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SUMMARY

The development of a fully unsupervised algorithm to achieve image segmentation is the
central theme of this dissertation. Existing literature falls short of such a goal providing

many algorithms capable of solving a subset of this highly challenging problem.

Unsupervised segmentation is the process of identifying and locating the constituent
regions of an observed image, while having no prior knowledge of the number of regions.
The problem can be formulated in a Bayesian framework and through the use of an assumed
model unsupervised segmentation can be posed as a problem of optimisation. This is the

approach pursued throughout this dissertation.

Throughout the literature, the commonly adopted model is an hierarchical image model
whose underlying components are various forms of Markov Random Fields. Gaussian
Markov Random Field models are used to model the textural content of the observed im-

age’s regions, while a Potts model provides a regularisation function for the segmentation.

The optimisation of such highly complicated models is a topic that has challenged
researchers for several decades. The contribution of this thesis is the introduction of new
techniques allowing unsupervised segmentation to be carried using a single optimisation
process. It is hoped that these algorithms will facilitate the future study of hierarchical
image models and in particular the discovery of further models capable of more closely

fitting real world data.

The extensive literature surrounding Markov Random Field models and their optimi-
sation is reviewed early in this dissertation, as is the literature concerning the selection of
features to identify the textural content of an observed image. In the light of these reviews
new algorithms are proposed that achieve a fusion between concepts originating in both

these areas.

Algorithms previously applied in statistical mechanics form an important part of this
work. The use of various Markov Chain Monte Carlo algorithms is prevalent and in partic-
ular, the reversible jump sampling algorithm is of great significance. It is the combination
of several of these algorithms to form a single optimisation framework that lies at the heart

of the most successful algorithms presented here.
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Introduction

1.1 GENERAL INTRODUCTION

The segmentation of an observed image into an unknown number of distinct and in some
way homogeneous regions remains a fundamental issue in low-level image analysis. There
are many direct applications of such algorithms, for example: segmentation of ultrasound
images; crop discrimination using images from synthetic aperture radar (SAR); segmenta-
tion of nuclear magnetic resonance (NMR) images; segmentation of X-ray images; remote
sensing applications, and textile quality inspection. Alternatively, image segmentation can
be viewed more generally as a critical early process providing input to the higher level
processing schemes of a complex vision system. Many different methodologies have been
applied to image segmentation, however a process that is both completely unsupervised

and also robust has yet to be realised.

Unsupervised segmentation comprises the segmenting of an image into an a prior:
unknown number of regions. Over the previous two decades two types of algorithm have
emerged as solutions to this problem: model fitting, reviewed in chapter 2, and more

empirical, non-parametric classification algorithms, discussed in chapter 3.

The models reviewed in chapter 2 are hierarchical. Different spatial distributions are
used to model each region of the image. The interaction between these regions is then
modelled by a further spatial distribution which generally imposes a smoothing or regular-
isation constraint on possible segmentations. In the Bayesian sense, this second distribution
forms a prior on the segmentation. Both of these models are usually non-causal and thus
require extensive computation in their analysis. Throughout the 70’s and early 80’s algo-

rithms [9] to optimise these models were in general ad hoc and were restricted to highly
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supervised problems only. With computational power ever increasing, the development of
the Gibbs Sampler [39] lead to an explosion of interest in the field. The ability to sample
from complicated multivariate distributions using this and other MCMC techniques [77]
has facilitated the analysis of highly generalised statistical models of which the hierarchical
image model is perhaps one of the most challenging. However, even with these tools, the
development of a single fully unsupervised segmentation process for the general hierarchical
image model is a goal that has eluded researchers. To date, the only approach has been one
of optimisation of a set of models and then model comparison to achieve a model selection.
In effect this comprises an exhaustive search over the model set, a highly inefficient and
unsophisticated methodology. Advancement beyond such algorithms has been facilitated
by the development of the reversible jump Markov Chain Monte Carlo (MCMC) sampling
algorithm [43]. This has proved the necessary catalyst to researchers working in a wide
range of model selection problems. Hence, the use of this algorithm together with a variety
of MCMC sampling techniques, specifically composition sampling, the Swendsen-Wang al-
gorithm [90] and the Partial Decoupling algorithm [50] form the basis of the unsupervised

segmentation algorithms developed throughout this dissertation.

The second extensive contribution towards image segmentation literature comprises
the body of work in which the classification of regions is achieved using observed features.
To calculate the necessary features the use of windows is required, thus producing seg-
mentations at a coarser scale than that of the original image. This drawback is usually
circumvented by using these window based unsupervised methods to achieve a rough seg-
mentation from which parameters pertaining to a hierarchical image model (of the type
reviewed in chapter 2) may be estimated. The model, estimated parameters and coarse
segmentation can then be used to achieve a fine-scale segmentation using a supervised

model-based segmentation algorithm.

There are several drawbacks to such a solution: the use of windowing in the coarse
segmentation process will in general average the contribution of small features, thus they
are unlikely to be represented in the eventual segmentation; there is an implied trade-off
between the necessary size of windows needed to differentiate between textures and the
accuracy of localisation of boundaries; the statistics or features are often ad hoc; finally, to
achieve the coarse unsupervised segmentation, clustering processes are used which require
the a priori setting of thresholds. However these algorithms have one major advantage
over their model selection counterparts, their speed of convergence is far superior in terms

of computation.
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Given these two areas of prior research, the philosophy behind the algorithms developed
throughout this dissertation is to utilise the advantages of the hierarchical image model,
specifically the Bayesian framework, but also to formulate a single optimisation process
capable of robust unsupervised segmentation. In chapter 4 this is achieved through the
use of reversible jumps and composition sampling, however the optimisation is highly
computationally intensive and for this reason, the use of very complicated models for

individual regions is intractable.

To improve upon these procedures, more complex sampling procedures are implemented
in chapter 5. Auxiliary variable techniques are used to both speed up the convergence
of the segmentation process and to enhance the acceptance rate of the reversible jump
sampling process used in the optimisation over differing image models. The technique used,
specifically partial decoupling also allows the incorporation of the non-parametric features
reviewed in chapter 3 into the hierarchical Bayesian framework to enhance convergence

while leaving the eventual segmentation unaffected.

The incorporation of non-parametric statistics into a Bayesian framework through the
use of hyper-parameters for auxiliary variables is an extremely powerful tool and as such
need not be specific to the problem of image segmentation. As stated in the concluding
chapter 6, the application of the techniques of chapter 5 to the less complicated problem

of segmenting non-causal time series would be relatively straightforward.

1.2 THESIS OVERVIEW

Chapter 2 provides a review of existing model based image segmentation techniques. The
criteria for supervised, semi-unsupervised and fully unsupervised segmentation algorithms
are defined. The hierarchical Markov Random Field (MRF) image model is introduced with
sections describing features of two widely used models, the Potts model and the Gaussian
MREF. The use of line processes to model image boundaries is also examined. Segmen-
tation techniques are then described beginning with those used to solve the supervised
segmentation problem. Multi-resolution techniques are then discussed, including elements
from renormalisation group theory. Next, semi-unsupervised segmentation algorithms are
described, beginning with Maximum a posteriori (MAP) approaches, then continuing with

the expectation-maximisation (EM) algorithm. The theory of mean fields follows with a
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description of mean-field annealing in comparison to soft-decision EM techniques. Un-
supervised segmentation methodologies and criteria are addressed before concluding with
some observations regarding the relevance of the reviewed literature to the direction of

research presented in this dissertation.

Chapter 3 describes the second large body of research concerning unsupervised seg-
mentation. The approach examined here comprises classification of an image into regions
through algorithms in a particular feature space. Three major types of feature are described
together with the relevant classification or segmentation techniques. First introduced are
model based statistics, then local spatial statistics such as residuals or those derived from
cooccurrence matrices follow. Finally the multi-channel filtering approach to texture seg-

mentation is examined and in particular, the application of the Gabor Wavelet function.

Chapter 4 presents new unsupervised segmentation algorithms for both an hierarchi-
cal Isotropic MRF model and a GMRF model are introduced. An important element of
these algorithms is the reversible jump sampler, hence this is first introduced. The mod-
els are defined before the description of their associated optimisation algorithms and the

presentation of some experimental results.

Chapter 5 describes further algorithms which comprise improvements in terms of con-
vergence rate and computation requirements to those of Chapter 4. The algorithms utilise
an auxiliary variable technique known as partial decoupling. This, together with its prede-
cessor, the Swendsen-Wang algorithm is first outlined before the complete algorithms are
described. A further algorithm used to achieve unsupervised segmentation for a hierarchi-
cal model including a line process is then given. Results are presented for all algorithms

before conclusions are drawn.

Chapter 6 concludes the thesis with suggestions for further work.



Model Based Segmentation

2.1 INTRODUCTION

Segmentation is the process of splitting an observed image into its homogeneous or con-
stituent regions. Segmentation may also be thought of as a labelling process, where each
pixel in the observed image is assigned a label designating the region or class to which it

belongs.

This formulation of the segmentation problem leads naturally to a hierarchical model.
If the observed image y is defined on a rectangular M x N lattice €2, indexed by the pair
(¢,7) so that Q = {(i,7);1 <i < M, 1 < j < N}, then the labels x may also be defined on
an identical lattice. Thus, for each site s = (s;, 5;) there is a label z, specifying to which
region the observed pixel y; belongs. The relationship between the observed gray-scale
values and the labels is given by a set of Bayesian Likelihood functions. Thus if a single
homogeneous region is labelled by ¢, it will comprise the set ¢ : s = ¢, and its likelihood
will be modelled by the probability distribution p({ys, s:xs=c} | OEY)), where 95}” are

the model parameters.

A further distribution acts as a prior on the labels p(x | 8%); here 8% denotes the
associated model parameter vector. Thus the segmentation problem may be expressed as

an optimisation problem over the labels of the entire image:

Xpap = arg max p(x | O™ Hp{ys,s x5 =c} | 0Y)) (2.1)

ceEA
where A is the set of possible region labels or classes and X is the set of all possible config-
urations of labels over the lattice, 2. Thus with reference to the concept of a hierarchical

model, the higher level label elements x; index the likelihood function used as the image
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model at each individual pixel. The attribution of these labels to sites via equation 2.1
defines the supervised segmentation problem. The problem is supervised in the sense that
both the number of regions and the model parameters are known a priori. Procedures to

solve this problem will be discussed further in section 2.3.

The above equation gives the Maximum a posteriori (MAP) estimate for the site labels.
Another, less widely used criterion exists, the maximiser of posterior marginals (MPM) [70].
This criterion effectively minimises the expected number of mis-classifications per pixel.

The MPM criterion is specified for a single pixel site by

7 - (X)
I arg max plas |y, 67)
= argmax Z (x | 8% H p{ys,s:z,=c} | 0Y))  (2.2)
X{n\s}ex{n\s} ceA

where x(q\s} denotes the labels at all sites excepting site s. The difficulty of evaluating
the summation has precluded the MPM’s widespread applicability to the more complex

texture models currently in vogue.

To extend the segmentation problem further, consider the possibility that the model
parameters 8 € ©, where 8 = {O(X), ng>, ¢ € A} may also be unknown, then the
segmentation problem is described throughout this dissertation as semi-unsupervised. The

criteria for segmentation now takes one of two forms,

Kypap, Oup = arg max . p p(x | OF H p({ys, sz, =c}| 6\ ) (2.3)
cEA
Xuap, Ouar = arg max - p(8) p(x [0) [ p({yes:oi=c}[607)(24)
’ cEA

the difference being between the selection of the maximum likelihood (ML) or the MAP
criteria for model parameter estimation. Various algorithms have been proposed to evaluate
these criteria and thus find estimates for the segmentation and model parameters. These

will be described in section 2.5, but a fully robust algorithm has yet to be developed.

The final extension of the segmentation problem is known as unsupervised segmentation.
Here the number of labels or regions is not known prior to segmentation. The problem is

one of model order selection, where the model order k£ € K gives the number of regions.
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Thus far, one approach has been adopted,

X é k = H(X) 5:8 s — O(Y)
XmaAp, YmL, argxex(k), Oirklfae%m, reK p(x | (k)) Cel;[(k> P({y ,s Ty =c} | (k)c)

+ IC(/{, O(k))
(2.5)

where IC(k, (1)) represents some form of information criterion. Existing algorithms which
attempt to evaluate this optimisation are discussed later, in section 2.6, but for comparison
here, the criterion for which the algorithms of chapters 4 and 5 of this thesis are introduced,

will be specified here. Specifically, the MAP criteria is used to estimate all parameters;

X 0 foniap = k) (60 o)
XMAP, Ynap, RmAP argxex(k), er(al)%%w, ek p(k) p(Ow)) p(x | (k;))
Y
X H p({YS7S T = C} ’ ng))c)
CEA(k)
(2.6)

The structures that constitute the underlying elements of the hierarchical model (both
used throughout this thesis and throughout much of the relevant literature) comprise var-
ious types of Markov Random Fields (MRF’s). Their widespread use has followed the
seminal papers by Besag [11] and Geman & Geman [39], both of which provided new
methods by which such complex models could be optimised to fit observed data. The
theme of this dissertation follows a similar trend to their work, presenting new algorithms
to fit hierarchical MRF models to data. By way of introduction, the remainder of this
chapter gives a review of both the types of hierarchical models used in image segmentation

and the methodologies by which they have previously been optimised.

2.2 MODELS

The MRF’s used throughout the literature will be elaborated upon throughout this section
but some inherent properties and definitions must first be stated (more complete reviews
of fundamental MRF material can be found in [73] [67] [9] [39]).

The Markov Random Field forms a probabilistic model for a set of variables that

interact on a lattice structure. The distribution for a single variable at a particular site
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is conditioned on the configuration of a predefined neighbourhood surrounding that site.
This effectively defines the Markov property of the process: the process is Markov not in
the causal or even the bilateral sense, but with respect to this particular neighbourhood

structure.

To link the MRF’s structure to a joint probability distribution Hammersley & Clifford
9] posed the question,“given the neighbours at each site, what is the most general form
which U(x) may take in order to give a valid probability structure to the system?” Here,
U(x) is the energy function or Hamiltonian of a Gibbs distribution;

px) = Sexp{ — U} (2.7

where, T is a constant analogous to temperature and Z is the normalising constant or
partition function of the system. Hammersley & Clifford’s famous theorem [9] (curiously
unpublished by the original authors) states that “given the neighbourhood structure of
the model, for any set of sites within the lattice, their associated contribution to the Gibbs

1

enerqy function should be non-zero, if and only if the sites form a clique.” The contribution

of each cliqgue may be assigned arbitrarily.”

To prove this theorem the effect of altering the state at a single site was examined
on the joint energy function for the entire MRF. Thus a comparison was made between
probability distributions for non-zero values of the variable z; and the case when x; = 0.
Letting x and x’ denote the ensemble of states in these two realisations, their ratio can be

written

P | 1y ooy T 1, Tig 1y oey Tpy)

exp{-U(x)+U(xX)} = 2.8
{-Ux) < P(@ = 0| T1y ey Ti1y Tig1y evey Tn) (28)
Expansion of U(x) into a general polynomial,
Ux) = D, wGilw) + 3 D wiwGiglai )
1<i<n 1<i<n—1 i<j<n
+ ) Y mm G, ay, )
1<i<n—2 i<j<n—1 j<k<n
+ ... + xle---anl,Z,...,n(xlax27---;xn) (29)

where the G(-)’s are unspecified functions, allows the difference in energies of equation 2.8

to be written explicitly. For example consider the case when i=1, the difference in energies

LA cligue is defined as a set of lattice sites that are all neighbours of each other. See [67] or [73] for a

more detailed definition.
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between the case when z; = 0 and x; # 0 will be given by

U(X) — U(X,) = xl{Gl(xl) + Z Z‘jGLj(l’l,l’j)

1<j<n

+ Z Z ,Tj.TkGi,j,k(xl»xj»xk)

1<j<n—1 j<k<n

+ ...+ $2...$HG1,27.__7R($1,$2, ,an)} (210)

Since a neighbourhood structure should be implicit in the model’s joint distribution, the
contribution to this energy difference of terms not falling within any of the contained cliques
should be zero; hence, those particular G-functions must be zero. Any other G-functions
may take arbitrary form provided the positivity condition for the ensemble distribution is

maintained, i.e. U(x) > —o0, Vx € X.

This theorem provides a very general basis for the specification of MRF joint distribu-
tion functions. Many have been used throughout the literature [67] but only a subset will
be reviewed here. Specifically, these are the Ising and Potts models and Gaussian MRF’s,

all termed auto-models by Besag [9] since their energy functions take the general form,

U(X) - Z Isz(gjz) + Z Z 61',]'!131'1’]' (2.11)
1<i<n 1<i<n—1 i<j<n
where 3; ; denotes pre-defined model parameters which may be, but are not necessarily site

dependent.

2.2.1 The Ising and Potts Models

To model the underlying image (or more specifically, the interactions between the site labels
of the hierarchical model) a spatial process is required which will promote the clustering
of identical labels between neighbouring sites on the lattice. Potts models have provided
this function throughout image segmentation literature but to gain an understanding of

how they function it is necessary to first examine their binary relation, the Ising Model.

The Ising Model originates from the statistical mechanical theory of phase transitions
[19]. The model has wide ranging applications, including that of modelling liquid-gas
phase transitions but its primary usage has been in the modelling of magnetic materials.
The driving philosophy behind the Ising Model is the concept of modelling the macro-
scopic characteristics of a lattice material through the specification of its microscopic or

inter-molecular interactions. For example, consider a rectangular lattice of N spins in the
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presence of a magnetic field H. The spins at each site (or molecule) will take values from
+1 depending on their alignment with the external magnetic field. However, each spin will
interact with its nearest neighbours, thus giving rise to an interaction energy. These two

components comprise the energy of the system, defined by,
E = —H/JJZUZ' - JZUZ'U]' (2.12)
i ij

where g is the magnetic moment of an individual spin and J is the coupling constant
of the system. The summation over ij is defined over all nearest neighbour pairs in the
lattice. The macroscopic property of interest is the magnetisation of the system, defined
by M = p) . 0;. Experimental evidence typically shows the relationship between the ex-
ternal magnetic field and magnetisation of a lattice to be the well known hysteresis curve
of Figure 2.1(a). However, this curve is in fact attributable to non-ideal conditions (ther-
modynamic equilibrium not being reached within the material) and the ideal property is
shown in Figure 2.1(b) (this may be observed by using a soft iron bar which is main-
tained in thermodynamic equilibrium by applying a continuous mechanical disturbance).
The non-differentiable segment of the curve is known as the spontaneous magnetisation
of the system and exists due to a cooperative phenomenon related to the inter-molecular
interactions. The spontaneous magnetic property of a physical material is caused by long
range interactions between individual spins and magnetic moments which are not immedi-
ate neighbours. The applicability of the Ising model stems from its ability to model these

long range correlations.

When transferring such a model to the domain of image processing two fundamental
characteristics are of concern; firstly, the Ising model must be reformulated to incorporate
a more general state space that simply taking values from {£1} at each lattice site since
an image will typically be comprised of several different regions; secondly, the relationship

between spontaneous magnetisation and temperature is critical.

The first of the issues is addressed by the use of the Potts model. This is a generalisation
of the Ising Model that allows the assignment of one of a multiple number of states to each
site. Potential functions? are defined for individual cliques and these replace the interaction

term in the Ising Model.

The relationship between spontaneous magnetisation and temperature deserves more

consideration. Image segmentation algorithms will typically comprise a multidimensional

2A potential function is defined for every clique of the model and gives the associated contribution to

the model’s energy function for that particular clique. See [67] or [73] for a more thorough definition.
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Figure 2.1: Characteristics of the Ising Model: (a) the hysteresis effect, (b) M against H
when T < T,, (¢) T=T,, (d) T > T, (e) my against T.

optimisation process over an energy surface which is highly multi-modal. Most successful
algorithms utilise some form of annealing process (see section 2.3 for a review of simulated
annealing) on the associated Gibbs distribution. Inherent in such an algorithm is the steady
reduction of temperature until the system settles at what is hoped to be the global energy
minimum. Under consideration therefore is the increase in the Ising model’s spontaneous
magnetisation, or in the image processing sense, the residual memory of the optimisation

process as temperature decreases.

Figures 2.1(b-d) demonstrate the change in the H-M characteristic as temperature is
increased. The spontaneous magnetisation or non-differentiable component of the curve
decreases in length until at the critical or Curie temperature it exists as a specific singularity
on the H-M curve. Above this temperature there is no spontaneous magnetisation and so
one might observe that an annealing algorithm would simply mix, allowing no long range
correlations to propagate throughout the image model, hence implying no memory in the

optimisation process.

The relationship between temperature and spontaneous magnetisation is often similar
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Figure 2.2: A common realisation of a binary line process: (a) the current configuration

of states, (b) a suitable realisation of a line process given the configuration of states.

to that shown in Figure 2.1(e). It may be observed that at the critical temperature T,
the graph departs from the axis. Thus, when considering an annealing algorithm at this
temperature and below, it is the mixing deficiences inherent in the sampling process that
will limit the probability of convergence to the global minimum. It is for this reason that
methods from both renormalisation group theory and auxiliary variable Markov Chain
Monte Carlo (MCMC) (these will be elaborated upon later) have been employed so suc-
cessfully in image processing problems; both of these methodologies improve mixing by
increasing the speed by which long range interactions can affect a large change from the

current realisation of the model.

2.2.2 Line Processes

The prior on the underlying segmentation (previously denoted p(x | @) in section 2.1)
effectively provides a smoothing process. The Potts model, described in the previous
section, has often been used to perform this role. However, for particular problems, where
images have strong discontinuities, the Potts model may cause oversmoothing [38]. To
overcome this problem Geman & Geman [39] proposed combining the underlying label

MRF with an additional, ‘line process’.

A line process comprises a lattice of random variables 1 € L, whose sites corresponded
with vertical and horizontal boundaries between adjacent pixels of the image lattice (hence
an M x N image lattice will require a 2M — 1 x 2N —1 line process; see figure 2.2). Hence

the supervised segmentation problem, originally given by equation 2.1 can be reformulated
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as,

Karaps Lirap = argxe%ai(@ p(x | o H P {ys,s zs =c} | 0 ) (2.13)
ceA

This formulation of the optimisation problem makes the Gibbs prior on the segmentation

conditional on the configuration of the line process. The inclusion of a line process in the

image segmentation problem, as defined in the above equation, will also allow a spatially

dependent prior to be imposed on that line process. The resulting MAP estimation problem

can therefore be defined using a Gibbs posterior distribution whose prior energy function

is given by
Ux,110) = Ux[6W 1) U ey (2.14)
- Z Z Vx (@5, 2) + Z Vi(ls, ly) (2.15)
s TEM, tep,

where the line process takes values from {0,1} and Vx(-,-) and V(-,-) are the potential
functions for the segmentation and line processes, defined for neighbourhood structures n
and p, respectively. The prior on the line process is often selected to emphasise continuous
lines, to reject spurious edge elements, and only to accept corners and line ends with low
probability. Such a model has the desirable property that it promotes structure within
the image without causing oversmoothing, however, for obvious reasons horizontal and
vertical boundaries will be inherently favoured. It is possible to overcome this problem by
generalising the binary line process into a multilevel process where each state is indicative
of the corresponding orientation of the boundary element. There is however, one further
and more serious drawback to the usage of line processes; they introduce many arbitrary
hyper-parameters 0" into the model, all of whose MAP estimates are difficult to obtain.
Consequently the use of line processes is generally restricted throughout the literature, to

processes whose hyper-parameters can be set a priori.

The fundamental concepts underlying a line process were further addressed by Geman
& Reynolds [38]. When considering the problem of image restoration (and possibly that of
segmentation) it becomes apparent that the potential function Vx (-, -) of equation 2.15,
can be expressed as a single cost measure Vy (x5, 2,) = ¢(x;—x,) on the label differences.
For segmentation this introduces a slight difficulty since the relationship between label
value and observed gray-scale is unlikely to be linear. In fact in the segmentation case the
cost might typically be given by ¢(zs — z,) = 1 —20(zs, x,), where §(-) is the Kronecker

delta function.
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Figure 2.3: Segmentations using various line process models (a) original image, (b) seg-
mentation without line process, (c¢) segmented image with line process, (d) the corre-
sponding line process, (e) segmentation using the modified potential function of Geman &

Reynolds.

However, if the cost function is replaced by a similar, but continuously differentiable

2
variant, for example ¢*(z; —x,) = (%) —1, then in the absence of any prior term on
the line process, optimisation over both L and X becomes equivalent to simply optimising

over X, but using a different energy function: specifically,

> 30— 1) - = 3 () - (2.16)

s TreEmns s TreEns

where A is a pre-specified constant.

Geman & Reynolds [38] extended this result for more general ¢*. To see this first define
the notation by, = 1 —[,,. Next define u,, = *3* and then redefine the prior energy

attributable to each clique as ¢(bs,). After dropping the subscripts from the notation for
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convenience, the new cost function ¢(u) will be given by

(u) = inf bu® + 1(b) (2.17)
The above equation states that the desired function will be the infinum of a family of
Gaussians. Although ¢(u) is the required function, it is important to realise the significance
of 1(b), since this effectively defines any prior knowledge of the line process. Desirable
properties for this prior might be ¥ (0) = 0 and that (b) is monotonically decreasing.
Theorem 1 of [38] states that ¢(u) will always exist for a 1(b) with these properties and
will itself have further desirable properties, specifically; ¢(0) = —1, ¢(y/u) is concave and
lim, o ¢(u) = 0.

To summarise, all that is necessary to incorporate one of the fundamental properties
of a line process, in particular to provide the ability to model rapid transitions in gray
level, is to use a function that satisfies the above properties for ¢(u), and to check that the
associated 1 (b) gives a desirable prior distribution for the related line process. Geman &
Reynolds [38] suggest using the function ¢(u) =
of p(b) =b—2vb, ¥b: 0<b< 1.

— Tlu% giving a prior on the line process

As with the full line process described previously, the model just derived will introduce
a bias towards vertical and horizontal edges. However, Hurn & Jennison [51] showed that

this problem may be overcome by structuring the model to include diagonal cliques.

The effect of using Geman & Reynolds’ process [38] is compared in Figure 2.3 with
that when using either the standard Potts model or a Potts model with a full line process
of the type described in [39]. The modelling of sharp transitions or edges in gray-scale
is clearly better when using both the line process and the modified potential ¢(u), but
the difference between these two is not so clear. However, for ease of implementation
the modified potential is far superior, while the full line process engenders possibilities of

applying higher level image processing procedures using the line process as input.

2.2.3 The Gaussian Markov Random Field Model

The Gaussian Markov Random Field (GMRF) is the most widely used process for the mod-
elling of various natural and man-made textures. Its effectiveness has been demonstrated
through numerous classification and reconstruction experiments, for example: Chellappa
[54] showed the range of textures that could be generated from GMRF models and derived

a feature vector, which included spectral features, for classification purposes; Chellappa &
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(f)

Figure 2.4: GMRF modelling of Brodatz micro-textures: (a-d) original images corre-
sponding to paper, burlap, cork and straw; (e-h) reconstruction using GMRF maximum-

likelihood parameter estimates over a 44 pixel neighbourhood.

Chatterjee [21] [20] used least squares estimates of GMRF parameters to classify Brodatz
textures [16]; Cohen, Fan & Attali [25] used GMREF’s for the automated inspection for flaws
of textile fabrics and finally figure 2.4 demonstrates the effectiveness of using GMRF’s to

reconstruct Brodatz micro-textures using an algorithm of the type given in [2].

The GMRF is specified on an M x N image lattice €2, indexed by a vector or pair
s = [s1,89]", such that @ = {s;1 < s, < M,1 < s, < N}. The GMRF comprises
a Gauss-Markov process which may be represented as a non-causal auto-regressive (AR)

process,

v = D0yt e (2.18)

TEP
where {0(7) : 7 € p} is the set of correlation coefficients associated with the set of
translations from the central pixel which define the neighbourhood structure, i.e. {r =

[Tl,TQ]T; T € p}, and e, is a zero mean Gaussian noise process with autocorrelation given
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by
o2, T=0
Elesesir| = ¢ —070? 7€p (2.19)
0, otherwise

Alternatively, the process may be written in terms of a linear matrix equation [56] Rgy = e.
Thus, the covariance matrix of the noise process e is given by 0?Rg and it can be shown
[56] that the covariance of the process y is given by ¥ = 0?Ry . The joint distribution for
the GMRF may therefore be written

Py |X) = e 5] eXp{ oY E y'} (2.20)
‘RGI% L
= (202 VNP2 exp{ ~ 352 Y ng} (2.21)

With no loss of generality it is possible to write 87 = #(~7) thus ensuring the symmetry
of the correlation matrix Rg. The GMRF exhibits a Markov property: the process is
Markov with respect to a neighbourhood structure, thus satisfying the Hammersley-Clifford

theorem,

- eXp{ - 2%(y = > 07 (yerr + ym))z} (2.22)

T:TEP

P(Ws | ¥p,0,0) =
e

The quadratic term of equation 2.21 may be simplified [86] y'Rgy = ¢, — 8’ c, where

the statistics ¢y and the vector ¢, indexed by 7, are given by,

Co = ZSEQ y?’ C(T) = Zseﬂ YsYstr + T € P (223)
Using the Neyman-Fisher factorisation theorem [8] Chellappa and Chatterjee [21] showed

these statistics formed a lossless feature set for texture classification.

