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Abstra
t

Sparsity-based estimation te
hniques deal with the problem of retrieving a

data ve
tor from an under
omplete set of linear observations, when the data

ve
tor is known to have few nonzero elements with unknown positions. It

is also known as the atomi
 de
omposition problem, and has been 
arefully

studied in the �eld of 
ompressed sensing. Re
ent �ndings have led to

a method 
alled basis pursuit, also known as Least Absolute Shrinkage

and Sele
tion Operator (LASSO), as a numeri
ally reliable sparsity-based

approa
h. Although the atomi
 de
omposition problem is generally NP-

hard, it has been shown that basis pursuit may provide exa
t solutions

under 
ertain assumptions. This has led to an extensive study of signals

with sparse representation in di�erent domains, providing a new general

insight into signal pro
essing. This thesis further investigates the role of

sparsity-based te
hniques, espe
ially basis pursuit, for solving parameter

estimation problems.

The relation between atomi
 de
omposition and parameter estimation

problems under a so-
alled separable model has also led to the appli
ation

of basis pursuit to these problems. Although simulation results suggest a

desirable trend in the behavior of parameter estimation by basis pursuit, a

satisfa
tory analysis is still missing. The analysis of basis pursuit has been

found di�
ult for several reasons, also related to its implementation. The

role of the regularization parameter and dis
retization are 
ommon issues.

Moreover, the analysis of estimates with a variable order, in this 
ase, is not

redu
ible to multiple �xed-order analysis. In addition to implementation

and analysis, the Bayesian aspe
ts of basis pursuit and 
ombining prior

information have not been thoroughly dis
ussed in the 
ontext of parameter

estimation.

In the resear
h presented in this thesis, we provide methods to over-


ome the above di�
ulties in implementing basis pursuit for parameter

estimation. In parti
ular, the regularization parameter sele
tion problem

and the so-
alled o�-grid e�e
t is addressed. We develop numeri
ally stable

algorithms to avoid dis
retization and study homotopy-based solutions for


omplex-valued problems. We use our 
ontinuous estimation algorithm, as

a framework to analyze the basis pursuit. Moreover, we introdu
e �nite set

based mathemati
al tools to perform the analysis. Finally, we study the

Bayesian aspe
ts of basis pursuit. In parti
ular, we introdu
e and study

a re
ursive Bayesian �lter for tra
king the sparsity pattern in a variable

i
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parameter estimation setup.

Keywords: Sparsity based te
hniques, parameter estimation, 
om-

pressed sensing, o�-grid e�e
t, 
ontinuous basis pursuit, sparsity

based tra
king
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Chapter 1

Introdu
tion

The last two de
ades witnessed the advent of so-
alled sparsity-based te
h-

niques, whi
h 
on
ern a variety of di�erent signal pro
essing appli
ations.

They have been originally introdu
ed and studied for the spe
i�
 purpose

of data a
quisition, where they are often referred to as Compressed Sens-

ing (CS). The sparsity-based te
hniques were soon dis
overed to be useful in

many di�erent appli
ations with similar mathemati
al representations [1�7℄.

Here, we refer to this model as Atomi
 De
omposition (AD), whi
h does not

imply any spe
i�
 appli
ation. The atomi
 de
omposition model leads to

NP-hard

1


omputational problems. A

ordingly, approximate te
hniques

are sin
e long 
onsidered in the literature. These te
hniques are developed

and presented in di�erent 
ontexts and under di�erent model representa-

tions. The AD formalism provides an o

asion to present them in a uni�ed

framework.

Sparsity-based te
hniques appeared �rst in the 
ontext of image pro-


essing, where they were applied to the so-
alled Compressed Sensing (CS)

problem [9,10℄. The invention of ℓ1 regularization and the 
onvexifying te
h-
nique had a great impa
t on the later developments in this �eld [11�13℄. The

ℓ1-regularization, known as Basis Pursuit (BP) or Least Absolute Shrinkage

and Sele
tion Operator (LASSO) rapidly re
eived attention in the ma
hine

learning and data a
quisition so
ieties, where pioneering studies showed in-

teresting 
hara
teristi
s of LASSO [10, 14�18℄. It was, for example, shown

that BP 
an be solved in a polynomial time to provide ideal signal re
overy

1

A NP-hard problem is informally de�ned as the one, being as di�
ult as the most


omplex problem in the family of Non-deterministi
 Polynomial (NP) problems. The

NP family 
onsists of the problems, whi
h 
an be solved in a so-
alled non-deterministi


(or ora
le) 
omputing ma
hine in a polynomial time. However, the simulation of a non-

deterministi
 ma
hine in a deterministi
 one (su
h as ordinary 
omputers) generally needs

an exponentially growing amount of 
omputation, whi
h indi
ates a higher amount of


omplexity for the NP problems. Nevertheless, it is not still 
lear, whether NP problems


an be polynomially solved in a deterministi
 ma
hine or not. See [8℄ for more details.

1
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for 
ertain large matri
es.

The sparsity-based te
hniques are also getting more popular in param-

eter estimation problems with an underlying atomi
 de
omposition model,

where the model is often referred to as separable [19, 20℄. This approa
h

was �rst introdu
ed and studied in the pioneering studies by Fu
hs [21℄,

Stoi
a [22℄ and others [23, 24℄. Although it is generally believed that BP

has unique estimation properties, its theoreti
al analysis has found to be

di�
ult. Parti
ularly, its super-resolution properties as well as te
hni
al

issues, su
h as the 
hoi
e of regularization parameter and the e�e
t of the

grid is still under question. The 
omputational aspe
ts of sparsity based

te
hniques should also be dis
ussed. It is often observed that sparsity based

methods need a higher 
omputational demand than other parameter esti-

mation te
hniques.

A great potential is observed in applying BP to problems with Bayesian

prior information [25,26℄. In the 
ase of large dimensions, where the Bayesian

interpretation is repla
ed by the deterministi
 
on
ept of typi
ality, this is


urrently being widely studied under the title of stru
tured sparsity [27�31℄.

However, this potential has not been exploited in the parameter estimation


ase. A few papers have addressed the weighted BP approa
h, but the

general prin
iples of weighted BP design is not well-understood.

A

ordingly, this thesis is devoted to investigating the parti
ular ap-

pli
ation of BP to separable parametri
 estimation problems with an AD

nature. The following issues are highlighted throughout this work:

Implementation Issues

The implementation of BP is well dis
ussed, and usually involves dis
retiza-

tion [32�37℄. The 
urrent grid-based implementation of BP limits is poten-

tial to provide a

urate parameter estimates. For example, the dis
rete

nature of BP leads to the so-
alled o�-grid problem, restri
ting its resolu-

tion [38�41℄. Di�erent studies suggest te
hniques to mitigate the o�-grid

e�e
t [42�46℄. In this thesis, we dis
uss a framework, under whi
h the di-


retization step 
an be avoided and a 
ontinuous sparsity-based estimator is

obtained. In this regard, the out
ome of this thesis is a numeri
al method

whi
h guarantees global 
onvergen
e. This method implements a 
ontin-

uous extension of LASSO, referred to in the literature as Atomi
 Norm

DeNoising (ANDN) [44℄. Throughout this study, we have also developed

other implementation te
hniques to treat the order sele
tion and noiseless

estimation, for whi
h the reader is also referred to [47℄.
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1.1. Thesis Outline

Analysis of Parameter Estimation

We also provide a parametri
 analysis of LASSO, whi
h is suitable for the

appli
ation of interest herein. The analysis is di�
ult for multiple reasons.

For example, the e�e
t of the grid 
ompli
ates the analysis of BP. Due to

the unpredi
table relation of the regularization parameter to the order, it is

also impossible to analyze the estimates for a �xed order. To respond to the

above, we 
onsider the 
ontinuous framework, developed for implementa-

tion, and present the analysis of the estimates, obtained by BP or (ANDN)

in a high SNR s
enario. This also in
ludes the miss dete
tion properties.

Appli
ation to Dynami
 Parameter Estimation

Finally, we address the dynami
 parameter estimation problem [48�51℄. In

the problems of interest herein, a dynami
 model for the parameters of in-

terest leads to another NP-hard problem, 
alled data asso
iation. This is

mainly due to the variable order of the parameter set. We present methods

to utilize the sparsity-based estimation framework to simplify 
al
ulations.

In parti
ular, we investigate re-weighting s
hemes for BP to in
orporate

the information from past to the 
urrent estimation problem in a re
ur-

sive Bayesian framework. In this 
ontext, we have examined a number of

di�erent approa
hes, for whi
h the reader is also referred to [52�54℄.

1.1 Thesis Outline

This thesis in
ludes two main parts. In the �rst part, an introdu
tion to

the topi
s of interest in this resear
h is presented. The se
ond part 
onsists

of three papers, summarizing our main 
ontributions. More details about

the �rst part is presented in the sequel.

1.1.1 Introdu
tory Part

In Chapter 2, the problem of Atomi
 De
omposition (AD) is presented and

mathemati
ally formulated. A number of popular examples of AD are intro-

du
ed. AD 
an be derived using two di�erent mathemati
al representations,

namely parametri
 and spe
tral, the latter of whi
h leads to sparsity based

te
hniques. This is 
lari�ed in Se
tion 2.3.

Chapter 3 dis
usses the previous atomi
 de
omposition te
hniques, mainly

developed in the �eld of parameter estimation, but widely used in a larger

range of appli
ations. We refer to some of the more popular approa
hes.

A typi
al analysis of popular AD solutions is in
luded in Chapter 3. Main
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Chapter 1. Introdu
tion

issues and related resear
h, su
h as model order sele
tion and statisti
al

analysis of these te
hniques are also 
onsidered in this 
hapter.

In Chapter 4, di�erent sparsity-based te
hniques are dis
ussed. The

fo
us is mainly on Basis Pursuit (BP). The main di�
ulties in applying BP

to parametri
 estimation are introdu
ed. Moreover, the previous analysis of

these te
hniques is 
onsidered, whi
h mainly revolves around large matrix-

based atomi
 de
omposition. The la
k of relation between these studies

and the parametri
 approa
hes, introdu
ed in Chapter 3 is addressed in

this 
hapter.

The extension of these methods to dynami
 models is also 
onsidered and

brie�y dis
ussed in Chapter 5, where also the possibility of sparse estimation

under time evolution is presented. Finally, Chapter 6 introdu
es the papers,

in
luded in the se
ond part of the thesis and 
lari�es the main 
ontributions

in ea
h of them.
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Chapter 2

Atomi
 De
omposition Problem

2.1 Mathemati
al Modeling

Consider a set of m−dimensional 
omplex-valued bases A ⊂ Cm
, referred

to as the di
tionary, and a sequen
e of 
omplex-valued observation ve
tors

{x(t) ∈ Cm} for t = 1, 2, . . . , T . The expression

x(t) =

n∑

k=1

sk(t)ak + n(t) (2.1)

is 
alled an atomi
 de
omposition, where the ve
tors {ak ∈ A} are the

bases in
orporated in the de
omposition, and the 
oe�
ients {sk(t) ∈ C}
are 
alled amplitudes. The term n(t) ∈ Cm

denotes either the observation

noise or the modeling error at time t. It is assumed to be a 
entered,

temporally white and 
ir
ularly symmetri
 Gaussian ve
tor with 
ovarian
e

matrix σ2I, where σ2
is the noise varian
e. The number of in
orporated

bases n is known as the order of the de
omposition.

Often in pra
ti
e, the set A is indexed by real numbers. Take a d-

dimensional real-valued index set Θ ⊆ Rd
and 
onsider an inje
tive fun
-

tion a(θ) : Θ → C
m
. The fun
tion a(θ) is 
alled a representation for the

di
tionary A if

A = {a(θ) | θ ∈ Θ} (2.2)

We mainly 
onsider a 
ase, where the index set Θ is 
losed, 
onne
ted and

bounded; and the fun
tion a(θ) is smooth. In this 
ase, A is a d-dimensional

manifold embedded in Cm
.

When the observation noise n(t) is zero, or equivalently σ = 0, the
atomi
 de
omposition in (2.1) is 
alled noiseless. Given a sequen
e of ob-

servations {x(t)}, a noiseless atomi
 de
omposition with the smallest order

is referred to as an ideal atomi
 de
omposition. Clearly, an ideal de
ompo-

sition of order n is the unique ideal de
omposition if any set of 2n bases in

5



Chapter 2. Atomi
 De
omposition Problem

A is linearly independent. The smallest number of linearly dependent basis

ve
tors in A is denoted by Spark(A). Thus, any ideal de
omposition of an

order smaller than or equal to (Spark(A)− 1) /2 is unique. Throughout

this thesis, we always assume that this 
ondition holds.

Given the sequen
e of observations, the atomi
 de
omposition problem

is to provide an AD with a suitable order and noise level. For the reasons,

dis
ussed in Chapter 3, this 
annot be easily formulated in mathemati
al

terms. We postpone a more detailed dis
ussion to Se
tion 3.2.

2.2 Atomi
 De
omposition in Pra
ti
e

The AD problem 
on
erns a large and in
reasing range of appli
ations.

Here, we 
onsider few more popular examples, with di�erent di
tionary


hara
teristi
s. In the �rst example, the di
tionary is a low-dimensional

manifold, while in the se
ond one, the di
tionary is �nite. The third example

shows a di
tionary with a weak (high-dimensional) representation. In the

latter 
hapters, we fo
us on 
ases similar to the �rst example, though, to

some extent, the arguments are appli
able to the other two examples.

2.2.1 Sensor-Based Estimation Problems

In this setup, the state θ of a �nite number of unknown obje
ts are to be

estimated by sensing a s
alar �eld at the position of a �nite number of

sensors. The �eld 
an be, for example, ele
tromagneti
 or sound

1

. The

state may also in
lude, the obje
t's position, velo
ity, et
; depending on

the appli
ation of interest. Although this setup in
ludes many di�erent

problems, depending on the 
hoi
e of parameters, it 
an always be written in

the atomi
 de
omposition form, as long as the �eld superposition law holds

[24,55�59℄. Denoting the lo
al �eld observations at dis
rete time t = 1, 2, . . .
by x(t) = [x1(t) x2(t) . . . xm(t)]

T
, where xk(t) represents the observation

from the kth sensor, the relation in (2.1) holds, where sk 
hara
terizes the

lo
al �eld at the obje
ts position and ak = a(θk) represents the relation

between sk and the observation �eld, and is obtained by the �eld equation.

We take a more spe
i�
 example, where θ in
ludes only the dire
tion

of an obje
t with respe
t to the origin of a �xed 
oordinate system. For

simpli
ity, only a planar 
ase is 
onsidered. We further assume that the

sensors are lo
ated in the vi
inity of the origin, 
onstituting a sensor array.

In 
ontrast, the sour
es are relatively far. The s
alar �eld is ele
tromagneti
.

1

The ele
tromagneti
 �eld is ve
tor-valued. However, the sensing apparatus of interest

herein usually observe a s
alar proje
tion of the ve
tor-�eld, whi
h 
an be interpreted as

an individual s
alar �eld with similar dynami
s to the ele
tromagneti
 wave.

6



2.2. Atomi
 De
omposition in Pra
ti
e

It is originated from narrow-band sour
es, su
h that the �eld �u
tuation

at any point is represented by a narrow-band signal 
entered around the

frequen
y f0, 
orresponding to the wavelength d0 = c/(2πf0), where c is

the speed of light. Taking {xk(t)} and {sl(t)} as the baseband 
omplex

envelope of their 
orresponding �elds, we obtain that

a(θ) =











e
j
2πρ1
d0

cos(θ−θ1)

e
j
2πρ2
d0

cos(θ−θ2)

.

.

.

e
j 2πρm

d0
cos(θ−θm)











− π ≤ θ < π, (2.3)

where (ρk, θk) is the polar 
oordinate of the k
th

sensor [59℄. In this 
ase, the

di
tionary is represented by a(θ). Hen
e, it is a one-dimensional manifold,


alled the array manifold.

In a 
ase, where θk = 0 and ρk = (k − 1)d0/2, the array is 
alled half-

wavelength Uniform Linear Array (ULA). Then, de�ning the ele
tri
al angle

φ = π cos(θ), the basis representation in (2.3) is simpli�ed to

a(φ) =












1

ejφ

ej2φ

.

.

.

ej(m−1)φ












− π ≤ φ < π, (2.4)

The di
tionary in (2.4) is also known as the Fourier manifold, whi
h is re-

lated to the problem of estimating spe
tral lines (�nite number of frequen
y


omponents) of a signal by observing m uniform samples of it [5, 60, 61℄.

2.2.2 Compressive Image A
quisition

In this setup, the goal is to 
ompress and store a high-resolution image. It

is well known that images have sparse representations in 
ertain domains.

This means that denoting by y the ve
torized 2D image intensity values,

the following relation holds

y = Ψs, (2.5)

where the ve
tor s is assumed to 
ontain few non-zero elements [7, 62�64℄.

The number of non-zero elements in s is denoted by ‖s‖0. Suppose that s

ontains exa
tly n non-zero elements, denoted by s1, s2, . . . , sn, 
orrespond-

ing to the 
olumns ψ1,ψ2, . . . ,ψn of Ψ, respe
tively. Note that the indexes

7



Chapter 2. Atomi
 De
omposition Problem

of s and ψ, do not represent their pla
e in the ve
tor s and the matrix Ψ,

respe
tively. Then, (2.5) 
an be 
ompa
tly represented by

y =
∑

k

skψk. (2.6)

It is generally di�
ult to obtain a generi
 transformΨ based on the physi
al

pro
ess of imaging. Thus, di�erent heuristi
 transforms are 
onsidered.

The FFT, wavelet and 
urvelet transforms are popular examples, for the

details of whi
h the reader is referred to [65, 66℄. It is also possible to

append two domainsΨ1,Ψ2 to obtain an over
omplete domain [Ψ1 Ψ2] [12℄.

To redu
e the 
omplexity of image pro
essing, it is further suggested to

apply a linear 
ompression Φ to the data ve
tor y to obtain x = Φy,

with a substantially smaller dimension than y. This is generally known as


ompressed sensing [7, 10, 67℄. In this 
ase, the model in (2.6) yields to

x =
∑

k

skak, (2.7)

where ak = Φψk is the 
orresponding 
olumn inA = ΦΨ to sk. In pra
ti
e,

the observation noise should also be in
luded in (2.7), leading to the AD

model with the di
tionary A, 
omprising of the 
olumns of A.

2.2.3 Learning Gaussian Models

In this 
ase, the relation between a number of input random variables

X1, X2, . . . , XR and a number of output ones Y1, . . . , YL is to be dis
overed.

For simpli
ity, the variables are assumed to be 
entered Gaussian. Then,

the relation is simply expressed by the 
ross-
orrelation matrix M = (Mr,l),

where Mr,l = E(XrYl). Using the SVD, we obtain that

M =
n∑

k=1

skukv
H
k , (2.8)

where uk and vk are the left and right singular ve
tors, respe
tively, 
orre-

sponding to the positive singular value sk of M. The parameter n denotes

the rank of M. Note that although the bases uk and vk should satisfy a

set of orthogonality 
onditions, this 
an be negle
ted as long as only the

rank of M is 
onsidered. Then, the model in (2.8) is an AD with positive

amplitudes sk, where the di
tionary is the set of all rank-1 matri
es, given

by

A = {uvH | u ∈ C
R, v ∈ C

L, ‖u‖2 = ‖v‖2 = 1} (2.9)

Note that m = RL and d = m+ n− 2. This problem is useful, for example

in so
ial network learning. It 
an be applied after the 
ompressed sensing
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2.3. Spe
tral Representation

pro
ess (obtaining few linear 
ombinations), where it is sometimes referred

to as matrix 
ompletion [68, 69℄ or the Net�ix prize problem [70, 71℄.

2.3 Spe
tral Representation

The AD model in (2.1) 
an be generally represented in a di�erent way.

A

ording to (2.1), de�ne the fun
tion

s̃(a, t) =

{

sk(t) a = ak

0 Otherwise

, (2.10)


alled the spe
trum. Then, the expression in (2.1) 
an be equivalently

written as

2

x(t) = n(t) +
∑

a∈A

s̃(a, t)a (2.11)

Note that while in (2.1) the amplitudes {s1, . . . , sn}, together with the set

of bases {a1, . . . , an} provide the representation, the expression in (2.11)

only relies on s̃(a, t). The former 
an still be obtained from the latter by

taking the set of bases 
orresponding to the nonzero values, also known as

the support, of the spe
trum.

The methods utilizing the formalism in (2.11) are known as spe
tral

te
hniques. Mathemati
ally speaking, the expression in (2.11) is only inter-

esting when the spe
trum is sparse, i.e. it has a �nite support. However,

many spe
tral te
hniques deal with non-sparse, and often 
ontinuous spe
-

tra. Nevertheless, those te
hniques should in
lude a sparsifying step, some-

times referred to as fo
using. If the underlying di
tionary A is equipped by

a topology, the fo
using step may simply 
onsist of identifying the set of

lo
al maxima in the spe
trum A as the support.

Another issue with spe
tral te
hniques is that the spe
trum needs to be

stored. One solution is to 
onsider a large �nite subset Ã = {ã1, ã2, . . . , ãN}
of A, known as a grid, and only store the on-grid spe
trum, s̃k(t) = s̃(ak, t).

In a 
ase, where the di
tionary is represented by an index set Θ, this 
an
be performed by dis
retizing Θ, to obtain Θ̃ = {θ̃1, θ̃2, . . . , θ̃N}.

2

For the rigorous de�nition of summation over in�nite sets, see [72℄. In short, sum-

mation of positive values is de�ned as the supremum (maximum) of all the summations

over �nite subsets of the original set. The summation of real numbers is performed by

dividing the summation over the positive and the negative part. The summation of 
om-

plex values is performed by de
omposing the values to the real and imaginary part and

so on.
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Chapter 3

Solutions to the Atomi


De
omposition Problem

3.1 General Approa
hes

There are several approa
hes to solve the ADP problem. Some of them use

spe
ial stru
ture of 
ertain AD problems. Hen
e, they may not be generally

applied. Examples of the latter 
an be found, for example, in [73�75℄. Here,

we fo
us on te
hniques that are appli
able to any AD problem. However,

the quality of their result 
learly depends on the stru
ture of the di
tionary

they are applied to.

3.1.1 Parametri
 Approa
hes

Methods that dire
tly provide estimates for the parameters in (2.1) are


alled parametri
. Usually, the di
tionary is represented by a label pa-

rameter θ. Then, the parametri
 approa
hes provide estimates for {θk} and
{sk(t)}. In this 
ase, the atomi
 de
omposition problem 
an be studied from

a statisti
al perspe
tive. If the order n < Spark(A) is known, the ADP is

equivalent to estimating a ve
tor of parameters θ(n) = [θ1 θ2 . . . θn]
T
as

well as s(n)(t) = [s1(t) s2 . . . , sn(t)]
T
. Due to the statisti
al assumptions

on the noise, we obtain the following likelihood fun
tion for the parameters

θ(n), {s(n)(t)}:

L
(
θ(n), {s(n)(t)}; {x(t)}

)
= p({x(t)} | θ(n), {s(n)(t)}) =

1

(πσ2)mT e
−

T
∑

t=1

∥

∥

∥

∥

∥

x(t)−
n
∑

k=1
a(θk)sk(t)

∥

∥

∥

∥

∥

2

2
σ2

(3.1)
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 De
omposition Problem

Thus, the Maximum Likelihood estimates are given by the global minimum

of the following optimization problem

(θ̂(n), {ŝ(n)(t)}) = arg min
θ(n),{s(n)(t)}

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

n∑

k=1

a(θk)sk(t)

∥
∥
∥
∥
∥

2

2

(3.2)

The ML estimates in (3.2) are optimal in a statisti
al sense, but it is dif-

�
ult to obtain them by solving (3.2). The optimization is often highly

nonlinear and 
ontains a large number of lo
al minima. Nevertheless, many

optimization te
hniques are 
onsidered to solve (3.2) lo
ally [76�78℄.

Note that the optimization in (3.2) 
an be solved for {s(t)} to obtain

ŝ(n)(t) = A†(θ̂(n))x(t), (3.3)

where A†(θ(n)) denotes the Moore-Penrose pseudoinverse of the matrix

A(θ(n)) = [a(θ1) a(θ1) . . .a(θn)], and we used the fa
t that A has a sin-

gleton null-spa
e {0} due to n < Spark(A). Substituting (3.3) into (3.2)

and simplifying the result leads to

θ̂(n) = argmin
θ(n)

Tr

(

P⊥
A(θ(n))R̂

)

(3.4)

where R̂ =
T∑

t=1

x(t)xH(t)/T is the data sample 
ovarian
e matrix andP⊥
A(θ) =

I−A(θ)A†(θ) is the proje
tion matrix into the orthogonal 
omplement of

the range spa
e of A(θ).
Standard optimization te
hniques su
h as 
y
li
 
oordinate des
ent, gra-

dient des
ent or Newton's method have been applied to both (3.4) and (3.2).

In every 
ase, a
hieving the global optimum has been observed to depend

highly on the 
hoi
e of the initial point [77, 79℄. However, a spe
i�
 ap-

pli
ation of 
y
li
 
oordinate des
ent to (3.2), 
alled RELAX, has gained

attention for its simpli
ity and good performan
e [80℄. As a 
y
li
 
oordi-

nate des
ent realization, RELAX iteratively performs 
y
les, 
onsisting of

n iterations, at the kth of whi
h, only parameters θk, {sk(t)} are updated by

minimizing (3.2). This yields to the following updating rule

θk ← θ̂k = argmax
θ

aH(θ)R̂ka(θ)

‖a(θ)‖22

sk(t)← aH (θ̂k)x(t)

‖a(θ̂k)‖
2
2

(3.5)

where de�ning zk(t) = x(t)−∑
l 6=k

a(θl)sl(t), we denote

R̂k =

T∑

t=1

zk(t)z
H
k (t)

T
(3.6)
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hes

The RELAX method may also be interpreted as a Spa
e-Altering General-

ized Expe
tation (SAGE) maximization [81℄, where at the kth iteration of

ea
h 
y
le the parameter spa
e (θ, {s(t)}) is augmented by

{y(t)} = a(θk)sk(t) + n(t) (3.7)

In the same manner as SAGE, one 
an utilize an Expe
tation Maximization

(EM) algorithm to solve (3.2) through augmenting the parameter set by the

set {yk(t) = a(θk)sk(t) + nk(t)}, where nk(t) is a noise term with varian
e

σ2
k, su
h that σ2 =

∑

k

σ2
k [82, 83℄.

More generally when the order n is unknown, one of the solutions from

the estimates (θ̂(n), {ŝ(n)(t)}) for n = 1, 2, . . . , Spark(A)− 1 is sele
ted, by

for example an Information Criterion (IC) or a statisti
al test [84,85℄. These

te
hniques are dis
ussed in detail, in Se
tion 3.2.

3.1.2 Spe
tral-Based Approa
hes

The spe
tral formulation of atomi
 de
omposition in (2.11) 
an be exploited

to obtain the desired AD. Note that denoting the spe
trum s̃(a, t) by s̃t, we


an write the relation in (2.11), in an abstra
t form, as

x(t) = A s̃t + n(t) (3.8)

where A denotes the linear operator transforming the spe
trum into the

observed ve
tor. Noti
e that the transformation by A is well-de�ned if

the spe
trum s̃t is sparse, and generally does not have an interesting ana-

lyti
al extension on the entire spa
e of spe
tra (in
luding non-sparse ones).

Hen
e, A does not generally possess interesting properties over the spa
e of

spe
tra. For example, it does not have a pseudo-inverse. Nevertheless, the

possibility of inverting the relation in (3.8) by multiplying by a dual linear

operator W has been 
onsidered. In the �eld of sensor array pro
essing,

where the spe
trum s̃t has a spatial interpretation, this is generally known

as beamforming [19, 86�88℄. The operator W is known as a beamformer.

Mathemati
ally speaking, a beamformer is represented by a 
olle
tion of

ve
tors {w(a) ∈ Cm}. It a
ts on an observation ve
tor x to produ
e a

spe
trum s̃(a) = wH(a)x. Now, it is intended to devise a beamformer W ,

su
h that its appli
ation to (3.8) leads to

W x(t) = W A s̃t + W n(t) ≈ s̃t (3.9)

Apart from the noise e�e
t, the pre
ision of the approximation above is

generally limited. For example, the result of beamforming is not sparse,

and often leads to a blurred spe
trum. This is sometimes referred to as the
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omposition Problem

spe
tral leakage e�e
t [89℄. The la
k of rigorous statisti
al foundation, has

also motivated for di�erent heuristi
 design frameworks, dis
ussed below.

From one perspe
tive, the beamforming design is 
losely related to the

�lter design problem. In this 
ase, the elementw(a) is interpreted as a linear
�lter, removing the e�e
t of every basis a′

in A from x, ex
ept a′ = a. The

mat
hed �ltering 
riterion suggests to 
onsider a �lter w
mf

(a), maximizing

the output Signal to Noise Ratio (SNR)

w
mf

(a) = argmin σ2‖w‖22
subje
t to wHa = 1

= a

‖a‖22
(3.10)

where the last equality follows from the Cau
hy-S
hwarz inequality. This is

also known as the 
onventional beamforming te
hnique. Sin
e the mat
hed

�lter does not 
onsider the �ltering aspe
ts, it is expe
ted that it provides

poor results in terms of resolution. In fa
t, the result of the mat
hed �lter is

in
onsistent, when lo
al-maximum-based fo
using is 
onsidered. However,

it turns out that the un
ertainty prin
iple prevents the improvement of the

mat
hed �lter by a generi
 design. This is well-known in the linear �lter de-

sign literature as the windowing e�e
t, and motivated to in
orporate the ob-

served data in the beamformer design. This is generally known as adaptive

beamforming [87,90,91℄. Perhaps, the most popular adaptive beamformer is

the Minimum Varian
e Distortionless Response (MVDR), also known as the

Capon beamformer [92, 93℄. The idea in MVDR is to learn the minimum-

varian
e proje
tion wH
MVDR

(a)x(t), maintaining a 
onstant 
orrelation with

a. Sin
e varian
e is not observable, the sample varian
e is instead used.

w
MVDR

(a) = argmin
T∑

t=1

|wHx(t)|2

subje
t to wHa = 1

= R̂−1a

aHR̂−1a
, (3.11)

where R̂ =
T∑

t=1

x(t)xH(t)/T . The Capon beamformer is 
onsistent in a high

SNR or when T is large, but requires a full-rank sample 
ovarian
e R̂. Thus,

it is not appli
able to a 
ase with few data snapshots.

3.1.3 Subspa
e-Based Approa
hes

The subspa
e te
hniques are motivated by the observation that the basis

estimation pro
ess in the AD problem is equivalent to �nding the linear

subspa
e R, spanned by these bases. On
e this subspa
e is found, the
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ondition n <Sparke(A) − 1 guarantees that no other base a ∈ A resides

in R, sin
e otherwise, A will in
lude n + 1 <Spark(A) linearly dependent

bases.

