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Abstract

This work considers behavior modeling of analog to digital converters with
applications in the radio frequency range, including the field of telecommunication as
well as test and measurement instrumentation, where the conversion from analog to
digital signals often is a bottleneck in performance. The models are intended to post-
process output data from the converter and thereby improve the performance of the
digital signal. By building a model of practical converters and the way in which they
deviate from ideal, imperfections can be corrected using post-correction methods.

Behavior modeling implies generation of a suitable stimulus, capturing the output
data, and characterizing a model. The demands on the test setup are high for converters
in the radio frequency range. The test-bed used in this thesis is composed of commercial
state-of-the-art instruments and components designed for signal conditioning and signal
capture. Further, in this thesis, different stimuli are evaluated, theoretically as well as
experimentally.

There are a large number of available model structures for dynamic nonlinear
systems. In order to achieve a parameter efficient model structure, a Volterra model was
used as a starting-point, which can describe any weak nonlinear system with fading
memory, such as analog to digital converters. However, it requires a large number of
coefficients; for this reason the Volterra model was reduced to a model structure with
fewer parameters, by comparing the symmetry properties of the Volterra kernels with
the symmetries from other models. An alternative method is the Kautz-Volterra model,
which has the same general properties as the Volterra model, but with fewer parameters.
This thesis gives experimental results of the Kautz-Volterra model, which will be
interesting to apply in a post-correction algorithm in the future.

To cover behavior not explained by the dynamic nonlinear model, a complementary
piecewise linear model component is added. In this thesis, a closed form solution to the
estimation problem for both these model components is given. By gradually correcting
for each component the performance will improve step by step. In this thesis, the
relation between a given component and the performance of the converter is given, as
well as potential for improvement of an optimal post-correction.
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Sammanfattning

Det hér arbetet handlar om att ta fram beteendemodeller av analog till digital
omvandlare avsedda for tillimpningar i radiofrekvensomradet. Det géller tillimpningar
inom telekommunikation men &ven in test- och métinstrument dir omvandlingen fran
analoga till digitala signaler ofta &r en prestandamadssig flaskhals. Modellerna ér avsedda
att anvindas for att efterbehandla utdata fran omvandlaren och pa sd sitt forbattra
prestanda péd den digitala signalen. Genom att skapa modeller av verkliga omvandlare
och hur dessa avviker fran ett idealt beteende kan ofullstandigheter korrigeras genom sa
kallad postkorrigering.

Beteendemodeller innebér att genererar en lamplig insignal, mita utdata och berdkna
en modell. Foér omvandlare i radiofrekvensomradet stills hoga krav pé instrumentering.
Den testutrustningen som anvinds &r baserad pa moderna hogprestanda instrument som
har kompletterats med specialbyggd utrustning for signalkonditionering och
datainsamling. I avhandlingen har dven olika insignaler utvarderats med savil teoretisk
som experimentell analys.

Det finns ett flertal olika varianter av modeller for att modulera ett olinjar, dynamisk
system. For att f4 en parametereffektiv modell har utgdngspunkten varit att utga frdn en
Volterramodell som pa ett optimalt sétt beskriver svagt olinjara dynamiska system, sa
som analog till digital omvandlare, men som &r alltfér omfattande i1 antal parametrar.
Volterramodellens har sedan reducerats till en mindre parameterintensiv,
modellerstruktur pd si sétt att Volterrakdrnans symmetriegenskaper jamforts med
symmetrierna hos andra modeller. En alternativ metod &r att anvdnda en Kautz-
Volterramodell. Den har samma generella egenskaper som Volterramodellen, men &r
inte lika parameterkrdvande. I den hir avhandlingen redovisas experimentella resultat
av Kautz-Volterramodellen som i framtiden kommer att vara intressanta att anvinda for
postkorrigeringen.

For att kunna beskriva beteenden som en dynamiska olinjira modellen inte klarar av
har modellen kompletterats med en statisk styckvis linjir modellkomponent. I
avhandlingen presenteras en sluten 16sning for att identifiera samtliga paramervérden i
modellen. Vidare har det i avhandlingen genomfors en analys av hur respektive
komponent péverkar prestanda pad utsignalen. Dirigenom erhdlls ett matt pd den
maximala prestandaforbattring som kan uppnés om felet kan elimineras.
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1 Introduction

1.1 Background

Today, most of the signal processing performed in electronic systems is digital,
and the performance of the analog to digital converters (ADCs) present at the border
of the digital domain become very important. The most recent applications in
consumer electronics, telecommunication, and test and measurement instrumentation
call for ever-increasing ADC resolution and speed. Price and power consumption are
other determine properties of an ADC. The properties of the ADC depend on the
architecture of the component; ADC architectures with very high resolution have low
sampling rate and vice versa. The application will decide what ADC architecture will
be most suitable to match the requested demands.

Five converter architectures are widely used to perform amplitude quantization:
Flash, pipeline, integrating, successive approximation and sigma-delta. Each of these
architectures has it own unique advantages and disadvantages, which should be
investigated when determine which ADC best meets an application requirement (see
e.g. [1])

Some applications require a combination of speed and resolution superior to what
can be provided by the manufactured ADCs. A practical ADC can not fully provide
the performance of an ideal, due to imperfections in the component. Thus, there is a
potential for improvements if the effect from the imperfections can be minimized.

In ADCs, performance can be improved using dither. This is external noise which
is added to the input to the ADC. The noise signal can be a narrowband signal outside
the signal band of interest, subsequently subtracted after the ADC, or use a suitable
filter at the output of the system can thus recover this small signal variation. Dithering
will not be further considered in this thesis. The performance can also be improved by
post-processing the ADC output data. Post-processing implies a characterization of
the ADC behavior, and to use that information to calculate a correction factor that
reflect any deviations from an ideal behavior. This method is generally referred to as
post-correction.

Error modeling has played a main role in generating a correction of the ADC
behavior. An online correction obtained by subtracting the modeled dynamic error to
each output sample of the actual ADC. For an ideal ADC the output is a discrete time
and discrete amplitude representation of the analog input signal with fixed time and
amplitude steps. The output from a practical ADC has deviations from the ideal steps.
Deviations in time steps are called jitter, and are not the topic of this thesis. An ADC-
model contains information on the size of the amplitude deviation as a function of the
output code, which can be used to correct the output, and, thus, give a better
representation of the analog input. In methods using look-up tables (LUTs) [2-7] the
post-correction information is stored in a table and the output code is addressing the
information. The addition of one or more previous samples will improve the
correction. However, such modeling approach has a main limitation; the error model



needs for its identification a burdensome experimental work. In model based post-
correction, the post-correction term is computed from a mathematical model. A
parametric model requires less memory size and does not need to be trained for every
combination of present and previous samples. A well assigned model is able to
describe scenarios for which it is not trained.

Modeling ADCs at radio frequency require a model structure suited to describe a
nonlinear dynamic behavior. Moreover, the model has to be valid over a wide
frequency range. The challenge is to find a model structure that is fairly easy to
characterize with a minimum number of model parameters without any loss of
information. In addition, the method for parameter estimation should be easy to use
and the estimator should be efficient.

1.2 Outline and Contribution of the Thesis

This thesis can be divided into three major parts; ADC testing and
characterization, ADC modeling, and model-based post-correction, where each part is
described in a separate chapter.

Chapter 2 describes the test set-up [Paper V] and discusses and compares different
stimuli for ADC characterization. In substance the contents is based on two papers,
where both papers are using the histogram test as characterization method. In
[Paper I], the Cramér-Rao lower bound and a minimum variance estimator for
histogram tests with an arbitrary stimulus are derived. In [Paper II], a metrological
comparison between two different stimuli, sine-waves and Gaussian noise is
performed.

Chapter 3 starts with an introduction to different dynamic nonlinear ADC models.
The main contents are three different dynamic nonlinear models obtained from
measurements. First, describes how frequency domain Volterra kernels of an ADC
are determined from measurements and that the Volterra kernels have the symmetry
properties of a parallel Hammerstein box model [Paper III]. The parallel
Hammerstein model is after that refined into a new model that includes a static,
piecewise linear component in the model structure. In [Paper VI], a closed form
solution to the estimation problem for that model is derived. Chapter 3 ends the third
model structure, a Kautz — Volterra model [Paper VII].

The models described in Chapter 3 are aimed for post-correction. Chapter 4
describes some post-correction methods and the potential performance improvement
when using model-based post-correction [Paper IV].

Finally, a summary of results are given in Chapter 5.



2 ADC Testing and Characterization

Testing ADCs is done to measure the parameters that define the ADC
performance. Many algorithms and testing methods have been developed to
characterize ADC behavior, to validate ADC models, and to allow for error
corrections through software. Several test methods are described in the IEEE standard
[8]; see also the review articles [9, 10].

The choice of critical ADC parameters and matching test methods is related to the
application for which the ADC will be used. According to [9] most applications today
can be classified into five broad market segments: 1) data acquisition, 2) precision
industrial measurement, 3) voice band and audio, 4) high speed (with sampling rates
greater than about 5 MS/s) and 5) control loop applications where ADCs are part of a
feedback loop.