For the covariance matrix of the GMRF to be positive definite, the correlation pa-

rameters must satisfy the condition 1 — 7 ¢, > 0, where each element of ¢, is given by

278171 27822
M + N

matrix as a product function [56];

Ro| = JJ1-6"9,) (2.24)

SEN

cos( ). This follows directly from re-writing the determinant of the correlation

The two-dimensional power spectrum Sy (w) has been shown by Woods [97] to be given
by

02

Sy (w) = (2.25)
1— ZTEp 0, cos (%7’1601 + %72w2>
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and the inverted elements Sy (w)~! form the eigenvalues of the inverse covariance matrix

¥t = Rgo?, see [65] or [57]. The related autocorrelation function is therefore
1 2 2
Ry(s) = m%sy(w) coS (Mﬂslwl + %sng) (2.26)
2 cos (%slwl + %sgc@)

(2.27)

o
MN u%g:z 1— ZTEp 0, cos (%ﬁwl + %Tzwz)

A derivative of the GMRF, the Compound Gaussian Markov Random Field (CGMRF)
[53] incorporates a number of line processes, dependent on the neighbourhood structure of
the GMREF. These effectively turn on or off the interaction between neighbouring pixels,
thus allowing discontinuities to occur within a textured image. The CGMRF density
function is derived from that of the GMRF model, defined in equations 2.20 and 2.21. If for
example the GMRF is defined using a nearest neighbourhood structure, then the CGMRF
may be derived by incorporating a line process 1 that specifies interactions between both
vertically and horizontally adjacent sites. The conditional distribution for a pixel at site s

now becomes

1
p(ys ‘ YpsL g, 0) X exp { - T._Z ZQ(T)[(Z/S - ys+7)2(1 - l575+7) + (ys - ysf”r)Q(l - lS*Tﬁ)]

TEP
1
_ _ (MY ,2
202 (1 229 )ys}

TEP

(2.28)

An exponential distribution is typically assumed for the label process prior, i.e. p(lgT)) o

exp{—ﬁl@}, resulting in a joint distribution across the image and line process lattices

given by,
p(y,1]0,0,8) = #exp{ > { - L D 0D Yy = yorr) (1 = Lyosr)
’ T Z(0,0,3) s 202 = ’
X (2.29)
- = (1 - 229@) Y2 + BT }}

TEP

The fitting of such models to data is discussed more extensively in section 2.5.4, but
the basic methodology requires the incorporation of the above equation into the model dis-
tribution as a prior, then forming the posterior distribution by using an isotropic Gaussian

likelihood function to link the observed data z to the image model y:

p(y,1]0,0,8,2) < p(z,|y,p) p(y,1|0,0,05) (2.30)
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()

Figure 2.5: CGMRF modelling of muscle fibres: (a) original image corresponding z of
equation 2.30, (b) fitting of the line process, 1, (c) fitting of the process, y.

where p(z,| y,\?) exp{ — 517 > eealzs — ys)z}. An example of the use of such a
model is given in figure 2.5. Figure 2.5(a) shows the original cross-sectional image of some
muscle fibres while (b-¢) show the resulting fitting of both the underlying process and line
processes. An algorithm of the type described later in section 2.5.4 was used, combining

estimation of these processes with that of the model parameters.

2.2.4 GMRF Relationship to Simultaneous Autoregressive Models

The simultaneous autoregressive (SAR) process is described by the following equation,
ys = > 0Ty + Vo w, (2.31)
TEP
where v is a variance parameter relating to the independent and identically distributed
zero mean and unit variance noise process wg. The process is bilateral Markov unless the
process is strictly auto-regressive, then it is Markov. The major difference between the
GMRF and SAR models is the correlation structure or otherwise of the noise process; e of

equation 2.18 is correlated, while w in equation 2.31 is not.

The SAR model can be related to the GMRF via the Karhunen-Loeve transform.
Recalling that the GMRF may be expressed as Rgy = e, it is possible to decorrelate
the noise vector e by pre-multiplication of the image vector by the square root of the
correlation matrix, i.e v/Rg. Eigen-decomposition of Ry allows an equivalent realisation

of the GMRF to be written in terms of an uncorrelated noise vector w, with variance v:

VRey = Vv w (2.32)
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where

VRe = VUAU? = Y uu!V\ (2.33)

i=1,.,MN

Here U is the matrix of eigenvectors of Ry, specifically {u;, i =1, ..., MN}, and A is the
matrix whose diagonal elements are the associated eigenvalues {);,i = 1,..., MN}. The
noise process e may therefore be expressed in terms of uncorrelated noise: e = v/Rg W.
Equation 2.32 does not necessarily describe a SAR process, however under specific con-
ditions (see [57]) relating to the factorability of the two-dimensional z-transform of the
difference equation 2.18, the GMRF may indeed be re-written as an SAR process. The
converse always holds: any SAR models may be re-expressed in GMRF form [56].

2.3 SEGMENTATION TECHNIQUES

The problem of segmenting an image using a Markov Random Field (MRF) model is
difficult. This stems from the need to find the segmentation that yields either the Maximum
a posteriori or the maximiser of posterior marginals (MPM) estimate of a multidimensional

Gibbs distribution (as outlined in the introduction to this chapter, section 2.1).

It comes as no surprise therefore, that probably the most computationally efficient and
hence most widely used segmentation algorithm makes a massive, ad hoc simplification to
the problem: this is the Iterative Conditional Modes (ICM) algorithm of Besag [11]. Besag
argues, “suppose X denotes a provisional estimate of the true scene x* and that our aim
s merely to update the current colour & at pixel i in the light of all available information.
Then a plausible choice is the colour which has mazimum conditional probability, given

records y and the current construction Xq\; elsewhere.”

Applying Bayes’ theorem to the segmentation problem and adopting the notation de-
fined in the introduction to this chapter, i.e. section 2.1, the ICM algorithm relies on

updating sites in the lattice in a specific order, according to,

Ty, = argmax p(x,|y,Xau,0) (2.34)
TsENA
= argmax p(ys | 25, 0)p(s | X\, 8F) (2.35)

Since all updates must inherently either increase or maintain the joint probability of



2.3. Segmentation Techniques 21

the current realisation, the algorithm must by definition converge to a local maximum.

However, there is no guarantee of convergence to the global mode.

A similar algorithm was applied to the problem of unsupervised texture segmentation
by Cohen & Cooper [23]. Using a hierarchical model with individual textures modelled
by GMRF and using a Potts’” model as a prior on the label field, a process similar to
the ICM algorithm was used as an optimiser. However, Besag’s [9] coding method for
parameter estimation was modified to provide a mechanism to improve speed of con-
vergence: if an M x N image lattice €2 is divided in two sets of sites whose corre-
sponding random variables are mutually independent, i.e. Q) = {(4,7);if j is odd,i =
1,3,5,...., M — lelse i = 2,4,6,...M, 1 < j < N} and Qy = {(i,7);if j is odd,i =
2,4,6,...,M,else t =1,3,5,...., M — 1, 1 < j < N}, then the sites corresponding to subset
2, may be updated in parallel from probability distributions conditioned on the sites of

y; next the sites of 5 can be updated conditioned on €2;.

Geman & Geman [39] introduced a more sophisticated optimisation algorithm to image
segmentation, known as simulated annealing. The methodology solved the MAP estimation
problem, specified earlier in equation 2.1. Simulated Annealing draws heavily upon ideas
from statistical mechanics and in particular, those surrounding the Gibbs distribution. The

optimisation criterion may be any of the following,
x = argmax p(x)

= argmax %exp{ - lU(x)}

xeX

= arg gg(l U(x) (2.36)

The final equation, minimising over the energy surface suggests the essence of the prob-
lem: the energy surface is likely to be non-convex, in fact highly multi-modal, hence any

deterministic optimisation algorithm is likely to settle at a local minimum.

Simulated annealing has been considered to be a methodology with the potential to
overcome this problem. First a cooling schedule is designated for the Gibbs distribution
temperature parameter. The temperature begins in a hot state, causing the energy surface
to be relatively flat, since the system is relatively excited. The temperature is then steadily
lowered, making the local and global minima become further pronounced. Then as the
temperature tends to zero, the surface moves towards a set of inverted peaks, the deepest

at the global minimum.

Interestlingly, there occurs a direct link between the Iterative Conditional Modes algo-
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rithm of Besag [11] and Geman & Geman’s [39] simulated annealing algorithm: ICM is
simply simulated annealing but with the temperature set initially and then held at zero,

in other words, the system is instantaneously frozen.

To implement the simulated annealing algorithm still requires a method of exploring
the energy surface. Geman & Geman [39] provided the Gibbs Sampler to achieve this. The
algorithm uses a Markov Chain Monte Carlo technique to facilitate the sampling of the
multidimensional Gibbs distribution m(x) = 4 exp{7U(x)}, defined on the rectangular
lattice 2. The Gibbs sampler works by updating each random variable individually, but
conditional on the states of the surrounding sites. Geman & Geman’s [39] Theorem A
states that, if for each s € Q the sequence, indexed by t (of updated sites) contains s
infinitely often, then for every starting configuration x € X and every x € X,

lim p(x(t) = x | x(0) = x) = 7(x) (2.37)

t—00
Hence, given a regular scanning sequence, for example raster scanning, the samples drawn

by the Gibbs sampler will tend to the target distribution as ¢ — oo.

Their second theorem (Theorem B of [39]) proves convergence for simulated annealing
towards the global minimum of the Gibbs distribution. If A is defined to be the difference
between the global maximum and minimum of the energy surface U(x), and N is the
number of sites, then convergence is proved given two conditions; infinite time or iterations
for the Gibbs sampling algorithm and a decreasing temperature schedule which meets the
condition T'(t) > %, fort > tg > 2. Unfortunately, such a schedule is of little practical use
since it is firstly, impossible to calculate A and secondly, would require too many iterations

to descend over a sufficient range of temperature.

Many authors have carried out research in an attempt to find an in some sense optimal
annealing schedule. Much of this work has been adequately reviewed in both [77] and [75].
For example, in addition to Geman & Geman’s [39] logarithmic schedule just described,
there are several other fixed schedules: geometric schedules, given by T(t) = o'Ty, or
T(t+1) = aT(t), for 0 < a < 1; exponential schedules, where T'(t) = Tyexp{—at’}, and
where « and § are problem specific positive constants; and finally, linear schedules, here
T(t) = (1+o)®0-%) and ay, a, are positive constants, while N is the total number of

iterations.

Adaptive annealing schedules have also been extensively explored (again, see both [77]
and [75] for details). The general motivation behind such schemes is to force the annealing

algorithm to concentrate the greatest proportion of its iterations at the system’s critical
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temperature.

Szu & Hartley [91] suggest an alternative approach to improving the performance of the
annealing algorithm. Although using Geman & Geman’s [39] logarithmic cooling schedule
they propose using heavy tailed proposal densities, for example the Cauchy distribution,
as their Metropolis-Hastings proposal distribution. Such a procedure attacks the problem
from a new angle, attempting to improve the mixing of the proposal distribution sampling
algorithm, rather than developing problem specific annealing schedules. A similar philos-
ophy underpins the more complex algorithms developed throughout chapters 4 and 5 of
this thesis.

2.4 MULTI-RESOLUTION SEGMENTATION

It is well known that Markov Random Field models (MRF’s) express global relationships in
terms of local statistics. Thus most segmentation or sampling schemes operate at the local
level, updating sites iteratively, inducing long range interactions at the expense of much
computational burden. Multi-resolution techniques attempt to circumvent this problem by
providing a mechanism by which longer range interactions can quickly propagate through
the image model. The importance of long range interactions to Markov Random Field
theory, and particularly to image segmentation algorithms is a seminal concept of this

dissertation, thus multi-resolution approaches are of manifest importance to this review.

The multi-resolution approach generally adopted begins by establishing the model pa-
rameters a prior: at the highest resolution which is typically that of the original image. The
image is then repeatedly down sampled or ‘coarsened’ using some form of transform, while
fresh model parameters are estimated at each of these ensuing resolutions. Segmentation
is first carried out at the coarsest resolution through the use of a standard segmentation
algorithm. The resulting segmentation data is then used to initialise or constrain the seg-
mentation process at the next coarsest level. The scheme is repeated at each resolution

until a segmentation is achieved at the highest and original resolution.
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2.4.1 Renormalisation Group Theory

Multi-resolution algorithms have been derived from the statistical mechanical principles of
renormalisation group theory. The early objective of renormalisation group theory [19] was
to make possible the estimation of partition functions, thus facilitating the study of phase
transitions in various materials. The concepts behind renormalisation group theory can be
inferred by considering a one-dimensional Ising model in the absence of an external field.
If 01,09, ... represent the spins of a system with coupling constant J, then the partition

function may be expressed

In(J,T) = Z exp{ (o102 + 0203 + o304 + ....) } (2.38)
01,02,...,0N
where 3 = ,%T, k is the Boltzmann constant and 7T the temperature. By factoring this

expression and then summing over all the evenly indexed spins, the number of degrees of

freedom assigned to the model will be fractionalised:
In(LT) = > [exp{B(o1+03)} + exp{—p(o1 + 03)}]
T1,035 0N 1 (2.39)
X [exp{ﬁ(ag + 05)} + exp{—/p(o3 + 05)}} X
The next goal is to re-write this expression in an identical form to that of the original Ising
model, but now with only % spins. To achieve this define both a function f(J,T), and a

new coupling constant, then form the translation operation

exp{B(o; + o)} + exp{—p(0; + 0;)} = f(J,T) exp{f'oi0;} (2.40)
where ' = % To solve for these unknowns is simple (by considering the all possi-
ble values for o; and o;) and the resulting expressions are f(J,T) = QCOSh%(Qﬁ) and

g = %log cosh(23). Using these functions a recursive relationship between the partition

functions may be established:

Iy T) = Y f(LT) exp{foos} f(J,T) exp{Bos0o5} ....
01,0350 N—1 (2.41)
= f(JLT)2 Zu(J',T)

2
Such a function has been shown to exist for other models and in particular, for two-
dimensional lattice based Ising models (see [19]), but to observe how such an approach

might be useful in image segmentation the procedure must be generalised [41] [40].

Consider an image segmentation or restoration problem given an observed image y.

This requires the estimation of an underlying image x by maximisation of its posterior
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distribution p(x | y) = +exp{—H(x |y)}. If the image is defined on a lattice L) then
associate with this a Hamiltonian H") = H(x | y). The renormalisation of this model
will therefore involve an iterative coarsening, L() — L® — . — L) and a renormal-
isation group transformation which gives a consequent reassignment of the Hamiltonians
HY — H® — . — HW_ Additionally, for convergence criteria to be satisfied, con-
stants related to Gibbs distribution temperature are introduced into each Hamiltonian,
specifically 11,71}, ..., Ty, thus the progression from fine to coarse Hamiltonian is written
HY — HYy — o~ HY . where HiY = LH(x | y).

To derive recursive expressions for these Hamiltonian necessitates the identification of
a conditional probability relating realisations of the process x on different lattices. Thus,
by defining the conditional probability p™ (x(™ | x("=1) and integrating out the coarse
lattice values, the Hamiltonians can be related by the equation,

n n n n n— 1 n— n—
exp{ — Hf) 1, (<)} = 3 pM |x") exp{ = —-HETG (") (242)
x(n—1) n

Typically, p™ (x™ | x®~1) will be selected to be a product of Kronecker delta functions

across the lattices, i.e. p™ (x™ | x("=Y) = [Liczom 0 m n1)-

Given these conditions a generalised renormalisation group algorithm may now be de-

fined consisting of the following steps;

1. choose a coarsening process, define a set of conditional probabilities p(™ (x(™ | x("=1),
select values for the constants 73,71, ...,Ty and calculate the set of Hamiltonians,
(n)
HTl,...Tn(X(n))'

2. Find the global minimum x) of H%\f.)nTN(X(N)) and set n=N.

3. Find the global minimum of H}T:_l%nfl(x(”*l)) subject to the constraint,

p™ (}—((n) | X(n—l)) — {m(a)x} p™ (X(n) | X(n—l)) (2.43)

e.g. when using delta functions, ensuring corresponding pixels between lattices remain

identical.

4. If n =1 stop, else n =n — 1 and goto 3.

The specification of temperature constants 17,7}, ..., T governs the convergence of the

algorithm. If the conditional probabilities p™ (x(™ | x(*~1) are assumed to be uni-modal
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(as they self-evidently are in the Kronecker-Delta case) and the original Hamiltonian H (x)
is also uni-modal, then Thereom 2.1 of [41] shows that if 7}, T}, ...,Tx are chosen to be
sufficiently small then all the respective Hamiltonians have unique global minima and the
renormalisation group algorithm will find the true global minimum of H(x). In practice
the selection of temperature parameters is somewhat empirical, thus making any analysis

of the algorithm’s convergence properties somewhat irrelevant.

A further problem with such an algorithm concerns the difficulty in calculating the
necessary Hamiltonian functions using equation 2.42. However, Gidas [41] did apply the
algorithm successfully to the restoration and segmentation of binary images corrupted by
binary noise, thus giving an indication of the value of directly incorporating long range

interactions into the optimisation process for image segmentation algorithms.

2.4.2 GMRF Multi-resolution Models

Having explored the relationship between renormalisation group theory and multi-resolution
approaches to segmentation, it is interesting to observe that authors[14] [26] [62] [63] apply-
ing such approaches to practical imaging problems have in general relaxed the constraint
on the optimisation process at each level of the multi-resolution pyramid (given by equation

2.43) to produce more loosely defined algorithms, for example:

1. choose a coarsening process to generate the N-layer multi-resolution image pyramid and
calculate the associated set of Hamiltonians, using the a priori defined image model as a

basis.
2. Find the global minimum at the coarsest resolution, i.e. %) and set n=N.

3. Supply an interpolated realisation of X(™ as the starting point for an optimisation at the

higher resolution 7 — 1 which will yield (1

4. If n =1 stop, else n =n — 1 and goto 3.

The reason for this divergence from the renormalisation group theory is not at first
obvious. However, the issue of convergence is paramount: since the renormalisation group

approach requires the a priori specification of a set of temperature parameters whose values



2.4. Multi-Resolution Segmentation 27

are dependent on the Hamiltonian in question, its use for semi-unsupervised segmentation

problems is somewhat preclusive.

To examine the above processes in more detail, a method for coarsening the image must
first be established. There are two typically adopted approaches to lowering the resolution

of a random field[65]; sampling or decimation, and block to point transforms.

To illustrate the first of these two approaches, denote the highest resolution image

lattice as Q) then the sampling transform Q¥ Y = Q® is defined by P = xgz_l).

Alternatively the transform may be expressed in terms of the linear matrix equation x*) =
D(()k)x(o), where D(()k) is sparse and is defined as in [65]. From this notation the following
properties were shown in [65] to apply to the k’th resolution model: the covariance matrix
is given by ® = [DP)S@[D{M]T; the joint distribution is

1 1

P IR = s exp{ - 5 WWITEPIYOl 24y
s 2 +1 2

and the power spectrum is given by

k 1 0 M N
S}(/)(W) = ﬁ Z S}(/)(u}l—f—?Tl,WQ—Fﬁ

rcC k)

) (2.45)

where C®) = {r: 0 < r,r, <2¢ — 1} and S,(/O) (w) was given in equation 2.25. Although
equation 2.44 is that of a multivariate Gaussian distribution, the random field which it

k) is in general non-Markov. This may be elucidated by observing that the

represents, y(
new power spectrum cannot be re-written in the form of that found for a GMRF, i.e. that

of equation 2.25.

The block to point approach may be defined (see [65]) by the equation

=b Z $25+r + volk (2.46)

reB

where B = {r = [r1,r2]7 : 0 < 71 < 28— 1,0 < 2 < 2 — 1} and v{¥ is an i.id.
k

w o~
~

zero-mean, unit variance Gaussian noise process. Thus zs’ is Gaussian distributed with
variance v about the mean of the associated block of pixels at the higher resolution £ — 1.
The corresponding joint distribution and power spectra to equations 2.44 and 2.45 are

more complex than from the former case (again, see [65]).

To allow conventional GMRF segmentation or optimisation techniques to be utilised at
coarser resolutions Krishnamachari & Chellappa [62] [63] suggested a method by which the

non-Markov processes associated with coarser data obtained via the sampling mechanism
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might be approximated by further GMRF models. To achieve this, Lakshmanan & Derin’s
proposal [65] to minimise the Kullback-Leibler distance [8] between the exact non-Markov

model and a specified family of GMRF models was followed. Thus GMRF parameter

approximations may be obtained from the expression,

* 2 * : *

(18], oW ]) = arg min E,[logp(y) —logp™(y)] (247)
= A mox, E,[p*(y)] (2.48)

1 r :

= arg max, { 5 Z log(1 — 6% W)y — log o®

(6,0 h)7) sek)
1 O

Bl 0B | 2

where ¢y and ¢ were defined in equation 2.23 and ¢§’“> was defined prior to equation 2.24.
Thus the approximation of the GMRF parameters merely requires the computation of
moment statistics from the true non-Markov distribution and their substitution in the

optimisation problem given by the previous equation.

Alternatively, the Kullback-Leibler distance between local conditional distributions can
be minimised using a similar process (see [63]), resulting in analytical expressions for GMRF

parameters;

69 = [E[x.x, |7 E[ z.x,, ] (2.50)
"] = E[2? - [0W]'E[ 2L | (2.51)

where the autocorrelation terms at the k£’th level may always be written in terms of those

on QO Epu | :cgk)xgli)r | =E,of xéz)sxéz)(s+T) | and these were given in equation 2.27.
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Figure 2.6: GMRF Multiresolution Example (a-c) coarse to fine realisations of the original

image, (d-f) coarse to fine multiresolution segmentations, (g) single resolution segmentation




2.5. Semi-unsupervised Segmentation 30

Returning to the segmentation problem, having obtained GMRF parameter estimates
at multi-resolutions, it is necessary to address the consequences of the resolution transform
on the complete image model and in particular, on the MRF prior distribution p(x | ).
Typically this takes the form of a Potts model for which no similar recursive relation-
ship between realisations at different resolutions exists. Krishnamachari & Chellappa [63]
suggest choosing empirically specific values for the # parameters at individual resolutions.
They justify this by stating, “fortunately, segmentation results are not heavily dependent on
this parameter.” Although this most certainly is unlikely to be the case, hence the initial
requirement for differing hyper-parameter values at each resolution, experimental evidence
suggests there is some degree of transience to the § parameter value required to segment

similar types of image.

The results of applying such an algorithm are shown in Figure 2.6. The texture models
used were 24 parameter GMRF’s and parameter estimates were obtained a priori, at the
finest resolution. The image was subsampled twice to produce two coarser realisations and
GMRF parameters were obtained using the above methodology. The described segmenta-
tion algorithm was used with § parameters from the finest to coarsest of resolutions taking
values 1.6, 1.2, 0.8, respectively. For comparison, a segmentation of the same image using
a simulated annealing algorithm at a single resolution is shown, generated over an identical

number of iterations to the multiresolution example.

2.5 SEMI-UNSUPERVISED SEGMENTATION

If each region within an image is modelled by an individual distribution then at each site
one may assign a state which prescribes the particular distribution used to model the region
of which the site is a member. The observed image may be treated as a joint realisation
from a spatial process prescribing the juxtapositioning of these states on the image lattice
and also realisations from each of the regional model distributions assigned to each site.
Image segmentation can therefore be treated as an incomplete data problem [92] in which:
the intensity data y is observed; the state data x is missing or hidden; the set of model
parameters associated with each class oY) = {HEY), ¢ € A}, need to be estimated, as do

those parameters describing the distribution of labels on the underlying map, specifically
o).
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2.5.1 Maximum a posteriori approaches

Using the notation just outlined, the problem may be posed as an optimisation problem:
arg max p(x, 0% %) | y)

xeX, 6 e0), gcoX) (2.52)
p(y [%,0%) p(x | 69) p(6™)) p(6)

= arg max
xeX, 0V e@) 9gX)ceX)

Due to the modelling of the underlying state process by a Markov Random Field the
direct solution of the above optimisation problem is both analytically and computationally
intractable. This is due to both the complexity of calculating the partition function on the
prior p(x | O(X)), and due to the typically multimodal nature of the posterior distribution.

To overcome these problems, an approach often adopted estimates a partial optimal

*
?

solution [96]. The partial optimal solution {x*,8%)" %)} is defined by the following

equations:
X' = arg max p(y | x,0%7) p(x | 07) p(677) p(6°)  (2.53)
(S0 A * 9(Y) )
7] = arg Owr?eagy) p(y | x*, 0 ) p(@ ) (2.54)
Xy _ x| g(X) (X)
0 = arg O(Xr?eagx) p(x* | 8)) p(6™)) (2.55)

Superficially these equations appear identical to the criteria expressed in equation 2.52,
however their incorporation into an optimisation algorithm results in a process that may
well settle at a local minima in the objective function energy surface. Several approaches
have been adopted using the partial optimal solution criteria. These will generally fall
into one of two categories [96]; firstly, one in which the state configuration is optimised
according to some form of relaxation algorithm which is interrupted at regular intervals,
to update the maximum likelihood or a posteriori parameter estimates; or secondly, where

each of the optimisations in equations 2.53 to 2.55 are completed alternately.

An example of the first of these methods, commonly known as adaptive simulated an-
nealing (see Kato et al[60]) comprises a simulated annealing process for the optimisation
of equation 2.53 while concurrently updating the model parameter maximum a posteri-
ori estimates, conditional on the current realisation of the underlying field x. To prove
convergence to a partially optimal solution Lakshmanan & Derin[64] extended Geman &
Geman’s theorem [39] proving convergence for simulated annealing to show convergence in
an optimisation process with unknown model parameters. A temperature schedule T'(t),

was derived so that the optimisation process was guaranteed to reach a partially optimal
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solution in infinite time. The schedule was such that

lim (1) = 0 (2.56)
() > 1]0?5) (2.57)

where N is the size of the image lattice and A* denotes the maximum difference in lo-
cal conditional energy between values assigned to any two states given any surrounding

neighbourhood configuration.

Won & Derin[96] adopt a slightly different approach: realising that the maximum a
posteriori parameter estimates for each individual region model may often be expressed
analytically (particularly if using a Gaussian spatial process and assuming reference or

conjugate priors), the optimisation process of equations 2.53 to 2.55 may be simplified to

X' = arg max p(y | %07 (y,x)) p(x | 0) p(67)(y, %)) p(6°") (2.58)
Xy * | 9(X) (X)
0 = arg e(gleagx) p(x* | 8)) p(6')) (2.59)

where () (y,x) is the analytical maximum a posteriori parameter estimate. Having sim-
plified the process to two steps, an optimisation algorithm is then adopted that alternately
carries out the maximisation associated with equation 2.58 and then that associated with
equation 2.59. To achieve the first of these steps, a simulated or a deterministic annealing
process will be required. However, the second step often requires a less complex numerical
optimisation process, depending on the convexity of the surface. Typically gradient descent

methods suffice.

The estimation of hyper-parameters on the prior p(x | O(X)) is a complex issue. This
is due to the necessity of calculating the posterior probability to achieve the optimisa-
tion given in equation 2.59, which requires the evaluation of the Markov Random Field’s
partition function. Since this is computationally unfeasible, the pseudo-likelihood func-
tion is often substituted [11] [96] [64]. The pseudo-likelihood is simply the product of all

conditional distributions on the Markov Random Field, given the current realisation, i.e.

_ (X)
PL(X | B(X)) — H eXp{ U(Z‘S ‘ 4 ,an)}

(2.60)
s€Q ZmeA exp{—U(z | B(X)a Xy, )}

where U(- | -) is the local conditional energy function, €2 is the set of points comprising
the image lattice, n; denotes the neighbourhood structure at site s, and A is the set of

all possible states. An inherent problem with this approximation, which has to date been
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(b) (c)

Figure 2.7: (a) original image, (b) estimate conditional on = 1.2, (c) estimate condi-
tional on 8 = 1.861

neglected, is its tendency to break down under specific field configurations. This can be
easily observed if one assumes a nearest neighbour structure when considering an Ising
model for the prior distribution in the hierarchical model. The conditional energy function
is given by U(z, | 0% x,,) = B> ey, V(xs | ). where the potential function V(- | -)
takes values from {—1,+1} depending on whether the two labels comprising the second

order clique, i.e. x4 and x,, are assigned to identical or differing states, respectively.

Since there can only be four relevant neighbourhood configurations with respect to x;
(specifically, where either the state of zero, one, two, three or all four of the neighbouring

pixels differs from that of z;) the log prior on the underlying field will be given by

1
logp(x | 0x) = 46ng + 20n; +ny 10g§ — 20n3 — 460y (2.61)

— (no+na)log [ + e — (ng +ns)log [e? + e ]

where ng, ny, ng, ng and n4 reflect the frequency of occurrence of each neighbourhood
configuration within the current label field configuration. If one considers the case where 3
becomes very large, then the log prior probability will either tend to 0 or —oo, depending

on the existence of various configurations. More specifically, as 3 — oo,
1
logp(x | 0%)) — nylog (5) —4dngff — 8nyf (2.62)

This is illustrated in Figure 2.7 showing the segmentation of a Isotropic Gaussian Markov
Random Field. The results presented use the methodology adopted by Won & Derin[96],
described previously. Simulated annealing was used to optimise x and [ was estimated

using gradient descent methods. [ was initially set to a value of 1.2 and 2.7(b) shows
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the resulting optimisation for x. From this # was recalculated as 1.861 and a further
optimisation was obtained, shown in Figure 2.7(c). This configuration contains nearest
neighbourhoods where at least two pixels are identical to that at the centre of the neigh-
bourhood. Thus, the next estimate for 3 is unreliable since the posterior distribution for

[ has become improper: in fact  — oo.

Kato, Zerubia & Berthod [59] proposed several alternative methodologies for Potts

model hyper-parameter estimation. They noted that given a model,

p(x) = Z(lﬁ) eXp{ > 5(1’5,%)} (2.63)

§,TENs

then by setting a’é—(g) = 0, it is possible to obtain a maximum likelihood estimate (MLE)

for B by solving

> xex N (x) exp{—BN"(x)}
D xex exp{—ON"(x)}

(8) (2.64)

NZh(}A{) —
0

—7
op

where N (x) is the number of inhomogeneous neighbouring pairs or cliques in the MLE
of the image segmentation and X is the complete set of possible image segmentations.
The solution to this system is tractable because log Z(/3) is convex in 3 and the gradient
function may be approximated using stochastic relaxation [36]. Given the above equation
it becomes possible to either estimate the hyper-parameter a priori, or to incorporate a
hyper-parameter estimation step into an iterative segmentation algorithm: for example the

Iterative Conditional Expectation (ICE) algorithm?® is applied in [59] and [60]. However,

3The ICE algorithm is an approximate methodology which attempts to find parameter estimates in
the absence of specific data, e.g. x in the hidden data problem. Given an estimator eg(y,x), the ICE
algorithm finds its expected value with respect to the unknown data distribution, i.e. 0 = Ey [Sg(y, x)]
Since the distribution for x is conditional on 9, an iterative algorithm is defined by using the current

parameter estimate 0:
1. Set k=0 and choose an initial parameter estimate 9k
2. Sample n realisations x%,i = 1,..,n, from p(x | ék,y),
3. Obtain "™ by evaluating

. 1< :
0" = Bieoly,®)] ~ Ezee(y,ﬁ’)
=1

&

~k+1 ~k . . .. L .
If||@  — 8 || > & where £ is an arbitrary precision specifier for the estimator €g, goto 2, else stop.
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either process is likely to be computationally intensive since the estimation of N*(x) is of

comparable difficulty to evaluating the partition function of the process.

