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RESUMO

A quinta geracdo (5G) esta em sua versdo comercial, e 0s pesquisadores comecaram a olhar
para as tecnologias potenciais a serem empregadas na proxima geracao. Neste contexto, a
superficie refletora inteligente (IRS) é uma tecnologia promissora para a sexta geracao (6G)
de sistemas sem fio, introduzindo o conceito de ambiente de radio inteligente. Os ganhos
prometidos das comunicagdes assistidas por IRS dependem da precisdo das informacdes
de estado do canal. Usando um framework tensorial, particularmente a decomposi¢do
tensorial, propomos diferentes solug6es para resolver o problema de estimacéo de canal
para diferentes cenarios. Primeiramente, abordamos o design do receptor para um sistema
de comunicagdo MIMO (maultiplas entradas, multiplas saidas) assistido por IRS através
de uma abordagem de modelagem tensorial para resolver o problema de estimacgao de
canal usando métodos supervisionados (assistidos por piloto). Considerando um padrao
estruturado no dominio do tempo de pilotos e deslocamentos de fase do IRS, apresentamos
dois métodos de estimacdo de canal que dependem de uma modelagem tensorial de fatores
paralelos (PARAFAC) dos sinais recebidos. O primeiro método tem uma solucdo em
forma fechada baseada em uma fatorizacdo de Khatri-Rao do canal MIMO em cascata,
resolvendo problemas de aproximacao de matrizes de posto 1, enquanto o segundo é um
esquema iterativo de estimacdo alternada. A caracteristica comum de ambos os métodos é
0 desacoplamento das estimativas das matrizes do canal MIMO envolvidas (estacédo base
(BS)-IRS e IRS-terminal do usuario (UT)), o que proporciona melhorias de desempenho
em comparac¢do com métodos concorrentes baseados em estimativas de quadrados minimos
(LS) ndo estruturadas do canal em cascata. Neste cenario, os resultados numéricos mostram
a eficicia dos receptores propostos, destacam os compromissos envolvidos e corroboram
seu desempenho superior em comparacao com solucbes concorrentes baseadas em LS. Em
segundo lugar, desenvolvemos algoritmos para estimar conjuntamente as matrizes de canal
envolvidas e os simbolos transmitidos de maneira semi-cega. 1sso é alcancado introduzindo
um esquema de codificacdo espago-temporal simples no transmissor, de modo que o
modelo de sinal recebido possa ser vantajosamente construido usando o modelo tensorial
PARATUCK. Como resultado, um receptor semi-cego é derivado explorando a estrutura
algébrica do modelo tensorial PARATUCK. Neste contexto, formulamos inicialmente um
receptor semi-cego baseado em um método de minimos quadrados alternados trilineares
que estima iterativamente os dois canais de comunicacao envolvidos — IRS-BS e UT-IRS -
e a matriz de simbolos transmitidos. Em segundo lugar, formulamos um receptor semi-
cego de duas etapas aprimorado que explora eficientemente o link direto para refinar
iterativamente as estimativas de canal e simbolo. Além disso, discutimos o impacto de
uma absorcao imperfeita do IRS (reflexao residual) no desempenho do receptor proposto.
Finalmente, formulamos um receptor semi-cego baseado em tensor para um sistema MIMO
multiusuario de uplink assistido por IRS, onde a abordagem proposta depende de um
modelo tensorial PARATUCK generalizado dos sinais refletidos pelo IRS, baseado em um



receptor semi-cego de duas etapas em forma fechada usando fatorizacfes de Khatri-Rao e

Kronecker.
Palavras-chave: Superficie refletora inteligente, decomposicéo tensorial, estimacédo de

canal, sistema MIMO.



ABSTRACT

The fifth-generation (5G) is in its business version, and researchers have started to look at
the potential technologies to be employed in the next generation. In this context, intelligent
reflecting surface (IRS) is a promising technology for the sixth-generation (6G) of wireless
systems by introducing the smart radio environment concept. The promised gains of
IRS-assisted communications depend on the accuracy of the channel state information.
Using a tensor framework, particularly tensor decomposition, we propose di Lerknt solutions
to solve the channel estimation problem for dilerent scenarios. We firstly address the
receiver design for an IRS-assisted multiple-input multiple-output (MIMO) communication
system via a tensor modeling approach to solve the channel estimation problem using
supervised (pilot-assisted) methods. Considering a structured time-domain pattern of
pilots and IRS phase shifts, we present two channel estimation methods that rely on a
parallel factors (PARAFAC) tensor modeling of the received signals. The first method has a
closed-form solution based on a Khatri-Rao factorization of the cascaded MIMO channel by
solving rank-1 matrix approximation problems, while the second is an iterative alternating
estimation scheme. The common feature of both methods is the decoupling of the estimates
of the involved MIMO channel matrices (base station (BS)-IRS and IRS-user terminal
(UT)), which provides performance enhancements in comparison to competing methods
that are based on unstructured least squares (LS) estimates of the cascaded channel.
In this scenario, the numerical results show the e [edtiveness of the proposed receivers,
highlight the involved trade-o [s,Jand corroborate their superior performance compared
to competing LS-based solutions. Second, we develop algorithms to jointly estimate the
involved channel matrices and the transmitted symbols in a semi-blind fashion. This is
achieved by introducing a simple space-time coding scheme at the transmitter, such that
the received signal model can be advantageously built using the PARATUCK tensor model.
As a result, a semi-blind receiver is derived by exploiting the algebraic structure of the
PARATUCK tensor model. In this context, we first formulate a semi-blind receiver based
on a trilinear alternating least squares method that iteratively estimates the two involved
communication channels — IRS-BS and UT-IRS - and the transmitted symbol matrix.
Second, we formulate an enhanced two-stage semi-blind receiver that e [ciehtly exploits
the direct link to refine the channel and symbol estimates iteratively. In addition, we
discuss the impact of an imperfect IRS absorption (residual reflection) on the performance
of the proposed receiver. Finally, we formulate a tensor-based semi-blind receiver for an
IRS-assisted uplink multi-user MIMO system where the proposed approach relies on a
generalized PARATUCK tensor model of the signals reflected by the IRS, based on a
two-stage closed-form semi-blind receiver using Khatri-Rao and Kronecker factorizations.

Keywords: Intelligent reflecting surface, tensor decomposition, channel estimation, MIMO
system.
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1 INTRODUCTION

1.1 Motivation

Wireless communications have become a crucial part of technological advance-
ments and developments. It has enabled the creation of new services, devices, and ap-
plications in various elds like education, industry, communication, and entertainment.
This constant evolution of wireless communication has led to new demands, which require
improving wireless systems and all associated networks. According to [1], mobile wireless
tra c has grown exponentially. The global mobile subscriptions are expected to reach
around 171 billion by 2030 [2].