Analog to digital converters aimed for radio frequency are found in segment 4
(high-speed ADCs) where the application can be instrumentation, intermediate
frequencies (IF) sampling, software radio or software driven measurements. The most
commonly used ADC architecture for these applications is the pipelined ADCs.

Traditional static specification parameters for ADCs are often not sufficient to
adequately characterize the device in these applications. Static errors are those that
occur for slowly varying or constant signals. Dynamic errors are the additional errors
that occur as the signal varies. For high-speed applications, it is important to measure
both static and dynamic errors.

Testing ADCs demands high-performance instrumentation. The measurement
system must be superior the ADC, so that the measured result represents the
performance of the ADC without any interference from the test-bed. Moreover,
finding and generating the appropriate test signals scenario is of importance. Some
test scenarios require a digital pre-distortion so that the stimuli have the required
spectral purity.

In this chapter, the most important specification for high-speed ADCs will be
given. Section 2.1 essentially defines frequency domain parameters on a more general
level, while parameters related to the linearity of the ADC are handled on detailed
level in Section 2.2. The test-bed will be described in Section 2.3. Section 2.4 will
give an overview of the histogram test and commonly used stimuli, and the chapter
ends with a comparison between different stimuli in Section 2.5.

2.1 Frequency Domain Performance Measures

Commonly used measures of dynamic performance are often based on single-tone
measurements; for example the spurious free dynamic range (SFDR), total harmonic
distortion (THD), and the signal to noise and distortion ratio (SINAD). In addition
there are measures such as intermodulation products, adjacent channel leakage ratio
(ACLR), and missing tone that are characterized by multi-tone or wideband signals.



Hence, the choice parameter for evaluation is not obvious; it must be done in
accordance with the application.

The THD is commonly used in the papers appended to this thesis to evaluate the
ADC in the frequency domain. The THD is the ratio of the root-mean-square (RMS)
value of the fundamental signal to the mean value of the root-sum-square (RSS) of its
harmonics. The THD is a convenient figure of merit for non-linearity evaluations
since non-linearity implies harmonic distortion in the output signal. Consequently, it
will be a suitable parameter for evaluation of the extent to which we can use our
knowledge of the non-linearity and thereby correct the signal to avoid harmonic
distortion.

The measures used in this thesis are defined by the IEEE standard 1241 [8]. The
definitions are given in the following subsections.

2.1.1 Total Harmonic Distortion (THD)

For a pure sine wave input of specified amplitude and frequency, the RSS of all
the harmonic distortion components including their aliases in the spectral output of
the ADC. Unless otherwise specified, THD 1is estimated by the RSS of the second
through the tenth harmonics, inclusive. THD is often expressed as a decibel ratio with
respect to the RMS amplitude of the output component at the input frequency.

2.1.2 Spurious-Free Dynamic Range (SFDR)

For a pure sine-wave input of specified amplitude and frequency, the ratio of the
amplitude of the ADC’s output averaged spectral component at the input frequency,
to the amplitude of the largest harmonic or spurious spectral component observed
over the full Nyquist band.

2.1.3 Signal-to-Noise and Distortion Ratio (SINAD)

For a pure sine wave input of specified amplitude and frequency, the ratio of the
RMS amplitude of the ADC output signal to the RMS amplitude of the output noise,
where noise is defined to include not only random errors but also nonlinear distortion
and the effects of sampling time errors. One may notice that SINAD in IEEE standard
1241 [8] is equivalent to signal-to-noise-ratio (SNR) in IEEE Standard 1057-1994
[11].

2.1.4 Effective Number of Bits (ENOB)

A measure of the SINAD used to compare actual ADC performance to an ideal
ADC. For an input sine wave of specified frequency and amplitude, after correction
for gain and offset, the ENOB is the number of bits of an ideal ADC for which the
RMS quantization error is equal to the RMS noise and distortion of the ADC under
testing.



Output digital code k

Analog input V [Volt]

Figure 1: The relationship between the analog input signal v and the digital output
code k from an ideal B=3 bits ADC (dashed line) and practical ADC (solid line).

2.1.5 ACLR Adjacent Channel Leakage Ratio (ACLR)

A figure of merit which is commonly used in telecommunication systems using
WCDMA signals is ACLR, which is the ratio in dB between the measured power
within a channel and the power in an adjacent channel.

2.2 ADC Integral and Differential Nonlinearity

The relationship between the analog input signal v and the digital output code k&
from an ideal ADC approximates the dotted staircase transfer curve shown in Figure
1. For the ideal ADC, the code transition levels T} within the ADC range (Viin, Vinax)
are given by

T, =Qk-1D+T, (1

where Q is the ideal width of a code bin; in other words, the full-scale range of the
ADC is divided by the total number of codes (Vax — Vm,-n)/ZB , where B denotes the
number of bits. Further, 7 is the ideal voltage corresponding to first transition level,
and 73 is equal to V,;,+Q or V,,,+O/2 depending on the convention used: the 'mid-
riser’ convention or *mid-tread’, respectively [8]. The code k spans k=1, ...,2% — 1.

Due to imperfections in all practical ADCs, the transfer curve is often somewhat
distorted, which is illustrated by the solid line in Figure 1. The actual code transition
level T [k] (that is, the ideal and practical transition levels are distinguished by the



placement of the argument &, viz. T} and T [k], respectively) is the voltage that results
in a transition from ADC output code k-1 to k. Integral nonlinearity (INL) is
described as the difference between the ideal 7; in (1) and the actual 7Tk] code
transition levels of the ADC after a correction has been made for gain and offset
errors [8, 10]. Given the ideal code transition levels 7} in (1) and the measured levels
11k], the correction is made by adjusting the gain G and offset V,; in order to
*minimize’ the residual e[k] (for k=1, ...,2%— 1) [8]:

elk] =T, - G-T[k] -Vos . 2

Equation (2) describes an over-determined set of 2° — 1 equations, with the two
unknowns of interest G and V,,. According to the IEEE standard 1241 [8], different
methods may be applied for determining the optimal (G, V,)-pair such as the
"terminal based’ method in which G and V,, are determined by the end-points only.
This forces ¢[k] in (2) to zero for k=1 and k = 251, respectively. Another alternative
is to minimize the sum of the squared errors in (2) with respect to G and V,, The
latter approach is denoted as ’independent based’ gain and offset [8]. The INL as a
percentage of the full scale range of the ADC is given by the normalized residual in
(2), that is

INL[k] = 100%- e[k] 3)

280

The INL is normally expressed in least significant bits (LSBs), where a LSB is
synonymous with one ideal code bin width Q; that is INL[k] = gk]/Q.

Differential nonlinearity (DNL) is the difference, after correcting for the obtained
static gain G, between a specified code bin width and the ideal code bin width Q,
divided by the ideal code bin width. The DNL is given as follows

DNL[k] = %]_Q 4)

where W[k] is the corrected width of code bin k (that is, W[k] = G (TTk+1] — T1k]),
with G determined by one of the two methods described above). One may note that,
neither the width of the top bin #[2°-1] nor that of the bottom bin #[0] is defined.

A code k is defined to be a missing code if [8]

DNL[k] < —=0.9. 6))

Differential nonlinearity for an ideal ADC coincides with DNL[k]=0 for all
k=1, ...,2% -2 whereas the INL[k] is zero forall k=1, ..., 2% — 1. When DNL is
given as one number without code bin specification, it is defined as the maximum



differential nonlinearity of the entire code range, or the maximum value of |DNL[k]|
for all . In addition the RMS value of the DNL is commonly used and given by:

2371 5

1
- (6)

DNLg s 5T > DNI?[K]
k=1

From (2), it directly follows that gk+1]-gk]=0-W[k], and thus the relation
between INL[k] and DNL[k] is

DNL[k] = INL[k + 1] — INL[k]. %

2.3 Test Set-up and Device under Test

The ADC test-bed is composed of commercial state-of-the-art instruments and
components designed for this test-bed. An overview of the test set-up is shown in
Figure 2. The clock signal is generated with a high quality signal generator. The clock
signal can be adjusted via variable delays and filters to different requirements and
applications. A vector signal generator (VSG) (R&S SMU200A) is the foundation
input signals generation. Specially made, ultra low distortion and low noise IF
amplifiers, as well as several custom-designed SAW filters and delay lines, are used
for signal conditioning. A frame grabber (FG) acquires data from the ADC in real
time. In addition to this equipment a second signal generator and a signal analyzer is
part of the test set-up. The signal analyzer is used to examine and verify input signals.
Moreover, the signal analyzer is also used to create a spectrally pure three tone signal
(see Section 2.4.6). All instruments are connected to a computer via GPIB or local
area network (LAN).

A high-performance signal generator is a key component for successful ADC
characterization. Although it led to a larger investment, the signal generator can be
used in various kinds of applications and is thereby standard equipment in most
laboratories. The VSG combines up to two independent RF signal sources in one box,
and it also offers unrivalled RF and base band characteristics including -160dBc/Hz
phase noise at offsets >1MHz, I/Q modulator with 200 MHz RF bandwidth and
frequency from 100 kHz to 3GHz. Arbitrary signals are generated in a PC-program
(e.g. Matlab) and thereafter transferred to the VSG via a LAN.

