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Abstract

Digital wireless communications have considerably changed not only the
way people communicate, but also the way research is conducted in the field
of telecommunications. In fact, the nature of the wireless medium has created
a number of new challenging and fascinating research topics. In particular,
a prerequisite for achieving higher and higher transmission rates in wireless
systems is to develop strategies for efficiently dealing with the frequency
selectivity of the wireless channel. A good candidate is the so-called cyclic
prefixed block transmission, and in particular its two most popular variants
which are the cyclic prefixed single-carrier (CPSC) and orthogonal frequency
division multiplexing (OFDM) modulations. In this context, this thesis aims
at analyzing and optimizing the use of cyclic prefixed block transmission for
wireless communications.

Firstly, this thesis contributes to the current state-of-the-art on the perfor-
mance comparison between CPSC and OFDM, focusing on the derivation
of analytical results when possible. If the channel state information is not
available at the transmitter side, CPSC with minimum mean square error
linear receiver is shown to achieve the best trade-off between performance
and complexity, as it exploits the multipath diversity under some realistic
hypotheses.

Secondly, this thesis aims at using a system-based or cross-layer criterion,
called goodput, for allocating resource in a coded OFDM system. Interest-
ingly, the well-known waterfilling solution, when adequately parametrized,
is proved to be near-optimal from a goodput point of view.

Finally, this thesis discusses the possibility of improving the performance
of a CPSC system by exploiting the cyclic prefix for equalization purposes.
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ď the detected value (or decision) of symbol d
d̂ the estimated value of symbol d (i.e. before decision making)
Q(.) the Gaussian Q-function: Q(α) = 1√

2π

∫ ∞

α e−u2/2 du

H(x) the harmonic mean of the entries of vector x
|S| the cardinality of set S

Acronyms

ACK ACKnowledgment
ARQ Automatic Repeat Request
AWGN Additive White Gaussian Noise
BBBA Branch-and-Bound Bit Allocation
BER Bit Error Rate
BPSK Binary Phase Shift Keying
cdf cumulative distribution function
CFO Carrier Frequency Offset
CIR Channel Impulse Response
CP Cyclic Prefix
CPSC Cyclic Prefixed Single Carrier
CSI Channel State Information
CSIT Channel State Information at the Transmitter side
DFE Decision Feedback Equalization
DMMT Discrete Matrix Multitone
DMT Discrete Multi-Tone
EBPA Equal BER Power Allocation
ESBA Exhaustive Search Bit Allocation
FER Frame Error Rate
FFT Fast Fourier Transform
FSR Frame Success Rate
GABA Greedy Algorithm Bit Allocation



Notations and Acronyms xiii

GBN Go-Back-N
GP Goodput
IFFT Inverse Fast Fourier Transform
i.i.d. independent and identically distributed
ISI Intersymbol Interference
MC Multi-Carrier
MIMO Multiple Input Multiple Output
ML Maximum Likelihood
MMSE Minimum Mean Square Error
MRC Maximum Ratio Combining
MSE Mean Square Error
NAK Negative AcKnowledgment
OFDM Orthogonal Frequency Division Multiplexing
OFDMA Orthogonal Frequency Division Multiple Access
OPA Optimal Power Allocation
PAPR Peak to Average Power Ratio
PEP Pairwise Error Probability
pdf probability density function
PSK Phase Shift Keying
QAM Quadrature Amplitude Modulation
QPSK Quadrature Phase Shift Keying
RRBA Round Relaxed Bit Allocation
SAW Stop-And-Wait
SC Single Carrier
SISO Single Input Single Output
SINR Signal to Interference plus Noise Ratio
SNR Signal-to-Noise Ratio
SR Selective-Repeat
SVD Singular Value Decomposition
ZF Zero Forcing



xiv Notations and Acronyms



Introduction 1
As daily users of communication devices, we have all witnessed the con-

tinuous evolution of this technology in the last decade. This evolution as a
whole is to be jointly credited to major advances in various fields of electrical
engineering, one of these fields being that of telecommunications and digital
wireless communications in particular. In fact, let us take the example of to-
day’s mobile phones: they provide more and more services, like mobile TV or
Internet. For such applications, one of the bottlenecks of the overall system
can be the rate at which the (digital) information is transmitted through the
wireless medium. This constitutes the context of this thesis: the achievement
of higher and higher transmission rates in digital wireless systems.

Achieving reliable and high data rate communications over wireless links
remains a challenging problem, that continues to receive a lot of attention from
many research groups throughout the world. In fact, the inherent nature of the
wireless medium has created a number of new challenging research topics:

� Wireless propagation: the multipath fading channel.

The transmitted signal potentially interacts with any element of the
wireless environment. Because of reflections by objects in the prop-
agation medium, the received signal is the sum of multiple delayed
and attenuated versions of the transmitted signal. Moreover, since
this interaction is highly dependent on the environment configuration
(e.g. position of the transmitter, reflecting objects, and receiver), the
instantaneous channel can vary drastically from one configuration to
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another, and consequently from one instant to another in a mobile en-
vironment. In other words, the wireless channel is referred to as mul-
tipath fading channel. At first, the multipath fading channel was seen
as an imperfection which had to be compensated. However, attitudes
have changed slightly as people realized that reliable communication
can be achieved if the intrinsic nature of the wireless channel is ex-
ploited. In fact, since multiple replicas of the transmitted signal reach
the receiver, the communication can be potentially reliable if at least
one of these replicas has sufficient strength. In short, the multipath
fading channel inherently provides a source of diversity, referred to as
multipath diversity.

� Wireless medium: a ubiquitous resource.

The wireless and wireline communications inherently differ by the ac-
cessibility of the propagation medium. The wireless medium is a re-
source which is accessible simultaneously from anywhere and, conse-
quently, has to be shared by a potentially large number of transmis-
sions. As irrelevant as it might sound, this statement lies at the ba-
sis of many research topics within wireless communications. Without
being exhaustive, let us mention two of these topics: the multi-user
and multi-antenna dimensions. First, the sharing of the medium by
multiple users gives rise to signal interference which has to be con-
trolled. The optimization of the multi-user environment gave birth
to new challenges for multiple-access techniques, adaptive resource
allocation among users, users scheduling, etc. Second, the ubiqui-
tous nature of the wireless medium can be exploited within one single
transmission by transmitting and/or receiving the signal simultane-
ously on multiple antennas. This multi-antenna dimension turns out
to improve considerably the performance, and has received a lot of at-
tention in the last decade. Moreover and from a more general point
of view, the above-mentioned time-variability of the wireless channel
has to be taken into account in all analyses, which makes all wireless
research topics even richer and more challenging.

In this dissertation, the focus is mainly set on the exploitation of the first
above-mentioned characteristic of the wireless medium, which is the multi-
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path fading channel. For the study of digital wireless communication, the
multipath fading channel translates into a discrete-time impulse response
model. In particular, if the delay spread (i.e. the delay between the shortest
and longest paths) of the channel is large when compared with the symbol
period, the discrete-time impulse response is made up of several taps, and the
channel is said to be frequency selective. In the other way around, the channel
is said to be flat. In today’s communication systems, the decreasing duration
of symbols for higher rates results in an increasing frequency selectivity. As a
consequence, in this thesis, the focus will be set on frequency selective chan-
nels.

A key issue in digital wireless communication has been to find strategies
for how to deal with frequency selective channels, that is how to mitigate
the intersymbol interference inherent to such channels. One well-known ap-
proach is the multi-carrier (MC) modulation, whose first efficient implemen-
tations were proposed more than 40 years ago in [1, 2]. As its name indi-
cates, the MC modulation consists of splitting the transmission of a high rate
message over various separate carrier frequencies. Each of these carriers is
then operating at a lower signal rate, such that the corresponding subchannels
can appear to be flat and can be equalized easily. Since then, the popularity
of the MC modulation has grown significantly thanks to its implementation
with fast Fourier transform (FFT) [3–5]. Nowadays, the MC modulation is
widely used [6, 7] and is known as discrete multitone (DMT) and orthogonal
frequency division multiplexing (OFDM) in the wireline and wireless commu-
nities respectively. The basic idea relies on the organizing of the transmission
in blocks of symbols and on the addition of a cyclic prefix (CP) (as first intro-
duced in [4]) to each transmitted block. The role of the CP is twofold: first it
acts as a guard period between blocks, and second it converts the linear con-
volution with the channel impulse response into a cyclic one. Thanks to that,
the equalization can be linearly implemented in the frequency domain, with
low complexity: it only requires one inverse FFT (IFFT) operation at the trans-
mitter side, and one FFT at the receiver side followed by symbol-by-symbol
scalar multiplications. In addition to its ability to deal with frequency selec-
tive channels with low complexity, the OFDM modulation has become popu-
lar also thanks to its efficient applicability to a multi-user environment: in fact,
each user can be assigned a subset of subcarriers without interfering with the
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other users [8]. This is known as orthogonal frequency division multiple ac-
cess (OFDMA).

More recently, it has been pointed out in [9, 10] that by keeping the cyclic
extension of each block and by moving the IFFT operation of the OFDM mod-
ulation from the transmitter to the receiver side, we end up with a so-called
cyclic prefixed single-carrier (CPSC) system. The CPSC system also benefits
from a low complexity equalization of the multipath channel in the frequency
domain. The complexity is actually mostly moved to the receiver side. On top
of that, CPSC transmission has received much attention because, unlike the
OFDM modulation, it does not suffer from the peak to average power ratio
(PAPR) problem. This is precisely due to the absence of the IFFT operation
at the transmitter side. These considerations make CPSC a good alternative
candidate for the uplink [11]. Another issue which has received some atten-
tion when comparing OFDM and CPSC is their respective sensitivity to non-
idealities [12]. In particular, the OFDM modulation is known to be very sen-
sitive to carrier frequency offset (CFO), which causes intercarrier interference
even for flat fading channels [13]. Despite some statements to the contrary, it
is unfortunately not clear that CPSC is more robust to CFO: it also suffers from
intersymbol interference if the channel is frequency selective (even though it
does not when the channel is flat). Generally speaking, even if it is tractable
to bring in the contribution of the non-idealities into the signal models [14], it
is much more difficult to analytically derive the effects of these non-idealities
on the actual performance of the systems [15]. Finally, for completeness, let
us mention the following recent works on the applicability of CPSC to multi-
antenna systems [16–18] and to multi-user environments [19, 20].

Both OFDM and CPSC are thus variants of the same technique called cyclic
prefixed block transmission. This thesis aims at analyzing and optimizing the
use of cyclic prefixed block transmission for wireless communications.

Outline

The dissertation is divided in 5 chapters. Hereunder is an overview of each
of them.
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Chapter 2. This chapter aims at introducing the different concepts that will
be used throughout the thesis, together with the mathematics related to them.
The wireless channel model is defined, as well as the corresponding discrete-
time signal model for digital wireless communication. The notion of cyclic
prefixed block transmission is introduced, and is then particularized succes-
sively into OFDM and CPSC. Different receiving strategies are considered,
including optimal/suboptimal linear/nonlinear receivers. The multi-antenna
dimension is also discussed both for OFDM and CPSC.

Chapter 3. This chapter tackles a first natural question, that is, how do
OFDM and CPSC compete in terms of bit error rate (BER). This comparison
has to be considered first for a given channel realization, which has been dis-
cussed in part in [21, 22]. A second step consists of integrating the fading
of the channel in the comparison and leads to diversity issues. In particular,
this chapter analyzes to which extent the multipath diversity is extracted by
a CPSC transmission. The state-of-the-art is currently pessimistic on that is-
sue, and has to be moderated: if it is true that the asymptotical, i.e. at infinite
signal to noise ratio (SNR), diversity order achieved by CPSC is equal to one,
we prove that the block size has an influence on the performance at moderate
SNR. In particular, for reasonably large values of the block size, we show that
the multipath diversity can be extracted by CPSC for the range of BER values
typically used in practice. The influence of suboptimal linear receivers on the
diversity extraction is also investigated. Note that, in this chapter, the chan-
nel is assumed to be perfectly known at the receiver side, but unknown at the
transmitter side.

Publication related to Chapter 3: [23]

Chapter 4. This chapter discusses the dual comparison of that of Chap-
ter 3. The channel is assumed to be also known at the transmitter side. This
knowledge is used for adaptively allocating the bits to the different symbols of
a block. This chapter is then dedicated to analytically comparing OFDM and
CPSC in terms of achievable bit rate for a given target BER. The results of this
chapter extend the work in [24], where the achievable bit rates of OFDM and
CPSC were compared for the single input single output (SISO) case and for
the high SNR regime. Our contribution is twofold: it extends the comparison
to any SNR value, and to the multiple input multiple output (MIMO) case.
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Note that the mathematical derivations of this chapter will make use of the
majorization theory. The basics of this theory are recalled in the first part of
the chapter.

Publication related to Chapter 4: [25]

Chapter 5. This chapter addresses the problem of adaptively allocating
both the bits and the power among the OFDM subcarriers. The originality of
this work lies in the optimization criterion used: the objective is to maximize
the number of information bits delivered without error to the user by unit of
time, or goodput. This criterion has been chosen in order to reach a trade-off
between the bit rate and BER criteria, which is what a user is specifically look-
ing for in some applications. Moreover, this system-based criterion allows tak-
ing into account the error-correction and retransmission mechanisms. In other
words, the goodput criterion is cross-layer oriented. In this chapter, a frame-
oriented transmission with convolutional coding, hard Viterbi decoding, and
automatic repeat request (ARQ) retransmission protocol is considered. First, a
mathematical expression for the goodput of the system is presented. Then, us-
ing that expression, different bit and power allocation strategies are derived
and compared. Interestingly, these strategies can be analytically connected
to a more conventional strategy (the so-called waterfilling solution) which is
based on an information theoretical criterion [26]. We prove that the water-
filling solution can be goodput near-optimal if it is parametrized adequately
and according to the convolutional code used, the frame length, the type of
ARQ protocol used, the available transmit power, and the subcarriers gains.
Finally, OFDM and CPSC are compared in the light of this new criterion.

Publications related to Chapter 5: [27–29]

Chapter 6. This chapter reconsiders the conventional CPSC scheme and
proposes a modification to it. Conventionally, and in all previous chapters
of this thesis, the cyclic prefix (CP) is discarded at the receiver side: while
it is sometimes used for channel estimation or synchronization, the part of
the received signal corresponding to the CP is conventionally not used for
equalization purposes. The objective of this chapter is to propose a new CPSC
receiver exploiting the whole received signal (including the CP) for data de-
tection. With an extra FFT size and reasonable additional complexity, the pro-
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posed architecture is shown to outperform the conventional CPSC receiver,
both in terms of BER and goodput.

Publication related to Chapter 6: [30]
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Cyclic Prefixed Block

Transmission: from

Multi-Carrier to

Single-Carrier

2

This chapter aims at introducing the material that will be used in this
thesis.

2.1 Introduction

As emphasized in the introduction chapter, the main particularity of wire-
less communications lies in the inherent nature of the wireless channel. The
transmitted signal potentially interacts with any element constituting the
wireless environment. For instance, because of reflections by objects in the
propagation medium, the received signal is the sum of multiple delayed and
attenuated versions of the transmitted signal. Moreover, since this interaction
is highly dependent on the environment configuration (e.g. position of the
transmitter, reflecting objects, and receiver), the instantaneous channel (i.e. the
impulse response connecting the transmitted and received signals) can vary
drastically from one configuration to another, and consequently from one in-
stant to another in a mobile environment. In the jargon, the wireless channel
is referred to as multipath fading channel. In the context of digital wireless
communication, the multipath fading channel translates into a discrete-time
impulse response. In particular, if the delay spread of the channel (i.e. the de-
lay between the shortest and longest paths) is large when compared with the
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symbol period, the discrete-time impulse response is made up of several taps,
and the channel is said to be frequency selective. In today’s communication
systems, the decreasing duration of symbols for higher rates results in an in-
creasing frequency selectivity. For this reason, in this dissertation, the focus is
exclusively set on frequency selective channels.

An important issue in digital wireless communication is the equalization
of the frequency selective channels. That is, the intersymbol interference (ISI)
inherent to such channels has to be mitigated in order to allow reliable com-
munication. One efficient approach is the cyclic prefixed block transmission.
The basic idea relies on the organizing of the transmission in blocks of symbols
and on the addition of a cyclic prefix (CP) to each transmitted block [4]. The
role of the CP is twofold. First, it acts as a guard period between blocks, and
avoids interblock interference. Second, it converts the linear convolution with
the channel impulse response into a cyclic one. Consequently, thanks to the CP
insertion, each block can be equalized independently. Furthermore, this equal-
ization can be linearly implemented with low complexity in the frequency do-
main, thanks to (inverse) fast Fourier transforms ((I)FFT) operations. Depend-
ing on the linear operation implemented at the transmitted side, the cyclic
prefixed block transmission particularizes into two well-known transmission
techniques:

� If an IFFT operation is carried out at the transmitter side, we get
a multi-carrier (MC) modulation [6], known as discrete multitone
(DMT) and orthogonal frequency division multiplexing (OFDM) in
the wireline and wireless communities respectively. The OFDM mod-
ulation deals with frequency selective channels with low complexity:
it only requires one inverse FFT (IFFT) operation at the transmitter
side, and one FFT at the receiver side followed by symbol-by-symbol
scalar multiplications.

� If the IFFT operation is removed from the transmitter side, we end up
with a so-called cyclic prefixed single-carrier (CPSC) system [9]. The
CPSC system also benefits from a low complexity equalization of the
frequency selective channel in the frequency domain. The complexity
is actually mostly moved to the receiver side. On top of that, the CPSC
transmission has received much attention because, unlike the OFDM
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modulation, it does not suffer from the peak to average power ratio
(PAPR) problem. This is precisely due to the absence of the IFFT oper-
ation at the transmitter side. These considerations make CPSC a good
alternative candidate for the uplink [11].

The goal of this chapter is to introduce the mathematics behind all these
concepts. The remainder of this chapter is organized as follows. Section 2.2
describes the wireless channel model, and derives the corresponding discrete-
time signal model for digital wireless communication. The notion of cyclic
prefixed block transmission is introduced in Section 2.3. The associated signal
model is also derived. In Section 2.4, it is shown how this signal model takes
the shape of either an OFDM or CPSC system depending on the linear oper-
ation implemented at the transmitter side. Different receivers (linear or not)
are considered for both OFDM and CPSC systems. Finally a multi-antenna
dimension is considered for both OFDM and CPSC: its mathematical descrip-
tion is given in Section 2.5.

2.2 Digital wireless transmission: the discrete-time

signal model

This section is dedicated to deriving the discrete-time signal model for dig-
ital wireless communication, which will be used throughout this thesis. With
this objective in mind, the wireless channel is first described and modeled.

2.2.1 The wireless channel

The fundamental characteristic of the wireless channel is the so-called mul-
tipath propagation illustrated in Fig. 2.1: due to reflections by objects in the
propagation medium, the received signal is a superposition of multiple copies
of the transmitted signal, each with different amplitude, phase and delay. The
replicas from the different paths can interfere in a constructive or destructive
manner, causing variations in the channel strength, or fading. At first sight,
the wireless medium might thus not seem very appropriate for communica-
tion, when compared to the wireline channel for instance. However, we will



12 Chapter 2. Cyclic Prefixed Block Transmission: from MC to SC

Figure 2.1 Multipath propagation.

see throughout this thesis that the multipath fading channel can actually be
exploited, and that reliable communication can be achieved.

The multipath fading channel can be characterized by the following chan-
nel impulse response [31]

c(t) =
M−1

∑
i=0

ai δ(t− τi) (2.1)

where M denotes the number of multipath components, and ai and τi are the
amplitude and the delay of the ith path, respectively. Obviously, theses quan-
tities are related to physical characteristics of the propagation environment
(spatial configuration,...), but this is beyond the scope of this thesis. The inter-
ested reader can refer to [31,32] for a more detailed description. An important
parameter of the multipath wireless channel is the delay spread Td defined as
the difference in arrival time between the longest and shortest path

Td , τM−1 − τ0. (2.2)

Since the baseband equivalent representation of the signals will be used
in all mathematical developments of this thesis, we are more interested in
the baseband equivalent representation of the channel impulse response (2.1),
which is given by

cb(t) =
M−1

∑
i=0

ab
i δ(t− τi) (2.3)
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where ab
i = ai e−j2π fcτi , with fc the carrier frequency. Please note that, even

though it is not made explicit in (2.1) and (2.3) for simplicity, both ai and τi

(and therefore ab
i ) are time-varying quantities.

2.2.2 A discrete-time signal model

Assume that the baseband transmitted signal has the following conven-
tional form

x(t) = ∑
n

sn u(t− nTs) (2.4)

where sn are the input complex symbols, Ts is the symbol period, and u(t) is
the pulse shaping filter. Given the baseband channel impulse response (2.3),
the baseband received signal is given by

r(t) =
∫ ∞

−∞
cb(τ) x(t− τ) dτ + w(t)

= ∑
n

sn

∫ ∞

−∞
cb(τ) u(t− τ − nTs) dτ + w(t)

= ∑
n

sn

M−1

∑
i=0

ab
i u(t− τi − nTs) + w(t) (2.5)

where w(t) is the additive white Gaussian noise (AWGN). At the receiver side,
the first operation is the matched pulse shaping filter

y(t) =
∫ ∞

−∞
u(−τ′) r(t− τ′) dτ′

= ∑
n

sn

M−1

∑
i=0

ab
i

∫ ∞

−∞
u(t− τ′ − τi − nTs) u(−τ′) dτ′

+
∫ ∞

−∞
u(−τ′) w(t− τ′)dτ′ (2.6)

followed by sampling at rate 1/Ts

ym = y(t = mTs)

= ∑
n

sn

M−1

∑
i=0

ab
i

∫ ∞

−∞
u(mTs − τ′ − τi − nTs) u(−τ′) dτ′

+
∫ ∞

−∞
u(−τ′) w(mTs − τ′) dτ′ (2.7)

= ∑
l

sm−l

M−1

∑
i=0

ab
i p (lTs − τi) + nm (2.8)
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where l = m− n, and where we defined

nm ,

∫ ∞

−∞
u(−τ′) w(mTs − τ′) dτ′ (2.9)

p(t) ,

∫ ∞

−∞
u(t− τ) u(−τ) dτ. (2.10)

Note that p(t) is the convolution of the pulse shaping and matched filters.
Finally, by defining

gl ,
M−1

∑
i=0

ab
i p (lTs − τi) , (2.11)

the signal model (2.8) becomes

ym = ∑
l

gl sm−l + nm. (2.12)

In the following, gl will be referred to as the lth (complex) tap of the chan-
nel impulse response1. Looking at the expression (2.11), we see that, strictly
speaking, each tap gl contains the contribution of all M paths. However, p(t)
is typically a raised-cosine response, and is rapidly decaying with t. As a con-
sequence, only the paths whose delays τi are close to lTs will contribute sig-
nificantly to the value gl of the lth tap. The finite number M of paths will then
translate into a finite number of taps denoted by L, and (2.12) finally becomes

ym =
L−1

∑
l=0

gl sm−l + nm (2.13)

where the causality constraint was also introduced such that l ≥ 0. The num-
ber of taps L is closely related to how the values of the delay spread Td and
symbol period Ts compare to each other:

� If Td is much smaller than Ts, then a single tap is sufficient to represent
the discrete channel. The channel is said to be flat, and L = 1.

� If Td is larger than Ts, then multiple taps are needed to represent the
discrete channel. The channel is referred to as frequency selective, and
L > 1. This situation is the most common one, and will be the one con-
sidered in this thesis. In fact, today’s wireless communication systems

1Strictly speaking, the gl are the taps of the channel impulse response of the equivalent discrete
model, and are related to the "true" impulse response by (2.11). However, for conciseness, we will
abusively refer to gl as taps of the channel impulse response.
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are expected to achieve higher and higher rates, which implies small
values of Ts.

Since the amplitudes and phases of the different paths are time-varying
quantities, the channel taps gl are also time-varying and will be modeled
as random variables. In particular, we assume that a large number of paths
with statistically independent amplitudes and phases contribute to a single
tap, such that each tap gl can be modeled as a circularly symmetric complex
zero-mean Gaussian random variable. Additionally, it will be assumed that
the random variables gl and gl′ (l 6= l′) are independent. This assumption is
justified by the fact that two distinct taps are influenced by paths with differ-
ence range of delays, as commented above. Moreover, since paths with longer
delays are expected to have lower amplitudes in average, the power (i.e. vari-
ance) of a given tap gl should decrease as l increases. However, for simplicity,
we will assume in this thesis that each tap gl has variance equal to 1/L. Note
that this normalization is such that the channel impulse response has unit av-
erage power, independently of the value of L. Looking at the squared norm
of a given tap, we end up with a random variable x = |gl |2 which has a chi-
square distribution. Its probability density function (pdf) is given by

Tx(x) = L e−Lx. (2.14)

Finally, the noise samples nm in (2.13) are also assumed to be i.i.d. circularly
symmetric complex Gaussian random variables with zero mean and variance
denoted by σ2

n .

The discrete signal model (2.13) will be used extensively throughout this
thesis. This is the reason why we thought that it might be useful to dedicate
a section reminding how to get to this model, and what are the assumptions
related to it.

2.3 Cyclic prefixed block transmission

When the channel is frequency selective (L > 1), the signal model (2.13)
inherently suffers from intersymbol interference (ISI): the delayed versions of
the previous symbols sk (k < m) interfere with the current symbol sm. Some
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equalization technique is thus needed in order to detect the transmitted sym-
bols from the received signal (2.13). Maximum likelihood (ML) detection can
be applied using the Viterbi Algorithm if the number of taps is relatively small
(otherwise the algorithm’s complexity rapidly grows). An alternative with
lower complexity is the use of linear signal processing to suppress the ISI from
the other symbols, and detect the current symbol.

