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Chapter 1

Introduction

1.1 Motivation

A formal definition of Data (or Information) Fusion, according to International
Society of Information Fusion (ISIF), is

Definition. "Information fusion is the synergistic integration of information
from different sources about the behavior of a particular system, to support de-
cisions and actions relating to the system. Information fusion includes theory,
techniques and tools for exploiting the synergy in the information acquired from
multiple sources, for example sensors observing system behavior, databases stor-
ing knowledge about previous behavior, simulations predicting future behavior
and information gathered by humans."

The problem of Data Fusion, from a practical point of view, can be explained
as follows: "We are drowning in information but starved for knowledge. This
level of information is clearly impossible to be handled by present means. Uncon-
trolled and unorganized information is no longer a resource in an information
society, instead it becomes the enemy." Data Fusion has recently gained atten-
tion as a widespread tool for a systematic analysis/design of several practical
systems, such as:

e Wireless Sensor Networks systems for surveillance tasks;
e Cognitive Radio Networks for spectrum holes exploitation;

e Multi-Sensor Multi-target tracking systems, through the use of several and
multi-modalities sensors;

e Enhanced Bio-medical systems, for effective healthcare assurance.

The classical models and algorithms derived in the single-source of information
case need a re-thinking in the case of multi-dimensional (and possibly) hetero-
geneous observations coming from different sensors, typically distributed in a
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wide geographical area. In fact, this undefinite growth of available information
poses the serious problem of the "curse of dimensionality", thus affecting the
scaling property of such complex systems. Therefore Data Fusion represents
a cross-layer (w.r.t. the specific application and/or discipline) framework for
enhancing, through an equal-balance between theoretical results and ready-to-
implement practical (fusion) algorithms, the performance of such systems, while
keeping the complexity under control.

In this dissertation we focus on statistical signal processing for Data Fusion,
with a particular focus on wireless sensor networks. Six topics are studied:
(7) Data Fusion for classification under model uncertainty (i7) Decision Fusion
over coherent MIMO channels (iii) Performance analysis of Maximum Ratio
Combining in MIMO decision fusion (iv) Decision Fusion over non-coherent
MIMO channels (v) Decision Fusion for distributed classification of multiple
targets (vi) Data Fusion for inverse localization problems, with application to
wideband passive sonar platform estimation.

The first topic of this thesis addresses the problem of lack of knowledge
of the prior distribution in classification problems that operate on small data
sets that may make the application of Bayes’ rule questionable. Uniform or
arbitrary priors may provide classification answers that, even in simple exam-
ples, may end up contradicting our common sense about the problem. Entropic
priors (EP), via application of the maximum entropy (ME) principle, seem to
provide good objective answers in practical cases leading to more conservative
Bayesian inferences. EP are derived and applied to classification tasks when
only the likelihood functions are available. When inference is based only on
one sample, we review the use of the EP also in comparison to priors that are
obtained from maximization of the mutual information between observations
and classes. This last criterion coincides with the maximization of the KL di-
vergence between posteriors and priors that for large sample sets leads to the
well-known reference (or Bernardo’s) priors. The comparison on single samples
considers both approaches in prospective and clarifies differences and potentials.
A combinatorial justification for EP, inspired by Wallis’ combinatorial argument
for entropy definition, is also included. The application of the EP to sequences
(multiple samples) that may be affected by excessive domination of the class
with the maximum entropy is also considered with a solution that guarantees
posterior consistency. An explicit iterative algorithm is proposed for EP deter-
mination solely from knowledge of the likelihood functions. Simulations that
compare EP with uniform priors on short sequences are also included.

In the second topic, we study channel-aware binary-decision fusion over a
shared Rayleigh flat-fading channel with multiple antennas at the Decision Fu-
sion Center (DFC). We present the optimal rule and derive sub-optimal fusion
rules, as alternatives with improved numerical stability, reduced complexity and
lower system knowledge required. The set of rules is derived following both
“Decode-and-Fuse” and “Decode-then-Fuse” approaches. Simulation results for
performances are presented both under Neyman-Pearson and Bayesian frame-
works. The effect of multiple antennas at the DFC for the presented rules is
analyzed, showing corresponding benefits and limitations. Also, the effect on
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performances as a function of the number of sensors is studied under a total
power constraint.

The third part covers a theoretical performance analysis of the maximum ra-
tio combining (MRC) rule for channel-aware decision fusion over multiple-input
multiple-output channels, in the general case of both dependent and indepen-
dent local decisions. The performances are evaluated through the closed form
of the conditional moment generating function (MGF) of the MRC statistic,
along with Gauss-Chebyshev quadrature rules. Also, the conditional MGF al-
lows to derive the explicit expression of the deflection coefficients. Finally, all
the theoretical results are confirmed through Monte Carlo simulations.

The fourth part of this dissertation presents a generalized optimality analysis
of received-energy test for non-coherent decision fusion over a Rayleigh fading
multiple access channel (MAC). More specifically, we provide a twofold general-
ization w.r.t the existing literature, allowing sensors to be non identical on one
hand and introducing diversity on the other hand. Along with the derivation,
we provide also a general tool to verify optimality of the the received energy test
in scenarios with correlated sensor decisions. Finally, we derive an analytical
expression of the effect of the diversity on the large-system performances, under
both individual and total power constraints.

The fifth topic deals with the derivation of two sub-optimal decision fusion
algorithms in the context of distributed classification of multiple moving targets,
as a low complexity alternative to the optimal decision fusion. At the fusion
center, all the the binary decisions coming from a wireless sensor network (WSN)
designed for single target classification are exploited for a multiple classification
task. Based on the concept of maximum detection range of each sensor and
approximating the joint posterior as a product of the posterior marginal, we
derive the RLM (Range Limited Marginalization) and PRLM (Parallel Range
Limited Marginalization) algorithms. Comparison between these suboptimal
algorithms and the optimal decision fusion are performed for different scenarios,
in terms of probabilities of detection and false alarm and metrics related to
complexity theory.

Finally we study an advanced topic in target motion analysis with wideband
passive sonar. Maximume-likelihood probabilistic data-association represents an
asymptotically efficient estimator for deterministic target motion, dealing with
low-observable targets. Here we study the inverse problem, namely, how to
identify the observing platform (following a "two-leg" motion model), from its
results of the target estimation process, i.e. the estimated target state and the
Fisher information matrix. We tackle the problem and we present observability
properties, with supporting simulation results.

1.2 Publications

Publications directly related to the dissertation research:
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Chapter 2

Data Fusion under uncertain
models

2.1 Introduction

In many signal processing applications a system of probabilistic inference has
to be designed according to a best guess about the model. More specifically,
in applying Bayes’ theorem, imperfect knowledge about likelihoods and priors
may strongly affect the results of our classifications. The difficulty is particularly
critical if we have to base our inferences on small sets of observations.

Controversial results on the application of Bayes’ theorem have recently stim-
ulated a growing interest in alternative theories to probability theory. For ex-
ample, evidence theory ([1]; [2]) has been developed in the attempt of providing
answers when direct application of Bayes’ theorem seems to lead to solutions
that are inadequate, or contradictory, with respect to our common sense. The
Dempster-Shafer approach to data fusion ([3, 4, 5]) is becoming very popular in
some data fusion areas ([6, 2]) and to many it seems to be a promising, useful
alternative to the standard Bayesian framework.

We question whether remaining in the realm of classical probability and
information theory (|7]) we can resolve some of the apparent difficulties in deal-
ing with model uncertainties. We find that in most cases if we fill our lack of
knowledge following the Maximum Entropy (ME) principle, all the contradic-
tions seem resolved indicating that the problems that may have arisen are just
the consequences of arbitrary implicit assumptions.

Of course, entropy maximization has a long history ([8, 9, 10]) both in signal
processing and in more philosophical contexts. The literature is full of examples
in which the ME principle has been translated into successful applications even
though some general questions remain on its intrinsic nature.

In this chapter we concentrate on standard Bayesian inference in which parts
of the model are not known. We search for “objective” solutions, which “repre-
sent the best method for objectively synthesizing and communicating the un-

11
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certainties that arise in a specific scenario, but is not necessarily coherent in a
more general sense,” or at least “a convention we should adopt in scenarios in
which a subjective analysis is not tenable” ([11]).

We limit our attention only to unknown priors in data classification prob-
lems. Uncertainties in the likelihoods are also of great interest, but will be
analyzed elsewhere.

Classical use of uniform priors that may be traced back to the work of Laplace
([12]), may result inappropriate in data fusion applications ([2]). Various at-
tempts have appeared in the statistics literature in trying to obtain objective
alternatives to uniform priors (for an excellent review of the various alternatives
see ([13])). For example Jeffreys’ priors ([14]), named after Harold Jeffreys, are
non-informative probabilities on the parameter space and are related to the
square root of the determinant of Fisher information matrix. Jeffreys’ priors
are defined for continuous parameter space and have the advantage of being in-
dependent upon the set of parameter variables. Reference Priors ([15, 16, 17])
are the most known and often used as an objective choice. They are derived for
large sample sets from mutual information maximization and their definition
is valid both for continuous and discrete parameter spaces. In the latter case
the classic definition of reference priors leads trivially to discrete uniform priors
([16]). Reference priors have been recently redefined ([18]), with the objective
of obtaining meaningful prior structures even in the discrete case. Other prior
choices have been proposed in literature, such as the Zellner’s Priors ([19])
(MDI - Maximal Data Information priors). Their definition comes from the
optimization of an ad-hoc information theory measure which is neither entropy
nor mutual information.

Conjugate priors ([20]) are also very popular. They are introduced to force
the posterior distribution to be in the same family as the prior distribution.
The advantage is posterior’s tractability. A typical and well-known example
is the Gaussian distribution which is conjugated to itself, i.e. when likelihood
is Gaussian and the prior is chosen to be Gaussian, then also the posterior is
Gaussian. Even if this choice has lead to closed-form priors, given a certain like-
lihood, their use is to be considered a “subjective”’ choice, because the structure
and the parameters of these priors do not come from any supporting rationale
except tractability. These priors were originally defined only for continuous
parameters estimation, even though in recent years they have been applied in
machine learning, through the so called “Dirichlet priors”. However, in the latter
case, the distribution that “generates” the prior distribution (i.e. the Dirichlet
distribution) depends on a certain number of hyper parameters, which again
represents a “subjective” choice. Other priors, specific for given applications,
can be derived from normalizations related to domain knowledge ([21]).

In this work we limit our attention to priors derived from the maximization of
generative model entropy, i.e. the entropy of joint classification and (attributes)
measure spaces distribution. The ME approach seems to be an excellent candi-
date for solving some of the inconsistencies related to model uncertainties (see
([22]) for a recent interesting discussion). After all, uniform priors represent the
solution of maximum entropy maximization when no side information is given.
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Well-known is the exponential solution to entropy maximization (|8, 10, 7]),
also known as Boltzmann distribution, when constraints are imposed in the
form of moments, either on the generative (corresp. joint distribution) or
the discriminative (corresp. posterior conditional distribution) models. Even
though attempts to impose moment constraints in discrete inferences have been
reported in the literature, the solutions are somewhat cumbersome also be-
cause the nature of the classification problem may includes both continuous
(the measures) and discrete variables (the labels). Entropic Priors are not new
([23, 24, 25, 26, 27]), they have been introduced within the context of theoretical
physics (see for example ([28]) and references therein) and their usage is still
in its infancy also because of their possibly inconsistent behavior with repeated
experiments ([25]), where an externally imposed ad-hoc constraint may have to
be imposed. We address this issue in the second part of the chapter providing
a self-contained solution and an algorithm for iterative prior computation.

The first original contribution of this chapter is the bottom-up approach
from simple one-sample classification examples to compare posterior distribu-
tions when uniform, entropic priors and mazinf priors are used. The latter ones
are priors derived from maximization of mutual information. Their analysis is
justified by the fact that mutual information maximization asymptotically rep-
resents the formal definition of the reference priors for the discrete case. The
comparison shows promising characteristics of the maximum entropy solution,
that it is easy to compute and that seems to fix the inadequacies of Bayes’
rule based on uniform, or other prior choices. After reviewing the idea of en-
tropic priors, our second original contribution is a combinatorial justification of
entropic priors for classification that extends Wallis’ entropy derivation ([10])
to a multi-class context. To our knowledge the maximum entropy method has
not been exploited much within the data classification context and it seems to
qualify as a promising paradigm for many data fusion applications. The third
original contribution of this work is in addressing the problem arising from ex-
cessive spreading of the entropy for multiple observations ([25]). To this purpose
in the second part of the chapter, we first derive a condition on the likelihoods
for posterior consistency, and successively when such a condition is not satis-
fied, we propose a solution for forcing consistency on the posterior sequence
with an iterative algorithm that updates the entropic priors dynamically. Other
domain-dependent attempts have been reported in the literature ([25]) to fix
the consistency problem for continuous parameters. Our method focuses on
discrete classes and it is totally self-contained within the entropy maximiza-
tion criterion and requires only knowledge of the likelihood functions and their
mutual Kullback-Leibler (KL) divergences.

Entropic priors have already shown very promising results in data fusion
application. More specifically, in ([29]) we tested entropic priors for a target
classification problem taken from ([6]) and ([2]) in comparison to the application
of Dempster-Shafer (DS) theory. These experiences motivated our investigations
on the method because the maximum entropy priors showed striking results in
providing good common sense answers where Bayes’ rule with uniform priors
was claimed to be inadequate. In ([30]) we have applied entropic priors to
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AR process classification; in ([31]) we have applied the same maximum entropy
method to Hidden Markov models and in ([32]) we have addressed the issue of
entropic prior consistency with reference to a binary sequence.

In Section 2.2 we describe the classification problem and propose two exam-
ples. In Section 2.3 we present entropic priors and maxinf priors. In Section
2.4 we present a combinatorial justification of entropic priors. In Section 2.5 we
provide a list of entropic priors for canonical likelihoods and point to a geomet-
ric interpretation. In Section 2.6 entropic priors are applied to sequences where,
after presenting a condition for consistency of Bayes’ formula, we generalize the
entropy maximization to sequences with the inclusion of the consistency con-
dition. A set of simulations confirms the theory. Proofs and derivations are
confined to the Appendix.

2.2 Inference for classification

In classification, or pattern recognition problems, we have available a set of d
random attributes X = (X1, Xo,...,Xy), directly linked to a discrete random
variable S which takes values in the discrete alphabet & = {s1,s9,...,sMm}.
Vector X is modeled as a d-dimensional random variable that belongs to a sam-
ple space X, that can be finite, infinite, continuous or discrete. The elements of
X may be results of measurements, or be instances coming from other subsys-
tems. Inference for classification consists in obtaining the degree of association
between X and S, i.e. from a realization x = (x1, 2, ..., 24), we want to obtain
a degree of association to each one of the elements of S.

Detailed inference about S can be obtained if the a posteriori probabilities
(posteriors) are computed for each s € S via the application of Bayes’ theorem

f(x[s)PAS = s}
Zyes f(x‘y)Pr{S = y}’

where f(x|s) are the likelihood functions and P.{S = s} are the a priori proba-
bilities (priors).

Unfortunately, in many practical cases the system designer has to operate
with uncertainties about likelihoods and priors. His lack of knowledge about
these two parts of the model may make the application of Bayes’ theorem ques-
tionable. In our discussion, as stated in the introduction, we assume that we
have the likelihood functions available, but we know nothing about the priors. In
some critical decision-making contexts, such as when the classification output is
a part of a more complex inference system, incorrect prior choice may propagate
into the system and lead to inappropriate inference results, especially when the
available data is scarce. Incorrect use of the priors sometimes even contradicts
our most elementary common sense. These inconsistencies have often generated
profound skepticism on the effectiveness of using Bayes’ theorem in practical
inferences in the presence of model uncertainties. Of course, assuming uniform
priors is very common and it appears to be reasonable when such information
is not available. After all, the well-known maximum likelihood (ML) method

P{S=sX=x}= (2.2.1)
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makes decisions on the basis of uniform priors. Unfortunately, many cases have
been shown in the literature ([6, 2, 28]) in which the use of uniform priors may
show contradictory results when compared to our most intuitive understanding
of the problem. The assumption of uniform priors may be sometimes too strong,
or completely arbitrary. Let us start our discussion by looking at the following
two examples.

2.2.1 Example 1

Suppose that we are given a measurement of a continuous attribute X (length)
(d = 1), that we know it can only come from one of two classes, s; or ss.
Class s; corresponds to lengths in the interval [I;, u;], ¢ = 1,2. Assume that the
two intervals have different sizes u; — l1 < uo — I, and that they are partially
overlapping [ < Iy < u; < uz. Now given a measurement X = x, we would like
to infer about the class. Common sense dictates that: if « € [l1, 2] we declare
class s1; if © € [u1, ug] we declare class sq; if © € [l2, u1] we cannot shift our belief
towards one of the two classes and then we declare that both s; and sy should
be equally likely. Instead by using Bayesian Standard Theory we set up two
uniform likelihoods as f(x|S = s;) = U(l;,u;), ¢ = 1,2, as shown in Fig. 2.2.1a
and compute the posterior probabilities for each realization. If we observe x, €
[l1, 2], from Bayes’ theorem the posterior probability is P, {S = s1|z,} = 1, no
matter what prior we choose, and similarly, when we observe z. € [u1,us], the
posterior completely favors hypothesis so, P.{S = sa|z.} = 1, independently
from the prior.

Quite surprisingly instead, with sample z; € [l2,u1], if we use uniform priors
(as 1n ML) P.{S = 51|xb} = Ao /(A1 4+ Ag), P {S = salzp} = A1/(A1 + Ag),
Ay = up — 1y, Ay 2 ug — Iy, and P {S = 51|z} > P, {S = sa|zp}: Bayes’
theorem gives more confidence to hypothesis s; because its likelihood is the
highest. If we look at this from outside the realm of probability theory, it appears
somewhat contrary to our reasonable judgment: one would want to attribute the
same confidence to s; and so, as the value is compatible with both hypotheses
and we know nothing about the phenomenon except the two intervals. Of course,
from elementary probability theory, we know that the normalization property of
distributions has raised the likelihood of s;, but nonetheless the result appears
to our common sense as somewhat counter-intuitive.

2.2.2 Example 2

Suppose we have a set of coloured wooden objects X = {A, 0,0} = {Triangle, Square, Diamond},
and we know that T'riangles and Squares are painted only Red and Green, but

not Blue. Also, Diamonds can only be Green or Blue. If we were blindfolded

and handed one of the objects and asked to guess the colour, we would express

equal confidence on Red and Green if we are given a Triangle or a Square, and

equal confidence on Green and Blue if we are given a Diamond.
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(a) The two likelihoods for Example 1

1/2

(b) The likelihoods of Example 2 in graphical form

Figure 2.2.1: Bayesian Inference Examples.

Instead let us see what happens if we set up the problem in the Bayesian
framework. The set of colours is denoted S = {R(ed), G(reen), B(lue)} and
we group in matrix form the obvious likelihoods

Pr(X]5)

Pr{X=a|S=R} Pr{X=0|S=R} Pr{X=90|S=R}

PriX=AS=G} Pr{X=0|S=G} Pr{X=20|S=G}

Pr{X=a|S=B} Pr{X=0S=B} Pr{X=0|S=B}
(2.2.2)

(2.2.3)

O Wil
O Wil
=Wl O

The likelihoods are better visualized in Fig. 2.2.1b. Since we do not have
any knowledge on priors, we assume, as common in ML approach, equally likely
priors on the colours Pr{S = R} = Pr{S = G} = Pr{S = B} = i, and

3
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compute all the posteriors using Bayes’ theorem
[ Pr{S=R|X =o} Pr{S=R|X=0} Pr{S=R|X =90}

Pu(SX)=| Pr{S=G|X =a} Pr{S=G|X=0} Pr{S=G|X =0}
| Pr{S=B|X =2} Pr{S=B|X=0} Pr{S=B|X=0}

(2.2.4)
[ .60 .60 0
=| 40 40 25 |. (2.2.5)
0 0 .75

Bayes’ theorem tells us to shift our belief towards Red if we observe a Triangle
or a Square, and towards Blue if we observe a Diamond, rather than keep equal
confidence on each pair. If we played this trivial guessing game with anyone,
we would have a difficult time convincing him/her to shift his/her belief as in
formula (2.2.4), perhaps attributing some philosophical rightness to the results
of probability theory.

These counter-intuitive results come from the fact that we have inadvertently
injected an arbitrary assumption into the model: the likelihoods are correct as
they describe the way the data are composed, but the uniform priors are totally
arbitrary. The main objective is then: search for a methodology to amend our
lack of knowledge about the priors to get an answer from Bayes’ rule that at
least does not contradict our common sense, or alternatively that injects in the
model specifications only the assumption made (through the likelihoods) by the
system designer.

2.3 Objective priors

The problem we pose is one of a search for priors that are “objective”’, in the
sense that they are produced by a rationale synthesizing and communicating the
uncertainties that arise in this scenario, i.e. a cautious inference is needed when
few samples are observed. The search for objective priors has a long history and
some of it has been reviewed in the introduction. In the following we discuss
the method of maximum entropy for obtaining the entropic priors in inferences
based on one realization and provide a comparison with the maxinf priors, that
follow the same maximization criterion of the famous reference priors, but are
considered here only for a discrete set and for a single sample. The comparison
that follows should provide a better understanding in the classification context
for each of these two approaches. The case of multiple observations is discussed
in one of the following sections.

2.3.1 Entropic priors

Total unconstrained lack of knowledge about the distribution of a discrete pa-
rameter S defined on a finite set, is well described by the distribution that
maximizes its marginal entropy H(S). The solution is clearly the uniform dis-
tribution. Solutions to constrained entropy maximization problems are well
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known in information theory when conditions on S are expresses in the form
of moments, or functional expectations ([10]), ([7]). Unfortunately in our clas-
sification problem with no priors, it is not immediate to understand how to
use moments or linear expectation to impose exact knowledge of the likelihood
functions f(x|s), s € S. Therefore we adopt what appears to be the most sensi-
ble approach maximizing the joint entropy H (X, S) with respect to P,.{S = s},
keeping f(x|s) fixed. The joint distribution f(x,s) can be thought of as repre-
senting the “system model” and Entropic priors are the prior probabilities that,
given the likelihood functions, maximize

%51
[X,8)]
(2.3.1)
The integral is replaced by a summation when the variable X is discrete (log

denotes the natural logarithm throughout the whole chapter).

H(X,S) =) f(x]s)P{S = s}log f<X|S)Pj{S — dx=E [log

SES XEX

Proposition. (Entropic Priors): The prior distribution that mazimizes the
joint entropy H(X,S) for given likelihoods f(X|s), s € S, is

oH(X]s)
where H(X|y) is the conditional entropy
1
H(X|y :/ f(x|y) log [} dx. 2.3.3
X = e T8 | 7y (233

The proof is straightforward and is reported in the appendix. Joint, condi-
tional and marginal entropies with entropic priors are respectively Hg(X, S) =
logC, Hg(X[S) =&, H(X|s)eXls) and Hp(S) = log C-5%, H(X|s)eXls),
where C £ 3 s ef(X15) Note that the entropies are expressed in nats for easier
notation, but the base of the logarithm is totally irrelevant. Obviously if the
likelihoods have the same conditional entropy, the solution is just the uniform
distribution. Quite appealing is Bayes’ compact formula with entropic priors

f (x]s)e!XI)
3oy F(xly)e Kl

Entropic priors have been proposed in different forms (|25, 27, 24, 33, 26])
mostly within the context of theoretical physics. In ([25, 24, 33]) constraints
on Fisher’s information matrix are also imposed for the continuous parameter
case. In addition, to assure consistency of the classification, additional virtual
constraints were added (the problems related to the consistency of this approach
will be addressed in Section 2.6). Expressions similar to (2.3.2) have been de-
rived in ([27]). The derivation reported here is slightly different from Neumann
and Skilling’s because we maximize directly joint entropy, while they maximize
prior entropy with a constraint on the average likelihood entropy. Their result

P.p{S =s|x} = (2.3.4)
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contains a scale parameter that needs to be resolved by other means. A similar
derivation was reported also in ([23]) for obtaining maximum entropy marginals;
the solution was applied to a system consisting of statistically dependent spins
and to a thermodynamic model. Other ideas for entropic prior applications are
in (]28]).

The rationale behind this approach is that entropy effectively represents the
degree of uncertainty about the model ([8, 9, 10]) and it appears to be the natural
choice when no further hypotheses can be injected into the system. Maximum
entropy methods have been used extensively in various contexts showing great
success in many application areas. In any case, to our knowledge, the real power
of using entropic priors has not found full application yet in data classification
problems.

2.3.2 Maxinf priors

Another appealing idea for obtaining objective priors may be to use the principle
of Maximum Exchanged Information ([7]): the prior distribution is the result
of maximization of the mutual information between S and X

15,X) =Y F(x|$)P{S = s} log f(x)f;éx{’;)zs} dx, (2.3.5)

ses /xXEX

where the integral is replaced by a summation if variable X is discrete. The
mutual information can be rewritten as the expected KL divergence between
the posterior P(s|x) £ P,.{S = s|x} and the prior P(s) £ P.{S = s} (in the
following when it is not necessary to specify the event we adopt the shorter
notation without braces)

1($,X)=E [log P}g‘zs’)‘)} . (2.3.6)

Mutual information is concave with respect to P(s), therefore the mazinf
solution Py(s) is unique and can be computed using the well-known Arimoto-
Blahut algorithm ([7, p. 367]):

1. Start with an initial guess Py(s);

2. at a generic iteration step ¢ apply Bayes’ rule to get the current posterior:
Qi(s|x) = f(x|s)Pi_1(s) .
v > fFx[e)Pizi(c)’

3. replace the prior with the best distribution for the current posterior:
ey FIs)log Q;(sly) dy
Fi(s) = T Ty JOTO T8 Qi) dy ;

4. back to 2. and iterate.
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The mutual information criterion is self-contained and elegant. The idea of
maximizing average KL-distance between prior and posterior appears very ap-
pealing as a guideline for non informative priors. Bernardo’s priors, or reference
priors ([15, 16, 17]) are defined according to this criterion, but for continuous
parameters and large sample sets. We discuss for now only the one-sample case
delaying a further discussion on multiple samples to Section 2.6.

Mutual information maximization is well known in communication theory: if
the variable S is the information source and X models noisy channel outputs, the
maximum of (S, X) with respect to the distribution of S is Shannon’s channel
capacity ([7]). The distribution in optimal conditions gives a criterion for the
communication link designer to optimally “load” the channel. Therefore the
mazxinf criterion becomes a design tool for codes to provide a prior distribution
that most “helps” the inference process, i.e. that maximize the mutual (exchange
of) information between X (the observed random vector) and S (the random
variable to be inferred). Conversely, in data classification applications we are
motivated to choose for priors that represent the worst-case for inference and
that can provide the most cautious results. The following comparison should
clarify differences and peculiarities for both approaches.

2.3.3 Back to Example 1

A
Ar1+As?
Pg(sq) = ﬁ. Realizations x, and . still give Pr(s1]|z,) = 1 and Pgr(sa|z.) =
1, no matter what priors we choose. Instead with sample z;, Bayes’ theorem

with the entropic priors gives Pg(s;|zy) = % =1; j=1,2. This
1.0 f (@504

Entropic priors for the two uniform likelihoods of Ex. 1 are: Pg(s;) =

appears as a more common sense answer with respect to the one obtained with
uniform priors.

Maxinf priors, can be computed on this example, by applying Arimoto-
Blahut algorithm of Section 2.3.2. At a generic step

1, lh <x<lo,
P;_1(s1)A
Qi(s1]z) = P,-,l(sl)A;(-r}%,lz(SQ)Al’ la <z <u, (2.3.7)
0, U < < usg.
0, L <z <ly,
Pi7 s2)A
Qi(s2]z) = Piil(sl)Alz(JrQill(sz)Al, lo <z <wu, (2.3.8)
1, U < T < Us.

Since

A .
/f(x|81) log Qi(s1]x) = _Tlf log (1 * Pi_i(s1)A0

/f(x|sz)log Qi(s2|x) = _%122 log (1 + W) ; (2.3.10)
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f(zls))Pe(s1)  f(z]s2)Pr(s2)

(a) Uniform priors. (b) Entropic priors.

flals1)Pr(s1)

f(z[s2)Pr(s2)
0.1312- -

0.0679 - -

(¢) Maxinf priors.

