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�2�t���K�T�H�2�b ���`�2 �b���K�T�H�2�/ �7�`�Q�K �Q�M�2 �U�Q�` �K�Q�`�2�V �H�Q�r�@�/�B�K�2�M�b�B�Q�M���H �U�_�B�2�K���M�M�V �K���M�B�7�Q�H�/�b�X
�h�?�B�b ���b�b�m�K�T�i�B�Q�M �B�b �i�?�2 �7�m�M�/���K�2�M�i���H �#�H�Q�+�F �Q�7 �K���M�B�7�Q�H�/ �H�2���`�M�B�M�;�- �� �+�H���b�b �Q�7 �K�2�i�?�Q�/�b
�7�Q�` �M�Q�M�@�H�B�M�2���` �/�B�K�2�M�b�B�Q�M���H�B�i�v �`�2�/�m�+�i�B�Q�M�X �h�?�2 �G���T�H���+�B���M �1�B�;�2�M�K���T �7�`���K�2�r�Q�`�F �B�b
�#���b�2�/ �Q�M �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �K���M�B�7�Q�H�/�b �#�v �r�2�B�;�?�i�2�/ �m�M�/�B�`�2�+�i�2�/ �;�`���T�?�b �+�Q�M�b�i�`�m�+�i�2�/
�r�B�i�?k�@�M�2���`�2�b�i �M�2�B�;�?�#�Q�`�b �Q�` �T�`�Q�t�B�K�B�i�v �`���/�B�m�b �?�2�m�`�B�b�i�B�+�b�- �r�B�i�? �i�?�2 �F�2�v ���b�b�m�K�T�i�B�Q�M
�#�2�B�M�; �i�?���i �� �b�2�i �Q�7 �b���K�T�H�2�/ �T�Q�B�M�i�b �Q�7 �i�?�2 �K���M�B�7�Q�H�/ �B�b ���p���B�H���#�H�2 �(�R�R�k���R�R�9�)�X
�J���M�B�7�Q�H�/ �a�B�;�M���H �S�`�Q�+�2�b�b�B�M�;�X���b �K�2�M�i�B�Q�M�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�B�b �i�?�2�b�B�b
�`�2�;���`�/�B�M�; �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�; �Q�M �_�B�2�K���M�M �K���M�B�7�Q�H�/�b�- �i�?�2�`�2 �B�b �M�Q �`�2�+�Q�;�M�B�x�2�/ �m�M�B�}�2�/
�7�`���K�2�r�Q�`�F �Q�` �}�2�H�/�X �>�Q�r�2�p�2�`�- �i�?�2�`�2 �?���p�2 �#�2�2�M �b�2�p�2�`���H �B�M�b�i���M�+�2�b �r�?�2�`�2 �b�B�;�M���H �T�`�Q�+�2�b�b�@
�B�M�; �K�2�i�?�Q�/�b�- �`�Q�Q�i�2�/ �B�M �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v�- �?���p�2 �b�?�Q�r�M �T�`�Q�K�B�b�2�X �1�t���K�T�H�2�b �B�M�+�H�m�/�2
�r�B�M�/�@�/�B�`�2�+�i�B�Q�M �`�2���/�B�M�;�b �(�j�8�-�R�R�8�)�- �2�b�i�B�K���i�B�Q�M �Q�7 �i�?�2 �`�2�H���i�B�p�2 �`�Q�i���i�B�Q�M�b �Q�7 �1���`�i�?�ö�b
�i�2�+�i�Q�M�B�+ �T�H���i�2�b �(�j�e�-�R�R�e�)�- �B�M�p���`�B���M�i �?�v�T�Q�i�?�2�b�B�b �i�2�b�i�B�M�; �(�j�d�-�R�R�d�)�- ���M�/ �b�m�#�b�T���+�2 �i�`���+�F�B�M�;
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���`�+�?�B�i�2�+�i�m�`�2�b �i�Q �K���M�B�7�Q�H�/�b �U���M�/ �;�`���T�?�b�V ���M�/ �H�2���`�M �H�Q�+���H�- �b�i���i�B�Q�M���`�v�- ���M�/ �+�Q�K�T�Q�b�B�i�B�Q�M���H
�i���b�F�@�b�T�2�+�B�}�+ �7�2���i�m�`�2�b�X �P�i�?�2�` �M�Q�i���#�H�2 �2�t���K�T�H�2�b ���`�2 �r�Q�`�F�b �H�B�F�2 �i�?�2 �Q�M�2 �B�M �(�R�k�k�)�- �r�?�B�+�?
�?���b �B�M�i�`�Q�/�m�+�2�/ �� �;�2�M�2�`���H �i�?�2�Q�`�v �Q�7 �2�[�m�B�p���`�B���M�i �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�F�b �Q�M
�?�Q�K�Q�;�2�M�2�Q�m�b �b�T���+�2�b �b�m�+�? ���b �1�m�+�H�B�/�2���M �b�T���+�2 ���M�/ �i�?�2 �b�T�?�2�`�2�- �Q�` �i�?�2 �Q�M�2 �B�M �(�R�k�j�)�- �B�M
�r�?�B�+�? �i�?�2 ���m�i�?�Q�`�b �?���p�2 �T�`�2�b�2�M�i�2�/ �� �;�2�M�2�`���H �+�H���b�b �Q�7 �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�F�b
�Q�M �K���M�B�7�Q�H�/�b �i�?���i �/�2�T�2�M�/ �Q�M�H�v �Q�M �i�?�2 �B�M�i�`�B�M�b�B�+ �;�2�Q�K�2�i�`�v�X �h�?�2 �r�Q�`�F �B�M �(�R�k�9�) �?���b
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�/�2�2�T �H�2���`�M�B�M�; �Q�M �K���M�B�7�Q�H�/�b�X ���M �a�S�@�;�`�Q�m�M�/�2�/ �/�2�`�B�p���i�B�Q�M �Q�7 �K���M�B�7�Q�H�/ �M�2�m�`���H �M�2�i�r�Q�`�F�b
�?���b �#�2�2�M �B�M�i�`�Q�/�m�+�2�/ �B�M �(�j�N�)�- ���M�/ �i�?�2�B�` �b�i���#�B�H�B�i�v �T�`�Q�T�2�`�i�B�2�b �?���p�2 �#�2�2�M �B�M�p�2�b�i�B�;���i�2�/
�B�M �(�R�k�8�)�X �h�?�2 �r�Q�`�F �B�M �(�R�k�e�) �?���b �B�M�i�`�Q�/�m�+�2�/ �� �+�Q�M�p�Q�H�m�i�B�Q�M �Q�T�2�`���i�B�Q�M �#���b�2�/ �Q�M �T���`���H�H�2�H
�i�`���M�b�T�Q�`�i���i�B�Q�M �i�Q �B�M�i�`�B�M�b�B�+���H�H�v �T�`�2�b�2�`�p�2 �/�B�`�2�+�i�B�Q�M���H�B�i�v�X �6�Q�`�K���H �+�Q�M�M�2�+�i�B�Q�M�b �#�2�i�r�2�2�M
�:�L�L�b ���M�/ �M�2�m�`���H �M�2�i�r�Q�`�F�b �Q�M �K���M�B�7�Q�H�/�b ���`�2 �2�b�i���#�H�B�b�?�2�/ �B�M �(�j�N�-�R�k�d�-�R�k�3�)�X
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�b�?�2���7 �i�?�2�Q�`�v �� ���M �2�t�i�2�M�b�B�Q�M �Q�7 �b�T�2�+�i�`���H �;�`���T�? �i�?�2�Q�`�v �i�Q �+�2�H�H�m�H���` �b�?�2���p�2�b�- ���H�Q�M�; �r�B�i�?
�� �`�B�;�Q�`�Q�m�b �#�m�i �;�2�M�i�H�2 �i�`�2���i�K�2�M�i �T�`�2�b�2�M�i�2�/ �B�M �(�R�j�j�)�X �h�?�2�b�2 �r�Q�`�F�b �b�T���`�F�2�/ �B�M�i�2�`�2�b�i �B�M
�i�?�2 �i�Q�T�B�+ ���M�/ �H�2�/ �i�Q �� �`���T�B�/�H�v �B�M�+�`�2���b�B�M�; �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �b�?�2���7�@�#���b�2�/ �i�2�+�?�M�B�[�m�2�b�X
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�:� �̀��T�? �*�Q�M�p�Q�H�m�i�B�Q�M���H �L�2�i�r�Q�`�F�b �q�B�i�? ���m�i�Q�2�M�+�Q�/�2�`�@�"���b�2�/ �*�Q�K�T� �̀2�b�b�B�Q�M
���M�/ �J�m�H�i�B�@�G���v�2�` �:� �̀��T�? �G�2���`�M�B�M�;
�G�Q� �̀2�M�x�Q �:�B�m�b�i�B�- �*�H���m�/�B�Q �"���i�i�B�H�Q� �̀Q�- �S���Q�H�Q �.�B �G�Q� �̀2�M�x�Q�- �a�2� �̀;�B�Q �"���`�#��� �̀Q�b�b��
�S�`�Q�+�2�2�/�B�M�;�b �Q�7 �k�y�k�j �A�1�1�1 �A�M�i�2�`�M���i�B�Q�M���H �*�Q�M�7�2�`�2�M�+�2 �Q�M ���+�Q�m�b�i�B�+�b�- �a�T�2�2�+�? ���M�/ �a�B�;�M���H
�S�`�Q�+�2�b�b�B�M�; �U�A�*���a�a�S�V�- �k�y�k�j
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�h�?�2 �b�B�x�2 �Q�7 �i�?�B�b �i�?�2�b�B�b ���M�/ �i�?�2 �r�B�/�2 �`���M�;�2 �Q�7 �+�Q�p�2�`�2�/ �i�Q�T�B�+�b ���M�/ �i�2�+�?�M�B�[�m�2�b �K���F�2
�B�i �?���`�/ �i�Q �/�2�}�M�2 �� �+�Q�K�T�H�2�i�2�H�v �+�Q�M�b�B�b�i�2�M�i �M�Q�i���i�B�Q�M ���+�`�Q�b�b ���H�H �i�?�2 �+�?���T�i�2�`�b�X �q�2 �i�`�B�2�/
�i�Q �#�2 ���b �+�Q�M�b�B�b�i�2�M�i ���b �T�Q�b�b�B�#�H�2 ���#�Q�m�i �i�?�2 �B�M�i�2�`�@�+�?���T�i�2�` �M�Q�i���i�B�Q�M�- �#�m�i �Q�p�2�`�`�B�/�2�b ���b �r�2�H�H
���b �`�2�T�2�i�B�i�B�Q�M�b �Q�7 �b�v�K�#�Q�H�b �r�B�i�? �/�B�z�2�`�2�M�i �K�2���M�B�M�;�b �+���M �Q�+�+�m�`�X �>�Q�r�2�p�2�`�- �r�2 �K���/�2 �i�?�2
�B�M�i�`���@�+�?���T�i�2�` �M�Q�i���i�B�Q�M �i�Q�i���H�H�v �+�Q�M�b�B�b�i�2�M�i�- ���M�/ �r�2 ���H�r���v�b �b�T�2�+�B�7�v �i�?�2 �b�v�K�#�Q�H �K�2���M�B�M�;
�B�M �+���b�2 �Q�7 ���K�#�B�;�m�B�i�v�X �A�M �;�2�M�2�`���H�- �r�2 �i�2�M�/ �i�Q �/�2�M�Q�i�2 �b�+���H���`�- �+�Q�H�m�K�M �p�2�+�i�Q�` ���M�/ �K���i�`�B�t
�p���`�B���#�H�2�b �#�v �T�H���B�M �H�2�i�i�2�`�b ���- �#�Q�H�/ �H�Q�r�2�`�+���b�2 �H�2�i�i�2�`�ba�- ���M�/ �#�Q�H�/ �m�T�T�2�`�+���b�2 �H�2�i�i�2�`�b
A �- �`�2�b�T�2�+�i�B�p�2�H�v�X[A ]i;j �B�b �i�?�2(i; j )�@�i�? �2�H�2�K�2�M�i �Q�7A �-[A ]i �B�b �i�?�2i �@�i�? �`�Q�r �Q�7A �-I �B�b
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�i�?�2 �B�/�2�M�i�B�i�v �K���i�`�B�t�- ���M�/� MAX (A ) �/�2�M�Q�i�2�b �i�?�2 �H���`�;�2�b�i �2�B�;�2�M�p���H�m�2 �Q�7 �i�?�2 �K���i�`�B�tA �X
�B�K(�)�-�F�2�`(�)�- ���M�/�b�m�T�T(�) �/�2�M�Q�i�2 �i�?�2 �B�K���;�2�- �i�?�2 �F�2�`�M�2�H�- ���M�/ �i�?�2 �b�m�T�T�Q�`�i �Q�7 �� �K���i�`�B�t�-
�`�2�b�T�2�+�i�B�p�2�H�v�X ���H�b�Q�-a jj b �/�2�M�Q�i�2�b �i�?�2 �p�2�`�i�B�+���H �+�Q�M�+���i�2�M���i�B�Q�M �#�2�i�r�2�2�M �i�r�Q �p�2�+�i�Q�`�ba
���M�/b�- ���M�/jjK

k=1 ak �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�M�+���i�2�M���i�B�Q�M �Q�7K �p�2�+�i�Q�`�b�X �a�B�K�B�H���`�H�v�-jjK
k=1 A k

�/�2�M�Q�i�2�b �i�?�2 �+�Q�M�+���i�2�M���i�B�Q�M �Q�7K �K���i�`�B�+�2�b�- �r�?�B�+�? �?���T�T�2�M�b �Q�p�2�` �i�?�2 �+�Q�K�K�Q�M �/�B�K�2�M�b�B�Q�M
�U�B�7 �i�?�2 �K���i�`�B�+�2�b ���`�2 �b�[�m���`�2�- �r�2 ���b�b�m�K�2 �?�Q�`�B�x�Q�M�i���H �+�Q�M�+���i�2�M���i�B�Q�M�V�X �6�B�M���H�H�v�-f akgK

k=1
���M�/f A kgK

k=1 �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7K �p�2�+�i�Q�`�b ���M�/ �K���i�`�B�+�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �P�i�?�2�`
�b�T�2�+�B�}�+ �M�Q�i���i�B�Q�M �B�b �/�2�}�M�2�/ ���H�Q�M�; �i�?�2 �i�?�2�b�B�b �r�?�2�M �M�2�+�2�b�b���`�v�X



�R�j

�*�?���T�i�2�` �k

�"���+�F�;�`�Q�m�M�/ �Q�M �h�Q�T�Q�H�Q�;�B�+���H
�a�B�;�M���H �S�`�Q�+�2�b�b�B�M�;

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �T�`�2�b�2�M�i ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �#���b�B�+�b �Q�7 �h�Q�T�Q�H�Q�;�B�+���H �a�B�;�M���H
�S�`�Q�+�2�b�b�B�M�; ���M�/ �h�Q�T�Q�H�Q�;�B�+���H �.�2�2�T �G�2���`�M�B�M�; �M�2�+�2�b�b���`�v �i�Q �7�m�H�H�v �;�`���b�T �i�?�2 �+�Q�M�i�2�M�i �Q�7
�i�?�B�b �i�?�2�b�B�b�X �h�Q �/�Q �b�Q�- �r�2 �}�`�b�i �M�2�2�/ �i�Q �B�M�i�`�Q�/�m�+�2 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�- �K���M�B�7�Q�H�/�b�- ���M�/
�+�2�H�H�m�H���` �b�?�2���p�2�b�X ���K�Q�M�; �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�- �r�2 ���`�2 �T���`�i�B�+�m�H���`�H�v �B�M�i�2�`�2�b�i�2�/ �B�M �+�2�H�H
�+�Q�K�T�H�2�t�2�b�- ���M �B�M�b�i���M�+�2 �Q�7 �+�Q�K�#�B�M���i�Q�`�B���H �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�X

�h�?�2 �r���v �r�2 �T�`�2�b�2�M�i �i�?�2�b�2 �Q�#�D�2�+�i�b �B�b �M�Q�i �+�Q�K�T�`�2�?�2�M�b�B�p�2 ���M�/�- �b�Q�K�2�i�B�K�2�b �U�#�m�i
�Q�M�H�v �b�Q�K�2�i�B�K�2�b�5�V�- �M�Q�i �+�Q�K�T�H�2�i�2�H�v �`�B�;�Q�`�Q�m�b �7�`�Q�K �� �T�m�`�2�H�v �K���i�?�2�K���i�B�+���H �T�2�`�b�T�2�+�i�B�p�2�X
�P�M �Q�M�2 �?���M�/�- �B�i �r�Q�m�H�/ �#�2 �m�M�7�2���b�B�#�H�2 �i�Q �b�?�Q�r�+���b�2 �i�?�2�b�2 �i�Q�T�B�+�b �B�M ���M �2�t�?���m�b�i�B�p�2
�K���M�M�2�`�X �J�Q�`�2�Q�p�2�`�- �r�2 �K���/�2 �i�?�B�b �+�?�Q�B�+�2 �i�Q �F�2�2�T �i�?�2 �i�?�2�b�B�b ���+�+�2�b�b�B�#�H�2 �i�Q �� �#�`�Q���/�2�`
���m�/�B�2�M�+�2�- ���b �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v ���M�/ ���H�;�2�#�`���B�+ �i�Q�T�Q�H�Q�;�v ���`�2 �m�b�m���H�H�v �M�Q�i �T���`�i �Q�7
�2�B�i�?�2�` �1�a�1�@�`�2�H���i�2�/ �/�2�;�`�2�2�b �Q�` �*�a�@�`�2�H���i�2�/ �/�2�;�`�2�2�b�X �h�?�2 �K�Q�`�2 �2�t�T�2�`�B�2�M�+�2�/ �`�2���/�2�`�b
�r�B�H�H �b�m�`�2�H�v �M�Q�i�2 �i�?�2 ���#�b�2�M�+�2 �Q�7 �B�K�T�Q�`�i���M�i �Q�#�D�2�+�i�b �b�m�+�? ���b �i�?�2 �i�?�2�Q�`�2�i�B�+���H �7�`���K�2�r�Q�`�F
�Q�7 �i�?�2 �.�B�b�+�`�2�i�2 �>�Q�/�;�2 �h�?�2�Q�`�v �U�+�?���B�M�b�- �+�Q�+�?���B�M�b�- �>�Q�/�;�2 �b�i���` �Q�T�2�`���i�Q�`�b�- �#�Q�m�M�/���`�v
�Q�T�2�`���i�Q�`�b�- �X�X�X�V�- �Q�` �� �K�Q�`�2 �;�2�M�2�`���H �i�`�2���i�K�2�M�i �Q�7 �i�?�2 �U�p���b�i�V �b�?�2���7 �i�?�2�Q�`�v�X �h�?�2 �i�2�+�?�M�B�+���H
�D�m�b�i�B�}�+���i�B�Q�M �7�Q�` �i�?�2 ���#�b�2�M�+�2 �Q�7 �i�?�2 �.�B�b�+�`�2�i�2 �>�Q�/�;�2 �h�?�2�Q�`�v �B�b �i�?���i �+�Q�+�?���B�M �b�T���+�2�b ���`�2
�M���i�m�`���H�H�v �B�b�Q�K�Q�`�T�?�B�+ �i�QRN �7�Q�` �b�Q�K�2N �- ���H�H�Q�r�B�M�; �m�b �i�Q �;�B�p�2 �� �T�2�`�b�T�2�+�i�B�p�2 �Q�M �i�?�2
�i�`�2���i�2�/ �Q�#�D�2�+�i�b �K�Q�`�2 �`�2�H���i�2�/ �i�Q �+�H���b�b�B�+���H �H�B�M�2���` ���H�;�2�#�`���- �#�m�i �b�i�B�H�H �F�2�2�T�B�M�; �T�`���+�i�B�+���H�H�v
�m�M���H�i�2�`�2�/ �K�Q�b�i �Q�7 �i�?�2�B�` �7�2���i�m�`�2�b�X �6�Q�` �r�?���i �+�Q�M�+�2�`�M�b �b�?�2���7 �i�?�2�Q�`�v�- �r�2 �r�B�H�H �K���F�2
�m�b�2 �Q�M�H�v �Q�7 �� �T���`�i�B�+�m�H���` �B�M�b�i���M�i�B���i�B�Q�M �Q�7 �B�i�- �+�2�H�H�m�H���` �b�?�2���p�2�b �Q�p�2�` �m�M�/�B�`�2�+�i�2�/ �;�`���T�?�b�-
�i�?�m�b �r�2 �r�Q�m�H�/ �Q�p�2�`�H�Q���/ �i�?�2 �M�2�+�2�b�b���`�v �#���+�F�;�`�Q�m�M�/ �#�v �B�M�i�`�Q�/�m�+�B�M�; �b�?�2���p�2�b �7�`�Q�K
�b�+�`���i�+�?�X �h�?�2 �T�?�B�H�Q�b�Q�T�?�B�+���H �D�m�b�i�B�}�+���i�B�Q�M�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�b �i�?���i �r�2 �b�i�`�Q�M�;�H�v ���B�K
�i�Q �B�M�i�`�Q�/�m�+�2 �+�Q�M�+�2�T�i�b �B�M �� �r���v �i�?���i �r�2 �?�Q�T�2 �B�b �K�Q�`�2 �7���K�B�H�B���` �i�Q �a�S �T�`���+�i�B�i�B�Q�M�2�`�b�X
�q�2 �#�2�H�B�2�p�2 �i�?���i �Q�m�` �T�2�`�b�T�2�+�i�B�p�2�- �#�2�v�Q�M�/ �#�2�B�M�; �2�M�Q�m�;�? �`�B�;�Q�`�Q�m�b �7�Q�` �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b
�i�?�2�b�B�b�- �`�2�T�`�2�b�2�M�i�b �� �m�b�2�7�m�H �B�M�i�2�`�7���+�2�- �B�M �i�?�2 �b�2�M�b�2 �i�?���i �a�S �T�`���+�i�B�i�B�Q�M�2�`�b �r�?�Q �?���p�2
�M�Q �#���+�F�;�`�Q�m�M�/ �B�M ���H�;�2�#�`���B�+ �i�Q�T�Q�H�Q�;�v ���M�/ �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v �+���M �b�i�m�/�v�- �m�b�2�- ���M�/
���/�p���M�+�2 �i�Q�Q�H�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�; �r�B�i�?�Q�m�i �?���p�B�M�; �M�2�+�2�b�b���`�B�H�v �i�Q �/�2���H
�r�B�i�? �T�Q�b�b�B�#�H�v �i�Q�m�;�? �K���i�?�2�K���i�B�+���H �Q�#�D�2�+�i�b�X �A�7 �i�?�2 �`�2���/�2�` �B�b �B�M�i�2�`�2�b�i�2�/ �B�M �� �K�Q�`�2
�`�B�;�Q�`�Q�m�b ���M�/ �+�Q�K�T�`�2�?�2�M�b�B�p�2 �i�`�2���i�K�2�M�i�- �i�?�2 �ô�6�m�M�/���K�2�M�i���H�b�ô �b�2�+�i�B�Q�M �B�M �i�?�2 �i�?�2�b�B�b �(�8�)
�B�b ���M �2�t�+�2�H�H�2�M�i �`�2�b�Q�m�`�+�2�- �7�`�Q�K �r�?�B�+�? �r�2 ���H�b�Q �/�`���r �B�M�b�T�B�`���i�B�Q�M �i�Q �r�`�B�i�2 �i�?�B�b �*�?���T�i�2�`�k�X
�P�i�?�2�` �T���T�2�`�b�- ���H�b�Q ���m�i�?�Q�`�2�/ �Q�` �+�Q�@���m�i�?�Q�`�2�/ �#�v �i�?�2 ���m�i�?�Q�` �Q�7 �i�?�B�b �i�?�2�b�B�b�- �T�`�2�b�2�M�i ��
�K�Q�`�2 �B�M�@�/�2�T�i�? �i�`�2���i�K�2�M�i �(�e�k�-�d�y�-�N�d�-�N�3�)�X
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�k�X�R �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b

���b �B�M�i�`�Q�/�m�+�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�- �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b ���`�2 ���i �i�?�2 �#�Q�i�i�Q�K �Q�7
�i�?�2 �T�v�`���K�B�/ �Q�7 �K���i�?�2�K���i�B�+���H �b�T���+�2�b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�R�X�R�- ���M�/ �i�?�2�v ���`�2 �i�?�2 �K���B�M
�7�Q�+�m�b �Q�7 �i�?�B�b �i�?�2�b�B�b�X �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2 �B�b �� �b�2�i �i�Q�;�2�i�?�2�` �r�B�i�? �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �b�m�#�b�2�i�b
�i�?���i �/�2�}�M�2�b �M�2�B�;�?�#�Q�`�?�Q�Q�/�b�- �b�m�+�? �i�?���i �r�2 �+���M �b���v �r�?�2�M �i�r�Q �T�Q�B�M�i�b �Q�7 �i�?�2 �b�2�i ���`�2
�ô�+�H�Q�b�2�ô�X

�.�2�}�M�B�i�B�Q�M �R�X�U�h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�V�� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2(X ; T ) �B�b �� �b�2�iX �i�Q�;�2�i�?�2�`
�r�B�i�? �� �+�Q�H�H�2�+�i�B�Q�MT �Q�7 �b�m�#�b�2�i�b �Q�7X �- �+���H�H�2�/ �i�Q�T�Q�H�Q�;�v�- �b�m�+�? �i�?���i�,

�Ç �h�?�2 �2�K�T�i�v �b�2�i; ���M�/X �#�2�H�Q�M�; �i�QT �X

�Ç ���M�v �}�M�B�i�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �Q�T�2�M �b�2�i�b �#�2�H�Q�M�;�b �i�QT �X

�Ç ���M�v ���`�#�B�i� �̀��`�v �m�M�B�Q�M �Q�7 �Q�T�2�M �b�2�i�b �#�2�H�Q�M�;�b �i�QT �X

�h�?�2 �2�H�2�K�2�M�i�b �Q�7T ���`�2 �+���H�H�2�/ �i�?�2�Q�T�2�M �b�2�i�b�Q�7X �X �q�?�2�M �i�?�2�`�2 �B�b �M�Q �`�B�b�F �Q�7
���K�#�B�;�m�B�i�v ���#�Q�m�i �i�?�2 �i�Q�T�Q�H�Q�;�v�- �r�2 �m�b�m���H�H�v �`�2�7�2�` �i�Q(X ; T ) �D�m�b�i ���bX �X �.�2�}�M�B�i�B�Q�M�R
���H�H�Q�r�b �i�Q �/�2�}�M�2 �� �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �� �T�Q�B�M�ix 2 X ���b ���M�v �Q�T�2�M �b�2�iT 3 Ux � X
�+�Q�M�i���B�M�B�M�;x�X �J�Q�`�2�Q�p�2�`�- �i�?�2 �7���+�i �i�?���i �i�r�Q �Q�T�2�M �b�2�i�b�- �b���vU

0

x � U
00

x �- �+���M �#�Q�i�? �+�Q�M�i���B�M
x�- ���H�H�Q�r�b �m�b �i�Q �M�Q�i �Q�M�H�v �i�2�H�H �r�?�B�+�? ���`�2 �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/�b �Q�7x�- �#�m�i ���H�b�Q �r�?�B�+�?
�T�Q�B�M�i�b �U�B�M �i�?�B�b �+���b�2�- �i�?�2 �2�H�2�K�2�M�i�b �Q�7U

0

x �V ���`�2 �ô�+�H�Q�b�2�`�ô �i�Qx �i�?���M �Q�i�?�2�`�b �U�B�M �i�?�B�b �+���b�2�-
�i�?�2 �2�H�2�K�2�M�i�b �Q�7U

00

x �V�X �>�Q�r�2�p�2�`�- ���b �i�?�2 �`�2���/�2�` �K���v �?���p�2 �M�Q�i�B�+�2�/�- �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7
�i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b ���H�H�Q�r�b �m�b �i�Q �b���v �r�?�B�+�? �T�Q�B�M�i �B�b �+�H�Q�b�2 �i�Q �r�?�B�+�? �T�Q�B�M�i�- ���M�/ ���H�b�Q
�r�?�B�+�? �T�Q�B�M�i �B�b �+�H�Q�b�2�` �i�Q �r�?�B�+�? �T�Q�B�M�i�- �#�m�i �i�?�2�`�2 �B�b �M�Q �r���v �Q�7 �[�m���M�i�B�i�B�p�2�H�v �i�2�H�H�B�M�; �?�Q�r
�K�m�+�? �� �T�Q�B�M�i �B�b �+�H�Q�b�2 �i�Q ���M�Q�i�?�2�` �T�Q�B�M�i�X �h�Q �/�Q �b�Q�- �/�B�b�i���M�+�2�b �?���p�2 �i�Q �#�2 �/�2�}�M�2�/�- �i�?�m�b
�;�2�Q�K�2�i�`�v �?���b �i�Q �b�i���`�i ���T�T�2���`�B�M�;�X �6�Q�` �i�?�B�b �`�2���b�Q�M�- �B�i �B�b �i�`�B�p�B���H �i�Q �b�i���i�2 �i�?���i ���M�v �K�2�i�`�B�+
�b�T���+�2�- �B�X�2�X �� �b�T���+�2 �Q�M �r�?�B�+�? �� �/�B�b�i���M�+�2 �B�b �/�2�}�M�2�/�- �B�b �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�- �#�m�i �i�?�2
�p�B�+�2�@�p�2�`�b�� �B�b �M�Q�i �M�2�+�2�b�b���`�B�H�v �i�`�m�2�X

�1���+�? �a�S �T�`���+�i�B�i�B�Q�M�2�` �B�b �7���K�B�H�B���` �r�B�i�? �i�?�2 �M�Q�i�B�Q�M �Q�7 �#���b�B�b �Q�7 �� �p�2�+�i�Q�` �b�T���+�2�- �B�X�2�X ��
�b�2�i �Q�7 �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �p�2�+�i�Q�`�b �i�?���i �b�T���M �i�?�2 �b�T���+�2 �Q�`�- �B�M �Q�i�?�2�` �r�Q�`�/�b�- �� �b�2�i �Q�7
�p�2�+�i�Q�`�b �7�`�Q�K �r�?�B�+�? �B�b �T�Q�b�b�B�#�H�2 �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �2�z�2�+�i �Q�7 �� �H�B�M�2���` �K���T �#�v �D�m�b�i �H�Q�Q�F�B�M�;
���i �?�Q�r �i�?�2 �K���T ���+�i�b �Q�M �i�?�2�K�X �� �b�B�K�B�H���` �Q�#�D�2�+�i �2�t�B�b�i�b �7�Q�` �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�X

�.�2�}�M�B�i�B�Q�M �k�X�U�"���b�B�b �Q�7 �� �h�Q�T�Q�H�Q�;�v�V�G�2�i(X ; T ) �#�2 �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�X ��
�+�Q�H�H�2�+�i�B�Q�MB � T �Q�7 �Q�T�2�M �b�m�#�b�2�i�b �Q�7X �B�b �+���H�H�2�/ �� �#���b�B�b �7�Q�` �i�?�2 �i�Q�T�Q�H�Q�;�v �Q�7X �B�7 �2�p�2�`�v
�Q�T�2�M �b�m�#�b�2�i �Q�7X �B�b �i�?�2 �m�M�B�Q�M �Q�7 �b�Q�K�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �2�H�2�K�2�M�i�b �Q�7B�X

�P�M�2 �Q�7 �i�?�2 �B�M�B�i�B���H ���B�K�b �Q�7 �i�Q�T�Q�H�Q�;�v �r���b �;�2�M�2�`���H�B�x�B�M�; �i�?�2 �+�Q�M�+�2�T�i �Q�7�+�Q�M�i�B�M�m�B�i�v�i�Q
�b�T���+�2�b �i�?���i ���`�2 �M�Q�i �M�2�+�2�b�b���`�B�H�v �K�2�i�`�B�+�X �A�M �;�2�M�2�`���H�- �Q�M�2 �i�?�B�M�F�b ���#�Q�m�i �� �+�Q�M�i�B�M�m�Q�m�b
�7�m�M�+�i�B�Q�M ���b �� �7�m�M�+�i�B�Q�Mf (�) �b�m�+�? �i�?���if (x) ���M�/f (y) ���`�2 �+�H�Q�b�2 �B�7x ���M�/y ���`�2 �+�H�Q�b�2�X
�A�M �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�- ���b �r�2 �K�2�M�i�B�Q�M�2�/ ���#�Q�p�2�- �i�?�2 �M�Q�i�B�Q�M �Q�7 �ô�+�H�Q�b�2�M�2�b�b�ô �B�b �M�Q �K�Q�`�2
�B�M�/�m�+�2�/ �#�v �� �/�B�b�i���M�+�2�- �#�m�i �`���i�?�2�` �#�v �i�?�2 �Q�T�2�M �b�2�i�b�- �B�X�2�X �i�?�2 �i�Q�T�Q�H�Q�;�v �Q�7 �i�?�2 �b�T���+�2�X
�h�?�B�b �7���+�i �K�Q�i�B�p���i�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�}�M�B�i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �j�X�U�*�Q�M�i�B�M�Q�m�b �6�m�M�+�i�B�Q�M�V�G�2�i(X ; T ) ���M�/(Y; H) �i�r�Q �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�X
�� �7�m�M�+�i�B�Q�Mf : X ! Y �B�b �b���B�/ �i�Q �#�2 �+�Q�M�i�B�M�m�Q�m�b �B�7 �i�?�2 �B�M�p�2�`�b�2 �B�K���;�2f � 1(I ) �Q�7 �2�p�2�`�v
�Q�T�2�M �b�m�#�b�2�iI 2 H �Q�7Y �B�b �Q�T�2�M �B�MX �- �B�X�2�Xf � 1(I ) 2 T �X



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �R�8

�A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �m�b�m���H �/�2�}�M�B�i�B�Q�M �Q�7 �+�Q�M�i�B�M�m�B�i�v �B�M �K�2�i�`�B�+ �b�T���+�2�b �B�b �2�[�m�B�p���@
�H�2�M�i �i�Q �.�2�}�M�B�i�B�Q�M�j �(�R�9�d�)�X �q�2 ���`�2 �M�Q�r �B�M�i�2�`�2�b�i�2�/ �B�M �� �b�T�2�+�B�}�+ �+�H���b�b �Q�7 �K���T�T�B�M�;�b ���K�Q�M�;
�i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�-�?�Q�K�2�Q�K�Q�`�T�?�B�b�K�b�- �B�X�2�X �K���T�T�B�M�;�b �i�?���i �T�`�2�b�2�`�p�2 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H
�T�`�Q�T�2�`�i�B�2�b �Q�`�- �B�M �Q�i�?�2�` �r�Q�`�/�b�- �K���T�T�B�M�;�b �r�?�Q�b�2 �2�t�B�b�i�2�M�+�2 �B�K�T�H�B�2�b �i�?���i �2���+�? �Q�7 �i�?�2
�B�M�p�Q�H�p�2�/ �b�T���+�2�b �+���M �#�2 �i�`���M�b�7�Q�`�K�2�/ �B�M�i�Q �i�?�2 �Q�i�?�2�` �#�v �b�i�`�2�i�+�?�B�M�; ���M�/ �#�2�M�/�B�M�;�X