A well-known approach for dealing with frequency selective channels
with lower complexity is the organizing of the transmission in blocks of sym-
bols. This method will be the one considered in this thesis. At the transmitter
side, a guard interval is inserted between each pair of consecutive blocks. If
the guard interval is greater or equal to the channel impulse response’s maxi-
mum delay (equal to L− 1 symbol periods), there is no interblock interference,
and the successive blocks can be detected independently, which is convenient.
The introduction of a guard interval clearly implies a bandwidth efficiency
loss, which is the price to pay. However, this loss can be small if the block size
is much greater than the channel impulse response’s maximum delay. Differ-
ent alternatives have been proposed for the guard interval structure:

� Zero-padding (ZP) - the guard interval is the all-zero sequence.

� Unique Word (UW) - the guard interval is a known sequence.

� Cyclic Prefix (CP) - the guard interval is a copy of the last symbols of
the subsequent block.

In this thesis, the focus will be set on the use of the CP as guard interval. The
reader interested in ZP and UW can refer to [33–35] and [36–38], respectively.

Let us consider the situation depicted in Fig. 2.2 where the focus is set on
the transmission of one symbol block (say symbol block i). The block size is
denoted by K, such that the symbol block can be written as a K× 1 vector

s = [s0, s1, . . . , sK−1]
T . (2.15)

As previously said, the CP consists of prefixing a copy of at least the last L− 1
symbols of the block. In the following, Let us suppose a CP of length precisely
equal to L− 1 (i.e. we assume a CP of minimal length, since the longer the
CP the higher the bandwidth efficiency loss will be). The transmitted signal
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Symbol block i− 1

Received block i− 1

CP of block i
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interference
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Figure 2.2 The cyclic prefix as guard interval.

(CP + symbol block) is thus represented as a (K + L− 1)× 1 vector

s̃ = [sK−L+1, . . . , sK−1, s0, s1, . . . , sK−1]
T . (2.16)

Let us examine the received signal during the K + L− 1 symbol periods asso-
ciated with the transmission of s̃: as shown in Fig. 2.2, the first L− 1 samples
suffer from interference from the previous block of symbol (block i− 1). These
first L− 1 samples are thus ignored2, and the following K samples are consid-
ered and denoted by

y = [y0, y1, . . . , yK−1]
T . (2.17)

If the channel remains constant over the considered K + L− 1 symbol periods,
the signal model (2.13) then directly translates into the following matricial
relation

y = GT s̃ + n (2.18)

2This operation will be referred to as the discarding of the CP at the receiver side.
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where GT is a K× (K + L− 1) Toeplitz matrix

GT =




gL−1 gL−2 · · · g0 0 0 · · · 0

0 gL−1 · · · g1 g0 0 · · · 0
...

...

0 · · · 0 gL−1 · · · g0




(2.19)

and n = [n0, n1, . . . , nK−1]
T is the K× 1 AWGN vector. The matrix GT is noth-

ing more than a matricial way to express the linear convolution with the dis-
crete channel impulse response

g = [g0, g1, . . . , gL−1]
T . (2.20)

More precisely, the rows of GT are delayed and time-reversed versions of g.
Taking into account the structure of s̃ in (2.16) (i.e. the fact that the first L− 1
elements are equal to the last L− 1 ones), the last equation can be rewritten in
terms of s

y = Gc s + n (2.21)

where Gc is a K× K circulant matrix whose first column is given by the chan-
nel impulse response g appended by K− L zeros

Gc =




g0 0 · · · 0 0 gL−1 · · · g1

g1 g0 0 · · · 0 0
. . .

...
... g1 g0 0 0

. . . 0 gL−1

gL−1
... g1

. . . 0
. . . 0 0

0 gL−1
...

. . . g0
. . . . . . 0

... 0 gL−1
. . . g1 g0 0 0

...
... 0

. . .
...

. . . . . . 0

0 0 . . . 0 gL−1 · · · g1 g0




. (2.22)

In other words, the CP converts the linear convolution into a cyclic one. And
the reason for choosing the particular structure of the CP as guard interval
is that we end up with a circulant matrix in the signal model (2.21), and that
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circulant matrices have convenient properties. Let us introduce the K-point
fast Fourier transform (FFT) of the channel impulse response

ω = [ω0, ω1, . . . , ωK−1]
T (2.23)

ωk =
L−1

∑
l=0

gl e−j2π k l
K . (2.24)

It is well-known that a circulant matrix can be decomposed as [39]

Gc = WH
Ω W (2.25)

where Ω is a diagonal matrix with the frequency channel response ω on its
diagonal

Ω = diag (ω) , (2.26)

and W (resp. WH) is the K× K FFT (resp. IFFT) unitary matrix, defined by

[W]k,k′ =
1√
K

e−j2π k k′
K . (2.27)

In other words, the channel matrix Gc in the signal model (2.21) has always
the same eigenvectors, independently of the realization of g. This is precisely
the convenient property we were referring to.

The cyclic prefixed block transmission is summarized in the bock diagram
in part (a) of Fig. 2.3. It basically consists of adding a CP at the transmitter
side, and discarding it at the receiver side. The resulting signal model (2.21)
will be used extensively in this thesis. Together with (2.25), it results in the
equivalent scheme in part (b) of Fig. 2.3. Remember that this model assumes
that the channel remains constant over the duration of a block, and that the
CP is greater or equal to the channel impulse response’s maximum delay. It is
also worth noting a first trade-off in the choice of the block size K: it simulta-
neously has to be sufficiently large to reduce the efficiency loss induced by the
CP, and sufficiently small for the channel to remain constant over its duration.

2.4 From multi-carrier to single-carrier

Based on the material presented in the previous sections of this chapter,
let us go one step further and consider the block diagram depicted in Fig. 2.4.
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Figure 2.3 Cyclic prefixed block transmission.

This scheme assumes that the vector s is a linearly precoded version of the
K× 1 data symbol vector d

s = P d (2.28)

d = [d0, d1, . . . , dK−1]
T . (2.29)

Throughout this thesis, the data symbols dk will always be taken from a con-
stellation (BPSK, QPSK, 16-QAM, or 64-QAM) that has unit energy, that is
E[dkd∗k ] = 1. The matrix P is the precoding matrix, which should not alter the
total transmit power, i.e. trace

(
PHP

)
= K. The detection operation was also

included in Fig. 2.4. By detection, we mean the operation which generates
the detected data vector ď from the received vector y. This operation may be
partly/totally made of linear processing, or not.

In the following, we will see that special choices of the precoding matrix P
lead to multi-carrier or single-carrier systems.



2
.4

F
ro

m
m

u
lti-carrie

r
to

sin
g
le

-carrie
r

2
1

Linear
Precoding

Add CP Discard CP

Noise

Detection ď
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2.4.1 Orthogonal frequency division multiplexing

In section 2.3, we stressed that the good thing about adding a CP is that
we end up with a channel matrix Gc whose eigenvectors are the columns of
the FFT matrix, independently of the channel realization. From that, it is nat-
ural to consider the case where the precoding matrix is equal to the conjugate
transpose of the matrix of right-eigenvectors of Gc in (2.25), i.e.

P = WH (2.30)

s = WH d. (2.31)

In other words, an IFFT is taken on the data symbols d before transmitting
them. In this particular case, the received signal (2.21) becomes

y = Gc s + n (2.32)

= WH
Ω W WHd + n (2.33)

= WH
Ω d + n (2.34)

where (2.25), (2.31), and the unitary property of the FFT matrix have been
used. Let us look right away at the ML detection of the data symbol vector d
using the received signal (2.34)

ďML = argmin
d
||y−WH

Ω d||2 (2.35)

= argmin
d

(Ω
−1Wy− d)H

Ω
H

Ω(Ω
−1Wy− d). (2.36)

Since the matrix Ω
H

Ω is diagonal with positive entries on its diagonal, the
equation (2.36) suggests that the ML detection is strictly equivalent to taking
symbol-by-symbol decisions on the linear zero-forcing (ZF) estimate

d̂ZF = Ω
−1W y. (2.37)

In that sense, the ZF linear receiver is optimal for the particular scenario con-
sidered in this subsection. Let us thus consider the linear ZF receiver which,
from (2.37), is nothing more than taking an FFT on the received signal fol-
lowed by K scalar multiplications (since Ω

−1 is a diagonal matrix), as depicted
in part (a) of Fig. 2.5. Inserting (2.34) into (2.37), we get

d̂ZF = d + Ω
−1W n (2.38)

= d + Ω
−1n′ (2.39)
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where n′ , W n is the equivalent noise which as the same statistical proper-
ties as n. On the basis of (2.39), the equivalent scheme drawn in part (b) of
Fig. 2.5 can be established. We see that the transmission scheme considered
in this subsection actually consists of multiplexing the K data symbols on K
independent fading AWGN channels. The K fading gains are given by the
K elements of the frequency channel response ω (2.23)-(2.24). This scheme is
known as orthogonal frequency division multiplexing (OFDM): it divides the
spectrum into narrowband orthogonal subcarriers, each symbol being trans-
mitted on a single subcarrier. The OFDM modulation is thus basically a multi-
carrier (MC) modulation, and has become very popular thanks to its low com-
plexity [6]. In fact, as shown in part (a) of Fig. 2.5, it only requires one IFFT
operation at the transmitter side, and one FFT at the receiver side followed by
K symbol-by-symbol scalar multiplications. Remember that (I)FFT operations
can be implemented with low complexity, especially if the block length K is
chosen to be a power of two.

Thanks to its capability to deal with frequency selective channels with low
complexity, it is not surprising to find the OFDM modulation in most stan-
dards for wireless communications [40, 41]. Further analysis of the perfor-
mance of the OFDM modulation will be presented in the next chapters of this
thesis. However, we can already formulate two drawbacks of this technique:

1. Let us concentrate for a minute on the variability in the power of a trans-
mitted sample sk. In particular, let us look at the following ratio

PAPR =
max

(
|sk|2

)

E[|sk|2]
(2.40)

which is referred as the peak to average power ratio (PAPR). The PAPR
is comparing the maximum value that the power of a sk can take, with
its mean value. Using (2.31), we rewrite sk = 1√

K ∑
K−1
i=0 di ej2π k i

K . On
the one hand, it is obvious that the magnitude of a sk is maximum if
all di align in phase after rotation. For instance, this happens for s0 if
d0 = · · · = dK−1 = d. In such case, |s0|2 = K|d|2. With the hypothesis
of constellations with unit energy, we can assume3 that max(|d|2) ∼= 1,

3For constellations with unit energy, the maximum squared norm of a point of the constellation
is greater or equal to one, max(|d|2) ≥ 1. To be more specific, it is equal to one for BPSK and QPSK
constellations, and equal to 1.34 and 1.53 for 16-QAM and 64-QAM constellations, respectively.
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such that
max

(
|sk|2

)
∼= K. (2.41)

On the other hand, the denominator in (2.40) is calculated as

E[|sk|2] = E

[
1√
K

K−1

∑
i=0

di ej2π k i
K

1√
K

K−1

∑
i′=0

d∗i′ e−j2π k i′
K

]
(2.42)

=
1
K

K−1

∑
i=0

K−1

∑
i′=0

E[did∗i′ ]e
j2π

k (i−i′)
K (2.43)

= 1 (2.44)

such that the PAPR for an OFDM system is approximately equal to the
block size

PAPROFDM ∼= K. (2.45)

This is a rather bad news since a high PAPR means a potential perfor-
mance loss: in fact, a significant distortion can affect the OFDM signal
whose power fluctuations may fall into the nonlinear characteristic of
the power amplifiers typically used in radio transmitters. This imper-
fection is often referred to as the OFDM’s PAPR problem. Note the ad-
ditional trade-off (besides the one mentioned at the end of Section 2.3)
in the choice of the block size K: increasing K reduces the efficiency loss
due to the CP, but also increases the PAPR. Note also that different tech-
niques have been proposed to solve the OFDM’s PAPR problem [42–48],
but this particular topic is beyond the scope of this thesis.

2. Looking at the estimate (2.39), we see that if the channel is in deep fade
on one subcarrier, the symbol transmitted on that subcarrier will be af-
fected by a noise with potentially infinite variance. For reliable trans-
mission, some preprocessing should thus be added to the pure OFDM
system of Fig. 2.5. The channel coding stage (error correction code +
interleaver) can do the job, at least partially. Another solution is the ad-
dition of extra linear precoding so that each symbol is spread over all
subcarriers. This last possibility leads to the next subsection.

2.4.2 Cyclic prefixed single-carrier

Let us consider the possibility of introducing an additional precoding stage
to the OFDM system right before the IFFT operation in part (a) of Fig. 2.5.
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Based on the suggestion just made when mentioning the second drawback of
OFDM, this precoding stage can be designed such that each symbol is spread
over all K subcarriers or frequencies. Such precoder can be implemented by
an FFT operation, for instance. In this case, this FFT operation actually cancels
out with the IFFT operation in part (a) of Fig. 2.5, leading to a matrix P in
Fig 2.4 equal to the K× K identity matrix IK

P = IK (2.46)

such that
s = d. (2.47)

In other words, the data symbols are sent unaltered in a single-carrier fashion.
The difference with respect to classical single-carrier systems is the addition
of the CP to each block. Consequently, this transmission scheme is known as
cyclic prefixed single-carrier (CPSC).

Since the data symbols are transmitted unaltered (2.47), the PAPR as de-
fined in (2.40) is just the one associated with the constellation used and is
approximately equal to one4

PAPRCPSC ∼= 1, (2.48)

and

PAPRCPSC =
PAPROFDM

K
. (2.49)

That is, CPSC is solving the OFDM’s PAPR problem. This is one of the reasons
why CPSC was introduced in the literature [9,11] and has gained in popularity
for practical implementations [49].

Using (2.25) and (2.47), the received signal (2.21) becomes

y = Gc d + n (2.50)

= WH
Ω W d + n. (2.51)

Unlike for OFDM, the type of receiver used will have an influence on the per-
formance of a CPSC system. In the following subsections, let us describe four
possible receivers for detecting d from y in (2.51).

4More precisely, the PAPR is equal to one for BPSK and QPSK transmission. For 16-QAM and
64-QAM, however, the PAPR is equal to 1.34 and 1.53, respectively.
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2.4.2.1 ML-CPSC

The ML detection of d using the received signal (2.51) is given by

ďML = argmin
d
||y−WH

ΩW d||2 (2.52)

= argmin
d

(Wy−ΩWd)H(Wy−ΩWd). (2.53)

It can be seen that, this time, the ML detection does not come down to a
symbol-by-symbol detection, but has to be carried out on a block basis. In
other words, unlike for OFDM, some performance loss is expected in CPSC
systems if a linear receiver followed by symbol-by-symbol decisions is used.
However, (2.53) suggests that, in any case, an FFT is a good linear operation
to carry out first on the received signal y.

2.4.2.2 ZF-CPSC

Given the received signal (2.51), the ZF linear receiver is given by
WH

Ω
−1W. The ZF-CPSC scheme is depicted in part (a) of Fig 2.6, where

the diagonal matrix E = Ω
−1. When compared with the OFDM scheme in

part (a) of Fig. 2.5, we see that ZF-CPSC differs by where the IFFT operation
takes place: by moving the IFFT operation from the transmitter side to the
receiver side, we switch from OFDM to ZF-CPSC. The ZF estimate is then
calculated as

d̂ZF = WH
Ω
−1W y (2.54)

= d + WH
Ω
−1W n. (2.55)

Note that ZF-CPSC allows to deal with frequency selective channels with the
same global complexity as that of OFDM: one FFT, K scalar multiplications,
and one IFFT are needed. The only difference is that the complexity related
to the IFFT operation is moved to the receiver side. This might be convenient
in an uplink scenario for instance, where the complexity might be less of an
issue at the base station than at each terminal.

2.4.2.3 MMSE-CPSC

The minimum mean square error (MMSE) linear receiver associated with
the received signal (2.51) can also be easily calculated, and is given by
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WH(Ω
H

Ω + σ2
nIK)−1

Ω
HW. The MMSE-CPSC scheme is thus also the one in

part (a) of Fig 2.6, where E = (Ω
H

Ω + σ2
nIK)−1

Ω
H this time. In other words,

the MMSE equalization is basically not different from the ZF equalization: in
both cases the equalization is implemented by scalar multiplications in the
frequency domain. The only difference between MMSE and ZF is the values
of the scalar multiplications (the value of the diagonal matrix E). The MMSE
estimate is then calculated as

d̂MMSE = WH(Ω
H

Ω + σ2
nIK)−1

Ω
HW y (2.56)

= d− σ2
nWH(Ω

H
Ω + σ2

nIK)−1W d

+ WH(Ω
H

Ω + σ2
nIK)−1

Ω
HW n. (2.57)

This time, the symbol-by-symbol detection on the MMSE estimate (2.57), will
be both perturbed by noise (last term in (2.57)) and intersymbol interference
(ISI) (second term in (2.57)). This is a well-known behaviour of an MMSE
receiver: it does not entirely cancel the ISI in order to further minimize the
mean square error (MSE).

2.4.2.4 DFE-CPSC

The linear MMSE receiver described in the previous subsection was shown
to not completely remove the ISI. Therefore, the addition of a feedback compo-
nent to the detection step might induce a further performance improvement,
at the expense of some extra complexity [50]. A decision feedback equalizer
(DFE) is thus considered. It is depicted in part (b) of Fig 2.6. The matrices A
and (B− IK) implement the forward and feedback parts of the DFE, respec-
tively. Note that the forward part is held in the frequency domain, while the
feedback takes place in the time domain. For causality reasons, the matrix B
must be a unit lower triangular matrix, i.e. a lower triangular matrix with ones
on its diagonal.

The matricial formalism has to be well understood. Once the vector y has
been entirely received, the forward filter (in the frequency domain) computes
WHA W y once for all. However, the decision-making has to be understood
sequentially. the decision on the first symbol ď0 is made using the first entry
of WHA W y. The decision on the second symbol ď1 is then made using the
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second entry of WHA W y corrected by [B]1,0 ď0, and so on5. From that, we
understand why the matrix B has to be unit lower triangular: the correction on
a given symbol estimate can only be constructed from decisions on preceding
symbols.

The matrices A and B can be designed in order to minimize the MSE, see
Appendix 2.A for details. The result is

A = W B WH(Ω
H

Ω + σ2
nIK)−1

Ω
H (2.58)

B = L−1. (2.59)

The matrix L is defined by the following Cholesky decomposition

WH(Ω
H

Ω + σ2
nIK)−1W = L D LH (2.60)

where L is a unit lower triangular matrix, and D is a positive diagonal ma-
trix. Note that if we set B = IK, the feedback part is removed and the ex-
pression (2.58) reduces to the linear MMSE receiver of previous subsection,
which is consistent. With the filters (2.58) and (2.59), and neglecting the error
propagation effect in the feedback part, it is shown in Appendix 2.A that the
resulting error covariance matrix is diagonal and precisely equal to σ2

nD. Note
that since the matrix (2.60) is a circulant, it turns out that the diagonal entries
of D are with decreasing values. The fact that the error variance associated
with a given symbol decreases as its position in the block increases, is a direct
consequence of how the feedback part of the DFE is working. For instance, the
last symbol of the block has the lowest error variance, since the interference
from all other K − 1 symbols of the block can ideally be removed before it is
detected.

Comment: the reader might be surprised that we referred to (2.60) as a
Cholesky decomposition. In fact, the "true" Cholesky decomposition of a pos-
itive definite Hermitian matrix H is

H = TTH , (2.61)

5In this thesis, the following convention is used: the first element of a vector is at index 0.
Similarly, the top left entry of a matrix is at indices {0, 0}. For example, [B]1,0 denotes the second
row and first column entry of matrix B.
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where T is a lower triangular matrix with diagonal entries not necessarily
equal to one. Obviously, the decomposition in (2.60) of the type

H = LDLH (2.62)

with L a unit lower triangular matrix, and D a positive diagonal matrix, is
related to (2.61) by T = LD1/2. In this thesis, and in particular in the context
of DFE equalizers, we will exclusively use the decomposition (2.62). For this
reason and for conciseness, we will abusively refer to (2.62) as a Cholesky
decomposition. Note, however, that (2.62) is sometimes simply referred as a
"LDLT decomposition" [51].

2.5 Multi-antenna dimension

Nowadays, we do not need to convince the reader anymore that multiple
input multiple output (MIMO) channels, using multiple antennas both at the
transmitter and receiver sides, allow a performance enhancement in wireless
communication systems. In short, MIMO enables to increase the reliability of
the transmission (by transmitting multiple versions of the same signal), or to
increase the rate at which the information is sent (by multiplexing indepen-
dent data over the transmit antennas) [52,53]. Actually, it was recently shown
in [54] that there is a theoretical trade-off between these two opposite strate-
gies, referred to as diversity-multiplexing trade-off. In any case, some addi-
tional signal processing at the transmitter/receiver side is the price to pay to
take advantage of MIMO channels.

In this section, the focus is set on MIMO cyclic prefixed block transmis-
sion, i.e. the addition of a spatial dimension to the single input single output
(SISO) systems which have been presented in Sections 2.3 and 2.4. In partic-
ular, by adding multiple transmit and receive antennas to part (a) of Fig. 2.3,
we end up with the scheme depicted in Fig. 2.7. The number of transmit and
receive antennas are respectively denoted by Mt and Mr. Note that the addi-
tion (resp. suppression) of the CP is implemented separately at each transmit
(resp. receive) antenna. Some extra notations are needed to cope with the spa-
tial dimension, let us introduce them:

� st : the K× 1 symbol block transmitted on antenna t.



32 Chapter 2. Cyclic Prefixed Block Transmission: from MC to SC

Noise

Discard CP

Discard CP
Add CP

Add CP

.

.

.

.

.

.

.

K + L− 1K

K + L− 1K

Mt Mr

gMr,1

K + L− 1 K y1

K + L− 1 K yMr

g1,1

s1

sMt

Figure 2.7 MIMO cyclic prefixed block transmission: block diagram.

� yr : the K× 1 received block on antenna r (after discarding the CP).

� gr,t : the L× 1 channel impulse response between transmit antenna t
and receive antenna r.

with t = 1, . . . , Mt and r = 1, . . . , Mr. In this section, L should be under-
stood as the number of taps of the longest channel impulse response of the
MIMO frequency selective channel6. The Mt (resp. Mr) transmitted (resp. re-
ceived) blocks can be stacked into a larger MtK × 1 (resp. MrK × 1) vector
s = [sT

1 , . . . , sT
Mt

]T (resp. y = [yT
1 , . . . , yT

Mr
]T). The global received signal model

is then

y =




Gc1,1 . . . Gc1,Mt

...
. . .

...

GcMr,1 . . . GcMr,Mt


 s + n (2.63)

where Gcr,t is a K × K circulant matrix whose first column is given by gr,t

appended by K − L zeros as in (2.22), and n is the stacked noise vector
n = [nT

1 , . . . , nT
Mr

]T . The model (2.63) is nothing more than the extension
of (2.21): it expresses the signal at each receive antenna as the sum of the

6The MIMO frequency selective channel is fully characterized by Mt Mr channel impulse re-
sponses.
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contributions of all transmit antennas. Remembering the property (2.25),
i.e. Gcr,t = WH

Ωr,tW, we rewrite

y =




WH

. . .

WH







Ω1,1 . . . Ω1,Mt

...
. . .

...

ΩMr,1 . . . ΩMr,Mt







W

. . .

W


 s + n

, W
H
Mr

ΩbW Mt s + n (2.64)

where Ωb is composed of Mt Mr diagonal submatrices of size K×K, and W Mt

(resp. W H
Mr

) is a block diagonal matrix with Mt (resp. Mr) times the K×K FFT
matrix W (resp. IFFT WH) on its diagonal.

In a very similar way as in Section 2.4, the scheme in Fig. 2.7 will reduce
to a multi or single-carrier system, depending on the linear signal processing
operation at the transmitter side. Let us thus consider that the vector s is a
precoded version of a MtK× 1 data symbol vector d

s = P d (2.65)

d = [dT
1 , . . . , dT

Mt
]T (2.66)

where dt is the K × 1 data symbol block associated with transmit antenna t.
Special choices of the MtK ×MtK precoding matrix P are being described in
the next two subsections.

2.5.1 MIMO OFDM

A first natural choice for the precoding matrix is P = W
H
Mt

, which means
that a size-K IFFT is implemented at each transmit antenna leading to a multi-
carrier system. Symmetrically, at the receiver side, a size-K FFT operation is
executed at each receive antenna. At this point, the signal is given by

y′ = W Mr y (2.67)

= ΩbW Mt s + W Mr n (2.68)

= Ωb d + n′. (2.69)

Remembering the structure of Ωb, we see that y′ is still affected by ISI: the
symbols transmitted on the same given subcarrier but on different antennas
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are interfering with each other. Put differently, thanks to the (I)FFT operations
we got rid of the temporal ISI, but we still have to deal with the spatial ISI.
Restricting ourself to linear signal processing, let us consider two different
approaches for reducing/canceling this spatial ISI.

2.5.1.1 MIMO MMSE-OFDM

Assuming first that the channel is known at the receiver side but not at the
transmitter side, a MMSE linear receiver can be carried out on the signal (2.69).
This MMSE linear receiver is given by (Ω

H
b Ωb + σ2

nIMtK)−1
Ω

H
b . The complete

system is depicted in Fig. 2.8, where E = (Ω
H
b Ωb + σ2

nIMtK)−1
Ω

H
b . The corre-

sponding MMSE estimate is

d̂MMSE = (Ω
H
b Ωb + σ2

nIMtK)−1
Ω

H
b y′ (2.70)

= d− σ2
n(Ω

H
b Ωb + σ2

nIMtK)−1d

+(Ω
H
b Ωb + σ2

nIMtK)−1
Ω

H
b n′ (2.71)

which is affected by noise and remaining ISI, as expected.