According to the study conducted by [1], it is expected that the upcoming
6G technology will address the limitations and challenges of the existing fth-generation
(5G) technology, which is currently in its business phase. Several companies have already
unveiled their plans for the next technological generation, e.g., [3, 4, 5], with a common
expectation to launch the 6G technology around 2030. According to [1], 6G involves some
key performance indicators that are not covered in the 5G standardization, as shown in
Figure 1.1. According to recent research, the deployment of 6G will potentially involve

Figure 1.1 List of expected KPIs for 6G technology

Source: Wang, Cheng-Xiang, et al. [1]

new technologies. The studies in [6] and [1] have listed several key technologies, including
Terahertz communication (THz) and IRS, among others. Although not mentioned in their
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lists, the work [7] suggested the uid antenna concept as another potential technology.
It is worth noting that these technologies are not mutually exclusive, as they can work
together. For example, the use of IRS has been investigated in THz communications (see
[8] and references therein).

Among the di erent solutions, the interest of this thesis is on the IRS since
it has been considered a disruptive technology due to its potential capability to change
the current wireless communication system paradigm. In Figure 1.2, extracted from [9],
the authors discuss a range of scenarios where the IRS can be employed. When a new

Figure 1.2 lllustration of candidate scenarios for IRS.

Source: B. Zheng, et al. [9]

technology is proposed, several challenges are expected to arise. A signi cant challenge
for IRS communications is channel estimation. Two main reasons can be highlighted in
this regard. Firstly, a passive IRS cannot process pilot symbols, which means that channel
estimation must be performed in the end nodes of the network (BS and/or UT), potentially
overloading the chosen node. Secondly, large panel sizes usually imply a large number of
channel coe cients to be estimated. This may require many pilot resources, a ecting the
overall system spectral e ciency. The accuracy of the channel state information (CSI)
acquisition is crucial because the gains provided by the IRS depend on a su ciently
accurate knowledge of the channel.

This thesis addresses the channel estimation problem in IRS-assisted wireless
communication by resorting to tensor-based approaches. We propose signal models and
algorithms that exploit the multilinear tensor structure of the involved channels and the
received signals to solve the cascaded channel estimation as well as the joint channel and
symbol estimation problem. Tensor decompositions are powerful mathematical tools to
model and estimate the multidimensional structure of signals and data. As evidenced by
the extensive signal processing literature, tensor modeling o ers a concise and elegant
way to solve a series of problems such as blind/semi-blind channel estimation and data
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detection in wireless CDMA and/or OFDM communications [10, 11, 12, 13, 14, 15, 16],
parameter estimation in array processing [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31], design of space-time-frequency coding/decoding schemes with blind decoding
capability [32, 33, 34, 35, 36, 37, 38, 39], and, more recently, to design of multilinear
beamforming lIters [40, 41], and multilinear modulation schemes [42, 43, 44], to mention
a few.

A major part of the aforementioned works utilizes the tensor decompositions
at the receiver side for channel, symbol, or joint channel-symbol estimation usually under
more relaxed conditions than matrix-based methods, such as in [10, 11, 12, 13, 14, 15,
16], or to solve the parameter estimation problems in array processing, such as in [17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. Another class of methods employs
tensor decompositions as a multidimensional coding tool at the transmitter to design
space-time or space-time-frequency schemes with built-in semi-blind decoding [32, 33,
34, 35, 36, 37, 38, 39], or yet, to construct multilinear modulation schemes [42, 43, 44].
Tensors can also be used to directly model the wireless channel and to derive parametric
channel modeling/estimation algorithms [45, 46, 47, 48, 49]. Figure 1.3 provides a high-level
illustration of the use of tensor modeling in the wireless communication chain.

Figure 1.3 Tensor model in the wireless communication MIMO system chain

Source: Created by author based on de Almeida at al. [33]

More recently, tensor modeling proved to be a powerful tool in IRS-assisted
MIMO communication system to solve the channel estimation problem. Earlier works
in channel estimation for IRS-assisted communications advocated the estimation of the
cascaded channel only. However, as it will be shown later, it is possible to decouple
the estimates of the involved channels. To this end, we exploit the multilinear algebraic
structure of the received signal using a tensor decomposition approach to the channel
estimation as well as the joint channel and symbol estimation. The bene ts of estimating
the individual channels include performance gains, less restrictive system parameter choices,
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Figure 1.4 Summary of contributions from the perspective of tensor modeling and
algorithms.

Source: Created by the author.

semi-blind processing, and the ability to deal with channels varying at di erent time scales.
The development of tensor methods for IRS-MIMO wireless communications is the focus
of this thesis. Figure 1.4 summarizes our main scienti ¢ contributions. We propose various
solutions to tackle the channel estimation problem in wireless communication systems
assisted by Intelligent Re ecting Surfaces (IRS). In the pilot-assisted case, we show that
the receiver signal ts as parallel factors (PARAFAC) model, and three algorithms can
derived to solve the cascaded channel estimation problem. Assuming the knowledge of the
IRS phase shift matrix, (iterative) BALS and (closed-form) KRF algorithms are proposed
to obtain decoupled estimates of the involved MIMO channels. Considering that the IRS
elements may su er from unknown impairments, the phase shift matrix is not perfectly
known at the receiver and has to be estimated. To tackle this challenging scenario, we
present a TALS algorithm that jointly estimates the involved channels and the IRS phase
shift matrix during training. In this thesis, we also focus on a semi-blind scenario where
training sequences are avoided. To solve the channel estimation problem in this case, we
formulate a semi-blind receiver that can simultaneously estimate the two involved channel
matrices while decoding the transmitted data without requiring a prior pilot transmission
phase. Considering the uplink single-user case, we show that the received signal follows a
third-order PARATUCK model. Two algorithms to solve the joint channel and symbol
estimation are formulated. Firstly, when the direct link between the BS and the UT
is unavailable, we propose a TALS algorithm to deliver channel and symbol estimates.
Secondly, assuming that the direct link is present, we formulate the so-called enhanced
TALS (ETALS) to improve the performance by using the direct link as a warm start
to estimate the channels and symbols in the IRS-assisted link while re ning the direct
channel estimate.

