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ABSTRACT

Stochastic Optimization in Target Positioning

and Location-based Applications

Hui Chen

Position information is important for various applications, including location-aware

communications, autonomous driving, industrial internet of things (IoT). Geometry-

based techniques such as time-of-arrival (TOA), time-di�erence-of-arrival (TDOA),

and angle-of-arrival (AOA) are widely used and can be formed as optimization prob-

lems. In order to solve these optimization problems e�ciently, stochastic optimization

methods are discussed in this work in solving target positioning problems and tackling

key issues in location-based applications.

Firstly, the direction of arrival (DOA) estimation problem is studied in this work.

Grid search is useful in the algorithms such as maximum likelihood estimator (MLE),

MUltiple SIgnal Classi�cation (MUSIC), etc. However, the computational cost is the

main drawback. To speed up the search procedure, we implement random ferns to

extract the features from the beampatterns of di�erent DOAs and use these features

to identify potential angle candidates.

Then, we propose an ultrasonic air-writing system based on DOA estimation. In

this application, stochastic optimization methods are implemented to solve gesture

classi�cation problems. This work shows that stochastic optimization methods are

e�ective tools to address and benchmark practical positioning-related problems.

Next, we discuss how to select antennas properly to reduce the expectation of DOA

estimation error in a switch-based multiple-input-multiple-output (MIMO) system.

Cram�er Rao lower bound (CRLB) expresses a lower bound on the variance of an
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unbiased estimator, but it does not work well for low SNR scenarios. We use DOA

threshold-region approximation as an indicator and propose a greedy algorithm and

a neural network-based algorithm.

Finally, we propose a joint time di�erence of arrival (TDOA) and phase di�erence

of arrival (PDOA) localization method. It is shown that the phase di�erence, which

is also widely used in DOA estimation, can improve the performance of the well-

established TDOA technique. Although the joint TDOA/PDOA cost function has

a lot of local minima, accurate estimates can be obtained e�ectively by choosing an

appropriate initial estimation and using particle swarm optimization (PSO).
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Chapter 1

Introduction

Position information is vital for a variety of applications, including location-aware

communications [1], autonomous driving [2], industrial internet of things (IoT) [3],

and tactile internet [4]. Over the years, a lot of positioning techniques have been pro-

posed. These techniques utilize di�erent signal or measurement types: ultrasound,

visible light, radio frequency (RF), inertial measurements, and hybrid signals [5].

These systems can also be classi�ed based on the application scenario, wireless tech-

nology, localization technique, processed signals type, functionality, system structure,

position information, etc. The classi�cation of the positioning systems is summarized

in Table. 1.1.

Target positioning can be formulated as �nding or estimating the location, in a

two-dimensional (2D) or three-dimensional (3D) space, of a point of interest within a

coordinate system constructed using some known references [6]. We can formulate the

target positioning problem as an optimization problem in which we want to take an

action (choose a position value) to minimize the cost function (make the estimation

and the ground truth as close as possible). The positioning problems can be solved

by two groups of methods, namely, geometry-based and feature-based methods.

1. Geometry-based Methods: Geometry-based Methods estimate the position us-

ing the geometric properties of triangles, and it has two derivations, trilateration

and triangulation [7]. Trilateration uses distance information between the object

and reference base stations. The distance information can be obtained by using

time of 
ight (TOF) multiplied by the speed of the signal if the transmitter and
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Table 1.1: Classi�cation of Positioning Systems
Criteria Types

Application Scenario Outdoor, Indoor

Wireless Technology GPS, cellular systems, WLAN, WiFi

Localization Technique Geometry-based, Learning-based

Signal Type Ultrasound, Radio waves, LED signal, LIDAR

Functionality Passive, Active

System Structure Centralized, Distributed, Clustered

Position Information Absolute position, Relative position

Information-sharing Cooperative, Non-cooperative

the receivers are well-synchronized [8]. However, if only the receivers are syn-

chronized, time di�erence of arrival (TDOA)-based methods are preferred [9].

A more practical but less accurate way is using received signal strength (RSS)

based on the signal propagation model [10]. Another option is to measure the

direction of arrival (DOA) from the base station to the target where no synchro-

nization is required [11, 12, 13]. Once the geometry information is obtained,

the calculation is relatively simple. The drawback of this group of methods is

the requirement of extra infrastructures, such as the deployment of the base

stations.

2. Feature-based Methods: Feature-based methods collect the features of the sur-

rounding environment and estimate the location by matching potential locations

in a pre-built library. Fingerprint [14], camera-based [15] and lidar-based [16]

localization algorithms belong to this category. One major issue is creating and

maintaining the library, which needs frequent updates to guarantee estimation

accuracy. Recent techniques such as simultaneous localization and mapping

(SLAM), inter/extrapolation, and crowd-sourcing are proposed to solve this

issue in the sacri�ce of computational complexity or accuracy [17].

In this thesis, we will focus on the the geometry-based positioning techniques with

an emphasis on DOA- and TDOA-based localization techniques.
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1.1 Stochastic Optimization

We can formulate positioning as an optimization problem. Given the observed signals

Y , we want to estimate the unknown vectorv, which maximizes a cost function. A

MAP estimator can be formulated as �nding the value ofv that maximizes the a

posteriori probability density as

v̂map(Y ) = arg max
v

p(v jY ) = arg max
v

p(Y jv)p(v)
p(Y )

= arg max
v

p(Y jv)p(v)
(1.1)

where p(Y jv) is the probability of Y given v. In other words, we want to �nd a

position that �ts the observed signals the best. Intuitively, we can use deterministic

methods such as gradient descent. However, it is slow for complex problems and may

be stuck in local optimal. For more complex positioning problems, there might not

be an explicit math model that may involve random variables. The searching space

might be too large to optimize, or local optima exist in the objective functions. This

type of problem can be solved using stochastic optimization methods.

Several de�nitions of stochastic optimization can be found from di�erent sources:

ˆ Stochastic optimization refers broadly to the analytical �elds that address deci-

sions under uncertainty [18].

ˆ Stochastic search and optimization have two properties: there is random noise

in the measurement; b) there is a random choice made in the search direction

as the algorithm iterates toward a solution [19].

ˆ Stochastic optimization methods should be applied: Incorporating the stochastic

parameter variations into the optimization process [20].

ˆ Stochastic optimization refers to a collection of methods for minimizing or max-

imizing an objective function when randomness is present [21].
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ˆ Stochastic optimization refers to the minimization (or maximization) of a func-

tion in the presence of randomness in the optimization process. The randomness

may be present as either noise in measurements or Monte Carlo randomness in

the search procedure, or both [22].

ˆ Stochastic optimization (SO) methods are optimization methods that generate

and use random variables. For stochastic problems, the random variables appear

in the formulation of the optimization problem itself, which involves random

objective functions or random constraints [23].

All of the above de�nitions share one thing in common:randomness . I would like

to summarize all the mentioned above as:

Stochastic optimization refers to the minimization/maximization of an ob-

jective function in the presence of randomness. The randomness may appear in 1)

objective function, 2) constraints or 3) optimization methods.

The stochastic optimization methods can be classi�ed into four categories, namely,

Monte Carlo (MC) methods, stochastic approximations, heuristic methods, and ma-

chine learning (ML) methods [19, 20, 24].

1. Monte Carlo Method: Monte Carlo methods, or Monte Carlo experiments, are a

broad class of computational algorithms that rely on repeated random sampling

to obtain numerical results [25].

2. Stochastic Approximations: Stochastic approximation methods are a family of

iterative methods typically used for root-�nding problems or for optimization

problems [26]. Stochastic gradient descent is one of the most popular methods

used to reduce computational burden in high-dimensional optimizations [27].

The extensions such as RMSProp [28] and Adam [29] are intensively used as

optimizer in training deep neural networks.
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3. Heuristic algorithms: heuristic technique is designed for solving a problem more

quickly when classic methods are too slow, or for �nding an approximate so-

lution when classic methods fail to �nd any exact solution [30]. Popular al-

gorithms include swarm intelligence, tabu search, simulated annealing, genetic

algorithms and so on [31, 32].

4. Machine learning algorithms: machine learning is the study of computer algo-

rithms that improve automatically through experience [33]. Di�erent from the

previous three categories, the ML-based method requires training. The random-

ness appears in training date generation, data augmentation, the initialization

of the parameters, generalization approach dropout, or even optimization meth-

ods. The algorithms and techniques such as random forest [34], reinforcement

learning [35], deep neural networks [36], can solve very sophisticated problems

even human beings can hardly handle.

In this work, heuristic and machine learning-based methods are studied. They

work either as the solutions for positioning problems or as the benchmarks for other

methods.

1.2 Target Positioning and Location-based Applications

1.2.1 DOA Estimation Using Random Ferns

Background

Knowing the direction of a target is essential in many applications such as wireless

sensor networks localization [37], communications [38], acoustic event detection [39],

indoor localization [40], hand gesture recognition [8] and so on. DOA estimation meth-

ods aim to estimate the direction of arrival of a signal observed by multiple spatially

separated receivers. A summary of key DOA estimators can be found in [41]. Time
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delay based DOA estimation [42] is one of the widely used approaches. Time delay can

be measured in the frequency-domain or time-domain. Frequency-based time-delay

estimation has the advantage of providing sub-sample time-delay resolution [43] [44].

However, the phase wrapping problem will appear if the receiver separation is large.

This problem can be solved by spatial-diversity based algorithms [45] leveraging ob-

servations from several sensors, or frequency-diversity based algorithms [43] using

wide signal bandwidth.

In chapter 2, we consider a single-source scenario where the goal is to estimate

1-D angle with a pair of sensors. This setup can easily be extended to the 2-D DOA

estimation case by employing one or more non-collinear receivers. To estimate DOA,

an exhaustive grid search method is proposed. The proposed method aims to �nd the

source direction that minimizes the mismatch between the observed (usually wrapped)

phase di�erence and the phase di�erence calculated based on hypothesized source

directions. In order to reduce the computational complexity and speed up the search

operation, we leverage tools from machine learning by treating the DOA estimation

as a pattern recognition problem. Namely, we propose a DOA estimation algorithm

based on the classi�cation method ofrandom ferns [46][47].The proposed algorithm

aims to �nd an estimate of the source direction in a rapid manner by utilizing the

structure of the mismatch as a function of the hypothesized source direction.

Contributions

The contributions of this work are: a) A grid search method for multi-frequency

DOA estimation that solves the phase unwrapping problem; b) A fast algorithm

that implements the search process by employing random ferns; c) Comprehensive

performance evaluation from both simulations and experimental tests using three

types of signals. The code of the algorithm can be found inDOA Algorithms .
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1.2.2 Ultrasonic-based Air-writing System

Background

Human gestures are indispensable tools for expressing emotions and conveying in-

formation to the environment. As alternatives to traditional keyboards, touchpads

or other pressing and touching tools, new technologies based on cameras, accelera-

tion sensors, photosensors, electromagnetic and acoustic signals are emerging as new

mediums of interaction using gestures [48]. These systems have o�ered unorthodox

ways for human-machine interaction. In the same vein, the concept ofair-writing has

been introduced as a 
exible means of touchless human-machine interaction. This

new technology has huge potentials in education, entertainment, smart home, and

virtual reality applications [49, 50].

In recent years, a few air-writing systems have been developed. Xin et al. [51] re-

alized a �nger-writing-in-the-air with a Kinect Sensor using arti�cial neural network

based depth-skin-background mixture model (DSB-MM). The system was tested on

digits, uppercase English letters, lowercase English letters, as well as Chinese char-

acters, with a reported classi�cation accuracy of 92.00%, 94.62%, 86.15%, 78.46%,

respectively. By utilizing inertial sensors, an air-writing system is proposed with a

two-stage classi�cation approach using support vector machines (SVM) and hidden

Markov model (HMM) [52]. For a user-independent setup, classi�cation accuracy of

89% was reported using pen-up segmentation combined with a statistical language

model. Chen et al. [49, 53] collected data from an infra-red camera and inertial mea-

surement unit (IMU) sensors to complete letter and word classi�cation. By using the

HMM algorithm, accuracy of 99.2% for word recognition and 98.1% for letter recogni-

tion were reported. A two-antenna RFID-tagged pen ful�lled the needs of air-writing

by using the online handwriting recognition toolkit LipiTk for classi�cation [54]. This

pen o�ered another 
exible interaction experience and reached an accuracy of 93.6%.
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Generally speaking, air-writing is carried out in two steps. Motion is �rst tracked

by measuring absolute or relative positions. Next, classi�cation methods are applied

to recognize the written text. Usually, normalization and feature extraction are per-

formed on the data before sending it to the classi�ers.

Motion Tracking Techniques

In order to track the motion of an object, vision-based methods [55, 56] separate the

target from the background and then extract its location information from the frames.

Even though current commercial depth sensors [57, 58] improve against sensitivity

to surrounding illumination conditions, the high computational complexity remains

a challenge.

Acoustic positioning systems can estimate the location based on time-di�erence-of-

arrival (TDOA) [59] or a combination of direction-of-arrival (DOA) and time-of-arrival

(ToA) [60] information. Another solution is based on the Doppler e�ect. Relative

movement is estimated from the Doppler frequency shifts su�ered by the signal re-


ecting from the moving object [61, 62]. Similarly, WiFi-based systems utilize the

phase shift of a radio signal to estimate relative movement [63, 64], or use TDOA to

estimate the 2-D object location [65]. These systems work well for simple recogni-

tion tasks while taking advantage of o�-the-shelf products, such as mobile phones or

laptops. However, a subtle movement is hard to capture using the above-mentioned

systems.

