z) + Ry(z).

3.3 Polynomial Subspace Detection

3.3.1 Analytic Eigenvalue Decomposition

Given the signal model in Fig. 3.1, the CSD matrix R(z) is analytic in the z-transform
and admits an analytic EVD [109,110,121,156]. As outlined in Chapter 2, a paraher-

mitian polynomial matrix, therefore, has a parahermitian matrix EVD

R(z) = Q(2)A(2)Q"(2) . (3-3)

In (3.3), A(z) = diag {A\1(2),...,A\m(2)} is a diagonal parahermitian matrix with an-
alytic eigenvalues \p,(2), m = 1,..., M of R(z). The eigenvectors are the columns of
Q(z), which is also analytic in the z-transform and satisfies the paraunitary property
such that QY (2)Q(2) = Q(2)QF(z) = I;. This indicates a lossless filter bank that
conserves signal energy at all frequencies and implies that Q'(z) = Q¥ (2) as shown
in [108]. The analyticity of the factors in (3.3) is essential to approximating Q(z) closely
by polynomials through shift and truncation operations [145,146, 150,151, 188-190].
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Based on (3.3) and in the absence of a transient signal, we can establish a subspace
decomposition,

AH(Z) + O’%IL

A(z) = (3.4)

2
lopel NV

Q) = [Q)(2). Qu(2)]. (3.5)

where A|(z) contain the L analytic eigenvalues of H(2)HY(2): C — C*E | and Q) (2)
includes their corresponding eigenvectors. The orthogonal complement @ | (z), such
that QE(z)QH(z) = 0, consists of analytic eigenvectors that span the noise-only sub-
space of R(z). This noise-only subspace excludes any contributions from the stationary

sources L.

3.3.2 Subspace Projection and Syndrome Vector

With the partitioning of the analytic EVD factors in (3.4) and (3.5), Q| (z) eo Q_[n]
describes a lossless filter bank that can be used to project the measurement data vector

x[n] onto the noise-only subspace defined by
sl = >_ QUl-vix[n -] (3.6)

where s[n] € CM~L is the projected data vector as shown in Fig. 3.1. In the ideal
case, this new signal vector s[n| remains free of contributions from stationary sources
L. However, with the emergence of the transient signal u[n|, there are now a total of
L + 1 signals in the environment. Consequently, at least a portion of u[n] will project
into s[n|, making its presence easier to detect than in the measurements x[n]. Thus,

s[n] is also referred to as a syndrome vector.

Example 6 7To illustrate the detection of a weak transient source using the above poly-
nomial subspace projection technique, the following example simulates a scenario with

L = 3 stationary sources with complex uncorrelated Gaussian distributions with unit
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variance that illuminate an array of M =5 elements. A random M x M paraunitary

matriz U(z) of order 5 [108] is partitioned as

U(z) = [H(2), Q.(2)] (3.7)

where H(z) : C — C*3 is the convolutive mizing system for stationary users w.r.t. Fig. 3.1.
Additive complex Gaussian noise v[n] with a power o2 = 0.01 is added over an interval

of n € (0,5000). During an interval n = (1200, 1800), a complex Gaussian transient
signal ug[n] with variance E{ui[n|} = 0.1 is active, and illuminates the array via a
random unit-norm vector hy[n] of order 5 as shown in Fig. 3.1.

For random realization of signals, Fig. 3.2(a) and (b) show the time series of the
first sensor signal and the energy in the data vector, |x[n]||3, over time n, respectively.
The time interval during which the transient source is active is shaded in gray; notice
that there does not appear to be any noticeable energy difference between the inside and
the outside of this shaded interval.

With the choice of H(z) as in (3.7), its complement Q | (z) can generate the syn-
drome vector s[n] € C? according to (3.6). Since Q | (z) is known by construction, it is
ideal in the sense that s[n] will not contain any components of stationary sources, but
only parts of the noise and the transient signal. Figs. 3.3(a) and (b) show the complez-
valued time series of the first element of s[n] and the energy of the syndrome ||s[n]||3,
respectively. Compared to Fig. 3.2, it is now possible to clearly see the difference in en-
ergy between the unshaded region, where the transient signal is absent, and the shaded

interval, where the transient signal is active.

In [5], the broadband signal uri[n] is projected onto the noise-only subspace;
this resulting vector has also been called a syndrome vector in [5]. This terminology
originates from coding theory, particularly in filter bank-based source channel coding
methods [185], where the occurrence of any components in this subspace can indicate
the presence of impulse noise and transmission errors. The operation in (3.6) represents

a generalization of narrowband subspace detection methods [180] to the broadband
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Figure 3.2: Sensor signal with transient signal presented during the interval n €
(1200, 1800): (a) real and imaginary parts of first sensor signal x;[n], and (b) total
sensor energy ||x[n]|| across all sensors.

scenario. This approach can be advantageous in applications such as the detection of
voice activity in the presence of stronger speakers [134] or noise [133].

If the temporal correlation in s[n] is ignored, then a detection variable ||s[n]]|3
will follow a generalized x? distribution and forms a surprisingly good discriminator
for the presence of a transient source [5].  This holds when s[n| is a zero-mean
Gaussian vector with uncorrelated components. However, the temporal dimension of
the filtering operator Q'![—n] introduces temporal correlation even when the input x[n]
is uncorrelated signals. This correlation compromises the statistical independence of the
detection variable over time, increasing variance and reducing the contrast between the
signal and noise distributions, thus limiting the detection performance. This temporal

decorrelation can be partially addressed by averaging a decimated version of the output

s[nQ] [5], where @ € N exceeds the period over which s[n] is temporally correlated.
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Figure 3.3: Syndrome signal: (a) real and imaginary parts of the first element of s[n]
and (b) energy of the syndrome vector ||s[n]]|3.

3.4 Syndrome Energy

When a new source emerges, its components can extend into the noise-only subspace, al-
lowing for easier detection of energy changes compared to the direct measurement from
the measurement x[n] [5], as the contributions of the stationary source are eliminated.
We therefore compute a type of syndrome vector s[n] € CM=L from Q| (n) o—e Q_[z].

The expression in (3.6) represents a projection in a reduced (M — L) dimensional
space that preserves the energy in & {||s[n] ||2}.This is analogous to a standard projec-
tion using the operator P(z) = Q| (2)QY (z), which yields the same information, but
in a higher-dimensional space. As indicated in Fig. 3.3 of Example 6, the energy of the
syndrome s[n] can help establish the presence or absence of a transient signal, e.g. in a

hypothesis test.
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3.4.1 Signal Statistics

In the absence of a transient signal, let the CSD matrix of x[n] be R(z) as in (3.1);

thus, the CSD matrix of the syndrome vector is given by
RS(Z) = O’%IM_L . (3.8)

If x'[n] is a data vector that includes both stationary sources from u[n| and a transient

signal, then the modified CSD matrix R'(z),
R(2) = Ry(2) + a/(2)7(2)a" (2) (3.9)

is generated, where a’(z) is the vector of the transfer function between the transient
source and the sensor array, and 7/(2) is the PSD of the transient signal with spectral
factorization 7/(z) = b(2)b"(2) . Thus, the term a’(z)y'(z)a’"(z) is the contribution
of the transient signal as a rank-one structured component added to the noise-only
CSD, introducing correlation across the syndrome channels and enabling its detection
through subspace-based analysis.

The modified syndrome has the CSD matrix
R(2) = Q" L(2)h(2)h{ (2)Q L (2) + 03In—1 (3.10)

where with reference to the model in Fig. 3.1, h¢(z) = a(z)b(z). The first term on the
right-hand side (rhs) of (3.10) generates the power offset that could allow us to detect
the presence of a transient signal.

To analyze the statistics of ||s[n]||2, we assume that the noise components of x[n] con-
sist of Gaussian random variables with zero mean and are equally distributed. However,
in the presence of transient components or subspace leakage from stationary sources,
elements of the syndrome vector show Gaussian distributions with varying variances,

resulting in ||s[n]||3 following a generalized x? distribution [191,192].

54



Chapter 3. Detection of Weak Transient Broadband Signals

s[n] s[v]
i LG i G [k 2

M

Figure 3.4: Flow graph of decimated averaging of syndrome energy.

3.4.2 Decimated Subspace Detector

The flow graph in Fig. 3.4 illustrates the processing of the syndrome vector. Decimation
by D disrupts temporal correlation and reduces complexity, while averaging consecutive
syndrome vectors improves discrimination. The factor D decreases the energy of the
syndrome before averaging with a sliding window of length 7. By applying noble
identities [108], the order of the decimator and the processor matrix Q  (z) can be
rearranged, allowing a computationally efficient polyphase implementation compared
to the setup depicted in Fig. 3.4.

The energy of decimated syndrome vectors, defined as

T
Z sln — Dul|3 , (3.11)

allows efficient hypothesis testing by managing large data volumes at high sampling
rates and, at the same time, decorrelates consecutive vectors during temporal averaging.
Decorrelation through decimation by D of the processor matrix @ (z) ensures that
5 ) follows a generalized distribution x? when temporal correlation is suppressed [193,
194]7 which helps theoretical predictions for hypothesis testing in fn’ p- Otherwise, if
the syndrome vectors contributing to (3.11) are temporally correlated, the distribution

is no longer generalized x?.

Example 7 In order to illustrate the impact effect of the averaging on the syndrome
energy, an array of M = 6 sensors picks up L = 3 independent, temporally uncorrelated
Gaussian distributed stationary sources and one transient source of the same variance
via convolutive mizing matrices in the presence of additive Gaussian noise at an SNR of

2.5 (= 4dB). The stationary and transient signals are received via convolutive mizing

55



Chapter 3. Detection of Weak Transient Broadband Signals

T T T T

—— measured
— — theorical

no transient .

transient

0.4

0.2 f

1
el

Figure 3.5: Measured and theoretical generalized x? distributions of the energy ||s[n]||3

for T'=1 , comparing scenarios with and without a transient signal.

matrices H[n| and hi[n| of order 6. For the syndrome approach, a broadband subspace
decomposition is calculated via a polynomial EVD using the SMD algorithm [138] from
the space-time covariance matriz in (3.1). Based on subspace partitioning to produce
Q| (2), the experimental and theoretical distributions of the syndrome energy ||s[n]||3
with and without the transient signal are shown in Fig. 3.5. The measured PDFs are
compared to generalized x* distributions based on the known receive powers (i.e. the
diagonal components of R[0] representing the signal powers in the sensors) [193]. If
a variable threshold 9, 0 < 9 < b, is applied to energy detection, Fig. 3.6 shows the
ROC [51], displaying the correct detection probability versus the false alarm rate for the
range of values over which ¥ is varied.

If the syndrome energy is averaged over T = 10 snapshots with a decimation ratio
of D = 10 to avoid most of the temporal correlation imposed by the convolutive mixing
matrices and the system Q | (z), the resulting distributions are shown in Fig. 3.7. These

now separate better than for the unaveraged results in Fig. 3.5. Due to the decimation,

the averaged syndrome vectors are approzimately temporally uncorrelated, and the re-
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Figure 3.6: Receiver-operating characteristic (ROC) curves showing detection perfor-
mance under varying false alarm rates.

sulting experimental distributions still closely match the theoretical curves of generalized
x? distributions. The ROC curves derived from the PDFs in Fig. 8.7 are displayed in
Fig. 3.8. Compared to Fig. 3.6, the better separation of the distributions of the averaged

syndrome energies leads to a larger area under the ROC curves in Fig. 3.8.

3.4.3 Performance Metrics

To define metrics for the detection of a transient signal, first a discrimination measure of
D = 2(1—A) can be derived from the area A under the ROC curve from the distribution
plots in Figs. 3.6 and 3.8 [51], without the need for a specific threshold. The area A
can assume values between % for coinciding distributions and 1 if the distributions are
distinct, with D approaching zero as the distributions become more distinct. Secondly,
the decision time defined as 7 = [(T — 1)D + 1]Tg, with T' the number of averaged
syndrome vectors, D the decimation ratio, and Ty the sampling period, evaluates the

time required to achieve discrimination D for the variable 57(22.

Example 8 For a scenario with M = 6 receive antennas, channel estimates obtained
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Figure 3.7: Measured and theoretical generalized x? distributions of the energy ||s[n]||3
for T'= 10 , comparing scenarios with and without a transient signal.

from a radio planning tool in the ISM band with a bandwidth of 20MHz and a sampling
period of Ty = 2—10 win [5] are used to define transfer functions of order 40 from three
different sources of different powers characterized in Tab. 3.1. Spatially and temporally
uncorrelated Gaussian noise is added at each receiver at 3dB below the weakest source.
We derive two scenarios, in which each two sources are stationary, and the remaining
source — either the weakest source 3, or the mid-powered source 2 from Tab. 3.1 —

provides the transient signal. The CSD matrices are estimated using samples sizes of

Table 3.1: Powers of contributions for a realistic detection scenario, according to sim-
ulated channel impulse responses using a radio planning tool [5].

signal H power ‘
source 1 0.000 dB
source 2 -7.380 dB
source 3 || -17.190 dB
noise -20.190 dB
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Figure 3.8: Receiver-operating characteristic (ROC) curves showing detection perfor-
mance under varying false alarm rates.

N = 10%,103,10* [195-197] or are based on the exact channel information (N — 00).
Any subspace decomposition is obtained via the SMD algorithm [138].

For each of the scenarios with a weak and a medium-powered transient source,
Fig. 8.9 shows a group of curves. For the medium-powered transient source, the distribu-
tions with the transitory source absent or present separate well, and the discrimination
D drops to close to machine accuracy for small values of T. The CSD matriz estima-
tion results in some subspace leakage [198], but with almost no performance degradation
for sample sizes of N = 10* and N = 103. Thus, working with an estimate is almost
as good as operating with the ground truth CSD matrixz. Still, very good discrimination
1s achieved even when estimating R(z) from a very small sample size of N = 100. For
the detection time T, a value of 5 s is equivalent to averaging over T = 10 samples at
a decimation ratio D = 10.