2.5.1.2 Discrete matrix multitone (DMMT)

Assume now that the channel is known at both the transmitter and re-
ceiver sides. In this case, channel adaptive linear precoding can be used to
remove the spatial ISI. For notation/derivation simplicity, let us assume in
this subsection that Mt = Mr = M. Remembering the structure of the ma-
trix Ωb in (2.64), there exists a permutation matrix Π such that Π

T
ΩbΠ is a

block diagonal matrix. More precisely, Π
T

ΩbΠ has K blocks of size M × M
on its diagonal. Each of these blocks is actually the MIMO channel on a given
subcarrier, i.e. a MIMO flat fading channel. Then the following singular value
decomposition (SVD)

Π
T

ΩbΠ = UΛVH (2.72)
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is such that Λ is a MK × MK diagonal matrix, and U and V are also block
diagonal matrices with K blocks of size M×M

U =




U(0)

. . .

U(K−1)


 (2.73)

V =




V(0)

. . .

V(K−1)


 . (2.74)

Since ΠΠ
T = IMK, we can rewrite (2.72) as

Ωb = ΠUΛVH
Π

T . (2.75)

From (2.69) and (2.75), we deduce that the channel can be diagonalized (i.e. the
spatial ISI can be removed) if:

� At the transmitter side (before the IFFT operations at each antenna),
the data symbol vector d is pre-processed by the matrix ΠV. Put dif-
ferently, the M symbols which are to be transmitted on the kth subcar-
rier (denoted by the M× 1 vector d(k)), are first precoded by V(k), and
then spread over the M transmit antennas (effect of Π).

� At the receiver side (after the FFT operations at each antenna), the
received signal is post-processed by UH

Π
T . In other words, the M

signals received on the kth subcarrier on the M receive antennas, are
brought together (effect of Π

T) and then affected by U(k)H
.

This diagonalization technique of the MIMO multi-carrier channel was in-
troduced in [55], and called "discrete matrix multitone" (DMMT). The out-
put signal is given by Λd + n′′, where n′′ has the same statistical proper-
ties as n (since all pre/post-processing matrices involved are unitary), and
d = [d(0)T

, . . . , d(K−1)T
]T . The ZF linear receiver is optimal on such output

signal, and the estimate is

d̂ZF = d + Λ
−1n′′. (2.76)

The complete DMMT scheme is given in Fig. 2.9. Remember that DMMT im-
plies the channel to be perfectly known at the transmitter side.
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2.5.2 MIMO DFE-CPSC

Another natural choice for the precoding matrix is P = IMtK, i.e. the case
of no precoding actually. In this case, the received signal (2.64) becomes

y = W
H
Mr

ΩbW Mt d + n (2.77)

which is to be compared with the SISO signal model (2.51). Just like for (2.51)
(see Subsection 2.4.2), different receivers (ML, linear ZF/MMSE, DFE) can be
considered to implement the detection on the received signal (2.77). However,
for conciseness, only the derivation of the DFE receiver will be presented here.
The system is depicted in Fig. 2.10. The derivation of the DFE (minimizing
the MSE) is very similar to that of the SISO case (see Subsection 2.4.2.4 and
Appendix 2.A). After calculations, we get

A = W Mt B Π
T
W

H
Mt

(Ω
H
b Ωb + σ2

nIMtK)−1
Ω

H
b (2.78)

B = L−1 (2.79)

where the unit lower triangular matrix L is given by the following Cholesky
decomposition

Π
T
W

H
Mt

(Ω
H
b Ωb + σ2

nIMtK)−1
W Mt Π = L DLH (2.80)

and the resulting error covariance matrix is diagonal and precisely given
by σ2

nD.

2.6 Conclusions

The goal of this chapter was to introduce the material that will be used in
the rest of the thesis.

First, we reminded how the multipath wireless channel translates into a
multi-tap system model. Second, the notion of cyclic prefixed block trans-
mission was introduced as a efficient way to deal with wireless channels. It
was then shown how a cyclic prefixed block transmission comes down to an
OFDM or CPSC system, depending on the linear operation at the transmitter
side. For both systems, different receivers were considered and derived, either
nonlinear (ML, DFE) or linear (linear ZF, MMSE). Interestingly, for OFDM all
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these receivers coincide, unlike for CPSC. Finally, a multi-antenna scenario
was explored for both OFDM and CPSC.

We also pointed out the two main advantages of CPSC with respect to
OFDM: First, it does not suffer from the PAPR problem. Second, its complex-
ity is mostly moved to the receiver side, which is convenient in an uplink
scenario.

In the next chapters, further performance comparisons between OFDM
and CPSC will be derived, and that in terms of different figures of merit or
criteria.

Appendix 2.A Derivation of the MMSE DFE for

CPSC

Based on the scheme reproduced in part (b) of Fig 2.6, this appendix is
dedicated to deriving the expressions (2.58) and (2.59).

The data vector estimate d̂ in part (b) of Fig 2.6 is given by

d̂ = WHA W y− (B− IK) ď (2.81)

where ď are the decisions made on the data symbols d, and y is the received
vector (2.51). As we are looking for the expressions of A and B that minimize
the MSE, we will apply the orthogonality principle which states that the error
should be orthogonal to the received signal

E[ε yH ] = 0 (2.82)

where the error vector is defined as ε , d̂− d. If perfect decision-making is
assumed7, i.e. ď = d, we have

ε = WHA W y− B d (2.83)

such that (2.82) gives

A = W B E[d yH ] E[y yH ]−1WH (2.84)

= W B WH(Ω
H

Ω + σ2
nIK)−1

Ω
H (2.85)

7In other words, if the error propagation effect is neglected.
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where the last equality follows from (2.51), and proofs (2.58). Inserting (2.85)
and (2.51) into (2.83), we get

ε = B WH(Ω
H

Ω + σ2
nIK)−1

Ω
H

Ω W d

+ B WH(Ω
H

Ω + σ2
nIK)−1

Ω
HW n

− B d. (2.86)

Furthermore, since (Ω
H

Ω + σ2
nIK)−1

Ω
H

Ω =
(
IK − (Ω

H
Ω + σ2

nIK)−1σ2
nIK
)
,

the last equation is rewritten as

ε = −σ2
nB WH(Ω

H
Ω + σ2

nIK)−1W d

+ B WH(Ω
H

Ω + σ2
nIK)−1

Ω
HW n (2.87)

= B WH(Ω
H

Ω + σ2
nIK)−1(Ω

HW n− σ2
nW d). (2.88)

The error covariance matrix is then easily calculated as

Rεε = σ2
n B WH(Ω

H
Ω + σ2

nIK)−1W BH . (2.89)

Let us then remind the Cholesky decomposition in (2.60):
WH(Ω

H
Ω + σ2

nIK)−1W = L D LH , where L is a unit lower triangular
matrix, and D is a positive diagonal matrix. We are interested in minimizing
the total MSE on the block, i.e. the trace of the error covariance matrix. From
(2.60) and (2.89), this trace is expressed as

trace (Rεε) = σ2
n trace

(
B L D LHBH

)
(2.90)

= σ2
n trace

(
B̃ D B̃H

)
(2.91)

where B̃ , B L is also a unit lower triangular matrix. By the cyclic property of
the trace operator, we write

trace (Rεε) = σ2
n trace

(
B̃ D B̃H

)
(2.92)

= σ2
n trace

(
B̃HB̃ D

)
(2.93)

≥ σ2
n trace (D) (2.94)

where the last inequality is justified by the fact that the diagonal elements of
B̃HB̃ are greater or equal to one. The equality in (2.94) is reached if B̃ = IK.
Being interested in minimizing the trace of the error covariance matrix, we
should thus impose B̃ = IK, or equivalently

B = L−1 (2.95)
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which demonstrates (2.59). The feedback filter (2.95) is such that the error
covariance matrix is diagonal

Rεε = σ2
n D . (2.96)

Let us close this appendix with the following remark. From the
Hadamard’s inequality [56], we have

K−1

∏
k=0

[Rεε]k,k ≥ det (Rεε) . (2.97)

The equality in (2.97) is reached if and only if Rεε is diagonal. From that, it can
be stated that the solution (2.95) both minimizes the trace and the product of
the diagonal elements of the error covariance matrix. Put differently, both the
geometrical and arithmetic means of the error variances are minimized.



Bit Error Rate and

Diversity 3
The content of this chapter has been published in [23].

3.1 Introduction

Having perfect and instantaneous knowledge of the channel at the receiver
side is certainly not straightforward, but can be almost achieved using efficient
channel estimation algorithms. In this thesis, the receiver will be assumed to
have perfect channel state information (CSI), unless otherwise stated. How-
ever, having perfect CSI at the transmitter side (CSIT) additionally implies the
presence of a perfect feedback link (i.e. error and delay free), which is clearly
unrealistic.

In this chapter, let us assume that there is no CSIT. In such situation, no
adaptive resource (bit, power) allocation is possible at the transmitter side.
The goal is then to evaluate the bit error rate (BER) achieved by the cyclic pre-
fix block transmission schemes presented in Chapter 2 (i.e. OFDM or CPSC),
and compare them. In order for the comparison to be fair, the bit rate should
of course be equal for both schemes.

A first natural question to answer is that of how OFDM and CPSC compete
with each other in terms of BER for a given channel realization, i.e. instanta-
neous BER. Obviously, the different CPSC receivers should be distinguished
in the comparison. This is the context of Section 3.2, which is based in part on
the results in [21, 22].
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A second step, which is critical in wireless communication, is to integrate
the variability (or fading) of the channel in the comparison. Put differently,
the focus is set this time on the average BER, which is nothing more than the
average of the instantaneous BER on the channel statistic. A performance in-
dicator directly related to the average BER is the diversity order extracted by
the system. In fact, it is well-known that the transmission over fading chan-
nels can have its average BER significantly reduced if a diversity technique is
used. It consists of transmitting the signal through multiple links which fade
independently, so that the communication will be reliable unless all the links
fade simultaneously. Different sources of diversity can be identified:

� Time diversity. Channels in different coherence time periods experi-
ence independent fades. This diversity can be exploited by simple
repetition coding, or by using more sophisticated codes along with
interleaving [57, 58].

� Spatial diversity. With multiple transmit and/or receive antennas suf-
ficiently separated from each other, a set of channels which fade inde-
pendently can be created and taken advantage of, see e.g. [59–62].

� Multipath diversity. The wireless channel introduced in Chapter 2 in-
herently provides a multi-tap transmission, whose taps ideally fade
independently.

� Multi-user diversity. The fading statistics of the channels of different
users might be independent, such that allocating the resource among
the different users enhances the performance [63–65].

In this thesis, the focus is set on the multipath diversity. The purpose of
Section 3.3 is to evaluate the average BER of the OFDM and CPSC systems
(distinguishing the different possible receivers), and to analyze to which ex-
tent these schemes exploit the multipath diversity. This subject has actually
been investigated for ML-CPSC in [66], and then corrected in [67]. The final
conclusion there was that ML-CPSC is unable to extract any multipath diver-
sity. In Section 3.3, we do not question this result, but we still moderate it and
prove that the multipath diversity can still be exploited by CPSC under some
realistic hypotheses. In particular, the influence of the block size and that of
the use of suboptimal receivers on the diversity extraction is investigated.
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3.2 Instantaneous bit error rate

In this section, we momentarily neglect the time variation of the channel,
and focus on one given channel realization. This is what the word "instanta-
neous" refers to. The objective is first to derive the instantaneous BER (i.e. BER
for a given channel realization) expression for the schemes presented in Chap-
ter 2, and second to compare them.

3.2.1 OFDM

In Subsection 2.4.1, it was shown that, for the OFDM modulation, the ML
and linear ZF receivers coincide. The associated data vector estimate was
given by (2.39). At this point, the BER expression associated with the decision-
making on the estimate (2.39) can be calculated easily. In (2.39), the noise co-
variance matrix is σ2

n Ω
−1,H

Ω
−1. In other words, focusing on the kth data

symbol dk transmitted on the kth subcarrier, the noise affecting its estimate
(2.39) has variance σ2

n/|ωk|2. For conciseness, let us define the following nota-
tions

h = [h0, h1, . . . , hK−1]
T (3.1)

hk = |ωk|2, (3.2)

i.e. h is the vector of the squared norm of the channel gains in the frequency
domain. The instantaneous signal to noise ratio (SNR) on subcarrier k is thus
given by

SNROFDM
k =

hk
σ2

n
(3.3)

= γ hk (3.4)

with γ = 1/σ2
n denoting the average SNR. As commented in the first words

of this chapter, the channel is assumed to be unknown at the transmitter side.
Therefore, no adaptive bit loading can be carried out, and the same constella-
tion is used on all subcarriers. Without loss of generality, let us assume that
binary phase shift keying (BPSK) modulation is used. The instantaneous BER
on the symbol dk associated with the decision-making on (2.39) is then given
by [68]

BEROFDM
k (h, γ) = Q

(√
2 γ hk

)
(3.5)



46 Chapter 3. BER and Diversity

where Q(.) denotes the Gaussian Q-function1. The instantaneous character is
expressed by the explicit dependency on h in (3.5). One can also be interested
in the mean instantaneous BER on the block of K symbols

BEROFDM
(h, γ) =

1
K

K−1

∑
k=0

Q
(√

2 γ hk

)
. (3.6)

Throughout this thesis, the overlined acronym BER will be used to refer to the
mean bit error rate on the block. Finally, note that using instead a MMSE linear
receiver for OFDM would not have any effect on the BER: the only difference
with respect to ZF would be the scaling of the estimate by a positive real factor,
which would not affect the symbol-by-symbol decision-making.

3.2.2 ZF-CPSC

In Subsection 2.4.2.2, the ZF linear receiver for CPSC was derived and the
data vector estimate was given by (2.55). The noise term in (2.55) has a covari-
ance matrix equal to σ2

n WH
Ω
−1

Ω
−1,HW, which is a circulant matrix. This

means that the noise variance is equal for all K symbols of the block (since a
circulant matrix has a constant diagonal), and is calculated as

(σ2
n)CPSC

ZF =
1
K

trace
(

σ2
n WH

Ω
−1

Ω
−1,HW

)
(3.7)

=
1
K

K−1

∑
k=0

1
γ hk

, (3.8)

while the instantaneous SNR is

SNRCPSC
ZF =

1
1
K ∑

K−1
k=0

1
γ hk

. (3.9)

The instantaneous BER is thus equal for all K symbols of the block, such that
the mean instantaneous BER is

BERCPSC
ZF (h, γ) = Q

(√
2

1
K ∑

K−1
k=0

1
γ hk

)
. (3.10)

1Q(α) = 1√
2π

∫ ∞

α e−u2/2 du
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3.2.3 MMSE-CPSC

In Subsection 2.4.2.3, the MMSE linear receiver for CPSC was derived and
the data vector estimate was given by (2.57). As mentioned then, the symbol-
by-symbol detection on (2.57) is both perturbed by noise and ISI. It turns out
that the covariance matrices of both these perturbations have a constant diag-
onal (they are actually circulant again). As a consequence, the MSE and thus
the BER is once again equal for all K symbols of the block. In particular, the
MSE on each individual symbol of the block is given by

MSE =
σ2

n
K

trace
(

WH(Ω
H

Ω + σ2
nIK)−1W

)
(3.11)

=
1
K

K−1

∑
k=0

1
γ hk + 1

. (3.12)

Next, the unbiased signal to interference plus noise ratio (SINR) is given by
1

MSE − 1:

SINRCPSC
MMSE =

1
1
K ∑

K−1
k=0

1
γ hk+1

− 1. (3.13)

And finally, if the Gaussian approximation is used for the ISI, the mean instan-
taneous BER can be approximated by

BERCPSC
MMSE(h, γ) ∼= Q




√√√√2

(
1

1
K ∑

K−1
k=0

1
γ hk+1

− 1

)
 . (3.14)

Generally speaking, the greater the value of K, the more valid the Gaussian
approximation of the ISI will be. However, we will come back later on the
validity on this approximation in specific conditions.

3.2.4 DFE-CPSC

In Subsection 2.4.2.4, the DFE receiver for CPSC was presented (the com-
plete mathematical derivation being included in Appendix 2.A). It was shown
that, if the error propagation effect in the feedback part is neglected, the re-
sulting error covariance matrix is diagonal and equal to σ2

n D, with D defined
in (2.60). In a similar way as for the MMSE linear receiver, the unbiased SINR
for the kth symbol of the block is given by

(SINRk)
CPSC
DFE =

γ

[D]k,k
− 1. (3.15)
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Again, if the Gaussian approximation is used for the remaining ISI, the mean
instantaneous BER can be approximated by

BERCPSC
DFE (h, γ) ∼= 1

K

K−1

∑
k=0

Q




√√√√2

(
γ

[D]k,k
− 1

)
 . (3.16)

3.2.5 Instantaneous BER comparison

Using Jensen’s inequality, the instantaneous BER presented in the preced-
ing subsections for OFDM and CPSC with linear receivers are easily compared
to each other, as summarized in the following two propositions. Note that
Proposition 3.1 has been published in [21, 22]. However, in order to have a
complete overview of the subject, we found it interesting to incorporate this
result here.

Proposition 3.1.
If γ ≥ 3/(2 mink hk) then BERCPSC

ZF (h, γ) ≤ BEROFDM
(h, γ).

If γ ≤ 3/(2 maxk hk) then BEROFDM
(h, γ) ≤ BERCPSC

ZF (h, γ).

Proof. Since Q(
√

2/x) is a convex function as long as x ∈ [0, 2/3], Jensen’s
inequality gives

BERCPSC
ZF (h, γ) = Q

(√
2

1
K ∑

K−1
k=0

1
γ hk

)
(3.17)

≤ 1
K

K−1

∑
k=0

Q

(√
2
1

γ hk

)
(3.18)

= BEROFDM
(h, γ) (3.19)

as long as 1
γ hk
≤ 2

3 ∀k ∈ {0, . . . , K − 1}, i.e. if γ ≥ 3/(2 mink hk). The sec-
ond part of the proposition is proved in a similar manner, using the fact that
Q(
√

2/x) is a concave function for x ∈ [2/3, ∞]. �

Proposition 3.2.

(i) BERCPSC
MMSE(h, γ) ≤ BEROFDM

(h, γ) (3.20)

(ii) BERCPSC
MMSE(h, γ) ≤ BERCPSC

ZF (h, γ) (3.21)
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Proof.

(i) Since Q(
√

2( 1
x − 1) is a convex function for x ∈ [0, 1], Jensen’s inequal-

ity gives

BERCPSC
MMSE(h, γ) = Q




√√√√2

(
1

1
K ∑

K−1
k=0

1
γ hk+1

− 1

)
 (3.22)

≤ 1
K

K−1

∑
k=0

Q




√√√√2

(
1
1

γ hk+1

− 1

)
 (3.23)

= BEROFDM
(h, γ). (3.24)

(ii) This part of the proposition will be proved if we proof that

SNRCPSC
ZF ≤ SINRCPSC

MMSE (3.25)

which, reorganizing (3.9) and (3.13), can be rewritten as

1
1
K ∑

K−1
k=0

1
γ hk

+ 1 ≤ 1
1
K ∑

K−1
k=0

1
γ hk+1

, (3.26)

or
H(γh) + H(1) ≤ H(γh + 1) (3.27)

where H(x) denotes the harmonic mean of the entries of vector x, and
1 refers to the all-ones column vector. Note also that, in (3.27), we used
the fact that H(1) = 1. Finally (3.27) is proved by the subadditivity of
the harmonic mean function [69]

H(x) + H(x′) ≤ H(x + x′) (3.28)

for any vectors x and x′ with positive real entries.

�

Let us illustrate Propositions 3.1 and 3.2. Suppose K = 64 and L = 4. The
two channel realizations whose frequency responses h are given in Fig. 3.1,
are considered. These two channel realizations have equal energy, but the fre-
quency response of the channel realization B is in deep fade at some frequency
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Figure 3.1 Frequency response h of the two considered channel realizations.

index (see h44). The instantaneous BER curves for channel realizations A and
B are given in the upper and lower part of Fig. 3.2, respectively. We see that,
for both channel realizations, MMSE-CPSC outperforms both ZF-CPSC and
OFDM at all SNRs. This illustrates Proposition 3.2. The property given in
Proposition 3.1 can also be observed: for both channel realizations, OFDM
outperforms ZF-CPSC at low SNR, while ZF-CPSC outperforms OFDM at
high SNR. However, the SNR at which the OFDM and ZF-CPSC curves cross,
depends strongly on the channel realization: it happens at approximately 6dB
for channel realization A, and at 22dB for channel realization B. This differ-
ence in behavior was expected because of the deep fade observed in channel
realization B, such that 3/(2 mink hk) (see Proposition 3.1) has a much greater
value for channel realization B than for channel realization A.

Finally, the instantaneous BER of DFE-CPSC (3.16) is such that the follow-
ing proposition holds, as expected.

Proposition 3.3. BERCPSC
DFE (h, γ) ≤ BERCPSC

MMSE(h, γ)

Proof. The proposition compares the expressions (3.14) and (3.16). The propo-
sition is then a direct consequence of the two following properties of the
Cholesky decomposition (2.60): First, the diagonal entries of D are with de-
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Figure 3.2 Instantaneous BER for channel realizations A (upper figure) and B (lower
figure). Comparison between OFDM, ZF-CPSC and MMSE-CPSC.

creasing values, i.e.

[D]0,0 ≥ [D]1,1 ≥ · · · ≥ [D]K−1,K−1 , (3.29)

and, second,

σ2
n [D]0,0 =

1
K

K−1

∑
k=0

1
γ hk + 1

. (3.30)

Note that the properties (3.29) and (3.30) will be proved in more detail in the
next chapter. �

The reader should notice that Proposition 3.3 holds only if the potential
error propagation effect in the DFE is neglected.
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Let us conclude this section by summarizing its main results. In terms
of instantaneous BER, here is how the different schemes compare to each
other:

� DFE-CPSC outperforms all schemes.

� MMSE-CPSC outperforms ZF-CPSC and OFDM.

� ZF-CPSC outperforms OFDM at high SNR, but is outperformed at low
SNR. The transition occurs at a SNR value which highly depends on
the channel realization.

Remember that we assume in this chapter that there is no CSIT, such that
the power cannot be adaptively allocated. A reader interested in the same
comparison with power allocation, can refer to [70]. The authors prove that
OFDM with a well-chosen power allocation can outperform ZF-CPSC in terms
of instantaneous BER, and that even at high SNR.

3.3 Average BER and diversity

This section goes one step further and takes into account the fluctuation
(or fading) of the wireless channel. In particular, the figure of merit analyzed
in this section is the average BER, i.e. the average of the instantaneous BER
over the channel statistic.

It is well known that the transmission over fading channels can see its per-
formance (in terms of average BER, for instance) significantly improved if a
diversity technique is used. It consists of transmitting the signal through mul-
tiple links which fade independently. The frequency selective channel (2.20)
inherently provides such independent multipath transmission, known as mul-
tipath diversity. The objective of this section is to analyze to which extent the
transmission techniques of Section 2.4 are able to extract the multipath di-
versity. The maximum diversity order is equal to L, i.e. the number of taps
in (2.20). The diversity order extracted by a transmission technique at a given
SNR can be evaluated by looking at the slope of the average BER vs SNR curve
on a log-log scale.
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3.3.1 OFDM

This subsection is dedicated to reiterating the following well-known result.

Proposition 3.4. The OFDM modulation does not extract any multipath diversity2.

Proof. Taking into account the channel impulse response taps statistic (2.14),
the hk in (3.2) also have a chi-square distribution with pdf

Thk
(hk) = e−hk . (3.31)

The average BER of an OFDM transmission is calculated by integrating each
term of the BER expression (3.6) on the pdf (3.31), and has the following exact
closed-form expression

BEROFDM
(γ) = E

[
BEROFDM

(h, γ)
]

(3.32)

=
1
K

K−1

∑
k=0

∫ ∞

0
Q
(√

2 γ hk

)
e−hk dhk (3.33)

=
1
2

(
1−

√
γ

γ + 1

)
, (3.34)

see Appendix 3.A.1 for a detailed derivation. At moderate to high SNR γ,
the last equality becomes BEROFDM

(γ) ∼= 1/(4γ): the slope of the BER versus
SNR curve on a log-log scale is thus equal to minus one, independently of the
value of L. This concludes the proof. �

Note that this result is independent of the receiver used (ML, linear ZF, or
MMSE), since all these receivers are equivalent for OFDM, as we commented
earlier. However, we will see in the three following subsections that the av-
erage performance of a CPSC transmission will depend much on the receiver
used.

2Remember that we refer to OFDM without any precoding or adaptive resource allocation:
each subcarrier is assigned the transmission of one and only one data symbol, and the same
constellation is used for all data symbols.
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3.3.2 ML-CPSC

As commented in Subsection 2.4.2, CPSC differs from OFDM by the ab-
sence of the IFFT operation at the transmitter. Put differently, CPSC can be
seen as OFDM precoded by an FFT. It is interesting to analyze whether or not
this difference allows to extract some diversity, unlike in OFDM. In order to
not let the suboptimality of linear receivers affect the result, let us first focus on
the optimal ML receiver. This problem has been investigated in [66] and [67].
First, the authors of [66] erroneously stated that ML-CPSC was able to collect
the full multipath diversity, if the block size K was large enough. This result
was then corrected in [67], where the authors showed that ML-CPSC is unable
to collect any diversity. This last result is not contested here, but rather mod-
erated: we show that the block size has indeed an influence, and that some
diversity can be extracted by ML-CPSC for the range of BER typically used in
practice.