The relation between the AD and the subspa
e estimation problems is


learly seen in (3.4), where the proje
tion matrix intoR is 
onsidered. Now,

we may rewrite (3.4) as

max
R

Tr

(

PRR̂
)

subje
t to R ∈ {(a1, a2, . . . , an) | a1, a2, . . . , an ∈ A} , (3.12)

where PR is the proje
tion matrix into R, and (a1, a2, . . . , an) denotes the

linear span of the bases a1, . . . , an. The subspa
e may be simply estimated

by relaxing (3.12) to obtain

max
R

Tr

(

PRR̂
)

subje
t to R ∈ {(a1, a2, . . . , an) | a1, a2, . . . , an ∈ C
m} (3.13)

The solution to (3.13) is found by obtaining the Singular Value De
ompo-

sition of R̂ as

R̂ = UHΛU (3.14)

where U = [u1 u2 . . .um] is a unitary matrix and Λ is the diagonal elements

of the singular values λ1, λ2, . . . , λm, written in a des
ending order. Then,

the solution to (3.13) is given by R = (u1,u2 . . . ,un), the subspa
e spanned
by the singular ve
tors, 
orresponding to the n largest singular values. This

solution is known as the signal subspa
e, while its orthogonal 
omplement

is often referred to as the noise subspa
e. Finally, the 
losest bases to

the subspa
e R is sele
ted. For this, the MUltiple SIgnal Classi�
ation

te
hnique suggests to 
al
ulate the spe
trum as

P (a) =
1

‖a‖22 −
n∑

k=1

|aHuk|2
=

1
m∑

k=n+1

|aHuk|2
(3.15)

and take the largest lo
al maxima as the estimates [78℄. The MUSIC te
h-

nique is 
onsistent and o�ers high-resolution at high SNR or large T . How-

ever, it is sensitive to the noise model and the pre
ision of the sample


ovarian
e matrix.

3.2 Model Order Sele
tion Problem

The te
hniques dis
ussed in se
tion 3.1 are based on the assumption that the

order n is known. In a 
ase, where the order is unknown, those te
hniques
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an still be used over a range of orders, but eventually one of their solutions

should be sele
ted. This is 
alled Model Order Sele
tion (MOS). The model

order sele
tion problem 
an be put in a statisti
al framework. However, this

needs 
areful 
onsiderations. To elaborate on this, suppose that the ML

prin
iple is to be applied. It is simple to see that the result is obtained by

extending the minimization in (3.2) over the spa
e of orders n ∈ N. For a

�xed n, denote the minimum in (3.2) by Vn. Then, the ML prin
iple sele
ts

the minimum value of Vn. On the other hand, it is simple to see that Vn
is monotoni
ally de
reasing. Hen
e, the ML solution is the largest possible

order.

Di�erent approa
hes are proposed in the literature to ta
kle the tenden
y

to over estimate the model order. For example, the Minimum Des
ription

Length proposes a di�erent framework, inspired by the resear
h on data


ompression [94℄. Another simple approa
h is to use statisti
al inferen
e

te
hniques and obtain tests to de
ide on the model order. The Generalized

likelihood ratio test (GLRT) is a popular example [85, 95℄. The popular

statisti
al te
hniques fo
us on the following Bayesian framework [96, 97℄:

n̂ = min
n
Vn + kn (3.16)

where the 
onstant k varies among di�erent te
hniques, a

ording to their

underlying problem formulation. For example, the Akaike Information Cri-

terion (AIC) suggests to apply k = σ2(3T + 1) [97, 98℄. Other information


riteria su
h as the Bayesian Information Criterion (BIC) [99℄ are also intro-

du
ed. Although the AIC 
riterion requires a large number of observations,

it is 
ommonly used in pra
ti
e. However, the parameter k needs to be

tuned.

3.3 Analysis

In this se
tion, we review a statisti
al analysis for the ADP problem from

a parameter estimation point of view. In the problems of interest herein,

the di
tionary is labeled by a parameter θ and the error in terms of θ
is 
onsidered. In general, the analysis is 
ompli
ated. This is not only

be
ause of the nonlinear nature of estimation, but also due to the fa
t that

it is di�
ult to quantify the estimation pre
ision in a variable order s
enario.

Hen
e, the analysis is usually restri
ted to nearly ideal s
enarios, where it

is remarkably simpli�ed by Taylor expansion. There are three main near

ideal s
enarios: asymptoti
ally low noise σ2
, large sample size T and large

di
tionary dimensions. The latter 
on
erns a 
ase, where a well-related

family of ADP problems of di�erent size are 
onsidered. For example, the
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sensor array example may be analyzed for a large number sensors [100℄.

Another example of this 
ase is 
onsidered in the next Chapter, where the


onventional analysis of basis pursuit is reviewed. Here, we fo
us on the

two �rst 
ases. For the low-noise 
ase, we 
onsider a single-snapshot AD

problem, where only the ML approa
h works. For the 
ase with a large

sample size, we 
onsider the analysis of MUSIC.

3.3.1 Analysis of Maximum Likelihood in a High SNR

Case

We 
onsider a 
ase, where a single-snapshot data x = x(1) is analyzed by

the ML rule. We assume that the di
tionary is indexed by θ and the true

AD is given by θ1, θ2, . . . , θn and s1, s2, . . . , sn, where n < (Spark(A)−1)/2,
guaranteeing the uniqueness of the ideal de
omposition. We denote the ML

estimates by θ̂1, θ̂2, . . . , θ̂n and ŝ1, ŝ2, . . . , ŝn, where we assume that the order

is known.

The �rst step of the analysis is to show that the low-noise assumption

indeed leads to a near-ideal 
ase. That is to show that for every k =

1, 2, . . . , n,

|∆θk| →p 0, |∆sk| →p 0 (3.17)

as σ → 0, where ∆θk = θ̂k − θk, ∆sk = ŝk− sk and→p denotes 
onvergen
e

in probability [101℄. Note that sin
e θk is deterministi
, the 
onvergen
e


an be expressed in the distribution sense as well. Obtaining 
onsisten
y is

not straightforward and it might not be generally true, even if uniqueness

is guaranteed in a noiselss 
ase. However, the assumptions in Se
tion 2.1

guarantee 
onvergen
e in the 
ase of interest herein.

1

. Now, we assume

that 
onsisten
y holds. The se
ond step is to 
onsider a su�
iently small

noise varian
e su
h that in the Taylor expansion of (3.2), the terms of an

order higher than 2 
an be negle
ted. Using (2.1) and after straightforward

1

Although the exa
t proof is omitted in favor of simpli
ity, a sket
h is given in the

sequel. Denote the relation between the ve
tor θ and the linear subspa
e spanned by

its 
orresponding bases by L. The range of this 
orresponden
e is a 
losed subspa
e of

the Grassman manifold, known as the Union of Subspa
es (UoS). It is not di�
ult to

show that the ML rule indu
es a neighborhood relation on the UoS, under whi
h L is


ontinuous. Note that every 
ontinuous bije
tion on a 
ompa
t set is also bi-
ontinuous,

i.e. it is inversely 
ontinuous. Thus, L is inversely 
ontinuous. The estimates 
onverge

to their true values as the estimated subspa
e 
onverges to the true subspa
e under

the ML-indu
ed topology. The 
ompa
tness of the label set is 
ru
ial in this proof. For

example, the 
ase in (2.4) does not satisfy the 
ompa
tness of the index set, thus violating

the proof assumptions. As a result, a jump from π to −π may o

ur in the estimation

problem. The solution is either to restri
t the analysis to the true parameters with a

lo
al isomorphism, or 
onsider a modi�ed metri
, respe
ting the topology on the label

set Θ, indu
ed by the pro
ess of indexing.
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manipulations, this leads to the following approximate ML optimization

(∆θ
ML

,∆s
ML

) = arg min
∆θ,∆s

∥
∥
∥
∥
∥
n−

n∑

k=1

a(θk)∆sk −
n∑

k=1

d(θk)sk∆θk

∥
∥
∥
∥
∥

2

2

, (3.18)

where d(θ) = da(θ)/dθ. De�ne the linear operator Ω as

Ω(∆θ,∆s) =
n∑

k=1

a(θk)∆sk +
n∑

k=1

d(θk)sk∆θk (3.19)

Then, the optimization in (3.18) is an ordinary LS problem and 
an be

solved to obtain (∆θ
ML

,∆s
ML

) = PΩn, where PΩ is the orthogonal proje
-

tion operator into the range spa
e of Ω. Expli
it terms for the error 
an be

found in [102℄.

3.3.2 Analysis of MUSIC in a Large Sample Size Case

Now, we 
onsider the estimates θ̂1, θ̂2, . . . , θ̂n, obtained by MUSIC. The true

parameters are θ1, . . . , θn and the true amplitudes are sampled from white,


entered and un
orrelated sour
es. The order n <Spark(A) − 1 is known.

Again, we need to establish the two analysis steps. For the �rst step, we

note that by the strong law of large numbers

lim
T→∞

R̂ = R = E
(
x(t)xH(t)

)
= A(θ)ΣAH(θ) + σ2I = Rs + σ2I (3.20)

where Σ is the amplitude 
orrelation matrix. Note that the SVD of R

is obtained by only adding the term σ2
to the singular values of Rs, and

letting the subspa
es remain un
hanged. Now, it is 
lear that if the MUSIC

method is applied to R, the subspa
e obtained by the n largest singular

values of R, 
oin
ides with that of Rs, 
orresponding to the range spa
e

of A(θ). Thus, the MUSIC method, in this 
ase, 
al
ulates the parameters

exa
tly. It is also simple to see that 
onvergen
e for R leads to 
onvergen
e

of the subspa
e, guaranteeing a vanishing error ve
tor

2

denoted by ∆θ.

For the se
ond step, we 
onsider a small error in R̂, denoted by ∆R =

R̂−R. Sin
e the error 
onverges to zero, we 
an use Taylor expansion similar

to Se
tion 3.3.1. Note that the MUSIC estimates are the lo
al maxima of the

spe
trum p(θ, R̂) =
n∑

k=1

|aH(θ)ûk|2 where û1, û2, . . . , ûm are the eigenve
tors

of R̂, sorted in the des
ending order of their 
orresponding singular values

3

.

2

This is again obtained by noting that the 
ovarian
e R is a 
ontinuous map from

the 
ompa
t spa
e of a bounded number of bases. Thus, it is bi
ontinuous and the two

spa
es are isomorphi
.

3

The matrix R̂ is symmetri
 positive semide�nite. Thus its singular ve
tors 
oin
ide

with its eigenve
tors. Furthermore, the singular values are the squared eigenvalues.
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3.3. Analysis

Denoting the estimates by θ̂k for k = 1, 2 . . . , n and de�ning ∆θk = θ̂k − θk,
we obtain that

∆θk = argmax
∆θ

p(θk +∆θk,R+∆R) (3.21)

whi
h using Taylor expansion and after straightforward 
al
ulations leads

to

∆θr =
∂p
∂θ
(θr,R+∆R)
∂2p
∂θ2

(θr,R)
(3.22)

The denominator is simple to 
al
ulate to obtain

∂2p
∂θ2

(θr,R) = −2‖P⊥
A(θ)d(θr)‖22.

We 
an further simplify the result in (3.22) by introdu
ing u1,u2, . . . ,um

as the eigenve
tors of R and ∆uk = ûk − uk. Then, linearization leads to

∂p

∂θ
(θr,R+∆R) = 2ℜ

[
n∑

k=1

dH(θr)(uk∆uH
k +∆uku

H
k )a(θr)

]

(3.23)

Note that the variation ∆uk is a result of the variation ∆R. Up to �rst

order, this 
an be analyti
ally 
al
ulated to obtain.

∆uk =
∑

l∈{1,2,...,m}\{k}

ulu
H
l

λk − λl
∆Ruk k = 1, 2, . . . , n (3.24)

where λl for l = 1, 2 . . . , m is the singular value 
orresponding to ul and it

is assumed that λk is simple (has algebrai
 multipli
ity 1). Plugging (3.24)

into (3.23) and 
ombining the result to (3.22), the relation between θr and

∆R is obtained.

It is often desirable to identify the statisti
s of the error ∆θr. Note

that by the 
entral limit theorem, it is simple to see that ∆R is asymp-

toti
ally 
entered Gaussian and the error terms ∆θr are linear fun
tions of

∆R. Hen
e, they are also 
entered and jointly Gaussian and 
an be totally

identi�ed by the 
orrelation elements E(∆θk∆θl). This 
an be performed

using (3.24), (3.23) and (3.22), and noting that the 
orrelation elements of

∆R are given by a 2× 2 tensor T de�ned as

T (eH1 , eH2 , e3, e4) = E
(
eH1 ∆Re3e

H
2 ∆Re4

)

= 1
T
E
(
eH1 x(t)e

H
2 x(t)x

H(t)e3x
H(t)e4

)
(3.25)

This shows that the error 
ovarian
e de
reases with rate 1/T . More detailed

results 
an be found in [102℄.
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Chapter 4

Sparsity-Based Atomi


De
omposition

This 
hapter presents a relatively re
ent approa
h to solving the atomi


de
omposition problem, known as sparsity-based estimation. Similar to

the spe
tral te
hniques, the idea is to use the spe
tral representation in

(2.11). In Se
tion 3.1.2, we dis
ussed linear spe
tral estimation and argued

that the linear operators, the beamformers, may not dire
tly provide a

sparse spe
trum. In 
ontrast to beamforming, the sparsity-based te
hniques

exploit nonlinear estimators to obtain sparse spe
tra. Let us take a sequen
e

of spe
tra {s̃t ∈ Ψ(A)}, where Ψ(A) denotes the set of all sparse spe
tra

on (A). Denote Supp({s̃t}) = {a | ∃t, s̃t(a) 6= 0} and de�ne ‖{s̃t}‖0 as

the 
ardinality of Supp({s̃}t). Sparsity means that ‖{s̃t}‖0 < ∞. Now,

it is 
lear through the relation between (2.11) and (2.1) that ‖{s̃t}‖0 also

denotes the order n of the atomi
 de
omposition 
orresponding to {s̃t}. We


an also rewrite the overall pro
edure of atomi
 de
omposition by ML in

(3.2) and the MOS pro
edure in (3.16) as

min
{s̃t∈Ψ(A)}

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

∑

a

s̃(a, t)a

∥
∥
∥
∥
∥

2

2

+ k‖{s̃t}‖0, (4.1)

where k > 0 is a suitable 
onstant. In this 
hapter, we fo
us on approximate

te
hniques to solve (4.1).

4.1 Basis Pursuit

One method to solve (4.1) is to approximate its 
ost by a 
onvex fun
-

tion. For example, it is proposed to substitute the term ‖{s̃t}‖0 by ‖{s̃t}‖1,
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de�ned by

‖{s̃t}‖1 =
∑

a∈A

√
√
√
√

T∑

t=1

|s(a, t)|2. (4.2)

The result is 
alled Basis Pursuit [12℄ (BP) or Least Absolute Shrinkage

and Sele
tion Operator (LASSO) [13℄, given by

min
{s̃t∈Ψ(A)}

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

∑

a

s̃(a, t)a

∥
∥
∥
∥
∥

2

2

+ λ‖{s̃t}‖1 (4.3)

It turns out that the optimization in (4.3) is 
onvex on the 
onvex set

Ψ(A) × . . . × Ψ(A). Thus, any lo
al minimum point is the global optimal

point. Note that the parameter k is repla
ed by λ > 0, whi
h essentially

plays a similar role as k, i.e. it 
ontrols the order of the solution. However,

the relation between λ and the order is 
ompli
ated. Nevertheless, similar

ideas to that of the MOS problem 
an be applied to the problem of sele
ting

λ [21℄.

4.1.1 Implementing Basis Pursuit

In essen
e, the optimization in (4.3) is nonparametri
, whi
h 
ompli
ates its

numeri
al evaluation. There are di�erent methods to ta
kle this problem,

many of whi
h are not 
ompatible with the sparsity assumption on the spe
-

trum. A promising approa
h is to take a dis
retization Ã = {ã1, ã2, . . . , ãN}
and restri
t the spe
trum to Ã. We denote s̃(t) = [s̃1(t) s̃2(t) . . . s̃N(t)]

T
,

where s̃k(t) = s̃(ãk, t). Then, the BP optimization is written as

min
{s̃(t)∈CN }

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

N∑

k=1

s̃k(t)ãk

∥
∥
∥
∥
∥

2

2

+ λ
N∑

k=1

√
√
√
√

T∑

t=1

|s̃k(t)|2 (4.4)

It is easy to show that the optimization (4.4) has a solution with few nonzero

elements, 
orresponding to a linearly independent set of bases. On
e this

solution is obtained, the atomi
 de
omposition bases are sele
ted as the

ones, 
orresponding to nonzero elements in s̃(t). Sin
e the solution for the

amplitudes sk(t) is biased, it is instead suggested to re
al
ulate sk(t) by

using the LS solution in (3.3). This is 
alled debiasing.

Convex Optimization

The optimization in (4.4) is 
onvex and 
an be solved by general 
onvex

optimization te
hniques. The di�
ulty with (4.4) is in the non-smooth
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behavior of the 
ost fun
tion. In fa
t, the desired solution of BP is at a

singularity point, promoting sparsity. On the other hand, the numeri
al

solution of su
h optimization problems has been under extensive study for

de
ades, resulting in strong 
onvex optimization solvers su
h as SeDuMi

[103℄ and SDPT3 [104℄, used in the CVX toolbox [37, 105℄. Also, note

that the BP problem 
an be represented in di�erent dual forms, in
luding


onstraints. Thus, 
one and linear programming te
hniques are 
ommonly

used for solving BP. In this work, we fo
us on the form introdu
ed in (4.4).

Spe
i�
 Approa
hes

The spe
ial stru
ture of LASSO allows for spe
ial type of optimization te
h-

niques. We explain some of these te
hniques in the sequel.

The so-
alled homotopy-based te
hniques rely on the observation that

the solution path of BP (4.4), resulting from modifying the value of λ (and

keeping other parameters un
hanged) is 
ontinuous. If the problem is real

valued and based on single snapshot (T = 1), it is further shown that

the path is pie
ewise linear [11,32,106℄. In the solution path, the transition

points are related to adding and removing new non-zero positions with small

amplitudes. The position of ea
h transition point 
an be predi
ted from the

previous transition point, leading to a re
ursive optimization te
hnique by

following the homotopy path. In [33℄, it is shown that the 
omplexity of

this method equals that of solving an ordinary LS of size n. However, in

the 
ase of 
omplex-valued parameters, multi-snapshot data or a 
ontinuous

di
tionary, the path is not pie
ewise linear anymore, but it is still pie
ewise

smooth. We have 
onsidered a generalization of the homotopy method to

these 
ases in [36℄. The main advantage of the homotopy te
hniques is that

they provide �exibility in sele
ting the regularization parameter, sin
e they

essentially provide the solutions for every possible value of λ, in a tra
table

way.

The Iterative Soft Thresholding Algorithm (ISTA) provides an iterative

optimization te
hnique, where the optimal point is updated at ea
h itera-

tion, based on lo
ally approximating the 
ost fun
tion [35,107,108℄. Rewrite

(4.4) as

min
S̃

Φ
LS

(S̃) + λ‖S̃‖1 (4.5)

where S̃ = [s̃(1) . . . s̃(NT ] is a matrix representation of {s̃(t)} and Φ
LS

(S̃)

denotes the �rst LS part in (4.4). In the kth iteration, the ISTA solves the
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following approximate optimization

S̃(k) = argmin
S̃

Φ
LS

(S̃(k−1)) +∇TΦ
LS

(S̃(k−1))
(

S̃− S̃(k−1)
)

+ 1
αk

∥
∥
∥S̃− S̃(k−1)

∥
∥
∥

2

F
+ λ‖S̃‖1 (4.6)

where S̃(k)
denotes the estimate at the kth iteration and αk is the stepsize,

insuring stability of the algorithm. The optimization in (4.6) has simple


losed-form solution, whi
h 
an be found in [108℄.

As a �rst-order programming te
hnique, the ISTA typi
ally has a slow


onvergen
e rate. It is proposed in [34℄ to apply the so-
alled Nesterov's

gradient a

eleration te
hnique ( [109℄) to improve ISTA, resulting in the

Fast Iterative Soft Thresholding Algorithm (FISTA). The Nesterov's a
-


eleration te
hnique suggests to in
orporate, not only the previous S̃(k−1)
,

but also S̃(k−2)
. The asso
iated Nesterov's theorem states that this method

a
hieves the 
onvergen
e bound for the generi
, �rst-order, 
onvex opti-

mization te
hniques [110, 111℄. The Approximate Message Passing (AMP)

algorithm is a similar algorithm to FISTA, derived under more statisti
al

assumptions on the di
tionary A. The AMP algorithm is developed for

the 
ases, where the di
tionary set 
onsists of the 
olumns of a di
tionary

matrix, whose entries are generated independently by a Gaussian distribu-

tion [111�114℄. However, some universality 
onsiderations suggest that it is

also useful for other types of "sample" di
tionaries. Note that this setup is

less relevant to our 
onsideration than that of the other te
hniques. Due

to their simple 
al
ulations at ea
h iteration, both FISTA and AMP are

suitable in problems with a large dimension.

The SParse Iterative Covarian
e based Estimator (SPICE) is a di�erent

approa
h to solving BP [22,115℄. It exploits the interesting observation that

√
√
√
√

T∑

t=1

|s̃k(t)|2 =
1

2
min
pk>0

∑

t=1T
|s̃k(t)|2

pk
+ pk (4.7)

Hen
e, the optimization in (4.4) 
an be written as

min
{s̃(t)∈CN },{pk}

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

N∑

k=1

s̃k(t)ãk

∥
∥
∥
∥
∥

2

2

+
λ

2

N∑

k=1

T∑

t=1

|s̃k(t)|2

pk
+ pk (4.8)

The SPICE solves (4.8) for {pk} and {s̃(t) ∈ CN}, alternatingly, where
both steps have 
losed form solutions, found in [22℄. This method has a

good speed of 
onvergen
e, but needs a higher amount of 
al
ulations at

ea
h iteration. Thus, it is not suitable for problems with a large di
tionary

dimension m.
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4.1.2 Regularization Parameter Sele
tion

The regularization parameter λ in (4.3) and (4.4) plays an important role in

the pro
ess of estimation by BP. Changing λ, typi
ally leads to a remarkable

e�e
t in the AD estimate. However, λ is often identi�ed by its role in the

order sele
tion. In general, it is not 
lear how to sele
t λ. Noti
e that even if

the order n is known, there is no simple way to de
ide on a value of λ, leading

to the desirable order n. In this 
ase, the homotopy te
hniques provide an

opportunity to sweep a large range of λ values to sele
t the desired estimate.

In a more general 
ase, the situation is more or less similar to MOS, where

it is not 
lear how the sele
tion should be performed.

Similar attempts to MOS 
an be 
onsidered for sele
ting λ. For example,

a statisti
al perspe
tive 
an be employed. This, for example, has led to the


ross-validation approa
hes [12,116℄. More elaborate studies 
onsidered the

regularization parameter sele
tion as a hyper parameter estimation, where

the BP estimator is treated as a Bayesian estimator with a Lapla
ian prior

[25, 26, 117℄. In [25℄, the Lapla
ian prior is also expanded in a hierar
hi
al

way and the estimation of λ is performed by 
onsidering non-informative

priors for the hierar
hi
al model. We have 
onsidered the Bayesian aspe
ts

of regularization parameter sele
tion in [118℄.

More re
ent suggestions on the 
hoi
e of λ is provided by the analysis

of BP in the asymptoti
 
ases. For example, the resent error analysis for

the large random matrix based AD problem, provided an asymptoti
ally

optimal value of λ, for whi
h the ℓ2 error is minimized [119℄. We have

also 
onsidered the role of regularization parameter in a parametri
 AD

s
enario, where the SNR is high. Our semi-parametri
 results also lead to

an approximate optimal value for the regularization parameter in Paper 2.

4.2 Analysis of Basis Pursuit for Large Dimen-

sions

The appli
ation of BP originated from the �eld of image pro
essing, where

AD problems, related to large matri
es were involved. Later, the te
hnique

was found useful in other appli
ation �elds, 
on
erning large matri
es. For

this reason, the analysis of BP traditionally revolves around di
tionaries

obtained by large matri
es and the 
ompressive 
hara
teristi
s of the AD

problem. Here, we refer to the main out
omes of this type of analysis.

For simpli
ity, a single-snapshot 
ase is 
onsidered and the di
tionary is

obtained as the 
olumns of an m×N di
tionary A.

As mentioned in Se
tion 3.3, the analysis is pursued in two stages. In the

�rst one, 
onvergen
e to the ideal estimates is 
onsidered in an asymptoti
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ase. In the se
ond one, a near optimal analysis is provided. The analysis,

presented here is 
arried out in a high SNR regime, where the �rst stage is

referred to as the ideal atomi
 de
omposition. In Se
tion 2.1, we show that

the uniqueness of the ideal de
omposition is guaranteed by the 
ondition

n < (Spark(A)− 1)/2. It is not 
lear that BP is generally able to re
over

an ideal de
omposition under the above assumption. It turns out that

BP does not guarantee the re
overy of the ideal de
omposition under the

Spark 
ondition only. Hen
e, stronger 
onditions are ne
essary. However,

sele
ting the regularization parameter is not an issue, sin
e the high SNR


ase is naturally related to a vanishingly small 
hoi
e of λ. In the limit,

when λ shrinks to zero, the BP optimization in (4.4) approa
hes

min
s̃

∑

k

|s̃k|

subje
t to x = As̃, (4.9)

known as the noiseless BP optimization. The ideal de
omposition question

is that under whi
h assumptions the optimization in (4.9), where x is gen-

erated by x = As̃0 and ‖s̃‖0 < (Spark(A)−1)/2, leads to the true s̃0 as the
solution.

4.2.1 Null Spa
e Property

The null-spa
e property identi�es a ne
essary and su�
ient 
ondition for

the ideal de
omposition question, whi
h 
an be expressed as follows [67,120,

121℄:

Theorem 1. For any observation x = As̃0, the solution to (4.9) is given

by s̃ = s̃0 if, for any non-zero ve
tor ν = (ν1, . . . , νN) in the null spa
e of

A, the following 
ondition holds

∑

k∈Supp(s0)

|νk| <
∑

k/∈Supp(s0)

|νk| (4.10)

where Supp(s0) denotes the set of indexes, 
orresponding to the n nonzero

elements of s0. In parti
ular, the optimization (4.9) 
an re
over any ideal

de
omposition of order n, if and only if for any subset I ⊂ {1, 2, . . . , N}
of n indexes and any nonzero ve
tor ν in the null spa
e of A the following

relation holds.

∑

k∈I

|νk| <
∑

k/∈I

|νk| (4.11)

This is known as the n−null spa
e property.
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4.2.2 Restri
ted Isometry Property

The null-spa
e property is not pra
ti
ally useful, sin
e it is di�
ult to verify,

or intuitively understand. Other stronger 
onditions are therefor developed,

implying the null spa
e property. These 
onditions are easier to verify, at

least for a 
ertain type of matri
es. One 
ondition, frequently 
onsidered in

pra
ti
e, is based on the mutual 
oheren
e, given by the maximum 
osine

of the angle between two distin
t bases [61, 122℄. However, a 
ondition on

the mutual 
oheren
e provides too 
onservative results. For this reason,

the restri
ted isometry property is introdu
ed [15, 123℄. A di
tionary A is

said to satisfy the n-restri
ted isometry property with restri
ted isometry


onstant δ if, for any 
hoi
e of n distin
t bases a1, . . . , an ∈ A, we have that

(1− δ) ≤ σ
min

([a1 a2 . . . ..an]) ≤ σ
max

([a1 a2 . . . ..an]) ≤ (1 + δ), (4.12)

where σ
min

and σ
max

denote the smallest and the largest singular value of

their arguments, respe
tively. Note that if δ = 0, then the basis a1, . . . , an

is orthonormal (isometri
). For an in�nite di
tionary, the n−RIP 
onstant

δn is larger than 1, sin
e in that 
ase, one 
an always �nd a subset of n
bases with an arbitrarily high mutual 
oheren
e.

If the n−RIP 
onstant is small enough, the di
tionary also satis�es the

n−null spa
e property, thus guaranteeing perfe
t re
overy. For example,

in [15℄ the bound δ <
√
2 − 1 is obtained. This is improved in [124℄. It

is also generally NP-hard to verify the RIP 
ondition. However, a large

body of results are provided, identifying 
ases, where randomly generated

large matri
es satisfy a suitable RIP 
ondition. The underlying argument

in these works is as follows

1

: Assume that the desired order n, the size

of di
tionary N and the di
tionary dimension m grow to in�nity; and the

di
tionary is generated randomly with independent entries, su
h that for

a random matrix Φ = [a1 a2 . . . an] and a unit ve
tor x ∈ Cn
, we may


on
lude that

Pr(|‖Φx‖22 − ‖x‖22| > δ)) < e−cm
(4.13)

for a proper value of c and δ. Then, it is possible to show by the union

bound that

2

Pr(max
‖x‖=1

|‖Φx‖22 − ‖x‖22| > δ)) < e−c′m
(4.14)

where c′ is another positive 
onstant. Sin
e there exist

(
N
n

)
≤ (eN/n)n


ombinations of bases, the union bound gives that the probability of the

1

See [125℄ for more details.

2

For this, one needs to take an exponentially growing number of maximally separated

points on a unit sphere and use the triangle inequality for an arbitrary point x on the

sphere.
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n−RIP 
onstant being larger than δ is bounded by

e−c′m ×
(
eN

n

)n

= en log( eN
n

)−c′m
(4.15)

Thus the probability goes to zero if the number of measurements (the size of

the observation ve
tor) m grows faster than n log(N/n), whi
h is a popular

result. The threshold rate n log(N/n) has also been shown to be maximal

in this setup.

4.2.3 Error Analysis

Re
ently, the se
ond step of error analysis has been taken by two indepen-

dent resear
h groups [126, 127℄ and [18, 119, 128℄. These papers establish

results for randomly generated Gaussian di
tionaries, though it is empir-

i
ally observed that the result is universal for a large family of random

di
tionaries [129℄. It is shown that the error term ‖s̃− s̃0‖2, where s̃ is ob-

tained by (4.4) has a deterministi
 limit when dimensions grow. The study

in [126℄ is based on AMP and demonstrates more 
hara
teristi
s of the error.

The work in [18℄ utilizes the so-
alled 
omparison inequalities and 
onsiders

a more general framework than the AMP-based approa
h and LASSO.

4.3 The O�-Grid Problem

Remember that for the in�nite di
tionaries, the parametri
 form of BP in

(4.4) is obtained by 
onsidering a dis
retization. When the data ve
tor is

obtained by basis ve
tors, ex
luded from the dis
retized basis frame Ã, the
so-
alled o�-grid problem o

urs. If the dis
retization is �ne enough, su
h

that an ex
luded base 
an be approximated by nearby elements in Ã, and
the true order is small enough, the o�-grid e�e
t is not severe, but still

degrades the high SNR properties of estimates. Usually, the o�-grid base is

approximated by multiple nearby on-grid elements, whi
h we refer to as its


loud. In a high-SNR 
ase, the 
loud for ea
h base is easily distinguished

in the exa
t solution of BP. On
e a 
loud is 
al
ulated, its elements should

be 
ombined to obtain a fo
used solution.

To ta
kle the o�-grid e�e
t, some te
hniques have re
ently been 
onsid-

ered for a 
ase, where the bases are represented by a real number θ. To

explain the main idea, we fo
us on the single-snapshot 
ase. Using the

Taylor expansion, we obtain

a(θ) ≈ a(θ̃l) + d(θ̃l)∆θ (4.16)
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where θ̃l is the nearest element to θ in Ã and ∆θ = θ − θl. Then, (2.1) 
an
be written as

x ≈
∑

k

(

a(θ̃lk) + d(θ̃lk)∆θk

)

sk + n =
∑

k

a(θ̃lk)sk + d(θ̃lk)βk + n (4.17)

where θlk is the nearest grid point to θk and ∆θk = θlk − θk. Moreover,

βk = sk∆θk.