In Fig. 3.9, a second group of curves refers to the weakest source 3 as a transient
signal. Compared to the previous case, here a larger value T is required for temporal

averaging to achieve better discrimination. The subspace leakage experienced in the
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Figure 3.9: Discrimination D vs decision time T for detecting transient sources of
different strength (medium powered source 2, low-powered source 3), based on estimates
of the space-time covariance relying on various sample sizes N.

estimation process is now more pronounced for low sample sizes N, to the extent that

the method breaks down for N = 100, where the low power of the source and the

comparatively high noise level lead to no discernible differences in the distributions.

As the above examples indicate, in the presence of a transient signal, the energy
distribution is distinct from the noise-only case. Decimation reduces the sample cor-
relation affected by the transient, enhancing the consistency and detectability of the
distortion. This improvement leads to a more apparent statistical difference and better

discrimination between transient and non-transient conditions.

3.5 Benchmark Using Likelihood Ratio Test

The previously reported broadband subspace detector, based on a syndrome approach
and first introduced in [5], appears to work well for the discussed examples. Therefore,
the next step is to compare its performance with that of a known optimal detector,
the LRT. Although LRT requires more knowledge of the scenario than the syndrome
approach, which relies on the covariance matrix of the transient signal, it can nonethe-

less provide a useful benchmark. Thus, we use LRT to evaluate the efficacy of the
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syndrome-based approach, rather than as a practical method. We aim to determine
how closely the syndrome method approaches these theoretical performance limits. We

will begin with the LRT formulation.

3.5.1 Likelihood Ratio Test

To compare the subspace test with an LRT, we analyze a decision involving a vector
yn € CK. This vector y[n] can represent the measurement or syndrome vectors, x[n]
or s[n], respectively. This vector comprises two components: yo , € CK, representing
stationary noise, and y1, € CK, indicating a transient signal. Both components are
assumed to be zero mean with the covariance matrices Rg and R;. The goal is to

distinguish between the following two hypotheses

Hy: yp =Yon;

Hy:y,= Yon +Yin - (3-12)

In this thesis, yo, represents the contribution of L stationary sources and additive
noise. In contrast, yi, reflects the components of the transient signal. The PDF for

Vn, under the two hypotheses are defined as

1 _10HR-1
P (¥ | Ho) = (27 [Rol) "2 e72¥n 0 ¥ (3.13)
p(¥n | Hi) = (27 |Ro + Ry[) "2 e~ 3¥n Ro+R) 'yu (3.14)
where | - | denotes the determinant of its matrix-valued argument.

The likelihood ratio L (yy,) is given by

1
Pyl Ho) _[RotRalf nay,

, 3.15
AL (315)

L (Yn) =

where

A=R;' - (Ro+Ri) " =QAQ", (3.16)
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with its EVD A = QAQY [120,199], the likelihood ratio can be expressed further as

1
3 1
_Aﬁﬁlfjiﬂge—%HA?QHyﬂ@.

L(yn) = 3 (3.17)
[Ro|?
To accept or reject the hypothesis, we now need to find a threshold ¢ such that
Hy
Liy,) 2 c. (3.18)
Hy
Rearranging leads to
1 R
1 1 2
HAEQHmM > om0 b (3.19)
Ho ’Ro + Ry ’5

where ¢/is a modified threshold. With the term HA%QHyn
is defined.

, the test statistic for LRT

3.5.2 Likelihood Ratio Test on Measurements

Applying the LRT directly to the measurement data x[n| utilizes all available informa-
tion. To achieve temporal averaging of the test outcome for the LRT variable y,,, we

concatenateT snapshots of x[n],

Y, = [xn, Xy 1y - XE,TH] ) (3.20)

such that y, € CMT. For the covariance matrices in Sec. 3.2.2, we introduce extra
subscripts to denote their reference to the measurement vector, via Rx o and Ry 1. For

hypothesis Hj, the associated covariance is given by

RO ... RT—1]
R1-T] ... R[]

Similarly, R; can be derived from the lag components of R¢[7] in (3.2).
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The matrix R¢[7] has rank one, representing a single transient source through lags.
In contrast, the matrix R, formed by stacking components of lag across multiple time
indices, can achieve a rank of up to 7' [105], reflecting the temporal evolution of the
transient signal and providing additional degrees of freedom. Although this distinction
improves the temporal structure and detectability, it is not essential for subsequent
derivations focusing on the richer information in the time-aggregated representation.

(MT)X(MT), for ¢ = 0,1, pose computational and

For dimensions, matrices R; € C
numerical challenges for inversion at high values of M or T'. We typically measure R+
R; when the transient signal is present. If we can calculate the inverse Ry ! the low-
rank update (Rg+R;)™! can be found using the matrix inversion lemma [120]. This

issue will be addressed in Sec. 3.6.

3.5.3 Likelihood Ratio Test Applied to Subspace Data

To apply the LRT to successive samples T' of the projected data vector s[n], we define

a variable y,,, similar to (3.16), as

yg = [557 E—l? ceey Sg—T—&-l] ) (322)

such that y, € CM~HT. For its space-time covariance R'[7] = £ {y[n]y[n — 7]} and

the corresponding CSD matrix R'(z) : C — CM—L)x(M=L) "we can state
R(2) = QL ()R(2)Q.(2) , (3.23)

where primed variables refer to syndrome-vector rather than measurement-vector-based
quantities. Concerning the CSD matrix of the measurement data, R(z), we can now
obtain Ry from the coefficient valued by the matrix of R{[n] o—e R{(z), similar to the
process in Sec. 3.5.2.

For the transient component, we can define
Ri(2) = QY (2)Ri(2)Q L (2) - (3.24)
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Based on the rank-one term Ry(z) in (3.2), and similar to Sec. 3.5.2 , we can derive a
constant covariance matrix Ry o from R{[n] o—e R;(z). In the subspace-based scenario,
we now have covariance matrices Rg;,7 = 0,1, of size T(M — L) x T'(M — L).

In Sec. 3.5.2, we address stationary sources and transient signals similarly to the
signal-plus-noise subspace of the LRT applied to the measurement data of R(z). How-
ever, for weak transient sources, two benefits emerge: 1) suppressing the dominant
eigenvalues of R(z) in R/, lowering the condition number of the matrices R;, and en-
hancing the performance of LRT in the syndrome compared to the measurement data;
2) smaller covariance matrices simplify matrix inversions, reducing numerical and com-
putational challenges.

In Sec. 3.3.2, the energy in the syndrome vector, ||s[n]||? treats all components
of the noise-only subspace equally, while the LRT weighs the contributions by the
term A%,accounting for the eigenvalues of the transient source and the additive noise
variance o2 within the noise-only subspace of stationary sources. This means that
subspace components with a stronger contribution from the transient signal will receive
more weight, distinguishing the heuristic energy of the syndrome approach in [5] and

the statistically optimal LRT.

3.5.4 Generalized Likelihood Ratio Test

The application of the LRT test mentioned above to the data typically assumes that
the covariance matrices under the two hypotheses are known: Rg for hypothesis Hy
and the composite (Rg + Ry) for hypothesis H; regardless of whether these matrices
are derived from measurements or subspace-projected data. The covariance matrices
represent the precise ensemble statistics; the source model in Fig. 3.1 is known a priori.
In practice, where only finite data is available for estimating the statistics, the estimated
space-time covariance R(z) will be subject to estimation errors that depend both on
the sample size of the data and the ground truth R(z) [195,200,201], thus resulting

in perturbed estimates Ry and (f{o + f{l) This reliance on potentially inaccurate

estimates turns the LRT into a generalized likelihood ratio test (GLRT).
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This thesis explores the optimality of the test. In the application described in
Sec. 3.1, we can estimate f{o, but we cannot measure fil, independently or in con-
junction with Ry, before detecting the change points. Understanding the optimal
outcomes based on R; or R; serves as a benchmark for [5] and related applications

such as [133,134].

3.6  Analysis of Subspace-Based LRT

In this section, we explore the properties of the covariance matrices Ry ;,% = 0, 1, which
represent the measurements, and of Rs;, ¢ = 0,1, which pertain to the projected data

that feed into the LRT discussed in Sec. 3.5.1.

3.6.1 Temporal Correlation

We focus on hypothesis Hy, where only L stationary signals are present. If the mixing
system uses FIR filters of length (K + 1), then R(z) is a Laurent polynomial matrix
of order 2K, typically dense due to nonzero coefficients R[] for |7| < K. As a result,
when considering a temporal window 7' < K in the LRT, Ry o is a dense matrix. Only
for the case T' > K will we start to see zero corner blocks appearing.

Examining the projected data based on Hy, we have R'(z) given by (3.23). With
the subspace partitioning in (3.4) and (3.5) this simplifies in the case of an ideal EVD
to

R(z) =0 Iy 1, (3.25)

since the projection is orthogonal to the signal subspace, i.e. QY (2)H(z) = 0. For the
LRT, this leads
Rso = UEI(M—L)T . (3.26)

Under hypothesis Hy, according to (3.26) y,, is uncorrelated both spatially and tempo-
rally, contrasting with Ry ¢ for the measurement data. Temporal correlation generally
degrades a test variable [5], which thus is mitigated for the projected data under hy-

pothesis Hy.
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Under hypothesis Hj, we examine the covariance matrix (Ro+ Rj). Both the
measurement and projected data cases will produce dense matrices Ry 1 and Rg 1,
with the input data for the LRT, y,,, showing temporal and spatial correlations. The
projected data, after passing through the filter bank QY (2), will exhibit correlations
over a data window that is even longer than the measurement data.

To construct the matrix A in (3.16) for the LRT, note that both R;(z) and R.(2)
are rank-one matrices, as shown by the outer products in (3.2) and (3.24). We can
define B(z) = Q ("2)hu(:)AF (2)Q, (2) = B ()R (2) where Bi(z) = QF (2)hu(2) :
C — CM~L is a vector of functions. As a result of the space-time covariance having
rank one, at least theoretically the covariance matrices Rx 1 and Rs o will at most have

rank T [105] and can be factorized as

Ry, = HH! (3.27)

R, = H{H{" (3.28)

where Hy € CMTXT and H, € CM-L)TXT,
Using the Woodbury identity [120] for the low-rank update ( Ro+ Ry) ™, for (3.16)

where the low rank term R; = H{H}' admits the factorization
(Ro + HHY) " =R;! - Ry 'H, (I + H'R; 'H,) " HI'R; . (3.29)

Substituting this result into (3.16) yields

1

A=R;'— (Ro+HH") . (3.30)
Replacing the inverse using the Woodbury expansion, we obtain
A =Ry'H, (Iy + H'R;'H,) 'H'R;" . (3.31)

Specifically for the measurement case, in (3.31), the dense nature of Ry o prevents
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further simplifications. For the projected data, denoted as Ag, we have

1 -1
A, = QH; (o21r + H'H])  HT, (3.32)
v

recalling that primed variables such as H} refer to quantities that are projected on the
nullspace of R(z). Although (3.31) and (3.32) do not represent how the processor for
the test statistic in (3.19) is computed, since only Ry and (R + Rq) are available.
However, (3.32) illustrates how the projected data case simplifies the procedure by
presenting the outer product of a low-rank matrix H and its regularized left pseudo-
inverse, that is free of temporal or spatial correlations imposed by the stationary sources

captured in Ry.

3.6.2 Covariance Matrix Conditioning

We assess how the computation of the inverses for Ry and (Ro + R;) impacts the ap-
plication of the LRT to the measurements or projected data by examining the condition
number of a matrix [120]. This metric indicates the sensitivity to random perturbations,
such as estimation errors [195], during inversion.

In the measurement scenario, the condition number Ry is related to the spread
of the eigenvalues [179] of the signal, which evaluates the ratio of the minimum and
maximum spectral values and incorporates a spatial component. For the maximum

eigenvalue, we have
max {Ax o} ~ max A { R ()} ~ max A { H () H” ()} > o2, (3.33)

where AM{ R(z)} returns the analytic eigenvalues of the Parahermitian matrix R(z) [109],
and o2 represents the maximum power of a stationary source in a measurement ;,[n],
assuming an SNR of 02/a2 >> 1 is large. For the smallest eigenvalue, the noise floor in

the noise-only subspace is defined by o2, allowing us to obtain
Yx0 > 02 )02 (3.34)
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for the condition number under hypothesis Hy. The maximum eigenvalue under Hj
comes from a strong stationary component, while the minimum eigenvalue relates to
the noise floor. Thus, we have approximately vx,1 = ¥x,0-

In the projected data, ideally, there are no stationary signals. Here, the maximum

eigenvalue is represented by

max {As o} = r{rzlax)\ {R’ (e‘Q)} = Igzlax)\ {Ht (eJQ) H? (eJQ) + agIT(M_L)}

> ol 402, (3.35)

where of represents the maximum power of the transient signal within any of the
measurement signals z,,[n]. Note that this power does not increase when passing
through QF(2), since this matrix is paraunitary and hence it preserves energy. Because

the smallest eigenvalue remains constrained by the noise floor, we have 59 > 1 and

o? + 03
Yor > gt (3.36)

v

for the condition number under hypotheses Hy and H;. Note that the transient signal
is significantly weaker than the stationary signals; the covariance matrices for the pro-
jected data will have a much lower bound for the condition number and will generally
be much better conditioned than their equivalent quantities based on the measurement

data.

3.7 Generalised Likelihood Ratio Test Implementation

The construction of Generalised LRT follows closely that of an LRT, but uses estimated
covariance matrices instead of the expected ones. This section highlights the general
approach in Sec. 3.7.1 followed by details on the covariance estimation in Sec. 3.7.2,

and the mean and variance of this estimators in Secs. 3.7.3 and 3.7.4.
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Figure 3.10: Block diagram for LRT/GLRT implementation.