Finally, we considered a more challenging uplink multiuser scenario, where the
channels linking the UTs and the IRS are subject to a block-time variation. Resorting to a
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generalized fourth-order PARATUCK-(2,4) tensor model, we propose e cient closed-form
algorithms to estimate the common IRS-BS channel and the multiple UTs-IRS channels
by exploiting the Kronecker and the Khatri-rao factorization schemes. The proposed
tensor-based algorithms present interesting tradeo s and o er degrees of freedom. Indeed,
exploiting the unigueness properties of tensor decompositions, we also derive conditions
linking the number of transmitter and receiver antennas, the number of time slots, and
the number of time-domain IRS phase shift patterns to ensure a unique channel and
symbol recovery up to trivial scaling ambiguities. We also discuss the tradeo s between the
proposed closed-form and the iterative solutions in terms of performance and identi ability.
Moreover, we show that decoupling the estimates of the individual channels from the
cascaded channel using the proposed tensor approaches provides performance gains over
traditional least squares (LS) estimation methods, which are limited to estimating the
cascaded channel.

1.2 Organization

This thesis comprises seven chapters, with an introduction and conclusion. The
generic organization of the main content of the thesis is shown in Figure 1.5. Additionally,
the appendices include further discussion about the main contributions presented in
Chapters 4 and 5. A summary of each chapter is provided below.

Figure 1.5 General Organization of the thesis

Source: Created by the author.

Chapter 2 : The IRS is presented in this chapter. In particular, we de ne what is IRS,
where we show how this technology works. The advantages and some disadvantages are
presented, and where the studies of such technology are heading. In this sense, we light
some IRS architects, for example, fully passive IRS and hybrid IRS, besides some trends
for the IRS. To nalize this chapter, we present how the tensors are related to the IRS.

Chapter 3 : Presents preliminaries about multi-linear algebra aiming to provide the
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basic necessary knowledge to a concise understanding of the scienti ¢ contribution of this
thesis. We focus on the PARAFAC and generalized PARATUCK decomposition since it
is used in the following chapters. Further, the main de nition, operators, and concept
are present. This chapter provides a short literature survey on di erent applications of
tensor decompositions to wireless communication systems, including a discussion on the
state-of-the-art tensor-based approaches for IRS-assisted communications.

Chapter 4 : In this chapter, the pilot-assisted channel estimation problem for IRS-assisted
MIMO wireless communication is addressed using a PARAFAC modeling based approach.
We show how this tensor decomposition can be exploited to estimate the individual IRS-UT
and IRS-BS channels. We present an iterative and closed-form solution to accomplish
this task and discuss identi ability conditions and their implications in terms of system
parameter settings. Generalizations of the proposed solution to multi-user cases are also
discussed.

Chapter 5 : We present a semi-blind joint channel and data symbol estimation approach
that relies on a combination of PARAFAC and PARATUCK?2 tensor models. Di erently
from the previous chapter, pilot symbols are avoided and data symbols are directly decoded
during the channel estimation process. We show how the symbol estimates obtained at the
rst stage via the direct link can be used as a warm start to the second stage to enhance
joint channel and symbol estimation using the IRS-assisted link. Trilinear TALS based
algorithms are presented to solve the problem.

Chapter 6 : Considering an uplink multiuser MIMO scenario, we adopt a more general
modeling approach, where the IRS-UT channel is time-varying across multiple time blocks.
Exploiting a fourth-order PARATUCK-(2,4) tensor model for the received signals, we
formulate a closed-form semi-blind receiver for joint channel and symbol estimation. We
show that channel and symbol estimates can be obtained e ciently by combining Kronecker
factorization (KF) and Kronecker factorization problems.

Chapter 7 : This chapter presents the conclusions and discusses some perspectives for
future works.

1.3 Main publications

The main results presented in this document were published in the following
journal and conference papers:

1.3.1 Journal Papers

[J1] G. T. de Araujo , A. L. F. de Almeida, R. Boyer and G. Fodor, "Semi-Blind
Joint Channel and Symbol Estimation for IRS-Assisted MIMO Systems,"
IEEE Transactions on Signal Processingvol. 71, pp. 1184-1199, 2023.
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[J2] G. T. de Araljo , P. R. B. Gomes, A. L. F. de Almeida, G. Fodor and B.
Makki, "Semi-Blind Joint Channel and Symbol Estimation in IRS-Assisted
Multiuser MIMO Networks," IEEE Wireless Communications Letters vol.
11, no. 7, pp. 1553-1557, July 2022.

[J3] G. T. de Aradjo , A. L. F. de Almeida and R. Boyer, "Channel Estimation
for Intelligent Re ecting Surface Assisted MIMO Systems: A Tensor Modeling
Approach,” IEEE Journal of Selected Topics in Signal Processingol. 15,
no. 3, pp. 789-802, April 2021.

1.3.2 Conference papers

[C1] G. T. de Aratjo and A. L. F. de Almeida, "PARAFAC-Based Channel
Estimation for Intelligent Re ective Surface Assisted MIMO Systent,2020
IEEE 11th Sensor Array and Multichannel Signhal Processing Workshop
(SAM), Hangzhou, China, 2020, pp. 1-5

[C2] G. T.de Aratjo , L. C. de Paula Pessoa and A. L. F. de Almeida,Channel
Estimation for MIMO System Assisted by Intelligent Re ective Surfacg,
XXXVIII Brazilian Symposium on Telecommunication and Signal Processing
(SBrT), 2020.

[C3] G. T. de Aratjo and A. L. F. de Almeida, L. Pessoa, Joint Pilot and
Phase Shift Design for IRS-assisted MIMO CommunicatiodsXLI Brazilian
Symposium on Telecommunication and Signal Processing (SBrT), 2023.

In addition to the papers cited previously, which consist of the core contributions
of this thesis, the author has also participated in the following works:

1.4 Additional publications

1.4.1 Journal papers

[J4] P. R. B. Gomes,G. T. d. Aradjo , B. Sokal, A. L. F. d. Almeida, B. Makki
and G. Fodor, "Channel Estimation in RIS-Assisted MIMO Systems Operat-
ing Under Imperfections," IEEE Transactions on Vehicular Technologyvol.
72, no. 11, pp. 14200-14213, Nov. 2023.

1.4.2 Conference papers

[C4] P. R. B. Gomes,G. T. de Araljo , B. Sokal, A. L. F. de Almeida, B.
Makki and G. Fodor, "Tensor-Based Channel Estimation for RIS-Assisted
Communications with Non-Ideal Phase Shift Responses," 2022 Workshop on
Communication Networks and Power Systems (WCNPS), Fortaleza, Brazil,
2022.
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[C5] L. C. de Paula PessoaG. T. de Aratjo , P. R. B. Gomes and A. L.
F. de Almeida, "IRS-Assisted Communications Under Practical Channel
Estimation and Hardware Model," XXXIX Brazilian Symposium on Telecom-
munication and Signal Processing (SBrT), 2021.