As introduced in Subsection 2.4.2.1, the ML receiver for CPSC has to be
carried out on a block basis, and basically has to exhaustively search for the
symbol block d which minimizes the distance (2.53). In practice however, the
costly exhaustive search can be replaced by the sphere decoding (SD) algo-
rithm [71–74]. The exact BER analysis is difficult, if not impossible. Alterna-
tively, we will rely on the pairwise error probability (PEP) analysis, which is
often used in diversity analysis [59]. Suppose that the vector d is transmitted,
and let us focus on the probability that another vector d′ (with d′ 6= d) be
erroneously decoded. The PEP conditioned on the channel is

P(d→ d′|g, γ) = Q

(√
γ ||Gc(d− d′)||2

2

)
. (3.35)

The vector Gc(d− d′) can equivalently be written as

Gc(d− d′) = WH
Ω W(d− d′) (3.36)

= WHDeV g (3.37)

where De = diag (We), the error vector is defined as e = d−d′, and the K× L
matrix V is the L first columns of

√
KW. The squared norm in (3.35) can then

be developed as
||Gc(d− d′)||2 = gHVHDH

e DeV g. (3.38)
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Since VHDH
e DeV is a L × L Hermitian matrix, it can be decom-

posed as VHDH
e DeV = UH

ΛU, with U a unitary matrix and with
Λ = diag

(
[λ0, . . . , λL−1]

T). Denoting g̃ = U g, we find

||Gc(d− d′)||2 = gHUH
ΛU g (3.39)

= g̃H
Λ g̃ (3.40)

=
L−1

∑
l=0

λl |g̃l |2. (3.41)

Note that, since U is a unitary matrix, the modified channel taps g̃ = U g have
the same statistical properties (2.14) as g. The PEP (3.35) can be rewritten as

P(d→ d′|g, γ) = Q




√
γ ∑

L−1
l=0 λl |g̃l |2

2


 . (3.42)

The fact that L independent modified channel taps g̃l are contributing to the
PEP (3.42) confirms that the highest diversity order we can get, is equal to L.
However this maximum diversity order is achieved if and only if all λl are
non null, and this for all vectors d and d′. In particular, the number of non
null λl is given by min{rank(De), L}. The authors of [67] pointed out that the
rank of De is equal to one for some error vectors e. From that, they stated that
the diversity order achieved by ML-CPSC is thus equal to one. However, let
us moderate this statement: the only thing that we can conclude at this point
is that, at infinite SNR, the BER curve of ML-CPSC will have a slope equal
to minus one. In other words, the asymptotical (i.e. at infinite SNR) diversity
order of CPSC is equal to one. On the other hand, we state the following.

Proposition 3.5. The events responsible for the asymptotical diversity order one of
ML-CPSC translate into a diversity one lower bound on the average BER. The value
of this lower bound is exponentially decreasing with the block size K.

Proof. For ease of presentation, let us keep on assuming that BPSK symbols
are used. The four errors vectors ei which yield a rank one matrix De are given
in Table 3.1, together with the corresponding vectors di and d′i (i = 1, . . . , 4).
For these four vectors3, there is only one non null λl . Let us denote by l∗

3The block size K is assumed to be even. It is the case in practice since K is chosen to be a
power of two in order to allow an efficient implementation of the (I)FFT operations, as commented
earlier. Note however, that if K is odd, the last two rows of Table 3.1 no longer hold.
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4

[2, 2, 2, 2, . . . ]T

[−2,−2,−2,−2 . . . ]T

[2,−2, 2,−2, . . . ]T

[−2, 2,−2, 2, . . . ]T

[1, 1, 1, 1, . . . ]T

[−1, 1,−1, 1, . . . ]T

[1,−1, 1,−1, . . . ]T

[1, 1, 1, 1, . . . ]T

[−1,−1,−1,−1, . . . ]T

[1,−1, 1,−1, . . . ]T

[−1, 1,−1, 1, . . . ]T

[−1,−1,−1,−1, . . . ]T

ei di d′ii

1

2

3

Table 3.1 ML-CPSC: error vectors responsible for the asymptotical diversity order
one.

the corresponding index, such that λl = 0 if l 6= l∗. One can calculate that
λl∗ = 4KL. As a consequence, for these vectors responsible for the asymptoti-
cal diversity order one, the PEP (3.42) becomes

P(di → d′i|g, γ) = Q
(√

γ 2KL|g̃l∗ |2
)

for i = 1, . . . , 4. (3.43)

Averaging the last expression over the channel statistic, using the chi-square
pdf (2.14), we get

P(di → d′i|γ) =
∫ ∞

0
Q
(√

γ 2KLx
)

L e−Lxdx (3.44)

=
∫ ∞

0
Q
(√

γ 2Ky
)

e−ydy (3.45)

=
1
2

(
1−

√
γK

γK + 1

)
, (3.46)

see Appendix 3.A.2 for a detailed derivation. Taking into account that the
probability of transmitting a given vector di is equal to 1/2K, we have the
following lower bound for the average BER of ML-CPSC

BERCPSC
ML (γ) = E

[
BERCPSC

ML (g, γ)
]

(3.47)

≥
4

∑
i=1

1
2K P(di → d′i|γ) (3.48)

=
1

2K−1

(
1−

√
γK

γK + 1

)
(3.49)

where the inequality sign is justified by the fact that, in (3.48), we are sum-
ming only four specific error vectors out of the set of all possible error vectors.
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At moderate to high SNR, the last expression (3.49) is approximately equal
to 1/(2KKγ) and has slope minus one on a log-log scale, as expected. We
see that the expression (3.49) acts as a diversity one lower bound (i.e. a lower
bound with slope minus one) on the average BER, and that its value decreases
exponentially with K, which concludes the proof. �

Proposition 3.5 is now illustrated through simulations. The ML receiver
was implemented using the SD algorithm [71]. Let us first consider a block of
size K = 8. Fig. 3.3 shows the average BER for a two taps (L = 2) and a three
taps (L = 3) channel impulse response. The diversity one lower bound (3.49)
is also drawn. We see that whatever the value of L, at high SNR the average
BER tends to be exactly equal to (3.49), which confirms that the asymptotical
diversity order of ML-CPSC is equal to one. However, looking at the L = 2
curve, we see that the curve is actually reaching a slope equal to minus two
(which is the maximum diversity order) before it tends to the diversity one
lower bound. On the other hand, the L = 3 curve does not quite reach a slope
equal to minus three before it tends to the diversity one lower bound.

Let us now double the block size and assume that K = 16. Fig. 3.4 shows
once again the average BER for a two taps (L = 2) and a three taps (L = 3)
channel impulse response, and the diversity one lower bound (3.49). We see
that this diversity one lower bound has decreased significantly with respect
to the case K = 8 (redrawn in grey in Fig. 3.4). This illustrates Proposition
3.5. As a consequence, this time, the diversity one events do not affect the
performance, except for very low BER values. In particular, for K = 16 in
Fig. 3.4, the full diversity (slope minus two and three, for L = 2 and L = 3,
respectively) appears to be extracted for the range of BER typically used in
practice4. We summarize this in the following observation.

Observation 3.6. For reasonably large values of K, the events responsible for the
asymptotical diversity order one of ML-CPSC do not affect the performance for the
range of BER values typically used in practice. As a consequence, for reasonably large
values of K, the multipath diversity can be extracted by ML-CPSC for the range of
BER values typically used in practice.

4Remember that we are talking here about uncoded BER. In practical systems, the actual BER
will be further reduced by using error correcting codes on top of the systems considered here.
Note that Chapter 5 will take into account the presence of error correction mechanisms.
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Figure 3.3 ML-CPSC: illustration of the diversity one lower bound (3.49) on the av-
erage BER, for K = 8 and two values of L.

The average BER (3.34) for OFDM was also given in Fig. 3.3 and 3.4. We
see that OFDM is significantly outperformed by ML-CPSC. This is a direct
consequence of Proposition 3.4 and Observation 3.6.

3.3.3 ZF-CPSC

With the optimal ML receiver, a CPSC system is able to extract some diver-
sity under the conditions of Observation 3.6. In practice, however, for com-
plexity issues we would be interested in using suboptimal linear receivers. In
this subsection, the performance (in terms of diversity) of the ZF linear re-
ceiver is studied. The following proposition holds.

Proposition 3.7. The use of a ZF linear receiver in a CPSC system prevents the
extraction of any multipath diversity.
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Figure 3.4 ML-CPSC: illustration of the diversity one lower bound (3.49) on the av-
erage BER, for K = 16 and two values of L.

Proof. Let us focus on the derivation of a lower bound on the average BER of
ZF-CPSC. We start from the following obvious inequality on the instantaneous
BER (3.10)

BERCPSC
ZF (h, γ) = Q

(√
2

1
K ∑

K−1
k=0

1
γ hk

)
(3.50)

≥ Q



√√√√

2γ

1
K maxk

(
1
hk

)


 (3.51)

= Q
(√

2 γ K min
k

(hk)

)
. (3.52)

For a given value of K, the maximum achievable diversity gain corresponds
to the case where L = K. Let us assume this situation5. In such a case, the

5Remember however that the situation L = K is not the one encountered in practical systems:
K is usually chosen to be much greater than L to limit the bandwidth efficiency loss induced by
the addition of the CP, as explained in Section 2.3.



60 Chapter 3. BER and Diversity

random variables h0, . . . , hK−1 are uncorrelated, and the pdf of the random
variable x = K mink (hk) can be shown (see Appendix 3.B) to be Tx(x) = e−x.
Averaging the inequality (3.52) over the channel, we get

BERCPSC
ZF (γ) = E

[
BERCPSC

ZF (h, γ)
]

(3.53)

≥
∫ ∞

0
Q
(√

2 γ x
)

e−xdx (3.54)

=
1
2

(
1−

√
γ

γ + 1

)
(3.55)

= BEROFDM
(γ), (3.56)

since the integral (3.54) is just the same as the one in (3.33). Combining the
inequality (3.56) with Proposition 3.4 concludes the proof. �

Note that Proposition 3.7 can also be understood using Proposition 3.1.
It is well known that the average BER is mainly influenced by the bad
channel realizations (i.e., here, realizations with a frequency gain close
to zero). For these realizations, Proposition 3.1 states that the inequality
BERCPSC

ZF (h, γ) ≤ BEROFDM
(h, γ) holds only for an infinite SNR γ.

Let us illustrate this result through simulations. Fig. 3.5 compares the sim-
ulated average BER of OFDM and ZF-CPSC. The block size was K = 64, and
two extreme values for the channel impulse response length were considered:
L = 2 and L = 64. For both values of L, we see that the inequality (3.56) holds,
and as a consequence so does Proposition 3.7.

The result in Proposition 3.7 is rather a negative one. However, the reader
can easily identify the actual intuitive reason for that: having only one of the
hk be in deep fade is enough to have the argument of the Q-function in (3.10)
tend to zero. In more mathematical terms, the SNR in (3.10) is determined by
the harmonic mean of the hk. And the harmonic mean of a set of positive real
numbers is known to be mainly influenced by the lowest values in the set, as
illustrated by an every day life example in Appendix 3.C.

3.3.4 MMSE-CPSC

As it was just mentioned, the bad performance of the ZF receiver for CPSC
comes from the fact that having only one of the hk be in deep fade is enough
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Figure 3.5 Average BER comparison between OFDM and ZF-CPSC, for K = 64 and
L = 2 or 64.

to have the BER (3.10) tend to one half. A first look at the argument of the
Q-function in (3.14) suggests that the MMSE linear receiver might be correct-
ing that flaw. In particular the following proposition holds.

Proposition 3.8. The diversity one lower bound associated with the average of the
instantaneous BER (3.14) is exponentially decreasing with the block size K.

Proof. In a similar way as in (3.52), the following lower bound can be created
for the instantaneous BER (3.14) of MMSE-CPSC

BERCPSC
MMSE(h, γ) ≥ Q

(√
2(K− 1) + 2γK min

k
(hk)

)
. (3.57)

Let us suppose again that L = K, so that the variables h0, . . . , hK−1 are uncor-
related. The diversity one lower bound of MMSE-CPSC is obtained by aver-
aging the quantity at the right side of (3.57) over the channel statistic, which
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Figure 3.6 MMSE-CPSC: illustration of the diversity one lower bound (3.60) on the
average of the instantaneous BER (3.14), for K = 8 and different values of L.

gives the following approximated result

BERCPSC
MMSE(γ) = E

[
BERCPSC

MMSE(h, γ)
]

(3.58)

≥ E

[
Q

(√
2(K− 1) + 2γK min

k
(hk)

)]
(3.59)

∼= 1√
4π(K− 1)

e−(K−1) 1
γ + 1

, (3.60)

see Appendix 3.A.3 for a detailed derivation. The diversity one lower bound
(3.60) is exponentially decreasing with K. This concludes the proof. �

Before going further in the analysis of MMSE-CPSC, let us illustrate the
last proposition. For K = 8, the average (computed numerically) of the ex-
pression (3.14) over the channel statistic is given in Fig. 3.6 for different values
of L. The expression (3.60) is also depicted in Fig. 3.6. We see that the ex-
pression (3.60) is an accurate approximation of the diversity one lower bound
of (3.14), and that for any value of L (even though it was derived for L = K).
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Figure 3.7 MMSE-CPSC: comparison of the simulated average BER with the average
of the expression (3.14), for K = 8 and L = 2.

At this point, an important comment has to be made. It is obvious that
MMSE-CPSC will never outperform ML-CPSC. However, it turns out that the
diversity one lower bound (3.60) associated with the average of (3.14) is lower
than the diversity one lower bound (3.49) of ML-CPSC. The explanation is
quite simple: for the vectors in Table 3.1 responsible for the asymptotical di-
versity order one of ML-CPSC, the Gaussian assumption for the ISI associated
with the MMSE receiver no longer holds. In other words, for those vectors, the
expression (3.14) is not valid. However, the fact that (3.60) is lower than (3.49)
is a good news: first, it suggests that the MMSE receiver might be able to
reach the same diversity one lower bound as the ML receiver. And second,
since this last lower bound is exponentially decreasing with K, it suggests
that MMSE-CPSC might also be able to extract the multipath diversity for the
range of BER typically used in practice, and for sufficiently large values of K.
Let us verify these two comments by simulations:
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� Let us suppose that K = 8 and L = 2. Fig. 3.7 shows the average of the
approximated BER (3.14) over the channel statistic (computed numer-
ically), the simulated average BER of MMSE-CPSC, along with both
lower bounds (3.49) and (3.60). It can be seen that, at first, the average
of (3.14) fits very well the true (simulated) MMSE-CPSC average BER.
At higher SNR, we see that the simulated average BER obviously does
not cross the diversity one lower bound (3.49) of ML-CPSC, but more
interestingly tends to equal this bound. In that sense, the MMSE re-
ceiver can be seen as optimal (in terms of average BER) at high SNR
for CPSC (since it reaches the same performance as the ML detection).

� Let us now increase the block size to a more realistic value: K = 64.
The simulated average BER is drawn in Fig. 3.8, for L = 2 and 3. For
such value of K, thanks to Propositions 3.5 and 3.8, both diversity one
lower bounds (3.49) and (3.60) take very low values, such that they
are not even included in Fig. 3.8. As a consequence, these bounds do
not have any influence on the performance of MMSE-CPSC for the
range of BER values considered in Fig. 3.8. In particular, it can be seen
that the full diversity (slope minus two and three, for L = 2 and 3,
respectively) is reached.

The main result of this subsection is summarized in the following obser-
vation.

Observation 3.9. For sufficiently large values of K, the multipath diversity can be
extracted by MMSE-CPSC for the range of BER values typically used in practice.

3.4 Conclusions

This Chapter first derived the expressions of the instantaneous BER for the
OFDM and CPSC schemes introduced in Chapter 2. After that, OFDM and
CPSC were compared in terms in BER, for a fixed bit rate and without CSIT.

In terms of instantaneous BER, the best-performing scheme is DFE-CPSC
(if the error propagation effect is neglected), followed by MMSE-CPSC. The
worst-performing schemes are OFDM and ZF-CPSC. The comparison be-
tween these last two schemes is very much interesting: there exists a SNR
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Figure 3.8 MMSE-CPSC: simulated average BER for K = 64 and L = 2 or 3.

value below which OFDM outperforms ZF-CPSC, and above which ZF-CPSC
outperforms OFDM. The value of this transition SNR depends much on the
channel realization, and can tend to infinity for channels presenting a null
gain at some frequency index.

In the context of digital wireless communications, is was important to go
one step further, and to integrate the fading of the channel in the analysis.
The figure of merit was then the average BER. In particular, a performance
indicator directly related to the average BER is the diversity order extracted
by the system. The following properties were shown in this chapter.

� The OFDM modulation does not extract any multipath diversity.

� For reasonably large values of K, the multipath diversity can be ex-
tracted by ML-CPSC for the range of BER values typically used in
practice.
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� The use of a ZF linear receiver in a CPSC system prevents the extrac-
tion of any multipath diversity.

� For sufficiently large values of K, the multipath diversity can be ex-
tracted by MMSE-CPSC for the range of BER values typically used in
practice.

As a conclusion, in terms of average BER, the MMSE linear receiver achieves
the best performance/complexity trade-off in a CPSC system. It generates a
major average BER improvement with respect to OFDM.

Appendix 3.A Detailed calculations

3.A.1 Derivation of (3.34)

Even though the result of Proposition 3.4 is well known (see e.g. [31]), the
reader might be interested in finding here its detailed demonstration. With
the definition of the Gaussian Q-function, the integral (3.33) is rewritten as

1√
2π

∫ ∞

0

(∫ ∞

√
2γx

e
−y2

2 dy
)

e−xdx. (3.61)

By using the substitution z = y2

2γx , we rewrite (3.61) as

1√
2π

∫ ∞

0

(∫ ∞

1
e−γxz dz√

z

√
γx√
2

)
e−xdx (3.62)

=
1√
π

∫ ∞

1

(∫ ∞

0
e−x(γz+1)

√
x

2
dx
)√

γ
dz√

z
. (3.63)

The integral in parentheses in (3.63) can be calculated as

∫ ∞

0
e−x(γz+1)

√
x

2
dx =

∫ ∞

0
e−w2(γz+1)w2dw (3.64)

=

√
π/2

2(γz + 1)3/2 , (3.65)
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where (3.64) comes from the substitution w =
√

x, and (3.65) can be deduced
from most tables of definite integrals. Consequently, (3.63) becomes

1
2

∫ ∞

1

√
γ

2(γz + 1)3/2
1√
z

dz =
1
2

∫ ∞

γ

1
2(v + 1)3/2

1√
v

dv (3.66)

=
1
2

[ √
v√

v + 1

]∞

γ

(3.67)

=
1
2

(
1−

√
γ

γ + 1

)
(3.68)

where the substitution v = γz has been used in (3.66). Finally, (3.68) proofs
(3.34).

3.A.2 Derivation of (3.46)

The integral (3.45) is equal to the one in (3.33) where γ is replaced by Kγ.
Substituting γ by Kγ in (3.34) gives (3.46).

3.A.3 Derivation of (3.60)

In this subsection, we provide the detailed derivation of (3.60). With the
definition of the Gaussian Q-function and by denoting x = K mink (hk) (whose
pdf is given by Tx(x) = e−x, see Appendix 3.B), the integral (3.59) is rewritten
as

1√
2π

∫ ∞

0

(∫ ∞

√
2(K−1)+2γx

e
−y2

2 dy
)

e−x dx (3.69)

Let us focus first on the integral in parentheses, we successively calculate:
∫ ∞

√
2(K−1)+2γx

e
−y2

2 dy =
∫ ∞

√
2γx

e
−z2

2 e−(K−1) z√
z2 + 2(K− 1)

dz (3.70)

∼=
∫ ∞

√
2γx

e
−z2

2 e−(K−1) z√
2(K− 1)

dz (3.71)

∼= e−(K−1)

√
2(K− 1)

[
−e

−z2
2

]∞

√
2γx

(3.72)

∼= e−(K−1)

√
2(K− 1)

e−γx . (3.73)

In (3.70), the substitution z2 = y2 − 2(K − 1) has been used. The approxima-
tion (3.71) is justified by the fact that the smallest values of z will contribute



68 Chapter 3. BER and Diversity

most to the integral such that
√

z2 + 2(K− 1) ∼=
√

2(K− 1). Consequently
(3.69) approximatively becomes

1√
2π

e−(K−1)

√
2(K− 1)

∫ ∞

0
e−x(γ+1)dx =

1√
2π

e−(K−1)

√
2(K− 1)

1
γ + 1

[
−e−x(γ+1)

]∞

0

=
e−(K−1)

√
4π(K− 1)

1
γ + 1

(3.74)

which proofs (3.60).

Appendix 3.B Derivation of the pdf of

x = K mink (hk)

Let us first compute the cumulative distribution function (cdf) Fy(y) of the
variable y = mink (hk):

Fy(y) = Prob ( at least one hk smaller than y) (3.75)

= 1− Prob ( all hk greater than y) (3.76)

= 1− (1− Fh(y))K (3.77)

where the last equality holds only if the hk are uncorrelated, i.e. if L = K.
Taking the derivative with respect to y, the last relation can be written in terms
of pdf

Ty(y) = K (1− Fh(y))K−1 Th(y). (3.78)

Inserting the pdf (3.31) into (3.78) gives

Ty(y) = K e−Ky. (3.79)

And finally taking into account that x = K mink (hk) = Ky, we have

Tx(x) =
1
K

Ty

( x
K

)
= e−x. (3.80)
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Figure 3.9 Tour de France.

Appendix 3.C The harmonic mean - an every day

life example

The harmonic mean of the positive real entries of a vector
x = [x0, x1, . . . , xK−1]

T is defined as

H(x) =
1

1
K ∑

K−1
k=0

1
xk

. (3.81)

At the end of Subsection 3.3.3, is was said that the harmonic mean of a set
of positive real values was mainly influenced by the lowest values in the set.
Let us illustrate this statement by an every day life example, and consider the
situation in Fig. 3.9: two bicycle riders at the "Tour de France" are climbing
and then descending a mountain. Both the climb and the descent are assumed
to be 1km long. The rider A has a climbing speed of 10km/h, while its de-
scending speed is 80km/h. On the other hand, the rider B is a little better
at climbing with a 11km/h speed, but is however much worse at descending
with only a 70km/h speed. The riders average speed for this 2km ride are,
respectively,

Rider A:
2km

1km
10km/h + 1km

80km/h

=
1

1
2 ( 1

10 + 1
80 )

km/h = 17.8km/h (3.82)

Rider B:
2km

1km
11km/h + 1km

70km/h

=
1

1
2 ( 1

11 + 1
70 )

km/h = 19.0km/h (3.83)

which are nothing else than the harmonic mean of their climbing and descend-
ing speeds. With this every day life example, we want to illustrate that the
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harmonic mean is much more influenced by the low values than by the high
ones: even though it is much slower at descending, the rider B will win this
race thanks to its 1km/h increase in the climbing speed with respect to the
rider A. As a consequence, the best climber is quite naturally expected to win
the "Tour de France", not the best descender!



Achievable Bit Rate 4
The content of this chapter has been published in part in [25].

4.1 Introduction

In Chapter 3, it was assumed that there was no CSI at the transmitter side
(CSIT). Let us now consider the opposite: the channel is assumed to be per-
fectly known at both the transmitter and receiver sides. This knowledge al-
lows the use of adaptive transmit signal processing. By adaptive transmit
signal processing, we mean any strategy that instantaneously adjusts how the
information is sent, to the instantaneous channel state. In this chapter, how-
ever, we will restrict ourself to using the CSIT to adaptively allocate the bits
to the different transmitted symbols of a block. Note that the terminology "bit
loading" is often used.

The OFDM and CPSC systems were compared in Chapter 3 in terms of
achievable BER for a given bit rate. In a dual fashion, this chapter is dedicated
to comparing the achievable bit rate for a given target BER. Note that all the
derivations will be done for one given channel realization. That is, the vari-
ability of the channel will not be integrated in the discussion. The results of
this chapter extend the work in [24], where the achievable bit rates of OFDM
and CPSC were compared for the SISO case and for the high SNR regime. Our
contribution is twofold: it extends the comparison to any SNR value, and to
the MIMO case.
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The remainder of this chapter is organized as follows. Before entering the
core of the problem and for ease of presentation, Section 4.2 starts by pre-
senting and deriving the mathematical properties which will be used in this
chapter. In particular, the majorization theory [75] will be extensively used.
Next, the mathematical formulation of the achievable bit rate for a given tar-
get BER is reiterated in Section 4.3. Finally, Section 4.4 analytically compares
OFDM and CPSC (with the different possible receivers) in terms of achievable
bit rate, and that both for the SISO and MIMO cases.

4.2 Mathematical preliminaries

This section is devoted to first briefly reminding the basics of the majoriza-
tion theory, and second to deriving some relations between the Cholesky and
the eigenvalue decompositions of a positive definite Hermitian matrix (both
without and with the circulant property).

4.2.1 Majorization theory

All the material of this subsection can be found in [75], to which the reader
should refer for further details and proofs.

The basic idea behind the majorization theory is to quantify the imprecise
notion that the component of a vector x are "less spread out" or "more nearly
equal" than the components of another vector y, and to develop properties
associated with this notion. In particular, this elegant theory is based on the
following definition.

Definition 4.1. (1.A.1 in [75]) For x, y ∈ R
K, y is said to majorize x, and is denoted

by x ≺ y, if

N−1

∑
i=0

x[i] ≤
N−1

∑
i=0

y[i], N = 1, . . . , K− 1 (4.1)

K−1

∑
i=0

x[i] =
K−1

∑
i=0

y[i] (4.2)

where x[0] ≥ x[1] ≥ · · · ≥ x[K−1] denote the components of x in decreasing order.



4.2 Mathematical preliminaries 73

Equivalently, x ≺ y, if

N−1

∑
i=0

x(i) ≥
N−1

∑
i=0

y(i), N = 1, . . . , K− 1 (4.3)

K−1

∑
i=0

x(i) =
K−1

∑
i=0

y(i) (4.4)

where x(0) ≤ x(1) ≤ · · · ≤ x(K−1) denote the components of x in increasing order.

On the basis of this definition, we can immediately develop the following
straightforward property which will be used later in this chapter.

Property 4.2. For any x, y ∈ R
K,

x ≺ y ⇒ −x ≺ −y (4.5)

Proof. Starting from (4.1), we deduce that ∑
N−1
i=0 −x[i] ≥ ∑

N−1
i=0 −y[i], for any

N ∈ {1, . . . , K − 1}. Then realizing that −x[i] = (−x)(i) and −y[i] = (−y)(i),
we write

N−1

∑
i=0

(−x)(i) ≥
N−1

∑
i=0

(−y)(i), N = 1, . . . , K− 1. (4.6)

Also, obviously,

K−1

∑
i=0

(−x)(i) = −
K−1

∑
i=0

x(i) = −
K−1

∑
i=0

y(i) =
K−1

∑
i=0

(−y)(i) . (4.7)

On the basis of the definitions (4.3)-(4.4) of majorization, we deduce
from (4.6)-(4.7) that −x ≺ −y. �

Another crucial notion in the majorization theory is that of Schur-convex
functions. It is defined as follows.