A

ordingly, the Sparse Total Least Square (S-TLS) approa
h suggests

to solve the following optimization

3

[45℄:

min
{∆θ̃l,s̃l}

1

2
‖xk −

N∑

l=1

(

a(θ̃l) + d(θ̃l)∆θ̃l

)

s̃l‖22+ λ

N∑

l=1

|s̃l|+
µ

2

∑

l

|∆θ̃l|2 (4.18)

where µ is pra
ti
ally a tuning parameter. The S-TLS method 
an be

solved exa
tly with the method, explained in [45℄. It 
an also be solved by

alternatingly minimizing over {∆θ̃k} and {s̃k}.
Another approa
h is to use the last expression in (4.17), where the re-

lation between βk and sk is generally non-
onvex. An ex
eption is when

sk > 0 is real and ∆θk is bounded in a 
onvex set. In a general 
ase, the

non
onvex relation 
an be 
onvexi�ed to obtain the following optimization

min
{β̃l,s̃l}

1

2
‖xk −

N∑

l=1

a(θ̃l)s̃k + d(θ̃l)β̃l‖22 + λ
N∑

l=1

√

|s̃l|2 + |β̃k|2 (4.19)

whi
h is referred to in [38℄ as the Joint LASSO (J-LASSO) optimization.

The J-LASSO optimization is 
onvex and 
an be solved by o�-the-shelf

optimization te
hniques, or simpli�ed methods [38, 46℄.

In all of the above te
hniques, the �nal result still su�ers from a de-

fo
used 
loud of estimates. In [46℄, it is suggested to use the following

merging te
hnique. Denoting by {ŝl, θ̂l}, the 
loud related a true set of

parameters (s, θ), it is proposed to 
ombine the 
loud by

ŝ =
∑

l

ŝl θ̂ =

∑

l

|ŝl|θ̂l
∑

l

|ŝl|
(4.20)

to obtained weighted average estimates, whi
h has an interesting physi
al

interpretation as 
enter of gravity.

3

The original de�nition in [45℄ is slightly di�erent. It is based on an unstru
tured

basis perturbation e instead of d(θ)∆θ.
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4.4 Other Approa
hes

The problem of atomi
 de
omposition has a long history, and has been dis-


ussed in a variety of di�erent appli
ations. The sparsity-based approa
hes

are relatively re
ent. However, di�erent approa
hes are also dis
ussed in this


ontext. One of the �rst approa
hes is Mat
hing Pursuit (MP), whi
h is a

forward stagewise algorithm, i.e. it sele
ts a new base at ea
h stage [130℄.

Having an ADP estimate and the remainder term at a given stage, the next

stage adds a new pair (a, s) to the AD by taking the largest proje
tion of

the remainder ve
tor onto the basis ve
tors a. The previous parameter es-

timates do not 
hange. Orthogonal Mat
hing Pursuit (OMP) modi�es MP

by repla
ing the remainder ve
tor by the proje
tion ve
tor into the orthog-

onal 
omplement of the linear span of the previous estimates [131℄. Inspired

by basis pursuit, the Dantzig Sele
tor (DS) was introdu
ed in [132℄, whi
h

promotes stronger sparsity than BP. Inspired by di�erent numeri
al imple-

mentations of the BP, other modi�ed approa
hes have also been introdu
ed.

For example, the homotopy implementation and its modi�
ations is usually

referred to as Least Angle Regression (LARS), �rst termed by Efron [33℄.

The approximate message passing te
hnique has also introdu
ed the belief

propagation ideas to the �eld of sparse regression [133℄. The SPICE ap-

proa
h has also been extended by Stoi
a to obtain the LIKelihood based

Estimation of Sparse parameters (LIKES) [115℄, the Iterative Adaptive Ap-

proa
h (IAA) [134, 135℄ and Sparse Learning via Iterative Minimization

(SLIM) [136℄. The idea of weighted ℓ1 regularization is further frequently

dis
ussed [137℄. Finally, regularization by the so-
alled p < 1 semi-norm is

also studied. A good example of the latter is the FOCal Underdetermined

System Solver (FOCUSS) [138℄. It should be remembered, though, that for

p < 1 the norm is not 
onvex.
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Dynami
 Atomi
 De
omposition

In this 
hapter, we 
onsider a generalization of the atomi
 de
omposition

model, introdu
ed in (2.1). Here, we assume that the bases ak may vary by

time, su
h that the data model is given by

x(t) =

n(t)
∑

k=1

ak(t)sk(t) + n(t) (5.1)

This is the 
ase in appli
ations su
h as sensor array pro
essing, seismology

and medi
al tomography. It is further assumed that the bases are tempo-

rally 
orrelated, su
h that the observations at di�erent time instants 
an be


ombined to improve the estimation performan
e at a 
ertain time instant.

In this manner, di�erent types of questions 
an be 
onsidered. For example,

the �ltering problem 
on
erns estimating the AD at a time instant t, based

on the ve
tors x(t′), observed up to time t ≥ t′. Although the fo
us here

is on �ltering, it should be noted that other types of problems also exist,

depending on the amount of observation data presented for a spe
i�
 esti-

mate. The problem of estimating the parameter traje
tories is also widely


onsidered.

To obtain a desired AD, the pro
ess of �ltering is vague, unless 
lear

statisti
al assumptions on the temporal relation of the parameters are made.

On the other hand, the main 
hara
teristi
s of the dynami
 AD model in

(5.1) is its dynami
 parameter size (order). Hen
e, the temporal models

of AD are 
ompli
ated. The sparsity-based te
hniques have re
ently been

applied to simplify these types of problems. However, it seems problemati


to rely on the spe
tral model to express the temporal relation. Toward

this goal, simple steps are taken in [48, 51, 139�141℄. In the sequel, we �rst

present a general framework for statisti
al �ltering and then relate it to the

dynami
 AD problem.
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5.1 Re
ursive Bayesian Estimator

In this se
tion, we present the general theory of �ltering by a Bayesian re-


ursion. Later, we relate this to the AD problem. Although, a variety of

di�erent statisti
al models may be 
onsidered, a fairly general and popular

one is the state spa
e based model. Consider a system, des
ribed by the

state S, belonging to a state spa
e S. Suppose a sequen
e of observations

{x(t)} is obtained by the system at the 
orresponding states {St = S(t)}.
The state spa
e model assumes that the statisti
s of the state at a time in-

stant t+1 is 
ompletely identi�ed by the previous state at the time instant

t. Mathemati
ally speaking, this is des
ribed by a Markov Chain (MC) pro-


ess given by the following joint distribution over an arbitrary time window

t, t+ 1, . . . , t+ T :

pSt,St+1,...,St+T−1
(st, st+1, . . . , st+T−1) = pSt(st)×

pSt+1|St(st+1 | st)pSt+2|St+1(st+2 | st+1) . . . pSt+T−1|St+T−2
(st+T−1 | st+T−2)

(5.2)

where pSt+1|St
(s1 | s0) is 
alled the transitional probability density. If the

transitional probability density is 
onstant, i.e. pSt+1|St(s1 | s0) = Q(s1 | s0),
for a �xed fun
tion Q, then the MC is 
alled time homogeneous. We only


onsider time homogeneous systems. A

ording to the state spa
e model,

the observation ve
tor x(t) is in
lusively determined by the state St through

a 
onditional distribution px(t)|S(t)(x(t) | s(t)), in short denoted by p(x(t) |
s(t)). At a 
ertain time instant t, the question of interest is to estimate a

group of parameters based on the observations x(1), . . . ,x(t). For example,

the entire state traje
tory 
an be estimated by the Maximum a' Posteriori

1

(MAP) estimator as

(ŝ1, ŝ2, . . . , ŝt) = arg max
s1,s2,...,st

p(s1, s2, . . . , st | x(1),x(2), . . . ,x(T )) =
arg max

(s1,s2,...,st)

p(x(1) | s1)p(x(2) | s2) . . . p(x(t) | st)× p(s1)×
Q(s2 | s1)Q(s3 | s2) . . .Q(st | st−1) (5.3)

It is seen that the �nal optimization in (5.3) 
an be e�
iently solved in a

re
ursive way. De�ne

Vt(st) = max
s1,s2,...,st−1

p(x(1) | s1)p(x(2) | s2) . . . p(x(t− 1) | st−1)× pS1(s1)×
Q(s2 | s1)Q(s3 | s2) . . .Q(st | st−1) (5.4)

1

See [142℄.
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whi
h may be obtained by

Vt(st) = max
st−1

Vt−1(st−1)Q(st | st−1)p(x(t− 1) | st−1) (5.5)

where the maximum point is denoted by ŝt−1(st). For the �nal time t, we

an write

ŝt = argmax
st

p(x(t) | st)Vt(st) (5.6)

The estimates at the previous times t′ < t 
an also be found ba
kward

re
ursively as ŝt′ = ŝt′(ŝt′+1). This is know as the Viterbi algorithm [143℄,

whi
h is 
losely related to the Bellman re
ursive de
ision algorithm [144℄.

Another 
ase of interest is when only St is under question at time t.
Then, the (MAP) estimator is given by

ŝt = max
st

pSt|x(1),x(2),...,x(t)(st | x(1),x(2), . . . ,x(t)) (5.7)

Interestingly, the MAP estimator is again solved in a re
ursive way. For

simpli
ity, de�ne X(t) = [x(1),x(2), . . . ,x(t)]. Then, by the Bayes rule, we

have that

pSt|X(t)(st | X(t)) =
pSt|X(t−1)(st | X(t−1))p(x(t) | st)

p(x(t) | X(t−1))
(5.8)

where

pSt|X(t−1)(st | X(t−1)) =

∫

st−1∈S

Q(st | st−1)dPSt−1|X(t−1)(st−1 | X(t−1)) (5.9)

The steps in (5.8) and (5.9) are known as update and predi
tion, respe
-

tively. The overall algorithm by re
ursively applying them is referred to as

Re
ursive Bayesian Filtering (RBF) [145, 146℄. Similarity is observed be-

tween the Viterbi algorithm and RBF. In a sense, both approa
hes follow

the evolution of a spe
trum over the state spa
e. The di�eren
e is that the

Viterbi algorithm uses re
ursive optimization, while RBF employs integra-

tion.

5.2 Filtering Theory for Atomi
 De
omposi-

tion

Now, we dis
uss the appli
ation of �ltering to the AD model. The �rst

issue is to de�ne the state spa
e. Clearly, the state spa
e is given by the

33



Chapter 5. Dynami
 Atomi
 De
omposition

set of all desirable de
ompositions for a single snapshot T = 1. Mathemati-


ally speaking, su
h a de
omposition, 
onsisting of the bases a1, . . . , an and

amplitudes s1, s2, . . . , sn, 
an be represented by a state

S = {(a1, s1), (a1, s2), . . . , (an, sn)}. (5.10)

We are parti
ularly interested in de
ompositions of an order n < (Spark(A)−
1)/2. Thus, S is identi�ed as the 
olle
tion of all �nite sets of A× C with

a 
ardinality smaller than n < (Spark(A) − 1)/2. The se
ond issue is to

de�ne probability densities on S, whi
h essentially gives a random �nite

set 
hara
teristi
 to the state. To the best of our knowledge, this approa
h

has not been dire
tly applied to the problem of our interest. However, the

random �nite set theory is well-studied in mathemati
s and also applied in

the signal pro
essing literature, for example in target tra
king [147�149℄.

Simpler models for ADP is obtained, when the order n is assumed

to be �xed and the di
tionary is labeled by θ. In this 
ase, similar to

the parametri
 approa
hes, the state St is given by two ve
tors θ(t) =
(θ1(t), θ2(t), . . . , θn(t)) and s(t) = (s1(t), s2(t), . . . , sn(t)). Then, S = (Rd)n×
Cn

, where we remind that θ ∈ Rd
. Simple models for the parameter evolu-

tion (Q(St | St−1)) are 
onsidered. For example, the linear 
ase

θ(t+ 1) = Hθθ(t) +wθ(t)

s(t + 1) = Hss(t) +ws(t) (5.11)

where Hθ and Hs are known (and often identity). Moreover, wθ and ws are

two independent, un
orrelated, white, 
entered Gaussian pro
esses, known

as the pro
ess noise and the observation noise, respe
tively. The observation

model p(x(t) | St) is given by (5.1), where ak(t) = a(θk(t)). Given the evo-

lution and the observation model, it is possible to obtain a RBF. However,

it is generally di�
ult to solve the integrals and store the posteriors in a


omputing ma
hine. Thus, di�erent approximate solutions are 
onsidered.

5.2.1 Extended Kalman Filter

If the parameter variation is small at ea
h time and the SNR is high, it is

possible to approximate the �lter. We assume that the distributions p(st |
X(t−1)) and p(st | Xt) are Gaussian with mean ŝt|t−1, ŝt|t and 
ovarian
e

matri
es Pt|t−1,Pt|t, respe
tively. Noti
e that by Taylor expansion,

x(t) ≈
n∑

k=1

a(θ̂k(t | t− 1))sk + d(θ̂k(t | t− 1))(θk − θ̂k(t | t− 1))ŝk(t | t− 1)

(5.12)
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where we used the notation ŝt|t−1 = ({θ̂k(t | t − 1)}, {ŝk(t | t − 1)}) and2
d(θ) = da(θ)/dθ. Using the approximate relation in (5.12) and the Gaus-

sian assumption, (5.9) and (5.8) are solved to obtain the so 
alled Kalman

Filter (KF) [150℄, re
ursively updating the parameters ŝt|t−1, ŝt|t and vari-

an
e Pt|t−1,Pt|t. The approa
h of obtaining a KF by linear approximations

is 
alled Extended Kalman Filter (EKF) [151℄. The EKF 
an also be im-

proved by other te
hniques su
h as Uns
ented Kalman (UKF) Filter [152℄,

but due to their lo
ality, they generally have poor results in highly nonlinear


ases.

5.3 Sparsity-Based Filtering

The problem of tra
king a dynami
 set of parameters is also addressed in

a sparsity-based framework. The fo
us in these works has been on the

�nite di
tionary 
ase, where a sparse ve
tor s̃(t) represents the spe
trum

s̃(θ, t) [48, 51, 140, 141℄. It is di�
ult to 
onne
t the model in (5.11) to this

setup and often no 
lear statisti
al assumptions on the dynami
s of s̃(t) are
made. Thus, la
king a rigorous Bayesian framework motivated to repla
e

the RBF approa
h by heuristi
 methods. We present two popular examples

below. We assume that a sparse ve
tor s̃(t) slowly evolves in time. This

means that both, the sparsity pattern (support) and the amplitudes of this

ve
tor may slowly vary by time. For the methods presented herein, no more

rigorous statisti
al assumptions are made.

The study in [48℄ 
onsiders a more general setup than the AD model,

where the observation at time instant t is obtained by x(t) = Ats̃(t)+n(t),
where the di
tionary At may also vary by time. Assuming that the sparse

ve
tor s̃(t) evolves slowly and motivated by the Re
ursive Least Squares

method, [48℄ suggests to obtain the estimate at time t by solving the fol-

lowing optimization

argmin
s̃

t∑

τ=0

γt,τ‖x(τ)−Aτ s̃‖22 + λ‖s̃‖1 (5.13)

where γt,τ > 0 is a prede�ned sequen
e of weights that usually de
reases

with in
reasing time di�eren
e t − τ . The idea with (5.13) is that at ea
h

time instant, the ve
tor s̃(t) is assumed to be 
onstant for the time interval

τ = 0, 1, . . . , t, and the modeling error indu
ed by su
h an assumption is

re�e
ted by the weight γt,τ . The optimization in (5.13) 
an also be written

2

If θ is multidimensional, the derivative should be repla
ed by gradient, and its 
or-

responding manipulations should be repla
ed by proper tensorial ones. This is negle
ted

in favor of simpli
ity.
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as

argmin
s̃

s̃(t)HR̃ts̃(t) + 2ℜ(z(t)H s̃(t)) + λ‖s̃‖1 (5.14)

where

R̃t =
t∑

τ=0

γt,τA
H
τ Aτ

z(t) =
t∑

τ=0

γt,τA
H
τ x(τ) (5.15)

The interesting fa
t about this method is that if one sele
ts γt,τ = βt−τ
for

a given value of β, then R̃t and z(t) 
an be re
ursively 
al
ulated.

Another approa
h is introdu
ed in [51℄ for models, where the sparsity

pattern varies slowly by time. Clearly, this is not generally 
ompatible with

the model introdu
ed in (5.11). Still, it is useful in parti
ular appli
ations

su
h as MRI imaging. The idea is that obtaining a new observation, a

Kalman �lter iteration is applied over the previously estimated support.

Then, a statisti
al test is performed to dete
t support 
hange. If a support


hange is dete
ted, a sparsity-based estimation te
hnique, su
h as LASSO

or Dantzig sele
tor [132℄ is applied over the o�-support elements. The new

support is added to the previous one and the Kalman step is 
orre
ted by

taking the new support. Finally the indexes 
orresponding to small elements

is removed from the support.

As seen, the above te
hniques are not based on 
lear statisti
al assump-

tions and do not follow the general RBF methodology. Thus, it is di�
ult

to dis
uss their performan
e. We have 
onsidered this problem and pro-

vided approximate te
hniques to apply RBF to the sparsity-based tra
king

problem [52, 54℄. In this thesis, Paper 3 is related to this topi
.
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Chapter 6

Thesis Contributions

In this thesis, we study the appli
ation of the basis pursuit approa
h in

parameter estimation problems, whi
h 
an be represented by atomi
 de-


omposition. First we study the regularization parameter sele
tion and its

Bayesian aspe
ts. Later, we 
onsider deterministi
 sele
tion of the parame-

ters, whi
h motivates investigating the homotopy methods in 
omplex val-

ued problems. Next, we provide methods to over
ome the o�-grid problem

and formulate a 
ontinuous extension of BP, 
losely related to atomi
 norm

de-noising. We develop a numeri
al approa
h to solve the extended BP. The

method is guaranteed to 
onverge to the global optimum with a moderate


omputational e�ort. Using the framework of 
ontinuous extension, we

present the analysis of LASSO in a high-SNR s
enario. We also utilize the


ontinuous BP framework to develop a random �nite set based Bayesian

interpretation for sparsity-based estimation. Considering dynami
 set of

parameters, we used this approa
h to design improved re
ursive Bayesian

�lters, avoiding the NP-hard problem of asso
iation.

6.1 Summary of Appended Papers

Paper 1 proposes a numeri
al implementation of the 
ontinuously extended

BP, in the re
ently developed framework of atomi
 norm de-noising. The

paper in
ludes 
omparisons with other te
hniques, proposed to alleviate the

o�-grid e�e
t. The design of the proposed algorithm is presented, su
h that

global 
onvergen
e is evident. Numeri
al results on the speed of 
onvergen
e

are also in
luded.

Paper 2 presents the analysis of BP, by linking BP, in a 
ase with a

highly dense grid, to the 
ontinuous framework, developed in Paper 1. New

mathemati
al tools are developed to perform analysis in a high-SNR s
e-

nario. A

ording to the variable order of estimates, these tools essentially
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formulate the perturbation theory of �nite sets and 
onne
t it to the existing

terminology in the �eld of parameter estimation. In this paper, interesting

properties of BP, su
h as its resolution limit and the biasing e�e
t of the ab-

solute shrinkage operator, as well as the 
hoi
e of regularization parameter

is dis
ussed.

Motivated by the �ndings in Papers 1 and 2, we later 
onsidered the 
on-

tinuous extension of BP as a �nite set estimator and attempted to interpret

it in a Bayesian sense. This �nally led to a framework presented in Paper

3, where the developed Bayesian method was in
orporated in a RFS-based

re
ursive Bayesian �lter to enhan
e estimation of dynami
 parameter sets.

We present results suggesting an improvement in estimation performan
e.

6.2 Suggestions for Future Work

Today, the sparsity-based estimation area is highly a
tive. The need for ap-

plying the sparsity-based estimation methods to emerging appli
ations with

a potentially una

ustomed data model, naturally 
alls for further resear
h

on adapting the existing te
hniques to these appli
ations. Furthermore, our

analysis shows de�
ien
y in parameter estimation by the existing sparse es-

timation te
hniques. A

ordingly, we propose the following possibilities for

a future study.

From our 
urrent understanding of sparsity-based parameter estima-

tion te
hniques, it is 
lear that the 
onvex methods, su
h as LASSO lead

to statisti
ally ine�
ient estimates, due to a stru
tured model mismat
h.

There are opportunities, su
h as re-weighting to improve the result in the

literature. Their relation with parameter estimation and our 
ontinuous

interpretation of LASSO 
an be 
lari�ed in a future study. Note that this

study fo
used on the parametri
 aspe
ts of LASSO, while many proposed

improvements essentially deal with the spe
tral interpretation of LASSO.

Another important issue is to 
onsider di�erent observation models, su
h

as the ones representing pra
ti
al observation impairments. The phase re-

trieval and the 1-bit 
ompressed sensing are popular examples. While little

is known about the general behavior of this type of problems, the parameter

estimation perspe
tive not only frames them into a more pra
ti
al frame-

work, but also provides a new opportunity to analyze them.

Last but not least, we propose to study the role of di
tionary learning

te
hniques in parameter estimation. Di
tionary learning is the pro
ess of

simultaneously learning the di
tionary and atomi
 de
omposition from a

sequen
e of observed data. A great potential is observed in parametri


di
tionary learning as it is simply seen to be related to the well-know family

of blind estimation problems, su
h as blind de
onvolution, blind sour
e
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separation and blind 
hannel estimation. Again, the mixture of parametri


and sparsity-based estimation perspe
tives is seen to be highly useful in

developing related te
hniques.
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A. Panahi, M. Viberg and B. Hassibi

Abstra
t

The advent of sparsity based te
hniques has provided a new po-

tential in parameter estimation s
enarios, where the problem 
an

be viewed as atomi
 de
omposition. This in
ludes a large range

of appli
ations, but the performan
e of these te
hniques is lim-

ited by the stru
tured model mismat
h, indu
ed by dis
retiza-

tion, whi
h is also known as the o�-grid e�e
t. The atomi


norm denoising approa
h provides an opportunity to apply the

sparsity-based te
hniques without the o�-grid e�e
t. However,

there is no general numeri
al solution to ANDN. In this work,

we propose a numeri
al method to atomi
 norm denoising. We

show by numeri
al studies that the proposed te
hnique is fast

and the resulting estimates re�e
t the desired properties of the

sparsity-based te
hniques. We also introdu
e a heuristi
 
om-

bination te
hnique for the traditional grid-based te
hnique and

identify 
ases where the 
ombining te
hnique my outperform the

exa
t ANDN approa
h.

1 Introdu
tion

The advent of sparsity-based te
hniques has led to new opportunities for

numeri
ally stable 
al
ulations in 
ertain type of estimation problems. It is

observed that many problems of interest, 
ommonly referred to as Atomi


De
omposition, 
an be represented by sparse linear models and solved by

non-linear estimators, with guaranteed performan
e [1�5℄. This has not only

in�uen
ed the �eld of parametri
 inferen
e, but has also revolutionized the

insight into data a
quisition. A

ordingly, the �eld of Compressed Sensing

(CS) has been devoted to study reliable a
quisition te
hniques, asso
iated

with later desired sparsity-based data pro
esses [6, 7℄.

Although the pioneering studies on CS have provided nearly optimal

s
hemes with numeri
ally reliable methods [8�10℄, di�
ulty arises when

high pre
ision in parametri
 models is desired. This is due to the funda-

mental in
onsisten
y in the appli
ation of sparsity te
hniques to 
ontinuous

models, leading to the so-
alled o� grid problem [11, 12℄. A

ording to the
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des
ription of the o�-grid problem, the sparsity based model requires dis-


retization of the parameter spa
e. While the average estimation pre
ision

is proportional to the level of dis
retization, the numeri
al 
omplexity grows

polynomially with it. From this perspe
tive, the 
urrent CS te
hniques are

remarkably slower than the other existing methods. This paper proposes a

general method to elevate the 
omputational speed and over
ome the o�-

grid problem for high pre
ision CS problems, maintaining the guaranteed

performan
e of the previous te
hniques.

Our method is inspired by the Least Absolute Shrinkage and Sele
tion

Operator (LASSO), a 
entral obje
t in the analysis and the appli
ation of

CS [1, 13℄. The LASSO, estimates a sparse ve
tor through optimizing a

statisti
ally derived 
onvex obje
tive fun
tion. This guarantees good per-

forman
e and interesting numeri
al properties through 
onvex optimiza-

tion [14, 15℄. Moreover, the spe
ial stru
ture of LASSO allows to applly

spe
i�
 numeri
al methods to solve it. Familiar examplers are the iterative

thresholding te
hnique [16, 17℄, the shooting algorithm [18℄, SParse Itera-

tive Covarian
e-based Estimation (SPICE) [19℄. Nevertheless, the LASSO

needs dis
retization, when applied to 
ontinuous models, thus leading to the

o�-grid e�e
t. This usually means that an o�-grid parameter is estimated

by multiple nearby grid points. In general, it is di�
ult to distinguish and


ombine theses estimates, and a
hieve a 
onsistent one.

The o� grid problem has been 
onsidered and dis
ussed by di�erent pre-

vious studies. For example, [20,21℄ alleviate the o� grid e�e
t by in
luding

the sample derivatives of the manifold in the di
tionary. However, multiple

estimates are still observed due to the higher order e�e
t of the manifold

and the dis
rete nature of the method. The work in [22℄ 
onsiders a simi-

lar approa
h, formulated in a total-Least-square setup. A di�erent type of

solution is 
onsidered by interpreting the LASSO estimates as a result of

quantizing a set of 
ontinuous ones [23℄. The iterative re-sampling s
heme

dis
ussed in [24℄ 
an be regarded as su
h. The exa
t 
ontinuous estima-

tion pro
edure is also formulated in [25℄, where the authors introdu
e the

idea of Atomi
 Norm DeNoising (ANDN) and dis
uss its relationship with

LASSO. They proved similar properties to that of the LASSO estimates for

the 
ontinuous estimates of ANDN. In fa
t, it is shown in [26℄ that the two

are identi
al under any desired pre
ision for su�
iently �ne dis
retization.

In parti
ular, this implies that ANDN has a guaranteed performan
e under

a resolution limit.

The work in [27℄ also points out to the numeri
al properties of ANDN,

but only provides an implementation for a spe
ial 
ase of frequen
y estima-

tion, where the spe
i�
 algebrai
 stru
ture of the manifold allows parti
ular

manipulations. However, this method 
annot be generalized to the 
om-
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mon CS 
ases, where very few assumptions on the manifold 
an be made.

Moreover, the resulting algorithm is often slow. Some other limited im-

plementations are also 
onsidered in [23℄. The general implementation of

ANDN is not addressed yet. A

ordingly, we hereby propose a general

te
hnique to numeri
ally solve ANDN. The method is fast in a large vari-

ety of CS s
enarios and does not depend on the stru
ture of the manifold.

However, spe
ial stru
ture or low dimension of the manifold may further

enhan
e its speed. Our approa
h is to �rst show that ANDN has a non-


onvex parametri
 representation and study the Cy
li
 Coordinate Des
ent

(CCD) te
hnique to numeri
ally solve the latter. Then, appealing to the

well-known global optimality 
ondition for ANDN, we seek for a 
orre
ting

step in CCD, su
h that the stopping point of the overall algorithm ful�lls the


ondition and thus, guaranteeing global 
onvergen
e. We 
ompare di�erent

modifying steps from the perspe
tive of 
onvergen
e speed. We also apply

our te
hnique to di�erent atomi
 de
omposition setups and CS s
enarios,

whi
h demonstrates the superiority of our te
hnique both by speed and by

pre
ision.

1.1 Problem Formulation

Consider a 
olle
tion B ⊂ Cm
of m−dimensional 
andidate basis ve
tors ,

known as di
tionary and a given data ve
tor x ∈ Cm
. Suppose that the

data is obtained by the following model:

x = b1s1 + b2s2 + . . .+ bnsn + n, (1)

where sk ∈ C and bk belong to the di
tionary B and n is a random 
entered

Gaussian measurement noise ve
tor with 
ovarian
e σ2I. The problem of

interest herein is to retrieve the basis ve
tors ak as well as the 
oe�
ients

sk when the order n is unknown. This is 
alled the Atomi
 De
omposition

(AD) problem [1, 27℄. It is 
onvenient to write (1) as

x = b1e
jφ1r1 + b2e

jφ2r2 + . . .+ bne
jφnrn + n, (2)

where (φk, rk) is the polar representation of the 
omplex number sk, and

de�ne ak = bke
jφk

to obtain

x = a1r1 + a2r2 + . . .+ anrn + n, (3)

Then, we de�ne

A = {bejφ | b ∈ B, 0 ≤ φ < 2π}. (4)

Clearly �nding a desirable representation in (3) with ak ∈ A, and rk > 0
leads to a unique representation in (1) by re
ombining the phase part of ak

to rk to obtain sk.
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2 Examples of Atomi
 De
omposition

The AD problem in (1) has been long addressed and dis
ussed in di�erent


ontexts. An interested reader is referred to [1,28�30℄ for more details. Here,

we introdu
e some well-known examples. We introdu
e the 
orresponding

models in the sense of (1), but remind that the same problem 
an be written

as (3) using the di
tionary transform given by (4).

2.1 Spe
tral Line Estimation

In spe
tral line estimation, the data x is obtained by sampling a 
ontinuous

signal at instants t1, t2, . . . , tm and the di
tionary in the form of (1) is given

by

B = {b(ω) = [ejωt1 ejωt2 . . . ejωtm ]T | −W ≤ ω ≤W}. (5)

The parameter W is the system bandwidth. Ea
h basis ve
tor b(ω) in

the di
tionary 
onsists of the samples of a sinusoidal signal at frequen
y

ω. Solving the AD problem for the spe
tral line estimation model leads to

the best signal �t by a �nite number of sinusoids. The dire
t advantage

is that if m ≫ n, the signal 
an be stored with less e�ort, leading to a

large amount of 
ompression. With some assumptions on the underlying

signal and a proper 
hoi
e of the sampling times tk, it is shown that the


ontinuous signal may be 
ompletely a
quired by the above s
heme of sam-

pling and atomi
 de
omposition, storing only the resulting frequen
ies and


orresponding amplitudes sk. This is 
alled 
ompressed sensing.

2.2 Far-�eld Narrow-Band Dire
tion-of-Arrival Estima-

tion

The Dire
tion-Of-Arrival (DOA) estimation problem is related to a s
enario,

where a physi
al �eld (e.g. ele
tromagneti
, or sonar waves) is generated

by n sour
es, ea
h 
orresponding to a narrowband signal. For a short time

interval, a narrowband signal 
an be expressed by its frequen
y and its


omplex amplitude, the later of whi
h representing the magnitude and the

phase shift in the signal. The �eld is lo
ally sensed by a set of m sensors,

resulting in a ve
tor of observations x = [x1, x2, . . . , xm]
T
. The sour
es are

assumed to be far from the vi
inity of the sensors, so that only their relative

angles, i.e. DOAs, 
an be estimated from data. Taking a lo
al 
oordinate

system at the position of the sensors and assuming sour
es with equal and

known frequen
y, the relationship between the data ve
tor x and the sour
es
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is given by (1), where sk is the 
omplex amplitude of the kth sour
e and

bk = b(θk) =
[
ej2πρ1 cos(θk−η1) ej2πρ2 cos(θk−η2) . . . ej2πρm cos(θk−ηm)

]T
(6)

Moreover, θk is the angle 
oordinate (DOA) of the kth sour
e and (ρl, ηl)

are the total polar 
oordinate of the lth sensor in units of wavelength (for

the �rst 
oordinate) in the sele
ted 
oordinate system. Solving the AD

problem for this 
ase gives the DOA estimates. Note that when the sensors

are linearly pla
ed and uniformly separated with a half-wavelength, the


oordinate system 
an be 
hosen, su
h that ηk = 0 and ρk = (k − 1)/2. In
this 
ase, the DOA estimation model is identi
al to the frequen
y estimation

model by de�ning ω = π cos(θ) and W = π.