1.4.3 Best Paper Awards

It is worth mentioning that papers [C2], [C3], and [C4] received the best paper
awards in the respective conferences.
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2 INTELLIGENT REFLECTING SURFACE: AN OVERVIEW

This chapter presents an overview of the IRS technology by focusing on its
de nitions and fundamental principles. We also cover architectural and implementation
aspects to some extent. We brie y highlight the main IRS architectures and address
hardware-related issues. Additionally, we explore some applications and scenarios that can
bene t from the use of IRS, and nally, we o er insights into the potential of IRS-assisted
communications.

2.1 Introduction

Wireless communications have reached its 5G fth generation. The propagation
environment is an uncontrollable factor in the current wireless communication paradigm.
The interaction of electromagnetic waves with elements between transmitters and receivers
cannot be managed. Consequently, the communication link can only be adapted at the
endpoints to enhance service quality [50, 51]. Recent research in the wireless communication
literature indicates that a new technology could potentially alter this existing paradigm.
This innovation envisions optimizing the environment between the transmitter and receiver
rather than solely adapting to it. We are referring to Intelligent Re ecting Surfaces, a
technology capable of enhancing the propagation environment of wireless communication
to make it more controllable, in contrast to its current random characteristics [50].

The paradigm shift mentioned earlier is illustrated in Figure 2.1. In this gure,
we observe a shadowing zone (left-side scenario) where the re ected signal fails to reach the
user, leaving them without service. However, the dead zone is eliminated by introducing
the IRS to assist communication between the BS and the users (right-side scenario). This
occurs because the IRS intentionally redirects the re ected signal falling onto it to a
desired region.

Figure 2.2 illustrates the di erence between traditional wireless communication
and the smart wireless environment in a simpli ed manner. As previously mentioned,
electromagnetic waves can interact with the objects in the transmission path, making
the propagation environment more favorable. This suggests that in IRS-assisted wireless
communication, both the end nodes and the channel can be optimized. This concept is
contrary to the current state-of-the-art wireless communication, where the e ect of the
environment on the signal is reduced by adopting or applying certain techniques at the
endpoints.
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Figure 2.1 Conventional wireless communication environmentersusIRS-assisted wire-
less communication environment.

Source: Created by the author.

Figure 2.2 Global point of view about the traditional wireless environment
versus a programmable wireless environment.

Source: Created by the author.

2.2 De nition

The IRS is a promising technology for beyond 5G or for the next generation
of communication 6G [52, 53]. However, what exactly is an IRS? Let us explore some
guestions related to the functionality of intelligent surfaces before de ning them. Intelligent
surfaces, also known as recon gurable intelligent surface (RIS), are essentially the same
thing, and these terms are often used synonymously. However, some authors highlight
di erent functionalities that can be enabled by using intelligent surfaces. According to
[50], who uses the term RIS, the functionality of RIS can be classi ed into two categories:
electromagnetic-based design and communication-based design. It is important to note
that IRS/RIS can be used for various purposes, from re ection to aiding the modulation
schemes. Figure 2.3 illustrates these functions.

In recent works, the term RIS has been used frequentlyHowever, [54] pointed
out that in most of these works, the RIS functions only as a recon gurables ecting

1 The RIS term has gained popularity in literature due to its ability to perform functions beyond
re ections. This broader vision of intelligent surfaces is supported by the recent state-of-the-art
technology, where di erent architectures (e.g. STAR-RIS) require di erent operation modes.
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surface, despite ongoing debates about its de nition and working mode. Based on this, the
IRS is de ned as a at structure composed of passive elements. Each element acts as an
independent re ector that can manipulate the amplitude and/or phase shift response of
incoming electromagnetic waves [9, 55]The IRS is an interesting technology for energy

e ciency, as it does not require radio frequency (RF) chains. With its phase manipulation
capability, the beamforming passive (phase shifts) and active (precoders and combines)
can be leveraged to optimize system performance [56].

Figure 2.3 Classi cation of the IRS functionality from two di erent perspectives, elec-
tromagnetic and communication.

Source: Created by the author.

2.3 Basic principle

To understand how this technology works, it is important to rst understand
what IRS is. Essentially, IRS refers to the use of tunable elements embedded in a structure
to manipulate the amplitude and/or phase of an incoming electromagnetic signal. This is
illustrated in Figure 2.4 for the case of a single input, single output (single-input single-
output (SISO)) scenario. The signal arrives at the IRS, where each element acts upon it
before the signal is re ected towards a receiver. The tunable elements used to manipulate
the characteristics of the electromagnetic wave could include PIN or varactor diodes, for
example.

Mathematically, the receiver signal at the Rx is given as

€
G= <6048\ (2.1)

<=1
where 6. represents the complex channel gain arat4®-< represents the complex re ection
gains corresponding to the nth IRS element. Her®. is the amplitude response, and < is
the IRS phase shift response. In cases where the amplitude coe cient is equalltcthis
means that all energy of the signal is re ected. However, this idealized scenario is widely
considered in the literature.

2

This de nition is in line with the basic idea of the IRS. However, over time, various IRS architectures
have been proposed, which we explore in the next section.
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Figure 2.4 Basic principle of IRS operation.

Source: Created by the author.

Considering the downlink case, we can rewrite Equation (2.1) in a matrix form
as follows. Note that the same statements apply to the uplink side, with the roles reversed.
This is illustrated in the main contributions, where we consider a downlink communication
in one part and an uplink side in the other part.

G=g'ShF, 1" (2.2)

whereg = »61 6, “““ 6% andh =» 1 5 “““ V4 are the Tx-IRS and IRS-Rx channels,
respectively, with .= U.4 8% and 6. = d.4 8. S =diag 014't 0p4'2 “** Q.4+ 2C* #
represent the phase shift matrix, which has a diagonal design constructed from the phase
shift vector s = »014'1 0,42 ““* q,4+%4 2 C* 1, that contains all phase shift contribution
from all IRS element. Depending on the case investigated,is the pilot or data symbol,
and 1 is the additive noise.

2.3.1 Tunable circuits

The principle behind the IRS is its ability to recon gure the incident wave by
adjusting the re ection phases, as explained in the de nition section. Tunable elements
such as PIN diodes, varactor diodes, liquid crystals, and graphene are embedded into the
structure of the IRS to achieve this recon gurability [50, 54, 55, 57, 58, 59, 60]. Choosing
the appropriate tunable element for the hardware modeling is important since the IRS
can operate at any frequency. However, it is worth noting that di erent tunable elements
have varying frequency e ciency levels.