Even with a state-of-the—art signal generator, additional signal conditioning is
required. Filters are used to clean-up spurious noise from the test signal. However,
the filters attenuate the signals; therefore, they have to be amplified to obtain the
sufficient drive level (-0.5dBFS), which can be as high as +16dBm on some newer
ADC’s [12]. For that purpose, an ultra low distortion ADC driver has been designed
with a frequency range of 20 - 300 MHz and 14dB gain. The amplifier ensures
spectral purity even at high output levels by >80dBm output, a second-order intercept
point (IP2) >49dBm IP3 and a noise level below —169dBm/Hz.
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Figure 2: Schematic diagram of experimental set-up.
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The FG acquires data from the ADC. A commercial state-of-the art logic analyzer
may be a solution, but using such an analyzer requires a large investment for a narrow
field of applications. The logic analyzer solution has also been experiencing practical
problems with false low level spuriousness from coupling of long parallel
interconnection cables to the ADC under test. A design based on FPGA and high-
speed memories is a cost-efficient alternative. The FG interface to the ADC under
testing and in real-time record the binary represented samples at a maximum speed of
350 MHz (option for >500 MHz), width 16 bits, and depth 2 MSample (4 MByte).
Samples are delivered from the ADC synchronously in binary format on low-voltage
differential signaling (LVDS) busses. After the acquisition process is completed, the
acquired data is uploaded to the PC over the LAN for analysis.

The device used for measurements and simulations throughout this thesis was a
12-bit pipeline ADC (AD9430) from Analog Devises. The maximum sampling rate is
210 MHz, and the analog bandwidth is 700 MHz. The simulation model is provided
by the ADC manufacturer. All frequencies have been chosen according to coherent
sampling.

2.4 Histogram Tests and Input Stimuli

The testing of ADCs with statistical analysis is based on building a histogram. The
ADC histogram test method is considered to be an estimation problem in which the
task is to estimate an arbitrary transition level T [k] based on the ADC output. The
histogram gives the number of occurrences of each code at the output of the converter
for a given stimulus. This measured histogram ( p;,) is then used together with the

probability density function (pdf) of the stimulus to estimate the actual code transition
levels TTk].



2.4.1 Different Stimuli Signals

An experimental problem when characterizing and modeling ADCs is that it is
difficult to generate spectrally pure signals. This is particularly problematic when a
model including a nonlinear memory effect is used. When identifying a nonlinear
dynamic system, it is of course an advantage if a properly designed noise signal can
be used, since it excites all frequencies (fundamentals, sums and difference
frequencies) and all amplitudes. It is, however, difficult to generate distortion free
noise signals. Thus, alternative stimuli can be used. The choice of stimuli depends on
the statistical properties of the signal: how easy it is to generate, its noise sensitivity,
and for what application the resulting histogram will be used. Some commonly used
stimuli are described in the following subsections.

2.4.2 Noise

White Gaussian noise is a wide band signal. In a single characterization run one
can thus relate merit figures of the converter to a frequency band. Another benefit for
using Gaussian histogram tests (GHTs) is that additional Gaussian distributed
measurement disturbance only induces a gain error, which can be circumvented [13,
14].

In [Paper I], a noise stimulus truncated to the working range of the ADC is
considered. In order to avoid stimuli outside the working range, the signal is typically
generated off-line utilizing a pseudo-random sequence generator. Stimuli values
outside the ADC working range are excluded in the sequence [VIII]. An arbitrary
signal generator is then used to realize the stimulus samples s[n] for n = 0,..., N-1,
which pdf now can be described as a multidimensional truncated Gaussian pdf.

Let s[n] be an iid distributed realization of a stochastic process. Thus S = s[x] is a
stochastic variable with pdf [15]

1 1 )
———exp|——=(s—pu)"| 1sI<FES
fo s> =1{cN2mo? 20

, (8)
0 sl > FS

where the factor ¢ is determined so that f5(s) integrates to unity, that is

c:f 12exp

“pgN2mo

1
—F(s—uf ds . ©)

In (8)-(9), o is the variance of the Gaussian pdf (before truncation), and s is its
mean value.



2.4.3 Sine Wave

The most commonly used test signal is probably the sine wave [16], due to the
ease with which sine waves can be generated and with their spectral purity. The sine
wave histogram test (SHT) is a standardized test that is described in the IEEE
standard 1241 [8].

One drawback is the (per definition) narrow bandwidth of a sinusoid. Another
disadvantage of using SHT is its sensitivity to noise. If noise is present in the stimuli
signal, it will modify the probabilities of samples falling in various code bins. The
effect of noise will be most significant near the end-points where the curvature of the
probability density has its maxima. However, the effect of noise can be made as small
as desired by making the signal overdrive large enough.

The pdf of a sine wave is given by

1
— sI< FS
focs) =1mVES? —§° . (10)
0 st > FS

2.4.4 Ramp

Ramp histogram tests are described in the IEEE standard 1241 [8], as well. One
advantage of a ramp (or, the triangular wave) over alternative stimuli is that all
transition levels of the device under test are equally excited. That is, the input
stimulus has a uniform amplitude distribution. Consequently, additive noise will
affect all transition levels equally.

The difficulty in generating a satisfactory ramp is a negative aspect of the
triangular wave. Due to the nature of the high-frequency content of the ADC testing
source, its applicability is restricted to the low and intermediate excitation frequency
ranges.

The pdf of a ramp is given by

1
— IsI<FS
focs>) =12FS o=

. (11)
0 sl > FS

2.4.5 Exponential

The required robustness of testing generators excludes them from being
implemented as an embedded block on the ADC chip for purposes such as an
automatic diagnostic process. In such a case, an alternative waveform is the
exponential signal, which may be generated by discharging a capacitor across the
ADC input resistance [17].

The exponential testing signal is easy to generate with required accuracy using a
high-quality capacitor. Moreover, the circuitry generating such stimuli is ideally
decoupled from any interfering sources and control computer. On the digital side, the
test signal is approximated from the ADC data record by the best-fitted exponential
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function. However, a low quality capacitor in the generating circuit may result in
additional parasitic exponential components in the input stimuli. Experiments
reported in [17] show acceptable accuracy of this method for an ADC with 12-bit
resolution, and stimuli signal circuitry based on high-quality capacitors commonly
available on the market.

In the same way as a sine wave, an exponential stimulus generates a pdf that is
sensitive to noise. This is further studied in [18]. The results presented in [18] show
that the errors are relatively small and similar to those obtained for a sine wave test.
Neither sine waves nor exponential stimuli have superior principally and generally
better robustness in relation to additive noise.

The pdf of an exponential stimulus is given by

D |s|< FS
fs(s)=3 s=Vowr , (12)
0 |s| > FS
where
Do L (13)
10 TS ~Vorr ’
~V e — FS

where Vorr is the offset value.

2.4.6 Three-tone

Since it is difficult to generate an appropriate noise signal, a three-tone signal has
been used as the stimulus in [Paper III] and [Paper VII]. It is not controversial to
claim that the nonlinear order of the ADC can be considered to be at most three. That
is, the nonlinearity of the ADC is estimated to be a polynomial of order three. By
using a number of three-tone sequences several fundamental, sum and difference
products are excited. This stimulus is used to measure Volterra kernels (see Section
3.2) since it excites many points in the volume of the Volterra kernels [19] and in
Section 3.5 for the Kautz-Volterra model. The three—tone was also suggested as
stimuli for the look-up table [5] in order to get a better coverage in the state-space or
phase-plane LUT. The coverage was improved from 75% for a pure sine wave to
93% for the three-tone. However, noise as a stimulus is even better [6] as the
coverage was 100%.

For a three-tone scan test scenario, band pass filters are used to suppress spurious
noise from the test signal. Inside the filter bandwidth, intermodulation (IM) products,
caused in the output stage of the arbitrary generator and the other components in the
signal chain, occur. For that reason, the sampling frequency and filter characteristics
are chosen so that all interesting distortion products from the ADC (2", 31
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harmonics, and 2™ order IM-products) will fall in the range below the band pass
range. The 3" IM products have frequencies near the three input frequencies and
would, hence, not be measurable without further improvements in generating the
signals. To overcome limitations of measuring the 3™ order IM products, a pre-
distortion was used to obtain spectrally pure three-tone signals for the measurement.
Generally, output signals from the generator contain unwanted components
(harmonics, IM products and spurs). The idea behind pre-distortion is to add signals
to the wanted signals so that the output from the generator will be distortion-free. The
implemented method is further described in [20, 21] and is based on iterative
algorithms and spectrum analyzer measurements.

2.5 Comparing Different Stimuli

Since the purpose is to characterize a high-speed ADC in a high performance test-
bed, the ramp and exponential stimuli are of less importance. However, from a more
general point of view it is interesting to study the performance for different stimuli,
both existing stimuli and potential future stimuli. The ADC histogram test method is
considered as an estimation problem in which the task is to estimate an arbitrary
transition level T [k] based on the ADC output. The statistical efficiency of an
unbiased estimator can be evaluated by comparing its variance with the
corresponding Cramér-Rao lower bound (CRLB), which is an objective estimator
performance bound. An estimator that attains the CRLB is said to be efficient in that it
efficiently uses the data [15]. In [Paper I], the CRLB and a minimum variance
estimator (MVE) for histogram tests with an arbitrary stimulus were derived.