3.7.1 Implementation Overview

The block diagram in Fig. 3.10 illustrates how ultimately results for LRT and for GLRT
are obtained. Based on generated system components H (z) and H(z) as in Fig. 3.1, we
can derive the space-time covariance matrices under the different hypotheses. From this,
LRT test matrices A2 = A%QH are built via (3.21) according to (3.16). With these test
matrices, LRT test statistics (LRT(x)) based on the measurement data are produced
with data generated from the source models H(z) and H(z). This is illustrated by
the top branch in Fig. 3.10. In the same block diagram, an analytic EVD of the space-
time covariance matrices leads not only to the subspace decomposition that allows the
syndrome vector calculation via @, but also the modified covariance matrices from
which syndrome-based LRT test statistics (LRT(s)) can be calculated.

By repeating the same procedures with estimated space-time covariances, the bot-

tom half of the block diagram in Fig. 3.10 shows how the statistics for the generalised
LRTs (GLRT(x) and GLRT(s)) can be determined in the same fashion as the LRT
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results. Thus, we will focus in more detail on space-time covariance estimation below.

3.7.2 Cross-Correlation Estimation

The space-time covariance matrix must be estimated from the data. If only a set of
N snapshots of x[n],n = 0...(N — 1) is available. Generally, the estimate for the
space-time covariance matrix, R[T], will experience estimation errors. We aim to focus
on estimating the cross-correlation sequence.

The cross-correlation sequence between two signals x,,[n] and x,[n], with m,u €
{1,..., M}, is defined as

TmplT) = & {xm[n]xZ[n —1]}. (3.37)

Assuming strong ergodicity and therefore by implication stationarity for the signals
involved [202], the estimation of 7,,[T] over a set of N time snapshots can be performed

in different ways.

3.7.3 Unbiased Estimation

The space-time covariance matrix consists of cross-correlation sequences, and we use a
best linear unbiased estimator (BLUE) [195]. With lag-dependent normalization, the

estimate of rp,,[T] over a sample size N is defined as

N—|r|-1 "
i T amln + 7lagln], T >0,

TmplT] = (3.38)
N—|1|-1 %
N_llr\ Zn:O| | em[njzyn —7], T <0,
which can be shown to be unbiased. For example, for 7 > 0,
N—-1—1
A A 1 *
mean {7y, [7]} = E{FmulT]} = NoT Z E{xm[n]a}[n — 7]} (3.39)
n=0
1 N—-1—1
=N nz_:o PpT] = T[] (3.40)
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i.e., the quantity estimated via (3.38) tends towards the true cross-correlation sequence.

3.7.4 Variance of Estimator

With a lag-dependent normalization, an estimate of r,,,[7] in (3.38) over a sample size

N is defined as

var {Fomu [} =€ {(Pmu[7] = Pmp[T]) (Fnpsl7] = rona[7])"} (3.41)
=& {Fmulr)Pnu]} = € Fmalr]} rinul]

— T TIE {5 171} + T [T] (7] (3.42)

=& {Prnu[T]7 (7]} = PgalT]r 7] (3.43)

Inserting the estimation in (3.38) into € {7y, [7]75,,[7]} results in (3.43) containing a
fourth-order term involving the signals x,,[n] and x,[n].

The fourth-order term above can be expressed in terms of cumulants, but for Gaus-
sian signals, cumulants of order three and above are zero [203,204]. This property also

holds for the complex-valued case [205], such that this fourth-order term simplifies as

E{mm [n Tlzy,[n ]SEH[R—T]} =& {xm[n]l‘;[n—ﬂ} -E{xy, [n]ru[n—T]} (3.44)
+ E{xp[n]a), [n]} - € {a) [n—T]2,[n— 7‘}
+ & {xmln]zun—7]} - € {a} [n—7]a},[n]} . (3.46)
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Therefore, for 7 > 0, the variance of the estimator in (3.38) becomes

N—|r|-1

S (E{amln + Tlaln)} - € {al,lv + Tlaulv]}

n,v=0

1

var {7, (7]} :W

+ E{zm[n+ 1]z, [v+ 7]} E {:U;’;[n]xu[y]}

+& {xm[n + T]m:[u}} & {xZ[n]mu[v]} — rmH[T]x;M[T]) (3.47)

N—|r|-1
e O (bl € {aplalaol)
n,v=0
S8 (ol — IV E (o W - ) 5.4

The same outcome can be obtained for 7 < 0, and it matches the results obtained

in [206]. Note that the first term on the r.h.s. of (3.48) can be simplified as

N—|r]-1 N—|r]-1
> E{amnlan, W} -E{anlzu v} = YD rmln — v, — v (3.49)
n,v=0 n,v=0
N—|r]-1
= Y (N =l =t rmmlt] - [
t=—N+|7|+1

(3.50)

The second term in (3.48) can be addressed similarly. With 7,,[7] = £ {m,[n]z,[n — 7]}
denoting the complementary cross-correlation sequence [205], the variance of the sample

cross-correlation sequence becomes [195,197]

1 N—|7]-1
var {Fmu[]} = (N_T‘)Zt:—NZHﬂH(N =7l =1t)
(im0, 8] + P+ 8T [T — 1]) (3.51)

Thus, for Gaussian input signals, we can characterize the variance of the cross-correlation
sequence estimator, which depends on the sample size but also on the underlying auto-

and cross-correlation sequences. Further, if the data is complex-symmetric Gaussian,
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then all complementary cross-correlation terms are zero [205]. This provides some in-
sight into the perturbation of the estimates required for the GLRT in Sec. 3.5.4 and its

implementation in Sec. 3.7.1.

3.8 Simulation Results

This chapter compares three tests: the simple syndrome approach from Sec. 3.3.2, the
LRT using measurement data from Sec. 3.5.2, and the syndrome-based LRT based on
Sec. 3.5.3.

3.8.1 Performance Metrics, Algorithms, and Parameters

We evaluated the separation of distributions related to two hypotheses using the ROC
metric. The ROC evaluates the probability of correctly detecting a transient signal
versus the false alarm of incorrectly detecting a transient signal, i.e., with respect to
the test in (3.19), the threshold ¢’ is exceeded in the absence of any transient signal.

To measure how well two distributions with means pg and pi, and standard de-
viations o¢ and o1, separate under hypotheses Hy and Hi, we define the distance
metric [46]

= ol
LW (3.52)

as a single value to characterize the effectiveness of separation. The normalisation by
the mean standard deviation in (3.52) ensures that the spread of the distributions is
considered when assessing the distance of their mean values.

The simulation parameters for the example scenario model in Fig. 3.1 are outlined
for our test setup. We operate with M = 8 sensors and L = 5 stationary sources.
The transient signal is within the noise floor, with a power equal to the variance o2 of
additive noise v[n| in Fig. 3.1. The SNR ~ of stationary sources and noise, excluding

any transient source, is

L RO} - Mo?

e (3.53)

With tr{-} the trace operator, in (3.53) tr{R[0]} measures the total signal power in the
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received signals, while M2 accounts for the sum of noise power across all sensors. This
SNR v is set to 10 dB or 20 dB. We also vary the order of the convolutive mixing system,
with K = 8 or K = 16. The parameters M = 8 and L = 5 were selected to ensure
an overdetermined sensing configuration ( M > L ), thereby guaranteeing sufficient
spatial degrees of freedom for reliable covariance-based processing. The SNR values
of 10 dB and 20 dB represent moderate and high signal to noise regimes, respectively,
enabling evaluation of performance robustness across practical operating conditions.
The trace operator is employed in the SNR definition to quantify total received signal
power across the array in a spatially invariant manner. The convolutive mixing order
K € {8,16} models short and moderate channel memory effects, allowing assessment
of algorithm robustness under increasing multipath complexity. The simple syndrome
energy detector will be compared with a likelihood ratio test [186,187], which requires
significantly more knowledge of the scenario, as the covariance of the contribution of
the transient signal to [n] must be known. The tests involve two variable parameters:
the temporal window 7" and the dispersive of the mixing systems, indicated by the time
domain support of H[n] and h¢[n], represented by the length K of their finite impulse
response filters, as seen in Fig. 3.1.

We evaluated LRT for measurements and syndromes, labeled LRT(x) and LRT(s).
To address the supervision of temporal correlation in the syndrome method [5], we refer
to LRT using only R[0] and R¢[0], termed LRTy(x), i.e., it also ignores the temporal
correlation of the data. Furthermore, we present results using space-time covariance
matrices estimated from 103 and 10° samples through a BLUE [195], demonstrating

the performance of a GLRT compared to a conventional LRT [187].

3.8.2 Simulation

Fig. 3.11 illustrates the separability 0, defined in (3.52), for various temporal windows
T =1,...,10. For T = 1, there is no temporal correlation to consider, and both
LRT(x) and LRT3(x) show identical performance. As T increases, both methods rely on

increased averaging, which improves separability; incorporating the relevant temporal
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Table 3.2: Simulation parameters for the mixing system

’ Parameter H Value
Polynomial order, K 8, 16, and 20
Signal-to-noise ratio, v 10 dB or 20 dB
Temporal window, T' 1 to 10
Number of stationary sources )
Transient source power: same as noise power o2
Number of snapshots of data N 10°

correlation leads to a more significant increase in § for LRT(x) than for LRTy(x).
The results indicated by the circles reflect the statistics estimated from the 10° data
snapshots rather than the signal model in Fig. 3.1, which therefore represents the GLRT
test. The covariance matrices are sufficiently accurate to reveal no significant difference
compared to the scenario where the ground truth is available (indicated by asterisks).

In comparison, syndrome-based methods exhibit greater separability for 7' = 1 than
tests that operate on x[n]. Given that LRT(x) is statistically the optimal approach,
this finding is surprising and likely arises from the temporal decorrelation associated
with the stationary sources used by Q| (z). However, as T increases, the performance
advantage of LRT(s) over LRT(x) decreases, and the latter demonstrates the best
performance for 7' > 5 in this context. Interestingly, the syndrome approach [5],
which differs from LRT(s) by not weighting contributions in the noise-only subspace or
considering temporal correlation, performs well and significantly better than LRT(x);
once again, the decorrelating property of Q, (z) may provide an advantage.

Since ¢ is a simplified assessment of the separation of the distributions, Fig. 3.12
illustrates the ROC curve for T' = 10. The LRT approach has an advantage because
it considers all available data in the measurements x[n] instead of the pre-processed
syndrome s[n]. The estimates of the covariance matrix in Figs. 3.11 and 3.12 are

accurate enough to prevent performance drop.
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3.8.3 Changing SNR and Support of Mixing System

To strengthen the argument that the use of the preprocessed syndrome vector Q | (z)
is beneficial in the presence of temporal correlation, we enhance this correlation by
doubling the support of H(z) to K = 16. The results on separability in Fig. 3.13 show
that the performance gap increases compared to Sec. 3.8.2. Furthermore, in the range
0 < T <10, the LRT applied directly to the measurement data no longer matches the
performance of the syndrome-based LRT, as illustrated by the ROC curve for T" = 10
in Fig. 3.14.

In the previous simulation, the difference in performance between LRT based on
precise knowledge and GLRT based on estimated covariance matrices was negligible.
In Fig. 3.15, a performance breakdown occurs for GLRT using the measurement data
for T' > 8. Here, for T'= 10, the matrix Rq for LRT(s) is 30 x 30, while for LRT(x), it is
80 x 80, with a condition number that increases by three orders of magnitude compared
to the case based on syndromes. Consequently, estimation errors tend to have a more
severe impact, potentially leading to poor performance results.

In addition to increasing K regarding the experiment in Sec. 3.8.2, we also increase
the power of the stationary sources from v = 10 dB to v = 20 dB. This has the effect
of increasing the condition number of the covariance matrices based on x[n] but not the
condition number of the covariance matrix based on s[n], where the large eigenvalues
of the stationary users have been removed. Consequently, it becomes more challenging
for LRT(x) to extract information about the transient source from the signal subspace
of stronger stationary sources. Taking into account the separability results in Fig. 3.15,
the reason why it cannot perform as well as LRT(s) is probably due to the decorrelating
nature of Q (z). Together, these effects improve the advantage of the proposed LRT(s)
over LRT(x). Note that while the simplistic measure ¢ suggests a marginally better
separation for the syndrome approach in [5] than for LRT(x) in 7" = 10, the ROC curve
in Fig. 3.16 reveals somewhat reverse fortunes when considering the actual distributions,
with LRT(x) outperforming the syndrome approach at least as far as the logarithmic

plot permits to judge this. However, this does not affect the superior performance of
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LRT(s) over LRT(x).

For the setting with K = 10 and the transient signal 10 dB below the stationary
signal in power, the results for the separability § as defined in (3.52) are shown in
Fig. 3.17 as a function of the temporal window 7,1 < T < 10. For small values of T',
the decorrelating property of Q]j)_(z) gives an advantage to the LRT operating on the
projected data. Evaluating the power of the projected data averaged over T' snapshots,
as done in [5,133,134] and denoted as power(s) in Fig. 3.17, also offers an advantage
over the LRT applied directly to the measurement data. However, as T increases,
the LRT for the measurement data surpasses those of the other methods by leveraging
additional information about the transient source within the signal-plus-noise subspace.
Increasing the temporal correlation with K = 20 and reducing the transient signal
strength to match the noise floor, Fig. 3.18(a) illustrates the separability. The LRT
applied to the measurements performs significantly worse compared to the LRT on the
projected data across the T range. Notably, for T' > 8, the GLRT measurement results
decline sharply. For instance, at T' = 10, the LRT involves inverting 80 x 80 matrices
for the measurement case versus 30 x 30 matrices for the projected data. Additionally,
the condition numbers v« 1 and g1 defined in Sec. 3.6.2 shows significant deviations.
These deviations become evident in Fig. 3.18(b) for T' > 8, correlating with the observed

decline in the measurement LRT in Fig. 3.18(a).