Definition 4.3. (3.A.1 in [75]) A real-valued function φ defined on a setA ⊂ R
K is

said to be Schur-convex on A if

x ≺ y on A ⇒ φ(x) ≤ φ(y) . (4.8)
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In the sequel, we will need the following two propositions, which give
sufficient conditions for a function to be Schur-convex.

Proposition 4.4. (3.C.1 in [75]) If I ⊂ R is an interval and g : I → R is convex,
then

φ(x) =
K−1

∑
k=0

g(xk) (4.9)

is Schur-convex on IK. Consequently, x ≺ y on IK implies φ(x) ≤ φ(y).

Proof. The proof can be found in [75]. �

Proposition 4.5. (3.H.2 in [75]) Let D = {x : x0 ≥ x1 ≥ · · · ≥ xK−1}, and let
φ(x) = ∑

K−1
k=0 gk(xk), x ∈ D, where each gk : R → R is differentiable. Then φ is

Schur-convex on D if and only if

g′k(a) ≥ g′k+1(b) whenever a ≥ b, k = 0, . . . , K− 2 . (4.10)

Proof. The proof can be found in [75]. �

4.2.2 Relation between the Cholesky and eigenvalue decom-

positions

This subsection presents/derives various properties, first for any positive
definite Hermitian matrix, and then for such matrices with, besides, the circu-
lant property.

4.2.2.1 For any positive definite Hermitian matrix

Any positive definite Hermitian matrix H is equivalently defined by its
eigenvalue and Cholesky decompositions, which are respectively given by

H = VΛVH (4.11)

H = LDLH (4.12)

where both matrices Λ and D are diagonal,V is a unitary matrix, and L is a
unit lower triangular matrix. Obviously there must be some relation between
the diagonal elements of the matrices Λ and D. First, the product of these
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elements is equal for both matrices, as described in the following proposition.

Proposition 4.6. Let H be a K× K Hermitian positive definite matrix whose eigen-
value and Cholesky decompositions are respectively given by H = VΛVH and
H = LDLH . Then, the diagonal matrices Λ = diag (λ) and D = diag (δ) are
such that the following relations hold

(i)
K−1

∏
k=0

λk =
K−1

∏
k=0

δk (4.13)

(ii)
K−1

∏
k=0

1
λk

=
K−1

∏
k=0

1
δk

. (4.14)

Proof. Let us proof these relations successively:

(i) We easily establish the equality

K−1

∏
k=0

λk = det (Λ) (4.15)

= det
(

VΛVH
)

(4.16)

= det
(

LDLH
)

(4.17)

= det (D) (4.18)

=
K−1

∏
k=0

δk . (4.19)

The equality (4.16) is due to the multiplicative property of the deter-
minant (for square matrices), together with the unitary property of V.
Similarly, the equality (4.18) follows from the multiplicative property
of the determinant again, together with the fact that L (resp. LH) is a
unit lower (resp. upper) triangular matrix such that its determinant is
equal to 1.

(ii) In a very similar way, we have

K−1

∏
k=0

1
λk

= det
(

Λ
−1
)

(4.20)

= det
(

VΛ
−1VH

)
(4.21)
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= det
(

H−1
)

(4.22)

= det
(

LH,−1D−1L−1
)

(4.23)

= det
(

D−1
)

(4.24)

=
K−1

∏
k=0

1
δk

(4.25)

where, besides the properties already mentioned in the proof of
part (i), we have used the multiplicative property of the matrix in-
verse (for square matrices) and the fact that L−1 (resp. LH,−1) is also a
unit lower (resp. upper) triangular matrix such that its determinant is,
once more, equal to 1.

�

There is a actually a much stronger relation than that of Proposition 4.6 that
connects the elements of Λ and D, as described in the following proposition.

Proposition 4.7. Under the same conditions as in Proposition 4.6, λ logarithm-
majorizes δ, denoted by log2(δ) ≺ log2(λ), i.e.1

[log2(δ0), . . . , log2(δK−1)]
T ≺ [log2(λ0), . . . , log2(λK−1)]

T (4.26)

which is equivalent to

N−1

∏
i=0

δ[i] ≤
N−1

∏
i=0

λ[i], N = 1, . . . , K− 1 (4.27)

K−1

∏
i=0

δ[i] =
K−1

∏
i=0

λ[i]. (4.28)

In other words, λ majorizes δ in the product sense.

Proof. The proof can be found in [76]. �

Note that the binary logarithm was used in Proposition 4.7, but the propo-
sition remains valid for any other logarithm base. In addition, Proposition 4.7
has the following corollary.

1When using the notation log2(x), we refer to taking the logarithm of each element of the
vector x.
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Corollary 4.8. Under the same conditions as in Proposition 4.6, we have that

[log2(
1
δ0

), . . . , log2(
1

δK−1
)]T ≺ [log2(

1
λ0

), . . . , log2(
1

λK−1
)]T (4.29)

i.e.

N−1

∏
i=0

1
δ(i)
≤

N−1

∏
i=0

1
λ(i)

, N = 1, . . . , K− 1 (4.30)

K−1

∏
i=0

1
δ(i)

=
K−1

∏
i=0

1
λ(i)

. (4.31)

Proof. Applying Property 4.2 to (4.26) gives (4.29) �

At this point, we have all we need to cope with the main contribution of
this section, which is presented in the following proposition and corollary.
As far as we are aware, this result might even be somewhat novel as a pure
mathematical contribution.

Proposition 4.9. Under the same conditions as in Proposition 4.6, and for any
α ≥ 0, the following inequality holds

K−1

∑
k=0

log2(α + δk) ≤
K−1

∑
k=0

log2(α + λk) . (4.32)

Proof. Consider the function g(z) = log2 (α + 2z). It can be easily verified
that it is a convex function for α ≥ 0. Then, by Proposition 4.4, the function
φ(x) = ∑

K−1
k=0 log2 (α + 2xk ) is Schur-convex. From Proposition 4.7 we know

that log2(δ) ≺ log2(λ), which implies by Proposition 4.3 that

φ(log2(δ)) ≤ φ(log2(λ)) (4.33)

or, finally,

K−1

∑
k=0

log2

(
α + 2log2(δk)

)
≤

K−1

∑
k=0

log2

(
α + 2log2(λk)

)
(4.34)

K−1

∑
k=0

log2 (α + δk) ≤
K−1

∑
k=0

log2 (α + λk) . (4.35)

�
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We have finally opted for a proof of Proposition 4.9 based on the majoriza-
tion theory. However, before being aware of this elegant theory, we had de-
rived another proof for Proposition 4.9, which can be found in Appendix 4.A.

Corollary 4.10. Under the same conditions as in Proposition 4.6, and for any α ≥ 0,
the following inequality holds

K−1

∑
k=0

log2(α +
1
δk

) ≤
K−1

∑
k=0

log2(α +
1

λk
) . (4.36)

Sketch of Proof. The corollary is easily demonstrated by applying the same
proof as the one of Proposition 4.9, starting from Corollary 4.8 (instead of from
Proposition 4.7). �

4.2.2.2 For any positive definite Hermitian circulant matrix

If the positive definite Hermitian matrix is circulant, further properties can
be established. They are summarized in the following two propositions.

Proposition 4.11. Let Hc be a K × K positive definite Hermitian circulant ma-
trix whose eigenvalue and Cholesky decompositions are respectively given by
Hc = WH

ΛW and Hc = LDLH , with Λ = diag(λ) and D = diag(δ). The el-
ements of δ are with decreasing values δ0 ≥ δ1 ≥ · · · ≥ δK−1, and in particular δ0

(resp. δK−1) is equal to the arithmetic (resp. harmonic) mean of the elements of λ

(i) δ0 =
1
K

K−1

∑
k=0

λk (4.37)

(ii) δK−1 =
1

1
K ∑

K−1
k=0

1
λk

. (4.38)
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Proof.

(i) Quite straightforwardly,

δ0 =
[
LDLH

]
0,0

(4.39)

=
[
WH

ΛW
]

0,0
(4.40)

=
1
K

trace
(

WH
ΛW

)
(4.41)

=
1
K

K−1

∑
k=0

λk . (4.42)

(ii) In a similar way,

1
δK−1

=
[
D−1

]
K−1,K−1

(4.43)

=
[
LH,−1D−1L−1

]
K−1,K−1

(4.44)

=
[
WH

Λ
−1W

]
K−1,K−1

(4.45)

=
1
K

trace
(

WH
Λ
−1W

)
(4.46)

=
1
K

K−1

∑
k=0

1
λk

. (4.47)

�

Finally, Proposition 4.11 has the following corollary.

Corollary 4.12. Under the same conditions as in Proposition 4.11, The diagonal
elements of D and Λ verify

(i)
K−1

∑
k=0

δk ≤
K−1

∑
k=0

λk (4.48)

(ii)
K−1

∑
k=0

1
δk
≤

K−1

∑
k=0

1
λk

. (4.49)
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Proof. Using equations (4.37) and (4.38), it is quite straightforward to establish
(4.48) and (4.49):

(i)
K−1

∑
k=0

δk ≤ K δ0 (4.50)

=
K−1

∑
k=0

λk . (4.51)

(ii)
K−1

∑
k=0

1
δk
≤ K

1
δK−1

(4.52)

=
K−1

∑
k=0

1
λk

. (4.53)

�

We are aware that this purely mathematical section was probably not
smoothly readable, and that, at this point, the reader does not see clearly the
objective pursued. Hopefully, things will become clearer in the remainder of
this chapter. After all, this section had to be seen as nothing more than a col-
lection of mathematical results which will be useful next.

4.3 Bit rate formulation

This section reminds the mathematical formulation of the achievable bit
rate for a given target BER.

It has been shown that, for commonly used constellations (e.g. QAM), the
achievable bit rate under a target BER can be approximated by the same math-
ematical formulation as the capacity of the Gaussian channel with a SNR re-
duced by the so called SNR gap [77–79]

b = log2

(
1 +

SNR
Γ

)
(4.54)

where b is the number of bits that can be transmitted per symbol at the target
BER, and the SNR gap Γ is a constant (Γ ≥ 1) which is directly related to the
target BER: the larger Γ, the lower the BER will be. Note that if Γ = 1, the
expression (4.54) reduces indeed to the well-known formula of the capacity of
the Gaussian channel [26].
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Obviously, the expression (4.54) for the bit rate inherently assumes the
presence of adaptive bit loading. On top of that, it is important to remem-
ber that two hypotheses are associated with the use of (4.54):

1. It is assumed in (4.54) that the residual noise plus interference affecting
the transmission is Gaussian.

2. For the discrete constellations used in practice (e.g. QAM), the number
of bits transmitted per symbol is an integer value. This constraint is
obviously relaxed in (4.54): in fact, b in (4.54) continuously spans all real
positive values, as the SNR varies from 0 to ∞.

4.4 Bit rate comparison

This section finally enters the core of the problem treated in this chapter:
it compares OFDM with the different variants of CPSC in terms of achievable
bit rate. The focus is set successively on SISO and MIMO systems.

4.4.1 SISO

Remember that no adaptive power loading but only bit loading is consid-
ered in this chapter. In other words, the power is uniformly allocated to the K
symbols of the data block d. This was also assumed in the scenarios that were
studied in Chapters 2 and 3. Consequently, inserting the SNR expressions
(3.4), (3.9), (3.13) and (3.15) into (4.54), we straightforwardly get the expres-
sions of the achievable mean bit rate (the mean being taken over all K symbols
of the block) for the different schemes:

bCPSC
ZF = log2

(
1 +

1
Γ
K ∑

K−1
k=0

1
γ hk

)
(4.55)

bCPSC
MMSE = log2

(
(1− 1

Γ
) +

1
Γ
K ∑

K−1
k=0

1
γ hk+1

)
(4.56)

bCPSC
DFE =

1
K

K−1

∑
k=0

log2

(
(1− 1

Γ
) +

γ

Γ [D]k,k

)
(4.57)

bOFDM =
1
K

K−1

∑
k=0

log2

(
1 +

γ hk
Γ

)
. (4.58)
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with D defined in (2.60). Quite naturally, and this is precisely the objective of
this chapter, we are interested in analytically comparing the achievable bit rate
expressions (4.55)-(4.58). This comparison results in the following important
proposition.

Proposition 4.13. At all SNR, the following inequalities hold

bCPSC
ZF

(i)
≤ bCPSC

MMSE

(ii)
≤ bCPSC

DFE

(iii)
≤ bOFDM . (4.59)

Proof. The inequality signs (i), (ii), and (iii) in (4.59) will be successively
proved

(i) The inequality is a direct consequence of (3.25) which was proved ear-
lier.

(ii) The inequality is a direct consequence of (3.29) and (3.30).

(iii) Let us first reiterate and reorganize the bit rate expressions (4.58)

bOFDM =
1
K

K−1

∑
k=0

log2

(
1 +

γ hk
Γ

)
(4.60)

=
1
K

K−1

∑
k=0

log2

(
(1− 1

Γ
) +

γ hk + 1
Γ

)
. (4.61)

Also, rescaling both sides of the equation (2.60) by a factor Γ
γ , we get

WHΓ(γ Ω
H

Ω + IK)−1W = L
Γ D

γ
LH . (4.62)

The left side of (4.62) is an eigenvalue decomposition whose diagonal
matrix has Γ

γ hk+1 as kth diagonal element. The right side is a Cholesky

decomposition whose diagonal matrix has Γ [D]k,k
γ as kth element. Con-

sequently, the inequality (4.57)≤(4.61) is just a direct application of
Corollary 4.10 to the matrix (4.62), with α = 1− 1

Γ
.

�

Let us stress that the inequalities in (4.59) are valid at all SNR. But inter-
estingly, at high SNR some equalities hold, as summarized in the following
proposition.
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Proposition 4.14. At high SNR, the following relations hold

bCPSC
ZF

(i)
= bCPSC

MMSE ≤ bCPSC
DFE

(iii)
= bOFDM . (4.63)

Proof.

(i) It is easy to see that expressions (4.55) and (4.56) meet for sufficiently
large values of the SNR γ. This is nothing more than a illustration of
the following well-known fact: for a given channel realization, the ZF
and MMSE linear receivers coincide at high SNR.

(iii) For large values of γ, the term (1 − 1
Γ
) can be neglected in (4.57)

and (4.61). The equality is thus demonstrated if we proof that

∏
K−1
k=0

γ
Γ [D]k,k

= ∏
K−1
k=0

γ hk+1
Γ

, which is a direct application of part (ii)
of Proposition 4.6 to the matrix (4.62).

�

Proposition 4.14 establishes an important results: at high SNR and when
bit loading only is allowed, the DFE receiver allows the CPSC scheme to equal
OFDM in terms of achievable bit rate. This result was first presented in [24].
Our contribution here is the extension of this result to all SNR values, as de-
scribed in Proposition 4.13. For completeness, note that all inequalities signs
in Propositions 4.13 and 4.14 trivially become equalities if the channel is flat
fading, i.e. if h0 = h1 = · · · = hK−1.

Let us illustrate Propositions 4.14 and 4.13 with a numerical example. Con-
sider K = 64, L = 4, Γ = 2, and the channel realization B of Fig. 3.1. The cor-
responding achievable bit rates (4.55)-(4.58) versus the SNR γ, are drawn in
Fig. 4.1. First, we can observe Proposition 4.14: at high SNR, OFDM and DFE-
CPSC perform identically. And so do ZF-CPSC and MMSE-CPSC. Second,
a zoom of the low to moderate SNR region is also given in Fig. 4.1 in order
to better illustrate Proposition 4.13: at all SNR, ZF-CPSC is outperformed by
MMSE-CPSC, which in turn is outperformed by DFE-CPSC, which is finally
outperformed by OFDM. However, we can see that the gap between DFE-
CPSC and OFDM is much smaller than that between any other two strategies.
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Figure 4.1 Achievable bit rates (4.55)-(4.58) for channel realization B in Fig. 3.1, for
K = 64, L = 4 and Γ = 2.

4.4.2 MIMO

Last subsection showed that, in the SISO case, OFDM and DFE-CPSC
achieve equal bit rate at high SNR. The goal here is to extend that result to
the MIMO case. The content of this subsection was published in [25].

Let us restrict ourself to comparing the three following schemes which
where introduced in Chapter 2: MIMO MMSE-OFDM , DMMT and
MIMO DFE-CPSC. From what has been presented in Subsections 2.5.1 and
2.5.2, we can derive the expressions of the achievable bit rate for these three
schemes.
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� MIMO MMSE-OFDM: the error covariance matrix associated with the
estimate (2.71) is equal to (γ Ω

H
b Ωb + IMtK)−1. The unbiased SINRs

can be deduced from the diagonal elements of this matrix, and intro-
duced in (4.54) to get

bMIMO-OFDM
MMSE =

1
MtK

MtK−1

∑
k=0

log2

(
(1− 1

Γ
) +

1
Γ
[
(γ ΩH

b Ωb + IMtK)−1
]

k,k

)

(4.64)

� DMMT: the estimate (2.76) is ISI free and its error covariance ma-
trix is σ2

nΛ
−1

Λ
−1,H , with Λ defined in (2.72) The corresponding mean

achievable bit rate expression is

bDMMT =
1

MtK

MtK−1

∑
k=0

log2

(
1 +

γ
[
Λ

H
Λ
]

k,k

Γ

)
(4.65)

=
1

MtK

MtK−1

∑
k=0

log2

(
(1− 1

Γ
) +

[
γ Λ

H
Λ + IMtK

]
k,k

Γ

)
(4.66)

� MIMO DFE-CPSC: the error covariance matrix associated with this
scheme is given by σ2

nD, with D defined in (2.80). The achievable mean
bit rate is then

bMIMO-CPSC
DFE =

1
MtK

MtK−1

∑
k=0

log2

(
(1− 1

Γ
) +

γ

Γ [D]k,k

)
(4.67)

We will focus only on the bit rate comparison at high SNR. The following
proposition holds.

Proposition 4.15. At high SNR, the following relations hold

bMIMO-OFDM
MMSE ≤ bMIMO-CPSC

DFE = bDMMT. (4.68)

Proof. At high SNR, the contribution of the term (1− 1
Γ
) inside the logarithm

can be neglected in (4.64), (4.66) and (4.67). We then successively calculate
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�

bMIMO-OFDM
MMSE

∼= −1
MtK

log2

(
MtK−1

∏
k=0

Γ
[
(γ Ω

H
b Ωb + IMtK)−1

]
k,k

)
(4.69)

≤ −1
MtK

log2

(
det

(
Γ (γ Ω

H
b Ωb + IMtK)−1

))
(4.70)

=
1

MtK
log2

(
det

(
γ Ω

H
b Ωb + IMtK

Γ

))
(4.71)

where the inequality sign comes from Hadamard’s inequality [56].

�

bDMMT ∼= 1
MtK

log2

(
det

(
γ Λ

H
Λ + IMtK

Γ

))
(4.72)

=
1

MtK
log2

(
det

(
γ Ω

H
b Ωb + IMtK

Γ

))
(4.73)

where the equality (4.73) is easily proved using (2.72) (and the unitary
property of the matrices Π, U and V therein) .

�

bMIMO-CPSC
DFE

∼= 1
MtK

log2

(
det

(γ

Γ
D−1

))
(4.74)

=
1

MtK
log2

(
det

(γ

Γ
LH,−1D−1L−1

))
(4.75)

=
1

MtK
log2

(
det

(
γ Ω

H
b Ωb + IMtK

Γ

))
(4.76)

where (2.80) was used. In particular the unit lower triangular char-
acteristic of L was used in (4.75), and the unitary property of Π and
W Mt (see (2.80)) were used in (4.76).

The property (4.68) is then demonstrated by comparing inequality (4.71) with
equalities (4.73) and (4.76). �

4.5 Conclusions

This chapter was dedicated again to the theoretical comparison between
OFDM and CPSC. However, in contrast with Chapter 3, a target BER was
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assumed to be given, and the comparison of the different schemes was done in
terms of achievable bit rate. Another difference with previous chapter is that
the channel was assumed to be known at the transmitter side. Moreover, we
assumed that this knowledge was used to adaptively allocate the bits among
the different symbols of the data block, but not for power loading.

First, the focus was set on SISO systems. In [24], it was proved that DFE-
CPSC and OFDM achieve identical bit rates at high SNR, which is a strong
result. Here, thanks to the majorization theory, we were able to generalize this
result to any SNR value. We analytically proved that, in terms of achievable
bit rate and at all SNR, the best performing scheme is OFDM, followed by
DFE-CPSC, then MMSE-CPSC, and finally ZF-CPSC.

Second, the result in [24] was extended to a MIMO system. Focusing on the
high SNR region, we analytically proved that MIMO DFE-CPSC outperforms
MIMO MMSE-OFDM. This result is interesting but not surprising: the DFE
receiver does a better job than the MMSE receiver at mitigating the spatial
interference. However, if spatial precoding is added on a tone basis, leading
to a DMMT scheme, both the temporal and spatial interferences are removed.
But, surprisingly again, we have demonstrated that MIMO DFE-CPSC and
DMMT perform identically at high SNR.

Additionally, we can mention the purely mathematical results of Proposi-
tions 4.9 and 4.10, which might hopefully be useful in other contexts.

The main limitation of the results of this chapter is probably related to the
hypotheses associated with the use of (4.54). In particular, (4.54) expresses the
bit rate (in bits/symbol) as a real number, which is obviously not realistic: in
practice, the symbols are chosen within a discrete constellation. That is, an
integer number of bits is transmitted on each data symbol. Note that this dis-
crete constraint will be taken into account in the next chapter, in a slightly dif-
ferent context however. Another important limitation which has to be pointed
out is the following: the bit rate expressions (4.55)-(4.58) were obtained by us-
ing the expression (4.54) at each position k of the data block. It means that the
same target BER is imposed for all symbols of the block. Nevertheless, one
could be interested by the achievable bit rate for a target mean BER, i.e. with
a constraint on the mean of the BER on the block.



88 Chapter 4. Achievable Bit Rate

Appendix 4.A An alternative proof for Proposi-

tion 4.9

Proving (4.32) is equivalent to demonstrating that

K−1

∏
k=0

(α + δk) ≤
K−1

∏
k=0

(α + λk) . (4.77)

Starting from the right-hand side of the inequality (4.77), the following rela-
tions can be successively built

K−1

∏
k=0

(α + λk) = det (αIK + Λ) (4.78)

= det
(

αIK + VΛVH
)

(4.79)

= det
(

αIK + LDLH
)

(4.80)

= det
(

αL−1LH,−1 + D
)

(4.81)

≥ det (αIK + D) (4.82)

=
K−1

∏
k=0

(α + δk) . (4.83)

The equality (4.79) and (4.81) follow again from properties already mentioned
in the proof of Proposition 4.6. The inequality (4.82), however, is not obvious.
Let us thus conclude this proof by establishing this key inequality. Reorganiz-
ing the expressions, this inequality will be demonstrated if we proof that

det
(

L−1LH,−1 + α−1D
)
≥ det

(
IK + α−1D

)
. (4.84)

We denote by S any subset of {0, . . . , K − 1}, and rewrite the right part of
(4.84) as

det
(

IK + α−1D
)

=
K−1

∏
k=0

(1 + α−1δk) (4.85)

= ∑
S

(
α−|S| ∏

k∈S
δk

)
(4.86)

where the last sum extends over all possible subsets S (including the empty
set and the set {0, . . . , K − 1} itself), and |S| refers to the cardinality of set S .
Remember also that an empty product is equal to one. On the other hand,
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using the diagonal expansion [80] of the determinant, the left part of (4.84)
can be rewritten as

det
(

L−1LH,−1 + α−1D
)

= ∑
S

(
det

(
L−1LH,−1(S)

)
α−|S| ∏

k∈S
δk

)
(4.87)

where L−1LH,−1(S) denotes the principal submatrix of L−1LH,−1 resulting
from deleting the rows and the columns whose indices are in S . By the way,
remember that the determinant of an empty matrix is equal to one. Now,
since L−1 (resp. LH,−1) is a unit lower (resp. upper) triangular matrix, any
principal submatrix L−1LH,−1(S) has a determinant greater or equal to one
(see explanation in Appendix 4.B), such that (4.87)≥(4.86) which proves (4.84)
and thus (4.77).

Appendix 4.B About the principal submatrices of a

matrix of the type LLH

This appendix is dedicated to giving the reader an illustration of the fol-
lowing statement: "any principal submatrix of Q = LLH has a determinant
greater or equal to one", with L a unit lower triangular matrix. This statement
was used at the end of the proof in the previous section of this appendix. Let
us use an example to illustrate the statement, and consider the following K×K
unit lower triangular matrix, with K = 3,

L =




1 0 0

L1,0 1 0

L2,0 L2,1 1


 . (4.88)

Remember how we defined any principal submatrix: given S any subset of
{0, . . . , K − 1}, Q(S) denotes the principal submatrix of Q = LLH resulting
from deleting the rows and the columns whose indices are in S . For the exam-
ple (4.88), let us consider all possible submatrix sizes, i.e. all possible values
of the cardinality |S|, and show that the corresponding determinants are all
greater or equal to one

� |S| = 3
The subset S is equal to {0, 1, 2} and Q(S) is an empty matrix whose
determinant is equal to one, by definition.
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� |S| = 2
Q(S) is equal to one of the diagonal elements of Q, which can be
proved to be greater or equal to one

[Q]k,k = 1 + ∑
l<k
|Lk,l |2 (4.89)

≥ 1 k ∈ {0, 1, 2} . (4.90)

� |S| = 1
As an illustration, let us consider S = {0}. Q(S) is a 2× 2 matrix,
which can be obtained from Q by left and right multiplying by rectan-
gular binary matrices

Q({0}) =

(
0 1 0

0 0 1

)



1 0 0

L1,0 1 0

L2,0 L2,1 1







1 L∗1,0 L∗2,0

0 1 L∗2,1

0 0 1







0 0

1 0

0 1




=




L1,0 1 0

L2,0 L2,1 1







L∗1,0 L∗2,0

1 L∗2,1

0 1


 . (4.91)

For calculating the determinant of the matrix (4.91) which is expressed
as the product of two rectangular matrices, the Cauchy-Binet formula
[56] can be used. It gives

det (Q({0})) = det




L1,0 1

L2,0 L2,1


det




L∗1,0 L∗2,0

1 L∗2,1




+ det




L1,0 0

L2,0 1


det




L∗1,0 L∗2,0

0 1




+ det




1 0

L2,1 1


det




1 L∗2,1

0 1


 (4.92)

=

∣∣∣∣∣∣
det




L1,0 1

L2,0 L2,1




∣∣∣∣∣∣

2

+

∣∣∣∣∣∣
det




L1,0 0

L2,0 1




∣∣∣∣∣∣

2

+ 1

≥ 1 (4.93)
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where we used the fact that the determinant of a unit lower or up-
per triangular matrix is equal to one, and that det

(
AH) = (det (A))∗.