2.5.1 Cramér-Rao Lower Bound

Assume an arbitrary stimulus s[z] at time instant #, that is S=s[#n], where S in a
stochastic variable described by its pdf fs(s). For example (8)-(9) use the truncated
Gaussian case. Histogram tests are static and thus the resulting histogram only
depends on the amplitude values of the stimulus, and not the order. A Bernoulli
model (which is an experiment whose outcome is random and can be either of two
possible outcomes) can describe the estimation of a transition level 7 [k] by histogram
tests. It is assumed that the stimulus sequence s[n] for n=0,...,N-1 is a sequence of iid
random variables. The stochastic variable S has a probability p; of not exceeding 77,
given by the probability distribution function of the stimulus signal. That is py= F(T})
=Pr(S < Th).

In [Paper I], a minimum variance estimator g ( p;, ) of the transition level T [k] was
derived. For a stimulus with a given F(7 [k]), it was shown that the estimator given in
(14) is asymptotically unbiased and optimal in a minimum variance perspective.

Tlkl=g(pr)=F (). (14)
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Moreover, the expression (15) is the Cramér—Rao lower bound for unbiased
estimators of the transition level T [k], subject to an arbitrary applied stimulus in the
histogram test.

1 F(T[kDI - F(T[k])]

CRLB(Tk]) = v FTTR]?

) (15)

where f(T [k]) is the derivative of F (T [k]).

The derivation above is for an arbitrary stimulus. In [Paper I], the universal
expression in (15) is applied with four different stimuli; sine wave, ramp, noise and
exponential, respectively. In [22], [23], and [VIII] the CRLB for the special cases
sine-wave and Gaussian noise (not truncated) and truncated Gaussian noise were
derived, respectively.

The results in [Paper I] are strictly a theoretical comparison between different
stimuli. As a complement, [Paper II] presents a metrological comparison between
Gaussian and sine-wave histogram tests for wide band applications.

2.5.2 Metrological Comparison of Different Stimuli

The focal point in [Paper II], as well as in the foregoing conference paper [1X], has
been to examine to what extent a single characterization by white Gaussian noise can
be useful as a characterization over a frequency band as an alternative to several
single-tone characterizations. The objective was to evaluate the different stimuli so
that the test procedure could be as efficient as possible to find an appropriate
characterization for post-correction based on look-up tables. The evaluation is based
on measurements on the ADC given in Section 2.3.

The first aim was to characterize nonlinearities in ADCs. The results show that
both methods gives reasonable accuracy in characterizing the integral non-linearity. A
second aim was to use the obtained information to correct for distortion. By
correcting for nonlinearities, the harmonic distortion is supposed to be reduced.
However, there is a problem using the error model based on sine wave input signals.
The correction is based on a look-up table that is trained for a single frequency only.
This will result in inferior performance for signals with other frequencies. Figure 3
illustrates this phenomenon. A 130 MHz sine wave is corrected with a look-up table
trained by every tenth megahertz from 120 MHz to 200 MHz. Without any post-
correction the THD is —71.5 dBc. All models will improve the THD, and as expected,
the best result is from a model trained on 130 MHz.

In order to study how much the THD depends on the training frequency. The
outcomes of 81 post-corrected signals are compared in Figure 4. Each of the
frequencies 120-200 MHz was used to train a look-up table. Thereafter, new signals
from all frequencies are post-corrected. On the x-axis is shown the difference
between training frequency and signal frequency. On the y-axis is the improvement in
THD. A mean value is added to illustrate a trend. However, the number of data is few
and it is rather spread. Consequently, the mean value is just a trend and should not be
considered as an exact value of improvement.
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Figure 3: THD for a 130 MHz signal post-corrected by look-up tables trained by
frequencies from 120 MHz to 200 MHz (solid line). THD without post-correction
(dashed line) is printed as a reference.

As can be seen from the figure the compensation performance is reduced by 4.5
dB when using a model trained by a frequency other than the signal frequency. The
model seems to be narrow banded. On the other hand, the distance from training
frequency does not seem to be of importance. A similar evaluation is performed in
[24] with lower frequencies, and with SFDR instead of THD as figure of merit.
Despite these dissimilarities, both studies point out frequency dependency in the
dynamic performance by using this method.

The implication of the above results is that a broadband model is needed to build a
look-up table. Two different methods are used and compared to each other and the
previously described single-tones models. First, an additional look-up table was
trained with all the frequencies, and in such a way to define a broadband model. In
Figure 5, the obtained THD improvement is compared with the results from the
single-tone models. Since their performance is frequency dependent there will be an
interval for each frequency. The bars in Figure 5 are intervals in which the upper
value is the THD improvement from the model trained by the same frequency, and
the lowest value comes from the least-fitting model. One may see that the broadband
model (solid line) always appears in the upper half of the interval with an
improvement of 4-11.5 dB, and it is often close to the top value.
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Figure 4: The difference (x-axis) between the training frequency and the actual
signal frequency affects the improvement in THD (y-axis). A trend curve (solid line)
is used to illustrate the dependency.

Secondly, a look-up table was trained by the noise signal. The evaluation follows
the same principle as with multiple single tones and the result is presented as a dashed
line in Figure 5. One may note that the performance is inferior compared to the
performance of the previous model. In fact, in most cases it does not even reach the
performance of the least fitting single tone model. Thus, the preferred stimulus to
reduce distortion (7HD) in wideband application is multiple single tones since the
result is superior to Gaussian noise as well as all single-tone characterization

15



Improvment in THD

o
. ]
| N

|
! o
aalesp— 1 O
//, «

>

'S,
CNIE
:::,Y?_- 3
AR B
=1

N e o
I
170

S
|
|
I o
re- b3
W
.:¢+\F\\m
4
| o
]
S o
Y8
[ )
[ ]
___o1_18
| —
|
|
! 3
N O

(8p) @H.L uruawaoidwy

Frequency (MHz)

Figure 5: Post-correction based on LUT trained with all frequencies (solid line) and
LUT trained with noise (dashed line). The vertical bars are the improvement interval

for SHT trained by single frequencies.
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3 Models

A model turns out to be useful for investigating the ADC under several operating
conditions during the main phases of development: design, evaluation, and
improvement. In ADC evaluation, modeling is mainly used to analyze the impact of
error sources on the metrological behavior. In ADC improvement, the error
occurrence is predicted in a range of operating conditions as wide as possible in order
to compensate for error-source effects and correct deterministic errors [25].

Models can be classified according to the abstraction level. Electrical models
describe the ADC at the level of electronic components, and a macro model is at a
simplified level (such as e.g. Thevenin or Norton-based). Behavior models do not
take into account the physical realization of the ADC. The device is characterized by
input-output analytic or numerical relations, without going into the depths of the
internal structure. Behavioral models are further classified according to their
flexibility in: (i) table models, (ii) explicit models and (iii) implicit models.

Table models memorize the input-output characteristic in a look-up table. This
strategy turns out to be effective in the verifications following the design, but it is
considered to be rigid. In other words, for the specific ADC under analysis, each
variation of model parameters requires a new table generation, i.e. minimum
flexibility. Moreover, the look-up table implementation requires significant time and
memory space.

Explicit models describe the ADC behavior through an analytical relation in a
closed form which is easily represented in a programming language. However, this is
also their main limitation because easy software packages are not always immediately
available. The main advantage of explicit models is the possibility of introducing
suitable parameters in the analytic relations to describe different working conditions.
This makes the model structure flexible, though it is not easy to leave the specific
ADC architecture out of consideration.

An implicit model characterizes the converter either in the time or frequency
domain by differential equations with suitable parameters to account for different
architectures as well as device classes. They allow the maximum flexibility in the
description of the ADC behavior because they can be oriented to the design of a
specific converter or a particular architecture. More generally, a whole class of
devices can be described by parametrizing the model as a whole and by assigning
from time to time the parameter values according to the ADC under analysis.

In behavior modeling the input and output relationship is described as a parametric
or non-parametric relation without considering the internal structure of the device
under test (DUT). Look-up tables are one example of a non-parametric model, while
a polynomial is a parametric model. A model can be either static or dynamic
depending on whether the model includes memory effects in the DUT. For an ADC
used in RF applications a dynamic model is required. Furthermore, an ADC has a
non-linear behavior, so a non-linear dynamic model is required to model an ADC at
radio frequency.
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There are a large number of available model structures for dynamic non-linear
models, such as different kinds of box-models, non-linear feedback, non-linear
polynomial state-space [26], Volterra series, or LUTs. The box-models and Volterra
will be further described in this chapter.

In this chapter, commonly used dynamic non-linear model will be described in
Section 3.1. An ADC has been characterized by measuring the Volterra kernels,
which is presented in Section 3.2. In Section 3.3, a dynamic /NL model is presented,
and a method to estimate the model parameters is given in Section 3.4. Finally, the
ADC has also been characterized with a Kautz-Volterra model. The results are
presented in Section 3.5.