Figure 2.3.1: The product f(x|s)P(s).

the complete recursion is

i—1(s2)8q
log(1+ Py 1(91)A2>

A12 i—1(s2)41 A12 i—1(s1)A2
e log(l—i-ip log< 7)

Pz'(Sl) =
i 1(51)A2) +6 +7 1(s2)A1

i Pi(s2) = 1= Pi(s1),

(2.3.11)
where Ay 2 u; —ly. Fig. 2.3.1 shows the results for Example 1 for (Iy,u;) =
(1,5); (I2,u2) = (3,10). The product likelihood-prior f(x|s)P(s) is shown for
uniform, entropic and maxinf priors respectively (recursion (2.3.11) converges
in about ten steps). The three cases correspond to priors (Py(s1), Py(s2)) =
(1, 3), (Pe(s1), Pe(s2)) = (&, +5) and (Pr(s1), Pr(s2)) = (.5247,.4753), with
posteriors at xp, respectively (Py (s1|zp), Py (s2|zs)) = (171 Y, (Pe(s1]z), Pe(sz|zy)) =
(3,3) and (Pi(s1|zp), Pr(s2|as)) = (.6592,.3408). It is clear how the entropic
priors equalize the inference by giving the least informative answer. Conversely,
the maxinf priors tend to “load” more the first class because it is the least
confused.

2.3.4 Back to Example 2

For the entropic priors in Ex. 2 we have H(X|s1) = log(2), H(X]s2) = log(3)
and H(X|s3) =0, i.e. (Pgr(s1), Pr(s2), Pr(s3)) = (.3333, .5000, .1667). For the
maxinf priors, Arimoto-Blahut converges in about 10-15 iterations and gives
(Pr(s1), Pr(s2), Pr(s3)) = (.5, .0, .5) (also verifiable with direct substitution).
The corresponding posteriors are

Pp(S1X) = Pr(S|X) = (2.3.12)

S vt
S ;v
oot ©
OO =
O O =
= o O
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It is clear how the response with the entropic prior reflects the desired com-
mon sense, while the maxinf solution assigns probability mass only to classes
s1 and s3 because they are the most connected to the observations. Note that
in the likelihoods ss is spread equally to all the three possible shapes and ex-
changes no information with the observations. Maxinf priors shift even more
the inference belief in a polarized way in comparison to flat priors.

2.3.5 Entropic vs maxinf priors

When we look at the two approaches to prior’s determination we see marked
differences: in the maxinf approach more emphasis is put on the classes that are
the easiest to invert. Vice versa in the entropic case we have more probability
mass placed on the hypotheses that most mix the likelihoods. To visualize the
differences we like to think in the maxinf case as if a “genie,” hidden behind the
“likelihood curtain,” were working to help the inference process by placing more
probability mass on the likelihoods that are the easiest to invert. Conversely,
with the entropic priors we may imagine a “demon” that works against the
inference process in misplacing the probability masses to make our Bayesian
inversion as hard as possible.

The entropic priors seem to qualify as the most non-informative solution,
as it has been argued from the examples. Vice-versa maxinf priors may be
most useful when we can choose prior distribution to help the inference process.
Entropic priors also seem to match better our quest for common sense responses.
Much remains to be explored in the applications, also with the maxinf solution.
In the following we focus mainly on entropic priors.

2.4 Combinatorial justification for entropic pri-
ors (Wallis’ idea)

It is still intriguing to us why the method of maximum entropy provides prob-
lem solutions that make more sense when information about the model is scarce
([34]). An elegant answer to some of the general questions related to the ME
methods can be built on a fundamental observation made by Wallis, and subse-
quently reported by Jaynes ([10]), that suggests how the entropy of a random
variable could be derived as an asymptotic measure of complexity from ele-
mentary combinatorics. We still find remarkable that the entropy expression
compactly measures the complexity of the phenomenon associated to a random
variable. In the following, after reviewing Wallis’ idea, we analyze the multi-
class context as the limit of a combinatorial game.

Consider a bucket that contains three different kinds of balls {1,2,3}. Let
us denote with N the total number of balls and with V;, the number of balls of
type i, ¢ = 1,2, 3, as illustrated in Fig. 2.4.1.

The number of possible ways we can extract with no replacement the NV balls
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Figure 2.4.1: Wallis’ Experiment: A bucket that contains different numbers N;
of three types i = 1,2, 3 of balls.

from the bucket is given by the multinomial coefficient

N!
~ N{INGING!

which is typically called the “multiplicity of the outcome”. Recall that a
factorial N! can be approximated for large N using Stirling’s approximation as
log N! = Nlog N — N +O(log(N)), where O(log(N)) denotes a term that grows
as log(N) for N — +oo. Rather than W, we consider the monotonic function
log(W)/N (recall the N is constant with respect to every possible assignment)
and we take the limit for N — 400, which leads to ([10])

W (2.4.1)

- log(W) log(N!) — 322 log(Np;)!
NLHEOO N - NLHEOO N (242)
_ oy V1os(V) = N+ O(log(N)) — iy [(Npi) log(Np:) — (Npi) + Olog(Np;)]
N—+o00 N
(2.4.3)
3 3
—  O(log(N)) — > iy Olog(Np;)
yim_ - (log(NV) *;pz log(Npi)| +  lim ~
(2.4.4)
=H(m)+0 (2
where we have defined (py,ps,ps3) = (%,%,%) as the limiting relative fre-

quencies of the event associated to the extraction of a particular type of ball.
We have exploited Stirling’s approximation in the limit calculation and the nor-
malization property Z?:ﬂ’i =1. H(m) 2 —Z?lei log p; is the entropy of
assignment distribution and it represents compactly the degree of diversity in
the experiment: the distribution ;g that maximizes the entropy would favor
a subdivision of the balls that maximizes the diversity in the ways the balls
can be extracted from it. Obviously the uniform distribution achieves such a

maximum, if there is no side information specified as a constraint.
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Figure 2.4.2: The Wallis’ Experiment for classification tasks: a set of three
different buckets C = (a, b, ¢) containing three different types ¢ = 1,2, 3 of balls
N; cor in different numbers; in each bucket all the balls have the same colour.

The Wallis” combinatorial argument can be straightly extended to the clas-
sification context. Let us consider a set of three different buckets, namely
C = (a,b,c), containing N, Red, N, Green and N, Blue balls respectively.
Each bucket has a different distribution of balls of types (1,2,3), as shown in
Fig. 2.4.2. More specifically, in the first bucket we have N;, Red balls, in
the second bucket N;; Green balls and in the third bucket NN; . Blue balls of
type i, for i = 1,2, 3, respectively. The different colours can be thought of as
classes and the types as attribute values. Each class has a different conditional
distribution and the total number of balls is N =3 . S Nicot-

In this case the experiment consists in the extraction of the N balls from a
bucket where all the balls of the three buckets have been mixed. The number
of possible ways we could extract the N balls is given by the formula

N,! Ny! N.! N!
H?:1 Niq! H?:l Nip! H?:l Nic! Na!Np!Nt
(2.4.6)
where W,,W;, and W, are the number of permutations of Red, Green and Blue
balls respectively,within the three types, and W jour = ]Va+b"]\{c| is the number
of permutations of colours. Considering again the ratio log(W)/N, taking the
limit (Ng, Ny, N.) = 400, which clearly implies N — 400, and applying again

W = WaWchWcolour =
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Stirling’s approximation we have

o In(W) lim N log(W,) Ny log(W,) = Nelog(We)
(Na,Ny,Ne) =400 N (Na,Ny,Ne)—=+oo N N, N N N N
log(Weotour
+ % (2.4.7)
= pH(T|a) + p H(TID) + pH(T|c) + H(Colour)
(2.4.8)
= H(T|Colour) + H(Colour) (2.4.9)
= H(T, Colour) (2.4.10)

which represents the joint entropy of the model. Therefore, maximization of
H(T, Colour) with respect to Teoiour = (Pay Db, Pe), While keeping fized the con-
ditional distribution of each bucket, is equivalent to take balls from each bucket
in a proportion (with respect N ) that maximizes the number of possible ways
we can extract all the balls from a unique bucket containing their mizture. The
combinatorial arguments strongly support the use of joint entropy maximization
as a means to avoid including implicitly any arbitrary assumptions about the
colour distribution. In our genie-demon analogy, the (maxinf) genie loads the
buckets in a way that favors inference, while the (entropic) demon loads them
in the most confusing way.

FEzxzample: as a further experiment of comparison for prior distributions,
we solve the inference example for the balls of Fig. 2.4.2. The balls corre-
spond to the conditional distributions f(tla) = (3, &, 2); f(tb) = (3,1, 3);
f(tle) = (3,2,%). By looking at the colour proportions in the figure, the
priors are (P(a), P(b), P(c)) = (35, 3,%) = (.3667, .3000, 0.3333). Entropic
priors would rather suggest the different proportions (Pg(a), Pg(b), Pe(c)) =
(-3307, .3520, 0.3173) favoring the Green balls that are the most entropic. Max-
inf priors, computed with Arimoto-Blahut algorithm, are (P;(a), P;(b), Pr(c)) =
(.2933, .0516, 0.6551); they attribute more emphasis on Red and Blue balls
working in the opposite direction with respect to entropy maximization. Now
if we pick a ball from a unique bucket reading only its type, we have colour
posteriors (to read column wise)

.5000 .3077 .2857 4601 .2804 .2542
Pr,.(Colour|t) = | .3000 .2308 .4286 | ;Py(Colour|t)= | .3374 .2570 .4661
.2000 4615 .2857 2025 4626 2797
4540 2810 .2496 4735 2063 .2646
Pg(Colour|t) = | 3544 2742 4870 | ; P;(Colour|t) = | .0611 .0333 .0853
1917 4448 2634 4654 7604 .6501

respectively for true (Tr), uniform (U), entropic (E) and maxinf (I) priors. The
ME criterion corresponds to the mixture which is the least favorable for the
observations, while mutual information maximization works to provide priors
which are more favorable for the identification.

)
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’ f(z|s) se{s1,s2,...,sm} ‘ H(X|s) ‘ Pg(s) ‘
_(m—ug)?
(Gaussian) \/%Us e 2% log(v2meos) Zfs -
N, As
’ (Ezponential) 5-e™*s, 2 >0 ‘ 1+ log(As) ‘ SO0, ‘
lz—ps]

(Laplace) K67 s 1+ log(2Xs) Zyi\; w

_ (bs*aS)
’ (Uniform) bas @s ST < bs ‘ log(bs — as) ‘ SR ‘

22

(Rayleigh) Uze C2f x>0 1+ log(%) +v/2 Z:s o

‘ (Cauchy) Tﬁ) ‘ log(4mAs) ‘ ﬁ ‘
_ (log(@)—ms)? .
(Log-Normal) — re 28 x>0 | mg+log(v2meoy) %
27 yes Oy
_Goma)

(Logistic) éj,ms) 2 + log k4 kisk

ke (1+e’ ks )2 yes v

ks 1 e “*ks/ag

(Pareto) 25 b oa >k log(72) +1+ - TR
2(1 as)
o) g <z < _
(Triangur) { TR Ltloghge) | lgeds
Ga)fa—c) 2 ST S0s et

Table 2.1: Entropic Priors for canonical univariate conditional distributions

f(z]s)

2.5 Entropic priors for canonical likelihoods

Entropic priors can be computed numerically when we have empirical condi-
tional distributions, or closed-form expressions can be obtained from Eq. (2.3.2)
when H(X|s), s € S = {sy, S2, ..., i }, are available analytically ([35, 36, 7]). In
the following we report tables of entropic priors for common univariate and mul-
tivariate conditional distributions (f(x|s;) is assumed to be completely known
for all ¢ = 1,..., M, which means that we have complete knowledge of all the
density parameters for each class) .

By rewriting Bayes’ formula as

m(x;s)

. m(x; c)’

= (2.5.1)

P(s[x) =
where m(x;s) = f(x|s)P(s), s € S, represent the likelihood-prior products, we
note that the effect of the entropic priors is to “equalize” the numerator, being
the priors proportional to the relative support volume of the likelihoods. Recall
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f(x]s) H(X|s) \ P (s)
(Gauss.) N (x; g5 3s) Llog {(2me)N ||} ﬁ

—05Vgllog C(0)]g—g,
(Exp. Fam.) =r—eXit1 00709 | log C(05) — 05 V[log C(6)]g—0, S At

C(0s)

Sos C(ey)efeyve[log C(G)]9=9y
ye

Table 2.2: Entropic Priors for canonical multivariate conditional distributions

f(xls).

that m(x;s) are not densities, but they can be used immediately for obtaining
the posteriors after normalization. For example, for conditional multivariate
Gaussian densities (cfr. Table 2.2) with Entropic priors we get simply

1
(27T)d/2 ZyeS V |Ey|
(2.5.2)

Fig. 2.5.1 shows an example with three univariate Gaussian likelihoods
where m(x;s) are compared for uniform, entropic and maxinf priors. In the
bottom graphs the posterior probabilities are also shown (in these examples we
have used discretized Gaussians on 100 points in the interval [—10, 10], because
we needed to compute numerically with Arimoto-Blahut algorithm the maxinf
priors; in the graphs the density values are referred to truncated discrete den-
sities and differ from the continuous version for a global scale of approximately
20/100 = 0.2). Note how the entropic priors equalize the likelihoods provid-
ing a much more conservative decision in the superimposed regions and how
the maxinf priors do the opposite by emphasizing the classes that exhibit the
best separation. Other densities, such as those shown in the above tables, also
in mixed configurations can be easily considered. The behaviors for uniform,
entropic and maxinf priors shown in Fig. 2.5.1 are to be considered quite typical.

The likelihood-prior products obtained with maximum entropy method show
striking similarities with the membership functions used in the fuzzy logic frame-
work ([37]). Further comparison of the entropic prior approach with fuzzy logic
is quite appealing, but it is beyond the scope of this dissertation and it will be
addressed elsewhere.

Entropic priors have also a simple information-geometric interpretation. Re-
call that the volume of the support set of a random vector X is approximately
V(X) ~ ) ([7]). In our case we have the entropic priors as just the relative
volumes of the conditional support sets, i.e.

_1 _ Ts—1 _ _1 _ Ts—1 _
mp(x;s) = e~ 3 (X—1e) B (x—py) ¢ ez (Xmp) T BT (k)

V(Xls)
Yyes VIXly)
Then likelihoods with larger volumes have stronger entropic priors which balance

the penalizing “spreading effect” observed in the intersection between conditional
support sets, as motivated by Examples 1-2.
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Figure 2.5.1: Comparison of m(x;s) and P(s|z) for uniform, entropic

and maxinf priors; f(z|s) = N(z;ps,0s), s € S = {s1,52,53}, means

sio Mgy fhsy) = (—3,—3,2) and variances (02,02 ,02) = (3,1,2). Entropic
Hsiy Hsgs sy S17 7 827" 53

priors are (Pg(s1), Pg(s2), Pr(ss)) = (4177, .2412, .3411), and maxinf priors
(P[(Sl),P](SQ),P[(Sg)) = (04767 4611, 4913)
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2.6 Objective priors for sequences

In the discussion presented above we have considered only one realization of
a d-dimensional vector X implicitly assuming that all our observations are
condensed into one sample of X. More in general when more samples of
X, possibly dependent, are available, we need to consider Bayes’ inference
for sequences in which we have available n d-dimensional random attributes
X" = (X[1],X][2],...,X][n]), all associated to one of the classes {s1, s2, ..., Spr}-
The set can represent n independent repeated trials of the same d-dimensional
random variable, or more generally a dependent time series. Bayes’ formula for
the posterior probabilities at time n becomes

f(x”|s])P (SJ) .
O

Objectivity for the priors in this more general scenario requires that at every
time step a new set of priors is considered as a consequence of the new likeli-
hoods f(x"|s;). Unfortunately, as n grows, a new problem must be considered,
because if the data is generated from a specific class, the posteriors should
asymptotically concentrate their probability mass onto that class (consistency).
More specifically, prior determination has to account for coherence of the infer-
ence process, i.e. when we observe a sequence x7 distributed according to the
conditional distribution f(x"|s;) (which implies that it belongs to its typical
set ([7, p. 57]), it must be recognized by Bayes’ inference as belonging to the
right class s;. Any proposal for priors cannot avoid such a constraint. More
formally, if the data sequence x™ is generated from class s; (denoted x;‘) we
need to require that for n — oo

P,(s;|x") = M. (2.6.1)

Pn(sj|x?) -1, Pn(5i|x}’) —0, i #£ 7. (2.6.2)
Consistency constraints are made more explicit by the following proposition.

Proposition 1. For a sequence X™ extracted from a stationary ergodic process,
sufficient condition for posterior consistency is that for large n the sequence of
priors satisfy the condition Py, (s;) < P,(s;)ePrUi) i 40,5 =1,..., M, where
Dy (jii) = [0 f(x"|s;)log J;(zn\?;dx is the KL-divergence between likelihood
f(x"|s;) and f(x"]s;).

The proposition states that if we control the priors’ evolution, we avoid that
possibly the wrong class takes over as n grows. This clearly depends on how
much the class likelihoods are separated. The proof follows standard steps used
in large deviation theory ([7]) and it is reported in the Appendix.

Note that when samples are independent D,,(j;i) = n D(j;¢) and we need
to compute only the KL divergence between each pair of marginals D(j;i) =

[, [(x]s;)log f(xl‘sjgdx. Consistent special cases are: (a) uniform priors P, (s;) =

1/M, j =1,..., M, because the condition 1 < eP»U)will be satisfied for some
n > ng, because as n grows, D, (j;1) also grows; (b) constant priors P,(s;) =
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P(s;), j = 1,..., M, because, similarly to (a), P(s;) < P(s;)e”(#") will be sat-
isfied for some n > n; for all pairs because of the increasing behavior of D,,(j; 1)
(138)) )

We adopt here the general condition P, (s;) < P,(s;)eP»U) for all n, even if
the inequality has been derived as a sufficient condition for large n. The reason
for this assumption is that even for small values of n > 1 exact time evolution of
Bayes’ formula can quickly become intractable even for small dimensionalities d.
In practical application scenarios, in which we generally do not know how soon
the law of the large numbers kicks in (it depends on the specific densities), if for
every n we keep the condition satisfied we are guaranteed consistency within any
chosen criterion for prior determination. We have verified in a number of practi-
cal examples that even for small n the condition on the time-varying priors (the
entropic priors discussed in the following) nicely “drives” the posteriors towards
consistent values keeping the entropy criterion maximized. More technical anal-
yses of convergence both for small and large values of n would be desirable, but
they are beyond the scope of this dissertation and will be explored elsewhere.
We will confine our work to n = 1 and to the verification of convergence for
large n.

2.6.1 Consistency for maxinf priors

Maxinf priors for large values of n, as mentioned above, become Reference, or
Bernardo’s priors. It is well known that reference priors in the discrete finite
case tend to the uniform distribution as the sample size grows ([15]). They are
obvioulsy consistent. Hence in the comparisons that follow, we will concentrate
only on entropic and uniform priors.

2.6.2 Consistency for entropic priors

Entropic priors for the more general case of sequences are the solution to the
maximization of the model entropy H(X",S). The unconstrained solution is
immediately (just as in (2.3.2))

GH(X™|s;)

Pop(s;) = =1,.., M. (2.6.3)

ST sy

As it may appear a bit strange to have time-varying priors, true entropy max-
imization depends on H(X"|s) and therefore it must depend also also on n.
Unfortunately as n grows, all the conditional entropies H(X"|s) grow and
tend to become dominated by the class (Spq4.) With the largest entropy, i.e.
lim, oo Pre(s) = 0(8 — Simaz). This problem has appeared as a fundamen-
tal limitation to the use of entropic priors for sequences, because the entropy
spread may take control of the priors making Bayes’ formula useless. Caticha
and Preuss, that proposed entropic priors for continuous parameter spaces ([25]),
pointed to such a problem and proposed a solution with a constrained average
entropy for the priors to contain this saturation effect. Unfortunately such value
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must be evaluated from specifics of the application domain. We would rather
approach the problem in this discrete-class context recognizing that we are only
interested in the posteriors and we do not necessarily care about the prior sat-
uration effect, as far as Bayes’ formula remains consistent. Then, substituting
(2.6.3) in the condition of Proposition 1 we find that entropic priors (2.6.3) give
consistent posteriors if

H(X"s;) < HX"|s;) + Dn(j;3), i#374, i,5=1,..., M. (2.6.4)

Inequality (2.6.4) is nice and compact and shows that even if some class
entropies may grow more then others, we can still have correct inferences from
entropic priors, if the class typical sets are sufficiently separated. There are many
cases in which classes are well separated and unconstrained entropic priors for
sequences can be used with no problems. We have applied entropic priors to
AR Gaussian process classification ([30]) and found that unless the eigenvalues
corresponding to the various classes are very similar, entropic priors can be
used immediately for process classification. For i.i.d. sequences the condition
for entropic priors consistency is simply H(X|s;) < H(X|s;) + D(j;1), i #
gy i, =1, M.

When the likelihoods do not satisfy condition (2.6.4) entropy maximization
can be constrained as shown in the following section.

2.6.3 Consistency constraints on entropic priors

In many applications in which the class distributions may be poorly separated,
perhaps because they have superimposed means, or similar covariances, etc., we
should not give up our effort to obtain entropic objective priors just because
condition (2.6.4) is not satisfied. We can upgrade our entropy maximization
by appending the consistency constraints. Entropic priors P, g(s) definition at
time n can be generalized to

{PnE(S) = argmaxp, () H(X", 9) (2.6.5)

P.g(si) — PnE(sj)eD"(j;i)’E" <0 i#j’

where €, is a small positive constant. Obviously, the problem is a bit more
complicated because at each time step we must have available all the time-
varying class entropies H(X™|s), and all the KL-divergences D,,(7; j), and solve
a constrained optimization problem. However, the conditions can be easily cast
into a standard convex optimization problem with linear inequality constraints
and solved with the help of Karhush-Khun-Tucker conditions ([39]). Entropic
priors take the more general expression

nlg. M n n ,Dn(jii)—en
eH(X |Sz)*2j:1,j¢i(/\ij*/\jie g )

Pop(si) = i=1,..,M, (2.6.6)

M i) — ’
SO X s =300 s A=Ay e P D7)

where the constants A} >0, i,j = 1,..., M are computed iteratively from the
constraints at each time step n. The full derivation is reported in the Appendix
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where an explicit algorithm for constant evaluation is also proposed. Essentially
the entropy exponents are modified to ensure consistency: classes with large
entropy must be contained in their prior value during sequence evolution while
the prior for classes with small entropy is to be emphasized. The solution
is quite general because when the class typical sets are sufficiently separated,
many constants A, (if not all) may vanish; when contribution (i, j) is present
instead, either 7., or A7, is null, as they assure mutual exclusive conditions
(cfr. Eq.(2.6.5)), respectively adding or subtracting to the entropy exponent a
positive value.

2.6.4 A simulation with a stationary i.i.d. Gaussian pro-
cess

We have simulated class inference with entropic priors for various i.i.d. se-
quences where condition H(X|s;) < H(X]s;) + D(j;4), @ # j, is satisfied
verifying that even if the class with the largest entropy takes over in the pri-
ors, posterior convergence is guaranteed. We show here instead a case in which
the consistency condition is not satisfied and we have to resort to the con-
strained entropy maximization. More specifically we consider one-dimensional
iid. Gaussian likelihoods, i.e. f(z"[s) = [[;=, N(z[l]; us,05), with M = 3.
The set of means and standard deviations are respectively (fis,, fisy, flss) =
(0,15,0) and (os,,0s,,0s,) = (40,10,5). Recall that the entropy of a Gaus-
sian density N (z, i, 07) is H(X|s;) = log(v/2mes;) and KL-divergence be-
tween two Gaussian densities N'(z, p;, 0;) and N (x, uj, 0;) is given by D(j;4) =
2 2 2

% —l—log(g—;). Eq. (2.6.4) in this case reduces to (u; —p;)* > 07 —07,
1 # j. The parameters in the example do not satisfy the consistency condition.
Therefore entropic priors are updated at each time step n = 1,..., 20, according
to Eq. (2.6.6), through the algorithm presented in the Appendix. We set the
parameter €, = (.05) - n because it must be commensurate to the linear growth
of entropy and KL divergence. At every step n the recursion (2.8.15) converges
in less than five steps.

In Fig. 2.6.1 we report a comparison of posteriors evolution for a sequence
extracted from the conditional density of class sq, i.e. f(2"|s2) (see Fig. 2.6.1a)
using uniform, unconstrained and constrained entropic priors. Class s; is the
one with the largest entropy. Fig. 2.6.1b shows the entropic priors evolution
with (Eq. (2.6.6)) and without (Eq. (2.6.3)) the consistency constraints. Note
that the prior for the class with largest entropy (s;) still dominates asymptoti-
cally even though its effect is contained in the constrained solution. Fig. 2.6.1c
shows the posterior evolution with uniform priors. Fig. 2.6.1d is the posterior
evolution with constrained and unconstrained entropic priors. Note that with
unconstrained entropic priors class s; takes over because it has the largest en-
tropy leading to incorrect inference. Conversely, after constraining the priors,
the inference is asymptotically correct towards class so. The evolution obtained
from consistency-constrained entropic priors show a more cautious evolution to-
wards proper inference as compared to uniform priors. Obviously many prior
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Figure 2.6.1: Comparison of uniform and entropic priors for a sequence gener-
ated according to f(x"|s2)

choices may generate consistent posteriors as the priors become progressively
irrelevant for large n. However, entropic priors that generate a posterior behav-
ior that is to be considered more “objective” in comparison to uniform priors,
can be very useful in critical inferences and decisions that have to be made on
small values of n: once posterior consistency is ensured, the entropic solution
may be the safest choice as compared to any other prior choice.

In a second set of simulations we have tested the application of entropic
priors to a sample sequence that does not belong to any of the three classes
included in the above model. This corresponds to a sequence that is non typical
and may reflect an experiment in which we need to compute posteriors for an
arbitrary sample. We wanted to test the claimed objectivity of the entropic
priors in comparison to uniform priors. Recall that we started our discussion
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Figure 2.6.2: Comparison of entropic and uniform priors over a non-typical set

at the beginning of this chapter with Examples 1-2 considering samples that
belong to the intersection of more than one class. Fig. 2.6.2(a) shows a se-
quence of 20 samples from a uniform distribution in [0.85,10.85]. The range is
compatible with all the three classes and a uniform prior would favor classes
s2 and s3 because f(x™|s1) is the lowest and the widest. Fig. 2.6.2(b) shows
posterior evolution for uniform priors; Fig. 2.6.2(c) shows posterior evolution
for unconstrained and constrained entropic priors. The unconstrained solution
leads to a posterior that converges to class s; because it is the one with the
largest entropy and it is certainly inappropriate. The consistency-constrained
solution shows instead the maximum entropy cautious inference between class
s1 and so reflecting the fact that the data points are most compatible with
the ranges of f(x"|s1) and f(x™|sz2), regardless of the priors. We would like
to re-emphasize that the simulations are totally self-contained and no previous
assumption except the likelihoods have been used.
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2.7 Conclusions

Entropic priors seem to qualify as a cautious objective solution in Bayesian in-
ference problems when only the likelihoods are known and we have available
only small sample sets. The comparisons on inferences based on a single sample
with maxinf priors shows in our examples that the ME method may be more
appropriate when we have no previous model knowledge. Maxinf priors may
be better used when the inference process can be controlled by emphasizing
the classes that are the easiest to invert, as in communication channels. We
believe that entropic priors have great potential in being used in critical pattern
recognition applications when it is necessary to be very cautious about previous
knowledge. Application to canonical densities shows intriguing connections to
non-Bayesian methods, like Dempster-Shafer or Fuzzy Logic theory ([40]). We
believe that this may be an interesting avenue of further investigation where
the ME method to solve model indeterminacy is put in prospective with respect
to theories alternative to probability. In this chapter we have also proposed a
consistency-constrained entropic prior solution for sequences, where the spread-
ing of the entropy for repeated experiments can be controlled to guarantee that
in the transition from a few to many samples posterior inferences remain con-
sistent. In such cases the priors are dynamically determined with an algorithm
that needs only class entropies and mutual KL-divergences. We have verified the
theory on a small set of typical examples in comparison to uniform priors. We
believe that entropic priors show great potentials in the many signal processing
applications areas. We have already applied the idea to kinematic classification
for tracking ([29]), to Hidden Markov Model identification ([31]) and to AR
process identification ([30]) and we are currently pursuing the application of the
ME method to mixture models and to uncertain likelihoods.