2.5.2 Expectation Maximisation Algorithms

To perform semi-unsupervised (i.e. the number of classes is assumed to be known a priori)
segmentation of image data, a method of concurrently estimating the underlying image
and any associated model parameters is required. Alternatively, the problem may be
viewed as one of parameter estimation from incomplete data. Following this approach,
the complete data comprises z = {y,x}, where y is observed and x is the underlying or
hidden component. Applying this to image segmentation, y comprises the observed noisy
or textured image and x is a lattice on which the segmentation of the image is defined. If
any prior knowledge pertaining to the hidden data and the relationship between observed
and hidden data is modelled by a distribution parameterised by the vector 6, i.e. p(z | ),

then the parameter estimation problem is one of estimation from incomplete data.

The Expectation-Maximisation (EM) algorithm was first proposed by Dempster, Laird
& Rubin[30] as an iterative maximume-likelihood procedure for parameter estimation from
incomplete data. The methodology has been extensively applied to the problem of image
segmentation [18] [66] [102] [47]. Since the EM algorithm yields maximum-likelihood pa-
rameter estimates but not necessarily a maximume-likelihood estimate for the hidden data,

the semi-unsupervised segmentation problem is often solved using the following algorithm.

1. Obtain an initial parameter estimate @, using an ad hoc procedure or an initial guess.
2. Use the EM algorithm to find the Maximum-Likelihood parameter estimate 6.

3. Use a supervised algorithm to obtain the maximum-likelihood or maximum a posteriori
estimate for the hidden data.

The EM algorithm is an iterative process where the £’th iteration consists of two steps.
The first of these finds an expression for the expected value of the log likelihood over the
hidden data x, given the previous parameter estimate. The second step maximises this
expectation over the parameter space. More formally, if £ denotes the current iteration,

the algorithm may be expressed
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E-Step:  Find the function Q(6 | é(k)) = Ellogp(x|0) |y, é(k)]

M-Step:  Find oY — arg maxg (0 | é(k))

When considering an MRF model the calculation of the expected value of the log-
likelihood function is computationally challenging. There are two commonly used method-
ologies: to use Monte Carlo methods to sample from the distribution, or alternatively to
use a soft decision approach. Chalmond [18] adopted the first approach: Gibbs sampling
was employed to generate realisations of the underlying Markov Random Field (or hid-
den data) as if drawn from the distribution p(x |y, é(k)); statistics were then generated
from these realisations to facilitate the required maximisation of the objective functions
comprising the second step. This method is computationally extremely inefficient since at
each iteration of the algorithm multiple samples must be drawn from the Markov Random

Field’s joint distribution.

Zhang et al [102] proposed a method based upon re-writing the model using soft de-
cisions for the underlying data. To achieve this the conditional Gibbs energy was rede-
fined, replacing the hidden label at site s, namely x,, with an indicator vector x;. Under
a hard decision criterion this indicator vector takes its value from a set of unit vectors

{eo, €1, ..., ex } whose unitary element designates the state assigned to site s.

To incorporate a soft decision framework into the algorithm the posterior distribution
must first be redefined to use indicator vectors. For ease of understanding, the case where
spatial independence is assumed initially for both the likelihood U(y | x,0)) and prior
V(x | 8%)) components of the energy function is first considered. The log posterior
distribution can be written

logp(x | y,0) = > {xI U,(5,16") + xIV,(09)} — logZ(y,0)  (265)
se)

A(k
It 0( ) is the previous parameter vector estimate, then taking the expectation of the above
equation over the state space for x, i.e. X, yields the appropriate function for maximisation
in the second step of the EM algorithm,

Q010") = SB[ 14,0"] (U, |8°) + V,(69)} — logZ(y,0) (266)

SEN

Here the i’th elements of the two vectors U,(y, | 0%)) and V,(8“X)) are given by

UD(y, |8%)) = logp(y, | x, = e;,0")) (2.67)
VOOX)) = logp(x, =e; | 6N) (2.68)

S
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Soft decisions may now be implemented by re-defining the indicator vector so that its ¢’th
. . . NG .
component at the k + 1’th iteration, specifically xgl) o , is equal to the i’th component of

the conditional expectation;

p(Xs =€, | Ys, é(k))

O 2 " (2.69)
ZjeAp(Xs = €y, ‘ Ys, 0 )
Thus,
A(F)
~ Xs = €, LR 0
E[xs | s, 0('“)] = > it 4,6 ") e; (2.70)
Ak)
1EA ZjeAp(Xs :ej7‘ y570 )
— x(k+1)

An obvious methodology now exists by which the quantity given by equation 2.66 may

(k)} to the normalised probability

be calculated, simply set all elements of the E[xs | vs, ]
p(xs = €4, | ys, é(k)). The expected value of the log-likelihood function may then be calcu-
lated directly using these probabilities. If an independent Gaussian distribution is assumed
for the likelihood function then the M-Step becomes trivial via simple calculus (relevant

formulae are given in [102]).

When considering a Markov Random Field prior on x € X the above methodology
breaks down. For example, consider the prior distribution on a Markov Random Field
with support over the nearest neighbourhood n; = {s+m, s+ 7, s+ 73, s+ 74}, with clique

potentials —3 and +/3. The conditional distribution is defined by the equation,

p(xs = e | {x,,7 €15}, 0(9”)) o< exp {f[2er — 1]' [Xgr, Xotrys -oos Xsiry) } (2.71)

The expression given by equation 2.69 no longer applies due to an implied conditioning
on neighbouring elements of x;. To overcome this problem Zhang et al [102] proposed
the use of the Pseudo-likelihood function [11] to approximate the partition function, while
conditioning on the previous estimate for x. The resulting expression that replaces equation
2.69 is therefore

(i)(k+1) A
s =

. (k) A(K)

i A Xs = €, s Xr T € 1)s 70
E Igz) | Ve, {ng)ﬂ“ c ns}’e(k)} _ p( | Yy { n } A)
,0

(k)
ZjEAp(XS = ej; | Ys, {X7("k)7T € 775} )
(2.72)
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(8)

Figure 2.8: (a) original image, (b) final segmentation, (c)-(g) the five final state proba-
bility planes

The expected log-likelihood function is now approximated by

Q16" ZE[ 1y 8740, r € ] (Ul 1 697) + Vo ({x, 7 € 0.}, 89) ]
ZlogZexp{eV X, ,TG?]S}HX)}
s€Q 1EA
(2.73)

For Isotropic and Gaussian cases the maximisation of this function is usually analytical
with respect to the likelihood function parameters. If not, various approximations based
on least squares estimates|68] or the Pseudo-likelihood may be used. Numerical proce-
dures based on the Pseudo-likelihood approximation will generally be required to find the
estimates of the Gibbs prior parameters. Results for the Isotropic Gaussian model are
shown in Figure 2.8. The five state planes are shown in Figures 2.8(c)-(g), each of which
comprise the elements of the final soft decision vectors across the whole image. These are
found to be poorer estimates of the original segmentation than that obtained by simulated
annealing via the Geman & Geman[39] approach, using the soft EM algorithm’s estimated

parameters (see Figure 2.8(b)).
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Interestingly, if the soft decision vectors are replaced by hard decisions then the re-
sulting algorithm would be identical to the Iterative Conditional Mode (ICM) algorithm
of Besag [11]. In fact the soft decision algorithm is related to the Mean Field approaches
adopted from statistical mechanics which will be discussed in the following section (section
2.5.3). Convergence is generally found to be better for soft decision algorithms as opposed
their ICM counterparts [102], however, as with all EM algorithms, convergence is only

guaranteed to a local minimum in the energy surface.

2.5.3 Mean Field Theory and Techniques

If x is an MRF then its joint probability may be expressed as a Gibbs distribution p(x) =
Z~ exp{—pU(x)}, where Z is the partition function and f§ represents inverse temperature.
The energy function can be written in terms of clique potential functions U(x) = >, Ve(x).

This leads to a mean value at site i given by

@) = 5 Snesw{ - [Z Vo) + 3 3 Vo) | 2.7

xeX JEN;

where N; is the first-order neighbourhood of site .

Mean field theory [19] concerns the evaluation of the mean field (x) over this distri-
bution. Justification for the use of Mean Field estimates in optimisation problems stems
from the fact that the Mean Field represents the minimum variance Bayes estimator for

x. This follows if the variance of field x from its centre X is expressed by

varg = > (x—%)’p(x) then Zvarz = 0 = x=3 xp(x) (2.75)

The mean field assumption maintains that the interactions between the spins (or states)
at all lattice sites and one particular site can be approximated by the force of a mean field
on the particle at that site. This results in an approximation to the energy function which is
site specific and can be divided into two components, one dependent, the other independent

of site 1, i.e.

UM (x) = U)oz (2.76)
= UM"(@) + Ul ((xaw) (2.77)

where U/™"(z;) is the mean field local energy at site i and UJ((xqy;)) is the remainder

containing all terms not involving x;. Derived from this equation is the mean field partition
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function,
zit = ) exp{-pU (%)} (2.78)
= iexp{—ﬂwﬁf’@(m + Ul ((xeu)} (2.79)
= ezp{—ﬁUNXn\i))} > exp{—pU " (x,)} (2.80)
= Z?fleexp{—ﬁU{<<x9\j;>} (2.81)

It follows that the mean value at site i, given by equation 2.74, may be approximated:

@)~ S aesp{=BUI (@) + U (e )] 2.5
_ ﬁzxiexp{—ﬁwﬂe(xi)} (2.83)

Hence the mean field assumption implies that the force on each site is only attributable to
the mean fields of neighbouring sites. The ability to calculate the mean field component at
site 7 in terms of its neighbours allows the complete mean field to be found using an iterative
update procedure. If the inverse temperature parameter [ is increased so that § — oo,
then the system will undergo an annealing process, converging to the MAP estimate. This
is known as Mean Field Annealing (MFA).

Geiger & Girosi[34] proposed a further approximation to the Gibbs energy function
which enables an estimate of the partition function to be generated. When considering
the potential at each site, fluctuations at neighbouring sites are ignored, hence the energy

function may be approximated,

Ux) = Y, (Vc(xi) + % > Vc(a:i,xj)> (2.84)

7 JEN;

= > (Vc(fci) + % > Vel <%’>)) (2.85)

i JEN;

This leads to a difference in the equivalent expression for equation 2.83: the value of the
second order clique potential functions becomes halved. The new mean field approxima-
tion effectively makes all variables independently distributed, hence its partition function

consists of a product of conditional distributions,

7 JEN;
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The similarity between this expression and Besag’s pseudo-likelihood function [11] is im-
mediately apparent, the only difference being the conditioning on mean values rather than
simply current states. However, the mean field assumption has an obvious and plausible
physical interpretation, while the pseudo-likelihood is at best an ad hoc approximation.
In fact it may be beneficial to view the mean field approximation as evidence for the
structure of the pseudo-likelihood, particularly in annealing applications. Here, the mean
field estimate tends towards that which would minimise the energy function as the system

temperature approaches zero.

The Mean Field approximation to the partition function may be used to derive further
site update equations of a simpler form to that of equation 2.83. This is achieved by
expressing the the mean value at a site ¢ in terms of the true partition function[34]. Then,
by substituting the Mean Field approximation to the partition function or alternatives, e.g.
the saddle point approximation[35], useful update equations or ‘Mean Field Equations’ may
be derived. For example, consider a typical Gibbs energy function,

Ux) = Y [(yi — a2+ S Ul xj)] (2.87)

i JEn;

where 7; defines a neighbourhood structure surrounding site ¢ and y; is the corresponding
observed data. Then the mean Z; may be expressed in terms of a partial derivative of the

partition function;

yi— & = %Z(yi—xi)exp{—ﬁz[(yi—xi)2+ZU(%%)” (2.88)

* JEM
_ 1 9 )
B ‘zg—zga—%exp{ 02 (=) +§U(:cl,:cj>]} (2.89)
1 07
T 28Z0y (2.90)
thus,
o 1 9InZ

By substituting one of the Mean Field or saddle point approximations to the partition func-
tion into the above equation, deterministic site update equations, or mean field equations

may be derived.
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2.5.4 Mean Field Annealing applied to the Weak Membrane Model

Mean Field Annealing (MFA) is particularly applicable to the weak membrane model as
the model’s energy function is expressed in terms of continuous gray scale values. Geiger
& Girosi[34] developed such an algorithm based on the mean field and saddle point ap-

proximations to the partition function.

The weak membrane model consists of three coupled MRF’s, one of which imposes
smoothness on the image, while the remaining pair constitute horizontal and vertical line
processes that locally decouple the smoothness field. Thus by defining: a lattice €2, indexed
by the pair (i, j); the observed data y; the smoothing MRF x; and the two line processes

h and v; then the energy function of the weak membrane model may be written
1
Ulxhv)= ) 257 Wig — 2ig)* + @iy = 2igea)* (1= vig) + (2ij — 2ig15)* (1 — hiy)]

+ kg Y
(2.92)

where fylh,j and 77, give the prior probabilities of the line processes. Hence, the higher
the value a line element takes from the real line segment [0,1], the greater the degree of
decoupling in the smoothness field between neighbouring sites. Recalling that the above
expression constitutes the energy function of a Gibbs distribution, Geiger & Girosi[34]
showed that the Gibbs partition function, i.e. Z = Z{X,mv} exp{U(x,h,v)}, may be

simplified by analytically evaluating the summations over the two line processes, giving

yu v
Z = Z { exp { — ﬂz e + Vi T} (2.93)
% H (1 4 e—ﬁ[z\(mi,j—xz’,j+1)2—’}'ﬁj}) (1 + e_ﬁ[)\(xi,j—xi-&-l,j)2_7;}7]']) }
i,J

Using a process similar to that described in the previous section, (see equations 2.87
to 2.91) the mean values of the model’s line process parameters can be written in terms of

derivatives of the original partition function,

P _laan 6 _l@an (2.94)

hi j ) %,
7 B 8%@' ! 54 ar}/zp,j

By applying these formulae to the saddle point approximation (i.e. . e U@

U@ _ () such that & = mingex U(x))

k e PU@  where k is a constant and & satisfies o
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for the partition function, given by equation 2.93 then the two mean fields h and v can
be calculated iteratively using closed form update expressions, comprising simple sigmoid
functions of the mean field x,

. 1 1

hij = 1 4+ B0 =M &i=2i,541)%] Vg = 1 + P07 =A@i—&it1,4)?] (2.95)

The validity of using such approximations may be justified via an alternative derivation,
see Appendix A. Here the mean values for the line process elements are evaluated without
using the saddle point approximation and are shown to be given by similar expressions,

1 1
thig) = <1 +eﬁ[’v{fj—/\(wij—wi,j+1)2]>x (o) = <1 +eﬁ['ﬁ’,j—/\(%—wi+1,j)21>x (2.96)

From these expressions it is apparent that the saddle point approximation is identical to
applying the mean field approximation to the expressions for the true mean values. Hence,

its use is justifiable.

If equation 2.93 is treated as the summation over a Gibbs distribution, then by max-
imising the energy function with respect to x, a set of equations are obtained which may
be used as the basis for an optimisation algorithm. More efficiently, if the mean field

approximation to the partition function is used, then by equating a similar set of partial

derivatives to zero, i.e. % = 0, a further set of update equations may be obtained,
5]
(i) = Yig FAC? (@i 1,5 ) (1=0i1,5)H@i 1) (Lhi ) H@ig1,5) (1035 )@, 1) (L—hi )] (2.97)

1A [(L—vi—1,5)+(1—hi ) +(1—vi 5 )+(1—hij-1)]

The results of applying such an algorithm are shown as Figure 2.9. For this experiment,
the line process hyper-parameters are both set identically: v* = 4¥ = . Figure 2.9(b)
shows the smoothed image corresponding to the MRF x, while Figure 2.9(c) combines the

horizontal and vertical line processes in a single image.

An extended Mean Field annealing process was applied to the optimisation of Com-
pound GMREF’s (CGMRF) by Zerubia & Chellappa[99]. The CGMRF[53] is similar to the
Weak Membrane model (see section 2.2.3) but allows the additional modelling of correla-

tions between neighbouring sites.

2.5.5 Mean Field Annealing applied to Image Segmentation

As described previously in section 2.5.2, the problem of image segmentation may be viewed
as one of parameter estimation from incomplete data. Frequently the Expectation - Max-

imisation(EM) algorithm [30] has been applied to such problems (see section 2.5.2). As
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Figure 2.9: Result of mean field annealing with an weak membrane model; (a) the original
image, (b) the estimated underlying image and (c) the combined horizontal and vertical

line processes. For this experiment v = 200 and A = 2.

described previously, the EM algorithm is an iterative maximume-likelihood procedure to
facilitate parameter estimation in incomplete data problems. Each iteration consists of
two steps: The expectation, E-step and the maximisation, M-step. The E-step calculates
the expectation of the likelihood of the hidden data given the observed data and current
parameter estimates. The M-step then finds the parameter values that maximise this

expectation.

However, the evaluation of expectation at each iteration comprises a major computa-
tional challenge, especially when considering a multivariate Gibbs distribution, such as an
MRF joint distribution. The use of mean field procedures to calculate the expectation
appears far more intuitive. Both the calculation of the Gibbs partition function and the
calculation of the expected log likelihood are directly addressed. However several difficul-
ties must be overcome. Throughout this chapter mean field optimisation processes have
only been described where the MRF energy function is defined on a continuous state space.
When considering segmentation or the hidden data problem, the state space or in this case

the label space is discrete.

When considering a deterministic algorithm, a particular area of concern is the likeli-
hood of settling in local minima. With mean field annealing on a discrete label space this
is a particular problem; it will always be possible to find certain spatial configurations of
pixels, that will remain stable when using local update equations such as 2.97, thus inhibit-

ing the progression towards a lower energy realisation of the field. For example, in the case
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(c) ()

Figure 2.10: Original Image (a) and final segmentation after 200 iterations of mean field

annealing using Potts models of varying support, (b) n=2, (¢) n=3, (d) n=4.

of a nearest neighbourhood MRF, the 4 x 4 pixel block forms a stable entity. However, by
expanding the support of the MRF, the problem may be largely overcome, as demonstrated
in figure 2.10, where the mean is effectively calculated over a larger area of the image and

thus likelihood of the the neighbourhood configuration probabilities balancing, recedes.

As described in section 2.5.2, Zhang[100] applied the Expectation - Maximisation(EM)
algorithm to image segmentation by incorporating soft decision vectors into the model.
Interestingly, because each soft state vector comprises elements that are indicative of the
state allocation probabilities (see equation 2.69) then by equation 2.71 these are in fact
mean field estimates. Hence, in this case the use of soft decision vectors and mean field

estimation is synonymous.

A further interesting concept introduced by Zhang[100] but not fully explained, is
the relationship between convergence and the annealing process. Traditionally, simulated
annealing is defined on a full Gibbs distribution p(x) = +exp{—7U(x)}, where Z is
the partition function and U(x), the free energy associated with the Markov process x.
Simulated annealing operates by sampling x from the Gibbs distribution while concurrently
lowering the system temperature. Convergence for a particular temperature schedule, was
proved in the limit when the number of iterations — oo, by Geman & Geman[39] (see

section 2.3).

Zhang[100] proposes an alternative algorithm where the Gibbs distribution is factorised
into likelihood and prior terms and annealing is carried out solely on the prior. Hence
denoting the observed data y, then the complete distribution is given by p(x | y) =
zexp{—Ur(y | x) — $Up(x)}, where UL(-) is the energy function corresponding to the

likelihood term and Up(x) is that of the prior. Temperature can only be lowered to



2.6. Unsupervised Segmentation 46

(d) (e)

Figure 2.11: Original Image (a) and final segmentations resulting from various types of
annealing algorithm. (b) simulated annealing the full Gibbs distribution, (c¢) simulated
annealing the prior only, (d) mean field annealing the full Gibbs distribution, (e) mean
field annealing the prior only.

unity and unfortunately no convergence proofs are available for such an algorithm but
convergence experimental results (see Figure 2.11) appear to demonstrate an improvement

in convergence for both mean field and simulated annealing algorithms.

2.6 UNSUPERVISED SEGMENTATION

Unsupervised segmentation is defined to be the segmentation of an image into an unknown
number of homogeneous regions. The use of an hierarchical image model, defined in the
introduction to this chapter, implies that unsupervised segmentation will consist of the
concurrent estimation of the number of regions, the model parameters pertaining to each

region, any Markov Random Field hyper-parameters and finally the actual segmentation.

The most obvious extension to the semi-supervised segmentation algorithms described
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previously, was pioneered by Won & Derin [96] and Langan et al [66] to facilitate the
estimation of the number of regions within the image. Using existing semi-supervised
segmentation algorithms they proposed individually optimising a set of models, each of
which was defined to model a specific number of regions. Then using some form of metric,
often based on information criteria, the most ‘probable’ model and consequent segmentation

could be ascertained.

A second and thus far more widely accepted methodology, consists of various two step
algorithms [68] [24] [76]. The first step is typically a coarse segmentation of the image to
ascertain the most probable number of regions. This is achieved by dividing the image
into windows, calculating features or estimating model parameters, then using a measure
to combine or cluster closely related windows. The resulting segmentation is then used
to estimate model parameters for each of the classes, before a supervised high-resolution
segmentation is implemented using some form of relaxation algorithm. Since the estimation
of regions is largely a feature based approach, these approaches will be discussed in more
detail in the following chapter which is dedicated to statistical feature based segmentation

methodologies.

To form an optimisation across the combined model space, a metric must exist to facil-
itate a comparison between models. The differing number of model parameters necessary
to define models of different order, (in this case numbers of regions) means that it is non-
informative to directly compare their maximum a posteriori probabilities, because each

model distribution is defined over a different model space.

To overcome this difficulty various authors [96] [14] [66] have proposed using model
likelihoods together with model fitting criteria. The concept was introduced to image
processing by Zhang & Modestino [101] who suggested using a mixture model and clustering
algorithm to ascertain the model order prior to segmentation. A criterion based on the
Akaike Information Criteria (AIC) [1] [84] was used, given by

AIC(k) = —2log(ML estimate for model k) + 2n(k) (2.98)

where k is the model order and n(k) is the number of independent parameters associated
with that model. The principle underpinning AIC is that of minimisation of the Kullback-
Liebler distance or cross-entropy between the true distribution and a predictive model
[44]. Due to its use of maximum likelihood estimates in the determination of a predictive
model, i.e. ignoring uncertainty in the model parameters, the AIC is non-Bayesian. The

formulation of the AIC fails to incorporate any dependency on the sample size, thus the
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AIC is found to be biased for problems of model order selection[55]; the probability of the

selecting the true model does not tend to unity as the sample size approaches infinity.

Bouman & Liu [14] applied this criterion to the unsupervised texture segmentation
problem using multiresolution techniques. A hierarchical MRF model was used with tex-
tures being modelled by autoregressive (AR) processes. The algorithm began by taking
the subsampled image at the coarsest resolution and dividing it into blocks. These were
then clustered into M different classes using a vector of sufficient statistics &, to form the
MLE for the AR parameter vector, denoted @y, If W, gives a weighting for the number of
blocks assigned to class k and Ay is the set of these blocks then the posterior distribution

for this allocation may be written

M
p(y7A17 Am | 0M7p) = Hp(gAk | Bk) p(Wk)
k=1
o exp{L(£,, | Bx) + Wi log pi} (2.99)

where, L(£, | 0;) is the energy function pertaining to the likelihood function for cluster
k, and pg is the parameter associated with a multinomial prior distribution for the weight
parameter Wy. However, the problem of estimating the number of classes or regions M, is
still poorly defined, thus Bouman & Liu [14] suggest the modification of equation 2.99 to

incorporate the AIC. This results in the model selection criterion
—2logp(y, A1, ...Au | 0, p) + 2MN,,, (2.100)

where Ny,, is the number of model parameters pertaining to the model order M. Using this
expression the number of classes M could be selected and the MLE’s of the AR parameter

vectors could then be used as the basis for a multiresolution segmentation algorithm.

The AIC is a single member of a complete family of model fitting criteria which have

the general form,
log L(k) — a(N) m(k) — b(k,N) (2.101)

where: L(k) is the likelihood for model k; a(N) is a function of the sample size (in this
case the image size); m(k) is the number of independent model parameters, and b(k, V) is
a joint function of the two. The AIC is formed by setting a(/N) =1 and b(k, N) = 0.

To overcome this problem various forms of information criteria have been proposed
based on Bayesian premises. These take various forms: Schwartz’s criterion [85] where
a(N) = LlogN and b(k, N) = 0; Kashyap’s criterion [58] where a(N) = Llog N and

- 2 - 2
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b(k,N) = log|B(k,N)| and B(k,N) is the Hessian of the k’th model likelihood eval-
uated at the MLE for the model parameters; finally, Rissanen’s criterion [83], where
a(N) = £ log (%) and b(k, N) = log(k + 1). Rissanen also suggested a further criterion,
often referred to as minimum description length (MDL) and given by a(N) = ;log N and
b(k,N) = 0. The formulation of this criterion is also asymptotically unbiased and has
intuitive appeal since it minimises the combined description length of both the model data

and parameters.

Won & Derin [96] approach the model selection problem problem somewhat differently.
Due to the complexity of the partition functions, model selection is achieved on the basis
of relative pseudo-likelihoods. Experimentally they observed that the above criteria tend
to overfit to the model and so an alternative penalty term was proposed giving a model

selection criterion,
log L(k) — N°m(k) (2.102)

where c is a preselected constant. They state that this criterion is empirical and is thus
somewhat arbitrary, (most obviously due to the need to prespecify the constant, ¢ ) but
observe that the criteria obeys the general form of equation 2.101. Won & Derin [96]
also state that,“although each of the above model criterion satisfies a specific objective,
they appear arbitrary, especially in comparison with each other.” Such difficulties provide
the motivation for the development of algorithms that make a direct comparison between
posterior probabilities, as opposed to the use of likelihood ratios and information criteria,
thus allowing any prespecified bias on the model order to be expressed, naturally in a

Bayesian framework in terms of a prior distribution.

One further approach to model selection was adopted by Langan et al [66]. The EM
algorithm approach, described in section 2.5.2, was used to optimise a set of different order
models, prior to a model selection process. The model selection criterion adopted was
postulated on the basis of empirical evidence, specifically, “the log-likelihood often exhibits
a rising exponential behaviour as a function of the model order.” Hence, the expected

log-likelihood function of equation 2.66 may be modelled by the expression
QO] 6,k) ~ ~[1 —exp{—ak}] (2.103)

where « and 7y are constants which are selected to minimise the least squares distance
between this model and the observed range of values across the model space. Given this

expression, the model order is selected that allows the log-likelihood to reach 90% of its
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rise, i.e.,

. —ak
k = arg min O.l—M

2.104
ISkSkmax eXp{_akmax} ( )

This approach appears to be as ad hoc as the more usual information criterion methods.
However, Langan et al [66] justify this methodology with experimental evidence, suggesting

that such a criterion yields improved results over those of a more theoretical nature.

These comprise just a few of the various information criteria used throughout model
selection literature, see [44]. Since the evaluation of their suitability for image segmentation
algorithms has been largely based on experimental evidence, the choice of criteria must be

presumed subjective for this application.

2.7 CONCLUDING REMARKS

The concepts of supervised, semi-supervised and fully unsupervised image segmentation
have now been formally introduced. In section 2.1 the criteria pertaining to these different
problems have been specified, allowing the issues to be formulated in terms of a fully
Bayesian framework, thus casting the various image segmentation issues in terms of the

specific optimisation problems.

The hierarchical model is composed of individual region models, each a Markov Random
Field (MRF). These region models are selected at each pixel by a labels which together
specify the complete segmentation. The interaction between labels and thus regions is
modelled using a further MRF.

Many types of models have been used to model image regions and textures, however the
Gaussian MRF, introduced in section 2.2.3 has proved the most popular among researchers
and thus this model will be used extensively throughout the remainder of this dissertation.
Ising and Potts’ models, used to model region interaction have been described in section
2.2.1. These, when combined with line or edge processes provide a powerful tool to model
image structure. However, their behaviour when varying system temperature, particularly

in the context of a simulated annealing algorithm must be treated with care.

Existing algorithms developed to implement the supervised, semi-supervised and fully

unsupervised image segmentation processes have been described in sections 2.3, 2.5 and
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2.6, respectively. Many model optimisation and parameter estimation techniques have
been applied throughout the literature to hierarchical MRF models: Gibbs sampling; the
Iterative Conditional Modes (ICM) algorithm; multi-resolution techniques; adaptive simu-
lated annealing; the Iterative Conditional Expectation (ICE) algorithm; the Expectation-
Maximisation (EM) algorithm; soft-decision vectors, and finally, the theory of mean fields.
Unfortunately none of these techniques has proved to be globally convergent due to a ten-
dency for both deterministic and stochastic optimisation algorithms to become stuck in
local energy minima. However, results have proved encouraging and if a mechanism can
be established which would allow an optimisation process to escape such local minima, a
robust segmentation process would be ascertainable. This is the main motivation for the

research presented in chapters 4 and 5 of this dissertation.

Approaches to the problem of estimating the number of regions or unsupervised seg-
mentation were outlined in the previous section. However these have relied on the use
of various information criteria, the choice of which is somewhat arbitrary. An alternative
philosophy would assume a non-informative prior for model order and then define a poste-
rior distribution over the combined model space. Thus both model parameter uncertainty
and any prior knowledge concerning model order could be encompassed naturally in the
problem formulation. The establishment of a mechanism which would then allow the joint
MAP estimation of model order, parameters and segmentation using such a model is a

central theme to chapters 4 and 5.



Feature Based Segmentation

3.1 INTRODUCTION

One of the fundamental methodologies of texture segmentation was developed by Geman

et al[37] and is based on the following premise;

“it 1s well known that human’s perceive ‘textural’ boundaries between regions of ap-
proximately the same brightness because the regions themselves, although containing sharp
intensity changes are perceiwed as ‘homogeneous’ based on other properties, namely those

involving the spatial distribution of intensity values.”