3.1 Dynamic Nonlinear Models

3.1.1 Dynamic Look-up Tables

ADC post-correction using LUT was the first method proposed besides dithering.
There are two different types of tables that are considered: the phase-plane [7] and
state-space [5, 6]. In a phase-plane approach, the error is related to the amplitude and
slope of the input. For the state-space approach, the error is related to the current
sample amplitude and the previous sample amplitude. In [3, 27], a further
development of the state-space method is suggested in which a generalized approach
is taken with full flexibility between the dynamics (that is, the number of delayed
samples) and the precision of each sample. Thus, the size of the multidimensional
look-up table is kept at a reasonable, predetermined number. However, these methods
are burdensome considering the time it takes to train the entries of the LUT as well as
the requirement on the memory size.

3.1.2 Volterra Models

Volterra theory can be used to describe causal nonlinear time invariant dynamic
systems with fading memory [28]. The Volterra series can be said to be a “Taylor
series with memory” and Volterra theory is applicable in systems in which the
nonlinearities are small compared to the linear term. Time-domain Volterra models
have been used for modeling ADCs (e.g. [29]) and for ADC post correction (e.g.
[30]). The Volterra series describes the relation between the system’s input v[¢] and
the system’s output y[¢] as

y[t] = i Ynlt], (16)

where
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Figure 6: Block diagram representations of: (a) the Wiener model (upper left),
(b) the Hammerstein (upper right), and (c) the parallel Hammerstein model.
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with Z,[ty,...,T;] being the i-th order time domain Volterra kernel. The i-th order
frequency domain Volterra kernel, Hj[si,...,s;], is obtained by the Laplace transform
of h,'[tl, ...,t,'].

A couple of drawbacks of Volterra models are the high number of parameters and
the involved computational complexity. To deal with these difficulties, special cases
of the Volterra model, such as Hammerstein and Weiner box models, are thus used,
although they do not have the general properties of a Volterra model.

An extension of the Volterra model is to use of a Kautz-Volterra (KV) model to
characterize an ADC. The model uses orthonormal basis functions, or so-called Kautz
functions [31]. The KV model has the same general properties as the Volterra model,
but the number of parameters can be significantly lower. A Volterra model is based
on FIR filters; a KV model uses IIR filters and in practice can be used for systems
with longer memory effects [32]. Kautz-Volterra models have been successfully used
for modeling power amplifiers [33, 34] and for digital pre-distortion [34, 35].

3.1.3 Box Models

Two commonly used box models to describe a dynamic nonlinear system are the
Wiener—model and the Hammerstein-model. Both methods separate the dynamics
from the nonlinearity. A Wiener model is represented by a linear filter H[ @] followed
by a static nonlinearity N[-] see Figure 6a. The Hammerstein model is given by the
same two blocks but in the opposite order, see Figure 6b. The parallel Hammerstein
model is an extension of the ordinary Hammerstein model as depicted in Figure 6c¢.
The difference between the ordinary model and the parallel structure is that the
contributions of different orders 7 are now filtered by different filters, Hj ],
respectively.
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The models developed in this thesis are built on discrete time signals. Thus, the
frequencies used are

w=ond (18)

e

where f'is the absolute frequency and f; is the sampling frequency. However, some
results are presented as function of the absolute frequency.

3.2 Measuring Volterra Kernels

[Paper III] and the foregoing conference paper [XII] describe how frequency
domain Volterra kernels of an ADC are determined. Memory effects are seen as
frequency dependence, and the frequency domain Volterra kernels, thus, are measures
of nonlinear memory effects. The Volterra kernels were determined using a technique
in which the ADC is excited with three-tone signals. The technique is a similar to
previously reported ones [36, 37]. In [36, 37], a multi-tone signal was used, which has
the advantage that the Volterra kernel is determined in many points simultaneously.
The frequencies of the multi-tone signals must be chosen with care; Volterra kernels
of different orders cannot have output signals with components at the same
frequency. A disadvantage of using multi-tone signals is that the peak-to-RMS ratio
of the signal is high. This is particularly undesirable in ADC testing. The reason is
that an ideal test signal for ADCs excites all transition levels equally. However, this
can be resolved by adjusting the phase for the different tones to achieve a lower peak-
to-RMS ratio [38]. Instead a number of three-tone signals were used, where each
three-tone signal has a unique set of frequencies for the three tones.

The sampling frequency was close to 175 MHz and the signal frequency range was
63.6 - 74.7 MHz. Two frequencies were kept constant — one close to 67.0 MHz and
one close to 70.9 MHz. The third one was stepped in the given frequency range.
These frequencies result in trajectories on two surfaces in the f1,/2 — plane: one surface
for harmonics and one for IM — products.

The results show no obvious relations between H;[f] and H,[f1, /2], and the latter
has a more pronounced frequency dependence, while the former show insignificant
frequency dependence. In other words the memory effects of the linear term and those
of the 2™ order term are of different character.

Nonlinear response functions can be described by networks of static nonlinearities
and linear filters [39]. Different box models (see Section 3.1.3) give Volterra kernels
of different symmetry. We analyze the symmetry of the H,[f}, /2] and compared the
measured results with the expected symmetries from Wiener and Hammerstein block
models. The determined H,[f}, /2] of the ADC has, the symmetry properties of a
Hammerstein system. However, when comparing the second order Volterra kernel
Ha[f1, f2] with the first order Volterra kernel H;[f]. The linear filter of H,[f] and
Ha[f1, f2] cannot be the same. We therefore suggest a parallel Hammerstein model for
the tested ADC, as shown in Figure 6c.
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Figure 7: Exemplary measured INL from a 12 bit commercial ADC.

3.3 Dynamic INL Modeling for ADC Characterization

Based on the promising results in Section 3.2, employing a parallel Hammerstein
model on ADC characterization by [Paper I1I], the model will be used throughout this
section in order to analyze and compensate for the nonlinear dynamic parts of ADC
integral nonlinearity. Note that the linear filter H;[ @] can be considered as constant,
which corresponds to the gain G in (2). The INL is defined after correction for gain
and offset, thus a dynamic /NL —model may be found from the parallel Hammerstein
model where the linear filter H)[ @] is excluded.

However, in order to fully describe the behavior of a nonlinear system using
Volterra kernels or a box-model, the transfer function must be continuous, which is
generally not true for an ADC (see e.g. Figure 7). Thus, an alternative representation
1s needed.

In Figure 7, a typically measured INL from a commercial ADC is plotted. As is
evident from the plot, the behavior is a combination of a smooth wave or polynomial
curve and a prickly saw-tooth wave. In the following analysis, the INL will be broken
up in two components; one represents the smooth curve and one represents the
prickly saw-tooth wave. The INL is then described as

INL[k] = HFINL k] + *“FINL[k], (19)
where the first term is the contribution by the, so called high code frequency
component and the second term by the low code frequency component. In [40], the

static /NL model was expressed as a one dimensional image in the code & domain
consisting of the two components. The smooth curve was called a low-code
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frequency, LCF' [41] component (“““INL[k]) and was represented by a polynomial
approximation:

LCFINL[k] = hy + lk + hok® + ... hgk", (20)

where the /;’s are the polynomial coefficients and L is the order of the polynomial.
The parameters 4y and 4, are typically set to zero due to the fact that /NL is calculated
after a correction has been made for gain and offset errors [8]. The high code
frequency component (“““INL [k]) is caused by a significant deviation from the mean
value of the differential nonlinearities. In [XIII], the high code frequency component
was further divided into two parts — “““INL [k] and “***INL [k], respectively. The
former term, “““INL [k] (hereafter denoted HCF), depends on the physical design of
the component (designs such as pipeline, successive approximation or any other
structure) and is modeled as piecewise linear [40] [XIII]. The latter component,
NotserNTT, [k], is the part of INL that can not be described by an equation. Thus, the INL
model in (19) is refined to

INL[k] = TP INL[E] + Y“FINL[k] + N INL[k]. Q1)

A static model of an ADC and in particular the corresponding /NL[k] is in general
not sufficient to accurately describe an ADC in a wideband application. Hence, the
dynamic behavior also needs to be included in the model, which can be done by
adding amplitude information from either previous sample amplitudes or estimates of
the input slope (state-space and phase-plane modeling, respectively). In the present
work, a frequency dependent /NL model is employed. The dynamic behavior of the
INL can alternatively be described as a frequency dependency; that is, different sine
wave test stimuli result in different /NL data. The measurement span over the test
frequencies in a grid{ fi,..., fir } . The frequency variable will be denoted by the

variable m (m = 1,...,M). In order to stress the dependency of some of the
components in (21) on the stimuli frequency (21) is rewritten as

INL[k,m] = HPINL[E]+ “CFINL[k,m] + Y INL[k,m]. (22)

The main purpose of the model (22) is to use it for post-correction. The structure
of the components of the model may, to some extent, be affected by the goal of
finding a dynamic model that is easy to train and simple to implement. Even though
the behavior models are black box models, the arguments for having a static HCF can
be justified based on some knowledge of the ADC design. The hardware structure of
an ADC consists of two sections. First is an analog signal processing section with an

' To understand the meaning of low frequency code, consider that the code axis
represents a time axis. Accordingly, low-code frequency means slow variation over
the codes.
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amplifier and sample-and-hold circuits followed by a section that performs
quantization. The high code frequency component, HCF, mainly represents the
imperfections in the quantizer, which are (at least in a first approximation) static and
thus depend on the code & only and not on the test frequency. One favorable feature
of considering the high code frequency component to be static is that the size of the
look-up table will be minimized. The low code frequency component, LCF, is a
parametric model. Hence, it can be compensated by computations.