2.8 Appendix

2.8.1 Proof of entropic priors (2.3.2)

For maximization of H(X,S), the Lagrange function is

L= H(X,5)=AQ_,P(s)—1) = H(X[S) + H(S) = A (2, P(s) — 1)

> H(X[s)P(s) = 22, P(s)log P(s) = A (32, P(s) — 1)
(2.8.1)

where P(s) = P.{S = s} and H(X]s) = H(X|S = s) and the only constraint is
>_s P(s) =1 (the inequality constraints 0 < P(s) < 1 are verified a posteriori).
Taking the derivative with respect to P.(s) we get %ﬁg) = H(X]s) —log P(s) —
_ GH(X|

1 — A. Setting the derivative to zero we get P(s) $)=1-A By imposing
—1-X _

the constraint we get e = W, which gives the solution (2.3.2).
y
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2.8.2 Proof of Proposition 1

Given an ergodic and stationary sequence x7 coming form class s;, as a conse-

quence of the law of the large numbers, for large n

log f(x}[s;) ~ —H(X"[s;); log m
- 191

~ D, (j;1), i£j.  (28.2)
When the samples are independent (i.i.d. sequence), f(x"|s) = [T, f(x[l]]s),
H(X"|s) =nH(X]|s), Dyn(j;i) =nD(j;i), Eq. (2.8.2) is the classic Asymptotic
Equipartition Property (AEP) ([7, p. 245]). In general when the sequence has
a dependence structure, there is a more technical derivation based a general-
ized version of the AEP with a sandwich argument to obtain (2.8.2) ([7, pp.
644-649]). A more detailed discussion of convergence is beyond the scope of
this dissertation and will be reported elsewhere. The equivalent approximate
expressions

F(x7s5) =~ e H(X ;). Fxs;) =~ e~ HX"|s;)=Du(si) it (2.8.3)
substituted in Bayes’ formula, give the posteriors

efH(ansj)Pn(sj)
Sy eH XM P (1)
e HX"5)=Dn (i) P, (s;)

M eHX s P, ()

(2.8.4)

Pn(sj|x;~l) ~

Py (silx)) =~ ,i#£ 4, i=1,...,M. (2.8.5)

. Pa(s;lx]) ~ Pn(s; n(J52) 3 n n
If the ratio Pn(sZ\xZL) = Pn(sigeD () is kept > 1, P, (s;]x7) — 1 and P(s;|x7}) —

04 # j. The condition is then P, (s;) < Py(s;)ePnUi).

2.8.3 Proof for consistent solution to entropic priors

We derive here the solution to (2.6.5) at time n by casting the problem into a
standard constrained convex optimization problem. We simplify notation
dropping index n and making h; £ H(X"|s;) , dj; = D, (j;i) — €, and

pi 2 P,(s;). The problem can then be written as

miny, (= 75, hipi + 3,2, pilog pi);

Z?ilpi =1

—p; <0,1=1,.., M, (2.8.6)
pi—1<0,:=1,..,M;

Di fpjedﬁ <0,i#j,4,5=1,..,M.
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The complete Lagrange function with all the constraints is

= —thpz+2pzlogpz+ﬂzpz—1
le o 1=1
+> Z Zwi@ pi=1). (287)
=1 j=1,j

There are in total: (1) one equality constraint for normalization (u); (2)
W inequality constraints (A;;,¢ # j, 4, = 1,..., M) for consistency; (3)
M inequality constraints (cy,i =1, ..., M) for positivity; (4) M inequality
constraints (8;,i = 1, ..., M) for bound to one. Taking the derivative with
respect to p;, we get

M
oL g
8])* = 7hi —+ log i + 1+ 1% + E (/\Zj — )\jied”) — o+ ﬂl (288)
! j=1,j#i

Setting to zero for ¢ = 1,..., M, the solution, the constraints and the co-
efficients, according to Karush-Kuhn-Tucker conditions ([39]) are written for
,7=1,....M, as

pi=ehimlmr St ig = Agie i) =it B Zij\;pf —1=0;

)

ag, B > 05 Xij > 0,0 # j;
—pi <0; p; —1<0; (2.8.9)
p; —pjetii <0, i #j; Bi(py —1) = 0;

Nij(pf — pjett) =0, i # j;

the last three equalities represents the complementary slackness conditions. Us-
ing the equality constraint we get

M M
Zp;‘k — e 17k <Z ehi—Z?l:Lj#i()\z'j—)\jiedij)—Oli-‘rﬁi) - 1. (2.8.10)
=1

i=1
Obtaining 1 and substituting, the solution takes the form

h'_zy L Vi —Ajieid ) —ai+ B
*

P = i=1,..,M. (2.8.11)

Zl 2= 1];&1(/\17*&16 W)—ay+p;

From this expression all the pf are automatically in [0,1]. Therefore o; = 0,
Bi = 0,Vi. Solution and constraints simplify to

M o xysebid
ehl Zj:ld%i()‘zj >‘g7,e 7)

M d
M1 h =000 =X jie Liy

P —pjett <0, i # j; Nij(pf — pjetit) = 0, 0 # j;

b= (2.8.12)
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the inequality constraints can be re-written as

M M
hi — Z (Ain = AniCin) < h; — Z ()\jm - /\ijjm) +dj;, (2.8.13)
n=1,n#i m=1,m#j

where ¢;; = edii | to simplify notation. From the slackness conditions, if Aij 0
(“Aij is active”), p¥ —p}’fedﬁ = 0, otherwise \;; = 0. Extracting A;; from (2.8.13)
we have

M M
Nj(L4ci) = hi— D> Aint D> AniCin —hj

n=1,n#1,j n=1,n#i
M M
+ Z )\jm — Z AmjCim — dj;. (2.8.14)
m=1,m#j m=1,m%#j,i

Therefore an algorithm to get the coefficients can search iteratively for the
coefficients applying the following formula for i,5 =1, ..., M; ¢ # j

M M
- Zn:l,n;ﬁi,j Ain + Zn:l,n;ﬁi AniCin = I

Xij = max{0, T+e, (2.8.15)
M M
Zm:Lm;éj Ajm — Zm:l,m;ﬁj,i AmjCim — dji
+ 1.
1+¢j

We have tested the algorithm for small values of M. The unique solution is
easily obtained in a few steps. Better algorithms may certainly be devised, but
this issue is not central to the results of this dissertation.



Chapter 3

Decision Fusion over
distributed MIMO channels
with instantaneous channel
state information

3.1 Introduction

3.1.1 Motivation

Decision Fusion (DF) in a wireless sensor network (WSN) consists in trans-
mitting local decisions about an observed phenomenon from individual sensors
to a DF Center (DFC) for a final decision. For sake of simplicity, the usual
architecture assumes that each sensor communicates through a parallel access
channel (PAC), which has to be implemented through time, code or frequency
division schemes, since the wireless channel is “naturally” a broadcast medium
[41, 42, 43, 44].

Recently it has been suggested to exploit the wireless medium as a multiple-
access channel (MAC) for DF while coping with presence of intrinsic interference
[45]. Furthermore, the problem of deep fading was addressed with multiple an-
tennas at the DFC in order to ameliorate the fusion performances [46, 47, 45].
This choice demands only further complexity on DFC side and does not affect
simplicity of sensors implementation. The result is a communication over a
“virtual” Multiple-Input Multiple-Output (MIMO) channel between the sensors
and the DFC, as shown in Fig. 3.1.1. Though appearing a stringent require-
ment, instantaneous channel state information (CSI) is often assumed [47, 46].
Design of channel-aware fusion rules and corresponding high performances mo-
tivates this assumption [42, 44, 48], fulfilled in many scenarios!. For the same

IWe focus on the case in which the sensors and the DFC have minimal movement and

39
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Figure 3.1.1: The Decision Fusion model in presence of a (virtual) MIMO chan-
nel.

reason, channel-aware fusion rules for coherent, non-coherent, and differential
modulation were already proposed for PAC [42, 44, 48, 49].

Unfortunately, the optimal DF rule over MIMO channels with instantaneous
CSI presents several difficulties in the implementation: (i) complete knowledge
of channel parameters and sensors local performances; (i4) numerical instability
of the expression, due to the presence of exponential functions with large dy-
namics; (i44) exponential growth of the complexity with the number of sensors.
Design of sub-optimal DF rules with simple implementation and reduced system
knowledge is then extremely desirable.

3.1.2 Related Work

A vast literature is present on DF, still growing in the context of WSNs. Several
tutorial papers and books have been published on the topic, providing extensive
references [50, 43, 51, 52]. Here we briefly discuss recent related work and focus
on results needed for the work in this dissertation.

Sub-optimal rules for PAC scenario, presenting only issues (i) and (ii), were
designed in [41, 42, 53, 48, 44, 49]. More specifically, the optimal rule was
compared to Maximum Ratio Combining (MRC), Chair-Varshney Maximum-
Likelihood (CV-ML), Equal Gain Combining (EGC) and Max-Log. MRC and
CV-ML fusion rules approach optimum performance at very low and very high
channel SNRs, respectively and they both suffer from a significant performance
loss at moderate channel SNR [41, 42]. Instead EGC was shown to have robust
performance for most SNR range [53]. Max-Log rule has been shown to outper-
form all the mentioned rules for all the SNR range [48]. Furthermore, robust
sub-optimal fusion rules were obtained by fitting various non-linearities to the
Log-Likelihood-Ratio (LLR) in [44]. The rules considered in [48] have also been
derived and compared in the context of sensors differential encoding [48].

DF in distributed detection over MAC was first considered in [54], where an
algorithm for the design of local-sensor quantizers was derived for the optimal

the environment changes slowly. More precisely, the coherence time of the wireless channel is
assumed much longer than the time interval between two consecutive decisions made by the
DFC, and instantaneous CSI can be obtained [47].
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fusion rule. Also, several advanced transmission schemes have been proposed for
MAC. In [55, 56] a fully-loaded code-division multiple access (CDMA) communi-
cation between sensors and the DFC is proposed: DF exploiting instantaneous
CSI is performed and sub-optimal alternatives, based on the partitioning of
transmitted symbols decoding and DF rule, are compared with the optimum.
Also, in [57] a CDMA protocol is considered, but no decision is performed lo-
cally by the sensors, since they employ an amplify-and-forward scheme. In [58],
the idea of the direct sequence spread spectrum is exploited to perform a com-
munication based on the On-Off Keying (OOK) modulation with censoring; at
the DFC the optimal rule and sub-optimal alternatives are derived on the basis
only of statistical CSI.

An alternative and novel communication scheme, based on the method of
types, called Type-Based Multiple Access (TBMA), has been proposed for dis-
tributed detection in [59, 60]. The scheme relies only on statistical CSI and
presents limited bandwidth requirements. However, it has been shown in [61]
that TBMA suffers from significant loss of performances in i.i.d. zero-mean
fading channels.

DF over MIMO channels was firstly proposed in [47], focusing on J-Divergence
optimal power allocation under non-identical local performances, which requires
instantaneous CSI. DF rules over a matrix channel model, with only statistical
CSI knowledge and non-coherent modulation have been studied in [45]. Dis-
tributed detection over MIMO with instantaneous CSI at the fusion center is
tackled with the use of amplify-and-forward sensors in [46]; the optimum (data)
fusion rule is derived and performance improvement is demonstrated when using
multiple antennas at the fusion center.

3.1.3 Main Results and Chapter Organization
The main contributions of the chapter are summarized as follows.

e We study the design of channel-aware DF rules over MIMO channels, to
best of our knowledge, for the first time. We discuss advantages and
drawbacks for each rule in terms of complexity, system knowledge required
and performances. The rules are grouped under Decode-and-Fuse (DaF)
and Decode-then-Fuse (DtF) approaches. In the former case fusion is per-
formed on the received signal, while in the latter case fusion is performed
through CV rule, which processes ML or Minimum Mean Square Error
(MMSE) estimate of the transmitted symbols. Multiple antennas at the
DFC are shown to be beneficial independently of the considered (optimal
or sub-optimal) fusion rule, however a (rule-dependent) saturation effect
is present.

e Optimality properties are analytically demonstrated (in low and/or high
SNR regime) for CV-ML, Max-Log and MRC over MIMO channel, in
perfect analogy to the PAC case. Also, we formulate efficient Generalized
Sphere Decoder (GSD) [62] implementation to tackle exponential com-
plexity of the first two rules.
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e We show that CV-MMSE outperforms CV-ML in low-to-moderate SNR
regime, since it accounts for the correlation among decisions in the decod-
ing stage. Furthermore, the co-channel interference of the MIMO channel
makes MRC to outperform EGC under a Neyman-Pearson framework, in
disagreement with PAC case [42].

e We show that each discussed rule, except for MRC, present an optimal
number of sensors to be employed, under a total power constraint, to
minimize the system probability of error. Further addition of sensors in
the WSN counter-intuitively degrades the overall performances. Instead
the MRC benefits from an indefinite increase of the number of sensors
employed.

The chapter is organized as follows: Section 3.2 introduces the system model,;
Section 3.3 presents fusion rules based on DaF (including the optimum fusion
rule) approach, while Section 3.4 presents fusion rules based on DtF approach;
Section 3.6 presents an extensive set of simulations for performance comparison
under different scenarios; some concluding remarks are given in Section 3.7;
proofs and derivations are confined to Appendices.

Notation - Lower-case (resp. Upper-case) bold letters denote vectors (resp.
matrices), with a,, (resp. an,m) representing the nth (resp. the (n,m)th) ele-
ment of the vector a (resp. matrix A); upper-case calligraphic letters denote
discrete and finite sets, with A% representing the k-ary Cartesian power of the
set A; Iy denotes the N x N identity matrix; Ox (resp. 1y) denotes the null
(resp. omes) vector of length N; E{-}, (:)*, (%, (-)f, R(:), Z(:) and |-|| denote
expectation, conjugate, transpose, conjugate transpose, real part, phase and
Frobenius norm operators; P(-) and p(-) are used to denote probabilities and
probability density functions (pdf), in particular P(A|B) and p(a|b) represent
the probability of event A conditioned on event B and the pdf of random variable
a conditioned on random variable b, respectively; N¢(p, X) denotes a circular
symmetric complex normal distribution with mean vector g and covariance ma-
trix 3; finally the symbols ~ and o mean “distributed as” and “proportional
to” respectively.

3.2 System Model

We consider a distributed binary hypothesis test, where K sensors are used to
discriminate between the hypotheses of the set H = {Hy, H;}. For example
Hy and H; may represent the absence and the presence of a specific target of
interest, respectively. The a priori probability of hypothesis H; € H is denoted
P(H;). The kth sensor, k € K £ {1,2,..., K}, takes a binary local decision
dy, € H about the observed phenomenon on the basis of its own measurements.
The decision d, is assumed independent of each other decisions dy, £ € K, ¢ # k,
conditioned on H; € H.

Each decision dj, is mapped to a symbol z; € X = {—1,+1} representing
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BPSK modulation?: without loss of generality we assume that dp = Hy maps
into x, = —1 and d, = H; into zp = +1. The quality of the kth sensor decisions
is characterized by the conditional probabilities P(xx|H;). More specifically,
we denote Ppj = P (z = 1|H;) and Prjy = P (z), = 1|Hy), respectively the
probability of detection and false alarm of the kth sensor.

The sensors communicate with the DFC over a wireless flat-fading MAC,
with i.i.d. Rayleigh fading coefficients of unitary mean power. The DFC is
equipped with N receive antennas in order to exploit diversity and combat signal
attenuation due to small-scale fading of the wireless medium; this configuration
determines basically a distributed (or “virtual” [47]) MIMO channel, as shown
in Fig. 3.1.1. Also, instantaneous CSI and perfect synchronization are assumed
at the DFC as in [47]; note that multiple antennas at the DFC do not make
these assumptions harder to verify w.r.t. (single antenna) MAC.

We denote: vy, the received signal at the nth receive antenna of the DFC after
matched filtering and sampling; h,, , ~ N (0, 1) the fading coefficient between
the kth sensor and the nth receive antenna of the DFC; w,, the additive white
Gaussian noise at the nth receive antenna of the DFC. The vector model at the
DFC is the following;:

y=Hz+w (3.2.1)

where y € CN, H € CN*EK ¢ XX w ~ Ng(0n,021Iy) are the received
signal vector, the channel matrix, the transmitted signal vector and the noise
vector, respectively.

Remarks: The vector model in Eq. (3.2.1) can be underloaded (K < N),
fully-loaded (K = N) or overloaded (K > N). While in MIMO communication
systems all the three scenarios are of interest, in the specific case of WSN only
the overloaded case is reasonable, as typically the number of sensors is typically
much larger than the number of antennas that could be employed at the DFC
(i.e. K > N). Throughout this chapter we will refer to the channel SNR as the

ratio between the average total received energy from the WSN £, = E { | H a:||2}

and the one-sided power spectral density of the continuous process noise o2, that

is SNR £ &,/0% = KN/s2. Note that the corresponding individual channel
SNR for the kth sensor will be SNRy, = N/s2.

3.3 Decode-and-Fuse

In this case, see Fig. 3.2.1a, the DFC aims at detecting the presence of the
target directly from the received signal vector without any intermediate step to
decode the transmitted vector.

2Note that in case of an absence/presence task, where Hq is less probable, On-Off Keying
(OOK) can be employed for energy efficiency purpose. In the following we will refer only to
BPSK, however the results presented in this chapter apply straightforward to OOK.
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Figure 3.2.1: Fusion approaches.

3.3.1 Optimum Rule

The optimal test [63] for the considered problem can be formulated as

H H=H,
Agpt 210 [p(m 1)} >y (33.1)

where H, Aopt and 7y denote the estimated hypothesis, the LLR (i.e. the optimal
fusion rule, referred also as the “optimum” in the following) and the threshold to
which the LLR is compared to. The threshold v can be determined to assure a
fixed system false-alarm rate, if a Neyman-Pearson detection is employed, or can
be chosen to minimize the probability of error in Bayes detection. An explicit
expression of the LLR from Eq. (3.3.1) is given by

W lzmw plylz) [T P(kal)]

S wean PylE) [Toey P(zxHo)
Zsz\f’K exXp (_%) Hszl P(xy|Hy)
> wexx €XP (—”y_g#”?) [Tz Pkl Ho)

w

Aopt =

(3.3.2)

= In

where we have exploited the conditional independence among ) (given H;),
and of y from H; (given ).

3.3.2 Maximum Ratio Combining (MRC)

The LLR of Eq. (3.3.2) can be simplified under the assumption of perfect
sensors[48, 58|, i.e. (Ppy,Pri) = (1,0), k € K. In this case the transmit-
ted vector ¢ € {1k, —1k} and the Eq. (3.3.2) reduces to:

y—Hilg|?
exp (_ Il = Il
w

2
exp (_ ly+Hi )

where in the r.h.s. we have neglected the terms that can be incorporated in
through Eq. (3.3.1). The following proposition states that as in PAC case [42]
the MRC is the low-SNR approximation of the optimum of Eq. (3.3.2) when
local performances of sensors are identical.

Aypre =1n x N1t H'y) (3.3.3)
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Proposition 2. For low SNR, if (Ppy,Prr) = (Pp,Pr), k € K: Ayre =
Aopt-

Proof. See Appendix 3.8.1. O

3.3.3 Equal Gain Combining (EGC)

Motivated by the fact that Ap;rc resembles a MRC statistics for diversity com-
bining [64], cfr. Eq. (3.3.3), we propose a further rule in the simple form of an
equal gain combiner:

Apce = R(z'y) (3.3.4)

e el 4(H1k)

A similar expression was derived for MIMO beamforming and combining sys-
tems in [65].
3.3.4 Max-Log Rule

Let us first recall the Max-Log approximation known from turbo-codes literature
[66]

L L
In (Z Bze““) = In (Z 6AZ+1H(B£)>
=1 =1

~ Ze{{r’?‘x“’]:} [A¢ + In(By)] (3.3.6)

where A; € R and B; € RT. The approximation in Eq. (3.3.6) is accurate when
one of the terms in the sum Zszl Bye?* dominates over the remaining terms.
LLR expression from Eq. (3.3.2) is in the same form of Eq. (3.3.6), thus using
this approximation we obtain the following sub-optimal fusion rule:

ly — Ha|® <
A]M(Lac—Log = ng/'iYnK lﬂ — ZIH P(IEkHo)‘|
w k=1

2 K
— min [Hy_IJwH—ZlnP(xHHl)] (3.3.7)

XK o2
xc w =1

which can be interpreted as the difference between hypothesis prior-weighted
minimum distance searches.

Proposition 3. Max-Log Properties:
1. For low SNR, if (PD,]{) > %, PF,k < %) : AJWaz—Log ~ Ayre-

(a) For low SNR, if (Pp , Pri) = (Pp,Pr), k € K, and (Pp > %,PF <
%) : AMam—Log ~ Aopt-
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(b) For high SNR : Arrag—rLog = Aopt.
Proof. See Appendix 3.8.2. O

The above proposition states that under particular circumstances Max-Log ap-
proximates the optimum both in the low and high SNR regime.

3.4 Decode-then-Fuse

In this case, see Fig. 3.2.1b, the DFC is based on the separation of decoding and
fusing stages. Firstly, the decoding block computes an estimate of x, denoted
# in the following, from y. Finally, the global decision H is taken on the basis
of & using the Chair-Varshney (CV) rule [67], i.e. the optimal fusion rule for
noiseless channels, whose expression is given by

i P 1-P
Acy =Y dxIn ( D”“) +(1— ) In (D’“) , (3.4.1)
— Pr 1 — Pp
where @y, £ ig—“, k € K. Note that when local sensor performances are identi-

cal, i.e. (Pp,Prr)= (Pp,Pr), Eq. (3.4.1) reduces to a simple counting rule
[67].

3.4.1 CV-ML
In this case @ is obtained through ML decoder [64] as

EAL = i — Hx|>* 3.4.2
g = arg min ||y — He| (3.4.2)

In analogy to PAC case [42], CV-ML is the high-SNR approximation of the
optimum of Eq. (3.3.2), as stated through the following proposition.

Proposition 4. For high SNR: Acv_pr = Aope.
Proof. See Appendix 3.8.3. O

3.4.2 CV-MMSE

In this case the ML decoder is replaced with a sub-optimal one presenting re-
duced complexity, obtained via the MMSE solution [64]. The rule however needs
to take into account the correlation between symbols zy, k € K, since they ob-
serve the same phenomenon. This issue was addressed in [56] but restricted
to the case Ppj = 1 — Prj. In the more general case, the following MMSE
decoder should be considered [68]:

w

Ty msE = sign [§+ C'H]L(ITIC’ITI]L + o2 IN)il('y - HE)] (343)

where T £ E{z} and C £ E{(x — Z)(x — Z)'} are the mean vector and the
covariance matrix of x, respectively. Their explicit expression is derived and
reported in Appendix 3.8.4.
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3.5 Implementation Issues

Practical implementation of LLR in Eq. (3.3.2) is difficult due to exponen-
tial functions with large dynamic range especially for moderate-to-high channel
SNRs KN/s2 > 1. This becomes a quite severe requirement for fixed point im-
plementations [69, 48, 58]. All the proposed sub-optimal rules instead present
numerical stability for realistic SNR values, although they require a different
degree of system knowledge and they also differ in computational complexity.
In Tab. 3.1 we report a complete comparison of the aspects mentioned. More
specifically, for each fusion rule, we report the system parameters required for
implementation (first column), the complexity w.r.t. both the number of sen-
sors K and antennas N (second column), numerical stability (third column)
and finally optimality properties under the assumption of identical sensors per-
formance (last column). Also, it is apparent that the fusion rules requiring less
a priori information and lower computational complexity are EGC and MRC,
while Max-Log fusion rule is the only one exhibiting optimality at both low and
high SNR.

Note that CV-ML requires (Pp , Pr), k € K, only if local performances
of sensors are different, cfr. Eq. (3.4.1); this is not the case for CV-MMSE
because local sensor performances are always required in the decoding stage of
Eq. (3.4.3). Finally, MRC and EGC require only reduced knowledge of channel
matrix.

The dependence of the complexity with respect to N is moderate for all
the presented rules and it is polynomial in the worst-case (CV-MMSE?). This
justifies the deployment of multiple antennas at DFC at the expenses of a slightly
increase in the complexity burden. The dominant term of complexity for all the
rules depends on the number of sensors K. The only exceptions are MRC and
EGC, whose computational complexity, given by Egs. (3.3.3) and (3.3.4), does
not depend on the number of sensors K. In such a case, the dependence is only
linear with respect to number of antennas, since during channel estimation step
only the N-dimensional vector ZH 1y (corresp. H1g), needs to be estimated.

Terms nj, j € {1,2}, are inserted to underline that the Exp-complexity (with
respect to K) of CV-ML and Max-Log can be mitigated by a GSD implementa-
tion [62]. In fact, for CV-ML, the equivalent problem & = arg mingc v« || D(p—
Hz)||? in place of Eq. (3.4.2) can be efficiently solved, with D denoting the
upper-triangular matrix deriving from the Cholesky Factorization of G £ HTH+
BIy (that is G = D'D) and p 2 G~ 'Hy.

Differently, GSD implementation of Max-Log rule requires slight modifications

31t is worth remarking that CV-MMSE complexity in Tab. 3.1 has been derived under the
assumption K > N.
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| Fusion Rule || required parameters | complexity | stability |  optimality |
| Optimum || (Ppx, Pr) o2 | O@2KN) | no | always \
| MrC || Hilg | O(N) | yes | lowSNR' |
| EGC | Z(H1g) | O(N) | yes | never |
| MaxLog || (Pps Pri), H, 02 | 0% -"IN)ny >0 | yes | lowhigh SNR |
| ovML || (Pow.Pri).H | OQK-"IN)ni >0 | yes | highSNR |
| CV-MMSE || (Ppx, Pri) o | OK(K+NK+N?) | yes | never \

Table 3.1: Comparison of the fusion rules. (1) if Pp > Pp; (2) if (Pp > 3, Pp < 3).

to the steps followed in [62]. The steps, reported in Appendix 3.8.5, lead to

D H
AMaz—Log = min lw ZlnP kao)]

BEXT Tiw k=1

| ID(p - Ha)|
~ min, [Ua ;mp Tp|H) | (3.5.1)

The computation of Eq. (3.5.1) can be easily performed through a double
search with GSD (one for each hypothesis) or with a more efficient single
search, following the same approach in [70]. In both cases the complexity of
Max-Log is always higher than CV-ML, that is n; > nsy. Detailed results on
the complexity reduction deriving from the GSD implementations of minimum
distance searches can be found in [62].

3.6 Simulation Results

In this section we compare the performances of the presented fusion rules in
a WSN with sensors of identical local performances (Pp j, Prr) = (Pp, Pr),
k € KC. Unless differently stated, we assume (Pp, Pr) = (0.5,0.05) as adopted
in [42, 44, 48, 53] for fusion rules comparison in PAC. The global performances
are analyzed in terms of system probabilities of false alarm, detection and error,
defined respectively as

PFO £ P(A>’Y‘H0), PDO é]D(A>’y|fll)7 (361)
P, £ min (1~ Po, ()] P(HY) + Pry(MP(Ho)}, (362)

with A representing the decision statistics of a generic fusion rule. In the follow-
ing figures, for comparison purposes, we report the (upper) “observation bound”
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Figure 3.6.1: ROC for the presented rules. WSN with K = 8 sensors,
(Ppk, Pri) = (0.5,0.05), k € K. N =2, (SNR)4p = 15.

[45], i.e. the optimum performances over noiseless channel, given by:

K

PRy =) (IZ{) (Pp)'(1— Pp)*~, (3.6.3)
i=K,
K

PR o=y (Ij) (Pr)'(1 — Pp)K—", (3.6.4)
=K,

where K, is a discrete threshold.

Receiver Operating Characteristic (ROC): In Fig. 3.6.1 we show the ROC
(i.e. Pp, vs Pr,), for the presented rules in a WSN with K = 8 sensors and N =
2 antennas at the DFC, under a channel (SNR)qp = 15 (corresp. (SNRy)ap =~
6). It is apparent that Max-Log and Optimum ROCs are quite similar, but
far from the observation bound. Instead ROCs of the MRC and EGC present
a crossing point; the same happens between CV-ML and CV-MMSE. However
while in the first case the result is independent of the specific channel SNR, in
the latter case it depends on the poor performances of CV-ML statistics, due to
the low channel SNR. This implies that when a fixed (low) Pp, is imposed, as
in typical Neyman-Pearson test [63], the MRC is a more attractive choice than
EGC, in juxtaposition with the PAC case [42, 43]. The difference comes from
the impossibility of vector z in Eq. (3.3.4) to sum the contributions of all the
sensors coherently.