2.3 Narrow-band Radar Delay-Doppler Estimation

Although a large variety of radar dete
tion s
enarios 
an be modeled as AD,

we 
onsider one of the simplest models, where a single 
ontinuous narrow-

band pulse ξ(t) = ψ(t) exp jω0t is transmitted, where ψ(t) is a baseband

signal and ω0 is a large 
arrier frequen
y. The signal is re�e
ted by multiple

targets and is re
eived by a sensor. The sample ve
tor x of the re
eived

signal at times t1, t2, . . . , tm 
an be written as the model in (1), where sk
represents the re�e
tion 
oe�
ient of the kth sensor and

bk = bk(µk, τk) =

[ψ(t1 − τk)e−jµkω0t1 ψ(t2 − τ)e−jµkω0t2 . . .

ψ(tm − τ)e−jµkω0tm ]
T

(7)

where tk is the time delay asso
iated with the distan
e (range) of the target

and µk is the Doppler shift related to its velo
ity. The AD in this 
ase gives

the delay and Doppler (distan
e and velo
ity) estimates. If the baseband

waveform is 
onstant, i.e. ψ(t) = 1, then this AD problem simpli�es to the

spe
tral line estimation problem by minor 
hange of variables.

3 Prior Art: Atomi
 Norm Denoising

The ANDN is 
losely 
onne
ted to BP, but does not need to de�ne grid. The

exa
t re
overy by ANDN is well studied and many interesting properties has

been dis
overed. The ANDN is based on the transformed model in (3) and
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the de�nition of the atomi
 norm ‖‖A asso
iated with the di
tionary A as

‖y‖A = min
n

min
a1,a2,...,an

min
r1,r2,...,rn

r1 + r2 + . . .+ rn

s.t.

y =
n∑

k=1

akrk (8)

The properties of the atomi
 norm have also been studied and it is shown

by the so-
alled Caratheodory theorem for 
onvex hulls that (8) attains its

minimum at n ≤ 2m. We also give a simple proof for this in Appendix 7.

The ANDN method is to solve the optimization

min
y∈Cm

1

2
‖x− y‖22 + λ‖y‖A (9)

where λ is a suitable positive number. We refer to the solution of (9)

by ȳ. Repla
ing y by ȳ in (8), we denote the parameters at the resulting

optimal point by n̄, āk and r̄k, respe
tively. These are the resulting estimates

of the ANDN approa
h. There is no general numeri
al method to solve

(9) and the obje
tive of this work is to provide one. However, if (9) is

numeri
ally solved, it is shown (and we also obtain below) that for any a,

the relation ℜ(aH(x − ȳ)) ≤ λ holds and {āk} is the set of solutions for a
to ℜ(aH(x− ȳ)) = λ.

3.1 Optimality Condition For ANDN

The optimization in (9) is 
onvex. Thus, its Karush Kuhn Tu
ker (KKT)


ondition implies global optimality. The 
ost in (9) is also nondi�erentiable.

Thus, its KKT 
ondition 
an be written as

x− ȳ ∈ λ∂‖ȳ‖A (10)

where we remind that the parameters with bar denote the optimal point in

(9) and (8). The subdi�erential is given by [27℄

∂‖ȳ‖A = {z | sup
a∈A
ℜ(zHa) ≤ 1, ∀k ℜ(āH

k z) = 1} (11)

Convexity is not well-de�ned for (8) due to variable order, but when n is

�xed the remaining optimization is non-
onvex. Let us also rewrite (10)

more expli
itly as

sup
a∈A
ℜ(z̄Ha) ≤ λ, ∀k ℜ(āH

k z̄) = λ (12)
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where we de�ne

z̄ = x− ȳ = x−
n̄∑

k=1

ākr̄k (13)

The surprising fa
t about ANDN, phrased as the theorem below, is that

(12) fully 
hara
terizes (8).

Theorem 2. any set of parameters {āk, r̄k}n̄k=1 satisfying (12) provides a

global optimum of (8) when y is repla
ed by ȳ.

Proof. See [27, 31℄.

Note that neither (12) is the KKT 
ondition of (8), nor (8) is 
onvex.

Still, (12) provides the global optimality of (8). It is now 
lear from (12)

that, as we previously stated, if ȳ is known (thus so being z̄), the basis

estimates are the global maxima of the spe
trum aH z̄.

3.2 Implementing ANDN for Frequen
y Estimation

Although there is no general method to implement ANDN, for a spe
ial


ase of frequen
y estimation, it turns out that the atomi
 norm has a useful

representation as follows, whi
h enables implementation through semide�-

nite 
one programming. Let us �rst de�ne the so 
alled Toeplitz transform

T : Cm → Cm×m

T (w) =









w1 w2 . . . wm

w∗
2 w1 . . . wm−1

.

.

.

.

.

.

.

.

.

.

.

.

w∗
m w∗

m−1 . . . w1









(14)

Take the di
tionary as in (5) with tk = k − 1 for k = 1, 2 . . . , m and W =
π. This 
orresponds to the well-know frequen
y estimation problem with

uniform samples. Then, a

ording to [25℄, we have that

‖x‖A = max
t,w

1
2
(t+ w1)

s.t

(

T (w) w

wH t

)

� 0 (15)

where w1 is the �rst element in w and � 0 means that the matrix is posi-

tive semide�nite. This 
an be solved by the o�-the-shelf algorithms or the

ADMM approa
h in [25℄.
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4 Contribution

In this se
tion we develop an algorithm whi
h exa
tly solves the ANDN,

without relying on the stru
ture of the di
tionary. We �rst substitute the

de�nition of the atomi
 norm (8) in (9) to obtain.

min
y∈Cm

min
n

min
a1,a2,...,an

min
r1,r2,...,rn

1
2
‖x− y‖22 + λ

n∑

k=1

rk

s.t.

y =
n∑

k=1

akrk (16)

whi
h 
an be simpli�ed to

min
n

min
a1,a2,...,an

min
r1,r2,...,rn

1

2
‖x−

n∑

k=1

akrk‖22 + λ

n∑

k=1

rk (17)

Next, note that the order 
an be �xed to 2m + 1. To elaborate on this,

note that the optimization in (8) always attains its minimum at n ≤ 2m+

1. If the minimum in (8) o

urs at a lower order n than 2m + 1, say at

r1, r2, . . . , rn with some 
orresponding bases, the optimization with exa
tly

2m + 1 elements 
an also attain the same minimum by de�ning rn+1 =

rn+2 = . . . = r2m+1 = 0.
We obtain the following non 
onvex optimization problem, whose global

optimum, by the previous dis
ussion, 
oin
ides with ANDN.

min
a1,a2,...,a2m+1

min
r1,r2,...,r2m+1

1

2
‖x−

2m+1∑

k=1

akrk‖22 + λ
2m+1∑

k=1

rk (18)

Noti
e that the 
ondition in (12) is a ne
essary and su�
ient for optimality

in ANDN. Hen
e, the fa
t that the global optimum of (18) 
oin
ides with the

ANDN implies that (12) is exa
tly equivalent to global optimality in (18). In

short, we obtain a non-
onvex, for whi
h we derived a non-KKT equivalent

global optimality 
ondition. Although this does not provide a numeri
al

method, guaranteed to globally 
onverge, it instead provides means to assess

global optimality by verifying the 
ondition at the possible stopping points

of a numeri
al algorithm under question.

4.1 Cy
li
 Coordinate Des
ent Algorithm

We now examine the lo
al sear
h methods on (18). We fo
us on the Cy
li


Coordinate Des
ent (CCD) [32℄. The dire
t appli
ation of CCD to BP in

(29) is 
alled the shooting method [18℄. The CCD method 
onsists of itera-

tion 
y
les, where ea
h pair of (al, rl) is updated at an individual iteration
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Algorithm 1 The CCD algorithm

Require: A starting point {ak} and {rk}.
repeat

for l = 1 : n do

Repla
e (al, rl) with (âl, r̂l) in (19).

end for

until Convergen
e

by solving (18), keeping the others 
onstant. In this 
ase, dire
t 
al
ulation

yields to the following 
losed form solution

âl = argmax
a∈A
ℜ(aHz(l)), r̂l =

(ℜ(âH
l z

(l))− λ)+
‖âl‖22

(19)

where (. )+ denotes the positive part fun
tion and

z(l) = x−
∑

k 6=l

akrk (20)

The CCD algorithm is summarized in Algorithm 1.

Ea
h iteration of CCD de
reases the 
ost in (18). Thus, the algorithm


onverges to a stopping point. It is not 
lear that this stopping point is a

global optimum, but remember that this 
an be veri�ed by the 
onditions

in (12). In this manner, the following theorem 
an be obtained.

Theorem 3. The stopping point of CCD 
onsisting of the parameters r̂1, r̂2,

. . . , r̂2m+1 and â1, â2, . . . , â2m+1 satis�es (12), and therefore is a global op-

timum of ANDN if at least one of the elements r̂k is zero.

Proof. The stopping point is a lo
al optimal point and satis�es the KKT


ondition for the minimization in (18), whi
h implies that

{

ℜ(âH
k ẑ) = 1 r̂k > 0

ℜ(âH
k ẑ) ≤ 1 r̂k = 0

(21)

where

ẑ = x−
n∑

k=1

âkr̂k (22)

Now, assume that r̂l = 0. Note that in this 
ase ẑ(l) = ẑ. On the other

hand, updating (âl, r̂l) by (19) at the 
onvergen
e point does not 
hange

the pair, whi
h implies that

max
a∈A
ℜ(aH ẑ) = max

a∈A
ℜ(aH ẑ(l)) ≤ λ (23)

and together with (21) shows that (10) holds.
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4.2 Corre
ting CCD

We 
annot generally establish global optimality of the CCD algorithm, ex-


ept when the stopping point 
ontains an ina
tive (zero) element. Now, we

show that a di�erent step 
an be added to CCD, whi
h ensures that the

stopping point 
ontains an ina
tive element. Clearly, the additional step

may not in
rease the 
ost in (18), to guarantee 
onvergen
e. In pra
ti
e,

we apply this step after a �xed number L of CCD 
y
les.

Linear Extremizer

Consider a step in the algorithm where the parameters are given by {ak, rk}.
Fixing {ak}, we update {rk} su
h that at the same time

∑

k

rk does not

in
rease,

∑

k

akrk does not 
hange and one of the parameters rk is set to

zero. Then, the 
ost in (18) does not in
rease. Hen
e, the 
ombination of

this step with CCD 
onverges to a stopping point of CCD, 
ontaining a zero

parameter. To do so, 
onsider real parameters uk su
h that at least one of

them is nonzero and

n∑

k=1

ukak = 0

n∑

k=1

uk ≥ 0 (24)

The 
hoi
e n = 2m + 1 ensures existen
e of uk, whi
h 
an be obtained for

example by the Gaussian elimination te
hnique. Then {rl} is updated to

r̂l = rl − αul (25)

where

α = min
l|ul≥0

ul
rl

(26)

First, note that the value of α in (26) ensures that the resulting elements r̂l
in (25) are non-negative. Se
ond, assuming that the minimum is a
hieved

at index l0, we have that

α =
ul0
rl0
→ r̂l0 = ul0 − αrl0 = 0 (27)

This ensures that at least one element will be zero after the updating pro
e-

dure. Thus, the entire algorithm in Algorithm 2 stops at a point, where by

Theorem 1 (12) holds. Thus, the stopping point is a global optimal point

of ANDN.
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Algorithm 2 The overall algorithm.

Require: A starting point, and the number of CCD 
y
les L.

repeat

Run L 
y
les of the CCD algorithm in Algorithm 1 to obtain {ak, rk}.
Fix {ak} and repla
e {rk} by {r̂k} given in (25).

until Convergen
e

Algorithm 3 The boosted algorithm.

Require: A starting point, and the number of CCD 
y
les L.

repeat

Run L 
y
les of the CCD algorithm in Algorithm 1 to obtain {ak, rk}.
Writing {ak = ejφkbk}, �x bk and solve (28). Denoting the minimum

by ŝk, repla
e {rk} and {ejφ} by {|ŝk|} and {sk/|sk|}, respe
tively, the
latter of whi
h only applies to nonzero ŝk.

Apply linear extremizer by �xing {ak} and repla
ing {rk} by {r̂k}
given in (25).

until Convergen
e

A Boosting Step

The linear extremizer, introdu
ed in Se
tion 4.2 guarantees global 
onver-

gen
e, but does not redu
e the 
ost signi�
antly. In a 
ase, where the

model is originally transformed from (1) to (3) and to enhan
e the 
on-

vergen
e rate, we 
an also in
lude the following step before applying the

linear extremizer. Note that due to (4), the parameters {ak, rk} at a 
ertain
step, are equivalent to the expanded set {bk, e

jφk , rk}. We may �x bk and

minimize over {ejφk , rk}, whi
h 
an also be re
ombined into sk = rke
jφk

.

Noti
ing that rk = |sk|, the optimization in (18) with �xed {bk} may be

written as

min
s1,s2,...,s2m+1

1

2
‖x−

2m+1∑

k=1

bksk‖22 + λ
2m+1∑

k=1

|sk| (28)

It is immediately observed that the optimization in (28) is identi
al to (29)

when B̃ is repla
ed by {bk}. Thus, it 
an be solved by ISTA, SPICE or

any other te
hnique. The boosted algorithm is summarized in Algorithm 3.

Note that sin
e solving (28) is 
omplex, it should not be frequently used

in order to a
hieve the best 
onvergen
e speed. Thus, sele
ting the 
orre
t

value for L is 
ru
ial.
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4.3 How to Sele
t the Cy
le

Another issue with the above algorithm is that the desired order of the

ANDN solution is often small, while the parameter spa
e of the algorithm

is of dimension 2m + 1, whi
h is usually large. In pra
ti
e, this leads to a

substantial speed redu
tion. Note that the order 2m+1 is ne
essary to apply

the CCD 
orre
tion step, without whi
h the algorithm may potentially stop

at a lo
al minima. A solution is to alter the order in the CCD 
y
le to

emphasis on the sparse nature of the set of optimization parameters. In the

begining, the parameters rk are sorted in the des
ending order. Then, the

the CCD 
y
le in Algorithm 1 is applied only over the �rst two elements

(r1, a1 and r2, a2). On
e this stage stops by 
onvergen
e, the third element

is added and Algorithm 1 runs again with three elements. This pro
edure


ontinues until all 2m+1 are involved. As seen, this methods gives priority

to the largest entries, thus promoting sparsity.

5 Numeri
al Results and Comparisson to Re-

lated Works

5.1 Related Works: Basis Pursuit

The exa
t solution of AD is generally intra
table for large m or n, and
the previous te
hniques do not guarantee su
h an exa
t result. There is

a variety of di�erent te
hniques to solve AD, whi
h an interested reader

may �nd in [28℄. We fo
us here on two re
ent sparsity approa
hes 
alled

Basis Pursuit (BP), also known as Least Absolute Shrinkage and Sele
tion

Operator (LASSO), and Atomi
 Norm DeNoising (ANDN). The BP method

is to sele
t a large, but �nite subset of B, say B̃ = {b̃1, . . . , b̃N}, and apply

the following optimization

min
s̃1,s̃2,...,s̃N

1

2

∥
∥
∥
∥
∥
x−

∑

k

s̃kb̃k

∥
∥
∥
∥
∥

2

2

+ λ
∑

k

|s̃k| (29)

where λ > 0 is a design parameter. The exa
t solution of (29) is sparse, i.e.

it in
ludes few nonzero elements s̃k. The best representing bases in (1) are

then given by the bases b̃k 
orresponding to nonzero elements s̃k.

Implementing LASSO

Although BP is 
onvex and 
an be solved by the o�-the-shelf 
onvex opti-

mization te
hniques, there are faster implementations relying on its spe
ial

stru
ture. In the sequel, we dis
uss two methods, whi
h 
an be also applied
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to 
omplex-valued models of interest herein. The �rst method is 
alled It-

erative Shrinkage-Thresholding Algorithm (ISTA). At the rth iteration, the
ISTA lo
ally approximates the BP 
ost by a so-
alled proximal fun
tion

around the ve
tor s̃(r−1) = [s̃
(r−1)
1 , s̃

(r−1)
2 , . . . , s̃

(r−1)
N ]T , 
al
ulated from the

previous iterations. By minimizing the proximal fun
tion, it updates s̃(r−1)

to the minimum point of the proximal 
ost. Without stating more details,

the resulting update step is given by

s̃(r) = Tλη
(
s̃(r−1) + ηBH(x−Bs̃(r−1))

)
(30)

where η is a suitable step length, B = [b̃1 b̃2 . . . b̃N ] and Tα(. ) denotes the
elementwise appli
ation of the following so 
alled shrinkage operator

Tα(rejφ) = (r − α)+ejφ (31)

Although it is theoreti
ally shown that the method 
an be arbitrarily slow in

spe
ial 
ases, it has been so-far su

essful in pra
ti
e. Some modi�
ations to

ISTA has also been proposed, but the improvement is normally limited [33℄.

The se
ond te
hnique is 
alled SParse Iterative Covarian
e-based Esti-

mation (SPICE) method. It is based on the following identity

|s̃k| =
1

2
min
p̃k>0

|s̃k|2
p̃k

+ p̃k (32)

Substituting (32) in (29), the SPICE method alternatively minimizes the

resulting 
ost fun
tion with respe
t to {s̃k} and {p̃k} parameters. This leads

to the following iteration

s̃
(r)
k = p̃

(r−1)
k b̃H

k

(

λI+
∑

l

p̃
(r−1)
l b̃lb̃

H
l

)−1

x

p̃
(r)
k = |s̃(r)k | (33)

The SPICE te
hnique is generally fast as the o�-support elements exponen-

tially de
rease.

The O�-grid E�e
t

As seen, the BP method sele
ts only from the grid B̃. If a true atomi


de
omposition exists, e.g. in the DOA estimation 
ase, and if the true

parameters are related to o�-grid bases (i.e. the ones out of B̃), then BP

is unable to retrieve the exa
t model. However, BP most often sele
ts

few neighbor on-grid bases of ea
h o�-grid one. We 
all these estimates

the asso
iated 
loud to the former o�-grid parameter. In pra
ti
e, it is not

di�
ult to 
luster the LASSO estimates and distinguish the 
louds, sin
e the
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resulting spe
trum is highly sparse. It is 
ommon to 
ombine the elements

of a resulting 
loud to mitigate the o�-grid e�e
t. For illustration, take the

DOA examples mentioned in Se
tion 2.2. As estimating bases 
orrespond

to �nding DOAs, a 
loud is represented by a number of 'on-grid DOAs', say

θ̂1, θ̂2, . . . , θ̂n1 and their 
orresponding estimated amplitudes ŝ1, ŝ2, . . . , ŝn1.

This 
loud is usually repla
ed by the following simple weighted average DOA

θ̂′ =
θ̂1|ŝ1|+ θ̂2|ŝ2|+ . . .+ θ̂n1 |ŝn1|
|ŝ1|+ |ŝ2|+ . . .+ |ŝn1 |

(34)

with 
orresponding amplitude ŝ1 + ŝ2 + . . . + ŝn. This simple method has

grounds in statisti
al analysis of the BP for asymptoti
ally �ne grid and high

SNR. However, it usually needs a high grid size, leading to high 
omplex-

ity. A

ordingly, other 
orre
tions to BP are 
onsidered. As an example,

we explain the so-
alled Sparse Total Least Square (S-TLS) in the sequel.

Again, we take the DOA example for simpli
ity. The keystone in developing

S-TLS is to approximate the e�e
t of an o�-grid base, say a(θ), by Taylor

expansion to obtain

b(θ) ≈ b(θ̃i) + d(θ̃i)(θ − θi) (35)

where d(θ) = db(θ)/dθ and θ̃i denotes the nearest grid point to θ. Then,

the model in (1) 
an be approximated by

x ≈
∑

k

s̃ik(b̃ik + ǫkd̃ik) + n (36)

where d̃ik is the 
orresponding derivative to b̃ik and ik is the index of the

nearest grid point to bk. A

ordingly, the BP is 
orre
ted to

min
s̃1,s̃2,...,s̃N

min
ǫ̃1,ǫ̃2,...,ǫ̃N

1
2

∥
∥
∥
∥
x−∑

k

s̃k(b̃k + ǫ̃kd̃k)

∥
∥
∥
∥

2

2

+ λ
∑

k

|s̃k|+ µ
2

∑

k

(ǫ̃k)
2

(37)

where the penalty term

µ
2

∑

k

(ǫ̃k)
2
promotes small deviations in a

ordan
e

with the approximation in (35). In [22℄ the value of µ is suggested to be 1,
based on a statisti
al dis
ussion, but sin
e STLS is an approximate te
h-

nique for DOA estimation µ may vary. The S-TLS is solved by alternatively

minimizing for {s̃k} and {ǫ̃k} parameters. Fixing {ǫ̃k}, the optimization over

{s̃k} be
omes a regular BP, whi
h 
an be solved by the previously mentioned

te
hniques (ISTA, SPICE, et
). The optimization over {ǫ̃k} for �xed {s̃k}
is quadrati
. Hen
e, it 
an be exa
tly solved.
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Figure 1: The 
omparison of the BP 
ost fun
tion at di�erent iterations of

ISTA, FISTA and SPICE.

5.2 Numeri
al Result

We now 
ompare the proposed algorithm to the traditional appli
ation of

BP with 
lustering and 
ombining the elements in ea
h 
luster. We also


onsider STLS introdu
ed in Se
tion 5.1. For implementation of BP, we


onsider SPICE. The reason is shown in Figure 1, where the optimized 
ost

of di�erent te
hniques, in a typi
al s
enario, are 
ompared over di�erent

iterations Clearly, SPICE has better 
onvergen
e properties. However, as

Figure 2 depi
ts, the resulting SPICE spe
trum after 1000 iterations is still
non-sparse. The reason is that nearby grid points to a spe
i�
 true param-

eter have highly similar 
ontributions. Thus, it is di�
ult to distinguish

them. We use the pro
ess in Se
tion 5.1 to 
ombine the neighbor points

in the spe
trum. We take the peak points (lo
al maxima) of the resulting

spe
trum as the 
entroids of the 
louds. Then, ea
h grid point belongs to

the 
loud with nearest 
entroid. On
e the 
louds are formed in this way, the

estimates are found by (34). It is surprising to observe that this 
ombining

pro
edure yields to estimates with remarkable statisti
al properties. In fa
t,

the next results show that the 
ombining pro
edure 
an even improve the

properties of LASSO (or ANDN) in 
ertain 
ases. Later, we 
onsider 400

iterations of SPICE.

Frequen
y Estimation

In this part, we 
onsider the problem of frequen
y estimation, explained in

Se
tion 2.1. We �rst 
onsider uniform sampling, where ANDN 
an be also
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Figure 2: A typi
al spe
trum |s̃k| of SPICE after 1000 iterations.

solved by the method explained in Se
tion 3.2. Moreover, we 
onsider the

numeri
al implementation of the latter, explained in [25℄. Figure 3 
on
erns

a 
ase, where a noiseless signal, 
omprising of two frequen
y 
omponents, is

sampled at times tk = k for k = 1, 2, . . . , m. For di�erent values of m, the

frequen
ies where �xed to 0 and 4π/m ,with amplitudes 1 and 1j ,respe
-

tively. This 
hoi
e maintains a �xed amount of 
oheren
e between the basis

ve
tors, 
orresponding to the 
omponents, and Roughly speaking, presents

a 
onstant amount of di�
ulty to the te
hniques. In this manner, we ensure

that the result in Figure 3 merely re�e
ts the numeri
al di�
ulty over an

in
reasing dimension. The propose te
hnique and the SDP approa
h ran

over a equal amount time de�ned by 1000 iterations of the SDP approa
h.

Both te
hniques were set to terminate when the 
ost value was not im-

proved more than 10−4
. As seen in Figure 3, the proposed approa
h alway

a
hieves the termination pre
ision, but the optimality gap in
reases for the

SDP te
hnique. This implies that the SDP te
hnique requires an in
reasing

amount of time and iterations to 
onverge, while the proposed te
hnique


onverges within the required time period.

We next fo
used on the e�e
t of noise on the estimates. We 
ompare

the proposed te
hnique to SPICE with the 
ombining step and STLS. For

STLS in (37), we use µ = 100. Again m uniform samples were 
onsidered

and m was �xed to 20. The frequen
ies were �xed to 0 and 4 ∗ π/m and

the amplitudes were �xed to 1 and 1i, respe
tively. The varian
e of noise

varied and the performan
e of the methods was measured by sele
ting the

two largest 
omponents as the estimates and assuming the others as false

alarm. for SPICE and STLS, we used a uniform grid with separation 0.01
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Figure 3: The optimality gap at termination for the proposed method 
om-

pared to the SDP implementation.
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Figure 5: Root mean squared error for di�erent te
hniques at di�erent

SNRs.

in the range of [−π π]. For all methods, λ = 0.1 is utilized. Figures 4 and

5 show the Root Mean Squared Error (RMSE) in two di�erent ranges of

SNR. As expe
ted, the o�-gird e�e
t dominates at very high SNR and the

proposed method outperforms the other te
hniques. However, all methods

rea
h an error �oor due to the biasing e�e
t of λ. In a medium SNR

range (approximately 16 to 35 dB), where noise dominates, SPICE have a

better performan
e. We believe that this is due to the averaging e�e
t of

the 
ombination pro
edure in (34), whi
h suppresses the noise e�e
t. It is

interesting to see that at a low SNR range the STLS te
hnique outperforms

the other two.

Figures 6 and 7 depi
t the false alarm rate in the same SNR ranges as in

the previous results. As seen, the number of false alarms for ANDN (or BP)

grows with SNR, sin
e the regularization parameter, 
ontrolling the false

alarm rate, is �xed to 0.1. On the 
ontrary, the number of STLS estimates

de
reases by in
reasing SNR. It is also interesting to observe that SPICE has

a slightly better false alarm properties. This is due to the fa
t that BP and

ANDN do not have a built-in me
hanism to limit the sour
e dynami
 range,

thus their exa
t optimal point 
ontains very small amplitudes. However,

limited numeri
al resour
e prevents distinguishing very small amplitudes.

In this sense, limiting the number of iterations for SPICE serves as an

intrinsi
 thresholding pro
ess whi
h de
reases false alarm.

The plots in Figures 8 and 9 show results for a di�erent setup, where a

signal with two frequen
y 
omponents 0 and 0.1π are observed by samples

uniformly randomly sele
ted in the time interval [0 10]. The �gures show
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Figure 6: Average false alarm rate for di�erent te
hniques at di�erent SNRs.
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Figure 7: Average false alarm rate for di�erent te
hniques at di�erent SNRs.
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Figure 8: Root mean squared error for di�erent te
hniques by di�erent

number of random samples.
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ber of random samples.
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Figure 10: Root mean square error for di�erent te
hniques versus DOA

separation angle.

RMSE and false alarm rate versus variable number of samples. As seen, the

proposed method is slightly better than the SPICE method and remarkably

superior to STLS in the RMSE sense. However, the SPICE te
hnique again

improves the false alarm properties of ANDN, but the gap de
reases as the

number of observations in
rease.

DOA Estimation with a Cir
ular Array

Linear arrays are popular in the 
ontext of DOA estimation and their 
or-

responding model is equivalent to spe
tral line estimation, studied in the

prequel. On the other hand, the utilization of 
ir
ular arrays for DOA es-

timation is emerging in literature. Thus, we 
onsider a uniform 
ir
ular

array, represented by ηk = 2π(k−1)
m

for k = 1, 2, . . . , m and ρk = ρ for �xed

values ρ and m. In this study, we 
onsider m = 15 and ρ = 1/(4 sin(π/m)),

orresponding to half wavelength separation between nearby elements. This

s
enario is di�
ult, due to high 
oheren
e (side lobe level) of the resulting

di
tionary. We 
onsider two sour
es with highly di�erent level of ampli-

tudes, namely s1 = 1 and s2 = 0.1j. The true DOA for the �rst sour
e is

�xed at θ1 = 0, while the position of the se
ond sour
e is variable. SNR

was set to 20dB for the weaker sour
e. As a 
omparison, we also 
onsider

the estimation result by RELAX and AIC enumeration, whi
h is a popular

te
hnique. Figure 10 shows the result. As seen and expe
ted, the estimation

performan
e rapidly 
hanges by the DOA separation. The interesting ob-

servation is that the RELAX te
hnique 
an dete
t only the stronger sour
e,
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be
ause the 
oheren
e between the bases 
orresponding to the two DOAs

masks the e�e
t of the weaker sour
e. However, the ANDN approa
h is

well known to lead to a me
hanism, retrieving the latter. However, a bias is

indu
ed from the larger sour
e, whi
h de
reases the estimation performan
e

on the smaller sour
e.

6 Con
lusion

In this paper, we 
onsidered the problem of atomi
 de
omposition, 
on-


erning a variety of di�erent appli
ations. We introdu
ed spe
tral line and

sensor/radar-related estimation problems as su
h appli
ations. We fo
used

on the sparsity based estimation te
hniques, where dis
retization in�uen
es

the estimation pro
ess. More spe
i�
ally, we dis
ussed the atomi
 norm

denoising te
hnique, whi
h does not in
lude dis
retization. Our 
ontribu-

tion here was to develop a general method to numeri
ally solve atomi


norm denoising. Previously, atomi
 norm denoising was only 
onsidered for

polynomial-based models su
h as frequen
y estimation with uniform sam-

ples.

We rigorously showed that the developed te
hnique may only stop at

the global optimum of ANDN, whi
h is well known to provide a remarkable

performan
e. By numeri
al experiments we also veri�ed that the te
hnique


onverges faster than the other state-of-the-art ADMM implementation of

ANDN for the frequen
y estimation problem.

On
e the exa
t solution of ANDN was provided by the proposed algo-

rithm, it was 
ompared to other sparsity based te
hniques. We 
onsidered

SPICE and S-TLS as well as the popular parametri
 approa
h RELAX. It is


learly observed that the ANDN approa
h often overestimates the number

of parameters, when an in�nite dynami
 range is 
onsidered. However, the

extra estimates usually possess remarkably (10 to 100 times) smaller am-

plitudes than the ones 
orresponding to true parameters. The se
ond ob-

servation was that although the exa
t ANDN solution has a smaller RMSE

in very high SNR ranges, the 
ombining te
hnique over the grid-based BP


an improve its pre
ision in 
ertain 
ases. This reveals a new general po-

tential in the spe
tral and grid based te
hniques, whi
h should be a subje
t

of future study.

Finally, the di�
ult s
enario of DOA estimation, 
onsidered here, on
e

again 
on�rms the strength of sparsity based te
hniques su
h as ANDN in

di�
ult s
enarios and high dynami
 range of variables.
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7. Appendix: Properties of the Atomi
 Norm

7 Appendix: Properties of the Atomi
 Norm

We show that the atomi
 norm de�ned in (8) exists and is obtained by

n ≤ 2m. For the �rst part, 
onsider the following optimization

sup t s.t ty ∈ 
onv(A) (38)

where 
onv(A) denotes the 
onvex hull of the di
tionary A. Denoting

the supremum by t0, we observe that t0 is �nite, sin
e the set 
onv(A)
is bounded. Moreover t0y ∈ 
onv(A), sin
e 
onvA is 
losed. Now, note

that for any set of parameters {rk} and bases {ak} in (8), we have that

y
∑

l

rl
=
∑

k

ak
rk
∑

l

rl
∈ 
onv(A) (39)

Thus,

1
∑

l

rl
≤ t0 →

∑

l

rl ≥
1

t0
(40)

On the other hand, t0y ∈ 
onv(A) implies that there exists 
onstants

λ1, . . . , λn and bases a01, . . . , a0n su
h that

∑

k

λk = 1 and

t0y =
∑

k

a0kλk (41)

De�ne r0k = λk/t0. It is now easy to see that due to (40), ‖y‖A = 1/t0 and

{r0k, a0k} is a global minimum point in (8).