�.�2�}�M�B�i�B�Q�M �9�X�U�>�Q�K�2�Q�K�Q�`�T�?�B�b�K�V�G�2�i(X ; T ) ���M�/(Y; H) �i�r�Q �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�X
�� �7�m�M�+�i�B�Q�Mg : X ! Y �B�b �b���B�/ �i�Q �#�2 ���M �?�Q�K�Q�K�Q�`�T�?�B�b�K �B�7 �B�i �B�b �#�B�D�2�+�i�B�p�2 ���M�/ �#�Q�i�?g ���M�/
g� 1 ��� �̀2 �+�Q�M�i�B�M�m�Q�m�b�X �A�7g �2�t�B�b�i�b�- �i�?�2�M(X ; T ) ���M�/(Y; H) ��� �̀2 �b���B�/ �i�Q �#�2 �?�Q�K�2�Q�K�Q�`�T�?�B�+�X

�h�?�2 �M�Q�i�B�Q�M �Q�7 �?�Q�K�2�Q�K�Q�`�T�?�B�b�K �?���b �+�`�m�+�B���H �B�K�T�Q�`�i���M�+�2 �7�Q�` �� �b�2�`�B�2�b �Q�7 �`�2���b�Q�M�b�- �Q�M�2
�Q�7 �r�?�B�+�? �B�b �i�?�2 �T�Q�b�b�B�#�B�H�B�i�v �Q�7 �`�B�;�Q�`�Q�m�b�H�v �/�2�}�M�B�M�; �r�?���i �B�b ���M �1�m�+�H�B�/�2���M �b�T���+�2 ���M�/ �r�?���i
�B�b �� �M�Q�M�@�1�m�+�H�B�/�2���M �b�T���+�2 �U�7�`�Q�K �� �i�Q�T�Q�H�Q�;�B�+���H �T�2�`�b�T�2�+�i�B�p�2�V�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �b���v �i�?���i
�� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2(X ; T ) �B�b�1�m�+�H�B�/�2���M�B�7 �i�?�2�`�2 �2�t�B�b�i ���M �?�Q�K�Q�K�Q�`�T�?�B�b�Kg : X ! Rn

�7�Q�` �b�Q�K�2n 2 N�- �r�B�i�?(Rn ; K) �#�2�B�M�; �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2 �r�?�Q�b�2 �i�Q�T�Q�H�Q�;�vK �B�b �i�?�2
�b�Q�@�+���H�H�2�/�2�m�+�H�B�/�2���M �i�Q�T�Q�H�Q�;�v�- �B�X�2�X �i�?�2 �i�Q�T�Q�H�Q�;�v �;�2�M�2�`���i�2�/ �#�v ���H�H �i�?�2 �Q�T�2�M �#���H�H�b �;�B�p�2�M
�#�v �i�?�2 �m�b�m���H �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2 ���M�/ �i�?�2�B�` ���`�#�B�i�`���`�v �m�M�B�Q�M�b�X

�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �`�2�p�B�b�B�i �� �b�m�#�+�H���b�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b �i�?���i �+���M �#�2 �/�2�b�+�`�B�#�2�/
�+�Q�K�#�B�M���i�Q�`�B���H�H�v ���M�/ �B�M �� �?�B�2�`���`�+�?�B�+���H �7���b�?�B�Q�M�- �r�B�i�? �� �7�Q�+�m�b �Q�M�+�2�H�H �+�Q�K�T�H�2�t�2�b�X

�6�B�;�m�`�2 �k�X�R�X�� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t

�*�2�H�H �+�Q�K�T�H�2�t�2�b �2�t�i�2�M�/ �#�Q�i�? �;�`���T�?�b ���M�/
�K�2�b�?�2�b�- ���M�/ ���`�2 �+�Q�K�K�Q�M �B�M �b�2�p�2�`���H ���T�T�H�B�@
�+���i�B�Q�M�b�X ���H�K�Q�b�i ���H�H �Q�7 �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7
�i�?�B�b �i�?�2�b�B�b ���b�b�m�K�2 �+�2�H�H �+�Q�K�T�H�2�t�2�b ���b �i�?�2 �b�T���+�2
�Q�M �r�?�B�+�? �/���i�� �B�b �/�2�}�M�2�/�X �o�2�`�v �`�2�+�2�M�i�H�v�- �i�?�2
�M�Q�i�B�Q�M �Q�7 �*�Q�K�#�B�M���i�Q�`�B���H �*�Q�K�T�H�2�t �?���b �#�2�2�M
�B�M�i�`�Q�/�m�+�2�/ �(�j�j�) �i�Q �m�M�B�7�v �+�2�H�H �+�Q�K�T�H�2�t�2�b �U�m�b�2�@
�7�m�H �i�Q �K�Q�/�2�H �?�B�2�`���`�+�?�B�+���H �B�M�i�2�`���+�i�B�Q�M�b�V ���M�/
�?�v�T�2�`�;�`���T�?�b �U�m�b�2�7�m�H �i�Q �K�Q�/�2�H �b�2�i�@�i�v�T�2 �B�M�i�2�`�@
���+�i�B�Q�M�b�V �B�M �� �b�B�M�;�H�2 �Q�#�D�2�+�i�- �#�m�i �i�?�2�v ���`�2 �Q�m�i
�Q�7 �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �i�?�2�b�B�b�X �"�2�7�Q�`�2 �2�t�T�H�Q�`�B�M�;
�+�2�H�H �+�Q�K�T�H�2�t�2�b �B�M �/�2�i���B�H�- �r�2 �#�2�;�B�M �r�B�i�? �� �b�B�K�T�H�2�` �7�Q�`�K �Q�7 �i�?�2�K�-�b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b�X

�k�X�k�X�R �a�B�K�T�H�B�+�B���H �*�Q�K�T�H�2�t�2�b

�:�B�p�2�M �� �}�M�B�i�2 �b�2�iX �U�r�?�Q�b�2 �2�H�2�K�2�M�i�b �r�2 �`�2�7�2�` �i�Q ���b�p�2�`�i�B�+�2�b�B�M �i�?�B�b �+�Q�M�i�2�t�i�V�-
�� k�@�b�B�K�T�H�2�t� k �B�b �� �b�m�#�b�2�i �Q�7X �r�B�i�? �+���`�/�B�M���H�B�i�vk + 1 �X ���7���+�2�Q�7� k �B�b �� �b�m�#�b�2�i
�Q�7 �B�i �r�B�i�? �+���`�/�B�M���H�B�i�vk ���M�/ �i�?�m�b ��k�@�b�B�K�T�H�2�t �?���bk + 1 �7���+�2�b�X ���+�Q�7���+�2�Q�7� k �B�b ��
(k + 1) �@�b�B�K�T�H�2�t �i�?���i �B�M�+�H�m�/�2�b� k

i �(�j�k�-�R�9�3�)�X

�.�2�}�M�B�i�B�Q�M �8�X�U�a�B�K�T�H�B�+�B���H �*�Q�K�T�H�2�t�V�� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �Q�7 �Q� �̀/�2�`K �- �B�b ��
�+�Q�H�H�2�+�i�B�Q�M �Q�7k�@�b�B�K�T�H�B�+�2�b� k �-k = 0 ; : : : ; K �b�m�+�? �i�?���i�- �B�7 �� �b�B�K�T�H�2�t� k �#�2�H�Q�M�;�b �i�QX �-
�i�?�2�M ���H�H �B�i�b �b�m�#�b�2�i�b� k� 1 � � k ���H�b�Q �#�2�H�Q�M�; �i�Q �i�?�2 �+�Q�K�T�H�2�t �U�B�M�+�H�m�b�B�p�B�i�v �T� �̀Q�T�2�`�i�v�V�X

�A�7 �i�r�Q �b�B�K�T�H�B�+�2�b �b�?���`�2 �� �+�Q�K�K�Q�M �7���+�2�- �i�?�2�M �i�?�2�v ���`�2�H�Q�r�2�` �M�2�B�;�?�#�Q�`�b�c �B�7 �i�?�2�v
�b�?���`�2 �� �+�Q�K�K�Q�M �+�Q�7���+�2�- �i�?�2�v ���`�2�m�T�T�2�` �M�2�B�;�?�#�Q�`�b�(�8�d�)�X �A�M �K�Q�b�i �Q�7 �i�?�2 �+���b�2�b �i�?�2 �7�Q�+�m�b



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �R�e

�B�b �Q�M �+�Q�K�T�H�2�t�2�b �Q�7 �Q�`�/�2�` �m�T �i�Q �i�r�QX �- �i�?�m�b �?���p�B�M�; �� �b�2�i �Q�7 �p�2�`�i�B�+�2�bX �r�B�i�?jX j = V �-
�� �b�2�i �Q�7 �2�/�;�2�bE �r�B�i�?jEj = E �- ���M�/ �� �b�2�i �Q�7 �i�`�B���M�;�H�2�bP �r�B�i�?jPj = P�X �h�Q �;�B�p�2 ��
�b�B�K�T�H�2 �2�t���K�T�H�2�- �B�M �6�B�;�X�k�X�R�r�2 �b�F�2�i�+�? �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �Q�7 �Q�`�/�2�`2�X

�k�X�k�X�k �*�2�H�H �*�Q�K�T�H�2�t�2�b

�a�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b ���`�2 �+���T���#�H�2 �Q�7 �K���M���;�B�M�; �`�2�H���i�B�Q�M�b�?�B�T�b �Q�7 �p���`�v�B�M�; �/�2�;�`�2�2�b�-
�v�2�i �i�?�2�v ���`�2 �Q�7�i�2�M �#�Q�m�M�/ �#�v �i�?�2 �B�M�+�H�m�b�B�Q�M �T�`�Q�T�2�`�i�v�X �h�?�B�b �T�`�Q�T�2�`�i�v �K���M�/���i�2�b �i�?���i �B�7
�� �b�2�i �B�b �T���`�i �Q�7 �i�?�2 �b�T���+�2�- �i�?�2�M ���H�H �B�i�b �`�2�b�T�2�+�i�B�p�2 �b�m�#�b�2�i�b �K�m�b�i ���H�b�Q �#�2 �B�M�+�H�m�/�2�/ �B�M �i�?���i
�b�T���+�2�X �A�M �M�m�K�2�`�Q�m�b ���T�T�H�B�+���i�B�Q�M�b�- �i�?�B�b �`�2�b�i�`�B�+�i�B�Q�M �B�b �M�Q�i �Q�M�H�v �m�M�M�2�+�2�b�b���`�v �#�m�i ���H�b�Q
�H���+�F�b �� �D�m�b�i�B�}�2�/ �#���b�B�b�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�B�b �i�?�2�b�B�b �7�`�2�[�m�2�M�i�H�v �2�K�T�H�Q�v�b �+�2�H�H �+�Q�K�T�H�2�t�2�b
�B�M�b�i�2���/�X �h�?�2�b�2 �b�i�`�m�+�i�m�`�2�b ���`�2 �M�Q�i���#�H�v �p�2�`�b���i�B�H�2�- �B�M�?�2�`�2�M�i�H�v �b�m�T�T�Q�`�i �� �?�B�2�`���`�+�?�B�+���H
�Q�`�;���M�B�x���i�B�Q�M�- ���M�/ �+���M �#�2 �/�2�b�+�`�B�#�2�/ �i�?�`�Q�m�;�? �� �`�B�+�? ���H�;�2�#�`���B�+ �`�2�T�`�2�b�2�M�i���i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �e�X�U�_�2�;�m�H���` �*�2�H�H �*�Q�K�T�H�2�t�V�� � �̀2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t �U�*�q�V �B�b �� �i�Q�T�Q�@
�H�Q�;�B�+���H �b�T���+�2X �i�Q�;�2�i�?�2�` �r�B�i�? �� �T���`�i�B�i�B�Q�MfX � g� 2P X �Q�7 �b�m�#�b�T���+�2�bX� �Q�7X �+���H�H�2�/ �+�2�H�H�b�-
�r�?�2� �̀2PX �B�b �i�?�2 �B�M�/�2�t�B�M�; �b�2�i �Q�7X �- �b�X�i�X

�*�R �6�Q�` �2���+�?x 2 X �- �2�p�2�`�v �b�m�{�+�B�2�M�i �b�K���H�H �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7x �B�M�i�2�`�b�2�+�i�b �}�M�B�i�2�H�v
�K���M�vX� �c

�*�k �6�Q�` ���H�H� �-� �r�2 �?���p�2 �i�?���iX� \ X � 6= ? �B�zX� � X � �- �r�?�2� �̀2X � �B�b �i�?�2 �+�H�Q�b�m� �̀2
�Q�7 �i�?�2 �+�2�H�H�c

�*�j �1�p�2�`�vX� �B�b �?�Q�K�2�Q�K�Q�`�T�?�B�+ �i�QRk �7�Q�` �b�Q�K�2k�c

�*�9 �6�Q�` �2�p�2�`�v� 2 P X �i�?�2� �̀2 �B�b �� �?�Q�K�2�Q�K�Q�`�T�?�B�b�Kg �Q�7 �� �+�H�Q�b�2�/ �#���H�H �B�MRk �i�QX �

�b�m�+�? �i�?���i �i�?�2 � �̀2�b�i�`�B�+�i�B�Q�M �Q�7g �i�Q �i�?�2 �B�M�i�2�`�B�Q�` �Q�7 �i�?�2 �#���H�H �B�b �� �?�Q�K�2�Q�K�Q�`�T�?�B�b�K
�Q�M�i�QX� �X

�6�`�Q�K �*�k�-PX �?���b �� �T�Q�b�2�i �b�i�`�m�+�i�m�`�2�- �;�B�p�2�M �#�v� � � �B�zX� � X� �- ���M�/ �r�2 �b���v
�i�?���i� �#�Q�m�M�/�b� �X �h�?�B�b �B�b �F�M�Q�r�M ���b �i�?�2�7���+�2 �T�Q�b�2�i�Q�7X �X �6�`�Q�K �*�Q�M�/�B�i�B�Q�M �9�- ���H�H
�Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�iX �B�b �2�M�+�Q�/�2�/ �B�M �i�?�2 �T�Q�b�2�i �b�i�`�m�+�i�m�`�2 �Q�7PX �X

�6�B�;�m�`�2 �k�X�k�X�� �+�2�H�H �+�Q�K�T�H�2�t

�h�?�2�M�- �� �`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t �+���M �#�2 �B�/�2�M�i�B�}�2�/
�r�B�i�? �B�i�b �7���+�2 �T�Q�b�2�i�X �6�`�Q�K �M�Q�r �Q�M �r�2 �r�B�H�H
�B�M�/�B�+���i�2 �i�?�2 �+�2�H�HX� �r�B�i�? �B�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�7���+�2 �T�Q�b�2�i �2�H�2�K�2�M�i� �X �h�?�2 �/�B�K�2�M�b�B�Q�M �Q�` �Q�`�/�2�`
�/�B�K(� ) �Q�7 �� �+�2�H�H� �B�bk�- �r�2 �+���H�H �B�i ��k� �+�2�H�H
���M�/ �/�2�M�Q�i�2 �B�i �r�B�i�?� k �i�Q �K���F�2 �i�?�B�b �2�t�T�H�B�+�B�i
�r�?�2�M �M�2�+�2�b�b���`�v�X �h�?�2 �/�B�K�2�M�b�B�Q�M �Q�` �Q�`�/�2�` �Q�7 ��
�+�2�H�H �+�Q�K�T�H�2�t �B�b �i�?�2 �H���`�;�2�b�i �/�B�K�2�M�b�B�Q�M �Q�7 �B�M�v
�Q�7 �B�i�b �+�2�H�H�b�X �A�M �6�B�;�X�k�X�k�- �r�2 �b�F�2�i�+�? ���M �Q�`�/�2�` �j
�+�2�H�H �+�Q�K�T�H�2�t�X �_�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b �+���M �#�2
�/�2�b�+�`�B�#�2�/ �p�B�� ���M �B�M�+�B�/�2�M�+�2 �`�2�H���i�B�Q�M �U�#�Q�m�M�/�@
���`�v �`�2�H���i�B�Q�M�V �r�B�i�? �� �`�2�~�2�t�B�p�2 ���M�/ �i�`���M�b�B�i�B�p�2
�+�H�Q�b�m�`�2 �i�?���i �B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �T���`�i�B���H �Q�`�/�2�` �B�M�i�`�Q�/�m�+�2�/ �B�M �.�2�}�M�B�i�B�Q�M�e�X

�.�2�}�M�B�i�B�Q�M �d�X�U�"�Q�m�M�/���`�v �_�2�H���i�B�Q�M�V�q�2 �?���p�2 �i�?�2 �#�Q�m�M�/���`�v � �̀2�H���i�B�Q�M� � � �B�z
dim( � ) � dim( � ) ���M�/ �i�?�2� �̀2 �B�b �M�Q �+�2�H�H� �b�m�+�? �i�?���i� � � � � �X



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �R�d

�A�M �Q�i�?�2�` �r�Q�`�/�b�- �.�2�}�M�B�i�B�Q�M�d�b�i���i�2�b �i�?���i �i�?�2 �#�Q�m�M�/���`�v �Q�7 �� �+�2�H�H� k �Q�7 �/�B�K�2�M�b�B�Q�Mk
�B�b �i�?�2 �b�2�i �Q�7 ���H�H �+�2�H�H�b �Q�7 �/�B�K�2�M�b�B�Q�M �H�2�b�b �i�?���Mk �#�Q�m�M�/�B�M�;� k �X

�q�2 �+���M �m�b�2 �i�?�2 �T�`�2�p�B�Q�m�b �/�2�}�M�B�i�B�Q�M�b �i�Q �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�Q�m�` �i�v�T�2�b �Q�7 �U�H�Q�+���H�V ���/�D���@
�+�2�M�+�B�2�b �T�`�2�b�2�M�i �B�M �`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b�,

�.�2�}�M�B�i�B�Q�M �3�X�U�*�2�H�H �*�Q�K�T�H�2�t ���/�D���+�2�M�+�B�2�b�V�(�R�y�j�) �6�Q�` �� �+�2�H�H �+�Q�K�T�H�2�tX ���M�/ ��
�+�2�H�H� 2 P X �- �r�2 �/�2�}�M�2�,

�Ç �h�?�2 �#�Q�m�M�/���`�v ���/�D���+�2�M�i �+�2�H�H�bB(� ) = f � j � � � g�- ��� �̀2 �i�?�2 �H�Q�r�2�`�@�/�B�K�2�M�b�B�Q�M���H �+�2�H�H�b
�Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7� �X �6�Q�` �B�M�b�i���M�+�2�- �i�?�2 �#�Q�m�M�/���`�v �+�2�H�H�b �Q�7 ���M �2�/�;�2 ��� �̀2 �B�i�b �2�M�/�T�Q�B�M�i
�M�Q�/�2�b�X

�Ç �h�?�2 �+�Q�@�#�Q�m�M�/���`�v ���/�D���+�2�M�i �+�2�H�HCB(� ) = f � j � � � g�- ��� �̀2 �i�?�2 �?�B�;�?�2�`�@�/�B�K�2�M�b�B�Q�M���H
�+�2�H�H�b �r�B�i�?� �Q�M �i�?�2�B�` �#�Q�m�M�/���`�v�X �1�X�;�X�- �i�?�2 �+�Q�@�#�Q�m�M�/���`�v �+�2�H�H�b �Q�7 �� �M�Q�/�2 ��� �̀2 �i�?�2 �2�/�;�2�b
�?���p�B�M�; �i�?���i �M�Q�/�2 ���b ���M �2�M�/�T�Q�B�M�i�X

�Ç �h�?�2 �H�Q�r�2�` ���/�D���+�2�M�i �+�2�H�H�bNd(� ) = f � j 9� �b�m�+�? �i�?���i� � � ���M�/� � � g�- ��� �̀2 �i�?�2
�+�2�H�H�b �Q�7 �i�?�2 �b���K�2 �/�B�K�2�M�b�B�Q�M ���b� �i�?���i �b�?��� �̀2 �� �H�Q�r�2�` �/�B�K�2�M�b�B�Q�M���H �+�2�H�H �Q�M �i�?�2�B�`
�#�Q�m�M�/���`�v�X �h�?�2 �H�B�M�2 �;� �̀��T�? ���/�D���+�2�M�+�B�2�b �#�2�i�r�2�2�M �i�?�2 �2�/�;�2�b ��� �̀2 �� �i�v�T�B�+���H �2�t���K�T�H�2 �Q�7
�i�?�B�b�X

�Ç �h�?�2 �m�T�T�2�` ���/�D���+�2�M�i �+�2�H�H�bNu(� ) = f � j 9� �b�m�+�? �i�?���i� � � ���M�/� � � g�X �h�?�2�b�2
��� �̀2 �i�?�2 �+�2�H�H�b �Q�7 �i�?�2 �b���K�2 �/�B�K�2�M�b�B�Q�M ���b� �i�?���i ��� �̀2 �Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2 �b���K�2
�?�B�;�?�2�`�@�/�B�K�2�M�b�B�Q�M���H �+�2�H�H�X

�G�2�i �m�b �/�2�M�Q�i�2 �i�?�2 �b�2�i �Q�7k�@�+�2�H�H�b �B�MX ���bDk := f � k : � k 2 X g�- �r�B�i�? �+���`�/�B�M���H�B�i�v
jDk j = Nk �X �J�Q�`�2�Q�p�2�`�- �H�2�i �m�b ���b�b�m�K�2 ���M ���`�#�B�i�`���`�v �B�M�/�2�t�B�M�; �Q�7 �i�?�2 �+�2�H�H�b �Q�7 �i�?�2 �b���K�2
�/�B�K�2�M�b�B�Q�M�- �b�m�+�? �i�?���i �r�2 �+���M �m�b�2 �r�X�H�X�;�X �i�?�2 �i�2�`�K�B�M�Q�H�Q�;�v ���M�/ �M�Q�i���i�B�Q�M �ô�i�?�2i �@�i�?k�@�+�2�H�H
� k

i �ô�- �r�B�i�?i 2 f 1; : : : ; Nkg�X �A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �T�`�Q�+�2�b�b�B�M�; �b�B�;�M���H�b
�/�2�}�M�2�/ �Q�p�2�` �� �+�2�H�H �+�Q�K�T�H�2�t�X �q�2 �2�K�T�H�Q�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �/�2�}�M�B�i�B�Q�M �Q�7�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�X

�.�2�}�M�B�i�B�Q�M �N�X�U�h�Q�T�Q�H�Q�;�B�+���H �a�B�;�M���H�b�V�:�B�p�2�M �� �+�2�H�H �+�Q�K�T�H�2�tX �Q�7 �Q� �̀/�2�`K �- ��
k�@�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H �B�b �/�2�}�M�2�/ ���b �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �K���T�T�B�M�;�b �7� �̀Q�K �i�?�2 �b�2�i �Q�7 ���H�Hk�@�+�2�H�H�b
�+�Q�M�i���B�M�2�/ �B�M �i�?�2 �+�Q�K�T�H�2�t �i�Q � �̀2���H �M�m�K�#�2�`�b�,

xk = [ xk (� k
1); : : : ; xk (� k

N k
)]T 2 RN k ; k = 0 ; : : : ; K; �U�k�X�k�X�R�V

�r�?�2� �̀2xk : Dk ! R�X �h�?�2 �Q� �̀/�2�` �Q�7 �i�?�2 �b�B�;�M���H �B�b �Q�M�2 �H�2�b�b �i�?�2 �+��� �̀/�B�M���H�B�i�v �Q�7 �i�?�2 �2�H�2�K�2�M�i�b
�Q�7Dk �X �� �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H �B�b �/�2�}�M�2�/ ���b �i�?�2 �+�Q�M�+���i�2�M���i�B�Q�M �Q�7 ���H�H �i�?�2k�@�i�Q�T�Q�H�Q�;�B�+���H
�b�B�;�M���H�b �Q�7 �i�?�2 �+�Q�K�T�H�2�t�,

xX =
K
k

k=0
xk 2 R

KP

k =0

N k

: �U�k�X�k�X�k�V

�.�2�}�M�B�i�B�Q�M �R�y�X�Uk�@�b�F�2�H�2�i�Q�M�V�h�?�2 �F�@�b�F�2�H�2�i�Q�M �Q�7 �� � �̀2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�tX �B�b �i�?�2
�b�m�#�+�Q�K�T�H�2�t �Q�7X �+�Q�M�b�B�b�i�B�M�; �Q�7 �+�2�H�H�b �Q�7 �/�B�K�2�M�b�B�Q�M ���i �K�Q�b�ik�X

���H�i�?�Q�m�;�? �+�2�H�H �+�Q�K�T�H�2�t�2�b ���`�2 �� �#�`�Q���/�H�v �;�2�M�2�`���H �Q�#�D�2�+�i�- �.�2�}�M�B�i�B�Q�M�e���M�/ �.�2�}�M�B�i�B�Q�M
�R�y���H�H�Q�r �m�b �i�Q �B�M�i�2�`�T�`�2�i �i�?�2 �y�@�b�F�2�H�2�i�Q�M �Q�7 �� �+�2�H�H �+�Q�K�T�H�2�t ���b �� �b�2�i �Q�7 �y�@�+�2�H�H�b �U�p�2�`�i�B�+�2�b�V
���M�/ �i�?�2 �R�@�b�F�2�H�2�i�Q�M ���b �� �b�2�i �Q�7 �p�2�`�i�B�+�2�b �i�Q�;�2�i�?�2�` �r�B�i�? �� �b�2�i �Q�7 �R�@�+�2�H�H�b �U�2�/�;�2�b�V�- �i�?�m�b ��
�;�`���T�?�- ���b �i�?�2 �`�2���/�2�` �+���M ���H�b�Q �B�M�7�2�` �7�`�Q�K �6�B�;�X�k�X�k�X



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �R�3

�6�Q�` �i�?�B�b �`�2���b�Q�M�- �;�B�p�2�M �� �;�`���T�?G�- �B�X�2�X �� �`�2���H�B�x���i�B�Q�M �Q�7 ���M �Q�`�/�2�`�@�R �+�2�H�H �+�Q�K�T�H�2�t�- �B�i
�B�b �T�Q�b�b�B�#�H�2 �i�Q �H�B�7�i �B�i �i�Q ���M �Q�`�/�2�`�@�k �+�2�H�H �+�Q�K�T�H�2�tXG �r�?�Q�b�2 �R�@�b�F�2�H�2�i�Q�M �B�b �B�b�Q�K�Q�`�T�?�B�+ �i�Q
G�X �h�?�2�`�2 ���`�2 �b�2�p�2�`���H �r���v�b �i�Q �T�2�`�7�Q�`�K �i�?�B�b �H�B�7�i�B�M�; �Q�T�2�`���i�B�Q�M�- �r�?�B�+�? �7�Q�`�K���H�H�v �B�b ����
�b�F�2�H�2�i�Q�M�@�T� �̀2�b�2�`�p�B�M�; �H�B�7�i�B�M�; �K���T�(�R�y�j�)�X

�6�Q�` �i�?�2 �b���F�2 �Q�7 �2�t�T�Q�b�B�i�B�Q�M ���M�/ �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �B�M �i�?�B�b �i�?�2�b�B�b �r�2 ���i�i���+�? �Q�`�/�2�` �k
�+�2�H�H�b �i�Q �i�?�2�f�� �b�2�i�f�b�m�#�b�2�i �Q�7 �B�M�/�m�+�2�/ �+�v�+�H�2�b �Q�7 �� �;�`���T�?G �m�T �i�Q �H�2�M�;�i�?K max �- �r�2
�`�2�7�2�` �i�Q �i�?�2�K ���b�T�Q�H�v�;�Q�M�b�- ���M�/ �r�2 �/�2�M�Q�i�2 �i�?�2 �`�2�b�m�H�i�B�M�; �Q�`�/�2�`�@�k �+�2�H�H �+�Q�K�T�H�2�t ���b
XG = fX ; E; Pg �r�B�i�? �� �b�H�B�;�?�i ���#�m�b�2 �Q�7 �M�Q�i���i�B�Q�M �i�Q �b�i�`�2�b�b �i�?�2 �;�2�M�2�`���H�B�x���i�B�Q�M �~���p�Q�`
�Q�7 �+�2�H�H �+�Q�K�T�H�2�t�2�b �r�X�`�X�i�X �i�Q �;�`���T�?�b ���M�/ �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b�- ���M�/ �F�2�2�T �� �/�B�z�2�`�2�M�i
�M�Q�i���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �+�Q�K�T�H�2�tXG�- �B�X�2�X �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�- ���M�/ �B�i�b �#���b�2 �b�2�iX �- �B�X�2�X
�i�?�2 �p�2�`�i�2�t �b�2�i�X �h�?�2�`�2�7�Q�`�2�- �r�2 �b���v �i�?���iX �B�b �i�?�2 �p�2�`�i�2�t �b�2�i�-E �B�b �i�?�2 �2�/�;�2 �b�2�i�-P �B�b �i�?�2
�T�Q�H�v�;�Q�M �b�2�i�- �r�B�i�?jX j = V �-jEj = E �- ���M�/jPj = P�X �q�2 �i�?�m�b �?���p�2D0 = X �-D1 = E�-
���M�/D2 = P�- �`�2�b�m�H�i�B�M�; �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;k�@�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�b�,

x0 : X ! R; x1 : E ! R; x2 : P ! R; �U�k�X�k�X�j�V

�`�2�T�`�2�b�2�M�i�B�M�; �;�`���T�?�- �2�/�;�2�- ���M�/ �T�Q�H�v�;�Q�M �b�B�;�M���H�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�b ���`�2 �i�?�2�M �Q�7 �i�?�2 �7�Q�`�K�,

xXG =
2
k

k=0
xk 2 RV + E + P : �U�k�X�k�X�9�V

�_�2�K���`�F �R�X�h�?�2 �`�2���/�2�` �K���v �?���p�2 �M�Q�i�B�+�2�/ �i�?���i �r�2 �;���p�2 �M�Q �2�t�T�H�B�+�B�i �+�?���`���+�i�2�`�B�x���i�B�Q�M �Q�7
�� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t ���b �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�- ���H�i�?�Q�m�;�? �B�i �B�b �T�`�2�i�i�v �2���b�v �i�Q �T���`�i�B�+�m�H���`�B�x�2
�+�2�H�H �+�Q�K�T�H�2�t�2�b �i�Q �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b �m�b�B�M�; �.�2�}�M�B�i�B�Q�M�e�T�H�m�b �i�?�2 �B�M�+�H�m�b�B�p�B�i�v �T�`�Q�T�2�`�i�v
�B�M�i�`�Q�/�m�+�2�/ �B�M �.�2�}�M�B�i�B�Q�M�8�- �B�X�2�X �+�2�H�H�b �#�2�+�Q�K�2 �b�B�K�T�H�B�+�2�b�X �h�?�B�b �B�b �#�2�+���m�b�2 �.�2�}�M�B�i�B�Q�M�8
�B�b�- �i�Q �#�2 �+�Q�K�T�H�2�i�2�H�v �`�B�;�Q�`�Q�m�b�- �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 ���M���#�b�i� �̀��+�i�b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�- �i�?���i
�B�i�b�2�H�7 �B�b �M�Q�i �� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�X �>�Q�r�2�p�2�`�- �r�?�2�M �r�2 �`�2�7�2�` �i�Q �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t ���b
�� �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�- �r�2 ���`�2 �B�K�T�H�B�+�B�i�H�v �i���H�F�B�M�; ���#�Q�m�i �i�?�2�;�2�Q�K�2�i�`�B�+ � �̀2���H�B�x���i�B�Q�M�Q�7 ���M
���#�b�i�`���+�i �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�X �h�?�2�`�2�7�Q�`�2�- �r�2 ���`�2 �B�K�T�H�B�+�B�i�H�v �b�i���i�B�M�; �i�?���i �i�?�2 �a�* �?���b ��
�i�Q�T�Q�H�Q�;�v �+�Q�?�2�`�2�M�i �r�B�i�? �B�i�b �b�B�K�T�H�B�+�2�b�- �r�?�B�+�? ���`�2 �ô�i�Q�T�Q�H�Q�;�B�x�2�/�ô ���b �?�Q�K�2�Q�K�Q�`�T�?�B�b�K�b �Q�7
�i�?�2 �b�i���M�/���`�/ �b�B�K�T�H�B�+�2�b �H�B�p�B�M�; �B�M �1�m�+�H�B�/�2���M �b�T���+�2�X �S�H�2���b�2 �`�2�7�2�` �i�Q �(�j�k�) �7�Q�` �� �/�2�i���B�H�2�/
�/�2�b�+�`�B�T�i�B�Q�M�X �A�M �i�?�B�b �i�?�2�b�B�b�- �r�2 �r�B�H�H �M�Q�i �B�M�+�m�` ���M�v ���K�#�B�;�m�B�i�v �#�v �`�2�7�2�`�`�B�M�; �i�Q ���#�b�i�`���+�i
�b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b ���b �D�m�b�i �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b�- ���M�/ �B�K�T�H�B�+�B�i�H�v �H�Q�Q�F�B�M�; ���i �i�?�2�K ���b
�i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b �p�B�� �i�?�2�B�` �;�2�Q�K�2�i�`�B�+ �`�2���H�B�x���i�B�Q�M�b�X

�A�i �B�b �2���b�v �i�Q �M�Q�i�B�+�2 �i�?���i �� �+�2�H�H �+�Q�K�T�H�2�tXG �Q�7 �Q�`�/�2�` �k �#�m�B�H�i ���b �/�2�b�+�`�B�#�2�/ ���#�Q�p�2
�r�B�i�?K max = 3 �B�b �2�[�m�B�p���H�2�M�i �i�Q �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �Q�7 �Q�`�/�2�` �k �?���p�B�M�; �i�?�2 �b���K�2 �b�2�i
X �Q�7 �y�@�b�B�K�T�H�B�+�2�b �U�p�2�`�i�B�+�2�b�V�- �i�?�2 �b���K�2 �b�2�iE �Q�7 �R�@�b�B�K�T�H�B�+�2�b �U�2�/�;�2�b�V�- ���M�/ �i�?�2 �b���K�2 �b�2�i
E �Q�7 �k�@�b�B�K�T�H�B�+�2�b �U�i�`�B���M�;�H�2�b�V�X

�_�2�K���`�F �k�X�h�?�2�`�2 �B�b �;�2�M�2�`���H�H�v �p�2�`�v �H�B�i�i�H�2 �B�M�i�2�`�2�b�i �B�M �+�Q�K�T�H�2�t�2�b �Q�7 �Q�`�/�2�` �;�`�2���i�2�` �i�?�2�M
�i�r�Q�c �7�Q�` �i�?�B�b �`�2���b�Q�M�- �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r�2 �r�B�H�H ���H�r���v�b ���b�b�m�K�2 �i�Q �/�2���H �r�B�i�? �+�Q�K�T�H�2�t�2�b
�U�b�B�K�T�H�B�+�B���H �Q�7 �+�2�H�H�V �Q�7 �Q�`�/�2�` �i�r�Q �r�X�H�X�;�X�- ���M�/ �r�2 �r�B�H�H �+�Q�M�i�B�M�m�2 �/�2�M�Q�i�B�M�; �i�?�2�K �r�B�i�?XG�X

�k�X�k�X�j ���H�;�2�#�`���B�+ �_�2�T�`�2�b�2�M�i���i�B�Q�M

�A�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �;�B�p�2 �� �`�B�+�? ���H�;�2�#�`���B�+ �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b�X �h�Q
�/�Q �b�Q�- �B�i �B�b �2�b�b�2�M�i�B���H �i�Q �B�M�i�`�Q�/�m�+�2 ���M �Q�`�B�2�M�i���i�B�Q�M �Q�7 �i�?�2 �+�2�H�H�b�X �P�`�B�2�M�i�B�M�; �+�2�H�H�b �B�b �M�Q�i