Pp, vs (SNR)gp: In Fig. 3.6.2 we show, for the presented rules, Pp, as a

o]
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function of the channel (SNR)yp, under Pp, < 0.01, in a WSN with K = 8
sensors (corresp. (SNRy)ap = (SNR)4qp — 10logyo K =~ (SNR)ap — 9); we
plot the cases N € {1,2} to investigate the effect on performances when two
antennas are employed at the DFC. Firstly, numerical results confirm analytical
derivations, i.e. CV-ML and MRC approach the optimum at high and low
channel SNR, respectively, also in MIMO scenario. Max-Log is optimal at high
SNR and also it strictly approaches the same performances as the optimum over
all the SNR range considered (i.e. [0,30]45); the pay-off is a high requirement
on system knowledge and computational complexity (cfr. Tab. 3.1). It is
worth noticing that curves corresponding to DtF rules in Fig. 3.6.2 exhibit
jumpy-step and non-monotonic behaviors in the case of CV-ML (as pointed
out in [53] for PAC) and CV-MMSE rules, respectively. Such phenomena are
not surprising when related to the discrete nature of CV decision statistics as
well as the operation point on the corresponding ROC. More specifically, the
operation point does NOT show a fixed probability of false alarm with respect to
SNR, and both probabilities of detection and false alarm are sometimes lowered
in order to meet the constraint on the maximum allowed probability of false
alarm. Finally CV-MMSE performs fairly better than CV-ML at low-medium
SNR, as it exploits the local sensor performances information in the decoding
stage. All the rules significantly benefit from the presence of two antennas at
DFC (cfr. solid with dashed lines in Fig. 3.6.2). Max-Log (as the optimum)
has the best improvement in the range [5,20]4p and reaches the observation
bound at (SNR)4p = 20, instead of (SNR)gp ~ 30 when N =1 at the DFC.
CV-ML rule needs higher SNR to get acceptable performances, but the case
N = 2 still needs less energy to reach the observation bound (in fact if N =1
the bound is reached at (SNR)gp > 30, not visible in Fig. 3.6.2). Finally
multiple antennas not only increase MRC, EGC and CV-MMSE performances
at low-medium SNR, but also give better limiting performances.

Pp, vs N: In Fig. 3.6.3, we show, for the presented rules, the Pp, as a
function of the number of antennas N, under Pr, < 0.01; we plot the cases
(SNR)4p € {5,15} to investigate the performances when N increases under
realistic channel SNR values. It is apparent that adding more antennas at
the DFC is beneficial for all the rules presented, however a saturation effect
is present. The saturation depends on the SNR and the chosen fusion rule.
In particular, specific configurations achieve the observation bound (e.g. Max-
Log with N = 4 at (SNR)4p = 15) while others (e.g. MRC with N = 6 at
(SNR)ap = 5) exploit all the diversity gain.

Pg, vs K: In Figs. 3.6.4 and 3.6.5 we show, for the presented rules, the
system probability of error Pg, (under the assumption P(H;) = 1/2, H; € H)
as a function of the number of sensors K; we plot the case (Pp, Pr) = (0.7,0.05)
to emphasize the results observed. We consider a WSN with N = 1,2 (corresp.
Fig. 3.6.4 and 3.6.5) antennas at DFC and a channel (SNR);p = 15. The
latter assumption clearly represents a total power constraint (TPC) [57, T1]
on the WSN, i.e. the individual channel SNR for the kth sensor is scaled as
SNRy = SNE  We also report the (upper) “communication” bound [45], i.e.

K
Pg, under the assumption of ideal sensors, i.e. (Pp,Pr) = (1,0). In this
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Figure 3.6.2: Pp, vs channel (SNR)4p for the presented rules; P, < 0.01.
WSN with K = 8 sensors, (Pp x, Prk) = (0.5,0.05), k € K. N € {1,2}.
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case the bound is represented by the symbol error probability of a N branch

MRC combiner [72], that is PE2™™ = (1;“)N ﬁgl (N_IIH)(H'T“)l, where p =

\/ 5 Iing. Simulations show that all the rules, except for MRC, present a

unimodal behaviour, i.e. there exists a finite number of sensors, under a fixed
(SNR)4p value, which minimizes Pg,. This implies that when fusing decisions
using those rules, less sensors with a higher individual battery energy are more
beneficial than several sensors with poor energy-powered batteries for improving
performances. Instead, when fusing with MRC, the suggested trend is to divide
the available energy among as many sensors as possible. Furthermore, some
specific facts needs to be clarified:

. PEOGC is lower than P]%RC in Figs. 3.6.4,3.6.5; this result does not con-
tradict Figs. 3.6.2,3.6.3 because the ROCs of the two rules present an
intersection point, cfr. Fig. 3.6.1, so that the EGC is better than MRC
from a Bayesian point of view. The optimal point on ROC which mini-
mizes Pg, is on the right of the intersection point.

e An increase in number of antennas N gives a decrease in minimum Pk,
attainable by every rule; the minimum is typically obtained with a larger
number of sensors K. For example with CV-ML when N = 1 the minimum

PgOV_M L ~ 0.11 is obtained with K = 2 sensors; however when N = 2
the minimum Pg)vfML ~ 0.05 is obtained with K = 5 sensors. Finally,
the increase of N affects slope and limiting value of ng) RC for MRC; this
means that the same P}% RC when using multiple antennas can be obtained
with less equal-battery sensors.

3.7 Conclusions

In this chapter we addressed the design of sub-optimal fusion rules, more suit-
able for practical implementation than the exact LLR, for a DF task performed
over a virtual MIMO channel. The study was motivated by the need of multiple
antennas at the DFC to obtain a dramatic improvement in performances with a
reduced WSN energy budget. The presented alternatives solve the issues about
fixed point implementations and present a wide spectrum of choices for reduced
complexity and lower system knowledge. Max-Log, MRC and CV-ML, as in the
PAC case, confirm also their asymptotic optimality properties. Nonetheless,
all these rules still significantly benefit from the addition of multiple antennas
at the DFC, with a saturation on performance depending on the specific rule
and channel SNR. Finally, all these rules present an optimal number of sensors
to be employed to minimize the system error probability, under a total power
constraint. The exception is represented by MRC, which shows decreasing sys-
tem probability of error as a function of the number of sensors. The latter
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property configures MRC as a more convenient choice when a huge number of
low-powered sensors are available for the task.

3.8 Appendix

3.8.1 Proof of Proposition 1

From definition of exact LLR in Eq. (3.3.2) if we observe that for low SNR
(E{IHzI1?}/s2 < 1), exp (fglly—l;lwl\2> ~ exp (7 ||52H2) (1 _ HHwHkigi{yTHw})’

{T’(U w

we get

T 27 f xX
e (1 - P20 Te) ) [T Py )

x||?— tHax
erXK (1 - %) Hlfr(:l P(xy|Ho)

Aopt ~ In (3.8.1)

Exploiting the normalization property > «x P(x|H;) = 1, and using the
approximation In(1 + z) ~ x, when = < 1, we obtain:

20 {y" H (E{x|H:} — E{z|Ho})} |
2

Aopt ~ (382)

a5

where « is a term not depending on y. When local performances are identical,
E{x|H1} =1x(2Pp — 1) and E{x|Hyp} = 1x(2Pp — 1), the LLR reduces to:

AR{y H1x} ta

2
0w

Aopt ~ (PD - PF) (383)

Eq. (3.8.3) represents the same statistics as Eq. (3.3.3), since the terms (Pp —
PF)i2 (recall that Pp > Pp) and « can be incorporated in the threshold « of

O;

3.3.1) .

3.8.2 Proof of Proposition 2

Part 1): Starting from the expression of Max-Log formula of Eq. (3.3.7) let us
define:

K
#; 2 arg min M - ZlnP(xk|Hi) H,eH
zEXH & k=1
K
|Ha|* - 2%{y' Ha}
= arg min [ oz - kz_:l In P(xy|H;) (3.8.4)

where in the second line we have neglected the irrelevant term ”g” For low SNR

w

(E{IH=|?}/52 < 1), the first term of &; becomes irrelevant, so that the minimum
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is determined by ZkK:l In P(zy|H;). If Ppjp > % and Prj < %, k € K, then
&g ~ —1k and &1 ~ 1. Using these approximations in Eq. (3.3.7) provides:

H1 — Hig|?
NP ' <P VS TE
O-'LU Uw
where § 2 In Il Pos oo dependent on y. Eq. (3.8.5) is identical

H§=1(1_PF,k)
to MRC, cfr. Eq. (3.3.3), since § can be easily incorporated in threshold of

Eq. (3.3.1).

Part 2): The property is easily demonstrated by combining Propositions 2
and 3.1 .

Part 3): Starting from the expression of Max-Log formula of Eq. (3.3.7),
for high SNR. (E{IIH=[?}/,2 > 1), we have that @&; ~ &7, since the first term
in r.h.s. of Eq. (3.8.4) becomes dominant. Note that the term &,;7, is the
same given by Eq. (3.4.2). Thus substituting the approximate expressions of
&; in Eq. (3.3.7), we obtain the same rule as in Eq. (3.8.7), which is the CV-
ML statistics. Since for high SNR, Acy_nrr = Aopr (Proposition 4, Appendix
383), then AMax—Log ~Acyv_mp ~ Aopt-

3.8.3 Proof of Proposition 3

For high SNR (E{IIHz[*}/,2 > 1), if we denote the true transmitted vector as
T, the corresponding value in Eq. (3.3.2) will be a dominating term of the
sums at numerator and denominator; the LLR is then well approximated by

exp (*W) ITi) Plawr|Hy)

—Har|2
exp (=Bl [T, P(ay, 1| Ho)

K K
11 P(xk7T|H1)1 - |]] P(xk7T|H0)] :
k=1 k=1

Also, for high SNR, the ML estimate &y, = argmingcyx ||y — Hz|? =~ z7,
i.e. the ML decoder works near perfectly. Thus Eq. (3.8.6) reduces to

(3.8.6)

Aopt ~ In

= In

K

H (g, mr|Hr) ] —

K

H (Zk, 01| Ho) ] (3.8.7)

opt ~

which can be rearranged easily to obtain Eq. (3.4.1).

3.8.4 CV-MMSE moments

We derive explicit expressions for Z = E{z} and C = E{(x — Z)(z — %)} to
be inserted in Eq. (3.4.3).
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Proposition 5. The explicit expressions of T and C are given by:

Tk:PF,k‘i’PD,k*l ke (388)

coj=rej =TTy LjeK (3.8.9)

Tej = {(2PF,4—1)(2PFJ—1)+(2PD12—1)(2PD1],_1) oy (3.8.10)
2 J

Proof. The kth element of the mean vector Z; can be expressed as :

Tp = B{wx} = > Efxy|H}P(H)) (3.8.11)
i=0,1

Assuming equally likely priors (i.e. P(H;) = 1/2, H; € H), observing that
E{zx|Ho} = 2Pry — 1 and E{xx|H1} = 2Pp — 1, and substituting these
expressions in Eq. (3.8.11) gives Eq. (3.8.8). Define r,; as the (£, j)th element
of the correlation matrix R = E{zz'}, i.e.

B{wew;} = > B{wex;|H} P(H;) (3.8.12)
i=0,1

% Zi:O,l E{zez;[H;} €#]

3 201 E{«7|H;} t=j

Exploiting the conditional independence (given H;) of 2, and x; we have that

E{zz;|H;} = E{x|H;} - E{z;|H;} and observing that E{z?|H;} =1, H; € H,
we obtain Eq. (3.8.8). O

%

(3.8.13)

3.8.5 Max-Log GSD derivation

Proposition 6. The Maz-Log formula of Eq. (3.3.7) can be expressed in the
equivalent form:

2 K
AMaz—10g = min [D(pZILI:c) - ZlnP(kao)]

XK lop
xTe w =1

— min
e XK

l|D(p;2I-Iw)|2 — iln P(mkHl)] (3.8.14)

w k=1

Proof. To prove this proposition we follow similar steps as in [62]. Starting
from the expression in Eq. (3.3.7), adding and subtracting the constant term

5“{’:7“3 (recall that BPSK is a constant modulus modulation, i.e. 'z = K) and
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2
simplifying the term Hi@“ we get:

AMaw—Log = min

2
reXK (o

[xT(HTH + BIN)x —y' He

—a:THTy

2
0w

K
— Y In P(xx|Ho)

2
o
k=1 w

zeXK

] . VT(HTHMIN):C
— min

—yTHw _ wTHTy

2
0w

K
-Y In P(xkﬂl)] (3.8.15)

k=1

Denote D the upper-triangular matrix deriving from the Cholesky Factorization
of G & H'H + BIy (that is G = D'D) and p & G"'Hy. We can add
and subtract the term % to both the minimum problems and use the

relationships now defined to straightly obtain Eq. (3.8.14). The new squared
radius choice r2_, for pruning is given by

2 2 Bzl +y HG 'Hly — y'y

7/"ILE’LU =r

- (3.8.16)
where r represents the radius of the original test [W - Zszl In P(z |H,)} <
7’2, H, eH. O

The computation of the radius in Eq. (3.8.16) can be avoided if depth-first
Schnorr-Euchner enumeration strategy is adopted in the pruning process [73].



Chapter 4

Perfomance analysis of MRC
over distributed MIMO
channels with instantaneous

CSI

4.1 Introduction

Channel-aware decision fusion (DF) in wireless sensor networks (WSNs) is a
challenging task and, due to the numerical instability and strong requirements
on the system knowledge required by the log-likelihood ratio (LLR) test, several
sub-optimal alternatives have been analyzed in the recent literature, such as
maximum ratio combining (MRC), equal gain combining and Chair-Varshney
maximum likelihood [43]. Max-Log rule has been studied in [48] and shown
to outperform other sub-optimal rules though exhibiting higher requirements
on system knowledge, e.g. the channel variance. All the mentioned rules were
derived in the parallel-access channel scenario and, for such a case, a theoretical
performance analysis was also conducted in [48].

Recently, DF exploiting the interfering nature of the broadcast wireless
medium is becoming more attractive for spectral-efficiency purposes. Non-
coherent modulation and censoring over parallel- and multiple-access channels
(MAC) have been analyzed in [45] with emphasis on processing gain and com-
bining loss. Techniques borrowed from direct sequence spread spectrum sys-
tems are combined with on-off keying (OOK) modulation and censoring for DF
in scenarios with statistical channel state information (CSI) [58]. DF with a
multiple-input multiple-output (MIMO) wireless channel model has been first
studied in [47], with a focus on power allocation design based on instantaneous
CSI, under the framework of J-divergence. Data fusion over MIMO channels
with amplify and forward sensors was then studied in [74]. It is worth noting

o8
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that in a DF scenario the LLR suffers also from the exponential growth of the
computational complexity with respect to (w.r.t.) the number of sensors. Vari-
ous sub-optimal fusion rules for channel-aware DF in the same MIMO scenario
are proposed in [75], where decode-and-fuse and decode-then-fuse approaches
are compared. More specifically, it has been shown that the MRC fusion rule
in MIMO scenario has the following appealing properties [75]: (i) even if sub-
optimal, it exploits efficiently diversity from multiple antennas; (i7) it achieves
optimality at low-SNR; (ii4) its complexity is linear w.r.t. the number of anten-
nas and independent of the number of sensors, both in the fusion and channel
estimation stages.

In this chapter we provide a theoretical performance analysis of the MRC
rule over MIMO channels. More specifically, we derive the closed form of the
conditional moment generating function (MGF) and exploit Gauss-Chebyshev
(GC) quadrature rules to efficiently evaluate the MRC performance in terms of
the probability of detection and false alarm. The MGF also allows to evaluate
the (modified) deflection coefficient in closed form, allowing practical system-
design considerations. The obtained results are quite general, as they hold for
scenarios with both dependent and independent local decisions.

The chapter is organized as follows: Sec. 4.2 introduces the system model,;
in Sec. 4.3 we present the theoretical performance analysis of MRC, confirmed
in Sec. 4.4 through simulation results; in Sec. 4.5 we draw some concluding
remarks; proofs are confined to Appendices.

Notation - Lower-case (resp. Upper-case) bold letters denote vectors (resp.
matrices), with a,, (resp. a,, ) representing the nth (resp. the (n,m)th) ele-
ment of a (resp. A); upper-case calligraphic letters denote finite sets, with A%
representing the k-ary Cartesian power of A; Iy denotes the N x N identity
matrix; Oy (resp. 1y) denotes the null (resp. ones) vector of length N; E{-},
var{-}, ()%, (\)f, R(), |I]l, [-] and det(-) denote expectation, variance, trans-
pose, conjugate transpose, real part, Frobenius norm, upper integer rounding
and matrix determinant operators respectively; P(-) and p(-) are used to de-
note probability mass functions (pmf) and probability density functions (pdf),
while P(:|-) and p(-|-) their corresponding conditional counterparts; N¢(u, X)
denotes a circularly symmetric complex normal distribution with mean vector
p and covariance matrix 3; the symbol ~ means “distributed as”.

4.2 System Model
4.2.1 WSN setting

We consider a distributed binary hypothesis test, where K sensors are used to
discriminate between the hypotheses of the set H = {Hy, H;}. For example Hy
and H; may represent the absence and the presence of a specific target of in-
terest, respectively. The kth sensor, k € K = {1,2,..., K}, takes a binary local
decision dy € H about the observed phenomenon on the basis of its own mea-
surements. Differently from [75], here we do not make any conditional (given
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H; € H) mutual independence assumption on dyi. Each decision dj, is mapped
to a symbol x;, € X = {—1,+1} representing a BPSK modulation!: w.lLo.g.
we assume that dy = H; maps into x; = 2i — 1, ¢ € {0,1}. The quality of the
kth sensor decisions is characterized by the conditional probabilities P(zx|H;).
More specifically, we denote Ppj = P (zy = 1|Hy) and Py = P (2, = 1|Hp)
the probability of detection and false alarm of the kth sensor, respectively.

The sensors communicate with the decision fusion center (DFC) over a wire-
less flat-fading MAC, with i.i.d. Rayleigh fading coefficients of unitary mean
power. The DFC is equipped with N receive antennas in order to exploit diver-
sity and combat signal attenuation due to small-scale fading; this configuration
determines a distributed or “virtual” MIMO channel [47, 75]. Also, instanta-
neous CSI and perfect synchronization? are assumed at the DFC as in [47, 75].

We denote: y,, the received signal at the nth receive antenna of the DFC after
matched filtering and sampling; A, , ~ N (0, 1) the fading coefficient between
the kth sensor and the nth receive antenna of the DFC; w,, the additive white
Gaussian noise at the nth receive antenna of the DFC. The vector model at the
DFC is the following: .

Y *KNHm+w (4.2.1)
where y € CNV, H € CVN*K 2 € XX w ~ Nc(On,02Iy) are the received
signal vector, the channel matrix, the transmitted signal vector and the noise
vector, respectively. Finally, we define the random variable ¢(x) denoting the
number of sensors deciding H; and the set £ £ {0,..., K}, denoting the out-
comes of {(x).

We refer to the channel SNR as the ratio between the average total received

energy from the WSN &€, £ | {%} and the one-sided power spectral density

. . . A
of the continuous process noise o2, i.e. SNR £ &;/02 = L. The scale factor
w

\/ﬁ in Eq. (4.2.1) is added to keep the channel SNR independent on N and K,

therefore the individual channel SNR for the kth sensor will be SNRy = K},_Q .

4.2.2 Fusion Rules

Optimum Rule: The optimal test [63] for the considered problem can be formu-
lated as A

H=H

p(y|H 1)} > '

Aopr £ 1n [ ¥ 4.2.2
e o] R (#22)

where H , Aopr and v denote the estimated hypothesis, the LLR (i.e. the optimal
fusion rule) and the threshold to which the LLR is compared to. The threshold

n the case of an absence/presence task, where Hj is less probable, OOK can be employed
for energy efficiency purposes. In the following we will refer only to BPSK, however the results
apply straightforward to OOK.

2Multiple antennas at the DFC do not make these assumptions harder to verify w.r.t. a
single antenna MAC.
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v can be determined to assure a fixed system false-alarm rate (Neyman-Pearson
approach), or can be chosen to minimize the probability of error (Bayesian
approach) [63]. Exploiting the independence of y from H;, given x, an explicit
expression of the LLR from Eq. (4.2.2) is given by

—Hz|?
A 1 Y wcxx Pylz)P(x|H)) ! D wexx €XP (*%) P(x|H;)
¢ =1In —In
T RecwcpwlI Pl 5 exp (<1sE2R) Plal o)
(4.2.3)

MRC': The LLR of Eq. (4.2.3) can be simplified under the assumption of
perfect sensors [48, 58|, i.e. P(x = 1x|H1) = P(x = —1x|Hp) = 1. In this case
x € {1k, -1k} and Eq. (4.2.3) reduces to [75]:

AJWRC = &E(ZIV[RCy) with ZMRC = HlK (424)

where irrelevant terms have been incorporated in v through Eq. (4.2.2). It has
been proved in [75] that MRC is the low-SNR approximation of the optimum
of Eq. (4.2.3) when local performances of sensors are identical3.

4.3 MRC performance analysis

4.3.1 False Alarm and Detection probabilities computa-
tion

The system probabilities of false alarm and detection are
PFO £ P(_A < _7|H0)> PDo S P(_A < _’Y|H1)a (431)

with A representing the decision statistic of a generic fusion rule. Although
it is often difficult to derive the conditional pdf p_p (A H;), H; € H, of the
negative LLR —A, the corresponding Laplace transform ®_,(s|H;) (i.e. the
MGF of A) is usually easier to obtain. Using the relationship p_a (A H;) =

%j fccjjs ®_,(s|H;)exp (As)ds, where ¢ is a small positive constant in the
region of convergence of the integral, both probabilities in Eq. (4.3.1) can be
rewritten as

— c+joo

[ s = [ ol

—o0 c—joo

exp (—vs) ds
— . — 4.3.2
21y (4.32)

Based on Eq. (4.3.2), Pp, and Pp, can be calculated for any fusion rule
provided that the integral in Eq. (4.3.2) can be solved efficiently and the

3Even if in [75] conditional mutual independence of local decisions was assumed, it can be
shown by inspection of the derivation that such an assumption is not necessary in proving
MRC optimality at low-SNR.
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corresponding Laplace Transform ®_,(s|H;) can be derived in closed form.
The integral in Eq. (4.3.2) can be solved numerically through GC quadrature
rules (as in Sec. 4.4) or exactly using the residue approach [76, 77]. Differently,
®_,(s|H;) can be expanded as

O_A(s|H)) = Y @ a(slx)P(x|H;)  H;€H. (4.3.3)
e XK

We derive here ®_4,, .. (s|z) in closed form, as summarized by the following
proposition.

Proposition 7. The Laplace Transform ®_n,, .. (s|x) of —Anrc|x is given in
closed form as

1

(I)*AMRC (S|£l:) =

{[1+ sy (K-~ 26(@)) ] [1+ 3hey - (6 —20@)s] )

(4.3.4)
where €5 21 +/1+ N and € 21— /14 e
Proof. The proof is confined to Appendix 4.6.1. O

It is worth noting that, in this particular case, Eq. (4.3.4) depends on «
only through ((x), i.e. ®_p(s|x) = ®_a(s]¢(x)). This allows a very efficient
computation of Eq. (4.3.3) through

K
(I)*AMRC(S‘HZ') = Z q)*AZ\lRC(sw(w))P(‘e(w”Hl)’ (4.3.5)
£(x)=0

i.e. requiring only a sum over (K + 1) terms (¢(x) € L), instead of 2K (cfr.
with Eq. (4.3.3)). Also only P(¢(x)|H;) instead of P(x|H;) is needed.

4.3.2 Deflection Coefficients

Although efficient computation of Pg, and Pp, can be obtained through Egs.
(4.3.2), (4.3.4) and (4.3.5), a compact and concise parameter for performance
analysis (independent on v) would be desirable. The deflection coefficient Dy
and its modified version D; are commonly considered as synthetic performance
measures; they are defined as follows [78, 79:

o [E{A|H)) — E{A|Hy}])

D; werTAH ] . ie{0,1}. (4.3.6)

The deflection coefficients are widely accepted parameters® for design and
analysis purposes [78], while requiring only the first two order conditional mo-
ments. The expressions of E{Ayrc|H;} and var{Ap;rc|H;} are given in closed
form by the following proposition.

4Also, in the specific case of a Gaussian shift-in-mean hypothesis testing, they represent
the SNR of the statistic under Neyman-Pearson framework [63].
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Proposition 8. The mean and the variance of Ayrc|H; are:

E{Ayre|Hi} =2 \/zuz{em} ~VEN (4.3.7)

4N

I var{{|H;}

(4.3.8)

N 2
VaI‘{AMRc‘HZ‘} =K (1 + m) - 2E{£|HZ} + EE{€2|HIL} +

Proof. The moments of Ayrre|H; are obtained from the MGF definition [80]:

am [q)*/\MRC (SlHl)]
ds™

E{(Amrc)™[H;} = (4.3.9)

s=0
Hence, the first two order moments are obtained by setting m = 1 and m = 2, re-

spectively. Finally, the variance is computed as var{Aypc|H;} = E{A%; zo|Hi}—
E{Avrc|Hi}?. O

As a corollary we also report D} explicitly in the case of conditionally i.i.d.
sensor decisions, i.e. P(x|H;) = HkK:1 P(xy|H;) and Pp = Pp i, Pr = Ppy.

Corollary 9. The deflection coefficients for conditionally i.i.d. sensor decisions
are:

ANK (Pp — Pp)?
D}re = = (Fp — Fr) : (4.3.10)
K1+ 55xg) +2@2N+1-K)p;

where pg = Pp(1 — Pp) and p; £ Pr(1 — Pr). Note that D7 are strictly
increasing with K and therefore the large system (i.e. K — +00) deflections,
DMRC _ 4N(Pp—Pr)*
v (I+55%m) 20
rameters, as shown in [75] through simulations. For such a reason it is inter-
esting to obtain a coarse indication on the minimum K needed to achieve the
maximum deflection with a fized loss:

, represent the maximum attainable, given the other pa-

DMERC Ke i 1) — DMRC Ke X
7 ( 7'7Z+ ) i ( 7‘7Z) <67‘ (4311)

Hewi Dy (Ko, ) -

where €, represents a fixed tolerance on the relative increment of the deflection
coefficients w.r.t. K. The dependence of D}*° w.r.t. K is stressed in Eq.
(4.3.11). If we define b; 2 [(1+ 5w) — 2p;] and ¢; 2 [2(2N + 1)p;] it can be
shown that

K .= \/6%([)2 + Ci)2 + 46rCibi — Gr(bi + Ci)

4.3.12
26741)1‘ ( )

The proof is not reported here for brevity.
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Figure 4.4.1: MGF-based (lines) and simulation-based (circles) ROC. WSN with
K =8, N=2,(SNR)yp € {5,10,15}. (Ppk, Prx) = (0.5,0.05) for Scenario
(a); (Pp,k, Pri) = (0.7,0.05) for Scenario (b).

4.4 Simulations Results

In this section we show the perfect agreement between the results (in terms of
Pr, and Pp,) obtained by evaluating the integration of ®_x,, .. (s|H;) in Eq.
(4.3.2), through GC rules (with 500 nodes) [76, 77], and the results obtained
through Monte Carlo simulations (with 10° runs). Also, we show the benefits
of using of D; as a performance metric for MRC. For simplicity we consider
conditionally i.i.d. sensor decisions, i.e. (Ppx, Prr) = (Pp, Pr), k € K.

Fig. 4.4.1 shows the Receiver Operating Characteristics (ROC) of the MRC
rule in a WSN with K = 8 and N = 2 at the DFC in two scenarios with different
Pp (we fix Pr = 0.05): (a) Pp = 0.5; (b) Pp = 0.7. For each scenario we report
the performance at three different SNR values, i.e. (SNR)4p € {5,10,15}. The
lines represent the performance evaluated with the proposed approach, while
the circle markers represent the corresponding simulations. It is apparent how
the proposed approach perfectly matches the simulation results, while requiring
dramatically minimal computational resources.

Fig. 4.4.2 shows D; vs K, evaluated according to Eq. (4.3.10), with N €
{1,2} at the DFC and for (SNR)4p € {5,15}. It is apparent how the perfor-
mance saturates, under a total power constraint (cfr. Eq. (4.2.1)), with K, as
well as the beneficial effect of the increased number of antennas. In the same fig-
ure we also report, for each plot, the corresponding value of K., with €, £ 0.01,
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5 10 15 20 25 30
K

Figure 4.4.2: D; vs K; WSN with (Ppy, Prix) = (0.5,0.05); N e {1,2};
(SNR)4p € {5,15}. K., is reported with a triangle marker, ¢, = 0.01.

obtained through Eq. (4.3.12); the 1% limit on the relative increment of D; pro-
vides insights on the number of sensors required to attain the maximum with a
negligible loss.

4.5 Conclusions

In this chapter we exploited the MGF framework for performance evaluation
of MRC DF rule over MIMO channels. We derive the MGF of the MRC over
MIMO channels in closed form in order to compute effectively the system proba-
bilities of false alarm and detection via GC quadrature rules (numerically). The
explicit expression of conditional MGF is also exploited to obtain the deflection
coefficients in closed form, as a compact measure of the statistic performance,
thus allowing practical system design.