For the se
ond part, assume without loss of generality that {r0k, a0k} is
a global minimum point in (8) with shortest order n. If n ≥ 2m + 1, we


an �x a0k and apply the extremizer step in Se
tion 4.2 to update r0k. Note
that the update sets one of the elements to zero without in
reasing the 
ost

∑

k

r0k. Removing this element and its 
orresponding basis, we observe that

the resulting set of parameters also minimizes (8), but has a smaller order,


ontradi
ting the order minimality of the former parameters. This shows

that n ≤ 2m.
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Abstra
t

The Least Absolute Shrinkage and Sele
tion Operator (LASSO)

has gained attention in a wide 
lass of 
ontinuous parametri
 es-

timation problems with promising results. It has been a subje
t

of resear
h for more than a de
ade. Due to the nature of LASSO,

the previous analyses have been non-parametri
. This ignores

useful information and makes it di�
ult to 
ompare LASSO to

traditional estimators. In parti
ular, the role of the regulariza-

tion parameter and super-resolution properties of LASSO have

not been well-understood yet. The obje
tive of this work is to

provide a new insight into this 
ontext by introdu
ing LASSO as

a parametri
 te
hnique of a varying order. This provides us the-

oreti
al expressions for the LASSO-based estimation error and

false alarm rate in the asymptoti
 
ase of high SNR and dense

grids. For this 
ase, LASSO is 
ompared to maximum likelihood

and 
onventional beamforming. It is found that LASSO loses

performan
e due to the regularization term, but the amount of

loss, in terms of mean squared error, is pra
ti
ally negligible

with a proper 
hoi
e of the regularization parameter. Thus, we

provide suggestions on the sele
tion of the regularization pa-

rameter. Without loss of generality, we present the 
omparative

numeri
al results in the 
ontext of Dire
tion of Arrival (DOA)

estimation using a sensor array.

1 Introdu
tion

The last two de
ades witnessed rapid emergen
e of sparse data models and

their 
orresponding te
hniques in many traditional signal pro
essing ar-

eas [1�5℄. Although the basi
 prin
iples of sparsity are easily re
ognized

in many 
onventional methods, more exoti
 approa
hes su
h as ℓ1 penal-

ized least squares, well known as LASSO [6℄ (Least Absolute Shrinkage and

Sele
tion Operator), basis pursuit [7℄ or global mat
hed �lter [8℄, and its

variants [9�12℄ have been unknown to the majority of the resear
hers un-

til re
ently. Regarding these new te
hniques, it is natural to question how
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these sparsity-based methods improve the 
onventional te
hniques. This

is espe
ially important sin
e the new methods demand substantially higher


omputational e�ort in their basi
 form. In addition, many related questions

su
h as the role of the regularization parameter and the e�e
t of o�-grid pa-

rameters in LASSO remain un
lear. Hen
e, the 
urrent study is devoted to

an analysis of LASSO, whi
h provides both a framework to 
ompare LASSO

to traditional te
hniques and a deeper insight into the above questions.

LASSO is a smart solution to the Atomi
 De
omposition Problem (ADP),

�rst formulated by Chen and Donoho [7℄. Many other te
hniques su
h

as mat
hing pursuit [13℄ and orthogonal mat
hing pursuit [14℄, Least An-

gle Regression (LARS) [15℄, and Compressive Sampling Mat
hing Pursuit

(CoSaMP) [16℄ are also developed to solve the ADP. The ADP naturally ap-

pears in various problems, e.g. the ones dealing with physi
al �elds [5,17,18℄.

It invokes sparsity, sin
e it may be viewed as a spe
i�
 type of the so 
alled

Union-of-Subspa
es (UoS) model, where subspa
es are 
onstru
ted from a

set of di
tionary bases [19℄. However, LASSO is only well-de�ned for a �nite

di
tionary 
ase, while the problems of interest herein are normally related

to in�nite di
tionaries. Examples of su
h are frequen
y and spe
trum esti-

mation [20,21℄, sensor array analysis [22℄, image pro
essing [23,24℄, tomog-

raphy [17,25℄ and seismology [5℄. In pra
ti
e, this is re
ti�ed by adopting a

di
tionary sampling (dis
retization) s
heme, whi
h provides a set of quan-

tized estimates [26℄. This is similar in spirit to the so-
alled spe
tral based

te
hniques su
h as mat
hed �lter banks [27℄, but di�erent in that LASSO

provides a strongly sparse spe
trum [22℄. Another di�
ulty arises in sele
t-

ing the LASSO Regularization Parameter (RP). In essen
e, this re�e
ts the

freedom in sele
ting the model order. However, this is parti
ularly di�
ult

sin
e the relation between RP and the model order is generally 
omplex [28℄.

Many other pioneering works have 
onsidered analyzing LASSO, 
om-

monly fo
using on an information theoreti
 aspe
t, widely referred to as


ompressive sensing (CS) [29℄. In other words, LASSO has been studied as

a de
oder, whi
h together with a random linear en
oding s
heme provides

a 
apa
ity a
hieving (optimal) 
ompression rate in asymptoti
ally large se-

tups. However, as we show here, the asymptoti
 analysis, su
h as the ones

in [23,29�32℄ rely on te
hniques whi
h negle
t useful information of LASSO,

making them unsu

essful in explaining various e�e
ts su
h as dis
retiza-

tion and regularization. Consequently, the �nal results of a CS study is

in
ompatible with a 
lassi
al analysis of an estimation problem. The same


on
ern is also observed in some other works, e.g. [33, 34℄. In the above

studies, it is observed that the di�
ulty apears sin
e the sparsity pattern

(support) is expressed impli
itly (non-parametri
). Thus, we suggest to �ll

the above gap by providing an analysis, where the support is expli
itly ex-
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pressed by parameters (parametri
). In the previous literature, one may

�nd similar attempts su
h as [35℄. However, the 
onsidered metri
s therein

are not su�
ient for the above mentioned pra
ti
al interest.

From a parametri
 point of view, an ADP is a variable-order problem,

where LASSO simultaneously provides an estimator and an order sele
tion

s
heme. Taking this perspe
tive and similar to many 
lassi
al studies, we


onsider an individual 
ase analysis, enabling 
omparison to the Cramer

Rao Bound (CRB) [36℄. This also brings a new insight into the problem of

RP sele
tion as an order sele
tion te
hnique. We also 
onsider an asymptot-

i
ally high SNR analysis to enjoy linearization te
hniques. We further ad-

dress the dis
retization problem. Similar to the spe
tral-based te
hniques,

our approa
h is to �nd an intermediate 
ontinuous estimator, of whi
h the

LASSO estimates 
an be regarded as a quantization. In simpler words, we

show that the LASSO estimates 
onverge to the intermediate estimates,


alled Continuous LASSO (CLASS) estimates, when we employ an in
reas-

ingly dense dis
retization. The idea of CLASS is rapidly emerging in the

ongoing resear
h literature [37,38℄. Thus, the 
urrent work 
an also be 
on-

sidered as an analysis of the more re
ent te
hniques of solving the ADP.

Clearly, the implementation aspe
t of CLASS is irrelevant to the 
urrent

study as it only serves as a bridge to analyze LASSO. The implementation

of CLASS is addressed in [38,39℄. The LASSO error is then identi�ed as the


ombination of the CLASS error and the trivial quantization noise imposed

by dis
retization.

Employing the above, we obtain the following results. First, we �nd the

expli
it relation between error, noise and the RP. This 
on�rms that the RP

introdu
es an undesired bias. However, unlike the Fourier-based te
hniques,

the bias is proportional to the noise and vanishes in the noiseless 
ase. An-

other important observation is that the behavior of LASSO in the noiseless


ase is 
ompletely independent of the signal power. Note that in presen
e

of sour
es with high dynami
 range, other state of the art te
hniques su
h

as RELAX [40℄ and SAGE [41℄ are well known to behave poorly. Then, we

dis
uss a 
ertain strategy of RP sele
tion and formulate the overall mean

squared error (MSE) 
orresponding to the sele
ted strategy. These results

generally show that although LASSO does not a
hieve the CRB due to the

regularization indu
ed bias, in many o

asions the degradation is negligible.

In summary, the novel ideas and results of this paper are the following:

• We introdu
e a framework, enabling to 
ompare LASSO with other

parameter estimation te
hniques.

• We provide asymptoti
 expressions for the LASSO estimation error in

our developed framework and 
al
ulate its statisti
al properties, su
h
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as bias and MSE.

• Based on the expressions, we provide some suggestions for the sele
-

tion of the RP.

• We 
ompare the resulting expressions to the error of the previously

analyzed te
hniques, namely RELAX and 
onventional beamforming,

as well as the CRB. We 
on
lude that while the LASSO te
hnique

is substantially more robust assuming high dynami
 range of ampli-

tudes, in many pra
ti
al situations, it loses a negligible amount of

performan
e due the biasing e�e
t of regularization.

2 Mathemati
al Modeling

Consider a 
losed index set Θ ⊂ R and a 
olle
tion of 
omplex basis ve
tors

a(θ) ∈ Cm
indexed by the elements θ ∈ Θ. For our purpose, it su�
es to

assume that a(θ) is a smooth fun
tion of θ, where it is referred to as a man-

ifold. In most appli
ations of interest, the dependen
e of a(θ) on θ is non-
linear. Consider a set of n indexes θ = [θ1, θ2, . . . , θn] and its 
orresponding

dis
rete-time 
omplex amplitudes s(t) = [s1(t), s2(t), . . . , sn(t)] ∈ C
n
for

t = 1, 2, . . . , T . We refer to the expression

x(t) =
n∑

k=1

a(θk)sk(t) (1)

as an atomi
 synthesis. For simpli
ity we denote a synthesis su
h as (1) by

{(θk, {sk(t)})}. In many 
ases, the synthesized ve
tors x(t) 
orrespond to a

sequen
e of observed data and the pair of indexes and amplitudes are to be

estimated. This is 
alled an atomi
 de
omposition problem (ADP) [7℄. We


all a basis manifold a(θ) regular if any arbitrary sequen
e {x(t)} 
an be

de
omposed as in (1). We assume that a(θ) is regular throughout this paper.
Generally speaking, the order n may or may not be known. In either 
ase,

the model in (1) may be insu�
ient to uniquely infer the de
omposition

{(θk, {sk(t)})} from observations {x(t)}. If n is unknown, the ADP model

is 
ommonly a

ompanied by the prin
iple of parsimony, stating that the

smallest order n, usually referred to as data rank, is always preferable. In

this 
ase, the 
orresponding synthesis is often referred to as an ideal ADP.

Of 
ourse, this is not generally appealing in presen
e of noise, whi
h is

shortly dis
ussed.

It is also useful to 
onsider the smallest number n0 of linearly dependent

atoms {a(θk)}, whi
h is sometimes denoted by Spark(a) [42℄. In this 
ase,

the manifold a(θ) is also 
alled n0−ambiguous. Clearly, this is only possible
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if n0 ≤ m + 1. Moreover, one 
an easily 
onstru
t an m + 1−ambiguous
manifold in an m− dimensional spa
e, whi
h is often referred to as an un-

ambiguous. A pra
ti
al example of su
h is the Uniform Linear Array (ULA)

manifold, dis
ussed in Se
tion 2.2. The following simple but fundamental

result a

ording to [42℄ formulates the uniqueness of the ideal ADP.

Theorem 4. If a manifold is n0−ambiguous, ea
h set of observations {x(t)}
has at most one ideal de
omposition {(θk, {sk(t)})} of an order n < n0/2.

Another issue with ADP is that the observed data is normally noisy.

Thus, it is more pra
ti
al to assume a model of the following form

x(t) =

n∑

k=1

a(θk)sk(t) + n(t) (2)

where the noise ve
tor n(t) is assumed to be a white and 
ir
ularly sym-

metri
, 
omplex-valued Gaussian pro
ess throughout this study. Given T

data snapshots {x(k)}, the problem of interest here is to estimate the signal

parameters θ and their 
orresponding amplitudes s. If the model order is

unknown, it also needs to be estimated. The fo
us in this paper is to asses

the quality of the parameter estimates θ̂.

For the noisy model in (2), the Least Squares (LS) solution of ADP for

a given order n is given by

min
Mn

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

n∑

k=1

a(θk)sk(t)

∥
∥
∥
∥
∥

2

2

(3)

where Mn denotes the set of all irredu
ible de
ompositions {(θk, {sk(t)})}
of order n. The LS solution in (3) 
oin
ides with the Maximum Likelihood

(ML) estimator, providing interesting statisti
al properties [36, 43℄.

In ignoran
e of the order n, the previous statement of the prin
iple

of parsimony should be utilized with extra 
are. Note that unlike (1), the

model in (2) admits any order n. However, lower order expressions asso
iate

with higher magnitude residual. Thus, a more sophisti
ated modi�
ation

of (3) should be 
onsidered. This is usually referred to as the Model Order

Sele
tion (MOS) problem, whi
h essentially establishes a balan
e between

the residual level and the order [44, 45℄.

2.1 The Prin
iple of Sparsity

Solving the LS problem in (3) and MOS have been previously 
onsidered.

For reviews on di�erent aspe
ts of the problem, see [46, 47℄, where the a
-


ura
y of the estimates for {θk} and {sk(t)} are also dis
ussed in di�erent
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asymptoti
 
ases. Su
h analysis and any numeri
al method to solve (3)

by assigning and iteratively updating values to parameters {θk} is 
om-

monly 
alled parametri
. Despite their theoreti
al a

ura
y, the parametri


approa
hes su�er from numeri
al de�
ien
y, whi
h has motivated for alter-

native approa
hes. LASSO is regarded as su
h a non-parametri
 method,

whi
h has its roots in what we refer to as the prin
iple of sparsity, explained

below.

The prin
iple of sparsity simply refers to the fa
t that in (1), the pa-

rameters 
orresponding to zero amplitude are ignorable. Note that tak-

ing any de
omposition A = {(θk, {sk(t)})} of an order n, one may de�ne

θs = {θk1 , θk2, . . . , θkr}, the subset of {θk} 
omprising the elements θk for

whi
h sk(t) 6= 0 for at least a single snapshot t. Equivalently, θk /∈ θs im-

plies that sk(t) = 0 for every time index t. The set θs and its number of

elements are 
alled the support and 
ardinality of the de
omposition, and

are denoted by Supp(A) and ‖A‖0, respe
tively. Then, de�ne the redu
ed

de
omposition B = {(θkl, {skl(t)})}. Note that

x(t) =

n∑

k=1

a(θk)sk(t) =
∑

θk∈θs

a(θk)sk(t) +
∑

θk /∈θs

a(θk)sk(t)

︸ ︷︷ ︸

0

=
∑

θk∈θs

a(θk)sk(t)

(4)

Thus, B synthesizes the same ve
tors x(t) as A and the di�eren
e between B

and A is pra
ti
ally unimportant. We 
all the redu
ed de
omposition B the

root of the original de
omposition A. If a de
omposition {(θk, {sk(t)})} is
su
h that for any k the amplitude sk(t) is nonzero for at least one time index

t, i.e. it is only redu
ed to itself, it is 
alled an irredu
ible de
omposition.

A high-order de
omposition with a low 
ardinality is 
alled a sparse

de
omposition. It 
an be naturally redu
ed to a low-order de
omposition.

A

ordingly, LASSO is based on �nding a sparse de
omposition, whi
h re-

du
es to the ideal de
omposition.

2.2 The Sensor Array Example

Finally in this se
tion, we introdu
e a pra
ti
al illustrative example whi
h

we also 
onsider later. We 
onsider the planar Dire
tion Of Arrival (DOA)

estimation problem, in whi
h a set of m sensors listen to n far and narrow

band sour
es and de
ide on their dire
tions. The re
eived data is modeled

by (1), where the basis manifold is given by ( [8℄)

a(θ) =
[

ej
2π
d
r1 cos(θ−ρ1) ej

2π
d
r2 cos(θ−ρ2) . . .

ej
2π
d
rm cos(θ−ρm)

]T

, (5)
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in whi
h (ri, ρi) is the polar 
oordinate pair of the i
th
sensor (i = 1, 2, . . . , m)

and d is the wavelength at the 
entral frequen
y. Then, the goal is to

estimate {θk} whi
h represents the dire
tions given {x(t)}. Obviously, the
problem is de�ned in a 
omplex-valued spa
e of variables. The manifold

in (5) is not ne
essarily unambiguous. An important unambiguous 
ase,

whi
h we fo
us on later is the half-wavelength (ri =
(i−1)d

2
) Uniform Linear

Array (ULA). Note that a linear array means that ρi = 0. In this 
ase, it

is more 
onvenient to write (5) in terms of the ele
tri
al angle φ = π cos θ.
The ULA manifold resembles the 
lassi
al Fourier basis, when represented

in terms of the ele
tri
al angle. Thus, the sensor array example essentially

in
ludes other appli
ations su
h as frequen
y estimation and sampling.

The ULA manifold is unambiguous. This is easily seen by taking any


ombination of m distin
t bases indexed by ele
tri
al angles φ1, φ2, . . . , φm

and noting that the matrix

[a(φ1) a(φ2) . . .a(φm)] =












1 1 . . . 1

ejφ1 ejφ2 . . . ejφm

ej2φ1 ej2φ2 . . . ej2φm

.

.

.

.

.

.

.

.

.

.

.

.

ej(m−1)φ1 ej(m−1)φ2 . . . ej(m−1)φm












(6)

is a Vandermonde matrix and thus it 
olumns are linearly independent as

long as they are distin
t.

3 LASSO, Parametri
 LASSO and CLASS

In the previous se
tion we formulated atomi
 de
omposition by LS and dis-


ussed the prin
iple of sparsity. Sparsity does not dire
tly simplify the 
om-

putational pro
edure of obtaining the de
omposition. Instead, it provides

a framework to obtain better approximate results. For example, greedy

algorithms su
h as Mat
hing Pursuit (MP) [13℄ and Orthogonal Mat
hing

Pursuit (OMP) [14℄ 
an be applied due to the prin
iple of sparsity. They

basi
ally sele
t bases from Θ iteratively. Despite their wide appli
ation,

they are shown to la
k robustness in 
ertain examples. This motivated a

di�erent approa
h by introdu
ing an approximate optimization, whose so-

lution is related to ADP and simple to obtain. A fairly general framework

in this matter is to 
onsider 
onvex optimization, where LASSO is a good

example. To solve the ADP, the LASSO method suggests to 
onsider a

�nite, but large dis
retization (grid) Θ̃ = {θ̃1, θ̃2, . . . , θ̃N} of Θ and assign

parameters {s̃k(t)} to θ̃k. The parameters θ̃k are known. However, if the
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de
omposition {θ̃k, {s̃k(t)}} is sparse it 
an be redu
ed to a good approxi-

mation of any desired de
omposition. To ensure sparsity, LASSO 
onsiders

the following optimization

min
{s̃k(t)}

1

2

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

N∑

k=1

a(θ̃k)s̃k(t)

∥
∥
∥
∥
∥

2

2

+ λ‖{s̃k(t)}‖2,1 (7)

where

‖{s̃k(t)}‖2,1 =
N∑

k=1

√
√
√
√

T∑

t=1

|s̃k(t)|2 (8)

This is sometimes 
alled group-LASSO to emphasise on its multi-snapshot

nature. The regularization parameter λ > 0 
ontrols the 
ardinality of

the estimate while the order is �xed to N (see Se
tion 2.1). However, the

analyti
al relation between λ and the 
ardinality is di�
ult to obtain. It

is also easy to show that group-LASSO always has a solution of a bounded


ardinality independently of the order N and di�erent grid 
hoi
es. For a

single snapshot 
ase, T = 1, group-LASSO is simpli�ed to the more familiar

LASSO optimization. We usually apply the term LASSO to also refer to

group-LASSO when there is no risk of 
onfusion. Using Lagrangian duality

and noting that group-LASSO is a 
onvex optimization, (7) 
an be written

in di�erent equivalent forms. In this paper, we always refer to (7) as the


anoni
al form.

LASSO and group-LASSO 
an be numeri
ally solved in polynomial time

by o�-the-shelf optimization te
hniques su
h as interior point. There is also

a variety of di�erent heuristi
 numeri
al methods to de
rease its 
omputa-

tional 
omplexity [15, 48℄. It has been observed that all of these numeri
al

te
hniques run into numeri
al problems when LASSO is applied to a dense

grid with small λ. Thus, a relatively 
oarse grid is applied in pra
ti
e,

whi
h leads to the so-
alled o�-grid problem as the true parameters 
an be

relatively distant from the grid points. There has been di�erent attempts

to over
ome the o�-grid e�e
t [34, 49℄. To the best of our knowledge no

related general study is available. A natural attempt to isolate the e�e
t of

dis
retization in an analysis is to extend LASSO to admit a 
ontinuum in-

stead. This has been 
entral in many re
ent studies su
h as [33,34,37℄, where

the idea of atomi
 norm regularization is proposed and limited numeri
al

approa
hes are dis
ussed. In [38℄ an extension with a general implementa-

tion is also proposed. The numeri
al implementation is not a 
on
ern in

the 
urrent study and as we shortly dis
uss, all the above extensions are

theoreti
ally equivalent. Here, we develop this unique extension again as a

parametri
 method instead, and rename it as Continuous LASSO (CLASS)

to emphasis on its parametri
 aspe
ts. Then, we �rst relate the original
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LASSO with dis
retization to CLASS by an asymptoti
 analysis and next

provide a statisti
al analysis of CLASS.

3.1 Preliminaries on Asymptoti
 Analysis

The analysis herein is 
arried out based on some asymptoti
 assumptions.

We have already pointed out the issue of grid density. Here we 
larify the

assumptions under whi
h the analysis holds. In short, our analysis admits

a 
ase with su�
iently dense grid and highly small noise varian
e σ. To

formulate the density of a grid, one may �nd the following de�nition useful.

De�nition 1. A �nite grid G ⊂ Θ is 
alled δ−dense if for any θ ∈ Θ there

exists a 
lose sample θ̃k ∈ G su
h that |θ − θ̃k| < δ. In other words,

max
θ∈Θ

min
θ̃k∈Θ̃
|θ − θ̃k| < δ (9)

The asymptoti
 analysis of LASSO over dense grids, 
onne
ts it to

CLASS. We shortly show that the group-LASSO estimate for a δ−dense
grid approa
hes a �xed solution when δ tends to zero, i.e. when the grid is

densi�ed. The limit, CLASS, is independent of other properties of the grid,

and 
oin
ides with the result of the approa
hes in [33, 34, 37℄. Although

one may �nd this result intuitively trivial, the real di�
ulty here is in the

mathemati
al development, whi
h on
e a

omplished, provides us with a

strong tool to take further steps.

The main issue with the mathemati
al development is that LASSO pro-

vides a solution of varying, but not always desirable order. In pra
ti
e, the

o�-grid e�e
t leads to a remarkably overestimated order, where ea
h true

parameter is repla
ed by a group of nearby estimates, later referred to as a


loud. Thus, an extra 
are should be taken on evaluating the a

ura
y of

the estimates. We de�ne a proper distan
e (or more formally a topology)

on the spa
e of atomi
 de
ompositions, satisfying our pra
ti
al 
on
erns.

This is given in Appendix 7.

We also 
onsider a high Signal-to-Noise Ratio (SNR) s
enario, where the

ideal de
omposition is 
lose to the noiseless ADP in (1). For the noiseless


ase, the LS term in LASSO 
an be repla
ed by an equality 
onstraint,

whi
h simpli�es (7) to

min
{s̃k(t)}

‖{s̃k(t)}‖2,1
s.t

x(t) =
N∑

k=1

a(θ̃k)s̃k(t) (10)
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This is known as the noiseless group-LASSO. It is well-known that the

solution of the noiseless LASSO is also the limit solution of (7) when λ
approa
hes zero. This, so-
alled homotopy rule suggests that in a high-SNR

s
enario a small value of λ should be utilized. We later dis
uss sele
tion of

λ in more detail.

Let us summarize the above. Considering the asymptoti
 high SNR

analysis, our strategy is to �rst verify if a noiseless synthesis in (1) 
an be

re
overed perfe
tly by the noiseless LASSO, and then analyze the estimate

by Taylor expansion for a small amount of noise. Note that to over
ome

the dis
retization e�e
t, we eventually need to instead 
hara
terize the limit

estimates for in�nitely dense grids, 
alled CLASS estimates. We also �nd

the following well-known result, 
hara
terizing the solution of (7) and (10)

useful in our analysis. Note that group-LASSO is 
onvex and thus its lo
al

optimality 
ondition by the Karush-Kuhn-Tu
ker (KKT) theorem guaran-

tees global optimality. The following theorem provides the KKT 
ondition

for (7) and (10), whi
h 
hara
terizes the LASSO solution.

Lemma 1. Consider a sequen
e {s̃k(t)} and de�ne

p̃k =

√
∑

t

|s̃k(t)|2 (11)

Then, {s̃k(t)} is an optimal point in (10) if and only if there exists a dual

veri�er sequen
e z(1), z(2), . . . , z(T ) ∈ Cm
su
h that

p̃k 6= 0→ aH(θ̃k)z(t) =
s̃k(t)

p̃k
(12)

and √
√
√
√

T∑

t=1

∣
∣
∣aH(θ̃k)z(t)

∣
∣
∣

2

≤ 1, (13)

for k = 1, 2, . . . , N . Moreover, {s̃k(t)} is a solution to (7) if the dual veri�ers
also satisfy

λz(t) = x(t)−
N∑

k=1

a(θ̃k)s̃k(t) (14)

Proof. First 
onsider the noiseless 
ase in (10). Take {s̃k(t)} as the optimal

solution. Applying the KKT theorem, we obtain that there exists a sequen
e

of ve
tors z(1), z(2), . . . , z(T ) ∈ Cm
su
h that for ea
h k,

{aH(θ̃k)z(t)}Tt=1 ∈ ∂‖{s̃k(t)}‖2 (15)
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where ∂‖{s̃k(t)}‖2 denotes the subdi�erential of the multivariable 2-norm

fun
tion ‖{s̃k(t)}‖2. Note that

∂‖{s̃k(t)}‖2 =







{

{ηk(t)}Tt=1 |
T∑

t=1

|η(t)|2 ≤ 1

}

p̃k = 0
{

{ηk(t) = s̃k(t)
p̃k
}Tt=1

}

p̃k 6= 0
(16)

Plugging (16) into (15) proves the theorem. The noisy 
ase in (7) is similarly

proved by the KKT Theorem and using (16).

3.2 CLASS Solution

Now, we show that the solutions to LASSO (7) and (10) have unique limits

when the density of the grid G in
reases. We �rst introdu
e the limit

as a solution to a parametri
 optimization, 
alled CLASS, and then show


onvergen
e. The main idea is that CLASS somehow generalizes LASSO to

the 
ase of a 
ontinuum. Of 
ourse, implementation aspe
ts of CLASS falls

beyond our 
on
ern as CLASS serves only as an analyti
al asymptoti
 tool.

However, we remind on
e again that CLASS has also been 
onsidered by

other resear
hers as a numeri
al approa
h and the implementation aspe
ts

of CLASS is an ongoing resear
h [34, 39℄.

The CLASS formalism relies on the fa
t that any sparse de
omposition


an be expressed by its parameters over the support only, sin
e other pa-

rameters are zero and uninteresting a

ording to the prin
iple of sparsity.

Take an arbitrary 
olle
tion {s̃k(t)} in the sear
h spa
e of LASSO over a

�xed grid Θ̃ = {θ̃k}. Remember that this more pre
isely 
orresponds to the

atomi
 de
omposition {θ̃k, {s̃k(t)}}, where {θ̃k} is always negle
ted as it is

known. De�ne its support {θ1 = θ̃k1, θ2 = θ̃k2 , . . . , θn = θ̃kn} and note that

the redu
ed atomi
 de
omposition {θl = θ̃kl, {s̃kl(t)}} entirely represents

the original de
omposition. Thus, the sear
h spa
e of LASSO 
an be equiv-

alently represented by the spa
e of all possible redu
ed de
ompositions, i.e.

the spa
e of all irredu
ible representations {θl, {sl(t)}} with θl ∈ Θ̃. Let us

denote this spa
e by M̃. Then LASSO 
an be written as

min
M̃

1

2

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

n∑

k=1

a(θk)sk(t)

∥
∥
∥
∥
∥

2

2

+ λ‖{sk(t)}‖2,1 (17)

where

‖{sk(t)}‖2,1 =
n∑

k=1

√
√
√
√

T∑

t=1

|sk(t)|2 (18)

Now, the generalization 
omes with relaxing the requirement that θk lies on

the grid Θ̃. Then, M̃ is repla
ed by the set M of all de
ompositions over
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Θ:

min
M

1

2

T∑

t=1

∥
∥
∥
∥
∥
x(t)−

n∑

k=1

a(θk)sk(t)

∥
∥
∥
∥
∥

2

2

+ λ‖{sk(t)}‖2,1 (19)

We 
all (19) parametri
 LASSO or Continuous LASSO when Θ is a 
ontin-

uum. While the reader may verify by simple 
al
ulations that the above is a

di�erent representation of the atomi
 norm denoising te
hnique introdu
ed

in [37℄, it is also simple to show that the total variation formalism in [33℄

always leads to the same result as CLASS. Still, it is not 
lear that CLASS

has a solution, sin
e there is no restri
tion on the order n and the 
ost may

de
rease unboundedly. An independent argument on the existen
e of the

CLASS solution is in
luded in Appendix 7 to point out to some other useful

te
hni
al fa
ts. However, the reader may refer to [37℄ as well. Thus, we may


onsider that the solution of CLASS exists. One 
an similarly 
onsider the

following parametri
 extension of the noiseless LASSO in (7), whi
h we 
all

noiseless CLASS:

min
M
‖{sk(t)}‖2,1
s.t

x(t) =
n∑

k=1

a(θk)sk(t) (20)

Now, we state the 
onvergen
e theorem, whi
h ties CLASS to the 
on-

ventional LASSO with a �nite grid. We a
tually provide a stronger 
onver-

gen
e property whi
h in
ludes all later asymptoti
 
on
erns, in
luding the

noise e�e
t and the regularization parameter.

Theorem 5. Consider a regular manifold a(θ), arbitrary observations x(t),
perturbations {n(t)}, a grid Θ̃ and λ > 0. For any desired pre
ision ǫ > 0,

there exists a positive real δ su
h that if ‖n(t)‖2 ≤ δ, Θ̃ is δ−dense and

λ < δ, then any group-LASSO estimate for {x(t)+n(t)} by Θ̃ and λ are in

an ǫ−neighborhood of a noiseless CLASS estimate of {x(t)}.

Proof. See Appendix 8.

In simple words the solution of LASSO with a dense grid, small noise

and regularization parameter is in the sense dis
ussed in Appendix 7 
lose

to the noiseless solution.

3.3 Dual Convergen
e Properties

Theorem 5 shows that the solution to the noisy group LASSO is arbitrarily


lose to the ideal noiseless CLASS in an asymptoti
 
ase. However, to ana-

lyze LASSO in the asymptoti
 
ase, we need to 
hara
terize these solutions.
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We have already done this for LASSO in Lemma 1. Here, we extend this to

the CLASS solution and provide 
onvergen
e properties for the dual veri-

�er ve
tors {z(t)}. On
e we provide these results we 
an 
hara
terize small

perturbations by Taylor expansion, whi
h is dis
ussed in the next se
tion.