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �R�N

�K���i�?�2�K���i�B�+���H�H�v �i�`�B�p�B���H �#�m�i�- �B�M �i�?�2 �2�M�/�- �B�i �B�b �Q�M�H�v �� �ô�#�Q�Q�F�F�2�2�T�B�M�; �K���i�i�2�`�ô �(�N�3�)�X �P�M�2
�Q�7 �i�?�2 �T�Q�b�b�B�#�H�2 �r���v�b �Q�7 �Q�`�B�2�M�i�B�M�; �+�2�H�H�b �(�N�d�) �B�b �p�B�� �� �b�B�K�T�H�B�+�B���H �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�?�2
�+�Q�K�T�H�2�t�- �B�X�2�X �b�m�#�/�B�p�B�/�B�M�; �i�?�2 �+�2�H�H �B�M�i�Q �� �b�2�i �Q�7 �B�M�i�2�`�M���Hk�@�b�B�K�T�H�B�+�2�b �(�j�k�-�R�9�N�)�- �b�Q �i�?���i
�B�V �i�r�Q �b�B�K�T�H�B�+�2�b �b�?���`�2 �2�t���+�i�H�v �Q�M�2(k � 1)�@�b�B�K�T�H�B�+�B���H �#�Q�m�M�/���`�v �2�H�2�K�2�M�i�- �r�?�B�+�? �B�b �M�Q�i
�i�?�2 �#�Q�m�M�/���`�v �Q�7 ���M�v �Q�i�?�2�`k�@�+�2�H�H �B�M �i�?�2 �+�Q�K�T�H�2�t�c ���M�/ �B�B�V �i�r�Qk�@�b�B�K�T�H�B�+�2�b �B�M�/�m�+�2 ���M
�Q�T�T�Q�b�B�i�2 �Q�`�B�2�M�i���i�B�Q�M �Q�M �i�?�2 �b�?���`�2�/(k � 1)�@�#�Q�m�M�/���`�v�X �h�?�2�`�2�7�Q�`�2�- �#�v �Q�`�B�2�M�i�B�M�; �� �b�B�M�;�H�2
�B�M�i�2�`�M���H �b�B�K�T�H�2�t�- �i�?�2 �Q�`�B�2�M�i���i�B�Q�M �T�`�Q�T���;���i�2�b �Q�M �i�?�2 �2�M�i�B�`�2 �+�2�H�H�X

�:�B�p�2�M ���M �Q�`�B�2�M�i���i�B�Q�M�- �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �� �+�2�H�H �+�Q�K�T�H�2�tXG �Q�7 �Q�`�/�2�` �k �B�b �7�m�H�H�v
�/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �b�2�i �Q�7 �B�i�b �B�M�+�B�/�2�M�+�2 �K���i�`�B�+�2�bB k �-k = 1 ; 2 �(�R�8�y�)�- �r�B�i�?B 1 2 RV � E

���M�/B 2 2 RE � P �X �h�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �B�M�+�B�/�2�M�+�2 �K���i�`�B�tB k �2�b�i���#�H�B�b�? �r�?�B�+�?k�@�+�2�H�H�b
���`�2 �B�M�+�B�/�2�M�i �i�Q �r�?�B�+�?(k � 1)�@�+�2�H�H�b�X �q�2 �m�b�2 �i�?�2 �M�Q�i���i�B�Q�M� k� 1

i � � k
j �i�Q �B�M�/�B�+���i�2 �i�r�Q

�+�2�H�H�b �r�B�i�? �i�?�2 �b���K�2 �Q�`�B�2�M�i���i�B�Q�M�- ���M�/� k� 1
i 6� � k

j �i�Q �B�M�/�B�+���i�2 �i�?���i �i�?�2�v �?���p�2 �Q�T�T�Q�b�B�i�2
�Q�`�B�2�M�i���i�B�Q�M�X �J���i�?�2�K���i�B�+���H�H�v�- �i�?�2 �2�M�i�`�B�2�b �Q�7B k ���`�2 �/�2�}�M�2�/ ���b �7�Q�H�H�Q�r�b�,

�
B k

�
i;j =

8
><

>:

0; �B�7� k� 1
i 6� � k

j

1; �B�7� k� 1
i � � k

j ���M�/� k� 1
i � � k

j

� 1; �B�7� k� 1
i � � k

j ���M�/� k� 1
i 6� � k

j

: �U�k�X�k�X�8�V

�6�`�Q�K �i�?�2 �B�M�+�B�/�2�M�+�2 �B�M�7�Q�`�K���i�B�Q�M�- �r�2 �+���M �#�m�B�H�/ �i�?�2 �>�Q�/�;�2 �G���T�H���+�B���M �K���i�`�B�+�2�b �(�R�8�y�)�-
�Q�7 �Q�`�/�2�`k = 0 ; 1; 2�- ���b �7�Q�H�H�Q�r�b�,

L 0 = B 1B T
1 ; L 1 = B T

1 B 1| {z }
L ( d)

k

+ B 2B T
2| {z }

L ( u )
k

; L 2 = B T
2 B 2: �U�k�X�k�X�e�V

���H�H �G���T�H���+�B���M �K���i�`�B�+�2�b �Q�7 �B�M�i�2�`�K�2�/�B���i�2 �Q�`�/�2�`�- �B�X�2�Xk = 1 ; : : : ; K � 1�- �+�Q�M�i���B�M �i�r�Q �i�2�`�K�b�,
�h�?�2 �}�`�b�i �i�2�`�KL (d)

k �- ���H�b�Q �F�M�Q�r�M ���b �H�Q�r�2�` �G���T�H���+�B���M�- �2�M�+�Q�/�2�b �i�?�2 �H�Q�r�2�` ���/�D���+�2�M�+�v

�Q�7k�@�Q�`�/�2�` �+�2�H�H�b�c �i�?�2 �b�2�+�Q�M�/ �i�2�`�KL (u)
k �- ���H�b�Q �F�M�Q�r�M ���b �m�T�T�2�` �G���T�H���+�B���M�- �2�M�+�Q�/�2�b �i�?�2

�m�T�T�2�` ���/�D���+�2�M�+�v �Q�7k�@�Q�`�/�2�` �+�2�H�H�b�X �L�Q�i�2 �i�?���i �i�?�2 �p�2�`�i�B�+�2�b �Q�7 �� �;�`���T�? �+���M �Q�M�H�v �#�2
�m�T�T�2�` ���/�D���+�2�M�i�- �B�7 �i�?�2�v ���`�2 �B�M�+�B�/�2�M�i �i�Q �i�?�2 �b���K�2 �2�/�;�2�X �h�?�B�b �B�b �r�?�v �i�?�2 �G���T�H���+�B���ML 0

�+�Q�M�i���B�M�b �Q�M�H�v �Q�M�2 �i�2�`�K�- ���M�/ �B�i �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �m�b�m���H �;�`���T�? �G���T�H���+�B���M�X

�k�X�k�X�9 �>�Q�/�;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M

�>�Q�/�;�2 �G���T�H���+�B���M�b ���/�K�B�i �� �>�Q�/�;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �(�R�9�3�)�- �H�2���/�B�M�; �i�Q �i�?�`�2�2 �Q�`�i�?�Q�;�Q�M���H
�b�m�#�b�T���+�2�b�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2k�@�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H �b�T���+�2 �+���M �#�2 �/�2�+�Q�K�T�Q�b�2�/ ���b �i�?�2
�/�B�`�2�+�i �b�m�K �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�m�#�b�T���+�2�b�,

RN k = �B�K(B T
k

�
� �B�K

�
B k+1

�
� �F�2�`

�
L k

�
: �U�k�X�k�X�d�V

�h�?�m�b�- ���M�v �b�B�;�M���Hxk �Q�7 �Q�`�/�2�`k �+���M �#�2 �/�2�+�Q�K�T�Q�b�2�/ ���b�,

xk = B T
k xk� 1| {z }

(a)

+ B k+1 xk+1| {z }
(b)

+ exk|{z}
(c)

: �U�k�X�k�X�3�V

�G�2�i �m�b �;�B�p�2 ���M �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �i�?�`�2�2 �Q�`�i�?�Q�;�Q�M���H �+�Q�K�T�Q�M�2�M�i�b �B�M�U�k�X�k�X�3�V�+�Q�M�b�B�/�2�`�B�M�;
�2�/�;�2 �b�B�;�M���H�bx1 �U�B�X�2�X�-k = 1 �V �(�j�k�-�N�d�)�- �(�3�y�)�,



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �k�y

�U���V���T�T�H�v�B�M�; �K���i�`�B�tB 1 �i�Q ���M �2�/�;�2 �~�Q�rx1 �K�2���M�b �+�Q�K�T�m�i�B�M�; �B�i�b �M�2�i �~�Q�r ���i �2���+�?
�M�Q�/�2�- �i�?�m�bB 1 �B�b �+���H�H�2�/ �� �/�B�p�2�`�;�2�M�+�2 �Q�T�2�`���i�Q�`�X �A�i�b ���/�D�Q�B�M�iB T

1 �/�B�z�2�`�2�M�i�B���i�2�b ��
�M�Q�/�2 �b�B�;�M���Hx0 ���H�Q�M�; �i�?�2 �2�/�;�2�b �i�Q �B�M�/�m�+�2 ���M �2�/�;�2 �~�Q�rB T

1 x0�X �q�2 �+���H�HB T
1 x0

�i�?�2�B�`� �̀Q�i���i�B�Q�M���H �+�Q�K�T�Q�M�2�M�i�Q�7x1 ���M�/ �B�K(B T
k ) �i�?�2 �;�`���/�B�2�M�i �b�T���+�2�X

�U�#�V���T�T�H�v�B�M�; �K���i�`�B�tB T
2 �i�Q ���M �2�/�;�2 �~�Q�rx1 �K�2���M�b �+�Q�K�T�m�i�B�M�; �B�i�b �+�B�`�+�m�H���i�B�Q�M ���H�Q�M�;

�2���+�? �T�Q�H�v�;�Q�M�- �i�?�m�bB T
2 �B�b �+���H�H�2�/ �� �+�m�`�H �Q�T�2�`���i�Q�`�X �A�i�b ���/�D�Q�B�M�iB 2 �B�M�/�m�+�2�b ���M

�2�/�;�2 �~�Q�rx1 �7�`�Q�K �� �T�Q�H�v�;�Q�M �b�B�;�M���Hx2�X �q�2 �+���H�HB 2x2 �i�?�2�b�Q�H�2�M�Q�B�/���H �+�Q�K�T�Q�M�2�M�i
�Q�7x1 ���M�/ �B�K(B 2) �i�?�2 �+�m�`�H �b�T���+�2�X

�U�+�V�h�?�2 �`�2�K���B�M�B�M�; �+�Q�K�T�Q�M�2�M�iex1 �B�b �i�?�2�?���`�K�Q�M�B�+ �+�Q�K�T�Q�M�2�M�i�b�B�M�+�2 �B�i �#�2�H�Q�M�;�b �i�Q
�F�2�`(L 1) �i�?���i �B�b �+���H�H�2�/ �i�?�2 �?���`�K�Q�M�B�+ �b�T���+�2�X ���M�v �2�/�;�2 �~�Q�rex1 �?���b �x�2�`�Q �/�B�p�2�`�;�2�M�+�2
���M�/ �+�m�`�H�X

�k�X�k�X�8 �.�B�`���+ �.�2�+�Q�K�T�Q�b�B�i�B�Q�M

���H�i�?�Q�m�;�? �i�?�2 �>�Q�/�;�2 �G���T�H���+�B���M�b �7�`�Q�K�U�k�X�k�X�e�V�+�Q�K�2 �r�B�i�? �b�2�p�2�`���H �7���p�Q�`���#�H�2 �T�`�Q�T�@
�2�`�i�B�2�b �U�2�X�;�X�- �>�Q�/�;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���M�/ �b�T�2�+�i�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�V�- �i�?�2�v �+���M �#�2 �Q�M�H�v
�/�B�b�D�Q�B�M�i�H�v �2�K�T�H�Q�v�2�/�- �B�X�2�X�- �i�?�2 �Q�`�/�2�`k �G���T�H���+�B���ML k �+���M �#�2 �m�b�2�/ �i�Q �T�`�Q�+�2�b�b �Q�M�H�v
k� �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�bxk �- �r�B�i�?�Q�m�i ���M�v �B�M�i�2�`�T�H���v �r�B�i�? �b�B�;�M���H�b �Q�7 �/�B�z�2�`�2�M�i �Q�`�/�2�`�b�- �B�7
���p���B�H���#�H�2�X �h�Q �Q�p�2�`�+�Q�K�2 �i�?�B�b �H�B�K�B�i���i�B�Q�M�- �r�2 �`�2�H�v �Q�M �i�?�2 �`�2�+�2�M�i�H�v �B�M�i�`�Q�/�m�+�2�/ �.�B�`���+
�Q�T�2�`���i�Q�` �(�e�R�-�e�k�)�X �:�B�p�2�M �� �;�2�M�2�`�B�+ �+�2�H�H �+�Q�K�T�H�2�tXG ���M�/ �� �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���HxXG �- �i�?�2
�.�B�`���+ �Q�T�2�`���i�Q�` �B�b ���M �B�M�/�2�}�M�B�i�2 �Q�T�2�`���i�Q�` �i�?���i ���+�i�b �Q�MxXG ���M�/ �i�?���i �+���M �#�2 �r�`�B�i�i�2�M
���b �� �b�T���`�b�2 �#�H�Q�+�F �K���i�`�B�tD XG 2 R(V + E + P )� (V + E + P ) �r�?�Q�b�2 �#�H�Q�+�F�b ���`�2 �2�B�i�?�2�` �x�2�`�Q�b
�Q�` �i�?�2 �B�M�+�B�/�2�M�+�2 �K���i�`�B�+�2�bf B kgK

k=1 �- �b�m�+�? �i�?���i �B�i�b �b�[�m���`�2 �;�B�p�2�b �� �#�H�Q�+�F �/�B���;�Q�M���H
�+�Q�M�+���i�2�M���i�B�Q�M �Q�7 �i�?�2 �G���T�H���+�B���M�bf L kg2

k=0 �,

D 2
XG

=

2

6
4

L 0 0 0
0 L 1 0
0 0 L 2

3

7
5 : �U�k�X�k�X�N�V

�h�?�2�`�2�7�Q�`�2�- �i�?�2 �i�?�2 �.�B�`���+ �Q�T�2�`���i�Q�` �7�Q�` �� �+�2�H�H �+�Q�K�T�H�2�tXG �Q�7 �Q�`�/�2�` �k �`�2���/�b ���b�,

D XG =

2

6
4

0 B 1 0
B T

1 0 B 2

0 B T
2 0

3

7
5 : �U�k�X�k�X�R�y�V

�.�m�2 �i�Q �B�i�b �b�i�`�m�+�i�m�`�2�- �B�i �+���M �#�2 �2���b�B�H�v �b�?�Q�r�M �i�?���i �� �.�B�`���+ �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �b�B�K�B�H�B���` �i�Q
�i�?�2 �>�Q�/�;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M�U�k�X�k�X�3�V�?�Q�H�/�b �(�e�R�)�X �A�M �T���`�i�B�+�m�H���`�- �7�Q�` �� �+�2�H�H �+�Q�K�T�H�2�tXG

�Q�7 �Q�`�/�2�` �i�r�Q�- �i�?�2 �.�B�`���+ �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�b �;�B�p�2�M �#�v�,

RN + E + P = �B�K(D (d)
XG

�
� �B�K(D (u)

XG

�
� �F�2�`

�
D XG

�
; �U�k�X�k�X�R�R�V

�r�?�2�`�2�,

D (d)
XG

=

2

6
4

0 B 1 0
B T

1 0 0
0 0 0

3

7
5 ; D (u)

XG
=

2

6
4

0 0 0
0 0 B 2

0 B T
2 0

3

7
5 : �U�k�X�k�X�R�k�V

�h�?�2�`�2�7�Q�`�2�- ���H�b�Q �B�M �i�?�B�b �+���b�2 �r�2 �+���M �;�B�p�2 ���M �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �b�T���+�2�b �B�M�U�k�X�k�X�R�R�V�(�e�k�)�c
�B�K(D (d)

XG

�
�B�b �i�?�2 �D�Q�B�M�i �;�`���/�B�2�M�i �b�T���+�2�- �r�?�2�`�2���b �B�K(D (u)

XG

�
�B�b �i�?�2 �D�Q�B�M�i �+�m�`�H �b�T���+�2�X



�k�X�k �*�Q�K�#�B�M���i�Q�`�B���H �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b �k�R

�k�X�k�X�e �6�`�2�[�m�2�M�+�v �.�Q�K���B�M

���b �/�Q�M�2 �7�Q�` �+�H���b�b�B�+���H �i�B�K�2 �b�B�;�M���H�b�- �;�`���T�? �b�B�;�M���H�b�- ���M�/ �� �b�2�`�B�2�b �Q�7 �Q�i�?�2�` �/�Q�K���B�M�b
�K�2�M�i�B�Q�M�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�B�b �i�?�2�b�B�b�-k�@�i�Q�T�Q�H�Q�;�B�+���H ���M�/ �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�b
�+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �Q�p�2�` �i�?�2 �#���b�B�b �Q�7 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7 �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �>�Q�/�;�2
�G���T�H���+�B���ML k ���M�/ �i�?�2 �.�B�`���+ �Q�T�2�`���i�Q�`D XG �- �`�2�b�T�2�+�i�B�p�2�H�v�X �6�`�Q�K ���M ���H�;�2�#�`���B�+ �a�B�;�M���H
�S�`�Q�+�2�b�b�B�M�; �T�2�`�b�T�2�+�i�B�p�2 �U�i�?���i �r�2 ���`�2 �M�Q�i �;�Q�B�M�; �i�Q �/�2�2�T�2�M�V�- �i�?�2 �G���T�H���+�B���M�b ���M�/ �i�?�2
�.�B�`���+ �Q�T�2�`���i�Q�` �`�2�T�`�2�b�2�M�i �i�?�2 �b�?�B�7�i �Q�T�2�`���i�Q�`�b�- �B�X�2�X �i�?�2 �;�2�M�2�`���i�Q�` �Q�7 �i�?�2 ���H�;�2�#�`�� �Q�7
�}�H�i�2�`�b�- �7�Q�` �i�?�2k�@ �i�Q�T�Q�H�Q�;�B�+���H ���M�/ �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H �K�Q�/�m�H�2�b�X
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�#�2 �B�M�+�Q�M�b�B�b�i�2�M�i �r�?�2�M �+�?���`�i�b �Q�p�2�`�H���T�X �a�m�T�T�Q�b�2 �i�?���i �i�r�Q �+�?���`�i�b(Ui ; gi ) ���M�/(Uj ; gj )
�#�Q�i�? �+�Q�M�i���B�M �� �T�Q�B�M�ix 2 M ���M�/ ���`�2 �Q�p�2�`�H���T�T�B�M�;�- �B�X�2�XW := Ui

T
Uj 6= ; �- �r�2 �+���M

�i�?�2�M �r�`�B�i�2 �i�?�2 �`�2�b�i�`�B�+�i�B�Q�Mf jW �Q�7f �Q�p�2�Ẁ �B�M �H�Q�+���H �+�Q�Q�`�/�B�M���i�2�b �#�v �K�Q�p�B�M�; �#�2�i�r�2�2�M
�+�?���`�i�b�,

f jW � g� 1
i = ( f jW � g� 1

j ) � (gj � g� 1
i ) : gi (W) � Rd ! R �U�k�X�9�X�R�V

�A�i �B�b �+�H�2���` �7�`�Q�K�U�k�X�9�X�R�V�i�?���i�- �B�7 �i�r�Q �+�?���`�i�b �Q�p�2�`�H���T�- �i�?�2 �7�m�M�+�i�B�Q�M �b�?�Q�m�H�/ �#�2 �/�B�z�2�`�2�M�i�B���#�H�2
�B�M �#�Q�i�? �+�?���`�i�b�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�B�b �K�2���M�b �i�?���i �i�?�2 �7�m�M�+�i�B�Q�Mgj � g� 1

i �- �#�2�B�M�; �� �b�Q�@�+���H�H�2�/
�i� �̀��M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�M�- �?���b �i�Q �#�2 �/�B�z�2�`�2�M�i�B���#�H�2�X �q�2 ���`�2 �M�Q�r �B�M �i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�7 �;�B�p�B�M�;
�i�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �� �/�B�z�2�`�2�M�i�B���#�H�2 �K���M�B�7�Q�H�/ ���M�/ �� �/�B�z�2�`�2�M�i�B���#�H�2 �7�m�M�+�i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �R�3�X�U�.�B�z�2� �̀2�M�i�B���#�H�2 �J���M�B�7�Q�H�/�V�� �/�B�z�2� �̀2�M�i�B���#�H�2 �K���M�B�7�Q�H�/M �B�b ��
�i�Q�T�Q�H�Q�;�B�+���H �K���M�B�7�Q�H�/ �2�[�m�B�T�T�2�/ �r�B�i�? �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �+�?���`�i�b �b�m�+�? �i�?���i �7�Q�` ���M�v �i�r�Q
�Q�p�2�`�H���T�T�B�M�; �+�?���`�i�b(Ui ; gi ) ���M�/(Uj ; gj )�- �i�?�2 �i� �̀��M�b�B�i�B�Q�M �7�m�M�+�i�B�Q�Mgj � g� 1

i �B�b �/�B�z�2� �̀2�M�i�B���#�H�2�X

�.�2�}�M�B�i�B�Q�M �R�N�X�U�.�B�z�2� �̀2�M�i�B���#�H�2 �6�m�M�+�i�B�Q�M�V�� �7�m�M�+�i�B�Q�Mf : M ! R �Q�p�2�` ��d�@
�/�B�K�2�M�b�B�Q�M���H �/�B�z�2� �̀2�M�i�B���#�H�2 �K���M�B�7�Q�H�/M �B�b �b���B�/ �i�Q �#�2 �/�B�z�2� �̀2�M�i�B���#�H�2 ���i �� �T�Q�B�M�ip 2 M �B�7�-
�7�Q�` �b�Q�K�2 �+�?���`�i(U; g) �+�Q�M�i���B�M�B�M�;p�- �i�?�2 �+�Q�K�T�Q�b�B�i�2 �7�m�M�+�i�B�Q�Mf � g� 1 : g(U) � R(d) ! R
�B�b �/�B�z�2� �̀2�M�i�B���#�H�2 �B�M �i�?�2 �m�b�m���H �2�m�+�H�B�/�2���M �+���H�+�m�H�m�b �b�2�M�b�2�X

�A�M �2�b�b�2�M�+�2�- �/�B�z�2�`�2�M�i�B���#�B�H�B�i�v �Q�M �� �K���M�B�7�Q�H�/ �;�2�M�2�`���H�B�x�2�b �i�?�2 �7���K�B�H�B���` �1�m�+�H�B�/�2���M
�+�Q�M�+�2�T�i �i�Q �K�Q�`�2 �;�2�M�2�`���H �b�T���+�2�b�- �2�M�b�m�`�B�M�; �i�?���i �7�m�M�+�i�B�Q�M�b �#�2�?���p�2 �b�K�Q�Q�i�?�H�v �M�Q �K���i�i�2�`
�r�?�B�+�? �H�Q�+���H �T�2�`�b�T�2�+�i�B�p�2 �U�Q�` �+�?���`�i�V �r�2 ���/�Q�T�i�X �q�2 �b���v �i�?���i �� �/�B�z�2�`�2�M�i�B���#�H�2 �K���M�B�7�Q�H�/ �B�b
�� �b�K�Q�Q�i�? �K���M�B�7�Q�H�/�B�7 �i�?�2 �i�`���M�b���+�i�B�Q�M �7�m�M�+�i�B�Q�M�b ���`�2 �B�M�}�M�B�i�2�H�v �/�B�z�2�`�2�M�i�B���#�H�2�X

�6�Q�` �/�B�z�2�`�2�M�i�B���#�H�2 �K���M�B�7�Q�H�/�b�- �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �2�M�/�Q�r �2���+�? �T�Q�B�M�ix 2 M �r�B�i�? ��
d�@�/�B�K�2�M�b�B�Q�M���H �i���M�;�2�M�i �b�T���+�2TxM ' Rd�- �r�?�Q�b�2 �2�H�2�K�2�M�i�bv 2 TxM ���`�2 �b���B�/ �i�Q �#�2
�i���M�;�2�M�i �p�2�+�i�Q�`�b ���ix�X �A�M�7�Q�`�K���H�H�v�- �i���M�;�2�M�i �p�2�+�i�Q�`�b �+���M �#�2 �b�2�2�M ���b �� �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7
�i�?�2 �p�2�H�Q�+�B�i�v �p�2�+�i�Q�` �Q�7 �� �+�m�`�p�2 �+�Q�M�b�i�`���B�M�2�/ �i�QM �T���b�b�B�M�; �i�?�`�Q�m�;�? �i�?�2 �T�Q�B�M�ix�X ���M
�2�t���K�T�H�2 �Q�7 �� �i���M�;�2�M�i �p�2�+�i�Q�` �B�b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�k�X�j�X

�6�B�;�m�`�2 �k�X�j�X�� �i���M�;�2�M�i �p�2�+�i�Q�`

�L�Q�i �7�Q�` �M�Q�i�?�B�M�;�- �i�?�B�b �B�M�7�Q�`�K���H �/�2�}�M�B�i�B�Q�M
�Q�7 �i���M�;�2�M�i �p�2�+�i�Q�`�b �B�b �b���B�/ �i�Q �#�2�2�t�i�`�B�M�b�B�+�-
�#�2�+���m�b�2 �B�i �T�`�2�b�m�T�T�Q�b�2�b �i�?���i �i�?�2 �K���M�B�7�Q�H�/
�B�b �2�K�#�2�/�/�2�/ �r�B�i�?�B�M �� �1�m�+�H�B�/�2���M �b�T���+�2�- ���M�/
�i�?�2 �p�2�H�Q�+�B�i�v �p�2�+�i�Q�` �B�b �� �p�2�+�i�Q�` �r�B�i�?�B�M �i�?�B�b
�b�m�`�`�Q�m�M�/�B�M�; �b�T���+�2�- �i�?���i �r�2 �`�2�7�2�` �i�Q ���b���K�@
�#�B�2�M�i �b�T���+�2�- �i���M�;�2�M�i �i�Q �i�?�2 �+�m�`�p�2�X �>�2�`�2 �r�2
�/�Q�M�ö�i �T�`�Q�p�B�/�2 �i�?�2 �7�Q�`�K���H�B�M�i�`�B�M�b�B�+�/�2�}�M�B�i�B�Q�M
�Q�7 �� �i���M�;�2�M�i �p�2�+�i�Q�`�- �i�?���i �+���M �#�2 �7�Q�m�M�/ �2�X�;�X
�B�M �(�3�)�X �h�Q �;�B�p�2 ���M �B�M�i�m�B�i�B�Q�M �Q�7 �r�?���i �B�b ���M
���K�#�B�2�M�i �b�T���+�2 �U�i�?���i�- ���;���B�M�- �r�2 �r�B�H�H �M�Q�i �7�Q�`�@
�K���H�H�v �/�2�}�M�2 �i�Q ���p�Q�B�/ �Q�p�2�`�H�Q���/�B�M�; �M�Q�i���i�B�Q�M ���M�/ �i�2�`�K�B�M�Q�H�Q�;�v�V�- �B�i �B�b �b�m�{�+�B�2�M�i �i�Q �i�?�B�M�F
���#�Q�m�i �i�?�2 �b�T�?�2�`�2�- �r�?�B�+�? �B�b �7�Q�`�K���H�H�v �� �#�B�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/�- �i�?�m�b �2���+�? �i���M�;�2�M�i
�b�T���+�2TxM ' R2�c �?�Q�r�2�p�2�`�- �r�2 ���`�2 �m�b�2�/ �i�Q �H�Q�Q�F�B�M�; ���i �B�i ���b �B�K�K�2�`�b�2�/ �B�M �i�?�2 �i�`�B�/�B�@
�K�2�M�b�B�Q�M���H �b�T���+�2R3�- ���M �2�t���K�T�H�2 �Q�7 ���K�#�B�2�M�i �b�T���+�2�X �6�`�Q�K �M�Q�r �Q�M�- �r�2 �r�B�H�H �/�2�M�Q�i�2 �i�?�2
�U�2�m�+�H�B�/�2���M�V ���K�#�B�2�M�i �b�T���+�2 �r�B�i�?Rp�- �r�?�2�`�2p > d�X



�k�X�8 �_�B�2�K���M�M �J���M�B�7�Q�H�/�b �k�8

�.�2�}�M�B�i�B�Q�M �k�y�X�h���M�;�2�M�i �"�m�M�/�H�2�h�?�2 �i���M�;�2�M�i �#�m�M�/�H�2 �Q�7 �� �/�B�z�2� �̀2�M�i�B���#�H�2 �K���M�B�7�Q�H�/
M �B�b �i�?�2 �/�B�b�D�Q�B�M�i �m�M�B�Q�M �Q�7 �i�?�2 �i���M�;�2�M�i �b�T���+�2�bT M =

F
x2M TxM �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2

�T� �̀Q�D�2�+�i�B�Q�M �K���T� : T M ! M �;�B�p�2�M �#�v� (x; v) = x�X

�k�X�8 �_�B�2�K���M�M �J���M�B�7�Q�H�/�b

�q�2 ���`�2 �}�M���H�H�v �B�M �i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�7 �2�[�m�B�T�T�B�M�; �K���M�B�7�Q�H�/�b �r�B�i�? �i�?�2 �H���b�i �K�B�b�b�B�M�; �ô�#�B�i�ô
�Q�7 �b�i�`�m�+�i�m�`�2 �i�Q �#�2 ���#�H�2 �i�Q �/�2�}�M�2 �H�2�M�;�i�?�b ���M�/ ���M�;�H�2�b �Q�p�2�` �K���M�B�7�Q�H�/�b�X �h�?�2 �r���v �r�2 �/�Q
�B�i �B�b �#�v �2�[�m�B�T�T�B�M�; �2���+�? �i���M�;�2�M�i �b�T���+�2TxM �r�B�i�? ���M �B�M�M�2�` �T�`�Q�/�m�+�i�X

�.�2�}�M�B�i�B�Q�M �k�R�X�U�_�B�2�K���M�M �K�2�i�`�B�+�V�� �_�B�2�K���M�M �J�2�i�`�B�+ �Q�M �� �+�Q�K�T���+�i ���M�/ �b�K�Q�Q�i�?
d�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/M �2�K�#�2�/�/�2�/ �B�MRp �B�b �� �U�b�K�Q�Q�i�?�H�v �+�?�Q�b�2�M�V �B�M�M�2�` �T� �̀Q�/�m�+�i
h ; i Tx M : TxM � T xM ! R �Q�M �2���+�? �Q�7 �i�?�2 �i���M�;�2�M�i �b�T���+�2�bTxM �Q�7M �;�B�p�2�M�- �7�Q�`
�2���+�?v�-w 2 TxM �- �#�v

hv; wi Tx M = hd�v; d�wi Rp ; �U�k�X�8�X�R�V

�r�?�2� �̀2d�v 2 TxRp �B�b�+���H�H�2�/ �i�?�2�/�B�z�2� �̀2�M�i�B���H �Q�7v 2 TxM �B�MTxRp � Rp�-TxRp �B�b �i�?�2
d�@�/�B�K�2�M�b�B�Q�M���H �b�m�#�b�T���+�2 �Q�7Rp �#�2�B�M�; �i�?�2 �2�K�#�2�/�/�B�M�; �Q�7TxM �B�MRp�- �i�?�2 �/�B�z�2� �̀2�M�i�B���H
d� : TxM ! T xRp �B�b ���M �B�M�D�2�+�i�B�p�2 �H�B�M�2���` �K���T�T�B�M�;�U���H�b�Q � �̀2�7�2�`� �̀2�/ �i�Q ���b �T�m�b�?�7�Q�`�r��� �̀/�- ���b
�B�i �T�m�b�?�2�b �i���M�;�2�M�i �p�2�+�i�Q�`�b �Q�MM �7�Q�`�r��� �̀/ �i�Q �i���M�;�2�M�i �p�2�+�i�Q�`�b �Q�MRp�V�(�3�)�- ���M�/h; i Rp �B�b
�i�?�2 �m�b�m���H �/�Q�i �T� �̀Q�/�m�+�i�X

�P�M�+�2 �i�?�2 �_�B�2�K���M�M �K�2�i�`�B�+ �B�b �/�2�}�M�2�/�- �r�2 �+���M �m�b�2 �B�i �i�Q �/�2�}�M�2 �� �M�Q�`�K ���M�/�- �7�Q�`
�B�M�b�i���M�+�2�- �;�B�p�2�M �� �+�m�`�p�2 �Q�M �i�?�2 �K���M�B�7�Q�H�/�b�- �r�2 �+���M �K�2���b�m�`�2 �B�i�b �H�2�M�;�i�? �#�v �b�m�K�K�B�M�; �i�?�2
�M�Q�`�K�b �Q�7 ���H�H �i�?�2 �p�2�H�Q�+�B�i�v �p�2�+�i�Q�`�b ���H�Q�M�; �i�?�2 �+�m�`�p�2�X �P�M�+�2 �i�?�2 �M�Q�`�K �B�b �i�?�2�`�2�- �/�B�b�i���M�+�2�b
���M�/ ���M�;�H�2�b �+���M �#�2 �/�2�}�M�2�/ �7�Q�H�H�Q�r�B�M�; ���M ���T�T�`�Q���+�? �i�?���i �B�b �M�Q�i �i�?���i �/�B�z�2�`�2�M�i �7�`�Q�K �i�?�2
�1�m�+�H�B�/�2���M �b�2�M�b�2 �(�3�)�- �r�?�B�+�? �r�2 �r�B�H�H �M�Q�i �2�t�T�H�Q�`�2 �B�M �i�?�B�b �i�?�2�b�B�b�X �h�?�2 �_�B�2�K���M�M �K�2�i�`�B�+
�B�M�/�m�+�2�b ���H�b�Q �� �m�M�B�7�Q�`�K �T�`�Q�#���#�B�H�B�i�v �K�2���b�m�`�2� �Q�p�2�` �i�?�2 �K���M�B�7�Q�H�/�- �b�B�K�T�H�v �;�B�p�2�M �#�v �i�?�2
�+�Q�M�b�B�/�2�`�2�/ �`�2�;�B�Q�M �b�+���H�2�/ �#�v �i�?�2 �p�Q�H�m�K�2 �Q�7 �i�?�2 �K���M�B�7�Q�H�/�X

�.�2�}�M�B�i�B�Q�M �k�k�X�U�_�B�2�K���M�M �J���M�B�7�Q�H�/�V�� �_�B�2�K���M�M �J���M�B�7�Q�H�/M �B�b �� �b�K�Q�Q�i�?
�K���M�B�7�Q�H�/ �2�[�m�B�T�T�2�/ �r�B�i�? �� �_�B�2�K���M�M �K�2�i�`�B�+�X