The philosophy underpins a large collection of existing texture segmentation algorithms,
all of which generate a feature vector at each point in the image by evaluating spatial
properties over a surrounding region or window of pixels. Much previous effort has been
spent trying to ascertain the principle components of a, in some sense, optimal feature

vector for texture classification.

Perhaps the most obvious source of features are those derived from a prespecified image
model. However, there are several other sources of interesting feature: for example, local
spatial statistics derived from cooccurrence matrices and also, features derived from spatial

filtering.

An approach widely adopted throughout image processing literature involves the use
of two-step segmentation algorithms. The first step of such an algorithm achieves a coarse
segmentation through the use of unsupervised segmentation or clustering techniques, based
upon the derived feature vectors. Parameter estimates can then be obtained from the coarse
segmentation which can be used as the basis for the second step, a supervised segmentation

procedure, often comprising of a stochastic relaxation algorithm of the type described in
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the previous chapter, see section 2.3.

The three main types of features outlined above and their associated segmentation and
clustering algorithms will be examined in more detail in the following sections, specifically:
section 3.2 discusses the use of statistics derived from image models; local spatial statistics
are described in section 3.3, and wavelet and in particular Gabor filtering approaches to
texture segmentation are reviewed in section 3.4. Finally, some conclusions pertaining to

the usefulness of the various features and clustering algorithms are drawn in section 3.5.

3.2 MODEL BASED STATISTICS

As suggested in the chapter introduction, if a model is postulated for the image in ques-
tion, then the most obvious feature vector will comprise the model parameter estimates
themselves, since by definition, these will form a lossless feature set with respect to our
prior knowledge. Throughout the literature, hierarchical GMRF’s are commonly chosen as
region models. Having selected a set of features, some form of classification process is still
required to obtain the desired segmentation. As described in the introduction these often

comprise two-step procedures. Such algorithms will now be examined in more detail.

Having chosen the GMRF model parameters as features, Manjunath & Chellappa [68]
propose segmenting textured images using a two-step algorithm: their first step uses these
features in a coarse segmentation process; the second step, takes further parameter esti-
mates using as a basis the newly obtained coarse segmentation and achieves a fine-scale
segmentation using a model based supervised segmentation algorithm of the type described

in the previous chapter, section 2.3.

To achieve a coarse segmentation the image is initially divided into a number of non-
overlapping windows, for each of which feature vectors are calculated. As described,
each feature vector comprises estimates of the GMRF model parameters, specifically Eb =
(1,62, 9] Least squares parameter estimates are used, which although compromising the
stability of the estimated model, allow the estimates to be obtained with minimal compu-
tation burden. Adopting the GMRF model of section 2.2.3 with W as the N x M window

of pixels and defining v, =y, — 1, s € W as the observed data normalised for mean, then
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the GMRF parameter estimates are given by

Qs = [y8+717y87T17y5+7'2>y577'27 "'7y5+7n7yS*Tn]T (31)
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A normalised distance is defined as a difference measure between the two feature vectors

for the windows ¢ and j:

~
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Various forms of clustering algorithm incorporating this measure can now be implemented

(@lk
(1

to arrive at a coarse segmentation. For example, Manjunath & Chellappa [68] suggest
finding the maximum distance between feature vectors in the image, here denoted d,, 4,
then allocating pixels i and j to the same cluster if and only if d(;, &Sj) < pdpae- Unfor-
tunately this requires pre-specification of the clustering parameter p, to set the degree of

separation required in the measure that would allow the generation of a fresh cluster.

Such an algorithm is effective when segmenting images composed of large regions with
distinct clusters, see the simple experiment shown in Figure 3.1(a-d), however, if the clus-
ters are poorly defined then the algorithm performs poorly, see Figure 3.1(e-f). Another
problem with adopting such a methodology stems from the necessity of using windowing
to estimate model parameters: more detailed images, consisting of numerous small regions

will be more difficult to segment.

To improve clustering performance Nguyen & Cohen [76] adopt a similar but more
sophisticated approach. They apply an unsupervised soft decision or fuzzy variant of the
K-means algorithm. The Fuzzy C-means algorithm [31] is a soft clustering algorithm that
attempts to partition the data {z;,i = 1,2, ..., N} into C clusters on the basis of a set of
feature vectors {f;,i = 1,2,..., N}. The final partition is expressed as an N x C matrix,

denoted U, whose elements u;; are indicative of the probability of the data x; belonging
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Figure 3.1: Results of using Manjunath & Chellappa’s [68] algorithm on a gray-scale
image where each region may be parameterised by ¢ = [u,0?]. Figures (a)&(e) give the
original images, (b)&(f) the corresponding histograms, (c¢)&(g) the coarse segmentations
and (d)&(h) the fine-scale segmentations.

to cluster 7. Hence u;; enjoys the conditions

N
uy > 0 (3.6)
7j=1

C
=1

The C-means algorithm is configured to optimise the following objective function,
N C
In(U, V) = > undy, (3.8)
j=1 i=1

where V is the set of cluster centre vectors v;, d;; = ||v; — v;|| is generally the Euclidean

distance in feature space and m is an arbitrary constant, pre-selected from [1, c0).

After selecting: m; C; the distance measure || - ||; choosing a stopping threshold &; then

randomly initialising the matrix U — UW | the following iterative algorithm can be used
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(b) (c)

Figure 3.2: Results of using Nguyen & Cohen’s [76] clustering algorithm on a gray-scale
image where each region may be parameterised by ¢ = [, 0?]. Figure (a) is the original

images, (b) the correct coarse segmentation, (c) the misclassified coarse segmentation.

to carry out the required optimisation:

(1) set n=1
(2) calculate the n'th set of cluster centres V™, given the matrix U™, according to
Zj\le “;?fj(k)

vi(k) = N m
j=1"ij
(3) update u™ — u™*Y for each ; by setting
1 . .
ulj:ﬁ If{lidij:()}:@,
qu:l (%JL) m—1

uij = 1forj:dij:(),uij = OdeZJ#O If{ldlj:()}?é@,
(4) if U™ —UCHD|| < ¢ then stop else set n = n + 1 and goto (2).

Here, the matrix norm in step (4) might take the form,

U =TI = ming ) — g ™),

Such an algorithm appears to exhibit improved convergence over the hard K-means
version, however, there is no guarantee of convergence to the global mode: as with many
optimisation algorithms there is a significant chance of reaching and remaining at a local
minimum. A specific and common example occurs when data comprising a true C* clusters
converges to a C* — 1 cluster realisation by effectively averaging means across two separate

clusters, see Figure 3.2.

To extend the C-means algorithm to provide unsupervised clustering, a plausibility

measure is imposed giving an indication of the quality of fit of data to the current C
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Figure 3.3: Results of using Nguyen & Cohen’s [76] unsupervised clustering algorithm
on a gray-scale image. Figures (a,d) the original images, (b,e) the associated gray-scale
histograms, (c,f) the corresponding values for measure given in equation 3.9 for 1-8 classes

or regions.

clusters. Adopting the above notation, the measure is given by

M(U,C) = Z’“;:lcN C;VE(’{) (3.9

where Ng, is the number of elements in cluster C; and
min;; 1 d*(ve,, Ve,)

S e, Plve, ve,)

['(k) = (3.10)
where d(ve,, ve;) is the Euclidean distance between the centres of clusters C; and C;. The
application of this criterion to the fuzzy C'-means clustering algorithm is demonstrated in
Figure 3.3. The measure is tested on two images with low (a-c¢) and higher noise (d-f)
variances. The measure peeks as if fitting to a Gaussian mixture distribution. However,
in the second case this represents a misclassification since the number of regions is under-
estimated. The most obvious reason for this discrepancy is that despite using windowing
to estimate model parameters, the spatial element to the data is under-utilised by the

algorithm.
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Panjwani & Healey [78] propose an algorithm which overcomes the problem. They
propose a somewhat ad hoc clustering scheme that utilises the spatial relationship between
windows. The algorithm comprises four steps: first the image is split into a set of non-
overlapping square windows; next these are split iteratively until the data in each window
obeys a homegeneity measure across it entirety, or else the window sized reached is the
minimum allowable, in this case a 4 x 4 pixel area; next, a conservative merging algorithm is
applied which allows like and also spatially adjacent windows to cluster into larger regions;
finally, a ‘stepwise optimal merging algorithm’ causes the further merger of clusters until a

stopping condition is reached.

The initial splitting process takes a square window, denoted s and splits it into four if
the distance between the model parameter estimates calculated across its entirety (i.e. the
mean ps and the covariance matrix 3;) and any of the model parameters estimated from
each of the four segments, s1, s, s3 and sy, exceeds a specific preset threshold (e, or €,).

In the case of the two covariance matrices, the measure used is the Ly norm.

Before describing the merging processes a measure must first be defined which enables
the comparison of the homogeneity of data within windows before and after merging. The
criteria chosen in [78] is a ratio of pseudo-likelihoods: specifically, if the merger of regions
k,l — m is considered and PL(s; | 1, X;) denotes the pseudo-likelihood of the i’th region,

then the required ratio is given by

PL(sk | e, i) PL(sy | 1, )
PL(sm | ftms Eim)

The resulting criteria for the merger are, firstly the combined region must be deemed

Rpp(k, 1) = (3.11)

homogeneous using a test similar to that used in the splitting step, and secondly the
pseudo-likelihood ratio must be less than a pre-defined threshold. All regions in the image

are iteratively considered for merger until no further merges are possible.

The final step, known as stepwise optimal merging continues the merging process. Re-
gions are combined if they satisfy the following condition: (k,l) = argming; Rpy(k,).
Thus, even though this can cause the joint pseudo-likelihood over the complete image to
decrease, further merges are allowed. The process continues until a stopping criteria is
met: i.e. until (R — R%) > «, where R%, (+) is the pseudo-likelihood ratio for the n’th

merge and « is a pre-defined constant.

The arbitrary setting of the various thresholds and a stopping parameter required by the

segmentation process causes a large degree of supervision to be implicit in the algorithm’s
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implementation. However, the utilisation of spatial adjacency in the clustering process

represents an advance over the previously discussed windowing-clustering algorithms.

3.3 LOCAL SPATIAL STATISTICS

Texture features derived from local spatial gray-level statistics are among the most widely
used throughout the texture segmentation literature, for example: crop discrimination
using synthetic aperture radar imaging [87]; texture discrimination in ultrasound images

[74], and more generally in application of remote sensing [48].

A representation of such statistics, coocurrence matrices, was brought to prevalence by
Haralick et al[46] and Haralick[45]. Cooccurrence matrices consist of elements indicative
of the relative frequency of occurrence of two gray-level values at a specific separation on
the image lattice. To obtain spatial data at each pixel site within an image, cooccurrence
matrices are calculated over a windowed region surrounding each pixel site. The need
to generate several different matrices (dependent on the number of displacements being
considered) at each pixel location within the image represents a massive processing task.
However, as demonstrated by Hickman et al[48], by applying parallel processing techniques,

the procedure may be speeded up considerably.

The generation of each matrix facilitates the calculation on many statistics. Several
studies have been undertaken to find the most amenable subsets for particular types of
problem. These include a study by Soares et al[87] where the applicability of such statis-
tics was considered with reference to crop discrimination from SAR (synthetic aperture
radar) images. The features considered in the study comprise energy, entropy, contrast,
local homogeneity, correlation and Chi-square. If each element of the cooccurrence matrix
is denoted p(i, j),, where 7 indicates the displacement between the two pixels under con-

sideration and ¢ and j are the two gray-scale values in question, then the listed features
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may be expressed as follows,

Bnergy =} > p(i,j); (3.12)

Entropy = - ZZP(%])T logp(iaj)T (313)

Contrast = Z Z(z — )?p(i, 5)~ (3.14)

Local Homogeneity = Z Z . f irj)r (3.15)
(1—4)2
Correlation = Z Z (= ) = 12)plis ) (3.16)
—~ = 0102

Chi-square = ZZM (3.17)
= < p(is)r p(, )
where,

H1 = ZZZP(Z;)T 2 - Z]j p(?])”r
o1 = \/ZZ(Z — p1)? pli;-)r 02 = \/Zj(j —)? p(,4)r
p(i, ')T = Zj p(i>j)7 p(':j)T = Zip(imj)T

(3.18)

Although these measures are not mutually independent, (they generally can be considered
correlated with each other) they do represent measures of meaningful and differing textural
entities. Energy (or angular second moment) measures uniformity of texture. Entropy
measures image disorder and is thus inversely correlated with energy. Contrast may be
thought of as a measure of mean gray-level difference between pixels separated by the
displacement 7. Contrast is also strongly uncorrelated with second order statistics, such
as energy. Local homogeneity (or the inverse difference moment) measures uniformity of
texture and thus may often be inversely correlated with contrast. Correlation measures
any linear dependency between displaced pixel pairs and is thus typically uncorrelated
with energy and entropy. Finally, the Chi-square statistic may be thought of as a pairwise
energy term that has been normalised to relative occurrence of individual pixel values. It

is therefore self-evidently correlated with energy.

The computational demands of calculating such features gives a practical concern: a
trade off is required between the number of gray-scale levels considered (i.e. the dimension

of the cooccurrence matrices) and the size of region from which each matrix is generated.
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To allow a reasonably accurate measure of each region’s statistics, the number of gray-scale

levels must be significantly less than the number of pixels.

The family of local spatial statistics was extended by Geman et al [37] to incorporate
further spatial statistics, what were termed isotropic and directional residuals. Such statis-
tics were chosen on the basis of empirical evidence and thus are somewhat ad hoc. Examples
of such statistics include: the isotropic residual obtained when comparing a central pixel
value with that of the perimeter pixels of a window, and the directional residuals obtained

when differencing a central pixel with its horizontally or vertically adjacent neighbours.

Local spatial statistics are often used but neglecting one fundamental concept: there
is an effective trade-off between localisation of boundaries between textures and the size
of window needed to generate reliable statistics to differentiate between textures. This
problem lies at the heart of many image processing problems but with the exception of
Gabor Filtering in the spatial-frequency domain (see section 3.4), has yet to identify formal

or optimal solutions.

3.3.1 Image models based on Local Spatial Statistics

The incorporation of local spatial statistics into an image model has been achieved by
several authors, most notably by Geman et al [37] and Kervrann & Heitz[61]. The approach
generally adopted uses a derived cost function from the local spatial statistics, which is
combined with the energy function of a Potts’ model on the hidden states or segmentation.
The maximum a posteriori segmentation of the associated Gibbs distribution may then

found, thus casting the segmentation as an optimisation problem.

To elaborate further, a regular lattice Q) is first specified, on which the underlying
or hidden image labels are defined x = {z,,s € Q(X)}. Each pixel is assigned to one of
K states, hence 3 € A = {0,1,...., K}. The observed image gray-scale values are defined
on a different lattice QY); y = {y,, s € Q¥)}. The distinction between the two lattices is

(X) being specified at a coarser resolution

important: they will differ in resolution, with 2
than Q7| thus allowing the assignment of segmentation labels to blocks of observed pixels,

rather than to single pixels.

To compare neighbouring blocks of observed pixels, for example blocks yp, and yp,
(where Dy denotes sites forming the block corresponding to site s in the coarser lattice

QX)) Geman et al[37] introduce the disparity measure ®,,(y) € {+1,—1}. This utilises
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the local spatial statistics, discussed in the previous section, to assess the degree of simi-

larity between the two blocks of observed pixel data.

The disparity measure commonly used to define distance between two gray-scale dis-
tributions is the Kolmogorov-Smirnov statistic. To specify this, consider two sets of data
vi) = {vg), vgl), . véll)} and v(? = {v?), véz), ey U,%)}, then two sample histograms may
be formed Fi(t) and F;(t), such that F;(t) = ni#{k v < t} where #{-} is the ‘size of set’
operator. The Kolmogorov-Smirnov distance can now be defined as simply the maximum

distance between these two distributions over t;

d(v v?) = —ootE o0 |1 (t) — Fa(t)| (3.19)

The Kolmogorov-Smirnov statistic has an obvious invariance property: it is invariant to
strictly monotonic transformations of the two sets of data, and is thus the independent
of the underlying distributions. Since histograms of gray levels are often insufficient to
distinguish between different textures, several transformations are employed (for example
the residuals described in the previous section might be calculated) to extrapolate various
spatial statistical properties from the pixel data. Denoting these transformations of the
datay = {y®M,y®@ ..., y™} the disparity measure ®,,(y) can now be derived by forming
a function of the individual Kolmogorov-Smirnov distance measures applied to these trans-
formed data sets. This final disparity measure takes the value +1 if any of the n distances

exceeds a preset threshold, ¢ and —1 otherwise. More formally,

uly) = 20(ldlyh).yh) > al@ A5 yE) > alo ..o e y5) > el ) - 1
(3.20)

where @ denotes the ‘logical or’ function and §(-) is the Kronecker delta function.

Kevrann & Heitz[61] adopt a different approach: they compare the distribution of
a block of observed pixels with each of the distributions of pixel data as assigned by
the current segmentation estimate. Hence, by using the current estimate underlying seg-
mentation x, histograms indicative of the pixel distributions corresponding to each of the
different states may be generated. The comparison of histograms uses an identical method-
ology to that just described, hence Kevrann & Heitz’s disparity measure may be defined
Q(y,x) € {+1,—1}.

To model interactions between segmented regions, thus promoting structure in the seg-
mentation estimate, priors are assigned on the segmentation. These will typically take the
form of a Potts model type MRF and thus require the definition of a neighbourhood struc-

ture 7, and the assignment of a corresponding potential function ¥, ;(x), thus defining the
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degree of coupling between adjacent segmentation variables. The sum of these potentials
together with the defined disparity cost measure gives the Gibbs energy function associated
with the posterior distribution for the Kevrann & Heitz model,

Ukn(xy) = Y UE(x) + 2,(x,y) (3.21)

ses,ten,

Geman et al use a similar regularisation function but define their posterior energy to be
the sum accross the lattice of the products of the site specific potentials and disparity
measure. This difference in energy function structure requires the potentials to take a
different range: for the Geman et al model the function takes strictly positive, ‘penalty’,
values but the Kervrann and Heitz model allows negative values to encourage particular

clique formulations.

One final and novel concept, introduced in [37], is the application of a further penalty
term V' (x) to the prior on x. This additional term is a function of the number of occurrences
in the image model realisation of forbidden configurations of states, usually defined to be
both small regions and narrow regions. If A governs the strength of such a term then the
full their energy function is given by

Usx,y) = D U5(x) ®uu(y) + AVil(x) (3:22)

seS,ten,

3.3.2 Feature Based Relaxation Algorithms

Having described how local spatial statistics may be incorporated into an image model
using smoothing functions of the types described in the previous chapter, the mechanisms

by which they might be optimised are now examined.

Although not addressing the problem of estimating the optimal number of regions,
Geman et al [37] developed an algorithm that allowed boundaries to be detected between
regions of differing gray-scale or texture. This approach was extended further by Kervrann

& Heitz[61] who developed a fully unsupervised segmentation algorithm.

As described in section 2.3 Geman & Geman[39] had already shown that Gibbs sampling
and simulated annealing form a powerful tool for finding the global mode of a multivariate
distribution, proving convergence to the global maximum as the temperature parameter of

the distribution is slowly lowered to zero, but in infinite time.

However, the introduction of the penalty term V' (x) in equation 3.22, constrains the

optimisation to a subset of all configurations, i.e. X* C X or more explicitly X* = {x :
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V(x) = miny V(x')}. This reduces the optimisation to the maximisation of

exp{—-U(x)}
D xex- exp{-U(x')}

By constructing a non-homogeneous Markov chain {x;,k = 0,1, ....} through the use of

IT*(x) = 6(x € X*) (3.23)

the Gibbs sampler and the target distribution
exp{—Tik[U(X) + MV (x)]}
Y wex xp{=7 [U() + AV (x)]}

and by defining schedules for temperature and penalty function parameters so that 5 \,

Hk (X) =

(3.24)

0, \p o0 ;\—: < alogk, where « is an arbitrary constant and k& indicates the iteration
number, Geman et al [37] showed that the asymptotic distribution of z(k) will be uniform
over the solution set of the constrained optimisation problem. Alternatively, by defining
the two schedules as prescribed, then as k& — oo, the sampler will draw from a set of values

comprising just those which satisfy the constrained optimisation problem.

This constraining of the energy minimisation of optimisation is extremely useful since it
removes many local minima from the energy surface. These minima are typically caused by
the symmetry of the neighbourhood structure 1, as encountered previously in section 2.5.5.
For example, if one prescribes a nearest neighbourhood structure to the prior model then
self-evidently, if two of the neighbours of a pixel belong to one state and the other two to
another, then our prior knowledge says the central pixel is equally as likely to belong to one
state as the other. Such a conditioning on a nearest neighbourhood causes configurations
comprising 4 x 4 pixel blocks to be extremely stable. This is an inherent problem for
deterministic optimisation algorithms but is not necessarily fatal in stochastically driven
algorithms, e.g. simulated annealing. However, the incorporation of Geman et al’s [37]
penalty term can remove these anomalies, thus improving convergence of an optimisation

algorithm.

To achieve unsupervised segmentation Kervrann & Heitz[61] augment the state space
A with an additional state p, which identifies an class specifically for outlier data. Thus
if the state-space currently comprises K states, then the augmented state-space will be
A=1{0,1,...K — 1, p}. Conditional energy functions for each of the first K states may be

formed from equations 3.21 or 3.22 and will be of similar form to
U(zs | %y, ¥p,) = @(ws,yp.) + BT (25 [ %) + A V(ws | x,,) (3.25)

However, for the outlier class a probability measure indicative of a large disparity between

the histogram of surrounding states and each of the current state histograms is required.
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(b)

Figure 3.4: (a) Gray scale pattern with colour dependent additive Gaussian noise, (b)

segmentation.

This can be defined by a parameter ¢, which governs the likelihood of the allocation of

pixels to the outlier class. The resulting conditional energy is given by
U(Is | anst) = /6 \IlgtH(xS | an) + )\ V(xs | an) + ¢ (326)

Thus a large value of ¢ indicates a high level of disparity needs to be incurred between
the histogram of surrounding pixel data and that of all the state histograms before a pixel
is allocated to the outlier class. Alternatively, a high value of ¢ disfavours the creation of

new states.

The incorporation of an outlier class facilitates the implementation of a somewhat ad
hoc unsupervised optimisation process. Explicitly: begin with a single state, i.e. set K = 1;
assign a high value to the temperature parameter; set the penalty parameter A to a low
value; then, carry out an annealing process to segment the image into states 0 and p. If
any of the connected regions labelled by p cover more than a pre-designated area of the
image then assign them to a new state, i.e. 1, (thus increasing K — 2) but leave any

remaining small regions assigned to the outlier class p.

This process can be repeated iteratively, resetting the temperature and penalty param-
eters at each stage before carrying out fresh annealing processes. When no new states are
generated, the algorithm can be expected to have converged and any small outlier regions
can be removed by carrying out a further annealing run after randomly reallocating these

sites to the existing K classes.

Such an algorithm is difficult to implement. Many parameters have to be pre-specified,

for example: all parameters implied in the specification of the annealing schedules; the
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Figure 3.5: (a) texture mosaic synthesised using a GMRF model, (b) associated seg-
mentation based on contrast transforms, (c) contrast transform based on the cooccurence
matrix defined over translation [+1,+1], (d) contrast transform based on the cooccurence

matrix defined over translation [+1, —1]

size of regions over which cooccurrence matrices and other features are generated; the size
of regions over which the KS distances are calculated; the values of the disparity measure
thresholding parameters {cl, 2, ...,¢,} (from equation 3.20); the parameter ¢, governing
the probability of assignment to the outlier class, and finally, the exact specification of
penalty function. Many of these parameters are hard to specify due to the final optimisation

being extremely sensitive to their value.

The performance of these algorithms is demonstrated in figures 3.4 and 3.5. Parameter
values used in the first experiment (figure 3.4) were § = 1.2, ¢ = 0.2 and with the threshold
being set to 0.12 for the KS distance on the raw gray-scale data. For the second experiment,
(figure 3.5), two transforms of the gray-scale image, both of contrast (given previously by
equation 3.15) but from different cooccurrence matrices generated over the two transforms
[+1,4+1] and [+1, —1] were used. The associated parameter values were § = 1.3, ¢ = 0.8,
with thresholds ¢; and ¢y being both set to 0.45 against the KS distances generated from
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each of the two sets of transformed data. In both experiments the penalty term was defined
over 7 x 7 pixel blocks and a penalty was incurred if less than one quarter of these pixels

matched the central state.

These results demonstrate the great weakness of all segmentation algorithms based
on derived features: the necessity for windowing causes discrepancies to occur at region
boundaries because of an implied trade-off between the accuracy of texture identification
and the precision of their spatial localisation. An approach designed to be jointly optimal

in terms of these conflicting criteria is described in the following section.

3.4 THE MULTI-CHANNEL FILTERING APPROACH TO

TEXTURE SEGMENTATION

The multi-channel filtering approach to texture segmentation has been developed from our
understanding of the human early vision system. This has evolved through a series of
psychophysical experiments. Initial models of the early vision system were postulated on
the basis on the assumption that the process was composed simply of feature detection in

the spatial domain.

Campbell and Robson[17] were the first to propose a multi-channel model of the early
vision system. They found that the level at which the human visual system could differ-
entiate between square and sinusoidal gratings was far lower than would be expected if
the vision system processed all frequencies similarly. They thus realised that the level at
which differentiation occurred corresponded to that at which the higher harmonics reach
their own threshold and hence they envisaged a system at which channels acted effectively

like bandpass filters.

De Valois et al[95] presented data showing that macaque monkey cortical cells have
localised responses in the two-dimensional spatial-frequency domain, making them orien-
tation selective. Daugman[27] used this to show that existing theories for receptive field
profiles did not match this data and then suggested that a sinusoidal signal modulated by

a Gaussian envelope might possess the desired properties.

Marcelja[71] showed that a one-dimensional Gabor function fitted the response of a



3.4. The multi-channel filtering approach to texture segmentation 68

single cell of the visual cortex in both spatial and spatial-frequency domains. Gabor’s[33]
fundamental result was quoted, showing that the product of a one dimensional signal’s
time duration and bandwidth, known as its joint uncertainty, is limited by a lower bound
(see Papoulis[79] for a proof) and that this lower bound is only reached by a particular
family of signals which comprise a sinusoidal signal modulated by a Gaussian envelope.
The importance of this feature to the visual cortex was first recognised by Marcelja: ‘the
simultaneous maximal localisation in space and spatial-frequency’. This resolved the ill-
founded debate between parties arguing that the visual system comprised a linear process
in either the spatial or spatial-frequency domain, since the Gabor transform would cause

a linear process in one domain to imply a linear process in the other.

Daugman|28] extended Gabor’s results to two dimensions establishing a two-dimensional
uncertainty principle and finding the family of functions that reach the associated lower

bound, explicitly a sine wave modulated by a two dimensional Gaussian envelope.

These results are crucial to the problem of texture segmentation. To achieve reliable
texture segmentations through filtering, functions that are short in spatial duration are
required to allow accurate localisation of boundaries. However, to differentiate between
similar textures, it is desirable to use filters with small bandwidths. By using the two-
dimensional Gabor functions derived by Daugman|28], the optimum trade-off between

variance in the spatial and spatial-frequency domains is reached.

Turner[94] used Gabor filter banks to discriminate between areas of different texture.
Filters were chosen with different orientations and frequencies to select features in the
spatial-frequency domain of the differing textures. Turner [80] also obtained an important
result showing that neighbouring cortical cells comprised identical Gabor functions but
differing by 90° in phase. It is apparent that by forming the Euclidean sum of the two

filter outputs it is possible to generate a phase insensitive filtered image.

A thorough review of texture segmentation using Gabor filter banks was undertaken
by Bovik et al.[15]. Various patterns of filter banks on the spatial-frequency domain were
tried and the filtered images were improved by post-filtering the outputs using a two-
dimensional Gaussian filter to remove ripples induced by borders between textures in the

original image.

Several formulations of Gabor filters have been used to perform texture segmentation.
Bovik et al.[15] used complex Gabor filters. The two-dimensional impulse response of an

even-symmetric Gabor filter defined on a plane whose co-ordinate system is denoted (z,y),
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Figure 3.6: (a) Impulse response and (b) spatial-frequency response of a Gabor filter with

0 ° orientation and centred at 7 cycles per image width.

is given by
1 Z]ZZ 2
h(z,y) = exp {—5 [; + %} + 27m'u0:c} (3.27)
@ y

which comprises the modulation of a complex planar sinusoidal waveform, frequency wuy,

by a two-dimensional Gaussian envelope defined by the parameters o, and o,.

The two-dimensional Fourier transform yields the spatial-frequency domain represen-
tation which is often referred to as the modulation transfer function since it defines the
scaling or modulation of each frequency component occurring in the input image. It is

given by

(3.28)

where 0, = 1/270, and 0, = 1/270,.

Jain & Farrokhnia[52] use symmetric real valued filters comprising the real or cosine
part of a complex Gabor spatial impulse response function. This reduces the number of
filters required by a factor of two, however the filter outputs are no longer phase insensitive
so post-filtering with a Gaussian filter becomes essential. The spatial and spatial-frequency

domain impulse responses of such a real valued Gabor filter are shown in figure 3.6.

Multi-channel filtering of an input image requires a filter bank capable of extracting
various orientations and frequency components occurring within the image. Several au-

thors have approached this problem by covering the spatial-frequency domain with various
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Figure 3.7: Half peak spatial-frequency domain coverage of a set of 12 daisy petal Gabor
filters.

daisy petal patterns[52][81][69][29], where each ‘petal’ consists of a Gabor filter modulation

transfer function (see figure 3.7).

Such an arrangement is arrived at by considering each filter’s half-peak frequency band-

width B,, and orientation bandwidth By, each given by

21n2
B, = log “OH n2)>on (3.29)
(2In2)z0,

(2In2)3 0,
B, = Qtan—1< 1 m) (3.30)

Here the frequency bandwidth is defined in octaves. The allocation of centre frequencies

- [N

for neighbouring rings of filters has typically been specified in an ad hoc manner. For
example, Jain & Farrokhnia [52] set the ratio between centre frequencies of each ring of
filters to a value of two. The number of different orientations chosen varies between four
[15][52] to six [69].