In the microwave frequency band, electronic components such as PIN and
varactor diodes can be utilized as tunable circuits [61]. However, these electronic devices
are not practical in the THz or sub-THz frequency band. In such cases, liquid crystal and
graphene materials can enable IRS to operate in high-frequency ranges [50, 54, 58]. To
illustrate this point, let us consider the varactor-based model of IRS presented in [61].

phase shif= arg!.°® and amplitude=jQj” (2.3)
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where J 1o
< < < 0
= ” 2.4
D [EERCTR RN (2.4)
in which 1
8l! 1 8l! 2, 8|— 5 ' <
ERSACE 1< (2.5)
8l! 8l! ' <
1: 2> 8| < 5

denotes the equivalent circuit for the<th re ecting element, and / ¢ is the free space
impedance. Then, considering the same values for the capacitance and resistance parameters
as in [61], we reproduce some results as follows.

Figure 2.5 Amplitude and phase shift dependence.

Source: Created by the author.

In Figure 2.5, we can observe that the amplitude reaches its minimum value
when the phase shift is almost zero. For a frequency 84GHz, the phase shift range varies
approximately from >7to c. Moreover, it is noticeable that the amplitude decreases more
signi cantly as the resistance increases. Figure 2.6 demonstrates how the varactor model
operates in high frequencies when. = 1. Notably, the amplitude is nearly equal to1l,
indicating that almost all of the incident signal energy is re ected. However, the phase
shift graphic shows that the phase remains constant in high frequencies, while the range of
the phases in the lower frequency range is closestoc” ¢c “:as previously mentioned. These
results demonstrate that the varactor-based model of the IRS acts solely as a re ector
without any recon gurability at high frequencies. This observation is signi cant since the
IRS principle relies on adjusting the phases.
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Figure 2.6 Amplitude phase shift as a function of the capac-
itance and frequency e ect.

Source: Created by the author.

2.3.2 Optimal beamforming design

To fully leverage the potential of the IRS, it is crucial to optimize both the

IRS phase shift and the precoders, which are commonly referred to as passive and active
beamforming, respectively [55, 56, 62, 63, 64]. In the existing literature, many proposed
solutions have been proposed for optimizing passive and active beamforming design [61,
65, 66]. In this subsection, we rst present some solutions for optimizing the IRS phase
shifts in SISO and MIMO systems, where the aim is to determine the optimal phase shift
vector that maximizes a global performance metric such as the signal-to-noise ratio (SNR).
Then, we brie y discuss joint precoder and IRS optimization.
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Single user SISO system

The maximum instantaneous SNR gains can be obtained when the incident
and re ected signals are phase-aligned. This alignment requires canceling the channel
phases [55, 63]. According to [55], the SNR can be expressed as follows:

| .
J iﬁ:l <6<0<48\<12 AL

# = . (2.6)

Assuming all # elements are equal to 1, andl< and d< follow independent Rayleigh
distributions, the instantaneous SNR can be expressed as:

jI ﬁ:1U<4 8k (_4 8k<48\<j2 A
0, o
_J <:1U<d<4 <1 Qe k< J2 A
= .

@ =
2.7)

It is important to note that the best design for the IRS phase shift vector in this particular
case is given by:
\OP =g, k< forall <* (2.8)

Remark 1. Based on the assumption of a perfect condition, the authors in [55, 56] have
shown that the SNR gain is proportional tat 2. To prove this, the authors have used the
central limit theorem to demonstrate that the random variable ﬁzl U<d< 2 converges to a
Gaussian distribution, which is true if¢ 1 or # !'1 . They have also concluded that

the SNR follows a non-central chi-square random distribution.

Single user MIMO system

Consider a Multiple Input Multiple Output MIMO downlink scenario 3, where
the BS is equipped with" antennas, the UT is equipped with! antennas, and the IRS
panel comprisest elements. The received signal can be expressed as

y=GSHx ,b2cC 1~ (2.9)

whereG 2C' # H 2C* " andS is as in the SISO case. In this scenario, the optimization
process is more di cult since the objective function implies a non-convex optimization
problem [51, 67, 68]. For an IRS-assisted MIMO system, the achievable rate is de ned as
follows [68]:

© =log,det | #iH_Q FRA (2.10)
0

whereH = GSH is the end-to-end channel, i.e. BS-IRS-UT (plus the BS-UT channel, if
is consider that the direct BS-UT channel is available) an® is the transmit covariance

3 the same applies for the uplink by changing the roles of the transmitter and the receiver.
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matrix. Assuming the knowledge of the channel and the covariance matrix, the optimization
consists of solving the following problem:

1 — —
maxlog,det | , —HQ H i
s #0 (2.11)

St JS<J - 1 ” <= 111 TR Rl # ”

whereH and Q are known such thatQ 0 and triQ®° = % and %denotes the average
transmit power. In [51] and [69], a discussion of several optimization problems and solutions
for MISO and MIMO systems are provided.

Joint IRS phase shift and active beamformings

Future wireless communication networks will likely use a combination of passive
devices, such as IRSs, and active network nodes such as BS and UTs. Therefore, optimal
performance implies designing the active (BS and UT) and passive (IRS) beamformings
[70]. Several studies have addressed this problem, including [56, 62, 65, 71]. Among these,
we highlight the work [62] that optimizes the transmission precoder, phase shifts, and
receive lter. In their analysis, the authors consider the overhead required for channel
estimation and feedback of the optimum phase shifts to the IRS controller.

Remark 2. It is important to note that many studies assume that the phase shift can
assume any value betwedhand 2c. However, this assumption does not hold in practice
due to hardware constraints. Speci cally, assuming a more practical scenario with discrete
IRS phase shifts, the optimization process is a ected and the nal performance may deviate
from the optimum (continuous phase shift) one. In [9], the authors provide a discussion
of several works addressing beamforming optimization with a limited number of discrete
phase shifts.

2.4 IRS architectural designs

Until this point, we have discussed fully passive IRSs, for which only phase
shifts are optimized, i.e., no (active) signal processing is possible at the IRS. Such a
simpli ed setup implies some bottlenecks, including the channel estimation and the global
path loss attenuation. Solving the channel estimation problem for the fully passive IRS is
the main focus of this thesis.

In this section, for completeness, we present a brief overview of some IRS
architectures such as the active and hybrid ones. We also discuss recent advancements in
IRS architectures beyond the re ection and diagonal designs.
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2.4.1 Active IRS design

A passive IRS only has a re ector circuit in each element. Ideally, the amplitude
response in the circuit should be unitary, meaning that the re ection is total (i.e. no
absorption or imperfection losses). However, in some practical hardware models such as
in the IRS varactor-based model, the amplitude response of each element may have a
magnitude smaller than one. Due to challenges associated with a fully passive IRS, some
authors have studied active IRS setups. This new architecture not only re ects the signal
but also ampli es it. Some recent papers on this topic include [72, 73, 74, 75]. Figure

Figure 2.7 Active versus passive IRS

Source: Z. Zhang et al. [74]

2.7 illustrates the di erence between passive and active IRS [74]. In the active structure,

each IRS element consists of a phase shift circuit and an ampli er circuit. However, one

power ampli er per IRS element increases the power consumption. To address this issue,
the work [73] proposed a single ampli er circuit for each group of IRS elements to reduce

power consumption.