In a very similar way, the reader can check that det (Q({1})) and
det (Q({2})) are greater or equal to one.

� |S| = 0
The subset S is empty and Q(S) is Q itself, whose determinant is
equal to one: det (Q) = det (L) det

(
LH) = 1.

In this section of the appendix, we only presented the case K = 3. However,
the reader can easily verify that the statement is true for any value of K: in
fact, when calculating the determinant of a submatrix using the Cauchy-Binet
formula like in (4.92) , there will always be a term in the sum equal to one
(because involving determinants of unit triangular matrices), and that for any
value of K.
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The Goodput Criterion:

a Practical Trade-Off 5
This chapter is essentially a reproduction of the journal paper [27], with

additional details. Parts of this chapter have also been published in [28]
and [29].

Achieving the best trade-off possible between the amount of time needed
for executing a task and the quality of the result, is something that is very
often encountered in practical situations. It goes from daily life situations
(house cleaning, cooking, ...) to professional activities (manufacturing a prod-
uct, treating a patient in a hospital, ...). In this chapter, we investigate the use
of such trade-off as objective function in the optimization of digital wireless
communications systems.

5.1 Introduction

This chapter assumes again that the channel is perfectly known at the
transmitter and receiver sides. However, this time, we consider that both the
bits and power can be adaptively allocated. Moreover, with respect to what
has been presented up to here, a different figure of merit or criterion is consid-
ered.

The problem of allocating resource among a set of parallel frequency-flat
subchannels is often encountered in transmitter design, both in wired and
wireless transmissions. For instance, let us mention three well-known exam-
ples which involve the transmission over a set of parallel subchannels:
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� Multi-carrier modulation. As described in detail in Chapter 2, the
OFDM modulation copes efficiently with frequency selective chan-
nels, and divides the spectrum into orthogonal narrowband subcar-
riers, each of which constitutes a parallel frequency-flat subchannel.

� Multi-antenna communication. In MIMO channels, where multiple an-
tennas are used both at the transmitter and receiver, the left and right
singular vectors of the MIMO matrix can be used for pre/decoding
(as described in Subsection 2.5.1.2). The outcome is a set of parallel
frequency-flat subchannels [52, 55].

� Time varying flat fading channels. When the gain of a SISO flat fading
channel is varying with time, the communication over successive time
slots can be seen as a transmission over a collection of parallel (corre-
lated) subchannels [81].

It has long been proved that the mutual information of a set of parallel
subchannels with Gaussian inputs is maximized by allocating the power ac-
cording to the waterfilling solution [26]. Also, it was reminded in Section 4.3
that, for commonly used constellations, the bit rate under a target BER has the
same mathematical formulation as the above mentioned mutual information
maximization where the SNR is reduced by the so-called SNR gap [77]. Sev-
eral algorithms were further proposed to modify the waterfilling solution in
order to take into account the fact that the constellations sizes are, in practice,
constrained to be integer [82, 83].

In communication systems which are power-constrained, two main opti-
mization strategies are commonly used in the literature: the minimization of
the BER under a bit rate constraint (see Chapter 3), or the maximization of the
bit rate under a BER constraint (see Chapter 4). These strategies are appropri-
ate for applications like speech or video transmissions which do not require
a null BER because of the user’s limited sensitivity. However, some applica-
tions like data file transmission require that all bits be transmitted correctly.
For this kind of applications, the user is only interested in one quantity: the
number of information bits delivered without error to the user by unit of time,
or goodput. The real challenge in such systems is to come to the best trade-off
between the bit rate and BER criteria, and this is exactly what the goodput
criterion expresses. However, for this system-based criterion to make sense, it
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has to take into account the presence of error-correction and frame retransmis-
sion mechanisms in the system: in other words, the goodput criterion has to be
cross-layer oriented. In [84], the goodput was used as criterion to dynamically
select the best physical layer mode for IEEE 801.11a wireless LANs. This has
been extended to a multi-user environment in [85]. In [86], it was proposed to
adaptively choose the transmission mode (modulation and coding levels) to
maximize the spectral efficiency (defined similarly to the goodput) of a wire-
less link with truncated automatic repeat request (ARQ) protocol. All these
works [84–86] have shown that the performance of a communication system
can be improved if the physical layer is designed while taking into account
the error-correction and frame retransmission mechanisms used in the sys-
tem. However, these works have assumed transmission modes with uniform
bit and power allocations.

Our contribution here addresses the problem of allocating bits and power
among a set of parallel subchannels in order to maximize the goodput. This
chapter starts basically with the reproduction of [27], with additional details
and with the focus strictly on the OFDM modulation. A frame-oriented trans-
mission with convolutional coding, hard Viterbi decoding, and ARQ retrans-
mission protocol is considered. Different bit and power allocation algorithms
will be proposed. It will be shown that allocating the power in such a way that
the BER is equal on all used subcarriers is near-optimal. The discrete constel-
lation constraint will then be relaxed in order to enable further analytical re-
sults. In particular, we will prove that the waterfilling solution is near-optimal
(in terms of goodput maximization) if and only if the SNR gap value is chosen
as shown in this chapter. In addition to that, a comparison between OFDM
and CPSC in terms of goodput will be given.

The rest of the chapter is organized as follows. We start in Section 5.2 by
describing the communication system considered in this chapter. Section 5.3
reiterates the waterfilling solution, and Section 5.4 mathematically formulates
the goodput maximization problem. Different bit and power allocation strate-
gies for solving the discrete problem are described in Section 5.5. Under some
hypotheses and relaxing the discrete constellation constraint, further analyti-
cal results are derived in Section 5.6, while a comparison with the waterfilling
solution is given in Section 5.7. Simulation results are given in Section 5.8. Fi-
nally, a goodput comparison between OFDM and CPSC is given in Section 5.9.
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5.2 System model: OFDM with error-correction and

retransmission mechanism

The communication system considered in this chapter is depicted in
Fig. 5.1, where a distinction is made between the physical and data link layers.
In this section, this communication system is described and modeled.

The data link layer deals with frames. Each frame contains a given number
(N f ) of information bits. At the transmitter side, the frames which are ready to
be transmitted are queued in a buffer. At the receiver side, the frames that are
received without any error are also buffered before being delivered in correct
order to the user1. However, when a received frame is detected in error, it has
to be retransmitted. We consider that the transmission and retransmission of
frames are controlled by an ARQ protocol (see Fig. 5.1). In particular, three
basic types of ARQ are considered in this work: stop-and-wait (SAW), go-
back-N (GBN), and selective-repeat (SR) ARQ. The reader should refer to [87]
for a detailed discussion of these three types of ARQ. However, let us briefly
describe each of them:

� Stop-and-wait. The transmitter sends one frame at a time and waits
for an acknowledgment for that frame before transmitting again. If a
negative acknowledgment (NAK) is received, the same frame is sent
again. If positive acknowledgment (ACK) is received, the next frame
is sent.

� Go-back-N. The transmitter sends frames continuously: N frames are
sent during a round-trip time, which is defined as the time interval
between the transmission of a frame and the reception of an acknowl-
edgment for that frame. When a NAK is received for a frame, the
transmitter sends that frame again as well as the N − 1 succeeding
frames. At the receiver side, when a frame is detected in error, the re-
ceiver sends a NAK to the transmitter, and discards that frame as well
as the N − 1 subsequently received frames.

1We assume that the receiver is able to perfectly distinguish error-free frames from others. In
other words, even though it is not described in the system model, this chapter assumes perfect
cyclic redundancy check.
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� Selective-repeat. The frames are also transmitted continuously. How-
ever, the transmitter only retransmits the frame for which a NAK was
received. A sufficiently large buffer must be provided at the receiver
side to deliver the frames in correct order to the user.

Note that this work considers both the presence of an ARQ frame retransmis-
sion protocol and an error-correction mechanism (see next paragraph) within
each frame. This combination is often referred as a hybrid ARQ scheme [87].

At the transmitter side, the N f information bits contained in a frame which
has to be transmitted, are passed to the physical layer for transmission. There,
the information bits un are first convolutionally encoded and randomly in-
terleaved (Fig. 5.1). The resulting coded bits xn are then transmitted. This
operation will be described in the next paragraph. At the receiver side, first,
hard-decisions are made on the received signal to produce decisions x̂n on the
coded bits. The bits x̂n are then deinterleaved and Viterbi decoded. Finally, the
detected information bits ûn are reorganized in frames of N f bits, and passed
to the data link layer. Depending on how the bits are transmitted through the
channel, the BER associated with the hard-decision on the coded bits might
generally not be equal for all coded bits in a frame. However, in the theoreti-
cal analysis of this chapter, we will assume an ideal (de)interleaver. With this
assumption, the superchannel seen by the Viterbi decoder may be viewed as
a memoryless binary symmetric channel with transition probability given by
the mean BER associated with the hard-decision making on the coded bits of a
frame, denoted by ρ. As a consequence, the probability that a frame is Viterbi
decoded without any error is a function of this mean BER ρ. As in [86], a nega-
tive exponential will be used in this chapter to approximate the frame success
rate (FSR)2:

FSR(ρ) = b exp
(
−
(

avρv + · · ·+ a2ρ2 + a1ρ
))

(5.1)

where b, av, . . . , a2, a1, v are constants which have to be designed such that (5.1)
fits the true FSR curve. These constants depend on the convolutional code
used, and on the frame length N f . Note that, in [28], we used the lower bound
given in [88] (based on the union bound) for the FSR. However, in this chapter

2Throughout this chapter, the acronym BER will stand for the uncoded bit error rate, while
FSR will denote the frame success rate after Viterbi decoding.
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we will use the approximation (5.1) in order to enable the establishment of
analytical results.

Let us now describe the transmission in itself. As said earlier, in the context
of this thesis, the focus is set on an OFDM transmission. In Subsection 2.4.1,
it was shown that the OFDM transmission is equivalent to the scheme drawn
in part (b) of Fig. 2.5, where the frequency selective channel is converted into
a set of parallel frequency-flat subcarriers. As shown in Fig. 5.1, we consider
here that the power and the bits are allocated to these subcarriers. This alloca-
tion is adaptive, in the sense that it depends on the channel state on each sub-
carrier. The coded bits xn are spread over the set of subcarriers, and mapped
to constellation symbols dk which are then multiplied by a power allocation
factor and transmitted. The allocation strategy has to determine the constel-
lation size and the power assigned to each subcarrier. Denoting as before the
number of subcarriers by K, we have the following model for the received
signal on the kth subcarrier:

rk =
√

pk ωk dk + nk k = 0, . . . , K− 1 (5.2)

where pk is the power allocated to the kth subcarrier, and we remind that ωk

is the complex channel gain on the kth subcarrier. Recall also the definition
hk , |ωk|2, introduced in (3.2). We suppose here, without loss of generality,
that the subcarriers are sorted such that h0 ≥ · · · ≥ hK−1. As before, the noise
samples nk are assumed to be i.i.d. circularly symmetric complex Gaussian
random variables with zero mean and variance σ2

n . Finally, dk is the symbol
transmitted on the kth subcarrier. We consider square QAM symbols with
unit variance. We will denote by mk the number of bits per symbol in the
constellation used on the kth subcarrier. As stated earlier, after equalization
hard-decision is made on the received signal, followed by QAM demapping
in order to recover the coded bits. Let us denote by ρk the BER on the kth
subcarrier, associated with this hard-decision making. The approximate BER
expression given in [89] for square QAM constellations with Gray bit mapping
will be used:

ρk = c1 exp
(
− c2 hk pk

(2mk − 1)σ2
n

)
(5.3)

with c1 = 0.2, and c2 = 1.6. Note that, unlike in Chapter 3, we opt here for
an approximative expression for the BER. This will enable to go deeper in the
analytical developments.
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The transmission of the N f information bits of a frame will typically in-
volve several consecutive transmission periods over the set of subcarriers. We
suppose that the channel remains constant over the time needed for transmit-
ting a frame. In other words, the developments done in this chapter are valid
for static channels and for channels with slow fading. In this case, the mean
BER ρ introduced in (5.1) is given by the BER (5.3) averaged over the K sub-
carriers, taking into account the number of bits assigned to each subcarrier:

ρ =
1

∑
K−1
i=0 mi

K−1

∑
k=0

mk c1 exp
(
− c2 hk pk

(2mk − 1)σ2
n

)
. (5.4)

The problem treated in this work is that of allocating the bits (mk) and the
power (pk) among the K subcarriers. Note that typical bit and power alloca-
tion strategies might decide not to transmit on some subcarriers that are in
deep fade. Let us then denote by K′ the number of subcarriers used for trans-
mission, i.e. with a non null positive bit allocation, with K ′ ≤ K. In the next
section, we will reiterate the waterfilling solution.

5.3 The waterfilling solution

It has long been proved that the mutual information of a set of K paral-
lel subchannels is maximized by using Gaussian inputs and by allocating the
power among the subchannels according to the waterfilling solution [26]. The
expression of this power allocation is derived by solving the following maxi-
mization problem

max
pk≥0

1
K

K−1

∑
k=0

log2

(
1 + pk

hk
σ2

nΓ

)
(5.5)

subject to a power constraint

K−1

∑
k=0

pk ≤ PT (5.6)

where PT is the total available power for a block. Note that we have included
the SNR gap Γ in (5.5), in order to talk in terms of achievable bit rate (and
not of mutual information), see Section 4.3. Without loss of generality, we
assume that the subcarrier gains are with decreasing order: h0 ≥ h1 ≥ · · · ≥
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hK−1. The solution to (5.5)-(5.6) is easily derived, and is precisely the so-called
waterfilling allocation

pk =

[
µ− σ2

nΓ

hk

]+

k = 0, . . . , K− 1 (5.7)

with [x]+ , max(0, x). This solution founds its name in the following inter-
pretation: if water (representing the power) is poured into a container whose
bottom has has exactly the shape of the σ2

nΓ

hk
curve, then the water will rise

to a level equal to µ. For a given subcarrier k′, there are then two possible
situations. From (5.7),

� if σ2
nΓ

hk′
is above the water level µ, no power is allocated to subcarrier k′.

� otherwise, subcarrier k′ is receives a power allocation equal to µ− σ2
nΓ

hk′
,

i.e. proportional to the water height above σ2
nΓ

hk′
.

In order to satisfy the power constraint (5.6), the water-level µ has to be equal
to

µ =
PT
K′

+
1
K′

K′−1

∑
k=0

σ2
nΓ

hk
(5.8)

where K′ denotes the number of sucarriers used for transmission by the water-
filling policy (i.e. with a non null bit and power allocation). Note that, strictly
speaking, (5.7)-(5.8) can not be seen as a closed-form solution. If fact, the value
of K′ has to be found iteratively using, for example, the following algorithm.

Algorithm 5.1. Waterfilling solution: selection of the value of K′

1. Sort hk with decreasing order

2. Set K′ = K

3. Compute pK′−1 using (5.7) and (5.8)

4. If pK′−1 ≤ 0, K′ ←− K′ − 1, and go to step 3.

Else, return K′ and algorithm finishes
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The bit allocation as a function of the power allocation is then given by

mk = log2

(
1 +

pk hk
σ2

n Γ

)
. (5.9)

After some algebra on (5.7)-(5.9), the waterfilling policy can be rewritten as:

2mk

hk
=

PT

K′ σ2
n Γ

+
1
K′

K′−1

∑
l=0

1
hl

, (5.10)

pk =
(2mk − 1)σ2

n
hk

PT

∑
K′−1
l=0

(2ml−1)σ2
n

hl

, (5.11)

for k = 0, . . . , K′ − 1. Equation (5.10) suggests that the waterfilling bit alloca-
tion is such that the ratio 2mk /hk is equal for all used subcarriers. Moreover,
the waterfilling power allocation (5.11) as a function of the bit allocation equal-
izes the approximate BER (5.3) on all used subcarriers.

Note that the waterfilling policy is conventionally defined by (5.7)-(5.9).
However, in this chapter the equivalent form (5.10)-(5.11) will be used. Let us
also mention that several algorithms were proposed to modify the waterfilling
solution in order to take into account the fact that the constellations sizes are,
in practice, constrained to be integer [82, 83]. It is also worth mentioning the
recent work in [90]: the authors introduced the so-called mercury/waterfilling
solution, which is the generalization of the waterfilling policy to the case of
arbitrary input distributions (not necessarily Gaussian).

A reader familiar with the subject has not learned anything new from this
section. However, we would recommend such reader to read Appendix 5.A
which tackles an less common issue about the waterfilling solution.

5.4 Problem formulation

When evaluating the performance of the system described in Section 5.2,
the most meaningful criterion is the number of information bits delivered
without error to the user by unit of time, or goodput. The objective of this
chapter is to propose solutions for the allocation of the bits (mk) and the power
(pk) among the subcarriers in such a way that it maximizes the goodput of the
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communication system. In this section, a formulation is given for the goodput,
for the three types of ARQ protocols considered here.

The goodput is defined as the number of information bits delivered with-
out error to the user by unit of time. For the frame-oriented transmission con-
sidered in this work, a bit is delivered without error to the user if it belongs
to an error-free frame. As the unit of time, we will use the transmission time
over the set of subcarriers. Let us denote by r the rate of the convolutional
code used. We know that there are N f information bits in a frame, and that
r ∑

K−1
k=0 mk information bits are transmitted at each use of the set of subcarri-

ers. As a consequence, there are N f /(r ∑
K−1
k=0 mk) transmissions over the set of

subcarriers needed for one frame to be transmitted. Moreover, with SR ARQ,
it was shown [87] that the average number of frame transmissions needed for
a frame to be successfully transmitted is given by 1/FSR. For SR ARQ, the
goodput (GP) can thus be expressed as

GPSR =
N f

N f

(r ∑
K−1
k=0 mk)

1
FSR(ρ)

=

(
r

K−1

∑
k=0

mk

)
FSR(ρ). (5.12)

Note that the last expression in (5.12) gives another interpretation for the
goodput. It expresses the goodput as the number of information bits sent at
each use of the set of subcarriers, multiplied by the probability that these bits
belong to an error-free frame, which makes sense. For GBN ARQ, the average
number of transmissions needed for a successful frame transmission is

N − (N − 1) FSR
FSR

, (5.13)

and the associated goodput is given by

GPGBN =
N f

N f

(r ∑
K−1
k=0 mk)

N−(N−1) FSR(ρ)
FSR(ρ)

(5.14)

=

(
r ∑

K−1
k=0 mk

)
FSR(ρ)

N − (N − 1)FSR(ρ)
, (5.15)

where N denotes the number of frames that are transmitted during a round-
trip time. Finally, since the SAW ARQ protocol is similar to SR ARQ except
that it only sends one frame per round trip time [87], its goodput is given by

GPSAW =
1
N

GPSR . (5.16)
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For the time being, let us focus on the SR or SAW ARQ. Adding constraints
on the total transmitted power and on the possible constellation sizes, the
problem of finding the bit and power allocation which maximizes the goodput
of the system can be written as:

max
mk ,pk

GP =

(
r

K−1

∑
k=0

mk

)
FSR(ρ) (5.17)

subject to

K−1

∑
k=0

pk ≤ PT (5.18)

mk ∈ M, k = 0, . . . , K− 1 (5.19)

where PT is the total power available for the set of subcarriers, and with
FSR(ρ) and ρ respectively given by (5.1) and (5.4). The set M is defined as
the union of the possible constellation sizes (in bits) together with 0 (no trans-
mission). In this work, we consider three possible constellations: 4-QAM,
16-QAM and 64-QAM. We haveM = {0, 2, 4, 6}.

The presence of the constraint (5.19) in the problem formulation makes it a
discrete problem, for which solution strategies will be proposed in Section 5.5.
However, under some hypotheses, relaxing the constraint (5.19) will allow
further analytical derivations as it will be shown in Section 5.6.

5.5 Discrete problem

The discrete problem (5.17)-(5.19) can be solved in a decoupled manner:
first we analyze the power allocation problem for a given bit allocation, and
then the bit allocation problem is treated.

5.5.1 Power allocation strategy for a given bit allocation

In this subsection, the bit allocation is assumed to be fixed. In other words,
the mk are no longer considered as variables but as given constants. Let us
denote again by K′ the number of subcarriers with a non null positive bit al-
location. The focus is set on the derivation of power allocation strategies for
a given bit allocation. In particular, two different power allocation strategies
are proposed in the following.
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5.5.1.1 Optimal Power Allocation

For a given bit allocation, i.e. for given m0, m1, . . . , mK−1, the first parenthe-
sis in (5.17) is a constant. As a consequence, the optimal power allocation is
such that it maximizes the frame success probability FSR (ρ), and thus mini-
mizes the mean BER ρ (since FSR (ρ) is a decreasing function3 with ρ). The op-
timal power allocation problem comes down to the minimization of the mean
BER (5.4) subject to the power constraint (5.18). Using Lagrange multipliers,
we find the following solution:

pk =
(2mk − 1)σ2

n
c2 hk

[
log
(

hk mk
(2mk − 1)σ2

n

)
− log(λ)

]+

. (5.20)

Remember that [x]+ means max(x, 0). The Lagrange multiplier λ has to be
such that (5.20) satisfies the power constraint (5.18), and is given by

log(λ) =
∑

K′′−1
l=0

(2ml−1)σ2
n

c2 hl
log
(

hl ml
(2ml−1)σ2

n

)
− PT

∑
K′′−1
i=0

(2mi−1)σ2
n

c2 hi

(5.21)

where K′′ denotes the number of subcarriers with a non null power allocation.
This value has to be found iteratively, in a similar way as in Algorithm 5.1. We
will refer to the solution (5.20)-(5.21) using the acronym OPA (Optimal Power
Allocation). Note that K′′ ≤ K′. In fact, the OPA might assign a null power
allocation to a subcarrier having a non null positive bit allocation.

The first factor in (5.20) tends to equalize the BER (5.3) on all used subcar-
riers: it allocates more power to the subcarriers with low channel gain and
high constellation size. On the other hand, the second factor in (5.20) seems
to compensate for that effect and allocate more power to the subcarriers with
large channel gain and low constellation size.

5.5.1.2 Equal BER Power Allocation

Like the first factor in the OPA (5.20) suggests, let us focus on a power
allocation which would equalize the BER (5.3) on all used subcarriers:

ρk = ρ, ∀k = 0, . . . , K′ − 1. (5.22)
3The decreasing character of the expression (5.1) depends on the values of the constants

b, av, . . . , a1, v. However, since the expression has to fit a true FSR curve, it is obvious that it
should be a decreasing function with ρ.
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Taking into account the power constraint (5.18), the equal BER power alloca-
tion is given by:

pk =
(2mk − 1)σ2

n
c2 hk

PT

∑
K′−1
i=0

(2mi−1)σ2
n

c2 hi

, k = 0, . . . , K′ − 1. (5.23)

The acronym EBPA (Equal BER Power Allocation) will be used to refer to this
solution. Note that the power allocation (5.11) of the waterfilling solution is
exactly the EBPA. Note also that the EBPA would be the result of a min-max
BER strategy (minimization of the worst BER among the subcarriers). More-
over, as previously shown in [91], it is easy to see that the OPA (5.20)-(5.21)
comes down to the EBPA (5.23) as the transmit power PT grows to infinity.

5.5.1.3 An illustrating example

Let us illustrate these two bit allocation strategies with an example. Let us
consider again the channel realization A in Fig. 3.1 (K = 64). Le us compute
the EBPA and OPA for two different given bit allocations:

� In Fig. 5.2, the bit allocation is uniform: 4-QAM is used for all K sym-
bols of the block. We see that the EBPA strictly assigns the power
inversely proportionally to the channel, while the OPA has a much
different and less straightforward behavior. For the good subcarriers
(i.e. with high subcarrier gains), the OPA allocates the power inversely
proportionally to the channel. On the contrary, for the bad subcarri-
ers, the OPA has the tendency to allocate less power (and even zero
power). We see that, by doing so, the OPA achieves a lower mean BER
on the block than the EBPA.

� In Fig. 5.3, the bit allocation is much more adapted to the channel:
4-QAM is used on the good subcarriers, and no bits are transmitted
on the bad ones. We see that, this time, both the OPA and EBPA have
the same overall behaviors and allocate the power inversely propor-
tionally to the channel. Also, the achieved mean BER is nearly equal
for both strategies, this time.
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5.5.2 Bit allocation strategy

In Subsection 5.5.1, two different power allocation strategies for a given
bit allocation were derived. Using these results, this subsection is devoted to
allocating the bits among the subcarriers.