Post-filter processing is required to remove ripples induced by the convolution of the
filter’s impulse response function with edges and boundaries within the input image. Jain
& Farrokhnia [52] used a nonlinear function which effectively saturates or thresholds the
filter output, minimising any ripple. The resulting image is then divided into overlapping
windows and for each window, the absolute mean or ‘texture energy’ is computed. The
window size is critical since the larger the window the more exact the energy measure,
but the less accurate the texture boundary localisation. A Gaussian window is suggested

whose spatial constant is given by, 0 = 0.5N/ug, where N is the image width.
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(a) (b) (c)

Figure 3.8: (a) Brodatz Texture Mosaic, (b) result of K-means segmentation without
including (z,y) coordinates in the feature vector, (c) result with the inclusion of (x,y)

coordinates.

To complete the segmentation algorithm, the filtered images can be used to form el-
ements of feature vectors. The vectors may then be used as inputs to a classification
algorithm, for example, Jain & Farrokhnia [52] use a variant of the K-means algorithm. A
major problem with such a technique occurs when boundaries within the image and slight
non-homogeneities in the textures cause spurious miss-classifications. To overcome this,
Jain & Farrokhnia [52] extend the feature vector to include (z,y) coordinate information,
thus ensuring their algorithm favours circular regions. This improves results for typical
Brodatz texture mosaic tests (as can be seen from figure 3.8) but it is easy to see that such

a bias would make the processing of real-world images impracticable.

3.5 (CONCLUSIONS

The segmentation techniques discussed throughout this chapter have relied upon the use of
various features indicative of gray-scale statistical and textural local content. The range of
features is diverse: model based statistics; local spatial statistics, for example those derived

from coocurrence matrices, and also statistics derived in the spatial-frequency domain.

Algorithms that utilise these features take two general forms. Either clustering tech-
niques are applied, which in the unsupervised case requires the pre-specification of at least
one thresholding parameter, or a regularising Potts model is optimised whose energy func-

tion includes what is effectively an external field component, dependent on such features.
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The algorithms appear insufficient for satisfying the most general of unsupervised crite-
ria. There are several reasons for this: firstly the use of windows to calculate features will
mean that small outlier regions will be unrepresented in feature space; the implied trade-off
between window size and localisation of region boundaries is generally sub-optimal; finally,
many clustering algorithms fail to utilise fully the spatial relationship between their asso-

ciated windows in the image.

However, these algorithms often prove far less computationally intensive than their
model-fitting counterparts of the previous chapter. The generation of features is often an
efficient process, thus an important theme of chapter 5 is the specification of a mechanism
by which such features might be used to speed up both a model selection and optimisation

process.



Unsupervised Segmentation Algorithms

4.1 INTRODUCTION

The approach to unsupervised segmentation presented here! comprises a Markov Chain
Monte Carlo (MCMC) algorithm to sample from the posterior distribution so that simu-
lated annealing may be used to estimate the MAP solution. This methodology is similar to
that used in [39] to segment an image using an hierarchical MRF model with parameters
known a priori. Here the method is extended so that the sampling scheme and hence the
MAP estimate is not just over the segmentation of the image into classes, but also the

number of classes and their respective model parameters.

For simulated annealing convergence criteria to be met, a sampling algorithm is required
that is capable of exploring the entire model space. More formally the associated Markov
Chain should be irreducible with respect to the target distribution, see section 2.3 for more
details. Hence, to achieve optimisation over a set of models the sampler will need to move
throughout the combined model space, i.e. jumping between models. The reversible jump
algorithm [43] is used for this purpose and it is introduced here in the context of the more

general model selection problem.

The unsupervised segmentation algorithms presented in this chapter have advantages
over those feature based algorithms reviewed in chapter 3: no windowing is required to
estimate region model parameters, thus there is no limitation on the minimum size and

shape of pictorial elements; there is also no trade-off between accuracy of spatial localisation

!'The work included in this chapter was presented at the ‘International Workshop EMMCVPR’97,
Venice, Italy’ and sections concerning the unsupervised segmentation of Isotropic MRF’s were published in,
‘Lecture Notes in Computer Science’ [5]. Additional sections concerning unsupervised texture segmentation

using Gaussian MRF models will appear in, ‘Pattern Recognition’ [4].
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of features and discrimination between textures; no thresholding is required thus there is
no necessity to set ad hoc prior parameter values; finally, spatial data is inherent in the
Bayesian model framework and as the algorithm presented here forms a direct optimisation
process for this model, this information is utilised fully, which was not the case in the

various feature based clustering algorithms considered previously.

The algorithm’s MCMC methodology removes the necessity for an exhaustive search
over a subsection of the parameter space. This ensures an improvement in efficiency over
algorithms described in section 2.6: these require separate optimisations to be carried out
for each model before a model order selection is made. The process used here also eliminates
the necessity for the use of information criteria for the comparison of models. Here the
difference in model spaces and measures is compensated for in the sampling algorithm
and thus direct comparison of posterior probabilities is possible. Also, the structure of
the posterior distribution allows the natural integration of any prior knowledge concerning

model order.

The remainder of this chapter is divided as follows: the next section introduces the prob-
lem of Bayesian model selection applied to the hidden data problem; section 4.3 describes
how the reversible jump sampling algorithm can be utilised to explore the corresponding
posterior distribution; section 4.4 defines the image models used throughout the chapter;
the posterior distributions for the noisy image and texture models are derived in sections
4.4.1 and 4.4.2; section 4.5 describes the algorithms employed to sample from these distri-
butions, the segmentation process or allocation of class labels to pixel sites is given, as is
the sampling scheme for noise and MRF model parameters from their conditional densities;
the method by which reversible jumps are incorporated into Markov Chains to enable sam-
pling of the number of classes into which an image might be segmented is then described
and this process is detailed for both noisy and textured image modes; experimental results
for the resulting algorithms are presented in section 4.6 and the chapter is concluded in

section 4.7.
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4.2 BAYESIAN MODEL SELECTION AND THE HIDDEN

DATA PROBLEM

The problem of unsupervised segmentation using a hierarchical MRF model is a subset
of the group known as hidden data problems [92]. In section 2.6 and throughout the
previous chapter non-Bayesian unsupervised segmentation strategies have been examined.
These have chiefly consisted of using information criteria to compare different models or
using various clustering algorithms. All of these existing methodologies require ad hoc
prior information, (in the case of information criteria the choice of their exact form has
proved somewhat subjective while the unsupervised clustering algorithms require various
thresholds to be specified a priori) thus it would appear beneficial to pose the unsuper-
vised segmentation problem in a Bayesian framework, where any prior information can be

naturally combined in the model’s general form.

By way of introduction, before examining how model selection can be posed in a
Bayesian framework and how model selection might be implemented in the case of the

hidden data problem, the somewhat simpler case of parameter estimation is first outlined.

Bayesian parameter estimation concerns the problem of finding the best fit parameter
values to some observed data, given a specific model. To achieve this, an initial assumption
concerning the choice of a criterion for such a selection must be made. If the primary
objective is to choose a parameter estimation process that minimises the average probability
of miss-classification then by application of the zero-one utility function? the Bayes decision
procedure will be to choose the parameters that maximise the a posterior: probability, i.e.

the maximum a posteriori (MAP) estimate.

More specifically, consider the case where: the model structure, M is known and pa-
rameterised by 1p; data is observed and given by y; a likelihood p(y | ¥, M) and a prior
density p(¢p | M) are specified; then the problem of MAP parameter estimation is given
by

~

Y = argmaxm(y | M,y) (4.1)
where

_ ply [, M) p(p | M)
T IMY) = Ty T M) plap | M) 0

%i.e. the cost of choosing the correct parameters is zero, but choosing incorrect parameters costs unity

(4.2)
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The denominator of the above equation forms the predictive distribution p(y | M) and
can in general be ignored when considering the task of MAP parameter estimation. More
importantly however, the predictive probability provides a basis for assessing the com-
patibility of the observed data with the assumed model M and thus with the modeller’s
predictive beliefs. With this observation the problem of model selection can now be ad-

dressed.

To begin, the optimisation problem must first be framed: thus adopt the notation
{M® 'k € k} to denote the finite set of possible models, &, then for every model define
an associated parameter vector and space, 1,b(k) € \Il(k); the resulting possible MAP model

selection criteria are

l%,zjb(k) = arg  max 7w(yp® M® |y) (4.3)
kEl‘-‘,,’l/)(k)E‘I’(k>
ko= argmax/ (™, M®) | y)dep®) (4.4)
ker MRS 1)

To evaluate these expressions, the posterior density p(¢p*), M®) | y) is required;

p(y | ), M®) p(xp™ | MP) p(MP)
D ker Jpmepm P | P, M®) p(ap® | ME)) p(MEB)) dap®)
(4.5)

m(p®, ME) | y) =

To apply this paradigm to the problem of unsupervised segmentation using a hierarchi-
cal model requires the definition of a hidden state matrix x, on which the segmentation will
be defined. Since the ultimate goal is to achieve an optimal segmentation then the joint
MAP estimate criterion of equation 4.3 is preferred. The resulting optimisation criterion
is therefore,

b % = arg max  a(xp® M® |y) (4.6)

ker,ypFle® ) xeX

where the posterior distribution is given by

m(p®, M®) x|y) =
p(y | %, 9% M®) p(x | ™ MP) p(ap® | ME) p(MP)
D ker Jup®rep® Doxex P | x, P M®) p(x | ™ M®) p(ap® | ME)) p(M®B))dep®)
(@7)

The examination or estimation of this posterior distribution with a view to achieving

the optimisation described in equation 4.6 is the subject of the remainder of this chapter.
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4.3 REVERSIBLE JuMP MCMC AND THE HIDDEN DATA

PROBLEM

To sample from the posterior distribution given in equation 4.7 a mechanism is required
that allows movement over the combined model space. The sampling process is an extension

of that of the well known Metropolis-Hastings algorithm.

The Metropolis-Hastings algorithm is dynamic Monte Carlo method whose transition
kernel is constructed to be both reversible and to ensure the existence of a pre-specified
invariant distribution. Since detailed balance is a sufficient to ensure reversibility and
the existence of an invariant distribution, it forms the basis of the Metropolis-Hastings

algorithm.

If w(z) is the desired target distribution and p(z,dz') is the probability density func-
tion for the transition from x — 2/, then detailed balance is the condition such that,
fim(dz) [yp(z,da’) = [,m(de’) [, p(a’,dx). As shown in Appendix B, if the transition
kernel is specified, p(z, dz’) 2 q(z,dx")a(z’, x) where q(x,dz’) represents a proposal den-
sity for the transition from x — 2’ and «(z', ) is an acceptance probability for that move,
then the condition for detailed balance can be satisfied. To achieve this the acceptance
probability or acceptance ratio must be defined so that
m(dx")q (2, dx)
7(dx)q(z, dx')

(4.8)

a(z';z) = min|l,

It should be noted that to calculate the acceptance ratio the probability of proposing the
reverse transition ¢(x,dz') must be calculable. This limits possible proposal distribution

functions and has important repercussions when considering the model selection.

To apply this algorithm to the problem of model selection and in particular, the hidden
data problem, requires the ability to move between model spaces and more specifically: the
need for comparison of models defined on model spaces of differing dimension; compensa-
tion for changes in probability measure associated with these different model spaces and
finally, a method by which the hidden data may be re-allocated to incorporate a change
in state space. The resulting algorithm is the reversible jump sampler developed by Green
[43].

The reversible jump sampling algorithm will now be outlined, however a proof of de-
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tailed balance for the algorithm is presented in appendix B. If we consider the unsupervised
hidden data problem or unsupervised hierarchical image model optimisation problem, as
defined by equation 4.6 then a sampler is required that is capable of exploring the posterior

distribution, equation 4.7.

The reversible jump sampling algorithm is comprised of various birth and death pro-
cesses which facilitate the movement between model spaces. If the current label space
A = {0,1,2,...,n — 1} then a birth will increase this space to A = {0,1,2,...,n—1,n}
and a death will decrease it to A = {0,1,2,...,n —2}. With these changes the parameter
space will also expand or shrink in dimension. The reversible jump sampler of Richardson
and Green [82] which is applied to the problem of estimating the number of components to
a Gaussian mixture distribution, given some observed data represents a particular hidden
data problem. Here births are treated as a splitting processes (i.e. a particular Gaussian
is split into two) and deaths as mergers (i.e. two Gaussian distributions are merged to
form one). There is no inherent reason why moves should be limited to this particular
subset, but justification for their selection might be through their comparative ease of

implementation and through their effectiveness as observed in experimental evidence.

The splitting of one state ¢ into two, ¢l and ¢2 requires the expansion of the parameter
vector ¥ = [, ¥y, ..., Py, s Vp_y] = YT = [0, %y, s, Yooy oy P,). Since these
parameter vectors are of differing dimension there is no possibility of directly constructing
a Markov transition kernel to implement such a move. The solution is to pad these vectors
with extra components which take the form of random variables. Hence if e and e™
represent two random vectors and #(-) is the operation ‘dimension of’, then the padded
vector must be such that, #([@b, e]) = #([¢+, e+]).

The next step is to construct an invertible function to map between extended parameter
spaces; [t e"] = f([¢,e€]) and [¢p,e] = f~'([¢p",eT]). Thus the new parameters ¢+
may be generated by drawing the random variables e from their respective distributions
and substituting them, together with the old parameter values 1 into f(-). The mapping

function between old and new parameter spaces must be such that the Radon-Nykodym
(Yt et)

B(%.e) > 0.

Derivative [13] of the two measures be non-zero, i.e. ‘

When the new parameters have been generated, the hidden data, labelled with state
¢ needs to be re-allocated using a random sampling approach to ¢l or ¢2. The procedure
is limited to the selection from these two states since in the calculation of the acceptance

ratio for the sampler, the reverse transition probability must be calculable; in other words,
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if we were considering a merge process from cl, c2 — ¢ then we would have to be able to
calculate the probability of the opposing split; this would only be possible if the splitting

process was limited to assigning states cl or ¢2 in a random manner.

The preceding steps fully describe the proposal generation step of the reversible-jump
algorithm when applied to the hidden data problem. The acceptance ratio is now calcu-
lated as in the Metropolis-Hastings algorithm. However, there are some extra terms the
Radon-Nikodym Derivative (taking the form of a Jacobian Determinant) is included which
compensates for the difference in probability measures between the proposed and original
models. If we proceed with the above notation, then if y is the observed data, x and x*
are the two hidden data vectors before and after the split, then the acceptance ratio for

the split is given by

mt(dx",dyp" | y) q(x",dx | ) gq(de’) g(merge) ‘3(1#*,6*)
m(dx,d |y) q(x,dxt | ¢T) g(de) q(split) | O(¢,e)

where: the first term comprises the ratio between posterior probabilities; the second, that

min |1,

} (4.9)

between the reverse and forward hidden data allocation probabilities; the third, the ratio of
the probability of generating the random vectors corresponding to the reverse and forward
mapping functions; the fourth, the ratio of the probability of merging over that of splitting,
and the final term is the Radon-Nikodym Derivative between the two model probability

measures.

To summarise, each splitting iteration of the reversible jump algorithm will consist of

Six steps,

1. generate the two new parameter vectors 1., 9., by drawing e from the respective pro-

posal distribution and applying the function [¢",e"] = f([¢,€]),

. +
2. calculate the ratio qéde )

ey from the values obtained in step(1),

3. calculate the Radon-Nikodym Derivative of f(-) using the values obtained step(1),

4. reallocate the hidden data labelled with state ¢ to the new classes c1 and ¢2 according
to the distribution ¢(x, dx* | ™),

q(xt,dx|vp)

5. using the values obtained in the previous step, calculate the ratio dodet )

6. calculate the overall acceptance ratio according to equation 4.9 and accept or reject the

proposal based upon this value.
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When considering a merge, the same process is followed but applying the opposite
transitions or calculations at each step. The acceptance ratio is consequently the inverse

of that of equation 4.9.

4.4 IMAGE MODELS

This section introduces the notation for the Hierarchical Markov Random Field image

models used throughout the remainder of this dissertation.

Let © denote an M x N lattice indexed by (7, 7) so that @ = {(i,7);1 <i< M, 1 <
j < N} Let [Y =y] ={Y; = ys; s € Q} be the observed gray-scale image where
pixels take values from the interval (0,1]. Then let [X = x] = {X; = z5; s € Q}
correspond to the labels of the underlying Markov Random Field which have values taken
from A = {0,1, ..., k—1}. This notation is lengthy and so will be shortened for convenience

to x = {z,; s € Q}, from now on.

If n, defines a neighbourhood structure at site s, then let the vector of random variables
which are the labels that comprise that neighbourhood be x,, . Similarly, let p, define a
second, usually different neighbourhood structure at site s but let this be defined on the
observed image y, so that y,_ is the vector of pixel gray-scale values over that neighbour-
hood. Further, let all model parameters be included in the parameter vector ¥. If a Gibbs
distribution is used to model the likelihood of observing the image y given the label field
x, and to model all a priori knowledge of spatial correlations within the image and label
fields then the conditional posterior distribution for an observed pixel gray-scale value and

class label at site s, given the two neighbourhoods is,

p(ysa'rs | yps7XnS,¢) X p(ys | Ypswxsf‘b) p(Is |X77s7¢) (4'10)

1

X 76)(}){ - U(y&xs | Yosr Xns> ¢)} (411)
P(yos, Xns, ¥)

where U(-) is the energy function and I'(-) is the normalising function of the conditional
distribution. If the parameter vector is divided so that ¥ = [{¢.,c € A},~], where ¢,
corresponds to a vector of model parameters defining the likelihood of observing the pixel
value y,, given its neighbourhood y,_ and label z;, and -y, corresponds to a vector of hyper-

parameters defining the prior on the label lattice x, then the conditional distribution may
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be factorised so that

p(ys, w5 | Yosr Xnss P) o p(ys | yPs7¢xs) p(s ’an>'7) (4.12)
1
X S — exp{ - Ul(ys | Yos» Ts, ¢;1:S)

F(Yﬂs 71/"1'3 Xns 7)
~ U(ae | %, )} (413)

When considering the entire image the joint distribution takes the form of a Gibbs
distribution whose partition function (or normalising function) is usually too complex to
evaluate making it infeasible to compare the relative probabilities of two different MRF
realisations. An approximation to the Gibbs distribution that allows an absolute prob-
ability for an MRF realisation to be calculated is the Pseudo-Likelihood, introduced by
Besag[10] and discussed earlier in this thesis (see section 2.5.1, equation 2.60). The Pseudo-
Likelihood is simply the product over the complete image €2, of the full conditionals, each

given by equation 4.13:

PL(y.x|9) = [Ir@s 21y, xi. ) (4.14)
sEN
1
- gp(%) exp {~U1(Ys | Ypo: s, Pa,)} (4.15)

exp {_ ZSEQ Us(s | Xns» ’7}
Hsen ZceA exXp {_UZ(C ‘ Xns 7}

where I'(¢, ) is the normalising constant associated with the likelihood for the observed

(4.16)

pixel value given its neighbourhood configuration and label.

By applying Bayes’ theorem, an approximation to the posterior distribution for the
MRF image model may now be formed using the Pseudo-Likelihood. To expand this such
that it is also a function of the model order (or number of label classes) k, proper priors

must be defined for all the model parameters. The distribution can then be written

PL(y,x | ¥*) p, (k) p.(v®) TI'2 pe(o,)
Sk Sy feweaw PLy x [ 99) pu(k) pe(v®) 15 pr(@e)
(4.17)

px, ™ k| y) ~

where @b(k) indicates the set of model parameters of the &£’th order model, A®) is the state
space for each element of the hidden data x, and ¥ is the k’th order hyper-parameter
vector. Here p,(-) indicates a prior distribution. It is possible to incorporate various

information criteria [66] [96] into the posterior distribution by writing the compensatory
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terms into the prior for model order k. However, the results presented in this dissertation

were obtained using non-informative or reference priors.

The Isotropic and Gaussian MRF models used as the basis for segmentation algorithms
throughout the remainder of this chapter both take Potts models as their prior distribution
on the label field x. The differences between the two models occur in their likelihood
model for the observed pixel gray-scale data given the label configuration. The principle
difference comprises the lack of conditioning on neighbouring pixel gray-scale values in the
Isotropic model, thus ensuring its rotational symmetry. To introduce further notation the
two models are defined in more detail in the following two subsections, but for a more

detailed discussion of the properties of the GMRF, refer to the earlier section 2.2.3.

4.4.1 The Isotropic Markov Random Field Model

The Isotropic MRF model is used to model an image consisting of regions of constant but
different gray-scales corrupted with an additive, zero mean, i.i.d. noise process, whose

variance may be dependent on the underlying gray-scale value.

For each pixel, the likelihood of its gray-scale value given its underlying label, is given
by an Gaussian distribution whose parameters are dependent on the label class. Hence,
the gray-scale values of the pixels comprising a region labelled as a single class ¢ may be

considered a realisation of an i.i.d. Gaussian noise process whose parameter vector is given

by ¢, = [pe; 0c]-

The Potts model chosen to model a priori knowledge of spatial correlations within the
label field and incorporates potential functions defined using both singular and pairwise
cliques on a nearest neighbour type neighbourhood. If the hyper-parameter vector is
~v = [{aec € A}, 3] then the approximation to the posterior density given in equation
4.17 may be written,

px, ™ k| y) =~ H\/W { . (ys—uxs)Q}
exp {— ¥ ea (0n, + 8 V(wsxy,)) }

" Tco Zeeaw exp {= (04 5 V(e.x,,)))
< pe(B) pe(k) TT  prlie) pr(oe) prlc) (4.18)

where Z is the normalising constant between differing models and V (¢, x,,_) is the potential

function at site s when xy = ¢. Throughout this chapter the potential function is defined,
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Vie,xy) = izt@?(c @ x), where @ is an operator defined to take the value —1 if its

arguments are equal, otherwise +1.

Non-informative or reference priors are chosen for the noise model parameters to ensure
the observed intensity data dominates any prior information incorporated into the model.
Uniform priors are selected for { i, ;¢ € A®}, 8 and k. For {o,, Ve € AW} the reference
priors may be found using Jeffrey’s formula for non-informative priors [8]. Normally these
priors are improper, but here their range is restricted to allow normalisation and ensure

that the criteria for model selection is valid.

4.4.2 The Gaussian Markov Random Field Model

The Gaussian MRF (GMRF) is commonly used to model images comprising textures char-
acterised by their spatial correlation. The image model used in this paper is hierarchical
with individual textures modelled by GMRF’s and the interaction between the regions

comprising these textures, by a Potts Model (as was used in the Isotropic case).

The ¢'th GMRF may be parameterised by its covariance matrix 3. and mean vector
p.. If the y. is the pixel gray-scale vector and its dimension is N,, then this leads to a
joint distribution,

-1
_oexp{—g [ye — " (B0 lye — p]}

P(ye | te, X)) = 4.19
(3 | pe: %) PRTTRET (1.19)

If we assign a neighbourhood to the pixel located at site s and denote it p,, then the

conditional distribution for its gray-scale value may be written

P(Ys | e, ¢, 0c,5p,) =

\/2;7 exp { . %'2 <(y5 —pe) = Y 0 [(Werr — 1) + (Ysr — uc)])Q} (4.20)

¢ TiS+TEPS

where 0, = {9@, T € p} is the set of correlation coefficients of the non-causal AR process
(see section 2.2.3 for a full explanation). Note also that for simplicity and with no loss of

generality we put 87 = 077,

The interaction between regions is again described by a Potts model. As with the
Isotropic MRF this implies a priori knowledge of spatial correlations within the label field.

The Potts model chosen here is identical to that used in the Isotropic case (given in the



4.5. MCMC Sampling from the Posterior Distribution 84

previous section) except that there are no single clique parameters. These are omitted to
reduce the complexity of the model order sampling step (see section 4.5.2) and to weaken

the prior on x. Hence the hyper-parameter vector simply consists of one term, (.

The posterior distribution for the complete hierarchical image model may now be ap-
proximated using the expression given in equation 4.17 and the conditional distributions

given by equation 4.20:

1
(k) ~ | |
p(X7’(tb 7k ‘ y) ~ Z p(yS ’ IU/37570-37570335)

exp {_ Zseﬂ p V(ISJ XTIS)}
HSEQ ZCEA(k> exp {_6 V(C’ XWS)}
< pr(B) pr(k) T prlie) peloe) pr(6e) (4.21)

ce AR

where V(c,xy, ) is the potential function as defined in the previous section. Priors for
all parameters are as defined earlier excepting the #(") parameters. These are assigned
conjugate priors to reduce the computation given later, in section 4.5.2. These priors
therefore consist of a family of normal distributions N (0, A?), with A being a common

hyper-parameter.

4.5 MCMC SAMPLING FROM THE POSTERIOR

DISTRIBUTION

The image segmentation, parameter estimates and model order are all estimated to max-
imise the a posteriori probability (known as the MAP criterion) of the model given the
observed image. This comprises an optimisation problem over the MRF’s label map, pa-
rameter space and model order. The approach adopted here was initially developed by
Geman and Geman [39]: to construct a Markov Chain to sample from the target distribu-
tion and then perform a process of stochastic relaxation (i.e. Simulated Annealing) to find

the dominant mode of this distribution.

This philosophy is adopted because the combined model’s energy surface can be ex-
pected to be highly multi-modal thus deterministic optimisation algorithms are likely to

fail (i.e. reach a local minima only). Also when sampling model order (using the reversible
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jump algorithms described in sections 3.1 and 3.2) jumps to lower probability areas of
the model space occur frequently and thus, to adopt any deterministic elements to the

algorithm would appear inconsistent with such a scheme.

Of course by eliminating various shortcuts as reviewed in chapter 2, for example the
Iterative Conditional Modes algorithm [11]; using the EM algorithm to estimate model
parameters [18], or the MAP based parameter estimation algorithms [96], a great com-
putational burden is incurred. However, the use of ad hoc and approximate techniques
throughout the literature has meant that currently, no robust solution to the segmentation
problem exists. The solution to this problem is therefore the overriding objective to these

sections of the dissertation.

The sampling scheme in this chapter is based on the Gibbs Sampler [39] but Metropolis-
Hastings sub-chains [93] are incorporated to enable the model parameters and number
of classes to be sampled. The sampling process follows a predetermined sequential scan,
updating the pixel sites and various model parameters in a specific order. The scan consists

of the following sampling processes:

1. re-segment the image,
2. sample noise model parameters,
3. sample hierarchical model hyper-parameters,

4. sample the number of classes.

The first three of these steps are relatively straightforward. All labels and parameters
are sampled from their respective conditional distributions. The first step consists of Gibbs
sampling the label field. The conditional distributions may be found by applying Bayes’
theorem to equation 4.18. The resulting distribution for the Isotropic MRF described in

section 2 is given by

p(xs =cC ’ Ys) Xn,» tesOc ac:ﬁ) (8

_ 2 4.22
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The distribution for the GMRF is similar,

p(xs =cC ’ ys:Ypsaxnsallfmam Hcaﬁ) X

1 eXp{—L ((ys—uc)—

\/2mo? 20?2
S 0 e ) + (e~ p)]) BV (eg)}

T:S+TEPs

(4.23)

Metropolis-Hastings sampling is used to update noise and MRF model parameters. The
proposal densities used are zero mean Gaussian with variances dependent on the parameter
being sampled. The conditional distributions for the noise model parameters are found by
multiplying the appropriate pseudo-likelihood terms by the model parameter priors. As
specified in sections 2.1 and 2.2, for both models, non-informative priors are used for the
p and o parameters. However, conjugate priors are used for the #(7) parameters of the

GMRF. The resulting conditional distribution for the Isotropic case is

plie;oe |y, x) o< [ pWs | pe o) pr(pe)pr(oe)

S:Trs=cC

1 1 Yo — fe )
X . @ro?)e exp{ 22( o )

sirg=c

(4.24)

where N, represents the number of sites allocated to class ¢, over the hidden label field x.
For the ¢’th GMRF texture model, the model parameter conditional distribution is given
by

P, 0c,0c |y, x)
X H p(ys | He, Oc, 00) pr(ﬂc)pr(gc)pr(ec)

S$:Ts=cC

oS m exp{—;Tg Z ((ys — Hhe) — (4.25)

siwg=c

> 0 [(Yrr — 1) + (Yor — MC)DQ}

T:S+TEP,

To sample the hyper-parameters for the prior on the label parameters, the Metropolis-
Hastings algorithm is used to sample an approximation to the full conditional distribution.

The approximation used is again the pseudo-likelihood.

The conditional distributions for the external field parameters {a., ¢ € A} used in the
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Isotropic model take uniform priors and are given by

plagee AW x)  x  px|aece A®) pa,ce AW) (4.26)

exp (—[a. + B V (e, xp)]) Neeoxn)
< I (2 >1>) (427)

(ceA®), vx,) i €xp (—[as + B V (i, xy
» VXn

where Nicx,) = #(5 : 25 = ¢,X,, = X;;) and #(-) is the operator, ‘the number of’, and the

product is over all states and possible neighbourhood configurations.

It is theoretically possible to sample the § parameter from its conditional distribution,

p(B|x) o p(x|B) p(8)
exp (=8 V(¢ xy)) Moo (4.28)
> AH <Z m)

( ien €xp (—[a; + B V(i,xy

Unfortunately, under particular underlying label map configurations, for example x’,
the posterior distribution for 8 will be improper.

Jim (X = X, p® y) =6 (4.29)
where ¢ is a positive constant. This follows as a direct consequence of approximating the
likelihood by the pseudo-likelihood (see section 2.5.1). It may be possible to overcome this
problem by choosing a suitable prior for 5. However, for simplicity the results presented

in section 4.6 of this paper are obtained with 3 set a priori.

To sample the model order reversible jumps are incorporated into the Markov Chain.
Reversible jumps were developed by Green [43] to allow a Metropolis-Hastings based al-
gorithm to sample the model order. A full description of the Reversible Jump MCMC
technique was given in section 4.3. Hence, in the following two subsections, a description
is given of how reversible jump algorithms may be used to allow the size of the label space

(model order) to be sampled for the Isotropic and Gaussian MRF models.