IMU-based systems such as data gloves [66, 67] are able to detect even �ngertip

movements. Lighthouse utilizes photo-sensors and IMUs to provide a highly accu-

rate six degree-of-freedom (DoF) tracking solution for virtual reality (VR) [68]. In

exchange of high accuracy, these systems are expensive in price, bulky to wear and

require more computational resources, which excludes a majority of ordinary users.

All these technologies o�er various distinct features and can be compared based on
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various metrics such as accuracy, resolution, latency, motion range, user comfort, and

cost [69]. In this work, we attempt to realize an accurate motion tracking and text

recognition system with low cost and low latency such that the system can operate

in real-time.

We propose a low cost, privacy-protection, fast yet accurate air-writing system,

which is based on tracking the DOA of acoustic signals transmitted by a handheld

device. Acoustic waves provide high accuracy in localization and tracking due to their

low propagation velocity [70, 71]. Estimating the location of a target can be realized

by utilizing multiple anchor nodes with trilateration, triangulation, or multilateration

algorithms [72]. However, tracking a target with its DOA information can lower the

complexity and the cost of the system [70, 73].

DOA estimation algorithms can be classi�ed into spectral-based and paramet-

ric approaches [41]. The former category creates some spectrum-like functions to

calculate DOA in a computationally e�cient way with representative methods such

as beamforming [74, 75, 76], and MUSIC [77]. The latter methods, however, o�er

more accurate and robust estimations in exchange for high computational complex-

ity. This group includes deterministic maximum likelihood (DML) [78, 79, 80] meth-

ods, and uniform linear array (ULA) based approaches such as root-MUSIC [81] and

ESPRIT [82, 83]. Spectral-based and ULA-based methods, generally speaking, do

not perform well when applied to arrays of small number of elements, especially in

realistic signal and noise levels. On the other hand, DML methods are capable of

handling such situations. Particle swarm optimization (PSO) [79] is proposed as an

accurate method for DML DOA estimation; unfortunately, the high accuracy is asso-

ciated with high processing cost. Phase-di�erence and time-delay methods, another

group in the DML category, o�er accurate source localization using small receiver

con�gurations with moderate computational cost [84, 44, 85, 86]. A basic system

requirement for the air-writing application dictates that a low-cost DOA estimation
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algorithm be devised using a minimal number of sensors

In a previous work [8], a 1-D phase-di�erence based DOA estimation method was

proposed by the authors. An exhaustive grid search is applied to �nd the DOA that

best matches the wrapped phase-di�erence observations. Even though this algorithm

shows remarkable performance, its accuracy is naturally limited by the search step.

To achieve high resolution, a computationally expensive search is required.

To improve both the accuracy and computational speed, we propose a novel phase-

di�erence projection (PDP) based algorithm for DOA estimation. This algorithm of-

fers high estimation accuracy with low processing time. The proposed PDP algorithm

makes up the motion tracking part of the proposed air-writing system.

Classi�cation Methods

As has been alluded to earlier, the second component of an air-writing system is text

recognition that is achieved by processing the localization/motion-tracking results.

For air-writing recognition, identifying the letters is the �rst task for the system since

letters are the very elementary composition of words and sentences. Classi�ers for

letters can be divided into two groups depending on the need for training or not. By

creating templates for all the possible alphabets, training-free classi�ers can recognize

letters based on distance or similarity measures (template matching) between an

observed pattern and a set of templates [55]. Dynamic time warping (DTW) [87,

88] is a classical algorithm to calculate the distance between an observed sequence

of data and a template. Cross-correlation [8] also indicates similarity between two

sequences. On the other hand, machine learning tools, such as arti�ciel neural network

(ANN) [89] and HMMs [49], are training-based methods, where labeled observations

are needed to learn the underlying input-output model and set up the algorithm for

the classi�cation of the future incoming data. An adequate amount of (training) data

needs to be collected to make the model generalizable to diverse writing styles or
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patterns.

Each of the above-mentioned methods has its limitations. Dictionary matching

based algorithms provide limited accuracy, and their performance degrades with the

increase of the number of classes (e.g., extended alphabet system). Machine learning-

based methods such as ANN and HMM o�er high classi�cation accuracy with low

processing time; however, the models are built on a large amount of training data.

These methods cannot recognize a newly de�ned or user-customized patterns. DTW

provides a training-free and accurate solution, but the processing time is too high

for real-time operation. In this work, we propose a training-free order restricted

matching (ORM) algorithm, which requires low processing time while maintaining

high classi�cation accuracy. The proposed classi�cation algorithm will be compared

with a set of widely-used benchmark algorithms.

Contributions

In this work we: 1) propose a novel phase-di�erence projection (PDP) based 2-D

DOA estimation algorithm for multi-frequency signals; 2) propose a training-free

order-restricted matching (ORM) classi�er for the non-binary (multi-class) case; 3)

Consolidate the proposed PDP and ORM methods to implement an air-writing sys-

tem.

This is an extended version of our previous work [8, 90]. Part of this work was

demonstrated in ICASSP2018 demo session as DEMO-3-1: \UBAS: An Ultrasound

Based Air-writing System" [91]. This system can recognize English letters written

in a prede�ned style. However, air-writing is only one possible application of the

proposed ultrasonic motion tracking system. Other applications of the proposed

system include virtual/augmented reality, human activity recognition, and so on.

A video demonstration of the proposed system's in real-time applications such as

mouse/keyboard functions and air-writing can be found on YouTube [92].
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1.2.3 Antenna Selection in Switch-Based mmWave MIMO

Systems

Background

Location information has played an essential role since the �rst generation of the cellu-

lar networks [93]. It is drawing additional attention from both industry and academia

since the rise of the �fth generation (5G) communication system due to a variety of

emerging applications that can bene�t from the location information, such as location-

aware communication [94], vehicular networks [95], virtual reality [96], tactile Inter-

net [4], etc. Compared with the time-of-arrival/time-di�erence-of-arrival (TOA/T-

DOA) where precise clock synchronization is needed, direction-of-arrival (DOA) is

preferred in many localization works [11, 97, 98, 99, 100, 101]. Accurate DOA is

also essential for the operation of millimeter-wave (mmWave) systems as it enables

directional beamforming and minimizes interference [102].

The DOA estimation accuracy varies depending on many factors such as the an-

tenna array structure/layout, source direction, the number of sources, signal-to-noise

ratio (SNR) and multipath presence [103, 104, 105, 106]. With the merging of the

two key enabler technologies for 5G communication systems, namely, mmWave and

multiple-input multiple-output (MIMO) [107], the e�ects from low SNR (prior to

beamforming), antenna array con�guration, and multipath make DOA estimation

challenging for these systems [102]. In addition to this, the increased size of antenna

elements makes it impractical to assign a radio frequency chain (RFC) to each an-

tenna due to the exceedingly high hardware cost and computational complexity at the

mmWave frequency. A number of MIMO system architectures, such as phase shifter-

based architecture, switch-based architecture, and low-resolution receivers, were pro-

posed to mitigate the hardware constraints [108].

The switch-based architecture is one of the most promising solutions that suits
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mobile stations, as limiting the system complexity and power consumption is of central

importance [109, 110]. For this particular type of architecture, a small number of

RFCs are associated with a subset of antennas in order to increase the e�ective

aperture of the antenna array. To characterize DOA estimation performance for

speci�c antenna subsets and SNR, themean squared error (MSE)is usually adopted.

The MSE of a unbiased (DOA) estimator is bounded by the Cram�er-Rao lower bound

(CRLB), a classical criterion to optimize an antenna array layout in mid to high SNR

regimes [111, 112]. However, when the SNR falls below a certain threshold, large

sidelobes contribute to an abrupt increase in the MSE of a DOA estimator, forming

what is referred to as thethreshold e�ect [104]. This renders the CRLB, as a selection

criterion, infeasible in low SNR regimes. This problem can be alleviated by several

techniques (see [113, 114, 115], and the references therein) add constraints on the peak

sidelobe level (PSL) and leverage convex optimization tools to minimize the CRLB.

Despite their great performance, the application of a �xed threshold level for all DOAs

does not guarantee optimality as the threshold values are DOA dependent. Deep

learning-based techniques are proposed to reduce the computational complexity [116,

117], but threshold region e�ects are not discussed. This necessitates the design

of new antenna selection and DOA estimation algorithms that are suitable for all

incident DOAs low SNR regimes.

Contributions

In this work, we focus on the switch-based architecture and propose DOA-oriented

antenna selection algorithms for mmWave MIMO systems. This work is inspired by

previous works in which a closed-form approximation for the MSE of DOA estimation

that is applicable to both single-source and multi-source scenario were developed [104,

118, 106]. We take advantage the threshold region approximation (TRA) method

to design antenna selection algorithms, which is also equivalent to optimal layout
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design. While the focus of this work is on mmWave systems, the proposed algorithms

could also �nd applications including radar, localization, and energy harvesting. The

contributions of this work can be summarized as follows:

1. We formulate an antenna selection problem for mmWave MIMO sys-

tem to achieve the best DOA performance . Two categories of applications

can bene�t from the proposed algorithms: a) array thinning or antenna layout

optimization for DOA estimation systems to reduce hardware cost with mini-

mum performance deterioration. b) real-time high accurate positioning with a

switch-based MIMO array.

2. Wepropose two antenna selection algorithms based on DOA threshold

region approximation . The �rst one is a greedy-based antenna selection

algorithm (TRA-G), which can substantially reduce the processing time of the

exhaustive search-based method. Another deep learning (DL)-based antenna

selection algorithm (TRA-DL) is trained by the dataset generated from the

TRA-Greedy to provide a further speedup with a trade-o� of slight performance

degeneration. The proposed algorithms do not require prior accurate DOA

information for antenna selection. This makes them suitable for systems that

require joint antenna selection and DOA estimation such as mmWave systems.

3. We perform extensive simulations to evaluate the performance of the

two proposed algorithms with several benchmarks in di�erent scenarios and

show the e�ectiveness of the proposed algorithms. We also introduce some in-

sights on antenna subset layout alignment to remove redundant layouts, and the

strategy of array thinning. All the codes and data are available in GitHub [119].
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1.2.4 Joint TDOA/PDOA Localization Using PSO

Background

Existing and future wireless communication technologies require accurate real-time

localization and tracking methods. Location information is important for numer-

ous applications such as target monitoring [120], wireless sensor network [121], nav-

igation [122], drones localization [123] and connected vehicles [124]. A survey of

positioning techniques and systems can be found in [125, 126].

Time-di�erence-of-arrival (TDOA) based localization algorithms [127, 128] are

mainly used because no synchronization is required between the target and the an-

chors. The anchors share the same timing so that the TDOA information of the signal

between di�erent anchors can be estimated, and hence the location can be obtained.

There are two main types of methods to solve the nonlinear localization problems

using the TDOA measurements. One solution is linearization, followed by a least

square (LS) estimation. Despite the obvious advantage of linearization in simplify-

ing these algorithms, the same linearization operation makes these algorithms more

sensitive to noise [129, 130]. Formulating the localization task as a non-convex opti-

mization problem is another way that can be solved by using, for example, iterative

optimization methods [131, 132], or convex relaxation methods [133, 134].

Phase di�erence of arrival (PDOA) information is customarily used in far-�eld

scenarios where anchor separations are small [44]. For large inter-anchor distance,

the actual phase di�erence of a signal between a pair of anchors cannot be computed

in a direct way. This is due to the phase wrapping problem [44], which results in an

observed wrapped phase di�erence that cannot be directly used. Despite the phase

wrapping issue, PDOA provides high measurement precision compared to TDOA [135,

136, 137].
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Contributions

To leverage the high precision of PDOA, we propose a localization technique that

combines both TDOA and PDOA measurements. We consider two problem formu-

lations. In the �rst formulation, we use only PDOA measurements, whereas in the

second formulation, we consider a hybrid cost function using both TDOA and PDOA

information. In both cases, the resulting cost functions su�er from the presence of

large numbers of local minima. To obtain a feasible solution, we utilize a particle

swarm optimizer (PSO) [79] to solve the two optimization problems. A PSO is a mul-

tidimensional optimization technique inspired by the behavior of bird 
ock searching

for food [138]. It has the advantages of simple implementation, high-quality solutions

to global optima, and quick convergence [139]. For the PSO to work well, the op-

timizer needs to start from a good initial guess of the target's location and to have

su�cient swarms to search for a global optimum. To provide such a good initial-

ization, we rely on the pure TDOA approach whose cost function is much easier to

optimize than our proposed cost functions.

Numerical simulations were carried out to evaluate the performance of the pro-

posed joint TODA-PDOA localization method using PSO. The proposed method is

compared to pure TDOA localization implemented using a linear closed-form, and

using a semide�nite programming (SDP) convex relaxation optimization method.

1.3 Thesis Outline

The remainder of this thesis is organized as follows:

Chapter 2 discusses the DOA estimation problems and the implementation of

random ferns on search-based DOA methods. In this chapter, Section 2.1 states the

DOA estimation problem using multi-frequency phase-di�erence and explains how

to speed up the grid-search method using the idea of random ferns. Section 2.2

describes the signal models and the experiment setup, and discusses the simulation
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and experimental results. In Section 2.3 we derive the conclusions of the whole work

with suggestions of future directions.

Next, in Chapter 3, a DOA-based ultrasonic air-writing system is proposed. Sec-

tion 3.1 provides a high-level description of the proposed air-writing system. The

proposed PDP algorithm for DOA estimation is detailed in Section 3.2. Motion

data translation and orientation feature extraction are discussed in Section 3.3. The

proposed text recognition ORM algorithm is explained in Section 3.4. Section 3.5

presents the simulation and the experimental results of the proposed air-writing sys-

tem. Section 3.6 concludes the whole work and highlights the most prominent future

directions.