2.4.2 Hybrid IRS design

Although an active IRS mitigates the multiplicative path loss problem, it
introduces noise due to the integrated active power ampli er circuit on each IRS element
[76]. An alternative solution to manage this problem is to adopt a hybrid architecture that
includes both passive and active elements in the surface of IRS [76]. Di erent hybrid IRS
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designs have been proposed that use an ampli er circuit jointly with the IRS elements [76,
77, 78, 79], or integrate sensors and/or RF chains to sense/receive the incident signal at
the IRS [80, 81, 82, 83]. To summarize the di erent architectural designs, the diagram in
Figure 2.8 illustrates their main di erences.

Figure 2.8 Di erent architecture of the IRS presented in literature.

Source: Created by the author.

2.4.3 Non-diagonal IRS design

The works referenced earlier assumed that the phase shift matrix of the IRS
has a diagonal structure. Physically, this implies that the IRS re ecting elements are
independent of each other, i.e., no coupling exists between elements. However, as the
investigation of hardware aspects of IRS has progressed, some authors proposed a non-
diagonal structure for the phase shift matrix [84, 85, 86, 87]. This is evident in two cases.
Firstly, non-diagonality occurs naturally due to electromagnetic e ects that cause coupling
between the elements [84]. Secondly, some researchers intentionally propose connecting
some IRS elements, resulting in a non-diagonal phase shift matrix [86].

2.4.4 Simultaneous Transmitting and Re ection IRS (STAR-IRS)

In Section 2.2, we de ne the IRS as a re ection panel. However, we also mention
that the IRS can be used for other purposes, such as refraction. To take advantage of this
capability, some authors have proposed a new architecture where the incident signal is
both re ected and transmitted simultaneously* [81, 88, 89, 90]. This scenario is illustrated
in Figure 2.9.

4 The transmitted signal corresponds to the energy that is refracted toward the back side of the IRS.
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Figure 2.9 Simultaneous transmitting and re ection scenario.

Source: Created by the author.

There are three modes to execute the STAR operation according to [90]
() Energy splitting:  In this mode, each IRS element is divided into a
re ector and a transmitter operating simultaneously, enabling 360-degree
signal coverage.
(I) Mode switching: Alternatively, the IRS panel can be split so that some
elements only re ect while the remainder transmits simultaneously. This is
similar to case (I).
(1) Time switching:  Di erent from (1) and (Il) in time switching mode,
the IRS operates on a time division protocol, meaning that it alternates
between re ection and transmission.

2.5 Application and use cases

There are various use cases for the IRS in the literature, including coverage
enhancement, spectral e ciency, beam management, physical layer security, localization
accuracy, sensing capabilities, and energy e ciency, as mentioned in the [91]. These use
cases require speci c key performance indicator (KPI)s to be considered in the IRS-assisted
system, such as rate/throughput, latency, reliability, and overhead, as stated in the [92].
Depending on these use cases and KPIs, the IRS can be utilized in di erent scenarios,
such as cellular networks [93, 94, 95], vehicular communication [96], outdoor-to-indoor
communication [97], and unmanned aerial vehicle (UAV) communication [98].

Remark 3. The literature o ers various applications and scenarios for the technology in
guestion. However, in this thesis, we have cited only a few examples to avoid making the
document too lengthy while providing a clear understanding of its applicability.

2.6 Summary

In this chapter, we provide a brief overview of IRS technology and discuss
some of its main points. We de ne IRS and highlight how this technology can change the
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wireless communication paradigm. We also explain the di erent nomenclatures used in the
literature, such as RIS and IRS. Additionally, we discuss the working principle of IRS and
provide some hardware details, including the tunable elements. We present the phase shift
optimization and the main architectures of IRS that have been explored in the literature.
Finally, we conclude this chapter by showcasing some of the IRS applications.
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3 MULTILINEAR ALGEBRA: AN OVERVIEW

This chapter provides an overview of the main de nitions and properties
used throughout this thesis. We focus on special matrix products such as Khatri-Rao,
Kronecker, and Hadamard and their properties and relationships. We also discuss tensor
decompositions, speci cally the PARAFAC and PARATUCK2 tensor decompositions used
extensively in the following chapters. Finally, we show how tensor modeling is related to
IRS technology.

3.1 De nition and basic operations

Multilinear algebra can be seen as the algebra of the higher-order tensors [99].
Tensors, also named multidimensional (multi-index) arrays or multi-way# -way) arrays,
can be seen as multi-dimensional generalizations of matrices (which are two-dimensional
arrays) for higher orders. Tensors can be used to represent multidimensional data sets
[100, 101, 102, 103]. In this sense, we dendte2 C1 2 ™ * as a tensor of orde
where ., < = 1"“““"#, denotes the<th dimension, or the <th mode, of the tensorX.
In particular, scalars, vectors, and matrices are zero-order, rst-order, and second-order
tensors, respectively, sincé¢ 2. Finally, for # 3 we have the high-order tensors. Figure
3.1 illustrates a third order tensorX 2C1t 2 3,

Figure 3.1 Third order tensor

Source: Created by the author.
The use of tensor tools requires the understanding of certain basic de nitions
that are now presented.

De nition 1. Scalar notation: Let consider a#-order tensor X 2 Ct 2 ™ # |ts
scalar form is denoted as
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Fazeg = »X gy (3-1)

We can de ne the inner product between two tensors of the same dimension
using the scalar notation.

De nition 2.  Inner production between tensor: Let us considex 2C* 2 ™ # and
Y2Ct 2 ™ # The inner product betweenX and Y is given by

06 6
hX"Yi = Fapeq Gpmg (3.2)
A=1p=1 %=1
De nition 3.  Outer product between two tensor: Given two tenso}2C1 2 ™ #
andY 2Ct 2 ™ " the outer product between them can be denoted as
»X - YYapza8s = Fapwg Gugms (3.3)
De nition 4. Rank-ltensor: AtensorX 2Ct 2 ™ # is said to be a ranki tensor if

it results from the outer product of# vectors as follows

X=ai a» ax"“ (3.4)
De nition 5.  Frobenius norm: Let us consider & -order tensorX 2C1t 2 ™ # |ts
Frobenius norm is denoted as
o~ o~ ~ l1
D & O 2
kX k= hX"Xi= JFig gy (3.5)

7=1%=1 %=1
Note that if # = 2, these de nitions are the same as those for matrices, i.e. second-order
tensors.