4.5.1 Reversible Jumps for the Isotropic MRF

The approach to sampling the model of an Isotropic Markov Random Field adopted here
is similar to that adopted by Richardson and Green [82] when sampling the number of
components of a mixture distribution. As discussed in the previous section, the problem
revolves around proposing to split a region labelled by a single class ¢ into a region composed

of two classes, ¢; and ¢y.
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Each class is defined by a parameter vector ¥, = { ., 0., a.}. When splitting one class
into two, three new parameters need to be created. To ensure the model spaces remain
of equal dimension, the parameter space of the original model is supplemented by three
random variables ey, €5, e3. Thus when splitting state ¢ into ¢; and ¢y a transform between

(e, Ocy ] and [pier, Oct, et ey Oc2, 2] may be defined with three degrees of freedom.

The three parameters for each of the two new classes are derived from the original
parameter values ji, 0, e, and the random variables eq, es,e3. The new parameters are
calculated to preserve the Oth, 1st and 2nd order moments across the transformation. The

resulting mapping functions are given by the following set of equations:

e = a. — In(ep) Gy = a. — In(l—e)
He1 — Me — €2 O¢ % He2z = Het €20 1?81 (430)
o = e3(1—e3) 00 - 0t = (1—e3) (1—¢3) 0? 7=

The choice of random variables for e;, e, €3, must be such that {e; € (0,1}, =1,2,3}.
For this reason and to allow a bias towards splitting the data into roughly equal partitions,

beta distributions are used to propose eq, s, €3.

The Jacobian determinant of these mapping functions needed in the calculation of the

jump algorithm’s acceptance ratio is given by

‘ 8(¢cl7 ’(tbCZ)
a(wm €1, €2, 63)

0_2

N e2(1 — e?) c e3(1 — e3) (43

The pixel sites labelled by the class or classes selected to be split or merged must be
reallocated on the basis of the new parameters generated. If a merge is being proposed,
then all sites allocated to the two old classes are relabelled by the new merged class label,

with probability one.

The difficulty occurs when splitting one class into two. If a reasonable probability of
acceptance is to be maintained, the proposed re-allocation of labels to sites needs to be
completed in such a way as to ensure the posterior probability of that particular segmen-
tation is relatively high. To achieve this it would be desirable to propose a re-allocation of
labels by Gibbs sampling from the conditional distributions given by equation 4.22. Un-
fortunately this is not possible since the allocation of classes in the neighbourhood n, on

which the probabilities will be conditioned is not available.
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To overcome this problem a deterministic estimate is made of the future allocation of
each pixel labelled by the class to be split. The estimate is made at each pixel site using
a distance measure between the model distribution functions of the new classes and the
histogram of observed gray-scale values of the surrounding region of pixels. The measure
used here has a precedent in this type of algorithm: the Kolmogorov-Smirnov distance was
used by Geman et al [37] to allocate pixel sites between classes based on gray-scale values

or particular transformations of gray-scale, indicative of texture type (see section 3.3.1).

The Kolmogorov-Smirnov distance is a measure of the closeness of two distribution
functions. It may be applied to two samples of data to ascertain whether they have been
drawn independently from the same distribution. If F}(x) and Fy(k) are two independent

sample distribution functions (i.e. histograms) defined

Fr) = %#(i i < k) (4.32)

where n is the number of data samples so that 1 < ¢ < n, then the Kolmogorov-Smirnov

distance is the maximum difference between distributions over all x:

diy®,y?®) = max |Fi(r) — Fy(k) (4.33)

The Kolmogorov-Smirnov distance is useful for two reasons: its value is independent of
the underlying distribution function and it is relatively unaffected by outlying data values.
Hence, it may be expected to closely model the label field of an Isotropic MRF, as was
found by Geman et al [37].

The deterministic estimation of the new label allocation may now be used as the basis
for the Gibbs sampling of pixels from their full conditional distributions, a further step
necessary to ensure the reversibility of the process when considering the opposite, merging

process.

The acceptance ratio for splitting region ¢ into cl and ¢2, thus increasing the number

of classes from £ to k£ + 1, may now be given by,

px " k+1]y) g(merge) L
p(x, ™ k| y) q(split)  gs(ur)qs(uz)gs(us) (4.34)
y 1 a(wch ¢62)

q(re — segmentation) ‘0(1&0, Uy, Ug, Us)

where: p(x, »® k | v) is the approximation to the posterior density defined by equation
4.18; g(merge) and ¢(split) are the probabilities of proposing to merge or split a state; gg(u)
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is the probability of proposing the random variable « drawn from a beta distribution; g(re—
segmentation) is the probability of the re-allocation of the pixels labelled by ¢ into regions
labelled by ¢l and ¢2; the final term is the Jacobian determinant given by equation 4.31.
The probabilities of choosing states to split or merge are identical and are thus eliminated
from the acceptance ratio. The acceptance ratio for the jump combining two states into
one is simply the inverse of that given in equation 4.34. In this case ¢(re — segmentation)

is found in retrospect and uq, us, uz are calculated by back-substitution into equation 4.30.

To summarise, when splitting one class of the hierarchical image model into two, the

corresponding iteration of the reversible jump algorithm will consist of the following steps,

1. randomly select with probability 1 a state from A™® to split,

2. generate the two new parameter vectors ., 1., by drawing the random vector e from
the respective proposal distribution and substituting, together with the old parameter

vector 1. in the mapping functions contained in equation 4.30,

3. calculate the transition probability ¢(e) using the values obtained in step(1),

O(e1,Peo)

4. calculate the Radon-Nikodym Derivative ‘8(%#1#27”3)

substituting the values of step(1),

5. obtain deterministically, using the specified algorithm and Kolmogorov-Smirnov statistic
an initial re-segmentation into the two new classes c1 and ¢2 of all data previously labelled

to state c,

6. conditioning on the initial estimate, use Gibbs sampling to obtain a reversible re-allocation

¢ — cl, ¢2, with probability ¢(re — segmentation),

7. calculate the overall acceptance ratio according to equation 4.34 and accept or reject the

proposal based upon this value.

When considering a merge, the same process is followed but applying the opposite tran-
sitions or calculations at each step. Thus, if merging classes c1, ¢2 into ¢, the probability of
achieving the reverse split must be calculated and substituted into the inverted acceptance
ratio of equation 4.34. When choosing classes to merge, a single class is selected at random,

then a second is chosen whose p parameter is above and closest in value to that of the first.
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4.5.2 Reversible Jumps for the Gaussian MRF

Proposing a move when using a reversible jump to sample the model order of an hierarchical
GMRF is more complex than generating a similar proposal when sampling the Isotropic
MRF for the simple reason, the model parameter vector ¢, = [, 0., 8] is longer. When
splitting a GMRF class, two new GMRF parameter vectors need to be generated. The
number of degrees of freedom for the generation of the new vectors is therefore dependent
on the size of the old parameter vector and in particular, upon the size of the GMRF
neighbourhood. If the dimension of the correlation coefficient vector associated with this
neighbourhood is denoted Ny, then the number of random variables needed to equalise the
two model parameter vectors will be Ny + 2 which is equivalent to the number of degrees

of freedom in generating the new model parameters.

If a large degree of freedom is allowed in generating a large number of parameters then
the likelihood of proposing a reversible jump that has a reasonable chance of being accepted
will be small and so convergence of the Markov Chain will be slow. To alleviate this
problem the model order is sampled from a marginal density and the method of composition
sampling [92] is then employed to obtain the remaining parameters. Composition sampling
requires the availability of factorisations of the posterior density. The marginal we propose

to use eliminates all but one correlation parameter from the posterior density:
p(0,p,0,x|y) = p(6" 09 po,xy) p6Y, pno,x]|y) (4.35)

C

09 ¢ € A], = [pe;c € A and & = [o,; ¢ € A].

where, 89 = [90);¢ € A] and 857 = [0, .., 007 0D 9N Similarly 9 =

The above factorisation of the posterior density can only be achieved by incorporating
the pseudo-likelihood approximation into the marginal. Applying Bayes’ theorem, the

marginal may be expressed,

p(g(i),[,l,,0'7x ’ Y) X PL(y ‘ )\7“’70-7 0(1)7){) (H p(.%'s ’ X")s)) pr(e(l)al% U) (436)
seQ

All the terms in the above equation are easily defined except the marginal of the pseudo-
likelihood PL(y | A, p, 0, O(i),x). This is found by first constructing the full pseudo-
likelihood and multiplying it by priors on all the parameters to be eliminated on forming
the marginal. These parameters are then integrated out of the resulting expression to form

that marginal.
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To facilitate the analytical integration over the correlation parameter space, conjugate
priors are used which take the form of Normal distributions N (0, A?). The pseudo-likelihood

is therefore marginalised by evaluating the following product of integrals

PL (y |\ p, 0,09 x) (4.37)
AN ( (—i) (i)
= , (s | thes 0c, Oc,y s)> p(6.") do,
cEHX /(.)EU Sigc !
—Ng+Ng—1
(2mo2t)— 2 o, ~No+1 1 .
— c 2mA%t) 2 — RO | pre, A
[T =2 p g o™ ew g (00 nery)
cEA c ¢
where
. i 2
hOD | pey) = —vIDJ v+ ) (y; — 097y, +y;_n]> (4.38)
Vo= | D W= 00 Tl Y(p\i)s)} (4.39)
D, = [N+ Y yhven.] (4.40)
Yo, = |Wern TYemr)s o Whpny +¥emri ),
(y;-I-TH_l + y;—TH_l)? t (y;-I-TNe + y;_TNe) (441)
Yo = Ys — He (4.42)

We now have an expression for the marginal likelihood which when multiplied by the
relevant priors gives the basis for the reversible jump sampling of the model order. To
complete the algorithm, methods to propose parameters for the new classes and to propose

new segmentations for the marginalised GMRF are required.

To allow a one-to-one mapping between old and new parameter vectors random vari-
ables are introduced. Transforms need to be defined for both the splitting of one state into
two and the inverse, the combining of two into one. The parameter vector for a single state,

()

augmented by the additional random variables is [fic, ¢, 0, €m,. s €me s €5,y Eses €,y €1, - This

may be transformed to give the two new parameter vector and some further random vari-
ables, [tte,, Oc; s 02), eys Ocys 8&?, U, s, ag]. In the above vectors

€ s Eme s Esps Eses €t s Etos Om, Os, G are drawn from a combination of zero mean Gaussian
distributions with differing variances, and shifted Gamma distributions, thus ensuring the

positivity of proposed variance parameters. The split move is defined by the transforma-
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tions:

Hey = He — Emyy, ey = fhe T €m,, T Em,

O¢p, = O¢— €y Ocy = O¢ + €s.n + €s,

(4.43)

o) = 6 — e 0 = 0 +ey, +e

The combine move is designed to preserve the 1st and 2nd order central moments in
a similar way to that used in the Isotropic case and by Richardson and Green [82] when
sampling mixture distributions. In addition, a small perturbation in the parameters is

allowed, given by the random variables a,,, as, a,,. The resulting transforms are:

He = NLC M01N01 +M02ch:| + ap
o, = NLC _(Uzl + ,ugl)Nc1 + (032 + ,ué)Nc2 — ,ug — Qg (1.44)
00 = |0VN, +00N,| + a

where N, is the number of pixels assigned to class ¢, N, to class ¢; and N, to class c,.

The accepted reversible jump framework [43] [82] for proposing a split is to begin by
generating new parameters for the two new states, then Gibbs sample the data allocated
to the split state into each of the two new states based on their full conditionals. In
this case, new parameters may be generated in the traditional manner. However, Gibbs
sampling of the data labels is impossible because of the non-causal nature of the GMRF.

The conditionals are dependent on data labels yet to be allocated.

To overcome this problem, a refinement of the methodology introduced in the previous
section for the Isotropic MRF reversible jump is used: a likely re-allocation of the label
field is first estimated in a deterministic fashion; this is then used to condition the full
conditional distributions for the label parameters to allow a Gibbs sampling sweep of all

sites labelled with the class being split.

To estimate a likely label field configuration for the GMRF, a square window, denoted

Wy is considered around each pixel in the image. The pseudo-likelihoods of allocating all
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the pixels in the window to each of the two new classes are calculated and the pixel is

allocated to the class with the larger pseudo-likelihood.

The pseudo-likelihood for each window is calculated as in equation 4.37, except the
product is over all pixels in the window rather than all pixels labelled by state. Hence,
the pseudo-likelihood of the pixel at site s being labelled by class ¢, given its surrounding

window 1is

PL.({yr;7 € Wi} | A, ey 00y 09, {y; 7 € Wi })

Ny, —(Ng—1)2)

A 1 2 1 1 :
= — By (09 | 11,
(27ragt> ‘DWS‘% exp{ 202t ( (0. | 7)’))}
where
' , 2
hOD | peyy) = —viDw] v+ Y (y,ﬁ — 0Dy, + y;,ﬂ,]> (4.45)
reWs
Vo= [Z(y; — 0y, + 0] y(p\nr)} (4.46)
reWs
T
Dy, = [)‘I * Z y(p\i)ry(p\i)T] (4.47)
reWs

and Ny, is the size of the window surrounding pixel s. y(,\;, and y, are defined as in

equations 4.41 and 4.42.

Using this estimation of the new label field, denoted x(¢), the proposal label field can
be Gibbs sampled using the marginalised conditional distributions, thus ensuring the re-
versibility condition of the reversible jump algorithm is met (i.e. the proposition of the
reverse move, the merger from the new split segmentation to the single state, is possible).
The conditional distributions are given by

p(Is =C | )\7 He; Ocy Ys, yps7X£7i)) (4 48)

o p(Ys | M pies 06, 00 y5,) (s = e | 50, %)
where 7, is the neighbourhood of interactions within the label field for site s. The

marginalised likelihood term in this equation may be evaluated:

PYs | Aty 06,0, 5,,)

= /@ P(s | ftes e, B,y ) (7)) O

—1i

1 )
- (Ng—1)2—1 exp {_— (hS(H(Z) ’ e yPs))} (4'49)

(2mo2) =2 |
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where,
@ i 2 _
hs(e( ) ’ MC? YT)S) = [y; - 9( )[y;‘i‘ﬂ + y;_TIH |:1 — y,g;\l)s [DS] IY(p\i)J
D, = [y{i.Yen. + AL (4.50)

Y(p\i), and y; are as defined in equations 4.41 and 4.42.

The prior on x comprises an Ising model, hence the conditional for x,, given its vector

of neighbourhood labels xﬁfj, is a conditional Gibbs distribution:

exp{ = 8|5 Vila, = e x)) + Vi, = ¢ [ i) |}
Seenexp { = Bl0 Vilw, =2 | %)) + Vi, = X | x)] |

ples=c| px) = (4.51)

The acceptance ratio for the resulting segmentation and parameter estimates for split-

ting region ¢ into ¢l and ¢2 is given by min[1,R], where

p(*i) (XI, ’l,b(k+1), k+1 | y) q(merge) 1 Q(am)Q(as)Q(at)
P0G, ™ k| y)  a(split) k41 q(um,)q(um,)q(us, )q(us,)q(us, )q(us,)
1 06", ¢5", am, a5, ar)

q(re — segmentation) | (AL, U, , tm, , Us,, , s, » Uz, » Uz, )

R =

X

(4.52)

and where: p(=? (X,z,b(k),k | y) is the approximation to the marginalised posterior dis-

tribution defined by equations 4.36 to 4.42, with qbg_i) denoting the reduced parameter

q(merge)
q(split)

probabilities of the merging or splitting processes; ¢(e) is the probability of proposing the

vector of the marginal likelihood function for class ¢; is the ratio of the proposal
random variable v drawn from a normal distribution; ¢(a) is the retrospective probability
of drawing the random variable a from another normal distribution; ¢(re — segmentation)
is the probability of the re-allocation of the pixels labelled by ¢ into regions labelled by
cl and ¢2, and the final term is the Jacobian determinant given by equation 4.31. If the
proposed split (or merge) is accepted, then the remaining 6 parameters are repeatedly

sampled from their full conditional distributions given by equation 4.25.

To summarise, the reversible jump algorithm, when splitting one class of the hierarchi-

cal GMRF image model into two will consist of the following steps,

1. randomly select a class from A® to split, with probability %
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2. randomly select the i'th GMRF correlation parameter #(), to form the basis for the split

by drawing from a uniform distribution, with probability ﬁ

3. draw the random vector [, ,€m. ;s Es,s €15 €1, ] from the respective proposal distri-
butions with probability ¢(e), and substitute, together with the old marginal parame-

ter vector ¢ = [11e, 0., 0] into equations 4.43 to form two new parameter vectors
¢£1_Z) = [IU’CU Oc¢p) 88)] and ¢((;2_Z) = [u027 Ocy) eg)]

4. calculate the probability of generating the merged parameter vector d)ﬁ‘i) as if generating
the reverse or merging proposal according to equations 4.44. This will correspond to the
probability of generating the random vector [a,,, as, a;] as calculated by substituting the
parameter values obtained in the previous step into equations 4.44.

o(947".05")

— 55— | substituting the values of step(3),
3( e 781762783)

5. calculate the Radon-Nikodym Derivative

6. obtain deterministically, using the specified algorithm and Pseudo-Likelihood statistics an
initial re-segmentation into the two new classes ¢; and ¢y, of all data previously labelled

to state ¢,

7. conditioning on the initial estimate, use Gibbs sampling to obtain a reversible re-allocation

¢ — ¢y, ¢y, with probability ¢(re — segmentation),

8. calculate the overall acceptance ratio according to equation 4.34 and accept or reject the

proposal based upon this value,

9. should the proposal be accepted, repeatedly sample the unknown parameters 0&1_’) and

0@;” from their full conditional distributions, given by equation 4.25.

When considering a merge, the similar process is followed but applying the opposite
transitions or calculations at each step. Thus, if merging classes ¢l and ¢2 into ¢, the prob-
ability of achieving the reverse split must be calculated and substituted into the inverted

acceptance ratio of equation 4.34. In summary,

1. randomly select a pair of classes from A% to be split, with probability ﬁ

2. randomly select the i'th GMRF correlation parameter 8, to form the basis for the split

by drawing from a uniform distribution, with probability ﬁ
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3. draw the random vector [a,,,as,a,| from the respective proposal distributions with
probability ¢(a), and substitute, together with the pair of marginal parameter vectors
d)ﬁl_i) = [teys Ocy s 98)] and qﬁg;i) = [leys Ocy) eﬁ?], into equations 4.44 to form the merged

proposal parameter vector qbff“ = [le, Oc, 99')],

4. calculate the probability of generating the parameter vectors d)ﬁl_i) and qﬁg;i) as if propos-
ing the split ¢ — ¢y, ¢9, according to equations 4.43. This will correspond to the prob-
ability of generating the random vector [e,,,, , €m., €s,., €s., €1, , €1, ] as calculated by sub-

stituting the parameter values obtained in the previous step into equations 4.43,

9 (¢g_i)781,€2783)

———————%| by substituting the values ob-
o(el.4")

5. calculate the Radon-Nikodym Derivative

tained in step (3),

6. obtain deterministically, by using the algorithm based upon Pseudo-Likelihood statistics
deterministic the Gibbs sampler probability of proposing the reverse re-allocation of region

¢ into the two new regions ¢; and ¢,

7. calculate the overall acceptance ratio according to the inverse of equation 4.34 and accept

or reject the merge based upon this value.

8. should the proposal be accepted, repeatedly sample the unknown parameters Og_i) from

their full conditional distributions, given by equation 4.25.

4.6 EXPERIMENTAL RESULTS

There has been much debate on the subject of how convergence might relate to annealing
schedule [88] [89] (see section 2.3). Although slowly cooling logarithmic schedules are
generally considered more robust, we have adopted a geometric schedule. The principle
reason for this choice was simply, the complexity of the algorithms makes only a relatively
small number of iterations possible within a reasonable time-span, hence a fast annealing

schedule is necessary. The schedule is given by,

T, = (1+a;)™0 ") (4.53)
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grayscale histogram of image

original image containing 4 classes

estimated segmentation with 2 classes after 10 iterations

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b)

estimated segmentation with 3 classes after 50 iterations estimated segmentation with 4 classes after 80 iterations estimated segmentation with 4 classes after 200 iterations

(f)

Figure 4.1: 200 iteration experiment on an image with four classes and beginning the

algorithm with an arbitrary initial guess of two classes.

where t is the iteration number, IV, is the total number of iterations, and «; and s are

constants (which were arbitrarily set to 0.1 and 10.0, respectively).

The isotropic segmentation algorithm described in the previous section, section 4.5,
has been applied to various computer synthesised mosaics. For the purposes of these
experiments, 3 the double pixel clique coefficient, which prescribes the interaction strength
between pixels within the image, was set a priori to a value of 1.5. In proposing a reversible
jump, the Kolmogorov-Smirnov distances were calculated using 9 x 9 windows to generate

40 bin histograms of the pixel gray-scale distribution functions.

Figure 4.1 shows the convergence of a 200 iteration run on a 4 class image. The
segmentation is good, but the gray-level histogram demonstrates that the classes would
be relatively well separated in the feature space discussed in chapter 3 and thus previous
algorithms would be capable of achieving good block based segmentations. However, after

few iterations, the number of classes has been correctly estimated.
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greyscale histogram of test image t1

estimated image with 2 states after 20 iterations

100-

80

601

40t
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b)

estimated image with 5 states after 50 iterations estimated image with 5 states after 100 iterations estimated image with 6 states after 200 iterations

RN % T

(f)

Figure 4.2: 200 iteration experiment on an image with six classes and beginning the

algorithm with an arbitrary initial guess of two classes.

Figure 4.2 shows the convergence of a 200 iteration run on a less clearly defined 6 class
image. The segmentation is a good representation of the image after so few iterations and
the number of classes has been correctly diagnosed. The results of a 500 iteration run are
shown in figure 4.3 (see the end of this chapter for this and further results). The original
gray-scale densities of the five classes are far closer than in the previous example (as shown
by the gray-scale histogram) but the algorithm has still converged to a good estimate of

the underlying image.

A grey-scale image of a house is segmented in Figure 4.4. The algorithm was repeated
from various starting conditions and the results reached remained consistent. It could
be argued that a better segmentation was arrived at in the intermediate steps but the
algorithm then fits to a statistically if not visually better model in the final iterations. The
possibility of using an information criterion to arrive at a more useful segmentation could

be considered.

The hierarchical GMRF segmentation algorithm described in section 4.5 has been tested
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parameters || class | u o 0, 0, 05 0,
actual 1 0.50 0.10 -0.10 0.20 0.20 0.20
2 0.50 0.10 0.34 0.32 -0.21 -0.25
3 0.50 0.10 0.20 0.20 -0.20 0.20
4 0.50 0.10 0.20 0.20 0.20 -0.20
estimated 1 0.506706 | 0.094079 | -0.119017 | 0.217379 | 0.209426 | 0.200397
2 0.499145 | 0.10062 | 0.186007 | 0.18488 | -0.182542 | -0.116756
3 0.501094 | 0.096016 | 0.197196 | 0.195557 | -0.200425 | 0.18765
4 0.511185 | 0.10211 | 0.173685 | 0.216785 | 0.194777 | -0.197734

Table 4.1: Actual and estimated parameters for the GMRF segmentation.

on various computer generated mosaics of GMRFE’s. The neighbourhood size of each GMRF
required four @ coefficients and so was of type n = 2 [54]. An example of such a test is
shown in figures 4.5. Again the § parameter has been set a priori to 1.5. The algorithm
was run for 600 iterations from a starting temperature of 2 to a finishing temperature of

0.1. The temperature schedule for the experiment was simply linear:

Ny —t
T = (7}\77) * (Tmax - Tmzn) + Tonin (454)
t

where t is the iteration number, N, is the total number of iterations, and 7,,;, and T,,,, are
the minimum and maximum temperatures of the schedule. When estimating a likely re-
allocation of the label field during reversible jump proposal generation, windows of 16 x 16
pixels were used. The estimated parameters are compared to those used when generating
the original image in Table 4.1. These estimates appear reasonable, given the size of the
data available and some inaccuracy is inevitable due to the use of the pseudo-likelihood

approximation.

In all these simulations, it is interesting to observe how at high temperatures the mod-
elling is limited to the interaction between the field and the observed data. This is in
direct parallel to the action of an external magnetic field on the Ising model for a ferro-
magnetic material, as described by Baxter[7]. In this case, long range correlations are
expected to occur only as the system is cooled to around its critical temperature; field
configurations are driven mainly by the external field at high temperature. An identical
effect is evident when observing Figures 4.3 and 4.5: only as the temperature cools do

the random fluctuations within the model begin to recede. A direct consequence of this
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phenomena is the initial fitting at high temperatures of the model to the observed data’s
gray level histogram. It appears that at a particular temperature, the MRF prior is weak,
and only when the temperature fall below that of criticality for the system, do inter-site
interactions exert an affect. Hence, for example, the initial fitting of a pair of Gaussians to
the image in figure4.3(a) and a single Gaussian distribution to the data in Figure 4.2(c).
This, to date unreported process, makes the results of traditional unsupervised annealing
algorithms of section 2.5 (i.e. where the number of classes is known but the associated
parameters are not) appear at best, somewhat fortuitous. Without the introduction of re-
versible jumps, it is apparent that these segmentation experiments could, with reasonable

probability, converge to a number of classes far fewer than the MAP estimate.
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Histogram of original image
T T
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400+ 1
350 1
300+ 1
250 1
200 1
150+ 1
100+ 1

50 1

0 0.1 02 03 04 05 06 07 08 09 1

(b)

MRF Estimate of image after 150 iterations containing 4 states

MRF Estimate of image after 250 iterations containing 4 states
o F

MRF Estimate of image after 450 iterations containing 4 states MRF Estimate of image after 500 iterations containing 5 states

(8) ()

Figure 4.3: 500 iteration experiment on an image with five classes and beginning the

algorithm with an arbitrary initial guess of six classes
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histogram of house image
original house image T T T T T

600 1
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(b)

segmented image after 100 iterations containing 3 states

segmented image after 250 iterations containing 4 states segmented image after 300 iterations containing 4 states

segmented image after 350 iterations containing 5 states segmented image after 400 iterations containing 5 states

Figure 4.4: 400 iteration experiment on a gray-scale image of a house. The algorithm

begins with an arbitrary initial guess of six classes and consistently converges to five.
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Image histogram
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Image after 220 iterations with 20 states

S

Image after 270 iterations with 19 states Image after 290 iterations with 15 states Image after 310 iterations with 4 states
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Image after 320 iterations with 4 states Image after 400 iterations with 5 states Image after 600 iterations with 4 states

() (k) (1)

Figure 4.5: 600 iteration experiment on a four state synthetic GMRF image. The algo-

rithm begins with an arbitrary initial guess of three classes and converges to four.
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4.7 CONCLUSION

In this chapter, unsupervised segmentation algorithms for both noisy and textured images
have been presented. The models used, specifically hierarchical MRF’s with Isotropic and
GMRF region models, have been defined. Simulated annealing was used to optimise the
model parameters, number of classes and pixel labels, thus requiring a MCMC sampling
algorithm capable of drawing these parameters from the model’s posterior distribution.
Gibbs sampling, the Metropolis-Hastings algorithm and Reversible Jump MCMC were all

applied to enable rapid and complete exploration of the combined model space.

Experimental results have been presented in which synthesised images have been rapidly
segmented to give accurate estimates of the original underlying images. A real world
image was also successfully segmented. The results demonstrated unexpected convergence
features which justify the use of reversible jump MCMC when utilising simulated annealing

to achieve image segmentation, even when the number of regions is known a priori.

However, a particular drawback of these algorithms is their computational intensity.
The use of composition sampling to sample the order of the hierarchical GMRF model
somewhat alleviates this problem, but to segment real world textures using such a model
is beyond the scope of these algorithms. This is due to the large neighbourhoods required
to simulate textures (such as Brodatz [16] textures) using GMRF models. The following
chapter will address this problem, together with that of improving the convergence and

the robustness of the optimisation process.



Partial Decoupling

5.1 INTRODUCTION

A major drawback to the two algorithms presented in the previous chapter is their slow
speed of convergence. This can be attributed to the random nature in which new model
parameters are proposed when attempting to create a new state and results in progressively
lower rates of acceptance for increasingly more complex models. Despite the use of marginal
distributions to minimise the number of new model parameters being proposed in each
reversible jump, this problem appears to be ineluctable using the current algorithms. To
overcome this, a new method of generating proposals' is described which originates from
posing the question, ‘can the data be used in the proposal of new states ?” To answer this
question is complex. Firstly, a viable mechanism for generating new model parameters
based on the data must be found and secondly, the resulting algorithm must maintain

detailed balance to ensure that samples continue to be drawn from the target distribution.

To elaborate, consider the process of splitting one class into two: two new sets of pa-
rameters need to be generated. In the previous chapter, the new parameters were proposed
randomly while preserving the model’s central moments. The proposition here is to gener-
ate the new parameters based upon estimates from the data. To achieve this the data must
first be clustered into groups which when combined comprise the region labelled by the
class which the algorithm proposes to split. These groups or clusters of data may then be
used to generate deterministically separate sets of model parameters, (possibly using MAP
or maximum likelihood estimates) a selection of which, or a combination of which may be

used to propose the new model parameters. It would appear profitable to partition the

I The work included in this chapter was presented at the ‘International Conference on Acoustics, Speech

and Signal Processing 1998’, Seattle and was published in the conference proceedings6].
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data using some form of similarity measure, thus having the effect of clustering like data
together and so guaranteeing the homogeneity of clusters while concurrently partitioning

unlike data elements into separate clusters.

This process of parameter proposal comprises the fundamental difference between the
algorithms presented here as opposed to those described in the previous chapter. The
resulting algorithms achieve a fusion between low-level deterministic methods and those of

higher level model based techniques, which has to date been seldom examined in literature.

To facilitate the partitioning of data into clusters, the Gibbs Sampler, used in the
previous chapter to update the hidden states of the Markov Random Field, is replaced
by a Partial-Decoupling algorithm[50], a derivative of the Swendsen-Wang algorithm[90].
The Swendsen-Wang algorithm was developed to give better mixing when sampling from
a dynamic system at its critical temperature. The Partial-Decoupling algorithm is an
improved version of Swendsen-Wang, designed to sample from a system with strong internal
interactions which is experiencing a strong external field (as found when sampling from an
MRF posterior distribution).

The remainder of this chapter comprises a further seven sections: section 5.2 is a
review of the Swendsen-Wang and Partial Decoupling algorithms; section 5.4 describes
an unsupervised segmentation algorithm for the Isotropic MRF, based upon the Partial
Decoupling Algorithm; section 5.5 describes a similar algorithm for the Gaussian MRF;
section 5.6 describes how line processes may be incorporated into the model; results are

presented in section 5.7 and the chapter is concluded in section 5.8.