4.6 Appendix

4.6.1 Proof of Proposition 7

We derive here the closed form of ®_,,, .. (s|z) in Eq. (4.3.4). Using a similar
approach as in [81], where the symbol error probability in a fading environment
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with antenna diversity was obtained, we express —Arc|x as follows

N
—AmrolT = 2:(%|96)T - F - (vy]x), (4.6.1)
n=1

where the Gaussian vectors (v, |z), n € {1,..., N}, and the deterministic matrix

F' have the explicit expressions:
A t A 0 -1
volz = [ ynlz henlx | F&| 0 7 (4.6.2)
2

with h,, denoting the nth row of H. Note that Eq. (4.6.1) is a sum of
Hermitian quadratic forms of complex Gaussian vectors v,|x. Since v,|x are
i.i.d. vectors, the Laplace transform of Eq. (4.6.1) has the following closed form
[80]:

1 N
P _Anrre (s|:1:) = [det([ i SL((B))]

where L(z) £ (R|z) - F and Rz £ E{(v,|x)(v,|x)}, i.e. the covariance
matrix of v,|x, since it can be shown that E{(v,|x)} = 02. The explicit
expression of R|x is:

(4.6.3)

1 +02 26(x)—K
N w
Rjz = E{(alo)(wal2)} = | N s VAN ] (1.6
VKN
Denoting A;(x), i € {1,2}, the two eigenvalues of L(x) we have that
1 N
P = . 4.6.5
A]MRC(S|m) |:(1+S)\1(ZB))(1+S)\2(33)):| ( )

Evaluation of \;(x), through det(sI — L(x)) = 0, gives:

(@) = I;_;\/%‘”) + ;\/K (zlv + 81\11R> (4.6.6)

where we have exploited that SNR = 1/62. Direct substitution of explicit ex-
pression of A\;(x) in Eq. (4.6.5) provides the result.




Chapter 5

Non-coherent Decision Fusion
over distributed MIMO
channels

5.1 Introduction

Starting from classical distributed detection [50], large efforts in the recent liter-
ature have been devoted to the implementation of distributed detection in wire-
less sensor networks (WSNs) [43, 51, 52|. Local decisions in a WSN are usually
transmitted to a decision fusion center (DFC) in order to improve reliability
of geographically distributed sensing through central processing. Common sys-
tem architectures make reference to the availability of parallel (non-interfering)
channels from the sensors to the DFC [42, 53, 48]. However, more sophisticated
setups have been investigated, where the intrinsically interfering nature of the
wireless channel is exploited and not combated [45, 47, 75].

Recently, in [45] and [82], the received-energy test was studied for non-
coherent decision fusion over a multiple access channel (MAC). More specif-
ically, in [45] the received energy was claimed as optimal for the no-diversity
case with conditionally (given the phenomenon) mutually independent and iden-
tically distributed (i.i.d.) sensor local decisions, as long as the probability of
false alarm of the generic sensor is lower than the corresponding probability of
detection. Also, analytical performances of the received-energy test in the di-
versity scenario were derived. However, optimality property of the test was not
investigated. The optimality of the test for the no-diversity case with condition-
ally i.i.d. sensor local decisions was proven in [82]. Only the case with sensors
whose probability of false alarm is lower than the corresponding probability of
detection was considered. Nonetheless, the diversity case was still ignored in
the optimality analysis.

The main contributions of this chapter are:

67
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e a rigorous proof of the optimality of the received-energy test for non-
coherent decision fusion' over a Rayleigh fading MAC with arbitrary order
of diversity and with conditionally mutually independent but non identi-
cally distributed (i.n.i.d.) sensor decisions, as long as each sensor probabil-
ity of false alarm is lower than the correspondent probability of detection;

e as a side result, a sufficient condition on the log-likelihood ratio (LLR) of
the number of active sensors suited for testing received energy optimality
in scenarios with correlated local decisions;

e analytical derivation of large-system performances for conditionally i.i.d.
sensor local decisions as a function of the order of diversity, where two
different scenarios are considered: (a) sensors with an individual power
constraint (IPC); (b) sensors with a total power constraint (TPC).

It is worth noting that in [75] a different scenario was analyzed, where: (i) con-
ditionally i.i.d. sensor decisions were considered, and (i¢) instantaneous channel
state information (CSI) at the DFC was assumed. The focus was on the per-
formance analysis of several sub-optimal fusion rules in terms of complexity,
required knowledge, probability of detection and false alarm.

The chapter is organized as follows: Sec. 5.2 introduces the system model;
in Sec. 5.3 we present the main results of this chapter, while in Sec. 5.4 we
draw some concluding remarks; proofs are confined to Appendices.

Notation - Lower-case (resp. Upper-case) bold letters denote vectors (resp.
matrices), with a,, (resp. a,, ) representing the nth (resp. the (n,m)th) ele-
ment of the vector a (resp. matrix A); upper-case calligraphic letters, e.g. A,
denote discrete and finite sets; Iy denotes the N x N identity matrix; Ox (resp.
1x) denotes the null (resp. ones) vector of length N; E{-}, ()¢, ()T, R(-), 3(*)
and ||| denote expectation, transpose, conjugate transpose, real part, imag-
inary part and Frobenius norm operators; P(-) and p(-) are used to denote
probability mass functions (pmf) and probability density functions (pdf), while
P(-|-) and p(|) their corresponding conditional counterparts; Nc(p, ) (resp.
N(p, X)) denotes a circular symmetric complex (resp. real) normal distribu-
tion with mean vector pu and covariance matrix 3, B(k,p) denotes a binomial
distribution of k trials with probability of success p and x? denotes a chi-square
distribution with L degrees of freedom; (a * b)(¢) denotes the convolution be-

tween series a(¢) and b(¢); finally the symbols ~ and % mean “distributed as”
and “convergence in distribution”.

LAlthough, energy receiver and non-coherent are not synonyms, in the chapter we will
confuse them. In the related literature, such a misuse is common due to the fact that the
energy detector is the default receiver adopted for non-coherent decision fusion.
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5.2 System Model
5.2.1 WSN modeling

We consider a distributed binary hypothesis test, where K sensors are used to
discriminate between the hypotheses of the set H = {Hy, H; }, representing, not
necessarily, the absence (Hy) or the presence (H;) of a specific target of interest.
The kth sensor, k € K £ {1,2,..., K}, takes a binary local decision dy € H
about the observed phenomenon on the basis of its own measurements.

Each decision dj, is mapped to a symbol z; € X = {0,1} representing an
On-Off Keying (OOK) modulation: without loss of generality we assume that
dy, = H; maps into xp = i, i € {0,1}. The quality of the kth sensor decisions
is characterized by the conditional probabilities P(zy|H;). More specifically,
we denote Ppy = P (z = 1|H;) and Pry = P (z), = 1|Hy), respectively the
probability of detection and false alarm of the kth sensor.

The sensors communicate with the DFC over a wireless flat-fading MAC,
modeled through i.i.d. Rayleigh fading coefficients with equal mean power. The
DFC employs an N-diversity approach in order to combat signal attenuation due
to small-scale fading of the wireless medium. The diversity can be accomplished
with time, frequency, code or antenna diversity (as recently proposed in [47, 46]).
Statistical CSI is assumed at the DFC, i.e. only the pdf of each fading coefficient
is available.

We denote: y,, the received signal at the nth diversity branch of the DFC
after matched filtering and sampling; h,, r ~ N¢ (0, U,QL) the fading coefficient
between the kth sensor and the mth diversity branch of the DFC?; w, the
additive white Gaussian noise at the nth diversity branch of the DFC. The
vector model at the DFC is the following:

y=Hx+w (5.2.1)

where y € CN, H € CN*K ¢ XX w ~ Ng(On,021Iy) are the received
signal vector, the channel matrix, the transmitted signal vector and the noise
vector, respectively. Finally, we define the random variable £ £ ¢(x) = Zle Tk,
representing the number of active sensors and the set £ = {0,..., K} of possible
realizations of /.

21t is worth noting that assuming an asymmetric model for channel coefficient statistics
would be more realistic. However, this would make the results much more dependent on the
specific scenario without adding any significant insight from a theoretical point of view. A
symmetric model for channel coefficient statistics is assumed for a two-fold reason: on one side
it can be considered as a starting point before analyzing more realistic application-dependent
scenarios; on the other side a symmetric scenario could represent scenarios in which power
control is considered.
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5.2.2 LLR
The optimal test [50, 63] for the considered problem can be formulated as

H H=H,
Aopt £ 1n [PE?J:Hlﬂ zZ v (5.2.2)
p\y|iio H:HO

where H, Aope and v denote the estimated hypothesis, the Log-Likelihood-Ratio
(LLR, i.e. the optimal fusion rule) and the threshold to which the LLR is
compared to. The threshold v can be determined to assure a fixed system
false-alarm rate (Neyman-Pearson approach) or can be chosen to minimize the
probability of error (Bayes approach) [50, 63]|. An explicit expression of the LLR
from Eq. (5.2.2) is given by

Ay = lzg 0p<y|e>P<eH1>] (523
>0 P(yl6) P(¢| Ho)
— In ZHWGXP( :E:l ;) PUIH) (5.2.4)

Il =0 { +402)N eXp( 21067 ) P({|Hy)

where we have exploited the conditional independence of y from H; (given ¢).

In the case of conditionally (given H;) i.i.d. sensor decisions ((Pp k, Pr ) =
(Pp, Pr), k € K) we have that ¢{|H; ~ B(K, Pp) and ¢|Hy ~ B(K, Pr). Dif-
ferently, when local sensor decisions are conditionally i.n.i.d. the pmfs P(¢|H;)
are represented by the more general Poisson-Binomial distribution [83, 84, 85],
with expressions given by:

K

P(f‘Hl) = Z H PD K)EF H 1-— PD’S)(l_xs) (525)
x:l(x)=L k=1 s=1
K

P(l|Hy) = Y H (Pri)™ [ [ (1 = Pro) =) (5.2.6)
x:l(x)=L k=1 s=1

It is worth noting that Eq. (5.2.5) requires sums which are infeasible to compute
in practice unless the number of sensors K is small. For this reason different
methods have been proposed in literature for its efficient evaluation. The al-
ternatives include fast convolution of individual Bernoulli pmfs [83], recursive
approaches [84] and a Discrete Fourier Transform (DFT) based computation
[85].

5.3 Optimality of Received Energy

As already stated in [45], the received energy ¥ £ ||y||? is a sufficient statistic for
the LLR, since Eq. (5.2.3) depends on y only through ¢. However, sufficiency
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alone does not guarantee that the test

H=H,

v oz 9 (5.3.1)
I:I:HO

is equivalent to Eq. (5.2.2). As shown in [82], the test in Eq. (5.3.1) is optimal
iff Aope(t) is a strictly increasing function of 9. If this property is satisfied, the
test in Eq. (5.2.2) is equivalent to Eq. (5.3.1) by simply setting v' = Agplt ().
For this purpose in the following we first introduce a general optimality test (in
the form of a sufficient condition) which relates the pmfs P(¢|H;), H; € H, to

assure that A,y (1) is strictly increasing in the case of an N-diversity MAC.

Proposition 10. A sufficient condition for Ay (1)) to be a strictly increasing
function of ¢ is given by:

A() > Al —1), (e L\{0} (5.3.2)
where A\(£) = In {ggﬁ}g;ﬂ
Proof. The proof is reported in Appendix 5.5.1. O

The above proposition states that strictly increasing property of A(£) assures
optimality of the test in Eq. (5.3.1). We will refer to A(¢) as the /—LLR here-
inafter®. It is worth noting that such a sufficient condition is independent of
the order of diversity N. Also, Eq. (5.3.2) depends on the WSN model only
through the number of active sensors ¢ (given H;) and does not require any
specific assumption on P(x|H;), e.g. conditional mutual independence of local
sensor decisions, i.e. P(x|H;) = Hszl P(zy|H;). This means that Eq. (5.3.2)
plays the role of a general property for received energy optimality, to be verified
even in the case of conditionally correlated local sensor decisions.

In the simplest case of conditionally i.i.d. local sensor decisions, (Pp x, Pr ) =
(Pp, Pr), k € K, as assumed in [45, 82], the strictly increasing property of A(¢),
¢ € L, is equivalent to

(D) Po—Pp)=t  (L)Pp (1= Pp)

VP PRt (Fypiqpean 089

that reduces to Pp > Pp. This result, not only confirms theoretical findings
for optimality of Eq. (5.3.1) when N = 1 as in [45, 82|, but it also proves
the optimality of the test over the Diversity MAC (i.e. N > 1) used in [45];
this result shows the effectiveness and simplicity of Proposition 10 w.r.t. the
approach taken in [82].

Differently, when sensor decisions are conditionally i.n.i.d. (i.e. the case of a
heterogeneous WSN), the following theorem generalizes the result in Eq. (5.3.3).

3Note that we will not consider in Eq. (5.3.2) (and throughout the chapter) the case £ = 0
when testing ¢-LLR strictly increasing property, since A\(—1) has no physical meaning.
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Theorem 11. If P(x|H;) = [+, P(zx|H,), H; € 1, and Pp ). > Pry, k € K,
the {-LLR satisfies the strictly increasing property described in Eq. (5.3.2) and
thus Eq. (5.8.1) is the optimal test when an N-diversity MAC is employed.

Proof. The proof is reported in Appendix 5.5.2. O

Theorem 11 states that under non identical sensors (Pp y, Pry) and N-
diversity MAC the received energy 9 is again the optimal test. Also, Theorem
11 relies on a sufficient condition, i.e. specific WSN configurations not satisfying
the assumption Ppj > Ppy, k € K, but still verifying Eq. (5.3.2) may exist.
Although such a case is not “typically” of interest, since the condition Pp ; <
Pr . for kth sensor is not realistic in practical scenarios (i.e. sensors operating
under nominal conditions), it proves the robustness of the received energy in
scenarios with some faulty (or byzantine) sensors?.

We finally evaluate analytically the performances as the number of sensors
goes large, in the case of conditionally i.i.d. sensors. Both IPC and TPC on
the WSN and arbitrary diversity N are considered here. This result generalizes
[82], where no-diversity (IV = 1) and IPC assumptions were made in deriving

formulas. We define ) -
25— (:c + w) (5.3.4)

VPrKo: \VN

where, compared to Eq. (5.2.1), ——~— is a merely scaling factor and Hzx
’ " /PeKo}

is replaced with % in z in order to keep a fixed amount of average energy

e £ E{|Hz|’} wrt. N. Then we define the system probabilities of false
alarm and detection, respectively Pr, and Pp,, as:

P, 2 P(|2|* = 3/Ho), Pp, 2 P(|2I° = 71Hy), (5.3.5)

Egs. (5.3.4) and (5.3.5) hold for TPC scenario when replacing z with z £
1 ( Ho w). In this case the average energy is kept fixed w.r.t. both

/Pro? \VEN
K and N.

Theorem 12. If o7 and o2, are finite, as K — +oc

d 1 d PD
Hy — Oy, =1 H, — On, ——1 5.3.6
z|Hp N(C(NaNN)7 z|Hy NC(NaPFN N>7 ( )
~ d 11 ~ d 1 PD
Hy — On, ——1 Hy — Oy, ——-1T 5.3.7
O e N ) (e P CAT)
where ap £ I%fépifj‘w and ap £ 1%:?7—35?“1\7' Then the large-system

4A WSN with K = 3 sensors such that (Pp 1, Pp1) = (0.5,0.05), (Pp 2, Pp2) =(0.4,0.1)
and (Pp 3, Pp3) = (0.3,0.4) verifies the property in Eq. (5.3.2).
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(PBO—IPC,P;’O—IPC) are given by:

* _ _ 1
Pp—1pc(7) = exp(=3N)x )  — (3N)"; (5.3.8)
n=0 "
_ N-1 _ n
" _ AN 1 (AN
Ppo_1pc(7) = exp <—pD> x -] (PD ) ; (5.3.9)
Pr n=0 Pr
while (PE*)O—TPC,P;‘O—TPC) are given by:
N-1y
Pr _rpc(¥) = exp(—yNar) x ] (YNap)"; (5.3.10)
n=0 "
N-1 n
* _ ;YNO‘D 1 '_)/NOZD
Ppy_rpc(¥) = exp ( s ) X o ( o > . (5.3.11)
Pr n=0 Pr

Proof. The proof is reported in Appendix 5.5.3 for the IPC case; performance
in the TPC scenario can be derived in a similar fashion. O

As expected, if N = 1 the result of Egs. (5.3.8) and (5.3.9) coincides with
the one given in [82, Sec. IV].

It is worth remarking that, in both IPC and TPC scenarios with diversity,
Neyman-Pearson and Bayesian error exponents are zero (cfr. with [82]), because
the large-system ROC can not be driven toward the point (Pp , P ) = (1,0)
by increasing the number of sensors, as long as the diversity N is kept fi-
nite. This intuition is confirmed by the non-zero values assumed under an
IPC and a TPC by the large-system J-Divergence, J(p(z|Hp),p(z|H1)) = N x

P P = = P P .
(%2 +£2) —2], Jp(z|Ho). p(=|H)) = N x [(Beoz 4 Beaz) 2], whieh
represents a lower-bound for the system error probability [86], thus enforc-
ing a zero Bayesian error exponent. Differently, the Neyman-Pearson error

exponent is given by limg 4 —w, under Pp, (7, K) < a. If we

choose 7, such that Pf (7.) = «, then limg 1o —In[l — Pp,(5a, K)] =

—1In [1 - Pp, (’_ya)] < +00, giving again a zero error exponent.
Note that the performance in TPC scenarios differ through the ratio
(ap/ap) < 1 (cfr. Egs. (5.3.8) and (5.3.9) with Egs. (5.3.10) and (5.3.11))

which represents the performance reduction factor w.r.t. IPC scenarios. Note
2

that ap/ap: (i) is an increasing function of the ratio 75 (i.e. the received SNR),
with limiting value equal to one; (i7) is a decreasing function of N , meaning a
diverging separation in performance between IPC and TPC as N increases.
The diversity affects in a significant way the large-system probabilities of
detection and false alarm, under an IPC, by shifting the Receiver Operating
Characteristic (ROC) toward the upper-left corner, as shown in Fig. 5.3.1,
meaning a performance improvement. Differently, it can be seen how a different
effect is present in the TPC case, where an increase of N does not always
coincide with performance improvement, but rather an optimal N, depending
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p*

Figure 5.3.1: Effect of diversity N on large-system ROC (P, , Py, ) under both
IPC and TPC; WSN with sensor characteristics (Pp , Pri) = (Pp,Pr) =
(0.5,0.05); (07 /02)ap = 15.

2
on (Pp, Pp, 2#), exists. This effect was already noticed in [45] and it is due to
non-coherent combining loss of branch contributions.

Finally, in Figs. 5.3.2 and 5.3.3 we verify, through simulations, the conver-
gence of the ROC to the large system expression (K — +00) given by Egs.
(5.3.8) and (5.3.9) (resp. Egs. (5.3.10) and (5.3.11)), under IPC (resp. TPC).
It is apparent that the convergence under the TPC is faster w.r.t. the IPC case,
because in both cases the large system ROC expressions rely on the Gaussian
approximation of the Gaussian mixture given by Eq. (5.2.3). For such a reason,
for a given K, imposing a TPC on the WSN assures a better matching w.r.t. to
the IPC case, since all the components of the mixture will be more concentrated.

5.4 Conclusions

In this chapter we showed the optimality of the received-energy test for decision
fusion performed over a non-coherent diversity MAC with conditionally i.n.i.d.
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Figure 5.3.2: ROC comparison: large system vs finite number of sensors (K €
{50,100, 500)) under IPC. N € {1,2}, (067 /02 )ap = 15.
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Figure 5.3.3: ROC comparison: large system vs finite number of sensors (K €
{50,100, 500)) under TPC. N € {1,2}, (07 /02)ap = 15.
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sensor decisions. We derived a sufficient condition on the LLR of the number
of active sensors which can be applied to test the received-energy optimality
in WSN with conditionally correlated sensor decisions. Finally, we showed,
through analytical results, how the diversity in a WSN with conditionally i.i.d
sensor decisions affects the large-system performance under both IPC and TPC.

5.5 Appendix

5.5.1 Proof of Proposition 1

We prove in this section that Eq. (5.3.2) is a sufficient condition for the opti-
mality of ¢ test. From Eq. (5.2.3), looking at the LLR as a function of v, we
get:

Mot (1) 1 [ = dg(e, 1) K
oy aly) le—o B P(t1]Hy) x ezz_og(¢7£2)P(€2|Ho)]
L[~ 990, 60) K
) L; 5o PlHo) x le_:og(w,ﬁl)P(ﬂlHl)] (5.5.1)

where we denoted g(i,f) = Wexp (—ﬁ) and «(v) indicates a
positive function of ¢ (i.e. a(¢)) > 0, Vb € RT) . Strictly increasing property of

LLR is guaranteed if ‘{M%}(w > 0, Vi) € RT, thus manipulations from Eq. (5.5.1)
lead to

K 61
Z Z k(€1,02) x {Wﬂ(lﬁ,ﬁz) - a‘q(g)ﬁg(z/),&)} >0 (5.5.2)
61=1£,—0

where k(01,05) £ [P(¢1|H1)P(¢a|Hy) — P(¢a| Hy)P(¢1|Hp)]. In deriving Eq. (5.5.2)
we could express the double sums in Eq. (5.5.1) as a function only of the indices
01 > U5, since the term in bracket in Eq. (5.5.2) equals to zero when ¢; = f.

Noting that aggfb’é) =— (Uﬁ,-‘if”i)g(d}7£) the condition is rewritten as
K f41—1 2
o (h — ¢
SN k(e £2)g(, 6)g(0, £2) wlh — [2) S0 (353)

01=14,=0 (08, + 603)(0F, + L207)

Since both g(v,£) and the term in square brackets are positive (note that
indices in the sums are such that ¢; > ¢3), the term k(¢1,£2) is responsible for
the sign of each term in the sum. Then a sufficient condition for Eq. (5.5.3) is
obtained assuming that each of those terms is positive. This is achieved if the
following property holds

]f(ﬂl,fg) > 0, {1 > 0s. (554)
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It is easy to demonstrate that the condition k(¢,¢ — 1) > 0, £ € £\{0}, rep-
resenting the strictly increasing property of ¢-LLR, i.e. jjgﬁ}ggg > JP;Eﬁ:Hg$§7
is equivalent to Eq. (5.5.4). In fact Eq. (5.5.4) implies that ¢-LLR is strictly
increasing; this is verified just substituting £ = ¢; — 1. Differently, we can show
that ¢-LLR strictly increasing property implies Eq. (5.5.4) by constructing the
chain of inequalities Igggiigég > ];EQ:HI;;; > > Ilzggiig;;, all deriving from

(-LLR strictly increasing property.

5.5.2 Proof of Theorem 11

We prove the strictly increasing property of ¢-LLR by induction. Let us assume
there exists a set of (¢t — 1) sensors with local performances (Pp k, Pr), k €
{1,...,t — 1}. The number of active sensors in this case is denoted ¢; ; =
22;11 Tk, b1 € L¢—1. We denote the probability of ¢ active sensors out-of-
(t — 1), given H;, as P,_1(¢|H;), H; € H and the corresponding ¢-LLR as
Ai—1(0).

Initialization: the strictly increasing property of -LLR in single sensor case
A (1) > A6 — 1), €1 € L:\{0}, is straightly verified when Pp 1 > Pr.

Induction: Let us assume that for a specific configuration of (t—1) sensors the
L-LLR A;_1(f;—1) satisfies the strictly increasing property, that is A\;—q(€:—1) >
M—1(b—1—1), 41 € L£,1\{0}. If we add the ¢th sensor satisfying Pp ; > Pp,
and we prove that the new ¢-LLR A\ (¢;) > M\ (¢ — 1), € € L£:\{0}, i.e. it retains
strictly increasing property, then the proof is complete.

To proceed let us first define a(¢) £ P,_1(¢|H,), b(¢) & P,_1(¢{|Hy), c(f) =
Py(¢|Hy) and d(¢) £ Py (¢|Hp).

The number of sensors transmitting when the tth sensor is added is then
given by £, = 22:1 xp = li—1 + x¢. The pmfs P,(¢|Hy) and P,(¢;|H;) are then
given by [87]

Pi(¢:|Hp) = (b*d) () P.(4:|Hy) = (a*c)(4) (5.5.5)
The LLR strictly increasing condition is then formulated as follows

(axc)(l) - (axc)(ly —1)

exp [Ae(4y)] = (bxd)(ly) ~ (bxd)(l, —1)

= exp [\ (£ — 1)] (5.5.6)

By exploiting the support set of ¢(¢) and d(¢) we can rewrite Eq. (5.5.6) as
follows

Zke{o,l} c(k)a(ly — k) - Zke{o,l} c(k)a(ly —1—k)
Zke{o,l} d(k)b(¢: — k) Zke{o,l} d(k)b(ly — 1 —k)

where obviously a(t) = b(t) = 0. Exploiting ¢(0)+¢(1) = (1—Pp )+ Pp =1,
d(0) +d(1) = (1 — Pgy) + Py = 1, we obtain

[1—c(1)]a(f:) + e(Da(l; — 1) N [1—c(1)]all; — 1)+ c(l)a(l; — 2)
1= d()b(e) + dDb(6 — 1) ~ [T = Dbl — 1) + d(b(l —2)

(5.5.7)

(5.5.8)
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The condition expressed in Eq. (5.5.8) can be rewritten as:

{11~ (V1 - d(1)][a(e)b(t, — 1) — alt, — 1)b(E)]} +
{e(V)d(Dfalt, — )b(¢ — 2) — all, — 2)b(¢, — D]} +
+{e(V)[1L — d()falt: — )bt — 1) -

— {11 - (D) alt — bt — 1)

a(ly —2)b(£)]}
a(f)b(l; —2)]} >0 (5.5.9)

Since Z((gf)) > Zéf::i; > Z&f:g;, we have that:
[a(ls — 1)b(l: — 2) — ally — 2)b(ts — 1)] > 0 (5.5.11)

The condition in Eq. (5.5.9) is satisfied since positivity of the first two terms
follows from the inequalities in Eq. (5.5.10), and the difference of the third and
fourth terms in Eq. (5.5.9) is positive because ¢(1)[1 — d(1)] > [1 — ¢(1)]d(1)
(since Pp+ > Pr,.) and exploiting the inequality in Eq. (5.5.12). This concludes
the proof.

5.5.3 Proof of Theorem 12

The proof follows in the first part similar steps as in [82]; for this reason we will
only sketch it and underline the substantial differences. We use here the char-
acteristic function of the vector z|H;, i € {1,2}, denoted as @ g, (1), to easily
evaluate the limit for K — +o0o0. We then use this result, in conjunction with
Levy’s Continuity Theorem [87] to demonstrate the convergence in distribution
of large-system p(z|H;). Let us now write the characteristic function of z|H
as a function of £ = (¢!, t5)":

D151, (t) = Ezjm, {exp(iti 21 + jtr22)} (5.5.13)

K
= /--/exp(jtﬁzl —l—jtéZQ >< Zp Zl,ZQM €|H0)dz1sz (5514)
£=0

A

where z; = R{z} and 2z, = {2} (with t;, i € {1,2}, representing the index-
corresponding dual vectors over Fourier domain). Following analogous steps as
in [82], exploiting: %) conditional independence assumptions such as p(z1, z2|f) =
p(z1|€)p(z2|€) and p(z;|¢) = Hivzl p(zi,s0), @ € {1,2}; i) the characteristic func-
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tion of & ~ N(0,0?) is given by ®,(t) = exp(—#) [87]; we get

N

K
B 1 5 9 / a2
O m,(t) = ego P(¢|Hy) X exp ~1 ngl(tl’s +134) (NKPF + 02K Py
1 N o2
— ,,E 2 2 w 5.1
exp 4 s=1( 1,s + QVS)O—]%KPF X (5 5 5)
K
N 2 2
1 (tls+t2 s)
- E ] J 1- P, 5.5.16
{PF exp [ 2 NKPr + ( ) ( )

where in the last line we exploited ¢|Hy ~ B(K, Pr). Also, exploiting simi-
lar noteworthy limits as in [82], eventually we have that limg o0 @2, (t) =

2 2
exp [f% Z;\[:l %] Applying the Continuity Theorem [87], we obtain

z|Hg S Nc (ON,%IN). In a similar way it can be shown that z|H; 4
Ne (0w, £57Iv).
The last part consists in proving Egs. (5.3.8) and (5.3.9). The large-system

probabilities of false alarm and detection can be expressed in the equivalent
form:

1

Ph() = Pl 200 =P (e alm) 657
P,

Ph(3) = P(|z|*=~|H) =P <2P;’N§ > 7|H1) (5.5.18)

where £ ~ Xé N)- The probabilities are then easily calculated evaluating the
cumulative distribution function of £ [87]:

+oo +oo
PR = [ w@a P = [ sl (55.19)
2 2

— _ P
ta WNEL

which provides the result.