5.5.2.1 Optimal bit allocation - exhaustive search

Even though very complex, a possible strategy is the exhaustive search
among all possible bit allocations. In this work, we assume that 0, 2, 4 or 6 bits
can be allocated to each of the K subcarriers: in total, there is 4K possible bit
allocations. The exhaustive search bit allocation (ESBA) consists of, for each
of these 4K bit allocations, computing the chosen power allocation (OPA or
EBPA), deducing the mean BER (5.4) and the associated goodput value (5.17),
and selecting the bit allocation with the highest goodput value. Note that
the exhaustive search with the optimal power allocation (ESBA/OPA) is the
optimal bit and power allocation strategy.

5.5.2.2 Greedy Algorithm

In order to reduce the complexity, one alternative is to use a greedy
algorithm [92]: It starts with a null bit allocation on each subcarrier, and
then proceeds iteratively. At each iteration, the allocation of two more bits
on the kth subcarrier is proposed, for each k ∈ {0 , . . . , K − 1}. Thanks to
Subsection 5.5.1, we can associate with each of these K proposals, a new
power allocation (OPA or EBPA), thus a new mean BER value (5.4), and
finally a new goodput value (5.17). We choose the proposal with highest
new goodput value, but only if this value is greater than the value that was
reached at the previous step (otherwise the algorithm stops). The algorithm
can be written as follows:

Algorithm 5.2. Greedy bit allocation

1. Set M = {0, 2, 4, 6}

2. Set mk = 0, ∀k ∈ {0, . . . , K− 1}. Set GP = 0.
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3. ∀k ∈ {0, . . . , K − 1} compute GPk(mk + 2), the goodput

value achieved if the constellation on the kth
subcarrier is increased by 2 bits. This is

done by first computing the power allocation

using (5.20) or (5.23), and then by deducing

the goodput value (5.17) using (5.4). If

mk = 6, set GPk = 0, since 64-QAM was chosen as

the largest constellation size in this work.

4. Select k∗ = argmaxkGPk

5. If GPk∗ > GP, GP ← GPk∗ and mk∗ ← mk∗ + 2, and go

to step 3. Else, algorithm finishes.

The acronym GABA (Greedy Algorithm Bit Allocation) will be used to refer
to this algorithm. Since it does not have to test all possible bit allocations,
the GABA reduces the complexity comparing to the ESBA. However, unlike
the ESBA, the GABA is not optimal, as it will be shown by simulation in Sec-
tion 5.8.

5.6 Relaxed problem with EBPA

It turns out that the EBPA is a near-optimal power allocation strategy: in
fact, as it will be shown by simulation in Section 5.8, the EBPA barely suf-
fers any loss (in terms of goodput) comparing to the OPA. This section takes
advantage of this result and shows that, under the hypothesis of EBPA, some
analytical results can be further derived and used for developing efficient allo-
cation strategies (in terms of trade-off between performance and complexity).

Let us thus consider that the power is allocated according to the EBPA
(5.23). Inserting (5.23) into (5.4) gives

ρ = c1 exp


 −c2 PT

σ2
n ∑

K′−1
i=0

(2mi−1)
hi


 . (5.24)

Suppose for a moment that the constraint (5.19) is relaxed, and that the vari-
ables mk are allowed to take any positive real value. This new problem will be
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referred to as the relaxed problem. By doing so, the goodput expression (5.17)
can be differentiated with respect to each variable mk. Equating each of these
derivatives to zero, we get, after calculation, that the following equality must
hold

2mk

hk
=

(
∑

K′−1
i=0

(2mi−1)
hi

)2

(∑
K′−1
i=0 mi)(v av ρv + · · ·+ a1 ρ)( c2PT ln(2)

σ2
n

)
(5.25)

for all k ∈ {0, . . . , K′− 1}. Since the expression on the right side of the equality
(5.25) is independent of k, we must have that

2mk

hk
=

2mq

hq
∀ k, q ∈ {0, . . . , K′ − 1}. (5.26)

Using (5.26), the equality (5.25) can be rewritten as a function of mk only:

2mk

hk

(
K′−1

∑
i=0

log2

(
hi
hk

)
+ K′mk

)
(v av ρv + · · ·+ a1 ρ)

×
(

c2PT ln(2)

σ2
n

)
−
(

K′
2mk

hk
−

K′−1

∑
i=0

1
hi

)2

= 0 (5.27)

where ρ is given by rewriting (5.24) as a function of mk only, using (5.26).
The problem of finding the bit allocation maximizing the goodput under the
hypothesis of EBPA and allowing real bit allocations can then be solved by
the following procedure:

Algorithm 5.3. Optimal relaxed bit allocation, assuming EBPA

1. Sort the subcarriers such that h0 ≥ · · · ≥ hK−1.

Set k∗ = K− 1.

2. Solve (5.27) for mk∗. This is a nonlinear

equation which has to be solved numerically.

If there is no positive solution for mk∗, then

mk∗ = 0, k∗ ← k∗ − 1, and go to step 2. Else, go

to step 3.

3. Using (5.26), ∀k ≤ k∗: mk = log2

(
hk 2mk∗

hk∗

)
.

At this point we are able to find the optimal real bit allocations for the relaxed
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goodput maximization problem, and under the assumption of EBPA. In the
sequel, details are given on how to use that result to solve the constrained
problem (i.e. with constraint (5.19)). In particular, three possible methods are
described:

1. Rounding. Each real bit allocation mk (k = 0, . . . , K − 1) of the solu-
tion to the relaxed problem can be rounded to the nearest element of
M = {0, 2, 4, 6}. We will use the acronym RRBA (Round Relaxed Bit
Allocation) to refer to this bit allocation strategy.

2. Rounding down and greedy algorithm. Each real bit allocation mk of the
solution to the relaxed problem can be rounded down to the nearest ele-
ment ofM, and the greedy algorithm can be run with the result as start-
ing bit allocation. This bit allocation will be referred as RRBA-GABA,
the concatenation of the two previously defined acronyms.

3. Branch-and-bound approach. As it was explained earlier, the ESBA consists
of trying out all 4K elements of the solution space, and has a complexity
that is exponential in the number of subcarriers K. However, being able
to solve the relaxed problem, a branch-and-bound approach [93] can be
used to find the optimal solution without exploring the whole solution
space. This approach uses the following obvious property: the good-
put achieved by the optimal real solution to the relaxed problem (which
disregards the constraint (5.19)) can never be worse than the goodput as-
sociated with any integer solution (which satisfies the constraint (5.19)).
The branch-and-bound approach is better explained using the example
depicted in Fig. 5.4, where K = 2. In this example, the real solution to
the relaxed problem is [m0, m1] = [0.96, 2.69], and the associated GP
is 1.6. Thus we know that the GP achieved by any integer solution will
never exceed 1.6. The solution space, represented as a tree, can then
be split in two branches4 depending on if m1 = 2 or 4. Solving the
relaxed problems, with m1 being fixed to 2 or 4, gives solutions with
associated GP equal to 1.5 and 0.8, respectively. We therefore naturally
choose to further explore the left branch. The real solution achieving
GP=1.5 was given by [1.35, 2]. At this point, the left branch can itself

4A good heuristic approach is to choose for branching the variable whose value is the closest
to an element ofM.
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Figure 5.4 Illustration of the branch-and-bound approach.

be split depending on if m0 = 0 or 2, leading to two possible integer
solutions [0, 2] and [2, 2]. It turns out that the second solution achieves
a GP equal to 1.1 and outperforms the first one. Moreover, since the GP
achieved by that solution is greater than 0.8 (which is an upper bound
of what can be achieved by any solutions at the right side of the tree),
we do no need to further explore the right side of the tree. Note that this
the branch-and-bound approach guarantees to find the optimal solution
to the constrained problem. The acronym BBBA (Branch-and-Bound Bit
Allocation) will be used to refer to this approach.

5.7 Comparison with the waterfilling solution

In this section, the waterfilling and the goodput maximizing solutions are
compared to each other. In particular we show how to choose the value of the
SNR gap in such a way that the waterfilling solution be near-optimal in terms
of goodput.

Let us consider again that the constraint (5.19) is relaxed. On the one hand,
in Section 5.3, the equivalent form (5.10)-(5.11) was presented for the water-
filling solution. On the other hand, Section 5.6 was dedicated to the relaxed
goodput maximization problem and derived the near-optimal relaxed solu-
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tion given by the EBPA (5.23) and the bit allocation satisfying (5.25). Compar-
ing solutions (5.10) and (5.25), we see that both equations suggest that the ra-
tio 2mk /hk should be equal for all used subcarriers. We can therefore conclude
that the waterfilling solution is equal to the near-optimal relaxed solution with
EBPA if and only if the SNR gap value Γ is chosen such that quantities at the
right-hand side of the equality sign in (5.10) and (5.25) are equal. In doing so,
we end up with the following non linear equation in Γ

(
PT

σ2
n K′ Γ

+
1

H(h, K′)

) [
log2

(
G(h, K′)

(
PT

σ2
n K′ Γ

+
1

H(h, K′)

))]

× (v av ρv + · · ·+ a1 ρ) c2 ln(2)− PT

σ2
n K′ Γ2 = 0 (5.28)

where:

� the harmonic and geometric means of the subcarrier gains are respec-
tively defined by

H(h, K′) =
K′

∑
K′−1
l=0

1
hl

(5.29)

G(h, K′) =

(
K′−1

∏
l=0

hl

)1/K′

. (5.30)

� the mean BER as a function of Γ is given by inserting (5.10) into (5.24):
ρ = c1 exp(−c2 Γ).

For the considered system with SAW/SR ARQ, solving (5.28) yields the value
for the SNR gap Γ which is such that the waterfilling solution is near-optimal
in terms of goodput. The same mathematical developments can be done for
GBN ARQ, i.e. using the goodput expression (5.15). A counterpart of (5.28)
for GBN ARQ can be derived, and is given by

(
PT

σ2
n K′ Γ

+ 1
H(h,K′)

)

(
1−

(
1− 1

N

)
FSR(ρ)

)
[

log2

(
G(h, K′)

(
PT

σ2
n K′ Γ

+
1

H(h, K′)

))]

× (v av ρv + · · ·+ a1 ρ) c2 ln(2)− PT

σ2
n K′ Γ2 = 0 . (5.31)

Analyzing (5.28) and (5.31), it turns out that this near-optimal SNR gap Γ de-
pends on:
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� the ARQ protocol used. In case of SAW or SR ARQ, the near-optimal Γ

has to solve (5.28), while (5.31) has to be solved in case of GBN ARQ.

� the available transmit power. Both (5.28) and (5.31) depend on the ratio
PT/σ2

n .

� the channel realization. Both (5.28) and (5.31) depend on the harmonic
and geometric means of the subcarrier gains.

� the convolutional code used and the frame length N f . Both (5.28) and (5.31)
depend on the constants av, . . . , a1, v which in turn depend on the con-
volutional code used and the frame length.

Let us remember that determining a value for the SNR gap Γ is equivalent to
choosing the BER at which the system will be working.

5.8 Simulation results

In this section, the different bit and power allocation strategies are simu-
lated and compared to one another. The analytical result which was derived
in the previous section is also illustrated.

Let us consider the following parameters: N f = 1024 or 4096. Two con-
volutional codes of rate r = 1/2 are considered. Their respective generator
polynomials are [5,7] and [133,171], in octal notation. The FSR associated with
these two codes, as a function of the mean BER at the input of the Viterbi
decoder, is depicted in Fig. 5.5. It shows that the expression (5.1) (with the
constants given in Fig. 5.5) approximates very well the simulated FSR. We con-
sider an OFDM system with a seven-tap channel impulse response (L = 7).
The taps are i.i.d circularly symmetric complex Gaussian random variables
with zero mean and variance such that the channel impulse response has uni-
tary mean energy. All curves will present the average goodput as a function of
PT/(Kσ2

n), and result from an average over a thousand channel realizations.
The average goodput is expressed as the average number of information bits
transmitted correctly (i.e. belonging to an error-free frame) per symbol period.
Moreover, the bandwidth efficiency loss induced by the CP is taken into ac-
count in the curves.
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Figure 5.5 Comparison between the simulated and approximated FSR.

We know that the optimal bit and power allocation strategy for the discrete
problem (5.17)-(5.19) is the ESBA/OPA. The Fig. 5.6 analyzes the performance
degradation if the suboptimal EBPA is used instead of the OPA, with the op-
timal bit allocation (ESBA) (for K = 8, N f = 1024 and convolutional code
[133,171]). It turns out that the performance degradation is very small. In
other words, using the EBPA rather than the OPA has a very small effect on
the achievable goodput. This is what we meant when referring to the near-
optimality of the EBPA, in Sections 5.6 and 5.7. Note that this near-optimality
of the EBPA is justified by the observation made in the second point of Sub-
section 5.5.1.3: if the bit allocation is well adapted to the channel, the EBPA
does not exhibit a significant loss (in terms of mean BER) with respect to the
OPA.

Let us now suppose that the power is allocated using the near-optimal
EBPA. It was shown in Section 5.6 that its relatively simple expression (5.23)
allowed further analytical derivations. Here we compare the different pro-
posed bit allocation strategies, supposing the EBPA. The BBBA guarantees to
find the optimal bit allocation when the EBPA is used. It explains why it out-
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Figure 5.6 Goodput achieved by the ESBA with the OPA, or EBPA. (K = 8, N f =

1024, conv. code [133,171], SR ARQ).

performs all the other strategies, see Fig. 5.7 (where K = 32, N f = 1024 and
convolutional code [133,171]). It also shows that the GABA and RRBA-GABA
perform identically (since they only differ in the starting point of the greedy
bit allocation), and suffer a non-negligible goodput loss comparing with the
BBBA. However, the RRBA strategy suffers a smaller loss than GABA, com-
paring with the BBBA. Note also that the RRBA significantly reduces the com-
plexity: the RRBA implicates to run only once the Algorithm 5.3, while the
BBBA supposes to run it twice as many times as the number of explored nodes
in the tree search, and the RRBA-GABA supposes to run the Algorithm 5.3 fol-
lowed by the greedy Algorithm 5.2. We conclude that the RRBA/EBPA is the
strategy achieving the best trade-off between performance and complexity.

Section 5.7 showed how to compute the value of the SNR gap Γ∗ which
is such that the waterfilling solution be near-optimal in term of goodput. Let
us compute Γ∗ for different values of the ratio PT/(Kσ2

n) and analyze the in-
fluence of the code used, the frame length, the channel realization, and the
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Figure 5.7 Goodput achieved by the different proposed bit allocation strategies, sup-
posing EBPA. (K = 32, N f = 1024, conv. code [133,171], SR ARQ).

retransmission protocol considered. We consider two channel realizations
which are depicted in Fig. 5.8. The result is given in Table 5.1. We observe
that:

1. In all scenarios, the larger the ratio PT/(Kσ2
n), the larger Γ∗ will be. In

other words, when extra transmit power is available, the BER at which
the system is operating should be decreased.

2. The lower the correcting capability of the code used, the larger Γ∗ will
be (see comparison between [5,7] and [133,171] codes). It is obvious that
a lower uncoded BER should be achieved when a less effective code
is used. The same comment holds for an increase in the frame length N f .

3. A larger Γ (and thus a lower BER) should be chosen if GBN ARQ is
used instead of SAW/SR ARQ. In fact, a system with GBN ARQ should
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Figure 5.8 Subcarrier gains of the two considered channel realizations.

operate at lower FSR, since each frame error involves the retransmission
of not one but N frames.

4. The poorer the channel quality, the lower Γ∗ will be. In fact, a poorer
channel quality can be seen as a reduction of the available transmit
power.

5.9 Goodput comparison between OFDM and CPSC

In the previous sections of this chapter, the goodput optimization of an
OFDM system has been considered. This section is devoted to comparing
these results to what can be achieved by a CPSC system, in terms of goodput.

Let us consider a ZF-CPSC scheme together with the same error-correction
and ARQ retransmission mechanisms as in Fig. 5.1. In a ZF-CPSC scheme,
as presented in Subsection 3.2.2, the SNR is equal for all K symbols of the
block and is given by (3.9). In the context of this chapter, this means that less
degrees of freedom are available for bit and power loading. In fact, in a ZF-
CPSC scheme:
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Table 5.1 Near-optimal SNR gap for different scenarios.

0 dB 10 dB 20 dB

realization
Channel

A

A

[133,171] 1024

1024

B [133,171] 1024

A [133,171] 1024

A [133,171] 4096

ARQ protocol

SAW/SR ARQ

SAW/SR ARQ

SAW/SR ARQ

SAW/SR ARQ

[5,7]

Near-optimal SNR gap Γ∗

1.22

1.72 1.851.62

1.07 1.09 1.14

GBN ARQ (N=5) 1.29 1.39

1.26 1.32 1.41

1.34

Conv.
Code N f

1.151.08

PT/(Kσ2
n)

� No power loading is possible. Each symbol of the block is assigned a
power PT/K.

� The bit allocation will be equal for all symbols of the block:
m0 = · · · = mK−1 = m.

The resulting mean BER and goodput are respectively given by

ρ CPSC
ZF = c1 exp


−

c2
PT

Kσ2
n

(2m − 1) 1
K ∑

K−1
k=0

1
hk


 (5.32)

GP CPSC
ZF = (r K m) FSR(ρ CPSC

ZF ) . (5.33)

As a consequence, the only possible adaptive strategy for ZF-CPSC is the
choice of the constellation level m, which is common for all symbols of the
block. To be more specific, given a channel realization h and a transmit power
value PT , the goodput (5.32)-(5.33) can be computed for all possible constella-
tion levels (m ∈ {2, 4, 6} in this work). Then, the constellation level m which
generates the highest goodput is chosen for transmission. This strategy will
be referred to as "adaptive ZF-CPSC" in the following.

Let us consider the same simulations parameters as in Fig. 5.7 (K = 32,
L = 7, N f = 1024, convolutional code [133, 171], SR/SAW ARQ) and compare
OFDM (with RRBA/EBPA) and ZF-CPSC in terms of goodput. The result
in depicted in Fig. 5.9. Let us analyze it. First, considering ZF-CPSC with a
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Figure 5.9 Goodput comparison between OFDM and ZF-CPSC (K = 32, L = 7,
N f = 1024, convolutional code [133, 171], SR ARQ).

fixed constellation size (4-QAM, 16-QAM, or 64-QAM), we see that 4-QAM
is best for low PT

K σ2
n

values, 64-QAM for high values, and 16-QAM for middle
range values, as expected. Second, we see that adaptive ZF-CPSC presents a
goodput curve which envelops the curves for fixed constellations, as expected
again. In particular, adaptive ZF-CPSC generates a non-negligible goodput
gain for the PT

K σ2
n

intervals [12,18] and [20,26] dB. These ranges of PT
K σ2

n
corre-

spond to the transition between the optimality zones of the different constel-
lations. Finally, and most importantly, we see that OFDM with RRBA/EBPA
considerably outperforms adaptive ZF-CPSC. The goodput increase is about
0.7 information bits per symbol period, which is obviously significant.

5.10 Conclusions

We have addressed the problem of allocating bits and power in a convolu-
tionally coded adaptive OFDM system with hard Viterbi decoding, and ARQ
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retransmission protocol. The objective was to maximize the number of infor-
mation bits delivered without error to the user by unit of time, or goodput.
This criterion has been chosen because it reaches a trade-off between the bit
rate and BER criteria, and because it really expresses what a user is specifi-
cally looking for in some applications like data file transmission. For three
types of ARQ protocols, we presented a formulation of the goodput, under
the assumption of channels with slow fading, purely random (de)interleaver,
and perfect cyclic redundancy check.

Different strategies were proposed for solving the discrete bit and power
allocation problem. Note that, although it is clear that some of the proposed al-
gorithms (e.g. the BBBA) have a high complexity, they were developed mainly
for comparison purpose. The main result of this chapter is then the following:
it was proved that the waterfilling solution with adequate SNR gap value (or
equivalently target BER) is equal to the solution to the relaxed problem with
EBPA, which was shown to be near-optimal in terms of goodput while having
lower complexity. Note that the near-optimality of the waterfilling solution
should not surprise the reader: the goodput expresses a trade-off between the
bit rate and BER criteria. Maximizing the goodput can thus be done by jointly
maximizing the bit rate for a target BER (a problem whose solution is the wa-
terfilling solution), and tuning the target BER. In this chapter, we showed how
to choose this target BER, or equivalently the SNR gap value. We analytically
showed how this SNR gap value depends on the convolutional code used, the
frame length, the type of ARQ protocol used, the available transmit power,
and the harmonic and geometric mean of the subcarrier gains.

In addition, the OFDM and ZF-CPSC systems (with potential bit and
power loading) were compared in terms of achievable goodput. It was shown
that the OFDM modulation significantly outperforms ZF-CPSC. This is also
not a surprise: since the SNR is equal for all symbols of a ZF-CPSC block, less
degrees of freedom are available for bit and power loading in such system
(with respect to OFDM).

The work presented in this chapter has considered a system with hard-
decision Viterbi decoding, which is known to be suboptimal. An extension
of this work to a system with soft Viterbi decoding (i.e. based on Euclidean
distances) is under investigation [94]. Another interesting direction to pursue



5.A More on the waterfilling solution 123

could be the introduction of the coding rate selection into the goodput maxi-
mization problem.

Appendix 5.A More on the waterfilling solution

let us now focus on a less common issue related to the waterfilling policy
that was presented in Section 5.3: imagine you are given two realizations of
the subcarrier gains, say hA and hB. Knowing that you get to perform wa-
terfilling on hA or hB, which realization would you choose? In other words,
we look for a relation between the elements of hA and hB such that, after
waterfilling, the channel realization B is ensured to outperform realization A
(or vice versa) in terms of bit rate. The following answer could come first to
the reader’s mind: if max(hB) > max(hA), then the channel realization B is
going to outperform channel realization A, for very low values of the trans-
mit power PT . In fact, at very low PT , only one subcarrier (the one with the
highest gain) is likely to be used for transmission (K ′ = 1). Nevertheless, we
would be interested in identifying a sufficient condition which would be in-
dependent of the value of the transmit power PT . Obviously, the condition
min(hB) > max(hA) is sufficient for realization B to outperform realization A
at all values of PT . However, this last condition is too restrictive and we would
like to develop a weaker sufficient condition. This is the purpose of the fol-
lowing proposition.

Proposition 5.4. Assume two sets of realizations of subcarrier gains
hA = [hA

0 , . . . , hA
K−1]

T and hB = [hB
0 , . . . , hB

K−1]
T . If set B logarithm-majorizes

set A, i.e. log2(hA) ≺ log2(hB), or

[log2(hA
0 ), . . . , log2(hA

K−1)]
T ≺ [log2(hB

0 ), . . . , log2(hB
K−1)]

T (5.34)

which is equivalent to

N−1

∏
i=0

hA
[i] ≤

N−1

∏
i=0

hB
[i], N = 1, . . . , K− 1 (5.35)

K−1

∏
i=0

hA
[i] =

K−1

∏
i=0

hB
[i] , (5.36)
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then the following inequality holds

max
pA

k ≥0

1
K

K−1

∑
k=0

log2

(
1 + pA

k
hA

k
σ2

nΓ

)
≤ max

pB
k≥0

1
K

K−1

∑
k=0

log2

(
1 + pB

k
hB

k
σ2

nΓ

)
(5.37)

where the maximization problems, at the left and right sides of the inequality sign,
both have the same power budget: ∑

K−1
k=0 pA

k ≤ PT and ∑
K−1
k=0 pB

k ≤ PT , respectively.
And the proposition holds for any positive value of PT .

Proof. Assume, without loss of generality, that the components of vectors
hA and hB are with decreasing order, i.e. hA, hB ∈ D (see definition of D in
Proposition 4.5).

From what we have seen earlier in this chapter in Section 5.3, we know
that the solutions to the maximization problems in (5.37), are given by the
waterfilling policy (5.7)-(5.8). Let us denote these waterfilling solutions (5.7)-
(5.8) by p̆A = [ p̆A

0 , . . . , p̆A
K−1]

T and p̆B = [ p̆B
0 , . . . , p̆B

K−1]
T , respectively. Since

hA ∈ D, we deduce from (5.7) that

p̆A
0 ≥ · · · ≥ p̆A

K−1 ≥ 0, (5.38)

i.e. p̆A ∈ D+ = {x : x0 ≥ x1 ≥ · · · ≥ xK−1 ≥ 0}.

Let us now consider the function φ(x) = ∑
K−1
k=0 gk(xk), x ∈ D, with

gk(xk) = log2
(
1 + p̆A

k 2xk
)
. Given that

∂gk(xk)

∂xk
=

p̆A
k 2xk

1 + p̆A
k 2xk

, (5.39)

it can be easily verified that the inequalities (5.38) ensure that the derivatives
(5.39) will satisfy the conditions (4.10). Consequently, by Proposition 4.5, φ

is a Schur-convex function on D. Then, noting first that log2(hA) ≺ log2(hB)

implies log2

(
hA

σ2
nΓ

)
≺ log2

(
hB

σ2
nΓ

)
, we deduce from Proposition 4.3 that

φ

(
log2

(
hA

σ2
nΓ

))
≤ φ

(
log2

(
hB

σ2
nΓ

))
(5.40)

i.e.

K−1

∑
k=0

log2


1 + p̆A

k 2
log2(

hA
k

σ2
nΓ

)


 ≤

K−1

∑
k=0

log2


1 + p̆A

k 2
log2(

hB
k

σ2
nΓ

)


 (5.41)

K−1

∑
k=0

log2

(
1 + p̆A

k
hA

k
σ2

nΓ

)
≤

K−1

∑
k=0

log2

(
1 + p̆A

k
hB

k
σ2

nΓ

)
. (5.42)
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Finally, by the optimality property of the waterfilling solution p̆B, we have
that

K−1

∑
k=0

log2

(
1 + p̆A

k
hB

k
σ2

nΓ

)
≤

K−1

∑
k=0

log2

(
1 + p̆B

k
hB

k
σ2

nΓ

)
. (5.43)

Combining (5.42) and (5.43) concludes the proof. �

Interestingly, putting Propositions 4.9 and 5.4 together, we conclude that
the logarithm-majorization log2(hA) ≺ log2(hB) is a sufficient condition for
the bit rate associated with channel realization B to be greater or equal to that
of channel realization A, irrespectively of whether the waterfilling power al-
location is carried out or not. Let us now illustrate this feature with an ex-
ample. Two realizations (A and B) of the gains of 8 subcarriers are given in
Fig. 5.10. These realizations are such that set B logarithm-majorizes set A,
i.e. log2(hA) ≺ log2(hB). The corresponding achievable bit rate are then given
in Fig. 5.11, both without power loading (dashed lines) and with waterfilling
power loading (solid lines). First, we can see that realization B outperforms
realization A both without and with waterfilling power loading, illustrating
Propositions 4.9 and 5.4, respectively. Second, it can be seen that the gain of
doing waterfilling is bigger for channel realization B than for A. Finally, as the
transmit power PT increases, this gain decreases less rapidly for realization B.
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Figure 5.10 Two channel realizations verifying log2(γA) ≺ log2(γB). K = 8.
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Systems

6

The content of this chapter has been published in [30].