�q�B�i�? �i�?�B�b �/�2�}�M�B�i�B�Q�M�- �r�2 �}�M�B�b�?�2�/ �i�?�2 �+�H�B�K�# ���M�/ �`�2���+�?�2�/ �i�?�2 �i�Q�T �Q�7 �i�?�2 �T�v�`���K�B�/
�Q�7 �K���i�?�2�K���i�B�+���H �b�T���+�2�b �B�M �6�B�;�X�R�X�R�X �h�?�2 �T�v�`���K�B�/ �B�i�b�2�H�7 �B�b �M�Q�i �2�t�?���m�b�i�B�p�2�- ���b �r�2�H�H
���b �Q�m�` �i�`�2���i�K�2�M�i �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b ���M�/ �K���M�B�7�Q�H�/�b �B�b �D�m�b�i �b�+�`���i�+�?�B�M�; �i�?�2 �b�m�`�7���+�2
�Q�7 �U���H�;�2�#�`���B�+�V �i�Q�T�Q�H�Q�;�v ���M�/ �/�B�z�2�`�2�M�i�B���H �;�2�Q�K�2�i�`�v�X �>�Q�r�2�p�2�`�- �i�?�2 �`�2���/�2�` �?���b �M�Q�r ��
�;�H�B�K�T�b�2 �Q�7 �r�?���i �i�?�2�b�2 �b�T���+�2�b ���`�2 ���M�/�- �K�Q�`�2 �B�K�T�Q�`�i���M�i�H�v�- �� �+�Q�K�T�H�2�i�2 �i�Q�Q�H�#�Q�t �i�Q �;�`���b�T
�i�?�2 �K���B�M �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �i�?�2�b�B�b�X �A�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�- �i�?�2 �}�M���H �b�2�+�i�B�Q�M �Q�7 �i�?�B�b
�+�?���T�i�2�`�- �r�2 �r�B�H�H �#�`�B�2�~�v �B�M�i�`�Q�/�m�+�2�+�2�H�H�m�H���` �b�?�2���p�2�b �Q�p�2�` �m�M�/�B� �̀2�+�i�2�/ �;� �̀��T�?�- ���M �B�M�b�i���M�+�2
�Q�7 �b�?�2���p�2�b�- ���M�/ �� �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �+�Q�M�M�2�+�i�B�Q�M �;�`���T�?�b ���M�/ �K���i�`�B�t�@�r�2�B�;�?�i�2�/ �;�`���T�?�b�X
�h�?�B�b �Q�#�D�2�+�i �r�B�H�H �#�2 �m�b�2�7�m�H �B�M �*�?���T�i�2�`�e�- �B�M �r�?�B�+�? �r�2 �r�B�H�H �H�2�p�2�`���;�2 �i�?�2�K ���b �� �i�Q�Q�H
�i�Q �i�`���p�2�`�b�2 �i�?�2 �T�v�`���K�B�/ �B�M �6�B�;�X �7�`�Q�K �i�?�2 �i�Q�T �i�Q �i�?�2 �#�Q�i�i�Q�K�- �H�Q�Q�F�B�M�; ���i �i�?�2�K ���b
�/�B�b�+�`�2�i�B�x�2�/ �K���M�B�7�Q�H�/�b ���M�/ �i���M�;�2�M�i �#�m�M�/�H�2�b�X �A�M �� �#�`�Q���/�2�` �b�2�M�b�2�- �b�?�2���p�2�b �+���M �#�2 �b�2�2�M
���b �� �`�B�;�Q�`�Q�m�b �r���v �Q�7 ���i�i���+�?�B�M�; �/���i�� �i�Q �i�?�2 �Q�T�2�M �b�2�i�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �b�T���+�2�b�X

�k�X�e �*�2�H�H�m�H���` �a�?�2���p�2�b

�� �+�2�H�H�m�H���` �b�?�2���7 �Q�p�2�` ���M �U�m�M�/�B�`�2�+�i�2�/�V �;�`���T�? �+�Q�M�b�B�b�i�b �Q�7 �i�?�2 �/���i�� �Q�7 �� �p�2�+�i�Q�`
�b�T���+�2 �7�Q�` �2���+�? �M�Q�/�2 ���M�/ �2�/�;�2 ���M�/ �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M�b �B�M�/�2�t�2�/ �#�v



�k�X�e �*�2�H�H�m�H���` �a�?�2���p�2�b �k�e

�M�Q�/�2�@�2�/�;�2 �B�M�+�B�/�2�M�+�2 �T���B�`�b �Q�7 �i�?�2 �;�`���T�?�X �q�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�M�@�b�i���M�/���`�/
�M�Q�i���i�B�Q�M �i�Q �T�H���+�2 �2�K�T�?���b�B�b �Q�M �i�?�2 �`�Q�H�2 �i�?���i �b�?�2���p�2�b �T�H���v �B�M ���T�T�`�Q�t�B�K���i�B�M�; �i���M�;�2�M�i
�#�m�M�/�H�2�b ���b �i�?�2 �M�m�K�#�2�` �Q�7 �M�Q�/�2�b �B�M�+�`�2���b�2�b�X

�.�2�}�M�B�i�B�Q�M �k�j�U�*�2�H�H�m�H���` �a�?�2���7 �Q�p�2�` �� �:�`���T�?�V�X�a�m�T�T�Q�b�2M n = ( Vn ; En ) �B�b ���M
�m�M�/�B� �̀2�+�i�2�/ �;� �̀��T�? �r�B�i�?n = jVn j �M�Q�/�2�b�X �� �+�2�H�H�m�H���` �b�?�2���7 �Q�p�2�`M n �B�b �i�?�2 �i�m�T�H�2
T M n = ( M n ; F )�- �B�X�2�X�,

�Ç �� �p�2�+�i�Q�` �b�T���+�2F (v) �7�Q�` �2���+�?v 2 Vn �X �q�2 � �̀2�7�2�` �i�Q �i�?�2�b�2 �p�2�+�i�Q�` �b�T���+�2�b ���b �M�Q�/�2�b
�b�i���H�F�b�X

�Ç �� �p�2�+�i�Q�` �b�T���+�2F (e) �7�Q�` �2���+�?e 2 En �X �q�2 � �̀2�7�2�` �i�Q �i�?�2�b�2 �p�2�+�i�Q�` �b�T���+�2�b ���b �2�/�;�2�b
�b�i���H�F�b�X

�Ç �� �H�B�M�2���` �K���T�T�B�M�;Vv;e : F (v) ! F (e) � �̀2�T� �̀2�b�2�M�i�2�/ �#�v �� �K���i�`�B�tV v;e �7�Q�` �2���+�? �T���B�`
(v; e) 2 Vn � E n �r�B�i�? �B�M�+�B�/�2�M�+�2v C6 e�X �h�?�2�b�2 �K���T�T�B�M�;�b ��� �̀2 �+���H�H�2�/ � �̀2�b�i�`�B�+�i�B�Q�M
�K���T�b�X

�h�?�2 �b�T���+�2L 2(T M n ) =
L

v2V F (v) �7�Q�`�K�2�/ �#�v �i�?�2 �/�B� �̀2�+�i �b�m�K �Q�7 �p�2�+�i�Q�` �b�T���+�2�b
���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �M�Q�/�2�b �Q�7 �i�?�2 �;� �̀��T�? �B�b �+�Q�K�K�Q�M�H�v �+���H�H�2�/ �i�?�2 �b�T���+�2 �Q�70�@�+�Q�+�?���B�M�b�-
�r�?�B�+�? �r�2 � �̀2�7�2�` �i�Q ���b �b�?�2���7 �b�B�;�M���H�b �Q�MT M n �X �q�2 �r�`�B�i�2 �� �b�?�2���7 �b�B�;�M���H �Q�MM n ���b
fn 2 L 2(T M n )�X

�.�2�}�M�B�i�B�Q�M �k�9�U�a�?�2���7 �G���T�H���+�B���M�V�X�h�?�2 �U�M�Q�M�@�M�Q�`�K���H�B�x�2�/�V �a�?�2���7 �G���T�H���+�B���M �Q�7 �� �b�?�2���7
T M n �B�b �� �H�B�M�2���` �K���T�T�B�M�;� n : L 2(T M n ) ! L 2(T M n ) �/�2�}�M�2�/ �M�Q�/�2�@�r�B�b�2

(� n fn )(v) =
X

vC6 eB> u

V T
v;e(V v;efn (v) � V u;efn (u)) : �U�k�X�e�X�R�V

�q�?�B�H�2 �B�M �;�2�M�2�`���H�- �i�?�2 �/�B�K�2�M�b�B�Q�M�b �Q�7 �i�?�2 �b�i���H�F�b �K���v �#�2 ���`�#�B�i�`���`�v�- �i�?�B�b �i�?�2�b�B�b
�7�Q�+�m�b�2�b �Q�M �/�B�b�+�`�2�i�2O(d)�@�#�m�M�/�H�2�b�- �Q�` �Q�`�i�?�Q�;�Q�M���H �b�?�2���p�2�b�X �A�M ���M �Q�`�i�?�Q�;�Q�M���H �b�?�2���7�- �r�2
�?���p�2V � 1

v;e = V T
v;e �7�Q�` ���H�Hv C6 e ���M�/F (v) �= R(d) �7�Q�` ���H�Hv�X ���M �B�M�i�m�B�i�B�p�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M

�Q�7 �+�2�H�H�m�H���` �b�?�2���p�2�b �B�b �;�B�p�2�M �B�M �(�R�8�k�) �B�M �i�2�`�K�b �Q�7 �Q�T�B�M�B�Q�M �/�v�M���K�B�+�b�X �A�M �i�?�B�b �b�2�i�i�B�M�;�-
�i�?�2 �+�Q�K�T�Q�M�2�M�ifn (v) �Q�7 �i�?�2 �b�?�2���7 �b�B�;�M���Hfn �B�b �i�?�2 �ô�T�`�B�p���i�2 �Q�T�B�M�B�Q�M�ô �Q�7 �M�Q�/�2v�- �r�?�B�H�2
V v;efn (v) �/�2�b�+�`�B�#�2�b �?�Q�r �i�?���i �T�`�B�p���i�2 �Q�T�B�M�B�Q�M �T�m�#�H�B�+�H�v �K���M�B�7�2�b�i�b �B�M �i�?�2 �ô�/�B�b�+�Q�m�`�b�2
�b�T���+�2�ôF (e)�, �B�M �i�?�B�b �b�2�M�b�2�- �i�?�2 �a�?�2���7 �G���T�H���+�B���M ���T�T�H�B�2�/ �i�Q �� �b�?�2���7 �b�B�;�M���H �K�2���b�m�`�2�b
�i�?�2 ���;�;�`�2�;���i�2�/ �ô�/�B�b���;�`�2�2�K�2�M�i �Q�7 �Q�T�B�M�B�Q�M�b�ô ���i �2���+�? �M�Q�/�2 �(�R�9�9�)�X



�k�d

�*�?���T�i�2�` �j

�a�T���`�b�2 �a�B�;�M���H �_�2�T�`�2�b�2�M�i���i�B�Q�M
�Q�p�2�` �h�Q�T�Q�H�Q�;�B�+���H �a�T���+�2�b

�h�?�2 �K���B�M �+�Q�M�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�B�b �+�?���T�i�2�` ���`�2 �#���b�2�/ �Q�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �T�m�#�H�B�+���i�B�Q�M�b�X

�h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b�, �J���t�B�K���H�H�v �G�Q�+���H�B�x�2�/ �_�2�T� �̀2�b�2�M�i���i�B�Q�M�b �Q�7 �a�B�;�M���H�b
�P�p�2�` �a�B�K�T�H�B�+�B���H �*�Q�K�T�H�2�t�2�b
�*�X �"���i�i�B�H�Q� �̀Q �2�i ���H�X

�S��� �̀��K�2�i�`�B�+ �.�B�+�i�B�Q�M���`�v �G�2���`�M�B�M�; �7�Q�` �h�Q�T�Q�H�Q�;�B�+���H �a�B�;�M���H �_�2�T� �̀2�b�2�M�i���i�B�Q�M
�*�X �"���i�i�B�H�Q� �̀Q �2�i ���H�X

�j�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M

�P�M�2 �Q�7 �i�?�2 �7�m�M�/���K�2�M�i���H �T�`�Q�#�H�2�K�b �B�M �b�B�;�M���H �T�`�Q�+�2�b�b�B�M�; �B�b �i�Q �Q�#�i���B�M �� �b�T���`�b�2
�`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�B�;�M���H�b �Q�7 �B�M�i�2�`�2�b�i�X �h�v�T�B�+���H�H�v�- �i�?�2 �b�T���`�b�2�` �B�b �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�-
�i�?�2 �#�2�i�i�2�` �B�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �b�2�p�2�`���H �T�`�Q�+�2�b�b�B�M�; �i���b�F�b �b�m�+�? ���b�- �2�X�;�X�- �+�Q�K�T�`�2�b�b�B�Q�M�-
�/�2�M�Q�B�b�B�M�;�- �b���K�T�H�B�M�; ���M�/ �`�2�+�Q�p�2�`�v �(�R�)�X

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �h�a�S�- �� �M���i�m�`���H �#���b�B�b �7�Q�` �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �;�B�p�2�M �#�v �i�?�2
�i�Q�T�Q�H�Q�;�B�+���H �6�Q�m�`�B�2�` �K�Q�/�2�b �(�R�8�j�)�X �>�Q�r�2�p�2�`�- �Q�7�i�2�M �i�?�2 �b�B�;�M���H �Q�7 �B�M�i�2�`�2�b�i �B�b �?�B�;�?�H�v
�H�Q�+���H�B�x�2�/ �Q�p�2�` �� �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �/�Q�K���B�M�- �B�X�2�X�- �B�i �B�b �K�Q�b�i�H�v �+�Q�M�+�2�M�i�`���i�2�/
�Q�p�2�` �� �b�2�i �Q�7 �M�Q�/�2�b�- �2�/�;�2�b�- �Q�` �T�Q�H�v�;�Q�M�b�- �r�?�B�H�2 �#�2�B�M�; ���i �i�?�2 �b���K�2 �i�B�K�2 �?�B�;�?�H�v �U�B�7 �M�Q�i
�T�2�`�7�2�+�i�H�v�V �H�Q�+���H�B�x�2�/ �Q�p�2�` �� �b�T�2�+�B�}�+ �b�2�i �Q�7 �7�`�2�[�m�2�M�+�B�2�b�X �A�M �b�m�+�? �� �+���b�2�- �6�Q�m�`�B�2�` �K�Q�/�2�b
�K�B�;�?�i �M�Q�i �H�2���/ �i�Q ���M �2�{�+�B�2�M�i ���M�/ �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �H�Q�+���H�B�x�2�/ �i�Q�T�Q�H�Q�;�B�+���H
�b�B�;�M���H�b�- �b�B�M�+�2 �i�?�2�v ���`�2 �m�b�m���H�H�v �M�Q�M�@�b�T���`�b�2�- �B�X�2�X�- �M�Q�i �H�Q�+���H�B�x�2�/ �Q�M �b�m�#�@�`�2�;�B�Q�M�b �Q�7 �i�?�2
�+�Q�K�T�H�2�t�X �h�Q �}�M�/ �H�Q�+���H�B�x�2�/ �b�T�2�+�i�`���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�b�- �i�?�2 �r�Q�`�F �B�M �(�d�R�) �T�`�Q�T�Q�b�2�/ ��
�7���K�B�H�v �Q�7 �r���p�2�H�2�i�b �7�Q�` �b�B�K�T�H�B�+�B���H �b�B�;�M���H�b�- �`�2�b�T�2�+�i�B�M�; �i�?�2 �>�Q�/�;�2 �/�2�+�Q�K�T�Q�b�B�i�B�Q�M ���M�/
�2�t�i�2�M�/�B�M�; �i�?�2 �;�`���T�? �r���p�2�H�2�i�b �7�`�Q�K �(�R�8�9�)�X

�J�Q�p�2�/ �#�v �i�?�2 �M�2�+�2�b�b�B�i�v �Q�7 �}�M�/�B�M�; �2�{�+�B�2�M�i �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �H�Q�+���H�B�x�2�/
�b�B�;�M���H�b �H�v�B�M�; �Q�p�2�` �+�2�H�H �+�Q�K�T�H�2�t�2�b�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �7�`���K�2�r�Q�`�F �7�Q�` �b�T���`�b�2
�b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�p�2�` �`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b�X

�q�2 �}�`�b�i �B�M�i�`�Q�/�m�+�2 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b�- �B�X�2�X�- �� �M�Q�p�2�H �+�H���b�b �Q�7 �b�B�;�M���H�b �/�2�}�M�2�/ �Q�p�2�`
�`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b �i�?���i ���`�2 �K���t�B�K���H�H�v �+�Q�M�+�2�M�i�`���i�2�/ �Q�M �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �/�Q�K���B�M
���M�/ �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�M �i�?�2 �/�m���H �/�Q�K���B�M �U�2�X�;�X�- �� �b�2�i �Q�7 �7�`�2�[�m�2�M�+�B�2�b�V�X �h�?�2�b�2 �b�B�;�M���H�b
���`�2 �Q�#�i���B�M�2�/ ���b �i�?�2 �T�`�B�M�+�B�T���H �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7 �� �K���i�`�B�t �#�m�B�H�i �7�`�Q�K �T�`�Q�T�2�` �H�Q�+���H�B�x���i�B�Q�M



�j�X�k �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �k�3

�Q�T�2�`���i�Q�`�b ���+�i�B�M�; �Q�p�2�` �i�Q�T�Q�H�Q�;�v ���M�/ �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�b�X �h�?�2�M�- �r�2 �b�m�;�;�2�b�i �� �T�`�B�M�+�B�T�H�2�/
�T�`�Q�+�2�/�m�`�2 �i�Q �#�m�B�H�/ ���M���H�v�i�B�+���H �Q�p�2�`�+�Q�K�T�H�2�i�2 �/�B�+�i�B�Q�M���`�B�2�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b�- �r�?�B�+�?
�i�?�2�Q�`�2�i�B�+���H�H�v �T�`�Q�p�B�/�2 �M�Q�M�@�/�2�;�2�M�2�`���i�2 �7�`���K�2�b�X

���i �i�?�B�b �T�Q�B�M�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �M�Q�p�2�H �Q�p�2�`�+�Q�K�T�H�2�i�2 �/�B�+�i�B�Q�M���`�v �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K �7�Q�`
�b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �b�B�;�M���H�b �/�2�}�M�2�/ �Q�p�2�` �`�2�;�m�H���` �+�2�H�H �+�Q�K�T�H�2�t�2�b �i�?���i �;�2�M�2�`���H�B�x�2�b �i�?�2
�r�Q�`�F �B�M �(�R�8�8�) �7�Q�` �;�`���T�?�b�X �q�2 �B�M�D�2�+�i �i�?�2 �m�M�/�2�`�H�v�B�M�; �i�Q�T�Q�H�Q�;�v �B�M �i�?�2 �/�B�+�i�B�Q�M���`�v �b�i�`�m�+�i�m�`�2
�#�v �T���`���K�2�i�`�B�x�B�M�; �B�i ���b �� �+�Q�M�+���i�2�M���i�B�Q�M �Q�7 �b�m�#�@�/�B�+�i�B�Q�M���`�B�2�b �i�?���i ���`�2 �T�Q�H�v�M�Q�K�B���H�b �Q�7
�>�Q�/�;�2 �G���T�H���+�B���M�b�X �h�?�2 �H�2���`�M�B�M�; �T�`�Q�#�H�2�K �B�b �+���b�i ���b �i�?�2 �D�Q�B�M�i �Q�T�i�B�K�B�x���i�B�Q�M �Q�7 �i�?�2
�i�Q�T�Q�H�Q�;�B�+���H �/�B�+�i�B�Q�M���`�v �+�Q�2�{�+�B�2�M�i�b ���M�/ �i�?�2 �b�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�- �r�?�B�+�? �B�b
�2�{�+�B�2�M�i�H�v �b�Q�H�p�2�/ �p�B�� ���M �B�i�2�`���i�B�p�2 ���H�i�2�`�M���i�B�M�; ���H�;�Q�`�B�i�?�K�X

�q�2 �2�p���H�m���i�2 �i�?�2 �2�z�2�+�i�B�p�2�M�2�b�b �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M �/�B�+�i�B�Q�M���`�v �B�M �i�r�Q
�b�v�M�i�?�2�i�B�+ ���T�T�H�B�+���i�B�Q�M�b�- �B�X�2�X�- �b�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M ���M�/ �/�2�M�Q�B�b�B�M�; �Q�7 �2�/�;�2 �~�Q�r�b�-
�r�?�B�H�2 �r�2 �i�2�b�i �i�?�2 �`�2�b�B�H�B�2�M�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �/�B�+�i�B�Q�M���`�v �H�2���`�M�B�M�; ���H�;�Q�`�B�i�?�K ���;���B�M�b�i
�b�B�;�M���H �K�Q�/�2�H �K�B�b�K���i�+�?�B�M�;�X �6�B�M���H�H�v�- �r�2 �i�2�b�i �#�Q�i�? �b�i�`���i�2�;�B�2�b �7�Q�` �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M
�Q�7 �`�2���H�@�r�Q�`�H�/ �i�`���{�+ �~�Q�r�b�X

�6�Q�` �i�?�2 �b���F�2 �Q�7 �b�B�K�T�H�B�+�B�i�v�- �#�m�i �r�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �B�M �i�?�2 �b�2�[�m�2�H �r�2 �r�B�H�H
�7�Q�+�m�b �Q�M �i�?�2 �T�`�Q�+�2�b�b�B�M�; �Q�7 �2�/�;�2 �b�B�;�M���H�b �U�R�@�b�B�;�M���H�b �7�`�Q�K�U�k�X�k�X�R�V�V�X �h�?�m�b�- �r�2 �r�B�H�H �/�2�M�Q�i�2
x1 �r�B�i�?x �-U k �7�`�Q�K�U�k�X�k�X�R�9�V�r�B�i�?U �-L 1 �7�`�Q�K�U�k�X�k�X�e�V�r�B�i�?L �-L (d)

1 �r�B�i�?L (d) ���M�/L (u)
1

�r�B�i�?L (u) �- �b�m�+�? �i�?���iL = L (d) + L (u) �X

�j�X�k �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b

�6�Q�` �� �+�2�H�H �+�Q�K�T�H�2�tXG�- �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7 �?�B�;�?�2�` �Q�`�/�2�` �G���T�H���+�B���M�b �B�M�U�k�X�k�X�e�V
�+�Q�K�T�Q�b�B�M�; �i�?�2 �+�2�H�H �+�Q�K�T�H�2�t �6�Q�m�`�B�2�` �#���b�B�b �B�M�U�k�X�k�X�R�9�V���`�2 �;�2�M�2�`���H�H�v �M�Q�M�@�b�T���`�b�2�- �K�2���M�B�M�;
�i�?���i �2�t�T�H�Q�B�i�B�M�; �i�?�2�K �7�Q�` �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �H�Q�+���H�B�x�2�/ �b�B�;�M���H�b �m�b�m���H�H�v �H�2���/�b �i�Q
�T�Q�Q�` �T�2�`�7�Q�`�K���M�+�2 �(�d�R�)�X �h�?�m�b�- �B�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �B�M�i�`�Q�/�m�+�2�i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b�- �B�X�2�X�- ��
�M�Q�p�2�H �+�H���b�b �Q�71�@�i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�b �i�?���i ���`�2 �K���t�B�K���H�H�v �+�Q�M�+�2�M�i�`���i�2�/ �Q�p�2�` �� �b�m�#�@�b�2�i �Q�7
�2�/�;�2�b�- �r�?�B�H�2 �#�2�B�M�; �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�p�2�` �i�?�2 �/�m���H �/�Q�K���B�M�- �B�X�2�X �� �b�2�i �Q�7 �7�`�2�[�m�2�M�+�B�2�b�X
�6�Q�H�H�Q�r�B�M�; �i�?�2 ���T�T�`�Q���+�? �Q�7 �(�R�8�e�)�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�r�Q �H�Q�+���H�B�x���i�B�Q�M �Q�T�2�`���i�Q�`�b ���+�i�B�M�; �Q�M�i�Q
���M �2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�- �b���vS�- ���M�/ �Q�M�i�Q �� �7�`�2�[�m�2�M�+�v �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�- �b���vQ�-
�`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �2�/�;�2�@�H�B�K�B�i�B�M�; �Q�T�2�`���i�Q�` �Q�M�i�Q �i�?�2 �2�/�;�2 �b�2�iS �B�b �/�2�}�M�2�/ ���b �i�?�2 �K���i�`�B�t
CS 2 RE � E �;�B�p�2�M �#�v�,

CS = diag( 1S); �U�j�X�k�X�R�V

�r�?�2�`�21S 2 RE �B�b �� �p�2�+�i�Q�` �?���p�B�M�; �Q�M�2�b �B�M �i�?�2 �B�M�/�2�t �T�Q�b�B�i�B�Q�M�b �b�T�2�+�B�}�2�/ �B�MS�- ���M�/
�x�2�`�Q �Q�i�?�2�`�r�B�b�2�c ���M�/diag(z) �/�2�M�Q�i�2�b �� �/�B���;�Q�M���H �K���i�`�B�t �?���p�B�M�;z �Q�M �i�?�2 �/�B���;�Q�M���H�X
�*�H�2���`�H�v�- �7�`�Q�K �U�j�X�k�X�R�V�- ���M �2�/�;�2 �b�B�;�M���Hx �B�b �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�M�i�Q �i�?�2 �b�2�iS �B�7CSx = x�X
�a�B�K�B�H���`�H�v�- �i�?�2 �7�`�2�[�m�2�M�+�v �H�B�K�B�i�B�M�; �Q�T�2�`���i�Q�` �+���M �#�2 �/�2�}�M�2�/ ���b�,

CQ = U diag(1Q ) U T ; �U�j�X�k�X�k�V

�r�?�B�+�? �`�2�T�`�2�b�2�M�i�b ���M �B�/�2���H �#���M�/�@�T���b�b �}�H�i�2�` �Q�p�2�` �i�?�2 �7�`�2�[�m�2�M�+�v �b�2�iQ�X �*�H�2���`�H�v�- ���M �2�/�;�2
�b�B�;�M���H �B�b �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�p�2�` �i�?�2 �#���M�/�r�B�/�i�?Q �B�7CQx = x�X �h�?�2 �K���i�`�B�+�2�b �B�M
�U�j�X�k�X�R�V ���M�/ �U�j�X�k�X�k�V ���`�2 �T�`�Q�D�2�+�i�B�Q�M �Q�T�2�`���i�Q�`�b�- �?���p�B�M�; �K���t�B�K�m�K �b�T�2�+�i�`���H �`���/�B�m�b �2�[�m���H
�i�Q �Q�M�2�X

�q�2 �/�2�}�M�2 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b ���b �i�?�2 �b�2�i �Q�7 �Q�`�i�?�Q�M�Q�`�K���H �p�2�+�i�Q�`�b �i�?���i ���`�2 �K���t�B�@
�K���H�H�v �+�Q�M�+�2�M�i�`���i�2�/ �Q�p�2�` �i�?�2 �2�/�;�2 �b�2�iS�- ���M�/ �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�M�i�Q �i�?�2 �#���M�/�r�B�/�i�?



�j�X�j �.�B�+�i�B�Q�M���`�v �Q�7 �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �k�N

Q�X �J���i�?�2�K���i�B�+���H�H�v�- �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b ���`�2 �;�B�p�2�M �#�v �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�;
�Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�,

 i = argmax
 i

jjCS i jj2
2

�b�m�#�D�2�+�i �i�Qjj  i jj = 1 ; CQ  i =  i ; �U�j�X�k�X�j�V

<  i ;  j > = 0 ; j = 1 ; : : : ; i � 1�- �B�7i > 1�-

�7�Q�` ���H�Hi = 1 ; : : : ; E �X �h�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �T�`�Q�#�H�2�K�U�j�X�k�X�j�V�B�b �;�B�p�2�M �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�?�2�Q�`�2�K�-
�r�?�Q�b�2 �T�`�Q�Q�7 �7�Q�H�H�Q�r�b �i�?�2 �b���K�2 �b�i�2�T�b ���b �B�M �(�R�8�e�) ���M�/ �B�b �Q�K�B�i�i�2�/ �/�m�2 �i�Q �H���+�F �Q�7 �b�T���+�2�X

�h�?�2�Q�`�2�K �R�X�h�?�2 �b�2�i �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�bf  i gC
i =1 �r�B�i�?C := � �̀��M�Ff CQCSCQg �i�?���i

�b�Q�H�p�2 �T� �̀Q�#�H�2�K �U�j�X�k�X�j�V �B�b �;�B�p�2�M �#�v �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7 �i�?�2 �K���i�`�B�t �Q�T�2� �̀��i�Q�`CQCSCQ �-
�B�X�2�X�-

CQCSCQ  i = � i  i ; �U�j�X�k�X�9�V

�r�?�2� �̀2� 1 � � 2 � ::: � � C > 0�X �6�m�`�i�?�2�`�K�Q� �̀2�- �B�i �?�Q�H�/�b<  i ; CS j > = � j � i;j ; �r�?�2� �̀2
� i;j �B�b �i�?�2 �E� �̀Q�M�2�+�F�2�` �/�2�H�i���X

�A�M �6�B�;�X�j�X�R�- �r�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �}�`�b�i �i�?�`�2�2 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �K���t�B�K���H�H�v �+�Q�M�+�2�M�@
�i�`���i�2�/ �Q�p�2�` �i�?�2 �2�/�;�2 �b�2�i �B�M �6�B�;�X�j�X�R�U���V�- ���M�/ �#���M�/�H�B�K�B�i�2�/ �Q�p�2�` �i�?�2 �;�`���/�B�2�M�i �b�m�#�@�b�T���+�2
�U�B�X�2�X�- �i�?�2 �b�2�i �Q�7 �7�`�2�[�m�2�M�+�v �B�M�/�2�t�2�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7L (d) �V�X �>�2�`�2�-
�r�2 �+�Q�M�b�B�/�2�` �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �7�Q�` �2�/�;�2 �~�Q�r�b �U�B�X�2�X�-k = 1 �V�- �#�m�i �i�?�2 ���T�T�`�Q���+�? �+���M
�#�2 �b�B�K�B�H���`�H�v ���T�T�H�B�2�/ ���i ���M�v �Q�`�/�2�`k = 0 ; : : : ; K �- �T�`�Q�T�2�`�H�v �/�2�}�M�B�M�; �i�?�2 �Q�T�2�`���i�Q�`�b
�U�j�X�k�X�R�V ���M�/ �U�j�X�k�X�k�V �Q�p�2�` �?�B�;�?�2�`�@�Q�`�/�2�` �/�m���H �/�Q�K���B�M�b�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 �;�`���T�? �a�H�2�T�B���M�b
�B�M�i�`�Q�/�m�+�2�/ �B�M �(�R�8�e�) �`�2�T�`�2�b�2�M�i �� �p�2�`�v �b�T�2�+�B���H �+���b�2 �Q�7 �Q�m�` �;�2�M�2�`���H �7�Q�`�K�m�H���i�B�Q�M�- �Q�#�i���B�M�2�/
�7�Q�`k = 0 �X �6�B�M���H�H�v�- �i�?�2 �/�m���H �7�Q�`�K�m�H���i�B�Q�M �Q�7 �U�j�X�k�X�j�V�- ���B�K�2�/ ���i �}�M�/�B�M�; �K���t�B�K���H�H�v
�H�Q�+���H�B�x�2�/ �b�B�;�M���H�b �Q�p�2�` �� �b�2�i �Q�7 �7�`�2�[�m�2�M�+�B�2�b�- �r�?�B�H�2 �#�2�B�M�; �T�2�`�7�2�+�i�H�v �H�Q�+���H�B�x�2�/ �Q�p�2�` ���M
�2�/�;�2 �b�2�i�- �+���M �#�2 �`�2���/�B�H�v �Q�#�i���B�M�2�/ �2�t�+�?���M�;�B�M�; �i�?�2 �`�Q�H�2�b �Q�7CS ���M�/CQ �B�M �U�j�X�k�X�j�V�X

�j�X�j �.�B�+�i�B�Q�M���`�v �Q�7 �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �T�`�2�b�2�M�i �� �T�`�B�M�+�B�T�H�2�/ �r���v �i�Q �#�m�B�H�/ �Q�p�2�`�+�Q�K�T�H�2�i�2 �/�B�+�i�B�Q�M���`�B�2�b
�Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b�- �`�2�H�v�B�M�; �Q�M �?�B�;�? �Q�`�/�2�` �G���T�H���+�B���M�b �B�M�U�k�X�k�X�e�V���M�/ �i�?�2 �>�Q�/�;�2
�/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M�U�k�X�k�X�3�V�X �G�2�i	 S;Q = f  i gC

i =1 �#�2 �i�?�2 �b�2�i �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b
�Q�#�i���B�M�2�/ �7�`�Q�K �U�j�X�k�X�9�V �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �2�/�;�2 �b�2�iS ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v �b�2�iQ�X �A�M �p�2�`�v
�;�2�M�2�`���H �i�2�`�K�b�- �� �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �?���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,

G C =
h
	 S1 ;Q1 ; :::; 	 Si ;Q i ; :::; 	 SM ;QM

i
; �U�j�X�j�X�R�V

�r�?�B�+�? �+�Q�H�H�2�+�i�bM �b�2�i�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �T���B�`�b �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M
�b�2�i�bfS i ; Qi gM

i =1 �X �h�?�2�`�2�7�Q�`�2�- �#�m�B�H�/�B�M�; �� �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �i�`���M�b�H���i�2�b
�B�M�i�Q �T�`�Q�T�2�`�H�v �+�?�Q�Q�b�B�M�; �� �b�2�[�m�2�M�+�2 �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�bC = fS i ; Qi gM

i =1 �- �B�X�2�X�- �� �T�`�Q�T�2�`
�r���v �Q�7 �+�Q�p�2�`�B�M�; �i�?�2 �2�/�;�2 �b�2�i ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�X �G�2�i �m�b �B�M�B�i�B���H�H�v ���b�b�m�K�2 �i�?���i
�i�?�2 �F�2�`�M�2�H �Q�7 �i�?�2 �G���T�H���+�B���ML �B�b �2�K�T�i�v�- �B�X�2�X�- �i�?�2�`�2 ���`�2 �M�Q �?���`�K�Q�M�B�+ �+�Q�K�T�Q�M�2�M�i�b �B�M
�U�k�X�k�X�3�V�X �h�?�2�M�- �7�`�Q�K �U�k�X�k�X�d�V�- �i�?�2 �7�`�2�[�m�2�M�+�v �B�M�/�2�t�2�b �+���M �#�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �b�2�T���`���i�2
�b�2�i�b�, �U�B�V �i�?�2�B�`� �̀Q�i���i�B�Q�M���H �#���M�/�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�2�i �Q�7 �2�B�;�2�M�p���H�m�2�b �Q�7L (d) �-
�b���vQ(d) �c ���M�/ �U�B�B�V �i�?�2�b�Q�H�2�M�Q�B�/���H �#���M�/�- �r�?�B�+�? �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �b�2�i �Q�7 �2�B�;�2�M�p���H�m�2�b �Q�7



�j�X�j �.�B�+�i�B�Q�M���`�v �Q�7 �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �j�y

�U���V�1�t���K�T�H�2 �Q�7 �2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i
�U�#�V�h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M �M�`�X �R

�U�+�V�h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M �M�`�X �k�U�/�V�h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M �M�`�X �j

�6�B�;�m�`�2 �j�X�R�X�1�t���K�T�H�2 �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �Q�M �2�/�;�2 �~�Q�r�b�X