The LCF is described as a nonlinear dynamic model. The linear term shows no
frequency dependence, thus the filter frequency function H,[ @] can be considered as a
constant for an ADC. Note that with H{w]=h, the parallel Hammerstein model
reduces to the polynomial model in (20).

In order to fully describe the behavior of a nonlinear system using Volterra kernels
or a box-model, the transfer function must be continuous, which is generally not true
for an ADC (see e.g. Figure 7). However, the LCF is a continuous function by
construction. Moreover, LCF is the dynamic component in the /NL-model. Thus, a
parallel Hammerstein model is suitable as a model structure for LCF, while the non-
continuous behavior is modeled by the remaining HCF and “**“INL[km],
respectively. The complete block scheme is given in Figure 8. The high code
frequency component HCF depends on the code k only, and not on the test frequency.
Further, HCF is, as in [Paper VI], assumed to be piecewise linear in the code £; in
other words, it is described by the first order polynomial aj+ak within a limited set
of neighboring code values k,—1 < k <k,, which is denoted as the code interval K,,.
The ““FINL[k] is thus modeled such that

HOFINL[E] = o [p] + on [p)(k — ky1 ), (23)

where p refers to the ordered code interval
K, {klk,y <k <k,}, (24)

where p =1, . . ., P. The initial value of & is given by ky = 1, and the upper end
point is, by definition, k» = 2". Typically, the number of intervals P is small
compared with the total number of codes, P << 2V—1; see, for example, the INL curve
given in Figure 10.

Two different post-correction methods based on the theories given in this section
were presented in [42] and [XIII], respectively. In both papers the different
components, LCF and HCF, were post-corrected separately and the dynamics were
concentrated to the low-code frequency component.
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k[n] k?[n]
— —» Hy[w]

N[-]

K [n]
—» H[w]

> o[ 1+ [1](k-ky)
—» a[2]+ou[2](k-ky)

—»| aolpl+aipl(k-k,)

Figure 8: A block scheme over the complete /NL model. The non-linear block N[-] is a
polynomial.

In [XIII] the magnitude response for the two filters H,[ @] and His[ w] were plotted
(see Figure 9) for the ADC used. The results are based on simulation. The ADC is
characterized over the frequency range 10 — 90 MHz, which gives an 80 MHz
bandwidth, which is slightly less than 80 % of the Nyquist frequency. From the
figures it is clearly observable that the parameters obtain a frequency dependency,
similar to a second order system with complex-valued roots. From Figure 9, one may
note that the magnitude of the coefficients increases at frequencies above 70 MHz.
This is in accordance with the data sheet, where the SFDR starts to decrease at that
frequency.

The HCF is estimated to be piecewise linear. The code intervals K, are chosen
manually from the graph in Figure 10.
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Figure 10: The "“FINL[Kk] (black line) is estimated from the "“*INL’ [k] (grey line),
which is a combination of "FINL[k] and e[k]
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3.4 A Closed Form Solution to the Estimation Problem

In [Paper VI] and [XV], the dynamic characterization of an ADC, when using a
plurality of test frequencies in the measurement set-up, was considered. The LCF and
HCF are parameterized and a least-square method was derived for the estimation of
the parameter values from the obtained measurements. A closed form solution to the
estimation problem was derived. The HCF is assumed to be piecewise linear in the
code £k, that is described by (23) and (24). Accordingly, there are P sets of polynomial
coefficients{ g [p],aq [ p]}, which are gathered in the parameter vector # of size 2P.

That is,

ao[1]
o [1]
n=| * | (25)
o [ P]
a [P]

The parameter vector 7 in (25) describes the local gain and offset in /NL for the
different code intervals K,,. As previously mentioned, this part of modeling the /NL is,
at least approximately, independent of the input test frequency. The LCF models the
remaining dynamic behavior of the /NL. The LCF is modeled by a polynomial of
order L (20). Consider the signal model

LCFINLk,m] = f[k]F 0tma, (26)

T

where T denotes transpose. In (26), the vector #im1 = (ho (m1 - hg [m]) is

the parameter vector (that is, 6[m] is possibly dependent on the test frequency as
T

indicated by the argument m) and f[k] = (1 k- k:L) is the regressor. For a

single set of INL-data obtained for an arbitrary test frequency f, determined by the
integer m

INL[1,m]
Ym = : : 27
INL[2Y —1,m)|

We introduce (where p spans p=1,...,P)
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8y = 5 (28)
1k, — k1

with the convention that ko= 1 and kp = 2°. Further, introduce the Vandermonde
matrix f of size 2"—1xL+1 given by

f= : : . (29)

Then we may put the /NL on a vector form as

Ym =gn+kfimi+e,, (30)

where # is given by (25), respectively. Here, g is introduced as the block diagonal
matrix with the ¢,’s defined by (28) on its main diagonal, that is
g = blockdiag(gs,...,9p).

For M sets of test frequencies we have to augment the model in (20) by
incorporating the multiple data sets {yy,...y)s }and expanding the parameter vector
with the m-dependent components, that is

n
Y1 g f 0(1) €
D=1 ' et (31)
Yu f ey
VM) (8 oMy )
y [GF] T ©
v

The least squares (LS) solution is given by
G F|

In [Paper VI], it is shown that the above LS solution can be separated into one
solution for n# and one for #. Moreover, the complexity of the LS solution is
significantly reduced by exploiting the spares structure of the involved matrices.
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h=(g"mg)  g'my. (33)

Ormr = (£78) €7 (y,, — &), (34)
where
1 M
mo= T —f(£7) 7 f7 (36)

We note that (33) is a linear combination of the sum of the data. Regarding
(34), one may note that this is the least-squares solution to the de trended

datay,, — g7

3.5 The Kautz-Volterra Model

Volterra filters are simple to use and have nice properties. For example, they are
linear in the parameters, and thus standard and well-behaved parameter estimations
techniques can be applied. However, the need of intensive computational schemes
limits their practical use. This is mainly due to the slow convergence of a huge
number of coefficients that must be estimated in order to calculate the kernels. The
output yi(n) of a discrete-time time-invariant truncated O-th order and memory length
M Volterra model with input sequence v(n) is

M
Yy (N> = Zh1<m)v(n—m)
m=0
M M
+Z 2 hy (my,mg )v(n —my)v(n —my)+ - ,(37)
my=0my=my
M M

+Z 2 ho (my,...,mo)v(n —my)---v(n —m)

m=0 mp=mp_;

where h,(mj,...,m;) are the i-th order time domain Volterra kernels. The i-th order
frequency domain Volterra kernel H,[z] is obtained by the Laplace transform of
hi(mj,...,m;). Thus, the H,[z] is a linear FIR filter, H,[z] is a quadratic FIR filter, et
cetera. Previous work such as [32], interprets (37) as a filter bank of M+1 linear
filters (filter i is defined as G[z]==""" ) followed by an M+1 input, static nonlinear
Volterra system. In order to reduce the number of coefficients caused by high model
order O and memory length M the Kautz-Volterra model pre-filters the input signal
v(n) with orthonormal IIR filters, where the poles are chosen according to a priori
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knowledge of the system properties. By judicious choice of the filters, a model with
good accuracy can be achieved with a small number of basis functions. The KV
model of order O is defined as

S o

Yy (N> = Zblzvlj >+ Z Z bj j, T2 j, (MO Ty j, (M + -

n=15=7
- ED

+Z Z Z by jo 0.5, (MO Lo g, (MO =++Tg j, (N

a=1np=5  Jjo=Jo-

where J; is the number of basis functions for order 1, ef cetera, and x;;(n) is the
i-th nonlinear order output of the filter G;; exited by input signal v(n).

j_1(1—52)<1—§*z) ,
LJ - 1- 7S] : * ; q*’ dd
=S -S g T e rey 7°
q=1

i=1(1 - - &
G, (2> = 41— &) Z<Z_6j>* 1 qu)(l gq*z)7 | even
O e Rl sy 1 s A

q=1
j=12..,J
6 =(&+&)/(1+&¢)

(39

where & and &', are the complex-conjugate poles-pairs of order i.

The notation J=[J; J> J;] is used for the number of basis functions of the respective
order in the experiments and denote the poles &=[p;, p2, p;]. The KV model could be
used with several poles per order (see (39)); here, one complex pole-pair per
nonlinear order is used. If all the poles are at the origin (§=[0 0 0]), the KV model
becomes the Volterra model, and if J=[1 1 1], it becomes a polynomial model [34].
For the ADC under test a third-order model is used.

If the poles in § are known, the constants b;... can be identified from v(n) and the
experimental output y(n), using standard techniques for system identification, i.e.
minimizing the mean square error of the experimental and model outputs e.g. [43,
44]. The optimum poles, in a mean square error sense, were found as follows. First,
determined p; was determined with the quadratic and cubic set to zero; then, p; were
fixed and p, was determined with only the cubic term equal to zero; and finally p;
were determined with p; and p;, fixed.