Next, Chapter 4 discusses the antenna selection for switch-based MIMO to im-

prove DOA estimation performance. Section 4.1 introduces the antenna-selection

problem with a concise introduction to DOA estimation and the maximum likeli-

hood estimator (MLE). Section 4.2 discusses the proposed objective function for

the antenna selection problems. Section 4.3 presents the proposed antenna selec-

tion algorithms. Section 4.4 focuses on performance evaluation based on numerical

simulations, leading to the conclusion of the work which is stated in Section 4.5.

After that, a joint TDOA/PDOA localization algorithm discussed in Chapter 5.

Section 5.1 formulates the localization problem. Section 5.2 presents the proposed

joint TDOA-PDOA localization algorithm. A lower bound is derived in Section 5.3.

Section 5.4 discusses simulation setup and presents the results, while Section 5.5,

states the conclusion of the work.

Symbols : SymbolsX , X , x, x i;j , x i , x denote set, matrix, vector, element of a

matrix, element of a vector and scalar, respectively;X T , X H , jjX jjF , X 1� X 2 represent

transpose, conjugate transpose, the Frobenius norm and the Hadamard product of

the matrices, respectively.jjx jj , jxj, bxe, E(x) representl2 norm of a vector, absolute

operation, round operation and the expectations ofx, respectively;C, Z are the sets
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of complex and real numbers;CN denotes complex normal distribution.
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Chapter 2

Fast Phase-Di�erence-Based DOA Estimation Using

Random Ferns

Direction of arrival (DOA) information of a signal is important in communications,

localization, object tracking and so on. Frequency-domain-based time-delay estima-

tion is capable of achieving DOA in subsample accuracy; however, it su�ers from

the phase wrapping problem. In this work, a frequency-diversity based method is

proposed to overcome the phase wrapping problem. Inspired by the machine learning

technique of random ferns, an algorithm is proposed to speed up the search procedure.

The performance of the algorithm is evaluated based on three di�erent signal models

using both simulations and experimental tests. The results show that using random

ferns can reduce search time to 1/6 of the search time of the exhaustive method

while maintaining the same accuracy. The proposed search approach outperforms

a benchmark frequency-diversity based algorithm by o�ering lower DOA estimation

error.

2.1 Direction-of-Arrival Estimation Using Random Ferns

2.1.1 Frequency-Diversity-Based DOA Algorithm

The far-�eld model for estimating the DOA of a signal received by a pair of sensors

with separation D is shown in Fig. 2.1. For a certain angle� , the noise-free phase

di�erence vector � i at frequency componentsf i with wavelength � i can be calculated



35

as

� i (� ) =
2�d
� i

=
2�f i sin(� )D

v
(i = 1; :::; N ); (2.1)

wherev is the speed of signal propagation.

The observed phase-di�erence can be calculated from the signals received at a pair

of sensorsS1 and S2 (see Fig. 2.1) as [8]

 ̂ i = ang(Y1(f i ) � Y �
2 (f i )) = �̂ i � 2�N i ; (2.2)

whereY1 and Y2 are the DFT (Discrete Fourier Transform) of the received signals at

sensorS1 and sensorS2 respectively, (�)� indicates the complex conjugate operation,

�̂ i is the noisy unwrapped phase di�erence, andN i is an integer.

Figure 2.1: Far-�eld model.

The proposed grid search method is based on the notion that the set of observed

(wrapped) phase di�erence values i ; i = 1; � � � ; N for N > 1 is unique for each

DOA. A su�cient condition for uniqueness is given in [43] and a derivation of identi-

�able condition for non-uniform linear array DOA estimation can be found in [140].

Assuming that the frequenciesf i satisfy the uniqueness criterion, we form the phase-

di�erence mismatch function for a hypothesized source direction� m as

e(� m ) =
NX

i =1

j  ̂ i �  i (� m )j =
NX

i =1

j  ̂ i � wrap(� i (� m )) j; (2.3)

where� i (� m ) is the phase di�erence at frequencyf i corresponding to� m calculated us-
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ing Equation (2.1), wrap(:) is the operation which limits the di�erence within (� �; � ]

as

wrap(� ) =
� �

2�
�

j �
2�

m�
� 2�; (2.4)

whereb:e returns the nearest integer. By evaluating Equation (2.3) for a grid ofM

values (� m ) covering the whole �eld of view, we can estimate the DOA as the one

with the phase di�erences that produce the smallest mismatch with the observations.

Namely,

�̂ = arg min
� m

f e(� m )g: (2.5)

Using Equation (2.3), we can predict the mismatch error for a certain source di-

rection � by replacing  ̂ i with a calculated  ̂ i (� ). The resultant mismatch function

calculated using ̂ i (� ) will, more or less, follow the same pattern of the mismatch

function calculated based on noisy observations. This is due to the fact that in rea-

sonable noise conditions, the general structure of the mismatch function is dominated

by the e�ect of phase wrapping at di�erent frequencies. The mismatch function (3)

is evaluated for ̂ i =  ̂ i (� ) for di�erent choices of � . The results for � = 0 o, 15o, 30o,

45o with N = 4 are shown in Fig. 2.2. It can be seen from the �gure that di�erent�

values have di�erent error patterns, and this provides the possibility of solving angle

estimation as a pattern recognition problem. Subsequently, we will explain the ran-

dom ferns algorithm and apply it as a fast and less complex alternative to �nd the

true source direction.

2.1.2 Random Ferns and Fern Matrix

Random ferns [46] is an algorithm �rstly proposed for image classi�cation. Random

ferns take a set of features and create a histogram of the training data from the same

class. This helps the machine to do image classi�cation using only a few number of

pixel values. More details on this topic can be found in [46]. Inspired by this idea,
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(a) � = 0o (b) � = 15o

(c) � = 30o (d) � = 45o

Figure 2.2: The mismatch function for di�erent source directions.

we start by creating an error matrix E utilizing Equation (2.3)

Em1;m2 =
NX

i =1

jwrap [� i (� m1) � � i (� m2)] j; (2.6)

whereEm1;m2 is the element in rowm1, columnm2 of the matrix E, m1; m2 2 [0; M ]

and hence the error matrix has a size ofM � M .

The next step is creating a fern matrixR from the error matrix E. By randomly

picking k angles from theM candidates as fern points, a set ofK = ( k choose 2) =

k(k � 1)=2 pairs can be created. The fern vectorr m for the mth candidate can be
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calculated as

rm;i =

8
><

>:

1; Em;K i; 1 � Em;K i; 2

� 1; Em;K i; 1 < E m;K i; 2

(2.7)

whererm;i is the i th element of the vectorr m , K i; 1 and K i; 2 are the �rst and second

element of thei th pair. r m is the mth row of the fern matrix R which has the size of

M � K .

An example of encoding error pattern into a fern vector at 10o is shown in Fig. 2.3.

k = 5 is chosen in this case, and the fern points are [� 69o; � 29o; � 4o; 7o; 47o]. The en-

coded fern vector for the pair (7; 47); (� 4; 47); (� 4; 7); :::; (� 69; � 29) is [� 1; � 1; 1; :::; � 1]T

using Equation (2.7).

Figure 2.3: An example of encoding a fern vector.

2.1.3 Algorithm for DOA Estimation Using Random Ferns

For any phase di�erence vector obtained from the received signal as per Equation

(2.2), the error at each fern point can be calculated and hence the fern vectorr est can

be calculated from Equation (2.7). We can then reduce the search area by �nding
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the highest cross-correlation value inc given by

c = Rr est: (2.8)

The DOA estimation algorithm using random ferns can be summarized as follows:

1-Calculate the errors at fern points using Equation (2.3); 2-Encode the received signal

into fern vector rest using Equation (2.7); 3-Obtain the candidate cross-correlation

values using Equation (2.8). 4-Choose the candidates with the highest values (Some

candidates may have the same fern vector which results in the same cross-correlation

value). 5-Find the least phase di�erence error among the DOA candidates using

Equation (2.5) to obtain the search result.

By encoding the fern vector from binary to decimal, the DOA candidates can

be clustered into several groups as shown in Fig. 2.4. It should be noted that the

combined size of these groups is much smaller than the maximum index which has

the value of 2K .

Figure 2.4: Clustered angle candidates.
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The processing time for the exhaustive search algorithm can be expressed as

Tfull =


�

t1; (2.9)

wheret1 is the the processing time for each sample,
 is the search range and� is the

search angle resolution. The time for using random ferns can be expressed as

Tfern =


�g

t1 + t2; (2.10)

wheret2 is the time for fern matrix multiplication, g is the number of groups obtained

from the fern vector.

2.1.4 Fern Points Selection

Randomized fern points selection will cause uncertainty and unpredictable perfor-

mance. Consecutive points, for example, may not classify the candidates appropri-

ately. Hence, it is necessary to have a criterion to evaluate the selection of fern points.

We will use entropy as the indicator for evaluating the Fern points selection. For a

fern matrix with size M � K , the angles with the same code will be grouped together

to form L groups. The entropyH can be calculated as

H = �
LX

i =1

pi log(pi ); (2.11)

where pi is the number of candidates in groupi divided by M . The entropy H is

higher for larger fern vector sizes. For a certain fern vector length, a high entropy

value indicates a good choice of fern angles. The fern angles selection procedure can

be performed over a large number of simulation trials and the points with the highest

entropy are chosen. The e�ect of di�erent fern vector length will be discussed in

Section III.



41

2.2 Simulation and Experimental Tests

2.2.1 Signal Models

We consider three di�erent multi-frequency signal models. OFH (Orthogonal Fre-

quency Hops) signal hops between a set of carrier frequencies and it is widely used

in communication and ranging due to its robustness to multipath and noise [141].

The design of OFS (Orthogonal Frequency Sum) signal is similar to OFDM [142]

which combines sinusoidal signals with di�erent carrier frequencies. ZC (Zado�-Chu)

sequence is a polyphase complex-valued zero-autocorrelation sequence [143] and the

design of the signal can be found in [144].

The proposed algorithm is tested on OFH, OFS and ZC signals. In order to make

a fair comparison between signals, we choose the parameter to make sure that the

di�erent signals have the same duration (4:1ms followed by a 12:6ms silent period),

bandwidth (19kHz to 23kHz) and energy.

2.2.2 Simulations

Fern Points Selection

In simulation, fern points number k from 2 to 7 were tested. In each case,k fern

points are chosen randomly for 1000 times and the one with the highest entropy is

recorded in Table 2.1 with max group size (Max GS), as well as average group size

(Avg GS) information. The processing time (the average processing time for one

measurement) is compared with the 1:129ms of the full-range-search algorithm. In

order to save computational resources while maintaining processing time,k = 5 will

be chosen for the real test.
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Table 2.1: Fern Points Selection Summary
Points Fern Max Max Avg Processing
Num Bits Entropy GS GS Time [ms]

2 1 1.000 90 90 0.728
3 3 2.496 47 30 0.301
4 6 3.507 23 12.86 0.203
5 10 4.218 16 6.92 0.174
6 15 4.996 14 4.09 0.180
7 21 5.397 11 3.11 0.189

Simulation Results

Fig. 2.5 (a) plots the RMSE (root-mean-squared-error) of DOA estimation versus

signal-to-noise ratio (SNR) for DOA of 0o, while Fig. 2.5 (b) plots the RMSE for

di�erent DOA choices at SNR = 5 dB. In both cases, and for each signal type, the

proposed method clearly outperform the benchmark method [43].

2.2.3 Experiments

Experimental Setup

The experimental tests were carried out in a typical room environment with indoor

temperature of 24oC. The distance between the two receivers is 1:8cm. The transmit-

ter and the receivers were placed 1.5 meters above the ground with 2 meters distance.

The transmitter was located at 6 di�erent DOAs with �xed SNR. The ground truth

is obtained by the ARTTRACK5 [145] infrared optical 6-DOF (Degree of Freedom)

system with passive markers. This system has the positioning resolution of 0:1mm

and the update rate of 300Hz.

Experimental Results

The experimental results are a�ected by di�erent factors such as multipath e�ect,

calibration errors, etc. These e�ects might give rise to outliers and other phenomena

that are not present in the simulation results. Therefore, a meaningful performance
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(a) SNR vs. RMSE (0o) (b) RMSE for di�erent DOAs

Figure 2.5: Simulation results.

evaluation that limits the impact of these e�ects is found to be the percentage of cases

in which the estimation exhibits error below a certain level. Two degrees of error is

chosen as the benchmark point.

Fig. 2.6 plots the performance of the proposed method and benchmark method for

di�erent DOA choices. The results are obtained from 500 experimental evaluations

at each DOA with the SNR of 0dB. The proposed method clearly outperforms the

benchmark method [43] over all the signal types.

Figure 2.6: Experimental results for source at di�erent DOAs.
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2.3 Conclusion

An algorithm for DOA estimation from phase-di�erence observations is presented.

The proposed algorithm applies the machine learning approach of random ferns to

speed up computations by 6 times compared to exhaustive search while maintaining

the same accuracy. The proposed algorithm is tested using three di�erent types. Sim-

ulation and experimental results con�rm the e�ectiveness of the proposed approach.

Future works will focus on studying the e�ect of Doppler, multipath and multi-user

interference.
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Chapter 3

Air-writing via Receiver Array Based Ultrasonic Source

Localization

Air-writing systems have recently been proposed as tools for human-machine inter-

action where instructions can be represented using letters or digits written in the air.

Di�erent technologies have been used to realize air-writing systems. In this work, we

propose an air-writing system using acoustic waves. The proposed system consists of

two components: a motion tracking component, and a text recognition component.