Chapter 6

Decision Fusion for
distributed classification of
multiple targets with binary
Sensors

6.1 Introduction

We consider a surveillance task that consists in tracking and classifying (as
depicted in Fig.6.1.1 for the binary classification case) N different targets moving
into a given area of interest. One of multiple hypotheses is chosen for each target
on the basis of a particular set of features. A wireless sensor network (WSN),
deployed in the surveillance area, typically transmits hard decisions (to reduce
the communication burden) on each target class via a wireless channel to a
fusion center (FC) that forms a global situation assessment. This task is known
in the literature as a distributed decision fusion for multiple target classification
(multi-classification).

In [88] the problem has been studied with particular attention to the target-
tracking task where, to simplify the distributed multi-classification algorithm,
it is assumed that each sensor has only one target in its range at each time
sample; thus a separate classification problem for each target is considered.
This assumption is removed in [89] where all the sensor decisions depend on
all the targets to be classified; the classification of each target is restricted to
a binary hypothesis testing (as we will do throughout this chapter), which is
equivalent to an M-ary hypothesis-testing problem with M = 2%. Each sensor
is designed to transmits N bits, where the n-th bit represents a local decision
on the class of target n. Sub-optimal local decision rules for sensors have been
derived and compared with the local optimum decision. The FC is simply
chosen to be the joint optimum, as shown in [90], given each local decision

80
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[ SafeTarget
Il Dangerous Target

Figure 6.1.1: Graphical Description of the problem

rule. Alternative approaches have been presented for the more general M-ary
hypothesis-testing problem in [91], where local decision rules and the decision
fusion rule are designed as binary decision trees (BDT); the global decision at
the FC is implemented as a sequence of log, M binary classifications, each of
them representing the decision between two subsets obtained by the split of the
hypothesis set being considered at each stage.

The approaches described for the binary multi-classification require N bits to
be sent by each sensor. However, to further reduce the communication burden,
it is often assumed that also in this context a sensor transmits only one bit, as
in the classical binary classification task [67, 92]. Results on related problems
are available in literature. In [93] it is demonstrated how a WSN with local
binary decision rules could be effectively used in conjunction with the optimal
FC (given these rules) to perform M-ary hypothesis testing and getting asymp-
totic detection of correct hypothesis, as some mild conditions on local transition
probabilities are verified. Also some methods for local decision thresholds de-
sign, through a genetic algorithm optimization, are presented in [93]. In [94] a
way of choosing the local binary decision rules is suggested and a sub-optimal
fusion center that requires only the computation of binary operations instead
of real numbers is presented. The complexity of this approach depends directly
on the dimension M of the hypothesis space.

Note that many times the local binary decision rules are already completely
designed with reference to a single target classification task. Furthermore the
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hypothesis space grows exponentially with the number of targets (M = 2V) and
the optimal FC may become too complex even for small values of N. Therefore
sub-optimal FC rules with reduced complexity are considered in this chapter
under the assumption that the DF is aware of the information coming from
the multi-target tracking system and the local decision model of the WSN. We
assume in this work that the targets to be classified are moving, but we do
not consider the tracking issues and the related uncertainties. In addition we
assume an ideal noiseless link for bits transmitted from the sensors to the FC.
The contributions of the chapter are the following:

e We propose two sub-optimal decision fusion algorithms (Range Limited
Marginalization - RLM and the parallelized form PRLM) as reduced com-
plexity alternatives to the joint Optimal Decision Fusion (ODF). The ideas
behind these algorithms are: a) the exploitation of the concept that each
sensor has a maximum detection range; b) the fusion center classifies each
target separately by accounting approximately about the dependence of
each local decision with respect to all the targets.

e We show, through several simulations, the mean speed-up factor (Mean
Time Complexity Gain) and verify the guaranteed memory reduction
(Space Complexity Gain) achieved by (P)RLM over ODF; we also an-
alyze the consequent loss in terms of performances of these sub-optimal
approaches (measured through generalized user-averaged Probabilities of
False Alarm and Missed Detection) deriving from the approximations.

The remainder of the chapter is organized as follows. In Section 6.2 we introduce
and formalize the system model. In Section 6.3 we recall the optimal central-
ized decision fusion and we propose our two alternative inference algorithms
with reduced complexity. In Section 6.4 we compare the performances and the
complexity of these algorithms with a set of simulations. Finally in Section 6.5
we discuss some concluding remarks and future developments.

6.2 System Model

6.2.1 The Overall System

As illustrated in Fig. 6.2.1 we consider N targets which move in a surveilled
area (in this chapter we will analyze only targets moving in a closed box; is-
sues about the entrance and the exit of targets are not considered here) and
which are tracked on the basis of a multi-sensor multi-target tracking sys-
tem that computes the position estimate %X,[i] of each target n = 1,..., N
at time 7. We assume perfect position estimation, that is X,[i] = x,[i]. Each
target m is associated to a class T, , where T,, = 0 stands for a “safe tar-
get” and T,, = 1 for an “enemy” or “dangerous target” and the whole set
T = {T1,...,Tn} € {0,1}" is estimated at time k on the basis of all the
binary decisions (we consider only decisions as possible inputs from the WSN
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Figure 6.2.1: Block diagram of the considered system.

for our fusion task; for a detailed discussion on various potential fusion archi-
tectures refer to [95]) z = [z[l]T,z[2]T,...,z[k]T]T, where z[i], i = 1,...k
represents the column vector of the decisions coming from the sensor network
at time 7. We assume the WSN to be composed by L sensors, which means that
zli] = [2'[d], ..., "] T, with z¢[i] representing the decision coming from sensor
¢ at time i. The sensors are deployed in the area in a static way and their abso-
lute position x* is known in advance. We assume ideal noiseless communication
channel, that is the binary decisions z*[i] travel in a transparent way over the
wireless channel. The decision z‘[i] = {0,1} has a clear meaning in the case
of a single target classification, but it does not have a direct mapping to the
multi-classification task. A decision fusion algorithm at time k& may compute the
posterior probability (or an approximation) of the binary hypotheses: (A) for
each target given all the decisions observed till that time, that is p(T},|zx); (B)
for the whole joint set 7 = {11,...,Tn}, that is p(T|zx). From the posteriors
hard decisions can be taken by the respective following rules:

PR =1, 2(Ta=llm)

» Talk =1, Fr=ofe = T (6.2.1)
nlk] =0, otherwise;

(B)  Tlk] = arg .. p(T|zx); (6.2.2)

where T' is a threshold to be chosen, that represents a free parameter in the
system. Note that biases can be added to (B) to prioritize certain hypotheses,
however the choice of these terms is not intuitive and so they cannot be used to
perform a Neyman-Pearson Test on each target, as done with (A). The posterior
probability computation is possible because we have exact knowledge of the
sensor local decision rules, and all the mutual distances, 7%[i] = ||x,[i] — x°||,
Vn, £,i (||.]| stands for the Euclidean distance).
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6.2.2 WSN Local Decision Rule Model
Joint Decision Rule Model

In this chapter we assume that each decision z‘[i] is conditionally (given the
class of each target T,,, n = 1,..., N) independent from all the other decisions
at a different time slot 2¢[j], c=1,..., L, j # i and from all the other decisions
at the same time slot, but coming from the other sensors z™[i],m # ¢ (for a
detailed discussion on the requirements needed to assure these independency
conditions see [96]).

Also we assume, for simplicity of notation and without loss of generality,
that each sensor decision follows the same probabilistic model. This means that
the joint likelihood of all the decisions till time k is given by the product of the
single likelihoods of each decision z![i]. Due to the space-temporal conditional
independence assumption in fact we have:

p(zg|T1, ..., Tn) = p(z[0],...,2[k]|T1,...,TN)
kE L

=TI »" 1T Tr)  (6.:2.3)

i=0 (=1

In the next two sub-sections we will concentrate on the model of the single
decision z‘[i], i.e. the conditional likelihood p(z‘[i]|T}, ..., TN)-

Local Decision Rule for Single Target

As pointed out in the introduction, we consider sensors which are designed and
whose model is available for single-target classification only. More specifically
we consider sensors with a binary outcome 2¢[i] = {0, 1}, which in the case of
the presence of a single target n, indicates a hard estimate of its target class
T,. The likelihoods of the generic sensor ¢ are given by the following typical
expressions strictly related to binary hypothesis testing [67, 92, 97]:

p(z'[i]] = 1T, =0) = pra (6.2.4)
p(Z'li] =T, =1) = palrili)) (6.2.5)

where py, represents the Probability of False Alarm of the sensor, given a safe
target (T, = 0) and pg(r’[i]) represents the Probability of Detection of the
sensor, given an enemy target (7, = 1). The py(.) is modeled as a decreasing
function of 7% [i] = ||xx[i] — x||, which represents the sensor-target distance at
time 7. As we can see from Egs. (6.2.4) and (6.2.5) the likelihoods for single-
target classification are completely known, due to the fact that we have perfect
position knowledge. More specifically p4(.) is assumed to follow the Gaussian-
law:

ot ap?
pa(rylil) = (1 =pra)e” =  +Dra (6.2.6)

which is illustrated in Fig. 6.2.2 for 0 = 2 meters and pg, = 1072
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Figure 6.2.2: Probability of Detection as a function of sensor-target distance

Parameter o is intended to give, in conjunction with py,, a gross and essential
information on the sensor detection range. For example, if py, = 1072 and o = 2
meters, it could be assumed that the mazrimum detection range is Tipar = 4
meters, due to the fact that py(rf[i] = 4) = 2 pja, which implies a very low
Hellinger distance between the two hypotheses [98], as further clarified in the
Appendix A.

This type of sensor modeling has a broad analytical justification from the
fact that it fits well the detection process under different conditions. However
if there is a more detailed knowledge about the underlying process of detection,
a more precise expression of py can be obtained, such as in [97]. However a
different expression for py (as a function of 7/,[i]) would not alter the generality
of the approach presented in this chapter, thus for reasons of clarity in the
following we will consider only the model specified by Eq. (6.2.6) to extend the
classification to multiple targets.

Interpretation of Local Decision Rule for Multiple Targets

In the case of multiple targets in the area of the sensor, we need to generalize
the model presented in the previous subsection, to give an interpretation of the
decision z[i] as an estimation of a subspace of the joint feature set 7. To do
this we assume a signal (given by the coherent sum of “emissions” coming from
each dangerous target) plus noise model for multiple target classification. More
specifically the received power P:[i] of target n from sensor £ at time i is given
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by a square law attenuation model:

PLi) = (6.2.7)
where Py is the “signal power” emitted by the target, which is assumed identical
for all targets. If we substitute the Eq. (6.2.7) in the Eq. (6.2.6) we obtain pg
as a function of the received power P.[i] as:

o _ (Pg/PLLiD
pa(Plil) = (1 =pra)e” < +Pfa- (6.2.8)
It is assumed that in presence of more than one “enemy” targets the emission
powers are trivially added, e.g. for the case of two enemy targets m and n
(T, = T, = 1) at distances respectively 7’ [i] and 7%[i] the received power at
the sensor £ is given by:
Po FPo
Pl o) = —— + = 6.2.9
m+n[z] Tfn[Z]Z + T‘fL[Z]Q ( )
The probability of detection of the sensor in presence of enemy targets T,,, = 1
and T,, = 1 is obtained by substituting Eq. (6.2.9) in Eq. (6.2.8)

____Po
. o —
pd(PnZH_n[Z]) = (1 _pfa)e 2Pl 1] +pra

rE 2 1rd 102

=1 —pro)e 2 +pre  (6.2.10)

where || indicates the parallel operator between the squared distances rf, [i]?
and r.[i]? (a || b = aanb) This argument can be generalized by iterating the
parallel rule for more than two enemy targets. So the likelihoods of in presence

N targets with a joint feature set 7 = {T3,Ts,...,Tn} is given by:

p(z'[i] = 1T1,.... Tn) = pa((r, [i])?) (6.2.11)

where (r%- [i])? needs to be interpreted as an equivalent squared distance ob-
tained iterating the parallel on the squared distances of the targets that belong
to Tg, which is the subset of dangerous targets of 7. If the set Tg is empty the
probability value reduces to ps,. It is worth noting that the set 7 is assumed to
be time-invariant (i.e. we assume that a target n cannot change its status 7,),
however this is not true for the equivalent squared distance r%—E [i]2, because the
targets considered have time-varying distances with respect to the sensor £. As
it is evident from (6.2.11) the likelihood is now defined on a space of 2™V possible
combinations and can be used to get an information on the estimated joint
feature set.
However the likelihood of the sample at time i of each sensor £ p(2°[i]|T}, ... Tx)

from which the detection z*[i] is generated could be well approximated by:

p([{]| Ty, ... Tw) = p(="[d]| T*[i]), (6.2.12)
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where T*[i] denotes a subset of 7 which is defined as
T = {T, € T : ||Ixnli] — x| < rmax}-

The set 77 [k] groups the targets which are inside the maximum detection range
Tmaz Of sensor ¢ at time 7. The approximation is reasonable if we consider that
the targets that are outside 7,4, don’t contribute much to the density of Eq.
(6.2.11) with their received power at sensor £. It is also worth noting that Eq.
(6.2.12) means that if 7}, ¢ 7*[i] the decision coming from sensor £ at time 4
does not represent a valuable information for classification of target n.

The approximation derived in Eq. (6.2.12) will be used in the following
to derive alternative fusion rules for efficient posterior update in time-space
(samples-sensors) dimensions.

6.3 Decision Fusion Algorithms

We define three metrics for the analysis of computational complexity of the
Decision Fusion Algorithms [99]:

e The Space Complezity Cg of the decision fusion algorithm, which is the
number of probabilities to be memorized by the decision fusion algorithm
at the end of each time slot k;

e The Time Complexity at time k Cr[k], which is the number of elemen-
tary operations to be performed till time k to obtain the computation of
posterior probabilities at time k;

e The Overall Complezity at time k, that is Colk] = Cg - Cr[k].

6.3.1 Joint Target - Optimal Decision Fusion (ODF) Ap-
proach

The optimal decision fusion algorithm for multi-target classification requires
computation of the Bayes recursive update as [89]:

p(T17 s 7TN‘Zk) Ocp(Th s 7TN|Zk71)p(Z[k/’]|Tl7 s 7TN)

L
=p(T1,.... Tlze) [ [ PG R)ITY, . T). (6.3.1)
=1

It is clear from the formula that with the ODF approach, the algorithm needs
to memorize all the joint posterior probabilities p(T1,...,Tn|zx) at each time
k. At each time k£ (and also for each sensor [) 2%V likelihood probabilities
P(2'[K]|T1, ..., Ty) need to be computed. So the Space Complexity C for ODF
grows exponentially with the number of users , that is CYPF = O(2"V). For ex-
ample the presence of 30 targets in the area of interest would lead to the necessity
of storing 23° posterior probabilities during the entire fusion process. In addition
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the Time Complexity Cr[k] is given by the 2V update of posterior probabilities
every time a new decision 2¢[i] arrives, which leads to C@PF[k] = O(k - L - 2V)
. The Overall Complexity C§PF[k] is C9PF[k] = O(k - L - 22V), which is not
feasible when the number of targets to be classified is significant.

In addition one of the main drawbacks of the joint decision fusion is the
fact that it is not easily compatible with the integration between fusion centers.
Consider for example two adjacent areas covered by different sensor networks
and controlled by different fusion centers. A target n that exits from the first
area (controlled by the FC-1) and enters in the other one (controlled by the FC-
2) implies the necessity of sending the acquired inference about the classification
of target n from the FC-1 to the FC-2. But this information it is not directly
available at fusion center, as it stores P(T1,...,Ty,...,Tn|zx). The relevant
information to be sent to FC-2 is the posterior marginal P(7},|z), which needs
to be calculated by a marginalization [2] (which is a complex operation) from
the joint posterior of FC-1. At the other end the FC-2 cannot use the marginal
p(T|zk) in a direct way, as it stores the joint posterior of the targets of its area,
so that an operation of extension [2| has to be performed.

It is also worth remarking in this context that Eq. (6.2.12) cannot be used
to simplify this decision fusion process, as the reduced joint likelihood of the
decision 2*[i] cannot be used to update directly the joint posterior, but has to be
extended. We intend to propose reduced complexity fusion algorithms which up-
date themself in a separate way for each user directly on the respective posterior
marginal p(T,|zx) and which are clearly sub-optimal in terms of performance
related to error probability, but that can be implemented in practice.

6.3.2 Separated Target - Decision Fusion Approaches

To deal with complexity we start from the eract computation formula of the
N marginal posteriors through the Bayes’ update obtained by the conditioning
chain rule [7]:

p(Thlzk) o< p(Thlzk-1)p(z[k]|Zk—1,Tn)

L

p(Ty|zr—1 H k]|zg_1, 25V [E], Th);  (6.3.2)
where zH(=D[k] = [21[k],..., 2 71[k]]. Eq. (6.3.2) can be equivalently written
as a sum update for log-likelihood ratio A,[k] = In {Pg%(l)ti” of the target

n:

(6.3.3)

5 |
P(! k|21, 2D, T, = 1)
Anfk] = Ak —1 1

(k] = Anlk — 1] + ; " {p(%[k]lzkl,zh(“%n =0)
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The conditioned likelihoods p(2¢[k]|zx_1, 2"~V k], T},) are obtained by the fol-
lowing marginalization:

p(2 K|z, 25 VK], T,) =
Z p(z p(T\ Tnlzi—1, 2"V (K], T,);  (6.3.4)

—Ty

where p(2°[k]|zr_1, 2" V[E], T) = p(*[K]|T), due to space-time independency.

Eq. (6.3.4) requires for its computation the additional knowledge of p(T|zx_1,2" ¢~V [k]),
as p(T\Tn‘zk,hzl:“_l)[k;]’Tn) = P(T\Zk—uzl:(@*l)[k])/p(Tn\zk,l,zl:“*”[k]). This is

clearly not affordable as requires the additional computational of the joint poste-

rior, which we don’t want to compute. In the following subsections we make ad-

ditional assumption to simplify the computation and get a complexity-tractable
sub-optimal Bayes update.

(Parallel) Range Limited Marginalization (P)RLM

If we start from the conditional distribution of Eq. (6.3.4) we can use the
following approximations

Z p(ZZ[kHT) p(T|zx—1, le(zfl)[k])

. p(Tnlzg—1, 25~ D[k])

N 1o, p(Ts|ze—1, 25 D[R]
= 2, I )

T-T,
N
IT »(Telze—r, 2" VK]
T-T, s=1,s#n
N
pEHRITED I p(Talzeer, 2" V), (6.3.5)
TEk]—T, seTt[k],s#n

where in the first line we have used the definition of conditional probabil-
ity p(A|B) = P(A,B)/P(B), in the second line we have approximated the
joint posterior p(T|zp_1,2z"“"V[k]) as a product of its posterior marginals
Hiv:l p(Ts|zg—1,2"“~V[k]) and in the final line we used the simplification given
by Eq. (6.2.12); we call this algorithm Range Limited Marginalization (RLM).
The approximation of the second line is motivated by the fact that, given a joint
pdfofr.v. A, Band C, p(A, B,C), the product of its marginals p(A)-p(B)-p(C)
is the product of pdfs which is the nearest in Kullback-Leibler (KL) Divergence
sense to p(4, B,C) [7].

If we adopt the further approximation p(T|zs_ 1,25 D[k]) ~ p(Ts|ze_1),
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we obtain the expression:

(2 [k]|zg -1, 2" VK], T,)

N
S opEEITR) T[] p(Telze1); (6.3.6)
TE[k]=Tn seT[k],s#n

which implies that each conditional distribution for each sensor could be im-
plemented in a parallel way. We call this alternative algorithm Parallel Range
Limited Marginalization (PRLM).

It is worth remarking that the algorithms now derived, unlike the joint ODF,
are perfectly compatible with respect to the integration of more FC to cover dif-
ferent zones of the surveilled area, because the approximated posterior marginals
ppyrLM (Th|2k) computed by (P)RLM already represent the direct information
to be transmitted in the case of a target switching to a different FC-controlled
zone. This represents a more flexible network architecture.

The two algorithms have the same complexity metrics. The Space Complex-
ity for (P)RLM is obviously given by CS(P)RLM = O(N), as only the posterior
marginals p(7T},|z;) needs to be memorized (except some temporary cells needed
to compute the distribution reported in Eq. (6.3.5) in the case of RLM and to
compute the distribution reported in Eq. (6.3.6) to compute PRLM).

The calculus of Time Complexity is rather tedious and it is reported in
the Appendix B. Complexity analysis demonstrates that RLM and PRLM have
CYPREM I — o(F SoE i) - 2176, where |T[i]| denotes the cardi-
nality of the set T*[i], which in the worst case leads to O(k - L- N?-2"), which
is worse than Time Complexity of the ODF. However the cardinality of the
sets T*[i] is typically far lower than N and so there is a substantially Time
Complexity reduction which is verified through a mean analysis presented in
the simulation results of Section 4. The Overall Complexity instead is given by
C((DP)RLM[IC} = O(XF SOk T2 - 27l N), which in the worst case leads to
O(k-L-N3.2N).

6.4 Simulations

The setting considered in this section is a surveillance task in a square area of
[15m, 15m] with a network of L = 16 binary sensors displaced by the following

grid rule:
l .
! x JANRY 2 I
X = = g =1,000,4
[yl} [AJ} !

where A = 3 meters represents the grid spacing. We consider in this case sensors
with the same performance characteristics, with o = 2 meters and py, = 1072
As discussed in Section 2, we can assume that, given these parameters, the
maximum detection range is 7., = 4 meters. The trajectories of the targets
moving in the defined box are generated by applying the acceptance-rejection
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method to a first order AR classical motion model [100]. The performance and
the complexity metrics analyzed are obtained by averaging them over 10* differ-
ent realizations of trajectories configurations, each one of them associated to a
different configuration map of T;,, n =1,..., N, generated by an equi-probable
distribution on the whole joint set 7. The performance metrics considered for
the comparison are the User Averaged - System Probability of Missed Detection
Pmalk] and the User Averaged - System Probability of false alarm py,[k] which
at time k are given by:

Pmalk] = —Zn:li’"dm[k], (6.4.1)
N
Bralk] = 7Z”=1§f“’”[k], (6.4.2)

where pq.n (k] and prq n[k] represent the probabilities of missed detection and

false alarm of the target n till time k, i.e. ppman[k] = p(Thlk] = 0|T, = 1)
and pan[k] = p(To[k] = 1T, = 0). The couple (Pmalk],Psqlk]) represents a
synthetic performance information on how the decision fusion center is capable
of correctly classifying a generic target n moving in the surveilled area as a
function of the time k. Complexity metrics used for comparison are based on

the expressions obtained for Cr[k] and Cpk] for ODF and (P)RLM:

CODF[k]
grlk] = mv (6.4.3)
CODF[k']
golk] = m7

(6.4.4)

where gr[k] and go[k] are respectively the Mean Time Complexity Gain (essen-
tially a speed-up factor) and the Mean Overall Complexity Gain of the (P)RLM
over ODF. We consider in this chapter three different target population sce-
narios, exactly the case with N = 3,5,7 targets. The ODF is compared with
(P)RLM for different values of the threshold v = InT' on the basis of the per-
formance and complexity metrics introduced.

From the analysis of Figs. (6.4.1,6.4.2,6.4.3,6.4.4,6.4.5,6.4.6) we can see sub-
stantially that in the considered scenario the performances of RLM and PRLM
are essentially the same for all the three populations configurations. However
in the case of a widely deployed wireless sensor network it is expected that the
performances differ in a significant way, because when the number of sensors
increases approximation of Eq. (6.3.6) becomes less tight.

The comparison between ODF and (P)RLM is very interesting. From the
Figs. (6.4.1,6.4.3,6.4.5) it can be seen how RLM-PRLM with v = 0 presents
a loss of performance in terms of py, [k], which presents a weak negative error
exponent. However by comparing the Figures (6.4.2,6.4.4,6.4.6) we can see how
(P)RLM approaches the same p,, 4[| as the ODF.

If we raise the value of v in an accurate way we can obtain a lower py, [k];
the degradation in terms of p,,4[k] is fairly acceptable as a change of v does
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Figure 6.4.1: Averaged User System Probability of False Alarm ﬁfa[k] for ODF,
RLM and PRLM. N = 3 targets, k =1,...,50.

not alter substantially the error exponent of the p,,4[k] for the RLM/PRLM
approach, which means that we can wait for a number of time slots to obtain
the same P, [k] of the ODF.

Regarding the complexity we refer to Fig. 6.4.7 where we report the Time
and Overall Complexity Gain of the (P)RLM over ODF gr[k] and go[k] as
functions of time k and for the three different population scenarios considered,
ie. N=3,5,7.

By analyzing the Fig. 6.4.7 we can see how gr[k] and golk] are time-
stationary, that is gr[k] = gr and go[k] = go which means that the (P)RLM
gives a reduction of complexity which is independent of the observation time
being considered. Furthermore by considering g7 even only in the case of N = 3
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Figure 6.4.2: Averaged User System Probability of False Alarm p,,,;[k] for ODF,
RLM and PRLM. N = 3 targets, k =1,...,50.
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Figure 6.4.3: Averaged User System Probability of False Alarm f)fa[k] for ODF,
RLM and PRLM. N =5 targets, k =1,...,50.
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Figure 6.4.4: Averaged User System Probability of False Alarm p,,,;[k] for ODF,
RLM and PRLM. N =5 targets, k =1,...,50.
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Figure 6.4.5: Averaged User System Probability of False Alarm f)fa[k] for ODF,
RLM and PRLM. N =7 targets, k =1,...,50.
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Figure 6.4.6: Averaged User System Probability of False Alarm p,,;[k] for ODF,
RLM and PRLM. N =7 targets, k =1,...,50.

targets we get a speed-up factor of about 2.5 times for the (P)RLM algorithms.
This speed-up grows with the number of targets being considered, as it is evident
from the figure, because in the case of N = 5 and N = 7 we got respectively
a speed-up of approximately 3 and 5 times. Conversely go is far higher, as it
accounts also the Space Complexity reduction given by the (P)RLM. In fact we
get respectively Overall Complexity Gain for the three cases of go = 7, go = 20
and go = 100.

6.5 Conclusions

In this chapter we presented two sub-optimal fusion alternatives to ODF in the
context of distributed multi-classification with a binary wireless sensor network.
It was shown that the complexity of these approaches is lower both in Time
and Space dimensions with respect to ODF, even though the trade-off is a loss
in terms of the Probability of False Alarm. However, due to the separated
target approach of (P)RLM we can choose the threshold in an accurate way to
obtain a desired false alarm rate, but degrading the Probability of Detection.
Nonetheless it was shown experimentally that moving the threshold does not
change the Probability of Detection negative error exponent, which is essentially
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Figure 6.4.7: Gain Complexity (Time and Overall) of (P)RLM over ODF.

the same as the ODF and so only more samples are required by (P)RLM to
obtain the same detection performances of the optimum approach.

Further Developments about this work will be the analysis and the compar-
ison between ODF and (P)RLM over non-ideal communication channel models
(such as AWGN or Rayleigh Flat Fading), and the consequent loss of perfor-
mance of these approaches at low SNR. Finally also the uncertainties deriving
from non-perfect track estimation of multi-sensor multi-target tracking system
will be analyzed both in loss of performances and implications that will eventu-
ally imply a possible slight modification of the algorithms.

6.6 Appendix

6.6.1 Maximum Detection Range

In this paragraph we explain the argument behind the concept of maximum
detection range r,,4.. Let us first recall the formula of Hellinger Distance
(HD) for discrete distributions. Given two distributions p(z;) and ¢(x;) de-
fined on the same discrete support x; € X, HD [98] is defined by du(p,q) =
320 ex (Vp(xi) — /q(z:)%; the HD satisfies the inequalities 0 < dy(p,q) < 1,
where dy (p, q) = 0 means that p(z;) = q(x;), Va; € X and dy(p,q) = 1 implies
a complete separation between distributions. In our case when pq(r}[i]) = 2-pa,
the HD between the two distributions p(z*[i]|T,, = 0) and p(z*[i]|T}, = 1) is given

by du(.) = % [(\/m— /2pfa)? + (\/1 — Dfa — \/1 — pra)ﬂ which under the
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assumption that ps, < 1 can be well approximated as 1 [(1—v/2)%ps,] =
0.085pf4. So considering higher 7[i] implies obtaining inference on two hy-
pothesis which are Hellinger-separated by a factor of 0.085p¢,, which does not

give a valuable information.