Three-tone signals (Section 2.4.6) were used as input signals, v(n), for
identification. The sampling frequency was close to 175 MHz (174997504 Hz) and
the signal frequency range was 63.6 - 74.7 MHz.
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Figure 11: Show variations in the NMSE due to the position of the third-order pole

placement. The optimal placement of the pole was found at —0.7+0.7j and gave an

NMSE of —50.3 dB (here normalized to 0). The identification of the KV model was
performed based on a three-tone signal at fixed frequencies.

The results are based on twenty independent sets of three-tone signals as input
signals. For the linear and second order non-linearity, the dynamic effect was
negligible; but for the third order nonlinearity the improvements was significant. The
optimal pole placements were found close to the unit circle. In Figure 11, the pole
placement for a single set of three-tone stimulus is shown. The optimal placement of
the pole was found at —0.740.7j, which implies a resonance frequency at 65.6 MHz.
In [XIII], similar results were achieved when the same ADC was characterized by a
single-tone signal with a step-wise increased frequency as stimuli (see Chapter 3.3).

It was also shown that the optimal pole placement can be considered to be
frequency independent in the used bandwidth.

A choice of the ordinary Volterra model, i.e. choosing &=[0 0 0], would have
resulted in a more complex model structure compared to the proposed structure due to
a higher memory length.
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4 Model-Based Post-Correction

Post-correction can be divided into two different methods. One method is to use an
inverse model and the other is to add a correction term. When using LUT for post-
correction the two methods are often denoted replacement and correction,
respectively. The inverse model corresponds to replacement. The output code from
the ADC is a table index. The code addresses a memory where the memory value of
that address is an estimate of the analog input. The index can also be compounded by
one or more previous samples (see Figure 12). If the current and previous samples
together constitute an address in the correction table, it is called state-space
correction. If the current and the difference between the current and previous sample
(the slope) constitute an address, it is called phase-plane. Also, a more complex
alternative has been presented [3, 27].

Figure 12 can also represent a correction method based on inverse models. In other
words, the method is based on some mathematical system model and its inverse.
Typically, a model is characterized for the DUT. The model gives an approximation
of the input-output signal relationship. An inverse — possibly approximate — of the
model is calculated thereafter. The model inverse is used in sequence after the ADC,
hence operating on the output samples, in order to reduce or even cancel the
unwanted distortion.

Instead of replacing the output code from the ADC, one can add a correction term.
See Figure 13. In post-correction using LUT, the output sample (possibly together
with previous samples) addresses a correction term instead of an estimate of the input
as in the replacement method. The correction term is added to the output code. In
model based post-correction, the post-correction term is computed from a
mathematical model. The correction term is added to the output code. In a static post-
correction, the correction term corresponds to the /NL.

The outline of this chapter is as follows. In Section 4.1, it will be explained how
the models obtained in Chapter 3 can be used for post-correction. Further, in Section
4.2, the maximum achievable performance improvements for a model-based
post-correction are presented.

4.1 Post-Correction Based on Parametric Models

The choice of post-correction method is dependent on the ADC modeling. A
model designed to express the input-output relation of the full ADC is suitable for a
post-correction based on an inverse model, while a model describing the deviation in
output code between a practical and ideal ADC is intended to perform post-correction
by adding a correction term.
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Figure 12: Post-correction by using an inverse model of the ADC.

Two appended papers [Paper III, Paper VII] model the behavior of the full ADC.
These models can thus be used to generate an inverse model, which will be used in
sequence after the ADC. However, when generating an inverse model of a dynamic
nonlinear system, the memory depth of the inverse will be longer than the direct
model, or truncated. An alternative method is to identify the inverse model directly,
which is done in e.g. [45].

The Kautz-Volterra model, in [Paper VII], has properties that are favorable for
generating inverse models. It is shown [46] that small memory effects in the linear
term cause the poles of inverse and direct models to be the same. Consequently, the
KV model might be particularly suitable for post-correction by using an inverse
model. However, until today, no results have been published based on an inverse KV-
model post-correction.

The [Paper III], the measured Volterra model was compared with different box-
models, where the parallel Hammerstein model was the preferred model. The
Volterra model itself has not been aimed for post-correction. Instead, the parallel
Hammerstein model has played an important role in building an error model of the
ADC aimed for error correction. In addition to the parallel Hammerstein model,
complementary components used to describe non-continuous behavior are used in the
full ADC error model (see Section 3.3). The approach is to build an error model of
the ADC, and estimate a correction factor to be added to the ADC output to cancel
the unwanted distortion by Figure 13.

4.2 Performance Analysis

The purpose of post-correction is to improve the performance for a system in
which ADCs are used. Commonly used figures of merit are THD, SFDR, and SINAD.
For a model-based post-correction based on the model structure described in the
previous section, and given that all model parameters are estimated, questions of
relevance include: What are the achievable performance improvements for these
figures of merits? How advanced must the post-correction method be to meet the
demands for the system?
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Figure 13: Post-correction of an ADC by adding a correction term. The block G
includes analog pre-processing, sample and hold, and quantization.

In the following section the relationship between a given /NL-model and the ADC
performance is formulated, and, hence, the potential of improvement of an optimal
post-correction. Below, the influence of the three terms in (22) on the ADC
performance measures are investigated separately. By gradually correcting for each
INL-term the performance will improve step by step. We consider the case when a
multi-term dynamic model of the INL (such as (22) above) is available, and is used
for post-correction.

The term “*’INL [k,m] in (22) is modeled as noise throughout the thesis so that
Neise NI [k,m] = e[k,m] is assumed to be zero mean independently identically
distributed noise both in the code £ and in input frequency m. The general relation
(22) is accordingly reduced to

INL[k,m] = CFINL[k,m]+ HFCINL[k]+ e[k,m]. (40)

In [Paper IV], the different components are described in more detail, as well as
how they affect the performance of the ADC. For a given INL, static or dynamic, the
performance (such as THD and SINAD) of the ADC will be affected. Using post-
correction can minimize the amplitude deviation, and thus improve the performance
of the ADC. In the following section the relation between a given /NL-model and the
ADC performance is summarize, and, hence, the potential of improvement of an
optimal post-correction. Below, the influence of the three terms in (40) on the ADC
performance measures are investigated separately. By gradually correcting for each
INL-term the performance will improve step by step.

The low-code frequency component is a weakly non-linear dynamic transfer
function given by the block diagram in Figure 6c¢. Since its transfer function is a
polynomial, LCF will mainly affect the harmonic distortion such as THD, but also
SFDR since the 2™ and 3™ harmonics are usually the limiting spurs in SFDR. To get a
measure on how the ADC performance depends on this component, an evaluation in
the frequency domain is done.

For simplicity, but without loss of generality, the analyses are performed in
continuous time. Let the time domain input v[¢] to a static nonlinear system be a unit
amplitude cosine

33



J2m ot —J2 fot
v[t] = cos2mfyt = ¢ —;6 ) 41

where ¢ is the absolute time. The harmonic distortion on the output x[¢] of a static

nonlinearity like the LCF driven by input v[{] is given by a combination of (41) and
(20). That is

J2mft —J27 fot J2mft —J2m fot 2
R e e
(42)
X [ej27rf0t 4 emi2mht ]L
+..+h
2

The even exponents produce harmonic distortion products at the DC level and on
even multiples of the fundamental frequency. Odd exponents will result in distortion
at odd over-tones. For example the third order component reads

. [eﬂﬂfot n e—jQWﬁ)t ]3 , [6j3~27rf0t + 6—j3~27rf0t + 3(6j27rﬁ)t + 6—j27rf0t>
3 = N3

2 8 ] (43)

= hy (icos&rﬁ)t + %cos27rf0t)

The resulting output of the parallel Hammerstein model y[f], where the static
constants /,1s replaced by filters H{ w], reads

ylt] = Ay + A cos(2mfyt ) + Ay cos (2 - 27 fyt)

; (44)
+...4+ A cos(L-2mfyt)

where the amplitudes 4, are given by

NI AR

Z[ +(2 )]2¢_1 i—q{Hildh] gqeven
i=q

A = ; : (45)

L(1—(=1)7) 1
Z[ (2 ) JQi—l i—qu[%] godd
1 2
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For a pure sinusoid input signal, the amplitude A4, is the fundamental tone and all
Ay, where, g # 1 are distortion products. Thus, the figure of merit THD (and
eventually SF'DR) can be expressed as a function of the amplitudes, THD=f(4,)

From the results in [Paper IV], the THD from the low code frequency component

1S
2
Do1AL
LOFPHD = 201ogy | ~L—o . (46)

A

The SFDR is normally limited by the second or third harmonic given by (45).

The SINAD is the ratio of the signal to the total noise. Unless otherwise specified,
it is assumed to be the ratio of RMS signal to RMS noise, including harmonic
distortion, for sine wave input signals. To study the effects of LCF, SINAD is
evaluated from the frequency domain.