L (u) �- �b���vQ(u) �X �h�?�m�b�- �� �p�2�`�v �M���i�m�`���H �r���v �i�Q �T���`�i�B�i�B�Q�M �i�?�2 �7�`�2�[�m�2�M�+�v �B�M�/�2�t�2�b �B�b �i�Q
�+�?�Q�Q�b�2Q(d) ���M�/Q(u) ���b �7�`�2�[�m�2�M�+�v �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b�- �H�2���/�B�M�; �i�Q �B�`�`�Q�i���i�B�Q�M���H ���M�/
�b�Q�H�2�M�Q�B�/���H �a�H�2�T�B���M �+�Q�K�T�Q�M�2�M�i�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �_�2�;���`�/�B�M�; �i�?�2 �2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b�-
�i�?�2 �>�Q�/�;�2 �.�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M�U�k�X�k�X�3�V���M�/ �i�?�2 �G���T�H���+�B���M �b�i�`�m�+�i�m�`�2 �B�M�U�k�X�k�X�e�V�b�m�;�;�2�b�i
�m�b �i�Q �/�2�}�M�2 �i�r�Q �/�B�b�i�B�M�+�i �b�2�[�m�2�M�+�2�b �Q�7�U�M�Q�i �M�2�+�2�b�b���`�H�v �/�B�b�D�Q�B�M�i�V�2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M
�b�2�i�b�, �U�B�VK (d) �b�2�i�bfS (d)

i gK ( d)

i =1 �#���b�2�/ �Q�M �H�Q�r�2�` �M�2�B�;�?�#�Q�`�?�Q�Q�/�b �U�2�M�+�Q�/�2�/ �#�vL (d) �V�c �U�B�B�V

K (u) �b�2�i�bfS (u)
i gK ( u )

i =1 �#���b�2�/ �Q�M �m�T�T�2�` �M�2�B�;�?�#�Q�`�?�Q�Q�/�b �U�2�M�+�Q�/�2�/ �#�vL (u) �V�X �a�B�M�+�2 �i�?�2
�b�Q�H�2�M�Q�B�/���H ���M�/ �B�`�`�Q�i���i�B�Q�M���H �#���M�/�r�B�/�i�?�b ���`�2 �`�2�H���i�2�/ �i�Q �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b �Q�7L (u) ���M�/
L (d) �(�+�7�X�U�k�X�k�X�3�V�)�- �r�2 �T�`�Q�T�Q�b�2 �i�Q ���b�b�Q�+�B���i�2Q(u) �i�Q �2���+�? �m�T�T�2�` �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i
S(u)

i �- ���M�/Q(d) �i�Q �2���+�? �H�Q�r�2�` �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�iS(d)
i �- �b�m�+�? �i�?���i �i�?�2 �b�2�[�m�2�M�+�2C �Q�7

�+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b �7�Q�` �i�?�2 �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�;�B�+���H �a�H�2�T�B���M�b �B�M �U�j�X�j�X�R�V �`�2���/�b ���b �U�r�B�i�?
�� �b�H�B�;�?�i ���#�m�b�2 �Q�7 �M�Q�i���i�B�Q�M�V�,

C = fS (u)
i ; Q(u)gK ( u )

i =1 [ fS (d)
i ; Q(d)gK ( d)

i =1 : �U�j�X�j�X�k�V

�6�B�M���H�H�v�- �B�7 �i�?�2 �F�2�`�M�2�H �Q�7 �i�?�2 �G���T�H���+�B���ML �B�b �M�Q�i �2�K�T�i�v�- �r�2 �T�`�Q�T�Q�b�2 �i�Q ���/�/ �i�Q �i�?�2
�/�B�+�i�B�Q�M���`�vG C ���H�b�Q �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�bU = f ukgk �Q�7L ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �x�2�`�Q
�2�B�;�2�M�p���H�m�2�b�X �h�?�2�`�2�7�Q�`�2�- �;�B�p�2�M �� �b�2�[�m�2�M�+�2C �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b �#�m�B�H�i ���b �B�M�U�j�X�j�X�k�V�-
�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �`�2���/�b ���b�,

G C =
h
	

S( u )
1 ;Q ( u ) ; :::; 	

S( u )

K ( u ) ;Q ( u ) ; 	
S( d)

1 ;Q ( d) ; :::; 	
S( d)

K ( d) ;Q ( d) ; U
i
; �U�j�X�j�X�j�V

�r�?�2�`�2M �B�M �U�j�X�j�X�R�V �B�b �2�[�m���H �i�QK (d) + K (u) + K h �-K h = dim(�F�2�`
�
L

�
)�X �h�?�2 �b�B�x�2 �Q�7

�i�?�2 �/�B�+�i�B�Q�M���`�v �#�m�B�H�i �B�M �U�j�X�j�X�R�V �+���M �#�2 �+�Q�M�i�`�Q�H�H�2�/ �2�B�i�?�2�` �i�m�M�B�M�;K (d) ���M�/K (u) �- �Q�` �#�v



�j�X�j �.�B�+�i�B�Q�M���`�v �Q�7 �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �j�R

�i���F�B�M�; �D�m�b�i �i�?�2 �i�Q�TfK �a�H�2�T�B���M�b �T�2�` �2���+�? �T���B�` �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b�X �*�H�2���`�H�v�- �i�?�2
�K���t�B�K�m�K �T�Q�b�b�B�#�H�2 �M�m�K�#�2�` �Q�7 �a�H�2�T�B���M�b �/�2�T�2�M�/�b �Q�M �i�?�2 �+�?�Q�b�2�M �b�2�i�bfS ; Qg�- �#�2�+���m�b�2
�i�?�2�v ���z�2�+�i �i�?�2 �`���M�F �Q�7 �i�?�2 �Q�T�2�`���i�Q�`CQCSCQ �B�M�U�j�X�k�X�9�V�X �h�?�2�`�2�7�Q�`�2�- �7�Q�` �� �;�B�p�2�MfK
���M�/ �T���B�` �Q�7 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�bfS ; Qg�- �i�?�2 �M�m�K�#�2�` �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �r�B�H�H �#�2
minf fK; �`���M�Ff CQCSCQgg�X
�6�`���K�2 �#�Q�m�M�/�b�X�h�?�2 �/�B�+�i�B�Q�M���`�vG C 2 RE � M �B�M�U�j�X�j�X�j�V�B�b �;�2�M�2�`���H�H�v �Q�p�2�`�+�Q�K�T�H�2�i�2�-
�#�2�B�M�; �+�Q�K�T�Q�b�2�/ �#�v �� �b�2�i �Q�7M > E �M�Q�M�@�Q�`�i�?�Q�;�Q�M���H ���i�Q�K�b�X �A�i �B�b �i�?�2�M �Q�7 �B�M�i�2�`�2�b�i �i�Q
�B�M�p�2�b�i�B�;���i�2 �7�`���K�2 �#�Q�m�M�/�b �Q�MG C�X �6�Q�` �� �>�B�H�#�2�`�i �b�T���+�2H �- �� �/�B�+�i�B�Q�M���`�v �Q�7 �p�2�+�i�Q�`�bG C

�r�B�i�? ���i �K�Q�b�i �+�Q�m�M�i���#�H�v �K���M�v �2�H�2�K�2�M�i�b �B�b ���M(A; B )�@�7�`���K�2 �B�7 �(�R�)�,

Ajjv jj2
2 �

X

 2 G C

j <  ; v > j2 � B jjv jj2
2; �U�j�X�j�X�9�V

�7�Q�` ���H�Hv 2 H �- �r�?�2�`�2A ���M�/B ���`�2 �+���H�H�2�/ �7�`���K�2 �#�Q�m�M�/�b�- �r�B�i�?0 � A � B < 1 �X �A�7
A = B �- �r�2 �b���v �i�?���iG C �B�b �� �i�B�;�?�i �7�`���K�2�c �B�7A = 0 �-G C �B�b �b���B�/ �i�Q �#�2 �� �/�2�;�2�M�2�`���i�2
�7�`���K�2�X �G�2�i	 (u) = f 	

S( u )
i ;Q ( u ) g

K ( u )

i =1 ���M�/	 (d) = f 	
S( d)

i ;Q ( d) g
K ( d)

i =1 �#�2 �i�?�2 �K���i�`�B�+�2�b

�+�Q�H�H�2�+�i�B�M�; ���H�H �i�?�2 �m�T�T�2�` ���M�/ �H�Q�r�2�` �a�H�2�T�B���M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �7�Q�H�H�Q�r�B�M�; �h�?�2�Q�`�2�K
�b�?�Q�r�b �i�?���i�- �m�M�/�2�` �K�B�H�/ �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b�- ��
�a�H�2�T�B���M �/�B�+�i�B�Q�M���`�v ���b �B�M �U�j�X�j�X�R�V �7�Q�`�K�b ���M �M�Q�M�@�/�2�;�2�M���`���i�2(A; B )�@�7�`���K�2�X

�h�?�2�Q�`�2�K �k�X�G�2�iG C �#�2 �� �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b ���b �B�M�U�j�X�j�X�j�V�X �G�2�i �i�?�2
�7�Q�H�H�Q�r�B�M�; �T� �̀Q�T�2�`�i�B�2�b �?�Q�H�/�,

���R �U�G�Q�r�2�` �+�Q�K�T�H�2�i�2�M�2�b�b�V�,�h�?�2 �H�Q�r�2�` �H�Q�+���H�B�x���i�B�Q�M �b�2�i�bfS (d)
i gK ( d)

i =1 ��� �̀2 �+�?�Q�b�2�M
�b�m�+�? �i�?���icolspanf 	 (d)g = �B�K(L (d) )�X

���k �U�l�T�T�2�` �+�Q�K�T�H�2�i�2�M�2�b�b�V�,�h�?�2 �m�T�T�2�` �H�Q�+���H�B�x���i�B�Q�M �b�2�i�bfS (u)
i gK ( d)

i =1 ��� �̀2 �+�?�Q�b�2�M
�b�m�+�? �i�?���icolspanf 	 (u)g = �B�K(L (u) ):

�h�?�2�M�-G C �B�b �� �M�Q�M�@�/�2�;�2�M�2� �̀��i�2(A; B )�@�7� �̀��K�2 �7�Q�`RE �r�B�i�?A = � min (
P

 2 D C
  T ) > 0

���M�/B = K (d) + K (u) + K h �X

�S� �̀Q�Q�7�X�a�2�2 ���T�T�2�M�/�B�t���X�R�X

�A�M �h�?�2�Q�`�2�K�k�- ���R �`�2�[�m�B�`�2�b �i�?���i �i�?�2 �b�2�i �Q�7 �H�Q�r�2�` �a�H�2�T�B���M�b �b�T���M�b �i�?�2 �;�`���/�B�2�M�i �b�T���+�2�-
�B�X�2�X�-�B�K(L (d) )�X �a�B�K�B�H���`�H�v�- ���k ���b�b�m�K�2�b �i�?���i �i�?�2 �b�2�i �Q�7 �m�T�T�2�` �a�H�2�T�B���M�b �b�T���M�b �i�?�2 �+�m�`�H
�b�T���+�2�- �B�X�2�X�-�B�K(L (u) )�X �h�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b ���`�2 �b�m�{�+�B�2�M�i �7�Q�` �i�?�2 �+�H���B�K �Q�7 �i�?�2 �i�?�2�Q�`�2�K�-
���M�/ �b�m�#�b�m�K�2 �b�Q�K�2 �M�2�+�2�b�b���`�v �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �i�?�2 �+�?�Q�B�+�2 �Q�7 �i�?�2 �H�Q�+���H�B�x���i�B�Q�M �b�2�i�b�X �h�?�2
�}�`�b�i �Q�M�2 �B�b �`�2�H���i�2�/ �i�Q �+�Q�p�2�`���;�2�- �B�X�2�X�- �i�?�2 �m�M�B�Q�M �Q�7 �i�?�2 �H�Q�+���H�B�x���i�B�Q�M �b�2�i�b �/�2�}�M�B�M�; �i�?�2
�H�Q�r�2�` ���M�/ �m�T�T�2�` �a�H�2�T�B���M�b �K�m�b�i �+�Q�p�2�` �i�?�2 �r�?�Q�H�2 �2�/�;�2 �b�2�i�X �J���i�?�2�K���i�B�+���H�H�v�- �r�2 �M�2�2�/
S K ( d)

i =1 S(d)
i =

S K ( u )

i =1 S(u)
i = E�X �h�?�2 �b�2�+�Q�M�/ �+�Q�M�/�B�i�B�Q�M �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �M�m�K�#�2�` �Q�7

�2�H�2�K�2�M�i�b �B�M �i�?�2 �/�B�+�i�B�Q�M���`�v �i�?���i �K�m�b�i �b���i�B�b�vK (d) � jQ (d) j ���M�/K (u) � jQ (u) j�- �r�?�B�+�?
�B�b �M�2�+�2�b�b���`�v �i�Q �}�M�/ �� �b�2�i �Q�7 �H�Q�r�2�` ���M�/ �m�T�T�2�` �a�H�2�T�B���M�b �i�?���i �b�T���MjQ (d) j ���M�/jQ (u) j
�/�B�K�2�M�b�B�Q�M���H �b�m�#�b�T���+�2�b�- �B�X�2�X�- �i�?�2 �;�`���/�B�2�M�i ���M�/ �i�?�2 �+�m�`�H �b�T���+�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A�M�i�2�`�2�b�i�B�M�;�H�v�- �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �h�?�2�Q�`�2�K�k �+���M �#�2 �2���b�B�H�v �b���i�B�b�}�2�/ �m�b�B�M�; �p�2�`�v
�b�B�K�T�H�2 �?�2�m�`�B�b�i�B�+ �T�`�Q�+�2�/�m�`�2�b �7�Q�` �i�?�2 �b�2�H�2�+�i�B�Q�M �Q�7 �i�?�2 �H�Q�+���H�B�x���i�B�Q�M �b�2�i�bfS (d)

i gK ( d)

i =1 ���M�/

fS (u)
j gK ( u )

j =1 �X �6�Q�` �B�M�b�i���M�+�2�- ���M �2���b�v ���M�/ �H�Q�r�@�+�Q�K�T�H�2�t�B�i�v �2�t���K�T�H�2 �B�b �#�m�B�H�/�B�M�; �� �/�B�+�i�B�Q�M���`�v
�#�v �+�?�Q�Q�b�B�M�; �i�?�2 �m�T�T�2�` ���M�/ �H�Q�r�2�` �2�/�;�2 �+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b ���b �i�?�21�@�?�Q�T �m�T�T�2�` ���M�/
�H�Q�r�2�` �M�2�B�;�?�#�Q�`�?�Q�Q�/�b �Q�7 �2���+�? �2�/�;�2 �B�M�+�H�m�/�B�M�; �i�?�2 �2�/�;�2 �B�i�b�2�H�7�- �`�2�b�T�2�+�i�B�p�2�H�v�X �A�M �i�?�2
�7�Q�H�H�Q�r�B�M�; �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b�- �r�2 �r�B�H�H �2�t�T�H�Q�B�i �i�?�B�b �b�B�K�T�H�2 �T�`�Q�+�2�/�m�`�2�- �#�m�i �i�?�2 �+�?�Q�B�+�2 �Q�7



�j�X�9 �*�2�H�H �*�Q�K�T�H�2�t �*�Q�M�p�Q�H�m�i�B�Q�M���H �6�B�H�i�2�`�b �j�k

�i�?�2 �H�Q�+���H�B�x���i�B�Q�M �b�2�i�b �B�b ���M �B�M�i�2�`�2�b�i�B�M�; �Q�T�2�M �T�`�Q�#�H�2�K �i�?���i �+�Q�m�H�/ �#�2 ���/�/�`�2�b�b�2�/ �`�2�b�Q�`�i�B�M�;
�i�Q �?�B�2�`���`�+�?�B�+���H �?�B�;�?�2�` �Q�`�/�2�` �b�T�2�+�i�`���H �+�H�m�b�i�2�`�B�M�; �i�2�+�?�M�B�[�m�2�b�- �r�B�i�? �i�?�2 �Q�#�D�2�+�i�B�p�2 �Q�7
�}�M�/�B�M�; �i�B�;�?�i�2�` �7�`���K�2�b�X

�j�X�9 �*�2�H�H �*�Q�K�T�H�2�t �*�Q�M�p�Q�H�m�i�B�Q�M���H �6�B�H�i�2�`�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �#�`�B�2�~�v �`�2�p�B�2�r �i�?�2 �+�2�H�H �+�Q�K�T�H�2�t �6�A�_ �}�H�i�2�`�b �B�M�i�`�Q�/�m�+�2�/ �B�M
�(�N�d�) ���M�/ �(�N�3�)�- �i�?���i �`�2�T�`�2�b�2�M�i �i�?�2 �7�m�M�/���K�2�M�i���H �#�H�Q�+�F �Q�7 �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �T���`���K�2�i�`�B�+
�/�B�+�i�B�Q�M���`�B�2�b �r�2 �r�B�H�H �B�M�i�`�Q�/�m�+�2 �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X

�.�2�}�M�B�i�B�Q�M �k�8�X�U�*�2�H�H �*�Q�K�T�H�2�t �6�A�_ �}�H�i�2�`�b�V�:�B�p�2�M �i�?�2k�@�i�? �>�Q�/�;�2 �G���T�H���+�B���ML k

���b �B�M�U�k�X�k�X�e�V�- �� �+�2�H�H �+�Q�K�T�H�2�t �6�A�_ �}�H�i�2�` ���+�i�B�M�; �Q�Mk� �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�b �B�b �/�2�}�M�2�/ ���b
�� �T�Q�H�v�M�Q�K�B���H �Q�7 �i�?�2 �G���T�H���+�B���M ���b�,

Sk =
JX

i =1

h(u)
i

�
L (u)

k

� i +
JX

i =1

h(d)
i

�
L (d)

k

� i + hI ; �U�j�X�9�X�R�V

�r�?�2� �̀2J �B�b �� �T�Q�b�B�i�B�p�2 �B�M�i�2�;�2�` ���M�/h(u)
i �-h(d)

i �-h 2 R�X

���b�b�B�;�M�B�M�; �i�r�Q �/�B�z�2�`�2�M�i �b�2�i�b �Q�7 �+�Q�2�{�+�B�2�M�i�b �i�Q �i�?�2 �H�Q�r�2�` ���M�/ �m�T�T�2�` �G���T�H���+�B���M�b
�;�B�p�2�b �K�Q�`�2 �~�2�t�B�#�B�H�B�i�v�X �a�2�i�i�B�M�;h(u)

i = h(d)
i �-i = 1 ; : : : ; J �H�2���/�b �i�Q �}�H�i�2�`�b �Q�7 �i�?�2 �7�Q�`�K�,

Sk =
JX

i =0

hi L i
k ; �U�j�X�9�X�k�V

�r�?�B�+�? �B�b �i�?�2 �6�A�_ �}�H�i�2�` �T�`�Q�T�Q�b�2�/ �(�N�3�)�X �>�Q�r�2�p�2�`�- �i�?�2 �}�H�i�2�` �B�M�U�j�X�9�X�k�V�+���M�M�Q�i �/�B�z�2�`�2�M�i�B���i�2
�#�2�i�r�2�2�M �i�?�2 �i�r�Q �i�v�T�2�b �Q�7 ���/�D���+�2�M�+�B�2�b�- �`�2�b�m�H�i�B�M�; �B�M �� �H�B�K�B�i�2�/ �2�t�T�`�2�b�b�B�p�2 �T�Q�r�2�`�X

�j�X�8 �h�Q�T�Q�H�Q�;�B�+���H �.�B�+�i�B�Q�M���`�v �G�2���`�M�B�M�;

�:�2�M�2�`���H�B�x�B�M�; �i�?�2 ���T�T�`�Q���+�? �T�`�Q�T�Q�b�2�/ �B�M �(�R�8�8�) �7�Q�` �T���`���K�2�i�`�B�+ �;�`���T�? �/�B�+�i�B�Q�M���`�v
�H�2���`�M�B�M�;�- �r�2 �#�m�B�H�/ �� �M�Q�p�2�H �+�H���b�b �Q�7 �Q�p�2�`�+�Q�K�T�H�2�i�2 �i�Q�T�Q�H�Q�;�B�+���H �/�B�+�i�B�Q�M���`�B�2�b �Q�7 �i�?�2
�7�Q�H�H�Q�r�B�M�; �7�Q�`�K�,

G P = [ S1; :::; SP ] 2 RN � P N ; �U�j�X�8�X�R�V

�r�?�2�`�2 �2���+�?Sp�- p = 1 ; : : : ; P �B�b �/�2�}�M�2�/ ���b �B�M�U�j�X�9�X�R�V���M�/ �?���b �� �/�B�z�2�`�2�M�i �b�2�i �Q�7
�+�Q�2�{�+�B�2�M�i�b�X �q�2 �+�Q�H�H�2�+�i �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2p�@�i�? �b�m�#�@�/�B�+�i�B�Q�M���`�v �B�M �� �p�2�+�i�Q�`hp 2
R2J +1 ���M�/ �i�?�2 �Q�p�2�`���H�H �+�Q�2�{�+�B�2�M�i�b �B�M �� �p�2�+�i�Q�`h = [ h1; : : : ; hP ] 2 R(2J +1) P �X �h�?�2
�+�?�Q�b�2�M �T�Q�H�v�M�Q�K�B���H �b�i�`�m�+�i�m�`�2 �;�B�p�2�b �H�Q�+���H�B�x���i�B�Q�M �;�m���`���M�i�2�2�b�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2v� �i�?
���i�Q�K �Q�7 �i�?�2p� �i�? �b�m�#�@�/�B�+�i�B�Q�M���`�v �r�B�H�H �?���p�2 �� �+�Q�K�T�Q�M�2�M�i �H�Q�+���H�B�x�2�/ �Q�M �i�?�2J �@�?�Q�T
�H�Q�r�2�` �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �i�?�2v� �i�? �+�2�H�H�- ���M�/ �� �+�Q�K�T�Q�M�2�M�i �H�Q�+���H�B�x�2�/ �Q�M �i�?�2J �@�?�Q�T �m�T�T�2�`
�M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �i�?�2v� �i�? �+�2�H�H�X�J�Q�`�2�Q�p�2�`�- �7�`�Q�K�U�k�X�k�X�R�j�V���M�/�U�j�X�9�X�R�V�- �B�i �B�b �2���b�v �i�Q �b�2�2
�i�?���i �i�?�2j � th ���i�Q�K �Q�7 �i�?�2p� �i�? �b�m�#�@�/�B�+�i�B�Q�M���`�v �U�i�?�2j �@�i�? �+�Q�H�m�K�M �Q�7Sp�V �?���b �i�?�2
�7�Q�H�H�Q�r�B�M�; �b�T�2�+�i�`�m�K�,

bsp;j (n) =
� JX

i =1

h(u)
p;i � i

n I (� n 2 Q (u) ) +
JX

i =1

h(d)
p;i � i

n I (� n 2 Q (d) ) + hp

�
un (j ); �U�j�X�8�X�k�V



�j�X�8 �h�Q�T�Q�H�Q�;�B�+���H �.�B�+�i�B�Q�M���`�v �G�2���`�M�B�M�; �j�j

�r�?�2�`�2I (�) �B�b �i�?�2 �B�M�/�B�+���i�Q�` �7�m�M�+�i�B�Q�M�-� n �B�b �i�?�2n � th �2�B�;�2�M�p���H�m�2 �Q�7L �- ���M�/un (j ) �B�b �i�?�2
j �@�i�? �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2n�@�i�? �+�Q�H�m�K�M �Q�7U �U�i�?�2n�@�i�? �2�B�;�2�M�p�2�+�i�Q�` �Q�7L �V�X �q�2 �`�2�7�2�` �i�Q
�i�?�2 �+�Q�2�{�+�B�2�M�i �B�M �#�`���+�F�2�i�b �B�M�U�j�X�8�X�k�V���b �F�2�`�M�2�H ���M�/ �r�2 �/�2�M�Q�i�2 �B�i �r�B�i�?bsp(�) �b�B�M�+�2�- �}�t�2�/
�� �7�`�2�[�m�2�M�+�v�- �B�i �B�b �i�?�2 �b���K�2 �7�Q�` ���H�H �i�?�2 ���i�Q�K�b �#�2�H�Q�M�;�B�M�; �i�Q �i�?�2 �b���K�2 �b�m�#�@�/�B�+�i�B�Q�M���`�v�X
�6�Q�` �i�?�B�b �`�2���b�Q�M�- �i�Q �+�Q�M�i�`�Q�H �i�?�2 ���i�Q�K�b �7�`�2�[�m�2�M�+�v �#�2�?���p�B�Q�`�- �r�2 �+���M �B�K�T�Q�b�2 �+�Q�M�b�i�`���B�M�i�b
�Q�M �i�?�2 �F�2�`�M�2�H�bbsp(�) �(�R�8�8�)�X�q�2 �}�`�b�i �B�K�T�Q�b�2 �i�?���i �i�?�2 �b�T�2�+�i�`�� ���`�2 �M�Q�M�@�M�2�;���i�B�p�2 ���M�/
�#�Q�m�M�/�2�/ �B�M �2���+�? �b�m�#�@�/�B�+�i�B�Q�M���`�v�- �B�X�2�X�,

0 � bsp(n) � d; p = 1 ; : : : ; P; n = 1 ; : : : ; N; �U�j�X�8�X�j�V

�r�?�2�`�2d > 0�X �1�[�m�B�p���H�2�M�i�H�v�- �i�?�B�b �+�Q�M�b�i�`���B�M�i �B�b �`�2�[�m�B�`�B�M�; �i�?���i �2���+�? �b�m�#�@�/�B�+�i�B�Q�M���`�v �?���b
�i�Q �#�2 �T�Q�b�B�i�B�p�2 �b�2�K�B�@�/�2�}�M�B�i�2 �r�B�i�? �K���t�B�K�m�K �2�B�;�2�M�p���H�m�2 �#�Q�m�M�/�2�/ �#�vd�- �B�X�2�X�-

0 4 Sp 4 dI ; p = 1 ; : : : ; P: �U�j�X�8�X�9�V

�J�Q�`�2�Q�p�2�`�- �r�2 �M�2�2�/ �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2 �r�?�Q�H�2 �b�T�2�+�i�`�m�K �B�b �+�Q�p�2�`�2�/ �#�v �i�?�2 �/�B�+�i�B�Q�M���`�v
G P �X �h�?�m�b�- �r�2 �B�K�T�Q�b�2 �i�?�2 �+�Q�M�b�i�`���B�M�i�,

d � � �
PX

p=1

bsp(n) � d + �; n = 1 ; : : : ; N; �U�j�X�8�X�8�V

�r�?�2�`�2� �B�b �� �b�K���H�H �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i�X �h�?�B�b �+�Q�M�b�i�`���B�M�i �B�b �2�[�m�B�p���H�2�M�i �i�Q �`�2�[�m�B�`�B�M�;
�i�?���i �i�?���i �i�?�2 �b�m�K �Q�7 ���H�H �Q�7 �i�?�2 �b�m�#�@�/�B�+�i�B�Q�M���`�B�2�bSp �?���b �i�?�2 �K�B�M�B�K�m�K �2�B�;�2�M�p���H�m�2
�H�Q�r�2�`�@�#�Q�m�M�/�2�/ �#�vd � � ���M�/ �i�?�2 �K���t�B�K�m�K �2�B�;�2�M�p���H�m�2 �m�T�T�2�`�@�#�Q�m�M�/�2�/ �#�vd + � �- �B�X�2�X�-

(d � � )I 4
PX

p=1

Sp 4 (d + � )I : �U�j�X�8�X�e�V

�q�2 ���`�2 �M�Q�r �B�M �i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�7 �7�Q�`�K�m�H���i�B�M�; �i�?�2 �/�B�+�i�B�Q�M���`�v �H�2���`�M�B�M�; �T�`�Q�#�H�2�K�X �:�B�p�2�M
�� �i�`���B�M�B�M�; �b�2�i �Q�7M �Q�`�/�2�`k �i�Q�T�Q�H�Q�;�B�+���H �b�B�;�M���H�bY = [ y1; : : : ; yM ] 2 RN � M �- �r�2
���B�K �i�Q �H�2���`�M �� �/�B�+�i�B�Q�M���`�v ���b �B�M�U�j�X�8�X�R�V�- �r�?�B�+�? �+���M �`�2�T�`�2�b�2�M�i �i�?�2 �i�`���B�M�B�M�; �b�B�;�M���H�b ���b
�� �b�T���`�b�2 �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 ���i�Q�K�b�X �*�H�2���`�H�v�- �i�?�B�b �B�b �2�[�m�B�p���H�2�M�i �i�Q �H�2���`�M �i�?�2
�}�H�i�2�`�b �+�Q�2�{�+�B�2�M�i�bh�X �h�?�m�b�- �r�2 �7�Q�`�K�m�H���i�2 �i�?�2 �/�B�+�i�B�Q�M���`�v �H�2���`�M�B�M�; �T�`�Q�#�H�2�K ���b �i�?�2 �D�Q�B�M�i
�Q�T�i�B�K�B�x���i�B�Q�M �Q�7 �i�?�2 �/�B�+�i�B�Q�M���`�v �+�Q�2�{�+�B�2�M�i�b ���M�/ �i�?�2 �b�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�M
�i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�,

(h � ; X � ) = argmin
h;X

kY � G P X k2
F + 
 khk2

2

�b�m�#�D�2�+�i �i�Q�,

a) kx i k0 � K 0; i = 1 ; : : : ; M

b) 0 4 Sp 4 dI ; p = 1 ; : : : ; P �U�j�X�8�X�d�V

c) (d � � )I 4
PX

p=1

Sp 4 (d + � )I

d) Sp ���b �B�M �U�j�X�9�X�R�V; p = 1 ; : : : ; P;

�r�?�2�`�2x i �B�b �i�?�2i � �i�? �+�Q�H�m�K�M �Q�7X 2 RP N � M �- �B�X�2�X �i�?�2 �b�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7
�i�?�2i � �i�? �i�`���B�M�B�M�; �b�B�;�M���H�-k � kF �B�b �i�?�2 �6�`�Q�#�2�M�B�m�b �M�Q�`�K�-k � k0 �B�b �i�?�2l0 �M�Q�`�K �U�B�X�2�X�- �i�?�2



�j�X�8 �h�Q�T�Q�H�Q�;�B�+���H �.�B�+�i�B�Q�M���`�v �G�2���`�M�B�M�; �j�9

���H�;�Q�`�B�i�?�K �R�, �h�Q�T�Q�H�Q�;�B�+���H �.�B�+�i�B�Q�M���`�v �G�2���`�M�B�M�;
�A�M�T�m�i�b�,

Y 2 RN � M �, �h�`���B�M�B�M�; �b�B�;�M���H�b�X
X [0] 2 RP N � M �, �A�M�B�i�B���H�B�x���i�B�Q�M �Q�7 �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M
Tmax �, �M�m�K�#�2�` �Q�7 �B�i�2�`���i�B�Q�M�b �U�Q�` �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�Q�M�V

�P�m�i�T�m�i�b�,
h � ; X � �, �G�2���`�M�2�/ �/�B�+�i�B�Q�M���`�v ���M�/ �b�T���`�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b

�R�,�7�m�M�+�i�B�Q�M�.�B�+�i�B�Q�M��� �̀v �G�2���`�M�B�M�;�U�A�M�T�m�i�b�V
�k�, �7�Q�`t 2 [1; Tmax ] �/�Q
�j�, �.�B�+�i�B�Q�M���`�v �l�T�/���i�2 �a�i�2�T�X�a�2�i�,

h[t] = argmin
h

kY � G P X [t � 1]k2
F + 
 khk2

2

�b�m�#�D�2�+�i �i�Q�,

b) 0 4 Sp 4 dI ; p = 1 ; : : : ; P

c) (d � � )I 4
PX

p=1

Sp 4 (d + � )I �U�j�X�8�X�3�V

d) Sp ���b �B�M �U�j�X�9�X�R�V; p = 1 ; : : : ; P

�9�, �a�T���`�b�2 �*�Q�/�B�M�; �a�i�2�T�X�a�2�i�,

X [t] = argmin
X

kY � G P [t]X k2
F + 
 khk2

2

�b�m�#�D�2�+�i �i�Q�,

a) kx i k0 � K 0; i = 1 ; : : : ; M �U�j�X�8�X�N�V

�`�2�i�m�`�M�,
�8�, h � = h[Tmax ]
�e�, X � = X [Tmax ]

�M�m�K�#�2�` �Q�7 �M�Q�M�@�x�2�`�Q �+�Q�K�T�Q�M�2�M�i�b �Q�7 �B�i�b �p�2�+�i�Q�` ���`�;�m�K�2�M�i�V�-K 0 �B�b ���M �B�M�i�2�;�2�` �#�2�i�r�2�2�M �R
���M�/N �- ���M�/
 > 0�X �h�?�2l2 �T�2�M���H�i�v �Q�M �i�?�2 �+�Q�2�{�+�B�2�M�i�bh �B�b �m�b�2�7�m�H �i�Q �2�M�b�m�`�2 �M�m�K�2�`�B�+���H
�b�i���#�B�H�B�i�v ���M�/ �K�B�i�B�;���i�2 �Q�p�2�`�}�i�i�B�M�;�X �S�`�Q�#�H�2�K�U�j�X�8�X�d�V�B�b �+�H�2���`�H�v �M�Q�M�@�+�Q�M�p�2�t�- �?�Q�r�2�p�2�`
�B�i �`�2�/�m�+�2�b �i�Q �� �b�2�K�B�/�2�}�M�B�i�2 �T�`�Q�;�`���K �U�a�.�S�V �B�7 �i�?�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�MX �B�b �?�Q�H�/
�}�t�2�/�- ���M�/ �i�Q �� �b�T���`�b�2 �+�Q�/�B�M�; �T�`�Q�#�H�2�K �B�7 �i�?�2 �/�B�+�i�B�Q�M���`�vG P �B�b �?�Q�H�/ �}�t�2�/�X �h�?�B�b �7���+�i
�b�m�;�;�2�b�i�b �i�Q ���T�T�`�Q�t�B�K���i�2 �B�i�b �b�Q�H�m�i�B�Q�M �r�B�i�? ���M �B�i�2�`���i�B�p�2 ���H�i�2�`�M���i�B�M�; �T�`�Q�+�2�/�m�`�2�- �r�?�B�+�?
�r�2 �H�B�b�i �B�M ���H�;�Q�`�B�i�?�K�R�X���b �B�i �B�b�- �S�`�Q�#�H�2�K�U�j�X�8�X�3�V�B�b ���M �a�.�S �i�?���i �+���M �#�2 �b�Q�H�p�2�/ �r�B�i�?
�Q�z �i�?�2 �b�?�2�H�7 �M�m�K�2�`�B�+���H �i�Q�Q�H�b �7�Q�` �+�Q�M�p�2�t �Q�T�i�B�K�B�x���i�B�Q�M �r�B�i�? �� �T�Q�H�v�M�Q�K�B���H �+�Q�K�T�H�2�t�B�i�v�X
�>�Q�r�2�p�2�`�- �B�i �B�b �T�Q�b�b�B�#�B�H�2 �i�Q �b�?�Q�r �i�?���i �S�`�Q�#�H�2�K�U�j�X�8�X�3�V�+���M �#�2 �`�2�+���b�i ���b �� �[�m���/�`���i�B�+
�T�`�Q�;�`���K�- �r�?�B�+�? �+���M �#�2 �b�Q�H�p�2�/ �2�p�2�M �K�Q�`�2 �2�{�+�B�2�M�i�H�v�X �A�M�b�i�2���/�- �S�`�Q�#�H�2�K�U�j�X�8�X�N�V�B�b �b�i�B�H�H
�L�S�@�?���`�/�- �#�m�i �B�i�b �b�Q�H�m�i�B�Q�M �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �p�B�� �i�?�2 �Q�`�i�?�Q�;�Q�M���H �K���i�+�?�B�M�; �T�m�`�b�m�B�i
�U�P�J�S�V ���H�;�Q�`�B�i�?�K �(�R�8�d�)�- �B�X�2�X �� �p�2�`�b���i�B�H�2 �i�Q�Q�H �7�Q�` �b�T���`�b�2 �+�Q�/�B�M�; �T�`�Q�#�H�2�K�b �?���p�B�M�; �H�B�M�2���`
�+�Q�K�T�H�2�t�B�i�v �B�MPN �(�R�8�3�)�X