3.9 Chapter Summary

This chapter presented a polynomial subspace detection method for weak, broadband
transient signals. The syndrome energy approach was evaluated within a polynomial
matrix framework and benchmarked against the likelihood ratio test (LRT), which
served as the optimal detector under full channel knowledge. A broadband subspace
projection was employed as a preprocessing step for the LRT, improving both the com-
putational efficiency and the conditioning of the covariance matrix. Statistical analysis
and simulations demonstrated favorable trade-offs in detection performance, decision

time, and sample size. Subspace methods outperformed LRT in some scenarios, partic-
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ularly when applied directly to the data x[n|, producing better-conditioned estimates
than those based on complete transient statistics R;(z). We perform energy detection
in the noise-only subspace, where the removal of strong signal components may make
it easier to recognise the presence of a weak transient source. This detection approach
was motivated by the goal of detecting trigger signals of improvised explosive devices
(IEDs). Once we have detected a potential hostile source, we would like to suppress it

using jamming, as described in the next chapter.
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Figure 3.11: Separability of distributions for different approaches with M = 8 sensors,
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Chapter 4

Time Reversal Methods to
Enable and Protect Primary

Users

4.1 Introduction

The preceding Chapter 3 has introduced a polynomial subspace detector for weak tran-
sient signals in broadband, addressing the challenges posed by low-energy and short-
duration signals often encountered in transient source detection [5,44]. Building on
the detection framework in [5,44], we develop a signal that effectively blocks these
potentially hostile or unauthorized transient sources, using channel reciprocity, also
known as time reversal [207]. Time-reversal techniques exploit this reciprocity and
have been applied in various propagation media ranging from sonar [208], to radio
frequencies [209], biomedical imaging and therapy [210], and human recognition [211].
In this chapter, we adapt time-reversal techniques to serve as a broadband jamming
method for MIMO systems. The proposed strategy assumes prior detection of hostile
emitters through their earlier transmissions and then exploits channel reciprocity to
redirect signal energy back to the source, effectively jamming it.

Time reversal [212-214] is to time-reverse, normalize, and retransmit received sig-
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nals so that they concentrate energy back at the original emitter’s location. It accu-
rately targets transmitting sources with the appropriate spatio-temporal structure to
maximize power transfer from the transmit array to hostile emitters while minimizing
interference with known users in the environment. Moreover, it avoids the requirement
for full [215] or at least partial channel knowledge [216] that is often assumed in jammer
design.

When full channel knowledge is available, narrowband downlink beamforming meth-
ods for MIMO systems [217-219] can be extended to the broadband case. This exten-
sion utilizes an analytic SVD [156] of the MIMO system’s transfer function matrices.
Although broadband scenarios introduce complexity due to frequency-dependent chan-
nel behavior, we show that, under simplified assumptions, this adapted approach can
define the performance limits of time-reversal signal processing.

The remainder of this chapter is organized as follows. Sec. 4.2 outlines the weak
transient signal detection approach and the optimization problem behind the inter-
ference task. This optimization problem requires the maximization of output power,
which we characterize via an innovation filter model in Sec. 4.3. Sec. 4.4 discusses
the design of the broadband beamforming, while Sec. 4.5 explores the time-reversal

method, which is evaluated in Sec. 4.6. A summary is provided in Sec. 4.7.

4.2 Scenario and Signal Model

4.2.1 Reception and Transient Signal Detection

Consider a scenario that contains a group of L stationary transmitters and potentially
Lo transient sources that we aim to detect. The stationary transmissions are received
by an array of elements M, represented by the measurement vector x,[n]. We model
stationary contributions to x;[n] via an innovation filter Gi[n] € CM*L1  which is
excited by a complex uncorrelated complex Gaussian process with zero mean, unit
variance u, 1 [n] € CH, with u, 1[n] € CA(0,T) [112]. The array is corrupted by additive

Gaussian noise v[n] € CN (0, 02I), where o2 is the uncorrelated noise power, and I [220]
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Ur 1 [n] oO———> G1 [n]
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U 2[n] o——— Gz[n] /

)

Figure 4.1: Signal model for an M element array with measurement vector x,[n], with
a processor ®[n] to observe an potential transient contributions from u,2[n] in the
presence of stationary signals u, 1[n].

for the identity matrix. It may also receive signals from transient sources Lo, modelled
by u;a[n] € CL2 and an innovation filter Go[n] € CM*L2. This situation is shown
in Fig. 4.1, which represents the reception stage of the proposed framework and is
a reframing of the model in Fig. 3.1 of Chapter 3 using the variables used here: the
received measurement vector x,[n] contains stationary-users, the potential transient
source contribution, as well as additive noise . The processor ®[n] projects x,[n] away
from the subspace occupied by the stationary users, such that y,[n] represents the
syndrome vector of Chapter 3. The purpose of this chapter will be to use y;[n] to
project energy back to the transient sources while minimising or ideally nulling the
interference to the stationary users.

To detect the presence of transient sources, a processor ®[n] in Fig. 4.1 projects
onto the nullspace of G () with G1(2) = 3, G1[n]z™", or simply G1(z) e—o Gi[n].
As a result, y;[n] ideally contains only contributions from noise and transient sources.
The detection of these sources can be identified by an increase in power [5,44].

The nullspace of such a matrix of transfer functions can be found using polyno-
mial matrix algebra [105,121] via an analytic SVD [121,156], as outlined for subspace

decompositions in Chapter 2,
Gi(2) =U1(2)Z1(2) V7 (2), (4.1)
where U1(z) : C = CM*M and V{(z): C — CF*%1 are analytic paraunitary matrices,
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and X(z) : C — CM*11 is diagonal and analytic [5,121]. As outlined in Chapter 2,
paraunitarity implies that {U1(2)} ' = UY(2) = {U; (1/2%)} with {-}F representing
the parahermitian transposition [108]. For the computation of (4.1), dedicated SVD
algorithms [166, 168,221] or two analytic EVDs [145, 146, 150,222] can be invoked.

If Uy |(2) contains the Ly left-singular vectors of G'1(z) corresponding to its non-
zero singular values, then its orthogonal complement is U | (z), such that the subspace
partitioning U1(z) = [ULH(Z), U, (z)] enables us to construct the processor matrix
as

®(2) = Uil(z) . (4.2)

For the space-time covariance of the received data vector, R;[r] = € {y;[n]yf[n — 7]},

we now have R, (z) e—o R,[7]
R.(2) = ®(2)G2(2)GY (2)®F (2) + 021 (4.3)

The first term on the right-hand side (rhs) reflects the power change that the emergence
of a transient signal triggers in y;[n]. Its onset can be identified via a change detection,
particularly when u, 2[n| represents weak transient signals [5].

If G[n] is known, weak transient signal detection can rely on enhanced detectors
such as the LRT. The assumption of perfect knowledge of Ga[n] is often idealized,
as in practice it must be estimated, and any mismatch can degrade detection perfor-
mance. Likewise, accurate characterization of the polynomial mixing model GY(z) is
essential for reliable nullspace construction; model uncertainties, finite-sample effects,
and noise may distort this nullspace and cause leakage of strong stationary components.
Nevertheless, in structured settings-such as calibrated sensor arrays or controlled com-
munication systems-these parameters can often be estimated with sufficient accuracy,
making nullspace projection effective for suppressing dominant interference and en-
hancing sensitivity to weak transient signals. In this case, restricting to the nullspace
of G} (z) can be advantageous both from the numerical [44] and computational as-

pects [46]. For simplicity, we define Go(2) to lie in the nullspace of G} (z) so that we

87



Chapter 4. Time Reversal Methods to Enable and Protect Primary Users

have

G (2)Ga(2) = 0 (4.4)

This implies that Ly and u,2[n] only represent the number and innovations of the

transient source components that reside within the nullspace of G ().

Example 9 As an exzample for the orthogonality condition in (4.4), assume a matriz

(;1(2),

V2 % V2 V2!

G = | 1 e (10 X (15)
1 - - 2 21 z 0 zt2+z! ’ '
o N e = 2l 1 1 2

2
~- 21 (2)
Ui(z)

where the factors Ui(z), X1(2) and V1(z) = Iy represent its reduced analytic SVD.
Note that the columns of U1(z) are orthogonal, i.e. that USU(z) = I,. Now assume
that we have second matriz Go(z) = (1 + 2z~ Y[1, 1, 1|7 for a single transient user.

Then we obtain the matriz Ga(z) as defined above via the projection P(z) = {Isz —
Ui(2)UY (2)}, such that

0
~ 2471 2472
Gg(z):P(z)Gg(z):HQ% o (4.6)
1

Note that because P(z) is a Laurent polynomial matriz, Go(z), different from Ga(z),
now contains non-causal filters.

With Ga[n] o—e Ga(2) and Ga[n] o—e Ga(2) we find that 3", |Ga[n]||% = 6 but
>, IG2[n]||3 = 3, i.e. that half of the energy of the transient source falls into the signal-
plus-noise subspace of Glf(z) and is ignored for the purposes of maintaining assumption

(4.4), while half of the transient source’s energy will be captured in the syndrome vector.
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Figure 4.2: Signal model of the same M element array as in Fig. 4.1, but with the aim
of maximum power transfer to the transient sources represented in u2[n] while not
interfering with the stationary sources represented by u1[n]. Compared to Fig. 4.1,
the signals flow from right to left.

4.2.2 Transmission and Channel Reciprocity

Channel reciprocity implies that the impulse response from a point A to a point B
is the same as the impulse response from B to A, because the multipath components
are identical. For a MIMO system, an additional transposition of the MIMO channel
matrix is involved if reciprocity holds. We now exploit this fact and aim to reverse the
transmission link compared to Sec. 4.2.1 and use the MIMO system matrices H(z) and
H5(z), as illustrated in Fig. 4.2, to transmit from the M-element array to stationary
users, as well as to any potentially present transient sources. The channel reciprocity

means that for H(z) e—o H;[n|, we have
Hi[n] = Gi[n], (4.7)

and similarly, for Ho(z) e Ha[n] = GJ[n]. The aim is the inverse of that in Sec. 4.2.2:
we aim to maximize the transfer of power to the jammer while ideally suppressing the
transient sources represented by w¢2[n], while not interference with the stationary
sources indicated by wug[n]. Thus, the optimization problem can be formulated as
maximizing the energy transfer to ug2[n| in order to jam the transient users. This is
subject to enforcing the stationary users to remain interference-free, and to maintaining

an overall power budget Py for the transmission. Therefore, the overall goal is to solve
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unlo Aln] I <[]

Figure 4.3: Model to explain the spatio-temporal correlation structure of a signal vector
x[n] based on a spatially and temporally uncorrelated input vector u[n| and a spatio-
temporal filter A[n].

the constrained optimization problem

W.(2) = axgmax € { Juealnl (48)
st &{Jualmll}} =0 (49)
& {lIxelnll3} = Py (4.10)

for the preprocessor matrix ¥[z] e—o W¥(n) in Fig. 4.2. Within this optimization prob-
lem, (4.8) maximizes the jamming power at the transient source, while (4.9) imposes
nulls in the direction of stationary users, and (4.10) ensures that the transmit power

constraint is limited to a transmit power budget Fp.

4.3 Signal Power Based on Innovation Filter Model

In order to address the optimization problem in (4.8) to (4.10), we need to formulate
the power of a vector of signals based on its innovation model [112], i.e. we need
to tie the signal vector via a MIMO system to a vector of spatially and temporally
uncorrelated unit variance zero mean Gaussian signal. This situation is depicted in
Fig. 4.3, where u[n] with £{u[n]ul'[n — 7]} = I15[7] contains the inputs, and A[n] is a
matrix of innovation filters that then explains the spatio-temporal structure of a signal
vector x[n] whose power we are interested in.

For an innovation system A [n] excited by a signal vector u[n] € CN(0, I), the output

x[n] = A[n] * u[n| has the power
& {XH[n]X[n]} =tr{& {X[n}XH[n]}} = tr {Rx[0]}, (4.11)
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which can thus be tied to the zero lag component of the space-time covariance matrix
R[] = € {x[n]x"[n — 7]} of x[n]. Its z-transform, the CSD matrix Ryx(z) e—o Rx[7],
according to (2.29) is given by

Ra(2) = A(2)AP(2) . (4.12)

Thus, the power € {x"[n]x[n]} can be computed via

&x = tr {Rx[0 —tr{ZA JAR[n } Ztr{A JAH[n)} . (4.13)

Since the trace tr (AAR) = ||A[|} can be related to the Frobenius norm || - ||, we

obtain

& (xM[n)xln]} = 3 A []|2 = ;ﬂ/o A @) aq. (4.14)

whereby the latter step exploits Parseval’s theorem.
Based on the analytic SVD A(z) = U(2)2(2)VF(z), where U(z) and V() are
paraunitary matrices, and 3(z) is diagonal with the analytic singular values o,,(z) of

A(z), we thus find that
A (2)||% = Zyam (@) [? (4.15)

Integrating over frequency €2, or summing over the time domain coefficient based on

Parseval, gives
&= lomn]® (4.16)

for the total power of x[n| based on the singular values &,(z) ®—o g,,[n] of the inno-
vation filter model A[n] explaining the spatio-temporal structure of x[n]. We will use

this link in Secs. 4.4 and 4.5 to determine the power terms in the optimization problem
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(4.8) to (4.10).

4.4 Power Transfer with Known Channel

If the system Ho(z), that includes the channel matrix and any filters that explain
the spatio-temporal correlation structure of the sources we seek to jam, is known,
then the problem outlined by (4.8) - (4.10) is in parts a broadband extension of the
narrowband MIMO downlink schemes referenced in e.g. [217,223,224]. This method
designs ¥[n| o—e W(z) = W(z)WPy(z) in two parts: the matrix ¥;(z) is designed in
Sec. 4.4.1 to null interference to desired users, while Wo(z) in Sec. 4.4.2 maximizes the

power transfer to ut 2[n|.