For motion tracking, we utilize direction-of-arrival (DOA) information. An ultrasonic

receiver array tracks the motion of a wearable ultrasonic transmitter by observing the

change in the DOA of the signals. We propose a novel 2-D DOA estimation algo-

rithm that can track the change in the direction of the transmitter using measured

phase-di�erences between the receiver array elements. The proposed phase-di�erence

projection (PDP) algorithm can provide accurate tracking with a 3-sensor receiver

array. The motion tracking information is passed next for text recognition. To this

end, and in order to strike the desired balance between 
exibility, processing speed,

and accuracy, a training-free order-restricted matching (ORM) classi�er is designed.

The proposed air-writing system, which combines the proposed DOA estimation and

text recognition algorithms, achieves a letter classi�cation accuracy of 96.31%. The

utility, processing time, and classi�cation accuracy are compared with four training-

free classi�ers and two machine learning classi�ers to demonstrate the e�ciency of

the proposed system.
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3.1 The Proposed Air-writing System

In this section, we present a high-level overview of the proposed air-writing system.

Detailed descriptions of various system components will be given in subsequent sec-

tions. A block diagram of the proposed ultrasonic air-writing system is shown in

Fig. 3.1. The system function is made up of two main phases: motion tracking and

text recognition.

Figure 3.1: Block diagram of the proposed air-writing system with two main modules:
motion tracking and text recognition.

In the motion tracking phase, a multi-frequency ultrasonic signal is transmitted

from a handheld device. A receiver array detects and labels the hand status as idle

or active by thresholding the received signal strength. If the status is marked as

active, a proposed PDP DOA estimation algorithm is applied to acquire the 2-D

angle information of the moving transmitter.

An illustration of a gesture tracking is shown in Fig. 3.2. The receiver array center

point O is located at [0; 0; 0], which represents the origin of the local coordinate system

of the array. The localx and y axes form a plane that is approximately parallel to the
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Figure 3.2: Gesture motion tracking using DOA information.

plane where the movement occurs, while thez axis (not plotted in the �gure) points

towards the target forming a local 3-D coordinate system. All tracking information

is measured relative to this coordinate system.

For any receiver array with more than two non-collinear receivers, the direction

of a signal originating from a target can be represented using a pair of angles, a

horizontal angle� and a vertical angle� , as in Fig. 3.2. These angles represent the

3-D location of the target up to an unknown range, which is deemed irrelevant for

the application of interest.

After acquiring the angle information, the position of the transmitter will be

projected on a virtual 2-D plane at a point [a; b; dp], as in Fig. 3.2. The virtual 2-D

plane is parallel to the receiver local coordinate system, and lies at a distancerp from

the origin. In other words, air-writing is recorded continuously in one stroke in a

3-D space and projected on a 2-D plane. This step is followed by a normalization

operation aiming to unify the writing scale and get the data ready for classi�cation.

Text recognition is performed in two steps: feature extraction and classi�cation.

Instead of utilizing only the motion pattern, features such as motion direction are also

considered to provide additional information to our classi�ers. A detailed description

of the proposed system is discussed in the following sections.
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3.2 DOA Estimation

This section presents the proposed method for 2-D DOA estimation using phase-

di�erence information of signals observed at several pairs of receivers. We start by

highlighting the signal and observation models needed for developing the 1-D DOA

estimation algorithm. Subsequently, the concept of wrapped phase-di�erence pattern

(WPDP) is introduced and utilized to develop the proposed PDP algorithm for DOA

estimation. Next, how to estimate the 2-D DOA from several 1-D measurements will

be explained.

3.2.1 Signal and Observation Models

Time-domain Model

A handheld ultrasound transducer is used as a transmitter sending a series of signal

blocks separated by silence periods. Each block consists of sinusoidal pulses with

frequencies off 1; f 2; :::; f F , where F is the total number of frequency components.

These hops have the same durationTh and are transmitted sequentially inside each

block. The transmitted signal has a duty cycle of (FTh + Tp), whereTp is the silence

period duration at the end of each block. The purpose of the silence period is to

minimize inter-block interference and its durationTp should be chosen based on the

acoustic reverberation time of the ambient environment. A transmitted signal block

can be expressed in the continuous-time domain as

x(t) =
FX

i =1

ai (t) cos(2�f i t + � i ); (3.1)

where ai (t) = A i for t 2 f (i � 1)Th; iThg and zero otherwise;A i and � i are the

amplitude and phase parameters of a transmitted pulsei .

At the receiver array side, receiverj 2 f 1; 2g acquires a signalyj [n] which is

discretized according to a sampling frequencyFs. The receiver continuously evaluates



49

the received signal strength to detect the arrival of signal blocks (as opposed to pure

background noise). If the detected signal strength exceeds a preset threshold, the

receiver calculates the unsigned cross-correlationzj [n] between the reference signal

x[n], which is a discrete-time version of the transmitted signal in (3.1), and the

received signaly[n] as [71]

zj [n] =

�
�
�
�
�

M = F N pX

m=1

x[m] yj [m + n]

�
�
�
�
�
; (3.2)

whereM is the number of signal samples per block, andNp = round( ThFs).

The received signalyj [n], is the convolution of the transmitted signalx[n] with the

acoustic channel impulse response of the environment. We assume that, by design,

the pulse duration is su�ciently small such that the multipath arrivals pertaining to

each pulse interfere minimally with that same pulse. Based on this assumption, the

presence of multiple signal arrivals due to acoustic reverberation results in multiple

successive peaks ofzj [n] in (3.2) that are separated by at least one pulse duration.

The location of the earliest signi�cant peak ofzj [n] is used to indicate the start of

the signal block. This decision can be made by combining the results from all the

available receivers.

Frequency-domain Model

After the signal has been identi�ed, the signal can be transformed to the frequency

domain. For simplicity, let us assume that we haveM = FNp samples ofyj [n] that

represents a received signal block. To guard against the e�ect of reverberation (that

arrives later than the pulse), we compute the Discrete Fourier transform (DFT) for

each pulse separately. That is

Yji (f i ) = DFT([ yj (( i � 1)Np + 1; :::; iN p)]); (3.3)
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where the subscriptsi and j indicates the pulse index (or frequency) in the received

signal block, and the receiver number, respectively.

Figure 3.3: The far-�eld model.

Phase-di�erence Observations and DOA

Denoting the distance to the target byr , and assuming thatr >> D , where D is

the inter-sensor spacing as in Fig. 3.3, the situation simpli�es to thefar-�eld sce-

nario [146]. Based on Fig. 3.3, for a certain DOA� and F frequency components,

the elements of the noise-free phase-di�erence vector� = [ � 1; � 2; :::; � F ]T satisfy the

following relationship

� i (� ) =
2�d (� )

� i
=

2�f i cos (� )D
c

; 0 � � � �; (3.4)

where � i is the phase di�erence observed between the two receivers at frequency

f i which coincides with wavelength� i , d is the di�erence in distance between the

transmitter and each of the two receivers, andc is the speed of signal propagation.

The angle � can be calculated if we know the value of the phase-di�erence� i (� ).

However, the true phase-di�erence cannot always be observed unlessD < � i =2. In

the general case, the observed phase-di�erence vector, call it , is actually a wrapped

version of the actual phase-di�erence vector� . The elements of the wrapped phase-

di�erence vector are given by
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 i (� ) = wrap( � i (� ))

= mod( � i (� ) + �; 2� ) � �

= � i (� ) � 2�Z (� );

(3.5)

where mod(�; �) returns the remainder of the division of the �rst argument by the

second argument,Z (� ) is an integer so that i (� ) 2 [� �; � ). In practice, we always

have a noisy version of (3.5) since the observed (wrapped) phase di�erence is obtained

through an estimation process.

Phase-di�erence can be estimated from the received signals using di�erent tech-

niques [84, 147, 44]. A simple technique is the frequency-domain approach where the

phase-di�erence at frequencyf i is estimated using [8, 44, 148]

 ̂ i = ang(Y1i (f i ) � Y �
2i (f i )) : (3.6)

Here Y1i and Y2i are de�ned based on (3.3), (�)� is the complex conjugate operation

and ang(�) is the operation that returns the angle of a complex number. Since (3.3)

is discrete in frequency, ̂ i can be estimated from the closest available frequency to

f i .

The Grid-Search Method

With the observed phase-di�erence vector̂ , DOA estimation can be obtained using

a grid search method [8, 84]. This method starts with a hypothesized value of the

DOA, say � = ! . For that value, we calculate the corresponding wrapped phase-

di�erence vector  (! ) from (3.4) and (3.5) by setting � = ! . By comparing  (! )

with the observed phase-di�erence vector̂ = [  ̂ 1; :::;  ̂ F ]T obtained from (3.6), the

mismatch between the observed DOA and the hypothesized DOA can be conceived.
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The same procedure is repeated for di�erent choices of! that cover the entire �eld

of view of the receiver array. A DOA estimate can be obtained by picking! with the

lowest mismatch as. i.e.,

�̂ = argmin
!

FX

i =1

j  ̂ i �  i (! )j: (3.7)

3.2.2 The Wrapped Phase-Di�erence Pattern (WPDP)

The DOA estimation (3.7) su�ers from two main drawbacks: a) Searching the entire

angle space can be time consuming; and b) the accuracy is limited by the search

resolution. Before discussing the proposed PDP algorithm, which overcomes these

issues, we introduce the concept of wrapped phase-di�erence pattern, a key concept

to the development of the proposed DOA estimation method.

To facilitate visualization, and without loss of generality, we start with the case

whereF = 2, i.e., only two frequency components are available. In the next section,

we extend the algorithm to any number of frequencies. Let us take an example of a

signal with acoustic frequenciesf = [ f 1; f 2]T = [20; 23]T kHz received from a certain

direction angle by a pair of receivers separated by a distanceD. We assume a true

DOA � 2 [0o; 180o].

In the noise-free case, for a signal impinging from an arbitrary direction! , the

elements of the phase-di�erence vector� (! ) = [ � 1(! ); � 2(! )]T satisfy (3.4), while

the corresponding wrapped phase-di�erence vector elements (! ) are given by (3.5).

By using a combination of (3.4) and (3.5), we can calculate the wrapped phased

di�erence vector  (! ) for any ! 2 [0o; 180o]. By discretizing the interval [0o; 180o],

e.g., by considering! k = 0o; 1o; :::; 180o, we can obtain the corresponding sequence of

vectors  k =  (! k). We refer to the scatter plot of the sequence k as thewrapped

phase-di�erence pattern(WPDP). Examples of such display are shown in Fig. 3.5 (a)

and (b) for di�erent cases.
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For D � min(� 1; � 2)=2 (e.g., D = 0:74 cm), phase-wrapping does not occur for

all DOA angles resulting in  (! ) = � (! ); 8! 2 [0o; 180o]. A WPDP for such case

is shown in Fig. 3.4 and is represented by the blue dotted line (WPD line). On this

WPD line, a few points corresponding to selected values of! are highlighted with red

circles. From Fig. 3.4, we observe that phase-di�erence pairs form a straight line that

passes through the origin at! = 90o, which conforms with (3.5). The whole WPDP,

in this case, is represented by this single line. The boundaries of the display are set

to be � � , as indicated by the green dashed box.

Now, let us consider the case whereD > min(� 1; � 2)=2 (e.g., D = 2:5 cm). In

this case,j� (! )j exceeds� and  (! ) is wrapped into [� �; � ) as per (3.5). This leads

to breaking of the straight line representing the WPDP at the edges of the boundary

box (� � ), resulting in several WPD lines parallel to the line that passes through the

origin. The WPDP for D = 2:5 cm is shown in Fig. 3.5 (a).

Figure 3.4: Illustration of the WPDP for D = 0:74 cm.

3.2.3 The Proposed PDP DOA Estimation Algorithm

For a signal with F frequencies, the WPD lines share the same unit direction vector

f =jj f jj , wherejj � jj is the `2 norm. We can form a projection hyperplane (this will be a

line for F = 2 as shown in Fig. 3.5 (b)) crossing the origin point that is perpendicular
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(a) WPDP [D = 2:5 cm]

(b) Projection points (c) Noisy observations

Figure 3.5: Illustration of the WPDP for D = 2:5 cm.

to all the WPD lines. It is easy to obtain the expression of this hyperplane as

f T  =  1f 1 +  2f 2 + ::: +  F f F = 0: (3.8)

The unit vector f =jj f jj is normal to the projection hyperplane. The distance

between a point (! ) = [  1(! );  2(! ); :::;  F (! )]T and the projection hyperplane can

be calculated as

dis[ (! ); f T  = 0] =
f T  (! )

jj f jj
: (3.9)
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The projection point p(! ) of  (! ) on the projection hyperplane is given by

p(! ) =  (! ) �
f T  (! )

jj f jj
�

f
jj f jj

: (3.10)

In the noise free case, all (! ); 8! 2 [0o; 180o] project on a limited number of points.

As an example in Fig. 3.5 (b), the projection points are marked using red squares.

All the wrapped phase-di�erence corresponding to values of! from 111o to 153o are

projected onp3 (compare Fig. 3.5 (b) to Fig. 3.5 (a)). The total number of projection

points pk (k = 1; 2; :::; K ) is �xed for a certain system setup and DOA estimation

range. For simplicity, we assume that the DOA range for the target of interest is

restricted to the interval [! m ; � � ! m ]. In this case, the number of projection points

is given by

K = 2
NX

i =1

ceil
�

 i (� � ! m ) � �
2�

�
+ 1; (3.11)

where ceil(�) rounds the input to the nearest integer greater than or equal to that

input.