�j�X�e �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b �j�8

�j�X�e �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b

�j�X�e�X�R �h�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b

�q�2 ���b�b�2�b�b �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �/�B�+�i�B�Q�M���`�B�2�b �Q�M �i�r�Q �i���b�F�b�- �B�X�2�X�-
�b�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M�- ���M�/ �2�/�;�2 �~�Q�r �/�2�M�Q�B�b�B�M�;�X �q�2 �`�2�H�v �Q�M �i�?�2 �2�t�T�2�`�B�K�2�M�i���H
�b�2�i�i�B�M�; �Q�7 �(�d�R�)�- �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �H�Q�+���H�B�x�2�/ �p�2�+�i�Q�` �}�2�H�/ �Q�M[� 2; 2]2 �;�B�p�2�M �#�vF (x; y) =

[cos(x + y); sin(x � y)]I
�

(x; y) 2 B1 [ B2

�
; �r�?�2�`�2I �B�b �i�?�2 �B�M�/�B�+���i�Q�` �7�m�M�+�i�B�Q�M�-B1 ���M�/

B2 ���`�2 �+�H�Q�b�2�/ �#���H�H�b �Q�7 �`���/�B�m�b �y�X�d �+�2�M�i�2�`�2�/ ���i(� �= 4; � �= 4)�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �p�2�+�i�Q�`
�}�2�H�/ �B�b �i�?�2�M �/�B�b�+�`�2�i�B�x�2�/ �r�B�i�? �� �?�2�t���;�Q�M���H �;�`�B�/�- ���M�/ �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �B�b �#�m�B�H�i �UV
�4 �k�k�8�-E �4 �e�k�N�-T �4 �9�y�8�V �#�v �i�`�2���i�B�M�; �2���+�? �?�2�t���;�Q�M ���b �� �M�Q�/�2�- �r�B�i�? �2�/�;�2�b �7�Q�` �2���+�?
�T���B�` �Q�7 �?�2�t���;�Q�M�b �i�?���i �b�?���`�2 �� �b�B�/�2�- ���M�/ �i�`�B���M�;�H�2�b �7�Q�` �2���+�? �b�2�i �Q�7 �i�?�`�2�2 �?�2�t���;�Q�M�b �i�?���i
�b�?���`�2 �� �+�Q�`�M�2�`�X �6�B�M���H�H�v�- �i�?�2 �p�2�+�i�Q�` �}�2�H�/ �B�b �+�Q�M�p�2�`�i�2�/ �i�Q ���M �2�/�;�2 �b�B�;�M���Hx 2 RE �#�v
�i���F�B�M�; �i�?�2 �~�Q�r �Q�M �2���+�? �2�/�;�2 �i�Q �#�2 �i�?�2 �i�Q�i���H �~�Q�r �T�2�`�T�2�M�/�B�+�m�H���` �i�Q �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�b�B�/�2 �#�2�i�r�2�2�M �?�2�t���;�Q�M�b�cx �B�b �M�Q�`�K���H�B�x�2�/ �i�Q �?���p�2 �m�M�B�i �M�Q�`�K�X

�h�?�2 �/�B�+�i�B�Q�M���`�v �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �B�b �#�m�B�H�i ���b �B�M�U�j�X�j�X�j�V�- �+�Q�M�b�B�/�2�`�B�M�;2E �2�/�;�2
�+�Q�M�+�2�M�i�`���i�B�Q�M �b�2�i�b�- �/�2�}�M�2�/ ���b �i�?�2 �m�T�T�2�` ���M�/ �i�?�2 �H�Q�r�2�`1�@�?�Q�T �M�2�B�;�?�#�Q�`�?�Q�Q�/ �Q�7 �2���+�?
�2�/�;�2�- �B�M �Q�`�/�2�` �i�Q �b���i�B�b�7�v �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �h�?�2�Q�`�2�K�k�X �L�Q �?���`�K�Q�M�B�+ �+�Q�K�T�Q�M�2�M�i �B�b
�T�`�2�b�2�M�i�X
�a�T���`�b�2 �b�B�;�M���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �@�q�2 �}�`�b�i �2�p���H�m���i�2 �?�Q�r �b�T���`�b�2 �B�b �i�?�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M
�Q�7x �Q�M �i�?�2 �T�`�Q�T�Q�b�2�/ �/�B�+�i�B�Q�M���`�v�X �q�2 �2�K�T�H�Q�v �Q�`�i�?�Q�;�Q�M���H �K���i�+�?�B�M�; �T�m�`�b�m�B�i �U�P�J�S�V�-
�r�?�B�+�? �b�2�2�F�b �i�?�2 �b�T���`�b�2�b�i �H�B�M�2���` �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �a�H�2�T�B���M�b �B�M �i�?�2 �/�B�+�i�B�Q�M���`�v �#�v
�;�`�2�2�/�B�H�v �b�Q�H�p�B�M�; �(�R�8�d�)�,

bx = argmin jj bx jj0 �b�m�#�D�2�+�i �i�Qkx � D Cbxk2 � �: �U�j�X�e�X�R�V

�A�M �6�B�;�X�j�X�k�- �r�2 �B�H�H�m�b�i�`���i�2 �i�?�2`0 �M�Q�`�K �Q�7 �i�?�2 �Q�#�i���B�M�2�/bx �p�2�`�b�m�b �i�?�2 �2�`�`�Q�` �i�Q�H�2�`���M�+�2
� �- �+�Q�K�T���`�B�M�; �i�?�2 �6�Q�m�`�B�2�` �#���b�B�b�- �i�?�2 �>�Q�/�;�2�H�2�i�b �(�d�R�)�- ���M�/ �i�?�2 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b
�/�B�+�i�B�Q�M���`�B�2�b �Q�#�i���B�M�2�/ �7�Q�` �b�Q�K�2 �p���H�m�2�b �Q�7fK �X ���b �r�2 �+���M �b�2�2 �7�`�Q�K �6�B�;�X�j�X�k�- �i�?�2 �T�`�Q�T�Q�b�2�/
�a�H�2�T�B���M�b �/�B�+�i�B�Q�M���`�v �b�?�Q�r�b �b�m�T�2�`�B�Q�` �T�2�`�7�Q�`�K���M�+�2 �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �>�Q�/�;�2�H�2�i�b �(�d�R�)�-
�#�2�B�M�; ���#�H�2 �i�Q �}�M�/ �b�T���`�b�2�` �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �2�p�2�M �7�Q�` �b�K���H�H�2�` �/�B�+�i�B�Q�M���`�B�2�b�- �B�X�2�X�- �7�Q�`
fK = 4 �X �h�?�2 �+�Q�K�T�H�2�i�2 �a�H�2�T�B���M�b �/�B�+�i�B�Q�M���`�v �H�2���/�b �i�Q �i�?�2 �#�2�b�i �T�2�`�7�Q�`�K���M�+�2�- ���i �i�?�2 �+�Q�b�i
�Q�7 �� �H���`�;�2�` �/�B�+�i�B�Q�M���`�v �b�B�x�2 ���M�/ �+�Q�K�T�H�2�t�B�i�v�X�1�/�;�2 �~�Q�r �/�2�M�Q�B�b�B�M�; �@���b �� �b�2�+�Q�M�/
�2�t�T�2�`�B�K�2�M�i�- �r�2 �2�p���H�m���i�2 �i�?�2 �2�z�2�+�i�B�p�2�M�2�b�b �Q�7 �i�Q�T�Q�H�Q�;�B�+���H �a�H�2�T�B���M�b �/�B���+�i�B�Q�M���`�B�2�b �Q�M
�� �i���b�F �Q�7 �2�/�;�2 �~�Q�r �/�2�M�Q�B�b�B�M�;�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �i���F�2 �i�?�2 �b���K�2 �2�/�;�2 �b�B�;�M���Hx �Q�7
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�#���b�B�b�- ���b �B�M �(�N�d�)�- �(�R�d�e�)�X �P�M�+�2 �/�2�}�M�2�/ �� �T�`�Q�T�2�` �#���b�B�beU k �- �+�Q�K�T�Q�b�2�/ �#�v �2�B�;�2�M�p�2�+�i�Q�`�b
�Q�7L k �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �x�2�`�Q �2�B�;�2�M�p���H�m�2 �Q�7 �K�m�H�i�B�T�H�B�+�B�i�vNh 2 N�- �i�?�2 �Q�`�i�?�Q�;�Q�M���H
�T�`�Q�D�2�+�i�B�Q�M �Q�T�2�`���i�Q�` �Q�M�i�Q�F�2�`

�
L k

�
�B�b �;�B�p�2�M �#�vQk = eU k

eU T
k �X �A�M �;�2�M�2�`���H�- �i�?�2 �Q�`�i�?�Q�;�Q�M���H

�T�`�Q�D�2�+�i�Q�`Qk �B�b �� �/�2�M�b�2 �K���i�`�B�t�- �#�m�i �B�M �T�`���+�i�B�+���H ���T�T�H�B�+���i�B�Q�M�b �b�T���`�b�2 �Q�T�2�`���i�Q�`�b ���`�2
�+�H�2���`�H�v �K�Q�`�2 ���T�T�2���H�B�M�; �7�`�Q�K �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �T�Q�B�M�i �Q�7 �p�B�2�r�X �h�?�m�b�- �B�M �U�9�X�R�X�R�V�@�U�9�X�R�X�k�V�-



�9�X�R �A�M�i�`�Q�/�m�+�i�B�Q�M �9�j

�r�2 �#�m�B�H�/ �� �b�T���`�b�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7Qk �i�?���i �2�M�D�Q�v�b �/�B�b�i�`�B�#�m�i�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M ���M�/
�`�2���/�b ���b �(�R�d�d�)�,

bQk =
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I � � L k

� J ; �U�9�X�R�X�j�V

�r�?�2�`�20 < � <
2

� MAX (L k )
�X �A�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �Q�T�2�`���i�Q�`bQk �B�M�U�9�X�R�X�j�V�2�M�D�Q�v�b

�i�?�2 �7�Q�H�H�Q�r�B�M�; �T�`�Q�T�2�`�i�v �(�R�d�d�)�,

lim
J !1

bQk = Qk : �U�9�X�R�X�9�V

�S�H�2���b�2 �M�Q�i�B�+�2 �i�?���i �i�?�2 �}�H�i�2�` �B�M �U�9�X�R�X�j�V �B�b �;�B�p�2�M �#�v �i�?�2 �b�m�#�b�2�[�m�2�M�i ���T�T�H�B�+���i�B�Q�M �Q�7J
�b�T���`�b�2 �K���i�`�B�+�2�b �U�/�2�T�2�M�/�B�M�; �Q�M �i�?�2k�@�i�? �Q�`�/�2�` �G���T�H���+�B���ML k �V�- �r�?�B�+�? ���H�H �2�M�D�Q�v �M�B�+�2
�H�Q�+���H�B�i�v �T�`�Q�T�2�`�i�B�2�b �i�?���i �2�M���#�H�2 �/�B�b�i�`�B�#�m�i�2�/ �B�K�T�H�2�K�2�M�i���i�B�Q�M�X

�6�`�Q�K �U�9�X�R�X�R�V�- �i�?�2 �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �}�H�i�2�`�B�M�; �Q�T�2�`���i�B�Q�M �B�b �;�B�p�2�M �#�vyXG =
H XGxXG ; �r�?�2�`�2xXG =
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x0kx1kx2

�
�B�b �i�?�2 �B�M�T�m�i �b�B�;�M���H ���M�/yXG =

�
y0ky1ky2

�
�B�b �i�?�2

�Q�m�i�T�m�i �b�B�;�M���H�- �r�B�i�? �`�2�b�m�H�i�B�M�; �B�M�T�m�i�f�Q�m�i�T�m�i �U�A�f�P�V �`�2�H���i�B�Q�M�b �i�?���i �`�2���/ ���b �U�Q�#�i���B�M�2�/ �#�v
�b�B�K�T�H�2 �/�B�`�2�+�i �+�Q�K�T�m�i���i�B�Q�M�V �(�8�d�-�3�3�)�,

y0 =
bJ=2cX

p=1

w(d)
2p

�
L 0

� px0 +
dJ=2e� 1X

p=0

w(d)
2p+1

�
L 0

� pB 1x1 + w(h) bQ0x0

y1 =
bJ=2cX

p=1

w(d)
2p

�
L (d)

1
� px1 +

dJ=2e� 1X

p=0

w(d)
2p+1

�
L (d)

1
� pB T

1 x0 +
bJ=2cX

p=1

w(u)
2p

�
L (u)

1
� px1

+
dJ=2e� 1X

p=0

w(u)
2p+1

�
L (u)

1
� pB 2x2 + w(h) bQ1x1

y2 =
bJ=2cX

p=1

w(u)
2p

�
L 2

� px2 +
dJ=2e� 1X

p=0

w(u)
2p+1

�
L 2

� pB T
2 x1 �U�9�X�R�X�8�V

+ w(h) bQ2x2: �U�9�X�R�X�e�V

�h�?�2 �A�f�P �`�2�H���i�B�Q�M�b �B�M �U�9�X�R�X�8�V �+�Q�`�`�2�b�T�Q�M�/ �i�Q ���T�T�H�v�B�M�; �+�2�`�i���B�M �b�T�2�+�B�}�+ �}�H�i�2�`�b �#�2�B�M�;
�T�Q�H�v�M�Q�K�B���H�b �Q�7 �i�?�2 �G���T�H���+�B���M�b �Q�M �2���+�? �Q�`�/�2�` �Q�7 �i�?�2 �B�M�T�m�i �b�B�K�T�H�B�+�B���H �b�B�;�M���H�X �A�M
�T���`�i�B�+�m�H���`�- �7�`�Q�K �U�9�X�R�X�8�V�- �i�?�2 �}�H�i�2�`�2�/ �b�B�;�M���H �Q�7 �i�?�2k� �i�? �Q�`�/�2�` �B�b �i�?�2 �b�m�K �Q�7 ��
�b�B�K�T�H�B�+�B���H �}�H�i�2�` �i�?���i �T�`�Q�+�2�b�b�2�b �i�?�2 �B�M�T�m�i �b�B�;�M���H �Q�7 �i�?�2 �b���K�2 �Q�`�/�2�`k�- �� �b�B�K�T�H�B�+�B���H
�}�H�i�2�` �i�?���i �T�`�Q�+�2�b�b�2�b �i�?�2 �;�`���/�B�2�M�i �Q�7 �i�?�2k + 1 �b�B�K�T�H�B�+�B���H �b�B�;�M���H �U�B�7 ���p���B�H���#�H�2�V�- ���M�/ ��
�b�B�K�T�H�B�+�B���H �}�H�i�2�` �i�?���i �T�`�Q�+�2�b�b�2�b �i�?�2 �+�m�`�H �Q�7 �i�?�2k � 1 �b�B�K�T�H�B�+�B���H �b�B�;�M���H �U�B�7 ���p���B�H���#�H�2�V�X
�J�Q�`�2�Q�p�2�`�- �+�2�`�i���B�M �}�H�i�2�` �r�2�B�;�?�i�b ���`�2 �b�?���`�2�/�, �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �}�H�i�2�`�b �B�M �+�?���`�;�2 �Q�7
�T�`�Q�+�2�b�b�B�M�; �b���K�2 �Q�`�/�2�` �b�B�K�T�H�B�+�B���H �b�B�;�M���H�b ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b���K�2 �G���T�H���+�B���M
�i�v�T�2 �U�m�T�T�2�` �Q�` �H�Q�r�2�`�V ���`�2 ���H�H �b�?���`�2�/ �U�2�X�;�X�-w(d)

2p ���M�/w(u)
2p ���`�2 �i�?�2 �b���K�2 �T�2�` �2���+�? �Q�`�/�2�`�V�-

���M�/ �b�Q ���`�2 �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �}�H�i�2�`�b �B�M �+�?���`�;�2 �Q�7 �T�`�Q�+�2�b�b�B�M�; �Q�i�?�2�` �Q�`�/�2�`�b �b�B�K�T�H�B�+�B���H
�b�B�;�M���H�b ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �b���K�2 �G���T�H���+�B���M �i�v�T�2 �U�i�?�2w(d)

2p+1 ���M�/w(u)
2p+1 ���`�2

�i�?�2 �b���K�2 �T�2�` �2���+�? �Q�`�/�2�`�V�X �L�Q�i���#�H�v�- �i�?�B�b �`�2�T�`�2�b�2�M�i�b �� �T�`�B�M�+�B�T�H�2�/ �r���v �Q�7 �/�2�`�B�p�B�M�; ��
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�B�b �� �r�2�H�H �`�2�+�Q�;�M�B�x�2�/ �T�`���+�i�B�+�2 �B�M �i�?�2 �/�2�b�B�;�M �Q�7 �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b �i�?���i �;�B�p�2�b �+�H�2���`
�+�Q�K�T�m�i���i�B�Q�M���H ���/�p���M�i���;�2�b ���M�/�- �B�M �i�?�B�b �+���b�2�- ���H�b�Q �b�T�2�+�i�`���H �B�M�i�2�`�T�`�2�i���i�B�Q�M �(�e�k�)�X
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�K�2�+�?���M�B�b�K�b �i�Q �/�2�p�B�b�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �:�a���L ���`�+�?�B�i�2�+�i�m�`�2�X �6�B�M���H�H�v�- �r�2 �r�B�H�H �/�B�b�+�m�b�b �B�i�b
�+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v�- �B�i�b �i�?�2�Q�`�2�i�B�+���H �T�`�Q�T�2�`�i�B�2�b�- ���M�/ �i�?�2 �`�2�H���i�B�Q�M�b �r�B�i�? �Q�i�?�2�`
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�q�2 �M�Q�r �/�2�b�B�;�M �� �:�a�*�*�L ���`�+�?�B�i�2�+�i�m�`�2�- �r�?�Q�b�2 �H���v�2�`�b ���`�2 �+�Q�K�T�Q�b�2�/ �Q�7 �i�r�Q �K���B�M
�b�i���;�2�b�, �B�V �#���M�F �Q�7 �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �}�H�i�2�`�B�M�; ���b �B�M �U�9�X�R�X�8�V�- ���M�/ �B�B�V �T�Q�B�M�i�@�r�B�b�2 �M�Q�M�@
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���`�2 �;�B�p�2�M ���b �B�M�T�m�i �i�Q �i�?�2l �@�i�? �H���v�2�` �Q�7 �i�?�2 �:�a�*�*�L�- �r�B�i�?Z0;l = f z0;l;f gF l
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�h�Q �b�m�K�K���`�B�x�2�- �i�?�2 �K�Q�/�m�H�2 �Q�7 �i�?�2 �:�a���L �H���v�2�` �T�`�Q�+�2�b�b�B�M�; �2�/�;�2 �b�B�;�M���H�b �+���M �#�2
�r�`�B�i�i�2�M ���b�,

Z1;l+1 = � l

 bJ=2cX

p=1

�
L (d;1)

1;l

� pZ1;l W
(d)
l;2p +

dJ=2e� 1X

p=0

�
L (d;2)

1;l

� pB T
1 Z0;l W

(d)
l;2p+1

+
bJ=2cX

p=1

�
L (u;1)

1;l

� pZ1;l W
(u)
l;2p +

dJ=2e� 1X

p=0

�
L (u;2)

1;l )pB 2Z2;l W
(u)
l;2p+1 + bQ1Z1;l W

(h)
l

!

;

�U�9�X�k�X�R�R�V

�r�?�2�`�2 �i�?�2 ���i�i�2�M�i�B�Q�M���H �G���T�H���+�B���M�b ���`�2 �Q�#�i���B�M�2�/ ���b �B�M�U�9�X�k�X�k�V�-�U�9�X�k�X�j�V�@�U�9�X�k�X�9�V�-�U�9�X�k�X�N�V�@�U�9�X�k�X�R�y�V�X
�h�?�2 �}�H�i�2�`�b �r�2�B�;�?�i�bW (u)

l =
�
W (u)

l;p

	
p�-W (d)

l =
�
W (d)

l;p

	
p�-W (h)

l ���M�/ �i�?�2 �T���`���K�2�i�2�`�b �Q�7

�i�?�2 ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K�ba
(u;c( u )

1 )
1;l ���M�/a

(d;c( d)
1 )

1;l ���`�2 �H�2���`�M���#�H�2 �+�Q�2�{�+�B�2�M�i�b�c �r�?�2�`�2���b�-
�i�?�2 �Q�`�/�2�`J �Q�7 �i�?�2 �}�H�i�2�`�b�- �i�?�2 �M�m�K�#�2�`Fl+1 �Q�7 �Q�m�i�T�m�i �b�B�;�M���H�b�- ���M�/ �i�?�2 �M�Q�M�@�H�B�M�2���`�B�i�v
� l (�) ���`�2 �?�v�T�2�`�T���`���K�2�i�2�`�b �i�Q �#�2 �+�?�Q�b�2�M ���i �2���+�? �H���v�2�`�X �h�?�2 �K�Q�/�m�H�2�b �Q�7 �i�?�2 �H���v�2�` �Q�7
�Q�`�/�2�`�b �y �U�M�Q�/�2�@�H�2�p�2�H�V ���M�/ �k �U�i�`�B���M�;�H�2�@�H�2�p�2�H�V ���`�2 �+�Q�K�T�m�i�2�/ �B�M �i�?�2 �b���K�2 �r���v�X �h�?�2�`�2�7�Q�`�2�-
�� �:�a���L �Q�7 �/�2�T�i�?L �r�B�i�? �B�M�T�m�i �/���i��X XG 2 R(N + E + T )� F0 �B�b �#�m�B�H�i ���b �i�?�2 �b�i���+�F �Q�7L
�H���v�2�`�b �K���/�2 �#�v �K�Q�/�m�H�2�b ���b �B�M�U�9�X�k�X�R�R�V�- �r�?�2�`�2ZXG;0 = X XG �X �"���b�2�/ �Q�M �i�?�2 �H�2���`�M�B�M�;
�i���b�F�- �� �`�2���/�Q�m�i �H���v�2�` �+���M �#�2 �B�M�b�2�`�i�2�/�X �h�Q �;�B�p�2 ���M �B�H�H�m�b�i�`���i�B�p�2 �2�t���K�T�H�2�- �B�M �6�B�;�X�9�X�R�- �r�2
�/�2�T�B�+�i �� �?�B�;�?�@�H�2�p�2�H �b�+�?�2�K�2 �Q�7 �� �:�a���L �H���v�2�` �7�Q�` �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�tXG �Q�7 �Q�`�/�2�` �i�r�Q�X
�J�m�H�i�B�@�?�2���/ ���i�i�2�M�i�B�Q�M�X �h�Q �K���F�2 �i�?�2 �H�2���`�M�B�M�; �T�`�Q�+�2�b�b �Q�7 �b�2�H�7�@���i�i�2�M�i�B�Q�M �K�Q�`�2
�`�Q�#�m�b�i�- �K�m�H�i�B�@�?�2���/ ���i�i�2�M�i�B�Q�M �+���M �#�2 �2�K�T�H�Q�v�2�/ �(�R�e�d�)�X �A�M �T���`�i�B�+�m�H���`�- �Q�M�2 �+���M �;�2�M�2�`���i�2
H �B�M�i�2�`�K�2�/�B���i�2 �Q�m�i�T�m�i�beZ1;l+1 ;h ���b �B�M�U�9�X�k�X�R�R�V�- �2���+�? �Q�M�2 �?���p�B�M�; �B�i�b �Q�r�M �H�2���`�M���#�H�2
�r�2�B�;�?�i�b�- ���M�/ �i�?�2�M �?�Q�`�B�x�Q�M�i���H�H�v �+�Q�M�+���i�2�M���i�B�M�; ���M�/�f�Q�` ���p�2�`���;�B�M�; �i�?�2�K�X ���b �� �`�2�b�m�H�i�-
�i�?�2 �H���v�2�` �Q�m�i�T�m�i ���i �i�?�2 �2�/�;�2 �H�2�p�2�H �r�`�B�i�2�b �2�B�i�?�2�`

Z1;l+1 =
H
jj

h=1
� l

�
eZ1;l+1 ;h

�
2 RE � HF l +1 �U�9�X�k�X�R�k�V



�9�X�k �:�2�M�2�`���H�B�x�2�/ �a�B�K�T�H�B�+�B���H ���i�i�2�M�i�B�Q�M �L�2�m�`���H �L�2�i�r�Q�`�F�b �9�3

�Q�`�- ���H�i�2�`�M���i�B�p�2�H�v�- ���b

Z1;l+1 = � l

 
1
H

HX

h=1

eZ1;l+1 ;h

!

2 RE � F l +1 : �U�9�X�k�X�R�j�V

�h�?�2 �b���K�2 �K�m�H�i�B�@�?�2���/ ���i�i�2�M�i�B�Q�M �T�`�Q�+�2�/�m�`�2 �+���M �#�2 ���T�T�H�B�2�/ �i�Q �i�?�2 �K�Q�/�m�H�2�b �Q�7 �i�?�2 �Q�i�?�2�`
�Q�`�/�2�`�b�X

�9�X�k�X�j �1�[�m�B�p���`�B���M�+�2 ���M�/ �b�B�K�T�H�B�+�B���H ���r���`�2�M�2�b�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �b�?�Q�r �i�?���i �i�?�2 �T�`�Q�T�Q�b�2�/ �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 �B�b ���r���`�2 �Q�7 �i�?�2
�b�v�K�K�2�i�`�B�2�b ���M�/ �?�B�;�?�2�`�@�Q�`�/�2�` �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �/�Q�K���B�M�X �h�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b
�2�M���#�H�2 �i�Q �H�2���`�M �K�Q�`�2 �;�2�M�2�`���H�B�x���#�H�2 ���M�/ �2�{�+�B�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �(�9�y�)�- �(�d�3�)�- �r�?�B�+�? ���`�2
�B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t �H���#�2�H�B�M�; ���M�/ �i���F�2 ���/�p���M�i���;�2 �Q�7 �i�?�2 �b�B�K�T�H�B�+�B���H
�b�i�`�m�+�i�m�`�2�X �a�T�2�+�B�}�+���H�H�v�- �r�2 �+�H���B�K �i�?���i �i�?�2 �T�`�Q�T�Q�b�2�/ �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 �B�b �T�2�`�K�m�i���i�B�Q�M
�2�[�m�B�p���`�B���M�i ���M�/ �b�B�K�T�H�B�+�B���H ���r���`�2�X �:�B�p�2�M �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�tXK �Q�7 �Q�`�/�2�`K �r�B�i�?
�U�B�M�T�m�i�V �i�?�2 �b�B�K�T�H�B�+�B���H �b�B�;�M���H�bX X �- �H�2�i �m�b �/�2�}�M�2 �r�B�i�?B = f B kgK

k=1 �i�?�2 �b�2�i �Q�7 �B�i�b
�B�M�+�B�/�2�M�+�2 �K���i�`�B�+�2�b ���M�/ �r�B�i�?P = f P kgK

k=0 �- �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �T�2�`�K�m�i���i�B�Q�M �K���i�`�B�+�2�b
P k 2 RN k � N k �X �h�?�2�M�- �H�2�i �m�b �/�2�M�Q�i�2 �#�vPX X �i�?�2 �T�2�`�K�m�i�2�/ �B�M�T�m�i�- �#�vPB PT �i�?�2
�b�2�[�m�2�M�+�2 �Q�7 �T�2�`�K�m�i�2�/ �B�M�+�B�/�2�M�+�2 �K���i�`�B�+�2�bP k� 1B kPT

k �- �7�Q�`k = 1 ; : : : ; K �- ���M�/ �#�v
W = f W l gL

l=1 �i�?�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 ���H�H �i�?�2 �H�2���`�M���#�H�2 �r�2�B�;�?�i�b �Q�7 �i�?�2 �M�2�i�r�Q�`�F�- �r�B�i�?

W l = f W (u)
l ; W (d)

l ; W (h)
l g �i�?�2 �H�2���`�M���#�H�2 �r�2�B�;�?�i�b �Q�7 �i�?�2l �@�i�? �H���v�2�`�X �h�Q �b�B�K�T�H�B�7�v �Q�m�`

�M�Q�i���i�B�Q�M�- �r�2 �/�2�M�Q�i�2 ��l �@�i�? �:�a���L �H���v�2�` �U�+�Q�K�T�`�B�b�B�M�; �Q�7 �i�?�2 �K�Q�/�m�H�2�b �Q�7 �2�p�2�`�v �Q�`�/�2�`
�i���F�2�M �B�M �+�Q�M�b�B�/�2�`���i�B�Q�M�V �#�v�,

ZX ;l+1 = �:�a���L l (B ; ZX ;l ; W l ); �U�9�X�k�X�R�9�V

l = 1 ; : : : ; L �- �r�?�2�`�2 �r�2 �K���/�2 �2�t�T�H�B�+�B�i �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�MB �-ZX ;l ���M�/W l �X ���H�b�Q�- �r�2
�/�2�M�Q�i�2 �i�?�2 �r�?�Q�H�2 �M�2�i�r�Q�`�F ���bZX ;L = GSAN( B ; ZX ; W )�- �r�B�i�?ZX ;0 = X X �X

�G�2�i �m�b �M�Q�r �B�M�i�`�Q�/�m�+�2 �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �T�2�`�K�m�i���i�B�Q�M �2�[�m�B�p���`�B���M�+�2 ���M�/ �b�B�K�T�H�B�+�B���H
���r���`�2�M�2�b�b�X

�.�2�}�M�B�i�B�Q�M �k�e�X�U�S�2�`�K�m�i���i�B�Q�M �2�[�m�B�p���`�B���M�+�2�V�(�d�3�)�X �� �;�2�M�2� �̀��H�B�x�2�/ �b�B�K�T�H�B�+�B���H
���i�i�2�M�i�B�Q�M �M�2�m� �̀��H �M�2�i�r�Q�`�F �Q�7L �H���v�2�`�b �B�b �T�2�`�K�m�i���i�B�Q�M �2�[�m�B�p���`�B���M�i �B�7 �B�i �?�Q�H�/�b�,

�:�a���L l (PBP T ; PZ X ;l ; W l ) = P �:�a���L l (B ; ZX ;l ; W l ) �U�9�X�k�X�R�8�V

�7�Q�` ���H�Hl = 1 ; :::; L �- ���M�/ �7�Q�` ���M�v �T�2�`�K�m�i���i�B�Q�M �Q�T�2� �̀��i�Q�`�bP�X

�.�2�}�M�B�i�B�Q�M �k�d�X�U�a�B�K�T�H�B�+�B���H ���r��� �̀2�M�2�b�b�V�(�d�3�)�X �G�2�iGSAN(B ; X X ; W ) �#�2 �� �:�a���L
�r�B�i�?X X ���b �B�M�T�m�i�X �L�Q�r�- �b�2�H�2�+�i �b�Q�K�2 �B�M�i�2�;�2�`k > 0�- ���M�/ ���b�b�m�K�2 �i�?���i �i�?�2� �̀2 �2�t�B�i�b �i�r�Q
�b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�bX ���M�/X

0
�b�m�+�? �i�?���iD0 = D

0

0�-D j = D
0

j �-Dk 6= D
0

k �- �r�B�i�?j < k �X
�.�2�M�Q�i�B�M�; �r�B�i�?B ���M�/B 0 �i�?�2 �+�Q�H�H�2�+�i�B�Q�M �Q�7 �B�M�+�B�/�2�M�+�2 �K���i�`�B�+�2�b �Q�7X ���M�/X 0�- �B�7 �i�?�2� �̀2
�2�t�B�b�iX X ���M�/ �r�2�B�;�?�i �K���i�`�B�+�2�bW �b�m�+�? �i�?���i

GSAN(B ; X X ; W ) 6= GSAN( B 0; X X 0; W ); �U�9�X�k�X�R�e�V

�i�?�2�M �:�a���L �b���i�B�b�}�2�b �b�B�K�T�H�B�+�B���H ���r��� �̀2�M�2�b�b �Q�7 �Q� �̀/�2�`k�X �6�Q�` �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�2�b �Q�7
�/�B�K�2�M�b�B�Q�MK �- �B�7�U�9�X�k�X�R�e�V�B�b �b���i�B�b�}�2�/ �7�Q�` ���H�Hk � K �- �i�?�2�M �:�a���L �b���i�B�b�}�2�b �b�B�K�T�H�B�+�B���H
���r��� �̀2�M�2�b�b�X



�9�X�k �:�2�M�2�`���H�B�x�2�/ �a�B�K�T�H�B�+�B���H ���i�i�2�M�i�B�Q�M �L�2�m�`���H �L�2�i�r�Q�`�F�b �9�N

�L�Q�i�2 �i�?���i �b�B�K�T�H�B�+�B���H ���r���`�2�M�2�b�b �Q�7 �Q�`�/�2�`k �b�i���i�2�b �i�?���i �i�?�2 �M�2�m�`���H ���`�+�?�B�i�2�+�i�m�`�2 �B�b
�M�Q�i �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �b�B�K�T�H�B�+�2�b �Q�7 �Q�`�/�2�`k�X �h�?�2�M�- �m�b�B�M�; �i�?�2 ���#�Q�p�2 �/�2�}�M�B�i�B�Q�M�- �r�2
�+���M �+�H���B�K �i�?�2 �7�Q�H�H�Q�r�B�M�;�X

�h�?�2�Q�`�2�K �j�X�:�2�M�2� �̀��H�B�x�2�/ �a�B�K�T�H�B�+�B���H ���i�i�2�M�i�B�Q�M �L�2�m� �̀��H �L�2�i�r�Q�`�F�b �U�:�a���L�V ��� �̀2 �T�2�`�K�m�@
�i���i�B�Q�M �2�[�m�B�p���`�B���M�i ���M�/ �b�B�K�T�H�B�+�B���H�@���r��� �̀2�X

�S� �̀Q�Q�7�X�h�?�2 �T�`�Q�Q�7 �B�b �`�2�T�Q�`�i�2�/ �B�M �i�?�2 ���T�T�2�M�/�B�t�"�X�R�X

�_�2�K���`�F �d�X�G�2�i �m�b �M�Q�r ���b�b�m�K�2 �i�?���i �i�?�2 ���i�i�2�M�i�B�Q�M �7�m�M�+�i�B�Q�M�b �B�M�U�9�X�k�X�e�V���M�/�U�9�X�k�X�d�V
���`�2 �2�p�2�M ���M�/ �i�?�2 �T�`�Q�T�Q�b�2�/ ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K �B�M�U�9�X�k�X�j�V���M�/�U�9�X�k�X�9�V�B�b �b�B�;�M�2�/�- �B�X�2�X�-
� (u)

k;i;j ���M�/� (d)
k;i;j ���`�2 �Q�`�B�2�M�i���i�B�Q�M�@���r���`�2 �K���b�F�B�M�; �+�Q�2�{�+�B�2�M�i�b �b�m�+�? �i�?���i �i�?�2�v ���`�2 �2�[�m���H