Theorem 6. A de
omposition su
h as {(θk, {sk(t)})}nk=1 is a solution to

noiseless CLASS with {x(t)} if and only if de�ning pk =
√∑

t |sk(t)|2,
there exists a sequen
e of dual veri�er ve
tors {z(t)} su
h that

aH(θk)z(t) =
sk(t)

pk
(21)

and

∀θ ∈ Θ
T∑

t=1

|aH(θ)z(t)|2 ≤ 1 (22)

Furthermore, for ea
h arbitrary pre
ision ǫ there exists δ > 0 su
h that

if Θ̃ is δ−dense, λ < δ and ‖n(t)‖2 < δ then any set of dual veri�ers

{z0(t)} for their 
orresponding group LASSO over {x(t) + n(t)} satis�es

‖z(t) − z0(t)‖2 < ǫ for a set of dual veri�ers {z(t)} 
orresponding to a

solution of noiseless CLASS.

Proof. The proof is given in Appendix 9.

3.4 First Order Linearization

We �nally arrive at the 
ru
ial step of 
al
ulating the approximate LASSO

error in a high SNR and dense grid 
ase. We later develop 
onditions under

whi
h, the true parameters are exa
tly identi
al to the solution of noiseless

CLASS. For the time being, we treat the noiseless CLASS solution as the

desired estimate. Thus, the error is only asso
iated with noise, grid and

regularization parameter λ. Then, Theorem 5 shows that the error is in-

�nitesimal in the vi
inity of the ideal setup, i.e. when noise and λ are small

and the grid is dense. This allows for the appli
ation of a Taylor expansion.

However, due to the unfamiliar role of the grid and the unspe
i�ed order of

the estimates, a 
areful study is ne
essary. Let us start from the result of

Theorem 5. Take a solution A = {(θk, {sk(t)})} 
orresponding to a δ−dense
grid G, δ−small noise terms n(t) and λ < δ. Suppose that δ is small su
h

that Theorem 5 guarantees that A is in an ǫ−neighborhood of a noiseless

CLASS solution A0 = {(θl,0, {sl,0(t)})}. The de�nition of neighborhood al-

lows that some indexes of A, asso
iated to an in�nitesimal amplitude, lie

outside the ǫ-neighborhood of the elements of A0. We 
all them false alarm.

More formally, an index θk is a false alarm if |θk − θl,0| > ǫ holds for all l.

Clearly, for su
h an index |sk(t)| < ǫ also holds. Note that the de�nition of
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false alarm depends on the neighborhood size ǫ. Should there be a risk of


onfusion, we may refer to the term ǫ−false alarms for 
larity. The other es-

timates, also 
alled "dete
tions" (or ǫ−dete
tions) 
an be assigned uniquely

to a 
lose noiseless estimate in a su�
iently small neighborhood. However,

the de�nition of neighborhood also allows for multiple dete
tions assigned

to the same index. We 
all this the dispersion e�e
t, whi
h might be re-

lated, for example, to dis
retization. Finally, the dete
tions related to the

same index are somehow subje
t to an overall estimation error (shift). Our

analysis will 
hara
terize the above three asymptoti
 elements of estimation;

false alarm, dispersion and the overall estimation error.

To formulate the asymptoti
 behavior of LASSO in the above sense, we

�rst need to review some basi
 de�nitions. Consider again the above solu-

tion A in a su�
iently small ǫ−neighborhood of the noiseless solution A0

su
h that ea
h index θk in A is either a false alarm or is uniquely lo
ated

in an ǫ−neighborhood of an index θl,0. We refer to all elements θk in the

neighborhood of a spe
i�
 element θl,0 as its 
orresponding 
loud. We ba-

si
ally show that ea
h 
loud may 
onsist of at most 2 elements of zero or

�rst order. To elaborate on this, 
onsider the third largest element in ea
h


loud and denote the maximum amplitude of these elements by δ3. Then,
we show that δ3 vanishes up to �rst order with respe
t to δ. Finally, we

de�ne the "overall" e�e
t of ea
h 
loud by the following parameters:

σl(t) =
∑

k||θk−θ0,l|<ǫ

sk(t)− sl,0(t) (23a)

πl =
1

pl,0

∑

k||θk−θ0,l|<ǫ

pk(θk − θl,0) (23b)

where pk =
√∑

t

|sk(t)|2 and pl,0 =
√∑

t

|sl,0(t)|2. In fa
t, it is simple by

Taylor expansion to see that the �rst order properties of any estimator is

well expressed by the above parameters, where σk(t) is 
omplex-valued and

πk(t) is real-valued. Note that, in general the 
hara
teristi
s of σ and π

do not 
ompletely reveal the properties of individual indexes and ampli-

tudes in ea
h 
loud , whi
h after all, depend on the 
ir
umstan
es (e.g.

dis
retization) under whi
h the 
loud is produ
ed. Now, de�ne

g = 1
2

∑

t

∥
∥
∥
∥
n(t)−∑

l

(alσl(t) + dlsl,0(t)πl)−
∑

p

a(θ̄p)s̄p(t)

∥
∥
∥
∥

2

2

+λ
∑

p

√∑

t

|s̄p(t)|2 + λ
∑

l,t

ℜ(γ∗l (t)σl(t)) (24)
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where

al = a(θl,0)

dl =
da
dθ
(θl,0)

γl(t) =
sl,0(t)

√

∑

t

|sl,0(t)|2
(25)

This is a fun
tion of {πl, {σl(t)}} and an arbitrary de
omposition Ā =

{θ̄p, {s̄p(t)}}. The following theorem identi�es the �rst order perturbation

of the solution in terms of the above de�nitions.

Theorem 7. Consider LASSO with a δ−dense grid, and λ < δ over obser-

vations with small perturbation ‖n(t)‖ < δ su
h that any solution A lies in

a small ǫ−neighborhood of a noiseless solution A0.

a) Minimizing g in (24) gives the �rst-order perturbation of the noisy

solution: Consider the optimization

min
{πl∈R,{σl(t)C}},{θ̄p ,{s̄p(t)}}

g (26)

There exists a minimum point π̄l, σ̄l(t) and Ā su
h that up to �rst order,

πl, σl(t) and false alarms are identi
al to πl, σl(t) and Ā.

b) There exists a solution of LASSO for whi
h the maximum false am-

plitude δ3 vanishes up to �rst order, i.e. δ3 = o(δ).

Proof. See Appendix 10 for proof and more details.

Theorem 7 may be regarded as the 
entral 
ontribution of this work.

On
e this is established, 
hara
terizing the high SNR properties of LASSO

boils down to analyzing the minimizers of the linearized 
riterion g. The

next se
tion provides su
h an analysis, where we use the linearization result

to give a statisti
al analysis of LASSO estimates in presen
e of a white

Gaussian noise.

4 Statisti
al Results

In the previous se
tion, we developed results 
hara
terizing the LASSO

estimates in an asymptoti
 
ase. In this se
tion, we 
onne
t those results to

pra
ti
e. We shortly address the statisti
al e�e
t of noise and grid on the

estimation pro
edure. We also deal with a more fundamental question of


onsisten
y. Re
all that the linearization results 
hara
terize the deviation

from the noiseless solution, but we have not yet dis
ussed the own properties

of the noiseless solution. Many previous studies have 
onsidered this and
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what we 
orrespondingly state in the sequel is more or less a restatement of

the results in [33,34℄ for spe
ial 
ases, whi
h is derived more systemati
ally

as a part of a general framework resulting from Theorem 7. In fa
t, Theorem

7 is 
entral in the entire dis
ussion of the 
urrent se
tion, whi
h readily


hara
terizes the �rst order deviation from a noiseless solution. It only

remains to investigate the statisti
al properties of the deviation in a given

s
enario. Hen
e, it seems rational to spend a bit of e�ort �rst to learn more

about the 
onsequen
es of Theorem 7.

Let us start by some simplifying de�nitions. Consider a noiseless so-

lution A = {θk, {sk(t)}} and its 
orresponding parameters ak = a(θk),
dk = da/dθ(θk) and γk(t) = sk(t)/pk, where pk =

√∑

t |sk(t)|2. De�ne

A = [a1 a2 . . .an] and D = [d1 d2 . . .dn] as well as A† = (AHA)−1AH

and P = I−AA†
, where I denotes the unit matrix. Finally, de�ne

ξl,k =
T∑

t=1

s∗l,0(t)sk,0(t)

R = ℜ
[
(DHPD)⊙ Ξ

]
(27)

where ⊙ denotes elementwise produ
t and Ξ is the matrix of the elements

ξl,k. Denote by ξk the k
th


olumn of Ξ.
Now let us try to solve (26). Note that �xing the false alarm Ā, the

optimization over the π and σ parameters is quadrati
 of the following form

min
{πl(t),σl(t)}

1

2

∑

t

∥
∥
∥
∥
∥
ν(t)−

∑

l

(alσl(t) + dlsl,0(t)πl))

∥
∥
∥
∥
∥

2

2

+ λ
∑

l,t

ℜ(γ∗l (t)σl(t))

(28)

where

ν(t) = n(t)−
∑

p

a(θ̄p)s̄p(t) (29)

and the 
onstant terms are negle
ted. The solution to this 
an easily be

found by di�erentiation as

σ(t) = A†(ν(t)−∑
l

dlsl,0(t)πl))− λ(AHA)−1γ(t) (30)

π = R−1(ω + λδ) (31)

where σ(t),π,ω and δ denote the ve
tors with σk(t), πk, ωk and δk as ele-

ments respe
tively su
h that

ωk = ℜ(ζHk Pdk) δk = ℜ(ξTkA†dk) (32)

where

ζk =
T∑

t=1

s∗k,0(t)ν(t) (33)
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On the other hand, �xing {πk, {σk(t)}}, the optimization over false alarm is

a LASSO problem. We have found it both di�
ult and pra
ti
ally uninter-

esting to fully analyze the properties of the false alarm solution as a random

atomi
 de
omposition, or more restri
tively, a random �nite set. Instead,

we only study the o

urren
e of false alarm, whi
h is to identify when Ā is

nonempty in (26). Note that when Ā is empty ν(t) = n(t) and a

ording

to Theorem 6 the following relation equivalently holds for any θ.

∑

t

∣
∣
∣
∣
∣
aH(θ)

(

n(t)−
∑

l

(alσl(t) + dlsl,0(t)πl))

)∣
∣
∣
∣
∣

2

≤ λ2 (34)

where σk(t) and πk are given by (30). We de�ne the probability of false

alarm (PFA) as PFA = Pr(Ā 6= ∅).

4.1 Ideal Consisten
y

Based on the above, we now provide a su�
ient 
ondition for a true de
om-

position to be exa
tly retrieved by noiseless CLASS. Note that Theorem 6

gives a ne
essary and su�
ient 
ondition for our purpose. However, it is

not straightforward to verify it by introdu
ing dual veri�ers. What we do

in the sequel is to propose a 
ertain 
hoi
e of dual veri�ers based on (34)

whi
h is easier to verify and still identi�es a large 
lass of 
onsistent 
ases.

Considering (34), it is easy to re
ognize that some individual terms

depend on noise and vanish in the noiseless 
ase. This 
on
erns a 
ase

where the noise data are pro
essed by noisy LASSO, a dense grid and small

λ. Then,

σ(t) = −λA†(
∑

l

dlsl,0(t)π0,l))− λ(AHA)−1γ(t) = λσ0(t) (35)

π0 = R−1δ (36)

where π0 is a ve
tor 
onsisting of the elements π0,l and (34) 
an also be


hara
terized by

λ2
∑

t

∣
∣
∣
∣
∣
aH(θ)

(
∑

l

(
Pdlγl(t)π0,l −A(AHA)−1γ(t)

)

)∣
∣
∣
∣
∣

2

≤ λ2 (37)

As (34) identi�es existen
e of false alarm, (37) naturally identi�es a 
ase

where appli
ation of noisy LASSO results in no false alarm. We 
all this


ase purely 
onsistent. However, (37) implies pure 
onsisten
y only when


onsisten
y is priorly established. Fortunately, it 
an also be seen that (37)

automati
ally implies 
onsisten
y as the ve
tor

z(t) =
∑

k

σk,0(t)ak +
∑

k

πk,0sk,0(t)dk (38)
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would then satisfy Theorem 6 by dire
t 
al
ulation. The following theorem

summarizes and 
ompletes the above dis
ussion.

Theorem 8. a) A de
omposition A = {θk, {sk(t)}} is 
onsistent, i.e. LASSO
estimates for its 
orresponding observation by a su�
iently small noise is

arbitrarily 
lose to A if (34) holds, in whi
h 
ase it is also purely 
onsistent.

b) Any 
onsistent de
omposition is a subset of a purely 
onsistent de-


omposition.

Proof. See Appendix 11.

4.2 Statisti
al Properties of Perturbations

Let us assume that a 
onsistent true de
omposition is observed by the model

in (2) and the noise perturbation is so small and the grid is so dense that

Theorem 7 
hara
terizes the estimation error. Thus, we may analyze the

statisti
al properties of the solution of (26) to understand the statisti
al

behavior of the LASSO solution. It may be readily seen that the overall error

properties π, σ as well as PFA are linked to false alarm, whi
h subsequently

depends on the 
hoi
e of λ. On the other hand, the method of sele
ting λ

is not inherent in the ma
hinery of LASSO. Thus, we examine the previous

results in terms of an arbitrary λ in some example 
ases. As already stated,

the results are given in terms of the π, σ parameters and PFA.

We will dis
uss in the following two di�erent 
ases of interest. In the

�rst 
ase, the true order is known and λ is adapted to provide an estimate

of 
orre
t order. In the se
ond one, the order is unknown and λ is �xed to

meet a 
ertain PFA 
riterion. In either 
ase, (34) is useful as it 
hara
terizes

when no false alarm o

urs.

Known Order and Adaptive Regularization

When the number of parameters is known, λ may be sele
ted based on the

given data set to provide a 
orre
t number of estimates. In this 
ase no

false alarm is observed and thus λ satis�es (34). To investigate the best

performan
e, we sele
t smallest su
h value of λ and denote it by λb. In this


ase, λ be
omes a fun
tion of the noise realization. Hen
e, it is a random

variable. Remember that now ν(t) = n(t). Thus, the expressions for π and

σ and their 
orresponding statisti
s 
an be easily 
al
ulated. The following

theorem summarizes the �nal expressions.

Theorem 9. a) The λb may be 
al
ulated by

λb = max
θ

Λ(θ) (39)
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where Λ(θ) is the unique positive solution of the following equation for λ.

∑

t

∣
∣
∣
∣
∣
aH(θ)

(

n(t)−
∑

l

(alσl(t) + dlsl,0(t)πl))

)∣
∣
∣
∣
∣

2

= λ2 (40)

and πl and σl are given in (30) applying ν = n.

b) When the regularization parameter is sele
ted as λb, the estimates

have the following �rst-order statisti
al properties:

E(π) = E(λb)R−1δ (41)

E(σ) = E(λb)(AHA)−1γ(t) (42)

Cov(π) = R−1ℜ
[
(DHPCPD)⊙ Ξ

]
R−1 + Var(λb)R

−1δδTR−1
(43)

where C denotes the 
ovarian
e of the noise n(t).

Proof. The proof is given in Appendix 12.

The expression in (43) has an interesting interpretation. The �rst term

is re
ognized as the error 
ovarian
e of the ML θ estimates, whi
h is also

the Cramer-Rao Bound (CRB) in the high SNR 
ase [46℄. The se
ond term,

proportional to the regularization parameter, is the additional 
ontribution

due to the regularization. Note that in absen
e of dispersion, i.e. when

ea
h parameter 
orresponds to single estimate, the π parameters are equiv-

alent to θ and thus the 
urrent analysis shows that ML is a spe
ial 
ase of

LASSO, where no dispersion and no regularization exists. We remind that

in presen
e of dispersion, only the π parameters 
an be 
al
ulated by a �rst

order approximation.

Unknown Order and �xed λ

When the order is unknown, λ may be �xed to set a balan
e between PFA

and error parameters in the absen
e of false alarm. Although a data driven

λ is still a valid 
hoi
e, it remains out of s
ope of the 
urrent analysis. When

false alarm o

urs, there is no agreed de�nition of the performan
e. Thus,

we 
onsider the average error in π,σ only in absen
e of false alarm, whi
h


an be mathemati
ally written as

MSEf = E(ππT | NFA) (44)

where NFA denotes the event that no false alarm o

urs. Together with

PFA, the above 
onstitutes the performan
e measure. Unfortunately, we

have not been able to provide analyti
al expressions for this 
ase, sin
e

assuming NFA 
hanges the posterior distribution of n(t) in a non-tra
table
way. In the next 
hapter we show numeri
al 
al
ulations based on a Monte

Carlo method for this 
ase.
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5 Numeri
al Results

We have previously formulated a parametri
 approa
h to analyze LASSO

and provided the details for a high-SNR s
enario. In this se
tion, we exam-

ine our previous derivations in the 
ase of ADP applied to DOA estimation.

The numeri
al results 
an be 
ategorized into two groups. In the �rst,

the theoreti
al results are 
al
ulated by Monte Carlo te
hniques, reminding

that some expe
tations 
ould not be analyti
ally 
al
ulated in the previous

derivation. The se
ond group 
ompares the theoreti
al performan
e to that

of some alternative methods. We 
onsider the CLASS (atomi
-norm denois-

ing) implementation in [34, 37℄, only 
onsidering the frequen
y estimation

problem (ULA in our 
ase) with uniform samples.

5.1 Evaluation of Theoreti
al Performan
e

Equations (41) and the de�nition ofMSEf and false alarm in (44) and (34),

respe
tively 
onstitutes the analysis. However, evaluating them in pra
ti
e

needs a 
ompli
ated numeri
al pro
edure. In parti
ular, we are interested

in 
al
ulating the �rst and se
ond order statisti
s of λb as well as MSEf

and PFA by a Monte Carlo method, whi
h provides the results in Figures

1 and 2.

Taking a 
loser look at the de�nition of λb in (39), one may suspe
t that

under 
ertain pra
ti
al assumptions, many terms in (39) 
an be negle
ted

su
h that λb 
an be approximated by λf given by

λf =

√

max
θ∈Θ

∑

t

|aH(θ)n(t)|2 (45)

The statisti
s of λf is widely 
onsidered in the design of Constant-False-

Alarm-Rate (CFAR) estimators. Note that unlike λb, λf is independent

of the true de
omposition, while still depending on the noise realization.

The statisti
s of λf 
an also be analyti
ally expressed in some asymptoti



ases. Figure 1 shows the evaluated expe
ted value for di�erent dimensions

of observation m, where LASSO is applied to data from a ULA (Fourier)

manifold explained in Se
tion 2. The true DOAs are �xed at ele
tri
al angles

[0 2.5π/m] with 
orresponding amplitudes [1 1]. The results are taken over

10000 trials. Figure 2 shows the varian
e with a similar setup. As seen, λf
may be 
onsidered in pra
ti
e as a good approximate value espe
ially for a

high number of sensors, where the relative error de
reases.

For the 
ase of �xed λ we 
al
ulated MSEf and PFA by another MC

experiment. We 
ompared two di�erent 
hoi
es of DOA separation, namely

2.5π/m and 2.7π/m, both with unit amplitudes. A single snapshot was
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Figure 1: Mean value of λb 
ompared to λf for di�erent number of sensors.


onsidered and the SNR and m were set to 10 dB and 10 respe
tively.

Figure 3 shows the resulting average PFA for di�erent values of λ over 105

realizations. As seen, better separated sour
es need smaller value of λ to

a
hieve a required PFA.

Then, Figure 4 shows the trade-o� between MSEf and PFA in the

above s
enarios. As seen, the error dramati
ally de
reases by in
reasing

the separation. Rea
hing to the separation of 3π/m, the error pra
ti
ally

approa
hes the Cramer-Rao bound in the desirable range of PFA. The

same trend is observed when the number of sensors in
reases from 10 to 20.

5.2 Comparison with Other Methods

We �nally 
ompared the LASSO performan
e to that of ML (see (2)) with

exhaustive sear
h [47℄ and Conventional BeamForming (CBF) [50℄. Figures

5 and 6 
ompare the estimate Mean Squared Errors and varian
es of three

di�erent estimators; CLASS, ML and CBF, respe
tively. The setup is sim-

ilar to the one in Figures 2 and 3, while the number of sensors m is �xed

to 15. The results are the average of the out
omes of 100 trials at ea
h

noise level. We see that while the asymptoti
 varian
es of CLASS and ML

methods 
oin
ide, the CLASS estimator has a higher asymptoti
 MSE. We


on
lude that CLASS modi�es the solution of ML mostly by adding a bias

term in the very high SNR regime. However, as SNR de
reases, the MSE of

CLASS rea
hes the one for the ML estimator in the SNR regime between -2

and 5 dBs. There is a signi�
ant (almost 3 dB) di�eren
e between threshold

edge of LASSO and ML. Note that ML with exhaustive sear
h is not pra
-
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Figure 2: The varian
e of λb 
ompared to λf for di�erent number of sensors.

ti
al and the di�eren
e might be less with a more realisti
 implementation.

6 Con
luding Remarks

This work was devoted to analysis of LASSO as a non-linear estimator of

a parametri
 signal. The main idea here was to parameterize the support,

whi
h brought a parametri
 interpretation of LASSO. To meet the 
on-

tinuous estimation requirements, the parametri
 LASSO was modi�ed to

CLASS. This is similar in nature to the approa
h in [37℄. The parametri


CLASS estimates were then analyzed by linearization in a high-SNR 
ase

and related to the original estimates by LASSO. The numeri
al implementa-

tion of CLASS was out of the s
ope of the 
urrent work. However, [37℄ also

provides a CLASS implementation for a spe
i�
 
ase, whi
h we employed

for numeri
al validation.

The above approa
h enabled to analyze LASSO more deeply from a

deterministi
 point of view, whi
h is of a great interest in appli
ations,

where LASSO is utilized to estimate parameters, su
h as radar lo
alization.

Although, important properties of LASSO, espe
ially the role of the RP,

presented in a limited number of s
enarios, the 
urrent work provides a

framework for further investigations. The MSE 
al
ulations also provide

a new insight to the role of the RP. With our approa
h, we were able to


al
ulate MSE and the false alarm rate, whi
h 
ommonly 
hara
terize an

estimator of varying order in the high-SNR 
ase. The pro
ess of false alarms
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Figure 3: The PFA for di�erent values of λ 
ompared for di�erent DOA

separations.

were more generally 
hara
terized, but we left a more a

urate investigation

for a future work.

The 
urrent theoreti
al and numeri
al results suggest that LASSO pro-

vides a good trade-o� between error and PFA, under some 
onsiderations

about resolution. This is veri�ed for a �xed-RP s
enario. However, we sus-

pe
t that employing a thresholding s
heme would redu
e PFA more, thus

further improving the properties of LASSO. However, the numeri
al imple-

mentation may be 
ru
ial for the performan
e, and should therefore be the

subje
t of a future study.

7 Appendix: LASSO Topology on ADP spa
e

This part in
ludes the de�nition of distan
e between atomi
 de
ompositions.

Despite its 
omplex te
hni
al de�nition it implies a natural 
on
ept, whi
h

easily follows from the analysis of LASSO.

De�nition 2. (LASSO-topology)

a) Consider an irredu
ible de
omposition A = {{sk(t)}, θk}nk=1 and an-

other arbitrary de
omposition Ā = {{s̄k(t)}, θ̄k}n̄k=1. Let Ik = (θk− ǫ θk+ ǫ)
be the ǫ−ball at θk. Then, Ā is said to be in an ǫ−neighborhood of A if

1. The ǫ−balls Ik 
over all indexes of Ā, i.e. {θ̄k} ⊂
n⋃

l=1

Il
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Figure 4: The PFA versus MSE for di�erent values of λ 
ompared for dif-

ferent DOA separations.

2. For ea
h interval Ik at ea
h time index t, we have that
∣
∣
∣
∣
∣
∣

sl(t)−
∑

k|θ̄k∈Il

s̄k(t)

∣
∣
∣
∣
∣
∣

< ǫ (46)

3. For ea
h k̄ and k the relation θ̄k̄ ∈ Ik implies that there exists αk,k̄ > 0
su
h that

∀t |αk,k̄sk(t)− s̄k̄(t)| < ǫ (47)

b) Two arbitrary de
ompositions B and B̄ are 
alled ǫ−similar and

shown by A ∼ǫ Ā if there exists an irredu
ible de
omposition A su
h that

both B and B̄ are in ǫ-neighborhood of A.

Figure 7 illustrates the 
on
ept of ǫ−neighborhood, where a de
ompo-

sition is represented by a set of arrows, whose amplitudes show s, while
their position denote θ. As seen, the de�nition does not restri
t the orders.

Condition 1 guarantees that the elements of {θ̄k} are 
on
entrated around

the elements of {θ}. Then, Condition 2 provides that Ā leads to a 
lose

synthesis to A through the model in (1). Finally, Condition 3 guarantees

that the LASSO 
ost values in (7) for A and Ā are 
lose.

8 Appendix: Proof of Theorem 5

The proof is based on the following elements:
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Figure 5: The statisti
al MSE for di�erent methods versus input SNRs. The

estimation is based on one snapshot measurement of two sour
es separated

by ∆θ = 4π
m
, and waveform values s1 = s2 = 1.

1. For a regular manifold, there exists a �nite subset {θ
b,1, θb,2, . . . , θb,p},

su
h that the matrix B = [a(θ
b,1), a(θb,2), . . . , a(θb,p)] is full rank.

2. The order of the LASSO and CLASS estimates are always bounded

by 2mT , i.e. the estimates are inM2mT .

3. For any R and n, the set MR
n of all de
ompositions with an order

smaller than n and amplitudes smaller than R, i.e. |sk(t)| < R, is


ompa
t in the regular topology of �xed dimension.

4. De�ne the synthesis fun
tion f :M→ Cm×T
su
h that for any X =

{x(t)} and A = {θk, {sk(t)}} the relation X = f(A) implies (1). Also

de�ne ℓ(A) = ‖{sk(t)}‖2,1. Then f and ℓ are 
ontinuous.

5. For arbitrary observations X = {x(t)}, de�ne also φΘ̃(X) and φ(X)
as the optimal values of the noiseless LASSO optimization in (10) and

the noiseless CLASS in (20). Then, from the sparsity prin
iple, we

obtain that

φΘ̃(X) = min
M̃
‖{sk(t)}‖2,1

s.t

x(t) =
n∑

k=1

a(θk)sk(t) (48)

where the minimal point 
orresponds to the solution of LASSO (10) .
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Figure 6: The statisti
al varian
e for di�erent methods in di�erent input

SNRs. The estimation is based on one snapshot measurement of two sour
es

separated by ∆θ = 4π
m
, and waveform values s1 = s2 = 1.

6. The fun
tion φΘ̃ is 
onvex and 
oni
, i.e. for any observation sets

X, Y and α > 0, we have that φΘ̃(X + Y ) ≤ φΘ̃(X) + φΘ̃(Y ) and

φΘ̃(αX) = αφΘ̃(X).

Using the above, the proof is straightforward. Note that from Observation

1, for any X the solution A to the group-LASSO optimization as well as

the noiseless optimization is inMR
2mT , where R is a su�
iently large upper-

bound on the amplitudes whi
h only depends onX . IfX is further bounded,

then R is a 
onstant.

Now, assume 
onversely that the theorem does not hold. This means

that there exists an ǫ > 0 su
h that for any of the values δr = 1/r there

exists X(r) = {x(t) + n(r)(t)}, a δr−dense grid Gr and λr < δr su
h that

‖n(r)(t)‖ < δr, but their 
orresponding group-LASSO solution Ar is out

of the ǫ−neghborhood of any solution A to the noiseless CLASS for X .

Sin
e X(r)
is bounded, there exists a �xed R, su
h that Ar ∈MR

2mT . Now,

from the se
ond observation, we may assume without loss of generality that

the sequen
e Ar has a limit Ā ∈ MR
2mT , sin
e otherwise one may take a


onverging subsequen
e. But Ā is also out of the ǫ−neighborhood of any

solution A of noiseless CLASS. We �nally show in the sequel that in fa
t Ā

is 
ontrarily equal to a solution A, whi
h 
ompletes the proof.

To show that Ā is a minimizer of noiseless CLASS, �rst note that a(θ) is a


ontinuous fun
tion over a 
ompa
t set Θ. Thus, it is uniformly 
ontinuous.

This means that for ea
h value µ > 0 there exists a δ > 0 su
h that

|θ1 − θ2| < δ implies that ‖a(θ1)− a(θ2)‖ ≤ µ. Fix a µ and 
orresponding
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Figure 7: An illustration of the neighborhood 
on
ept: Two de
ompositions

are shown, ea
h by verti
al arrows on a horizontal axes. The position of

arrows shows θ, while their amplitude shows s. The two de
ompositions

are neighbor in a), while in b),
) and d) Conditions 1,2 and 3 are violated,

respe
tively.

δ. Consider the noiseless CLASS solution A = {(θk, {sk(t)})} of X . As Gr

is δr−dense, for ea
h θk, there exists a θ̂k ∈ Gr su
h that |θ̂k − θk| < δr.
For su�
iently large r, this implies that |θ̂k − θk| < δr < δ, whi
h further

implies that ‖a(θ̂k) − a(θk)‖ < µ. Take the approximate on-grid estimate

Âr = {(θ̂k, {sk(t)})} ∈ MGr and de�ne X̂r = {x̂(r)(t)} = f(Âr). Note that

φr(X̂r) ≤ ℓ(Âr) = ℓ(A) = φ(X) (49)

where φr = φGr and the right-hand side of the inequality is the 
ost 
al
u-

lated at Âr. On the other hand, for large r

‖x̂(r)(t)− x(t)‖ =
∥
∥
∥
∥
∥

n∑

k=1

(a(θk)− a(θ̂k))sk(t)

∥
∥
∥
∥
∥
≤ µ

n∑

k=1

|sk(t)| ≤ µL (50)

where L is a proper upper bound for

n∑

k=1

|sk(t)| over time, whi
h always

exists as the 
ost is bounded. This shows that

lim
r→∞

x̂(r)(t) = x(t) (51)
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Note also that the group-LASSO in the parametri
 form (17) 
an also

be written as

min
MG,{y(t)}

1
2

T∑

t=1

‖x(t)− y(t)‖22 + λ‖{sk(t)}‖2,1
s.t

y(t) =
n∑

k=1

a(θk)sk(t) (52)

whi
h 
an be simpli�ed to

min
Y={y(t)}

1

2

T∑

t=1

‖x(t)− y(t)‖22 + λφG(Y ) (53)

Consider, X = X(r)
, λ = λr and G = Gr . Then, the optimal point

in (52) and (53) is given by Ar and Y (r) = {y(r)(t)} = f(Ar) = f(Ar)

respe
tively. Then,

1
2

T∑

t=1

∥
∥x(t) + n(r)(t)− y(r)(t)

∥
∥
2

2
+ λrφr(Y

(r))

≤ 1
2

T∑

t=1

∥
∥x(t) + n(r)(t)− x̂(r)(t)

∥
∥
2

2
+ λrφr(X̂

(r)) (54)

The right hand side is the 
ost in (53) evaluated at X̂(r)
. Then, using (49),

we obtain that

1

2

T∑

t=1

∥
∥x(t)− y(r)(t)

∥
∥
2

2
≤ 1

2

T∑

t=1

∥
∥x(t)− x̂(r)(t)

∥
∥
2

2
+ Tδ2r + λrφ(X) (55)

Letting r tend to in�nity, we get that

lim
r→∞

y(r)(t) = x(t) (56)

Until now, we have found observations Y r

onverging to X su
h that Ar is

the noiseless-LASSO solutions of Y r
over Gr, i.e ℓ(Ar) = φr(Yr). Note that

from the 
ontinuity of f and ℓ we have that f(Ā) = X and

ℓ(Ā) = lim
r→∞

ℓ(Ar) (57)

De�ne Er = {e(r)(t) = y(r)(t) − x̂(r)(t)}. Then, Er tends to zero as r

tends to in�nity. Then from observation 6,

ℓ(Ar) = φr(Yr) ≤ φr(X̂r)+φr(Er) ≤ ℓ((̂A)r)+φr(Er) = ℓ(A)+φr(Er) (58)
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The �nal observation is that φr(Er) vanishes as r tends to in�nity. To see

this 
onsider the set in observation 1 and note that for an arbitrary µ and

a large r there exists indexes θ̂r
b,k su
h that ‖a(θ̂r

b,k)−a(θ
b,k)‖ < µ. De�ne

B̂r = [a(θ̂r
b,1) . . .a(θ̂

r
b,p)]. As the set of full-rank matri
es is open, µ 
an be

sele
ted su
h that B̂r
is full rank. Then,

φr(Er) ≤
∑

t

‖(B̂r)†e(r)(t)‖2 (59)

whi
h tends to zero as e(r) vanishes and the pseudo inverse (B̂r)† stays

bounded in the µ−neighborhood of B. Finally as φr(Er) tends to zero,

taking the limit of (58) and 
ombining with (57) we 
on
lude that.