4.4.1 Broadband Null Steering

First, the constraint (4.9) is enforced by restricting the design to the null space of H1(z).
Due to channel reciprocity [208,209], we can write the analytical SVD of H(z) based
on the factorization of G1(z) in (4.1) as

Hi(z) = {V1(1/2")} S ()U1 (2) . (4.17)

Thus, the null space of H{(z) is spanned by those of rows of U7 (z) that correspond
to zero singular values, that is, the columns of U li | (2). Therefore, in an initial step,

we consider the preprocessor
T
W(z) = {Uil(z)} (4.18)

shown in Fig. 4.2. This matrix serves as a broadband beamformer that positions nulls in
T
the direction of sources indicated by u 1[n ] such that u;1[n] = Hyn|* {UII{ L[—n]} *

yt[n] = 0, since {Hl (U1 1(2) } (2)G1(z) = 0, regardless of the choice of
yi[n] € CM~L1_ thus satisfying (4.9).
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4.4.2 Maximizing Power Transfer

To address the remaining optimization problem described in (4.8) and (4.10), we will
design a second preprocessor Wo(z) to work with the null processor of the first stage
W, (z) from (4.18). The goal is to create a transmit signal x¢[n] such that the power
of x¢[n] = F[n| % u¢ 2[n| is maximized, to maximize the energy delivery to a potentially
hostile receiver while adhering to the interference constraints defined by the nullspace
of Hi(z). For the transfer function F(z) e—o F[n] with F(z) : C — C2*l2 we have

the general system transfer function
F(z) = Hy(z) ¥1(2) ¥2(2) , (4.19)

where H(z) represents the channel transfer function to the receiver (hostile emitter),
W, (z) enforces the projection onto the nullspace of known friendly signals, and the
matrix Wo(z) is to be designed to maximize energy transfer through the projected
channel.

The structure of the second channel to the desired receiver is assumed to take
the form Hos(z) = UEL(Z) G2(z). This projects the output of the transmit signal
onto the orthogonal complement of the dominant subspace of U | (2), to ensure that
transmissions avoid interfering with the desired sources.

Substituting (4.18) for ¥y(z) = {Ulij_(z)}T into (4.19) yields
F(z) = Ha(2) (UYL (2)} Wa(z) = (PT (UYL (2)HT(2)) . (4.20)

Assuming reciprocity of the channel such that G (z) = H3 (2), the expression simplifies

to

F(z) = (9T (2)UL | (2)Ga(2)) . (4.21)

Substituting the analytic SVD of the projected channel Gy(z) = Us(2)Za(2)VE (2),

where Us(z), Va(z) are analytic, paraunitary matrices and 3a(z) is diagonal, with
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singular values o2 ,,(2), into (4.21), gives
F(2) = (W3(2)UL | (2)Us(2)Za(2)V5(2)) . (4.22)

Partitioning Us(z) = [Ug(2),Us,1(2)], due to the assumption (3.4), that the domi-
nant subspace of Ga(z) is within the orthogonal complement of the signal detected by

W, (z), we have a projection
(U1,1(2)UT 1 (2)) Ug () = Uy (2) - (4.23)

Note that (4.23) is due to the dominant subspace Uy |(z) of the jammer channel lying
within the nullspace of H(z), making the projection onto U | (2) redundant. Here,
U 27”(2) represents the signal’s parallel component within the signal subspace. There-

fore, for this choice,

Wy (2) =M(z) Uy (2) Uy, L(2) (4.24)
as preprocessor, we obtain
T
F(z) = (II(z) Z2(2) V5(2)) " (4.25)
where the diagonal matrix II(z) = diag {m1(2),...,7r,(2)} denotes a diagonal power

allocation matrix to optimize. This formulation separates the channel modes, enabling
tractable power allocation optimization.

Based on (4.16) from Sec. 4.3, we can determine the power of u;2[n] based on the
eigenvalues of F'(z) in (4.25). Thus, the transmit power is now given by II(z), and
the receive power is given by both IT(z) and ¥3(z). This simplifies the remaining
optimization problem of (4.8) and (4.10) to

max »  |mwm[n] * o9 m[n]]? st Y |mmnl? =P (4.26)
m,n
Thus, the transmit power for each mode is specified by 7,,(z), and the corresponding

94



Chapter 4. Time Reversal Methods to Enable and Protect Primary Users

received power is proportional to |m,[n] * o2m[n]|?, where * denotes convolution in
time.

The total power is maximized under a transmit power constraint Py. This ideally
involves spectral temporal shaping of the transmit signal, akin to water filling for power
allocation in the narrowband case [225]. Thus, the terms 7,,(z) allocate power to the
spatial and spectral components with the highest gains in the singular value o,,(z).
The time-domain version are oy ,[n| for the m-th singular value m-th in 33(2) and
Tm[n] for the power allocation function in mode m. Assuming a known channel G(z),
Y2(z) = Iis used for simplicity and tractability of a solution, since the optimal uniform
power allocation now leads to II(z) = %I satisfying the power constraint in (4.10), the

overall solution to the preprocess in (4.27) is given by

Wy (2)Uy(2) = ]LDZ {US,H(z)ULL(z)UIiL(z)}T (4.27)
P T
_ fg {U;H(z)} . (4.28)

for the preprocessor matrix to a zero mean, unit variance, uncorrelated signal yi[n] €
CN(0,1I) of dimension Ly. The step from (4.27) to (4.28) takes advantage of the as-

sumption in (4.4).

4.5 Power Transfer Based on Time Reversal

4.5.1 Time Reversal Approach

If the channels Ga(z) and consequently Ha(z) = GZ(z) are unknown, we explore
time reversal processing as a technique to transfer energy to the sources represented
by ug2[n]. For the received signal as shown in Fig. 4.1, we operate with the receive

processor matrix ®(z) in (4.2), such that

ve[n] = ®[n] * (Ga[n] * uy 2[n] + vin]) . (4.29)
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Thus, the received signal y,[n] consists of the desired (hostile) signal Ga[n|*uy 2[n] and
noise v[n]. The processor matrix ®[n] extracts the desired signal from this combined
data.

The transmitted signal is the time-reversed complex conjugate of the received signal,

processed through ¥;[n] in (4.18), such that
xi[n] = p®1[n] « yi[n] = p¥a[n] * {y:[-n]}" . (4.30)

This represents the signal transmission process, where y;[n] is time-reversed, conju-
gated, and processed, resulting in x¢[n]. The potential time delay for causality is
omitted for simplicity, and the gain factor p is adjusted to satisfy the power constraint
(4.10). Note that for the processor matrix ¥(z) = ¥;(z)¥y(z), we operate with ¥(z)
to protect friendly sources from interference by nullsteering as outlined in Sec. 4.4.1,
while compared to Sec. 4.4, we set Wy(z) = pI, since Ga(z) is now unknown.

The received signal in Fig. 4.2 is
u2[n] = Haln| * x¢[n] . (4.31)

To evaluate power transfer, Sec. 4.5.2 will characterize the transmit power of x¢[n| in

(4.30) and adjust p, while Sec. 4.5.3 will assess the jamming power of uy2[n] in (4.31).

4.5.2 Transmit Power

In order to determine the transmit power &€ {x{![n]x¢[n]}, inserting (4.29) into (4.30)

produces

x¢[n] = pW1[n] * ®*[—n] x (G3[—n] * 0} ,[—n] + v*[-n]) (4.32)

= Al[n] u;[—n] + Al[n] xv*[-n] . (4.33)

In (4.32), the expression ®*[—n| represents the filtering operation on the received signal,

involving time-reversal and complex conjugation. Specifically, G5[—n], u;o[—n], and
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v*[—n] denote the complex conjugates of the channel matrix, the transient source signal,
and the observation noise, respectively. The expression (4.32) is simplified in (4.33) by
defining transfer matrices AT [n] = p®1[n] * ®*[—n] x G5[—n] and AT [n] = p¥[n] *
®*[—n] for contributions attributable to the transient source and noise. These now each
form an innovation model excited by zero-mean unit-variance spatially and temporally
uncorrelated signals akin to that depicted in Fig. 4.3.

For A;(z) e—o A;[n],i = 1,2, substituting (4.2) and (4.18), we have

Ay(2) = pG3 (2)U1,L(2)UT | (2) = pG3 (2) (4.34)

As(2) = pU1,1(2)UY | (2) (4.35)

Applying assumption (4.4) to (4.34) simplifies A;(z) since G5 () lies in the nullspace of
G (z) such that the projection matrix U J_(Z)Uli | (2) is without consequence, leading
to the simplified form A;(z) = pG% (2).

Considering the excitation signals in (4.33) to be complex Gaussian symmetry and
uncorrelated, the statistics of u; ,[—n] and v*[—n] mirror those of u; 2[n] and v[n]. Con-
sequently, we computed the transmit power based on the innovation model approach
in Sec. 4.3 using the analytic SVD of G2(z) and used Sec. 4.5.1. The transmit power
component due to Aj(z) is therefore according to (4.34) based on the analytic SVD
of Ga(z). For the noise contribution to the transmit power due to As(z), note that
Ui, (x)U i | (z) serves as a projection matrix onto a subspace of dimension (M — L)

for (4.35). This leads to

e{xi'nxi[n]} = p* {Z o2 mn]|” + (M — Ly) 03} (4.36)
m,n
for the transmit power, where 09 ,,(2) —o 02,,[n] are the singular values of Ga(z),
and o2 is the observation noise power. Finally, the gain p in (4.30) must therefore be

set to

p=+vPh <Z jo2,m ]| + (M — L) 03) (4.37)

m,n
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in order to satisfy the transmit power constraint (4.10) of our optimization problem.

4.5.3 Received Power of Jamming Signal

For the signal uy 2[n] received at the sources to be jammed, (4.31) expands with (4.33)

to
ug 2[n] = Ha[n] = (AlT[n] * Uy o[—n] + AQT[n] * v*[—n]) . (4.38)

This describes the jamming signal received at the source location after the time-reversed
signal has been transmitted and propagated back through the channel Hy[n]. This can
be simplified as

ug2[n| = Brlf[n] * Uy o[—n] + Bg[n] * v [—n] (4.39)

where B1[n] corresponds to the signal path from the original transient source emission to
the reception of the jamming signal, while Bg[n] is the transfer path for the observation

noise. For B;(z) e—o B;[n],i = 1,2, we find that with (4.34)

Bi(z) = pG5 (2)Gs(2) (4.40)

Bs(z) = pU1 1 (2)U7 1 (2)Ga(2) = pGa(2) , (4.41)

where assumption (4.4) results in the projection of Ga(z) onto itself in (4.41). Note
that this assumption idealistically implies that G2(z) lies in the nullspace of G1(z),
which now has lead to tractable even so perhaps not most realistic result. In practice,
part of Ga(z) may not lie entirely in the subspace of G1(z), such that not all of the
energy of the transient signal can be detected, and that the power transfer to the
transient source as a result may be suboptimal.

Since B;(z),i = 1,2 describes innovation models in the sense of Sec. 4.3, for the
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power received in ug2[n], we obtain
5{“52[ njugzn —P2Z’0’m2 m2l—n “4p 022|0m2 (4.42)

with the allocated transmit gain p given in (4.37) in order to satisfy the transmit power

constraint.

4.6 Results

4.6.1 Parameters and Metrics

The SNR ~; of y;[n] consists of the two terms on the right side of (4.29), which is also

equivalent to the transmit power terms in (4.36) when p = 1. Therefore, we have

TL2
%:%E{%QM (4.43)

This SNR highlights the challenge of identifying a change point associated with the
transient signal u,2[n], as mentioned in Sec. 4.2.1.

The presence of noise with o2

> 0 also poses a challenge for the time-reversal
approach, as not all transmit power may be directed toward the source. This occurs
either because we transmit in an Li-dimensional subspace that exceeds the dimension
of the target u;2[n], or because of the spatiotemporal structure of the time reversal

signal related to the noise, which is neither spectrally shaped nor coherently aligned in

order to contribute significantly to u;2[n]. To assess the jamming efficiency,

= € ulblnlualnl} (4.44)

measures the ratio of the jammer power indicated in (4.38) to the afforded transmit

power Fy.
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power transfer ratio ¢

O | | | | | | |
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receive SNR ~, / dB

Figure 4.4: Power transfer ¢ vs. receive SNR ~;, for various dimensions Ly of ug 2[n] for
39(z) = I lines indicate experimental values and markers represent theoretical values.

4.6.2 Simulations

For simulations with M = 20 sensors, L; = 10 stationary sources, and potentially
Ly=1...,(M — Ly) transient sources to be jammed, the matrices G;(z), for i = 1,2,
are constructed from known analytic SVD factors. Paraunitary matrices of order 5 are
created from elementary paraunitary operations [108], with U; (2),7 = 1,2, extracted
from different columns of the same paraunitary matrix to satisfy (4.4). Simulations
are carried out on 1000 samples, and experimental values for power transfer based on
finite data [195,197,198] are compared to theoretical metrics when Ga(z) is known in
(4.26), and for time reversal based on (4.42). The parameter values, particularly for
M and L;, 7 = 1,2, have been chosen to be sufficiently large to justify the 'multiple’ in
"MIMO?, but still allow to simulate an ensemble with sufficient computational ease to
reveal the effects that these parameters have on the simulation results.