�i�Q� 1 �#���b�2�/ �Q�M �i�?�2 �`�2�H���i�B�p�2 �Q�`�B�2�M�i���i�B�Q�M �#�2�i�r�2�2�M �b�B�K�T�H�B�+�2�bi ���M�/j �- �Q�` �y �B�7j =2 N (d)
i

�Q�j̀ =2 N (u)
i �- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2�M�- �B�i �+���M �#�2 �2���b�B�H�v �b�?�Q�r�M �i�?���i �:�a���L�b ���`�+�?�B�i�2�+�i�m�`�2�b

���`�2 ���H�b�Q�Q�`�B�2�M�i���i�B�Q�M �2�[�m�B�p���`�B���M�i�(�d�3�)�X �6�B�M���H�H�v�- �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �`�2�K���`�F �i�?���i ���H�H �i�?�2
�T�`�2�p�B�Q�m�b �`�2�b�m�H�i�b ���`�2 �/�B�`�2�+�i�H�v �;�2�M�2�`���H�B�x���#�H�2 �i�Q �i�?�2 �+���b�2 �Q�7 �K�m�H�i�B�@�?�2���/ ���i�i�2�M�i�B�Q�M ���M�/�f�Q�`
�?�B�2�`���`�+�?�B�+���H ���`�+�?�B�i�2�+�i�m�`�2�b�X

�9�X�k�X�9 �*�Q�K�T�H�2�t�B�i�v ���M���H�v�b�B�b

�h�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �T���`���K�2�i�2�` �Q�7 �� �:�a���L �H���v�2�`�- �+�Q�M�b�B�/�2�`�B�M�; �� �a�* �Q�7 �Q�`�/�2�` �k�-
�r�B�i�? �b�B�M�;�H�2 �?�2���/ ���i�i�2�M�i�B�Q�M�- �B�b2(7JF l+1 + Fl Fl+1 J )�X �6�`�Q�K �� �+�Q�K�T�m�i���i�B�Q�M���H �T�Q�B�M�i �Q�7
�p�B�2�r�- �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 �B�b �?�B�;�?�H�v �2�{�+�B�2�M�i ���M�/ �i�?�2 �+�Q�K�T�H�2�t�B�i�v �+�Q�K�2�b �7�`�Q�K �i�r�Q �K���B�M
�b�Q�m�`�+�2�b�,

�B�X�*�Q�M�p�Q�H�m�i�B�Q�M���H �}�H�i�2�`�B�M�; �B�b �� �H�Q�+���H �Q�T�2�`���i�B�Q�M �r�B�i�?�B�M �i�?�2 �b�B�K�T�H�B�+�B���H �M�2�B�;�?�#�Q�m�`�?�Q�Q�/�b
���M�/ �+���M �#�2 �+�Q�K�T�m�i�2�/ �`�2�+�m�`�b�B�p�2�H�v�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �Q�p�2�`���H�H �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2
�}�H�i�2�`�B�M�; �b�i���;�2 �B�M �:�a���L �B�b �B�M �i�?�2 �Q�`�/�2�` �Q�7O(U(6JF l Fl+1 + 4 JF l+1 + 2( J +
bJ=2c)(Fl Fl+1 + Fl+1 )�- �r�?�2�`�2U �B�b �i�?�2 �K���t�B�K�m�K �#�2�i�r�2�2�M �i�?�2 �M�m�K�#�2�` �Q�7 �M�Q�/�2
�M�2�B�;�?�#�Q�`�b�- �i�?�2 �M�m�K�#�2�` �Q�7 �2�/�;�2 �M�2�B�;�?�#�Q�`�b ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �i�`�B���M�;�H�2 �M�2�B�;�?�#�Q�`�b�X

�B�B�X�h�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 ���i�i�2�M�i�B�Q�M �+�Q�2�{�+�B�2�M�i�b �B�M �U�9�X�k�X�j�V�@�U�9�X�k�X�9�V �B�b ���H�b�Q �� �H�Q�+���H
�Q�T�2�`���i�B�Q�M �r�B�i�?�B�M �i�?�2 �b�B�K�T�H�B�+�B���H �M�2�B�;�?�#�Q�`�?�Q�Q�/�b�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �Q�p�2�`���H�H �+�Q�K�@
�T�H�2�t�B�i�v �Q�7 �i�?�2 ���i�i�2�M�i�B�Q�M���H �K�2�+�?���M�B�b�K �B�b �B�M �i�?�2 �Q�`�/�2�` �Q�7O(U(3J (Fl Fl+1 ) +
(dJ=2eFl F l + 1) �X

�A�M �i�?�2 �K�m�H�i�B�@�?�2���/ �+���b�2�- �i�?�2 �T�`�2�p�B�Q�m�b �2�t�T�`�2�b�b�B�Q�M�b ���`�2 �K�m�H�i�B�T�H�B�2�/ �#�v �� �7���+�i�Q�`H �X �S�H�2���b�2
�M�Q�i�B�+�2 �i�?���i �i�?�2 �H�Q�+���H �Q�T�2�`���i�B�Q�M�b �+���M �#�2 �7�m�`�i�?�2�` �T���`���H�H�2�H�B�x�2�/ ���H�b�Q ���+�`�Q�b�b �}�H�i�2�`�B�M�;
�#�`���M�+�?�2�b �#�Q�i�? �Q�7 �i�?�2 �b���K�2 ���M�/ �/�B�z�2�`�2�M�i �b�B�K�T�H�B�+�B���H �Q�`�/�2�`�b�X �h�?�2 �T�`�2�p�B�Q�m�b �+�Q�K�T�H�2�t�B�i�v
���M���H�v�b�B�b �B�b �B�M �i�?�2 �r�Q�`�b�2�@�+���b�2�- �B�X�2�X�- �B�i ���b�b�m�K�2�b �+�H���b�b�B�+���H �/�2�M�b�2�@�/�2�M�b�2 �#�2�M�+�?�K���`�F ���H�;�Q�@
�`�B�i�?�K�b �7�Q�` �K���i�`�B�t ���M�/ �p�2�+�i�Q�` �K�m�H�i�B�T�H�B�+���i�B�Q�M�X �1�{�+�B�2�M�+�v �+���M �#�2 �7�m�`�i�?�2�` �B�K�T�`�Q�p�2�/ �m�b�B�M�;
�b�T���`�b�2�@�/�2�M�b�2 �Q�` �b�T���`�b�2�@�b�T���`�b�2 ���H�;�Q�`�B�i�?�K�b �B�M �i�?�2 �+���b�2 �Q�7 �b�T���`�b�2 �i�Q�T�Q�H�Q�;�B�2�b�X �J�Q�`�2�Q�p�2�`�-
�T�`�B�M�+�B�T�H�2�/ �i�Q�T�Q�H�Q�;�v�@�/�2�T�2�M�/�2�M�i �B�K�T�H�2�K�2�M�i���i�B�Q�M�b �+���M �#�2 �2�t�T�H�Q�B�i�2�/�X ���H�i�?�Q�m�;�? �;�2�M�2�`���H�H�v
�B�K�T�`�Q�p�B�M�; �2�{�+�B�2�M�+�v ���M�/ �b�+���H���#�B�H�B�i�v�- �T���`���H�H�2�H�B�x���i�B�Q�M ���+�`�Q�b�b ���H�H �i�?�2 �2�/�;�2�b ���M�/ �#�`���M�+�?�2�b
�K���v �B�M�p�Q�H�p�2 �`�2�/�m�M�/���M�i �+�Q�K�T�m�i���i�B�Q�M�- ���b �i�?�2 �M�2�B�;�?�#�Q�`�?�Q�Q�/�b �r�B�H�H �Q�7�i�2�M �Q�p�2�`�H���T �B�M �i�?�2
�i�Q�T�Q�H�Q�;�v �Q�7 �B�M�i�2�`�2�b�i�X



�9�X�j �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b �8�y

�U���V�a�v�M�i�?�2�i�B�+ �6�H�Q�r �J���T �U�#�V�P�+�2���M �.�`�B�7�i�2�`�b �J���T

�6�B�;�m�`�2 �9�X�k�X�h�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �/���i���X �U���V �a�v�M�i�?�2�i�B�+ �~�Q�r�b �Q�p�2�` �� �b�B�K�T�H�B�+�B���H �+�Q�K�T�H�2�t�X �U�#�V
�P�+�2���M �/�`�B�7�i�2�`�b �~�Q�r ���`�Q�m�M�/ �J���/���;���b�+���`�X

�9�X�k�X�8 �*�Q�K�T���`�B�b�Q�M�b �r�B�i�? �Q�i�?�2�` �b�B�K�T�H�B�+�B���H ���`�+�?�B�i�2�+�i�m�`�2�b

�h�?�2 �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 �r�B�i�? �K�Q�/�m�H�2�b ���b �B�M�U�9�X�k�X�R�R�V�;�2�M�2�`���H�B�x�2�b �K�Q�b�i �Q�7 �i�?�2
�b�B�K�T�H�B�+�B���H �M�2�m�`���H �M�2�i�r�Q�`�F�b ���p���B�H���#�H�2 �B�M �i�?�2 �H�B�i�2�`���i�m�`�2�- ���M�/ �Q�7 �+�Q�m�`�b�2 �i�?�2 �;�`���T�?
���i�i�2�M�i�B�Q�M �M�2�i�r�Q�`�F �B�M�i�`�Q�/�m�+�2�/ �B�M �(�R�e�d�)�X �h�?�2 ���`�+�?�B�i�2�+�i�m�`�2 �T�`�2�b�2�M�i�2�/ �B�M �(�d�9�) �+���M �#�2
�/�2�`�B�p�2�/ �7�`�Q�K �:�a���L �#�v �b�B�K�T�H�B�7�v�B�M�; �B�i �i�Q �Q�M�2 �b�B�;�M���H �Q�`�/�2�`�X �h�?�B�b �B�M�p�Q�H�p�2�b �2�H�B�K�B�M���i�B�M�;
�i�?�2 ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K�- �i�?�2 �?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�;�- ���M�/ �b�2�i�i�B�M�;f W (u)

l;p gp = f W (d)
l;p gp

�r�B�i�?J = 1 �X �h�?�2 ���`�+�?�B�i�2�+�i�m�`�2 �B�M �(�3�y�) �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �:�a���L �m�b�B�M�; �Q�M�H�v �Q�M�2
�b�B�;�M���H �Q�`�/�2�`�- �`�2�K�Q�p�B�M�; �i�?�2 ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K ���M�/ �`�2�T�H���+�B�M�; �i�?�2 �?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�;
�r�B�i�? �� �`�2�b�B�/�m���H �i�2�`�K �UJ = 0 �B�M �i�?�2 �?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�;�V�X �h�?�2 ���`�+�?�B�i�2�+�i�m�`�2�b �B�M �(�d�d�)
���M�/ �(�d�N�) �+���M �#�2 �#�m�B�H�i �m�b�B�M�; �Q�M�H�v �Q�M�2 �b�B�;�M���H �Q�`�/�2�`�- �b�2�i�i�B�M�;J = 1 �- �/�2�i���+�?�B�M�; �i�?�2
���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K ���M�/ �i�?�2 �?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�;�X �h�?�2 �a���h ���`�+�?�B�i�2�+�i�m�`�2 �B�M �(�3�N�) �r�B�i�?
�b�m�K ���b ���;�;�`�2�;���i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �� �:�a���L �r�B�i�? �Q�M�H�v �Q�M�2 �b�B�;�M���H �Q�`�/�2�`�- �r�B�i�?�Q�m�i �i�?�2
�?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�; ���M�/ �b�2�i�i�B�M�;J = 1 �- ���M�/ �+�Q�M�b�B�/�2�`�B�M�; �� �b�B�M�;�H�2 �b�?���`�2�/ ���i�i�2�M�i�B�Q�M
�K�2�+�?���M�B�b�K �Q�p�2�` �m�T�T�2�` ���M�/ �H�Q�r�2�` �M�2�B�;�?�#�Q�`�?�Q�Q�/�b�- �B�X�2�X�-a(u;1)

l = a(d;1)
l = al �- �7�Q�` ���H�H

l�X �h�?�2 �:���h ���`�+�?�B�i�2�+�i�m�`�2 �B�M �(�R�e�d�) �+���M �#�2 �2�t�i�`���+�i�2�/ �m�b�B�M�; �Q�M�H�v0�@�b�B�K�T�H�2�t �b�B�;�M���H�b�-
�2�H�B�K�B�M���i�B�M�; �i�?�2 �?���`�K�Q�M�B�+ �}�H�i�2�`�B�M�; ���M�/ �b�2�i�i�B�M�;J = 1 �X �6�B�M���H�H�v�- �i�?�2 �a���L ���`�+�?�B�i�2�+�i�m�`�2
�i�?���i �r�2 �B�M�i�`�Q�/�m�+�2�/ �B�M �(�3�3�) �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �:�a���L �m�b�B�M�; �Q�M�H�v �Q�M�2 �b�B�;�M���H �Q�`�/�2�`�X

�9�X�j �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �2�p���H�m���i�2 �i�?�2 �2�z�2�+�i�B�p�2�M�2�b�b �Q�7 �:�a���L �Q�M �7�Q�m�` �+�?���H�H�2�M�;�B�M�; �i���b�F�b�,
�R�V �i�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M �U�B�M�/�m�+�i�B�p�2 �H�2���`�M�B�M�;�V ���b �/�2�b�+�`�B�#�2�/ �B�M �(�d�8�)�c �k�V �K�B�b�b�B�M�; �/���i��
�B�K�T�m�i���i�B�Q�M �U�J�.�A�V �B�M �+�B�i���i�B�Q�M �+�Q�K�T�H�2�t�2�b �U�i�`���M�b�/�m�+�i�B�p�2 �H�2���`�M�B�M�;�V ���b �2�t�T�H�Q�`�2�/ �B�M �(�d�9�)
���M�/ �(�3�y�)�c �j�V �;�`���T�? �+�H���b�b�B�}�+���i�B�Q�M �Q�M �h�l�.���i���b�2�i �(�d�8�)�- ���M�/ �9�V �b�B�K�T�H�2�t �T�`�2�/�B�+�i�B�Q�M �B�M
�+�B�i���i�B�Q�M �+�Q�K�T�H�2�t�2�b �(�3�R�)�X �h�?�2 �}�`�b�i �i�r�Q �i���b�F�b�- �i�`���D�2�+�i�Q�`�v �T�`�2�/�B�+�i�B�Q�M ���M�/ �J�.�A ���`�2
�M���i�B�p�2�H�v �/�2�b�B�;�M�2�/ �r�B�i�? �b�B�M�;�H�2�@�Q�`�/�2�` �b�B�;�M���H�b �U�7�`�Q�K �2�/�;�2 �b�B�;�M���H�b �;�Q�B�M�; �m�T�V�c �7�Q�` �i�?�B�b
�`�2���b�Q�M�- ���M�/ ���H�b�Q �i�Q �?���p�2 �� �7���B�` �+�Q�K�T���`�B�b�Q�M �r�B�i�? �Q�i�?�2�` �b�B�M�;�H�2�@�Q�`�/�2�` �a�Q�� ���`�+�?�B�i�2�+�i�m�`�2�b�-
�r�2 �2�K�T�H�Q�v �:�a���L �r�B�i�? �D�m�b�i �Q�M�2 �K�Q�/�m�H�2 �Q�T�2�`���i�B�M�; �Q�M �i�?�2 �`�2�[�m�B�`�2�/ �b�B�;�M���H �Q�`�/�2�` �U�i�?�m�b
�`�2�/�m�+�B�M�; �B�i �i�Q �i�?�2 �a���L ���`�+�?�B�i�2�+�i�m�`�2 �(�3�3�)�V�X �h�?�2 �;�`���T�? �+�H���b�b�B�}�+���i�B�Q�M �i���b�F �B�b �Q�`�B�;�B�M���H�H�v
�/�2�b�B�;�M�2�/ �7�Q�` �;�`���T�? �/���i�� �U�M�Q�/�2 �b�B�;�M���H�b�V �#�m�i�- �7�Q�H�H�Q�r�B�M�; �i�?�2 �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �(�d�8�)�- �B�i �B�b



�9�X�j �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b �8�R

�h���#�H�2 �9�X�R�X�h�`���D�2�+�i�Q�`�v �+�H���b�b�B�}�+���i�B�Q�M �i�2�b�i ���+�+�m�`���+�v�X

���`�+�?�B�i�2�+�i�m�`�2 �a�v�M�i�?�2�i�B�+ �6�H�Q�r �U�W�V �P�+�2���M �.�`�B�7�i�2�`�b �U�W�V
�J�S�a�L �(�d�8�) �N�8�X�k� �R�X�3 �d�j�X�y� �k�X�d
�a�*�L�L �(�3�y�) �R�y�y� �y�X�y �N�3�X�R� �y�X�y�R
�a���h �(�3�N�) �R�y�y� �y�X�y �N�d�X�y� �y�X�y�R

�:�a���L (Harm = 0) �R�y�y� �y�X�y �N�d�X�8� �y�X�y�k
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���`�+�?�B�i�2�+�i�m�`�2 �7�`�Q�K �(�3�N�)�- �`�2�7�2�`�`�2�/ ���b �a���h�X �"�Q�i�? �a���h ���M�/ �:�a���L �2�t�T�H�Q�B�i �b�B�M�;�H�2�@�?�2���/
���i�i�2�M�i�B�Q�M�X �q�2 �#�2�H�B�2�p�2 �i�?���i �i�?�2 �i�?�2 �a���h ���`�+�?�B�i�2�+�i�m�`�2 �(�3�N�) �r�2 �?���p�2 �+�?�Q�b�2�M �B�b �i�?�2 �K�Q�b�i
���T�T�`�Q�T�`�B���i�2 �Q�M�2 �B�M �i�2�`�K�b �Q�7 �+�Q�K�T�H�2�t�B�i�v ���M�/ �b�i�`�m�+�i�m�`�2�- �#�2�B�M�; �B�i �� �b�T�2�+�B�}�+ �+���b�2 ���H�b�Q �Q�7
�� �a���L�X �6�Q�` �i�?�2 �J�S�a�L ���`�+�?�B�i�2�+�i�m�`�2�- �r�2 �m�b�2 �i�?�2 �K�2�i�`�B�+�b ���H�`�2���/�v �`�2�T�Q�`�i�2�/ �B�M �(�d�8�)�X ���b
�i�?�2 �`�2���/�2�` �+���M �M�Q�i�B�+�2 �7�`�Q�K �h���#�H�2�9�X�R�- �i�?�2 �T�`�Q�T�Q�b�2�/ �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 ���+�?�B�2�p�2�b �i�?�2
�#�2�b�i �`�2�b�m�H�i�b ���K�Q�M�; ���H�H �i�?�2 �+�Q�K�T�2�i�B�i�Q�`�b �B�M �#�Q�i�? �i�?�2 �b�v�M�i�?�2�i�B�+ ���M�/ �`�2���H�@�r�Q�`�H�/ �/���i���b�2�i�b�-
�i�?���M�F�b �i�Q �i�?�2 ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K ���M�/ ���H�b�Q �i�Q �i�?�2 �?���`�K�Q�M�B�+ �T�`�Q�D�2�+�i�Q�`�- �B�K�T�Q�`�i���M�i
�B�M �i���b�F�b �B�M�p�Q�H�p�B�M�; �?�Q�H�2�b�X

�9�X�j�X�k �*�B�i���i�B�Q�M �*�Q�K�T�H�2�t �A�K�T�m�i���i�B�Q�M

�J�B�b�b�B�M�; �/���i�� �B�K�T�m�i���i�B�Q�M �U�J�.�A�V �B�b �� �H�2���`�M�B�M�; �i���b�F �i�?���i �+�Q�M�b�B�b�i�b �B�M �2�b�i�B�K���i�B�M�;
�K�B�b�b�B�M�; �p���H�m�2�b �B�M �� �/���i���b�2�i�X �:�L�L �+���M �#�2 �m�b�2�/ �i�Q �i���+�F�H�2 �i�?�B�b �i���b�F ���b �B�M �(�R�3�j�)�- �#�m�i
�`�2�+�2�M�i�H�v �i�?�2 �r�Q�`�F�b �B�M �(�d�9�)�- �(�3�y�) �?���p�2 �?���M�/�H�2�/ �i�?�2 �J�.�A �T�`�Q�#�H�2�K �m�b�B�M�; �b�B�K�T�H�B�+�B���H
�+�Q�K�T�H�2�t�2�b�X �q�2 �7�Q�H�H�Q�r �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �b�2�i�i�B�M�;�b �Q�7 �(�d�9�)�- �2�b�i�B�K���i�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7
�+�B�i���i�B�Q�M �Q�7 �� �+�Q�H�H���#�Q�`���i�B�Q�M �#�2�i�r�2�2�Mk + 1 ���m�i�?�Q�`�b �Q�p�2�` �� �+�Q�@���m�i�?�Q�`�b�?�B�T �+�Q�K�T�H�2�t
�/�Q�K���B�M�X �A�M �i�?�B�b �+���b�2�- �i�?�2 ���m�i�?�Q�`�b ���`�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �M�Q�/�2�b�- ���M�/ ��(k � 1)�@�b�B�K�T�H�2�t
�2�t�B�b�i�b �B�7 �i�?�2 �B�M�p�Q�H�p�2�/ ���m�i�?�Q�`�b �?���p�2 ���H�H �D�Q�B�M�i�H�v �+�Q���m�i�?�Q�`�2�/ ���i �H�2���b�i �Q�M�2 �T���T�2�`�X �h�?�B�b �B�b
�� �i�`���M�b�/�m�+�i�B�p�2 �H�2���`�M�B�M�; �i���b�F�- �r�?�2�`�2 �i�?�2 �b�B�;�M���H�b �Q�7 �i�?�2k�@�b�B�K�T�H�2�t ���`�2 �i�?�2 �M�m�K�#�2�` �Q�7
�+�B�i���i�B�Q�M �Q�7 �i�?�2k + 1 ���m�i�?�Q�`�b�X �q�2 �2�K�T�H�Q�v �� �7�Q�m�`�@�H���v�2�`�b �:�a���L ���`�+�?�B�i�2�+�i�m�`�2�- �r�?�2�`�2
�i�?�2 �}�M���H �H���v�2�` �+�Q�K�T�m�i�2�b �� �b�B�M�;�H�2 �Q�m�i�T�m�i �7�2���i�m�`�2 �i�?���i �r�B�H�H �#�2 �m�b�2�/ ���b �2�b�i�B�K���i�2 �Q�7
�i�?�2k�@�b�B�K�T�H�2�t �H���#�2�H�b�X �:�a���L �2�t�T�H�Q�B�i�b �b�B�M�;�H�2�@�?�2���/ ���i�i�2�M�i�B�Q�M�X�q�2 �?���p�2 �7�Q�m�M�/ �i�?���i �M�Q�i
�?���p�B�M�; �� �?���`�K�Q�M�B�+ �T�`�Q�D�2�+�i�B�Q�M �B�b �#�2�i�i�2�` �7�Q�` �i�?�B�b �i���b�F�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �?���`�K�Q�M�B�+



�9�X�j �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b �8�j

�T�`�Q�D�2�+�i�B�Q�M �i�m�`�M�b �B�M�i�Q �� �b�F�B�T �+�Q�M�M�2�+�i�B�Q�M �(�R�3�9�)�X ���+�+�m�`���+�v �B�b �+�Q�K�T�m�i�2�/ �+�Q�M�b�B�/�2�`�B�M�; ��
�+�B�i���i�B�Q�M �p���H�m�2 �+�Q�`�`�2�+�i �B�7 �B�i�b �2�b�i�B�K���i�2 �B�b �r�B�i�?�B�M� 5% �Q�7 �i�?�2 �i�`�m�2 �p���H�m�2�X �A�M �h���#�H�2�9�X�k�-
�r�2 �B�H�H�m�b�i�`���i�2 �i�?�2 �K�2���M �T�2�`�7�Q�`�K���M�+�2 ���M�/ �i�?�2 �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �Q�7 �Q�m�` ���`�+�?�B�i�2�+�i�m�`�2
�7�Q�` �/�B�z�2�`�2�M�i �b�B�K�T�H�2�t �Q�`�/�2�`�b �Uk = 0 ; : : : ; 5�V�- ���p�2�`���;�B�M�; �Q�p�2�`10 �/�B�z�2�`�2�M�i �K���b�F�b �7�Q�`
�K�B�b�b�B�M�; �/���i���X �q�2 �+�Q�K�T���`�2 �i�?�2 �`�2�b�m�H�i�b �r�B�i�? �a�L�L �B�M �(�d�9�)�- �a�*�L�L �B�M �(�3�y�)�- ���M�/ �a���h
�U�b���K�2 �+�Q�M�b�B�/�2�`���i�B�Q�M�b ���b �T�`�2�p�B�Q�m�b �2�t�T�2�`�B�K�2�M�i�V �B�M �(�3�N�)�- �7�Q�` �/�B�z�2�`�2�M�i �b�B�K�T�H�2�t �Q�`�/�2�`�b
���M�/ �T�2�`�+�2�M�i���;�2�b �Q�7 �K�B�b�b�B�M�; �/���i���X �h�Q �7���B�`�H�v �2�p���H�m���i�2 �i�?�2 �#�2�M�2�}�i�b �Q�7 �i�?�2 ���i�i�2�M�i�B�Q�M
�K�2�+�?���M�B�b�K�- �r�2 ���H�b�Q �+�Q�K�T���`�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �:�a���L ���`�+�?�B�i�2�+�i�m�`�2 �r�B�i�? �� �a�*�L�L �(�3�y�)
�Q�7 �i�?�2 �b���K�2 �b�B�x�2 ���M�/ �?�v�T�2�`�T���`���K�2�i�2�`�b�- �/�2�M�Q�i�2�/ �#�v �a�*�L�L �U�Q�m�`�b�V�X ���b �r�2 �+���M �M�Q�i�B�+�2
�7�`�Q�K �h���#�H�2�9�X�k�- �:�a���L ���+�?�B�2�p�2�b �i�?�2 �#�2�b�i �T�2�`�7�Q�`�K���M�+�2 �T�2�` �2���+�? �Q�`�/�2�` ���M�/ �T�2�`�+�2�M�i���;�2
�Q�7 �K�B�b�b�B�M�; �/���i���- �r�B�i�? �?�m�;�2 �;���B�M�b ���b �i�?�2 �Q�`�/�2�` ���M�/ �i�?�2 �T�2�`�+�2�M�i���;�2 �;�`�Q�r�- �B�H�H�m�b�i�`���i�B�M�;
�i�?�2 �B�K�T�Q�`�i���M�+�2 �Q�7 �B�M�+�Q�`�T�Q�`���i�B�M�; �T�`�B�M�+�B�T�H�2�/ ���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K�b �B�M �b�B�K�T�H�B�+�B���H �M�2�m�`���H
���`�+�?�B�i�2�+�i�m�`�2�b�X �A�M �b�m�+�? �� �+���b�2�- ���H�b�Q �a���h �T�2�`�7�Q�`�K�b �T�Q�Q�`�H�v�- �/�m�2 �i�Q �B�i�b �m�T�T�2�`�@�H�Q�r�2�` �b�?���`�2�/
���i�i�2�M�i�B�Q�M �K�2�+�?���M�B�b�K ���M�/ �i�?�2 �7���+�i �i�?���i �/�Q�2�b �M�Q�i �2�t�T�H�Q�B�i �i�?�2 �?���`�K�Q�M�B�+ �+�Q�K�T�Q�M�2�M�i �Q�7
�i�?�2 �/���i�� �U�Q�` �m�b�2�7�m�H �b�F�B�T �+�Q�M�M�2�+�i�B�Q�M�b�V�X

�h���#�H�2 �9�X�j�X�h�l�.���i���b�2�i�b ���+�+�m�`���+�v�X �h�?�2 �}�`�b�i �T���`�i �b�?�Q�r�b �;�`���T�? �F�2�`�M�2�H �K�2�i�?�Q�/�b�- �r�?�B�H�2 �i�?�2
�b�2�+�Q�M�/ ���b�b�2�b�b�2�b �:�L�L�b�X

�J�2�i�?�Q�/ �S�`�Q�i�2�B�M�b �L�*�A�R
�_�q�E �8�N�X�e� �y�X�R �L�f��
�:�E�U�F�4�j�V �d�R�X�9� �y�X�j �e�k�X�8� �y�X�j
�S�E �d�j�X�d� �y�X�d �3�k�X�8� �y�X�8
�q�G�E �d�8�X�y� �j�X�R �3�e�X�y� �R�X�3
�.�*�L�L �e�R�X�j� �R�X�e �8�e�X�e� �R�X�y
�.�:�*�L�L �d�8�X�8� �y�X�N �d�9�X�9� �y�X�8
�A�:�L �d�e�X�e� �8�X�8 �d�9�X�j� �k�X�d
�:�A�L �d�e�X�k� �k�X�3 �3�k�X�d� �R�X�d
�S�S�:�L�b �d�d�X�k� �9�X�d �3�j�X�k� �R�X�R
�L�:�L �d�R�X�d� �R�X�y �3�k�X�9� �R�X�j
�:�a�L �d�e�X�e� �8�X�y �3�j�X�8� �k�X�y
�a�A�L �d�e�X�9� �j�X�j �3�k�X�d� �k�X�R
�:�a���L �d�e�X�d� �R�X�9 �d�e�X�8� �k�X�j
�:�a���L�@�C�Q�B�M�i�d�d�X�k� �j�X�8 �d�e�X�8� �k�X�j

�h���#�H�2 �9�X�9�X�a�B�K�T�H�2�t �T�`�2�/�B�+�i�B�Q�M ���l�* �7�Q�` �i�2�M �`�m�M�b�X

�J�2�i�?�Q�/ �k�@�a�B�K�T�H�2�t �j�@�a�B�K�T�H�2�t
�>���`�K �J�2���M �e�k�X�3� �k�X�d �e�j�X�e� �R�X�e
�J�G�S �e�3�X�8� �R�X�e �e�N�X�y� �k�X�k
�:�6 �d�3�X�d� �R�X�k �3�j�X�N� �k�X�j
�a�*�6 �N�k�X�e� �R�X�3 �N�9�X�N� �R�X�y
�*�6�@�a�* �N�e�X�N� �y�X�3 �N�d�X�N� �y�X�d
�:�L�L �N�j�X�N� �R�X�y �N�e�X�e� �y�X�8
�a�L�L �N�k�X�y� �R�X�3 �N�8�X�R� �R�X�k
�S�a�L�L �N�8�X�e� �R�X�j �N�3�X�R� �y�X�8
�a�*�L�L �N�e�X�8� �R�X�8 �N�3�X�j� �y�X�9
�"�m�M�+�? �N�3�X�y� �y�X�8 �N�3�X�8� �y�X�8
�a�*�*�L�L �N�3�X�9� �y�X�8 �N�N�X�9� �y�X�j
�:�a���L �N�3�X�d� �y�X�j �N�N�X�9� �y�X�9
�:�a���L�@�C�Q�B�M�i�N�3�X�3� �y�X�j �N�N�X�k� �y�X�9
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�9�X�j�X�j �:�`���T�? �*�H���b�b�B�}�+���i�B�Q�M �Q�M �h�l�.���i���b�2�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �2�p���H�m���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �:�a���L ���`�+�?�B�i�2�+�i�m�`�2�b �Q�M
�r�2�H�H�@�F�M�Q�r�M �K�Q�H�2�+�m�H���` �#�2�M�+�?�K���`�F�b�- �b�T�2�+�B�}�+���H�H�v �i�?�2 �h�l�.���i���b�2�i �(�R�3�8�)�X �6�Q�` �2���+�?
�2�t�T�2�`�B�K�2�M�i�- �B�7 �i�?�2 �/���i���b�2�i �+�Q�M�i���B�M�b �2�/�;�2 �7�2���i�m�`�2�b�- �r�2 �Q�#�i���B�M �i�?�2 �b�B�;�M���H �Q�p�2�` �2���+�?
�i�`�B���M�;�H�2 �#�v ���p�2�`���;�B�M�; �i�?�2 �p���H�m�2�b �Q�#�b�2�`�p�2�/ �Q�M �B�i�b �i�?�`�2�2 �b�B�/�2�b�X �A�7 �i�?�2 �/���i���b�2�i �/�Q�2�b �M�Q�i
�?���p�2 �2�/�;�2 �7�2���i�m�`�2�b�- �r�2 �/�2�`�B�p�2 �i�?�2 �2�/�;�2 �7�2���i�m�`�2�b �#�v ���p�2�`���;�B�M�; �i�?�2 �p���H�m�2�b �Q�#�b�2�`�p�2�/
�Q�p�2�` �i�?�2�B�` �B�K�T�B�M�;�B�M�; �p�2�`�i�B�+�2�b�- ���M�/ �b�m�#�b�2�[�m�2�M�i�H�v ���p�2�`���;�2 �i�?�2 �2�/�;�2 �7�2���i�m�`�2�b �i�Q �Q�#�i���B�M
�i�`�B���M�;�H�2 �7�2���i�m�`�2�b�X �q�2 �B�M�+�H�m�/�2 �i�r�Q �/���i���b�2�i�b �B�M �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�,�S�_�P�h�1�A�L�a���M�/
�L�*�A�R�- ���b �i�?�2�v ���`�2 �i�?�2 �Q�M�H�v �i�r�Q �?���p�B�M�; �b�B�;�M���H�b �/�2�}�M�2�/ ���i �H�2���b�i �Q�p�2�` �i�?�2 �M�Q�/�2�b�X �h�?�2
�S�_�P�h�1�A�L�a �/���i���b�2�i �(�R�3�e�) �T�`�B�K���`�B�H�v �+�Q�M�b�B�b�i�b �Q�7 �K���+�`�Q�K�Q�H�2�+�m�H�2�b�- �r�?�2�`�2 �i�?�2 �M�Q�/�2�b
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�7�Q�` �i�?�2 �i���b�F ���i �?���M�/�- �i�?�2�`�2�7�Q�`�2 �i�?�2 �7�Q�+�m�b �B�b �m�b�m���H�H�v �Q�M �/�2�b�B�;�M�B�M�; �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/
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�#�m�i ���H�b�Q �r�?�2�M �i�?�2 �;�B�p�2�M �;�`���T�? �B�b �b�m�#�Q�T�i�B�K���H �7�Q�` �i�?�2 �/�Q�r�M�b�i�`�2���K �i���b�F�X �G�:�A �B�b �Q�7
�T���`�i�B�+�m�H���` �B�M�i�2�`�2�b�i �Q�M �� �p���`�B�2�i�v �Q�7 ���T�T�H�B�+���i�B�Q�M�b�- �b�m�+�? ���b �/�B�b�2���b�2 �T�`�2�/�B�+�i�B�Q�M �(�R�N�R�-�R�N�k�)�-
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�(�R�N�e�)�- �+�Q�K�T�m�i�2�` �p�B�b�B�Q�M �(�R�N�d�-�R�N�3�)�- ���M�/ �K�B�b�b�B�M�; �/���i�� �B�K�T�m�i���i�B�Q�M �(�R�N�N�)�X �1�t�B�b�i�B�M�; �G�:�A
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�Q�` ���M �J�G�S �Q�i�?�2�`�r�B�b�2�X ���i �i�?�B�b �T�Q�B�M�i�- �� �b�B�K�B�H���`�B�i�v �7�m�M�+�i�B�Q�M�b�B�K(�) �B�b �+�?�Q�b�2�M�- �i�?�2
�b�B�K�B�H���`�B�i�B�2�b ���K�Q�M�; �M�Q�/�2 �2�K�#�2�/�/�B�M�;�b ���`�2 �+�Q�K�T�m�i�2�/ ���M�/ �+�Q�H�H�2�+�i�2�/ �B�M �i�?�2 �p�2�+�i�Q�`�b
zi = f �b�B�K(x0;aux (i ); x0;aux (j ))gj 2 RN �-i; j = 1 ; : : : ; N �X