5.2 THE SWENDSEN-WANG ALGORITHM

Geman & Geman[39] proved that convergence to a target distribution by Gibbs sampling
was guaranteed in infinite time. Convergence to a MAP estimate using the simulated
annealing algorithm was also shown to be of probability one in infinite time. These results,
though useful in the theoretical sense have little practical importance in many multivariate
optimisation problems. Far more important is the speed of mixing around the critical
temperature of the dynamic system in question. It is well known that Gibbs sampling

is extremely slow mixing when long range correlations occur at the critical temperature.
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This is due to the single site update nature of the Gibbs Sampler.

To address this problem, various auxiliary variable schemes have been suggested [32]
[12] [72] to facilitate the construction of Markov chains that are faster mixing. In such a
scheme the vector of sampled variables x is augmented by a vector of auxiliary variables
u such that the joint distribution may be factored 7(x, u) = 7(x)7(u | x), thus preserving
the target distribution in the marginal 7(x). A Markov chain may then be constructed by
alternately updating x and u. Samples drawn from the joint distribution will also satisfy

the marginal.

It is important to note that when applying auxiliary variable sampling schemes in the
context of a simulated annealing algorithm, the objective is to find X = maxyex 7(x), not
X, 1 = MaXxex ueu T(X, u). Thus the auxiliary variables are introduced to facilitate faster

exploration at each temperature of the annealing algorithm, not to be annealed themselves.

The Swendsen-Wang algorithm[90] may be viewed as an auxiliary variable sampling
process [50]. The algorithm was introduced to reduce relaxation times when simulating
phase transitions in a Potts model. The model may be expressed in terms of a Gibbs
distribution for a set of pixels defined on a lattice 2. The distribution’s parameters o and

£ may or may not be location dependent and so are indexed by site:

) o oo { Yale) + 3 dylle =] (5.)

1€ {i,7}eQ
where I[-] is the indicator function, taking values from {0,1}. The first term of the above
equation constitutes the coupling of an external field to the system and the second term
describes the interactions between neighbouring sites within the model. The Swendsen-
Wang algorithm introduces auxiliary bond variables to decouple the effect of the external

field from the internal interactions within the model.

To preserve the Gibbs distribution as the marginal 7(x), the bond variables u;; are

defined to be independently and uniformly distributed and conditioned on x such that,

plui; | x) o< exp{—pGllz; = ]} I[O < i < exp{Billz; = xj]}} (5.2)
Hence, if x; = x; then the probability the two sites are bonded, i.e. u;; > 1 will equal
1 — exp{—0i;}. Applying Bayes’ theorem 7(x | u) o p(u | x)r(x), gives the distribution
for x conditioned on u:

m(x|u) o exp { ZO@(%’)} [T 1[0 < wyy < exp {Byla; = 5]} ] (5.3)

i€Q i,jEQ



5.2. The Swendsen-Wang Algorithm 109

; IS 3

o

‘e
‘e

(d) (e) (f)

Figure 5.1: Illustration of the operation of the Swendsen-Wang and Partial Decoupling
algorithms: (a) current states, (b) bonds sampled given the states, (c¢) bonds and cor-
responding clusters, (d) current clusters, (e) states sampled given the bonds using the
Swendsen-Wang algorithm, (f) states sampled given the bonds using the Partial Decou-
pling algorithm.

When sampling from this distribution, to keep the product of indicator functions non-
zero necessitates a sampling scheme that updates the pixel states in clusters formed by
the bond variable configurations, otherwise the homogeneity of bonded pixels cannot be
maintained. Hence, if the bond configuration designates that a set of pixels forms a cluster

C, then the distribution for their states conditioned on the bonds is

plai=kieClu) « exp { Zai(k)} (5.4)

1cC

Thus, in summary, the Swendsen-Wang algorithm operates as shown in figure 5.1.
Given the current configuration of states, figure 5.1(a), the bond variables are sampled
from their conditional distributions of equation 5.2, giving configurations typical of that

shown in figure 5.1(b). The bond variables define clusters, see figure 5.1(c), which are then
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sampled independently as from equation 5.4, thus giving a recolouring of the as shown in
figures 5.1(d) and (e).

Although more successful than single site update schemes, the Swendsen-Wang algo-
rithm has been found to perform poorly in the presence of an external field when interac-
tions are strong [72] [50] [49] [42]. The method of simulated tempering [72] [98] has been
shown to be a large improvement for sampling an Ising model at critical temperature. How-
ever, this is not easily applied to solving multivariate optimisation problems via simulated
annealing, since the basis of the algorithm, uniformly sampling the temperature parameter

as an auxiliary variable makes the combination of the two algorithms intractable.

Higdon [49] proposed a derivative of Swendsen-Wang, the partial decoupling algorithm,
to address the mixing deficiencies in the presence of an external field. The algorithm may
be viewed as a generalisation of Swendsen-Wang with Gibbs sampling and pure Swendsen-
Wang its two extremes. As its name suggests, the external field is only partially decoupled

from the internal interactions by bond variables whose conditional distributions are given
by

p(uij ‘ X) X exp {—&jﬁwl[l‘l = Z']]} I[O S uij S exp {(SZ]ﬁZ]I[Z'Z = .Tj]}] (55)
The degree of decoupling is determined by the ¢;; terms which may or may not be site

specific. To maintain the Gibbs distribution 5.1 as the target distribution, the application

of Bayes’ theorem results in a conditional distribution for x:

i w) o exof Yot + X (1= 8Tl = o]}

1€Q 1,jEQ (56)
X H I[O S Uz’j S exp {5Zjﬁlj1[l‘l = .Tj]}:|
1,jEQ

Comparing this to the equivalent distribution for the Swendsen-Wang algorithm (see
equation 5.3) it is apparent that the distribution for the state of each cluster is now in-
completely decoupled from its surrounding pixels. Alternatively, the probability for each
cluster is conditional on the state of surrounding pixels. The degree of dependency is gov-
erned by the 0;; parameters and in the limit, as d;; — 1, the algorithm approaches Gibbs
sampling. Alternatively, as ¢;; — 0, the closer the algorithm to Swendsen-Wang. The
corresponding conditional distribution for the colour or state allocated to a cluster C, is
now given by

plr; =k,ieC|u) o< exp { Zai(k) + Z (1 — 0i5) B[z = k]} (5.7)

ieC i€C,jEAC
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where 0C' consists of the set of surrounding pixels which are nearest-neighbours of any

pixels contained in the cluster C' but are not themselves elements of C'.

So to summarise, the partial decoupling algorithm operates as shown in figure 5.1.
The operation is much the same as previously described for the Swendsen-Wang algorithm
except bonds are sampled from conditionals of the type given by equation 5.5 and clusters
are coloured, conditioned on neighbouring sites according to equation 5.7. Hence given
the cluster configuration of figure 5.1(d), a likely recolouring using the partial decoupling

algorithm is shown in figure 5.1(f).

The order in which cluster colours are sampled is an issue that needs to be addressed
when utilising the Swendsen-Wang algorithm. The alternatives would appear to be either
a form of raster scanning, similar to that used in the Gibbs sampler, or a scheme that

updates clusters in an order based on some measure of cluster size.

The localisation of the d;; parameters allows an extra degree of versatility to be incor-
porated into the sampling scheme. To prevent clusters becoming detrimentally large, thus
irrevocably slowing to the mixing process, the lattice can be broken into sub-lattices by

setting rows and columns of J;; parameters to zero.

A further idea, useful when sampling from an MRF posterior distribution (and of
paramount importance in this chapter) is the linking of the J;; parameters to the observed
data. In a maximum a posteriori optimisation problem the interaction of the observed

data with the model states corresponds to the action of the external field on the Ising or

1

Potts models. Thus, if the observed data is denoted y, then by setting 0;; Enr—
i~ Yj

bonding is encouraged in regions where the data is homogeneous.

5.2.1 Extension to the general Potts Model

The partial decoupling algorithm is applicable to the general Potts model expressed in
terms of a general potential function V'(x;, z;) (as opposed to the indicator function I[-]).
The potential function takes values from {—1, 1} to model interactions between neighbour-
ing pixels. Hence, the conditional distribution for the auxiliary bond variables will be given
by

pluij | x) oc exp {—058i;Ve(wi, ;) } 1[0 < ugy < exp {638 Ve(wi, ;) } | (5.8)
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and the probability of two neighbouring sites being bonded, i.e. u;; > exp{—d;;5;;}, will
be 1 — 2exp{—d;;;;}. The conditional distribution for x given the bond configuration is

i) o exof Yaute) + X (1= 80V (o) |

icQ ijEQ (5.9)
x T 1[0 < uy; < exp {6585V (w1, 2)} ]
ijeQ

Equation 5.7 may be similarly generalised.

5.3 (OVERVIEW OF APPROACH

The general optimisation process used in this chapter is simulated annealing, thus the

process is iterative and consist of the following steps:

1. generate auxiliary variable hyper-parameters d;;,

2. randomly initialise auxiliary bonds and hidden variables,

3.set T =Thax

4. sample the current auxiliary bond configuration given the hidden label configuration,
5. sample hidden label configuration given the current auxiliary bond configuration,

6. sample region likelihood model parameters,

7. sample the number of classes,

8. lower T and if T > Ty goto step (4).

Each of these steps will be described in more detail, firstly for the hierarchical Isotropic
MREF, in section 5.4 and then for the hierarchical GMRF model, section 5.5. The addition
of a further line process, of the type reviewed earlier in section 2.2.2 is then discussed in

section 5.6.
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5.4 THE IsoTrOPIC MRF

The Isotropic Markov Random Field image model used in this chapter is identical to that
described for use in the previous chapter (see section 4.4.1), hence the definitions and

notations of the previous chapter are maintained here.

5.4.1 Sampling the labels via the Partial Decoupling Algorithm

As outlined in the introduction to this chapter, when proposing to split a region into two
a pair of new model parameter vectors must be estimated. Previously (see section 4.5.1)
these have been randomly sampled, but here we propose to estimate new model parameters
from the data. To achieve this the data must be grouped into sub-groups or clusters from
which model parameters can then be estimated using ML or MAP procedures. If these
clusters are generated according to some form of similarity measure so that like pixels form
clusters, then the increased probability of homogeneity across each cluster will ensure the

new parameter vectors are representative of these local areas of the image.

To illustrate this point, consider the case where a single class is incorrectly modelling
what should constitute two different regions, then to propose a re-segmentation or splitting
of the region, two different clusters or sub-groups of the region may be chosen from which
two new sets parameters can be estimated. These new parameters may then be used as

the basis for re-segmenting the complete region originally modelled by the single class.

To achieve data clustering or ‘partitioning’ when considering a Markov Random Field,
an obvious candidate algorithm would be to sample labels using Swendsen-Wang(see section
5.2). The algorithm gives improved mixing when sampling from a Markov Random Field
when its temperature is close to critical. To achieve this, auxiliary bond variables are
incorporated into the model, which partition the image into local clusters, whose state or
class may then be sampled independently. If a derivative of Swendsen-Wang is used, the
partial decoupling algorithm, then pixels may be grouped into clusters or regions based
upon a set of local parameters at each pixel. If these parameters are made indicative of a
similarity measure on the observed data, then like pixels will be encouraged to cluster more
readily, generating homogeneous regions. The partial decoupling algorithm was intended

to give improved mixing over Swendsen-Wang, particularly when the system is composed
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of strong internal interactions and is in the presence of a strong external field. When
sampling pixel classes in an image segmentation problem, the external field is mirrored
by likelihood terms linking the observed data to the underlying field and so by using the
partial decoupling algorithm, rates of convergence may generally be expected to be higher
than those found when using an equivalent Gibbs sampling algorithm (e.g. the algorithms

of the previous chapter).

Recalling the partial decoupling algorithm’s conditional distributions for the Potts
model 5.8 and 5.9: these may be re-written to allow the algorithm to sample the labels
of the Isotropic Markov Random Field model (as defined in section 4.4.1). The resulting

conditional distributions are

pluij | x, 8, B) o exp {—0;; BV (wi, x5) } 1[0 < wyy < exp {638V (i, 5) }] (5.10)

p({xz = 072. € C} ‘ ua(s:ﬁ?:u@? UC7y) X

exp{z[_%<yi;kuc>2 n 2(1_5”)5X/(xi,xj)]}

icC jeac

(5.11)

where: OC is the ring of pixels around the cluster C, each of which is a neighbour of at

least one pixel in C'; ¢ is the matrix of bond variable hyper-parameters ¢;;, specifying the
prior probability of the formation of the bond wu;; linking pixels ¢ and j; I[ | is the indicator
function. To quantify this relationship, the probability that two sites are said to be bonded,
i.e. u;; > exp{—0;;}, is 1 — 2exp{—0;;3}. Hence, the greater the value of §;;, the greater

the probability of the formation of a bond.

The choice of a criteria for generating a matrix of values for § is arbitrary. The
Kolomogorov-Smirnov (KS) distance has been used as a measure of difference between
the distributions of gray scale values in other segmentation algorithms[37][61]. Geman et
al[37] used the distance to give a measure of similarity between distributions in overlap-
ping blocks. These distances were then applied to form the basis of their unsupervised
segmentation algorithm. Here the distance is evaluated in a similar fashion, but it is used
as a hyper-parameter for an auxiliary bond variable and thus gives the prior probability
of the two pixels at the centre of each block being bonded. To maintain a consistency of
bond proliferation throughout the simulated annealing cooling process when applying the
algorithm to different images, it is desirable to normalise the distribution of the bond hyper-

parameters for mean and standard deviation. Hence, if dg?g) is the KS distance between
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blocks centred at pixels 7 and j, then the bond hyper-parameter mean jixs = <1+d—1<’”>>’

2
over the image lattice and standard deviation 6z, = <<1+d—1(’”3) — ,uks) > must be found.

This allows the normalisation of the distribution of ¢;; parameters via the equation,

1 oy (KS)
5y = <7—ﬂk5> T (5.12)
! 1 + dEfS) Oks o

where ugKS) and aéKS) are pre-specified parameters defining the desired distribution of the

d;; parameters.

5.4.2 Parameter Estimation

Model parameters are sampled from their posterior distributions in a similar fashion to
the algorithms presented in the previous chapter. Simple Metropolis sampling is used
to update parameter estimates from their posterior distribution. Priors are identical to
those used in the previous chapter being non-informative: i.e. uniform for the location
parameters and Jeffrey’s for the scale parameters. The resulting posterior distribution is

given by,

plie:oe |y) oo [ T | e o) pr(pe) pr(oe)

CeA.1eC

x (27102) Xp{ P> Z (5= 06%) ) (5.13)

CEAC

where A, is the set of clusters allocated to class ¢, N, is the number of pixels allocated to

class ¢ and p,(-) denotes a prior distribution.

5.4.3 Reversible Jumps for the Isotropic MRF

To propose a reversible jump move which will split one class ¢, into two requires the gen-
eration of two new sets of model parameters. The region labelled by this class comprises
pixels which have previously been grouped (by the partial decoupling algorithm) into clus-
ters. Two of the largest N, of these clusters are randomly selected to generate two sets of
maximum likelihood estimates of model parameters. These parameters are then used to
propose a new segmentation of all pixels allocated to the existing, single class into regions

labelled by the two new classes.
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New model parameters are proposed by calculating maximum likelihood estimates
based on image data corresponding to a randomly selected pair of clusters C.; and C,o,
from the original class. The estimated parameter vectors are denoted (2)01 = [ftc1,001] and
G = |fic2, 5ea]. However, to allow the reverse transition to be possible, thus satisfying
the condition for detailed balance, a small random perturbation is added to the estimate,
hence the new model parameter vectors, ¢, = [pie1, 0c1] and @, = [pe2, 0c2] are proposed

according to

~ _ 1 ) i — 1 )
2zal - Nt ZiECCl Yi He2 - Neo ZiECCZ Yi
Hel - Hel + em1 He2 - He2 + em2
_ 1 ~ 2 _ 1 ~ 2
Oc1 = Nep Zieccl (Vi — fte1)® + €51 Oc2 = Nez Ziecﬁ (i — fle2)? + es2

(5.14)

where, N.; and N. are the sizes of the two clusters, and e,,1, e,2, €,1 and ey are the
perturbation random variables, drawn from zero mean i.i.d. Gaussian and shifted Gamma
distributions to ensure positivity in the variance parameter proposals. The proposal prob-

ability for the new parameters is
Ne N

1 Z Z . X
Q(¢cl7 ¢c2 ’ u, Y) = N (N . 1) p(eml = Me1 — Mz) p(emZ = M2 — /113)
e e i=1 j=1:j#i (5-15)

X ples1 = 0c1 — 6;) plese = 0ea — 6;)

thus ML estimates of parameter vectors must be calculated for all N, clusters considered.

The reverse of this move, the combining of two classes into one requires a single set
of new parameters. These are proposed to preserve first and second order moments but
with the addition of a small perturbation random variable, thus ensuring the reversibility
condition is satisfied:

. Neprer + Neafie

.= 5.16

. Ncl +Nc2 ( )

e = fle + an (5.17)
Ne(pz, +02) + Nea(pZy + 02) ~o

. _ C [ C. C. — 12 _|_ as 518

7 \/ Ncl +N02 s ( )

where a,, and a; are independent Gaussian random variables. Hence, the probability

of proposing a combined parameter vector is simply ¢(@, | @.1, @2, x) = plan) plas).
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The above equations completely describe the bijection between the extended parameter
vectors: [fle, Oc, €m1, €m2, €s1, €s2] < [Hels the2y Tcls Oc2, Us, G ]. The Jacobian determinant of
this transformation, required in the calculation of the reversible jump acceptance ratio is

simply 1.

The re-segmentation of all clusters allocated to class ¢, the class being split, may now
be carried out by using the new model parameters. The methodology used is simple and
is somewhat intuitive: clusters are re-allocated using the partial decoupling algorithm’s
cluster colouring equation 5.11. However, a state of ignorance exists when considering the
conditioning of this equation on each cluster’s neighbourhood configuration. To overcome
this, all pixels of the split state are first assumed to belong to another, different and
invalid state. Next, clusters are allocated to one of the new pair of states in order of size,
the largest first, by Gibbs sampling from their relative conditional probabilities. Hence,
the algorithm colours the largest clusters relatively independently but as the size of the
clusters decrease and the gaps are filled between these large clusters, the clusters’ colouring
distributions become conditioned to an ever greater extent on their local neighbourhoods.

The probability of proposing such a re-segmentation of the label field x to x™ is given by,

+) _ H p({xi,iEC}]u,(s,ﬁ,d)xi,y)
cen. PUzi=clii€C}u,8,8,8.,y) + p({zi=c2,i €C} [0, 8,8 ¢u.y)
(5.19)

q(x,x

where A, is the set of all clusters allocated to class ¢ before the proposed split, and the
distributions p(x; = k,i € C | u, 8,3, ¢;) are the cluster colouring partial decoupling

conditional distributions as given by equation 5.11.

When considering the opposite move, the combining of two states into one, the reverse
proposal probability (identical to that if proposing to split the clusters comprising the new
merged state into the two original states) must be calculable. Because the order in which
the clusters are re-allocated is deterministic, the back-calculation of the reverse allocation

probability is possible via the above equation.

The resulting acceptance ratio for splitting the region labelled by class ¢ into regions

labelled by cl and ¢2 is given by

m(x", 9" |y) g(merge) g(cl,c2) q(P | bt Per,X) 1
7 7T(X,’l7b | Y) Q(Spht) Q(C) Q(¢cl7 ¢02 | u, y) Q(X7 X+)

where the first term comprises the ratio of the posterior probabilities after and before the

min |1

(5.20)

proposed split and the other terms are the proposal probabilities, as defined in the above
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equations with the exception of ¢(c¢) and g(cl,¢2): these are simply the probabilities of
selecting the class or classes to be split or combined. As described, the Jacobian determi-
nant corresponding to the transformation between extended parameter vectors is unity and
hence is omitted from this expression. Thus, in summary, the split move of the reversible

jump for the hierarchical Isotropic MRF model is given by the following steps:

1. randomly select with probability 1 a state from A™® to split,
2. randomly select two of the largest NV, clusters C.; and C.y, with probability ¢(cl, ¢2),

3. estimate using ML or MAP criteria parameter vectors qAbd and Ebcz from the observed
data pertaining to clusters C.; and C.,. Also estimate parameter vectors for the remain-
ing clusters of the N, under consideration for use in the calculation of the transition

probability,

4. generate the two proposed parameter vectors by drawing the random vector e from the
respective proposal distributions and substituting, together with the old parameter vector
estimates &Sd and 925(;2 into the mapping functions contained in equation 5.14 and calculate

q(¢p.q, .5 | u,y) according to equation 5.15,

5. calculate the probability of generating parameter vector ¢, as if generating the reverse
or merging proposal according to equations 5.16 to 5.18. This will correspond to the
probability of generating the random vector [a,,, as, a;] as calculated by substituting the

parameter values obtained in the previous step into equations 5.16 to 5.18,

6. propose a new segmentation of clusters previously allocated to state c¢ into ¢; and ¢

using the iterative procedure described above, with probability ¢(re — segmentation),

7. calculate the overall acceptance ratio according to equation 5.20 and accept or reject the

proposal based upon this value.

The merge move follows the above steps but implementing the opposite moves, with
reverse transition probabilities calculated as if following the above steps. Hence, the ac-

ceptance ratio for the combine move is simply the inverse of that in equation 5.20.
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5.5 GAUSSIAN MRF

The Gaussian Markov Random Field image model is identical to that described in the
previous chapter (see section 4.4.2) hence the definitions and notations of the previous

chapter are maintained throughout this section.

5.5.1 Partial Decoupling

The Gaussian MRF conditional distribution for the partial decoupling algorithm’s auxil-
iary variables is identical to that of the more simple Isotropic MRF (see equation 5.10).
However, the cluster colouring conditional distribution is far more difficult to obtain. The

distribution may be factored

p({xl = C7i € C} | u, 6767/1’1670-167}’) X p({ylal S C} | {yﬁ] S aC},Mk,O'k)
X p({xz :kal €C} | u7676)

where the first term corresponds to the fit of the observed gray scale values of the pixels

(5.21)

constituting the cluster and its neighbours to the model selected by state c¢. The second
term models the interactions in the underlying state process between each cluster and its
neighbours. This second term may be treated identically to the Isotropic case, i.e.
p({xZ =c,i€C}|u,d, ﬁ) X exp { Z Z (1 —06;5) 8V (z;, x])} (5.22)
ieC jeac
It should be noted that the local texture model is fitted to each cluster and its neigh-
bouring pixels, rather than to just those pixels within the cluster. This approach has been

adopted to allow a reasonable sampling process to occur when cluster sizes are small with

respect to the GMRF’s local neighbourhood support.

The first or likelihood term of the right hand side of equation 5.21 may be computed
analytically via the approach outlined in Appendix C. Adopting the notation for the
GMRF used in the section 2.2.3, equation 2.21, the resulting distribution is given by

R,, 1
p(Yn ‘ Yo, e, Oc, 00) (8 % exp{ - TCQ[ [yn - l"’c]TRTm[YTL - N] + (523)

2[yn — ) Ruslys — 1) +
[R Roslys — )]’ Ruslys — l’l’c]] }

where y, is the NN, dimensional vector of observed gray-scale values for pixels compris-

ing the cluster, y, is the vector of observed gray-scale values for the bordering pixels
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surrounding the cluster and the inverse covariance matrix for these pixels is given by
2_1 _ Rnn Rnb
c
Ry, R
parameters. Because this expression is relatively complex, it may be necessary to approx-
imate the likelihood term by the pseudo-likelihood:

] , which comprises a sparse matrix whose non-zero elements are o)

PL(YTL ’ Yo, e, O, 00) X = exp{ - ! Z |:(yl - /1’0)2 - Z 0(@_])(2%:% + yj2):| }

oln 202 < :
1eC JEN;
(5.24)

where 0;_;) = 0(;_;. All experimental results, presented later in section 5.7, were obtained
using such an approximation and no discernible difference has been found between results

generated using the two distributions.

As for the Isotropic case, the choice of statistic for generating the matrix of values com-
prising 4 is arbitrary. Recalling that the J;; parameters are intended to give an indication
of distance between neighbouring pixels, it would appear desirable to include a measure of
discrepancy in the spatial-frequency domain in addition to the difference in gray-scale dis-
tribution when considering the GMRF model. Such a measure will consist of a comparison
between estimations of various spatial correlations at neighbouring sites within the image

and to extract such information, Gabor filtering is perhaps the most obvious choice.

Gabor filters and their application to unsupervised texture segmentation were reviewed
in section 3.4. By convolving the observed image with a set of suitable filters and then
combining the output images (after suitable low-pass post-filtering) via some form of cost

function, it is possible to generate a texture distance measure between neighbouring pixels.

To design a suitable set of Gabor functions it is desirable to match the filter banks half-
peak coverage of the spatial-frequency domain with an estimate of the possible coverage of
the particular GMRF model being used. The GMRF power spectral density function was
shown in [97] to be

0.2

L =23 e ourne Ok €OS (&[mk + nl])

S(m,n) = (5.25)
where N gurr is the set of correlation displacements defining the GMRE. To calculate
the half-peak coverage it is necessary to find the peak power spectral density. As the
correlation parameters are relatively small and generally decrease in magnitude as their
respective correlation distance increases, a crude approximation to the above equation

would be to ignore all but the closest or nearest neighbour correlation parameters. This
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normalised half-peak frequency
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Figure 5.2: Half-peak normalised frequency (i.e. frequency in cycles per image width =

image width x normalised frequency) against the nearest neighbour correlation parameters,
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the corresponding half-peak power spectral density is given by the equation,

2mn 1

0, cos (%Tm) + 6,1 cos (T) = 2(6ho+6o1) — 5 (5.26)

results in a peak power spectral density, Sy ax =

and is therefore symmetrical about both frequency axes. If for simplicity both correlation
parameters are assumed equal then it is possible to extrapolate the half-peak frequency
from either of the two frequency axes, i.e. T = % cos! (3 — %) From this equation,
the relationship between half-peak frequency and the parameter 8, may be identified and is
shown graphically in figure 5.2. In real images the nearest neighbour correlation parameters
are rarely found to have a value less than 0.15, hence the maximum value of normalised
frequency that should lie within the half-peak coverage of a Gabor Filter bank could

reasonably be set to 0.3 cycles/image width?.

Using this bandwidth requirement it is possible to specify a Gabor Filter bank by using
the filter bandwidth equations 3.30. The filter outputs undergo post-filtering where they
are convolved with a low-pass function to remove ripples induced by edges and boundary
features. The resulting images are then divided into overlapping windows, over each of
which, the absolute mean or ‘texture energy’ is computed. (These processes were discussed

in more detail in section 3.4).

The spatial-frequency component of the d;; parameters is computed from the distance
function formed by the difference in magnitudes of the vectors of output responses of

. where x(/) are the filter outputs, generated

. . . _ (SF) 1
neighbouring pixels: dij = 1+Zfer(m§f)_x§f))2
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by the set of filters F. As discussed earlier in section 5.4, when considering the Isotropic
algorithm it is desirable to to normalise the distribution of the bond hyper-parameters for
mean and standard deviation. The approach adopted here normalises spatial-frequency
and Kolmogorov-Smirnov components separately, before they are summed to form a single

set of hyper-parameters. The mean and variance statistics, pqr and ogy, are calculated for

the dEfF) distributions, allowing the normalisation to a specific mean and variance, ugSF)

SI) " The Gabor component of the hyper-parameters (51(]5 ) are then given by the

(SF)
expression 6§]5F) = (d;; — /j,f)% + MgSF). The final 6;; parameters may then be calculated

and a(g

by combining this value with a Kolmogorov-Smirnov component (previously derived as
equation 5.12): §;; = (5§5F) + 51(;“).

5.5.2 Parameter Estimation

As for the Isotropic case, model parameters are sampled from their posterior distributions
using similar methods to those of the previous chapter. Metropolis sampling is used to
sample from an approximation to the posterior distribution. The approximation uses a form
of pseudo-likelihood where clusters are assumed independent, rather than using the usual
assumption where individual pixels are considered independent. Priors for u. and o, are
kept strictly non-informative and are respectively uniform and Jeffrey’s type distributions,
made proper by restricting their range. For the o parameters, conjugate priors are used,
which comprise zero mean independent Gaussian random variables. The sole purpose of
using conjugate priors in this case is to allow a direct comparison of results to be made
with those obtained for the corresponding algorithm in the previous chapter. The resulting

distribution is given by

1
Plpe,06,0: 1Y)~ = [ psrs € C | e, 0c,0c) prlpic) pr(oe) pr(8e)
7 CceC.
1
o — H p(ys,s € C| phe, 00, 0.) (5.27)
¢ cee,

where C. is the set of clusters allocated to class ¢, N, is the number of pixels allocated to
class ¢, p,(-) denotes a prior distribution and +y is an arbitrary normalising constant. The

cluster likelihood term was given earlier as equation 5.24.
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5.5.3 Sampling the Model Order

The process of proposing new model parameters from estimates generated from partitions
of the observed data allows the acceptance rate of a reversible jump sampler to remain
high, despite any increase in model complexity. This feature is illustrated by comparison
of this GMRF algorithm with that of the simpler Isotropic MRF (described in section 5.4).
If the region labelled by class selected to be split comprises a number of clusters, generated
by the Partial Decoupling algorithm, then by selecting a pair from the largest N, clusters,
it is possible to generate two new sets of model parameters from the maximum likelihood
estimates. For simplicity, due to the complex nature of the joint likelihood of a region or
cluster modelled as a GMRF, the maximum likelihood estimates are approximated by the
maximum pseudo-likelihood values. Hence, if the pseudo-likelihood for a GMRF region of

n pixels is given by

>

PL(y1.tn | py 0, 0)
(522) e { = 5 2 [t = 1) = X 0llwier =) + (o — 0] )

(5.28)

then, by expanding the exponent the equation may be re-written with the exponent in

matrix form, where the elements of the matrices are sufficient statistics for the distribution:

A
PL(y1--Yn | p,0,0) =

(7e7)

where c is the vector of statistics ¢, = > (i — ) [(Yirr — i) + (yi—r — p)] and D is the

wlz ~—

(5.29)

exp{ — 55 [(4) — 20(s) + 4 — 26%c + 07DB] }

matrix whose elements are the statistics dr, -, = > i [(Yirr — 1) + Wicr — W[ Yigr, —
1) + Yimr, — 1)]-

The maximum likelihood estimates of the parameters may be found by setting their

partial derivatives to zero. Hence, if pixels neighbouring the region are assumed to have a

OPL(y1....yn|p,0,0) OPL(y1....yn|1,0,0) _
op 90~

0, Vk and recalling that D is symmetric produces a system of linear simultaneous equations

similar mean, then setting = 0 yields & = (y;). Equating

in éTk: DO = ¢, whose solution is § = D 'c. Although this estimate does not guarantee

stability, the parameter estimates are being used for segmentation and thus computational

PL(y1.-yn|1,08) _

simplicity rather than stability is of prime concern. Similarly, setting 2 S

gives the maximum pseudo likelihood estimate 6% = £ | (y2) — 2u(y;) + p? — 29" c+0 DO
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To ensure the reverse transition is possible, a small random perturbation must be added

to each of these estimates:

Hel = /lcl + em, He2 = /:LCQ + ema,
Oc1 - &cl + es1, 0c2 - 6-c2 + €59, (530)
A T R T

(k)

)
where e,,1, em2, €51, €52, €

and eg are perturbation random variables, drawn from zero
mean i.i.d. Gaussian and shifted Gamma distributions. The probability of proposing the

new pair of parameter vectors is therefore

1 N N
P, P | 0y) = NN, —1) ;j;ﬁp(eml = fer — i) P(€ma = ez — flj)
X plest = 01— 6) ples = 0 — ;) [[ ey’ = 08 = 61) pler?) = 655 — 6"

(5.31)

where N, is the number of pixels allocated to class ¢. The reverse move entails the combin-
ing of two sets of parameters into one. T'wo mechanisms for this process appear intuitively
profitable: firstly, generation of the new parameters by maintaining the central moments
of the model in a similar fashion to that used in the Isotropic case, or secondly, by using
the observed data that would be labelled by the new combined class to estimate new model

parameters using the maximum pseudo-likelihood technique outlined above.