In the first case, we set o2, = 1,m = 1,..., Ly. Thus, if Hy(z) is known, the
approach outlined in Sec. 4.4 can solve the optimisation problem (4.8) to (4.10) with a
power allocation of II(z) = L. In this scenario, the power transfer is constant at v = 1,

regardless of the received SNR, as the jamming signal depends only on Gy(z). The
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power transfer ratio ¢

O | | | | | | |
-20 -15 -10 -5 0 5 10 15 20

receive SNR ~, / dB

Figure 4.5: Parameters as in Fig. 4.4, but for a randomized ¥5(z) of order 3. The black
horizontal line indicates the method of Sec. 4.4 with a suboptimal II(z) = I.

theoretical and experimental values for the time reversal are shown in Fig. 4.4. The
source signal dominates the time-reversed data for a high receive SNR ~;, leading to

v — 1. For a low receive SNR ~,, noise takes precedence; however, since the noise

Lo
M—Ly"

occupies an (M — L;)-dimensional subspace and o2, = 1, we find that v —

In a second case, we build the transfer matrices based on non-trivial singular values
02.m(2) = am(2) +ab (2) with a random system a,,(z) of order 2, normalized such that
(Zn 12a[n] + zg[nm%) / (zn Hzg[nw%) — 1. This normalization ensures that the
time reversal method for o2 = 0 yields a power transfer ratio v, = 1. For varying levels
of SNR, the resulting power transfer 7 is shown in Fig. 4.5. Here, as the receive SNR
v decreases, the power transfer ratio degrades more significantly compared to Fig. 4.4,
since the noise in the time-reversed signal does not retain the correct spatio-temporal
structure necessary to connect with the sources associated with uo[n]. If the channel
H(z) is known and we utilize suboptimal power allocation II(z) = I as described in
Sec. 4.4, the design is independent of noise v[n] in Fig. 4.1 and therefore independent
of the receive SNR ~,. For Lo = 10, its constant level signifies the value to which the
time reversal method approaches as the SNR. decreases; this differs from Fig. 4.4, where

II(z) = I was identical, and here the asymptote is approached from above.
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4.7 Chapter Summary

Our objective was to disrupt hostile broadband sources, once their emissions were
detected, while ensuring that other users remained interference-free. We developed a
time-reversal scheme to create targeted interference and analysed it using the analytic
SVD of the broadband channel matrices. The developed scheme does not rely on
knowledge of the channel between the hostile user and the array, and performs well
under moderate SNR conditions for the time-reversed signal, but deteriorates at higher
noise levels. Compared to a scenario in which the channel to the hostile sources was
known, a broadband beamforming approach extended from the narrowband case served
as the upper performance limit for the time-reversal method in a simplified channel
environment. The comparison to beamforming also clarified the specific performance
characteristics of the time-reversal approach in more complex transmission channels.

Analytic techniques that provide broadband decomposition and rigorous noise han-
dling improve PSD estimation by separating meaningful components from high dimen-
sional noise. These methods impose structure on otherwise unstructured data. The
challenges faced by time-reversal methods in noisy environments parallel those of low-
rank PSD estimation as the source density increases. The next chapter will address opti-
mized lag selection, rank-one and low-rank denoising strategies, and source-enumeration
limits, which are central to improving environmental awareness and connecting inter-
ference control with precise signal interpretation.

As simulation results in Sec. 4.6 have shown, the additive noise in the reception stage
of the time-reversal technique has a profound effect on the viability of the proposed
approach — note that all results critically depend on the receive SNR. It is therefore
best to deploy the time-reversal technique when the receive SNR is high. Since the
statistics of the background noise may potentially change with time, e.g. due to mo-
bility, atmospheric effects, etc, it may therefore be oppportune to exploit ‘windows of
opportunity’ when the noise power is low — either overall, or perhaps only in certainly
parts of the spectrum. For this reason, Chapter 5 will explore the estimation of power

spectra density across an array under slowly time-varying conditions.
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Chapter 5

Monitoring Time-Varying Noise
Power Spectral Density and
Identifying Windows of
Opportunity

5.1 Introduction

5.1.1 Preliminaries

Chapter 3 has addressed the challenge of weak transient signal detection, e.g., of PUs.
As established, the detection performance is, amongst other factors, dependent on the
SNR between the weak signal and the background noise in the syndrome vector. In
case this SNR fluctuates, an arising question is if we may be able to detect opportune
moments when SNR is high in order to aid detection.

Chapter 4 has introduced jamming of an undesired source, which has previously
been detected, for example, for the purpose of policing the spectrum in order to protect
PUs. The proposed time-reversal method requires transmitting a previously acquired

signal, and the power transfer, i.e., the effectiveness of directing energy towards the
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undesired source, has been shown to depend again on the receive SNR. Hence, if SNR
fluctuates and noting that a signal received at a higher SNR results in an improved
power transfer, we are interested in establishing moments in time (and potentially
frequency) when it is good to record a received signal for use in time-reversal processing.

Thus, in order to potentially extend the utility of the methods discussed in Chap-
ters 3 and 4, this chapter explores the possibility of monitoring noise power, and thus
SNR, in the case of a rank-one noise source. We assume that a number of sensors
are available, and that we want to know the noise power or, since this thesis is gener-
ally concerned with broadband systems, the noise power spectral density in case these
quantities fluctuate over time and frequency. This can then help to identify windows
and frequency bands of opportunity where noise power or noise power spectral density

is low [48].

5.1.2 Background and Overview

If noise statistics — particularly noise power — change over time, windows of oppor-
tunity may arise when it becomes possible to observe potentially weaker signals in the
environment. In the image processing domain, this phenomenon is called "lucky imag-
ing ’ [226]. In underwater broadband scenarios, where signals may span several octaves
in frequency, these windows of opportunity may be limited to specific frequency bands
over time. In the context of CR, which is investigated in this thesis, we are interested
in detecting the emergence of a weak PU signal.

Typically, such fluctuating noise characteristics can be assigned to time varia-
tions in the channel through which the noise illuminates the sensors [227,228]. In
the underwater domain, this time-varying effect is also referred to as a loss of coher-
ence [229-232], which is exacerbated by the generally larger aperture when processing in
subarrays [233,234]. These fluctuations must be taken into account during processing,
including maximum likelihood [235,236], direction of arrival estimation [231,235,237],
or time-reversal [47,238] and matched field processing [5,44,46, 131,239, 240]

To reduce estimation errors from multiple sensors receiving a noise source, we pro-
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pose a space-time covariance estimation approach. This involves optimizing the lag
support, as described in [196,197] and applying a rank-one approximation of the space-
time covariance for denoising, similar to rank-constrained estimation for spatial-only
correlation presented in [241,242].

This chapter introduces the system model and parsimonious channel models, focus-
ing on the basis expansion model (BEM) for time-varying channels in Sec. 5.2. Sec. 5.3
derives the cross-spectral density matrix and applies Welch’s periodogram method for
the estimation of power spectral density (PSD) from N data snapshots.  Classical
Welch treats each frequency bin independently and does not exploit structural prop-
erties of time-varying channels. In contrast, the proposed method introduces lag opti-
mization to minimize estimation bias under finite observations and enforces a rank-one
constraint motivated by dominant Doppler eigenmodes. This reduces estimation vari-
ance and stabilizes the CSD matrix, which directly improves BEM basis extraction.
In Sec. 5.4, the space-time covariance matrix is discussed, noting its higher computa-
tional cost and potential performance benefits. Sec. 5.5 optimizes the lag support of the
space-time covariance estimate to reduce the deviation from the true covariance R|[7].
Performance comparisons with the Welch method are presented in Sec. 5.6, followed

by a chapter summary in Sec. 5.7.

5.2 Signal Model

5.2.1 Innovation Filter Model

We assume that a sensor array observing a single non-stationary source is composed of
M sensors, each recording a time series x,,[n],m = 1,..., M. The model is illustrated
in Fig. 5.1, where the source is represented as a Gaussian process with zero mean unit
variance u[n], and non-stationary statistics are imposed by time-varying innovation fil-
ters [112]. In general, we also assume that each channel exhibits different non-stationary
behavior, such as fluctuations in the propagation environment, which may occur, for in-

stance, in underwater acoustics. Thus, each channel is governed by its innovation filters
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V1 [n}
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Figure 5.1: Model for M measurements observing a single non-stationary source.

him[n, €], where £ is the coefficient index, and n represents the time dependency of the
innovation filter. Each measurement x,,[n] is expected to represent a Gauss-Markov
process [243], which captures the channel temporal variation through symbol-by-symbol
updating; corrupted by additive observation noise v,,[n], which is spatially and tem-
porally uncorrelated with variance o3 such that & {vy,[n]vl[n — 7]} = o76[m — p]d[7],
with £{-} being the expectation operator and d[n] the Kronecker delta function.

5.2.2 Basis Expansion Model

In order to model the time-varying filters h,,[n, ] in Fig. 5.1, we will rely on a BEM,
which is a common technique to model time-varying channels within the communica-
tion community, or to estimate time-varying channels by fitting a BEM [244]. A BEM
can approximate channels over a range of time variations, including effectively mod-
elling and estimating fast-varying channels [245]. The variability of the channel can be
effectively yet accurately modelled using BEM, via a superposition of basis waveforms
modulated by suitable functions such as complex exponentials. Typically, a model with
internal paths @ = 10 (to be explicitly defined further below) is considered sufficient
to capture most channels that are estimated in practice [246]. Most BEMs are used in
combination with complex exponential as modulation sequences.

Various BEM methods have been explored in the literature. The authors in [246]
proposed complex exponential basis functions (CE-BEM), which significantly reduce

the computational complexity of channel estimation. Improvements in CE-BEM for
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enhanced tracking accuracy have been introduced in [247]. In [248], a notable advance-
ment over CE-BEM was achieved by uniformly distributing complex exponentials to
the normalized Doppler frequency in the double selective channel. Furthermore, [249]
introduced fixed CE-BEM, which offers similar tracking performance without prior
knowledge of the Doppler frequency, but experiences performance degradation in high-
mobility situations. In [250], discrete prolate spheroidal (DPS) sequences are used in
DPS-BEM, which provides good tracking for band-limited Doppler spread but requires
significant computational resources. The discrete Karhunen-Loeve BEM (DKL-BEM)
is designed to track time variations in the bath-tube-shaped Doppler spectrum [251].
The Karhunen-Loeve decomposition BEM in [252] is based on channel statistics. Poly-
nomial BEM (P-BEM) utilizes polynomials for channel time variation but is affected
by Doppler frequency, with the channel approximation becoming more accurate as the
polynomial order increases [253].

In the following, we will utilize a simple complex exponential BEM as an innovation
filter to implement a Gauss-Markov process. Motivated by signal processing, commu-
nications, propagation and information theory communities, where there may be Q
different transmit paths with varying Doppler shifts (i.e., paths are assumed to shorten

or lengthen with time), we express the BEM of hy,[n, {] as

hu[n, €] = me,q[n]hm,qw] ) (5.1)
q=1
which reduces the time variation to time-varying basis functions for by, 4[n], ¢ =1,...,Q

which modulate a set of @) time-invariant filters hy, 4[¢]. We consider a complex ex-
ponential by, ,[n] = e¥ma" which is a very commonly selected basis function (CE-
BEM) [244,246,254]. CE-BEM offers several practical advantages, enabling the rapid
generation of basis vectors independent of channel statistics while ensuring orthogo-
nality. The modulation frequencies €2, ,, are not harmonically related and are typi-
cally drawn from a random distribution; we choose a uniform distribution such that

’Qm,q‘ < Qrnax-
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The BEM effectively models multipath propagation and communication over time-
varying channels, characterizing them as doubly-dispersive systems. With respect to
(w.r.t). temporal dispersion, multiple paths with a delay spread greater than a sym-
bol duration result in broadband propagation, with the channel’s impulse response
thus extending beyond one symbol period. However, a Doppler shift is a narrowband
phenomenon that in a broadband setting should be described as a scaling (i.e., a com-
pression or expansion of a signal). Using several , i.e. ), paths with different Doppler
shifts, results in Doppler spread, which can accurately model a variety of complex

channel scenarios, especially for @ > 10 [246].

5.3 Expected Noise Power Spectral Density

5.3.1 Space-Time Covariance and Cross Spectral Density Matrices

We focus on the space-time covariance matrix [107-109] for broadband signals, defined
as R[r,n] = € {x[n]x"[n — 7]}, where x[n] = [z1]n],... ,xpr[n]]T € CM represents the
measurement vector of the M sensors in the discrete time index n. We must consider
explicit delays because phase shifts, as captured by ordinary covariance matrices, do not
retain accurate spatial information for broadband sources. Second-order statistics are
captured by the space-time covariance matrix R[r] = & {x[n]x"[n — 7]} € CM*M with
the discrete lag parameter 7 € Z containing the required delay, with £{-} indicating the
expectation operator, and {-}'! denoting the Hermitian transposition [120]. The entries
of this matrix require the estimation of general cross-correlation sequences rp,,[T,n] =
& {xm[n]x;[n — 7]}, which reflects the correlation between the signal at sensor m at
time n and the signal at sensor u at a delayed time n — 7. Such a cross-correlation
sequence can be connected to time-varying filters in the innovation model of Fig. 5.1

as

P[0 =Yl [0, (R4 [0 — 7,0 — 7] . (5.2)
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Inserting the BEM model of (5.1) yields

Q Q
rmlron] = [ D emethy, | [ e It ps [0 7] (5.3)
4 p:l q:l
Q . .
= > & OmeQuanei®uaT (n, 7] x by, [—7]) (5.4)

p,q=1

The formulation in (5.4) now includes the cross-correlations between all possible pairs of
the ) paths in the sensor channels, modulated by differences in Doppler shifts w.r.t. the
time index n, and modulated by the Doppler shifts in the uth sensor paths w.r.t. the
lag parameter 7.

The time-varying CSD matrix is defined as R (e/?,n) = Y R[r,n]e %7,  with
Hyn(e7) @0 Dy, p[n] e 7327 Tts entry in the mth row and uth column can be obtained

from transforming (5.4),

Q
Ry (eJQ’ n) — Z ei(ﬂm,p—Qu,q)”Hm’p <ej(Q—Q#,q)) H;q (ej(Q—Quyq)) ’ (5.5)

P,q=1
whereby e(¥mr=2ua)® from (5.4) remains as a time-varying term, and e/*47 in (5.4)
causes a frequency shift of the time-invariant path filters H,, ,(e/*) e—o h,, ,[¢] within
the BEM in (5.1). Thus, (5.5) illustrates how Doppler effects and channel dynamics

induce modulations and frequency shifts, thus causing variations in both time and

frequency as expected from a doubly-dispersive channel.