ℓ(Ā) ≤ ℓ(A) (60)

whi
h shows that Ā is a minimizer of the noiseless CLASS.

9 Appendix: Proof of Theorem 6

First, note that for a regular manifold a(θ), the set

L =

{

{z(t)} | ∀θ
T∑

t=1

|aH(θ)z(t)|2 ≤ 1

}

(61)

is 
ompa
t. For any grid G, de�ne

LG =

{

{z(t)} | ∀θ ∈ G
T∑

t=1

|aH(θ)z(t)|2 ≤ 1

}

(62)

Then there exists a value δ su
h that for every δ−dense grid G, the set LG

is 
ompa
t. Furthermore, for any value µ > 0, there exists a δ value su
h

that for every δ−dense grid G,

L ⊆ LG ⊆ Lµ
(63)

where Lµ
denotes the union of all 
losed µ−neighborhoods of elements in

L. Note also that Lµ
is 
ompa
t.

Now, 
onsider an arbitrary solution A = {(θk, {sk(t)})} of the noiseless
CLASS. Take a sequen
e of δr = 1/r−dense grids Gr su
h that θk ∈ Gr

for all k and r. Then, 
learly A ∈ MGr and thus it minimizes noiseless

group-LASSO over Gr. From Theorem 1, this means that there exists a

sequen
e of dual ve
tors Zr = {zr(t)} ∈ LGr su
h that

aH(θk)zr(t) =
sk(t)

pk
(64)
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Note that for any �xed µ and su�
iently large r we have that Zr ∈ Lµ
.

Thus, Zr has a subsequen
e 
onverging to a point Z ∈ Lµ
. Then

Z ∈
⋂

µ

Lµ = L (65)

sin
e the 
hoi
e of µ is arbitrary. 
learly Z also satis�es the other 
ondition

in (64).

Conversely, suppose that there exists Zr = {z(t)} ∈ L satisfying (64)

for A. Then, we show that A is the global minimum of noiseless-CLASS.

Take any other de
omposition B = {(θ′l, {s′l(t)})} with f(B) = f(A) = X .

Take the grid G = {θ′l} ∪ {θk}. Note that taking the dual veri�ers in Z,

the 
onditions of Theorem 1 for the noiseless 
ase is satis�ed. Thus, A a

minimizer of noiseless LASSO for grid G and input X , whi
h implies that

ℓ(A) ≤ ℓ(B).
Finally, let us prove 
onvergen
e. Suppose 
onversely that taking δr =

1/r, there exists a sequen
e of primal solutions Ar with 
orresponding dual

parameters Zr to the group lasso with a perturbed input {x(t) + nr(t)}
where ‖nr(t)‖2 ≤ δr, λr < δr and over the δr−dense grid, su
h that Zr is not

in a ǫ−neighborhood of any dual ve
tor of the noiseless CLASS solution.

But sin
e Zr 
an be bounded in a 
ompa
t set for large enough r and

due to Theorem 5, the sequen
es has a subsequen
e 
onverging to A and

Z respe
tively. Sin
e Zr is ǫ−distant from any dual solution of noiseless

CLASS, the limit is so. But, it is simple to 
he
k that the 
onditions of the


urrent theorem holds for Z, whi
h implies that Z is a dual for A. This is

a 
ontradi
tion and 
ompletes the proof.

10 Appendix: Proof of Theorem 7

First, let us explain part (a) with more details. Convergen
e means that:

For any ω > 0, there exists a δ > 0 su
h that if the grid is δ−dense,
λ < δ, and perturbations satisfy ‖n(t)‖ < δ and the solution A is in

ǫ−neighborhood of a noiseless solution A0 su
h that ǫ < δ, then the ǫ−false
alarms are in a ωδ−neighborhood of Ā and |πl−π̄l| < ωδ and |σl(t)−σ̄l(t)| <
ωδ hold.

Now, to prove this, we follow the following steps:

1. Suppose that G = (π,σ, Ā) minimizes g for a 
ertain 
hoi
e of n(t),
and true parameters and H = (π′,σ′, Ā′) is another non-optimal

point. Then, there exists a 
onstant K depending only on true pa-

rameters su
h that

g(π′,σ′, Ā′)− g(π,σ, Ā) ≥ (G,H)2 (66)
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2. Consider ǫ and δ su
h that the solution of LASSO optimization with

a δ−dense grid Θ̃, ‖n(t)‖ < δ and λ < δ is in an ǫ-neighborhood of

the noiseless (true) solution. Denote by πm,σm, Ām the 
orresponding

parameters to the optimal point of LASSO with the optimal 
ost f
min

.

Then,

|f
min

− g(πm,σm, Ām)| < K1ǫ‖n‖δ (67)

3. Consider the same setup as above and remember that π,σ and Ā

minimize g. Take the optimization

min ‖{s̃k(t)}‖1,2
s.t.

σl(t) =
∑

k||θ̃k−θ0,l|<ǫ

s̃k(t)− sl,0(t)

πlγl(t) =
∑

k||θ̃k−θ0,l|<ǫ

s̃k(t)(θ̃
k − θl,0) (68)

and note that it has a solution {s̃k(t)} with only two a
tive elements

in ea
h 
loud. Take this solution and 
al
ualte the original LASSO


ost f at this point. Then

|f − g(π,σ, Ā)| < K2ǫ‖n‖δ (69)

4. Putting (69) and (67) together, it is simple to 
on
lude that

g(πm,σm, Ām)− g(π,σ, Ā) < K3ǫδ
2

(70)

5. Now, if (a) is not 
orre
t then there exists a ω su
h that for any

arbitrary δ there exists a δ−exa
t 
ase su
h that d(G,Gm) > ωδ.
Consider now that ǫ < Kω2/K3 we get from (69) that

Kω2δ2 < g(πm,σm, Ām)− g(π,σ, Ā) < K3ǫδ
2

(71)

whi
h leads to Kω2/K3ω
2 < ǫ and 
ontradi
ts to the 
hoi
e of ǫ.

Thus, (a) holds.

6. Relations (69) and (67) imply

f − f
min

< Kǫδ2 (72)

7. Similar to step 1 if ‖{s̃(t)− s̃m(t)}‖∞ = d, then one 
an 
on
lude that

f − f
min

> K4d
2

(73)

8. Finally for any ω and su�
iently small δ, the relation ‖{s̃(t)−s̃m(t)}‖∞ <
ωδ must hold otherwise (72) and (73) will 
ontradi
t again for small


hoi
e of ǫ and δ. Then, δ3 < ‖{s̃(t)− s̃m(t)}‖∞ proves the result.
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11 Appendix: Proof of Theorem 8

For part (a), it is easy to plug (38) in Theorem 6 and 
he
k by dire
t


al
ulation that (34) ensures optimality of the true parameters,

For (b), sin
e {θk, {sk(t)}} is 
onsistent the optimization

min
{z(t)}

∑

t

‖z(t)‖22
s.t.

∑

t

|zH(t)a(θ)|22 ≤ 1 aH(θk)z(t) = γk(t) =
sk(t)

√

∑

t

|sk(t)|2
(74)

is feasible and has solution z′. It is simple to see that from the KKT theorem

z′ 
an be written as

z′ =
∑

l

a(θ′l)rlγ
′
l(t) +

∑

k

a(θk)uk (75)

where {θ′l} is the set of all peaks of the spe
trum |aH(θ)z′|, thus in
luding
θk, and rl, uk are suitable dual parameters. This shows that z′(t) is in the

range spa
e of A′

onsisting of a(θ′l) as 
olumns, i.e

z(t) = A′σ′(t) (76)

Furthermore,

aH(θ′l)z
′(t) = γ′l(t)→ A′Hz(t) = γ ′(t) (77)

and

∂
∑

t

|zH(t)a(θ)|22
∂θ

|θ=θ′
l
= 0→

∑

t

ℜ(γ′l(t)dH(θ′l)z(t)) = 0 (78)

It is easy by dire
t 
al
ulation to show that (76),(77) and (78) may only

hold if σ′
is equal to σ0 in (35) if A and γ are repla
ed by their primed


ounterparts and the resulting δ is zero. Then, similar to part (a), the op-

timality 
ondition dire
tly leads to (37) whi
h establishes pure 
onsisten
y

for {θ′l, {sl(t) = γ′l(t)}}.
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12 Appendix: Proof of Theorem 9

a) By de�nition, λb 
an be written as

λb = min{λ | ∀θ ∑
t

∣
∣
∣
∣
aH(θ)

(

n(t)−∑
l

(alσl(t) + dlγl(t)πl))

)∣
∣
∣
∣

2

≤ λ2}

= min
⋂

θ

{λ |
∑

t

∣
∣
∣
∣
∣
aH(θ)

(

n(t)−
∑

l

(alσl(t) + dlγl(t)πl))

)∣
∣
∣
∣
∣

2

≤ λ2}
︸ ︷︷ ︸

Sθ

(79)

Note that the term alσl(t) + dlγl(t)πl) is linear in λ. Thus, Sθ = {λ |
Pθ(λ) ≤ 0} where Pθ(λ) is a quadrati
 fun
tion of λ. Note that if the 
ase
is purely 
onsistent the leading term in Pθ 
an be shown by 
al
ulation to

be negative. Furthermore Pθ(0) > 0. Thus, Pθ has exa
tly one positive root

Λ(θ), given by (40), and Sθ = [Λ(θ) ∞), leading to

λb = min
⋂

θ

[Λ(θ) ∞) = min[max
θ

Λ(θ) ∞) = max
θ

Λ(θ) (80)

b) The result follows from dire
t 
al
ulation and noting that the expres-

sion E(n(t)λb(n(t))) is zero. To see this follow the following steps

1. Note that λb = λb({n(t)}) is a 
oni
 fun
tion of the noise, i.e. the

expression λb({αn(t)}) equals |α|λb({n(t)}).

2. Then,

E(n(t) | λb) = λbE(n(t) | λb = 1) (81)

3. Note that E(n(t) | λb = 1) = 0, sin
e

0 = E(n(t)) = Eλb
(E(n(t) | λb)) = E(n(t) | λb = 1)E(λb) (82)

4. Finally,

E(n(t)λb) = Eλb
(λbE(n(t) | λb)) = E(n(t) | λb = 1)E(λ2b) = 0 (83)
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A Novel Sparsity-Based Approa
h to Re
ursive

Estimation of Dynami
 Parameter Sets

A. Panahi, M. Viberg

Abstra
t

We 
onsider the problem of estimating a variable number of pa-

rameters with a dynami
 nature. A familiar example is �nding

the position of moving targets using sensor array observations.

The problem is 
hallenging in 
ases where either the observa-

tions are not reliable or the parameters evolve rapidly. Inspired

by the sparsity based te
hniques, we introdu
e a novel Bayesian

model for the problems of interest and study its asso
iated re
ur-

sive Bayesian �lter. We propose an algorithm approximating the

Bayesian �lter, maintaining a reasonable amount of 
al
ulations.

We 
ompare by numeri
al evaluation the resulting te
hnique to

state-of-the-art algorithms in di�erent s
enarios. In a s
enario

with a low SNR, the proposed method outperforms other 
om-

plex te
hniques.

1 Introdu
tion

Estimating a dynami
 set of parameters is a highly useful and wide area of

resear
h, with a long and fruitful history [1℄. Indeed, noti
ing the ever in-


reasing appli
ation of the Kalman �lter and its variants to many newly de-

veloped te
hnologies is enough to understand the importan
e of this topi
.

In this 
ontext, the quest for modi�ed te
hniques usually 
on
erns 
ases

where either the 
urrently existing methods fail to meet the 
omputational

limitations, or result in an insu�
ient pre
ision. The latter may also be ei-

ther due to an in
onsistent model, on whi
h the te
hnique is based, or simply

be
ause of improper approximations. From this perspe
tive, one �nds 
er-

tain estimation problems, for example the ones 
on
erning data generated

by a sensor array, more 
hallenging. The reason is that the asso
iated mod-

els, being 
apable of 
apturing the desired properties of the parameters, are

so 
ompli
ated that standard design methods by them lead to 
omputa-

tionally intra
table te
hniques. Thus, appealing to proper approximations

is inevitable in those 
ases. This paper addresses these problems and aims

to provide a modi�ed approximate estimation te
hnique. The emphasis here
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is on maintaining a low 
omputational 
omplexity, while maintaining the

statisti
al properties of the estimates.

The 
entral idea in estimating a time varying parameter is that a pa-

rameter following a well-stru
tured temporal model has lo
ally 
orrelated

samples. Thus, they 
an be fused to improve the quality of estimation for

a spe
i�
 sample. This is parti
ularly known as parameter �ltering [2℄.

The basi
 ideas of �ltering 
an be easily observed in the pioneering studies

of Wiener, initiating the �eld of adaptive �ltering [3℄. Later, the seminal

work of Kalman framed adaptive �ltering into a rigorous statisti
al 
ontext,

and showed a 
ase, where statisti
ally e�
ient estimates 
ould be exa
tly


al
ulated by a re
ursive method [4℄. Soon after Kalman, Ho and Lee gen-

eralized this idea to the so 
alled Markov Chain (MC) models, 
omprising

of parameter evolution and measurement models [5℄. Their solution is gen-

erally 
alled Re
ursive Bayesian Filtering (RBF). The main advantage of

the RBF is that it is highly adaptive to di�erent appli
ation spe
i�
ations,

in
luding a non-stationary behavior [6℄. However, it requires storing and

integrating posterior densities. Approximate te
hniques su
h as the Ex-

tended Kalman Filter (EKF) [7,8℄ and Uns
ented Kalman Filter (UKF) [9℄

are 
ommonly used to perform this. Due to their lo
al nature, they perform

poorly, when multi-modal distributions are 
onsidered. The advent of sta-

tisti
al sampling and Monte Carlo methods provided an alternative method

of implementing re
ursive Bayesian �lters, by the so 
alled Markov Chain

Monte Carlo (MCMC) method. The resulting �lter is generally known as

the parti
le �lter [10�12℄.

The di�
ulty arises in applying the above to problems su
h as radar

dete
tion, where the data is generated by a sensor array. This is due to

multiple reasons, dis
ussed in the sequel. The �rst reason is that a MC

model is not dire
tly appli
able. To elaborate on this, note that the 
orre-

sponding measurement model for data generated by a sensor array 
onsists

of two distin
t set of parameters, known as amplitude and position parame-

ters. In many appli
ations, the amplitudes evolve rapidly in time, resulting

in highly un
orrelated samples. Thus, only in the sense of position param-

eters one may per
eive a Bayesian �lter. To remain in the realm of RBF,

it is still ne
essary to handle the amplitudes in a Bayesian manner. The

se
ond reason is that the observation model of the appli
ations of interest is

nonlinear, and estimation through them usually leads to the lo
al minima

problem. In the same manner, nonlinearity results in posterior multimodal-

ity, whi
h not only 
ompli
ates estimation, but also makes the posterior


al
ulation di�
ult. The third reason is related to the fa
t that the time

evolution model of the position parameters 
on
erns varying order. Take

the radar example. In the 
ourse of observation, it is per
eivable that some
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targets may be introdu
ed or removed from the observation s
ene. In a

more elaborate model, a single target may spawn multiple future targets.

A MC model 
apturing the dynami
s of su
h a system is 
omplex and its


orresponding sequential Bayesian �lter 
an only be derived in an abstra
t

form. To redu
e the 
omputational 
ost without introdu
ing too mu
h er-

ror, this �lter needs to be approximately parametrized. This is generally a


hallenging task.

1.1 Literature Survey

Due to the above, one may �nd di�erent approa
hes in the literature to

re
ursive �ltering of the sensor array data. A

ording to di�erent repre-

sentations of the problem of interest, these methods are developed under

di�erent names. More spe
i�
ally, the parametri
 (Kalman �lter-based),

spe
tral-based and subspa
e-based representations give rise to �ltering te
h-

niques under similar titles. Some spe
tral based te
hniques 
an be found,

e.g in [13�15℄. The subspa
e tra
king approa
hes have also been re
ently

studied and applied in the literature [16�18℄. The semi-parametri
 sparsity-

based te
hniques are also rapidly emerging in literature under the title of

sparsity tra
king [19�21℄. The �ltering te
hniques 
an be also 
ategorized

from a di�erent perspe
tive. Many studies 
onsider a 
ase where preliminary

parameter estimates are provided, relying only on their 
orresponding data.

This is 
alled target tra
king and is favorable in o

asions, su
h as some

radar dete
tion problems, where only the preliminary estimates are a

essi-

ble for pro
ess [22�24℄. In 
ontrast to target tra
king, the re
ent attempts

to dire
tly use sensor data to perform parameter �ltering is often referred

to as Tra
k-Before-Dete
t (TBD), but this is not a generi
 term [25, 26℄.

The above te
hniques deal with the aforementioned di�
ulties in di�er-

ent ways. The target tra
king and the subspa
e tra
king te
hniques do not

su�er from la
k of amplitude models, while other TBD approa
hes either as-

sume a spe
i�
 amplitude model, depending on the appli
ation or eliminate

them by assuming a Bayesian model and integration [27℄. The amplitude

models usually involve hyper-parameters, for whi
h simple time evolution

models are 
onsidered. The parametri
 formulation is the most pre
ise likeli-

hood based approa
h [27℄, but is numeri
ally sensitive to nonlinearity. The

Joint Probabilisti
 Data Asso
iation (JPDA) and Probabilisti
 MultiHy-

pothesis Tra
ker PMHT [28℄ methods are popular examples of parametri


target tra
king [29,30℄. Instead, the methods leading to spe
tral estimation

su
h as subspa
e-based and sparsity-based te
hniques trade o� pre
ision

in favor of numeri
al stability. Moreover, parti
le �ltering is nowadays a


ommon approa
h to over
ome multi-modality [31℄. Con
erning the issue
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with variable order, many related studies 
onsider a fairly general model,

where the parameters have a �xed probability to survive, disappear or ap-

pear at the next time instant. In the re
ent literature, this is formulated as

a Random Finite Set (RFS) model, also 
onsidered here and referred to as

the standard model [32℄. The RFS based representation not only provides

a formal de�nition of the time evolution model, but also suggests 
ertain

approximation te
hniques. For example the Probability Hypothesis Density

(PHD) �lter provides a method to over
ome the so-
alled data asso
iation

problem in target tra
king through approximating the RFS-based posteri-

ors by a Poisson pro
ess [33℄. The data asso
iation problem is due to the

fa
t that the preliminary estimates are not generally labeled by their 
or-

responding true parameter. More elaborate examples of su
h 
an be found

in [34, 35℄.

1.2 Motivation

In the problems of interest herein, the RBF approa
h needs to be approx-

imated and the performan
e of all the te
hniques in the prequel is limited

by the pre
ision of their underlying approximation. From this perspe
tive,

these te
hniques 
an be divided into three groups: The lo
ality based ap-

proa
hes su
h as EKF and UKF, the ones based on sto
hasti
 sampling, i.e.

parti
le �lters, and other model-based approximations su
h as the ones in

the PHD �ltering. The latter is normally based on minimizing the Kullba
k-

Leibler (KL) distan
e between the resulting posteriors and a parametrized

model set, whi
h is appli
able only if the minimization has a tra
table solu-

tion. Clearly, the 
hoi
e of approximation depends on the type of �lter. For

example, a lo
ality based approximation is not appropriate for parametri


�ltering, where multiple lo
al minima are present. In general, parti
le �lters

are always appli
able, but need a higher 
omputational e�ort (number of

parti
les) than the other te
hniques to provide the desired pre
ision. The

pre
ision of the methods su
h as the PHD �lter depends on how well the

approximate model �ts to the exa
t one. Pra
ti
ally speaking, this restri
ts

su
h methods to a high SNR or a slowly varying 
ase. Moreover, the target

tra
king performan
e is also dependent on the quality of the preliminary

estimates, whi
h 
onsiderably limits the SNR range of appli
ation for these

te
hniques.

In this paper, we study a di�erent opportunity provided by the �nd-

ings in the �eld of sparsity-based estimation, espe
ially the Least Absolute

Shrinkage and Sele
tion Operator (LASSO) [36�38℄. Re
ently, the inspiring

work of Stoi
a et al in [38, 39℄ has provided an important Bayesian insight

into this approa
h, whi
h we slightly modify here to �t the RFS framework.
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Using this model for observation and 
onsidering the standard RFS based

time evolution model, we investigate on the resulting RBF. The RBF is

again intra
table and needs approximation. On the other hand, it is ob-

served that the 
onvexity of LASSO yields to unimodality of the posterior

distributions. Thus, it is favorable to use lo
al approximations, similar to

EKF. We develop a lo
al expansion te
hnique performed on the abstra
t

spa
e of �nite sets and apply it to the proposed RFS, leading to a tra
table

�lter.

1.3 Mathemati
al Notation

In this paper, R, R+ and C refer to the set of real, non-negative real and


omplex numbers, respe
tively. The notation Tr(. ) denotes the tra
e oper-
ator and |.| shows either the absolute (in the 
ase of a numeri
al argument),

or the 
ardinality (in the 
ase of a set argument) of the argument. More-

over, (. )+ denotes the positive part of its real argument. We also de�ne an

assignment R between �nite sets A and B as a subset of A × B satisfying

the following 
onditions

• ∀(a1, b1) ∈ R, (a2, b2) ∈ R; a1 = a2 → b1 = b2

• ∀(a1, b1) ∈ R, (a2, b2) ∈ R; b1 = b2 → a1 = a2

Moreover, we de�ne the domain sets of R as the elements in A and B,

in
luded in R, i.e.

• d1(R) = {a ∈ A | ∃b ∈ B, (a, b) ∈ R}

• d2(R) = {b ∈ B | ∃a ∈ A, (a, b) ∈ R}

Throughout the paper, + and − subs
ripts or supers
ripts denote param-

eter values right after and before an observation, respe
tively. The primed

parameters are usually related to the ones at a previous time instant. The

notation p(. ) denotes the probability density fun
tion (pdf) of its argument

and Q(. , . ) represents the transitional probability between 
onse
utive sam-

ples.

2 Problem Formulation

2.1 Observation Model

Consider a 
ompa
t subset Θ ⊂ R and a smooth basis manifold a : Θ→ Cm
.

Further, 
onsider a ve
tor data set {x(t) ∈ Cm}∞t=1, observed through the
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following model:

x(t) =

nt∑

k=1

a(θk(t))sk(t) + n(t) (1)

where t is the time index, the sets {θk(t) ∈ Θ} and {sk(t) ∈ C} are 
alled
position and amplitude parameters, respe
tively and {n(t)} denotes the

additive noise, assumed to be a 
entered Gaussian, white and stationary

pro
ess, with 
ovarian
e matrix σ2I . Noti
e that nt, the number of param-

eters involved in modeling x(t), also known as order, 
an be variable in time

and is seldom a priorly known. The aim is mainly to estimate nt and the po-

sition parameters ({θk(t)}), sin
e they often 
arry the desired information.

However, sin
e the model in (1) is linear in the amplitude parameters, on
e

the position parameters are repla
ed by their estimates, a standard linear

estimator su
h as Ordinary Least Squares (OLS) may be used to estimate

the amplitudes. The problem of estimating nt is often 
alled model order

sele
tion.

More formally, the observation model in (1) 
an be written as

p(x(t) | St) =
1

(πσ2)m
e−

‖x(t)−
nt
∑

k=1
a(θk(t))sk(t)‖22

σ2
(2)

where the �nite set St, given by

St = {(θ1(t), s1(t)), (θ2(t), s2(t)), . . . , (θnt(t), snt(t))}. (3)

represents the state. We further assume that the amplitudes sk(t) are dis-

tributed by a 
entered Gaussian pdf with varian
e Ik(t), whi
h we refer to

as intensity. This 
an be formally written as

p(sk | Ik(t)) =
1

πIk(t)
e
−

|sk|2

Ik(t)
(4)

After straightforward manipulations, 
ombining (2) and (4), and integrating

over sk leads to the following likelihood fun
tion in terms of the position

and intensity parameters.

p(x(t) | S̄t) =
1

πm det(R(t))
e−xH(t)R−1(t)x(t)

(5)

where

S̄t = {(θ1(t), I1(t)), (θ2(t), I2(t)), . . . , (θnt(t), Int(t))} (6)

is a new state representation, here 
alled the hyper-state, and

R(t) = R(S̄t) = σ2I+
nt∑

k=1

Ik(t)a(θk(t))aH(θk(t)) (7)
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The re
ent �ndings [39℄ in the �eld of sparsity-based estimation suggest to

substitute the determinant term with an exponential fun
tion to obtain

p(x(t) | S̄t) ∝ e
−xH(t)R−1(t)x(t)−λ0

∑

k

Ik
(8)

where λ0 is related to the average number of parameters, and pra
ti
ally

treated as a design parameter. Considered in this work, the model in (8)

leads to a 
onvex ML estimator, known as SParse Iterative Covarian
e-based

Estimation (SPICE). Moreover, the 
onvexity of the negative log-likelihood

leads to unimodality of the posterior distributions.

2.2 Time Evolution Model

For the appli
ations of interest herein, it is not suitable to 
onsider an

evolution model for the state St. Instead, a motion model for the hyperstate

S̄t is 
onsidered. The motion model is a Markov 
hain, represented by the

transitional probability density Q(S̄, S̄ ′) = p(S̄t+1 = S̄ | S̄t = S̄ ′). It

assigns to any pair of �nite sets (S̄, S̄ ′) a value, quantifying the likelihood

of S̄ ′
being followed by S̄. Note that we 
onsider a temporally 
onstant

transition fun
tion Q, 
orresponding to a stationary Markov Chain (MC).

Then, the joint p.d.f. of the sequen
e of state sets over an arbitrary window

{t1, t1 + 1, . . . , t2} of time is given by

p(S̄t1 , S̄t1+1, S̄t1+2 . . . , S̄t2) =

pt1(S̄t1)Q(S̄t1+1, S̄t1)Q(S̄t1+2, S̄t1+1) . . . Q(S̄t2 , S̄t2−1) (9)

where pt1(S̄t1) denotes the marginal state distribution at the initial time

t1. We fo
us on a spe
i�
 transition probability, asso
iated with a 
ase,

where the elements of St may �rst independently disappear with a small

probability α. Then, the surviving elements may be modi�ed by s
alar

models p0(θt+1 = θ | θt = θ′) , p1(It+1 = I | It = I ′), and �nally some new

independent elements may be added a

ording to a Poisson pro
ess with

the hypothesis density fun
tion δ(θ, I). This means that a new parameter

may independently appear in a small neighborhood N of a point (θ, I) with
probability δ(θ, I)d(N ), where d(N ) is the volume (Lebesgue measure) of

N . Note that

δ =

∫

Θ×R+

δ(θ, I)dθdI <∞. (10)
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is the average rate of parameter birth, here assumed to be small. Then, the

transition probability Q(S̄, S̄ ′) is given by

Q(S̄t+1 = S̄, S̄t = S̄ ′) = e−δ
∑

R∈T (S̄,S̄′)

α|S̄′|−|R|(1− α)|R|
∏

(θ,I,θ′,I′)∈R

p0(θ | θ′)p1(I | I ′)
∏

θ/∈d1(R)

δ(θ) (11)

where ea
h summand is de�ned by an assignment R between the elements

of S̄ and the elements of S̄ ′
. Note that |S̄ ′| − |R| is the number of removed

parameters from S̄ ′
, and the set θ /∈ d1(R) 
ontains the newly introdu
ed

parameters in S̄. Hen
e, the three produ
t terms in the summand eval-

uate the probabilities of survival, alteration and birth, respe
tively and

a

ording to the assignment R. The question of interest herein is to pro-

vide a �lter, estimating the set S̄t at ea
h time t based on the observations

x(1),x(2), . . . ,x(t), the observation model in (8) and the MC motion model

given by the transition probability in (11).

3 Re
ursive Bayesian Filtering

The model in (9) enables us to solve exa
tly the desired estimation problem

in a re
ursive way. Denoting X(t) = [x(1),x(2), . . . ,x(t)], we observe that

the best estimate, in the Maximum A Posterior (MAP) density, for S̄t based

on the observations up to time t, i.e. X(t)
is given by maximizing the


onditional likelihood p(S̄t | X(t)). The spe
ial form of the MC model in (9)

allows to re
ursively 
al
ulate p(S̄t | X(t)) by applying the Bayes rule:

p(S̄t | X(t)) =
p(S̄t,x(t) | X(t−1))

p(x(t) | X(t−1))
=

p(x(t) | S̄t)p(S̄t | X(t−1))
∫

S

p(x(t) | S̄t = S̄)p(S̄t = S̄ | X(t−1))dS̄
(12)

where S denotes the entire spa
e of the hyper-states, dis
ussed in Appendix

6, and

p(S̄t | X(t−1)) =

∫

S

Q(S̄t, S̄t−1 = S̄)p(S̄t−1 = S̄ | X(t−1))dS̄ (13)

The resulting re
ursion is simple: Given the 
onditional distribution p(S̄t−1 |
X(t−1)) at time instant t − 1, 
al
ulate the predi
tion distribution p(S̄t |
X(t−1)) by (13). Then, use (12) to update the 
onditional distribution to

p(S̄t | X(t)). As seen, the denominator in (12) is independent of S̄t. Thus, it
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an be repla
ed by any other s
aling fa
tor, without a�e
ting the �nal result

of MAP estimation, simplifying the 
al
ulations. This is 
alled re
ursive

Bayesian �ltering.

The di�
ulty in the above method is to store the 
onditional distribution

and 
al
ulate the integral in (13). Our method here is to 
onsider the

following family of approximate distributions, parametrized by an arbitrary

symmetri
 positive semide�nite matrix R̂ and an arbitrary positive weight

fun
tion λ : Θ→ R+ as follows

p(S̄; R̂, λ) = exp−Tr(R̂R−1)−
∑

(θ,I)∈S̄

λ(θ)I (14)

where

R = R(S̄) = σ2I+
∑

(θ,I)∈S̄

Ia(θ)aH(θ) (15)

We approximate the posteriors by sele
ting the 
losest distribution in the

KL sense in this family. We denote the parameters of the 
losest distribution

to p(S̄t | X(t−1)) and p(S̄t | X(t)) by (R̂−
t , λ

−
t ) and (R̂+

t , λ
+
t ), respe
tively.