�h�?�2 �U�b�T���`�b�2�V �2�/�;�2 �T�`�Q�#���#�B�H�B�i�B�2�b ���`�2 �i�?�2�M �Q�#�i���B�M�2�/ �M�Q�/�2�@�r�B�b�2 �p�B��� � �2�M�i�K���t�-
�B�X�2�X �i�?�2 �p�2�+�i�Q�`�bp i = � ENT (LN (zi )) 2 RN �- i = 1 ; : : : ; N ���`�2 �+�Q�K�T�m�i�2�/�c �H���v�2�`
�M�Q�`�K���H�B�x���i�B�Q�MLN �B�b �2�K�T�H�Q�v�2�/ �i�Q �?���p�2 �#�2�i�i�2�` �+�Q�M�i�`�Q�H �Q�M �i�?�2 �b�B�K�B�H���`�B�i�B�2�b �b�i���i�B�b�i�B�+�b
���M�/�- �+�Q�M�b�2�[�m�2�M�i�H�v�- �K�Q�`�2 �b�i���#�B�H�B�i�v �B�M �i�?�2 �i�`���B�M�B�M�; �T�`�Q�+�2�/�m�`�2�X �h�?�2(i; j ) �2�/�;�2 �B�b
�B�M�+�H�m�/�2�/ �B�M �i�?�2 �B�M�7�2�`�`�2�/ �;�`���T�? �B�7p i (j ) > 0�X �h�?�B�b �T�`�Q�+�2�/�m�`�2 �H�2���/�b �i�Q �� �/�B�`�2�+�i�2�/
�;�`���T�? �i�?���i �r�Q�m�H�/ �#�2 �B�M�+�Q�K�T���i�B�#�H�2 �r�B�i�? �i�?�2 �+�2�H�H �+�Q�K�T�H�2�t �b�i�`�m�+�i�m�`�2 �B�M�i�`�Q�/�m�+�2�/ �B�M
�a�2�+�i�B�Q�M�k�X�k�X�k�- �r�?�Q�b�2 �R�@�b�F�2�H�2�i�Q�M �B�b ���M �m�M�/�B�`�2�+�i�2�/ �;�`���T�?�c �i�?�2 �B�M�7�2�`�`�2�/ �/�B�`�2�+�i�2�/ �;�`���T�?
�B�b �+�Q�M�p�2�`�i�2�/ �i�Q �i�?�2 �+�H�Q�b�2�b�i �m�M�/�B�`�2�+�i�2�/ �;�`���T�?Gout = fN ; Eg�- �B�X�2�X �2���+�? �B�M�7�2�`�`�2�/ �2�/�;�2
�B�b �+�Q�M�b�B�/�2�`�2�/ ���b �� �#�B�/�B�`�2�+�i�B�Q�M���H �2�/�;�2 �i�Q �Q�#�i���B�ME�X �q�2 �r���M�i �7�m�`�i�?�2�` �b�i�`�2�b�b �i�?�2 �7���+�i
�i�?���i �+�Q�K�T�m�i�B�M�; �2�/�;�2 �T�`�Q�#���#�B�H�B�i�B�2�b �p�B�� �i�?�2� �@�2�M�i�K���t �H�2���/�b �i�Q �b�T���`�b�2 ���M�/ �M�Q�M�@�`�2�;�m�H���`
�;�`���T�?�b �r�?�Q�b�2 �b�T���`�b�B�i�v �H�2�p�2�H �+���M �#�2 �+�Q�M�i�`�Q�H�H�2�/ �U�Q�` �H�2���`�M�2�/�V �i�m�M�B�M�; �i�?�2 �T���`���K�2�i�2�`� �X
�� �/�2�i���B�H�2�/ �T�B�+�i�Q�`�B���H �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2� �@�.�:�J �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�8�X�j�U�H�2�7�i�V�X
�_�2�K���`�F �k�X�h�?�2 �+�?�Q�B�+�2 �Q�7 ���T�T�H�v�B�M�; �i�?�2� �@�2�M�i�K���t �B�M �� �M�Q�/�2�@�r�B�b�2 �7���b�?�B�Q�M ���M�/ �M�Q�i
�/�B�`�2�+�i�H�v �Q�M �� �p�2�+�i�Q�` �+�Q�M�i���B�M�B�M�; ���H�H �i�?�2 �T�Q�b�b�B�#�H�2 �b�B�K�B�H���`�B�i�B�2�b �U�i�?���i �r�Q�m�H�/ �?���p�2 �M���i�m�`���H�H�v
�H�2�/ �i�Q ���M �m�M�/�B�`�2�+�i�2�/ �;�`���T�?�V �B�b �/�m�2 �i�Q �i�?�2 �7���+�i �i�?���i�- �B�M �i�?�2 �H���i�i�2�` �+���b�2�- �r�2 �2�K�T�B�`�B�+���H�H�v
�Q�#�b�2�`�p�2�/ �i�?���i �i�?�2� �@�2�M�i�K���t �+�Q�M�b�B�b�i�2�M�i�H�v �H�2���/�b �i�Q �?�2���p�B�H�v �/�B�b�+�Q�M�M�2�+�i�2�/ �;�`���T�?�b �r�B�i�?
�7�2�r �?�m�# �M�Q�/�2�b �U�i�?�2�`�2�7�Q�`�2�- ���H�b�Q �H�2���/�B�M�; �i�Q �T�2�`�7�Q�`�K���M�+�2 �/�`�Q�T�b�V�X

���i �i�?�B�b �T�Q�B�M�i�- �i�?�2 �B�M�i�2�`�K�2�/�B���i�2 �M�Q�/�2 �7�2���i�m�`�2�bX 0;int 2 RN � F int ���`�2 �+�Q�K�T�m�i�2�/
�r�B�i�? �Q�M�2 �Q�` �K�Q�`�2 �m�b�m���H �K�2�b�b���;�2�@�T���b�b�B�M�; �U�J�S�V �`�Q�m�M�/�b �Q�p�2�` �i�?�2 �B�M�7�2�`�`�2�/ �;�`���T�?�,

x0;int (i ) = 
 0

 

x0;in (i );
M

j 2N u (� 0
i )

� N u
0

�
x0;in (i ); x0;in (j )

�
!

; �U�8�X�j�X�k�V

�r�?�2�`�2
 0(�) ���M�/� N u
0 (�) ���`�2 �H�2���`�M���#�H�2 �7�m�M�+�i�B�Q�M�b ���M�/

L
�B�b ���M�v ���;�;�`�2�;���i�B�Q�M �Q�T�2�`���i�Q�`�X

�8�X�j�X�k �l�T�H�B�7�i �J�Q�/�m�H�2

�h�Q �7�m�H�H�v �2�t�T�H�Q�B�i �i�?�2 �T�Q�i�2�M�i�B���H �Q�7 �+�2�H�H �+�Q�K�T�H�2�t�2�b�- �B�i �B�b �M�Q�i �b�m�{�+�B�2�M�i �i�Q �r�Q�`�F ���i �i�?�2
�M�Q�/�2 �H�2�p�2�H�X �6�Q�` �i�?�B�b �`�2���b�Q�M�- �B�M�i�2�`�K�2�/�B���i�2 �2�/�;�2 �7�2���i�m�`�2�b ���`�2 �H�2���`�M�2�/ �U�Q�` �+�Q�K�T�m�i�2�/�V



�8�X�j �� �.�B�z�2�`�2�M�i�B���#�H�2 �G���v�2�` �7�Q�` �G���i�2�M�i �h�Q�T�Q�H�Q�;�v �A�M�7�2�`�2�M�+�2 �e�y

�r�B�i�? �� �J�S �`�Q�m�M�/ �Q�7 �i�?�2 �7�Q�`�K�,

x1;int (i ) =  1

 
M

j 2B (� 1
i )

� B
1

�
x0;int (j )

�
!

; �U�8�X�j�X�j�V

�r�?�2�`�2 1(�) �B�b �� �U�T�Q�b�b�B�#�H�v�V �H�2���`�M���#�H�2 �7�m�M�+�i�B�Q�M�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �B�M�i�2�`�K�2�/�B���i�2 �7�2���i�m�`�2�b
x1;int (i ) �Q�7 �2�/�;�2i �?���p�B�M�; ���b �2�M�/�T�Q�B�M�i�b �M�Q�/�2�bj ���M�/v ���`�2 �H�2���`�M�2�/ �U�Q�` �+�Q�K�T�m�i�2�/�V ���b ��
�7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �B�M�i�2�`�K�2�/�B���i�2 �M�Q�/�2 �7�2���i�m�`�2�bx0;int (j ) ���M�/x0;int (v)�X

�8�X�j�X�j �h�?�2 �S�Q�H�v�;�Q�M �A�M�7�2�`�2�M�+�2 �J�Q�/�m�H�2

�h�?�2 �S�Q�H�v�;�Q�M �A�M�7�2�`�2�M�+�2 �J�Q�/�m�H�2 �U�S�A�J�V �B�b �� �M�Q�p�2�H �K�Q�/�m�H�2 �`�2�b�T�Q�M�b�B�#�H�2 �Q�7 �B�M�7�2�`�`�B�M�;
�i�?�2 �T�Q�H�v�;�Q�M�b �Q�7 �i�?�2 �H���i�2�M�i �+�2�H�H �+�Q�K�T�H�2�t �#�v �b���K�T�H�B�M�; �� �b�m�#�b�2�i �Q�7 �i�?�2 �B�M�/�m�+�2�/ �+�v�+�H�2�b �Q�7
�i�?�2 �B�M�7�2�`�`�2�/ �R�@�b�F�2�H�2�i�Q�MGout �X

�h�Q �i�?�B�b ���B�K�- ���m�t�B�H�B���`�v �2�/�;�2 �7�2���i�m�`�2�b ���`�2 �+�Q�K�T�m�i�2�/ �7�`�Q�K �i�?�2 ���m�t�B�H�B���`�v �M�Q�/�2
�7�2���i�m�`�2�b �r�B�i�? �� �J�S �`�Q�m�M�/ ���b �B�M�U�8�X�j�X�j�V�- �r�?�B�+�? �r�2 �/�2�M�Q�i�2 �B�M �i�?�B�b �+�Q�M�i�2�t�i �r�B�i�?
X 1;aux = � 1(X 0;aux ) 2 RE � d1 �7�Q�` �M�Q�i���i�B�Q�M �+�Q�M�b�B�b�i�2�M�+�v�X

���i �i�?�B�b �T�Q�B�M�i�- �r�2 �M�2�2�/ �� �b�B�K�B�H���`�B�i�v �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2 �2�/�;�2 �2�K�#�2�/�/�B�M�;�b �#�2�H�Q�M�;�B�M�;
�i�Q �i�?�2 �b���K�2 �B�M�/�m�+�2�/ �+�v�+�H�2�X �q�2 �/�2�+�B�/�2 �i�Q �m�b�2 �i�?�2 �b�m�K �Q�7 �i�?�2 �T���B�`�r�B�b�2 �b�B�K�B�H���`�B�i�B�2�b�- �2�X�;�X
�7�Q�` �� �i�`�B���M�;�H�2 �K���/�2 �#�v �i�?�2 �2�/�;�2�bi �-j �-v�- �i�?�2 �b�B�K�B�H���`�B�i�v �B�b �+�Q�K�T�m�i�2�/ �U�r�B�i�? �� �b�H�B�;�?�i
���#�m�b�2 �Q�7 �M�Q�i���i�B�Q�M�V ���b�,

�b�B�K(x1;aux (i ); x1;aux (j );x1;aux (v)) = �b�B�K(x1;aux (i ); x1;aux (j ))

+ �b�B�K(x1;aux (i ); x1;aux (v)) + �b�B�K(x1;aux (j ); x1;aux (v)) :
�U�8�X�j�X�9�V

�A�M �;�2�M�2�`���H�- �i�?�2 �b�B�K�B�H���`�B�i�v �B�M�U�8�X�j�X�9�V�7�Q�` ���M �B�M�/�m�+�2�/ �+�v�+�H�2 �Q�7 �H�2�M�;�i�?k � K max �+�Q�M�i���B�M�b
k!

(k� 2)!2! �i�2�`�K�b�- �?�Q�r�2�p�2�`�-K max �B�b �m�b�m���H�H�v �� �p�2�`�v �b�K���H�H �B�M�i�2�;�2�` ���M�/ �i�?�2 �+�Q�K�T�m�i���i�B�Q�M
�+���M �#�2 �i�`�B�p�B���H�H�v �/�B�b�i�`�B�#�m�i�2�/�X

�h�?�2 �b�B�K�B�H���`�B�i�B�2�b ���`�2 �+�Q�H�H�2�+�i�2�/ �B�M �� �p�2�+�i�Q�`z 2 ReP �- �r�?�2�`�2eP �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �B�M�/�m�+�2�/
�+�v�+�H�2�b�- ���M�/ �i�?�2 �T�Q�H�v�;�Q�M�b �T�`�Q�#���#�B�H�B�i�B�2�b ���`�2 �+�Q�K�T�m�i�2�/ ���bp = � ENT (LN (z)) 2 ReP �X
�q�2 �b�2�iCGout = fN ; E; Pg�- �r�?�2�`�2P ���`�2 �i�?�2 �B�M�/�m�+�2�/ �+�v�+�H�2�b �r�B�i�? �T�Q�b�B�i�B�p�2 �T�`�Q�#���#�B�H�B�i�B�2�b
���M�/jPj = P � eP �U�T�Q�b�b�B�#�H�vP << eP�V�X

�h�?�2 �m�T�/���i�2�/ �2�/�;�2 �7�2���i�m�`�2�bX 1;out 2 RE � Fout ���`�2 �+�Q�K�T�m�i�2�/ �r�B�i�? �Q�M�2 �Q�` �K�Q�`�2 �J�S
�`�Q�m�M�/�b ���b�,

x1;out (i ) = 
 1

 

x1;int (i );
O

N c2fN d ;N u g

M

j 2N c (� 1
i )

� N c
1

�
x1;int (i ); x1;int (j )

�
!

; �U�8�X�j�X�8�V

�r�?�2�`�2
N

�B�b �� �M�2�B�;�?�#�Q�`�?�Q�Q�/�b ���;�;�`�2�;���i�B�Q�M �Q�T�2�`���i�Q�` �(�j�j�)�-
 1(�)�-� N d
1 (�)�- ���M�/� N u

1 (�) ���`�2
�H�2���`�M���#�H�2 �7�m�M�+�i�B�Q�M�b�X �� �/�2�i���B�H�2�/ �T�B�+�i�Q�`�B���H �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �S�A�J �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2
�8�X�j�U�`�B�;�?�i�V�X

�_�2�K���`�F �j�X�h�?�2 �K�2�b�b���;�2�@�T���b�b�B�M�; �`�Q�m�M�/�b �B�M�U�8�X�j�X�8�V���M�/ �B�M�U�8�X�j�X�j�V�U���b �� �b�T�2�+�B���H
�+���b�2�V ���`�2 �B�M�b�i���M�+�2�b �Q�7 �K�2�b�b���;�2�@�T���b�b�B�M�; �M�2�m�`���H �M�2�i�r�Q�`�F�b �Q�p�2�` �+�2�H�H �+�Q�K�T�H�2�t�2�b�X �a�2�p�2�`���H
�J�S �b�+�?�2�K�2�b �+���M �#�2 �/�2�}�M�2�/ �7�Q�` �+�2�H�H �U�b�B�K�T�H�B�+�B���H�- �+�Q�K�#�B�M���i�Q�`�B���H�V �+�Q�K�T�H�2�t�2�b�- �T�H�2���b�2
�`�2�7�2�` �i�Q �(�j�j�-�R�y�j�) �7�Q�` �K�Q�`�2 �/�2�i���B�H�b�X �q�2 �2�K�T�H�Q�v �i�?�2 �b�+�?�2�K�2�b �B�M�U�8�X�j�X�j�V�@�U�8�X�j�X�8�V�7�Q�` �i�r�Q
�`�2���b�Q�M�b�, �i�?�2 �}�`�b�i �Q�M�2 �B�b �i�?���i �m�b�B�M�; �K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/ �J�S �`�Q�m�M�/�b �U�2�X�;�X �K�Q�p�B�M�; �i�Q
�+�2�H�H�b �Q�7 �?�B�;�?�2�` �Q�`�/�2�` �i�?���M �T�Q�H�v�;�Q�M�b �Q�` �/�2�b�B�;�M�B�M�; �K�Q�`�2 �B�M�i�2�M�b�B�p�2 �K�2�b�b���;�2�b �2�t�+�?���M�;�2



�8�X�9 �L�m�K�2�`�B�+���H �_�2�b�m�H�i�b �e�R

���K�Q�M�; �/�B�z�2�`�2�M�i �+�2�H�H �Q�`�/�2�`�b�V �r�Q�m�H�/ �?���p�2 �H�2���/ �i�Q �+�Q�K�T�m�i���i�B�Q�M���H �B�M�i�`���+�i���#�B�H�B�i�v�c �i�?�2
�b�2�+�Q�M�/ �Q�M�2 �B�b �i�?���i �K�Q�p�B�M�; �i�Q �?�B�;�?�2�` �Q�`�/�2�` �+�2�H�H�b ���H�b�Q �B�M�i�`�Q�/�m�+�2�b �� �b�2�`�B�2�b �Q�7 �i�`�B�+�F�v
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�a�?�2���7 �L�2�m�`���H �L�2�i�r�Q�`�F�b �B�M �Q�`�/�2�` �i�Q �H�2���`�M �+�2�H�H�m�H���` �b�?�2���p�2�b �/�2�}�M�2�/ �Q�M �H���i�2�M�i �?�B�;�?�2�`�@�Q�`�/�2�`
�+�Q�K�T�H�2�t�2�b�X
�*�Q�K�T�m�i���i�B�Q�M���H�X�q�?�B�H�2 �K�Q�b�i �Q�7 �Q�m�` �2�t�T�2�`�B�K�2�M�i���H �p���H�B�/���i�B�Q�M �Q�7 �i�?�2 �.�*�J �7�Q�+�m�b�2�/
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�.�2�}�M�B�i�B�Q�M �k�3�X�U�h���M�;�2�M�i �"�m�M�/�H�2�V�h�?�2 �i���M�;�2�M�i �#�m�M�/�H�2 �B�b �i�?�2 �/�B�b�D�Q�B�M�i �m�M�B�Q�M �Q�7 �i�?�2
�i���M�;�2�M�i �b�T���+�2�bT M =

F
x2M TxM �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �T� �̀Q�D�2�+�i�B�Q�M �K���T� : T M ! M

�;�B�p�2�M �#�v� (x; v) = x�X

�J�Q�`�2�Q�p�2�`�- �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2 �?���b �� �M���i�m�`���H �i�Q�T�Q�H�Q�;�v �r�?�B�+�? �K���F�2�b �B�i �� �b�K�Q�Q�i�?
2d�@�K���M�B�7�Q�H�/ ���M�/ �K���F�2�b� �� �b�K�Q�Q�i�? �K���T �(�k�9�k�)�X �h�?�2 �_�B�2�K���M�M �K�2�i�`�B�+ �B�M�/�m�+�2�b ���H�b�Q ��
�m�M�B�7�Q�`�K �T�`�Q�#���#�B�H�B�i�v �K�2���b�m�`�2� �Q�p�2�` �i�?�2 �K���M�B�7�Q�H�/�- �b�B�K�T�H�v �;�B�p�2�M �#�v �i�?�2 �+�Q�M�b�B�/�2�`�2�/
�`�2�;�B�Q�M �b�+���H�2�/ �#�v �i�?�2 �p�Q�H�m�K�2 �Q�7 �i�?�2 �K���M�B�7�Q�H�/�X

�e�X�k�X�k �h���M�;�2�M�i �"�m�M�/�H�2 �a�B�;�M���H�b

�� �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H �B�b �� �p�2�+�i�Q�` �}�2�H�/ �Q�p�2�` �i�?�2 �K���M�B�7�Q�H�/�- �i�?�m�b �� �K���T�T�B�M�;
F : M ! T M �i�?���i ���b�b�Q�+�B���i�2�b �i�Q �2���+�? �T�Q�B�M�i �Q�7 �i�?�2 �K���M�B�7�Q�H�/ �� �p�2�+�i�Q�` �B�M �i�?�2
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i���M�;�2�M�i �b�T���+�2�X�A�M �i�?�2 �i�?�2�Q�`�v �Q�7 �p�2�+�i�Q�` �#�m�M�/�H�2�b�- �� �#�m�M�/�H�2 �b�B�;�M���H �B�b
�� �b�2�+�i�B�Q�M�X���M �2�t���K�T�H�2 �Q�7 �� �U�b�T���`�b�2�V �i���M�;�2�M�i �p�2�+�i�Q�` �}�2�H�/ �Q�p�2�` �i�?�2 �m�M�B�i2�@�b�T�?�2�`�2 �B�b
�/�2�T�B�+�i�2�/ �B�M �6�B�;�X�e�X�k�(�k�9�j�)�X

�_�2�K���`�F �3�X�h�?�2 �+�?�Q�B�+�2 �Q�7 �2�K�T�H�Q�v�B�M�; �i�?�2 �i�2�`�K�B�M�Q�H�Q�;�v �ô�i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H�ô ���M�/
�M�Q�i �i�?�2 �b�i���M�/��� �̀/ �ô�p�2�+�i�Q�` �}�2�H�/�b�ô ���B�K�b �i�Q �7�m�`�i�?�2�` �m�M�/�2�`�H�B�M�2 �i�?�2 �b�i� �̀Q�M�; �b�B�;�M���H �T� �̀Q�+�2�b�b�B�M�;
�T�2�`�b�T�2�+�i�B�p�2 �Q�7 �i�?�B�b �r�Q�`�F�- ���M�/ �i�Q �7���+�B�H�B�i���i�2 �i�?�2 �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �B�i�b �;�2�M�2� �̀��H�B�x���i�B�Q�M
�T� �̀Q�T�2�`�i�B�2�b�- ���b �?�B�;�?�H�B�;�?�i�2�/ �B�M �a�2�+�i�B�Q�M�e�X�8�X

�q�2 �+���M �/�2�}�M�2 ���M �B�M�M�2�` �T�`�Q�/�m�+�i �7�Q�` �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H�b �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �r���v�X

�.�2�}�M�B�i�B�Q�M �k�N�X�U�h���M�;�2�M�i �"�m�M�/�H�2 �A�M�M�2�` �S� �̀Q�/�m�+�i�V�:�B�p�2�M �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H�b
F ���M�/G �- �i�?�2�B�` �B�M�M�2�` �T� �̀Q�/�m�+�i �B�b �;�B�p�2�M �#�v

hF; G i T M =
Z

M
hF(x); G(x)i Tx M �/� (x); �U�e�X�k�X�R�V

���M�/ �i�?�2 �B�M�/�m�+�2�/ �M�Q�`�K �B�bjjF jj2
T M = hF; F i T M �X



�e�X�j �h���M�;�2�M�i �"�m�M�/�H�2 �*�Q�M�p�Q�H�m�i�B�Q�M���H �6�B�H�i�2�`�b �e�3

�6�B�;�m�`�2 �e�X�R�X�o�2�+�i�Q�` �/�B�z�m�b�B�Q�M

�q�2 �/�2�M�Q�i�2 �r�B�i�?�( T M ) �i�?�2 �b�T���+�2 �Q�7 �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H�b�X �S�H�2���b�2 �M�Q�i�B�+�2 �i�?���i
�i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H�b �?���p�2 �M���i�m�`���H�H�v �}�M�B�i�2 �2�M�2�`�;�v �r�B�i�? �`�2�b�T�2�+�i �i�Qjj � jj T M �- �#�2�+���m�b�2
�i�?�2�v ���`�2 �b�2�+�i�B�Q�M�b �Q�7 �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2�- �r�?�B�+�? �B�b �+�Q�M�i�B�M�m�Q�m�b�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �H�2�M�;�i�? �Q�7
���H�H �i�?�2 �p�2�+�i�Q�`�b �B�M �� �p�2�+�i�Q�` �}�2�H�/ �B�b �#�Q�m�M�/�2�/�X �A�7 �Q�M�2 �i���F�2�b ���M �B�M�i�2�;�`���i�B�Q�M �Q�7 �� �#�Q�m�M�/�2�/
�7�m�M�+�i�B�Q�M �Q�p�2�` �� �+�Q�K�T���+�i �b�T���+�2 �r�B�i�? �}�M�B�i�2 �K�2���b�m�`�2�- �i�?�2�M �i�?�2 �`�2�b�m�H�i �B�b ���H�r���v�b �}�M�B�i�2�X
�A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�- �r�2 �/�2�M�Q�i�2h�; �i T M �r�B�i�?h�; �i �r�?�2�M �i�?�2�`�2 �B�b �M�Q �`�B�b�F �Q�7 �+�Q�M�7�m�b�B�Q�M�X

�e�X�j �h���M�;�2�M�i �"�m�M�/�H�2 �*�Q�M�p�Q�H�m�i�B�Q�M���H �6�B�H�i�2�`�b

���b �K�2�M�i�B�Q�M�2�/ �B�M �*�?���T�i�2�`�R�Q�7 �i�?�B�b �i�?�2�b�B�b�- �H�B�M�2���` �}�H�i�2�`�B�M�; �Q�T�2�`���i�B�Q�M�b ���`�2 �?�B�b�i�Q�`�B�+���H�H�v
�b�v�M�Q�M�v�K�Q�m�b �U�m�M�/�2�` ���T�T�`�Q�T�`�B���i�2 ���b�b�m�K�T�i�B�Q�M�b�V �r�B�i�? �+�Q�M�p�Q�H�m�i�B�Q�M�X �h�B�K�2 �b�B�;�M���H�b ���`�2
�}�H�i�2�`�2�/ �#�v �+�Q�K�T�m�i�B�M�; �i�?�2 �+�Q�M�i�B�M�m�Q�m�b�@�i�B�K�2 �+�Q�M�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �B�M�T�m�i �b�B�;�M���H ���M�/
�i�?�2 �}�H�i�2�` �B�K�T�m�H�b�2 �`�2�b�T�Q�M�b�2 �(�R�)�c �B�K���;�2�b ���`�2 �}�H�i�2�`�2�/ �#�v �+�Q�K�T�m�i�B�M�; �K�m�H�i�B�/�B�K�2�M�b�B�Q�M���H
�+�Q�M�p�Q�H�m�i�B�Q�M�b �(�R�)�c �;�`���T�? �b�B�;�M���H�b ���`�2 �}�H�i�2�`�2�/ �#�v �+�Q�K�T�m�i�B�M�; �;�`���T�? �+�Q�M�p�Q�H�m�i�B�Q�M�b �(�k�9�9�)�c
�b�+���H���` �K���M�B�7�Q�H�/ �b�B�;�M���H�b ���`�2 �}�H�i�2�`�2�/ �#�v �+�Q�K�T�m�i�B�M�; �K���M�B�7�Q�H�/ �+�Q�M�p�Q�H�m�i�B�Q�M�b �(�k�j�N�)�X �A�M
�i�?�B�b �r�Q�`�F�- �r�2 �/�2�}�M�2 �� �i���M�;�2�M�i �#�m�M�/�H�2 �}�H�i�2�` ���b �i�?�2 �+�Q�M�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �}�H�i�2�` �B�K�T�m�H�b�2
�`�2�b�T�Q�M�b�2eh ���M�/ �i�?�2 �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���HF�X �h�Q �/�Q �b�Q�- �r�2 �2�t�T�H�Q�B�i �i�?�2 �*�Q�M�M�2�+�i�B�Q�M
�G���T�H���+�B���M �P�T�2�`���i�Q�`�X

�e�X�j�X�R �*�Q�M�M�2�+�i�B�Q�M �G���T�H���+�B���M

�h�?�2 �*�Q�M�M�2�+�i�B�Q�M �G���T�H���+�B���M �B�b �� �U�b�2�+�Q�M�/�@�Q�`�/�2�`�V �Q�T�2�`���i�Q�`� : �( T M ) ! �( T M )�-
�;�B�p�2�M �#�v �i�?�2 �i�`���+�2 �Q�7 �i�?�2 �b�2�+�Q�M�/ �+�Q�p���`�B���M�i �/�2�`�B�p���i�B�p�2 �/�2�}�M�2�/ �U�7�Q�` �i�?�B�b �r�Q�`�F�V �p�B�� �i�?�2
�G�2�p�B�@�*�B�p�B�i�� �+�Q�M�M�2�+�i�B�Q�M �(�k�j�d�)�U�i�?�2 �m�M�B�[�m�2 �+�Q�M�M�2�+�i�B�Q�M �+�Q�K�T���i�B�#�H�2 �r�B�i�? �i�?�2 �_�B�2�K���M�M
�K�2�i�`�B�+�V�X�h�?�2 �+�Q�M�M�2�+�i�B�Q�M �G���T�H���+�B���M� �?���b �b�Q�K�2 �/�2�b�B�`���#�H�2 �T�`�Q�T�2�`�i�B�2�b�, �B�i �B�b �M�2�;���@
�i�B�p�2 �b�2�K�B�/�2�}�M�B�i�2�- �b�2�H�7�@���/�D�Q�B�M�i�- �2�H�H�B�T�i�B�+�- ���M�/�- �7�m�`�i�?�2�`�K�Q�`�2�- �?���b �� �M�2�;���i�B�p�2 �b�T�2�+�i�`�m�K
f� � i ; � i g1

i =1 �r�B�i�? �2�B�;�2�M�p���H�m�2�b� i ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �2�B�;�2�M�p�2�+�i�Q�` �}�2�H�/�b� i �b���i�B�b�7�v�B�M�;

� � i = � � i � i ; �U�e�X�j�X�R�V

�r�B�i�?0 < � 1 � � 2 � : : : �X �h�?�2 �Q�M�H�v �T�Q�b�b�B�#�H�2 ���+�+�m�K�m�H���i�B�Q�M�U�H�B�K�B�i�V�T�Q�B�M�i �B�b�1 �(�k�j�d�)�X
�h�?�2� i �b ���M�/ �i�?�2� i �b �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �i�?�2 �+���M�Q�M�B�+���H �7�`�2�[�m�2�M�+�B�2�b ���M�/ �Q�b�+�B�H�H���i�B�Q�M
�K�Q�/�2�b �Q�7T M �X

�h�?�2�`�2�7�Q�`�2�- �r�2 �+���M �m�b�2 �i�?�2 �*�Q�M�M�2�+�i�B�Q�M �G���T�H���+�B���M�i�Q �7���i�?�Q�K �� �?�2���i �2�[�m���i�B�Q�M �7�Q�`
�p�2�+�i�Q�` �/�B�z�m�b�B�Q�M�,

@U (x; t )
@t

� � U (x; t ) = 0 ; �U�e�X�j�X�k�V

�r�?�2�`�2U : M � R+
0 ! T M ���M�/U (�; t) 2 �( T M ) 8t 2 R+

0 �c �r�2 �/�2�M�Q�i�2 �i�?�2 �B�M�B�i�B���H
�+�Q�M�/�B�i�B�Q�M �+�Q�M�/�B�i�B�Q�M �r�B�i�?U (x; 0) = F(x)�X���b �`�2�T�Q�`�i�2�/ �B�M �(�k�j�e�) ���M�/ �B�M �6�B�;�X�e�X�R



�e�X�j �h���M�;�2�M�i �"�m�M�/�H�2 �*�Q�M�p�Q�H�m�i�B�Q�M���H �6�B�H�i�2�`�b �e�N

�6�B�;�m�`�2 �e�X�k�X���M �2�t���K�T�H�2 �Q�7 �i���M�;�2�M�i �#�m�M�/�H�2 �b�B�;�M���H

�U�Q�#�i���B�M�2�/ �7�`�Q�K �6�B�;�X �9 �Q�7 �(�k�j�e�)�V�- ���M �B�M�i�m�B�i�B�p�2 �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7�U�e�X�j�X�k�V�B�b �B�K���;�B�M�B�M�;
�i�?�2 �2�p�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �p�2�+�i�Q�` �}�2�H�/U (x; t ) �Q�p�2�` �i�B�K�2 ���b �� �ô�b�K�2���`�B�M�; �Q�m�i�ô �Q�7 �i�?�2 �B�M�B�i�B���H
�p�2�+�i�Q�` �}�2�H�/F(x)�X�A�M �i�?�B�b �B�M�i�2�`�T�`�2�i���i�B�Q�M�- �i�?�2 �`�Q�H�2 �Q�7 �i�?�2 �*�Q�M�M�2�+�i�B�Q�M �G���T�H���+�B���M �+���M �#�2
�m�M�/�2�`�b�i�Q�Q�/ ���b �� �K�2���M�b �i�Q �/�B�z�m�b�2 �p�2�+�i�Q�`�b �7�`�Q�K �Q�M�2 �i���M�;�2�M�i �b�T���+�2 �i�Q ���M�Q�i�?�2�`�- �#�2�+���m�b�2
�B�i �2�M�+�Q�/�2�b �r�?�2�M �i���M�;�2�M�i �p�2�+�i�Q�`�b ���`�2 �T���`���H�H�2�H �U�p�B�� �i�?�2 �+�Q�M�M�2�+�i�B�Q�M�V�- ���M�/ �?�Q�r �i�Q �ô�K�Q�p�2�ô
�i�?�2�K �F�2�2�T�B�M�; �i�?�2�K �T���`���H�H�2�H �U�p�B�� �i�?�2 �B�M�/�m�+�2�/ �T���`���H�H�2�H �i�`���M�b�T�Q�`�i�V�X �P�M �b�+���H���` �7�m�M�+�i�B�Q�M�b
�Q�M �1�m�+�H�B�/�2���M �/�Q�K���B�M�b�- �B�i ���;�`�2�2�b �r�B�i�? �i�?�2 �+�H���b�b�B�+���H �G���T�H���+�2 �Q�T�2�`���i�Q�` �U�B�M�/�2�2�/�- �B�M �i�?�2
�~���i �+���b�2 �B�i �B�b �b�m�{�+�B�2�M�i �i�Q �B�M�/�2�T�2�M�/�2�M�i�H�v �/�B�z�m�b�2 �2���+�? �b�+���H���` �+�Q�K�T�Q�M�2�M�i�- �?�Q�r�2�p�2�`�- �i�?�B�b
���T�T�`�Q���+�? �7���B�H�b �7�Q�` �+�m�`�p�2�/ �b�T���+�2�V�X�h�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �U�e�X�j�X�k�V �B�b �;�B�p�2�M �#�v

U (x; t ) = et � F(x); �U�e�X�j�X�j�V

�r�?�B�+�? �T�`�Q�p�B�/�2�b �� �r���v �i�Q �+�Q�M�b�i�`�m�+�i �i���M�;�2�M�i �#�m�M�/�H�2 �+�Q�M�p�Q�H�m�i�B�Q�M�- ���b �2�t�T�H���B�M�2�/ �B�M �i�?�2
�7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M�X
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