6.6.2 Time Complexity for (P)RLM

In this paragraph we derive the formula for Time Complexity C(TP)RLM[k] for
(P)RLM sub-optimal fusion algorithms. At each time ¢ and for each sensor
¢ we need to compute Eq. (6.3.5) for RLM or Eq. (6.3.6) for PRLM. This
marginalization requires |7~£[z']|2|7—2[i”_1 operations (products) to obtain the
terms of the sum and Q‘Tk[i”’loperations (sums) to complete marginalization.
This marginalization has to be repeated two times (7;, = {0,1}) to obtain the
log-ratio of the (6.3.3), which has to be computed for each user belonging to
|T[i]|, so that the total number of operations at time k for the sensor ¢ is
N, = [T T2 0 4+ 2T 6y = (7 (7| + 1))(27 ). By consid-
ering the dominant terms and summing over all the sensors £ and over all the
time slots ¢ till time k, we get Cr[k] = O(Zle Zngl Tt [i]22T[[i]).



Chapter 7

Data Fusion for inverse
localization tasks: application

to wideband passive sonar
estimation with ML-PDA

7.1 Introduction

7.1.1 Problem Motivation

Target motion analysis (TMA) with bearings-only measurements is a well-
understood and -studied problem (see Fig. 7.1.1). It has been shown in the
literature that as long as the platform is outmaneuvering the target, observabil-
ity of the latter is assured and its motion can be inferred, even from very noisy
measurements. However, since the bearing observations depend on the rela-
tive positions between the target and the platform, it is useful to understand
whether, given the results of TMA estimation, it could be possible to identify,
completely or at least partially, the trajectory of the observing platform.

More specifically, the problem arises when a “target-friendly” entity, as op-
posed to being cooperative with the platform, intercepts the results of the target
estimation performed by the platform (see Fig. 7.1.2); the question is whether
this entity can identify, partially or totally, the trajectory traced by the plat-
form. The feasibility of this problem is of twofold interest: (¢) it verifies the
utility of intercepting communications (containing TMA-related information)
between the platform and platform-cooperative entities, because this informa-
tion would be useful; and (i¢) it motivates, at the platform side, the need for
secure and encrypted transmission of the TMA estimation results.

98
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Figure 7.1.2: The platform identification process by the target-friendly side.
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7.1.2 Related Works

Seminal results on the continuous-time observability of the target motion, through
a wideband passive sonar, were derived in [101, 102]. In fact, by successive dif-
ferentiations of the measurement function, a necessary condition was derived
and it was shown that a platform maneuver is a needed prerequisite to en-
sure observability of the target; however unobservable maneuvering-platform
trajectories could exist. This analysis was rigorously extended, in the form of
a necessary and sufficient condition, in [103, 104, 105, 106]; a comprehensive
analysis of observability related to practical scenarios was also conducted in
[106]. These results were also demonstrated in discrete-time in [107] via linear
algebra; observability insights in different scenarios were presented, and also a
stochastic observability (and estimability) analysis was performed. In [108] a
theoretical connection between the invertibility of the Fisher information matrix
(FIM) and target (local) observability was established. In [109] (and references
therein) the optimal platform maneuver was designed, in the sense of the best
estimation accuracy in terms of the FIM.

There are three common approaches to standard TMA (with or without
Doppler measurements): mazimum likelthood (ML), pseudolinear (PL) and in-
strumental variables (IV), estimation. Although the first approach is asymptot-
ically efficient, it is complex and therefore sub-optimal solutions are desirable.
PL estimation has the advantage of being in closed form and of easy compu-
tation, however it can lead to severe bias even in favorable conditions [110].
Consequently IV estimation, presenting reduced bias estimates, has seen recent
attention [111, 112, 110, 113, 114].

Alternative bearings-only TMA scenarios have been studied recently in [115,
116, 117] and ML batch estimators have been proposed. More specifically, in
[115] the problem of bearings-only TMA for conditionally-deterministic target
motion and with operational constraints on the platform is tackled with Markov
chain Monte Carlo methods. In [116] TMA of a maneuvering target and non-
maneuvering platform is studied; observability is established and a batch esti-
mator is proposed. The concept was later applied to the scenario of a circular
constant-speed target and a non-maneuvering target in [117].

The estimators proposed in these references do not deal with the problem of
false measurements (clutter) and less-than-unity probability of detection. The
seminal work in [118] derived a ML estimate of target parameters for both
wideband and narrowband passive sonars in the presence of false detections
(clutter), based on probabilistic data association (ML-PDA); the performance of
the estimator was evaluated in terms of the Cramér-Rao lower bound (CRLB).
It was shown that the effect of the clutter on the performance through the
CRLB was simply via a product with a less-than-unity scalar value, called the
information reduction factor (IRF).

The ML-PDA was extended by incorporating amplitude information to en-
hance performance in the scenarios of “low-observable” (i.e. low Signal-to-Noise
ratio) targets in [119]; improved accuracy and superior global convergence were
demonstrated. In [120] ML-PDA was applied to the problem of low-observable
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target estimation using electro-optical sensors; also a sliding-window batch ap-
proach for ML-PDA estimation was derived, capable of dealing with temporary
disappearance of targets and/or targets with velocities changing over time. ML-
PDA was also successfully applied to active sonar tracking in [121], where also
an efficient computation of the ML estimate, namely, directed subspace search
(DSS), was derived.

7.1.3 Main Results and Chapter Organization

The main contributions of the chapter are summarized as follows.

e We study the “inverse” problem of identifying the platform trajectory, fol-
lowing a “two-leg” motion model, through its ML-PDA estimation results
on a target; to the best of our knowledge, this is addressed here for the
first time.

e We derive and study the objective function to be optimized for identifying
the platform trajectory; it is shown that the optimization of this function
depends on neither the IRF nor the measurement variance at the platform
side; that is, the exact! information to identify the platform trajectory
is unnecessary. Also it is demonstrated that the platform trajectory is
unobservable unless it keeps a constant speed during its two different legs.

e We use an efficient and practical algorithm, based on derivative-free local
search, to solve the nonlinear problem associated with the identification
task. The local optimization routine is initialized from geometric consid-
erations and exploiting the structure of the observed FIM.

The chapter is organized as follows: In Sec. 7.2 we introduce the model for
passive wideband-sonar localization and we give the background on the ML-
PDA approach; in Sec. 7.3 we formulate the problem of inverse localization
and we show some important identification properties; in Sec. 7.4 we devise a
procedure to compute a good initial guess as input for the local optimization
routines, while in Sec. 7.5 we show, by simulation, the performance of the
proposed solution; some concluding remarks and future research are given in
Sec. 7.6; proofs and derivations are confined to the Appendices.

Notation - Lower-case (resp. Upper-case) bold letters denote vectors (resp.
matrices), with a, (resp. A, ) representing the nth (resp. the (n,m)th) el-
ement of the vector a (resp. matrix A); upper-case calligraphic letters and
braces denote finite sets, with [a : b], a < b representing the set {a,a+1,...,b};
Iy denotes the N x N identity matrix, while diag (¢) is a diagonal matrix with
diagonal equal to ¢; (+)%, ||-|| and (-) denote transpose, Frobenius norm and inner
product operators, respectively; V¢(-) denotes the gradient operator w.r.t. the
vector t; €/ (A, 1) denotes the unit eigenvector of a symmetric and diagonalizable

I1We will show however that for devising an efficient local-optimization algorithm a range
of variability should be given; however the width of this range does not affect significantly the
performance.
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matrix A (of size [r x r]) corresponding to the eigenvalue \;, i € R = {1,...r},
where A > Asy1 s € R/{r} and j € {—1,1} denotes the sign ambiguity in the
eigenvector formula; arctany(z), © € R?, denotes the four-quadrant inverse tan-
gent with argument 71; P(-) is used to denote probability mass functions (pmf)
or probability density functions (pdf), while P(+|-) the corresponding conditional
counterpart; N (u,X) denotes a real normal distribution with mean vector p
and covariance matrix X; finally the symbols —, 3, ~, and | mean “maps to”,
“such that”, “distributed as” and “orthogonal”, respectively.

7.2 System Model

7.2.1 Motion Models description

The system model is described graphically in Fig. 7.2.1. We assume that the
target is observed by the platform at n time samples, i.e. t € T = {t1,...,t, };
also we define the set of indices Z £ {1,...,n}. In the following we will explicitly
list all the assumptions made, starting from the motion models of the platform
and the target.

Assumption I: We assume that the target moves according to a con-
stant velocity (CV) motion model [100]. For this reason we define pr(t;) =
[ &r(ts) nr(t:) ]t and vr £ [ ¢ ar }t as the position at ¢; and the (con-
stant) velocity 2-D vector of the target; £ and 7 are used to denote the east
and north directions. Given the CV assumption, {pr(t1), pr(t,)} uniquely de-
fine the state of the target at t; € 7. Therefore we append them in xp £
[ pr(t1)t pr(ts,) ]t, which represents the true target state vector, unknown
at the platform side. The target motion model has the explicit expression:

] = et - o N
- pT(t1)+H[pT(tn)—pT(t1)}, t;eT (7.2.2)
nA 1

Assumption II: We assume a platform moving according to a “two-legs”
motion model; this requirement not only ensures observability of the target from
the platform point of view [101, 122], but also represents the easiest trajectory

that can be followed by the platform. We denote pp(t;) = [ &p(ti) np(t:) ]t,

: t : t o
vp 1 £ [ &p1 Npa ] and vp2 e [ P2 NP2 ] , as the position at t; € T,
first-leg and second-leg velocity vectors; also we group ¢p = [ pp(t1)* vh; vb, ]t

into the platform state vector, representing the unknowns at the target-friendly
side. Note that xp does not uniquely define the platform trajectory, since the
turning time ¢ is also needed.

Assumption III: Throughout this chapter we will make the simplifying
assumption that ¢y is known at the target-friendly side. In fact it is reasonable
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Figure 7.2.1: System model considered for our application. The crosses refer to
the bearing measurement at snapshot ¢; € 7.

to assume that t; in practice will happen nearly the middle of the observation
interval, i.e., ty ~ t”gtl , in order to assure a good degree of observability2. This
assumption will be relaxed in Sec. 7.5, where a sensitivity analysis with respect
to (w.r.t.) the timing-uncertainty on t; will be shown. Therefore, once tj is
assumed to be known, the platform motion model is explicitly described as

[ &p(ti) } _ pp(t1) + (t; —t1)vpa L, eT,> t; <ty
np(t:) pp(t1) + (tr —t1)vp1 + (i —te)vps i €T, 2 6 >ty
(7.2.3)

Note that here the magnitudes of vp; and vpy are arbitrary. As shown later,
unique identifiability of the platform trajectory (our goal) requires these mag-
nitudes to be the same, i.e., the platform speed should be constant.

7.2.2 ML-PDA statistical assumptions and formulation

The statistical assumptions on the measurements are summarized as follows.

2In fact, a turn at the beginning or the end of the observation interval would result in a
platform trajectory similar to a single leg (CV model), thus leading to a nearly singular FIM.
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Assumption I: The bearing (true) measurement «;, collected by the plat-
form at t¢;, follows the model

Er(ts) — Ep(ts)

nlts) = npm)) T (124)

ki = bi(xr,xp)+ n; = arctan (

where 0,;(xr,xp) denotes the noise-free bearing (we stress the dependence on
both platform and target state vectors) and n; ~ N(0,02). For notational
convenience we also define here the range r;(xr,xp) as

ri(er,zp) £ |pr(t) —pp(t:)|| (7.2.5)

Assumption II: We assume, as in realistic environments, that a passive
sonar at t; € T collects a set of measurements z(i), due to clutter and non-
perfect detection. More specifically, we have

2(6) 2 {2 6)}, (7.2.6)
where m; denotes the number of collected measurements at ¢; € 7. The sta-
tistical assumptions over the set in Eq. (7.2.6) are: (i) the true measurement
k; can be detected at most only once, with probability Pp; (i¢) the number of
false measurements at t; € T follows a known probability mass function pg(-),
given by a Poisson law with known expected number of false alarms per unit
of volume \; therefore the false measurements are distributed uniformly in the
surveillance region (in the bearing space).

Assumption ITI: We assume conditional mutual independence among the
set of measurements, that is P(z(i1), z(i2)|xr,xp) = P(z(i1)|xr, 2p)P(2(i2)|xT, TP),
Viy # is.

Under these assumptions and denoting &7 (resp. &p) as the true target
(resp. platform) state vector, the ML-PDA estimate &1 is obtained as

= argmaxHP(z(i)|wT,:7:p) (7.2.7)
R
where the likelihood P(z(i)|xz,&p) is given in explicit form as follows:
P(z(i)|er, &p) = u™ ™ (1 = Pp)pur(m;)
W Popp(mi — 1) e 1 1 (zj(i) — 0;(xr, 5,»,3))2
+ X ex —=
m; ; V2moy P 2 o)
(7.2.8)

Note that &p is assumed known at the platform side. It was shown numer-
ically in [118] that the covariance matrix of the ML-PDA estimator essentially
attains the CRLB and therefore it can be regarded “practically” as an efficient
estimator. For this reason, the covariance matrix is approximated by the inverse
of the FIM given by
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J(@r,xp,ap) 2 ag Y Vo, (0i(xr,xp))Vh (0:i(@r, xp)) (7.2.9)

=0

L. (zT,2P)

where oy is defined as®
s 2

o £ (7.2.10)
with g representing the IRF [118]. Note that
g2 = q2(Avg, Pp, g) (7.2.11)

where v, and g denote the volume of the validation region and the gating thresh-
old, respectively. It can be shown, after some manipulations, that V 5..(6;(xr, p))
has the explicit expression

(1 — ;) cos(0;(xr, zp))

1 —(1 — ay) sin(0;(xr, zp))
ri(xr, zp) a; cos(b;(xr,xp))
—Q; Sin(ei(ﬂﬁT,:Ep))

Vo, (Oi(xr, zp)) = (7.2.12)

The FIM at the platform side is necessarily evaluated as J°% £ J(&p, &7, dg),
where ¢y denotes the true oy, known at the platform side. Given the results of
the estimation process at the platform side, that is {&r, J"bs}, our task can be
summarized as follows.

We wish to identify the platform state, represented by xp, by observing only
the estimation results of the ML-PDA, that is {&7, J°**}. It is worth remarking
that the unknowns of this deterministic problem are represented by {&p,dp}. In
fact, even if &y does not contribute to specifying the platform trajectory, it has
to be identified to solve this task.

The first important remark is that the identification problem is function only
of &7 rather than the true trajectory &p. This has an important consequence:
the identification of the platform trajectory does not depend on the true target
trajectory &; however we will show that due to the sensitivity w.r.t. the true
platform parameters, a “larger” FIM matriz will lead to an easier identification
in terms of local optimization routines.

7.3 Objective Function Determination

As a starting point of the identification problem, it would be natural to solve
the non-linear equation

J(&p,xp, o) = J (7.3.1)

3Note that ag should not be confused with a; = ttl:ttll defined in Eq. (7.2.2).
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for the variables « p and ay. However, as stated by the following proposition, we
will show that this system is unobservable, since there exists an infinite number
of solutions satisfying Eq. (7.3.1).

Proposition 13. If {@%, a3} is a solution of (7.3.1), then each {xp, )} gen-
erated by the subspace

{Tp, 0} = {Bzp+ (1-P)Tp,faj}, BER (7.3.2)
g 2 [ pr(t)t oL oL ] (7.3.3)

is also a solution of (7.53.1).
Proof. The proof is given in Appendix 7.7.1. O

The above proposition states that no unambiguous identification of the plat-
form trajectory &p is possible when the platform is following a trajectory ac-
cording to Eq. (7.2.3) with different speed in each leg. The explanation of this
is given by the fact that a convex combination (through ) of the platform and
the (augmented) target state vector would produce the same FIM with an ay
scaled by 82. At this point it is worth pointing out the difference between this
requirement and the target estimation, in which the platform maneuver is the
only prerequisite to ensure observability of the target.

When both legs of the platform trajectory are constrained to have the same
speed s, that is

5 2 ol = vl (7.3.4)

it can be shown that the subspace described by Eq. (7.3.2) violates constraint
(7.3.4) (see Appendix 7.7.1), hence identification of the platform trajectory is
possible. More specifically, the constraint in Eq. (7.3.4) represents a neces-
sary condition for observability of the platform trajectory. On the basis of this
constraint we define a new platform-state vector % (and we denote the true
platform-state vector as &%) as follows

xp £ [ Ep(t) np(t) s ¢1 6o ]t (7.3.5)
¢; = arctany (vp,), i€ {1,2} (7.3.6)

Thus Eq. (7.3.1) becomes
J(x5, o) = J (7.3.7)

with unknowns % and oy (starting from here we drop the dependence on &r
to keep the notation simple). In general, the non-linear system described by
Eq. (7.3.7) can still admit multiple solutions, since there is no theoretical proof
that the constraint in Eq. (7.3.4) is also a sufficient condition for observability
of {x%,ap}. This is because proving that {x},ap} — J(x5H, ) is a one-to-
one mapping is an extremely difficult task. Nonetheless, we will show, through
simulations in Sec. 7.5, that this property seems to be satisfied and that z%
can be identified.
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To solve Eq. (7.3.7) in an efficient way we consider the search for the mini-
mum of the Frobenius norm F(x%, o), namely,

{2p,40} = arg min || J% — J(xh, q0)|, (7.3.8)

{a;;'),ag}

£F(x3,a0)

It is easy to see that the global minimum (corresponding to a zero value)
of Eq. (7.3.8) corresponds to the solution of Eq. (7.3.7). Although studying
the function in Eq. (7.3.8) appears as arbitrary (in fact other matrix distance
norms can be considered), there is an important reason behind this choice: we
will show in the following that F (%, ag) (see (7.3.11)) can be expressed in terms
of a weighted-square-distance, and an important property of weighted non-linear
least squares problems can be exploited [68].

The first step to express Eq. (7.3.8) in terms of a convenient weighted-least
squares problem is to search for independent entries of J (%, ag). The following
Lemma will be used.

Lemma 14. The FIM J(x%,ag) has only 9 independent entries.
Proof. The proof is given in Appendix 7.7.2. O

Exploiting Lemma 14, we can express Eq. (7.3.8) in terms of a weighted-
square distance, as stated by the following proposition.

Proposition 15. The norm in Eq. (7.3.8) can be equivalently written in the
form

F(xh, a0) = [§7° — j(x}, ae)]t W [ — j (x5, ap)) (7.3.9)

where j° € R? and j(x$,ap) € RY are obtained by stacking the independent
components of J(x%, ag) and J°%, respectively and W is a diagonal weighting
matriz, defined as follows:

wedag([1 1112242 2]) (7.3.10)

Proof. The proof is given in Appendix 7.7.3. O

Note that j(z%,ap) retains the same factorization as J(x%,op), that is,
j(x%,ap) = agju(xh), where j,(x%) is defined accordingly to Eq. (7.2.9).
Hence Eq. (7.3.9) can be rewritten as

Flxp, ap) = [§7° — ozgju(:c‘})]t W[5 — aggu(zh)] (7.3.11)

Note that the minimization of the objective function in Eq. (7.3.11) is in
the standard form of non-linear weighted least squares [68]. Additionally in this
case the non-linear weighted square distance is linear in some of the parameters
to be estimated, in this case ay, and thus this non-linear problem can be solved
in a reduced dimension space; the details are given by the following proposition.
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Proposition 16. The minimization of the 6-dimensional objective F(x%, ap)
is equivalent to maximization of the objective G(x%), defined as

S *00S S 2
Glxp) £ (G c(xp)) (7.3.12)
s Wju x4
clap) = ——— . P)g 7 (7.3.13)
Fu(@p) Wiu(x3)]
Proof. The proof is given in Appendix 7.7.4. O

The maximization of G(z%) has the advantage of reducing the search space
from R® to R®. The exclusion of ay also allows a search only in the subspace of
variables determining the platform trajectory. At this point some observations
on the objective function in Eq. (7.7.19) are in order:

e The function G(x%) is highly non-linear in %, therefore no closed form
solution to optimization of the Eq. (7.3.12) exists, thus numerical opti-
mization procedures need to be used;

e Local optimization routines can get stuck in local maxima or other (non-
equilibrium) points®.

An important issue in local optimization routines that determines their success,
is the choice of a good initial guess. In the following we will suggest a good
start, based on the FIM and geometry.

7.4 “Geometry-driven” FIM-aided initial guess choice

In this section we show how a good initial guess, denoted as zE;’O, can be chosen
to help convergence of local optimization routines. To accomplish this task let
us define:

t
t t t
pp & [ppl(tl) pr(t)" pr(tn) } (7.4.1)
5 lpet)—pe()] _ lpe(t)—pr()]
tr—t1 tn—tg

Since it is easy to show that there is a one-to-one mapping between pp and
x%, we will search for a p% close to pp (even though the latter is not known),
as the equivalent input of the local optimization routine. For this reason, we
first will find good approximations p%(t1) and p%(t,,). After this, we will give
the details on how to find p%(fx), under the constraint of Eq. (7.4.1). The
following considerations are based on the assumption that &y is known; at the
end of the section we will remove this restriction. In the following, for the sake

of simplicity, we will use the short-hand notations r; £ r;(&7, &%) for the range,

0; £ 0;(&r,%5) for the bearing, i; £ [ sin (6;) cos (6;) ]t for the bearing unit

vector, and we will drop the zero superscript in p% and p% ().

41In fact, several local optimization routines are not based on the evaluation of the gradient
vector of the objective function at each iteration, thus a “null gradient” condition is not ensured
when a stopping condition is met.



CHAPTER 7. DATA FUSION FOR INVERSE LOCALIZATION TASKS109

7.4.1 Choice of pp(t;) and pp(t,)
It can be easily shown that {pp(t1),Pp(t,)} can be expressed in the form:

pr(tl) = Pr(t)+ri (7.4.2)
ﬁp(tn) ﬁT(tn) + iy (743)

In order to obtain good estimates {pp(t1),Pp(tn)} we need to find good
approximations {1, 7, } and {21,%,}. These issues can be tackled separately.

Choice of {#,7,}

A coarse approximation of the ranges r; and 7, is given by:

Coa [Gedi (—ag)? [ de i i
f— 1 . n = 17 ~4.4
" \/ tr(Jobs[L,1]) tr (Jobs[2, 2]) (744)

where J°[m,n] represents the (m,n)th [2 x 2] block matrix of J°*, whose
explicit expression in block form (exploiting the derivation in Appendix 7.7.2)
is given as follows:

JOU[1,1] J%#[1,2]
obs __ ) 9
J - |: Jobs [27 1] Jobs[2’ 2] (745)
S (L= )iy 200, il — aa) gy
= = o o = o oo 7.4.6
o L T (7:46)

where §; £ - [ cos(0s(@r, &p))  —sin(0i(&r,%5)) . The term tr (J°*[1,1])

(resp. tr (J°"*[2,2])) represents the sum of the eigenvalues of the FIM of pr(t;)
(resp. pr(tn)), that is, the sum of the magnitudes of the corresponding ellipse.
Also, the terms in the numerators of Eq. (7.4.4) are correction factors which
avoid biased estimates #; and #,. The derivation of Eq. (7.4.4) is given in
Appendix 7.7.5.

It is worth remarking that Eq. (7.4.4) represents a rough approximation
of {ry,r,}; however, as we will show in Sec. 7.5, the accuracy obtained is
sufficient to determine values close to pp(t1) and pp(ty,) in all the practical
scenarios considered.

Choice of {21,2,}

By defining C°* £ (JOI’S)_1 and denoting C°%*[¢,m] as the (¢, m)th [2 x 2]
block matrix of C° we have that:

i £ e (C[1,1]1) i £et (C™[2,211): pge{-11}
(7.4.7)

Note that C°**[1,1] (resp. C°**[2,2]) is a lower bound of the covariance matrix

of any unbiased estimator of pr(t1) (resp. pr(t,)) and thus the eigenvector
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Figure 7.4.1: Graphical description of Eq. (7.4.8): cases (i) and (i) satisfying
it.

corresponding to the largest eigenvalue represents the axis of maximum uncer-
tainty, i.e., the one along the range between the platform and the target. The
indices {p, ¢} underline the incomplete information about {i1,%,} contained in
the FIM, which intrinsically leads to a sign ambiguity (because if e is an eigen-
vector, so is —e). The derivation of Eq. (7.4.7) is given in Appendix 7.7.6.

It is apparent that the sign ambiguity in Eq. (7.4.7) would lead to four
possible pairs {%i 'Z?L} However, in practical scenarios the sign-ambiguity leads
to only two pairs if we assume that the following vector equation has no solution:

C-pr(t1) +(1=¢) - pr(ts) =pp(ti); VL ET,CER (7.4.8)

Eq. (7.4.8) admits solutions only in the following cases®: (i) the platform trajec-
tory and the target trajectory have at least one crossing point; (i4) the platform
is crossing the line representing the direction of the CV target trajectory, de-
termined by its velocity vector ©7. These scenarios are graphically depicted in
Fig. 7.4.1. While the former case represents a totally unrealistic scenario (the
platform and the target would be too near), it can be shown that the latter is of
little interest, since such a platform trajectory would lead to poor observability
of the target [122].

Therefore the only two admissible pairs are obtained as follows: let us define
a vector {u € R? : w L &y, |u| = 1} and take the pairs {%, 49} verifying

sign <1§’f, u> = sign <%‘}L, u> . pge{-1,1} (7.4.9)

In the following we denote as {%‘1], %g}, g € {1,2}, the resulting two pairs. Thus
exploiting Eqs. (7.4.4), (7.4.7) and (7.4.9) we obtain:
ph(t) = Pr(ty)+r -4, (7.4.10)
Ph(ty) = Prty) +in-18,  ge{l,2} (7.4.11)

5 Although Eq. (7.4.8) refers to pr(t;), the same applies to pr(t;) under the assumption
that the platform obtains a reasonably “confident” estimate of the target.
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7.4.2 Choice of turning position vector pp(t;)

As pointed out previously, Eqs. (7.4.10) and (7.4.11) define two pairs {p%(¢1), D% (tn) },
g € {1,2}. Hence for each {p%(t1),p%(tn)} a corresponding p%(t;) needs
to be computed. In this case it can be shown that p%(t;) cannot be chosen
only relying on the geometric properties of the FIM, as opposed to pp(t1) and
pp(t,). Rather a £7 platform turn initial assumption is made and the turn-sign
ambiguity is solved exploiting the coarse information in the FIM. By defining

tm = minger th — t"gtl H, such a vector is obtained as (we drop the superscript
9)
Pr(tr) = pe(te) (7.4.12)
. (ty —t1) . . sin (¢¢)
tr) 2 pp(t1) + —% tn) — Pp(t 7.4.13
) & Br(t0) + (=5 Br(t) — pe(t)eos ) | S () | (7413
A R . 0
e = arctang (pp(tn) — Pp(t1)) + £ (5 - 1/) (7.4.14)
tp —t
v 2 arctan ( b 1) (7.4.15)
tn — tk
£ i D — 4.1
q = arg E;{nj?l} PP (tm) — pe(tm)ll (7.4.16)

where py(t,,) is the position vector at t,, of the two-leg trajectory described by
{pr(t1), pe(te), PP (tn)}, and pp(ty) is given by

Bp(tm) £ Prtm) + Fm - tm (7.4.17)

dg iy il — )
\/ SO (7.4.18)

im = e (J7[1,2];1) (7.4.19)
q > sign (e (J°P*[1,2];1) ,u) = sign <%1,u> , je{-1,1}. (7.4.20)

(1>

T'm

The complete derivation of the selection of p9(#x) is given in Appendix 7.7.7.

7.4.3 Remarks on oy

The presented method computes p% = [ ph(t1)" ph(ti)" Ph(tn)" ]t, g €
{1,2}, under the assumption that ¢y is known at the target-friendly side. How-
ever, since &y is known exactly only at the platform side, we will replace &y with
the variable oy in Eq. (7.4.4), thus leading to p% = p%(ay), i.e., a continuum of
initial guesses. Therefore, in order to obtain a (small) finite set of initial guesses
we apply the following steps:

1. define a uniform grid of Ny values on ay, constrained in the interval
[0, min; Oég,maX}G and, after denoting the m-th value as ag[m| = ag min +

6The values {@g,min, 6, max } are obtained automatically, once a reasonable range is given
for parameters concurring with the definition of ay (e.g. op); an example will be given in
Section 7.5.
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Table 7.1: Parameters known at the platform side.