The distribution in (14) is ne
essarily unimodal. Moreover, when R̂

and λ are large, it is highly 
on
entrated around its global maximal point,


alled the Maximum A Posterior (MAP) hyper-state estimate. When the

updated distribution p(S̄t | X(t)) is 
onsidered, the resulting MAP estimate

is the �lter output (the desired estimate). When, p(S̄t | X(t−1)) is instead


onsidered, the MAP estimate is 
alled the predi
ted hyper state.

3.1 Cal
ulating the MAP Hyper-State Estimate

One of the advantages with the above 
hoi
e of approximate distribution

is that it simpli�es 
al
ulating the maximum a posterior estimate. When

the posterior p(S̄t | X(t)) is 
al
ulated and approximated by parameters

(R̂+
t , λ

+
t ), the hyper-state MAP estimate is 
al
ulated by

ˆ̄St = argmax
S̄∈S

p(S̄t | R̂+
t , λ

+
t ) (16)

Similarly, the MAP predi
ted hyper-state is de�ned by

ˆ̄S−
t = argmax

S̄∈S
p(S̄t | R̂−

t , λ
−
t ) (17)
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Both optimizations in (17) and (16) yield to

ˆ̄St = argmin
S̄∈S

Tr





(

σ2I+
∑

(θ,I)∈S̄

Ia(θ)aH(θ)

)−1

R̂±
t



+
∑

(θ,I)∈S̄

Iλ±t (θ)

(18)

where the plus and negative sign is for (16) and (17), respe
tively. The

optimization in (18) is a type of sparsity-based estimator and 
an be solved

fast and pre
isely, with the so 
alled weighted SPICE te
hnique. First, a

�ne grid {θ̃1, θ̃2, . . . , θ̃N} over Θ is 
onsidered. Then, the following 
on-

vex optimization is solved and the non-zero elements are sele
ted as the

estimates.

min
(Ĩ1,Ĩ2,...,ĨN )≥0

Tr

[(

σ2I+
N∑

k=1

Ĩka(θ̃k)aH(θ̃k)

)−1

R̂±
t

]

+
N∑

k=1

Ĩkλ±t (θ̃k)

(19)

The optimization in (19) 
an be solved either by the o�-the-shelf te
hniques,

su
h as the CVX toolbox, or by the spe
i�
 te
hnique explained in [38℄.

3.2 Update Step

Assume that at a 
ertain time instant t, the posterior p(S̄t | X(t−1)) is

approximated by parameters (R̂−
t , λ

−
t ). On
e the ve
tor x(t) is observed,

the posterior is 
hanged a

ording to (12), whi
h using (8), results in

p(S̄t | X(t)) ∝

e
−xH (t)R−1(t)x(t)−Tr(R̂−

t R−1(t))−
∑

(θ,I)∈S̄t

(λ−
t (θ)I+λ0I)

=

exp
{

−Tr
[

R−1(t)
(

R̂−
t + x(t)xH(t)

)]

− ∑

(θ,I)∈S̄t

(λ−t (θ) + λ0)I
}

(20)

We obtain that

R̂+
t = R̂−

t + x(t)xH(t)

λ+t (θ) = λ−t (θ) + λ0 (21)
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3.3 Predi
tion Step Approximation

Now, 
onsider o

asions where the posterior p(S̄t+1 | X(t)) is to be 
al
ulated

by (13). Assume that the posterior p(S̄t | X(t)) is approximated by the pa-

rameters R̂+
t and λ+t , and that these parameters are large enough, su
h that

the 
orresponding posterior is highly 
on
entrated around the �lter output

ˆ̄St. In this 
ase and a

ording to Appendix 7, S̄t is a result of perturbing

the parameters of the MAP hyper-state estimate with a Gaussian pertur-

bation, followed by adding extra elements (θfk , Ifk ), distributed by a Poisson

distribution. For simpli
ity, let us denote

ˆ̄St = {(θ1, I1), . . . , (θn, In)} and
denote by ∆θk and ∆Ik the perturbations in θk and Ik, respe
tively. Then,
a

ording to the extended Lapla
e's method, derived in Appendix 7.2, we

may approximate p(S̄t | X(t)) :

∆θk ∼ N (0, G−1
k ), ∆Ik ∼ N (0, H−1

k )

{(θfk , Ifk )} ∼ Poisson(ω(θ, I)) (22)

where

Gk =
∂2
Tr(R̂+

t R−1)

∂θ2
k

, Hk =
∂2
Tr(R̂+

t R−1)

∂I2
k

ω(θ, I) = exp
(

a(θ)HR−1
+ (t)R̂+

t R−1
+ (t)a(θ)I

1+a(θ)HR
−1
+ (t)a(θ)I

− λ+t (θ)I
)

(23)

Simple 
al
ulations show that after applying time evolution by (13), the

approximation in (22) still holds, but the parameters Gk, Hk and ω(θ, I)
are updated (See [33℄ for the Poisson Pro
ess under time evolution) to

G′
k = Gk

1+σ2
θ
Gk
, H ′

k =
Hk

1+σ2
IHk

ω′(θ, I) = (1− α)
∫

Θ×R+

ω(θ′, I ′)p0(θ | θ′)p1(I | I ′)dθdI +

δ(θ, I) (24)

respe
tively, where σ2
θ and σ2

I are the perturbation varian
e, asso
iated

with the time evolution models p0 and p1, given by Var(θt | θt = θk) and
Var(It | It = Ik) respe
tively. This represents the posterior distribution

after time evolution. Now, we proje
t this distribution on the desired spa
e

of parametrized distributions by R̂ and λ. We perform this by taking the

minimum KL distan
e. Although the pro
ess is generally intra
table, as-

suming that time evolution is small, i.e. the hyper-state does not 
hange

fast, the pro
ess 
an be easily performed by perturbation theory. Appendix

8, establishes this relation. Here, we 
onsider the �nal result, where lim-

ited 
omputational 
omplexity is also 
onsidered. The simpli�ed predi
tion
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steps 
an be represented by

R̂−
t+1 =

∑

k

1

1+σ2
θ
Gk

+
∑

k

1

1+σ2
I
Hk

2n
R̂+

t

λ−t+1(θ) =
[
λ+t (θ)−

δ1(θ)
2

(λ(θ)− aH(θ)R−1
+ (t)R̂+

t R
−1
+ (t)a(θ))

]

+
(25)

where δ1(θ) =
∫

R+

Iδ(θ, I)dI. The overall proposed algorithm is summarized

in Algorithm 4.

Algorithm 4 The proposed algorithm.

Require: A positive de�nite matrix C and a positive fun
tion δ1(θ).

Initialize by a symmetri
 positive de�nite matrix R̂−
1 and a positive fun
-

tion λ−1 (θ).

Set t = 1.
repeat

Observe x(t) and 
al
ulate R̂+
t and λ+t from (21).

Cal
ulate Ŝt by solving its 
orresponding SPICE optimization in (19)

and sele
ting nonzero elements. Cal
ulate R+(t) = R(Ŝt).
Cal
ulate R̂−

t+1 and λ
−
t+1 from (25).

Set t← t + 1.
until Required.

4 Numeri
al Results and Comparison to Re-

lated Works

In this se
tion, we examine the method developed in Se
tion 3 in a number

of sele
ted s
enarios and 
ompare the results on the syntheti
 data to other

�ltering te
hnique. We 
onsider the problem of Dire
tion of Arrival (DOA)

estimation with a Uniform Linear Array (ULA), where the position param-

eter is the dire
tion (angle) of an ele
tromagneti
 sour
e and the amplitude

is the 
omplex envelope of the ele
tromagneti
 wave transmitted by it and

the observation ve
tor is the signal measured at a ULA of m = 20 sensors.

The DOA is often reparametrized for simpli
ity, introdu
ing the ele
tri
al

angle, whi
h we utilize here. Then, (1) holds with

a(θ) = [1 ejθ e2jθ . . . e(m−1)jθ] (26)

where θ ∈ Θ = [−π π] is the ele
tri
al angle.
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In all simulations, we use a Gaussian MC model for parameter evolution,

i.e.

p0(θ | θ′) =
1

√

2πσ2
θ

e
− (θ−θ′)2

2σ2
θ

(27)

and

p1(I | I ′) =
1

√

2πσ2
I

e
− (I−I′)2

2σ2
I

(28)

We also perform the 
al
ulations over the spe
tra (e.g. λ(θ)) in the

re
ursive algorithms of interest, by taking a uniform grid Θ̃ over Θ with

minimum separation 0.01. This results in 629 grid points. The average

false alarm power δ1(θ) is also sele
ted uniformly over Θ, i.e. δ(θ) = δ.

4.1 Related Studies

In the literature, there is a number of di�erent studied approa
hes, appli-


able to the problem of interest herein. We brie�y review some of the more

popular ones, 
onsidered her for 
omparison.

Sliding Window Te
hniques

In the simplest 
ase, a temporal window is 
onsidered, whi
h is generally

de�ned by a window fun
tion wτ for τ = 0, 1, . . .. At a given time t, the

following optimization is solved

(θ̂1(t), θ̂2(t), . . . , θ̂n(t)) = arg min
θ1,θ2,...,θn

min
s1(t),s2(t),...,sn(t)

T∑

τ=1

wτ

∥
∥
∥
∥
x(t− τ)−

n∑

k=1

a(θk)sk(t− τ)
∥
∥
∥
∥

2

2

(29)

Then, the position parameters θ̂k(t) of the global minimum point is the

�lter output. Noti
e that the summation in the 
ost of (29) is over time,

but the parameters θk are not time dependent. The motivation for (29)

is that the error in assuming 
onstant position parameters 
an be approxi-

mately modeled by the in
rease in the noise varian
e with the fa
tors {w∆t}.
Optimizing (29) is equivalent to solving the ML estimator for su
h an ap-

proximate model. Also, note that the order n is �xed. In pra
ti
e, where

the order is typi
ally unknown and variable, (29) is solved for a variety of

orders. This 
an be e�
iently done, e.g. by the RELAX te
hnique [40℄.

Denoting by Vn the optimal value of (29), the order and its 
orresponding

solution is sele
ted by a rule over the 
olle
tion {Vn}, generally 
alled in-

formation 
riterion. We 
onsider a popular 
hoi
e of information 
riterion,
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given by minimizing

min
n
Vn + kn (30)

where k is a design parameter. The 
hoi
e of k for asymptoti
 
ases and

other information 
riteria are dis
ussed in [41℄. When w∆t = δ0,∆t, i.e it

is non zero, only when ∆ = 0, the optimization in (29) simpli�es to the

exa
t ML estimator based on the observation model. We refer to this as

the "instantaneous" estimator.

The inner optimization in (29) 
an be solved analyti
ally to obtain

(θ̂1, θ̂2, . . . , θ̂n) = arg max
θ1,θ2,...,θn

Tr

(

R̂tPA(θ1,...,θn)

)

(31)

where R̂t =
t∑

∆t=1

w∆tx(t − ∆t)xH(t − ∆t) is the windowed sample 
orre-

lation matrix, A(θ1, . . . , θn) = [a(θ1), . . . , a(θn)] = A and PA(θ1,...,θn) =
A(AHA)−1AH

is the proje
tion matrix into the range spa
e of A, also

known as the signal spa
e. Solving (31) is still di�
ult, but the following

approximate te
hnique 
an be used: First, the 
losest proje
tion matrix P̂T

to R̂T in the Frobenius distan
e is found as

P̂T = Un,TU
H
n,T (32)

where Un,T is the 
olle
tion of the eigenve
tors related to the n largest

eigenvalues of R̂T . Then, the 
losest bases a(θ) to the range spa
e of P̂T

is sele
ted by taking the lo
al minima of the spe
trum uT (θ) = ‖a(θ) −
P̂Ta(θ)‖22. This te
hnique is 
alled MUltiple SIgnal Classi�
ation (MUSIC).

Target Tra
king Te
hniques

From one perspe
tive, the target tra
king te
hniques are to enhan
e the

quality of estimates provided by other methods, su
h as the instantaneous

estimates. Suppose that an instantaneous estimator is utilized to obtain

a preliminary set of estimates Zt = {θ̂1(t), θ̂2(t), . . . , θ̂n̂t(t)}. Then, the

estimates 
an be related to Xt through the analysis of the instantaneous

estimator, leading to a 
onditional pdf p(Zt | Xt). As seen, the resulting

model is again RFS based. Most often, the following approximate relation,

very similar to the evolution model in (11) is 
onsidered.

p(Zt | Xt) = e−µ
∑

R∈T (Zt,Xt)

β |R|(1− β)|Xt|−|R|
∏

(θ̂,θ)∈R

p1(θ̂ | θ)
∏

θ/∈d1(R)

µ(θ) (33)

where β is the probability of dete
tion of a parameter, p1(θ̂ | θ) is the

distribution of an estimates θ̂, 
orresponding to the true parameter θ, and
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µ(θ) is the hypothesis density for the false alarm (false dete
tion) pro
ess,

assumed to be a Poisson pro
ess. Note that

µ =

∫

Θ

µ(θ)dθ <∞ (34)

is the average false alarm rate. Given (11) and (33), we may use (12) and

(13) to obtain a re
ursive �lter, 
alled target tra
king �lter. The exa
t

result is generally numeri
ally intra
table. To maintain a limited amount

of 
al
ulations in the 
ourse of target tra
king, the method of Probability

Hypothesis Density (PHD) [33℄ approximates the resulting posterior distri-

butions by the Poisson pro
ess, leading to the following steps: Denoting by

D+
t and D−

t , the PHDs for the updated and predi
ted posteriors, respe
-

tively, the predi
tion in (13) is exa
tly resolved to give

D+
t (θ) = α

∫

Θ

p0(θ | θ′)D−
t−1(θ

′)dθ′ + δ(θ) (35)

and the 
losest approximation in the Kullba
k-Leibler sense to the result of

the 
al
ulations in (12) is found to be

D−
t (θ) = (1− β)D+

t (θ) +
∑

θ̂∈Zt

βp1(θ̂ | θ)D+
t (θ)

β
∫

Θ

p1(θ̂ | θ)D+
t (θ)dθ + µ(θ̂)

(36)

The �nal estimates are given by lo
al maxima of D−
t (θ).

Subspa
e-Based Te
hniques

Another type of re
ursive �lters is introdu
ed, based on the subspa
e te
h-

niques su
h as the previously introdu
ed MUSIC method. The idea is to

repla
e Xt = {θk(t)} by the subspa
e X, spanned by the bases {a(θk(t))}.
The subspa
e is represented by a proje
tion matrix P(t). An e�e
tive way

to estimate P(t), also 
onsidered here is to solve

P(t) = argmin
P
‖x(t)−Px(t)‖22 + α‖P−P(t− 1)‖2F (37)

where P(t−1) is the estimate at the previous time instant and α is a design

parameter. On
e P(t) is 
al
ulated, the parameter estimates are obtained

by the MUSIC te
hnique. Note that this te
hnique is loosely tied to the

statisti
al model, stated in Se
tion 2, though it enjoys a remarkably low


omputational 
omplexity.
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4.2 Numeri
al Results

Now, we 
onsider the introdu
ed te
hniques and the proposed one in some

s
enarios. For the PHD observation model, we also 
hoose

p(θ̂ | θ) = 1
√

2πσ2
e

e
− (θ̂−θ)2

2σ2
e

(38)

where we treat σe as a tuning parameter. The instantaneous estimator for

the target tra
king te
hnique is RELAX with the information 
riterion in

(30) and k = 3.

Two Crossing Targets

In this setup, two moving sour
es (θ1, (t), θ2(t)) were 
onsidered. They

moved a

ording to the equations θ1 = −π/2+0.01πt and θ2 = π/2−0.01πt
for t = 1, 2, . . . , T = 100. Their 
orresponding amplitudes were randomly

generated by the standard Gaussian distribution. The noisy observations

were obtained by adding 
entered, un
orrelated Gaussian noise to the ob-

servations, with varian
e 0.25, providing SNR≈ 6dB.
The proposed te
hnique was applied by λ = 2 and σ = 0.5, together with

the time evolution parameters δ1(θ) = 0.1 and σθ = σI = 0.03. We also


onsidered instantaneous estimation by RELAX and enhan
ed the results

by PHD �ltering. For the latter 
ase, the parameters β = 0.99, α = 0.01,
δ(θ) = 10−4

, µ = 0.04 and σe = 0.01 are sele
ted. Moreover, the subspa
e

te
hnique in (37) is used with α = 2, adjusted for the best result.

In terms of missed dete
tion, false alarm and error, �gures 1, 2 and 3

depi
t the average quality of the resulting estimates over time, respe
tively.

At a spe
i�
 time, the number of false alarms, and missed dete
tions are

simply 
al
ulated as the number of ex
eeding or la
king parameters, namely

(n̂t − nt)+ and (nt − n̂t)+, respe
tively. The error is 
al
ulated by adding

the square error over the best assignment between estimates and the true

parameters.

As seen, the instantaneous RELAX estimator typi
ally has a high false

alarm rate. The PHD �lter substantially improve both the false alarm, and

the error properties of the RELAX method, but in
reases the missed dete
-

tion rate. Changing the parameters of the PHD �lter modi�es the trade o�

between false alarm and missed dete
tion, but may not improve both. On

the other hand, the proposed te
hnique has improved miss-dete
tion prop-

erties, but slightly in
reases the error level. This is due to the mismat
h

between the exa
t model in (1) and the applied one in (8), whi
h is well

known to result in biased estimates. It is 
learly seen that the proposed

te
hnique initially needs about 40 samples to a
hieve its steady behavior,
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Figure 1: Missed dete
tion rate in the deterministi
 
rossing setup, averaged

over 16000 trials.
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Figure 2: False alarm rate in the deterministi
 
rossing setup, averaged over

16000 trials.

but later rapidly adapts itself to a varying environment. This may imply

an improper 
hoi
e of initial parameters. Finally, noti
e that the proposed

te
hnique provides better results at the 
rossing point, suggesting that the

proposed method relies more on the time 
orrelation of parameters. This


an also be seen from the fa
t that in Figure 3, the proposed te
hnique


orresponds to a smoother 
urve than the other te
hniques, showing higher

temporal 
orrelation between the estimates.

Single Target with a Sudden Change

In a di�erent setup, we 
onsidered a single target θ. The target is assumed

to be at rest for the �rst 100 samples, i.e. θ(t) = −π/2 for t = 1, . . . , 100.
Next, it started a linear movement with an impulsive initial position 
hange,

given by θ(t) = 3π/2− 0.01πt for t = 101, . . . , 2000.

The proposed te
hnique was 
ompared to sliding window, with the win-
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Figure 3: Mean square error in the deterministi
 
rossing setup, averaged

over 16000 trials.

dow fun
tion wτ = ητ . This 
hoi
e generally simpli�es the 
al
ulations,

sin
e it leads to a re
ursive evaluation of the matrix R̂t as

R̂t+1 = ηR̂t + x(t)x(t)T (39)

where R̂t is de�ned in (31). It is interesting to see that the overall re
ursive


al
ulation of R̂+
t in the proposed algorithm is similar to (39), when the

forgetting fa
tor is repla
ed by a time-varying parameter. We also used

the SPICE te
hnique to solve (31) or equivalently (29), leading to the same

optimization in (19), when R̂±
t and λ(θ) are repla
ed by R̂t and λ0/(1 −

η), respe
tively. From this perspe
tive, the proposed method is a sliding

window te
hnique with a SPICE estimator, where adaptive forgetting fa
tor

and weights are utilized.

Figures 4, 5, 6 depi
t the average missed dete
tion, false alarm and error

results, respe
tively, where the same parameters as the previous setup and

η = 0.8 were used. In the initial stationary phase, the sliding window te
h-

nique outperforms the proposed one, sin
e the setup �ts the assumptions

of the sliding window. In terms of error, both te
hniques rapidly adapt to

the sudden 
hange, but the sliding window has a longer transient in terms

of false alarm rate.

5 Con
luding Remarks

In this paper, the problem of �ltering a variable number of parameters in

di�
ult s
enarios was dis
ussed. We used a re
ent modi�ed Bayesian model

in [39℄ and related it to a RFS-based evolution model to obtain a 
onsistent

representation for our problem of interest. Next, we approximated the 
or-

responding re
ursive Bayesian �lter to our model, and obtained a tra
table
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Figure 4: Missed Dete
tion rate in the sudden movement setup, averaged

over 16000 trials.
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Figure 5: False alarm rate in the sudden movement setup, averaged over

16000 trials.
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Figure 6: Mean square error in the in the sudden movement setup, averaged

over 16000 trials.

�lter. We simpli�ed the design to avoid heavy 
omputations. This led to

a �lter based on two 
omponents; An approximate data 
ovarian
e matrix,
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and a weight fun
tion, 
ontrolling miss-dete
tion over the spa
e of param-

eters.

As the numeri
al experiments suggest, the te
hnique is more robust

to observation impairments and is more �exible against rapid movements.

Our approa
h exploits, and is highly 
onne
ted to the SPICE te
hnique.

Hen
e, it exhibits similar behavior. For example, it has a relatively short


onvergen
e rate and provides 
onsistent estimates, but the e�e
t of noise

is not symmetri
 on the estimates. Mathemati
ally speaking, the estimates

have a small statisti
al bias, proportional to the noise power. The method

also exhibits a robust behavior in a low SNR regime.

Herein, the emphasis was on simplifying 
al
ulations at ea
h re
ursion by

avoiding di�
ulties with the grid-based spe
tral manipulations and instead


ombining approximate information of di�erent time instants to maintain

performan
e. As observed by simulations, this is favorable in a low SNR


ase, where fusing multiple observations is ne
essary to obtain a reliable

estimate. However, the method might be improved if 
omplexity is not an

immediate 
on
ern and a more 
omplex approximation is desirable. More-

over, the possibility of bootstrapping and the appli
ation of parti
le �lters

should not be ruled out.

6 Appendix: Cal
ulus of Random Finite Sets

6.1 Fun
tional Representation

To perform RBF, we need to 
al
ulate posteriors over �nite sets, involving

integration over RFS densities. Here, we review how this 
an be a

om-

plished. In general, the probability distributions over the set of all �nite

sets 
an be represented by a sequen
e of real fun
tions. For example, the

marginal state distribution pt(S̄t) may be represented by the fun
tion se-

quen
e {q(n)t : Rn × R
n
+ → R+} de�ned by

q
(n)
t (θ1, . . . , θn, I1, . . . , In) = pt1(S̄t = {(θ1, I1), . . . , (θn, In)}) (40)

Note that the fun
tions q
(n)
t are symmetri
 under the permutation of the

pairs (θk, Ik), sin
e the state set is invariant under su
h a transform. More-

over, for a �xed n,
∫

Rn×Rn
+

q
(n)
t (θ1, . . . , θn, I1, . . . , In)dnθdnI = n!× p(nt = n) (41)

The reason is that the left hand side integration hits ea
h set St of order n

exa
tly n! times by di�erent permutations of parameters, but does not hit
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a set St of a di�erent order. In the same manner, the transition probability

Q 
an be expressed by the following sequen
e of fun
tions

q(n,n
′)(θ1, . . . , θn, I1, . . . , In, θ′1, . . . , θ′n′, I ′1, . . . , I ′n′) =

Q(S̄ = {(θk, Ik)}, S̄ ′ = {(θ′k, I ′k)}) (42)

6.2 Integration

In general integration over the set of random �nite sets 
an be explained in

terms of the above fun
tional representation. Consider the marginal distri-

bution over the step of �nite sets S̄t, represented by sequen
e of fun
tions

q
(n)
t and take a fun
tion f(S̄) : S → R. Then, we have that

∫

S

f(S̄)dS̄ =

∞∑

n=0

1

n!

∫

Θn×Rn
+

qn(θ1, . . . , θn, I1, . . . , In)dnθdnI (43)

Noti
e how division by n! 
an
els the aforementioned e�e
t of multiple re
al-


ulation. Other integrations su
h as marginalization in (13) 
an be 
arried

out in a similar manner. For example, suppose that the posterior p(S̄t | X(t))

is represented by fun
tions q
(n)
0 at a 
ertain time t. Then, the integration

in (13) yields to

p(S̄t+1 = {(θk, Ik)} | X(t)) =
∞∑

n′=0

1
n′!

∫

Θn′×Rn′
+

q(n,n
′)qn

′

0 (θ′1, . . . , θ
′
n′ , I ′1, . . . , I ′n′)d

n′

θ′dn
′I ′ (44)

where the similar argument of q(n,n
′)
to (42) is negle
ted.

7 Appendix: RFS Lo
al Approximation

Consider a distribution in the family, given by (14), and suppose that the

parameters R̂ and λ are large. Take

ˆ̄S = {(θ1, I1), . . . , (θn, In)} as the

maximum probability point. Then, a large deviation from

ˆ̄S leads to a


onsiderable probability redu
tion. Thus, we may assume that the deviation

is small. Hen
e, lo
al Taylor expansion 
an be applied. Note that a small

deviation from the set S̄ in
ludes small perturbations leading to a typi
al

hyper-state set

S̄ = {(θk +∆θk, Ik +∆Ik)} ∪ {(θf1 , If1 ), . . . (θfnf
, Ifnf

)} (45)
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where the parameters, indexed with f are additional. Furthermore, the

parameters ∆θk, ∆Ik and Ifk are assumed to be small. The negative log-

density fun
tion is written as

− log p(S̄; R̂, λ) =

Tr

[

R̂

(

σ2I+
∑

k

(Ik +∆Ik)a(θk +∆θk)a
H(θk +∆θk)+

∑

k

Ifka(θfk )aH(θfk)

)−1
]

+

∑

k

λ(θk +∆θk)(Ik +∆Ik) +
∑

k

λ(θfk )Ifk (46)

We may now apply the Taylor expansion.

7.1 Poisson Approximation

Due to the lo
al minimality of

ˆ̄S, it turns out that the e�e
t of ∆θk and

∆Ik vanish up to the �rst order. This means the negative log-distribution


an be written as

− log p(S̄; R̂, λ) =

Tr

[

R̂

(

R0 +
∑

k

Ifka(θfk )aH(θfk)

)−1
]

+

∑

k

λ(θk)(Ik) +
∑

k

λ(θfk )Ifk (47)

where R0 = R( ˆ̄S). Using the matrix inversion lemma and negle
ting the


ross-produ
t terms Ifk Ifl , we obtain

− log p(S̄; R̂, λ) =

− log p( ˆ̄S; R̂, λ) +
∑

k

(

λ(θfk )Ifk −
aH (θf

k
)R−1

0 R̂R−1
0 a(θf

k
)If

k

1+aH(θf
k
)R̂R

−1
0 a(θf

k
)If

k

)

(48)

This shows that up to the �rst order, the behavior of the RFS 
an be

identi�ed by the Poisson pro
ess of additional elements (θfk , Ifk ) with density

w(θ, I) = e
−

(

λ(θ)I−
a
H (θ)R−1

0 R̂R
−1
0 a(θ)I

1+aH (θ)R̂R
−1
0

a(θ)I

)

(49)

7.2 Extended Lapla
e's Method

To 
apture the behavior of ∆θk and ∆Ik, we need to 
onsider the higher

order terms. However, we negle
t the 
ross-produ
t terms in favor of numer-

i
al simpli
ity, and a

ording to the fa
t they are often smaller due to low
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oheren
y in the basis manifold. Then after straightforward 
al
ulations,

we obtain that

− log p(S̄; R̂, λ) =

− log p( ˆ̄S; R̂, λ)−∑
k

logw(θfk , Ifk )−
1
2

∑

k(∆θk)
2Gk + (∆Ik)2Hk (50)

where

Gk = − ∂2

∂θ2
k

Tr

[

R̂

(

σ2I+
∑

k

Ika(θk)aH(θk)

)−1
]

Hk = − ∂2

∂I2
k

Tr

[

R̂

(

σ2I+
∑

k

Ika(θk)aH(θk)

)−1
]

(51)

This implies that ∆θk ∼ N (0, G−1
k ) and ∆Ik ∼ N (0, H−1

k ).

8 Appendix: Perturbative KL-based Proje
-

tion

Suppose that the distribution p(S̄t+1 | X(t)) is 
al
ulated as

p(S̄t+1 = S̄ | X(t)) ≈ p(S̄t = S̄ | X(t)) + ∆p(S̄) = p(S̄; R̂+
t , λ

+
t ) + ∆p(S̄)

(52)

The question of interest is to �nd the perturbation in parameters minimizing

the KL distan
e between p(S̄t+1 = S̄ | X(t)) and the parametri
 model, i.e

to solve

arg min
∆R̂,∆λ

−
∫

S

(

p(S̄; R̂+
t , λ

+
t ) + ∆p(S̄)

)

log
(

p(S̄; R̂+
t +∆R̂, λ+t +∆λ)

)

dS̄ (53)

Although this 
an be generally solved up to the �rst order, by the te
hnique

explained below, we restri
t ∆R̂ to the be γR̂+
t for γ > 0 to simplify


al
ulations, and also to ensure positive semi-de�niteness. After Taylor

expansion, and performing the minimization, we obtain that

γ = −

∫

S

∂ log p(S̄; (1+γ)R̂+
t ,λ+

t )

∂γ
|γ=0 ∆p(S̄)dS̄

∫

S

p(S̄; R̂+
t , λ

+
t )

∂2 log p(S̄; (1+γ)R̂+
t ,λ+

t )

∂γ2 |γ=0 dS̄
(54)
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and

∆λ(θ) = −

∫

S

∂ log p(S̄; R̂+
t ,λ+

t )

∂λ(θ)
∆p(S̄)dS̄

∫

S

p(S̄; R̂+
t , λ

+
t )

∂2 log p(S̄; R̂+
t ,λ+

t )

∂λ(θ)2
dS̄

(55)

We obtain the desired update by the above relations. We further simplify

this relation in favor of low 
omplexity. Using the approximation in (50)

and after straightforward manipulations, we get that

γ =

∑

k

∂Gk
∂γ

G2
k

∆Gk +
∑

k

∂Hk
∂γ

H2
k

∆Hk +
∫

Θ×R+

∂ logω
∂γ

∆ωdθdI

∑

k

(

∂Gk
∂γ

)2

G2
k

+
∑

k

(

∂Hk
∂γ

)2

H2
k

+
∫

Θ×R+

(
∂ logω
∂γ

)2

ωdθdI
(56)

and

∆λ(θ) =

∫

R+

∂ logω
∂λ(θ)

∆ωdI

∫

R+

(
∂ logω
∂λ(θ)

)2

ωdI
(57)

This 
an be further simpli�ed noting that the terms logω, Gk and Hk are

linear in 1 + γ thus their partial derivative with respe
t to γ equals their

value at γ = 0, leading to

γ =

∑

k

∆Gk

Gk
+
∑

k

∆Hk

Hk
+

∫

Θ×R+

log ω ×∆ωdθdI

2n+
∫

Θ×R+

(log ω)2 ωdθdI
(58)

A

ording to the empiri
al observation that the terms involving ω are sub-

stantially smaller than the other terms, we simplify the 
al
ulations more

by negle
ting them to obtain

γ =

∑

k

∆Gk

Gk
+
∑

k

∆Hk

Hk

2n
(59)

The expression in (57) 
an also be simpli�ed by 
onsidering that ∆ω ≈ δ,

and approximating ω as

ω(θ, I) ≈ e−I(λ(θ)−aH (θ)R−1
+ (t)R̂+

t R
−1
+ (t)aH (θ))

(60)

Simple 
al
ulations lead to

∆λ = −1
2
(λ(θ)− aH(θ)R−1

+ (t)R̂+
t R

−1
+ (t)aH(θ))

∫

R+

Iδ(θ, I)dI (61)
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