5.3.2 Power Spectral Density

The CSD, defined by its element in (5.5), includes the PSD terms along its diagonal.
Therefore, when m = p, we can derive the PSD Ry, (e7%,n) of the signal 2,,[n] on the

mth sensor as

Rum (6%,0) = i Y e I A G ) IR CXO

p,q=1
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which through the modulation terms el(m»=%m.a)" is also time-dependent. Thus, the
expression (5.6) represents the power distribution over frequency for the sensor m at

time n, incorporating the non-stationary structure of the BEM.

Example 10 In order to illustrate the theoretical result discussed above, and highlight
the time- and frequency-variations imposed by the BEM, we consider an example with
Q = 10, with filters hy4[n| having length L = 5 and the coefficients are drawn from
a complex Gaussian distribution with zero mean and unit variance. The frequency
components 1 4 are sampled from a uniform distribution on the interval [—Qmax, Qmax) s
with Qpax = 1074, Fig. 5.2 shows the power spectral density Rip (ejQ,n) as a function

of the time index n and the normalized angular frequency €.

200
Eomme
g
=100
)
o
i s
- 'y
0 i f %
o s\ 10
i 4 W‘\"‘\\\\\\
O il ‘&‘\\\‘\'z 9
3 NN 8
22 st DS
SRR \ 6 x10*
T LI 5

AR
SN

[TE

norm.ang.freq.2 o
time index n

Figure 5.2: Time-varying PSD of Example 10 generated by a BEM.

Note that while the resulting PSD of Example 10 in Fig. 5.2 is random, its variability
with time and frequency can be influenced by the BEM parameters. A higher value for
Qmax will result in faster time evolution. At the same time, longer filters hy, 4[n], i.e.,
higher values of L, can cause a more frequency-selective behaviour, resulting in faster

frequency variation 2.
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5.4 Estimated Noise Power Spectral Density

The expected PSD in (5.6) is now to be estimated from a finite number of N data
snapshots. We briefly review the periodogram method by Welch [4] as the state-of-the-
art in Sec. 5.4.1, and also discuss a space-time covariance matrix estimation approach

in Sec. 5.4.2.

5.4.1 Spectral Estimation

For a spectral resolution of K frequency bins, the well-known Welch method [4] av-
erages the squared modulus of Fourier coefficients obtained from shorter segments of
length K, into which the longer data sequence of length N is subdivided. To re-
duce a lag error in estimating the time-varying statistics, we calculate an estimate
Rwelch mm (eij, n), O = 27k/K with k =0,...,(K — 1), over a window of data on
the interval [n — %;n + %), with IV even, when comparing it to the expected PSD
Rom (ejQ , n) We use a rectangular window because we do not expect periodic compo-
nents in x,,[n] that could otherwise cause severe spectral leakage, and we avoid overlap
between data segments to prevent potential redundancy and data incest. Consequently,
the | N/K | segments are used to average the result bin-wise, where |-| denotes the floor

operator.

Example 11 For the scenario in Example 10, we calculate the power spectral density
estimates RWelch,mm (eij,n) with K = 32 frequency bins, using a sample size of N =
219 The averaging is performed across the N/K = 32 segments. The result is shown

m Fig. 5.5.

In order to measure the least-squares mismatch between the spectral estimate
RWelch mm (e-ij,n) and the expected PSD Rmm(em,n) based on the BEM, we de-

fine a normalised error,

M Z]Ig{:_ol ‘Rmm (eJQkan) - RWelch ,mm (eJQ’“,n) ‘2

K-—1 : 2
m=1 > ko |Bmm (ei%, n)|

eWeleh [1] = (5.7)
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Figure 5.3: Example 11 for time-varying PSD using the Welch method [4], estimating
the PSD of Example 10 in Fig. 5.2.

This error captures the spectral mismatch at time n in all sensors and across all fre-
quency bins €2 for which the Welch estimate is calculated, with R, (eij, n) being
the expected PSD evaluated in those frequency bins. Thus, (5.7) can evaluate the
consistency between the Welch-estimated PSD and the expected PSD based on the
BEM.

Without normalisation by |Rym (%, n) |?, the metric in (5.7) would resemble the
squared moment error terms in [255], where a trade-off between squared bias and vari-
ance arises. Intuitively, this reflects a trade-off between estimation errors caused by an
insufficient sample size N and the fact that the time average over a window N could

obscure and blur the underlying dynamics of the time-varying quantities [256].

5.4.2 Space-Time Covariance Matrix Estimation

An alternative to the Welch method is to estimate sensor PSDs as part of space-time
covariance estimation as outlined earlier in Secs. 3.7.3 and 3.7.4, which here is refreshed

for convenience, and adjusted to fit the centred window used in the Welch estimate in
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Sec. 5.4.1. In multichannel signal processing, estimating the space-time covariance
matrix is essential for tasks such as beamforming [257], spectral estimation [104], and
signal detection [5,44]. This matrix is derived from cross-correlation sequences r,,[7],
which indicate the statistical dependence between sensor signals m and p over different
time lags 7. To estimate these from snapshots of N data, the best linear unbiased

estimator (BLUE) [195,197] is given by

Ni‘T| > N TV + T}xZ[l/] , T>0;
v=n—4o
Flr,m] = n+ﬂ_|j_1 (5.8)
2
N_lm N xm[l/]x:[v -7, T7<O0.
L v=n—5

The formulation (5.8) ensures that for each 7, the estimator uses the maximally avail-
able number of overlapping samples and adjusts the averaging length accordingly. How-
ever, the varying number of terms in the summation means that for larger values of |7/,
i.e., longer lags, the estimate is based on fewer samples, thus reducing the estimator’s
confidence. Note that different from (3.38), the estimation in (5.8) operates with a
window that is centred around the current time instance n in order to be somewhat
robust to time-variations of the underlying statistics.

For stationary Gaussian data, the variance of this estimate can be expressed [195,

197] as
1 N—|r|-1
Var{fmu[ﬂ}:m Z (N = [7| = [t])
t=—N+|7|+1
< (o[t 75 [+ Frnp[T + 7 [T — 1)) (5.9)
where 7p,,[7] = £ {xm[n]azy[n — 7]} is the complementary cross-correlation sequence,

which becomes relevant for noncircular or improper complex signals [205]. Due to the
bias-free nature of the estimate in (5.8), the variance in (5.9) therefore equals the power

of the estimation error. It relies on the sample size, N, the lag 7, and the underlying
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auto- and cross-correlation sequences of the sensor signals.

With (5.8) for the diagonal terms, we have RSTC,mm (ejQ, n) 0 T[T, ] for the
estimated PSD based on the space-time covariance. This is generally more computa-
tionally expensive than the Welch method in Sec. 5.4.1, but offers some advantages
that will be explored below in Sec. 5.5. To quantify the error between the true and the

estimated PSD via (5.8), ]:ESTc,mm (ejQ, n), we can define a normalised error

R (6%, ) — R n (6%,m)| 40

M
esrcln] = ) - . (5.10)
m=1 J R (€12, m) > dQ2

—Tr

This metric captures the mean squared relative error; its computation can be performed
via Parseval’s theorem in the time domain, summing over the discrete coeflicients of
the auto-correlation and estimated auto-correlation terms.

In the stationary case, applying Parseval’s theorem [258], the expected value of
the numerator will equal > _var {#y,m[7]}; thus, the error depends not only on the
ground truth space-time covariance and the sample size N, but also on the lag support
|7| < T over which the variance terms are summed. In the non-stationary case, (5.8)

will represent a time-averaged version [256], introducing an additional source of error

due to the blurring effect on the expected underlying auto- and cross-correlations.

5.5 PSD Via Enhanced Covariance Estimation

The space-time covariance method for estimating the sensor PSDs in Sec. 5.4.2 is more
computationally intensive than the approach in Sec. 5.4.1, but presents opportunities

for improved performance, which we discuss below.

5.5.1 Optimized Lag Support

The lag support T for the space-time covariance estimate directly impacts on the quality

of the autocorrelation (and consequently the PSD) estimates. In the stationary case,
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a lag support that is too short results in truncation errors, while one that is too long
introduces extra noise to the estimate. This issue is further exacerbated in the non-
stationary case by the averaging effect across time-varying statistics over the time
window of length N. Therefore, an optimal lag exists that minimizes the error in (5.10).
Generally, we find that if the innovation filter hy,4[n] has a length L, then for the
optimal lag support, we have Topy < (L — 1). In the stationary case, this optimal lag
support can be estimated based on the decay pattern of any auto- or cross-correlation

term [196, 197], which we utilize here.

5.5.2 Rank One Approximation

By either reparameterizing the CSD matrix in Sec. 5.3.1 with z = €/ or by evaluating
the z transform R(z,n) = )Y _RI[r,n]z~7, we obtain a matrix of analytic functions in
the z domain, vital for signal processing and systems theory. Assuming sufficiently
small time variations |{,,, < 1, and small values for L, i.e. slow variation with
frequency, the frequency shifts are such that in (5.6), Hy, (ej(Q_Qm’q)) ~ Hyp (ej(Q)),
i.e. e/ma ~ 1. Despite this assumption, the modulation term el(m»=Cud) can still

take on significant phase values as n increases. Thus, we have

Q
Rpy(z,n) ~ Y e @me=nan g, (HE (2), (5.11)

H.q
p,q=1

where R, (2,n) denotes the CSD between channels m and p. The transfer function
from source p to channel m is represented by Hy,,(2), while §,, , is the time-varying
frequency modulation term for channel m and path p, influencing the time-dependent
PSD of the sensor signals.

With the approximation in (5.11), R(z,n) ~ h(z,n)h"(z,n) imposes a rank-one
structure on the CSD matrix, which implicitly corresponds to a single dominant source
or a fully coherent source field. Although the original formulation allows multiple
sources, this separable representation is exact only under source coherence or when a

single source dominates. Hence, the approximation constitutes a strong simplification
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that may not hold in general multi-source scenarios, where R(z,n) is inherently higher

rank and can be expressed as a rank one outer product, where

P (z,n) = Y [P Hy g (2), ..., D0 Hyp o (2)] (5.12)

q

In contrast, due to noise and estimation errors, the estimated CSD matrix will almost
surely possess full rank [200], i.e., this means with probability one. Therefore, based on
the analytic EVD [105,109,121,156,160] of R(z,n) = 3, @m(2,7)Am(z,n)q5 (2,1)
calculated using algorithms from, e.g. [145-147,150, 151,222, 259], we form a rank-one
approximation

Ry(z,n) = q,(z,n)\i(z,n)q} (z,n) (5.13)

assuming that {\(z,n),q;(z,n)} is the dominant eigenpair of R(z,n). We can then
obtain denoised estimates Ry (ejQ, n) by evaluating the diagonal terms of (5.13) on
the unit circle, i.e. Rl,mm (eiQ,n) = ql’m(z,n))\m(z,n)qim(z,n), where ¢1 m(z,n) is
the mth element of the principal eigenvector q;(z,n).

With Rme (ejQ, n), we associate the normalized PSD error

R (60%,1) = Rt e (@) a2

M
er-1ln] = > - _ : (5.14)
m—1 [ | R (612, 0) > dQ

—Tr

which can again be evaluated based on Parseval and the corresponding time-domain
quantities. The expression (5.14) thus evaluates the effectiveness of the rank one ap-

proximation in matching the actual signal PSD at time n.

Example 12 For the scenario in Example 10 and with M = 4 sensors, we determine
Rme (ejQ,n) in K = 32 bins for a sample size of N = 219, with the result shown in
Fig. 5.4. This estimate looks like a closer match to the ground truth in Fig. 5.2 than
the PSD estimate via the Welch method in Fig. 5.5.

In order to quantify the result of Example 12 systematically, some ensemble simu-
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Figure 5.4: Result of Example 12 for time-varying PSD estimation based on rank-one
space-time covariance matrix estimations.

lations are presented next.

5.6 Results

Some initial result for the rank one PSD estimation with optimized space-time covari-
ance support has been presented in Fig. 5.4 in comparison to the Welch estimate in
Fig. 5.3. To investigate the proposed method for a wider range of situations, this sec-
tion will present a number of ensemble results over different randomized instances of
the BEM. First, Sec. 5.6.1 will layout simulation parameters and performance metrics,

followed by results for the PSD estimation in Sec. 5.6.2.
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5.6.1 Parameters and Metrics

We aim to investigate the dependency on the spatial dimension M, on the lag support
T of the space-time covariance estimate when it is not optimally chosen, and on the
rate of non-stationarity loosely defined by €2,,.x, which limits the uniform distribution
from which Doppler frequencies are sampled. We operate with = 10 paths in the
BEM based on sufficiency comments in [246], each with a temporal dimension of L = 5.

For the assessment, we will utilise the normalised error metrics in (5.7), (5.10),
and (5.14), averaging the results over an ensemble of randomised signals and BEM
instantiations. This yields the metrics éwelch , €s7c and eg_1 for the Welch PSD esti-
mate [4], the space-time covariance approach, and its rank one approximation, respec-

tively.

5.6.2 Ensemble Results

In the first test, we examine the performance benefits of the methods in Sec. 5.5 when
operating in a stationary environment with Qu.« = 0. We select a lag support T €
[0, 15] for the space-time covariance matrix estimate, and use the Welch approach with
a fixed value of K = 32 as a reference. For M € {4,8} and sample size N € {64,512},
Fig. 5.5 shows three different ensemble mean PSD errors. The impact of the spatial
dimension M is minimal, with little difference between the curves for M = 4 and M = 8§,
particularly for the larger sample size N. The lag support indicates approximately
minimal mean square error values of T' = 3 for N = 64 and T ~ 4 for N = 512,
which is consistent with the findings in [197]: for small 7', the error is dominated by
truncation effects, while for large T, the error is mostly affected by estimation errors
in zero-padded autocorrelation coefficients. The rank-one approximation provides an
advantage as the analytic EVD is not distorted by excessive estimation errors, unlike,
for example, when T — 0.