To perform phase-di�erence unwrapping, we notice that for all points (! k) with

the same projection pointpk (i.e., points on the same line), the following relationship

holds:

� (! k) �  (! k) = uk ; (3.12)

where uk is the unwrapping vector for a projection point pk , which is �xed for all

points with the same projection point. We can use this vector to compensate an

observed (wrapped) phase-di�erence (! k) to obtain the unwrapped phase-di�erence

� (! k), as can be seen from (3.12). In the following discussion, we explain how the

projection points pk and the corresponding unwrapping vectoruk are computed.

The idea of obtaining projection pointspk and the corresponding unwrapping
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vector uk is to �nd the border of di�erent projection lines. Then the projection point

and the unwrapping vector can be obtained from these border points using (3.10) and

(3.12), respectively. The pseudocode for initializingu and p is shown in Algorithm 1.

This algorithm searches the border point b;k of the k-th PD line based on the variable

ind (except for b= 0 which is the origin). By accumulating the changeof the border

transition and calculating their projection points of  b;k, uk and pk can be obtained.

Algorithm 1 Initialize uk , pk

1: j  1
2:  c; � c; change zeros(1; N )
3: � max  2�d f � sin(� � ! b)=v
4: while � c(i ) < � max (i ) for all i = [1; 2; :::; N ] do
5:  b;j   c

6: uj  change
7: j  j + 1
8: ind  arg min

i
[(� �  c(i ))=f i ]

9:  c  f � (� �  v(ind))=f i +  c

10:  c(ind)   c(ind) � 2�
11: change(ind)  change(ind) + 2 �
12: � c =  c + change
13: pk  project( b;k); k 2 f 1; 2; :::; j � 1g
14: pk  � pk� j +1 ; k 2 f j; j + 1; :::; 2j � 3g
15: uk  � pk� j +1 ; k 2 f j; j + 1; :::; 2j � 3g
16: return u k ; pk

Consider the pattern in Fig. 3.5 (d) whereK = 7, we have u1 = [0; 0]T ; u2 =

[0; 2� ]T , u3 = [2�; 2� ]T , u4 = [2�; 4� ]T , u5 = [0; � 2� ]T , u6 = [ � 2�; � 2� ]T and

u7 = [ � 2�; � 4� ]T . In the noise-free case, for a given wrapped phase-di�erence pair

 = [  1;  2]T , we can �nd its projected point pk using (3.10) and then obtain the

unwrapped phase-di�erence vector� as

� =  + uk : (3.13)

For an observed noisy wrapped phase-di�erence vector̂ , (3.10) returns only a

perturbed projection point p̂. In this case, we choose the nearest projection pointpk
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to p̂ to compute the unwrapped phase-di�erence vector̂� as

�̂ = ~ + uk = pk +
f T  ̂
jj f jj

�
f

jj f jj
+ uk ; (3.14)

where ~ is the nearest point on the WPD line with the projection pointpk .

Take the WPDP in Fig. 3.5 (d) for example. Assumê e1(90) is a noisy observed

phase vector (the error is shown as red dashed line) of a target at! = 90o. Grid search

method estimates the DOA as 91o because of the minimum distance (the length of

the solid green lines from the candidate to the noisy observation). The grid search

method of equation (3.7) is actually calculating the Manhattan distance between

the observed phase-di�erence vector with all the candidate PD points. Instead, the

proposed PDP algorithm will �nd the nearest point ~ e1(90) on the blue (phase-

di�erence) line and estimate the DOA as 90:6� . However, if the noisy observation is

 ̂ e2(90), both algorithm will fail and have an erroneous estimation. We will use an

indicator Lmin to evaluate the performance of the system which will be explained in

the next section.

With estimated unwrapped phase di�erencê� , the DOA can be estimated using

any frequency component based on (3.4) as

�̂ = cos� 1

 
c�̂ i

2�Df i

!

: (3.15)

3.2.4 2-D DOA Estimation

The PDP algorithm described in the previous subsection is an e�ective way of estimat-

ing the 1-D DOA. However, this algorithm can also be used for 2-D DOA estimation

by using at least three non-linearly placed sensors. In the following, we show how to

obtain the 2-D DOA estimation of � and � in Fig. 3.2. To this end, consider a 3-D
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space with a 3� 1 target direction unit vector t de�ned as

t = [cos (� ); cos (� ); cos (
 )]T ; (3.16)

and a sensor vector matrixQ = [ q1; :::; qR ] describing all sensor pair baseline di-

rections in unit vectors. Here,R is the number of pairwise combinations of all the

sensors, andqi is the 3� 1 unit direction vector of the i -th sensor pair. The relation-

ship betweent and qi can be stated as

cos (� i ) =
qT

i t
jqi j � j t j

= qT
i t ; i = 1; :::; R; (3.17)

where � i is the angle between the target direction vectort and the i -th baseline

vector qi obtained using the PDP algorithm. For a set of 1-D DOA estimation

� = [ � 1; :::; � M ]T , we have

cos (� ) = QT t = QT [cos (� ); cos (� ); cos (
 )]T ; (3.18)

For a receiver array normal to thexy plane, the third component in qi will be

zero. In order to have a unique solution for the unit vectort , at least two pairs of

sensors that are not collinear (at least three sensors) are required. By taking the �rst

two rows of Q and forming ~Q, the �rst two elements of the unit direction vector t of

the target can be obtained simply using least square as

[cos (� ) cos (� )]T = ( ~Q ~QT )� 1 ~Q cos(� ); (3.19)

and the third element oft can be obtained as

cos (
 ) =
p

1 � cos2 (� ) � cos2 (� ): (3.20)
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3.2.5 Summary of the Proposed DOA Estimation Algorithm

The proposed DOA estimation algorithm can be performed through the following

steps:

1. Calculate theK projection points p1; :::; pK and the corresponding unwrapping

vectorsu1; :::; uK using Algorithm 1;

2. Calculate the observed phase-di�erencê using (3.6);

3. Calculate the projection pointp̂ for the observed (wrapped) phase di�erencê 

using (3.10);

4. Find the closest projection pointpk to p̂;

5. Calculate the unwrapped phase vector̂� using (3.14);

6. Calculate the DOA �̂ i using (3.15) for each sensor pair.

7. Calculate 2-D DOA ^� and �̂ using (3.19)

3.3 Motion Estimation and Feature Extraction

In this section, we introduce two motion data processing procedures, namely, loca-

tion transformation and normalization. In addition, orientation feature extraction

from the translated motion data will also be described. The location vectors and

corresponding orientation feature vector can be obtained from these pre-processing

procedures. These vectors will be used for text classi�cations.

3.3.1 Location Transformation

The location of the transmitter is given byr t = [ a; b; z] wheret = [cos�; cos�; cos
 ]

is the direction vector de�ned in (3.16) andr is the range (distance) between the
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transmitter and the receiver array. To obtain the values of the DOA parametersr

and t , three non-collinearly placed sensors are su�cient to accomplish this task.

However, estimating the ranger needs synchronization between the transmitting

and receiving systems to measure the time of 
ight of the signal. Our proposed system

circumvents the need for range estimation, and the associated hassle of synchroniza-

tion. Speci�cally, we assume1 that the user stands at a �xed locationzp, which we

set to 1 m. We can then write

8
>><

>>:

a = r cos(� ) = zp
cos(� )
cos(
 )

b= r cos(� ) = zp
cos(� )
cos(
 ) :

(3.21)

Since 
 is related to � and � through (3.20), a and b can be completely deter-

mined from � and � . We collect all the transformed locations in two vectorsa =

[a1; a2; :::; aL ] and b = [ b1; b2; :::; bL ], whereL is the length of samples for the written

letter.

3.3.2 Location Normalization

For di�erent letters, the center position and writing duration may vary from one user

to another. In order to make the collected information consistent, normalization is

a necessary procedure. The location vectorsa and b with length L (which might

vary from one user to another) is linearly interpolated into two vectors of �xed length

N . This step is necessary for the classi�ers using location information so that the

dimensionality of the data is cconsistent. Following this step, the DC component of

each vector needs to be removed to make sure that all the vectors are centered around

zero so that
P

a =
P

b = 0. After location transformation and normalization, we

use the processed location vectorsa = [ a1; a2; :::; aN ]T and b = [ b1; b2; :::; bN ]T to

1Our experiments show that even when this assumption is violated to some degree, the system
is able to recognize the letters successfully. This is because the transformed 2D location from DOA
estimation � and � is su�cient to represent the target movement for further classi�cation.
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make inferences about the collected data and to identify the writing pattern present

therein. These two vectors are then used to extract motion orientation feature and

to recognize letters as we describe next.

3.3.3 Orientation Feature Extraction

In our proposed method, the normalized location vectorsa and b are not enough for

text recognition. The motion orientation change is also of great utility. Speci�cally, we

segment the process of writing a letter into several transitions and use the orientation

feature of each transition to aid in classi�cation. We de�ne the orientationh between

two locations (ai ; bi ) and (aj ; bj ) as

hk = atan2(bj � bi ; aj � ai ); (3.22)

where atan2(�) is the four-quadrant inverse tangent function which returns the ori-

entation in (� �; � ]. Note that orientation h will only be registered if the distance

between (ai ; bi ) and (aj ; bj ) is greater than a thresholdTdis . Thus, to calculateh1, we

�rst set i = 1, j = 2 and check if the distance between (ai ; bi ) and (aj ; bj ) is greater

than Tdis . If not, then j is incremented until this condition is satis�ed. When the

condition is satis�ed, h1 is calculated using (3.22) andi; j are updated to calculate the

value of h2. The procedure is continued untilj = N . This procedure, whose pseudo-

code is shown in Algorithm 2, produces the vectorh which presents the orientation

feature of the written letter.

3.4 Text Recognition

From previous sections, the estimated 2-D DOA data will be transformed into location

data vectorsa, b and a feature vectorh. In this section, we �rst introduce the letter

template. Then, the proposed ORM classi�er will be detailed.
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Algorithm 2 Orientation Feature Extraction
1: i; k  1
2: for j = 2 to N do
3: dist  

p
(bj � bi )2 + ( aj � ai )2

4: if dist > T dis then
5: hk  atan2(bj � bi ; aj � ai )
6: i  j
7: k  k + 1
8: return h

3.4.1 Letter Templates

In this work, we consider only (M = 26) English uppercase letters. Example tem-

plates of the letters are shown in Fig. 3.6, where each letter is written with one stroke

starting at the blue circle and ending at the red triangle. The �gure shows exam-

ples of letter writing templates and the temporal progression of the writing, which is

indicated by the gradual color change (from blue to red).

Figure 3.6: Some letter templates. The writing starts with a circle and ends with a
triangle.

By knowing this general temporal structure of each letter, one can produce the

corresponding location vectors�am , �bm and the feature vector�hm for the m-th letter

template, m = 1; 2; :::; M . Note that �am and �bm have the same lengthN for di�erent

letter templates (due to the normalization procedure described above), but the length



63

of �hm may vary for di�erent values of m. Fig. 3.7 shows examples of the motion

patterns and orientation features of letters `D' and `W'. Note that the length of�am

and �bm is �xed ( N = 200) but the length of �hm is varied. These templates serve

two purposes: they unify the writing styles for users and provide a reference for

training-free classi�ers.

Figure 3.7: Examples of the motion pattern for the letters `D' and `W'.

3.4.2 The Order-Restricted Matching Classi�er

In this subsection, we propose a light, accurate and 
exible classi�er that allows the

users to add customized letters without training the classi�er again. The classi�er is

called order-restricted matching (ORM) classi�er inspired by the �nite state machine
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(FSM) method, which de�nes a set of states and a set of transitions for the pat-

terns [149]. Here, instead of de�ning �xed states, we use letter-speci�c states which

are de�ned by the orientation features.

The general idea of this classi�er is to compare the observed sequence vectorh

with all the template feature sequences�hm (m = 1; :::; M ) in an order-restricted way.

The sequence with the minimum accumulated distance measurementDis is chosen as

the classi�cation result. Part of the di�culty in comparing h with the templates �hm

is that these vectors might not have the same length due to di�erent writing speeds

or styles. Our proposed ORM algorithm is able to solve this issue.

To describe the algorithm, letL be the length ofh and Lm be the length of�hm . As

mentioned above, in generalL 6= Lm . The distance between the observed orientation

feature hi and the template orientation feature�hm;j is calculated as

dist(hi ; �hm;j ) = jwrap(hi � �hm;j )j: (3.23)

where wrap(�) is de�ned in (3.5) and it is used because the elements ofh and �hm are

in radians (or degrees). Now, two featureshi and �hm;j are matched if the distance

between the two features is smaller than a thresholdTang .

We de�ne the comparison status asStart , Ongoing and Stop. The status of each

comparison is initialized asStart , and it turns to Ongoing if the �rst template feature

�hm;1 is matched. The status will be set asStop when the last template feature�hm;L m

is matched.

To obtain the accumulated distance measurementDis with a given template fea-

ture vector �hm , we set i; j = 1 and Dis = 0. The index of the observed sequence

vector i increases from 1 toL to compare with the template feature�hm;j . For each

comparison between the two featureshi and �hm;j , Dis changes depending on current

status:
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Start

If features hi and �hm;j are matched in Start status, then current status moves to

Ongoing and j is incremented. Otherwise, we remain atStart status and Dis is

incremented by 1.

Ongoing

If hi and �hm;j are matched in Ongoing status, j is incremented unless it equals toLm

(if j reachesLm , the status is then changed toStop). If on the other hand hi does

not match both �hm;j and �hm;j � 1, Dis is incremented by 1.

Stop

In Stop status, Dis is only incremented ifhi and �hm;L m are not matched. We keep

incrementing i and comparing with �hm;L m until i reaches its maximum valueL.