Parameter ‘ Value ‘ Unit
tn — 11 800 S
ti —ti—1, 1 EI\{l} 4 S
&% in scenario (4) ‘ [ 10* 2-10* 71 3¢ Z ]t ‘ [m m m/s rad rad ]t
&% in scenario (i4) | [ 10 2-10* 71 -% Z ]t [m m m/s rad rad ]t
q2(Mvg, Pp, g) q2(0.3,0.9,5) = 0.814 dimensionless
o) 1 (0.0175) deg. (rad)
& = 92/02 2.6580 - 10° rad™?
ﬁ:ll(agmax — Qg min), M € Sp 2 {1,...,Ng}, we compute ph(agm]),

g € {1,2}, m € Sy;

2. split up the set p%(ag[m]), m € Sp,g € {—1,1} into three subsets, cor-
responding to zones (a), (b) and (c), defined as follows”: (i) we split
D% (cg[m]) into two sets p% (ag[m]) and p% ' (ag[m]); (ii) by defining
Ly = arctang (p%h(tn, ag[m]) — ph(t1, ag[m])) we seek for {m*,g*} >
sign(T' = g+ ) # sign(T (= 41),9+); (484) we split the set corresponding to g*
as p% (ag[l : m*]) and p% (ag[(m* + 1) : Nyl);

3. choose, into each defined subset, the guess corresponding to the maximum
of Eq. (7.3.12), and we denote the obtained triple as {ps, p5, p$}, which
is fed (possibly in parallel) to a local optimization routine.

A good choice of Ny can be obtained as follows. We first observe that the worst-
case error in grid sampling of ay is given by Agy = W
negligible in Eq. (7.4.4) when &g > Acg, thus leading to Ny > “megestmin 4
1. However, since ¢y is not known, we can consider the conservative inequality
Q0. min > Aeg, which leads to Ny >> L 2mintQo.maz

2 Q9 min

; such error is

7.5 Simulation Results

In this section we consider two scenarios, taken from [100], to corroborate the
theoretical results presented and show the performance of the geometry-driven
initial guess procedure. In both scenarios (i) and (i) we assume the same &
(since the absolute position is irrelevant, only the relative geometry), while we
consider two different &% (see Table 7.1). In Table 7.1 we report the list of
parameters known at the platform side; it is worth noting that &y is completely
specified by g2 (obtained as in [118, Table II]) and oy.

In Table 7.2 we report the list of parameters known at the target-friendly
side, after intercepting the ML-PDA estimates. The interval [ag min, Qg max]

"Note that the definition of the zones is arbitrary.
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Table 7.2: Parameters known at the target-friendly side.

Parameter ‘ Value ‘ Unit
ln —t1 800 s
t; —ti—1, 1 € Z\{1} 4 s
&7 [15x10®° 35x10° —10 51" | [m m m/ m/ ]
k 101 dimensionless
g2* € [0.652,0.982] dimensionless
op* € [1,2] (€ [0.0175,0.0350]) deg. (rad)
ag* € [532.2449, 3206.5) rad™?

(needed to obtain the initial guesses in the three zones) is obtained as follows.
We assume that the target-friendly entity possesses the coarse information oy €
[1,2]° and g2 € [0.652,0.982] (under the assumptions® that Av, € [0.1,0.5], Pp €
[0.8,1], g = 5, cf. [118, Table II]), thus leading to ay € [532.2449, 3206.5] rad ~2.

The guesses {ﬁé,ﬁg,ﬁgh obtained with the approach described in Sec. 7.4
and setting Ny = 5, are given as input to the Nelder-Mead simplex method
[123], which seeks for a local maximum of the objective function in Eq. (7.3.12).
This local optimization routine has been chosen because it is a derivative-free
method, as opposed to Newtonian and quasi-Newtonian local optimization rou-
tines. Such a choice avoids the evaluation of the Jacobian matrix (and also of
the Hessian matrix, in the Newtonian approaches), which is composed of 45
entries, thus requiring high complexity resources.

Fig. 7.5.1 presents a plot of the platform and target trajectories for scenario
(), while Fig. 7.5.5 shows them for scenario (i7). It is worth noting that scenario
() represents a low-observability case, while scenario (i7) has good observability,
as shown through the 95% confidence ellipses of pr(¢1) and pr(¢,) in Figs. 7.5.1
and 7.5.5.

In Fig. 7.5.2 (resp. Fig. 7.5.6) we show the initial guesses corresponding
to zones (a), (b) and (c) (defined in step 2) of Subsec. 7.4.3) of the platform
trajectory (7.3.12). It is apparent that the initial guess corresponding to the true
zone is near the true platform trajectory in both cases; incidentally a degree of
similarity is also present in the guess corresponding to a different zone in scenario
(i) (zone (b), cf. Fig. 7.5.6). Nonetheless, in both cases the procedure produces
a very good initial guess corresponding to the zone where &% belongs, which
bodes well for a local optimization routine.

The convergence properties of the algorithm are illustrated in Figs. 7.5.3
and 7.5.7 for the three different initial guesses, and the performance is analyzed

8Note that in Table 7.2 the asterisk indicates that those parameters are only needed to
compute wise initial guesses for the local optimization procedure, but not for the maximization
of Eq. (7.3.12).

91t is worth remarking that in such a case [W + 1] ~1.5, thus Ny = 5 for

this particular scenario is a fair choice.
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Figure 7.5.1: Platform and target trajectories considered for scenario (7).

in terms of the time-averaged root-square position-error (RSPE) defined as
1 - AT 9
RSPE(m) £ 3" |5 (1) — e 1) (75.)
i=1

with pB(-) denoting the output of the local optimization routine after m iter-
ations. It is apparent that there is no monotonic decrease of the RSPE, since
the maximization of the objection function is conducted w.r.t. the vector a%;
however convergence is observed with an acceptable number of iterations (re-
call that there is no need to compute Jacobian at each iteration and so each
iteration is very light from a numerical point of view). In Fig. 7.5.4 (resp. Fig.
7.5.8) we finally report the platform corresponding to the maximum of the three
outputs obtained with the Nelder-Mead method and the three different initial
guesses. It is apparent that in both the scenarios the true platform trajectory
is identified exactly (recall that this is a deterministic problem); such results
confirm our conjecture on the uniqueness of the Eq. (7.3.7).

Turning time ¢, sensitivity analysis

In this paragraph we will remove the assumption that the turning time t; is
known at the target-friendly side and we will show the effects of a grid search
on the time index, denoted as k, for both scenarios (¢) and (i7). Figs. 7.5.9 and
7.5.10 show the RSPE (obtained as the minimum along the three zones) as a
function of the assumed index k. It is apparent that the true platform trajectory
is still identifiable in both scenarios; however the RSPE w.r.t. to the index k
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Figure 7.5.2: Geometry-driven initial guess procedure for platform trajectory in
scenario ().
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Figure 7.5.3: RSPE as a function of the number of iterations for scenario (3).
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Figure 7.5.5: Platform and target trajectories considered for scenario (ii).
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Figure 7.5.6: Geometry-driven initial guess procedure for platform trajectory in
scenario (i7).
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Figure 7.5.7: RSPE as a function of the number of iterations for scenario (44).
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Figure 7.5.8: Identification results for scenario (i7).

is not a unimodal (discrete) function and therefore no “naive” golden-search
method can be applied to identify the platform; rather a parallel approach is
needed.

Finally it is worth noting that the overall complexity = of the proposed
approach is given by:

E 2 walk) + wy(k) + welk) (7.5.2)
k=1

= ©> Xalk) + x5(k) + xc(k) (7.5.3)
k=1

wi(k) & @-xi(k) (7.5.4)

where w;(k) denotes the complexity of the Nelder-Mead method with initial
guess belonging to zone (i) and assumed index k. Note that w;(k) is simply
given by the complexity of the single iteration @, multiplied by the number
of iterations x;(k). It is worth noting that there is no convergence theory to
support an analysis providing an estimate for the number of iterations required
to to satisfy any reasonable accuracy constraint, given as a stopping condition
[124]. Instead, regarding the complexity of the single iteration, it has been
proved in [124] that @ has a complexity function which is only dependent on
the dimension of the search space, which is five-dimensional search in our case
(since x3 € R®).
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Figure 7.5.9: Sensitivity analysis in scenario (7).
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Figure 7.5.10: Sensitivity analysis in scenario (i7).
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7.6 Conclusions

In this chapter we studied the problem of identifying the platform motion from
its ML-PDA estimation results on an observed target—the estimation of the
stealthy estimator. We have addressed only the common “two-leg” platform
trajectory (see Figs. 7.1.1, 7.1.2, 7.2.1, 7.4.1 etc.); a similar analysis could be
performed to other platform trajectories (such as a constant speed turn). We
demonstrated that even a general “two-leg” platform motion model can lead to
ambiguity in the identification; however, imposition of the constraint of constant
speed motion ensures observability of the platform. We modelled the problem as
a Frobenius norm minimization and we found a convenient objective function,
exploiting the FIM repeated elements due to its symmetry and independent on
the platform measurement-related parameters, namely ay. Also, we devised a
procedure for the choice of a very small set of initial guesses as input for every
numerical optimization procedure, on the basis of theoretical considerations on
the geometry of the FIM. Finally, we corroborated the theoretical findings and
we shown the effectiveness of the approach for the choice of the initial guesses,
through simulation results. Future research will tackle incomplete (and noisy)
intercepted information and different platform motion models. Note that al-
though we have taken the ML-PDA as the underlying algorithm this is only in
attempt at generality. In fact, the results presented here apply also to situations
with any degree of measurement origin uncertainty, including of course the situ-
ation of a deterministic target observed via “clean” measurements without false
alarms or missed detections.

7.7 Appendix

7.7.1 Proof of Proposition 13

To prove this proposition let us assume that there exists a solution {x}, o}

such that J(&7,x%, o)) = J°. Now let us consider the subspace {&p,ay}
defined as

{zp g} = {Bzp+(1-P)Zg fa;}, BER (7.7.1)

where Zp £ [ pr(t1)! o5 o ]t. The subspace contains the set of platform

trajectories whose velocity and position vectors are linear combinations of the
ones of the platform trajectory defined by x} and the estimated target trajec-
tory.

In this case the corresponding 6;(Zr,®p) and r;(Zr,xp) have the explicit
expressions

0 (5 2 — et Er(ts) — (55P(ti) +(1-5) AT(ti))
(@ @p) = arctan | G = Gnne) + (= B (@)

= Gl(aET,ac’},) (772)
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ri(@r,xp) = V(Ex ) —(Ber (t)+1-B)ér (1)) )+ (i (t:)— (Bnp (1) +(1—B)ir (1:)))?
= Bri(&r,x}) (7.7.3)
By plugging Eqgs. (7.7.2) and (7.7.3) into Eq. (7.2.12) we obtain the equality
o 1 L
Ve (0i(27,p)) = BVmT (0i(2T,xp)) (7.7.4)

Using Eq. (7.7.4) we can express J (&7, T p, o) as

’ ’

J (&1, xp,ap)

(8203) 3 5V ar (087, 7)) 5 Vi, (i, 2hT.7.5)
=0

= J(@r,xh, o) (7.7.6)

Since {5, 3} and {xp, ap} (independently of 3) lead both to J°*, J(-) does
not represent a one-to-one mapping, which makes the platform-state vector xp
unidentifiable.

7.7.2 Proof of Lemma 14

We start by observing that J(&r, x5, ag) and Vg, (0;(Z7,2%)) can be ex-
pressed similarly as Eqgs. (7.2.9) and (7.2.12). Also, for notational convenience
let us define

a 1

m[cos(&(ﬁ:ﬂw‘})) —sin(0;(&r,x3)) |° (7.7.7)

Yi
and rewrite Vg, (6;(&r, %)) as

s 1- ;)Y
Ve, (Oi(xr, zp)) = { ( aiyi)y } (7.7.8)
where a; has been defined in Eq. (7.2.2). Substituting Eq. (7.7.8) into the
explicit form of J (&1, x5, ap), we get

N s A | JL,1] J[1,2]
J(Br,xp, ) = [ J2.1] J2.9] } (7.7.9)

_ Sl —a)yiyp 2o, il — ai)yiy;

- [ 22;1 ai(1 — a;)yiy; Z?=1 aiQyiyf } (7.7.10)
where we have underlined the block-decomposition arising from Eq. (7.7.8) into
[2 x 2] matrices J[¢,m], {,m € {1,2}. Since we have that J[1,2] = J[2,1],
only three matrices contain non-repeated entries (i.e., the 4 entries of J[1,2] or
J[2,1] can be neglected). Also, since J[1,1], J[2,1] and J[2,2] are symmetric
matrices, there is a repeated entry in each of them, thus leading to 3 other
dependent entries. Therefore the 16 entries of the FIM actually contain only 9
independent elements. W.l.o.g. we consider here (and throughout the chapter),
the following independent entries (we drop the dependence w.r.t. &r, 3 and
ap) and we denote with C the corresponding set of indices:

{11, 02,2, I3.3, Jaas J12, 13, J1a, 24, J3a) (7.7.11)
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7.7.3 Proof of Proposition 15

We have shown, through Lemma 14, that J(x%,p) has only 9 independent
entries. Also, the dependent entries are simple repetitions of the corresponding
independent entries, due to particular symmetry structure of the FIM (cfr. Eq.
(7.7.9)).

The same argument extends to D(z},a9) £ (J° — J(x5,ap)) and its
entry-wise squared version D(x$,ag) (i.e. Dy (T, ) = D} (x5, ap)), iff
J°b% retains the same property of symmetry; this is accomplished if J° is a
noise-free observed FIM, that is J° = J (&5, &g).

By construction, the following equality holds

4
HJ"bs — J(az?;,ozg)H2 Z Z m(Th, ap) (7.7.12)

This sum can be efficiently evaluated by considering only (¢,m) € C, with C
being the set of the independent entries according to Eq. (7.7.11), and weighting
them by the number of times they are repeated in the matrix D. Thus the Lh.s.
of Eq. (7.7.12) can be rewritten as

Z Z WEmDZm(wP,a(J Z Z Wlm obs Jf,m(xspaaﬁ))z

(¢,m)ecC (¢,m)eC
(7.7.13)

By stacking the elements JObS (resp. Jom(xh,ap)), (€,m) € C, into the vector

3o (vesp. j(x%,p)), and deﬁmng the diagonal matrix W with elements Wy ,,

we obtain the weighted form of Eq. (7.3.9). Finally, it is straightforward to show
that W has the expression

W:diag([l 1112 2 42 2]t) (7.7.14)

where the weight equal to 4 accounts for the repeated elements along the minor
diagonal, while the weights equal to 2 account for the remaining symmetric
entries into each block matrix J[¢,m], ¢,m € {1,2}, and between the matrices
J[1,2] and J[2,1].

7.7.4 Proof of Proposition 16

Let us rewrite Eq. (7.3.11) here for convenience:

Flap, ap) = [ — jul@p)ag] W % — ju(a)as] (7.7.15)

For a fixed % it is easy to check that the observation model in Eq. (7.7.15) is
linear in ag. Therefore given x%, &g can be found as the solution of a standard
least squares problem [68] as

) Wi
Ju(x%)twju(w%)

Qg —

(7.7.16)
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Then substituting Eq. (7.7.16) in Eq. (7.7.15) we obtain the expression for
-F(:B}SD’ a9)
. s .obs t . s sobs
F(x, dg) = [j“bé‘—ju(m;)%} W[a’““—ju(mp%}
(7.7.17)
Exploiting the orthogonality principle of linear least squares [68], Eq. (7.7.17)
reduces to

(7.7.18)

Fl@p,ag) = (5" (w . Wﬂ'u<wsp>a'u<w?»>tW> .

Ju(@p) W ju(zh)
Since (5°0%)!W3°% in Eq. (7.7.18) does not depend on x3,it is irrelevant in the

minimization. Thus neglecting it and considering the opposite of the remaining
term, we can equivalently maximize:

i Wiu(@p)ju(®p) W

G(xp) = (5°) (7.7.19)

Ju(®p)'Wju(xp)
Finally, by defining ¢(x%) £ Wiu(@p) 77, We can rewrite Eq. (7.7.19) as
[du(@5) Wi (5]
Gap) = () elah)e(p) i (7.7.20)
+00S S 2
= (5°, c(z})) (7.7.21)

which concludes the proof.

7.7.5 Choice of {7,7,}

In this section we will derive the expressions in Eq. (7.4.4). For the sake
of simplicity we will use the short-hand notations 7; S ri(&p, %) and 0; £
0; (&, &%). We start by considering the block decomposition of J °bs " through
Eq. (7.7.9). Let us focus in particular on J°*[1,1] and J°*[2,2], i.e. the
diagonal blocks, whose explicit expressions are given by

o = G [ ) Tl Jere
2D,
I, = deiaﬂ{ Pk A e il I AR
P r2 | —1/2sin (26;) sin® (6;)

2D,

note that an analogous expression holds for J°[1,2], i.e. J**[1,2] = &g > -,
It can be readily shown, through Egs. (7.7.22) and (7.7.23), that tr (J°**[¢,]),

ai(lfai)

2

T

D;.
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£ € {1,2}, are given by

I &K (1—y)?

tr (JO%[1,1]) = do 742+Z(T2a)] (7.7.24)
1 i=2 [
1 n—1 CY‘Q

tr (J°%[2,2]) = do 7'2+Z7’21 (7.7.25)
n i=1 %

From inspection of Eqs. (7.7.24) and (7.7.25), it is apparent that each trace is
a weighted sum (scaled by &) of T% Note that, by definition, the following

inequalities hold Vi € Z:
(1 — Oéi)z < (1 — Oéi+1)27 Ozi+12 < Oéi2 (7726)

By exploiting them, we have that in tr (J°**[1,1]) (resp. tr(J°**[2,2])) the
term % (resp. %) receives the highest weight, while the term % (resp. %)
contributes to the sum with zero weight. To obtain a good approximation (and
avoid biased estimates) of {ry,r,} we first consider convex combination coun-
terparts of Eqs. (7.7.24) and (7.7.25), since the positive weights in tr (J°*[1, 1])
and tr (J°*[2,2]) do not satisfy the normalization property (i.e. > 7 ; (1—a;)? #
1 and Y1, ;> # 1). The reasons are twofold: (i) the weights a; and (1 — ;)
appear in squared form in Egs. (7.7.24) and (7.7.25); and (i4) even «; and
(1 — a;) do not sum to one'®. For such a reason we normalize tr (J°*[1,1])

(resp. tr (J°¥*[1,1])) by i1 (1 —a;)? (resp. >i; ;%). Then, we note that if

(@) 7 =~ r, i3ai<1
(b) r;, ~ r, j3(1-a)<1 (7.7.27)
obs obs

the term % (resp. %) well approximates ;—? (resp. ;—g), thus
leading to Eq. (7.4.4); therefore the value of tr (J°**[1,1]) (resp. tr (J°**[2,2]))
will be high when the platform trajectory is near to the target at the beginning
(resp. at the end) of the observation time. The conditions in Eq. (7.7.27)
reflect the assumption that ranges at early (resp. late) time samples have non-
negligible weights in Eq. (7.7.24) (resp. Eq. (7.7.25)) but they are very similar
to r1 (resp. 7,), which is a reasonable assumption in sonar tracking. Also,
note that the mentioned condition is weaker than r; ~ r, Vi € Z, (i.e. an
approximately constant range assumption) and includes it as a more restrictive
case.

7.7.6 Choice of {'Zl,in}

The purpose of this Appendix is to show that: (i) J°* contains only incomplete
information about {ii,%,}, meaning that it is not possible to extract these

10For example in the case of uniform sampling it holds Y7 ; a; = >°7 1 (1 — ;) = %; thus
sum grows proportionally with the sample rate. The growth of 37 ; o; and > 7" | (1 — o)
with the sample rate is present also under the more general non-uniform sampling assumption,
but in the latter case > 7' ; a; # > (1 —a;) # 5.
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Figure 7.7.1: Eigenvectors ambiguity in the choice of {21, %, }.

vectors without ambiguity; (i4) a good approach to extract such information is
represented by Eq. (7.4.7).

For this purpose, let us consider the definition of D; in Egs. (7.7.22) and
(7.7.23). It can be readily shown that each D; has eigenvalues {A1,, A2} =
{1,0} and that the corresponding (orthogonal) eigenvectors are

cos (0;)
—sin (92

) ], ea(Di;Z):a[(S:g;EZg }, ac{-1,1}

(7.7.28)
The pair {\1;,e® (D;;1)} corresponds to the cross-range direction at t;, while
{A2,i, €% (D;;2)} corresponds to the range direction at ¢;. In fact, recall that
each D; has an informative contribution along the cross-range direction, thus
Al = 11 on the other hand each D; has no informative contribution along
the range direction (since the range is estimated with at least two bearing mea-
surements), that is Ao, = 0. For this reason the information related to i,
(resp. 1) is contained in e® (Dy;2) (resp. e (D,;2)). Note that however the
sign-ambiguity in the definition of e® (D1;2) (resp. e® (D,;2)) denotes the im-
possibility to recover exactly 41 (resp. @), even if Dy (resp. D,) would have
been perfectly available (a graphical description is given in Fig. (7.7.1)); this
proves (4).

ea(Di;l):a[

Before proceeding in the proof, it is worth noting that e® (b; D;;t) = e® (D;;t),
t € {1,2}, b; € RT; for such a reason in the following w.l.o.g. we will search
for a matrix K; which approximates well D;, except for a scale factor b;, i.e.
K, =~ b;D;; once K; is obtained, the pairs {%’;,%g}, p,q € {—1,1}, are sim-
ply evaluated by considering the least informative eigenvectors of K; and K,
respectively.

HNote that even if the informative contribution of D; is always A1,; = 1 along the cross-
range direction, its contribution in the FIM is weighted by %2
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To obtain good estimates of b1 D and b, D, we can consider

(1>

1 - (g
Jobs[1,1] = 7 +agz )" p, (7.7.29)
T

K,

K, 2 Jot[2,9) = aeD +a92 g ; (7.7.30)

where in Eq. (7.7.29) (resp. Eq. (7.7.30)) we stress the (scaled) contribution of
D; (resp. D,) w.r.t. the spurious terms, i.e. D;, ¢ € Z\{1} (resp. i € Z\{n}).
Exploiting again the inequalities among «; and the assumptions of Eq. (7.7.27),
it can be shown that %’Dl (resp. %Dn) is well approximated by Eq. (7.7.29)
(resp. Eq. (7.7.30)); note that in this case convex combination counterparts are
not needed because eigenvectors are not changed by a scaling factor. However,
we will show hereinafter that a better estimate of b; D; can be obtained.

In fact let us consider C°** £ (J°%¢) =1 and denote C°**[(, m] as the (¢, m)th
[2 x 2] block matrix of C°**. By exploiting the block-wise inversion formula [125]
we obtain

(CObS[l, 1])71 _ JObS[L 1] o Jobs[l,2]J0b5[272]71']abs[1,2] (7731)
(Cobs [2, 2])—1 — Jobs [27 2] _ JObs[l, Q]JObs[l, 1]—1Jobs[1, 2] (7732)

Exploiting the expression for J[¢,m|, £,m € {1,2} as in Egs. (7.7.22) and
(7.7.23) and putting in evidence the scaled contribution of Dy (resp. D,,), we
get:

i=2 1

o n—1
1
(C¥[1, 1))~ = %Dl T Gy {Z T—QDZ- [(1— )T — (1 — ai)Tl]}
1
(7.7.33)

(C[2,2)) " = 2 %D, +d {”z: D, [a:* I — i (1 —az)Tn]} (7.7.34)

22’

where T and T;, are defined respectively as

<z”: ?jD‘> B "z_: WDJ, (7.7.35)

(1>

T

T, (7.7.36)

|I>
3
L
—
|
e
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e
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|
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S

It is apparent how each spurious term in the braces of Eqs. (7.7.33) and (7.7.34)
(cf. with Eqgs. (7.7.29) and (7.7.30)) is now filtered through the matrix gain
T, (resp. T,) with weight a;(1 — «;). The matrix Ty (resp. T),) represents a
“smoothing” factor (independent of ¢;, cf. with Egs. (7.7.29) and (7.7.30)). The
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weights «;(1 — «;) are such that there is a higher correction w.r.t. D; corre-
sponding to the the middle of the observation interval, while a little correction
at the beginning or the end of the observation interval. However, while in the
first case the correction tends to reduce the spurious term, in the latter case
there is an increase of the error given by the spurious term.

To gain an intuition about the effect of matrix T (same considerations apply
to T, in Eq. (7.7.34)) on Eq. (7.7.33) let us consider the case r; = r, Vi € Z. In

this case we have that Ty ~ (3, 0452D4)71 27;21 a;j(1 — a;)D; and the the

sum of the spurious terms in Eq. (7.7.33) reduces to

) {Tini D, [(1 — Oti)ZIz — ai(l — ai)Tﬂ } (7737)

Thus the magnitude of T} will depend on the ratio of the concentration of ¢; at
the middle of the observation interval by the concentration of ¢; at the end of
the observation interval; in fact a higher ratio will imply a lower distortion in
the smoothing of residual terms.

Remark: Note that Eqs. (7.7.33) and (7.7.34) cannot be exploited to obtain
better estimates of 71 and #,, than the ones in Eq. (7.4.4), even if the spurious
terms are smoothed in such a case. The reason is that a proper normalization
factor to obtain a convex combination cannot be found, since it can be shown
that such a value would be dependent on D;, ¢ € Z, which are clearly not
available.

7.7.7 Choice of p,(tx)

In order to obtain pp(t) we will first seek an approximation of pp(t,,) (denoted

as pp(tm)), where t,, = min;cr Htl — %H, i.e. the nearest ¢; to the middle
of the observation interval. Similarly as {pp(t1),pp(tn)} (cf. Eq. (7.4.2)), we

can express Pp(tm) as
ﬁp(tm) = ﬁT(tm) + Tmim (7738)

The estimate of r,,, denoted as 7,, is obtained, in analogy to Eq. (7.4.4), as

N dg Z?:l Oél(]. — Oéi)
T = \/ tr (J[L.2]) (7.7.39)

1
>

fr(JPL2) = g |QmUam) 3 # (7.7.40)

2
"m

As opposed to the case of {i1, %, }, the estimate of 4,,, denoted as %W is obtained
exploiting J°**[1,2] as a rough estimate of b, D,),, similarly as in Eqs. (7.7.29)
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and (7.7.30):
in £ et (J°[1,2];2) (7.7.41)
obs v am(l - am) - Oéi(l — ai)
JO[1,2] = &y TDm + 12; 2 D; (7.7.42)
i=1,i#m

g 5 sign (e’ (J°*[1,2];1) ,u) = sign <zl u> . je{-1,1} (7.7.43)

The last line accounts for the sign ambiguity, in analogy to Eq. (7.4.9). The
explicit form of pp(t,,) is obtained by replacing {r.,, n } with {7, %, } in Eq.
(7.7.38). Some important remarks, about pp(t,,), are in the following:

e Eq. (7.7.40) represents a weighted combination of the inverse squared
ranges, in analogy to Eq. (7.4.4). However it is apparent that the weight
corresponding to r%, that is dga, (1—auy ), is weaker in this case w.r.t. the
weights of the spur&nous terms. This leads not only to a poorer estimate 7.,
as opposed to 7y and #,, but also 7, will be biased toward the line between
ro and r,, leading to an estimated low-observable platform trajectory
(which is not desirable as an initial guess);

e In Eq. (7.7.42) J°%[1,2] is used as a b,,D,, estimate, since a better
estimate cannot be found, differently from {D;, D,}. In fact it can be
shown that (C°**[1,2])~! does not represent a better estimate of by, D,y,.
Therefore J°%*[1,2] represents the only existing approximation of b, D,,.

The above considerations suggest that one select a reasonable estimate of pp(ty)
according to a different approach, as described in the following.

In fact, we assume that the two legs form a £7 angle, since the platform
needs to perform a maneuver that guarantees a good degree of observability;
therefore {pp(t1),pp(tr), Pp(t,)} will form a right triangle. Furthermore the
sign ambiguity in the turn leads to the definition of two specular vectors, denoted
as pe(ty), L € {—1,1}.

Since ¢y is assumed known and s is constant during the two legs, it can be
shown, after geometric considerations, that such vectors are given by:

pults) £ o) + = [pp(t) e cost) | 0 | rman
e 2 arctans (pp(tn) — Pr(ti)) + £ - (g - y) (7.7.45)
v £ arctan (;: _2> (7.7.46)

(tk—t1)
(tn_tk)
is pp(t,) and the distance between pp(t1) and py(tx), respectively. Finally, the

where v and lpp(tn) — Pp(t1)| cos (v) represent the angle whose vertex

unit vector | sin (1) cos (1) ]t represents the direction from pp(¢1) to pe(tx)
and accounts for the sign ambiguity in the turn, through the angle ;.
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The ambiguity is resolved by exploiting the coarse information given by Egs.
(7.7.40) and (7.7.42):

qg = arg Ze?ii{l,l} PP (tm) — pe(tm)]] (7.7.48)

where py(t,,) denotes the position vector at t¢,, of the two-leg trajectory de-
scribed by {pp(t1), pe(te), Ppr(tn)}-
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