3.1.1 Tensor slices and unfolds

Tensors are generally used as a tool to handle multidimensional data structures.
By resorting to tensor decompositions, multidimensional signals can be observed from
di erent perspectives by resorting to slicing and unfolding concepts. These concepts are
behind the computational procedures and routines used to compute tensor decompositions
using matrix operations. We can slice a tensoX along its dimensions and organize/stack
these slices properly to obtain the so-called unfolding, which are lower dimensional
tensor/matrix representations of a higher order tensor that contain the same information
but arranged in di erent forms. Let X 2C1 2 3 be an arbitrary 3th order tensor, as
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shown in Figure 3.2.This tensor can be sliced in three di erent ways. In this example,
the Zth horizontal slice, »X%-, is obtained by keeping the indices of the second and
third dimensions xed while varying the rst dimension index. The same rules apply to
determine the lateral and frontal slices. Continuing with this example, these slices can be
reorganized to represenX via its <th (matrix) unfolding, which represents the <th matrix
visualization of the tensor, < = 1"“““” #. Mathematically, each slice has the following
dimension:

Figure 3.2 lllustration of a third-order tensor sliced related to each of its modes.

Source: Created by the author.

Horizontal slices:»X%«2 C2 3 for g =1"2""“""4
Latel’a| S|IC€S»X 1/%“ 2 C 1 3 for b — 111 211 TR 2
Frontal S“Ces ))X ]7(4% 2 C 1 2 for 73 - 11’ 21’ Rl 3

3.1.2 Unfolding

The relationship between a tensor and its matrix notations can be established
through the unfolding procedure. By rearranging the tensor in terms of its th mode
slices, we can transform it into equivalent matrix forms, as shown in Figure 3.3. First,
by rearranging the frontal slices, we obtain thel-mode unfolding of X, represented by
»XYmo 2 C1 32, Similarly, by stacking the horizontal and lateral slices, we can obtain
the 2-mode and3-mode unfoldings, resulting in»X%p 2 C2 13 and »X%g 2 C3 12,
respectively. To put it simply, the process of converting a third-order tensor into a
two-dimensional matrix can be expressed mathematically as follows:

»XVigo = »X Yy »XYap ““"“ »XWa, 2C1 32
WX Yo = X Y »X Y “ " »XYge 2C2 13 (3.6)
))x ]/:KBO - ))X 1/(‘1“ ))X :L/(Q“ TR ))X 1/(42“ 2 C 3 12«
Alternatively
»X Yo = h»X Yig »XYap “““ »XUa, 2C1L 32
[
»X Yio = )>X1/:I‘;1 »Xl/‘Ta2 @ »X%:3 2C2 13 (3.7)

»XVigo = VEC »X Y1 vec »X Yu® “““ vect»X % ,© 2C3  12*
1 The ordering of the columns of that de ne the matrix unfoldings can be done in di erent ways [100].
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Figure 3.3 lllustration of the unfolding of a third order tensor.

Source: Created by the author.

Note that alternatively, the three possible matrix unfoldings can be derived from the
frontal slice. In a more general case, theemode unfolding of a tensoiX 2 C1 2 #.1S
denoted as the matrix»X %o 2 C< 127 <1<1#,

3.2 Tensor <-mode product

When dealing with tensors of higher orders, i.e., with having more than three
dimensions, it is common to represent them using themode product notation. Let us
de ne this notation.

De nition 6. <-mode product: This special product consists of multiplying a tensor
X 2Ct 2™ <™ # pyamatrix B 2 C < resulting in a new tensorY 2
ct ™ <1 <1 ™ ¢ where the<th dimension of Y is , which corresponds to
the dimension of the row space @ .

De ning the <-mode product betweerX andB asY = X (B, its element-wise
notation is given by 2:

~

O
G o oy a1 2 =X <B% w7y sz o 3T Fapeg lez” (3.8)
z=1

2 For more information about <-mode product, we refer the reader to [104].
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According to the de nition (3.8), the <-mode product represents the multipli-
cation of a tensor by a matrix. The following properties relate th&-mode product and
tensor unfolding:

Property 1. (Equivalence:)Y =X B, »Y%o =B »X%..

Property 2. (Commutativity:) X . A B =X B . A"l <<° As a consequence,
if ; =< we have
X <A B=X BA*“

3.3 Matrix operators and vectorization

In the following, we de ne some important matrix operators that are useful
to represent tensor decompositions in matrix/vector formats. These operators and their
related properties are commonly exploited in tensor decomposition algorithms.

3.3.1 Kronecker product

The Kronecker product is a frequently used tool in tensor modeling. According
to [105], it has a rich algebra that enables practical, elegant, and fast algorithms.

De nition 7. Let us consider the matricesA 2 C and B 2 C* %, The Kronecker
product betweermA and B is

011B 0B *““* O B
0,1B 0,0B “¢* B

A B = 2 2 “o 02:: 2C% &,
0B 0B “““ 0B

NOTE: The Kronecker product is a hon-commutative operation, which means
that A B isnotequaltoB A.

3.3.2 Khatri-Rao product

The Khatri Rao product is a mathematical operation that can be considered
as the column-wise Kronecker product.

De nition 8. Let us consider the matricesA 2 C ~ and B 2 C . The Katri-Rao
product betweemA gnd B is i
A B= Aq Bq Ay Bop““A. B. 2C

As an alternative, the Khatri Rao product can be expressed as a function of
the Kronecker product:
A B =!A B°Q” (3.9
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whereQ 2R ? ' is a selection matrix.
NOTE: In the Khatri-Rao product, the involved matrices must have the same
number of columns.

3.3.3 Hadamard product

The Hadamard product involves an element-wise multiplication of corresponding
matrix elements.

De nition 9. Let us consider the matricesA 2 C andB 2 C . The Hadamard
product betweerA and B is

0111171 012112 ““" O 1gsg
021121 022122 “*“ O 128

A B = :: :: :: 2C
0117 021, *** 01

In this case, the matrices have the same dimension.

De nition 10. Vectorization: Let A = »a1 ax “““aj% 2C  be an arbitrary matrix.
The operador vet?° is de ned as

ai
az
vecdA©° = u 2C 1«

aj

In the next subsection, we highlight the properties that link such products and/or véc®
operators.