The pseudo-code of the ORM distance measurement is given in Algorithm 3.

The ORM classi�er calculates the distances between the observed sequence and all

M templates. Among the candidates withStop status, the one with the smallest

distance will be the classi�cation result.

An example of ORM distance measurement with a thresholdTang = 45o is shown

in Fig. 3.8 (the orientation feature is represented in degree for simplicity). In this

�gure, the dashed red arrow indicates failed attempts matching the template sequence,

while the solid green arrow means a successful matching. The status is �rst set as

Start . The �rst feature of the observed sequence is a `Start error' because 120� does

not match current template feature 10� (j = 1). The orientation feature � 70� is

an Òngoing error' because it does not match current template feature 120� (j = 4)

and the previous feature 90� . The feature 30� is a S̀top error' because the status is

marked asStop and it does not match the last template feature 120� . The detailed

information of all the comparisons is shown in Table 3.1. This algorithm provides a
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Algorithm 3 ORM Distance Measurement
1: j  1
2: Dis  0
3: status  start
4: for i = 1 to L do
5: matched dist(hi ; �hm;j ) < T ang

6: if status = Start then
7: if matched then
8: status  Ongoing
9: j  j + 1

10: else
11: Dis  Dis + 1
12: else if status = Ongoing then
13: if matched then
14: if j = Lm then
15: status  Stop
16: else
17: j  j + 1
18: else if dist(hi ; �hm;j � 1) > T ang then
19: Dis  Dis + 1
20: else if matched= false then
21: Dis  Dis + 1
22: return Dis
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training-free classi�cation solution with high accuracy and low computational time.

Figure 3.8: An illustration of the ORM algorithm.

Table 3.1: Details of the ORM algorithm example in Fig. 3.8
Comparison i j matched status Dis

1 1 1 False Start 1
2 2 1 True Ongoing 1
3 3 2 False Ongoing 1
4 3 1 True Ongoing 1
5 4 2 True Ongoing 1
6 5 3 True Ongoing 1
7 6 4 False Ongoing 1
8 6 3 False Ongoing 2
9 7 4 True Stop 2
10 8 4 False Stop 3
11 9 4 True Stop 3

3.5 Simulation and Experimental Results

In this section, we start by evaluating the performance of the proposed PDP algorithm

for DOA estimation. Following that, we will present our results for the proposed air-

writing system that uses the PDP algorithm for localization.

3.5.1 Benchmark Algorithms

Benchmark DOA Algorithms

The PDP algorithm is compared with four benchmark algorithms, namely, Dual

Freq [84], MUSIC [77], PSO [79] and Grid Search [8]. Both MUSIC and Grid Search
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use a searching resolution of 0:5� . The swarm size of the PSO algorithm is chosen as

50.

Benchmark Classi�ers

The proposed ORM algorithm is compared with four training-free methods, namely,

redundant dictionary (RD) [8], dynamic time warping (DTW) [87, 88, 150] and their

modi�ed version, redundant dictionary with a decision tree (RD-DT), and direction-

based dynamic time warping (D-DTW). Two other learning-based classi�cation meth-

ods, namely, ANN [151] and HMM [152], are also used as benchmarks. The imple-

mentation of these methods is detailed in the Appendix.

3.5.2 DOA Estimation Results

DOA Estimation Simulation Results

In simulation, the sampling frequency is chosen asFs = 96 kHz. The signal param-

eters are chosen as, signal frequency vectorf = [20; 23]T kHz, signal hop duration

Th = 1 ms, silent duration Tp = 8 ms. The inter-sensor distances are chosen as

D = 2:5 cm.

The simulation is repeated 1000 times for each DOA. The root mean square error

(RMSE) of di�erent DOAs at di�erent SNRs is shown in Fig. 3.9. The average

processing time for di�erent algorithms (processed in Matlab R2017b running on a

DELL T7500 workstation) is shown in Table 3.2.

Table 3.2: Average processing time of di�erent algorithms
Algorithm Dual Freq MUSIC PSO Grid Search PDP
Time [ms] 0.02 12.21 48.96 1.04 0.06

Based on the simulation results, MUSIC and PSO do not work well for solving

the 1-D DOA problem using a pair of sensors. The Dual Freq method requires the

minimum processing time, but its performance is not as good as that of PDP. The



69

Figure 3.9: RMSE for di�erent DOA algorithms at di�erent SNRs.

PDP algorithm, o�ers a good trade-o� between processing time and performance. In

the next section, we will apply PDP to estimate the 2-D DOA of a moving target in

an experimental setup.

Moving Target DOA Estimation Experimental Results

Experiments with a moving target were carried out in an o�ce room with a temper-

ature of around 24� C. We useP ioneerTS � T110 tweeter [153] as the transmitter

and SPH0611LR 5H microphones [154] as the receivers. A receiver array of two or-

thogonal pairs of sensors was used and the signal parameters are the same as those

used in the simulations.

The DOA estimation accuracy of the system is evaluated by tracking the motion

of the handheld transmitter using both ultrasound and anART -TRACK 5 camera

tracking system [145]. The camera tracking system estimates the ground truth lo-

cations of the tracking markers attached to the transmitter with a resolution of 0:1

mm. 50-thousand points were collected while the user was standing in front of the

receiver array and moving the transmitter within a square writing area. The setup is
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shown in Fig. 3.10.

Figure 3.10: Infrared camera-based system for ground truth measurement.

In this test, each sample was recorded with ground truth, including DOA and

speed information. Part of the results (2000 estimations) is shown in Fig. 3.11. We

can see from the �gure that the estimations �t the ground truth well. There exist some

obvious outliers which could be removed by using simple thresholding. The overall

RMSE of the horizontal DOAs and vertical DOAs estimations are 2:75� and 3:85� ,

respectively. Several reasons may a�ect performance: calibration of the tracking

markers, time synchronization between the camera and the ultrasonic estimation,

multipath, and Doppler e�ect. In the following subsection, we show that the achieved

level of localization accuracy is su�cient to complete the letter recognition task with

high success rate, which con�rms the e�ectiveness of the proposed system.

3.5.3 Letter Recognition Results

Volunteers were recruited and familiarized with the letter writing templates presented

in Fig. 3.6. They were �rst-time users of the system with no previous experience or

training on a similar system. The volunteers were asked to follow the templates to

complete the tests. Each letter was repeated 10 times, and 3120 letter data was
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Figure 3.11: DOA Estimation RMSE for Di�erent Target DOAs.

collected from 12 di�erent users.

The average writing time for each letter is shown in Fig. 3.12. We can see that for

each letter, the number of stable features and its average writing time is positively

correlated. Considering that all the volunteers were �rst-time users of the system,

the average writing time is reasonable for interactive input.

Figure 3.12: Average writing time for di�erent letters.

All the collected data was used to evaluate the performance of the training-free

classi�ers RD, DTW, and ORM. For ANN and HMM, performance was evaluated



72

usingk-fold cross-validation with 10 subsets. For the ORM algorithm,Tdis is chosen as

0:008 for the feature extraction of the observed sequences, and 0:032 for the template

sequence. Adopting a largerTdis for the template sequences helps to obtain stable

features which improves classi�cation performance.Tang is chosen as 45� in this case.

The classi�cation results and the processing time for the six classi�ers are shown

in Table 3.3. From this table, it can be seen that D-DTW has the best classi�cation

accuracy of 97:12%. However, RD-DT, ANN, HMM, and ORM have reasonable

accuracy (96:31%) and much reduced recognition timeTavg. Considering the fact

that the design of a decision tree and the training of the machine learning classi�ers

make the system non-extendable, ORM is more practical for real-time applications.

Table 3.3: Classi�er Evaluation
Method Data Type Trained Tavg (ms) Accuracy (%)

ORM h No 1.8 96.31
RD a,b No 0.1 90.83

RD-DT a,b Yes 1.2 95.83
HMM h Yes 6.9 97.05
ANN a,b Yes 15.4 96.12

D-DTW h No 81.5 97.12
DTW a,b No 154.3 94.42

The letters with the lowest classi�cation accuracy and their most likely confused

targets using the ORM classi�er are shown in Table 3.4. The letter `Y' has the

lowerest classi�cation accuracy of 75:83%, and it is most likely to be detected as the

letter `X'.

3.5.4 Utility Test

The utility test is conducted to verify the practicability of the DOA estimation algo-

rithm and the ORM classi�er. A real-time air-writing system is realized by using an

ultrasound transducer driven by an LM386 audio ampli�er controlled by an ESP32-

WROOM micro-controller, as shown in Fig. 3.13. The processing task is completed
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Table 3.4: Classi�cation Confusing Cases
Letter Accuracy(%) Confused Targets (%)

Y 75.83 X (21.67)
K 81.67 F (18.33)
C 90.00 L ( 5.83)
J 90.00 I ( 5.83)
F 95.00 K ( 3.33)
O 95.00 X ( 5.00)
G 95.83 O ( 4.17)
X 96.67 Y ( 2.50)

on a computer using a python code. This air-writing system is capable of complet-

ing mouse and keyboard tasks such as moving cursor, clicking, dragging, typing, and

air-writing. The demonstration video can be found on YouTube [92].

3.6 Conclusion

This work proposed an ultrasonic air-writing system based on acoustic source motion

tracking. Motion information is extracted from multi-frequency ultrasonic signals us-

ing a proposed phase-di�erence projection (PDP) based DOA estimation algorithm.

A training-free order-restricted matching (ORM) classi�er, intended to meet the re-

quirement of low processing time and high accuracy, achieves a 96:31% letter recog-

nition accuracy and a 1:8 ms average processing time.

Several aspects of the proposed system can be improved as part of future ex-

tensions. To this end, extending the proposed DOA estimation algorithm to the

multi-source case will be considered to enable multi-user tracking. On the other

hand, improving text recognition represents another possible futuristic improvement.

In this regard, integrating natural language processing (NLP) tools is a promising

direction.
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(a) Ultrasound transmitter

(b) Video screenshot

Figure 3.13: Air-writing prototype and video screenshot.
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Chapter 4

Antenna Selection in Switch-Based mmWave MIMO

Systems: A DOA Estimation Performance-Optimizing

Approach

Direction-of-arrival (DOA) information is vital for millimeter-wave (mmWave) multiple-

input-multiple-output (MIMO) systems. Switched antenna arrays have recently emerged

as an e�ective solution to reduce the cost and power consumption of mmWave sys-

tems. These architectures rely on antenna selection algorithms to connect a limited

number of radio frequency chains (RFCs) to a subset of the antenna array elements.

This work addresses the problem of antenna selection using DOA estimation perfor-

mance as the selection criterion. To select a subset of antennas based on optimizing

DOA estimation performance is a nontrivial task that involves substantial compu-

tational complexity. Using a DOA threshold-region performance approximation, we

propose two computationally e�cient antenna selection algorithms; a greedy algo-

rithm and a deep-learning-based algorithm. The proposed algorithms' performance

is evaluated using simulation scenarios involving line-of-sight environments and mul-

tipath environments with limited scattering. The results demonstrate the proposed

algorithms' e�ectiveness and show signi�cant performance improvement over selected

benchmark approaches. These results are achieved with signi�cantly reduced compu-

tational complexity.
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4.1 Preliminaries and Problem Statement

4.1.1 System Model

Consider an mmWave MIMO system consisting of anNB -antenna BS and anNU -

antenna UE as shown in Fig. 4.1. The UE locates in the far-�eld [155] where the

received signal satis�es the plane wave model and the antennas are uniformly dis-

tributed with an antenna layout d = [ d1; d2; � � � ; dNU ]T = [0; d; � � � ; (Nu � 1)d]T ,

where d is the inter-antenna distance (in units of half-wavelength,�= 2). The signal

received at the UE can be expressed as [109]

y =
p

� W H HFs + W H nU ; (4.1)

where y 2 CM U � 1 is the received signal vector andMU indicates the number of RF

chains available in the UE array,� presents the average received power per antenna,

W 2 CM U � NU is the combining matrix (switch network matrix in this work with

elements of `1's and `0's),F 2 CNB � M B is the pre-coding matrix, H 2 CNU � NB

is the downlink channel matrix, s 2 CM B � 1 is the downlink symbols vector, and

nU 2 CNU � 1 is the noise vector with complex Gaussian distributionCN(0; � 2
n ).

We consider a single-carrier frequency-
at channel model [156] with one determin-

istic LOS path and L NLOS paths [157, 102, 158]. The downlink channel matrix can

then be expressed as

H = H 0 +
LX

l=1

H l

=

s
NB NU

�

LX

l=0

� laU (� l )aH
B (� l );

(4.2)

whereH0 indicates the channel matrix of the LOS path,� l is the complex gain of the

l-th path, aB (� l ) and aU (� l ) are the antenna array response vector at BS and UE,
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Figure 4.1: The far-�eld DOA estimation model with an N -antenna linear array.

respectively. Note that� l and � l are the direction of departure (DOD) and direction

of arrival (DOA) of the l-th path representing (azimuth) angle for a 2D channel model

or (azimuth, elevation) angles for a 3D channel model. In this work, the UE is equiped

with an ULA. By de�ning ul = sin( � l ) the UE antenna array response vector can be

written as

aU (ul ) =
1

p
NU

[1; e� j�du l ; :::; e� j� (NU � 1)du l ]T : (4.3)

The BS antenna array response can be written in a similar manner.