Both the signal and the total noise can be determined from the discrete Fourier
transform (DFT) of data records. Let E[w] equal the residual spectrum of Y[w] after
the bins at @w,= 0 (DC) and test frequencies, @; and (@s-®;), have all been set to zero
(excised from the spectrum). Then the RMS noise is found from the sum of all the
remaining Fourier components,

N[ =

rms noise = 47)

/NZLIE[%]IQ

L
N

The contribution to the noise from LCF is ““* THE. The noise will thus be reduced
to

1

2|2
[lE wm Z'AL| ]

L

N-1
ms noise = (48)

m=0

The effects of the high code frequency component on THD and SFDR can be
evaluated in the frequency domain, these components can be described by a transfer
function with an amplitude dependent piecewise constant amplification. How this will
affect the harmonic distortion can be found from its DFT.

The effects of the high-code frequency component on SINAD is evaluate based on
the results from [47], where the maximum achievable SINAD for a B-bit ADC is for a
floating-point post correction given by (49)
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22B
SINAD — I (49)
1+3- DNDhys

where DNLgys was developed in (6)

In [48], (49) was further developed to include a correction algorithm with a fixed-
point resolution for correction values.

Assume that the errors due to the low code frequency component have been
eliminated. That will give us from (40) the remaining INL[k] to be “““INL [k]

HCEINL k] = HOFINL k] + elk]. (50)

The differential nonlinearity DNL[k] is found in equation (7), and since{e[k]} are
random variables independent and identically distributed, DNLgys yields

289
1
DNLgys = 55T > DNI’[k] =
k=1
o .6
2311 Z HCFDNL2[k] + ET?”OTDNLQ[k]
k=1

where “““DNL[k] and “"'DNL[k] is the DNL[k] related to “““INL[k] and e[k],
respectively. The potential for improvement from HCF is thus,

P {al[p]Q (&, — k’p—l)} +
1

52| [colpl—aolp—1]- 1. 62
4=l
! al[p—l](kpq—l—kpﬂ)

HCFDNLRMS —

2N

The improvement in terms of SINAD is given by inserting (52) into (49).

The third component in (40) is considered as a zero mean, independent, identically
distributed noise. Thus no harmonic distortion can be expected; only non harmonic
distortion is present. The effect on THD will be zero, and this component affects
SINAD only. The potential for SINAD improvement is [47]

22N
SINAD = _ — (53)
1+ 3. """ DNoys

and the RMS value of DNL was introduced in (6).
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5 Discussion

Modeling analog to digital converters at radio frequency is the overall topic of this
thesis, where the models are nonlinear dynamic behavior models aimed for post-
correction. The content of this thesis includes the entire chain from design of test-bed
and test scenarios, selection of model structure, characterization, a closed form
solution of the parameter estimation problem, and an evaluation on the models
usability for post-correction. Hence, the test-bed, method, and models are designed
for the intended application area, namely radio frequencies.

The comprehensive picture is one contribution of this thesis. The comparison
between different stimuli in Chapter 2 points out that multiple single tones is
preferable as stimulus, even though it require several characterizations on different
frequencies. In parallel with the stimuli evaluation, a suitable model structure was
sought after. The model structure, which was developed by an independent test
method (see Chapter 3), turned out to be easily characterized in a closed form with
the preferred stimulus. Accordingly, results that at first sight are separate, act together
in a coherent method for modeling ADC at radio frequency.

More specific contributions are the Cramér-Rao lower bound and the minimum
variance estimator for histogram tests with an arbitrary stimulus. These results are
universal and can be used in any application, with any stimulus. An interesting result
is the introduction of the Kautz-Volterra model. The model has be successfully been
used for modeling power amplifiers and for pre-distortion, but have to my
knowledge, previously not been used for ADCs. As future work, it will be interesting
to apply the Kautz-Volterra model in a post-correction algorithm.

In the moment this thesis is written, some future work has already started. The
closed form solution to the estimation problem will be improved [XV], and the
dynamic integral nonlinearity model might be refined. The piecewise linear
component is considered to be static throughout this thesis, partly motivated due to
the use of a look-up table for post-correction. But since it is piece-wise linear, a
parametric model-based post-correction may be used. Thus, a dynamic model might
be taken under consideration that might improve the performance with only a few
extra model parameters.
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Summary of Appended Papers

The author has contributed in all aspects to the listed papers. In Paper VI, the first
author has done a majority of the work although the thesis author has taken a
significant part in the approach to the problem, simulations and writing process.
Paper I1I and Paper VII are joint works.

PAPER |

PAPER 11

Truncated Gaussian noise in ADC histogram tests

One method to characterize analogue to digital converters (ADCs) is
to use a histogram, in which Gaussian noise may be used as a
stimulus signal. However, a Gaussian noise signal that excites all
transition levels also generates input values outside working range of
the ADC. Modern signal generators can generate arbitrary signals.
Hence, excluding undesired values outside the ADC full scale can
minimize test sequences. Truncating the signal to the working range
gives further advantages, which are explored in this paper. The
Cramér-Rao lower bound and a minimum variance estimator for
histogram tests with an arbitrary stimulus are derived. These are
applied for truncated Gaussian noise and the result is theoretically
evaluated and compared to untruncated noise. It is shown that
accuracy increases for a fixed sample length and that variation over
transition levels decrease.

Histogram Tests for Wideband Applications

Characterization and testing of analog-to-digital converters (ADCs)
are important in many different aspects. The histogram test is a
common method to characterize the linearity features of an ADC.
Two commonly used stimuli signals are sine waves and Gaussian
noise. This paper presents a metrological comparison between
Gaussian and sine wave histogram tests for wideband applications;
that is we evaluate the performance in characterization of the ADC
and the usability of post-correction. A post-correction procedure
involves characterization of the ADC non-linearity and then use of
this information by processing the ADC output samples to remove
the distortion.

The results show that the Gaussian histogram test gives reasonable
accuracy to measure non-linearities. However, it does not result in a
suitable model for post-correction in wideband applications. A
single-tone sine wave histogram would be a better basis for post-
correction. The best result can be obtained if the look-up table is
trained with several single-tone sine waves in the frequency band.
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PAPER IV

PAPER V
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Measuring Volterra kernels of analog to digital converters using
a stepped three-tone scan

Volterra theory can be used to mathematically model nonlinear
dynamic components such as analog-to-digital converter (ADC). This
paper describes how frequency domain Volterra kernels of an ADC
are determined from measurements. The elements of Volterra theory
are given and practical issues are considered, such as methods for
signal conditioning, finding the appropriate test signals scenario and
suitable sampling frequency. The results show that for the used
pipeline ADC, the frequency dependence is significantly stronger for
second order difference products than for sum products and the linear
frequency dependence was not as pronounced as that of the second
order Volterra kernel. It is suggested that the Volterra kernels have
the symmetry properties of a specific box model, namely a parallel
Hammerstein systems.

Achievable ADC performance by post-correction utilizing
dynamic modeling of the integral nonlinearity

There is a need for a universal dynamic model of analog to digital
converters (ADC) aimed for post-correction. However, it is
complicated to fully describe the properties of an ADC in one model.
An alternative is to split up the ADC model in different components,
where each component has unique properties. In this paper, a model
based on three components is used, and a performance analyze for
each component is presented. Each component can be post-corrected
individually and by the method that best suits the application. The
purpose with post-correction of an ADC 1is to improve the
performance. Hence, for each component, expressions for the
potential improvement have been developed. The measures of
performance are total harmonic distortion (7HD) and signal to noise
and distortion (SINAD). The results point out a gradual improvement
as the components are successively corrected.

High dynamic range test-bed for characterization of analogue-to-
digital converters up to 500MSPS

A measurement set-up of for the characterization of analog-to-digital
converters (ADCs) is described. The measurement set-up
characterizes ADCs up to 16 bits at 350 MHz (option for >500 MHz).
Testing dynamic performance of high-speed ADCs is regarded as
difficult and expensive. By using existing state-of-the-art instruments
in combination with specially designed amplifiers and filters, a high
performance, cost efficient test-bed has been built-up. Practical
performance corresponds to ADC datasheet and exceeds the
performance obtained if wusing commercial instruments only.
Consequently, the measurement results represent the true
performance of the ADC without impact from the test-bed.



PAPER VI

PAPER VII

Model Based Dynamic Characterization Of Analog-Digital-
Converters At Radio Frequency — Invited paper

A dynamic characterization of analog-digital converter integral
nonlinearity (/NL) is considered. When using a plurality of test
frequencies in the measurement set-up, the dynamic errors of the
converter are characterized. The INL is modeled by low and high
code components — LCF and HCF, respectively. The LCF and HCF
are parameterized and a least squares method is derived for the
estimation of the parameter values from obtained measurements. A
closed form solution to the estimation problem is derived and its
performance is illustrated by a numerical example. The proposed
method is believed to be fruitful in wide-band characterization of
analog-digital converters at radio frequency, and thus of importance
for the evaluation of modern and future wireless communication
systems.

Kautz-Volterra modelling of an analogue-to-digital converter
using a stepped three tone excitation

In many test and measurement applications, the analogue-to-digital
converter (ADC) is the limiting component. Using post-correction
methods can improve the performance of the component as well as
the over all measurement system. In this paper an ADC is
characterised by a Kautz-Volterra (KV) model, which utilises a
model-based post-correction of the ADC with general properties and
a reasonable number of parameters. Results that are based on
measurements on a high-speed 12-bit ADC, shows good results for a
third order model.
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