The first of these processes uses identical equations to the Isotropic case (i.e. equations

5.16 to 5.18) to generate the p. and o, parameters. To generate the combined correlation

: - k N0+ Neo8S | (k
parameter vector 6., an ad hoc averaging equation may be used: 6% = W—HLE ),

since no obvious system of central moment conservation exists.

The second process uses expressions similar to those used when calculating the splitting

move:
He = fle +
o. = Oc + as (5.32)
R N

Both systems of equations achieve similar results, but have the slightly differing pro-

posal probabilities: (@, | x,y) = a(¢, | e b x) =  plam) plas) TI,p(al?)
and ¢(@, | X,y) = & 3N plam = pe — i) pla, = 0. — &) [[p(a® = 6 — 6

respectively. Both also give the necessary bijection between auxiliary parameter spaces:
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[,U/w Oc, 00; €ml, €m2; €s1, €52, €41, etQ] A [Nch He2, Ocly O¢2, 0017 0027 Ug, A, at]- The TeSUltng

Jacobian determinants are both unity.

The re-segmentation algorithm is identical to that used in the Isotropic case (see section
5.4) and so the probability of proposed re-segmentation ¢(x,x "), is given by equation 5.19.
Hence, the acceptance ratio for the proposed GMRF is

m(x", 9" |y) g(merge) 1 q(cl,¢2) q(@.| oy, 0 x) 1
m(x,¢ |y) q(split) k+1  qlc) (e, ey | 1,y) q(x,xt)

min |1,

(5.33)

5.6 LOW-LEVEL LINE PROCESSES

The line process of Geman & Geman[39] comprises a binary Markov process (see section
2.2.2). It is defined by a set of potential functions acting on corresponding cliques which
comprise a neighbourhood. By the Hammersley-Clifford theorem[9] the joint distribution
for such a process is Gibbsian. The juxtaposition of the line sites with respect to the
underlying Markov Random Field pixel sites is identical to that of the auxiliary bond
variables used in the partial-decoupling algorithm, as discussed in the previous sections.

However, their interaction with the underlying Markov Random Field is quite different.

The joint posterior density for a Markov Random Field and associated line process may

be expressed by the equation

m(x,1| ¥, y) x exp { Z —% <u>2 + Z Z(l — i) BVe(wi, ;) + Vi(lij, lm]-)}

O, ,
icS T i€S jen;

(5.34)

Thus, if the line element situated between pixels at sites ¢ and j takes the value of 1,
then the two pixels become mutually independent. The line process potential functions
Vi(lij, ly,;) may be arbitrarily defined to prefer particular arrangements of line process
elements. Typically, straight line segments are favoured, while corners, line endings and

isolated elements are rejected with increasing strength.

To date, when considering unsupervised segmentation, the incorporation of line pro-
cesses into the model has been largely precluded simply because the typical two-step al-

gorithms, described in chapter 3 are unsuitable for fitting observed data to these more
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complex models. However, the unsupervised partial decoupling algorithms of this chapter
may be used to optimise a line process model: this possibility will be now be examined in
more detail?. To implement such an algorithm, the auxiliary bond variables must remain
uniformly and independently distributed. The joint distribution for the bond variables,
the underlying MRF and the line process is therefore given by

m(x,Lulvy,y) = pulx)w(x,1[9,y) (5.35)
1 /’['137,
X eXP{Z_2<7) "’Z lij — 0ij 5‘/(%7%)"“/([@37[%)}
i€S jen;
X H I 0 < i < exp {6;;0i; V- (xl,x])}}
L,JES

The marginal of this distribution, removing the auxiliary bond variables is quite clearly

the posterior distribution for the Markov Random Field and line process,
Le. [gm(x,Lul|,y)du=mn(x1],y).

The particular optimisation problem of interest here is the joint MAP estimation of the

hidden label variables, the line processes, the model parameters and the model order:

XMAP, lMAP7 0MAP7 kyap =

k) p(@ 6'X) 1) p(1| 8w
s x€X (1), leLI,noE?iie@(k), keK p(k) p(80) plx | (k) 2 ) pll| ) (5.36)
Y
X H p({Ys;S Ts = C} | egk))c)
€A (k)

Knowledge of this joint distribution facilitates sampling variables from their appropri-
ate conditional distributions when available in closed form and when not, the full joint
distribution may be used. Hence adopting the previous notation, the conditional distribu-
tion for the hidden labels of cluster C given the current bond configuration and line process
is

p({zi=cieCh|w,d,8, w,onLy) < p({yii € C}Y| {y;,j € OC}, pu, o)
X p({az:Z =k,ie€C}| u,é,ﬁ,l)

where the first, likelihood term is dependent on the particular model, e.g. Isotropic or

(5.37)

GMRF and the second term is given by

p({z; =c,i€ C}|u,8,8) x exp {52 S (-1 V(xz,xj)} (5.38)

1eC jeoC

2The work included in this section was presented at the ‘International Symposium on Optical Science,
Engineering and Instrumentation’, SPIE’s 43rd Annual Meeting in San Diego, California and was published

in the conference proceedings [3].
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Finally, the conditional distribution for 1 given the bond configuration and hidden labels
is

p(llj | u, X, lQL\Z]) X exp{ - lwﬁV(ZE“ Ij) —+ U(lw | ]'QL\ZJ)} (539)
where €27 is the lattice on which the line process is defined and U(l;; | lg,\;;) is the

contribution of the prior term to the conditional energy function.

Using the above conditional equations, it is possible to construct an optimisation pro-
cess by modifying the iterative algorithm outlined in section 5.3: an extra step must be

incorporated to update the line process.

5.7 RESULTS

The Swendsen-Wang and partial decoupling algorithms allow a sampler to mix more rapidly
at the critical temperature. The Gibbs sampler is poorer mixing around the critical tem-
perature and hence, experiments in the previous chapter required an annealing schedule
that was slowly lowered from a starting temperature well above this temperature. The
improvement in sampling associated with partial decoupling allows the annealing schedule
to begin at a lower temperature, thus reducing the time wasted when effectively sampling

from a distribution with different characteristics.

The annealing schedules for all experiments are linear and are given by,

t—1
T;f - ( )(Tmam - Tmm) + Tmm (540)
n

where t is the iteration number and n is the maximum number of iterations. 7T,,,, and

Tnin are the respective starting and finishing temperatures of the annealing schedule.

The Isotropic unsupervised segmentation algorithm described in section 5.4, has been
tested on a variety of noisy gray-scale images. Figure 5.3 shows both the MAP segmentation
and marginal distribution for the number of states k, for a simple four state image. Here
the MRF hyper-parameter 3 was set to 1.2 a priori, the bond hyper-parameter collective
mean s to 0.30 and the associated variance o5 to 0.30. To obtain the marginal 10,000

samples were drawn from the posterior distribution.

A further, more complex computer synthesised mosaic, shown in Figure 5.4, which

was also used to test the earlier Isotropic unsupervised segmentation algorithm, presented
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Figure 5.3: Estimation of Marginal Distribution for a four state image: (a) observed im-
age, (b) gray-scale histogram of the observed image, (¢) horizontal bond hyper-parameters,
(d) vertical bond hyper-parameters, (¢) MAP segmentation, (f) marginal distribution for

the number of states k calculated over 10,000 samples.

in section 4.5. To allow a comparison with these previous results, shown in Figure 4.2,
parameter values are set to those of the previous chapter, i.e. the MRF hyper-parameter
is set according to Sus = Bpreviovs- The horizontal and vertical priors for the auxiliary
bond variable hyper-parameters are also displayed in Figure 5.4, with the light coloured
regions corresponding to areas homogeneity between pixels, generating high bond prior
probabilities. Estimations of the underlying MRF are shown above their associated bond-
maps and the difference in sampling algorithm, when compared to the previous chapter is
perhaps best illustrated after 200 iterations, where the clustering associated with the partial
decoupling algorithm is clearly visible. The final bond-map effectively comprises a negative
of an image containing the borders between regions, with most internal pixels being bonded.
The new algorithm’s convergence appears quicker and its final segmentation more accurate

than that of its predecessor and so for this image represents a large improvement.

The new GMRF unsupervised segmentation may also be compared with that of the
previous chapter by comparison of Figure 4.5 with Figure 5.5. Again, to facilitate such a

comparison, prior parameter values are set to those of the previous chapter, hence, the new
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parameters || class | u o 0, 0, 05 0,
actual 1 0.50 0.10 -0.10 0.20 0.20 0.20
2 0.50 0.10 0.34 0.32 -0.21 -0.25
3 0.50 0.10 0.20 0.20 -0.20 0.20
4 0.50 0.10 0.20 0.20 0.20 -0.20
estimated 1 0.503354 | 0.104674 | -0.124109 | 0.184704 | 0.236364 | 0.186041
2 0.503244 | 0.101905 | 0.347301 | 0.344144 | -0.223274 | -0.23885
3 0.509906 | 0.103892 | 0.207443 | 0.207297 | -0.215471 | 0.19872
4 0.505321 | 0.105929 | 0.191792 | 0.157124 | 0.225666 | -0.17101

Table 5.1: Actual and estimated parameters for the partial decoupling GMRF segmenta-

tion.

MRF hyper-parameter is set according to, ﬁ(MgSF)—i—MgKS)) = Bpreviovs. The textures in

this synthesised image have identical means and variances and are thus only distinguishable
by the their correlation parameters. The threefold increase in convergence rate for the
new algorithm is dramatic and may be partly attributable to the lower annealing starting
temperature made possible by the use of partial decoupling. The parameter estimates
obtained while segmenting the synthesised textures are given in Table 5.1. These represent
an improvement over those obtained in the previous chapter (see Table 4.1) which may
be attributed to the more accurate pseudo-likelihood approximation, as was described in

section 5.5.2.

Figures 5.6 and 5.7 show the results of an unsupervised segmentation of a mosaic of
four Brodatz textures [16]. The GMRF model used in this example is defined over a
larger neighbourhood (type n = 8, see Chellappa[54]) than that used in the synthetic
example. Such an increase in model complexity (the number of correlation parameters to
be estimated has increased from 4 to 22, for each texture class) is made possible with the

improvement in convergence attributable to the partial decoupling algorithm.

Figure 5.8 illustrates the application of GMRF unsupervised segmentation algorithm to
satellite image segmentation. Again a n = 8 neighbourhood structure is used in the GMRF

model for each region. The Potts model hyper-parameter was set a prior: to § = 1.2.

The algorithm demonstrates its capability by differentiating between areas of similar
gray-level, for example it discriminates between the lagoon on the top left-hand side of

the image and the built up areas towards the bottom right. However the differential
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between open sea and scrub land proves too small, since the gray-scale distributions are
virtually identical and there is little textural content, thus the algorithm misclassifies these
as identical regions. More encouragingly, smaller details are accurately located, for example

the beach and yachting marina are clearly segmented.

Results are also presented demonstrating the unsupervised segmentation of an hierar-
chical Isotropic MRF with line process. The line process was formulated simply to favour
line segments only. Letting L denotes the presence of a line element and - its absence,
then actual potentials were defined for the central site of three adjacent elements such
that: Vj(LLL) = 0.2; V}(LL-) = 1.5; Vi(-L-) = 4.0; Vi(L - L) = 3.0; V;(L - -) = 1.0, and
Vi(---) = 0.0. Figure 5.9 shows the results of optimising such a model on a 100 x 100
image containing six gray-levels. As would be expected for such a simple image the final

line process forms practically a negative of the eventual bond configuration.

Figure 5.10 shows the fitting of an identical line process model to an image of a house.
The image is identical to that used to test the earlier Isotropic segmentation algorithm of
chapter 4, shown in Figure 4.4. The auxiliary bond variables and MRF hyper-parameter
were chosen to allow a direct comparison between the segmentations produced using the
two models. Due to the reduction in cost associated with the incorporation of a line process
the estimated number of states has increased from 5 to 11. More detail has been segmented
using the line process (particularly note the window and drainpipe areas) however the roof

appears to have become over segmented.
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Figure 5.4: Isotropic MRF Segmentation experiment using partial decoupling. Segmen-

tations are shown above their associated bond-maps at various stages of annealing
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Figure 5.5: Synthesised Texture Segmentation experiment. Segmentations with their

associated bond-map at various stages of the unsupervised partial decoupling algorithm
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Figure 5.6: The first 70 iterations showing particular texture segmentations and their as-
sociated bond-maps obtained using the unsupervised partial decoupling algorithm applied

to a mosaic of four Brodatz textures
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Figure 5.7: The final 830 iterations showing particular texture segmentations and their
associated bond-maps obtained using the unsupervised partial decoupling algorithm ap-

plied to a mosaic of four Brodatz textures
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Horizontal Bond Hyper-Parameters Vertical Bond Hyper-Parameters

Segmentation Bond Configuration

Figure 5.8: Results of a 200 iteration unsupervised segmentation algorithm applied to a

300 x 300 satellite image of a coastal region in British Columbia.
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test image t1, 100x100 pixels

Original Image Horizontal Bond Vertical Bond
Hyper-Parameters Hyper-Parameters

Segmentation Line Process Bond Configuration

Figure 5.9: 200 iteration line process experiment.
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Figure 5.10: 200 iteration line process experiment using an image of a house.
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5.8 (CONCLUSION

In this chapter, auxiliary variable techniques have been used to improve upon the unsu-
pervised segmentation algorithms introduced in the previous chapter. In particular, con-
vergence has been improved through two procedures: firstly through the use of the partial
decoupling algorithm to accelerate mixing at and below the systems critical temperature,
and secondly, through generating reversible jump proposals intelligently, thus increasing

the acceptance rate.

The application of the partial decoupling algorithm, with the implied specification of
hyper-parameters for the auxiliary bond variables allows the use of ad hoc procedures to
improve convergence. Specifically, the hyper-parameters provide a mechanism by which
prior knowledge pertaining to the local homogeneity of the observed data may be incorpo-
rated into the optimisation process without affecting the final segmentation. The texture
features reviewed in chapter 3 are prime candidates to form the basis for the generation of
these hyper-parameters. Here, a bank of Gabor filters has been applied for this purpose,
however any of the features, for example those derived from cooccurrence matrices or even

the model itself, may be suitable.

The results presented demonstrate the advance produced by the incorporation of these
processes. For example, the segmentation of an image composed of Brodatz textures
requires GMRF models of significant support. The use of composition sampling in the
previous chapter, although making possible the unsupervised segmentation of hierarchical
models comprising small neighbourhood GMRF’s was not an efficient enough process to
solve this problem, mainly due to the difficulty in deriving good enough proposals to
maintain a reasonable level of acceptance in the reversible jump sampler. The use of
partial-decoupling in the algorithms of this chapter, through the introduction of clusters
on a smaller scale than the segmented regions has formed the basis for an intuitive process
of proposal generation, thus improving acceptance rates and consequently the algorithm’s

convergence rate.



Conclusions

The development of unsupervised image segmentation algorithms based upon hierarchical
Markov Random Field (MRF') image models has been the central theme of this dissertation.
Results have been presented demonstrating their effectiveness in segmenting a variety of

computer generated and real world images.

The algorithms may be viewed as an attempt to provide the functionality of the low-level
elements of a basic vision process. It is hoped that such algorithms, when combined with
higher level models and procedures, for example shape or object recognition, will facilitate
the future realisation of an automatic vision system. However, computational limitations
presently dictate that these algorithms may be usefully applied to only a subset of vision
problems, for example: remote sensing applications, X-ray and nuclear magnetic resonance
(NMR) image segmentation, and segmentation of synthetic aperture radar (SAR) images

for crop discrimination.

In chapter 2 the supervised, semi-unsupervised and fully unsupervised image segmen-
tation problems were formulated in terms of an hierarchical image model. The hierarchical
model is Bayesian and is comprised of MRF’s: at the low level these model the observed
texture regions that make up the image; at the higher level they regularise the segmenta-
tion. Textures are modelled by Gaussian MRF’s and the regularising function takes the
form of a Potts model. MRF’s were introduced generally in section 2.2, before both the
Potts model and GMRF were described in more detail, with particular emphasis on how
the Potts model’s characteristics vary with temperature. This is of prime concern when

optimising using the simulated annealing algorithm.

A review of the various techniques used to achieve segmentation, adopted throughout
the literature, form the remainder of chapter 2. Algorithms such as Gibbs sampling, Sim-
ulated Annealing, Iterative Conditional Modes (ICM), Expectation-Maximisation (EM),
Iterative Conditional Expectation (ICE), Partial-Optimal Solutions, Mean Field Theory,

soft decision EM, and Information Criteria were all discussed. However, despite many
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encouraging results these algorithms all fail to achieve the goal of truly unsupervised seg-

mentation. It was also observed that most require extensive computational resources.

A parallel area of research, reviewed in chapter 3, makes use of various feature spaces
to facilitate segmentation through clustering or further model fitting algorithms. The fea-
tures considered include those simply derived from the models of chapter 2, functions of
cooccurrence matrices, spatial residuals and features generated in the spatial frequency
domain. These algorithms, although requiring the precise specification of various thresh-
olding parameters and despite giving worse localisation of image boundaries due to the use
of windowing, consume considerably less computational resources than their model based

counterparts.

Having reviewed much of the image segmentation literature, the primary motivation
behind the work reported on in this dissertation was established. Due to the difficulties in
achieving unsupervised and accurate segmentations using the feature based approaches, a
truly unsupervised segmentation algorithm based upon the optimisation of an image model
became the end goal of the research. However, due to the enormous computation over-
heads the incorporation of features to speed up the optimisation process was a secondary

objective.

The first algorithms were presented in chapter 4. The reversible jump Markov Chain
Monte Carlo (MCMC) algorithm was introduced for model selection purposes. This was
applied to the problem of finding the joint Maximum a posterior: estimate for the number of
states, model parameters and segmentation into these states. Simulated annealing was used
to optimise the model with the reversible jump sampler enabling movement between model
spaces. Unsupervised segmentation could therefore be achieved in a single iterative process.
This strategy proved extremely computationally intensive and it became apparent that the
optimisation of more complicated models, for example those using large neighbourhood

GMRF’s to model coarse textures, would be beyond the capability of these algorithms.

Thus, in chapter 5 a new approach was developed. The Gibbs sampler, used previously
to draw from the regularising Potts model was replaced by the Partial Decoupling algo-
rithm. Partial Decoupling works by breaking the image lattice down into clusters of pixels,
realised on a finer scale than the image regions, these are then sampled as complete entities.
Such an algorithm exhibits improved convergence over both Gibbs sampling and its closest
relative, the more well known Swendsen-Wang algorithm, when drawing from a hierarchical

image model posterior distribution. Partial Decoupling is also an auxiliary variable tech-
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nique and allows the specification of hyper-parameters on these variables which, if chosen
carefully can speed up convergence still further. This provides the mechanism by which the
features of chapter 3 might speed up the optimisation process. Such an avenue has been
extensively explored in section 5.5 for the case of using Gabor filter functions to improve

the convergence for the hierarchical GMRF model.

A further advantage to using such an algorithm is in the generation of proposals within
the reversible jump sampling algorithm. Previously in the literature and in chapter 4 fresh
model parameters had been generated randomly, a technique too inefficient to use with
complicated models having large numbers of model parameters. The ability to break the
image down into small clusters, each of which may be considered homogeneous through the
generation of hyper-parameters from the observed data, allows the new model parameters
required in the reversible jump sampler to be estimated directly from the data. This im-
proved acceptance rates and thus convergence significantly. Results presented for Brodatz
texture mosaics and a remotely sensed image demonstrate these advances. Furthermore,
these algorithms allow unsupervised segmentation to proceed with the incorporation of line

process into the image model.

The work described in this dissertation provides mechanisms which could be used in
many further applications and studies. For example, an extensive study assessing the
effectiveness of the traditional image models would appear highly pertinent at this date.
For crop discrimination the models used throughout this dissertation are unlikely to be
sufficient since observed gray-level often drifts across large open areas in remotely sensed
images. Development of suitable alternatives would be a major advance, made possible
through the use of algorithms of the type described here. The consideration of more
complex line processes, with the possibility of linking such an algorithm to higher level
models and optimisation processes, for example Arak processes [22], would be of much
interest. Finally, the algorithms of chapter 5 could be applied to the optimisation of

Bilateral Markov Models for time series, an area of research as yet not fully investigated.



Mean Field Derivation

There follows a re-working of the derivation by Geiger & Girosi[34] of the mean estimates

of the weak membrane model line elements. The notation is given in section 2.5.3.
Consider the expression for the mean value for a single horizontal field element h;;,

g Xeo{ s [Pt A1)
th”exp{—ﬂZ (1 —hig)Gi g+ (1 UZJ)GE}}

where, G}'; = (i ; — iz15)° — 71 and GV = (03 — Tijr1)? — 77, Because all ; j and v, ;
i J i

are defined on the real line segment [0, 1], the above equation may be re-written

hij) = ﬁZZeXP{ ﬁZ[y” i) +% +7§j}}8g’§g) (A.2)

where Zp,(x) = >, ,exp{=8>_; ;[hi; G, j + vi;GY;]}. If the free energy of the system
Zp»(x) is defined so that

T o(x) = e Pl (A.3)

then equation A.2 may be re-expressed,

(hij) = _BLZ Zexp{ 52 [ ym i + %g + %;] + Fo(x )} 31:;%(;() (A.4)

Thus, the mean of each line element may be calculated by finding the statistical mean of

({“ghi”;b(x) over the field x, i.e.,
Yi,j
8F}w(X)
by = < > (A.5)
Ovy I

If the line elements are assumed statistically independent, then Zj ,(x) will consist

of a non-interactive spin system in an external field. Hence, the summation over both
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horizontal and vertical fields may calculated analytically so that
Zno(x) = [T (1 +eP5) (14 e776%) (A.6)
t,J
Using this expression to find the free energy Fj,(x), gives the expression for the statistical

mean of a horizontal line element:

hiy = {5 ). (A7)

1+ e PG

A similar expression may be obtained for the vertical line process.



Reversible Jumps

There follows a proof of detailed balance for the reversible jump sampler [43] as applied
by Richardson & Green[82] to the problem of MAP estimation for an unknown number of
components in a Gaussian mixture model, a form of the hidden data problem. The first
section of the proof is similar to that presented by Green[43] when deriving the reversible
jump acceptance ratio. The derivation showing that such an acceptance ratio satisfies

detailed balance is original.

If a Markov Chain enjoys detailed balance with respect to a distribution 7(x), then
7(x)p(x,x') = 7(x")p(x’,x). The Metropolis-Hastings algorithm guarantees this equality
by incorporating an acceptance ratio a(x,x’) into the transition probability such that
p(x,x") = q(x,%x') X a(x,x'), where ¢(x,x') is the proposal distribution. To find a value
for the acceptance probability the incorporation of the new transition probability into the
expression for detailed balance must be considered. To facilitate this an expression is
needed for the transition kernel of such an accept/reject sampler. If © € C', where C' is the
complete parameter space, then the transition kernel for a move to 2/ € B, where B C C

and is a Borel set, is given by

p(x,B) = /Bq(x,dx') a(z,2") + s(x) Iz € B (B.1)

where I[-] is the indicator function and s(x) the probability of staying at x through

either a rejection or no move being proposed, is defined

s(x) = /Cq(:c,da;') l—alz,e) + 1 — g(,C) (B.2)

For detailed balance to be preserved when considering the moves from the set A to B,

or the reverse, from B to A,

m(dx) | q(z,ds") a(z,2') + m(dz) s(x)
[0, o
= /Bw(dx')/Aq(x',dx) a(z' z) + /AmBﬂ(dx') s(z")
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A sufficient condition for this equality and hence detailed balance to be ensured is
/ W(dx)/ q(x,dz") a(z,2") = / w(dz") / q(2', dz) a(2', ) (B.4)
A B B A

If 7(dx) q(x, dz") has a finite density f(x,2") with respect to a symmetric measure £ on
C x C, then if a(z,2') f(z,2") = a(a,z) f(a',z), then

/A 7 (dz) /B oz, dr') o(n,2) = /A /B (e, i) f(z,2') oz, ')
_ /A/Bg(dx',dx) F(@,2) ald,2)

_ /B r(da) /A o, dz) o', 7) (B.5)

and detailed balance is maintained. To ensure the above condition, the acceptance ratio is

set to

f(x’,:c)] _ min[ljw(dx’)q(x’,dx)]

[z, ") 7(dx)q(x, dz') (B.6)

a(z,z’) = min [1,

To apply this proof to the reversible jump problem where parameter spaces differ in
dimension before and after the proposed move, requires some re-working. Consider moving
from a k-dimensional model parameterised by 0" to a k'-dimensional model parameterised
by 0¥). To ensure a corresponding reverse move is possible for each forward proposal,
there must be a bijection between parameter spaces. Because these differ in dimension
it is necessary to extend the parameter vectors by random variable vectors u® and u*)
so that #[0%), u®)] = #[0*) u*)], where #[] indicates the operator, ‘the dimension of’.
A bi-directional transformation between the extended parameter spaces is now possible,
(0% u®)] 5 [8*) u*)]. This interrelationship between the extended vectors is defined
by a pair of invertible functions [0 u®)] = ¢ (8%, u®)) and [6®) u®] = 9(8*) u*"),

i.e. 0;(-) is the inverse function for 6, 4(-).

Returning to equation B.4, the sufficient condition for detailed balance may be re-

written

/ (d0™) / 2(6%), #(0W, du®)) a(6®, o))
o(k) u®)

(B.7)
_ / (d0%)) / 2(6%), 9(0%), du)) a(6®), 0%
o(k") uk)

Consider the right hand side of the above equation: by Fubini’s theorem[13] and the
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change of variable theorem for a Lesbegue Integral (see Billingsley[13], theorem 17.2),

/ 7(dO*)) / q(0*), 0(6%) du™)) (6", o*)) (B.8)
FICH) ulk)

_ / (%) (8%, 0(8%), u))) A(B(OX),u®)) a(8*), 6®)
(k") s u (k")

N /0(k>>< (k>7T(9, ) q( ))7 [a(k)7u(k)])
)\(8(0
)\(8(0 >,u<k>))

The condition for detailed balance (equation B.7) may now be expressed over a single

measure space:

/ 7(0M) ¢(6%), ¢'(6®,u™)) A(DOW, u®)) a(8®),8¢)) (B.9)
k) xu(k)
_ 56 )} [9®) o®
/O(k)Xu(k)W( ) a(0e 187, u)
)\(8(0

A(0(8¢ >,u<k>))

It immediately follows that the forwards acceptance ratio required to fulfil this condition

is given by

7T(g(k’)) q(H(k,),H(O(k'),du(k,))) ‘A(@(H(k'),u(k’)))

a(0® 0%)) = min [1,
( ) 7T(g(k)) q(g(’f)701(0(’f)7du(k)))



Cluster Likelihood Derivation

To arrive at an expression for the joint distribution for the state variables comprising a
single cluster given those over the remainder of the image it is necessary to split the state
variables of the entire image into two groups, those contained in the cluster designated n

and those external to the cluster, denoted b.

The conditional distribution for the cluster given the remainder of the image is, by

definition, p(n | b) = %. The conditional distribution may be found via this equation

by first writing an expression for the numerator (comprising likelihood for the entire image)

and then integrating out all contributions of the cluster, thus giving the denominator p(b).

If the inverse covariance matrix is divided into non-equal quadrants corresponding to:
within cluster correlations; correlations between the cluster pixels and finally correlations

between the remaining pixels, i.e.
RTLTL RTL
R = [ ’ ] (C.1)

then since, R,,, = R{,, the joint likelihood for the complete state variable matrix may be

written

) 1
p(n,b) « |RJ? exp{ — §[nTRnnn + 2n"Ryb + bTRbbb}} (C.2)

To find p(b) requires the integration of the above joint distribution over all n which

may be found by completing the Gaussian distribution:
1
pb) x |R[? / exp{ — 5[0 Run + 20"Rub + bTRbbb}}dn

— ]R]% exp{ — %bTRbbb} /exp{ — %[nTRmn + 2nTRnbb} }dn

= exp { - % [bTRbbb - [R;ﬁRnbb] TRnbb] }
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Hence, the conditional distribution may be found:

p(n,b)
p(b)

% [Runl exp{ _ %[nTRmn + 2’Ryb + [R,;,}Rnbb]TRnbb]}

p(n|b) =
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