6.1 Introduction

Remember from Chapter 2 that, in cyclically prefixed block transmission,
the role of the cyclic prefix (CP) is twofold. Firstly, it acts as a guard period
preventing interference between successive blocks. Secondly, the CP converts
the linear convolution with the channel impulse response into a cyclic one
and (I)FFT operations then allow the equalization to be held in the frequency
domain, with low complexity. To play efficiently these two roles, the CP must
be of length greater or equal to the channel impulse response’s delay (equal to
L− 1 symbol periods).

Conventionally, and in all previous chapters of this thesis, the CP is dis-
carded at the receiver side. While it is sometimes used for channel estima-
tion [95,96] or synchronization [97], the part of the received signal correspond-
ing to the CP is conventionally not used for equalization purposes. Recently,
an OFDM receiver exploiting the CP for improved data detection was intro-
duced in [98]. However, the proposed receiver only uses the part of the CP
that does not suffer from interference from the previous block (in case the
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cyclic prefix length is strictly greater than the channel impulse response’s de-
lay).

The purpose of this chapter is to propose a new CPSC linear receiver ex-
ploiting the whole received signal (including the CP) for data detection. We
show that the proposed scheme improves the performance of the communi-
cation system, both in terms of BER and goodput. A ZF type of linear equal-
ization is assumed throughout this chapter, without loss of generality.

The chapter is organized as follows. We start in Section 6.2 by first briefly
reminding the conventional CPSC scheme and then by presenting the pro-
posed scheme. It is then simulated and compared to the conventional scheme
in Section 6.3.

6.2 Proposed CPSC scheme

Let us focus on the transmission of the ith symbol block. The global situa-
tion is depicted in Fig. 6.1. The transmitted and received block i− 1 and i + 1
are also included. We can already mention a difference in Fig. 6.1 with respect
to what was presented in Chapter 2: here the CP has length equal to L, instead
of L− 1 as before. The reason for that will be given later on. The ith block of
data symbols is denoted by di = [di

0, . . . , di
K−1]

T . After the addition of the CP,
we get the following (K + L)× 1 vector

d̃i
= [di

K−L , . . . , di
K−1 , di

0, . . . , di
K−1]

T (6.1)

= [di,T
CP , di,T

noCP , di,T
CP]T (6.2)

where we split the transmitted block di into two components, distinguishing
the L symbols belonging to the CP from the others:

di = [di,T
noCP , di,T

CP]T (6.3)

di
CP = [di

K−L , . . . , di
K−1]

T (6.4)

di
noCP = [di

0 , di
1 , . . . , di

K−L−1]
T . (6.5)

These notations are illustrated in Fig. 6.1.
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6.2.1 Conventional receiver

The conventional ZF linear receiver for CPSC was described in Subsec-
tion 2.4.2.2. It does not use the part of the received signal which corresponds
to the CP: the L× 1 received block yi

CP (see definition in Fig. 6.1) is discarded
and the following K samples are considered

yi = Gi
c,K di + ni (6.6)

= WH
K Ω

i
K WK di + ni (6.7)

which is nothing more than the signal (2.51) with extra sub/superscripts
which clearly identify the considered block index (i) and the matrices size (K).
The conventional ZF linear receiver was presented in part (a) of Fig. 2.6. The
corresponding conventional estimate is given by

d̂
i
conv = WH

K Ω
i,−1
K WK yi (6.8)

= di + WH
K Ω

i,−1
K WK ni (6.9)

= di + n̈i
conv (6.10)

with n̈i
conv , WH

K Ω
i,−1
K WK ni. As commented in Subsection 3.2.2, the noise

effecting this estimate is no longer white, but its covariance matrix is circu-
lant: all symbol estimates in (6.10) are affected by a noise with equal variance,
which is given by

(σ2
n)i

conv =
σ2

n
K

K−1

∑
k=0

1
hi

k,K
(6.11)

where, again, sub/superscripts have been added to the definition of the hk

in (3.2).

6.2.2 Proposed receiver

In the last subsection, we reminded that discarding the CP is the first thing
a conventional receiver does. In other words, only part of the received signal
is used for data estimation. In this subsection, we will present a way to use
the entire received signal to generate better estimates.

Let us consider again the situation described in Fig. 6.1, where three con-
secutive blocks (i− 1, i and i + 1) are represented. Having received all blocks
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until the i + 1 (included), we focus on the detection of the data block i. As a
consequence, the reader can already conclude that the proposed scheme in-
creases the detection delay by one block period (i.e. K + L symbol periods).
The vector notations are defined in Fig. 6.1. Having received block i + 1, we
carry out the following steps. The block diagram of the proposed receiver
is given in Fig. 6.2, where each individual step can be distinguished (see the
legend).

� Step 1:

Using a conventional receiver on received vector yi+1, we are able
to generate the following conventional estimate

d̂
i+1
conv = di+1 + WH

K Ω
(i+1),−1
K WK ni+1 (6.12)

= di+1 + n̈i+1
conv (6.13)

whose noise samples have variance

(σ2
n)i+1

conv =
σ2

n
K

K−1

∑
k=0

1
hi+1

k,K

. (6.14)

Note that d̂
i+1
conv can be split into d̂

i+1
CP,conv and d̂

i+1
noCP,conv, in a similar

fashion as in (6.3). Similarly, from step 1 of previous block period
(i.e. block period i), we already have conventional estimates for di

CP

and di
noCP at our disposal:

d̂
i
CP,conv = di

CP + n̈i
CP,conv (6.15)

d̂
i
noCP,conv = di

noCP + n̈i
noCP,conv (6.16)

with

(σ2
n)i

CP,conv = (σ2
n)i

noCP,conv =
σ2

n
K

K−1

∑
k=0

1
hi

k,K
. (6.17)

� Step 2:

On the one hand, from the previous block period, we have deci-
sions on di−1 at our disposal. Consequently, the contribution of di−1

CP
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Figure 6.2 Block diagram of the proposed receiver: block period i + 1, detection of data block i.
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can be subtracted from received vector yi
CP, leading to ỹi

CP:

ỹi
CP =




gi
0 0 · · · 0

gi
1 gi

0 0 · · · 0
...

. . . 0

gi
L−1 · · · gi

1 gi
0




di
CP + ni

CP . (6.18)

On the other hand, based on the estimate d̂
i+1
CP,conv from step 1 in (6.13),

temporary decisions can be made on the transmitted symbols di+1
CP . We

are thus able to subtract the contribution of di+1
CP from yi+1

CP , leading to
ỹi+1

CP :

ỹi+1
CP =




0 gi
L−1 · · · gi

2 gi
1

0 0 gi
L−1 · · · gi

2
...

. . .
...

gi
L−1

0 · · · 0 0




di
CP + ni+1

CP . (6.19)

Note that the errors in all decision makings were neglected. Adding
(6.18) and (6.19), we get

ỹCP = ỹi
CP + ỹi+1

CP (6.20)

= Gi
c,Ldi

CP + ni
CP + ni+1

CP . (6.21)

We see that we end up with a very simple signal model which in-
volves an L× L circulant matrix Gi

c,L. Note that it is precisely why the
proposed scheme requires a CP of length at least equal to L. In fact,
a circulant matrix generated from a channel impulse response with L
taps is at least of size L× L. Using again the property (2.25) of circulant
matrices, we rewrite

ỹCP = WH
L Ω

i
LWLdi

CP + ni+1
CP + ni

CP . (6.22)

Finally, (6.22) can easily be ZF equalized using FFT and IFFT opera-
tions. However, this time, (I)FFT operations of size L have to be used.
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We get the following new estimate

d̂
i
CP,new = di

CP + WH
L Ω

i,−1
L WL

(
ni+1

CP + ni
CP

)
(6.23)

= di
CP + n̈i

CP,new (6.24)

and the noise variance is given by

(σ2
n)i

CP,new =
2 σ2

n
L

L−1

∑
l=0

1
hi

l,L
. (6.25)

� Step 3:

At this time, two estimates for di
CP, (6.15) and (6.24), have been gen-

erated and have to be recombined. These two estimates are affected
by noise having different variances, respectively (6.17) and (6.25). We
can recombine these two estimates using maximum ratio combining
(MRC):

d̂
i
CP,MRC =

(σ2
n)i

CP,convd̂
i
CP,new + (σ2

n)i
CP,newd̂

i
CP,conv

(σ2
n)i

CP,conv + (σ2
n)i

CP,new

= di
CP + n̈i

CP,MRC . (6.26)

The variance associated with this final CP estimate is always smaller
than the variance (6.11) associated with the conventional scheme

(σ2
n)i

CP,MRC =
(σ2

n)i
CP,conv (σ2

n)i
CP,new

(σ2
n)i

CP,conv + (σ2
n)i

CP,new

(6.27)

≤ (σ2
n)i

CP,conv = (σ2
n)i

conv . (6.28)

Using (6.16) and (6.26), the final estimate for di is given by

d̂
i
= [d̂

i,T
noCP,conv , d̂

i,T
CP,MRC]T . (6.29)

We see that the proposed scheme generates better estimates with reason-
able additional complexity: it increases the complexity of the conventional
scheme by one FFT, one IFFT (both of size L) and about L2 multiplications.
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6.2.3 Power loading

As described in last subsection, the proposed scheme is able to generate
better estimates (in terms of signal to noise ratio), but only for the symbols
belonging to the CP (i.e. the L last symbols of the block di). However, using
power loading, this signal to noise ratio gain can easily be distributed among
all K symbols of the block. In fact, less transmit power can be allocated to
CP symbols and more power to the others: concretely instead of transmitting
(6.2), we transmit

d̃i
= [
√

pCP di,T
CP ,
√

pnoCP di,T
noCP ,

√
pCP di,T

CP]T (6.30)

with pnoCP ≥ pCP. Assuming identical constellation size, in order to have
equal BER on all K symbols we must impose

pnoCP

(σ2
n)i

conv
=

pCP

(σ2
n)i

CP,MRC

(6.31)

under the transmit power constraint

2L pCP + (K− L) pnoCP = K + L . (6.32)

Form (6.31) and (6.32), we deduce

pnoCP =
K + L

2L
(σ2

n)i
CP,MRC

(σ2
n)i

conv
+ (K− L)

(6.33)

pCP =
K + L

2L + (K− L)
(σ2

n)i
conv

(σ2
n)i

CP,MRC

. (6.34)

Note that this solution for the power loading supposes that the quantities
(6.11) and (6.27) are known at the transmitter. A limited feedback from the
receiver to the transmitter is thus required.

6.3 Performance evaluation

In this section, the performance of the proposed scheme (power loading
included) is evaluated and compared to the conventional CPSC scheme. In
particular, the BER and goodput will be successively used as comparison cri-
teria. All curves that will be presented result from an average over several
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Figure 6.3 BER comparison between the proposed and conventional schemes, for
K = 32, and L = 6.

channel realizations. BPSK modulation is assumed, unless otherwise stated.
The transmit power being normalized, the average SNR is defined, as before,
as γ = 1/σ2

n . While the errors in all decisions making were neglected in the
derivations of last section, possible error propagations are taken into account
in the simulations.

6.3.1 Bit error rate

As described in section 6.2, the proposed scheme generates estimates that
are affected by noise with lower variance, in comparison with the conven-
tional scheme. In other words, the proposed scheme always achieves a lower
BER than the conventional scheme, theoretically at least (i.e. under the as-
sumption of no error propagation).

Fig. 6.3 shows the BER for the following parameters: K = 32, L = 6. We
see that the proposed scheme outperforms the conventional scheme by almost



6.3 Performance evaluation 137

0 2 4 6 8 10 12 14 16 18
10−3

10−2

10−1

100

SNR  [dB]

B
E

R

 

 
Conventional CPSC scheme
Proposed CPSC scheme

Figure 6.4 BER comparison between the proposed and conventional schemes, for
K = 32, and L = 16.

1 dB at sufficiently high SNR. Note however that the difference between the
two schemes is smaller at low SNR. This comes from the fact that, at low SNR,
the proposed scheme suffers more from error propagation.

Fig. 6.4 gives the same BER curves but for L = 16. Like expected, we see
that the BER improvement is greater than for L = 6. In fact, the proposed
scheme only generates better estimates for the symbols belonging to the CP.
As a consequence, the greater the CP length with respect to K, the greater the
performance enhancement of the proposed scheme will be (in terms of BER).
Not to mislead the reader, let us mention that the situation of Fig. 6.4 is not
representative of practical systems: a CP length equal to half of the block size
(L = K/2) is not acceptable in terms of efficiency and will most probably never
be encountered in practice. In other words, Fig. 6.4 should be interpreted as
an illustration of the theoretical results from Section 6.2, nothing more.
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Figure 6.5 Goodput comparison between the proposed and conventional schemes,
for K = 32 and different values of L.

6.3.2 Goodput

In last subsection, we showed the BER improvement achieved by the pro-
posed scheme. However, the proposed scheme uses a CP length equal to L,
instead of L − 1 for the conventional scheme. The proposed scheme is thus
slightly less efficient than the conventional scheme, in terms of data rate. In
this subsection, in order to see if the BER improvement compensates for the
loss in data rate efficiency, we compare the two schemes in terms of goodput,
i.e. error-free rate as defined in Chapter 5. A frame-oriented transmission with
convolutional coding and hard-decision Viterbi decoding is again considered.
The convolutional code used in the simulations has rate 1/2, and generator
polynomial [5,7] in octal notation. A frame size of N f = 128 bits is consid-
ered. The goodput is again expressed as the average number of bits received
correctly (i.e. belonging to an error-free frame) per symbol period.

Fig. 6.5 compares the two schemes for K = 32 and different values of L.
We see that, even though the proposed scheme uses a longer CP, it always
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Figure 6.6 Goodput comparison between the proposed and conventional schemes
with BPSK and QPSK constellations, for K = 32, and L = 6.

outperforms the conventional scheme except at high SNR. In fact, at high SNR,
the frame success rate is close to one for both schemes, and the loss in data rate
efficiency of the proposed scheme (because of the larger CP) directly results in
a goodput loss. We also see that the SNR value above which the proposed
scheme is outperformed, depends on L: the greater L, the greater this SNR
value will be. This is due to the fact that the BER improvement is greater for
higher values of L, as shown in the previous subsection.

Having the proposed CPSC scheme outperformed by the conventional one
at high SNR in Fig. 6.5 is not a big issue. In fact, as it was shown in Chapter 5,
the BPSK constellation would not be used in practice at such high SNR. To
illustrate this comment, let us focus on the case L = 6, and consider both the
BPSK and QPSK constellations. The result is given in Fig. 6.6, and indeed
confirms the following: for the range of SNRs where the conventional CPSC
outperforms the proposed scheme for BPSK, the QPSK constellation should
be employed since it provides a great increase in goodput.
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Figure 6.7 Goodput comparison between the proposed and conventional schemes,
for K = 64, L = 6, and CP length = 16.

In practical systems, the CP length is often fixed and chosen to be strictly
greater than the channel impulse response’s delay. This situation is consid-
ered in Fig. 6.7, where the CP length is equal to 16 for both schemes. The
parameters are K = 64, L = 6. As expected, thanks to its BER improvement,
the proposed scheme then outperforms the conventional scheme at all SNRs.

6.4 Conclusions

We have presented a new CPSC receiver. The originality lies in the use
of the CP for equalization purposes. The proposed scheme requires two FFT
sizes and reasonable additional complexity. It always achieves lower BER than
the conventional scheme, but requires a slightly longer CP and thus implies an
increased loss in data rate efficiency. However, goodput simulations showed
that the BER improvement compensates for this loss in efficiency, for the SNRs
values consistent with the constellation size considered. Moreover, in practi-
cal systems where the CP length is strictly greater than the channel impulse
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response’s delay, the proposed scheme improves the goodput of the link at all
SNRs.

We believe that there is two optimistic (but still honest!) ways of looking
at the result presented in this chapter:

� Mathematical elegance. Quite surprisingly, the CP can be exploited for
equalization in a rather elegant way. In fact, an additional frequency
domain equalization can be used, but this time with (I)FFT operations
of size equal to the CP length.

� Practical applicability. Since the proposed scheme implies extra com-
plexity at the receiver side, it is more suited to the uplink where the
base station might be able to afford extra complexity. This is not con-
straining since CPSC in itself is more adapted to the uplink anyway.
Next, the reader might be concerned about the performance enhance-
ment (say in terms of BER) being too small. Then the reader should
realize that a performance enhancement of even a fraction of a dB can
still be very useful, e.g. in the context of increasing the mobile’s battery
life.
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Conclusions 7
Digital wireless communications have considerably changed not only the

way people communicate, but also the way research is conducted in the field
of telecommunications. In fact, the nature of the wireless medium has created
a number of new challenging and fascinating research topics. In particular,
a prerequisite for achieving higher and higher transmission rates in wireless
systems is to develop strategies for efficiently dealing with frequency selec-
tive channels. A good candidate is the so-called cyclic prefixed block trans-
mission, and in particular its two most popular variants which are the cyclic
prefixed single-carrier (CPSC) and orthogonal frequency division multiplex-
ing (OFDM) modulations.

In this context, this thesis aimed at analyzing and optimizing the use of
cyclic prefixed block transmission for wireless communications. More specif-
ically, the objective of this thesis was threefold. First, it contributed to the
current state-of-the-art on the performance comparison between CPSC and
OFDM, focusing on the derivation of analytical results when possible. Sec-
ond, it aimed at using a system-based or cross-layer criterion for allocating
resource, especially in an OFDM system. Third, it discussed the possibility of
improving the performance of a CPSC system by exploiting the cyclic prefix
(CP) for equalization purposes.

The main contributions of this thesis are summarized hereunder. Each of
them actually corresponds to a chapter of this dissertation.
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Contributions

A first contribution is the analysis of the extraction of the multipath di-
versity by a CPSC transmission. First, the result in [67] was moderated: if it
is true that the asymptotical (i.e. at infinite SNR) diversity order achieved by
ML-CPSC is equal to one, we proved that the block size K has an influence
on the performance at moderate SNR. In particular, for reasonably large val-
ues of K, we saw that the multipath diversity can be extracted by ML-CPSC
for the range of BER values typically used in practice. Second, the influence
of suboptimal linear receivers on the diversity extraction was investigated. It
was proved that the use of a ZF linear receiver in a CPSC system prevents the
extraction of any multipath diversity, just as the OFDM modulation. How-
ever, the MMSE linear receiver achieves a much better trade-off between per-
formance and complexity: the multipath diversity can also be extracted by
MMSE-CPSC for the range of BER values typically used in practice and for
sufficiently large values of K.

Publication related to this contribution: [23]

A second contribution is the achievable bit rate comparison between
OFDM and CPSC, assuming perfect channel state information at the trans-
mitter side (CSIT) and allowing bit loading only. This contribution is the ex-
tension of [24], first, to any SNR value and, second, to the MIMO case:

� We analytically proved that, in terms of achievable bit rate and at all
SNR, the best performing scheme is OFDM, followed by DFE-CPSC,
then MMSE-CPSC, and finally ZF-CPSC. This result was demon-
strated thanks to the majorization theory. Note that this specific result
was not published yet.

� Focusing on the high SNR region and adding a spatial dimension to
the problem, we analytically proved that MIMO DFE-CPSC outper-
forms MIMO MMSE-OFDM in terms of achievable bit rate. This re-
sult is interesting but not surprising: the DFE receiver does a better job
than the MMSE receiver at mitigating the spatial interference. How-
ever, if spatial precoding is added on a tone basis, leading to a DMMT
scheme, both the temporal and spatial interferences are removed. But,



145

surprisingly again, we have demonstrated that MIMO DFE-CPSC and
DMMT perform identically at high SNR.

Publication related to this contribution: [25]

A third contribution is the use of a cross-layer criterion, called goodput,
for allocating bits and power in a convolutionally coded adaptive OFDM sys-
tem with hard Viterbi decoding, and ARQ retransmission protocol. The goop-
dut is defined as the number of information bits delivered without error to
the user by unit of time. This criterion has been chosen because it reaches a
trade-off between the bit rate and BER criteria, and because it really expresses
what a user is specifically looking for in some applications. A mathemati-
cal formulation for the goodput was presented, and different strategies were
proposed for solving the discrete problem of allocating the bits and power
in order to maximize the goodput. The most valuable result is probably the
following: rounding the waterfilling solution with adequate SNR gap value
(or equivalently target BER) is near-optimal in terms of goodput while hav-
ing low complexity. Interestingly, we analytically showed how this SNR gap
value depends on the convolutional code used, the frame length, the type of
ARQ protocol used, the available transmit power, and the harmonic and geo-
metric mean of the subcarrier gains. With this resource allocation strategy, the
OFDM modulation was shown to significantly outperforms CPSC in terms of
goodput. In fact, since the SNR is equal for all symbols of the block, much less
degrees of freedom are available for bit and power loading in a CPSC system,
with respect to OFDM.

Publications related to this contribution: [27–29]

A fourth contribution is the exploitation of the CP for equalization pur-
poses in a CPSC system. A new CPSC receiver was proposed, which requires
two different FFT sizes and reasonable additional complexity. The proposed
receiver was shown to achieve lower BER than the conventional scheme, but
to require a slightly longer CP which implies an increased loss in data rate
efficiency. However, goodput simulations showed that the BER improvement
compensates for this loss in efficiency, for SNRs values consistent with the
constellation size considered. Moreover, in practical systems where the CP
length is strictly greater than the channel impulse response’s delay, the pro-
posed scheme improves the goodput of the link at all SNRs. Finally, since
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CPSC in itself is more adapted to the uplink, the extra complexity needed by
the proposed scheme might not be such an issue, as the base station might be
able to afford it.

Publication related to this contribution: [30]

Discussion and future work

Let us end this dissertation by taking an objective look at the different con-
tributions and discussing them. Additionally, when relevant, potential open
issues are identified.

About the performance comparison between CPSC and OFDM, the results
derived in this thesis support the following recommendations:

� In the absence of CSIT, one could opt for a CPSC transmission. In fact,
as shown in Chapter 3, CPSC is able to outperform OFDM both in
terms of instantaneous and average BER. In particular, MMSE-CPSC
reaches the best trade-off between performance and complexity: it al-
lows the extraction of the multipath diversity under some realistic hy-
potheses, and with the same overall complexity as the OFDM modu-
lation.

� With CSIT, however, the OFDM modulation should be preferred, as it
offers much more degrees of freedom for adaptive resource allocation.
The considerations of Chapter 5 have shown the considerable goodput
increase achieved by OFDM, with respect to CPSC.

Interestingly, this performance-based comparison agrees with the system-
based comparison. From a system-based point of view, a CPSC transmission
suits very well the uplink, thanks to its low PAPR and to having most of its
processing complexity at the receiver side. From a performance point of view,
CPSC is justified when no CSIT is available, which is also more representative
of an uplink scenario. Consequently, as proposed in [11], a hybrid scheme
could very well be considered in practice: CPSC in the uplink, and OFDM
in the downlink. However, to the best of our knowledge, some open issues
remain:
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� With perfect CSIT, OFDM is best. Without CSIT, CPSC is best. A
more realistic hypothesis would be to consider partial CSIT (imper-
fect, quantized, or statistical). In such case, it would be useful to derive
conditions on how partial the CSIT can get before CPSC outperforms
OFDM.

� The same kind of comment holds if realistic non-idealities are included
in the comparison. However, as mentioned in the introduction, non-
idealities are difficult to analytically include in the performance ex-
pressions [14, 15]

� Another feature which is certainly worth taking into account in the
comparison, is the scheme’s applicability to a multi-user environment.
In this context also, the OFDM modulation potentially offers more de-
grees of freedom for optimization than CPSC [8,19,20]. But, again, the
level of CSIT will play a role, which would be interesting to investi-
gate.

� Finally, in our opinion, the result in [99] has been under-exploited
so far. The authors proposed a "generalized cyclic prefixed" trans-
mission, which allows a parametrized transition between OFDM and
CPSC. This elegant framework could allow to choose, depending on
the transmit conditions (level of CSIT, non-idealities,...), within a set
of hybrid schemes that lies in between OFDM and CPSC (including
these).

About the use of the goodput criterion for resource allocation in an OFDM
system, the proof of the near-optimality of the waterfilling solution (with ade-
quate SNR gap value, which depends on the transmission parameters) consti-
tutes an interesting results. However, demonstrating that using a well-known
technique is more than fine from a goodput point of view, is probably not as
promising for future work as we would have hoped. But still:

� This work has considered a system with hard-decision Viterbi decod-
ing, which is known to be suboptimal. An extension of this work to a
system with soft Viterbi decoding (i.e. based on Euclidean distances)
is under investigation [94].
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� This work has assumed perfect CSIT. Unfortunately, its extension to a
system with partial CSIT does not seem straightforward.

� Finally, and probably most importantly, the introduction of the coding
rate selection into the goodput maximization problem could be con-
sidered. The first step towards this goal would be to find an accurate
and easy way to express how the frame success rate varies with the
coding rate.

Finally, about the use of the CP for equalization purposes in a CPSC sys-
tem, the proposed scheme trades some additional receive complexity for a
performance enhancement of a fraction of a dB, which might be convenient in
a practical uplink scenario.
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