3.4 Properties relating Kronecker, Khatri Rao, and Hadamard products, and
the vec 1 ° operator

In this section, we discuss the primary properties of theect ° operator and
the special matrix products used in this thesis document. Although there are other
properties related to these operators, we focus only on those exploited in this thesis to
solve our problems. Let us consider arbitrary matriceA 2C ,B 2C%& C 2C
andD 2 C& (,

Property 3. A B°!C D°=!'AC BD?°.
If (="' suchthatC 2C " andD 2 C% ', we have the following property

Property 4. A B°C D°=!AC° 1BD°.
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The property (4) establishes a connection between the Kronecker and Khatri-
Rao product. AssumingA 2C ,B 2C%» ,C2C andD 2C” , we have

Property 5. A B°Hic Do=1AHCco 1BHpo,

In mathematical terms, the property (5) establishes a connection between two
types of matrix products, the Khatri-Rao and the Hadamard products. FoA 2 C
B 2C %andC 2C%%, we have the following property

Property 6. vedtABC °=1CT A°vedB®°.
If B is a diagonal matrix, the property (6) is rewritten as
VecdtABC °=1CT A°p
whereb is a vector extracted from the diagonal oB . An important property of diag? ° is:

Property 7. diagta®b = diagtb®a, for arbitrary vectors a and b.

3.5 Multilinear operators

The concepts of tensox-mode product and tensor unfolding can be used
to present multilinear operators, as discussed in [106]. Properties (1) and (2) show a
relationship between these two concepts. In addition te-mode unfoldings, multilinear
operators involve the Kronecker and Khatri-Rao products. These operators provide a more
complete understanding of the relationship between these concepts.

3.5.1 Tucker operator

The Tucker operator o ers an e cient method to represent the multi-mode
product between an#th order tensor and# factor matricesA ™, <= 1"“*“" #,

De nition 11.  Tucker operator: LetY 2Ct 2 ™ < ™ + be a tensor of order#
and A 2 C < < be the factor matrices< = 1"“““” # The Tucker operator is de ned as

EY ;AT AZrwsopn™E Yy A A A (3.10)
Then,
X = EY ;AT A e opnHOE =y AT AT AT (3.11)
The unfolding notation for the tensorX in (3.11) is given by
WX Voo = A »Y Yo 1A #° ALY Al A ol « (3.12)

Note: The expression in (3.12) represents the Tucker decomposition, which we discuss
later.
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3.5.2 Kruskal operator

The Kruskal operator is a special case of the Tucker operator, where the tensor
Y in (3.10) is an identity tensor. Therefore, we need to de ne the identity tensor before
de ning the Kruskal operator.

De nition 12. Identity tensor: A identity tensor, | 4, is a #-order tensor of size
' such that,

I 3 11! Se! E_ — E = - 7# ”
#m wg, = , .
ae™e 0’ caso contrario®

and
A Yago = ») Yo = o Yoo =Q 2C* " T ¥

whereQ is a selection matrix as in (3.9).

De nition 13.  Kruskal operator: Let us considerY =1 -4 . In this case, the Kruskal
operator is de ned as a particular case of the Tucker operator such that (3.10) becomes

EI gy ,A 11011A 12% wwu 5A 1#0E , I iy 1 A 110 2 A 120 # A 140 (313)

Then,

X — EI m# ;AllouAlzon [T 5A 1#0E , x - I m# 1A110 2A120 # Al#o @ (314)
The <th mode unfolding for any arbitrary tensor can be de ned with the help of the Tucker
operator and its consequences mentioned in (3.12), the Khatri-Rao product de ned in
(3.9), and the identity tensor de nition in (12), as follows:

WX Vo = A 1A AT AP A Lol « (3.15)

Note: The expression in (3.14) can be seen as thenode product representation
of a PARAFAC decomposition. Also, the matricesA '<° have the same number of columns.

3.6 Tensor Decomposition

The concept of tensor decomposition can be traced back to Hitchcock in 1927
[107], but it gained more attention through the works of Tucker [108, 109], Carroll and
Chang [110], and Harshman [111]. While Tucker introduced the Tucker decomposition
in [108, 109], the Canonical Polyadic Decomposition was independently developed by
Carroll and Chang in psychometrics eld [110] and by Harshman in linguistics [111].
Later, tensor decompositions have found numerous applications in signal processing and
wireless communications [102, 112]. In this thesis, we speci cally focus on the PARAFAC
and PARATUCK2 decompositions, which are the ones exploited in our contributions.
In the following, we elaborate more on the PARAFAC and formulate the PARATUCK2
decomposition, which can be seen as a hybrid of the PARAFAC and Tucker2 decomposition.
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3.6.1 PARAFAC

The PARAFAC decomposition, also known as the Canonical Polyadic Decom-
position (CPD), is one of the more common tensor decomposition. As mentioned, it was
originally developed in psychometrics and linguistics. However, it has also gained popularity
in di erent signal processing applications. One of the main reasons for its widespread use
is its intrinsic uniqueness properties, which are required for many applications involving
parameter estimation based on signals enjoying multiple diversities. As mentioned in [102],
the built-in essential uniqgueness under mild conditions is perhaps the main advantage of
the low-rank tensor decomposition compared to matrix decomposition.

In linear algebra, a matrix can be decomposed in terms of its singular value
and left and right singular vectors, using the well-known singular value decomposition
(SVD). In this sense, recall that a matrixA of rank ' can be written as a sum of rank-one
matrices such that

& ~

A= fadpg= fde Ve (3.16)

@1 @1

The variablesf g ug and vgare the @ singular value, and the corresponding left and
right singular vectors, respectively. The PARAFAC decomposition can be seen as one
possible generalization of the matrix-rank decomposition to higher orderg { 2°. The
PARAFAC decomposition expresses atensot 2C* 2 ™ # as a linear combination
of rank-1 tensors, where each one is given by the outer product #fvectors.

6 O 110 120 1#0

X = X@: _@e AJde@ d@ “ (317)

@l @1
The number of terms in such a linear combination corresponds to the tensor rahkde ned
as follows.

De nition 14. Rank of a tensor: Let us consider the tensoX 2 Ct 2 ™ # The
rank, ' of the tensorX is de ned as the minimum number of the rank-tensors used in a
linear combination to produceX.

For simplicity of exposition, in this section, we discuss the PARAFAC decomposition by
focusing on the third-order case. Without loss of generality, we also assume thaj= 1,

An alternative and insightful representation of the PARAFAC decomposition
can be seen in Figure 3.4 as a multilinear combination of three di erent factor matricesa
an identity core tensor. Each factor matrix spans a di erent tensor dimension. This approach
helps us gain a more comprehensive understanding of the PARAFAC decomposition as
well as its comparison with more general decompositions such as the Tucker decomposition.
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