4.1.2 Switch-based MIMO Systems

Switch-based architectures use switches to connect antennas with RF chains as an

alternative to phase shifters [109]. These structures are shown to obtain comparable

channel estimation performance to that obtained using phase shifter-based structures

while reducing hardware complexity and power consumption [110]. In switch-based

architectures, the number of RFCsM is smaller than the number of antennasN ,

as shown in Fig. 4.2. Each RFC can access (a) all theN antennas, or (b) a subset

of Nsub antennas, through a low noise ampli�er (LNA) and a switch, depending on
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the hardware design [108]. It can also be used with analog combining as shown in

Fig. 4.2 (c).

Figure 4.2: Several switch-based MIMO structures: (a) each RF chain can be con-
nected to all the antennas; (b) each RF chain can be connected to a subset of antennas;
(c) each RF chain can be connected to several combined antennas in a subset.

In this work, we consider the structure in Fig. 4.2 (a) where each RF chain can be

connected to all the antennas without analog combining. The switch network matrix

W can be expressed as

W =

2

6
6
6
6
4

w11 � � � w1M U

� � � � � � � � �

wNU 1 � � � wNU M U

3

7
7
7
7
5

s.t.
NUX

i =1

wij � 1;
M UX

j =1

wij � 1; jjW jjF = M u;

(4.4)

wherewij can only be chosen as zero or one.

We assume the channel information is known at the BS by performing the chan-

nel estimation algorithm (e.g., compressive sensing methods [108, 102, 110]) with the

default UE antenna selection (e.g., forming a ULA array). The BS aligns its commu-
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nication beam towards the target receiver by setting the columns of the precoding

matrix F asaT
BS (� 0) and sending equal symbols ins (normalized energy by 1=

p
MB )

to maximize the beamforming gain. Based on this, the received signal can then be

simpli�ed as

y = � 0W H aU (� 0)s +
LX

l=1

� lW H aU (� l )s + W H nU : (4.5)

This expression consists of three parts: the desired signal, interference from the scat-

tering path, and noise.

4.1.3 DOA Estimation Using an Maximum Likelihood Esti-

mator

So far, we have not discussed the structure of the BS antenna arrays. Since we care

about the DOA estimation performance at the UE side, the BS antenna structures

does not a�ect the performance of the proposed techniques as long as the BS is

beamforming towards the UE along the LOS path. The pre-coding imperfection

due to the channel estimation algorithms, hybrid MIMO structure and the hardware

impairments are also not considered in this work. Based on the property of the high

multi-path loss of the mmWave signal (i.e.� l � � 0; l 6= 0), we ignore the second part

of (4.5) in the problem formulation. The e�ect of multipath in the complete signal

model is studied in Section 4.4.

For convenience, we useN = NU , M = MU to indicate the number of available an-

tennas and RFCs of the UE, and useu = sin( � 0) 2 (� 1; 1) to denote the signal

direction so that the CRLBs for di�erent � 0 are the same. The received signal model

is then simpli�ed as

y = � 0a(u)s + n: (4.6)

Here, a(u) = [1 ; e� j�d 2u; � � � ; e� j�d M ]T is the true steering vector for the selected

antennas anddi is the distance between thei -th selected antenna and the �rst selected
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antenna. The steering vectora(u) contains the MU non-zero elements inW H aU (u),

similar applies to n 2 CM � 1. Note that (4.6) is a typical signal model for DOA

estimation based on which error lower bound can be easily calculated. A simple, yet

e�cient, maximum likelihood estimator (MLE) can be used to estimate the DOA,

which works well in both the asymptotic and threshold regimes [159]. Maximum-

likelihood based DOA estimation seeks to maximize the probability of receiving a

signal matrix Ŷ = [ ŷ1; � � � ; ŷN s ] whereŷN s is the received signal vector at sampleNs.

Namely, the MLE is given by

û = arg max
u

a(u)H R̂a(u); (4.7)

whereR̂ = Ŷ Ŷ H =Ns is an estimation of the received signals covariance matrix. Other

popular DOA estimation algorithms include MUSIC [160], ESPRIT [161], and their

variations [162, 163]. The discussion here is limited to the MLE since it is closely

related to the CRLB and the array beampattern, which makes it attractive as a tool

for array performance characterization.

4.1.4 Antenna Selection Problem Statement

Consider a switch-based MIMO system containingN antennas andM RFCs, with

M < N . All the N antennas are uniformly distributed in an antenna array with

an inter-antenna distance ofd as shown in Fig. 4.1 and onlyM of them can be

connected to the RFCs. By utilizing all theM RFCs, M antennas need to be chosen

to be connected with them. Considering all the possibleM -antenna combinations,

we can form a setBN;M with FN;M =
� N

M

�
elements as

BN;M = f b1
N;M ; :::; bFN;M

N;M g; (4.8)
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where each elementbk
N;M in BN;M is an N � 1 selection vector containingM ones

(the rest N � M elements are all zeros) indicating the selectedM antennas. This

set contains all the possible antenna selection choices. Note thatBN;N has only one

elementb1
N;N = 1N � 1 which is an all-ones vector.

Now, we have three representations for antenna selection: switch network matrix

W is used to model the mmWave channel in (4.5); antenna location vectord is used

to form the true steering vectora(u) in (4.6) and derive the lower bound in the next

section; the selection vectorb is used as the binary representation of the antenna

selection which is convenient for designing antenna selection algorithm. Fromb, we

can form the switch network matrix W with the relationship W H aU (u) = b � aU (u)

for an arbitrary u, and form d by choosing the non-zero elements inb � aU (u). One

example of a speci�c antenna layoutd for N = 4; M = 3; d = 1 and its coresponding

W , b can be expressed as

d =
�

0 1 3

� T

;

W =

2

6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 1

3

7
7
7
7
5

T

;

b =
�

1 1 0 1

� T

:

(4.9)

These three symbolW , d, b can be uniquely mapped from one to another and we

will use them interchangeably in di�erent scenarios.

For a signal received from a directionu 2 (� 1; 1) with a signal-to-noise ratio

(SNR) S, inter-antenna distanced and a selection vectorb, its DOA estimation

MSE, using a certain algorithm, can be de�ned as MSE(u; S; d;bN;M ). Our goal is to

design an antenna selection algorithm to �nd the optimalM -antenna selection vector

b �
N;M 2 BN;M that minimizes DOA estimation MSE. This problem can be formulated
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as

b �
N;M = arg min

b N;M 2B N;M

MSE(u; S; d;bN;M ): (4.10)

4.1.5 Antenna Selection and DOA Estimation Pipeline

In summary, the proposed antenna selection and DOA estimation pipeline has 3 steps:

1. Initialize u = û, whereû is a coarse DOA estimation which can be obtained using

(4.7) with random antenna assignment. Throughout this work, the algorithm

is initialized with û 2 [u � � u; u + � u], where � u is the maximum estimation

error assumed to be known.

2. Use an antenna selection algorithm to obtain the optimal antenna subsetb �
N;M

by optimizing (4.10).

3. Perform DOA algorithms to obtain the �nal DOA estimation û.

In Section 4.3, two antenna algorithms are developed to solve the problem in (4.10).

For ease of exposition, we introduce some antenna selection objective functions in Sec-

tion 4.2 before proceeding to the solution of (4.10).

4.2 Antenna Selection Objective Functions

4.2.1 Cram�er-Rao Lower Bound (CRLB)

The MSE in (4.10) is not easy to obtain, but a lower bound can be derived. The CRLB

is a lower bound on the variance of unbiased estimators of a deterministic (�xed,

though unknown) parameter [104]. The CRLB rule states that the variance of such

estimators is at least as high as the inverse of Fisher information. For deterministic

single-source DOA estimation, the variance of an unbiased estimator ^u of u is lower-

bounded as [104, 164]

MSE(û) � CRLB(S; d;bN;M ) =
1

2� 2SU
; (4.11)
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whereS is the SNR de�ned as

S =
MN s� 2

0

� 2
n

; (4.12)

U is the layout diversity expressed as

U =
1

M

MX

i =1

 

di �
1

M

MX

j =1

dj

! 2

; (4.13)

and d = [ d1; � � � ; dM ]T is obtained fromd and bN;M . This lower bound will be used

as the benchmark to evaluate DOA estimation performance.

4.2.2 Peak Sidelobe Level

The CRLB provides a lower bound on the DOA estimation performance. However,

this bound is not practical when the SNR is low. An example of DOA estimation

results (u = 0) under di�erent SNR values using an MLE is shown in Fig. 4.3 as the

blue curve with circular markers. This example shows the MSE of the MLE in di�erent

regions, namely, no-information region, threshold region, and asymptotic region. In

these three regions, CRLB works well only in the asymptotic region. When the SNR

is below a certain level, there is an abrupt increase in the MSE of the estimator, which

is called threshold e�ect [104]. If the SNR keeps decreasing, the system goes into no

information region, indicating no meaningful DOA information can be acquired for

the available signals. For the same setup, the results for sources at di�erent DOAs are

shown in Fig. 4.4. We can conclude from this �gure that the performance is decided

not only by the SNR, but also by the direction of the source.

These examples highlight two issues when evaluating DOA performance using

CRLB:

1. The bound is unable to characterize the DOA performance in the low SNR

regime (no information and threshold region).
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Figure 4.3: An example of the DOA estimation MSE obtained from simulation
(blue curve), and an approximation (red dashed curve) for an antenna layout
d = [0; 1; 2; 3; 4; 5]T .

Figure 4.4: An example of DOA estimation performance for di�erent source locations
and antenna layoutd = [0; 1; 2; 3; 4; 5]T .

2. The bound is unable to locate the threshold regions for di�erent sources.

Recent works in antenna selection utilize the information from the array beam-

pattern by incorporating a peak sidelobe level constrains [113, 114]. Similar to the

objective function for MLE in (4.7), the beampattern for a DOAu0 at direction u is

de�ned as

V(u0; u) = aH (u)R(u0)a(u) = aH (u)a(u0)aH (u0)a(u): (4.14)

The beampatterns of two di�erent antenna layouts foru0 = 0 are shown in Fig. 4.5,
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where the red circles indicate the peaks of the mainlobe and the sidelobes.

(a) d = [0; 1; 2; 3; 4; 5]T

(b) d = [0; 1; 2; 11; 15; 18]T

Figure 4.5: Beampattern examples for two di�erent layouts and source location at
u0 = 0: (a) d = [0; 1; 2; 3; 4; 5]T ; (b) d = [0; 1; 2; 11; 15; 18]T .

The mainlobe peak value is given byV(u0; u0) and the value of thek-th sidelobe

peak is V(u0; uk) (k 2 (1; :::; K )). The peak sidelobe level (PSL) can be expressed

as [114]

PSL(u0; d;bM ) =
maxV(u0; uk)

V(u0; u0)
: (4.15)

Now, the formulation of the antenna selection problem by optimizing the CRLB with
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PSL constraint (PSL-C) can be expressed as

b �
N;M = arg min

b N;M 2B N;M

CRLB(S; d;bN;M )

s.t. PSL(u0; d;bN;M ) � �; � 2 [0; 1]:

(4.16)

This problem can be solved by an exhaustive search or a convex relaxation method,

as proposed in [114]. However, the selection of the constraint threshold� for di�erent

conditions, such as SNR and antenna layout, is not addressed.

4.2.3 MSE Approximation

One can use extensive simulations to obtain the MSE of DOA estimation. This

method, however, has a large variable space (SNR, DOA, antenna set), and it is

hence time-consuming and infeasible for real-time applications. Instead, a faster way

to approximate the performance with some acceptable sacri�ce of accuracy could be

useful. In this section, we propose a threshold region approximation (TRA) based

method to solve the antenna selection problem.

To approximate DOA estimation error, we analyze the peaks of the noise-free

beampattern V(u0; u) for a speci�c source locationu0 [104]. With a proper design

of antenna layout, V(u0; u0) should be the only peak in the whole beampattern in

noise-free cases as shown in Fig. 4.5. However, in real cases where noise is introduced,

the covariance matrix of the signal in (4.7)R̂ is di�erent from R(u0) in (4.14). The

location of the main peak may change, which causes errors in DOA estimation. When

the noise is large, the sidelobe peaks may exceed the main peak, and the estimation

will be around uk (k 6= 0) and be treated as an unsuccessful estimation. Thus, the

estimation goes to no-information or threshold region. The design of the antenna

array is usually a trade-o� between the accuracy and success rate. When the SNR is

high, we prefer high accuracy as (b). On the contrary, we want lower peak sidelobe
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levels, as shown in (a). The proposed TRA-based antenna selection method will

maintain the success rate in �nding the main lobe while achieving the best accuracy.

By calculating the probability of an outlier Pk occurring at sidelobe peakuk and

the probability of non-outlier 1�
P K

k=1 Pk , the expectation of the approximated MSE

expressed as [118]

E(u; S; d;bN;M )

�

 

1 �
KX

k=1

Pk

!

CRLB(S; d;bN;M ) +
KX

k=1

Pk(uk � u0)2;
(4.17)

where

Pk �
1
2

exp(
� S
2

)I 0(
SjaH (u0)a(un )j

2M
): (4.18)

Here, I 0(�) is the modi�ed Bessel function of the �rst kind and order zero. Compared

with simulations, this approximation of DOA MSE is much faster to compute with

reasonable accuracy. The locations of the peaks can be obtained with the second

derivative of the beampattern. In practice, we can sampleu with di�erent intervals

to accelerate the algorithm. One example of the discrete sampling with an interval

of 0.025 is shown in Fig. 4.3 as the red dotted line with triangular markers.

Knowing how to compute the expectation of the approximated MSE from (4.17),

the antenna selection problem in (4.10) can be formulated as

b �
N;M = arg min

b N;M 2B N;M

E(û; S; d;bN;M ): (4.19)

In this expression, the input requires the DOA ^u and SNR S. We assume theS

is a constant that can be estimated. However, the value of ^u can only be a coarse

estimation before antenna selection which is inaccurate. We introduce anchors to

improve the robustness of the algorithm in dealing with inaccurate DOA estimation.