Next, we investigate the impact of non-stationary statistics by varying (.« across
a range of values. Generally, we assume that Doppler shifts of the Q = 10 paths

in the BEM are small in order to satisfy the approximation in (5.11). For M = 4
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Figure 5.5: Ensemble mean PSD errors, where éstc and ég_1 depend on different lag
supports T for the space-time covariance estimate. The two groups of curves are for
different sample sizes of N = 64 and N = 512.

and different sample sizes N = 26, ..., 2™ Fig. 5.6 illustrates the results for the mean
errors for three different ensembles in the PSD estimates, with the lag support adjusted
according to [196,197].

For small values of N, estimation errors from insufficient sample sizes dominate the
error curves, and the optimum support generates a significant performance advantage,
with a small added bonus for a rank-one approximation, which appears to act as a
denoising method. As N increases, this observation remains true for sufficiently small
Doppler shifts Q.x. But as both Q. and N increase, a ‘sweet spot’ for the PSD
estimation errors exists w.r.t. a trade-off between (i) noise terms due to an insufficient
sample size N and (ii) the averaging over the ground-truth time-varying statistics (as

limited by Qmax) as N increase. Thus, the performance advantage for the space-time
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Figure 5.6: Ensemble mean errors for PSD estimates as a function of sample size N
for maximum Doppler frequency Qpax in the BEM. Error bars represent one standard
deviation of the ensemble distribution. (a) Higher Qpax; (b) Lower Qpax.
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covariance estimation with optimum support size proposed in Sec. 5.5 decreases with
increasing N and Q. and converges towards the same performance as the Welch
approach, since both rely on the same sample size N and errors are dominated by
averaging across time-varying statistics.

W.r.t. the proposed rank-one approximation, as N and (.« increase in Fig. 5.6,
and the advantage offered by the rank-one approximation for low values of N is negated.
This is likely due to the perturbation of the analytic EVD. The performance of égrc
already points to a large error term in the space-time covariance estimate, which subse-
quently translates into a subspace perturbation and subsequent errors in the rank-one
approximation. Also, the effect is already more pronounced at smaller values of N for
larger Doppler shift limits Qpax, which will impose fast-changing statistics that can
already be felt when averaging over shorter time intervals N.

However, with optimal sample size selection N, specifically at the minimum of the
curves shown, the proposed methods of adjusting the lag support and performing de-
noising with a rank-one approximation can reduce PSD estimation errors. Since Fig. 5.6
also shows error bars indicating the standard deviation for the experiments, note that at
the minima of the ensemble error curves, the means égtc and ég_jare separated of by
at least one standard deviation, and hence the performance improvement is significant.

Among the evaluated estimators, the R-1 estimator demonstrates superior perfor-
mance, achieving the lowest mean errors when the sample size N is adjusted optimally.
The space-time covariance method outperforms the classical, lower-cost Welch method,
though it lags behind the rank-one estimator, indicating a trade-off between computa-

tional complexity and accuracy.

5.7 Chapter Summary

This chapter has examined the estimation of time-varying PSDs due to a single source
using a sensor array. The model used a stationary source and assigned the time-varying
behavior to the transfer paths, for which we employed a BEM. This model allows control

over time variation by limiting the maximum Doppler shift and can adjust frequency
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selectivity by selecting different filter orders for the fixed, time-invariant filters in each
BEM path. Our investigation, grounded in space-time covariance estimation, demon-
strated the advantages of (i) optimizing lag support to reduce estimation error and (ii)
applying denoising through rank-one approximation via an analytic EVD. For slowly
varying systems, even though computationally more expensive, these approaches can
offer substantial performance improvements.

The proposed method can be adapted to accommodate multiple noise sources by
estimating the number of dominant sources and applying a low-rank approximation ac-
cordingly. Source enumeration is not a straightforward task even when using covariance
matrices in the narrowband case [260-262]. For the broadband case, the topic of source
enumeration for space—time covariance matrices in the presence of unstructured addi-
tive noise has been explored in [5]; similar strategies could be adopted here. However,
unstructured noise will impose a lower bound on any PSD, limiting the effectiveness of
low-rank denoising as the number of sources increases.

In the wider context of this thesis and of detecting and protecting PUs, the method
proposed in this chapter opens the possibility of detecting opportune moments and
frequency bands when noise power is low and, hence, potential SNR is high. For the
method in Chap. 3, where we wanted to detect the emergence of weak (e.g., distant)
PUs, the SNR between the signal to be detected and the background noise was crucial
for both the probability of detection and the time required to establish a reliable de-
tection. For the method in Chap. 4, the ability to jam an undesired source depended
on the receive SNR — the ratio between the power of the undesired source’s signal
and the power of the noise; thus, the method proposed in this chapter points a way to
detect when the receive SNR is opportune to enable jamming such an undesired source

via the time reversal technique.
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Conclusions and Future Work

6.1 Summary and Conclusions

In the context of CRNs, this thesis has addressed a number of problems. Firstly,
we have investigated energy detection of PU or other sources. Secondly, interference
control has been addressed through targeted jamming in order to deny service or enforce
spectral policing w.r.t. undesired sources while protecting the integrity of desired users.
Finally, this thesis has investigated estimation techniques for fluctuating PSD due to
a noise source in order to identify suitable windows of opportunity, e.g., where weak
emerging PUs can be detected or signals to be used for jamming via time reversal
can be acquired. The last chapter of this thesis now provides a summary of the work
presented in Chapters 3 to 5, and puts forward a number of ideas of how this research
could be taken further.

Chapter 3 has addressed the problem of detecting weak broadband transient sig-
nals, such as from emerging PUs. A polynomial subspace detection framework was
presented and analyzed using the syndrome-energy approach within a polynomial ma-
trix formulation. To better understand the potential of this subspace approach, we
benchmarked its performance against the LRT, which represents the optimal detec-
tor with full channel knowledge. For this, both the LRT and the GLRT, the latter

based on estimated space-time covariance matrices, were derived and tested on both
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the array measurements, but also on the subspace data. For short-time averaging over
syndrome energy, the LRT/GLRT performs substantially better than the polynomial
subspace approach. However, for longer data windows and in cases of high tempo-
ral correlation of the received data, it becomes surprisingly advantageous to operate
on the lower-dimensional subspace data rather than the array data due to the poor
conditioning and large matrix dimensions that result from the latter. Thus, by incor-
porating a broadband subspace projection as a preprocessing step into the LRT/GLRT,
both the conditioning of the covariance matrix and the computational efficiency of the
LRT/GLRT were significantly improved; further, the subspace approach whitens the
data due to the strong decorrelation property of the analytic EVD. The improvement
in conditioning is due to the suppression of the dominant eigenvalues when projected
onto the noise-only subspace, thereby reducing the condition number of the covariance
matrix. The subspace projection is also responsible for the dimensionality reduction.
Finally, the strong decorrelation property of the analytic EVD, which drives the sub-
space partitioning. leads to temporally uncorrelated subspace data. Since temporal
correlation increases the variance of an estimate, removing such temporal correlation
results in lower variance and better discrimination of statistics. This therefore explains
why in broadband scenarios with temporally correlated data, it is advantageous to op-
erate on the subspace data rather than on the raw array data. We have thus explored
and motivated the use of the simple syndrome energy detection.

The above broadband subspace detection approach was initially motivated by the
detection of hostile broadband trigger signals, such as those associated with improvised
explosive devices. Thus, Chapter 4 investigated the transition from detection to active
countermeasures, i.e. the jamming and suppression of such a source. In a CR context,
such a technique could also be used to suppress uncooperative SUs or to police the
spectrum. To achieve this, a time-reversal-based jamming strategy was developed to
generate targeted interference without affecting desired users and without requiring
explicit knowledge of the hostile source—array channel. To analyse the performance

of such a time-reversal technique, we used an analytic SVD of the broadband channel
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matrices. The performance of the time reversal scheme was characterized and compared
with that of a broadband beamforming approach. The latter, in practice, assumes that
all channel matrices are known and defines the upper performance bound for the time
reversal method. The results demonstrated that time reversal performs well under
moderate receive SNR conditions but degrades as the signal noise power used for time
reversal increases. This highlights the critical role of the received SNR in determining
the operational viability of the proposed jamming strategy.

Since both the transient signal detection in Chapter 3 and the time reversal approach
in Chapter 4 depend on the SNR, Chapter 5 introduced techniques for estimating the
PSD under slowly time-varying conditions. The purpose of this estimation is then to
identify windows of opportunity where the noise power is sufficiently low. The time-
varying nature of the noise was ascribed to a time-varying transmission channel via a
BEM to represent the nonstationary propagation environment. Such a BEM can rep-
resent complex scenarios and allows explicit control over Doppler spread and frequency
selectivity. Specifically, this thesis presented an array-based PSD approach, based on
space-time covariance estimations. The estimation accuracy could be enhanced by
optimising support for this space-time covariance matrix, combined with a rank-one
approximation via an analytic EVD. Compared to the classical Welch method for PSD
estimation, the approach — albeit at an increased computational cost — provides
significant performance advantages. Together, the methods developed in this thesis
establish a coherent processing chain that links weak-signal detection, environmental
awareness through PSD estimation, and targeted broadband interference via time re-
versal. In the broader context of protecting PUs and suppressing hostile emitters, the
proposed framework enables the identification of ”windows of opportunity” in terms
of time—frequency regions where the noise power is low and the receive SNR may be
sufficiently high to support both reliable detection and recording signals for effective
jamming via time reversal techniques. This closes an important conceptual gap between

passive sensing and active interference control in dynamic broadband environments.
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6.2 Suggestions for Future Work

This section outlines potential future research directions based on the findings presented

in this thesis.

Robust Detection and Model Mismatch. The polynomial subspace framework
performs well under the assumptions of Gaussian data and of stationary users defining
the signal-plus-noise subspace, but it only considers how well distributions are separa-
ble without deriving any precise detection thresholds. Future work should investigate
how detection thresholds can be determined and how the approach behaves when the
channels become time-varying. This can be expected to result in subspace leakage [197],
which has also been experienced in Chapter 3 through estimation errors. The BEM
in Chapter 5 would form a useful simulation tool, and could reveal the sensitivity of
the syndrome approach to channel variations. Extensions to adaptive or learning-based
subspace tracking methods may further enhance detection reliability in highly dynamic
environments.

Further deviations from the assumptions could include non-Gaussian signals, such
that the syndrome energy no longer follows a x? distribution, and their impact on the
variance of the estimates and on the discrimination between the cases of absence or
presence of a transient source. Also, the additive noise component in the model could

be coloured or otherwise structured.

Joint Detection and Jamming Optimization. In this work, detection and jam-
ming were treated as sequential stages. Future work could focus on a unified optimiza-
tion framework that jointly optimizes detection thresholds, time reversal waveform de-
sign, and power allocation under SNR, latency, and interference-avoidance constraints.
A joint framework enables global co-design of detection thresholds, waveform, and
power allocation, in contrast to the locally optimal and decoupled nature of sequen-
tial approaches. By explicitly accounting for their mutual coupling, it can achieve

improved detection—jamming trade-offs, more efficient resource allocation, and greater
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robustness to channel and interference uncertainties. Consequently, it is expected to

provide non-trivial performance gains over separate-stage designs.

PSD Prediction. The estimation approach in Chapter 5 is based on a smooth evolu-
tion of PSD across an array over time. It therefore lends itself to a prediction approach,
i.e. using a Wiener filter [179,263,264], where upcoming windows of opportunity might
be determined in order to plan for real-time detection or acquisition of signals for jam-
ming via time reversal techniques, which could be extended from the current estimation
to prediction of low rank rather than rank one. In the presence of known, structured,
stronger signals, the noise PSD estimation could be performed on the noise-only sub-

space, using a broadband subspace projection technique as outlined in Chapter 3.

Enhanced PSD Estimation. The approach in Chapter 5 assumed only a single
noise source in the environment. If the noise is in the presence of strong, desired user
signals, it should be possible to operate the PSD estimation technique in the noise
subspace, as identified in Chapter 3. Further, even if there are multiple noise sources,
the approach can still employ a support optimisation technique. If it is possible to
enumerate the noise sources, e.g., by determining the number of dominant analytic
eigenvalues, then a low-rank rather than a rank-one approximation can be performed.
The denoising effect may decrease with the number of noise sources, but an advantage
may still be achieved. A key extension is to generalize the PSD estimation framework to
handle multiple noise sources. This requires moving beyond rank-one approximations to
low-rank, adaptive subspace models, where the number of active noise components can
be estimated and tracked over time. Incorporating regularization, subspace separation,
and spatio-temporal smoothing can improve robustness under limited samples, closely
spaced sources, or strong desired signals. While denoising gains may diminish as the
number of noise sources increases, such a framework is expected to retain significant
advantages over conventional full-rank estimation and provide a principled basis for

handling complex, dynamic interference scenarios.
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Hardware Implementation and Experimental Validation. In order to inves-
tigate whether the proposed techniques are technically feasible, and to move towards
real-world testing, a hardware implementation is required. An implementation could
e.g. be attempted on the Zynq Ultrascale+ RFSoC platform [265]. This platform offer
8 input and 8 output channels with ADCs and DACs operating at beyond 5 Gsps.
For polynomial matrix techniques, a number of numerical [266] and implementation
tricks [222] can be exploited for such an implementation. One challenge in experimen-
tal validation is accurately modeling multi-source noise and interference. The current
work uses simplified assumptions, like a single noise source, for clearer analysis. How-
ever, incorporating multiple noise sources raises issues such as model order uncertainty,
correlated interferers, and higher computational demands. Realistic simulations require
well-designed channel models, interference statistics, and increased scenario diversity,
leading to longer simulation times. This has led to a more controlled initial evalua-
tion, with the intention of integrating hardware prototyping and enhanced simulation

environments in future work for real-world deployment.
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