Assumeû 2 [u � � u; u + � u] is the initial DOA estimation, where � u is the
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maximum estimation error. Depending on the estimation accuracy of the initial DOA

and computational limitations of the antenna selection algorithm, a set of anchors,

instead of a single value ^u in (4.19), can be used. For example, anNA -anchor vector

can be selected asuanchor = f u1; u2; � � � ; uNA g, where un 2 [û � � u; û + � u]. Now,

the optimization problem in (4.19) can intuitively be formulated as

b �
N;M = arg min

b N;M 2B N;M

1
NA

NAX

n=1

E(un ; S; d;bN;M ): (4.20)

Note that for a special ofNA = 1, the formulation (4.20) will convert to (4.19).

However, we found out that averaging the expectation of di�erent anchors is likely

to introduce outliers. Instead, taking the worst-case for di�erent anchors is more

practical, and we will use the following formulated optimization function in the rest

of the work

b �
N;M = arg min

b N;M 2B N;M

�
arg max

un 2 u anchor

E(un ; S; d;bN;M )
�

: (4.21)

For simplicity, the optimization problem is formulated and solved for single-carrier

systems. However, equation (4.21) can be extended to multi-carrier systems in a

straightforward manner. In Section 4.3, two algorithms are developed to solve this

optimization problem.

4.3 The Proposed Antenna Selection Algorithms

In this section, we start with the layout alignment algorithm to remove redundant

antenna selection vectors. Then, based on (4.20), we propose two algorithms to tackle

the antenna selection problem. The �rst algorithm implements a greedy method to

obtain b �
N;M . The second algorithm speeds up the greedy method by training a neural

network with some sacri�ce on performance.
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4.3.1 Layout Alignment

Due to the symmetry property of the beampatterns for DOAu and � u and the fact

of N > M , it is easy to �nd out that some layouts are redundant. For example, in

the case whereN = 8 and M = 4, the selectionb1
8;4 = [0; 0; 0; 1; 1; 1; 0; 1]T equivalent

to b2
8;4 = [0; 1; 0; 1; 1; 1; 0; 0]T with just 
ip and shift operations. Note that this is

under a reasonable assumption that the source location is distributed in [� umax ; umax ],

(0 < u max < 1). A layout alignment algorithm is proposed to merge identical layouts

in the selection vector setBN;M . The purpose of this layout alignment is threefold:

reduce the search space of the antenna selection set, reduce the number of switches in

circuit design, and improve the convergence of the neural network training process.

The pseudocode of the layout alignment can be found in Algorithm 4. For a

selected antenna setb, the layout alignment algorithm �rst circularly left-shifts b till

the �rst element is `1' to obtain bs. Then, we want the m̀ass center' of the layout

to be on the left and then-th antenna will be assigned a weight 2n� 1. The score of

the shifted vectorbs is calculated as

score(b) =
NX

n=1

2b� 1bs(n): (4.22)

The same procedure is repeated to the 
ipped version ofb denoted asb0 and the

�nal aligned antenna setbaligned is chosen from the shifted vectorsb and b0
s with the

higher score. One example of layout alignment is shown in Fig. 4.6.

Algorithm 4 Layout Alignment Algorithm
1: Input: b
2: while b (1) == 0 do
3: b  leftShift( b)

4: b0  
ip( b)
5: while b '(1) == 0 do
6: b0  leftShift( b0)

7: baligned = arg maxf b ;b 0g(score(b); score(b0))
8: return b aligned
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Figure 4.6: Illustration of the layout alignment algorithm.

By performing layout alignment, we can have a non-redundant set~BN;M . Given

this set, the calculation of the needed switches is simple. We form aN � M zero

matrix ~W . For each vectorbN;M 2 ~BN;M , we setwi;j = 1 if bi = 1, where bi is the

i -th element in bN;M and j is the index ofbi = 1 in all the non-zero elements inbN;M .

After enumerating all the vectors in the non-redundant set~BN;M , the number of the

switches needed after the layout alignment for the matrix network can be calculated

as jj ~W jjF (where the number of full connected switches isM � N ).

We de�ne FN;M , UN;M , and SN;M as the the total numbers of the vectors inBN;M

(full antenna set), ~BN;M (unique antenna set) and the number of switches needed

for the unique antenna set, respectively. The parameters for di�erentN and M are

shown in Table 4.1. The ratio ofUN;M =FN;M is also calculated. We can see that the

number of unique layouts is much smaller than the total number of layouts (around

10%-20%).

4.3.2 A Greedy Approach based on TRA (TRA-G)

A direct approach to the antenna selection problem is to consider all the vector

elements of the set~BN;M to �nd out the optimal antenna subset b �
N;M . However, this

is not a feasible option whenUN;M is large. As a more practical solution, we propose
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Table 4.1: Number of Redundant and Unique Sets
N , M FN;M UN;M Ratio SN;M GN;M

11, 2 55 10 0.1818 11 63
11, 3 165 25 0.1515 15 60
11, 4 330 70 0.2121 21 56
21, 4 5985 615 0.1028 46 221
21, 6 54264 7872 0.1451 72 210
21, 8 203490 38970 0.1915 90 195

a greedy approach based on threshold region approximation (TRA-G) to �nd the

optimal antenna selectionb �
N;M that minimizes DOA estimation MSE in an e�cient

manner.

We have de�ned ~BN;M as a unique set of vectors that represent di�erentM -antenna

selections (outN antennas). The optimal antenna set is denoted asb �
N;M . To develop

our greedy algorithm, we start with the followingassumption : the optimal antenna

selection vectorb �
N;M � 1 of the (M � 1)-RFC case shares the same `1' elements with

the optimal antenna selection vectorb �
N;M � 1 of the M -RFC case (2� M � N ),

which can be expressed asb �
N;M � 1

T b �
N;M = M � 1. It is not guaranteed that this

returns a globally optimal solution; however, it works well in both approximations

and simulations.

The pseudocode for the single anchor greedy algorithm TRA-G as (4.19) is listed

in Algorithm 5, and the extension to multiple anchors as (4.21) is straightforward.

To obtain d �
N;M , we need to �rstly �nd out b �

N;N � 1 2 ~BN;N � 1 with the minimum DOA

MSE. Then form another collection of sets~BN � 1;N � 2 from b �
N � 1 and �nd out b �

N;N � 2,

and continue until we �nd b �
N;M . In this way, the calculations ofE(û; S; d;bN;M ) can

be reduced fromUN;M times to (N + M +1)( N � M )
2 times. Note that these calculations

are not always reduced by using the greedy method, especially whenM is small, e.g.,

U11;2=10 < G 11;2=63. Thus the exhaustive search can be adopted when necessary.
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Algorithm 5 TRA-G
1: Input: û; S; d; N; M
2: b �

N;N  bN;N

3: for i = 0 to ( N � M � 1) do
4: Create BN � i;N � i � 1 = f b1

N � i � 1; :::; bN � i
N � i � 1g from b �

N;N � i
5: for n = 1 to n = N � i do
6: Calculate CRLB(S; d;bn

N;N � i � 1) (4.11)
7: Calculate V(û; u) (4.7)
8: Calculate E(û; S; d;bn

N;N � i � 1)) (4.17)

9: b �
N;N � i � 1 = arg min E(û; S; d;bn

N;N � i � 1)) (4.20)

10: return b �
N;M

4.3.3 A Deep Learning Approach based on TRA (TRA-DL)

For a real-time system, the computational cost of the TRA-G algorithm may still be

high. In this case, a pre-trained neural network could be used to approximate the

TRA-G algorithm. We use the greedy method to generate the training data for the

neural network. The inputs of the network are the source locationu and SNR S,

while the output b̂ is an N � 1 vector with each value indicating the quality of the

corresponding antenna. We will pick the topM antennas with the highest output as

the selected set.

We use anH -layer multi-layer perceptron (MLP) neural network [101] as shown

in Fig 4.7. This is a simple yet powerful deep learning network structure, and we

want to evaluate its potential in solving the antenna selection problem. The number

of nodes in each layer is stored in a vectorg = [ g1; g2; :::; gH ]T , wheregh is the number

of nodes of theh-th layer, and gH = N is the number of antennas. The activation

functions for the hidden layers is chosen as a recti�ed linear unit (ReLU), and the

output layer is followed by a Sigmoid function. We use a mean squared error loss as

the objective function as

L =
1
N

X
(b̂ � b �

N;M )2; (4.23)

where b̂ 2 R N � 1 is the output of the network, b �
N;M is the optimal antenna set
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obtained using the TRA-G algorithm given speci�cu; S; d. An Adam optimizer is

used to optimize the network parameters using the loss function in (4.23). The details

hyperparameters of the deep learning network are explained in in Section 4.4.1.

Figure 4.7: Illustration of the multi-layer perceptron neural network.

4.4 Performance Evaluation

In this section, we use simulations to evaluate the DOA estimation performance using

the selected antennas based on the proposed algorithms and provide comparisons with

other benchmark methods.

4.4.1 Simulation Setup

In our simulations, we test a scenario with a receiver array of sizeN = 21, and inter-

antenna distanced = 0:5 (which equals to�= 4). Consider the directionality of the

array, a source directionu 2 (� 0:9; 0:9) (around 128� coverage), which is the cover-

age of a typical 3-sector cellular network base station. The selected antenna subset

using TRA-G is evaluated and compared with a number of benchmarks; namely, the

constrained peak sidelobe level PSL-C, uniform linear array (ULA), and the best case

CRLB that this antenna array can reach.

For neural network-based sensor selection algorithm (TRA-DL), we chooseg =
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[16; 32; 64; 32; 16]. An Adam optimizer with parameters (lr = 0:001; � 1 = 0:9; � 2 =

0:999; � = 1e � 7) and mean squared error loss function are used for training. We

randomly generate samples with speci�c range of SNR and DOA to form a training

dataset. The training data set has a size of 10000, and the maximum iteration is set

as 200. Note that we use a relatively small dataset and network for proof of concept

purposes. However, a deeper network can be trained with a larger training dataset for

better performance. The network is trained using the TensorFlow [165] framework.

Then, the network parameters are imported to Matlab 2019b, and all the simulations

are performed in this platform to make a fair comparison in running time. All the

codes and trained models are available in Github [119].

After antenna selection, an MLE with a coarse search of 0:2� and a �ne search of

0:01� is performed to obtain the �nal DOA estimation. The DOA simulation results

without multipath ( L = 0) and the results with L = 5 multipaths will be detailed in

Section 4.4.2 and Section 4.4.3, respectively.

4.4.2 DOA Simulation Results without Multipath

In DOA estimation simulations without multipath ( L = 0), two algorithm based

on (4.20), namely, TRA-G and TRA-DL are evaluated. PSL-C in (4.16) is used

as a benchmark algorithm with di�erent values of the constraint threshold� =

f 1; 0:85; 0:5g. Note that � = 1 indicates no PSL constraint and the optimization

relies soley on the CRLB (this yieldsd � =1 = [0; 0:5; 1; 9; 9:5; 10] for M = 6). In addi-

tion, a ULA setup (e.g., dula = [0; 1; 2; 3; 4; 5] for M = 6) and a best-scenario CRLB

(e.g., the CRLB ofd � =1 for M = 6) are also used as benchmarks. For each simulation

trial, a source DOA is randomly picked from the de�ned range [� 0:9; 0:9] according to

a uniform distribution. The maximum DOA estimation error � u is chosen as 0:1 and

0:02 for comparison. The number of anchorsNA is chosen as 1 and 5 (ua = û+ a� 3
2 � u,

a = 1; 2; � � � ; 5). The simulation results are calculated from 5000 trials at each SNR
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point. Results for di�erent M = 4; 6; 8 are shown in Fig. 4.8 .

From Fig. 4.8, we can see that the proposed greedy antenna selection method

TRA-G improves DOA estimation performance, especially whenM is small, e.g.,M =

4 as shown in Fig. 4.8 (a). TRA-G can be further improved with better initialization

and a larger number of anchors. Although the TRA-DL algorithm performs not as well

as the greedy algorithms, it provides a fast option for antenna selection. Performance

can/or be improved by designing di�erent network architectures or/and by tunning

the hyper-parameters. The PSL-C algorithm works well whenM is large and reaches

the CRLB when the SNR is high. However, the selection of the constraint threshold

� a�ects its performance. The ULA layout works well in the low SNR regime; this

is due to the approximation error of the MSE close to the no-information region.

Finally, random antenna selection provides the lowest complexity but performs the

worst. As evident from the �gure, the proposed antenna selection algorithms yield

the best performance without perfect knowledge of the DOA.

4.4.3 DOA Simulation Results with NLOS Paths

We are also interested in analyzing the e�ect of the multipath on the antenna selection

algorithm. The simulation setup is the same as Section V-B. The only di�erence is

the extra interference from the multipath, where we setL = 5. We choose theL

DOA ul 2 [� 0:9; 0:9] and the gain of each path� l 2 [0; 
� 0], randomly, where� 0 is

the gain of the LOS signal and
 is the maximum multipath gain coe�cient. The

thresholds for PSL-C are chosen as� = 0:5 for M = 4, � = 0:85 for M = 6; 8, based

on the performance in the previous section. The maximum DOA estimation error

� u is chosen as 0:1, and the number of anchorsNA = 1 and NA = 5 are compared.

The simulation results are calculated from 10000 trials at each SNR point. Results

for di�erent M = 4; 6; 8 and 
 = 0:1; 0:2 are shown in Fig. 4.9.

From Fig. 4.9 we can see that with the increase of SNR, the DOA performance is
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